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Preface

According to recent, very precise cosmological observations, including type Ia supernovae

(NaIa), cosmic microwave background (CMB) radiation, the large-scale structure of the universe,

baryon acoustic oscillations (BAOs), and weak lensing, it has been established that not only inflation

in the early universe but also expansion of the current universe is accelerating. If the current universe

is spatially flat, it is well known that the energy components of the current universe are classified into

three components: dark energy (about 70%), dark matter (about 25%), and baryon (about 5%).

Various studies have been proposed to explain the origins of dark energy, dark matter, and

baryon, as well as the physical mechanism of inflation from theoretical physics and astronomical

points of view based on fundamental physics theories such as general relativity, quantum field

theories, particle physics, and astrophysics. In addition to gravitational waves from colliding neutron

stars or binary black holes, if the primordial gravitational waves from inflation are detected through

the B-mode polarization of CMB radiation by future detectors, the information of the energy scale of

inflation can be obtained.

There are two possibilities for the origin of dark matter, namely, new particles in particle-theory

models beyond the standard model, and astrophysical objects. In addition, there are two

representative approaches that can be used to investigate the true properties of dark energy, with

its negative pressure, to lead to the late-time cosmic acceleration. One introduces some unknown

matter, called ”dark energy”, within the framework of general relativity. The other extends general

relativity to larger scales. The latter approach is recognized as geometrical dark energy.

The main aim of this Special Issue is to understand the origins and true natures of inflation, dark

matter, and dark energy. The organization of this reprint is as follows. The first part (containing one

article) details inflation based on holographic space–time. The second part (containing six articles)

concerns the origin and nature of dark matter including magnetized quark nugget dark matter and

axion-like particles. The third part (comprising four articles) covers the origin of dark energy and the

extended theories of gravitation.

I would like to sincerely acknowledge MDPI. I am also greatly appreciative of the Managing

Editor, Ms. Athena Li, for her kindness, support, and assistance throughout this project. Moreover,

I am extremely grateful to the Editor-in-Chief, Professor Dr. Lorenzo Iorio, for giving me the

opportunity to serve as Guest Editor of this Special Issue. I would also like to thank all of the authors

for submitting their articles to this Special Issue of Universe.

Kazuharu Bamba

Editor
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Editorial

Origins and Natures of Inflation, Dark Matter and Dark Energy

Kazuharu Bamba

Faculty of Symbiotic Systems Science, Fukushima University, Fukushima 960-1296, Japan;
bamba@sss.fukushima-u.ac.jp

Various precise cosmological observations, e.g., Supernovae Ia (SNe Ia) [1,2], the
cosmic microwave background (CMB) radiation [3–8], the large-scale structure (LSS) of
the universe [9,10], the baryon acoustic oscillations (BAO) [11,12], and the effect of weak
lensing [13–15], have strongly suggested that the accelerated expansion of the present
universe is realized in addition to inflation in the early universe [16–19]. In particular,
according to the recent Planck results [7,8], for the spatially flat universe, the energy of the
current universe is composed of the following three components: (i) Dark energy (around
70%), an unknown type of energy with negative pressure; (ii) Dark matter (around 25%),
which does not shine and has only its gravitational interaction; (iii) Baryon (around 5%),
i.e., basically protons and nucleons.

It is expected that more detailed and precise observational data in terms of modern
cosmology will be obtained by the Euclid satellite [20] of the European Space Agency
(ESA) [21–27]. Moreover, the events of gravitational waves have been detected [28,29],
along with cosmology, through further future observations of the gravitational waves not
only from astrophysical compact objects, but also the origins in the early universe, including
inflation and cosmological phase Electro-Weak (EW) and QCD transitions [30–33].

Two representative approaches have been explored so that the mechanism of the
accelerated expansion of the late-time universe can be understood. The first approach is
to assume the existence of dark energy such as the cosmological constant within general
relativity. The second is to extend a gravity theory from general relativity at large scale.
The latter is interpreted as a kind of geometrical dark energy. Various extended theories of
gravity have been studied (for detailed reviews of the physics of the cosmic acceleration,
dark energy, alternative theories of gravity, and their cosmological and astrophysical
applications and investigations, see, e.g., Refs. [34–63] and references therein). This Special
Issue of Universe,“Origins and Natures of Inflation, Dark Matter and Dark Energy”, collects
eleven original research manuscripts on the topics of inflation, dark matter, and dark
energy. The Special Issue is organized as follows. Firstly, the topic of inflation [64] related
to the origin of dark matter is discussed. Secondly, both theoretical and experimental
studies of dark matter are described. In particular, quark-nugget dark matter [65–67] and
axion-like particles [68–70] are investigated. After that, the subjects of dark energy [71,72]
and modified gravity theories [73] are explored. In the end, acting as a summary of sorts,
a recent review on modern cosmology in terms of dark energy, dark matter, as well as
inflation [74] is included in this Special Issue. See below for a brief overview of the ten
research articles and one review included in this Special Issue.

In Ref. [64], as a candidate of small primordial black holes, the discretely charged dark
matter is studied in inflationary cosmology with the holographic spacetime. A new model
of black holes created by inflation is proposed. The Big Bang universe is realized by the
decay of the black holes, and the charge of a discrete symmetry has the smallest value. The
fraction of the inflationary black holes carrying this charge is determined for the case in
which the universe enters the matter-dominated stage from the radiation-dominated stage
at a cosmic temperature of approximately 1 eV.

Universe 2024, 10, 144. https://doi.org/10.3390/universe10030144 https://www.mdpi.com/journal/universe
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In Ref. [65], as a candidate of dark matter, the limits on magnetized quark nugget
constructed by up, down, and strange quarks, whose numbers are approximately equal,
are analyzed based on episodic natural events. This is an application of the implication that
the center part of magnetar is composed of quark nuggets, which are a liquid state with a
ferromagnetic nature. Magnetized quark nuggets are known to form and aggregate before
decaying, and their mass distribution is broad and stabilized by magnetic fields. Through
the magnetopause, magnetized quark nuggets can interact with ordinary matter. During
this process, their translational velocity decreases and their rotational velocity increases,
and the energy of electromagnetic fields radiates. In this work, rare events compatible with
the property of magnetized quark nuggets are explored. The strength of magnetic fields
covering quark nuggets is constrained and a proposal to test whether magnetized quark
nuggets can be a candidate of dark matter is supported.

In Ref. [66], for a possible candidate of dark matter, magnetized quark nuggets are
evaluated based on their radial impacts on the earth. At the early stage of the universe,
magnetized quark nuggets formed and aggregated before decaying through the weak force
with a wide distribution of mass. An event has been reported which may support the
presence of magnetized quark nuggets. The parameter of magnetic fields on the surface
determines the distribution of the mass of magnetized quark nuggets and the cross section
of the interaction. Sufficient energy may be transferred to create craters that do not originate
from meteorites. In the present work, the computer simulations for the energy deposition
of magnetized quark nuggets are performed for an environment containing peat saturated
by water, soft sediments, and granite. Moreover, the report of the excavation of the crater is
shown. Five agreement points of the observations with the computer simulations support
the second event, which suggests magnetized quark nuggets. Furthermore, the potential
qualification of more events for magnetized quark nuggets is discussed.

In Ref. [67], the possibility that the multi-modal events of the Horizon-10T are related
to quark nuggets of axion fields is discussed. Multi-modal events with several peaks,
implying they originated from clustering, were reported by the Horizon-10T collaboration.
It is proposed that the events of the annihilation of dark matter would lead to these multi-
modal events in a dark matter model of quark nuggets of axion fields. This is because it is
too difficult to understand these events based on an ordinary interpretation with cosmic
rays. It is demonstrated that various observational results such as the frequency of their
appearance, the intensity, the distribution of space, the duration of time, and the property
of the clustering may be compatible with the nature of the emission from the events of the
atmosphere for the annihilation of quark nuggets of axion fields. In addition, in light of the
ordinary air showers of the cosmic rays, many properties relating to the events of quark
nuggets of axion fields are discussed.

In Ref. [68], a photon collider of the resonance of the stimulation with the fields of
the focused lasers is investigated. The present collider with three beams is used for the
direct production of particles like axions. Two beams are used to create axion-like particles
and the other beam is used to simulate the decay of such particles. This research explores
how suitable the photon collider is for examining particles like axions whose mass range is
about eV. It is shown that the particles like axions with a mass around the eV range may
be probed. In addition, the sensitivity of the coupling between particles like axions and
photons is analyzed.

In Ref. [69], a pilot survey of particles like axions is performed using a photon collider.
The photon collider is used for the resonance of the stimulation, and it has three beams with
the lasers emitting short pulses. In the case of the present photon collider of the resonance
of the stimulation, three laser beams with short pulses are focused into a vacuum so that
the particles like axions, with a mass range around eV, can be detected systematically. In
order to realize such a collider, a proof-of-principle experiment is described. The incident
angles of these three beams are made large to solve the problem in that the overlap of
the spacetime of the lasers with short pulses must be maintained. Moreover, a way of
evaluating the bias of the states of the polarization is investigated. This method is important
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in a system for a collision with variable incident angles in the future. This paper describes
the consequences of this pilot survey, as well as this method by using the exploited system.
The result of this survey is compatible with the null state. The largest possible value for the
minimum of the coupling between particles like axions and photons is also derived.

In Ref. [70], the plan and composition of a photon collider are presented. The photon
collider that provides the resonance for the stimulation has three very strong laser beams
with variable angles. The purpose of this collider is to survey particles like axion whose
mass scale is around eV. The angle of the emission of these three laser beams can be changed,
and therefore the energy of the collision for the system of the center of mass may vary. As
a result, the mass range around eV can be surveyed continuously. Furthermore, through
the calibration of laser beams, the mechanism of the variation of the angle is verified. The
realistic value of the sensitivity of the photon collider is also projected for a future survey.

In Ref. [71], a scenario in which dark energy is unified with dark matter is proposed as
a novel version of a dark energy model of generalized Chaplygin gas. The evolutions of the
Hubble parameter and distance modulus for the present scenario under considerations and
the ΛCDM model are explored. The theoretical consequences are verified using cosmologi-
cal observations. In addition, two geometric diagnostics are analyzed to distinguish the new
model from ΛCDM. Furthermore, with different observational data points, the trajectories
of the evolution for the planes of the diagnostic are explicitly depicted to investigate the
geometric property of the proposed new model.

In Ref. [72], the solutions of the homogeneous and anisotropic spacetime of the Bianchi
type I are derived for a quintom theory with multifield chirality. In such an extended chiral
model, the energy density of one or two scalar fields is negative. When a degree of freedom
of this theory is removed, the original quintom theory appears. The Kasner type analytic
solutions and an exponential form with anisotropy are found in terms of the potential of
the scalar field with its specialized functional expression. Moreover, based on the Noether
symmetry, the theories are classified by their symmetries and the laws of conservation are
also demonstrated.

In Ref. [73], a solution of charged, nonlinear black holes with is explored as part
of the Rastall gravity theory. The model parameter in the theory does not influence the
solution of the linear gravitational field equation for a charged black hole with spherical
symmetry. On the other hand, if a nonlinear electrodynamic source exists, a new spherically
symmetric black hole solution involved with the Rastall parameter, mainly originated from
the non-vanishing trace part of the nonlinear electrodynamic source, is derived. In addition,
it is demonstrated that the new black hole solution is regarded as the Reissner–Nordström
one for the anti-de Sitter spacetime, where the cosmological constant includes the model
parameter of the Rastall gravity. When the case is limited to general relativity, in which
the Rastall parameter vanishes, the new solution corresponds to the solution of Reissner–
Nordström spacetime. Furthermore, by analyzing the geodesic deviation of gravitational
field equations and thermodynamic properties, including the first law of thermodynamics,
it is shown that this black hole solution is stable, differing from the charged case with the
linearity, in which the second-order phase transition occurs.

In Ref. [74], with recent various cosmological observational data, the constrains on
dark energy models in which a dynamical scalar field plays the role of dark energy are
overviewed in detail. Such scalar fields are classified into two types: a canonical scalar field
called quintessence, whose value of the equation of state is larger than −1 and less than
−1/3; and a kind of non-canonical scalar field called the phantom field, whose value of the
equation of state can be less than −1. The value of the equation of state of the cosmological
constant is −1. The energy density of such a scalar field can lead to the late-time accelerated
expansion of the universe. The background and theoretical motivations of these models are
presented. A scenario in which dark energy interacts with dark matter is also described.
The recent observational constraints on the theoretical model parameters are explained. It
is demonstrated that the ΛCDM model with spatial flatness is favored by the observations,
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and that the dark energy models consisting of such a scalar field may still be compatible
with the cosmological observations.

It is considered that the eleven papers that comprise this Special Issue will provide
useful references for future works investigating the origins and natures of the mechanism
of inflation, dark matter and dark energy in modern physics and cosmology.
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and 23KF0008.
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Abstract: The holographic space-time (HST) model of inflation has a potential explanation for dark
matter as tiny primordial black holes. Motivated by a recent paper of Barrau, we propose a version of
this model where some of the inflationary black holes (IBHs), whose decay gives rise to the Hot Big
Bang, carry the smallest value of a discrete symmetry charge. The fraction f of IBHs carrying this
charge is difficult to estimate from first principles, but we determine it by requiring that the crossover
between radiation and matter domination occurs at the correct temperature Teq ∼ 1 eV = 10−28 MP.
The fraction is small, f ∼ 2 × 10−9, so we believe this gives an extremely plausible model of
dark matter.

Keywords: inflationary cosmology; primordial black holes; dark matter

1. Introduction

The HST model of inflation [1–9] is a finite quantum mechanical model, which gives a
very economical explanation of known facts about the very early universe. HST models
are based on Jacobson’s Principle: the Einstein equations are the hydrodynamic equations
of the area law S = A/4G applied to any causal diamond in a Lorentzian space-time.
Therefore one should search for quantum models whose hydrodynamics agree with some
particular solution of Einstein’s equations. The features of HST inflation models are
easily summarized:

• The model consists of a large number of independent quantum systems, describing
the universe as viewed from different geodesics in an FRW space-time. The relation
between proper time and the area of the holographic screen of a diamond with past
tip on the singular beginning of the universe is matched to the relationship between
the time in the quantum theory and the entropy of the density matrix assigned to
the diamond.

• The Hamiltonian is time-dependent to ensure that the degrees of freedom inside a
given causal diamond form an independent subsystem. This also provides a natural
resolution of the Big Bang singularity: when the Hilbert space of a diamond is small
enough, the hydrodynamic description breaks down, but the quantum mechanics is
well defined and finite.

• A particular soluble model, in which, for each proper time t, the modular Hamiltonian
of a diamond is the L0 generator of a cutoff conformal field theory on an interval of
length I with a UV cutoff l, such that I/l � 1 (but t-independent) and central charge
scaling like t2 is “dual” to a flat FRW geometry with scale factor

a(t) = sinh1/3(3t/RI). (1)

These models have no localized excitations and saturate the covariant entropy bound
at all times.

Universe 2022, 8, 600. https://doi.org/10.3390/universe8110600 https://www.mdpi.com/journal/universe
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• Inflationary models are obtained by insisting that the dynamics follow the soluble
model for a large number of e-folds (80 is what seems to fit the data of our universe),
after which the diamond Hilbert space slowly expands so that it can fit >e80 copies of
the original space. What one would have called gauge copies of the causal diamond in
a de Sitter space with radius RI become localized excitations of the expanded diamond,
with all of the statistical properties of black holes of radius ∼ R. See Figure 1 for a
cartoon of how this happens. This gives rise to a novel theory of CMB fluctuations,
with ζ ∼ (RIε)

−1 and the scalar-to-tensor ratio r ∼ ε−2. Properties of spinning
black holes and the 1 + 1 CFT model of the horizon pin down the coefficients in
these relations, in which ε = − Ḣ

H2 . One requires a different slow roll metric than
conventional inflationary models to fit the data on the CMB.

• Evaporation of the “inflationary black holes” (IBHs) gives rise to the Hot Big Bang
and baryogenesis 1.

• The only element of very early universe cosmology that is not explained simply by
the model is dark matter. We have speculated [11–13] that mergers of the tiny IBHs
might form a collection of primordial black holes (PBHs) consistent with astronomical
data [14].

Figure 1. Holographic Inflationary Cosmology in Conformal Time: Equal Time Surfaces are Hyper-
bolae Interpolating Between Diamonds. There are additional green spacelike surfaces that we have
omitted for clarity, interpolating between those shown, such that the proper time between consec-
utive surfaces along the central geodesic is always the Planck time. When a non-central geodesic
penetrates the causal diamond of the central geodesic, consistency with the fact that that geodesic is
still experiencing inflation implies that it must behave like an isolated quantum system with finite
entropy given by the area law.

Recently, Barrau [15] has argued that the merger scenario cannot work, but that a
model in which evaporation of the IBHs’ left over Planck scale remnants could explain
dark matter. While we remain somewhat skeptical that one can come to Barrau’s nega-
tive conclusion without dedicated computer simulations, we found the idea of remnants
intriguing. GellMann’s totalitarian principle is an axiomatization of a known fact about
quantum systems. Transition matrix elements exist unless some (approximate) conserva-
tion law forbids them. Put simply, Planck mass black hole remnants cannot be ruled out
by Hawking’s thermodynamic arguments, but they are implausible unless there is some
quantum number that prevents them from decaying.

In models of quantum gravity, charges carried by local excitations are always coupled
to gauge fields. The most innocuous kind of gauge field, from the point of view of a dark

8
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matter model, is associated with a discrete gauge group like ZN . In gauge theories, charged
particles always experience long-range interactions. For discrete gauge theories, these are
just Aharonov–Bohm interactions with topological cosmic strings, so ZN charged particles
will behave like neutral dark matter. In order to distinguish between ZN charged remnants
and stable dark matter particles with only gravitational interactions, one would have to
locate a cosmic string and observe the AB effect. We note that models of particle dark
matter almost always invoke a discrete symmetry to stabilize the dark matter candidate. In
gravitational theories, any exact discrete symmetry must be gauged.

The theory of supersymmetry (SUSY) breaking contains a natural discrete gauge
symmetry in a universe like our own with a small positive cosmological constant. If one
imagines the model of our universe to be part of a (possibly discrete) family of models that
converges to zero c.c., then the limiting model is likely to be supersymmetric. This is a
“phenomenological” observation. There are no perturbative string models in Minkowski
space that violate SUSY. There are no known sequences of AdS/CFT models with tunable
c.c. which violate SUSY in the limit 2 of small c.c.

On the other hand generic SUGRA Lagrangians with SUSY-preserving minima have
negative c.c. because of a term proportional to the square of the superpotential in the
vacuum energy. One of us [16] pointed out long ago that the criterion for a supersymmetric
vacuum with vanishing c.c. was preservation of an R symmetry. The R symmetry must be
discrete [17,18].

The R symmetry acts chirally on the gravitino and keeps it massless, but, in dS space,
there are processes where the R symmetry is broken by absorption and re-emission of
gravitinos at the horizon. In [19], it was postulated that R symmetry violating terms in
the low-energy effective Lagrangian, induced by this non-local effect, would trigger the
super-Higgs effect in a self-consistent manner. This leads to an equation for the gravitino
mass in terms of the c.c.,

m3/2 = KΛ1/4, (2)

where it has proven difficult to estimate the constant K.
A discrete R symmetry and a light gravitino does not, at first, sound like a recipe for

obtaining stable R-charged black hole remnants. The remnants can emit gravitinos and
reduce their R charge. However, there are many examples in field theory where the lowest
charge under some discrete gauge group is carried by a very heavy particle. This means
that the symmetry breaking induced by the effective gravitino mass leaves over a discrete
subgroup of the high-energy discrete gauge symmetry. The only instability of the heavy
R-charged black holes will be moving through the horizon, or arise through spontaneous
nucleation of a black hole of opposite charge, which is a highly improbable process.

We note that discrete charges may not be the only way to stabilize black hole rem-
nants. A referee kindly pointed out [20] which constructs black hole remnants using
non-commutative geometry.

2. Phenomenology of Discretely Charged PBH Dark Matter

In the context of the HST model of inflation, it is simple to incorporate discrete charges
that stabilize a fraction f of IBHs at the Planck scale. Inflation is followed by an early
matter-dominated era in which the matter is composed of IBHs. For comparison, we can
calculate the expected fraction of magnetically charged black holes using the black hole
entropy formula, according to which the expected fraction of black holes in a random
sample is

f = e−
Q2 M2

P
αM2 , (3)

where Q is the integer valued magnetic charge and α is the value of the fine structure
constant at the scale of the Schwarzschild radius. Taking M ∼ MP, Q = ±1 and α equal
to its value at the scale of unification of standard model couplings, αU ≈ 1

25 , this gives
f ∼ 10−12.5. There are many issues with this estimate, the most serious of which is using a

9
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formula from statistical mechanics for a low-entropy system, but it gives us a general sense
that f should be small, but not doubly exponentially small.

In HST inflation models, the number density of IBHs at the end of inflation is

nIBH ∼ CR−3
I , (4)

where C ∼ 1/30 is the minimal dilution factor necessary to assure that the IBHs do not
immediately coalesce to form a maximum entropy state. The inflationary Hubble radius,
RI in Planck units, is determined by matching to the size of CMB fluctuations

RI = ε−1105, (5)

and ε is bounded by the requirement that slow roll expansion is faster than fast scrambling
of the black holes. This again follows from the requirement that black holes remain isolated
quantum subsystems during the slow roll era. The bound is

ε > (ln RI)
−1. (6)

This is satisfied for ε ∼ 0.1. We insist on being close to the bound because we require
the highest probability of initial conditions that lead to a universe with localized excitations.
Since the power spectrum of CMB fluctuations in these models scales like ε−2, this value is
roughly consistent with the data.

The universe remains matter-dominated until a time tD = 10240πg−1R3
I , when most

of the IBHs decay into radiation. g is the number of particle species below the Hawking
temperature of the IBHs. The resulting energy density of radiation at the beginning of the
Hot Big Bang is

ργ =
C
R2

I
t−2
D = Cg2(10240π)−2R−8

I =
π2

30
gT4

RH . (7)

If a fraction f of the IBHs leave over Planck scale remnants, then their energy density
at reheating is

ρrem = f CR−3
I t−2

D , (8)

and
ρrem

ργ
= f R−1

I . (9)

This ratio grows like TRH
T as the radiation gas cools, and hits 1 when

Teq = (RI)
−1 f TRH = 10−28, (10)

where the last equality is the observed temperature at which matter radiation crossover
occurs. TRH is given by

≈ g1/4

100πR2
I
∼ 0.5 × 10−13. (11)

Thus
f ≈ 2 × 10−9. (12)

So, what appears to be a reasonable estimate of the probability of discretely charged
black holes being formed in HST models is consistent with the data. We consider this esti-
mate reasonable because of our rough calculation of the probability of a random black hole
having an ordinary magnetic charge. It seems unlikely that having a ZN charge would be
less probable. Magnetic energy distorts the geometry of the black hole, reducing the area of
the horizon and there is no such effect for discrete charges. Given the uncertainties in these
estimates, it is perhaps best to view the value f ∼ 10−9 as a feature of a phenomenological
model, which must be verified by a more detailed model of quantum gravity.

10



Universe 2022, 8, 600

One more issue needs to be addressed. In previous publications [11], we have argued
that, if a fraction f ∼ 10−24 of black holes of mass ∼ 1011 are formed during the early
matter-dominated era, then these could account for the observed value of the matter
radiation crossover. In the present scenario, these are unnecessary and could even become
an embarrassment. Since these PBHs are not cosmologically stable, their decay could
lead to signatures that have been ruled out by observation. It is possible that during the
matter-dominated era below T = 10−28, the unstable PBHs merge into more stable ones
before too much Hawking radiation has been emitted. Ongoing computer simulations will
determine whether this is plausible [21]. If it is, we will have two competing models that
account for the data. It seems highly unlikely that the probabilities work out so that both
contributions to dark matter have comparable densities, but, if they do, one could have a
scenario where some of the dark matter decays. Such models have been invoked to explain
some of the apparent discrepancies between data and the LCDM model. From the present
point of view, the simplest idea is that the fraction of merged IBHs which could survive
down to T = 10−28 is negligible and that discretely charged dark matter (DCDM) accounts
for everything we see.

3. Conclusions

Motivated by a suggestion of Barrau, we propose that HST inflation models incorpo-
rate a discrete ZN gauge symmetry and that a fraction f ∼ 10−9 of the erstwhile inflationary
horizon volumes in the model carry the smallest value of ZN charge. This discrete sym-
metry group could be the remnant of a larger discrete R symmetry, broken by gravitino
interactions with the horizon, which generate the gravitino mass. The resulting models
account, at the order of magnitude level, with everything we know about the cosmology
of the very early universe. Inflation ends in an early matter-dominated era, dominated by
IBHs with Schwarzschild radii approximately equal to the inflationary horizon size. Most
of the IBHs decay, producing the Hot Big Bang and baryogenesis. Those charged under ZN
become the dark matter. And the rest is history.
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Notes

1 It is often stated erroneously that black hole evaporation cannot give rise to baryogenesis. This is incorrect. The decrease in mass
of the black hole breaks CPT. The full decay process is not thermal because the equilibrium is changing. In a previous paper [9],
we argued that for the tiny IBHs, if one postulates order one CP violation in decay matrix elements, one gets close to the required
value for the baryon-to-entropy ratio. Other papers on gravitational baryogenesis are [10].

2 SUSY violating relevant perturbations of SUSic models represent large objects embedded in AdS space. The physics far from the
center become exactly supersymmetric.
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Abstract: A quark nugget is a hypothetical dark-matter candidate composed of approximately equal
numbers of up, down, and strange quarks. Most models of quark nuggets do not include effects of
their intrinsic magnetic field. However, Tatsumi used a mathematically tractable approximation of
the Standard Model of Particle Physics and found that the cores of magnetar pulsars may be quark
nuggets in a ferromagnetic liquid state with surface magnetic field Bo = 1012±1 T. We have applied
that result to quark-nugget dark matter. Previous work addressed the formation and aggregation of
magnetized quark nuggets (MQNs) into a broad and magnetically stabilized mass distribution before
they could decay and addressed their interaction with normal matter through their magnetopause,
losing translational velocity while gaining rotational velocity and radiating electromagnetic energy.
The two orders of magnitude uncertainty in Tatsumi’s estimate for Bo precludes the practical design
of systematic experiments to detect MQNs through their predicted interaction with matter. In this
paper, we examine episodic events consistent with a unique signature of MQNs. If they are indeed
caused by MQNs, they constrain the most likely values of Bo to 1.65 × 1012 T +/− 21% and support
the design of definitive tests of the MQN dark-matter hypothesis.

Keywords: dark matter; quark nugget; magnetized quark nugget; MQN; nuclearite; magnetar;
strangelet; slet; Macro

1. Introduction

The great majority of mass in the Universe is non-luminous material called dark
matter [1]. Gravity from dark matter literally holds galaxies together [2]. The nature of
dark matter has been studied for decades but remains one of the most puzzling mysteries
in science [3]. Most dark-matter candidates are assumed to interact with normal matter
only through gravity, but stronger interactions are consistent with requirements for dark
matter if their effective interaction time is billions of years [3]; Magnetized Quark Nuggets
(MQNs) are one such candidate for dark matter. Previously published work [4] shows the
primordial origin of MQNs and their compatibility with requirements [5] of dark matter.
Their origin in the very early Universe was in the magnetic aggregation of Λ0 particles
(consisting of one up, one down, and one strange quark) into a broad mass distribution
of stable ferromagnetic MQNs before they could decay. After t ≈ 66 μs after the big bang,
mean MQN mass is between ~10−6 kg and ~104 kg, depending on the surface magnetic field
Bo. The corresponding mass distribution is sufficient for MQNs to meet the requirements
of dark matter in the subsequent processes, including those that determine the Large Scale
Structure (LSS) of the Universe and the Cosmic Microwave Background (CMB).

For the last four decades, searches for dark-matter candidates have focused on particles
beyond the Standard Model of Particle Physics [6]. MQNs are composed of Standard Model
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quarks. However, mathematical techniques for applying the Model in the ~90-MeV-energy
scale of MQNs rely on approximations. In addition, the key result that leads to MQNs
requires a Quantum Chromo Dynamics (QCD) fine-structure constant αc ≈ 4 at this energy
scale; the value of αc at this energy scale is not known. To the extent that the calculations
can be performed, MQNs are consistent with the Standard Model and do not require a
new particle Beyond the Standard Model (BSM). Therefore, MQNs have been somewhat
controversial as dark-matter candidates.

In the case of this paper, the controversy may be mitigated because we are not claiming
discovery. The paper does find that the theory of MQNs is consistent with a reported
observation. However, the event is very rare, is not reproducible, was not recorded by
multiple observers, and cannot be quantitatively validated after the fact by anyone else.
Consequently, the evidence does not meet today’s standard for a discovery.

Quarks are components of many particles in the Standard Model of Particle Physics.
Ensembles of strange, up, and down quarks (in approximately equal numbers) are called
quark nuggets and are thought to be stable at sufficiently large masses [7] and qualify as
candidates for dark matter. Quark nuggets are also called strangelets [8], nuclearites [9],
Axion Quark Nuggets (AQNs) [10], slets [11], Macros [5], and MQNs [4]. A brief summary
of four decades of research [4–35] on quark-nugget charge-to-mass ratio, formation, stability,
and detection is provided for convenience and completeness as Appendix A: Quark-Nugget
Research Summary.

Most models of quark nuggets do not include effects of their intrinsic magnetic
field. However, Xu [26] has shown that the low electron density, permitted in stable
quark nuggets, limits surface magnetic fields from ordinary electron ferromagnetism to
~2 × 107 T. Tatsumi [27] examined ferromagnetism from a One Gluon Exchange interaction
and concluded that the surface magnetic field could be sufficient to explain the ~1012 T
magnetic fields inferred for magnetar cores. Since the result depends on the currently
unknown value of αc at the 90 MeV energy scale, the result needs to be confirmed with
relevant observations and/or advances in QCD calculations.

Tatsumi’s result has recently been applied to quark-nugget dark matter. By definition
of ferromagnetic, the lowest energy state in Tatsumi’s ferromagnetic liquid is with magnetic
dipoles aligned. The individual quark nuggets are formed with baryon number A = 1,
as are neutrons and protons, and may have spin and a corresponding surface magnetic
field similar to that of protons and neutrons. However, unlike protons and neutrons,
ferromagnetic dipoles of quark nuggets (MQNs) align upon aggregation and maintain
the surface magnetic field. Their magnetic field at substantial distances is large because
their aggregated size is large, not because their intrinsic magnetization (and corresponding
surface magnetic field) is necessarily larger than that of other baryons.

Previous work [4] addressed the formation and aggregation of magnetized quark
nuggets (MQNs) in the early Universe into a broad and magnetically stabilized mass
distribution with baryon number A between ~103 and 1037 before they could decay by
the weak interaction; addressed the compatibility of MQNs with the requirements of
dark matter; and addressed their interaction with normal matter through their magne-
topause [28], while losing translational velocity, gaining rotational velocity, and radiating
electromagnetic energy [36].

Electromagnetic energy accumulated in the Universe from MQNs is unfortunately not
detectable because the plasma in most of the Universe is too low density to establish the
magnetopause effect and the electromagnetic radiation from the rest of interstellar space is
too low frequency to propagate through the solar-wind plasma and reach Earth. However,
MQNs transiting through the plasma and gas around Earth spin up to MHz frequencies
and should be detectable as they exit the magnetosphere [36]. Predicted event rates are
strongly dependent on the MQN magnetic field Bo.

Uncertainty in Tatsumi’s estimate of Bo = 1012±1 T is too large to design a system
to systematically look for MQNs. In this paper, we examine one type of episodic event
consistent with a unique signature of MQNs, i.e., an MQN impacting Earth on a nearly
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tangential trajectory, penetrating the ground for a portion of its path, and emerging where
it can be observed. We calculate what would be observed and compare the results with
extant observations. Such episodic events are impossible to predict or reproduce and
fall short of the standard for evidence of discovery in physics. Therefore, we are not
asserting the discovery of MQNs but are examining consistency with MQNs and the
resulting constraints on Bo. The results are useful for designing systematic tests of the
MQN dark-matter hypothesis.

Without a reasonably small uncertainty in Bo, success in fielding systematic experi-
ments is unlikely. We attempted such an experiment by instrumenting a 30 sq-km area of
the Great Salt Lake in Utah, USA, and looked for acoustic signals from MQN impacts. No
impacts were observed in 2200 hours of recording. Subsequent theory [4] explained the
null result and showed that the predicted mass distribution of MQNs means that impacts
are very rare. Even a planet-sized detector is marginal. Consequently, we have turned to
observations of episodic, naturally occurring events to narrow the uncertainty in Bo.

Reference 4 shows the most important unknown in the theory of MQNs is the surface
magnetic field parameter Bo, which quantifies the uncertainty in the distribution of MQN
mass and the event rate. The mean of the surface magnetic field <BS> is related to Bo in
reference [4], through

< BS >=

(
ρQN

1018(kg/m3)

)(
ρDM_T=100Mev

1.6 × 108(kg/m3)

)
Bo (1)

In Equation (1), ρQN is the MQN mass density, and ρDM is the density of dark matter
at time t ~65 μs, when the temperature T in the early Universe was ~100 MeV [37]. If better
values of ρQN, ρDM, and Bo are determined by observations, then a more accurate value of
<BS> can be calculated with Equation (1).

In this paper, we show that a nearly tangential impact and transit through a chord of
Earth by an MQN provides a unique signature: a magnetically levitated mass of greater
than nuclear density that ionizes and excites the atmosphere for many minutes. We compare
the results of analytic calculations and computer simulations of such an event to the
observations on 6 August 1868, published by M. Fitzgerald [38] in the Proceedings of the Royal
Society, the premier scientific publication at that time. The event’s unusual characteristics
are consistent with an extremely rare, nearly tangential, MQN impact. Similar events have
been reported elsewhere [39], yet Fitzgerald’s report is the best documented and only
scientifically published event we have found, making it the most suitable for comparison
with theory.

As noted above, Tatsumi [27] estimated that magnetar cores have Bo = 1012±1 T. The
results reported in this paper and reference 4 constrain the most likely values of Bo to
1.65 × 1012 T +/− 21% and will permit the design of a systematic experiment to test the
MQN hypothesis.

2. Materials and Methods

This study used:

1. Analytic methods presented in detail in the results section.
2. Computational simulations coupling the Rotating Magnetic Machinery module and

the Nonlinear Plasticity Solid Mechanics module of the 3D, finite-element, COMSOL
Multiphysics code [40]. Details are included in Appendix B: COMSOL Simulation of
Rotating Magnetized Sphere Interaction with Plastically Deformable Conductor.

3. Original field work at the location reported by Fitzgerald [38] in County Donegal,
Ireland, is documented in Appendix C: Field Investigation of Fitzgerald’s Report
to Royal Society. The GPS locations are included to facilitate replication, subject
to acquiring permission from the property owners listed in Acknowledgements.
Radiocarbon dating was conducted by Beta Analytic Inc. 4985 SW 74th Court, Miami,
FL 33155, USA.
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3. Results

3.1. Nearly Tangential Impact and Transit of MQNs through Earth

Figure 1 illustrates three MQN impacts on an idealized portion of a spherical Earth.

Figure 1. Three MQN trajectories are shown as red arrows, along with their angle of impact θ with
respect to the normal surface of an idealized, not to scale, Earth (blue). The trajectory with impact
angel θ1 � 90◦ is a more common radial impact. Nearly tangential trajectories that transit through
Earth are represented by trajectories with impact angles between θ2 and θ3. MQNs on a θ2 trajectory
emerge from Earth with negligible velocity after transiting a distance xmax, the maximum range of an
MQN. MQNs on a θ3 trajectory emerge from Earth with considerable velocity.

Only massive MQNs have enough momentum to penetrate significant distances
through water or rock. Therefore, we focus on MQNs between 105 kg (maximum mass as-
sociated with Bo ~1.3 × 1012 T) and 1010 kg (maximum mass associated with Bo ~3 × 1012 T),
and use these extremes to illustrate each calculation.

3.2. Slowing Down in Passage through a Portion of Earth

Hypervelocity MQNs ionize surrounding matter through a shock wave and interact
with that matter through a magnetopause in the same way that Earth interacts with the
solar wind through its magnetopause. The equations governing the interaction are derived
in reference [28] and are summarized in Equations (2) through (6) for convenience.

The force equation for a high-velocity body with instantaneous radius rm, and velocity
v, moving through a fluid of density ρp with a drag coefficient K ~1, is

Fe ≈ Kπr2
mρpv2 (2)

The geometric radius rQN of the MQN of mass m and mass density ρQN is

rQN =

(
3m

4πρQN

) 1
3

(3)

However, MQNs have a velocity-dependent interaction radius [28] equal to the radius
of their magnetopause.

rm ≈
(

2B2
o

μ0Kρpv2

) 1
6

rQN (4)

MQNs with mass 105 kg have rQN ~4 × 10−5 m. For Bo ~1.3 × 1012 T and v = 250 km/s,
an MQN passing through water of density 1000 kg/m3 has the magnetopause radius
rm ~0.025 m. The corresponding values for mass m = 109 kg with Bo ~3 × 1012 T are rQN
~9 × 10−4 m and rm ~0.71 m. Although their nuclear density makes these massive MQNs
physically small, their large magnetic fields and high velocities make their interaction
radius and cross section very large, even in solid-density matter.
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The interaction radius of an MQN varies as velocity v−1/3 in Equation (4). Including
that velocity dependence in the calculation with initial velocity vo gives velocity v as a
function of distance x:

v = vo

(
1 − x

xmax

) 3
2

(5)

in which xmax is the stopping distance for an MQN:

xmax =

(
3m

2πr2
QN

)(
μov2

o
2K2ρ2

pB2
o

) 1
3

(6)

MQNs with mass 105 kg, Bo ~1.3 × 1012 T, and velocity vo ~250 km/s have xmax
~241 km passing through water. The corresponding value for mass of 109 kg with Bo
~3 × 1012 T is xmax ~3000 km.

From the geometry in Figure 1, the angle of incidence θ2 for trajectories that emerge
from Earth with negligible velocity is given by

θ2 = cos−1
(

xmax

2rEarth

)
(7)

in which rEarth is the radius of the Earth, or ~6.38 × 106 m. For π/2 > θ > θ2, MQNs emerge
from Earth with velocity

vexit = vo

(
1 − xexit

xmax

) 3
2

for xexit = 2rEarth cos(θ) (8)

Integrating Equation (5) gives the transit time texit

texit =

(
2xmax

vo

)((
xmax

xmax − xexit

) 1
2
− 1

)
(9)

Transit time texit is strongly dependent on (xmax − xexit) and is infinite at xmax = xexit.
A 105 kg MQN with Bo = 1.3 × 1012 T, initial velocity vo = 250 km/s, and incidence angle
θ2 = 88.91817◦ penetrates a distance xexit = 240.09 km of water and emerges in texit ~54 s
with vexit = 10 m/s. If the incidence angle θ2 = 88.92278◦, then xexit = 239.89 km, transit time
texit ~24 s, and vexit = 100 m/s.

During the transit, the MQN is falling towards the center of Earth with acceleration
g = 9.8 m/s2, which is not considered in Equations (7) through (9). The deviation from the
straight-line approximation is δr ~ 1

2 gt2
exit and the corresponding fractional error in path

length introduced by neglecting gravity is

δ ∼ δr√
x2

exit + (δr)2
(10)

For the example in the previous paragraph, fractional error in path length because of
gravity is δ ~0.06 for vexit = 10 m/s and is δ ~0.012 for vexit ~100 m/s. In general, fractional
error decreases with increasing vexit, decreasing Bo, decreasing MQN mass, and increasing
mass density of material transited (granite with ρp = 2300 kg/m3 or water ρp = 1000 kg/m3).

If the MQN slows to <<10 m/s, gravity dominates its motion, and it does not emerge
from the ground or water. Fast objects are difficult to perceive, especially if an observer is
not primed to expect an event. A human observer requires ~0.25 s to perceive an object
as a thing [41]. If the object is about 1 m in diameter and moving at > 100 m/s, the object
will have moved > 25 m before cognitive acquisition and may be out of range before the
observer can process the image well enough to be confident of what was seen. Therefore,
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we suggest that only MQNs emerging with 10 m/s ≤ vexit ≤ 100 m/s are likely to be
reported by human observers.

Rearranging Equation (8) gives the incidence angle θvexit for a given vexit:

θvexit = cos−1

((
xmax

2rEarth

)(
1 −
(

vexit
vo

) 2
3
))

(11)

For vexit = 10 m/s and 100 m/s, the corresponding impact angles are, respectively,
θ10 and θ100, which will be used in estimating the event rates for directly observable
MQN events.

3.3. Estimated Event Rates

The number of events per year on Earth is estimated as follows:

1. Earth is moving about the galactic center, in the direction of the star Vega, and through
the dark-matter halo with a velocity of ~230 km/s [42]. Therefore, dark matter streams
into the Earth frame of reference with mean streaming velocity ~230 km/s.

2. Dark matter in the halo also has a nearly Maxwellian velocity distribution with mean
velocity of ~230 km/s, so the ratio of streaming velocity to Maxwellian velocity is
approximately 1 [42].

3. Approximating the velocity of dark matter streaming from the direction of Vega as
~230 km/s, we calculate the cross section A10-100 for transiting a chord through Earth
and emerging with velocity between v10 = 10 m/s and v100 = 100 m/s:

A10−100 = 2πr2
Earth(sin θ100 − sin θ10) (12)

More generally, the cross section for MQNs impacting between θmin and θmax is

A = 2πr2
Earth(sin θmax − sin θmin) (13)

4. MQNs can have masses between 10−23 kg and 1010 kg [4]. We approximate such a
large range by (1) associating the flux of all MQNs that have mass between 10i kg
and 10i+1 kg with a representative mass 10i+0.5 kg (which we call the representative
decadal mass) for −23 ≤ i ≤ 10; (2) calculating the behavior of each decadal-mass
MQN; (3) assuming all the MQNs in that decadal range behave the same way. The
associated number flux is called the decadal flux Fm_decade (number N/y/m2/sr) and
was computed [4] as a function of Bo from simulations of the aggregation of quark
nuggets from their formation in the early Universe and evolution to the present era.

5. For A10-100_m_decade, defined as the A10-100 appropriate to a decadal mass m, the number
of events per year per steradian for MQNs streaming from the direction of Vega and
emerging with velocity between 10 and 100 m/s is Fm_decade A10-100_m_decade, summed
over all decadal masses m.

6. For random velocity, approximately equal to streaming velocity, reference [36] shows
that 5.56 sr is the effective solid angle that generalizes the streaming result to include
MQNs from all directions.

7. Therefore, the total number of events per year somewhere on Earth with vexit between
10 and 100 m/s is

N = 5.56 ∑
m_decade

(Fm_decade A10−100_m_decade) (14)

In Section 3.6, we will show that MQNs transiting Earth along a chord spin up to MHz
frequencies and emit substantial radio frequency (RF) power. If and only if the RF is not
absorbed by the surrounding plasma, these MQNs can be detected by their RF emissions
propagating around Earth in the waveguide between the ground and the ionosphere. Their
cross section is given by Equation (13) with θmax = π/2 and θmin = θ2 from Equation (7).
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Figure 2 shows the estimated number of events per year somewhere on Earth as a
function of Bo. Two modes of transit (through granite or water) and both potential modes
of detection (human or radiofrequency) are considered.

Figure 2. Estimated number of events per year somewhere on Earth as a function of Bo for MQNs
with 105 kg ≤ m ≤ 1010 kg. The four solid-line curves correspond to event rates based on interstellar
dark-matter density [3,42] of ~7 × 10−22 kg/m3: MQNs transiting through water and emerging with
any velocity vexit (blue); MQNs transiting through water and emerging with velocity 10 m/s ≤ vexit ≤
100 m/s (gray); MQNs transiting through granite and emerging with any velocity vexit (red); MQNs
transiting through granite and emerging with velocity 10 m/s ≤ vexit ≤ 100 m/s (black).

Figure 2 shows that detection on or near water is much more likely than detection deep
within continents and shows the event rate is strongly dependent on parameter Bo. Unless
the RF is absorbed by the surrounding plasma, the detection of MQNs by RF instruments
(sensitive to any velocity) is much more likely than the detection of MQNs at 10 to 100 m/s,
observable by human observers; however, records of human observations span centuries.
Even one reliable report of an MQN event with the characteristics of a nearly tangential
transit would suggest low values of Bo and a mechanism that enhances the density of dark
matter inside the solar system compared to that of interstellar space, as briefly described
in Section 4.5.

3.4. Rotation at Megahertz Frequencies

MQNs interact with matter through its magnetopause. The shape of the magnetopause
depends on the angle between the MQN velocity and the MQN magnetic moment, as
illustrated in Figure 3.
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Figure 3. Cross sectional view of the magnetopause is shown (black line) between an MQN (blue
circle) with magnetic moment (purple vector) at an angle of 60◦ to the velocity of the plasma (yellow
arrows) flowing into the rest frame of the MQN. The plasma flow produces a net force (red arrow)
centered at the top of the MQN and a corresponding torque vector into the page. The magnetopause
is the locus of points at which the plasma pressure (on the left in Figure 3) is balanced by the magnetic
pressure of the compressed magnetic field on the right. The complex shape of the magnetopause and
resulting torque have been computed by Papagiannis [43] for Earth, illustrated in Figure 3, and extended
to the case of MQNs. The effect can be understood by considering that the mean distance between the
magnetopause and the MQN on the top half of Figure 3 is less than on the bottom half, which means
that the magnetic field is compressed more on the top than on the bottom. Since force is transmitted by
the compressed magnetic field, the net force is a push on the top, as shown by the red arrow.

Time-dependent asymmetry of the magnetopause produces a velocity-dependent and
angle-dependent torque on the MQN and causes the MQN to oscillate initially about an
equilibrium [36], as shown in Figure 4. Since the quark nugget slows down as it passes
through ionized matter, the decreasing forward velocity reduces the torque with time, so
the time-averaged torque in one half-cycle is greater than the opposing time-averaged
torque in the next half-cycle. The amplitude of the oscillation necessarily grows. Once the
angular momentum is sufficient to give continuous rotation, the net torque continually
accelerates the angular motion to produce a rapidly rotating quark nugget. As shown in
Figure 4, MHz frequencies are quickly achieved, even with a 106 kg quark nugget moving
through granite (2300 kg/m3 density matter) by the time v has slowed to 220 km/s.

Figure 4. Estimated angular velocity in the first 10−4 s for 106 kg quark nugget with velocity
v = 220 km/s, initial angle χ = 0.61 rad, initial angular velocity ω = 0, and passing through matter
with mass density of 2300 kg/m3. Note the initial oscillation about 0 until a full rotation occurs, after
which the angular velocity increases rapidly.
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As developed in reference [36] and summarized in Equations (15) through (19) for
convenience, hypervelocity MQNs transiting through matter experience a torque that causes
them to rotate with a frequency that depends on Bo, MQN mass m, MQN velocity v, and
density ρp of the surrounding material. Rotating magnetic dipoles radiate at power P, where

P =
Zo

12π

(ω

c

)4
m2

m (15)

in SI units, with Zo = 377 Ω, ω = angular frequency, and c = the speed of light in vacuum.
Magnetic dipole moment mm = 4π Bo rQN

3/μo.
Assuming the energy loss per cycle from electromagnetic radiation to the surrounding

plasma is just balanced by the energy gain per cycle from the torque T,

2π
ω∫

0

Tdt =
2πP
ω2 (16)

in which
T = C2ρ0.5

p vBor3
QN Fχ

Fχ = MIN(ABS(tan χ), ABS(cot χ)) tan χ
ABS(tan χ)

(17)

The constant C2 = 1400 with units of N s kg−0.5 m−1.5 T−1, and the angle of rotation χ
is the angle between the velocity of the incoming plasma and the magnetic moment.

The rate of change of angular velocity ω for MQN of mass m, with moment of inertia
Imom = 0.4 m rQN

2, and experiencing torque T, is

dω

dt
=

T
Imom

(18)

Combining Equations (15) through (18) gives

2π
ω∫

0

v(t)Fχ(χ(ωt))
ω2 dt =

5.54 × 10−22Bor3
QN

ρ0.5
x

(19)

which is solved numerically for the equilibrium angular velocity ω or frequency f = ω/(2π).
After emerging from dense matter, MQN rotational frequency decreases as rotational

energy is radiated away with power P. Since P varies as ω4 and the rotational energy varies
as ω2, the frequency as a function of time is not exponential. Solving for ω(t) gives

CRF = 1.08×1043

B2
o m

1
3

ω(t) = ω0

√
CRF

ω2
0 t+CRF

(20)

Representative results for slowing down during transit through water and granite and
for parameters of greatest interest are shown in Appendix D: Tables of MQN Interactions
with Water and Granite.

The tables show RF frequencies at emergence from water or granite are weakly de-
pendent on Bo but strongly dependent on mass and range from 7 MHz to 0.3 MHz for
mass m between 105 kg and 1010 kg, respectively. Rotational energy ranges from ~0.1 MJ to
~1000 MJ and equals ~10−11 times the translational energy at impact. RF power emission
at emergence ranges from ~4 GW to 22 TW.

The tables also show that the RF power, calculated with Equations (14) and (19) at
t = 1200 seconds after emergence, ranges from ~6 MW to ~200 GW for the most massive
MQNs with Bo between 1.3 × 1012 T and 3.0 × 1012 T, respectively.
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Event rates in Figure 2 assume MQNs have the same flux as interstellar dark matter.
However, the MQN flux may exceed that of interstellar space. Some MQNs passing
through a portion of the solar photosphere are slowed to less than escape velocity from the
solar system. Some of these are subsequently deflected by the net gravity of the planets
so that they cannot return to the Sun and be absorbed. They accumulate. Therefore, this
aerocapture process can enhance the local flux of MQNs and make Figure 2 a worst-case
scenario. Enhancement factor, multiplied by observation time, would have to be >> 1000
for MQNs with nearly tangential trajectories to be observed.

Since RF detection occurs in real time, Figure 2 shows that the predicted event rate is
too low to use RF to observe MQNs with nearly tangential trajectories, even if the RF is
not absorbed by the plasma surrounding the MQN. Therefore, RF detection is best done in
space [36] where the cross section is much larger and RF cutoff can be avoided.

In contrast, direct observations by human observers can cover centuries and may be
recorded for us to analyze. The next section explores the observables in such an event to
compare with observations published in the Proceedings of the Royal Society regarding an
event on 6 August 1868 [38].

3.5. Simulations of a Rotating MQN with Plastically Deformable Conducting Witness Plate

The force between a rotating magnetized sphere and a plastically deformable con-
ducting material was simulated by coupling the Rotating Magnetic Machinery module
and the Nonlinear Plasticity Solid Mechanics module of the 3D, finite-element, COMSOL
Multiphysics code [40]. The geometry is illustrated in Figure 5.

 

Figure 5. Geometry of simulation of rotating magnetized sphere above a highly conducting material.
Magnetized, rotating sphere (blue) is shown above conducting material (gray). Arrows inside sphere
indicate rotation and arrows in conducting material indicate force on the material. Arrows in air
(white) indicate magnetic field lines at one moment in time. The axis of rotation is the y-axis, out of
the plane of the figure. The magnetic axis of the magnetized sphere is initially in the x-direction and
remains in the xz-plane.

Details of the simulation are provided in Appendix B: COMSOL simulation of rotating
magnetized sphere interaction with plastically deformable conductor.

A small-scale experiment validated the COMSOL force calculation. A 3 mm or 6 mm
thick copper plate was placed below a rotating spherical magnet and suspended with a
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calibrated spring to measure the force on the plate as a function of 1) separation between
the center of the sphere and the front of the plate and 2) rotational frequency of the sphere.
The measured force agreed with the force computed by the COMSOL simulation to within
10%. The agreement validates the computational method with the rotating coordinate
system in the COMSOL module.

The computational mesh cannot resolve the microscopic diameter of an MQN. There-
fore, we approximate the MQN with a 0.1 m radius, magnetized sphere with surface
magnetic induction B = 17,000 T, which corresponds to an MQN with mass m = 7 × 107 kg
and Bo = 1 × 1012 T.

Simulations with different values of electrical conductivity σ and frequencies f showed
that the dynamics of the problem scales with the electromagnetic skin depth λ:

λ =
1√

πμ0σ f
(21)

Simulations converged best with low frequency. Consequently, we used frequency
f = 10 Hz and varied the conductivity σ to explore the time-averaged force as a function of
λ. The scaling with λ let us apply the results to higher frequencies and more realistic values
of σ. Distance between the center of the sphere at z = 0 and the surface of the simulated
peat was zp = −0.3 m. Results are shown in Figure 6.

Figure 6. Components of the time-averaged force between the simulated quark nugget and conduct-
ing slab as a function of the electromagnetic skin depth λ. The negative (<0) force Fz (blue) opposes
gravity and levitates the rotating magnetized sphere for λ < 0.5 m, with the most negative value for
λ < 0.03 m. The force generated by the magnetic field traveling through the deformable conductor
in the x-direction, as the magnetized sphere rotates about the y-axis, generates a propulsive force
Fx (red). Fx is much less than Fz for small skin depths. The much smaller Fy (black) illustrates ±5%
error in the calculation, since symmetry requires Fy = 0.

The levitating force is strongly dependent on the skin depth and decreases rapidly
with increasing skin depth. A skin depth of 0.05 m, corresponding to σ = 107 S/m and
f = 10 Hz for σf = 108 SHz/m, was chosen for the simulation of plastic deformation.

The radius of the magnetized sphere was set at 0.1 m and its magnetic induction field
was set at 2085 T, corresponding to an MQN with mass ~9 × 107 kg and Bo = 1 × 1012 T.
The radius of the rotating volume in the COMSOL mesh was set at r = 0.2, and the front
surface of the 4 × 4 × 2 m deformable conductor was at r = 0.3 m.

For a time-averaged force of 107 N in the z-direction (the direction opposing gravity),
the maximum magnetic induction in the peat is 18.5 T and the maximum induced current
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density is 3 × 108 A/m2. The time-averaged forces were −1.1 × 107 N, −0.3 × 107 N, and
−0.05 × 107 N in the z-, x-, and y-directions, respectively.

Deformation of the material as a function of time from the integrated simulation is
shown in Figure 7 as contour plots for four times and two orthogonal directions.

Figure 7. Contours of the hole formed by the rotating the magnetic field of the magnetized sphere
in (a) the x-direction and (b) the y-direction for times 2.5 ms (blue), 10 ms (gold), 20 ms (red), and
30 ms (black). The magnetic field sweeps through plastically deformable conducting material, and
the displacement of the bottom of the hole is approximately −0.25 m in the x-direction. The same
contours for the y-direction, which is along the axis of rotation, show the deformation is symmetric
about y = 0, as expected. In both cases, the vertical axis has a different scale from the horizontal axis.

A rotating magnetic dipole is equivalent to two oscillating current loops oriented at
90◦ and with currents 90◦ out of phase. The linear superpositions of the two magnetic
fields induce currents that are almost independent of orientation but produce a net force in
the direction (x) perpendicular to the axis of rotation (y). That explains the shape of the
deformations in Figure 7a,b.

The simulation has many limitations. The MQN cannot be realistically resolved, so
the gradient in the B field is not exact. The rotating sphere cannot move downward as
material is displaced, so the deformation stops when the applied stress reaches equilibrium
with the strain specified in the stress–strain curve. The yield strength of the material is a
constant, independent of the degree of compression and of flow of liquid driven by the
J × B force in the material, so the deformation rate is only qualitative. Consequently, these
simulations provide only semi-quantitative results to compare with observations.

Despite these limitations, these simulations clearly show that a rapidly rotating mag-
netized sphere with sufficient mass and sufficient magnetic dipole field, such as a massive
MQN, will create a hole in a plastically deformable conducting material by currents in-
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duced in its interior. They also show the sphere will experience a force that moves it
through the material to create a trench in conducting, deformable material.

In addition, the results in Figure 6 clearly indicate that the levitating force decreases
rapidly with increasing skin depth, which varies inversely with the square root of frequency.
Therefore, the MQN height above conducting material decreases as the rotational energy is
depleted by RF emissions and by the resistive dissipation of current induced in the peat.

The RF power emissions are predicted to be megawatts to many gigawatts and are
certainly sufficient to ionize and excite the surrounding air. Thermal and magnetohydro-
dynamic motion and mixing of the air around an MQN complicates simple estimates of
the shape of the luminosity; however, Equation (15) shows that the radiated power varies
as the fourth power of the frequency, so the local electric field varies as the square of the
frequency. Therefore, the ionization and excitation of air will diminish faster than the
height above the peat.

These simulations assume induced current flows in the conducting medium. If the
surface electric field, from the rate of change of magnetic induction, is sufficient to form a
plasma at the air–ground interface, then magnetic pressure will deform the material as if λ ~0.

3.6. Comparison with M. Fitzgerald’s Report to the Royal Society

M. Fitzgerald’s report [37] to the Royal Society describes an event that occurred on
6 August 1868. The reported observations are consistent with the characteristics of a
nearly tangential MQN impact as developed in this paper: a luminous orb with clear skies
overhead, persisting for much longer than weather-related ball lightning [44], moving
slowly across and into a plastically deformable conducting medium (peatland), decreasing
in diameter with time, and creating trenches in the ground. Since it is difficult to obtain
copies of proceedings more than a century old, Fitzgerald’s description is quoted from the
published report in Appendix C: Field Investigation of M. Fitzgerald’s Report to Royal
Society. In summary, a ~0.60 m diameter, light-emitting orb was observed travelling at
~1 m/s over and into a peat bog in County Donegal, Ireland, for ~20 min. During that
time, its diameter decreased to ~0.08 m; it displaced over 105 kg of water-saturated peat; it
produced approximately 1 m wide trenches in the peat.

Although we initially dismissed his report as incredible, we eventually realized that
peat only grows a few centimeters per century [45], so the features he described must still
be visible if the reported event actually occurred. His report was sufficiently detailed to
enable an investigation, which we conducted from 2004 through 2006.

Fitzgerald’s reported features and our corresponding findings are summarized by
the following:

• An approximately 6.4 m square hole described by Fitzgerald on the course from the
crown of the ridge to the south of Meenawilligan, towards the town of Church Hill.
We found a 6.4 m square hole 0.7 m deep along that course.

• An approximately 180 m distance reported to the next deformation. We found the
deformation had been partially destroyed by draining of the field for sheep grazing.
If this deformation were still the reported 100 m length, the southern end would be
175 ± 2 m from the hole.

• An approximately 100 m long, 1.2 m deep, and 1 m wide trench. As stated above,
this deformation has been truncated by the owner having drained the field. The
remaining trench is currently 63 ± 1 m long, 0.2 ± 0.05 m deep (soft to 0.8 ± 0.05 m),
and 1.2 ± 0.1 m wide. Carbon dating of peat inside and outside the trench confirms a
disturbance occurred, consistent with the report.

• Unspecified distance to the third excavation. We found the distance to be 5 ± 0.3 m.
• Curved trench formed when the stream bank was “torn away” for 25 m and dumped

into the stream. We found the remaining curved trench to be 25 ± 1 m long and
1.4 ± 0.1 m deep. The 1863 Ordnance Survey map does not show the stream diversion
that Fitzgerald reported as occurring on 6 August 1868. Therefore, the event happened
after 1863. Fitzgerald’s submission to the Royal Society is dated 20 March 1878, so the
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event occurred before 1868. Therefore, the event is independently dated between 1863
and 1878.

• Cave in the stream bank directly opposite the end of the “torn away” bank. We found
the cave at that position. It is currently 0.45 ± 0.08 m wide, 0.3 ± 0.06 m high, and
0.5 ± 0.1 m deep. However, its proximity to the water line raises the possibility that
its origin was flowing water and not the event Fitzgerald reports.

The extant features support Fitzgerald’s account. This part of Ireland was, and still
is, sparsely populated and did not have local newspapers that might have recorded an
unusual sound or tremor. Therefore, no contemporaneous and independent eyewitness
report confirms his account.

The vegetation is dominated by members of the heath (Ericaceae) and sedge (Cyper-
aceae) families. Surface features would become obscured to some degree by the growth of
vegetation and debris carried in by wind, reducing the time a depression could be observed
from a distance. A nearby crater, attributed [46] to a vertical impact of a 10 kg MQN in
1985, has changed little in the past 35 years, which is consistent with the current state of
the features Fitzgerald attributed to the 1868 event.

The size of the trenches and the yield strength of peat gives a downward force of
>107 N, which implies a rotating, magnetically levitated mass of ~106 kg. That mass and the
volume of the ~0.08 m diameter luminosity implies a mass density >109 kg/m3, which is
inconsistent with normal matter. Its levitation implies an extremely large magnetic dipole
rotating at >1 MHz to levitate the large mass.

The repulsive force of electromagnetic induction by an MQN, as derived in this paper,
are consistent with the levitation of an MQN core and the displacement of the peat in its
path. The yield strength of peat was measured and found to be 530 kN/m2 ± 23%, which
is the value used in the simulations of plastic deformation above. Electrical conductivity σ
within 0.2 m of the surface was measured to be 22 mS/m ± 30%, which is consistent with
published values for peatlands [47], as follows: 25 mS/m near the surface and ~380 mS/m
at up to 2 m depth. Table A2 in Appendix D (Tables of MQN Interactions with Water and
Granite) gives 3 to 9 MHz for the frequency of a massive MQN when it first emerges from
the ground. The corresponding skin depth λ ~1.1 to 2.0 m for σ = 22 mS/m and λ ~0.27 to
0.47 m for σ = 385 mS/m. As shown in Figure 6, these values of λ are too large to produce
the reported levitation and deformation if the induced current is flowing through the peat,
as assumed in the simulations.

However, the large electric field from the rate of change of the magnetic induction
should cause the surface to flash over and form a plasma on top of the peat, similar to how
the air-water interface in pulsed power devices flash over. (Montoya, R. and Danneski-
old, J. Five seconds at F/16, with a broken camera. Sandia Lab News (7 June 2018). https:
//www.sandia.gov/news/publications/labnews/articles/2018/08-06/Randy.html. (ac-
cessed on 24 July 2020).) If so, then the effective skin depth λ ~0 and the deformation are
consistent with the frequencies calculated for the MQN. Computationally or experimentally
simulating such a process would be extremely difficult, so surface flashover is consistent
with relevant experience but has not been confirmed in the field.

Since the field with the second deformation (the remaining 63 m of trench) has not
been drained, its slope (10%) is almost the same as it was in 1868. The simplicity of this
particular deformation allows us to estimate the minimum mass of the core of this object
from the yield strength and the volume. The product of the minimum pressure P, which
we equate to the measured yield strength 530 ± 120 kN/m2, times the volume change ΔV,
is the minimum work required to compress the trench (1.4 m wide, 1.2 m deep, and 100 m
long) and is ~108 joules. The energy for this work came purely from gravitational energy
as the “globe of fire” descended the slope from the beginning of the trench to its terminus.
The corresponding mass is m ~108/(gh) ~106 kg, where g is the acceleration of gravity in
m/s2 and h is the change in distance toward Earth’s center in meters and agrees with the
mass estimated from the yield strength and trench diameter.
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If the induced currents are flowing in a plasma on the surface, the pressure equals the
magnetic pressure Pm produced by the magnetic field B:

Pm =
B2

2μ0
(22)

Since the pressure supports a mass m against the acceleration g of gravity, Pm = mg/(πr2)
for r = the half-width of the trench and μo = 4 π × 10−7 H/m. The value of B spatially and
temporarily averaged over the effective area πr2 is ~5.4 T and is consistent with the spatial
and temporal maximum value of B = 18.5 T from the simulation.

Fitzgerald reports that the diameter of the luminous ball diminished from ~0.6 m
diameter at the beginning to ~0.08 m at the end of the event; however, our survey shows
that the width and depth of the depressions in the peat were about the same at the beginning
and end of the event. Therefore, the core of the object remained unchanged, with diameter
<0.08 m, volume of <3 × 10−4 m3, and density of >106/(3 × 10−4) or >3 × 109 kg/m3—at
least 200,000 times the density of normal matter. Matter does not exist with density between
3 × 109 kg/m3 and nuclear density. Such a large mass density implies nuclear density
matter and is consistent with the ~1018 kg/m3 mass density of MQNs.

Based on Table A1 in Appendix D (Tables of MQN Interactions with Water and Granite)
and on the MQN’s motion to the northeast, the impact must have been >125 km southwest
of the 1868 observations for impact velocity ~250 km/s. That location is deep in the Atlantic
Ocean, >80 km from land, and too far away to be heard by Fitzgerald. Therefore, Table A1
in Appendix D (Tables of MQN Interactions with Water and Granite) applies and indicates
the impact was necessarily >200 km from land and is unlikely to be found.

Uncertainties in the current distribution and in applying the quasi-static and un-
compressed yield strength to such a dynamic process leads us to assign +/− an order
of magnitude error bar to the mass estimate. The resulting 106+/−1 kg mass corresponds
to the maximum mass in the mass distributions [4] for Bo = 1.65 × 1012 T +/− 21%. For
comparison, the magnetic moments and mass densities of protons and neutrons, which are
also baryons, correspond to magnetic fields Bo = 1.5 × 1012 T and 2.5 × 1012 T, respectively,
in reasonable agreement with our value for MQNs. The smaller range is a considerable
improvement over Tatsumi’s 1012+/−1 T estimate and permits the design of a systematic
test of the MQN dark-matter hypothesis.

4. Discussion

The principal result of this paper is reducing uncertainty in the key parameter of the
MQN theory to Bo = 1.65 × 1012 T +/− 21%. The result depends on (1) Fitzgerald having
accurately reported what he observed, (2) the event being caused by a nearly tangential
MQN impact as we have calculated, and (3) the absence of a more likely explanation.

4.1. Fitzgerald’s Accuracy

We have done what due diligence is possible on Fitzgerald’s qualifications as a reliable
observer. The County records indicate he was the assistant surveyor for County Donegal
during this period. That was a responsible position and is consistent with the detailed
report to the Royal Society. We also know that the Royal Society had sufficient confidence
in his report to have the president of the Society read it into the proceedings. We have no
reason to doubt his integrity.

4.2. Consistency with MQN Impact

The details allowed us to find all the secondary observations, i.e., the reported de-
formations in the peat bog. Carbon 14 analysis, the ordnance survey map of 1860 (prior
to the reported event), and the quantitative agreement between our measurements and
Fitzgerald’s reported measurements, all support consistency with a nearly tangential MQN
impact, as we have calculated.
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4.3. Alternative Explanations

We have attempted to identify other possible causes of the secondary observations.
Surface features produced by water erosion of peat and settling under gravity are well
documented in the geomorphological literature. Sinuous water-cut gullies dissect peat
bogs into complex patterns of haggs (residual masses) and groughs (the gullies) [48].
Mass movement processes involving the flow or slide of water-saturated peat cause major
disruptions to bog surfaces and can extend for several hundreds of meters downslope [49].
The features described by Fitzgerald are unlike any of the peat erosional features previously
reported and cannot be ascribed to conventional geomorphological processes.

One of us (Professor Peter Wilson) is a geomorphologist specializing in peat bogs. He
has investigated the four structures Fitzgerald’s eyewitness account connected to the event
and concludes that the literature on the geomorphology of peat bogs and his forty years of
field work in peat bogs have not suggested any other possible causes for three of the four
structures. We conclude that the fourth (the cave) was too close to the stream to preclude
its being formed by water flow.

Neutron-stars have the right mass density. However, the gravitational force that
holds them together is too weak to sustain the required ~106 kg mass. In addition, pulsar
magnetic fields [50] are two orders of magnitude less than those of magnetars [51], upon
which the MQN model has been constructed.

Primordial Mini-Black Holes (MBHs) [52] have been proposed to explain luminous
and levitating events attributed to anomalous non-weather-related ball lightning [53].
Although an MBH does not have a magnetic field that could levitate it, the net shape of
the event horizon from the combined gravitational fields of Earth and a black hole can,
in principle, direct evaporating particles downward to provide thrust and levitate the
mass [53]. However, the lifetime of a 106 kg MBH is not consistent with the 20-min event
reported by Fitzgerald, and the explosion equivalent to 10 million one-megaton hydrogen
bombs characteristic of the final evaporation [52] of an MBH was not observed.

We have also sought alternative explanations from others. Given the eyewitness
account and given that our simulations show the MQN hypothesis is consistent with
Fitzgerald’s eyewitness report, the question becomes can something else reside above
and in the peat for 20 min, leave meter-scale (depth and width) structures in the peat,
and have a glowing light associated with it. We have presented these results to about a
thousand people in university colloquia and in contributed and invited talks at meetings
of the American Physical Society and Institute of Electrical and Electronic Engineers in the
USA, UK, Russia, and India. None of the audience members have suggested an alternative
explanation.

4.4. Limitations to the Evidence

Even though the three criteria identified in the first paragraph of the Discussion
are arguably satisfied, the primary event is the “globe of fire” itself and was seen only
by Fitzgerald. The Fitzgerald event is not quite singular. Two other similar primary
events qualitatively consistent (i.e., meter-scale, luminous, long-lasting, quasi-spherical,
and rotating, as observed by the angular momentum imparted to the surrounding water)
with nearly tangential MQN impacts were reported by Soviet Navy Captains at sea in 1962
and 1966 [39]. However, the Fitzgerald event is the only one contemporaneously published
in the scientific journal of its day and the only one with detailed secondary observables
that can be verified by anyone after the event.

We conclude that the primary event is very rare, is not reproducible, was not recorded
by multiple observers, and cannot be quantitatively validated after the fact by anyone else.
Consequently, the evidence does not meet today’s standard for a discovery.

4.5. Significance

However, we also conclude that we can tentatively accept his report and use it to
narrow the uncertainty in Bo since it is consistent with an MQN event, and a more likely
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explanation has not been found. The resulting uncertainty in Bo can be used to design an
experiment to systematically test the MQN hypothesis within the constrained range of Bo.
If MQNs are found as predicted, then the acceptance of the Fitzgerald event as an MQN
event will have been validated. If nothing is found, then the experiment will have been
another null experiment placing a limit of the mass distribution of MQNs characterized by
the tested values of Bo, just as all the single-mass quark-nugget experiments to date have
been null experiments that placed a flux limit on that single mass.

The results have one additional consequence. Predicted event rates in Figure 2 are
so small that even one observed event is consistent with the major portion of dark matter
being composed of MQNs. Observing more than one per century suggests a substantial
enhancement factor for dark-matter density inside the solar system compared to that
of interstellar space. Nuclear-density MQNs are indestructible and can survive passage
through the solar photosphere. The magnetopause interaction [28] with matter in the solar
photosphere and subsequent deflection by the combined gravity of the planets offer the
possibility of enhancing the flux of MQN dark matter within the solar system. Computing
an accurate enhancement factor for MQN impacts on Earth requires detailed Monte Carlo
simulations beyond the scope of this paper and strongly depends on Bo, the radial profile of
mass density in the solar photosphere, the velocity distribution of dark matter in interstellar
space, and scattering of MQNs by planetary gravity.

In contrast to other candidates for dark matter, MQNs are baryons and, therefore,
are consistent [4] with the Standard Model for particles and fields. Well known physics
can guide additional experiments and observations [36] to test the MQN hypothesis for
dark matter, invent ways for collecting useful MQNs, and develop applications for an
indestructible source of ~1012 tesla magnetic fields.

5. Conclusions

The two orders of magnitude uncertainty in Tatsumi’s estimate for Bo precludes
the practical design of systematic experiments to detect MQNs through their predicted
interaction with matter. In this paper, we theoretically examined the signature of a new class
of episodic events consistent with a unique signature of MQNs and reported the results
of field investigations of one published event consistent with that signature. Tentatively
accepting that the event was indeed caused by MQNs constrains the most likely values of
Bo to 1.65 × 1012 T +/− 21%, which can be used to design a systematic test of the MQN
dark-matter hypothesis.
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Appendix A. Quark-Nugget Research Summary

This summary is an update of one published by us in the open-source article,
reference [4]. Therefore, it contains similar information and is included for convenience.

Macroscopic quark nuggets are theoretically predicted objects composed of up, down,
and strange quarks in essentially equal numbers. They are also called strangelets [8],
nuclearites [9], AQNs [10], and slets [11] and are a subset of Macros [5], a more general
term for massive dark matter.

In 1971, Bodmer [12] suggested that a collection of up, down, and strange quarks
should be stable. Witten [7] and Farhi and Jaffe [8] showed that quark nuggets should
be in the ultra-dense, color-flavor-locked (CFL) phase of quark matter and should be a
stable candidate for dark matter. Steiner et al. [13] showed that the ground state of the
CFL phase is color neutral and that color neutrality forces electric charge neutrality, which
minimizes electromagnetic emissions. However, Xia et al. [11] found that quark depletion
causes the ratio Q/A of electric charge Q to baryon number A to be non-zero and varying
as Q/A ~0.32 A−1/3 for 3 < A < 105. In addition to this core charge, they find that there is a
large surface charge and a neutralizing cloud of charge to give a net zero electric charge
for sufficiently large A. So, quark nuggets with A � 1 are both dark and very difficult to
detect with astrophysical observations.

Bodmer, Witten, and Xia et al. also showed that quark-nugget density should be
somewhat larger than the density of nuclei, and their mass can be very large, even as large
as the mass of a star. Large quark nuggets are predicted to be stable [7,12–15] with mass
between 10−8 and 1020 kg within a plausible but uncertain range of assumed parameters of
quantum chromodynamics (QCD) and the MIT bag model with its inherent limitations [16].

Although Witten assumed that a first-order phase transition formed quark nuggets,
Aoki et al. [17] showed that the finite-temperature QCD transition that formed quark
nuggets in the hot early Universe was very likely an analytic crossover, involving a rapid
change as the temperature varied but not a real phase transition. Recent simulations by T.
Bhattacharya et al. [18] support the crossover process.

A combination of quark nuggets and anti-quark nuggets has also been proposed
within constraints imposed by terrestrial observations of the neutrino flux [19].
Zhitnitsky [9] proposed that the collapse of an axion domain-wall network generated
Axion Quark Nuggets (AQNs) of both quark and anti-quark varieties. The model relies
on the hypothetical axion particle beyond the Standard Model, appears to explain a wide
variety of longstanding problems, and leads to AQNs with a narrow mass distribution at
~10 kg [20]. Atreya et al. [21] also found that CP-violating quark and anti-quark scatterings
from moving Z(3) domain walls should form quark and anti-quark nuggets, regardless of
the order of the quark-hadron phase transition.

Experiments by A. Bazavov et al. [22], at the Relativistic Heavy Ion Collider (RHIC),
have provided the first indirect evidence of strange baryonic matter. Additional exper-
iments at RHIC may determine whether the process is a first order phase transition or
crossover process. In either case, quark nuggets could have theoretically formed in the
early Universe.

In 2001, Wandelt et al. [23] showed that quark nuggets meet the theoretical require-
ments for dark matter and are not excluded by observations when the stopping power
for quark nuggets in the materials covering a detector is properly considered and when
the average mass is >105 GeV (~2 × 10−22 kg). In 2014, Tulin [24] surveyed additional
simulations of increasing sophistication and updated the results of Wandelt, et al. The
combined results help establish the allowed range and velocity dependence of the strength
parameter and strengthen the case for quark nuggets. In 2015, Burdin, et al. [25] examined
all non-accelerator candidates for stable dark matter and also concluded that quark nuggets
meet the requirements for dark matter and have not been excluded experimentally. Jacobs,
Starkman, and Lynn [5] found that combined Earth-based, astrophysical, and cosmological
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observations still allow quark nuggets of mass 0.055 to 1014 kg and 2 × 1017 to 4 × 1021 kg
to contribute substantially to dark matter. The large mass means the number per unit
volume of space is small, so detecting them requires a very large area detector.

These studies did not consider an intrinsic magnetic field within quark nuggets.
However, Xu [26] has shown that the surface magnetic field of quark nuggets from electron
ferromagnetism is limited to ~2 × 107 T, which is too small for magnetars and MQNs.
Tatsumi [27] has shown that, under some special values of the currently unknown QCD
coupling constant at the ~90 MeV energy scale, a One Gluon Exchange interaction may
allow quark nuggets to be ferromagnetic with a surface magnetic field of 1012±1 T. Such
a large magnetic field is sufficient for magnetar cores and MQNs. For a quark nugget of
radius rQN and a magnetar of radius rs, the magnetic field scales as (rQN/rs)3. Therefore,
the surface magnetic field of a magnetar is smaller than 1012 T because rs > rQN. Since
quark-nugget dark matter is bare, the surface magnetic field of what we wish to detect is
1012±1 T.

Although the cross section for interacting with dense matter is greatly enhanced [28]
by the magnetic field, which falls off as radius rQN

−3, the collision cross section is still
many orders of magnitude too small to violate the collision requirements [10,21–23] for
dark matter.

Chakrabarty [29] showed that the stability of quark nuggets increases with increasing
external magnetic field ≤1016 T, so the large self-field described by Tatsumi should enhance
their stability. Ping et al. [30] showed that magnetized quark nuggets should be absolutely
stable with the newly developed equivparticle model, so the large self-field described by
Tatsumi should ensure that quark nuggets with sufficiently large baryon number will not
decay by weak interaction.

The large magnetic field also alters MQN interaction with ordinary matter through
the greatly enhanced stopping power of the magnetopause around high-velocity MQNs
moving through a plasma [28]. Searches [30] for quark nuggets with underground detectors
would not be sensitive to highly magnetized quark nuggets, which cannot penetrate the
material above the detector. For example, the paper by Gorham and Rotter [19] about
constraints on anti-quark-nugget dark matter assumes that limits on the flux of magnetic
monopoles from analysis by Price et al. [30] of geologic mica buried under 3 km of rock are
also applicable to quark nuggets that can reach the mica.

Porter et al. [32] and Piotrowski et al. [33] reported the absence of sufficiently fast
meteor-like objects in the lower atmosphere constrains the flux of quark nuggets (nucle-
arites) to approximately that required to explain dark matter. Bassan et al. [34] looked for
quark nuggets (nuclearites) with gravitational wave detectors and found signals much less
than expected for the flux of dark matter.

In summary, experimental or observational evidence of quark nuggets has yet to be
found [35] after decades of searching. However, all of these analyses assumed (1) quark
nuggets can reach the detector volume because the cross section for momentum transfer is
the geometric cross section and (2) all quark nuggets have a single specific mass. In contrast,
(1) the MQN magnetopause cross section [28] is many orders of magnitude larger and
prevents all but the extremely rare, mostly massive (>1000 kg) MQNs from being detected
and (2) MQNs have a very broad mass distribution [4] which means these experiments do
not exclude MQNs.

Appendix B. COMSOL Simulation of Rotating Magnetized Sphere Interaction with

Plastically Deformable Conductor

The coupled electromagnetic and mechanical interaction between (1) a massive, rotat-
ing, strongly magnetized sphere and (2) a nearby conductor was simulated to model the
interaction between an MQN and a nearby plastically deformable, electrically conducting
medium. The results are provided in the main body of this paper. Additional computa-
tional details on the method of this calculation are not of general interest and are given in
the following paragraphs.
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The overall geometry of the simulation is shown in Figure A1 and consists of a 20 m
radius conducting boundary, a cylindrical rotating coordinate system on the same axis as
the conducting boundary, a simulated magnetized sphere within the rotating coordinate
system, and a 4 × 4 × 2 m slab of simulated peat. The boundary condition for the 20 m
radius is n × A = 0, in which n is the unit vector normal to the boundary and A is the vector
potential, so the magnetic induction vector B lies along the boundary surface everywhere.
The 20 m radius is sufficiently large to make the force on the peat insensitive to the position
of the boundary.

 

Figure A1. Geometry of simulation of a rotating quark nugget. (a) The overall geometry of the
simulation shows the 20 m radius conducting boundary with the cylindrical rotating coordinate
system centered on the axis and the 4 × 4 × 2 m thick slab of simulated peat. (b) Close up of the
peat slab with its top surface located 0.3 m below the center of the 0.1 m radius, spherical magnet
simulating the quark nugget, which is inside the cylindrical 0.2 m radius rotating coordinate system.

The COMSOL [40] Solid Mechanics module solves for the elastic and plastic deforma-
tion of the peat under the volume force Fv = J × B, in which J is the current density in the
peat and B is the magnetic field.

The results are to be compared to observations of an event in peatland. Peat is 80% to
90% water and is not usually studied with solid mechanics models. Therefore, we estimated
the mechanical properties of peat for these first calculations based on the properties of
water with the measured electrical conductivity and yield stress of peat. Additional work
to refine the properties will affect the results somewhat, but the calculated deformation
below illuminates the essential behavior. The properties used in this calculation follow:

Electrical conductivity = 22 mS/m for peat. Relative dielectric constant = 80. Relative
permeability = 1. Initial density = 103 kg/m3. Yield stress = 5.30 × 105 Pa. Poisson
ratio = 0.4. Young’s modulus = 2 × 109 Pa. Isotropic tangent modulus = 1.1 × 108 Pa.

Strain is the fractional change, so it is dimensionless. Therefore, the stress versus
strain curve is elastic with Young’s modulus until a stress of 5.30 × 105 Pa is exceeded at
an elastic strain of 2.0 × 10−4. Then the ratio of additional stress to additional strain is the
isotropic tangent modulus of 1.1 × 108 Pa.

The COMSOL Rotating Magnetic Machinery module solves the rotating and non-
rotating parts of the problem in their respective coordinate frames and forces continuity of
the scalar magnetic potential Vm in the fixed frame. Since the meshes at the interface of the
rotating and non-rotating frames are not identical, the calculation interpolates the scalar
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magnetic potential between the non-conforming meshes. If the magnetic vector potential
A has to be interpolated across the boundary, then current is not conserved. In principle,
applying Ampère’s law only inside the peat slab avoids this problem. Nevertheless,
we varied the radius of the rotating coordinate system to assess the degree to which the
numerical interpolation technique affects the results. The choice of the radius of the rotating
coordinate system affected the magnetic field at the surface of the peat by approximately
±50%, so this solution is not ideal. However, choosing 0.2 m for the radius of the rotating
coordinate system mitigates the problem. This choice gives an air gap of 0.1 m between the
interface and the magnetized sphere and between the interface and the surface of the peat.

We used the elastic–plastic deformation module to investigate the deformation of
the peat and its dependence on skin depth λ with its included frequency f, as defined by
Equation (21) in the main text. A simulation with the measured conductivity of 22 mS/m
and a frequency of 4.5 × 108 Hz took 1500 s of computer time for one 2.2 ns period.
Calculating the full deformation at simulation time of 0.03 s would take 6 × 106 hours
of computer time, which is prohibitive. Comparison of simulations at 1, 10, and 100 Hz
showed that the force on the peat scales with the product of electrical conductivity σ (S/m)
and frequency f (Hz), and, therefore, scales with the electromagnetic skin depth λ.

An intermediate skin depth of 0.05 m, corresponding to σ = 107 S/m and f = 10 Hz for
σf = 108 SHz/m, was chosen as the baseline case for these exploratory simulations. The
radius of the magnetized sphere was set at 0.1 m and its magnetic induction field was set at
2085 T. The radius of the rotating coordinate system was set at 0.2 m and the front surface
of the 4 × 4 × 2 m peat slab was at 0.3 m, as shown in Figure A1.

The simulations showed that the total force on the peat scaled as the square of the
magnetic field in the magnetized sphere, as it does in Equation (22). In addition, the
magnetic field in the 1868 event, which required a force of 107 N to support the estimated
106 kg mass in Earth’s gravitational field, varied as the cube of the radius of the quark
nugget, as shown in Figure A2.

Figure A2. Amplitude of the magnetic induction B in the rotating and magnetized sphere required
to produce a time-averaged force of 107 N on the peat as a function of the radius of the magnetized
sphere. The radius of the magnetized sphere was varied between 5 and 150 mm. The mesh size was
too large for the calculation to converge for radii less than 5 mm.

The force required to levitate the sphere for a constant distance from the conducting
plane is proportional to the mass of the sphere. The levitating force for the same geometry
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scales as the square of the surface magnetic field. Therefore, the results are generalized to give
the strength of the magnetic field BS at the surface of the sphere of radius RS and mass MS:

BS =
C1M0.5

S
RS

3±0.05 (A1)

in which C1 = 1.4 × 10−3±0.3 T m3 kg−0.5. The coefficient of determination (R2) value
is 0.98.

Appendix C. Field Investigation of M. Fitzgerald’s Report to Royal Society

A “globe of fire” event [38] in County Donegal, Ireland, on 6 August 1868, was
reported to the Royal Society by M. Fitzgerald, Assistant Surveyor for County Donegal. His
report gave sufficient detail to let us find the deformations he described and investigated
the physics that would cause those deformations.

The original publication in the Proceedings of the Royal Society [38] describes a series
of depressions in peat caused by a “globe of fire”. The report is reproduced below, since
the only known copy of the original publication is in London, UK, and is only available to
researchers approved by the British Library for access.

“On the 6 August 1868, this neighbourhood being free from the dense black clouds
that hung over the mountains of Glenswilly and Glendoan, I went up the latter glen
to note anything worthy of observation. On arriving at Meenawilligan, the sky was so
black over Bintwilly [or Bin Tuile - ’the mountain of floods’], where lightning and thunder
were following each other in rapid succession, that I turned homewards. When I reached
Folbane, on looking behind, I noticed a globe of fire in the air floating leisurely along in
the direction of Church Hill. After passing the crown of the ridge, where I first noticed it,
it descended gradually into the valley, keeping all the way about the same distance from
the surface of the land, until it reached the stream between Folbane and Derrora, about
300 yards from where I stood. It then struck the land and reappeared in about a minute,
drifted along the surface for about 200 yards, and again disappeared into the boggy soil,
reappearing about 20 perches (1 perch = 5.03 m) further down the stream; again it moved
along the surface, and again sunk, this time into the brow of the stream, which it flew
across and finally lodged in the opposite brow, leaving a hole in the peat bank, where it
buried itself.

If it had left no marks behind, I confess that, as I had never seen anything of the kind
before, I should hesitate to describe its movements, which surprised me much at the time,
but the marks which it left behind of its course and power surprised me more.

I at once examined its course, and found a hole about 20 feet square, where it first
touched the land, with the pure peat turned out on the lea as if it had been cut out with
a huge knife. This was only one minutes work, and, as well as I could judge, it did not
occupy fully that time. It next made a drain about 20 perches in length and 4 feet deep,
afterwards ploughing up the surface about 1 foot deep, and again tearing away the bank of
the stream about 5 perches in length and 5 feet deep, and then hurling the immense mass
into the bed of the stream, it flew into the opposite peaty brink. From its first appearance till
it buried itself could not have been more than 20 min, during which it traveled leisurely, as
if floating, with an undulating motion through the air and land over one mile. It appeared
at first to be a bright red globular ball of fire, about 2 feet in diameter, but its bulk became
rapidly less, particularly after each dip in the soil, so that it appeared not more than 3 inches
in diameter when it finally disappeared. The sky overhead was clear at the time but about
an hour afterwards it became as dark as midnight.”

Fitzgerald’s report provided enough information to locate the site of his observations.
Since the growth rate of peat in the British Isles during the last few thousand years has
generally been in the range of 1–6 cm per century [45] and undisturbed peat readily holds
its form, the holes and trenches would still be extant after 137 years. During six separate
expeditions to the site in 2004–2006, we found the hole, trench, stream diversion, and cave on
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privately owned land between 54◦58.321′ N, 7◦54.668′ W and 54◦58.294′ N, 7◦ 54.576′ W. We
also made a final visit in 2014 to see how much the site changed over a 10-year period.

Ordnance Survey (OS) maps of 1863 and 1870 were found in the local archive. The
1870 map is a minor revision of the original survey of 1863 rather than a thorough resurvey.
A small section of the 1863 map (five years prior to the reported “globe of fire” event of
6 August 1868) is shown in Figure A3. The wavy black lines are the original drawing. Our
survey of the area found Fitzgerald’s reported features, which are also shown.

 

Figure A3. Extract from the 1863 Ordnance Survey map. The locations of the “square hole” (a), the
most prominent trench (b), triangular channel (c), and cave (d), and the reported path of the “globe
of fire” (dotted line) between features are shown. The field with the “20-foot-square” hole (a) has
been drained and is lower than the field with the trench (b) and the triangular channel (c). Therefore,
we do not know the relative elevation of the hole (a) and the trench (b) in 1868.

The dominant features of the reported depressions are as follows, with letters referring
to locations marked in Figure A3:

• Hole (a): ~6.4 m square depression on the course from the crown of the ridge to the
south of Meenawilligan towards the town of Churchill.

• Approximately 180 m to the next depression.
• Straight trench (b): ~100 m long, 1.2 m deep, and 1 m wide.
• Unspecified distance to the third depression.
• Curved trench (c): formed when stream bank was “torn away” for 25 m and dumped

into the stream.
• Cave (d): a hole in the stream bank directly opposite the end of the “torn away” bank.

Fitzgerald reported that the “globe of fire” first went into the peat bog near the
intersection of (1) the line between the “crown of the ridge” and the town of Church Hill
and (2) the stream between Derrora and Falabane. At that location, we found a hole of
about 6.0 m square with about 0.6 m of open water at 54◦58.294′ N and 7◦54.576′ W. The
hole is located in a marsh at the intersection of a slight west-to-east flow of surface water
and two lesser drainage lines coming from the south.

We determined the contours of the hole at 0.3 and 0.5 m below the top of the peat,
which are shown in Figure A4. At the 0.5 m depth, the hole is composed of three trenches
intersecting at 90-degree angles to form a “square hole”. Each trench is approximately
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1.2 m wide and 0.8 m to a hard bottom. The length of the south, east, and north sides are,
respectively, 2.85, 6.4, and 8.4 m.

Figure A4. The location consistent with Fitzgerald’s “20-foot-square hole,” at which the ball of light
first disappeared into the peat. (a) Photo of the “square hole” with dimensions and 0.5 m deep
contour (dashed blue line). (b) Contours at three depths are shown: 0 m (solid black line), 0.3 m
(dashed black line), and 0.5 m (dashed blue line). The natural feeder drainage flows approximately
from the lower right to the upper left. Orientation to north is approximate.

Fitzgerald reported that the “globe of fire” floated over the bog for about 180 m and
then cut a 1.2 m deep trench into the bog for about 100 m. A formerly cultivated field lies
approximately 150 m west of the hole and has many north–south-aligned trenches. The
seventh trench from the eastern edge of the field is the most prominent and is 63 m long. It
lies 0.2 m below the adjacent surface and is approximately 1.2 m wide; these parameters are,
respectively, 2.2 and 2.3 standard deviations greater than the mean values of the 26 trenches.
The trench is further differentiated from the surrounding terrain by greater penetrability;
a ski pole readily penetrates ~0.8 m into the trench but penetrates only ~0.3 m into the
surrounding peat with the same force of ~130 N.
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Probing the rest of the seventh trench revealed that the firm walls of the trench
fall off abruptly (in approximately 0.2 m), indicating a well-defined and deep trench
containing low-density peat. However, similar measurements of all 26 trenches show that
the penetrability into the peat is not as strong a differentiator between trenches as are depth
and width. The probe depth of the seventh trench is only 1.1 standard deviations more than
the mean depth of all 26 trenches, and three of the other 25 trenches are deeper. Twelve
measurements of the variation in the results give a standard deviation of 0.06 m for this
measurement.

This trench is located between 54◦58.318′ N, 7◦54.651′ W and 54◦58.282′ N, 7◦54.663′ W
and is shown in Figure A5.

 

Figure A5. Photograph looking along the seventh trench.

Two peat samples from 0.8 ± 0.04 m depth (relative to the top of the adjacent ridges) of
the third and seventh trenches and one peat sample at the same depth from the ridge west
of the seventh trench were carbon-14 dated by a commercial laboratory. The peat from the
most prominent (seventh) trench is 620 ± 60 years old at 85 cm depth and adjacent material
is 1330 ± 70 years old at same depth—which is consistent with Fitzgerald’s trench, having
been filled by erosion with a mixture of peat formed at various times between 0 to 1330 years
ago. The next most prominent (third) trench, parallel to the seventh trench, was dated at
the same depth as a second control and was found to be 2040 ± 50 years old. This second
control is downslope from the most prominent trench and is expected to be older. These
data support the uniqueness of the seventh candidate trench. However, measurements in
peat are complicated because naturally occurring humic acids can circulate through peat
and cause carbon dating to give a later date than isolated material would produce.

The field with these trenches was divided into two parts by the owner in 2000 and
separated by a new drainage ditch. The southern portion is used for grazing sheep and is
about 30 cm lower than the portion discussed above. The seventh trench ends at the new
boundary between the fields at a distance of 63 m from the northern end and 158 m from
the hole. If this trench had extended into the newly divided southern portion of the field
for another 37 m (to make the ~100 m reported by Fitzgerald), then that end would have
been 175 m from the hole and consistent with the ~180 m reported by Fitzgerald. From all
evidence above, we can conclude that the seventh trench is the most likely candidate for
Fitzgerald’s “100-m long trench”.

At its northern (downhill) end, this trench terminates in a mound of peat that prevents
it from draining into the stream, and there is no evidence of subsurface piping draining the
trench. The mound may have been created when the stream was realigned about 20 years
ago, or the trench may have terminated at the mound when it was formed; there is no way
to know for certain.
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We found a triangular channel to the south of the existing stream and starting at 5 m
west of the trench. It is separated from the stream by a mound of mixed mineral and peat
debris at 54◦58.319′ N, 7◦54.676′ W. The length of the channel is 25 m and its depth is
approximately 1.5 m. The landowner said that the water flowed through this channel until
the Council redirected the stream in approximately 1989, which agrees with the tree rings
observed in one of the trees now growing in the channel bed and with the composition of
the mound, which is clearly the material removed from the recently excavated northern
channel. The western extremity of this 25 m trench and the stream, as it was recut by
the Council, are shown in Figure A6. The photo was taken in 2004 after we cut out the
vegetation that had overgrown the trench. In our last trip to the site in 2014, we found the
vegetation had again grown throughout the 25 m channel.

Figure A6. Fitzgerald’s “25 m long diversion of the stream” and the current path of the stream, which
continues to the left and right of the contour map. (a) Photo of the site as seen from the western
end; the channel made by the “globe of fire” is on the right and the stream that was recut by the
Council is on the left. (b) Contour map of the site constructed from the survey and field notes. Solid
lines: surface level. Long dashes: the bottom of the channel at −1.2 ± 0.25 m level. Short dashes: the
bottom of the stream, as cut by the County Council in the 1980s, at the −1.9 ± 0.2 m level. Orientation
to the north is approximate.

Immediately to the south of the western end of the triangular channel, there is a
shallow cave in the stream bank at 54◦58.321′ N, 7◦54.673′ W, as shown in Figure A7.
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Figure A7. Cave at the end of the semi-circular channel.

The depth of the cave is 0.5 m and it is located in the north bank of the stream. The
photograph was taken when the water depth was only 10 cm; however, we observed flood
debris in stream-bank trees downstream from the cave, indicating that the water rises to at
least 1.1 m depth at times. The cave appeared the same in 2014 as it did in 2004.

The electrical resistivity was measured at many places and in several seasons. It was
consistently 30 to 60 Ω-m. The compressive yield strength was consistently measured to
be 530 ± 120 kN/m2 for uncompressed peat, and the strength increased with increasing
compression. Radiation measurements were taken. Only background radiation was detected.

Fitzgerald’s reported deformations are compared to our findings in Section 3.6 of the
main article.

Appendix D. Tables of MQN Interactions with Water and Granite

Table A1. Representative examples are given for MQNs with impact velocity of 250 km/s transiting through water as a
function of Bo and MQN mass mqn.

Bo (T) 1.3 × 1012 1.5 × 1012 2 × 1012 2.5 × 1012 3 × 1012 3 × 1012

mqn (kg) 3.2 × 105 3.2 × 105 3.2 × 106 3.2 × 106 3.2 × 106 3.2 × 109

rQN (m) for ρQN =
1018 kg/m3 4.2 × 10−5 4.2 × 10−5 9.1 × 10−5 9.1 × 10−5 9.1 × 10−5 9.1 × 10−4

Magnetopause radius rm (m) 2.5 × 10−2 2.6 × 10−2 6.2 × 10−2 6.7 × 10−2 7.1 × 10−2 7.1 × 10−1

Flux for MQN decadal mass
(N/y/m2/sr) 1.4 × 10−15 1.4 × 10−15 1.5 × 10−16 4.3 × 10−18 2.7 × 10−19 1.3 × 10−19

xmax (m) 241,197 219,252 389,995 336,093 297,630 2,977,672
x10 m/s (m) 240,914 218,995 389,539 335,700 297,282 2,974,189
x100 m/s (m) 239,887 218,062 387,878 334,268 296,014 2,961,506
θ2 (◦) 88.91690 89.01545 88.24855 88.49068 88.66344 76.50504
θ10 (◦) for vexit = 10 m/s 88.91817 89.01660 88.25059 88.49245 88.66500 76.52112
θ100 (◦) for vexit = 100 m/s 88.92278 89.02080 88.25806 88.49888 88.67070 76.57968
texit (s) for vexit = 10 m/s 5.4 × 101 5.0 × 101 8.8 × 101 7.6 × 101 6.7 × 101 6.7 × 102

texit (s) for vexit = 100 m/s 2.4 × 101 2.2 × 101 3.9 × 101 3.4 × 101 3.0 × 101 3.0 × 102

δ fractional error for vexit =
10 m/s 6.0 × 10−2 5.5 × 10−2 9.7 × 10−2 8.4 × 10−2 7.4 × 10−2 6.0 × 10−1

δ fractional error for vexit =
100 m/s 1.2 × 10−2 1.1 × 10−2 1.9 × 10−2 1.7 × 10−2 1.5 × 10−2 1.5 × 10−1

Cross section for all vexit 4.6 × 1010 3.8 × 1010 1.2 × 1011 8.9 × 1010 7.0 × 1010 7.1 × 1012

Cross section for vexit = 10 to
100 m/s 3.9 × 108 3.2 × 108 1.0 × 109 7.5 × 108 5.9 × 108 6.1 × 1010
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Table A1. Cont.

Total number per year 3.5 × 10−4 2.9 × 10−4 9.7 × 10−5 2.1 × 10−6 1.0 × 10−7 5.2 × 10−6

Number per year for 10 to
100 m/s vexit

3.0 × 10−6 2.5 × 10−6 8.2 × 10−7 1.8 × 10−8 8.7 × 10−10 4.5 × 10−8

Frequency (MHz) 7.0 × 100 7.0 × 100 3.2 × 100 3.1 × 100 3.0 × 100 3.1 × 10−1

Rotational energy (J) 1.4 × 105 1.3 × 105 1.3 × 106 1.2 × 106 1.2 × 106 1.2 × 109

RF power (MW) 4.4 × 103 5.6 × 103 4.3 × 104 6.2 × 104 8.3 × 104 8.4 × 106

RF power (MW) after 1200 s 6.5 × 100 5.0 × 100 6.0 × 101 3.9 × 101 2.8 × 101 2.0 × 105

Table A2. Representative examples are given for MQNs with impact velocity of 250 km/s transiting through granite as a
function of Bo and MQN mass mqn.

Bo (T) 1.3 × 1012 1.5 × 1012 2 × 1012 2.5 × 1012 3 × 1012 3 × 1012

mqn (kg) 3.2 × 105 3.2 × 105 3.2 × 106 3.2 × 106 3.2 × 106 3.2 × 109

rQN (m) for ρQN =
1018 kg/m3 4.2 × 10−5 4.2 × 10−5 9.1 × 10−5 9.1 × 10−5 9.1 × 10−5 9.1 × 10−4

Magnetopause radius rm (m) 2.2 × 10−2 2.3 × 10−2 5.4 × 10−2 5.8 × 10−2 6.2 × 10−2 6.2 × 10−1

Flux for MQN decadal mass
(N/y/m2/sr) 1.4 × 10−15 1.4 × 10−15 1.5 × 10−16 4.3 × 10−18 2.7 × 10−19 1.3 × 10−19

xmax (m) 138,434 125,839 223,837 192,900 170,824 1,709,027
x10 m/s (m) 138,272 125,692 223,575 192,674 170,624 1,707,028
x100 m/s (m) 137,683 125,156 222,622 191,852 169,897 1,699,749
θ2 (◦) 89.37838 89.43494 88.99486 89.13380 89.23293 82.30288
θ10 (◦) for vexit = 10 m/s 89.37911 89.43560 88.99604 89.13481 89.23383 82.31194
θ100 (◦) for vexit = 100 m/s 89.38176 89.43801 89.00032 89.13850 89.23710 82.34492
texit (s) for vexit = 10 m/s 3.1 × 101 2.8 × 101 5.1 × 101 4.4 × 101 3.9 × 101 3.9 × 102

texit (s) for vexit = 100 m/s 1.4 × 101 1.3 × 101 2.3 × 101 1.9 × 101 1.7 × 101 1.7 × 102

δ fractional error for vexit =
10 m/s 3.5 × 10−2 3.1 × 10−2 5.6 × 10−2 4.8 × 10−2 4.3 × 10−2 3.9 × 10−1

δ fractional error for vexit =
100 m/s 6.9 × 10−3 6.3 × 10−3 1.1 × 10−2 9.6 × 10−3 8.5 × 10−3 8.5 × 10−2

Cross section for all vexit 1.5 × 1010 1.2 × 1010 3.9 × 1010 2.9 × 1010 2.3 × 1010 2.3 × 1012

Cross section for vexit = 10 to
100 m/s 1.3 × 108 1.1 × 108 3.3 × 108 2.5 × 108 1.9 × 108 2.0 × 1010

Total number per year 1.2 × 10−4 9.7 × 10−5 3.2 × 10−5 6.9 × 10−7 3.4 × 10−8 1.7 × 10−6

Number per year for 10 to
100 m/s vexit

9.9 × 10−7 8.2 × 10−7 2.7 × 10−7 5.9 × 10−9 2.9 × 10−10 1.4 × 10−8

Frequency (MHz) 9.0 × 100 8.9 × 100 4.0 × 100 3.9 × 100 3.9 × 100 3.9 × 10−1

Rotational energy (J) 2.2 × 105 2.2 × 105 2.1 × 106 2.0 × 106 2.0 × 106 1.9 × 109

RF power (MW) 1.2 × 104 1.5 × 104 1.1 × 105 1.6 × 105 2.2 × 105 2.2 × 107

RF power (MW) after 1200 s 6.7 × 100 5.1 × 100 6.1 × 101 4.0 × 101 2.8 × 101 2.3 × 105
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Abstract: Magnetized quark nuggets (MQNs) are a recently proposed dark-matter candidate consis-
tent with the Standard Model and with Tatsumi’s theory of quark-nugget cores in magnetars. Previ-
ous publications have covered their formation in the early universe, aggregation into a broad mass
distribution before they can decay by the weak force, interaction with normal matter through
their magnetopause, and a first observation consistent MQNs: a nearly tangential impact limiting
their surface-magnetic-field parameter Bo from Tatsumi’s ~1012+/−1 T to 1.65 × 1012 T +/− 21%. The
MQN mass distribution and interaction cross section strongly depend on Bo. Their magnetopause
is much larger than their geometric dimensions and can cause sufficient energy deposition to form
non-meteorite craters, which are reported approximately annually. We report computer simulations
of the MQN energy deposition in water-saturated peat, soft sediments, and granite, and report the
results from excavating such a crater. Five points of agreement between observations and hydro-
dynamic simulations of an MQN impact support this second observation being consistent with
MQN dark matter and suggest a method for qualifying additional MQN events. The results also
redundantly constrain Bo to ≥ 4 × 1011 T.

Keywords: dark matter; quark nugget; magnetized quark nugget; MQN; nuclearite; magnetar;
strangelet; slet; Macro

1. Introduction

We report results of computer simulations and observations from field work that
indicate that at least one non-meteorite impact crater was formed by an impactor with mass
density comparable to nuclear density, with mass ~5 kg and with energy deposition of
~80 MJ/m. We show that these results are consistent with ferromagnetic Magnetized Quark
Nuggets (MQNs), which are a relatively new candidate for dark matter. These observations
from non-meteorite craters may also be consistent with some other dark-matter candidates.
Non-meteorite craters are reported in the popular press approximately once per year and
they may offer an opportunity to test hypotheses for dark matter.

This is the fifth paper on MQNs. For your convenience, the introduction will sum-
marize the basic characteristics of MQNs that were demonstrated in previous papers and
place MQNs in the context of current research on nuclearites, which are non-magnetic
quark nuggets.

Universe 2021, 7, 116. https://doi.org/10.3390/universe7050116 https://www.mdpi.com/journal/universe
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1.1. From Dark Matter to Quark Nuggets, Nuclearites, and MQNs

Dark matter [1–6] comprises approximately 85% of the mass in the universe. After
decades of searches for experimental and observational evidence supporting any of many
candidates for dark matter, the nature of dark matter is still a mystery [6,7]. A quark
nugget is a dark-matter candidate that is composed of up, down, and strange quarks [8–15].
Quarks are constituents of many particles in the Standard Model of Particle Physics [16].
Quark nuggets are a Standard-Model candidate for dark matter that has not been excluded
by observations [13–15]. A current summary of quark-nugget research can be found
in reference [17].

Many physicists know of Witten’s [8] 1984 proposal that a Quantum Chromodynamics
(QCD) phase transition would have permitted stable quark nuggets to have formed in the
early universe and function as dark matter. They also know that the QCD phase transition
is not currently supported. Consequently, some physicists concluded quark nuggets are
no longer viable. However, Aoki et al. [18] showed that an analytic crossover process
would have formed quark nuggets in the early Universe without a phase transition. Recent
simulations conducted by T. Bhattacharya et al. [19] support the crossover process. Both
of these papers and others assert that quark nuggets could be formed without the phase
transition and they are still a viable candidate for dark matter.

The search for quark-nugget dark matter continues primarily as the search for nucle-
arites, which are quark nuggets with an interaction cross section equal to their geometric
cross section. Burdin, et al. [14] included nuclearites in his review of non-collider searches
for stable massive particles in 2015. The work he reviewed analyzed data to find the upper
limit to the nuclearite flux while assuming that 100% of the local dark-matter density is
composed of nuclearites of a single mass. They concluded that the combined results of
all the searches do not exclude nuclearites from 0.1 to 10 kg, 106 to 1014 kg and 1019 to
1021 kg with the single-mass model. The Joint Experiment Missions for Extreme Universe
Space Observatory (JEM-EUSO) is the next big step in looking for nuclearites, which will
feature a 2.5-m telescope with a wide (60◦) field of view operating from the International
Space Station. In addition to its other missions, JEM-EUSO could close the 0.1-to-10 kg
gap in the single-mass nuclearite model with just 1 to 100 days of data for 0.1-kg to 10-kg
nuclearites, respectively [20]. All of these results assume that 100% of the dark matter
density is composed of nuclearites of a single (or average) mass and their interaction cross
section is their geometric cross section at nuclear mass density.

These reviews and plans did not consider MQNs, which were first published in
2017 [21] after twenty years of research to explain the anomalies that we now associate
with non-meteorite impacts, the subject of this paper. MQNs differ from nuclearites in
that: (1) MQNs are ferromagnetic, as explained in the next subsection, (2) are predicted
to have a broad mass distribution between ~10−24 kg and ~10+6 kg [15], as illustrated in
Figure 1 instead of single-mass nuclearites, and (3) interact with normal matter through
their magnetopause [21] which may be millions of times larger than their geometric cross
section, as quantified by Equation (1). The large mass distribution means that capabilities
like JEM-EUSO would require ~9 years of continuous and dedicated observations to test
the MQN hypothesis, as discussed in Section 1.5, below. The much larger interaction
cross section per unit mass means that lower-mass and more abundant MQNs do not
reach deeply buried ancient mica or space-based track recorders behind spacecraft walls
that are discussed in reference [14] or the scintillators in underground observatories [22].
The enhanced cross section also means that the energy of larger MQNs impacting Earth
or the Moon is deposited in many kilometers instead of passing through the body [14],
as usually assumed; the extremely high energy deposition excites strongly attenuated
shear modes in rock that complicate seismic detection, in contrast to the elastic modes
assumed. The broad mass distribution and the large interaction cross section both arise
from MQN ferromagnetism.
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Figure 1. The integral of the MQN number density from minimum detectable MQN mass MMQN to
infinity times 230 km/s, the velocity of the solar system through the galactic halo, gives the predicted
number flux for mass ≥MMQN plotted on the x-axis for range of currently allowed values of Bo. For
Bo = 1.65 × 1012 T and atmospheric mass density (~10−3 kg/m3) at the 50 km altitude to be probed
for nuclearites by JEM-EUSO, the nuclearite mass Mnuc with the same interaction cross section as
MMQN is plotted above the graph.

1.2. Theoretical Basis of Ferromagnetism in MQNs

MQN ferromagnetism is based on the existence of magnetars, which are pulsars
with magnetic field ~300 times the magnetic field of neutron stars. The much larger mag-
netic field implies a different physical nature for magnetars, such as a quark nugget core.
Xu [23] has shown that the low electron density, as permitted in stable quark nuggets, limits
surface magnetic fields from ordinary electron ferromagnetism to ~2 × 107 T. Tatsumi [24]
examined ferromagnetism from a One Gluon Exchange interaction in quark nuggets and
concluded that the surface magnetic field could be ~1012+/−1 T, which is sufficient for
explaining the magnetic field inferred for magnetar cores. The result needs to be confirmed
with relevant observations and/or advances in QCD calculations because the result de-
pends on the currently unknown value of the QCD coupling strength [16] αc at the ~90 MeV
energy scale of the strange quark.

We are exploring the implications of such Magnetized Quark Nuggets (MQNs) to
explain the anomaly of non-meteorite impacts that started our investigations and the
anomaly of dark matter because magnetars exist [25] with a magnetic field that is ~300 times
that of neutron-star pulsars [26] and since such a large magnetic field is perhaps uniquely
consistent with ferromagnetic quark nuggets.

1.3. From Ferromagnetism to MQN Stability and Mass Distribution

The previously published theoretical results [15] show that MQNs would have origi-
nated at time t ~65 μs when the Universe had a temperature of ~100 MeV according to the
Standard Model of Cosmology [2]. At that temperature, Λ0 particles (consisting of one up,
one down, and one strange quark) could form [27]. The simulations of their aggregation
as a ferromagnetic liquid under the long-range magnetic force, similar to simulations
of inelastic collisions of particles in nucleosynthesis under the short-range nuclear force,
showed that MQNs magnetically aggregate [15] into a broad mass distribution of stable
ferromagnetic MQNs before they could decay. In the extremely high mass density of the
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early Universe, aggregation happened with an initial time scale of ~1.5 ps, so aggregation
dominated the ~10 ps decay by the weak interaction. Because current day accelerator
experiments have a much lower mass density, aggregation does not compete with decay,
so stable MQNs are not formed in those experiments.

After time t ≈ 66 μs after the big bang, the simulated mean of the MQN mass distribu-
tion is between ~10−6 kg and ~104 kg, depending on the surface magnetic field Bo. The
corresponding mass distribution is sufficient for MQNs to meet the requirements [13,15] of
dark matter in the subsequent processes, including those that determine the Large Scale
Structure (LSS) of the Universe and the Cosmic Microwave Background (CMB).

Throughout this paper, we will use Bo as a key parameter that defines the mass
distribution of MQNs. The value of Bo equals Tatsumi’s surface magnetic field BS if the mass
density of MQNs ρQN = 1018 kg/m3 and density of dark matter was ρDM = 1.6 × 108 kg/m3

when the temperature of the universe was ~100 MeV [15,27]. If better values of ρQN and
ρDM are found, then the corresponding values of BS can be calculated by multiplying the
Bo from our results by (1 × 10−18 ρQN) (6.25 × 10−9 ρDM).

The previously published MQN papers, especially the observational paper [17], nar-
rowed the allowed range of Bo from Tatsumi’s ~1012+/− 1 T to 1.65 × 1012 T +/− 21% to
be consistent with the maximum mass of MQNs that is allowed for a given value of Bo.
The integrated MQN number flux for MQN mass ≥MMQN has been derived from the mass
distribution assuming a constant velocity of 230 km/s, the velocity of the solar system
through the galactic halo. The integrated flux is useful for evaluating event rates and it is
shown in Figure 1 for the current range of Bo that is consistent with observations.

1.4. Comparison of MQN and Nuclearite Interaction Cross Sections

Like Earth, MQNs have a dipole magnetic field. Additionally, like Earth, they also
have a magnetopause, which interacts with inflowing plasma as Earth’s magnetopause
interacts with the solar wind. We assume the extremely high MQN velocity relative to
the surrounding matter assures the plasma temperature is sufficient to fully ionize the
inflowing matter. Under that assumption, Equation (1), derived from reference [21], gives
the ratio of MQN cross section to its geometric cross section, and Equation (2) gives the
nuclearite mass Mnuc with the same interaction cross section as the MQN of mass MMQN.

σMQN

σnuc
≈
(

2B2
o

μ0ρpv2

) 1
3

and (1)

Mnuc ≈
(

2B2
o

μ0ρpv2

) 1
2

MMQN (2)

for ρp = the mass density of surrounding plasma, μo = permeability of free space, Bo = MQN
surface magnetic field parameter, and v = velocity of MQN relative to the surrounding
plasma. The ratio of interaction cross sections in Equation (1) and equivalent nucle-
arite mass in Equation (2) depend on the mass density of surrounding material. The top
scale shown in Figure 1 shows the equivalent nuclearite mass for JEM-EUSO observations
at the appropriate altitude.

1.5. Estimated Observation Time for JEM-EUSO to Test MQN Hypothesis

Reference [20] indicates that only 24 hours of observation will be needed for JEM-
EUSO to determine whether nuclearites of single-mass Mnuc = 1026 GeV/c2 = 0.16 kg have
a flux consistent with the Galactic dark-matter limit. Equation (2) gives Mnuc = 1.8 × 1012

MMQN for the same cross section and for ρp = 10−3 kg/m3 appropriate for the 50 km
altitude to be observed by JEM-EUSO. Conversely, the MQN mass that is equivalent to a
nuclearite with Mnuc = 0.16 kg nuclearite mass is MMQN = ~10−13 kg. Therefore, JEM-EUSO
will be able to make the same judgement regarding MQNs with MMQN >10−13 kg if the
acceptance for MQN mass > MMQN is the same as it is for Mnuc = 0.16 kg. However, the
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required time scales vary inversely with flux, which is 10−16 m−2 s−1 sr−1 for single-mass
nuclearites and 3 × 10−20 m−2 s−1 sr−1 for distributed mass MQNs with Bo = 1.65 × 1012 T.
Therefore, testing the MQN hypothesis with JEM-EUSO would take ~3000 days or ~9 years
of dedicated observation time. Because JEM-EUSO has many demands for its observation
time, it is impractical.

1.6. Definition of Non-Meteorite Craters and Their Utility for Testing Dark-Matter Hypotheses

This paper investigates the anomaly of non-meteorite craters as a means to test the
MQN hypothesis and explore other dark-matter candidates. Non-meteorite craters are
defined as craters formed:

(1) without an observable luminous streak,
(2) without breakup in an air shower [28] and dispersal, so no crater is formed,
(3) without meteorite material found in and/or around the impact site, and
(4) without evidence of causation by human or other natural causes (e.g., the energetic

release of methane from global warming), but
(5) with sufficient energy deposition to form an impact crater.

Criteria 2 through 4 are straightforward, but criterion 1 requires some explanation,
since energy is being deposited in the atmosphere by a hypervelocity object. MQNs interact
with surrounding matter [21] through their magnetopause, which is the boundary between
their compressed magnetic field and the plasma pressure from inflowing matter. Their mag-
netopause is much larger than their nuclear-density core, but it is still quite small. For
example, a 5-kg MQN moving through air at sea level with speed of 230 km/s has a nuclear
density core with radius of ~7.5 × 10−10 m and a magnetopause radius of 1.5 × 10−6 m.
At a distance of 15 km, which is typical for a city, the apparent magnitude [10] of the
corresponding luminosity at a distance of 15 km would be −4.4, which is approximately
that of Venus on a clear night. The characteristic radius of the shock wave and characteristic
cooling time of the shock temperature [29] are ~8 × 10−4 m and ~2 × 10−6 s, respectively.
Even after expansion and cooling for a hundred characteristic times, the angular diameter
at 15 km is only 2.2 arc seconds, which is only ~3.3% of the angular diameter of Venus
at closest approach. In addition, the transit through the 8-km e-folding distance of the
atmospheric density is only 0.034 s. It takes 0.25 s for humans to perceive an unexpected
object in their field of view as a thing [30], so, even if it could be seen, it would not be
recognized before it had gone. Therefore, non-meteorite craters are not associated with
human-observable events.

This paper focuses on an observational test of the theory, not on advancing the theory
of MQNs. We simulate the interaction of an MQN with a geophysical three-layer witness
plate, and then test the resulting signature of an MQN impact with observations from one
non-meteorite impact crater. The simulations connect the previously published theory to
the observations at the crater for a test of the MQN hypothesis.

We use the terms meteors and meteorites to refer to bodies that are composed of
normal matter, i.e., atoms that are held together by the electromagnetic force. The material
strength that is associated with the electromagnetic force is weak. Thus, meteors and mete-
orites (as defined in this paper) must be quite large to survive intact and they do not make
small craters. Nuclear-density quark nuggets are held together by the strong-nuclear force,
so all of them survive passage through the atmosphere.

Craters that show no evidence of meteorite impact are reported in the press approx-
imately once per year. Therefore, the event rate for non-meteorite craters is sufficient to
allow the phenomenon to be studied, if access to the craters can be obtained. Three events
in three years have been recently reported.

1. ~12-m diameter crater near Managua, Nicaragua, on 6 September 2014 [31].
2. ~1-cm diameter crater in Rhode Island, USA, on 4 July 2015 [32].
3. ~60-cm diameter crater in Tamil Nadu, India, on 6 February 2016 [33].
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None of these impacts was preceded by a luminous track in the sky, no meteorite ma-
terial was found in or near any of the craters, and experts who reviewed the news reports
concluded that these events were not meteorite impacts, as reported in references [31–33].
In the absence of a scientific basis for impacts that form craters without luminous tracks and
without meteorite fragments, these experts attributed them to human-caused explosions
by default. Our results indicate that MQNs can also cause non-meteorite craters and they
should be considered in future investigations.

Each non-meteorite event provides a large-target opportunity to test the MQN dark-
matter hypothesis. Because a multi-layer witness plate provides more information than a
single-layer one, peat bogs on top of soft sediments and bedrock offer particularly useful
opportunities. Section 3.1 through 3.2 report the results of hydrodynamic simulations and
analyses of MQNs interacting with a three-layer witness plate of peat, clay-sand mixture,
and granite bedrock in County Donegal, Ireland. Other peat bogs could also provide such
opportunities. However, County Donegal has the advantages of: (1) a granite bedrock
within excavation range of the surface, (2) a friendly and supportive population, (3) a gov-
erning authority over peat bogs that can grant permits for exploration, and (4) maximum
exposure to the directed flux of dark matter. The last advantage arises because dark matter
streams into Earth as the solar system moves around the galactic center and through the
dark-matter halo. That direction of motion is right ascension 18 h 36 m 56.33635 s, declina-
tion +38◦47′01.2802′′ and it is always above the horizon for latitudes that are greater than
that declination, including the latitude of County Donegal.

1.7. Significance of This Paper

MQN interaction provides at least three measurable signatures of MQN dark matter:
(1) hypervelocity (which generally refers to velocities >3000 m/s at which the material

strength is much less than internal stresses) atmospheric transit without luminous streak
and without breakup in an air shower [28], but with energetic (>1 kJ/m) energy deposition
and with multi-meter transit through solid-density matter,

(2) electromagnetic emissions (kHz to GHz) from the rotating magnetic dipole after
transit through matter [34], and

(3) magnetic levitation of rotating MQN magnetic dipole after transit through mat-
ter [17] by induced currents in adjacent conducting material or magnetic levitation of
static magnetic dipole above a superconductor.

A systematic attempt to detect MQNs through the first signature was attempted [21] by
looking for acoustic signals from MQN impacts in the Great Salt Lake in Utah, USA. Even
though the first method monitored ~30 sq-km (i.e., ~30 times the cross section of the IceCube
Neutrino Observatory at the South Pole) for impacts with MQN mass ≥ 10−4 kg, none were
detected [15]. The null results implied that analysis that is based on average mass, which is
the usual assumption for dark-matter candidates, may be inadequate and motivated the
detailed computation of the MQN mass distribution. Those results show a much larger
detector and/or much longer observation times are required.

Reference [34] describes how MQNs passing through matter spin up to MHz frequen-
cies and emit radiofrequency energy (the basis of the second signature), and proposes using
Earth’s magnetosphere as a sufficiently large detector to obtain enough events. The large
uncertainty in Bo from Tatsumi’s theory is a major impediment to designing and fielding
such an experiment.

Reference [17] describes an extremely rare episodic observation and supporting simu-
lations of the third method. That method is too rare to provide enough data to measure
the mass distribution and it provides sufficient statistics for discovery of MQNs. How-
ever, those results do limit the key parameter Bo to 1.3 × 1012 T ≤Bo ≤ 2 × 1012 T and
they permit the design of the systematic experiment based on the second signature with
Earth’s magnetosphere as the detector area.

Such a project requires major investment. Additional episodic data would help to
justify the project to obtain systematic data. The current paper provides additional episodic
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observational and supporting computational results of the first method, based on non-
meteorite crater impacts on Earth. We also discuss extending the results to find a statistically
significant number of MQN impacts.

1.8. Organization of the Paper

Section 3.4 through 3.8 report the observations and associated analyses from exca-
vating a non-meteorite impact that occurred in County Donegal in May of 1985. We find
the crater and subsurface damage to be consistent with an MQN impact that deposited
~80 MJ/m in the water-saturated peat. The corresponding MQN mass depends on the
value of Bo. MQN mass distributions that are consistent with ~80 MJ/m energy deposition
provide an additional exclusion of Bo < 4 × 1011 T. For the most likely range of 1.3 × 1012

T ≤ Bo ≤ 2 × 1012 T, ~80 MJ/m energy deposition corresponds to MQN mass of 5 +/− 1 kg.
Section 4 discusses the results, alternative explanations, and a potential method

for more efficiently determining whether a candidate impact is consistent with a deeply
penetrating MQN impact or with some surface phenomenon. In principle, such a method
could locate additional MQN events.

1.9. Declaration of Controversial Topic

The editorial policy for this journal requires authors to declare whether an article is
controversial. For the last four decades, searches for dark-matter candidates have focused
on particles that are Beyond the Standard Model (BSM) of Particle Physics. Because MQNs
are composed of Standard Model quarks and the theory for the ferromagnetic state of
MQNs is an approximate solution within the Standard Model, the MQN hypothesis for
dark matter does not require a BSM particle and it may be considered controversial by the
BSM community. However, a potential solution to dark matter for the Standard Model
of Cosmology and not requiring a hypothetical BSM particle may be less controversial to
others because it is a modest extension of well-established physics.

1.10. Limitations of These Results

We report the results from just one episodic event, which we calculate in Section 4.2
to have a <2% of arising randomly from unknown effects. Nevertheless, we conclude
that many more instances are required to determine whether or not MQNs exist and
contribute to dark matter. The event that is presented in this paper suggests a method
for adding more instances of MQN interaction by qualifying other non-meteorite impacts,
which occur approximately annually.

2. Materials and Methods

This study used

1. computational 2D and 3D hydrodynamic simulations, as described in the results
section and in movies of pressure, mass density, and temperature in supplemen-
tary dataset at https://doi.org/10.5061/dryad.cc2fqz641 (accessed on 21 April 2021)
and associated analyses of energy deposition in the multi-layers of peat bog in the
results section;

2. original field work at the location of a non-meteorite impact in May of 1985 in County
Donegal, Ireland, and associated analyses in the results section;

3. additional details in Appendix A: Excavations, to assist an independent team to
extend our findings; and,

4. potential sites in Appendix B: coordinates and description of deformations in peat-bog
survey, for future investigations if suitable sensor technology can be developed.

3. Results

3.1. Hydrodynamic Simulation of MQN Impact in Three-Layer Witness Plate

Two- and three-dimensional simulations with the CTH hydrodynamics simulation
software [35,36] were conducted to investigate MQN interactions with a three-layer witness
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plate of peat-bog, clay-sand mixture, and granite bedrock. Two-dimensional simulations
examined the craters that formed by MQN impacts as a function of MQN mass and the
Bo parameter. Three dimensional simulations investigated the circularity of the crater as a
function of angle relative to vertical and guided the excavation of an impact site in County
Donegal, Ireland.

In both cases, the MQN deposits energy along its path and within the magnetopause
radius [21] (e.g., ~1 mm radius for a 30 MJ/m energy deposition from a 1-kg MQN for
Bo ≈ 1012 T). The interaction produces a plasma with an initial temperature of ~2100 eV.
We did not have access to any computer program that could reliably resolve the dynamics
of the initial channel (requiring <<1-ns and ~100-μm resolution) and still simulate acoustic
propagation in two dimensions over many meters and for many milliseconds. Other studies
have shown that turbulent mixing with colder material dominates the early dynamics of
the interaction and produces a channel of ~ 1 eV temperature within a radius that preserves
the energy per unit length. Therefore, we approximated the post-turbulence phase of the
plasma channel as a cylinder with the mass density of the peat, clay-sand, or granite. The
temperature was varied from 0.5 to 1.55 eV and the radius was varied to give the specified
energy per unit length. The equation of state was imported from SESAME4 [36] data. The
results were essentially independent of temperature over that range and they validated the
assumption that energy/length is the dominant variable.

The fluid above the peat was atmosphere at standard temperature and pressure. The
simulated depth of the peat was the actual 0.7 m of the Irish peat bog with an initial density
of 1.12 × 103 kg/m3 and sound speed of 1.46 × 103 m/s. The 4.7 m-thick clay-sand layer
was simulated with a 1.0 meter thick layer and with an initial density of 2.02 × 103 kg/m3

and sound speed of 2.2 × 103 m/s. The granite layer was simulated with a 0.3-m layer
with initial density of 2.6 × 103 kg/m3 and sound speed of 5.0 × 103 m/s. The bottom of
each simulation was unmovable, and material could freely exit from the other boundaries.

Two-dimensional hydrodynamic simulations were conducted with 1, 3, 9, 27, 81,
and 243 MJ/m energy deposition. They show that a shock wave reflects off the mass
discontinuities and it propagates radially outward in all three layers. Low-density and
high-temperature material in the central channel is ejected into the atmosphere. Lower
temperature material behind the shock wave moves radially and almost one-dimensionally
outward. Finally, the peat distorts two-dimensionally in response to the velocity field that
it has acquired and the shear planes that have developed within the peat.

Figure 2 shows representative results of the density maps for times when the material
velocities are well below their peak values.

The 81 MJ/m case shown in Figure 2c is especially relevant to the crater discussed
below. The shear planes and voids form relatively smooth sides of the peat crater. Most of
the peat is ejected in small fragments into the atmosphere. Larger pieces of peat are shown
as vertical pieces about to be ejected radially away from the crater. The channel is almost
one-dimensional in the clay-sand and granite.

Figure 3 shows the summary results of simulations for 1 MJ/m to 243 MJ/m.
The central channel in the granite that is shown in Figure 2 is caused by the compres-

sive pulse that decreases rapidly with increasing distance from the high-energy-density
center. When the compressive pulse reflects at the clay-sand boundary, it becomes a tensile
pulse and breaks the rock in tension. Because the tensile strength of granite is only ~1.5%
of the compressive strength [38], the diameter of fractured granite is much larger than the
diameter of the compressed channel [37]. The fracture diameter depends on the geome-
try [38] and composition [37,38] of the explosive, shock impedances of both materials, and
distance [37] to material with lower shock impedance. However, those effects are secondary
to the main trend, as shown by the scatter in fracture data presented in Figure 3. Over a
wide range of parameters, the fracture diameter from the tensile strain is approximately a
factor of 30 larger than the diameter of the channel that is caused by compressive strain.
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Figure 2. Representative density maps are shown for times when radial expansion of the channel in
the clay-sand layer is approaching its maximum: (a) 9 MJ/m at t = 20 ms, (b) 27 MJ/m at t = 25 ms,
(c) 81 MJ/m at t = 40 ms, and (d) 243 MJ/m at t = 55 ms. The red material represents three layers
separated by black lines. From the bottom up, the layers are 0.3 m of granite, 1.0 m of clay-sand, and
0.7 m of peat with initial density of 1.12 × 103 kg/m3. The blue area is atmospheric air. The white
spaces are voids at shear planes. Movies of pressure, density, and temperature are available online
(accessed on 14 February 2021: https://datadryad.org/stash/share/Lt7dMvxEAUWNnkfKt2xPg2l5
TuWz7Bbec67iY4Kvazg.

Figure 3. Solid lines show crater diameter in granite (red), clay-sand (blue), and peat (black) as a
function of the energy/length from CTH simulations. The data points show the diameter of fractured
granite from reference [37].
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3.2. Potential for Liquefaction and Flow of the Clay-Sand Layer

Peat is ejected into the atmosphere and it leaves a crater with smooth sides that
formed from the shear planes. The granite layer is fractured around the path of an MQN;
however, the channel in the fully water-saturated clay-sand of the County Donegal peat
bog is very likely to undergo liquefaction and close the channel within tens of seconds
after the passage of an MQN. Fine-grained soils, i.e., silts and clays for which the percent
of dried soil passing through a No. 200 standard sieve (i.e., 0.074-mm diameter openings)
exceeds 50%, require careful testing and analysis to determine whether or not they will
undergo liquefaction under an impulse or shaking, according to Boulanger and Idriss [39].
Conversely, soils with much less than 50% passing through a No. 200 sieve are much more
likely to liquefy when they are saturated with water. We analyzed the clay-sand layer in the
County Donegal peat bog and found that it is composed of ~10% rock of ~1 cm diameter,
~20% soil that does not pass a 1 mm screen, and 11% soil passing through a No 200 sieve.
Therefore, the fine-grained portion is only ~11% of total mass or, more conservatively,
19% of the sub-mm sized content and well within the < 50% criterion for susceptibility
to liquefaction.

Owen and Moretti [40] identified five conditions that contribute to liquefaction-
induced soft-sediment deformation in sands under a transient increase in pore fluid
pressure: (1) fine to medium-sized grains of sand, (2) high porosity, (3) high percent
saturation with water, (4) low overburden pressure (<10 m of overburden), and (5) no
previous liquefaction. The clay-sand layer between the peat and granite satisfies all five
conditions. In addition, Owen and Moretti cite impact by extra-terrestrial objects as a likely
trigger for liquefaction. Therefore, we conclude that the clay-sand layer is very likely to
have undergone liquefaction and obscured the channel within tens of seconds after impact.

3.3. Simulations on Circularity of MQN Crater as a Function of Entrance Angle

In addition to identifying the signature of MQN impacts, CTH simulations examined
the circularity of the crater in the peat bog as a function of entrance angle relative to vertical.
The information is helpful in identifying the likely path of the MQN through the liquefied
intermediate layer to the bedrock.

Simulations modeled channels at 0◦, 15◦, 30◦, 45◦, and 60◦ to the vertical and between
the surface and an immovable solid at 1.0-m depth. The simulated MQN instantaneously
deposited 30 MJ/m energy density, as described above. Because of the low strength of the
peat, the crater continues to grow for an extended period of time. Each simulation was
stopped at 10 ms in order to reasonably simulate the relative effects of the impact angle on
the crater dynamics. Figure 4 shows representative profiles.

At y = −0.5 m, the ratio of major to minor axes is approximately cos−1(θ), as expected
for a cylinder intersecting a plane at angle θ. However, Figure 4 shows that the peat on
the right-hand edges is forced against low-density air, while the peat on the opposite side
is forced against higher-density peat. The less-impeded peat moves more. Therefore, the
asymmetry is enhanced near the rim of the crater. Using the crater shape to estimate θ

gives a maximum angle for the trajectory.

3.4. Non-Meteorite Crater in May 1985 Near Glendowan, County Donegal, Ireland

A non-meteorite impact occurred in the middle of May of 1985, on Stramore Upper,
near Glendowan, County Donegal, Ireland at 54◦58.257′ N, 8◦0.408′ W. It was reported in
the Donegal People’s Press, 31 May 1985. The article said that it occurred “when people were
walking their dog”; that would be about 18:00 hours GMT.

The site is on Common Land with rights assigned to a group of nearby landowners,
who kindly allowed our research. The National Parks and Wildlife Service has authority
over the land and it granted us a permit to excavate the site.
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Figure 4. Mass density profiles of peat at t = 10 ms after the start of a simulated MQN interaction
depositing 30 MJ/m on a trajectory inclined at (a) 0◦, (b) 15◦, (c) 30◦, and (d) 45◦ from the vertical.

Two of us (D. D. and S. McG.) investigated the crater the day after the event, as part of
our duties as Park Rangers. The inside sloped surface of the crater was very smooth. A
few-centimeter diameter hole or “pointy” depression was present in the dirt at the center
of the crater bottom. There was a distinct, ~2 cm high lip on the peat edge of the crater.
Pieces of the bog were scattered up to 10 m away. A visual search of the crater and the
surrounding area did not find any meteorite material. The crater filled with water within
two days. The water prevented sub-surface searches and, to our knowledge, preserved the
site until our team excavated it.

Figure 5 shows the relatively smooth sides, which are very unusual for craters that are
produced by surface explosives in peat bogs. In addition, large pieces of peat were scattered
approximately 10 m away. The smooth sides, diameter of the crater, and energetically-
detached ejecta were consistent with the CTH simulation and they confirm that the simula-
tion was accurately modeling the crater formation.

The crater has a diameter of 3.984 ± 0.065 m in 2006. The yield strength of the peat
was measured and found to be 530 ± 120 kN m−2. Figures 2c and 3 give an energy/meter
of ~80 MJ/m for a 4.0-m diameter crater. Uncertainties in the equation of state variables
imply a fidelity of +/− 20%.

The shape of the crater was measured in 2006, before it was distorted by investigations.
The best fit to an ellipse gives a 1.030 ± 0.005 ratio of major to minor axes and it corresponds
to θ ≤ 15◦, as shown in Figure 4a or Figure 4b. The major axis aligned east-west. Therefore,
the excavation was planned to explore the volume within 15◦ of vertical and optimized for
the east or west of center.
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Figure 5. (a) Photograph of the crater soon after the event in 1985 illustrate good agreement in the
actual and simulated profile of crater sides. (b) Photograph of the crater in March 2005 showing the
full diameter and circularity before excavation.

3.5. Excavations of the 1985 Non-Meteorite Crater in County Donegal, Ireland

Field work a third of the way around the world and in a protected wilderness area
is challenging at best. However, it is the least expensive way to test the MQN dark-
matter hypothesis. The additional information presented in Appendix A should assist
independent groups in learning from our experiences and re-excavating the site.

The site was excavated in three stages, as shown in Figure 6.

 
Figure 6. Cross-sectional view of the three excavations: 2017 (black line), 2018 (red line), and 2019
(blue line), and the three layers: peat (gray), clay-sand (blue), and granite (brown). Brown ellipsoids
represent the two granite boulders found to be distributed within the clay-sand volume of the 2018
excavation and the ten found in the 2019 excavation. The brown rectangle shows the location of the
only ensemble of fractured rock found in the excavations.
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The 2017 expedition excavated the volume that is defined by the black line in Figure 6,
and found that the bottom was composed of compacted clay-sand mixture at a depth
0.6 ± 0.1 m. The compacted, post-liquefaction material was too hard to continue excavating
by hand.

In 2018, a six-ton excavator was used in an attempt to reach the bedrock. The volume
bounded by the red line in Figure 6 was excavated, with the sides sloping an average of
0.5:1, i.e., 0.5 m horizontal for every 1.0 m vertical, or ~27◦ from vertical, in accordance
with local experience in this soil. At 4.7 ± 0.1-m depth, a grouping of fractured rock was
discovered just northeast of the center line. After an hour of observing the stability of the
sides, the principal investigator was cleared by the civil engineer safety officer to enter
the pit. He scooped accumulated water into a bucket and found that the rock was closely
packed shards of granite with dimensions varying between 0.02 m and 0.1 m.

The excavation had to be quickly abandoned because the sides of the water-saturated
clay-sand mixture showed signs of fracture and sliding at various points down the slope.
No samples were removed because we did not have time to do a careful and well-
documented investigation. The dimension of the rocky bottom was at least the ~0.5 m of
the cleared bottom, but the horizontal dimension of the rocky area could not be determined;
it could be an extensive layer of fractured rock, fractured bedrock, or a localized deposit.

The 2019 expedition used two 14-ton excavators to dig the hole that is defined by the
blue line shown in Figure 6. The slope of the sides averaged 1.5:1, i.e., 1.5 m horizontal for
every 1.0 m vertical, or ~55◦ from vertical, to assure they would not collapse. Ten boulders
were found throughout the excavation. Figure 7 shows two of these.

 

Figure 7. Two of the ten boulders found within the excavated volume are shown. Their diameters
are approximately 0.4 m and 0.6 m, and they were distributed throughout the 633 m3 of the 2019
excavation, but similar boulders were not observed on the surface of the peat bog.

Because the material above the rocky grouping of interest had been back-filled after
the 2018 excavation, the precise positions of the boulders were not relevant to the 1985
event and they were not recorded by the excavator operators.

The operators were requested to excavate to the rocky layer at −4.7 ± 0.1 meters, stop,
and alert the team. They did so; however, by the time they stopped and measured the depth,
they had removed the volume of fractured rock in just one bucket load, demonstrating that
it was a localized deposit, and then discharged it through the relocation process to a pile
where it spread out. Although they showed us where that load lay, its relational context
was lost. We encourage another group to re-excavate the site and look for fractured granite
in the bedrock below our excavation; extreme care is recommended to preserve the context
of fractured rock.

Water was pumped from the excavation. The muddy bottom was explored by hand.
The rocks shown in Figure 8 were found between 5.0-m and 6.3-m depth. The smaller ones
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are consistent with those that were observed at 4.7 m in the 2018 excavation. The larger
rocks have slightly rounded edges and they may not have been from that grouping.

 

Figure 8. Granite shards from the volume below the grouping of fractured granite at 4.7 ± 0.1 m are
shown. The rocks are covered with the fines from the clay-sand mixture which distorts their natural
colors. Although rocks that are similar to the larger samples in Figure 8 were found on the surface of
the peat, no collection of rocks similar to the single shattered boulder was found on the surface.

These granite rocks were examined with Energy Dispersive Spectroscopy [41] for
evidence of large pressure gradients having altered the quartz in the granite. Streaks of
darkened mineral was determined to be natural feldspar. No damage that was attributable
to extreme pressures was found.

The excavation continued to a depth of 5.7 m, as illustrated by the rectangle outlined
in blue in Figure 6. The west face of the crater, just west of the grouping of shards found in
2018, was washed with a pressure washer to better reveal its composition. Figure 9 shows
a photo of the washed face.

 

Figure 9. Pressure-washed face of the excavation’s west side, adjacent to the grouping of shards at
the 4.7 ± 0.1 m depth found in the 2018 excavation.
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Figure 9 shows no evidence of a horizontal layer of shards or bedrock, demonstrating
that the ensemble of fractured granite was an isolated one, approximately the size of a
shattered boulder. This group of shards was in the projected path of the impactor and
it was the only such grouping found in the excavation. Because boulders that are closer
to the surface, but outside the projected path, were not shattered, we conclude that the
ensemble of fractured granite was not shattered by pressure waves originating from energy
deposited near the surface.

The decrease of pressure with increasing distance in the movies of the CTH simulations
in Supplementary Material and the diameter of the fractured granite shown in Figure 3
indicate that a direct hit by an MQN may be required, and would be sufficient, to fracture
a whole boulder. If so, and if the boulders were randomly distributed within the excavated
volume, the probability of even one boulder being intercepted and fractured was only
~7%. Consequently, it is not surprising that only one collection of shards was found,
and that it was well within the projected path of the penetrator. Therefore, we infer the
hypervelocity object shattered the granite boulder after passing through 0.7 m of peat and
3.9 m water-saturated soft sediments.

We found at ~6.3-m depth, irregular boulders and large flat slabs of granite, with the
vector normal to a slab inclined at ~30◦ to the vertical on the south, ~60◦ to the vertical on
the north, and ~90◦ to the vertical in the middle, as shown in Figure 10. We did not find a
uniform slab of bedrock that would have been a perfect witness plate of a quark-nugget
passage by showing a cylinder of fractured granite extending into the earth. Broken slabs
in disarray might be expected because our simulations give ~160 MJ/m (the equivalent of
~160 sticks of dynamite per meter) in granite to match the crater.

 

Figure 10. The layout of granite rocks (brown) and sediment walls (gray) at depth of ~6.3 to 6.5 m.
The scale is in meters and the angles are between the vertical and the normal to the largest-area
surface. The origin is directly below the center of the original impact crater on the surface with
an estimated accuracy of +/−0.3 m. The dotted ellipse shows the approximate projection of the
shattered rock found in the 2018 excavation at 4.7-m depth to the 6.4-m depth shown here.
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We could not determine whether the mixture of rocks and slabs at different angles
to the horizontal, as shown in Figure 10, were characteristic of the site before the 1985
event or were caused by that event. Additional excavation directly beneath the grouping
of fractured rock at ~4.7-m depth was blocked by large boulders or displaced slabs around
that volume. These obstacles were too large to move with available equipment. In addition,
the excavation from 4.8 m to 6.3 m had nearly vertical walls, which introduced a safety risk
and precluded more excavation within the limitations of the project.

3.6. Potential for Independent Validation of the 1985 Event

The force equation for a high-velocity body with instantaneous radius rm, mass m,
and velocity v, moving through a fluid of density ρp with a drag coefficient K ≈ 1, is

Fe ≈ Kπr2
mρpv2 (3)

MQNs have a velocity-dependent interaction radius [21] that is equal to the radius of
their magnetopause

rm ≈
(

2B2
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QN

μ0Kρpv2

) 1
6

(4)

in which rQN is the radius of the MQN of mass m and mass density ρQN:
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) 1
3
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The interaction radius of an MQN varies as velocity v−1/3 in Equation (4). Including
that velocity dependence in the calculation with initial velocity vo gives velocity as a
function of depth x yields
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2
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in which xmax is the stopping distance for an MQN:
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(7)

The ~10 kg MQN that is inferred for the 1985 crater penetrates to xmax = 3572 m for
ρp = 2020 kg/m3.

Because we only explored the 1985 event to a depth of 6.5 m, it is possible for an
independent team to re-excavate the site of the 1985 event to the bedrock and look for an
extended volume of fractured granite. We marked the site to facilitate such an indepen-
dent examination.

3.7. Additional Limit on Bo to ≥ 4 × 1011 T

Comparing simulation results with observations from the crater implies that the
crater was formed with 80 +/− 16 MJ/m energy deposition in the peat. The MQN mass
that can deposit that energy density and the corresponding number of events per year
were computed as a function of Bo [15]. Table 1 summarizes the results to compare
with observations.

Table 1 shows the MQN mass that is necessary to deposit 80 MJ/m in water-saturated
peat as a function of Bo. We exclude Bo <4 × 1011 T because the maximum MQN mass in
distributions with Bo < 4 × 1011 T cannot deliver that energy deposition.
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Table 1. Maximum mass, mass capable of delivering 80 MJ/m and 1 kJ/m, and an estimate of the corresponding event rates
for interstellar dark-matter mass density ~7 × 10−22 kg/m3 [1,6] and 250 km/s impact velocity, the relative velocity of the
solar system through the dark matter halo. NA = Not Applicable and means that there was no solution.

Bo

(1012 T)
Max Mass

(kg)

Mass of MQNs
Depositing

~80 MJ/m (kg)

Expected
Events/y on

Earth Capable
of ~80 MJ/m

Mass of MQNs
Depositing

>1 kJ/m
(kg)

Expected
Events/y

Depositing
>1 kJ/m

Ratio of Rate
>1 KJ to Rate

~80 MJ/m

0.1 7 × 10−3 NA 0 7 × 10−6 100,000,000 NA

0.2 2 × 10−1 NA 0 2 × 10−5 3,000,000 NA

0.3 3 NA 0 4 × 10−5 800,000 NA

0.4 2 × 101 16.9 2000 5 × 10−5 600.000 350

0.5 1 × 102 13.9 3000 8 × 10−5 200,000 50

0.6 1 × 102 11.8 3000 1 × 10−4 50,000 20

0.7 7 × 102 10.3 900 1 × 10−4 20,000 30

0.8 1 × 103 9.1 300 2 × 10−4 20,000 50

0.9 7 × 103 8.2 20 2 × 10−4 1000 50

1.0 2 × 104 7.5 20 2 × 10−4 1000 60

1.1 4 × 104 6.9 20 2 × 10−4 900 50

1.2 1 × 105 6.4 40 3 × 10−4 200 60

1.3 1 × 105 5.9 20 3 × 10−4 100 50

1.4 6 × 105 5.6 30 4 × 10−4 100 40

1.5 7 × 105 5.2 20 4 × 10−4 90 40

1.6 1 × 106 4.9 0.9 4 × 10−4 20 30

1.7 3 × 106 4.7 0.4 5 × 10−4 10 30

1.9 6 × 106 4.2 0.3 6 × 10−4 10 30

2.0 9 × 106 4.0 0.2 6 × 10−4 7 30

2.1 1 × 107 3.9 0.5 7 × 10−4 2 30

2.3 5 × 107 3.6 0.06 8 × 10−4 2 30

2.4 2 × 108 3.4 0.06 8 × 10−4 0.4 10

2.6 2 × 108 3.2 0.003 9 × 10−4 0.2 10

2.8 6 × 108 3.0 0.003 1 × 10−3 0.2 10

3.0 1 × 109 2.8 0.005 1 × 10−3 0.03 10

3.1 2 × 109 2.7 0.0003 1 × 10−3 0.02 10

10.0 8 × 1014 1.0 3 × 10−8 7 × 10−3 2 × 10−7 10

The last column shown in Table 1 gives the ratio of event rate with enough energy
deposition (~1 kJ/m) to leave some geophysical evidence to the event rate that is sufficient
for producing the crater in 1985 (~80 MJ/m). The ratio varies from 10 to 350 for the allowed
range of Bo, and it indicates that there could be a sufficient number of events to study, if
they can be identified and if access to the sites can be obtained.

3.8. Event Rate of Non-Meteorite Cratering Events and Duplicative Constraint on Bo

In addition to comparisons by MQN mass, an observed event rate can be compared
to theoretical predictions of the event rate in Table 1. Three non-meteorite events in three
years were cited in the Introduction. The estimated energy/meter deposited from Figure 3
above for the 2016 event [33] in Tamil, India that killed a man was ~80 MJ/m, which is

59



Universe 2021, 7, 116

comparable to the energy deposition in the County Donegal event. The 2015 event [32]
in Rhode Island, USA, is consistent with ~1 kJ/m energy deposition. The 2014 event [31]
in Managua, Nicaragua, is consistent with ~30 GJ/m deposited in soft sediment. The
approximately annual event rate can be associated with MQN impacts delivering ≥1 kJ/m.
Table 1 summarizes the event rate for that mass range as a function of Bo. An annual event
rate appears to exclude Bo > 2.3 × 1012 T.

However, we need to interpret these results cautiously. We do not know what fraction
of all events are observed and reported. If that fraction is small, then some values of
Bo ≤ 2.3 × 1012 T would also be excluded. On the other hand, MQNs can certainly survive
transit through a portion of the solar chromosphere and photosphere and be decelerated
(by the MQN magnetopause interaction with solar plasma) to less than the escape velocity
from the solar system. A very small fraction of these trapped MQNs can receive sufficient
angular momentum, by subsequent interaction with a planet, so that they are not absorbed
into the sun. In principle, these captured MQNs can accumulate and enhance the dark-
matter density inside the solar system, as compared to that of interstellar space. Our
preliminary estimates provide an enhancement factor of ~300. Until adequate simulations
of this aerocapture process are completed, we refrain from excluding Bo values that are
compatible with an enhancement of 300. Therefore, the upper excluded value that is based
on event rate remains Bo > 2 × 1012 T and it is less restrictive than the constraint that is
based on MQN mass in Section 3.7.

4. Discussion

4.1. Consistency with MQN Impact

Five points of agreement between theory, as interpreted by the simulations, and
data from the three witness-plate layers combine to provide the second of many needed
observations that are consistent with MQN dark matter.

1. The 4-m diameter crater is consistent with CTH simulations of ~80 MJ/m energy
deposition. That energy/length is consistent with a 10 +/− 7 kg MQN with 4 × 1011 T
≤ Bo ≤ 3 × 1012 T. It is not consistent with a meteorite, because no meteorite material
was found and because the crater diameter is much too small to be within the range
of meteorite craters. Meteorites must be either very aerodynamically shaped, which
is very unlikely, or be at least ~20-m diameter to be large enough to survive the
transit through the atmosphere and create an impact crater. Meteorite craters are
typically an order of magnitude larger in diameter than the meteorites that make
them, so meteorites are usually found in craters with diameter ~200 m or larger. The
smallest diameter crater associated with a meteorite in the last century impacted in
2007 at Caranacas, Peru. It was 13.5-m in diameter. The crater was at an altitude of
3500 m. Its small diameter may be attributed to its not having to survive the densest
part of the atmosphere. Non-meteorite craters are reported in the press approximately
annually and are less than 12-m diameter, as noted in the Introduction. The lack
of overlapping size and event rate suggests that craters, like the one studied in this
paper, must be caused by a phenomenon other than a meteorite.

2. The CTH simulations show that the crater sides are formed by shear-planes and are
smooth, as independently reported by the two Rangers investigating the day after the
event. We found that smooth sides are in stark contrast to the irregular sides of craters
that are produced by large explosives on the surface of the peat bog, so smooth crater
sides are a distinguishing point of comparison.

3. The CTH simulations show that chunks of ejecta have sufficient velocity to be thrown
clear of the site. Rangers reported the ejecta landed ≥10 m from the crater. The
photograph presented in Figure 5 shows no ejecta near the crater, which confirms
their report.

4. The “pointy depression” at the center of the crater bottom is consistent with the com-
puted channel through the soft sediments and subsequent flow of material. Because
the water-saturated soft sediments below the peat met all of the requirements for
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liquefaction [39] by the impact, the soft sediments must have liquefied and flowed
back into the void to refill the central channel that is shown in Figure 3. Refilling
would have occurred from the bottom, where the pressure from the overburden is the
greatest, to the top. When the overburden pressure becomes too small to overcome
viscosity, a “pointy” depression should remain, as observed on the day following
the impact.

5. A volume of shattered granite was only found at 4.7-m depth and within the pro-
jected impact trajectory at 15◦ from vertical. All 10 boulders that were found outside
the trajectory were intact. The uniqueness of the shattered granite and its location
indicates the hypervelocity body that caused the crater in the peat layer also shattered
the granite boulder at 4.7-m depth. Passage through the 0.7-m peat layer and 4.0-m
soft-sediment layer with sufficient residual velocity to shatter the granite requires ma-
terial strength that is much greater than the material strength of normal matter. The
electromagnetic force holds normal matter together. The strong nuclear force is the
only alternative. It holds quark nuggets together. Strong-force material strength, the
corresponding nuclear mass density, and energy deposition in the MJ/m range in
solid density matter are uniquely consistent with quark nuggets. Therefore, hyper-
velocity penetration through many meters or kilometers of solid or liquid density
normal matter and energy deposition in the MJ/m range are a unique signature of
an MQN. Therefore, the deeply buried and shattered granite is consistent with an
MQN impact.

4.2. Probability of Fractured Granite Attributable to the Impactor That Made the 1985 Crater

The fifth point of comparison in Section 4.1 assumes that the fractured-granite deposit
was caused by the impactor that produced the crater. We only found one fractured-granite
deposit in the 633 m3 excavation. It was at 4.7-m depth and within the calculated trajectory
of the crater-forming impactor. The state of subsurface rock before the 1985 impact is
uncertain, as with all non-meteorite impacts. Consequently, we cannot be certain that the
highly localized and uniquely fractured granite was not fractured before the impact. Its
association with the impact is only based on its location and uniqueness.

The null hypothesis is that the fractured granite at 4.7-m depth and the crater on the
surface were not caused by the same event. If the probability of the null hypothesis is <0.05,
then the results are usually considered to be worthy of further investigation as possible
evidence for a new phenomenon. We estimate the probability Pnull that the null hypothesis
is true. Pnull has two factors:

1. P1 = probability of the single shattered boulder being randomly located within
the effective range Reff of the impactor trajectory for fracturing granite. P1 = vol-
ume_ratio = πReff

2 L/(633 m3 volume of excavation), where L~5 m depth of excavation.
2. P2 = probability of 10 intact boulders being outside the effective range Reff. Because

the probability that one boulder is outside Reff is 1 − the probability it is inside Reff

and since all 10 are assumed to be independently located, P2 = (1 − volume_ratio)10.

Therefore, Pnull = (0.025 Reff
2) × (1 − 0.025 Reff

2)10.
Figure 10 shows that the impactor trajectory is within one meter of granite slabs that

are still intact, so Reff ≤ 1 m if the energy deposition in the clay is effective in fracturing
granite. Granite fractures from the tensile stress after compression waves that originate
inside the granite reflect off of the interface with lower-impedance media, as summarized in
Section 3.1 from references [37,38]. If fracturing into shards requires energy being directly
deposited inside the granite, then Reff ≤ 0.45 m, the boulders’ mean diameter. The two
estimates of Reff give probability Pnull between 0.005 and 0.02. Because we did not measure
the exact location of each boulder as it was excavated, then the P2 term is less certain but it
is not sensitive to this number. Setting the less certain P2 term to 1 still gives Pnull between
0.005 and 0.025. The probability that the fractured boulder is associated with the impact is
1.0 − Pnull is >98%. The high probability of association supports the consistency of the 1985
event with an MQN impact.
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4.3. Less Than 20-m Diameter Craters Are Incompatible with Normal-Matter Impactors

The 80 MJ/m that was deposited in the 1985 event requires the impactor to have
been a hypervelocity body, in which the material strength is much less than the internal
stresses. Hydrodynamic simulations [28] of the disintegration of large (1 m to 1 km in
size) meteoroids in Earth’s atmosphere show aerodynamic force, which is proportional to
atmospheric density times the square of the velocity, causes it to decelerate, and produces a
strong shock wave in front of it. The interaction compresses, heats, and ionizes atmospheric
gas. Plasma temperatures can reach 25,000–30,000 K. The associated thermal radiation is
absorbed by the surface material of the impactor and causes rapid ablation and vaporization.
Rayleigh–Taylor instabilities strongly deform the body, which first breaks up in the center
and then completely breaks into many small fragments that quickly slow to subsonic
terminal velocity incapable of making a crater. The results are validated by comparison
of the predicted light signatures with satellite-based observations and they are consistent
with meteorites distributed over a wide area without a crater, as observed in Antarctica.

If the meteor is sufficiently large and sufficiently aerodynamic, then it reaches the
ground intact with a significant fraction of its mass and it is still moving at hypervelocity
speeds. It then produces an impact crater that is accompanied by meteorite material at the
impact site. The dynamics that are associated with passage through Earth’s atmosphere
assure zero to a very small fraction of meteors with <20-m diameter survive and maintain
sufficient speed to cause an impact crater [28]. Because the diameter of an impact crater
is typically ~5% the diameter of the impactor, impact craters that are less than ~100 m in
diameter are inconsistent with normal-matter impactors. Therefore, the 3.5-m diameter
crater from the 1985 event is inconsistent with the normal-matter impactor.

4.4. Normal-Matter Impactors Delivering the Inferred Energy to the Peat Are Incompatible with
Shattering Granite 4.7 m below the Surface

The impactor in the 1985 event delivered ~80 MJ/m to the 0.7 m of peat, penetrated
4.0 m of water-saturated soft sediments, and still had enough momentum to shatter the
granite boulder with an observed diameter of ≥0.6 m. Any MQN that deposits ~80 MJ/m
in the peat will also deposit, proportional to its mass density, ~160 MJ/m in the granite.
This is well in excess of the ~1 MJ/m required in granite to shatter the boulder, as shown
in Figure 3.

Transit through solid or liquid density media would require surviving dynamic
forces more than 1000 times those that were experienced in the atmosphere and discussed
in Section 4.3, so such transits are prohibited for normal matter. In addition, conservation
of linear momentum assures an approximately spherical body (not a long rod penetrator)
is decelerated with an e-folding distance of approximately its diameter times the ratio
of impactor density to media density. Meteorites typically make a crater approximately
20 times the meteor diameter. Even if the impactor is not vaporized upon impact, a normal-
matter impactor would lose most of its velocity within a few tenths of the crater diameter.
Consequently, we can rule out normal-matter impactors as the cause of shattered granite
boulders that are 4.7 m below the 3.5-m diameter crater in Ireland.

However, the strong nuclear force determines the material strength of an MQN. They
are indestructible in interactions at even 250 km/s. The corresponding mass density is
nuclear density >7 × 1017 kg/m3 and this assures that their momentum will let them
penetrate many meters or even kilometers into Earth, as discussed in Section 3.6.

4.5. Alternative Explanations

Quark nuggets, neutronium, and black holes have mass densities that are greater than
the required value. However, neutronium is not stable outside of neutron stars, and black
holes are small enough to provide the local density of dark matter and provide at least one
impact per year reported in the press, i.e., ~10 kg mass, would have evaporated in about
150 y, which is much shorter than the time over which the effects of dark matter have been
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stable. Therefore, crater formation by quark-nugget impact is the only explanation that we
have found that fits the data and is consistent with established physics.

These results are also consistent with any other hypervelocity nuclear-density impactor
of mass ~5 kg and interaction physics that are capable of depositing ~80 MJ/m. Axion
Quark Nuggets (AQNs) [11] have been proposed as an extension to the Standard Model.
Their predicted characteristics also satisfy these requirements. Therefore, the results that
are reported in this paper also support the AQN candidate for dark matter and may be
used to test other dark-matter hypotheses.

4.6. Limitations to Evidence and Need for Systematic Study

The 1985 impact is only the second reported event that is consistent with the MQN
hypothesis. Many more are needed to conclude that MQNs exist. The three non-meteorite
events cited in the Introduction could be investigated as additional quark-nugget events.
Additional candidates are listed in the Supplementary Results: Additional candidate
sites for MQN impacts in County Donegal. However, the dates of these potential events
are unknown, and there may be competing processes for producing crater-like holes in
otherwise flat peat bogs. Gaining physical and administrative access to investigate these
additional sites may be difficult. Our investigation of the 1985 impact in Ireland required
fifteen years, even with a supportive local community and national authority.

Additional and independent excavation of the 1985 event in County Donegal is lower
risk and it could independently confirm or invalidate our result by determining if the
bedrock shows the expected cylindrical hole of fractured granite with radius of fracture
decreasing with increasing depth. In addition, the expedition could determine whether the
tilted granite slabs and granite rocks at 6.3-m depth are a universal feature of the bedrock
in the area or were caused by the 1985 event. The latter case would provide additional
evidence of large and local energy deposition at depth. The information in Appendix A
should be helpful to such an expedition.

A systematic study is necessary, even with additional evidence from non-meteorite
craters. Obtaining the results presented in this paper required fifteen years, including the
time to obtain permission to excavate from supportive land owners and Irish national au-
thorities. Although such events apparently occur annually on Earth, obtaining permission
and excavating each one is impractical. If remote acoustic sensing [42] of the subsurface in-
terface between granite bedrock and soft sediments could be further developed to provide
a profile on the interface with ~10-cm resolution through ~10 m of soft sediments, then
the pattern that is shown in Figure 10 might be identified as uniquely associated with the
impact event. If so, new events could be explored if access to the site can be secured. In
addition, the rest of the peat bog in County Donegal could be non-destructively mapped to
identify additional sites that occurred over the last 3500 years. Appendix B presents a list
of candidate sites for MQN impacts in County Donegal. With this method, a statistically
significant set of data might be obtainable.

Whether or not such a technology can be developed, the event that is reported in this
paper motivates developing and deploying a constellation of three satellites at 51,000 km
altitude to look for RF signatures of MQNs after they transit the magnetosphere [34]. Such
a space-based system would provide a real-time search for MQNs based on their predicted
Doppler-shifted-radiofrequency signature and it is the best approach for the necessary and
systematic study of the MQN hypothesis for dark matter.

5. Conclusions

We report computer simulations of the MQN energy deposition in water-saturated
peat, soft sediments, and granite, and report the results from excavating such a crater.
The >98% probability that the fractured boulder is associated with the impact (Section 4.2)
and the five points of agreement between the simulation results and the observations
(Section 4.1) support the inference that the 1985 event is consistent with an MQN impact.
This is the second event found to be consistent with MQNs. The first is described in
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reference [17]. However, many additional non-meteorite impacts with a similar effect
on deeply buried rock and/or additional tests that stress different aspects of the MQN
hypothesis are needed in order to conclude whether or not MQNs exist and contribute to
dark matter. The results also redundantly constrain Bo to ≥ 4 × 1011 T, which is consistent
with the previously published most likely values of Bo = 1.65 × 1012 T +/− 21%.

Although these results are consistent with MQNs, they are also consistent with any
other hypervelocity nuclear-density impactor of mass ~5 kg and interaction physics that
are capable of depositing ~ 80 MJ/m, such as Axion Quark Nuggets. The results may be
also be consistent with some other phenomenon unknown to us. If such candidates are
found, they may also be viable candidates for dark matter.

Non-meteorite craters are reported in the popular press approximately once per year.
That frequency of reported events suggests a much larger event rate that may offer an
opportunity to test hypotheses for dark matter.
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Appendix A. Excavations

To assist another team to extend the excavation into the bedrock and independently
test and extend our findings, the three excavations are described in this section. Please check
the Acknowledgements for the names of essential team members from County Donegal.
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The 2017 expedition cleared out debris and plant growth by hand. The bottom, at
depth −0.6 ± 0.1 m, was compacted clay-sand mixture.

The 2018 expedition employed a single Hitachi EX-60, 6-ton excavator shown in
Figure A1 with the 4-m diameter crater drained by the channel on the right edge. The site
was excavated with the sides sloping at 27◦ to the vertical, in accord with local experience
in this soil. However, the excavation had to be quickly abandoned because the sides of the
water-saturated clay-sand mixture showed signs of fracture and sliding at various points
down the 27◦ slope.

  
Figure A1. View of the 4-m diameter crater from 1985, drained with a channel shown to the down
sloping terrain on the right.

The 2019 expedition employed two Doosan 140LC, 14-ton excavators. One was on
a ramp inside the excavation and moving material to the surface. The second excavator
relocated each scoop of material to a safe distance from the hole to avoid increasing pressure
on the soil adjacent to the hole and provide a flat surface for the second excavator to traverse.
The slope of the sides was approximately 55◦ from vertical as shown in Figure A2. That
slope held.

An additional 1.5 m of material, plus a water-collecting hole for the submersible pump,
was excavated to look for bedrock. From 4.8-m to 6.3-m depth, we found irregular boulders,
smaller rocks, and large flat slabs of granite with their normal vector inclined at 30◦ to the
vertical on the south side, and 60◦ to the vertical on the north, as shown in Figure A3.

We did not find a uniform slab of bedrock and could not determine if the mixture of
rocks and slabs at different angles to the horizontal were characteristic of the site before
the 1985 event or were caused by that event. Additional excavation directly beneath the
grouping of fractured rock at ~4.5-m to ~4.8-m depth was blocked by two large boulders or
displaced slabs to either side of that volume. These obstacles were too large to move with
available equipment. In addition, the excavation from 4.8 m to 6.3 m had nearly vertical
walls, which introduced a safety risk that precluded more excavation within the limitations
of the project.

If another group re-excavates the site to examine the bedrock and search for the
signature of MQN passage, i.e., a cylinder of fractured granite extending well into the
earth, extreme care is recommended below the 6.3-m depth to preserve the context of
fractured rock.
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Figure A2. Excavation in 2019 to depth of 5.7 m and showing access ramp, submersible water pump
and hose, and exit ladder. Examining the bottom and recovering rock fragments had to be done by
feel at this stage.

  
Figure A3. Photo of the collection of granite rocks found at approximately 6.3-m depth to the southeast
of the center of the crater. The normal to the slab on the right is inclined at 30◦ to the vertical.

In accord with our permit, the site was first filled with the rock and clay-sand mix-
ture and topped with the peat layer. A wooden pole was driven into the peat to mark
the center of the original 1985 impact crater. Three orange plastic stakes are located on
elevated mounds at (1) 21.9 m to the south, (2) 26.76 m to the west, and (3) at 40.12 m at
61.5◦ north of west. Surveyor’s lines from each stake connect the stake to the center post in
hopes that another expedition could easily find and re-excavate the site.
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Figure A4. Wooden stake and three survey lines mark the center of the original impact crater for
subsequent expeditions to extend the investigation into the granite bedrock below 6.5-m depth.

Appendix B. Additional Candidate Sites for MQN Impacts in County Donegal

In 2006, we conducted an aerial survey of about 600 km2 of peat bog to look for other
evidence of deformations from massive objects. We found at least two additional holes and
inspected them on the ground: (1) approximately 4-m by 5-m diameter and 2 m deep at
54◦55.362′ N and 8◦15.260′ W and (2) approximately 4.8-m by 5.1-m diameter and 2.1 m
deep at 54◦55.434′ N and 8◦15.002′ W. Since no one reported witnessing their being formed,
we could not confirm that they were associated with impacts.

Since the aerial search in 2006, the resolution in the Google maps covering the western
portion of the peat bog has been improved to the point that the maps are useful for a survey.
Water flowing below the peat can create multiple holes aligned along the flow in peat bogs.
Other mechanisms may also produce holes. Therefore, a survey of isolated round holes,
like the 1985 event but without eye witnesses, will only give an upper limit to the event
rate. A survey that was informed by the examination of the two holes found in 2006 was
conducted in 2014. The survey consisted of 200 randomly selected areas in a square defined
by the GPS coordinates of the opposing corners (54.918855, −8.222008) and (54.977614,
−8.421822). The chosen area had adequate resolution and did not include any human
structures. It was a peat bog with reeds growing on top of the older peat. The total area
surveyed in the 200 samples was 3 km2. The survey identified 33 circular depressions like
the two we qualified in the ground-based survey. The 33 positions are shown in Table A1.
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Table A1. Coordinates and description of deformations in peat-bog survey.

GPS Coordinates Diameter Description

54.920869, −8.398206 6 m ± 2 m very circular, more faded than other shapes

54.921385, −8.296381 6 m ± 2 m circular, lighter strip running through circle

54.926524, −8.310256 6 m ± 2 m circular, faded, extension from bottom right of circle

54.927851, −8.34372 4 m ± 2 m very circular, more faded than other shapes

54.929398, −8.261827 3 m ± 2 m circular, nodule on top right and left of circle

54.931636, −8.270241 2 m ± 1 m circular, little nodule on top right of circle

54.931716, −8.225976 4 m ± 2 m circular, dip on bottom right of circle

54.93359, −8.355017 4 m ± 2 m circular, tiny dip at top left corner, surrounded by white

54.935795, −8.269017 3 m ± 2 m circular, sort of flat on top and bottom

54.93674, −8.265257 2 m ± 1 m very circular, surrounded by white

54.937784, −8.267118 3 m ± 2 m circular, nodule on top left of circle

54.938974, −8.274889 4 m ± 2 m circular, dip on top left of circle

54.939262, −8.267507 4 m ± 2 m circular, diagonal oval shape

54.940387, −8.322002 3 m ± 2 m very circular, more faded than other shapes

54.942222, −8.319636 4 m ± 2 m circular, white in center of circle

54.943955, −8.276018 2 m ± 1 m very circular, surrounded by white

54.944405, −8.278464 2 m ± 1 m very circular, surrounded by white

54.946506, −8.292173 2 m ± 1 m very circular, small

54.947903, −8.23144 6 m ± 2 m circular, two small rounded extensions at bottom

54.949308,−8.399971 4 m ± 2 m circular, nodule on bottom left of circle

54.949494, −8.298809 5 m ± 2 m circular, upright oval looking, faded

54.951723, −8.30839 5 m ± 2 m circular, diagonal oval shape

54.95572, −8.265512 3 m ± 2 m circular, slightly greater width than height

54.956526, −8.24444 3 m ± 2 m circular, small dip on bottom of circle

54.962613, −8.273741 1 m ± 0.5 m circular, tiny nodule on right side of circle

54.964019, −8.305927 4 m ± 2 m very circular, more faded than other shapes

54.964546, −8.269087 2 m ± 1 m circular, slightly greater height than width

54.964943, −8.235828 2 m ± 1 m very circular, more faded than other shapes

54.965639,−8.237676 5 m ± 2 m circular, nodule on bottom right of circle

54.969051, −8.261765 3 m ± 2 m circular, bit cut off bottom right of circle

54.969271, −8.277284 3 m ± 2 m circular, nodule on top right of circle

54.970346, −8.377996 1 m ± 0.5 m circular, diagonal oval shape

54.971057, −8.320993 3 m ± 2 m circular, extension from bottom of circle

Poisson statistics gives a 95% confidence for an upper limit of 11 ± 3.7 events per km2.
Their diameters ranged from 2 ± 1 m to 9 ± 2 m. The crater from the 1985 event has
changed little in 33 years and should last at least 100 years under the same environmental
stresses. The extrema of 100 and 200 years for the time period give an estimated event rate
of 0.1 to 0.05 km−2 yr−1. Since the area of the earth is ~5 × 108 km2, the corresponding
global event rate is between 30 × 106 and 60 × 106 events per year. Such a large number of
potential events illustrates the likelihood of other phenomena forming holes in peat bogs
and the importance of eyewitnesses to impacts.
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Abstract: The Horizon-10T collaboration have reported observation of Multi-Modal Events (MME)
containing multiple peaks suggesting their clustering origin. These events are proven to be hard
to explain in terms of conventional cosmic rays (CR). We propose that these MMEs might be result
of the dark matter annihilation events within the so-called axion quark nugget (AQN) dark matter
model, which was originally invented for completely different purpose to explain the observed
similarity between the dark and the visible components in the Universe, i.e., ΩDM ∼ Ωvisible without
any fitting parameters. We support this proposal by demonstrating that the observations, including
the frequency of appearance, intensity, the spatial distribution, the time duration, the clustering
features, and many other properties nicely match the emission characteristics of the AQN annihilation
events in atmosphere. We list a number of features of the AQN events which are very distinct from
conventional CR air showers. The observation (non-observation) of these features may substantiate
(refute) our proposal.

Keywords: dark matter; axion; cosmic rays

1. Introduction

In this work we discuss two naively unrelated stories. The first one deals with the
recent puzzling observations [1–5] by the Horizon-10T (H10T) collaboration of the Multi-
Modal Events (MME).

The second one is the study of a specific dark matter (DM) model, the so-called
axion quark nugget (AQN) model [6], see a brief overview of this model below. We
overview the corresponding events below in details. We also highlight some difficulties
in interpretation of these events in terms of the standard CR air showers. The unusual
features of MME include:

1. “clustering puzzle”: Two or more peaks separated by ∼102 ns are present in several
detection points, while entire event may last ∼103 ns. It can be viewed as many fronts
separated by ∼(102–103) ns, instead of a single front;

2. “particle density puzzle”: The number density of particles recorded at different detec-
tion points apparently weakly dependent on distance from Extensive Air Showers
(EAS) axis;

3. “pulse width puzzle”: The width of each individual pulse is around (20–35) ns and
apparently does not depend on distance from EAS axis;

4. “intensity puzzle”: The observed intensity of the events (measured in units of a number
of particles per unit area) is of order ρ ∼ (100–300) m−2

When measured at distances (300–800) m from EAS axis. Such intensity would
correspond to the CR energy of the primary particle on the level Ep � 1019 eV which would
have dramatically different event rate in comparison with observed rate recorded by H10T.

Before we proceed with our explanation of the proposal to view the MMEs as the
AQN events one should mention that similar unusual features of the CR air showers have
been noticed long ago for the first time by Jelley and Whitehouse [7] in 1953. Later, EAS

Universe 2021, 7, 384. https://doi.org/10.3390/universe7100384 https://www.mdpi.com/journal/universe
71



Universe 2021, 7, 384

exhibiting the unusual time structures were studied by several independent experiments,
see e.g., [8]. We refer to ref. [2] for overview and references of the older observations and
studies of such unusual events.

The considerable recent advances in rising the resolution (on the level of a few ns) has
allowed the H10T collaboration dramatically improve the collection and analysis of the
MMEs. In particular, during ∼3500 h of operation the H10T collaboration collected more
than 103 MMEs.

In what follows we overview the observation [1–5] by emphasizing the puzzling
nature of these events if interpreted as conventional EAS events. At the same time the
same observations can be explained in very natural way if interpreted in terms of the AQN
annihilation events as we shall argue in this work. One should mention here that a similar
conclusion has been also reached for a different type of unusual CR-like events. First, it
has been argued in [9,10] that the Telescope Array (TA) “mysterious bursts” [11,12] can
be naturally interpreted as the AQN events. Secondly, it has been also argued in [13] that
the Antarctic Impulse Transient Antenna (ANITA) observation [14–16] of two anomalous
events with noninverted polarity might be also a consequence of the AQN annihilation
events. Important comment here that in all those cases the basic parameters of the AQN
model remain the same as they have been fixed long ago from dramatically different
observations in a very different context.

Our presentation is organized as follows. In next Section 2 we explain why the obser-
vation [1–5] listed as 1–4 puzzles are very mysterious events if interpreted as conventional
EAS events. In Section 3 we give a brief overview of the AQN framework with empha-
size on the key elements relevant for the present studies. In Section 4 we formulate our
proposal on identification of the unusual Multi-Modal Events with the upward moving
AQN events. In Section 5 we estimate the event rate. Our main section is Section 6 where
we estimate a variety of relevant time scales and the intensity of the events. In the same
section we also confront our proposal with observations and argue that puzzles 1–4 can be
naturally understood within the AQN framework. Section 7 is our conclusion where we
suggest several tests which may substantiate or refute our proposal on identification of the
Multi-Modal Cluster Events with the upward moving AQNs.

2. Conventional CR Picture Confronts the MME Observations

This section is devoted to the first part of our story where we describe the MME
observations [1–5] and argue why the observed events are inconsistent with conventional
CR interpretation, while the next Section 3 is devoted to the second part of our story, the
AQN dark matter model.

We start by reviewing the conventional picture of the EAS. It is normally assumed
that EAS can be thought as a disk -pancake with well defined EAS axis. It is also assumed
that EAS represents an uniform, without any breaks structure. The standard picture also
assumes that the particle density drops smoothly with distance when moving away from
the core, while the thickness of the EAS pancake increases with the distance from the
core. Now we want to see why this conventional picture is in dramatic contradiction with
observations of the MME events.

1. Indeed, a typical MME is shown on Figure 1 where a complicated temporal features
are explicitly seen. Several peaks separated by ∼102 ns in a single detector represent
the “clustering puzzle”, listed above. In conventional EAS picture one should see a
single pulse in each given detector with the amplitude which depends on the distance
from the EAS axis. It is not what actually observed by H10T.

2. The manifestation of the “particle density puzzle” is as follows. On Figure 2 we show
the particle density distribution ρ(R) in simulated EAS disk versus distance from
axis for different energies shown by solid lines with different colours, depending
on energy of the CR. In particular, for energy of the primary particle on the level of
1017 eV one should expect a strong suppression ∼103 when distance R to the EAS
axis changes from R 
 100 m to R 
 700 m. It is not what actually observed by H10T:
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the density of the particles ρ(R) is not very sensitive to the distance to the EAS axis,
and remains essentially flat for the entire region of observations. Furthermore, the
magnitude of the density ρ(R) is much higher than it is normally expected for CR
energies ∼(1017–1018) eV.

3. The manifestation of the “pulse width puzzle” is as follows. On Figure 3 we show the
simulated EAS disk width versus distance from axis for different energies shown
by solid lines in different colours. As explained above the thickness of the EAS
pancake increases with the distance from the core. Therefore, the pulse width must
also increase correspondingly as shown by sold lines on Figure 3 for different energies.
It is not what actually observed by H10T: all MME events show similar duration of
the pulse width on the level of (20–35) ns irrespective to the distance to the AES axis.
This observation is in dramatic conflict with conventional picture as outlined above.

4. The manifestation of the “intensity puzzle” is as follows. The Figure 2 suggests that the
charged particle density ρ(R) varies between (30–300) particles per m2 at the distances
(500–700) m from the EAS axis. This is at least factor 102 above the expected ρ(R) for
the primary particle with energy in the interval (1017–1018) eV. Only the particles with
energies well above 1019 eV could generate such enormous particle density as shown
on Figure 2. However the frequency of appearance for such highly energetic particles
is only once every few years. This represents the “intensity puzzle” when the intensity
of the events estimated from ρ(R) for MME is several orders of magnitude higher
than the energy estimated by the event rate. This shows a dramatic inconsistency
between the measured intensity and observed event rate carried out by one and the
same detector.

Figure 1. (top): Aerial view and geometry of H10T instrument with location of 10 detectors, adapted
from Beznosko et al., 2019 [4]; (bottom): A typical MME event recorded on 6 April 2018 by H10T
instrument at point #9, adapted from Beznosko et al., 2019 [4]. All pulses are recorded at a single
detection point. Delay times, the width of each peak τ0.8 in ns, and the particle density ρ0.8 per m−2

within τ0.8 are also shown in the table.
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Figure 2. Solid lines: the particle density distribution ρ(R) in simulated EAS disk versus distance
from axis for different energies shown by different colours, depending on energy of the CR. Blue
dots: cumulative particle density for each bimodal pulse vs. distance to EAS axis, adapted from
Beznosko et al., 2019 [4].

Figure 3. Solid lines: simulated EAS disk width versus distance from axis for different energies
shown by different colours. Pulse width τ0.8 in ns for the first pulse (in blue) and second pulse (in
red) for the bimodal pulses versus distance to the EAS axis, adapted from Beznosko et al., 2019 [4].

We conclude this section with the following comment. From the puzzles listed above it
must be obvious that the events detected by H10T are not the conventional CR air showers
as they demonstrate enormous inconsistency with standard CR interpretation. What it
could be? Before we put forward our proposal we would like to briefly overview in next
Section 3 the second part of our story- the AQN dark matter model.

3. The AQN Dark Matter Model

We start with few historical remarks and motivation of the AQN model in Section 3.1,
while in Section 3.2 we overview recent observations of CR-like events (such as puzzling
bursts observed by the TA experiment and ANITA’s two anomalous events with non-
inverted polarity) of some mysterious events which could be explained by the AQN events
hitting the Earth. Finally, in Section 3.3 we briefly overview some specific features of
the AQNs traversing the Earth (such as internal temperature, level of ionization, etc.).
These characteristics will be important for the present study interpreting the MMEs as the
AQN events.
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3.1. The Basics

The AQN dark matter model [6] was invented long ago with a single motivation to
explain in natural way the observed similarity between the dark matter and the visible
densities in the Universe, i.e., ΩDM ∼ Ωvisible without any fitting parameters. We refer to
recent brief review [17] on the AQN model. Here we want to mention few key elements
which are important for this work.

The AQN construction in many respects is similar to the Witten’s quark nuggets,
see [18–20], and review [21]. This type of DM is “cosmologically dark” not because of
the weakness of the AQN interactions, but due to their small cross-section-to-mass ratio,
which scales down many observable consequences of an otherwise strongly-interacting
DM candidate.

There are two additional elements in the AQN model compared to the original mod-
els [18–21]:

(a). First new element is the presence of the axion domain walls which are copiously
produced during the QCD transition. The axion field θ(x) plays a dual role in this frame-
work: it serves as an additional stabilization factor for the nuggets, which helps to alleviate
a number of problems with the original nugget construction [18–21]. Furthermore, the
same axion field θ(x) generates the strong and coherent CP violation in the entire visible
Universe. This is because the θ(x) axion field before the QCD epoch could be thought as
classical CP violating field correlated on the scale of the entire Universe.

One should comment here that the axion field had been introduced into the theory
to resolve the so-called the strong CP problem which is related to the fundamental initial
parameter θ0 �= 0. The axion remains the most compelling resolution of the strong CP
problem and it also represents a DM candidate, see original papers on the axion [22–28],
and recent reviews [29–37]. The most recent constraints on the axion mass for entire
broad classical window ma ∈ (10−6–10−3) eV is set by the CAST collaboration [38], while
the world best constraints in specific narrow bands around ma ∼ 10−5 eV are imposed
by different cavity type detectors, see review articles mentioned above for references
and details.

One should also comment here that in recent years many researchers consider the
so-called axion-like models when the axion coupling constant fa and its mass ma are
completely decoupled, in contrast with the original models [22–28] when these parameters
are linked: ma fa ∼ Λ2

QCD. In axion-like models the strong CP problem is not resolved.
However, the axion itself remains a feasible DM candidate. It may produce a number of
interesting observable effects. In particular, ultra light axion DM may significantly affect
structure formation at small scales [39].

We should emphasize that in this work we assume a classical window for the ax-
ion mass ma ∈ (10−6–10−3) eV. Furthermore, the axions which are produced from the
AQNs have dramatically different spectral features, and therefore, the corresponding axion
searches should have very different strategies, see recent brief review [17] covering this
topic. In the present work we do not study the axions and their possible detections. Instead,
this work is devoted to very different observables, other than the axions, which emerge as
a result of the AQN annihilation events as discussed in Section 3.2.

(b). Another feature of the AQN model which plays absolutely crucial role for the
present work is that nuggets can be made of matter as well as antimatter during the QCD
transition. Precisely the coherence of the CP violating field on large scale mentioned
above provides a preferential production of one species of nuggets made of antimatter
over another species made of matter. The preference is determined by the initial sign of
the θ field when the formation of the AQN nuggets starts. The direct consequence of this
feature along with coherent CP violation in entire Universe is that the DM density, ΩDM,
and the visible density, Ωvisible, will automatically assume the same order of magnitude
densities ΩDM ∼ Ωvisible without any fine tuning as they both proportional to one and
the same dimensional parameter ΛQCD. We refer to the brief review [17] devoted to the
specific questions related to the nugget’s formation, generation of the baryon asymme-
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try, and survival pattern of the nuggets during the evolution in early Universe with its
unfriendly environment.

One should emphasize that AQNs are absolutely stable configurations on cosmological
scales. Furthermore, the antimatter which is hidden in form of the very dense nuggets is
unavailable for annihilation unless the AQNs hit the stars or the planets.

However, when the AQNs hit the stars or the planets it may lead to observable
phenomena. The strongest direct detection limit1 is set by the IceCube Observatory’s, see
brief review [17] for the details:

〈B〉 > 3 · 1024 [direct (non)detection constraint], (1)

where we formulated the constraints in term of the AQN’s baryon charge B rather than in
terms of its mass M ≈ mpB. Similar limits are also obtainable from the ANITA and from
geothermal constraints which are also consistent with (1) as estimated in [41].

While ground based direct searches offer the most unambiguous channel for the
detection of quark nuggets the flux of nuggets is inversely proportional to the nugget’s
mass and consequently even the largest available conventional dark matter detectors are
incapable to exclude the entire potential mass range of the nuggets. Instead, the large area
detectors which are normally designed for analyzing the high energy CR are much better
suited for our studies of the AQNs as we discuss in next Section 3.2.

3.2. When the AQNs Hit the Earth. . .

For our present work, however, the most relevant studies are related to the effects
which may occur when the AQNs made of antimatter hit the Earth and continue to
propagate in deep underground in very dense environment. In this case the most of the
energy deposition will occur in the Earth’s interior. The corresponding signals are very hard
to detect as the photons, electrons and positrons will be quickly absorbed by surrounding
dense material deep underground, while the emissions of the very weakly interacting
neutrinos and axions are hard to recover. In this short subsection we want to mention
several observed phenomena which could be related to the AQN annihilation events when
the nuggets propagate in the Earth’s atmosphere.

We start with the Telescope Array (TA) experiment which has recorded [11,12] several
short time bursts of air shower like events. These events are very unusual and cannot be
interpreted in terms of conventional CR single showers. In particular, if one tries to fit the
observed bursts (cluster events) with conventional code, the energy for CR events should
be in 1013 eV energy range to match the frequency of appearance, while the observed
bursts correspond to (1018–1019) eV energy range as estimated by signal amplitude and
distribution. Therefore, the estimated energy from individual events within the bursts is
five to six orders of magnitude higher than the energy estimated by event rate [11,12]. It
has been argued in [9,10] that these bursts represent the direct manifestation of the AQN
annihilation events.

This feature, in many aspects, is very similar to the intensity puzzle listed in previous
Section 2, where analogous dramatic inconsistency (between the observed intensity and
measured event rate) is recorded by H10T instrument.

Our next example is the observed seasonal variations of the X ray background in the
near-Earth environment. To be more precise, the XMM-Newton at 11σ confidence level [42]
had recorded the seasonal variations in the 2–6 keV energy range at distances r � 8R⊕
where the measurements are effectively had been performed. The authors [42] argue that
conventional astrophysical sources have been ruled out. Furthermore, the XMM-Newton’s
operations exclude pointing at the Sun and at the Earth directly, diminishing a possible
direct X ray background from the Earth and the Sun. It has been argued in [43] that this
seasonal variation may be naturally explained by the AQNs exiting the Earth. The AQNs
continue the emission of the X rays at r � 8R⊕, long after the nuggets exit the Earth’s
atmosphere. It has been also shown that the spectrum and the intensity computed in [43]
almost identically match the observed spectrum [42].

76



Universe 2021, 7, 384

The final example we want to mention here is the observation by ANITA [14–16] of
two anomalous events with noninverted polarity. These two events had been identified
as the Earth emergent upward going CR-like events with exit angles of −270 and −350

relative to the horizon. These anomalous events are in dramatic tension with the standard
model because neutrinos are exceedingly unlikely to traverse through Earth at a distance
of �5 × 103 km with such ultrahigh energy, even accounting for the ντ regeneration [14].
The analysis [44] reviewed the high-energy neutrino events from the IceCube Neutrino
Observatory and inferred that the ντ interpretation is excluded by at least 5σ confidence
level. We advocated in [13] that these two anomalous events with noninverted polarity
observed by ANITA could be interpreted as the upward going AQNs.

The applications [43] to the X ray emission in the near-Earth environment and the
ANITA anomalous events [13] are especially relevant for the present work because both
these phenomena are originated from the AQN upward going (Earth emergent) events
when the AQNs traversed through the Earth interior and exit the Earth surface. As we shall
argue in this work the MME events could be also the consequence of the same upward
moving AQNs.

However, there is an additional technical challenging problem to be addressed for the
application to MME analysis. The point is that the ANITA anomalous events are generated
by AQNs which just crossed the surface and entered the Earth’s atmosphere (upward-going
events). Exactly at this instant large number of electrons instantaneously released into
atmosphere and generated the radio pulse measured by ANITA. In contrast, the X rays
are observed by XMM-Newton at very large distances r � 8R⊕ from Earth. In this case
the impact of the atmospheric material at r � 60 km can be ignored, and the cooling of
the AQN is dominated by nugget’s propagation in an empty space. The application to
MME, which is the topic of the present work, deals with an intermediate stage between
these two cases: it is not the first instant when the AQN enters the atmosphere emerging
from the interior, and it is not the asymptotically far away when the AQN propagates
in empty space. In other words, we need to know the emission pattern and the energy
deposition rate for the AQNs when they propagate in the atmosphere, and the impact
of the atmospheric surrounding material cannot be ignored. We formulate our proposal
in Section 4 where we argue that emission of the electrons by the AQN in form of the
well-separated “bunches” may explain the unusual features of the MME observations.

However, before we present our arguments supporting this interpretation of the MME
unusual events (as highlighted in Section 2) we should overview the basic characteristics
of the AQNs traversing the Earth, which represents the topic of the next Section 3.3.

3.3. Internal Structure of the AQN

The goal here is to explain the basic features of the AQNs when they enter the dense
regions of the surrounding material and annihilation processes start. The related compu-
tations originally have been carried out in [45] in application to the galactic environment
with a typical density of surrounding visible baryons of order ngalaxy ∼ 300 cm−3 in
the galactic center, in dramatic contrast with dense region in the Earth’s interior when
nrock ∼ 1024 cm−3 and atmosphere with nair ∼ 1021 cm−3. We review these computations
with few additional elements which must be implemented in case of propagation in the
Earth’s atmosphere and interior when the density of the environment is much greater than
in the galactic environment.

The total surface emissivity from electrosphere has been computed in [45] and it is
given by

Ftot ≈
16
3

T4α5/2

π
4

√
T
m

, (2)

where α ≈ 1/137 is the fine structure constant, m = 511 keV is the mass of electron, and T
is the internal temperature of the AQN. One should emphasize that the emission from the
electrosphere is not thermal, and the spectrum is dramatically different from black body
radiation, see [45], see also Appendix A with more details.
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A typical internal temperature of the AQNs for very dilute galactic environment can
be estimated from the condition that the radiative output of Equation (2) must balance the
flux of energy onto the nugget

Ftot(4πR2) ≈ κ · (πR2) · (2 GeV) · n · vAQN, (3)

where n represents the number density of the environment. The left hand side accounts for
the total energy radiation from the AQN’s surface per unit time as given by (2) while the
right hand side accounts for the rate of annihilation events when each successful annihi-
lation event of a single baryon charge produces ∼2mpc2 ≈ 2 GeV energy. In Equation (3)
we assume that the nugget is characterized by the geometrical cross section πR2 when it
propagates in environment with local density n with velocity vAQN ∼ 10−3c.

The factor κ is introduced to account for the fact that not all matter striking the AQN
will annihilate and not all of the energy released by an annihilation will be thermalized
in the AQNs by changing the internal temperature T. In particular, some portion of the
energy will be released in form of the axions, neutrinos2. The high probability of reflection
at the sharp quark matter surface lowers the value of κ. The propagation of an ionized
(negatively charged) nugget in a highly ionized plasma (such as solar corona) will increase
the effective cross section. As a consequence, the value of κ could be very large as reviewed
in [17] in application to the solar corona heating problem.

The internal AQN temperature had been estimated previously for a number of cases.
It may assume dramatically different values, mostly due to the huge difference in number
density n entering (3). In particular, for the galactic environment Tgalaxy ≈ 1 eV, while in
deep Earth’s interior it could be as high as Trock ≈ (100–200) keV. Precisely this value of
T had been used as initial temperature of the nuggets in the proposal [43] explaining the
seasonal variations of the X rays observed the XMM-Newton at 11σ confidence level [42] at
distances r ∼ (6–10) R⊕ from the Earth surface.

The crucial element for the study [43] was the emission rate by AQNs at very high
temperatures T ≈ (100–200) keV. In this case the emission is not determined by simple
Bremsstrahlung radiation given by (2) which is only valid for relatively low temperatures.
In the high temperature regime a number of many-body effects in the electrosphere, that
were previously ignored, become important. In particular, it includes: the generation
of the plasma frequency in electrosphere, which suppresses the low frequency emission.
Also, the the AQNs get ionized which dramatically decreases the density of positrons in
electrosphere, and consequently suppresses the emission, among many others effects. All
these complications have been carefully considered in [43] in applications to the seasonal
variations of the X rays as observed the XMM-Newton, and we refer to that paper for the
details. Here we quote the result of these studies. The rate of emission can be effectively
represented as follows:

dEemiss

dt
∼ (4πR2)η(T, R)Ftot(T) (4)

where factor η(T, R) is a result of strong ionization of the electrosphere, which leads to the
corresponding suppression of the emission. The details of this suppression are explained
in Appendix A and given by (A12). This suppression is a direct consequence of high
internal temperature T when a large number of weakly bound positrons are expanded
over much larger distances order of R rather than distributed over much shorter distances
of order m−1 around the nugget’s core. This basically determines the suppression factor
η ∼ (mR)−1 ∼ 10−6.

In both previously considered applications (to ANITA [13] and to XMM-Newton [43]
experiments) when the upward moving AQNs with high T ≈ (100–200) keV play the key
role in the explanations of the observations, we ignored an additional3 annihilation events
with atmospheric material as we already mentioned at the end of the previous Section 3.2.
Now we want to include the corresponding physics in our analysis.
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First of all we want to estimate the number of direct head-on collisions of the atmo-
spheric molecules with AQN per unit time. It can be estimated as follows:

dN
dt


 (πR2)NmvAQN 
 0.8 · 1018
( nair

1021 cm−3

)
s−1, (5)

where Nm 
 2.7 · 1019 cm−3 is the molecular density in atmosphere when each molecule
contains approximately 30 baryons such that the typical density of surrounding baryons in
air is nair 
 30 · Nm 
 1021 cm−3. The dominant portion of these collisions are the elastic
scattering processes rather than successful annihilation events suppressed by parameters κ
as discussed above. The energy being deposited to the AQN per unit time as a result of
annihilating processes can be estimated as follows

dEdeposit

dt
≈ (2 GeV) · κ · dN

dt
(6)

≈ 1.6 · 1018 · κ ·
( nair

1021 cm−3

)GeV
s

,

One should emphasize that this energy is being deposited into the AQN which is
already at full capacity with very high temperature T 
 (100–200) keV accumulated during
a long journey in much denser Earth’s interior.

What is the mechanism to release this extra energy? In other words: In what form
the energy (6) could be emitted into the surrounding atmosphere as it cannot be easily
transferred to the AQN’s quark core (as it is already saturated, see footnote 3)?

There are two qualitatively different regimes which can be normally realized in such
circumstances. If a typical time scale τdeposit to deposit a specific amount of energy (let
us say, 1 GeV) determined by (6) is longer than the time scale τcool to release the same
amount of energy, i.e., τdeposit � τcool than a continuous cooling process takes place and the
temperature slowly decreases. This is a thermodynamically equilibrium behaviour which
can be analyzed using conventional technical tools4.

The second option is realized when the time scale to deposit the energy τdeposit is much
shorter than the time scale of cooling processes, i.e., τdeposit � τcool, in which case the burst-
like (explosion like, eruption-like blasts) non- equilibrium processes must occur. These
eruption-like events will release the extra accumulated energy in form of very short pulses,
which cannot be described as conventional cooling equilibrium processes. These short
pulses must alternate with much longer periods of accumulation energy which inevitably
end with subsequent eruption-like events. In other words, in this case, the non-equilibrium
fast equilibration process can be thought as the eruption-like event5.

Now we give a numerical estimation for the cooling rate determined by (4) to find out
what regime is realized in given circumstances. The order of magnitude estimate can be
expressed as follows:

dEemiss

dt
∼ 1016

(
T

100 keV

) 17
4 GeV

s
. (7)

Comparing this estimate for cooling rate with estimate for the deposition rate (6) one
concludes that the rate of energy deposition is much shorter than the rate at which the
system is capable to release the same amount of energy in form of the photon’s emission.
As a result, we arrive to the conclusion that second option when τdeposit � τcool is realized.
This conclusion inevitably implies the eruption like events must occur, and these very short
explosions must be alternated with much longer periods of time when the energy is being
accumulated by the AQNs. These longer periods of the energy accumulations also must
end with consequent eruption-like blasts. This alternating pattern continues as long as
following condition holds:

τdeposit � τcool ⇒ (short eruptions occur). (8)
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With these preliminary comments with estimates from the previous studies on the
AQN features we are now in position to formulate the proposal interpreting the MME
events observed by X10T collaboration in terms of the upward moving AQNs, which is the
topic of the next Section 4.

4. MME as the AQN Event

In this Section we formulate the basic idea of our proposal on identification of the
unusual Multi-Modal Events with the upward moving AQN events, while supporting
estimates on the event rate, the intensity, and the variety of time scales will be presented in
following Sections 5 and 6.

The AQNs which propagate in the Earth’s interior are very hot. Their temperature
could be as hot as T ≈ (100–200) keV at the moment of exit on the Earth’s surface as we
discussed in [43] in the application to studies of the seasonal variations of the X rays
observed by XMM-Newton at very large distances r ∼ (6–10) R⊕ from the Earth. At such
large distances the AQN’s cooling can be described by conventional thermodynamically
equilibrium processes with well defined spectrum, see footnote 4. It should be contrasted
with our application to ANITA anomalous events [13] when the same upward moving
AQNs just crossed the surface and entered the Earth’s atmosphere. In this case the dominant
cooling mechanism is realized in form of short burst-like events according to (8). The
outcome of these short burst-like events is emission of numerous bunches (clumps) of
relativistic electrons. These eruption like events are analogous to lightning flashes from
footnote 5.

In our studies [13] we focused on an estimation of the number of emitted electrons N
and their energy 〈E〉 ∼ 10 MeV which, according to the proposal [13], essentially determine
the intensity and the spectral features of the ANITA anomalous events. These electrons
will be always accompanied by the emission of much more numerous number of photons
with typical energy of order ω ∼ T ≈ (100–200) keV, which in fact represent the dominant
fast non- equilibrium mechanism of cooling of the system in these circumstances (8).

Precisely these multiple explosion-like emissions of photons and electrons will be
identified with Multi-Modal Events with their unusual features reviewed in Section 2.
The mean free path of the photons with ω ∼ T is relatively short, measured in meters.
Therefore, they cannot be directly observed. In contrast, the mean free path of the energetic
electrons at sea level with 〈E〉 ∼ 10 MeV is around several kilometres in atmosphere
(and even longer at the elevation of 3346 m where H10T is located). The propagation of
these ultra-relativistic electrons takes place in the background of the geomagnetic field
B ∼ 0.5 G which determines the instantaneous curvature ρ ∼ 3 km of the electron’s
trajectories with such energies, see Section 5 with relevant estimates. Due to the large
component of magnetic field parallel to the Earth’s surface the electrons may move in
downward direction even if they are initially emitted in upward direction. Our proposal is
that precisely these downward moving energetic electrons could mimic the CR and could
be responsible for the Multi-Modal pulses as detected by H10T instrument.

Any precise computation during a short period of time of emission is very hard
problem of non-equilibrium dynamics, which is beyond the scope of the present work.
Fortunately, the observable intensity, the event rate, the time delays between the pulses
are determined in the AQN framework by the basic characteristics of the model and are
not very sensitive to the details of this non-equilibrium mechanism of production and
its corresponding time scales. This is because all these observables depend on several
parameters such as typical energy 〈E〉 ∼ 10 MeV of the emitted electrons, typical number
of emitted electrons N, the deposition rate (6) and the cooling rate (7) which had been
previously estimated for very different purposes in different circumstances. We shall use
the same parameters in the present work.

In particular, the number of electrons N ∼ (108–109) emitted by AQNs is very hard
to compute from the first principles. However it can be fixed by the observed intensity
and spectral features of the anomalous ANITA radio pulses assuming, of course, that these
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observed radio pulses with inverted polarities are due to the upward moving AQNs [13].
The typical energy 〈E〉 ∼ 10 MeV of these electrons is also consistent with duration of
the observed pulses [13]. The next Section 5 is devoted to the estimation of the event rate
of MME, while Section 6 is devoted to explanations of the puzzles which demonstrate a
dramatic deviation from conventional CR picture as formulated in Section 2. We shall
argue that the observed MME features are consistent with our AQN-based interpretation.

5. Event Rate of MME

This section is devoted to estimate of the event rate of MMEs within the AQN frame-
work. We anticipate that this evaluation is expected to be very qualitative estimation
due to large uncertainties in parameters and rare occurrence of the observed MMEs. In
particular, it is known that key parameter, the DM density locally may dramatically deviate
from the well established average global value ρDM ≈ 0.3 GeV cm−3. Nevertheless we
would like to present such estimate to demonstrate that our interpretation of MMEs as an
outcome of upward-going AQNs is at least a self-consistent proposal. In what follows we
use the same formulae we used for the estimates of the frequency of appearance of the
ANITA Anomalous Events [13] such that the numerous uncertainties related to the local
DM density or/and the AQN size distribution would not dramatically affect our estimates
below if they are normalized to the ANITA event rate.

We start with the same formula from [13] for the expected number N of the MMEs
assuming that they are induced by the AQNs:

N ≈ AeffT ΔΩ
dΦ

dAdΩ
, (9)

where ΔΩ ≈ 2π for the isotropic AQN flux, and the expression for the local rate of
upward-going AQNs per unit area is given by:

dΦ
dAdΩ

≈ Φ
4πR2

⊕
≈ 4 · 10−2

(
1025

〈B〉

)
events

yr · km2 , (10)

Φ ≈ 2 · 107

yr

( ρDM

0.3 GeV cm−3

)( vAQN

220 km s−1

)(1025

〈B〉

)
,

where ρDM is the local density of DM and R⊕ = 6371 km is the radius of the Earth and Φ is
the total hit rate of AQNs on Earth [48]. In Formula (9) the T is the time of operation while
Aeff is the effective area to be estimated below.

The estimation of the effective area Aeff is a complicated task as it is not simply
determined by the area of the detectors similar to standard CR analysis. Instead, it is
determined by the area along the AQN’s path where it can emit the bunches of electrons in
form of short pulses which can mimic the CR as outlined in previous Section 4. The area
Aeff ∼ LAQN · DAQN can be thought as a strip of length LAQN and width DAQN.

To estimate these parameters let us consider an AQN moving in upward direction
with angle θAQN with respect to the Earth’s surface such that upward velocity component
is (vAQN · sin θAQN). This vertical velocity component determines the maximal height
h of the atmosphere where the atmospheric density is still sufficiently high such that
condition (8) holds. We estimate h ≈ (30–50) km where the atmospheric density falls by
two order of magnitude such that conventional X-ray emission (which had been used in
computations [43] to explain the seasonal variations observed by XMM Newton) becomes
the dominant cooling process at higher altitudes. This condition determines the maximal
length LAQN and time scale τAQN when the AQNs can emit the bunches of electrons in
form of pulses which we identify with MMEs and which can mimic the CR air showers as
outlined in previous Section 4. Numerically these parameters are estimated as follows:

τAQN ∼ h
(vAQN · sin θAQN)

∼ 0.2s, (11)

LAQN ∼ h cot θAQN ∼ (50–90)km,
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where we used θAQN 
 30◦ for an order of magnitude numerical estimates.
To estimate the width of the strip DAQN we recall that the geomagnetic field B in

location of the H10T instrument can be characterized by two numbers: it has strong
component in up to down direction Bdown 
 0.49 G, and strong component from south to
north direction Bnorth 
 0.24 G, see e.g., [49].

Assuming that the energetic electrons with 〈E〉 ∼ 10 MeV will be emitted along the
vAQN-direction one can estimate instantaneous radius of curvature ρ, see e.g., Jackson [50]:

ρ ≈ γmc
eB sin θB

≈ 2.8 km
( γ

20

)
, γ ≡ 〈E〉

m
(12)

where B ≈ Bnorth ≈ 0.24 G is the local magnetic field strength, which changes the direction
of the electrons from upward to downward moving such that they can mimic the CR air
showers. The angle θB is the angle between the particle electron velocity v and magnetic
direction. We choose θB ≈ 30◦ in (12) for the numerical estimates.

Now we estimate the relevant scale λ which determines the survival pattern of the
electron’s bunches. It is mostly determined by the Coulomb elastic scattering with cross
section σCoul

σCoul ≈
α2

E2θ4 ≈ 3 · 10−27
(

1/2
θ

)4(20
γ

)2
cm2. (13)

The electrons with θ � 1/2 may strongly deviate from their main paths and cease to
stay with majority of particles forming the bunch (which eventually becomes the pulse
being interpreted as MME). The corresponding length scale λ(h) at altitude h (accounting
for the air-density nair(h) variation) is estimated as follows

λ(h) ∼ 1
σCoulnair(h)

∼ 3 · exp
(

h
8 km

)
km. (14)

The physical meaning of λ is the length distance particles propagate at which the
majority of the particles in the bunch remain within the bunch before the dispersing to
much larger distances when they cease to be a part of the pulse (burst). Important comment
here is that λ � ρ such that the majority of electrons within the bunch do not strongly
re-scatter, and therefore survive the change in orientation due to the geomagnetic field B
(from upward to downward direction).

The width of the strip DAQN now can be roughly estimated as follows:

DAQN ∼ λ ∼ 3 · exp
(

h
8 km

)
·
( γ

20

)
km. (15)

Combining all the estimates above one arrives to the following order of magnitude
estimation for the expected number of MME events:

N ≈ 0.5 · 102events
( Aeff

500 km2

)( T
0.4 yr

)
. (16)

This estimate carries enormous internal uncertainty due to a number of reasons. First,
as we already mentioned the parameters entering (10) for the basic normalization, the
flux Φ, are in fact not precisely known. Indeed, the fundamental parameter such as ρDM
may dramatically deviate locally (by factor 2 or even 3) from the well established average
global value ρDM ≈ 0.3 GeV cm−3. Furthermore, the size distribution factor entering (10)
in form 〈B〉−1 had been fixed from dramatically different physics (including solar corona
heating puzzle) and can easily deviate by similar factor 2 or 3. Furthermore, the effective
area Aeff could also deviate by factor 2 or 3 in comparison with expression (16) because
the important parameter h which essentially determines the effective area Aeff cannot be
precisely evaluated as it depends on condition (8) which itself is determined by complex
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internal dynamics of the nuggets. As a result we consider the Formula (16) as an order of
magnitude estimate at the very best. However, our main arguments of the identification
of the MMEs with the AQN events are not based on the estimate (16). We present this
estimate here exclusively for illustrative purposes. Our main arguments are based on
specific qualitative features (formulated as puzzles) which have been listed in Section 1, and
which cannot be explained in terms of the conventional CR air showers as highlighted in
Section 2.

This order of magnitude estimate should be compared with observed frequency of ap-
pearance of the MMEs. According to [2] the observations from start until August 2016 dur-
ing T ≈ 3500 h ≈ 0.4 yr of operation the H10T instrument had detected Nobs 
 103 MMEs.
According to [4] the observations from 15 February 2018 to 12 May 2018 (which corresponds
to T ≈ 0.25 yr) the H10T instrument had detected Nobs = 217 MMEs.

The AQN based estimations (16), if literally taken, suggest that number of events N is
almost one order of magnitude lower than Nobs events observed by H10T. Nevertheless,
we consider this order of magnitude estimation (16) being consistent with our proposal
due to many uncertainties mentioned above.

It is interesting to note that the numerical suppression factor ∼0.1 (between computed
N and observed Nobs values) which appears in our order of magnitude estimates (16)
is very similar to suppression factor ∼0.1 which occurred in analogous estimates for the
mysterious TA bursts [9] and the ANITA anomalous events [13]. This similarity hints on a
common origin for all these phenomena. Therefore, if one normalize N to the observed
ANITA anomalous events (assuming that all three phenomena originated from the same
AQN based physics) one arrives to correct order of magnitude estimate as the suppression
factor ∼0.1 is approximately the same for all three phenomena estimated for the mysterious
TA bursts in [9], the ANITA anomalous events in [13], and Multi-Modal Events estimated
in (16). The main uncertainty related to the basic normalization of the flux Φ cancels out if
such relative ratios are considered.

As we mentioned above, our main arguments leading to the identification of the
MMEs with the AQN events are not based on an order of magnitude estimate of the
frequency of appearance (16). Rather, our main arguments are based on specific qualitative
features (formulated as puzzles) and which cannot be explained in terms of the conventional
CR air showers. We consider a qualitative agreement between the observations and our
theoretical estimates (to be discussed in next Section 6) as the strong arguments supporting
our identification.

6. AQN Proposal Confronts the MME Observations

We start this section by estimating the particle number density ρ(R) which appears
in formulation of the puzzles in Section 2 describing the observations [1–5]. The particle
number density in the AQN framework is determined by the number of particles which
could be observed at the detector site. Assuming that the total number of electrons being
emitted in form of a pulse (as a result of erupted burst) is similar to the number of particles
which was used in our analysis [13] of the ANITA anomalous events N 
 (108–109) we
arrive to the following estimate for ρ(R):

ρ(R) ∼ N
(λΔθ)2 ∼ (108 − 109)

(2.5 km)2 ∼ (20 − 200)
m2 (17)

where the area which is hit by the bunch of particles from a single burst is estimated as
(λΔθ)2 with λ(h) given by (14) at the detector site with h 
 4 km. It is assumed that the
particles are propagating within the cone with angle Δθ � 1/2.

Our next task is the estimation of the time delay between the pulses within the
same cluster. The corresponding time delay can be estimated from the condition that the
energy deposited into the AQN during time τdelay must be released in form of the eruption
when N 
 (108–109) electrons being emitted in form of a single pulse. As we mentioned
previously, the dominant portion of the energy in such eruption is released in form of
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the photons with energy ω ∼ T which always accompany the electron’s emission as a
result of these bursts. The relative ratio r between these two components is estimated in
Appendix B, see Equation (A14). Numerically, the estimate can be presented as follows:

r ≡ 〈Ee+e−〉
〈Eγ〉

∼ α

2π
exp
(
−2m

T

)
∼ 0.7 · 10−5, (18)

where for numerical estimates we use T 
 200 keV. We must emphasize that (18) is really
an order of magnitude estimate as mechanism of emission is determined by a very complex
physics as highlighted in Appendix B. Furthermore, the corresponding eruption event is
not a thermodynamically equilibrium process as we already mentioned previously. The
dominant contribution in form of the photon’s emission during a single pulse can be
estimated in terms of these parameters as follows

〈Eγ〉 ∼ N · (2m) · r−1 ∼ 1.4 · (1010–1011) GeV, (19)

where we use the numerical value for N ∈ (108–109) extracted from analysis of the ANITA
anomalous events [13] and parameter r is given by (18). In this estimate we assumed that
the energy of the pair 〈Ee+e−〉 ∼ 2mN computed at the moment of the pair creation. The
released energy during a single pulse (19) determines the time delay τdelay between the
pulses within the same cluster:

τ−1
delay ∼

dEdeposit/dt
〈Eγ〉

∼ κ
1018 · GeVs−1

(1010 − 1011) GeV
, (20)

where we used numerical value for (dEdeposit/dt) from (6) with density of atmosphere at
h 
 4 km where the detector H10T is located. Our final, the order of magnitude estimate
for the time delay τdelay between the pulses can be represented as follows

τdelay ∼
(

0.1
κ

)
·
(

102–103
)

ns, (21)

where we use κ 
 0.1 in (21) for numerical estimates which was previously extracted from
studies of the emission in the dilute galactic environment, see footnote 2.

We would like to make few comments on uncertainties related to the estimate (21).
The main uncertainties are related to the parameters r and N entering (19). The parameter r
as defined by (18) is very hard to estimate as discussed in Appendix B where we mentioned
that the related question for much simpler problem on emission from the bare quark
stars remains to be a matter of debates. Our system is much more complex than the
bare quark star because of the small size of the nuggets when the thermal equilibrium
cannot be established, in contrast with quark stars. This is precisely the reason why we
use parameter N from analysis of the ANITA anomalous events [13], rather than from
theoretical estimates. Another source of uncertainty is parameter κ entering (21). This
parameter was defined in Equation (3) with explanation of many uncertainties related to its
numerical value6. Therefore, the time delay τdelay as given by (21) should be considered as
an order of magnitude estimate at the very best. It obviously cannot be computed from the
first principles similar to any other parameters when one deals with any complex systems,
see also footnote 6.

However, the important point here is that the time scale τdelay may dramatically vary
from event to event as it strongly depends on many parameters entering the problem
as mentioned above. In particular, it obviously strongly depends on intensity (number
of emitted particles N) of a previous pulse. Essentially the parameter (21) should be
interpreted as a preparation time the system requires for the next eruption.

The strong variation of the τdelay should be contrasted with another parameter which
is the time duration of a single pulse τpulse. In the AQN framework this parameter must
not vary much from one event to another as it is entirely determined by internal dynamics
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of the AQN during the eruption irrespective to the intensity of the previous events, and
irrespective to the prehistory of the AQN propagation as long as condition (8) is met7. In
different words, our proposal suggests that

τpulse ≈ constant, (22)

where the constant cannot be computed from first principles as it is entirely determined by
the non-equilibrium dynamics of the AQN at the instant of eruption8.

Now we are prepared to confront the basic consequences of our proposal (identifying
the MMEs with the AQN annihilation events) with observations.

1 . “clustering puzzle”: The multiple number of events is a very generic feature of the
system as explained at the very end of Section 3.3 as long as condition (8) is met. The
time delays between the pulses τdelay dramatically fluctuate between different events. The
window for these variations is huge according to (21). In fact, it could be even well outside
of this window. The time delays τdelay may considerably vary even for different events
within the same cluster at the same detection point, which is consistent with observed
cluster shown on Figure 1. Furthermore, the AQN itself remains almost at the same location
as the displacement ΔlAQN during entire cluster of events is very tiny

ΔlAQN ∼ vAQN · τdelay ∼ 20 cm, (23)

which implies that all individual bunches making the cluster are likely to be emitted by the
AQN along the same direction, and can be recorded and classified as MME by H10T. Each
event can be viewed as an approximately uniform front as mere notion of the “EAS axis”
does not exist in this framework, see also next item. However, each individual event may
appear to arrive from slightly different direction due to the inherent spread of the emitted
electrons at the moment of eruption.

2. “particle density puzzle”: Particle density distribution ρ(R) in the AQN framework is
estimated by (17) and it shows strong fluctuation from one event to another event. These
variations are mostly related to the intensity of the individual bursts being expressed by
the number of electrons in the bunch N. However, the distinct feature of the distribution
in the AQN framework is that it does not depend on R, as the notion of the “EAS axis”
does not exist in this framework as we already mentioned. All these generic features of the
AQN framework are perfectly consistent with H10T observations as presented on Figure 2.
However, these observed features are in dramatic contradiction with conventional EAS
prediction shown by solid lines on Figure 2 with different colours, depending on energy of
the CR.

Furthermore, the magnitude of the density ρ(R) in the AQN framework (which is
mostly determined by parameter N) is much higher than one normally expects for CR
energies ∼(1017–1018) eV. The corresponding parameter N representing the number of
electrons in the bunch was not fitted for the present studies to match the observations.
Instead, it was extracted from different experiment in dramatically different circumstances
(in proposal [13] to explain the ANITA anomalous events as the AQN events).

3. “pulse width puzzle”: In the AQN framework the width of the pulse (22) cannot vary
much from one event to another. It is a fundamental feature of the framework because
the duration of the pulse is entirely determined by internal dynamics of the AQN during
the blast as long as condition (8) is met, see footnote 7 with a comment. This feature is in
perfect agreement with observations [4]

τpulse ≈ (20–35) ns ⇐ [observations] (24)

for all recorded MMEs. At the same time, this feature is in dramatic conflict with conven-
tional picture when the duration of the pulse must depend on the distance to the EAS axis
as shown by sold lines on Figure 3. This basic prediction of the conventional CR analysis is
due to increase of the thickness of the EAS pancake with the distance from the EAS axis.
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As we already mentioned the mere notions such as the “EAS axis” and the “thickness of
the EAS pancake” do not exist in the AQN framework.

4. “intensity puzzle”: Particle density distribution ρ(R) in the AQN framework is
estimated by (17). The corresponding event to event fluctuations do not depend on the
distance to the EAS axis as we already mentioned. Such intensity of the events as given by
(17) in the AQN framework is consistent with observations shown on Figure 2. However,
the observations are in dramatic conflict with conventional CR analysis when such huge
intensity could be generated by a primary particle with energy well above 1019 eV with
dramatically lower event rate on the level of once every few years. The frequency of
appearance in the AQN framework is estimated in Section 5, and it is consistent with
observed event rate.

We conclude this section with the following comment. All our formulae presented
in this section are the order of magnitude estimations at the very best, as they include
many inherent uncertainties which are inevitable features of any composite system (such
as AQN) propagating in a complex environment (such as Earth atmosphere) with very
large Mach number M, see footnote 6.

Nevertheless, the emergent picture suggests that all the puzzles formulated in
Sections 1 and 2 can be naturally understood within the AQN framework as explained
above in items 1–4. Needless to say that the crucial phenomenological parameters
used in the estimates had been fixed long ago for dramatically different observations in
different circumstances for different environments as overviewed in Section 3.

7. Conclusions and Future Development

Our basic results can be summarized as follows. We have argued that all the puzzles
formulated in Sections 1 and 2 can be naturally understood within the AQN framework as
explained in items 1–4 in previous Section, and we do not need to repeat these arguments
again in this Conclusion. Instead, we want to discuss the drastic differences between the
events induced by conventional CR showers and the AQNs. These dramatic distinct fea-
tures can be tested by the future experiments, such that our proposal can be discriminated
from any other proposals and suggestions. We list below the following typical features of
the AQN events and contrast them with any other possible mechanisms which could be
responsible for MMEs.

1. The events which are generated by the bunches of electrons as a result of eruption
of the propagating AQN in the Earth atmosphere suggests an enormous number of
possibilities to generate different clusters when each event within a given cluster
may have very different intensity from a previous and consequent events with very
different time delays between the events. In other words, the AQN proposal suggests
that there should be large variety of shapes and delays between the events with very
different patterns due to the complexity of the AQN system. It should be contrasted,
for example, with hypothesis of “delayed particles” (which was originally suggested
to explain the MMEs) in which case all clusters must be the same as they should be
determined by a specific pattern of decaying fundamental particle of unknown nature.

2. A “rule of thumb” suggests that a typical number of charged particles (mostly electrons
and positrons) in CR air shower is ECR/GeV, which implies that N ≈ (108–109) for the
energy of the primary particle ECR ≈ (1017–1018) eV. This estimate suggests that any
detector which is designed to study the EAS with energies ECR ≈ (1017–1018) eV are, in
principle, capable to study MMEs if the resolution of the detectors is in ∼10-ns level,
similar to H10T, see also item 4 below as an alternative option to properly select and
discriminate the MMEs.

3. In particular, we expect that the extension of the H10T detector would produce more
multiple pulses (at each given detector) instead of simple bimodal pulses. We also
expect that more detectors in the area will be recording MMEs because the area
covered by each individual pulse is relatively large (few kilometres) according to (17),
which is well above the present size of H10T instrument.
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4. A large number of charged particles N ≈ (108–109) in the background of the geomag-
netic field B ∼ 0.5 gauss will produce the radio pulse in both cases: the CR-induced
radio pulse [51,52] as well as AQN-induced radio pulse [13]. However, these pulses
can be easily discriminated from each other as argued in [13].

The main reason for the dramatic differences between these two radio pulses is that
the AQN event could be viewed as an (approximately) uniform front of size λΔθ ∼ km
with a constant width, while EAS is characterized by central axis. In different words,
the number of particles per unit area ρ(R) in the AQN case does not depend on the
distance from the central axis, in huge contrast with conventional CR air showers when
ρ(R) strongly depends the distance from the central axis. The width of the “pancake” in
CR air shower also strongly depends on R. As a result, the effective number of coherent
particles contributing to the radio pulse is highly sensitive to the width of the “pancake”
when it becomes close to the wavelength of the radio pulse. These distinct features lead
to very different spectral properties of the radio pulses in these two cases, which can be
viewed as an independent characteristic of MMEs. In fact, this unique feature can be used
in future studies for purpose of discrimination and proper selection of the Multi-Modal
Clustering Events.

If future studies and tests (including the detecting of the synchronized radio pulses
with MMEs as suggested above) indeed substantiate our proposal it would be a strong
argument supporting the AQN nature of the MMEs.

We conclude this work with the following comment. We estimated the event rates
for three dramatically different puzzling CR-like events: for mysterious TA bursts [9], for
the ANITA anomalous events [13], and finally for the Multi-Modal Events in this work
as estimated in (16). All three puzzling phenomena are proportional to one and the same
AQN flux (10). The self-consistency between all three estimates hints on a common nature
for these puzzling CR-like events. We interpret this self-consistency in the event rates
as an additional indirect argument supporting the AQN nature for all three mysterious
phenomena, while our direct arguments are presented in Section 6 and listed as item 1–4.
We finish on this optimistic note.
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Appendix A. On Suppression of Emissivity Due to the Ionization

The main goal of this section is to produce simple estimates of the suppression pa-
rameter η(T, R) which enters the cooling rate (4) in case of high temperature and large
ionization. It was introduced in [43] as a suppression parameter accounting for the ioniza-
tion of the AQN after it travelled through the Earth. It was also shown that η(T, R) ∼ 10−6

produces very reasonable results consistent with intensity of the radiation observed by
XMM-Newton [42].

The original computations of the Bremsstrahlung radiation were performed in [45]
in case of low temperature and low ionization as given by (2). The key element of the
computations was the electrosphere density

n(z) =
T

2πα

1
(z + z̄)2 , (A1)

with

z̄−1 =
√

2πα · m ·
(

T
m

)1/4
, n(z = 0) 
 (mT)3/2,
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where n(z) is the positron number density of the electrosphere, z = 0 corresponds to
the surface of the nuggets, and n(z = 0) reproduces an approximate formula for the
plasma density in the Boltzmann regime at the temperature T as computed in [45]. The 1d
approximation formulated in terms of distance z from the surface was more than sufficient
sufficient to study the low temperature behaviour.

However, after an AQN crosses the Earth, it acquires a very high internal temperature
of the order T 
 (100–200) keV, and approximation (A1) is not sufficient. This is because
temperature’s rise will cause the electrosphere to expand well beyond the thin layer ∼z̄
surrounding the nugget surface. Some positrons will leave the system but the majority
will stay in close vicinity of the moving, negatively charged nugget core. Consequently,
the nugget will acquire a negative charge of approximately −|e|Q with the number of
positrons Q estimated as:

Q 
 4πR2
∫ ∞

0
n(z)dz ∼ 4πR2

√
2πα

· (mT) ·
(

T
m

)1/4
. (A2)

The distance ρ at which the positrons remain attached to the nugget is given by the
capture radius Rcap(T), determined by the Coulomb attraction:

αQ(ρ)

ρ
>

mv2

2
≈ T for ρ � Rcap(T). (A3)

In order to estimate η entering (4) we start our analysis with an estimation of the
positron density n(ρ, T) when the AQNs enter the Earth atmosphere moving in upward
direction. Formula (A3) shows that the capture radius Rcap(T) could be much larger than
R, i.e., we have R � ρ � Rcap. The expression (A1), which is valid when z = |ρ − R| � R,
in close vicinity to the core, breaks down for ρ � R. In that case the curvature of the nugget
surface cannot be neglected and one should use a truly 3-dimensional formula for n(ρ, T)
instead of the 1-dimensional approximation (A1). We will assume that the density n(ρ, T)
behaves as a power law for ρ � R with exponent p:

n(ρ, T) 
 n0(T)
(

R
ρ

)p
, ρ � R, (A4)

where n0(T) ≡ n(ρ = R, T) is a normalization factor and p a free parameter. Equation (A4)
is consistent with our previous numerical studies [53] of the electrosphere with p 
 6. It is
also consistent with the conventional Thomas-Fermi model9 at T = 0 [54]. While keeping
p as a free parameter, we will show below that our main claim is not very sensitive to
the precise value of p. The normalization n0(T) can be estimated from the condition that
the finite portion of the positrons satisfying Equation (A3) is such that the total number
of positrons surrounding the nugget is approximately equal to the ionization charge Q
determined by (A2). Therefore, we arrive to the following expression for the normalization
factor n0(T):

4π
∫ ∞

R
ρ2dρ n(ρ, T) 
 Q(T), (A5)

Note that the integrant ρ2n(ρ, T) is mostly dominated by the inner shells ρ ∼ R such
that the intgration can be extended to infinity with very high accuracy, instead of cutting
off at Rcap. The resulting estimate for n0(T) assumes the form:

n0(T) 

(mT)√

2πα
· (p − 3)

R
·
(

T
m

)1/4
, (A6)
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which, as expected, is smaller than n(z = 0) 
 (mT)3/2 because the positrons now are dis-
tributed over a distance of order R from the nugget core surface, rather than over a distance
of order z̄. This suppression is convenient to represent in terms of the dimensionless ratio:

n0(T)

(mT)3/2 
 (p − 3)√
2πα

· 1
(mR)

·
(m

T

)1/4
� 1. (A7)

The next step is the calculation of the Bremsstrahlung emissivity by the nuggets due
to the strong suppression of the plasma density (A7) as a result of the electrosphere’s ex-
pansion. The spectral surface emissivity is denoted as dF/dω = dE/dtdAdω, representing
the energy emitted by a single nugget per unit time, per unit area of nugget surface and
per unit frequency. For low temperature, when approximation (A1) for the flat geometry is
justified, the corresponding expression assumes the form [45]:

dF
dω

(ω, T) =
1
2

∫ ∞

0
dz n2(z) K(ω, T) (A8)

where n(z) is the local density of positrons at distance z from quark nugget surface and
function K(ω) does not depend on z and describes the spectral dependence of the system:

K(ω, T) =
4α

15

( α

m

)2
2

√
2T
mπ

(
1 +

ω

T

)
e−ω/Th

(ω

T

)
. (A9)

The dimensionless function h
(

ω
T
)

in (A9) is a slowly varying logarithmic function of
ω/T which was explicitly computed in [45]. In order to calculate the emissivity with the
positron density (A4), when the nugget core is ionized, we have to replace the integral

∫
dz

in (A8) by the spherical integration over ρ:

4πR2
∫ ∞

0
dz n2(z) ⇒ 4πn2

0(T)
∫ ∞

R
ρ2dρ

(
R
ρ

)2p
(A10)

where the normalization n0(T) is determined by (A6). Using the positrons distributed
according to Equation (A4) the nugget surface emissivity can be calculated as follows:

dF
dω

(ω, T) =
K(ω, T)

2R
(mT)2

2πα

[
(p − 3)2

2p − 3

](
T
m

) 1
2
. (A11)

The key result here is the strong suppression factor R−1 which was not present in the
no-ionization case (A8) when the positrons are localized in a thin layer. It is instructive to
compare the emissivity given by Equation (A11) accounting for ionization of the nugget
core with the original Formula (A8). The dimensionless ratio is given by

η ≡
dF
dω

(ion)

dF
dω

(no ion)
=

[
(p−3)2

2p−3

]
3(mR)

1√
2πα

(m
T

) 1
4 ∼ 10−6. (A12)

The total emissivity integrated over all frequencies in case of low temperature without
ionization has been computed in [45] and it is given by (2). In case of strong ionization,
Equation (A12) implies:

F(ion)
tot (T) = η(T, R) · F(no ion)

tot (T). (A13)

The critical element leading to the suppression factor (A12) is the very small quantity
(mR)−1 ∼ 10−6. It is a direct result of the expanding electrosphere and high level of
ionization at very high temperature T.
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The expression (A13) with numerical suppression (A12) is precisely the Formula (4)
which we used in main body of the text to proceed with our key arguments.

Appendix B. On e+e− Emission at High Temperature in High Density QCD Phases

The main goal of this Appendix is to overview the photon emission and the e+e−

production at high temperature T � 102 keV from high density QCD phases. The corre-
sponding studies [55–61] have been carried out in the past in context of the quark stars.
In context of the present work all the key ingredients relevant for e+e− production are
also present in the system. Indeed, the AQN is characterized by very high temperature
T � 102 keV, the quark core is assumed to be in CS dense phase, and a strong internal
electric field is also present in the system. However, we cannot literally use the results
from the previous studies obtained in context of the quark stars because the size of the
AQN is much smaller than the relevant mean free paths for all elementary processes as
discussed in details in [13]. As a result the thermal equilibration cannot be achieved in
the AQN system, and entire physics is determined by non-equilibrium dynamics in high
temperature regime. It should be contrasted with large size quark stars where the thermal
equilibrium is maintained.

Nevertheless, it is very instructive to review the relevant results from the previous
studies [55–61] on quark stars due to the following reasons. First, it explicitly shows the
role of the main ingredients of the system, such as temperature and the large electric field.
Secondly, it demonstrates the complexity of the problem when even a much simpler case
of the bare quark star remains to be a matter of debates.

The idea on possibility of the e+e− emission at high temperature from quark stars
was originally suggested in [55,56]. The temperature range considered in [55,56] includes
the typical temperatures T � 102 keV which is expected to occur in our case when the
AQN exits the Earth’s surface as mentioned in Section 3.3. In refs. [57,58] the authors
argue that bremsstrahlung radiation from the electrosphere could be much more important
than e+e− emission. It has been also argued that a number of effects such as the bound-
ary effects, inhomogeneity of the electric field, and the Landau-Pomeranchuk-Migdal
(LPM) suppression may dramatically modify the emission rate. In [59] it has been argued
that the Pauli blocking will strongly suppress the bremsstrahlung emission. Finally, in
refs. [60,61] it has been argued that the so-called mean field bremsstrahlung could be the
dominant mechanism.

It is not the goal of the present work to critically analyze all these suggested mech-
anisms of the emission. Rather, our goal is to demonstrate that even a relatively simple
system of the bare quark star remains to be a matter of debates. Our case of the emis-
sion from AQN at high temperature is even more complicated as it is determined by
non-equilibrium dynamics.

In the present work we do not even attempt to solve this very ambitious problem of
estimating the absolute intensity rate of the e+e− and γ emissions. Rather, the absolute
number N 
 (108–109) of the e+e− pairs in a single pulse was extracted from ANITA
anomalous events as explained in Section 6. In particular, this number N enters the
estimate (17) for the density of the observed particles by H10T experiment [1–4]. Our goal
here is much less ambitious as we try to estimate the relative ratio r between the e+e− pair
production and the γ radiation assuming that the emission of both components is mostly
originated from the region in electrosphere where the Boltzmann regime is justified, and
the Pauli blocking suppression is not very dramatic and can be ignored.

In this case, the relative ratio r between these two components contributing to the
emission can be estimated as follows. It is assumed that the dominant contribution to the γ
emission comes from the Bremsstrahlung radiation (e+e+ → e+e+ + γ) resembling the low
temperature case considered in [45]. The e+e− pair is produced by a similar mechanism
through the virtual photon (e+e+ → e+e+ + γ∗) which consequently decays to the pair:
γ∗ → e+e−. If this is the dominant mechanism of radiation the pair production is expected
to be suppressed by a factor α/2π as a result of conversion of the virtual photon γ∗ → e+e−
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to pair10. It must be also suppressed by a factor exp(−2m/T) describing the suppression
in the density distribution because the virtual photons must have sufficient energy � 2m
to produce e+e− pair. This oversimplified estimate leads to the following expression

r ≡ 〈Ee+e−〉
〈Eγ〉

∼ α

2π
exp
(
−2m

T

)
∼ 0.7 · 10−5, (A14)

where for numerical estimates we use T 
 200 keV, and ignored a possible complicated
function which could depend on parameter T/m ∼ 0.4, which is order of unity for our
case. We must emphasize that (A14) is really an order of magnitude estimate as mechanism
of emission is not a thermodynamically equilibrium process as we already previously
mentioned. Formula (A14) is used in the main body of the text in (18) for our estimate (21)
for τdelay which is measured by H10T experiment [1–5] as it describes a typical time delay
between subsequent pulses representing the Multi-Modal Clustering Events.

Notes

1 Non-detection of etching tracks in ancient mica gives another indirect constraint on the flux of dark matter nuggets with mass
M < 55 g [40]. This constraint is based on assumption that all nuggets have the same mass, which is not the case as we discuss
below. The nuggets with small masses represent a tiny portion of all nuggets in this model, such that this constraint is easily
satisfied with any reasonable nugget’s size distribution.

2 In a neutral dilute galactic environment considered previously [45] the value of κ was estimated as κ ≈ 0.1.
3 We use the term“additional” to emphasize that the AQN had accumulated a huge amount of energy during the transpassing the

Earth interior as the capacity of the quark core nugget is very large [43]. Precisely this accumulated energy will be emitted in
form of the X rays when the AQN propagates in empty space at distances r ∼ (6 − 10)R⊕ from the Earth surface.

4 For example, the AQNs moving in empty space and slowly cooling by emitting the X rays as computed in [43] belongs to
this class.

5 An analogy for such eruption-like event is the lightning flash under thunderclouds. The clouds accumulate the electric charge
in form of the ionized molecule very efficiently. The corresponding time scales plays the role of τdeposit in our system. The
neutralization of these ions is less efficient process, which is analogous to our τcool. If some conditions are met (the so-called
runaway breakdown conditions are satisfied, see [46,47] for review) the discharge occurs in form of the eruption which is the
lightning strike in our analogy. The system is getting neutralized in form of the non- equilibrium lightning event (eruption) on
the time scales which are much shorter than any time scales of the problem. This analogy is in fact, quite deep, and will be used
in Section 6 when we discuss different time scales of MMEs as observed by H10T detector.

6 One should keep in mind that the AQN propagates in atmosphere with very large velocity, much larger than the speed of sound
cs such that the Mach number M ≡ vAQN/cs � 1. This obviously implies the presence of the turbulence with accompanying
shock waves. The corresponding effects which are hard to compute from first principles obviously modify the value of κ and, as
a consequence, the corresponding estimate for the time delay τdelay.

7 This approximately constant parameter τpulse can be understood using the analogy with lightnings mentioned in footnote 5.
Indeed, the time scale between lightning flashes may dramatically vary (measured in minutes) during the same thunderstorm
while the lightning strikes themselves are much shorter and characterized approximately by the same duration (measured in ms).

8 The analogy with lightnings mentioned in footnotes 5 and 7 can be useful here: the instability in form of the runaway breakdown
mechanism in lightnings which is responsible for the flashes is similar to non-equilibrium dynamics of the AQN at the instant of
eruption. Furthermore, in both cases there must be some trigger which initiates the eruption. In case of lightning events the
trigger is thought to be related to the cosmic rays, though this element remains a part of controversy, see [46,47] for review. In case
of the AQN eruption events such triggers could be several consequent successful annihilation events with atmospheric material.

9 In [54], the dimensionless function χ(x) behaves as χ ∼ x−3 at large x. The potential φ = χ(x)/x behaves as φ ∼ x−4. The
density of electrons in Thomas-Fermi model scales as n ∼ φ3/2 ∼ x−6 at large x.

10 The cross section for pair production as a result of collisions of two particles is known exactly [62]. It contains, of course factor
α/2π entering (A14) along with many other numerical factors reflecting a complex kinematics of the process.
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Abstract: We propose a three-beam stimulated resonant photon collider with focused laser fields in
order to directly produce an axion-like particle (ALP) with the two beams and to stimulate its decay
by the remaining one. The expected sensitivity around the eV mass range has been evaluated. The
result shows that the sensitivity can reach the ALP-photon coupling down to O(10−14) GeV−1 with
1 J class short-pulsed lasers.

Keywords: dark matter; axion; axion-like particle; ALP; inflaton; laser; stimulated resonant photon
collider; four-wave mixing

1. Introduction

CP violation is rather naturally expected from the topological nature of the QCD
vacuum, θ-vacuum, which is required, at least, to solve the U(1)A anomaly. Nevertheless,
the θ-value evaluated from the measurement of the neutron dipole moment indicates the
CP conserving nature in the QCD sector. This so-called strong CP problem is one of the
most important problems yet unresolved in the standard model of particle physics. Peccei
and Quinn advocated the introduction of a new global U(1)PQ symmetry [1] in order
to dynamically cancel out the finite θ-value expected in the QCD sector with a counter
θ-value around which a massive axion appears as a result of the symmetry breaking. If
the PQ-symmetry breaking scale is much higher than that of the electroweak scale, the
coupling of axion to ordinary matter may be feeble. This invisible axion can thus be a
reasonable candidate for dark matter as a byproduct.

In addition to axion, axion-like particle (ALP) not necessarily requiring the linear
relation between mass and coupling such as in the QCD axion scenario [2–5], is also
important in the context of inflation as well as dark matter in the universe. Among many
possible ALPs, the miracle model [6] which unifies inflaton and dark matter within a single
ALP attracts laser-based experimental searches, because the preferred ranges of the ALP
mass (ma) and its coupling to photons (g/M) are 0.01 < ma < 1 and g/M ∼ 10−11 GeV−1,
respectively, based on the viable parameter space consistent with the CMB observation.

So far, we have advocated a method to directly produce axion-like particles and simul-
taneously stimulate their decays by combining two-color laser fields in collinearly focused
geometry [7]. This quasi-parallel photon–photon collision system has been dedicated to
sub-eV axion mass window and the searches have been actually performed [8–12]. Given
the axion mass window above eV and a typical laser photon energy of ∼1 eV, stimulated
photon–photon collisions with different collision geometry has a potential to be sensitive
to a higher mass window. In addition to the well-known axion helio- and halo-scopes,
the proposed method can cooperatively provide unique test grounds totally independent
of any of implicit theoretical assumptions on the axion flux in the Sun as well as in the
universe. Therefore, if any of the helio- or halo-scopes detects a hint on an ALP, this method

Universe 2023, 9, 20. https://doi.org/10.3390/universe9010020 https://www.mdpi.com/journal/universe
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can unveil the nature of the ALP via the direct production and its stimulated decay in
laboratory-based experiments by tuning the sensitive mass range to that specific mass
window. In this sense, it is indispensable for us to prepare the independent method for
expanding its sensitive mass window as wide as possible.

In this paper we propose a three-beam laser collider and discuss its expected sensitivity
to an unexplored domain for the miracle model as well as the benchmark models of the QCD
axion based on a realistic set of beam parameters available at world-wide high-intensity
laser systems.

2. Formulation Dedicated for a Stimulated Three Beam Collider

We focus on the following effective Lagrangian describing the interaction of an ALP
as a pseudoscalar field φa with two photons

−L =
1
4

g
M

Fμν F̃μνφa. (1)

As illustrated in Figure 1, in the averaged or approximated sense, we consider a
coplanar scattering with four-momenta pi(i = 1–4)

< pc(p1) > + < pc(p2) >→ p3+ < pi(p4) >, (2)

where two focused laser beams, < pc >, create an ALP with a symmetric incident angle
θc and the produced ALP simultaneously decays into two photons due to an inducing
laser beam in the background, < pi >, incident with a different angle θi. As a result of
the stimulated decay, emission of a signal photon p3, is induced. <> symbols reflect the
fact that all three beams contain energy and momentum (angle) spreads at around the
focal point. The energy uncertainty is caused by Fourier limited short pulsed lasers such
as femtosecond lasers with the optical frequency, while the momentum uncertainty and
fluctuations on angle of incidence are unavoidable due to focused fields. Thus, p1, p2 and
p4 must be stochastically selected from individual beams, while p3 is generated as a result
of energy–momentum conservation via p1 + p2 → p3 + p4.

Figure 1. Schematic view of a three-beam stimulated photon collider.
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We then assume a search for ALPs by scanning θc, equal incident angles of the two
creation beam axes, to look for an enhancement of the interaction rate when the reso-
nant condition

ma = Ecms = 2ωc sin θc (3)

is satisfied, where ma is the ALP mass, ωc is the central value of single photon energies in
the incident creation laser beams and Ecms is center-of-mass system (cms) collision energy
between two incident photons. Because individual incident photons fluctuate around the
average beam energy ωc and also around the average incident angle θc, this resonance
condition has to be evaluated via weighted integral (averaging) over proper fluctuation
distributions as we discuss below. In the following subsections, we thus review necessary
formulae to numerically evaluate the interaction rate by taking generic collision geometry
with asymmetric incident energies and asymmetric incident angles into account. This
asymmetric treatment is essentially required, because unless we implement the degrees of
the spreads at fixed θc and ωc depending on experimental parameters, we cannot determine
reasonable discretized steps for the scanning over the ALP mass range of interest.

In our previous work [13], we introduced a theoretical interface allowing the asym-
metric treatment in the case where a single focused beam is used for creation of an ALP
resonance state and the other focused beam sharing the same optical axis as the creation
beam is co-moving for inducing the decay. However, if the sensitive mass range must be
increased, we have to introduce two separated incident beams for the creation part. Thus,
a modified geometrical treatment for the three separated beams must be reconsidered.
In [13] we provided formulae only for the case of the scalar field exchange. In order to
discuss ALPs, we have further extended the formulae to the pseudoscalar exchange case
with the proper treatment of polarizations affecting the vertex factors [14]. In the follow-
ing subsections we will provide necessary formulae developed in [13,14] with necessary
modifications for the purpose of this paper.

2.1. Expression for Signal Yield in Stimulated Resonant Scattering

Figure 2 explains the relation between theoretical coordinates with the primed symbol
and laboratory coordinates to which laser beams are physically mapped. The z

′
-axis is

theoretically obtainable so that stochastically selected two incident photons satisfying the
resonance condition have zero pair transverse momentum (pT) with respect to z

′
. The

Lorentz invariant scattering amplitude is calculated on the primed coordinates where
rotation symmetries of the initial and final state reaction planes around z

′
are maintained.

Definitions of four-momentum vectors p′i and four-polarization vectors e′(λp′i
) with po-

larization states λp′i
for the initial-state (i = 1, 2) and final-state (i = 3, 4) plane waves

are given. The conversion between the two coordinates is possible via a simple rotation
R as explained below. In the following, unless confusion is expected, the prime symbol
associated with the momentum vectors is omitted.

We start by reviewing a spontaneous yield of the signal p3, Y , in the scattering process
p1 + p2 → p3 + p4 only with two incident photon beams having densities ρ1 and ρ2. The
concept of cross section is useful for fixed p1 and p2 beams. In a situation where p1 and
p2 largely fluctuate within beams, however, its convenience is lost. Thus we apply the
following factorization of volume-wise interaction rate Σ [15,16] instead of cross section with
units of length L and time s in [ ]

Y = N1N2

(∫
dtdrρ1(r, t)ρ2(r, t)

)
× (4)(∫

dQW(Q)
c

2ω12ω2
|Ms(Q

′
)|2dL

′
ips

)

≡ N1N2D
[
s/L3

]
Σ
[

L3/s
]

(5)
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where the probability density of cms-energy, W(Q), is multiplied for averaging over the
possible range. W(Q) is a function of the combinations of photon energies (ωα), polar (Θα)
and azimuthal (Φα) angles in laboratory coordinates, denoted as

Q ≡ {ωα, Θα, Φα} and dQ ≡ ΠαdωαdΘαdΦα (6)

for the incident beams α = 1, 2. The integral with the weight of W(Q) implements the
resonance enhancement by including the off-shell part as well as the pole in the s-channel
amplitude including the Breit–Wigner resonance function [13,14].

Figure 2. Relation between theoretical coordinates with the primed symbol and laboratory coordi-
nates to which laser beams are physically mapped. The z

′
-axis is theoretically obtainable so that

stochastically selected two incident photons satisfying the resonance condition have zero pair trans-
verse momentum (pT) with respect to z

′
. The Lorentz invariant scattering amplitude is calculated

on the primed coordinates where rotation symmetries of the initial and final state reaction planes
around z

′
are maintained. Definitions of four-momentum vectors p′i and four-polarization vectors

e′(λp′i
) with polarization states λp′i

for the initial state (i = 1, 2) and final state (i = 3, 4) plane waves
are given. This figure is extracted from [14].

As illustrated in Figure 2, Q
′ ≡ {ωα, ϑα, φα} are kinematical parameters in a rotated

coordinates Q
′

constructed from a pair of two incident wave vectors so that the transverse
momentum of the pair with respect to a z

′
-axis becomes zero. The primed coordinates are

convenient because the axial symmetry around the z
′
-axis allows simpler calculations for

the following solid angle integral. The conversions from Q to Q
′

are thus expressed as
rotation matrices on polar and azimuthal angles: ϑα ≡ Rϑα

(Q) and φα ≡ Rφα(Q).
By adding an inducing beam with the central four-momentum p4 having normalized

density ρ4 with the average number of photons N4, we extend the spontaneous yield to the
induced yield, Yc+i, with the following extended set of kinematical parameters,

QI ≡ {Q, ω4, Θ4, Φ4} and dQI ≡ dQdω4dΘ4dΦ4. (7)
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as follows

Yc+i = N1N2N4

(∫
dtdrρ1(r, t)ρ2(r, t)ρ4(r, t)V4

)
× (8)(∫

dQIW(QI)
c

2ω12ω2
|Ms(Q

′
)|2dL

′ I
ips

)

≡ N1N2N4Dthree

[
s/L3

]
ΣI

[
L3/s

]
,

where the factor ρ4(r, t)V4 is a probability corresponding to a degree of spacetime overlap of
the p1 and p2 beams with the inducing beam p4 for a given volume of the p4 beam, V4. dL

′ I
ips

describes an inducible phase space in which the solid angles of p3 balance solid angles of
p4 via energy–momentum conservation within the distribution of the given inducing beam
after conversion from p4 in the primed coordinate system to the corresponding laboratory
coordinate where laser beams are physically mapped. With Gaussian distributions G,
W(QI) is explicitly defined as

W(QI) ≡ ΠβGE(ωβ)Gp(Θβ, Φβ) (9)

over β = 1, 2, 4, where GE reflecting an energy spread via Fourier transform limited
duration of a short pulse and Gp in the momentum space, equivalent to the polar angle
distribution, are introduced based on the properties of a focused coherent electromagnetic
field with an axial symmetric nature for an azimuthal angle Φ around the optical axis of a
focused beam, as we discuss below.

2.1.1. Evaluation of Spacetime Overlapping Factor Dthree with Three Beams

The factor Dthree in Equation (8) expresses a spatiotemporal overlapping factor of the
focused creation beams (subscript c1 and c2) with the focused inducing beam (subscript i)
in laboratory coordinates. The following photon number densities ρk=c1,c2,i deduced from
the electromagnetic field amplitudes based on the Gaussian beam parameterization [17]
corresponding to the black pulse in Figure 3 are integrated over spacetime (t, r):

ρk(t, r) =
(

2
π

) 3
2 1

w2
k(ct)cτk

× (10)

exp

(
−2

x2 + y2

w2
k(ct)

)
exp

(
−2
(

z − ct
cτk

)2
)

,

where wk are the beam radii as a function of time t whose origin is set at the moment when
all the pulses reach the focal point, and τk are the time durations of the pulsed laser beams
with the speed of light c and the volume for the inducing beam Vi is defined as

Vi = (π/2)3/2w2
i0cτi, (11)

where wi0 is the beam waist (minimum radius) of the inducing beam. As a conservative
evaluation, the integrated range for the overlapping factor is limited in the Rayleigh length

ziR =
πwi

2
0

λi
(12)

with the wavelength of the inducing beam λi only around the focal point where the induced
scattering probability is maximized.

Figure 3 illustrates spacetime pulse functions propagating along individual optical
axes of the three beams that are defined by rotating coordinates in Equation (10) around y-
axis. ρc1, ρc2 and ρi are defined with the rotation angles: θc, −θc and −θi, respectively. That
is, we assume symmetric incident angles between the two creation laser beams and supply
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the inducing laser so that photon four-momenta satisfy energy–momentum conservation
with respect to a fixed central value for signal photon four-momenta.

Figure 3. Collision geometry between three short pulsed laser beams to define the spacetime overlap-
ping factor Dthree.

The overlapping factor with units of [s/L3] can be analytically integrated over spatial
coordinates and is eventually obtained by numerically integrating over time from −ziR/c
to 0 as follows:

Dthree [s/L3] =

(
1
π

) 3
2
23w2

i0

∫ 0

− ziR
c

dt
1

w3
c wic2τc1τc2

√
1

2
(
2w2

i + w2
c
)

√
J

HS
exp
[

T2

4S
− R
]

exp

[
−2

τ2
c2τ2

i + τ2
c1τ2

i + τ2
c1τ2

c2

τ2
c1τ2

c2τ2
i

t2

]
.

(13)

The individual variables in Equation (13) are summarized as follows, where we use
abbreviations Ck = cos θk and Sk = sin θk for k = c1, c2, i and we assume Cc ≡ Cc1 = Cc2,
Sc ≡ Sc1 = Sc2, wc ≡ wc1 = wc2, dc ≡ dc1 = dc2 and fc ≡ fc1 = fc2, because two creation
beams are incident with a symmetric angle and focused with equal beam diameters and
focal lengths.

J [L6 · s4] = w2
c w2

i c2τ2
c1τ2

c2τ2
i , H [L4 · s4] = 2

(
2CCc

2 + DCi
2 + ESc

2 + FSc
2 + GSi

2
)

,

S [1/L2] =
O
J
− P, T [1/L] = −(N + Q),

R [1] = − 4
HJ

(Bc M − BiG)2.

(14)

The parameters B, C, D, E, F and G are

Bk [L] = 2ctSk, C [L4 · s4] = w2
i c2τ2

c1τ2
c2τ2

i , D [L4 · s4] = w2
c c2τ2

c1τ2
c2τ2

i ,

E [L4 · s4] = w2
c w2

i τ2
c2τ2

i , F [L4 · s4] = w2
c w2

i τ2
c1τ2

i , G [L4 · s4] = w2
c w2

i τ2
c1τ2

c2.
(15)
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The parameters M, N, O, P and Q are

M [L4 · s4] = E − F, N [1/L] = 4t

(
τ2

c2τ2
i Cc + τ2

c1τ2
i Cc + τ2

c1τ2
c2Ci

cτ2
c1τ2

c2τ2
i

)
,

O [L4 · s4] = 2
(

2CSc
2 + DSi

2 + ECc
2 + FCc

2 + GCi
2
)

,

P [1/L2] =
4

HJ

{
(CiSiD + CcScM)2 − 2CcScCiSiMG + Ci

2Si
2G2 − 2Ci

2Si
2DG

}
,

Q [1/L] =
4

HJ

{
CcScM(Bc M + BiG)− CiSi

(
Bc MG − BiG2 + DBiG − DBc M

)}
.

(16)

The beam parameters relevant to focused geometry used above are expressed as

wk = wk0

√
1 +

c2t2

zkR
2 , wk0 =

λk
πϑk0

, ϑk0 = arctan
(

dk
2 fk

)
(17)

with k = c1, c2, i.

2.1.2. Evaluation of Inducible Volume-Wise Interaction Rate, ΣI

Performing the analytical integral for ΣI in Equation (8) is not practical and we are
forced to evaluate it with the numerical integral. The expression for |Ms(Q

′
)|2 in the

inducible volume-wise interaction rate is fully explained in [14]. In this paper, we focus
on how to implement the numerical integral configured for a three-beam collider with
focused beams. Figure 4 illustrates the entire flow of the calculation. The left figure depicts
the initial state of two scattering photons with incidence of two creation beams (green)
and an inducing beam (red), while the right figure indicates the final state photons, that
is, the inducing beam photons and signal photons (blue) in the laboratory coordinates by
omitting the outgoing two creation beams. The top figure is to remind of the scattering
amplitude calculation in the primed coordinates. Probability distribution functions in
momentum space Gp as a function of polar angles Θi and azimuthal angles Φi in the
laboratory coordinates and those in energy GE(ωi) for individual photons i = 1, 2, 4 are
assigned to individual focused beams by denoting the normalized Gaussian distributions
as G. The actual steps for the calculations are as follows:

1. Select a finite-size segment of p1 from given GE(ω1)Gp(Θ1, Φ1) distributions.
2. Find p2 which satisfies the following resonance condition

ma = Ecms = 2
√

ω1ω2 sin
(

ϑ1 + ϑ2

2

)
(18)

with respect to the selected p1 and to a finite energy segment in GE(ω2) for a given
mass parameter ma. The possible p2 candidates satisfying the resonance condition
form the yellow thin cone around the p1-axis reflecting the width of the Breit–Wigner
function as shown in the left figure.

3. Form a z
′
-axis so that the pair transverse momentum, pT , becomes zero, which is

defined as zero-pT coordinates (primed coordinates) in contrast to the laboratory coor-
dinates to which the three beams are physically mapped. Only a portion of the creation
beam prepared for p2 overlapping with the yellow cone can effectively contribute to
the resonance production and, hence, the field weight for the pair can be eventually
evaluated by properly reflecting GE(ω1)Gp(Θ1, Φ1) and GE(ω2)Gp(Θ2, Φ2).

4. Convert the polarization vectors ei(λi) as well as the momentum vectors from the
laboratory coordinates to the zero-pT coordinates through the coordinate rotation
R(Q → Q

′
).

5. The axial symmetric nature of possible final-state momenta p
′
3 and p

′
4 around z

′
is

represented by the light-blue and magenta vectors in the right figure. A spontaneous
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scattering probability with the vertex factors using the primed polarization vectors in
the planes containing the four photon wave vectors is calculated in the given zero-
pT coordinates as illustrated in the top figure. By using the axial symmetric nature
around z

′
, the probability can be integrated over possible final state planes containing

p
′
3 and p

′
4.

6. In order to estimate the inducing effect for given GE(ω4)Gp(Θ4, Φ4) distributions fixed
in the laboratory coordinates, a matching fraction of p4 is calculated after rotating
the primed vectors back to those in the laboratory coordinates from the zero-pT

coordinates via the inverse rotation R−1(Q
′ → Q). Based on the spread of GE(ω4),

the weights along the overlapping belt between the magenta and red vectors in the
right figure are taken into account as the enhancement factor for the stimulation of
the decay.

7. Due to energy–momentum conservation, p3 must balance with p4. Thus a signal
energy spread via ωs ≡ ω3 = ω1 + ω2 − ω4 and also the polar-azimuthal angle
spreads by taking the GE(ω4)Gp(Θ4, Φ4) distributions into account are automatically
determined. The volume-wise interaction rate ΣI is then integrated over the inducible
solid angle of p3 reflecting all the energy and angular spreads included in the focused
three beams.

8. With Equation (8) the signal yield Yc+i can be evaluated.

Figure 4. Flow of the numerical calculation. The left figure depicts the initial state of two scattering
photons with incidence of two creation beams (green) and an inducing beam (red), while the right
figure indicates the final state photons, that is, the inducing beam photons and signal photons (blue)
in the laboratory coordinates by omitting the outgoing two creation beams. The top figure is to
remind of the scattering amplitude calculation in the primed coordinates. Probability distribution
functions in momentum space Gp as a function of polar angles Θi and azimuthal angles Φi in the
laboratory coordinates and those in energy GE(ωi) for individual photons i = 1, 2, 4 are assigned to
individual focused beams by denoting the normalized Gaussian distributions as G.

3. Expected Sensitivity

We evaluate search sensitivities based on the concept of a three-beam stimulated
resonant photon collider (tSRPC) with variable incident angles for scanning ALP masses
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around the eV range as illustrated in Figure 1. By assuming high-intensity femtosecond
lasers such as Titanium:Sapphire lasers with 1 J pulse energy for simplicity, we consider
that two identical creation beams with the central photon energy ωc and the time duration
τc are symmetrically incident with the same beam incident angle θc and an inducing laser
with the central photon energy ωi ≡ uωc with 0 < u < 1 is incident with the corresponding
angle which satisfies energy–momentum conservation by requiring a common signal
photon energy (2 − u)ωc independent of various incident angle combinations. The central
wavelength is around 800 nm and then we assume the ability to produce high harmonic
waves from the fundamental wavelength for creation beams and to generate an inducing
beam with a non-integer number u based on the optical parametric amplification (OPA)
technique in order to discriminate signal waves against the integer number high harmonic
waves originating from the creation beams. Since the OPA technique cannot achieve the
perfect conversion from the fundamental wavelength, we assume 0.1 J pulse energy and also
the elongation of the pulse duration for the inducing beam compared to that in the creation
beam. Table 1 summarizes assumed parameters for two identical creation laser beams and
an including laser beams as well as the common focusing and statistical parameters.

Table 1. Experimental parameters used to numerically calculate the upper limits on the coupling–
mass relations.

Parameter Value

Central wavelength of creation laser λc 800 nm (ω)/400 nm (2ω)/267 nm (3ω)
Relative linewidth of creation laser, δωc/ < ωc > 10−2

Duration time of creation laser, τc 30 fs
Creation laser energy per τc, Ec 1 J
Number of creation photons (ω), Nc 4.03 × 1018 photons
Number of creation photons (2ω), Nc 2.01 × 1018 photons
Number of creation photons (3ω), Nc 1.34 × 1018 photons
Beam diameter of creation laser beam, dc 60 mm
Polarization linear (P-polarized state)

Central wavelength of inducing laser, λi 1300 nm
Relative linewidth of inducing laser, δωi/ < ωi > 10−2

Duration time of inducing laser beam, τi 100 fs
Inducing laser energy per τi, Ei 0.1J
Number of inducing photons, Ni 6.54 × 1017 photons
Beam diameter of inducing laser beam, di 30 mm
Polarization circular (left-handed state)

Focal length of off-axis parabolic mirror, fc = fi 600 mm
Overall detection efficiency, ε 1%
Number of shots, Nshots 105 shots
δNS 100

Given a set of three-beam laser parameters P in Table 1, the number of stimulated
signal photons, Nobs, is expressed as

Nobs = Yc+i(ma, g/M; P)Nshotε, (19)

which is a function of ALP mass ma and coupling g/M, where Nshot the number of laser
shots and ε the overall efficiency of detecting p3. For a set of ma values with an assumed
Nobs, a set of coupling g/M can be estimated by numerically solving Equation (19).

Based on parameters in Table 1, Figure 5 shows the reachable sensitivities in the
coupling–mass relation for the pseudoscalar field exchange at a 95% confidence level by
tSRPC. The red, blue and magenta solid/dashed curves show the expected upper limits
by tSRPC when we assume ωc = 800 nm (fundamental wavelength ω), 400 nm (second
harmonic 2ω) and 267 nm (third harmonic 3ω), respectively. The ALP mass scanning
is assumed to be performed with the step of 0.1 eV. Thanks to energy and momentum
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fluctuations at around the focal point, the same order sensitivities are maintained within
the assumed scanning step (the local minima of the parabolic behavior in the coupling
correspond to different incident angle setups in Figure 5). For easy viewing, the solid and
dashed curves are drawn alternatively. These assumed photon sources are all available
within the current technology [18] in terms of the photon wavelength and energy per pulse.

Figure 5. Expected sensitivities in the coupling–mass relation for the pseudoscalar field exchange at
a 95% confidence level by a three-beam stimulated resonant photon collider (tSRPC) with focused
short-pulsed lasers based on the beam parameters in Table 1.

These sensitivity curves are obtained based on the following condition. In this virtual
search, the null hypothesis is supposed to be fluctuations on the number of photon-like
signals following a Gaussian distribution whose expectation value, μ, is zero for the given
total number of collision statistics. The photon-like signals implies a situation where
photons-like peaks are counted by a peak finder based on digitized waveform data from a
photodevice [11], where electrical fluctuations around the baseline of a waveform cause
both positive and negative numbers of photon-like signals. In order to exclude this null
hypothesis, a confidence level 1 − α is introduced as

1 − α =
1√
2πσ

∫ μ+δ

μ−δ
e−(x−μ)2/(2σ2)dx = erf

(
δ√
2σ

)
, (20)

where μ is the expected value of an estimator x following the hypothesis, and σ is one
standard deviation. In this search, the estimator x corresponds to the number of signal
photons NS and we assume the detector-acceptance-uncorrected uncertainty δNS as the
one standard deviation σ around the mean value μ = 0. For setting a confidence level of
95%, 2α = 0.05 with δ = 2.24σ is used, where a one-sided upper limit by excluding above
x + δ [19] is considered. For a set of experimental parameters P in Table 1, the upper limits
on the coupling–mass relation, ma vs. g/M, are then estimated by numerically solving the
following equation

Nobs = 2.24δNS = Yc+i(ma, g/M; P)Nshotsε. (21)

The horizontal dotted line shows the upper limit from the Horizontal Branch (HB)
observation [20]. The purple area shows bounds by the optical MUSE-faint survey [21]. The
green area is excluded by the helioscope experiment CAST [22]. The yellow band shows the
QCD axion benchmark models with 0.07 < |E/N − 1.95| < 7 where KSVZ(E/N = 0) [4,5]
and DFSZ(E/N = 8/3) [23] are shown with the brawn lines. The cyan lines show pre-
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dictions from the ALP miracle model [6] with its intrinsic model parameters cγ = 1.0,
0.1, 0.01, respectively.

4. Conclusions

We have evaluated expected sensitivities to axion-like particles coupling to photons
based on the concept of a three-beam stimulated resonant photon collider with focused
short-pulse lasers. Within the current high-intensity laser technology reaching the pulse
energy 1 J, we found that the searching method can probe ALPs in the eV mass range down
to g/M = O(10−14) GeV−1. This sensitivity is sufficient to test the unexplored domain
motivated by the miracle model as well as the benchmark QCD axion models.
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Abstract: Toward the systematic search for axion-like particles in the eV mass range, we proposed
the concept of a stimulated resonant photon collider by focusing three short pulse lasers into a
vacuum. In order to realize such a collider, we have performed a proof-of-principle experiment with
a set of large incident angles between three beams to overcome the expected difficulty to ensure the
space–time overlap between short pulse lasers and also established a method to evaluate the bias
on the polarization states, which is useful for a future variable–incident–angle collision system. In
this paper, we present a result from the pilot search with the developed system and the method. The
search result was consistent with null. We thus have set the upper limit on the minimum ALP-photon
coupling down to 1.5 × 10−4 GeV−1 at the ALP mass of 1.53 eV with a confidence level of 95%.

Keywords: dark matter; axion; axion-like particle; ALP; inflaton; laser; stimulated resonant photon
collider; four-wave mixing

1. Introduction

Present space observations consistently estimate that 95% of the energy density balance
of the Universe is occupied by dark matter and dark energy. Among the dark components,
axion [1–4] is one of the most rational candidates for cold dark matter (CDM) [5–7], which
is supposed to be created via spontaneous breaking of the Peccei–Quinn symmetry [8] in
order to solve the strong CP problem [9]. Furthermore, axion-like particles (ALPs), which
set free the relation between mass and coupling unlike the QCD axion, are also widely
discussed. Some of them are scalar-type of fields such as dilaton [10] and chameleon [11] in
the context of dark energy.

In this paper, we focus on the following interaction Lagrangian between a pseudoscalar-
type ALP, φa, and two photons

−L =
1
4

g
M

Fμν F̃μνφa (1)

where Fμν = ∂μ Aν − ∂ν Aμ is the field strength tensor and its dual F̃μν ≡ 1
2 εμναβFαβ with

the Levi–Civita symbol εijkl , and g is a dimensionless constant while M is an energy at
which a global continuous symmetry is broken.

Among many types of ALPs, a model, miracle [12], unifying inflation and dark matter
into a single pseudoscalar-type ALP predicts the ALP mass and its coupling to photons in
a range overlapping with those of the benchmark QCD axion models [3,4,13,14] in the eV
mass range. Moreover, very recently, a scenario of thermal production of cold “hot dark
matter” [15] and a new kind of axion model from the Grand Unified Theory (GUT) based
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on SU(5) × U(1)PQ [16] predict ALPs in the eV mass range as well. Therefore, specifically,
the ALP mass range in O(0.1 − 1) eV at the coupling g/M ∼ 10−11 GeV−1 is the intended
range of this study. A typical photon energy of laser fields, O(1) eV, is thus suitable for a
photon collider targeting this mass range.

We have proposed a method to directly produce an ALP resonance state and simulta-
neously stimulate its decay by combining two-color (creation and inducing) laser fields
and focusing them together with a single lens element in vacuum, which is defined as
stimulated resonant photon collisions (SRPC) in a quasi-parallel collision system (QPS) [17].
In order to satisfy a resonance condition for the direct production of an ALP, the range of the
center-of-mass system energy, Ecms, between two photons selected from a focused creation
laser beam must include the ALP mass, ma. Thus, the condition is simply expressed as

Ecms = 2ωc sin θc = ma (2)

with a common creation laser photon energy ωc and an angle 2θc between the two photons.
Since a typical photon energy in lasers is around eV, SRPC in QPS has been employed as a
way to access sub-eV ALPs with a long focal length [18–23].

In order to access a higher mass range above eV, unless an unrealistically short focal
length is assumed, we cannot access a higher mass in QPS if we keep the same photon
energy in the beams. On the other hand, increasing photon energy by more than one
order magnitude via optical nonlinear effects is a trade-off with reduction of the beam
intensity, that is, the sensitivity to weak coupling domains is reduced. We thus have
extended the formulation for SRPC with a single focused beam after combining two lasers
in QPS [24] to SRPC with three separated focused beams (tSRPC) [25] as illustrated in
Figure 1. We can introduce a symmetric incident angle of θc for the two beam axes of
creation lasers (green); however, two incident photons from the focused two beams indeed
have different incident angles ϑ1 and ϑ2 from θc with different energies ω1 and ω2 from ωc,
respectively, in general. The incident angle fluctuations around the beam axes are caused
by momentum fluctuations at around the focal point, while energy uncertainties are caused
by nearly Fourier transform limited short-pulsed lasers. These fluctuations are, in principle,
unavoidable due to the uncertainty principle in momentum-energy space. Accordingly the
exact resonance condition is modified as

Ecms = 2
√

ω1ω2 sin
(

ϑ1 + ϑ2

2

)
= ma. (3)

The inducing beam with the central energy ωi (red) is simultaneously focused into the
overlapping focal points between the two creation beams, and part of the beam represented
as ω4 enhances the interaction rate of the stimulated scattering resulting in emission of sig-
nal photons with the energy ω3 (blue), which satisfies energy–momentum conservation. In
order to reflect realistic energy and momentum distributions in the three beams, numerical
calculations are eventually required to evaluate the stimulated interaction rate [25]. Thanks
to the broadening of Ecms due to these uncertainties, however, the sensitivity to a target
ALP mass will also have a wide resolution around the mass, which allows a quick mass
scan if we vary θc with a consistent step with the mass resolution.

On the other hand, synchronization of tightly confined pulses in space–time is required
for tSRPC, which increases the experimental difficulty. In a photodetector with electric
amplification, the time resolution is O(10) ps at most. For the duration of creation laser
pulses about 40 fs, such a conventional detection technique is not applicable for ensuring
synchronization of creation laser beams. Therefore, we consider utilization of nonlinear
optical effects in a thin BBO crystal. Second harmonic generation (SHG) via the 2nd order
nonlinear optical effect in BBO can be used for the synchronization between two creation
beams. As for the three-beam synchronization, the third order nonlinear optical effect, four-
wave mixing (FWM), in the same crystal can be used. For the purpose of synchronization,
the atomic processes are quite important, while the atomic FWM becomes the dominant
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background source with respect to FWM in vacuum, that is, generation of ω3 photons via
ALP-exchange in tSRPC. This is because both atomic and ALP-exchange processes require
energy–momentum conservation between four photons, and the signal photon energy ω3
becomes kinematically almost identical.

Figure 1. Concept of a three-beam stimulated resonant photon collider (tSRPC) with focused coher-
ent beams.

In this paper, we will present a result of the pilot ALP search based tSRPC in the
air as a proof-of-principle experiment that demonstrates that the aforementioned method
practically works to guarantee the space–time synchronization between the three beams by
setting a large collision angle of the creation lasers at θc = 30 deg to learn the real technical
complications toward the continuous mass scanning by systematically varying θc in the
near future search.

In the following sections, we describe the experimental setup and the synchronization
methods in the pilot ALP search, the method for analyzing the acquired data, how to set the
exclusion limits, and, finally, conclude the search results and discuss future plans toward
the continuous ALP mass scanning.

2. Experimental Setup

Figures 2 and 3 show a schematic drawing of the searching setup and the photographs
of the setup with the three focused laser spots at a thin cross-wire target, respectively. We
used a Ti:Sapphire laser (T6-system) with ∼40 fs duration and a Nd:YAG laser with 9 ns
duration for the creation and inducing fields, respectively. Both of them are available in
the Institute for Chemical Research in Kyoto University. The central wavelengths of these
lasers were 808 nm and 1064 nm, respectively. Creation laser pulses were injected into a
beam splitter (BS) and bifurcated to prepare for two creation fields with the guaranteed
synchronization. In this case, one of the creation lasers transmits BS, so the duration of the
pulse is slightly elongated. Therefore, in principle, there is a finite duration difference in the
two pulses (τc1, τc2). The central wavelength of signal photons is expected to be 651 nm via
FWM: ωc1 +ωc2 −ωi with creation photon energies ωc1 and ωc2, respectively, and inducing
photon energy ωi. In addition to energy conservation, momentum conservation requires
the following angle relation: θi = 39.1◦ and the most probable ϑ3 = 22.7◦ for θc = 30.0◦
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resulting in the resonant mass ma = 1.53 eV with respect to the given central photon
energies. Spacetime synchronization at the interaction point (IP) is required between two
creation pulses branched at BS. Thus, a delay line (DL) equipped with a retroreflector (RR)
was constructed on an motorized-stage at one of the creation laser paths (upper green
line in Figure 2). By adjusting the position of RR along DL, the timing for the two pulse
incidence at IP can be synchronized. In contrast, the inducing laser pulses were electrically
triggered by a clock source synchronized with an upstream oscillator dedicated for the
creation laser, and the injection timing was controlled by a Q-switch based on arrival times
to two fast photodiodes (PD1, PD2) for one of two creation pulses and for inducing pulses
by looking at an oscilloscope.

Figure 2. Schematic drawing of the search setup.

Figure 3. Photographs of the search setup (left) and the three focused laser spots (right) at a common
thin cross-wire target.

Individual beams were focused into IP via periscopes (PSc1, PSc2, PSi) at 30◦ for the
creation lasers and 39◦ for the inducing laser as shown in Figure 2. These incident angles
and signal outgoing angle were determined so that the central signal wavelength from
FWM becomes 651 nm via energy–momentum conservation.
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Typically, a mirror is designed to maximize reflectivity at an angle of incidence (AOI)
of 45◦ and thus a reflection angle of 45◦ which can maintain linearly polarized states with
respect to linearly polarized incident beams. A periscope (PS) consists of a pair of mirrors
aligned vertically with AOI of 45◦ while it can emit a beam in any directions by changing the
optical axis (beam height). Thus, in the near future, we will be able to scan collision angles
between the two creation beams by the introduction of PS. However, if we use PS to rotate
emission directions at arbitrarily large angles, polarization states of beams will become
elliptic in general. Furthermore, one of the creation laser paths contains RR, and it can also
be a source of changing elliptical polarization states. Therefore, it is necessary to introduce
complex Jones vectors for representing the polarization vectors with two independent
angle parameters. The two angles representing the polarization state of the two creation
lasers were determined by measuring Stokes parameters as explained in Appendix A. On
the other hand, the inducing laser was set to circular polarization (left-handed) using a λ/4
plate. This is because the theoretical interface is prepared for generally polarized states
for the creation lasers and circularly polarized states for the inducing laser [24] in order to
avoid complication on the numerical calculations to estimate inducible momentum ranges
in the final state [21,24].

The two creation lasers and the inducing laser were focused at IP with lenses Lc1, Lc2
and Li, respectively, with a common focal length of f = 300 mm as shown in Figure 2.
IP was equipped with a special holder vertically consisting of a cross-wire of 10 μm
thickness, a BBO crystal which is a nonlinear crystal of 50 μm thickness, and a no target
state (air) as shown in the insets of Figures 2 and 3. By attaching this special holder to
the z-axis stage, cross-wire (spatial overlap), BBO (time synchronization), and no target
state (search experiment) can be switched independently of the other optical elements.
The camera systems (Cc1, Cc2, Ci) and photodetectors were located downstream from IP.
Since individual camera systems are installed on motorized-stages, they can be moved to
appropriate positions for checking the spatial overlap of the three beam spots, the time
synchronization between the two or three laser pulses and performing searches, depending
on the purposes. The spatial overlap was ensured by aligning the center of individual laser
spots to the crossed point of the two thin wires as shown in the three pictures in Figure 3.
The beam waist for the inducing laser was enlarged compared to those of the creation lasers
so that the creation laser spots could be stably included in the volume of the inducing field.

After ensuring the spatial overlap between the three beams at IP, time synchronization
was first performed with the two creation lasers. The duration of the creation laser pulses
was ∼40 fs. It is impossible to ensure synchronization using a conventional photodetector
due to the limited time resolution of at most ∼10 ps. Therefore, space–time synchronization
was confirmed by observing second harmonic generation from the BBO crystal, which
is known as a fast nonlinear optical effect with O(fs) resolution when two high-intensity
pulses spatiotemporally overlap. DL was actually adjusted by measuring the number of
second harmonic photons as a function of RR position. In addition to the two creation
pulse overlap, when the inducing laser spatiotemporally overlaps with the creation pulses,
FWM in BBO may also be produced. A second harmonic from the two creation pulses
and FWM from the three pulse overlap emerge at different angles. We note that FWM
must conserve energy–momentum, while the second harmonic conserves energy but not
necessarily momentum because translation symmetry is broken in the BBO crystal.

Second harmonic was detected using a photomultiplier tube (PMT2) by selecting a
second harmonic of the creation laser wavelength, 404 nm, by a band-pass filter (BPF2).
Fifteen band-pass filters (BPFs) were placed in front of the PMT for FWM detection (PMT1)
in order to mainly remove residual beam photons. The BPFs were installed in multiple
layers of three types of BPFs so that they eliminate wavelengths of the creation laser and
the second harmonic of the creation laser, the inducing laser and its second harmonic. In
this way, PMT1 can detect photons only in the proper energy band consistent with FWM.
Second harmonic and FWM photons from BBO ensured the space–time synchronization of
the three lasers. Since the duration of the inducing laser was 9 ns, the time resolutions of
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a typical photo-device, ∼40 ps, were sufficient to adjust arrival time difference between
second harmonic and FWM photons, both of which were measured with photomultipliers
with the same time resolution of 0.75 ns. After the space–time synchronization between
the three beams was ensured, the vertical position of the holder was set at the no-target
position, and we conducted the search experiment.

3. Space–Time Synchronization

As shown in the pictures of the three beam spots in Figure 3 (right), the centers of the
three beams’ focal spots were adjusted at the crossed point of the crossed wires of 10 μm
thickness. This guarantees the spatial overlap between the three beams.

Figure 4 shows a picture of oscilloscope waveforms when space–time synchronization
between three beams was satisfied, where photodiode signals PD1 (creation laser), PD2
(inducing laser), and signals from photomultipliers PMT2 (second harmonic generation
from BBO), PMT1(four-wave mixing from BBO) in Figure 2 are simultaneously displayed.
When the BBO crystal was inserted to the position of IP, we clearly confirmed the time
synchronization between the three beams.

Figure 4. Photograph of oscilloscope waveforms from the four photodetectors in Figure 2. Four-wave
mixing (FWM) photons were clearly observed when a thin BBO crystal was positioned at IP.

For a fine timing tuning between the two creation short pulses, we took a look at the
number of FWM photons detected by PMT1 as a function of stage position in the delay line
(DL) in Figure 2. Figure 5 shows the clear peak structure at the best synchronization point.

Figure 5. Observed number of FWM photons as a function of stage position in the delay line for a
fine timing tuning between two creation laser pulses when a thin BBO crystal was positioned at IP.

4. Data Analysis

PMT1 detects photons from various background sources in addition to signal photons
via FWM. The number of photons detected by PMT1 contains photons or photon-like
events in the following four categories: the number of signal photons, nsig, originating from
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the combination between the creation and inducing laser pulses, the number of background
photons, nc, originating from only the creation laser pulses, the number of background
photons, ni, originating from only the inducing laser pulses, and the number of noise
photons, np, when no beam exists, that is, pedestal. In order to extract the number of
signal photons, the number of photons in the above three background categories must
be subtracted. Therefore, in the search experiment, both the creation and inducing laser
pulses were injected at different irregular intervals of 5 Hz as illustrated in Figure 6 in
order to successively form the four patterns. The number of measured photons in each
pattern is expressed as Equation (4). The number of photons detected in P-pattern, NP, is
the pedestal component from environmental noises including thermal noise from PMT1.
The number of photons detected in C- and I-pattern, NC, and NI , respectively, include the
number of photons originating from individual laser focus such as plasma creation on top
of the pedestals. The number of photons detected in S-pattern, NS, includes the number of
signal photons on top of all the other background sources:

NS = nsig + nc + ni + np

NC = nc + np

NI = ni + np

NP = np

(4)

Figure 6. Four patterns of the beam combination between the two laser pulses where the green and
red pulses are respectively creation and inducing laser pulses. The classifications are: S for two laser
pulses, C for only the creation laser pulses, I for only the inducing laser pulses, and P for pedestals
without laser pulses.

These four patterns were substituted into Equation (5), in order to extract the observed
number of FWM photons

nobs = NS − (NC − NP)− (NI − NP)− NP. (5)

In the search, the two photodiodes (PD1, PD2) were placed downstream of the inter-
action point (IP) in Figure 2. Four patterns, S, I, C, and P, were defined based on analog
waveforms obtained from PD1 and PD2 assigned for the creation and inducing lasers,
respectively. The number of photons was reconstructed from the voltage–time relation of
analog signals from PMT1 with a waveform digitizer and applying a peak-finding algo-
rithm to simultaneously determine the number of photons and their arrival times from
falling edges of amplitudes of waveforms. The details of these instruments and the peak
analysis method are described in [22].

In advance of the search, the expected arrival time of FWM photons in vacuum was
determined by the arrival timing of FWM photons in BBO, which ensures space–time
synchronization between focused three laser pulses. Figure 7 shows the arrival time
distribution of FWM photons from BBO, where 1000 shots in S-pattern without background
subtraction from the other patterns are shown. In the following analysis, nobs always
implies the number of observed FWM photons by integrating photon-like charges in PMT1
within the arrival time window of 2.5 ns, which is indicated by the two vertical lines in
Figure 7.
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Figure 7. Arrival time distribution of FWM photons via the atomic process when a BBO crystal was
placed at IP and space–time synchronization was ensured by PMT1. The red lines thus provide the
expected time window for FWM photons via ALP-exchange to arrive.

5. Search Results

Figure 8 shows arrival time distributions of photons in individual patterns. The
histograms in S, C, I, and P patterns are shown in the upper left (blue), upper right (green),
lower left (pink), and lower right (gray), respectively. The expected arrival time windows
were indicated by the two vertical lines. The total number of laser shots was 48,000 in the
four patterns and thus the valid statistics in the S-pattern was 12,000 shots. Figure 9 shows
arrival time distributions after subtraction with Equation (5). The interval between the
two vertical lines represents the expected arrival time window of FWM photons. Thus, the
number of FWM photons was evaluated by summing charges in PMT1 within this window
and dividing the sum by a single-photon equivalent charge. As a result, the observed
number of FWM photons, nobs, was null within the error size as follows:

nobs = −17.4 ± 28.4(stat.)± 9.8(syst.I)± 5.4(syst.II) + 22.4 − 15.2(syst.III). (6)

The first systematic error (syst.I) was estimated by calculating the root-mean-square
of the number of photon-like noise excluding the expected arrival time window of FWM
photons. This corresponds to the baseline uncertainty of the PMT1 connected to the
waveform digitizer in the real noise environment. The second systematic error (syst.II)
was obtained by changing the default internal threshold −1.3 mV in the peak finder from
−1.2 to −1.4 mV with the assumption of the uniform distribution. The details of the peak
finding method are explained in [20,22]. The third systematic error (syst.III) was evaluated
by changing the expected arrival time window size for FWM photons from 1.5 ns to 3.5 ns
with respect to the most likely arrival time window of 2.5 ns.
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Figure 8. Arrival time distributions of photons with no target state (air) at IP. The histograms in the
upper left, upper right, lower left, and lower right correspond to S, C, I, and P patterns of beam
combinations, respectively. The interval between the two red lines in the S-pattern indicates the
expected time windows for FWM photons via ALP-exchange to arrive.

Figure 9. Arrival time distribution of reconstructed photons after subtraction between the four
patterns based on Equation (5) over the entire time range in Figure 8. The interval between the two
red lines indicates the expected time windows for FWM photons via ALP-exchange to arrive.

6. Exclusion Region in the Coupling-Mass Relation for ALP-Exchange

Since we have obtained the null result in Section 5, we set an exclusion region in
the coupling-mass relation for the ALP exchange based on the formulation for the signal
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photon yield given in [25] and the measured total error size as follows. The signal photons
yield in stimulated resonant scattering per pulse collision, Yc+i, is expressed as [25]

Yc+i ≡ N1N2N4Dthree

[
s/L3

]
Σ̄I

[
L3/s

]
, (7)

where N1(= Nc1), N2(= Nc2), and N4(= Ni) are the average numbers of photons contain-
ing individual lasers, respectively, Dthree is a factor representing the space–time overlap
of focused three beams at the interaction point [25], and Σ̄I is the volume-wise interaction
rate [21,24]. Individual units are given in [ ] with length L and time s.

Based on the set of experimental parameters P summarized in Table 1, the observed
number of FWM photons via an ALP exchange with the mass ma and the coupling g/M to
two photons is expressed as

nobs = Yc+i(ma, g/M; P)Nshotε, (8)

where Nshot is the number of shots in the S-pattern, and ε is the overall detection efficiency.
A coupling constant g/M can be evaluated by solving Equation (8) for an ALP mass ma
and a given observed number of photons nobs.

Table 1. Experimental parameters used to obtain the upper limit.

Parameter Value

Central wavelength of creation laser, λc1 808 nm
Relative linewidth of creation laser, δωc1/< ωc1 > 1.7 × 10−2

Duration time of creation laser, τc1 (38.8 ± 1.4) fs (FWHM)
Measured creation laser energy per τc1, Ec1 (1.21 ± 0.13) μJ
Creation energy fraction within 3 σxy focal spot, fc1 0.82
Effective creation energy per τc1 within 3 σxy focal spot Ec1 fc1 = 1.0 μJ
Effective number of creation photons, Nc1 4.0 × 1012 photons
Beam diameter of creation laser beam, dc1 (5.0 ± 0.5) mm
Polarization (see Appendix A) εc1 = 0.41 rad, θc1 = 0.30 rad

Central wavelength of creation laser, λc2 808 nm
Relative linewidth of creation laser, δωc2/< ωc2 > 1.7 × 10−2

Duration time of creation laser, τc2 (39.2 ± 1.7) fs (FWHM)
Measured creation laser energy per τc2, Ec2 (1.52 ± 0.14) μJ
Creation energy fraction within 3 σxy focal spot, fc2 0.85
Effective creation energy per τc2 within 3 σxy focal spot Ec2 fc2 = 1.3 μJ
Effective number of creation photons, Nc2 5.2 × 1012 photons
Beam diameter of creation laser beam, dc2 (5.0 ± 0.5) mm
Polarization (see Appendix A) εc2 = 0.91 rad, θc2 = −0.31 rad

Central wavelength of inducing laser, λi 1064 nm
Relative linewidth of inducing laser, δωi/< ωi > 1.0 × 10−4

Duration time of inducing laser beam, τibeam 9 ns (two standard deviation)
Measured inducing laser energy per τibeam, Ei (1.58 ± 0.05) μJ
Linewidth-based duration time of inducing laser, τi/2 h̄/(2δωi) = 2.8 ps
Inducing energy fraction within 3 σxy focal spot, fi 0.88
Effective inducing energy per τi within 3 σxy focal spot Ei(τi/τibeam) fi = 0.87 nJ
Effective number of inducing photons, Ni 4.7 × 109 photons
Beam diameter of inducing laser beam, di (3.0 ± 0.5) mm
Polarization circular (left-handed state)

Common focal length of lens, f 300.0 mm
Single-photon detection efficiency, εdet 1.4%
Efficiency of optical path from IP to PMT, εopt 53%

Total number of shots in trigger pattern S, Nshot 12,000 shots
δnobs 37.9
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When counting photon-like peaks by the peak finding algorithm in waveforms, fluc-
tuations of the baseline may produce both positive and negative amplitudes resulting in
negative numbers of photon-like peaks as well as positive ones. Thus, even if the mean
value is zero, we assume a Gaussian distribution to be the most natural null hypothesis.
The confidence level for this null hypothesis is defined as

1 − α =
1√
2πσ

∫ μ+δ

μ−δ
e−(x−μ)2/(2σ2)dx = erf

(
δ√
2σ

)
, (9)

where μ is the expected value of x according to the hypothesis and σ is the standard
deviation. In the search, the expected value x corresponds to the number of FWM photons
nobs, and σ is one standard deviation δnobs. Based on (6) which indicates μ = 0 because
of the null result, we determined the acceptance-uncorrected uncertainty δnobs around
nobs = 0 as the root mean square of all the error components as follows:

δnobs =
√

28.42 + 9.82 + 5.42 + 22.42 
 37.9 (10)

where the larger error on the positive side (+22.4) was used for syst.III in (6). In order to set
a 95% confidence level, 2α = 0.05 with δ = 2.24 was used to obtain the one-sided upper
limit by excluding x + δ [26]. The upper limit in the relation ma vs. g/M was estimated by
numerically solving Equation (11) with δnobs in (10) for the set of experimental parameters
P in Table 1

2.24δnobs = Yc+i(ma, g/M; P)Nshotε, (11)

where Nshot = 12,000, and the overall efficiency ε ≡ εoptεdet with the optical path acceptance
from IP to PMT1, εopt, and the single photon detection efficiency of PMT1, εdet, were
substituted. εopt was obtained by using the continuous He:Ne laser mimicking the path of
signal photons as indicated in Figure 2 by taking the ratio between the laser intensity at IP
and that measured at the PMT1 position with a common CCD camera. εdet was measured
in advance using another pulse laser combined with a beam splitter system so that an equal
number of photons were prepared between the two paths. By taking the ratio between the
number of incident photons in one path and the number of counted photons by PMT1 in
the other path, εdet was determined.

Figure 10 shows the upper limit in the coupling-mass relation from this search, the
three-beam stimulated resonant photon collider (tSRPC00) enclosed by the red solid curve.
The limit was set at a 95% confidence level by assuming only pseudoscalar-type ALP
exchanges. The most sensitive ALP mass in this search is expected to be ma = 1.53 eV
because the creation lasers have a fixed collision angle of 30◦. In reality, however, the
sensitivity is not limited to ma = 1.53 eV because of energy and momentum uncertainties
of focused short pulse lasers. These uncertainties are exactly taken into account in the
numerical calculation based on Equation (7) [25]. The magenta area indicates the excluded
range based on SRPC in quasi-parallel collision geometry (SAPPHIRES01) [23]. The pur-
ple areas are excluded regions by the Light Shining through a Wall (LSW) experiments
(ALPS [27] and OSQAR [28]). The gray area shows the excluded region by the vacuum
magnetic birefringence (VMB) experiment (PVLAS [29]). The light-cyan horizontal solid
line indicates the upper limit from the search for eV (pseudo)scalar penetrating particles in
the SPS neutrino beam (NOMAD) [30]. The horizontal dotted line indicates the upper limit
from the Horizontal Branch observation [31]. The blue areas indicate exclusion regions
from the optical MUSE-faint survey [32]. The green area is the excluded region by the helio-
scope experiment CAST [33–36]. We also put predictions from the benchmark QCD axion
models. The yellow band and the upper solid brown line are the predictions from the KSVZ
model [3,4] with 0.07 < |E/N − 1.95| < 7 and E/N = 0, respectively, while the bottom
dashed brown line is the prediction from the DFSZ model [13,14] with E/N = 8/3. The
cyan lines are the predictions from the ALP miracle model [12] with the intrinsic parameters
cγ = 1, 0.1, 0.01.
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Figure 10. Upper limit in the parameter space of the coupling-mass relation (region enclosed by the
red solid curve) evaluated at a 95% confidence level for the pseudoscalar field exchange achieved
by the three-beam stimulated resonant photon collider (tSRPC00). The magenta area indicates the
excluded range based on SRPC in quasi-parallel collision geometry (SAPPHIRES01) [23]. The purple
areas are excluded regions by the Light Shining through a Wall (LSW) experiments (ALPS [27] and
OSQAR [28]). The gray area shows the excluded region by the vacuum magnetic birefringence (VMB)
experiment (PVLAS [29]). The light-cyan horizontal solid line indicates the upper limit from the search
for eV (pseudo)scalar penetrating particles in the SPS neutrino beam (NOMAD) [30]. The horizontal
dotted line indicates the upper limit from the Horizontal Branch observation [31]. The blue areas
indicate the excluded regions from the optical MUSE-faint survey [32]. The green area is the excluded
region by the helioscope experiment CAST [33–36]. The yellow band and the upper solid brown
line are the predictions of QCD axion by the KSVZ model [3,4] with 0.07 < |E/N − 1.95| < 7 and
E/N = 0, respectively. The bottom dashed brown line is the prediction from the DFSZ model [13,14]
with E/N = 8/3. The cyan lines are the predictions from the ALP miracle model [12] with the intrinsic
parameter values cγ = 1, 0.1, 0.01, respectively.

7. Conclusions and Future Prospects

We presented a result of the pilot ALP search by a three-beam stimulated resonant
photon collider (tSRPC) with focused short pulse lasers in the air as a proof-of-principle
experiment. We demonstrated that the space–time synchronization between a pair of short
creation laser pulses with a large incident angle of 30 deg, and a relatively long-duration
inducing laser pulse can be ensured by atomic four-wave mixing with a thin BBO crystal
positioned at the interaction point. The search result was consistent with null, and we could
successfully obtain an exclusion region in the minimum coupling g/M = 1.5× 10−4 GeV−1

at m = 1.53 eV based on the formulation dedicated for tSRPC [25]. We found the solutions
to technical complications to handle three focused short-pulsed beams and the impact on
the physics, in particular, on the polarization states of creation beams by the introduction
of periscopes, which is an important optical element to realize variable incident angles at
a tSRPC.

The pilot search was indeed performed at a narrow mass range indicated by the angle
points as a function of ALP mass as shown in Figure 11. Our prospect is to cover the broad
mass range in the eV scale [25]. Toward the continuous mass scanning over the eV range
with much higher laser intensity in the near future, the technical solutions developed in
this pilot search will enable a realistic designing for a more compact tSRPC operational in a
vacuum chamber. Although the pilot search with the low laser intensity looks dominated
by the large systematic uncertainty, the uncertainty is actually dominated by electric noise
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in the experimental environment, which is independent of the increase of laser intensity,
while the signal yield is increased by the cube of laser intensity. Therefore, the method we
demonstrated opens up a new window toward very feeble coupling of ALPs to photons by
increasing laser intensity in the near future.

Figure 11. Expected incident angles of creation and inducing lasers, θc and θi, respectively, as a
function of ALP mass when two wavelengths of creation (808 nm) and inducing lasers (1064 nm) are
assumed, resulting in the fixed wavelength of FWM signals, 651 nm, in vacuum.
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Appendix A. Two Angle Parameters for Jones Vectors Representing General

Polarization States

As mentioned in Section 2, incident angles of individual lasers were set at 30◦ for the
two creation lasers with respect to the horizontal dashed line including IP as shown in

118



Universe 2023, 9, 123

Figure A1 through periscopes PSc1 and PSc2, respectively. We adopted PS to introduce a
large collision angle because it could reflect a laser beam to any angles changing the beam
height thanks to a vertical pair of mirrors with an incident angle of 45◦ and a reflection
angle of 45◦ inside PS. However, if the output direction is rotated by PS to a large angle, a
linear polarization state of an incident laser beam becomes elliptically polarized. Therefore,
it is necessary to measure Stokes parameters to obtain ellipticity angle ε and tilt angle θ
of a complex Jones vector defined as follows that represents elliptically polarized states
in general (

e1
e2

)
=

(
cos θ − sin θ
sin θ cos θ

)(
cos ε

−i sin ε

)
=

(
cos θ cos ε + i sin θ sin ε
sin θ cos ε − i cos θ sin ε

)
. (A1)

Figure A1. Schematic view of the setup to evaluate two angle parameters to define Jones vectors
for the two creation lasers based on Stokes parameters. A polarizer (POL) was placed between a
periscope (PS) and a lens (L) in each beamline. Stokes parameters were obtained by measuring
transmitted laser intensity through POL at four different rotation angles by using individual cameras
Cc1 and Cc2 assigned for the two creation lasers.

Complex Jones vectors were actually implemented to polarization vectors in four-
vector form e ≡ (0, e1, e2, 0) to define vertex factors for the ALP-photon coupling in the
numerical calculation to obtain volume-wise interaction rates Σ̄I in Equation (7) (see
Ref. [24] in more detail).

To obtain these two angles in complex Jones vectors for the two creation lasers, a
polarizer (POL) was placed between a periscope (PS) and a lens (L) for each of the two
creation laser lines as shown in Figure A1. Rotation angles of POL around the optical axis
were set to select a linear polarization direction of 0◦(horizontal), 90◦(vertical), 45◦, and
135◦. The Stokes parameters, which can be converted into the two angle parameters for
complex Jones vectors, were obtained by measuring laser intensities monitored by cameras
(Cc1, Cc2) after laser lights pass through a rotated POL set at the four rotation angles above.
A set of Stokes parameters can be related to two angle parameters of a complex Jones vector
as follows: ⎛

⎜⎜⎝
S0
S1
S2
S3

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

|EH |2 + |EV |2
|EH |2 − |EV |2

|E45◦ |2 − |E135◦ |2
|EL|2 − |ER|2

⎞
⎟⎟⎠ = S0

⎛
⎜⎜⎝

1
cos 2ε cos 2θ
cos 2ε sin 2θ

sin 2ε

⎞
⎟⎟⎠ (A2)

where EH , EV , E45◦ , E135◦ , andEL, ER are the amplitudes for linear polarization cases with
the polarization direction of horizontal, vertical, 45◦, 135◦, and for left- and right-handed
circular polarization cases, respectively. In the search experiment, we did not measure the
right-handed and left-handed laser amplitudes because we only have to obtain the two
angle parameters: εk and θk for k = c1, c2 from S0, S1 and S2.
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The two angle parameters for the Jones vector in the creation laser path without
retroreflector (RR) (lower side of the green optical path in Figure A1) were εc1 = 0.41 rad,
θc1 = 0.30 rad, while those in the path with RR were εc2 = 0.91 rad, θc2 = −0.31 rad as
summarized in the following relation:

⎛
⎜⎜⎝

Sc10
Sc11
Sc12
Sc13

⎞
⎟⎟⎠ = A2

c1

⎛
⎜⎜⎝

1
cos 2εc1 cos 2θc1
cos 2εc1 sin 2θc1

sin 2εc1

⎞
⎟⎟⎠ = A2

c1

⎛
⎜⎜⎝

1
cos (0.82) cos (0.60)
cos (0.82) sin (0.60)

sin (0.82)

⎞
⎟⎟⎠ (A3)

⎛
⎜⎜⎝

Sc20
Sc21
Sc22
Sc23

⎞
⎟⎟⎠ = A2

c2

⎛
⎜⎜⎝

1
cos 2εc2 cos 2θc2
cos 2εc2 sin 2θc2

sin 2εc2

⎞
⎟⎟⎠ = A2

c2

⎛
⎜⎜⎝

1
cos (1.82) cos (−0.62)
cos (1.82) sin (−0.62)

sin (1.82)

⎞
⎟⎟⎠ (A4)

where A2
c1,c2 correspond to intensities measured by Cc1,c2, respectively. The ellipticity angle

for the creation laser containing RR was closer to π/4 than that of the other creation laser
because the incident angle of 45◦ and the reflection angle of 45◦ were not guaranteed
within RR, while the tilt angles were opposite to each other as expected. Therefore, the two
creation lasers indeed had very different angle parameters, and these factors were taken
into account for the numerical calculation to set the exclusion region.
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Abstract: We aim to search for axion-like particles in the eV mass range using a variable-angle
stimulated resonance photon collider (SRPC) with three intense laser beams. By changing angle of
incidence of the three beams, the center-of-mass-system collision energy can be varied and the eV
mass range can be continuously searched for. In this paper, we present the design and construction of
such a variable-angle three-beam SRPC (tSRPC), the verification of the variable-angle mechanism
using a calibration laser, and realistic sensitivity projections for searches in the near future.

Keywords: dark matter; axion; axion-like particle; ALP; inflaton; laser; stimulated resonant photon
collider; four-wave mixing

1. Introduction

Some of the unsolved problems of the Standard Model may be answered by new par-
ticles in the low-mass region, which have not yet been fully explored. Nambu–Goldstone
bosons (NGBs), which are supposed to be ideally massless, may appear whenever global
continuous symmetries spontaneously break [1–3]. Axions [4,5] are a representative can-
didate for such new fields in the low-mass range because an axion is a pseudo Nambu–
Goldstone boson (pNGB) arising from spontaneous breaking of the Peccei–Quinn
symmetry [6] introduced to solve the strong CP problem [7] in the context of Quantum
ChromoDynamics (QCD). Moreover, if an axion weakly couples with matter fields, it can
be a natural candidate for dark matter in the Universe [8–10]. More generalized low-mass
particles are called Axion-Like-Particles (ALPs), some of which can also be reasonable dark
matter candidates.

Many experiments have been conducted to detect ALPs focusing on their coupling to
photons given by the following interaction Lagrangian L = − 1

4
g
M Fμν F̃μνa, where a is an

ALP field, Fμν is the electric field strength, F̃μν is its dual, and g/M is the coupling constant
with dimensionless parameter g and M denoting an energy scale at which a symmetry
breaking takes place. From the experimental point of view, a mass range between 0.001 and
10 eV has not been intensively explored, especially by laboratory-based experiments. In
addition to the QCD axion scenario, a model miracle predicts the existence of an ALP in the
mass range 0.01∼1 eV as a possible explanation for both inflation and dark matter [11,12]. It
is thus very intriguing to conduct search experiments using laser fields in the near-infrared
region in order to have sensitivities to the eV range.

We have been performing the ALP search based on the concept of Stimulated Resonant
Photon Collider (SRPC) [13–15]. In this method, a single pulsed creation laser is focused
and two arbitrary photons included in the field collide with each other, resulting in the
production of an ALP and another pulsed inducing laser simultaneously stimulates its
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decay. This method does not require any assumptions except the interaction Lagrangian,
and is thus independent of any cosmological and astrophysical models. In our previous
study of a quasi-parallel collision system, we focused two lasers into the same optical
axis and collided them at a shallow incident angle to search for ALPs in the sub-eV mass
range [15–19]. Recently, we have proposed and demonstrated a pilot search for heavier
ALPs based on a three-beam stimulated resonant collider (tSRPC) [20,21]. In the near future,
we plan to search for ALPs by continuously changing collision angles in the eV mass range.

In this paper, we present the design and construction of a three-beam SRPC that can
continuously scan the eV mass range by changing the incident angles of the three colliding
lasers. We then show the verification of the mechanism of collision angle changes for
individual mass range using a He:Neon laser for the calibration purpose. In the following
sections, we first discuss a choice of the basic design to introduce the variable collision
angles. Secondly, we introduce the concrete design for the variable-angle stimulated
resonant photon collider by taking several aspects of calibration steps into account. Thirdly,
we provide the verification of the selected mechanism using the calibration laser. We finally
discuss the achievable sensitivity projections based on a realistic experimental parameter
set and conclude the paper.

2. Kinematics in Three-Beam Stimulated Resonant Photon Collider, tSRPC

Figure 1 shows the conceptual drawing of the tSRPC. We consider a case that two
creation laser pulses (green) are focused at the same incident angle θc with the same energy
ωc and similarly an inducing laser pulse (red) is focused with the energy ωi which increases
the interaction rate of stimulated scattering emitting signal photons of energy ωs (blue)
that satisfies energy-momentum conservation. Energy-momentum conservation between
three-beam photons and a signal photon requires the following kinematical relations:

ωc + ωc = ωs + ωi

2ωc cos θc = ωs cos θs + ωi cos θi

ωs sin θs = ωi sin θi.

(1)

Figure 1. Concept of a three-beam stimulated resonant photon collider (tSRPC) with focused coherent
beams [21]. The two focused creation laser beams (green) at the incident angle θc produces an ALP
resonance state and the focused inducing laser beam (red) stimulates its decay. The creation photons
have different energies ω1 and ω2 from the central value of ωc and different incident angles ϑ1

and ϑ2 from θc, respectively. Similarly, the inducing laser (red) with a central wavelength of ωi has
part of the beam with ω4, increasing the emission probability of the signal photon of ω3 (blue) via
energy-momentum conservation.
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Experimentally we first fix beam energies ωc and ωi among available laser wave-
lengths. We then target a ALP mass of ma which coincides with the center of mass system
energy Ecms defined as

ma = Ecms = 2ωc sin θc. (2)

From Equations (1) and (2) the angle of incidence for the inducing beam can be
determined as follows

θi = arccos

⎧⎨
⎩
(

1 − m2
a

4ωcωi

)(
1 − m2

a
4ω2

c

)− 1
2

⎫⎬
⎭. (3)

We emphasize, however, that individual photons within focused beams indeed have
different energies, ω1 and ω2 from ωc and ω4 from ωi. These energy uncertainties are
caused by the Fourier transform-limited short-pulse lasers. In addition, in the focused
fields, the incident angles ϑ1, ϑ2, and ϑ4 are also different from θc and θi, respectively.
Fluctuations in the angle of incidence around the beam axis are caused by momentum
fluctuations near the focal point. Fortunately, these uncertainties give the center-of-mass
collision energy Ecms a finite width via the following relation

Ecms = 2
√

ω1ω2 sin
(

ϑ1 + ϑ2

2

)
. (4)

Thus, ALP mass scanning is possible even though central values, θc, are varied in a
discrete step if the Ecms uncertainty defined by laser pulse duration and the focal parameters
is consistent with the discrete angle step in θc in a search. For more information, see [20].

3. Basic Design to Realize Variable Collision Angles

In order to realize continuously changeable collision angles between three focused
beams, the following two main ideas were considered. Figure 2 (left) shows a natural
way to change collision angles by changing the incident positions of lasers on a parabolic
mirror surface, while Figure 2 (right) shows a focusing system on multi-layered rotating
stages where angles of incidence in the individual layers are changeable by independently
rotating the individual stages.

Figure 2. Two proposals for variable angle mechanisms. The green beams are creation lasers, the red
beam is an inducing laser, and the blue beam indicates signal photons. Left: parabolic mirror type
where the collision angle is changeable by changing the incident position of lasers. Right: rotating
stage type where the collision angle is changeable by assembling a beam focusing system on multiple
rotary stages.
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Table 1 shows a comparison between two ideas based on the advantages and disad-
vantages. While the parabolic mirror type has the advantages of fewer optical components
and readiness of the angle adjustment, it is necessary to prepare a custom-made large-area
mirror to reach heavier mass region with large incident angles θc and θi. The search must be
performed in a vacuum chamber in order to reduce four-wave mixing (FWM) originating
from ambient atoms. Therefore, a large parabolic mirror is not suitable for implementing
it in the vacuum chamber. We also note that the focal length must slightly change for
individual incident angles.

Table 1. Comparison of variable-angle mechanisms.

Item Parabolic Mirror Type Rotary Stage Type

Adjustment easy difficult
Size large compact (vacuum chamber compatible)
Angle range narrow wide
Focal length angle-dependently variable fixed
Flexibility low (custom-ordered mirror) high (catalog items)

On the other hand, the rotary stage type allows scanning over a wide range of incident
angles in a compact size. In addition, it can be constructed using a combination of com-
mercial products, hence having the advantage of flexibility for the design so that we can
replace focusing mirrors as we need. As we demonstrated in the previous pilot search [21],
we indeed found that it was necessary to prepare a space for a target holder at the focal
point to ensure the spatiotemporal synchronization of three pulses, a camera system to
record the beam profile, and a shielding wall to suppress background from beam remnants.
This requires lots of flexibility including changing the focal length, which has an impact
on the sensitivity. However, there is a disadvantage of the rotary stage type in narrow
incident angles because focusing optical elements spatially overlap between two incident
creation beams.

Therefore, in this study, we adopted the hybrid concept combining good futures of the
parabolic mirror type and the rotary stage type depending on incident angles of creation
lasers. For large incident angles, the design is based on the rotary stage type with two
moving stages for individual creation beams while the inducing beam is fixed at an optical
table (LA collider). For narrow incident angles, on the other hand, one of the two creation
beams and the inducing beam share a common parabolic focusing mirror and the mirror is
fixed at the optical table while the remaining creation beam rotates together with a moving
stage (NA collider). In the next section we discuss the relation between LA and NA setups
in detail.

The variable-angle mechanism using the rotary stages associates additional compli-
cations. The rotary stages consist of individual aluminum plates placed on individual
rotating stages. On the individual aluinum plate, a periscope (PS) and a parabolic mirror
(PM) to focus a beam are assembled. The incident angles are changeable by rotating the
stage. Changing incident angles must accompany changes of incident points of laser beams.
However, typically the laser incident point is not readily movable because high-intensity
laser systems are not compact. In order to compensate for this immobility, we introduce
periscope (PS) components as shown in the picture of Figure 3. PS consists of a pair of
mirrors aligned vertically with the angle of incidence (AOI) of 45°. PS can bend a beam in
any directions by rotating the direction of the mirror in the upside of the PS. The height of
an optical axis is changeable by adjusting the relative distance between the two mirrors
in the incident and outgoing sides. The change of incident angles is compensated by the
parallel movement of the mirror (M) along the x-axis rail stage in advance of injection to
the PS. However, since PS reflects a beam to PM with a possibly large angle, it is necessary
to evaluate the effect that the incident linearly polarized state becomes an elliptically po-
larized one. As we demonstrated in the pilot search, the change of the polarization state
can be evaluated based on the measurement of Stokes parameters [21]. In this collision
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system, incident angles are changeable without moving the collision point by setting the
PM’s focal point at the common center of the rotating stages (RSs). The focal spots can be
checked using a camera which also rotates around the center. By stacking layers consisting
of an aluminum plate and a rotating stage, the collision angle of the three beams can be
independently varied. We note, however, that it is not necessary to change the angles of all
three colliding beams. As we discuss later, one of the three beams can be fixed and we have
only to adjust the AOIs of the other two laser beams relative to the fixed one.

Figure 3. Variable angle mechanism using a rotary stage. The incident angle is varied by rotating
a stage assembling a beam-focusing system with a periscope (PS) and a parabolic mirror (PM). By
using a periscope (PS), the angle is changeable only by rotating the periscope (PS) and the mirror (M)
on the x-axis rail stage in front of PS. By setting the parabolic mirror’s focal point at the center of the
rotary stage (RS), the collision point remains fixed even when the incident angle is varied. The focal
spots can be checked using a monitoring camera.

4. Concrete Designs for the Large- and Narrow-Angle Setups

Figure 4 shows side views of the designed collision systems. First, the three beam
interaction point (IP) is defined with the center of two thin crossed wires. The wire target
must be immovable with respect to the multi-layer stage movements as discussed below.
The common layers between the LA and NA collision cases are the bottom signal sampling
layer and the top camera layer to monitor beam profiles at IP. The signal layer is necessary
to move the detection point of generated signal photons because the signal direction must
change depending on collision angles. We introduce two layers for the two creation laser
beams in the LA collision case, while only one layer for one of the two creation laser beams
is necessary in the NA collision case because the other creation and the inducing beams
share a common parabolic mirror which is fixed to the optical table. The breakdown of the
individual layers from the bottom are thus as follows: signal light (black), creation light
1 (cyan), creation light 2 (purple), and camera system (magenta) for LA and signal light
(black), creation light 2 (purple), and camera system (magenta) for NA.
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Figure 4. Side views of designed variable-angle three-beam stimulated resonant photon colliders for
large-angle (left) and narrow-angle (right) setups. Detailed explanations are found in the main text.

At IP, a tower-like spacer is placed to introduce an immovable target which must
be independent of movements of the four or three rotating stages. The target consists
of three components with different positions aligned along a common vertical line: thin
crossed wires to calibrate space overlap between the three beams, a nonlinear optical crystal,
BBO, to calibrate synchronization of three laser pulses, and an empty hole to perform the
search in the vacuum. The target holder is attached to an automated stage that can move
vertically to select the three components depending on the purposes. The dynamic range
of incident angles is determined by the geometric limitation of the optical elements. At
shallow collision angles, parabolic mirrors start interfering with each other, while at wide
collision angles, aluminum layers start interfering with each other.

Figure 5a shows the rotary-stage-type geometries in the LA setup covering a large-
angle range from 24.8 deg (left) to 47.9 deg (right). The search eventually must be conducted
in a vacuum chamber to suppress the atomic background processes. Therefore, we aim at a
compact design that can be housed in a vacuum chamber. The incoming laser from the left
represents the creation beam 1, creation beam 2, and inducing beam (c1, c2, i), respectively.
The beam-like objects after the focal point represent the second harmonic generation (SHG)
and the four-wave mixing photons corresponding signal photons (s). In order to guide the
generated signal photons to a sensor (photomultiplier, PMT), a calibration laser mimicking
signal photon trajectories and the wavelength is necessary. The red inducing beam can be
fixed at the bottom optical table in the vacuum chamber, while the incident angles of the
other beams can be aligned relative to this beam. The incident angles are changeable by
rotating creation stages, which requires re-adjustment of PS and M on the one-axis stage
as illustrated in Figure 3, respectively. Figure 5b shows the rotary-stage-type geometries
combined with the parabolic-type geometry in the NA setup covering a narrow-angle
range from 9.3 deg (left) to 24.8 deg (right). The inducing beam and one of the two creation
beams share the common parabolic mirror fixed at the bottom optical table in the vacuum
chamber. The narrow angle incidence is realizable by changing the position of incidence
of the inducing beam on the surface of the common parabolic mirror by fixing the c1
creation beam.
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(a)

(b)

Figure 5. Collisional geometries viewed from the top. (a) Large-angle setup from θc = 24.8 deg (left)
to θc = 47.9 deg (right) and (b) narrow-angle setup from θc = 9.3 deg (left) to θc = 24.8 deg (right).
The details can be found in the main text.

Figure 6 shows a top view of the top common camera layer together with a picture
assembling all the components. By preparing an independent layer only for the camera
with a motorized rotation stage, beam profiles of all the three lasers at IP can be monitored
and recorded. By reading the scale on the motorized rotation stage, the camera position can
be adjusted to the incident angles ±θc relative to the bisecting line (dashed line) which is set
by −θi with respect to the inducing beam direction. We note that the camera position must
be calibrated so that the camera surface is placed perpendicularly to the radial direction
from the central IP position with an equal distance for any rotated positions. By changing
the camera position along the radial direction aligned to IP by the local stage on which
the camera is installed, one can check whether a beam profile center stays at the same
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pixel point in the camera or not. If there is a drift of the profile center, that is, a deviation
from the perpendicular direction, one can locally fine-tune the camera positions. With this
fine-tuning method, AOIs can be adjusted with sufficient accuracy of 0.1°.

Figure 6. Left: top view of the camera system on the top layer of the rotary stages to monitor
focal spots of all the three lasers c1, c2, and i. Right: picture assembling all the components for the
large-angle setup. The details can be found in the main text.

5. Verification of the Rotary Stage System

A three-beam SRPC covering for the LA collision case was actually constructed after
testing alignments of PS and PM on individual stages. Since the LA setup contains more
rotary layers than the case of the NA setup, the verification of the LA setup guarantees the
success of the NA case. The spatial overlapping was then verified using a He:Neon laser.
Figures 7–9 show the three collision geometries with incident angles of the creation beam at
θc = 24.8, 35.5, and 47.9 degrees, and the respective focal images of the three beams taken
by a single camera are shown. The optical paths of two creation beams, an inducing beam
(c1, c2, i), and signal photons (s) are drawn for the reference. The focal images in the middle
column show the spot profiles when two crossed wires with a common 10 μm diameter
were placed in front of the three beams (c1, c2, i) with a smaller beam diameter of 0.8 mm
for the two creation beams and 2 mm for the inducing beam to have broader focal images
on purpose, while the focal images in the right column show the spot profiles at the same
camera position after moving the target holder to the position for the search mode (empty
hole) by changing beam diameters to a common 5 mm which will be used for the future
search. We note the exact focal lengths of the common creation beams and the inducing
beam were 101.6 mm 203.2 mm, respectively.
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Figure 7. Picture of large-angle setup (left) and focal images of three individual beams (right) when
lasers with a common beam diameter of 5 mm are focused into IP at θc = 24.8 degree. In the picture,
the optical paths of the three beams, consisting of the creation beam (c1), the creation beam (c2), and
the inducing beam (i), as well as the signal photon line (s) are drawn. The middle column shows the
images of three individual lasers when they hit the crossed point between two thin target wires of a
10 μm diameter.

Figure 8. Picture of large-angle setup (left) and focal images of three individual beams (right) when
lasers with a common beam diameter of 5 mm are focused into IP at θc = 35.5 degree. The other
details are the same as in Figure 7.
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Figure 9. Picture of large-angle setup (left) and focal images of three individual beams (right) when
lasers with a common beam diameter of 5 mm are focused into IP at θc = 47.9 degree. The other
details are the same as in Figure 7.

6. Realistic Sensitivity Projections

We provide sensitivity projections based on the LA and NA collision setups in the
following. Figure 10 shows incident angles of the inducing beam θi as a function of
ALP mass ma which is determined by the incident angles of creation beams θc and their
wavelengths. We plan to use three combinations of laser wavelengths for fundamental,
second harmonic and third harmonic cases. Namely, beginning with 800 nm (Ti:Sapphire)
for two creation beams and 1064 nm (Nd:YAG) for an inducing beam denoted as 800 ×
2 + 1064 nm (red), we extend the search to those with 400 × 2 + 532 nm (blue) and 267 ×
2 + 355 nm (magenta). Depending on the combinations between the two angle setups and
laser wavelengths, accessible mass ranges are different. The figure shows our projections
to cover from 0.5 to 6.9 eV with colored arrows corresponding to different wavelengths
combinations where accessible mass ranges are specified.

Accordingly, Figure 11 shows the sensitivity projects based on parameters summarized
in Table 2. Based on the set of realistic experimental parameters P in Table 2, the observed
number of signal photons via an ALP exchange with the mass ma and the coupling g/M to
two photons is expressed as

nobs = Yc+i(ma, g/M; P)Nshotsε, (5)

where ε is the overall detection efficiency and Nshots is the number of shots. A coupling
constant g/M can be numerically calculated by solving Equation (5) for an ALP mass
ma and a given observed number of photons nobs. We assumed the nobs as the noise
originating photon-like signals δNnoise. NAω, NA2ω, LA2ω and LA3ω are sensitivities
corresponding to the individual arrows classified in Figure 10. The details of the numerical
calculations and the derivation of the upper limits on the coupling can be found in [20,21],
respectively. The red shaded area shows the excluded range based on SRPC in quasi-
parallel collision geometry (SAPPHIRES01) [19]. The red filled area indicates the excluded
range with the fixed angle pilot search, tSRPC00 [21]. The gray area shows the excluded
region by the vacuum magnetic birefringence experiment (PVLAS [22]). The purple areas
are excluded regions by the Light-Shining-through-a-Wall (LSW) experiments (ALPS [23]
and OSQAR [24]). The light-cyan horizontal solid line indicates the upper limit from the
search for eV (pseudo)scalar penetrating particles in the SPS neutrino beam (NOMAD) [25].
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The horizontal dotted line is the upper limit from the Horizontal Branch observation [26].
The blue areas are exclusion regions from the optical MUSE-faint survey [27–32]. The green
area indicates the excluded region by the helioscope experiment CAST [31]. The yellow
band and the upper solid brown line are the predictions from the benchmark QCD axion
models: the KSVZ model [33] with 0.07 < |E/N − 1.95| < 7 and E/N = 0, respectively,
while the bottom dashed brown line is the prediction from the DFSZ model [34] with
E/N = 8/3. The cyan lines are the predictions from the ALP miracle model [12] with the
model parameters cγ = 1, 0.1, 0.01.

Figure 10. Incident angles of the inducing beam θi as a function of ALP masses ma which are
determined by incident angles of creation beams θc. Three combinations of laser wavelengths for fun-
damental, second harmonic, and third harmonic cases. Namely, beginning with 800 nm (Ti:Sapphire)
for two creation beams and 1064 nm (Nd:YAG) for an inducing beam expressed as 800 × 2 + 1064 nm
(red), we extend the search to those with 400 × 2 + 532 nm (blue) and 267 × 2 + 355 nm (magenta).
Depending on the combinations between the two angle setups and laser wavelengths, accessible
mass ranges are different. This figure shows projections to cover from 0.5 to 6.9 eV.

Table 2. Experimental parameters used to numerically calculate the upper limits on the coupling–
mass relations. (∗) We note that the focal length of the inducing beam in the case of the narrow-angle
setup must slightly vary in principle because of the nature of the parabolic mirror. However, since
the incident position with respect to the focusing mirror does not vary a lot, for simplicity, we assume
a common focal length to evaluate the sensitivity.

Parameters Values

Two equal creation laser pulses

Central wavelength of creation laser λc 800 nm (ω)/400 nm (2ω)/267 nm (3ω)
Relative linewidth of creation laser, δωc/ < ωc > 10−2

Duration time of creation laser, τc 40 fs
Creation laser energy per τc, Ec 1 mJ
Beam diameter of creation laser beam, dc 0.005 m
Focal length of narrow-angle setup fc = 0.18 m
Focal length of large-angle setup fc = 0.10 m
Polarization left-handed circular polarization
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Table 2. Cont.

Parameters Values

One inducing laser pulse

Central wavelength of inducing laser λi 1064 nm (ω)/532 nm (2ω)/355 nm (3ω)
Relative linewidth of inducing laser, δωi/ < ωi > 10−4

Duration time of inducing laser beam, τi 9 ns
Inducing laser energy per τi, Ei 100 mJ
Beam diameter of inducing laser beam, di 0.005 m
Focal length of narrow-angle setup (∗) fi = 0.19 m
Focal length of large-angle setup fi = 0.20 m
Polarization right-handed circular polarization

Overall detection efficiency, ε 5%
Number of shots per collision angle, Nshots 104 shots
δNnoise 50

Figure 11. Sensitivity projections based on realistic parameters in Table 2. NAω, NA2ω, LA2ω, and
LA3ω are sensitivities corresponding to the four arrows in Figure 10 specifying individual mass
ranges. The other details can be found in the main text.

7. Conclusions and Future Plans

We have designed two types of variable-angle stimulated resonant photon colliders
with three laser beams (tSRPC) covering narrow and large angles, respectively. The large-
angle setup sensitive to a relatively higher mass range was actually constructed, and the
mechanism was verified using a He:Neon laser for the calibration. We confirmed that the
incident angle can be varied by using a rotating stage and a periscope, and we ensured the
spatial overlapping of three beam focal spots at multiple collision angles by developing a
monitoring system that allows a single camera to check the focal spot images. As in the
previous pilot search at the fixed incident angle [21], time synchronization is expected to be
ensured by switching the focal point target to a nonlinear crystal, BBO, and using a delay
line with a retro-reflector when a high-intensity laser is used.

Given the realistic designs for both narrow- and large-angle setups, we have provided
sensitivity projections in the near future searches for ALPs based on tSRPC with possible
combinations of three laser wavelengths. The sensitivity projects show that the proposed
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collider can reach coupling domains relevant to the QCD axion models and the Miracle
scenario over the mass range of 0.5–6.9 eV within the present reach of laser technologies.
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Abstract: We explore a unified model of dark matter and dark energy. This new model is a general-
ization of the generalized Chaplygin gas model and is known as a new generalized Chaplygin gas
(NGCG) model. We study the evolutions of the Hubble parameter and the distance modulus for the
model under consideration and the standard ΛCDM model and compare that with the observational
datasets. Furthermore, we demonstrate two geometric diagnostics analyses including the statefinder
(r, s) and Om(z) to the discriminant NGCG model from the standard ΛCDM model. The trajectories
of evolution for (r, s) and Om(z) diagnostic planes are shown to understand the geometrical behavior
of the NGCG model by using different observational data points.

Keywords: new GCG; statefinder diagnostic

1. Introduction

Cosmic observations [1,2] indicate that the expansion of the Universe is accelerating
at the present time. In this context, the most accepted idea is that a mysterious type of
energy with negative pressure, dubbed as dark energy (DE), is needed to describe this
acceleration mechanism (see [3–5] for reviews on DE). This mysterious DE is specified by
an equation of state (EoS) parameter ωde = pde

ρde
, where pde and ρde are the pressure and

energy density of DE, respectively. The simplest and most popular model for DE is the
concordance Lambda-Cold-Dark-Matter (ΛCDM) model and is consistent with most of the
observational datasets. Although this model has successfully explained many phenomena
while it indeed encounters some theoretical problems associated with cosmological con-
stant (ωΛ = −1), namely, fine-tuning and cosmic coincidence problems [6,7]. Additionally,
the local measurement of Hubble constant H0 by Hubble Space Telescope [8,9] and the
Lyman-α forest BAO measurement of Hubble parameter at redshift 2.34 by BOSS [10] are
in tension with each other if the standard ΛCDM is assumed (for more details, the reader
can see [11,12]). These issues motivate people to go deeper into theory for a better under-
standing of the unknown nature of the DE component. Therefore, some alternative DE
models have been proposed in the literature, such as quintessence (−1 < ωde < − 1

3 ) [13],
phantom (ωde < −1) [14], k-essence [15,16], tachyon [17,18], holographic DE [19–25], and
so forth. Besides these models, modified gravity theories were proposed to explain this
acceleration [3–5]. However, the true nature of DE and DM is still unknown and also we
do not have a concrete theoretical model that can provide a satisfactory solution to all
the problems.

Among several DE models, the Chaplygin gas (CG) model as a unification of DE
and DM is a good candidate [26,27]. The interesting feature of this model is that the CG
behaves as a pressure-less dark matter (dust) at early times and behaves like a cosmological
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constant in the late stage. This dual role is at the heart of the surprising properties of the
CG model. Another property of this model is that the CG model belongs to the category
of dynamical DE with a time-varying EoS parameter alleviating the cosmic coincidence
problem in ΛCDM cosmology. However, the CG model cannot explain the scenario of the
structure formation in the Universe [28,29]. Later, the CG model is generalized into the
generalized Chaplygin gas (GCG) model to solve this problem [30–32]. This model has
been widely studied in the literature and has been confirmed by several observations [33].
Since the GCG model can be equal to the interacting ΛCDM model [33], a new generalized
Chaplygin gas (NGCG) model which equals a kind of interacting XCDM model was
proposed in [34] as a unification of cold DM and X-type DE. In this model, the interaction
between DE and DM is characterized by a constant EoS parameter ωX . The basic properties
of this model are discussed in Section 2. Furthermore, the authors of [35,36] have also
performed the statistical likelihood analysis using different datasets on the NGCG model
and found some discrimination between the NGCG model and other DE models. In a
recent work, Salahedin et al. [37] obtained tight constraints on the the free parameters of
NGCG model based on the statistical Markov Chain Monte Carlo (MCMC) method by
using different combinations of the latest data samples. They also showed that the big
tension between the high- and low-redshift observations appearing in the ΛCDM model
to predict the present value of Hubble constant H0 can be alleviated in the NGCG model.
In this context, it should be mentioned here that, using various updated observational
datasets, recently Yang et al. [38,39] investigated unified dark fluid models based on CG
cosmologies. They reported that such models might be considered as a potential model in
the list of cosmological models alleviating the H0 tension.

Based on the Ref. [37], in this paper, we will extend the analysis on the NGCG
model by performing the statefinder and Om diagnostic analysis to differentiate the NGCG
model from the standard ΛCDM model and other DE models. Furthermore, we study
the evolutions of the Hubble parameter and the distance modulus for the present model
and the ΛCDM model and compare that with the observational datasets. The paper is
organized as follows. In the next section, we give a brief introduction of the NGCG model.
Here, we also discuss some features of the present model. In Section 3, we performed
the two geometric diagnostics analysis to a discriminant NGCG model from the standard
ΛCDM model. Finally, we summarize our results in Section 4.

Throughout the paper, we use natural units such that G = c = h̄ = 1. In addition, the
symbol overhead dot indicates a derivative with respect to the cosmic time t, the symbol
prime indicates a derivative with respect to the scale factor (a), and a subscript zero refers
to any quantity calculated at the present time.

2. New Generalized Chaplygin Gas Model

In this section, we briefly describe the NGCG model. For details of this model, one
can look into Ref. [34]. In the framework of a flat Friedmann–Robertson–Walker (FRW)
cosmology, the EoS of NGCG fluid is given by [34]

pNGCG = − Ã(a)
ρα

NGCG
(1)

where Ã(a) is a function depends upon the scale factor (a) of the Universe and α is the
constant parameter of the NGCG fluid. This fluid smoothly interpolates between a DM
(dust) dominated phase ρ ∼ a−3 and a DE dominated phase ρ ∼ a−3(1+ωde), where ωde is
the EOS parameter. The energy density of the NGCG fluid can be expressed as [34]

ρNGCG = [Aa−3(1+ωde)(1+α) + Ba−3(1+α)]
1

1+α (2)

where A and B are positive constants and the function Ã(a) is defined as

Ã(a) = −ωde Aa−3(1+ωde)(1+α) (3)

137



Universe 2021, 7, 362

Now, Equation (2) can be re-written as

ρNGCG = ρNGCG0a3[1 − As + Asa−3ωde(1+α)]
1

1+α (4)

where ρNGCG0 = (A + B)
1

1+α indicates the present value of ρNGCG and, for simplicity, we
have defined As =

A
A+B . For the NGCG model, as a scenario of the unification of DE and

DM, the NGCG fluid is decomposed into two components: the DE component and the DM
component, i.e., ρNGCG = ρde + ρdm and pNGCG = pde. Therefore, the energy density of the
DE and the DM ingredients can be respectively obtained as [34]

ρde = ρde0a−3[1+ωde(1+α)] × [1 − As + Asa−3ωde(1+α)]
1

1+α −1 (5)

ρdm = ρdm0a−3 × [1 − As + Asa−3ωde(1+α)]
1

1+α −1 (6)

where ρde0 and ρdm0 represent the present values of ρde and ρdm, respectively. It is interesting
to note that the NGCG will behave like GCG when we put ωde = −1. When α = 0 and
ωde = −1, the NGCG model reduces to the standard ΛCDM model as well. In addition,
the standard ωCDM model corresponds to the case α = 0. As shown in [34], the energy
is transferred from DE to DM when α < 0. On the other hand, the energy is transferred
from DM to DE, if α > 0. Therefore, α describes the interaction between DM and DE in the
NGCG model.

We assume a homogeneous isotropic and spatially flat FRW Universe filled by NGCG
fluid, baryonic matter, and radiation; then, the Friedmann equation can be expressed, in
terms of redshift z, as

E2(z) =
(

H(z)
H0

)2

= (1 − Ωr0 − Ωb0)(1 + z)3 × [1 − As(1 − (1 + z)3ωde(1+α))]
1

1+α (7)

+Ωr0(1 + z)4 + Ωb0(1 + z)3

where H0 is the present value of H(z) and z = 1
a − 1 in which the scale factor is scaled to be

unity at the present epoch. In addition, Ωr0 and Ωb0 are the present values of dimensionless
energy densities of radiation and baryonic matter, respectively.

Next, we have used the above expression of H(z) to find the evolution of the decelera-
tion parameter q, which is defined as

q = − ä
aH2 = −1 +

(1 + z)
H(z)

dH(z)
dz

(8)

Furthermore, for a comprehensive analysis, we compare our model with the standard
ΛCDM model. The corresponding form of E(z) is given by [13]

E(z) =
H(z)
H0

=
√

Ωdm0(1 + z)3 + 1 − Ωdm0 (9)

where Ωdm0 denotes the DM density parameter at the present epoch. Assuming the
base-ΛCDM cosmology, the Planck survey [40] put the constraints on the late-Universe
parameters are as Ωdm0 = 0.315 and H0 = 67.4 km/s/Mpc.

Clearly, the cosmological characteristics of the present model given in Equation (7)
strongly depends on values of the free parameters As, α, ωde and Ωb0. Given a cosmological
model with a set of free parameters and using a set of observational data points, one can
obtain the best fit values of the free parameters of the model. Given a set of data points
D and a cosmological model, M(x, θ), where vector θ includes the free parameters of the
model, the chi-squared (χ2) function is defined as

χ2 = ∑
i

[Di − M(xi|θ)]2
σ2

i
(10)
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where σi represents the error of the ith data point. In addition, the best fit values of the
free parameters θ are calculated by minimizing the χ2 function. It should be noted that the
above equation for obtaining χ2 function is valid when the observational data points are
not correlated. On the other hand, if we use correlated data points, then we should use the
following formula

χ2 = ∑
i,j
[Di − M(xi|θ)]Xi,j[Dj − M(xj|θ)] (11)

where Xi,j denotes the inverse of the covariance matrix.
Notice that we should sum all of the χ2 functions, when we compute different χ2

functions for different data sets. Therefore, we require the minimizing of the sum of
all the χ2 functions in order to find the best fit values of free parameters. In a recent
work, Salahedin et al. [37] obtained the observational constraints on the free parameters
of the present model by using different observational data samples including type Ia
supernovae (SNIa) from the Union 2.1 [41] catalog and the Pantheon [42] catalog, Baryon
acoustic oscillation (BAO), Big Bang nucleosynthesis (BBN) [43], and the Cosmic microwave
background (CMB) from the results of WMAP observations and observational Hubble
parameter data H(z) obtained from cosmic chronometers (for a detailed discussion, see
Ref. [37] and the references therein). By combining all data samples, Salahedin et al. [37]
performed a likelihood analysis based on the statistical MCMC algorithm to calculate
the minimum of χ2 and the best fit values of the cosmological parameters. Firstly, they
combined the SNIa (Pantheon) with H(z), BAO, CMB, and BBN data and, secondly, they
combined the SNIa (Union 2.1) with H(z), BAO, CMB, and BBN data. For both cases, they
obtained the best fit values of cosmological parameters leading to finding the minimum
of χ2 function. Notice that, for the ΛCDM model, the authors of [37] only used the H(z)
+ BAO + CMB + BBN + SNIa (Union 2.1) sample and obtained Ωcdm0(≡ Ωdm0 + Ωb0) =
0.2675 and H0 = 71.3 km/s/Mpc. The numerical results are presented in Table 1 and for
more discussion on this topic, see Ref. [37].

Table 1. Results of statistical likelihood analysis (minimum of χ2) obtained in [37] by using a different combination of
observational datasets such as (H(z) + BAO + CMB + BBN + SNIa (Pantheon)) and (H(z) + BAO + CMB + BBN + SNIa
(Union 2.1)), for the present model (for more details, one can look into Table 3 of [37]).

Parameters H(z) + BAO + CMB + BBN + SNIa (Pantheon) H(z) + BAO + CMB + BBN + SNIa (Union 2.1)

Ωb0 0.0460 ± 0.0017 0.0457 ± 0.0017
Ωdm0 0.2508 ± 0.0081 0.2353+0.0097

−0.0092
η = 1 + α 0.9443 ± 0.0097 0.981 ± 0.0018

ωde −1.041 ± 0.045 −1.021 ± 0.055
H0 70.15 ± 0.84 70.41 ± 0.92
As 0.7371 ± 0.0097 0.753 ± 0.010

χ2
minimum 1065.2 591.4

We have shown the evolution of H(z) for the above-mentioned model in Figure 1
by considering the values of the model parameters, as given in Table 1 and compared
it with that of the standard ΛCDM model. In this figure, we have also plotted the data
points for H(z) measurements (within 1σ error bars) which have been calculated from the
latest compilation of 51 data points of H(z) data (for more details, see Ref. [44]). We have
observed from Figure 1 that the NGCG model reproduces the observed values of H(z)
quite effectively for each data point. Furthermore, in the inset diagram of Figure 1 (left
panel), we observed that ΛCDM models are negligible around redshift z ∼ 0.7. It has also
been found that HNGCG(z) > HΛCDM(z) at low redshifts, while HNGCG(z) < HΛCDM(z)
at relatively high redshifts. These scenarios are in good agreement with a recent work by
Mamon and Saha [45], in which they have observed that the relative difference between the
models (Lambert W single fluid model & ΛCDM model) are negligible around z ∼ 0.67.
Next, the best fit of distance modulus μ(z) for the present model (blue line) and the ΛCDM
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model (red line) are plotted in Figure 2. The 580 points of Supernovae Type Ia datasets
(black dots) are also plotted in Figure 2 for comparision. From this figure, it has been
observed that our model reproduces the observed values of μ(z) quite effectively.
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Figure 1. The evolution of the Hubble parameter (blue curve) is shown for the best-fit values of model parameters, as given
in Table 1, arising from the joint analysis of H(z) + BAO + CMB + BBN + SNIa (Pantheon) dataset (left panel) and H(z) +
BAO + CMB + BBN + SNIa (Union 2.1) dataset (right panel). Here, the red curve represents the corresponding evolution
of H(z) in a standard ΛCDM model with Ωcdm0 = 0.315, H0 = 67.4 km/s/Mpc [40] (left panel) and Ωcdm0 = 0.2675,
H0 = 71.3 km/s/Mpc [37] (right panel). In this plot, the green dots correspond to the 51 H(z) data points in the redshift
range 0.07 ≤ z ≤ 2.36, obtained from different surveys and the corresponding H(z) values are given in [44]. In the inset
diagram, the corresponding relative difference, ΔH(%) = 100 × (HNGCG(z)− HΛCDM(z))/HΛCDM(z), is shown for the
best-fit model.
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Figure 2. The evolution of μ(z) is shown for the best-fit values of model parameters, as given in
Table 1, arising from the joint analysis of H(z) + BAO + CMB + BBN + SNIa (Union 2.1) dataset (blue
curve). The ΛCDM model (Ωcdm0 = 0.2675 and H0 = 71.3 km/s/Mpc [37]) is also shown in the
red line for model comparison. Here, μ(z) represents the distance modulus, which is the difference
between the apparent magnitude and the absolute magnitude of the observed supernova, is given
by [3] μ(z) = 25 + 5log10(dL/Mpc), where dL is the luminosity distance. In this plot, the black dots
correspond to the Error bar plot of 580 points of Union 2.1 compilation Supernovae Type Ia data
sets [41].
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3. Geometrical Diagnostics

3.1. Statefinder Diagnostics

Since various DE models have been constructed for describing or interpreting the
cosmic acceleration, the problem of discriminating between the various DE candidates
becomes very important. For this purpose, the authors of [46,47] have introduced a new
mathematical diagnostic pair (r, s), known as a statefinder parameter. This diagnostic pair
is a “geometrical” in the sense that it depends upon the scale factor directly and hence
upon the metric describing space-time. The parameters r and s are defined (in terms of
H(z) and its derivatives) as

r(z) =
...
a

aH3 = 1 − 2(1 + z)
H′

H
+

{
H′′

H
+

(
H′

H

)2
}
(1 + z)2 (12)

s(z) =
(r(z)− 1)

3(q(z)− 1
2 )

(13)

It deserves to mention here that different combinations of r and s represent different
DE models [46,47]. For example,

• For ΛCDM → (r = 1, s = 0).
• For Quintessence → (r < 1, s > 0).
• For CG → (r > 1, s < 0).
• For SCDM → (r = 1, s = 1).

The evolutionary trajectories in s-r plane of holographic dark energy (HDE)
model [19–25] with future event horizon as IR cut off starts from the point s = 2/3, r = 1
and approaches towards ΛCDM fixed point (s = 0, r = 1) at late time [24]. In the case of
a quintessence DE model by taking constant EoS parameter [46,47] and Ricci DE (RDE)
model, the curves in s-r plane are vertical [48]. The trajectory in the s-r plane in Chaply-
gin gas (CG) lie in the regions s < 0, r > 1 [49], while the phantom model with power
law potential as well as the quintessence(inverse power-law) models (Q) lie in the regions
s > 0, r < 1 [46,47] and approach the ΛCDM fixed point in both cases at a late time. The tra-
jectory in s-r plane forms a swirl before reaching the attractor in the coupled quintessence
models [50]. Both the Agegraphic DE model [51] and Polytropic gas model [52] show
the ΛCDM behavior at an early time. The HDE model of DE with the model parame-
ter c = 1 and the ghost DE model both show the similar behavior in (s, r) plane [53].
This behavior also matches chaplygin gas [26,27], generalized chaplygin gas [30–32,54],
Yang–Mills [55], new agegraphic [51,56] and HDE [23–25] models of DE. In case of the
tachyon DE model [57] and HDE model with Granda–Oliveros IR cut-off (new holographic
model) [58], the curve of the s-r plane passes through the ΛCDM fixed point at the middle
of the evolution of the Universe. The trajectories of the s-r plane end at the ΛCDM fixed
point (s = 0, r = 1) at a late time, starting from matter-dominated (SCDM) s = 1, r = 1
through an arc segment, parabola (downward) in the case of Tsallis holographic dark
energy (THDE) model [59,60]. The evolutionary curve of the s-r plane starts and ends at
the ΛCDM fixed point (s = 0, r = 1) by making a swirl and shows the Chaplygin gas
behaviour in the case of an RHDE model [61]. Recently, one of the authors has investigated
the statefinder pair r(s) of SMHDE model, in which it always lies in Chaplygin gas region
and approaches the ΛCDM fixed point (r = 1, s = 0) in the late time evolution [62]. The
evolutionary curve of the s-r plane starts from a cosmological constant and goes around a
corner and proceeds towards another endpoint in case of the Tsallis agegraphic dark energy
model [63]. In this work, we have also studied the evolution of the (s, r) pair for the NGCG
model. However, one can also look into [64–66], where the authors have comprehensively
discussed about the statefinder pair analysis for various DE models.

The evolution of the deceleration parameter q against the redshift parameter z, ac-
cording to the values of the model parameters given in Table 1, is plotted in Figure 3 (blue
curve). For comparison, the evolution of q as a function of z for a flat ΛCDM, GCG and
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CG models are also shown. It is observed from Figure 3 that q gives the same prediction
of the evolution of the Universe which is undergoing an accelerated expansion phase at
the current epoch and experiences a transition from a decelerated expansion phase (q > 0)
to an accelerated expansion phase (q < 0) at the transition redshift zt ∼ 0.72 for best-fit
values of model parameters. This result is in good agreement with the current cosmological
observations (0.5 < zt < 1) [67–73].
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Figure 3. Plot of q as a function of z is shown by considering the values of model parameters, as
given in Table 1, arising from the joint analysis of H(z) + BAO + CMB + BBN + SNIa (Pantheon)
dataset (blue curve). Here, the red, green, and dotted (purple) curves represent the corresponding
evolution of q in a standard ΛCDM, GCG, and CG models, respectively.

We have reconstructed the evolution of the statefinder pair (s, r) according to the
best fitted values of the parameters given in Table 1 for the present model. The plot of
statefinder pair (s, r) is shown in the left panel of Figure 4. The evolutionary trajectories
of statefinder pair of the NGCG model start its evolution along the line r = 1 and pass
through the ΛCDM fixed point (s = 0, r = 1) as time passes. After making a swirl, it lies
in the Chaplygin gas region (s < 0, r > 1) in the future for the best-fit values of model
parameters, as given in Table 1, arising from the joint analysis of H(z) + BAO + CMB +
BBN + SNIa (Pantheon) dataset (blue curve). Hence, Figure 4 shows that the evolutionary
trajectories of the statefinder pair of the NGCG model exhibit only the Chaplygin gas
behavior and shows different behavior from other DE models. We have also shown the
evolutionary trajectories of another statefinder pair (q, r) for the NGCG model in Figure 4
(right panel) for the best-fit values of model parameters, as given in Table 1, arising from
the joint analysis of the H(z) + BAO + CMB + BBN + SNIa (Pantheon) dataset. The fixed
point (q = 0.5, r = 1) corresponds to the SCDM model and the de Sitter expansion is
represented by point (q = −1, r = 1) in the q-r plane. The evolutionary curve of the q-r
plane of NGCG model starts from the SCDM ( r = 1, q = 0.5) in the past and reaches above
the de Sitter expansion (SS) (q = −1, r = 1) in the future, and it also shows the Chaplygin
gas behavior throughout the evaluation. Since q changes its sign from positive to negative,
it also reveals the recent phase transition of the Universe. For comparison, the evolutions of
(s, r) and (q, r) pair for a NGCG, GCG, and CG models are also shown in Figure 5. Hence,
these graphs (Figures 4 and 5) illustrate that, from the statefinder perspective, the NGCG
model is different from various other DE models.
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Figure 4. The time evolutions of the statefinder pair (s, r) (left panel) and the pair (q, r) (right panel) for this model
are shown using the H(z) + BAO + CMB + BBN + SNIa (Pantheon) dataset, as indicated in each panel. The red point
(s = 0, r = 1) in the left panel corresponds to the ΛCDM model, while, in the right panel, the green point (q = 0.5, r = 1)
represents the matter dominated Universe (SCDM). In addition, the black dots on the curves show present values (s0, r0)

(left panel) and (q0, r0) (right panel) for the NGCG model.
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Figure 5. The time evolutions of the statefinder pair (s, r) (left panel) and the pair (q, r) (right panel) for different models
are shown using the H(z) + BAO + CMB + BBN + SNIa (Pantheon) dataset. Here, the blue, green, and dotted (purple)
curves are for the NGCG, GCG, and CG models, respectively.

3.2. Om(z) Diagnostics

Another important and useful diagnostic tool constructed from the Hubble parameter
is the Om diagnostic parameter which provides a null test of the standard ΛCDM model.
Interestingly, constant behavior of Om(z) with respect to redshift z implies that DE is a
cosmological constant (ωΛ = −1). On the other hand, the positive slope of Om(z) signifies
that DE is phantom (ωde < −1), whereas the negative slope implies that DE behaves
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like quintessence (ωde > −1). Following [74,75], the Om(z) parameter for a spatially flat
Universe is defined as

Om(z) =
(H(z)

H0
)2 − 1

(1 + z)3 − 1
(14)

Note that it can differentiate a dynamical DE model from the ΛCDM model, with and
without reference to matter density. For this model, Om(z) evolves as a function of z as

Om(z) =
(1 − Ωr0 − Ωb0)(1 + z)3 × [1 − As(1 − (1 + z)3ωde(1+α))]

1
1+α + Ωr0(1 + z)4 + Ωb0(1 + z)3 − 1

(1 + z)3 − 1
(15)

It is evident that, for a spatially flat ΛCDM model Om(z) = Ωm0, irrespective of the
redshift, which means that, for any two distinct redshifts, say zi and zj, Om(zi)−Om(zj) = 0
is the test for ΛCDM. Currently, for any deviation from this condition, a deviation from
ΛCDM is indicated. The graphical representation of Om(z) parameter of NGCG model
(blue curve) is shown in Figure 6 for the values of model parameters, as given in Table 1,
arising from the joint analysis of H(z) + BAO + CMB + BBN + SNIa (Pantheon) dataset. It
depicts that the decay of Om(z) at a lower redshift supports the flourishing DE model.
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Figure 6. Evolution of Om(z) is shown for different models, as indicated in the panel.

4. Conclusions

In the present article, we have examined a new generalized Chaplygin gas (NGCG)
model. The main objective of this article is to distinguish the NGCG model from other
DE models through the statefinder and Om diagnostic for the best-fit values of model
parameters, as given in Table 1, arising from the joint analysis of H(z) + BAO + CMB +
BBN + SNIa (Pantheon) dataset. We can summarize this as:

• We have plotted the deceleration parameter q by getting its numerical solution, which
exhibits a transition at zt ∼ 0.72, from the early decelerated phase to a late time
accelerated phase. This is in good agreement with the current cosmological observa-
tions [67–73].

• The evolutionary curve in the (s, r) plane of NGCG model shows Chaplygin gas
behaviour at a late time, while starting its evolution along the line r = 1 and passes
through the ΛCDM fixed point (s = 0, r = 1) by making a swirl initially.

• The curve of the q-r plane of the NGCG model shows that it evolves from the matter-
dominated Universe i.e., SCDM ( q = 0.5, r = 1) initially and approaches above the de
Sitter expansion (SS) (q = −1, r = 1) at a late time, and it always lies in the Chaplygin
gas region throughout the evaluation.

• The evolutionary trajectory of Om(z) of NGCG model backs the growing DE model.
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• Finally, we investigated the evolutions of the Hubble parameter and the distance
modulus for the model under consideration and the standard ΛCDM model and
compare that with the observational datasets (see Figures 1 and 2). For the best-fit
case, it has been observed that the relative differences (ΔH) between the two models
(NGCG & ΛCDM) are negligible around z ∼ 0.7 (see inset diagram of Figure 1 (left
panel)). Furthermore, we have found from Figure 2 that the present model reproduces
the observed values of the distance modulus quite effectively.

We now conclude that the NGCG model provides some interesting consequences in
the cosmological perspective. Furthermore, it would be interesting to investigate the effect
on the growth of perturbations for the NGCG model. However, this study lies beyond the
scope of the present work and is left for future works.
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Abstract: In this paper, we study anisotropic exact solutions in the homogeneous Bianchi I back-
ground geometry in a multifield theory. Specifically, we consider the Chiral–Quintom theory, which
is an extension of the Chiral theory, because at least one of the scalar fields can have negative energy
density. Moreover, the Quintom theory can be recovered when one of the free parameters of the
theory vanishes. We find that Kasner-like and anisotropic exponential solutions exist for specific
functional forms of the scalar field potential. Finally, Noether symmetry analysis is applied for the
classification of the theory according to the admitted symmetries. Conservation laws are determined,
while we show that the Kasner-like solution is the analytic solution for the given model.

Keywords: Bianchi spacetimes; scalar field; cosmology

1. Introduction

Cosmic inflation describes the accelerated period in the early stage of cosmological
history [1–3]. Inflation has been considered a solution to long-standing problems about
the structure of the universe, such as the flatness problem and horizon problems. Indeed,
the inflationary mechanism surpasses the requirement for the specific initial conditions in
cosmological history [4,5]. On the other hand, recent cosmological observations indicate
that, at the present time, the universe is under a second accelerated phase, known as
late-time acceleration attributed to the so-called dark energy [6]. In the context of general
relativity, acceleration occurs when there is a matter source that has a negative equation of
state parameter and provides effective “repulsive” (anti-)gravitational force.

The introduction of scalar fields in gravitational theory gives a very simple mechanism
for the description of the acceleration phases of the universe. In the minimally coupled
scalar field theory, the antigravitating behavior occurs when the scalar field potential domi-
nates [7–14]. Furthermore, for the description of the late-time acceleration of the universe,
phantom scalar fields with negative energy density have been proposed [15–18]. For the
phantom fields, the equation of state parameter can cross the phantom divide line and take
values lower than minus one. However, in order to solve the various problems, such as the
appearance of ghosts, and to describe the general cosmological history, multiscalar field
models have been considered.

The Quintom model [19,20] is a well studied two-scalar field cosmological model,
where one of the fields is quintessence and the second field is a phantom field. The
novelty of the Quintom theory is that the effective equation of state parameter can cross the
phantom divide line more than once without the appearance of ghosts. Another multiscalar
field model of special interest is the Chiral model [21], which has been used to describe
a multifield inflation known as hyperbolic inflation [22,23]. The analytic solution for the
hyperbolic inflationary model was derived recently in [24]. The equation of state parameter
in the Chiral model has as a lower bound the cosmological constant limit. However, because
of quantum transitions in the early universe, it can surpass that limit, and the effective
equation of state parameter crosses the phantom divide line [25].
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Recently, a generalization of the Chiral model was proposed in [26], where the scalar
fields can have negative energy density. This cosmological model has similarities with the
Quintom theory. Indeed, the equation of state parameter can cross the phantom divide line
more than once without the appearance of ghosts. In addition, it was found that this specific
model reproduced the epoch for hyperbolic inflation [27]. Furthermore, the presence of the
spatial curvature was investigated in [28,29]. In particular, it was found that this specific
model solved the flatness problem.

Anisotropic and inhomogeneous exact solutions play an important role in the de-
scription of the very early universe before inflation, since they can describe the small
anisotropic inhomogeneities in the cosmic observations [30,31]. The cosmic “no-hair” con-
jecture states that the future state of an accelerated universe is an isotropic universe [32].
In [33], anisotropic spacetimes were used to explain the CMB polarization and its implica-
tions for CMB anomalies. On the other hand, some anisotropic dark energy models were
investigated in [34,35].

The first analytic result, which supported the cosmic “no-hair” conjecture was derived
in [36]. Specifically, it was found that the presence of a positive cosmological constant in
Bianchi anisotropic spacetimes provided expanding Bianchi spacetimes, which evolved to
expanding de Sitter universes, see also the discussion in [37]. In the context of Chiral theory,
anisotropic spacetimes were investigated in [38–40], while some other studies of scalar
fields in anisotropic background spaces were presented in [41–43] and references therein.

In [38], exact anisotropic solutions in Chiral theory were determined, and it was
found that there exist exact anisotropic solutions for Bianchi III or Kantowski–Sachs back-
ground geometry where the two scalar fields contribute to cosmological history. Moreover,
anisotropic Kasner-like solutions, which belong to the Bianchi I family of spacetimes, were
not supported by the Chiral theory [39]. However, when a gauge field coupled to the scalar
field was introduced, anisotropic Bianchi I exact spacetimes were provided by the Chiral
model [40]. In this work, we focus our analysis on the existence of anisotropic Bianchi I
exact and analytic solutions for the Chiral–Quintom model proposed in [26].

Kasner spacetime [44] is one of the first anisotropic and homogeneous exact solutions
derived in the literature and describes an empty Bianchi I universe. The Kasner metric
depends on three parameters, which are constrained by two algebraic relations, so it is
a one-parameter family of solutions. There are many applications of the Kasner metric,
see for instance [45–47]. Moreover, Kasner spacetime describes the asymptotic behavior
of the Mixmaster universe, Bianchi IX metric, when the effects of the spatial curvature
are negligible. Kasner-like metrics [48–56], which are Kasner-like solutions with general-
ized Kasner-algebraic relations, are also of special interest. The structure of the paper is
as follows.

In Section 2, we present the considered gravitational model, which is that of the
Chiral–Quintom theory in a homogeneous and anisotropic Bianchi I background geometry.
Exact solutions, which describe anisotropic geometries with power-law and exponential
scale factors, are derived in Section 3. The existence of Kasner-like exact solutions are
investigated. In Section 4, we perform a detailed analysis of the field equations by using
the Noether symmetry approach. From this analysis, we can infer the existence of invariant
functions and conservation laws for the field equations, which can be used to construct
analytic solutions. Finally, in Section 5 we summarize our results.

2. Chiral–Quintom Theory

We assume the four-dimensional geometry with metric tensor gμν(xκ) and the multi-
scalar field gravitational model with gravitational action integral [57]

S =
∫

dx4√−g
(

R − 1
2

gμν HAB

(
ΦC
)

ΦA,μΦB,ν − V
(

ΦC
))

, (1)

where R = R(xκ) is the Ricciscalar of the background geometry gμν(xκ).

149



Universe 2022, 8, 503

The components of vector field ΦA(xκ) describe the scalar fields of the theory. In our
analysis, we assume two scalar fields, namely φ(xκ), ψ(xκ); that is, ΦA = (φ(xκ), ψ(xκ))T .
Thus, HAB

(
ΦC(xκ)

)
is a two-dimensional symmetric tensor; that is, HAB = HBA and

describes the geometry in which the two scalar fields lie. The interaction of the scalar fields
in the kinetic components is provided by the metric tensor HAB. Finally, V

(
ΦC(xκ)

)
is the

potential function, which drives the dynamics and the cosmological evolution.
In the Chiral–Quintom theory, the gravitational action integral (2) is defined as follows [26]

S =
∫

dx4√−g
(

R − 1
2

gμν

(
ε1φ,μ(xκ)φ,ν(xκ) + ε2e2κφ(xκ)ψ(xκ),μψ(xκ),ν

)
− V(φ)

)
, (2)

where ε1, ε2 have the constraints (ε1)
2 = 1 and (ε2)

2 = 1. The value −1 indicates that the
corresponding scalar field is phantom-like [26].

The Chiral model is recovered when ε1 and ε2 are positive numbers [22]. Parameter
κ plays a more important role, since it is related to the curvature of the two dimensional
spacetime HAB

(
ΦC(xκ)

)
, and a nonzero value is essential in order for the hyperbolic

inflation to occur [22]. Indeed, for κ = 0, the curvature of HAB
(
ΦC) vanishes, and the

Chiral–Quintom model reduces to the Quintom theory [19]. The later model however
does not reproduce the hyperbolic inflation. In this study, we consider a nonzero coupling
constant parameter, κ.

For the background space, we consider that of the anisotropic and homogeneous
Bianchi I spacetime

ds2 = −N2(t)dt2 + A2(t)dx2 + B2(t)dy2 + C2(t)dz2, (3)

where A(t), B(t), and C(t) are the three scale factors, and N(t) is the lapse function.
We prefer to work on the Misner variables, where the line element reads

ds2 = −N2(t)dt2 + e2α
(

e−2β+(t)dx2 + eβ+(t)+
√

3β−(t)dy2 + eβ+(t)−
√

3β−(t)dz2
)

, (4)

where now α(t) is the scale factor of a three-dimensional hypersurface, and β+(t), β−(t)
are the two anisotropic parameters.

When β̇+(t) = 0, β̇−(t) = 0, where dβ±
dt = β̇±, the line element (4) reduces to the

spatially flat Friedmann–Lemaître–Robertson–Walker spacetime. Parameter N(t) is the
lapse function where, without loss of generality, we select N(t) = 1.

For the background geometry described by the line element (4), the corresponding
field equations that follow from the variational of the action integral (2) are

3H2 − 3
4

((
β̇+
)2

+
(

β̇−
)2
)
=

1
2

(
ε1φ̇2 + ε2e2κφψ̇2

)
+ V(φ), (5)

2Ḣ + 3H2 +
3
4

((
β̇+
)2

+
(

β̇−
)2
)
= −1

2

(
ε1φ̇2 + ε2e2κφψ̇2

)
+ V(φ), (6)

β̈+ + 3Hβ̇+ = 0, (7)

β̈− + 3Hβ̇− = 0, (8)

ε1(φ̈ + 3Hφ̇) + V,φ = e2κφε2κψ̇2, (9)

ψ̈ + 3Hψ̇ = −2κψ̇φ̇. (10)

where H = α̇ is the Hubble function.

3. Anisotropic Exact Solutions

In this section, we investigate the existence of exact solutions of special interest for the
field equations. Firstly, let us recover the Kasner vacuum solution by assuming φ(t) = 0,
ψ(t) = 0, and V(φ) = 0.
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Then, for the specific functional forms

H(t) =
H0

t
, β+(t) = β0

+ ln t and β−(t) = β0
− ln t, (11)

from Equations (5)–(8), we obtain

H0 =
1
3

and
(

β0
+

)2
+
(

β0
−
)2

=
4
9

. (12)

The later two algebraic expressions are the so-called Kasner relations expressed in the
Misner variables.

3.1. Singular Solution

We consider now the case where the two scalar fields contribute to the field equations;
that is, φ̇(t)ψ̇(t) �= 0, and the Bianchi spacetime is described by the singular solution

α(t) = p ln t, β+(t) = β0
+ ln t, and β−(t) = β0

− ln t . (13)

This anisotropic solution corresponds to the family of Kasner-like solutions with initial
cosmological singularity when t = 0. Recall that we have assumed the constant lapse
function N(t) = 1.

From the field Equations (7) and (8), we derive p = 1
3 ; thus, the remaining field

equations read

(
β0
+

)2
+
(

β0
−
)2

− 4
9
+

2
3

t2
(

2V + ε1φ̇2 + ε2e2κφψ̇2
)
= 0, (14)

(
β0
+

)2
+
(

β0
−
)2

− 4
9
− 2

3
t2
(

2V − ε1φ̇2 − ε2e2κφψ̇2
)
= 0, (15)

ε1φ̇ + t
(

V,φ − e2κφε2κψ̇2 + ε1φ̈
)
= 0, (16)

and

ψ̈ + ψ̇

(
1
t
+ 2κφ̇

)
= 0. (17)

Equation (17) provides ψ̇ = ψ0
e−2κφ

t . Hence, by replacing this in the rest of the
equations, we obtain V(φ) = 0, and

φ(t) =
1
κ

ln(Φ(t)), (18)

with

Φ(t) = ±ψ0

√
6ε2

ξ
sinh

(
Φ1 ± iκ

√
ξ

6ε1
ln t

)
, (19)

where ξ = 9
((

β0
+

)2
+
(

β0
−
)2 − 4

9

)
, and Φ1 is an integration constant.

Consequently, in order for the scalar field φ(t) to be a real field, ε1ε2 < 0, which means
power-law solutions exist, i.e., Kasner-like solutions, only when one of the scalar fields is
phantom-like, and the cosmological model is that of the Chiral–Quintom theory.

3.2. Exponential Solution

Now, we assume the nonsingular solution with

α(t) = H0t , β+(t) = β0
+t and β−(t) = β0

−t . (20)
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We substitute this into the field equations, and we find

ψ(t) = ψ0e−3H0t−2κφ , V(φ) = 3H2
0 , (21)

and
φ =

1
κ

ln(Φ(t)), (22)

in which

Φ(t) = ±κ

(
i

ψ0

3H0

√
ε2

ε1
e−3H0t − Φ1

)
, (23)

where Φ1 is an integration constant.
Consequently, in order for a real solution to exist, ε2

ε1
< 0; that is, one of the scalar fields

is phantom, the other is quintessence. The cosmological model is that of Chiral–Quintom
theory.

4. Noether Symmetry Analysis

The application of symmetry analysis is a powerful method for the construction of
conservation laws and invariant functions necessary for the analytical study of nonlin-
ear dynamical systems [58–60]. In the case of dynamical systems, which follow from a
variational principle, Noether’s theorems provide a system method for the derivation of
conservation laws [58].

In cosmological studies, the Noether symmetry approach has been widely applied.
For a review on the subject, we refer the reader to [61]. The analysis of the cosmological
field equations with the requirement for the field equations to admit conservation laws
generated by Noether’s theorems has been used in two ways. Indeed, new conservation
laws have been constructed for the nonlinear field equations, which led to the derivation of
new analytic solutions [62–65]. Moreover, Noether symmetry analysis has been applied
as a classification method for the determination of the unknown functions of the given
theorem. This approach has geometric characteristics because Noether symmetries are
related to the geometry where the dynamical variables are defined [66,67]. We omit the
presentation of the basic properties of the Noether symmetry analysis, which can be found
in [61].

For the Chiral–Quintom model of our analysis, the cosmological field equations are
derived by the variation of the point-like Lagrangian

L = L
(
α, α̇, β+, β̇+, β−, β̇−, φ, φ̇, ψ, ψ̇

)
, (24)

where

L = e3α

(
6α̇2 − 3

4

((
β̇+
)2

+
(

β̇−
)2
)
− 1

2

(
ε1φ̇2 + ε2e2κφψ̇2

)
+ V(φ)

)
. (25)

The point-like Lagrangian (25) describes an autonomous dynamical system where, for
an arbitrary potential function V(φ), it admits the Noether symmetry vector field X1 = ∂t.
The corresponding conservation law is the Hamiltonian function

H = e3α

(
6α̇2 − 3

4

((
β̇+
)2

+
(

β̇−
)2
)
− 1

2

(
ε1φ̇2 + ε2e2κφψ̇2

)
− V(φ)

)
, (26)

where from the constraint Equation (5), H = 0. However, for specific functional forms
of V(φ) additional symmetries may exist. There exist two cases, VA(φ) = V0e−λφ and
VB(φ) = 0, where additional Noether point symmetries for the Lagrangian (25) exist. For
other forms of potential functions, symmetries may exist, including generalized symmetries,
hidden symmetries, and others.

We focus on the exponential potential VA(φ) = V0e−λφ. The admitted Noether sym-
metries are

X2 = ∂β+ , X3 = ∂β− ,
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X4 = β−∂β+ − β+∂β− , X5 = ∂ψ ,

and
X6 = 2t∂t +

2
3

∂α +
4
λ

(
∂φ − κψ∂ψ

)
.

The corresponding Noetherian conservation laws are

I2(X2) = e3αβ̇+ , I3(X3) = e3αβ̇−, (27)

I4(X4) = e3α
(

β− β̇+ − β+ β̇−
)
, (28)

I5(X5) = e3αe2κφψ̇, (29)

I6(X6) = 2tH− 4e3α
(

α̇ − ε1

λ
φ̇ +

ε2

λ
e2κφκψψ̇

)
. (30)

By using the constraint Equation (5), conservation law I6(X6) reads I6(X6) = −4e3α(α̇ −
ε1
λ φ̇+ ε2

λ e2κφκψψ̇).
We can easily see that the set of conservation laws are not in involution. The conserva-

tion law I6(X6) is written as

I6(X6) = −4e3α
(

α̇ − ε1

λ
φ̇ +

ε2

λ
κ I5ψ

)
. (31)

Thus, we can not infer the Liouville integrability property of the field equations.
A question which arises is whether we can use the invariant functions defined by the

vector field X6 in order to construct an exact solution. Indeed, the Lie invariants, which
correspond to X6, are

α(t) =
1
3

ln t + α0 , φ =
2
λ

ln t + φ0, and ψ = ψ0t−2 κ
λ . (32)

By replacing these in the field equations for the α0, φ0, and ψ0 constants, it follows
that ψ0 = 0, V0 = 0, and the Kasner-like relation is

(
β0
+

)2
+
(

β0
−
)2

− 4
9λ2 e6α0

(
λ2 − 6ε1

)
= 0, (33)

which is nothing other than the exact solution of a minimally coupled scalar field without
any contribution of the potential function or the generalized Kasner-like solution for a
five-dimensional Brane.

For the case of the zero potential function VB(φ) = 0, the admitted Noether symmetries
are

X2 , X3 , X4 , X5 ,

Y6 = ∂φ − κψ∂ψ , Y7 =
2
3

∂α

and
Y8 = ψ∂φ −

(κ

2
ψ − ε1

2κ
e−2κφ

)
∂ψ.

The corresponding conservation laws are I2(X2), I3(X3), I4(X4), I5(X5), and

I6(Y6) = e3α
( ε1

λ
φ̇ − ε2

λ
e2κφκψψ̇

)
, (34)

I7(Y7) = 2tH− 4e3αα̇ , (35)

I8(Y8) = e3α
(

ε1ψφ̇ − ε2e2κφψ̇
(κ

2
ψ − ε1

2κ
e−2κφ

))
. (36)

In contrast to the exponential potential function, in this case, there exist at least three
conservation laws, which are in involution and independent; that is, the field equations
form a Liouville integrable system.
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We proceed with the derivation of the analytic solution.

Analytic Solution for VB(φ)

With the use of the conservation laws I2(X2), I3(X3), and I5(X5) the field equations
can be written with the use of the Hamiltonian formalism as

H =
e−3α

12ε1

(
6p2

φ + ε1

(
9
(

I2
2 + I2

3

)
+ 6e−2κφ I2

5 − p2
α

))
≡ 0, (37)

where
α̇ =

1
6

pαe−3α , φ̇ = − pφ

ε1
e−3α . (38)

Consequently, the field equations are

ṗα = 0 , ṗφ = e−3α−2κφε2κ I2
5 . (39)

The analytic solution is derived

α(t) =
1
3

ln
( pα

2
(t − t0)

)
. (40)

which is the Kasner-like solution found in the previous section.
We conclude that the Kasner-like solution is the analytic solution for the given cosmo-

logical model.

5. Conclusions

In this study, we determined the exact cosmological solutions for the field equations
in the Chiral–Quintom theory with anisotropic and homogeneous background geometry.
The Chiral–Quintom theory belongs to the multiscalar field theories, and it is an extension
of the Chiral model where now at least one of the scalar fields can have a negative energy
density; that is, it has a phantom behavior. The theory extends the Quintom multifield
theory, where the kinetic part of the scalar fields defines a two-dimensional manifold of
non-zero constant curvature.

The cosmological field equations form a nonlinear dynamical system of ordinary dif-
ferential equations, the dependent variables, the scale factors {α(t), β+(t), β−(t)}, and the
two scalar fields {φ(t), ψ(t)}. We investigated the existence of exact anisotropic solutions,
which belong to the family of Kasner-like spacetimes and to the accelerated exponential
geometries, by giving the explicitly functional form of the scale factors {α(t), β+(t), β−(t)}.
These two geometries, described by the latter exact solutions, were provided by the Chiral–
Quintom theory for an appropriate functional form of the scalar field potential.

Moreover, because the cosmological field equations form a Hamiltonian dynamical
system, and a Lagrangian function exists, we applied the Noether symmetry approach for
the investigation of conservation laws. In particular, the Noether symmetry conditions
were used to constrain the potential function according to the admitted Noether symmetries
for the field equations. Two potential functions were derived, the exponential potential
and the zero potential, where, for these two potential functional forms, extra conservation
laws related to point symmetries exist. For the zero potential, we were able to infer the
integrability property of the field equations, where we proved that the Kasner-like solution
was the general analytic solution for this specific cosmological model. On the other hand,
for the exponential potential, we were not able to prove the integrability property for the
field equations and to write the analytic solution as in the case of the spatially Friedmann–
Lemaître–Robertson–Walker background geometry with matter source [24].

The existence of a Kasner-family anisotropic exact solution indicates that the field
equations admit actual solutions for the anisotropic initial condition. That is, anisotropy
is supported by the cosmological model, and when there is not a potential function, the
spacetime retains anisotropy. However, when a constant scalar field potential appears, then
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the resulting spacetime has exponential scale factors leading to an inflationary universe
described by the isotropic de Sitter spacetime [36].

In a future work we plan to investigate the stability properties of the Chiral–Quintom
theory and extend the analysis presented in [39] for the Chiral model. Such analysis
is essential in order to understand the global evolution of the field equations for other
potential functions, whether the Chiral–Quintom theory solves the isotropization problem,
and whether anisotropic initial conditions can lead to hyperbolic inflation.
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Abstract: We show that the spherically symmetric black hole (BH) solution of a charged (linear
case) field equation of Rastall gravitational theory is not affected by the Rastall parameter and
this is consistent with the results presented in the literature. However, when we apply the field
equation of Rastall’s theory to a special form of nonlinear electrodynamics (NED) source, we derive
a novel spherically symmetric BH solution that involves the Rastall parameter. The main source of
the appearance of this parameter is the trace part of the NED source, which has a non-vanishing
value, unlike the linear charged field equation. We show that the new BH solution is Anti−de-Sitter
Reissner−Nordström spacetime in which the Rastall parameter is absorbed into the cosmological
constant. This solution coincides with Reissner−Nordström solution in the GR limit, i.e., when
Rastall’s parameter is vanishing. To gain more insight into this BH, we study the stability using
the deviation of geodesic equations to derive the stability condition. Moreover, we explain the
thermodynamic properties of this BH and show that it is stable, unlike the linear charged case that
has a second-order phase transition. Finally, we prove the validity of the first law of thermodynamics.

Keywords: Rastall gravitational theory; black hole; thermodynamics and first law

1. Introduction

Since the construction of Einstein’s general relativity (GR), the coupling between
a scalar field and the gravitational action in a geometric frame has been intensively
studied. A scalar theory formulation was made in [1], and Jordan–Brans–Dicke later built
a gravitational theory as an expansion of GR to investigate the variable of gravitational
coupling [2–4]. Afterward, a general combination between a scalar field and its derivative,
which yields second-order differential equations, is known as the Horndeski theory [5] that
gained much attention. Recently, many modifications of Einstein GR have been established.
Among these theories is the f (R) gravitational theory, which is regarded as a natural
generalization of Einstein’s Hilbert action [6]. This theory could be rewritten as a GR and
scalar field [7,8]. The above is a very brief summary related to the scalar fields in the frame
of a gravitational context. However, there is a huge literature on this subject.

The above discussions show one way of modification of GR. However, there is another
possibility that has been used to generalize the kinetic term of the scalar field that is
minimally coupled to the Einstein–Hilbert action. This possibility is called the k-essence
theory [9]. This theory is used as an option to the usual inflationary models that use a
self-interacting scalar field [9–14]. Recently, vacuum static spherically symmetric solutions
have been derived for the k-essence theories [14]. Some novel patterns have been derived
that involve a study of the event horizon. Nevertheless, interpolating such solutions as
black holes was difficult because it is impossible to define a distant region from the horizon.
Using the no-go theorem, it has been affirmed that solutions with a regular horizon can
exist but only of the type of cold black hole [15,16].

Another generalization of GR is to abound the restriction of the conservation law
encoded in the zero divergence of the energy-momentum tensor. Among the theories
that follow this direction is the one given by Rastall (1972), which is known as Rastall’s
theory [17]. In the frame of Rastall theory, the covariant divergence of the stress-energy

Universe 2022, 8, 510. https://doi.org/10.3390/universe8100510 https://www.mdpi.com/journal/universe
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momentum tensor is proportional to the covariant divergence of the curvature scalar, i.e.,
Tα

β;α ∝ R;β. Thus, any solution that has a zero or constant Ricci scalar Rastall theory will
be identical to Einstein GR. Explaining the behavior of the new source of Rastall’s theory is
not an easy task. We can consider, phenomenologically, this new source as an appearance
of quantum effects in the classical frame [18]. It is interesting to mention that the topic of
non-conservation of Tαβ is a feature that exists in diffusion models [19–23]. Furthermore,
the non-conservation of the energy-momentum tensor and its link to modified gravitational
theories has been analyzed in [24,25]. The variational principle in the frame of Riemannian
geometry is not held due to the non-conservation of Tαβ. Nevertheless, some features such
as Rastall’s theory can also be discovered in the frame of Weyl geometry [26]. Moreover,
external fields in the Lagrangian could give essentially the same behavior as Rastall’s theory
(for discussion of the external field see, for example [27]). An investigation of Rastall gravity,
for an anisotropic star with a static spherical symmetry, has been discussed in [28]. The
study of shadow and energy emission rates for a spherically symmetric non-commutative
black hole in Rastall gravity has been carried out [29]. The quasinormal modes of black
holes in Rastall gravity in the presence of non-linear electrodynamic sources have been
studied [30]. Moreover, the quasinormal modes of the massless Dirac field for charged
black holes in Rastall gravity have been discussed [31]. In the framework of Rastall gravity,
a new black hole solution of the Ayón-Beato-García type, surrounded by a cloud of strings,
is derived [32]. A solution of a static spherically symmetric black hole surrounded by a
cloud of strings in the frame of Rastall gravity is derived [33]. Moreover, two classes of
black hole (BH) solutions, conformally flat and non-singular BHs, are presented in [34].
A spherically symmetric gravitational collapse of a homogeneous perfect fluid in Rastall
gravity has been conducted in [35]. Oliveira also presented static and spherically symmetric
solutions for the Rastall modification of gravity to describe neutron stars [36].

In the frame of cosmology, Rastall’s theory could degenerate into the Λ cosmological
dark matter, ΛCDM, at the background and at first-order levels, which means that a viable
model can be constructed in the frame of this theory. However, a few applications in the
domain of astrophysics have been completed [37]. Additionally, a study of the generalized
Chaplygin gas model to fit observations has been carried out in Rastall theory [38]. The
quantum thermodynamics of the Schwarzschild-like black hole found in the bumblebee
gravity model has been discussed in [39]. In recent years, various BH solutions, and in
particular, BH solutions of the Rastall field equations, have been investigated in many
scientific research papers. Among these are charged static spherically symmetric BH
solutions [40,41], Gaussian BH solutions [42,43], rotating BH solutions [44,45], Abelian–
Higgs strings [46], Gödel-type BH solutions [47], black branes [48], wormholes [49], BH
solutions surrounded by fluid, electromagnetic field [50] or quintessence fluid [51], BH
thermodynamics [52], among other theoretical efforts [53–56]. It is the aim of the present
study to show the effect of the Rastall parameter in the domain of spherically symmetric
spacetime using a special form of NED coupled with Einstein’s GR.

This paper has the following structure: in the next section, we present a summary of
Rastall’s theory. In Section 2.1, we give the NED field equations of Rastall’s gravity, then
we apply them to a spherically symmetric spacetime with two unequal metric potentials
and derive the NED differential equations. We solve this system and derive a new BH
solution that involves Rastall’s parameter. In Section 2.2, we extract the physical properties
of the BH solution and show that the metric potentials asymptote as Anti-de-Sitter (A)dS
Reissner–Nordström. Despite the applied NED field equations without cosmological
constant, we obtain (A)dS Reissner–Nordström. This means that the Rastall parameter acts
as a cosmological constant in this special form of NED theory. This result is consistent with
the study given by Visser [57]. It is important to stress that this solution in the GR limit, i.e.,
when the Rastall parameter equals zero, coincides with the Reissner−Nordström solution.
In Section 2.3, we derive the stability of geodesic motion using geodesic deviations. In
Section 3, we study some thermodynamical quantities. In Section 3.1, we show that our BH
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satisfies the first law of thermodynamics. In Section 4, we discuss the output results of this
study.

2. Spherically Symmetric BH Solution

Rastall’s assumptions [17,58], for a spacetime with a Ricci scalar R filled by an energy-
momentum Tμν, we have:

Tαβ
;α = εR ;

β , (1)

where ε is the Rastall parameter, which is responsible for the deviation from the standard GR
conservation law. Equation (1) returns to Einstein’s GR when the Ricci scalar is vanishing
or has a constant value.

Using the above data, we can write the Rastall field equations in the form [17,58]:

Rαβ −
[

1
2
+ λ

]
gαβR = χTαβ , (2)

where λ = χε and χ is the Newtonian gravitational constant and the units are used so
that the speed of light c = 1. Here, Rαβ is the Ricci tensor, R is the Ricci scalar, gαβ is the
metric tensor, and Tαβ is the energy-momentum tensor describing the material content. The
constant ε is the Rastall parameter that is responsible for the deviation from GR and when
(ε = 0) we obtain GR theory.

The modification in the spacetime geometry given by the L.H.S. of Equation (2) links
to two modifications of different material contents of the right hand side of Equation (2):

(i) Firstly, Equation (2) is mathematically equivalent to adding new materials of the
actual material sources to the right hand side of the standard GR field equations, which
can be seen as an effective source accompanying the actual material sources considered in
the model. For this reason, we can rewrite Equation (2) in a mathematical equivalent form
as [17,58]:

Rαβ −
1
2

gαβR = χT1αβ , where T1αβ = Tαβ −
χ ε

1 + 4χ ε
gαβT . (3)

The term − ε
1+4ε gαβT is the energy-momentum tensor that represents the effective source

that arises from the actual material and T is the trace of Tαβ, i.e., T = gαβTαβ = −(1 + 4ε)R.
Now rewrite Equation (3) in the form: 1

Rαβ − gαβR
[

1
2
+ ε

]
≡ Rαβ + gαβT

[
1 + 2ε

2(1 + 4ε)

]
= Tαβ . (4)

In this study, we will use Equation (4) but we will assume the energy-momentum tensor
Tαβ to be combined with electromagnetic field and takes the following form:

Tαβ = Eαβ, where Eαβ = Fμ
αFμβ −

1
4

gαβF , (5)

with Fμβ being the antisymmetric Faraday tensor and F = FμνFμν = dξ and ξ = ξαdxα is
the electromagnetic gauge potential Maxwell field [59]. The tensor Fμβ satisfies the vacuum
Maxwell equations:

Fαβ
;α = 0 , Fαβ;σ + Fβσ;α + Fσα;β = 0 . (6)

(ii) Secondly, this modification implies a violation of the local conservation of the
tensor T1αβ of an actual material source because its divergence is not necessarily vanishing.

It is important to stress that Equation (4) with the energy-momentum tensor given
by Equation (6) has a contradiction since the LHS of Equation (4) has a non-vanishing
covariant derivative,

{
Rαβ − gαβR

[
1
2 + ε

1+4ε

]}
;β

�= 0, while the RHS has a vanishing
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value, Tαβ
;β = 0. Thus, the only way to overcome this issue is the fact that the solution of

these field equations must have a zero Ricci scalar2, which ensures the well-known results
in the literature that the Rastall parameter has no effect in the linear Maxwell field.

2.1. Nonlinear Charged Spherically Symmetric BH Solution in Rastall’s Theory

In this subsection, we are going to present a special form of NED theory coupled with
GR. For this aim, we are going to take into account a dual representation, i.e., imposing the
auxiliary field Sαβ, which is convenient to couple with GR [60,61]. Specifically, we involve
the Legendre transformation:

H = 2FLF − L, (7)

where H is an arbitrary function, LF ≡ ∂L
∂F and L(F) is an arbitrary function of F. If

L(F) = F we return to the linear case. Assuming,

Sμν = LFFμν , S =
1
4
SαβSαβ = L2

FF , with Fμν = HSSμν , (8)

where HS = ∂H
∂S . The field equation of nonlinear electrodynamics yields the form [60]:

∂ν

(√
−gSμν

)
= 0, (9)

where the energy-momentum tensor of the NED is defined as:

Tν
μ

NED
≡ 2(HSSμαSνα − δν

μ[2SHS −H]). (10)

We mention that in general Equation (10) has a non-vanishing trace3:

T
NED

= 8(H−HSS) �= 0 , (11)

and has a vanishing value in the linear theory, i.e., when H = F and S = F. Finally, the
electric and magnetic fields in the NED case take the form [60,61]:

E =

∫
Ftrdr =

∫
HSStrdr , Br =

∫
Frφdφ =

∫
HSSrφdφ,

Bθ =

∫
Fθrdr =

∫
HSSθrdr, Bφ =

∫
Fφrdr =

∫
HSSφrdr , (12)

where E and B are the components of the electric and magnetic fields, respectively. Now
we are going to use the field Equation (4) with the energy-momentum tensor Tαβ, that is
combined with the NED, and obtain:

Tμν

NED
≡ Eμν, where Eμ

ν = 2(HSSμαSνα − δν
μ[2SHS −H]) . (13)

Now, let us assume that the spherically symmetric spacetime has the form:

ds2 = −μ(r)dt2 +
dr2

ν(r)
+ r2(dθ2 + sin2 θ dφ2) , (14)

where μ(r) and ν(r) are unknown functions of the radial coordinate r. For the spacetime
(14), the symmetric affine connection takes the form:

Γtt
r =

1
2

νμ′ , Γtr
t =

μ′

2μ
, Γrr

r =
ν′

2ν
, Γrθ

θ = Γrφ
φ =

1
r

,

Γθθ
r = −rν , Γθφ

φ = cot θ , Γφφ
r = −rν sin2 θ , Γφφ

θ = − sin θ cos θ . (15)
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The Ricci scalar of the spacetime (14) has the form:

R(r) =
r2νμ′2 − r2μμ′ν′ − 2r2μνμ′′ − 4rμ[νμ′ − μν′] + 4μ2(1 − ν)

2r2μ2 . (16)

Here, μ ≡ μ(r), ν ≡ ν(r), μ′ ≡ dμ
dr , μ′′ ≡ d2μ

dr2 and ν′ ≡ dν
dr .

Using Equation (14) in Equation (4), where the energy-momentum tensor is given by
Equation (13), then:

The t t- component of Rastall field equation is:

1
2r2μ2[2μνξ ′′ + ξ ′(μν′ − νμ′)]

{
2μνξ ′′

{
2μνεr2μ′′ − r2νεμ′2 + rμμ′ε[4ν + rν′] + 2μ2[(1 + 2ε)[rν′ + ν] + 1 + r2

H+ 2ε]
}

+ξ ′
(

2r2μνμ′′ε[μν′ − νμ′] + r2ν2εμ′3 − 2rμνμ′2[rν′ + 2ν]ε + μ2μ′
[
r2εν′2 − 2rνν′ − 2ν({1 + 2ε}(ν − 1)− r2

H)
]

+μ3
{

2ν′[(1 + 2ε){rν′ + ν − 1} − r2
H] + r2νH′

})}
= 0 ,

The r r- component of Rastall field equation is:

1
2r2μ2[2μνξ ′′ + ξ ′(μν′ − νμ′)]

{
2μνξ ′′

{
2μνεr2μ′′ − r2νεμ′2 + rμμ′[2(1 + 2ε)ν + εrν′] + 2μ2[(1 + 2ε)[ν − 1] + 2εrν′ − r2

H]
}

+ξ ′
(

2r2μνμ′′ε[μν′ − νμ′] + r2ν2εμ′3 − 2rμνμ′2[rν′ε + (1 + 2ε)ν] + μ2μ′
[
r2εν′2 + 2rνν′ − 2ν({1 + 2ε}(ν − 1)− r2

H)
]

+2μ3
{

2εrν′2 + ν′[(1 + 2ε){ν − 1} − r2
H] + r2νH′

})}
= 0 ,

The θ θ = φ φ- component of Rastall field equation is:

1
4r2μ2[2μνξ ′′ + ξ ′(μν′ − νμ′)]

{
2μνξ ′′

{
2μν(1 + 2ε)r2μ′′ − r2ν(1 + 2ε)μ′2 + rμμ′[2(1 + 4ε)ν + (1 + 2ε)rν′] + 2μ2[4ε[ν − 1]

+(1 + 4ε)rν′ − 2r2
H]

}
+ ξ ′

(
2r2μνμ′′(1 + 2ε)[μν′ − νμ′] + r2ν2(1 + 2ε)μ′3 − 2rμνμ′2[rν′(1 + 2ε) + (1 + 4ε)ν]

+μ2μ′
[
r2(1 + 2ε)ν′2 − 4ν(2ε(ν − 1)− r2

H)
]
+ 2μ3

{
(1 + 4ε)rν′2 + 2ν′[2ε{ν − 1} − r2

H] + 4r2νH′
})}

= 0 , (17)

where H is an arbitrary function and ξ is the field of electric charge. Equation (17) reduces
to the linear charged Einstein’s field equations when ε = 0 and H = F [62,63]. The exact
solution of Equation (17) for the electric field takes the form4:

μ(r) =
c2(c3r4 + (1 + 4ε)[12r2 + 12rc4 − 3c5])

r2 , ν(r) =
c3r4 + (1 + 4ε)[12r2 + 12rc4 − 3c5]

12r2(1 + 4ε)
,

ξ(r) =
c1

r
, H = c3 +

c5

r4 ≡ c3 + F . (18)

The Rastall parameter has an effect in the NED case, as shown by Equation (18). We
return to the linear charged case when H = F ≡ c5

r4 [64]. We stress the fact that if we repeat
the same above calculations taking into account the electric and magnetic fields, given by
Equation (12), we can easily verify the same conclusion of the above case, i.e., Rastall’s
parameter has an effect and its behavior will be similar to the form given by Equation (18).
If we want to derive a solution that is different from Einstein’s GR, we must generalize
Rastall’s theory to f (R)-Rastall’s theory [65]

2.2. The Physical Properties of the BH Solutions (18)

Now, we are going to explain the physics of the BH solution (18). For such purposes,
we rewrite the components of the metric potential of the BH (18) as:
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μ(r) = ν(r) = r2Λe f f + 1 − 2M
r

+
q2

r2 , ξ = − q
r

, H = 12Λe f f .(1 + 4ε)− 4q2

r4 . (19)

where we have:

c1 = −q , c2 =
1

12(1 + 4ε)
, Λe f f . = c3c2 , c4 = −2M , and − 4q2 = c5 , c5 = −4

√
c1 . (20)

Equation (20) shows that we have an effective cosmological constant in the solution of the
NED charged case while their field equations have no cosmological constant. This means
that the Rastall parameter acts as an effective cosmological constant in the NED charged
case with the fact that the Rastall parameter ε �= − 1

4 . From Equations (19) and (14) we
obtain5:

ds2 =−
{

r2Λe f f + 1 − 2M
r

+
q2

r2

}
dt2 +

dr2

r2Λe f f + 1 − 2M
r + q2

r2

+ dΩ2 , (21)

where dΩ2 = r2(dθ2 + sin2 θ dφ2) is a 2-dimensional unit sphere.
Equation (21) shows that solution (18) asymptotes as (A)dS and does not equal

Reissner–Nordström spacetime due to the Rastall parameter. Equation (21) clearly investigates
how the Rastall parameter acts as a cosmological constant. Equation (21) coincides with GR
when H = F, which means c3 = 0, and this gives Rissner–Nordström BH solution because
Λe f f = 0. From Equations (19) and (16) we achieve:

R(r) = −12Λeff . (22)

Equation (22), shows in a clear way that the Rastall parameter acts as a cosmological
constant and the conservation law of both sides of Equation (2) are satisfied.

Using Equation (19) we obtain the invariants as:

RμνρσRμνρσ = −24Λeff +
48m2

r6 − 96mq2

r7 +
56q4

r8 , RμνRμν = 36Λeff +
4q4

r8 , R = −12Λeff . (23)

Here
(
RμνρσRμνρσ,RμνRμν,R

)
are the Kretschmann scalar, the Ricci tensor square, and

the Ricci scalar, respectively. The Kretschmann scalar and the Ricci tensor square have a
true singularity when r = 0. All of the above invariants are identical with the invariant of
(A)dS-Reissner–Nordström BH solution of GR. The discussion of the invariant of (A)dS
Reissner–Nordström can be applied on the invariant given by Equation (23) with the
exclusion of the value ε = − 1

4 .
Before we close this subsection we are going to calculate the trace of the NED given by

Equation (11) using solution (18) as:

T
NED

= c3 �= 0 . (24)

Equation (24) shows in a clear way that if c3 = 0 we will obtain a vanishing trace and, in
that case, Rastall’s parameter will have no effect, which supports the above discussion.

2.3. Stability of Geodesic Motion of BH Given by Equation (19)

The equations of geodesic are given by [66]:

d2xγ

dε2 +

{
γ
βρ

}
dxβ

dε

dxρ

dε
= 0 , (25)
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where ε is a canonical parameter. Moreover, the equations of geodesic deviation are given
as [67,68]:

d2�σ

dε2 + 2
{

σ
μν

}
dxμ

dε

d�ν

dε
+

{
σ

μν

}
, ρ

dxμ

dε

dxν

dε
�ρ = 0 , (26)

where �α is the deviation of the four-vector.
Following the procedure in [69,70], one can get the stability condition as:

3μνμ′ − σ2μμ′ − 2rνμ′2 + rμνμ′′

μν′
> 0 , (27)

where μ and ν are given by Equation (19). Using Equation (27), one can obtain the following
form of σ2 as:

σ2 =
3μνμ′′ − 2rνμ′2 + rμνμ′′

μ2ν′2
> 0 . (28)

Equation (28) is plotted in Figure 1 using specific values of the model. In this figure, we
study Λe f f = 0, Reissner−Nordström GR spacetime and Λe f f �= 0 of the BH solution (19).
The two cases display the regions where the BH solution is stable/unstable by unshaded
and shaded regions, respectively.

(a) Stability of the BH for the case
Λe f f = 0 and Λe f f . = 0.083

(b) Horizons of the linear Maxwell field

(c) Horizons of the non–linear Maxwell
field

Figure 1. Plot (a) shows the behavior of Equation (28) viz r for BH (19). The behavior of the metric
potential μ(r), which characterizes the horizons by putting μ(r) = 0: (b) for linear Maxwell Rastall
gravity theory; (c) for the nonlinear electrodynamics Rastall’s theory. The values of m for the linear
case are 1.3; 0.99; 0.8 and q = 1, while for the nonlinear case m = 1.3; 1.1 and 0.9, q = 1 and Λe f f .= 0.3.
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3. The Thermodynamical Properties of the of BH Given by Equation (19)

The thermodynamics of BH is considered an interesting topic in physics because
it enables us to understand the physics of the solution. Two main approaches have
been proposed to understand the thermodynamical quantities of the BHs: The first
approach, delivered by Gibbons and Hawking [71,72] constructed to understand the
thermal properties of the Schwarzschild BH through the use of Euclidean continuation. In
the second approach, one has to define the gravitational surface from which we can define
the Hawking temperature. Then, one can be able to study the stability of the BH [73–76].
Here, we are going to follow the second approach to investigate the thermodynamics of the
(A)dS BH obtained in Equation (19) and then analyze its stability. The physical quantities
characterized by the BH (19) are the mass, m, the charge, and the effective cosmological
constant Λe f f ..

The horizons of Equation (19) are calculated by deriving the roots of μ(r) = 0, which
we plot in Figure 1b,c using specific values. Plots of Figure 1b,c indicate the roots of μ(r)
that fix the horizons of BH (19), i.e., r1 and rh . We should emphasize that in the linear
case, for m > 0, q > 0, and Λe f f . = 0, we can show that the two roots can be formed when
m > mmin > q. However, when m = mmin, we fix the degenerate horizons, i.e., rdg, at
which r1 = rh, which is the Nariai BH whose thermodynamics is studied [77–79]. However,
when m < mmin < q, there is no BH formed, which means that we have a naked singularity
as shown in Figure 1b. The same discussion can be used for the NED case, where the
degenerate horizon is shown in Figure 1c [78–87]. In this study, we use positive values
of the effective cosmological constant because this gives two horizons. Nevertheless, it is
important to mention that negative values of the effective cosmological constant create
the same pattern, which is characterized by two horizons [88,89]. The stability of the BH
depends on the sign of the heat capacity Hc. Now, we are going to discuss the thermal
stability of the BHs through their behavior of heat capacities [10,90–92]:

Hc =
dEh
dTh

=
∂m
∂rh

(
∂T
∂rh

)−1
, (29)

where Eh is the energy. If Hc > 0 or (Hc < 0), the BH will be thermodynamically stable
or unstable, respectively. To understand this process, we suppose that at some point the
BH absorbs more radiation than it emits, which yields positive heat capacity, which means
that the mass is indefinitely increased. In contrast, when the BH emits more radiation than
it absorbs, this yields a negative heat capacity, which means the BH mass is indefinitely
decreasing until it disappears. Therefore, a BH that has a negative heat capacity is unstable
thermally.

To calculate Equation (29), we need the analytical forms of mh ≡ m(rh) and Th ≡ T(rh).
Therefore, let us calculate the mass of the BH in an event horizon rh. Thus, we put μ(rh) = 0,
given by Equation (19) and obtain:

mh
Equation (19)

=
Λe f f rh

4 + rh
2 + q2

2rh
. (30)

Equation (30) shows that the total mass of BH is a function of rh, the charge and Λe f f .. For
specific values of the charge we plot the relation of the horizon mass-radius in Figure 2a,
which shows:

m(rh → 0) → ∞, m(rh → ∞) → ∞. (31)

The temperature of BH is calculated at the outer event horizon r = rh as [93]:

T =
κ

2π
. (32)
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Here, κ is the surface gravity defined as κ = μ′(rh)
2 . The temperatures of the BH (18) is

given by:

Th
Equation (19)

=
1

2π

(
Λe f f rh +

1
rh

2

[
m − q2

rh

])
, (33)

with Th being the temperature at rh. For our two cases, linear and nonlinear electrodynamics,
we depict the temperatures in Figure 2b for specific values. Figure 2b shows that the
horizon temperature Th has a zero value at rh = rdg. However, when rh < rdg, the horizon
temperature becomes negative and forms an ultracold black hole. This result was discussed
by Davies [94] who said that there are no obvious reasons from the thermodynamical
viewpoint that prevent a BH temperature from becoming negative and linked this to a
naked singularity. This is exactly what happened in Figure 2b when rh < rmin region. The
case of ultracold BH is explained by the existence of a phantom energy field [95], which
investigates the decrease of the mass behavior in Figure 2b. When rh > rdg, the temperature
becomes positive. When rh becomes larger, the temperatures of both linear and nonlinear
cases change in a similar manner.

(a) Mass–radius relation (b) Hawking temperature–radius relation

(c) Heat capacity–radius relation

Figure 2. Plots of thermodynamical quantities of BHs. (a) The mass-radius relation, which determines
the minimal mass. (b) The hawking temperature, which vanishes at rh. (c) The heat capacity.
Moreover, the linear case investigates a second-order phase transition. All the figures are plotted for
mh = q = 1.
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Now we are going to evaluate the heat capacity, Hc. Using Equations (29), (30), and
(33) we get:

Hc
Equation (19)

=
2πrh

2
[
3Λe f f rh

4 + rh
2 − q2

]
2(Λe f f rh

4 + 3q2 − 2mrh)
.

(34)

The above equation is not easy to obtain from any information; thus, we depicted it in
Figure 2c with specific values of the parameters. As shown in Figure 2c, both cases of linear
and nonlinear charged BH solutions, Hc vanishes at rdg and also their temperatures. In the
GR limit, the linear case, Hc has positive values when rh > rdg; however, when rh < rdg, it
has negative values. In the NED case, the heat capacity is always positive unless rh < rdg.

3.1. First Law of Thermodynamics of the BH Solution (18)

Using Equation (30) we obtain:

M = mh =
Λe f f rh

3

2
+

rh
2
+

q2

2rh
. (35)

Moreover, from the definition of entropy:

S =
A
4

= πrh
2 , (36)

we can show that the effective cosmological constant and pressure are given as [96]:

P =
3Λe f f

8π
. (37)

Equation (35) can be rewritten in terms of pressure and entropy as:

M(S, q, P) =
1

6
√

πS

(
3π q2 + 3S + 8P S2

)
. (38)

Therefore, the parameters related to S, q, and P are calculated as:

T =

(
∂M
∂S

)
P,q

=
1

4πrh

(
1 − q2

rh
2 + 3πrh

2Λe f f .

)
,

ξ =

(
∂M
∂q

)
S,P

=
q
rh

, V =

(
∂M
∂P

)
S,q

=
4
3

πrh
3 , (39)

where ξ, T, and V are the electric potential, temperature, and thermodynamic volume,
respectively. Using the above equations, the following Smarr relation is:

M = 2TS + ξq − 2VP , (40)

from which it is easy to prove the first law of thermodynamics as:

dM = TdS + ξ dq + VdP . (41)

Equation (40) ensures the validity of the first law of the BH (19).

4. Discussion and Conclusions

In this research, we have considered spherically symmetric BH in Rastall’s theory of
gravity. We study the NED spherically symmetric spacetime and derive an exact solution
that is affected by the Rastall parameter. This is the first time we derive a NED BH solution

166



Universe 2022, 8, 510

from the field equation of Rastall’s gravitational theory. The main contribution of Rastall’s
parameter in this study comes from the contribution of the trace of the NED, which has a
non-vanishing value in contrast to the linear Maxwell theory. We show that the effect of the
Rastall parameter acts as a cosmological constant, and the BH behaves asymptotically as
(A)dS Reissner–Nordström spacetime. When the Rastall parameter vanishes, we obtaiin
spacetime, which asymptotes as flat Reissner–Nordström spacetime.

We have used the geodesic deviation to obtain the stability of the geodesic motion of
the NED case. Furthermore, we investigated the horizons and demonstrated that the BHs
presented in this study could have two horizons: the event horizon r1 and the effective
cosmological one rh. Furthermore, we fixed the minimum value of the BH mass that
occurred at the degenerate horizon. We have also studied the thermal phase transitions and
showed that in the linear electrodynamics case, i.e., ε = 0, the temperature became negative
when rh < rd and, therefore, heat capacity became negative and, thus, we have unstable
BH [97–100]. The same conclusions can be applied to the NED case. However, at rh > rd,
we have a positive value of the Hc, which yields a stable BH. Finally, we proved the validity
of the first law of thermodynamics. It is worth noting that the result of thermodynamics
presented in this study agrees with the study of thermodynamics presented in [101] when
the rotation parameter a is vanishing.

In this study, we have discussed Rastall’s theory using a special form of non-linear
electrodynamics. This special form of non-linear electrodynamics reduces in our model to a
linear form plus a cosmological constant. However, a deeper analysis is necessary, possibly
regarding quantum effects in the universe. Meanwhile, the effects of Rastalls cosmology on
the formation and properties of non-linear structures is a very promising research program.
Furthermore, the study of f (R)-Rastall’s theory will be extremely rich in the context of
astrophysics [65]. Within the frame of f (R), a BH, which is similar to Reissner–Nordström
BH is presented [102] for a specific form of f (R). Is it possible to derive a similar solution
within Rastall’s f (R)? This study will be carried out elsewhere.
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Notes

1 In this study we assume the relativistic units, i.e., χ = 8πG
c4 = 1.

2 In the frame of Rastall theory, Reissner−Nordström is a solution since its Ricci scalar has a vanishing value.
3 The non-vanishing of the trace is an important property in the frame of Rastall’s theory so that the effect of the Rastall parameter

may appear unlike Maxwell field theory.
4 Solution (18) has been checked using Maple software 19.
5 This result is consistent with what we have done in [57] where the author has shown that the Rastall theory is equivalent to

Einstein’s general relativity or equivalent to Einstein’s field equation plus an arbitrary cosmological constant
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Abstract: Scalar field φCDM models provide an alternative to the standard ΛCDM paradigm, while
being physically better motivated. Dynamical scalar field φCDM models are divided into two classes:
the quintessence (minimally and non-minimally interacting with gravity) and phantom models.
These models explain the phenomenology of late-time dark energy. In these models, energy density
and pressure are time-dependent functions under the assumption that the scalar field is described
by the ideal barotropic fluid model. As a consequence of this, the equation of state parameter of the
φCDM models is also a time-dependent function. The interaction between dark energy and dark
matter, namely their transformation into each other, is considered in the interacting dark energy
models. The evolution of the universe from the inflationary epoch to the present dark energy epoch
is investigated in quintessential inflation models, in which a single scalar field plays a role of both
the inflaton field at the inflationary epoch and of the quintessence scalar field at the present epoch.
We start with an overview of the motivation behind these classes of models, the basic mathematical
formalism, and the different classes of models. We then present a compilation of recent results of
applying different observational probes to constraining φCDM model parameters. Over the last
two decades, the precision of observational data has increased immensely, leading to ever tighter
constraints. A combination of the recent measurements favors the spatially flat ΛCDM model but a
large class of φCDM models is still not ruled out.

Keywords: dark energy; observational data; dynamical dark energy models

1. Introduction

The accelerated expansion of our universe was first discovered in 1998 on the basis
of measurements of the type Ia supernovae (SNe Ia) apparent magnitudes [1–3]. This fact
was later confirmed by other cosmological observations, in particular, by measurements
of the temperature anisotropy and the polarization in the cosmic microwave background
(CMB) radiation [4–13], by studies of the large-scale structure (LSS) of the universe [14–19],
by measurements of baryon acoustic oscillations (BAO) peak length scale [20–26], and by
measurements of Hubble parameter [27–35].

One possible explanation for this empirical fact is that the energy density of the
universe is dominated by dark energy or dark fluid, an energy component with an effective
negative pressure (see Refs. [36–43] for reviews). The presence of dark matter in the
universe, first discovered through the anomalously high rotation velocity of the outer
regions of galaxies [44], is another major mystery of modern cosmology. Different models
for dark matter have been proposed including cold dark matter (CDM), consisting of
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heavy particles with mass mCDM ≥ 100 KeV, warm dark matter (WDM), composed of
particles with a mass of mWDM ≈ 3–30 KeV, and hot dark matter (HDM) consisting of
ultrarelativistic particles [45]. Assuming general relativity is the correct description of
gravity on cosmological scales, about 95% of the energy in the universe has to be in
the “dark” form, i.e., in the form of dark energy and dark matter, to explain available
observations. According to the last Planck data release (PR4), our universe consists of 4.86%
of ordinary matter, 25.95% of dark matter, and 70.39% of dark energy [46].

The true nature and origin of dark energy and dark matter are still unresolved issues
of modern cosmology. The simplest description of dark energy is vacuum energy or the
cosmological constant Λ (see Refs. [36,39,47] for reviews). The cosmological model based
on such a description of dark energy in the spatially flat universe is called the Lambda
Cold Dark Matter (ΛCDM) model, which established itself as the standard or concordance
model of the universe in the last two decades (see Ref. [36] for a pioneering work and
Ref. [48] for recent review and discussion). In this model, dark matter is presented in the
form of non-relativistic cold weakly interacting particles which either have never been in
equilibrium with the primordial plasma or have been decoupled from it after becoming
non-relativistic at an early stage. A good pedagogical overview of the ΛCDM model is
available in many recent books [49–53] and reviews [37,54–58].

Despite explaining various observations of our universe to a remarkable degree of
accuracy, the ΛCDM model has several unsolved problems and tensions [57,59–65], in-
cluding the fine-tuning or cosmological constant problem, the coincidence problem, the
Hubble and S8 tensions, and the problem of the shape of the universe. A large number of
cosmological models that go beyond the standard ΛCDM scenario with modified dynamics
of the expansion of the universe both in early and late times have been considered in order
to resolve these tensions. For reviews, see [66–76]. To solve the problems of the ΛCDM
model, models with gravity different from general relativity on cosmological scales in the
universe, so-called modified gravity (MG) models, have also been proposed [37,77–88].
For reviews, see [43,89,90] and especially a comprehensive analysis by Ishak [91] on a
large class of the MG theories leading to the accelerated universe and the observational
constraints on those theories.

The value of the energy density of the cosmological constant ρΛ following from the
quantum field theory estimates is [60] ρΛ∼h̄M4

pl∼1072 Gev4∼2 · 10110 erg/cm3, where

Mpl∼1019 GeV is the Planck mass and h̄ is the reduced Planck constant, while cosmological
observations of the cosmological constant (like dark energy) show a very different re-
sult [60]: ρobs

Λ ∼10−48 Gev4∼2 · 10−10 erg/cm3. This discrepancy in 120 orders of magnitude
between the predicted and observed values of the energy scale of the cosmological constant
is called the cosmological constant problem or the fine-tuning problem [54–56,92,93]. An
alternative point of view compatible with Einstein’s equations of general relativity is to
abandon the attempts to explain the minuscule value of the cosmological constant due to
some “magic” cancellations of the quantum field theory vacuum terms and to assume its
pure geometric origin. The drawback is that in such case the trivial space–time without
sources would be the de Sitter universe with an intrinsic curvature [93].

The coincidence is that, based on precise cosmological observations [13,94], the energy
density in dark energy (68.7%) is comparable (within an order of magnitude) to that of
non-relativistic matter (31.3%) at present. This problem can also be presented as the why
now problem, namely: “Why did the acceleration occur in the present epoch of cosmic
evolution?” (surely any earlier event would have prevented the formation of structures
in the universe) [36,57,59,61]. This fact is an enigma [52,56,93,95–101], because, in the
ΛCDM model, the energy density of the cosmological constant does not depend on time,
ρΛ = const, while the energy density of matter varies over time as ρDM∼a−3(t) (a(t) and
t are the scale factor and cosmic time, respectively), so the ratio of these quantities is
time-dependent, ρDM/ρΛ ∝ a−3(t). Since the vacuum energy does not change over time,
it was insignificant during both the radiation domination epoch and the matter domination
epoch, but it has become the dominant component recently, at a scale factor a ≈ 0.77 (or
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a redshift z ≈ 0.3), according to Planck 2018 data [13], and it will be the only component
in the universe in the future. The energy density of matter and the energy density of the
cosmological constant are comparable for a very short period of time, so the following
question arises: “Why did it happen that we live in this short (by the cosmological scale)
period of time?” After all, this fact is in contradiction to the Copernican principle, since
this coincidence implies that the present epoch is a special time, between the matter- and
dark-energy-dominated epochs, and may hint at some physical mechanism at play which
ensures these energy densities are similar.

The anthropic principle [102,103] can explain the cosmological constant problems and
answer the questions: “Why is the energy density of the cosmological constant so small?”
and “Why has the accelerated expansion of the universe started recently?” According to
the anthropic principle, the energy density of the cosmological constant observed today
should be suitable for the evolution of intelligent beings in the universe [92,104–106]. For a
more detailed discussion and approaches to solve this problem, see Ref. [107].

The Hubble tension problem is that there is a discrepancy at the level of ∼5σ be-
tween the value of the Hubble parameter at the present epoch H0 = 100h km c−1 Mpc−1,
where h is a dimensionless normalized Hubble constant, obtained by the local measure-
ments, and CMB temperature, polarization, and lensing anisotropy data [13,108–113]. In
particular, supernova measurements give H0 = 73.04 ± 1.04 km/s/Mpc [114], while CMB
measurements (TT,TE,EE + lowE + lensing) lead to H0 = 67.36 ± 0.54 km/s/Mpc [13].

The S8 tension problem is that there is a discrepancy at the level of ∼2σ–3σ con-
fidence level between the primary CMB temperature anisotropy measurements by the
Planck satellite [13] in the strength of matter clustering compared to lower redshift mea-
surements such as the weak gravitational lensing and galaxy clustering [66,68,115–118].
This tension is quantified using the weighted amplitude of the matter fluctuation parame-
ter S8 = σ8(Ωm/0.3)0.5, which modulates the amplitude of weak lensing measurements;
here, σ8 is an amplitude of mass fluctuations on scales of 8h−1 Mpc; Ωm = Ωm0a−3/E2(a)
is a matter density parameter; Ωm0 is a matter density parameter at the present epoch;
E(a) = H(a)/H0 is a normalized Hubble parameter; H(a) = ȧ/a is a Hubble parameter;
and ȧ is a derivative of the scale factor a with respect to cosmic time.

The problem with the shape of the universe is that the CMB anisotropy power spectra
measured by the Planck space telescope show a preference for a spatially closed universe
at a more than 3σ confidence level [13,119]. This fact contradicts expectations from the
simplest inflationary models [63,66,120] and is interpreted by the cosmological community
as a possible crisis of modern cosmology [62,120–124].

One of the alternatives to the ΛCDM model, during the period of time when the
accelerated expansion of the universe is governed by the cosmological constant Λ, is
dynamical dark energy scalar field φCDM models [125–133]. In these models, dark energy
is described through the equation of state (EoS) parameter, wφ(t), which depends on
time: wφ(t) ≡ pφ/ρφ, pφ is the scalar field pressure, ρφ is the scalar field energy density;
whereas, in the ΛCDM model, the EoS parameter is a constant, wΛ = −1. At the same
time, at the present epoch, the value of the time-dependent EoS parameter in scalar field
models becomes approximately equal to minus one, wφ ≈ −1; thus, dynamical dark
energy mimics the cosmological constant and becomes almost indistinguishable from it.
However, dark energy is a dynamic parameter related to the current value of the scalar
field potential, while the universe evolves towards its true vacuum with zero energy, i.e.,
the zero cosmological term.

Depending on the value of the EoS parameter at the present epoch, φCDM scalar field
models are divided into quintessence models, with −1 < wφ(t) < −1/3 [95,98,134–137],
see, e.g., Refs. [36,43] (for a review), and phantom models, with wφ(t) < −1 [138–144].
Quintessence models are divided into two classes: tracker (freezing) models, in which
the scalar field evolves slower than the Hubble expansion rate, and thawing models,
in which the scalar field evolves faster than the Hubble expansion rate [95,135,141,145,146].
In quintessence tracker models, the energy density of the scalar field first tracks the ra-
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diation energy density and then the matter energy density, while it remains subdomi-
nant [147]. Only recently does the scalar field become dominant and begins to behave
as a component with negative pressure, which leads to the accelerated expansion of the
universe [136,148,149]. For certain forms of potentials, the quintessence tracker models
have an attractor solution that is insensitive to initial conditions [147].

The interaction between dark energy and dark matter, namely their transformation into
each other, is considered in the interacting dark energy (IDE) models [150–154]. In these
models, the coincidence problem of the standard ΛCDM model as well as the Hubble
constant H0 tension can be alleviated [67,70,73,155–160].

In the standard ΛCDM cosmological scenario, one assumes the existence of two epochs
of accelerated expansion in the universe. The first is inflation [161–169], which happens
in the very early universe, and the second is the dark-energy-dominated epoch observed
today [50,51,170,171]. Inflation is a theory of the exponential expansion of space in the early
universe, which is believed to have lasted approximately from 10−36 to 10−33–10−32 s after
the Big Bang, the exact times being dependent on the microphysics of the model describing
inflation. The inflationary models explain the quantum origin of tiny primordial density
fluctuations in the universe, which must have been present at very early epochs, as the
seeds both for the CMB anisotropies and for the structure formation in the later evolution
of the universe. The exponential expansion during inflation comes to an end when a
phase transition transforms the vacuum energy into radiation and matter, after which the
radiation-dominated epoch begins. This phase transition is called the reheating and its
governing dynamics is still debated. A successful inflationary model requires a smooth
transition to the decelerated epoch (in which inflation rules the universe as if it were
dominated by non-relativistic matter) because, otherwise, the homogeneity of the universe
would be violated [172,173]. Inflation resolves several problems in cosmology, namely,
the horizon problem, associated with the lack of causal relationship between different
regions in the early universe before the recombination epoch (this is an epoch of forming
the electrically neutral hydrogen atoms, which began at trec ≈ 350,000 years after the Big
Bang), and the flatness problem, related to the fine tuning of the spatial flatness of the
universe in the early epoch so that the spatial flatness of the universe is preserved at the
present epoch). The evolution of the universe from the inflationary epoch to the present
dark energy epoch is investigated in quintessential inflation models too [174–179]. In these
models, a single scalar field plays a role of both the inflaton field at the inflationary epoch
and of the quintessence scalar field at the present epoch; thereby, the origin of dark energy
at the present epoch is also explained within the same model.

The running vacuum models (RVMs) describe dark energy as a quantum vacuum,
the energy density of which slowly evolves with the expansion of the universe [180]. RVM
models, like the scalar field φCDM models, are associated with scalar fields, but describe
dark energy as a quantum vacuum not just the vacuum of a classical scalar field [181].
The EoS parameter of the running vacuum is moderately dynamic in the late universe,
wvac � −1, mimicking the quintessence scalar fields [182]. In contrast to classical scalar
fields which depend on an arbitrary potential, running cosmic vacuum arises from quantum
effects and can be derived from explicit calculations of quantum field theory (QFT) both
in the spatially flat and non-flat hypersurfaces (see Ref. [183] for reviews). The latest
cosmological data are in good agreement with the RVMs [184,185], while confirming the
results of earlier constraints of these models [186–188]. The cosmological constant problem
of the ΛCDM model can be resolved in the RVMs [189,190], and the H0 and σ8 tensions
weaken in these models, as can be seen from the data constraints presented in [184,185].

It has also been suggested that the current accelerated expansion of the universe can
be explained by modifications of the general theory of relativity. Several such modifica-
tions of general relativity have been proposed, see Refs. [88–90,191], to explain a host of
cosmological observations. Although the current observational constraints are still too
large to exclude some of the MG theories [91], it seems to be premature at this point to
consider such theories as a comprehensive and viable alternative to the minimal model of

174



Universe 2024, 10, 122

dark matter and/or dark energy based on Einstein’s general relativity, in order to explain
the observations. We will therefore not discuss theories of modified gravity in our review.

In this paper we reviewed and analyzed, to the best of our knowledge of current liter-
ature, the most relevant studies of the observational constraints on dynamical dark energy
models over the past twenty years, in particular, scalar field φCDM models, quintessential
inflation scalar field φCDM models, and IDE models both in the spatially flat and non-flat
hypersurfaces. The research effort on the complication, refinement of cosmological data,
and the increase in the variety of methods for studying dynamical dark energy models
lead to more accurate constraints on the values of the cosmological parameters in these
models. Despite the refinement of various observational data and the complication of
methods for studying dark energy in the universe, current observational data still favor the
standard spatially flat ΛCDM model, while not excluding dynamical dark energy mod-
els and spatially closed hyperspaces [192–206]. At the same time, recent studies showed
that the currently available observational datasets favor the IDE model at a more than 2σ
confidence level [67,158,159,207,208].

This paper is organized as follows: the different cosmological dynamical dark energy
models are described in Section 2, observational constraints on dynamical dark energy
models by various observational data are presented in Section 3, the main results are
summarized in Section 4, the ongoing and upcoming missions are listed in Section 5, and
conclusions are presented in Section 6. In this paper, we used the natural system of units:
c = h̄ = kB = 1.

2. Cosmological Dark Energy Models

2.1. ΛCDM Model

As highlighted in the Introduction, the Lambda Cold Dark Matter (ΛCDM) model is
the standard or concordance model of a spatially flat universe. In this model, dark energy
is represented by the cosmological constant Λ, and its energy density is constant

ρΛ =
ΛM2

pl

8π
= ρvac = const, (1)

where Λ = 4.33 · 10−66 eV2. The pressure and the energy density in the ΛCDM model are
related as

pΛ = −ρΛ = const, (2)

leading to the constant EoS parameter

wΛ = −1. (3)

The action with the cosmological constant Λ is [43]

S = −
M2

pl

16π

∫
d4x
√
−g(R + 2Λ) + SM, (4)

where g ≡ det(gμν) is the determinant of the metric tensor gμν, R is the Ricci scalar, and SM
is the action of the matter. The spatially flat ΛCDM model is typically characterized by
six independent parameters [209]: the physical baryon density parameter, Ωbh2; the dark
matter physical density parameter, Ωch2; the age of the universe, t0; the scalar spectral
index, ns; the amplitude of the curvature fluctuations, Δ2

R; and the optical depth during the
reionization period for z ∈ (6, 20), τ. In addition to these parameters, the ΛCDM model
is described by six extended fixed parameters: the total density parameter, Ωtot; the EoS
parameter, wΛ; the total mass of three types of neutrinos, ∑ mν; the effective number of the
relativistic degrees of freedom, Neff; the tensor/scalar ratio, r; and the scalar spectral index
running, as.

The extension of the spatially flat ΛCDM model to spatially non-flat hypersurfaces is
the oCDM model. The first Friedmann equation describing the evolution of the universe for
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the spatially non-flat oCDM model (for Ωk0 = 0 this equation is applicable for the spatially
flat ΛCDM model) has a form

E(a) = (Ωr0a−4 + Ωm0a−3 + Ωk0a−2 + ΩΛ)
1/2, (5)

where Ωr0 = ρr0/ρcr, Ωm0 = ρm0/ρcr, and ΩΛ = ρΛ/ρcr are density parameters at the
present epoch for radiation, matter, and vacuum, respectively, where ρr0 and ρm0 are energy
densities for radiation and matter at the present epoch, respectively. The value of the
critical energy density at the present epoch is equal to ρcr = 3M2

plH
2
0 /8π = 1.8791h2 ·

10−29 g cm−3; Ωk0 = −k/H2
0 is a spatial curvature density parameter at the present epoch,

ρk0 = −3kM2
pl/8π is a spatial curvature density, k is a curvature parameter, and E(a) ≡

H(a)/H0 is a normalized Hubble parameter.
Observational constraints on the cosmological parameters Ωm0 and ΩΛ, obtained

from different cosmological datasets for the ΛCDM model and for the oCDM model, are
represented in Figure 1.

Figure 1. The 1σ and 2σ confidence level contour constraints on Ωm and ΩΛ parameters. (Left panel)
In the standard spatially flat ΛCDM model from the SNe Ia Pantheon dataset, as well as from the
combined BAO peak length scale and Planck datasets. (The figure is adapted from [210]). (Right
panel) In the spatially non-flat oCDM model using discovery sample of Riess et al. [211] and the
full Pantheon sample of Scolnic et al. [212]. Pantheon constraints with systematic uncertainties are
presented in red, while only statistical uncertainties are denoted in gray. (The figure is adapted
from [212]).

As we mentioned above, the ΛCDM model is the fiducial model against which all
alternative models are compared regarding their fit to observational data. Its predictions
agree with the observational data pertaining to the accelerated expansion of the universe,
the statistical distribution of LSS, the CMB temperature and polarization anisotropies,
and the abundance of light elements in the universe [94,213].

2.2. Dynamical Dark Energy Scalar Field φCDM Models

There are numerous physically motivated alternative models for the ΛCDM
model [37,43,77–87]. One of the prominent alternatives to the ΛCDM model are the
dynamical scalar field φCDM models, in which the scalar field can interact with gravity
both minimally [36,126,127] and non-minimally via different coupling terms (the so-called
extended scalar–tensor models) [214–222]. We will concentrate on the minimally coupled
models as the simplest and more natural choice.
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In models with minimal interaction with gravity, the role of dark energy is played by
a slowly varying uniform self-interacting scalar field φ. These φCDM models involving
a dynamical scalar field do not suffer from the fine-tuning problem of the ΛCDM model,
and have a more natural explanation for the observed low-energy scale of dark energy.
When the energy density of the scalar field begins to dominate over the energy density of
both radiation and matter, the universe begins the stage of the accelerated expansion. At
early times during the evolution of the universe, the behavior of the dynamical scalar field
is different from that of the cosmological constant Λ, but is almost indistinguishable from
that of the cosmological constant during later times.

The dynamical scalar field φCDM models are divided into two classes: the quintessence
models [147] and phantom models [138,223]. These two classes of models differ from each
other by the following attributes:

(i) The EoS parameter—For quintessence fields, −1 < wφ < −1/3, while for phantom
fields, wφ < −1.

(ii) The sign of the kinetic term—For quintessence fields, the kinetic term in the La-
grangian has a positive sign, while it is negative for phantom fields.

(iii) The dynamics of the scalar field—The quintessence field rolls gradually to the mini-
mum of its potential, while the phantom field rolls to the maximum of its potential.

(iv) Temporal evolution of dark energy—For quintessence fields, the dark energy density
remains almost unchanging with time, while it increases for phantom fields.

(v) Forecasting the future of the universe—The quintessence models predict either an
eternal expansion of the universe or a repeated collapse, depending on the spatial
curvature of the universe. On the other hand, the phantom models predict the
destruction of any gravitationally related structures in the universe. Depending
on the asymptotic behavior of the Hubble parameter H(t), the future scenarios of
the universe are divided into a big rip for which H(t) → ∞ for a finite future time
t = const; a little rip for which H(t) → ∞ at an infinite future time t → ∞, and a
pseudo rip for which H(t) → const for an infinite future time t → ∞.

The action describing a scalar field in the presence of matter is given by

S =
∫

d4x
√
−g
(
−

M2
pl

16π
R + Lφ

)
+ SM, (6)

where Lφ is the Lagrangian density of the scalar field, the form of which depends on the
type of the chosen model. We describe the form of Lφ for the quintessence and the phantom
fields below.

2.2.1. Quintessence Scalar Field

The dynamics of the quintessence scalar field is described by the Lagrangian density

Lφ =
1
2

gμν∂μφ ∂νφ − V(φ), (7)

where V(φ) is a scalar field potential. There are various quintessence potentials discussed
in the literature but there is currently no observational constraint to prefer one of these over
the others. A list of some of the quintessence potentials is presented in Table 1.

The EoS parameter for the quintessence scalar field is given by

wφ ≡ pφ

ρφ
=

φ̇2/2 − V(φ)

φ̇2/2 + V(φ)
, (8)

where pφ = 1
2 φ̇2 − V(φ) and ρφ = 1

2 φ̇2 + V(φ) are, respectively, the pressure and energy
density of the quintessence field. Here, the overdots denote derivatives with respect to the
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cosmic time t. The equation of motion for the quintessence scalar field can be obtained by
varying the action in Equation (6), along with the Lagrangian in Equation (7),

φ̈ + 3Hφ̇ + V′(φ) = 0, (9)

with the prime denoting a derivative with respect to the scalar field φ. The first Friedmann’s
equation for a φCDM model in a spatially non-flat spacetime has the form

E(a) = (Ωr0a−4 + Ωm0a−3 + Ωk0a−2 + Ωφ(a))1/2, (10)

where Ωφ(a) is the dark energy (scalar field) density parameter.
Depending on the shape of potentials, quintessence models are further subdivided

into thawing models and freezing (tracking) models [43,135]. In the wφ − dwφ/d ln a plane,
thawing and freezing scalar field models are located in strictly designated zones for each of
them [135], see Figure 2 (Left panel).

Figure 2. (Left panel) The location of thawing and freezing scalar fields in the wφ − dwφ/d ln a plane.
(The figure is adapted from [135]). (Right panel) Regimes of the quick rolling down and slow rolling
down of the scalar field to the minimum of its potential.

(a) In the thawing models, the scalar field was too suppressed by the retarding effect of
the Hubble expansion, represented by the term 3Hφ̇ in Equation (9), until recently.
This results in a much slower evolution of the scalar field compared to the Hubble
expansion and the thawing scalar field manifests itself as the vacuum energy, with the
EoS parameter wφ∼−1. The Hubble expansion rate H(t) decreases with time and, af-
ter it falls below

√
V′′(φ), the scalar field begins to roll to the minimum of its potential,

see Figure 2 (Right panel). The value of the EoS parameter for the scalar field thus
increases over the time and becomes wφ > −1.

(b) In the freezing models, the scalar field is always suppressed (it is damped), i.e.,
H(t) >

√
V′′(φ). Freezing scalar field models have so-called tracking solutions.

According to tracking solutions, the quintessence component tracks the background
EoS parameter (radiation in the radiation-dominated epoch and matter in the matter-
dominated epoch) and eventually only recently grows to dominate the energy density
in the universe. This leads to the accelerated expansion of the universe at late times,
since the scalar field has a negative effective pressure. The tracker behavior allows the
quintessence model to be insensitive to initial conditions. But this requires fine tuning
of the potential energy, since

√
V′′(φ)∼H0∼10−33 eV.
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Table 1. Scalar field quintessence potentials.

Name Form Reference

Ratra-Peebles
V(φ) ∝ φ−α;

Ratra and Peebles [126]
(α = const > 0)

Exponential
V(φ) ∝ exp(−λφ/Mpl); Wetterich [127], Ratra and Peebles [125],

(λ = const > 0) Lucchin and Matarrese [168], Ferreira and
Joyce [224]

Zlatev-Wang-Steinhardt V(φ) ∝ (exp(Mpl/φ)− 1) Zlatev et al. [147]

Sugra
V(φ) ∝ φ−χ exp(γφ2/M2

pl); Brax and Martin [225]
(χ, γ = const > 0)

Sahni-Wang
V(φ) ∝ (cosh(ςφ)− 1)g;

Sahni and Wang [226]
(ς = const > 0, g = const < 1/2)

Barreiro-Copeland-Nunes
V(φ) ∝ (exp(νφ) + exp(υφ));

Barreiro et al. [227]
(ν, υ = const ≥ 0)

Albrecht-Skordis
V(φ) ∝ ((φ − B)2 + A) exp(−μφ);

Albrecht and Skordis [228]
(A, B = const ≥ 0, μ = const > 0)

Urẽna-López-Matos
V(φ) ∝ sinhm(nMplφ); Urena-Lopez and Matos [229]
(n = const > 0, m = const < 0)

Inverse exponent potential V(φ) ∝ exp(Mpl/φ) Caldwell and Linder [135]

Chang-Scherrer
V(φ) ∝ (exp(−τφ) + 1);

Chang and Scherrer (2016) [230]
(τ = const > 0)

In 1988, Ratra and Peebles introduced a tracker φCDM model comprising a scalar
field with an inverse power-law potential of the form V(φ) = κ/2M2

plφ
−α, for a model

parameter α > 0 [125,126]. For α = 0, this φCDM Ratra–Peebles (RP) model reduces to
the ΛCDM model. The positive parameter κ relates to the mass scale of the particles, Mφ,

as Mφ∼(κM2
pl/2)

1
α+4 . The RP φCDM model is a typical representative of the behavior of

tracker quintessence scalar field φCDM models.

2.2.2. Phantom Scalar Field

The Lagrangian density describing a phantom scalar field has the form

Lφ = −1
2

gμν∂μφ∂νφ − V(φ), (11)

where the negative sign of the kinetic energy term is required to ensure the dark energy EoS
parameter is less than −1, i.e., wφ < −1, and the energy density increases over time [143]. A
phantom or ghost scalar field suffers from quantum instability because its energy density is
not limited from below [131]. An incomplete list of phantom potentials is given in Table 2.

Analogous to Equation (8), the EoS parameter for the phantom scalar field is given by

wφ ≡ pφ

ρφ
=

−φ̇2/2 − V(φ)

−φ̇2/2 + V(φ)
, (12)

where pφ = − 1
2 φ̇2 − V(φ) and ρφ = − 1

2 φ̇2 + V(φ) are, respectively, the pressure and the
energy density of the phantom field. The equation of motion for the phantom scalar field
has the form

φ̈ + 3Hφ̇ − V′(φ) = 0. (13)

179



Universe 2024, 10, 122

Table 2. Scalar field phantom potentials.

Name Form Reference

Fifth power V(φ) ∝ φ5 Scherrer and Sen [140]

Inverse square power V(φ) ∝ φ−2 Scherrer and Sen [140]

Exponent V(φ) ∝ exp(βφ); (β = const > 0) Scherrer and Sen [140]

Quadratic V(φ) ∝ φ2 Dutta and Scherrer [141]

Gaussian V(φ) ∝ (1 − exp(φ2/σ2));
(σ = const) Dutta and Scherrer [141]

Pseudo-Nambu–Goldstone boson (pNGb) V(φ) ∝ (1 − cos(φ/κ));
(κ = const > 0) Frieman et al. [231]

Inverse hyperbolic cosine V(φ) ∝ cosh−1(ψφ);
(ψ = const > 0) Dutta and Scherrer [141]

2.3. Parameterized Dark Energy Models
2.3.1. wCdm Parameterization

In dynamical dark energy models, one can use the wCDM parameterization where
the EoS parameter can be expressed as p = w(a)ρ. Dark energy models are sometimes
characterized only by the EoS parameter and corresponding cosmological models are called
wCDM models [232]. This parameterization has no physical motivation, but is commonly
used as an ansatz in data analysis to quantify differences and distinguish between dark
energy models. The wCDM parameterization in particular makes it possible to differentiate,
at the present epoch, the ΛCDM model from other dark energy models.

The time-dependent EoS parameter in the wCDM models is often characterized by the
Chevallier–Polarsky–Linder (CPL) w0 − wa parameterization [233,234]

w(a) = w0 + wa(1 − a), (14)

where w0 = w(a0) and wa = 2dw(a)/d ln (1 + z)|z=1 = −2dw(a)/d ln a|a=1/2, with z being
the cosmological redshift defined as z = 1/a − 1 and a0 being the scale factor at the present
time, conventionally normalized as a0 = 1. Although the CPL parameterization is simple
and flexible enough to accurately describe EoS parameters in most dark energy models, it
cannot describe arbitrary dark energy models with good accuracy (up to a few percent) over
a wide redshift range [234]. The dynamical dark energy models where the EoS parameter
is expressed through the CPL parameterization are called the w0waCDM models.

The normalized Hubble parameter for the w0waCDM model for the spatially flat
universe has the form

E(a) =
[
Ωr0a−4 + Ωm0a−3 + (1 − Ωm0)a−3(1+w0+wa)e−3wa(1−a)

]1/2
. (15)

The 1σ and 2σ confidence level contour constraints on the cosmological parame-
ters w0 and wa in the w0waCDM model from different combinations of datasets—the
SNe Ia apparent magnitude (including measurements of the Hubble Space Telescope
(HST)), the CMB temperature anisotropy, and the BAO peak length scale—are presented in
Figure 3 (left panel).
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Figure 3. (Left panel) The 1σ and 2σ confidence level contour constraints on cosmological parameters
w0 and wa in the wCDM model from various datasets: SNe Ia apparent magnitude + CMB temperature
anisotropy + BAO peak length scale + HST (yellow), BAO peak length scale + CMB temperature
anisotropy (blue), SNe Ia apparent magnitude + CMB temperature anisotropy (red). (Right panel) The
1σ and 2σ confidence level contours constraints on cosmological parameters Ωm and w in the wCDM
model from various datasets: SNe Ia apparent magnitude + CMB temperature anisotropy (black),
CMB temperature anisotropy (blue), SNe Ia apparent magnitude (red) (with systematic uncertainties),
SNe Ia apparent magnitude (gray line) (with only statistical uncertainties). The figure is adapted
from [212].

2.3.2. XCDM Models

Cosmological dark energy models with a constant value of the EoS parameter are
called XCDM models. These models are defined both in the spatially flat and spatially
non-flat hyperspaces. The normalized Hubble parameter expressed through the dark
energy EoS parameter wX has the form

E(a) =
[
Ωr0a−4 + Ωm0a−3 + Ωk0a−2 + (1 − Ωm0)a−3(1+wX)

]1/2
. (16)

The case wX = −1 is equivalent to the standard spatially flat ΛCDM model with the
same matter–energy density parameter Ωm0 and zero spatial curvature, Ωk0 = 0, at
the present epoch.

The 1σ and 2σ confidence level contour constraints on the cosmological parameter wX
in the XCDM model from different combinations of datasets—the SNe Ia apparent magni-
tude, the CMB temperature anisotropy, and the BAO peak length scale—are presented in
Figure 3 (right panel).

2.4. Quintessential Inflation Models

Quintessential inflation models describe the evolution of the universe from the infla-
tion epoch till the present dark energy epoch. In these models, a single field φ plays the
double role of the inflaton field at the inflation epoch and the quintessence scalar field at
the present epoch.

The general form of the action for quintessential inflation models reads:

S =
∫

d4x
√
−g
(
−

M2
pl

16π
R +

1
2

gμν∂μφ∂νφ − V(φ)
)
+ SM + SI(gμν, φ, ψ, χ, Bμ), (17)

where SI is the action describing the interactions of the inflaton field with the fermion (ψ),
scalar (χ), and vector (Bμ) degrees of freedom in the Standard Model and beyond.
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To maintain inflation over a long period of time, it is necessary that the acceleration
caused by the inflaton field be sufficiently small compared to its velocity over the Hubble
time. Under these conditions, the first Friedmann’s and Klein–Gordon’s equations for the
inflaton in the spatially flat universe take the form [168,235,236]

ρ = φ̇2/2 + V(φ)
φ̇2/2�V(φ)−−−−−−→ ρ =

3M2
Pl

8π
H2 
 V(φ),

φ̈ + 3Hφ̇ + V′(φ) = 0
|φ̈|�3H|φ̇|−−−−−−→ −V′(φ) 
 3Hφ̇.

(18)

The slow-roll regime of the inflaton field is provided by the potential V(φ) with certain
shapes: exponential [177], power-law [174,175], and plateau-like [178,179]. The slow-roll
parameters, which determine the curvature and slope of the potential, should remain small
for some period of time to sustain the inflationary behavior:

ε =
M2

pl

2

(
V′(φ)
V(φ)

)2

� 1, η = M2
pl

V′′(φ)
V(φ)

� 1, θ = M2
pl

V′(φ)V′′′(φ)
V(φ)2 � 1. (19)

The scalar spectral index (ns), tensor spectral index (nt), scalar spectral index running
(as), and tensor-to-scalar ratio (r) are defined, respectively, as [177]

ns − 1 = −6ε + 2η, nt = −2ε, as ≡ dns/d ln k = 16εη − 24ε2 − 2θ, r = 16ε. (20)

During the inflationary epoch of the universe, scalar and tensor perturbations are
created from quantum vacuum fluctuations and are spatially stretched to superhorizon
scales, where they become classical, and the almost scale-invariant tilted primordial power
spectrum is formed [237]. The tilted primordial scalar Ps(k) and tensor Pt(k) power spectra
for spatially flat tilted quintessential inflation models are defined in terms of the wave
number k as [168,235,236]

Ps(k) = As

( k
k0

)ns−1
, Pt(k) = At

( k
k0

)nt
, (21)

where As and At are the curvature perturbations amplitude and tensor amplitude at the
pivot scale k0 = 0.05 Mpc−1 [51].

The untilted primordial power spectrum for untilted spatially non-flat quintessential
inflation models is defined as [176,238]

P(q) ∝
(q2 − 4K)2

q(q2 − K)
, (22)

where q =
√

k2 + K is the wavenumber for scalar perturbations. In the spatially flat limit
K = 0, P(q) reduces to the ns = 1 spectrum.

2.5. Interacting Dark Energy Models

As mentioned above, one of the major unresolved problems of modern cosmology
is the so-called coincidence problem, i.e., the energy densities of dark energy and dark
matter are of the same order of magnitude at the present epoch. One way to resolve this
problem is to assume that these components somehow interact with each other. IDE models
consider the transformation of dark energy and dark matter into each other, with their
interaction described by the following modified continuity equations for dark energy and
matter, respectively

ρ̇m + 3Hρm = δcouple, (23)

ρ̇φ + 3H(ρφ + pφ) = −δcouple, (24)
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where ρm is the matter energy density and δcouple is the interaction function. In IDE models,
the following forms of the coupling coefficient δcouple are typically used [152,153]

δcouple = nQρmφ̇, (25)

δcouple = βH(ρm + ρφ), (26)

where n =
√

8π/M2
pl, and β and Q are dimensionless constants. The IDE models are

subdivided into two types, as described below [121,152,153].

2.5.1. Coupling of the First Type

The IDE models of the first type are characterized by the exponential potential for
the scalar φ and the linear interaction determined by the coupling coefficient given by
Equation (25), as discussed in [152]. The coupled quintessence scalar field equation is
given as

φ̈ + 3Hφ̇ + V′(φ) = −nQρmφ̇, (27)

where V(φ) = V0e−nλφ is the scalar field potential and λ is a model parameter. The coupled
continuity equation for dark energy is

ρ̇φ + 3H(ρφ + pφ) = −nQρmφ̇. (28)

The matter energy density evolves according to

ρ̇m + 3Hρm = nQρm, (29)

leading to
ρm = ρm0a−3enQφ. (30)

2.5.2. Coupling of the Second Type

For the second type of IDE models, the scalar potential, and hence the dynamics of the
interaction between dark energy and matter is constructed with the requirement that the
coincidence parameter r = ρm/ρφ takes an analytic expression and for z → 0 becomes a
constant, thereby alleviating the coincidence problem of the ΛCDM model [121,153].

The equation of motion for φ, Equation (24), can be written as

φ̇
[
φ̈ + 3Hφ̇ + V′(φ)

]
= −δcouple. (31)

The coupling coefficient δcouple is constrained by the requirement that the solution
to Equation (24) be compatible with a constant relationship between ρm and ρφ energy
densities. It is convenient to introduce the quantities Πm and Πφ by

δcouple = −3HΠm = 3HΠφ, (32)

by introducing these quantities, the continuity equations for dark energy and matter
(Equation (24)) will have the form

ρ̇m + 3H(ρm + Πm) = 0, ρ̇Œ + 3H(ρŒ + pŒ + Πφ) = 0. (33)

The quantities Πm and Πφ are related as

Πm = −Πφ =
ρmρφ

ρ
(γφ − 1), (34)

γφ =
pφ + ρφ

ρφ
=

φ̇2

ρφ
(35)
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where ρ = ρm + ρφ.
Assuming γφ is a constant, the value of which γφ ∈ (0, 2), it can be found

ρm ∝ ρφ ∝ ρ ∝ a−ν, for ν = 3
γφ + r
r + 1

, (36)

where r is a coincidence parameter, which takes an analytic expression for r and becomes a
constant, thereby alleviating the coincidence problem. The solution of the second Fried-
mann’s equation 3MplH2 = 8πρ for the result obtained in Equation (36), has the form
a ∝ t2/ν. Thus, the Hubble parameter is defined as

H =
2
νt

=
2(r + 1)

3(γφ + r)
1
t

. (37)

The energy density parameter is defined as Ωφ =
8πM2

pl
3H2 ρφ, as well as Ωφ = 1

r+1 .
Equating these equations and inserting Equation (37), we have

ρφ =
M2

pl

6π

1 + r
(γφ + r)2

1
t2 . (38)

The combination with Equation (35) gives

φ̇ =

√
M2

plγφ(1 + r)

6π

1
(γφ + r)2

1
t

, (39)

thus, the consequence of the condition ρφ∼ρm is the logarithmic evolution of the scalar
field φ with time.

Applying the equation for the energy density for the scalar field and Equation (35)
yields

ρφ =
2V(φ)

2 − γφ
=

φ̇2

γφ
, (40)

which together with Equations (38) and (39) leads to

V(φ) =
M2

pl

6π

(
1 − γφ

2

) 1 + r
(γφ + r)2

1
t2 ⇒ ∂V(φ)

∂φ
= −λV(φ), (41)

where λ =
√

24π
M2

plγφ(1+r)
. Equation (41) implies that the potential has the exponential form

V(φ) = V0e−λ(φ−φ0). (42)

A significant drawback of this model is the absence of a convincing explanation for
the onset of the interaction of dark energy and matter at the epoch of transition from the
decelerated to the accelerated expansion of the universe. The thermal quantum-field theory
treatment of the quintessence dark energy coupled to the matter field shows that one can
consistently recover different expansion regimes of the universe, including the late-time
acceleration; however, more work is needed to relate the matter field to a viable dark matter
candidate [239,240].

3. Constraints from Observational Data

3.1. Type Ia Supernovae

The observed magnitudes of type Ia supernovas are among the best data for constrain-
ing the distance–redshift relationship through the determination of the luminosity distance.
In the φCDM models, the distances tend to be smaller compared to the ΛCDM predictions
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at the same redshift. This provides an opportunity for differentiating these models from
each other.

One of the first studies in this direction was performed in Podariu and Ratra [241].
They used three datasets of SNe Ia apparent magnitude versus redshift—(i) R98 data [211],
both including and excluding the unclassified SNe Ia 1997ck at z = 0.97 (with 50 and
49 SNe Ia apparent magnitude data, respectively), (ii) P99 data [2], and (iii) a third set with
the corrected/effective stretch factor magnitudes for the 54 Fit C SNe Ia of P99 apparent
magnitude data—and obtained constraints on the φCDM modelwith RP potential (φCDM-
RP model) (see Figure 4).

Figure 4. The 1σ, 2σ, and 3σ confidence level contour constraints on parameters of the scalar field
φCDM model with the RP potential. (Left panel) (a) For all R98 SNe Ia apparent magnitude data,
(b) for R98 SNe Ia apparent magnitude data excluding the z = 0.97 measurement, (c) for P99 Fit
C SNe Ia apparent magnitude dataset, (d) for three datasets: all R98 SNe Ia apparent magnitude
(long-dashed lines) data, R98 SNe Ia apparent magnitude data excluding the z = 0.97 measurement
(short-dashed lines), and P99 Fit C SNe Ia apparent magnitude data (dotted lines). (Right panel)
(a) For all the R98 SNe Ia apparent magnitude data, (b) for R98 SNe Ia apparent magnitude data
excluding the z = 0.97 measurement, (c) for P99 Fit C SNe Ia apparent magnitude data, (d) for the H0

and t0 constraints used in conjunction with all R98 SNe Ia (long-dashed lines) apparent magnitude
data, R98 SNe Ia apparent magnitude data excluding the z = 0.97 measurement (short-dashed lines),
and the P99 Fit C SNe Ia apparent magnitude data (dotted lines). The figure is adapted from [241].

Caresia et al. [214] obtained constraints on the parameters of the φCDM with the
RP and Sugra potentials [225,242] and also of the extended quintessence models with the
inverse power-law RP potential [243,244] from the datasets of apparent magnitude versus
redshift measurements of 176 SNe Ia [2,211,245], and the data from the SuperNovae Accel-
eration Probe (SNAP) satellite [246].1 The obtained constraints on the model parameters
are shown in Figures 5 and 6. No useful constraints on the model parameters were found
for the Sugra potential, while 1σ constraints of α < 0.8 and α < 0.6, for both the extended
and ordinary quintessence models using the RP potential, were obtained using the SNe Ia
apparent magnitude and SNAP satellite data, respectively.
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Figure 5. (Left panel) The 1σ, 2σ, and 3σ confidence level contour constraints on Ωm0 and α pa-
rameters by using a sample of 176 SNe Ia apparent magnitude data. (Upper left sub-panel) For
the ordinary quintessence with the inverse power-law RP potential, (upper right sub-panel) for
ordinary quintessence with the Sugra potential, (lower left sub-panel) for extended quintessence
with the inverse power-law RP potential, (lower right sub-panel) for extended quintessence with the
inverse power-law RP potential when upper limits on the time variation of the gravitational constant
are satisfied. (Right panel) The 1σ, 2σ, and 3σ confidence level contour constraints on Ωm0 and α

parameters for the ordinary φCDM quintessence model with the inverse power-law RP potential by
using SNAP sample data. (Upper left sub-panel) corresponds to constraints obtained by assuming
the exact EoS parameter, (upper right sub-panel) corresponds to the linear approximation of the EoS
parameter, (lower left sub-panel) corresponds to the constant approximation of the EoS parameter,
(lower right sub-panel) corresponds to the superposition of above-mentioned three cases. The figure
is adapted from [214].

Figure 6. (Left panel) As Figure 5, but for the ordinary φCDM quintessence model with the Sugra
potential. (Right panel) As Figure 5, but for the extended quintessence model with the inverse
power-law RP potential. The results are obtained by imposing the upper bound on the time variation
of the gravitational constant. The figure is adapted from [214].

Doran et al. [247] considered a DE model parameterized as [247]

Ωφ(a) =
eR(a)

1 + eR(a)
, w(a) = w0 ln a/(1 − b ln a)2, (46)
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where R(a) = ln(Ωφ(a)/(1 − Ωφ(a)) corresponds to

R(a) = R0 −
2w0 ln a

1 − b ln a
, (47)

the constant b is defined by the EoS parameter at the present epoch w0, the dark energy
density parameter at the present epoch Ωφ0, and the parameter Ωe characterizing the
amount of dark energy at early times to which it asymptotes for very large redshifts, as

b = −3w0

(
ln

1 − Ωe

Ωe
+ ln

1 − Ωφ0

Ωφ0

)
. (48)

Using a combination of datasets from SNe Ia [211], Wilkinson Microwave Anisotropy
Probe (WMAP) [6], Cosmic Background Imager (CBI) [248], Very Small Array (VSA) [249],
SDSS [250], and HST [251], the authors find w0 < −0.8 and Ωe < 0.03 at the 1σ confidence
level; the contours are shown in Figure 7. It should be noted that the SNe Ia apparent
magnitude data are most sensitive to w0, while the CMB temperature anisotropies and the
LSS growth rate are the best constraints of Ωe (see Figure 8).

Figure 7. Constraints on parameters Ωe and w0. The left picture depicts the distribution from
WMAP + CBI + VSA + SDSS + HST data and the right picture is that of SNe Ia apparent magnitude
versus redshift data alone. The regions of 1σ (2σ) confidence level are enclosed by a white (black)
line. The figure is adapted from [247].

Figure 8. SNe Ia apparent magnitude versus redshift data [211] as data points with thin (brown) error
bars. The authors plotted the logarithm of the luminosity distance minus a fiducial model for which
dL H0 = (1+ z) ln(1+ z). The solid (black) line is for the spatially flat ΛCDM model, the dotted (blue)
line is for Ωe = 10−4, and the dashed (red) line is for Ωe = 10−1. For all models, w0 = −1. The figure
is adapted from [247].
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Pavlov et al. [252] found that, for the φCDM-RP model in a spacetime with nonzero
spatial curvature, the dynamical scalar field has an attractor solution in the curvature
dominated epoch, while the energy density of the scalar field increases relative to that of
the spatial curvature. In the left panel of Figure 39, we see that the values Ωm0 = 0.27
and α = 3 are consistent with these constraints for a range of values Ωk0 and for a set of
dimensionless time parameter values of H0t0 = H0

∫ a0
0 da/ȧ(t), where t0 is the age of the

universe. The right panel of Figure 9 shows a similar analysis for several values of the
cosmological test parameter �(Ωm0, Ωk0, α) = δ(t0)/(1 + zi)δ(ti), where δ(t0) and δ(ti)
are the values of the matter density contrast at, respectively, the present time t0 and an
arbitrary time ti such that a(ti) � a(t0), i.e., a time when the universe is well approximated
by the Einstein–de Sitter model in the matter-dominated epoch.

Figure 9. (Left panel) The 2σ contours of the fixed time parameter H0t0 as a function of values
of the matter density parameter at the present epoch Ωm0 and space curvature density parameter
at the present epoch Ωk0, as well as the model parameter α in the scalar field φCDM model with
the RP potential. The results obtained for larger values of free parameters (Ωm0, Ωk0, α) and for
H0t0 = [0.7, 0.75, 0.8, 0.85, 0.95, 1.05, 1.15]. (Right panel) The 2σ contours of the factor by which the
growth of matter perturbations falls lower than in the Einstein–de Sitter model. The cosmological
test parameter values �(Ωm0, Ωk0, α) obtained for the larger values of free parameters (Ωm0, Ωk0, α).
The figure is adapted from [252].

Fuzfa and Alim [253] studied the φCDM model with the RP and Sugra potentials in a
spatially closed universe. The estimated values of Ωm0 and Ωφ0, using SNe Ia apparent
magnitude data from the SNLS collaboration [254], are quite different from those for the
standard spatially flat ΛCDM model (Figure 10). Such a result is expected due to the
different cosmic acceleration and dark matter clustering predicted between quintessence
models and the standard ΛCDM model, arising from the differences in cosmological
parameters, even at z = 0. The quintessence scalar field creates more structures outside
the filaments, lighter halos with higher internal velocity dispersion, as seen from N-body
simulations performed to study the influence of quintessence on the distribution of matter
at large scales.

Farooq et al. [255] constrained the φCDM-RP model in a spacetime with non-zero
spatial curvature, as well as the XCDM model, using the Union2.1 compilation of the
580 SNe Ia apparent magnitude measurements of Suzuki et al. [256], Hubble parameter
observations [28,30,257,258], and the 0.1 ≤ z ≤ 0.75 BAO peak length scale
measurements [21,22,259] (see Figure 11). They constrain the spatial curvature density
parameter today to be |Ωk0| ≤ 0.15 at a 1σ confidence level and more precise data are
required to tighten the bounds on the parameters.
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Figure 10. The 1σ and 2σ confidence level contour constraints on the matter density parameter at the
present epoch Ωm0 and the dark energy density (quintessence) parameter at the present epoch ΩQ0

for scalar field φCDM models. (Left panel) With the inverse power-law PR potential. (Right panel)
With Sugra potential V(φ) ∝ φ−α exp (4πφ2). The blue lines accord to the flat universe. The figure is
adapted from [253].

Figure 11. The 1σ, 2σ, and 3σ confidence level contour constraints on parameters of the spatially non-
flat scalar field φCDM model with the RP potential from compilations of data: H(z) + SNe Ia apparent
magnitude (first row), H(z) + BAO peak length scale (second row), and BAO peak length scale + SNe
Ia apparent magnitude (third row). Filled circles denote best-fit points. The dot–dashed lines in the
first column panels are 1σ, 2σ, and 3σ confidence level contours obtained by Farooq et al. [260] for the
spatially flat φCDM model (open circles denote best-fit points). Dotted lines separate the accelerating
and decelerating models (at zero space curvature). The horizontal axis with α = 0 corresponds to the
standard spatially flat ΛCDM model. First, second, and third columns correspond to marginalizing
over Ωk0, α, and Ωm0, respectively. The figure is adapted from [255].
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Assuming that the Hubble constant H0 tension of the ΛCDM model is actually a ten-
sion on the SNe Ia absolute magnitude MB, Nunes and Di Valentino [158] assessed the MB
tension by comparing the spatially flat ΛCDM model, wCDM, and IDE models using a com-
pilation of two datasets: the SNe Ia Pantheon sample [212] + BAO [22,24,25,261,262] + big
bang nucleosynthesis (BBN) [263] and the SNe Ia Pantheon sample + BAO [22,24,25,261,262]
+ BBN [263] + MB [264] (see Figure 12). They found that the IDE model can alleviate both
the MB and H0 tensions with a coupling different from zero at a 2σ confidence level with a
preference for a compilation of the Pantheon + BAO + BBN + MB datasets.

Figure 12. The 1σ and 2σ confidence level contour constraints on MB and H0 values for ΛCDM (left
panel), wCDM (middle panel), and IDE (right panel) models, obtained from compilations of Pantheon
+ BAO + BBN and Pantheon + BAO + BBN + MB datasets. The figure is adapted from [158].

3.2. Cosmic Microwave Background Radiation Data

The CMB provides a very accurate determination of the angular diameter distance dA
at a redshift of z∼1000. This measurement is sensitive to the entire expansion of the universe
over this wide range of redshifts. As pointed out before, the φCDM models tend to predict
smaller distances and can therefore be constrained with the CMB geometric measurements.

In one of the first such studies, Doran et al. [265] used the CMB temperature anisotropy
data from the BOOMERANG and MAXIMA experiments [266,267] to distinguish quintessen-
tial inflation models with different EoS parameters, described by a kinetic term k(φ) of the
cosmon field this model is described by a Lagrangian of the form Lφ = 1

2 (∂μφ)2k2(φ) +
V(φ): (i) the RP potential with k(φ) = 1, (ii) the leaping kinetic term model where
V(φ) = M4

p̄l exp(−φ/Mp̄l), Mp̄l =
√

8πMpl is the reduced Plank mass, k(φ) = kmin +

tanh[(φ− φ1)/Mp̄l] + 1, φ1 ≈ 277 eV, and kmin = [0.05, 0.1, 0.2, 0.26] [268], and (iii) the expo-

nential potential with V(φ) = M4
p̄l exp(−

√
2αφ/Mp̄l), α =

√
3/2Ωφ0, and k(φ) = 1 [150].

The dark energy density parameters today and at the last scattering epoch, Ωφ0 and Ωφls,
respectively, and the averaged EoS parameter of the field φ are used to parameterize the
separation of peaks in CMB temperature anisotropies, which can be used to measure the
value of Ωφ before the last scattering (see Figure 13).

Caldwell et al. [269] investigated how early quintessence dark energy, i.e., a non-
negligible quintessence energy density during the recombination and structure formation
epochs, affects the baryon–photon fluid and the clustering of dark matter, and thus the
CMB temperature anisotropy and the matter power spectra. They showed that early
quintessence is characterized by a suppressed ability to cluster at small length scales,
as suggested by the compilation of data from WMAP [270,271], CBI [272,273], Arcminute
Cosmology Bolometer Array Receiver (ACBAR) [274], the LSS growth rate dataset of Two
degree Field Galaxy Redshift Survey (2dFGRS) [275–277], and Ly−α forest [278,279]; these
are shown in Figure 14.
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Figure 13. The CMB temperature anisotropy spectrum for different quintessence scalar field φCDM
models: with the leaping kinetic term (model A), with the inverse power-law RP potential (model B)
(here the dark energy density parameter at the present epoch Ωφ0 = 0.6), and for the ΛCDM model
(model C). Data points from the BOOMERANG [266] and MAXIMA [267] experiments are shown for
reference. The figure is adapted from Ref. [265].

Figure 14. (Left panel) Polarization (TE) and temperature (TT) as functions of the multipole l. Two
quintessential inflation models with ns = 0.99 and ns = 1.05 are presented with WMAP data
from [270,271]. WMAP-normalized spectra for the best fit for the ΛCDM model (no Ly−α data)
with the constant spectral index n = 0.97 [6] and the ΛCDM model with the running spectral
index ns = 0.93, dns/d ln k =−0.031 are shown for comparison. For large l, CBI data and ACBAR
data are used. (Right panel) The CDM power spectrum at the present epoch as a function of
k/h. The linear spectrum for two quintessential inflation models with spectral indices ns = 0.99
and ns = 1.05 are plotted. The best fit for the ΛCDM model with running spectral index ns = 0.93,
dns/d ln k = −0.031 [6]), normalized to WMAP data (no Ly−α data), is shown. 2dFGRS measurements
and Ly−α data are converted to z = 0. The figure is adapted from [269].

Pettorino et al. [215] studied a class of the extended φCDM models, where the scalar
field is exponentially coupled to the Ricci scalar and is described by the RP potential. The
projection of the ISW effect on the CMB temperature anisotropy2 is found to be consider-
ably larger in the exponential case with respect to a quadratic non-minimal coupling as
seen in Figure 15. This reflects the fact that the effective gravitational constant depends
exponentially on the dynamics of the scalar field.
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Figure 15. The spectra are in arbitrary units, normalized to unity at the first acoustic peak. (Left
panel) CMB angular total intensity power spectra for the scalar field φCDM model with the inverse
power-law RP potential (dotted), quadratic (dashed) and exponential coupling extended quintessence
(solid) with ωJBD0 = 50. (Right panel) CMB angular polarization power spectra for the φCDM model
(dotted), quadratic (dashed), and exponential coupling extended quintessence (solid) with ωJBD0.
The figure is adapted from [215].

Mukherjee et al. [280] conducted a likelihood analysis of the Cosmic Background
Explorer—Differential Microwave Radiometers (COBE-DMR) sky maps to normalize the
φCDM-RP model in flat space3. As seen from Figure 16, this model remains an observa-
tionally viable alternative to the standard spatially flat ΛCDM model.

Figure 16. The model with t0 = 13 Gyr and Ωbh2 = 0.014. Likelihood functions L(Qrms−PS, α,
Ω0) (arbitrarily normalized to unity at the highest peak). (Left panel) Derived from a simultaneous
analysis of DMR 53 and 90 GHz galactic-frame data. The faint high-latitude foreground galactic
emission is corrected and the quadrupole moment in the analysis is included: (a) for α = 0 and (b) for
α = 4. (Right panel) Derived by marginalizing L(Qrms−PS, α, Ω0) over Qrms−PS with a uniform
prior: (a) the correction for the faint high-latitude foreground galactic emission is ignored and the
quadrupole moment from the analysis is excluded, (b) for the faint high latitude foreground galactic
emission is corrected and the quadrupole moment in the analysis is included. The figure is adapted
from [280].
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Samushia and Ratra [283] constrained model parameters of the ΛCDM model, the
XCDM model, and the φCDM-RP model using galaxy cluster gas mass fraction data [284];
for this, they introduced an auxiliary random variable as opposed to integrating over
nuisance parameters of the Markov Chain Monte Carlo (MCMC) method. Two different
sets of priors were chosen to study the influence of the type of priors on the obtained
results—one set has [7] h = 0.73 ± 0.03, Ωbh2 = 0.0223 ± 0.0008 (1σ errors) and the
other set has h = 0.68 ± 0.04 [285,286], and Ωbh2 = 0.0205 ± 0.0018 [287]. The obtained
constraints on the φCDM model with the RP potential are shown in Figure 17. We see that
Ωm is better constrained than α, whose best-fit value is α = 0, corresponding to the standard
spatially flat ΛCDM model; however, the scalar field φCDM model is not excluded.

Figure 17. The 1 σ, 2σ, and 3σ confidence level contour constraints on parameters of the scalar field
φCDM model with the inverse power-law RP potential using cluster gas mass fraction data. Solid
lines correspond to WMAP prior while dashed lines correspond to the alternate prior. The cross
matches the best fit at Ωm0 = 0.27 and α = 0. The circle denotes the best fit at Ωm0 = 0.26 and α = 0.
The horizontal axis for which α = 0 corresponds to the spatially flat ΛCDM model. The figure is
adapted from [283].

Chen et al. [288] constrained the scalar field φCDM-RP model and the ΛCDM model
with massive neutrinos assuming two different neutrino mass hierarchies in both the spa-
tially flat and non-flat universes, using a joint dataset comprising the CMB temperature
anisotropy data [12,289], the BAO peak length scale data from the 6dF Galaxy Survey
(6dFGS), SDSS—Main Galaxy Sample (MGS), Baryon Oscillation Spectroscopic Survey
(BOSS)-LOWZ (galaxies within the redshift range 0.2 < z < 0.43), BOSS CMASS-DR11
(galaxies within the redshift range 0.43 < z < 0.7) [23], the joint light–curve analysis
(JLA) compilation from SNe Ia apparent magnitude measurements [290], and the Hub-
ble Space Telescope H0 prior observations [29]. Assuming three species of degenerate
massive neutrinos, they found the 2σ upper bounds of ∑ mν < 0.165 (0.299) eV and
∑ mν < 0.164 (0.301) eV, respectively, for the spatially flat (spatially non-flat) ΛCDM model
and the spatially flat (spatially non-flat) φCDM model (Figure 18). The inclusion of spatial
curvature as a free parameter leads to a significant expansion of the confidence regions for
∑ mν and other parameters in spatially flat φCDM models, but the corresponding differ-
ences are larger for both the spatially non-flat ΛCDM and spatially non-flat φCDM models.
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Figure 18. The 1σ and 2σ confidence level contour constraints on parameters of the spatially flat and
spatially non-flat scalar field φCDM model with the inverse power-law potential from a joint analysis
using the HST H0 prior in the scenario with three species of degenerate massive neutrinos. (Upper
left, upper right, and lower left panels) Contours are presented in the Ωm − ∑ mν, σ8 − ∑ mν, and
α − ∑ mν planes. The thin blue (thick red) lines correspond to constraints in the spatially flat (spatially
non-flat) universe. The “+” (“x”) denotes the mean values of the pair in the spatially flat (spatially
non-flat) universe. (Lower right panel) Contours are in the Ωk − ∑ mν plane for the spatially non-flat
universe. The “x” denotes the mean values of the (Ωk, ∑ mν) pair. The figure is adapted from [288].

Park and Ratra [291] constrained the spatially flat tilted and spatially non-flat un-
tilted φCDM-RP inflation model by analyzing the CMB temperature anisotropy angular
power spectrum data from the Planck 2015 mission [292], the BAO peak length scale mea-
surements [26], a Pantheon collection of 1048 SNe Ia apparent magnitude measurements
over the broader redshift range of 0.01 < z < 2.3 [212], Hubble parameter observa-
tion [21,25,28,30–34,257,293], and LSS growth rate measurements [25] (Figures 19 and 20).
Constraints on parameters of the spatially non-flat model were improved from a 1.8σ to
a more than 3.1σ confidence level by combining CMB temperature anisotropy data with
other datasets. Present observations favor a spatially closed universe with the spatial cur-
vature contributing about two-thirds of a percent of the current total cosmological energy
budget. The spatially flat tilted φCDM model is a 0.4σ better fit to the observational data
than the standard spatially flat tilted ΛCDM model, i.e., current observational data allow
for the possibility of dynamical dark energy in the universe. The spatially non-flat tilted
φCDM model better fits the DES bounds on the root mean square (rms) amplitude of mass
fluctuations σ8 as a function of the matter density parameter at the present epoch Ωm0, but
it does not provide such good agreement with the larger multipoles of Planck 2015 CMB
temperature anisotropy data as the spatially flat tilted ΛCDM model.
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Figure 19. (Upper panels) Evolution of the EoS parameter wφ and dark energy density parameter Ωφ

in the tilted spatially flat φCDM model for the range of values of α parameter α ∈ (1, 5). The black
solid curve accords to the ΛCDM model, which corresponds to reduced φCDM model with α = 0.
(Middle panels) Theoretical predictions for matter density and CMB temperature anisotropy angular
power spectra for the φCDM model depending on parameter α. (Lower panels) Ratios of the φCDM
model power spectra relative to the ΛCDM model. The figure is adapted from [291].

Figure 20. The 1σ and 2σ confidence level contours. (Left panel) In the Ωm − α plane for the tilted
spatially flat scalar field φCDM model. (Right panel) In the α − Ωk plane for the untilted spatially
non-flat scalar field φCDM model. Constraints are derived from Planck CMB TT + lowP + lensing
and non-CMB datasets. The horizontal dashed line indicates the spatially flat curvature with Ωk = 0.
For the spatially non-flat φCDM model constrained with TT + lowP + lensing, the h > 0.45 prior has
been used. The figure is adapted from [291].

Constraints on model parameters of the XCDM and φCDM-RP (spatially flat tilted)
inflation models using the compilation of CMB [292] and BAO data [22–24,294–296] were
derived by Ooba et al. [294]. The authors calculated the angular power spectra of the CMB
temperature anisotropy using the CLASS code of Blas et al. (2011) [295] and executed the
MCMC analysis with Monte Python (Audren et al. [296]). Having one additional parameter
compared to the standard spatially flat ΛCDM model, both φCDM and XCMB models
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better fit the TT + lowP + lensing + BAO peak length scale data than does the standard
spatially flat ΛCDM model (Figure 21). For the φCDM model, �χ2 = −1.60 and, for
the XCDM model, �χ2 = −1.26 relative to the ΛCDM model. The improvement over
the standard spatially flat ΛCDM model in 1.3σ and in 1.1σ for the XCDM model are not
significant, but these dynamical dark energy models cannot be ruled out. Both the φCDM
and XCMB dynamical dark energy models reduce the tension between the Planck 2015
(Aghanim et al. [292]) CMB temperature anisotropy and the weak lensing constraints of
the rms amplitude of mass fluctuations σ8.

Figure 21. (Left panels (a,c,e)) The comparison of the spatially flat tilted ΛCDM model (gray solid
line) with the best-fit Cl ’s for the XCDM model and the φCDM model. (Right panels (b,d,f)) The
comparison of the spatially flat tilted ΛCDM model (gray solid line) with the best-fit Cl ’s for the
φCDM model. The all-l region is shown on top panels. The low-l region Cl and residuals are
represented on middle panels. The high-l region Cl and residuals are demonstrated on bottom panels.
The figure is adapted from [294].
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Park and Ratra [297] also constrained the Hubble constant H0 value in the spatially flat
and spatially non-flat ΛCDM, XCDM, and φCDM-RP models using various combinations of
datasets: the BAO peak length scale measurements [26], a Pantheon collection of 1048 SNe Ia
apparent magnitude measurements over the broader redshift range of 0.01 < z < 2.3 [212],
and the Hubble parameter observations [21,25,28,30–34,257,293]. According to this analysis,
the dataset slightly favors the untilted spatially non-flat dynamical XCDM and φCDM
quintessential inflation models, as well as smaller Hubble constant H0 values (Figure 22).

Figure 22. Constraints on various quantities related to reionization obtained from the MCMC analysis
for the untilted spatially non-flat ΛCDM, XCDM, and φCDM quintessential inflation models that
fit best the dataset: Planck 2015 TT + lowP + lensing and SNe Ia apparent magnitude, BAO peak
length scale, H(z), and LSS growth rate data. The thick central lines along with surrounding shaded
regions correspond to best−fit models and their 2σ uncertainty ranges. (Upper panels) (a) A number
of ionizing photons in the IGM per baryon in stars, (b) photoionization rates for hydrogen along with
observational data from Wyithe and Bolton [298] and Becker and Bolton [299], (c) a specific number
of Lyman−limit systems with data points from Songaila and Cowie [300] and Prochaska et al. [301].
(Lower panel) (d) Electron scattering optical depths along with their values from Park and Ratra [291],
(e) volume filling factor of ionized regions, (f) global neutral hydrogen fraction with different present
observational limits. The figure is adapted from [297].

The compilation of the South Pole Telescope polarization (SPTpol) CMB temperature
anisotropy data [302], alone and in combination with the Planck 2015 CMB temperature
anisotropy data [292] and the non-CMB temperature anisotropy data, consisting of the
Pantheon Type SNe Ia apparent magnitude measurements [212], the BAO peak length scale
measurements [22,24–26,293], the Hubble parameter H(z) data [21,28,30–34,257], and the
LSS growth rate data [25], was used by Park and Ratra [303] to obtain constraints on
parameters of the spatially flat and untilted spatially non-flat ΛCDM and XCDM scalar
field φCDM-RP quintessential inflation models. In each dark energy model, constraints on
the cosmological parameters from the SPTpol measurements, the Planck CMB temperature
anisotropy, and the non-CMB temperature anisotropy measurements are largely consistent
with one another. Smaller angular scale SPTpol measurements (used jointly with only
the Planck CMB temperature anisotropy data or with the combination of the Planck CMB
temperature anisotropy data and the non-CMB temperature anisotropy data) favor the
untilted spatially closed models.

Di Valentino et al. [121] explored the IDE models to find out whether these models can
resolve both the Hubble constant H0 tension problem of the standard spatially flat ΛCDM
model and resolve the contradictions between observations of the Hubble constant in high
and low redshifts in the spatially non-flat ΛCDM scenario.
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The authors constrained parameters of the spatially flat IDE and ΛCDM models as well
as the spatially non-flat IDE and ΛCDM models applying the CMB Planck 2018 data [13],
BAO [22,24,25] measurements, 1048 data points in the redshift range z ∈ (0.01, 2.3) of
the Pantheon SNe Ia luminosity distance data [212], and a Gaussian prior of the Hubble
constant (H0 = 74.03 ± 1.42 km s−1Mpc−1 at 1σ CL), obtained from a reanalysis of the HST
data by the SH0ES collaboration [112].

Based on the results of this observational analysis, it was found that the Planck 2018
CMB data favor spatially closed hypersurfaces at more than 99% CL (with a significance
of 5σ), while a larger value of the Hubble constant, i.e., alleviation of the Hubble constant
tension (with a significance of 3.6σ) has been obtained for the spatially non-flat IDE models.
The authors concluded that searches for other forms of the interaction coupling parameter
and the EoS for the dark energy component in IDE models are needed, which may further
ease the tension of the Hubble constant. The 1σ and 2σ confidence level contours on
parameters of the spatially non-flat IDE model are shown in Figure 23.

Figure 23. The 1σ and 2σ confidence level contours on parameters of the spatially non-flat IDE model,
presented in (H0, ξ) plane (left panel) and in (ΩΛ, Ωm) plane (right panel). Here ξ is the dimensionless
coupling parameter which characterizes the strength of the interaction between the dark sectors.
The figure is adapted from [121].

Investigating both the minimally and non-minimally coupled to gravity the spatially-
flat scalar field φCDM-RP and the extended quintessence models, Davari et al. [221] applied
the following dataset: the Pantheon SNe Ia luminosity distance data [212], BAO (6dFGS,
SDSSLRG, BOSS-MGS, BOSS-LOWZ, WiggleZ, BOSS-CMASS, BOSS-DR12), CMB [304],
H(z) [112], and redshift space distortion (RSD) [305]. According to their results, the ΛCDM
model has a strong advantage when local measurements of the Hubble constant H0 [13]
are not taken into account and, conversely, this statement is weakened when local measure-
ments of H0 are included to the data analysis.

3.3. Large-Scale Structure Growth Rate Data

Another potentially powerful probe of the φCDM signatures is the growth rate in the
low redshift LSS. The growth rate is expected to be stronger in the φCDM models compared
to their ΛCDM counterparts.

Pavlov et al. [306] constrained the spatially flat φCDM-RP, the XCDM, the wCDM,
and the ΛCDM models from future LSS growth rate data, by considering that the full
sky space-based survey will observe Hα-emitter galaxies over 15,000 deg2 of the sky. For
the bias and density of observed galaxies, they applied the predictions of Orsi et al. [307]
and Geach et al. [308], respectively. They also assumed that half of the galaxies would be
detected within the reliable redshift range, which roughly reflects the expected outcomes
of proposed space missions, such as the ESA’s Euclidean Space Telescope (Euclid) mission

198



Universe 2024, 10, 122

and the NASA’s Nancy Grace Roman Space Telescope mission. The obtained results are
shown in Figure 24, where we see that measurements of the LSS growth rate in the near
future will be able to constrain scalar field φCDM models with an accuracy of about 10%,
considering the fiducial spatially flat ΛCDM model, an improvement of almost an order of
magnitude compared to those from currently available datasets [259,309–314]. Constraints
on the growth index parameter γ are more restrictive in the ΛCDM model than in other
models. For the φCDM model, constraints on the growth index parameter γ are about a
third tighter than for the wCDM and XCDM models.

Figure 24. (Left upper panel) The 1σ confidence level contour constraints on parameters wa and w0

of the wCDM model. (Right upper panel) The 1σ confidence level contour constraints on parameters
Ωk and Ωm of the wCDM model. (Left lower panel) The 1σ confidence level contour constraints on
parameters α and Ωm of the scalar field spatially flat φCDM model with the inverse power-law RP
potential. (Right lower panel) The 1σ confidence level contour constraints on the normalized Hubble
constant h and the parameter γ describing deviations from general relativity for various dark energy
models. The figure is adapted from [306].

Pavlov et al. [315] also obtained constraints on the above DE models from the Hub-
ble parameter H(z) observations [28,30,257,258], the Union2.1 compilation of 580 SNe
Ia apparent magnitude measurements [256], and a compilation of 14 independent LSS
growth rate measurements within the redshift range 0.067 ≤ z ≤ 0.8 [21,22,259,316]. The
authors performed two joint analyses, first for the combination of the H(z) and SNe Ia
apparent magnitude data, and second for measurements of the LSS growth rate, the Hubble
parameter H(z), and the SNe Ia apparent magnitude. The results of these analyses are
presented in Figure 25. Constraints on cosmological parameters of the spatially flat φCDM
model from LSS growth rate data are quite restrictive. In combination with the SNe Ia
apparent magnitude versus the redshift data and the Hubble parameter measurements, the
LSS growth rate data are consistent with the standard spatially flat ΛCDM model, as well
as with the spatially flat φCDM model.
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Figure 25. The 1σ, 2σ, and 3σ confidence level contour constraints on parameters of the spatially flat
scalar field φCDM model with the inverse power-law RP potential from LSS growth rate measure-
ments (blue dashed lines with blue filled circle at best fit (Ωm, α) = (0.28, 0.052), χ2

min/dof = 8.62/12);
SNe Ia apparent magnitude + H(z) data (red dot–dashed lines with red filled circle at best fit
(Ωm, α) = (0.26, 0.302), χ2

min/dof = 562/598); and a combination of all datasets (black solid lines
and black filled circle at the best fit (Ωm, α) = (0.27, 0.300), χ2

min/dof = 570/612). The horizontal
axis with α = 0 corresponds to the standard spatially flat ΛCDM model and the curved dotted line
denotes zero-acceleration models. The figure is adapted from [315].

Avsajanishvili et al. [317] constrained the parameters Ωm and α of the spatially flat
φCDM-RP model. Applying only measurements of the LSS growth rate [318], the authors
obtained a strong degeneracy between the model parameters Ωm and α, Figure 26 (left
panel). This was followed by obtaining constraints from a compilation of data from the
LSS growth rate measurements [318], and the distance–redshift ratio of the BAO peak
length scale observations, and prior distance from the CMB temperature anisotropy [319],
which eliminated the degeneracy between Ωm and α, giving Ωm = 0.30 ± 0.04 and
0 ≤ α ≤ 1.30 at a 1σ confidence level (the best-fit value for the model parameter α is
α = 0). Constraints on Ωm and α from the data compilation of Gupta et al. (2012) [318] and
Giostri et al. (2012) [319] are presented in Figure 41 (right panel).
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Figure 26. The 1σ and 2σ confidence level contour constraints on parameters Ωm and α in the scalar
field φCDM model with the inverse power-law RP potential. (Left panel) Constraints are obtained
from the LSS growth rate data [318]. (Right panel) Constraints are obtained from the data compilation
of Gupta et al. (2012) [318] and Giostri et al. (2012) [319]. The figure is adapted from [317].

Avsajanishvili et al. [320] also constrained various quintessence and phantom scalar
field φCDM models, presented in Tables 1 and 2, using observational data predicted
for the Dark Energy Spectroscopic Instrument (DESI) [293]. The parameters of these
models were constrained using the MCMC methods by comparing measurements of the
expansion rate of the universe H(z), the angular diameter distance dA, and the LSS growth
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rate, predicted for the standard spatially flat ΛCDM model with corresponding values
calculated for the φCDM models. Results of constraints for the Zlatev–Wang–Steinhardt
potential, the phantom pNGb potential, and the inverse power-law RP potential are shown
in Figures 27–29. To compare quintessence and phantom models, Bayesian statistical
tests were conducted, namely, the Bayes factor, and the AIC and BIC information criteria
were calculated. The φCDM scalar field models could not be unambiguously preferred,
from the DESI predictive data, over the standard ΛCDM spatially flat model, the latter
still being the most preferred dark energy model. The authors also investigated how the
φCDM models can be approximated by the CPL parameterization, by plotting the CPL-
ΛCDM 3σ confidence level contours, using MCMC techniques, and displayed on them
the largest ranges of the current EoS parameters for each φCDM model. These ranges
were obtained for different values of model parameters or initial conditions from the prior
ranges. The authors classified the scalar field models based on whether they can or cannot
be distinguished from the standard spatially flat ΛCDM model at the present epoch, as seen
in Figure 30. They found that all studied models can be divided into two classes: models
that have attractor solutions and models whose evolution depends on initial conditions.

Figure 27. The 1σ and 2σ confidence level contour plots for various pairs of free parameters (V0, Ωm0,
h, φ0, and φ̇0), for which the spatially flat φCDM model with the Zlatev–Wang–Steinhardt potential is
in the best fit with the standard spatially flat ΛCDM model. The figure is adapted from [320].

Figure 28. The 1σ and 2σ confidence level contour plots for various pairs of free parameters (k, Ωm0,
h, V0, φ0, and φ̇0), for which the spatially flat φCDM model with the phantom PNGB potential is in
the best fit with the standard spatially flat ΛCDM model. The figure is adapted from [320].
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Figure 29. The 1σ and 2σ confidence level contour plots for various pairs of free parameters (α, Ωm0,
h), for which the spatially flat φCDM model with the RP potential is the best fit with the standard
spatially flat ΛCDM model. The figure is adapted from [320].

w0

-1.3 -1.2 -1.1 -1 -0.9 -0.8 -0.7

w
a

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

CPL contours
Ratra&Peebles
Ferreira&Joyce
Inverse exponent
Zlatev&Wang&Steinhardt
Sugra
Sahni&Wang
Urena-Lopez&Matos
Albrecht&Skordis
Chang&Scherrer
Barreiro&Copeland&Nunes

w0

-1.3 -1.2 -1.1 -1 -0.9 -0.8 -0.7

w
a

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8
CPL contours
Phantom pNGb
Phantom inverse hyperbolic cosine
Phantom exponent
Phantom quadratic
Phantom Gaussian
Phantom the fifth power
Phantom inverse square power

Figure 30. (Left panel) The comparison of the possible w0 and wa values for quintessence dark
energy potentials in the spatially flat scalar field φCDM models with the CPL-ΛCDM 1σ, 2σ, and 3σ

confidence level contours. (Right panel) The comparison of possible w0 and wa values for phantom
dark energy potentials in the spatially flat scalar field φCDM models with the CPL-ΛCDM 1σ, 2σ,
and 3σ confidence level contours. The figure is adapted from [320].

Peracaula et al. [321] constrained the spatially flat ΛCDM, XCDM, and φCDM-RP mod-
els by constructing three datasets: DS1/SP consisting of SNe Ia apparent magnitude + H(z)
+ BAO peak length scale + LSS growth rate + CMB temperature anisotropy data with matter
power spectrum SP; DS1/BSP consisting of SNe Ia apparent magnitude + H(z) + BAO
peak length scale + LSS growth rate + CMB temperature anisotropy data with both matter
power spectrum and bispectrum; and DS2/BSP, which involves BAO peak length scale +
LSS growth rate + CMB temperature anisotropy data with both matter power spectrum
and bispectrum. These datasets include 1063 SNe Ia apparent magnitude data [110,212],
31 measurements of H(z) from cosmic chronometers [35,257], 16 BAO peak length scale
data [322,323], LSS growth rate data, specifically 18 points from data [21,323,324], one point
from the weak lensing observable S8 [325], and full CMB likelihood from Planck 2015 TT +
lowP + lensing [12]. The obtained constraints are shown in Figures 31 and 32. The authors
tested the effect of separating the expansion history data (SNe Ia apparent magnitude +
H(z)) from the CMB temperature anisotropy characteristics and the LSS formation data
(BAO peak length scale + LSS), where LSS includes RSD and weak lensing measurements,
and found that the expansion history data are not particularly sensitive to the dynamic
effects of dark energy, while the data compilation of BAO peak length scale + LSS + CMB
temperature anisotropy is more sensitive. Also, the influence of the bispectral component
of the matter correlation function on the dynamics of dark energy is studied. For this the
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BAO peak length scale + LSS data were considered, including both the conventional power
spectrum and the bispectrum. As a result, when the bispectral component is excluded,
the results obtained are consistent with previous studies by other authors, which means
that no clear signs of dynamical dark energy have been found in this case. On the contrary,
when the bispectrum component was included in the BAO peak length scale + LSS growth
rate dataset for the φCDM model, a significant dynamical dark energy signal was achieved
at a 2.5 − 3σ confidence level. The bispectrum can therefore be a very useful tool for
tracking and examining the possible dynamical features of dark energy and their influence
on the LSS formation in the linear regime.

Park and Ratra [326] constrained the tilted spatially flat and untilted spatially non-
flat XCDM models by applying the Planck 2015 CMB temperature anisotropy data [292],
BAO peak length scale measurements [26], a Pantheon collection of 1048 SNe Ia apparent
magnitude measurements over the broader redshift range 0.01 < z < 2.3 [212], Hubble
parameter observations [21,25,28,30–34,257,293], and LSS growth rate measurements [25],
and obtained results as shown in Figures 33 and 34. These data slightly favor the spatially
closed XCDM model over the spatially flat ΛCDM model at a 1.2σ confidence level, while
also being in better agreement with the untilted spatially flat XCDM model than with the
spatially flat ΛCDM model at the 0.3σ confidence level. Current observational data are
unable to rule out dynamical dark energy models. The dynamical untilted spatially non-flat
XCDM model is compatible with the Dark Energy Survey (DES) limits on the current value
of the rms mass fluctuation amplitude σ8 as a function of the matter density parameter at
the present epoch Ωm0 but it does not give such a good agreement with higher multipoles
of CMB temperature anisotropy data as the standard spatially flat ΛCDM model.

Figure 31. The 1σ, 2σ, and 3σ confidence level contour constraints on parameters of the spatially
flat scalar field φCDM model with the inverse power-law RP potential using different combinations
of datasets and the compressed Planck 2018 data [13]. The results obtained from DS2/BSP dataset
CMB temperature anisotropy + BAO peak length scale+LSS growth rate (gray contours), DS1/BSP
dataset: SNe Ia apparent magnitude + H(z) + BAO peak length scale + LSS growth rate + CMB
temperature anisotropy (dashed red contours), and DS1/BSP dataset without LSS growth rate data
CMB temperature anisotropy + BAO peak length scale + SNe Ia apparent magnitude + H(z) (solid
green contours). The results are presented in the wcdm − α plane (left panel) and in the wcdm − Ωm

plane (right panel), where wcdm = Ωmh2 is a physical matter density parameter. The figure is adapted
from [321].
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Figure 32. The 1σ, 2σ, and 3σ confidence level contour constraints on parameters of the spatially
flat scalar field φCDM model with the inverse power-law RP potential from DS1/SP, DS1/BSP, and
DS2/BSP datasets. The figure is adapted from [321].

Figure 33. The 1σ and 2σ confidence level contour for the tilted spatially flat XCDM model (left panel)
and for the untilted spatially non-flat XCDM model (right panel), constrained by Planck CMB TT +
lowP + lensing and non-CMB datasets. The horizontal and vertical dashed lines indicate the standard
spatially flat ΛCDM model (with w = −1 and Ωk = 0). The figure is adapted from [326].
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Figure 34. Best-fit CMB temperature anisotropy power spectra of (a) the tilted spatially flat XCDM
model (top five panels) and (b) the untilted spatially non-flat XCDM model (bottom five panels)
constrained by Plank CMB TT + lowP data (excluding lensing data) together with data on SNe Ia
apparent magnitude, BAO peak length scale, H(z), and LSS growth rate. The best-fit power spectra
of the tilted spatially flat ΛCDM model are shown as black curves. The residual δDl of the TT
power spectra are shown with respect to the spatially flat ΛCDM power spectrum that best fits the
TT + lowP data. The high-l region Cl and residuals are shown on the bottom panels. The figure is
adapted from [326].

3.4. Baryon Acoustic Oscillations Data

Samushia and Ratra [327] constrained the standard spatially flat ΛCDM, the XCDM,
and the φCDM-RP models from BAO peak length scale measurements [17,20], in conjunc-
tion with WMAP measurements of the apparent acoustic horizon angle and galaxy cluster
gas mass fraction measurements [284]. These constraints are presented in Figure 35. It
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is seen that the measurements of Percival et al. (2007) [17] constrain the φCDM model
less effectively (left panel of Figure 35), while measurements of the joint BAO peak length
scale and the galaxy cluster gas mass give consistent and more accurate constraints on the
parameters of the φCDM model than those derived from other data, i.e., α < 3.5 (right
panel of Figure 35).

Figure 35. The 1σ, 2σ, and 3σ confidence level contour constraints on parameters of the scalar field
φCDM model with the inverse power-law RP scalar field potential. The α = 0 axis corresponds to the
standard spatially flat ΛCDM model. (Left panel) Solid lines are constraints derived by Percival et al.
(2007) [17] using BAO peak length scale data in conjunction with WMAP data on acoustic horizon
angle. Dashed lines are constraints obtained by Eisenstein et al. (2005) [20] from BAO peak length
scale data. The circle denotes the best-fit value. Two sets of dotted lines are constraints obtained from
galaxy cluster gas mass fraction measurements of Samushia and Ratra (2008) [327]; thick dotted lines
are derived using WMAP priors for h and Ωbh2 while thin dotted lines are obtained for alternate
priors. The cross denotes the best-fit value. (Right panel) Solid lines are joint constraints obtained by
Percival et al. (2007) from BAO peak length scale data in conjunction with WMAP data on acoustic
horizon angle and galaxy cluster gas mass fraction measurements. The circle denotes the best-fit
value with a suitable χ2 
 58 for 42 degrees of freedom; dashed lines are joint constraints derived
by Eisenstein et al. (2005) [20] using BAO peak length scale data. The cross denotes the best-fit
value with a suitable χ2 
 52 for 41 degrees of freedom. Thick lines are derived using the WMAP
priors for h and Ωbh2, and thin lines are for alternate priors. Joint best-fit values for two prior sets
overlap. Here, Ωm and α ranges are smaller than those shown on the left panel. The figure is adapted
from [327].

The above models were also constrained by Samushia et al. [328] using the lookback
time versus redshift data [329], the passively evolving galaxies data [257], the current BAO
peak length scale data, and the SNe Ia apparent magnitude measurements. Applying a
Bayesian prior on the total age of the universe based on WMAP data, the authors obtained
constraints on the φCDM model as shown in Figure 36. Constraints on the φCDM model
by joint datasets consisting of measurements of the age of the universe, SNe Ia Union
apparent magnitude, and BAO peak length scale are tighter than those obtained from
datasets consisting of data on the lookback time and the age of the universe.

The quintessential inflation model with the generalized exponential potential V(φ) ∝
exp(−λφn/Mn

pl), n > 1 was studied by Geng et al. [177]. The authors extended this model
including massive neutrinos that are non-minimally coupled to a scalar field, obtaining
observational constraints on parameters from combinations of data: the CMB temperature
anisotropy [289], the BAO peak length scale from BOSS [23,314], and the 11 SNe Ia apparent
magnitudes from Supernova Legacy Survey (SNLS) [254]. It was found that the upper
bound on possible values of the sum of neutrino masses ∑ mν < 2.5 eV is significantly
larger than in the spatially flat ΛCDM model (Figure 37). The authors concluded that
the model under consideration is in good agreement with observations and represents a
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successful scheme for the unification of the primordial inflaton field causing inflation in the
very early universe and dark energy causing the accelerated expansion of the universe at
the present epoch.

Figure 36. The 1σ, 2σ, and 3σ confidence level contour constraints on parameters of the scalar field
φCDM model with the inverse power-law RP potential. The horizontal axis with α = 0 corresponds
to the standard spatially flat ΛCDM model. (Left panel) Dotted lines obtained from the lookback
time data and measurements of the age of the universe. The cross denotes the best-fit parameters
Ωm = 0.04 and α = 10 with χ2 = 22, for α = 0 with χ2 = 359 for 346 degrees of freedom derived
using measurements of the lookback time, the age of the universe, SNe Ia apparent magnitude,
and BAO peak length scale, while solid lines are derived using only SNe Ia apparent magnitude
measurements and BAO peak length scale data. The cross denotes the best-fit point at Ωm = 0.22
and α = 0 with χ2 = 329 for 307 degrees of freedom. The figure is adapted from [328].

Figure 37. The 1σ and 2σ confidence level contours of one- and two-dimensional distributions
of Ωbh2, Ωmh2, ∑ mν, and σ8 for the quintessential inflation model with the exponential potential
V(φ) ∝ exp(−λφn/Mn

pl), n = 6 (orange line) and n = 8 (blue line). The figure is adapted from [177].

The compilation of CMB angular power spectrum data from the Planck 2015 mis-
sion [292] and BAO peak length scale measurements from the matter power spectra ob-
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tained by missions 6dFGS [22], BOSS, LOWZ and CMASS [23], and SDSS-MGS [24] were
applied by Ooba et al. [330] to obtain constraints on the spatially non-flat quintessential
inflation φCDM-RP model. The theoretical angular power spectra of the CMB temperature
anisotropy were calculated using the Cosmic Linear Anisotropy Solving System (CLASS)
code of Blas et al. [295] and the MCMC analysis was performed with Monte Python from
Audren et al. [296]. The authors also used a physically consistent power spectrum for
energy density inhomogeneities in the spatially non-flat (spatially closed) quintessential
inflation φCDM model and found that the spatially closed φCDM model provides a better
fit to the lower multipole region of CMB temperature anisotropy data compared to that
provided by the tilted spatially flat ΛCDM model. The former reduces the tension between
the Planck and the weak lensing σ8 constraints, while the higher multipole region of the
CMB temperature anisotropy data is in better agreement with the tilted spatially flat ΛCDM
model than with the spatially closed φCDM model (Figure 38).

Figure 38. The Cl for the best-fit spatially non-flat φCDM, spatially non−flat ΛCDM, and spatially
flat tilted ΛCDM (gray solid line) models. (Left panels) (a,c,e) Results obtained from only CMB
temperature anisotropy data. (Right panels) (b,d,f) results obtained only from CMB temperature
anisotropy + BAO peak length scale data. All-l regions are demonstrated in top panels. The low-l
region Cl and residuals are shown in the middle panels. The high-l region Cl and residuals are
presented in the bottom panels. The figure is adapted from [330].
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Ryan et al. [331] constrained the parameters of the φCDM-RP, the XCDM, and the
ΛCDM models from BAO peak length scale measurements [22,24–26,293] and the Hubble
parameter H(z) data [21,28,30–34,257]. The results obtained for the φCDM model are
presented in Figure 39, which shows that this dataset is consistent with the standard
spatially flat ΛCDM model. Depending on the value of the Hubble constant H0 as a prior
and the cosmological model under consideration, the data provides evidence in favor of
the spatially non-flat scalar field φCDM model.

Figure 39. The 1σ, 2σ, and 3σ confidence level contour constraints on parameters of the spatially
non-flat φCDM model with the RP potential. Solid (dashed) contours correspond to H0 = 68 ± 2.8
(73.24 ± 1.74) km s−1Mpc−1 prior; the red dots indicate the location of the best-fit point in each
prior case. The horizontal axis with α = 0 denotes the spatially flat ΛCDM model. (Left panel)
The results obtained for the Ωk0 marginalization. (Center panel) The results obtained for the Ωm0

marginalization. (Right panel) The results obtained for the parameter α marginalization. The figure is
adapted from [331].

Chudaykin et al. [332] obtained constraints on the parameters of the oCDM, XCDM
(here w0CDM), and wCDM models by using the joint analysis from data on the BAO
peak length scale, BBN, and SNe Ia apparent magnitude. The resulting constraints are
completely independent of the CMB temperature anisotropy data but compete with the
CMB temperature anisotropy constraints in terms of parameter error bars. The authors
consequently obtained the value of the spatial curvature density parameter at the present
epoch Ωk0 = −0.043+0.036

−0.036 at a 1σ confidence level, which is consistent with the spatially
flat universe; in the spatially flat XCDM model, the value of the dark energy EoS parameter
at the present epoch w0 = −1.031+0.052

−0.048 at a 1σ confidence level, which approximately
equals the value of the EoS parameter for the ΛCDM model; values of the w0 and wa in
the CPL parameterization of the EoS parameter of the wCDM model w0 = −0.98+0.099

−0.11
and wa = −0.33+0.63

−0.48 at a 1σ confidence level. The authors also found that the exclusion
of the SNe Ia apparent magnitude data from the joint data analysis does not significantly
weaken the resulting constraints. This means that, when using a single external BBN prior,
full-shape and BAO peak length scale data can provide reliable constraints independent
of CMB temperature anisotropy constraints. The authors also tightened the observational
constraints on cosmological parameters with the inclusion of the hexadecapole (l = 4)
moment of the redshift-space power spectrum.

Bernui et al. [67] investigated the effect of the BAO measurements on the IDE models
that have significantly different dynamic behavior compared to the prediction of the
standard ΛCDM model. The authors used the compilation of 15 transversal 2D BAO
measurements [333,334] and CMB data [119] to constrain the IDE models. It was found that
the transversal 2D BAO and traditional 3D BAO measurements can generate completely
different observational constraints on the coupling parameter in the IDE models. Moreover,
in contrast to the joint Planck + BAO analysis, where it is not possible to solve the Hubble
constant H0 tension, the joint Planck + BAO (transversal) analysis agrees well with the
measurements made by the SH0ES team, and when applied to the IDE models, solves the
Hubble constant H0 tension. The 1σ and 2σ confidence level contour constraints on the
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coupling parameter ξ in the IDE model using the 2D transversal 2D BAO are shown in
Figure 40.

Figure 40. The 1σ and 2σ confidence level 2D contour constraints on the coupling parameter ξ in
the IDE model and 1D posteriors for the cases without lensing. The grey vertical stripe refers to the
value of H0 measured by the SH0ES team (H0 = 73.04 ± 1.04 km s−1 Mpc−1 at 1σ confidence level).
The figure is adapted from [67].

3.5. Hubble Parameter Data

Samushia and Ratra [335] used the Simon, Verde, and Jimenez (SVJ) [257] definition
of the redshift dependence of the Hubble parameter H(z) (so-called SVJ H(z) data) to
constrain cosmological parameters in the scalar field φCDM-RP model. According to the
results obtained (Figure 41), using the H(z) data, the constraints on the matter density
parameter Ωm are more stringent than those on the model parameter α. Constraints on the
matter density Ωm are approximately as tight as the ones derived from the galaxy cluster
gas mass fraction data [336] and from the SNe Ia apparent magnitude data [337].

Figure 41. The 1σ, 2σ, and 3σ confidence level contour constraints on parameters of the φCDM
model with the RP potential. Solid lines correspond to H0 = 73 ± 3 km s−1 Mpc−1, while dashed
lines correspond to H0 = 68 ± 4 km s−1 Mpc−1. The plus sign denotes the maximum likelihood
at Ωm0 = 0.32 and α = 0.15 with reduced χ2 = 1.8. The cross denotes the maximum likelihood at
Ωm0 = 0.19 and α = 4.37 with reduced χ2 = 1.89. The horizontal axis for which α = 0 corresponds
to the spatially flat ΛCDM model. The figure is adapted from [335].
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Chen and Ratra [338] analyzed constraints on the model parameters of the φCDM-
RP, the XCDM, and the ΛCDM models, using 13 Hubble parameter H(z) data versus
redshift [28,258]. The authors showed (see Figure 42) that the Hubble parameter H(z)
data yield quite strong constraints on the parameters of the φCDM model. The constraints
derived from the H(z) measurements are almost as restrictive as those implied by the
currently available lookback time observations and the GRB luminosity data, but more
stringent than those based on the currently available galaxy cluster angular size data.
However, they are less restrictive than those following from the joint analysis of SNe Ia
apparent magnitude and BAO peak length scale data. The joint analysis of the Hubble
parameter H(z) data with SNe Ia apparent magnitude and BAO peak length scale data
favor the standard spatially flat ΛCDM model but do not exclude the dynamical scalar
field φCDM model.

Figure 42. The 1σ, 2σ, and 3σ confidence level contour constraints on parameters of the φCDM model
with the RP potential. The horizontal axis with α = 0 corresponds to the standard spatially flat
ΛCDM model. (Left panel) Contours obtained from H(z) data. The star denotes the best-fit pair
(Ωm0, α) = (0.28, 0.46), χ2

min = 10.1. (Right panel) Contours were obtained from a joint analysis of
the BAO peak length scale and SNe Ia apparent magnitude data (with systematic errors), with (and
without) H(z) data. The cross denotes the best-fit point determined from the joint sample with H(z)
data at Ωm0 = 0.28 and α = 0, with χ2

min = 531. The diamond denotes the best-fit point obtained
from the joint sample with H(z) data at Ωm0 = 0.28 and α = 0, χ2

min = 541. The figure is adapted
from [338].

In [339], Farooq et al. obtained constraints on the parameters of the φCDM-RP,
the XCDM, the wCDM, and the ΛCDM models from analysis of measurements of the
BAO peak length scale, SNe Ia apparent magnitude [256], and 21 Hubble parameter
H(z) [28,30,257,258]. The results of this analysis are shown in Figure 43. Constraints are
more restrictive with the inclusion of eight new H(z) measurements [30] than those derived
by Chen and Ratra [338]. This analysis favors the standard spatially flat ΛCDM model but
does not exclude the scalar field φCDM model.
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Figure 43. Thick solid lines are 1σ, 2σ, and 3σ confidence level contour constraints on the parameters
of the spatially flat φCDM model with the RP potential, for the prior H0 = 73.8 ± 2.4 km s−1Mpc−1.
The horizontal axis with α = 0 corresponds to the standard spatially flat ΛCDM model. (Left upper
panel) Contours obtained from H(z) data. Thin dot–dashed lines are 1σ, 2σ, and 3σ confidence
level contours reproduced from [338], where the prior is H0 = 68 ± 3.5 km s−1Mpc−1; the empty
circle corresponds to the best-fit point. The curved dotted lines denote zero-acceleration models.
The filled black circles correspond to best-fit points. (Right upper panel) Contours obtained from
only SNe Ia apparent magnitude data with (without) systematic errors. Filled (open) circles denote
likelihood maxima for the case of data with (without) systematic errors. (Left lower panel) Contours
were obtained from only the BAO peak length scale data. Filled circles denote likelihood maxima.
(Right lower panel) Contours obtained from data on the BAO peak length scale and SNe Ia apparent
magnitude (with systematic errors), with (without) H(z) data. The full (empty) circle denotes the
best-fit point determined from a joint analysis with (without) H(z) data. The figure is adapted
from [339].

Farooq and Ratra [340] worked out constraints on the parameters of the φCDM-RP,
the XCDM, and the ΛCDM models from measurements of the Hubble parameter H(z) at
redshift z = 2.3 [341] and 21 lower redshift measurements [28,30,257,258]. Constraints with
the inclusion of the new H(z) measurement of Busca et al. are more restrictive than those
derived by Farooq et al. (Figure 44). As seen in this figure, the H(z) constraints depend on
the Hubble constant prior to H0 used in the analysis. The resulting constraints are more
stringent than those which follow from measurements of the SNe Ia apparent magnitude
of Suzuki et al. (2012) [256]. This joint analysis consisting of measurements of H(z), SNe Ia
apparent magnitude, and BAO peak length scale favors the standard spatially flat ΛCDM
model, but the dynamical scalar field φCDM model is not excluded either.
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Figure 44. Thick solid (thin dot–dashed) lines are 1σ, 2σ, and 3σ confidence level contour constraints
on the parameters of the spatially flat φCDM model with the RP potential from the new H(z) data
(old H(z) data were used in [339]). The filled (empty) circle is the best-fit point from new (old) H(z)
measurements. The horizontal axis with α = 0 corresponds to the standard spatially flat ΛCDM
model. The curved dotted lines denote zero-acceleration models. (Left upper panel) Contours
obtained for the H0 = 68 ± 3.5 kms−1Mpc−1 prior. The filled circles correspond to the best-fit pair
(Ωm0, α) = (0.36, 0.70), χ2

min = 15.2. The empty circles correspond to the best-fit pair (Ωm0, α) =

(0.30, 0.25), χ2
min = 14.6. (Right upper panel) Contours obtained for the H0 = 73.8± 2.4 kms−1Mpc−1

prior. The filled circles correspond to the best-fit pair (Ωm0, α) = (0.25, 0), χ2
min = 16.1. Empty circles

correspond to the best-fit pair (Ωm0, α) = (0.27, 0), χ2
min = 15.6. (Left lower panel) Contours obtained

from joint analysis with SNe Ia apparent magnitude data (with systematic errors) and BAO peak
length scale data, with (without) H(z) data. The full (empty) circle marks the best-fit point determined
from a joint analysis with (without) H(z) data. Contours obtained for H0 = 68 ± 3.5 kms−1Mpc−1

prior. The full circle indicates the best-fit pair (Ωm0, α) = (0.29, 0), χ2
min = 567 while the empty

circle corresponds to the best-fit pair (Ωm0, α) = (0.30, 0), χ2
min = 551. (Right lower panel) Contours

obtained for the H0 = 73.8 ± 2.4 kms−1Mpc−1 prior. The empty circle denotes the best-fit pair
(Ωm0, α) = (0.30, 0), χ2

min = 551 while the full circle denotes the best-fit pair (Ωm0, α) = (0.27, 0),
χ2

min = 569. The figure is adapted from [340].

Farooq and Ratra [342] found constraints on the parameters of the φCDM-RP model
from the compilation of 28 independent measurements of the Hubble parameter H(z)
within the range of redshift 0.07 ≤ z ≤ 2.3. Measurements of H(z) require a currently
accelerating cosmological expansion at a 3σ confidence level. The authors determined
the deceleration–acceleration transition redshift zda = 0.74 ± 0.05. This result is in good
agreement with the result obtained by Busca et al. [341], which is zda = 0.82 ± 0.08 based
on 11 measurements of H(z) from BAO peak length scale data within the range of redshift
0.2 ≤ z ≤ 2.3. The resulting constraints with different priors of H0 are demonstrated in
Figure 45.
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Figure 45. Thick solid and thin dot–dashed lines are 1σ, 2σ, and 3σ confidence level contour con-
straints on the parameters of the scalar field φCDM model with the RP potential from the compilation
of H(z) data for H0 = 68 ± 3.5 km s−1Mpc−1 and H0 = 73.8 ± 2.4 km s−1Mpc−1 priors, respectively.
The horizontal axis with α = 0 corresponds to the standard spatially flat ΛCDM model and the
curved dotted line denotes zero-acceleration models. Filled and empty circles are best-fit points
for which (Ωm0, α) = (0.29, 0), χ2

min = 18.24 and (Ωm0, α) = (0.25, 0), χ2
min = 20.64, respectively.

The figure is adapted from [342].

Farooq et al. [260] analyzed constraints on the parameters of the spatially flat φCDM-
RP, the XCDM, and the ΛCDM models from a compilation of measurements of the Hubble
parameter H(z). To obtain this compilation, the authors used weighted mean and median
statistics techniques to combine 23 independent lower redshifts, z < 1.04, and Hubble pa-
rameter H(z) measurements, and define binned forms of them. Then, this compilation was
combined with 5 H(z) measurements at the higher redshifts 1.3 ≤ z ≤ 2.3. The resulting
constraints are shown in Figure 46. As seen from the figure, the weighted mean binned data
are almost identical to those derived from analysis using 28 independent measurements of
H(z). Binned weighted-mean values of H(z)/(1 + z) versus redshift data are presented in
Figure 47. These results are consistent with a moment of the deceleration–acceleration tran-
sition at redshift zda = 0.74 ± 0.05 derived by Farooq and Ratra [342], which corresponds
to the standard spatially flat ΛCDM model.
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Figure 46. Thick solid and thin dot–dashed lines are 1σ, 2σ, and 3σ confidence level contour con-
straints on the parameters of the φCDM model with the RP potential, the XCDM model, and the
ΛCDM model from 7 or 9 measurements per bin data. In these three rows, the first two plots include
red weighted-mean constraints while the second two include red median statistics. Filled red and
empty blue circles correspond to the best-fit points. Dashed diagonal lines denote spatially flat
models and dotted lines show zero-acceleration models. The figure is adapted from [260].

Figure 47. The H(z)/(1 + z) data binned with 7 or 9 measurements per bin, as well as 5 higher
measurements of redshift, and Farooq and Ratra [260] best-fit model predictions. Dashed and
dotted lines correspond to H0 = 68 ± 3.5 km s−1Mpc−1 and H0 = 73.8 ± 2.4 km s−1Mpc−1 priors,
respectively. The figure is adapted from [342].

Chen et al. [343] used 28 measurements of the Hubble parameter H(z) within the
redshift range 0.07 ≤ z ≤ 2.3 [21,28,30,31,257,341,344] to determine the value of the Hubble
constant H0 in the φCDM-RP, wCDM, and the spatially flat and spatially non-flat ΛCDM
models. The result obtained for the φCDM-RP model is shown in Figure 48. The value of the
Hubble constant H0 is found as follows: for the spatially flat and spatially non-flat ΛCDM
model, H0 = 68.3+2.7

−3.3 km s−1Mpc−1 and H0 = 68.4+2.9
−3.3 km s−1Mpc−1; for the wCDM

model, H0 = 65.0+6.5
−6.6 km s−1Mpc−1; for the φCDM model, H0 = 67.9+2.4

−2.4 km s−1Mpc−1 (at
a 1σ confidence level). The obtained H0 values are more consistent with the smaller values
determined from the recent CMB temperature anisotropy and BAO peak length scale data,
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and with the values derived from the median statistics analysis of Huchra’s compilation of
H0 data.

Figure 48. (Left panel) The 1σ and 2σ confidence level contour constraints on the parameters of the
φCDM model with the RP potential. (Right panel) Best-fit model curves from the 28 H(z) data points
for the spatially flat φCDM model, wCDM model, and the spatially flat and spatially non-flat ΛCDM
model. The figure is adapted from [343].

Farooq et al. [192] determined constraints on the parameters of the φCDM-RP, XCDM,
wCDM, and the ΛCDM models in the spatially flat and spatially non-flat universe. The au-
thors used the updated compilation of 38 measurements of the Hubble parameter H(z)
within the redshift range 0.07 ≤ z ≤ 2.36 [21,25,28,30–34,257,293]. The result for these
constraints is shown in Figure 49. The authors determined the redshift of the cosmolog-
ical deceleration–acceleration transition, zda, and the value of the Hubble constant H0
from the H(z) measurements. The determined values of zda are insensitive to the chosen
model and depend only on the assumed value of the Hubble constant H0. The weighted
mean of these measurements is zda = 0.72 ± 0.05 (0.84 ± 0.03) for H0 = 68 ± 2.8 (73.24 ±
1.74) km s−1Mpc−1. The authors proposed a model-independent method to determine the
value of the Hubble constant H0. The H(z) data are consistent with the standard spatially
flat ΛCDM model while they do not rule out the spatially non-flat XCDM and spatially
non-flat φCDM models.

Figure 49. The 1σ, 2σ, and 3σ confidence level contours constraints on the parameters of the spatially
non-flat φCDM model with the RP potential. Red (blue) solid lines are for the lower (higher) H0 prior.
(Left, center, and right panels) The results obtained correspond to the marginalization over Ωk0, α,
and Ωm0, respectively. Red (blue) solid circles are the best-fit points for the lower (higher) H0 prior.
Red (blue) dot–dashed lines in the left panel are 1σ, 2σ, and 3σ for the lower (higher) H0 prior in the
spatially flat φCDM model. The figure is adapted from [192].
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3.6. Quasar Angular Size Data

Ryan et al. [193] determined constraints on the parameters of the spatially flat and
spatially non-flat ΛCDM, XCDM, and φCDM-RP models using BAO peak length scale
measurements [22,24–26,293], the Hubble parameter H(z) data [21,30–34,257], and quasar
(QSO) angular size data [345,346]. The 1σ, 2σ, and 3σ confidence level contour constraints
on the parameters of the spatially non-flat φCDM model with the RP potential from H(z),
QSO, and BAO peak length scale datasets are presented in Figure 50. Depending on the
chosen model and dataset, the observational data slightly favor both the spatially closed
hypersurfaces with Ωk0 < 0 at 1.7σ confidence level and the dynamical dark energy models
over the standard spatially flat ΛCDM model at a slightly higher than 2σ confidence level.
Furthermore, depending on the dataset and the model, the observational data favor a lower
Hubble constant value over the one measured by the local data at a 1.8σ confidence level to
3.4σ confidence level.

Figure 50. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the spatially
non-flat φCDM model with the RP potential from data on H(z), QSO, and BAO peak length scale.
(Upper and middle panels) The vertical green dashed line in the upper center panel, and the horizontal
green dashed lines in the middle left and middle center panels separate spatially closed models
(with Ωk0 < 0) from spatially open models (with Ωk0 > 0). The horizontal line with α = 0 in the
upper panels corresponds to the spatially non-flat ΛCDM model. (Lower panel) One-dimensional
likelihoods for Ωm0, α, H0, Ωk0. The figure is adapted from [193].

Cao et al. [347] found constraints on the parameters of the spatially flat and non-flat
ΛCDM, XCDM, and φCDM-RP models using HII starburst galaxy apparent magnitude
measurements [348,349], the compilation of 1598 X-ray and UV flux measurements of QSO
2015 data within the redshift range 0.036 ≤ z ≤ 5.1003 and 2019 QSO data [350,351] alone
and in conjunction with BAO peak length scale measurements [22,24–26,293], and Hubble
parameter H(z) data [21,28,30–34,257]. The constraints on the parameters of the spatially
flat and spatially non-flat φCDM model with the RP potential obtained from the datasets
mentioned above are shown in Figure 51. A combined analysis of all datasets leads to
the relatively model-independent and restrictive estimates for the values of the matter
density parameter at the present epoch Ωm0 and the Hubble constant H0. Depending on
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the cosmological model, these estimates are consistent with a lower value of H0 in the
range of a 2.0σ to 3.4σ confidence level. Combined datasets favor the spatially flat ΛCDM,
while at the same time they do not rule out dynamical dark energy models.

Figure 51. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the spatially
flat φCDM model with the RP potential (left panel). The black dotted line splits the parameter space
into accelerated and decelerated regions. The axis with α = 0 denotes the spatially flat ΛCDM model.
Constraints for the spatially non-flat φCDM model with the RP potential are depicted in the right
panel. The figure is adapted from [347].

The compilation of 1598 X-ray and UV flux measurements of QSO 2015 data within the
redshift range 0.036 ≤ z ≤ 5.1003, and 2019 QSO data [350,351] alone and in conjunction
with BAO peak length scale measurements [22,24–26,293], and Hubble parameter H(z)
data [21,28,30–34,257] was applied by Khadka and Ratra [195] to impose constraints on
the parameters of the tilted spatially flat and untilted spatially non-flat ΛCDM, XCDM,
and φCDM-RP quintessential inflation models. The obtained constraints for the untilted
spatially non-flat φCDM-RP model from the combination of various datasets and extended
QSO data only are presented in Figure 52. In most of the models, the QSO data favor
the values of the matter density parameter at the present epoch Ωm0∼0.5–0.6, while, in
a combined analysis of QSO data with H(z) + BAO peak length scale dataset, the values
of the matter density parameter at the present epoch Ωm0 are shifted slightly towards
larger values. A combined set of data, QSO + BAO peak length scale + H(z), is consistent
with the standard spatially flat ΛCDM model, but favors slightly both the spatially closed
hypersurfaces and the dynamical dark energy models.

Khadka and Ratra [196] obtained constraints on the parameters of the tilted spatially
flat and untilted spatially non-flat ΛCDM, XCDM, and φCDM-RP quintessential inflation
models from a compilation of 808 X-ray and UV flux measurements of QSOs (quasi-stellar
objects) within the redshift range 0.061 ≤ z ≤ 6.28 alone [350] and in combination with
the BAO peak length scale measurements [22,24–26,293], and the Hubble parameter H(z)
data [21,28,30–34,257]. The 1σ, 2σ, and 3σ confidence level contours constraints on the
parameters of the untilted spatially non-flat φCDM model with the RP potential from the
combination of various datasets are presented in Figure 53. The constraints using only the
QSO data are significantly weaker but consistent with those from the combination of the
H(z) + BAO peak length scale data. Combined analysis from QSO + H(z) + BAO peak
length scale data is consistent with the standard spatially flat ΛCDM model but slightly
favors both closed spatial hypersurfaces and the untilted spatially non-flat φCDM model.
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Figure 52. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the untilted
spatially non-flat φCDM model with RP potential using the combination of datasets: QSO (gray line),
H(z) + BAO peak length scale (red line), and QSO + H(z) + BAO peak length scale (blue line). (Left
panel) Contours and one-dimensional likelihoods for all free parameters. The red dotted curved
lines denote zero-acceleration lines. (Right panel) Plots for Ωm0, Ωk0, α, H0 cosmological parameters,
without constraints from QSO data. These plots are for H0 = 73.24 ± 1.74 km s−1Mpc−1 as a prior.
The black dashed straight lines denote the flat hypersurface with Ωk0 = 0. The figure is adapted
from [195].

Figure 53. The 1σ, 2σ, and 3σ confidence level contours constraints on the parameters of the untilted
spatially non-flat φCDM model with the RP potential using the combination of datasets: QSO (gray
line), H(z) + BAO peak length scale (red line), and QSO + H(z) + BAO peak length scale (blue line).
(Left panel) Contours and one-dimensional likelihoods for all free parameters. (Right panel) Plots for
only Ωm0, Ωk0, α, H0 cosmological parameters, without constraints only from QSO data. These plots
are for H0 = 73.24 ± 1.74) km s−1Mpc−1 as a prior. Black dashed straight lines denote the spatially
flat hypersurface with Ωk0 = 0. The figure is adapted from [196].

Cao et al. [352] found constraints on the parameters of the spatially flat and non-
flat ΛCDM, XCDM, and φCDM-RP models using the higher-redshift GRB data [353,354],
the starburst galaxy (HIIG) measurements [348,349,355], and the QSO angular size (QSO-
AS) data [345,346]. Constraints from the combined analysis of cosmological parameters
of the spatially flat and non-flat φCDM-RP model are presented in Figure 54. The con-
straints from the combined analysis of these datasets are consistent with the currently
accelerating cosmological expansion, as well as with the constraints obtained from anal-
ysis of the Hubble parameter H(z) data and the measurements of the BAO peak length
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scale. From the analysis of the H(z) + BAO peak length scale + QSO-AS + HIIG + GRB
dataset, the model-independent values of the matter density parameter at the present epoch
Ωm0 = 0.313 ± 0.013 and the Hubble constant H0 = 69.3 ± 1.2 km s−1Mpc−1 are obtained.
This analysis favors the spatially flat ΛCDM model but also does not rule out dynamical
dark energy models.

Figure 54. The 1σ, 2σ, and 3σ confidence level contours constraints on the parameters of the spatially
flat (left panel) and spatially non-flat (right panel) φCDM models with the RP potential from various
datasets. The black dotted line splits the parameter space into the regions of the currently decelerating
and accelerating cosmological expansion. The axis with α = 0 denotes the spatially flat ΛCDM model.
The figure is adapted from [352].

Khadka and Ratra [197] determined constraints on the parameters of the spatially flat
and non-flat ΛCDM, XCDM, and φCDM-RP models from compilation of the X-ray and UV
flux measurements of 2038 QSOs which span the redshift range 0.009 ≤ z ≤ 7.5413 [351,356].
The authors found that, for the full QSO dataset, parameters of the X-ray and UV luminosity
LX − LUV relation used to standardize these QSO data depends on the cosmological model,
and therefore cannot be used to constrain the cosmological parameters in these models.
Subsets of these QSOs, limited by redshift z ≤ 1.5 − 1.7, obey the LX − LUV relation in a
way that is independent of the cosmological model and can therefore be used to constrain
the cosmological parameters. Constraints from these smaller subsets of lower redshift
QSO data are generally consistent, but much weaker than those inferred from the Hubble
parameter H(z) and the BAO peak length scale measurements (Figure 55).

Cao et al. [201] determined constraints on the parameters of the spatially flat and
non-flat ΛCDM, XCDM, and φCDM-RP models by analyzing a total of 1383 measure-
ments consisting of 1048 Pantheon SNe Ia apparent magnitude measurements from Scol-
nic et al. (2018) [212], and 20 binned SNe Ia apparent magnitude measurements of DES
Collaboration [357,358], 120 QSO measurements [350,351,356], 153 HIIG data [348,349,355],
11 BAO peak length scale measurements [22,24–26,293], and 31 Hubble parameter H(z)
data [21,28,30–34,257]. Constraints on the parameters of the spatially non-flat φCDM model
with the RP potential from that analysis of the data are shown in Figure 56. From the
analysis of those datasets, the model-independent estimates of the Hubble constant,
H0 = 68.8 ± 1.8 km s−1Mpc−1, as well as the matter density parameter at the present epoch,
Ωm0 = 0.294 ± 0.020, are obtained. While the constraints favor dynamical dark energy
and slightly spatially closed hypersurfaces, they do not preclude dark energy from being a
cosmological constant and spatially flat hypersurfaces.
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Figure 55. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the spatially
flat (left panel) and non-flat (right panel) φCDM model with the RP potential, using QSO (blue) and
the BAO peak length scale + H(z) (red) datasets. The black dotted line in the α − Ωm0 sub-panels is
the line of zero acceleration, under which the accelerated cosmological expansion occurs. The axis
with α = 0 denotes the spatially flat ΛCDM model. The figure is adapted from [197].

Figure 56. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the spatially
non-flat φCDM model with the RP potential. The zero-acceleration line splits the parameter space into
regions of the currently decelerating and accelerating cosmological expansion. The cyan dash–dot
lines show the spatially flat φCDM model; regions with spatially closed geometry are located either
below or to the left. The axis with α = 0 denotes the spatially flat ΛCDM model. The figure is adapted
from [201].

Khadka and Ratra [198] found constraints on the parameters of the spatially flat and
non-flat ΛCDM, XCDM, and φCDM-RP models from 78 reverberation-measured MgII
time-lag QSOs within the redshift range 0.0033 ≤ z ≤ 1.89 [359,360]. The authors applied
the radius–luminosity or R − L relation to standardized 78 MgII QSOs data. In each model,
the authors simultaneously determined the R − L relation and parameters in these models,
thus avoiding the problem of circularity. It was found that values of the R − L relation
parameter are independent of the model used in the analysis, which makes it possible to
establish that current MgII QSOs data are standardizable candles. Constraints derived from
the QSO data only are significantly weaker than those derived from the combined set of the
BAO peak length scale and the Hubble parameter H(z) measurements, but are consistent
with both of them. The constraints obtained from the MgII QSOs data in conjunction with
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the BAO peak length scale + H(z) measurements agree with the spatially flat ΛCDM model
as well as with spatially non-flat dynamical dark energy models.

Khadka and Ratra [199] found that the recent compilation of the QSO X-ray and UV
flux measurements [356] includes the QSO data that appear not to be standardized via the
X-ray luminosity and the UV luminosity LX − LUV relation parameters that are dependent
on both the cosmological model and the redshift, so it should not be used to constrain
the model parameters. These data include a compilation of seven different subsamples.
The authors analyzed these subgroups and some combinations of subgroups to define
which QSO subgroups are responsible for questions specified in the paper by Khadka and
Ratra [197]. They considered that the largest of the seven subsamples in this compilation,
SDSS-4XMM QSOs, which contributes about two-thirds of all QSOs, has the LX − LUV
ratios that depend on both the accepted cosmological model and the redshift, and thus is
the source of a similar problem found earlier when collecting the full QSO data.

The second and third largest subsamples, SDSS-Chandra and XXL QSOs, which
together account for about 30% of total QSO data, appear to be standardized. Constraints
on the cosmological parameters from these subsamples are weak and consistent with the
standard spatially flat ΛCDM model or with the constraints from the better-established
cosmological probes. Constraints on the cosmological parameters of the spatially flat and
spatially non-flat φCDM models with the RP potential, using SDSS-Chandra and XXL QSO
data as well as H(z) data and BAO peak length scale data, are presented in Figure 57.

Figure 57. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the spatially
flat (left panel) and spatially non-flat (right panel) φCDM models with the RP potential, using
Chandra + XXL + High-z + Newton-3 + Newton-4 (blue) and BAO peak length scale + H(z) (red)
datasets. In all plots, black dotted lines are zero-acceleration lines, which split the parameter space
into the regions of current acceleration and deceleration. Black dashed line corresponds to Ωk0 = 0.
The axis with α = 0 denotes the spatially flat ΛCDM model. The figure is adapted from [199].

Khadka et al. [200] used 118 Hβ QSO measurements [361] within the redshift range
0.0023 ≤ z ≤ 0.89 to simultaneously constrain cosmological model parameters and QSO
two-parameter radius–luminosity R − L relation parameters of the spatially flat and non-
flat ΛCDM, XCDM, and φCDM-RP models. The authors found that the R − L relation
parameters for Hβ QSO data are independent in models under investigation, therefore
QSO data seem to be standardizable through R − L relation parameters. The constraints
derived using Hβ QSO data are weak, slightly favoring the currently accelerating cosmo-
logical expansion, and are generally in the 2σ tension with the constraints derived from
analysis of the measurements of the BAO peak length scale and the Hubble parameter H(z).
Constraints on the cosmological parameters of the spatially flat and non-flat φCDM-RP
model, from the Hβ QSO measurements, and the H(z) and BAO peak length scale data are
presented in Figure 58.
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Figure 58. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the spa-
tially flat (left panel) and spatially non-flat (right panel) φCDM model with the RP potential from
3-parameter Hβ′ high-�FeI I (blue), 2-parameter Hβ′ high-�FeI I (green), and H(z) + BAO peak length
scale (red) measurements. Black dotted lines correspond to zero-acceleration lines. Black dashed
lines represent Ωk0 = 0. The figure is adapted from [200].

Khadka et al. [362] determined constraints on the parameters of the spatially flat
and spatially non-flat ΛCDM, XCDM, and φCDM-RP models using the observations of
66 reverberation-measured MgII QSOs within the redshift range 0.36 ≤ z ≤ 1.686. Con-
straints on the cosmological parameters of the spatially flat and spatially non-flat φCDM
models with the RP potential from various QSO datasets are shown in Figure 59. The au-
thors also studied the two- and three-parameter radius–luminosity R− L relations [363,364]
for MgII QSO sources, and found that these relations do not depend on the assumed cosmo-
logical model; therefore, they can be used to standardize QSO data. The authors found for
the two-parameter R − L relation that the data subsets with low-�FeI I and high-�FeI I obey
the same R − L relation within the error bars. Extending the two-parameter R − L relation
to three parameters does not lead to the expected decrease in the intrinsic variance in the
R − L relation. None of the three-parameter R − L relations provides a significantly better
measurement fit than the two-parameter R − L relation. The results obtained differ signifi-
cantly from those found by Khadka et al. [200] from analysis of reverberation-measured
Hβ QSOs.

Figure 59. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the spatially
flat (left panel) and spatially non-flat (right panel) φCDM models with the RP potential from the
measurements of MgII ′ high-�FeI I (blue), MgII ′′ high-�FeI I (green), MgII high-�FeI I (gray), and BAO
peak length scale + H(z). Black dotted lines correspond to zero-acceleration lines. Black dashed lines
represent Ωk0 = 0. The figure is adapted from [362].
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Cao et al. [203] determined constraints on the parameters of the spatially flat and
non-flat ΛCDM, XCDM, φCDM-RP models, as well as on the QSO radius–luminosity R − L
relation parameters from the 38 CIV QSO reverberation-measured data in the redshift range
0.001064 ≤ z ≤ 3.368. An improved method is used that takes into account more accurately
the asymmetric error bars for the time-delay measurements. The authors found that the
parameters of the R − L relation do not depend on the cosmological models considered
and, therefore, the R − L relation can be used to standardize the CIV QSO data. Mutually
consistent constraints on the cosmological parameters from CIV , MgII , and H(z) + BAO
peak length scale data allow conducting the analysis from CIV + MgII dataset as well as
from the H(z) + BAO peak length scale + CIV + MgII datasets. Although the CIV + MgII
cosmological constraints are weak, they slightly (at a ∼0.1σ confidence level) change the
constraints from the H(z) + BAO peak length scale + CIV + MgII datasets. The constraints
on the cosmological parameters of the spatially flat and non-flat φCDM-RP from various
QSO datasets are shown in Figure 60.

Figure 60. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the spatially
flat (left panel) and spatially non-flat (right panel) φCDM models with the RP potential from various
combinations of datasets. The axis with α = 0 denotes the spatially flat ΛCDM model. The black
dash–dotted lines denote spatially flat hypersurfaces Ωk0 = 0; closed spatial hypersurfaces are
located either below or to the left. The black dotted lines correspond to the lines of zero acceleration
and split the parameter space into currently accelerating (bottom left) and decelerating (top right)
regions. The figure is adapted from [203].

3.7. Gamma Ray Burst Distance Data

Samushia and Ratra [365] derived constraints on the parameters of the spatially flat
ΛCDM, XCDM, and φCDM-RP models using the observational datasets of SNe Ia Union
apparent magnitude data [366] and BAO peak length scale data [17], and measurements
of gamma-ray burst (GRB) distances [367,368]. The authors applied two methods for
analyzing the GRB data-fitting luminosity relation of GRB, Wang’s method [368] and
Schaefer’s method [367]. The constraints on the cosmological parameters of the φCDM
model from analysis of the SNe Ia Union apparent magnitude data and the BAO peak
length scale measurements, with and without the GRB measurements, are presented in
Figure 61. The constraints from the GRB data obtained by two different methods disagree
with each other at a more than 2σ confidence level. The cosmological parameters of the
φCDM model could not be tightly constrained only by the current GRB data.
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Figure 61. The 1σ, 2σ, and 3σ confidence level contours constraints on parameters of the φCDM
model with the RP potential. The horizontal axis with α = 0 corresponds to the standard spatially flat
ΛCDM model. (Left upper panel) Contours are obtained by Wang’s (2008) [368] method. The circle
indicates the best-fit parameter values Ωm = 0, α = 10.2 with χ2 = 1.39 for 4 degrees of freedom.
(Right upper panel) Contours are derived using the GRB data by Wang’s (2008) [368] method, the SNe
Ia Union apparent magnitude data, and the BAO peak length scale measurements, while dotted lines
(here the cross denotes the best-fit point) are derived using only the SNe Ia apparent magnitude data
and the BAO peak length scale measurements. The best-fit parameters in both cases are Ωm = 0.24,
α = 0.3 with χ2 = 326 for 313 degrees of freedom (solid lines) and χ2 = 321 for 307 degrees of
freedom. (Left lower panel) Contours are obtained using GRB data by Schaefer’s (2007) method (here
the cross indicates the best-fit parameter values): Ωm = 1, α = 4.5 with χ2 = 77.8 for 67 degrees of
freedom. (Right lower panel) Contours are obtained using Schaefer’s (2007) [367] method, the SNe Ia
Union apparent magnitude data, and the BAO peak length scale measurements, while dotted lines
are obtained using the SNe Ia apparent magnitude data and the BAO peak length scale measurements
only. Solid lines (circle denotes best-fit point) are derived using GRB data, here the cross denotes
the best-fit point. The best-fit matter density parameters are Ωm = 0.24, α = 0.30 with χ2 = 401
for 376 degrees of freedom (solid lines), and Ωm = 0.25, α = 0.3 with χ2 = 321 for 307 degrees of
freedom (dotted lines). The figure is adapted from [365].

Khadka and Ratra [369] performed an analysis of the constraints on the parameters of
the spatially flat and non-flat ΛCDM, XCDM, and φCDM-RP models from measurements
of the peak photon energy and bolometric fluence of 119 GRBs extending over the redshift
range of 0.34 ≤ z ≤ 8.2 [353,354], and Amati relation parameters [370], BAO peak length
scale measurements [22,24–26,293], and Hubble parameter H(z) data [21,28,30–34,257].
Resulting constraints on the parameters of the spatially flat and spatially non-flat φCDM
models with the RP potential are presented in Figure 62.

The Amati relation between the peak photon energy of the GRB in the cosmological
rest frame, Ep, and Eiso is given as

log(Eiso) = a + b log(Ep), (50)
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where a and b are free parameters defined from data, representing points of intersection
and slope in the Amati relation, respectively. Ep and Eiso are specified as

Eiso =
4πD2

L(z, p)Sbolo

(1 + z)
, Ep = Ep,obs(1 + z), (51)

where DL(z, p) is the luminosity distance, p is a cosmological parameter, Sbolo is the
measured bolometric fluence, and Ep,obs is the measured peak energy of the GRB.

The resulting Amati relation parameters are almost identical in all considered cosmo-
logical models, which confirms the use of the Amati relation parameters to standardize
these GRB data. The constraints on the cosmological parameters of the models under
consideration from the GRB data are consistent with the constraints obtained from the
analysis of the BAO peak length scale and the measurements of the Hubble parameter
H(z), but are less restrictive.

Figure 62. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the spatially
flat (left panel) and spatially non-flat (right panel) φCDM models with the RP potential, using the
combination of datasets: GRB (gray line), H(z) + BAO peak length scale (red line), and GRB + H(z) +
BAO peak length scale (blue line). The black dotted line splits the parameter space into accelerating
and decelerating regions. The axis with α = 0 denotes the spatially flat ΛCDM model. The figure is
adapted from [369].

Khadka et al. [371] analyzed constraints on the parameters of the spatially flat and
non-flat ΛCDM, XCDM, and φCDM-RP models from the GRB data. The authors considered
eight different GRB datasets to test whether the current GRB measurements, which probe a
largely unexplored range of cosmological redshifts, can be used to reliably constrain the
parameters of these models. The authors applied the MCMC analysis implemented in
Monte Python to find the most appropriate correlations and cosmological parameters for
the eight GRB samples, with and without the BAO peak length scale and the H(z) data.

They applied three Amati correlation samples [370] and five Combo correlation sam-
ples [372] to obtain correlations and constraints on the model parameters. Constraints on
the parameters of the spatially non-flat φCDM-RP model, using various datasets of GRB,
as well as the BAO peak length scale + H(z) data. The authors found that the cosmological
constraints, determined from the A118 sample consisting of 118 bursts, agree but are much
weaker than those following from the BAO peak length scale and the H(z) data. These
constraints are consistent with the spatially flat ΛCDM as well as with the spatially non-flat
dynamical dark energy models.

Cao et al. [202] applied the spatially flat and non-flat ΛCDM, XCDM, and φCDM-RP
models in the analysis of the three (ML, MS, and GL) (L0 − tb) Dainotti-correlated sets
of GRB measurements collected by Wang et al. [373] and Hu et al. [374] that together
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explore the redshift range 0.35 ≤ z ≤ 5.91. The authors found that each dataset, as well
as the combinations of MS + GL, ML + GL, and ML + MS, obey the cosmological model-
independent Dainotti correlations [375,376]) and therefore are standardized. The luminosity
of the plateau phase for GRBs that obey the Dainotti correlation is defined as

L0 =
4πD2

LF0

(1 + z)

1−β′

, (52)

where F0 is the GRB X-ray flux, β′ is the spectral index in the plateau phase, and DL is the
luminosity distance.

The authors applied these GRB data in combination with the best currently available
Amati-correlated GRB data of Amati [370] that explore the redshift range 0.3399 ≤ z ≤ 8.2 to
constrain the cosmological model parameters. As a result, constraints are weak, providing
lower bounds on the matter density parameter at the present epoch Ωm0, moderately
favoring the non-zero spatial curvature, and largely consistent with both the currently
accelerated cosmological expansion and with constraints determined on the basis of more
reliable data. Constraints of cosmological parameters of the spatially flat and non-flat
φCDM-RP model, using the Dainotti-correlated sets of the GRB measurements as well as
the H(z) and BAO peak length scale data are presented in Figure 63.

Figure 63. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the spatially
flat (left panel) and spatially non-flat (right panel) φCDM models with the RP potential from MD-
SGRB (gray), GWLGRB (green), MD-SGRB + GW-LGRB (orange), and H(z) + BAO peak length scale
(red) data. Black dashed lines denote zero-acceleration lines, which split the parameter space into two
regions of current acceleration and deceleration. Dash–dotted crimson lines correspond to spatially
flat hypersurfaces with spatially closed hypersurfaces either below or to the left. The magenta lines
correspond to the φCDM model; the closed spatial geometry are either below or to the left. The axis
with α = 0 denotes the spatially flat ΛCDM model. The figure is adapted from [202].

Cao et al. [204] used the spatially flat and non-flat ΛCDM, XCDM, and φCDM-RP
models to analyze the compilation of data from 50 Platinum GRBs within the redshift range
0.553 ≤ z ≤ 5.0. The authors found that these data obey the three-parameter fundamental
plane or Dainotti correlation, independent of the cosmological model, and therefore they
are amenable to standardization and can be used to constrain cosmological parameters.
To improve the accuracy of the constraints for the GRB data only, the authors excluded
ordinary GRB data from the larger Amati-correlated A118 dataset of 118 GRBs and analyzed
the remaining 101 Amati-correlated GRBs with 50 Platinum GRB datasets. This joint dataset
of 151 GRBs is being investigated within the little-studied redshift range z ∈ (2.3, 8.2).
Due to the consistency of cosmological constraints from the platinum GRB data with the
H(z) + BAO peak length scale dataset, the authors combined platinum GRB and the H(z)
+ BAO peak length scale data to carry out the analysis and found small changes in the
cosmological parameter constraints compared to the constraints from the H(z) + BAO peak
length scale data. The resulting constraints from the GRBs only are more stringent than
those from the H(z) + BAO peak length scale dataset but are less precise.
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Cao et al. [205] proposed the constraints on the parameters of the spatially flat and non-
flat ΛCDM, XCDM, and φCDM-RP models, using the extended set of the GRB data includ-
ing the 50 platinum GRBs within the redshift range 0.553 ≤ z ≤ 5 by Dainotti et al. [377],
the LGRB95 data that contains 95 long GRBs measurements within the redshift range
0.297 ≤ z ≤ 9.4 by Dainotti et al. [377]. The compilation of the 145 GRB datasets was also
used. The constraints on the cosmological parameters of the spatially flat and spatially
non-flat φCDM model with the RP potential, using various GRB datasets, are shown in
Figure 64. The authors also examined which of two correlations, the two-dimensional
Dainotti correlation [378] or the three-dimensional Dainotti correlation [379,380], fits better
the GRB datasets. Based on the results of AIC, BIC, and Deviation Information Criterion
(DIC) analysis, the authors found that the three-dimensional Dainotti correlation is much
preferable to the two-dimensional one for the GRB datasets.

Figure 64. The 1σ, 2σ, and 3σ confidence level contours on parameters of the spatially flat (left panel)
and spatially non-flat (right panel) φCDM models with the RP potential, using various combinations
of GRB datasets. The axis with α = 0 denotes the spatially flat ΛCDM model. The black dotted lines
correspond to lines of zero acceleration and split the parameter space into currently accelerating
(bottom left) and currently decelerating (top right) regions. The crimson dash–dot lines denote
spatially flat hypersurfaces Ωk0 = 0; closed spatial hypersurfaces are located either below or to the
left. The figure is adapted from [205].

3.8. Starburst Galaxy Data

Mania and Ratra [381] analyzed constraints on the parameters of the φCDM-RP, the
XCDM, and the ΛCDM models from the HII starburst galaxy apparent magnitude versus
redshift data of Siegel et al. [382]. The authors followed the Percival et al. [259] procedure
to obtain these constraints. The results are demonstrated in Figure 65. These constraints are
largely consistent but not as restrictive as those derived from the measurements of the BAO
peak length scale, the SNe Ia apparent magnitude, and the CMB temperature anisotropy.

Cao et al. [383] derived constraints on the parameters of the spatially flat and non-flat
ΛCDM, XCDM, and φCDM-RP models from the compilation of the HII starburst galaxy
(HIIG) data of González-Morán et al. [355] and the HIIG data of González-Morán et al. [384].
The authors tested the model independence of the QSO angular size measurements. They
found that the new compilation of 2019 HIIG data provides tighter constraints and favors
lower values of the cosmological parameters than those from the 2019 HIIG data. The use
of the QSO measurements gives model-independent constraints on the characteristic linear
size lm of QSO within a sample. Analysis of the data on the H(z), BAO peak length scale,
the SNe Ia apparent magnitude-Pantheon, the SNe Ia apparent magnitude-DES, QSO,
and the latest compilation of the HIIG data provides almost model-independent estimates
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of the Hubble constant, the matter density parameter at the present epoch, and the char-
acteristic linear size, respectively, as H0 = 69.7 ± 1.2 km s−1Mpc−1, Ωm0 = 0.295 ± 0.021,
and lm = 10.93 ± 0.25 pc.

Figure 65. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the spatially
flat φCDM model with the RP potential. The horizontal axis with α = 0 corresponds to the standard
spatially flat ΛCDM model. (Left panel) Contours obtained from HII galaxy data. The best-fit point
with χ2

min = 53.3 is indicated by the solid black circle at Ωm0 = 0.17 and α = 0.39. (Right panel)
Contours obtained from joint HII galaxy and BAO peak length scale data (solid lines) and BAO peak
length scale data only (dashed lines). The best-fit point with −2 log(Lmax) = 55.6 is indicated by the
solid black circle at Ωm0 = 0.27 and α = 0. The figure is adapted from [381].

Cao and Ratra [206] performed analysis of constraints on the parameters of the spa-
tially flat and non-flat ΛCDM, XCDM, and φCDM-RP models from joint datasets consisting
of data on the updated 32 H(z) Hubble parameter, 12 BAO peak length scale, 1048 Pantheon
SNe Ia apparent magnitudes, 20 binned DES-3yr SNe Ia apparent magnitudes, 120 QSO-
AS and 78 MgII reverberation-measured QSO, 181 HII starburst galaxy, and 50 Platinum
Amati-correlated GRB. As a result, the authors found that constraints from each dataset are
mutually consistent. There is a slight difference between constraints determined from the
QSO-AS + HIIG + MgII QSO + A118 dataset and those from QSO-AS + HIIG + MgII QSO +
Platinum + A101 dataset, so the authors considered only the cosmological constraints from
the joint dataset H(z) + BAO peak length scale + SNe Ia apparent magnitudes + QSO-AS +
HIIG + MgII QSO + A118 (HzBSNQHMA). The model-independent value of the Hubble
constant, H0 = 69.7 ± 1.2 km s−1Mpc−1, and the matter density parameter at the present
epoch, Ωm0 = 0.295 ± 0.017, were obtained by using the HzBSNQHMA dataset. The
obtained value of the constraint for H0 lies in the middle of the spatially flat ΛCDM model
result of Planck Collaboration 2018 of Aghanim et al. [13] and the local expansion rate H(z)
result of Riess et al. [113], a bit closer to the former. Based on the DIC analysis, the spatially
flat ΛCDM model is the most preferable, but both dynamic dark energy models and space
curvature are not ruled out.

3.9. X-ray Gas Mass Fraction of Cluster Data

Using Chandra measurements of X-ray gas mass fraction of 26 rich clusters obtained
by Allen et al. [385], Chen and Ratra [336] constrained the parameters of the φCDM-RP,
ΛCDM, and the XCDM models. Resulting constraints are consistent with those derived
from other cosmological tests but favor the spatially flat ΛCDM model more, Figure 14.
Constraints on the parameters of the φCDM model are tighter than those derived from
the SNe Ia apparent magnitude data of Podariu and Ratra [241], Waga and Frieman [386],
redshift–angular size data of Chen and Ratra [387], Podariu et al. [388], and gravitational
lensing statistics of Chae et al. [389], Figure 66 (left panel).
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Figure 66. The 1σ, 2σ, and 3σ confidence level contour constraints on parameters. (Left panel) For
the spatially flat φCDM model with the RP potential and non-relativistic CDM. Continuous lines are
obtained for h = 0.72 ± 0.08 and Ωbh2 = 0.0214 ± 0.002 while dotted lines match h = 0.68 ± 0.04
and Ωbh2 = 0.014 ± 0.004. (Middle panel) For the spatially flat ΛCDM model. Continuous lines are
obtained for h = 0.72± 0.08 and Ωbh2 = 0.0214± 0.002 while dotted lines obtained for h = 0.68± 0.04
and Ωbh2 = 0.014 ± 0.004. The diagonal dash–dotted line delimits spatially flat models. (Right panel)
For the XCDM model. Continuous lines are obtained for h = 0.72 ± 0.08 and Ωbh2 = 0.0214 ± 0.002
while dotted lines are derived for h = 0.68 ± 0.04 and Ωbh2 = 0.014 ± 0.004. In all pictures, two dots
indicate the place of maximum probability. The figure is adapted from [336].

Wilson et al. [337] used the R04 gold SNe Ia apparent magnitude versus the redshift
data of Riess et al. [211] and X-ray gas mass fraction of cluster data from Allen et al. [385]
to constrain the φCDM-RP model; the results are given in Figure 67. According to these
results, the standard spatially flat ΛCDM model is preferable, but the φCDM model is not
ruled out either. The contours obtained from joint R04 gold SNe Ia apparent magnitude
data and galaxy cluster gas mass fraction data are tighter constrained than those obtained
by Podariu and Ratra [241] from earlier SNe Ia apparent magnitude versus redshift data.

Figure 67. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the φCDM
model with the RP potential. (Left panel) For the R04 gold SNe Ia apparent magnitude sample.
The dot indicates the maximum likelihood for which Ωm0 = 0.30 and α = 0. (Right panel) For
the joint R04 gold SNe Ia apparent magnitude sample and galaxy cluster gas mass fraction data.
The solid gray lines are computed for h = 0.72 ± 0.08 and Ωbh2 = 0.0214 ± 0.002 with maximum
likelihood at Ωm0 = 0.28 and α = 0. The black dotted lines are computed for h = 0.68 ± 0.04 and
Ωbh2 = 0.014 ± 0.004, with maximum likelihood at Ωm0 = 0.22 and α = 0.45. The figure is derived
from constraints on the parameters of the spatially flat ΛCDM, the XCDM, and the φCDM models
with the RP potential adapted from [337].

230



Universe 2024, 10, 122

Constraints on the model parameters w0 and wa of the wCDM model using the X-ray
temperature data on massive galaxy clusters within the redshift range 0.05 ≤ z ≤ 0.83
with massive galaxy clusters (Mcluster > 8 × 1014 h−1M� within a comoving radius of
Rcluster = 1.5 h−1Mpc), were determined by Campanelli et al. [390]. The results are
presented in Figure 68. Current data on massive clusters weakly constrain w0 and wa
parameters around the (w0, wa) = (−1, 0) values corresponding to the ΛCDM model.
In the analysis including data from the galaxy cluster number count, Hubble parameter
H(z), CMB temperature anisotropy, BAO peak length scale, and the SNe Ia apparent
magnitude, the values of w0 = −1.14+0.14

−0.16 and wa = 0.85+0.42
0.60 were obtained at a 1σ

confidence level.

Figure 68. The 1σ, 2σ, and 3σ confidence level contours in the w0-wa plane from the data analysis
of the galaxy cluster number count, Hubble parameter H(z), CMB temperature anisotropy, BAO
peak length scale, and the SNe Ia apparent magnitude. The shaded areas represent various types of
dynamical dark energy models. The figure is adapted from [390].

Chen and Ratra [391] applied angular size versus redshift measurements for galaxy
clusters from Bonamente et al. [392] to constraint parameters of the φCDM-RP, the XCDM,
and the ΛCDM models. X-ray observations of the intracluster medium in combination with
radio observations of the Sunyaev–Zel’dovich effect of galaxy clusters make it possible to
estimate the distance from the angular diameter dA of galaxy clusters. The authors applied
the 38 angular diameter distance dA from Bonamente et al. (2006) [392] to constrain the
cosmological parameters of the models presented above. The results are demonstrated in
Figure 69. The analysis of the angular size measurements along with the more restrictive
BAO peak length scale data and the SNe Ia apparent magnitude measurements favors the
spatially flat ΛCDM model but does not exclude the φCDM model.
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Figure 69. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the φCDM
model with the RP potential. The horizontal axis with α = 0 corresponds to the standard spatially
flat ΛCDM model. (Left upper panel) Contours obtained from angular diameter distance dA data.
The star denotes the best-fit point (Ωm0, α) = (0.54, 5), χ2

min = 37.3. (Right upper panel) Contours
obtained using BAO peak length scale data. The star marks the best-fit point (Ωm0, α) = (0.32, 2.01),
χ2

min = 0.169. (Left lower panel) Contours obtained from SNe Ia apparent magnitude data. Thin solid
lines (best-fit pair at (Ωm0, α) = (0.27, 0.00), χ2

min = 543, marked by cross “x”) exclude systematic
errors, while thick solid lines (best-fit pair at (Ωm0, α) = (0.27, 0.00), χ2

min = 531, marked by diamond
“♦”) calculated for systematics. (Right lower panel) Thick (thin) solid lines are contours obtained
from a joint analysis of BAO peak length scale and SNe Ia apparent magnitude (with systematic
errors) data, with (and without) angular diameter distance dA. The cross “x” means the best-fit
point defined from the joint sample without the dA data at (Ωm0, α) = (0.28, 0.00) with χ2

min = 531.
The diamond “♦” denotes the best-fit point determined from the joint sample with the dA data at
(Ωm0, α) = (0.28, 0.01) with χ2

min = 572. The figure is adapted from [391].

3.10. Reionization Data

Mitra et al. [194] studied the influence of dynamical dark energy and spatial curvature
on cosmic reionization. With this aim, the authors examined reionization in the tilted
spatially flat and untilted spatially non-flat XCDM, and φCDM-RP quintessential inflation
models. Statistical analysis was performed based on a principal component analysis
and the MCMC analysis using a compilation of the lower-redshift reionization data by
Wyithe and Bolton [298] and Becker and Bolton [299] to estimate uncertainties in the model
reionization histories. The authors found that, regardless of the nature of dark energy,
there are significant differences between the reionization histories of the spatially flat and
spatially non-flat cosmological models. Although both the flat and non-flat models fit
well the low-redshift z ≤ 6 reionization observations, there is a discrepancy between
high-redshift z ≥ 7 Lyman-α emitter (LAE) data from Songaila and Cowie [300] and
Prochaska et al. [301], and the predictions from spatially non-flat models. Unlike spatially
flat models, the spatially non-flat ones have a much earlier and more extended reionization
scenario that is completed around z ≈ 7. The authors found that the higher the electron
scattering optical depths τel the more extended is the reionization process. Moreover, such
models predict a much lower fraction of neutral hydrogen at higher redshifts, 7 � z � 13
(from 2σ limits for QHII∼1), namely, τel < 1 at z∼8, is clearly contradictory to most current
observation limits from distant QSO, GRB, and LAE data. Also, a serious disadvantage
of spatially non-flat models can be seen from the results obtained on the evolution of the
photon escape fraction fesc(z): in spatially non-flat models fesc(z) � 1 even at z � 8, given
its 2σ limits. Such non-physical fesc(z) values indicate the possibility of excluding these
models. However, the Planck 2018 [13] reduction in the value of the τel in the six-parameter
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tilted flat ΛCDM inflation model by about 0.9σ reconciles the predictions of the non-flat
model with observations.

3.11. Gravitational Lensing Data

Constraints on the parameters of two φCDM models, with the RP and the pNGb
potentials, were analyzed by Waga and Frieman [386]. These models predict radically
different futures for our universe. In the model with the RP potential, the expansion of the
universe will continue to accelerate. In the model with the pNGb potential, the present
epoch of the expansion of the universe with acceleration will be followed by a return to the
matter-dominated epoch. For these observational tests, the authors used the compilation of
measurements: gravitational lensing statistics [393–397] and the high-z SNe Ia apparent
magnitudes [211,398,399]. The results of these studies are presented in Figure 70, where it
is shown that a large region of parameter space for the considered models is consistent with
the SNe Ia apparent magnitude data if Ωm0 > 0.15. The authors obtained the constraint
on the model parameter α of the RP potential, α < 5. The φCDM model with the pNGb
potential is constrained by the SNe Ia apparent magnitude and lensing measurements at a
2σ confidence level.

Figure 70. The 1σ and 2σ confidence level contours arising from lensing statistics and SNe Ia apparent
magnitude versus redshift data (solid curves). (Left panel) The φCDM model with the pNGb potential.
Solid curves correspond to constraints from SNe Ia apparent magnitude data. Contours of the constant
matter energy parameter at the present epoch Ωm0 and the limit for the acceleration parameter at the
present epoch q0 = 0 are depicted. (Right panel) The φCDM model with the RP potential. The lower
bound of Ωm0 = 0.15 from clusters and curves for the constant value of the EoS parameter at the
present epoch w0 are shown. The figure is adapted from [386].

Statistics on strong gravitational lensing based on Cosmic Lens All-Sky Survey data
from Myers et al. [400] and Browne et al. [401] was applied by Chae et al. [389] to constrain
parameters of the φCDM-RP model. The results are presented in Figure 71. The maximum
of the likelihood accords to the values of the matter density parameter at the present epoch
Ωm0 = 0.34 and the model parameter α = 0, i.e., to the standard spatially flat ΛCDM
model. For the 68% confidence level, 0.18 < Ωm0 < 0.62 and α < 2.7, while, for the 95%
confidence level, Ωm0 = 1 and α = 8. Strong gravitational lensing constraints are favorable
for the standard spatially flat ΛCDM model, and consistent with Chen and Ratra [387]
constraints from the SNe Ia apparent magnitude data, but are weaker.
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Figure 71. The 68%, 90%, 95%, and 99% confidence level contour constraints on the parameters of
the φCDM model with the RP potential from the strong gravitational lensing data. The thin line
represents the 68% confidence level derived from the SNe Ia apparent magnitude versus redshift data
by Chen and Ratra [387]. The horizontal axis for which α = 0 corresponds to the spatially flat ΛCDM
model. The figure is adapted from [389].

3.12. Compact Radio Source Data

The compact radio source angular size versus redshift data of Gurvits et al. [402] were
used by Chen and Ratra [387] to derive constraints on the parameters of the φCDM-RP
model. These constraints are consistent with the results obtained from the SNe Ia apparent
magnitude data of [2,211] but they are less restrictive, Figure 72.

Figure 72. The 1σ, 2σ, and 3σ confidence level contours constraints on the parameters of the spatially
flat φCDM model with the RP potential. Solid lines are contours computed for the uniform prior
p(Ω0) = 1. Short dashed lines are obtained for the logarithmic prior p(Ω0) = 1/Ω0. The figure is
adapted from [387].

Podariu et al. [388] used the redshift–angular size data from double radio galaxies
called FRIIb sources to constrain the parameters of the φCDM-RP model in the spatially flat
universe. These constraints are consistent both with the results obtained from the SNe Ia
apparent magnitude data of [2,211] and with the results obtained from the compact radio
source redshift–angular size data of Chen and Ratra in [387], but they are less restrictive,
Figure 73.
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Figure 73. The 1σ, 2σ, and 3σ confidence level contour constraints on the parameters of the spatially
flat φCDM model with the RP potential. (Left panel) Constraints were obtained using all twenty
radio galaxies (including 3C 427.1). (Right panel) Constraints were obtained using only nineteen
radio galaxies (excluding 3C 427.1). The figure is adapted from [388].

4. Summary and Results

The results of research based on the papers considered in the review are summa-
rized and grouped into the following topics: results of constraints on the parameters of
dynamical dark energy models, alleviation and resolving of the ΛCDM model tensions,
data preferences, disadvantages of models to data, failure and incompatibility of data,
sensibility of various data, consistency of constraints results by various data, comparing
constraints with various data, model-independent estimate of the Hubble constant H0 and
matter density parameter at the present epoch Ωm0, and problems with QSO available data.
The main research results are presented in more detail below.

• Results of constraints on the parameters of dynamical dark energy models

1. For both the extended and ordinary quintessence φCDM-RP models, 1σ con-
straints were obtained of α < 0.8 and α < 0.6, using the SNe Ia+SNAP data, Care-
sia et al. [214].

2. Constraints on the spatial curvature density parameter today to be |Ωk0| ≤ 0.15
at a 1σ confidence level in the spatially non-flat φCDM-RP model as well as the
XCDM model, from SNe Ia +H(z)+ BAO data. More precise data are required to
tighten the bounds on the parameters, Farooq et al. [255].

3. In constraints on the model parameters of the ΛCDM model, the XCDM model,
and the φCDM-RP model using galaxy cluster gas mass fraction data, Ωm is
better constrained than α, whose best-fit value is α = 0, corresponding to the
standard spatially flat ΛCDM model; however, the scalar field φCDM model is
not excluded [283].

4. The deceleration–acceleration transition redshift zda = 0.74 ± 0.05 was obtained
as a result of the constraints on the parameters of the φCDM-RP model from
H(z) data [342].

5. A likelihood analysis of the COBE-DMR sky maps to normalize the spatially
flat φCDM-RP model shows that this model remains an observationally viable
alternative to the standard spatially flat ΛCDM model [280].

6. The 2σ upper bounds of ∑ mν < 0.165 (0.299) eV and ∑ mν < 0.164 (0.301)
eV, respectively, for the spatially flat (spatially non-flat) ΛCDM model and the
spatially flat (spatially non-flat) φCDM model were defined using CMB + BAO
+ SNe Ia and the Hubble Space Telescope H0 prior observations. The inclusion
of spatial curvature as a free parameter leads to a significant expansion of the
confidence regions for ∑ mν and other parameters in spatially flat φCDM models,
but the corresponding differences are larger for both the spatially non-flat ΛCDM
and spatially non-flat φCDM models [288].

7. When the bispectrum component is included in the BAO + LSS data for the
φCDM model, a significant dynamical dark energy signal was achieved at a
2.5 − 3σ confidence level. Thus, the bispectrum can be a very useful tool for
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tracking and examining the possible dynamical features of dark energy and
their influence on the LSS formation in the linear regime [321]. (The bispectrum
component has been used by Solà et al. [187] before to study the running cosmic
vacuum in the RVMs!)

8. As a result of constraints on the parameters of the oCDM, XCDM (here w0CDM),
and wCDM models by using the BAO+BBN +SNe Ia data the value of epoch
Ωk0 = −0.043+0.036

−0.036 at a 1σ confidence level, which is consistent with the spatially
flat universe; in the spatially flat XCDM model, the value of the dark energy EoS
parameter at the present epoch w0 = −1.031+0.052

−0.048 at a 1σ confidence level, which
approximately equals the value of the EoS parameter for the ΛCDM model; and
values of the w0 and wa in the CPL parameterization of the EoS parameter of
the wCDM model w0 = −0.98+0.099

−0.11 and wa = −0.33+0.63
−0.48 at 1σ confidence level

were obtained. The exclusion of the SNe Ia data from the joint data analysis
does not significantly weaken the resulting constraints. This means that, when
using a single external BBN prior, full-shape and BAO peak length scale data
can provide reliable constraints independent of CMB temperature anisotropy
constraints [332].

9. Current X-ray temperature data on massive galaxies weakly constrain the w0 and
wa parameters of the wCDM model around the (w0, wa) = (−1, 0) values of the
wCDM model corresponding to the ΛCDM model. In the analysis including data
from the galaxy cluster number count+ H(z) + CMB temperature anisotropy +
BAO + SNe Ia, the values of w0 = −1.14+0.14

−0.16 and wa = 0.85+0.42
0.60 were obtained

at a 1σ confidence level [390].
10. In constraints on parameters in the spatially flat ΛCDM model, the spatially

closed φCDM models with the RP and Sugra potentials using SNe Ia data, values
of Ωm0 and Ωφ0, are quite different from those for the ΛCDM. The quintessence
scalar field creates more structures outside the filaments, lighter halos with higher
internal velocity dispersion, as seen from N-body simulations performed by the
authors to study the influence of quintessence on the distribution of matter on
large scales [253].

11. In the φCDM-RP model in a spacetime with non-zero spatial curvature, the dy-
namical scalar field has an attractor solution in the curvature dominated epoch,
while the energy density of the scalar field increases relative to that of the spatial
curvature [252].

12. In constraints on H0 in the φCDM-RP, the wCDM, and the spatially flat and spa-
tially non-flat ΛCDM models from measurements of H(z), the value of the H0 is
found as follows: for the spatially flat and spatially non-flat ΛCDM model, H0 =
68.3+2.7

−3.3 km s−1Mpc−1 and H0 = 68.4+2.9
−3.3 km s−1Mpc−1; for the wCDM model,

H0 = 65.0+6.5
−6.6 km s−1Mpc−1; for the φCDM model, H0 = 67.9+2.4

−2.4 km s−1Mpc−1

(at a 1σ confidence level) [343].
13. In constraints on the parameters of the spatially flat and non-flat ΛCDM, XCDM,

and φCDM-RP models, as well as on the QSO radius–luminosity R − L re-
lation parameters from QSO reverberation measured, the parameters of the
R − L relation do not depend on the cosmological models considered and, there-
fore, the R − L relation can be used to standardize the CIV QSO data. Mu-
tually consistent constraints on the cosmological parameters from CIV , MgII ,
and H(z) + BAO peak length scale data allow conducting the analysis from
the CIV + MgII dataset as well as from the H(z) + BAO peak length scale
+ CIV + MgII datasets. Although the CIV + MgII cosmological constraints are
weak, they slightly (at a ∼0.1σ confidence level) change the constraints from the
H(z) + BAO peak length scale + CIV + MgII datasets [203].

14. The quintessential inflation model with the generalized exponential potential
including massive neutrinos that are non-minimally coupled with a scalar field
obtains observational constraints on parameters using combinations of data:
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CMB + BAO (BOSS) + SNe Ia (SNLS). The upper bound on possible values of the
sum of neutrino masses ∑ mν < 2.5 eV is significantly larger than in the spatially
flat ΛCDM model [177].

• Alleviation and resolving of the ΛCDM model tensions

1. The joint Planck + BAO (transversal) analysis agrees well with the measurements
made by the SH0ES team and, applied to the IDE models, solves the Hubble
constant H0 tension [67].

2. A larger value of the Hubble constant, i.e., alleviation of the Hubble constant
tension (with a significance of 3.6σ), has been obtained for the spatially non-flat
IDE models. Searches for other forms of the interaction function and the EoS for
the dark energy component in IDE models are needed, which may further ease
the tension of the Hubble constant [121].

3. The lower multipole region of CMB + BAO (6dFGS, SDSS-MGS) in the spatially
closed quintessential inflation φCDM model reduces the tension between the
Planck and the weak lensing σ8 constraints [330].

4. The maximum of the likelihood in the constraint parameters in the φCDM-
RP model from the strong gravitational lensing data accords to the values of
the matter density parameter at the present epoch Ωm0 = 0.34 and the model
parameter α = 0, i.e., to the standard spatially flat ΛCDM model. For the 68%
confidence level, 0.18 < Ωm0 < 0.62 and α < 2.7, while, for 95% confidence level,
Ωm0 = 1 and α = 8 [389].

5. In extended φCDM- RP models with exponential coupling to the Ricci scalar,
the projection of the ISW effect on the CMB temperature anisotropy is found to
be considerably larger in the exponential case with respect to a quadratic non-
minimal coupling. This reflects the fact that the effective gravitational constant
depends exponentially on the dynamics of the scalar field [215].

6. The value of the cosmological deceleration–acceleration transition zda is insensi-
tive to the chosen model from the spatially flat and spatially non-flat φCDM-RP,
the XCDM, and the wCDM using H(z) data, and depend only on the assumed
value of the Hubble constant H0. The weighted mean of these measurements is
zda = 0.72 ± 0.05 (0.84 ± 0.03) for H0 = 68± 2.8 (73.24 ± 1.74) km s−1Mpc−1 [192].

7. In contrast to the joint Planck + BAO analysis, where it is not possible to solve
the Hubble constant H0 tension, the joint Planck + BAO (transversal) analysis
agrees well with the measurements made by the SH0ES team and, applied to the
IDE models, solves the Hubble constant H0 tension [67].

• Data preferences

1. Planck 2018 CMB data favor spatially closed hypersurfaces in spatially non-flat
IDE models at more than 99% CL (with a significance of 5σ) [121].

2. The higher multipole region of the CMB temperature anisotropy data is in better
agreement with the tilted spatially flat ΛCDM model than with the spatially
closed φCDM model [330].

3. Depending on the value of the Hubble constant H0 as a prior and the cosmo-
logical model under consideration, the data provides evidence in favor of the
spatially non-flat scalar field φCDM model [331].

4. The spatially closed quintessential inflation φCDM model provides a better fit to
the lower multipole region of CMB temperature anisotropy data +BAO (6dFGS,
SDSS-MGS) data compared to that provided by the tilted spatially flat ΛCDM
model [330].

5. In most of the tilted spatially flat and untilted spatially non-flat ΛCDM, XCDM,
and φCDM-RP quintessential inflation models, the QSO data favor Ωm0∼0.5–0.6,
while, in a combined analysis of QSO + H(z) + BAO, the values of the Ωm0 are
shifted slightly towards larger values. A combined QSO + BAO peak length
scale + H(z) dataset is consistent with the standard spatially flat ΛCDM model,
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but favors slightly both the spatially closed hypersurfaces and the dynamical
dark energy models [195].

6. Depending on the chosen model (from spatially flat and spatially non-flat ΛCDM,
XCDM, and φCDM-RP models) and dataset (from BAO + H(z) + QSO), the data
slightly favor both the spatially closed hypersurfaces with Ωk0 < 0 at a 1.7σ con-
fidence level and the dynamical dark energy models over the standard spatially
flat ΛCDM model at a slightly higher than 2σ confidence level. Furthermore,
depending on the dataset and the model, the observational data favor a lower
Hubble constant value than the one measured by the local data at a 1.8σ confi-
dence level to 3.4σ confidence level [193].

7. The analysis with the H(z) + BAO + QSO-AS + HIIG + GRB dataset favors the
spatially flat ΛCDM model but also does not rule out dynamical dark energy
models [352].

8. The Hubble constant H0 value is constrained in the spatially flat and spatially
non-flat ΛCDM, XCDM, and φCDM-RP models using various combinations of
datasets: BAO +SNe Ia H(z). The BAO + SNe Ia H(z) dataset slightly favors the
untilted spatially non-flat dynamical XCDM and φCDM quintessential inflation
models, as well as smaller Hubble constant H0 values [297].

9. Smaller angular scale SPTpol measurements (used jointly with only Planck CMB
temperature anisotropy data or with the combination of Planck CMB temperature
anisotropy data and non-CMB temperature anisotropy data) favor the untilted
spatially closed models [303].

10. The spatially flat φCDM scalar field models could not be unambiguously pre-
ferred, from the DESI predictive data (H(z) + H(z) + angular diameter distance
dA), over the standard ΛCDM spatially flat model, the latter still being the most
preferred dark energy model [320].

11. CMB (Planck 2015) + BAO + SNe Ia +H(z) + LSS growth data slightly favor
the spatially closed XCDM model over the spatially flat ΛCDM model at a 1.2σ
confidence level, while also being in better agreement with the untilted spatially
flat XCDM model than with the spatially flat ΛCDM model at the 0.3σ confidence
level [326].

12. The analysis of the BAO + SNe Ia+ angular diameter distance dA (using X-ray
observations of the intracluster medium + radio observations of the Sunyaev–
Zel’dovich effect of galaxy clusters) data favors the spatially flat ΛCDM model
but does not exclude the spatially flat φCDM-RP model [391].

13. SNe Ia + X-ray gas mass fraction of cluster data is preferable to the standard
spatially flat ΛCDM model, but the φCDM model is not ruled out either [337].

14. The spatially flat ΛCDM model is the most preferable, but both dynamic dark
energy models and space curvature are not ruled out [206].

15. Combined analysis from QSO + H(z) + BAO data is consistent with the standard
spatially flat ΛCDM model, but slightly favors both closed spatial hypersurfaces
and the untilted spatially non-flat φCDM model [196].

16. Constraints on the parameters in the spatially flat and non-flat ΛCDM, XCDM,
and φCDM-RP models from three (ML, MS, and GL) (L0 − tb) Dainotti-correlated
sets of GRB measurements are weak, providing lower bounds on parameter
Ωm0, moderately favoring the non-zero spatial curvature, and largely consistent
with both the currently accelerated cosmological expansion and with constraints
determined on the basis of more reliable data [202].

17. In constraints on the parameters in the spatially flat and non-flat ΛCDM, XCDM,
and φCDM-RP models by GRB data, the three-dimensional Dainotti correla-
tion [379,380] is much preferable to the two-dimensional [378] one for the GRB
datasets [205].

18. The R− L relation parameters for Hβ QSO data are independent in models under
investigation, from the spatially flat and non-flat ΛCDM, XCDM, and φCDM-RP
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models; therefore, QSO data seem to be standardizable through R − L relation
parameters. The constraints derived using Hβ QSO data are weak, slightly
favoring the currently accelerating cosmological expansion, and are generally in
the 2σ tension with the constraints derived from analysis of the measurements of
the BAO peak length scale and the Hubble parameter H(z) [200].

19. Constraints on the parameters of the spatially non-flat untilted φCDM-RP in-
flation model were improved from a 1.8σ to a more than 3.1σ confidence level
by combining by CMB (Planck 2015) + BAO + SNe Ia +H(z) + LSS data. CMB
(Planck 2015) + BAO + SNe Ia + H(z) + LSS data favor a spatially closed universe
with the spatial curvature contributing about two-thirds of a percent of the cur-
rent total cosmological energy budget. The spatially flat tilted φCDM inflation
model is a 0.4σ better fit to the observational data than is the standard spatially
flat tilted ΛCDM model, i.e., current observational data allow for the possibility
of dynamical dark energy in the universe. The spatially non-flat tilted φCDM
model better fits the DES bounds on the rms amplitude of mass fluctuations σ8
as a function of the parameter Ωm0 [291].

20. The ΛCDM model has a strong advantage, investigating both the minimally cou-
pled with gravity scalar field spatially flat φCDM-RP model and non-minimally
coupled scalar field extended quintessence model with gravity (with the Ricci
scalar), applying the dataset: the Pantheon SNe + BAO (6dFGS, SDSSLRG, BOSS-
MGS, BOSS-LOWZ, WiggleZ, BOSS-CMASS, BOSS-DR12) + CMB + H(z) + RSD,
when local measurements of the Hubble constant H0 [13] are not taken into
account and, conversely, this statement is weakened when local measurements
of H0 are included in the data analysis [221].

• Disadvantages of models to data

1. Spatially non-flat φCDM-RP quintessential inflation models predict a much
lower fraction of neutral hydrogen at higher redshifts 7 � z � 13 (from 2σ limits
for QHII∼1), namely, τel < 1 at z∼8, are clearly contradictory to most current
observation limits from distant QSO + GRB + LAE data [194].

2. A serious disadvantage of spatially non-flat φCDM-RP quintessential inflation
models can be seen from the results obtained from the evolution of the photon
escape fraction fesc(z): in spatially non-flat models fesc(z) � 1 even at z � 8,
given its 2σ limits. Such non-physical fesc(z) values indicate the possibility of
excluding these models. (However, the Planck 2018 [13] reduction in the value
of the τel in the six-parameter tilted flat ΛCDM inflation model by about 0.9σ
reconciles the predictions of the non-flat model with observations) [194].

3. HII starburst galaxy apparent magnitude + QSO only(or) + BAO datasets favor
the spatially flat ΛCDM model, while at the same time do not rule out dynamical
spatially flat and non-flat φCDM-RP models [347].

4. Constraints on the parameters of the spatially flat and non-flat ΛCDM, XCDM,
and φCDM-RP models using SNe Ia (Pantheon + DES) + QSO + HIIG data +
BAO + H(z) favor dynamical dark energy and slightly spatially closed hypersur-
faces; they do not preclude dark energy from being a cosmological constant and
spatially flat hypersurfaces [201].

5. Constraints on the parameters of the spatially non-flat untilted φCDM-RP in-
flation model by CMB (Planck 2015) + BAO + SNe Ia + H(z) + LSS data do not
provide such good agreement with the larger multipoles of CMB (Planck 2015)
data as the spatially flat tilted ΛCDM model [291].

• Failure and incompatibility of data

1. CMB (Planck 2015) + BAO + SNe Ia + H(z) + LSS growth data are unable to rule
out dynamical scalar field spatially flat φCDM models [326].
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2. The dynamical untilted spatially non-flat XCDM model is not compatible with
with higher multipoles of CMB temperature anisotropy data, as is the standard
spatially flat ΛCDM model [326].

3. The parameters of the spatially flat φCDM model could not be tightly constrained
only by the current GRB data [365].

4. There is a strong degeneracy between the model parameters Ωm and α in the
spatially flat φCDM-RP model applying only LSS data. According to constraints
from LSS growth rate + BAO + CMB data, Ωm = 0.30 ± 0.04 and 0 ≤ α ≤ 1.30 at
a 1σ confidence level (the best-fit value for the model parameter α is α = 0) [317].

• Sensibility of various data

1. Studying dark energy in the early universe using SNe Ia + WMAP + CBI + VSA
+ SDSS + HST data, the values w0 < −0.8 and density parameter in the early
universe Ωe < 0.03 at the 1σ confidence level are found. SNe Ia data are most
sensitive to w0, while CMB temperature anisotropies and LSS growth rate are
the best constraints of Ωe, Doran et al. [247].

2. Expansion history data are not particularly sensitive to the dynamic effects of
dark energy, while the data compilation BAO + LSS + CMB anisotropy is more
sensitive [321].

• Consistency of constraint results with various data

1. Constraints on the parameters of the φCDM-RP model from compact radio source
angular size versus redshift data are consistent with the results obtained from
the SNe Ia apparent magnitude data of [2,211], but they are less restrictive [387].

2. Constraints of the spatially flat φCDM-RP model from radio galaxies FRIIb
sources+redshift–angular size data are consistent both with the results obtained
from the SNe Ia apparent magnitude data of [2,211] and with the results obtained
from the compact radio source redshift–angular size [387], but they are less
restrictive [388].

3. Constraints on the parameters of the φCDM-RP, the XCDM, and the ΛCDM
models from BAO + H(z) data. The BAO + H(z) data dataset is consistent with
the standard spatially flat ΛCDM model [331].

4. Constraints on the parameters of the spatially flat φCDM-RP, the XCDM, and the
ΛCDM models from measurements of H(z) are consistent with a moment of
the deceleration–acceleration transition at redshift zda = 0.74 ± 0.05 derived by
Farooq and Ratra [342], which corresponds to the standard spatially flat ΛCDM
model [260].

5. Constraints on the parameters of the spatially flat and non-flat ΛCDM, XCDM,
and φCDM-RP models using the higher-redshift GRB HIIG + QSO are consis-
tent with the currently accelerating cosmological expansion, as well as with
the constraints obtained from the analysis of the H(z) + BAO peak length
scale. From the analysis of the H(z) + BAO + QSO-AS + HIIG + GRB dataset,
the model-independent values of epoch Ωm0 = 0.313 ± 0.013 and H0 = 69.3 ±
1.2 km s−1Mpc−1 are obtained [352].

6. In each dark energy model (from the spatially flat and untilted spatially non-
flat ΛCDM, XCDM, and scalar field φCDM-RP quintessential inflation models),
constraints on cosmological parameters from SPTpol measurements+ CMB tem-
perature anisotropy and non-CMB temperature anisotropy measurements are
largely consistent with one another [303].

7. The dynamical untilted spatially non-flat XCDM model is compatible with the
DES limits on the current value of the rms mass fluctuation amplitude σ8 as a
Ωm0 [326].

8. A large region of parameter space for the φCDM models, with the RP and the
pNGb potential models, is consistent with the SNe Ia data if Ωm0 > 0.15, wherein
the constraints on the model parameter α of the RP potential is α < 5. The φCDM
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model with the pNGb potential is constrained by the SNe Ia apparent magnitude
+ lensing measurements at a 2σ confidence level [386].

9. The constraints obtained from the MgII QSOs + BAO + H(z) agree with the
spatially flat ΛCDM model as well as with spatially non-flat dynamical dark
energy models [198].

10. The H(z) data are consistent with the standard spatially flat ΛCDM model while
they do not rule out the spatially non-flat XCDM and spatially non-flat φCDM
models [192].

11. The obtained H0 values, as a result of constraints in φCDM-RP, the wCDM, and
the spatially flat and spatially non-flat ΛCDM models by H(z) measurements,
are more consistent with the smaller values determined from the recent CMB tem-
perature anisotropy and BAO peak length scale data and with the values derived
from the median statistics analysis of Huchra’s compilation of H0 data [343].

12. Constraints on spatially flat and non-flat ΛCDM, XCDM, and φCDM-RP models
from GRB are consistent with the spatially flat ΛCDM as well as with the spatially
non-flat dynamical dark energy models [371].

13. The second and third largest subsamples, SDSS-Chandra and XXL QSOs, which
together account for about 30% of total QSO data, appear to be standardized.
Constraints on the cosmological parameters from these subsamples are weak and
consistent with the standard spatially flat ΛCDM model or with the constraints
from the better-established cosmological probes [199].

14. The quintessential inflation model with the generalized exponential potential
is in good agreement with observations and represents a successful scheme for
the unification of the primordial inflaton field causing inflation in the very early
universe and dark energy causing the accelerated expansion of the universe at
the present epoch [177].

15. In quintessential inflation models, the early quintessence is characterized by a
suppressed ability to cluster at small scales, as suggested by the compilation of
data from WMAP + CBI + ACBAR + 2dFGRS + Ly−α. Quintessential inflation
models are compatible with these data for a constant spectral index of primordial
density perturbations [269].

• Comparing constraints with various data

1. Constraints on cosmological parameters in the spatially flat φCDM model by
joint datasets consisting of measurements of the age of the universe+SNe Ia +
BAO are tighter than those obtained from datasets consisting of data on the
lookback time + age of the universe [328].

2. Constraints on cosmological parameters in the scalar field φCDM-RP model from
SVJ H(z) data [335]. Using the H(z) data, the constraints on the Ωm are more
stringent than those on the model parameter α. Constraints on the matter density
Ωm are approximately as tight as the ones derived from the galaxy cluster gas
mass fraction data [336] and from the SNe Ia apparent magnitude data [337].

3. Constraints on the parameters of the φCDM-RP, the XCDM, the wCDM, and the
ΛCDM models using BAO + SNe Ia data are more restrictive with the inclusion of
eight new H(z) measurements than those derived by Chen and Ratra [338]. This
analysis favors the standard spatially flat ΛCDM model but does not exclude the
scalar field φCDM model [339].

4. Constraints on the parameters of the φCDM-RP, the XCDM, and the ΛCDM mod-
els using H(z) data. H(z) data yield quite strong constraints on the parameters
of the φCDM model. The constraints derived from the H(z) measurements are
almost as restrictive as those implied by the currently available lookback time
observations and the GRB luminosity data, but more stringent than those based
on the currently available galaxy cluster angular size data. However, they are less
restrictive than those following from the joint analysis of SNe Ia + BAO. The joint
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analysis of the H(z) + SNe Ia + BAO favors the standard spatially flat ΛCDM
model but does not exclude the dynamical scalar field φCDM model [338].

5. Constraints on the parameters of the φCDM-RP, the XCDM, and the ΛCDM
models with the inclusion of new H(z) measurement of Busca et al. are more
restrictive than those derived by Farooq et al. The H(z) constraints depend on
the Hubble constant prior to H0 used in the analysis. The resulting constraints
are more stringent than those which follow from measurements of the SNe Ia
apparent magnitude of Suzuki et al. (2012). This joint analysis consisting of
measurements of H(z)+SNe Ia + BAO favors the standard spatially flat ΛCDM
model but the dynamical scalar field φCDM model is not excluded either [340].

6. SNe Ia + H(z) + LSS growth rate data are consistent with the standard spatially
flat ΛCDM model, as well as with the spatially flat φCDM-RP model [315].

7. Strong gravitational lensing constraints are favorable for the standard spatially
flat ΛCDM model and consistent with [387] constraints from the SNe Ia apparent
magnitude data, but are weaker [389].

8. Constraints on the parameters of the spatially flat φCDM model obtained from
joint R04 gold SNe Ia apparent magnitude data and galaxy cluster gas mass
fraction data are tighter than those obtained by Podariu and Ratra [241] from
earlier SNe Ia apparent magnitude versus redshift data [337].

9. Constraints obtained in [336] on the parameters of the φCDM model using
Chandra measurements of X-ray gas mass fraction of the clusters are tighter
than those derived from the SNe Ia apparent magnitude data [241,386], redshift–
angular size data of [387,388], and gravitational lensing statistics [389]

10. Constraints on the parameters of the spatially flat and non-flat ΛCDM, XCDM,
and φCDM-RP models derived from the QSO data only are significantly weaker
than those derived from the combined set of the BAO + H(z), but are consistent
with both of them [198].

11. QSO data are significantly weaker but consistent with those from the combination
of the H(z) + BAO data in tilted spatially flat and untilted spatially non-flat
ΛCDM, XCDM, and φCDM-RP quintessential inflation models [196].

12. The constraints in spatially flat ΛCDM, XCDM, and φCDM-RP models from
the GRB data obtained by Wang’s method [368] and Schaefer’s method [367]
disagree with each other at a more than 2σ confidence level [365].

13. Constraints on spatially flat and non-flat ΛCDM, XCDM, and φCDM-RP models
from GRB data agree but are much weaker than those following from the BA +
H(z) data [371].

14. Constraints on the parameters of the spatially flat and non-flat ΛCDM, XCDM,
and φCDM-RP models from the GRB data are consistent with the constraints
obtained from the analysis of the BAO + H(z) but are less restrictive [369].

15. Constraints on parameters in spatially flat and non-flat ΛCDM, XCDM, and
φCDM-RP models from GRB + H(z) + BAO data take small changes in pa-
rameter constraints compared to the constraints from the H(z) + BAO data.
The constraints from the GRBs only are more stringent than those from the H(z)
+ BAO dataset but are less precise [204].

16. Constraints on the parameters of the φCDM-RP, the XCDM, and the ΛCDM
models from the HIIG are largely consistent but not as restrictive as those
derived from the measurements of the BAO + SNe Ia + CMB temperature
anisotropy [381].

17. Subsets of full QSO data, limited by redshift z ≤ 1.5–1.7, obey the LX − LUV rela-
tion in a way that is independent of the cosmological model (from the spatially
flat and non-flat ΛCDM, XCDM, and φCDM-RP models) and can therefore be
used to constrain the cosmological parameters. Constraints from these smaller
subsets of lower redshift QSO data are generally consistent but much weaker
than those inferred from the Hubble parameter H(z) + BAO measurements [197].
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18. WMAP + BAO + galaxy cluster gas mass fraction measurements give consistent
and more accurate constraints on the parameters of the spatially flat φCDM
model than those derived from other data, wherein, constraints on the parameter
α, α < 3.5 [327].

19. Future measurements of the LSS growth rate in the near future will be able to
constrain the spatially flat φCDM-RP models with an accuracy of about 10%,
considering the fiducial spatially flat ΛCDM model, an improvement of almost
an order of magnitude compared to those from currently available datasets.
Constraints on the growth index parameter γ are more restrictive in the ΛCDM
model than in other models. In the φCDM model, constraints on the growth
index parameter γ are about a third tighter than in the wCDM and XCDM
models [306].

• Model-independent estimate of the Hubble constant H0 and matter density parameter
at the present epoch Ωm0

1. Constraints on the parameters of the spatially flat and non-flat ΛCDM, XCDM,
and φCDM-RP models from the H(z) + BAO + SNe Ia (Pantheon, DES, QSO)
+ HIIG data provides almost model-independent estimates of the Hubble con-
stant, the matter density parameter at the present epoch, and the characteristic
linear size, respectively, as H0 = 69.7 ± 1.2 km s−1Mpc−1, Ωm0 = 0.295 ± 0.021,
and lm = 10.93 ± 0.25 pc. [383].

2. The model-independent value of the Hubble constant H0 = 69.7± 1.2 km s−1Mpc−1

and the parameter Ωm0 = 0.295 ± 0.017 were obtained by using the H(z) + BAO +
SNe Ia + QSO-AS + HIIG + MgII QSO + A118 (HzBSNQHMA) data in the spatially
flat and non-flat ΛCDM, XCDM, and φCDM-RP models [206].

3. An analysis of all HII starburst galaxy apparent magnitude + QSO only(or) +
BAO datasets in the spatially flat and non-flat ΛCDM, XCDM, and φCDM-RP
models leads to the relatively model-independent and restrictive estimates for
the values of the parameter Ωm0 and the Hubble constant H0. Depending on the
cosmological model, these estimates are consistent with a lower value of H0 in
the range of a 2.0σ to 3.4σ confidence level [347].

• Problems with QSO available data

1. In constraints on the parameters of the spatially flat and spatially non-flat ΛCDM,
XCDM, and φCDM-RP models using MgII QSOs data, two- and three-parameter
radius–luminosity R − L relations do not depend on the assumed cosmologi-
cal model; therefore, they can be used to standardize QSO data. The authors
found for the two-parameter R − L relation that the data subsets with low-�FeI I
and high-�FeI I obey the same R − L relation within the error bars. Extend-
ing the two-parameter R − L relation to three parameters does not lead to the
expected decrease in the intrinsic variance of the R − L relation. None of the
three-parameter R − L relations provides a significantly better measurement fit
than the two-parameter R − L relation. The results obtained differ significantly
from those found by Khadka et al. [200] from analysis of reverberation-measured
Hβ QSOs [362].

2. Constraints on the parameters of the spatially flat and non-flat ΛCDM, XCDM,
and φCDM-RP models for the full QSO dataset; parameters of the X-ray and UV
luminosity LX − LUV relation used to standardize these QSO data depends on the
cosmological model and therefore cannot be used to constrain the cosmological
parameters in these models [197].

3. A compilation of the QSO X-ray and UV flux measurements [356] includes the
QSO data that appear not to be standardized via the X-ray luminosity and the
UV luminosity LX − LUV relation parameters that are dependent on both the
cosmological model and the redshift, so it should not be used to constrain the
model parameters [199].
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5. Ongoing and Upcoming Cosmological Missions

We look forward to more precise various cosmological data which will be obtained by
the ongoing and upcoming cosmological missions (a list of which are presented below):
GRB, X-ray temperature of massive galaxy clusters, the expansion rate of the universe H(z),
the BAO peak length scale, the CMB radiation, the angular diameter distance, and the LSS
growth rate of matter density fluctuations. We hope that these observational data will allow
cosmologists to obtain tighter constraints on the bounds of cosmological parameters in the
dynamical dark energy models than have been obtained to date.

To study GRB and X-ray for investigating the early universe, the following are sched-
uled to launch: the Space-based multiband astronomical Variable Objects Monitor (SVOM)
mission [403] (will be access on 14 January 2024), the Transient High-Energy Sky and
Early Universe Surveyor (THESEUS) mission [404] (will be access on 2037), the Hydrogen
Intensity and Real-time Analysis Experiment (HIRAX) (https://hirax.ukzn.ac.za) (will be
accessed on 2024). To investigate the weak lensing survey BAO peak length scale and RSD,
it is planned to launch the following: the 4-metre Multi-Object Spectroscopic Telescope
(4MOST) (https://www.eso.org/sci/facilities/develop/instruments/4MOST.html) (ac-
cessed on 2023) and the BAO from the Integrated Neutral Gas Observations (BINGO) radio
telescope (https://bingotelescope.org) (currently under construction). To investigate the
acceleration expansion of the universe, the nature of the dark universe, the dynamics and
evolution of the universe, and the growth of LSS in the universe, the Euclidean Space Tele-
scope (Euclid) (https://www.euclid-ec.org/) (will be accessed on 1 July 2023); the following
are scheduled to launch: the Spectro-Photometer for the History of the universe (SPHEREx)
(https://spherex) (will be accessed on April 2025), the Nancy Grace Roman Space Tele-
scope (https://www.jpl.nasa.gov/missions/the-nancy-grace-roman-space-telescope) (will
be accessed on May 2027), the ArmazoNes high Dispersion Echelle Spectrograph (AN-
DES) (https://elt.eso.org/instrument/ANDES/) (will be accessed on 2030), the Extremely
Large Telescope (ELT) (https://elt.eso.org) (will be accessed on 2028), the Rubin Observa-
tory Legacy Survey of Space and Time (Rubin/LSST) (https://lsst.org) (will be access on
2025), and the Simons Observatory (SO) (https://simonsobservatory.org) (will be accessed
on 2024). To explore CMB radiation, it is planned to launch the following: the Cosmic
Microwave Background—Stage IV (CMB-S4) experiment (https://cmb-s4.org (will be ac-
cessed on 2029)) and the Lite Satellite for the studies of B-mode polarization and Inflation
from Cosmic Background Radiation Detection (LiteBIRD) (https://litebird.html (will be
accessed on 2032); to study the fingerprint of primordial gravitational waves in CMB, the
SPIDER experiment (https://spider.princeton.edu (will be accessed on December 2024)).

6. Conclusions

In this review we analyzed and summarized the current research effort to constrain
the parameters of the dynamical dark energy models through cosmological observations.
Our review does not claim to be a complete presentation of all research conducted by
scientists in this field. We did our best to account for the results of the papers that seem to
us the most relevant, among numerous ones, where the authors applied different types of
methods and observational constraints with various observational datasets to investigate
the dynamical dark energy models. The main results of the papers considered in this review
are summarized and grouped in Section 4 into the following topics: results of constraints
on the parameters of the dynamical dark energy models, alleviation and resolving of the
ΛCDM model tensions, data preferences, disadvantages of models to data, failure and
incompatibility of data, sensibility of various data, consistency and comparisons of the
constraint results with various data, model-independent estimate of the Hubble constant
H0 and the matter density parameter at the present epoch Ωm0, and problems with the
QSO available data.

In most of papers presented in this review the quintessence scalar field φCDM model
with the inverse power-law RP potential has been studied. This model is the simplest one,
and it is a typical representative of the large family of the tracker quintessence scalar field
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models. It grasps the general properties of the tracker models. Due to its simplicity, this
model has attracted and will continue to attract the community in its effort to study it.

This review is a kind of historical cross-section of the study of dynamical dark energy
models, in which it is clearly seen that the complication, refinement, and increase in the
diversity of cosmological data and methods for studying dynamical dark energy models
lead to more precise constraints on the values of cosmological parameters. According to the
results of the papers considered in this review, the accuracy of the available cosmological
data is insufficient to tighten the bounds on the parameters of the dynamical dark energy
models and more precise data are required (the main ongoing and upcoming cosmological
experiments are presented in Section 5). At the same time, despite the refinement of observa-
tional data and complications of methods for studying dark energy in the universe, current
observational data favor the standard spatially flat ΛCDM model, while not excluding
dynamical dark energy models and spatially closed hyperspaces.

Since the current observational constraints seem to leave room for φCDM as a viable
alternative to the true minimalist ΛCDM model, it is appropriate to point out some salient
features which can naturally complement the big picture, if the idea that a scalar field is
responsible for the observed dark energy is taken seriously.

One of the important problems to be addressed is the coincidence problem—at the
present epoch, the energy scales of dark matter and dark energy are of comparable magni-
tudes, and these are again comparable to that of the cosmological neutrinos.

A proposal for the explanation of the neutrino mass due to coupling through the dark
energy field (i.e., beyond the Higgs mechanism of the Standard Model) was put forward
by Fardon, Nelson, and Weiner [405], followed by Peccei [406]. These works predict a
time-dependent mass for dark matter particles and neutrinos. It has been shown in the
following work [239,240] that it is possible to simultaneously obtain the values of the
late-time evolution of the universe (w → −1, V(φ) ∼ M4 ∼ Λ), asymptotically close to
that of the ΛCDM model, as well as the dark-energy-generated neutrino masses consistent
with the observations for several dark energy potentials coupled to the fermionic field.

The models analyzed in [239,240] are toy models since only a single fermionic species
coupled to the scalar field is considered. An important and promising direction of the future
work, aiming to reveal the origins of the dark sector of the universe and the neutrino mass
generation, appears to be an approach unifying the scalar field(s) coupled to the matter
fields of the Standard Model. Various proposals to incorporate the dark matter component
of the universe along with dark energy and neutrinos within a common framework were
put forward [407–409]. More detailed quantitative analysis needs to be done to fully
explore the observable effects predicted by these models with multiple fermionic flavors
and different DE potentials on the expansion history of the universe.

It has been pointed out many times in the literature that too many scalar fields are not
very natural. There have been efforts to relate, e.g., the Higgs field to inflation [410,411]. A
quite plausible conjecture is that the inflation and quintessence represent the same physical
field analyzed at different regimes of the universe evolution [412]. Thus, the objective is to
advance such unifying theories back in time to incorporate the inflation.
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Abbreviations

Abbreviation Full Form

ACBAR Arcminute Cosmology Bolometer Array Receiver
AIC Akaike Information Criterion
BIC Bayesian Information Criterion
BOSS Baryon Oscillation Spectroscopic Survey
BAO Baryon Acoustic Oscillations
BBN Big Bang Nucleosynthesis
GRB Gamma-ray Bursts
CBI Cosmic Background Imager
CDM Cold Dark Matter
CLASS Cosmic Linear Anisotropy Solving System
COBE-DMR Cosmic Background Explorer—Differential Microwave Radiometers
CPL Chevallier–Polarsky–Linder
CMB Cosmic Microwave Background Radiation
DES Dark Energy Survey
DESI Dark Energy Spectroscopic Instrument
DIC Deviation Information Criterion
EoS Equation of State
Euclid Euclidean Space Telescope
FRII Fanaroff–Riley Type II
FLRW Friedmann–Lemaître–Robertson–Walker
HDM Hot Dark Matter
HST Hubble Space Telescope
HzBSNQHMA H(z) + BAO + SNe Ia + QSO-AS + HIIG + MgII QSO + A118
HIIS HII Starburst Galaxy
IDE Interacting Dark Energy
ISW Integrated Sachs–Wolfe
JBD Jordan–Brans–Dicke
JLA Joint Light-Curve Analysis
LAE Lyman-α Emitter
LSS Large-Scale Structure
MCMC Markov Chain Monte Carlo
MGS Main Galaxy Sample
pNGb Pseudo-Nambu–Goldstone Boson
QFT Quantum Field Theory
QSO Quasar
PR4 Last Planck Data Release
RP Ratra–Peebles
rms root mean square
RSD Redshift Space Distortion
RVM Running Vacuum Model
SDSS Sloan Digital Sky Survey
SNe Ia Supernovae Ia
SNLS Supernova Legacy Survey
SPTpol South Pole Telescope Polarization
SVJH(z) data Simon, Verde, and Jimenez H(z) Data
UV Ultraviolet
VSA Very Small Array
wCDM w Cold Dark Matter
WMAP Wilkinson Microwave Anisotropy Probe
WDM Warm Dark Matter
WFIRST Wide-Field Infrared Survey Telescope
XCDM X Cold Dark Matter
ΛCDM Lambda Cold Dark Matter
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φCDM Phi Cold Dark Matter
oCDM ΛCDM Extension to Non-Flat Hypersurfaces
2dFGRS Two-Degree Field Galaxy Redshift Survey
6dFGS Six-Degree Field Galaxy Survey

Notes

1 For the latter model, the first Friedmann’s equation and the Klein–Gordon scalar field equation for these models are defined,
respectively, as

H2(a) =
1

3F

(
a2ρfluid +

1
2

φ2 + a2V(φ)− 3H(a)Ḟ(φ)
)

, (43)

φ̈ + 2Hφ̇ =
a2

2
F′(φ)R − a2V′(a), (44)

where the dot now denotes the derivative with respect to the conformal time and the prime denotes a derivative with respect
to the scalar field φ. The quantity ρfluid is the energy density associated with all components of the universe except for the
quintessential scalar field, and the function F(φ) defines the non-minimal coupling between gravity and the scalar field φ, with the
form [243]

F(φ) = 1/8πG + F̃(φ)− F̃(φ0), (45)

where F̃(φ) = ϑφ2, ϑ is a dimensionless constant, and φ0 is a value of the scalar field at the present epoch.
2 The observational constraints on a projection of the Integrated Sachs–Wolfe (ISW) effect on the CMB temperature anisotropy was

obtained for a fixed value of the Jordan–Brans–Dicke (JBD) parameter at the present epoch ωJBD0, the latter being defined as

ωJBD = F

(
dF
dφ

)−2

=
8π

ϑ2 exp

[
− ϑ(φ − φ0)

Mpl

]
, ωJBD0 = 8π/ϑ2, (49)

where ξ is a dimensionless coupling, φ0 is the present value for the scalar field, and F = 1
16πG exp

(
ϑ

Mpl
(φ − φ0)

)
is a generalized

function of the gravity term R/16πG.
3 This is performed by fixing at the present epoch the amplitude of the initial energy density fluctuations generated in the early

inflation epoch for this model and comparing the model predictions of the large angular scale spatial anisotropy in the CMB
radiation with observational data. The authors computed model predictions as a function of the model parameter α, as well as
other cosmological parameters, following Brax et al. [281], and then determined the normalization amplitude by comparing these
predictions with the COBE-DMR CMB temperature anisotropy measurements of Bennett [5] and Gorski et al. [282].
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