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Preface

This Special Issue of Axioms pays tribute to Professor Hong-Kun Xu'’s significant contributions
and details important recent advances in the theory, methods, and applications of nonlinear analysis,
optimization theory, fixed point theory, and algorithms for nonlinear problems. It comprises original,
creative, and high-quality research papers that inspire advances in fixed point, coincidence point, and
best proximity point theory with applications, set-valued analysis, nonlinear and variational methods
for ODEs and PDEs, non-smooth analysis and optimization, inverse and ill-posed problems, convex
analysis, matrix theory, and their applications.

The Guest Editors have made every effort to ensure the success of this Special Issue and hope that
these efforts will be rewarded. The Guest Editors organized a comprehensive review process for each
submission based on the journal’s policy, instructions, and guidelines. We received 44 submissions
and, after a comprehensive peer-review process, only 16 high-quality articles were accepted for
publication (the acceptance rate is around 36%). The accepted papers can be divided according to
the following six schemes considering their main purposes:

(1) Fixed point theory and applications;

(2) Algorithms for nonlinear problems;

(3) Nonlinear methods for ODEs and PDEs with applications;

(4) Convex analysis and inequality theory;

(5) Optimization;

(6) Functional analysis.

We hope that interested researchers and practitioners will be inspired by this Special Issue and
find it valuable to their own research. This Special Issue highlighted important issues and raised
several new problems in these research areas. We would like to heartily thank the Editorial team
and the reviewers of Axioms, particularly the Editor-in-Chief, Professor Humberto Bustince, and the

Assistant Editor, Luna Shen, for their invaluable support and help throughout the editing process.

Wei-Shih Du, Luigi Muglia, and Adrian Petrusel
Editors
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Professor Dr. Hong-Kun Xu

Professor Hong-Kun Xu received his PhD degree from Xi’an Jiaotong University in
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and the Second Prize for Natural Science of the Ministry of Education of China. He is
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Academy of Science of South Africa in 2005, and a fellow to the Academy of Sciences for
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academic conferences. He is serving on the editorial boards for more than 20 international
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applications, nonlinear mapping iteration method, inverse problem and its regularization
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Abstract: The purpose of this paper is to investigate some qualitative properties of solutions of
nonlinear fractional retarded Volterra integro-differential equations (FrRIDEs) with Caputo fractional
derivatives. These properties include uniform stability, asymptotic stability, Mittag-Leffer stability
and boundedness. The presented results are proved by defining an appropriate Lyapunov function
and applying the Lyapunov-Razumikhin method (LRM). Hence, some results that are available in
the literature are improved for the FrRIDEs and obtained under weaker conditions via the advantage
of the LRM. In order to illustrate the results, two examples are provided.

Keywords: nonlinear fractional retarded integro-differential equations; uniform stability; asymptotic
stability; Mittag—Leffer stability; boundedness; Lyapunov-Razumikhin method

MSC: 34K20; 34K37; 45]J05; 45M10

1. Introduction

In recent years, a large number of books [1-3] and papers [4-24] have been devoted
to the study of various qualitative properties of solutions of scalars and systems of linear
and nonlinear Volterra integro-differential equations (IDEs) both without and with delay,
and that of some other kinds of differential equations due to their important applications
in population growth models, mathematical models of biological species living together,
mathematical models in physics, control engineering and signal processing, mathematical
models of heat transfer and radiation, standard closed electric RLC circuits, and so on.

In the relevant literature three methods, which are called the second Lyapunov method,
Lyapunov—Krasovskii method and Lyapunov-Razumikhin method, come to the forefront
to investigate qualitative properties of solutions of linear and nonlinear integro-differential
equations both without and with retardation. Among these methods, the second Lyapunov
method and Lyapunov—Krasovskii method are extensively used to study various qualitative
behaviors of solutions of integro-differential equations of integer order (see, [4-20]). To the
best of our knowledge, the Lyapunov-Razumikhin method is less used during that kind
of investigation [23,25,26]. However, when it is used for the appropriate problems, it is
more effective than the other two methods mentioned, the second Lyapunov method and
Lyapunov-Krasovskii method. To the best of our knowledge from the relevant literature,
the disadvantages of the Lyapunov second method and Lyapunov-Krasovskii method
are that both of these methods require the construction or definition of suitable Lyapunov

Axioms 2021, 10, 58. https:/ /doi.org/10.3390 /axioms10020058 4
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function(s) and Lyapunov-Krasovskii functional(s), which can include double integrals
and additional terms. The construction of suitable Lyapunov function(s) and Lyapunov-
Krasovskil functional(s) for nonlinear functional differential equations remains an open
problem in the literature at this time. This case is known as a disadvantage. In addition,
the time derivatives of double integrals leads to stronger conditions for the negative or
negative -semi definite of the time derivative(s) of function(s) or functional(s) used as basic
tool(s) in the proof(s).

From this point of view, we would like to present the related work of Du [27]. Indeed,
in 1995, the author investigated the uniformly asymptotic stability of trivial solutions of
the system of nonlinear RIDEs of the form:

1(0) = ~ (6, x(0) + gt x(6 =) + [ s, x()ds M

or its equivalent system

t
Xi(t) = —fi(t, x(t)) + gi(t, x(t — 1)) + / hi(t,s,x(s))ds, (i=1,2,...,n).
t—1
In this paper, we consider the following initial value problem (IVP) for the system

of nonlinear fractional retarded Volterra integro-differential equations (FrRIDEs) with
Caputo derivative:

t
CDIx(t) = — f(t,x(t) + g(t, x(t), x(t — 7)) + / h(t, s, x(s))ds

t

+ / p(t, s, x(s))ds +q(t,x(t),x(t — 1), x(t —p)),0< g < 1, )
t=p

x(tg+0) =¢(0), x(ty) = ¢(0) = x0,0 € [—7,0] U [—p,0], (3)
where x = (xq, ..., xn)T eR"teR,s € [—1,00)U[—p,00), Tand p are positive constants,
ie, they are constant retardations, f = (fi,..fs)] € C(R x R",R"),
fil,x(t) = filbxi (), xa(®), § = (g1,m8n) € C(R x R" x Cy,R"),

Cy = {47 t ¢ €Cand|¢fl;,, <H< oo}, Qi(t,x(t),x(t — 7)) = gi(t, x1(t), ..., xn(t), x1(t —
T),,Xn(t—=7)), h € C(R X [—T,00) x Cy,R"), p € C(R x [—p,0) x Cy,R") and g €
C(Rx R" x Cy x Cy,R"). Itis supposed that f(t,0) =0, g(¢,0,0) =0, p(t,5,0) = 0, and
h(t,s,0) = 0. Then, the system of Volterra FrRIDEs (2) with a Caputo derivative includes
the zero solution, when g(.) = 0.

In this article, motivated by the system of nonlinear RIDEs at Equation (1), i.e., the
result of Du [27] (Theorem 4), and those in the bibliography of this paper, we consider the
system of nonlinear FrRIDEs at Equation (2) with a Caputo derivative. As indicated above,
we plan to investigate the uniformly stability, asymptotic stability, and Mittag-Leffler
stability of the zero solution of Equation (2) with g = 0, and the boundedness of all solutions
of Equation (2) with g # 0, by using the Razumikhin method (see [25,26,28-30]). It should
be noted that the Caputo derivative is applicable to continuously differentiable quadratic
Lyapunov functions to study qualitative properties of solutions of fractional differential
equations and fractional delay differential equations, etc. (see, for example, [25,26,31-37]).

It is known that the presence of the fractional derivatives in the system requires that
we use appropriately defined fractional derivatives of Lyapunov functions. In the literature,
four types of fractional derivatives are commonly applied to calculate the derivatives of
Lyapunov functions; these are the Caputo fractional derivative, the Caputo fractional
Dini derivative, the Riemann-Liouville fractional derivative, and the Griinwald-Letnikov
fractional derivative [32,36]. Not all of these will be employed here. The results pre-
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sented below are new contributions to the literature on delay fractional integro-differential
equations with Caputo derivatives.

2. Preliminaries

We begin by considering a system of fractional retarded differential equations (FrRDEs)
with a Caputo derivative of order g € (0,1) :

CDJx(t) =F(t,x))t €], ] =[to—T,T), T < +00,0 <t < ¢, 4)

where x € R", F(t,¢) € ] x C([-r,0],R"), F(t,0) = 0, x(to +5) = ¢(s) fors € [—r,0],
x(tg) = ¢(0), ¢ € C([—r,0],R"), r > 01is the constant retardation. For ¢ € C([—r,0],R"),
we use the usual Euclidean norms || . || and || . [|;, defined by

¢l = sup |x(t+s)|and [[pll;; = sup [¢(s)]],

—r<s<0 tg—r<s<ty

respectively.

Since the function F is continuous, for any initial data (f, ¢) € RT x C([—r,0],R"),
the initial value problem for the system of FrRDEs in Equation (4) has at the least one
solution x(t) = x(t,tp, ) € C'([tp,o0), R"). If the function F satisfies a Lipschitz condition
in x, then the solution is unique.

The following lemmas and other concepts are needed in the remainder of this paper.

Firstly, we give Lemma 1, which is a consequence of (Theorem 2) [31].

Lemma 1. Assume that for any initial data x(to,¢g) € R x C([—7,0],R"), the system of
FrRIDEs in Equation (2) has a solution. If there exists a Lyapunov function V and strictly
increasing u,v € C(R*,R™) with u(0) = v(0) = 0 and

u(l[x|]) < V(t,x) <o(||x||) forall t >ty — T and all x € R"
and such that for any initial data (to, ¢o) € R x C([—7,0], R") and any point s > to with
V(s+¢&x(s+8)) < V(s x(s)) forall ¢ € [—7,0),

the inequality
%DfV(t,x(t)) < Oforallt € (ty,s]

holds, then the zero function of Equation (2) with a zero initial condition is uniformly stable.

Lemma 2 ([31]). The zero solution of the FrRDEs in Equation (4) is asymptotically stable if there
exist a continuous function V (t, x), continuous increasing and positive definite functions u,v, w

and a continuous non-decreasing function p(s) > s for s > 0 such that the following conditions
hold forall t € |:

V(t,0) =0,u(|x|]) < V(t,x) <ov(|x|) forallt € Jand all x € R";
tCUD‘ZV(t,x(t)) < —w(|x(t)]) forall t € (to,s];

and
V(t+s,x(t+s)) < pV(tx(t)) forall s € [—7,0].

Lemma 3 ([38] Lemma 1). Let x(t) € R" be a vector of differentiable functions. Then for
any t > to,

%gD?(xTx) < xT(t)ngx(t)for all g € (0,1],
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Lemma 4 ([38] Lemma 4). Let x(t) € R" be a vector of differentiable functions. Then, for
any t > to,

1
EgD?(xTPx) < xT(t)P; D]x(t) forall g € (0,1],
where P € R"™" is a constant, symmetric and positive definite matrix.

Definition 1 ([35] Definiton 3.1). The trivial solution of the system of FrRIDEs in Equation (2)
is said to be Mittag—Leffler stable provided the solution x(., ¢) of (2) satisfies

b

[x(t, )| < [m([|@lles) Eg(—A(t = t0) )],
where g € (0,1),A >0,b >0,

1Plle = max_|[@(6)]],

0e[—1,0]
m(0) = 0, m is a locally Lipschitz function and is non-negative, and
00 k
z
E(z) =) —i—
9(2) kg) T(gk+1)

is the one-parameter Mittag—Leffler function, and T denotes the Gamma function.

Lemma 5 ([35] Lemma 2.1). Let x € R"be a vector of differentiable functions. If a continuous
function V : [ty,00) x R" — R satisfies

CDJV(tx(t) < —aV(tx(t)),

then
V(t,x(t)) < V(to, x(to) ) Eq(—a(t — to)"),
wherew > 0and 0 < q < 1.

Lemma 6 ([33] Property 1).
€ D] (ax(t) + by(t)) = af Dx(t) + b Dly(t),
where g € (0,1].
The contents of the next lemma are well known.

Lemma?7. Let x € R", n € N, n > 1,and M € R"*" be a positive definite symmetric n x n-
matrix such that
)LM > )LZ(M) > Am/ (Z = 1,2,...,1’[),

where A;j(M) denotes the eigenvalues of M. Then
Amllx|? = (M, x) = Awx])?,

where Ay and Ay, are the greatest and least eigenvalues of the matrix M, respectively.

We know that Ay and A, are real and positive since M is a positive definite symmet-
ric matrix.

3. Razumikhin Analyses of Solutions

In the system of Volterra FrRIDEs in Equation (2), let g = 0, i.e., we consider the
system in Equation (2) with Equation (3) replaced by
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LD{x() = = f(t,x(1) + (8, x(8), x(t = 7)) + / h(t,s, x(s))ds

+ / p(t,s, x(s))ds. (5)

We will use the following hypotheses in our main results.

Hypothesis 1.

f(t,0) = g(s,0,0) = h(t,s,0) =0,
xifi(t,x) >0asx; #0, fort € R, all x € R";

Hypothesis 2. The functions H and P satisfy the local Lipschitz condition in x, with
t
H(t,s,x) = / \\h(t,s,x(s))||ds, h(t,s,0) =0,]||h(t,s,x(s))|| < hollx|| fors <t
t—1
and
t
P(t,s, x) = / Ip(t s, x(s))llds, p(t,s,0) = 0, |[p(t,s, x(s))[| < pol[x] fors <,
t—p
where hy > 0, po > 0, hy, po € R;
Hypothesis 3.
£ (&) = Ig(t, %, x(t = 7)) || = (tho + ppo)l|x[| = 0 for t € RT
and all x € R",x(t — 1) € Cy;
Hypothesis 4.
£ (& )]l = llg (¢, x, x(t = )| = (tho + ppo) |x]| = pallx[| for t € RT
and all x € R",x(t — ) € Cy, where p; > 0,01 € R;
Hypothesis 5. There exists gy € C(R™,R) such that
lq(t, x, x(t =), x(t = p))[| < [q0(E)| [|x[| forall > to, x € RY, x(t —T),

x(t—p) € Cy,

and
1f(t, )] = 18t %, x(t = 1)) || = (q0(t) + Tho + ppo) |x|| > 0 for t € RT

and all x € R",x(t — 1) € Cy.
Theorem 1. The zero solution of the system of FrRIDEs in Equation (5) with Caputo derivative is
uniformly stable if the conditions of Hypotheses 1-3 hold.
Proof. We define a Lyapunov function W := W(t, x) = W(t, x(t)) by
n

W(t,x) o= [|x]| = ) |xi| = |x1] + . + |2al. (6)
i=1
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For arbitrary initial data (to,¢) € R™ x C([—7,0] U [—p,0],R") and a point t > f, it
follows that W(t, x) satisfies the Razumikhin condition (see [28-30])

W(t,x(t)) > W(t+s,x(t+s))
on the initial set [—7,0] U [—p,0], i.e.,
[lx(#)]| > ||x(t + )| foralls € [—7,0] U [—p,0].

Let x(t) = x(t, to, ¢) denote the solution of the IVP of Equation (5) such that x(t; +s) =
¢(s) for s € [—1,0] U [—p,0]. From this point, it is clear that W(t,x) in Equation (6)
satisfies the relations

1 1 1
=0,= = == <
W(t,0) =0, 2|x1| +.t+ 2|xn| 2||x|| < W(t, x),

and 5 5 5
W(t x) < Z|x1| + ..+ 1|xn\ = Z\|x|\.

Taking the Caputo fractional derivative of the Lyapunov function W(t, x) in Equation (6)
along the system of FrRIDEs in Equation (5), making use the conditions of Hypotheses 1 and 2
and some elementary calculations, we obtain

EDIW (8 (1) =; D (11 ()] + xa()] + -+ |xa (1))
=5, Df [x1(8)] + DY [x2()[ + .. + £, Df [ (1))
=(signxq (t ))quxl( )+ (signxz(t))gD?xz(t) +..+ (signxn(t))ngxn(t)

= sz C Dx;(t
- i xi(D[— (b x(8)) + gt (1), x(t — )

n t

+2xi(t)[/ hi(t,s, x(s))ds + / pi(t,s,x(s))ds]

=1 t—1 t—p

<Y (1A () + lgilt x(8), x(t— )

n t t
+ Y1 thilts x(@)lds+ [ Ipitt,s,x(s))]ds]

-7 t—p

— I x(®) | + gt x(1), x(t =) | + / I1(t,s5,(5)) s

+ / llp(t,s, x(s))|ds
IIf(t ()l + I8t x(t) x(t =)
+ o / J(5)l1ds + po / J(s) s )

t—T t—p
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Consider the integral terms such that

t t
ho [ 11x(s)lids + po [ Ix(s)]lds,
t—7 t—p

which are included in the inequality of Equation (7).

Letting s — t = ¢ gives ds = d¢. Hence, for s =t — T and s = t, it follows that { = —7
and ¢ = 0, respectively. Similarly, by the same transformation and way, for s = t — p
and s = t, we have { = —p and ¢ = 0, respectively. In view of these estimates, using the
Razumikhin condition on the sets € [—7,0] U [—p, 0], we get

t t 0 0
ho [ x(s)lds+po [ Ix()lds =ho [ x(t+E)Ide+po [ x(t+8)de
=1 t—p -7

—p

0 0
<ho [ Ix(Oldg +po [ Ix(t)llde

-p
0 0
= hollx()]] [ &+ pollx(t)] [ de
A 4

= hot|[x(£)[| + popllx (). ®)

Then, from Equations (7) and (8), it follows that
LDIW(,x () < —[If(tx(0)] = llg(t (), x(t = 7)) || = (tho + ppo) [Ix(D)][] <0, (9
that is, using the condition (H3), we have
EDJW(t,x(t)) < 0. (10)

Thus, from Lemma 1, the zero solution of the system of FrRIDEs in Equation (5) is uni-
formly stable. O

Our next result deals with the asymptotic stability of the system in Equation (5).

Theorem 2. The zero solution of the system of FrRIDEs in Equation (5) is asymptotically stable if
the conditions of Hypotheses 1, 2 and 4 hold.

Proof. With W(t, x) defined as in Equation (6), from the conditions (H1), (H2), and (H4)
we easily conclude that

1 5
Sl < Wit x) < 2]
and

LDIW(E x (1) < —prlx(#)].

Hence, the zero solution of the system of FrRIDEs in Equation (5) is asymptotically stable
by Lemma 2. [O

The following theorem shows the Mittag—Leffler stability of the system FrRIDEs in
Equation (5).

Theorem 3. The zero solution of the system of FrRIDEs in Equation (5) is Mittag—Leffler stable if
the conditions of Hypotheses 1, 2 and 4 hold

10
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Proof. Again with the Lyapunov function W(t, x) defined as in Equation (6), from the
conditions of Hypotheses 1, 2 and 4, it is clear that

LDIW(t (1) < —p[[x(8)]| = —p1W (2, x(1))

holds.
Using Lemma 5, we obtain
Ix(B)]l = W(t, x(t)) < W(to, x(to)) Eq(—p1(t — to)?)
(o) | Eq(—p1 ( = t0)")

|
[m(x(to))Eq(—p1(t —to)7)]
[m(||¢llo) Eq(—p1(t —to)7)]

with m(x) = ||x(t)]||, which is locally Lipschitz. Thus, the proof of Theorem 3 is completed
by using Definition 1. [

<

4. Boundedness of Solutions of System in Equation (2)

We now turn our attention to the perturbed system in Equation (2).

Theorem 4. The solutions of the system of FrRIDEs in Equation (2) are bounded if the conditions
of Hypotheses 1, 2 and 5 hold.

Proof. We again consider the Lyapunov function defined in Equation (6). Calculating
the time derivative of the Lyapunov function W(t, x) along the system of FrRIDEs in
Equation (2) and using the conditions in Hypotheses 1, 2 and 5, we obtain

EDIW(x(8) < — [ILf (£ x(D)]| = llg(t, x (1), x(t = 1)) || = (Tho + ppo)]||x|
+ gt x,x(t = 1), x(t = p))|
< = f (O] + gt x(8), x(t = T))|| + (9(t) + Tho + ppo) || x[| < 0.
Hence, we have
W(t, x(t)) < W(to, ¢(to))-
As a result of this inequality, it follows that
W(t, x(t) = [[x(B) | = 21 ()] 4 e + [xa ()]
< lx(to)ll = |x1(to)| + - + |xa (ko) | = W(to, (ko))-

Let
Ko = [[x(to)|| = [x1(to)| + - + |xn(to)]-

Hence, we obtain
x(t)]| = [x1(£)] + - + |xn(t)| < Ko for t € RT.

Hence, it is clear that if t — oo, then ||x(t)|| < Kp. This inequality completes the proof of
Theorem 4. [J

Remark 1. Here, if g = 1, the boundedness of solutions as t — co was proved without using the
Gronwall inequality, see Theorem 4. By this fact, we have removed some unnecessary conditions, and
we can obtain some boundedness results in the literature under less restrictive conditions (see, for
example, [12,13] and the bibliography therein). Here, we will not state the details of the discussions.

We now give the following example and solve the given system using MATLAB
software. In fact, the problem was solved using the 4th order Runge-Kutta method in

11
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MATLAB. Here, the graphs of Figures 1-4 show the behaviors of paths of the solutions of
Example 1 for different values of fractional order g.

Example 1. Consider the system of nonlinear Volterra IFrRDEs with Caputo derivative of or-
derq € (0,1):

x(t) xi(t)

( gDi’xl(t) ) _ 122, (8) + 2 | T+ 22 (t— )
Cp1 - x(t) x(t)

nDie(t) 1223(t) + 14+£2+x3 () 1+2+33 (t—15)

t sin x1 (s) t x1(s)

+ / 1+t2+52+’3%(5 ds + / 1+t2+5?§x%(s) ds, (11)
sinx; (s X2(s 4
-5 142452423 (s) -1 1+£2+52+x3(s)

where t > X v =L and p = L are the constant retardations and x(t) = x € R2.
10 10 P=75

Comparing the system of IFrRDEs with Caputo derivative in Equation (11) with that
given by Equation (5), we have the following formulas:

12x1 +

X1
_ _ 1+24x7
f(t/ x) - f(t/ X1, x2) - [ 12x2 + ]/

X2
1+£2+x3

f(t,0) = f(£,0,0) =0,

X1
t,x1,%x0) = 12x%) + ————,
fi(t, x1,x2) A e
2 X
x1f1(t, x1,x0) = 12x5 + >0,
tilt %) il
x1 #0,
X2
t,x1,%x0) =120 + ——,
fa(t, x1,x2) R g
2 x%
X t,x1,x2) =12x5 + ——=—— >0,
2f2(ti 1,72 2T 121 od
xp # 0,
—x1(t+0) f1(t, x1,x2) — x2(t +0) fo(t, x1, x2)
x15gnx1(t +0)
= —12xys¢gnxq(t+0) — ——~——-~
sgnai(t+0) 1+2+22
xp5¢nxy(t + 0)
—12x9s¢nxs(t +0) — —=————~
2sgnxz(t+0) 1412 +x3

< —Ufw| = Nxg| = —11x[| < =[|f(t )],

X1
1 1 Top2(— 1y
gltxx(t =) =gty x(t = g5)2(t = 5) = o),
1+2+23(t—15)

1 1
st~ )1 = (e 31, 72,300 = )0 = 55)

H XI

. x| 22|
T1+P243(t—{5) 14+ +x2(t— 1)

12
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< el |xa| = [Ix[l,

__sinxg
14+£2+52+x7

h(t,s,x) = h(t,s,x1,x) = sinxg |-
1+2 452423

h(t,s,0) = h(t,s,0,0) =0,

sin xq

1+24+s2+x7
1h(E s, %)[| = ([ (t 5, 21, %2)[| = sinzy
142462 +x3
|sin xq | |sin x;|
1+2+s2+x2  1+24s2+x2
< [sin x| + [sinxa| < |2 + [xa] = [|x]]
where g =1,
t sin xq(s)
1+£2 452422 (s)
H(t,s, x) / |h(t, s, x(s))||ds = / sin v (s). ds
=4 1+2+52+23(s)
t
[sin x1 (s)|
= / 5~ ds
1412452+ x7(s)
'
t .
n / \smxz(s)\z s
1 1+ 12452+ x5(s)
tfi

t

t
< / |sin x1 (s)|ds + / [sin x5 (s)|ds

m.
\ -

10 ti%
t. t t
< [ mEds+ [ |x) /\ 5)/|ds.
t—'ll—o - 1

10

Let s — t = ¢, which implies ds = d¢. Then, fors =t — 10, we derive ¢ = 11—0, and
similarly for s = t, we have ¢ = 0.

In view of these findings, using the given Razumikhin condition [28-30] on the initial
segment [— 15, 0], it follows that

t 0 0
[ Ixlds = [ Ixe+a)lag < [ Ix(e)lag = 551l
= h .

0
For this step, we consider the term:

P(t,s,x) /Hptsx )||ds

13
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with
X1 1
14+£2+52+x7
p(t,s,x) = p(ts,x1,x) = [ ] ] =z
1++£2462+x3
In that case, we derive
p(t,s,0,0) =0
and

X1
1+2+524+x7
Ip(E s, )| = lIp(t s, x1,x2)l| = H [ o 1 H

1+£2 452422

|x1] |2
1482452 +x2  1+12+52+ 23
|x1| + |x2] = ||x]|, where pg = 1.

IN

For the next step, it follows that

t t x1(s)
2142
P(t,s,x) /||ptsx )||ds = [1+t+s+x1()] ds
1
~5

x2(s)

¢ 1+2452+x3(s)

[x(s)|ds.

t t
< [ a@lds+ [ fae)lds =
t—1 t—3

Lets —t = ¢, which implies ds = d¢. Then, fors =t — L we derive ¢ = —%. Similarly,
for s = t, we have ¢ = 0. Then,

I "
Gl T

t

|
i T—

0 0
Ix@lds =[x+l < [ llx(e)las = 5l

t

Hence, bringing together the above results, we derive

£t )] =118 (¢, x, x(t = T)) | = (Tho + ppo) || x]|

2 101 = gt - 1) | = (g5 + Pl

3
= x|l = x| = g5 llx[l = (9-7)]|x[l, where p1 = (12)

97
10

In the light of the above discussion, the conditions of Hypotheses 1-3 of Theorem 1,
and the conditions of Hypotheses 1, 2 and 4 of Theorems 2 and 3 hold. For this reason, the
zero solution of the system of FrRIDEs in Equation (11) with Caputo derivative is uniformly
stable, asymptotically stable and Mittag—Leffler stable.

In Figures 1-4, the system of FrRIDEs (11) was solved and the orbits of the solutions
x1(t), x2(t) were drawn for T = £, p = 1 and different initial values when t > £

14
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25 T T T T T T
—_— {01

2F — 1(0)=0.5
— ] (0)=-1
1.5 >

A -

-1.5 i

2k .

'2-5 i | i /| 1 L /| L
1] 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

t(s)
Figure 1. The behaviors of uniformly, asymptotically and Mittag—Leffler stable solution x1 (¢) of the

system of of fractional retarded Volterra integro-differential equations (FrRIDEs) in Equation (11) for
g=051= %, o= % and different initial values when t > %.

25 T T T T T T
—_— x2(0)=1

oL — 2(0)=0.5
— ()=
1.5 -

1k

A _

-1.5 .

2} .

'2-5 i | i /| 1 L /| L
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

i(s)
Figure 2. The behaviors of uniformly, asymptotically and Mittag—Leffler stable solution x;(t) of the

system of of FrRIDEs in Equation (11) forg = 0.5, T = %, o= % and different initial values when
t> 4.
= 10
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1.5 T T T T T T
— x1(0)=1
¥(0)=0.5
1F — x1(0)=-1
0.5 &
= 0
k4
0.5 - i
AaF -
-1 5 1 | | l 1 A | L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
i(s)
Figure 3. The behaviors of uniformly, asymptotically and Mittag—Leffler stable solution x1 (¢) of the
system of of FrRIDEs in Equation (11) forg = 0.9, T = %, o= % and different initial values when
t> 4.
1 5 T T T T T T
—_— x2(0)=1
*2(0)=0.5
1r — x2(0)=-1
05 "
g o
>
05F -
Ak g
-1 .5 I | | l | A A L
0 0.1 0.2 0.3 04 0.5 0.6 0.7

i(s)

Figure 4. The behaviors of uniformly, asymptotically and Mittag—Leffler stable solution x;(t) of the
system of of FrRIDEs in Equation (11) forg = 0.9, T = %, o= % and different initial values and
different initial values when t > %.

0.8 09

For the case q(.) # 0, we now give the second example and solve it using MATLAB
software.
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Example 2. Consider the system of nonlinear Volterra FrRIDEs with Caputo derivative of or-
derq € (0,1):

) ST -
( ngxl(t) ) | 1l 1+t2JEX)%(t) n 1+t2+x§<)t*%) ]
Cp t - _ %) L
i, D{xa(t) 12x,(t) + T+2+23(D) 1+2423 (-1
t _ sinxg(s) t _ul)
1+t2+sz+x 1+2+52+23(s)
+ / __sinxp(s) ] ds + / _ x(s) ] ds
et T+2+5242%(s) 21 1482452 4x3(s)
10 5

+

exp(t)xy
X -5 4 -3
( 1+e p(2t)+|g(g(t)1£2)|+|’cl(f 5)| )’ (13)

T-exp(2t)+|xa (t— 15) | +]x2(t—3)]

where t > %, T= % and p = % are the constant delay terms and x(t) = x € R,

Comparing the systems of FrRIDEs in Equation (13) with Caputo derivative and
Equation (2), we note that the functions —f(,x), g(t,x, x(t — 4)), h(t,s,x) and p(t,s, x)
are the same as those in Example 1. Then, the satisfaction of the conditions of Hypotheses 1
and 2 have been shown in Example 1. For the verification of the condition of Hypothesis 5,

we consider the last term of Equation (13):

1 1 exp(t)fl :
1+-exp(2 x1(t—15 xi(t—1
q(t, x, x(t — E),x(t_ g)) — ( “+exp( t)+|elxg(t)1£2)\+| 1(t=1)] )
T+exp(2t)+|xa(t— 1) [+ |x2(t—5) |

Clearly, it follows that

1 1 |( 1+exp(2t)+|§?8(—t)il)|+|x1(t—l)‘ )l
q(t, x, x(t — E)'x(t - 5))‘ = eXP(f)lﬁgz i
Texp(26)+ [xa(t— ) [+ %2 (t—3)]
i explt) 1
1+exp(2t) + ’xl(t - %)‘ + ‘xl(t - %)‘
exp(t)\
1+ exp(2t) + ‘X2(t - %)‘ + ‘xZ(t_ %)‘

_eplul |, exp(t)ln]
“1+4exp(2t) 1+ exp(2t)

+

exp(f

— ) sl + bel] = o)1,
where )

exp

000)] = T < |+l = x| (14)
In view of Equations (12) and (14), it is clear that
exp(t)
— — — > (9. _

1£ (&) | = llg(t x, x(t = 7)) || = (q0(t) + Tho + ppo) x| = (9.7)|x| 1+exp(2t)”xH

> 97)]Ix]l - 3l = ©02) .

As a consequence of this inequality, the condition of Hypothesis 5 holds. Thus, the solutions
of the system of FrRIDEs in Equation (13) with Caputo derivative are bounded as t — oo .

17
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The following graphs of Figures 5-8 show the behaviors of paths of the solutions of
Example 2 for different values of fractional order g.

1 5- T T T T T T
e 0 1{0)=1
e 1(0)=0.5
Al —_— 1 (0)=-1
05F .
= 0
=
-0.5 - -
AE -
_1 |5 1 L 1 l 1 L I L
0 01 02 03 04 05 06 07 08 09 1

t(s)

Figure 5. The boundedness of solution x; (t) of the system of IFrRDEs in Equation (13) for 4 = 0.5,
T= 11—0, o= % and different initial values when t > %.

25 T T T T T T

2- . % 2(0)=0.5
— 2(0)=-1
1.5} =

1_

Ak -

-1.5 1

'2-5 i | 1 /| ' L /| L
0 01 0.2 0.3 0.4 05 0.6 0.7 0.8 09 1

t(s)

Figure 6. The boundedness of solution x; () of the system of IFrRDEs in Equation (13) for ¢ = 0.5,
T= 11—0, 0= % and different initial values when t > %.

18
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e x1(0)=1
x1(0)=0.5
— 1 (0)=-1

) = 4

"25: 1 1 1 l | L 1 1
o a1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1

t(s)

Figure 7. The boundedness of solution x; (¢) of the system of IFrRDEs in Equation (13) for ¢ = 0.9,
T= 11—0, 0= % and different initial values when t > %.

1.5 T T T T T T
— 201
— 2 (0)=0.5
al — i 20)=-1

"15: 1 | 1 | 1 L /| |

0 01 02 03 04 05 06 07 08 09 1
i(s)

Figure 8. The boundedness of solution x; () of the system of IFrRDEs in Equation (13) for ¢ = 0.5,
T= 11—0, 0= % and different initial values when t > %.

5. Discussions

We would like to explain the contributions of this paper to the relevant literature as
the following.

(1) To the best of our knowledge, in the literature, there are numerous papers on the
uniform stability, asymptotic stability, Mittag-Leffer stability and boundedness of frac-
tional differential equations of integer order both with and without delay. However,
there are no papers in the literature on the asymptotic stability, Mittag—Leffer stability
and boundedness of the FrRIDEs in Equation (2) with Caputo fractional derivative,
except the two papers of Hristova and Tung [25,26], which include some results on
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the uniform stability. Next, qualitative behaviors of the FrRIDEs in Equation (2) have
not been discussed in the literature yet. Therefore, the results of this paper are new,
original and they have scientific novelty.

If g = 1 in the FrRIDEs in Equation (2), then we have the system of RIDEs

t
#(t) = — f(t,x(8)) + g(t, x(t), x(t — 7)) + / h(t,s,x(s))ds

[ pls,x(5))ds + (e, x(8), x(t = 7), x(¢ — p)). (15)
t—p

It is clear that the system of RIDEs in Equation (15) includes, extends and improves
the system of RIDEs in Equation (1). This is a contribution to the topic and the
relevant literature.

In Du [27] (Theorem 4), the uniform asymptotic stability of the zero solution of
the system of RIDEs in Equation (1) was proved using the Lyapunov-Krasovskii
functional:

Vi) =+ [ g x)lds+ [ [ Inus,x(s)|duds.
t—1

t—7 t

We can prove the same result, [27] (Theorem 4) using the Lyapunov-Razumikhin
method and the Lyapunov function

n
W(t,x) = |lx]| = }_ |zl = [xa| + . + |-
i=1

t

Clearly, this Lyapunov function does not include the term [ ||g(s, x(s))||ds. The time
t—1

derivative of this term gives

t
& [ gt x)lds = (e 10 - gt — T x(¢ = D))l

T

Based on this approach, we can obtain the result of Du [27] (Theorem 4) under weaker
conditions. Namely, we remove the following hypothesis from Du [27] (Theorem 4):

lg(t =, x(t = T - gt x(t — 1)) = 0.t € R™.

To the best of our information, this is a stronger condition and the satisfaction of this
hypothesis can be difficult. Removing this condition from that of Du [27] (Theorem 4)
leads to an important and strong advantage during the applications of that kind
of equation.

Du [27] (Theorem 4) proved the related theorem without giving an example in a
particular case, which verifies the hypotheses of [27] (Theorem 4). In this paper, we
provided two examples and solved them with MATLAB software, which verifies the
applicability of the results of this paper.

6. Conclusions

This paper has proposed an effective way to discuss some qualitative properties of

solutions of nonlinear Volterra integro-differential equations with Caputo fractional deriva-
tives and multiple constant retardations. Here, a new mathematical model consisting of
non-linear fractional Volterra integro-differential equations with Caputo fractional deriva-
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tives and two constant retardations was considered. New sufficient conditions for the
uniform stability, asymptotic stability and Mittag—Leffer stability of the zero solution, as
well as the boundedness of the solutions were obtained. The presented results were proved
by defining an appropriate Lyapunov function and applying the Lyapunov-Razumikhin
method. An advantage of the new function and method used here is that they eliminate us-
ing Gronwall’s inequality. Compared to related results in the literature, the conditions here
are new, more general, simple and convenient to apply. Examples to show the application
of the theorems have been included.
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Our iterative schemes require only calculating one projection onto the feasible set for every iteration,
and the strong convergence theorems are established without the assumption of sequentially weak
continuity for A. Finally, in order to support the applicability and implementability of our algorithms,
we make use of our main results to solve the VIP and CFPP in two illustrating examples.
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1. Introduction

In a real Hilbert space (H, || - ||), equipped with the inner product (-, -), we assume
that C is a nonempty closed convex subset and P¢ is the metric projection of H onto C. If
S : C — H is a mapping on C, then we denote by Fix(S) the fixed-point set of S. Moreover,
we denote by R the set of all real numbers. Given a mapping A : H — H. Consider the
classical variational inequality problem (VIP) of finding x* € C such that (Ax*,x — x*) > 0
for all x € C. We denote by VI(C, A) the solution set of the VIP.

To the best of our knowledge, one of the most efficient methods to deal with the VIP is
the extragradient method invented by Korpelevich [1] in 1976, that is, for any given uy € C,
{u} is the sequence constructed by

{ om = Pc(um — CAuy), (1)
U1 = Pc(uy — LAvy,) Ym >0,

with constant ¢ € (0, 1). If VI(C,A) # @, one knows that this method has only weak
convergence, and only requires that A is monotone and L-Lipschitzian. The literature
on the VIP is vast, and Korpelevich’s extragradient method has received great attention
from many authors, who improved it via various approaches so that some new iterative
methods happen to solve the VIP and related optimization problems; see, e.g., [2-12] and
the references therein, to name but a few.

It is worth pointing out that the extragradient method needs to calculate two projec-
tions onto the feasible set C per iteration. Without question, once one is hard to calculate the
projection onto C, the minimum distance problem has to be solved twice per iteration. This

Axioms 2021, 10, 67. https:/ /doi.org/10.3390/axioms10020067 23 https:/ /www.mdpi.com/journal /axioms
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perhaps affects the applicability and implementability of the method. To improve Algo-
rithm 1, one has to reduce the number of projections per iteration. In 2011, Censor et al. [13]
first suggested the subgradient extragradient method, in which the second projection onto
C is replaced by a projection onto a half-space:

Um = Pc(um - fAum),
Cnw=A{w e H: (uy — LAuy — vy, w —vy) <0}, (2)
Upms1 = Pe,, (um — LAvy) Ym >0,

where A is a L-Lipschitzian monotone mapping and ¢ € (0, %)

Since then, various modified extragradient-like iterative methods have been investi-
gated by many researchers; see, e.g., [14-19]. In 2014, combining the subgradient extra-
gradient method and Halpern'’s iteration method, Kraikaew and Saejung [20] proposed
the Halpern subgradient extragradient method for solving the VIP, that is, for any given
ug € H, {uy,} is the sequence constructed by

om = Pc(um — LAuy),

Cuw={ve€H: (uy—LAuy — vy, v—20vy) <0},
wm = Pc, (um — CAvy,),

U1 = W + (1 — ap)wy, ¥Ym >0,

(3)

where ¢ € (0, %), {an} € (0,1), limp oo = 0and Y54 &y = +o00. They proved the
strong convergence of {u } to Pyj(c,a)Uo-

In 2018, Thong and Hieu [21] first suggested the inertial subgradient extragradient
method, that is, for any given ug, 17 € H, the sequence {u,,} is generated by

Wy = Um + "‘m(um - Mm—l)/

om = Po(wy — LAwy,), ()
m =10 € H: (wy — LAWy — 0y, 0 — vy) <0},

U1 = Pe, (W — CAvy) Vm>1,

with constant £ € (0, %) Under suitable conditions, they proved the weak convergence of
{um} to an element of VI(C, A). Later, Thong and Hieu [22] designed two inertial subgra-
dient extragradient algorithms with linesearch process for solving a VIP with monotone
and Lipschitz continuous mapping A and a FPP of quasi-nonexpansive mapping T with a
demiclosedness property in H. Under appropriate conditions, they established the weak
convergence results for the suggested algorithms.

Suppose that the notations VIP and CFPP represent a variational inequality problem
with Lipschitzian and pseudomonotone mapping A : H — H and a common fixed-
point problem of finitely many nonexpansive mappings {Ti},l'\i ; and a quasi-nonexpansive
mapping T with a demiclosedness property, respectively. Inspired by the research works
above, we design two Mann-type inertial subgradient extragradient iterations for finding
a common solution of the VIP and CFPP. Our algorithms require only computing one
projection onto the feasible set C per iteration, and the strong convergence theorems are
established without the assumption of sequentially weak continuity for A on C. Finally, in
order to support the applicability and implementability of our algorithms, we make use of
our main results to solve the VIP and CFPP in two illustrating examples.

This paper is organized as follows: In Section 2, we recall some definitions and
preliminaries for the sequel use. Section 3 deals with the convergence analysis of the
proposed algorithms. Finally, in Section 4, in order to support the applicability and
implementability of our algorithms, we make use of our main results to find a common
solution of the VIP and CFPP in two illustrating examples.
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2. Preliminaries

Throughout this paper, we assume that C is a nonempty closed convex subset of a
real Hilbert space H. If {u,,} is a sequence in H, then we denote by u,, — u (respectively,
u, — u) the strong (respectively, weak) convergence of {u,, } to u. A mapping F: C — H
is said to be nonexpansive if |Fu — Fo|| < ||[u —v|| Yu,v € C. Recall also that F : C — H
is called
(i) L-Lipschitz continuous (or L-Lipschitzian) if 3L > 0 such that |Fu — Fo|| < L|ju —
v|| Yu,v € C;

( monotone if (Fu — Fo,u —v) > 0Vu,v € C;

(iii) pseudomonotone if (Fu,v —u) > 0= (Fv,v —u) > 0Vu,v € C;

(iv) a-strongly monotone if 3a > 0 such that (Fu — Fo,u — v) > a|lu — v||?> Yu,v € C;
(

(

~—

ii

ii

v) quasi-nonexpansive if Fix(F) # @, and ||[Fu — p|| < ||u — p|| Yu € C, p € Fix(F);

vi) sequentially weakly continuous on C if for {u;,} C C, the relation holds: u,, — u =
Fu,, — Fu.

It is clear that every monotone operator is pseudomonotone, but the converse is
not true. Next, we provide an example of a quasi-nonexpansive mapping which is not
nonexpansive.

Example 1. Let H = R with the inner product (a,b) = ab and induced norm || - || = |- |.
Let T : H — H be defined as Tu := 4 sinu Vu € H. It is clear that Fix(T) = {0} and T is
quasi-nonexpansive. However, we claim that T is not nonexpansive. Indeed, putting u = 27 and
v =3, we have || Tu — To|| = || sin2m — 3 sin 3 || = 3F > ||2n — 3F|| = Z.
Definition 1 ([23]). Assume that T : H — H is a nonlinear operator with Fix(T) # @. Then
I — T is said to be demiclosed at zero if for any {u,} in H, the implication holds: u, — u and
(I —T)uy, — 0= u e Fix(T).

Very recently, Thong and Hieu gave an example to illustrate that there exists a quasi-
nonexpansive mapping T, but I — T is not demiclosed at zero; see ([22], Example 2). For
each u € H, we know that there exists a unique nearest point in C, denoted by Pcu, such
that ||u — Pcu|| < |ju —v|| Vo € C. P¢ is called a metric projection of H onto C.

Lemma 1 ([23]). The following hold:

(i) {(u—v,Pcu— Pcv) > ||Pcu — Pco||* Vu,v € H;

(ii) (u— Pcu,v—Pcu) <0 Yu € H,v € C;

(iii) |lu —v||®> > ||ju — Pcul||®> + ||v — Pcu||*> Yu € H,v € C;

(iv) |lu—o|?=|ul|®>—||v|*>—2(u—0,0) Yu,ve H;

@ JJAu+(1—=A)o||? = Allul]2+ (1= A)[[o)|> = A(1 = A)||ju —||> Yu,o € H, A € [0,1].

Lemma 2 ([24]). Forall u € Hand « > B > 0, the inequalities hold: lt=Pc(i=0Aw)]

JnPelePA0N and |u — Pe(u — pAu)|| < |lu — Pe(u — aAu)].

<

o —=

Lemma 3 ([13]). Suppose that A : C — H is pseudomonotone and continuous. Then u* € Cisa
solution to the VIP (Au*,u — u*) > 0Vu € C, ifand only if (Au,u —u*) > 0Vu € C.

Lemma 4 ([25]). Suppose that {a,,} is a sequence of nonnegative numbers satisfying the condi-
tions: apyi1 < (1 — Ap)am + Amym Vim > 1, where {Ay, } and {ym } lie in R = (—o0,00) such
that (i) {Am} C [0,1] and Y01 Ay = 00, and (i) limsup,, . vm < 00r Yoo 1 |[Amym| < 0.
Then limy; oo a4y, = 0.
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Lemma 5 ([23]). Suppose that T : C — C is a nonexpansive mapping with Fix(T) # @. Then
I — T is demiclosed at zero, that is, if {u,,} is a sequence in C such that u, — u € C and
(I = T)uy — 0O, then (I — T)u = 0, where 1 is the identity mapping of H.

Lemma 6 ([25]). Suppose that A € (0,1], T : C — H is a nonexpansive mapping, and the
mapping T : C — H is defined as T'u := Tu — AuF(Tu) Yu € C, where F : H — H is
«-Lipschitzian and 1j-strongly monotone. Then T is a contraction provided 0 < y < %’27, that is,
[T u — T < (1= AL)|lu — | Yu,v € C, where £ := 1 — /T — u(2y — ux?) € (0,1].

Lemma 7 ([26]). Suppose that {T,} is a sequence of real numbers that does not decrease at infinity
in the sense that there exists a subsequence {T'y, } of {I';} which satisfies Ty, < T, 11 for each
integer k > 1. Define the sequence {T(m) }u>m, of integers as follows:

T(m) = max{k <m:Tj <Tyi1},

where integer mqy > 1 such that {k < mq : Ty < Ty.1} # @. Then, the following conclusions hold:

(i) t(my) <t(my+1) <--- and t(m) — oo;
(ll) rT(m) S rT(m)+1 and Fm S rr(m)+1 Vm 2 my.

3. Iterative Algorithms and Convergence Criteria

In this section, let the feasible set C be a nonempty closed convex subset of a real
Hilbert space H, and assume always that the following hold:

T; : H — H is nonexpansive fori =1,..,Nand T : H — H is a quasi-nonexpansive
mapping such that I — T is demiclosed at zero;

A : H — H is L-Lipschitz continuous, pseudomonotone on H, and satisfies the
condition that for {x,} C C,x, =z = ||Az|| <liminf, ;e |[Ax,]|;

Q = NN Fix(T;) NVI(C, A) # @ with Ty := T;

f : H — H is a contraction with constant 6 € [0,1), and F : H — H is y-strongly
monotone and «-Lipschitzian such that § < 7 :=1— /1 — p(2y — px?) for p € (0, ;2{—2) ;
{Zu}, ABn}, {7vn} € (0,1),and {1, } C (0, 00) are such that

i) PBut+rn<land ), By =o;

(i) limy—e By =0and 1, = o(By), i-e., limy o Tu/Pn = 0;

(iii) 0 < liminf, ;e Yy < limsup, . vn < 1land 0 < liminf, ;e gy < limsup, . 0y <
1.

In addition, we write T, := T,;oqn for integer n > 1 with the mod function taking
values in the set {1,2,...,, N}, i.e., if n = jN + ¢ for some integers j > 0 and 0 < g < N, then
T, =Tyifg=0and T, = T;if 0 < g < N.

Algorithm 1. Initialization: Let A; > 0, « >0, u € (0,1) and xo, x; € H be arbitrary.
Iterative Steps: Calculate x,,,1 as follows:
Step 1. Given the iterates x,,_j and x, (n > 1), choose &, such that 0 < &, < @&,
where
. T .
iy = { min{e, ey X 7 2 (5)

n — .
o otherwise.

Step 2. Compute wy, = X + &y (xy — x,—1) and y, = Pc(wn — AyAwy,).

Step 3. Construct the half-space C, := {z € H : (wy, — AyAwy — Yn,z — yn) < 0}, and
compute z, = Pc, (wy — Ay Ayn).

Step 4. Calculate v, = (uxy + (1 — () Thwy and x40 = Buf (xn) + ¥nTzn + ((1 —
Yn)I — BnpF)vy, and update

llwn—yn 12

; +llzn—yul? ;
Npey = { I o, = A zn o) At A = Ay zu —yn) >0,

An otherwise.
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Let n := n + 1 and return to Step 1.

Remark 1. It is easy to see that, from (5) we get limy o0 5[ Xy — xy-1|| = 0. Indeed, we
have oy ||xy — xy—1]] < T Yn > 1, which together with limy,_,co % = 0 implies that % Il —
1] < % — 0asn — oo.

Lemma 8. Let {A,} be generated by (6). Then {Ay,} is a nonincreasing sequence with A, > A :=
min{Ay, £} Vi > 1, and limy 00 Ay > A := min{Ay, F}.

Proof. First, from (6) it is clear that A, > A, 41 Vi > 1. Furthermore, observe that

1 2 2
i(”wn_]/nH + |zn = yull?) = [lwn — ynllllzn — yull }:>/\ > min{A I
<Awn - Ayn,zn - yn> < L||wn *ynHHZn — yn” mil = mln{ s L}'

O
Remark 2. In terms of Lemmas 2 and 8, we claim that if w, = y, or Ay, = 0, then y, is an
element of VI(C, A). Indeed, if w, = y, or Ay, = 0, then 0 = ||y, — Pc(yn — AnAyn)|| >
lyn — Pc(yn — AAyn)||. Thus, the assertion is valid.

The following lemmas are quite helpful for the convergence analysis of our algorithms.

Lemma9. Let {wy}, {yn}, {zn} be the sequences generated by Algorithm 1. Then

A A
lzn = pI* < lwn = plI? = (1= =) wn = yull? = (1= p5=) 20 = yull® ¥p € Q. (7)
n+1 n+1
Proof. First, by the definition of {1, } we claim that
2y — Ayn,zn —yn) < o lwn —yal*+ Tz =l =1 (8)
Ant1 At

Indeed, if (Awy, — Ayn,zn — yn) < 0, then inequality (8) holds. Otherwise, from (6)
we get (8). Furthermore, observe that foreachp € O C C C C,,

|20 — PHZ = |1|PCn(wn - An?yn) - PQ,PH21§ (zn — p,wn — AnAyn — p)
= szn - PHZ + j”wn - PHZ — 2 |zn — wn”2 —(zn — P, AnAyn),

which hence yields
llzn — P”2 < |lwn — PHZ = |lzn — wnHz —2(zn — p, AnAyn)- 9)

From p € VI(C, A), we get (Ap,x — p) > 0 Vx € C. By the pseudomonotonicity of

A on C we have (Ax,x —p) > 0Vx € C. Putting x := y, € C we get (Ayn, p — yn) < 0.
Thus,

(Ayn,p — zn) = (AYn, p = Yn) + (AYn, Yn — 2n) < (AYn, Yn — zn).- (10)

Substituting (10) for (9), we obtain
|z — PH2 < lwn — P”2 —lzn — yn”z = lyn — wn”z +2(wn — AnAYn — Yn,Zn — yn). (11)

Since z, = Pc,(wn — AnAyn), we getz, € Cy := {z € H : (wy — ApAwy — Y,z —
Yn) < 0}, and hence
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2<Wn - )LnAyn —Yn,Zn — yﬂ> = 2<Wn - /\nAZUn —Yn,Zn — ]/n> +2)L”<Aw” - Ayn,Zn o y">
< 20 (Awy — AYn, zn — Yn),

which together with (8), implies that

. l|zn — ]/n“2~
+1

A A
2<wn_/\nA]/n_]/n/Zn_]/n> Sﬂ : ”wn_ynHZJ’_#
n

/\n—l—l A

Therefore, substituting the last inequality for (11), we infer that inequality (7) holds. O

Lemma 10. Suppose that {wy},{xn}, {yn}, and {z,} are bounded sequences generated by Algo-
rithm 1. If Xy — Xpy1 — 0, Wy —Yn — 0, Wy — 24 — 0, 2y — Tpzy — 0, and IH{wy,, } C {wy}
s.t. wy, — z € H, then z € Q).

Proof. Utilizing the similar arguments to those in the proof of Lemma 3.3 of [12], we can
derive the desired result. [

Lemma 11. Assume that {w,},{xn}, {yn}, {zn} are the sequences generated by Algorithm 1.
Then they all are bounded.

Proof. Since 0 < liminf, o v, < limsup, , v» < land0 < liminf, ., < limsup,,_,
{n < 1, we may assume, without loss of generality, that

{vn} Cla,b] C (0,1) and {Zn} C[c,d] C (0,1). (12)

Choose a fixed p € Q) arbitrarily. Then we obtain Tp = p and T,p = p for all

n > 1, and (7) holds. Noticing lim, (1 — u /\}n‘il) =1—pu > 0, we might assume that

1—p A > 0 for all n > 1. So it follows from (7) that for alln > 1,
/\n+1

llzn = pll < llwn = pll- (13)

Furthermore, note that
Xp

B

In terms of Remark 1, one has % llxn — x,_1]] — 0 as n — oco. Hence we deduce that
IM; > 0sit.

lwn = pll < llxn = pll + anllxn = xnall = llxn = pll + B - = lxn = xuall. (14)

M > Sy — xpq|| Vn > 1. (15)
Bn
Using (13)—-(15), we obtain that forall n > 1,

120 = pll < llwn = pll < llxn = pll + BnMi. (16)

Noticing B, + vn < 1Vn > 1, we have ; E ’A‘Y” < 1foralln > 1. So, using Lemma 6 and
(16) we deduce that

lon —pll - < Cullxn — pll + (1= C) | Tnwn — p|
< Gallxn = pll + (1 = Gn)[wn — p|
< Cu(llxn — pll 4+ BuMr) + (1 = Cn) (lxn — p| + BuM1)
= |lxn — pll + BnM,
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and hence

ne1 = pl = 1Buf (xn) + 7uTzn + (1= 3u)] — BupF)on — pl|
< Ball Fx0) = Il + 7| T20 — p
+ (1= B — 1) [ (22 nz = pF)on — pl|
< BallFGen) — £ +1£02) — P+ Tallon — pl
+ (1= B — 1) | (g T — = pF)on — |
< Bu@lxa = pll-+ 1£(p) — Pl + vallzs —
+ (1= 1) [[(I = t2pF)v, — (1 - £25)p|
= Bul6lxa — pll + 1P ~ pl) + vallzn —
+ (1= )l (I = t22-pF)v, — (1 - t22-pF)p+ 1
< Bulen — I+ 1f(p) — pll) + vallzo =
+ (1= 71— 1) l|on — pll + 122111 — pF)pll]
— Baldlln — Il + () — pI) + 7alz0 — pl
+ (1= 70 — But)|[ow — pll + Bull (1 = pF)p|
< Bud([lxn = pll + BuM1) + Bull£(p) — pll + Yulllxn — pll + Buba)
+ (1= 70 — BuT) (|20 — pll + BuMi1) + Bl (1 — pF)p||
< [1=Bu(t=)llxn — pll + Bu(M1 + [ f(p) — pll + (I — pF)pl|)
=[1=Bu(t = O|||xn — p|| + Bu(T —5) - M1+|\f(P)—TPJ;'H(I—PF)PH

Mi+|f(p )TPHHII pE) p\l}

Bu (7 _
—=(I—pF)p|

< max{|[xn — pl|,

By induction, we obtain ||x, — p|| < max{||x; — p||, M +If(p)- p‘H”(I PE) p”}Vn > 1.
Thus, {x, } isbounded, and so are the sequences {wy, }, {yn}, {zn}, {Tzn} {Fo,}, {Thwy}. O

Theorem 1. Let the sequence {x, } be constructed by Algorithm 1. Then {x, } converges strongly
to the unique solution x* € Q) of the following VIP:

((pF=f)x",p—x") >0 VpeQ.

Proof. First, it is not difficult to show that Po(f + I — pF) is a contraction. In fact, by
Lemma 6 and the Banach contraction mapping principle, we obtain that Po(f + I — pF)
has a unique fixed point. Say x* € H, i.e., x* = Pq(f + I — pF)x*. Thus, the following VIP
has only a solution x* € ():

(()F = f)x",p—x") 20 VYpeQ. (17)
O

We now claim that

Mlwn = yull® + lzn = yu ] < lln = 217 = |41 — 2*|2 + BuMa,

(VA

for some My > 0. In fact, observe that

Xng1 — X5 = Bu(f(xn) =) + yu(Tzn —x°) + (1= Bu — 1u){ = Ly %ryn[(l = %,PF)
—( )x*] + = (I - pF)x*}

= Bu(f () = F(x)) + (T2 — x7) + (1 = 1) [(
+ Bu(f —pF)x*

Using Lemma 6 and the convexity of the function h(t) = t? Vt € R, we have

Jon — (I = )x*]
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[ER &
< 1Bu(f(xn) = F(6*)) + 7u(Tzn — ) + (1 = 1) (I = 1£22-pF)v, — (1 — 1£2pF)x*]|? (1)

+2Bu((f — pE)x", Xp1 — x¥)
< Budllxn — X*”z +Ynllzn — X*”z + (1= But —vn)llon — X*HZ + BnMa

where My > sup, - 2[|f — pF)x*||[|xn — x*|| for some M, > 0. From (7) and (17), we have

i1 =22 < Budllxn — 2+ pullwn — 2|2 = (1= g oon — yull® = (1= p) 120 — yull?)

i R v (19)
+ (1= BaT — ) [Gnllxn — X7+ (1 = Tu) [[wn — x*[|7] + BuMa.
Again from (16), we obtain
lewn = x| < ([lxn — x| + BuM1)? < |20 — x*[|* + BuMs, (20)

where M3 > sup, - (2Mq [|x, — x*|| + BnM?) for some M3 > 0. Using (19) and (20), we get
21 — x*]? R
< 1= Bu(t = )] ([lxn — x>+ BuMs) — yu (1 — p ) llwn — yull> + 20 — yall*] + BuM2

/\n+1

17— (1~ #Aﬁl)[l\wn =Yl +llzn = yull?] + BuMa,

< lxn —x
where My := Mj + Mj. Consequently,

An

Moo Mlwn = yull® + lzn = yall?] < llxw — x| = g1 — %2 + puMa. (21)
n

Yn(l—p

Next we claim that

o = X2 < (1 fur = )~ x°|P »
+ Bn(T = O)[755((f —pF)x*, xyp1 — x%) + 255 % N — xp—1]]

for some M > 0. In fact, it is easy to see that
o = x[2 < [lxn — 22 4 sl — Xt 2010 = x|+ dnllxa = x0a ) (22)
Using (16), (18), and (22), we get

21 = 2|2 < Budllxn — |2+ yullwn — 2|17+ (1 = BuT — vu) [Gu 20w — x*?
+ (1= Z)lwn — x* 2] + 2B {(f — PF)x*, X1 — x°)

< Bubllxn — x* |12+ palllxn — %% |2 + anllxn — X1 | 20150 = x*|| + |20 — X0 [])]
+ (1= BT — yu) Qa2 — 22+ (1= Za) [ — 212 + al| 0 — %1 ]| (2] — x| (23)
+anl|xn — x0—1 )]} + 2B ((f — pF)X*, X1 — x¥)

< 1= BulT = )]l — x|+ Bu(7 = 8) - AU Fu1 o) IM a1, — o, ]

where M > sup, - {||xn — x*||, an|xn — x,1]|} for some M > 0.
For each n > 0, we set

Ty = [[xn — X*”z/

en = Bu(T —9),
B = a0 — 01 [3M + 2B {(f — pF)x*, 2041 — 7).
Then (23) can be rewritten as the following formula:

Tyi1 < (1—en)Tp+ 0, Vn>D0. (24)

We next show the convergence of {I';} to zero by the following two cases:
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Case 1. Suppose that there exists an integer ng > 1 such that {T'y} is non-increasing. Then
Iy —Ty41 —0.
From (21), we get

An

A, e = ynl® + lzn = yull?] < T = Tg1 + fuMy.
n

Yu(l—p

Since B, -0, I'y =Ty — 0, 1 — yﬁil —1—pand {y,} C[a,b] C (0,1), wehave

lim [lwy — yu| = lim [z, —yall = 0. (25)

n—00 n—00

Using Lemma 1 (v), we deduce from (16) that

41 — 2|2

= |Buf (xn) + ¥uTzn + (1 — vn) I — BupF)vy — x*||?

= [|Bu(f(xn) = 0Fvn) + yn(Tzn — x*) + (1 — vn) (vn — X*)Hz

< Nya(Tzn — x%) + (1= yu) (00 — x) |2+ 2Bu(f (xn) — pFvn, X1 — X*)

= 7l Tzn — X*Hz + (1= vn)llon — X*Hz =YL= 7)) | Tzn — Z’n||2
+ 2B (f(xn) — pFop, X1 — x7)

= 7nl|Tzn — X*HZ + (1= 9n) [Cnllxn — X*Hz + (1= &n)|| Tawon — X*Hz = Cn(1—=Cn)llxn — annHZ]
— (1 —=9u) | Tzn — UnHZ + 2Bn(f (xn) — pFon, Xpy1 — X*)

< Yallzn = 17 4+ (1= 70) [Culln — x* (12 + (1 = Zu) llwn — x*[1* = T (1 = Zu) [|Xn — T [|?]
— (1 =) | Tzn — Z’nHZ + 2B (f (xn) — pFOn, Xpy1 — X¥)

< ([l = x|+ BaM1)* + (1= ) (|20 — x*[| + BuM1)? = (1 = ¥) (1 = L) || %n — T1on|?
— (1 =) | Tzn — UnHZ + 2Bl f (xn) — pFonl|[[xn41 — x*|

= ([|xn — x*[| + ,Ban)z = (1= 91)Cn(1 = Cn)lxn — ann”z
— Yn(1 = Yu) | T2zn — 0nl|* + 2Bl f (xn) — pF0u]l[[ 2011 — x*[,

which immediately yields

(= 91)8n (1 = Zn) |20 — ann”2 + (1= vu) | Tzn — UHHZ
< (lxn = x| 4+ BuM1)? = [|x0g1 — x* |2+ 2Bnll f(xn) — pFonll[l 241 — x*||
=Ty —Tpp1 + BuMy(2][xn — x*|| + BuM1) + 2Bl f (xn) — 0Fonl|[[x011 — x|

Since B, — 0, I'y —Tyy1 — 0, {7y} C [a,b] C (0,1) and {Cs} C [c,d] C (0,1),
we have
lim ||x, — T,w,| = lim ||[Tz, —v,| = 0. (26)
n—oo n—o0

Using Lemma 1 (v) again, we have

ITzn —vnl|?> = 120(Tzn — xn) + (1 — Zu)(Tzn — Tuwy)||?
=l Tzn — xn||2 + (1= Zn)l| Tz — ann||2 = Cn(1 = Cn) || Tuwn — xn”Z-

So it follows from (26) and {{,} C [c,d] C (0,1) that
lim |Tzn — xn|| = lim | Tz — Thwyl|| = 0. (27)
Therefore, from (25)—(27), we conclude that
[wn =zl < {lwn = yull + [[yn = 2zall = 0 (n = c0), (28)

120 = Tuznll < l|zn — wall + [|wn — x| + [|x0 = Tuwon|| + [ Tawn — Tnza|

29
< 2120 — wal| + [[wn — Xnl| + [0 — Town]| 0 (n—c0), 2

and
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2041 — Xull = |Buf (xn) +vuTzn + ((1 = yu) I — BupF)vn — xu|

= [Bn(f(xn) — pFvn) +vn(Tzn — xn) + (1 = vn) (v — xu) ||

< Bullf(xn) — oFvn|l + vnl Tzn — xn | + (1 — ¥n) [[on — x| (30)
< Bullf (xn) || + lloFoull) + vl Tzn — xall + (1 = vu) ([|lon — Tzu|| + ([ Tzn — xal|)

< Bu(llf (xn)ll + [loFoull) + ITzn — xu|| + [[vn — Tza|| = 0 (n — o).

Next, by the boundedness of {x; }, we know that 3{x;, } C {x,} s.t.

limsup((f — pF)x*, x, —x*) = l}i_)n(}o<(f—pF)x*,xnk —x*). (31)

n—oo

Further we might assume that x,,, — £. So, from (31) we have

limsup((f — pF)x*, x, — x*) = ((f — pF)x", £ — x™). (32)

n—o0

Noticing w,, — x, — 0 and x;, — £, we obtain w;,, — £. Since x, — x,,41 — 0, Wy —
Yn — 0, wy —zy — 0, zy — Tyzy, — 0 (due to (25) and (28)—(30)) and w;,, — £, by Lemma 10
we get £ € ). So it follows from (17) and (32) that

limsup((f — pF)x*, x, — x*) = ((f — pF)x*, 2 — x*) <0, (33)

n—o0

which hence yields

limsup((f — pF)x*, x, 11 — x*)
ST " ) " (34)
< limsup[[|(f = pF)x"[[[xn41 = x| + {(f = pF)2", 2w = x7)] < 0.

Since {Bn(T—9)} C [0,1], Y071 Bu(T —J) = 00, and

. 2((f —pF)x*, xp41 — x*)  3M  ay
| .
11;1_?::})[ T—9¢ * T—0 Pn

lxn = x-1l] <0,

by Lemma 4 we conclude from (23) that lim,,_o ||x, — x*|| = 0.

Case 2. Suppose that 3{T'y, } C {T'} s.t. Ty, < Ty 1 Yk € N, where N is the set of all positive
integers. Define the mapping 7 : N — N by

T(n) :=max{k <n:T} <Ty 1}
Using Lemma 7, we have

FT(Y[) < rr(n)—H and T, < rT(Vl)+1'

Putting T, = [|x, — x*||?> Vi € N and using the same inference as in Case 1, we can
obtain
nlglc}o er(n)+1 — Xz(n) ” =0 (35>
and
limsup((f — pF)x", x¢ ()11 — x7) < 0. (36)
n—o0

Because of I';(;;) < I'r(y)41 and B(,) > 0, we conclude from (23) that

* * * Az(n
||xr(n) -X ||2 < %«f - PF)x rXz(n)+1 — X )+ *?TM ’ ﬁTEn; : ||xT(n) - xr(n)le/

and hence

limsup |[x(,) — x*||2 <o.
n—y00
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Thus, we have
r}l_{lgo ”xr(n) - X*Hz =0.
Using (35), we obtain
||xr(n)+1 - x*”Z - ”x'r(n) - x*”Z

= 2<xr(n)+1 = Xz(n)r Xr(n) — X*> + H'XT(H)+1 — Xz(n) H2
< 2||x'r(n)+1 — Xz(n) H er(n) - X*H + ||xT(H)+l = Xz(n) ||2 —0 (n - oo)

Taking into account I';, < FTW 11, we have

l2tn = 2|2 < {2ty 11 — 212
< HxT(n) —x* ”2 + 2||xr(n)+1 — X(n) H HxT(n) —x* ” + HxT(n)-i-l = Xr(n) ”2

It is easy to see from (35) that x, — x* as n — oo. This completes the proof.

Next, we introduce another Mann-type inertial subgradient extragradient algorithm.
Algorithm 2. Initialization: Let A; > 0, « > 0, u € (0,1) and xp, x; € H be arbitrary.
Iterative Steps: Calculate x,,;1 as follows:

Step 1. Given the iterates x,,_1 and x, (n > 1), choose &, such that 0 < a, < &,

where
. Ty .
{ min{a, 7Hxn—xn71|\} if x,, # x,_1,

. (37)
o otherwise.

&y =
Step 2. Compute v, = X + &y (xy — x,—1) and y, = Pc(wn — AyAwy,).
Step 3. Construct the half-space C, := {z € H : (w, — AyAwy — yYn,z — yn) < 0}, and
compute z,, = Pc, (wy — Ay Ayn).
Step 4. Calculate v, = (uxy + (1 — )Tz, and x,41 = Buf(xn) + v Town + ((1 —
Yn)I — BnpF)vy, and update

2 2 .
llwn—ynll*+llzn—yall An} if <Awn_A]/n/Zn_]/n> >0,

Apt1 = { mln{‘u 2{Awp—Ayn,zn—yn) ’ (38)

n otherwise.

Let n := n + 1 and return to Step 1.
It is worth pointing out that Lemmas 8-11 are still valid for Algorithm 2.

Theorem 2. Let the sequence {x, } be constructed by Algorithm 2. Then {x,} converges strongly
to the unique solution x* € ) of the following VIP:

((bF = f)x",p—x") 20 VpeQ.

Proof. Utilizing the same arguments as in the proof of Theorem 1, we deduce that there
exists a unique solution x* € Q = NN Fix(T;) N VI(C, A) to the VIP (17). O

We now claim that

lwn = yul® + lzn = yal?] < llxw = 317 = lowsr — |2 + puMa, — (39)

(1= Bur =) (1= 0 (1~ i

for some My > 0. In fact, observe that

Xpp1 — X5 = Bu(f(xn) — f(x*)) + yn(Thwy — x*)
+ (1= )[(I = t22-pF)o, — (I — 122 pF)x*] + Bu(f — pF)x*,
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where v, := (uXxn + (1 — () Tz,. Using the similar arguments to those of (19) and (20),
we have

[xp11 — x*[12 < Budllxn — x* |2+ vaullwn — x|+ (1 = BT — yu) {Tn|xn — x*||?
+ (1= Zu)[lwn — x*]12 = (1 = p2) [[wn — yall? = (1= p22) |20 — yal?]} + BuMa.

Ant1 Ant

and

leon = x*[1* < (lxn — %[ + BuM1)? < || — x* |2 + BuMs,
where My > sup, -, 2[[(f — pF)x*||[|xn — x*|| for some My > 0and M3 > sup,,~ (2M ||x, —
x*|| + BnM?) for some M; > 0. Combining the last inequalities, we obtain

01— x*|?
< Bndllxn — 12+ n (|l — x* (12 + BnMz) + (1 — BnT — 7)) ([ xn — x*|12 + BnMs)

= (1= BnT =) (1= Ca)[(1 = mfjl)llwn —ynl?+ (1~ H)\/;Zl Mzn = ynll?] + BuMa
< laen = 27|12 = (1= Bt = 7a) (1= Gu) (1 = p22=) [ — yu|* + ll20 — yul|?] + BuMa,

)\n+1

where My := My + M3. This ensures that (39) holds.
Next we claim that

lnsr = x*[2< 11— Bl = 8)ln —x*| o
+ Bn(T — 5)[ﬂ<(f — pF)x*, X1 — x%) + ey %’; N = x4—1]]

for some M > 0. In fact, using the similar arguments to those of (22) and (23), we have

(40)

leon — 2|2 < Jlxw — 21 + anll2tn = 21 [ 2012w — 2| + [l 200 — 201 ],

and

%11 — 22
< Bub|xn — x* |2+ v llwn — 22+ (1= BuT = 1) [Gullen — 2[4+ (1 = Gn) 120 — x*[|?]

V2B {(f PP A — )
< Budlxn — (P + (1= Bu) [[l0n — 2% 1> + | xn — x| (2]|xn — x*]]

a3 = -1 )] 4+ 28 {(f — PF)x", 51— x°) (41)
< (1= Bt = 0)]llxn — x> + anllxn — 201l (2flxn — x| + an|xn — x-1])

+2Bn((f — PF)X", Xppq — x7)

< (1= (T = 8)]llx — 2|2 + B (T = 5) - (ULt ) o IV o, — ]

where M > sup, - {||xn — x*||, an||xn — x,—1]|} for some M > 0.
For each n > 0, we set

Ty = [|xn — x*”Z/

en = Bu(T—9),
On = anl|xn — xp—1[[3M + 2Bn((f — pF)x*, xp11 — 7).
Then (41) can be rewritten as the following formula:
Iy <(1—e)lp+0, Vn>0. (42)
We next show the convergence of {I',} to zero by the following two cases:
Case 3. Suppose that there exists an integer ng > 1 such that {T'y} is non-increasing. Then
Iy =TIy —0.

Using the similar arguments to those of (25), we have

nlglc}o [wn =yl = nlgr.}o 120 = ynll = 0. (43)
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Using Lemma 1 (v), we get

|1 — x*[|?

= ||Bu(f (xn) — pFvn) 4+ Yu(Tawy — x*) + (1 — ) (vn — x)||?

<l vn(Towy — x*) + (1 = 9n) (00 — x*)|* + 2Bn (f (xn) — pFOu, Xpp1 — X*)

= Yu || Tty — X*Hz + (1 —yn)l[on — x*Hz = Y (1 =) | Tawn — UHHZ
+2Bn(f(xn) — pFvn, X471 — x¥)

= Yul Town — x* |2+ (1 = ¥) [Cullxn — x* 1> + (1 = Za) | Tzn — x| = Cu(1 = Zu) |20 — Tzn||?]
= Yn(1 = 7n) | Tawn — UnHZ +2Bn(f(xn) — pFon, X1 — X¥)

< Yullwn — X*Hz + (1= vu) [Cnllxn — x*Hz + (1= Cu)llzn — x*Hz = Cn(1 = Cn) ll2xn — TZnHZ]
— ¥ (1= y) I Tuton — vnl|* + 2B (f (xu) — pFon, Xpp1 — x*)

< ulllxn — || + BuM1)? + (1= v) (|20 — x| + BuM1)? — (1 — 1) Zu (1 = Cn) || xn — Tzn|?
= Yn(1 = 7n) [ Tawn — UnHZ +2Bnll f(xn) — pFon|[[xn41 — x*|

= ([lxn = x*[| 4+ BuM1)?* = (1 = ¥2)Zn(1 = Zn) [l 2w — Tzn|?
= Yn(1 = 7n) | Tuwn — Z’nHZ + 2Bnllf (xn) — pFvn||[[x0ne1 — x|,

which immediately yields

(1

<

Yu)Cn(1 = Cn)|lxn — Tzn”z + (1 =) [ Trwn — Z’n||2

Iy

(len = x| + BuM1)? — [|xns1 — x| 4+ 2Bl f (xn) — pF0u ||| 241 — x*||
=Tyt + BuMy (2|0 — x*|| + BnM1) + 2Bl f (xn) — pFonl|l|xp1 — x*.

Since By — 0, Ty = Tyi1 — 0, {7y} C [a,b] € (0,1) and {Cx} C [c,d] C (0,1), we

have
lim [[x; — Tz, = lim || T,wy, — v, = 0.
n—00 n—oo

Note that

| Tneon — Z’n||2 = ||Cn(Thwn — xn) + (1 = Zn) (Tnwn — TZn)H2

(44)

= Cn|| Ty — anz + (1= Zn) || Tywn — TZWHZ —Cn(1 = Cu) || Tzn — anZ'

Hence, from (44) we have
lim || T,w, — x,|| = lim ||T,w, — Tz4| = 0.
n—00 n—o0
So, from (43)-(45) we infer that
lwn = zn|l < [[wn —yul + [lyn —znl| =0 (n = o0),
zn = Tuznll < llzn — wnll + [[wn — x|l + [[xn — Tuwnl| + [ Tuwn — Tuzal|
< 2||Zn - wn” + ||lUn — Xn” + ||Xn - ann” —0 (n — 00)/
and

1041 — xull = 1Bnf (xun) + Y Tatwon + ((1 — yu) I — BupF)vn — xul|

= |Bn(f(xn) — 0Fvn) + vn(Tpwn — x) + (1 — 7)) (vn — xu) ||

< Bullf(xn) — pFonl + vl Tawn — xnl| + (1 = yn)[[vn — x|

< Bulllf (xn)l| + loFonll) + vall Tawn — xull + (1 — vn) ([[0n — Tuwn || + || Town — xul|)
< Bu(llf(xn) | + lpFonll) + | Tawn — xnl| + lon — Tuwn|| = 0 (1 — o0).

In addition, using the similar arguments to those of (33) and (34), we have

lim sup((f — pF)x*, x, —x*) <0,

n—o0

and hence
lim sup((f — pF)x*, x,11 — x*) <0.

n—o0

Consequently, applying Lemma 4 to (41), we have lim,_,¢ ||x, — x*|| = 0.

35

(45)

(48)



Axioms 2021, 10, 67

(Ax,y —

xX) =

(

Case 4. Suppose that H{T, } C {T';}s.t. Ty, < Ty 41 Vk € N, where N is the set of all positive
integers. Define the mapping 7 : N — N by 7(n) := max{k < n : I't < I't;1}. In the
remainder of the proof, using the same arguments as in Case 2 of the proof of Theorem 1,
we obtain the desired assertion. This completes the proof.

It is markable that our results improve and extend the corresponding results of
Kraikaew and Saejung [20] and Ceng et al. [11], in the following aspects.

(i) Our problem of finding an element of NN ,Fix(T;) N VI(C, A) includes as a special
case the problem of finding an element of VI( C A) in [20], where T7, ..., Ty are nonexpan-
sive and Ty = T is quasi-nonexpansive. It is worth mentioning that Halpern’s subgradient
extragradient method for solving the VIP in [20] is extended to develop our Mann-type
inertial subgradient extragradient rule for solving the VIP and CFPP, in which A is L-
Lipschitz continuous, pseudomonotone on H, but it is not required to be sequentially
weakly continuous on C.

(ii) Our problem of finding an element of NN (Fix(T;) N VI(C, A) includes as a special
case the problem of finding an element of NN le(T )NVI(C, A) in [11], where in [11], A
is required to be L-Lipschitz continuous, pseudomonotone on H, and sequentially weakly
continuous on C. The modified inertial subgradient extragradient method for solving
the VIP and CFPP in [11] is extended to develop our Mann-type inertial subgradient
extragradient rule for solving the VIP and CFPP, where T; is nonexpansive fori =1, ..., N
and Ty = T is quasi-nonexpansive.

4. Applicability and Implementability of Algorithms

In this section, in order to support the applicability and implementability of our
Algorithms 1 and 2, we make use of our main results to find a common solution of the VIP
and CFPP in two illustrating examples.

Example 2. Let C = [—1,1] and H = R with the inner product (a,b) = ab and induced norm
|- = || Let xo,x1 € H be arbitrary. Put f(x) = F(x) = x, B =
02, a=A1 =01, v, =0y = %, o =2, and

1 — R2 —
m/Ti’l_ n/#_

. B2 .
min{ —F4— if _
Xy = {Hxn*xn—lﬂla} n 75 Yn—1s
o otherwise.

Then we know that k = 7 = S and T =1— /1 — p(2y — px?) =1 € (0,1]. For N = 1, we
now present Lipschitz continuous and pseudomonotone mapping A, quasi-nonexpansive mapping
T and nonexpansive mapping Ty such that Q) = Fix(Ty) N Fix(T) N VI(C, A) # Q. Indeed, let
A, T, Ty : H— H be defined as Ax := m 1+1|x\’ Tix := sinx and Tx := 5 sin x for all
x € H. We first show that A is pseudomonotone and L-Lipschitz continuous with L = 2. Indeed,
it is easy to see that for all x,y € H,

_ 1 1 1
[Ax — Ayl| = |1+HsmxH T[] 1+Hsmf/\| R \||
| ([l =[]l |+| || sinyl[—| sinx]| |
= T(A+]x[)( 1+Hy|\) (14 sinx[]) (1+][ siny]])
< x—y H.smx sin H
- (1+Hx||)(1+|\y|\) (14| sinx[)) (1+] siny[))
<2[x—yl,
and
1 1 1 1

1+ [sinx| 1+|x]

)y —x) = 0.

Furthermore, it is clear that Fix(T) = {0}, T is quasi-nonexpansive but not nonexpansive.
Meantime, I — T is demiclosed at 0 due to the continuity of T. In addition, it is clear that T is

=2 20={Ayy =) = ({75 ~ T3]
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nonexpansive and Fix(Ty) = {0}. Therefore, QO = Fix(T1) NFix(T) N VI(C, A) = {0} # @. In
this case, Algorithm 1 can be rewritten as follows:

Wy = Xy + D‘n(xn - xnfl)/
Yn = PC(wn - /\nAwn),
zy = Pc, (wn — AnAyn), (49)
Un = %xn + %len/
n

1 1 1 1
Xn+1 = 7371 " 2%n + §Tzn + (m - g)vn Vn > 1,

where for each n > 1, C, and Ay, are chosen as in Algorithm 1. So, using Theorem 1, we know
that {x,} converges to 0 € Q) = Fix(Ty) NFix(T) N VI(C, A). Meanwhile, Algorithm 2 can be
rewritten as follows:

Wy = Xp + l’én(xn - xn—l)/

Yn = PC(wn - AnAwn>/

zn = Pc, (Wn — AnAyn), (50)
Un = %xn + %TZ«,,,

X1 = g 3%+ 3Tiwn + (525 — 3)vn Vn > 1,

where, for each n > 1, C,, and Ay, are chosen as in Algorithm 2. So, using Theorem 2, we know that
{xn} converges to 0 € Q) = Fix(Ty) NFix(T) N VI(C, A).

Example 3. Let H = L?([0,1]) with the inner product and induced norm defined by

(o) = [ Ot and [l = ([ OPa2 vy e,

respectively. Then (H, (-, -)) is a Hilbert space. Let C := {x € H : ||x|| < 1} be the unit closed
ball of H. 1t is known that
= if x| > 1
Pe(x)={ I ! '
c(x) { x o ifx]] < 1.

Let xq, x1 € H be arbitrary. Put f(x) = F(x) = 3x, By = g, Tn = B2, p =02, & =
M=01v9m=0=% p=2and

. B2 .
wp={ MM ESpet i E
o otherwise.

Then we know thatk =5 = Landt =1— /1 —p(2y — px?) =1 € (0,1]. For N = 1, we
now present Lipschitz continuous and pseudomonotone mapping A, quasi-nonexpansive mapping
T and nonexpansive mapping Ty such that Q) = Fix(T1) NFix(T) N VI(C, A) # @. Indeed, let
A, T, Ty : H— H be defined as (Ax)(t) := max{0,x(t)}, (Tyx)(t) := x(t) — L sinx(t) and
(Tx)(t) := Lx(t) + L sinx(t) for all x € H. It can be easily verified (see, e.g., [8,9]) that A is
monotone and L-Lipschitz continuous with L = 1, and the solution set of the VIP for A is given by

VI(C, A) = {0} # .

We next show that T and Ty are nonexpansive and Fix(T) = Fix(Ty) = {0}. Indeed, it is
easy to see that for all x,y € H,

ITx =Tyl = (fo [2(x() = y(£) + S(sinx(t) — siny (1)) [2dr)/2
< (Jy Blx(8) = y(O)] + 3[x(t) = y(1)])2dr) /2
= (Jy [x(t) —y(t)2de)t/2
= | =yl
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Similarly, we get | Tyx — Tyy|| < ||x —y|| Yx,y € H. Moreover, it is clear that Fix(T) =
Fix(T;) = {0}. Therefore, O = Fix(Ty) NFix(T) N VI(C,A) = {0} # @. In this case,
Algorithm 1 can be rewritten as follows:

Wy = Xn + lxn(xn - xnfl)/

Yn = PC(wn - /\nAwn)/

zn = Pc, (Wn — AnAyy), (51)
Un = %xn + %len/

X1 = #1 . %xn + %Tzn + (i — %)vn Vn>1,

where for each n > 1, C,, and Ay, are chosen as in Algorithm 1. So, using Theorem 1, we know that
{xn} converges strongly to 0 € Q) = Fix(Ty) NFix(T) N VI(C, A). Meantime, Algorithm 2 can
be rewritten as follows:

Wy = Xy + an(xn - xnfl)/

Yn = PC(wn - )\nAwn)/

zn = Pc, (wn - )\nA]/n)/ (52)
Un = %xn + %Tzn/

Yni1 = 741 3% + 3T1wn + (G — on ¥n>1,

where for each n > 1, C,, and Ay, are chosen as in Algorithm 2. So, using Theorem 2, we know that
{xn} converges strongly to 0 € Q) = Fix(Ty) N Fix(T) N VI(C, A).
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Abstract: In this paper, we introduce a notion of convex F-contraction and establish some fixed point
results for such contractions in b-metric spaces. Moreover, we give a supportive example to show that
our convex F-contraction is quite different from the F-contraction used in the existing literature since
our convex F-contraction does not necessarily contain the continuous mapping but the F-contraction
contains such mapping. In addition, via some facts, we claim that our results indeed generalize and

improve some previous results in the literature.
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1. Introduction and Preliminaries

In [1], Wardowski introduced the following concept of F-contraction and proved a
fixed point theorem that generalizes the classical Banach contraction mapping principle.

Definition 1 ([1]). Let (X, d) be a metric space and T : X — X be a mapping. Then T is called
an F-contraction if there exists a function F : (0, +o00) — R such that

(Fy) Fis strictly increasing on (0, +0c0);
(Fy) for each sequence {ay, } of positive numbers,

Ji_r)r(}oocn =0 ifand only if nli_r>ro10F(an) = —o0;
(F3) there exists k € (0,1) such that lim a*F(«) = 0;
a—0+t
(Fy) there exists T > 0 such that
T+ F(d(Tx, Ty)) < F(d(x,y)) @
forall x,y € X withx # y.

Remark 1. Definition 1 is the modification of [1] (Definition 2.1). In fact, (2) from [1] says
d(Tx,Ty) > O, that is, Tx # Ty. Note that Tx # Ty implies x # y. Hence, x # y in (Fy)
is weaker condition than d(Tx,Ty) > 0 from (2) of [1]. Moreover, our modification does not
disturb the main results of [1]. Clearly, compared with d(Tx, Ty) > 0 from [1], our x # y is more
convenient in applications.

Otherwise, by (1) and (Fy), we have

d(Tx, Ty) < d(x,y) 2)

Axioms 2021, 10, 71. https:/ /doi.org/10.3390/axioms10020071 40 https:/ /www.mdpi.com/journal /axioms
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forall x,y € X with x # y. Accordingly, any F-contraction is a contraction.

Remark 2. It follows immediately from (2) that any F-contraction implies that the mapping T is a
continuous mapping.

Wardowski [1] proved that any F-contraction has a unique fixed point.

Theorem 1 ([1]). Let (X, d) be a complete metric space and T : X — X be an F-contraction. Then,
T has a unique fixed point x* in X. For every x € X, the sequence {T"x} converges to x*.

Since then, several authors proved fixed point results for F-contractions (see [2-13]).
However, F-contraction has a great limitation since the mapping must be a continuous
mapping (see Remark 2). But the continuity is a strong condition. Hence, it restricts the
applications greatly.

On the other hand, the concept of b-metric space was introduced by Bakhtin [14] or
Czerwik [15] which is a great generalization of usual metric space.

Definition 2. A b-metric space (X,d,s) (s > 1) is a space defined on a nonempty set X with a
mapping d : X x X — [0, +o0) satisfying the following conditions:

(1) d(x,y) =0ifand onlyif x = y;

(2) d(x,y) =d(y,x) forall x,y € X;

(3) d(x,y) <sld(x,z)+d(z,y)] forall x,y,z € X.

In this case, d is called a b-metric on X.

Regarding some other concepts, such as the concepts of b-convergent sequence, b-
Cauchy sequence and b-completeness, the reader may refer to [16] and the references therein.

In the sequel, unless there is a special explanation, we always denote by N, the set of
positive integers, R, the set of real numbers.

Let (X, d,s) be a b-metric space and T be a self-mapping on X. The Picard sequence
of Tis given by {xu},enugoy = {T" %} enugoy for any x € X, where TOx = x. In this case,
for the convenience, throughout this paper, we always denote d(x,1, x,) by d,, for all
n e NU{0}.

In this paper, we introduce the concept of convex F-contraction and give some suf-
ficient conditions when the Picard sequence of convex F-contraction on b-metric space
satisfies the Cauchy condition. Our results improve the results of Cosentino and Vetro [17].
Our conclusions are some real generalizations of the results of Popescu and Stan [18].
Moreover, we also expand the main results of Wardowski and Dung [13]. Additionally,
we pose two problems at the end of the main text. We aim to continue to work in order to
solve the problems in the near future.

2. Main Results

In this section, we first define a notion called convex F-contraction in b-metric spaces.
Moreover, we give two examples to illustrate our notion is well-defined. Further, we
present a fixed point result for such contraction.

Definition 3. Let (X,d,s) be a b-metric space and T be a self-mapping on X. We say that T
is a convex F-contraction if there exists a function F : (0, +c0) — R such that Condition (F)
holds and

(F§) for each sequence {«, } of positive numbers, if lim F(ay) = —oo, then lim &, = 0;
n—00 n—00
; 1 ; k —0-
(F3) there exists k € (0, W) such that ah_{gl+ a*F(a) = 0;

(F})) there exist T > O and A € [0,1) such that

T+ F(dy) < F(Ady + (1= MA)d,, 1), 3)
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forall dy, > 0, where n € N.

Remark 3. Definition 3 improves Definition 1 greatly. Indeed, (F) is weaker than Condition
(F2). If s = 1, then Condition (F3) is Condition (F3). That is to say, (F;) expands Condition (F3).
Moreover, if A = 0, then Condition (F}') is a consequence of Condition (Fy).

Example 1. Let (X,d,s) be a b-metric space and T : X — X be a mapping. Suppose that T is an
F-contraction of Kannan type, i.e., there exists T > 0 such that

T F@(Tx 1Y) < F( 510 T0) + d( 1)) @

forall x,y € X with x # y.

Choose F(a) = Ina, a € (0, +00), then T is a convex F-contraction. Indeed, it is obvious
that F satisfies Conditions (F), (Ey) and (F5). Moreover, T satisfies Condition (E}') based on the
fact that there exists A = % such that

T+ F(dy) < F(d” + d’”)

forall d, > 0, where n € N. That is, (4) becomes (F4A).
Otherwise, if F(a) = Ina, a € (0, +00), then from (4) we have

d(Tx, Ty) < Kld(x, Tx) + d(y, Ty),
where K = % < %, ie., the contraction of Kannan type (see [19]) holds.

Example 2. Let T be an F-contraction of Reich type (see [20]), i.e., there exist T > 0 and
a,B,v€[0,1],a+ B+ = 1such that

T+ F(d(Tx, Ty)) < F(ad(x,y) + Bd(x, Tx) + vd(y, Ty)), ©)

forall x,y € X with x # y.
Choose F(a) = — ﬁ, « € (0,400), then T is a convex F-contraction. Indeed, it is clear that

F satisfies Conditions (Fy), (F&) and (E5). Moreover, T satisfies Condition (F}') because there
exists A = B such that (3) holds. That is, T satisfies Condition (Fy').
Otherwise, if F(x) = —ﬁ, « € (0, 400), then (5) implies

d(Tx, Ty) < ad(x,y) + pd(x, Tx) + vd(y, Ty),
which is the contraction of Reich type.

Lemma 1. Let (X,d,s) be a b-metric space and T be a convex F-contraction on X. Then, for every
x € X, the sequences {T"x},enqoy is a b-Cauchy sequence.

Proof. Choose x € X and construct a sequence {x,} by x, = T"x for alln € NU {0}. If
there exists g € NU {0} such that x,, 1 = x;,, then

{xn} = {x, Tx, T%x,..., T 1y, Xngs Xngr -
It is valid that {T"x}, cyu(oy is a b-Cauchy sequence. The proof is completed.
Without loss of generality, assume that x,, 11 # x, for all n € NU{0}. That is to say,

assume that d, > 0 for alln € NU {0}. From Condition (F;'), we have

F(dn) < T+ F(dy) < F(Ady + (1= A)dn_1).
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Using Condition (F; ), we obtain
dy < Ady+(1—A)dy_1,

then 0 < d,, < d,,_1 for all n € N. Hence, {d, } is a convergent sequence.
In the following, we show li_r)n d,, = 0. To this end, we show
n (o]

T+ F(dn) S F(dn—l)/ (6)

foralln € N.
Indeed, if (6) is not true, then

T+ F(dn) > F(du-1),
for some n € N. Thus, it establishes that
F(dy—1) < T+ F(dn) < F(Ady+ (1 = A)dy—1).
Using Condition (F;), we get
dp1 < Ady+ (1= MA)d, 1,

which means d,, 1 < d,. This is a contradiction.
It follows immediately from (6) that

F(d,) < F(dg) —nt, 7)

for all n € N. (7) implies 1i_rg1 F(dy) = —o0. Then by Condition (FY), it leads to ILm d, = 0.
n (o] n [e'e]

. . - . . . 1
In view of nlgr(}o d, = 0, then via Condition (F3), there exists k € (0, W) such that

lim diF(dy) = 0. 8)
From (7) we obtain
dint < dNF(dy) — d¥F(d,). )

Combine (8) and (9), it is easy to see that

lim d%n = 0.
n—oo

Therefore, there exists ny € N such that
1

dn S 1

nk

for all n > ny. Finally, using [21] (Lemma 11), we claim that {x, } is a b-Cauchy sequence. [

Theorem 2. Let (X, d,s) bea b-complete b-metric space and T be a continuous convex F-contraction
on X. Then, T has a fixed point in X.

Proof. For any x € X, by Lemma 1 we deduce that the sequence {T"x} is b-convergent.

Write x* = lijn T"x. Due to the continuity of the mapping T, we conclude that x* is a
n—o0

fixed pointof T. [

Remark 4. The continuous condition of Theorem 2 is necessary because there exists discontinuous
convex F-contraction. See Example 3 in the sequel.
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3. Some Results Related to Convex F-Contractions

In this section, we obtain some results regarding convex F-contractions. We give a
supportive example to verify that the mapping T with regard to convex F-contraction is not
necessarily continuous. This fact shows that our convex F-contraction is more meaningful
than the F-contraction introduced by Wardowski [1] since any F-contraction must contain
the continuous mapping T (see Remark 2).

First of all, we present a fixed point theorem for F-contraction of Banach type as follows:

Theorem 3. Let (X, d,s) be a b-complete b-metric space and T be a self-mapping on X. Suppose
that there exists a function F : (0,+00) — R satisfying Conditions (Fy), (F5), (F;) and (Fy).
Then, T has a unique fixed point x* in X. Moreover, for any x € X, the sequence {T"x} b-converges
to x*.

Proof. From Condition (F;) we obtain Condition (F}') if we choose A = 0. So, T is a
convex F-contraction. Since (Fy) is satisfied, then by Remark 2, T is continuous. Now, from
Theorem 2 and Lemma 1, we conclude that for any x € X, there exists x* € X such that
Tx* = x*and x* = nlgx;lo T'x.

In the following, we prove that the fixed point of T is unique. Indeed, assume that T
has another fixed point y* € X, then by (F;), ones have

F(d(x*,y")) = F(d(Tx",Ty")) < T+ F(d(Tx",Ty")) < F(d(x",y")),
which is a contraction. [

Remark 5. Note that, from Theorem 3 we get Theorem 1 because in metric spaces 1+ log,s = 1
holds, where s = 1. Therefore, Theorem 3 generalizes Theorem 1.

Secondly, we give a fixed point theorem for the F-contraction of Kannan type as fol-
lows:

Theorem 4. Let (X,d,s) be a b-complete b-metric space with s € [1,2). Let T be an F-contraction
of Kannan type, i.e., T satisfies (4). Suppose that there exists a function F : (0, +00) — R satisfying
Conditions (Fy), (Fy) and (F3). Then, T has a unique fixed point x* in X. Moreover, for any
x € X, the sequence {T"x} b-converges to x*.

Proof. From Example 1 we obtain that T is a convex F-contraction. So, by Lemma 1 we
conclude that there exists x* € X such that x* = lgn Xn, where x, = T"x for any x € X.
n o0

Next, from Condition (4) and (F;) we obtain

d(Tx, Ty) < %[d(x, Tx) +d(y, Ty)] (10)

forall x,y € X with x # y.
If x* # Tx*, using (10), we have

d(x*, Tx*) <sld(x*,x,11) +d(x,01, Tx")]
* 1 * *
< s(d(x ,Xni1) + E[d(xn,xnﬂ) +d(x*, Tx )])
Take the limit as n — oo from the above inequality;, it follows that

d(x*, Tx*) <

< %d(x*,Tx*) <d(x*,Tx"),

which is a contradiction. Hence, x* = Tx*.
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Finally, we prove the fixed point of T is unique. As a matter of fact, if T has two
distinct fixed points x* and y*, i.e., x* # y*, then by (10), it is easy to see that

1
d(x",y") =d(Tx", Ty") < S[d(x", Tx") +d(y", Ty")] = 0.

which is a contradiction. [

Remark 6. Similar to Theorem 4, the mapping T has a unique fixed point if T from Theorem 4 is
replaced by the F-contraction of Chatterjea type (see [22]), i.e., there exists T > 0 such that

1
T+ F(d(Tx, Ty)) < F<25[d(x, Ty) +d(y, Tx)})
forall x,y € X with x # y.
Example 3. Let X = R and define a mapping d : X x X — [0, +-00) by

d(x,y) = |x —y[¥

forall x,y € X, where p € [1,2). Then (X, d, s) is a b-metric space with s = 2P~1 € [1,2). Let
T : X — X be a mapping defined by

Ty — ?, z:fx € (—00,2],
5, ifx € (2,+o0).

Let F(a) = Ina, & € (0, +00), then F satisfies (Fy), (F5) and (F5). Moreover, there exists
T = —1In(2K) > 0 such that T is an F-contraction of Kannan type, where K & [3%, %) is a
constant. Hence, T satisfies (4). Clearly, T is not continuous but by Theorem 4, it has a unique
fixed point x* = 0in X.

Otherwise, it is easy to see that

d(Tx, Ty) < K[d(x, Tx) +d(y, Ty)]

forall x,y € X. Therefore, T is a contraction for Kannan type. However, T is not a contraction for
Banach type. Actually, there is not a constant k € (0,1) such that

d(Tx, Ty) < kd(x,y)
forall x,y € X.

Remark 7. By Example 3, we claim that Theorem 4 has a superiority since the mapping T does
not necessarily be continuous. Hence, our convex F-contraction can derive more applications than
the counterpart of all the results regarding F-contraction. This is because any F-contraction must
contain a continuous mapping (see Remark 2).

Finally, we give a result on F-contraction of Hardy—Rogers type in b-metric spaces.
Our result improves the results of [17,18] in b-metric spaces.

Theorem 5. Let T be a self-mapping on a b-complete b-metric space (X, d,s). Suppose that there
exists a function F : (0, +00) — R satisfying Conditions (Fy), (Fy) and (F3). If there exists T > 0
such that

T+ F(d(Tx,Ty)) < F(ad(x,y) + bld(x, Tx) +d(y, Ty)]
+cld(x, Ty) +d(y, Tx)]), (11)
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forall x,y € X with x # y, where a,b,c > 0,a +2b+ 2cs = 1 and bs + cs? < 1, then T has a
unique fixed point x* in X. For any x € X, the sequence {T"x} b-converges to x*.

Proof. Let x € X and x, = T"x, for all n € N U {0}. If there exists nyp € NU {0} such that
Xpg+1 = Xng, thatis, Txp, = xp,, then xy, is a fixed point of T.

Without loss of generality, we always assume that x,, 11 # x, for any n € NU {0}.
Making full use of (11), we speculate

T+ F(dn) < F(ady 1+ b(dn +dy—1) +cd(xp-1,%041))
< F(udn—l + b(dn + dn—l) + Cs(dn—l + dn))
=F((b+cs)dy+ (a+b+cs)d,_1).

That is, (F;') holds. Consequently, T is a convex F-contraction. Via Lemma 1, there
exists x* € X such that x* = lgn Xy.
n—oo

In the following, we prove that x* is a fixed point of T. To this end, we suppose that
x* # Tx* is absurd. Then

d(x*, Tx*) <sld(x*,x,41) +d(xy1, Tx")]

and
d(xp41, TX*) <sld(xp1,x%) +d(x*, Tx")]

imply that

1d(x*, Tx*) < lirginfd(xnﬂ, Tx*) <limsupd(x,i1, Tx*) < sd(x*, Tx"). (12)
n (o)

S n—o0

Put! = linl)infd(xnﬂ, Tx*) and L = limsup d(x,,4+1, Tx*). Using Condition (11) and
n=reo n—co
(F), we have

d(Txy, Tx*™) < ad(xy, x*) +b[d(xn, X 41) +d(x*, Tx")]
+c[d(xy, Tx*) + d(x*, x,11)]. (13)

Hence, taking the limit as n — co from both sides of (13) and considering (12), we get
I <bd(x*,Tx*)+cL. (14)

Hence, using (12) and (14), we obtain
%d(x*, Tx*) <1< bd(x*, Tx*) 4+ cL < bd(x*, Tx") + csd(x*, Tx*),

which means that bs 4 cs? > 1. This is a contradiction. Therefore, x* = Tx*.
Finally, we need to prove the uniqueness of the fixed point. To this end, assume that T
has another fixed point y*. Taking advantage of (11), we arrive at

F(d(x*,y*)) = F(d(Tx*, Ty")) < T+ F(d(Tx*, Ty"))
< F(ad(x",y") + bld(x", Tx*) + d(y", Ty")]
+cld(x*, Ty") +d(y*, Tx¥)])
= F((a+2c)d(x",y")),

which follows immediately from Condition (F;) that
A7) < (a+20)d(x",y") < d(x", "),

This is a contradiction. [
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Remark 8. Theorem 5 generalizes [13] (Corollary 2.5). By virtue of convex F-contractions and
Lemma 1, we can get [13] (Theorem 2.4) and [23] (Theorem 3).

We finally pose the following problems:

Problem 1. Can Condition (F3) be replaced with Condition (F3) in our all results?
Problem 2. Does Theorem 4 hold if s > 1 is arbitrary?

Author Contributions: H.H. designed the research and wrote the paper. Z.D.M. and K.Z. wrote the
draft preparation and provided the methodology. S.R. co-wrote and made revisions to the paper.
H.H. handled funding acquisition. All authors have read and agreed to the published version of
the manuscript.

Funding: The first author acknowledges the financial support from the Natural Science Foundation
of Chongging of China (No. cstc2020jcyj-msxmX0762), and the Initial Funding of Scientific Research
for High-level Talents of Chongqing Three Gorges University of China (No. 2104/09926601).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: The authors thank the editor and the referees for their valuable comments and
suggestions which improved greatly the quality of this paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Wardowski, D. Fixed points of a new type of contractive mappings in complete metric spaces. Fixed Point Theory Appl. 2012,
2012, 94. [CrossRef]

2. Abbas, M.; Nazir, T.; Aleksi¢, T.L.; Radenovi¢, S. Common fixed points of set-valued F-contraction mappings on domain of sets
endowed with directed graph. Comput. Appl. Math. 2017, 36, 1607-1622. [CrossRef]

3. Altun, I; Mmak, G.; Dag, H. Multivalued F-contractions on complete metric spaces. . Nonlinear Convex Anal. 2015, 16, 659-666.
[CrossRef]

4. Altun, I; Minak, G.; Olgun, M. Fixed points of multivalued nonlinear F-contractions on complete metric spaces. Nonlinear Anal.
Model. Control. 2016, 21, 201-210. [CrossRef]

5. Chen, L.; Huang, S.; Li, C.; Zhao, Y. Several fixed point theorems for F-Contractions in complete Branciari b-metric spaces and
applications. J. Funct. Spaces 2020, 2020, 7963242.

6.  Hussain, A.; Al-Sulami, H.; Hussain, N.; Farooq, H. Newly fixed disc results using advanced contractions on F-metric space. J.
Appl. Anal. Comput. 2020, 10, 2313-2322.

7. Hussain, N.; Latif, A.; Igbal, I.; Kutbi, M.A. Fixed point results for multivalued F-contractions with application to integral and
matrix equations. J. Nonlinear Convex Anal. 2019, 20, 2297-2311.

8. Kadelburg, Z.; Radenovi¢, S. Notes on some recent papers concerning F-contractions in b-metric spaces. Constr. Math. Anal. 2018,
1, 108-112. [CrossRef]

9.  Mohanta, SK,; Patra, S. Coincidence points for graph preserving generalized almost F-G-contractions in b-metric spaces. Nonlinear
Stud. 2020, 27, 897-914.

10. Shoaib, M.; Sarwar, M.; Kumam, P. Multi-valued fixed point theorem via F-contraction of Nadler type and application to
functional and integral equations. Bol. Soc. Parana Math. 2021, 39, 83-95. [CrossRef]

11. Taheri, A.; Farajzadeh, A.P. A new generalization of a-type almost-F-contractions and a-type F-Suzuki contractions in metric
spaces and their fixed point theorems. Carpathian Math. Publ. 2019, 11, 475-492. [CrossRef]

12.  Tomar, A.; Sharma, R. Almost a-Hardy-Rogers-F-contractions and their applications. Armen. J. Math. 2019, 11, 1-9.

13.  Wardowski, D.; Dung, N.V. Fixed points of F-weak contractions on complete metric spaces. Demonstr. Math. 2014, 47, 146-155.
[CrossRef]

14. Bakhtin, I.A. The contraction principle in quasimetric spaces. Funct. Anal. 30, 1989, 26-37.

15.  Czerwik, S. Contraction mappings in b-metric spaces. Acta Math. Inform. Univ. Ostrav. 1993, 1, 5-11.

16. Kirk, W.A.; Shahzad, N. Fixed Point Theory in Distance Spaces; Springer: Berlin/Heidelberg, Germany, 2014.

17. Cosentino, V.; Vetro, P. Fixed point result for F-contractive mappings of Hardy-Rogers-Type. Filomat 2014, 28, 715-722. [CrossRef]

18.  Popescu, O.; Stan, G. Two fixed point theorems concerning F-contraction in complete metric spaces. Symmetry 2020, 12, 58.
[CrossRef]

19. Kannan, R. Some results on fixed points. Bull. Calcutta Math. Soc. 1968, 60, 71-76.

20. Reich, S. Some remarks concerning contraction mappings. Can. Math. Bull. 1971, 14, 121-124. [CrossRef]

47



Axioms 2021, 10,71

21. Tomonari, S. Fixed point theorems for single- and set-valued F-contractions in b-metric spaces. J. Fixed Point Theory Appl. 2018,
20, 35.

22. Chatterjea, S.K. Fixed-point theorems. Dokl. Bolg. Akad. Nauk. 1972, 25, 727-730. [CrossRef]

23. Dung, N.V,; Hang, V.T.L. A fixed point theorem for generalized F-contractions on complete metric spaces. Vietnam. J. Math. 2015,
43,743-753. [CrossRef]

48



@ axioms

Article

Generalizations of Hermite-Hadamard Type Integral
Inequalities for Convex Functions

Ying Wu !, Hong-Ping Yin ! and Bai-Ni Guo 2*

Citation: Wu, Y,; Yin, H.-P,; Guo,
B.-N. Generalizations of
Hermite-Hadamard Type Integral
Inequalities for Convex Functions.
Axioms 2021, 10, 136. https://
doi.org/10.3390/axioms10030136

Academic Editor: Wei-Shih Du

Received: 20 April 2021
Accepted: 25 June 2021
Published: 28 June 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims
in published maps and institutional

affiliations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

College of Mathematics and Physics, Inner Mongolia University for Nationalities, Tongliao 028043, China;
nmwuying@163.com (Y.W.); yinhongping008@163.com (H.-P.Y.)

School of Mathematics and Informatics, Henan Polytechnic University, Jiaozuo 454010, China

*  Correspondence: bai.ni.guo@gmail.com

Abstract: In the paper, with the help of two known integral identities and by virtue of the classical Holder
integral inequality, the authors establish several new integral inequalities of the Hermite-Hadamard
type for convex functions. These newly established inequalities generalize some known results.

Keywords: generalization; integral inequality; convex function; Hermite-Hadamard type

MSC: 26A51, 26D15, 26D20, 26E60, 41A55

1. Backgrounds and Motivations

A function f : I C R — Ris said to be convex on an interval I if

fltx+ (1 —t)y) <tf(x)+(1—t)f(y)

holds forallx,y € Iand t € [0,1]. If f : | C R — R is a convex function and a,b € I with

a < b, then
f<1142—b> dx<f()+f()

The equalities in (1) are valid if and only if f(x) is a linear function on [a,b], as can
be seen in [1] (p. 59). In mathematical literature, the double inequality (1) is called the
Hermite-Hadamard inequality, named after Charles Hermite (1822-1901) and Jacques
Hadamard (1865-1963). The Hermite-Hadamard inequality (1) is a necessary and sufficient
condition for a real function to be convex on a closed and bounded real interval. It was
extensively studied and generalized over more than one century, since it was first published
in [2,3]. Copies of these two papers are available on the Internet since they belong to the
fundamental knowledge of the humankind. The monograph [1] is fundamental and can
be freely downloaded from the Internet. Other four fundamental monographs are [4-7].
They present the directions of development of the research in this field until now. Since
then, the double inequality (1) has attracted many mathematicians” attention. Especially, in
the last three decades, numerous generalizations, variants and extensions of this double
inequality have been presented. In particular, the Hermite-Hadamard-type inequalities
associated with a variety of fractional integral operators have been provided in [8,9] and
closely related references therein.

In the paper [10], the Hermite-Hadamard integral inequality (1) was generalized as
the following theorems.

)

Theorem 1 ([10] (Lemma 3)). Let f : I C R — R be a differentiable mapping on I1°, the interior
of an interval I, with a,b € I and a < b. If f is a convex function on I, then

((132) = b o= (250) () (5]
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and

3b— 3a—b
/f d.X* —;)_f(za)?:f(aZ)
After carefully verifying the above, we find that the convexity of f should be added
to [10] (Theorem 3). The slightly amended version of [10] (Theorem 3) can be stated
as follows.

®)

‘—ﬂ

Theorem 2 ([10] (Lemma 3)). Let f : I C R — R be a differentiable mapping on 1° with a,b € 1

and a < b, the second derivative f" [3“74’, 3b’”] — IR be a continuous function on [#, 32’7’“]

and g > 1. If f and |f"'|7 are convex on [3%72, 35221  then

3b — a+b 3a—b
s (5 e (7)o (05|
<(b—a)2 1(| (3 —a 1 y(3a—b\| 4
- 3 2 2 2 ’
In this paper, with the help of two known integral identities (see Lemmas 1 and 2
in the next section) and by virtue of the classical Holder integral inequality, we aim to

generalize those inequalities in Theorems 1 and 2 to several new Hermite-Hadamard-type
inequalities for convex functions.

7

2. Two Lemmas

For establishing new Hermite-Hadamard type inequalities for convex functions and
generalizing those inequalities in Theorems 1 and 2, we need the following lemmas.

Lemma 1 ([11] (Lemma 2.1)). Let f : I C R — R be a differentiable mapping on I° and a,b € I
witha < b. If f' € Li([a, b)), then

FO IO 2 [ fa

Remark 1. Since

¢ 01(1—2t)f’(b+t(u—b))dt. @)

/01/2(1—2t)f/(b+t(a—b))dt: ;/01(1—u)f’<b+ua;b>du

and

/11 (1—2t)f’(b+t(a—b))dt:—;Aluf’(a;b—kua;b)du,

/2
the identity (4) is equivalent to

(EEVC IR
:b;a[/ol(l—t)f/< a;b)dt_/ f<a—|—b a;b>dt].

Lemma 2 ([12] (Lemma 2.1)). Let f : I C R — R be a differentiable mapping on 1° and a,b € 1
witha < b. If f' € Ly([a, b)), then

[ foan— (40

1/2 1
:(b—a){/o tf'(b+ta—b))dt+ | (t—1)f(b+tla—0b))dt|. (5

1/2
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Letu,v € Rwithu <vand A > u > 0. For t € [0,1], it is clear that

N (A—n U Au — po u—A A\ Av—puu
v+ t(u v)_()\+yt+)t+y> A—n +<A+Ht+/\+}l A (6)

3. New Integral Inequalities of Hermite-Hadamard Type

Now, with the help of integral identities (4) and (5), and by virtue of the classical
Holder integral inequality, we begin to establish several new integral inequalities of the
Hermite-Hadamard type for convex functions on R and to generalize integral inequalities
in the aforementioned Theorems 1 to 2.

In this section, we use the notations

Au—puv Av— uu o A —yuov Av— uu
I)w(u,v):[ A‘Z , )‘_Z] and IA/”(u,v):< )\—;P: , /\_z ) (7)

Theorem 3. Suppose that A > p > Oand a,b € Rwitha < b. Let f : I) ,(a,b) - Rbea
convex function. Then

f(”;b) < bia/abf(ﬂdx
gM[(A—ﬂ)f<w>+4uf<a;b)+(A—#>f<Af\:ﬁb)] (8)

and
i e ()| = b (i) ()

where the equalities in (8) and (9) are valid if f(x) is a linear function on [a, b).

)]

Proof. Using the change of the variable x = ﬁt + ALW (a+7D)fort e [M%Vb, M} and
the convexity of f on I, ,,(a,b), we have

1 b A (Ab—pa)/ A A i
dx=—-+ Lt b)) dt
b—u/a USAS (A+u)(b—a) /(Aafuhw f<)»+u +A+u(a+ ))

A Ab—pa)/A (A —u A 2u <a+b)>
(A+ﬂ)(b—a)/ma—ub>m f<?t+zm—u +/\+V 2
A (Ab—pa) /AT A — y A 2u a+b
< - t dt (10
~(Atu)(b—a) /(/\ﬂ*uh)/?\ [A+uf<?\—ﬂ >+A+uf< 2 )] {10

(A—u)? (Ab—pa)/(A=p) 2u (a + b)
= T v Hydt+ ——
(A+u)2(b—a) /(/\ufyb)/(/\fy) fle)dt+ A+ptf 2

and

(A—wu)? (Ab—pa)/(A=p) A—p Ab — ua Aa — ub
(A+u)2(b—a) /wfub)/wm fndi< 2(A+p) {f( A—p )”( A—p ﬂ )
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Substituting the inequality (11) into the inequality (10), we have

0 [ ax—r( 21
o fi-r ) (52 -5
o) (13 e (5]

Therefore, the inequalities (8) and (9) hold.
It is straightforward to verify that, if f(x) = cx 4 d on [a, b] for ¢, d being constants,
the equalities in (8) and (9) are valid. Theorem 3 is thus proven. [

Remark 2. Ifsetting A = 1 and y = 0 in Theorem 3, then we recover the double inequality (1).
If letting A = 3 and y = 1 in Theorem 3, we derive the above inequalities (2) and (3) obtained
in [10] (Lemma 3).

Theorem 4. Suppose that A > p > 0and a,b € Rwitha < b. Let f : I) ,(a,b) = Rbea
differentiable mapping on I3 (a,b). If |f'|9 for g > 1 s a convex function on I, ,(a,b), then

1 b a+b
e (57
<b—u{{)\+2y f,</'\a—yb> f,()\b—ya)
- 8 3(A+pu) A= 3(A+p) A—u
[ 2A + f,(Aa—yb) T At2u f,(/\b—ya) T/q}
3(A+pu) A—u 3(A+n) A—p '
Proof. By Lemma 2 and the Holder integral inequality, we have

‘bia/abf(x)dx_f<a;b>’

<(b—a) [/Ol/zﬂf’(b—l—t(a—b))dt+/112(1—t)]f’(b+t(a—b))|dt}
< (b—a){ </01/2tdt)11/q Uol/ztlf’(b+t(a —b))lth]w v

+ (/11 (11&)dt>1_1/l7 [/112(1t)|f’(b+t(ab))|th]l/q}_

/2

T 204w

q11/q
} 12)

Since (4 — A)t+ A > 0and

(A_VH-V >+ (”_)‘HA ) =
Adu  A+p Adu  A+pu)
for t € [0,1], letting u = a and v = b in the identity (6) and using the convexity of | f’|7
arrive at
d(Aa—ub\ T (p—=At+ M|, (Ab—pa\|!
f( )|t M=)

Fo+ta—pp < oL o

- Atpu

Straightforward computation yields
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1/2
/O HF (b + t(a —b))|7dt

V2 TA=wu)t+u|, (Aa—ub
S'/o t[ At f(A—V)
f/ Aa — ub 1 2A+u

A= 24(A+p)

/11 (1= D|f (b +ta—b))|dt

T (u—At+A f,()»b]m>
Adu A—u

g

q
]dt (15)

A2
C 24(A +p)

and

/2
! A—wt+p /(Aa—ub)q (=)t +A ,<Ab—w> q]
< 1—-t dt
_/1/2( )[ A+u f A—u A+u f A—u (16)
_ 2+ f,</\a—yb>q A+ 2u f,<)tb—;m>q
24(A+p) A—u 24(A+p) A= '
It is easy to see that
1/2 1 1
tat= [ (a-ndt=g 17
| [ a-ndt=g (17)

Applying inequalities (15), (16), and (17) into the inequality (13) gives

'bia/abf(x)dx_fc;b)‘ = bga{Mmflf’(ﬂt(a—b))mdtr/q

+ [/112(1 —)|f' (b+t(a _b))th]l/‘J}

q

st {5 sl (=)l
— q — 774749
ot (G0 s Gl )

The proof of Theorem 4 is complete. []

Corollary 1. Under conditions of Theorem 4,
1. ifg=1,then

‘ | /bf(x)dx_f<a+b>‘ . b—al!f’(AKIff’)lﬂf’(Afii‘f)I];

b—a 2 4 2
2. ifA=1land u =0, then

L [ r(72)

<boaf [If’(a)l"+2|f’(b)|q]1/q+ 2 If’(b)l"r/q}.

- 8 3 3
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Theorem 5. Suppose that A > p > O and a,b € Rwitha <b. Let f : I) ,(a,b) — Rbea
differentiable mapping on I} , (a,b), where I, (a,b) and I3 (a,b) are defined as in (7). If | f'|7 for

q > 1is a convex function on I ,(a,b), then
1 b a+b b—a/qg—1\"YI([ A+3u |, [ ra—ub\]|
- <
a0 <5 Em) Tl (52
B3A+u ,(Ab—ya)q]l/q_i_{SA—i-y ,<Aa—yb>q
4(A+p) A—u 4(A+p) A—u
,(Ab— pa
A—p

A+ 3y T/q}

4(A+p)
Proof. Similar to the proof of the inequality (12) in Theorem 4, making use of Lemma 2
and the Holder integral inequality reveals

‘bia/abf(x)dx_fcz;b)‘
1/q

<(b- a){ [/01/2 4/ (@-1) dt} s Uom /(b + t(a — b))|‘7dt} (19)

(-l [ rese-ra]

1/2 1 _1 /1\@-D/@-1)
1/@-1) gt :/ 11— D gt = q() . 20
| -1 >3 (20)

(18)

where

From the inequality (14) and by the convexity of |f'|7, we obtain

2, B A+3u |, Aa—yb)q BA+pu ,(/\b—ya)q

[ 17t epprar < @m0 (M) Py SR (MR
and

L, B SA+u |, (Aa—ub\|T  A+3u | Ab—ya)q
/1/z|f(b+t(a IS 50 ( A—p ) 8(A+p) (A—u 2

Substituting inequalities (20), (21) and (22) into the inequality (19) yields the inequality (18).
The proof of Theorem 5 is complete. []

Theorem 6. Suppose that A > p > Oand a,b € Rwitha <b. Let f : I) ,(a,b) — Rbea
differentiable mapping on Iy | (a,b), where I ,,(a,b) and I} (a,b) are defined as in (7). If |f'17 for

q > 1is a convex function on I /W(a, b), then
{{)\4—2;4 ,(Aa—(Zy—A)b)q
3(A+n) 2(A =)

f(a) ﬂl/ flx
T g e
)

f()Lb 2;1 /\ )

2N+
3(A+p)

A+2u
3(A+u)

(23)
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Proof. By Lemma 1 and the Holder integral inequality, we have

fa +f
IR
i L
B 1 “1qp —
b4ui(4§:;jd? ‘}éfl:);(q aij)
+<Atd0 {Atf( 7 Tt > “] }

For t € [0,1], putting u = a and v = “4? in the identity (6) and using the convexity of | f'|7
result in

,(a+b a—b

(57 +)
cA—pttp
- A+u

IN

q 1/q
d t} (24)

IN

q

r(Fae)

q+(y—Aﬁ+A
A

f ()\b ;(E\Zﬁ ;)A)a) 1

Accordingly, we have

/1t fa+b  a—
0 2 2

((zA—wa—yb) 1

dt</ [/\ w)t+p

Atp 2(A —p)
(=Mt +A (Ah—Qy—AM)th
Aty 2(A = p)
_ 2\ /(@AVM;w)q A+ 2p ,(AbeAM)q -
6(A+p) 2(A —u) 6(A+ ) 20— p)
Similarly, taking u = ”%b and v = b in the identity (6) gives
1 a—"b\|"
!
- — t
A(lt) @+t2 ) d
A+2p /(M%—Qy—kw>q 2\ +p ,(QA_Vw_ya)q -
“ (At 2(A = p) 6(A+ 1) 20— p)

Substituting inequalities (25) and (26) into inequality (24) yields (23). The proof of
Theorem 6 is complete. [

Corollary 2. Under conditions of Theorem 6,if q =1, A =1, and u = 0, then

‘f )+ f(b) 1 /f ‘ [If’ a)| + |f (52 + £ (b)

[6¥]

55



Axioms 2021, 10, 136

Theorem 7. Suppose that A > p > O and a,b € Rwitha <b. Let f : I) ,(a,b) — Rbea
differentiable mapping on I} , (a,b), where I, (a,b) and I3 (a,b) are defined as in (7). If | f'|7 for
g > 1is a convex function on I/\,y(a, b)and 0 < ¢ < q, then

f(a) + £(b) 1 b b—a g1 1-1/q
2 _b—a/ﬂf(x)dxS 4 {25,_(“1)]

x{{( A+ (l+1)u f,<)\a;((2y—/\)b>

q

4+1)(0+2)(A+p) A—u)
L+DA+u QA — )b — pa 11/
S GeEen d el o
[ (+DA+u f,<(2/\—y)a—yb)q
C+ D) +2)(A+p) 2(A — p)
At (L+1)u L (Ab— (2u— A)a\ |11
+<e+1><z+z>m+mf< 20— 1) H }

Proof. Similar to the proof of the inequality (23) in Theorem 6 from Lemma 1 and the
Holder integral inequality, we derive

e e TECLE

b—al /1 , a—b Ly, (fa+b a—1D
< Uo (1—t)f(b+t2) dt+/0tf< 5 Tt )‘dt}
b—a 1 1-1/q 1 , a—b\ |7 1/q (28)
_ p\(a-0)/(q-1) YAy
<2 H/O(l 1=/ dt} {/0(1 f) f(b+t . ) dt]
1 1-1/91 1 ) b _p\ |7 1/q
_|_[/0 t(qf)/(ql)dt} [/0 %f(ll—;q—taz > dt} }
It is obvious that
1 1
_na0/a g = [ fa0/a) g 971
/0(1 £1=0/( dt—/otq "=y (29)
By the identity (6) and the convexity of |f’|7, we obtain
ool a—b 1 A+ (L+1)u J((Aa— (2u—A)b\ |
fa-oy (e 30) e e ol (M)
(L+DA+u (A — )b — pa\|*
raresnar) (e o
and
Lyl fa+b a—b\| UL+1DA+u (A —w)a—ub\ |*
L (5 ) s ol (Caea ™)
A+ (l+1)u ,(Ab—(Zy—)\)a)q (31)
L+1)(L+2)(A+n) 2(A—p)

Substituting inequalities (29), (30) and (31) into the inequality (28) concludes the
inequality (27). The proof of Theorem 7 is complete. [

4. Remarks

In this section, we provide several remarks on our main results and related ones
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Remark 3. The facts that inequalities (8) and (9) in Theorem 3 are sharp were observed and pointed
out by an anonymous referee.

Remark 4. In fact, the new inequalities in this paper are obtained by using the computation
techniques inspired by the papers [11,12] and generalizing ideas from the paper [10]. Similar types
of inequalities, or particular cases, are obtained in the literature by other techniques. One may see
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excerpted and adapted from valuable comments of an anonymous referee of this paper.

Remark 6. The new inequalities (8) and (9) for convex functions are sharp. But the inequalities
involving differentiable functions having derivatives with convexity properties lose the property
of sharpness within the class of linear functions. For example, the inequality (12) in Theorem
4, the inequality (18) in Theorem 5, the inequality (23) in Theorem 6, and the inequality (27) in
Theorem 7 are not sharp for linear functions, as the classical Hermite-Hadamard inequality (1) and
the inequalities from [11] (for similar types of functions), but they are sharp for constant functions.
This solves the problem of sharpness easily. These texts are excerpted and adapted from valuable
comments of an anonymous referee of this paper.

5. Conclusions

In this paper, with the help of two known integral identities and by virtue of the
Holder integral inequality, in Theorems 3-7, and their corollaries, we established several
new integral inequalities of the Hermite-Hadamard type for convex functions. These
newly established inequalities generalize corresponding ones in the paper [10].
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Abstract: This paper deals with non-perturbed and perturbed systems of nonlinear differential
systems of first order with multiple time-varying delays. Here, for the considered systems, easily
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1. Introduction

The research of systems of delay differential equations (DDEs) with multiple constant
and time-varying delays is always a challenging field of study. This is due to the fact that
the system of DDEs can be frequently found in many fields such as mechanics, artificial
neural networks power systems, medicine, physics, biology, population ecology, engi-
neering, and so forth. For example, the books of Burton [1], Hale and Verduyn Lunel [2],
Kiri and Ueda [3], Kolmanovskii and Myshkis [4], Kuang [5], Lakshmikantham et al. [6],
and Smith [7] are very important reference books for various fundamental and qualitative
results of stability and periodic solutions of functional differential equations of the first and
second order. These books also include numerous methods, techniques, their theoretical
and real applications in science, engineering, and technology. Indeed, a large number of ap-
plications in the theory of artificial neural networks, numerous models for some population
dynamics, and ecology problems, etc., can be represented by DDEs with multiple delays,
(see, in particular, Berezansky et al. [8], Gil [9], Smith [7], and the bibliography therein).
Accordingly, the study of qualitative properties of solutions of scalar DDEs and systems
of DDEs with multiple time-varying delays has an important significance in sciences and
engineering, and it deserves the attention of researchers.

In recent years, numerous interesting and fruitful results on the qualitative analyses
for various differential equations of first and second order both with and without delay
have been obtained by applying a linear matrix inequality (LMI) approach, the second
Lyapunov method, the LKM, fixed point method, and so on. In particular, some related
works on the subject can be summarized briefly as the following.

Berezansky et al. [8] considered a non-autonomous system of first order with time-
varying delays. Via the M-matrix method, easily verifiable sufficient stability conditions
for the system and its linear version are obtained in [8].
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In Berezansky et al. [10], uniform exponential stability of linear systems of first order
with time varying coefficients is studied. In [10], a new explicit result is derived with
the proof based on the Bohl-Perron theorem. The resulting criterion has advantages over
some previous ones.

In Gil [9], the author presents exponential stability results for a nonlinear system
of differential equations of first order. Here, the author obtains sharp bounds for the so-
lutions of the system and thus exponential stability can be determined without the use
of Lyapunov functions.

Gozen and Tung [11] investigate an exponential stabilization problem for a class of linear
systems of first order with two variable delays. Via a suitable Lyapunov—Krasovskii func-
tional, Leibniz-Newton’s formula and linear matrix inequalities, the authors derive some
new sufficient conditions for the exponential stability of the zero solution of the system.

Liu [12] studies a class of systems of non-autonomous differential equations of first
order with multiple delays. In [12], under proper conditions, several criteria of global
stability of a positive equilibrium are obtained.

In Matsunaga [13], for a linear delay differential system of the first order with two
coefficients and one delay, some necessary and sufficient conditions on the asymptotic
stability of a zero solution, which are composed of delay-dependent and delay-independent
stability criteria, are established and the range of the delay is explicitly given.

In Ngoc [14], general nonlinear time-varying differential systems of a first order with
two variable delays are considered. Several explicit criteria for exponential stability are
given. A discussion of the obtained results and two illustrative examples are presented.

In Petrusel et al. [15], existence, stability, and localization results for a general system
of operator equations in complete metric spaces are presented. The approach is based on
the application of some fixed point theorems for orbital contractions in a complete metric
space.

In Rebenda and Smarda [16], asymptotic properties of a real two-dimensional differen-
tial system with unbounded non-constant delays are investigated. The sufficient conditions
for the stability and asymptotic stability of solutions are given. Asymptotic properties
of solutions are also studied by means of a Lyapunov-Krasovskii functional.

Shu [17] considers the linear delay system:

%(t) = Ax(t) + Bx(t —r).

The author gives sufficient conditions for the asymptotic stability of the zero solution
of this system by deriving a pair of one dimensional delay differential equations from the sys-
tem and comparing the Lyapunov exponents of the corresponding fundamental solution.

Slyn’ko and Tung [18] discusses the instability of set differential equations by using
some geometric inequalities.

In Tung [19-21] and Tung and Tung [22-25], stability, boundedness, and some other
properties of solutions of various non-linear differential systems of second order without
or with delay are investigated by the second Lyapunov method and integration techniques.

In Tung and Golmankhaneh [26], the stability of fractal differentials in the sense of Lya-
punov is defined. Sufficient conditions for the stability, uniform boundedness, and conver-
gence of solutions for the suggested fractal differential equations are presented and proven.

Yskak [27] considers a class of linear systems of differential equations of first order with
distributed delay and periodic coefficients. The author established sufficient conditions
for the asymptotic stability of solutions to this system, obtain estimates of solutions, and
study robust stability. On the basis of the obtained results, the author proves an analogue
of the Krein’s theorem on stability of solutions to the linear system of differential equations
with distributed delay.

In Zhang and Jiang [28], by constructing a suitable Lyapunov functional and using
some analytical techniques, the authors obtain sufficient conditions for the global expo-
nential stability of zero solution to a class of differential systems of first order with delay.
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The results show a relation between the delay time and the coefficients of the equations.
In [28], two examples also are given to illustrate the validity of the results.

In Zhang and Wu [29], the authors develop a new technique to study the stability
of the delay differential system of first order. In this way, the construction of suitable
functionals for a given system with finite delay is easier. The conditions obtained are
less restrictive. The main results are three theorems on the stability of the zero solution
of the system with finite delay. We also refer readers to the papers of Petrusel and Rus [30],
Kien et al. [31], Chadli et al. [32] and the bibliographies of the mentioned sources.

However, to the best of our knowledge, the LKM is the most effective method to
investigate various properties of systems of delay DDEs with multiple time-varying delays
provided that construct or define a suitable LKF. In fact, from this point of view, construct-
ing, defining, or finding a suitable LKF for a problem under study is a difficult task and
an unsolved problem in the literature until this time.

In 2020, Ren and Tian [33] considered the following system of linear DDEs with
time-varying delay,

x(t) = Ax(t) + Bx(t — h(t)), 1)
x(t) = ¢(t), t € [—hy,0],

where x(t) € R" is the system state, A, B € R"*", and h(t) € C'(R*, (0,0)) is the time-
varying delay and satisfies the following conditions:

0<h <h(t) <hy hyy =hy —hy,0 < h'(t) <hg <1

Ren and Tian [33] defined a LKF for the system of DDEs (1). Then, based upon the de-
fined LKF, Ren and Tian [33] proved a theorem, ([33], Theorem 1), on the asymptotically
stability of the system of DDEs (1).

The motivation of the results of this paper has been inspired from the paper of Ren and
Tian ([33], Theorem 1) and those in the bibliography of this paper. In this paper, we take
into consideration a perturbed nonlinear system of DDEs with three multiple time-varying
delays as given below:

x(t) = A(t)x(t) + BF(x(t — (1)) + CG(x(t — a(t))) + P(t, x(t), x(t = h3(t))), ()

where x € R",t € Rt = [0,00), i (t) € CH(RT,(0,00)), k=1, 2,and h3(t) € C(R™, (0,00))
are the time-varying delays, A(t) € C(R*,R"™"), B, C € R"", F, G € C(R",R"),
F(0) = G(0) =0and P € C(RT x R" x R",R"). We assume that the given time-varying
delays hy(t) and hy(t) satisfy the following conditions:

0<hy <hi(t) <hy0< hy <hy(t) < hy,

0< hll(t) <h;<1,0< hlz(t) <hg <1,
h = max{hy, hy}, hg = max{hs, he}. (3)

We now outline the aim of this paper by the following items, respectively:

(1) We study the uniformly asymptotic stability of zero solution and the integrability
of the norm of solutions of the following unperturbed nonlinear system of DDEs via
Theorem 3 and Theorem 4, respectively:

x(t) = A(t)x(t) + BF(x(t — hi(t))) + CG(x(t — ha(£))). 4)

To investigate these problems, we define a very different LKF from that in Ren and
Tian [16];

(2) We investigate the boundedness of solutions of the perturbed system of nonlinear
DDEs (2), see Theorem 5’
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(3) In particular cases, two new examples with graphs of their solutions are provided to
show applications of Theorems 3-5.

The rest of this paper is organized as follows. Some basic information related to
a general functional differential system and a necessary auxiliary theorem, Burton ([1],
Theorem 4.2.9), are given in Section 2. A reference theorem of this paper, Ren and Tian
([33], Theorem 1), concerning asymptotic stability of the system of linear DDEs (1) is given
in Section 3. Two new results and an example concerning uniformly asymptotic stability
and integrability for the unperturbed system (4) are presented in Section 4, while a result
and an example for the boundedness of solutions of the perturbed system of DDEs (2) are
given in Section 5. Finally, some discussions, contributions, and a conclusion are given
in Sections 6 and 7, respectively.

2. Background and Motivation
Consider the system of DDEs:

dx

2 H(t

= H(tx), ©)
where H € C(R x Cy,R"), H(t,0) = 0 and takes bounded sets into bounded sets. For some
T >0, Cop = Co([—T,0], R") denotes the space of continuous functions ¢ : [—7,0] — R".
For any a > 0, Vtg > 0 and x € Cy([to — T, to + a], R"), we have x; = x(t +0) for —7 <
0 <0andt > t.

n
Let x € R". The norm |.|| is defined by ||x|| = ¥ |x;|. Next, let A € R"*". For this
i=1

n
case, the matrix norm, ||A||, is defined by ||A| = max <Z |ai]-|).
1<j<n \i=1

In this article, without loss of generality, sometimes instead of x(t), we will simply
write x.
For any ¢ € Cy, let:

9llc, = sup [l¢(O)]l = [l¢(O) [l

oe[—r,0]

and
Cy={¢:¢ecCyand H¢||C0 < H < o}.

We suppose that the function H satisfies the conditions of the uniqueness of solutions
of the system of DDEs (5). We note that the system of DDEs (2) is a particular case
of the system of DDEs (5).

Let x(t) = x(t,ty, ¢) be a solution of the system of DDEs (5) such that x(t) = ¢(t) on
[to — T, to], where ¢ € C([tp — T, tp], R") is an initial function.

Let,

Vi(t,¢) : RT x Cy — RT,RT = [0,00),

be a continuous functional in t and ¢ with Vi(¢,0) = 0. Further, let %Vl(t,x) denote
the derivative of Vj(t,x) on the right through any solution x(t) of the system of DDEs (5).

Theorem 1 (Burton ([1], Theorem 4.2.9). Assume that:

(A1) The function Vy(t, x) satisfies the locally Lipschitz in x, i.e., for every compact S C R" and
¥ > to, there exists a Kys € R with Kys > 0 such that:

[Vi(t,x) = Vi(t,y)| < Kqs||x *yH[tO—r,t]

forallt € [ty, ] and x,y € Co([to — T, t0],S);
(A2) Let Z(t,¢) be a functional such that it satisfies the one-side locally Lipschitz in t:

Z(tz,(l)) —Z(tl,gb) < K(tz — tl),O <h <th<oo,K>0KEeR,
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whenever ¢ € Cy, where Z : RT x Cy — R is continuous;
(A3) There are four strictly increasing functions w, wy, wy, w3 : RT — RY with value 0 at 0 such
that:

w([[9) 1)+ Z(t, @) < Vi(t,¢) < wi([[@0)]1) + Z(t ¢),
Z(t,¢) < wr(lgllc)

and

%Vl(t,x(.)) < —ws(|lx()II)

whenever t € R™ and x € Cy. Then, the solution x(t) = 0 of the system of DDEs (5) is
uniformly asymptotically stable.

3. Asymptotic Stability

Firstly, we state the main result of Ren and Tian ([33], Theorem 1).

Theorem 2 (Ren and Tian [33], Theorem 1). For given scalars hy and hy , the system (1) with
time-varying delays satisfying the condition 0 < hy < hy(t) < hy is asymptotically stable if there
exist matrices P € S5, Q1, Qaz, Q3,

Qs € 8%, N, Ny € RI3nx4n oych that the LMI:

() — TTR(a)T — He(TT [(1 Zf‘[)TNq I
&Ny

aN{ + (1 — )N -Q

Y(a) =

holds for &« = {0,1}, where:

d>((x) :HE(Z{PZZ) + 8{Q1€1 — €£Q1€2 -+ €£Q282 — €£Q2€4 + h%SgQgeo
+ el Quep — 21 Q385 — 321 Q3% — 521 Q355 — 727 Q3%

_1.T T T T 12.T 1,3.T 1T
Zl —[81 h1€5 0(]11286 + (1 - 06)]’[1257 h]€8 hlgll] 7
2 !
Yo =|eb el —el ) —el niel —mel el —n3el|

St
23 =1 — €,
2y =e1 +&p — 2¢5,
X5 =¢&1 — €y + b6e5 — 12¢g,
Y6 =€1 — €p — 12¢e5 + 60eg — 120¢11,
Yy =gy — €3,
Xg =¢ep + &3 — 2¢,
Y9 =gy —e3 + b6gg — 12¢9,
Y0 =€2 + €3 — 12¢4 + 60gg — 120¢1,,
2y =€3 — €y,
2y =3+ &4 — 2¢7,
Y3 =€3 — €4 + 6e7 — 12¢1,
Y4 =3 + &4 — 12e7 + 60e19 — 120¢13,

€9 =Aé€q + Bes,

T
r:[z? Y5 Zg Zfp I I Zfs 2{4} ,
Q =diag(Q4, 3Q4, 5Q4, 7Q4),
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and
= Rnxl{in
1

is defined as:
& = [ nx(i—1)n In 0n>< 13— }forl—l 2,..,13.

4. Uniformly Asymptotic Stability and Integrability

We now deal with the non-perturbed system of DDEs (4). Here, we first extend
and optimize the asymptotic stability result of Ren and Tian ([33], Theorem 1) under very
weaker conditions. Next, we give an integrability result for the solutions of the unperturbed
non-linear system of DDEs (4). The technique of the proofs is based upon the LKM.

The first main result of this paper is given by Theorem 3.

Theorem 3. We assume that the following conditions (C1) and (C2) hold:
(C1) There exist positive constants ag, fo, and go such that:

n
ai(t)+ Y |aji(t)] < —agforallt € RT,
j=Ljti
F(0) =0, ||F(u) — F(0)|| < follu — | forall u, v € R"

and
G(0) = 0,]|G(v) — G(w)|| < gollv — wlll for all v, w € B";

(C2) There exist constants ag, fo, go and hg from (C1) and (2), respectively, and o such that:

ao(1 —ho) — fol|B|| — &ol[C|| = do.

Then zero solution of the unperturbed system of DDEs (4) is uniformly asymptotically stable.

Proof. We define a new LKF W; := W (¢, x;) by:

t
Wit ) = | ||+D [ lx(s)as, ©)
hi(

t—(t)

where A; > 0, A; € R such that these arbitrary constants will be chosen in the proof later.
The LKF (6) can be expanded as the following:

Wit x0) =] 1 (8)] + o + |50 ()] + A1 / x(s) | ds + A / x(s) | ds

—0 0
t t

=151 ()] + oo+ 20 ()] + Ay / 1 (8)]ds + . + Mg / 1 (5) | ds
t—hy(t) t=hi(t)
t t

4 A / 11 (8)|ds + oo+ Ao / 1 (5)|ds.

t—hy(t) t=ha(t)
From (6), it follows that the LKF Wy (¢, x;) satisfies:
Wi(t,0) = 0, mllx] < Wit xt), 11 € (0,1), 11 € R.

Let,
T2>21L,1eR
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and
) t
=Y A [ lx))ds:

)

Hence, it is clear that:
mllx[| + Z(t, x) < Wit xt) < 7ol[x|| + Z(2, x).

As for the next step, by some elementary calculations, we derive:

(Wit xe) = Wit y)| <[ lx(O = lly®)] |+ Z?\ / xS = lly ()]l 1ds
hl(

t—h ()
t-
<t -yl + A [ ) —yo)lds
=1y
<x(t) |+2Ah sup [x(s) ~ y(s))]
t—h;(t)<s<t

<[lx()) =y +Atha - sup  [lx(s) —y(s))ll

t—hy(t)<s<t

+Ashy  sup  lx(s) —y(s)) |-
t—hy(H) <s<t

From this point of view, we have:

[Wi(t, x¢) — Wit ye)| <(1+ Arhy + Aahy)

xmaX{ sup [|x(s) —y(s)[l, sup IIX(S)—y(S)II}

t=hy(t)<s<t t—ha(t)<s<t

=D1ma><{ sup [x(s) —y(s)l, sup IX(S>y(S)II}r

t=hy(t)<s<t t=hy(t)<s<t

where:
D1 :=14 A1hy + Ayhy.

Thus, we can conclude that:

Wt x6) = W (k)| < Dy max{ 11(5) = y(5)l gy 0,0 1405) = 55y -

The last inequality shows that the LKF Wy (£, x;) satisfies the locally Lipschitz condition.
Hence, the satisfaction of the condition (A1) of Burton ([1], Theorem 4. 2.9) was shown.
For the next step, from the definition of Z(t, x), it follows that:

t=hy(t)<s<t t=hy(t)<s<t

2 t
=Y A [ Ol S An() sup [x(s)| +A2ha(t)  sup [x(s)]
t_hz(t)

< Aphy  sup  ||x(s)|| 4+ Azhy  sup  ||x(s)]].
t=hy (t)<s<t t—hy(t)<s<t

Thus, we get:

Z(t, x) < Mol ()|l jp—py (1), + A2hallx () -y )9

65



Axioms 2021, 10, 138

As for the next step, using some simple calculations, we find:

Z(t) =2t x) =Y N [ x@lds= YA [ [xs)lds
i=1 ty—h;(t2) i=1 t1—h;(t1)
) ty P t
=Y N [ 6= YA [ () s
i=1 ty—h;(t2) =1 t1—hi(ty)
ta—h;(t2) 2 ty—h;(t2)
YA [ Ix@)ls = YA /|mmm
i=1 t1—hi(ty) =1 ti—hi(t1)
> b _
:Zm/W|w—ZA/  x(s) s
i— —hi(t1)
> b
< YA [ lx(s) s
i=1 f
<(M +A2) sup [[x(s)[[(f2 —t) = M(t2 — 1),
t1<s<tp

where:

= (A1 +A2) sup |[x(s)]|,0 <t <ty < oo
t1§s§t2

Thus, the satisfaction of the condition (A2) of Burton ([1], Theorem 4. 2.9) was proven.

As for the next step, we calculate the time derivative of the LKF Wy (¢, x¢) in (6) along
the system of DDEs (4). Then, we can obtain that:

%M (t, xt) Zx )xi(t+0) + Arllx ()] = Agflx(t = ()] x (1 =K'y (8))
+AZIIX( ) = Azlx(t = ha(£)) ] x (1= H'a(8)). @)

We now consider the first term of the equality (7). Via the condition (C1) and some
elementary calculations, we have that:

im@HW%ﬂSﬁmﬁﬁﬂ+i.i£WHmm

i=1 i=1j=1,j#i
non

+ 20 2 byl [F(x(t = m(#))]
i=1j=1

+ZZ\CU\ [Gj(x(t = a(8))))]

i=1j=1
:f (ﬂii(t)Jr i |aji(t)’>xi(t)|
i=1 =Lt
+ Bl [[F(x(t = ha ()| + Il [[G(x(t — ha()))]]
< —ag|lx(t)|| + Bl [|F(x(t —hr(E))|| + [[CI| [|G(x(t — ha(£)))]]- ®)
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From this point of view, combining (7) and (8) and using the conditions of (3), it
follows that:

LW (t, ) < = aollx(8) | + Bl IFGe(t b (8) | + €I Gt — ha(t)))]

dt )
+ M llx(B)]] = Allx(t =B ()] x (1= H'1(t))
+/\2||x(t)|| — Al (t —ha(8))]| x (1 —H'2(t))
< —agllx(®)|| + Bl [IF(x(t —h1 ()| + ICI| [|G(x(t — h2(t))) ]
+/\1||x(t)|| = M[x(t = (8))] x (1 —hs)
+/\2||x(t)|| — Ag|[x(t = ha(t)) | x (1 —he)
—agllx(t)[| + || B|| [[F(x(t = ha ()| + ICI |G (x(t — ha(2)))]]
+M||x(t)||—)\1(1—h0)||x(f— hi (1))
+/\2||x(t)|| = A2(1 = ho)[|x(t = ha(2)) ]
< —apl[x(t)[| + fol| Bl [[x(t = k1 (£))[| + olIC|[ [[x(t — ha(t))]|
+/\1||x(f)|| — A1 (1 = ho)[|x(t = hy (1)) ]
+ Aalx()]] — A2(1 = ho)[|x(t — h2(2))]]-

Since A and A, are arbitrary positive constants, let A} = f OHB” and Ay = goH ” . Then,
keeping in the mind the condition (C2), we conclude that:

_ follBl_ gollcl
e e IL0]

d
EWl(t, xt)

IN
x

= {1 o) — fol Bl — soll I ()]
0
—Kol[x(t)]], ©9)

IN

where:
Ko = do(1 — o) ™"

Hence, from (9), it is seen that the derivative %Wl (t, x¢) is negative definite. Thus,
the condition (A3) of Burton ([1], Theorem 4. 2.9) was satisfied. Hence, all the conditions
of (A1)-(A3) of Burton ([1], Theorem 4. 2.9) were satisfied. The whole discussion proves
that the zero solution of the nonlinear unperturbed system of DDEs (4) with two mul-
tiple time-varying delays is uniformly asymptotically stable. This completes the proof
of Theorem 3. [J

Theorem 4. Let the conditions (C1) and (C2) of Theorem 3 hold. Then the norm of solutions
of the unperturbed system of DDEs (4) with two multiple time-varying delays are integrable
in the sense of Lebesgue on Rt = [0, c0).

Proof. The proof of this theorem depends upon the LKF Wy (¢, x;). Via the conditions (C1)
and (C2), as before we obtain the inequality:

d
SWi(tx) < ~Kollx(1)]. (10)

Since %Wl (t, x¢) is negative definite, the LKF W1 (¢, x;) is decreasing. Keeping in mind
this fact and integrating the inequality (10), we obtain:

Ko/ [[x(s)lds < Wi(to, ¢(to)) — Wit xt) < Wi(ko, ¢(to)) = Ky >0

to
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for all t > ty. This inequality clearly implies:

/ ||x \ds < KO 1W1(fo,gb(f0)) = Ko_lKl < o0,

to
O]

Thus, the norm of the solutions of the unperturbed system of DDEs (4) with multiple
two time-varying delays is integrable in the sense of Lebesgue on R™ = [0, 00). Hence,
the proof of Theorem 4 is completed.

In a particular case of the unperturbed system of DDEs (4) with two multiple time-
varying delays, we now give an example, Example 1, to show that the conditions of (C1)
and (C2) of Theorem 3 and Theorem 4 can hold.

Example 1. Consider the following system of non-linear DDEs with two multiple time-varying

delays:
()% 8, )(2)
*2 5, -5
3 2 sin xq t—4|smt|
“(25)
23 sinx, (t — §[sin|
271 sinxy (t— |sint|
- ( ) . , (11)
L2 sinx, (t — %[sin|
where hy (t) = §|sint| and hy(t) = 3|sint| are two multiple time-varying delays, and t > 1.

From this point of view, we compare both the system of DDEs (11) and DDEs (4) with
two multiple time-varying delays. Hence, we derive that:

t
A(t):<25_t+l t+1t>,
t+1 =25— g

3 2 21
B:(z 3>’C:(1 2>'
inx;(t— Lisint
s — z/sin

F(0) = 0,x = (x1,x2)7,

sin t — Lisint
G(x(t —ha(t))) = G(x(t - %|sint|)) = ( xlg il |; ),

sinx, (t — %[sint|

G(0) = 0,x = (x1,x2)".
Let,

1 1 1
u=x(t— 1|sint|),u1 =x(t— Z|sint|),u2 = x(t — E|sint\),

1 . 1 . 1 .
v:y(t—1|smt|,vl:yl(t—Z|smt|),02:y2(t—Z|smt|)
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and
v=ux(t— 1|sint|) v = x1(t — 1|sini?|) Uy = xp(t — 1|sini?|)
- 2 s V1 — A1 2 s V2 — A2 2 7
1 . 1 . 1 .
w =yt — z|sint|,w; = y1(t — z|sint|), wr = ya(t — = [sint]).
2 2 2
In view of the matrix A(f), it is clear that:
() +lan ()] = —25— —— 4 L~ o5 24— 4
" S t+1 0 f+1 -
t t
t BDl=-25— — 4+ ~  — 25« 4= q,
ax(t) + [a12(t)] S T 5< ag
Then,
2
aii(t)+ Y aji(t)] < —24 = —ag forall t € RF.
j=Lj#
Next, by some simple calculations, we obtain:
1Bl =5/ IICll =3,
and

B - sinuy — sinvy
[|[F(u) — F(v)|| _‘ < sinup — sin v ) H
=|sinuy — sinvy| + [sin uy — sin vy

Ccos M sin =%
2 2

<luy —v1| + |ug — v2]
=[u—2|, fo=1

1
hy(t) :1|Sint\,

=2

1 1

_ 1 sint
4 |sint|

1d 1
Oghll(t):1—|sint| xcost§12h5<1.

dt

|G (v) — G(w)]|| = H( sinvy — sinw

< - =

sin vy — sin wp >H <fv-wl, go=1,
1

hZ(t) = E|Sil’lt|,

1 . 1
0=nh3 < §|s1nt| < 5 = hy,

1d 1 sint

|sint| = 2 Tsint| x cost <

O<h/(t) =hg < 1.

_ 14 1
=02 T o 2

Assume that: 11 .
hy = hs, he} = —, ===

o = max{hs, hg } max{4, 2} 5
Considering the statement of condition (C2) and the above calculations, we have:

1
ag(1— ho) — fol|B|| — golIC|| = 24(1 - 2) —5-3=4>4=24.
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From this point of view, it follows that all the conditions of Theorems 3 and 4,
i.e., the conditions (C1) and (C2) hold. For this reason, the zero solution of the system
of DDEs (11) with two multiple time-varying delays is uniformly asymptotic stable as well

as the norm of solutions of the same system are integrable.

Here, Example 1 was solved using MATLAB software. Indeed, the given example was
solved using the 4th order Runge-Kutta method in MATLAB. The graphs of Figures 1 and 2
show the behaviors of paths of the solutions xi(t), x(#) of Example 1, respectively,
for hy (t) = X|sint|, hy(t) = 3|sint|, t > 1, and different initial values.

1 T T T T T T T

0.8

0.6

0.4

0.2

x1(t)

— x1(1)
— x1(1)
—_xi(1)

]
05
-1

0r

0.2

-0.4 F

06

-0.8

1 1

_1 1 1 1 1 1 1 1

1 1.1 1.2 1.3 1.4 15 1.6 1.7
time(s)

1.8 1.9

Figure 1. This figure shows that the solution x1(¢) of the system of DDEs (11) with two multiple

time-varying delays is uniformly asymptotically stable and the norm of this solution is integrable

for hy(t) = %|sint|, hy(t) = %|sint|, t > 1, and different initial values.

0.8

0.6

0.4

—_ x2(1)
—_ x2(1)
—_—x2(1)

I
o =

5
-

-04

-0.6

-0.8

_1 1 1 1 1 1 1 1

1 1

1 1.1 1.2 1.3 14 15 1.6 1.7
time(s)

1.8 1.9

Figure 2. This figure shows that the solution x;(#) of the system of DDEs (11) with two multiple

time-varying delays is uniformly asymptotically stable and the norm of this solution is integrable

for hy (t) = L|sint|, hy(t) = L[sint|, t > 1, and different initial values.
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We now present our third main result of this paper related to the boundedness
of solutions of the perturbed nonlinear system of DDEs (2) with three multiple time-varying
delays.

5. Boundedness of Solutions

For the boundedness of solutions of the perturbed system of DDEs (2) with three multi-
ple time-varying delays, in addition to the conditions (C1) and (C2), we need the following
condition:

(C3) There exist positive constants ag, fo, o, o, dp from (C1) and (C2), L and a continuous
function py € C(R,R) such that:

|P(t,x(t), x(t —h3(t)|| < |po(t)] ||x(t)| forallt € RT,x, x(t — h3(t)) € R",

where:

[ Ipo(s)lds < 1.
0

Theorem 5. Let conditions (C1)-(C3) hold. Then the solutions of the perturbed system of DDEs
(2) with three multiple time-varying delays are bounded as t — +oo.

Proof. As in the previous theorems, the proof of this theorem also depends upon the LKF
Wi (t, x¢). From the conditions (C1)-(C3), we can derive:

< —Kol[x(&)[| + [IP(t, x(t), x(t = h3(£))) |

<
< |po())| Ix(B)]]
< [po(£) Wi (t, xt). (12)

O

Integrating the inequality (12) and using the condition (C3), we obtain that:

Wa(t,3) < Wi(0,6(0)) exp( [ [po(s)ds).
0

< W10, ¢(0)) exp( [ Ipo(s)lds)
0

< Wi(0,¢(0)) exp(L).

Let,
M = W1(0,¢(0)) exp(L) > 0. (13)

Using (13) and the definition of the LKF Wy (¢, x;), we have:

) ¢
()] < lx(B)]|+ Y A / [x(s)[|ds = Wa(t,x1) < M,
=1 t—h;(t)

ie.,
l|x(t)|| < Mforall t >ty > 0.

By calculating the limit of this inequality as t — +o0, it is derived that:

lim |[|x(#)|] < lim M= M.
t—+o0 t— 00
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Then, we can conclude that the solutions of the perturbed system of nonlinear DDEs
(2) with three multiple time-varying delays are bounded as t — +o0. Thus, Theorem 5 is
proven.

In a particular case of the perturbed system of DDEs (2) with three multiple time-
varying delays, we now give Example 2, to show that the conditions of (C1)—~(C3) of Theo-
rem 5 can be provided.

Here, Example 2 was solved using MATLAB software. Indeed, the given example was
solved using the 4th order Runge-Kutta method in MATLAB. The graphs of Figures 3 and 4
show the behaviors of paths of the solutions x1(t), x2(t) of Examples 2, respectively,
for iy (t) = %|sint|, ha(t) = L[sint|, t > 1, and different initial values.

1 T T T T T T T

1)=1
0.8 — x1(1)=05
1)

0.6 ]

0.4 i

0.2 i

x1(t)
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0.4 F .

-0.6 g

-0.8 4

-1 Il Il Il Il Il Il Il Il Il
1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
time(s)
Figure 3. This figure shows that the solution x; (f) of the perturbed nonlinear system of DDEs (14)
with three time-varying delays is bounded for h(t) = j[sint|, hy(t) = %[sint|, h3(t) = §[sint],
t > 1, and different initial values.

0.8 ——— x2(1)=0.5

0.2 -

x2(t)

0.2 .
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-0.8 i
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time(s)

Figure 4. This figure shows that the solution x, () of the perturbed nonlinear system of DDEs (14)
with three time-varying delays is bounded for h(t) = }[sint|, hy(t) = %[sint|, h3(t) = &[sint],
t > 1, and different initial values.
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Example 2. Consider the following nonlinear system of DDEs with three multiple time-varying
delays:

3 2 sinx; (t — §[sint|
2.3 sinxp (t — [sint|
21 sinx; (t — %[sint|

“(12)
sinxy (¢ — %[sint|

x1 exp(t
14exp(2t)+x% (t 71 [sint])
+ ( exp() ’ ) (14)
T+exp(2t)+x3(t—L|sint|)

where hy(t) = jlsint|, hy(t) = %[sint|, and h3(t) = }|sint| are three multiple time-varying
delays, and t > 1.

If nonlinear system of DDEs (14) and the perturbed system of DDEs (2) with three
multiple time-varying delays are compared, then the condition (C1) and (C2) are satisfied,
since they were shown in Example 1. As for the condition (C3), it is clear that:

X1 exp(t)
P(t,x(t), x(t — h3(t))) = P(t, x(t),x(t — %|sint|)) = ( HEXP(ZQ);QJ((lemnt\) )
T+exp(2t)+x3(t—L[sint])

From this point of view, we derive that:

x1 exp(t)
L xp(2t) _l i
IP(tx(), x(t = |sint])) ]| = H ( Lexp( ;;illo((tt) §lsint)) ) H
I+exp(2t) +X2( —%\smﬂ)
1+ exp(2t) + xl(t - 5|s1nt|) 1+ exp(2t) + 23(t — Lsint|)
< Ixalexp(t) | |xa[exp(t)
T T+exp(2t)  1+exp(2t)
_exp(t)
~ 1+ exp(2t)

(12| 4 [x2]] = [po (][I,

where:
po(t)] = o)

—, |X]|| = |X Xo|.
l+exp( )” ” |1|+|2|

Hence, we obtain:

exp(s) o _ 7 _
/|p0 )|ds = 1—|—exp(25)ds i L.

The obtained results shows that the conditions of (C1)-(C3) of Theorem 5 can hold.
Thus, all the solutions of the nonlinear system of DDEs (14) with three multiple time-
varying delays are bounded as t — oo.

In Figures 3 and 4, the system of DDEs (14) was solved by MATLAB software and
the trajectories of the solutions were drawn for when /1y (t) = j|sint|, hy(t) = [sint|,
h3(t) = £|sint|, t > 1, and different initial values.
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6. Discussion and Contribution

We first compare the conditions Theorems 3 with those of the main result of Ren

and Tian ([33], Theorem 1). We also explain the contributions of the next two results,
Theorems 4 and 5, of this paper to the relevant literature by the following items, respec-
tively.

(1

(2

The nonlinear perturbed system of DDEs (2) extend and improve the linear system
of DDEs (1) (see Tian and Ren [33], Theorem 1) from a linear system of the DDEs with
a time-varying delay to the a class of non-linear systems of DDEs with three multiple
time-varying delays. Next, in the main result of Tian and Ren ([33], Theorem 1), see
the above Theorem 2, the satisfaction of the following LMI is very difficult:

¥(o) = dD(a)—FT%(a)T—He(FT[(l ;If‘]Z)TNlT]) x ] o

aNT + (1 —a)NJS -Q

since the matrix ¥ («) has numerous terms. This fact can be seen clearly, when we look at
([33], Theorem 1) and the above Theorem 2. Hence, it is clear that this condition can lead
conservatism, computational complexity, and difficulty in application fields. However,
here, we have very simple conditions, (C1) and (C2) for our stronger result of uniformly
asymptotically stability, Theorem 3, instead of asymptotically stability result in ([33],
Theorem 1). For sake of brevity, there is no need for more information

To prove Theorem 1, the following LKF V/(x¢),

t t—hy
Vi) =T (OPy() + [ ATQux(s)ds + [ T (5)Qax(s)ds
t—hy t—hy
tot t=hy ¢
i / / #7(5)Qs(s)dsdu + hya / / iT(5)Qui(s)dsdu (15
tohy U thy U
with
t Iy £t T
n(t):[xT(t) [ xT(s)ds [ x f fx ydsdu [ [ [xT(r) drdsdu]
t-hy t-hy thy thy U S

is defined by Ren and Tian ([33], Theorem 1). Instead of the LKF (15), we defined
the following LKF:

t
Wit ) o= ||+D | Il (16)

t=h;(t)
In spite of the non-linear unperturbed system of DDEs (2) having three multiple
time-varying delays, the LKF (16) is very simple and more convenient and effective.
For the particular case of our theorem, Theorem 3, to get the main result of Ren and

Tian ([33], Theorem 1) under very less conservative and optimal conditions, we need
the following LKF:

Wo(t, xe) i= [lx(B)| + A [ [x(s)[ds, (17)

t—h(t)

which is a particular case of the LKF (16).
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3)

@

In Ren and Tian ([33], Theorem 1), differentiating the LKF (15) and using the system
of DDEs (1), it was derived that:

V(xe) =257 () Pi(t) + xT () Qux(t) — xT (t — hy)Qux(t — hy)
+ 2T (F = 1) Qox(t — hy) — xT(t — ha) Qax(t — ha) + MxT (£) Qs(t)

t t—hy
+ hipa T () Qi (t) — Iy / i1 (s) Qi (s)ds — hiy / 17 (5)Qat(s)ds
t—hy t—hy

:CT(i’){HE(Z{PZQ) + S{lel — F,gQ]Sz + Sngsz
— €5 Qoes + g Qaeo + hipeg Queo }E (1)}

t t—hy
[ 3T(5)Qsx(s)ds —hnx [ 17(5)Qux(s)ds (18)
t*h] t7h2
with .
&) = [xT(t) xT(t =) xT(t—h(f)) xT(t—h) @{(t) @3(t) Gvg(Tt)] :
t t=h(t)
p1(t) = lhll [ xT(s)ds h(t f xT(s)ds h h(t) / xT(s)ds] ,
t*hl t7h2
L oL t—hy t—Iy t—h(t) t—h(t) T
Pa(t) = [h%tfh]itf T(s )dsdu ( T ;If(t uf s)dsdu ———— i ht) f uf xT } ,
bt ot t—hy t—hy t—hy
@3(t) = 111—3 [ [ [xT(s)dsdudo —1— f [ xT(s)dsdudov
Yipyuvo (n ( (t u v
h(t) t— T
/ / / s)dsdvdu | . (19)
h2 -
However, let hi(t) = h(t). It is interesting that calculating the time derivative

of the LKF given by (17) and using the system of DDEs (1), we obtain:

X i()xi(t+0) + A [lx ()] = Aqllx(t = k(1) ]| x (1= K'(£)).  (20)

M-

d
Ewo(t/ xt) =

i=1

The equality (20) has a very simple form than those given by (18) and (19). Indeed,
the inequality (20) leads very to less conservative conditions for the negative defi-
niteness of the time derivative %Wo(t, x¢) than those given by Ren and Tian ([33],
Theorem 1) for the negative definiteness of %V(xt). Here, we would not like to give
the details of the discussions for the sake of brevity. The less restrictive conditions
of Theorem 3 can be followed with a comparison made between the conditions of Ren
and Tian ([33], Theorem 1) and our Theorem 3.

To prove Theorem 2, which is given above, firstly, three lemmas, Lemmas 1-3, are
given by Ren and Tian [33]. Then, based upon the integral and matrix inequalities
therein, a new delay-dependent stability criterion via Theorem 2 is proven in terms
of a linear matrix inequality, see Ren and Tian [33], Theorem 1.

In this paper, we define a more suitable LKF (6) and depend upon Burton [1], (Theo-
rem 4. 2.9), to prove Theorems 3-5. From this point of view, Ren and Tian ([33], Theo-
rem 1) investigated the asymptotic stability of the linear system of DDEs (1). Here,
we investigate the uniformly asymptotically stability of the zero solution and integra-
bility of the norm of solutions of an unperturbed system of DDEs (4) as well as the
boundedness of solutions of the perturbed system of DDEs (2). The result of Theorem
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3, the uniformly asymptotically stability includes and implies the asymptotic stability
of the linear system of DDEs (1), i.e., but the converse is not true.

As a brief summary, here, we extend and improve the result of Ren and Tian ([33],
Theorem 1), and obtain this result under very less conservative conditions and make
it more optimal than before. Next, we also obtain two new results on the qualitative
properties of the nonlinear unperturbed system of DDEs (4) and as well as the nonlin-
ear perturbed system of DDEs (2), (see Theorems 4 and 5). The applicability of our
results can be done easily because of the form of the new less restrictive conditions
of Theorems 3-5.

(5) In this particular case, two nonlinear Examples 1 and 2 with two and three time-
varying delays, respectively, are given. These examples satisfy the conditions of Theo-
rems 3-5 and they were solved depending upon the 4th order Runge-Kutta method.
The trajectories of these examples are plotted by MATLAB software. The stability,
integrability, and boundedness of the solutions can be followed clearly.

(6) An advantage of the new and optimal LKF (6) used in the proof of Theorem 5 is to
eliminate using Gronwall’s inequality for the boundedness of solutions at infinity.
A comparison of Theorems 3-5 and those in the literature also shows that the condi-
tions of Theorems 3-5 are more general, simple, and convenient for applications.

7. Conclusions

In this paper, the unperturbed system of DDEs (4) with two multiple time-varying
delays and the perturbed system of DDEs (2) with three multiple time-varying delays are
taken into consideration. To the best of the authors” knowledge, the qualitative properties
of the systems of DDEs (2) and (4) with multiple time-varying delays were not investigated
in the relevant literature until this time and the results of this article are new, original, and
have scientific novelty.

Indeed, this paper is comprised of three new results, Theorems 3-5, and two new
examples, Examples 1 and 2. Theorems 3-5 are related to the uniformly asymptotically
stability of zero solution and the integrability of solutions of the non-perturbed system
of DDEs (4) as well as the boundedness of solutions of the perturbed system of the DDEs
(2), respectively. The technique used to prove Theorems 3-5 depends upon a new LKF and
the LKF method. In fact, the real advantage of the new LKF is that it can pioneer to more
optimal, general, and less conservative new qualitative results and also eliminate the use
of Gronwall’s inequality for the boundedness of solutions.

The established sufficient conditions of Theorems 3-5 are more general, simple, less
conservative, and more convenient to apply than those available from the literature.

The results of this paper also improve and extend the result of Ren and Tian ([33],
Theorem 1) and add two new results on the qualitative properties of solutions and con-
tributes to the topic and relevant literature. The given examples illustrate the particular
applications of the new results of this paper.
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Abstract: In this paper, the problem of a Lotka—Volterra competition—-diffusion—advection system
between two competing biological organisms in a spatially heterogeneous environments is investi-
gated. When two biological organisms are competing for different fundamental resources, and their
advection and diffusion strategies follow different positive diffusion distributions, the functions of
specific competition ability are variable. By virtue of the Lyapunov functional method, we discuss
the global stability of a non-homogeneous steady-state. Furthermore, the global stability result is also
obtained when one of the two organisms has no diffusion ability and is not affected by advection.
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1. Introduction

For researchers from the fields of biology and mathematics, advancing the exploration
of dynamic systems is a long-term challenge (see [1-3]). The competitive system of two
diffusive organisms is often used to simulate population dynamics in biomathematics; for
an example, see [1,2,4]. The key to spatial heterogeneity has been discussed in a lot of
work, such as [2,5] and its references. In 2020, by proposing a new Lyapunov functional,
Ni et al. [6] first studied and proved the global stability of a diffusive, competitive two-
organism system, and then extended it to multiple organisms.

Since various methods in the reaction-diffusion—convection system cannot continue
to work well, the global dynamics is far from being fully understood. In competitive
diffusion advection systems, some progress has been made in [7-11]. Li et al. introduced
the weighted Lyapunov functional related to the advection term to study global stability
results in 2020 (see [12]), and studied the stability and bifurcation analysis of the model
with the time delay term in 2021 (see [11]). Similarly, in 2021, Ma et al. described the
overlapping characteristics of bifurcation solutions and studied the influence of advection
on the stability of bifurcation solutions. Their results showed that the advection term may
change its stability (see [13]). In 2021, Zhou et al. studied the global dynamics of a parabolic
system using the competition coefficient (see [14]).

Motivated by the efforts of the aforementioned papers, we will investigate the global
stability of a non-homogeneous steady-state solution of a Lotka—Volterra model between
two organisms in heterogeneous environments, where two competing organisms have
different intrinsic growth rates, advection and diffusion strategies, and follow different
positive diffusion distributions.

Hence, we discuss the following advection system:

Axioms 2021, 10, 166. https:/ /doi.org/10.3390/axioms10030166
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VB (x)]+U[A (x) — @11 (x)U —@12(x) V],
in Q) xRT,
V- VB (x)]+V[A2(x) — @21 (x)U =@ (x) V],
in Q) xRT, (1)

()& (L) — Ry (x) L 2B — g, on 90 x RY,
12(x) & (L) — Ry(x) L 2B — g, on 90 x R,
U(x,0) = Up(x) >,#0,V(x,0) = Vp(x) >, #£0, inQ,

Here, U(x,t) and V (x, t) are the population densities of biological organisms, location
x € ), time t > 0, which are supposed to be nonnegative. y1(x), uz(x) > 0 correspond
to the dispersal rates of two competing biological organisms, respectively. Rq(x), Ra(x) > 0
correspond to the advection rates of two competing biological organisms, and By (x), Bx(x) €
CZ(Q) are the nonconstant functions and represent the advective directions. Two bounded
functions Aq(x) and A;(x) are the intrinsic growth rates of competing organisms , p1(x),
p2(x) € C*(Q) are two positive diffusion distributions, respectively. @;;(x) > 0,
i =1,2,j = 1,2 show the strength of competition ability. The spatial habitat O C RN isa
bounded smooth domain, 1 < N € Z; n denotes the outward unit normal vector on the
boundary dQ2. No one can enter or leave the habitat boundary.

The following are our basic assumptions:

Hypothesis 1. 0 < p;(x), Ri(x) € C'¢(Q)), 0 < Ai(x), @;j(x) € C2(Q)), ¢ € (0,1).

Hypothesis 2. T%xx% =:c1 >0, Rzg =:cp >0, x € Q), where ¢, and ¢, are constants.

To simplify the calculation, by letting u = e~¢1F1() pll(lx) ,0 = e 2Ba(¥) pz‘(/x) , the system
(1) converts into the following coupled system

—c1B1(x)

e emwv[m(x)eﬁ&(x)w] + ulAq (x) — @11 (x)uetBr®py (x)
_(Dlz(x)veCZBZ(x)pz(x>]/ in Q) x R+,
e—C2B2(x) B B

. WV[Hz(x)eCZ 29V 0] + 0[Aa(x) — @ (x)ue 1B, (x) )
~@n(x)oe2 ) pa )], n (1 xR,

w_ o on 9Q) x RT,

u(x,0) = e—c1Bix )l,;[f((f)) > 2 0,0(x,0) = e~2B2(%) ,Yﬁéi‘; > £0, inQ,

when ¢; = ¢ = 0,p1(x) = pa(x) = 1, the model (2) has been studied in Ni et al. [6].
c1 = ¢, B1(x) = Ba(x),p1(x) = pa(x) = 1, the model (2) has been studied in Li et al. [12].

The rest of this article is arranged as follows. In Section 2, we carry out some prepara-
tory work and give four lemmas, where some related properties of the system (1) are
deduced from the properties of a single organism model (4). Using the Lyapunov func-
tional method, we will provide and prove our main results in Section 3. In Section 4,
one example is given to explain our conclusions.
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2. Preliminaries

In order to describe our main results, we present the following uniform estimates for
the parabolic equation:

wy = (Dij(x)Di]-w + IB](X)D]ZU + )\(x)w + H(x, t, w), in(Q xRT,
g =, on Q) x RF, 3)
w(x/ O) - ZU()(.X) ZI 7_é O/ in Q,

where Q C RY is bounded and Q) € C?*¢(p € (0,1)) is a smooth boundary. The initial

condition wy(x) € W2P(Q),p > 1+ 5.
Setting the following assumptions:

(Al) Let @ij, ,B],}\ S C(Q), X1, X2 > 0, such that

xilyl> < Y @ii(0yiy; < xelyl? 1B (%)), [A(x)] < x2, forall x € Q,y € R,
1<ij<N

(Az) Let A > 0 be a constant, such that

@il coery 1Bl ey 1A oy < A-

(A3) H € L®(Q x [0,00) X [17,2]) for some 77 < T, and there is A(1, ) > 0
such that

|H(x,t, w1 )—H(x, t,wp)| < A(1,1)|w1 — ws|, forall (x,t) € Q x [0,00), w1, w; € [1q, 2],
and there exists A > 0, satisfying

|H(xq,t1,w) — H(xo, ta,w)| < A(|xp — 22|04+ |t — t2|%) forall(xy,t1), (x2,t2) € Qx
[d,d+3],u €[, ], d>0.

The following lemma (see [15,16]) is the boundedness result of the solution w(x, t)
in (3).

Lemma 1. Let w(x,t) bea solution of (3) with 7y < w < T, 71, T2 € R. Suppose that f, @;j, Bj, A
satisfy the assumptions (A1) — (As), then for any x > 1, there is a constant A(x) > 0 such that

max [[w (x, )| g

o &S (o) T T (D lley Fmax el lcareim) < AlK):

In the proof of global stability, the following calculus theory and integral inequality
are very important. For details, see [6,17].

Lemma 2 ([17]). Let B, A > 0 be constants, ¢(t) > 0 in [B, ). Assume that ¢ € C([B,0))
has lower bound, ¢ (t) < —A¢(t) in [B, 00). If one of the following alternatives holds:

e @cCl([B o)) and ¢'(t) < Pin[B,) for P >0,
* @€ CY[B,))and |¢lce(peo)) < Pfor0<m < Land P >0,

where P and m are constants, then tlim p(t) =0.
—00

Lemma 3 ([6]). Let a,a* € C2(Q) with a,a* > 0and m € C}(Q), b € C*(Q) with m,b > 0,
«, a*,m, b are functions. If the following conditions holds:

e g > lisaconstant, the function h € C%(9Q) x [0,00)), x € 90}, h(J;gK)

function for K € [0,00),
° M :h(x’a)/a(b(axi*) :h(x,a*) on aQ,

v v

is a non-increasing
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then

/O W(v{m@c)vw(xm]} — %V{m(x)V[b(x)a*]}) dx
. X 4)
<— /qubza2(%)4*1|v%\2dx <0.

Next, we consider the following scalar evolution eqution

ech(x)
M) V[p(x)eBOVu] + ulA(x) — @(x)ueP@p(x)], in Q@ x RT,
g% =0 on Q) x RT, ®)
u(x,0) = e BW LA > 2 g, in 0,

p(x)

where (x),c,@(x), A(x) satisty

0 < u(x),R(x) € C1e(Q),0 < A(x),@(x) € C%(Q),0 € (0,1), z%z; = c,wherecisa ©)

constant.

Now we see the following useful lemma.

Lemma 4 ([1]). Assume that 0 < u(x), A(x), p(x),@(x) on Q, then the elliptic problem:

e~ Bl cB(x) cB(x)

+ ulA @ =0, inQ,
o) Viu(x)e Vu] + u[A(x) (x)ue p(x)] in @)
gz =} on oQ),

has a unique positive solution, denoted by ug.

3. Main Results

In this section, firstly, by utilizing the Lyapunov function method, the global stability
of the model (5) is obtained, and we can see that the non-constant steady-state for (5) is
equivalent to the solution ug of (7).

Theorem 1. Assume that ug(x) = 0. If i, p, ¢, A, @ satisfy (6), then Equation (5) has a unique
solution u(x,t) > 0 with tlim u(x,t) = ug in C2(Q).
— 00

Proof. According to the upper-lower solutions method [1,18], we obtain (5) with a unique
solution u(x,t) > 0. Let M be a upper solution of (5), we have 0 < u(x,t) < M,
(x,t) € Q% (0,00).

By applying Lemma 1, we can obtain that there exists a constant A > 0 such that
max [[u(-, 1)l +max [u(B)ll c2vom) < A ®)

>

Then, define a function @ : [0,00) — R by

d(t) = / puge® (u — ug — ugIn i) dx. 9)
0 ug

82



Axioms 2021, 10, 166

Then, ®(t) > 0, t > 0. By (2) and (4), we have

V (ue’BVu) 4+ u(A — oue®p)] dx

—cB

—cB
‘ u:l 5 V (ueBVug)] dx (10)

= [, prae (1= SV (e V)
u u
+ [ o1 = S0 u(r — @uep) — up(2 — wupePp)] dx

/yeCBu2|V 1 dx — /puezCB (u — ug)? du.

We get
—/ p?uge*Bo(u — ug)?dx =: —¢(t) <0. (11)
Q
By virtue of (8), we get |¢/(t)] < A in [1,00) for some A > 0. From Lemma 2,
it follows that
: 2cB _ _
}EEL p(t) = }g&/ p?uge*Bo(u — ug)?dx = 0. (12)

Applying (8) again, {u(-,t) : t > 1} is relatively compact in C?(Q)). It can be found
that there exists some function u«(x) € C?(Q) such that

”U(o,ts)*uooch(ﬁ) — 0asts — oo. (13)

Combining with (12), we get 1 (x) = ug(x) where x € (). Hence, we deduce

lim u(x, t) = ug(x) in C*(QQ).

t—o0

O

In addition, taking advantage of Lyapunov function method, the global stability
results of (2) are obtained.

Theorem 2. Suppose that ug(x), vo(x ) >,# 0, (Hy) and (Hy) hold, the system (2) admits a
non-homogeneous steady-state (1ig(x), vg(x)) > 0 and there exists

71 > 0,12 > 0 such that ny < i1y () <1, x€Q. (14)
Tp(x)
Suppose that
T2« i 20192 (15)

M Q @120

Then, the system (2) admits a solution (u(x,t),v(x, t)) that satisfies

lim u(x,t) = ip(x), lim v(x, t) = vg(x) in C3(Q).
t—ro0 t—o0

Proof. Assume that the inequality (15) holds, let @ : [0, +c0) — R defined by

D(t) = / p1iipeStBY (1 — 1Ty — g In 22 ) dx + / 02006252 (v — G — Gy In =) dx,  (16)
JQ Ug JQO (]

@W12+/
where 0 < {(x) := HTW Clearly, ®(t) > 0. By (2) and (4), we have
21
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(1) = [ [pritact® (1 = )y + Gprpes (1 = Lyoy] dx

" —c1By
= /QplzTgeclBl (1- %)[e V(ylququ) +u(A — (DnueClBlpl — (DlzveCZszz)] dx
- o —By
+/Q szz%ecsz(l - U—;)[e V(yzeczBZVv) +o(Ay — (Dmue”lBlpl — wzzveCZBsz)] dx
3*5131 ueﬂ:]Bl

V(meC‘B] Vu) — V(VleclB‘ Vig)] dx

= [ e (1= 2

+ e2B2 (1= D0y G ety 7CZBZ Y (112¢2P2 V)] d
J, Sp2T6e 1= Yy > (p2e v) — (p2e 0p)] dx
i _ g
+ /Q plugeclBl (1 — f)u()\l — @11 ME‘ClBl 01— LU12"U€CZBZ‘02) dx (17)
- / p11igetPr (1 — %)%ffe()\l — @111 B1 py — 157922 py)] dx
+/ EoaTge?B2 (1 ” ) (Ay — @y ueBrp; — @rveB2py) dx

~ 0B Ug\ 0 ~ 1B = B
—/ sz?)gecz 2(1 — ? vfe?]g()Lz —(0211/[9651 1p1 —L’Ozzvgecz 2p2) dx

/ y1eclBlu2|V 912 qx — / yzeC23202|V | dx — / p3ige* 1 By (u — iip)% dw
; /Q PleeclBlﬂsz(c@lzlfe + §@210p) (u — 11p) (0 — Tp) dix
— [ eo3ae P wn (0 — ) d.

Note that (14) and (15) give rise to

2.~ 2.~ 1B+ B ~ ~
2\/PlueezclBlwllépzveezcﬁ%’ozz — 1026171272 (@111 + C0217p)

=20102e1 817282\ [ET, G 011020 — 01026781 TO2B2 (15105 + E01Tp)

=~ —— g U
I O NN N W@[ +on \@))
=102 717252\ /175 (21 /01102 — ((012\/177@‘2 +@n \/’7?1))

> 010261817 2B2 \ JE11 5 (20 /11020 — 24 [ @120 %)
\ &7

>0.

Choosing 0 < ¢ < 1, we have

2\/P%M~9€2”Bl (@11 — €)Ep30922B2 (py — €) — p1026 15122 (@1pilly + G021 ) > 0.
Combining with (17), we can deduce
(1) < - [ [P Pre(u — 0y + E3one el — 53] dx = —g(t) <0,
From (13), it follows that
lim u(x, ) = ifp(x), lim v(x,) = Gp(x) in C*(€0).

O

Finally, we consider that if one of the two organisms has no diffusion ability and is
not affected by advection, the Lyapunov function method can also deduce the following
global stability results in (2).
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Theorem 3. If ug,vy € C(Q) satisfy ug(x) >,# 0 and vo(x) > 0 on Q. Let Eg% =
c1, M2(x) = Ro(x) =0 for x € O, and

@12(x) @21 (x) < @11(x)@2(x), x € Q. (18)
(i) If -
@22(x)A1(x) — @12(x)A2(x) > 0,Vx € Q), (19)
and
min )Lz(x) > max C’Dzz(x))tl(x) — C’Dlz(x))xz(x) (20)

a p1(x)@n(x)etBil®) © g pr(x)e1Bi®) (@1 (x) @22 (x) — @12(x) @21 (%))’
then there is a unique non-homogeneous steady-state (iig(x), vg(x)) > 0 for the model (2) such that

lim (1(x, £), 0(x, 1)) = (il (x), 5 (x)) in CL(Q) x L2(Q).

(if) If

ha(x) -
p1(x) @7 (x)e1B1(x) < ilp(x),x € Q, on

then there exists a semi-trivial steady-state (iig(x),0) for the model (2) such that

tlLTO(u(x,t),v(x,t)) = (ip(x),0) in CH(Q) x L2(Q0).

(i) Let
@ (x
@12(x

>

2(x) A
< " (x>,x €, (22)

then the model (2) has a semi-trivial steady-state (0, Ug(x)),

~—

lim (u(x,t),0(x,t)) = (0,35(x)) in C1(Q) x L2(Q),

t—00

Az (x)

where vg(x) = 02 ()0 ()R

Proof. (i) When up(x) = Rp(x) =0, x € ), (11p(x), 0g(x)) of the model (2) satisfies

e—1Bilx) By () @12(x) Bi(x)
WV[yl(x)ecl 1V u]4u[A (x) — m)\z(x) — p1(x)uecrb1lx
23
(@11 (x) — 22L0)] = o, xea, @
=0, x €90,
and 7 — 12— @21
W pref2"2
If (18) and (19) hold, we see 1, A1 — %;Az,ple_clBl (011 — (Dgi;zﬂ) > 0, then by

Lemma 4, the problem (23) has a unique solution ug(x) > 0. By using the maximum
principle in elliptic equation, we infer

_ @A — @12A
Up < max ——— .
a 1981 (@110 — @12y1)

Ay — @1 p11iget Pt
@xpre2B2

According to (20), we can get vg = > 0, hence there exists a unique

steady-state for (2), (ug(x), vg(x)) > 0.
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Let us define a function @ : [0,0) — R,

D(t / p1ige B (u — i1y — i ln ) dx + / F02e252 (v — Gy — G In = )dx
Ug

where ¢(x) = DuWiglx) 0 Clearly, ®(t) > 0. From (2) and (4), we get

@21 (x)

o
D' (t) = /Q[plugeclBl(l ” )ut—i-épzeCZBZ( ;)Ut] dx

= [ pritaetBi (1= 50|

+u(Ay — @ ueB1p; — @1p0e282p,)] dx

ilg, e b1

u

V(p1e181vu)

—|—/ Footge2P2(1 — ?;)[ 0(Ay — @y ueB1p; — @pve?P20,)] dx
e~ 1B ne—C1B1
= 1gec1B1 1—@ V(11181 V) — = V (1181 Viig)| dx
a1 = [V (e V) — F = (e )

—I—/ plit}geclBl(l - %)u(/\l - a)uueclBlm - a)lzveCZBsz) dx

(24)
- / pr1ige P (1 — ;)IZ%(M — @111 1oy — @12T5¢2P2pz)] dux
+ /Q Fooe2B2(1 — %) 0(Ag — @y ueP1p; — @pveP2py) dx

B Up\ 0 - ~ 1B ~ B
— /QépzeCZ 2(1 — ?)vfevg()tz — @p11ge 1P p1 — D2 Tpe2"2py) dx

< — / yleClBluz|V@|2 dx — / p3iige* 1 Broyy (u — 1ig)? dux
o) u o)
= [ Proae B @patly + o) (1 — i) (0 — ) dx
— /Q Fo3e*2B2 @00 (v — ) du.

We can choose 0 < ¢ < 1 and use (18), such that

2\/P%”~9€2”Bl (@11 — €)§p3e22P2 (@2 — €) — 1021122 (@110 + Ge031) > 0.

Combining this with (24), we can deduce
(1) <~ [ [ Be(u — )? + o3 Pre(o - 89)%) dx = —(t) <0,

Applying the Lemma 1 and Sobolev embedding theorem, we deduce that u and v are
bounded in Q) x [0, o) and there is a constant A > 0 such that

max ||u [u(, )l o) < A for some0 < o <1.

Combining with (2) and |¢'(#)| < A in [1,0) for some A; > 0, and making use of
Lemma 2, we get tlim ¢(t) = 0 and we deduce that
— 00

lim u(x, t) = ip(x), lim v(x, t) = Tp(x) in L2(Q).

t—oc0 t—o0

Applying Theorem 2, we get tlim u(x,t) = 1g(x) in C1(Q).
—00
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(ii) Let’s define a function @ : [0,00) — R,

d)t:/ 16181 (1 — iy — ilgIn =) d / B2y dy,
(1) Qpluge (u — 11y ugnue) X+ Qsze vdx

where &(x) = %(M;é)(x) > 0. From (4) and (21), we have

7/?9 e_ClBl c1B ue_clBl c1B g
— V(1111 Vu) — — V(111" Vig)] dx
ol o (11 ) i (11 0)]

D' (t) :/ p1iigec1Br(1 —
o)
+ / plifgeclBl(l — %)u()\l — a)nueClBlpl — a)lzveCZBsz) dx
Ja

- /QplﬁeeclBl(l - @)i%(/\l — @111ipe1P1p1)] dx

u - upg
+ /Q E0262B20(Ay — @21 ue1B101 — @rpve?B2p,) dux
i
< —/ e B2 V=212 dx
Q u
- /Q p1119e Pt (u — i) (— @116 P py (u — 1Tp) — @120¢2P2p;) dx
+ /Q E02e2B20[ (Mg — @ 1igeB1 1) — @01e1B1 01 (u — ily) — @pve?P2py] dx
< [ Aigebaon (- mydx - [ om0’ dx

- /QplpzeclBﬁcsz (@121lp + G0y ) (u — 1ip)v dx.

The following discussion will refer to the part (i), then we will not repeat it.
Az (x)
p2 (%)@ (x)ec2B2(¥)

(iii) Clearly, (2) has a semi-trivial steady-state (0, ). Let us define

a function @ : [0,00) — R,

o(t) = /QpleclBlu dx + /Q E0262P2 (v — 5 — Gy In v%) dx,
where ¢(x) = @2(Y) - 0 and 5 (x) = Aa(x) From (22), we have
@ (x) o 02(x) @ (x)ec2B2()° ’

D (t) = /QpleclBlu()xl — @1 ueP1p; — @1p0e2P2p,) dx
+ /Q F02e2820(\y — o1 ue1B1p) — @pve®?P2p,) dx
- /fopzeczBZ%UNe(/\z — @ 7pe™py)] dx
= /Q pleclBlu[(Al — wuzTgeC2BZp2) — wllueclBlpl — wlzec232pz(v —7p)] dx
= /Q £02622P2 (v — V) [~ @21ue1 P p1 — @226 (v — Tp)] dx
< - /Qp%ezcﬁ%onuz dx — /Q F02e>2B200; (v — )% d
- /Q 0102611 2P2 (@15 + 1 ) (0 — Tp)u dx.
The following discussion is similar to the part (i), so we omit it. [J

4. Example

See the following parabolic problem:
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e~ C¢B(x) -
= — o Vi (©)ePO VUl + ullag(x)ep(x) + e1g1(x)

—@119(x)ueP@p(x) — @19 (x)0eBH p(x)], in QO xR,

—cB(x) -

o :sz(x)ecww] +0[A2p(x)eWp(x) + e282(x) (25)

~ @1 ¢(x)ueBXp(x) — D p(x)veBp(x)], in A x RT,
g on dQ) x RT,
u(x,0) = e~ BOWE) > 4 0,p(x,0) = e POUE > 20, ng,

where A;, @;;, ¢ are all positive constants, B, p € C*(Q)), u; € C'2(Q), ¢, g; € C°(Q) and
¢(x), ui(x) > 0on Q.

@O11@
Proposition 1. If0 < ¢; < 1and ‘021 <4 /\ < 9n T2 o then there exists 71 > 0,1 >

102 @y
0 such that o
@w11@

Dnt ., 12 (26)

120021 m

and the system (25) admits a positive non-homogeneous steady-state (1ig(x), 0g(x)), which satisfies

’71—08<’7

Proof. The steady-state of (25) satisfies the following elliptic problem

—cB(x) ~
o Vi @EP VU] +ullip(x)e P p(x) +erg (1)
—@11¢(x)ueBWp(x) — @129(x)veBWp(x)] = 0, in Q,
ech(x) _ 27)
WV[yz(x)e"B(")Vv] + v[A29(x)eBWp(x) 4 €292 (x)
— D1 (x)ue PO p(x) — Dy (x)0eB@p(x)] =0, inQ,
=2y, on 9Q).

s gi(x) o gi(x) - ~ .
Set k; T mﬁax —(P( )ecB(x)p( ),k = mﬁm —(p(x)eCB(x)p(x) fori =1,2. Applying0 < ¢; < 1

and gﬁ < )‘2 < ‘022, we have the linear system

M +e1k) — @u — @120 =0,
Az + e2ky — @y — D27 = 0,
A +e1ky — @110 — D120 = 0,
Ay + €2ky — @11 — D0 = 0.

Then
g D2 (A1 + €1k1) — D12(A2 + €2k7) y— D0 (A + e1ky) — @12(A2 + €2k)
D110 — @120 " D11@22 — @12@D71 ’
5 @11(A2 + €2ky) — @21 (A1 + e1ky) o= D11(A2 + €2ky) — @21 (A1 + €1k1)
D110 — @127 - 0110 — @127

Hence, the system (25) has a positive non-homogeneous steady-state (1iy(x), v (x))
and 0 < u < ug(x) <@wand 0 < v < vg(x) < 0. Let

Q=

m= =M= (28)

Q| =
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we have 177 < ((jg < 172. Applying (28), we get lim }7—? = 1. Hence, for 0 < ¢; < 1,

e1,e0—0

min 62:711(P(x)ﬁf:?22¢(x) _ Ou@n 12
Q @e(x)de(x) d@pda m

The proof is completed. [

Examplel In the above (25), let ¢ = 2, B(x) = x,p(x) = e %, u1(x) = pa(x) = e %, Ry(x) =
Ry(x) = se%, (x) = 7%, 81(x) = ga(x) = 1+C05( x),AM =1, )\2 = 2,011 = d1p =
@y = 1,09 =3, and g1 = ¢5 = %,x € Q) = [0,10]. Then the problem (25) becomes the
following model

up =e *V[e*Vu] +ull + é(l +cos(5x)) —u—1, inQxRT,

vy = e *V[e*Vo] +0[2 + (1 +cos(Fx)) — u — 30], in QO x RT, (29)
g—Z:g—Z:O, on 0Q) x RT,
u(x,0) = e (24 cos(mtx)) >, % 0,0(x,0) = e *(2 4 cos(mx)) >,#£0, inQ,

where ug(x),vo(x ) >,# 0. It is not difﬁcult to verify that (Hy) and (Hy) hold. We can find
m=1>0,7=72>0, such that ; < E ; < mpand , /% < mﬁin%, According to
Theorem 2, the model (29) admits a solution (u(x,t),v(x,t)) that satisfies

lim u(x, t) = LTg(x),tlii?o o(x,t) = Tp(x) in C2(Q).

t—o0

Indeed, the steady-state of (29) satisfies the following elliptic problem

e V[e*Vu] +u[l + (14 cos($x)) —u—0v] =0, inQ,
e *V[e*Vo] +0[2+ L(1+cos(%x)) —u—30] =0, inQ, (30)
g—z = B—Z =0, on oQ).

It is not difficult to see that ki =k =2, ki = ky = 0. By calculation, we can obtain

1—-u—09=0,
242 —u—30=0,
142 —i1—0v=0,

2—1—3v=0.
Then 1466 3 1-2e, 1
_ €1 9O _ 1=z 1
= 5 —2>0,g— 5 —6>O,
1425 5 12 1
0= 5 f6>0,g— > 76>0

Hence, 0 < u < tig(x) < iand 0 < v < vg(x) < T, which yield that there exists a positive
non-homogeneous steady-state (1ig(x), vg(x)) of (29).

5. Discussion

In this paper, by using the Lyapunov functional method, we mainly analyzed the
global stability of non-homogeneous steady-state for the Lotka—Volterra competition—
diffusion—advection system between two competing biological organisms in heterogeneous
environments, where two biological organisms are competing for different fundamental
resources, their advection and diffusion strategies follow different positive diffusion distri-
butions, and the functions of specific competition ability are variable. Moreover, we also
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obtained the global stability result when one of the two organisms has no diffusion ability
and is not affected by advection.

At the end of this section, we propose an interesting research problem. To the best of
our knowledge, for the Lotka—Volterra competition-diffusion-advection system between
two competing biological organisms in heterogeneous environments, we did not obtain
any results under the condition of cross-diffusion, such as the existence and stability of
nontrivial positive steady state. We leave this challenge to future investigations.
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Abstract: In this paper, we present some modified relaxed CQ algorithms with different kinds of
step size and perturbation to solve the Multiple-sets Split Feasibility Problem (MSSFP). Under mild
assumptions, we establish weak convergence and prove the bounded perturbation resilience of the
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1. Introduction

In this paper, we focus on the Multiple-sets Split Feasibility Problem (MSSFP), which
is formulated as follows.

t r
Find a point x* € C = (1] C; such that Ax* € Q = [ Q;, 1)
i=1 j=1

where A : Hy — H; is a bounded and linear operator, C; C Hy, i = 1, ---,t, and
Q]' C Hy, j=1, .-, rare nonempty closed and convex sets, and H; and H, are Hilbert
spaces. When t = 1, r = 1, it is the Split Feasibility Problem (SFP). Byrne in [1,2] introduced
the following CQ algorithm to solve the SFP,

L = pe(xF — a A (I — Pg) Ax5), )

where oy € (0, W) It is proven that the iterates {x*} converge to a solution of the SFP.
When Pc and Pg have explicit expressions, the CQ algorithm is easy to carry out. However,
Pc and Pg have no explicit formulas in general; thus the computation of Pc and Py is itself
an optimization problem.

To avoid the computation of Pc and Pg, Yang [3] proposed the relaxed CQ algorithm

in finite dimensional spaces. The algorithm is
= P (af — ap A* (1 — PQk)Axk), (3)

2

A ), Ck and QF are sequences of closed half spaces containing C and Q,

where oy € (0, |
respectively.
As for the MSSFP (1), Censor et al. in [4] proposed the following algorithm,
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= Po(xF —aVp(xh)), 4)

where () is an auxiliary closed subset, and p(x) is a function to measure the distance from
a point to all the sets C; and Q);,

Z?\ I — Pe, ()2 + 5 Z,B]”AX_PQ (Ax)|?, ()

] 1

where/\ > 0,8 > Oforeveryiandj, and Y/_ 1/\~—|—E]r- 1B =10 < a < 2/L,

L = 1A+ ||AH2 —1 Bj- The convergence of the algorithm (4) is proved in finite
dimensmnal spaces.
Later, He et al. [5] introduced a relaxed self-adaptive CQ algorithm,

k+1 _ Tp+ (11— Tk)(xk - tkaPk(xk))/ ©)

where the sequence {1} C (0,1), u € H, pr(x) = % Zle Aillx — Pcfg(x) %+ % 2;21 ﬁj||Ax -

Pk (Ax)||?, where the closed convex sets C¥ and Q;? are level sets of some convex functions
j

X

containing C; and Qj, and self-adaptive step size ay = HVPPW' 0 < px < 4. They proved

that the sequence {x*} generated by algorithm (6) converges in norm to Ps(y), where S is
the solution set of the MSSFP.

In order to improve the rate of convergence, many scholars have investigated the
choice of the step size of the algorithms. Based on the CQ algorithm (2), Yang [6] proposed
the step size

Pk
IV

where {p} is a sequence of positive real numbers satisfying ) -, oy = coand } ;" p% <
+o0, and f(x) = %H (I — Pq)Ax||%. Assuming that Q is bounded and A is a matrix with
full column rank, Yang proved the convergence of the underlying algorithm in finite
dimensional spaces. In 2012, Lopez et al. [7] introduced another choice of the step size
sequence {ay } in the algorithm (3) as follows

_ pefi(d)
IV fie(xF) |27

where 0 < pr < 4, fr(x) = 3||(I - PQk)AxHZ, and they proved the weak convergence of the
iteration sequence in Hilbert spaces. The advantage of this choice of the step size lies in the
fact that neither prior information about the matrix norm A nor any other conditions on Q
and A are required. Recently, Gibali et al. [8] and Chen et al. [9] used step size determined
by Armijo-line search and proved the convergence of the algorithm. For more information
on the relaxed CQ algorithm and the selection of step size, please refer to references [10-12].

On the other hand, in order to make the algorithms converge faster, specific pertur-
bations have been introduced into the iterative format, since the perturbations guide the
iteration to a lower objective function value without losing the overall convergence. So far,
bounded perturbation recovery has been used in many problems.

Consider the usage of the bounded perturbation for the non-smooth optimization
problems, min,cy ¢(x) = f(x) 4+ g(x), where f and g are proper lower semicontinuous
convex functions in real Hilbert spaces, f is differentiable, g is not necessarily differentiable,
and V f is L-Lipschitz continuous. One of the classic algorithms is the proximal gradient
(PG) algorithm, based on which Guo et al. [13] proposed the following PG algorithm with
perturbations,

K =

Xk = prox, (I — AkDVf + e)(xF). (7)
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Assume that (i) D is a bounded linear operator, (i) 0 < infA, < A < sup Ay < %,
(iii) e(x¥) satisfies Y5°  [le(xF)|| < +o0, and (iv) 6 = Vf(x*) — D(x*)Vf(x*) satisfies
Y20 0kl < +oo. They asserted that the generated sequence {x*} converges weakly
to a solution. Later, Guo and Cui [14] proposed the modified PG algorithm for solving
this problem,

= (R + (1 - Tk)PTOXAkg(I — M V) (aF) +e(xb), (8)

where 7, C [0,1], hisa p € (0,1)-contractive operator. They proved that the sequence {x*}
generated by the algorithm (8) converges strongly to a solution x*. In 2020, Pakkaranang
et al. [15] considered PG algorithm combined with inertial technique

{]/k — xk + Gk(xk _ xkfl),

9
= qh(y*) + (1= w)prox, o (I = AV () +e(y), Y

and they proved its strong convergence under suitable conditions.

For the convex minimization problem, min,cq, f(x), where () is a nonempty closed
convex subset in finite dimensional space and the objective function f is convex, Jin
et al. [16] presented the following projected scaled gradient (PSG) algorithm with errors

= Py (xF — D (xF)V £ (xF) + e(xF)). (10)

Assume that (i) {D(x*)}{°, is a sequence of diagonal scaling matrices, and that (ii)
(iii) (iv) are the same as the conditions in algorithm (7); then the generated sequence {xk }
converges weakly to a solution.

In 2017, Xu [17] applied the superiorization techniques to the relaxed PSG. The iterative
form is

= (1 = 1) x* + 1 Po (x5 — D () V£ (k) 4 e(xF)), (11)

where T is a sequence in [0,1], and D(x*) is a diagonal scaling matrix. He established
weak convergence of the above algorithm under appropriate conditions imposed on {7 }
and {A;}.

For the variational inequality problem (VIP for short) (F(x*),x —x*) > 0, Vx € C,
where F is a nonlinear operator, Dong et al. [18] considered the external gradient algorithm
with perturbations

(£t az>
x

= Po(af — a F(75) + e (xF)).
where aj = I" with my the smallest non-negative integer such that
k _k kK ok
ag[F(x) = F(ZO)[| < pll” = =7].

Assume that F is monotonous and L-Lipschitz is continuous and that the error se-
quence is summable; the sequence {x*} generated by the algorithm converges weakly to a
solution of the VIP.

For the split variational inclusion problem, Duan and Zheng [19] in 2020 proposed the
following algorithm

= () + (1 — ) JPH (I = A A (1= J52) A) (6F) + e(x5), (13)
where A is a bounded linear operator, By and B, are maximal monotone operators. As-

suming that limy_,o T = 0, 1320 T = 0, 0 < infy_,00 Ay < supy_, o Ak < %, L = ||A|?
and Y [le(x¥)|| < +oo, they proved that the sequence {x} strongly converges to a
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solution of the split variational inclusion problem, which is also the unique solution of
some variational inequality problem.

For the convex feasibility problem, Censor and Zaslavski [20] considered the pertur-
bation resilience and convergence of dynamic string-averaging projection method.

Adding an inertial term can improve the convergence rate, which is also a perturbation.
Recently, for a common solution of the split minimization problem and the fixed point
problem, Kaewyong and Sitthithakerngkiet [21] combined the proximal algorithm and a
modified Mann’s iterative method with the inertial extrapolation and improved related
results. Shehu et al. [22] and Li et al. [23] added alternated inertial perturbation to the
algorithms for solving the SFP and improved the convergence rate.

At present, the (multiple-sets) split feasibility problem is widely used in application
fields, such as CT tomography, image restoration, and image reconstruction, etc. There
are many related literatures on the iterative algorithms for solving the (multiple-sets)
split feasibility problem. However, there are relatively fewer documents studying the
algorithms of the (multiple-sets) split feasibility problem with perturbations, especially
with self-adaptive step size. In fact, the latter also has a bounded disturbance recovery
property. Motivated by [9,18], we focus on the modified relaxed CQ algorithms to solve
the MSSFP (1) in real Hilbert spaces and assert that the proposed algorithms are also
bounded-perturbation-resilient.

The rest of the paper is arranged as follows. In Section 2, definitions and notions that
will be useful for our analysis are presented. In Section 3, we present our algorithms and
prove their weak convergence. In Section 4, we prove that the proposed algorithms have
bounded perturbation resilience and construct the inertial modification of the algorithms.
Furthermore, finally, in Section 5, we present some numerical simulations to show the
validity of the proposed algorithms.

2. Preliminaries

In this section, we first define some symbols and then review some definitions and
basic results that will be used in this paper.

Throughout this paper, H denotes a real Hilbert space endowed with an inner product
(-,-) and its deduced norm || - ||, and I is the identity operator on . We denote by S the
solution set of the MSSFP (1). Moreover, x* — x (x* — x) represents that the sequence
{x*} converges strongly (weakly) to x. Finally, we denote by w,,(x*) all the weak cluster
points of {x*}.

An operator T : H — H is said to be nonexpansive if for all x,y € H,

ITx = Ty|| < [lx = yll;
T : H — H is said to be firmly nonexpansive if for all x,y € H,
1Tx = Ty||* < [lx =yl = [|[(1 = T)x = (I - T)ylP,
or equivalently
[ITx = Ty||* < (Tx = Ty, x — y).

It is well known that T is firmly nonexpansive if and only if I — T is firmly nonexpan-
sive.

Let C be a nonempty closed convex subset of 7. Then the metric projection Pc from
‘H onto C is defined as

Pc(x) = argmin ||x —y|[>, x € H.
yeC

The metric projection P¢ is a firmly nonexpansive operator.
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Definition 1 ([24]). A function f : H — R is said to be weakly lower semicontinuous at % if x*
converges weakly to £ implies

f(£) < liminf f(xF).
k—o00
Definition 2. If ¢ : H — R is a convex function, the subdifferential of ¢ at x is defined as

dp(x) ={C€H | o(y) > p(x) + (S y—x), Vy € H}.

Lemma 1 ([24]). Let C be a nonempty closed and convex subset of H; then forany x, y € H, z €
C, the following assertions hold:

(i) (x — Pcx,z — Pcx) < 0;

(ii) || Pex — 2||* < [lx — z[|* — [|Pex — x[|%

(iii) 2(x,y) < |lx|| + l|x[ |y lI%;

(i) 2(x,y) < x|+ llylI*.

Lemma 2 ([25]). Assume that {ak},‘f’zo is a sequence of nonnegative real numbers such that
A1 < (1 +0p)d" + 6, Yk >0,

where the nonnegative sequences {0y} 3>, and {0y} satisfies Y ;> o o < +o00and Y ;> (0 <
400, respectively. Then limy_,, a* exists.

Lemma 3 ([25]). Let S be a nonempty closed and convex subset of H and {x*} be a sequence in H
that satisfies the following properties:
(i) limy_,o, ||x* — x|| exists for each x € S;
(ii) we (xF) C S.
Then {x*} converges weakly to a point in S.

Definition 3. An algorithmic operator P is said to be bounded perturbations resilient if the iteration
XK+ = P(xk) and ¥+ = P(xF 4+ Agvy) all converge, where { A} is a sequence of nonnegative
real numbers, {vy} is a sequence in H, and M € R and satisfies

(0]

)\k < +o0, HI/kH < M.
k=0

3. Algorithms and Their Convergence

In this section, we introduce two algorithms of the MSSFP (1) and prove their weak
convergence. First assume that the following four assumptions hold.

(A1) The solution set S of the MSSFP (1) is nonempty.

(A2) The level sets of convex functions can be expressed by

Ci={xeHi|c(x) <0} and Q;={y€Hz|q;(y) <0},
wherec; : Hy — R(i=1,---,t)and q; : Hp = R (j = 1,---, r) are weakly lower
semicontinuous and convex functions.

(A3) For any x € H; and y € H», at least one subgradient ¢; € dc;(x) and #; € 9q;(y)
can be calculated. The subdifferential dc; and dg; are bounded on the bounded sets.

(A4) The sequences of perturbations {e;(x*)}2, (i =1, 2, 3) is summable, i.e.,
3 llei ()| < +eo.
k=0

Define two sets at point x* by
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={x € Hy | c;(x*) + (&, x —xF) <0},
and
= {y € Ha | 4;(AX") + (nf,y — Ax") <0},

where ¢k € 9c;(xF) and 77]’-‘ € 9q;(AxF). Define the function f; by

2 Ax|| (14)

I\J\’—‘

where B; > 0. Then it is easy to verify that the function fi(x) is convex and differentiable
with gradient

.
Vfilx) =) BjA (I~ Poi)Ax, (15)
j=1
and the L-Lipschitz constant of V f(x) is L = ||AH2 1 ,B]
We see that C¥ (i = 1,---,t) and Q;.‘ (j = 1 , t) are half spaces such that

C; C Cf»‘, Qj C Q;-‘, for all k > 1. We now present Algorithm 1 with Armijo-line search
step size.

Algorithm 1 (The relaxed CQ algorithm with Armijo-line search and perturbation)

Given constant v > 0,1 € (0,1), » € (0,1). Let x° be arbitrarily chosen, for k =
0,1,---, compute

J?k = Pclfk] (Xk — thka(xk) + 61(xk)), (16)

where [k] = k mod t and ay = 1" with m; the smallest non-negative integer such that
|V fie(d) = V(@) < pll* = 2. (17)
Construct the next iterate x**1 by

A = Per, (2" = Vi (2) + e2(x)). (18)

Lemma 4 ([6]). The Armijo-line search terminates after a finite number of steps. In addition,

%l <wap <9, forall k>0. (19)

where L = HA||2 1 Bj-
The weak convergence of Algorithm 1 is established below.

Theorem 1. Let {x} be the sequence generated by Algorithm 1, and the assumptions (A1)~(A4)
hold. Then {x*} converges weakly to a solution of the MSSFP (1).

Proof. Let x* be a solution of the MSSFP. Note that C C C; C C’.‘ QCQcC Qk i =
L, ,t,j=1,---,1,k=0,1,---,50 x* = Pc(x*) = Pc,(x*) = PC( )andAx =
Po(Ax*) = PQ].(Ax*) = PQ;_((Ax*), and thus f;(x*) = 0and Vfi(x*) =
]
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First, we prove that {x*} is bounded. Following Lemma 1 (ii), we have

N i

= ||Pc/[ck] (xF — g V fi(75) + ep (xF)) — x*||?
< Ik — e VA (7F) + ea(aF) — 272 — |25 — kg Vi (7F) — ea (2F) |12
= [xF = x| =[] = K2 = 2(ag V f(5F) — ea (xF), 2K — %)
2 Vi (7F) — ea(xF), 1 — 1K)
= flF = 2|2 — [ = 2F)2 = 2 Vi (7F) — eo(xF), AF T — 1)
[k — 2|2 = |2 — K2 — 2 V i (25), 25T — &%)
+2(ep (xF), K+ — x*)

k x*HZ k+1 _ Xk||2 _ ka _ kaZ _ 2<xk+l _ gk 2k xk>

= | —||x X, x

72“k<vfk(fk>/ xk+1 - X*> + 2<62(xk)ka+1 - x*>

_ ”xk o x*HZ _ kaJrl _ J?k”z _ ka _ kaZ _ 2<xk+1 _ fk,fk . xk>

=20, (V fie(7), 1 = 2) — 200 (Vi (79), 7 — 2) + 2<€2(xk)/xk+l —x7)
=[x =P = R - - Zl’ik(ka( “), & — x7)
+2(xF — 75 — ap Vi (25), 1 — 75) 4+ 2(ep (xF), KT — x%). (20)

From Lemma 1 (iii), we have that
2{ea(x), A = x%) < lea ()| + lea () [l — |12, (21)
Since I — P¢ is firmly nonexpensive, V f(x*) = 0, and Lemma 4, we get that
Zkafk( 6,2 —x%)

= 2 Zﬁ]A*I_ Qk )Axk —Eﬁ] ])Ax L&k — x*)

j

— ZakZﬁj((I—PQk)Axk—(I—PQk)Ax*,Axk—Ax*>
j=1 !
> My g )Ad? 22
> 27 Y Bill( Q]k) e (22)
j=1

Based on the definition of # and Lemma 1 (i), we know that
(2 — xF 4+ 0 Vi (xF) — eq (2F), ¥+ — 25 > 0. (23)
Note that (17), (23), and Lemma 1 (iii) yield that

2(xk — 2 — @V fi(55), F T — x5
k

< 2(—e (xF) + a Vfi(x )_“kvfk(xk) L k)

= 20 (Vfi(x*) = V(&) 1 — ) = 2(eg (), 1 — £5)

< 2m|| Vfe(xF) — ka(xk)Hka+1 — x| +2||€1( )||||xk+l — x|

< 2plak = 2| — 2]+ [lea ()] + [lea () [I]|x*T — =2

<l = 22 T = EE 2  (eg ()] [len () [[]] 5T — 22
=l = )2+ (e e (F) DI = 212+ Jlea (9 - (24)
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From assumption (A4), we know that lim_,, [le;(x*)|| = 0, i = 1, 2, and thus Ve >
0, 3K, it holds that ||e;(x¥)|| < & for k > K. We can therefore assume ||e1 (x)|| € [0,1 — u —
7) and ||ez(x)|| € [0,1/2) for k > K, where T € (0,1 — ). Hence, from (24), we get that

2(xf = 2 — g V() = 1) <l = P (1= o = 2P (e ()] (25)
Substituting (21), (22), and (25) into (20) yields
ka+l _ X*HZ <

I = o2 = (1 = o) e — 212 = |-

Hller () |+ llea (F) | + ez () 121 — )2

2ty LAl = P AT (26)

Organizing the above formula we know that

* 1 . 1—p k_ okj2
[ =22 < I — x> - [ — x|
1—[lea(xF) | 1—[lea(x9) |
B T K+ gky2 4 llex (¥ | + llea(xF) |
TG [E: |+ :
1- |€2(x )l 1— [le2(x9) ]
_ __ A‘k 2 27
( ||€ xk || Z.B]H X H ( )
Since ||e2(x¥)|| € [0,1/2) for k > K, we get
1
1< ———— <142|ea ()] < 2. (28)

T 1= [lea(xH)]]
This together with (27) shows that

I P < @2 DI~ P @ = ) = 2l ()]
i, ¢ -
2flea()]| — ol — PP 2 ) Byl (1 - Py AR
j=1
< @2 DI~ P+ 2lea ()] +2llea ()] 29)

Using Lemma 2 and assumption (A4), we know the existence of limy_,, [|x¥ — x*||?
and the boundedness of {x*}% .
From (29), it follows

i} _ 1< )
(=)l =22 4 ol =22 4 2 )yl (1 - Py A
j=1
< (1 2flea (&Y D]k = 2 = [ = 12+ 2)ler () || + 2]ea(xF)[,  (30)
which means that

[e°] ()
Y I3 = 7| < oo, Y7 (1T — | < oo
k=0 k=0

We therefore have

lim ||x* — || = 0, lim [|x**! — %|| = 0. (31)
k—o0 k—ro0
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k+1 _ ka < ||xk+l _

Thus, by taking k — oo in the inequality ||x K| + ||=F — K|, we

have
lim [|x¥1 — x| = 0. (32)
k—o0
From (30), we also know
Jim 2/3]” (I— Aka =0. (33)

Hence foreveryj =1, 2, ---, r, we have

lim [|(I — Pgi) A%< = 0. (34)
k—o0 i

Since {x*} is bounded, the set wy, (x*) is nonempty. Let ¥ € wy, (x¥); then there exists
a subsequence {x*7} of {x*} such that x*» — ¥. Next, we show that ¥ is a solution of the

MSSFP (1), which will show that w,,(x*) C S. In fact, since xkn+1 ¢ Ck» ]’ then by the
definition of CX U: ’ we have
[kn ( ) @[k ]/ knJrl - Xk"> <0, (35)

where C’[(k”n] € ac[kn](xk"). For everyi = 1,2,---,t, choose a subsequence {k,,} C {k,}
such that [k,,| = i, then

i (ks ) (g8, ke t1 — yhnsy < 0, (36)
Following the assumption (A3) on the boundedness of dc; and (32), there exists M;
such that
k”s n n,
Ci(.xkns) < <§ xks _xk 5+1>
k"s kn~ kn
< [Ig [l — s
< My||afs — xFns Tl 50, 5 — co. (37)

From the weak lower semicontinuity of the convex function c;, we deduce from (37)
that ¢;(¥) < liminf,_ c;(xf1s) < 0,ie, ¥ € C=N_, C:.
Noting the fact that I — Pan is nonexpansive, together with (31), (34), and A being a
J
bounded and linear operator, we get that

1= g AT | < (1= P ) A — (1 = g, AT+ (1 = Py, ) A
Q Q Q
] ] ]

kn _ 4 ckn s
1Ax™ = AZE] + (101 = Py ) AZ™ |

IN

IN

Al — 25| [ (I = Py ) AT ]| = 0, 1 — co. (38)
j
Since Py, (Axkn) € Q;(”, we have
j
g (Ax*") + (", Py, (Ax) — AxEr) <0, (39)
j

where ;711.(" € aqj(Axk" ). From the boundedness assumption (A3), (38), and (39), there exists
M, such that

99



Axioms 2021, 10, 197

q;(Ax"r)

IN

n kn_ kn
;" [[| Ax PQ]kn(Ax )l

IN

M ||(I = Py JAX | = 0, 1 — oo, (40)
]

Then q]-(AJ?) < liminf,, e q]-(Axk") <0,thus Ax € Q = ﬂ§:1 Qj, and therefore x € S.
Using Lemma 3, we conclude that the sequence {x*} converges weakly to a solution of the
MSSFP (1). O

Now, we present Algorithm 2 in which the step size is given by the self-adaptive
method and prove its weak convergence.

Algorithm 2 (The relaxed CQ algorithm with self-adaptive step size and perturbation)

Take arbitrarily the initial guess x°, and calculate

Kt PCf‘k] (xk _ (kafk(xk) + 63(xk))r (41)

k
where a; = %, 0 < pr <4 andC;, Qj, Cff, Q;.‘ and V fi(x) were defined at the

beginning of this section.

The convergence result of Algorithm 2 is stated in the next theorem.

Theorem 2. Let {x*} be the sequence generated by Algorithm 2. Assumptions (A1)~(A4) hold
and py, satisfies infy pr(4 — px) > 0. Then {x*} converges weakly to a solution of the MSSFP (1).

Proof. First, we prove {x*} is bounded. Let x* € S. Following Lemma 1 (ii), we have

kaJrl _x*HZ
= HPC[kk] (" — g V fr(xF) + e3(x)) — x*|?

¥ — 2V fie () + e3 (xF) — 2|12 — [ — 2 4 Vi () — e3(x9) |12
= =P = = P 2V f(2F) — e (), 6F — )
—2(a V fie(xF) — e3(xF), 2FH1 — 2y
= =P = [ = K = 20 (V (), 2 — 1)
—2( V fie(xF), XK — 2k 4 2(e3(2F), 2 — ). (42)

From Lemma 1 (iii), it follows
2(es(x), T — %) < lea () ||+ [lea (R 1 — %1%, (43)

Similar with (22), it holds that

20 (V e (x9), ok — %) > 20 Y- By (1 — P ) Ax¥||> = ey i (x9). (44)
= f

From Lemma 1 (iv), one has
=2V fi(x), 2 = ) < oIV () 7+ [ - K2 (45)

Substituting (43)—(45) into (42), we get that
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41— 2P

IN

1 = x* |12+ af | V fic(FF) 1> — 4o fi(xF) + Jles () |
+lea (x| — 2|2,
*”2 Pkfk( “)

IV fie(xH)|
+lea (x| + flea (&) [ 1" = 2|2,

2 ( 1k
~pula = 0TI e 2

= -

2 oicfie(xF)
T LIV £ (1) | 4||Vf( )||2fk( x*)

= [of x|

+les (x)- (46)

Organizing the above formula, we obtain that

ka-i—l _x*HZ

L i) REY )]
S e P e VAR T T- e &7

From assumption (A4), we know that limj_,, e3 (xk) = 0, so we can assume without
loss of generality that ||e3(x*)|| € [0,1/2), k > 0, then

1
1< —— — <1+42[e3(x")] <2 (48)
1 [les(xk) |

So (47) can be reduced as

5 22 < (1 2les () 1 — [ + 2les(x)]1- (49)

Using Lemma 2, we get the existence of limy_, ||x* — x*||> and the boundedness of

{xk}iozo-

From (47), we know

o4 —pr) SR
1= [les(xR)[| |V fie(xK) |I?

1 ; ) e () |
e P | Rl | P AR L —0, (50)
1= les(xb)]| 1= les(xH)]|
then the fact that infy px(4 — px) > 0 asserts that HVJ; ((x ))HZ — 0. Since V f; is Lipschitz

continuity and V fi(x*) = 0, we get that
IV A 17 = 1V fie(a) = Vfila )P < L2{1a% = o2, (51)

This implies that V f;(x¥) is bounded, and thus (50) yields f;(x*) — 0. Hence for
everyj=1,2,---,r,wehave

H(I—PQ]k)Aka — 0, k — co. (52)

Let {x*} be a subsequence of {x} such that ¥ — % € w,(x¥), and {k;,} are a
subsequence of {k,} such that [k,,] = i. Similar to the proof of Theorem 1, we know
that ¢;(X) < liminfse ci(xk”S) <0 ie,x € C = le C;. Since (52) indicates that
qj(AX) < liminf, e q;(Axf") <0, Ax € Q = Nj=1 Qj- Therefore X € S. Using Lemma 3,
we conclude that the sequence {x¥} converges weakly to a solution of the MSSFP (1). [J
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4. The Bounded Perturbation Resilience
4.1. Bounded Perturbation Resilience of the Algorithms

In this subsection, we consider the bounded perturbation algorithms of Algorithms
1 and 2. Based on Definition 3, in Algorithm 1, let ei(xk ) = 0,i = 1, 2. The original
algorithm is

= ct, (x* — 0, V£ (x9)),

(53)
= Py (¢ - VA(),

where &y is obtained by Armijo-line search step size such that a; ||V fi (x¥) — V fi () || <
1| xF — k||, where i € (0,1). The generated iteration sequence is weakly convergent, which
is proved as a special case in Section 3. The algorithm with the bounded perturbation
of (53) is that

7 = Pcf{k] (xk + Ay — zkafk(xk + M),

(54)

xht1 — Pcf(k] (Xk + My — a V fr (fk)).

where [k] = k mod t and &y = 1" with mj the smallest non-negative integer such that

pllxk + Agvy — 7|

p(]|k = 2|+ Agllve]). (55)

||V fie(xF + Agve) = VA (59)|| <
<

The following theorem shows that the algorithm (53) is bounded perturbation-resilient.

Theorem 3. Assume that (A1)~(A3) are true; the sequence {vi};2, is bounded and the scalar
sequence {\ }2, satisfies Ay > 0 and 52 A < +oo. Then the sequence {x*}° ; generated by
iterative scheme (54) converges weakly to a solution of the MSSFP (1). Thus, the algorithm (53) is
bounded perturbation-resilient.

Proof. Let x* € S. Since X2 A < +-oc0 and the sequence {vj }; , are bounded, we have

Y Acllvill < oo, (56)
k=0

thus
k—o0

So we can assume that Ag||vi|| € [0, (1—pu —7)/2), where T € (0,1 — u), without loss
of generality. Replacing e, (x¥) with A vy in (20) and using Lemma 1 (iii) show

1+ — |12

< oF =P )P T = TP - 20 (Vi (5F), 2 - )
+2(xF — 7 — g Vi (25), X — 7Y 4 2( A, AT — &%)

< =P P T = TP - 20 (Vi (79), 2 - 2

2 = — 2 V() = ) + Al + Al = 2 (58)

Since I — P¢ is firmly nonexpensive, V fi(x*) = 0 and Lemma 4, we get that

2009 fu(2), 7~ x°) 2 25 37 (1~ Py As P (59)
=1
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Based on the definition of ¥ and Lemma 1 (i), we know that

(2 — X+ w0 V (K + Mvg) — Ay, 271 — 75 > 0. (60)

Based on (55), the following formulas holds

2V fie (" + Agvi) — eV fie(7F), 25 — )

20|V fie (2 + Agvie) = V7 fie (@) ||| — 2|

2p ]k = 2 [l — 2] 4 20 e[| — =

el = 207+ e+ Al DI = 2602 4 2 A vl (61)

IN A

Lemma 1 (iii) reads that
— 2 (g X1 = 2) < Al + Al 16 — 212 (62)
Substituting (60)-(62) into the fifth item of (58), we get

2(xkF — 7K — @ Vi (55), AFH1 — 55

< 20 — 75— Vi (75), 2 — 7
+2(7F — xF + a Vi (28 + M) — A, 1 — 59
= 2w V(o + M) — i V f(79), T — 2) — 24 (g, 4T — )
<l = 2P e 20 D1 = 2P (1 ) Ak
< Hka—kaer(l—T)kaH—fk|\2+2/\k||'/k||- (63)

Substituting (59) and (63) into (58) we get

* 1 * =
4 =l < g [ = P 3l — (- gt 24
- I ¢ -
P 2FE Y11 ) AR, (64
j=1

Since Agllvk]| € [0, (1 —u —1)/2), we get
1< cipondu] <2 (65)
S 7 = kllVk .
1 — Agellvill
This, together with (64), shows that
I =22 < (1 22wl [ka =X = (1= )| = FP =

I < _
—zﬁ};ﬁj|<1—PQ¢)Axk||2} + 6 vk

< (T 22Dl — x| + Ak vl (66)

Using Lemma 2, we know the existence of limy_,, ||x* — x*||> and the boundedness
of {xF}2 .
From (64), it follows that
I
(1= ) |25 = 22 + |~ 'k||2+2y Z.B]” (I-P Axk||2

<R = a2 = (1= A T = 22+ 3Ak|\vk\|. (67)
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Thus, we have limy_, o, ||x* — #|| = 0, limy_, o, [|x**! — || = 0and limy_,, Y Bill(I—
PQ,‘<)14\9?7‘||2 = 0. Hence,
j

lim ||x** — x| =0, (68)
k—o0
and foreveryj=1,2,---,71,
lim ||(I — Py) AZ|| = 0. (69)
k—00 i

Similarly to with Theorem 1, we conclude that the sequence {x*} converges weakly to
a solution of the MSSFP (1). O

Remark 1. When t =1, r = 1, the MSSFP reduces to the SFP; thus Theorems 1 and 3 guarantee
that algorithm (53) is bounded perturbation-resilient with Armijo-line search step size for the SFP.

Remark 2. Replace fi(x) in algorithm (53) by gi(x), and V fi(x) by Vg (x), where gi(x) =

- PQ;[{])Atz, and Vgi(x) = A*(I — PQ;[(])Ax, [k] = k mod r. The corresponding algo-
k k

rithm is also bounded perturbation-resilient.

Next, we will prove that Algorithm 2 with self-adaptive step size is bounded perturbation-
resilient. Based on Definition 3, let e3(x*) = 0 in Algorithm 2. The original algorithm is

= Py (- V), (70)

__pefild) : : ;
where oy = A 0 < px < 4. The iterative sequence converges weakly to a solution

of the MSSFP (1); see [26]. Consider the algorithm with the bounded perturbation

K1 = PCI[(k] (o 4 v — &V e (8 + M), 7

k
where & = M{%, 0 < px < 4. The following theorem shows that the algorithm (70)

is bounded-perturbation-resilient.

Theorem 4. Suppose that (A1)~(A3) are true; the sequence {vi}°, is bounded and the scalar
sequence { Ay } 12, satisfies A > 0, X2 Ay < o0, and py satisfies inf oy (4 — p) > 0. Then the
sequence {x* Yoo generated by iterative scheme (71) converges weakly to a solution of the MSSFP
(1). Thus, the algorithm (70) is bounded-perturbation-resilient.

Proof. Set e3(x*) = v 4+ aV fi (%) — &V fi (x* + Agvi), then (71) can be rewritten as
xkt1l = Pcfk] (xF — 0, V fi(xF) + e3(xK)), which is the form of Algorithm 2. According to

: : o0 k ; Pific (M) k
Theorem 2, it suffices to prove that Y > ; e3(x*) < +o0. Since WV Fre (2 + Apy)

is continuous, we write

o fe (xF + Agvg)
[V fie(xk + A ||?

k
Vfie(xF + Av) = HQ}JZ‘((;;))'Pka(xk) + O(Agvk), (72)

where O(Agvg) denotes the infinitesimal of the same order of Avy. From the expression of
e3(x¥), we obtain
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lesGN < Ml + oV A () = eV i + A |

k
_ ||)\ka\|+” ”Pkfk( )HZ V() — O fie(xF + Ay ka(kar)thk)H

) IV felF+ A ) 2
_ P f (x) Prfi(+*)
= Il + | e VA - (e VA + 0w )|
= [ Al + ||O(/\k1/k)||~ (73)

Since {Axv} is summable, we know that {e3(x¥)} is summable, i.e., Y2, |les (xF)|| <
+00. Thus, we conclude that the sequence {x*} converges weakly to a solution of the
MSSFP (1); i.e., the algorithm (70) is the bounded-perturbation-resilient. [J

Remark 3. Whent =1, r = 1, the MSSFP reduces to the SFP; thus Theorems 2 and 4 guarantee
that algorithm (70) is bounded-perturbation-resilient with the self-adaptive step size for the SFP.

4.2. Construction of the Inertial Algorithms by Bounded Perturbation Resilience
In this subsection, we consider algorithms with inertial terms as a special case of
Algorithms 1 and 2. In Algorithm 1, letting e;(x*) = 9,51) (xk — x*=1),i =1, 2, we obtain

o = Py (¢~ Vfl) + o) (xk — x5 1),
(74)
- 2 _
A= P (F — V() + 67 (),
where the step size ay is obtained by Armijo-line search and
A0
k k k—1
| M r—11’ - > 1/ .
S g P Il ==l i=1,2. (75)
)\]({Z), ka _ xk71|| <1,

Theorem 5. Assume that the assumptions (A1)~(A3) are true, and the sequence { Ay }2_, satisfies

A > 0, and Z;"ZO)L,(:) < +oo,i = 1,2. Then, the sequence {xk}];"’zo generated by iterative
scheme (74) converges weakly to a solution of the MSSFP (1).

Proof. Let el-(xk) = A]({i)vk, i =1, 2, where

k k—1
X" —X _
T S aar |k — K1 > 1,
v =[x =2 (76)
xk o xk_l, ”xk . Xk_lH <1.

Thus, we know that [|vi|| < 1 and {e;(x*)}{>, satisfies assumption (A4). According

to Theorem 1, we conclude that the sequence {x*} converges weakly to a solution of the
MSSFP (1). O

Considering the algorithm with inertial bounded perturbation

2= Pop (3 4+ 0 (2 = ) — T + 0 - ),

(77)
P g P, (o 4 0 (xF — K1) — V£ (59)).
where
T B
O = ¢ [[x* =2k (78)
Ak |k — xF1 < 1.
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According to Theorem 3, it is easy to know that the sequence {x*} converges weakly
to a solution of the MSSFP (1). More relevant evidence can be found in reference [27].

Similarly, we can get Theorem 6, which asserts that Algorithm 2 with the inertial
perturbation is weakly convergent.

Theorem 6. Assume that (A1)~(A3) are true; the scalar sequence {Ar};>  satisfies Ay > 0,
and 2 Ap < +oo, and py satisfies infy py (4 — pi) > 0. Then the sequence {x*}2°_ is generated
by each of the following iterative scheme,

= Py (- V() + 0 (F - ), (79)

oS PCE(H (xk _ Oékak(xk + ek(xk — xk—])) + Gk(xk _ xkfl))’ (80)

where 6y is the same as (78) and wy is self-adaptive step size which is the same as in Algorithm 2,
converges weakly to a solution of the MSSFP (1).

5. Numerical Experiments

In this section, we compare the asymptotic behavior of algorithms (53) (Chen
et al. [9]), (77) (Algorithm 1), (70) (Wen et al. [26]) and (80) (Algorithm 2), denoted
by NP1, HP1, NP2, and HP2, respectively. For the sake of convenience, we denote
e =(0,0,---, O)T ande; = (1,1, ---, 1), respectively. The codes are written in Matlab
2016a and run on Inter(R) Core(TM) i7-8550U CPU @ 1.80 GHz 2.00 GHz, RAM 8.00 GB.
We present two kinds of experiments. One is a real-life problem called LASSO problem,
the other kind is some numerical simulation including three examples of the MSSFP.

5.1. LASSO Problem
Let us consider the following LASSO problem [28]

1
min { > Ax — blI3 | x € R™, [|x[l1 < e}

where A € R™", m < n,b € R™, and ¢ > 0. The matrix A is generated from a
standard normal distribution with mean zero and unit variance. The true sparse signal x*
is generated from uniformly distribution in the interval [—2,2] with random p position
nonzero, while the rest is kept zero. The sample data b = Ax*. For the considered MSSFP,
letr =t=1and C = {x | ||x[1 < e}, Q = {b}. The objective function is defined as

fx) = 3llAx b3

We report the final error between the reconstructed signal and the true signal. Take
|xF — x*|| < 107* as the stopping criterion, where x* is the true signal. We compare the
algorithms NP1, HP1, NP2 and HP2 with Yang’s algorithm [3]. Let ay = /" forall k > 1,
y=11= %, U= %, O = %, px = 0.1, and ap = 0.1 ”Al|2 of Yang’s algorithm [3].

The results are reported in Table 1. Figure 1 shows the objective function value versus
iteration numbers when m = 240, n = 1024, p = 30.

From Table 1 and Figure 1, we know that the inertial perturbation can improve the
convergence of the algorithms and that the algorithms with Armijo-line search or self-
adaptive step size perform better than Yang’s algorithm [3].

We also measure the restoration accuracy by means of the mean squared error,
i.e., MSE= (1/k)||x* — x¥||, where x* is an estimated signal of x. Figure 2 shows a compar-
ison of the accuracy of the recovered signals when m = 1440,n = 6144, p = 180. Given
the same number of iterations, the recovered signals generated by algorithms in this pa-
per outperform the one generated by Yang’s algorithm; NP1 needs more CPU time and
presents lower accuracy; algorithms with self-adaptive step size perform better than the
algorithms with step size determined by Armijo-line search in CPU time and imposing
inertial perturbation accelerates the convergence rate and accuracy of signal recovery.
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Table 1. Comparison of algorithms with different step size.

m n P NP1 HP1 NP2 HP2 Yang’s alg.
120 512 15 No. of Iter 1588 1119 10,004 7426 10,944
cpu(time) 0.8560 0.6906  0.6675  0.4991 0.7011
240 1024 30 No. of Iter 1909 1354 10,726 7969 13,443
cpu(time) 2.1224 14836  1.6236  1.2011 1.9789
480 2048 60 No. of Iter 2972 2117 17,338 12,897 22,118
cpu(time)  22.5140 14.8782 154729 11.1033 19.3376
720 3072 90 No. of Iter 3955 2872 21,853 16,244 28,004
cpu(time) 1349243 82.6705 79.1640 57.1230  110.0482

10 w
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g £
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Figure 1. The objective function value versus the iteration number.
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Figure 2. Comparison of signal processing.
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5.2. Three MISSFP Problems
Example 1 ([5]). Take H1 = Ho = R, r =t =2, B1 = Bo = S and ay = yI" forall k > 1,
y=11= %,y: %,Qk: %,pk:m. Define

G = {x = (x1, x2, x3)T € R® | xy + 25 +2x3 < 0}/
2 2 .2
T 3, % X3 }
I (W RO Ly 2.5 40
Cy {x (x1, X9, x3)" € 16+ 9 + 4 <0y,
QA = {x:(xl,xz,x3)TeR3\x%—i—xz—ngO},
2 2 2
Q@ = {r=(nmxTer?|1+24+2 10},

and

2 -1 3
A=14 2 5.
2 0 2
The underlying MSSFP is to find x* € Cy () Cy such that Ax* € Q1 Qa.

We use inertial perturbation to accelerate the convergence of the algorithm. For the
convenience of comparison, the initial values of the two inertial algorithms are set to be
the same. Let x0 = x!. We use E; = ||x**1 — x¥||/||x¥|| to measure the error of the k-th
iterate. If E; < 1075, then the iteration process stops. We compare our proposed iteration
methods HP1 , HP2 with NP1, NP2 and Liu and Tang’s Algorithm 2 in [29]. Algorithm 2 is

of the form xF+1 = U[k] (Xk — K 2;':1 ﬁ]A*(I - Tj)Ax), K € (0, W) We take U[k] = Pcf(k]’

T; = Pij and a; = 0.2 % W, and the algorithm is referred to as LT alg.

The convergence results and the CPU time of the five algorithms are shown in Table 2
and Figure 3. The errors are shown in Figure 4.

The results show that (80) (HP2) outperforms (77) (HP1) for certain initial values.
The main reason may be that the self-adaptive step size is more efficient than the one
determined by the Armijo-line search. Comparison results of five algorithms and the
convergence behavior show that in most cases, the convergence rate of the algorithm can
be improved by adding an appropriate perturbation.

Table 2. Numerical results of five algorithms for Example 1.

Choice NP1 HP1 NP2 HP2 LT alg.

1.x°=(0.1,0.1,0.1)7 No. of Iter 60 43 219 162 420
cpu(time) 0.0511 0.0450 0.0362 0.0347 0.0879

2. x% = (-0.4, 0.555, 0.888)T No. of Iter 139 85 195 143 178
cpu(time) 0.0669 0.0509 0.0342 0.0318 0.0552

3.x9=(1,23)T No. of Tter 142 89 195 141 178
cpu(time) 0.0694 0.0490 0.0352 0.0339 0.0551

4. x° = (0.123,0.745,0.789)7  No. of Iter 149 85 108 77 526
cpu(time) 0.0590 0.0448 0.0295 0.0268 0.1018
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Example 2. Tuke Hi = R", Hy = R"™, A = (aj)mxn with a;; € (0,1) generated randomly,

Ci={x e R"| |x—dil}

<r

=12 Q={yeR" | ly—Llf <}, j=

1,2,---,r, where d; € [ey,10eq], r; € [40,60], lj € [eo, e1], hj € [10,20] are all generated
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randomly. Set By = P = -+ = By = Land ay = yI"™ forallk > 1,y =1,1= %, u =
O = 1, px = 0.001.

7

N—

We consider using inertial perturbation to accelerate the convergence of the algorithm.
If B = || 1 — xK|| /|| x| < 1074, then the iteration process stops. Let x = x!. We choose
arbitrarily three different initial points and consider iterative steps of the four algorithms
with m, n, r, t being different values. See Table 3 for details.

Table 3. Numerical results of the algorithms with and without perturbation for Example 2.

Initial Point NP1 HP1 NP2 HP2

r=t=10,m=15,n=20

W=xl =2x¢ No. of Iter 49 36 1281 999
cpu(time) 0.1031 0.0669  0.1480 1494

10 =xl =50%¢e No. of Iter 187 121 2297 1669
cpu(time) 0.2485 0.1536  0.2887  0.1868

x0 = x! =100 * rand(n, 1) No. of Iter 312 225 2357 1811

cpu(time) 0.4202 0.2908 0.2830  0.2159

r=t=10,m =n =40

W=xl =2x¢ No. of Iter 89 66 956 732
cpu(time) 0.3140 0.1777  0.1534  0.1318

0 =xl =50%e; No. of Iter 1710 1583 1301 1061
cpu(time) 4.0390 4.0357 1860 0.1555

x0 = x! =100 * rand(n, 1) No. of Iter 1674 1658 1487 1219

cpu(time) 4.6581 3.7752 0.2065  0.1762

r=t=30,m=n=40

W=xl =2x¢ No. of Iter 136 103 985 753
cpu(time) 0.6912 0.5174  0.3312  0.2515

W =xl =50%e; No. of Iter 1612 1411 1258 968
cpu(time)  12.3437 117164 03991  0.3127

x0 = x! =100 * rand(n, 1) No. of Iter 1541 1133 1643 1012

cpu(time) 11.8273 7.4646 1.0363  0.2965

In this example, we found that the algorithm with Armijo-line search needs fewer
iteration steps in relatively low-dimensional spaces. In the case of high-dimensional spaces,
the algorithm with self-adaptive step size outperforms in time. Generally, the convergence
is improved by inertial perturbations for both algorithms in our paper.

Example 3 ([30]). Take Hy = R", Hy = R™, A = (a;j)mxn with a;; € (0,1) generated
randomly, C; = {x € R" | |x —dj||} < #?},i=1,2,---,t, Q; = {y € R" | y"Byy +
b]y + Cj < 0},j =1,2,---,r, where dl' S (690, 1681), 1 € (100, 120), b] S (—3081, —2081),
¢j € (=50, —60), and all elements of the matrix B; are all generated randomly in the interval
(2,10). Set By =Po =+ =By = Landay = yI" forallk > 1,y =1,1=3, u=1%0, =1,
Pk = 0.1.

We consider using inertial perturbation to accelerate the convergence of the algo-
rithm. The stopping criterion is defined by E, = % Y/, [|xF — ch(kaz +3 i || Axk —

PQ;gAxl‘H2 < 107*. Let 2% = x!. The details are shown in Table 4.
j
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Table 4. Results of Armijo-line search and self-adaptive algorithms for Example 3.

Initial Point NP1 HP1 NP2 HP2

r=t=10,m=n =20

0 =xl=¢ No. of Iter 477 357 2268 1700
cpu(time) 12453 09267  1.0516  0.8038

x0 = x! =50%e No. of Iter 757 564 3291 2470
cpu(time)  1.6205 12805  1.5623  1.1023

x0 = x! =100 *rand(n,1)  No. of Iter 996 737 4323 3231

cpu(time) 1.9087 1.4396 1.9696 1.4493

r=t=20,m=40,n=>50

W =xl =¢ No. of Iter 1256 941 5336 4001
cpu(time) 12.1310 4.0061 5.9165 4.0919
xV =xl =50%¢; No. of Iter 1492 1105 6917 5221
cpu(time)  12.6430  8.2382 129631  9.4880
x0 = x! =100 *rand(n,1)  No. of Iter 2101 1835 9936 9226

cpu(time) 16.4070  13.2868 14.9611  12.8079

W =xl =¢ No. of Iter 1758 1317 8328 6245
cpu(time) 482570  38.0668  30.6759  23.4267

xV =xl =50%¢; No. of Iter 2503 1777 12,905 8677
cpu(time)  59.2127  44.7915  49.5823  32.6868

x0 = x! =100 xrand(n,1)  No. of Iter 2274 1474 18,781 13,952

cpu(time) 582569  38.1917  72.6622  54.9814

We can see from Table 4 that the convergence rate is improved by inertial perturbations
for both algorithms. In most cases, the algorithm with step size determined by Armijo-line
search outperforms the one with self-adaptive step size in the number of iterations, whereas
the latter outperforms the former in CPU time.

6. Conclusions

In this paper, for the MSSFP, we present two relaxed CQ algorithms with different
kinds of self-adaptive step size and discuss their bounded perturbation resilience. Treating
appropriate inertial terms as bounded perturbations, we construct the inertial acceleration
versions of the corresponding algorithms. For the real-life LASSO problem and three
experimental examples, we numerically compare the performance with or without inertial
perturbation of the algorithms and also compare the performance of the proposed algo-
rithms with Yang’s algorithm [3], and Liu and Tang’s algorithm [29]. The results show the
efficiency of the proposed algorithms and the validity of the inertial perturbation.
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Abstract: In this paper, we propose and study a diffusive HIV infection model with infected cells
delay, virus mature delay, abstract function incidence rate and a virus diffusion term. By introducing
the reproductive numbers for viral infection Ry and for CTL immune response number R , we show
that Rp and R; act as threshold parameter for the existence and stability of equilibria. If Ry < 1,
the infection-free equilibrium Ej is globally asymptotically stable, and the viruses are cleared; if
Ry <1 < R, the CTL-inactivated equilibrium E; is globally asymptotically stable, and the infection
becomes chronic but without persistent CTL response; if Ry > 1, the CTL-activated equilibrium E;
is globally asymptotically stable, and the infection is chronic with persistent CTL response. Next,
we study the dynamic of the discreted system of our model by using non-standard finite difference
scheme. We find that the global stability of the equilibria of the continuous model and the discrete
model is not always consistent. That is, if Ry < 1, or Ry < 1 < Ry, the global stability of the two
kinds model is consistent. However, if Ry > 1, the global stability of the two kinds model is not
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In the past few years, host-virus dynamics models have been developed to explain
the interactions between virus and target T cells, much attention has been given to the
role of the immune response to human immunodeficiency virus (HIV) infection. Many
Publisher’s Note: MDPI stays neutral  different mechanisms of immune system, defenses against viral infections are of interest
with regard to jurisdictional claims in - because lots of the diseases caused by them, e.g., hepatitis B and AIDS, are chronic and
published maps and institutional affil-  jncyrable [1,2]. With the new coronavirus epidemic rages around the world [3-5], virus
iations. dynamics has become a hot spot again. In the immune response mechanism in vivo for viral

infections, the cytotoxic T lymphocyte (CTL) plays a particularly important role, therefore
many authors have examined various CTL dynamics.

A virus must take over host cells and use them to replicate because it can not replicate
on its own. HIV targets the CD4" T cells, often referred to as “helper” T cells, when it
invades the body. These cells can be considered “messengers”, or the command centres of
the immune system. They send signal to other immune cells that an invader is to be fought.
conditions of the Creative Commons ' OTC€ invaded by the viruses, these infected cells will cause a cytotoxic T-lymphocyte (CTL)
Attribution (CC BY) license (https://  Tesponse from the immune system. The immune response cells, or cytotoxic lymphocytes,
creativecommons.org, licenses /by / respond to this message and set out to eliminate infection by killing infected cells. Through
40/). the lysis of the infected cells, the viruses are prevented from further replication [2]. The
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CTL response is also striking in that it sometime does damage to the body when it tries to
clear the virus. Over half the tissue damage caused by hepatitis is actually caused by the
CTL response [1,6].

If the immune system is functioning normally, these components work together
efficiently and an infection is eliminated quickly, causing only temporary discomfort
to the host. However, over time HIV is able to deplete the population of CD4™ T cells.
What remains unknown is the exact mechanism by which this occurs, but several models
have been suggested. For a variety of different hypotheses of how this occurs, we refer the
reader to papers [7-9]. The natural killer cells may be fit to eliminate infection, but they are
never deployed, which is the the impact of the depletion of CD4" T cells on the host. This
then culminates in a clinical problem wherein the patient becomes vulnerable to infections
that a healthy immune system would normally handle.

Quite a lot of mathematical models of HIV have been set up. The classical model is
a system with three ordinary differential equations [10,11]. To better understanding the
dynamics of these infections, many mathematical models have been proposed by using
different kinds of differential equations, see [12-16] and references therein. For example,
Yang et al. [15] studied the following model

M) — A —dy T(x,t) — BrT(x, )V (%, 1),
al(aﬁ't) =BT (x, t)V(x,t) —doI(x,t), (1)
WD) — GAV (x,£) + YI(x,£) — d3V (x, 1),

where T(x,t),I(x,t) and V(x, t) denote the densities of uninfected cells, infected cells and
free virus cells at position x at time ¢, respectively. A stands for the recruitment rate of the
uninfected cells; B is the virus-to-cell infection rate; d1, d and d3 represent death rates of
uninfected cells, infected cells and free viruses; 7 stands for the recruitment rate for free
viruses; d stands for the diffusion coefficient and A is the Laplacian operator.

To help the body heal, cytotoxic T-lymphocyte effectors (CTLe) of the immune system
will remove the infected cells to prevent further viral replications. To model these extra
dynamics, researchers have studied the model of viral interaction with CTL response [10,17]

X =A—dx—Bxy,
y = pxy —ay — pyz, 2)
Z =cyz — bz,

where variables x, y and z denote the density of the healthy cells, the infected cells, and
the CTLs populations, respectively. Healthy cells are produced at rate A and their natural
mortality is dx; these cells may come into contact with the virus and become infected cells
at rate Bxy, infected cells’s natural mortality is ay, and they are removed by CTLs at rate
pyz; the CTL population increases at the rate cyz and they are removed at the rate bz.
In [18,19], researchers studied a mathematical model for HIV-1 infection with both
intracellular delay and cell-mediated immune response:
d’;(tt = A —dx(t) — Bxo,
M = e Ba(t — Djolt — 1) —ay(t) ~ py(P)(t), .
S =ky(1) — ()
& _ o '
= = cy(t)z(t) — bz(t).

Researchers obtain the global stability of the infection-free equilibrium and give many
conditions for the local stability of the two infection equilibria: one without CTLs being
activated and the other with. There are many references in the dynamics of HIV-1 infection
with CTLs response (see, e.g., [17,20-22] and the references therein).

However, there is no diffusion term and only one delay in (3). As we know, the virus is
not stationary in space, the movement of the virus in space leads to the spatial spread of the

=

=

ISy
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disease, and mostly with general nonlinear incidence rate. Fickian diffusion can reasonably
describe the spread of this virus in space and this diffusion process is often represented
by the Laplace operator. Inspired by [16,23] , in this paper, we extend the classic model of
virus dynamics to a diffusive infection model with intracellular delay and cell-mediated
immune response, with two delays and general nonlinear incidence rate, as follows

D = A= diT(x, ) = BiT(x, ) (V1)) = BT (2, (10x,1)),

aIg,t) = /1T (ﬁlT(x,t - Tl)f(V(x,t - T1)> + BoT(x,t —11)g(I(x, t — 7.’1))>
—dyI(x,t) — p1I(x, t)Z(x, 1), (4)

z;%g;) - DAV (x,t) + pae 22 (x,t — ) — d3V (x, ),

= = ql(x, ) Z(x, t) — dyZ(x, t),

here T(x,t),I(x,t),V(x,t) and Z(x,t) stand for the densities of uninfected cells, infected
cells, virus cells and CTLs at position x at time t, respectively. A and d; denote the natural
produce and mortality rate of uninfected cells, and uninfected cells are infected with a rate
B2; and B is the virus-to-cell infection rate; and B is the virus-to-cell infection rate; the
natural mortality rate of the infected cells are d; and are killed by CTL with a rate p; (Note
that d, reflects the combined effects of natural death rate of uninfected cells, d1, and any
additional cytotoxic effects the virus may have); y; represents the death rate for infected
but not yet virus-producing cells, 7y represents the latent delay, i.e., the time period from
being infected to becoming productive infected cells. Therefore, the probability of surviving
from time t — 7 to time t is e~#17; the probability of survival of immature virus is denoted
by e7#2™ and the average life time of an immature virus is % ; where T, represents the time
necessary for the newly produced virus to become mature; D is the diffusion coefficient
and A is the Laplacian operator; p; is the recruitment rate for free viruses. Virus particles
are removed from the system at rate d3; g stands for the CTL responsiveness and d4 denotes
decay rate for CTLs in the absence of stimulation.

Here, the incidences are assumed to be the nonlinear responses to the concentrations
of virus particles and infected cells, using the forms 1 Tf(V) and B,Tg(I), where f(V) and
g(I) are the force of infection by virus particles and infected cells and satisfy the following
properties [24]:

£(0) =g(0) =0,f(V) >0,8'(1) > 0, f"(V) <0,8"(I) < 0. (A1)
It follows from (A7) and the Mean Value Theorem that
PV < FV) < FOV,8 (D <g0) <gOLforl, V=0  (A2)

Epidemiologically, condition (A7) implies that: (1) the disease cannot spread if there
is no infection; (2) the incidences B1Tf (V) and B,T¢(I) become faster when the densities
of the virus particles and infected cells increase; (3) the per capita infection rates by virus
particles and infected cells will slow down as certain inhibiting effect since (A;) implies
that (@ ) < 0and (@)’ < 0. The incidence rate with condition (A7) contains the
bilinear and the saturation incidences.

In this paper, we will consider the system (4) with initial conditions

T(x,s) = ¢1(x,8) >0,1(x,s) = ¢p2(x,5) >0,

V(x,s) = ¢3(x,5) > 0,Z(x,5) = ¢s(x,5) = 0, (x,5) € O x [~,0] ®)
and homogeneous Neumann boundary conditions
W =0,t>0,x€d0 6)
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where T = max{1;, 7, } and Q) is a bounded domain in R* with smooth boundary dQ), and
%—Z stands for the outward normal derivative on 0Q).

Usually, the exact solution for a system as (1) is difficult or even impossible to be
determined. Hence, researchers seek numerical ones instead. However, how to choose
the proper discrete scheme so that the global dynamics of solutions of the corresponding
continuous models can be efficiently preserved is still an open problem [25]. Mickens has
made an attempt in this connection, by presenting a robust non-standard finite difference
(NSFD)scheme [26], which has been widely employed in the study of different epidemic
models [23,25-32]. For example, Yang et al. [30] applied the NSFD scheme to discretize
system (1) and found that the dynamical behaviors of the discrete model are consistent
with the original system. Motivated by the work of [23,25-32], we apply the NSFD scheme
to discretize system (4) and obtain:

L

1 —
1:'Z+At1': =A-diT — P12 f(V) — BTt 8 (1),
+17 M —Uq Ty m m m m
- At =e i (:BlTn—ml-‘rlf(Vn—ml) +;82Tn—m1+1g(1n—m1))
—d2 L' 4 - pll;”HZ;,”,l @)
ym __ym Vm+ _oym + m—
+1 n___ +1 +1 +1 —HUp Ty M _ m
Y; =D~ (A’;c)2 et pae 2 2I;1411z+1 d3Vn+1r
ZZlH*Z;” —=qglm zm _4,7m
Ar - uv14n 4%y

—a

Here, we assume that x € Q) = [a,b], let At > 0 be the time step size and Ax = bT
be the space step size with N a positive integer. Suppose that there exist two inte-
gers my,my € N with 1 = mjAt, n = mpAt. Denote the mesh grid point as {(x, ts),
m=20,1,2,---,N,n € N} withx,, = a+ mAx and t, = nAt. At each point, we use approx-
imations of (T(xm, ), L(xm, 1), V (X, tn), Z (X, tn)) by (T, I, V', ZI"). We set all the
approximation solutions at the time t;, by the N + 1-dimensional vector
u, = o, ug,---, uM?, where U,S') € {(Ty, 1., Vy,Zy)} and the notation ()7 is the
transposition of a vector. U,, > 0 means that all components of a vector U, are nonnegative.
The discrete initial conditions of system (7) are given as

T = ¢1(xm, ts) > 0, I = ¢o(xm, ts) > 0, ®
Vit = ¢p3(xm, ts) > 0,28 = pa(xm, ts) >0,

foralls = —1,—1+1,---,0, I = max{my, my}, and the discrete boundary conditions are
Vil =v0,vN = vNtL for neR.

The main purpose of this paper is to investigate the asymptotic stability of system (4)
and (7). Another purpose of this paper is to discuss , whether the discretized system (7)
that derived by using NSFD scheme can efficiently preserves the global asymptotic stability
of the equilibria to the original system (4) or not.

The paper is organized as follows. In Section 2.1, the model is introduced, and, under
some assumptions, positivity and boundedness properties of the solutions are proved by
using nonlinear functional analysis methods. In Section 2.2, we consider the existence of
infection-free equilibrium, CTL-inactivated equilibrium and infection equilibrium with
immunity. In Section 2.3, by introducing the reproductive numbers for viral infection Ry and
for CTL immune response number R , we show that Ry and R; act as threshold parameter
for the existence and stability of equilibria. If Ry < 1, the infection-free equilibrium E
is globally asymptotically stable, and the viruses are cleared; if Ry < 1 < Ry, the CTL-
inactivated equilibrium E; is globally asymptotically stable, and the infection becomes
chronic but without persistent CTL response; if Ry > 1, the CT L-activated equilibrium E,
is globally asymptotically stable, and the infection is chronic with persistent CTL response.
In Section 3, we investigate the global dynamics of discrete system (7) correponding to
the continuous system (4), by using nonstandard finite difference scheme. We find that
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the global stability of the equilibria of the continuous model and the discrete model is not
always consistent. That is, if Ry < 1, or R; <1 < Ry, the global stability of the two kinds
model is consistent. However, if Ry > 1, the global stability of the two kinds model is not
consistent. In Section 4, some numerical simulations are given to illustrate the theoretical
results and show the effects of diffusion factors on the time-delay virus model. The paper
ends with a discussion in Section 5.

2. Dynamical Behaviors of Continuous System
2.1. Positivity and Boundedness of Solutions

In order to study positivity and boundedness of solutions to system (4), we first
introduce some notations.

Assume X = C(Q), R*) be the space of continuous functions from the topological space
Q into the space R*. Let C = C([—1,0], X) be the Banach space of continuous functions
from [—7,0] into X with the usual supremum normal. ¢ € C is defined by

¢(x,5) = ¢(s)(x)-

Define x;(s) = x(t+s),s € [—7,0], where x(+) : [-T,0) — X is a continuous function from
[0,0) to C.

Theorem 1. Forany ¢ € C,
(a) system (4)—(6) has a unique solution defined on [0, 4+o0) ; and
(b) the solution of (4)—(6) is nonnegative and bounded for all t > 0.

Proof. For any ¢ = (¢1, ¢, ¢3,¢4)" € C and x € (), assume
F = (Fl,Fz,F3,F4) :C— X

by

F(9)(x) = A = dip1(x,0) = 191 (x,0)f (93(x,0) ) — o (x,0)3(2(x,0) ),

B(¢)(x) =e 1T [ﬁl‘l’l(xr _Tl)f(‘PB(x/ —Tl)) + B2 (x, —Tl)g<4’2(x/ _Tl)ﬂ
—daa(x,0) — p1¢a(x,0)a(x,0),

F3(¢)(x) = pae 12%2kepy (x, —T2) — d3¢3(x,0),

Fy(¢)(x) = q¢2(x,0)¢4(x,0) — dagps(x,0).

Then system (4)—(6) can be rewritten as following form

u'(t) = AU+ F(Uy),t >0, 9
U() = ¢ € X, ©)

where U = (T,1,V,Z)T ¢ = (¢1,¢2, ¢3,¢4)" and AU = (0,0,dAv,0)7. Tt is clear that the
operator F is locally Lipschitz in space X. From [27,32-36], we conclude that system (9)
has a unique local solution on t € [0, Tyax ), Where Tyyay is the maximal existence time for
solution of system (4). In addition, it follows from 0 is a sub-solution of each equation of
system (4) that T(x,t) > 0,I(x,t) >0,V (x,t) > 0,Z(x,t) > 0.

Next, we prove the boundedness of solutions. Let

Gi(x,t) = e MTT(x,t — 1) + I(x,t) + %Z(x,t),
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then

aGl(x, t)

) — p1ds
ot

= Ae MU —diemMOT (x,t — ) — dpl(x,t Z(x,t)

S A— dle (x/ t)/

where d = min{dy,dy,dy}, then

Gi(x, 1) < max{;:, maxxeﬂ{e*mﬁcpl(x, —71) + ¢2(x,0) + %(Pg(x, 0)}} ={,

so T(x,t),I(x,t) and Z(x,t) are bounded.
From the boundedness of I(x, ) and system (4)-(6), V (x, t) satisfies the following system

W — DAV < ppe 2% —dsV,
I’ —o, )
V(x,0) = ¢3(x,0) > 0.

Assume Vi (t) be a solution to the ordinary differential equation

{ ddltl = pzeiyzﬂfz(:l —d3V, (3)
V1(0) = max,cqps(x,0),

then
ng*#ﬂz ‘:1
d

Vi(t) < max{ ;

,maxxeﬂ¢>3(x,0)}, Vt € [0, Tinax)-
It follows from the comparison principle [37] that V(x, t) < V;(t). Therefore

pze_P‘ZTZ ’:::1

V(x, t) < max{ y
3

 max,caba(x,0)} =&, V(x1) € Qx [0, Tuar).

From the above, T(x,t),I(x,t),V(x,t) and Z(x,t) are bounded in Q x [0, Tyax)-
Furthermore, it follows from the standard theory for semilinear parabolic systems [38] that
Tinax = +oo. O

2.2. Existence of Equilibria

It is clear that system (4) always has an infection-free equilibrium
EO = (TO/ 0/ 0/ 0)/

where Ty = %, corresponding to the maximal level of healthy C DZ‘T cells. It is the only
biologically meaningful equilibrium if

Ry = Ae™ MM (Bypa f'H27™ + Badsg’(0))
0= dydods

where Ry is basic reproduction number.
At an equilibrium of model (4), we have

<1,

A=diT+BiTF(V) + T3 (D),

e (BITF(V) + BaTg(D)) = dal + pr1Z,
paeh2l = 3V,

q1Z = dyZ,

4)
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if Z = 0, then a short calculation

drdaet1T1 2T dret2 ™2
A—diT = LV,I: LV,
p2 p2

which implies that in order to have T > 0 and V > 0 at an equilibrium, then
Ve (0, zbdgﬁl%]‘ From the second equation of (4), we have

drdzet1atint

m(&f()+ﬁgﬁwq“”)v

T =

then substituting T into the first equation of (4)
H1TiHpa T H1T1H2 T
T S 0]
p2(BLF(V) + Bag (1522 ) P2

According to (A;), for all V > 0, we have

dqdydzetr Tt <131 (F(V) — Vf’(V)) + B2 (g(dse;zzrz V) — d3f;;sz Vg/(dgf;;m V)))

HI(V) = dzel2™ 2
P2Baf (V) + ag (B2 )

dydzetn™ tHaT2
p2

>0,

further, from (A7)

. dydydsetn T 12T A
1 H V — = 5/
g HV) = D57 0) + dapaeag (0) — Ry
and A Ad
p2 ) Y 1
S o S R N > A
T+ !
dadze ﬁlf(m) + ﬁ28(dzgum )
this implies that there exists a CTL-inactivated equilibrium E; = (Ty, I1, V1,0) when Ry > 1.

Define ] ,
_ —H2T2
g (B (R 4 pag ()

d2d4<d1 +ﬁ1f(%) + ﬁzg(d ))

which stands for the immune response activation number and determines whether a
persistent immune response can be established or not. If Z # 0, then from (4), we have

T, = A I = @
2T+ puf() + Bag(L) P g7
—H2T2
W = ML, Zy = i —(Ry —1),
dsq p1

then, the infection equilibrium with immunity E; = (T, I, V, Z,) exists if Ry > 1. From
the above, we have the following result.

Lemma 1. For system (4),

(1) if Rg < 1, then there exists a unique infection-free equilibrium Ey .
(2) if Ry <1 < Ry, then there exists a unique infection equilibrium without immunity E, besides E.
(3)  if Ry > 1, then there exists a unique infection equilibrium with immunity E, besides Eq and E.
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2.3. Global Asymptotic Stability

In this section, we will investigate the global asymptotic stability of the system (4).
Assume ¢(u) =u —1—Inu for u € (0,+0), then ¢(x) > ¢(1) =

Theorem 2. For system (4), if Ry < 1, the infection-free equilibrium E is globally asymptotically stable.

Proof. Define the Lyapunov function as follows

—Ur Ty £/ t !
b {TO(,)(;HehmHﬁszoe O [ s B0

R0d3 ROdS

p1 et11 t

P74 | [BTEf(V) +BT(6)g(10s)) ] ds}dx,

t—Tl

+

then L1 >0, calculatmg T L along the solutions of system (4) and using A = d1 T, we have

wo_ {(1 - ) (4T — T () — BiTC 0 (VD)

- ,BZT(x,t)g(I , t)) + BT (x, t — Tl)f(V(x,t - rl))
BT (x,t —11)g (I(x, F— Tl)) —dye ™ (x,t) — p1eMTI(x, t) Z(x,t)
Brfin [DAV( )+ pae 2RI (x,t — ) — daV(x, t)}
R [g1(x, )Z(x,1) — daZ(x, )| + BT, F (V1))
ﬁzT(x,t)g(I(x, t)) — BiT(x,t — Tl)f<V(x,t - q))

— BoT(x,t— Tl)g(l(x,t— Tl)) + MTO;{_—ZZTZM [I(x,t) —I(x,t— Tz)} }dx,

+ o+ o+ o+

043

I {leO (2 — il — T%’”) + (T(T,?t ) [ﬁlT(x t)f(V(x,f))

+ ,BzT(x,t)g<I(x, t))} — dpeM T (x,t) + ﬁlTOf( B O DAY (x, 1)

+ ﬁlTof/(Igggszie‘”mI(x,t_ 2)_51%() (x,t) p1d4;"1iz(x,t)
+ BT (V) + BaT(x, g (10x,1) ) + ETLRRE 22 1 (1)

! Uy T
— BDLQRe B2 p(x,t — 1) tx,
from [, AV (x,t)dx = 0 and condition (A;) , we obtain

gt Bip2Tof 712 BaTog! (0)
2 Rods Ry '

therefore
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= [ {leo [2_ T(T;?,t _ T%t)} +/31Tof(V(x,t)) +ﬁ2T0g(I(x, t))

— dpet (v, t) — B Oy b 7

n W—szml(x,t) dx.

Rods

IN

fQ {leO [2_ ngt) T(x, t)} + /51T0f (O)V(x H)(Ro—1)

+ B0 (1) (Rg — 1) — BPL 7 (x, ) }dx.

It is follows from Ry < 1 that dLl < 0. Furthermore, the largest invariant set of

{stl = 0} is the singleton {Ey }. Then, the classical LaSalle’s invariance principle implies
that Ey is globally asymptotically stable. This completes the proof. [

Theorem 3. For system (4), if Ry < 1 < Ry, the CTL-inactivated infection equilibrium E; is
globally asymptotically stable.

Proof. Define the Lyapunov function as follows

= o { Tt et e + 152
TO)f|V(0) T(0)g( 1(0)
+ B1Tif(Vh) ftirl (P<T1f((vl)>)d9+ﬁzT18(11) ftt,rl (P(Tlggll)))de
+ ,31T1f(V1)fttT2(P(IS?))d9}dx.

The Lyapunov derivative along system (4) is

i = fn{( 1o ) [A = T t) = BT Hf (V(x 1) = BaT(x g (1(x,1))

+ (1 — I(Tlt)) {ﬁlT(x,t — Tl)f(V(x,t — T1)> + BoT(x,t — Tl)g(l(x,t — Tl)ﬂ
— dpeMM(x,t) — plef‘lfll(x HZ(x,t)]
+ B (1 ) [ DAV (3, ) + pae 122 (x, = ) — daV (x,1)|

pae 12721

+ %[ql(%f)z( X, )—d4Z(x,t)}

xtf(V(rt)) T(xt—71)f V(x,t—71)>
+ ATf(V) [ T, f(V1) N Tf(V1)

Tt (Vixt—m) il
© i Xt<n>fE <Xt>)n>}+ﬁzT1g<h>[?m

T(x,t—Tl)g(I(X,t—Tl))
- T18(N) +in

T(x,t—rl)g(I(X,t—Tl)) }
T(x,t)g (I(x,t))

+ ,BlTlf( ) [ (x,t) I(x,t[l—'rz) +1n I(x,tIl—TZ)} }dx

According to the equilibrium conditions of E;, that
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A=diTy + B Tif (Vi) + B2Tig(hh),

,BlTlf(Vl) -+ ﬁZTlg(Il) = dzeﬂlrlll,f)zei”ﬂ-z[l = d3V1,

also recall [, AV (x,t)dx = 0and fQ V = Jq ‘VV‘§<" A1 gy, we have
% o= I {dm (1- ) (1= T82) + (1- #25) [BiTf (V1) + B2Trg(h)

BiT(x,t f(V(x, ) BaT(x, t)g(I(x, t))]

(1 ) [/31T x,t—1)f (V(x,t — T1)> + BaT(x,t — Tl)g<1(x,t — Tl))]
(1- 1(53,,>) 1) (8,7, £(Vh) + BaTag (1)

prettI(x, ) Z(x, ) + pret T hZ(x, 1) + p1 T f (V1) (1 h (xt)) <I(L§1—TZ>
VD) 4 pretiI(x, HZ () — B 7 (v, 1)

R {T(x,tilff((;tc,:)) ) T(x,t—ﬁ;{f((;(;r,t—ﬁ)) i T(x,;(:t:jgzti);))]
‘Bleg([l) [T(x,gfg((if;t,t)> B T(x,t—TlT)i((;l(.)r,t—n)) tIn T(x;;:;z EZ:)—;)) ]

51T1f(V1){l(f’t> I(“ %) 4 1n (x(t ;”]}dx

B1Tif(V1)DVy HVV Xt HZ
palie 22 f (ot dx

fo{m (11t -

T(x,t—7 )f<V(x,t—T1 )> L
T f(V)I(x.t)

T 4 BTy f(V) 3 il - i)
T(xt-1 )f(V(X,f*T] )I(X,t,fz)> }
T(xb)f (V(x,t)) Hot)
ros-ns(101-)
T(’”)g([(x,t))

+f<V> —Vll-i-ln

T(xt—71)g (I(x,i—'r] )) L
T
B2Tig(h) [2 TG Tig(L)I(xA) +in

g(h)

B1Tif(V1)DVy HVV xt ”2
palie” H2T f \, dx

fo{im (11t )0

ga(”"'“iiii&?ié‘;f;“”h> () + S Y e ]

s(1) z<xt>}+plhemz(x £ — Plf”;%z(x,t)}dx

) +/31T1f(V1)[ (T(T"]'t)>

g I(xt)
BoTig(h) [ — o T(Tx],t)) _ (P(T(X:f*71>g(1(xlf*71))11 + ( ) _ Ixh)
)

In U1 t) ]+P1€’“Tl(11 —1L)Z(x, )}dx
gl I(xt) )

BT f(V1)DV; f [VV(x,t) sz
pahie 22 JQ  V2(xt)

Joldr T (1= i ) (1= T6) 4 BT f(v1) | — (i) — o ()

T t—)f(V(xt—7) ) I FLVH X
o) o)+ (5o i)

f(1) W
B2Tig(h) [ — (P(T<Tx1,t)) _ q)(T(x,tfrl)g(l(x,tf‘q))ll _ q)(ggl&lfﬁn

T1g<111(x,t))
g\ID ) s I
( (gm)) - (i')><1‘g<§(<$)>>)} + e (L — L) Z(x, t) }dx
BT f(V1)DV; f HVV H dx.
palie P22
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It follows from (A7) that

Fven) v
( (f(m ) Vst )

g I(x1) x,
( (g(h) ) _ t)) (g0

As ¢(u) > 0 for u > 0, similar to [23], sgn(l; — I) = sgn(Ry — 1), then dstz <0,

therefore E; is stable, and % =0holdsifand only if T(x,t) = Ty, I(x,t) = I, V(x,t) =V,
and Z(x,t) = O0when Ry < 1, or T(x,t) = Ty, I(x,t) = I, V(x,t) = V; when Ry = 1.
The largest invariance set of {dL2 = 0} is the singleton {E; }. It follows from the classical
LaSalle’s invariance principle that E; is globally asymptotically stable when R; <1 < Ry.
This completes the proof. [

Theorem 4. For system (4), if Ry > 1, the interior equilibrium E; is globally asymptotically stable.

Proof. Define the Lyapunov function as follows

b - /Q{TszT) +eniig(1) + BTy )

2 PZI e 212

+ Ple;ﬂﬁp(p( )+/31T2f(V2)/ttTl(p(WV(9))>d9

Tf(V2)
T(0)2(1(6))

+ ﬁszg(Iz)/t;l q)(w

f 1(6
)do+ piTaf (v2) [ ¢((I))d9}dx,
t—1 2
calculatmg 2 along the solutions of system (4) , we have

T = fg{( 125) (A= T ) = BiT(x, 0 (V(x D) — p2T(x 05 (1(x,1)))

+ (1 - I(th)) [ﬁlT(x/t - T1)f<V(x,t — Tl)) + BoT(x,t — Tl)g(I(x,t — 1'1))]
— elm (1 — %) [dzl(x,t) - pll(x,t)Z(x,t)}
+  BDf(h) (1 s )) [AV(x £) + pae 2R I(x,t — 1) — d3V (x, t)}

pale 1272

+ plg;‘lTl (1 . ))[ql(x t) ( )—d4Z(x,t)}

) e G L ) ”"':,ZiiiEZiiiJf”}
. ﬁ2T2g(12) [T(x,tT);gg((;(;(,t)> B T(x,t—rlT)jg((;z(;c,t—Tl)) n T(x,;;zigziz)—;l))}

2

+ BTf() [“}“'” — M) 4 g 1(;‘@;2)} }dx,

using the equilibrium conditions of E;, then

A=diTo+ B1Tof (Vo) + BoTag (L), pae 121D =d3Vs,
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d
BiTof (Vo) + BaTag(lh) = e 0 (doly + p112Zs), I = ;4

also recall [, AV (x,t)dx = 0and [, A‘)/(g(xt Jdx = = /g %dx we have
# = om0 el i
T(x,t— ‘q)f(V(xt ) ) ) ( ) T(x, th])f<V<x,t7T1)>l(t7Tz)
n Tf(V2)I(xt) ( T(;,f)f(v(xlf))f(xrf) ]
T(x,tf‘q)g I(x,tf’ﬁ) L gl I(xt)
T I(xt
+ BTs(b) 2 iy — et s

T(X,tf‘ﬁ)g(](x,tf-r]) 2

o dx — BIRS0R)DV, ¢ [VVh]? 5

T(X,t)g(l(x,t)) ]} pale 272 fQ V2(x0)

= ol (1= 25 ) (= 5 4 BiTaf (V)| — pl) — o o)
T(xt—1)f V(x,tf'cl))jz

— o(—mmgmen

)+ S s iy

T(x,t—11)g I(x,tf'fl))Iz
T
+ BaTag() [~ 9latin) — (e )

g([(x,t))

+ g M+ Izglzxft;))]}d BLADN [ ITHEAL 4y
= ot (1= ot) (1= 242) ) o) - o (45 -
’ <T(x,t;lirjzgz\;;?;ﬂﬁ))b) B go( F(V2)V(x,t) ) + (f(f‘/(%,)w) _ V%,t)) (1 B f(Vz))) )]

V2f<V(x,t)>
T(x,t—11)g (I(x,t—rl )> I

+ Phg(h) [ - (P<T(§2¢>) - (P< Tog(L)I(%1) ) - ‘K,i%ﬁi:)) )

+ (g(l(m) _ I(x,t>> (1 _ _gh) )} }dx BTN [ ISV gy,

f(V(x,t

8(I2) b gU(x) V2 (xt)

from (A1), it is easy to see that

(f(V(x,t)) V(x, t>) (1- f(f<V1>) <0

fvn) W Vix,t))/) =
g(I(x,t))  I(x,t) ~glh)
( ) I )@ g(I(x,t))) <0

As ¢(u) > 0 for u > 0, then dde < 0. The largest invariant set of {dL3 = 0} is the
single point {E; }, similar to the proof of Theorem 3, E; is globally asymptotically stable.
This completes the proof. [

3. Dynamical Behaviors of Discrete System

In preceding section, by introducing Lyapunov functions, we have shown by using
continuous Lyapunov functionals that the global asymptotic stability of the equilibria of
the continuous system (4) is completely determined by the basic reproduction number. Ry
and R; act as threshold parameter for the existence and stability of equilibria. This arises a
natural question that whether the global asymptotic stability of the equilibria of the discrete
system (7) can be preserved. In this section, we will discuss this problem.

Obviously, the discrete system (7) has the same equilibria as system (4). Similarly,
Ey = (To,0,0,0) is the infection-free equilibrium, E; = (Ty, I, V4,0) stands for the CTL-
inactivated equilibrium and E; = (T, I, V», Z;) is the CT L-activated equilibrium.
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Rewriting the discrete system (7) yields

™  _ AAEFT!
n+1 = TEAHA LV Pag (1)) § .
Im In +Ate”F1M (ﬂl T;17m1+1f(vnfml )+132Tnfml+1g(1n7m1)

n+1l = T+AHdo+p1 ZIT) . (5)
AV = Vo + Atng_V2T2[n7m2+l,

m (l+Ath;"+1) m
2y = —Txam, L

where the square matrix A of dimension (N + 1) x (N + 1) is given by

cqp ¢ 0 -~ 0 0 O
Cr €3 Cp --- 0 0 0
0 chp C3 - 0 0 0
0 0 o --- c3 (2 0
0 0 0o - Chr C3 (2
o 0 0 -+ 0 ¢

with ¢; = 1+ DAt/ (Ax)? +dsAt,c; = —DAt/(Ax)?,c3 = 1+ 2DAt/(Ax)? + d3At. Tt is
clear that A is strictly diagonally dominant matrix, therefore A is non-singular. From the
third equation of the above system, we have

Vn+l = Ail(Vn + Atp237H2T21n7m2+1)-

Theorem 5. For any At > 0, Ax > 0, the solutions of the system (7) remain nonnegative and
bounded for all n € N.

Proof. Since all parameters in (7) are positive, then using the induction, it is easy to deduce
from (5) that all solutions of system (7) remain nonnegative provided that the initial value
are nonnegative, for all n € .

Next, we establish the boundedness of solutions. Define a sequence G, as follows

n—1 )
Gy =Ty + I+ %Zﬁ +AE ) {ﬁlf(vjm) + 52g(1]m)} T],’ile*Afﬂl(”*]),
J=n—m

then

m m
n+1 Gn

A (A =Ty = BT f (Vi) = BT g (1))
oA [377*171 (’Bl T;n—ml""lf(vgiml) + 162T7T—n11+1g(112’1ml)>
- Al - p1131+1zr’71} + %Af(LILTHZ;T —dsZ' )

n

+ At Z [ﬁlf(ij) +ﬁzg(1]‘m)] T]jrile—Af}ll(n—]'-‘rl)
j=n—my+1

n—1 ‘
- At ) {ﬁlf(vjm)+ﬁ2g([}”)}]’]ﬁ1e*&ﬂl("*1)

j=n—my

= At{/\ —d T —do L) — P1Td4231+1

bo(1eem) % [ﬁlf<vjm>+ﬁzg(l;")}TflleA“‘“”“”}

j=n—my+1

IN

At(/\ - é:GT-&-l)/
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At;tl 1

where ¢ = min{dy, dp, dy, ¢ }, then we have

1 At
m < m
1S T AR T T A

it follows from the induction that

m 1 neq—~m /\ ]' n
G = (Tae)" G +E[l_(1+At(’,‘) |

therefore
limsup G} < =, for all me {0,1,---,N},

n—o0

this implies that {G, } is bounded, then {Tn I} and {Z,} are bounded.
From the third equation of system (7)

1
Z n+1 1+d At( Z Vm+AtPZe #2m Z n— m2+1)

since {1, } is bounded, then there exists 7 > 0 such that I} < 5 foralln € {—mp, —my +
1/“' /O/]-/"'}/ m e {0/1,' c ,N},then

N
Z n+1 — 1+d3At[ Z +Atng F‘ZTZ;?(N+1)1|,

by induction, we have

N “HTy(N +1) 1
mo < pze 77( _
m;o s (1+dsAt)" dsAf Z vt ds [1 (1+ d3At)”}

T
< ngl+pze 2217(N+1)’
m=0 d3

therefore {V,} is bounded. This completes the proof. [

Global Stability
In this section, we will study the global stability of the equilibria of system (7) .

Theorem 6. For system (7), if Ry < 1, the infection-free equilibrium E is globally asymptotically stable.

Proof. Define the discrete Lyapunov function as follows

NoJ T B2Tog'(0) B1Tof'(0)
— _ H1 Fe"Y6 \YJ \m FL=0) \M) m
Wi, EO{N [Toqo(T )+e (1+At R )1,1 + R (1+Atd3)Vn
el n—1
+ P (1) 2] + Y (B1F (V") + Bag(17)) Tr2y
=h—nm
+ ﬁ1p2T0f/7]/l2T2 n—1 m
Rnd ) L (-
043 j=n—my

It follows from u — 1 > Inu for all u > 0, that W;, > 0 for all n € N. Then, along the
trajectory of (7)
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WnJrl -W, =

+

N m
1 T B2Tog' (0)
ZO{N[ Mo~ TM" 4 Tyln T"Zl + T (1+A15W)(1n+1 m
m= n

Py (1) (v vir) o P (1 ) (71, 2)

n

Y (B + Bag(I) T

j=n—mi+1

n—1

T (B + Bagn)) T

J=n—imy

ﬁlpzTOf’*ﬂsz n
Rod [ Lo - Z ]’111],
0¢3 j=n—my+1 j=n—my

using the equilibrium condition of Ey, we have

Wn+1 - Wn <

IN

i {(1—Tm) (1 To = Tty — (Buf (Vi) + Bag (1)) Tt )

n+1

(1 +At ;{Toilﬁ )) (‘B m1+1f( n— m1) + BT m1+1g( n— ml))

o1 (1 +At’85{ 5 )> ( do Iy 1 — Pllg1+1ZrT>
1 m—1
B1Tof'(0) Vr'l":l — 2V + Vi
— 2 (1+Atd;)D
43R, ( + 3) (Ax)?
B1Tof'(0)

d3Ro (1 * Atd3) (pzeﬂszIm mp+1 ~ 3 ”H)
PO (14 ) (417228 = daZsn) + (B (V) + Bag () Th

(BLF (Vi) + B2 ) To

ﬁlpZTOf/i}lsz
T (IZZ+1 - Irrlnfszrl)

i le()( TO . T}T—‘rl) T ’BlTOf(Vm) +,32T0g(1m)
m=0 T,/rln+1 T() n n
BT O) AT O)y dapien™
RO " RO n q n
P1Tof'(0)D (1 N1 1
W (V”':E Vn+l + Vn+1 Vn+1>
N !
To 1 ,31T0f( )
d1Ty - I Ro—1
mZ—;O{ ( Ty To ) Vi ( )
Bag' Oy () _ Bapre™ oo
R, 0 g (R 1) i

the last inequality is deduced from condition (A;), if Ry < 1, then W, ;1 — W,, < 0, for
all n € R, therefore, {W, } is monotone decreasing sequence. It follows from W,, > 0 that
limy, 0o W, > 0, then

therefore

llnolo(wn+1 — Wn) = O,

n—
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(1) If Ry < 1, then limyy00(Wy41 — W) = 0 implies that lim, 0o T}y = Tp ,
lim, o V' = 0, limy 00 Z3) = 0, limy, 500 I} = 0.

(2) If Ry = 1, then limy_ye0(Wy11 — Wy) = 0 implies that lim, e T' = Tp ,
limy, e Z))' = 0, from system (7), we obtain lim, e I} = 0, lim,— V}}' = 0.

Hence, Ey is globally asymptotically stable when Ry < 1. This completes the proof. [

Theorem 7. For system (7), if Ri <1 < Ry, the CT L-inactivated infection equilibrium E; of is
globally asymptotically stable .

Proof. Define the discrete Lyapunov function as follows

N (1 ™ - BiTif(Vi) ., V. prefin
Wi = mZO{At{Tl(P(T)+ey qu( )+plelTT2}Vl(p(7l)—|— 1q Z}
v S (V) — g (1f")
+ ﬁ1T1f(V1)j_§ml¢(M)+ﬂleg L) nzl (];18711))
v pnsv) § ?(”)**ﬁﬂﬂ%mfﬁx?)+ﬁﬂmumdiﬁg)}
j=n—my

Sinceu — 1 > Inu forall u > 0, then Wn > 0 for all n € N. The Lyapunov derivative
along (7) is

Wsr — Wy = }N ! [Ti1 — T+ Tiln L | o (hy = 1+ hin L )
n -
At " Tn+1 " I1T+1
ﬁl Tl Vl Vm plgﬂlTl m -
+ pre 12 (Vn+1 V +Viln Vm ) + q (Zn+1 —Zy )]

b OpTEW[ L cv(%(vf)))‘,ni ‘P(%H

j=n—my+1 j=n—my

n T g([.’”) n—1 Tm g(Im)
+ /32T18(11)L Z ‘P( ]Tilg(Tl]) )__ E 4’(%)}

]:717‘”11“!’1 J=n—n
n m n—1 m
s pniw] L o3 - T e
j=n—my+1 1 j=n—m; !
fViia)  fvi) fVi)
+ ﬁlTlf(V1)< f(VI)l v +In (v n+1)>

gy g(1m) gL
+ paTig(n)( guf)l o) ““gu:w)}

< Bial g (ma-m) ven (o ) (- )

+1
- Wlf(vl)(l— . ) (Vi =) + B 2 - 2]

pae~H22]; ym
mfml +1f(Vr’1ﬂ—

n+1

maf Oy (T m)
+ ﬁlTlf(Vl)[‘P( ;}(Vl) )_(P< T f(V1) )]
g(lm)

st ) - o ot )|
+ BTf(V) [qv( £ IZ!;%H)]

+ BiTif(V1) [fj(c 5)1 Vl))+ ff((‘Zjl))]

- pemg [Sft - S g((ﬁi))]}
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then

As E; satisfies
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Similar to the proof of Theorem 3, we have

(f(V(x,t))_V(x,t)><1_f(f(Vl)>§0,

f() 1% V(x,t))
g(I(x,t)) I(xt) ~glh)
( g(Ir) I )(1 g(I(x,t))) =0

It follows from ¢(u) > 0 that (W, 1 — W,) < 0, for all n € R, this implies that {W, }
is monotone decreasing sequence. As Wn > 0, then lim; Wn >0, limn%oo(WnH —
V~Vn) = 0, so that lim;, e T}' = T;. Combined with system (7), we obtain lim;, e I};) = I,
lim, o V' = V; and limy, e Z' = 0, for allm € {0,1,---, N}, then E; of system (7) is

globally asymptotically stable. This completes the proof. [

Theorem 8. For system (7), if Ry > 1, the interior equilibrium Ej is not globally asymptotically stable .

Proof. Define the discrete Lyapunov function as follows

N
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it follows from u — 1 > Inu that W,, > 0 for all n € XN. Then, along the trajectory of (7)
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From the equilibrium condition of E;, we have
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Similar to the proof of Theorem 3, we have

(f(V(x,t))_V><1 f(f(Vl)t> 0,

AR V(x,0)
SI(08) Inby\ g
ey 1) gim) <©

this implies that {W,} is a monotone decreasing sequence, then W, > 0, lim,_c Wy,
> 0, therefore o o
lim (W11 — Wy) = 0.

According to the system (7), we claim that the CT L-activated equilibrium E, is not
globally asymptotically stable. In fact, if the CTL-activated equilibrium E; is globally
asymptotically stable, from the above inequality, we have

0< _dzeﬂl"fl I — p1€y1112212 <0,
this is a contradiction. This completes the proof. [

4. Numerical Simulation

In this section, we choose f(V) =V, g(I) = I, some numerical results of system (4) are
presented for supporting our analytic results. Based on biological meanings of virus dynamics
model from papers [39,40], we have estimated the values of our model parameters as follows:
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If we choose D = 3, then we can give a numerical simulation of the stability of system (4).
Using the data in Table 1, we first show in a simulation that the interior equilibrium is stable
(see Figure 1).

Table 1. State variables and parameters of HIV-1 infection model.

Parameter Description

A 0.9 References [40]
dq 0.03 Reference [39]
d» 0.5 Reference [39]
ds 0.1 Reference [40]
dy 0.3 Reference [40]
B1 0.3 Reference [40]
B2 0.4 Reference [40]
p1 0.08 day*1 Estimate

P2 0.5 day‘1 Reference [40]
q 0.4 Estimate

T(x,t)

Distance x 0 100 Time t Distance x 0 <iig Time t

100

Distance x ° oo Time t
Figure 1. When D = 3,R; > 1, the interior equilibrium Ej is globally asymptotically stable.

From Figure 1, we can see that the population has gradually stabilized after a
sharp fluctuation.

If we choose 1 = 0.0003 and B, = 0.004, then Ry < 1. We can simulate that the
infection-free equilibrium is globally asymptotically stable (see Figure 2).

From Figure 2 , we can see that the number of infected cells, virus and CTLs tends to
zero, except uninfected cells.

If we choose g = 0.000004 and p, = 0.9, then Ry < 1 < Rp. This moment the
CTL-inactivated equilibrium is globally asymptotically stable (see Figure 3).
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0 -100

Time t

Distance x 0 oo Time t Distance x

V(x,t)
Z(x,t)

0.5

300
100

0 100 Time t

Distance x 0 -0 Time t Distance x

Figure 2. When D = 3, Ry < 1, the infection-free equilibrium Ej is globally asymptotically stable.

1(x,t)

0 -100

Distance x 0 <100 Time t Distance x Time t

100 100

Distance x 0 < Time t Distance x

¢ o Time t

Figure 3. When D = 3, R; < 1 < Ry, the CT L-inactivated equilibrium E; is globally asymptotically stable.

From Figure 3, we can see that the population in the compartment CTLs tends to 0.

In addition, except for CTLs, the number of uninfected cells, infected cells, virus tends to

certain constants.
The novelty of this paper is that we consider the effects of diffusion, time delay, and

abstract functions on the spread of viruses. In order to see the impact of proliferation on

the spread of the virus more intuitively, we first choose g = 0.04. Next, we select D = 0
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and D = 300 decibels to simulate the image of I while other parameters keep the values in
the Table 1.

The left image in Figure 4 is an image without time delay, and the right image is an
image with time delay equal to 300. Since we are simulating long-term dynamic behavior,
from the overall image of the two figures, there is no obvious difference in either the stable
position or the growth rate. So where is the effect of diffusion reflected? We believe that
the effect of diffusion should be reflected in the growth of I. Therefore, we project the two
graphs in Figure 4 on the time-quantity axis (Figure 5).

Distance x 0 20 Time t Distance x 0 20 Time t

Figure 4. Comparison of compartment I at D = 0 and D = 300.

0 0 10 20 30 40 50 10 0 10 20 30 40 50
Time t Time t

Figure 5. Comparison projection of compartment I when D = 0 and D = 300.

From the left image of Figure 5, we can clearly see that when there is no time delay, the
image rises smoothly and the curve is smooth. When the time lag is equal to 300, the image
is not a smooth curve, which shows that the proliferation brings about the proliferation of
infected cells and the uneven fluctuation.

5. Conclusions and Discussion

It is necessary to understand the dynamics model for HIV infection since these infected
cells usually cause a CTL response from the immune system. In this paper, we first devel-
oped a diffusive infection model (4) with general nonlinear incidence rate and two delays
on the base of model (3), we show that the global stability of equilibria is completely deter-
mined by the reproductive numbers for viral infection Ry and for CTL immune response R;.
Second, we considered the corresponding discretization of the continuous model by using
nonstandard finite difference scheme, and then studied the global stability of the discrete
system. Some numerical simulations were also presented to support our analytic results.
In general, systems of PDE cannot be solved explicitly, and numerical solutions have to be
studied instead. By using the NSFD scheme, we showed that the proposed discrete model
partly preserves the global stability of equilibria of the corresponding continuous model.
We plan to address how other diffusive terms (for infected and uninfected cells) affect the
model in future work.
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Abstract: Recently, the fixed-circle problems have been studied with different approaches as an
interesting and geometric generalization. In this paper, we present some solutions to an open
problem CC: what is (are) the condition(s) to make any circle Cp,,+ as the common fixed circle for two
(or more than two) self-mappings? To do this, we modify some known contractions which are used
in fixed-point theorems such as the Hardy—Rogers-type contraction, Kannan-type contraction, etc.

Keywords: metric spaces; fixed circle; common fixed circle

MSC: 54E35; 54E40; 54H25

1. Introduction

In the recent past, the fixed-circle problem has been introduced as a new geometric
generalization of fixed-point theory. After that, some solutions to this problem have been
investigated using various techniques (for example, see [1-8], and the references therein).
In addition, in [1], the following open problem was given:

Let (X, D) be a metric space and Cp, ¢ = {@ € X : ©(@,@y) = o} be any circle on X.

Open Problem CC: What is (are) the condition(s) to make any circle Cp, ¢ as the
common fixed circle for two (or more than two) self-mappings?

Let ¢ and g be two self-mappings on a set X. If @ = g = @ for all @ € Cp, ¢, then
Ce,,o is called a common fixed circle of the pair (¢, g) (see [9] for more details).

Some solutions were given for this open problem (for example, see [8,9]). To obtain
new solutions, in this paper, we define new contractions for the pair (¢, g) and prove new
common fixed-circle results on metric spaces. Before moving on to the main results, we
recall the following.

Throughout this article, we denote by R the set of all real numbers and by R the set
of all positive real numbers.

Let ¢ and g be self-mappings on a set X. If {0 = g@ = w for some @ in X, then w is
called a coincidence point of ¢ and g, w is called a point of coincidence of ¢ and g.

Let C(¢,g) = {@ € X : (@ = gw = @} denote the set of all common fixed-points of
self-mappings ¢ and g.

In [10], Wardowski introduced the following family of functions to obtain a new type
of contraction called F-contraction.

Let F be the family of all mappings 7 : R, — R that satisfy the following conditions:

(F1)F is strictly increasing, that is, for all 2,b € R such that a < b implies that F(a) <
F(b);

(F2)For every sequence {a}, .y of positive real numbers, lim, .o, = 0 and
limy, ;00 F (a,) = —o0 are equivalent;

Axioms 2022, 11, 454. https:/ /doi.org/10.3390/axioms11090454 139
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(F3)There exists k € (0,1) such that lim,_,+ a*F(a) = 0.

Some examples of functions that confirm the conditions (F1), (F2), and (F3) are
as follows:

e F(a) =In(a);

e F(a)=In(a)+a;

e F(a) =In(a®+a);

e F(a)= —% (see [10] for more details).

Definition 1. [10] Let (X, ®) be a metric space, F € F and ¢ : X — X. The mapping ¢ is called
an F-contraction if there exists T > 0 such that

T+ F(D(w,lv)) < F(D(w,v))
forall @,v € X satisfying ©(Tw, Tv) > 0.

2. Main Results

In this section, we prove new common fixed-circle theorems on metric spaces. For
this purpose, we modify some well-known contractions such as the Wardowski-type
contraction [10], Nemytskii-Edelstein-type contraction [11,12], Banach-type contraction
[13], Hardy—Rogers-type contraction [14], Reich-type contraction [15], Chatterjea-type
contraction [16], and Kannan-type contraction [17].

At first, we introduce the following new contraction type for two mappings to obtain
some common fixed-circle results on metric spaces.

Definition 2. Let (X, D) be a metric space and ¢, g be two self-mappings on X. If there exist
T>0,F € Fand @y € X such that

T+ F(D(@, @) + (@, g0)) < F(D(wo, @))

for all @ € X satisfying min{®(w@,®),D(@,g@)} > 0, then the pair (§,g) is called a
Wardowski-type Fzo-contraction.

Notice that the point @y mentioned in Definition 2 must be a common fixed-point of
the mappings ¢ and g. In fact, if @( is not a common fixed-point of { and g, then we have
D (@, @) > 0and D (w@y, gwp) > 0. Hence, we obtain

min{® (@, @p), D (@g, g§@0)} > 0 = T+ F(D (@, @) + D (@, g®D0)) < F(D (@, @y)).

This gives a contradiction since the domain of F is (0, c0). As a result, we receive the
following proposition as a consequence of Definition 2.

Proposition 1. Let (X, D) bea metric space. If the pair (¢, ) is a Wardowski-type Fzo-contraction
with @y € X, then we have {wy = gwy = @y.

Using this new type contraction, we give the following fixed-circle theorem.

Theorem 1. Let (X, D) be a metric space and the pair (¢, g) be a Wardowski-type Fzo-contraction
with @y € X. Define the number o by

o =inf{D(w, @) +D(w,g®) : @ # @, ® # g0, @ € X}. (1)

Then, Ce,o is a common fixed circle of the pair (G, ). Especially, ¢ and g fix every circle Co, s
wherer < 7.

Proof. We distinguish two cases.
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Case 1: Let 0 = 0. Clearly, Co,c = {@o} and by Proposition 1, we see that Ce, ¢ is a
common fixed circle of the pair (¢, g).

Case 2: Let ¢ > 0Oand @ € Cp,o. If (@ # @ and g # @, then by (1), we have
D(w,{w) +D(@,g@) > 0. Hence, using the Wardowski-type Fzo-contraction property
and the fact that F is increasing, we obtain

F(o) F(®(@,¢@) +D(@,80))
(D(@o,@)) — T

(D (@, @))
(

ag

VAN VAN VAN
S N

This gives a contradiction. Therefore, we have D (®, (@) + D(@,gw) = 0, that is,
@ = ¢w and @ = g@. As a consequence, Cp, ¢ is a common fixed circle of the pair (¢, g).

Now, we show that ¢ and g also fix any circle Cp,, with r < 0. Let @ € Cep,r
and suppose that (@, {@) + D (@,gw@) > 0. With the Wardowski-type Fz,-contraction
property, we have

F(D(@,i@) +D(@,8@)) F(D(@o,@)) — T
F(D(@g, @))

F(r).

<
<

Since F is increasing, then we find
D(w,fw)+D(w,80) < D(@p,@) <1< 0.

However, ¢ = inf{D(®,{w®) + D(®,g®) : @ # {®@,® # go,® € X}, so this gives a
contradiction. Thus, D(@,{®@) +D(w@,g@w) = 0 and @ = @ = gw. Hence, Co,r is a
common fixed circle of the pair (¢, g). O

Example 1. Let X = {0,1,— —1,e+1,—¢%,e%,e2—1,2+1,e2 —¢,e +e} with usual
metric. Define ¢,g: X — X by

gw:{ L @=0

@, otherwise
and
o1 ¢ 1, =0
8w = @, otherwise

Take F(a) = In(a) +a,a > 0,7 = eand @y = ¢?. Thus, the pair (&, g) is a Wardowski-type
]:gg—contmction. For @ = 0, we have

min{®(w@,{®),D(@,g®)} = min{D(0,1),9(0,e—1)}
= min{l,e—1}
= 1>0

In addition, we can easily see that the following inequality is satisfied:

T+ F(D(0,{0)+D(w,80)) < F(D(@y,w))
e+ F(l+e—1) < ]-"(ez)
et+lnete < Ineé®+é?
2e+1 < 2462
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With Theorem (1), we obtain
o =inf{D(w,{@) +D(0,8®) : @ # (@, @ # g, € X} =inf{l+e—1} =e

and §, g fix the circle C2, = {e? —e,e* +e}. Notice that & and g fix also the circle Cpoy =
{e? —1,e* +1}.

The converse of Theorem 1 fails. The following example confirms this statement.

Example 2. Let (X, D) be a metric space with any point @y € X. Define the self-mappings ¢ and
g as follows:

_ @, D(@,@y) <
b = { @y, D(@,@9) > u

and

B @, D(@,@) <y
8= @y, D(w,@0) >u ’

forall @ € X with any p > 0. Then, it can be easily checked that the pair (&, g) is not a Wardowski-
type Fzq-contraction for the point o but & and g fix every circle Cey r where r < .

Example 3. Let C be the set of complex numbers, (C,©) be the usual metric space, and define the
self-mappings ¢, g : C — C as follows:

o = o, |o-2|<e
T lo+d |e-2(>e

and
o @, o —2| <e
W= @—3% |lo-2/>e’

forall @ € C. We have o = inf{® (@, @) + D (@, gw) : @ # @, @ # g@,@ € C}. Thus, the
pair (¢, g) is a Wardowski-type Fgo-contraction with F = In(a),T = Ineand @y = 2 € C.
Obviously, the number of common fixed circles of ¢ and g is infinite.

Definition 3. If thereexist T > 0, F € F and @y € X such that for all @ € X the following holds:
T+ F(D(w, @) +D(gw,@)) < F(D(@,w@))

with min{® (§w, @), D(gw, @)} > 0, then the pair (§,g) is called a Nemytskii—Edelstein-type
Fzg-contraction.

Proposition 2. Let (X,D) be a metric space. If the pair (¢, g) is a Nemytskii-Edelstein-type
Feg-contraction with @y € X, then we have {@y = gDy = @p.

Proof. It can be easily proved from the similar arguments used in Proposition 1. [
Theorem 2. Let the pair (¢, g) be a Nemytskii~Edelstein-type Fzo-contraction with @y € X and
o be defined as in (1). Then, Ce, o is a common fixed circle of the pair (§, g ). Especially, ¢ and g fix

every circle Cp,r wherer < 0.

Proof. It can be easily seen from the proof of Theorem 1. [

In addition, we inspire the classical Banach contraction principle to give the following
definition:
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Definition 4. If there exist T > 0, F € F and wg € X such that for all @ € X, the follow-
ing holds:

T+HF(D(w,@) +9(3@,@)) < F(19(@,@))
with min{® ({w@, @), D (gw, @)} > 0wheren € [0,1), then the pair (¢, g) is called a Banach-type
Fzg-contraction.

Proposition 3. Let (X, D) be a metric space. If the pair (§, g) is a Banach-type Fzq-contraction
with @y € X, then we have @y = gwy = @y.

Proof. It can be easily proved from the similar arguments used in Proposition 1. [

Theorem 3. Let the pair (,g) be a Banach-type Fzq-contraction with @y € X and o be defined
as in (1). Then Ce,,s is a common fixed circle of the pair (¢, g). Especially, ¢ and g fix every circle
Caoy,r wherer < 0.

Proof. It can be easily seen from the proof of Theorem 1. [

If we consider Example 1, then the pair (¢, g) is both a Nemytskii-Edelstein-type
Feg-contraction and a Banach-type JFz,-contraction with F(a) = In(a) +a,a > 0,7 =,
@ = €% and so &, ¢ have two common fixed circles Coeand Cpaj.

We introduce the notion of Hardy—Rogers-type Fz,-contraction.

Definition 5. Let (X, D) be a metric space and ¢, g be two self-mappings on X. The pair (¢, g) is
called a Hardy—Rogers-type Fzo-contraction if there exist T > 0 and F € F such that

a® (@, @) + O (@, @)
THF®@ o)t D@ @) < F < D (@, 3) + 39 (@0, &) + 1D (@0, g600) ) @

holds for any @, @y € X with min{® (@, w), D (@, g@)} > 0, where a, B, 7y, §, 11 are nonnegative
numbers, & #Qand x + B+ +6+1n < 1.

Proposition 4. If the pair (¢, g) is a Hardy—Rogers-type Fzo-contraction with @g € X, then we
have ¢y = gwy = @y.

Proof. Suppose that @y # @y and g@y # @p. From the definition of the Hardy—-Rogers-
type Fzo-contraction with min{® (@, {@y), D (@0, g@0)} > 0, we obtain

T+ F (D (g, E@o) + D (g, §@0)) < ]—"( aD (@, @) + D (@0, E@y) )

+7D (g, §@0) + 6D (@, E@p) + 1D (g, §00)
= F((B+9)D(@0,&@0) + (7 +1)D (@0, §D0))
F(D(@o, {@0) + D (@0, g0))

N

a contradiction because of T > 0. Thus, we have {@wy = gy = @y. O

Using Proposition 4, we rewrite the condition (2) as follows:
T+ F(D(w,{w),D(w,8w)) < F(aD (@, @) + D (@, @) + 7D (w,g@))

with min{®(w, (@), D(w@,gw®)} > 0 where a, B,y are nonnegative numbers, « # 0 and
a+B+y<1
Using this inequality, we present the following fixed-circle result.

Theorem 4. Let the pair (G, g) be a Hardy—-Rogers-type Fzo-contraction with @y € X and o be

defined as in (1). If B = vy, then Cpy ¢ is a common fixed circle of the pair (&, g). In addition, & and
g fix every circle Cp, , withr < o.
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Proof. We distinguish two cases.

Case 1: Let 0 = 0. Clearly, Co,,c = {@o} and by Proposition 4, we see that Co,,s is a
common fixed circle of the pair (¢, g).

Case 2: Let 0 > 0 and @ € Cg,0. Using the Hardy-Rogers-type Fzo-contractive
property and the fact that F is increasing, we have

F(o) F(D(@,{w) +D(@,g@))

F(aD(@,@0) + O (@, (@) + 1D (@,80)) — T
Fl(ao+ B(D(w,¢@) +D(w,9@)))
F((a+p)(D(@,i@) +D(@,8®)))

F(?(@, i) +D(@,g@)).

ANV ANRVANR VAN VAN

This gives a contradiction. Therefore, © (@, (@) + D (®@,g®) = 0 and so (@ = @ = g@. As
aresult, Cp, s is a common fixed circle of the pair (¢, g).

Now, we show that ¢ and g also fix any circle Cp,, with r < 0. Let @ € Co,r
and suppose that D (@, (@) + D (@, g@) > 0. By the Hardy-Rogers-type Fz,-contraction,
we have

F(D(@,¢0)+D(0,90)) < F(aD(w, @)+ pO(@, (@) + 7D (®0,80)) — T
< F(a®D(w,@0) + BO(@, @) + v (@, 8®))
< F(®(@,iw)+D(w,gw))
a contradiction. So, we obtain D (@, {®@) + D (@, g@) = 0 and {@ = @ = g@. Thus, Cy,  is
a common fixed circle of the pair (¢, g). O

Remark 1. If we take x = 1and B = v = 6 = 1 = 0 in Definition 5, then we obtain the concept
of a Wardowski-type Fzo-contractive mapping.

Now, we give the concept of a Reich-type Fz,-contraction as follows.

Definition 6. If there exist T > 0, F € F and @y € X such that for all @ € X, the follow-
ing holds:

T+ F(D(E@,@) + D (g0, @)) < ]—“( D (@, @) + B[O (@, {@) + D (@, g@)] ) 3)

+7[D(@o, (Do) + D (o, g00)]

with min{® ({@, @), D(gw, @)} > 0, wherea + p+ v < 1,a # 0and «, B,y € [0,00). Then,
the pair (&, 8) is called a Reich-type JFzq-contraction on X.

Proposition 5. If the pair (¢, g) is a Reich-type Fgo-contraction with @y € X, then we have
6(,00 = Wy = gWo.

Proof. Assume that ¢y # @ and gwy # @y. From the definition of the Reich-type
Frg-contraction with min{® (@, {@), D (@0, g§@0)} > 0, we get

T4 F(D (@0, @) + D(@g,800)) < F ( “Q(w(ﬂr‘s%&i [é)éf;fgo()wtigi 8@0)] >

= F((B+7)[D(@0,E@0) + D (@0,820)])
< F(D(@, E@o) +D(@o, g@0))

a contradiction because of T > 0. Then, we have (@wy = @y = gwp. O

Using Proposition 5, we rewrite the condition (3) as follows:

T+ F(D(lw,@)+D(gw,@)) < F(aD(@,@p) + B[D (@, @) + D (@, gw)])
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with min{®(¢w, @), D(g®, @)} > 0wherea + B < 1,a #0and a, B € [0, 0).
Using this inequality, we obtain the following common fixed-circle result.

Theorem 5. Let the pair (¢, g) be a Reich-type Fgo-contraction with @y € X and o be defined as
in (1). Then, Cp, ¢ is a common fixed circle of the pair (C, ). Especially, ¢ and g fix every circle
Cap,p with p < 0.

Proof. We distinguish two cases.

Case 1: Let 0 = 0. Clearly, Co,c = {@0} and by Proposition 5, we see that Co, ¢ is a
common fixed circle of the pair (¢, g).

Case 2: Let o > 0 and @ € Cep,,¢. This case can be easily seen since

F(o) F(®(w,@) +D(30,@))
Fla+p)P (o @) +D(g@,@)])

F(O(lw, @)+ D(gw,@)).

VAN VANVAN

Consequently, Co, o is a common fixed circle of the pair (¢, g). Especially, ¢ and g fix
every circle Cp, , withp < c. O

To obtain, some new common fixed-circle results, we define the following contractions.

Definition 7. If there exist T > 0, F € F and @y € X such that for all @ € X, the follow-
ing holds:

T+ F(D(C@,@) +9(g@,@)) < F([D (5@, @0) +D(g@,@0)])

with min{® ({@, @), D(gw, @)} > 0whereny € (0, %) , then the pair (&, g) is called a Chatterjea-
type Fq-contraction.

Proposition 6. If the pair ({,g) is a Chattereja-type Fzq-contraction with @y € X, then we have
oy = @ = 8y.

Proof. From the similar arguments used in Proposition 4, it can be easily proved. O

Theorem 6. Let the pair (¢, ) be a Chatterjea-type Fzo-contraction with @y € X and o be defined
as in (1). Then, Cey e is a common fixed circle of the pair (&, g). Especially, ¢ and g fix every circle
Ceog,p with p < 0.

Proof. We distinguish two cases.

Case 1: Let 0 = 0. Clearly, Cp,,c = {@o} and by Proposition 6, we see that Co,, is a
common fixed circle of the pair (¢, g).

Case 2: Let 0 > 0 and @ € Cg, . Using the Chatterjea-type Fzo-contractive property,
the fact that F is increasing, and the triangle inequality property of metric function d, we
have

Flo) < F@(Ew,@)+D(gw,®))
< F([d(Cw, @) +D(g@,@0)]) — T
< F(n[o@(lw,@)+D(w,w0) +D(g@, @) +D(w@,@p)])
F(n[29(@, @) + [9(¢@, @) + D (g0, @)]])
= F(n[d(w,o)+D(go,@)])
< F(®(w,0)+D(gw,@)).
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This gives a contradiction. Thus, D ({@, @) + D (gw,®) = 0, that is, {@ = @ = g®.
As aresult, Cp, ¢ is a common fixed circle of the pair (&, g). By the similar arguments used
in the proof of Theorem 1, ¢ and g also fix any circle Cg, p, withp < o. O

Definition 8. If thereexist T > 0, F € F and @y € X such that for all @ € X the following holds:
T+ F(D(w,w)+D(g0,0)) < F(n[D(w@,iwy) +D(w@,gw@o)]) (4)

with min{® ({@, @), D(gw, @)} > 0 wheren € (O, %), then the pair (¢, g) is called a Kannan-
type Fo-contraction.

Proposition 7. If the pair (¢, g) is a Kannan-type Fzo-contraction with @y € X, then we have
§@g = @y = go.

Proof. From the similar arguments used in Proposition 4, it can be easily obtained. [

Theorem 7. Let the pair (¢, 8) be a Kannan-type Fgo-contraction with @9 € X and o be defined
as in (1). Then, Ce,,o is a common fixed circle of the pair (¢, g). Especially, & and g fix every circle
Cep,p with p < 0.

Proof. We distinguish two cases.

Case 1: Let 0 = 0. Clearly, Co,c = {@o} and by Proposition 7, we see that Co, ¢ is a
common fixed circle of the pair (¢, g).

Case 2: Let ¢ > 0 and @ € Cg,,¢. Using the Kannan-type F;,-contractive property, the
fact that F is increasing, and the triangle inequality property of metric function d, we have

F(o) F(@(Gw, @) +D(gw,m))

F(n[®(@,¢@o) +D(@,8@0)]) — T
([®(@, @o) + D (@, @0)])

(2n0)

(

D(w, ) +D(gw,®)).

VAN VANRE VANRR VAN VAN
S M

This gives a contradiction. Thus, ®({w@, @) + D (g®,®) = 0, thatis, (@ = @ = gw. As a
result, Cp, ¢ is a common fixed circle of the pair (¢, 9). By similar arguments used in the
proof of Theorem 1, § and g also fix any circle Cp,, withp < . [

Now, we present an illustrative example of our obtained results.

Example 4. Let X = {1,2, ez, 62— 1,2+ 1} be the metric space with the usual metric. Let us
define the self-mappings ¢, g : X — Xas

cja):{ 2, =1

@, otherwise

and

o — 2, w=1
8w = @, otherwise ’

forall @ € X.

The pair (¢, g) is a Hardy-Rogers-type Jz,-contraction with F = Ina +a, T = 0.01,

x=p=7= % and @y = €%. Indeed, we get

min{® (@, {w),D(®,g®)} = min{D(1,2),9(1,2)} =1>0
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for @ = 1 and we get

1
0D (@, @) + PO (@, E@) + D (@, g@) = Z[Q (1 ez) +9(1,2) +©(1,2)]
_ 1 2
- Z{e —1+1+1]
_ e +1
4
Then, we have
T+ F(D(w,iw)+D(w,g0)) = 0.01+In2+2

IN

e2+1
(=)
241

1n<62+1) —Ind+——.

The pair (¢,g) is a Reich-type Fgo-contraction with F = Ina, T = In(e? + 1) —In6,
x=p= % and @y = ¢2. Indeed, we get

min{® (@, @), D(@,80)} = min{D(1,2),D(1,2)} =1 >0

for @ = 1 and we have

D (@, @) + B[D(@,E@) + D (@, g@)] = %@(1,8)+%[©(1,2)+©(1,2)]
_ e2+1
= —
Then, we obtain
T+ F(D(®@,f0) +D(0,30)) = ln(e2—|—1>—ln6—|—ln2

e’ +1
<
< 7(57)
= In(e* +1) — In3.

The pair (¢, g) is both a Chatterjea-type Fz,-contractions and a Kannan-type Fz,-
contraction with F = Ina, T = In (62 — 2) —1In4, 5 = % and @y = ¢2. Indeed, for Chatterjea-
type Fzo-contractions, we get

min{® (@, {w),D(w@,g®)} =min{D(1,2),9(1,2)} =1>0
for @ = 1 and we have
[@ (62,2) + @(62,2)}

[2(e2 - 2)}

n[D(w@o, @) +D(w@g, g@)] =
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Then, we obtain

T+ F(D(@,i0) +D(0,80)) = 1n(e2 z)—1n4+1n2

e2—2
<
< #(57)

— ln(32 — 2) —In2.

For Kannan-type J;z.-contractions, we have
min{® (@, (@), D(@,g@)} = min{D(1,2),D(1,2)} =1>0

for @ = 1 and we have

70 (@,iw@y) +D(@,80)] = i[g (1,62) +©(1,e2)}
< 3[2(62 — 1)]
> —1
- 2
Then, we obtain
T+ F(D(@, @) +D(@,g0)) = ln(ez—z) CIn4+in2

e2—1
<
< #(57)

= ln(e2 — 1) —In2.

Consequently, ¢ and g fix the circle C ; = {e? —1,¢% +1}.

If we combine the notions of Banach-type Fz-contractions, Chatterjea-type Fzo-
contractions, and Kannan-type Jz,-contractions, then we get the following corollary. This
corollary can be considered as Zamfirescu-type common fixed-circle result [18].

Corollary 1. Let (X, D) be a metric space, ¢, g : X — X be two self-mappings and o be defined
as in (1). If there exist T > 0, F € F and @y € X such that for all ® € X, at least one of the

followings holds:
)T+ F@D(w,0)+D(g@,@)) < F(aD(w@,w@p)),
(2) T+ F(D(6o, @) + D(30,@)) < F(B[D(E@, @0) +D (30, @0))),
(8) T+ F(D(C@, @) +D(g@,@)) < F(7[D(@,{@o) +D(, g00)]),

with min{® ({®, @), D (gw@, @)} > 0where0 < a < 1,0 < B,y < %, then Co, o is a common
fixed circle of the pair (C, g). Especially, ¢ and g fix every circle Co p with p < 0.

Proof. Itis obvious. [
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1. Introduction and Motivation

As we all know, in the history of the research process of inequality theory, many
important generalization studies often come from some simple inequalities that have
widespread applications. Over the past more than five decades, rapid developments
in inequality theory and its applications have contributed greatly to many branches of
mathematics, economics, finance, physics, dynamic systems theory, game theory, and so
on; for more details, one can refer to [1-4] and the references therein.

The following new integral inequality (here we regard it as a theorem) arose from
the 29th International Mathematics Competition for University Students (for short, IMC
2022), which was held in Blagoevgrad, Bulgaria on 1-7 August 2022. For more information
(including proofs), please visit the following official website of IMC 2022: https:/ /www.
imc-math.org.uk (accessed on 1 August 2022).

Theorem 1. Let f : [0,1] — (0, +o0) be an integrable function such that f(x) - f(1 —x) =1 for
1

all x € [0,1]. Then /f(x) dx > 1.
0

Motivated by the above integral inequality, the following questions arise naturally.
Question 1. Can we establish new real generalizations of Theorem 1?

Question 2. Does Theorem 1 still hold if we replace the codomain (0, +o0) of f with
(—00,+00)?

In this work, our questions will be answered affirmatively. In Section 2, we successfully
establish a new real generalization (see Theorem 2 below) of Theorem 1, which is a positive
answer to Question 1. In Section 3, we first construct a new simple counterexample to show
that Question 2 is not always true. Furthermore, we establish an equivalent theorem (see
Theorem 3 below) of Theorem 2. Finally, some applications of our new results are given in
Section 4. The new results we present in this paper are novel and developmental.

2. New Results for Question 1

The following result is very crucial for answering Question 1.

Axioms 2022, 11, 458. https:/ /doi.org/10.3390/axioms11090458 150
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Lemma 1. Let f(x) be an integrable function on [a, b]. Then

/ﬂbf(x)dx:/bf a+b—x)dx

2/ x) + fla+b—x)]dx

—/ x)+ fla+b—x)]dx
= [f( )+ f(a+b—x)]dx.

asb
Y2
Proof. By using integration by substitution (see, e.g., [5]), we have
_(let t=a+b—x)
/f /fa+b—t)( dt)
:/f(a+b—t)dt:/f(a+b—x)dx. 1)
a a

Hence, we obtain

/ ;{/ dx+/fa+b—x)dx]
% x)+ f(a+b—x)]dx. (2)

Note that

[+ Flatb— o) dx LD T ey ) 4 (1) ()

2 2

_/a [Fa+b—t)+ f(£)]dt 3)

= [ 1) + flato-n)]dx,

so it is easy to see that

/byx )+ fla+b—x)]dx

—/ x)+ fla+b—x)]dx+ h[f(x)+f(a+b—x)]dx

agb
2
a+b
—2/ x)+ f(a+b—x)]dx.

Combining (1) and (2) together with (3), we prove the desired conclusion. [J

With the help of Lemma 1, we can establish the following generalization of Theorem 1.
Theorem 2. Let f : [a,b] — (0, 400) be an integrable function such that
fx)-flatb—x)=c )

forall x € [a,b], where ¢ > 0 is a constant. Then

/ ) de > (b - a) Ve (5)
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The case of equality holds in (5) if and only if f(x) = f(a+b—x) = \/c forall x € [a,].

Proof. We use two methods to show (5).
Method 1. By (4) and using the arithmetic-mean—-geometric-mean (AM-GM) inequality,
we have

f(x)+ fla+b—x) > 2\/f(x)f(a+b—x) =24/c forany x € [a,b]. (6)

By (6) and applying Lemma 1, we arrive at

a+b a+b

b ata atb
/f(x)dx:/ "1F(x) + fla+b—x)]dx z/ " 2/edx = (b—a)ve.
a a a
Obviously, the equality holds in (5) if and only if the equality holds in (6) and if and only if

f(x)=f(a+b—x)=+/c forallx € [a,]].
Method 2. By applying Lemma 1 and using (4), it follows that

/abf(x)dx = ./ubf(a—l—b—x)dx = '/ubf(cx)dx.

Applying Cauchy-Schwarz inequality, we obtain

(/abf(x)dx>2=/abf(x)dx-/abf(cx)dxz (/ﬂbﬁdx)z:(b_a)za

This proves the inequality (5). Clearly, the equality holds in (5) if and only if f(x) =
fla+b—x)=+/c forallx € [a,b]. O

Remark 1. By taking a = 0 and b = ¢ = 1 in Theorem 2, we can prove Theorem 1.

Remark 2. There are many functions satisfying condition (4), as in Theorem 2, such as

(i) f(x) =+/c, x € [a,b], where c > 0 is a constant;
(i) f(x) =a*, x € [a,b], where x > 0 with a # 1;

(lll) f(x) — (,H—b;—x, X € [a, b]/

(iv) f(x) = MT_x/ x € [a,b];
(a4+b—x)>+1, xe[a,%),

@ flx)=11, x =1L,
x%ﬂ’ x € (2, b].

3. New Results for Question 2

In this section, we first provide a simple counterexample to show that Question 2 is
not always true if we replace the codomain (0, +o0) of f with (—co, +0c0).

Example 1. Let f : [0,1] — (—o0, +00) be defined by

Then, f is an integrable function on [0, 1] but not continuous on [0,1]. Clearly, f(x) satisfies
f(x)- f(1 —x) =1forall x € [0,1]. However, it is easy to see that

1
/Of(x)dx:0<1.
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By applying Theorem 2, we obtain the following result.
Theorem 3. Let g : [a,b] — (—o0, +00) be an integrable function such that

g(x)-gla+b—x)=A 7)

forall x € [a,b], where A is a nonzero constant. Then

[ls1d> (b a) /1] ®

The case of equality holds in (8) if and only if |g(x)| = |g(a + b — x)| = \/|A| forall x € [a, b].

Proof. Due to (7), we know that g(x) # 0 for all x € [a,b]. So we can define f : [a,b] —
(0, +00) by
f(x) =|g(x)| forx € [a,b].

Since g is integrable, f is integrable. From (7) again, we obtain
f(x) - fla+b—x)=|g(x)-gla+b—x)| =]|A| forall x € [a,b].

Let ¢ = |A|. Then ¢ > 0. Hence, all conditions in Theorem 2 are satisfied. By Theorem 2, we
obtain

[ls@lar= ['fx1ax> 0 -a)ve = o -a)/In,

and the equality holds in (8) if and only if |g(x)| = |g(a+ b — x)| = \/|A|. The proof is
completed. O

Remark 3. We applied Theorem 2 to show Theorem 3. It is obvious that Theorem 2 is a special case
of Theorem 3. Therefore, we can conclude that Theorems 2 and 3 are indeed equivalent.

Taking advantage of Theorem 3, we easily obtain the following results.
Corollary 1. Let g : [0,1] — (—co, +00) be an integrable function such that

g(x)-g(1—x) =2

forall x € [0,1], where A is a nonzero constant. Then

1
dx > +/|Al 9
| ls@ldx = /12l ©
The case of equality holds in (9) if and only if |g(x)| = |g(1 — x)| = /|A| forall x € [0,1].

Proof. Taking a = 0 and b = 1 in Theorem 3, then the desired result is obtained. [J

Corollary 2. Let m > 0. Suppose that g : [—m, m| — (—oco, 400) is an integrable function such
that

g(x)-g(=x) =1
for all x € [—m,m]. Then

m
/ |g(x)|dx > 2m. (10)
—m
The case of equality holds in (10) if and only if |g(x)| = |g(—x)| =1 forall x € [—m, m].

Proof. Takea = —m, b = m, and A = 1 in Theorem 3, then the desired conclusion is
proved. [
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As a consequence of Theorem 3, we obtain the following theorem.

Theorem 4. Let hh : (—oco,4+00) — (—00,400) be a function satisfying ffo?h(x) dx < oo,
Suppose that there exist a,b € (—oo, 4-00) with a < b such that

h(x) -h(a+b—x)=A (11)

forall x € [a,b], where A is a nonzero constant. Then, for any u,v € (—oo, 4+00) with u < a and

b < v, we have
(4
h dx > (b — Al,
[ 1) dx = (= )3/ 1]

[l dx = - a)y/
[ @idx = @ -a)/ial

[T = - a)y

and

Proof. Define g : [a,b] — (—00,400) by
g(x) =h(x) forx € [a,b].

Since [ h(x)dx < oo, [ abh(x) dx < co. Hence, h is integrable on [g, b]. It follows that g,
|g|, and |h| are integrable on [a, b] and

b b
s dx = [ ax
By (11), we obtain
g(x)-gla+b—x)=h(x)-h(a+b—x)=A forallx € [a,b].

Hence all conditions in Theorem 3 are satisfied. By utilizing Theorem 3, we obtain

[ ) dx > /ab|h(x)| dv > (b —a)y/|Al,
[ meax > [lnlax> o-a/il,
[ @iar> o> ¢ -a)y/il

/+:|h(x)| dx > /ab|h(x)| dx > (b—a)y/JAl

and

The proof is completed. [

4. Some Applications

In this section, we first establish the following new useful inequalities, which improve
the known inequalities for exponential functions.

Theorem 5. Let a > 0. Then, the following hold.

(i) If0<a<1,thena®* <1+ xaZlna forall x > 0.
(i) Ifa=1,thena* =1+xa>lna=1 forall x> 0.
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(iii) Ifa>1,thena* > 1+ xa?Ina forall x > 0.
In particular, we have
e >xe? +1>x+1 forallx > 0.

Proof. Given x > 0. Let f(y) = a¥ for y € [0, x]. Then f is integrable on [0, x|, and
fly)- f(x—y)=a* forally € [0,x].
Hence, by applying Theorem 2, we have

x X
ﬁ(ax—l):/o a’dy > xa2. (12)

() If0 < a < 1, thenIna < 0. Note that f(y) = f(x —y) = aZ holds for y = 5. So the
equality does not hold in (12). From (12), we obtain

a* <1+xaZlna forall x > 0.
(ii) Clearly, if a = 1, then a* =1 =1+ xa2 Ina forall x > 0.
(ii) If a > 1, then Ina > 0. Since f(y) = f(x —y) = a2 holds for y = %, the equality does
not hold in (12). Hence, using (12) again, we obtain
a*>1+xaZlna forall x > 0.
In particular, by taking a := e, we have

e*>xe?+1>x+1 forallx > 0.

The proof is completed. [

Next, we provide a new simple proof of the following important fundamental inequal-
ity for hyperbolic sine functions by applying Theorem 2, Theorem 3, or their corollaries.

Theorem 6. sinhx > x forall x > 0.

Proof. Given x > 0. Let f(y) = e¥ for y € [—x, x]. Then f is integrable on [—x, x] and

fy)-f(—y)=e’=1 forally € [—x,x].

By applying Theorem 2 (or Theorem 3 or Corollary 2), we obtain

X

ex—e_x:/ e/ dy > 2x.

—X

Since e* # e™* for x # 0, we obtain
sinhx =S > x.
The proof is completed. [
In this paper, we introduce the concept of quasi-hyperbolic sine function.

Definition 1. A function g-sinh : (0, 400)x (—0c0,400) — (—00,400) is said to be a quasi-
hyperbolic sine function if

a* —a %

g-sinh(a, x) = — fora > 0and x € (—oo, +00).
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Remark 4. In [6], Nantomah, Okpoti, and Nasiru defined generalized hyperbolic sine function

using
X _ =X

sinh, x = a fora > 1and x € (—oo,+00).

a
2
It is obvious that a hyperbolic sine function is a generalized hyperbolic sine function, and a general-
ized hyperbolic sine function is a quasi-hyperbolic sine function, but the converse is not true.

We now give the following new inequalities for quasi-hyperbolic sine functions.

Theorem 7. Let a > 0. Then, the following hold.

(i) If0 <a <1,then g-sinh(a,x) < xIna forall x > 0.
(i) Ifa =1, then g-sinh(a,x) =0 forall x > 0.
(iii) Ifa > 1, then g-sinh(a, x) = sinh, x > xIna forall x > 0.

Proof. Given x > 0. Let f(y) = a¥ for y € [—x, x]. Thus, f is integrable on [—x, x] and

fy)-f(—y)=a’=1 forally € [—x,x].

By applying Theorem 2 (or Theorem 3 or Corollary 2), we obtain

X
ﬁ(a" —a ) = /_xay dy > 2x. (13)
(i) If0 <a < 1,thenlna < 0. Since a* # a~* for x # 0, the equality does not hold in (13).
Hence (13) yields

X —X

g-sinh(a, x) = % < xlna.

(i) Clearly, g-sinh(1,x) = == =0 forall x > 0.
(iii) If 2 > 1, then Ina > 0. Since a* # a=* for x # 0, the equality does not hold in (13). So,
from (13) again, we obtain

X —X

g-sinh(a, x) = sinh, x = % > xIna.
The proof is completed. [
Remark 5. Theorem 6 is a special case of Theorem 7 (iii).

Theorem 8. Let a < b. Then there exists € (#, b) such that

b a
e —e
eé—

 b—a’

Proof. From the Lagrange mean value theorem or integral mean value theorem, it is easy
to see that there exists ¢ € (a,b) such that

b a
e —e
e(::

b—a’

(14)

We now claim that ¢ € (%b, b). Let f(x) = e* for x € [a,b]. Then f is integrable on [a, b
and
f(x)-fla+b—x)=e"":=c forallx € [a,b].
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Note that f(x) = f(a+b—x) = 4/c holds for x = ”%b. Accordingly, by applying
Theorem 2, we obtain

a+b

b
eb—e”:/ e“dx> (b—a)yec=(b—a)e 7, (15)
a
which follows immediately from (14) and (15) that ¢ > # Therefore, ¢ € (‘lzib,b). O

Theorem 9. Let 0 < a < b. Then there exists ¢ € (a, “er—b> such that
b—a=¢&(nb—1Ina).

Proof. Making full use of the Lagrange mean value theorem, we can find ¢ € (a,b), such

that
1 Inb—1Ina

E b—a (16)

We now speculate that ¢ € (a, #) To this end, put f(x) =

= forxe [a,b]. Thus
a+b—x

f is integrable on [4, b] and
f(x)-fla+b—x)=1 forallx € [a,b].

Note that f(x) = f(a+b— x) = 1 holds for x = 4. So, by utilizing Theorem 2, we obtain

b x
(a+b)(lnb—lna)—(b—a):/ mdx>b—a. (17)

Combining (16) and (17), we obtain § < “zib Therefore, we show ¢ € (a, ‘%b) O

5. Conclusions

In this paper, we study two questions for Theorem 1 as follows:
Question 1. Can we establish new real generalizations of Theorem 1?
Question 2. Does Theorem 1 still hold if we replace the codomain (0, +oc0) of f with
(—00,+00)?

We establish Theorem 2, which is a new real generalization of Theorem 1, and a
positive answer to Question 1. A new simple counterexample is given to verify that
Question 2 is not always true. Furthermore, we prove Theorem 3, which is equivalent to
Theorem 2, and show some applications of our new results. In summary, our new results
are original, novel, and developmental in the literature. We hope that our new results can
be applied to nonlinear analysis, mathematical physics, and related fields in the future.
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Abstract: The goal of this paper is to investigate the curves intersected by a vertical plane with
the surfaces based on certain NCP functions. The convexity and differentiability of these curves
are studied as well. In most cases, the inflection points of the curves cannot be expressed exactly.
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curves accordingly. The study of these curves is very useful to binary quadratic programming.
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1. Introduction

The nonlinear complementarity problem (NCP) is finding a vector x € R" such that
x>0, F(x)>0 and (x,F(x))=0,

where (-, -) is the Euclidean inner product and F is a function from R" to R". Since a few
decades ago, the NCP has attracted significant attention due to its various applications in
areas such as economics, engineering, and information engineering [1]. There are many
methods proposed for solving the NCP. One popular approach is to reformulate the NCP
as a system of nonlinear equations, whereas the other approach is to recast the NCP as an
unconstrained minimization problem. Both methods rely on the so-called NCP function. A
function ¢ : R> — R is said to be an NCP function if it satisfies

¢$(a,b) =0 <= a>0, b>0 and ab=0.

In light of the NCP function, one can define the vector-valued function ®,(x) : R" —

R" by

¢(x1, Fi(x))

D r (x ) = ’

¢(xn, Fu(x))
where F(x) = (F(x),---,F,(x)) is a mapping from R" to R". Consequently, solving the
NCP is equivalent to solving a system of equation ®, (x) = 0. In particular, it also induces
a merit function of the NCP which is given by

. 1 )
min ¥, (x) := 5| (1)

It is clear that the global minimizer of ¥, (x) is the solution to the NCP. During the
past few decades, several NCP functions have been discovered [2-7]. A well-known NCP
function is the Fischer—Burmeister function [8,9] ¢ : R? — R, defined as

e (a,0) = [[(a,D)[| = (a + 1),
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where |[(a,b)|| = Va2 + b2 In [10], Tseng did an extension of the Fischer-Burmeister
function, in which a 2-norm is relaxed to a general p-norm. In other words, the so-called
generalized FB function is defined by

¢fy (a,0) = [|(a,D)[[p — (a + D), )

where ||(a,b)||, = {/[a]? + [b[P and p > 1. Similarly, it induces a merit function ¢¥; :
R? — R given by

1
¥F (a,b) = 5|¢§’B(a,b)\2 2
where p > 1.
Another popular NCP function is the natural residual function [4], ¢, : R — R given
by
Pr(a,b) =a—(a—Db),.
Is there a similar extension for the natural residual NCP function? Wu, Ko and Chen

answered this question in [4]. The extension is kind of discrete generalization because they
defined the function ¢%y : R — R by

¢! (a,b) =a’ — (a—b)", 3)

where p > 1 and p is an odd integer. Recently, the idea of discrete generalization of natural
residual function has beei applied to construct discrete Fischer-Burmeister functions. More
specifically, ¢ ., : R? — R is defined by

PPy (a,b) = (Va? + %) — (a+ )P, @)

where p > 1 and p is an odd integer. If p = 1, then it is exactly the classical Fischer—
Burmeister function (see [4,11]). The graph of ¢f; is not symmetric. Is it possible to
construct a symmetric natural residual NCP function? Chang, Yang, and Chen answered
this question in [2]. Note that the function ¢§; can also be expressed as a piecewise function:

P—(a—0b)P, ifa>0b
. _faP—(a , ,
(’DNR(u’b) { at, ifa<b,

where p > 1 and p is an odd integer. They use this expression of ¢k, to modify the part on
a < b, and achieve symmetrization of ¢} \(a,b) as below:

afP — (a—0b)P, ifa>Db,
PF (a,b) =1 al =bP, ifa=0, (5)
bP — (b—a)?, ifa<b,

where p > 1 and p is an odd integer. Surprisingly, it is still an NCP function.

How about the merit function induced by ¢! \(a,b)? Observing that the merit
function has squared terms, Chang, Yang, and Chen combined a” and b? together and
constructed ! . (a,b) as

aPb? — (a —b)PbP, ifa > b,

¢§7NR(Q, b) = aPbP = azp’ ifa=0>, (6)
abbP — (b —a)PaP, ifa <,

where p > 1 and p is an odd integer.

Recently, more and more NCP functions have been discovered. As mentioned,
Wu et al. [4] proposed a discrete type of natural residual function. Regarding this dis-
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crete counterpart, Alcantara and Chen [1] consider a continuous type of natural residual
function as below:

Pl (a,0) = sgn(a)lal’ — [(a —b)4]7, @)

where p > 1is a real number and

1, ifx>0,
sgn(x) = 0, ifx=0,
-1, ifx <0.

The main principle behind their work is described as follows. If f(-) is a bijection
mapping and ¢ = ¢; — ¢» is a given NCP function, then f(¢) = f(¢1) — f(¢2) is also an
NCP function. Hence, it can be verified that

Phe(a,0) = f(a) — f([a—D]4)

is an NCP function by employing the bijective function f(t) = sgn(t)|t|?, see [12]. Note
that when p is an positive odd integer, it reduces to the discrete type of a natural residual
function, that is, gLy (a,b) = ¢y (a,b).

For further symmetrization, using the above idea in (5) and (6), one can obtain a
continuous type of natural residual functions [12]:

~ [ sgn(a)|alP — (a—b)P, ifa>b,
P e (a,b) = { sgn(b)|b|P — (b—a)P, ifa<b, ®

and its corresponding merit function

— b — sgn(a)sgn(b)|a|?|b|P — sgn(b)(a —b)P|blP, ifa >, 9
PL u (2, 0) = sgn(a)sgn(b)|a|P|b|P —sgn(a)(b —a)P|alP, ifa <D, ©)

where p > 0. Again, when p is an odd integer, we see the beloe relations,

$sprR(a'b) = ¢! (ab), and lﬁé’,NR(ﬂrb) =yl L(aDb).

The NCP functions can also be constructed by certain invertible functions. What
kind of inverse functions can be applied to construct the NCP functions? Lee, Chen, and
Hu [6] figured it out in ([6], Proposition 3.8). In particular, let f : R — R be a continuous
differentiable function and g : R — R with ¢(0) = 1. They chose functions of f(t) and g(f)
satisfying the below conditions to construct new NCP functions:

(i)  fisinvertible on [1,00).

(i) (')’ isa strictly monotonically increasing function.

(i) ¢(0)=1,g(t) >1,Vt>0and 5 < g(t) <1Vt <0.
More specifically, it is shown that the function

Pre(a,0) = F(f~H(al) + f7H(1b]) = F71(0) — (8(b)a + g(a)b)

is an NCP function. For example, taking f(f) = In(t), we see that f(t) is invertible on [1, c0)
and the inverse function is f~1(t) = ¢!. It is easy to see that (f~1(t))" = ¢' > 0, Vt € R.
Thus, f~! is strictly monotone increasing on R. For third condition, we take g(t) = ¢,
which gives g(t) > 1on (1,00) and —3 < g(t) < 1on (—o0,0). We list some more examples

of f and g as below. Examples of f(t) are
A =VE=1, fH(t)=Vi-1, f(t)=In(t),
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and examples of g(t) are

V244t 4 —et
t —
gl(t) e/ gz(t) 2 7 g3(t) 1 ze_t'

In summary, nine corresponding NCP functions are generated by using the above f(t)

and g(t).
P (@) = Va4 —eba — .
VB2 Va2
P e (a,b) = Va2 +b?— (bz4+b>a— (W)b'

7b —a
i (=) G

14 2e-b 14 2¢4

¢f2r81(a’b) = 5|a|5+|b|5*€bﬂ*eﬂb.
5 +b 214
Do) = a5 0P - ( >_<¢T2+>b o

4—e 1
—  31al5 5_ _
Py (@:D) la> + 10| ( +26—b> (1 +26”>b'

P (@b) = In(el 4 elPl — 1) — eba — e
2 2

4—eb 4—e"
— ol polbl _y— [ 225 |- ( 2=
Dres (a,b) = In(e" +e 1) (1 2e—h>a (1 Zea)b'

In [13], Tsai et al. discussed the geometry of curves on Fischer—-Burmeister function
surfaces, which are intersected by the plane a + b = 2r for r € R. They parametrized the
curves by considering a = r+t and b = r — t and defined the vector valued function
a(t) : R — R*and B(t) : R — R3asa(t) = (r+t,r—t¢(r+tr—t)) and B(t) =
(r+t,r—t(r+tr—t)), respectively. Tsai et al. also found the local maxima and minima
and studied the convexity of curves.

In this paper, we follow a similar idea to the one in [13] to investigate the curves, which
are the intersection of a vertical plane a 4+ b = 1 and surfaces based on NCP functions. We
also have to point out that the study on these curves is very useful to binary quadratic
programming. See [14] for the details. We parametrize the curves by the vector functions
7(x) : R — R3and o(x) : R — R3 where t(x) = (x,1—x,¢(x,1—x)) and o(x) =
(x,1—x,¢(x,1 —x)). Then, we explore the behavior of the curves when the value p is
perturbed. In addition, we discuss the convexity and local minimum and maximum of
curves. Although the inflection points cannot be exactly determined, we can still estimate
the interval in which the curves are convex such as in ([14], Proposition 2.1(b)). With the
convexity or differentiability of a curve, we discuss the local minimum and maximum.

2. Preliminaries

In this section, we review some prerequisite knowledge about the convexity and
differentiability of NCP functions which will be applied to investigate the curves. First, it is
known that the convexity and differentiability of an NCP function cannot hold simultane-
ously (see [15]). The convexity of NCP functions has been thoroughly investigated in the
literature. We will now quickly recall some results directly.
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Lemma 1 ([3], Property 2.1 and Property 2.2, [2], Proposition 2.2). Let ¢k, hy and ¢f ., be
defined as in (1), (2) and (4) respectively. Then, the following hold.

(a)  The function ¢k, (a,b) is differentiable everywhere except for the origin, and convex on R?,
provided p > 1.

(b)  The function Y}y (a,b) is differentiable everywhere, but neither convex nor concave, provided
p>1

(c)  The function ¢, s (a,b) is differentiable everywhere, but neither convex nor concave provided
p > land is an odd integer.

Lemma 2 ([4], Proposition 2.4, [2], Proposition 2.2). Let kg, ¢4 g, and p . be defined as in
(3), (5) and (6) respectively. Then, when p > 1 and is an odd integer, the following hold.
(@)  The function ¢y (a,b) is differentiable everywhere, but neither convex nor concave.

(b)  The function ¢t \ (a,b) is differentiable everywhere except for a = b. but neither convex nor
concave.
(c) The function Y\ (a,b) is differentiable everywhere, but neither convex nor concave.

Lemma 3 ([1], Proposition 2). Let ¢k, ¥ \x and PL \x be defined as in (7), (8) and (9) respec-

tively. Then, for p > 1, the following hold.

(a)  The function ¢l (a,b) is differentiable everywhere, but neither convex nor concave.

(b)  The function ¢y (a,b) is differentiable everywhere except for a = b, but neither convex nor
concave.

(c) The function $¥ . (a,b) is differentiable everywhere, but neither convex nor concave.

Proposition 1 ([12], Proposition 2.3). Suppose that g is strictly increasing on some interval
I =0,tp). Then, for p > 1, the function 4)5 = [[(a,b)||p — (g(b)a + g(a)b) is an NCP function,
but nonconvex.

We can apply Proposition 1 to check the convexity of NCP functions as in (10). In
particular, based on Proposition 1, the following NCP functions are nonconvex and not
differentiable at (0, 0).

@ ¢ (a,b) =V a2 + b2 — ePa — .

(b) ¢f1/g2 (a,b) = VaZ+b2— (@)a — (@)b
_eb e
© qbfl"”(a’b) =Vt <14+2e*b)a - (14+23—a)b
A ¢, (a,0) = /]a> +[b]> —eba —eb.
© By (@) = T T B — (VL Yo — (L fLiay,
—eb —e 1
(f) ¢f2r83 (ﬂ,b) =9 |LZ|5 + |b|5 B (14+23*b)a - (14+26*11 )b

Moreover, the below NCP functions are nonconvex as well.
® 9, (a,b) = In(ell +eltl ~1) — b — eb,
() @ (0,b) = Inele + el —1) — (YEFED ) _ (eZFhayy,

2
. — 7b — —a
(i) (PfS'gS (a,b) = ln(e\ﬂl 4 elbl — 1) — (f_‘_;efb)u — (14+;e,ﬂ)b.

3. The Differentiability of the Curves

In this section, we investigate the differentiability of the curves, which are the intersec-
tion of surfaces of NCP functions ¢(a, b), (or merit functions i (a, b)) with the vertical plane
a+b=1. To proceed, we seta = x and b = 1 — x. Then, the curves are parameterized as

T(x) =¢(x,1—x) and o(x)=1(x,1—x).
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From the aforementioned NCP functions in Section 2, the parametrized curves are

listed as below:
Th(x) = {/|x|P + |1 —x[F — 1. (11)

o8, (x) = 1 h(x) P (12)

P
LX) = ( x24+(1— x)2> - 1. (13)
Tl (x) = xF — (2x — HE. (14)

xP—(2x—1)P, ifx> 1,
™ ()= (D)p, ifx=1, (15)
(1—x)P —(1—2x), ifx <31

xP(1—x)P — (2x—1)P(1—x)P, ifx> 3,

) = 4 (37, ifx =1, 16)
xP(1—x)P —xP(1—2x)P, ifx< 3.
T (%) = sgn(x) |x[P — [(2x = 1)4]P. (17)
- sen(x)|x|P — 2x —1)P, ifx>1,
@ (=18 (0)]x]P = ( ) 2 1 a8)
sgn(l—x)[1 —x|P — (1 -2x)" ifx < 5.
. 1
7 (x) = {sgn(x)sgn(l —x)[x[P|1 = x|P —sgn(1 —x)(2x = 1)P[1 —x|F, ifx > 5, (19)

sgn(x)sgn(1 — x)|1 — x|P|x|P —sgn(x)(1 — 2x)P|x|F, ifx < 1.

Ty (1) = /22 + (1= 1) — el 9 — ¥ (1 - ). (20)

oy (1) = m_ ( (1x)2+24+(1x)>x_ (@)(1—@ 1)
T (1) = /22 + (1= x)2 = (ﬁ;m)x— (f;;;_) 1-%). @

T (1) = I+ 1= 25 — e 7)x — (1 — ). 23)

T2 () = 3/ 15 + 1= x5 - <V (1_")”24”1_’”)% (@) (1) @)

4—e (17 4—e*
Ty () = VI3[ + 1 =21 = <1+zg—<l—>>x (ira)a- e
Ty g (X) = ln(em +elt= 1) — ey —e¥(1 - x). (26)

@m—x))x_ (@)(1_@. 27)

Sty e+ 11
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_ 4—6_(1_x) 4 — X
() = Inel el 1) - <1+2e(196)>x_ (frams)a-n o

Proposition 2. Let 1}y, ofy and t}, ., be defined as (11), (12) and (13) respectively. Then, the
following hold.

(@) For p > 1, the function Tl (-) is differentiable on R.
(b) For p > 1, the function oy (-) is differentiable on R.
(c) For all odd integers, the function T} (-) is differentiable on R.

Proof. The results follow immediately from Lemma 1. O

Proposition 3. Let T (x), @ g and of \ be defined as in (14), (15) and (16), respectively.
Then, for p > 1 and p is an odd integer, the following hold.

(a)  The function thy(-) is differentiable on R;
(b)  The function T}y (-) is not differentiable at x = %
(c)  The function of \(-) is differentiable on R.

Proof. The results are immediate consequences of Lemma 2. O

Proposition 4. Let Thy, T g, and 0%y be defined as in (17), (18) and (19), respectively. Then,
for p > 1, the following hold.

(@)  The function Thy (-) is differentiable on R.

(b)  The function Ty (+) is not differentiable at x = .

(c)  The function G\ (-) is differentiable on R.

Proof. The results follow from Lemma 3 directly. O

Proposition 5. Let T be defined as in (20)—(28) where i = 1,2,3 and j = 1,2,3. Then, the
l’(]

following hold.

(@) Fori=1,2andj=1,2,3, the function Tfl_’g]_ (+) is differentiable on R.

(b) Forj=1,2,3, The function Tfafgj (+) is not differentiable at x = 0 or x = 1.

Proof. (a) Based on Proposition 2(a), the function 75 (x) is differentiable on R. In addition,
we know that the exponential function and /(1 — x)? + 4 are differentiable on R. Therefore,

7, .. (x) is differentiable on R.
73]
xplx| (A=) 1z
(b) Let h(x) = In(el* 4 e1=*I — 1), which says i/ (x) = % For x > 0, the right
derivative at x = 0is #/(04) = 1>¢. For x < 0, the left derivative at x = 0is h'(0_) = =L=¢.

Then, it is clear that 1/ (04) # h'(0_), hence h(+) is not differentiable at x = 0. Similarly, it
is easy to check the non-differentiability at x = 1. To summarize, the function Trog: (x)is
8j

not differentiable at x = 0 or x = 1. O

4. The Convexity of the Curves

In Section 2, we discussed the convexity of NCP functions. It naturally leads to the
convexity of the curves. Although we cannot find the inflection points one by one, we focus
on estimating the interval where the curves are convex. In addition, with different p, the
geometric structure of the curves will be changed. The following lemma will be employed
to check the convexity.
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Lemma4. (a) If g(x) and h(x) are convex on an interval, then g(x) + h(x) is also convex on
the interval.

(b) Let g(x) : R" — (—o00,00) be a convex function and let h(x) : ¢(R") — R be a nondecreas-
ing convex function. Then f(x) = h(g(x)) is convex on R".

Proof. These are very basic materials which are also well known, see [16]. O
Proposition 6. Let T, and T be defined as in (11) and (13), respectively. Then, the following
hold. See Figure 1.

(a) For p > 1, the function Tl (-) is convex on R.
(b)  When p is an odd integer, the function T}, w(+) is convex on R.

,
———p3

351 —__ pe 4 7 p=5
p=2 b7

(a) (b)

Figure 1. Graph of 7, (x) and 7/ _; (x) with different p. (a) Graph of 7, (x) with different values of p;
(b) Graph of 7} _; (x) with different values of p.

Proof. (a) First, as indicated in (11), T (x) = {/[x|? + [1 — x|P — 1. Since the curve T} ()
is the section of a plane with the surface of the function ¢} (a,b), which is convex on R?
according to Lemma 1(a). 7/ (x) is convex on R.

(b) As shown in (13), T} (x) = ( x2+(1— x)z)p — 1, where p is an odd integer. Let

g(x) := /x24+ (1 —x)%? and h(x) := x? — 1. It is clear that (x) is nondecreasing and
convex; moreover, g(x) is positive and convex. Then, according to Lemma 4(b), 7}, (+) is
convex on R. O

Proposition 7. Let oy, be defined as in (12). Then, for any p > 1, the function oy (-) is convex on
(—00,0) and (1,00). See Figure 2.

\
08 \ / b
061\ \ / e
0.4\, e

02 N e

0

-1 -0.5 0 0.5 1 1.5 2

Figure 2. Graphs of o} with different values of p.
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2
Proof. As given in (12), of (x) = %(TfB(x)> . Let g(x) == 75(x) and h(x) := 122 Ttis

clear that h(x) is nondecreasing and convex on (0, o). Furthermore, g(x) is convex and

positive on (1, 00). Hence, according to Lemma 4(b), oh, (x) is convex on (1,00). In addition,
due to symmetry, of; (x) is also convex on (—c0,0). O

Remark 1. (i)  Set p = 2. The second derivative of O'FZB (x) = %|T§B (x)|? gives

2\ 1
) (x)=2—- —
<FB> ) (2x2 —2x +1)2

From this, we know that a4 = % <1 £+ 2(3) — 1> are two inflection points of the function

oty (x). Hence, the function o}y (x) is convex on the intervals (—oco,a_) and (a,,o0). For
a general p > 1, we have difficulty in determining their infection points. However, let us
study their behavior when p goes to oo on the interval (0,1). When 1/2 < x < 1, we have
x| > |1 — x|. Hence, the function ol (x) approaches }(x — 1) as p goes to co. Similarly,
provided 0 < x < 1/2, the function oy (x) approaches %xz as p goes to co. Note also that
ol (%) approaches § as p goes to oo.
(i) We also examine the behavior of the second derivative of the function ol (x) at the point 0.55
which is near % We present the numerical results in Figure 3. Observe that their inflection

points a'_ approaches 1/2, and also that (of)" (0.55) approaches 1 as p goes to co.
According to Remark 1 and Figure 3, we make a conjecture here.

Conjecture 1. Let oy, be defined as in (12). Then, for any p > 1, the function ol () has two

inflection points 0 < a” < % < ab <1, and both approach % as p goes to oo.
0.14 T T T T T T T T T 15
il S
0.12 \ , -
\ 05
01 F g ol

0.08 i

(x)

28
L]

(25)(55)
=]
B 07

0.06 i
\ |/
0.04 i 1 2 /
3 |
A 251 | /
\ \
0.02 \\ 1 . \
= . . . . . . . e 35 . . . . . . . . .
0 01 02 03 04 05 06 07 08 09 1 0 10 20 30 40 50 60 70 8 90 100
O<x<1 p=3to 101
(a) (b)

Figure 3. Graphic evidence regarding Remark 1 and Conjecture 1. (a) Graphs of opp(x) when
0 < x < 1; (b) Graphs of (c}3)"(0.55) for different p.

Proposition 8. Let T and T¢ . be defined as in (14) and (15), respectively. Then, when p is an
odd integer, the following hold. See Figure 4.
(@)  The function thy (-) is convex on (0, %).

7
(b)  The function T4\ (-) is convex on (3, ).
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(a) (b)

Figure 4. Graphs of the and 1, with different values of p. (a) Graphs of 7l with different values
of p; (b) Graphs of 7/ with different values of p-

Proof. (a) As given in (14), T (x) = x¥ — (2x — 1), which says

Y yx— 111
() (x) = p(x“’“—[(z rletl] (1+sgn<2x—1>>>,

2

+|2x — 1}“’2)

(TﬁR)//(x) = plp—1) (x(P—z) _ [(ZX -1 : (1+sgn(2x — 1))2>.

To proceed, we discuss three subcases:
Case (i): On the interval (0, }), we have (1 + sgn(2x — 1))? = 0, which says (Tfm)”(x)
=p(p—1)x(r=2 > 0.
Case (ii): At the points a = J, we have (TNPR>N(%) =plp— l)(%)(l‘”z) > 0 as well.
Case (iii): On the interval (3, 3 ), we need to show that <T£R) ! (x) > Oover (3,73) forallp >
3. Indeed, on the interval (4, 7 ), we have {%} =2x—1and (1 +sgn(2x — 1))2 =

4. Define g, (p) := x(P=2) — 4(2x — 1)P~2. Then, our goal is to show g, (p) > 0 forall p > 3
on the interval (3,4). When p = 3, we have ¢x(3) = x —4(2x —1) = —7x+4 > O on
(1,%). In addition, note that x > 4(2x — 1) on the same interval. For other p = 3 + k with
k > 0, we have

7

gx(3+k) = xFF_4(2x— 1)1k

= xxF—4(2x —1)1H*

> 4(2x —1)xF —4(2x — 1)K
4(2x — 1) [xk —(2x— 1)’<} .

Leta =1—x,b = 2x — 1. Then, the term x* — (2x — 1)* in g, (3 + k) is expressed as
dox-1fr=1-x+2x -1 - 2x -1 = (a+ b))k -~

Since, on the interval (%, %) a and b are positive, we conclude that ¢,(3 + k) > 0.
"
To summarize, on the interval (%, %), the second derivative <T£R> (x) > 0, which

means that 7/, (x) is convex on this interval.
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fi(x)
fa(x)
f3(x)

xP — (2x —1)P if x> 1,
(%)P if x= %, For x > %, similar
(I—x)P —(1—2x)P if x<3.
to part (a), it can be verified that T (x) is convex. Therefore, T\ (x) is convex on (3, 2).

For x < 1, due to symmetry, 7\ (x) is convex on (2, 1).

(b) As stated in (15), T (x) = {

Additionally, note that 7\ (x) is continuous on (3, 3), and increasing (decreasing) on

/
the right (left) hand side of the point a = 1, since (TS’iNR> (1/24) = p(1/2)P~1 > 0,
1 /
(TSP—NR> (x) > 0 on the interval (3, 3) as well as (TS{NR) (1/2-) = —p(1/2)P71 <0,
)

"
(TS{NR) (x) > 0 on the interval (%, % Hence, the point a = % is the only minimizer on

the interval (2, 2). In summary, we can conclude that 7 ,(x) is convex on the interval
(3.3). O

Proposition 9. Let o  be defined as in (16). Then, when p > 3 and p is an odd integer, the
function ol (x) is convex on (—o0,0) and (1,0). See Figure 5.

0.016

p-3

0.014 F e

p=7

\ p=9

0012t / \ p=i1

\
001 / \
/ \
0.008 ,'/ \
l / \ 1
| / \ |
0.006 f f
\ / \ [
\ / \ |
0.004 / \ —
/
\
0.002 | q
0 . L 7‘/“,,/'”/777\‘ ST L —/
0.2 0 0.2 0.4 06 0.8 1 1.2

Figure 5. Graph of the function ¢, with different values of p.
: 1
xP(1—x)P = 2x=1)P(1—-x)P ifx> 5,
Proof. As indicated in (16), of \(x) = ¢ (})% ifx =3},
xP(1—x)P —xP(1—2x)F ifx <],

where p is an odd integer and p > 1. Since o/ () is symmetric about x = %, we
divide it into two cases:

Cases (i): Suppose x > 1, the first and second derivative of this function are

S—NR

(7 ) @ = A+ Al + A

(7 ) (®) = =p(1 =) 1P = @x = 1)+ (1= x)P [ — 22— 17

where

(=2p)pler™ =222 = )P A - )P =P 122~ %)p_l}(l —x)P"H(=2p)p,

plp =12 =420 = )P 21— x)P = P21 - 4(2 - %)”71}(1 —x)"(p=1p,

1

plp =D — (2x =11 - x0)P 2 =2P[1 = (2= )P 21— 0)P2(p—Dp.

X

1 "
Note that ((757 NR) (1) = 0, we want to show that ((TSprR> (x) is positive for p > 1.

Because x > 1, wehavel < 2 — %, which implies 1 —2(2 — %)p_l < —1. Moreover,
as we have (—2p)pxP~! < 0and (1 —x)P~! > 0, then f;(x) > 0. Similarly, because x > 1,
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wehave 1 <2 — 1. Hence, 1 —4(2 — 1)P~1 < —3. Moreover, as we have (p — 1)px”~2 > 0
and (1 — x)? < 0, then f»(x) > 0. Finally, because x > 1 we have 1 < 2 — 1, which gives
1—(2—1)P=2 < 0. Moreover, we have (p — 1)px? > 0 and (1 — x)P~2 < 0. Then, it says
f(x) > 0.

To summarize, we have shown f;(x) + fi(x) + fi(x) > 0 for x > 1, which says
((TffNR> H(x) > 0 for x > 1. In other words, o/ () is convex on (1,0).

Cases (ii): Suppose x < 0, since 02\ (x) is symmetric about x = % In this case, it is clear
that 0! (x) is convex on (—0o,0).
By cases (i) and (ii), we prove that o\ (x) is convex on (—o0,0) and (1,00). O

Because Thy, T/ gz and &2 are the continuous types of iy, T/ \x and of \, similar
to Propositions 8 and 9, we establish the next proposition.

Proposition 10. Let Ty, Tt g and 02\ be defined as in (17), (18), and (19), respectively. Then,
the following hold. See Figure 6.

(@) Ifp > 3, then the function T (x) is convex on (0, 3).
(b) If p > 3, then the function T, (x) is convex on (3

(c) Ifp > 3, then the function Gy (x) is convex on (—c0,0) and (1,00).

0.3

0.25 1

02F
015/

0.4 Hif

0 0.2 0.4 0.6 0.8 1

(a) (b)

0.07

: : : : :
p=2
—— —p=3

0.06 | /\ p=4|]
/ o

p=7] |

0.05F \
0.04

0.03 \

\
\
|
/
7
S oT—

(©)

Figure 6. Graphs of T/ (x), T (x) and &7 with different values of p. (a) Graphs of T (x) with
different values of p; (b) Graphs of 7/ ; (x) with different values of p; (c) Graphs of 77 \, with
different values of p.

The following proposition is simple but tedious. We list it here for the readers’ conve-
nience.
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Proposition 11. Let T where i = 1,2 and j = 1,2,3 be defined from (20)—(28). Then, the
i8]

following hold.

(@)  The function T (+)fori=1,2and j=1,2is convex on R.

(b)  The function T, () for j = 1,2 is convex on intervals (—o0,0), (0,1) and (1,00).
]
(c)  The function T s () for i = 1,2,3 has inflection points, and thus is neither convex nor

concave on entire R.

Proof. (a) As stated in (20), 7, . (x) = X2+ (1—x)2 — eIy —e¥(1 — x). Let g(x) :=

X2+ (1—x)2and h(x) := —e(1=¥)x — ¢¥(1 — x). Because g(x) is convex on R according
to Proposition 6(b), it suffices to show that i(x) is convex. Taking the first and second
derivatives of this function give

W(x)=e(x—1)+e'x, and ' (x) = xe* +e* —e' *x+ 2%

In order to verify that h” (x) > 0, we divide it into three cases:
Cases (i) : Suppose x > 1/2. We have x > 1 — x, hence ¢* > el=%. Then, we obtain
W' (x) = x(e* — el %) +e¥ +2¢17% > 0.
Cases (ii): Suppose 0 < x < 1/2. We have 2 > x, hence 2¢17% > xel=*. Then, we obtain
W' (x) = (2e'=% — xe! =) +e* + xe* > 0.
Cases (iii): Suppose x < 0. Wehave x < 1—x, hence ¢* < ¢
W' (x) = x(e* —e'™F) + ¥ +2¢ 7% > 0.

This shows that 1" (x) is always positive, which indicates that (x) is convex on R.
Because g(x) and h(x) are convex on R, according to Lemma 4(a), the function T o (-)is
convex on R.

As indicated in(21), T, ,, (x) = /32 + (1 —x)? — (W) x— (7”‘22“”)

1= Then, we obtain

1—x)2+4+(1- Nezaw
(1—x).Leth(x) := /a2 + (1 —x)2and g(x) 1= — (VUSRI ) (Walpdiny gy
We need to verify that ¢(x) is convex. Taking the second derivative of g(x) gives
—x34+3x2 —9x+5  xP46x—2

/!
g'(x) = + +2.
(x2 —2x +5)3 (x2+4)2

We want to show that that g”(x) > 0. The main principle of this is to check whether
the minimum of the second derivative is positive. Taking the third derivative gives

" _ (x+4) 6(x_5)
&= 2 44)f | (2—2x15)

The critical numbers of ¢ (x) are x &~ 1, —1.946503, and 2.946503. Moreover, g (1)
2.2568, and g""(—1.946503) = ¢"(2.946503) ~ 1.945045. The intervals where it is increas-
ing are (—1.946503, 1) and (2.946503,0), and the intervals where it is decreasing are
(—o0, —1.946503) and (3,2.946503). Therefore, the local minimum is 1.945045, and the local
maximum is 2.2568. Furthermore, we also find XEIEOO <" (x) = 2. This shows that the global

minimum of g”(x) is positive, hence ¢”'(x) > 0 on the entire R. This implies that g(x) is
convex on R. As hi(x) and g(x) are convex on R according to Lemma 4(a), T oo (+) is convex
on RR.

As shown in (23), 7, , (x) = V/[x]> + |1 — x> — e(1=¥x — ¢¥(1 - x). As
x5+ 1 —x[5 and —e(1=%)x — ¢¥(1 — x) are convex on R from previous discussions
according to Lemma 4(a), 7, (x) is convex on R.
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As givenin (24), 7,  (x) = V/[x]+ |1 —x[° —( (lfx)2;r4+(1*x) )x — (LAY (]
x). As /|x]° 4+ |1 —x|°> and —( (17x)22+4+(17x))x — (MAEY) (1 — x) are convex on R

from previous work according to Lemma 4(a), T . (x) is convex on R.

f282
(b) As shown in (26), 7, (x) = In(el¥l +el'=¥ — 1) — e(1=)x — eX(1 — x). Let h(x) :=
In(el¥ 4 =2 — 1) and g(x) := —e(™)x — ¢¥(1 — x). As g(x) is convex on R based on the
proof of the case for 7, ,, the convexity of h(x) is all that remains to determined. Note that
h(x) is not differentiable at x = 0 and x = 1, and we need to discuss three cases:

Cases (i): Suppose 0 < x < 1. Taking the first derivative and second derivative of i1(x) give

xglx‘ (17x)e‘1_"“

ey - X T
() = R e 1

W (x) = (el 4 ell=xly(eltl 4 l=2l 1) — (ﬁem _ %gllﬂc\)z
: (el] 4 ell=2l —1)2 )

Since the denominator of 4 (x) is positive, we need to check whether the numerator
is positive. The numerator is (e¥ +e!7%)2 — (e¥ +e!l7%) — (e¥ — el 7%)2 = de — (e* + 1 77).
For0 < x < 1,wehavel < ¢* < eand 1 < (1= < ¢, which indicates that the numerator
is positive. Therefore, we conclude 4"’ (x) > 0, and hence (+) is convex on the interval
(0,1).
Cases (ii): Suppose x > 1, taking the second derivative of /1(x) gives

— (ex T e(xfl))
(e¥ 4+ elx-1) —1)

Tf3/g1

W' (x) = s+ef(x+1)—e ¥ (x—2).

We want to show that 1" (x) > 0 for x > 1. Taking the third derivative of h(x) yields

ex+ex—1+1)(ex+ex—1)
(¥ +ex-1—1)3

W' (x) = (( )+ (e' ¥ (x = 3) +e"(x +2)).
For the first term of 1"’ (x), since e* 4+ e*~! > ¢ + 1, the denominator is positive, and
hence the first term is positive. For the second term of "’ (x), we have

eV (x = 3) 4" (x +2) = el Fx 4 ¥ + 26 —3e(1Y) = o1 ¥y 4 e¥x 4 206" 1 — eIV,

As2e¢ > 3and ¢ 1 > ¢!~ when x > 1, it is also positive. Therefore, we obtain
W (x) > 0. This shows that /"’ (x) is increasing. Note also that h”'(1) =1 + 2e — % > 0.
Then, it follows that " (x) > 0. Ty, g, (X) is convex on the interval (1, o).

Cases (iii): Suppose x < 0. As Trr (x) is symmetric about the point x = 5 according to

case (ii), the function 7, (-) is convex on interval (—oo,0).

381
As indicated in (27),

%) = In(ell + el=3 _ 1) — <\/(1—x)2-;4+(1—x)>x_ (\/962—;44-x> 1.

Tf31g2 (

Let h(x) = In(el! + e'=x — 1) and g(x) 1= — (M0 ) (ol (g
x). g(x) is convex on R according to the proof of the case for T o and h(x) is convex on
the intervals (—c0,0), (0,1) and (1, o) according to previous arguments. Therefore, Ty, 18
convex on the intervals (—o0,0), (0,1), and (1, o).
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. . _e—(1-%) _e X .
(c) As givenin (22), T, (x) = x2+(1—x)2— (ﬁfeﬁ)x - (14+2‘3e,x)(1 — x). Taking

the second derivative of T s (x) gives

() () = b JEm2) 2
f1.83 - (2x2 —2x+ 1)% 2 2e¥ + ¢ (2e* + 3)3
+62(3x—2) 4o (x +1) —2e2x(x—3))
(zex + 6)2 (ex + 2)3 .

The inflection points are x ~ —1.986749, 2.986749, —12.999449, and 13.99944. Then,
the intervals where the curve is convex are (—1.986749,2.986749), (—o0, —12.999449) and
(13.999449, ).

As indicated in (25), we know

4— e (17%) 4—e*
_ 5 5 - T _ _
Th&(x} VR (1 +Ze(1x)>x (1 +2€‘x> (1=%).

Similarly, we use the second derivative to find the inflection points. The inflection
points are x =~ 3.005175, —2.005175, —11.286820, and 12.286820. Therefore, the intervals
where the curve is convex are (—2.005175, 3.005175), (12.286820, o), and (—o0, —11.286820).

As shown in (28), we know

_ ,—(1-x) 4—p %
(ol Gy [ A _ e _
Ty (¥) = 0T+ e ) <1+2€—(1—x)>x <1+2e">(1 o)

Similarly, we use the second derivative to find the inflection points. The inflection
points are x ~ —1.904132 and 2.904132. Because In(e* |+ el'=*I — 1) is not differentiable at
the points 0 and 1, we can only assure that the interval where the curve is convex is (0,1).
g

Recall that a function is called subdifferentiable at x if there exists at least one subgra-
dient at x. Although 7, (x) is not differentiable at the points 0 and 1, with the help of
Proposition 11(b), we can still show that it is subdifferentiable thereat.

Proposition 12. (a) The function T (+) is subdifferentiable at the points 0 and 1 and the
subdifferential is described by
_ [(Fl=e) (=e)
ansm (0) = { . —e, o el,
_ [(e—=1) (e+1)
an3/81 (1) = { . +e, +el.
Moreover, T, (+) is convex on R.
(b) The function Tt (+) is subdifferentiable at the points 0 and 1 and the subdifferential is
described by
19 VB -o 5
9,0 = [e T2 e 2
=1 V5 (e4+1) V5
0T, (1) = [ e Tt

Moreover, T, __(-) is convex on R.

f3:82
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Proof. (a) Taking the first derivative of 7, (x) gives

, xeltl _ (1—x)el =
= u (1—)() o X
(Tf3/gl) (x) = el ell=x] 1 + (e (x —1) +ex).

/ /
The right and left derivatives at the point 0 are (Tf&g] ) (04) = =¢—cand (TfSer ) (0-)

! !
— 71;@ — e, respectively. Moreover, we have (Tfs,&) (04+) > (Tfs’gl) (0_). Based on the

convexity of 7, (x) on (—o0,0) from Proposition 11(b), we have

/
T (e~ +h) — Tragn (e-) = (TfS,gl) (e_)h

with small e- < 0 and & < 0. Note here the T (x) is a continuous function. Let
€. — 0. Thus, we have T

/
o () =T, (0) > (TM) (0_)h for h < 0. Similarly, ac-

cording to the convexity of 7, (x) on (0,1) from Proposition 11(b), we can obtain that

/
Tar (h) — Ta (0) > (1}3/81) (04)h where 0 < h < 1. Therefore, we show that Tar (x)is

subdifferentiable at 0, and anS/gl (0) = [# —e, (1;(3) — e} . Moreover based on Lemma

2.13in [17], Trar (x) is convex on the interval (—oo, 1), especially at the point 0. Likewise,

O, o, (1) = {% +e o+ e} and it is convex at the point 1. Hence, 7, (x) is convex on

f3:81
entire R.

(b) Taking the first derivative of 7,  (x) yields

xell  (1—x)elt—A

(G 5 i
f3.82 elxl + ell=x[ —1

1 —Xx (x—1)x
(1—x)<\/m—l) + x2+4—\/m+3x—,/x(x—2)+5—1].

i

!/
The right derivative at the point 0 is (Tfalgz) (0+) = (%) — @ and the left derivative

!/
at the point 0 is (Tfs,gz) (0-) = =1=¢ — @ Therefore, we obtain

e

) ,
e 2 e 2

0) =

~—

T/3/82 (

_ [1e¢5 16\@]

Similarly, ana/gz (1) = {ﬂ + él etl é} O

e e

5. The Local Minimum and Maximum of the Curves

After discussing the convexity and differentiability, we now work on finding the local
minimum or maximum value of the curves. In addition, we shall investigate the convergent
behavior of local minimum or maximum values when p becomes very large.

Proposition 13. Let T}, 7)) 1 and ol be defined as in (11), (13), and (12) respectively. Then, the
following hold. See Figure 7.

(@)  The function Tl (x) has a local minimum at x = % and its local minimum value converges to

-1
(b)  When p is an odd integer, the function T}, . (x) has a local minimum at x = % and its local
minimum value converges to —1.
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(c)  The function o}y (x) has local minima at x = 0 and 1. Furthermore, it has a local maximum
value at x = % and its local maximum value converges to %.

Proof. (a) From (11), we know that

Th (x) = {/ |x[P + 1T —x|P —1

where p > 1. The first derivative of this function is
/ 11 . _
(7h) () = (|xP + 1 = x|P) 7 [sgn(x) |x|" " = |1 — x[P"sgn(1 — x)].
Note that the first term is positive. We then investigate the second term:
[sgn(x)|x|r?*1 — |1 — x[P~lsgn(1 — x)] .

Case (i): If x > 1/2, then sgn(x)|x|P~! — |1 — x|P~!sgn(1 — x) > 0.
Case (ii): If x < 1/2, then sgn(x)|x|P~! — |1 — x|P~sgn(1 — x) < 0.

/
Case (iii): When x = %, we see that a = % is the only root of (TF%) (x) = 0. Moreover,
7/ (x) is convex on R, which indicates a = % is the only local minimizer and the value is

1
(1)(27) — 1. Furthermore, we observe that the local minimum value converges to —1 as
p — 0.

(b) From (13), we know that

(¥ = (22 + (1 -x)?)F -1

D—-FB

where p > 1 and p is an odd integer. Taking the first derivative of this function yields

() () = P2+ (1 —x2)E 2 - 1),

It can be verified that a = % is the singular critical point. Note that 1), (x) is convex

p
on R, hencea = % is a local minimizer and the value is < 2(%)2) — 1. In addition, the

local minimum value converges to —1 when p — oo.
(c) From (12), we know that
1
oh(x) = 51T (D

where p > 1. Taking the first derivative of this function gives
/ !/
(ch) (x) = b (x)(h) " (x).

/ /
We want to solve ((TfB> (x) = 0, which implies T/, (x) = 0 or (T}f;) (x) = 0. If

p

/!
Tip(x) =0, wehavex =0and x = 1. If (Tlf;) (x) =0, wehave x = 1

5- Thus, the critical

numbers are x = 0, 1, 1. Note that 0 and 1 are the only two roots of T (x) = 0 and 75 (x) is
non-negative. Therefore, we see that x = 0 and x = 1 are local minimizers, and the values
are both 0.

On the other hand, we know that 7/, (x) is decreasing (increasing) on the right (left)

hand side of the pointa = % Hence, the pointa = % is a local maximizer, and the value is

2
1
3 {(2(%)7" )P — 1] . This further implies that when p — oo, the local maximum converges
1

tog O
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Figure 7. Graphs of 1}, (x), T/ 5 (x) and o}, (x) with different values of p. (a) Local minimum of
P

th (x); (b) Local minimum of 7/, ; (x); (¢) Local minimum and maximum of o}, (x).

Proposition 14. Let T\, be defined as in (14) with odd integer p. Then, the function thy (-) has a

local maximum at x = ———. Furthermore, its minimum value converges to }I' See Figure §.
2-2 p-1

Proof. From (14), we know that iy (x) = x¥ — (2x — 1)/, where p > 1 and p is an odd
integer. Computing the first derivative of this function gives

() (@) = p(x<p-1> [EmnrEe e, H))

To proceed, we discuss two cases:

/
Cases (i): If x < 3, then (TI@R) (x) = pxP~1 > 0. Hence, T (x) is increasing on (—co, 3),

which indicates that it does not have local minimum or maximum value.

!
Cases (ii): If x > 1, then (T£R> (x) = p[xP~! —2(2x — 1)P~1]. Itis verified thata = — 1
2-2 pT
is the only root of p[x"~1 —2(2x — 1)P~1] = 0 for p > 1. Moreover, we have that T/, (x)

is decreasing (increasing) on the right (left) hand side of the point 4. Hence, a is a local

1 1
2-2 P11 p—T

p P
maximizer and the local maximum value is [11] — lZ(l) — 1] . Furthermore,
2-2
P P
the local maximum value % — 2(%) — 1] converges to % asp — oo. a

2-2 p-1 2-2 r-1
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Figure 8. Local maximum of 7/ (x) with different values of p.

Proposition 15. Let 70\ and ol \ be defined as in (15) and (16), respectively. Then, for the odd
integer p, the following hold. See Figure 9.

2-2 r-1
maximum value converges to %. Furthermore, it has a local minimum at x = %, which
converges to 0.

(b)  The function o\ (+) has a local maximum at x = % and its maximum value converges to 0.
In addition, it has a local minimum at x = Qand x = 1.

(@) The function t¢ \y (-) has a local maximum at x = 1 — <11> and % Its local
2-2 1

Proof. (a) From (15), we know that

xP—(2x—=1)P, ifx > %,

_ . 1
() = ()P, ifx=1,

(1-x)P —(1—2x)P, ifx<},

where p is an odd integer. As TSP—NR (x) is symmetric at the point x = %, we consider the
below two cases:

% and
2-2 P T

Cases (i): If x > %, according to Proposition 14, the local maximum pointisa =

p
— [2(—21—+) — 1]7, which converges to § as p — .

2-2 p-1

the maximum value is [11

2-2 p-1

Cases (ii): If x < %, similar to Case (i), we obtain thata = 1 — | ——— | is a local

2-2 p-1

P p
maximum point and the maximum value is <11> - (—1 + fl> , which
2-2 p-1 2-2 p-1
converges to § as p — oo
Furthermore, because the function is increasing (decreasing) on the right (left) hand
side of the point a2 = %, we can conclude a = % is a local minimizer. Its the minimum value

is (1), which converges to 0 when p — oo.

(b) From (16), we know that
xP(1—x)P — (2x—1)P(1—x)P, ifx>1,
ol (%) = (3%, ifx= %,
xP(1—x)P —xP(1—2x)F, ifx<},
1

where p is an odd integer. Since 07\ (x) is symmetric at the point x = 5, we divide it into
two cases:
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Case (i): Suppose x > %, the first derivative is

(07 ) () = =p(1 = )P M = (20 = 1]+ (1= 2 [p(a ! =202 = 1))

Based on this, it is verified that a = 1 is a critical point. Because o7 \(x) is non-
negative and of (1) = 0, we can conclude that 1 is a local minimum point and the value
is 0.

Case (ii): Suppose x < % Based on symmetry, the local minimum point is 4 = 0 and the
value is 0.

!/
Case (iii): Suppose 1 < x < 2, we know that (USP,NR) (1) = 0and of () is decreasing

(increasing) on the right (left) side of the pointa = % Hence, we obtain that a = % isa
local maximizer and the maximum value is (%)27” for p > 3. It clearly converges to 0 when

p — . O

0.016

p=3
0.014 - oS

p=7

p=9

0.012 / \
/ \
0.01 \

0.008 |- / \\

0.006

——
—
—
_—
—
———

0.004 |

(a) (b)

Figure 9. Graphs of /. (x) and of (x) with different values of p. (a) Local minimum and
maximum of 7 (x) ; (b) Local minimum and maximum of o ; (x).

Due to the fact that T/, T/ \z, and G2\ are continuous counterparts of Thy, 7\ and
ol \x, analogous to Propositions 14 and 15, their local maximums and minimums can be
obtained. We omit the proof here.

Proposition 16. Let Ty (x), T2\ and 0%y be defined as in (17), (18), and (19), respectively.
Then, for p > 1, the following hold. See Figure 10.
(@)  The function Tl (-) has a local maximum at x = —L——. Furthermore its minimum value

2-2 p-1
converges to %.

(b)  The function T, () has a local maximum at x = 1 — (11> and —L—— and its
2-2 P71 2—2 p-1
local maximum value converges to %. Furthermore, it has a local minimum at x = % and
converges to 0.
(c)  The function &% \(-) has a local maximum at x = % and its local maximum value converges
to 0. In addition, it has a local minimum at x = 0 and x = 1.
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Figure 10. Graphs of T (x), T\ (x) and 77 (x) with different values of p. (a) Local maximum of

e (x); (b) Local minimum and maximum of 7 (x); (c) Local minimum and maximum of &7 (x).

The local minimum for other 7, (-) is simple.

Proposition 17. Let T o with i = 1,2,3 be defined as in (20)—(28). Then, the function T o ()
has a local minimum at x = % See Figure 11.

-0.2 l; 0.‘2 0.‘4 0.‘6 0.‘8 1‘ 1.2
Figure 11. Local minimum of T (x) fori,j=1,2,3.

Proof. Because each 7, (x) is nearly convex according to x = Jand 7, .. (x) has a critical
1781 1781

number at x = 3, the local minimum at x = 1 is confirmed and can be calculated easily.

We only present the values here.
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6. Summary

To summarize, when comparing all the curves based on NCP functions, almost all of
them are neither convex nor concave. Only the curve based on the Fischer-Burmeister func-
tion is convex due the fact that its corresponding NCP function is also convex. Nonetheless,
we observe that some curves are convex whereas their corresponding NCP functions are
not. For instance, the curve based on the discrete type of the Fischer-Burmeister function.
This indicates that the convexity of the curves depends on the choice of vertical plane. In
addition, when p is perturbed, the interval of convexity will be shrunk or stretched. For the
local minimum or maximum, when p becomes very large, most of the minima and maxima
converge. and the minima or maxima vary by the perturbation of p.
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Liu-Subrahmanyan contractions in complete metric spaces. Existence of the fixed points and of the
strict fixed points, as well as data dependence and stability properties for the fixed point problem,
are discussed. Some results are presented, under appropriate conditions, and some open questions
are pointed out. Our results extend recent results given for multi-valued graph contractions and
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1. Introduction and Preliminaries
Let (M, d) be a metric space. We denote by P(M) the set of all nonempty subsets
of M, by P.;(M) the set of all nonempty closed subsets of M, and by P, ;,(M) the set of all
nonempty closed and bounded subsets of M.
The following notations are used throughout this paper:
(1) The distance between a point m € M and a set A € P(M):

D(m,A) :=inf{d(m,a) |a € A}.

(2) The excess of A over B, where A, B € P(M):
e(A,B) :=sup{D(a,B) |a € A}.

(3) The Hausdorff-Pompeiu distance between the sets A, B € P(M):
H(A,B) = max{e(A,B),e(B,A)}.

Notice that H is a generalized metric (in the sense that it takes values in R U {+o0}) on
P (M) and it is a metric on Py ,(M).

Let (M, d) be a metric space and S : M — P(M) be a multi-valued operator with
nonempty values. A fixed point of S is an element m* € M such that m* € S(m*). A
strict fixed point of S is an element m* € M such that S(m*) = {m*}. We denote by
Fix(S) the fixed point set of S and by SFix(S) the set of all strict fixed points of S. By
Graph(S) := {(u,v) | v € S(u)}, we denote the graph of S.
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A multi-valued operator S : M — P(M) is said to be a multi-valued K-contraction if
K € [0,1[ and the following relation holds:

H(S(u),S(v)) < Kd(u,v), forall (u,v) € M x M.

The main fixed point result for multi-valued contractions was given by Nadler in 1969;
see [1]. The result was slightly improved in 1970 by Covitz and Nadler (see [2]), and it is
known as the multi-valued contraction principle. It says that any multi-valued contraction
on a complete metric space has at least one fixed point.

In the same context, S is called a multi-valued graph contraction with constant K if

H(S(u),S(v)) < Kd(u,v), forall (u,v) € Graph(S).

For the main fixed point result concerning multi-valued graph contractions, see [3].

Fixed point theorems for multi-valued (graph) contractions are important tools in
various applications, from integral and differential inclusions to optimization and fractal
theory. Moreover, strict fixed point theorems are important in the theory of generalized
games (abstract economies), as well as in the study of the convergence, to the fixed point,
of various iterative schemes (see [4-7]).

For fixed point results for multi-valued contractions and multi-valued graph contrac-
tions, see [3,8-10] and the references therein.

The following concept was introduced by Feng and Liu in [11].

Definition 1. Let (M, d) be a metric space, S : M — P(M) be a multi-valued operator, b €]0, 1],
and u € M. Consider the set

I == {v e S(u):bd(u,v) <D(u,S(u))}.

Then, S is called a multi-valued K-contraction of Feng—Liu type if K €]0,1[ such that for each
u € M there is v € I} with the property:

D(v,S(v)) < Kd(u,v).

It is easy to see that any multi-valued K-contraction is a multi-valued K-contraction
of Feng—Liu type, but not reversely (for examples, see Remark 1 in the paper [11]). For
fixed-point-results-related Feng—Liu operators, see [11-17].

The following definition was introduced in [18]. Some fixed point results for this class
of multi-valued operators are given in the same paper. For the single-valued case, see
[19,20].

Definition 2. Let (M, d) be a metric space and S : M — P(M) be a multi-valued operator with
nonempty values. Then, S is said to be a multi-valued Subrahmanyan contraction if there exists a
function i : M — [0, 1] such that

(i) H(S(u),S(v)) < ¢(u)d(u,v), forall (u,v) € Graph(S);

(ii) Y(v) < ¢(u), for every (u,v) € Graph(S).

In this paper, we introduce a new class of multi-valued contraction type operators by
combining the above two conditions: the multi-valued contraction condition of Feng-Liu
type and the multi-valued Subrahmanyan contraction. As a consequence, we present
existence and stability results for the fixed point inclusion m € S(m), m € M, where (M, d)
is a complete metric space and S : M — P(M) is a multi-valued Feng-Liu-Subrahmanyan
contraction. The strict fixed point problem is also considered and some open questions are
pointed out. Our results extend recent results given for multi-valued graph contractions
and multi-valued Subrahmanyan contractions.
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2. Main Results

Let (M, d) be a metric space and S : M — P(M) be a multi-valued operator. For
each (mg, my) € Graph(S), the sequence {m,, },cn with the property m, 1 € S(my), n € N
is called the sequence of successive approximations for S starting from (g, m1). We recall
now the notion of multi-valued weakly Picard operator.

Definition 3 ([21]). Let (M, d) be a metric space. Then, S : M — P(M) is called a multivalued
weakly Picard operator if for each u € M and each v € S(u) there exists a sequence {my },c in
M such that

(i) mg=u, m =v;

(i)  myu1 € S(my), foralln € N;

(iii)  {my}nen is convergent in (M, d) and its limit m*(u,v) is a fixed point of S.

Let us recall the following important notions.

Definition 4. Let (M, d) be a metric space and S : M — P(M) be a multi-valued weakly Picard
operator. Let us consider the multi-valued operator S* : Graph(S) — P(Fix(S)) defined by
5%(u,v) := {m* € Fix(S) | there is a sequence of successive approximations of S starting from
(u,v) convergent to m* }. Then, S satisfies the local retraction—displacement condition if there exists
a selection s* of S such that

d(u,s%(u,v)) < C(u,v)d(u,v), forall (u,v) € Graph(S),

for some C(u,v) > 0.
When C is independent of u and v, then we say that S satisfies the retraction—displacement
condition.

A similar concept is given now in our next definition.

Definition 5. Let (M, d) be a metric space and let S : M — P (M) be a multi-valued operator such
that Fix(S) # @. Then, we say that S satisfies the local strong retraction—displacement condition if
there exists a set retraction r : M — Fix(S) such that

d(m,r(m)) < C(m)D(m,S(m)), forallm € M, 1)
for some C(m) > 0.

For related notions, examples, and results, see [1,18,21-24].
We now define the central concept of this paper, i.e., a multi-valued Feng-Liu-Subrahmanyan
contraction on a metric space.

Definition 6. Let (M, d) be a metric space, S : M — P(M) be a multi-valued operator, b €]0,1],
and m € M. Consider the set

I :={veS(u)|bd(u,v) <D(uS(u))}

Then, by definition, S is a multi-valued Feng—Liu—Subrahmanyan contraction if there exists 1 :
M — [0, b such that for each u € M there is v € I} with

(i) D(v,S(v)) < ¢(u)d(u,v), for all (u,v) € Graph(S);

(ii) Y(v) < ¢(u), for every (u,v) € Graph(S).

It is obvious that any multi-valued Subrahmanyan contraction is a multi-valued
Feng-Liu-Subrahmanyan contraction, but the reverse implication, in general, does not hold.

Our first main result is a fixed point theorem for a multi-valued Feng-Liu-Subrahmanyan
contractions with closed graph.
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Theorem 1. Let (M, d) bea complete metric space, and consider a multi-valued Feng—Liu—Subrahmanyan
contraction S : M — P(M) with closed graph. Then, the following conclusions hold:

(a) Fix(S) # @;

(b) For every u € M there exists a sequence {my } ,cn of successive approximations for S
starting at my = u which converges to a fixed point m* (u) of S, and the following apriori estimation
holds:

] p)\" 1
d(my, m*(u)) < ( ; > b7¢(M)D(u,5(u)),foreveryn eN.

(c) The following local strong retraction—displacement type condition holds:

. 1
d(u,m*(u)) < WD(

u,S(u)), forallu € M.
Proof. Letmy = u € M be arbitrary and b €]0, 1[. Then, since S(u) € P,;(M), the set I}/ is
nonempty, for each u € M. By Definition 6, there exist ¢ : M — [0,b[ and m; € I}! (i.e.,
bd(u,my) < D(u,S(u))) such that

(i) D(m1, S(m1)) < 9 (mo)d(mo,m);

(if) (1) < 9(mo).

In a similar way, there exists m € I;"! (i.e., bd(my,my) < D(my,S(m1))) such that
(i) D(my, S(ma)) < ¢(my)d(my, my);
(i) p(ma) < p(m).

Hence, we have

atm,m2) < D0, S(m1)) < L5, my)

and

D(my, S(mz)) < ¢(mq)d(my,mp) < lp(ml)D(mlfs(”ﬁ» <

2
lp(qu)lp(mo)d(mo,ml) < llj(m1l)712lJ(H10)D(u,S(u)) < (lP(bM)> D(u,S(u)).
In the next step, there exists m3 € I)? (i.e., bd(my, m3) < D(mjy, S(my))) such that
(i) D(m3, S(ms3)) < 9 (mz)d(mz,ms3);
(i) p(m3) < p(my).

Hence, in this case, we have

d(ms, m3) < %D(mz,S(mz)) < PUM) 4 ) <

P(my) ¢(m0)d(m0,m1) < (l’b(;n()))zd(mo,ml)

and
D(ms, S(ms)) < p(ma)d(mz, m3) < P2 Dy, S(my)) <

2 3
$ma) $0m) b omy)) < (lp(ml)> D(my,S(my)) < (lp(mo)> D(u,S(u)).

b b b b

Inductively, there exists a sequence {1, },c such that

(i) D(myq1,S(myi1)) < $(my)d(my, myi1);

(i) Y(mug1) < P(mn);

(iii) m,4q € L™, for n € N, i.e., bd(my, my 1) < D(my, S(my)).
Hence, we have

(1, 1) < %D(mn,S(mn)) < Wd(mn_l,mn) <. < <¢(mo))nd(mo,M1)
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and

D11, S(ms1)) < (ma)d(tn, mns1) < LD, S(my)) < - <

(P02 D, stm) = (200) " b, st

In order to show that the sequence {1, },cn is Cauchy, we can estimate

d(mp, myyp) < d(mp,mypq) + -+ d(mypq,mpp) <

(lp(;n(’))nd(mo, my) 4+ <lp(;ﬂ0)>n+pld(mof my) =

<1p(2n0))" 1+M+~--+ (M)p_1] d(mo,my) <

b b
P(mo) \" b
( ) b—l[)(mo)d(mo’ml) —0asn,p — oo.

We also observe that

n b .
d(mu, mpyp) < (11](7:0)) - q)(mo)d(mo,ml), for each n, p € N*. 2)

It follows that {m, },c is Cauchy sequence in (M, d) and, thus, there exists m*(u) €
M such that {m,, },cy is convergent to m*(u) € M. From the condition that S has a closed
graph, we deduce that m* (u) is a fixed point for S.

In addition, for p — +c0 in (2), we have

d(my,m*(u)) < (w(u)>”b_b d(u,my) <

b p(u)
(l/)(bu)> b_fp(u)D(u,S(u)), for every n € N. 3)
Taking n = 0 in (3), it follows that d(u, m*(u)) < %D(u,S(u)), forallu e M. O

Example 1. Let S : M := R xR — R x R given by
vt |u[ +ofo—u]| —
S(H,'D) — { {(u’ W)}’ (M,U) € M/U - |M‘ (4)
{(0,1),(0,-1)}, (u,v) € M,v # |ul.

(0—|u])?+3]o—|u||+2
(0= [ul)?+3[o—[ul|+4"
Notice that Fix(S) = {(u,v) € M : v = |u|} and S is not a multi-valued Feng—Liu operator since

sup P(u,v) =1
(uwv)eM

Then, S is a multi-valued Feng—Liu—Subrahmanyan contraction with (u,v) :=

We recall now some stability concepts for the fixed point inclusion m € S(m).

Definition 7. Let (M, d) be a metric space and S : M — P(M) be a multi-valued operator. We
say that the fixed point inclusion
me S(m), me M (5)
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is local Ulam—Hyers stable if for any e > 0 and any e-solution u of the fixed point inclusion (5) (i.e.,
u € M with the property D(u, S(u)) < ), there exist C = C(u) > 0 and m* = m*(u) € Fix(S)
with

d(u,m*) < Ce.

If C does not depend on u, then we say that the fixed point inclusion is Ulam—Hyers stable (see [25]
for related results).

A local data dependence property is given in our next definition.

Definition 8. Let (M, d) be a metric space and S : M — P(M) be a multi-valued operator. By
definition, the fixed point inclusion

mée S(m),meM

has the local data dependence property if, for any multi-valued operator, T : M — P(M), satisfying:
(i) Fix(T) # @;
(ii) There exists § > 0 such that H(S(m), T(m)) < n, for all m € M,the following implica-
tion holds: for each u € Fix(T) there exist C = C(u) > 0 and m* = m*(u) € Fix(S) such that
d(u,m*) < C(u)y.

The well-posedness of the fixed point inclusion m € S(m) is defined as follows
(see [26,27]):

Definition 9. Let (M, d) be a metric space and let S : M — P(M) be a multi-valued operator
such that Fix(S) # @. Suppose there exists r : M — Fix(S), a set retraction. Then, the fixed point
inclusion m € S(m) is called well-posed in the sense of Reich and Zaslavski if for each v € Fix(S)
and for any sequence {v, },en C 1 (v) such that

D(vy, S(un)) — 0asn — oo,

we have that
Uy —> 0V AS N — 00,

Finally, we recall the notion of Ostrowski stability property for a fixed point inclusion
(see [23]).

Definition 10. Let (M, d) be a metric space and let S : M — P(M) be a multi-valued operator
such that Fix(S) # @. Suppose there exists r : M — Fix(S), a set retraction. Then, the fixed point
inclusion m € S(m) is said to have the Ostrowski stability property if for each m* € Fix(S) and
for any sequence {wy }peny C r~1(m*) such that:

D(wy 41, S(wy)) — 0as n — oo,

we have that
wy, — m*asn — co.

Two abstract results concerning some stability properties of a multi-valued operator
are given in our next results.

Theorem 2. Let (M, d) be a metric space and let S : M — P(M) be a multi-valued operator
satisfying the local strong retraction—displacement condition such that Fix(S) # @. Then, the fixed
point inclusion m € S(m) has the local Ulam—Hyers stability property and satisfies the local data
dependence property.
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Proof. Suppose there exists a set retraction r : M — Fix(S) such that
d(m,r(m)) < C(m)D(m,S(m)), forallm € M, ©]

for some C(m) > 0.
Let ¢ > 0 and u € M with the property D(u,S(u)) < e. Then, by (6), there exists
C = C(u) > 0 such that

d(u,r(u)) < C(u)D(u,S(u)) < C(u)e.

Thus, m*(u) = r(u) € Fix(S) and the local Ulam-Hyers stability property is established.
For the local data dependence property, let us consider any multi-valued opera-
tor T : M — P(M) such that Fix(T) # @ and for which there exists 7 > 0 such that
H(S(m), T(m)) < n,forallm € M. Take t € Fix(T). Then, by (6), there exists C = C(t) > 0
such that
(1, 7(1)) < C(HD(LS(1)) < C(E)y.

Since r(t) € Fix(S), the local data dependence property is proven. [J

By the above abstract result, we immediately obtain the following stability properties
for multi-valued Feng-Liu-Subrahmanyan contractions.

Theorem 3. Let (M,d) be a complete metric space and S : M — P(M) be a multi-valued
Feng—Liu—-Subrahmanyan contraction with closed graph. Then, the fixed point inclusion (5) is local
Ulam—Hyers stable and satisfies the local data dependence property.

Proof. By Theorem 1, we know that Fix(S) # @ (conclusion (a)) and S satisfies the lo-
cal strong retraction-displacement condition (see conclusion (c)). The result follows by
Theorem 2. [

Example 2. Let S : M := R xR — R x R given by

S(u,v) = { {(u, =LY (u,0) € Mo = [ul ”
{(011>/ (0/_1)}, (M,'U) € M,v 7& |M|

Then, S is a multi-valued Feng—Liu—Subrahmanyan contraction with closed graph and Fix(S) =
{(u,v) € M : v = |u|}. By Theorem 2 and Theorem 3, the fixed point inclusion m € S(m) is local
Ulam—Hyers stable and satisfies the local data dependence property.

Remark 1. It is an open question to obtain the well-posedness property in the sense of Reich and
Zaslavski and the Ostrowski stability property for the fixed point inclusion m € S(m),m € M for a
multi-valued Feng—Liu—Subrahmanyan contraction with closed graph defined on a complete metric
space (M, d). For example, if 1 has the following property:

(P) there exists q > 0 such that {(m) < b —gq, forallm € M,

then, under the assumption given in Theorem 1, the fixed point inclusion m € S(m) has the

well-posedness property in the sense of Reich and Zaslavski. Indeed, by Theorem 1 (a,b) we know

that Fix(S) # @ and there exists a retraction r : M — Fix(S) given by r(u) := {m*(u) :

and there exists a sequence of successive approximations starting from u converging to m*(u)}.
Ifwe take v € Fix(S) and any sequence {v, },en C v~ 1 (v) such that

D(vy, S(un)) — 0asn — oo,

then, by Theorem 1 (c), we have that

d(vy,v) D(vy, S(vy)) < 1D(vn,S(vn)) — 0, asn — .

1
< -
~b—y(vn)

)
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Another open question is to obtain strict fixed point theorems for multi-valued
Feng-Liu-Subrahmanyan contractions with closed graph defined on a complete metric
space (M, d). For example, we have the following strict fixed point result for multi-valued
Feng-Liu-Subrahmanyan contractions, which generalize some theorems in [18,28]. As a
matter of fact, the conclusion of the next theorem is Fix(S) = SFix(S) # @, which is a quite
a usual assumption in various iteration methods for multi-valued operators.

Theorem 4. Let (M,d) be a complete metric space and S : M — P(M) be a multi-valued
Feng—Liu—-Subrahmanyan contraction with closed graph. Suppose that
(a) S(S(m)) C S(m), for each m € M;
(W) If A € Py(M) with S(A) = A, then A is a singleton.
Then, Fix(S) = SFix(S) # @.

Proof. By Theorem 1, we have that Fix(S) # @. Let m* € Fix(S). By the assumption (a)
of this theorem, we obtain that S(m*) C S(S(m*)) C S(m*). Thus, S(S(m*)) = S(m*), i.e.,
S(m*) is a fixed set for S. By the assumption (b), we obtain that S(m™*) is a singleton. Hence,
S(m*) = {m*}. We also observe that Fix(S) C SFix(S). Thus, Fix(S) = SFix(S) # @. O

3. Conclusions

In this work, we introduced, in the context of a metric space (M, d), the class of multi-
valued Feng-Liu-Subrahmanyan contractions, and we presented a fixed point theory for
these kind of multi-valued operators. More precisely, if S : M — P(M) is a multi-valued
Feng-Liu-Subrahmanyan contraction, we proved the following:

*  An existence and approximation result for the fixed point inclusion m € S(m),m € M;
o An existence result for the strict fixed point problem S(m) = {m}, m e M;

e The Ulam-Hyers stability property for the fixed point inclusion m € S(m),m € M;

e The data dependence property for the solution of the fixed point inclusion

m e S(m),me M;

e A partial answer for the well-posedness property in the sense of Reich and Zaslavski

for the fixed point inclusion m € S(m), m € M.

Two open questions concerning the well-posedness property and the existence of the
strict fixed points for multi-valued Feng-Liu—Subrahmanyan contractions are highlighted.
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1. Introduction

In the last two decades, under the influence of some applications revealed in [1],
there was a vast boom of research of the so-called variable exponent spaces, and the
operator in them. For the time being, the theory of such variable exponent Lebesgue, Orlicz,
Lorentz and Sobolev function spaces is widely developed, and we refer to the books [2,3]
and the surveying papers [4-7]. Herz spaces with variable exponents have been recently
introduced in [8-10]. In [11], variable parameters were used to define continual Herz spaces,
and proved the boundedness of sublinear operators in these spaces. The boundedness
of other operators such as Riesz potential operator and the Marcinkiewicz integrals was
proved in [12,13].

The concept of Morrey spaces LP* was introduced by C. Morrey in 1938 (see [14])
in order to study regularity questions that appear in the calculus of variations. They
describe local regularity more precisely than Lebesgue spaces and are widely used not just
in harmonic analysis, but also in PDEs. Meskhi introduced the idea of grand Morrey spaces
L)% and derived the boundedness of a class of integral operators (Hardy-Littlewood
maximal functions, Calderén—-Zygmund singular integrals and potentials) in these spaces,
see ([15]). Moreover, Izuki [16] defined the Herz—Morrey spaces with a variable exponent
and investigated the boundedness of fractional integrals on these spaces.

In [17], the idea of grand variable Herz spaces KZ(p ))’9

the boundedness of sublinear operators Kgf))’e

(R™) was introduced and proved

(R™). Motivated by the concept, in this article,

we introduce the concept of grand Herz-Morrey spaces, and prove the boundedness of
the Riesz potential operator on grand Herz-Morrey spaces with variable exponents. There
are four sections in this article; the first section is dedicated to the introduction, the second
section contains some basic definitions and lemmas, we introduce the concept of grand
Herz-Morrey spaces in part three, and the boundedness of the Riesz potential operator on
grand variable Herz-Morrey spaces is proved in the last section.
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2. Preliminaries
For this section, we refer to [2,3,9,10,18].

2.1. Lebesgue Space with Variable Exponent

Assume that G C R" is an open set and p(-) : G — [1,00) is a real-valued measurable
function. Let the following condition hold:

1<p_(G) <p+(G) < oo, 1)
where
i _ = inf
o p ess inf p(g)
(i) py:=esssup p(g).
8€G

Lebesgue space L¥ ()(G) is the space of measurable functions f; on G such that,

Too(f) = [ 1A(RIP©dg < o,
G
norm is defined as,
e . fr)
HleLP(')(G) =essinfqy >0: It ; <1y,

this is the Banach function space, p'(g) = -~ (gl denotes the conjugate exponent of .

Next, we will define the space Lfo(c') (G) as,

loc

Lp(')(G) = {K : k € LPY)(K) for all compact subsets K C G}.

Now to define the log-condition,

C

1
T - < = 12 S G/ 2
“Tn|z — 2 21— 22| < 5, 21,22 2

1n(z1) —n(z2)| < 5

where C = C(#) > 01is not dependent on z1, z;.
For the decay condition: let 77, € (1,00), such that

C
— 1| < , 3
|77(Zl) Ui | = ln(e+ ’Z1|) ( )
C 1
_ < = < =
|77(Zl) 770| = lnlzl|/|zl‘ =5’ (4)

inequality (4) holds for 7 € (1, o) in case of homogenous Herz spaces. We adopted the
following notations in this paper:

(i)  The Hardy-Littlewood maximal operator M for f € L] (G) is defined as

Mf(g):=supt™ [ |f(g)ldg (3¢ ),
t>0 D(gr)

where D(g,t) :={y € G:|g—y| < t}.

(ii) The set P(G) is the collection of all p(-) satisfying p— > 1 and p4 < occ.

(iii) P'°8 = Plo8(G) is the class of functions p € P(G) satisfying (1) and (2).

(iv) When G is unbounded, P« (G) and Py« (G) are the subsets of P(G) and its values
lies in [1, 00) satisfying (3) and (4), respectively.
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(v) Inthe case G is bounded, P (G) and Py (G) are the subsets of P(G).
(vi) Inthecase S is unbounded, Pw(S) are the subsets of exponents in L®(S) and its values

lies in [1, 00|, which satisfy both conditions (2) and (3), respectively, and P}Sg(s ) is the
set of exponents p € P (S), satisfying condition (1).

C is a constant that is independent of the main parameters involved, and its value
varies from line to line.

Lemma 1 ([11]). Let D > 1and n € Pyeo(R"™). Then,

n

1 o n_
k—otn«n < Hmwt H”(‘) <kot1, for0 <t <1 (5)
and ,
ot S aryp,lly() < kot ™, for t 21, (6)
respectively, where kg > 1 and ke > 1 depend on D and do not depend on t.

Lemma 2 (Generalized Holder’s inequality [2]). Assume that G is a measurable subset of R",
and1 < p_(G) < p4(G) < oo. Then,

HngU(')(G) < C”fHLP(')(G)Hg||Lq(')(G)

holds, where f € LP()(G), ¢ € L10)(G) and % = ﬁ + ﬁfor every z € G.

2.2. Herz Spaces with Variable Exponent

We adopted the following notations in this subsection:

@ Xk = Xry
(b) Ry =Di\ Dy 1;
() Dy =D(0,2F) = {x € R": |x| < 2F} forall k € Z.

Definition 1. Let r,s € [1,00), a € R, the classical versions of Herz spaces, commonly known as
non-homogenous and homogenous Herz spaces, can be defined by the norms,

I,y = Isllroony +§ L2 [ Is@raz| o, )
keN R
zkflrzk
sy 4
Igls ey =S L2 [ Is@)dz| ¢ ®)
keZ R
zkfllzk

respectively, where Ry  stands for the annulus Ry := D(0,7)\D(0, t).

Definition 2. Let r € [1,00), « € Rand s(-) € P(R™"). The homogenous Herz space Kz‘(r) (R™)
is defined by

Ko (R") = {g & LU1oe(R\ {0]) s gllgay ) < oo}, ©)

where

1
k=00 T
Itk @y = ( ). |2k“g?ck||rs<.>> :

k=—00
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Definition 3. Let r € [1,00), « € Rand s(-) € P(R"). The non-homogenous Herz space

K‘S)‘(r) (R™) is defined by

K;X{) (Rn) {g S LlOC (Rfl \ {0}) ||g||Kz‘(/7)(Rn) < OO}, (10)

where .
7

k=00
Hg”Ki‘(’.’)(R”) = (kz szlxg)(k”rsb)) + HgHLS(J(D(oJ))-

2.3. Herz—Morrey Spaces

Next, we define Herz-Morrey spaces with variable exponent.

Definition 4. Leta € R, 0 < A < 00,0 < r < coand s(-) € P(R"). A Herz—Morrey spaces
with variable exponent MK%‘(.) (R™) is defined by,

MK ®) = {g € LR (D) iy ey < .
where

1
ko G
I2llakes, ey = Sup 2 W( Y zk“ngmzs(.)(&")) .

ko€Z k=—o00

2.4. Grand Lebesgue Sequence Space

Now, we will define the grand Lebesgue sequence space. G is representing one of the
sets Ny, Z",N, Z in the following definitions (see [19]).

Definition 5. Let r € [1,00) and 6 > 0. The grand Lebesgue sequence space I")? can be defined by
the norm

I{xibkeallime ) =l%lmeg)
) !
=sup| o’} || (1F9) = sup "0 [|xl 1100 )
6>0 keX 6>0

where x = {x }xeg- The following nesting properties hold:
lr(lfé) N AP lr),91 SN lr),92 N lr(1+5) (11)
for0 <6< %,(5>0and0< 01 < 6.

3. Grand Variable Herz—Morrey Spaces

Grand variable Herz-Morrey spaces are introduced in this section.

Definition 6. Let a(-) € L®°(R"), r € [1,00),s : R" — [1,00),0 > 0,0 < A < co. We define
the homogeneous grand variable Herz—Morrey spaces can be defined by the norm:

0 ron . n
ML) = {3 € LB 0D ey <o)
where
_1

= sup sup 2—koA | 50 2 oka(-)r(149) ”gX HY(H_(S r(1+9)
(Rn) (]Rn .

Il
MK 5 0>0 ko€Z keZ

)
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For A = 0, the grand Herz—Morrey spaces become grand Herz spaces.
Non-homogeneous grand variable Herz-Morrey spaces can be defined in a similar way.

Theoreml IfO<r <ol <qg. <gqy <ooal)e L°RY,i=1,2, % _ 1,1
1= () ()/7‘ A+ Az and a(-) = a(-)1(-) + az(-). Then

181 wirme = MFlgmrrmollglly gaacrrre-
9 MK ( ) 1 MK/&/(,)Z

Proof. We have

r(146)
~ r(146)
£l . =sup sup 2704 (50 Y~ k(4| py 10
MKAfl)')'G(R” 5>0 k,EZ keZ L

2k+l (1+5) (1+9)
— sup sup 2~Fot [ 50 Y7 pke()r(1+0) (/k |fg> )
650 kyeZ keZ 2

by using Holder’s inequality

1

ZeE=

— . r(1+6) r(14-5)

<Csup sup 2 ko)‘<5922k(“1(>+“2( 1+5)Hf7(k|| + Hg?(k” + )
>0 ko€Z keZ

1

(1+6)
=C'sup sup 2704 (5 Y 2O (402 0Nr50) | ey 100D g 01400
0>0 ko€Z keZ

6>0 ko€Z k

1
r(146)

- r(146) , r(1+6)
koA 59 Zktxl HkaHLq R ) (Zktxz( )”ngHL‘?/(')) > ’
Z

<Csupsup?2
>0 ko€Z

1
B r(1496) . r(1+6) \ 70+9)
—Csup sup 2 W(& (2O fln) (220 Igaell ) )
€Z
< ke
by using generalized Holder’s inequality

_ ri(1+6) | 10+
<Csup sup 2~ FoA ((59 ) (zkle I F Xkl pac ) )
6>0 ko€Z keZ

- ' r2(148) <1+5>

0>0 koEZ kel
=ClIfIl. carrpe Lf Il cazcrme
MK o MK2, ()2
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4. Boundedness of the Riesz Potential Operator
Now Riesz potential operator can be defined as

Y
I"f(z) = /|21—zz|” . (12)

I(y/2)
I((n=7)/2)"
Whenever 41 (z1) < 1, we can define the Sobolev conjugate of g1 by the usual relation

with the normalizing constant 17, () = 2773

1 1 0%
= ——,z71€R” 13
0z1) gz) 13)

The well-known Sobolev theorem was extended to variable exponents in [20] for
bounded sets in R” under the assumption that the maximal operator is bounded in LP(") (Q0);
for unbounded sets, proved in [21], the Sobolev theorem runs as follows.

Theorem 2. Let s, € PLoe (R") and ys{ < n,
1178 lls,) < ClIglls, -

Theorem 3. Let 1 < r < oo, a(-),q(-) € Plog(]R") q1 is sobolev conjugate defined by the
relation (13) such that

(i) 'y—q("—o)<a(0)<q,’(7—o);
(ii) y—q%<«xoo<i

7.

qOO
Suppose that Riesz potential operator 17 is bounded on Lebesgue spaces and satisfies the size

condition (12). Then, I7 from MK;‘&?B')’G(R”) to MK;‘&?{)'G(R”).

Proof. Let f € MKZZ(&”)’G(R”), and f(z1) = 2 f(z1)xi(z1) = Z° _ fi(z1), we have

r(1+9)

_ 1+6)

I FI g gy = sup sup 27 K04 (167 = 2k CrCxa) e o) 08
Mqu(»)p (R") 6>0 koeZ kezz La2() (R")

1
i+0)
(1+9)
< sup sup 2~ Fo? (59 Yy 2ke()r(1+0) ( Y 7 f( )a)\lm+ >>

0>0 ko€Z keZ |=—c0
1

k2 r(146) (1+9)
< sup sup 2~ Ko | 4 Y. 2k ()r(1+9) Yo " (Fxr) 2200 )(R")
0>0 koeZ keZ [=—c0
P r(149) r(1]+b')
+sup sup 2 For | 59 )" 2ke()r(1+9) Yo I (Faoll e ) (Rn)
0>0 ko€Z keZ I=k—-1
1
r(146) (1+9)
+ sup sup 2 Kot [ 49 ) 2ke() 1+5)< Y. el (fxa) 2200 )(R1) )
0>0 kocZ keZ I=k+2

=E + Ey+ Es.
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As operator I7 is bounded on the Lebesgue space L72(") (R") so for Ey,

k+1 (1+9)
E; < supsup 2 koA | 50 Z 2ka(-)r(1+9) ( Z ||17(le)||qu(-)(Rn)>
0>0 ko€Z ke 1 1

1 k1 (146)\ 7(1+9)
< sup sup 2~ kot ((56 Z 2ku()r(1+9) ( 117 (fx1) “Ltzz(A)(Rn))
6>0 ko€Z k=—o0 )

r(1+9) (1+9)
+ sup sup Z—kOA 50 Z Zka r(146) ( Z f;a ||Lq2 Rn))
0>0 ko€Z k=0 -

= Ey1 + Enp.
By using the fact 2€¢(21) = 2k¢(0) k < 0, z; € Ry implies that

||2ka(.)kaHL’71(')(R") = ZkD((O) Hka”L’ﬂ(')(Rn)l

1

. r(1+0)\ r(1+9)
E2] SSup sup 27]((]/\ (59 Z 2kzx 1+5 ( Z ||I’>/ le HL‘iZ (R”) )

6>0 ko€Z k=—0o0 I=k—1

>0 ko€Z k=—c0 I=k—1

. r(14+0)\ 1+
<Csup sup 2~ F0* (59 ) 2O+ < Z 1 %l R") )

-1 r(149)

B r(149)

<Csup sup 2~ Fo? (59 Yy 2Ot py ||U,1 )>
550 ko€Z k=—oo

r(146)

_ ka(-)r(1+0) r(146)

<Csup sup 2~F0A (59 Y 2 Or)) £x ||qu )(Rn )
6>0 ko€Z keZ

For E»y, we use the fact oka(z1) — pkteo ,k>0,z1 € R, we obtain

r(149)

0>0 ko€Z k=0 =k—1

- k1 r(1+6)
Ep <sup sup 2 koA | 49 Z 2ka(-)r(1+9) < Z 117 (fx1) ||qu(-)(Rn)>
!

6>0 ko€Z k=0 I=k—1

r(146)\ r(1+9)
<Csup sup 2~ oA (59 Y 2kuer(149) < Z 1 %1l ) > )

r(1+6)

_ koot (14-6) r(1+6)

<Csup sup 2 foh (562241 r+ Hf HUH (RU)
0>0 koEZ k=0

1

r(1+9)
<Csup sup 20 (59 ¥ 200 1O )>
0>0 ko€Z kez
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Foreachk € Zand I < k—2and a.e. z1 € Ry, zo € R}, we have

0>0 ko€Z keZ |=—oc0

(14+6)\ r(1+9)
E; <sup sup 2~ kot ((59 ) 2ke()r(1+9) < Z 2L (Fx Lo Rn)) )

()| < [l ==l T"|f () iz
<CH) [ 1f(e2)ldz

k(
<C2 (r=n) ||le||L‘71 Rn ||Xl||L‘11 R”)I

splitting E; by using Minkowski’s inequality we have

1

. r(1+6)\ r(1+9)
E; <sup sup 2~ koA (59 Z 2ka() 1+o)< Z eI (Fx) N o RV!)) )

0>0 ko€Z k=—o00 |=—00

k2 r(140)\ 7i+d)
+sup sup 2~ koA I 9 EZk’X H‘S)( Z |Xk17(fxl)||L‘72(‘)(Rn)>

6>0 ko€Z |=—o0

=Ej1 + Ep2.

By using Lemma 1, we have

_kn
20 x| gt Rﬂ)HXzHUn ) S C2KO=m2n 0210 < c2 4O, (14)

applying above estimates to E1;, we can obtain

650 ko€Z k=—oo J——

. r(14+6)\ r(1+9)
Ey; <sup supZ*kO/\ ((59 E 2ka()r(1+9) ( 2 [xxI” le)HLﬂz R”)) )

—1
< Csup sup 7—koA [(59 Z oka(-)r(1+5) ( Z ||Xkaz Rn k(y—n)
0>0 ko€Z k=—o00 |=—c0

r(1+6) (1+0)
ool gog) |

letb = 4

GRS

1 [ k-2 )2 iy
Eqq < Csup sup 2~ ko {59 Yl X Zk(o)leXle Rn)zb(l_k) ] + , 19
0>0 ko€Z k=—o00 \|=—00

198



Axioms 2022, 11, 583

by using Holder’s inequality, Fubini’s theorem and the inequality 2~"(1+9) < 2=, we obtain

—1
Eq1 <Csup sup 2—koA {59 Z Z 9t(0)r(1+6)! ”fX [ q1+5 obr(1+0)(I1-k)/2
0>0 ko€Z Ll

k=—0c0 \|=—00
r(1+4)

r(1+6) :| ﬁ

k=2
% Z 2br(1+5)/(l—k)/2

|=—00

[0 = & r(1+40)1 r(1+6) r(140)( s
~Coupsup27 (o T T 2Ol 20
650 ko€Z k= o0 = —co

=Csupsup 2~
0>0 ko€Z

—1
r(14-6)
50 Z 2(0)r(1+6)! HfX Hqu 2 obr(1+6) (1-k)/ )

q
550 ko€ 1o Lt _l+2

<Csup sup 2~

0 —1 1 5 r(l+5) r(1+(5)
&Y 2O D
6>0 ko€Z

=Csupsup 2~
0>0 ko€Z

<CJI£|

- 755
<Csup sup 2 oA <59 20 (O)r(140) £ || 1+5 Z obp(I- k)/2>

0 X Aa(-)r(140)] 1+<5 e
&y.2 Il
1€Z Lo R")

MEK™ *( )"(Rn) ‘

Now, for Ej; using Minkowski’s inequality, we have

1

- (146)\ #(1+9)
E1; <sup sup 2 koA | 59 Z 2ka(-)r(149) Z Xl (fx1) ||qu )(RM)
0>0 ko€Z k=0 I=—o0

1

o e (1+6)\ (1+9)
+sup sup 27Kt | 69 Y keI 5 17 () | 120 (R
6>0 ko7 k=0 1=0

= A1+ Ajp.

The estimate for Aj can be obtained by similar way to Ey; by replacing 47 (0) with 47 _
and using the fact 7~ — ae > 0. For A; using Lemma 1, we obtain

loc

In

kn_
ok(y—n) ||XkHqu )(R) ||XIHL111 ) = < C2K(Y=1) 90505 9 41(0)

—kn In

<C2 . 2d1(0)
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as Neo — q,i < 0, we have

leo
1

r(140)\ r(1+9)
Ay < Csup sup 27504 (59 ) pkueor(1+9) ( Y lxl” (fall a0 RH)) )

0>0 ko€Z k=0 |=—00

) " H1t6), 1
0 kataor (1+6) —kn r(149)
< Csup |87 ) 2% X Z 271002710 HleHqu )(RM)

e>0 k=0 |=—00

(1496)
0 ’ r(149)
< Csup sup 270t [59 Y 2l e r1+e) o ( )y 270 £l L) o ) ] +

0>0 ko€Z k=0 E—
—1 r(146) r(11+o‘)
< Csup sup 7—koA ( Z 2q N xill oo R"))
0>0 ko€Z I=—o0
-1 In 70((0)1 1’(1+5) m
< Csup sup 20! 5"( Y 20 ||fxl||m<4><w>2“("”> .
0>0 ko€Z I=—oo

Now, by using Holder’s inequality and the fact ,’(1 «(0) > 0, we have

7 0)

S o r(146)\ 7159
Ay <sup sup 27504 59( Y 200 ||sz|Lq1<»>(Rn)2”‘(°)l>

6>0 ko€Z |=—c0

<Csup sup 2~ F0A {(59 Z 2O £ | 1+5)

0>0 ko€Z |=—0 Lnt R")
. ’ r(1+t5)/ 1
— n__ r\ r(1+6) 7 7
» Z 2(%(0) a(0)1)r(1+9) ] (1+3)
|=—00
(115>
r(14
—koA Mr(1 r(146)
<Csup sup 27 ( (22‘“ Dl ))
0>0 ko€Z 1eZ
<CIIfll a0

() (Rn)‘

Now, we estimate E3, for every k € Zand | > k+2and a.e. z; € Ry; the size condition
and Holder’s inequality imply

()= 1] < [ =2 "f z2)ldz
1
<c2!(r=n) / 1f(22)|dz2
R;
Sczl(ry_n)Hle”Uh(-)(Rn)”Xl”Lqi(-)(Rn)/

splitting E3 by applying the Minkowski’s inequality we have
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r(146)\ r(1+9)
Ez <Csup sup P P Z 2kw() 1+0)< Z 2™ (£ x) gt Rn))
6>0 ko€Z keZ I=k+2

1

(140)\ r(1+9)
<Csup sup 27 koA | 50 Z 2ka(")r(1+9) ( Yo el (Fanllae R“)) )

6>0 ko€Z k=—o0 [=k+2

o r(146)\ r(1+9)
+Csup sup 2 koA [ 59 Z 2ka()r(1+9) < Z 120" (£ X)) a0 Rn))
6>0 koeZ k=0 I=k+2
=E31 + Ex.
For E3; Lemma 1 yields

n_ (k=D)n

20 il Lt ) (R H)Cz||qu @ S < Colr-m)pins e, <C2 M, (16)

we get

00 r(1+5) r(1+6)
Es» < supsup2 (5922“(‘)“”‘”( Y Il e Rn)) )

6>0 ko€Z k=0 [=k+2

< Csup sup 27" [6" Y 2kt ( Y 1l o oy 27
0>0 ko€Z k=0 I=k+2

r(146) EET))
||sz|Lm>(Rn)||Xl|an<»>(Rn)> }

o0 (1+0)\ r(1+o)
< Caupsupz (T2 £ 2010105021 ,

>0 ko€Z k=0 \I=k+2
where d = q + aeo > 0. Then, we use Holder’s theorem for series and 2~ "(119) < 2-7
to obtain
koA H&oo)r (140 r(149) odr(146)(k=1)/2
E3 <Csupsup 20 [ Z( Z 2l (aeo)r(1+ )Hf?( Hm Y. r(1+468) (k—1)/ >
0>0 ko€Z k=0 \I=k+2

r(1+4) 1
r(1+4) :| r1+0)

y < i odr(140) (k1) /2
1=F 42

SR (149) m
<Csupsup 2 fot [0y Y 2la)r(140)| Hqul v odr(148)(k=1)/2
550 k,€Z k=0 1=k+2 )
Scsup sup2 koA (59 221 Koo )7 (140) Hf ”quJr (Rn szr 1+6) (k—1)/2
0>0 ko€Z 1=0
koA [ 56 N ol (o) r(140) 1+o) dp(k—1)/ ’“%”)
<G s 270 (# Do,
6>0 ko€Z leZ
koA r(14-6)1 r(1+6) <1+5)
<Csup sup 2740% o 1 200110 g 10D,
0>0 ko€Z 1€7,
<CIIfll,,gacrme
MKty (R
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Now, for E3; using Monkowski’s inequality, we have

= (146)\ #(1+9)
Es; <supsup2 ot} 2ke()r(1+9) Z [k le)HLaz ) (R)
0>0 kocZ k=—o0 I=k+2

6>0 ko€Z k=—00 =0

1 0 (140)\ 7(1+9)
+supsup2"°A(«5" > 2"”“'”“*‘”(2kaIW(sz)IILqMRn)) )

=B + B».

The estimate for B1 can be obtained similar to Es; by replacing q1,, with ¢1(0) and

applying the fact that (0) + «(0) > 0. For B, using Lemma 1, we obtain

l" kn [( )
I(y— ")||Xk”mz ) (B ||Xl||m ) (E) <C21(7 n)zqz 72 7o < C210)2 e

. r(140)\ r(1+9)
By <Csup sup 27 koA [ 59 Z 2ka(0)r(1+9) (Z xxI” fXI)Hqu Rn))

6>0 ko€Z k=00 =0

1

» o _— (1+6)\ r(1+9)
59 ) kae(0)r(1+6) % (Z 21(7—")2@1(0)2‘7100 ||le|L‘71(')(R")>
= 1=0
r(14-6) ﬁ
21121 [rzalne R“))

1 0 I r(140)\ r(1+9)
50 Z ok(a(0)+n)/q1(0)r(1+6) <1202’712'11:>o ||le|L‘71<')(R”)>

<Csupsup 2~
0>0 ko€Z

6>0 ko€Z k=00 =0

<Csupsup 2~
0>0 ko€Z

-1 IS
<Csup sup 2~ koA (59 2k (0)r(1+0) (Z

(1+6)\ 1+3)
<Csup sup 9—koA (5(9(2 2712%& 12l gy Rn)) )
6>0 ko€Z

(146)\ (1+9)
<Csup sup 271" (59 Zz““w 121l e (Rn)z“"ww) ) .
0>0 ko€Z

Now, by using Holder’s inequality and the fact that — + e > 0, we have

r(149)
By <sup sup2F | o 222’“‘” WO
650 ko7 LA (R")

r(140) 7(117”)

sl r(146)’
% (Z zl(l’lq]w +Déoo)1’(1+5)>
1=0

1

r(1+6)
<Csup sup 204 (59<Z 2l (aee)r(140) | ||rL(:1+’)) )>>

0>0 ko€Z 1€
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Combining the estimates for Ej, E; and Ej3 yields
I7 oy <C )y
| f||MKqu)2,(?)/e(Rn) < Hf”MKij)l/(?;"(R")
O

5. Conclusions

We have defined a new type of space called variable exponents grand Herz-Morrey
spaces, where we used discrete grand spaces, and we have proved the boundedness of the
Riesz potential operator on these spaces.
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Abstract: In this paper, we introduce a second-order strong subdifferential of set-valued maps, and
discuss some properties, such as convexity, sum rule and so on. By the new subdifferential and its
properties, we establish a necessary and sufficient optimality condition of set-based robust efficient
solutions for the uncertain set-valued optimization problem. We also introduce a Wolfe type dual
problem of the uncertain set-valued optimization problem. Finally, we establish the robust weak
duality theorem and the robust strong duality theorem between the uncertain set-valued optimization
problem and its robust dual problem. Several main results extend to the corresponding ones in the
literature.
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1. Introduction

Robust optimization is an important deterministic technique for studying optimization
problems with data uncertainty, which is protected against data uncertainty and has
grown significantly, see [1-6]. The optimization theory mainly includes multi-objective
optimization and focuses on finding global optimal solutions or global efficient solutions.
However, in real-world situations where the solutions are very susceptible to perturbations
from the variables, we might not always be able to identify the global optimal solutions.
To reduce the sensitivity to variable perturbations under these conditions, we are going to
find the robust solutions.

The set-valued optimization problem:

min H(z) = {Hy(z),H2(2), ..., He(2), ..
st. z¢€ M,Bj(z) CR_,j=1,...,1

(SOP){ - Hy(2)}

has been widely studied by scholars, where M is a closed and convex subset of a real
topological linear space X, H, : M — Rk =1,.. .,qand B; : M — ZR,j =1,...,1
are given functions. Set-valued optimization is a thriving research field with numerous
applications, for example in risk management [7,8], statistics [9], and others. Hamel and
Heyde [7] defined set-valued (convex) measures of risk and their acceptance sets, and they
gave dual representation theorems. Hamel et al. [8] defined set-valued risk measures on Ls
with 0 < p < oo for conical market models, and primal and gave dual representation results.
Hamel and Kostner [9] discussed relationships to families of univariate quantile functions
and to depth functions, and introduced a corresponding Value at Risk for multivariate
random variables as well as stochastic orders by the set-valued approach. The vectorial
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criterion and the set criterion are the two different forms of solution criteria for set-valued
optimization problems. Each different criterion has been studied independently. The
challenge of minimizing a function, when the representation of a point is actually a set,
is dealt by set-valued optimization. Since there is no way to minimize a set by a total
order relation, it is necessary to give a definition for minimizing the set-valued objective
function. The literature [10-12] introduced the concepts of preorders to compare sets. These
preorders enable the formulation of set-valued optimization problems pertaining to the
robustness of multi-objective optimization problems. Eichfelder and Jahn [10] presented
different optimality notions such as minimal, weakly minimal, strongly minimal and
properly minimal elements in a pre-ordered linear space and discussed the relations among
these notions. Young [11] introduced the upper set less relation and lower set less relation
and then used these set relations to analyze the upper and lower limits of real number
sequences. Kuroiwa et al. [12] referred to the upper-type set relation and considered
some duality theorems of a set optimization problem. Furthermore, six other forms of set
relations [13] were also used by Kuroiwa et al. [12] to solve set optimization problems.
By generalized differentiable assumptions, a separation scheme is used to construct some
robust necessary conditions for uncertain optimization problems by Wei et al. [14]. By
using the constraint qualification and the regularity condition, Wang et al. [15] developed
weak and strong KKT robust necessary conditions for a nonconvex nonsmooth uncertain
multiobjective optimization problem under the conditions of upper semi-continuity.

Rockafellar and Tyrrell [16] first introduced subdifferential concepts of convex func-
tions. Recently, many authors have generalized subdifferentials of a vector-valued map to
the one of a set-valued map [17,18]. There are two main approaches to define the subdiffer-
ential of set-valued mappings: one is to define the subdifferential by the derivative of the
set-valued maps [17], the other is to define subdifferential by using algebraic forms [18-22].
Tanino [18] pioneered conjugate duality for vector optimization problems and introduced
weak efficient points of a set to provide a weak subdifferential for set-valued mappings.
A few characteristics of this weak subdifferential were covered by Sach [19]. By using an
algebraic form, Yang [20] defined a weak subdifferential for set-valued mappings, demon-
strated an extension theorem of the Hahn-Banach theorem, and talked about the existence
of the weak subgradients. Chen and Jahn [21] introduced a kind of weak subdifferential,
which is more powerful than the weak subdifferential [20]. By the weak subdifferential,
they established a sufficient optimality condition for set-valued optimization problems.
Borwein [22] introduced a strong subgradient, and proved a Lagrange multiplier theorem
and a Sandwich theorem for convex maps. Peng et al. [23] proved the existence of the
Borwein-strong subgradient and Yang-weak subgradient for set-valued maps and pre-
sented a new Lagrange multiplier theorem and a new Sandwich theorem for set-valued
maps. Li and Guo [24] investigated the features of the weak subdifferential that was
first proposed in [21], as well as the necessary and sufficient conditions for optimality
in set-valued optimization problems. Herndndez and Rodriguez-Marin [25] presented
a new definition of the strong subgradient for set-valued mappings that were stronger
than the weak subgradient of set-valued mappings introduced by Chen and Jahn [21].
Long et al. [26] obtained two existence theorems for weak subgradients of set-valued
mappings described in [21]. They also deduced several features of the weak subdifferential
for set-valued mappings. incedglu [27] defined the second-order weak subdifferential and
examined some properties of the concept.

Recently, the dual theorem in the face of data uncertainty has received a great deal
of attention due to the reality of uncertainty in many real-world optimization problems.
Suneja et al. [28] constructed strong/weak duality results between the primary problem
and its Mond-Weir type dual problem using Clarke’s generalized gradients and sufficient
optimality criteria for the vector optimization problems. Chuong and Kim [29] established
sufficient conditions for (weakly) efficient solutions of a nonsmooth semi-infinite multiob-
jective optimization problem and proposed types of Wolfe and Mond-Weir dual problems
via the limiting subdifferential of locally Lipschitz functions. Moreover, they explored
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weak and strong duality. By means of multipliers and limiting subdifferentials of the
related functions, Chuong [30] established necessary/sufficient optimality conditions for
robust (weakly) Pareto solutions of a robust multiobjective optimization problem involving
nonsmooth/nonconvex real-valued functions. In addition, they addressed a dual (robust)
multiobjective problem to the primal one, and explored weak/strong duality. By virtue
of subdifferential [31], Sun et al. [32] obtained optimality condition and established Wolfe
type robust duality between the uncertain optimization problem and its uncertain dual
problem under the conditions of continuity and cone-convex-concavity.

To the best of our knowledge, there are a few concepts of solutions for the uncertain
set-valued optimization problem through set-order relation. Moreover, there is very little
literature on the optimality condition and the dual theorem for set-based robust efficient
solutions of uncertain set-valued optimization problems by terms of the second-order
strong differential of a set-valued mapping. Lately, Som and Vetrivrl [33] introduced
robustness for set-valued optimization to generalize some existing concepts of robustness
for scalar and vector-valued optimization, and they followed the set approach for solutions
to set-valued optimization problems.

To weaken the conditions of continuity and cone-convex-concavity [15,32], inspired
by the subdifferential [20,22] and set-order relations [34], we introduce a new second-order
strong subdifferential of set-valued mapping and define the set-based robust efficient
solution for an uncertain set-valued optimization problem. Meanwhile, by using the
second-order strong subdifferential of set-valued maps, we put forward Wolfe type dual
problem and investigate the robust weak duality and robust strong duality of the set-based
robust efficient solutions for uncertain set-valued optimization problems.

This paper is organized as follows. We quickly go through the concepts in Section 2
before introducing a brand-new second-order strong subdifferential of a set-valued map.
We derive some crucial new subdifferential features in Section 3. We obtain a necessary
and sufficient condition for the set-based robust efficient solutions to the uncertain set-
valued optimization problem in Section 4 thanks to the concept of the second-order strong
subdifferential of set-valued mappings. The robust weak duality and robust strong duality
of the uncertain set-valued optimization problem are established in Section 5. Section 6 is a
short conclusion of the paper.

2. Preliminaries and Definitions

Throughout the paper, let X and Y be two real topological linear spaces with their
topological dual spaces X* and Y*, respectively. 0x and Oy denote the original points of X
and Y, respectively. Let K C Y be a solid closed convex pointed cone. The dual cone of K is
defined by

K*={y"eY": (y",y) >0, VyeK}

Let N be a natural number and 7, m,l € N. Let D C Y be a nonempty subset. cID and intD
denote the closure and interior of D, respectively. 7 (Y) := {E C Y | E is nonempty}.

Let M be a subset of X and H : M — 2Y be a set-valued map. The domain, graph and
epigraph of H are defined, respectively, by

domH :={ze€ M:H(z) # @}, grH := {(z,y) e MxY :y € H(z),z € M}

and
epiH :={(z,y) e M x Y :y € H(z) + K}.

A partial order relation(=<g) of space Y caused by the cone K as follows:

e 2k sifand onlyifs —e € K,
e <k sifand onlyifs —e € intK, Ve,s €Y.

Definition 1 ([34]). Let E, S € T (Y) be arbitrarily chosen sets.
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(i) The lower set less order relation is defined by
E<lSeE+KDSeVseS,JecE:e=ks,
E<kS©E4+intkDSeVseS,decE:e<ks.

(ii)  The upper set less order relation is defined by
E<¢kS<S—KDOE&VYecE,d3se€Ste=gs,
E<¥S<S—intKDE& VYecE ds€ S e <gs.

Definition 2 ([35]). Let E,S € T (Y) be arbitrarily chosen sets. Then the certainly less order
relation is defined by

E<xS< (E=S)or(E#S,Vec€ E/Ns€S:e=gs),
or equivalently, E = S or, S — E C K whenever E # S.

Definition 3 ([31]). Let M be a nonempty subset of X. M is said to be convex if for any x,z € M
and for all B € [0,1],
Bx+(1—pB)ze M.

Definition 4 ([31]). Let M be a nonempty convex subset of X. H : M — 2% is called K-convex if
forany x,z € Mand for all B € [0,1],

BH(x) + (1—-pB)H(z) € H(Bx + (1 —p)z) + K.
Definition 5. A function H : M — 2R has a global minimum at (x1,y) if
v1 =R, Y2, Vx2 € M,yp € H(xp).

Definition 6 ([22]). Let H : M — 2 be a set-valued map and be K-convex, x1 € M, y1 € H(x1)
and H(x1) —y1 C K, the set

OH(x1,11) ={C € X" |y2—y1 — (&, xp —x1) €K, Vxp € M,y, € H(xp)}
is called the Borwein-strong subdifferential of H at (x1,y1).

Enlightened by the Borwein-strong subdifferential in [22,23], we put forward the new
notion of second-order strong subdifferential for a set-valued map.

Definition 7. Let H : M — 2% be a set-valued map, x; € M, y; € H(x1) and H(x;) —y; C
R4. Then ¢ € X* is said to be a second-order strong subgradient of H at (x1,y1) if

Yo —y1— (G, x2 — x)2eRy, Vi€ M,y € H(x).
The set
GH(x,y1) ={Ce X" |ya—y1— (Exa—x1)* €Ry, Vap € My € H(xp)}

is said to be the second-order strong subdifferential of H at (x1,y1). If 02H(x1,y1) # @, then H is
said to be second-order strong subdifferentiable at (x1,y1).

The following example shows Definition 7.

208



Axioms 2022, 11, 648

Example 1. Let H : R — 2R be a set-valued map with H(x) = {y € R | y > x2} forany x € R.
Take (x1,1) = (0,0). A simple calculation shows that H(x1) — y1 C R. Then we obtain

02H(0,0) = {feR:¢e[-1,1]}

Remark 1. Let H : M — 2R be a set-valued map. If the condition H(x1) —y; C Ry is not
satisfied, Definition 7 is not complete. The following example shows the case.

Example 2. Let H : Ry — 2R be a set-valued map with H(x) = {y € R | y < x?} for any
x € Ry. Take (x1,y1) = (1, —1). A simple calculation shows that H(x1) —y1 € Ry. Then it
follows from Definition 7 that ¢ does not exist, i.e.,

o?H(1,-1) = @.
Therefore, the condition H(x1) — y1 € Ry is necessary in Definition 7.

Remark 2. Let H : M — 2R be a set-valued map. Obviously, if the second-order strong subdiffer-
ential exists, then 0 € 92H (x1,y1). However, 0 € 9H(x1,y1) may not necessarily be true. Now
we give an example to illustrate the case.

Example 3. Let H : Ry — 2% be a set-valued map, and let H(x) = {y € R | y > —1x} for
any x € Ry. Take (x1,y1) = (0,0). A simple calculation shows that H(x1) —y; € Ry. Then
we have

02H(0,0) = {f € R: & =0}.

and

IH(0,0) = {f€R: ¢ e (—oo,—%]}.

Thus, 0 € 92H(0,0), but 0 ¢ 90H(0,0).

3. Properties of a Second-Order Strong Subdifferential of Set-Valued Maps

In this section, we present some properties of a second-order strong subdifferential of
set-valued maps. Firstly, we introduce the following lemma.

Lemmal. Letx € X, {,n € X*and B € [0,1]. Set hy(&) := (C, x). Then
BIZ(E) + (1 — B3 (1) = H3(BE + (1~ B)n).
Proof. Letx € X, & 1 € X*and B € [0,1]. Since B2 — B < 0 and hy is a linear function,

H3(BE + (1= B)y) =[hx(BE) + hx((1 = )y)]?
=13 (BE) + (1 = B)y) + 2he (BE) (1~ B)1p)
=Bz () + (1 - p)h3 (1)
+ (B = B)(H3(E) + 13 (1) — 2K ()3 (1))
<PH3(E) + (1= B3 ().

This proof is complete. []

Theorem 1. Let H : M — 2% be a set-valued map, x; € M, y1 € H(x;) and H(x;) —y1 C Ro.
Then the set 92H(x1,y1) is convex.

Proof. If 92H(x1,y1) = @, then there is nothing to be demonstrated.
Suppose 92H (x1,y1) # @. Let & € 92H(x1,y1), 7 € 92H(x1,y1) and A € [0,1]. Then,

y2—y1— (& —x1)? €Ry, Vx € My, € H(xz)
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and
v2—y1— (1,0 —x1)> €ERy, Vxp € M,y € H(xp),
ie.,
AMyz—y1) —MExa—x1)> €Ry, Vap € M,ys € H(xp) 1)
and
(1 — /\)(}/2 —y1) — (1 — )\)<71,X2 — X1>2 e Ry, Vx, € M,yz € H(XZ). 2)

By Lemma 1, it follows from (1) and (2) that
y2—y1— (MG x2 —x1)* + (1= A) (11,22 — x1)?)

<yp—y1— A+ (A= A)y,xp — x1>2 €Ry, Vxy e M,y € H(xp).

Thus,
AZ+ (1= M)y € BZH (x1, 1)

This proof is complete. O

Theorem 2. Let H : M — 2R be a set-valued map, x; € M, y; € H(x;) and H(x;) —y1 C Ry.
Let H be second-order strong subdifferentiable at (x1,y1). Then H has a global minimum at (x1,y1)
if and only if Ox+ € 92H(x1,y1).

Proof. (=) Since H has a global minimum at (x1,y1),
Yo —VY1 € R+, Vx, € M,yz € H(xz).

Then,
ya—y1— (Ox-, 0 —x1)> €Ry, Vip € My, € H(xp),

which implies that Ox+ € 92H(x1,y1).
(<) Let Ox+ € 92H(x1,y1). Then, by Definition 7, we obtain
ya—y1— (Ox-,xa—x1)> €Ry, Vip € My, € H(xp),

which implies that y, —y; € Ry forall x; € M, y» € H(xy). Therefore, according to
Definition 5, H has a global minimum at (x1, 7). This proof is complete. [

Theorem 3. Let H : M — 2R be a set-valued map and « > 0. Let x; € M, y; € H(x;) and
H(x1) —y1 € Ry. If H and aH are second-order strong subdifferentiable at (x1,y1) and (x1, ay1),
respectively, then

9F (aH)(x1,ay1) = VadIH(x1,1)-
Proof. Let & € 92(aH)(x1,ay;). Then
ayy —ayy — (&, x2 — x1>2 €R;, Vxpe M,y € H(xp)
Y2 — Y1 — %(C,xz —x1>2 €Ry, Vxpye M,y € H(xp)
Y2 Y- <\}E§’x2 —x1)? €Ry, Vxa € M,yz € H(x2)
ﬁ%é € 9ZH(x1,11)

\[
&C e ﬁagH(xl,yl).
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Here we finish the proof. [

Now, we provide an illustration of Theorem 3.

Example 4. Let H : R — 2R be a set-valued map, and let H(x) = {y € R | y > 3x?}. Take
(x1,y1) = (0,0). A simple calculation shows that H(x1) —y; € Ry. Then for any o > 0, we
obtain

93 («H)(0,0) = {¢ € R: & € [~V3w, V3a]}
and

Vao?H(0,0) = {¢ e R: & € [—v/3a,V/3a]}.
Therefore, 2 («H)(0,0) = /ad2H(0,0).
Theorem 4. Let H and Q : M — 2R be set-valued maps, x; € M, y; € H(x1), y» € Q(x1),
H(x1) —y1 C Ry and Q(x1) — y2 € Ry, If H and Q are second-order strong subdifferentiable
at (x1,y1) and (x1,y2), respectively, then

OFH (x1,y1) +97Q(x1,¥2) € V203 (H + Q) (x1, 41 + ¥2)-

Proof. Let &1 € 02H(x1,y1) and & € 92Q(x1,y2). Then,

ys—y1— (E1, 22 —x1)2 €Ry, Vap € M,y3 € H(xp)

and
ya—y2— (10— x1)? €Ry, Vry € Mys € Q(x2),

ie.,

1 1 )

E(ys—y1)—§<61,xz—x1> eRy, VxoeM,ysz € H(xp) 3)
and

1 1 s

§(y4 —Y2) — E@zlxz —x1)€Ry, Vxp e M,ys € Q(x2). 4)

According to Lemma 1, it follows from (3) and (4) that

%[(]/3 —y1)+ (ya—y2)] - [%(Cllxz —x)% + %(52, Xy — x1)7]
<[+ 92) — 1+ 0] — {58+ 5800 — 1) € Ry,
Vx, € M,ys +ys € (H+ Q)(x2).
Thus,
V214 V2 € 2(H+ Q) +v2),
ie.,

&+ & € V203 (H + Q) (x1,y1 +2)-

Therefore, 92H (x1,y1) + 02Q(x1,y2) € v292(H + Q)(x1,y1 + y2). This proof is com-
plete. O
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Corollary 1. Let H; : M — 2R be set-valued maps, i = 1,...,m, x; € M, y; € H;(x;) and
H;(x1) —y; € Ry. If H; is second-order strong subdifferentiable at (x1,y;),i=1,...,m, then

m

m m
Y 02H;(x1,y:) € VmdZ Y Hi(x1, Y yi).
i i

i=1

Remark 3. Let Hand Q : M — 2R be set-valued maps. If H and Q are strong subdifferentiable at
(x1,y1) and (x1,y2), respectively, then

0H(x1,y1) +9Q(x1,y2) € o(H + Q) (x1,y1 + ¥2)-

However, /2 can not be omitted in Theorem 4.

We take into consideration the following examples to demonstrate Theorem 4 and
Remark 3.

Example 5. Let Hand Q : R — 2R be set-valued maps with H(x) = {y € R | y > x*} and
Qx) ={y € R |y >4x?}. Takex; = 1,y; = 1 € H(x1) and y, = 4 € Q(x1). A simple
calculation shows that H(x1) —y1 € Ry and Q(x1) — y2 C Ry. Then we obtain

FH(L,1) ={& eR: & e [-1,1]}

and
#Q(L4) ={&HeR:&H e [-2,2]},
s0,
FH(LD) +Q(L4) ={h1+&HeR: & +& e [-3,3])
Moreover,
Z(H+Q)(1,5) = {¢3 € R: &3 € [-V5,V5]}.
and

V202 (H+Q)(1,5) = {V2§ € R: V283 € [-V10,V10]}.
Infact, 3 ¢ \/5and 3 < \/10. Therefore, 02 H(x1,y1) +02Q(x1,y2) € 92(H + Q) (x1,y1 +
y2) and ZH(x1,y1) +02Q(x1, ¥2) C V202 (H + Q) (x1,y1 + y2).

Example 6. Let H and Q : R — 2R be set-valued maps, and let H(x) = {y € R | y > x},
Q(x) ={y € R |y > 4x}. Take (x1,y1) = (0,0) = (x1,y2). A simple calculation shows that
H(x1) —y1 € Ry and Q(x1) — yo C Ry Then we obtain

dH(0,0) = {5 €R: & < 1)

and
0Q(0,0) = {&2 e R: r < 4},
s0,
0H(0,0) +0Q(0,0) = {¢1 + &2 € R: g1 + &2 < 5}
Moreover,

d(H+Q)(0,0) = {3 € R: 3 <5}
Therefore, 0H (x1,y1) + 9Q(x1,y2) C 0(H + Q)(x1,y1 + y2).

4. The Optimality Condition for the Uncertain Set-Valued Optimization Problem
Problem (SOP) has been studied extensively without taking into account data uncer-
tainty. However, in most real-world practical applications, there are more uncertainties in
optimization problems. To define an uncertain set-valued optimization problem (USOP),
we assume that uncertainties in the objective function are given as scenarios from a known
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uncertainty set U = {uq,u,...,un} € R™, where u; is an uncertain parameter, i = 1,...,m.
The following uncertain set-valued optimization problem (USOP) can be used to describe
the problem (SOP) when there is data uncertainty for both the objectives and the constraints:

(USOP) min H(z,u;) = {Hy(z,u;), Ho(z,u;), ..., He(z,u;),..., Hy(z, u;) }
st. ze M, u; € U,B]-(z,v]-) CR.,VojeV;,j=1,...,1,

where Hy : M x R" — 2R k= 1,...,9 and B]- : M xR — ZR,j =1,...,] are given
functions, and the uncertain parameter v; belongs to a compact and convex uncertainty set
V; CR.

Let G : M x U — 2" be a set-valued map, ingéG(z, u;) is defined as follows:

G(z,uj) j]llh glé'azl(G(z,ui), Vi=1,...,m.

In this paper, we investigate problem (USOP) using a robust approach. As we all
know;, there is no proper method to directly solve problem (USOP), so it is necessary to
replace problem (USOP) by the deterministic version, that is, the robust counterpart of
problem (USOP). By this means, various concepts of robustness have been proposed on
the basis of different robust counterparts to describe the preferences of decision makers.

The most celebrated and researched robustness concept is called worst-case robustness
(also known as min-max robustness or strict robustness in the literature). The idea is to
minimize the worst possible objective function value, and search for a solution that is
good enough in the worst case. Meanwhile, the constraints should be satisfied for every
parameter v; € V;, j = 1,...,1. Worst-case robustness is a conservative concept and reveals
the pessimistic attitude of a decision maker. Then, the robust (worst-case) counterpart of
problem (USOP) is as follows :

min max H(z,u;) = {maxH;(z, u;), maxHy(z, u;), ..., maxH(z, u;),
u;el uel u;el uel
(URSOP) ...,maxH,(z,u;)}
u;el

st. z¢€ M,Bj(z,vj) CR_,Vo;eV,j=1,...,1L
Definition 8. The robust feasible set of problem (USOP) is defined by
A={ze M| Bj(z,vj) CR_, Vo€ V,j= 1,...,m}.

We assume that A # @. Obviously, the set of all robust feasible solutions to problem (USOP) is the
same as the set of all feasible solutions to problem (URSOP).

Definition 9. Z € A is said to be a jﬁh—mbust efficient solution to problem (USOP) if Z is a
lelh -efficient solution to problem (URSOP), i.e., for all z € A such that

maxH (Z, u; <L maxH Z,Uj).
well k( z) —Ry wel k( z)

In this part, we create a necessary and sufficient optimality condition of the j]lR+ -robust
efficient solution to problem (USOP).

Theorem 5. Let Hy : M x R™ — 2R k= 1,...,qand B : M x Rl — ZR,]' =1,...,1 be set-
valued maps, Z € M, § € Ny,cu Hr (2, u;) and ij; € MNojev; Bj(Z,v;). Assume that the following
conditions hold:
(i) Hy is bounded on M x U;
(ii) maéHk(z, u;) exists for all z € M;

u;c

(iii) foranyi,jand k, Hi(Z,u;) — 7 € Ry and B]-(Z, vj) -7 CRy;
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(iv) for any j and k, Hy, B; is second-order strong subdifferentiable at (Z,1) and (Z,1;), respec-
tively.
Then Zisa j]’R+ -robust efficient solution to problem (USOP) if and only if for any i, j and k,
there exist 1i; € U, ¥; € V;and ji; € Ry such that

0 € O Hx(+ 1) (,9) + ) 1193 B; (-, 9)) (£,¥)),
and

Proof. (=) LetZbea j]llh -robust efficient solution to problem (USOP). Then Z € A. Hence,
forall v; € Vj, we have B]-(Z, v]-) C R_. Thus, take ; € V; such that

B;(2,9) CR_.

Moreover, for any j, there exists ji; € R4 such that

(#;B;)(2,9;) = {0}. ®)
In fact, there are two cases to illustrate (5) as follows:
(i) If Bj(z,9j) = {0}, then take arbitrary ji; > 0, we get (ji;B;)(Z,9;) = {0}.
(i) If B i(2,0;) € R_\ {0}, then take ji; = 0, we can easily get that (ji;B;)(Z,9;) = {0}.
Since U is a finite set and Hy is bounded, there exists #i; € U such that

Hi(2,11;) = max Hi(Z, u;).
wel

According to the definition of the second-order strong subdifferential, one obtains
2 l 2
0 € 9;Hi (-, 11;)(%,5) and 0 € ) _ ;03 B; (-, ;) (%, 7).
j=1
Therefore, we get

0 € 2Hi (-, 14;)(2,7) —|—Zy] ) (Z,77)-

(<=) Assume that for any i, j and k, there exist Z € A, if; € U, 9; € Vjand ji; € Ry such

that l
0 € OZH (- i1;)(2,) + Y ;0 5)(2,97),
j=1
(]4] ])(Z 27]) = {0}
and
Hy(2, i) = maxHy (2, u;). (6)
u;el
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By Theorem 3 and Corollary 1, we get

R H (- 1) (2,9)+ ) #493B; (-, 9)) (2, 7))

-.
Il
—_
-.
Il
—_

Therefore,

l
0 € 03 (H (-, ;) + 2(7:‘]23]')('/77]‘))(2/? + ) HY).

Obviously, i € Hi(Z,1;),1; € Bj(Z,9;). Then by Definition 7, we get
Lo Lo
y—i+Y ity — Y it € Ry, Vze Ay € He(z),y; € Bj(z,9)). 7)
j=1 j=1

Since (fi;B;)(2,9;) = {0} for any j, we calculate that Z] 1(;4] Bj)(z,9;) = {0},
ie., for the preceding element §j; € B;(Z,9;), we have Z] 15 _1/] = 0. Together with
Z _q(j ]ZB )(z,0;) CR_forallz € A, ie, Z] 1;4]y] € R_forallz € Aand y; € Bj(z,9)), it
follows from (7) that

y—yeRy, VzeAye H(z i),

ie.,
Hi(%,11;) =g, He(z, i), Vze A

Moreover, by the transitivity of j]lR+ set-order relation, it follows from (6) and

N

Hy(z, ;) jﬂh fi‘?ﬁ(H"(z’ u;), one has
maxH(Z, u <L maxHy(z, u; Vz € A.
u;el k( l) —R+ u;el k( ! l)/

Thus, Zis a jﬁh -robust efficient solution to problem (USOP). This proof is complete. [

Remark 4.

(i) We extend the uncertain scalar optimization problem in [32] (Theorem 3.1) to the uncertain
set-valued optimization problem (USOP) in Theorem 5.

(ii)  Ref. [32] (Theorem 3.1) is established under the conditions of continuity and cone-convex-
concavity, [15] (Corollaries 3.1 and 3.2) are established under the conditions of upper semi-
continuity, it is under the conditions of existence of the maximum and boundedness that we
obtain Theorem 5. Since bounded functions may not be continuous, our result in Theorem 5
extends [32] (Theorem 3.1) and [15] (Corollaries 3.1 and 3.2).
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5. Wolfe Type Robust Duality of Problem (USOP)

The robust weak duality and the robust strong duality are covered in this section,
which begin by introducing a Wolfe type dual problem (DSOPy) for the uncertain set-
valued optimization problem (USOP).

We now consider the Wolfe type dual problem (DSOPy ) of problem (USOP):

max  (Hi(zu;) + iy (48))(2,97), ., Hy(z, i) + iy (1B}) (2,97))
st 0€a2H(,ui)(zy) + iy 192Bi(-,0) (z,¥)),
(V] )(ZU])CR/]_l 1
cel,i=1,. mvje\/],y]eR+,
zEAyEHk(zul)y]EB(zv)k—l g

Definition 10. The robust feasible solution set P of problem (DSOPyy) is defined by

!
P = ({2 14,)) 10 € 2H( ) (21 y) + Lo 12381 0) (22 yy)
]:
(4B))(z,0) CR-,0; € Vi, € Ry, j=1,...,1,
weli=1,...,mze Ay € Hi(z,u;),

y] S Bj(Z,Z)j),k = 1,...,q}.

In this section, we suppose that P # @.

Definition 11. (X, ji;, il;, ;) € Pissaidtobea < -robust efficient solution to problem (DSOPy)
if there is no feasible solutzon (z,mj,ui,vj) € P other than (X, ji;, 1i;, ;) such that

2(
MN

1
)(%,9;) <R Hi(z,u;) — Z(V} i)(z,0)),
j=

-.
I
—

i=1,...mk=1,...,4q.

Theorem 6. (Robust weak duality) If for any k, Hy. is bounded and closed, and maka(x ;)

u;eld
exists for all x € M, then for any feasible solution x to problem (URSOP) and any feasible solution
(z, Wi, Wi vj) to problem (DSOPyy ), we have

1
maka(x up) %R Hi(z,u;) Zy] J i=1,...mk=1,...,¢q (8)
upel j=1

Proof. Let x be a feasible solution to problem (URSOP) and (z, uj, u;, vj) be a feasible
solution to problem (DSOPyy).

To the contrary, suppose that (8) does not hold. Then, there exist ¥,z € A,i; € U,
U € V;and ji; € Ry such that

1

Lx{ngéHk(x up) <i, H(Z i) + ) (11B))(Z,9)). ©)
P j=1

From Z}zl (#1;B;)(x,0;) C R_, we have

1
ingﬁHk X, up) Z 11jB;j) (%, 7)) =g, Hi(Z,1;) + Y (1B)) (2, 7).
p =1
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Then, for all § € maxy,eu Hr(¥,up) and y; € Bj(X, 7)), there exist j € H(Z, ;) and
¥; € B;(Z,9;) such that

1 1
+ )y <r, T+ ) i
=1 =1
ie.,

1 1
(7 + Z ﬁj]/]') Z ) € intR_. (10)
j=1

Due to Hi (¥, i1;) =, maﬁHk(JE, up), we can conclude that Hy (¥, ;) # maﬁHk(X, Up).
Mpe llpe
In fact, suppose that Hy (¥, if;) = maﬁHk(JZ, up). Then, it follows from (9) that
Up€
1
Hy(%,11;) <p, He(%, ;) + Z(H] B;)(%,9)).
]_

Since Hy is bounded and closed, and 2}:1 (#;Bj)(%,7;) € R_, we obtain

I
f,ngﬁHk(x ”p) ’<]R Hy (%, 11;) + Z(V] ])(9Z Zj])
b =

which is impossible. Thus, Hy (X, ;) # maéHk(J?, up). And then, by the definition of =R,
upe
set-order relationship, one has

vy =R, ¥, Yy € He(X 1), € max He(%,up). (11)
upel

It follows from 0 € 92Hy (-, i1;)(Z,7) and (11) that
y—7—(0,x—22cR,, VxecAycHlxi),

ie.,

J—7—(0,x—2%€Ry, Vxe A e maxH(x,up). (12)

upeld

Moreover, it follows from 0 € 25‘21 y]«agB]«( ¥;)(2,;), one has

i I
Y iy — Y iy — (0,x—2)?*€Ry, Vx €Ay, € Bj(x,7). (13)
= =1
Thus, it follows from (12) and (13) that

z z
I+ ) fijy)) — Z ) €Ry, VY € maxHy(¥,up),y; € B;(X, 7)),
=1 v

which contradicts (10). Therefore, for any feasible solution x to problem (URSOP) and any
feasible solution (z, yj, u;, v;) to problem (DSOPy ), we have

1
maka(x up) %R Hy(z,u;) Z ;B ] i=1,....mk=1,...,q.
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We complete the proof. [

Theorem 7 (Robust strong duality). Let Hy : M x R"™ — Rk=1,..., qand Bj : M X R —
2R, j =1,...,1 be set-valued maps, ¥ € M, §j € Nu,eu He (%, u;) and ; € Nojev; B;(%,vj).
Assume that the following conditions hold:

(i) Hy is bounded on M x U for any k;

(ii) mgﬁHk(x, u;) exists for all x € M and k;

(iii) foranyi,jand k, H(X,u;) — C Ry and Bj(¥,v;) — §; C Ry,

(iv) for any j and k, Hy and B; are second-order strong subdifferentiable at (¥, i) and (%,7;),
respectively;

(v) X€cAisa j]l&—robust efficient solution to problem (USOP).

Then for any i, ], k, there exist i1; € U,0; € Vjand ji; € Ry such that (X, ji;, i;,0;) is a
<[ -robust efficient solution to problem (DSOPyy ).

Proof. Let ¥bea <k , -robust efficient solution to problem (USOP). By Theorem 5, we know
that for any i, j and k there exist 71; € U, 9; € V; and ji; € Ry such that

I
0 € OZHy (-, 11;) (%, §) + Y_ j1,02B;(-

—
~
\AQ.}(
N
—
=
3
=
Ry
N~—
3

(#1;B;)(x,0;) = {0} (14)
and

Hi(X,11;) = max Hy(%,u;), k=1,2,...,q. (15)
u;el

Therefore, (%, ji; jr i, ]) is a feasible solution to problem (DSOPy). Then, for any feasible
solution (z, p; i/ Ui, 0 ) to problem (DSOPyy), it follows from (14) and (15) and Theorem 6 that

J? 3?17 =maxH, (X, u;
]; max k(% u;)

!
CHy(z,u;) + Z(y]-B]-)(z, vj) — intR .

j=1

Hence, (¥, jij, 1i;, U;) is a <j -robust efficient solution to problem (DSOPw). This proof is
complete. [

Remark 5. Theorems 10 and 11 generalize Theorems 4.1 and 4.2 in [32] from a scalar case to a
set-valued one, respectively.

6. Conclusions

In this paper, we introduce a new second-order strong subdifferential of the set-
valued maps and the robust efficient solutions for set approach of the uncertain set-valued
optimization problems, and then a necessary and sufficient optimality condition is derived
for set-based robust efficient solutions of the uncertain set-valued optimization problem.
Finally, we demonstrate robust strong duality and robust weak duality for the dual problem
of the uncertain set-valued optimization problem. Our discussion makes it desirable to
investigate optimality conditions and the duality theorem of a set-valued optimization
problem, and the main results can be applied to risk management.
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1. Introduction

The complex optimization problem has been applied in many fields in electrical
engineering, such as minimal entropy or maximum kurtosis. Levinson published their
study on complex linear programming in 1966 [1]. Since then, case studies on complex
nonlinear, fractional, and duality programming problems have been discussed [2-4]. Duca
formulated the vectorial optimization problem in complex space and obtained the necessary
and sufficient conditions [5-8]. Datta and Bhatia started their study on a complex minimax
problem in 1984 [9]. Lai and Huang constructed various cases of complex minimax optimal
problems. Following that, Huang et. al. constructed several types of second-order duality
models for complex fractional and nonfractional minimax programming problems, and
also derived the duality theorems under second-order generalized ®-bonvexity [10-12].

All of the above, the complex optimal problems were focused on the real parts of
complex objective functions. Youness and Elbrolosy considered the general case with
both real and imaginary parts [13,14]. The complex extended programming problem is
formulated as follows.

(Po) min f(z,2)

suchthat X = {(z,z) € Q| —g(z,z) € S},

where S is a polyhedral cone in C™, f : C*" — C and g : C** — C"™ are analytic in
z=(z,Z) € Q,and theset Q = {(z,2) | z € C"} C C?"is a linear manifold over real field.
Elbrolosy extended the complex multi-objective vector optimization problem (P), and also
defined the concept of optimal efficient solutions and established the optimality conditions
of the problem (P) by using the scalarization techniques as follows [15].

Py min  f(z) = (fi(2),..., fp(2))
suchthat z=(z,%Z) e X={ze Q| —g(z) € S},

where S C C1 is a polyhedral cone, and f : C?* — CP, g : C*" — C1 are analytic in
z=(z%) €Q=1{(zz)|ze€C"} Cc C™

Recently, Huang and Tanaka established the sufficient optimality conditions of prob-
lem (P), formulated the parametric dual problem and proved their duality theorems under
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the generalized convexities [16]. Usually, the objective function in the complex program-
ming problem was focused on the real part only. The novelty of this paper is extended
the case of objective function from the real part to the case of both real and imaginary
parts. Moreover, we would formulate the second-ordered parametric dual problem (D)
with respect to the problem (P) and prove their duality theorems under the second-ordered
generalized ®-bonvexity.

2. Notations and Preliminary

Given z € CP, the notations z, z! and z! are the conjugate, transpose and conjugate
transpose of z. Let T = {z € CP | Re(Kz) > 0} C C” be a polyhedral cone with matrix
K € CF*P where k is a positive integer. The dual cone T* of the convex cone T is defined by

T" ={n € CP |Re(z,n) > 0forallz € T},

where (z,77) = 5!z is defined to be the inner product of z and 7 in complex spaces. For
zp € T, the set T(zp) is the intersection of those closed half spaces that includes z in their
boundaries. Thus, if zg € int(T), T(zp) is the whole space C*.

Let T C C? be a pointed, closed convex cone. For any y,yg € C?, the ordered relation
notation “<r” with respect to cone T is defined as:

yo<ry & y—y T

Note that for a nonzero vector y € T*,
yo <ty = Re[u(y —yo)] > 0.

Definition 1 (Duca [8], Definition 3.3.1 (Optimal efficient solution)). Let X be a nonempty
subset of Q = {z = (2,Z) € C?" | z € C"} C C*", T C CP be a pointed and closed convex cone,
and f : X — CP be a map from X to CP.

(1) The point zy = (20,29) € X is a minimal efficient (or Pareto-minimal) solution of f with
respect to T if there exists no other feasible point z = (z,z) € X such that f(zg) — f(z) €
T\ {0}.

(2)  The point zoy = (zo,2z0) € X is a maximal efficient (or Pareto-maximal) solution of f with
respect to T if there exists no other feasible point z = (z,z) € X such that f(z) — f(z¢) €

T\ {0}.

Note that zy € X is a minimal efficient solution of f with respect to T if (f(X) —
f(z0)) N (—T) = {0}; analogously, zy € X is a maximal efficient solution of f with respect
to Tif (f(zo) — f(X)) N (—T) = {0}. The minimal efficient solution or maximal efficient
solution of f with respect to T in a multi-objective programming problem is called the
optimal efficient solution of f with respect to T.

In order to establish the optimality conditions and duality properties, we re-called the
gradient expression and second-order gradient expression of the complex functions. Given
z = (z,z) € C?¥ and a twice differentiable analytic function f : C** — C, the gradient
expression V f(z) is denoted by

Vf(z) = (sz(z),vzf(z)> c crxon
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azlfl() o 2 filz) w=filz) ... Zfil2)
: . Vif(z) = S e cren.

%fﬁ(z) %flﬂ(z) a%fp(z) %fﬁ(z)
The second-order gradient expression V2f(z), k = 1...,p is denoted by

2 Vi fi(z), Vazfi(z) 2nx2n
V=) = ( Vzfi(z), Vzfi(z) ) €C

with V.f(z) =

with
82

Vafi(z) = (azizjfk(z)> S j=1,...n, Vzfi(z) = (azz fr(z ))nxn’ i, j=1,...n,
82 nxn

vzsz( ) (azsz(z)> ’ irjzlr"‘n/ VEfk( )_ (azz]fk( ))nxn,i,jzl,...n.

We express the differential form of a complex function by using the gradient represen-
tations as the following lemma.

Lemma 1. Given z = (2,Z),zo = (20,20) C C*" and (v,%) = (z — 29,z — 20). Suppose that
f():C" - CP,t=(1,...,7) € CPand ®(z) = (f(z),7) = tH f(2). Then
(a) -0k

Re[®(20) (2 — 20)] = Re( z — z0, T'V.f(20) + TV=f (20) )
(b)

(z - 20) V2(z0)(z ~20) = ( 0,077 Ve (z0)] ) + oM [c"Vzzf (o), 0s. )
+( 00T [T Vaf(20)] )+ (o712 f (20)], v5. ).

The real part of Equation (b) is equal to

Re< v, vl [TTVZZf(zo) + THVEf(ZQ)} +of {TTVEZf(zo) + THszf(zo)} >
Proof.
(a) Since (x,y) = y"x is the inner product in complex space,
(20)(z —20) = (f'(20)(z —20),7)
= (V2 a0), Vertea) (2 ).7)

= (V= (@) + V= (20)7,7)
=1V, f(z0)v + THV2f(20)0

P n 9 v ;
— L LT g i) vt LT i@ T
j=li=1 %% el 7
- IEIVER P n
“hh <Tj | éﬁ(z”) L ya (5 ghi)
o : j=1li=1 i

=1
= <U, TTVZf(Z0)> + <THV§f(Z0),U>.

We obtain
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Moreover, since Re [ (x,y) | = Re[ (y,x) | = Re [ (y, x) |, we have

Re [@/(an)(z ~ 20)] = Re { (=20, 7TVefan) )+ { Vfa0)z -0 ) |

=Re (22, 77V (z0) ) +Re (220, TV (z0) )
=Re (220, 7"Vf(z0) ) +Re (220, T'Vf (20) )

=Re < z—20, T Vof(zo) + ™ Vzf(z0) >

p
b) Let®(z) = (f(2),7) = Y Tefi(20) = Tifi(z0) + -+ Tofy(z0), where fi(zo) is the
k=1
mapping from C?" to C! fork = 1,...,p. Then

(z — 20)"V?(f(20), T)(z — 20)
=(z—20)"TV*fi(zo)(z —20) + - + (2 — 20) TV fp(20)(z — 20). (1)

Forj=1,...,pandz 2 = (20,7~ 2) = (¢,0),

_ T=x72r. _ _ — ?jvzzfj(ZO)/ ?jvzifj(zo) v
(z—20) TVfi(20)(z — 20) (z;,v)( T Vzfi(20), TVz=fi(zo) T
_Pfi(zo) 1 I Pfi(zo) 7
[ L, Uk az;](azﬁ Jor+ Y[ Yoo a%azﬁ Jo

n_9%fi(zo) 92 f;(zo) i 9% fi(z0) n & fi(zo)
= Z; [kzl KTj az;azl ]””’l; [,{;”"Tf a%az, Jo +Z% ’[k;”ﬂf Bz;azﬁ ] kT a%az ]
= ( 0,071V 2 f(z0)] >+ < oT[GV = fi(z0)], vs. >+< 0,07 [1;Vz fi(20)] >+< oH [TV = fi(z0)), vs. >

bl
7
M:

n 732f.(z ) n n 732f.(z )
= Z[ kY az;az? ]”1 3 [Z”"Tf a%az? ]”

<
+

By formula above, Equation (1) implies that

(2—20)"V2(f(20),T) (2= 20) = ( 0,0 [FTVeef(z0)] ) + ( 0T [1V.f (20)] 05, )
+( 0,0 [T TVaf(20)] )+ ( 0"V f(z0),05. ),

and the real part of the above identity is equal to

Re<< v, vl [TTVZZf(zo) + THVif(zo)} +oT {TTVsz(zo) + THszf(ZO)} > )
O

3. Optimality Conditions

We would like to find the minimum efficient solutions to the complex multi-objective
programming problem (P). The scalarization technique is going to be applied to the multi-
objective programming problem. We would obtain the existence of minimum efficient
solutions of problem (P) above by scalarized programming problem (P) below, and the
lemmas followed will be stated [15,16].

Given a nonzero vector T € C?, we consider the scalarized programming problem
with respect to problem (P) as follows.

(P7) min Re[tH f(z)]
suchthat X ={{=(zz) € Q| —g(z) € S}.

Lemma 2 (Elbrolosy [15], Theorem 4.4). Let T C CP be a pointed, closed and convex cone and

f(X) be a convex set. If point zg is a minimal efficient solution of (P) with respect to T, then there
exists a nonzero vector T € T* such that z is an optimal solution of (P<).
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Lemma 3 (Elbrolosy [15], Theorem 4.6). Let T C CP be a pointed, closed and convex cone,
and T € T* with T # 0. Assume that zq is an optimal solution of (Pr), and anyone of the following
conditions holds,
(1) nonzero vector T € int(T*),
(2) point zq is the unique optimal solution of (Pr).

Then zq is the minimal efficient solution of (P) with respect to T.

Elbrolosy [15] established the Kuhn-Tucker necessary optimality conditions of problem
(P) by using the scalarization techniques, we described as follows.

Definition 2 (Lai and Huang [12], Definition 3). The problem (P) is said to satisfy the con-
straint qualification
at a point zg = (zo,2o), if for any nonzero y € S* C C1,

(82(20)(z —20), ) # 0, for z # 2.

Under the gradient expression as in Lemma 1, the constraint qualification can be
expressed by

1'V.g(z0) + 1 Vzg(zo) #0, for u #0in S*,

where ptt = uT.

Theorem 1 (Elbrolosy [15], Theorem 4.9 (Necessary optimality conditions)). Let T C C?
be a pointed, closed and convex cone, S be a polyhedral cone in C1 and f(X) be a convex set.
Suppose that the mappings f(-) : C*" — CF and g(-) : C** — C1 are analytic on X C Q, and
z is a minimal efficient solution of (P) with respect to T. If problem (P) possesses the constraint
qualification at zy, there are nonzero vectors T € T* C CP and y € S* C C1 satisfying the
following conditions:

TV f(20) + T7Vf (z0) + 1" V2g(20) + p7V2g(20) = 0, )
Re u'lg(zg) = 0. 3)

In order to formulate the sufficient optimality conditions and duality theorems, we
introduce the generalized convexity in complex spaces as follows.

Definition 3 (Lai and Huang [12], Definition 1). The real part of an analytic function f(-) is
said to be:
(i)  convex (strictly) at zg € Q C C* ifforall z € Q,
Re [f(z) = f(z0)] = (>) Re [f'(z0)(z — 20)],
(i)  pseudoconvex (strictly) at zg € Q if forallz € Q,
Re [f'(z0)(z —20)] = 0= Re [f(z) = f(z0)] =0(>0),
(iit) quasiconvex at zg € Q if forall z € Q,
Re [f(z) — f(zo)] <0 = Re [f'(z0)(z —20)] <O.

Huang and Tanaka [16] established the sufficient optimality conditions below.

Theorem 2 ([16], Theorem 3.6 (Sufficient optimality conditions)). Let T C CP be a pointed,
closed and convex cone, S be a polyhedral cone in C9, and f(-) : C** — CF and g(-) : C** — C1
be two analytic mappings on X C Q, where Q C C?". Suppose that z is a feasible solution of (P),
and there are nonzero vectors T € T* C CF and y € S* C C1 satisfying conditions (2) and (3) in
Theorem 1. If any one of the following conditions (i)—(iii) holds:

(i)  Either of Re[t" f(-)] or Re[utg(-)] is strictly convex and the other is convex at zy € Q,
or both are strictly convex at zy € Q,
(i) Re[tHf(.)] is quasiconvex at zg € Q and Re[uH g(-)] is strictly pseudoconvex at zy € Q,
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(iii) Re[tHf(-) + utg(-)] is strictly pseudoconvex at zy € Q,
then z is the minimal efficient solution of (P) with respect to T.

4. The Second-Order Parametric Duality Model

We would like to use the following differential notations to simplify the expression.
Letu = (u,u) € C, T € CP, u € Ci and f : Cc2n — CP, Qg C?" — (1 are
analytic mappings:

FO(u,7) = 7TV, f(u) + tHVzf (u);
FPw,1) = 'V f(w) + THVzf(w);  EP(u,1) = tTVLf(u) + THV.2f (u).
u, i) = ' Vag(u) + pt'vzg(u);
u, ) = pTVag(w) + Vg (u); GY (u, ) = p"Vazg(u) + ' Vazg(u).

The second-order parametric dual problem of problem (P) is considered as the
following form.

(D) max 7= (71, 7p),

D

where Fp is the set of all feasible solutions (T, u, jt, v, ) satisfied the following conditions:
Foru= (u,u) € Q, 7€ CP,v € C"and u € 5%,

[FO(w,7) + G0 (w0)] + v [FP (w,0) + G2 (w )] + 0T [ (w ) + 6P (wp)] =0, (4)

Re (f(u) —v,7) > %Re < v, vHFl(z)(u, T)+ VTFZ(Z)(u, T) >, (5)

Re (g(u), p) > %Re < v, vHGf)(u,y) + vTGéz)(u,y) > (6)

We introduce the second-ordered generalized ®-bonvexity as follows.

Definition 4 (Huang [10], Definition 4.1). The real part of an analytic function f(-) is called,
(i) ©O-bonvex (strictly) at zg € Q C Cc2n if there exists a suitable mapping © : C2 x C?" —

C?" such that for any z € Q,

1
Re {f(2) — f(z0) + 5 (z — 20)V*f(20) (z ~ 20) }
> (>) Re {[Vf(z0) + (2 — 20) " V*f(20)]0(2,20) },

(ii) ©-pseudobonvex (strictly) at zg € Q C C?" if there exists a suitable mapping © :

C2" x C?" — C?" such that forany z € Q,

Re {[V/(20) + (2~ 20) V2 (20)]0(2,20) } > 0
= Re{f(2) ~ flzo) + 5 (2~ 20) V*f(20) (2~ 20)} >0 (>0),

(iii) @-quasibonvex at zy € Q if there exists a suitable mapping ® : C** x C*" — C?" such
that for any z € Q,
1
Re {f(z) — f(z0) + 5 (2~ 20)" V*f(20) (z—20) } < 0
= Re {[Vf(z0) + (z — 20)"V2f (20)]0(z,20) } <0.

Using the generalized ®-bonvexities, we could obtain the weak, strong and strictly
converse duality theorem of dual problem (D) with respect to primary problem (P).
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Theorem 3 (Weak Duality). Let z = (z,Zz) be (P)-feasible solution, and (t,u, u,v,7y) be (D)-
feasible solution. Suppose that any one of the conditions holds:

(i)  Either one of Re[tH f(-)] or Re[utg(-)] is strictly ®-bonvex and the other is @-bonvex at
u € Q, or both are strictly @-bonvex at u € Q,
(i) Re[tHf(.)] is @-quasibonvex at u € Q and Re[ug(-)] is strictly @-pseudobonvex at
uecQ,
(iii) Re[tHf(-) + utg(-)] is strictly ®-pseudoconvex at u € Q.
Then
f(z) £r 7.
Proof. Suppose on the contrary that
v —f(z) € T\ {0}. )

(a)

We could pick a nonzero vector T € T*, such that Re(y — f(z),T) > 0, or

Re(f(z) —7,7) <0.

By inequality (5), then

That is

Re(f(z) — f(u),T) + %Re < v, vFIF® (u,7) + vTE? (u,7) > <o. ®)

Since the feasibility of z for problem (P) and the inequality (6),
Re (g(z), 1) < 0 < Re( IR HG() Te®
g(z), u) <0 < Re(g(u),p) 3 e (v, v"G" (wu) +v G (uw ) ).

We get the following inequality
_ 1 He®) To@)
Re (g(z) — g(u), u) + 5Re (v, v'G7(u,u) +v Gy (u,pu) ) <0. ©)

If hypothesis (i) holds, without loss of generality, assume that Re[t! f(-)] is strictly
©®-bonvex and Re[ug(-)] is ®-bonvex atu € Q, and let (v,7) = z — u.

From inequality (8) and Re[t!f(-)] is strictly @-bonvex at u € Q, then there is a
mapping ® : C2" x C?" — C?" such that

Re { [Vt f(u) + (v,7)TV?TH f(u)]O(z,u) } < 0. (10)

From inequality (9) and Re[ug(-)] is @-bonvex at u € Q, then there is a mapping
@ : C?" x C?" — C?" such that

Re {[Vi'Tg(u) + (v,7) ' V2pufg(w)]O(z,u) } <O0. (11)
Combine inequalities (10) and (11), then
Re { V[t f(u)pu"g(w)] + (v, 7) V2" f () + pg(w)]}O(2,u) < 0.
This implies that
[FD (u,7) + GV (w, 1)] + v [E? (u,7) + G (w, 1)] + VT [EP (u,7) + G (w, )] #0, (12)

this contradicts the equality (4).
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(b) Ifhypothesis (ii) holds, Re[t! f(-)] is @-quasibonvex at u and according to inequality (8),
then there is a mapping © : C?"* x C?" — C?" such that

Re {[VTf(u) + (v,7)T V2Tl f(u)]O(z,u)} < 0.

By inequality (9) and Re[u'’g(+)] is strictly @-pesudobonvex at u € Q, then there is a
mapping ® : C2" x C?" — C?" such that

Re {[Vu'g(u) + (v,7) VZuHg(w)]|O(2,u)} < 0.

We obtain inequality (12) by summing up the two inequalities above, and then this
contradicts the equality of (4).
() Combine inequalities (8) and (9), and since Re[tHf(:) + ufg(:)] is strictly
O-pseudoconvex at u € Q, then we get the same inequality (12), which contradicts
the equality (4).
Therefore, the result of theorem is proved.
O

Theorem 4 (Strong Duality). Let T C CP? is a pointed, closed and convex cone. Suppose that zg
is a minimal efficient solution of (P) with respect to T, and the problem (P) satisfies the constraint
qualification at zo. Then there exists (T,zg, 4, v,7y) a feasible solution of the dual problem (D).
Moreover, if the hypotheses of Theorem 3 are fulfilled, then (T, zo, u, v, y) is also an optimal solution
of (D) with respect to T, and the two problems (P) and (D) have the same optimal values.

Proof. Let zg = (29,2g9) € Q is a minimal efficient solution of problem (P) with optimal
value 7, and take v = zp — zp = 0. By using Theorem 1 (Necessary optimality conditions),
there exist € T* C C? and u € S* C C1 such that

TV f(20) +7TVzf(20) + p" Vg (20) + pVzg(20) =0,

Re[p"g(z0)] =0,

then conditions (4) and (6) of dual problem (D) are hold. Because 7 is the optimal value
of problem (P), that is v = min f(z) = f(zg). It implies that Re(f(zg) — 7, 7) = 0, the
condition (5) of problem (D) holds. Hence, (7, zo, #,v = 0,7) is a feasible solution of the
dual problem (D). From Theorem 3, the optimality of the feasible solution (7, zg, 4, v, y)
for (D) reduces to be the optimal value of (D). Indeed, if there exists a feasible solution
(t,2z/,u,v,7") of (D) such that v/ — v € T\ {0}. Since v = f(zo) is the optimal value of
problem (P), we obtain

7 — f(zo) € T\ {0},

which contradicts to Theorem 3. [

Theorem 5 (Strictly Converse Duality). Let T C CP is a pointed, closed and convex cone.
Suppose that Z and (t,U, u,v,y) are optimal efficient solutions of (P) and (D) with respect to T,
respectively, and assume that the assumptions of Theorem 4 are fulfilled. Meanwhile, if Re[t" f(-)]
is strictly ®-pseudobonvex at 4 € Q and Re[u'g(-)] is @-quasibonvex at U € Q, then z = i,
and the problems of (P) and (D) with the same optimal values.

Proof. We assume that Z # 1. Since Z is an optimal efficient solution of (P) with optimal
value 7, and from Theorem 4, then

y=minf(z) = (f1(2),...,fp(Z)).
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So, we get Re(f(z) —v,7) = Ofornonzerot € T*. By condition (5) and the
above inequality,

Re(f(2) ~7,7) = 0 < Re (£(&) —7,7) — sRe (v, v"ED (@,7) + v"ED(5,7) ).
That is,
Re(f(2) — f(&),7) + %Re (v, EP @) B @) ) <o. (13)
Using the feasibility of Z of (P) with x € S*, and inequality (6),
Re[n*'g(2)] < 0 < Reln'g(@)] — 2Re { v, v*G{(uw,1) + 076 (u p) ).
Then

_ 1
Re[ug(z) — u''g(@)] + ;Re < v, VG (w, 1) + 1T G (u, 1) > <0. (14)

If Re[t ()] is strictly @-pseudobonvex at i € Q and by inequality (13), there is a
mapping ® : C*" x C?" — C such that

Re { [Vt f(u) + (v,7)TV?TH f(u)]O(z,u) } < 0. (15)

If Re[utg(-)] is @-quasibonvex at @ € Q and by inequality (14), there is a mapping
© : C?" x C?" — C such that

Re {[Vu'g(u) + (v,1)" VM g(w)]O(z,u)} <0. (16)
By considering inequalities (15) and (16), we could obtain the following inequality:
[FO@, 1) + 6N (@ )] + " [P @, 1) + 6P (@, 1)] +vT [E (@, 1) + G2 (8, )] #0,
which contradicts the equality (4). This completed the proof. [

5. Conclusions

In this paper, we state the necessary and sufficient optimality conditions of (P), estab-
lish the second-ordered parameter dual model (D) with respect to problem (P), and discuss
their duality theorems.
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Abstract: As the classic branching process, the Galton-Watson process has obtained intensive atten-
tions in the past decades. However, this model has two idealized assumptions—discrete states and
time-homogeneity. In the present paper, we consider a branching process with continuous states,
and for any given n € N, the branching law of every particle in generation 7 is determined by the
population size of generation n. We consider the case that the process is extinct with Probability
1 since in this case the process will be substantially different from the size-dependent branching
process with discrete states. We give the extinction rate in the sense of L? and almost surely by
the form of harmonic moments, that is to say, we show how fast {Z; !} grows under a group of
sufficient conditions. From the result of the present paper, we observe that the extinction rate will be
determined by an asymptotic behavior of the mean of the branching law. The results obtained in this
paper have the more superiority than the counterpart from the existing literature.

Keywords: size-dependent Jifina process; Lz—convergence; extinction

MSC: 60]80

1. Introduction and Preliminaries

Branching process is an important class of Markov processes, which describes the
survival and extinction of a particle system. The most classical branching process is called
the Galton-Watson process (see [1]). For a chosen family, Galton and Watson [1] used this
process to record the number of males in each generation. For a Galton-Watson process
{Z,},, we usually set Zy = 1, which means that there is a male ancestor in the family. The
relationship between Z,, ;1 and Z,, is written by

Z n

Zns1 =17,51 Y s
i=1

where 77, ; presents the number of boys whose father (in generation 7) is indexed by i. In a
Galton-Watson process, the random array {7, ; } , icx is set to be i.i.d. Hence, Galton-Watson
process is a time homogeneous Markov chains with discrete state. There are two idealized
assumptions in this model: one is the discrete state space, the other is the property of time
homogeneous. In other words, there are two directions to extend this model.

Jifina process (see [2-5]) is the continuous version of the Galton-Watson process, which
stresses that the role of 7, ; can take value in Rt (R™ := [0, +-0)) instead of N. Since the
state space of this process is a subset of R™, we use the Laplace transform to describe
the relationship between the number of particles in generation n and n + 1, which is
described by

E(e %1z, = x) = e ¥0), x e RT,

where F(s) is a cumulate generate function of a certain infinitely divisible distribution G. G
can be observed as the common branching mechanism (i.e., the law of 71 1) of each particle.

Axioms 2023, 12, 13. https:/ /doi.org/10.3390/axioms12010013 231 https://www.mdpi.com/journal /axioms
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It should be noted that in the above equality, F(s) is independent of #, thus, we see that the
Jifina process is still time-homogeneous.

To break the feature of time homogeneous, several time-inhomogeneous branching
processes have been studied over the past decades. There are different motivations to
construct the time-inhomogeneous property for a branching process, one of which assumes
that the common law of #,, 1,12, . . . is depending on Z,, and 7,, ; takes value in N for every
n,i. We call this a time-inhomogeneous branching process as the size-dependent branching
process (with discrete time and discrete state). This assumption (the law of #,, ; depends
on Z,) has a strong practical background; for example, when a country is overpopulated,
the government may promote family planning, while if a country faces the problem of
population scarcity, the government will encourage childbearing. This model has been
investigated in [6-8] and some other papers.

In the present paper, the model we consider is the continuous version of the size-
dependent branching process, which is also called the generalized Jifina process (for
short, GJP). This model was introduced in [9], where the model is defined by the Laplace
transform as

E(e % 17|Z, = x) = e *F(*3) | x e R, 1)

where F(x,s) is called a reproduction cumulative function (for short, r.c.f.) and it has the
following representation:

F(x,8) =r(x)t+ /01—00(1 —e ")o(x,du). )

We can refer to [9] on how to obtain (2). On the other hand, ref. [9] also explains that
r(x) is a non-negative Borel function, and (1 A u)v(x, du) is a bounded kernel from R™ to
(0, +00). That is to say,
—+00
Vx >0, / (1 Au)o(x,du) < +oo.
0

+

Hence, we see that the r.c.f. F(x, T) is determined by r(x) and v(x, du). Obviously, if
there exist a constant r and a measure v on (0, +-00) such that

r(x)=r, o(x,du) =o(du),
then GJP will degenerate to the Jifina process. Moreover, from (1) one can see

de—XF(x.s)

E(Zui|Zn = %) = ~=5—| .

Note that
lim F(x,s) =0

s—0T

lim OF(x,s) _ r(x) +/+oo uo(x,du).

s—0t s o+

and

Actually, we have set that (1 A u)v(x,du) is a bounded kernel. Denote
+00
m(x) :=r(x)+ . uv(x,du),
0

then we have
E(Zy411Zy = x) = xm(x),
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which means that m(x) presents the expectation of the children reproduced by unit parent
when the generation of the parent contains x particle(s). The above equality is equivalent to

E(Zy411Zn) = Zum(Zy).

Denote

0% (x) = u?v(x,du) =

+o0 2e—¥F(xs)
/0+ 9%s s=0t

By a direct calculation we obtain
E(Z31|Zn) =07 (Zn)Zn + Zgm?(Zn).

For a branching process {Z, }, a very important topic, which is usually considered
first, is the limit behavior of Z,, and the distribution of the limit (if it exists). For example,
the celebrated Kesten-Stigum theorem (see [1], Chapter 1) for the Galton-Watson process
and various generalized Kesten-Stigum theorem for different types of branching processes
(see [3,7,10]). In summary, the Kesten-Stigum theorem and its various of generalized ver-
sions demonstrate that {Z, } converges to 0 with Probability pg and to +oo with Probability
1 — pp and py depends on the branching mechanism (reproduction law) of the branching
process. Ref. [11] showed that the asymptotic behavior of GJP also behaves as

P(lim Z, € {0,+co}) =1

and pg := P(Z, — 0) is depending on some properties of F(x,s). The author of [11] also
pointed out that it is as similar as the asymptotic behavior of size-dependent branching
process for the case {Z,, — +co}. The most interesting and worth investigating is the case
that {Z, — 0}, since when the state space is N, then Z,, — 0 means that there exists a finite
generation n such that Z, = 0 but Z, can always be positive even though Z, — 0 when
the state space is R". Under some mild assumptions, ref. [10] gave the extinction rate of
Z, in the sense of almost surely when P(Z,, — 0) = 1. The idea to deal with the extinction
rate is to consider the growth rate of Z,; 1 then, the method to show the growth rate of the
size-dependent branching process { X, } when P(X,, — +o0) = 1 can be referred. Ref. [12]
gave a sufficient condition to ensure that the extinction rate in the sense of it almost surely
is also the extinction rate in the sense of L. In the present paper, we obtain a new extinction
rate, which is easier to understanding by the definition of the mean function m(-) (see
Section 3 for detail). Combining with the result in [12], we can observe that an extinct GJP
may have different extinction rates under different conditions.

In this paper, we consider the rate of Z, in the sense of almost surely and L? when
the GJP behaves as P(Z, — 0) = 1. We will give another group of sufficient conditions to
ensure that there exists a constant sequence {c, } such that {c,,/Z, } has a limit in the sense
of almost surely and L?. Compared with the previous results, our results have more values
for applications.

The GJP has a strong connection with reality. We can use GJP to model a number of
chemical reactions and biological situations. For instance, it is proper to describe the trend
of the concentration by GJP for some bacteria or virus whose reproduction depend on their
concentration in the medium. For more examples, we recommend [7] and the references
therein.

2. Main Results

For the sake of presenting our results, first of all, we give some basic assumptions as
follows.

(A1) r:= lim m(x), where 0 < r < 1.
x—0F
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(A2) There exits a function 71(x) > m(x) for all x > 0 which satisfies that ir>1£ m(x) > rand
x>

p(x) := [m(1/x) —r|(= m(1/x) = 1)

is non-increasing, xp(x) is non-decreasing and concave, and

—+o00
/ de < +o0.
1 X

—+o0
(A3) For any x > 0, it satisfies rx/ e ¥F(xs)dg <1
0
(A4) xp(y/x) is non-decreasing, concave and xp?(+/x) is concave.

—+o0
(A5) For any x > 0, it satisfies rzxz/ se*F(xs)ds < 1.
0
We remind that if p”(x) exists on (0, 4+c0), then (A2) implies (A4). Denote

1 1 Y

First, we give some lemmas and results which will be used during, as we prove our
main theorems.

Lemma 1. Suppose that h(x) is a positive and non-increasing function, then for any t > 1,€ > 0,
the following propositions are equivalent:

—+o00
(1) / 1) qy < 4oo;
1

X
[e9)

2) h(et") < +oo.
=1

n=

Proof. See ([6], p. 42). O

Lemma 2. Let h(x) be a positive and non-increasing real function defined on [0, +c0). Assume

—+o00
that xh(x) is non-decreasing and / @dx < +o0. Let {c, } be a positive sequence and there
exists a t > 1 such that for any n, it satisfies

|cns1 — cn| < cuh(cnt”),

then {cy } exists a finite non-negative limit. Moreover, there exists a constant ¢ depending on h(x)
and t such that, li_r>n cn > 0 only if the first term co > €.
n—o0

Proof. See ([6], p. 45). O

It is worth mentioning that the method from this paper is mainly concentrating on the
martingale convergence theorems listed below.

Theorem 1. (Martingale convergence theorem, (ref. [13], p. 270)) If {&,} is a sub-martingale and
sup E|¢,| < +oo, then there exists a random variable (denoted by &) satisfying that
n

lim &) = Cieo, a8, P(Cheo < +00) =1, E|Cio| < +00.

n—oo
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Theorem 2. (Martingale L¥ convergence theorem, (ref. [14], p. 60)) If {G, } is a sub-martingale
and sup E|&h| < +oo for some p > 1, then, there exists a random variable (denoted by & o)

n
satisfying that

lim &y = ¢4, as, LF, P({4o < +00) =1, ]E|§ioo| < too.

n—o0

Now, we give our main results as follows:

Theorem 3. Let {Z,} be a GJP, if Assumptions (A1)—(A3) hold and P(Zy = zy) = 1, where
2 is a positive constant, then there exist a constant vy € (0, +00) and a random variable S (both
depending on zg) such that

v = nh_r};loE(SﬂZO =zp),
S=1mS,, as.,
n—oo

and
ES < +oo0.

Proof. Let F; be the c-algebra field, which is generated by Zy, Z1, ..., Z,. Recalling that
Iy = Y%,' which means that

Bol%) = B(5—1%)
n
= ]E(/ 7SZ"+1C15|Z >
0
= /+OOE stn+1|Z)
0
_ /+°° ~ZuF(Zn5) 45
0
+o0
= / #)ds
0
= h(Yy). 3)

(9]

+

The second equality above is due to ¢ / e~ “ds = 1, where ¢ > 0 is a constant. By
0

Taylor’s expansion we can observe

F(x,s) < m(x)s. 4)
Assumption (A3) and (4) imply that

too +oo 1 +oo
/ efxm(x)sds < / 7xm X SdS < / 7xF (x,8) § < — = / e ¥5ds.
0 —Jo s 0

By the smoothing property of conditional expectation and (3), we obtain that
|ES; —ES;41]

_ q,LEWn) —E(h(Yx))]

+o0 s +o00
= Ll IE/ efmds—]E/ e ~wi s)ds
qn-i- 0 0
1 too 7
< anrl ]E/O (e r$Zy _e Z”m(Z”)s)dS )
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According to the mean value theorem, there exists a constant ¢ € [0, 1] such that

’E/+°°(erszn o efznm(zn)s)ds

0
+o0 _
_ ]E/ (ef(rsZn+19(an(Zn)sfrsZn))(Sznm(zn) —FSZn)dS
0

“+00
< ]E/ e "% (111(Zy)sZy — rsZy)ds
0

400 7
= |(m(Zy,) —r)ZnE/ e "*%1sds
Jo

Hence, we have

IES, — ES,41|
o1 E((m(zn>—r>zn)’

- 1 272
qn+ 2 ZYl

()

r2q

IN

1 _
= ;E(SnKm(Zn) —7)]).
From Assumption (A2), i.e., the concavity of p(x), we have
1 1 1 .,
[ESy 1 —ESy| = ;E(P(Yn)sn) < ;P(EYn)E(Sn) = ;P(q ESn)E(Sn).
Note that ¢ > 1, hence by applying Lemma 2, it follows that r}g]folo ES,, exists and
b:= lim ES, < +oo.
n—o0

Note that b lies on the starting state Z. Since P(Zy = zp) = 1, then by using Lemma 2

itis easy to observe that b > 0if ESy = 1/z( large enough. Therefore, by a similar argument

as stated in [12], we can observe b > 0 only if zy > 0.
On the other hand, noting that

too
Sn — E(Spy1|Fn) = /0 it (e7rs%n — e nF(Zns))ds > 0,

we declare that {S,,, F,} is a non-negative super martingale. Using Theorem 1 we speculate
that there exists a random variable S such that

lim S, =S5, as..
n—00
By Fatou’s Lemma we claim that
ES < lim ES;, < +oco.
n—o0
Accordingly, we complete the proof. [
Theorem 4. Let {Z,} be a GJP, Assumptions (A1)—(A5) hold and P(Zy = zp) = 1. Then,
S=lim S,, in L7,
n—o0

and
P(S > 0) > 0.
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Proof. Recall a simple calculation
—+oo
? / se “ds=1, ¢>0.
J0

First, we observe that

Hence, one sees that

IESZ —ES2_ 4|

1 T s T 1pL
= = E/ se Wnds—E/ se” T (%) ds
q 0 0
1 oo .
< E( / s(e "5 —e—an<Zn>S)ds> ’
0

By the mean-value theorem, there exists a constant ¢ € [0, 1] such that

E</+oos(erszn _ eZ,,‘rﬁ(Zn)S)dS) ‘
0

+o0 _
_ E/ S(ef(rsZn+19(an(Zn)sfrsZn))(an(zn)s o I’SZn))dS
0

+0c0
< IEI/ $2Zne "% (m(Zy) — r)ds
0

< EzW(Z") 3—r|Zn.
373

Based on (5) and (6) we obtain

2im(Zy) —r 2
N D)

1
[ES7 —ESh4| < qﬁE

By the concavity of I(x) := xp(1/x), we have

ES —ESh | = 5 E((YD))

IN

2
quHZ(EYn)
_ 2 2 2\ 1
- ;ESHP( E(Sn)q )

Since p(x) is non-increasing, we obtain

2
[ES} — ES7 1| < TES p(q"ESn).
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According to the conclusion in Theorem 1 we obtain b* := iry}f ES, > 0. Hence, ones
have :
[ES: — Sy 1] < ZESip(g"b").

That is to say, we arrive at

2
ES2,y < ZES2(1+ p(g"h")).

[ee]
From Lemma 1 we have Y. p(b*q") < +oo, which means that
n=1

supES? < 40
n

and thus the limit § := ILm [ES2 exists. Now, we construct a martingale as
n—oo

Un = Sn + Vn,
where
Tl 2R (Zes)
Vn::Z/ g (77 — em A ) ds.

k=070 1

Denote || X|| as the L?-norm of the random variable X, hence, it is clear that
[ ll < 1Sl + [ Vall-

Define

+00
Qk _ /0 qlirl (efrsZk - efsz(Zk,s))ds'

It is obvious that for any 7, one has

IVall < 3 1Qkll
k=0

Moreover, from the estimate in the proof of Theorem 3, we have

1 too 1 |r—m(Z,)|
1Qn| < W/O e “"|rsZy — F(Zn,s)Zn|ds < a2 Sy

Since xp? (/) is a concave function (see Assumption (A4)), we can obtain that

k;HQkH < ];)\/E[<[V25kp(5qu>> }
< Y ESHAES)).
k=0

Since a? := sup, ES2 < oo, then it follows that

2w
sup [Vl < Y- 2p(ESiqh).
n k=0

Thus, by utilizing Lemma 1, it is not hard to verify that

Y p(ESi*) < Y p(b7d") < +oo,
k=0 k=0
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then

o

sup [ Va|| < ) [Qkll < +eo,
n k=0

which establishes that

sup [[Un|| < sup |[Su]| +sup [[Vu]| < a? + sup [[Va| < +oo.
n n n n

Combining the above inequality with the fact that {U,, F, } is a martingale, we claim
that {U, } has a limit in the sense of L2 from the martingale L? convergence theorem. On

n
the other hand, we observe that {V},} also has the L? limit since { YOkl } is a Cauchy
k=0

sequence. Recall that S, = U, — V}, and we have shown that {S, } has the limit S in the
sense of almost surely, then we have

S, — S, as., L?
and
lim ES2 = ES2.
n—oo

Moreover, }111_1%10 ES, = ES > 0, thus, P(S > 0) > 0. That is to say, S is non-
degenerate. [J

3. Conclusions
Compared with the results in [12], the assumptions in the present paper do not need
that inf r(x) > 0. We also even do not require that inf m(x) > 0. Intuitively, inf m(x) = 0
x>0 x>0 x>0
will make the process more likely to be extinct. Hence, ir>1£ r(x) > 0is not a natural enough
X

condition under the case P(Z, — 0) = 1, which we consider. Moreover, the extinction rate

may be different between in [12] and in this paper, since under the assumption in [12] the

rate will be lirn+ r(x) (if it exists). One can see that there are many cases (for example, the
x—0

case that v(x, du) is not depending on x) in which lir(1)1+ r(x) < lir(1)1+ m(x). We remind that
x— x—
the rate in our paper lirgl+ m(x) appears reasonable because of m(x) = x 'E(Z,,1|Z, = x),
x—

and further, we consider the case that the process is extinct.

Throughout our paper, under the Assumptions (A1)-(A5), we obtain an extinction
rate for a GJP in the sense of almost surely and L?, which enriches the limit theory of GJP
process. Therefore, our results have potential values in applications.
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