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Research on the Nonlinear Stiffness Characteristics of
Double-Row Angular Contact Ball Bearings under Different
Working Conditions

Bin Fang 1,2,*, Jinhua Zhang 1,2, Jun Hong 1,2 and Ke Yan 1,2,*
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2 School of Mechanical Engineering, Xi’an Jiaotong University, Xi’an 710049, China
* Correspondence: binfang@mail.xjtu.edu.cn (B.F.); yanke@mail.xjtu.edu.cn (K.Y.)

Abstract: To study the variation rules of nonlinear stiffness of double-row angular contact ball
bearings (DR-ACBB), this paper proposed a general mathematic model for DR-ACBB under three
different configurations based on the improved quasi-static model of ball bearings, an explicit
expression stiffness matrix of DR-ACBB is analytically derived, and a double-layer nested iterative
algorithm based on the Newton–Raphson method is designed to realize the efficient solution of
the proposed model. Then, the effects of the preload, speeds, and loads on the nonlinear stiffness
variations of DR-ACBB under different arrangements are comparatively analyzed. The results show
that DR-ACBB under the DB and DF configurations have the same variation rule in axial and radial
stiffness; that is, a nonlinear soft-spring stiffness characteristic (i.e., the stiffness decreases with the
external load) within the low-speed range and light load condition, and a nonlinear hard spring
stiffness characteristic (i.e., the stiffness increases with the external load) within the high-speed range
or heavy load condition.

Keywords: double-row angular contact ball bearing; nested iterative algorithm; nonlinear stiffness;
soft/hard spring stiffness characteristic

1. Introduction

As the core functional component of various rotating machinery systems, double-row
angular contact ball bearings (DR-ACBB) have been widely used in rail transportation,
CNC machine tools, and aerospace and other fields. Compared with traditional single-
row angular contact ball bearings, DR-ACBB show better rigidity and carrying capacity.
Due to the strong nonlinear coupling between the loads and deformations of single-row
angular contact ball bearings (SR-ACBB), the stiffness characteristics of DR-ACBB cannot
be obtained by the linear superposition of two single ball bearings. Unfortunately, studies
on DR-ACBB are relatively few, and only a small number of static simplified models have
been reported in recent years.

Bercea [1] proposed a unified model for different types of double-row rolling bearings
under a face-to-face arrangement; however, a study on the stiffness formulation of double-
row rolling bearings was not involved. Gunduz and Singh [2,3] conducted a comprehensive
study on the mechanical modeling and stiffness matrix calculation for static DR-ACBB, and
the effects of the preload and arrangement forms are detailed, discussed, and analyzed.
On this basis, Dick [4] presented a simplified mathematical model to predict the load
distribution, stiffness variations, and vibration responses for DR-ACBB with raceway
defects of varying length, depth, and surface roughness. Xu et al. [5] further studied the
influence of ring angular misalignments on the load distribution and stiffness coefficients
for DR-ACBB. Above all, not only the effects of ball inertia forces have been ignored—the
relationship between DR-ACBB and SR-ACBB has not been explicitly determined.

Lubricants 2023, 11, 44. https://doi.org/10.3390/lubricants11020044 https://www.mdpi.com/journal/lubricants1
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In order to accurately predict the mechanical and stiffness characteristics of DR-ACBB
at different speed ranges, the influence of the centrifugal forces and gyroscopic moments of
internal balls need to be fully considered. Furthermore, according to the structure features
of DR-ACBB, the mechanics and motion states of the SR-ACBB should be determined
first. Different from the study on DR-ACBB, large numbers of the modeling methods and
characteristics analyses of SR-ACBB have been widely reported [6–18]. Among them, due
to its high computational efficiency and accuracy, the improved quasi-static model based
on the no-macro-sliding hypothesis has been widely used in load distribution calculations
and stiffness characteristic analyses [10,13].

As the basic aspect of the dynamic modeling and characteristic analysis of bearing
and rotor systems, research on the stiffness matrix of ball bearing has been paid attention
to for a long time [19–34]. Especially in recent years, multi-degree-of-freedom stiffness
matrix calculations based on analytical differential [24–28] and numerical difference [29–31]
methods have become a trend in this field. Compared with the numerical method, the
analytical method has higher calculation efficiency, stability, and accuracy. However, all the
above studies were only conducted for SR-ACBB, mainly focusing on stiffness softening
behaviors; that is, the stiffness of ball bearings decrease as their rotating speed increases.
However, an analysis of the nonlinear stiffness characteristics of ball bearings is rarer [32].
Considering the significant difference between the dynamic response of nonlinear and
linear systems, it is impossible to accurately predict the dynamic characteristics of the
bearing and rotor support system based on linear stiffness assumptions. Furthermore,
DR-ACBB can have different configurations, which may lead to more abundant nonlinear
stiffness characteristics for DR-ACBB under different load conditions and speed ranges.
Therefore, it is of great significance to systematically and comprehensively study the
nonlinear stiffness characteristics of DR-ACBB.

This paper presents a comprehensive study on the nonlinear stiffness characteristics
of DR-ACBB under three different arrangements. First, based on the improved quasi-static
model of SR-ACBB, the load and displacement relationships between DR-ACBB and two
SR-ACBB are given by the vector transformation under multi-coordinate systems. Then,
the analytical derivation of the stiffness matrix for DR-ACBB under different arrangements
is presented, and a double-layer nested iterative algorithm based on Newton–Raphson is
designed for the high-efficiency solution of the proposed model. At last, the influences of
the rotating speed, preload, and external force on the nonlinear stiffness characteristics of
DR-ACBB under different arrangements are comparatively analyzed.

2. Theoretical Analysis

The three typical configuration forms of DR-ACBB are shown in Figure 1: (i) back-to-
back (DB) arrangement; (ii) face-to-face (DF) arrangement; and (iii) tandem (DT) arrange-
ment. To build a universal model of DR-ACBB in the above different configurations, the
following assumptions are given to simplify the complexity:

(1) Two SR-ACBBs have the same structural parameters, that is, the raceway contact
curvature radii ri and ro, the raceway contact diameters di and do, and the ball diameter
and number D and Z, respectively;

(2) The influence of the lubrication and cage is not considered;
(3) The outer raceway is fixed while the inner ring moves and rotates with the central shaft.
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(a) (b) (c) 

Figure 1. Three configurations of DR-ACBB: (a) DB arrangement; (b) DF arrangement; (c) DT arrangement.

In order to further improve the supporting rigidity and operation accuracy, DR-
ACBB is always designed with a split inner raceway, which provides a lock nut or spacer
convenient for the axial preloading [3,18]. Therefore, compared with SR-ACBB, DR-ACBB
have two additional geometry parameters as presented in Figure 2: the center distance
between two rows of rolling elements (dc) and the axial clearance of the split inner ring (δp).
During the installation process of double-row ball bearings, the axial clearance δp needs to
be eliminated by axial locking force to achieve effective pre-tightening.

 
(a) (b) 

Figure 2. The coordinate systems and force state of DR-ACBB under DB arrangement: (a) the diagram
of DR-ACBB; (b) the diagram of the single-side ACBB.

2.1. Mechanics Analysis of DR-ACBB

As shown in Figure 2, the DR-ACBB under the DB configuration are chosen as an
example to illustrate the detailed modeling process of DR-ACBB under variation operating
conditions. At first, it is assumed that DR-ACBB are subjected to arbitrary combined loads
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at their geometric center, and then two type of coordinate systems are established to aid
the derivation the equilibrium equations of DR-ACBB: (i) the global coordinate system of
DR-ACBB: O-XYZ; (ii) the local coordinate systems of the single-row ACBB: OL-XLYLZL

and OR-XRYRZR. Furthermore, the YL and YR axes, respectively, pass through the ball
centers of the left and right side of the ACBB. On this basis, the mechanical equations of
the moving inner raceway for DR-ACBB under a DB arrangement can be given as:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Fx =
Z
∑

k=1

[(
QL

ik sin αL
ik − TL

ik cos αL
ik

)− (
QR

ik sin αR
ik − TR

ik cos αR
ik

)]
Fy =

Z
∑

k=1

[(
QL

ik cos αL
ik + TL

ik sin αL
ik

)
+
(
QR

ik cos αR
ik + TR

ik sin αR
ik

)]
cos ψk

Fz =
Z
∑

k=1

[(
QL

ik cos αL
ik + TL

ik sin αL
ik

)− (
QR

ik cos αR
ik + TR

ik sin αR
ik

)]
sin ψk

My =
Z
∑

k=1

⎧⎪⎪⎨⎪⎪⎩
[

dm−D cos αL
ik

2

(
QL

ik sin αL
ik − TL

ik cos αL
ik

)
+

dm−D cos αR
ik

2

(
QR

ik sin αR
ik − TR

ik cos αR
ik

)]
+ . . . . . .[

dc+D sin αL
ik

2

(
QL

ik cos αL
ik + TL

ik sin αL
ik

)
+

dc+D sin αR
ik

2

(
QR

ik cos αR
ik + TR

ik sin αR
ik

)]
⎫⎪⎪⎬⎪⎪⎭ sin ψk

Mz = − Z
∑

k=1

⎧⎪⎪⎨⎪⎪⎩
[

dm−D cos αL
ik

2

(
QL

ik sin αL
ik − TL

ik cos αL
ik

)− dm−D cos αR
ik

2

(
QR

ik sin αR
ik − TR

ik cos αR
ik

)]
+ . . . . . .[

−dc+D sin αL
ik

2

(
QL

ik cos αL
ik + TL

ik sin αL
ik

)
+

dc−D sin αR
ik

2

(
QR

ik cos αR
ik + TR

ik sin αR
ik

)]
⎫⎪⎪⎬⎪⎪⎭ cos ψk

(1)

where Q and T are the ball raceway’s normal contact load and tangential friction load,
α and ψ are the contact angle and position angle of ball, and dm and D are the pitch
diameter and ball diameter, respectively. Furthermore, in this paper, unless otherwise
stated, the subscripts i and o, respectively, indicate the parameters used for inner and outer
ball raceway action analysis, and the subscript k indicates the parameters used for the kth
ball. The superscripts L and R, respectively, denote the parameters used for modeling the
left-side and right-side DR-ACBB.

To simplify the above mechanical equations of DR-ACBB, the mechanical equations of
two SR-ACBBs need to be determined first. As shown in Figure 2b, it is assumed that the
restoring force vectors generated by two SR-ACBBs at the local coordinate center points
OL and OR are written as FL = {FxL, FyL, FzL, MyL, MzL} and FR = {FxR, FyR, FzR, MyR, MzR},
respectively. Then, the expressions of the mechanical equations of two SR-ACBBs are
presented in Equations (2)–(5):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

FxL = ∑Z
1 FL

ak
FyL = ∑Z

1 FL
rk cos ψk

FzL = ∑Z
1 FL

rksinψk

MyL = ∑Z
1

(
dm−D cos αL

ik
2 FL

ak +
D sin αL

ik
2 FL

rk

)
sin ψk

MzL = −∑Z
1

(
dm−D cos αL

ik
2 FL

ak +
D sin αL

ik
2 FL

rk

)
cos ψk

(2)

with {
FL

ak = QL
ik sin αL

ik − TL
ik cos αL

ik
FL

rk = QL
ik cos αL

ik + TL
ik sin αL

ik
(3)

and ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

FxR = ∑Z
1 FR

ak
FyR = ∑Z

1 FR
rk cos ψk

FzR = ∑Z
1 FR

rksinψk

MyR = ∑Z
1

(
dm−D cos αR

ik
2 FR

ak +
D sin αR

ik
2 FR

rk

)
sin ψk

MzR = −∑Z
1

(
dm−D cos αR

ik
2 FR

ak +
D sin αR

ik
2 FR

rk

)
cos ψk

(4)

with {
FR

ak = QR
ik sin αR

ik − TR
ik cos αR

ik
FR

rk = QR
ik cos αR

ik + TR
ik sin αR

ik
(5)

4



Lubricants 2023, 11, 44

Substituting Equations (2) and (4) into Equation (1), then one can obtain:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Fx = FL
x − FR

x
Fy = FL

y + FR
y

Fz = FL
z − FR

z
My = ML

y + MR
y + dc

2
(

FL
z + FR

z
)

Mz = ML
z − MR

z − dc
2

(
FL

y − FR
y

) (6)

The above Equation (6) can be further rewritten to the following matrix operation:

FT = N1(
dc

2
)× FT

L + N2(
dc

2
)× FT

R (7)

with

N1(
dc

2
) =

⎡⎢⎢⎢⎢⎢⎣
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 dc

2 1 0
0 − dc

2 0 0 1

⎤⎥⎥⎥⎥⎥⎦, N2(
dc

2
) =

⎡⎢⎢⎢⎢⎢⎣
−1 0 0 0 0
0 1 0 0 0
0 0 −1 0 0
0 0 dc

2 1 0
0 dc

2 0 0 −1

⎤⎥⎥⎥⎥⎥⎦ (8)

Furthermore, the displacement vectors (dL and dR) of two SR-ACBBs at the local
coordinate center points OL and OR can be calculated by the relative displacement vector
of DR-ACBB at the global coordinate center points O (d = {δx,δy,δz,θy,θz}):

dT
L =

⎡⎢⎢⎢⎢⎣
δL

x
δL

y
δL

z
θL

y
θL

z

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
0.5δP + δx

δy − dc
2 θz

δz +
dc
2 θy

θy
θz

⎤⎥⎥⎥⎥⎥⎦ = NT
1 (

dc

2
)× d +

⎡⎢⎢⎢⎢⎣
0.5δP

0
0
0
0

⎤⎥⎥⎥⎥⎦ (9)

dT
R =

⎡⎢⎢⎢⎢⎣
δR

x
δR

y
δR

z
θR

y
θR

z

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
0.5δP − δx

δy +
dc
2 θz

−δz +
dc
2 θy

θy
−θz

⎤⎥⎥⎥⎥⎥⎦ = NT
2 (

dc

2
)× d +

⎡⎢⎢⎢⎢⎣
0.5δP

0
0
0
0

⎤⎥⎥⎥⎥⎦ (10)

Based on the above equations, it can be found that the relative displacement vectors
of two SR-ACBBs at the local coordinate center points OL and OR can be determined by
the matrix transformation of the relative displacement vector of DR-ACBB. Furthermore,
the same initial preload displacement (δp/2) is also considered in the relative displacement
vector calculation of two SR-ACBB.

Similarly, the ring mechanical equations of DR-ACBB under DF and DT arrangements
can also been given in a simplified matrix formation, as follows:

i. DF arrangement:

FT = N3(
dc

2
)× FT

L + N4(
dc

2
)× FT

R (11)

dT
L =

⎡⎢⎢⎢⎢⎣
δL

x
δL

y
δL

z
θL

y
θL

z

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
0.5δp − δx

δy − dc
2 θz

−δz − dc
2 θy

θy
−θz

⎤⎥⎥⎥⎥⎥⎦ = NT
3 (

dc

2
)× dT +

⎡⎢⎢⎢⎢⎣
0.5δp

0
0
0
0

⎤⎥⎥⎥⎥⎦ (12)
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dT
R =

⎡⎢⎢⎢⎢⎣
δR

x
δR

y
δR

z
θR

y
θR

z

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
0.5δp + δx

δy +
dc
2 θz

δz − dc
2 θy

θy
θz

⎤⎥⎥⎥⎥⎥⎦ = NT
4 (

dc

2
)× dT +

⎡⎢⎢⎢⎢⎣
0.5δp

0
0
0
0

⎤⎥⎥⎥⎥⎦ (13)

ii. DT arrangement:

FT = N1(
dc

2
)× FT

L + N4(
dc

2
)× FT

R (14)

dT
L =

⎡⎢⎢⎢⎢⎣
δL

x
δL

y
δL

z
θL

y
θL

z

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
0.5δp + δx

δy − dc
2 θz

δz +
dc
2 θy

θy
θz

⎤⎥⎥⎥⎥⎥⎦ = NT
1 (

dc

2
)× dT +

⎡⎢⎢⎢⎢⎣
0.5δp

0
0
0
0

⎤⎥⎥⎥⎥⎦ (15)

dT
R =

⎡⎢⎢⎢⎢⎣
δL

x
δL

y
δL

z
θL

y
θL

z

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
0.5δp + δx

δy +
dc
2 θz

δz − dc
2 θy

θy
θz

⎤⎥⎥⎥⎥⎥⎦ = NT
4 (

dc

2
)× dT +

⎡⎢⎢⎢⎢⎣
0.5δp

0
0
0
0

⎤⎥⎥⎥⎥⎦ (16)

where the transfer matrices N3 and N4 used in the above expressions are written as:

N3(
dc

2
) =

⎡⎢⎢⎢⎢⎢⎣
−1 0 0 0 0
0 1 0 0 0
0 0 −1 0 0
0 0 − dc

2 1 0
0 − dc

2 0 0 −1

⎤⎥⎥⎥⎥⎥⎦, N4(
dc

2
) =

⎡⎢⎢⎢⎢⎢⎣
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 − dc

2 1 0
0 dc

2 0 0 1

⎤⎥⎥⎥⎥⎥⎦ (17)

Then, to further determine the ball raceway’s normal contact loads and tangential friction
loads, the force analysis of the local balls in DR-ACBB needs to be conducted. As shown in
Figure 3, taking the kth ball inside the left-side ACBB to build the local mechanical equations [9]:{

QL
ik sin αL

ik − TL
ik cos αL

ik − QL
ok sin αL

ok + TL
ok cos αL

ok = 0
QL

ik cos αL
ik + TL

ik sin αL
ik − QL

ok cos αL
ok − TL

ok sin αL
ok + FL

ck = 0
(18)

where Fc is the ball centrifugal force, and then the ball raceway’s normal contact load Q
and tangential friction load T can be further given as [13]:

⎧⎨⎩ QL
ik = KL

ik
(
δL

ik
) 3

2

QL
ok = KL

ok
(
δL

ok
) 3

2
,

⎧⎪⎨⎪⎩
TL

i =
2QL

ik
QL

ik+QL
ik

ML
gk

D

TL
o = 2Qok

QL
ik+QL

ok

ML
gk

D

(19)

 

Figure 3. The force analysis of local ball for DR-ACBB under DB arrangement.
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In addition, the geometric position change of the kth ball inside the left-side ACBB for
DR-ACBB under a DB arrangement is shown in Figure 4, and the initial positions of the

inner-ring’s curvature center and ball center are changed from points and OL
bk to points

.
O

L
ik

and
.

O
L
bk, respectively. Therefore, the ball raceway’s normal deformation is given as:⎧⎨⎩ δL

ik = [(AL
1k − XL

1k)
2
+ (AL

2k − XL
2k)

2
]
1/2 − (ri − 0.5D)

δL
ok = [(XL

1k)
2
+ (XL

2k)
2
]
1/2 − (ro − 0.5D)

(20)

with {
AL

1k = (ri + ro − D) sin α0 + δL
x + 0.5dm sin ψkθL

y − 0.5dm cos ψkθL
z

AL
2k = (ri + ro − D) cos α0 + cos ψkδL

y + sin ψkδL
z

(21)

where α0 is the static initial contact angle of DR-ACBB without preload.

 
Figure 4. The geometric analysis of local ball of the left-side ball bearing for the double-row ball
bearing in DB arrangement.

Furthermore, in order to ensure the stability and convergence of the subsequent
iterative calculation, the ball raceway’s actual contact states need to be judged to cover the
possible ball raceway separation [35]:⎧⎨⎩ δL

ik = 0
δL

ik = eps
i f

[(AL
1k − XL

1k)
2
+ (AL

2k − XL
2k)

2
]
1/2 ≤ (ri − 0.5D)

[(XL
1k)

2
+ (XL

2k)
2
]
1/2 ≤ (ro − 0.5D)

(22)

In the above expression, a small real number of eps is set to ensure the positive contact
deformation between the ball and outer ring (i.e., the ball never separates from the outer
ring due to the inertia force).

In order to shorten the article space, this paper will not repeat the derivation process
of the ball inside the right-side ACBB.

2.2. Iterative Calculation of the Proposed Model

In order to calculate the load distribution and deformation of DR-ACBB, two kinds
of nonlinear equations need to be solved simultaneously: (1) the equilibrium equations
of balls (i.e., Equation (18), and the number of equations is 4*Z); (2) the ring equilibrium
equations (i.e., Equation (7)/Equation (11)/Equation (14), and the number of equations is
5). Therefore, how to construct a reasonable iterative algorithm to ensure the efficient and
stable solution of the above equations is also a key research direction in this paper.
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As shown in Figure 5, the detailed calculation process based on the two-layer nested
iterative algorithm used in this paper is presented. The inner iteration is used to solve the
ball equilibrium equations and the outer iteration is used to solve the ring equilibrium
equations. Through further observation, both the displacement vector d and stiffness
matrix K of DR-ACBB play an important role in the iterative operation. The displacement
vector d is continuously modified through the stiffness matrix K until the iteration errors
are less than the set threshold value, and the stiffness matrix K needs to be updated
continuously by the calculation results of the inner iteration. Furthermore, the parallel
calculation scheme can be used in ball mechanical equations solutions to further improve
the calculation efficiency.

Figure 5. The detailed iterative calculation flow diagram for DR-ACBB.
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2.3. Analytical Formulation of the Stiffness Matrix of DR-ACBB

To calculate the analytical expression of the stiffness matrix of DR-ACBB, the explicit
relationship of the stiffness matrices between DR-ACBB and SR-ACBBs need to be de-
termined first. As the typical multi-degree-of-freedom nonlinear system, the variation
stiffness matrix K of DR-ACBB are given as the Jacobian matrix of the external load vector
F to the relative displacement vector d:

K =
∂F

∂d
=

∂
(

Fx, Fy, Fz, My, Mz
)

∂
(
δx, δy, δz, θy, θz

) (23)

Taking DR-ACBB under a DB configuration as an example, according to Equations (7),
(9), and (10), the above expression can be further extended as follows:

[K]DB =

[
∂F

∂d

]
DB

= N1
∂FL

∂d
+ N2

∂FR

∂d
(24)

with {
∂FL
∂d = ∂FL

∂dL

∂dL
∂d = KLNT

1
∂FR
∂d = ∂FR

∂dR

∂dR
∂d = KRNT

2
(25)

where KL and KR denote the stiffness matrix of two SR-ACBBs. Substituting Equation (25)
into Equation (24), one can obtain:

[K]DB =

[
∂F

∂d

]
DB

= N1KLNT
1 + N2KRNT

2 (26)

Similarly, the stiffness matrices of DR-ACBB in the DF and DT configurations are given
as follows:

[K]DF =

[
∂F

∂d

]
DF

= N3KLNT
3 + N4KRNT

4 (27)

[K]DT =

[
∂F

∂d

]
DT

= N1KLNT
1 + N4KRNT

4 (28)

Then, taking the left-side ACBB of DR-ACBB in a DB arrangement, a brief review of
the analytical formulation of SR-ACBB is presented.

At first, the stiffness matrix of SR-ACBB can also be calculated by the Jacobian matrix
of the restoring load vector FL and displacement vector dL at the local coordinate center
points OL. Considering that the relationships of the external forces and deformations of
SR-ACBB are determined by both the explicit and the implicit equations, the intermediate
variables xk = {X1k, X2k, A1k, A2k} are introduced to divide the stiffness matrix calculation
into two steps:

KL =
Z

∑
k=1

(
∂FL

∂xk

∂xk

∂dL

)
(29)

The detailed derivation process for the differential operations of the explicit and the
implicit equations can refer to [26,27].

Similarly, the stiffness matrix of the right-side ACBB can also be calculated, and then
the complete analytical expression of the stiffness matrix of DR-ACBB under different
configurations can be obtained by Equations (26)–(28).

3. Numerical Simulation and Discussions

In this section, the influence of the speeds, external loads, and configuration forms
on the nonlinear stiffness variation of DR-ACBB 3210 (The detailed parameters is given
in Table 1) is discussed. In addition, unless otherwise specified, the axial clearance of
the split inner ring for the initial preload of DR-ACBB is δp = 12 μm (i.e., it corresponds

9
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approximately to the static preload force of 340 N), and the operating rotating speed is
5000 rpm.

Table 1. The key geometrical parameters of DR-ACBB 3210.

Parameters 320

Curvature radius (inner-raceway) ri (mm) 4.54
Curvature radius (outer-raceway) ro (mm) 4.54
Contact diameter (inner-raceway) di (mm) 61.22
Contact diameter (outer-raceway) do (mm) 78.78

Ball number Z 12
Ball diameter D (mm) 8.73

Pitch diameter dm (mm) 70
Preload displacement δp(μm) 12

Radial clearance (μm) 100
The ball center distance (mm) 15

3.1. Analysis of Nonlinear Stiffness Characteristic of the Axially Loaded DR-ACBB

At first, as shown in Figure 6, the variation curves of the axial ring displacements
and axial load distributions with the axial external load for DR-ACBB in three different
configurations are presented. One can find that, due to the symmetry of the structure for
DR-ACBB in DB and DF configurations, they have the same change curve, and similar
phenomena also occur for DR-ACBB under pure radial load conditions in the subsequent
analysis, while DR-ACBB under a DT configuration have better unidirectional load carrying
capacities (i.e., the deformation under the same load is smaller). furthermore, by further
observing Figure 6b, with the increase in the axial load, two SR-ACBBs inside DR-ACBBs
under DB and DF configurations show different force states; that is, the axial restoring force
generated by the left-side ACBB gradually increases, and the axial restoring force generated
by the right-side ACBB decreases until it completely disappears. While for DR-ACBB under
a DT configuration, since the installation direction of two SR-ACBBs is the same, the axial
external force is evenly shared by two SR-ACBBs, so the stiffness and stiffness variation of
DR-ACBB under a DT configuration satisfies the linear superposition principle. Therefore,
the follow-up research in this paper is mainly aimed at a nonlinear stiffness characteristics
analysis of DR-ACBBs under DB and DF configurations. In fact, DR-ACBB under a DT
configuration cannot be used alone because the axial restoring force generated by the initial
preload cannot be balanced without the external load.

 
(a) (b) 

Figure 6. The result curves of the axial displacements and load distributions versus the axial load for
DR-ACBB under different configurations (N = 1000 rpm): (a) the axial displacement; (b) the axial
load distribution.

Then, the influence of rotating speeds on the axial and radial stiffness variation rules
versus axial load for DR-ACBBs under DB and DF configurations are shown in Figure 7
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(i.e., DR-ACBBs under DB and DF configurations show the same stiffness variation curves).
It can be found that when DR-ACBB operated at a low-speed range (i.e., 1000 rpm), both
the axial and radial stiffness of DR-ACBB show a similar two-stage variation characteristics;
that is, the bearing stiffness decreases in the light load range and increases in the heavy load
range, which indicates that DR-ACBBs under DB and DF configurations show the nonlinear
spring characteristics of soft first and then hard with the increase in axial load. By further
observing Figure 8a, the dividing point of the above two-stage stiffness change curves for
DR-ACBB at 1000 rpm is approximately located at the complete unloaded point of the
right-side ACBB. Furthermore, as the rotating speed increases to 5000 and 8000 rpm, the
axial external load range corresponding to stiffness attenuation gradually decreases until
it disappears; at the same time, the phenomenon of the completely unloaded single-side
ACBB is also not found, as shown in Figure 8b,c. In summary, DR-ACBB under DB and DF
configurations show nonlinear soft-spring stiffness characteristics at a low-speed range and
light (axial) load condition, while they show a nonlinear hard spring stiffness characteristic
at relatively high-speed ranges or heavy (axial) load condition.

 
(a) (b) 

Figure 7. The axial and radial stiffness variation curves versus the axial external load for DR-ACBB
at three different speeds: (a) the axial stiffness; (b) the radial stiffness.

  
(a) (b) (c) 

Figure 8. The change curves of the axial stiffness of two SR-ACBBs versus the axial external load for
DR-ACBB under DB configuration: (a) rotating speed = 1000 rpm; (b) rotating speed = 5000 rpm;
(c) rotating speed = 8000 rpm.

In addition, the comparison results of the angular stiffness versus axial external load
of DR-ACBBs under DB and DF configurations are presented in Figure 9. One can find
that the DR-ACBB under a DB configuration have a bigger angular stiffness and show a
similar varying tendency to radial stiffness, while for DR-ACBB under a DF configuration,
the bending moment resistance is poor due to the small angular stiffness, and the change
trend of angular stiffness in its attenuation range is gentler.
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(a) (b) 

Figure 9. The comparison results of the angular stiffness versus axial external load of DR-ACBB
under DB and DF configurations: (a) DB configuration; (b) DF configuration.

Lastly, the influences of rotating speed on axial stiffness and the actual preload of
DR-ACBB without external load are presented in Figure 10a. One can find that although
the actual preload increases with rotating speed due to the action of ball centrifugal forces
and the fixed-position preload mechanism [33], the axial stiffness of DR-ACBB still shows
a significant attenuation tendency with rotating speed. Furthermore, it can be seen from
Figure 10b that the initial preload plays a key role on the nonlinear stiffness variations
of DR-ACBB. One can find that, increasing the preload can not only improve the overall
stiffness of DR-ACBB but also expand the axial load range corresponding to the stiffness
attenuation. Furthermore, the influence strength of initial preload decreases obviously at
the large axial load condition, and the stiffness of DR-ACBB is mainly determined by the
external load at this time.

 
(a) (b) 

Figure 10. The effects of the speed and preload on the nonlinear stiffness variations of DR-ACBB:
(a) the actual preload and axial stiffness varying with the speed; (b) the axial stiffness varying with
axial load of DR-ACBB with different initial preloads (δp/2).

3.2. Analysis of Nonlinear Stiffness Characteristic of the Radially Loaded DR-ACBB

In this section, the nonlinear stiffness characteristics of DR-ACBB subjected to the
radial load will be detailed, discussed, and analyzed.

First, as shown in Figure 11, the variation curves of the radial stiffness along the Y-axis
and Z-axis versus the external load along the Y-axis for DR-ACBB under DB and DF config-
urations at static conditions are given (i.e., DR-ACBBs under DB and DF configurations still
have the same radial stiffness variation rules). Similar to the nonlinear stiffness variation of
the axially loaded DR-ACBB, the stiffness varying with radial load shows a multi-stage
variation characteristic, and DR-ACBB also show the nonlinear spring characteristics of
soft first and then hard with the increase in radial load. Furthermore, the changing rules of
the ball number in the loaded area for SR-ACBB are also given in Figure 11. One can find
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that some of the rolling balls are unloaded under the action of a large radial load, which
has an important impact on the size and variation trend of the stiffness of DR-ACBB.

 
(a) (b) 

Figure 11. The results of the radial stiffness and ball number in loaded area versus radial load of
DR-ACBB at static: (a) Y-axis radial stiffness; (b) Z-axis radial stiffness.

On this basis, Figure 12 gives the influence rules of the rotating speed on the radial
stiffness versus the radial load for DR-ACBB under DB or DF configurations. One can find
that the stiffness variation trends of DR-ACBB in two different radial directions are slightly
different; however, on the whole, they still show the following law: DR-ACBB under DB
and DF configurations present a nonlinear soft-spring stiffness characteristic of a low-speed
range and light (radial) load condition, while they show a nonlinear hard spring stiffness
characteristic at a high-speed range or heavy (radial) load condition.

 
(a) (b) 

Figure 12. The results of the radial stiffness versus radial load for DR-ACBB under three different
rotating speeds: (a) Y-axis radial stiffness; (b) Z-axis radial stiffness.

In addition, the comparison results of the angular stiffness versus radial external load
of DR-ACBBs under DB and DF configurations are presented in Figure 13. One can find that
DR-ACBB under a DB configuration still have a bigger angular stiffness and show a similar
varying tendency to radial stiffness, while the angular stiffness of DR-ACBB under a DF
configuration is relatively small, showing a gentle change trend in its attenuation range.
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(a−1) (a−2) 

 
(b−1) (b−2) 

Figure 13. The comparison results of the angular stiffness versus radial load of DR-ACBB under DB
and DF configurations: (a–1,a–2) DB configuration; (b–1,b–2) DF configuration.

Lastly, the influences of the initial preload on the radial stiffness variations versus
radial load of DR-ACBB are given in Figure 14. One can find that increasing the preload
can also improve the overall stiffness and expand the radial load range corresponding to
the stiffness attenuation of DR-ACBB. Similar to the axial-loaded condition, the influence
strength of the initial preload also decreases obviously at the large radial load condition,
and the stiffness of DR-ACBB is mainly determined by the external load at this time.

 
(a) (b) 

Figure 14. The effects of the initial preload on the radial stiffness variations of DR-ACBB: (a) Y-axis
radial stiffness; (b) Z-axis radial stiffness.

3.3. Analysis of Nonlinear Stiffness Characteristic of the Combined-Loaded DR-ACBB

As shown in Figure 15, the nonlinear stiffness variation curves for DR-ACBB subjected
to constant radial loads (i.e., 0 N, 100 N, 200 N, 300 N) and varying axial loads are presented.
It can be found that both DR-ACBBs under DB and DF configurations show the nonlinear
spring characteristics of soft first and then hard with axial load, and the axial load ranges
corresponding to the stiffness softening decrease with constant radial load. Furthermore,
compared to DR-ACBB under a DB configuration, nonlinear stiffness variation curves
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versus the axial loads of DR-ACBB under a DF configuration are more complex and show
obvious multi-stage change trends under a large load range.

 
(a−1) (a−2) 

 
(b−1) (b−2) 

Figure 15. The results of the nonlinear stiffness variation for DR-ACBB subjected to constant radial
loads and varying axial load (N = 1000 rpm): (a) axial stiffness; (b) radial stiffness.

Then, the nonlinear stiffness variation curves for DR-ACBB subjected to constant axial
loads (i.e., 0 N, 100 N, 200 N, 300 N) and varying radial loads are presented in Figure 16. It
can be found that both DR-ACBBs under DB and DF configurations show the nonlinear
spring characteristics of soft first and then hard with axial load, and the axial load ranges
corresponding to the stiffness softening decrease with constant axial load.

At last, we accurately simulate the actual bearing load conditions and illustrate the
difference of the nonlinear stiffness characteristics of DR-ACBBs under DB and DF con-
figuration. As shown in Figure 17, we assume that a rigid rotor system supported by
DR-ACBB is subjected to radial load at the shaft end, and then the change curves of the
radial and angular displacements and stiffness of DR-ACBB are calculated and presented
in Figure 18. One can find that the radial and angular displacements of DR-ACBB under
a DB configuration are less than those of DR-ACBB under a DF configuration, and the
radial stiffness of DR-ACBBs under both DB and DF configurations shows a nonlinear soft
spring stiffness characteristic under the light load range, while showing a nonlinear hard
spring stiffness characteristic under the heavy load range, and the DB configuration shows
a larger load range corresponding to the bearing stiffness attenuation. Furthermore, the
angular stiffness of DR-ACBBs under two different configurations slightly fluctuates with
radial external load, and the angular stiffness of DR-ACBB under DB configuration is far
larger than that of DR-ACBB under a DF configuration. In summary, DR-ACBB under a
DB configuration have better radial bearing capacity due to their large angular stiffness.
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(a−1) (a−2) 

 
(b−1) (b−2) 

Figure 16. The results of the nonlinear stiffness variation for DR-ACBB subjected to constant axial
loads and varying radial load (N = 1000 rpm): (a) axial stiffness; (b) radial stiffness.

 

Figure 17. The schematic diagram of a rigid rotor system supported by the double-row ball bearing.

16



Lubricants 2023, 11, 44

 
(a) (b) 

 
(c) (d) 

Figure 18. The radial and angular displacement and stiffness of double-row ball bearing in different
configurations: (a) radial displacement; (b) radial stiffness; (c) angular offset; (d) angular stiffness.

4. Conclusions

In this paper, based on the improved quasi-static model of SR-ACBB, a general model
is proposed to calculate and analyze the complex nonlinear stiffness characteristics of
DR-ACBB under different arrangements, and the influences of the rotating speed, preload,
and external force on the nonlinear stiffness characteristics of DR-ACBB under different
arrangements are comparatively analyzed. This paper provides a theoretical foundation for
the modeling and nonlinear dynamic analysis of the complex rotor-bearing system. Based
on the above studies, the following conclusions are given:

(1) DR-ACBBs under DB and DF configurations have the same variation rule in axial and
radial stiffness, and DR-ACBBs under DB and DF configurations show the nonlinear
spring characteristics of soft first and then hard with the increase in external load;

(2) The SR-ACBB or part of the balls may be unloaded for DR-ACBB under the large
load ranges, which further leads to the sudden change in the nonlinear stiffness
characteristics of DR-ACBB;

(3) The initial preload has a great influence on the nonlinear stiffness characteristics of
DR-ACBB, and it can effectively increase the external load range corresponding to the
stiffness attenuation of DR-ACBB;

(4) DR-ACBB under a DB configuration have higher angular stiffness and bending mo-
ment resistance than those of DR-ACBB under a DF configuration.
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Abstract: The complex sliding behavior inside ball bearings seriously affects the mechanical system’s
performance. Current dynamic models for predicting this behavior suffer from poor generality
and convergence. To address this issue, different interactions between the ball and raceway are
proposed in this paper to simulate the dynamic behavior by analyzing the bearing assemblies’ motion
features under typical operating conditions. The number of variables and equations to be solved is
determined adaptively according to the bearing load characteristics, thus improving the efficiency and
convergence of the model solution. The good agreement between simulation results and experimental
test results validates the reliability of the model. The sliding behavior at the ball/raceway interface
under different conditions is further investigated. The results show that the heavy external loads can
avoid severe sliding at the interface but shorten the bearing’s fatigue. When the bearing is subjected
to combined load conditions, the increased radial force inhibits bearing sliding while increasing the
non-uniformity of the sliding velocity distribution.

Keywords: ball bearing; sliding behavior; dynamic model; geometric interaction

1. Introduction

Ball bearings are widely used in rotating machinery systems due to their ability to
withstand various types of loads. Because of the complex motion of the bearing components,
the sliding behavior at the ball/raceway interface is inevitable. Once this behavior becomes
very severe, the surface wear of the balls or raceways will be accelerated, shortening bearing
life and even causing catastrophic accidents in machine systems [1–4]. Furthermore, severe
sliding inside the bearing generates a lot of heat, which drives the bearing into thermal
instability and thus increases the wear of the interface [5–7]. As a result, the sliding
behavior inside the ball bearing is required to be investigated to guide structural design
and improvement of the systems.

Since current experimental methods cannot accurately monitor the dynamic behavior
inside bearings, numerical simulation models have become a common approach for study-
ing bearing sliding. The quasi-static model was first used by some scholars to conduct
the sliding investigation. Based on this model, Xu [8] investigated the critical load of the
bearing without integral sliding under pure axial force conditions. Following this, the
sliding behavior at the ball/raceway interface under combined axial and radial loads was
investigated by Liao [9,10] using the Hirano criterion [11]. In addition, Tong [12] improved
the quasi-static model and further examined the effect of load, rotational speed, and mount-
ing errors on the bearing sliding at the contact interface. Regrettably, the transient behavior
of the bearing components cannot be simulated by the quasi-static model because many
factors, including covering lubricants and the cage dynamic effect, are ignored. In particu-
lar, the action of the lubricant has a strong influence on the dynamic performance of the
ball at the interface [13]. Therefore, the bearing dynamic model, being the most complete
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model available [14], has become one of the most effective means to investigate the sliding
behavior inside bearings. Meeks [15,16] first established a new bearing dynamic model by
extending Jones’s quasi-static model [17,18]. Although this model can only investigate the
cage’s dynamic behavior, it does provide ideas for further work. Subsequently, Jain [19]
used the load distribution obtained from a simplified quasi-static model, in conjunction
with elastic fluid theory, to construct differential equations for the ball’s rotational motion.
The angular velocity features of the ball under a single operating condition were investi-
gated by him. On this basis, Han [20,21] examined the sliding behavior at the ball/raceway
interface under combined axial and radial load by considering the ball’s gyroscopic mo-
ment. However, these above models used nonlinear equations rather than differential
equations to constrain the ball’s radial motion, suppressing the ball’s high-frequency vi-
bration and failing to accurately predict the dynamic behavior inside the bearing [22]. To
address these deficiencies, Wang [23–26] employed six differential equations to completely
determine the ball’s complex motion and further developed a new bearing dynamic model.
The sliding behavior at the contact interface under two typical operating conditions (pure
axial force and combined axial and radial force) was investigated. Unfortunately, limited
by the algorithm for solving the differential equations, the solution of this model depended
heavily on the accuracy of the initial values [27]. To precisely simulate the dynamic be-
havior of the ball bearing components, these models must be solved in turn: the static
model, the quasi-static model, and the dynamic model. The static model results are used
as initial values for the quasi-static model interactions, and then the quasi-static model
results are further used as initial values for the differential equations in the dynamic model.
However, when these models are used to simulate the dynamic performance under various
operating conditions, their solution efficiency and convergence can vary significantly [28].
The high-frequency dynamic behavior at the ball/raceway interface, in particular, can pose
a significant challenge to model convergence for predicting the bearing’s performance
under certain harsh operating conditions. In addition, some scholars have noticed that the
tribological behavior inside the contact interface has a non-negligible effect on the bearing’s
dynamic performance [29–31].

In summary, there is a lack of a general bearing dynamic model with efficient solutions
and strong convergence under various operating conditions. Additionally, the sliding
behavior under typical conditions has not been sufficiently investigated. To this end,
different interactions between the ball and raceway are constructed for various operating
conditions, and a general dynamic model of the ball bearing is further presented. By
reducing the number of variables and equations, the solving efficiency and convergence of
this model have been improved. On this basis, the sliding behaviors at the ball/raceway
interface are investigated under three typical operating conditions: pure radial force, pure
axial force, and combined axial and radial load.

2. Ball/Raceway Interaction Modeling

In this section, the corresponding numerical models are proposed for three different
loading methods of ball bearing. Firstly, the spatial motion between the ball and ring
under each loading method is thoroughly examined, and the relationship between motion
and force, including the normal load and traction force at the ball/raceway interface,
is established.

Four coordinate frames must be defined to describe the bearing components’ motion
in space, as shown in Figure 1. The first one (o-xyz) is called the inertial coordinate
frame; the second one (oi-xiyizi) is the inner-fixed coordinate frame; the third one (oc-xcyczc)
donates the cage-fixed coordinate frame; and the fourth one (obj-xbjybjzbj) represents the
ball-fixed coordinate frame. To determine the relative motion between the components,
the connection between these coordinate frames needs to be created. Furthermore, the
azimuthal coordinate frame (oaj-xajyajzaj) is defined to simplify the geometric relationships
based on the characteristics of the ball motion.
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(a) (b) 

Figure 1. Bearing coordinate frames: (a) axial section; (b) radial section.

2.1. Pure Radial Force

(1) Normal load

The relative position between the ball and the raceway under pure radial force is
presented in Figure 2. The outer ring is assumed to be fixed to the ground, while the inner
ring moves in the radial plane under radial load and gradually contacts the ball. The inner
ring does move axially because it is not subjected to axial force. The contact deformation
between the j-th ball and raceways can be expressed as:

δij =
(

By + di/2 + ri
)− (

Xy + dm/2
)− (ri − Dw/2) (1)

δoj =
(
Xy + dm/2

)− (do/2 − ro)− (ro − Dw/2) (2)

where di/o represents the groove bottom circle diameter of the inner/outer ring. ri/o is the
groove curvature radius of the inner/outer ring. Dw means the ball’s diameter. dm indicates
the pitch diameter of the bearing, dm = (di + do)/2. By is the displacement of the inner
groove curvature center in the azimuthal plane along the yaj-axis, defined by:

By = yi cos ϕbj + zi sin ϕbj (3)

where ϕbj denotes the ball azimuth, ϕbj = arctan (zbj/ybj).
Xy indicates the displacement of the ball’s center in the azimuthal plane, deter-

mined by:
Xy = ybj cos ϕbj + zbj sin ϕbj − dm/2 (4)

The normal load between the ball and the raceway can be calculated by using the
Hertzian point contact theory, formulated as [21,32]:

Qi/oj = Ki/o · max
(

0, δi/oj

)1.5
(5)

where Ki/o denotes the contact deflection coefficient.
Furthermore, since the ball motion is confined in the radial plane, the working contact

angle is always 0◦.
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(a) (b) 

Figure 2. Relative position relationship between the ball and raceway under pure radial force: (a)
schematic diagram of bearings assemblies; (b) positions of the ball’s center and groove curvature centers.

(2) Traction force

The traction force inside the ball/raceway interface is critical to the bearing’s dynamic
performance. Unfortunately, the shear stress distribution in the contact zone is highly dis-
persed, making it difficult to calculate this force. The micro-element approach is generally
used to first discretize the contact area, then solve for the shear stress at each point, and
finally integrate to obtain the traction of the entire interface. Because of the presence of
lubricant, the shear stress is a function of velocity and pressure. Therefore, the velocity
and pressure distributions inside the contact zone must be specified before solving for the
traction force. The distribution of these performance parameters in the contact zone under
pure radial force is presented in Figure 3.

 
(a) (b) 

Figure 3. Distribution of stresses and velocities at ball/raceway interface under pure radial force:
(a) schematic diagram of ball/raceway interface; (b) interface discretization.

The velocity distribution inside the contact interface is first investigated, presented
in Figure 4. By observing Figure 4a, the velocity vector at any point (yi”, zi”) in the inner
raceway can be obtained by the following formula:[

vz′′
(yi

′′ ,zi
′′ )

uz′′
(yi

′′ ,zi
′′ )

]
=

[−(wi − wm) −wax
(wi − wm)/2 −wax/2

]⎡⎣(di/2 + ri) + By −
√

R2
i − yi

′′2√
0.25D2

w − yi
′′2

⎤⎦ (6)

where wi denotes the angular velocity of the inner ring. Ri indicates the curvature radius of
the contact surface, Ri = (2Dw·ri)/(Dw + 2ri). wm represents the ball orbital angular velocity,
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wm = (−vby·cos(ϕbj) + vbz·sin(ϕbj))/(ybj
2 + zbj

2)0.5. wax is the ball’s angular velocity about
the x-axis in the azimuthal coordinate frame, wax = wbx.

 
 

(a) (b) 

Figure 4. Velocities distribution at ball/raceway interface under pure radial force: (a) inner raceway;
(b) outer raceway.

Similarly, the velocity vector at any point (yo”, zo”) in the outer raceway can be
determined by:[

vz′′
(yo ′′ ,zo ′′ )

uz′′
(yo ′′ ,zo ′′ )

]
=

[−(wo − wm) wbx
(wo − wm)/2 wbx/2

][
(do/2 − ro)−

√
R2

o − y′′2o√
0.25D2

w − y′′2o

]
(7)

In addition, the stress at any point (y”, z”) inside the contact zone can be predicted
using the Hertzian contact theory [23]:

p(y′′ ,z′′ ) = pmax

√
1 −

(
y′′

a

)2
−
(

z′′

b

)2
(8)

where pmax is the maximum contact stress. a and b represent the length of the semi-major
axis and the length of the semi-minor axis of the contact ellipse, respectively.

As shown in Figure 3, the shear stress at this point can be further derived as fol-
lows [27]:

τ(y′′ ,z′′ ) =
p(y′′ ,z′′ )μ(y′′ ,z′′ )dy′′ dz′′

dS(y′′ ,z′′ )
(9)

where S denotes the area of the micrometeoroid. μ represent the traction coefficient, which
can be approximated by a five-parameter rheological model [26]:

μ(y′′ ,z′′ ) =
(

A + Bs(y′′ ,z′′ )

)
e

s
(y′′ ,z′′ ) + D (10)

where A, B, C, and D are functions of lubricant physical parameters and dynamic perfor-
mance parameters, etc. s indicates the ratio of the relative velocity to the rolling velocity,
s = v/u.

The traction force between the ball and raceway can be estimated by integrating the
shear stress, denoted as:

Tz′′
i/oj =

∫
si/o

τz′′
(y′′ ,z′′ )dsi/o =

∫ ai/o

−ai/o

∫ bi/o

−bi/o

p(y′′ ,z′′ )μ(y′′ ,z′′ )dy′′ dz′′ (11)

(3) Differential equations
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Since the bearing assemblies are assumed to be purely rigid bodies in this paper, the
relationship between their motion and forces can be modeled by Newton’s law and Euler’s
kinematical equations. When the bearing is subjected to radial force only, the inner ring
has one degree of freedom (DOF) of translation, and the ball has two DOFs of translation
and one DOF of rotation.

For the balls, the differential equations can be defined as follows:

mb
..
ybj =

(
Qij + Fcj − Qoj

)
cos ϕbj −

(
Tij + Toj − Fdj − Qcj

)
sin ϕbj (12)

mb
..
zbj =

(
Qij + Fcj − Qoj

)
sin ϕbj +

(
Tij + Toj − Fdj − Qcj

)
cos ϕbj (13)

Ib
.

wxbj =
(−Tij + Toj

) · Dw/2 (14)

where mb denotes the ball mass. Ib is the rotational inertia. Fcj indicates the ball centrifugal
force, Fcj = 0.5·mb·dm·wm

2. Fdj means the oil and gas mixture mixing resistance. Qcj
represents the interaction between the ball and the cage pocket [33].

For the inner ring, the differential equations can be determined as follows:

mi
..
yi = Fr −

Z

∑
j=1

(
−Qij cos ϕbj + Tij sin ϕbj

)
(15)

where mi indicates the inner mass. Z is the number of the ball.

2.2. Pure Axial Force

(1) Normal load

Figure 5 presents the relative position between the ball and the raceway under pure
axial force. The axial force moves the inner ring axially, first closing the radial clearance
and forming the initial contact angle before entering the preload phase. The ball’s motion
changes from one-dimensional to two-dimensional due to the action of centrifugal load
and axial force. Similar to pure radial force, the contact deformation between the j-th ball
and raceway under pure axial force can be represented as:

δij =

√
(Bx + 0.5Pa − Xx)

2 +
(
di/2 + ri − dm/2 − Xy

)2 − (ri − Dw/2) (16)

δoj =

√
X2

x +
(
Xy + dm/2 − do/2 + ro

)2 − (ro − Dw/2) (17)

where Pa denotes the axial clearance. Bx is the axial displacement of the inner ring and
Bx = xi. Xx and Xy are the displacements of the ball in the radial direction and axial direction,
respectively, determined by:

Xx = xbj (18)

Xy = ybj cos ϕbj + zbj sin ϕbj − dm/2 (19)

Similarly, the Hertzian contact theory can be employed to establish the connection
between the contact deflection and normal load.

The working contact angle under pure axial force can be further developed as:

αi = arctan
Bx + 0.5Pa − Xx

di/2 + ri − dm/2 − Xy
(20)

αo = arctan
Xx

Xy + dm/2 − do/2 + ro
(21)
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(a) (b) 

Figure 5. Relative position relationship between the ball and raceway under pure axial force: (a) schematic
diagram of bearing assemblies; (b) positions of the ball’s center and groove curvature centers.

(2) Traction force

Under pure axial force, a working contact angle is formed between the ball and the
inner/outer raceway. Considering the ball’s centrifugal force at high speed, the inner
contact angle is larger than the outer contact angle, which can be seen in Figure 5. Figure 6
presents the velocity and stress distribution at the ball/raceway contact interface in the
presence of the contact angle. As shown in Figure 6, the velocity distribution under pure
axial force is significantly different from that under pure radial force, while the stress
distribution is approximately the same for both. This means that the stresses at any point
can continue to be predicted using Hertzian contact theory, while a new model needs to be
proposed to elucidate the velocity distribution.

 
(a) (b) 

Figure 6. Distribution of stresses and velocities at ball/raceway interface under pure radial force:
(a) schematic diagram of ball/raceway interface; (b) interface discretization.

The presence of the contact angle leads to a linear relative velocity component between
the ball and raceway along the major axis of the contact ellipse. The velocity vector inside
the contact interface also changes from one-dimensional to two-dimensional. Furthermore,
the difference in the two contact angles on the ball generates a rotational velocity at this
interface. Therefore, before integrating the traction force, both the linear velocity in each
direction and the spin angular velocity inside the contact area must be clarified.
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Similar to pure radial force, the velocity distribution inside the contact interface is
displayed in Figure 7. As shown in Figure 7a, for any point (xi”, yi”) in the interface of the
inner raceway, the translational velocity vector is given by:

⎡⎢⎢⎣
vy′′
(yi

′′ ,zi
′′ )

vz′′
(yi

′′ ,zi
′′ )

uz′′
(yi

′′ ,zi
′′ )

⎤⎥⎥⎦ =

⎡⎢⎢⎢⎣
√

0.25D2
w − yi

′′2 0 0

0 −(di/2 + ri)/ cos αi +
√

R2
i − yi

′′2
√

0.25D2
w − yi

′′2

0
[
(di/2 + ri)/ cos αi −

√
R2

i − yi
′′2
]
/2

√
0.25D2

w − yi
′′2/2

⎤⎥⎥⎥⎦
⎡⎢⎢⎣

waz

(wi − wm) cos αi

wax sin αi − way cos αi

⎤⎥⎥⎦ (22)

where way and waz are the angular velocities of the ball rotating about the y-axis and about
the z-axis in the azimuthal coordinate frame, respectively, defined by:[

way
waz

]
=

[
cos ϕbj sin ϕbj
− sin ϕbj cos ϕbj

][
wby
wbz

]
(23)

 

(a) (b) 

Figure 7. Velocities distribution at ball/raceway interface under pure radial force: (a) inner raceway;
(b) outer raceway.

In addition, the spin angular velocity inside the interface between the ball and the
inner raceway can be deduced as follows:

wi
s =

(
wax cos αi + way sin αi

)− (wi − wm) sin αi (24)

Similarly, the translational velocity vector and the spin angular velocity at any point
(xo”, yo”) of the outer raceway can be obtained by:

⎡⎢⎢⎣
vy′′
(yo ′′ ,zo ′′ )

vz′′
(yo ′′ ,zo ′′ )

uz′′
(yo ′′ ,zo ′′ )

⎤⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
√

0.25D2
w − yo

′′2 0 0

0 (do/2 − ro)/ cos αo +
√

R2
o − yo

′′2
√

0.25D2
w − yo

′′2

0
[
(do/2 − ro)/ cos αo +

√
R2

o − yo
′′2
]

/2 −
√

0.25D2
w − yo

′′2/2

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎣

waz

(wo − wm) cos αo

wax sin αo − way cos αo

⎤⎥⎥⎦ (25)

wo
s =

(
wax cos αi + way sin αi

)− (wo − wm) sin αi (26)

As shown in Figure 6b, the relative sliding velocity vector is synthesized from the
velocity vector and the spin velocity, given by [27]:⎡⎣Δvy′′

(yi/o
′′ ,zi/o

′′ )
Δvz′′

(yi/o
′′ ,zi/o

′′ )

⎤⎦ =

⎡⎣vy′′
(yi/o

′′ ,zi/o
′′ )

vz′′
(yi/o

′′ ,zi/o
′′ )

⎤⎦+

[
zi/o

′′

yi/o
′′

]
· wi/o

s (27)
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Since the ball velocity at the contact interface with respect to the raceway is a two-
dimensional vector under pure axial force, its traction force needs to be obtained by
integrating the shear stress in both directions [27,34].[

Ti/oj
y′′

Ti/oj
z′′

]
=

⎡⎣∫si/o
τ

y′′
(y′′ ,z′′ )dsi/o∫

si/o
τz′′
(y′′ ,z′′ )dsi/o

⎤⎦ =

⎡⎣∫ ai/o
−ai/o

∫ bi/o
−bi/o

p(y′′ ,z′′ )μ
y′′

(y′′ ,z′′ )dy′′ dz′′∫ ai/o
−ai/o

∫ bi/o
−bi/o

p(y′′ ,z′′ )μ
z′′

(y′′ ,z′′ )dy′′ dz′′

⎤⎦ (28)

Furthermore, in addition to the sliding velocity inside the contact interface, there is a
spin velocity around the contact normal, which produces the spin moment.

Mx′′
i/oj =

∫ ai/o

−ai/o

∫ bi/o

−bi/o

p(y′′ ,z′′ )

(
μz′′

(y′′ ,z′′ )y′′ − μz′′
(y′′ ,z′′ )z′′

)
dy′′ dz′′ (29)

(3) Differential equations

Once the bearing is subjected to axial force only, the inner ring has one degree of
freedom (DOF) of translation, and the ball has three DOFs of translation and three DOFs of
rotation.

For the balls, the differential equations can be defined as follows:

⎡⎢⎢⎣
mb

..
xbj

mb
..
ybj

mb
..
zbj

⎤⎥⎥⎦ =

⎡⎢⎢⎣
1 0 0

0 cos ϕbj sin ϕbj

0 − sin ϕbj cos ϕbj

⎤⎥⎥⎦
⎡⎢⎢⎣

Qij sin αij − Qoj sin αoj − Ty′′
ij cos αij + Ty′′

oj cos αoj

Qij cos αij − Qoj cos αoj + Ty′′
ij sin αij + Ty′′

oj sin αoj − Fcj

Tz′′
ij + Tz′′

ij − Fdj − Qcj

⎤⎥⎥⎦ (30)

⎡⎢⎢⎣
I
( .
wbxj − wbyjwbzj

)
I
( .
wbyj − wbzjwbxj

)
I
( .
wbzj − wbxjwbyj

)
⎤⎥⎥⎦ =

⎡⎢⎢⎣
1 0 0

0 cos ϕbj sin ϕbj

0 − sin ϕbj cos ϕbj

⎤⎥⎥⎦
⎡⎢⎢⎢⎣
(
−Ty′′

ij cos αij + Ty′′
oj cos αoj

)
· Dw/2 + Mx′′

ij sin αij − Mx′′
oj sin αoj(

+Ty′′
ij sin αij − Ty′′

oj sin αoj

)
· Dw/2 + Mx′′

ij cos αij − Mx′′
oj sin αoj

−
(

Ty′′
ij + Ty′′

ij

)
· Dw/2

⎤⎥⎥⎥⎦ (31)

For the inner ring, the differential equations can be determined as follows:

mi
..
xi = Fa −

Z

∑
j=1

(
−Qij sin αij + Tij cos αbj

)
(32)

where mi indicates the inner mass.

2.3. Combined Axial and Radial Load

(1) Normal load

The position relationship of the bearing’s assemblies with and without the combined
axial and radial load is displayed in Figure 8. By observing Figure 8, it can be seen that
when the bearing is in this operating condition, the inner displacement changes from
the original one-dimensional vector to a two-dimensional vector, greatly increasing the
complexity of the spatial position relationship.

Fortunately, the presence of radial force has no effect on the relative position between
the ball and the outer raceway compared to the pure axial force condition, which means
that the contact force and the contact angle between them can be obtained in this condition
using the previous models. Therefore, the contact deformation and contact angle between
the ball and inner raceway can be indicated as follows, respectively:

δij =

√
(Bx + 0.5Pa − Xx)

2 +
(
di/2 + ri + By − dm/2 − Xy

)2 − (ri − Dw/2) (33)

As for traction force, it is perfectly possible to use the previous model of pure axial force
to obtain the force under combined axial and radial load. The reason is that in both conditions,
the contact interface between the ball and the raceway is a two-dimensional plane.
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(a) (b) 

Figure 8. Relative position relationship between the ball and raceway under pure axial force:
(a) schematic diagram of bearings assemblies; (b) positions of the ball’s center and groove cur-
vature centers.

(2) Differential equations

When the bearing is subjected to combined axial and radial force, the inner ring has
two degrees of freedom (DOFs) of translation, and the ball has three DOFs of translation
and three DOFs of rotation. Furthermore, the differential equations of the ball are the same
as those under pure axial force.

For the inner ring, the differential equations can be expressed as follows:

[
mb

..
xbj

mb
..
ybj

]
=

⎡⎢⎢⎢⎣
Fa −

Z
∑

j=1

(
−Qij sin αij + Tij cos αbj

)
Fr −

Z
∑

j=1

(
−Qij cos αij − Tij sin αbj

)
sin ϕbj

⎤⎥⎥⎥⎦ (34)

3. Theoretical Model Solving and Validation

In this section, the solution procedure of the previous numerical model is presented in
detail. The validation of this model is further proven by comparing it with the experimental
data of Han [35] and Pasdari [36]. Furthermore, the superiority of this model is highlighted
by comparing it with the simulation results of Han [35] and Liu [26].

3.1. Model Solving

The flowchart for solving the general dynamic model of ball bearings is presented
in Figure 9. This process can be divided into three steps, covering: parameters input
and initialization, main calculations, and post-processing. Compared to the common ball
bearing dynamics model, the improvement of this model is primarily reflected in the first
two steps. After entering the parameters, the program quickly selects a model with a
specific number of equations based on the load type entered. The issue of increasing the
computational cost due to many unnecessary variables taking up memory is avoided, as
is the problem of model divergence. Furthermore, because of the complex motion of the
bearing components, it is necessary to ensure the accuracy of the initial values when solving
the differential equations. This is commonly accomplished through the static model and
the quasi-static model. The number of equations to be solved for the present model is listed
in Table 1. The current model is capable of reducing iterative variables by reducing the
dimensionality of the equation set, thus saving computational cost.
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Figure 9. Flowchart for solving the general dynamic model of ball bearings.

Table 1. The number of equations to be solved for each operating condition.

Static Model Quasi-Static Model Dynamic Model

Nonlinear Equations Nonlinear Equations Differential Equations

Case: 1 1 1 + N 1 + 1 + 3 N
Case: 2 1 1 + 2 1 + 1 + 6 N
Case: 3 2 2 + 2 N 2 + 1 + 6 N

General model 2 2 + 2 N 2 + 1 + 6 N

3.2. Model Validation

To validate the reliability of the model proposed in this paper, its prediction results
under two different operating conditions are compared with the experimental results [35,36],
respectively. Since the bearing model for the pure axial force condition is approximately
the same as the model for the combined axial and radial load, only the simulation results
for the pure axial force are verified.

To verify the accuracy of the present model under pure radial force conditions, the
driving speed of the bearing is kept at 1800 r/min and the radial force is incremented
from 50 N to 300 N, and the model prediction results are compared with the experimental
results in Ref. [35]. As for the pure axial force conditions, the radial force is increased from
10 N to 400 N at a driving speed of 4000 r/min, and the prediction is compared with the
experimental results in Ref. [36]. The variations of cage speed with different loads for two
operating conditions are described in Figure 10, respectively. The cage speed gradually
increases and stabilizes with the growing load, indicating that the bearing sliding is sup-
pressed. Furthermore, the good agreement between the model’s predicted results and the
experimental test results suggests its accuracy under three different operating conditions.
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(a) (b) 

Figure 10. Comparison of simulation results with experimental data; (a) radial force; (b) axial force.

Moreover, the simulation results of Han’s model [35] and Liu’s model [26] are shown
in Figure 10, and the number of equations to be solved for these models is listed in Table 1
as a general model. The results of the model in this paper do not differ much from those
of other models, which proves that it reduces the number of variables and equations and
improves efficiency without losing computational accuracy. Therefore, the superiority of
the model in this paper over the general models is emphasized.

4. Results and Discussion

In this section, angular contact ball bearing 7008 is chosen to investigate the bearing
skidding behavior under 3 operating conditions. Its structural parameters and material
properties are listed in Table 2. The bearing speed is always kept at 5000 r/min.

Table 2. Structural parameters and material properties of 7008.

Name Value

Pitch circle diameter dm/mm 54
Inner curvature radius ri/mm 3.990
Outer curvature radius ro/mm 3.780

Ball diameter Dw/mm 7.000
Number of balls Z 18

Initial contact angle α0/◦ 15
Cage pocket clearness Cb/mm 0.200

Ring material Bearing Steel
Ball material Bearing Steel

Cage material Nylon

4.1. Case 1: Pure Radial Force

Applying radial forces of 50, 100, 150, and 200 to the bearing, the sliding behavior of
ball bearings under pure radial force is first discussed. The variation of the sliding velocity
at the ball/raceway under different loads is presented in Figure 11. Figure 11a,b displays
the relationship between the sliding velocity and the normal load for a radial force of 50 N.
As shown in Figure 11a, the ball’s sliding velocity is strongly influenced by the load exerted
on the ball. To further clearly illustrate the relationship between them, the two running
cycles of the ball can be divided into four phases: AB, BC, CD, and DA stages. AB region
and CD region denote the loaded zone, while the other two regions represent the unloaded
zones. Interestingly, at the intersection of the two phases, the sliding velocity fluctuates
considerably, indicating that the abrupt changes in the sliding velocity tend to occur near
the boundary of the loaded zone. In addition, for the inner raceway, the steady value of the
sliding velocity in the non-loaded zone is greater than in the loaded zone. The opposite
phenomenon is observed in the outer raceway, as shown in Figure 11b. This is because
the driving force provided by the inner raceway in the loaded zone is heavier than the
resistance of the outer ring, whereas, in the unload zone, only the outer resistance exists.
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Furthermore, the sliding velocity between the inner raceway and the ball is up to 7 m/s or
more in the loaded zones, indicating severe sliding inside the bearing under a radial force
of 50 N.

 

  
(a) (b) 

  
(c) (d) 

Figure 11. Sliding velocity variation at ball/raceway interface under pure radial force condition, A
denotes the exit of the previous loaded area, B is the entrance of the current loaded area, C represents
the exit of the current loaded area, D is the entrance of the next loaded area: (a) sliding velocity of the
inner raceway for different azimuths; (b) sliding velocity of the outer raceway for different azimuths;
(c) sliding velocity of inner raceway; (d) sliding velocity of the outer raceway.

To further discuss the effect of radial force on the bearing sliding, the trend of sliding
velocity between the raceways and the ball under different radial loads is provided in
Figure 11c,d. It can be seen that as the radial force increases, the sliding velocity between
the inner raceway and the ball decreases significantly, while the amount of the change in
sliding velocity at the loaded zone boundary increases. Interestingly, the radial load has
little effect on the sliding velocity in the unloading zone of the outer raceway as compared
to the inner raceway. However, in the load zone, the velocity increases with the gradual
increase of the radial load and then decreases.

Furthermore, as an essential dynamic indicator, the traction factor has been also
investigated. Figure 12 presents the variation of this factor with different loads under pure
radial force conditions. By observing Figure 12a, it can be seen that the traction factor
between the inner ring and the ball exists only in the load zone. This is because there is
no contact load to form a lubricant film in the unloading zone. In addition, the factor first
remains constant and then decreases with the gradual growth of the radial force in the
loaded zone. A similar phenomenon can be observed in the outer raceway, as shown in
Figure 12b. The reason for this is that when the radial load is too tiny to inhibit severe
sliding inside the bearing, the traction factor is mainly determined by the sliding velocity.
Once the bearing skidding is suppressed, the traction factor is a function of normal load
and sliding velocity. Furthermore, the inhibition of sliding leads to an increase in the ball’s
centrifugal force, which helps to reduce the flotation of the traction factor between the ball
and the outer raceway in the unloading zone.
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(a) (b) 

Figure 12. Tractional factor variation at ball/raceway interfaces under pure radial force condition, A
denotes the exit of the previous loaded area, B is the entrance of the current loaded area, C represents
the exit of the current loaded area, D is the entrance of the next loaded area: (a) tractional factor of
inner raceway; (b) tractional factor of the outer raceway.

4.2. Case 2: Pure Axial Force

The sliding behavior at the ball/raceway interface under pure axial force is then
considered. Figure 13a,b shows the sliding velocity on the ball at different azimuths when
an axial force of 50 N is applied to the bearing. It can be seen that the velocity between the
ball and the raceway remains constant at each revolution. In addition, the sliding velocity
on the inner raceway is always greater than that of the outer raceway. This is due to the
fact that the contact features of the ball at different azimuths are equal when the bearing is
operating in pure axial condition. Therefore, the effect of axial force on the sliding behavior
is further investigated with a certain ball.

  
(a) (b) 

  
(c) (d) 

Figure 13. Sliding velocity variation at ball/raceway interface under pure axial force condition:
(a) sliding velocity of the inner raceway for different azimuths; (b) sliding velocity of the outer
raceway for different azimuths; (c) sliding velocity of inner raceway; (d) sliding velocity of the
outer raceway.

Increasing the axial force from 20 N to 200 N, the change in sliding velocity on the ball
is presented in Figure 13c,d. Similar to the pure radial force condition, the sliding inside
the bearing is inhibited as the load is gradually increased. Once the axial force exceeds
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80 N, the sliding velocity on the inner raceway stays in a small variation, while the outer
velocity tends to become smaller. In addition, the sliding velocity on the inner raceway is
gradually equal to the velocity of the outer, indicating that the skidding inside the bearing
is completely suppressed. Interestingly, the inflection point of the sliding velocity on the
outer occurs before the axial force reaches 80 N. This means that the normal load on the ball
does not completely determine the degree of sliding at the ball/outer raceway interface.

The effect of the axial force on the traction factor is further discussed. As shown
in Figure 14, when the axial load is less than 60 N, the traction factor of the inner and
outer raceways keeps fluctuating around a large value. Meanwhile, the factor of the inner
raceway is bigger than that of the outer raceway. This is because, for ball bearings subjected
to axial loads only, the traction coefficient at the ball/raceway interface is greatly influenced
by the slip-roll ratio. When the load is too tiny to suppress severe sliding inside the bearing,
the slip-roll ratio at the interface will be larger, resulting in a larger value of the traction
coefficient. Once the axial force exerted on the bearing is greater than 60 N, the traction
factor of the inner and outer raceways tends to decrease. Although the traction factor tends
to decrease when the axial force is between 60 N and 80 N, the sliding velocity is still high,
which significantly reduces the bearing performance. This indicates that the load causing
the shift in the traction factor is less than the critical load to prevent bearing sliding. As a
result, it is better to choose an axial force of 80 N or greater as the bearing’s normal working
load to avoid serious sliding.

  
(a) (b) 

Figure 14. Tractional factor variation at ball/raceway interfaces under pure axial force condition:
(a) tractional factor of inner raceway; (b) tractional factor of the outer raceway.

4.3. Case 3: Combined Axial and Radial Force

Under combined axial and radial force conditions, the load distribution on the ball
is non-uniform due to the presence of radial load. Once the radial load is too larger, the
ball experiences the loaded and unloaded zones in turn for each revolution. Therefore, the
sliding behavior of the ball at different azimuths is significantly different. Figure 15a,b
display the variation of the ball’s sliding velocity for an axial force of 100 N and a radial
force of 200 N. Similar to pure radial force condition, the ball goes through four stages in
sequence for every two revolutions, covering: the AB phase, BC phase, CD phase, and DA
phase. In the AB phase, the sliding velocity on the inner raceway tends to increase and
the velocity of the outer remains constant; in the BC phase, the inner raceway’s sliding
velocity is smaller and stabilizes as the normal load increases, while the sliding velocity
of the outer changes in the opposite trend. The sliding behavior of the ball changes in the
other two phases in the same way as in the first two phases. In fact, the sliding variation at
the ball/raceway interface is mainly influenced by its contact features.
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(a) (b) 

 

  
(c) (d) 

Figure 15. Sliding velocity variation at ball/raceway interface under combined axial and radial load
conditions, A denotes the exit of the previous loaded area, B is the entrance of the current loaded area,
C represents the exit of the current loaded area, D is the entrance of the next loaded area: (a) sliding
velocity of the inner raceway for different azimuths; (b) sliding velocity of the outer raceway for
different azimuths; (c) sliding velocity of inner raceway; (d) sliding velocity of the outer raceway.

The radial force is gradually increased from 0 N to 300 N to further investigate the
sliding behavior under this condition. Figure 15c,d presents the changes in the sliding
velocity under different radial forces. Although the floating range of the speed is small
when the radial force is small, the overall sliding velocity inside the bearing is severe. With
the gradual increase of the radial force, the variation of sliding velocity on the ball increases,
but its maximum value decreases. In addition, a similar phenomenon can be observed at
the ball/outer raceway interface.

As shown in Figure 16a,b, the traction factors of the outer and inner raceway are
strongly influenced by the radial load in this case. Once the load exceeds 200 N, the traction
factor in the inner raceway starts to appear as 0. This is due to excessive radial forces, which
cause a portion of the loaded zone to become an unloaded zone. By observing Figure 16a,
the unloaded zone gradually expands with the increase of radial force. It is noteworthy
that the traction factor on the outer raceway is never zero regardless of the radial force,
which is due to the non-zero contact force at the ball/outer raceway interface. Furthermore,
when the bearing’s sliding is inhibited, the traction factor gradually decreases as the load
decreases, similar to the first two operating conditions.
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Figure 16. Tractional factor variation at ball/raceway interface under combined axial and radial load
condition, A denotes the exit of the previous loaded area, B is the entrance of the current loaded area,
C represents the exit of the current loaded area, D is the entrance of the next loaded area: (a) tractional
factor of inner raceway; (b) tractional factor of the outer raceway.

5. Conclusions

In this paper, a generic ball-bearing dynamic model for predicting sliding behavior is
presented. Specific geometric interactions between the ball and raceway are constructed
based on the motion features between the components under different operating conditions.
The number of iteration variables and equations are determined by the load vector exerted
on the bearing to improve the convergence and efficiency of the model. The sliding
behavior under three typical operating conditions is further discussed. The conclusions are
as follows:

(1) When the bearing is subjected to pure axial force, the sliding velocity in the outer
raceway first increases and then decreases as the load increases;

(2) Under combined load conditions, the heavy radial forces inhibit the bearing sliding
while exacerbating the non-uniformity of the sliding distribution;

(3) Once the unloaded zone occurs, the sliding velocity between the ball and the inner
raceway is less in the loaded zone than in the unloaded zone. While the velocity on
the outer raceway has the opposite trend;

(4) The increased load helps to suppress severe sliding behavior inside the bearing but
shortens the bearing fatigue life.

The presented investigations show that the increase in load helps to inhibit sliding
inside the bearing, thus extending the bearing’s fatigue life. However, excessive loads can
lead to premature fatigue damage of the bearing and shorten its fatigue life. Therefore,
during the bearing design process, dynamic models can be used to investigate bearing
sliding to guide the optimization of its performance. In addition, the traction model for
the ball/raceway interface in the proposed model is too simplified to ignore the viscous
temperature and pressure effects within the interface. Hopefully, future research will
remedy this deficiency.

Author Contributions: Conceptualization, S.M., F.C., B.F., K.Y. and J.H.; Data curation, S.M.; For-
mal analysis, S.M. and Y.Y.; Funding acquisition, J.H.; Investigation, S.M. and K.Y.; Methodology,
S.M., and Y.Y.; Project administration, K.Y. and J.H.; Resources, J.H.; Software, S.M.; Supervision,
K.Y.; Validation, Y.Y.; Visualization, Y.Y. and J.H.; Writing—original draft, S.M. and K.Y.; Writing—
review & editing, K.Y., Y.Y. and J.H. All authors have read and agreed to the published version of
the manuscript.

Funding: This research was founded by the National Key R&D Program of China (2020YFB2007901).

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

36



Lubricants 2023, 11, 96

Abbreviations

Symbols Meaning

δ Contact deformation
Bx/y Inner groove curvature center’s displacement
Xx/y Ball center’s displacement
Qi/o Inner/outer normal load
Qc Ball/pocket interaction force
Mx Spin moment
p Contact stress
τ Shear stress
μ Traction coefficient
Ti/o Inner/outer traction load
αi/o Working contact angle
m Mass
I Rotational inertia
Fc Ball centrifugal force
Fdj Oil and gas mixture mixing resistance
di/o Groove bottom circle diameter of inner/outer ring
ri/o Groove curvature radius of inner/outer ring
Dw Ball diameter
dm Bearing pitch diameter
Ri Curvature radius of the contact surface
Z Ball number
Pa Axial clearance
ϕbj Ball azimuth
Ki/o Contact deflection coefficient
v Sliding velocity
u Rolling velocity
wm Ball orbital angular velocity
wbx Ball rotation angular velocity
ws Spin velocity
pmax Maximum contact stress
S Micrometeoroid’s area
A, B, C, D Lubricant parameters
s Slide-roll ratio
Fa Axial load
Fr Radial load
o-xyz Inertial coordinate frame
oi-xiyizi Inner-fixed coordinate frame
oc-xcyczc Cage-fixed coordinate frame
ob-xbybzb Ball-fixed coordinate frame
oa-xayaza Azimuthal coordinate frame
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Abstract: Tapered roller bearings (TRBs) are widely used in heavy-load rotating machinery. One of
the technical problems in TRBs is the existence of sharp spikes of the contact pressure in the vicinity
of the two ends of the tapered rollers. To suppress the pressure spikes at the roller ends, a straight
roller profile is crowned in cylindrical and tapered roller bearings. However, compared to cylindrical
roller bearings, there are few studies on the profile modification of TRBs in the literature, and most of
the publications on the EHD analysis of tapered rollers focused on a single roller, using traditional
profiles such as logarithmic profiles, dub-off profiles and chamfer profiles. By using the numerical
running-in method proposed and used in crowning profiles of cylindrical rollers by the authors, this
paper provides the first ever asymmetric optimized profile solution for all TRBs rather than for just
a single roller. The results show that the optimized profile has the best performance in smoothing
contact pressure distribution in the axial direction compared with the conventional logarithmic profile
and is a useful profile form with respect to the elimination of sharp pressure spikes. In addition,
considering the effect of temperature and mixed lubrication, this paper analyzes the influences of
different axial profiles under radial load (Fr), rotation speed (N) and standard deviation of roughness
(Rq) conditions.

Keywords: tapered roller bearing; profile modification; running-in method; mixed lubrication

1. Introduction

Among many types of rolling element bearings, tapered roller bearings (TRB) are
advantageous to operate under combined heavy radial and thrust loadings, and hence are
widely used in rotating machinery, such as helicopter gearboxes, high-speed railway train
axle boxes, wind turbines’ main shafts and so on.

Over the decades, the numerical modeling of rolling element bearings has attracted
significant attention [1–3]. Compared with other types of rolling element bearings, analyses
of the kinematic and friction behavior of TRBs are more difficult due to their complex
geometric structure. Therefore, in the literature, there are relatively few reports on TRB
dynamics and elastohydrodynamic lubrication (EHL). Rahnejat and Gohar [4] reported
the influence of misalignment to the radial contact pressure distributions on tapered
rollers. They suggested careful axial profiling is important. Cretu et al. [5,6] developed a
comprehensive dynamic model to analyze TRBs with six degrees of freedom. In addition to
complex loads, the quasi-dynamic model considered centrifugal forces and roller gyroscopic
moments. To obtain the film thickness and pressure distributions between tapered rollers
and raceways, Yamashita et al. [7] presented an approximate fluid film lubrication model,
which combined a quasi-static model and a raceway EHL model. In recent years, Zheng
et al. [8] used a quasi-static model to investigate the influences of angular misalignment
and frictional force on contact pressure distributions of the main shaft bearing installed
in a modern wind turbine. Zhang et al. [9] explored the effects of roller skewing on the
frictional torque of a dry-lubricated tapered roller bearing. Nguyen-Schaefer [10] presented
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a computational model consisting of many circular slices per rolling element of rollers in
the TRB and applied the Levenberg–Marquardt’s algorithm to solve the strongly nonlinear
coupled equation systems. However, all of the studies mentioned above were carried out
without considering the mixed lubrication of rollers in the TRB.

Considering the increasingly harsh working conditions of tapered roller bearings,
investigating the mixed lubrication of finite line contacts has become more and more
significant in recent years. The foundation of the line contact EHL theory has been paved
by Petrusevich [11], Dowson and Higginson [12] and many others, including Gohar and
Cameron [13] and Wymer and Cameron [14]. Bahadoran and Gohar [15] investigated the
effects of different geometries of rollers on the EHL characteristics through experimental
measurements, and they found that the film thickness is contractive near the roller ends.
Kushwaha et al. [16,17] provided the EHL solutions of aligned and misaligned finite line
contact. Then, they discussed the effect of transient conditions. Liu and Yang [18] developed
the thermal EHL of finite line contacts under heavy loads. Based on the thermal EHL model,
Yang and Yang [19] studied the lubrication performances of two tapered rollers located in
the opposite orientations. Zhu et al. [20] presented a mixed EHL investigation considering
realistic geometries (crowning, end corners and chamfers) and surface roughness effects
on the behavior of finite line contact. Patir and Cheng [21,22] proposed the well-known
average flow model to modify the Reynolds equation, which can consider the effect of
surface roughness on lubrication performance. Then, Kogut and Etsion [23–25] presented
the elastic–plastic model (KE model), which can calculate the asperity contact pressure in a
statistic manner. Associated with this research into finite line contact and mixed lubrication,
the modification of roller profiles has been studied and improved to reduce the end effect
of stress concentration.

The famous logarithmic function to modify axial profile was introduced by Lund-
berg [26] in 1939. It can achieve the uniform pressure distribution of finite line contacts
on the assumption of dry, static and elastic contact. Then, Johns and Gohar [27] improved
Lundberg’s function, and Fujiwara [28,29] put forward an optimized logarithmic profile.
Cui and He [30] found a new logarithmic profile model of cylindrical roller bearings, which
can avoid edge effects and increase the fatigue life of cylindrical roller bearings. Except
for the logarithmic profile, the effects of other different types of profiles have also been
investigated. Poplawski et al. [31] analyzed and compared four common roller profiles
(flat roller profile, tapered crown roller profile, aerospace crown profile, and full crown
roller profile) used in cylindrical roller bearing design and manufacturing. Najjari and
Guilbault [32] studied the influence of seven common roller profile forms using the thermal
EHL model. Recently, Zhang et al. [33] applied a numerical running-in method to modify
the cylindrical roller profile, which enabled them to find an optimum profile leading to
uniformly distributed asperity contact pressure in the roller axial direction without the
need for any prior profile specifications.

It is worth noting that compared to cylindrical rollers, only a few studies considering
the profile modification of tapered rollers [34,35] have been carried out, and these studies
were only for single-roller contact, not for all tapered roller bearings. The present study
attempts to employ the quasi-static model, the mixed lubrication model and the thermal
effect equation to analyze the influences of different axial profiles on all tapered roller
bearings. Based on the numerical running-in method recently proposed by Zhang et al. [33],
a new asymmetric optimized profile of the tapered roller is found, which appears to be a
useful profile form in respect to the elimination of the sharp contact pressure spikes near
the ends of tapered rollers.

2. Mathematic Models

A quasi-static model and a mixed lubrication model are built for analyzing the mixed
lubrication of a tapered roller bearing. The former is to find the load distribution inside
a tapered roller bearing under given radial and axial bearing loads, while the latter is
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to analyze the mixed EHL of an individual tapered roller on a raceway. Moreover, the
numerical running-in method for optimizing roller profiles is described in detail as well.

2.1. Quasi-Static Model of a Tapered Roller Bearing

Figure 1a shows the degrees of freedom (DOF) of a tapered roller bearing (TRB). The
outer race (OR) is fixed in space with a center of OB. The inner race (IR) has three DOFs;
one of them is due to the bending moment Mb. Each rolling element (RE) has three DOFs
as well. Thus, there are 3 + 3Z DOFs for computing the internal load distribution of the
whole bearing, where Z is the number of rollers.

Figure 1. Description of the tapered roller bearing: (a) the degrees of freedom (DOF); and (b) the
geometry features and the normal loads on a single element.

The geometry features and the normal loads on a single element are depicted in
Figure 1b. Each roller is divided into ns circular slices with the same thickness along the
length LRe. The resultant force Qji between the IR and the roller is the sum of normal loads
acting on each slice.

Qji(j) =
ns

∑
k=1

Qki(k, j) =
CL
ns

ns

∑
k=1

ıδki
10/9

fk(k) (1)

in which CL is the contact stiffness coefficient for two-side deformation of the roller on
the IR and OR,ıδki is the modified deformation on slice k of the IR of the roller #j and fk is
Reusner’s correction factor of the load on slice k of the roller #j.

Similarly, the resultant force Qjo between the OR and the roller can be written as

Qjo(j) =
ns

∑
k=1

Qko(k, j) =
CL
ns

ns

∑
k=1

δ̂ko
10/9

fk(k) (2)

in which δ̂ko is the modified deformation on slice k of the OR of the roller #j.
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In the y-direction, the radial load Fr acting on the bearing equals to sum of the forces
Qjo acting on the OR and all rollers. Therefore, the nonlinear force balance equation relating
to the unknown DOFs of δr,IR is expressed as

Fr − CL
ns

Z

∑
j=1

ns

∑
k=1

δ̂ko
10/9

fk(k) cos αo cos ϕj = 0 (3)

where αo is the outer race contact angle, and ϕj is the position angle of the roller #j.
Meanwhile, the axial load Fa acting on the bearing equals the sum of the forces Qji

acting on the IR and all rollers in the x-direction. As a result, the nonlinear force balance
equation relating to unknown DOFs δa,IR is given by

Fa − CL
ns

Z

∑
j=1

ns

∑
k=1

δ̂ko
10/9

fk(k) sin αo = 0 (4)

Each roller has a different bending moment Mbj. However, the sum of all moments
Mbj equals the given bending moment Mb acting on the bearing in the direction z. Hence,
the nonlinear moment balance equation relating to unknown DOFs θb, which is a function
of bending deformation δkM, yields to

Mb − CL
′

ns

Z

∑
j=1

ns

∑
k=1

lkM δ̃kM
10/9

fk(k) cos ϕj = 0 (5)

where CL
′ is the contact stiffness coefficient for one-side deformation at the rib contact

regime, lkM is the moment arm, and δ̃kM is the modified bending deformation on slice k.
Besides the above nonlinear equations relating to the three DOFs of IR, each roller also

has three DOFs, δyj, δxj and ψj, in the x, y, and z directions, respectively. Using the force
balance equations of all rollers, two sets of Z nonlinear equations in the directions of x and
y can be written as

− Qji cos αi + Qjo cos αo + Q f sin α∗m − Fc = 0 (6)

− Qji sin αi + Qjo sin αo − Q f cos α∗m = 0 (7)

where αi is the inner race contact angle, α∗m is the rib contact angle and Fc is the centrifu-
gal force.

Similarly, when the moments of all rollers are balanced in the direction z, the set of Z
nonlinear equations for the DOF ψj are written as

(−
<ns,12

∑
k=1

lkLQko +
ns
∑

k≥ns,12

lkRQko) cos ϕj + (
<ns,12

∑
k=1

lkLQki −
ns
∑

k≥ns,12

lkRQki) cos ϕj−
Fclc cos ϕj + Q f hQ f cos ϕj + Mbj(j) = 0

(8)

in which lkL and lkR are the moment arms OReP shown in Figure 1b, ns,12 equals (ns + 1)/2,
and lc and hQf are the moment arm of the centrifugal force Fc and the rib force Qf, respectively.

To sum up, a nonlinear equation system is derived by the 3 + 3Z equations written in
Equations (3)–(8). The system describes a computational model that enables the calculation
of the internal load distribution for a tapered roller bearing under given radial, axial and
moment loads. The Levenberg and Marquardt method based on the Least Squares Method
(LSM) was applied to solve the nonlinear equation system. More details of Equations (1)–(8)
and the Levenberg and Marquardt method can be found in Reference [10].

2.2. Mixed Lubrication Model of Finite Line Contacts

After solving the normal forces acting on each roller in a TRB, a mixed lubrication
model is needed to calculate the pressure, lubricant film thickness and temperature distri-
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butions within any roller/raceway contacts. Additionally, in the present study, TEHLs of
finite line contacts are assumed under quasi-static and aligned conditions.

Taking a representative contact between a tapered roller and the IR for example, the
governing equations for the mixed lubrication analysis are given as follows:

2.2.1. Velocity Relationship

Due to the contact angles of the TRB, the surface velocities in the contact area vary
along the contact line. As shown in Figure 1b, the entrainment velocities of the roller–inner
raceway can be expressed as

→
uei =

1
2

î
ωr

→
r + (ωi − ωc)

→
ri
ó

(9)

where
→
r and

→
ri are the radii of the roller and the inner race, ωr is the angular velocity of

the roller around its axis, ωi is the angular velocity of the inner race, and ωc is the angular
velocity of the roller rotating with respect to the OBx axis. Assuming the outer race control
and the slide–roll ratio s, ωc and ωr are expressed as®

ωc =
1
2

2−s
2rm+sr ωiri

ωr =
ro
r ωc =

1
2

2−s
2rm+sr

rori
r ωi

(10)

where r equals Dm/2, ri, rm and ro are shown in Figure 1b, and s is the slide–roll ratio
between the roller and the IR.

2.2.2. Reynolds Equation

Based on the work of Patir and Cheng [21,22], the average flow Reynolds equation for
rough surfaces is given as

∂

∂x
(Φx

ρh3

12η

∂ph
∂x

) +
∂

∂y
(Φy

ρh3

12η

∂ph
∂y

) = uei
∂(ρh)

∂x
+ ueisRq

∂Φs

∂x
(11)

in which Φx and Φy are the flow factors in the x-direction and y-direction, ρ and η are the
density and the viscosity of the lubricant, respectively, h is the nominal film thickness, ph
is the hydrodynamic pressure, Rq is the composite standard deviation of roughness and
Φs is the shear flow factor. In solving Equation (11), the pressure boundary conditions are
written as

ph(xin, y) = ph(xout, y) = ph(x, yin) = ph(x, yout) = 0,
∂ph(xout, y)

∂x
= 0

2.2.3. Film Thickness Equation

For a finite line contact problem, the local lubricant film thickness h can be expressed as

h(x, y) = h0 + g(x, y) + v(x, y) (12)

where h0 represents the approach between the two bodies, and g(x, y) is due to the original
geometry profile that can be calculated by

g(x, y) = Rx(y) −
»

δ(y) − x2 (13)

in which Rx(y) is the equivalent radius along the contact line and δ(y) is the crown drop
relating to the roller profile.
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v(x, y) is the sum of elastic deformations of contacting surfaces due to pressure, calcu-
lated by the well-known Boussinesq integration:

v(x, y) =
2

πE′
�

Ω

pt(x′, y′)»
(x − x′)2 + (y − y′)2

dx′dy′ (14)

where pt is the sum of the hydrodynamic pressure ph and the asperity contact pressure pa.
However, Boussinesq integration is under half-space assumption, which leads to incor-

rect pressure increases near free edges. A correction factor, ψ, proposed by Guilbault [36],
was applied to correct the shear and normal stress influence on displacements through the
mirroring process and can be approximated by the following formulation:

ψ = 1.29 − 1
1 − ν

(0.08 − 0.5ν) (15)

in which ν is the Poisson’s ratio.

2.2.4. Viscosity and Density Relationships

There are two types of lubricant in TRBs, either lubricating oils or greases. Grease
consists of thickener and base oil, and its main advantages are ease in application and
natural sealing ability. However, it is still difficult to model its rheological behavior under
high shear rate, high pressure and non-constant temperature conditions precisely due to
the complicated dynamics of its soap network in EHL contacts. Based on the experimental
findings by Cen [37], the grease film thickness at EHL contacts can be calculated by using
the base oil viscosity at higher entrainment velocities. Hence, the present study only
considers base oil lubrication for the sake of simplicity.

In Equation (11), the oil lubrication viscosity is considered as a function of pressure and
temperature, and one of the commonly used viscosity equations is the Roelands law [38]:

η(ph, T) = η0 exp
ß

(ln η0 + 9.67)
ï
−1 + (1 + 5.1 × 10−9 ph)

Z
(

T − 138
T0 − 138

)−S0
ò™

(16)

The density is also assumed to be dependent on pressure and temperature, usually
expressed as [39,40]

ρ(ph, T) = ρ0

ï
1 +

Aph
1 + Bph

+ D(T − T0)
ò

(17)

in which A, B and D are pressure–density coefficients. The parameters common to all results
in this paper are: A = 0.6 × 10−9 Pa−1, B = 1.7 × 10−9 Pa−1 and D = −0.00065 K−1.

In addition, oil lubrication usually behaves as a non-Newtonian fluid under high
pressure and high shear rate. Hence, shear thinning should be considered in the TEHL
calculation. Among several models of the shear thinning fluid behavior, the B-W model
proposed by Bair and Winer [41] was used, written as

.
γ = − τlim

η(ph, T)
ln(1 − τ

τlim
) (18)

where
.
γ is the shear rate, τ is the shear stress and τlim is the limiting shear stress, which

can be illustrated as [42]

τlim = (τ10 + γl ph)exp(βl(
1
T
− 1

T0
)) (19)

in which τ10 is the initial limiting shear stress, γl is the pressure coefficient corresponding
to maximum friction coefficient and βl is the temperature coefficient.
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2.2.5. Asperity Contact Model

To calculate the asperity contact pressure under mixed lubrication, the stochastic rough
surface contact model proposed by Kogut and Etsion (KE model) was used [23–25]. This
model accounts for the elastic, first elastic–plastic, second elastic–plastic, and fully plastic
deformation of asperities, and it can be written as

pa =
2
3 πβsKω∗

c Hd(
∫ d∗+ω∗

c
d∗ I1.5+1.03

∫ d∗+6ω∗
c

d∗+ω∗
c

I1.425+1.4
∫ d∗+110ω∗

c
d∗+6ω∗

c
I1.263+ 3

K
∫ ∞

d∗+110ω∗
c

I1)⎧⎨⎩ Ib = ( z∗−d∗
ω∗

c
)
b
Φ∗(z∗)dz∗, K = 0.454 + 0.41ν

ω∗
c = ωc

σ0
= Ras

σ0
( πKHd

E′ )
2
, d∗ = h − 1√

48πβs

(20)

where βs is the surface roughness parameter, which usually equals 0.05 [43], the hardness
coefficient K is related to Poisson’s ratio of the softer material (see CEB friction model [44]),
ω∗

c is the critical interference value of the elastic and the elastoplastic deformation regime,
Ras is the mean radius of asperity, Hd is the hardness of the softer material, z∗ is the asperity
height, Φ∗(z∗) is the asperity heights probability density function which is assumed to be
Gaussian and d∗ is the asperity separation. All the dimensionless values are normalized by
the standard deviation of roughness σ0 and denoted by *.

2.2.6. Thermal Effect

The calculation of 3D temperature distribution follows the energy equation within a
mixed lubrication contact, which is given by

cρ(u
∂T
∂x

+ v
∂T
∂y

− w
∂T
∂z

) = k
∂2T
∂z2 − T

ρ

∂ρ

∂T
(u

∂ρ

∂x
+ v

∂ρ

∂y
) + η

ñÅ
∂u
∂z

ã2
+

Å
∂v
∂z

ã2ô
+ τa

√Å
∂u
∂z

ã2
+

Å
∂v
∂z

ã2
(21)

where c and k are the specific heat and conductivity of the lubricant, respectively, the
shear stress of the asperity contact τa equals μa pa and μa is the friction coefficient of the
asperity contact.

The boundary conditions for surface temperature are written as⎧⎪⎨⎪⎩
T(x, y, 0) = k1√

πρ1c1k1u1

∫ x
−∞

∂T
∂z

∣∣∣
x,y,0

ds√
x−s + T0

T(x, y, h) = k1√
πρ2c2k2u2

∫ x
−∞

∂T
∂z

∣∣∣
x,y,h

ds√
x−s + T0

(22)

2.2.7. Load Balance

In mixed lubrication, an external normal load acting on the roller/IR contact is bal-
anced by the hydrodynamic pressure and asperity contact pressure together as follows:

Qji =
�
Ω

phdxdy +
�
Ω

padxdy (23)

where Qji is the external normal load, and Ω means the contact region.

2.3. Numerical Running-In Method

Running-in is a traditional and conventional technique widely used in industry for the
improvement of the conformity of sliding and rolling contacts of machine components at the
microscale under appropriate mild conditions in the initial operation phase. After a proper
running-in process, the surface topographical, physical and chemical structures, including
profiles, surface roughness, compositions and microstructures, transform from their initial
as-finished forms due to wear, tribochemical reactions and phase transformations occurred
during running-in too in some conditions. Differing from conventional running-in, which
is carried out in a real machine system in the operation stage, numerical running-in aims to
achieve a similar effect on modifications of surface profile as that of a physical running-
in by the means of computer simulations in the design stage of machine elements. The
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approach was proposed by authors and first applied to the modification of cylindrical roller
profile [33]. In the present paper, the numerical running-in method is used in tapered roller
bearings to seek the optimal design of a tapered roller profile.

As presented in Reference [33], the wear depth in each step of iterations can be
determined with the aid of Archard’s wear law as follows:

Δwd(x, y) = Kw
pa(x, y)ΔS

Hd
(24)

where Δwd is the wear depth increment, Kw is the wear coefficient, ΔS is the sliding distance
increment and Hd is the material hardness.

When Kw, ΔS and Hd are constants, the wear depth increment is proportional to the
asperity contact pressure. The optimized crown drop at position y is updated step-by-
step, as shown below, until the calculated asperity contact pressure pa(0, y) meets a set
convergence condition.

δ′′(y) = δ′(y) + Δwd(0, y) (25)

in which δ′(y) is the crown drop at position y in the previous step and δ′′(y) is the up-
dated one.

The flowchart of the optimization process for the crowning profile is shown in Figure 2.
At first, the internal load distribution in a TRB is calculated by using the quasi-static model
described in Section 2.1 above. Then, the roller bearing the maximum load is focused
on, and its pressure, lubricant film thickness and temperature distributions are analyzed
with the mixed lubrication model in Section 2.2. The third step is to check the ratio of the
maximum asperity contact pressure, max(pa(0, y)), to the mean asperity contact pressure,
mean(pa(0, y)). If the ratio is greater than 1.01, Equations (24) and (25) are used to update
the crown drop at that point. Meanwhile, the minimum contact pressure, min(pa(0, y)), is
also compared with the mean asperity contact pressure, mean(pa(0, y)), and if it is less than
the mean value, a negative crown drop is applied. Finally, a profile with uniform asperity
contact pressure can be obtained, which is the optimal crowning profile.

 

Figure 2. The flowchart of the running-in optimization of roller profile in TRB.
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3. Numerical Model Validation

In Reference [34], Yang calculated the distributions of the EHL pressure and lubricant
film thickness for three tapered rollers with different profiles rolling on an infinite plane
based on the following dimensionless input parameters: W = 3 × 10−5, U = 2 × 10−11.

To validate the mixed lubrication model used in the study, numerical EHL simulations
were performed with the same values of input parameters (shown in Table 1) as those in
Reference [30]. As shown in Figure 3, the simulation results of the present study (denoted
as current results in the figure) and Yang’s results are generally in good agreement, except
that the calculated lubricant film thickness is slightly smaller. The discrepancy is attributed
to the thermal effect described in the present study (the main thermal parameters are listed
in Table 2), while the EHL analysis in Reference [30] was isothermal. We can see that both
pressure and film thickness distributions are asymmetric, owing to the difference in size
between the bigger and smaller ends of the tapered rollers, and that the crown and dub-off
profiles give rise to more uniform distributions of lubricant film thickness and pressure
near the ends than the chamfer profile.

Table 1. Input parameters for the analyzed cases [34].

Parameter Value Parameter Value

Half length of rollers, l, mm 20 Effective elastic modulus, E′, GPa 228
Radius of rollers on the section y = 0, r, m 0.02 Material parameter, G, dimensionless 5000
Deflective angles of tapered rollers, β, (◦) 10 Nominal maximum Hertzian pressure, PH , GPa 0.5
Ambient viscosity of lubricant, η0, Ns/m2 0.08 Angular velocities of rollers, ωa, rad/s 9.86
Ambient density of lubricant, ρ0, kg/m3 870 Angular velocities of plane, ωb, rad/s 56.4

Figure 3. Comparison of current results and Yang’s results [34]: (a) pressure distributions and (b) film
thickness distributions.
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Table 2. Parameters of the thermal effect of current model.

Parameter Value

Ambient temperature, T0, K 313
Specific heat of lubricant, c, J/kg K 1880
Specific heat of solids, c1 and c2, J/kg K 460
Thermal conductivity of lubricant, k, W/m K 0.145
Thermal conductivity of solids, k1 and k2, W/m K 46
Density of the solids, ρa and ρb, kg/m3 7850
Thermos-viscosity index, β, K−1 0.0585

4. Results and Discussion

4.1. Calculation Parameters of the Axial Box TRBs

TRBs are generally used in the axial boxes of trains on high-speed railways. Typical
operation conditions of axial-box TRBs are listed in Table 3. The thermal parameters are the
same as in Table 2, and the bearing rotation speeds corresponding to the steady running
speeds of the high-speed railway are shown in Table 4.

Table 3. Main parameters of the TRB used in high-speed railway.

Parameter Value Parameter Value

Constant axial load, Fa, KN 15 Length of rollers, LRe, mm 50
Varying radial load, Fr, KN 10–50 Radius of rollers on the section y = 0, r, mm 13
Bearing rotation speed, N, 103 rpm 1–3 Mean pitch radius of bearing, rm, mm 92.5
Bending moment, Mb, Nm 50 Outer race contact angle, αo, (◦) 12
Number of bearing rollers, Z 17 Inner race contact angle, αi, (◦) 9
Bearing diametric clearance, Pd, μm 30 Ambient temperature, T0, K 353
Effective elastic modulus, E′, GPa 226 Ambient viscosity of lubricant, η0, Ns/m2 0.014
Poisson’s υ ratio, 0.3 Composite standard deviation of roughness, Rq, μm 0.5
Slide–roll ratio, s 0.05 Hardness of the softer material, Hd, GPa 4.04
Material parameter, G, dimensionless 4241 Mean radius of asperity, Ras, μm 10

Table 4. The relationship between the bearing rotation speed and the high-speed railway speed.

The Bearing Rotation Speed The High-Speed Railway Speed

1000 rpm 152 km/h
1500 rpm 228 km/h
2000 rpm 304 km/h
2500 rpm 380 km/h
3000 rpm 456 km/h

4.2. Internal Load Distributions

Figure 4 shows the calculated results of contact loads acting on each roller (half of
rollers numbered as No.1 to No.9 are displayed for the sake of symmetry) under different
radial loads and bearing rotation speeds. As the radial load increases, the rollers at the
bottom bear higher loads no matter whether they contact with the inner or outer race. In
contrast, the rollers at the top bear lighter loads. A minor difference in contact load between
the inner and the outer raceways is caused by the centrifugal force Fc. As the bearing
rotation speed increases, no significant change happens in internal load distributions, but
huge differences in the TEHL results appear as well as the roller profile modifications,
which are discussed later.
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Figure 4. Contact loads between each component with varying radial loads and bearing rotation
speeds: (a) description of roller number; (b) inner raceway contact load; (c) outer raceway contact
load; and (d) rib contact load.

4.3. Effect of Different Axial Roller Profiles

In this section, the simulation results of the mixed lubrication of roller No.1 on the
inner raceway—which is under the heaviest load among the all rollers—at typical working
conditions (Fa = 15 KN, Fr = 40 KN, N = 2000 rpm) are presented, and the effect of roller
profiles is demonstrated with three different forms: dub-off, logarithmic and running-in
optimized profiles.

Figure 5a shows the diagrams of different roller profiles. For the roller with a dub-off
profile, a rounding radius R is set as 30 mm and the rounding width Ld as 2.5 mm. The
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logarithmic profile is well-known for its uniformity of pressure distribution under static
line contact conditions. It was proposed by Lundberg [26] and improved by Johns and
Gohar [27], which can be expressed as a function

δ(y) =
Wr

πLE′ ln
1

1 − (1 − 0.6066b/L)(2y/L)2 (26)

where Wr is the load acting on the roller and the inner raceway, L is the contact length, and
b is the half width of the nominal Hertzian line contact.

 

Figure 5. Pressure distributions and oil film thicknesses with different axial roller profiles un-
der W = 7.513 × 10−5, U = 5.367 × 10−11, PH= 0.78 GPa: (a) diagrams of different roller profiles;
(b) rolling direction, y = 0; (c) axial direction, x = 0; and (d) 3D images of asperity contact pressure.

As shown in Figure 5b, there are no obvious differences between the three axial profiles
along the rolling direction (y = 0). The maximum total pressure is about 0.7 GPa and close to
the maximum Hertzian contact pressure. However, Figure 5c,d indicate that the differences
in contact pressure are huge along the axial direction (x = 0). For the dub-off profile, no
matter whether the pressure is hydrodynamic or asperity, it increases sharply at the edges.
The maximum total pressure is about 0.9 Gpa, which is larger than the maximum Hertzian
contact pressure. Though the hydrodynamic pressure does not rise sharply near the end
with the logarithmic profile, the asperity contact pressure still has an obvious spike, which
would result in severe local wear. Starting from the initial logarithmic profile, the axial
profile was modified step by step by using the numerical running-in method described in
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Section 2.3. The comparison is shown in Figure 6. Obviously, for the profile after running-in
(denoted as the optimized profile in the figure), the spikes of asperity contact pressure in
the vicinity of the roller ends are eliminated, resulting in a much more uniform asperity
contact pressure distribution in the axial direction.

Figure 6. Asperity contact pressure distributions with different axial roller profiles: (a) rolling
direction, y = 0; and (b) axial direction, x = 0.

4.4. Influences on Bearing Performance

To reveal the effect of profiles on bearing performance, all rollers in a TRB are assumed
to be crowned in the same axial profile as roller No.1 with either dub-off, logarithmic
or running-in optimized profiles, and the mixed lubrication of all rollers in a TRB was
analyzed, respectively.

The asperity contact pressure distributions of each roller along the rolling direction
are presented in Figure 7a–c. Like roller No.1 discussed in Section 4.3, the asperity contact
pressure distributions of the other rollers have no obvious difference, although the profiles
change. It should be noted that from roller No.1 to No.9, the contact load decreases, and
hence, the contact half-width becomes smaller and asperity contact pressure becomes lower,
which means that the lubrication state of the rollers changes from mixed lubrication to
full-film lubrication.

Figure 7d–f display the distributions along the axial direction of the rollers. For the
bearing of rollers with the dub-off profile, only the rollers with light loads have no contact
pressure spikes near the ends, and the asperity contact pressures of the other rollers are
non-uniform. Compared with the dub-off profile, the logarithmic profile gives rise to
lower edge contact pressure, but most of the rollers still have non-uniform contact pressure.
Because of the deflective angles of tapered rollers, the entrainment velocities along the axial
direction are different, and the pressures near the smaller ends are slightly higher than
those at the larger end. In contrast to the profiles mentioned above, it is demonstrated that
the profile modified by the running-in method is beneficial to reducing the end effect of
stress concentration for all of the rollers, not just for roller No.1.

In addition, we also compared the maximum asperity contact pressures and standard
deviations of the contact pressure of all rollers among the three profiles. As shown in
Figure 8, it is clear that the optimized profile is advantageous in both aspects over the other
ones, especially in respect to the standard deviations, which means that the asperity contact
pressure distributions are smoother. However, the effect of the optimized profile for roller
Nos. 7 and 8 is worse than that of the logarithmic profile. The differences between the two
types of profiles are small and ignorable because the loads acting on the two rollers are
relatively light.
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Figure 7. Asperity contact pressure distributions of each roller: (a) dub-off, rolling direction; (b) loga-
rithmic, rolling direction; (c) optimized, rolling direction; (d) dub-off, axial direction; (e) logarithmic,
axial direction; and (f) optimized, axial direction.

Figure 8. Comparisons of asperity contact pressure distributions of each roller: (a) maximum contact
pressure and (b) standard deviation of contact pressure on the section of x = 0.
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4.5. Effects of Other Factors on Asperity Contact Pressure Distributions
4.5.1. Radial Load (Fr) Effect

The radial load has a critical influence on mixed lubrication and asperity contact
pressure distributions. Figure 9a indicates that the roller bearing under heavier loads needs
larger crown drops at the smaller ends. Figure 9b–d compare the pressure distributions
of the three profiles under different radial loads Fr = 10 KN, 30 KN, 50 KN. The contact
pressures near the ends become higher as the radial load increases. In all cases, the
optimized profile shows the best performance and effectively reduces the end effect.

Figure 9. The effect of the radial load (Fr) under N = 2000 rpm, Rq = 0.5 μm: (a) The comparison of
the profiles with different Fr; (b) contact pressures under Fr = 10 KN; (c) contact pressures under
Fr = 30 KN; and (d) contact pressures under Fr = 50 KN.

4.5.2. Rotation Speed (N) Effect

In addition to the radial load, the rotation speed is also an important factor in deter-
mining the lubrication state. As discussed in Section 4.2, the increase in rotation speed has
little influence on load distribution but has a great effect on the modified profile and TEHL
performance, as shown in Figure 10. We can see that the higher the speed is, the larger the
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crown drop and the lower the contact pressure. Obviously, the optimized profile is better
than the other profiles in terms of asperity contact pressure uniformity.

Figure 10. The effect of the rotation speed (N) under Fr = 40 KN, Rq = 0.5 μm: (a) The comparison of
the profiles with different N; (b) contact pressures under N = 1000 rpm; (c) contact pressures under
N = 2500 rpm; and (d) contact pressures under N = 3000 rpm.

4.5.3. Standard Deviation of Roughness (Rq) Effect

The optimized profiles are related to standard deviations of roughness, as shown
in Figure 11a. When Rq equals 0.2 μm, non-uniform contact pressure only appears at
the ends of the roller. It can be also found that with a smaller Rq, a larger crown drop
is needed to achieve smoother pressure distributions. Moreover, due to the asymmetry
of the tapered roller, the smaller end needs a larger amount of modification than the
larger end. It is interesting to note that for the larger end (profile < 0), padding is needed
instead of trimming to achieve a smooth asperity contact pressure distribution, as shown
in Figure 11b–d.
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Figure 11. The effect of the standard deviation of roughness (Rq) under Fr = 40 KN, N = 2000 rpm:
(a) The comparison of the profiles with different Rq; (b) contact pressures under Rq = 0.2 μm;
(c) contact pressures under Rq = 0.5 μm; and (d) contact pressures under Rq = 1 μm.

5. Conclusions

For the purposes of making the asperity contact pressure of tapered rollers uniform
and reducing the sharp spikes of the contact pressure in the vicinity of the roller ends, a
numerical running-in method is applied, and a new asymmetric optimized profile is found.

Compared with the traditional profiles, it is clear that the optimized profile has im-
mense advantages in terms of the asperity contact pressure uniformity and the elimination
of the end effect of stress concentration not only for a single tapered roller but also for all
tapered roller bearings. The numerical running-in method is proved to be suitable for vari-
ous working conditions, and the optimized roller profile always shows better performance
and effectively reduces the end effect. It is hoped that this method will be helpful in the
improvement of tapered roller bearing design in the bearing industry.
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Nomenclature

b half width, m u, u1, u2 rolling speed, m/s

c, c1, c2
specific heat of lubricant, upper
solid and lower solid, J/(kg·K)

→
uei

entrainment velocities of
roller–inner raceway, m/s

CL, CL
′ contact stiffness coefficient,

N/m10/9 U dimensionless velocity parameter

d∗ dimensionless asperity separation v(x, y) elastic deformation, m
Dm pitch diameter, m Wr applied load, N
E′ effective elastic modulus, Pa W dimensionless load parameter
fk Reusner’s correction factor z∗ dimensionless asperity height
Fa axial load, N Z number of rollers
Fc centrifugal force, N αi, αo race contact angle, (◦)
Fr radial load, N α∗m rib contact angle, (◦)
g(x, y) original geometry profile, m β thermos–viscosity index
G dimensionless material parameter βl temperature coefficient
h nominal film thickness, m βs surface roughness parameter

h0
approach between the two
bodies, m

.
γ shear rate, s−1

Hd hardness of the softer material, Pa γl pressure coefficient

k, k1, k2

thermal conductivity of lubricant,
upper solid and lower solid,
W/(m·K)

ΔS sliding distance interval, m

K hardness coefficient, 0.454 + 0.41 υ Δwd wear depth interval, m
Kw wear coefficient δ(y) crown drop, m
l, hQ f moment arm, m δkM bending deformation, m
L contact length, m δr,IR, δa,IR, θb DOF of IR
Ld rounding width, m δyj, δxj, ψj DOF of roller #j

LRe length of roller, m ıδki, δ̂ko
modified deformation on the slice
k, m

Mb bending moment, N·m η viscosity of lubricant, Pa·s
ns circular slices η0 ambient viscosity of lubricant, Pa·s
N bearing rotation speed, rpm μa coefficient of asperity contact
OB center of bearing υ Poisson’s ratio
pa asperity contact pressure, Pa ρ density of lubricant, kg/m3

ph hydrodynamic pressure, Pa τ shear stress, Pa
pt total pressure, Pa τa shear stress of asperity contact, Pa
Pd bearing diametric clearance, m τlim limiting shear stress, Pa

PH
nominal maximum Hertzian
pressure, Pa

τ10 initial limiting shear stress, Pa

Qji, Qjo
normal load between roller and
race, N

ϕj position angle of the roller, (◦)
→
r ,

→
ri radius of roller and inner race, m Φs shear flow factor

R rounding radius, m Φx, Φy flow factors
Ras mean radius of asperity, m ωc, ωi, ωr angular velocities, rad/s
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Rq, σ0
composite standard deviation of
roughness, m

ω∗
c dimensionless critical interference

Rx(y) equivalent radius, m ψ correction factor
s slide–roll ratio Ω contact regime
T0 ambient temperature, K
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Abstract: Aiming to solve the problem of oil-air lubrication failure caused by the high working
temperature of high-speed rolling bearings, this study proposes a method, based on the theory of gas-
solid two-phase flow and bearing tribology, of predicting the dynamic temperature rise of nonlinear
high-speed rolling bearings under oil-air lubrication conditions. The accuracy of the fluid–structure
coupling model is verified by comparing the temperature rise test results of angular contact ball
bearing at different speeds. The characteristics of oil-air lubrication circulation and the relationship
between the lubrication parameters and the heat balance of the high-speed rolling bearings have been
studied. The results show that the gas supply pressure of the system has a significant influence on
the continuity and fluctuation of the oil film in the oil pipe nozzle. The initial rise in temperature of
the inner and outer rings of the bearing and the fluid domain has a speed threshold value, and the
temperature increases linearly with the bearing speed. With the increase in the oil supply and lube
oil viscosity of the system, the temperature rise of the outer ring of the bearing increases first, then
decreases, and finally increases again. There is an optimal oil supply 5.5 mL and optimize viscosity
68 cSt for the bearing in the work condition.

Keywords: rolling bearing; liquid-solid coupling; thermal equilibrium; temperature rise

1. Introduction

Under high-speed working conditions, rolling bearings suffer from problems such as
increased friction heat generation, reduced fatigue life, cage and rolling element slippage,
and rolling surface damage, which directly affect the working performance and life of
the bearing system. An increase in the bearing temperature decreases the viscosity of the
lubricating oil, the oil film thickness between the rolling element and the inner and outer
ring raceways decreases, and the lubrication failure caused by the high temperature of the
working surface leads to the failure of the spindle bearing. In addition, the temperature in
the bearing system is the main factor affecting the bearing speed performance, which can be
used as an important parameter to determine the bearing speed performance. Therefore, it
is of great significance to study the fluid–solid coupling heat balance of high-speed rolling
bearings under oil-air lubrication to investigate the bearing performance and its life.

At present, high-speed rolling bearings are widely used in railway bearings, motorized
spindle bearings, engine main bearings, etc. Lubrication of a rolling bearing can efficiently
reduce the heat generated by the internal friction in the bearing system. The type of
lubrication method used in a rolling bearing has a significant influence on its performance
under high-speed working conditions, which is the first problem to be solved in studying
the heat balance of a high-speed rolling bearing.

Because of its good adhesion, sealing, lubricity and long life, grease is widely used
in high-speed railway axle box bearings at home and abroad. Yang Fenglin [1] analyzed
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the friction power loss of axle box bearing, calculated the thermal conductivity of bearing,
established the numerical model of temperature field of axle box bearing, studied the
change of temperature field of axle box bearing under different working conditions, and
studied the deterioration characteristics of grease on this basis. Allmaier H et al. [2] studied
the potential ways to improve the service life of grease in rolling bearings, especially as the
application of rail wheel bearings, and proposed that the basic lubrication process is the
key to improve the service life of rail wheel bearings. Gao P [3] established a quasi-static
mechanical model of the bearing according to the working conditions, and obtained the
load distribution and kinematic parameters of the bearing. The temperature distribution
of the railway double row tapered roller bearing under the test conditions was studied by
finite element analysis, which was consistent with the test results.

Oil and gas cooling lubrication technology has the advantages of a high DN (the
product of bearing diameter (D) and speed (N)) value, good lubrication performance, low
pollution, and suitability for its use in high-load, high-speed, and high-temperature bearing
work. Schubring [4] studied the two-phase flow characteristics of oil-air lubrication through
experiments and obtained the variation of the oil film as a function of the lubrication
parameters in oil pipelines under different working conditions. Jeng et al. and Gao
et al. [5–8] developed stable oil supply test equipment for oil-air lubrication and an oil-air
lubrication test bench for high-speed rolling bearings. The effect of the oil pipe length, gas
supply pressure, oil supply interval, and viscosity of the lubricating oil on the oil supply
stability of the oil-air lubrication system was studied, and the effects of radial load, oil
supply, and rotational speed on the lubrication performance in the bearings were studied.
Ramesh [9,10] et al. measured the thickness of the oil film between the rolling element and
the raceway of the bearing under oil-air lubrication using the capacitance method on the
oil-air lubrication test bench. They studied the influence of the heat transfer mode of the
bearing on its temperature field distribution under oil-air lubrication and observed that
the convective heat transfer is the main heat transfer mode of the bearing under oil-air
lubrication. Wu [11] studied the oil-air lubrication and preload of machine tool spindle
bearings, focusing on the influence of the design parameters on the oil-air lubrication
effect, and obtained the optimal oil supply parameters of oil-air lubrication. Yuan and
Julong [12] studied the lubrication performance of high-speed rolling bearings at different
wear stages during service under oil-air lubrication. Their research showed that when the
vibration value increased to 2–2.5 times of the initial wear value, the lubrication condition
of the bearing can be improved by adjusting the oil supply interval reasonably. The oil-air
parameters can be adjusted reasonably according to the changes in the working conditions
at different wear stages in order to obtain the best lubrication strategy for rolling bearings
under various working conditions. Yan and Bei [13] studied the migration and diffusion of
the oil droplets in the bearing cavity using the coupling technology of the level-set function
and the volume of fluid (VOF) method, analyzed the increase in the temperature and lateral
oil-air lubrication mode of the outer ring bearing at different speeds, and predicted the
lubricating oil flow and heat dissipation performance in the bearing cavity and key areas.

Compared with grease lubrication, oil-air lubrication has a wide application range and
is not affected by temperature. It is suitable for poor conditions such as high temperature,
heavy load, high speed, very low speed, and cooling water and dirt invading the lubrication
point, and the lubrication effect is obvious.

Several research studies have been done on the temperature rise characteristics of
the bearing system. Cui et al. [14] established the calculation model of the oil-gas two-
phase flow and revealed the relationship between the temperature rise of the bearing
and the speed, oil viscosity, radial clearance, preload, and air ratio. This study showed
that the air ratio has the greatest influence on the increase in the temperature of the
bearing, and the air ratio has an optimal value, at which the temperature rise of the
bearing is the lowest. Li et al. [15–17] established an oil-air lubrication model of rolling
bearings using the computational fluid dynamics (CFD) numerical simulation method and
studied the influence of the inlet flow rate on the flow uniformity under oil-air lubrication.
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They observed that the uneven distribution of oil in the bearing significantly affects the
temperature rise and lubrication effect of the bearing. Li et al. [18–20] used the CFD method
to analyze the flow velocity, temperature distribution, volume fraction, and heat transfer
coefficient distribution of a two-phase medium in a bearing chamber and studied the flow
and heat transfer law of the oil and gas two-phase medium in this chamber. Their results
showed that the flow velocity of the two-phase medium increases first and then decreases
with the increase in the radial height, and the lubricating oil in the bearing chamber is
mainly distributed in the oil return pool and the outer wall of the chamber. Zheng [21]
used the optimized thermal network model to estimate the thermal performance of the
angular contact ball bearings under oil-air lubrication and obtained a numerical solution
using the Newton-Raphson method. The change in the bearing temperature was tested to
verify the model. Their results showed that the model exhibits high accuracy. Based on
the artificial neural network and genetic algorithm, Wang [22] proposed a new prediction
method for the temperature rise in the bearing by using the concept of universal coupling
of the oil-air lubricated angular contact ball bearings. This prediction model has exhibited
good accuracy, stability, and robustness.

Harris [23] applied heat transfer technology to study the temperature field of the
bearings. Based on the research by Harris, Rumbarger et al. [24] studied the temperature
field of high-speed cylindrical roller bearings. However, for the convective heat transfer
coefficient of bearings, Rumbarger adopted a rough physical model of ‘concentric rotating
rings filled with a viscous medium’ to simplify the heat transfer in the bearings. This
method has some errors. Palmgren [25] developed a method for calculating the friction
torque of high-speed cylindrical roller bearings and the viscous torque of lubricating fluid
using a large number of tests, which laid the foundation for the study of heat generation
in the bearing. Takeyama et al. [26] improved Palmgren’s empirical formula to a certain
extent and obtained the overall power loss of high-speed cylindrical roller bearings via
experimental methods. They proposed an overall method of heat generation in the bearing
and its heat transfer calculation method. However, this method can only be used in
cylindrical roller bearings, which have certain limitations. In the working process of the
bearing, the states of the contact area of each part are very different, and the overall method
cannot reflect this difference. Fang B [27] used an experimental method to study the oil-air
lubrication of high-speed rolling bearings. They studied the influence of various lubrication
parameters on the temperature rise of the bearings using the single parameter method and
obtained the optimal lubrication parameter values for a bearing with oil-air lubrication.

In this paper, based on the theory of elastohydrodynamic lubrication (EHL), ther-
modynamics and tribology, the VOF (volume of fluid) model of ANSYS 19.0 software
has been used to study the oil-air distribution and oil-air lubrication characteristics in an
oil-air lubrication pipeline of a high-speed rolling bearing. The simulation model of the
fluid-solid coupling temperature field between the high-speed rolling bearing and the fluid
domain under oil-air lubrication has been established. The relationship between the oil-air
lubrication parameters and the thermal balance of the temperature field has been studied,
which has important research significance and practical value for improving the speed
performance of the high-speed bearing.

2. Analysis of the Circulation Characteristics of Oil-Air Lubrication in the Bearing

2.1. Establishment of the Nozzle Model for the Oil-Gas Lubricated Pipeline

The oil-air two-phase flow lubrication medium forms a lubricating oil film between the
rolling element of the bearing and the raceway. The formed oil film can not only separate
the two friction surfaces but also can bear a certain load. The continuity and stability of oil
supply in oil-air lubrication are characterized by the change in the oil film continuity and
the degree of oil fluctuation in the annular flow in the oil pipeline. In this study, based on
the basic theory of gas-liquid two-phase flow, the VOF model has been used to study the
characteristics of annular flow in a high-speed rolling bearing oil-air lubricated pipeline.
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The two-phase flow distribution, heat transfer, and temperature of the oil-air two-
phase flow in the bearing chamber were calculated using a finite element numerical simula-
tion. The geometric model of the oil pipe and nozzle, based on their connection form in the
oil and gas lubrication system, is shown in Figure 1.

 

Figure 1. Geometric model of the oil pipeline and nozzle.

As shown in Figure 1, the pipe length was 1000 mm, the pipe diameter connected to the
nozzle was 10 mm, the nozzle outlet diameter was 6 mm, and the initial oil film thickness
was 0.5 mm, ignoring the effect of the nozzle length. The initial working environment in the
pipeline was the standard atmospheric pressure, and considering the influence of gravity,
VG68 turbine oil was selected as the lubricating oil. The density of the oil was 876 kg/m3,
and its dynamic viscosity was 0.058 Pa·s. The oil-air lubrication was set with air as the first
phase and oil as the second phase. The gas and lubricating oil were incompressible, and
there was no phase transition between the two phases.

2.2. Analysis of the Oil-Gas Lubrication Characteristics

In oil-air lubrication, the gas supply pressure of the oil-air system directly affects the
oil-air velocity in the oil pipeline and has a huge influence on the uniformity and continuity
of the oil supply at the lubrication point. The oil supply pressure of the system was set to
be 3 MPa, the oil supply interval was 6 min, and the oil supplied within each interval was
5 mL. The state of the annular flow of oil inside the oil pipeline was analyzed when the gas
supply pressure was 0.1, 0.3, 0.5, 0.7, and 0.9 MPa, respectively. The influence of the gas
supply pressure in the system on the state of the annular flow oil film distribution in the oil
pipeline and the nozzle and the change in the velocity field in the pipeline was studied.

Figure 2 shows the oil film distribution status of oil at the oil pipeline and nozzle when
the gas supply pressure is 0.1 MPa. Red is the oil distribution status, and blue is the air
distribution status. It can be seen from the figure that the oil can form a continuous and
stable oil film on the pipe wall, and the oil at the nozzle has accumulated. On the one hand,
the nozzle diameter is smaller, and on the other hand, the oil flow is relatively slow due to
the smaller gas velocity under this pressure. This will not only cause oil blockage at the
nozzle, but also reduce the gas volume fraction, thus reducing the speed of oil droplets
when the oil leaves the nozzle. As the oil continues to block, the distribution volume of the
oil leaving the nozzle is too large, which is likely to make it difficult for the oil droplets to
pass through the wind curtain caused by the high-speed operation of the rolling bearing,
thus reducing the lubrication efficiency.

It can be seen from Figure 3 that as the supply pressure increases, the degree of
turbulence of the oil on the inner wall of the oil pipeline also increases. When the gas
supply pressure is 0.3 MPa, the oil flow is stable, and a continuous oil film without any
fractures is formed on the walls of the oil pipeline. When the gas supply pressure is 0.5 MPa,
although the thickness of the oil film increases, the oil is continuous at the nozzle and is
not atomized. Therefore, this oil will eventually enter the lubrication point in the form
of separate dispersed oil droplets. When the gas supply pressure is 0.7 MPa, the oil film
close to the wall fluctuates, the oil film breaks, and the oil film at the nozzle inlet appears to
be mixed with oil and gas. This is mainly because the gas velocity is too large to produce
atomization, and thus the lubricating oil is dispersed. When the supply pressure is 0.9 MPa,
the degree of fluctuation is more prominent, the degree of turbulence of the oil increases,
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the oil film fluctuates strongly, and a stable and continuous annular flow cannot be formed.
Consequently, the phenomenon of oil droplet entrainment occurs in the pipeline. The oil at
the nozzle position is completely atomized by air, and it is impossible to form continuous
and uniform lubrication at the lubrication point. This not only reduces the utilization rate
of the lubricating oil but also reduces the lubrication efficiency.

 

Figure 2. Oil-gas lubrication nozzle model and oil film distribution.
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Figure 3. Distribution and fluctuation of the oil film in the oil pipeline and nozzle at different gas
supply pressures.

3. Establishment of the Temperature Rise Model of the Rolling Bearing under
Oil-Gas Lubrication

3.1. Establishment of the Fluid-Solid Coupling Model for the bearing

Taking a particular type of angular contact ball bearing as the research object, the
main parameters were Φ130 mm × Φ200 mm × 34 mm. The fluid analysis software Ansys
Fluent was used for studying the heat generation and heat transfer state of the bearing. The
geometric model of the bearing is shown in Figure 4, in which Figure 4a shows the three-

63



Lubricants 2023, 11, 136

dimensional model of the bearing. The bearing cavity was extracted to obtain Figure 4b.
The flow field model of the bearing cavity was obtained, and the inlet of the oil and gas
nozzle was added to establish the fluid–solid mixed grid model of the bearing, as shown in
Figure 4c.

  

hybrid 
mesh

hexahedral 
mesh

 

(a) (b) (c) 

Figure 4. Geometric model of the angular contact ball bearing.

In the simulation, the working environment pressure was set to the standard at-
mospheric pressure. Considering the influence of the gravity of the bearing, the initial
temperature of the bearing was 25 ◦C. A solver based on the pressure method, the κ-ε
renormalization group turbulence model, the VOF two-phase flow model, and the heat
transfer model was used. High-speed compressed gas was set as the first phase and the
lubricating medium as the second phase. The oil and gas inlet was set as the pressure inlet,
and the outlet pressure was set to the standard atmospheric pressure. The rotating grid
model was used for the entire bearing cavity. The fluid domain and the inner ring of the
bearing rotated at a particular speed. The outer ring of the bearing was relatively fixed,
and its speed was zero. The iterative convergence residual of the momentum equation
and the continuity equation was set to 10−3 and the iterative convergence residual of the
energy equation was 10−7. In the process of high-speed rotation of the bearing, the rotation
speed of the rolling element was faster. It could be approximately considered that the
calorific value of each rolling element was the same. The rolling element was approximately
regarded as a solid ball with a radius of Dm/2. The heat generation rate, q, of the bearing
was calculated using the following formula:

q =
Nf

π2Dm(Db/2)2 (1)

where q is the heat generation rate of the bearing (in w/m3), Nf is the internal heat of the
bearing, the rolling element, Db is the diameter of the toroidal section (in mm), and Dm is
the diameter of the rolling element (in mm).

A heat source was applied to the rolling element and the inner and outer raceways as a
set heat generation rate. Considering the convective heat transfer between the bearing and
the fluid, the convective heat transfer coefficient between the bearing and the lubricating
medium was calculated using the following formula:

α1 = 0.0986
[

n
(

1 ± Db cos α

Dm

)
/v

]1/2
kPr

1/3 (2)

where α1 is the forced convection heat transfer coefficient inside the bearing, n is the bearing
speed, Db is the diameter of the rolling element (in mm), Dm is the average diameter of
the bearing (in mm), α is the bearing contact angle (in rad), v is the average flow rate
of the lubricant (in mm/s), k is the thermal conductivity of the lubricant, and Pr is the
Prandtl number.
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Because the thickness of the inner and outer rings of the angular contact ball bearing
is much smaller than the width of the bearing, the inner and outer rings of the bearing can
be approximately regarded as the cylinder wall. Considering the heat conduction between
the inner ring of the bearing and the shaft, and the outer ring and the bearing seat, the
conduction thermal resistance between the inner and outer rings of the bearing, and the
bearing seat and the mandrel can be expressed as

R1 =
ln(di/d)
2πλqB

(3)

R2 =
ln(D/d0)

2πλqB
(4)

where R1 is the heat conduction resistance of the inner ring, R2 is the heat conduction
resistance of the outer ring, d is the inner diameter of the bearing (in mm), di is the diameter
of the contact point between the inner ring raceway and the rolling element (in mm),
di = Dm(1 − cos α), d0 is the diameter of the inner wall of the outer ring (in mm), D is the
diameter of the outer wall of the outer ring (in mm), d0 = Dm + Db cos α), and λq is the
thermal conductivity of the inner and outer ring material of the bearing (in w/(m·°C)).

3.2. Experimental Verification

In order to verify the accuracy of the temperature rise simulation results of the rolling
bearing, a particular type of angular contact ball bearing was used in the test bearing and
the size as same as the simulation model. The lubrication method is oil and gas lubrication.
In the test, the bearing was run in for one hour. When the bearing temperature dropped to
room temperature, the temperature rise of the bearing at different speeds was tested.

Figure 5 shows an oil-air lubrication bearing test bench. The system was composed of
three main parts: an oil-air lubrication system, a high-speed drive system, and a test piece
system. The oil and gas lubrication system included an air compressor and filter, a cooling
and drying device, an air storage tank, and an oil and gas generator. The high-speed
drive system included a high-speed spindle, an inverter, and circulating water cooling
equipment. The test piece system mainly included a test piece, an infrared thermometer,
and a hydraulic loading device. In the entire test system, the air compressor continuously
provided compressed air. The compressed air passed through the air filter to remove dust
and particulate matter and other debris, and reached the gas storage tank. After the cooling
and drying device removed the water vapor, it flowed through the oil and gas generator at a
constant pressure. The oil-gas generator periodically injected lubricating oil into the oil-gas
mixer in the form of oil droplets, which were transported to the lubrication point through
the tubing. The frequency converter controlled the rotation speed of the high-speed spindle,
realized stepless speed change, and drove the test piece through the coupling. Circulating
water cooling equipment was used for cooling the motorized spindle built-in motor. A
infrared thermometer was used to measure the temperature of the outer ring of the two
bearings in the test piece. In the test, the main bearing was under-ring lubrication, and the
test bearing was an angular contact ball bearing with oil-air lubrication.

In the experiment, the gas source was set to be 0.4–0.6 MPa, 500 L/min, the pressure of
the oil and gas mixer was 1.0 MPa, and the reset pressure was 0.15 MPa. The experimental
setup consisted of four distribution ports, each with a discharge of 0.015 mL/s, and the
number of injections per hour was approximately 12 times (the number of injections could
be changed according to the actual situation). The import tube had an inner diameter
ϕ10 mm, a length of 2000 mm, and a horizontal spiral of 5 laps. The gas supply pressure
was set to be 0.3 MPa, the oil supply interval was 6 min, the preload was 300 N, the
lubricating oil viscosity was 68 cSt, and the oil supplied within each interval was 4–8 mL,
respectively. When the outer ring of the test bearing was fixed and the inner ring speed
changed from 3000 r/min to 10,560 r/min, the temperature rise of the outer ring of the
bearing at different speeds was tested. The test results are presented below.
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It can be seen from Table 1 that when the bearing speed is 3000 r/min, 4980 r/min,
8240 r/min and 10,560 r/min, respectively, compared with the test results, the simula-
tion temperature rise error is less than 10%, indicating that the simulation model has
high accuracy.

hydraulic loading 
device

Figure 5. Oil-air lubrication test bench.

Table 1. Comparison of temperature rise test and simulation of bearing outer ring.

Revolution Speed
r/min

Test
Temperature Rise ◦C

Simulation
Temperature Rise ◦C

Error

3000 21.7 °C 20.5 °C 5.5%
4980 30.2 °C 27.9 °C 7.6%
8240 40.7 °C 37.1 °C 8.8%

10,560 46.6 °C 41.9 °C 9.7%

4. Discussion of the Temperature Rise Characteristics of Rolling Bearing under
Oil-Gas Lubrication

4.1. Influence of the Rotational Speed on the Temperature Rise Performance of the Bearing

The increase in the bearing speed aggravates the friction heat between the rolling
element and the inner and outer rings, and also the change in the viscosity of the oil. Thus,
the bearing speed has a significant influence on the temperature rise of the bearing. In the
simulation system, the gas supply pressure was set to 0.3 MPa, the oil supply pressure
was 3 MPa, the oil supply interval was 6 min, the preload was 300 N, and the viscosity
of the lubricating oil was 68 cSt, as shown in Table 1. The simulation was carried out at
the revolution speeds of 5000, 8000, 10,000, 12,000, 15,000, 18,000, and 20,000 r/min. The
internal heat flow parameters of the bearing at different speeds are listed in Table 2.
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Table 2. Internal heat flow parameters of the bearing at different rotational speeds.

Revolution Speed
r/min

Heat Generation
w

Heat Production Rate
w/m3

Coefficient of Convective
Heat Transfer w/(m2·K)

Maximum
Temperature ◦C

5000 53.4 125,973 38.62 35.7
8000 78.6 185,421 41.31 42.3

10,000 106.2 250,530 46.25 50.4
12,000 138.1 325,784 52.25 63.5
15,000 176.3 415,899 58.32 81.4
18,000 216.9 511,677 63.24 96.6
20,000 263.6 621,844 71.58 110.2

Figure 6 shows the relationship between the speed and the temperature rise of the
outer ring, the inner ring, and the fluid domain of the bearing. It can be seen from the figure
that the temperature rise performance of the bearing at high speed is significantly affected
by the speed. The temperature rise of the inner and outer rings of the bearing and the fluid
domain increases with the increase in the bearing speed. In addition, the degree of increase
of these parameters also gradually increases. The speed of the bearing is proportional to
the temperature rise of the inner and outer rings of the bearing and the fluid domain. The
discrete points in Figure 5 were linearly fitted and empirical formulae for the temperature
of the bearing at different speeds were obtained as follows:

Yinner = −10.86878 + 0.00397x (5)

Youter = −9.65789 + 0.00339x (6)

Yf luid = −5026667 + 0.00227x (7)

When y = 25 ◦C, the speed threshold of the outer ring, the inner ring, and the fluid
domain of the bearing is 10,224, 9035, and 13,245 r/min, respectively. When the speed
exceeds the threshold value, the temperature begins to rise linearly.
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Figure 6. Effect of the rotational speed on the temperature rise of the bearing.
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It can be seen from Figure 6 that the slope of the empirical formula for the temperature
of the inner ring of the bearing is the largest and the trend of the temperature rise is the
most obvious. This is because the faster the speed of the bearing, the more severe is the
differential sliding between the rolling element and the inner and outer rings and the
cage. The more severe the sliding friction and the rolling element spin friction, the more is
the friction torque between the various parts, which leads to the increased heating of the
bearing as a whole. At the same time, the internal vibration of the bearing is obvious when
it rotates at high speed. Due to the oscillation of the oil film and the temperature rise of
the lubricating oil, the lubrication of the bearing worsens, and some contact areas between
the rolling element and the raceway are in mixed friction, resulting in a large amount of
heat. The generated heat and the lubrication performance of the lubricant influence each
other, resulting in increasingly poor bearing lubrication conditions and a sharp rise in the
temperature of the bearing.

Under the high-speed operation of the bearing, due to the inertia force and heating, the
ring will expand, resulting in a certain change in the diameter of the bearing groove bottom,
which will lead to a change in the contact angle, change in the working performance of the
bearing, and cause the temperature rise of the bearing. With the increase of bearing speed,
the rolling component at the contact between the steel ball and the raceway increases, and
the spin component of the steel ball also increases, which increases the rolling and sliding
friction of the steel ball, resulting in increased heat generation and temperature of the
bearing. During the operation of the bearing at high speed, the temperature of the bearing
will change with the increase of the number of working cycles of the bearing. Because
the bearing will generate heat when it works, the heat will also generate the temperature
rise of the bearing, which will cause thermal expansion. The thermal deformation will
increase, and the actual axial force of the bearing will increase due to the effect of thermal
expansion. The increase of axial force further intensifies the friction heat generation. This
is because, with the increase of the bearing speed, the rolling component of the contact
point between the steel ball and the raceway increases, and the spin component of the
contact point between the steel ball and the raceway increases. The rolling friction and
sliding friction of the steel ball are increased, resulting in increased heat generation and
temperature rise.

4.2. Influence of the Preload on the Temperature Rise Performance of the Bearing

If the bearing preload is too large, the contact stress between the bearing roller and the
inner and outer tracks will increase, which will increase the friction between the two, and
eventually lead to the high working temperature rise of the bearing. However, the preload
is too small, and the bearing cannot run smoothly when rotating at high speed. Therefore,
the preload of the bearing should be reasonably selected according to the load and service
requirements of the bearing. When the operating parameters are an air supply pressure
of 0.3 Mpa, oil supply pressure of 3 Mpa, oil supply interval of 6 min, rotational speed
of 5000 r/min, lubricating oil viscosity of 68 cSt, and the preload is 100 N, 200 N, 300 N,
400 N, 500 N, 600 N, 700 N, respectively, the temperature field of the bearing is simulated.

It can be seen from Figure 7 that the bearing temperature rise increases linearly with
the increase of preload. This is because when the bearing rotates at high speed, the friction
caused by the elastic hysteresis of the bearing, the friction caused by the local differential
sliding and the friction torque caused by the spin sliding of the ball along the ring groove
will increase with the increase of the bearing preload, which will lead to the increase of the
overall heat generation of the bearing and eventually the increase of the temperature rise
of the bearing.

The bearing preload is in direct proportion to the temperature rise of the bearing outer
ring. The empirical formula of the temperature rise of the bearing outer ring under different
preloads can be obtained by linear fitting of discrete points:

Ytemp rise = 17.3 + 0.00736x
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Figure 7. Effect of rotational preload on temperature rise of bearing.

4.3. Analysis of the Oil Supply on the Temperature Rise Performance of the Bearing

The lubrication oil supply plays a vital role in high-speed rolling bearings. The amount
of oil supplied directly affects the thickness of the lubricating oil film within the bearing. It
can not only reduce the direct contact friction heat between the roller and the inner and
outer rings but can also take away a certain amount of heat in the process of circulating
the oil supply. In this study, the effect of oil supply on the temperature rise of the bearing
was studied. For performing this investigation, the following parameters were set: the
gas pressure was 0.3 MPa, the oil supply interval was 6 min, the preload was 300 N, the
viscosity of lubricating oil was 68 cSt, and the speed of the bearing was 10,000 r/min. The
oil supplied within each interval of 4–8 mL was used.

Figure 8 shows the change in the temperature rise of the bearing as a function of the
oil supply of the lubrication system. It can be seen from the figure that the temperature
rise of the bearing increases first and then decreases with increasing oil supply, and finally
increases once again. This is because at the beginning (oil supply is 4–4.5 mL), it may be
in a lean state, and the friction between the roller and the inner and outer rings generates
more heat. As the viscous torque of the lubricating oil increases, the heat generated by
the stirring of the lubricating oil also increases; thus, increasing the temperature of the
outer ring of the bearing. As the oil supply continues to increase (4.5–5.5 mL), the oil film
between the bearing rolling element and the raceway gradually becomes complete, the
friction heat of the bearing decreases, the heat taken away by the lubricating oil increases,
and the temperature rise of the bearing decreases. In addition, the stirring friction gradually
increases and reaches an equilibrium state at a certain value of oil supply. As a result, the
temperature rise of the bearing is the lowest, and the oil supply is also optimum for the
bearing. However, as the oil supply continues to increase (5.5–8 mL), the bearing is in an
oil-rich state, and thus an excessive amount of oil is present for forming the oil film. This
large amount of lubricating oil increases the heat generated due to the stirring of the bearing.
When it is greater than the heat taken away after improving the lubrication conditions, the
temperature rise of the bearing increases with increasing oil supply. Therefore, the change
in the bearing temperature at high speed is sensitive to the change in the oil supply. When
the lowest temperature rise point of the outer ring of the bearing is at approximately 5.5 mL
of the oil supply, a good oil film can be formed in the bearing.
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Figure 8. Effect of the oil supply on the temperature rise of the bearing.

4.4. Analysis of the Lubricant Viscosity on the Temperature Rise Performance of the Bearing

When the bearing rotates at high speed, the viscosity of the lubricating oil has a direct
relationship with the oil film thickness and the heat generation of the bearing. When the
bearing speed is 10,000 r/min, respectively, it maintains the air supply pressure of the
lubrication system at 0.3 MPa, the preload at 300 N, and the single nozzle inlet, conduct
simulation analysis on the bearing temperature rise characteristics, and obtain the influence
curve of the lubricating oil viscosity on the bearing temperature rise.

It can be seen from Figure 9 that, within a certain viscosity range, the influence of
lubricating oil viscosity on bearing temperature rise is small. However, when the viscosity
exceeds a certain value, the bearing temperature rise gradually increases. The change trend
of lubricating oil viscosity on bearing temperature rise characteristics is consistent with the
theory of elastohydrodynamic lubrication. However, when the viscosity of the lubricating
oil is too large, the friction torque related to the viscosity of the lubricant increases, the heat
generation increases, and the temperature rise of the bearing increases. Lubricating oil with
higher viscosity is easy to form oil film, but at the same time, the heat generated by viscous
torque is also increasing, so the viscosity of lubricating oil should be reasonably selected
according to the actual working conditions such as bearing speed and load. At the same
higher speed, the lubricating oil has the best viscosity value.
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Figure 9. Effect of the lubricating oil viscosity on the temperature rise of the bearing.
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5. Conclusions

In this study, based on the basic theory of the gas-liquid two-phase flow, the VOF
model has been used to study the distribution of oil and gas in the oil-air lubrication pipeline
of a high-speed rolling bearing. The fluid-solid coupling temperature field simulation
model of a bearing under the oil-air lubrication condition has been established, and the
relationship between the fluid-solid coupling heat balance of the high-speed rolling bearing
under this lubrication condition has been studied. The following are the conclusions of
this study:

(1) The air supply pressure in the oil-air lubrication system has a huge influence on
the continuity and fluctuation of the oil film in the nozzle. If the gas pressure is too low, oil
accumulation occurs in the nozzle. If the supply pressure is too large, the greater the speed
of the gas in the pipeline, the more the probability of fluctuation and fracture of the oil film.

(2) The speed of rotation has a great influence on the temperature rise of high-speed
rolling bearing. With the increase of the speed shaft, the temperature rise of the bearing
inner ring is faster than that of the bearing outer ring and the bearing inner fluid domain.
The temperature rise of the three increases linearly with the bearing speed, and the initial
temperature rise has a threshold value of rotation speed. In addition, with the increase of
preload, the temperature rise of bearing outer ring also shows a linear increase trend.

(3) In high-speed rolling bearings, with the increase of oil supply and lubricating
oil viscosity, the bearing temperature rise decreases first and then increases. The system
oil supply and lubricating oil viscosity have a certain impact on the temperature rise of
high-speed rolling bearings, and there is an optimal oil supply and viscosity value.
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Abstract: To study the full sound field distribution characteristics of full ceramic ball bearings, reduce
the radiation noise of the bearings, and improve their service performance. In this paper, the sound
field distribution characteristics of 6206 silicon nitride ceramic deep groove ball bearings are studied
under different oil supplies. A mathematical model of the sound field distribution of full ceramic ball
bearings under oil lubrication is established, and the validity of the model is verified by experimental
data. The bearing cavity simulation model of the full ceramic ball bearing is established, and the
influence of oil supply on the operation characteristics of the full ceramic ball bearing is studied.
Through theoretical and experimental research, the circular distribution law of the noise signal of
ceramic ball bearings under different oil supplies is revealed. It is found that there is an optimal
fuel supply when the speed and load are constant. Under optimal oil supply lubrication conditions,
the full ceramic ball bearing has the minimum radiation noise, and the bearing exhibits optimal
lubrication state, vibration and temperature rise characteristics. The new contribution of this paper:
with the increase in oil supply, the sound pressure level of radiation noise of full ceramic ball bearings
decreases and then increases. The research results reveal the radiation noise mechanism of full
ceramic ball bearings, which is of great significance for enriching its theory and method.

Keywords: full ceramic ball bearing; oil supply; radiated noise; sound field distribution;
mathematical model

1. Introduction

To study the influence of oil supply on the sound field distribution characteristics of
full ceramic ball bearings under different working conditions. The oil supply required for
the full ceramic ball bearing to generate the minimum radiation noise is obtained, which
reduces the radiation noise and improves its service performance. With the progress of
science and technology, the use environment and conditions of ball bearings are more
and more demanding, such as high speed, high temperature, corrosion resistance, strong
magnetism, oil-free lubrication, etc. [1,2]. As a new high-end product, full ceramic ball
bearings have the advantages of large stiffness, good thermal stability, corrosion and wear
resistance, high operation accuracy and long service life [3–5]. With the increasingly harsh
operating conditions of bearings, the friction and impact between internal components of
full ceramic ball bearings intensify, and the problem of radiated noise is gradually high-
lighted. Radiated noise has a large impact on the sound quality of bearings, limiting the
development of equipment in the high speed and quiet direction [6]. Bearing lubrication ef-
fect has an important impact on the running performance and service life of bearings. Good
lubrication can reduce friction and improve bearing performance. Different lubrication
states will also produce different sound field characteristics of bearings [7,8]. Among them,
the oil supply for bearings directly determines the lubrication state of the bearing, thus
affecting the bearing acoustic characteristics. Therefore, it is of great significance to study
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the influence of oil supply on the sound field characteristics of full ceramic ball bearings
and to explore the oil supply required to produce minimum radiated noise [9,10].

In recent years, experts and scholars at home and abroad have conducted a lot of
research on the sound field and radiated noise characteristics of ball bearings. Yan Haipeng
studied the radiated noise characteristics of a high-speed ceramic ball bearing motorized
spindle. Through grinding tests on the spindle, it was found that speed is one of the
main factors affecting the radiated noise of full ceramic ball bearings [11,12]. From the
perspective of fault analysis of double-row tapered roller bearings, Li Defa conducted a
mechanism study between the bearing state and acoustic emission signal through theoreti-
cal analysis and test comparison, which provided theoretical support for the application
of acoustic emission perception in bearing state detection [13]. Xiong Shi analyzed the
relationship between the sound pressure and acoustic power of the shaft-hull coupling
structure under different bearing stiffness [14]. Zhang Qitao established a mathematical
model for calculating the center motion trajectory of the rolling body of deep groove ball
bearings and analyzed the influence of rotation speed and radial load on the noise size at a
fixed point, as well as the change law of noise along the axis direction of the rolling bearing,
combined with the acoustic theory and specific examples [15]. Under the condition of low
speed and heavy load, Wang Jiaxu studied the influence of different friction coefficients,
loads and rotation speeds on the transient characteristics of water-lubricated bearings using
a finite element model, determined the vibration frequency and effective value of vibration
acceleration of the bearings, and carried out experimental verification. This provides a
theoretical basis for studying the vibration and noise mechanism of water-lubricated bear-
ings [16]. Peng Liqiang considered the oil supply at the lubricating oil inlet as a variable
parameter and solved the mathematical model with the finite difference method to analyze
the influence of the oil supply on the static lubrication characteristics of the inner and outer
oil film of floating ring bearings [17]. Nam Jaehyeon measured the vibration and sound
pressure of the contact surfaces under two lubrication conditions, the change in friction
coefficients, and analyzed the frictional noise mechanism of the lubricant under clean or
polluted surfaces [18]. Zhang Qitao established a noise calculation model for deep groove
ball bearings. The effect of the number of ripples, the ripple amplitude, the bearing speed,
the bearing load, and the ball size error on the noise of the fixed measuring point bearings
was studied through numerical calculations [19]. Jahagirdar studied the effect of noise
on the statistical moment of a bearing vibration signal. The distribution function of the
inner, outer, and sphere defects was tested using K-S tests. The change in noise level and
its effect on the statistical moment were verified [20]. Botha established a sound radiation
model for bearing related research objects, analyzed the characteristics of noise sources, and
determined the location and mechanism of the main noise sources for fault detection [21].

The mechanism of bearing vibration is very complex, and the vibration characteristics
of ball bearings directly affect the accuracy and radiation noise. P. K. Gupta [22] studied the
vibration characteristics in rolling bearings, defining two characteristic intrinsic frequencies.
They are the elastic boundary contact frequency and the bearing motion frequency, and
their existence is verified by computer analysis simulations and available experimental
data. Lynagh N. [23] presented a detailed model of bearing vibration, including the effect
of contact spring non-linearity in balls-to-raceways contacts. This model was successfully
employed for the recognition of complex real-time vibration spectra of a precision routing
spindle obtained by accurate non-contact sensors. Based on the hydrodynamic lubrication
model, contact force model, and wear prediction model, R.B. Randall [24] simulated the
vibration signal generated by the relative motion between the journal and the bearing.
D. Abbound [25] compared the application of the the minimum entropy deconvolution
(MED)and the spectral kurtosis (SK) method and the cyclostationary method in actual
rolling bearing vibration signal fault detection. It is found that, in most cases, both methods
can detect bearing faults.

As can be seen from the research results in recent years, most studies on the radiated
noise of ball bearings take the noise as the judgment basis for bearing fault analysis [26–28]
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or consider it as a whole sound source and calculate it based on experimental and finite
element methods. The sound field model of ball bearings and the mechanism of sound
field distribution are not established. However, there is little research on the influence of
full ceramic ball bearing lubrication on sound field characteristics.

Therefore, this paper takes the silicon nitride full ceramic ball bearing as the research
object, aiming at the problems of radiated noise generated by bearings when running at
high speed. Based on the radiation noise mechanism, the full sound field distribution
characteristics of full ceramic ball bearings are discussed. The influence of oil supply on the
sound field distribution characteristics of full ceramic ball bearings under different working
conditions is investigated. By establishing the simulation model of the bearing cavity of the
full ceramic ball bearing, the influence of different oil supplies on the oil phase distribution
in the bearing cavity, temperature rise, and vibration acceleration of the bearing is obtained.
Based on the mathematical model of sound field characteristics, the influence of oil supply
on the sound field characteristics of full ceramic ball bearings is analyzed by combining the
simulation results and test data. The research results can provide theoretical support and
experimental reference for the analysis of the sound field characteristics and noise signal
transmission mechanism of full ceramic ball bearings.

2. Mathematical Model of Sound Field Characteristics of Full Ceramic Ball Bearings

2.1. Contact Analysis between Ceramic Balls and Bearing Rings

In general, the bearing inner ring rotates with the shaft. The outer ring is assembled on
the bearing housing and does not rotate with the rotation of the inner ring, but it can still
produce vibration. The noise mainly comes from the friction and impact vibration caused
by interaction between components during its operation. In order to study the contact
vibration characteristics of the ceramic ball and ring, the contact between the ball and
the inner ring and the outer ring of the ball bearing can be regarded as a point-to-surface
contact. In addition, the lubrication problem of the ball/outer ring tribology system can be
regarded as a point contact elastohydrodynamic lubrication problem plane when the ball
bearing’s contact with the micro area is taken as the research object.

The Hertz point contact elasticity theory studies the local stress and strain distribution
of two smooth ellipsoids after contact under pressure [29].

According to the Hertz point contact elasticity theory, the contact force Q is:

Q = Kδ3/2 (1)

where δ is the contact deformation, K is the contact stiffness, and the calculation formula is
as follows:

K = 1
3 E′(Σρ)

1
2
( 2

δ∗
) 3

2

δ∗ = 2F
π

(
π

2κ2E

) 1
3

(2)

where E′ represents the elastic modulus parameter, κ represents the eccentricity parameter
of the ellipse, and E and F are the first and second types of complete ellipse integral,
respectively. Therefore, the contact force and the length of the long radius and short radius
of the ellipse in the contact area can be found by calculating the contact deformation.

When analyzing the contact deformation between the ceramic balls and rings, the
surface elastic deformation should be considered. According to the elastic theory, the elastic
displacement of each point in the vertical direction can be deduced as [30]:

v(x) = − 2
πE

∫ s2
s1

p(s) ln (s − x)2ds + c
1
E = 1

2 (
1−ve

2

Ee
+ 1−vr

2

Er
)

(3)

where v(x) is the elastic displacement in the vertical direction. For the elastohydrodynamic
lubrication (EHL) problem, p(s) is the fluid pressure distribution; s is the additional coordi-
nate on the x-axis, representing the distance between p(s) and the origin of the coordinate; s1
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and s2 are the starting point and ending point of the load, respectively; c is an undetermined
constant, which can usually be incorporated into h0; E is the equivalent elastic modulus; Ee
is the elastic modulus of the outer raceway; Er is the elastic modulus of ball bearings; ve is
the Poisson’s ratio of the outer raceway; and vr is the Poisson’s ratio of ball bearings.

2.2. Vibration Differential Equations of Ceramic Balls

As the key component of a full ceramic ball bearing, the ceramic ball has contact
force with the cage, inner ring and outer ring, so the stress of ceramic balls is complicated.
Especially when considering the influence of the ceramic ball’s diameter error on the
operating state of the bearings, the interaction between ceramic balls and rings with larger
ball diameters and smaller ball diameters is more complicated [31].

In this paper, it is assumed that the cage pocket holes are uniformly distributed along
the circumference of the cage, and there is no other dimensional error.

Figure 1 shows the acting force on the ceramic ball when the full ceramic ball bearing
runs at high speed. αij and αoj represent the contact angle between the ceramic ball and
the inner and outer orbits, respectively. Qij and Qoj represent the normal contact force
between the ceramic ball and the inner and outer orbit, respectively. Tηij, Tηoj, Tξij and Tξoj
represent the traction force between the ceramic ball and the contact surface of the inner and
outer orbit. Qcxj and Qcyj represent the components of the impact force occurring between
the ceramic ball and the cage along the coordinate direction. Gbyj and Gbzj represent the
gravity component of the ceramic ball along the coordinate direction. Pηj and Pξj indicate
the friction force acting on the surface of the ceramic ball, including rolling friction force
and sliding friction force. Fbxj, Fbyj and Fbzj represent the hydrodynamic viscous resistance
component acting on the ceramic ball. Fηij, Fηoj, Fξij and Fξoj represent the rolling friction
force between the ceramic ball and the inner and outer raceway. Jx, Jy and Jz represent
the component of inertia of the ceramic ball rotating about its own center. ωxj, ωyj and
ωzj represent the angular velocity of the ceramic ball in its coordinate system along the
respective coordinate direction and represent the angular acceleration of the ceramic ball in
its coordinate system along their respective coordinate directions [32].
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Figure 1. Stress diagram of ceramic ball bearing.

Where DW is the diameter of the ceramic ball; mb is the mass of the ceramic ball;
..
xbj,

..
ybj and

..
zbj represent the Jth ceramic ball in the coordinate system {O, X, Y, Z}; ωbxj, ωbyj

and ωbzj represent the angular velocity of the ceramic ball in the coordinate system {O,
X, Y, Z};

.
ωbxj,

.
ωbyj and

.
ωbzj represent the angular acceleration of the ceramic ball in the

coordinate system {O, X, Y, Z};
.
θbj represents the orbital velocity of the ceramic ball in the

coordinate system {O, X, Y, Z}; and Ib is the moment of inertia of the ball in the coordinate
system {O, X, Y, Z}.
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The vibration differential equation of the ceramic ball can be described as:

Fbyj − Fξoj + Tξoj + Gbyj + Qcyj − FDj = mb
..
ybj

Fbzj − Fηoj sin αoj + Tηoj sin αoj − Qoj cos αoj − Gbzj + Q
(Tηoj − Fηoj)

DW
2 − Mgyj − Jy

.
ωyj = Ib

.
ωbyj + Ibωbzj

.
θbj

[(Tξoj − Fξoj) sin αoj − Pη j]
DW

2 + Mgzj − Jz
.

ωzj = Ib
.

ωbzj + Ibωbyj
.
θbj

(4)

2.3. Properties of Lubricating Oil Properties

Good lubrication plays a crucial role in the operating condition of the bearing. If
there is not enough lubrication, dry friction or boundary friction will occur between the
ceramic balls and the raceway, causing friction and wear and producing more noise and
even various failures. The total amount of oil supplied for full ceramic ball bearings during
operation is:

qm =
N

∑
j=1

qij +
N

∑
j=1

qoj (5)

where N represents the number of ceramic balls, and qij and qoj represent the oil supply
required by the ceramic ball in the contact area with the inner and outer ring, respectively.
If qj represents the oil supply required for the ceramic ball in the contact area with the inner
or outer ring, then:

qj = ρmhcμm (6)

where ρm represents the lubricating oil density in the contact area; μm represents the average
speed of the contact surface, that is, the equivalent speed; and hc represents the thickness
of the oil film in the contact area. Based on the results of Hamrock–Dowson [33], the
lubricating oil film thickness can be calculated by the following formula:

hc = 2.69RxU0.67G0.53W−0.067
(

1 − 0.61e−0.73
)

(7)

where U = η0μm/E′Rx represents the dimensionless velocity; η0 represents the lubricant
viscosity at 20 ◦C under the standard atmospheric pressure; Rx = DW(1 ∓ γb)/2 repre-
sents the equivalent radius of curvature, where the negative sign is used to calculate the
equivalent radius of curvature of the inner ring and the positive sign is used to calculate
the equivalent radius of curvature of the outer ring; G = E′cη represents the dimensionless
elastic modulus; cη represents the viscosity pressure coefficient; W = Q/E′R2

x represents
the dimensionless load; and Q represents the contact load.

The most important factors affecting the viscosity of the lubricating oil are the pressure
and temperature of the lubricating oil. The relationship between the lubricating oil viscosity
and the lubricating oil temperature and pressure is [34]:

η = η0 exp

{
(ln η0 + 9.67)×

[
(1 + 5.1 × 10−9 p)

0.68
(

T1 − 138
T0 − 138

)−1.1
− 1

]}
(8)

where η0 is the initial viscosity of the lubricating oil, T0 is the ambient temperature, and T1
is the actual temperature of the oil film.

2.4. Establishment of Sound Field Points of the Full Ceramic Ball Bearing

In order to facilitate the analysis of the sound field distribution characteristics of the
full ceramic ball bearing, 24 field points are selected in the circumferential direction to
calculate the radiated noise, as shown in Figure 2. All field points are evenly distributed in
the same plane, the distance from the plane to the bearing plane is 50 mm, and the distance
from each field point to the bearing axis is 210 mm. Therefore, the radial distance of each
field point is 210 mm, the axial distance is 50 mm, and the angle between two adjacent field
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points is 15◦. Here, the first field point is placed in the 12 o’clock direction and defined as 0◦
position angle or field point 1. The remaining field points are numbered counterclockwise.

n

r

Figure 2. The distribution of acoustic field points in the circumferential direction of all ceramic
ball bearing.

2.5. Characterization of the Sound Field
2.5.1. Sound Pressure Level of the Sound Field

In general, the sound pressure level is the main index used to evaluate and analyze
sound radiation. When analyzing the radiated noise of a certain point in the sound field
of full ceramic ball bearings, the effective value of sound pressure is generally used for
analysis. The effective sound pressure level can be calculated by:

pe =

√
1
T

∫ T

0
p2dt (9)

where pe represents the effective sound pressure level value, T represents sampling time,
and p represents instantaneous sound pressure.

Therefore, the effective SPL at the analyzed field point can be obtained by Equation (2):

L = 20lg
pe

pre f
(10)

where pref refers to the reference sound pressure. In this paper, the reference sound pressure
value is 2 × 10−5 Pa.

2.5.2. Directivity of the Sound Field

The sound field directivity of radiated noise is also an important index for evaluating
the sound field performance and noise environment. In order to further analyze the sound
field distribution characteristics of full ceramic ball bearings, the directivity of the sound
field is used to characterize the distribution law of the sound field. At different positions
of the sound field, there will be different SPLs (sound pressure levels). Even if the field
point is the same distance from the sound source, SPLs of different field points will still be
different, which indicates that the sound source has directivity and can also be expressed
by the directivity of the sound field. Directional angle and directional level can be used to
describe the directivity of the sound field [35]. Directional angle and directional level are
called directivity parameters of the sound field, and they can be defined as:

DA = θSPL(n, r, l) (11)
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DL =
SPLmax(n, r, l)
SPLave(n, r, l)

(12)

where SPLmax represents the maximum pressure level in the whole circumferential direction
of a given radial distance r or represents the maximum pressure level in the angle range of
a certain position at a given bearing speed n, radial distance r, and axial distance l. SPLave
represents the average sound pressure level over the entire circumference of a given radial
distance r. θSPL represents the angle of position where the maximum sound pressure level
occurs. In the circumferential direction, the field point with the greatest radiated noise is
also called the sensitive field point. Therefore, the direction of the position angle where the
sensitive field point is located is the directional direction of the sound field.

2.6. Calculation Process

The numerical calculation process of this paper is shown in Figure 3.

Figure 3. Flow chart of simulation calculation.

3. Simulation Analysis of the Influence of Oil Supply on Radiated Noise of the Full
Ceramic Ball Bearing

3.1. Simulation Analysis of the Influence of Oil Supply on the Circumferential Sound Field
Distribution of the Full Ceramic Ball Bearing

In order to analyze the influence of the lubrication state on the radiated noise of
full ceramic ball bearings, taking the oil supply as the lubrication index, the influence
of different oil supplies on the radiated noise distribution of full ceramic ball bearings
is discussed. In the circumferential direction with a radius of 210 mm, 24 uniformly
distributed field points are selected for analysis. The included angle between two adjacent
field points is 15◦, and the distance between each field point and the bearing plane is 50 mm.
The bearing speed is set at 18,000 r/min and 24,000 r/min for calculation. The preload is
set as 350 N, and the radiated noise of the full ceramic ball bearing is calculated when the
oil supply is 0.010 mL/min, 0.015 mL/min, 0.020 mL/min, 0.025 mL/min, 0.030 mL/min
and 0.035 mL/min respectively [36,37]. After calculation, the radial noise distribution in
the circumferential direction of the full ceramic ball bearing with different oil supplies is
shown in Figure 4.
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(a) (b) 

Figure 4. Sound field distribution in the circumferential direction under different oil supplies.
(a) n = 18,000 r/min; (b) n = 24,000 r/min.

It can be found that under different oil supplies, the radiated noise of the full ceramic
ball bearing presents uneven distribution in the circumferential direction and shows an
obvious direction of the sound field. With the increase in oil supply, the radiated noise
decreases first and then increases. It can also be seen from the figure that at different speeds,
the amount of oil supply required for small radiated noise is different. When the speed is
18,000 r/min, there is a relatively small SPL at the oil supply of 0.020 mL/min, while when
the speed is 24,000 r/min, there is a relatively small SPL at the oil supply of 0.030 mL/min.

3.2. Simulation Analysis of the Influence of Oil Supply on the Characterization of Different Regions
of the Sound Field of Full Ceramic Ball Bearings

In the range of 15~75◦ of the upper left semicircle, because of the small contact force
between the ceramic balls and the ring, the impact effect of the bearing ceramic balls,
the ring and the cage will produce a large impact noise, so this area will produce a large
radiated noise and is called the impact load zone. In the range of 195~255◦ of the lower
right semicircle, due to the large contact force between the ceramic balls and the ring, the
violent interaction between the ceramic balls and the bearing inner and outer ring produces
a large friction noise [38,39], so this area will also produce a relatively large radiation noise
and is called the friction load zone. Other regions are called stationary load zone because
of the relatively small friction and impact and relatively stable radiation noise changes.

It can be seen from Figure 5 that the radiated noise in the friction load zone is higher
than that in the impact load zone, and their variation trends are similar to the increase in
oil supply. When the rotational speed is 18,000 r/min, the variation trend first decreases
and then increases. When the rotational speed is 24,000 r/min, the SPL decreases with the
increase in oil supply. Furthermore, when the oil supply is large, the amplitude of SPL
increase tends to decrease.

 
(a) (b) 

Figure 5. Variation of maximum sound pressure level in impact load zone and friction load zone
with oil supply. (a) n = 18,000 r/min; (b) n = 24,000 r/min.
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In order to improve the analysis of how oil supply affects the directivity of the sound
field, the variation trend of the directional level of the sound field in the impact load
zone and friction load zone with the oil supply at different rotational speeds is simulated
and calculated.

As can be seen from Figure 6, when the rotational speed is 18,000 r/min, the directional
level of the impact load zone gradually decreases with the increase in the oil supply, while
the directional level of the friction load zone firstly decreases and then increases. When the
rotational speed is 24,000 r/min, it is the opposite. With the increase in oil supply, it can be
found that the radiated noise of the full ceramic ball bearing has different directional levels
in different zones.

  
(a) (b) 

Figure 6. Variation of the directional level(DL) in impact load zone and friction load zone with oil
supply. (a) n = 18,000 r/min; (b) n = 24,000 r/min.

Based on the above analysis, under the preload of 350 N applied to the bearing,
when the rotational speed is 18,000 r/min, the oil supply required for the bearing to
produce the minimum radiation noise is 0.020 mL/min. When the rotational speed is
24,000 r/min, the oil supply required for the bearing to produce the minimum radiation
noise is 0.030 mL/min. With the increase in rotational speed, the oil supply of the full
ceramic ball bearing when the minimum radiation noise is generated also increases.

4. Simulation Analysis of the Influence of Oil Supply on the Operation Characteristics
of the Full Ceramic Ball Bearing

4.1. Geometric Modeling and Meshing

In this paper, the 6206 silicon nitride ceramic ball bearing is taken as the research object.
The solid model of the 6206 deep groove ball bearing is drawn using three-dimensional
modeling software, including the rolling element, bearing inner and outer ring, and cage,
and then the patrs are assembled. Figure 7 shows the bearing model.

The bearing model is imported into the pre-processing software, and the fluid domain
of the bearing is extracted. The research focus of this paper is the fluid domain part of
the bearing, so the solid domain part of the bearing is suppressed, only the fluid domain
part of the bearing is retained, and two inlets are added. The inlets are located above and
below the end face of the model, the diameter is 2 mm, and the outlet is located at the other
end face of the model. The bearing cavity model is meshed. Figure 8 is the bearing cavity
grid. The number of elements in the overall calculation domain is 1,300,381, the number of
nodes is 260,735, and the minimum mass of the grid is greater than 0.2, which meets the
calculation requirements.
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Figure 7. Bearing model.

 

Figure 8. Bearing cavity grid.

4.2. Boundary Condition Setting

The bearing cavity grid model is imported into Fluent for simulation analysis. The
simulation parameters are set as follows:

(1) The lubricating inlet is set to speed inlet, and the inlet speed is set. The outlet is set
to the pressure outlet, and the value is standard atmospheric pressure.

(2) The outer ring of the bearing is set as a stationary wall surface, and the surfaces in
contact with the inlet and outlet areas are also set as stationary wall surfaces. Considering
the revolution motion of the rolling element and the cage, the inner ring, the rolling element
and the cage are set as the rotating wall surface, ignoring the spin motion of the rolling
element, and the cage speed is the same as the rolling element.

(3) The heat flux at the corresponding speed is loaded on the inner and outer rings
and balls.

(4) The VOF model [40] is used to solve the flow state of the oil and gas phases. Air is
the main phase, and lubricating oil is the secondary phase. In the VOF method, the volume
fraction α is used to mark the volume fraction of the oil phase. Then, α = 0 represents an
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oil-free unit, and α = 1 represents an oil-filled unit. If 0 < α < 1, it represents the interface
between the oil phase and the gas phase.

4.3. Simulation Analysis of the Influence of Oil Supply on the Lubrication Characteristics of Full
Ceramic Ball Bearings

When the bearing runs at high speed, the lubricant distribution and content of the key
lubrication areas near the contact area, cage pocket hole, and rolling element surface are
vital to the overall lubrication of the bearing and its operational reliability.

Figure 9 shows the distribution of oil volume fraction on the circumference under
different oil supplies when the rotational speed is 24,000 r/min. In the bearing cavity, the
lubricating oil is subjected to centrifugal force for radial movement and also circumferential
movement by the influence of the cage and inner ring. The high-speed spin balls make
the lubricating oil distribute in the contact area near the ball. The distributing oil is not
uniformly distributed in the circumferential direction, and the content varies with the
azimuth angle.

Figure 9. The distribution of oil volume fraction on the circumference under different oil supplies.

The average oil volume fraction inside the bearing under different oil supplies is
shown in Figure 10. Figure 11a,b, respectively, show the oil volume fraction distribution
inside the full ceramic ball bearing under the conditions of a rotation speed of 18,000 r/min
and oil supply of 0.020 mL/min, and a rotation speed of 24,000 r/min and oil supply
of 0.030 mL/min. The results show that with the increase in oil supply, the average oil
volume fraction increases first and then decreases. When the bearing oil supply is small,
the bearing cavity is in a starved state, and the oil film thickness of the two-phase flow
is thin and incomplete, which is not conducive to bearing lubrication and heat transfer.
When the oil supply increases, the oil film thickness of the two-phase flow increases and
becomes more complete, enhancing the lubrication performance and decreasing the bearing
temperature. When the oil supply increases to a certain amount, the oil film thickness of the
two-phase flow reaches the maximum, and the bearing is in the best lubrication state. As
the oil supply continues to increase, the oil film thickness decreases and gradually becomes
incomplete. This is because the excess lubricating oil inside the bearing will cause churning
and heat generation, resulting in a sharp rise in the bearing temperature and a decrease in
the lubricating oil viscosity, thus thinning the oil film.
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Figure 10. The average oil volume fraction inside the bearing under different oil supplies.

 
(a) (b) 

Figure 11. Oil phase distribution in bearing cavity under different working conditions. (a) n =
18,000 r/min, v = 0.020 mL/min; (b) n = 24,000 r/min, v = 0.030 mL/min.

Figure 12 shows the influence of different oil supplies on the temperature rise of
the outer ring of the full ceramic ball bearing at the rotational speed (18,000 r/min and
24,000 r/min). Figure 13a,b, respectively, show the oil phase distribution in the full ceramic
ball bearing under the conditions of a rotation speed of 18,000 r/min and oil supply of
0.020 mL/min, and a rotation speed of 24,000 r/min and oil supply of 0.030 mL/min. With
the increase in oil supply, the temperature rise decreases first and then increases. Each
speed has a minimum oil supply, and the temperature rise increases with the increase
in speed.

Figure 14 shows the influence of different oil supplies on the vibration acceleration
of the outer ring of the full ceramic ball bearing at the rotational speed of 18,000 r/min
and 24,000 r/min. The vibration acceleration decreases as the oil supply increases, and
there is an optimum oil supply that minimizes the vibration acceleration. In addition, the
vibration acceleration increases with the increase in speed. When the oil supply is low and
the oil film thickness is low, little oil is introduced into the contact area of the rollers and
raceways, which leads to oil pressure fluctuations and high bearing vibration. As the oil
supply increases, the amount of oil in the bearing cavity increases, creating a thick oil film
that helps reduce vibration.
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Figure 12. Temperature change in bearing outer ring under different oil supply.

 
(a) (b) 

Figure 13. The temperature distribution in the bearing chamber under different working conditions.
(a) n = 18000 r/min, v = 0.020 mL/min; (b) n = 24000 r/min, v = 0.030 mL/min.

Figure 14. Vibration acceleration of bearing outer ring under different oil supplies.
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5. Experimental Analysis of the Influence of Oil Supply on the Sound Field
Distribution of the Full Ceramic Ball Bearing

5.1. Experimental Scheme and Method

According to the analysis of the simulation results, we set the working conditions in
the experiment as the preload adjusted to 350 N and two set rotational speeds. Six groups of
radiated noise tests with different oil supplies are carried out. During the test, the settings
of other parameters are the same as during the simulation calculation.

The influence of the oil supply on the vibration and noise characteristics of the full
ceramic ball bearing under oil lubrication conditions is tested by using the upgraded rolling
bearing lubrication vibration test platform. The test device and the test process are shown
in Figure 15.

  

Figure 15. Experimental equipment and signal acquisition equipment.

The full ceramic ball bearing in this test is a P4 ultra-precision ball bearing. The type
is a 6206 deep groove ball bearing. The material of the bearing inner and outer ring and
balls is silicon nitride ceramic. The material of the cage is PVX. Its structural parameters
are shown in Table 1.

Table 1. Structural parameters of the test bearing.

Parameter Name/Unit Bearing Data

Bearing bore diameter/mm 30
Bearing outside diameter/mm 62

Bearing width/mm 16
Amount of balls 9

Elastic modulus of silicon nitride material/GPa 300
Poisson’s ratio of silicon nitride material 0.27

5.2. Analysis of Test Results of the Influence of Oil Supply on the Circumferential Sound Field
Distribution of Full Ceramic Ball Bearings

Figure 16 shows the circumferential distribution of the radiated noise of the full
ceramic ball bearing with different oil supplies. With the increase in oil supply, the change
in bearing radiation noise is more complicated, and the radiation noise varies greatly
in the impact load area and the friction load area. When the oil supply increases from
0.010 mL/min to 0.035 mL/min, the change in radiated noise is first large, then small, and
finally gentle. In addition, it can be seen from the figure that the overall variation trend of
radiated noise with oil supply is consistent with the simulation results.
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(a) (b) 

Figure 16. Test results of circumferential sound field distribution with different oil supplies.
(a) n = 18,000 r/min; (b) n = 24,000 r/min.

5.3. Influence of Oil Supply on the Characterization of Different Sound Field Regions of the Full
Ceramic Ball Bearing

Figure 17 shows the curves of the sound pressure level of bearing radiated noise in the
direction of the impact load and friction load with the change in oil supply. It can be seen
from the figure that the radiation noise in the impact load area is weaker than that in the
friction load area. When the rotational speed is 18,000 r/min, the maximum sound pressure
level decreases first and then increases with the increase in oil supply in the impact load
zone and friction load zone. The minimum sound pressure level is 83.15 dB and 84.83 dB
when the oil supply is 0.020 mL/min. When the speed is 24,000 r/min, the change curves
of the impact load and friction load area are consistent, and both reach the minimum sound
pressure level when the oil supply is 0.030 mL/min.

  
(a) (b) 

Figure 17. Test results of SPL in impact load zone and friction load zone under different oil supplies.
(a) n = 18,000 r/min (b) n = 24,000 r/min.

Figure 18 is the curve of the directional level of the sound field of bearing radiated
noise in the impact load zone and friction load zone with the change in oil supply. It can be
seen from the figure that, compared with the friction load zone, the sound field directivity
of the impact load area is relatively weak. With the increase in oil supply, the directional
level of the sound field in the impact load zone tends to weaken at different rotational
speeds. In the friction load zone, more complex changes in the directivity of the sound field
When the oil supply is small (0.010 mL/min), the directivity of the sound field tends to
weaken with the increase in the oil supply, but when the oil supply reaches a certain value,
the directivity of the sound field is enhanced.
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(a) (b) 

Figure 18. Test results of DL in impact load zone and friction load zone under different oil supplies.
(a) n = 18,000 r/min (b) n = 24,000 r/min.

The increase in lubricating oil reduces the impact and has a certain absorption effect
on the radiated noise. Due to the increase in lubricating oil, the contact friction between
the ceramic balls and the ring decreases, which leads to the above changes in the sound
field directivity of the friction load area. Moreover, the oil film absorbs the noise to some
extent, which results in a decrease in the radiated noise in this area, and the radiated noise
in the circumferential direction also becomes more uniform, so the directivity of the sound
field is weakened. However, when there is more lubricating oil, it will not only increase
the friction resistance between bearing assemblies and the lubricating oil film but also
make the temperature rise greatly, reducing the gap between the ceramic balls and the ring
and increasing the friction radiation noise. Too much lubricating oil will also destroy the
lubrication state so that the radiated noise in the whole circumferential direction increases
and tends to be uniform, resulting in a slight weakening of the sound field directivity.

In conclusion, although the ceramic material has a small thermal expansion coefficient,
it still has a certain amount of deformation at a higher temperature. When the lubricating
oil is too much, the temperature of the full ceramic ball bearing will rise faster, and the
temperature of the inner ring is higher than that of the outer ring so that the clearance
between ceramic balls and the ring decreases slightly, which leads to the increase in the
radiated noise of the full ceramic ball bearing. In addition, the cage has a large thermal
expansion coefficient, which is prone to produce large deformation at high temperatures,
leading to the increase in the clearance and the gap between the pocket hole and the ceramic
ball, which reduces the stability of the cage and intensifies the impact between the pocket
hole and the ceramic ball.

5.4. Analysis of the Influence of Oil Supply on the Sound Field Characteristics of the Full Ceramic
Ball Bearing

Figure 19 shows the variation curve of the SPL of the sound field directivity with
the increase in oil supply for the full ceramic ball bearing. It can be seen from the figure
that at different speeds, the maximum sound pressure level of the radiated noise of the
full ceramic ball bearing decreases first and then increases with the increase in the oil
supply, and there is a relatively large radiated noise at higher speeds. In the process of
increasing the oil supply from 0.020 mL/min to 0.035 mL/min, the radiation noise at the
speed of 18,000 r/min showed a gradually increasing trend. This indicates that when the
fuel supply is greater than a certain amount, increasing the oil supply still leads to an
increase in radiation noise, but the degree of increase is weaker and weaker.
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Figure 19. The change in SPL in sound field directivity with different oil supplies.

Figure 20 shows the variation of radiated noise sound pressure levels in the circum-
ferential direction with different oil supplies. Combined with Figures 19 and 20, when
the rotational speed is 24,000 r/min, with the increase in oil supply, the changing trend
of the sound pressure level in the circumferential direction of radiated noise is consistent
with the changing trend of the maximum sound pressure level. When the oil supply is
0.030 mL/min, the radiation noise of the full ceramic ball bearing is evenly distributed
in the circumferential direction. When the speed is 18,000 r/min, and the oil supply is
0.020 mL/min, the change in sound pressure level in the circumferential direction is small.
This shows that the distribution of the radiated noise of the full ceramic ball bearing is
uniform in the circumferential direction.

Figure 20. The variation of sound pressure level in the circumferential direction with different
oil supplies.

Figure 21 shows the variation curve of the DL of the sound field directivity with
the oil supply. Combined with Figures 19 and 21, it can be seen that in the range of
oil supply from 0.010 mL/min to 0.025 mL/min, the directional level of the sound field
at 24,000 r/min is larger relative to the sound pressure level than that at the speed of
18,000 r/min. However, when the oil supply is greater than 0.025 mL/min, the directivity
of the sound field at 18,000 r/min is increasing, while that at 24,000 r/min is still decreasing,
resulting in the directivity of the sound field at 24,000 r/min being gradually lower than
that at 18,000 r/min, but the sound pressure level at high speed is still relatively high.
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Figure 21. The change in the DL in sound field directivity with different oil supplies.

5.5. Comparative Analysis of the Test Results and Simulation Results

Figure 22 shows the simulation results and experimental results at different oil supplies.
It is calculated that the relative error of radiation noise in the circumferential direction is
less than 4.0% under different fuel supplies. When the oil supply is 0.030 mL/min and
0.035 mL/min, the test results are higher than the experimental results. According to the
absolute value of the calculated relative error, when the oil supply is 0.020 mL/min, the
relative error in the direction of 210◦ is the largest, which is 3.98%. When the oil supply is
0.030 mL/min, the relative error of the position angle of 45◦ is the smallest, which is 0.16%.
It can be seen that the error at this time is very small.

  
(a) (b) 

  
(c) (d) 

Figure 22. Cont.
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(e) (f) 

Figure 22. Test results and simulation results at different oil supplies. (a) v = 0.010 mL/min;
(b) v = 0.015 mL/min; (c) v = 0.020 mL/min; (d) v = 0.025 mL/min; (e) v = 0.030 mL/min;
(f) v = 0.035 mL/min.

Because the working equipment of bearings (such as the spindle and bearing housing)
has a certain barrier and absorption effect on the transmission of the bearing sound signal,
the general simulation results are greater than the test results, but in the case of large oil
supply, the test results are greater than the simulation results. This is because in the test
process, the full ceramic angular contact ball bearing is installed in the spindle, and the
heat generated in its operation is not easy to dissipate, leading to a higher temperature
rise in the bearing so that deviation appears in the results. In addition, the outer ring is in
contact with the bearing housing, and the bearing housing is in contact with the outside
air. The temperature is generally lower than the inner ring, the expansion of the inner
ring is larger, the thermal expansion coefficient of the silicon nitride ceramic ball is smaller
than the ring, and the deformation of the ball is very small so that the bearing clearance
is reduced leading to a large friction noise. Additionally, the increase in temperature also
makes the gap between the outer ring and the bearing housing larger, resulting in larger
vibration noise, so that when the oil supply is larger, the test results are greater than the
calculation results. Comparing the simulation calculation results with the test results, the
error is within the acceptable range, and with the increase in the oil supply, the simulation
results are consistent with the changing trend of the test results, so the accuracy and validity
of the simulation results of the radiated noise of the full ceramic ball bearing with the oil
supply are verified.

6. Conclusions

In this paper, the influence of lubricating oil supply on the sound field distribu-
tion characteristics of full ceramic ball bearings is studied. Some of the conclusions are
as follows:

(1) Under different oil supplies, the sound pressure signal of the full ceramic ball
bearing shows an uneven distribution in the circumferential direction. With the increase in
oil supply, it shows a trend of decreasing and then increasing. With the increase in rotational
speed, the amount of oil supply when the bearing produces the minimum radiation noise
also increases. At a given speed and preload, there is an optimal amount of oil supply to
minimize the radiation noise of full ceramic ball bearings.

(2) Under different oil supplies, the oil phase distribution in the circumferential direc-
tion is not uniform in the full ceramic ball bearing cavity. With the increase in oil supply,
the oil volume fraction increases first and then decreases, while the temperature rise and
vibration acceleration of the bearing outer ring decreases first and then increases. There
is an optimal oil supply to ensure the lubrication performance of the bearing reaches the
optimal state.

(3) At different rotational speeds, the maximum sound pressure level and sound
pressure level variation of the full ceramic ball bearing shows a trend of decreasing and
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then increasing with the increase in oil supply and are relatively larger at higher rotational
speeds. The relative error between the simulation results and the test results of the radiated
noise in the circumferential direction at different oil supply amounts does not exceed 4%.
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Nomenclature

c An undetermined constant
cη The viscosity pressure coefficient
DW The diameter of the ceramic ball
E Equivalent elastic modulus
Ee The elastic modulus of the outer raceway
Er The elastic modulus of ball bearings
E′ The elastic modulus parameter
E, F The first and second types of complete ellipse integral
Fbxj, Fbyj, Fbzj The hydrodynamic viscous resistance component acting on the ceramic ball
Fηij, Fηoj, Fξij, Fξoj The rolling friction force between the ceramic ball and raceway
G The dimensionless elastic modulus
Gbyj, Gbzj The gravity component of the ceramic ball along the coordinate direction
hc The thickness of the oil film in the contact area
Ib Moment of inertia of the ball
j The jth ball
Jx, Jy, Jz The component of inertia of the ceramic ball rotating about its own center
K The contact stiffness
mb The mass of the ceramic ball
N The number of ceramic balls
{O; X, Y, Z} The inertial coordinate system of the bearing
p Instantaneous sound pressure
pe Effective sound pressure level value
pref The reference sound pressure
p(s) The fluid pressure distribution
Pηj, Pξj The friction force acting on the surface of the ceramic ball
qij, qoj The oil supply required by the ceramic ball in the contact area with raceway
Q Normal contact force between the ball and raceway

Qcxj, Qcyj
The components of the impact force between the ceramic ball and the cage
along the coordinate direction

Qij, Qoj Normal contact force between the ceramic ball and orbit
Rx The equivalent radius of curvature
s The distance between p(s) and the origin of the coordinate
s1 The starting point of load
s2 The ending point of load
T Sampling time
T0 The ambient temperature
T1 The actual temperature of oil film
Tηi, Tηoj, Tξij, Tξo Traction force of the contact surface between the ceramic ball and orbit
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U The dimensionless velocity
v(x) The elastic displacement in the vertical direction
ve The Poisson’s ratio of the outer raceway
vr The Poisson’s ratio of ball bearings
W The dimensionless load
α Volume fraction of oil phase
αij, αoj Contact angle between the ceramic ball and orbit
δ The contact deformation
η0 The lubricant viscosity at 20 ◦C under the standard atmospheric pressure
.
θbj Orbital velocity of the ceramic ball
θSPL The angle of position where the maximum sound pressure level occurs
κ The eccentricity parameter of the ellipse
μm The average speed of the contact surface
ρm The lubricating oil density in the contact area
ωbxj, ωbyj, ωbzj The angular velocity of the ceramic ball
.

ωbxj,
.

ωbyj,
.

ωbzj The angular acceleration of the ceramic ball
ωxj, ωyj, ωzj The angular velocity of the ceramic ball in its coordinate system
..
xbj,

..
xbj,

..
xbj The displacement acceleration of the ceramic ball

Subscript i Represents the inner ring
Subscript o Represents the outer ring

Abbreviations

EHL Elastohydrodynamic lubrication
SPL Sound pressure level
DL Directional level
DV Directional variation
VOF Volume of fluid
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Abstract: Traditional methods for predicting thermal error ignore the correlation between physical
world data and virtual world data, leading to the low prediction accuracy of thermal errors and
affecting the normal processing of the CNC machine tool (CNCMT) spindle. To solve the above
problem, we propose a thermal error prediction approach based on digital twins and long short-term
memory (DT-LSTM). DT-LSTM combines the high simulation capabilities of DT and the strong data
processing capabilities of LSTM. Firstly, we develop a DT system for the thermal characteristics
analysis of a spindle. When the DT system is implemented, we can obtain the theoretical value of
thermal error. Then, the experimental data is used to train LSTM. The output of LSTM is the actual
value of thermal error. Finally, the particle swarm optimization (PSO) algorithm fuses the theoretical
values of DT with the actual values of LSTM. The case study demonstrates that DT-LSTM has a higher
accuracy than the single method by nearly 11%, which improves the prediction performance and
robustness of thermal error.

Keywords: digital twin; thermal error; CNCMT; spindle; LSTM

1. Introduction

The performance of CNCMT is largely measured by its machining precision. Error is
an important factor that influences machining precision. Generally, the error of CNCMT
has a geometric error, thermal error, and force-induced error. Thermal error accounts for
the highest proportion [1]. According to the existing literature, the thermal error is the
major manufacturing error of CNCMT. With the improvement of the manufacturing level,
the geometric accuracy of CNCMT has improved, and geometric errors have gradually
decreased. The impact of thermal error on processing and manufacturing has become
increasingly prominent. Therefore, exploring the thermal error of the CNCMT spindle
system is a hot topic.

The spindle system is the main subsystem of CNCMT. The quick prediction and
accurate compensation of thermal error can enhance the machining precision of CNCMT.
Currently, there are two methods for constructing a thermal error model for CNCMT. One
is the LSTM-based thermal error model. The other is the DT-based thermal error model [2].
However, the large heat sources and rapid speed changes of the CNCMT spindle system
lead to significant time-varying thermal errors [3]. Based on a single thermal error modeling
method, it is difficult to achieve a real-time and accurate reflection of the physical spindle
system, which seriously hinders the efficient operation of CNCMT.

We propose a hybrid thermal error prediction method based on DT and LSTM. DT-
LSTM improves the real-time reflection, accuracy, and robustness of thermal error pre-
diction for the CNCMT spindle system. The rest of the paper is organized as follows.
Section 2 introduces the related works of thermal error prediction. Section 3 presents the
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implementation of DT-LSTM. Section 4 shows a case study on how to predict thermal error
based on DT-LSTM. Finally, conclusions are drawn in Section 5.

2. Related Works

2.1. LSTM-based Thermal Error Prediction

Zimmermann et al. designed a new self-adaptive approach for thermal error pre-
diction [4]. Liang et al. developed an LSTM-based thermal error prediction model for
heavy-duty CNCMT [5]. Li et al. reviewed LSTM thermal error modeling methods for
MTs [6]. Li et al. proposed a thermal error prediction approach for electrical spindles using
an optimized extreme learning machine algorithm [7]. Liao et al. established a robust
thermal error model for spindles based on the improved fruit fly optimization algorithm [8].
Kumar et al. designed a real-time LSTM-based predictive model for thermal perception [9].
Li et al. established a multiple regression approach, which used nut temperature and ambi-
ent temperature as independent variables of the model [10]. Abdulshahed et al. considered
the impact of nut temperature and bearing temperature on a thermal error and established
a thermal error approach using gray neural networks [11]. Zhu et al. added additional
temperature key points to prediction models (e.g., multiple regression models and neural
network models), which enhanced the prediction accuracy of the approach [12]. Yang et al.
established a finite element approach to the thermal error and the nut temperature rise,
which predicted the spindle thermal error [13].

An LSTM-based model with high prediction performance is established when it
obtains sufficient input and output data. If the data is not comprehensive enough, the
established approach will be difficult to adapt to various situations. The poor robustness is
characteristic of LSTM-based modeling. To obtain excellent robustness, the LSTM-based
error prediction approach should combine with the DT system.

2.2. DT-based Thermal Error Modeling

Some scholars designed a DT system to predict thermal error. Liu et al. presented a
DT system of thermal error prediction for gear profile grinders [14]. Ma et al. presented a
self-learning-empowered thermal error prediction approach for machine tools based on
DT [15]. Xiao et al. developed a DT system to analyze the thermal characteristics of the MT
spindle [16]. Liu et al. designed an error prediction model for the MT spindle using DT [17].
To enhance the prediction performance of thermal error, Yi et al. designed a DT-based
system [18]. Liu et al. designed a comprehensive machining thermal error approach based
on DT [19]. Lunev et al. assessed the thermal performance of metal foams based on DT [20].
Kuprat et al. presented a thermal characterization analysis approach using DT for a power
semiconductor [21].

The DT model based on hypothetical operating conditions is inconsistent with the actual
operating conditions of the equipment, which leads to inconsistent models and low prediction
accuracy. Therefore, we use data-based models to correct DT simulation data. It enhances the
prediction performance of thermal errors and the processing precision of CNCMT.

3. DT-LSTM

3.1. DT

DT creates virtual models of real objects. DT combines models, data, and integration
technologies. It achieves the coverage of the entire product lifecycle process and the connectivity
and interaction between physical space and information space [22]. Grieves first proposed
the concept of DT and defined the 3D model of DT (e.g., physical product, virtual product,
and connection) [23]. NASA has successfully applied DT to aircraft health management. Tao
et al. introduced DT into the field of intelligent manufacturing and presented the concept
of DT workshop [24], which promoted the research and development of DT. The evolution
characteristics of the spindle DT system are complex, dynamic, and stochastic. Therefore, we
detect and correct the thermal boundary of physical equipment and map it to virtual entities.
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The actual thermal characteristic of physical equipment is obtained via finite element simulation,
which improves the accuracy of the thermal characteristic.

3.2. LSTM

LSTM is a time cycle network. When there is a time series relationship between the
processed task and time, LSTM has excellent processing and prediction performance. The
spindle thermal deformation has a time series characteristic. Therefore, LSTM can predict
spindle thermal error.

LSTM has the forget gate, input gate, and output gate [25]. At the previous time, the
preservation degree of the unit state is determined by the forget gate. At the current time,
the preservation degree of the unit state is determined by the input gate. The output gate
determines the output degree of the unit state to the current output value. Figure 1 shows
the network structure of LSTM.

Figure 1. The architecture of LSTM.

The forget gate is given by [26] as follows:

ft = σ
(

Wf · [ht−1, xt] + b f

)
, (1)

where ft denotes the forget information; σ denotes the sigmoid function; Wf represents the
weight coefficient; ht−1 represents the last moment output; xt represents the input at the
time t; b f represents the offset.

The input gate formulate is given by [26] as follows:

it = σ(Wi · [ht−1, xt] + bi), (2)

C̃ = tanh(Wc · [ht−1, xt] + bC), (3)

where it and C̃t denote the input information; tanh denotes the tanh function; Wi and WC
represent the weight coefficient; bi and bC represent the offset.

The updated cell information is given by [26] as follows:

Ct = ft · Ct−1 + it · C̃t, (4)

where Ct−1 is the old cell information.
The output formula of LSTM is given by [26] as follows:

ot = σ(Wo · [ht−1, xt] + bo), (5)

ht = ot · tanh(Ct), (6)
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where Wo denotes the weight coefficient; bo denotes the offset; ht denotes the current
moment output.

3.3. DT-LSTM
3.3.1. Framework

Figure 2 shows the framework of DT-LSTM. DT-LSTM combines LSTM and DT to
obtain high prediction accuracy. Based on material characteristics and operating conditions,
a multi-domain DT model for the CNCMT spindle is established. The temperature field
is simulated using the working condition mapping of the CNCMT spindle. The internal
temperature state of the CNCMT spindle is calculated as a virtual sensing signal. Mean-
while, the thermal error prediction approach using LSTM is performed on the actual signal.
Finally, the PSO algorithm is applied to combine theoretical value and actual value. The
LSTM observation result modifies the DT simulation result.

Figure 2. The framework of DT-LSTM.

3.3.2. Implementation

(1) The implementation of the DT model

DT model implementation is shown in Figure 3. During DT model building, multi-
domain knowledge (e.g., thermal boundary condition, thermal deformation field, and
thermal characteristic theory) must be considered simultaneously. Multi-domain modeling
software contains ANSYS and UG. Therefore, object models from the spindle system can
be constructed and embedded into a unified multi-domain model.
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Figure 3. The implementation of the DT model.

1. Thermal boundary condition

a. Bearing heat calculation

The main heat source of the CNCMT spindle system is the bearing, and the friction
torque of the bearing generates the heat. The generated heat is given by [27] as follows:

Q1 = 1.047 × 10−4nM, (7)

where Q1 represents the generated heat of bearing; n represents the speed of bearing; M
represents the friction torque of bearing.

M is equal to the sum of the load-unrelated friction torque M0 and the load-related
friction torque M1.

M = M0 + M1, (8)

M0 = 10−7 f0(v0n)2/3D3
m M0·v0n ≥ 2000, (9)

M0 = 160 f0D3
m·v0n < 2000, (10)

where f0 represents the friction constant; v0 represents the kinematic viscosity; Dm repre-
sents the average diameter of bearing [27].

M1 = 0.0013 f1(X0Fr + Y0Fa/C0)
10/3Dm, (11)

where f1 represents the load constant; C0 represents the basic load rating; X0 represents the
distribution coefficient of the radial load; Y0 represents the distribution coefficient of the
axial load; Fr represents the radial load; Fa represents the axial load [27].

b. Screw-nut heat calculation

The heating principle of the lead screw-nut is identical to the bearing. The calculation
formula is given by [27] as follows:

Q2 = 0.12πn′M′, (12)

where Q2 represents the generated heat of the lead screw-nut; n′ represents the speed of
the lead screw-nut; M′ represents the friction torque of the lead screw-nut.
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The calculation formula of M′ is given by [27] as follows:

M′ = 2z
(

Me + Mg
)

cos β, (13)

where z is the ball number; β is the helical angle of the lead screw spiral raceway; Me is the
friction resistance torque; Mg is the geometric sliding friction torque.

The calculation formula of z is given by [27] as follows:

z = i
(

πd
d0

− 3
)

, (14)

where i represents the coefficient; d0 represents the ball diameter; d represents the nominal
diameter of the lead screw.

The calculation formula of Me and Mg are given by [27] as follows:

Me = mβ
3

√
4Q4

ϑ∑ ρ
, (15)

Mg = 0.08 f ·m2
α

R
3

√
16Q5

(ϑ∑ ρ)2

ϑ = 8

3
(

1−u2
1

E1
+

1−u2
2

E2

)
∑ ρ = ρ11 + ρ12 + ρ21 + ρ22

R = R1R2/(R1 + R2)
,

(16)

where f is the sliding friction coefficient; mα and mβ are the eccentricity coefficient; Q is
the radial pressure borne by a single sphere; E1 and E2 are the elastic modulus; u1 and u2
are the poison’s ratio of the material; R1 and R2 are the radius of curvature of the ball and
raceway; ρ11, ρ12, ρ21, and ρ22 are the principal curvature of the ball and raceway.

c. Convective heat transfer coefficient

When the external surface of a spindle system directly contacts the air, we can find
that convective heat transfer occurs. In the CNCMT spindle system, it is influenced by
many factors and is difficult to obtain accurately. The most effective method is to calculate
the convective heat transfer coefficient hc according to the Nusselt criterion. The formula of
is given by [27] as follows:

hc = λNu/lc
Nu = 0.133Re2/3Pr1/3 , (17)

where λ represents the air thermal conductivity; Nu represents the Nusselt number; lc
represents the feature size; Re represents the Reynolds number; Pr represents the fluid
Prandtl number.

d. Thermal resistance calculation

In the CNCMT spindle system, the bearing is used as the heat source. Based on the
heat transfer theory, the heat will undergo convective heat transfer from high temperature
to low temperature. There is thermal resistance at the locations where different components
contact. According to the thermal boundary condition of the bearing, the contact thermal
resistance R1 can be given by [27] as follows:

R1 =
Ψ

4λ1a
+

Ψ
4λ2a

, (18)

where Ψ is a geometric factor, which is related to the contact area; a is the long half shaft the
bearing contact ellipse; λ1 is the thermal conductivity of the rolling ball; λ2 is the thermal
conductivity of the loop.
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The contact thermal resistance R2 between the bearing inner race and rotor is given
by [27] as follows:

R2 =
L(λ3 + λ4)

AAr2λ3λ4
, (19)

where λ3 determines the thermal conductivity of the bearing inner race; λ4 determines
the rotor thermal conductivity; Ar represents the dimensionalized actual contact area; A
represents the nominal contact area; L represents the spatial thickness of the joint surface gap.

2. Thermal characteristic analysis and modeling theory

The temperature field is the temperature distribution of all points on the CNCMT
spindle. The expression of the temperature field is T = f (x, y, z, t), which indicates that
the temperature of a certain point on the CNCMT spindle is a function of the spatial
location (x, y, z) and time t of the point. The temperature field that changes over time is
called a transient temperature field. After reaching a certain time, the temperature field of
the CNCMT spindle does not change, and then it forms a steady temperature field. The
expression for the steady temperature field is T′ = f (x, y, z).

The differential equation of heat conduction is defined as a calculation formula for
the temperature field of an object. We randomly select a microelement hexahedron from a
thermally conductive object, as shown in Figure 4. φ represents the heat energy consumed
per unit volume per unit time.

Figure 4. The microelement hexahedron.

Assuming that there is a heat source inside the object, the differential equation of the
heat conduction for a unit body is given by [27] as follows:

ρc
∂t
∂τ

= λ

(
∂2t
∂x2 +

∂2t
∂y2 +

∂2t
∂z2

)
+ qv, (20)

where qv is the internal heat source density.
The simplest initial condition is an initial uniform distribution of initial temperature,

which is given by [27] as follows:

t = f (x, y, z, τ) = t0 (Constant), (21)

The boundary conditions are used to guide the temperature distribution of a hot object,
which can generally be divided into three categories.

a. The temperature distribution at any time on the boundary of a given heat conduc-
tor [27].

t = t(x, y, z, τ)(On the boundary o f Γ1) (22)
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The temperature is uniformly distributed at the boundary [27].

t = t(τ)(On the boundary o f Γ1) (23)

b. The heat flux density at any time on the boundary of a given heat conductor [27].

λx
∂t
∂x

nx + λy
∂t
∂y

nxy + λz
∂t
∂z

nz = q(x, y, z, τ) (On the boundary o f Γ2) (24)

The heat flux density is uniformly distributed at the boundary [27].

λx
∂t
∂x

nx + λy
∂t
∂y

nxy + λz
∂t
∂z

nz = q(τ) (On the boundary o f Γ2) (25)

c. The convective heat transfer coefficient h between the boundary of the thermal con-
ductor and the surface fluid, and the temperature of the surface fluid tB are given [27].

λx
∂t
∂x

nx + λy
∂t
∂y

nxy + λz
∂t
∂z

nz = h(tB − t) (On the boundary o f Γ3) (26)

The fluid temperature tB and the convective heat transfer coefficient h at the bound-
ary interface are known, while the temperature t and temperature change rate ∂t

∂n at the
boundary interface are unknown.

Assuming the temperature field solution domain is Ω, and Γ = Γ1 + Γ2 + Γ3, Γ is the
entire boundary of the domain Ω.

The transient temperature field is given by [27] as follows:

t(x, y, z, 0) = t(x, y, z). (27)

When ∂t
∂τ = 0, the steady heat conduction equation is given by [27].

∂

∂x
(λx

∂t
∂x

) +
∂

∂y

(
λy

∂t
∂y

)
+

∂

∂z

(
λz

∂t
∂z

)
+ qv = 0 (In Ω ). (28)

When the thermal boundary condition and the heat generation rate are known, the
temperature field distribution of the hexahedral microelement can be calculated and used
for finite element modeling.

During the movement of the CNCMT spindle, heat conduction exists among the parts
of the CNCMT spindle system. It is most evident in the nut and bearing seat. Therefore,
the temperature fields under the heat source of the nut and bearing seat are calculated,
respectively. The temperature field under a nut heat source is obtained iteratively by
Equation (29) [27].⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ΔQ(t) = Qn(t)− Qc(t)− Qt(t)
ΔQ(t) = cρLiSΔTLi (t)
Qn = 0.12π fwv0nMw

Qc(t) = h × S′ ×
(

TLi (t)− Tf (t)
)

Δt

Qt(t) = λ × S ×
(

TLi (t)−TLi+1 (t)
)
+
(

TLi (t)−TLi−1 (t)
)

L × Δt

(29)

where ΔQ represents the Li
′ D-value between the generated heat and the dissipation heat;

Qn represents the frictional heat generation of Li; Qc represents the heat transfer rate
between Li and the environment; Qt represents the heat conduction between Li and two
side elements t; c represents the lead screw specific heat capacity; ρ represents the lead
screw density; S represents the lead screw equivalent cross-sectional area; TLi (t) represents
the Li

′s temperature rise; fw represents the coefficient associated with the screw-nut class
and lubrication method; v0 represents the kinematic viscosity; n represents the lead screw
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rotational speed; h represents the convective heat transfer coefficient; S′ represents Li
′s

convective heat transfer area; Tf (t) represents the air temperature around the lead screw,
which approximately replaces with the temperature Tb of the bed; λ represents the lead
screw thermal conductivity.

The temperature field of the bearing block under the heat source is given by [27] as follows:

Γbr
(

Py, t
)
=

(
χe−

√
2h
kR Py + ζe−

√
2h
kR Py

)
×
(

1 − e f

(
Py

2
√

αt

))
, (30)

where Tbr represents the bearing block temperature; Py represents the distance from the
heat source on the lead screw; χ and ζ are the unidentified coefficient; k represents the
thermal conductivity; R represents the lead screw radius; α represents the lead screw
thermal conductivity; e f

(
Py
)

is given by [27] as follows:

e f
(

Py
)
=

2√
π

∫ Py

0
e−λ2

dλ. (31)

Under the joint action of the lead screw nut and the heat source of the bearing seat,
the thermal error at any time t is given by [27] as follows:

E(t) =
M

∑
i=1

λs ×
(
ΔTLi (t) + ΔΓbr(t)

)× Li, (32)

where λs represents the thermal expansion coefficient; M represents the discrete segment
number of the lead screw.

3. Mathematical model of the thermal deformation field

Figures 5 and 6 show the structural diagram and the thermal elongation of the CNCMT
spindle, respectively. B1B2 and L1 are the distance of two bearings of the CNCMT spindle.
WB1 and L2 are the distance of a bearing and a mandrel. Because of the uneven temperature
distribution of the CNCMT spindle system, the thermal deformation satisfies the following
relationship [28].

ΔL = α
∫ l

0
T(x)dx, (33)

where Δx represents the elongation of the spindle; α represents the linear expansion
coefficient; l represents the length of the main shaft; T(x) represents the CNCMT spindle
temperature distribution function. T(x) = Tmax(x/L2). Tmax is the temperature at B1.

Figure 5. The structural diagram of the CNCMT spindle.

Figure 6. The thermal elongation of the CNCMT spindle.

(2) The implementation of the LSTM model

Figure 7 shows the specific implementation process of LSTM. The inputs of the thermal
error model are the screw-nut temperature, bearing temperature, ambient temperature,
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and motor temperature. First, it is necessary to preprocess the data. Then, the preprocessed
data is separated into the training group and the test group. Next, we normalize the feature
data. Finally, an LSTM network is constructed and trained to predict thermal error.

Figure 7. The implementation process of LSTM model.

(3) The implementation of DT-LSTM

Using the fusion method, the output of LSTM is taken as the systematic observation value
to correct the theoretical and empirical derivation results driven by the DT model. The PSO
used in this paper is a fusion algorithm. The steps of DT-LSTM are shown in Figure 8.

 
Figure 8. The steps of DT-LSTM.

i. An LSTM model for the CNCMT spindle system is established, and the predicted
thermal error obtained from the model is used as an observation value.
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ii. According to the temperature variation rules in the DT model, it is converted into a
temperature space model for initialization based on the fusion algorithm, and the
internal state of the system is calculated using model simulation.

iii. The fusion algorithm is initialized based on the temperature space model, and
the observed values are used to modify the theoretical values obtained from the
system model simulation and reasoning. We can obtain more accurate thermal error
prediction values.

iv. We judge whether the thermal error reaches the threshold value based on the
analysis results of the fusion algorithm. If the thermal error reaches the threshold
value, we should make appropriate compensation. Otherwise, return to ii to repeat
the iteration.

4. Case Study

4.1. Design of Experiment Platform

Figure 9 shows that the CNCMT spindle system is composed of the motor, coupling,
bearing, lead screw, and screw-nut. The motor provides the power for the feed system.
The coupling links the motor and the lead screw to transmit torque. The bearings at both
ends support the rotation of the lead screw. The lead screw and screw-nut comprise a
lead–screw-nut pair. It enables the conversion from rotary motion to linear motion. The
guide rail drives the workbench to perform the linear motion.

Figure 9. The structure of the CNCMT spindle system.

Seven STT-Pt100 temperature sensors are arranged on the CNCMT spindle system to
measure the temperature changes. To obtain the measurement value of the axial thermal
deformation, we arrange a displacement sensor on the CNCMT spindle’s Z-end. The
CNCMT speed is 2000 r/min. The temperature point locations are shown in Table 1.

Table 1. The location of temperature measuring points.

T0 T1 T2 T3 T4 T5 T6

Bearing 1 Bearing 1 Screw-nut Bearing 2 Bearing 2 Motor Surrounding
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4.2. The Optimization of the Temperature Measurement Points

The optimized temperature measurement points can reduce the temperature vari-
ables. Meanwhile, it can reduce the model computing resources and improve the model
computing accuracy. We use the fuzzy clustering method to optimize the temperature
measurement points. The specific method is seen in the literature [29]. We set the number
of the cluster center as five. The iteration times are set to 100. The convergence precision
is set to 1 × 10−6. The blur coefficient is set to two. Therefore, the grouping results of the
temperature data can be obtained. Seven temperature measurement points are divided into
five groups: T0, T1; T2; T3, T4; T5; T6.

Based on the above grouping results, we use statistical theory to optimize the tem-
perature measurement points. We use the similarity coefficient method to calculate the
correlation coefficient between each temperature measurement point and the thermal
error [29].

rxiE =

n
∑

j=1

(
xij − xi

)(
Ej − E

)
√

n
∑

J=1

(
xij − xi

)2
√

n
∑

J=1

(
Ej − E

)2
, (34)

where rxiE represents the correlation coefficient; xij represents the measuring point temper-
ature; i represents the i-th measuring point, totaling m measuring points; j represents the
measurement number at the same measuring point; n represents the measurement number
at the same measuring point; xi represents the average temperature of all n measurements
at the measurement point i; E represents the average thermal error of all measured values
at the same measuring point; Ej represents the j-th thermal error measurement value.

Through the calculation of Equation (34), we can obtain the correlation coefficient of
each temperature measurement point. The correlation coefficients are shown in Table 2.
Figure 10 shows the correlation curve of “E—x”.

Table 2. The correlation coefficient of temperature measurement points.

Temperature Measurement
Point

Correlation Coefficient
Temperature Measurement

Point
Correlation Coefficient

T0 0.9498 T4 0.9565
T1 0.9489 T5 0.8866
T2 0.9503 T6 0.8815
T3 0.9555

 

Figure 10. The correlation curve of “E—x”.

Comparing the coefficients of each group, we select the optimal temperature measure-
ment point of each group. From the values of the correlation coefficients in Table 2, we
select T0, T2, T4, T5, and T6 as the temperature input data for the thermal error modelling.
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4.3. DT-LSTM-based Thermal Error Prediction Approach for CNCMT Spindle
4.3.1. The Realization of the DT Model

In order to construct a DT model of the CNCMT spindle system, Table 3 shows the
material parameters of the CNCMT spindle system.

Table 3. The material parameters of the CNCMT spindle system.

Part Spindle Bearing

Material GCr15SiMn GCr15
Density/(kg/m3) 7810 7830

Modulus of elasticity E/Pa 2.06 × 1011 2.19 × 1011

Poisson’s ratio μ 0.3 0.3
Specific heat capacity C/(J·(kg·K)−1) 460 160
Thermal conductivity/(W·(m·K)−1) 60.5 81

Coefficient of thermal expansion 1.2 × 10−5 1.25 × 10−5

To facilitate the establishment of the DT model of the CNCMT spindle system, we
use UG software to appropriately simplify the three-dimensional model of the spindle
(e.g., smaller holes, non-critical grooves, smaller fillets, and chamfers). The simplified
model is imported into Workbench software. Then, in order to simplify the calculation
process, a two-dimensional axisymmetric model is drawn based on the cross-sectional
dimensions. Finally, to ensure the convergence of the entire model and the accuracy of
the temperature distribution results, the grid division of the heat transfer concentration
area near the bearing is relatively dense, and the grid division of the inner cavity and outer
surface edge areas of the spindle is relatively sparse. After adding temperature measuring
points, the DT system starts to measure the spindle temperature and correct the thermal
boundary. Figure 11 shows the temperature field of the CNCMT spindle system at 60 min.
Figure 12 shows the thermal deformation field of the CNCMT spindle system at 60 min.

 

Figure 11. The temperature field of the CNCMT spindle.

107



Lubricants 2023, 11, 219

 

Figure 12. The thermal deformation field of the CNCMT spindle’s Z-end.

Figures 13–17 show the temperature rise at the key temperature measurement points.
Figure 18 shows a comparison between the simulated thermal deformation and the actual
thermal deformation of the spindle’s Z-end. We can see that the simulated temperature
accuracy of DT is above 98%, and the thermal deformation simulation accuracy is up to
95%. It proves that the spindle DT model can reflect the actual thermal characteristics.

 
Figure 13. The temperature rise of T0.
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Figure 14. The temperature rise of T2.

 
Figure 15. The temperature rise of T4.

Figure 16. The temperature rise of T5.
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Figure 17. The temperature rise of T6.

 
Figure 18. The thermal deformation of CNCMT spindle’s Z-end.

4.3.2. The Realization of the LSTM Model

First, we smooth the collected data. Taking temperature data as an example, Figure 19
depicts one of the collected temperature data. The curve has a lot of noise. Therefore, it
needs to be smoothed. To reduce computational complexity, we adopt the moving average
filtering method. The result of smoothing is shown in Figure 20. After noise elimination,
we chose 70% for the training group and 30% for the test group. The normalization formula
is givenby [30,31].

x′i =
xi − xmin

xmax − xmiin
(35)
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Figure 19. The collected temperature data.

Figure 20. The collected temperature data after smoothing.

This paper builds an LSTM neural network based on the Python framework. Due
to the complexity and depth of the model structure, it is necessary to simplify the model
structure. In order to select a suitable model structure, we conduct the relevant experiments.
As shown in Table 4, we can obtain the maximum residual error by setting different LSTM
layers and hidden node numbers. The maximum residual error of the LSTM with two
layers and twelve hidden nodes is the smallest, which has the highest accuracy.

Table 4. The maximum residual error corresponding to different LSTM layers and hidden node numbers.

Model Structure
LSTM Two-Layer Maximum

Residual Error (μm)

LSTM Three-Layer
Maximum Residual Error

(μm)

LSTM Four-Layer Maximum
Residual Error (μm)

eight hidden nodes 10.5 7 16
twelve hidden nodes 6 9.5 19
sixteen hidden nodes 8 11.5 24.2
twenty hidden nodes 9.6 10 16.7

After repeated experiments, we choose the LSTM structure with four layers, which
includes one input layer, two hidden layers, one output layer, six input layer nodes, twelve
hidden layer nodes, and two output layer nodes. We use the gradient descent method
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to find the optimal solution, and the training results display the maximum residuals of
the predicted value. We set the number of iterations as 1000 and the learning rate as
0.1. The model parameters are randomly initialized. The root mean square error (RMSE)
convergence curve during training is shown in Figure 21.

 
Figure 21. The RMSE convergence curve of LSTM.

4.3.3. The Realization of DT-LSTM

Equation (32) shows the theoretical value of the CNCMT spindle thermal error, which
is used as the system state equation in the PSO to initialize the algorithm. Meanwhile, the
actual value of the thermal error obtained by LSTM is shown in Equation (6), which is used
as the system observation value in the PSO.

The number of particles is set to 150. The DT-LSTM Algorithm 1 is shown below.

Algorithm 1. DT-LSTM for the CNCMT spindle’s thermal error prediction

Input: The theoretical prediction value of DT and the actual prediction value of LSTM
Output: The particles prediction value
(1) Initialize the parameters and particles

(2) E(t) =
M
∑

i=1
λs × (ΔTLi (t) + ΔΓbr(t))× Li

(3) ht = ot · tanh(Ct)
for 1 = 1:150
(4) Sample from (2)
(5) Calculate the thermal error prediction value hti of particles by (3)
(6) Calculate the weight E(i) of each particleend
(7) Normalize the weight
(8) Resample according to the normalized weight
(9) Output the CNCMT spindle’s thermal error prediction value h f

4.4. The Analysis of Experiment Result

The thermal prediction value of different methods is shown in Figure 22. Figure 23
shows the comparison of different hybrid algorithms, which proves the superior perfor-
mance of PSO. When we use single prediction methods (e.g., DT and LSTM), there is a
significant error between the predicted curve and the actual curve. When we use DT-LSTM,
the predicted curve is close to the actual curve, and the prediction accuracy is improved.
DT-LSTM overcomes the model inconsistency of DT and the poor adaptability of LSTM.
DT-LSTM has higher accuracy than the single method by nearly 11%, which improves the
prediction performance and robustness of thermal error. Table 5 shows the quantitative
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evaluation of different methods. Table 6 shows the accuracy comparison of different meth-
ods. The result indicates that DT-LSTM has a higher accuracy at all stages compared with
DT and LSTM. The average accuracy of LSTM is 98%. Meanwhile, DT-LSTM shows better
prediction performance compared with the other method.

 
Figure 22. The thermal prediction value of different methods.

Figure 23. The comparison of different hybrid algorithms.

Table 5. The quantitative evaluation of different methods.

Start Stage
Accuracy

Middle Stage
Accuracy

End Stage
Accuracy

Average
Accuracy

DT 91% 88% 82% 87%
LSTM 98% 90% 85% 91%

DT-LSTM 100% 99% 95% 98%
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Table 6. The accuracy comparison of different methods.

Method Accuracy

Co-Simulation-Based DT [18] 96%
SVM [14] 97.16%
DT-LSTM 98%

5. Conclusions

To enhance the prediction performance of CNCMT spindle thermal error, we propose
a novel thermal error prediction method using DT-LSTM. Firstly, we establish a DT system
to simulate the CNCMT spindle thermal characteristics. Based on the simulated result, we
can obtain the theoretical value of thermal error. Then, LSTM is constructed to analyze
the experimental data. The output of LSTM is the actual value of thermal error. Finally,
we use the particle swarm optimization algorithm to fuse the theoretical values of DT
with the actual values of LSTM. DT-LSTM is compared with the single method, and the
accuracy of DT-LSTM is greater than 98%. Therefore, DT-LSTM can predict the CNCMT
spindle thermal error effectively and provide a theoretical basis for the CNCMT spindle
thermal error compensation. This paper only verifies the method for the spindle. In the
future, DT-LSTM will be applied to the other components of CNCMT. Real time is a crucial
aspect of thermal error prediction. The simulation of the DT physical performance model
consumes many computing resources and time. In the future, we will improve the real-time
performance and computational efficiency of DT simulation.
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Abstract: When considering the problem of a vertical magnetic levitation bearing system, the rotor
eccentric fall is more likely to cause the failure of the protective bearing. In this paper, a rotor drop
collision model and a protective bearing dynamics model are constructed. It compares and analyzes
the evolution of collision force values of the rotor eccentric drop as well as the non-eccentric drop.
Further, this paper discusses the law of influence of three factors, rotor quality, rotational speed, and
axial protection clearance, on the collision characteristics of the protected bearing in eccentric and
non-eccentric cases. It has also experimentally verified this characteristic of rotor speed. The results
show that compared with the non-eccentric condition, the axial impact force and radial impact forces
of the rotor in the eccentric condition increase by 14% and 114%, respectively. Compared with the
non-eccentric condition, with the increase in rotor quality, the axial and radial impact force increase
by 68% on average, and the axial depth amplitude of the rotor increases by 350%. With the increase of
rotor speed, the axial impact force without an eccentric drop is basically unchanged; the axial impact
force of an eccentric drop increases slightly, and the radial impact force increases by 110%. With the
increase of axial protection clearance, the radial displacement vibration of the rotor axis increases;
the average increase of the maximum axial force is 120 N, and the average increase of the maximum
radial force is 100%.

Keywords: vertical magnetic levitation system; protective bearing; collision characteristics;
eccentric drop

1. Introduction

The magnetic suspension bearing can suspend the rotor with the magnetic field force
without lubrication and friction and can use the unbalanced compensation method to con-
trol and optimize the rotor position using a high-precision system [1]. It is a mechatronics
support device [2] that can be applied and can realize active control.

After the failure of the magnetic levitation system, the rotor and the bearing inner ring
will cause a huge vibration impact, and the bearing roller will slip and lead to rubbing
wear. In 1997, when the EC conducted the experiment on the aero-engine with the magnetic
suspension bearing system at 18,000 r/min, the 150 kg rotor fell to the protective bearing
due to the failure of the magnetic suspension system, resulting in a huge impact. This led
to the breakage of the protective bearing and severe damage to the magnetic levitation
bearing system [3].

2. Literature Review

As an important line of defense to protect the whole machine after the magnetic sus-
pension system fails, the protective bearing can make a passive response when the system
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fails. In order to improve the drop resistance of the protective bearing and the reliability
during service, it is necessary to study the dynamics of the collision of the rotor falling into
the protective bearing. Heshmatallah Mohammad Khanlo et al. [4] studied the contact force
between the inner axis and the auxiliary bearing and revealed various nonlinear dynamical
behaviors, such as periodic, quasi-periodic, periodic, and chaotic vibrations, and jumping
phenomena. The results show that the speed parameters, axial speed ratio, and gravity pa-
rameters have a significant impact on the dynamic response. Wu Guoqing et al. [5] studied
the support structure of the maglev wind turbine and constructed a drop simulation model
to explore the influence of different structural parameters of protective bearing on the rotor
track. Kong Yanan et al. [6] simulated the rotor drop process of the magnetic bearing system
to explore the influence trend of the eccentric rotor speed and dynamic balance accuracy
level on the drop collision force. Zhu Yili et al. [7] proposed using the elastic ring to buffer
the shock and vibration caused by the rotor drop and to simulate the drop model under
different installation positions of the rotor. The results show that increasing the elastic ring
on the rotor can effectively reduce the collision force and amplitude during the drop. Wei
Peng et al. [8] simulated the drop collision force of the rotor at high speed, explored the
test machine, and gave a method to measure the collision force. Zhao Jingxiong et al. [9]
used finite element software to simulate the rotor drop process, explored the collision
characteristics of the auxiliary bearing in the helium fan experimental bench, and analyzed
the intrusion depth and wear influence between the bearing inner ring and the rolling body.
Patrick S. Keogh et al. [10] studied the transient thermal response of protective bearings,
and the results showed that this method had some reference value for predicting the life
span of protective bearings. Ma Zilin [11] selected full-loaded ceramic ball angular contact
bearings without cages as protective bearings for horizontal magnetic bearing systems.
This paper analyzed the rotation speed of the inner ring of the bearing, the axial collision
force of the inner ring, the contact force between adjacent spheres, and the sliding speed
of the raceway between the ball and the inner ring during the rotor dropping process
and concluded that the fully-loaded ceramic ball has the margin to bear further load at
high speed. Lin Ma et al. [12] established a dynamic model of the rotor and the protective
bearing. They analyzed the dynamic behavior of the axis trajectory diagram through the
three-dimensional bifurcation diagram and two-parameter bifurcation diagram, optimized
the structural parameter design of the rotor system, and determined its reasonable and
stable working interval. Yang Guojun et al. [13] discussed the design characteristics of
the magnetic bearing control system of HTR-10GT and then studied the influence of AMB
stiffness on the critical speed of the rotor. Zhu Changsheng [14] established the active elec-
tromagnetic bearing internal rotor in the finite element method as the basis of kinematics
formulas, mainly analyzing the maglev bearing after the failure of the rotor drop dynamics,
generally for the instantaneous nonlinear characteristics, and discussed the application of
protective bearing support damping and support stiffness. Li [15] designed the vertical
magnetic bearing system by using two kinds of protective bearings with a full ball and a
cage without a cage to conduct a rotor drop simulation, analyzed the internal temperature
rise of bearings, rotor drop space trajectory, and the influence of changes in axial and radial
contact forces, and finally concluded that the ceramic ball hybrid bearing with a cage was a
more suitable anti-impact scheme.

Many achievements have been made in the research of rotor falling under non-
eccentric conditions after the failure of the maglev bearing system, but research on rotor
falling dynamics with an eccentric angle is scarce. However, due to the inherent disorder of
the magnetic levitation bearing system during high-speed operation and the problem of
low control accuracy, the rotor is in a state of inclined rotation and revolution motion super-
position. Therefore, in the actual manufacturing or motor-driven rotor high-speed rotation,
the rotor drop under the eccentric condition is more practical. In this paper, we investigate
the eccentric rotor drop dynamics of the vertical magnetic levitation system that is more in
line with the actual working conditions; it constructs a rotor drop collision model and a
protective bearing dynamics model. This paper makes a comparison of the magnitude of
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the collision force between the rotor drop and the protective bearing under eccentric and
non-eccentric conditions, and the effect of different operating parameters of the rotor on
the collision force and the radial displacement of the rotor axis is also investigated.

3. Research Methodology

3.1. Working Principle of Vertical Maglev Bearing System

Figure 1 is the vertical maglev bearing system structure diagram. The model is com-
posed of a rotor, motor, two radial magnetic bearings, a group of symmetrical configurations
of axial magnetic bearings, upper and lower protective bearings, and an upper collision
adjustment pad. In this paper, considering the rotor eccentricity, high-speed heavy load,
and large impact load conditions, the 71913C angular contact ball bearing (without cage)
is installed face to face as the upper protective bearing, bearing the main axial and radial
impact forces. The lower protective bearing is a 61809 deep groove ball bearing, which only
bears part of the radial impact force to reduce the rotor swing amplitude when the rotor
swings inertia, and only plays a radial protection role. The specific parameters of the two
bearings are shown in Table 1:

 
Figure 1. Schematic diagram of a shaft system structure of vertical magnetic levitation
bearing system.

Table 1. Input boundary conditions.

Type Model
Number

Bore Diameter Outside Diameter Width Cr Cor
(mm) (mm) (mm) (kN) (kN)

Deep groove ball bearing 61809 45 58 7 6.40 5.60
Angular contact ball bearing 71913C 65 90 13 20.8 21.2

The outer ring of the protective bearing of the upper and lower parts of the rotor of
the maglev bearing system is placed on a special tooling, and the inner ring is in a stable
state under gravity (in the simplified model, it is considered that the outer ring is in a fixed
state and the inner ring is in a floating state). In normal operation, the rotor is suspended
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by the magnetic force of axial and radial magnetic bearings, and the motor drives the
rotor to rotate at high speed. The weight of the whole rotor can be changed by increasing
or decreasing the weight of the counterweight block so as to analyze different working
conditions. However, due to the performance and accuracy problems of the magnetic
bearing control system, the magnetic bearing disconnection caused by the control failure
will cause the rotor to drop off in high-speed rotation, so the protective bearing is set as an
efficient defense line to avoid the rotor collision and damage the whole machine. There is a
gap between the upper and lower protective bearings and the rotor without force action.
At this time, the force of the rotor is gravity mrg, the upper and lower radial magnetic
bearing support forces Fax and Faz, and the axial magnetic bearing supports force Fay. The
falling rotor colliding with the inner ring of the protective bearing will produce complex
nonlinear behavior on the axial displacement and collision force of the rotor, so the analysis
of nonlinear multi-factor coupling dynamics becomes complex [16–18]. The following
mathematical model is established for this.

3.2. The Collision Model between the Rotor and the Protective Bearing

In the collision process, the rotor is assumed to be a rigid body. Only elastic deforma-
tion occurs after the collision between the rotor and the inner ring of the protective bearing,
and the collision process can be converted into a spring-damping model.

The mechanical calculation formula of the linear spring is

Fn = kx + c
.
x (1)

where k is the contact stiffness, c is the contact damping, and x is the deformation de-
gree. The linear mathematical model presented in this paper is sufficient to evaluate the
amplitude-frequency response of a magnetic bearing under multi-frequency excitation of a
rotor drop collision by self-programming a multi-degree-of-freedom magnetic levitation
nonlinear energy acquisition system formed by adding linear spring vibrators [19,20].

Figure 2a is the schematic diagram of the position of the rotor and the rolling bearing,
where o is the coordinate origin, namely, the equilibrium position of the stable suspension
of the rotor. Furthermore, o1 is the rotor axis; set the initial unilateral gap between the rotor
and the bearing inner ring to be s, and the intrusion depth of the rotor and the inner ring to
be τ1:

τ1 =

√
(xr − xb1)

2 + (zr − zb1)
2 − s (2)

 
(a) (b) 

Figure 2. Simplified collision model of rotor and protective bearing. (a) Radial collision;
(b) axial impact.

The relative compression deformation between the bearing inner ring and the steel
ball is τ2:

τ2 =
√

xb1
2 + zb1

2 (3)
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where the axis-coordinate value of the rotor is (xr, zr). xb1 is the offset of the bearing hub
axis X direction. zb1 is the offset of the bearing inner ring axis in the Z direction.

When τ1 > 0, the rotor is in contact with the inner ring of the bearing, and then the
rotor will receive radial contact force and tangential friction force from the inner ring on
the contact surface. A relevant equation of state can be obtained using force analysis on
the rotor:

mr
..
xr = −Fn1 cos α′ − Ft1 sin α′ (4)

mr
..
zr = −mrg + Ft1 cos α′ − Fn1 sin α′ (5)

α′ = −arctan
zr − zb1
xr − xb1

(6)

where Fn1 is the radial contact force between the rotor and the bearing inner ring, Ft1 is the
tangential friction between the rotor and the bearing inner ring, and α′ is the contact phase
angle between the rotor and the bearing inner ring.

We analyzed the torque balance of the rotor. In the contact stage, relative to the axis,
the balanced rotor is subjected to friction torque, so there is

Jr
..
θr = −Ft1Rr (7)

According to the spring damping system model, the contact force between the rotor
and the inner ring can be expressed as

Fn1 = k1τe1
1 + c1Vn1 (8)

Vn1 =

( .
xr − .

xb1
)
(xr − xb1) +

( .
zr − .

zb1
)
(zr − zb1)√

(xr − xb1)
2 + (zr − zb1)

2
(9)

where k1 is the radial contact stiffness coefficient between the rotor and the bearing inner
ring; e1 is the contact coefficient; c1 is the contact damping between the rotor and the bearing
inner ring; and Vn1 is the normal velocity of the rotor opposite to the bearing inner ring. The
contact stiffness coefficient can be solved according to the calculation method of line contact
in Hertz’s theory [21]. According to the simplified model, the collision contact between
the rotor and the inner ring can be considered the contact between the rotor and the fixed
ring. When the material between the rotor and the fixed ring is steel, the contact width
between them is the width of the inner ring end face l = 3.5 mm: k1 = 3.378 × 108 (N/mm),
e1 = 10/9.

In addition, research on damping has not yet formed a relatively mature calculation
method, and damping parameters are generally obtained by testing. Here, contact damping
is commonly used [10]: c1 = 1000 (N·s/mm)

Figure 2b is the axial collision model. Kw is supporting stiffness; Cw is the contact
damping; Δa is the axial protection gap; Δr is the radial protection gap; ζ is the rotor
eccentric angle; kt is the eccentric angle fixed constant; d is the bearing bore diameter; and
d1 is the diameter of the inner ring retaining edge.

The axial collision force is

Fa = Kca(|la − lia| − Δa) cos(kt − ζ) (10)

Kca = 1.2 × 1011
√

π
(
d2

1 − d2
)

(11)

In formula: la is the axial displacement of the rotor, and lia is protecting the axial
displacement of the bearing inner ring.
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3.3. Dynamics Model of Protective Bearings

The relative displacements of the inner and outer rings in radial and axial directions
are τr and τa, respectively. We specify that the position of the scroll is θ = 0. Figure 3 shows
the center of the ball and the curvature of the inner and outer grooves. After any steel ball
is loaded, the axis and radial coordinates of the curvature center of the inner groove Q′

da at
position θa are [22]:

Aya = BDW sin α + τa (12)

Bya = BDW cos α + τr cos θq (13)

where: DW is the bearing steel ball diameter; B = gq − 1 + gw, gq, gw, respectively, is the
inner and outer ring of the groove radius of curvature coefficient; general ball bearing g
value between 0.52~0.53; α is the contact angle before loading.

 
Figure 3. The position of the center of a steel ball relative to the center of curvature of the groove.

The deformation of the steel balls is, respectively,

τca = Q′
caQ′

da − QcaQda =
√

B2
xa + B2

za − (gq − 0.5)DW (14)

τda = Q′
caQ′

da − QcaQda

=
√
(Axa − Bxa)

2 − (Aza − Bza)
2 − (gw − 0.5)DW

(15)

In this formula, Bxa is the force, and Bza is the speed; Qca and Qda are the center of the
ath steel ball before the load and the corresponding curvature center. Because the outer ring
is fixed, the center of curvature Q′

ca does not change, and Q′
ca and Q′

da are the center of
the ath steel ball and the corresponding center of curvature after being loaded, respectively.

The contact load of the steel ball and the inner and outer loops is

Qda = Kdaτ
3
2

da (16)

Qca = Kcaτ
3
2

ca (17)

where: Kda and Kca can be calculated from formula (5-5) in literature [23], and their values
are related to the contact angle.

The contact angle of the ath steel ball and the inner and outer ring rolling path is

cos αda =
Bza(

gq − 0.5
)

DW + τda
(18)
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cos αda =
Bxa(

gq − 0.5
)

DW + τda
(19)

cos αca =
Aza − Bza

(gw − 0.5)DW + τca
(20)

sin αda =
Axa − Bza(

gq − 0.5
)

DW + τda
(21)

4. Results

4.1. Comparative Analysis of Collision Characteristics under Non-Eccentric and Eccentric
Working Conditions

The simplified rotor drop collision model of the vertical magnetic suspension bear-
ing system is simulated and analyzed by using self-programming multi-body dynamics
software. That is, the multivariate nonlinear second-order differential equations obtained
from the above simultaneous equations were solved by using the Runge-Kutta method of
4–5 orders. The calculation accuracy was set as 1 × 106, and the solution was solved from
the rotor to 0.5 s after the drop. Due to the large axial impact force caused by the vertical
fall of the vertical rotor, the bearing outer ring is set with a fixed pair to be pre-tightened
and fixed to prevent the axial displacement of the protective bearing outer ring. Moreover,
the upper collision pad is fixed on the rotor in the form of a fixed pair. The simulated radial
protection gap is 0.2 mm, and the contact stiffness is 1 × 105; the contact damping is 70; the
coefficient of dynamic friction and static friction are 0.1 and 0.3, respectively, and the time
is 0.4 s or 0.5 s. In the subsequent analysis, the above initial input parameters are used for
dynamic simulation analysis.

Figure 4 shows a simplified schematic diagram of the rotor movement under eccentric
working conditions. The rotor coupled the rotational and rotational motion states, which
were superimposed on each other and acted on the axis locus together [24–26]. Most of
the axial impact force in the upper angle contact ball bearing group is borne by protective
bearing a. Rotor axis displacement, protective bearing an inner ring, shaft between rotors,
and radial impact force are the main research parts of this paper.

Figure 4. Schematic diagram of the rotor simplified model under eccentric working conditions.

Due to the large distance between the radial plane of the rotor axis and the radial plane
of the protective bearing a, there is a motion phase difference between the displacement
at the rotor axis and that at the protective bearing a. Therefore, this paper does not
study the displacement at the rotor axis, and the axis studied in this paper is the axis
that protects a bearing a with the radial plane. The rotor drop axis displacement and
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impact force under eccentric conditions are more in line with the actual conditions. The
following is a comparative analysis of the impact characteristics of the rotor that falls under
non-eccentric conditions.

Figures 5–7 are comparative analyses of non-eccentric and eccentric conditions under
the rotating speed of 20,000 r/min, axial and radial protection clearance of 0.2 mm, 45 kg
rotor, and eccentric angle of 0.05◦.

  
(a) (b) 

  
(c) (d) 

Figure 5. Comparison of eccentric-free and eccentric 0.05◦ rotor axis. (a) Non-eccentric rotor radial
axial displacement; (b) Radial axial displacement of the eccentric rotor; (c) Space-wise displacement
of the non-eccentric rotor axis; (d) The spatial displacement of the eccentric rotor axis.

 
Figure 6. Comparison of the trend of the axial collision force at 0.05◦ with and without eccentricity.
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(a) 

 
(b) 

Figure 7. Comparison of non-eccentric and eccentric 0.05◦ rotor radial collision force.
(a) Non-eccentric rotor radial collision force; (b) Radial collision force of the eccentric rotor.

As can be seen from Figure 5a,c, the axis locus after rotor fall and collision under a
non-eccentric working condition is relatively stable, and there is almost no chaotic trajectory
in the circle. The motion trajectory of the rotor in the radial direction is approximately
fitted to a circle with a diameter of 0.158 mm, which has a small motion amplitude and fast
stabilization speed.

According to Figure 5b,d, in the radial plane of the trajectory, the ellipse fitted by
the rotor trajectory has a long axis of 0.225 mm and a short axis of 0.2 mm. Because
the radial protection clearance of the magnetic levitation bearing system is 0.2 mm, it
can be seen that the rotor shows a polygonal trajectory due to rebound under eccentric
conditions, which indicates that the rotor will have friction collision with the inner ring of
the protective bearing in the radial direction. The rotor falls behind, in the axial upward,
after the collision bounce height fluctuation. It can be seen that the track-intensive area is
concentrated in the upper part, and the overall lower track clutter is very significant. This
is caused by the oblique elliptic surface of the drop space trajectory of the rotor axis under
eccentric conditions.

Figure 6 shows the trend comparison of the maximum axial impact force on the rotor
under the two working conditions over time. The maximum impact force appears in the
first impact. It is observed that the falling collision force (red line) in unbiased conditions
will soon stabilize at around rotor gravity of 450 N, as shown in the blue line in the figure.
The maximum impact force of the rotor falling 2270 N under eccentric conditions is 14%
higher than that under non-eccentric conditions, and its variation trend before 0.1 s is
similar to that under non-eccentric conditions. In 0.1 s~0.5 s, the collision force with an
average value of 967 N, which is 100% higher than that of the former, continues to appear
and does not stabilize to 450 N at 0.5 s.

Corresponding to Figure 5d, it can be seen that the increase of axial impact force under
eccentric conditions will increase the reaction force on the rotor from the bearing inner ring,
resulting in the rise of the rotor rebound height. The rotor axis locus is no longer a circle in
a horizontal radial direction but appears as an oblique elliptic plane in space. As the value
of the late collision force continues to be high, the rotor rebound height is still higher than
that in the non-eccentric condition and finally presents the trajectory as shown in Figure 5d.

It can be seen from Figure 7a that the maximum radial impact force does not occur in
the first impact. Compared with the axial impact force, the maximum radial impact force
does not gradually stabilize with time. According to Figure 5a, the maximum displacement
of the rotor axis locus is 0.158 mm, less than the radial protection clearance of 0.2 mm.
Furthermore, because the inner ring of the protective bearing also has a radial floating
instability phenomenon, the rotor and the inner ring have periodic collisions, resulting in
radial collision force. According to Figure 7b, the high numerical radial impact force of
the rotor falling under eccentric conditions appears before 0.1 s, while it is very intensive
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after 0.1 s. The peak radial force of 5400 N is 130% higher than that of 2390 N in non-
eccentric conditions, and the total radial force value is 140% higher than that in non-
eccentric conditions. This is the elliptical trajectory caused by the superimposed rotation
and revolution of the rotor. When the linear velocity of the rotor axis increases, the
centrifugal force increases, and the radial impact component is generated after the collision
between the rotor and the inner ring, which makes the eccentric radial impact force multiply
compared with the non-eccentric conditions.

It can also be seen from Figure 5b that the radial impact force generated by the
collision between the front rotor and the inner ring of the protective bearing at 0.1 s makes
the trajectory of the axis center have a polygon trajectory. As shown in Figure 7b, the radial
collision force of the latter part is dense, and the collision between the rotor and the inner
ring leads to a higher frequency of polygon trajectories, which will make the effect of the
quasi-synthetic circle of the center of mass worse. As shown in Figure 5b, the moving
distance of the centroid on the radial plane increases from 0.15 mm to 0.219 mm; that is,
the long axis of the trajectory shape is 0.219 mm, and the short axis is 0.199 mm, which
approximates to form an ellipse.

In conclusion, under certain initial conditions of the external boundary, the spatial
form of rotor eccentricity makes the drop impact force of the rotor colliding with the inner
ring of the protective bearing produce axial and radial impact components. In the late
0.1 s, the values of both remain high, and the relative slip between the inner ring and
the rotor also causes changes in radial force and abnormal vibration, accompanied by a
certain reverse vorticity [27–29]. This will lead to a larger range of longitudinal rebound
displacement or penetration displacement and a larger unidirectional radial displacement
than the trajectory of the non-eccentric drop conditions. Finally, the elliptic trajectory is
synthesized, and a collision occurs, which is more unstable.

It can be seen that the rotor drop under the actual eccentric condition has greater
impact-wear on the protective bearing. Under the conditions of heavy load, high speed,
and large gap between tooling, it is easy to make the magnetic levitation system scrap
and fail. The following will be analyzed and discussed from the following three aspects:
the influence of rotor quality, rotational speed, and the gradient rise of axial protection
clearance on the fall collision under the condition of five eccentric angles.

4.2. Effect of the Rotor Quality on the Collision

Table 2 shows the control parameters of working conditions with different rotor quality
conditions, and five groups of control simulation are set.

Table 2. Input boundary conditions.

Name 1 2 3 4 5

Rotor quality (kg) 25 35 45 55 65
Axial protection clearance (mm) 0.25

Rotor rotation speed (r/min) 20,000

It can be seen from Figure 8a that the distance between the position of the final stop
and the zero of the rotor in the non-eccentric condition increases with the increase of the
rotor quality. The trend of the axial displacement curve is similar to that of axial impact
force under non-eccentric conditions in Figure 6. It can be seen from Figure 8b that the
displacement trend of the rotor falling before 0.1 s in the eccentric condition is similar
to that in the non-eccentric condition. After 0.1 s, the longitudinal rebound amplitude
increases due to rotor collision. This corresponds to the phenomenon that the axial impact
force remains high after 0.1 s under the eccentric working condition in Figure 6.
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(a) 

 
(b) 

Figure 8. Comparison of non-eccentric and eccentric 0.05◦ rotor radial collision force.
(a) Axial displacement of the rotor drops of different qualities under non-eccentric working con-
ditions. (b) Axial displacement of rotor drops of different qualities at 0.05◦ eccentric conditions.

As can be seen from Figure 9a, the maximum axial displacement of rotor drop in
both non-eccentric and eccentric conditions increases with the increase of rotor quality,
and the maximum axial displacement in the eccentric condition is greater than that in the
non-eccentric condition. Compared with the non-eccentric condition, the quality increases
by 160%, and the displacement increases by 50%, indicating that this trend is nonlinear.
In Figure 9b, it can be seen that the harmonic motion generated with rotor collision and
rebound in the non-eccentric working condition within 0.2~0.5 s enters the stable stop state.
With the increase of rotor quality, the depth amplitude is basically stable at 0.053 mm, while
the average depth amplitude in the eccentric condition is increased by 350% compared
with that in the non-eccentric condition, and the amplitude decreases with the increase of
rotor quality [30].

 
(a) 

 
(b) 

Figure 9. Comparison of maximum axial displacement and maximum amplitude of different quality
rotor drops without eccentricity and eccentricity 0.05◦ working condition. (a) Comparison of the
maximum axial displacement; (b) Comparison of the maximum amplitude within the 0.2~0.5 s.

The rotor rotates non-eccentric. According to the impulse formula I = FT, the quality
increases, and the depth of impact into the inner ring deepens. According to Equation (20),
the ball displacement Bza (Y+) increases, and the contact angle α increases. Due to the fixed
outer ring, the inner ring of the protective bearing generates a displacement in the axial
direction of (Y+); that is, the axial displacement of the rotor decreases so that the axial
displacement becomes stable rapidly.
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Compared with the non-eccentric condition, the greater the quality, the greater the
impact of the rotor drop on the bearing inner ring in the eccentric condition, the deeper the
intrusion displacement, the smaller the amplitude of rebound depth, but the overall is still
greater than the non-eccentric condition.

Figure 10a shows the 3D color mapping surface of the axial impact force affected by
different qualities under the eccentricity angle increased by five gradients (0.01~0.09◦).

 
(a) 

 
(b) 

Figure 10. Axial and radial collision forces of quality on rotors with different speeds. (a) Maximum
axial collision force; (b) Maximum radial collision force.

According to the gravity formula and the impulse formula, when other boundary
conditions are fixed, the quality of the rotor increases, and the accumulated impulse of
the rotor during the falling time will also increase, thus leading to the increase of the
axial collision force between the rotor and the protective bearing. With the increase of
eccentric angle, the maximum increase of axial impact force reaches 1790 N. According
to Equation (8), with the increase of eccentric angle ζ, the axial protection clearance Δa
between half of the rotor and the upper protective bearing increases, impulse increases,
and the maximum axial impact force Fa increases. In other words, the increase in rotor
eccentricity will affect the increase in axial impact force. The greater the rotor quality, the
greater the impulse and the greater the axial impact force. As shown in Figure 11a, when
the eccentric angle is 0.05◦ and the rotor quality increases by 150%, the axial impact force
on the inner ring increases by 75% compared with the non-eccentric condition, which is
similar, showing a nonlinear increase in general. Moreover, it is easy to see from Figure 11a
that the eccentric drop impact force is greater than the non-eccentric condition.

 
(a) 

 
(b) 

Figure 11. Comparison of maximum axial and radial collision forces. (a) Comparison of the maximum
axial collision force of different quality rotor drops with an eccentricity of 0.05◦; (b) Comparison of
the maximum radial collision force of different quality rotor drops with an eccentricity of 0.05◦.
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Figure 10b is about the radial impact force, whose maximum increase reaches 3854 N,
and the impact force also increases nonlinearly with the increase of quality and eccentricity
angle. As shown in Figure 11b, under the condition of 0.05◦ eccentricity, the average value
is 60% higher than that under the condition of non-eccentric eccentricity, the quality is
150% higher, and the radial impact force on the inner ring is 60% higher. Under eccentric
conditions, along with the rotation and revolution of the rotor, the contact mode between
the rotor and the inner ring changes from surface contact to local point contact, resulting in
a local axial slip of the bearing inner ring and steel ball, constant changes in the rotation
phase of the bearing inner ring, and the rotor falls to complete point contact collision.
As the quality of the rotor increases, the component of gravity on the radial plane of the
eccentric rotor also increases, leading to the component of the rotor on the radial plane of
the inner ring. When the angle γ between the inner ring radial plane and the horizontal
plane changes constantly, the high-frequency collision is repeated continuously; that is, the
radial collision force between the two increases. With the increase of eccentric angle, it can
be obtained from Equations (2) and (9) that the eccentric angle ζ increases, the transverse
coordinate xr of the rotor axis increases, the invasion depth τ1 increases, and the normal
velocity Vn1 of the rotor relative to the inner ring of the bearing increases. According to
Equation (8), the radial impact force Fn1 between the rotor and the inner ring becomes
larger if other fixed constants remain unchanged.

4.3. Influence of Rotor Speed on Collision

Table 3 shows the control parameters of different rotor speed conditions.

Table 3. Input boundary conditions.

Name 1 2 3 4 5

Rotor rotation speed (r/min) 5000 10,000 15,000 20,000 25,000
Rotor quality (kg) 45 kg

Axial protection clearance (mm) 0.2

In Figure 12a,b, it can be seen that the approximate fitting of the rotor axis displacement
trajectory under non-eccentric working conditions is a circle with a diameter of about
0.155 mm, and there is no chaotic vibration trajectory in the trajectory, indicating that
there is no collision with the bearing inner ring. However, the rotor speed increased from
5000 r/min to 25,000 r/min, and the degree of trajectory fitting was poor. In Figure 12c,d, it
can be seen that, under eccentric conditions, the maximum displacement of the rotor’s axial
displacement track in both horizontal and vertical directions on the radial plane is wrong
by a certain distance. This Figure approximates an ellipse with a major axis of 0.214 mm
and a minor axis of 0.198 mm. As the speed reaches 25,000 r/min, the rotor collides with
the inner ring of the bearing, resulting in a polygonal axis locus.

 
(a) 

 
(b) 

Figure 12. Cont.

128



Lubricants 2023, 11, 246

 
(c) 

 
(d) 

Figure 12. Radial displacement trajectory of non-eccentric and eccentric rotor shaft centers at dif-
ferent speeds. (a) 5000 r non-eccentric drop axis displacement; (b) 25,000 r non-eccentric drop axis
displacement; (c) 5000 r eccentric 0.05◦ drop axis displacement; (d) 25,000 r eccentric 0.05◦ drop
axis displacement.

When the rotor falls on the protective bearing, the speed of the inner ring of the
protective bearing increases rapidly in a short time. The radial displacement of the rotor is
mainly caused by the relative rotation of the rotor and the inner ring and the centrifugal
force of the rotor. As the rotational speed increases, the centrifugal force increases, and
the relative motion velocity of the two increases. As can be seen from Figure 4, the radial
force Fx generated by friction increases, leading to the change of rotor force time, resulting
in trajectory disturbance. Under eccentric conditions, the radial force direction changes
irregularly due to the collision between the rotor and the inner ring, which is the reason for
the poor fitting degree of the rotor trajectory.

Figure 13 shows the trend diagram of axial impact forces of rotors at different speeds
under non-eccentric and eccentric conditions. According to the mathematical model estab-
lished by Equation (10) and indirectly verified by Figure 13a, there is no obvious correlation
between the maximum axial impact force and the non-eccentric rotor speed [24,25], and
the maximum axial impact force is maintained around 2250 N. Figure 13b shows that
the rotor and bearing inner ring under eccentric conditions increase from 5000 r/min to
25,000 r/min, and the axial impact force increases from 1918.4 N to 2186.65 N.

 
(a) 

 
(b) 

Figure 13. Comparison of axial collision forces between non-eccentric and eccentric rotors at different
speeds. (a) Non-eccentric fall axial collision force; (b) Eccentricity 0.05◦ drop axial collision force.

It can be seen that the axial collision force corresponding to each speed decreases
slightly, and the stability degree of the collision force trend in the late period is not as good
as that in the non-eccentric condition. The increase in the speed is accompanied by periodic
high-value collision forces, such as the appearance of 2800.36 N and 2854.96 N.

As the speed increases, the kinetic energy of the rotor increases.
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In non-eccentric working conditions, this part of the energy is transferred to the
bearing or consumed only through contact friction. The friction factor μ, rotor quality m,
axial protection clearance Δh, and other conditions do not change; that is, the friction force
of the rotor and the gravitational potential energy of the rotor itself do not change, and the
maximum impact force basically does not change with the change of rotor speed when the
rotor starts to fall.

Under eccentric conditions, according to gravity formula G = mg and impulse formula
I = FT, part of the axial protection clearance decreases, and part of it increases. When the
rotor quality is constant, the accumulated impulse of the part of the rotor with small protec-
tion clearance decreases, and the impact force decreases. However, when the protection gap
is large, the cumulative impulse increases and the impact force increases, and the change
trend of the impact force is periodic. As the rotational speed increases, the impact force
does not change obviously; that is, it has little effect on the axial impact force.

Figure 14a shows the axial impact force generated by the rotor falls at different speeds
under the condition of five declination gradients (0.01~0.09◦), and its maximum increase
is about 610 N. As can be seen from Figure 15a, with the increase in rotational speed, the
maximum axial impact force under non-eccentric conditions is basically stable.

 
(a) 

 
(b) 

Figure 14. Eccentricity angle on the axial and radial collision force of rotor with different speeds.
(a) Maximum axial collision force; (b) Maximum radial collision force.

 
(a) 

 
(b) 

Figure 15. Comparison of maximum axial and radial collision forces under non-eccentric and
eccentric working conditions. (a) Comparison of the maximum axial collision force of different speed
rotor drops with eccentric 0.05◦; (b) Comparison of the maximum radial collision force of different
quality rotor drops with the eccentric 0.05◦.

The corresponding maximum axial impact force is slightly less than the non-eccentric
condition. With the increase in rotational speed, the nonlinear impact force increases
slightly. The reasons have been explained above and will not be repeated here. As shown
in Figure 14b, the maximum increase of radial impact force is about 1600 N. As shown
in Figure 15b, the average maximum radial impact force under eccentric conditions is
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110% higher than that under non-eccentric conditions, both of which are nonlinear and
small increases.

According to Equations (2), (8)–(10), it can be seen that when the eccentric angle
increases, the axial force Fa and radial force Fn both increase proportionally, and the
radial impact force caused by the eccentric drop will increase the average force of the
inner ring and steel ball, and the offset in the x and y directions of the inner ring will
increase. According to Formula (3), with the increase of xb1 and yb1, the relative compressive
deformation between the inner ring and the steel ball increases τ2; that is, the penetration
depth of the channel between the protective bearing rolling body and the inner and outer
ring increases, resulting in bearing pitting or fish-scale fatigue surface peeling, and reducing
the life of the protective bearing [31,32].

4.4. Effect of Axial Protective Clearance on Collision

Table 4 shows the different control parameters of rotor speed conditions, with four sets
of control simulations, and the eccentric angle is still five gradients.

Table 4. Input boundary conditions.

Name 1 2 3 4

Axial protection clearance (mm) 0.1 0.15 0.2 0.25
Rotor quality (kg) 45

Rotor rotation speed (r/min) 20,000

Figure 16 shows the axial displacement diagram of the rotor falling under non-eccentric
conditions. The displacement of the rotor axis in the radial plane of the protective bearing
shows a polygonal trend. With the increase of axial protection clearance, the rotor rebound
height increases. The spatial displacement after rotation of the axis presents an oblique
elliptic trajectory, while the one presented in the radial plane is a synthetic circular trajectory
with a diameter of about 0.168 mm, which is less than the radial protection clearance
of 0.2 mm.

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 16. Radial axis displacement trajectory of the rotor under different axial protection gaps
for non-eccentric working conditions. (a) 0.1 mm drop axis displacement; (b) 0.15 mm drop axis
displacement; (c) 0.2 mm drop axis displacement; (d) 0.25 mm drop axis displacement.
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As shown in Figure 17, the rotor axis presents a trend of collision rebound polygon
variation in the radial plane of the protective bearing. The eccentricity of the rotor falls
into the inner ring and superimposes its own rotation and revolution motion, lengthening
the long axis of the space oblique elliptic trajectory. The direction of radial impact force
changes constantly with the change of gyroscopic phase; the gyroscopic vibration of the
rotor increases, and the variation amplitude of the radial displacement increases. With the
increase of the axial protection clearance, the trajectory fitting growth axis is 0.21 mm, and
the short axis is a 0.157 mm ellipse. This displacement has been greater than the radial
protection clearance by 0.2 mm. With the increase of axial protection clearance, the radial
collision between the rotor and the inner ring is severe, which will seriously affect the
bearing life.

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 17. Radial axis displacement trajectory of eccentric 0.05◦ rotor under different axial protection
clearance. (a) 0.1 mm Drop axis displacement; (b) 0.15 mm Drop axis displacement; (c) 0.2 mm Drop
axis displacement; (d) 0.25 mm Drop axis displacement.

Figure 18a shows the axial impact force generated when the rotor with different axial
protection clearance falls under the condition of five declination gradients (0.01◦~0.09◦).
With the increase in the axial protection clearance and eccentricity angle, the maximum
increase of axial impact force caused by rotor falling is 826 N. According to Figure 19a,
with the increase of axial protection clearance, the average maximum axial impact force
under eccentric conditions is 120 N larger than that under non-eccentric conditions, and
the growth trend of both is similar. As the clearance Δh between the rotor and protective
bearing increases, the initial energy of the rotor increases. According to the h = 1/2 gt2,
I = FT = mv, the rotor drop time t increases, and the impulse and velocity are increased.
Since the equivalent stiffness and damping of rotor and bearing are certain, the greater the
speed at the moment of collision. The larger the eccentricity angle, the larger the contact
pressure, the larger the deformation, and the larger the axial impact force.
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(a) 

 
(b) 

Figure 18. Eccentricity angle on the axial and radial collision forces of rotor drops with different axial
clearances. (a) Maximum axial collision force; (b) Maximum radial collision force.

 
(a) 

 
(b) 

Figure 19. Comparison of maximum axial and radial collision forces under non-eccentric and
eccentric working conditions. (a) Comparison of the maximum axial collision force of different axial
protection clearance rotor drops under the 0.05◦ eccentric working condition; (b) Comparison of the
maximum radial collision force of different axial protection gap rotor drops under the 0.05◦ eccentric
working condition.

Figure 18b shows that the maximum radial impact force is 5896 N, twice the axial
impact force. With the increase of eccentric angle, the maximum increase of radial impact
force is 2806 N. As shown in Figure 19b, with the increase in axial protection clearance,
the radial impact force increases by 1499 N and 1960 N in non-eccentric conditions as
compared with that in non-eccentric conditions. Furthermore, the growth rate under
eccentric conditions is obviously greater than that under non-eccentric conditions.

With the increase in the protection gap and impulse, it can be obtained from
Equations (2) and (9) that the invasion depth τ1 will deepen, and Vn1 will increase. Accord-
ing to Equation (8), the radial impact force Fn1 becomes larger. According to Figures 18 and 19,
it can also be seen that the radial impact force increases with the increase of the axial protec-
tion clearance in the falling collision between the rotor and the bearing inner ring [28,33].
In other words, the fitting degree of the axial displacement trajectory under non-eccentric
and eccentric conditions is also affected by the axial protection clearance.

5. Discussion of Drop Experiment

To simulate the drop performance of the eccentric rotor more in line with actual
working conditions, a vertical rotor non-eccentric drop test was conducted using the
protective bearing life test machine of the magnetic levitation bearing system shown in
Figure 20. The 45 kg eccentric rotor speed rises with a 5, 10, 15, and 20 kr/min gradient. The
protective bearing is a face-to-face mounted 71913C angular contact ball bearing, and the
rest of the fall conditions are the same as the previous Table 3, and the rotor axis trajectory
index is measured in real-time.
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Figure 20. Life tester of auxiliary bearing for the active magnetic bearing system.

Figure 21 shows the radial axis displacement trajectory of the rotor set at different
rotational speeds during the test; as the rotor speed increases, the degree of radial axis
trajectory fitting into the circle gradually becomes worse, and the internal chaotic trajectory
of the trajectory increases, and the rotor quality center trajectory in the radial direction
has contact collision with the inner surface of the inner ring, resulting in the rotor in the
process of axial collision rebound, while the velocity component of the rotor radial rebound
exists. From the maximum diameter of the following four circular trajectory diagrams, it
can be seen that as the rotor speed increases from 5 kr/min to 20 kr/min, the maximum
displacement of the rotor radial center of quality increases from 0.15 mm to 0.18 mm,
indicating that the rotor dynamic balance accuracy decreases as the speed increases. From
the trajectory, this is consistent with the simulation results of the eccentric rotor above.

  
(a) (b) 

  
(c) (d) 

Figure 21. The centroid trajectory of rotors at different speeds in the process of falling collision.
(a) 5 kr/min; (b) 10 kr/min; (c) 15 kr/min; (d) 20 kr/min.
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In this paper, the impact force of the outer ring of the protective bearing is tested
by the pressure sensor. As shown in Figure 22, sensor A and sensor B are symmetrically
arranged at the bottom of the large end of the outer ring of the protective bearing. The
outer ring is pressed and fixed by the pressing force exerted by the testing machine tooling,
which conforms to the simulation model established above. The inner ring of the protective
bearing is impacted by the rotor drop, and the axial impact force is transmitted to the
outer ring through the rolling body so as to realize the change trend of the impact force
indirectly. By comparison with Figures 6 and 23, it can be seen that, under the condition of
the eccentric rotor, which is more in line with actual conditions, the maximum impact force
of the outer ring is 979.477 N, and the average value of 212.71 N under stable conditions;
both are about 1/2 of the corresponding force of the inner ring.

 
Figure 22. Installation diagram of axial collision force sensor.

 
Figure 23. Simulation results of collision force on the outer ring.

As shown in Figure 24, according to the above experimental machine modification
and simulation analysis results, the impact force of the outer ring of the protective bearing
is tested. As shown in Figure 24a, the experimental data curve is divided into four stages:
Rest, Rotor suspension acceleration, Falling collision stage, and Steady-state. The 389.1 N
in the static stage in Figure 24a includes the outer ring force F= about 190 N and the dead
weight of half of the rotor G1/2 = 200 N. 192.4 N of the rotor suspension acceleration stage
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only includes the outer ring force F = 190 N of testing machine tooling. The drop collision
stage of 1169.7 N includes the outer ring pressing force FO = 190 N and the maximum
impact force Fmax = 979.7 N. The mean value of 372.4 in the stable stage corresponds to the
force value in the static stage.

  

(a) (b) 

  
(c) (d) 

Figure 24. Force on the outer ring of the protective bearing with increasing speed. (a) 5 kr/min;
(b) 10 kr/min; (c) 15 kr/min; (d) 20 kr/min.

Pay attention to the four figures in Figure 24. The rotor falls in the eccentric state,
which is more consistent with the actual working condition. It can be seen that as the rotor
speed increases from 5 kr/min to 20 kr/min, the force values of 1169.7 N, 1174 N, 1199 N,
and 1210 N also rise gradient-wise. By comparison with Figure 13b above, it can be seen
that the trend of simulation and experimental results is consistent and corresponding. In
addition, after the four force values minus the outer ring force FO = 190 N, compared with
Figure 23, the maximum collision force Fmax corresponds to the simulation, all of which are
about 980 N. These are close to the simulation results above and also verify the accuracy of
the self-programming simulation model above.

Figure 25 shows the appearance of the inner ring of the protective bearing after the
collision of the eccentric rotor drop at different rotational speeds. 5 kr/min of the inner
ring has no obvious changes; observe 20 kr/min of the inner ring, the ceramic ball, by
the axial impact of running scratches the inner ring groove, indentation is obvious, the
rotor drops to the inner ring end surface of the bearing, the speed is too high, deceleration
time is extended, the inner ring end surface also reveals obvious scratches, resulting in the
ceramic ball and groove, the ceramic ball and the groove, the friction between the rotor
collision pad and the inner ring end surface increases, generating intense heat, affecting the
protection of the bearing against falling performance and service life.
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Figure 25. The appearance of the inner ring of the protective bearing at 20 kr/min and 5 kr/min
operating conditions.

6. Conclusions

This paper first compares and discusses the rotor drop impact characteristics under
eccentric and non-eccentric working conditions and then explores and analyzes the rotor
axial displacement and axial and radial impact forces under three working parameters
(quality, speed, axial protection clearance). The results are as follows:

(1) Under eccentric conditions, an ellipse with a long axis of 0.225 mm larger than the
radial protection clearance is synthesized after the rotor falls. The axis locus under
non-eccentric conditions is a circle with a diameter of 0.158 mm. Compared with the
non-eccentric condition, the radial impact force increases by 140% on average, and the
maximum axial impact force increases by 14%. Both of them produce high collision
force, which is close to the maximum value continuously after 0.1 s. The results show
that the eccentric condition has a great adverse effect on the stability of the axial
displacement of the rotor, and both axial and radial impact forces are multiplied.

(2) With the increase in rotor quality, compared with the non-eccentric condition, the
average increase of rotor axial drop displacement in the eccentric condition is 0.04 mm,
and the amplitude in depth is increased by 350%. With the increase in eccentric angle,
the axial impact force increases by 1.75 times, and the radial impact force increases
by 60%. The results show that the change of quality can deepen the axial penetration
depth after the rotor drops under eccentric conditions and has a great influence on
the axial and radial impact force.

(3) With the increase in rotor speed, the maximum axial impact force decreases slightly,
and the radial impact force increases by 110% compared with the non-eccentric
condition. The maximum axial impact force changes slightly under non-eccentric
conditions. An ellipse with a long axis of 0.214 mm, which is larger than the radial
protection clearance, is synthesized from the rotor drop trajectory under eccentric
conditions. The results show that the increase in rotational speed has little effect on
the axial impact force, but a great effect on the radial impact force, and the collision
between the rotor and the inner ring leads to the trajectory disorder.

(4) With the increase of the axial protection clearance Δh, the pseudo-circle degree of the
rotor axis displacement trajectory becomes worse in both non-eccentric and eccentric
conditions. The trajectory under eccentric conditions is an ellipse with a radial fitting
growth axis of 0.21 mm larger than the radial protection clearance of 0.2 mm. With
the increase of eccentric angle, the average increase of the maximum axial force is
120 N, and the average increase of the maximum radial force is two times. The results
show that the increase of the axial protection clearance will cause the disturbance of
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the radial displacement trajectory of the rotor, and the axial impact force will increase
slightly, but the radial impact force will be greatly affected.

(5) After trial verification, the rotor speed increases the rotor radial axis trajectory to the
degree of poor rounding and radial displacement from 0.15 mm to 0.18 mm. The force
of the protective bearing outer ring increased from 1169.7 N to 1210 N. The inner ring
groove and end face scratching are obvious, and frictional heat increases.

The eccentric working condition is 20~150% higher than the collision force without
eccentric working conditions, and the shaft offset is larger than the radial protection gap of
0.2 mm, which indicates that the eccentric inclination of the rotor will cause greater impact
damage to the bearing. Tsinghua University [15] studied the rotor drop of a heavy vertical
magnetic bearing onto a protective bearing. In the experiment, the axial impact force and
heating of vertical rotor falling were investigated. The change of axial impact force can only
be measured indirectly by the sensor in the rotor drop experiment. In the future, intelligent,
protective bearings may be used for temperature measurement or direct measurement
of axial impact force so as to improve the impact resistance of protective bearings more
effectively. Yang, G. also analyzed the inclination of the vertical rotor around the horizontal
plane and proposed a detailed model of the vertical rotor falling process considering the
inclination of rotation around the x and y axes [19]. He accurately predicted the dynamic
behavior of the rotor in vertical descent. In his study on the axial impact force of rotor
dropping, the influence of the friction coefficient is very weak, and the axial aerodynamic
force tends to increase the peak axial contact force.

In view of the large impact force value in the case of eccentricity mentioned above, such
high impact force exists objectively because the eccentricity error is unavoidable in actual
manufacturing or the high-speed rotation of the motor-driven rotor [34]. This can reduce
the axial impact force of the rotor by improving the rotor operating condition parameters
and the structural parameters of the protective bearing, such as axial protection clearance,
rotor dynamic balance accuracy, the number of ball fillings in the bearing, whether there is
a cage or not, and changing the ring material, which will be a very meaningful study. The
rotor of the vertical magnetic suspension bearing system will keep the eccentric condition
when running. In this paper, the dynamic process of rotor eccentric drop is analyzed
innovatively in the field of magnetic bearing research, and it is concluded that the actual
impact of an eccentric rotor on the system is more serious than that of the non-eccentric
rotor in all aspects. Therefore, before practical applications or tests, high requirements are
put forward for the improvement of the overall impact resistance of protective bearings
and the design of rotor dynamic balance precision. Future research in the field of impact
protective bearings should focus on the rotor eccentricity drop conditions. This paper
provides a reference for the research in this field. In addition, the research results of
this paper will be helpful to the further improvement of protective bearing design and
engineering application.
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Abstract: Misalignment or unbalanced loading of machine tool spindle bearings often results in
skewed bearing operation, which makes the spindle more susceptible to failure. In addition, due
to the weak impact signal of the bearing in skewed operation, a single feature information cannot
accurately characterize the operation status of the bearing. To address the above problems, this paper
proposes a method to monitor the uneven running state of bearing load based on a dual-channel
fusion improved dense connection (DenseNet) network. First, the original signal is pre-processed by
overlapping sampling method, and the dual-channel experimental data are obtained by frequency-
domain and time-frequency-domain algorithms; then the processed data are input into the improved
1D-DenseNet and 2D-DenseNet models respectively for feature extraction; then the frequency-domain
and time-frequency-domain features are fused by concat splicing operation, and the output belongs
to each category The probability distribution is used to characterize the operating state of the bearings.
Finally, the validity of the algorithm model is verified by using the Case Western Reserve University
public rolling bearing data set, and an experimental bench is designed and built for experimental
verification of the uneven bearing load operation. The comparative analysis of the experimental
results in this paper shows that the algorithm can extract the features of the input signal more
comprehensively and finally achieve 100% recognition accuracy.

Keywords: rolling bearing; condition monitoring; DenseNet network; dual channel; feature fusion

1. Introduction

As the “workhorse” of the equipment manufacturing industry, machine tools are
one of the most important tools in industrial production, with applications covering the
mechanical industry, automotive industry, electric power equipment, railroad locomotives
and aerospace. As the core component of machine tools, the operating condition of the
spindle directly affects the machining accuracy and efficiency of machine tools, while the
bearing, as the spindle support component of machine tools, directly affects the rotational
accuracy of the spindle due to its assembly accuracy and the same of the enemy [1–3].
Due to long-term service in variable loads, high temperatures, shock, and other harsh
environments, and by manufacturing errors, assembly accuracy and human operation
errors, and other factors, will lead to bearing deflection in the service process, which is
very easy to cause bearing failure. Therefore, accurate and efficient real-time condition
monitoring of bearings is important to ensure the healthy operation of machine tools and
improve productivity [4].

Traditional bearing condition monitoring methods are often studied with the help
of time-domain features of the signal, and a few methods consider feature extraction in
both frequency and time-frequency domains and use the extracted feature information for
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condition monitoring [5]. Previous mechanical fault diagnosis models based on deep learning
have poor generalization ability and complex networks, Deng Mingyang et al. [6] com-
bined frequency domain feature extraction self-encoder with variational self-encoder and
proposed frequency domain feature variational self-encoder, which makes the extracted
features more robust. Using the overall similarity of the same mode class vibration obser-
vation samples on the FFT amplitude spectrum feature waveform, Jiao Weidong et al. [7]
proposed a fault diagnosis method based on the pattern matching of the frequency domain
feature waveform. Kullbak-Leibler (KL) distance mutual parameter method can solve the
blind deconvolution order uncertainty problem, Liu Feng [8] et al. proposed an improved
time domain blind deconvolution order uncertainty method based on the combination of
generalized morphological filtering and improved KL distance combination of improved
time-domain blind deconvolution fault feature extraction algorithm, and the method can
effectively extract rolling bearing fault features. Weimin Li [9] et al. proposed a diagnosis
method based on a frequency-domain sparse classification algorithm, which effectively
overcomes noise interference and avoids the problem of fault feature frequency estimation.
For the cliffness, margin, and spectral cliffness, which are usually very sensitive to the
data singularity of the signal due to chance factors, are easy to cause misjudgment in the
condition monitoring of bearings, Wang Xiaoling [10] et al. proposed a frequency band
entropy method based on time-frequency analysis and information entropy theory for
rolling bearing fault monitoring. In order to make comprehensive use of the time-frequency
domain information of vibration signal and the complexity characteristics of measuring
time-frequency distribution, Jiaqi Li et al. [11] introduced two-dimensional multiscale
entropy into the fault diagnosis of rolling bearings and proposed a rolling bearing fault
diagnosis method based on two-dimensional time-frequency multiscale entropy and firefly
algorithm optimized support vector machine. The above method only considers the fault
feature extraction in the time domain, frequency domain, or time-frequency domain sepa-
rately, which has certain limitations in bearing fault diagnosis and is difficult to reflect its
fault state accurately, and it is difficult to guarantee the mapping relationship between its
feature value and service state as the amount of data increases.

With the development of computer hardware, machine learning has become a very
effective tool for classification, for which the classification problem is the basis and many
applications have evolved from it. Machine learning is able to learn the laws and patterns
of data with the help of computers in a large amount of data, and in the process of learning,
the potential and valuable information within the data is mined deeply [12–14]. In order to
improve the monitoring speed and monitoring accuracy, many scholars have introduced
machine learning methods into the field of condition monitoring and achieved good results.
Traditional shallow machine learning methods include support vector machines, decision
trees, K-nearest neighbors, plain Bayes, artificial neural networks, etc., which, due to
their need for large amounts of prior knowledge, lead to difficult feature extraction and
selection [15,16].

In recent years, under the impact of the wave of artificial intelligence, people have
started to introduce end-to-end deep learning methods into the fault diagnosis collar, and
deep learning models have provided new ideas for fault diagnosis research by getting rid
of the inevitable uncertainty of manual feature extraction methods [17]. A convolutional
neural network (CNN) is a class of feedforward neural network that contains convolutional
computation and has a deep structure, and is one of the representative algorithms of deep
learning [18]. The algorithm has the capability of representational learning and is able to
classify the input information in a translation-invariant manner according to its hierarchical
structure. Janssens [19] proposed a three-layer CNN model for bearing fault detection
using vibration signals, where a discrete Fourier transform is applied to the data before the
model is trained and fed into the network model. Gu [20] proposed to feed the original
vibration signals into 1-DCNN and Gu [21] proposed an improved convolutional neural
network model with global mean pooling instead of the final fully connected layer of CNN
for the purpose of reducing the number of parameters, which effectively improved the
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computational speed of the model. To address the problem that traditional fault diagnosis
methods require manual feature extraction and feature information is difficult to be fully
mined, Chen Ke et al. [22] proposed an end-to-end bearing fault diagnosis method based
on CNN, LSTM, and attention mechanism. To address the problem that the traditional
bearing fault diagnosis method does not sufficiently extract key features under strong noise
and variable load, Yang Xianglan et al. [23] proposed an ECA_ResNet-based bearing fault
diagnosis method.

As the layers of a neural network become deeper, the path from the output to the input
becomes longer, which leads to the disappearance of the change gradient in the process
of backpropagation back to the input. To address this problem, densely connected neural
network (DenseNet), as an improved algorithm of the CNN network, solves this problem by
establishing dense connections between all the previous layers and the later layers to reuse
the features, and some research have been conducted by related scholars. Huang et al. [24]
proposed a densely connected convolutional network (DenseNet), which improves the
learning efficiency by feature reuse. enhance the learning efficiency, which is the most
advanced convolutional neural network architecture. c Shi [25] proposed a wear-induced
internal leakage fault diagnosis method based on intrinsic modal functions (IMFs) and
weighted densely connected convolutional networks (WDenseNets), using the weighted
optimal IMF components as inputs to WDenseNet for fault identification and classification.
Yufeng Wang [26] proposed an improved one-dimensional DenseNet network structure
capable of handling one-dimensional spectral sequences to achieve multi-scale for signal
feature extraction. Rexiang Niu et al. [27] proposed an improved fault diagnosis method
for densely connected convolutional networks, which extracts features through multi-
scale convolutional layers and achieves weighting of multi-scale feature channels using an
attention mechanism to improve the generalization performance of the model. Qingrong
Wang et al. [28] proposed a dual-channel cross-dense connected fault diagnosis model
incorporating parallel ECA modules, and designed a multi-convolutional residual module
and a multi-scale dense connected network for fault feature extraction to achieve interaction
and integration of fault information. To address the problem of insufficient ability of shallow
features to characterize the fault information of vibration signals, K. Wang et al. [29] proposed
an intelligent fault diagnosis neural network model combining a style recalibration module
and a densely connected convolutional neural network. Some of the above methods do not
give full play to the powerful feature extraction capability of the DenseNet network, the
model network structure is shallow, the network generalization capability is weak, or the
frequency domain and time-frequency domain signal feature extraction is not considered.

In summary, this paper proposes a method to evaluate the bearing load inhomoge-
neous operating state based on a dual-channel fusion improved DenseNet network, firstly,
data enhancement is performed on the original sample data by overlapping sampling
method; secondly, frequency domain and time-frequency domain transformations are per-
formed on the processed data to obtain the experimental data set of two channels; then the
processed experimental data are input into the improved 1D-DenseNet and 2D-DenseNet
models for feature extraction; finally, the frequency-domain and time-frequency-domain
features are fused by concat splicing operation to achieve the classification and recognition
of the load inhomogeneity of bearings. The method uses densely connected networks to
build the base model, which greatly increases the depth of the network structure and en-
hances the generalization ability of the model. The effectiveness of the proposed method is
verified through experiments, which provides a new idea for rolling bearing fault diagnosis.

2. Fundamentals

2.1. Convolutional Neural Network
2.1.1. Principle of Convolutional Neural Network (CNN)

CNN is a supervised learning neural network with a multilayer convolutional struc-
ture, introduced by Hubel and Wiesel with the concept of Receptive fields [30]. First
proposed by LeCun for image processing [31], it differs from the traditional neural network
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structure in that it consists of two main parts: a convolutional layer and a pooling layer.
The convolutional layer is connected to the previous layer by local connectivity and weight
sharing, which greatly reduces the number of required parameters; the downsampling
layer is a method for feature dimensionality reduction, i.e., reducing the complexity of the
network by reducing the input feature parameters, which not only improves the robustness
of the neural network but also prevents the occurrence of overfitting [32,33].

The convolutional layer is the core of CNN, which mainly implements the feature
extraction of the dataset, which is one of the most important differences from traditional
neural networks. The features of each layer in the convolutional layer are obtained by
convolving the convolutional kernel with the input features of the previous layer, and the
parameters can be adjusted through training to obtain the optimal features. In practice,
smaller convolutional kernels are used to reduce the amount of operations. Each con-
volutional kernel can be used as a tool for feature extraction, and a new feature map is
generated by means of convolutional operations. The convolution operation is the process
of letting the convolution kernel slide along the coordinate position of the input image or
input signal horizontally or vertically for a certain number of steps to compute the data
corresponding to it, and the computational equation is as follows [34]:

xi
j = f (∑i∈Mj

xl−1
i ∗ kl

ij + bl
i) (1)

where M represents the set of input feature maps, ∗ represents the convolution operation,
k represents the convolution kernel, b represents the bias term, xi

j represents the jth feature
map of the ith layer, and f (−) represents the nonlinear activation function used to enhance
the representation of the data.

Pooling layer, also known as downsampling layer, can reduce the dimensionality
of the input feature set, reduce the computational effort of the neural network, and in-
crease the perceptual field of the posterior neurons to achieve the effect of effective control
of overfitting. The pooling operation can be divided into maximum pooling and aver-
age pooling, among which maximum pooling is more widely used. Maximum pooling
plans the input features into several regions and outputs the maximum value of each
region separately.

2.1.2. ResNet Network

As the depth of the network keeps increasing, CNN models begin to suffer from a
series of problems such as gradient disappearance and explosion, which in turn lead to a
decrease in the accuracy of the model. Based on this, He et al. [35] proposed ResNet by
borrowing the idea of cross-layer linking of high-speed networks, the core of which is the
residual block. Since this network structure utilizes the residual technique, it is also known
as the residual network, and the specific structure is shown in Figure 1:

 
Figure 1. Structure of residual block.

The structural expression of the residual network is as follows:

H(x) = F(x) + x (2)

where H(x) denotes the output of the structure,x denotes the input, and F(x) denotes the
output obtained from the convolution layer. When the parameter of the convolution layer
is 0, the formula is expressed as H(x) = F(x). This is the core idea of the residual network,
which achieves the transfer of feature information of each layer by constant connection,
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which ensures the depth of the network and improves the performance of the network
model at the same time.

2.2. DenseNet Network

A dense convolutional neural network is an improved convolutional neural network
algorithm based on the residual network (ResNet), which aims to alleviate the problem of
gradient disappearance and model degradation by using fewer parameters. The core idea
of a dense convolutional network as a neural network with dense connectivity is cross-layer
connectivity, where each layer of input in the network model takes as input the feature
information output from all previous layers, while the features of that layer are also directly
passed to all subsequent layers as input to ensure maximum information transfer between
layers, making the network perform similar deep supervision in an implicit way [24].

The DenseNet network proposes a new structure by multiplexing the features, which
not only slows down the gradient disappearance, but also has a smaller number of parame-
ters, and it is connected in the form of cross-channel with the formula:

xl = Hl([x0, x1, . . . , xl−1]) (3)

where: is the input to the x0 network; xl is the output of layer l in the network; xl−1 is the
input to layer l − 1 of the network. Hl(·) is the nonlinear transformation operation acting
on layer l.

DenseNet mainly consists of convolutional layer, pooling layer, DenseBlock, Tran-
sitionLayer, and linear classification layer. As the network structure is based on dense
connections between the layers, it is referred to as a densely connected network, as shown
in Figure 2.

Figure 2. DenselNet model structure.

GrowthRate: The hyperparameter k is the network growth rate, which refers to the
number of feature maps produced by each layer. An important feature of DenseNet is that
k is very small for each layer, because each layer can be connected to all feature maps in
the dense blocks that exist in it. The growth rate controls how much global information is
added at each layer, and this information can be called anywhere in the network, which is
the biggest difference between DenseNet and traditional neural networks.

DenseBlock: The network perceives the feature information locally through the first
convolutional layer initially. Next, the data enters the dense block. A bottleneck layer
structure is BN-Relu-Conv(1 × 1)-BN-Relu-Conv(3 × 3), which becomes Densenet-B. Each
bottleneck layer generally contains a 1 × 1 convolution and a 3 × 3 convolution. The
former serves to effectively reduce the number of feature maps, reduce the computational
effort and achieve feature fusion for each channel, while the latter serves to perform feature
extraction. A dense block can be composed of multiple bottleneck layers.
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TransitionLayer: The network structure between two dense blocks is called the transi-
tion layer, and its structure is BN-Relu-Conv-Dropout-Pooling, which generally consistsa
of 1 × 1 convolution and 2 × 2 pooling layer, the main role is to reduce the number of
feature maps. θ denotes the compression factor, generally θ < 1. If the forward thickening
block generates n layers of feature maps, in order to compress the data, after the transition
block, the number of feature maps as the input of the next thickening block becomes θ × n.

2.3. ECA-Net Module

The input time-frequency maps are learned by 2D-DenseNet dense network to obtain
a large number of features, and the ECA-Net attention mechanism module is introduced
to improve the classification efficiency of the fusion model, enhance the overall channel
features, and improve the model performance [36].

The ECA-Net attention mechanism uses the global average pooling layer directly after
the 1 × 1 convolutional layer, removing the fully connected layer. This module avoids
dimensionality reduction and effectively captures cross-channel interactions. The module
achieves good results with only a few parameters involved.

The ECA-Net module accomplishes cross-channel information interaction by one-
dimensional convolution, and the size of the convolution kernel is adaptively varied by
a function that allows more cross-channel interaction for layers with a larger number of
channels, as shown in Figure 3.

 

Figure 3. ECA-Net attention mechanism structure diagram.

The adaptive function is as follows (where γ = 2, b = 1):

k =

∣∣∣∣ log2(c)
γ

+
b
γ

∣∣∣∣ (4)

The specific implementation process of the ECA-Net attention mechanism is as follows:
S1: Input feature maps with dimensions of H × W × C.
S2: Perform spatial feature compression on the input feature map. Implementation:

in the spatial dimension, using global average pooling GAP to obtain the feature map
of 1 × 1 × C.

S3: For the compressed feature map, channel feature learning is performed. Realiza-
tion: through 1 × 1 convolution, learning the importance between different channels, at
this time the output dimension is still 1 × 1 × C. The output dimension is still the same.

S4: Finally, the channel attention is combined with the feature map of channel atten-
tion 1 × 1 × C, the original input feature map H × W × C, perform channel-by-channel
multiplication and finally outputs the feature map with channel attention.

According to the Efficient Channel Attention (ECA-Net) module shown in Figure 3.
Considering the aggregated features obtained through the global average library (GAP),
ECA-Net generates channel weights by performing a fast one-dimensional convolution of
size k, where k is determined adaptively by mapping the channel dimension C.
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2.4. LSTM-Attention Module

The addition of the LSTM-Attention module to the 1D-DenseNet densely connected
network can effectively suppress gradient disappearance or explosion with good
generalization ability.

The LSTM network is improved from the standard RNN. The LSTM effectively al-
leviates the long-term dependence problem of the standard RNN through its internal
complex gate operation and the introduction of cellular states [37]. The unique feature
of LSTM is that it introduces a memory cell and gate mechanism to solve the gradient
disappearance and gradient explosion problems in the traditional RNN. LSTM is unique in
that it introduces memory cell and gate mechanism to solve the gradient disappearance
and gradient explosion problems in traditional RNNs, and enhances the ability to model
long-term dependence.

The equations for the forgetting gate ft, the input gate it, the output gate ot, the cell
state ct and the output ht are shown in the following equations:

ft = σ
(

Wf ·[ht−1, xt] + b f

)
(5)

it = σ(Wi·[ht−1, xt] + bi) (6)

ot = σ(Wo·[ht−1, xt] + bo) (7)

ct = ft ⊗ ct−1 + it ⊗ tanh(Wc·[ht−1, xt] + bc) (8)

ht = ot ⊗ tanh(ct) (9)

where: xt refers to the input at the current moment; ht−1 refers to the output at the previous
moment; W refers to the weight matrix; b refers to the bias; σ(x) = 1/(1 + ex) is the sigmoid
activation function; ⊗ refers to the dot product operation.

Self-Attention is an improvement of the attention mechanism, which not only can
quickly filter out the key information and reduce the attention to other irrelevant informa-
tion, but also can reduce the dependence on external information and be better at capturing
the internal relevance of the input data [38]. By introducing the self-attention mechanism,
the neural network solves the model information overload problem while also improving
the accuracy and robustness of the network [39].

The computation of Self-Attention is divided into two steps. Step 1: Calculate the
attention weights between any vectors of the input sequence; Step 2: Calculate the weighted
average of the input sequence based on the attention weights. The specific operation is
shown in the following equation:

Q = XWq (10)

K = XWk (11)

V = XWv (12)

Attention(Q, K, V) = so f tmax
(

QKT
√

dim

)
V (13)

where: Q, K and V are the query matrix, key matrix and value matrix, respectively, ob-
tained by multiplying the input X with the corresponding weight matrices Wq, Wk, Wv,
respectively; dim denotes the dimensionality of Q, K and V.
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In summary, vibration signal feature extraction by LSTM-Attention module can better
capture the key features in the time series signal, and then improve the prediction accuracy
of the model. This is very helpful for some application scenarios with high accuracy
requirements, such as fault diagnosis and prediction.

3. Improved Evaluation Model of DenseNetnetwork Based Ontwo-Channel Fusion

3.1. Model Overview

In this paper, a dual-channel fusion DenseNet network model (Frequency and Time-
Frequency domain fusion DenseNet, FTF-DFD) is constructed based on a densely connected
neural network, and its structure is shown in Figure 4: Since the original vibration data
samples are insufficient and cannot be directly used in the standard network model to
obtain better evaluation results, this paper performs data enhancement on the original data
by overlapping sampling method.

 

Figure 4. FTF-DenseNet model structure.

The model shown in Figure 4 is a two-channel DenseNet network structure consist-
ing of the input layer, feature extraction module, and fault mode classification module.
LSTM-Attention module for deep feature extraction; 1D-DenseNet model bottleneck layer
structure is the same, both contain a combination of 1 × 1 and 1 × 3 size convolutional
kernel, each dense block has a different number of bottleneck layers, this paper uses three
groups of dense blocks, arranged according to the number of 3:2:1, adding a transition
layer between every two dense blocks, which consists of a convolutional kernel size of
1 × 1 convolutional layer and a mean pooling layer of kernel size 1 × 2, which is used for
downscaling and extracting global feature information, and finally, the output data of the
network is linearized by squaring.

After the time domain signal is expanded by overlapping sampling, the wavelet time-
frequency map is obtained by continuous wavelet transform, which is used as the input of
the 2D-DenseNet model, and the ECA-Net attention mechanism is added after the last layer
of dense blocks to effectively extract the model accuracy, strengthen the overall channel
characteristics, and improve the model performance. The model structure of 2D-DenseNet
is similar to that of 1D-DenseNet, which transforms the convolutional kernel from 1D to
2D, each bottleneck layer contains a combination of 1 × 1 and 3 × 3 size convolutional
kernels, and the transition layer consists of a convolutional layer with 1 × 1 convolutional
kernel size and an average pooling layer with 2 × 2 kernel size.

After the time-domain signal is overlapped sampled for data expansion, the wavelet
time-frequency map is obtained by continuous wavelet transform, which is used as the
input of the 2D-DenseNet model, and the ECA-Net attention mechanism is added after the
last layer of dense blocks to effectively extract the model accuracy, strengthen the overall
channel characteristics, and improve the model performance. 2D-DenseNet is similar to
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the model structure of 1D-DenseNet The model structure of 2D-DenseNet is similar to
that of 1D-DenseNet, which transforms the convolutional kernel from 1D to 2D, each
bottleneck layer contains a combination of 1 × 1 and 3 × 3 size convolutional kernels, and
the transition layer consists of a convolutional layer with 1 × 1 convolutional kernel size
and an average pooling layer with 2 × 2 kernel size.

The output feature data of the 1D-DenseNet model and 2D-DenseNet model are
stretched into feature vectors, and the splicing operation is performed by concat, and the
fused feature information is input into the fully connected network layer and SoftMax
classifier, and the probability distribution belonging to each category is output to achieve
the fault classification recognition of bearings. The frequency domain and time-frequency
domain fusion method proposed in this paper has a good fusion effect and improves
the classification accuracy of the model. The specific parameters of the model are shown
in Table 1.

Table 1. FTF-DenselNet network parameters.

Model Name

1D-DenseNet 2D-DenseNet

Structure Type
Convolution

Kernel
Structure Type

Convolution
Kernel

Input layer One-dimensional FFT spectrum - Two-dimensional
time-frequency diagram -

Convolutional
layer Conv 1 × 7 Conv 7 × 7

Pooling layer Maxpooling 1 × 3 Maxpooling 3 × 3
Dense block 1

{
BN − Relu − Conv
BN − Relu − Conv

}
× 1

{
1 × 1
1 × 3

}
× 1

{
BN − Relu − Conv
BN − Relu − Conv

}
× 1

{
1 × 1
3 × 3

}
× 1

Transition layer BN-Relu-Conv-Pooling
{

1 × 1
1 × 2

}
× 1 BN-Relu-Conv-Pooling

{
1 × 1
2 × 2

}
× 1

Dense block 2
{

BN − Relu − Conv
BN − Relu − Conv

}
× 3

{
1 × 1
1 × 3

}
× 3

{
BN − Relu − Conv
BN − Relu − Conv

}
× 3

{
1 × 1
3 × 3

}
× 3

Transition layer BN-Relu-Conv-Pooling
{

1 × 1
1 × 2

}
× 1 BN-Relu-Conv-Pooling

{
1 × 1
2 × 2

}
× 1

Dense block 3
{

BN − Relu − Conv
BN − Relu − Conv

}
× 1

{
1 × 1
1 × 3

}
× 1

{
BN − Relu − Conv
BN − Relu − Conv

}
× 1

{
1 × 1
3 × 3

}
× 1

ECA-Net None - ×1 -
LSTM-Attention ×1 - None -
Fully connected

layer FC - FC -

Fully connected
layer FC

Output layer SoftMax

3.2. Data Pre-Processing
3.2.1. Normalization Process

In order to data reduce the effect of distribution changes, improve the convergence
speed of the model and diagnostic accuracy, the data are normalized and preprocessed,
and the results are mapped to the [0–1] interval through a linear transformation, assuming
that the sample data X = {x1, x2, . . . , xn}, whose transformation equation is as follows.

yi =
xi − min

{
xj
}

max
{

xj
}− min

{
xj
} (14)

where, yi is the normalized result, xi is the i-th sample data, max
{

xj
}

is the maximum
value of the sample data, and max

{
xj
}

is the minimum value of the sample data.
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3.2.2. Data Enhancement

In the field of data-driven deep learning, having large enough training samples is the
key to improve the accuracy of the model and effectively reduce the overfitting of the model.
In this paper, we propose to increase the training samples by using overlapping sampling
with moving sliding windows, as shown in Figure 5, which can effectively increase the
training samples while maintaining the periodicity and continuity of the one-dimensional
time-series vibration signals and avoiding problems such as signal loss caused by isometric
sampling and sampling.

 

Figure 5. Schematic diagram of data enhancement.

From Figure 5, if the total length of data in a certain state is L = 245,759, the length of
data for each sample is l = 1024. if no enhancement is applied, the number of samples A
that can be segmented by the current vibration signal is:

A = [
L
l
] (15)

Using the moving sliding window overlap method with offset α = 100 for data sam-
pling, the length of the overlapping part of the data is 924; the number of samples obtained
from the current signal that can be split is (the maximum total number of samples that can
be split per group of data is 2448)

B = [
L − l

α
+ 1] (16)

Then the multiplier of sample expansion after using data enhancement γ is

γ =
B
A

=
l(L − l + α)

αL
(17)

The expansion of the original data samples is achieved by overlapping sampling to
avoid the loss of detailed features. Different offsets α, data lengths l, expansion multipliers
γ and sample numbers B are set to achieve the performance detection of the model under
different sample numbers and prove the practicality of the model.

3.2.3. Data Conversion

FFT is an efficient algorithm of Discrete Fourier Transform (DFT), called Fast Fourier
Transform (FFT), which improves the DFT algorithm according to the odd, even, imaginary
and real characteristics of DFT, and its basic principle is still Fourier Transform, which
will not be discussed here. By calling the fft function in python, the frequency domain
characteristics of the signal can be obtained, and then the frequency distribution of different
signals can be analyzed.

The signal after data enhancement is analyzed in the time-frequency domain, where
the time-frequency map of the original signal is obtained by continuous wavelet variation
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(CWT), which can clearly and accurately represent the time-frequency distribution of
the vibration.

The continuous wavelet transform provides the best resolution results for non-periodic
signals without leakage effects. Continuous wavelet transform CWT(α, τ) can be calculated
by the following equation:

CWT(α, τ) =
1√
α

∫ +∞

−∞
s(u)ψ(t)×

(
u − τ

α

)
du (18)

where, α is the scale, s(u) is the original signal, τ is the translation, and ψ(t) is the
mother wavelet.

The continuous wavelet variation (Continuous Wavelet Transform, CWT) chooses
Complex Morlet Wavelet (Cmor) as the wavelet basis, and the Cmor wavelet basis function
is obtained by improving the Morlet wavelet basis function. It is a complex wavelet basis
function with dual resolution properties in both frequency and time domains, which is
widely used in the field of signal processing and wavelet analysis. The Cmor wavelet basis
function has a similar shape to the Gaussian function but has better frequency localization
properties in the frequency domain. It has better time-frequency localization properties in
both time and frequency domains, and is suitable for processing non-stationary signals and
analyzing transient phenomena in signals.

3.3. Model Training

The optimization algorithm used for the TADAT-based rolling bearing fault diagnosis
model is chosen as Adam. The Adam algorithm adaptively adjusts the learning rate of each
parameter, and different learning rates can be used for different parameters, thus making
the training more efficient and stable.

The Adam algorithm dynamically corrects the training steps of each parameter using
first-order moment estimation and second-order moment estimation of the gradient with
the following update rules:

θt+1 = θt − η√
vt + ε

mt (19)

where, θt+1, θt denotes the model parameters at step t + 1 and step t, respectively;
η is the learning rate; vt denotes the value of the unbiased second-order moment estimate;
mt denotes the value of the unbiased first-order moment estimate; and ε is a very small
positive number, generally taken as ε = 10−8, preventing the denominator from being 0.

The TADAT-based rolling bearing fault diagnosis model diagnoses work conditions
based on features, which belongs to the classification problem in supervised learning, so
cross entropy is chosen as the loss function and optimized.

Cross entropy is mainly used to calculate the distance between the correct probability
of labeling and the probability of prediction, and the smaller the value of cross entropy, the
closer the prediction result is to the actual result, and the formula is as follows:

loss = −∑θ
p(θ)lgq(θ) (20)

where, θ denotes the individual learning parameters; p(θ) denotes the probability of correct
labeling; and q(θ) is the prediction probability.

For two probability distributions p(θ) and q(θ), define the K-L scatter of p(θ) and
q(θ) as follows:

KLD = ∑θ
p(θ)lg

p(θ)
q(θ)

(21)

When calculating the cross-entropy loss using KL scatter, the true labels need to be
transformed into probability distributions, usually using methods such as one-hot encoding
or smoothed labels. In this paper, a smoothed target label is used instead of the traditional
one-hot encoded label, thus reducing the impact of the noise and uncertainty of the label
on the model and obtaining a loss function ce_loss.

151



Lubricants 2023, 11, 251

In ce_loss its L2 regularization penalty term is introduced to penalize the size of the
model parameters to prevent overfitting. The strength of the regularization penalty can
be controlled by adjusting the value of alpha to establish the regularized loss function
as follows:

impro_loss = ce_loss + alpha ∗ ∑θ
θ2 (22)

where, θ denotes each learning parameter; alpha is the regularization parameter.
After pre-processing, the data set is divided into training set, validation set and test set

in the ratio of 7:2:1, the model uses the parameters with the highest training and validation
accuracy as the final parameters, the optimizer uses the Adam optimizer with fast and
stable convergence, the loss function is the regularized loss function, the initial learning
rate is 0.01, and the learning rate decays by half for every 10 iterations. Normalization
batch normalization is used to accelerate the convergence speed of the neural network,
Dropout operation is added to prevent overfitting, and the number of training iterations of
the model is set to 100; finally, the Softmax function is used to classify the target and output
the probability distribution of each category; as shown in Table 2:

Table 2. Model parameters.

Parameter Category Parameter Setting

Training set:Validation set:Test set 5600:1600:800
Optimizer Adam

Number of training sessions 100
Learning Rate 0.02

Batch Size 64
alpha 0.05

smothing 0.1

In order to obtain the appropriate Batch Size parameter for the model, the mid-load
experiment was used as the basis for comparison by setting different Batch Size parameter
values, mainly setting three different sets of values of 32, 64, and 128, as shown in Figure 6,
and it was found that the accuracy of the model improved the fastest when the Batch Size
was set to 64, reaching 94% accuracy after 20 iterations, and After 60 iterations, the accuracy
rate is stabilized at 100%, while the accuracy rate of the model test fluctuates more when the
Batch Size is set to 32 and 128. It was concluded that the best iteration of model accuracy
was achieved when the Batch Size was set to 64.

 
Figure 6. Comparison of Batch Size under medium load condition.

4. Experimental Verification

4.1. Environment Description

A non-equilibrium bearing load test stand was developed and built to further study
the monitoring function of this technology in the process of double bearing operation, as
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shown in Figure 7. The test stand mainly consists of a motor, a precision spindle, a rolling
bearing and an acceleration sensor, and the maximum speed read by the electric spindle is
10,000 r/min. The mechanical spindle is connected to the electric spindle through a flexible
coupling, and the motor operation is controlled by a servo control system.

 
Figure 7. Structure of non-uniform preload test rig.

The test rig used four NSK7014C angular contact ball bearings, where F1, F2 and F3
were loaded 120◦ on the bearings, respectively, and the bearing bias operating condition
was determined by setting different sizes of preload; the bearings were mounted back-to-
back with a fixed speed of 4000 r/min, a sampling frequency of 8192 Hz and a sampling
length of 512. Table 3 shows the bearing parameters.

Table 3. NSK7014C angular contact ball bearing parameters table.

Inner Ring
Diameter/mm

Parameter
Setting

Thickness/mm
Dynamic
Load/KN

Static Load/mm

70 10 20 47 43

Software environment: The training and testing environment of this paper is
14 cores, 16 G memory, processor: 12th Gen Intel Core i7-12700H processor; program-
ming environment Pytorch1.7.1.

The bearing non-uniform load test bench is designed to distinguish the operating
condition of the bearing under unbalanced operation, so that the bearing failure caused
by factors such as assembly or machining can be detected in time. Due to the limited
conditions in the laboratory, the currently built test bench can only be used to verify the
effectiveness and accuracy of the condition monitoring method, and cannot simulate the
corresponding bearing failure state for verification experiments.

4.2. Example Analysis
4.2.1. Data Conversion

A total of twelve sets of data are collected through the bearing load non-uniform
operation fault simulation test bench, including F1, F2, F3 loading and data under even
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load conditions, which are mainly divided into four conditions of light load, medium load,
heavy load and even load, and there are 12 types of bearing vibration data. There are
four sets of experiments in total, the first three sets of experiments with 1400 samples in
the training set, 400 samples in the test set and 200 samples in the validation set; the last
set of experiments with all types of data input; the specific experimental data are shown
in Table 4.

Table 4. Experimental dataset.

Experiment Name Signal Type Training Set Validation Set Test Set

First group
of experiments

(Light load comparison)

F1 (C2) = 400 N 1400 400 200
F2 (C2) = 400 N 1400 400 200
F3 (C2) = 400 N 1400 400 200

F1.2.3(C1) = 200 N 1400 400 200

Second group
of experiments

(mid-load comparison)

F1 (C4) = 800 N 1400 400 200
F2 (C4) = 800 N 1400 400 200
F3 (C4) = 800 N 1400 400 200

F1.2.3(C3) = 400 N 1400 400 200

Third group
of experiments

(Heavy load comparison)

F1 (C6) = 1200 N 1400 400 200
F2 (C6) = 1200 N 1400 400 200
F3 (C6) = 1200 N 1400 400 200
F1.2.3(C5) = 600 N 1400 400 200

Fourth group
of experiments

Enter 12 types of
data 700–12 200–12 100–12

The vibration signals at F1 positions C2, C4, C6 and F1.2.3 (C1) working conditions
were subjected to signal analysis, and 1024 data points were taken as one sample and
subjected to FFT transform with wavelet transform. The analysis in Figure 8 shows that the
spectrograms of the four working conditions data at 3044 Hz have the maximum amplitude
variation, which reflects the main frequency components of the signal in the frequency
domain. As the load at the F1 position of the bearing gradually increases, the vibration
characteristics of the bearing will be more intense, and more frequency components and
amplitudes will be generated, and more noise and spurious frequencies may appear in
the FFT analysis. Since the frequency and amplitude of the bearing vibration will change
with the load, the amplitude of the main frequency components in the FFT spectrum
is relatively small when the load is higher. Under the average load, the frequency and
amplitude of bearing vibration are relatively stable, so the amplitude of the main frequency
components in the FFT spectrum is relatively large. The spectrum analysis shows that the
spectrum gradually increases with C6, C4, C2, and F1.2.3 (C1). The signal analysis of the
time-frequency diagram also proves this point. In the energy distribution in the frequency
range of 2 to 3 kHz, the F1.2.3 (C1) condition has the largest energy, while the C6 condition
has the least energy.

4.2.2. Model Testing

The experiments were conducted with the input sample length of 1024, Batch Size of
64, training iterations of 100, learning rate of 0.002, and optimizer choice of Adam. The
method was initially tested on the Case Western Reserve University bearing dataset.

The test selected the bearing data at the drive end, sampling frequency of 48 kHz, and
load of 0 hp, the fault form contains outer ring fault, inner ring fault and rolling body fault
three kinds of fault parts as shown in Figure 9, the fault type is specifically divided into
7 mils, 14 mils and 21 mils three kinds of fault diameter, plus the normal state, a total of
ten kinds of bearing state data. The specific sample composition information is shown in
Table 5. A total of 70% of the samples are selected as the training set, 20% as the validation
set, and 10% as the test set.
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Figure 8. Signal analysis of three operating conditions at F1 position with equal load.

Figure 9. Bearing fault form distribution chart.

Table 5. Sample composition information.

Sample Type Sample Length Sample Size Type Tags

Ball Fault (7 mils) 864 400 B007
Ball Fault (14 mils) 864 400 B014
Ball Fault (21 mils) 864 400 B021

Inner Raceway Fault (7 mils) 864 400 IR007
Inner Raceway Fault (14 mils) 864 400 IR014
Inner Raceway Fault (21 mils) 864 400 IR021
Outer Raceway Fault (7 mils) 864 400 OR007

Outer Raceway Fault (14 mils) 864 400 OR014
Outer Raceway Fault (21 mils) 864 400 OR021

Normal 864 400 normal
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The time domain of the bearing vibration signal contains a large number of high and
low-frequency components, which have different sensitivities for the diagnosis of bearing
faults. Therefore, converting the time domain signal to the frequency domain signal for
analysis can better capture the characteristics of bearing faults as shown in Figure 10. The
fault signal with fault type 7 mils at 0 hp is taken for spectral analysis with the normal
signal, and 1024 data points are taken as a sample for FFT transformation, and four states
of the bearing, such as normal state, rolling element fault, inner ring fault, and outer
ring fault, can be found. The difference of amplitude in the high-frequency band is large.
Figure 11 shows that this mechanical vibration signal mainly contains energy in the fre-
quency range of 0~5 kHz, in which the inner ring fault has obvious energy intensity
transformation in both low and high-frequency bands, and its distribution is very dense be-
cause it is a different type of fault, which can effectively identify the frequency components
and time domain features of the signal and provide useful information for applications
such as signal feature extraction, classification, and diagnosis.

The ten bearing condition data in Table 5 were input into the model for condition
diagnosis of the bearings. From the model output accuracy versus loss function curve in
Figure 12, it can be seen that the model can reach 98% accuracy after 20 iterations, and after
50 iterations, the model can finally reach 100% accuracy.

In order to clearly represent the extraction ability of features in the model, we use the
t-SNE technique to downscale and visualize the features in the input and output layers to
indirectly represent the extraction ability of features in the model, where different colors
and numbers indicate different fault categories and horizontal and vertical coordinates
indicate different dimensions.

Figure 10. Time domain waveforms and frequency spectrum of CWRU bearing data.
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Figure 11. Wavelet time−frequency diagram of CWRU bearing data.

 
(a) (b) 

Figure 12. (a) Accuracy curve; (b) Loss curve.

As shown in Figure 13, the input layer is disorganized and various features are mixed
together. After the three-stage densely connected network and the two-domain feature
fusion, the extraction of features by the model is basically completed, and the separation
and convergence of all kinds of features are basically completed, and the visual classification
results of the output layer show that the model has a good classification effect.

 
(a) (b) 

Figure 13. (a) Input feature visualization; (b) Output feature visualization.
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4.3. Comparison Experiments

At the position of bearing F1, three working conditions of light load (OC_1), medium
load (OC_2) and heavy load (OC_3) were measured, and three data sets M1, M2, and M3
were established to contain the information of the above three working conditions, and
300 samples were taken for each working condition. In the network model, the Batch Size
is set to 64, the number of training iterations is set to 100, the optimizer is Adam, the initial
learning rate is 0.01, and the learning rate decays by half every 10 iterations, and the loss
function is selected as impro_loss.

The diagnostic res CNN: The model structure is the input layer, Conv layer, MaxPool
layer, ReLu activation function, BN layer, flat layer, Dropout layer, fully connected layer,
and SoftMax output layer. The input data is a two-dimensional time-frequency map, and
the middle layer is a two-layer convolutional pooling network, which is stretched by the
flat layer and then passed through the fully-connected layer and the SoftMax output layer
to achieve the classification of work conditions.

Improved-FTF-CNN: The model adopts the fusion of frequency domain and time-
frequency domain, in which the 1D and 2D models, the three-level dense connection
network is used, and the ratio of dense blocks are 3:2:1, relying on the feature fusion
through concat, and finally the classification of working conditions through the SoftMax
output layer.

DenseNet: The input layer of the model is fed with a two-dimensional time-frequency
map, and the intermediate structure uses three groups of dense blocks, according to the
number 3, 2, and 1. The output layer uses the SoftMax output layer for the classification of
working conditions.

Improved-FTF-DenseNet: the base structure of the model is the same as the improved-
FTF-CNN network structure, and the intermediate feature extraction structure replaces the
CNN module in it with the DenseNet network structure, and the rest of the network results
remain unchanged.

The diagnostic results of the above methods are shown in Figure 14, and the average
value of five experiments is taken as the model evaluation result, and the average value of
six groups of experiments is taken for model performance evaluation, which is shown in
Table 6. the network structure of the CNN model is relatively simple and cannot extract
accurate features, and the training time is the shortest, with an average accuracy rate of
87.43%; the improved-FTF-CNN model, compared with the simple CNN network, has an
accuracy rate has significantly improved, and is 4.83% higher than the CNN model; the
DenseNet model can improve the complexity of the model due to the dense connection
structure, and after adjusting its parameters, the final accuracy can reach 92.57%; the
improved-FTF-DenseNet can reach a final average accuracy of 93.88% through the model
of dual-channel fusion, which is lower than the method of this paper by 3.18%.

 

Figure 14. Model comparison chart.
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Table 6. Diagnostic results of different methods.

Network Structure Accuracy Training Time/min

CNN 87.43% 0.5 min
Improved-FTF-CNN 92.26% 1.2 min

DenseNet 92.57% 3.5 min
Improvements-FTF-DenseNet 93.88% 4.2 min

FTF-DFD 97.06% 3.8 min

4.4. Uneven Bearing Load Experiment

The results of three sets of experiments of the FTF-DFD fault diagnosis model proposed
in this paper are shown in Figure 15, which are the accuracy curves of the unbalanced
experiments. The accuracy rates of the three different experimental conditions on the test
set after 18 iterations of training all reach more than 98%, among which the accuracy curves
of the light load experiments have a large abrupt change in the rising stage and the accuracy
rate is not as fast as The accuracy curves of the medium-load and heavy-load experiments
are not as fast as those of the medium-load and heavy-load experiments. The accuracy
transformation curve is flatter under the medium-load experimental condition, and the
accuracy can reach 100% on the test set after 50 iterations of training. The accuracy of
all three unbalanced experiments reached 100% after 70 iterations of training, and it can
be seen through the three sets of experiments that the model is more adaptable under
medium-load and heavy-load working conditions.

Figure 15. Comparison of three working conditions.

The deeper the layers of the neural network model, the better the extraction effect
for signal features. In this paper, the complexity of the model is increased by the densely
connected network, and the learning ability of the model is enhanced to extract the one-
and two-dimensional features of the original signal, and the model is made to obtain more
feature information through the mode of two-channel fusion, so as to improve the accuracy
of the model for monitoring the load inhomogeneous state.

The comparison results of the first three sets of experiments are shown in Figure 16.
Through the confusion matrix and classification result graphs of the three sets of ex-
periments, it can be seen that the FTF-DFD model proposed in this paper achieves the
recognition of four types of position information, F1, F2, F3 and F1.2.3, respectively, un-
der light load, medium load and heavy load conditions, and all of them achieve 100%
recognition accuracy.
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(a) Light load experiment

(b) Mid-load experiments

(c) Heavy load experiment

Figure 16. Comparison chart of the first three groups of experiments. Confusion matrix and visual-
ization of classification results.

The fourth set of experiments took the 12 sets of work condition data involved in
this paper and input them into the evaluation model after the data sample expansion
of overlapping sampling, and the final output was divided into 12 clusters by t-SNE
visualization. According to the input features in Figure 17a, it can be seen that compared
with the Western Reserve University 10 classification task features are completely mixed,
the original input data of this experiment are mainly divided into two parts, F1 and F3
positions at all the working condition data are mixed together, and F2 is mixed with all the
working condition data at position F1.2.3, indicating that the original feature distributions of
these data are closer and cannot be easily distinguished from each other. The classification
result graph of the output of Figure 17b shows that the experimental data of all kinds of
working conditions of the model are improved from the chaotic state to the aggregated state,
and the classification task of 12 working conditions is completed effectively, and all the
working condition information is completely distinguished. The experiments are conducted
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by expanding different sample sizes, and it can be seen that the feature distributions in the
two groups of working conditions, F2 (C2) and F1.2.3 (C5), are always closer, indicating the
similarity of the feature components in these two groups of working conditions. This proves
that the algorithm in this paper can effectively realize the working condition recognition
under the uneven bearing load.

 
(a) Input characteristics (b) Output characteristics 

Figure 17. Visual classification result chart.

5. Conclusions

In order to improve the condition monitoring performance of bearings with non-
uniform loads, we propose a fault diagnosis method using the FTF-DFD model to identify
the operating condition of spindles more accurately. First, the sample expansion of the
original data is performed, and then the frequency domain and time-frequency domain
conversion are performed. Then, the FTF-DFD model is constructed for the extraction of
dual-domain feature information, and the overall iterative performance of the model is
improved by the Adam dynamic adjustment strategy and the improved ce_loss loss function.
Finally, the validity of the model was tested by the Case Western Reserve University data
set, and an experimental bench for bearing non-uniform load operation was designed and
built for validation, which was compared with the other four methods, and the following
conclusions were drawn:

• Using the dual-channel model to extract the frequency domain features and time-
frequency domain features of the original signal can reflect the vibration characteristics
of the bearing more comprehensively and accurately, thus improving the accuracy of
fault diagnosis.

• The condition monitoring model of the spindle bearing of FTF-DFD is established. The
model has strong generalization performance, and the bearing condition under fault
condition and variable load condition can be identified, and the condition detection
rate is extremely high, reaching up to 100%.

• The overall iterative performance of the model is greatly improved, and the training
time is reduced by using the Adam dynamic adjustment strategy in conjunction with
the improved ce_loss loss function.

• This paper only validates the performance of the method for identifying non-uniform
loads on bearings. In the future, the FTF-DFD model will be applied to other compo-
nents of the spindle system, and the model will be migrated to other fields to complete
further validation.
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Abstract: The study of the rheological properties of a lubricant allows for the assessment of the
structure’s durability in which they are used. Computer engineering enables the prediction of the
structure performance using refined mathematical models of its materials. This paper presents an
experimental investigation of the rheological behavior of a lubricant that is actively used in bridge
structures. The paper proposed a methodology for determining the rheological characteristics of the
lubricant using a rotational viscometer. Additionally, the article performed the task of identifying the
mathematical model of the lubricant behavior based on the Maxwell body, using two approaches:
the Anand model and the Prony series. The proposed models allow for numerical modeling of the
structure’s performance throughout their lifecycle within the scope of computer engineering.

Keywords: lubricant; viscoelastic; Prony series; Anand’s model; viscosity; elastic; osciliration experiment;
experimental data; numerical data

1. Introduction

1.1. Research Objectives

Research objective: conducting full-scale experiments and identifying a mathematical
model of the viscoelastic lubricant behavior over a wide temperature range.

Research and development objectives:

1. Conducting a series of full-scale experiments to determine the viscoelastic lubricants
properties over a wide range of temperatures;

2. Identifying a mathematical model of the viscoelastic lubricant behavior in the form
of the Maxwell body based on two viscoelasticity models: the Prony series and the
Anand’s model;

3. Creating a unified numerical procedure to determine approaches to the parame-
ters from item two based on the application of the multi-parameter Nelder–Mead
optimization.

1.2. Problem Context and Description

Various lubricants are widely used in friction nodes [1–6]. Such structures operate
within the framework of solid mechanics and contact mechanics. In operation, lubrica-
tion helps to reduce friction between contact surfaces [7,8], reduce the effect of surface
roughness [9,10], control the temperature [11,12], etc. At the same time, many authors note
the nonlinear lubricant behavior during operation [10,13–15]. Numerical models require a
qualitative description of the material behavior as close to real constructions as possible.
Lubricants are no exception; thus, it is necessary for the detailed study of the application of
a mathematical model to describe the lubricants behavior.

At present, lubricants are divided into four groups: liquid, plastic, solid, and gaseous.
Depending on their aggregate state, lubricants may be used in various areas of human activ-
ity: machine building [16,17], bridge building [18], hydraulic systems [19], etc. Lubricants
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work under different conditions in structures. Lubricant works in a state of constrained
compression [18] and within the framework of thermomechanics and thermal application
in bridge bearing structures. It increases the structure durability and improves the heat
transfer efficiency of the condenser and evaporator [19]. Lubricants are an integral part
of the actual tribology problem [20]. In this case, several works [21–23] point out the
importance of conducting full-scale and numerical experiments to determine the properties
and perform mathematical modeling of their behavior.

Computer engineering enables a numerical analysis of the structure to be conducted,
assessing the possibility of using different materials in the structure, analyzing the influence
of changes in geometry, and so on. Computer engineering allows for the rationalization of
the structure and its elements relatively quickly. It is necessary to use material behavior
models that are close to reality to obtain high-quality modeling results. Many authors em-
phasize the importance of constructing mathematical models of material behavior [24–28].
This allows for an approximation of the model to the actual structure.

One of the actual problems is the study of the dynamic characteristics of the lu-
bricant behavior [21–23,29–31], including the viscoelasticity, viscoplasticity, etc. Many
studies [32,33] describe lubrication by Maxwell-type equations. Maxwell’s body is a vis-
coelastic fluid that can flow (relax) under any load. It is characterized by irreversible
deformations [30]. The Prony series and Anand’s model are the most common models for
describing the Maxwell’s body. The Prony series is widely used to describe the viscoelastic
behavior of various materials [34–36]. This approach is applied to polymeric [37,38] and
metallic materials [39]. The description of viscoelasticity by Anand’s model enables the
evaluation of the material plastic deformation. Initially, Anand’s model was aimed at de-
scribing the behavior of metal melts [40,41]. Later, it was widely used to describe polymers,
pure and alloyed glasses, composites, etc. [42,43]. An incomplete set of model parameters
is often used when describing non-metallic materials. This is due to the peculiarities of
the material behavior being described. At present, there are attempts to describe lubricant
behavior based on the mathematics of Anand’s model [44].

To describe the mathematics associated with the operation of lubricants, it is necessary
to use methods of computer engineering and numerical algorithms. Thus, it is possi-
ble to automate the search for the coefficients of the defining relationships and conduct
verification of the obtained data based on numerical and full-scale experiments. Such ap-
proaches are widespread and have proven their effectiveness in determining the materials
characteristics [45].

The main directions of lubricant research can be distinguished as follows:

1. Study of tribological, electromechanical, and thermal characteristics of lubricants,
including those with various additives and solutions;

2. Experimental research on a wide range of temperatures to identify dynamic and static
characteristics;

3. Identification of mathematical models of material behavior and their implementation
in numerical analogues of friction nodes.

Currently, there are various methods for researching the rheological characteristics of
lubricants, including capillary viscometers, penetrometers, rotational viscometers, DWS
technology, etc. The principle of capillary viscometers is based on determining the flow rate
of the fluid under the influence of a pressure difference in the capillary [46,47]. Penetrome-
ters determine the resistance of the lubricant by measuring the penetration of indenters
with different geometrical, physical, and mechanical characteristics into the lubricant [48].
Rotational rheometers are characterized by coaxial cylindrical viscometers, which consist
of two cylinders of the same size, one of which is fixed, and the other rotates around its axis
at different frequencies [47–51]. DWS technology [52] is significantly different from other
methods, requiring a minimal amount of sample. Spectroscopy allows for non-contact
investigation of the sample, which eliminates the possibility of sample destruction. This
type of technology allows for the evaluation of the rheological material properties over a
wider range of temperatures and frequencies compared to analogs. The lubricant examined
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in this study is used in sliding bridge bearings. These structures work within a narrow
temperature range of −60 to 60 ◦C and at higher shear rates. In the first approximation, it
was decided to investigate the material on the Discovery HR2 rotational viscometer. DWS
technology will be used for further research on the behavior of the lubricant.

The current research is aimed at obtaining an experimental basis for the deformation
behavior of lubricants with refinement of the experimental research methodology. The
second direction of the research is creating effective numerical algorithms to describe pasty
lubricants using well-known models widely used in applied engineering analysis packages:
ANSYS Mechanical APDL (ANSYS Inc., Canonsburg, PA, USA); ABAQUS (ABAQUS Inc.,
Velizy-Villacoublay, France), etc. Lubricants are used in the steel–polymer contact material
pair structure, which can operate in a wide temperature range to ensure the durability.
They include CIATIM-221, CIATIM-221F, TOMFLON SK 170 FH, TOMFLON SBS 240 FM,
etc. CIATIM-221 and CIATIM-221F are produced all over the world. This paper presents
the performance of full-scale experiments to determine the rheological properties of the
lubricant CIATIM-221 (Center-Oil LLC, Polevskoy, Russia) over a wide temperature range.
The identification of a mathematical lubricant model is required for further investigation of
the design performance through numerical experiments.

2. Materials and Methods

2.1. Experimental Research

The lubricant CIATIM-221 was chosen as the research object. It is a frost- and heat-
resistant lubricant, which allows its use in both hot and northern climatic zones.

Experimental studies are conducted at the premises of the PNIPU plastics labora-
tory. Thermophysical, rheological, and thermomechanical characteristics of the materials
and products are tested in the laboratory [53,54]. A Discovery Hybrid Rheometer (TA
Instruments—Waters LLC, New Castle, DE, USA) (Figure 1a) was used for experimental
investigation of the rheological lubricant characteristics. The main characteristics are:

- minimum oscillation torque 2;
- minimum sustained shear torque 10;
- maximum torque 200;
- torque resolution 0.1;
- minimum frequency;
- maximum frequency 100;
- minimum angular frequency 0;
- maximum angular frequency 300;
- displacement resolution 10, etc.

An electrically heated plane is used for the active heating and cooling of the study
samples. This design allows the specimens to be heated to 400 ◦C and cooled to −70 ◦C
using liquid nitrogen (Figure 1b). The design allows for a uniform temperature distribution
throughout the sample. As part of the operation, the temperature tolerance limit is ±1 ◦C.

To determine the true stresses and strains during the experiment, it is necessary to
consider the measuring system. As part of the work, a comparison of two variants of
measuring systems was performed: plane–plane and cone–plane. The basic relationships
for determining the stress (1) and strain (2) are as follows:

σ = Kσ · M, (1)

γ = Kγ ·ϕ, (2)

where M—rheometer torque; ϕ—offset angle; Kσ and Kγ—stress and strain constants,
respectively, which depend on the geometry of the mating surfaces. According to [55],
dynamic tests are run in the framework of linear viscoelasticity. This allows the specimens to
be examined without destroying the structure. To determine the viscoelastic characteristics
of the material, we will use a technique that consists of 4 stages.
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(b) (a) 

Figure 1. Experimental study on the Discovery HR2 rheometer. (a) General view of the setup;
(b) application of liquid nitrogen.

In the first stage of the studies, it is necessary to determine the shear value of the
sample [56]. To determine the linear viscoelasticity domain, a strain sweep experiment is
conducted in which the value of the complex shear modulus G∗= const is monitored.

The second stage of the study is the selection of the measuring system for dynamic
tests. Two options can be considered with the presented equipment: cone–plane [57] and
plane–plane [58]. The main advantage of the cone–plane measuring system is the uniform
shear rate distribution. However, due to the small gap size (50–100 times smaller than for
the second variant), there are errors in the investigation of temperature dependence.

The third stage of the study involves a series of experiments to determine the depen-
dence of the material properties on temperature [59]. The sample is dynamically deformed
at a small displacement angle, which is determined at stage 1 of the study, with a constant
shear rate and cooling/heating of the sample at a constant rate.

The final stage of the study consists of determining the dependence of the material
stresses on the shear rate [60]. Similar to stage 3, the material is deformed, the temperature
remains constant, and the shear rate changes.

2.2. Identification of a Mathematical Model of Lubricant Behavior

In [32,33], the lubricant is described as a Maxwell body. It is a sequential connection of
an elastic spring (3) and a viscous element (4):

τe = Gγe, (3)

τv = η
.
γv, (4)

where G—shear modulus; η—dynamic viscosity. Thus, the elastic and viscous element
tangential stresses are equal to each other (5), and the shear strain is the sum of the elastic
and viscous parts (6) in the case of a series connection:
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τ = τe = τv, (5)

γ = γe + γv. (6)

Total shear strain as a function of time:

γ = τ/G + 1/η

⎛⎝ t∫
0

τ(q)dq

⎞⎠. (7)

Further research is based on Equations (3)–(7).
The search for unknown parameters of the presented models is performed using

the multi-parameter Nelder–Mead optimization algorithm with experimental data. The
problem of minimization of the functional is as follows:

F =
∣∣(τexp − τnum(x)

)
/τexp

∣∣× 100% → min, (8)

where x—vector of unknowns. x has a different number of optimization parameters for
different viscoelastic models. The search continues until the functional is less than 5%.

2.2.1. Prony Series

The Prony series in conjunction with the Williams–Landela–Ferry (WLF) model allow
the behavior of a material to be described over a wide temperature range. The stress–strain
relationship has the form:

τ(t) =
t∫

0

2

[
G∞ + G0

k

∑
i=1

αi exp
(−(t − q)/β′

i
)]

dγ(q), (9)

where G0—shear modulus at t = 0; k—the number of Prony series variables; q—relaxation
time; αi—shear modulus coefficients. The experimental data are given in the form of a
shear modulus distribution as a function of temperature. The temperature–time analogy
WLF (10) is used to identify the model:

β′
i = βi/AWLF(T), (10)

where AWLF(T)—the shift function used in the WLF, which is of the form:

AWLF(T) = (C1(T − Tr))/(C2 + (T − Tr)), (11)

where T—current temperature; Tr—constant baseline temperature; C1, C2—empirical
material constants.

Based on Equations (9)–(11), the unknowns vector x = {βi, αi, Tr, C1, C2} is con-
structed, which is retrieved by minimizing the functional (8).

2.2.2. Anand’s Model

Anand’s model allows for the description of not only the viscoelastic but also the
plastic behavior of the materials. It includes the viscous shear rate:

.
γv = Ae−U/RT [sinh(ξτ/S)]1/m, (12)

and the evolutionary equation:

.
S =

{
h0(|B|)aB/|B|} .

γv, (13)
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where B = 1 − S/S∗; S∗ = S1

[ .
γveU/RT/A

]n
; S—strain resistance; S∗—the saturation

value of the hardening function; h0—material curing constant; R—universal constant gas;
U—activation energy; T—absolute temperature; n—sample saturation as a function of shear rate.

Based on Equations (12) and (13), the unknowns vector
¯
x = {S0, A, U/R, ξ, m, h0, S1, n, a} is

constructed.
To describe the Maxwell body, transform Equation (4) to the form (12):

.
γv = τ/η = Ae−U/RT [sinh(ξτ/S)]1/m, (14)

by adopting a number of simplifications (m = 1; ξ << 1; S = 1), Equation (14) takes
the form:

.
γv = τ/η = Aξe−U/RTτ, (15)

where a number of empirical constants and dynamic viscosity η = eU/RT/(Aξ) are related,
which can be determined from the experimental data. With S = 1, Equation (13) is zeroed.
Then, h0 = 0, and the vector of the unknowns takes the form
¯
x =

{
S0, A, U/R, eU/RT/(Aη), 1, 0, S1, n, a

}
. Transforming

¯
x by excluding the known

constants and relationships, the final vector of unknowns takes the form
¯
x = {S0, A, U/R, S1, n, a}.

2.3. Mathematical Model Identification Procedure

The identification procedure is built on the synergy of ANSYS and Python. A pure
shear numerical experiment is simulated in ANSYS Mechanical APDL (Figure 2).

Figure 2. Numerical experiment for pure shear.

The shear value of the sample corresponds to the experimental data of 0.1%. This re-
peats the cyclic shear strain of the sample over a wide temperature range from 80 to −40 ◦C
a rate of 2 ◦C per minute. A simplified scheme of the mathematical model identification
procedure is shown in Figure 3.
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Figure 3. Simplified scheme of the mathematical model identification procedure.

The numerical procedure consists of 3 main parts:

- Preliminary step. It consists in the form of experimental data into the procedure, the
choice of a mathematical model, and the setting of initial values of the unknowns

vector
¯
x ;

- Nelder–Mead multi-parameter optimization operations. An ANSYS file is generated
with a sequence of commands to build the numerical model. The pure shift problem is
solved with the generation of a results file. The function F is calculated and comparing
to the required error. If the condition is not met, a new vector of unknowns is generated.
Then, the optimization procedure is repeated;

- Obtaining a result file. If the error condition is met, the final value of the unknowns

vector
¯
x is written down and the procedure is exited.

3. Results

3.1. Results of Full-Scale Experiments

Friction nodes often operate in aggressive environments, under increased loads, in
temperature zones with elevated/reduced temperatures and frequent temperature fluctua-
tions. CIATIM-221 is often used in the sliding bearings of bridges [61–63]. These structures
operate in the temperature range −60 to 60 ◦C. Research has been performed on the tem-
perature range of −40 to 80 ◦C. This range includes most of the operating ranges of plain
bearings.

The shear strain limit of the lubricant has to be estimated in the first phase of the study.
This is necessary to determine the linear viscoelasticity interval (Figure 4). According
to [56], the limit of the linear viscoelasticity interval decreases as the temperature increases.
Consequently, the study will be conducted at elevated temperatures close to the maximum
values: 50 ◦C and 80 ◦C. The study was performed using two measuring systems: plane–
plane and cone–plane.
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Figure 4. Linear viscoelasticity limit analysis: (a) 50 ◦C, (b) 80 ◦C; measuring systems: black line—
plane–plane, gray line—cone–plane.

The distribution of the complex modulus has a nonlinear characteristic after the shear
strain of the sample reaches more than 0.1%. Consequently, in the next stages of the
viscoelasticity study, the lubricant will be subjected to a shear strain value of 0.1%. In
addition, at the linear viscoelasticity interval, the cone–plane measuring system has values
higher by an average of 3% than the plane–plane measuring system.

Next, tangential stresses are investigated as a function of shear rate. Experiments
are conducted at temperatures of 50 and 80 ◦C. Within the study, a shear rate of 100 Hz
is the maximum possible value. The minimum value of the shear rate was chosen out of
consideration of the time cost of the experiment. To obtain the value, it is necessary to
perform three to five stress measurements [32,33] at each value of the shear rate (Figure 5).
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Figure 5. Dependence of the experiment time on the choice of the minimum shear rate.

An increase in the experiment time is observed with a decrease in the minimum value
of the shear rate. In this case, the experiment time is presented without taking into account
the inertial loads. The elimination of the inertia leads to an increase in the experiment time
by an average of 20–30%. It was decided to use a range of shear rates (0.01 Hz to 100 Hz) to
minimize the time of the experiment.

In the second stage of the study, it is necessary to determine the measuring system.
For this purpose, we will conduct experiments on the dependence of tangential stresses on
the shear rate at temperatures of 50 ◦C and 80 ◦C (Figure 6).
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Figure 6. Comparison of measuring systems: (a) 50 ◦C, (b) 80 ◦C; measuring systems: black line—
plane–plane, gray line—cone–plane.

The value of the tangential stresses when using the cone–plane measuring system
is non-uniform. With the plane–plane system, the dependence τ

(
lg
( .
γ
))

is uniform. It
becomes constant at a certain shear rate. The cone–plane measuring system introduces a
significant error at temperatures other than room temperature.

The third stage of the study consists of conducting experiments to determine the
dependence of the material properties on temperature. For this purpose, a sample shear
strain value of 0.1% and an average share rate of 1 Hz are chosen based on stages 1 and 2.
The sample is cooled from 80 ◦C to −40 ◦C a rate of 2 ◦C per minute (Figure 7).
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Figure 7. Dependence of tangential stress on temperature in a series of experiments: solid line—
experiment 1; dashed line—experiment 2; dots—experiment 3.

The distribution of tangential stresses as a function of temperature is exponential.
A significant increase in tangential stresses occurs at temperatures less than 0 ◦C. The
difference does not exceed 5% in the experimental data.

In addition, temperature dependence was obtained for the following lubricant char-
acteristics: complex shear modulus, accumulation modulus, and loss modulus. These
characteristics serve us to assess its aggregate state (Figure 8).
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Figure 8. Dependence of physical and mechanical characteristics of a lubricant on temperature: solid
line—complex shear modulus; dashed line—accumulation modulus; dashed line—loss modulus.

The distributions of the complex modulus, accumulation modulus, and loss modulus
have similar characteristics. The distribution is exponential with a decreasing sample
temperature. Over the entire temperature interval, the accumulation modulus is higher
than the loss modulus. According to [55,56], this behavior indicates a constant aggregate
state of the material as an elastic or gel-like body.

As part of the lubricant research methodology, the last step is to analyze the behavior
of the sample when the shear rate changes. The experiment is conducted at a number of
temperatures: −40 ◦C, −20 ◦C, 0 ◦C, 20 ◦C, 50 ◦C, and 80 ◦C (Figure 9).
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Figure 9. Tangential stress distribution as a function of shear rate.
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The behavior of tangential stresses as a function of shear rate for non-negative temper-
atures minimally differs. The values increase by gradually reaching a constant value when
a certain shear rate is obtained. The boundary of constant tangential stress increases as the
temperature decreases. In the case of negative temperatures, there is no such interval.

3.2. Identification of a Mathematical Model of the Lubricant as a Function of Temperature

A pure shear numerical experiment is simulated as part of the identification of the
mathematical model of the lubricant. The numerical experiment corresponds to the labora-
tory experiment: shear strain value at 0.1% with a shear rate of 1 Hz and a temperature
rate of 2 ◦C per minute.

The experimental data were approximated over the range of −40 to 80 ◦C, with a rate
of 2 ◦C, to compare the values of tangential stress. Tangential stress values corresponding
to the experimental data will be collected every 60 s (Figure 10), in the process of solving
the dynamic problem in a numerical experiment.

 

, Pa 
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Figure 10. Tangential stress distribution as a function of temperature: red line—approximation of
experimental data; solid black line—Anand’s model; dashed black line—Prony series.

The experimental dependence τ(T) is obtained on the basis of statistical data process-
ing. An approximation of the function of voltage dependence on temperature was carried
out. Further studies are based on this curve. The scatter of experimental results does not
exceed 5%. The identification procedure with the use of two mathematical approaches
allows us to obtain τ(T) at a sufficiently good level.

The relaxation times βi of the Prony series include 21 coefficients in the range of 10−10

to 1010. The initial distribution of the weight coefficients, αi, was set as constant, equal to
0.01. In the course of the algorithm’s work, the value of the weight coefficients changed
significantly (Figure 11).
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Figure 11. Final distribution of the Prony model coefficients for CIATIM-221.

It can be seen that the weight coefficient at a relaxation time of 10 s has a signif-
icant effect. In addition, the values of the coefficients of Equation (11) have the form:
Tr = 12.1513 K, C1 = 4.1469, C2 = 20.5555.

The numerical procedure for identifying Anand’s model converges much faster. This
is due to a smaller set of material constants. Table 1 shows the initial and final values of the
coefficients of Anand’s model.

Table 1. Value of Anand’s model coefficients for CIATIM-221.

Values S0, MPa A, 1/s U/R, K S1, MPa n a

Initial 1 1010 1000 1 1 1
Final 15.6218 3.518 × 109 985.0634 7.023 × 10−7 4.498 × 10−4 2.8112

The initial shear strain resistance value, S0, is related to the significant viscosity of the
lubricant. The shear strain resistance saturation coefficient, S1, decreases with exposure
time. The decrease, n, can be attributed to the shear yield characteristic of the lubricant.

3.3. Dependence of Rheological Properties of the Lubricant on the Shear Rate

A characteristic feature of pasty lubricants is the predominance of the viscous compo-
nent at low shear rates and the elastic component at higher shear rates. It is necessary to
investigate the lubricant’s dependence on the shear rate. Figure 12 shows the dependence
τ
(
lg
( .
γ
))

at different temperatures.
The nature of the tangential stress distribution as a function of shear rate at different

temperatures has minor differences; there is a coincidence in the values at shear rates
greater than 10 Hz but a significant error at lower shear rates. The Prony series description
of grease has a higher error than Anand’s model. This is related to the fact that Anand’s
model accumulates plastic deformation. An extension of the mathematical description of
the defining relationships is required in other viscoelastic models for pasty greases.
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Figure 12. Tangential stress distribution as a function of shear rate over a wide range of temperatures:
(a) −40 ◦C, (b) −20 ◦C, (c) 0 ◦C, (d) 20 ◦C, (e) 50 ◦C, and (f) 80 ◦C; red markers—experimental data;
solid black line—Anand’s model; dashed black line—Prony series.

4. Discussion

4.1. Limitation Statement

The presented study has several limitations:

- The full-scale experiment is conducted in a small range of shear rates, from 0.01 to 100 Hz,
which does not give a complete picture of the viscous and elastic components at small
and large share rates, respectively;

- The behavior of the lubricant was investigated using the Discovery HR2 rotational
viscometer with a limited range of temperatures and share rates;
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- The lubricant is capable of operating in the temperature range of −60 to +150 ◦C, but
the equipment allows evaluation of behavior at temperatures of −40 to +80 ◦C;

- Lubricant is treated as a Maxwell body, in fact, the object of study has a more complex
pattern of behavior;

- Lubricant is considered within the problem of deformable solid mechanics; the prob-
lem of fluid and gas mechanics is not set.

In the future, many tasks will be set before the researchers:

- Consideration of other linear viscoelastic models (Kelvin model, Voigt model, etc.);
- Using a temperature–time superposition to be able to describe and analyze decreased

and increased shear rates and temperatures;
- Numerical simulation of the structure as a whole with the use of a lubricant, using the

example of a spherical sliding bearing of a bridge span;
- The lubricant will be examining using the DWS technology.

4.2. Prediction of Structure Behavior Based on Computer Engineering

Computer engineering allows for predicting the behavior of a structure. To do this,
refined mathematical models of the behavior of lubricants should be used [64–66]. Chong
et al. conducted research to determine the mathematical model of lubricant behavior, which
allows for the accurate prediction of the frictional characteristics of lubrication systems.
Mukutadze et al. also conducted research on the mathematical model of liquid lubricant
behavior, which allows for predicting the influence of the non-stationary profile on the
shear rates, pressure, and friction force of the lubricant. In addition, the authors [66]
actively describe the mathematical model of the rheological behavior of lubrication at
higher frequencies. Two modes were identified: at high temperature and low pressure,
the response is adapted to the Kappo model, and as the viscosity increases, the response
changes and is consistent with the theory of Airy. This, in turn, allows for predicting the
overall behavior of the structure at higher frequencies of its operation.

This work considers the lubricant CIATIM-221, which is widely used in bridge struc-
tures. Identifying the mathematical model allows for predicting the behavior of the struc-
ture over a wide range of temperatures. The model can be used under higher frequency
loads on the structure. To describe the low-frequency effect on the structure, more complex
models, as described above, should be used.

4.3. On the Choice of a Mathematical Model

Many researchers consider a lubricant as a more complex viscoelastic or viscoelastic-
plastic body [67,68]. Ivins et al. describe the rheological behavior of a lubricant with the
Burger model, which, unlike the Maxwell model, includes two springs and two viscous
elements. The description of the rheological behavior of a lubricant by a more complex
models leads to refinement of the results on the dependence on shear rates. Kvarda
et al. [69] propose to describe the lubricant, at higher shear rates, by Newton’s law of
viscosity, which is related to the output of a constant stress value, as presented in the
experiments in Section 3.1.

Larson [44] offers several mathematical models to describe a complete model of the
rheological behavior of a lubricant: the model of Mujumdar et al. [70], the de Souza Mendes
and Thompson model [71], the Radhakrishnan model [72], etc.

The considered mathematical models and relationships for describing the lubricant
viscoelastic behavior are presented in Table 2.

The description of pasty greases, such as CIATIM-221, based only on the Maxwell
equations for a wide range of temperatures and shear rates is impossible. Selection of
a mathematical model is required, which will allow a better description of the complex
behavior of greases at a wide range of temperatures and shear rates.
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Table 2. Mathematical models for describing the lubricant viscoelastic behavior.

Matehematical Model Scheme of the Model Equation

Kelvin–Voigt model σ(t) = Eε(t) + η
dε(t)

dt

Burgers Material (Maxwell
representation) σ+

(
η1
E1

+ η2
E2

) .
σ+ η1η2

E1E2

..
σ = (η1 + η2)

.
ε+

η1η2(E1+E2)
E1E2

..
ε

Burgers Material (Kelvin
representation) σ+

(
η1
E1

+ η2
E1

+ η2
E2

) .
σ+ η1η2

E1E2

..
σ = η2

.
ε+ η1η2

E1

..
ε

4.4. Scope of Application Results

CIATIM-221 is widely used in bridge bearings. The lubricant must operate over a
wide temperature range and retain its structure. Increasing the durability of structural
elements is one of the urgent tasks of bridge building [73]. A large amount of research
is related to numerical modeling and computer engineering (Section 4.2.). However, the
dynamic characteristics of materials must be taken into account to analyze the behavior of
the structure over time (Section 4.3.). Using the approaches described above will enable:

- Numerical experiments to be conducted on the operation of structural elements during
the life cycle;

- Extension of the presented study to determine the rheological properties of polymeric
materials [74];

- Consideration of the possibility of using a set of materials in structural elements at the
decision-making stage [75,76];

- The reduction of material and time costs for field research, etc.

5. Conclusions

The main goal of the research is to conduct natural experiments and identify a mathe-
matical model of the lubricant. The object of the study is the lubricant CIATIM-221, which
is widely used in bridge structures with a working temperature range of −60 ◦C to +60 ◦C.

For the experimental study, the rotational viscometer Discovery HR2 was chosen. The
experimental investigations were carried out in the temperature range of −40 to +80 ◦C. In
the course of the work, a methodology for determining rheological characteristics based on
oscillatory research was proposed. During the experiment, it was found that the lubricant
is in a gel-like or elastic state over the entire temperature range.

The second stage of the research is aimed at identifying a mathematical model of the
behavior of the lubricant. In the course of the work, it was assumed that the lubricant
behaves like a Maxwell body. Two mathematical models of viscoelastic behavior were
chosen: the Anand model and the Prony series. It was found that the mathematical model
describes the behavior of the material well depending on the temperature. However,
depending on the frequency of the sample’s action, there are differences:

- At higher frequencies, the error is minimal;
- At low frequencies, there is a significant error.

Therefore, the lubricant does not behave like a Maxwell body at low frequencies. The
presented model can only be applied at higher frequencies. For low frequencies, more
complex models of viscoelastic behavior of the material are required.
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Nomenclature

ϕ angular displacement of the rheometer;
G∗ complex shear modulus;
γ shear strain;
τe tangential stress of an elastic element;
γe shear strain of an elastic element;
τv tangential stress of a viscous element;
η viscosity;
.
γv the rate of viscous shear strain;
f functional;
τexp experimental tangential stress;
τnum numerical tangential stress;
x vector of unknowns;
G∞ long shear modulus;
G0 initial shear modulus;
αi weight coefficients;
β′

i reduced time;
k number of relaxation times;
AWLF(T) temperature-time analogy shift function;
T absolute temperature;
C1, C2 empirical material constants;
Tr base temperature;
A pre-exponential multiplier;
U activation energy;
R universal gas constant;
ξ stress multiplier;
S shear strain resistance;
h0 material hardening constant;
S∗ saturation value of the hardening function;
n sample saturation as a function of shear rate.
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46. Wolak, A.; Zając, G.; Słowik, T. Measuring Kinematic Viscosity of Engine Oils: A Comparison of Data Obtained from Four

Different Devices. Sensors 2021, 21, 2530. [CrossRef]
47. Cerpa-Naranjo, A.; Pérez-Piñeiro, J.; Navajas-Chocarro, P.; Arce, M.P.; Lado-Touriño, I.; Barrios-Bermúdez, N.; Moreno, R.;

Rojas-Cervantes, M.L. Rheological Properties of Different Graphene Nanomaterials in Biological Media. Materials 2022, 15, 3593.
[CrossRef]

48. Kaushik, S.; Sonebi, M.; Amato, G.; Das, U.K.; Perrot, A. Optimisation of Mix Proportion of 3D Printable Mortar Based on
Rheological Properties and Material Strength Using Factorial Design of Experiment. Materials 2023, 16, 1748. [CrossRef]

49. Xue, X.; Gao, J.; Wang, J.; Chen, Y. Evaluation of High-Temperature and Low-Temperature Performances of Lignin–Waste Engine
Oil Modified Asphalt Binder and Its Mixture. Materials 2022, 15, 52. [CrossRef]

50. Peng, Y.; Via, B. The Effect of Cellulose Nanocrystal Suspension Treatment on Suspension Viscosity and Casted Film Property.
Polymers 2021, 13, 2168. [CrossRef]

51. Quan, L.; Kalyon, D.M. Parallel-Disk Viscometry of a Viscoplastic Hydrogel: Yield Stress and Other Parameters of Shear Viscosity
and Wall Slip. Gels 2022, 8, 230. [CrossRef]

52. Kozdrach, R. The Innovative Research Methodology of Tribological and Rheological Properties of Lubricating Grease. Tribol. Ind.
2021, 43, 117–130. [CrossRef]

53. Trufanova, N.M.; Ershov, S.V. Comparative Analysis of Heat and Mass Transfer Processes in the Extruder Dosing Zone with the
Use Different Spatial Mathematical Model and Rheological Law. J. Appl. Mech. Tech. Phys. 2017, 2, 153–163. [CrossRef]

54. Davydova, V.A.; Shcherbinin, A.G.; Naumiv, M.D.; Ershov, S.V. A Numerical Study on Induction-Resistive Electric-Heating
Processes of Pipelines. Russ. Electr. Eng. 2021, 11, 668–671. [CrossRef]

55. Schramm, G. A Practical Approach to Rheology and Rheometry; Gebrueder HAAKE GmbH: Karlsruhe, Germany, 1994; 290p.
56. Barnes, A.H. A Handbook of Elementary Rheology; University of Wales, Institute of Non-Newtonian Fluid Mechanics: Cardiff, Wales,

2000; 200p.
57. Zhai, M.; Zhou, K.; Sun, Z.; Xiong, Z.; Du, Q.; Zhang, Y.; Shi, L.; Hou, J. Rheological Characterization and Shear Viscosity

Prediction of Heavy Oil-in-Water Emulsions. J. Mol. Liq. 2023, 381, 121782. [CrossRef]
58. Song, Y.; Won, C.; Kang, S.; Lee, H.; Park, S.; Park, S.H.; Yoon, J. Characterization of Gglass Viscosity with Parallel Plate and

Rotational Viscometry. J. Non-Cryst. Solids 2018, 486, 27–35. [CrossRef]
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Abstract: This study addressed the issues related to the difficulty of determining the operating
status of machine tool spindle bearings due to the high rotational speeds and rapid temperature
fluctuations. This paper presents an optimized model that combines Convolutional Neural Networks
(CNNs) and Informer to dynamically predict the temperature rise process of bearings. Taking the
H7006C angular contact ball bearing as the research object, a combination of experimental data and
simulations was used to obtain the training dataset. Next, a model for predicting the temperature rise
of the bearing was constructed using CNN + Informer and the structural parameters were optimized.
Finally, the model’s generalization ability was then verified by predicting the bearing temperature
rise process under various working conditions. The results show that the error of the simulation data
source model was less than 1 ◦C at steady state; the temperature error of the bearing temperature
rise prediction model was less than 0.5 ◦C at both the temperature rise and steady-state stages
under variable rotational speeds and variable load conditions compared to Informer and Long Short
Term Memory (LSTM) models; the maximum prediction error of the operating conditions outside
the dataset was less than 0.5 ◦C, and the temperature rise prediction model has a high accuracy,
robustness, and generalization capability.

Keywords: ball bearing; temperature prediction; parameter optimization; CNN; informer

1. Introduction

Angular contact ball bearings for machine tool spindles operate in a complex environ-
ment and inevitably generate a variety of problems that are difficult to detect promptly [1,2].
These problems can significantly impact the machining accuracy of the machine tool and
even result in damage to the machine. Temperature is a critical parameter for monitoring
the operational state of the bearing system, and extended exposure to abnormally high
temperatures can result in bearing failure. Under the operating conditions of machine tool
spindle bearings, predicting the dynamic temperature rise of bearings is a pressing research
issue. By comparing the measured values with the predicted values, potential abnormal
conditions of the bearings can be promptly identified, which holds significant importance
for ensuring the precision and longevity of the machine tool equipment.

In recent years, numerous scholars have been researching methods to solve the tem-
perature field of high-speed rolling bearings. Popescu et al. [3] proposed four methods
for analyze the motion of angular contact ball bearings and calculated the internal friction
torque and power loss of the bearings. Kim et al. [4] proposed a numerical method to
estimate the steady-state temperature of spindle bearings. They constructed a finite element
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analysis model and compared the measured data to validate the effectiveness of the finite
element analysis method. Xu et al. [5] developed a heat transfer model for high-speed
railway bearings, taking into account the bearing characteristics. They conducted simula-
tions and analyses of the temperature fields in the inner ring, outer ring, and roller using
a finite element model. Additionally, they proposed a method for distributing the heat
source in a reasonable manner. Deng et al. [6] developed a mathematical model using the
heat source method and performed a comparison between the calculated results of the
temperature field and a finite element model. The comparison was carried out for various
parameters, including heat generation, heat transfer coefficient, heat source location, and
bearing size. Their study confirmed the accuracy of the calculations and demonstrated
improved efficiency of their mathematical model. Wu et al. [7] developed an analytical
model of the spindle bearing system by incorporating Hertz and contact theory. This
model took into account factors such as preload and centrifugal force. Additionally, they
established a mathematical model of the temperature field based on heat transfer theory
to analyze how the cooling system affects the temperature distribution within the system.
Zheng et al. [8] integrated the effect of the contact angle on thermal deformation into the
force equilibrium equation of angular contact ball bearings. They computed the bearing
load and resolved it to determine the heat generation. Additionally, they furnished a com-
prehensive exposition of heat generation and its transmission from individual heat sources.
Li et al. [9] developed a computational method to predict the thermodynamic properties of
high-speed spindle bearings. The method was based on thermodynamic and quasi-static
models. To accurately predict the spindle bearing, they employed a Monte Carlo optimiza-
tion algorithm to invert the experimentally measured temperature data. Zhang et al. [10]
developed a local frictional heat generation model for grease-lubricated angular contact
ball bearings. This model enables the calculation of heat generation in each contact region
of the bearing and predicts the bearing temperature values under high-speed operating
conditions. These methods are effective in calculating the steady-state temperature field of
the bearing. During the modeling process, it is common for the ambient temperature to
be considered fixed, which neglects the variations in the lubrication state during bearing
operation. This limitation can lead to errors that vary with the operating conditions.

To achieve real-time prediction of bearing temperature, Yan et al. [11] proposed a
hybrid model for real-time prediction of bearing temperature. This model decomposes the
plain bearing temperature data and optimizes the weights of the subseries to obtain the final
prediction results. Liu et al. [12] compared and analyzed the temperature characteristics
of bearings with different temporal distributions. They proposed a two-way long short-
term memory (BILSTM)-based model for predicting abnormal bearing temperatures, which
enables the diagnosis of bearing status in both temporal and spatial dimensions. This model
achieves more accurate detection of abnormal states and provides effective early warning
capabilities. Chen et al. [13] proposed a long short-term memory neural network that
incorporates multi-task learning and attention mechanisms to accurately predict bearing
temperature in complex environments. This model takes into consideration the impact of
current working conditions and historical data on bearing temperature, leading to effective
temperature predictions. Xiao et al. [14] introduced a novel deep learning algorithm
called Stacked Sparse Self-Encoder Multilayer Perceptron (SSAE-MLP) for predicting wind
turbine spindle temperatures. This algorithm utilizes multiple stacked sparse self-encoders
to extract intricate features from the input data. Additionally, a regression predictor was
added to the top layer of the model for supervised learning. The experimental results
demonstrated the method’s effectiveness in accurately predicting wind turbine spindle
temperatures.

Traditional time series prediction methods rely heavily on mathematical and statistical
principles. These methods establish a connection between predicted data and historical
data by utilizing techniques such as linear regression or least squares regression analysis.
One commonly used model in this category is the Autoregressive Integrated Moving
Average (ARIMA) model [15]. Traditional prediction analysis methods, while having simple
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models and precise theories, have limitations in accurately predicting complex, nonlinear,
nonstationary time series. The advancement and refinement of neural network theory have
brought about significant applications in engineering. In the field of wind power prediction,
Zhang [16] utilized support vector regression (SVR) as an external neural network. On the
other hand, Cui [17] employed BP neural networks for predicting geotechnical engineering
parameters. The primary limitation of external neural networks is their simplicity, which
poses a constraint on prediction accuracy in practical applications. A specific type of
recurrent feedback neural network framework known as the recurrent neural network
(RNN) [18] addresses this issue by considering the initial inertia in time series data and
constructing a comprehensive time series model through analysis of historical information.
However, during usage, RNNs are susceptible to challenges like gradient vanishing and
gradient explosion. On the other hand, the Long Short-Term Memory (LSTM) model [19],
also a type of RNN, effectively mitigates these problems and facilitates the utilization of
accurate historical information. It is worth noting though that the convergence time of such
recurrent neural networks is relatively long, and they still exhibit inherent limitations when
dealing with longer sequences.

Due to the increasing recognition and effectiveness of Transformer models, researchers
have begun to favor Transformers over traditional RNN structures. Fan et al. [20] employed
a multimodal attention mechanism to enhance the integration of historical information
from various phases and employed it for predicting future time steps. However, the
development of this approach in the field of time series prediction is constrained by
challenges related to space and time complexity, as well as memory occupation rates,
especially when dealing with long sequence inputs. Zhou et al. [21] addressed the challenge
of capturing long-range dependencies in long sequences by introducing the Informer
model, which utilizes a Transformer architecture. The Informer model replaces the original
attention mechanism with sparse self-attention, resulting in reduced time–space complexity.
Additionally, its generative decoder accomplishes long sequence output with a single
forward step, effectively avoiding cumulative error expansion during the inference stage.
Gong et al. [22] applied the Informer model to predict regional thermal loads and conducted
a comparative study with several other models using room temperature, wind speed, and
air quality as input features. The results showed that the prediction model using Informer
performed better than other models in terms of accuracy and stability. Yang et al. [23]
introduced the Informer model as a solution to address the error accumulation problem
associated with conventional time series prediction methods when applied to motor bearing
vibration data. They conducted a comparative analysis of the prediction results using a
publicly available dataset, aiming to verify the superior performance of the Informer model
in handling long time series data.

To tackle the aforementioned issues, this study built a composite dataset comprising
both experimental and simulation data on bearing temperature rise. The H7006C angular
contact ball bearing was selected as the research object for investigation. Furthermore, a
novel approach combining a Convolutional Neural Network (CNN) and Informer method
was proposed for dynamically predicting the bearing temperature rise process. The model
parameters were optimized to enhance performance. Moreover, the accuracy and general-
ization ability of the bearing temperature rise prediction model were evaluated by using
prediction data generated under various operating conditions.

2. Temperature Rise Prediction Model Training Set Data Sources

Given the limited load conditions that can be applied to the experimental equipment,
a hybrid dataset comprising both simulation and experimental data is necessary to acquire
more diversified information, encompassing various operating conditions and scenarios.
This approach aims to enhance the accuracy and generalization capability of the bearing
temperature rise prediction model.
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2.1. Experimental Data Sources

The experimental equipment, which includes an infrared thermal imager, bearing
axial loading device, and PC-based temperature data acquisition and analysis software,
is shown in Figure 1. The experimental bearing was arranged with the end face facing
upwards, and the loading was applied as an axial load. The axial force generated by the
loading mechanism was first applied to the bearing housing cover and then transferred
from the bearing housing cover to the test bearing.

 

Figure 1. Angular contact ball bearing temperature rise experiment equipment.

The infrared thermal imager is an ImagelR8355 type; its main technical indicators
are temperature measurement range −10~+175 ◦C, thermal image sampling frequency
10~110 Hz, measurement accuracy ±0.5 ◦C, thermal sensitivity 20 mK, and infrared image
resolution 640 × 512. The rotational speed range of the experimental machine is 0 to
6000 rpm, and the rotational speed control function can be achieved through control
software. The axial loading device applies loads ranging from 0 to 30 N. The experimental
machine is capable of real-time monitoring of test parameters such as inner ring and
cage rotation speed, axial loading load, and contact area temperature between the rolling
elements and the inner/outer rings of the experimental bearing and can provide real-time
feedback to the display.

The bearing temperature rise experiment process is as follows:

1. Preliminary preparation: Assess the condition of the spindle drive device, axial
loading device, infrared thermal imager, and other equipment to ensure the safety,
reliability, and clear image display in the experimental process.

2. Experimental bearing installation: Identify the type of the target bearing for the
experiment and proceed with the installation of the experimental bearing.

3. Determine the test condition: Establish the preload axial force and motor rotational
speed based on the specific objectives of the experiment.

4. Data acquisition: Adjust the parameters, such as the emissivity of the infrared thermal
imager, set the sampling frequency, and complete the experimental data acquisition.

To ensure the reliability and stability of the experimental results, as well as to eliminate
potential chance factors and errors, it was necessary to verify the universal applicability of
the obtained data. The experiment was repeated three times at 5000 rpm and with a load of
30 N. The errors between the test results were within 0.5 ◦C, indicating the reliability of the
experiment data.

Dynamic load rating of the bearing C = 200 N was performed according to ISO 281
(C/P) with different axial loads (10 N, 20 N, and 30 N), i.e., load factor C/P (20, 10, and
6.67), combined with various rotational speeds (2000 rpm, 3000 rpm, 4000 rpm, 5000 rpm,
and 6000 rpm). Temperature data were collected from the surface of the inner ring of the
bearing. Each operating condition was sampled every minute for a duration of one hour.
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2.2. Simulation Data Sources

In this paper, a training set was constructed using both simulation and experimental
data to predict the temperature rise process of an H7006C angular contact ball bearing
under various operating conditions. The main structural parameters of the model object
were as follows: inner race diameter (d) of 30 mm, outer race diameter (D) of 55 mm, width
(B) of 13 mm, rolling diameter (Dw) of 5.556 mm, number of rolling elements (Z) of 16,
contact angle (α) of 15 ◦, and grease lubrication as the lubrication method. This approach
aims to enhance the accuracy and generalization capability of the bearing temperature rise
prediction model.

(1) Simulation model

Based on the structural parameters described in the previous section, a three-dimensional
model of the H7006C angular contact ball bearing was established, as shown in Figure 2.
The material parameters for this bearing are listed in Table 1.

Figure 2. H7006C bearing three-dimensional model.

Table 1. H7006C material parameters.

Parameters GCr15 (Rings) Si3N4 (Rollers) Pi (Cage)

Density 7800 3200 1120
Modulus of elasticity 208 300 300

Poisson’s ratio 0.3 0.26 0.34
Thermal conductivity 40 11 0.15
Specific heat capacity 450 800 1250

Note: Pi represents polyimide, the material utilized for the bearing cage in this study.

The transient temperature field simulation process was conducted as follows:

1. Model building: Establish a 3D simulation model based on bearing geometry infor-
mation and material parameters.

2. Heat generation calculation: Determine the test conditions and each bearing compo-
nent’s heat generation.

3. Pre-processing: Given the boundary conditions, such as heat convection, heat flow,
etc., set the time step and initial temperature.

4. Post-processing: Start the transient temperature field simulation, save, and analyze
the simulation results.
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(2) Validation

To ensure the accuracy of the simulation data for the bearing temperature rise process
in this paper, the experimental results were compared under two operating conditions:
Operating Condition 1 (2000 rpm, 30 N) and Operating Condition 2 (6000 rpm, 20 N). The
comparison results are illustrated in Figure 3.

 
(a) Comparison of results (b) Error variation 

Figure 3. Simulation results verification.

Figure 3 demonstrates that both operating conditions reached a steady-state stage
within 30 min, with a temperature change of less than 1 ◦C. The simulation results align
with the experimental results in terms of the temperature rise trend. The slight error in the
temperature rise process may be attributed to the neglect of frictional power loss from the
cage when constructing the thermal simulation model of the angular contact ball bearing.
As a result, the raw heat input to the model was slightly lower than the actual value.
However, the temperature error at steady-state was below 0.3 ◦C in both cases. Generally, a
deviation of less than 1 ◦C under steady-state conditions is considered negligible for the
dimensional changes of ball-bearing components. Therefore, the simulation data utilized
in this paper can be employed as the training set for the prediction model, enabling the
prediction of the bearing temperature rise process.

Dynamic load rating of the bearing C = 200 N was performed according to ISO 281
(C/P) with different axial loads (40 N, 50 N, and 60 N), i.e., load factor C/P (5, 4, and 3.34),
combined with various rotational speeds (2000 rpm, 3000 rpm, 4000 rpm, 5000 rpm, and
6000 rpm). Each operating condition was sampled every minute for a duration of one hour
in the simulation.

The experimental and simulation data consisted of a total of 30 operating conditions.
Among these, the test set was composed of different load factors C/P (20, 10, 6.67, 5, 4,
and 3.34) corresponding to a rotational speed of 6000 rpm, and different rotational speeds
(2000 rpm, 3000 rpm, 4000 rpm, 5000 rpm, and 6000 rpm) corresponding to a load of 60 N.
This test set was specifically utilized for evaluating the performance of the model, while
the remaining data were used for pre-training the model.

3. Bearing Temperature Rise Prediction Based on CNN and Informer
Combination Method

3.1. Convolutional Neural Networks

Compared to traditional feature extraction methods, CNN usage offers a more effective
approach in extracting relevant information from data. In the temperature rise prediction
model described in this paper, we employed convolution by taking nested sequence features
as input. The key objective of the convolution process involves extracting input feature
values through the utilization of a convolution kernel, specifically creating an M × N array.

188



Lubricants 2023, 11, 343

By sliding the kernel with a specific stride, a local matrix is obtained. The convolution
kernel transforms this local matrix, resulting in the output matrix for the convolution
layer. This convolution process discards certain eigenvalue points while preserving the
order relationship among the original input matrix features. Ultimately, it reduces the
computational burden on the neural network. The process of convolution operation is as
follows:

xi
l = f (xr

l−1 × Ki
l + bi

l) = f (∑
r

xr
l−1 × Ki

l,r + bi
l) (1)

where xi
l is the feature map output by the i-th convolutional layer l, xi

l−1 is the r-th convolu-
tion region of the feature map generated by convolution layer l − 1, Ki

l is the weight matrix
of the i-th convolution kernel of convolution layer l, and bi

l is the bias value.
Typically, a pooling layer is added after each convolutional layer in order to generate

a lower-dimensional feature map and decrease computational complexity. The maximum
pooling layer takes the maximum value of features within a certain region as the output,
achieving further feature extraction.

3.2. Informer Model

The Informer model is a network architecture built upon an attention mechanism.
It primarily enhances the computational efficiency of several components, including the
self-attention mechanism, stacked layers of the network, and the incremental decoding
method.

The model consists of two parts, an encoder and a decoder, which accept different
input data. The encoder is responsible for receiving long sequence data as input. To replace
the traditional self-attentive mechanism, it employs a sparse self-attentive mechanism. This
modification effectively reduces the network size and enhances the model’s robustness
when multiple layers are stacked. On the other hand, the decoder receives input data in
the form of long sequences. It fills the target elements with zeros and utilizes these all-zero
sequences as part of the weighted attention for the feature map. Subsequently, it utilizes a
generative approach to predict the sequences. The calculation of the sparse self-attention
mechanism is as follows:

A(Q, K, V) = Softmax(
QKT
√

DK
)V (2)

where Q is the matrix obtained by probabilistic sparse of Q and Softmax is the normalized
activation function.

The encoder employs a “distillation” operation to prioritize the prominent high-level
features and generate a concentrated self-attentive feature map in the lower layer, thereby
reducing the input length. The “distillation” operation from layer j to layer j + 1 at time t
can be described as follows:

Xt
j+1 = MaxPool(ELU(Conv1d

[
Xt

j

]
AB

)) (3)

where [∗]AB basic operations contain attention blocks and sparse attention mechanisms;
Conv1d denotes the one-dimensional convolution operation; ELU is the activation function;
and MaxPool is the maximum pooling operation.

The decoder design aims to generate long sequence predictions through a single
forward process. The model adopts a traditional Decoder structure, which includes two
identical multi-headed attention layers, in order to address the issue of high time complexity
involved in generative prediction for long sequential data. The input vector of the decoder
is represented as follows:

Xt
de = Concat(Xt

token, Xt
0) ∈ R(Ltoken+Ly)dmodel (4)
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where Xt
token is the start token, and Xt

0 is a placeholder for the target sequence, which is set
to 0.

3.3. CNN + Informer Bearing Temperature Rise Prediction Model

A CNN and Informer fusion approach was proposed to enhance the accuracy of
predicting the bearing temperature rise process. The constructed dataset was utilized as
input for the CNN model, employing the same parameters across different regions to
calculate convolutional features. This technique reduces the number of parameters in
the training process, mitigating the risk of overfitting. Subsequently, through multi-level
convolution and pooling operations, the model extracts multi-scale features from the data.
These extracted features are then fed into the Informer model via a fully connected layer.
The Informer network model is iteratively trained to achieve precise prediction of bearing
temperature rise. The structure of the prediction model for bearing temperature rise based
on the CNN + Informer fusion is depicted in Figure 4.

 

Figure 4. Basic structure of CNN + Informer network model.

The combined prediction model consists of two main parts: two-dimensional convo-
lutional feature extraction and prediction. Initially, the input features of the variables are
extracted using two-dimensional convolution, constructing a high-dimensional mapping
feature vector. To enhance the feature extraction capability, this study adopted two layers of
two-dimensional convolutional layers. The output of the convolutional module is received
by both the encoder and decoder parts of the Informer model. The encoder handles long
time series data, while the decoder processes short sequences and vectors of equal length
comprising zero values as placeholders for predicted values. As the data pass through the
encoder, intermediate results are generated through the multi-head sparse self-attentive
module and the “distillation” mechanism module, which are computed multiple times in
succession. The decoder takes the encoded input data and performs a multi-head sparse
self-attentiveness operation with a mask. Subsequently, the intermediate result from the
encoder undergoes a multi-head self-attentiveness operation. Finally, a fully connected
layer adjusts the dimensionality of the output data and produces the prediction results.

The mean absolute error (MAE) and mean squared error (MSE) are common evaluation
metrics for model performance. MAE represents the average error between predicted and
true values, calculated as the average of the absolute differences. A smaller MAE indicates a
higher accuracy. On the other hand, MSE represents the average of the squared differences
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between predicted and true values, which assesses the effectiveness of the model. A smaller
MSE signifies better performance. In the case of the prediction model for the overall
temperature rise process in different bearing operating conditions, the focus lies on the
differences between predicted and actual values at each time point. Therefore, this paper
utilized MAE as the evaluation metric for accuracy. The specific formula for calculating
MAE is as follows:

MAE =
1
n

n

∑
i=1

|yi − y∗i | (5)

where n is the number of sample data points; yi is the true value; and y∗i is the predicted
value.

4. Results and Discussion

4.1. Parameter Optimization

The experiments were conducted on a Windows 10 system, equipped with an Intel
Core i5 processor and an NVIDIA GeForce 930 graphics card.

In the temperature rise prediction model using CNN + Informer, there are several
hyperparameters that need to be set separately. In this paper, the parameter selection range
is shown in Table 2.

Table 2. Model parameters.

Parameter Name Parameter Value

Number of convolution layers 2
Convolution kernel size 3 × 1/2 × 1

Number of convolution kernels 1~10/1~20
Number of encoder layers 3, 4, 6
Number of decoder layers 2

Head number of multi-head attention 8, 16

First, the number of encoder layers and the head number of the multi-head attention
in Informer were selected as 2 and 8, respectively, to determine the convolution kernel
parameters. The convolution kernels for convolution layer 1 range from 1 to 10, and the
convolution kernels for convolution layer 2 range from 1 to 20, and partial error data are
shown in Table 3.

Table 3. Comparison of partial errors with different numbers of convolution kernels.

Model
Convolutional Layer 1

Number of Convolutional
Kernels

Convolutional Layer 2
Number of Convolutional

Kernels
MAE/◦C

CNN

1 20 0.6263
3 1 0.6125
1 2 0.6005
2 15 0.5963
4 1 0.4775

Table 3 displays combinations of convolutional kernel counts with relatively smaller
errors, and it can be observed that our proposed model achieved the minimum testing
error on the dataset when the numbers of convolutional kernels were set to 4 and 1.
After determining the convolution kernel parameters, the head number of the multi-head
attention and the number of encoder layers for the Informer model were set accordingly.
The resulting error outcomes are illustrated in Figure 5.

Based on the findings in Figure 5, when the head number of the multi-head attention
was set to 16, there were smaller errors across different encoder layers compared to when
it was set to 8. Notably, the model’s error was minimized when the number of encoder
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layers was specified as 4. Consequently, the structure of the temperature rise prediction
model using the CNN + Informer approach was determined, and the specific parameters
are outlined in Table 4.

Figure 5. Prediction errors for different Informer parameters.

Table 4. CNN + Informer model parameters.

Model Parameter Name Parameter Value

CNN
Number of convolution layers 2

Convolution kernel size 3 × 1/2 × 1
Number of convolution kernels 4/1

Informer
Number of encoder layers 4
Number of decoder layers 2

Head number of multi-head attention 16

4.2. Comparison and Analysis of Prediction Results

Based on the previous analysis, it was observed that the bearing temperature, un-
der different working conditions, generally reached a steady-state at around the 30 min
mark. To evaluate the prediction capability of the proposed CNN + Informer model, we
constructed models using LSTM, Informer, and CNN + Informer. The errors during both
the temperature rise stage and the steady-state stage were compared among these models.

4.2.1. Model Prediction Results with Varying Rotational Speeds

The predictions of the multiple models under a rotational speed of 5000 rpm and a
load of 60 N are presented in Figure 6. Furthermore, Figure 7 showcases the variations
in prediction errors throughout the temperature rise and steady-state stages at various
rotational speeds (2000 rpm, 3000 rpm, 4000 rpm, 5000 rpm, and 6000 rpm).

Based on the comparison of the model prediction results presented in Figure 6a, it can
be observed that both the Informer and LSTM models exhibited varying degrees of fluctua-
tion in their prediction results. In contrast, the model used in this paper demonstrated a
consistent upward trend that closely aligned with the actual values, resembling the real
curve more closely. Furthermore, Figure 6b illustrates a comparison of the prediction errors.
It is evident that the maximum error of the model proposed in this paper remained within
0.5 ◦C, whereas the maximum error of the other two models exceeded 1 ◦C.

From Figure 7, it is evident that the model used in this paper exhibited lower prediction
errors compared to the other two models at the various rotational speeds. The average
absolute error of the predictions made by this model consistently remained below 0.2 ◦C.
Furthermore, there is no discernible trend in the change of prediction errors as the rotational
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speed increased. This indicates that the model demonstrates good stability and is capable
of accurately predicting temperature rise under varying rotational speeds.

(a) Comparison of results (b) Comparison of errors 

Figure 6. Model prediction results at 5000 rpm rotational speed and 60 N load.

 
(a) Temperature rise stage (b) Steady-state stage 

Figure 7. Prediction errors of each model at varying rotational speeds with a load of 60 N.

4.2.2. Model Prediction Results with Varying Load

When the bearing rotational speed is 6000 rpm, Figure 8 depicts the prediction results
of the multiple models for a load of 50 N. Meanwhile, Figure 9 demonstrates the prediction
errors during both the temperature rise phase and steady-state phase under various loads
(10 N, 20 N, 30 N, 40 N, and 50 N).

The comparison of the prediction results in Figure 8a reveals a gradual deviation
between the predictions of the Informer and LSTM models from the actual values over
time. Figure 8b shows the error between predictions from Informer and LSTM models and
the actual values gradually grows over time. In contrast, the model utilized in this paper
consistently maintained an error within 0.5 ◦C without any discernible trend over time.

The prediction errors of the model under different loads in Figure 9 indicate that
its error consistently remained within 0.5 ◦C, which is lower compared to the other two
models. Moreover, as the load increased, there is no clear upward trend observed in the
prediction errors of this model during both the temperature rise and steady-state stages.
This suggests that the model exhibits high prediction accuracy and good stability.

4.2.3. Experimental Data Prediction Results and Analysis

Figure 10 depicts the evaluation of the model using the predicted results of the exper-
imental data. In Figure 10a, it is evident that the error in the model’s prediction results
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was more pronounced during the temperature rise stage. However, it can be observed that
the error gradually decreased over time. Additionally, Figure 10b displays the error under
various working conditions, indicating that the maximum error remained within 0.2 ◦C.
This demonstrates the high accuracy of the model and verifies its prediction capability and
reliability as presented in this paper.

 
(a) Comparison of results (b) Comparison of errors 

Figure 8. Model prediction results at 6000 rpm and 50 N load.

 
(a) Temperature rise stage (b) Steady-state stage 

Figure 9. Prediction errors of each model at varying load with a rotational speed of 6000 rpm.

 
(a) Comparison of results (b) Comparison of errors 

Figure 10. Experimental data prediction results and errors.

194



Lubricants 2023, 11, 343

4.3. Generalization Ability Experiment

To evaluate the generalization ability of the model, its prediction results were observed
and evaluated under various operating conditions that were not included in the original
dataset. The dataset includes simulation data under different room temperature condi-
tions. As depicted in Figure 11, the model demonstrated good prediction performance
when tested with new conditions through both empirical testing and simulations. The
predicted curves gradually approached the true curve, indicating accurate predictions.
When reaching the steady state, the deviation between the prediction curve and the true
value was less than 0.5 ◦C, and the error during the steady-state stage was lower compared
to that during the temperature rise stage. This could be attributed to the stabilization of
the heat generation and dissipation processes during the steady-state stage, whereby this
equilibrium state contributes to a reduction in prediction errors.

The results of the prediction and error analysis under different operating conditions
demonstrated the accuracy of the temperature rise prediction model used in this paper for
various rotational speed and load conditions. The proposed model exhibited lower errors
compared to two other models, both during the temperature rise stage and the steady-state
stage, confirming its validity and performance. Moreover, as the rotational speed and
load increased, there is no noticeable trend in the prediction error, indicating the excellent
stability of the model. Furthermore, the model demonstrated favorable prediction results
for operating conditions not included in the original dataset, providing further evidence of
its generalization ability. In summary, our research demonstrated that the predictive model
exhibits a consistent trend with the true values, and there is no delay issue in its predictions.
This enables real-time bearing condition monitoring, facilitating proactive maintenance
strategies and ensuring efficient and reliable operation of rotating machinery.

 
(a) Experimental data 

 
(b) Simulation data 

Figure 11. Prediction results and errors of working conditions outside the dataset.
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5. Conclusions

This study proposed a temperature rise prediction method based on deep learning
models for spindle bearings in the high-speed operating conditions of machine tools. The
method was developed to address challenges associated with timely assessment of bearing
conditions due to rapid temperature changes. The specific conclusions are as follows:

(1) The proposed simulation model for the temperature field of angular contact ball
bearings demonstrated an error of less than 0.5 ◦C when compared to the experimental
results. This finding suggests that the simulation data exhibit high reliability and
fulfill the requirements for training samples in the prediction model.

(2) Compared to LSTM and Informer, the optimized CNN + Informer model achieved
higher accuracy and prediction stability. It achieved errors within 0.5 ◦C for multi-
ple operating conditions and showed no variation trend with changing operating
conditions.

(3) For operating conditions outside the dataset, the model predicted errors within 0.5 ◦C
and 0.2 ◦C during the temperature rise and steady-state stages, respectively. This
suggests that the prediction error decreases over time, providing further evidence for
the model’s generalization ability and effectiveness.
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Abstract: The performance of gas foil thrust bearings is critical to the successful design and operation
of the high axial load rotatory machines that employ gas foil bearings. However, our understanding
of gas foil thrust bearings remains incomplete. To enhance our understanding and predict the
performance of gas foil thrust bearings, we have established a detailed three-dimensional thermo-
elastic-hydrodynamic model of a gas foil thrust bearing based on a fluid-thermal-structure interaction
approach in this study. To validate the accuracy of our model, a gas foil thrust bearing test rig
was developed. Moreover, we present a numerical investigation of the influence of bump foil
configurations on gas foil thrust bearing performance. The results show that the gas foil thrust
bearing that fixes the bump foil at the trailing edge and splits the bump foil into several strips exhibits
a 36.4% increase in load capacity compared to the gas foil thrust bearing that fixes a whole piece of
bump foil at the leading edge. Fixing the bump foil at the trailing edge and splitting it into several
strips effectively decreases power loss and reduces the risk of bearing thermal failure.

Keywords: thermo-elastic-hydrodynamic; gas foil thrust bearing; load capacity; thermal characteristic

1. Introduction

With the increasing demands of high-speed rotating machinery, the application of
conventional oil-lubricated bearings is increasingly limited. In comparison, gas foil bear-
ings (GFBs) utilize ambient air as a lubricant, offering numerous advantages. GFBs require
minimal maintenance, can operate at high speeds and temperatures [1], and have been
reported to have a DN (shaft diameter in millimeters multiplied by shaft rotational speed
in rev/min) limit of about 4.56 × 106 [2,3]. As a result, GFBs have gained significant
popularity in recent years and are widely utilized in various high-speed rotating shaft sys-
tems, including air cycle machines, turboexpanders, compressors, and small microturbine
systems [4–7]. After decades of development, GFBs have made great progress in design
and application. However, the understanding of gas foil thrust bearing (GFTB) supporting
axial load remains incomplete, as most of the interest and development has been attracted
to gas foil journal bearing (GFJB) supporting radial load and controlling the rotor orbit [8].
Then, the purpose of the current study is to promote the research of GFTB.

Heshmat et al. [9] conducted numerical research on GFTB performance and obtained
the optimum geometry through parametric studies of structural variables. However, they
simplified the bump structure as a uniform elastic foundation and overlooked the coulomb
friction and the effect of the top foil. Iordanoff [10] developed a more comprehensive GFTB
model that considered the coulomb friction of the bump structure in order to predict GFTB
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performance. Experimental research was also conducted on the load capacity of GFTBs.
The results indicated that free-fixed-end bumps had a higher stiffness coefficient and the
predictions for heavy loads agreed well with experimental data. However, the stiffness
distribution between the welded bump and the free bump was simplified as the linear
distribution, and the effect of the top foil was still not considered. Heshmat et al. [11]
conducted numerical investigations on the load performance of GFTBs by coupling Finite
Element and Finite Difference methods. The top foil was regarded as a part of bearing
compliance; it was proved that it had an essential effect on the performance of GFTB.
However, the complex bump structure was assumed as an independent spring support.
Park et al. [12] also coupled Finite Element and Finite Difference methods to predict the
static and dynamic performance of tilted GFTB. To improve the accuracy of the bump
structure, the interaction between bumps was considered. However, the effect of the top
foil was ignored. Gad et al. [13] introduced a more comprehensive structural stiffness model
for the foil structure of generation II GFTB. The model considered not only the interaction
between bumps, but also the possibility of the rigid bearing surface and the flat segment
between bumps. The effect of two different bump strip arrangements on the performance
of generation II GFTB was investigated. However, the deflection of the top foil relative
to bumps was simplified and the top foil sagging was neglected. Xu et al. [14] focused
on the effect of top foil sagging on GFTB performance. The simulation results revealed
that large top foil sagging caused high power loss and small minimum film thickness. The
thicker top foil was proved to decrease the effect of top foil sagging and achieved better
performance of GFTB. However, each bump was simplified, as many springs attached to
the top foil computational node and the interaction of bumps was ignored. In order to
analyze arbitrarily shaped foils, Xu et al. [15] presented a comprehensive model of GFTBs
that considered both bump interaction and top foil sagging. They adopted the assumption
of isothermal ideal gas in the compressible Reynolds equation. The numerical results
demonstrated that the configuration of the bump foils significantly influenced the load
capacity of GFTBs. However, the aforementioned models assumed a constant temperature,
resulting in inaccurate predictions of GFTB performance.

To investigate the temperature effect on GFTB performance, various simulated thermal
field models were developed. Bruckner [16] presented a simple thermohydrodynamic
(THD) model of GFTB to study the thermal behavior. However, the thrust runner and
foil structure were lumped together and treated as a single heat transfer mechanism,
and the foil structure was considered as a compliant foundation with a linear stiffness
distribution. Lee et al. [17] developed a three-dimensional THD model of GFTB with
radially arranged bump foils. The temperature distribution of the thrust runner, top foil,
bump foils, and other bearing parts was investigated using the heat balance equation
with surroundings. However, each individual bump was simplified as a lumped thermal
resistance in the temperature field and an independent support spring in the foil structural
field. Gad et al. [18], on the other hand, utilized a 2D compressible Reynolds equation
that considered the effects of centrifugal forces to model fluid flow. They employed the
Couette Approximation to analyze the temperature distribution. The simulation results
revealed that the side-leakage heat transfer had relatively poor effects. However, the inlet
temperature was assumed to be constant due to the adoption of the Couette Approximation.
Xu et al. [19] presented a 3D THD model that considered real gas effects and flow turbulence.
They calculated and compared the performance of hydrostatic thrust foil bearings using
two different types of lubricants. However, the temperature of each individual half bump
arc was assumed to be consistent, as each half bump arc was simplified as a lumped
thermal resistance in the temperature field. Lehn et al. [20] derived a comprehensive 3D
thermo-elastic-hydrodynamic (TEHD) model for GFTB and a detailed shell model for the
foil structure. They also adopted the assumption of a thermal resistance for a half bump arc.
An exhaustive thermal analysis was conducted for GFTB and the thrust disk. The results
demonstrated that the deformation of the thrust disk was the source of thermal runaway
under high load and high-speed conditions. However, these aforementioned models used
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the 2D Reynolds equation to simulate the flow field and assumed constant fluid properties
throughout the film thickness.

Most recently, the application of the fluid-thermal-structure interaction (FTSI) ap-
proach in TEHD has significantly improved the accuracy of predicting GFTB performance.
This approach involves solving the full Navier–Stokes equations to model fluid flow, con-
sidering frictional contact, bump interaction, and top foil sagging in the foil structure model,
and solving the 3D energy equation to investigate heat transfer. Liu et al. [21] utilized
the FTSI approach to examine the impact of boundary pressure on GFTB performance
and elucidate the heat flux transfer path. The same approach was employed to study the
mechanism of thermal seizures and failure behavior in GFTB [22], demonstrating that an
additional forced cooling flow can effectively prevent thermal failure. However, these
studies focused only on the effects of boundary pressure and additional forced cooling
flow on fluid-thermal-structure performance. Comprehensive parametric studies on GFTB
performance are yet to be completed for obtaining more accurate results.

In this study, we present a comprehensive 3D TEHD model of GFTB based on the
FTSI approach to investigate the impact of bump foil configurations on GFTB performance.
Variation in fluid properties of gas film, bump interaction and top foil sagging are taken
into consideration. The paper is organized as follows. Firstly, a description of the compu-
tational domains and boundary conditions used in the model is presented. Secondly, the
experimental test and model validation is conducted to ensure its accuracy and reliability.
Finally, load capacity and thermal characteristic of GFTBs with four different bump foil
configurations are analyzed.

2. Numerical Method and Experimental Validation

2.1. Description of GFTB and Bump Foil Configurations

The general GFTB structure used in this study is shown in Figure 1a. The bearing
consists of six pads, with a pad angle of 60◦ and a top foil angle of 45◦. The remaining space
is utilized for welding and accommodating manufacturing errors. The specific structure
of GFTB is shown in Figure 1b. Each pad comprises a top foil, a single bump foil and a
spacer. The spacer is responsible for controlling the ramp height of the GFTB. The top foil
is securely attached to the spacer through spot welding and further connected to the back
plate through spot welding as well. The bump foil is also spot-welded to the back plate.
The installation position of the bump foil is determined through bearing design, and its
geometry is based on the specifications outlined in [23]. The geometric details and material
properties of the GFTB are shown in Figure 1c and summarized in Table 1. Due to the
deformation of the foil structure, the film thickness varies across the flat surface of the
bearing. For the sake of convenience in research, the nominal clearance is used to describe
the bearing capacity. The nominal clearance is defined as the distance between the thrust
collar surface and the top foil (undeformed).

Table 1. Dimensions and material properties of GFTB.

GFTB Parameters Value

GFTB outer radium (mm), Ro 40
GFTB inner radium (mm), Ri 20

Pad angle (deg), α 60
Foil angle (deg), β 45

Ramp height (mm), hRamp 0.11
Ramp area ratio 0.32

Top foil thickness(mm), TF 0.10
Bump foil thickness (mm), tBump 0.10

Bump foil pitch (mm), SBump 3.17
Bump foil height (mm), hBump 0.51

Foil Poisson’s ratio, ν 0.29
Foil Young’s modulus, E 209 GPa
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Figure 1. Schematic diagram of GFTB structure. (a) GFTB structure; (b) one GFTB pad; (c) variables
describing of one GFTB pad.

In order to investigate the impact of bump foil configuration on GFTB performance,
four different bump foils are designed and labeled as bearing 1 to 4, as illustrated in
Figure 2. All four configurations share the same bump foil shape parameters, as detailed
in Table 1. In bearing 1 and 3, the bump foil is fixed on the leading edge of the flat area,
while in bearing 2 and 4, it is fixed on the trailing edge. Additionally, bearing 1 and 2 have
a single-piece bump foil, whereas in bearing 3 and 4, the bump foil is divided into three
independent, same-width strips.

 

Figure 2. Four bump foil configurations of GFTB.
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2.2. Computational Mode and Boundary Conditions

In this study, the commercial software ANSYS is utilized for simulation purposes.
Figure 3 illustrates the information exchange process between the solvers of the TFSI ap-
proach. The calculation procedure is as follows: Firstly, the Computational Fluid Dynamics
(CFD) solver calculates the hydrodynamic pressure and temperature data on the coupling
surface. These data are then transferred to the structural model. Next, the Finite Element
Method (FEM) solver evaluates the node displacement and heat flux of the foil structure.
These results are sent back to the fluid model. Within each coupling iteration steps, both
the CFD solver and FEM solver undergo multiple sub-iterations to achieve a convergence
in their respective domains. Once the convergence requirements are met, the calculation
proceeds to the next coupling iteration step. This process continues until the desired results
are obtained.

 

Figure 3. Computer solution flow of TFSI.

The governing equations are presented as follows. The continuity equation is written as:

∂ρ

∂t
+∇·(ρU) = 0 (1)

where the ρ and U are the density and velocity vector, respectively.
The momentum equation is written as:

∂(ρU)

∂t
+ ρU·(∇U) = −∇P −∇·τ+ Fe (2)

where P is the pressure, τ is the stress tensor and Fe is the external force.
The energy equation in fluid domain is written as:

∂
(
ρcpT

)
∂t

+∇·(ρUcpT
)
= −∇·

(
λ f∇T

)
+ Qe (3)

where cp is the specific heat capacity, T is the absolute temperature, λ f is the fluid thermal
conductivity and Qe is the external heat source.

The energy equation in the structure domain is written as:

∇·(λs∇T) = 0 (4)

where λs is the structure thermal conductivity.
The fluid is treated as the ideal gas, and the physics of hydrodynamic film in the fluid

domain is described by the Reynolds-averaged Navier–Stokes equations. Second-order
upwind space discretization is employed for the spatial discretization, and second-order
backward Euler discretization is applied for the temporal discretization. The k-ω based SST
turbulent model is employed and validated to achieve more accurate simulated results [24].
As shown in Figure 4, the boundary condition for the inner and outer diameter surfaces
of the fluid domain are set to “opening” to allow the bearing to entrain the ambient gas
from the outside. A no-slip and moving wall boundary at a constant angular velocity is
applied to the surface of the thrust disk. The thrust disk is treated as a thermal convection
boundary, but its thermal convection coefficient is determined using a forced convection
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model [22]. Additionally, a stationary no-slip wall boundary condition is adopted for the
coupling surface. The model incorporates rotational periodicity boundary conditions at
both ends of the domain sector to simulate the entire bearing in the fluid domain.

 

Figure 4. Fluid computational domain (the film thickness is stretched 10 times).

In the structure model, hexahedron solid element 185 is used to accurately represent
the GTFB foils, with each foil consisting of two layers of solid elements. To establish the
contact model within the foil structure, contact 174 elements and target 170 elements are
employed. The augmented Lagrange method is utilized to determine the contact status
and frictional forces between the foils and back plate. The contact and friction equations
are written as:

FN = FKN·KN ·Δ + λ0 (5)

fT = μ f ·FN (6)

where FN is the normal contact force, FKN is the normal contact stiffness factor, KN is the
normal contact stiffness, Δ is the penetration tolerance, λ0 is an additional term reducing
the sensitivity of the normal contact force to the normal contact stiffness, fT is the tangential
friction force and μ f is the friction coefficient.

The normal contact stiffness factor is set to 0.1 for better convergence, as a large
deformation effect is active in the simulation. The friction coefficient between the foils and
back plate is set to 0.1 according to previous studies [25,26]. Since the simulation considers
the contact status and frictional forces, the structure model exhibits highly nonlinear
behavior. Therefore, the full Newton–Raphson solution is employed to solve the structure
model. As Figures 1b, 2 and 5 showed, the spacer and back plate are treated as fixed rigid
bodies, while the fixed edges of the foils are set as fixed boundaries. A natural convection
model is used to calculate the thermal convection coefficient of the foil surface. The contact
region is set as a thermal contact boundation. The remaining surfaces of the foil structure,
the spacer and the back plate are treated as thermal convection boundaries, and a natural
convection model is utilized to calculate the thermal convection coefficient. The thrust disk
is also treated as a thermal convection boundary, but its thermal convection coefficient is
determined using a forced convection model [22]. The ambient gas is the ideal gas of 25 ◦C
and 1 atm. The model also incorporates rotational periodicity boundary conditions at both
ends of the domain sector to simulate the entire bearing in sturcture domain. The detailed
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boundary conditions are listed in Table 2. In additional, the initial temperature of both the
fluid domain and structure domain is 25 ◦C, and the initial gas pressure is 1 atm.

Figure 5. Structure computational domain of bearing 1.

Table 2. Detailed boundary conditions.

Boundary Type Part Boundary Condition

Opening Inner and outer diameter surfaces of the
fluid domain

Ambient temperature T0 = 25 ◦C,
ambient press p0 = 1 atm

Moving no-slip wall Thrust disk
Rotational speed v = 30, 000 rpm, forced

thermal convection coefficient
λ f c = 84 W/

(
K·m2)

Rotational periodicity Both ends of the fluid and structure
domain sector

Fluid–solid interface Top foil surface
Top side of back plate

Transfer pressure, displacement,
temperature and flux

Solid–solid interface Top foil and bump foil
bump foil and back plate

Contact and friction,
solid thermal conductivity coefficient

λs = 16.9 W/(K·m)

Fixed Fixed edges of top foil and bump foil Fixed, solid thermal conductivity
coefficient λs = 16.9 W/(K·m)

Free wall Underside of top foil
bump foil

Unconstrained,
natural thermal convection coefficient

λ f n = 12 W/
(
K·m2), ambient

temperature T0 = 25 ◦C, ambient press
p0 = 1 atm

Fixed wall Back plate
Spacer

Fixed, rigid body,
natural thermal convection coefficient

λ f n = 12 W/
(
K·m2), ambient

temperature T0 = 25 ◦C, ambient press
p0 = 1 atm

In this paper, the structured meshes are used for all fluid and structure domains. The
determination of grid independence is based on the load capacity as the criterion. As
Figure 6 showed, the number of meshes is increased until the load capacity converges. For
the fluid domain, a mesh number of 1.2 million is selected, while for the structure domain,
it ranges from 30,000 to 33,000 depending on the specific bump foil configuration, and
Figure 7 illustrates the part of structure mesh for bearing 1. To ensure convergence, the
RMS residual value in the fluid domain is set to 1 × 10−5. Additionally, a coupling data
transfer convergence target of 0.01 is set to guarantee accurate calculations within each
coupling iteration step. A workstation with 64 cores is used for computations, and each
simulation case requires approximately 40 h of computational time.
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Figure 6. Mesh independence test of bearing 1. (a) Fluid domain. (b) Structure domain.

 

Figure 7. Part of structure mesh for bearing 1.

2.3. Experimental Validation

To validate the efficacy of the computational model, a GFTB test rig was designed
and experiments were conducted. As illustrated in Figure 8a, the left side of the rig
accommodates the drive unit. The thrust disk is mounted on a high-speed motor, and the
speed is adjusted using a frequency converter. On the right side of the test rig, the loading
and measurement components are situated. The test GTFB is installed on the bearing
housing and connected to the bearing housing shaft. The shaft is supported by two gas
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hydrostatic bearings with different diameters, which facilitate minimal resistance in shaft
movement and rotation. This setup allows for highly accurate drag torque measurements.
The drag torque is measured using a force transducer, and a torque measuring rod is
installed on the side of the bearing housing to connect with the force transducer. Figure 8b
illustrates that the load is adjusted by regulating the pressure in the pressure chamber.
The adjustment of the load is expressed by high-pressure air ejected from gas hydrostatic
bearing nozzles, which form hydrostaic gas film between the gas hydrostatic bearing
surface and the bearing housing shaft surface. Some of the air escapes to the external
atmosphere through the bearing clearance, while the rest enters the pressure chamber along
the bearing clearance. The pressure chamber is connected to the external atmosphere via a
pressure regulator. The piston surface of the bearing housing shaft is designed with two gas
hydrostatic bearings of different diameters. Consequently, an increase in pressure within
the pressure chamber leads to an increase in the load acting on the piston surface.

Figure 8. Test system for GFTB. (a) 3D model; (b) load part; (c) the photo of test rig.

Bearing 1 was selected for the model validation, and the actual bearing 1 is depicted
in Figure 9. The numerical results of the drag torque, obtained at a rotational speed of
30,000 revolutions per minute (rpm), were compared with the experimental results in Figure 10.
The numerical results exhibit a good agreement with the experimental data for thrust loads
below 60 N. However, a notable disparity in drag torque suddenly emerges at higher thrust
loads, which can be attributed to the rubbing contact between the top foil and the thrust
disk during the test [10,27]. The maximum thrust load tested can be considered as 72 N,
since the test drag torque increases significantly when the thrust load exceeds this value.
Additionally, the maximum-tested thrust load closely approximates the predicted thrust
load at the nominal thickness of 5 μm. This observation demonstrates the reasonableness
of predicting the maximum load at a minimum film thickness of 5 μm [5,28,29]. Hence, the
model is deemed valid for predicting the performance of the GFTB.
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Figure 9. The photo of test GTFB.

Figure 10. Comparison between numerical and experimental results of drag torque with different
thrust loads.

3. Results and Discussion

3.1. Load Capacity

Figure 11 illustrates the load capacity of GFTBs at a rotational speed of 30,000 rpm
for four different bump foil configurations. It is apparent that the chosen bump foil
configurations have a significant impact on the bearing performance. Specifically, when the
nominal clearance is below 10μm, bearings with the bump foil fixed at the pad trailing edge
(bearing 2 and 4) exhibit a higher load capacity compared to bearing 1 and 3. According
to the above section, the minimum nominal clearance of the gas film in this study is set
at 5 μm. Table 3 presents the maximum values of bearing capacity loss at the nominal
clearance of 5 μm. The results demonstrate a 20.8% increase in the maximum load capacity
of bearing 3 compared to bearing 1. Moreover, bearing 2 shows an even more substantial
improvement with a 33.5% increase in maximum load capacity. In contrast, when compared
with bearing 4, bearing 3 experiences a decrease of 11.4% in the maximum load capacity,
whereas the decrease in bearing 2 is minimal at only 2.1%. Thus, it can be concluded
that the fixed position of the bump foil significantly influences the load performance of
GFTBs. Furthermore, the impact of independent bump foil strips on static performance is
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closely related to the fixed position of the bump foil. For GTFBs with the bump foil fixed
at the leading edge (bearing 1 and 3), the use of independent bump foil strips leads to a
substantial improvement in load capacity. However, in the case of the bump foil fixed at
the trailing edge (bearing 2 and 4), splitting the bump foil into several strips results in a
weaker enhancement of the load capacity.

Figure 11. Load capacity of bearing 1–4 with different nominal film thickness.

Table 3. Maximum load capacity of bearing 1–4 at the nominal clearance of 5 μm.

Bearing Number
Maximum Load

Capacity (N)
Difference from

Bearing 1
Difference from

Bearing 4

Bearing 1 70.0 −26.7%
Bearing 2 93.5 33.5% −2.1%
Bearing 3 84.6 20.8% −11.4%
Bearing 4 95.5 36.4%

To further explore the underlying mechanism behind these findings, Figure 12 show-
cases the pressure distribution on the thrust disk at the minimum nominal clearance for the
four bearings. A consistent color scale is used for the pressure distribution across all four
configurations, with the maximum pressure value of the gas film serving as the upper limit.
It is observed that all four bearings exhibit pressure blocks resembling “tiger stripes”, which
are caused by the sagging of the top foil between adjacent bumps. Bearing 1 and bearing
3 display a spiky pressure distribution, while bearing 2 and bearing 4 feature a plateau-like
pressure distribution. This leads to a substantially larger high-pressure area in bearing
2 and bearing 4 compared to bearing 1 and bearing 3, resulting in higher load capacity.
Regarding the impact of independent bump foil strips, it is notable that the maximum
pressure in bearing 1 is significantly smaller than that in bearing 3. On the other hand,
the maximum pressure and high-pressure area in bearing 2 exhibit minimal differences
compared to bearing 4. This clearly indicates that the effect of independent bump foil strips
on bearing capacity is contingent upon the fixed position of the bump foil.
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Figure 12. Pressure distribution at the minimum nominal clearance on the thrust disk of bearing 1–4.

The gas film thickness distribution along the circumferential direction at the minimum
nominal clearance is presented in Figure 13. The analyzed section radius within the high-
pressure area is 32 mm. Based on extensive literature and practical knowledge, it is widely
acknowledged that the bump stiffness at the fixed end is greater than at the free end [10,30].
When the bump foil is fixed at the pad leading edge, as observed in bearing 1 and bearing 3,
the thinnest film occurs at the beginning of the flat area. Furthermore, the film thickness
of the flat area exhibits an overall increasing trend with the angle. Consequently, the
high-pressure region in bearing 1 and 3 is primarily concentrated at the leading portion of
the flat area due to the diverging gas film. In contrast, bearing 2 and bearing 4 display a
converging gas film towards the trailing edge. This configuration causes the high-pressure
area to extend and cover most of the flat area. Therefore, for optimal load capacity and a
converging gas film, it is recommended to fix the bump foil at the trailing edge [28,30,31].

3.2. Thermal Characteristic

The power loss resulting from shear stress in the fluid film serves as the heat source in
the computational model and significantly impacts the temperature distribution. Figure 14
shows the power loss of GFTBs with four distinct bump foil configurations. As the nominal
film thickness decreases, the power loss of all bearings increases, with a more drastic
increase when the thickness approaches the minimum film clearance value. This can be
attributed to the intensified hydrodynamic effect of the fluid film when the nominal film
thickness decreases, leading to an increase in shear stress. The relationship between load
capacity and power loss is shown to be linear in Figure 14b. Bearing 1 exhibits the highest
slope, while bearing 4 displays the lowest slope. Under the same load capacity, bearing
2 and bearing 4 experience significantly smaller power loss compared to bearing 1 and
bearing 3. This indicates that fixing the bump foil at the trailing edge, along with splitting
it into multiple strips, can effectively reduce power loss and enhance GFTB efficiency.
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Figure 13. Gas film thickness distribution at a radius of 32 mm of bearing 1–4. (a) Bearing 1.
(b) Bearing 2. (c) Bearing 3. (d) Bearing 4.

Figure 14. Power loss of bearing 1–4. (a) Relation to the nominal film thickness. (b) Relation to the
load capacity.
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Figure 15 showcases the foil temperature distributions of GFTBs featuring four differ-
ent bump foil configurations at the minimum nominal clearance. In the radial direction, all
bearings exhibit a gradient distribution of the temperature. The outer diameter position,
characterized by a higher linear speed, experiences significantly higher temperatures com-
pared to the inner diameter position, owing to the positive correlation between shear stress
and speed.

Figure 15. Temperature distribution of bearing 1–4.

In the circumferential direction, all four bearings display “tiger strip” high-temperature
blocks, resulting from thermal contact between the top foil and bump foil. The highest
temperature regions are located at the outer diameter positions of the trailing edge, consis-
tent with previous research findings [21,32]. Table 4 presents the thermal characteristics of
the four bearings. The average temperature of the top foils shows a positive correlation
with power loss among all bearings. Bearing 1, with the lowest power loss, exhibits the
lowest average temperature of the top foil. However, when considering the maximum
temperature of the top foil, there are some differences. Bearing 4, despite not having the
lowest power loss, experiences the lowest maximum temperature of the top foil.
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Table 4. Thermal characteristic at the minimum nominal clearance of bearing 1–4.

Bearing
Number

Maximum
Temperature of

Top Foil (◦C)

Average
Temperature of

Top Foil (◦C)
Power Loss (W) Leakage (mg/s)

Bearing 1 167.16 153.87 56.99 57.59
Bearing 2 185.37 168.26 60.15 59.01
Bearing 3 186.42 170.34 63.33 57.69
Bearing 4 166.14 160.14 59.04 59.48

To explain this phenomenon, the leakage of the fluid film is analyzed. Figure 16
illustrates that most ambient air enters the fluid film through the inner and outer diameter
surfaces in the groove region, with outflow occurring mostly in the ramp area and flat
area. As both ends of the fluid domain are set as rotational periodicity boundaries, the
inflow and outflow solely take place through the inner and outer diameter surfaces. Thus,
the outflow is considered as leakage since it matches the inflow. Comparing bearing 4
to bearing 1 in Table 4, it is observed that bearing 4 exhibits more significant leakage,
leading to more heat transfer from the fluid film to the ambient air. As a result, it displays a
lower maximum temperature of the top foil. This finding suggests that fixing the bump
foil at the trailing edge and splitting it into several strips can reduce the risk of bearing
thermal failure.

Figure 16. Flow trend of opening boundary.

4. Conclusions

In this study, a comprehensive 3D THED model of GFTB is established based on the
FTSI approach to investigate the impact of bump foil configurations on GFTB performance.
The model is validated using experimental results, considering factors such as frictional
contact, bump interaction, tap foil sagging, and temperature effects. The load capacity and
thermal characteristics of GFTBs with four different bump foil configurations are examined,
leading to the following main conclusions:

(1) The 3D THED model of GFTB based on the FTSI approach is valid for the GFTB
performance prediction.

(2) Fixing the bump foil at the trailing edge improves the load capacity.
(3) The influence of independent bump foil strips on load depends on the position where

the bump foil is fixed. When the bump foil is fixed at the trailing edge, splitting it into
several strips only slightly enhances the load capacity.
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(4) To reduce power loss and minimize the risk of bearing thermal failure, it is recom-
mended to fix the bump foil at the trailing edge and split it into multiple strips.

This study not only provides design guidance for the present GFTB, but also demon-
strates an advanced tool to design and predict the performance of future generations of
GFTB.
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Abstract: In order to solve the problem that it is difficult for a single sensor to accurately characterize
the running state of rotating bearings under complex working conditions, this paper proposes a data-
level fusion method based on multi-source isomorphic sensors to monitor spindle bearings. First, new
vibration signals in the X,Y,Z direction were obtained through the process of decomposing, de-noise,
and reconstructing. Second, the PCA algorithm was used to select the time-domain and frequency-
domain features of the vibration signals, construct the feature matrix, and perform dimensionality
reduction in the feature matrix. Finally, the entropy weight method was introduced to obtain the
initial weights of the three directions as the inputs of the adaptive function. The chaotic particle swarm
optimization algorithm proposed in this paper helps particles jump out of the local optimum. Chaotic
mapping is used to initialize the velocity and position of the particles, which calculates globally
optimal weights in three directions. In order to extract bearing signal features more accurately and
efficiently, a DenseNet and Transformer (DAT) feature extraction model is proposed to deal with the
complex changes and noise interference of bearing signals. Through the open data set of Jiangnan
University and the data collected by our own experimental platform, the maximum accuracy of the
DAT model was verified to be 100%.

Keywords: multi-source; entropy weighting; chaotic particle swarm optimization algorithm; data-level
fusion; feature extraction

1. Introduction

Machine tools are important and necessary instruments in the equipment manufac-
turing sector. The spindle, which is the machine tool’s core component, determines its
precision and productivity. Bearing assembly precision and performance are critical because
they determine the spindle’s running condition and performance, which influences the
machine tool’s overall machining quality and effectiveness. [1–3]. To forecast the dynamic
performance of the bearing-rotor system, Ma S et al. [4] developed a dynamic model based
on SFBE. By describing SFBE-specific physical properties, this model provides real-time
coupling and the synchronous solution of bearing and rotor models. Fang B et al. [5] pro-
posed a generalized mathematical model of DR-ACBB under three different configurations
to study the variation rule of nonlinear stiffness. It resulted in the skewed running of bear-
ings in the service, which can very easily cause bearing failures. This is due to long-term
service in harsh environments such as variable loads, high temperatures, and impacts, as
well as under the influence of factors like manufacturing errors, assembly accuracy, and
human operation errors. Relying on mathematical models alone is limited and no longer
allows for the complete condition characterization of bearings. To ensure the safe operation
of machine tools and to boost production, the reliable and effective real-time condition
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monitoring of bearings is crucial [6]. Machine learning has developed into a very powerful
classification tool with the advancement of computer technology. Machine learning can
delve deeper into potentially advantageous information in data since computers can handle
enormous amounts of data [7,8]. Traditional shallow machine-learning techniques do have
some limitations. These techniques usually require a lot of prior knowledge, which makes
selecting and extracting features challenging [9,10].

End-to-end deep learning methodologies have been increasingly brought into the field
of fault diagnosis in recent years as a result of the impact of the artificial intelligence (AI)
wave. Deep learning techniques, as opposed to conventional approaches, offer fresh per-
spectives and opportunities for defect detection research by automatically learning feature
representations and eliminating inevitable ambiguities in the manual feature extraction
process [11]. One of these representative deep learning methods, the convolutional neural
network (CNN), is a subclass of the feed-forward neural network that includes convolutional
computation and has a deep structure [12]. This algorithm is capable of representational
learning and can categorize input data according to its hierarchical structure in a translation-
invariant manner. Janssens [13] suggested a three-layer CNN model for bearing defect
identification based on vibration signals. Prior to training the model and feeding data into
the network model, these data were discretely Fourier-converted. Gu [14] suggested that the
1-DCNN and LSTM two channels be fed raw vibration signals to fuse feature information
in both the temporal and spatial dimensions, thereby classifying the bearing problems.
Zhang et al. [15] proposed a method to monitor the uneven operating conditions of bearings
based on a two-channel fusion of the improved DenseNet network, which realizes the fusion
of features in the frequency domain and the time-frequency domain. This method addresses
the issue that traditional bearing fault diagnosis methods are insufficient to extract key
features under strong noise and variable loads. Aiming at the above references, the feature
extraction model in this article introduces DenseNet and Transformer modules to improve
this model’s ability to deal with complex working conditions.

The multi-sensor measurement and sensing system is a complex information process-
ing system that integrates target measurements, data processing, and information fusion. It
is widely used in the fields of industrial system monitoring [16], fault diagnosis [17], spatial
localization [18], and environmental observation [19]. Among them, at the data level, the
fusion of homologous and homomorphic multi-sensor sensing sequences is one of the key
elements of this system. By fusing data from multiple sensors, the accuracy and reliability of
information can be improved, and then more accurate measurement and sensing results can
be realized, which provides important support for achieving efficient data processing and
decision making [20]. In the field of intelligent manufacturing, data fusion technology effec-
tively improves people’s processing ability and utilization efficiency of industrial big data,
where multi-source data have the characteristics of comprehensively describing the target
alongside complementary data, and its fusion operation can improve the decision-making
credibility and anti-interference ability of the model, reduce the redundancy existing in
multi-source data, and reduce the waste of storage resources [21].

Data fusion methods of multi-source homogeneous sensors have been introduced to
comprehensively characterize the operating state of rolling bearings because it is challeng-
ing for a single sensor to accurately characterize the operating state of machine tool spindle
bearings under complex working conditions. Common fusion methods for homogeneous-
and homogeneous-type multi-sensor sensing sequences include the weighted averaging
method [22,23], Bayesian estimation [24], maximum likelihood estimation [25], Kalman
filtering [26], neural network [27] and fuzzy logic [28]. Among these, the weighted average
method is suitable for data layer fusion, but the distribution of weights has a significant
impact on the fusion effect [22]. Bayesian estimation, maximum likelihood estimation, and
other statistical methods require a priori knowledge of the target object. Kalman filtering
requires that the system model and statistical characteristics of noise are known, and it
cannot deal with the problem of adding new sensors. Neural network-based methods
require training and learning, and their applicability is affected by the number of input
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dimensions and the number of neurons and cannot handle input source variations. Fuzzy
C-mean clustering-based methods are computationally straightforward [28], do not require
a priori knowledge and model limitations, and can be applied online, but their results
depend on the precise estimation of the number of clusters. Neural network-based methods
require training and learning, and their applicability is affected by the number of input
dimensions and neurons and cannot handle input source variations.

Su [29] proposed a homogeneous multi-sensor online fusion method based on im-
proved fuzzy clustering and the aforementioned analysis. This method uses a robust fuzzy
clustering method that introduces noise classes to analyze multiple sources of data simulta-
neously and does not depend on the number of clusters set in the traditional fuzzy clustering
fusion method. A multi-sensor data fusion approach based on an adaptive weighting al-
gorithm was proposed by Tang [30]. This method fuses signals from several sensors using
an adaptive weighting algorithm and then uses a Kalman filtering algorithm to decrease
noise in the output. In their algorithm, Cai et al. [31] combined measurement data prepro-
cessing with improved batch estimation adaptive and weighted data fusion, introducing
environmental factors and enhancing the batch estimation algorithm to determine the ideal
monitoring value of individual sensors, and realizing adaptive weighted data fusion in
accordance with the principle of optimal weight allocation. Zhu et al. [32] proposed a multi-
sensor data fusion algorithm based on wavelet noise reduction and adaptive weighting to
address the issues of large error, conflict, and redundancy in the multi-node data acquisition
of greenhouse environmental information. The proposed algorithm processed the collected
data through wavelet noise reduction to make it have good smoothness and stability and
fused multi-sensor data using the adaptive weighting algorithm. With the guidance of the
above literature, this article constructs a fusion algorithm based on weighted fusion, which
is based on the entropy weighting method and chaotic particle swarm search.

In conclusion, this paper proposes a data-level fusion method based on multi-source
isomorphic sensors to monitor the running state of rolling bearings and constructs a DAT
feature extraction model for the deep feature extraction of fused data to detect this bearing’s
service state. It is challenging for a single sensor to accurately characterize the service
state of machine tool spindle bearings under complex working conditions. In order to
improve the accuracy, reliability, coverage, time-domain continuity, and consistency of data,
as well as the fault tolerance and robustness of the system, a data-level fusion method with
multi-source isomorphic sensors is proposed to monitor the operational status of rolling
bearings. We created the DAT deep learning model (DenseNet and Transformer, DAT),
which introduces the serial combination of DenseNet and Transformer modules to enable
feature reuse and improve the model’s capacity for handling time-series data, enabling
more sophisticated feature extraction and transformation.

2. Relevant Theoretical Approaches

2.1. Wavelet Packet Denoising

Wavelet packet decomposition is substantially more effective than wavelet analysis’s
capacity to analyze signals since it decomposes both the high- and low-frequency portions
of the signal. As seen in Figure 1, the following is an illustration of a four-layer wavelet
packet decomposition, with a denoting the low-frequency portion and b denoting the
high-frequency portion [33].

Figure 1. Four-layer wavelet packet decomposition.
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In wavelet packet decomposition, μ0 = ϕ(t), μ1 = ψ(t) where ϕ(t) and ψ(t) denote
the scale function and wavelet function, respectively, and {hn}n∈Z and {gn}n∈Z denotes
the low-pass and high-pass filters, respectively; a set of functions known as wavelet packets
can be defined by μ0, μ1, h, g at a fixed scale:

μ2n(t) =
√

2∑
k

hkμn(2t − k) (1)

μ2n+1(t) =
√

2∑
k

gkμn(2t − k) (2)

where μn, n = 0, 1, 2, . . . n. is called the wavelet packet and is determined by the orthogonal
scale function μ0 = ϕ(t).

A noisy signal is provided as follows:

s = x + n (3)

where s is the measured noise signal, x is the original signal, n is the noise, and the essence
of signal denoising is to estimate the original signal x based on the detected noise signals.
The corresponding wavelet packet threshold denoising steps are as follows.⎧⎪⎨⎪⎩

y = W(s)
∼
y = D(y, λ)
∼
x = W

(∼
y
) (4)

where W and W denote the wavelet packet transform and its inverse, respectively, λ is the
threshold, and D is the signal thresholding denoising process.

SNR = 10lg

[
∑n x2(n)

∑n(x̂(n)− x(n))2

]
(5)

RMSE =

√
1
n∑n[x̂(n)− x(n)]2 (6)

In this formula, SNR represents the signal-to-noise ratio, which is the ratio of the
energy of the useful signal to the energy of noise; the larger the SNR is, the smaller the
noise mixed in the measured signal is. RMSE represents the root mean square error, which
is the root mean square error between the signal after reconstruction and the original signal,
and the smaller this value is, the better the de-noising effect is; x̂(n) is the signal with noise,
and x(n) is the original signal.

The original vibration signal can be decomposed to a maximum of 15 layers. After
comparing the signal-to-noise ratio and the root mean square error of the various layers,
the decomposition of the wavelet packet after four layers was selected. Too many layers
result in the loss of actual useful information, and too few layers are not able to play a role
in improving the signal-to-noise ratio.

2.2. Entropy Weighting Method

The entropy weight method is a multi-criteria decision analysis method that realizes
the comprehensive evaluation of each indicator by calculating the entropy value and weight
of the indicator. This method does not need to standardize the data and is suitable for
situations where each indicator has a different scale and a different direction. The core idea
of the entropy weighting method is that the smaller the entropy value of an indicator is, the
more informative it is, and the greater the impact on the comprehensive evaluation it has;
the weight of the indicator is calculated according to the proportion of the entropy value of
each indicator [34], and the features extracted in this paper are shown in Table 1.
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Table 1. Feature extraction.

Feature Classification Feature Extraction

Time domain features

Maximum value, minimum value, peak-to-peak value, average
value, absolute average value, root mean square, variance,

standard deviation, steepness, skewness, peak factor, waveform
factor, pulse factor, margin factor

Frequency domain features Mean frequency, mean square frequency, root mean square
frequency, frequency variance, frequency standard deviation

By extracting the time-domain and frequency-domain features of the original signal,
the matrix can be defined X =

{
Xij

}
, where i is the number of sensors, i = 1, 2, . . . , n; j

is the number of feature indicators, j = 1, 2, . . . , m; and then the feature matrix can be
expressed as:

X =

⎡⎢⎢⎢⎣
X11 X12 . . . X1m
X21 X22 . . . X2m

...
...

. . .
...

Xn1 Xn2 . . . Xnm

⎤⎥⎥⎥⎦ (7)

The weight of the j-th feature indicator under the i-th sensor is as follows:

Pij =
Xij

∑N
i=1 xij

(8)

The entropy value under the i-th sensor can be calculated as shown below:

Hi = − 1
ln N ∑N

i=1 Pijln Pij (9)

where Pij ln Pij is considered to be 0 if Pij = 0.
The weight of the i-th sensor can be calculated as follows:

Wi =
1 − Hi

n − ∑n
i=1 Hi

(10)

2.3. Principle of the PCA Downscaling Algorithm

PCA (Principal Component Analysis) is a commonly used data dimensionality re-
duction method, which can reduce high-dimensional data into a low-dimensional space
while trying to retain the information of the data [35]. The PCA dimensionality reduction
algorithm flow of this paper is shown in Figure 2.

2.4. Chaos Mapping

The basic idea of the chaotic optimization algorithm is to map chaotic variables from
a chaotic space to a solution space and then search for this using the characteristics of
chaotic variables with traversability, randomness, and regularity. The chaotic optimization
algorithm has the characteristics of not appearing sensitive to the initial value, it is easy to
jump out of the local minima, and has a fast search speed, high computational accuracy, and
global asymptotic convergence. Chaotic sequences commonly used in the field of group
intelligence mainly include Logistic mapping, PWLCM mapping, Singer mapping, Sine
mapping, etc., and in this method, Logistic mapping was chosen to optimize the particle
swarm algorithm [36].

Logistic mapping is implemented as follows:

zk+1 = μzk(1 − zk) (11)

where z0 /∈ {0, 0.25, 0.5, 0.75, 1.0}, μ ∈ [0, 4].
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Figure 2. Flowchart of PCA dimensionality reduction algorithm.

2.5. Particle Swarm Optimization Algorithm

Weighted data fusion refers to the statistical analysis of multi-sensor data in different
times and spaces and then using relevant mathematical methods or practical experience
to assign different weights to different sensing data and obtain data fusion values. This
includes the weighted average method, Kalman filter, and artificial neural network method.
Weighted data fusion aims to obtain a better representation of the features of multi-source
data. Weighted data fusion is the fusion of sensor data according to a certain weight,
which sets the sensor observation value at ai, i = 1, 2, . . . , n, where each sensor weighting
coefficient is set to wai , i = 1, 2, . . . , n to obtain fused data:

Y = ∑n
i=1 wai ai (12)

In order to implement the distribution of adaptive weight coefficients among sensor
observations, the particle swarm optimization technique and the entropy weight method
were introduced in this research. The chaotic mapping algorithm is used to optimize the
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particle swarm algorithm because it helps particles jump out of the local optimum and
speeds up convergence, which addresses the issue that the particle swarm optimization
algorithm is prone to premature convergence to the local optimum and slow convergence
at later stages of iteration. This particle’s fundamental formula for updating its position
and velocity is:

Xi = (xi1, xi2, . . . , xiD), i = 1, 2, . . . , N (13)

Vi = (vi1, vi2, . . . , viD), i = 1, 2, . . . , N (14)

vij(t + 1) = wvij(t) + c1r1(t)
[
pij(t)− xij(t)

]
+ c2r2(t)

[
pgi(t)− xij(t)

]
(15)

xij(t + 1) = xij(t) + vij(t + 1) (16)

where i = 1, 2, . . . , N denotes the number of particle swarms; j denotes the dimension, Pij
denotes the j-th dimension of the individual extreme value of the ith particle; Pgj denotes
the j-th dimension of the global optimal solution; t denotes the number of iterations of the
particle swarms; w is the inertia factor, which is generally taken as the value of 0.5–0.8, and
denotes the strength of the algorithm’s global optimization seeking ability; and c1, c2 is the
learning factor, which is generally taken as the value of 0–4.

2.6. Comparison of Fusion Effect
2.6.1. Improved Chaotic Particle Swarm Optimization Algorithm

Mainly in the particle swarm optimization algorithm, chaotic mapping and the entropy
weighting method are introduced to achieve the adaptive weighted fusion of vibration
signals in the X, Y, and Z directions so that fused signals can characterize more features, the
specific process of which is shown in Figure 3.

The specific implementation steps of the improved chaotic particle swarm optimization
algorithm are as follows: (where the observation of the sensor is defined as ai, i = 1, 2, . . . , n.
The weighting coefficient of the sensor is also set to wai , i = 1, 2, . . . , n.)

(1) Obtaining the original vibration signals: load the original vibration signals in the X, Y,
and Z directions to obtain three vectors of length N.

(2) Wavelet packet denoising: 4-layer wavelet packet denoising is performed on the
loaded signal to obtain the reconstructed signal in the x, y, and z directions.
ai, i = 1, 2, . . . , n.

(3) Divide the samples: each vector is randomly divided into 200 samples of length
1024 to obtain 600 samples, which are then stored in a 600 × 1024 matrix.

(4) Entropy weighting method to extract time domain and frequency domain features: for
each sample, 14 time domain features and 5 frequency domain features are calculated
to obtain a 19-dimensional feature vector. For all 600 samples, a 600 × 19 feature
matrix is formed.

(5) The obtained feature matrix is downscaled using the PCA downscaling algorithm,
and the first three principal components are selected according to the contribution
rate, constituting a brand new feature matrix of 600 × 3. This matrix is normalized,
and the weight of the feature matrix is calculated using the entropy weight method.

(6) Chaotic particle swarm optimization algorithm: the initial positions and velocities
of the particles are optimized using the Logistic chaotic mapping search algorithm,
and the fusion weights are iteratively updated using Shannon’s direct as the fitness
function. According to the optimization results, the optimal fusion weights of the
vibration signals in three directions are obtained, wai , i = 1, 2, . . . , n. The number
of particles is set to 20, the maximum number of iterations for the particle swarm
optimization algorithm is set to 50, and the number of iterations of the chaotic mapping
is set to 30.
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(7) Data fusion: according to the optimal weights, the vibration signals in the three
directions are weighted and fused, and the fused data are obtained and saved as a
new data set, which is biased and calculated afterward.

Q = wa1a1 + wa2a2 + · · ·wanan (17)

where Q is the fused vibration signal.

 

Figure 3. Improved chaotic particle swarm optimization algorithm.

2.6.2. Comparison of Algorithm Fusion Effects

The particle swarm optimization algorithm is primarily used for the adaptive weighted
fusion of vibration sensor data in the X, Y, and Z directions to assign the weight coefficients
in three directions; therefore, the fused data can more thoroughly and better characterize the
effective features of bearings in different states. The comprehensive indexes are primarily
established for the analysis of the data-level fusion effects of the following four schemes:

Scheme I: particle swarm optimization (PSO)
Scheme II: particle swarm optimization + entropy weight method (CPSO-EWM)
Scheme III: Chaos mapping + particle swarm optimization (CPSO)
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Scheme IV: Chaos mapping + particle swarm optimization + entropy weight method
(CPSO-EWM)

The establishment of comprehensive indexes: comprehensive indexes are established
based on the characteristics of three indexes: signal-to-noise ratio (SNR), root mean square
error (RMSE), and correlation coefficient (Corrcoef).

CI = ∑3
n=1

(
SNR

RMSE
+ Corrcoe f

)
, n = [x, y, z] (18)

Table 2 shows that the fused dataset produced by the improved chaotic particle swarm
search technique has a superior fusion effect, a greater correlation with the original signal,
and a superior fusion of useful aspects for the vibration signals in the X, Y, and Z directions.

Table 2. Comparison of data fusion effects for four schemes.

PSO PSO-EWM CPSO CPSO-EWM

CI 9.3194 13.9624 11.5777 18.0705

Except for the above comparison on particle swarm algorithms, Table 3 shows that
there are some other similar population intelligence optimization algorithms, such as Ant
Colony Optimization (ACO), the Artificial Fish Swarm Algorithm (AFSA), and Fish School
Search (FSS). The adaptive weighted fusion of isomorphic signals can be achieved by these
population intelligence optimization algorithms.

Table 3. Comparison of the effectiveness of common adaptive optimization algorithms.

PSO PSO-EWM CPSO CPSO-EWM

CI 9.3194 13.9624 11.5777 18.0705

From Table 3, it can be analyzed that the CPSO-EWM algorithm proposed in this
paper has some advantages over the other three optimization algorithms. Among them,
the fusion effect of ACO and AFSA is close to that of AFSA, and both AFSA and FSS are
optimization algorithms based on the behavior of fish populations, though clearly, the
fusion effect of AFSA is slightly better.

2.7. Deep Learning Related Modules Introduction
2.7.1. DenseNet Module

DenseNet is a densely connected convolutional neural network whose main purpose
is to solve the problems of gradient vanishing and feature repetition during deep network
training. The main function of the DenseNet module is to extract effective feature infor-
mation from input data, and after each convolutional layer, its output is spliced with the
output of previous convolutional layers to form a dense connection.

The DenseNet module contains several dense blocks, where each dense block consists
of several convolutional layers and pooling layers. In each dense block, all the convolutional
layers accept the outputs of all previous convolutional layers and are used as inputs, thus
enhancing feature multiplexing and information transfer.

By multiplexing these features, the DenseNet network presents a new structure that
not only slows the occurrence of gradient vanishing but also has fewer parameters and is
coupled via cross-channel formulas like:

xl = Hl([x0,x1, . . . , xl−1]) (19)

where x0 and xl denote inputs to the network and the outputs of layer l, respectively, xl−1 is
the input to layer l − 1 of the network, and Hl(·) is the nonlinear transformation operation
that acts on layer l.
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2.7.2. Transformer Module

The transformer is a neural network model based on the self-attention mechanism for
processing sequence data. It mainly consists of two parts: the encoder and the decoder.
The Transformer module contains a multi-head self-attention layer, a feed-forward neural
network layer, and a residual connection. In signal processing tasks, the Transformer
module can be used to extract the important features of elements in the sequence, thus
improving the performance of the model. The specific module structure involved is
as follows.

(1) Position Encoding: with the introduction of positional encoding, the Transformer
model, in order to obtain better parallel computing power, is added to the embedding
vector (embedding) of an element as an overall vector by encoding the position of the
element in the sequence. Positional coding uses the following functions:

PE(pos,2i) = sin
(

pos/10, 0002i/d_model
)

(20)

PE(pos,2i+1) = cos
(

pos/10, 0002i/d_model
)

(21)

where P is the position matrix whose parameters can be updated with the model
training process, P ∈ Rn×d.

(2) Multi-head attention: the multi-head attention mechanism used inside the encoder
and decoder structures in the Transformer model is obtained by extending the dimen-
sions based on the Scaled Dot-product Attention mechanism.

Scaled Dot-product Attention is a kind of self-attention mechanism, i.e., its own
vectors, including Q(query), K(key), and V(value), participate in the computation, and its
specific computation is as follows:

SA(Q, K, V) = So f tmax(A)·V = So f tmax
(

Q·KT
√

d

)
·V (22)

where d is the number of dimensions; SA(·) is the self-attention computation operation; A
is the self-attention matrix, A ∈ Rn×n, and n is the sequence length.

The multi-head attention mechanism extends the scaling dot product attention algo-
rithm to multiple dimensions; that is, for the multi-head, after calculating the scaling dot
product attention used for multiple information, each result is spliced. The calculation
process is as follows:

SMHA
(
Q, K, V

)
= concat(H1, H2, . . . , Hh)·W (23)

Hi = SA(Qi, Ki, Vi), i = 1, 2, . . . , h (24)

where, Q, K, V is the Qi, Ki, Vi splicing composition, respectively; W is the linear transfor-
mation matrix, W ∈ Rd×d; and concat(·) is the splicing operation.

(3) Residual Connection: the Transformer uses residual connection to enhance the flow of
information to improve performance and optimize the training process in combination
with the layer normalization operation as follows:

Rc = LN [X + SMHA(x)] (25)

where Rc(·) is the residual join operation; LN(·) is the layer normalization operation;
X is the input sequence; and SMHA(·) is the use of multiple attention mechanisms.
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(4) Data enter a fully connected network made up of two linear transformation layers
and one nonlinear activation layer after being output from the multi-attention layer.
The activation function in this network uses a linear rectification function.

NetFFN = W2· f (W1·X) (26)

where NetFFN(·) is the feedforward network; W1, W2 is the parameter of each of the 2
linear layers; and f (·) is the nonlinear activation function.

(5) Max-pooling: the Transformer module’s encoder ends with the introduction of the
pooling layer downsampling function. The pooling procedure, in which the pooling
layer adopts the maximum pooling can lower the size of the feature vectors and the
danger of overfitting.

ya = max
(
rn×n

a u(n, n)
)

(27)

where ya is the output feature of region a; rn×n
a represents the α − th region of size

n × n; and u(n, n) represents the window function of size n × n.

2.7.3. Introduction to the DAT feature extraction model

The DAT deep learning model (DenseNet and Transformer, DAT) is a tandem com-
bination of DenseNet and Transformer modules, which can realize more complex feature
extraction and transformation; this structure is shown in Figure 4. The deep feature extrac-
tion model uses a tandem combination of DenseNet and Transformer for one-dimensional
signal feature extraction and has the following roles and advantages:

(1) Increase feature extraction’s effectiveness: the Transformer, on the one hand, uses
the self-attention mechanism, which is able to better capture key information in the
sequence and improve the accuracy and efficiency of feature extraction. DenseNet, on
the other hand, has the characteristic of dense connection, which can more fully utilize
low-level features for classification and improve the efficiency of feature extraction.

(2) Increase the model’s capacity for generalization: Transformer and DenseNet both
possess excellent feature extraction and generalization capabilities, enabling them
to deal with complicated changes and noise interference in the bearing signal and
increase the model’s capacity for generalization.

(3) Make the most of the bearing vibration signal’s time series properties. The bearing
signal is a type of time series signal and contains a few time series features. Both
DenseNet and Transformer can fully utilize time series features to extract more thor-
ough and precise feature representations, resulting in better classification of the signal.

 

Figure 4. Overall structure of the DAT-based diagnostic model.
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In conclusion, the feature extraction of bearing one-dimensional signals using DenseNet
and Transformer in tandem can significantly increase the model’s classification accuracy, gener-
alizability, and interpretability, making it ideal for challenging signal classification applications.

Figure 4 depicts the overall structure of the DAT-based fault detection model, which is
composed of a feature learner and a deep learning classifier and is implemented as follows:
(1) preprocessing and the sample expansion of sensor measurement data is performed (see
Section 2.3); (2) Fourier variation is used to transform the preprocessed one-dimensional
vectors into a spectrum of 1433 before being input into the DAT model; (3) in the learning
feature, two deep feature extraction processes are used. the convolutional layer, pooling
layer, dense block (DenseBlock), transition layer, etc., make up the main components of the
DenseNet dense connected network (deep feature extraction module 1), and the multi-head
self-attention layer, feed-forward neural network layer, residual connection, and other
model structures make up the main components of the Transformer module (deep feature
extraction module 2). (4) The extracted features are input into the feature classifier (the
fully connected network layer and residual connection) and other model structures; Table 4
displays the unique DAT diagnostic model parameters.

Table 4. DAT network parameters.

Model Name
1D-DAT

Structure Type Convolution Kernel

Input layer 1D FFT spectrum —
Convolution layer Conv 1 × 7

Pooling layer Max-pooling 1 × 3

Adaptive Features
Extraction Module 1

Dense block − 1 :
{

BN − Relu − Conv
BN − Relu − Conv

}
× 1

{
1 × 1
1 × 3

}
× 1

Transition layer-1:BN-Relu-Conv-Pooling
{

1 × 1
1 × 2

}
× 1

. . . . . . . . . . . .
Transition layer-2:BN-Relu-Conv-Pooling

{
1 × 1
1 × 2

}
× 1

Dense block − 3 :
{

BN − Relu − Conv
BN − Relu − Conv

}
× 1

{
1 × 1
1 × 3

}
× 1

Adaptive Features
Extraction Module 2

Position code×1 —
Encoder×1 —
Encoder×1

Max-pooling ×1

Fully connected layer FC —
Output layer SoftMax —

3. Model Setup and Training

3.1. Condition Monitoring Model Introduction

A data-level fusion method is proposed in this paper based on multi-source isomorphic
sensors to monitor the operational status of rolling bearings, as shown in Figure 5. This
procedure includes the decomposition of wavelet packets, denoising, the reconstruction of
the vibration signal, feature extraction in the time and frequency domains, and dimension
reduction using the PCA algorithm. The chaotic particle swarm algorithm is used with the
entropy weighting method to produce the initial weights and global optimal weights. Last
but not least, the Transformer module is shown in order to build the DAT feature extraction
model and enhance the precision and effectiveness of feature extraction. This technique
can successfully handle the requirement for tracking the operational status of machine tool
spindle bearings under challenging operating conditions.
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Figure 5. Overall structure of the condition monitoring model.

3.2. Data Pre-Processing

Experimental dataset S1: Open-source data on rolling bearing faults were published
by Jiangnan University’s experimental platform to evaluate and study the model for
identifying rolling bearing faults. The experimental rolling bearing fault diagnosis system
for wind turbines at Jiangnan University is depicted in Figure 6. Rolling bearing vibration
signals were collected at speeds of 600, 800, and 1000 rpm with a constant rotational speed
of 1 krpm, a sampling frequency of 50 kHz, and a sampling time of 10s [37]. Bearing failure
was man-made through the wire cutting technology, respectively, in the bearing inner ring,
outer ring, rolling body, and the processing of 0.3 * 0.05 mm (width * depth) tiny wounds,
as can be seen from the waveform diagram. The data of various states are difficult to
distinguish directly from this waveform diagram.

Figure 6. Rolling bearing failure test platform of Jiangnan University.
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Each set of experiments involved three different fault conditions (rolling body damage,
inner ring damage, and outer ring damage) as well as one type of normal condition. Table 5
for the speed of 600 r/min in the experimental dataset describes the type of fault conditions,
as shown in Figure 7, for the experiments according to fan speed.

Table 5. Experiment 1 (600 r/min) data set.

Experimental Conditions Training Set: Validation Set: Test Set Labels

Inner ring failure 280:80:40 IF
Outer ring failure 280:80:40 OF

Ball Failure 280:80:40 BF
Normal 280:80:40 Normal

 

Figure 7. Distribution of bearing condition types.

Numerous high-frequency and low-frequency components with varying sensitivity
levels can be found in the time domain of the vibration signal, which is used to diagnose
bearing defects. In order to analyze the time-domain signals more effectively, it is necessary
to convert them into frequency-domain signals. As depicted in Figure 8, four bearing
signals—BF, IF, OF, and normal—under a rotation speed of 600 r/min were taken for
spectrum analysis, and 1024 data points were taken as a sample for FFT transformation. It
can be found that the normal state of the bearing, the fault of the rolling element, the fault
of the inner ring, and the fault of the outer ring have obvious differences in the amplitude
of the whole stage of the spectrum, which can effectively identify the frequency component
of the signal and provide useful information for the application of signal feature extraction,
classification, and diagnosis.

Experimental dataset S2: To further investigate the monitoring function of this method
during the double-bearing operation, an unbalanced bearing load test rig was developed,
as shown in Figure 9. A non-balanced bearing load test platform was designed and
manufactured, and the monitoring function of this technology was investigated during the
bearing operation. The test platform, as illustrated in Figure 9, consists of a motor, precision
spindle, roll bearing, and acceleration sensor with a maximum speed of 10,000 r/min. A
flexible coupling connects the mechanical spindle to the electric spindle, and the motor
action is regulated by a servo control system. The hardware consists of a motorized spindle,
a rotational accuracy test device, a data collector, a computer, and other components.

The platform employed four NSK 7014C angular contact ball bearings, with the
positions of F1, F2, and F3 evenly spaced at 120◦. Preloads of different sizes were set to
determine the operating conditions of bearings, including light (C2), medium (C4), and
heavy (C6) loads. The bearings were mounted back-to-back, and the fixed speed of the test
platform was set at 4000 r/min with a sampling frequency of 8192 Hz. The parameters of
the bearings are shown in Table 6.
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Figure 8. Time-domain waveforms and spectrograms of bearing data at Jiangnan University.

The purpose of building the test platform was to distinguish the working condition
of bearings under an unbalanced operation so as to detect the bearing failures caused by
wrong assembly or processing in real-time. Due to the limited conditions of the laboratory,
the current test platform can only be used to verify the effectiveness and accuracy of the
condition monitoring method and cannot simulate the corresponding bearing fault state
under different loads.

3.2.1. Data Normalization

Normalized preprocessing is a commonly used data processing method. These data
are mapped to a specific interval by applying a linear transformation to the data and
commonly mapping the data to the interval [0, 1]. If sample data are supposed to be
X = {x1, x2, ..., xn}, the normalized transformation formula is as follows:

yi =
xi − min{xj}

max{xj} − min{xj} (28)

where yi is the result of normalization, xi is the i− th sample data, max
{

xj
}

is the maximum
value of the sample data, and min

{
xj
}

is the minimum value of the sample data.

3.2.2. Overlapping Sampling

In the realm of data-driven deep learning, having enough big training samples is
essential to increase model accuracy and significantly lower overfitting. As illustrated in
Figure 10, we used overlapping sampling with a moving sliding window to increase the
number of training samples, which can better capture changes and patterns in time series
data. This method can avoid the problem of signal loss caused by equidistant sampling
and sampling, thus improving the training effect and generalization ability of the model.
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Figure 9. Structure of non-uniform preloading test stand.

Table 6. Parameters of NSK 7014C angular contact ball bearings.

Inner Ring
Diameter/mm

Outer Ring
Diameter/mm

Thickness/mm
Dynamic
Load/KN

Static Load/mm

70 100 20 47 43

In order to avoid the loss of detailed features, overlap sampling is used to extend the
original data samples. By adjusting the parameters such as offset, data length, expansion
multiplier, and the number of samples, the detection of the model performance under
different numbers of samples can be achieved. This can be achieved by flexibly adjusting
the sampling parameters so as to optimize the training and prediction ability of the model.
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Figure 10. Schematic diagram of data enhancement.

3.3. DAT Model Hyperparameter Settings

The AdamP backpropagation algorithm proposed by ByeonghoHeo et al. [38] was
selected as the optimization method, which improved the performance of small-batch
training, reduced the risk of overfitting, and delayed the attenuation of effective step size,
thus training the model at a barrier-free speed, retaining many advantages of the Adam
algorithm, such as adaptive learning rate adjustment and momentum term.

The rolling bearing service condition monitoring model based on DAT is based on
features that diagnose working conditions, with data under different working conditions
mainly classified and recognized. The Cross-entropy loss function was chosen as the base
function, and some improvements were made.

The Cross-entropy loss function is formulated as follows:

loss = −∑θ
p(θ)log q(θ) (29)

where θ denotes the learning parameter; p(θ) and q(θ) are the correct probability and
prediction probability of the label.

The K-L scatter of p(θ) and q(θ) is as follows:

KLD = ∑θ
p(θ)log

p(θ)
q(θ)

(30)

When calculating Cross-entropy loss using KL scatter, it is often necessary to transform
the true labels into probability distributions. The traditional approach is to use one-hot
coding, where only one element is 1, and the rest are 0, indicating the category to which
the true label belongs. However, this approach may lead to the overconfidence or over-
sensitivity of the model in the presence of noise and uncertainty.

In order to reduce the impact of label noise and uncertainty in the model, this paper
uses smoothed target labeling. By smoothing the target labels, we can better adapt to
complex data distributions and noise situations and, thus, obtain a more accurate loss
function of Ce.

Figure 11 shows that the iteration effect of the experiment is significantly improved
when using Ce_loss compared to the iteration curve of the model under Cross-entropy
loss. The accuracy of the training set of this paper’s method reached 99% after 10 iterations,
while the accuracy of Cross-entropy loss reached 99% after 85 iterations. The experiment at
600 r/min under the S1 dataset was chosen for analysis. The experimental results demon-
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strate that the strategy suggested in this research can significantly enhance the model’s
training performance while shortening the training period. Through the experimental
analysis, the parameters of the model were set, as shown in Table 7.

Figure 11. Model iteration curves under 600 r/min experiment with different loss functions.

Table 7. Model parameters (experimental data set S1).

Parameter Category Parameter Setting

Optimizer AdamP
Loss function Ce_loss

Number of iterations 100
Initial learning rate 0.001

Smoothing 0.1
Batch Size 64

3.4. Model Training

Each group of tests was repeated five times to assess the accuracy and stability of
the proposed model for rolling bearing failure diagnosis with the average accuracy and
greatest accuracy of the experiments provided in Table 8. On the rolling bearing fault data
collected by Jiangnan University’s rolling bearing fault diagnostic platform, fault diagnosis
was performed using the deep learning framework PyTorch (see Table 5 for details).

Table 8. Fault diagnosis results of rolling bearing based on DAT model.

Data Sets
Experimental

Setup
Number of
Iterations

Training
Time/s

Average Acc/%
Maximum

Acc/%

Jiangnan
University

600 r/min 100 57 99.375% 99.756%
800 r/min 100 62 99.583% 99.625%
1000 r/min 100 58 99.285% 99.423%

As shown in Figure 12, the DAT model’s greatest accuracy on the validation set at
600 r/min was 99.8%, and after five iterations, training accuracy was 90%. The model was
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more stable throughout the training process, and there was no abrupt change in accuracy,
which suggests that this model has a strong ability to generalize, is highly robust, is able to
capture data in real patterns, and is not easily disturbed by noise and outliers. This can be
seen by analyzing the iteration curves in the Figure below.

Figure 12. Model training at 600 r/min rotational speed.

Figure 13 shows the confusion matrix of the model under the rolling bearing fault
diagnosis platform of Jiangnan University, which was used to evaluate the performance of
the classification model and helped us gain a more comprehensive understanding of the
classification effect of the model in different categories.

Figure 13 shows that the DAT model achieves the highest accuracy of 99.5% in five
experiments on the experimental dataset of 600 r/min at Jiangnan University. By analyzing
the confusion matrix, it was found that 2% of the IF600 (Inner ring failure) were incorrectly
predicted as BF600 (Ball failure), 2% of the Normal600 (Normal) were incorrectly predicted
as IF600 (Inner ring failure), and the rest were correctly classified.

Under the same experimental conditions, the proposed DAT fault diagnosis model
was compared with Transformer, DenseNet-LSTM, CNN-LSTM, DenseNet, and other
models in the comparison experiments. For the experimental data of rolling bearing faults
in Jiangnan University, the average accuracy comparison results of the above different
models are shown in Figure 14.

On the basis of DenseNet, the DAT model introduces the Transformer module, in
which the Transformer employs the self-attention mechanism, which can better capture
key information in the sequence, improve the accuracy and efficiency of feature extraction,
and make the DAT model have a better fault diagnosis effect. Table 9 shows that the
average accuracy of the DAT model on the experimental data of Jiangnan University’s
rolling bearing defects is higher than that of the other four models. DenseNet-LSTM adds
the LATM layer to the DenseNet network, whereas the DAT model adds the Transformer
module to the DenseNet network where both models have higher diagnostic accuracy, but
the DAT model has a slightly higher diagnostic accuracy. In terms of learning features,
the DAT model is slightly inferior to the DenseNet-LSTM model, implying that the self-
attention mechanism is superior to LSTM, which is suited for temporal signal prediction.

In summary, it can be seen that the DAT fault diagnosis model has higher fault
diagnosis accuracy and better stability than Transformer, DenseNet-LSTM, CNN-LSTM,
DenseNet and other models.
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(a) (b) 

 

 

(c)  

Figure 13. Confusion matrix based on DAT modeling. (a) 600 r/min (b) 800 r/min (c) 1000 r/min.

Figure 14. DAT model and its comparison model with average accuracy at different rotational speeds.
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Table 9. Average accuracy of DAT model and its comparison model under 5 experiments.

Experiments DAT Transformer DenseNet-LSTM CNN-LSTM DenseNet

600 r/min 99.275% 97.725% 96.768% 75.833% 93.333%
800 r/min 99.583% 98.583% 97.525% 70.512% 85.233%

1000 r/min 99.158% 98.375% 97.245% 72.012% 95.076%

4. Fusion Data Testing

The experimental data set S2 was measured using the non-uniform load operation
fault simulation test platform. The data of the light load (C2), medium load (C4), and heavy
load (C6) under the positions of F1, F2, and F3 were collected, and the experimental data
sets were divided as shown in Table 10. Bearing vibration data can be classified into nine
types. The experiment was divided into three groups, each of which included 840 samples
in the training set, 240 samples in the test set, and 120 samples in the verification set.

Table 10. Experimental data set (experimental data set S2).

Experimental Setup Signal Type Training Set Validation Set Test Set

Experiment 1
(F1 position)

F1(C2) = 400 N 840 240 120
F1(C4) = 800 N 840 240 120
F1(C6) = 1200 N 840 240 120

Experiment 2
(F2 position)

F2(C2) = 400 N 840 240 120
F2(C4) = 800 N 840 240 120
F2(C6) = 1200 N 840 240 120

Experiment 3
(F3 position)

F3(C2) = 400 N 840 240 120
F3(C4) = 800 N 840 240 120
F3(C6) = 1200 N 840 240 120

In the time domain, by converting the signal to the frequency domain, we could
decompose this signal into components of different frequencies and analyze the amplitude
of each frequency component. In Figure 15, we selected the bearing signal under the C2
operating condition at the F2 position for spectral analysis. The 1024 data points were taken
as a sample, and FFT (Fast Fourier Transform) was transformed to obtain the corresponding
spectrogram. From the spectrograms, it can be observed that the spectrograms of all four
sets of vibration data had the maximum amplitude variation at 3044 Hz. This reflects
the major frequency components of the signal in the frequency domain. In isomorphic
data fusion, the low-frequency component often represents low-frequency noise or a slow
vibration, which is usually as small as possible. By analyzing the spectrogram, it can be
seen that the fused signal had a smaller low-frequency component amplitude at 3044 Hz,
indicating that the fusion effect of the isomorphic data fusion method proposed in this
paper is clearer.

The experiment’s input sample length was set to 1 × 1024, its Fourier transform
was run to choose a 1 × 433 spectrum as the model’s input, the batch size was 64, the
number of training iterations was 100, the learning rate was 0.05, and Adam was chosen as
the optimizer.

As can be seen from Figure 16, the accuracy curve of the fused signal is relatively
stable, reaching 94% after 10 iterations, and the accuracy of the model is stable at 99.34%
after 50 iterations. The local zoom-in graph shows that the iterative process of the fused
signal is more stable, indicating that the fused signal has more effective features.

According to Table 11, it can be seen that the accuracy of the fused data for the fault
identification on the DAT model is slightly higher than that of using a single-direction
vibration signal, and the accuracy of the fused data is more stable compared to the unisex
signal. In order to judge the classification performance of the training results intuitively,
a confusion matrix was used to present them visually, as shown in Figure 17, where the
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horizontal and vertical axes labels represent the three working conditions of light load (C2),
medium load (C4) and heavy load (C6).

Figure 15. Signal analysis of X, Y, Z and fused signal at F1 position.

Figure 16. Accuracy curve of fused signal with X, Y and Z signals.

Table 11. Results of control experiments (50 iterations and average accuracy over 5 experiments).

Experimental
Setup

Fusion Data X-Direction
Average/Acc%

Y-Direction
Average/Acc%

Z-Direction
Average/Acc%Avg/Acc% Max/Acc%

F1 position 99.76% 100% 99.15% 98.56% 97.72%
F2 position 99.82% 100% 98.66% 97.66% 99.17%
F3 position 99.92% 100% 98.52% 99.23% 99.40%

For visualization, the high-dimensional features collected from the DAT model’s input
layer and final hidden layer were mapped into three-dimensional feature vectors. Figure 16
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depicts the visualization results of the features with the best accuracy in five experiments,
where the numerical point reflects the fault diagnosis efficiency of the algorithm utilized
in this study. Figure 18 shows that among X, Y, Z, and the fusion signal, the fusion signal
had the best fault classification impact, showing that the DAT model’s classification effect
was superior.

 

(a) (b) 

 

(c) (d) 

Figure 17. Confusion matrix for fault classification of the first set of experiments. (a) X direction
confusion matrix (b) Y direction confusion matrix. (c) Z direction confusion matrix (d) Fusion signal
confusion matrix.

Figure 18. Cont.
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Figure 18. Visualization of input and output layer features for the first set of experiments. (a) X
direction (Max-99.72%). (b) Y direction (Max-99.72%). (c) Z direction (Max-99.58%). (d) Fusion signal
(Max-100%).

Figures 17 and 18 show that in five tests from the first set of experimental datasets
of S2 obtained from the bearing non-uniform load test platform, the DAT model similarly
attained a minimum accuracy of more than 99%. In total, 1% of the samples from F1-C2
(low load) in X-direction tests were wrongly projected as F1-C4 (medium load), according
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to the confusion matrix and the output feature downscaling visualization plot, while
the remaining samples were correctly classified. Combining information from various
isomorphic acceleration sensors can boost redundancy and boost the accuracy of defect
finding. Data from other sensors are still available in the event of a sensor failure or
abnormality, maintaining the stability of the system and the accuracy of fault identification.
By examining the fused signals’ X, Y, and Z directions as well as the classification outcomes,
it was discovered that the fused signals’ highest degree of classification accuracy is 100%,
their original features are more distinct from one another, and there was no classification
abnormality when compared to the other three signal groups.

5. Conclusions

A data-level fusion method based on multi-source isomorphic sensors is proposed
in this paper to monitor the working condition of rolling bearings. The vibration data in
the X, Y, and Z directions of raw data were fused firstly using a chaotic particle swarm
optimization algorithm. Then, a DAT feature extraction model was built to extract the
deep features of the fused signals. Finally, the overall iterative performance of the model
was improved using the AdamP optimization algorithm and the improved Ce_loss loss
function, reaching the following conclusion.

• The data-level fusion method of multi-source homogeneous sensors is proposed by
fusing data from different sensors. Information of multiple dimensions can be ob-
tained, which makes the perception of the target object or the environment more
comprehensive and accurate and enhances time-domain continuity alongside the con-
sistency of data, which can be enhanced as well as the fault tolerance and robustness
of the system.

• A DAT deep feature extraction model can be constructed to monitor the working condi-
tion of spindle bearings, which can recognize the bearing faults and unbalanced loads.

• Through the AdamP optimization algorithm and the improved Ce_loss loss function,
the iterative performance of the proposed model can be drastically improved, and the
steady state can be reached faster.

• This study validates the fusion performance of isomorphic signals and the diagnos-
tic performance of the model. In the future, we plan to apply the DAT model to
other components of the spindle system and migrate it to other fields for validation.
This could expand the applicability of the model and increase its value in practical
engineering applications.

Author Contributions: Conceptualization, Y.Z.; methodology, Y.Z., Y.L.; software, Y.L.; validation,
Y.L., M.Y. and X.F.; formal analysis, Q.Z.; investigation, Y.L.; resources, L.K.; data curation, Y.L.;
writing—original draft preparation, Y.L.; writing—review and editing, Y.Z.; visualization, Q.Z.;
supervision, Y.Z.; project administration, L.K.; funding acquisition, Y.Z. All authors have read and
agreed to the published version of the manuscript.

Funding: This research was funded by National Natural Science Foundation of China (52005405),
Shaanxi Provincial Key R&D Program (2022GY-211&No.2023-YBGY-098), Science Foundation of The
Tian Di Science & Technology Co., Ltd. (2021-TD-MS006).

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Jing, L.; Zhao, M.; Li, P.; Xu, X. A convolutional neural network based feature learning and fault diagnosis method for the
condition monitoring of gearbox. Measurement 2017, 111, 2–4. [CrossRef]

2. Jeschke, S.; Brecher, C.; Meisen, T.; Özdemir, D.; Eschert, T. Industrial Internet of Things and Cyber Manufacturing System; Springer:
Cham, Switzerland, 2017; pp. 3–19.

3. Yin, S.; Li, X.; Gao, H.; Kaynak, O. Data-based techniques focused on modern industry: An overview. IEEE Trans. Ind. Electron.
2014, 62, 657–667. [CrossRef]

239



Lubricants 2023, 11, 429

4. Ma, S.; Yin, Y.; Chao, B.; Yan, K.; Fang, B.; Hong, J. A Real-time Coupling Model of Bearing-Rotor System Based on Semi-flexible
Body Element. Int. J. Mech. Sci. 2023, 245, 108098. [CrossRef]

5. Fang, B.; Zhang, J.; Hong, J.; Yan, K. Research on the Nonlinear Stiffness Characteristics of Double-Row Angular Contact Ball
Bearings under Different Working Conditions. Lubricants 2023, 11, 44. [CrossRef]

6. Zhang, Y.F.; Li, Y.H.; Kong, L.F.; Li, W.C.; Yi, Y.J. Rolling bearing condition monitoring method based on multi-feature information
fusion. J. Adv. Manuf. Sci. Technol. 2022, 3, 2022020. [CrossRef]

7. Zhou, J.; Zhu, J.W. Research on machine learning classification problems and algorithms. Software 2019, 40, 205–208.
8. Zhang, R.; Wang, Y.B. Research on machine learning and its algorithms and development. J. Commun. Univ. China Nat. Sci. Ed.

2016, 23, 10–18.
9. Wu, X.M.; Wu, Y.Y.; Wang, X.; Li, C.F.; Zhang, F.H. Application of machine learning in bearing fault diagnosis. Equip. Manuf.

Technol. 2022, 03, 03,118–126.
10. Zhang, Y.F.; Li, Y.H.; Wang, D.F.; Kong, L.F. A rolling bearing fault monitoring method based on multi-source information fusion.

Bearing 2022, 12, 12,59–65.
11. Zhang, X.Y.; Luan, Z.Q.; Liu, X.L. A review of deep learning based rolling bearing fault diagnosis research. Equip. Manag. Maint.

2017, 18, 130–133.
12. Lu, X.Y.; Zhang, C.B.; Gao, J.; Xu, Y.P.; Shao, X. Bearing fault diagnosis algorithm based on convolutional neural network and

CatBoost. Electromechanical Eng. 2023, 01, 1–10.
13. Janssens, O.; Slavkovikj, V.; Vervisch, B.; Stockman, K.; Loccufier, M.; Verstockt, S.; Van de Walle, R.; Van Hoecke, S. Convolutional

neural network based fault detection for rotating machinery. J. Sound Vib. 2016, 377, 331–345. [CrossRef]
14. Gu, X.; Tang, X.H.; Lu, J.G.; Li, S.W. Adaptive Fault Diagnosis Method for Rolling Bearings Based on I-DCNN-LSTM. Mach. Tool.

Hydraul. 2020, 48, 107–113.
15. Zhang, Y.; Liu, Y.; Wang, L.; Li, D.; Zhang, W.; Kong, L. Bearing Non-Uniform Loading Condition Monitoring Based on

Dual-Channel Fusion Improved DenseNet Network. Lubricants 2023, 11, 251. [CrossRef]
16. Jin, X.B.; Lin, Y.S.; Zhang, H. Multisensor fusion estimation in state monitoring. Control. Theory Appl. 2009, 26, 296–298.
17. Okatan, A.; Hajiyev, C.; Hajiyeva, U. Fault detection in sensor information fusion Kalman filter. Int. J. Electron. Commun. 2009,

63, 762–768. [CrossRef]
18. Bath, W.G.; Boswell, C.M.; Sommerer, S.; Wang, I. Detection systems information fusion. Johns Hopkins APL Tech. Dig. 2005,

26, 306–313.
19. Sung, W.T.; Tsai, M.H. Multi-sensor wireless signal aggregation for environmental monitoring system via multi-bit data fusion.

Appl. Math. Inf. Sci. 2011, 5, 589–603.
20. Li, Z.M.; Chen, R.Z.; Zhang, B.M. Study of adaptive weighted estimate algorithm of congeneric multi-sensor data fusion.

J. Lanzhou Univ. Technol. 2006, 32, 78–82.
21. Yan, J.; Hu, Y.; Guo, C. Rotor unbalance fault diagnosis using DBN based on multi-source heterogeneous information fusion.

Procedia Manuf. 2019, 35, 1184–1189. [CrossRef]
22. Duan, Z.S.; Han, C.Z.; Tao, T.F. Consistent multi-sensor data fusion based on nearest statistical distance. Chin. J. Sci. Instrum.

2005, 26, 478–481.
23. Wang, J.Q.; Zhou, H.Y.; Wu, Y. The theory of data fusion based on state optimal estimation. Math. Appl. 2007, 20, 392–399.
24. Zheng, Y.J.; Niu, R.X.; Varshney, P.K. Sequential Bayesian estimation with censored data for multi-sensor systems. IEEE Trans.

Signal Process. 2014, 62, 2626–2641. [CrossRef]
25. Fan, S.L.; Li, D.G.; Zhao, J.M. An mine multi-sensor maximum likelihood estimation data fusion algorithm. J. Inf. Comput. Sci.

2013, 10, 3809–3814. [CrossRef]
26. Lei, X.F.; Zhu, B. Perception of microburst based on multi-sensor data fusion. Inf. Control. 2011, 40, 296–301.
27. Fincher, D.W.; Mix, D.F. Multi-sensor data fusion using neural networks. In Proceedings of the IEEE International Conference on

Systems, Man and Cybernetics, Los Angeles, CA, USA, 4–7 November 1990; pp. 835–838.
28. Tang, A.H.; Zhang, Y.M. Application of fuzzy clustering in multi-sensor information fusion. J. Theor. Appl. Inf. Technol. 2012,

45, 661–667.
29. Su, W.X.; Zhu, Y.L.; Liu, F.; Ma, L.B. A homogeneous multi-sensor online data fusion method based on improved fuzzy clustering.

Inf. Control. 2015, 44, 557–563.
30. Tang, Z.Y.; Cai, Y.; Wang, H. A multi-sensor data fusion method based on adaptive weighting algorithm. Command. Inf. Syst.

Technol. 2022, 13, 66–70.
31. Cai, B.L.; Su, G.D. Research on improved batch estimation and adaptive weighted fusion method. Meas. Control. Technol. 2019,

38, 122–126.
32. Zhu, K.; Song, X.; He, J.X.; Yang, L. Greenhouse data fusion based on wavelet noise reduction and adaptive weighting method.

Jiangsu Agric. Sci. 2021, 49, 180–186.
33. Feng, A.A.; Yue, J.H.; Zheng, Y.; Guo, X.Y. Simulation analysis of wavelet packet denoising optimized by thought evolution

algorithm. Comput. Simul. 2020, 37, 285–290.
34. Guo, C.J.; Gong, C.Y.; Rong, F.; Song, Y.Q. Real-time vibration signal storage management technology based on entropy weight

method. J. Tianjin Polytech. Univ. 2015, 34, 67–71.

240



Lubricants 2023, 11, 429

35. Chen, L.; Zhang, C.L. Rolling bearing fault diagnosis based on EMD envelope spectral features and PCA-PNN. Coal Mine Mach.
2022, 43, 173–176.

36. He, X.S.; Yang, X.R. Analytical comparison of particle swarm algorithms for chaotic mapping. J. Basic Sci. Text. Coll. Univ. 2023,
36, 86–93.

37. Li, K.; Xiong, M.; Su Lei Lu, L.X.; Chen, S. Fault diagnosis method based on improved deep limit learning machine. Vib. Test
Diagn. 2020, 40, 1120–1127.

38. Heo, B.; Chun, S.; Oh, S.J.; Han, D.; Yun, S.; Kim, G.; Uh, Y.; Ha, J. Adamp: Slowing down the slowdown for momentum
optimizers on scale-invariant weights. arXiv 2020, arXiv:2006.08217.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

241



Citation: Hu, B.; Yang, X.; Hou, A.;

Wang, R.; Wu, Z.; Ni, Q.; Li, Z.

Nonlinear Dynamic Responses of

Rigid Rotor Supported by Thick Top

Foil Bearings. Lubricants 2023, 11, 453.

https://doi.org/10.3390/

lubricants11100453

Received: 12 September 2023

Revised: 2 October 2023

Accepted: 12 October 2023

Published: 20 October 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

lubricants

Article

Nonlinear Dynamic Responses of Rigid Rotor Supported by
Thick Top Foil Bearings

Bin Hu 1, Xiaodong Yang 2,*, Anping Hou 1, Rui Wang 1, Zhiyong Wu 3, Qifeng Ni 4 and Zhong Li 5

1 School of Energy and Power Engineering, Beihang University, Beijing 100191, China;
bh1204hb@163.com (B.H.); houap@buaa.edu.cn (A.H.); wangrbuaa@126.com (R.W.)

2 Institute of Artificial Intelligence, Beihang University, Beijing 100191, China
3 The Key Laboratory of Solar Thermal Energy and Photovoltaic System, Institute of Electrical Engineering,

Chinese Academy of Sciences (IEE-CAS), Beijing 100190, China; wuzhiyong@mail.iee.ac.cn
4 Ningbo Hudu Energy Technology Co., Ltd., Ningbo 315000, China; nqf888@163.com
5 Zhengzhou Aerotropolis Institute of Artificial Intelligence, Zhengzhou 451162, China; 17888821559@163.com
* Correspondence: yangxiaodong@buaa.edu.cn

Abstract: This study focuses on thick top foil bearings (TTFBs), which can prevent top foil from
sagging and significantly reduce the load capacity of gas foil bearings (GFBs). However, the limited
research on the dynamic responses of TTFB-rotor systems has hindered their wide application of
TTFBs with high load capacity. To address this, an integrated nonlinear dynamic model is developed
to analyze the linear dynamic responses of a rigid rotor supported on TTFBs. The model incorporates
time domain orbit simulation, considering unsteady Reynolds equations, foil deformation equations,
thick top foil motion equations, and rotor motion equations. A symmetrical test rig is used to validate
the model, and three types of TTFBs with different bump foil stiffness are tested, with experimental
results aligning with the model predictions. This study also investigates the effects of nominal
clearance, static load, and unbalance on TTFB-rotor systems. The results indicate that unbalance
has minimal impact on subsynchronous vibrations. However, larger bump foil stiffness, increased
normal clearance, and higher static load contribute to improved stability and higher maximum stable
speed of the TTFB-rotor system. Moreover, other relevant parameters reducing the bearing attitude
angle can further enhance the system’s stability.

Keywords: nonlinear numerical prediction; thick top foil; subsynchronous vibrations; experimental
investigation

1. Introduction

Increasing the rotational speed of rotating machinery can significantly improve energy
density and efficiency. Gas foil bearings (GFBs) are oil-free bearings that meet the high-
speed requirement due to their low friction and high DN (shaft diameter in millimeters
multiplied by shaft rotational speed in rev/min) limit [1–3]. In contrast with traditional
oil-lubricated bearings, GFBs eliminate the need for an oil-lubrication system, resulting
in a compact structure and reduced energy loss [4,5]. These advantageous characteristics
have greatly facilitated the successful application of GFBs in high-speed turbomachinery
systems, including cryogenic turboexpanders, Brayton air refrigerator systems, high-speed
machining centers, and micro-power generator systems [6–9].

However, GFB-rotor systems often experience severe subsynchronous vibrations at
high rotating speeds, limiting the range of their applications [10]. As a result, numerous
studies have focused on investigating the dynamic responses of GFB-rotor systems. Several
researchers have used a perturbation method to calculate the dynamic stiffness and damp-
ing coefficients for analyzing the dynamic responses of GFB-rotor systems. Ku et al. [11]
introduced this method to predict the structural stiffness and damping of foil when a rotor
is in its static equilibrium position. Lee et al. [12] compared the dynamic responses of a
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super-critical rotor supported by conventional bump foil bearings and viscoelastic bearings
using experimental and theoretical results. The theoretical orbit calculations, based on dy-
namic stiffness and damping coefficients, showed a good agreement with the experimental
results when the vibration amplitude of the rotating speed remained below the bending
critical speed. The theoretical findings indicated that enhancing the structural damping of
the foil structure reduced vibration. Vleugels et al. [13] conducted a stability analysis of the
GFB-rotor system using dynamic stiffness and damping coefficients. They assumed the
foil structure acted as a uniform elastic foundation to calculate the dynamic stiffness and
damping properties. Numerical results indicated that bearing compliance significantly in-
fluenced the dynamic stiffness, and increasing the bearing load and reducing the ratio of the
nominal bearing clearance to the rotor radius enhanced stability. Kim et al. [14] performed
theoretical and experimental research on the effects of mechanical preload. Metal shims
were inserted beneath the bump-strip layers of shimmed GFBs to introduce mechanical
preload. Compared with the original GFBs, the shimmed GFBs exhibited a noticeable
increase in dynamic direct stiffness and direct damping. The multiple lobe film clearance
profile created by the metal shims reduced the amplitude of subsynchronous whirl motions
and increased the natural frequency of the GFB-rotor system, as confirmed by experimental
results. Theoretical and experimental results also indicated that rotor unbalance and the
gas film had a significant influence on nonlinear dynamic responses, although the foil
structure was simplified as a uniform elastic foundation with a given value. Xu et al. [15]
developed a more comprehensive GFB model that considered nonlinearity in the foil
structure to predict dynamic responses in GFB-rotor systems. They calculated dynamic
stiffness and damping coefficients based on a quadratic bump stiffness model derived from
experimental bearing stiffness data. The simulation results of the quadratic bump stiffness
model differed significantly from those of the linear bump stiffness model, indicating the
significant impact of foil structure nonlinearity on the dynamic responses of GFB-rotor
systems. Hoffmann et al. [16] used a link-spring model incorporating frictional contacts
and bump interactions to investigate the nonlinear vibrations of GFB-rotor systems. Using
experimental and numerical testing of two contrasting cases with different balanced rotors,
they identified the source of subsynchronous vibrations. The simulation results showed
good agreement with the measurements, indicating that interaction between the gas film
and the rotor caused subsynchronous vibrations when unbalance was significant. When
unbalance was minor, the subsynchronous vibrations originated from the self-excitation of
the gas film.

However, the dynamic stiffness and damping coefficients were perturbation results
calculated using linearized Reynolds equations when the rotor displacements were small
relative to its static equilibrium position. Subsynchronous vibrations with large ampli-
tudes were common in many tests, highlighting the limitations of the linear perturbation
approach. Kim [17] investigated the dynamic responses of GFB-rotor systems using both
linear and nonlinear approaches. It was found that the rotor–bearing natural frequencies
predicted using the two approaches were similar. However, the onset speeds of insta-
bility differed significantly between the time domain nonlinear orbit simulations and
the linear stability simulations based on the dynamic stiffness and damping coefficients.
Bou et al. [18] conducted a comparison between a nonlinear time-dependent approach and
the classical linear approach using dynamic stiffness and damping coefficients. The classical
linear approach was found to have a valid range of relative eccentricity lower than 0.65.
For high values of eccentricity, the accuracy of the results required the use of the nonlinear
approach. Larsen et al. [19] also compared the two approaches for predicting the onset
speed of instability. It was observed that the classical linear approach was only suitable
when the uniform foil stiffness was high and the load was small. When the uniform foil
stiffness was reduced or the load level was increased, there were significant discrepancies
in the prediction of the onset speed of instability. The nonlinear time domain approach,
however, could accurately predict the actual rotor response, which the classical linear
approach was unable to achieve. Consequently, many researchers have adopted nonlinear
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analysis approaches. Bhore et al. [20] proposed a nonlinear time domain orbit simulation
that coupled the equations of the unsteady Reynolds equation, foil deformation, and rotor
motion. They conducted parametric studies on rotating speed, unbalance eccentricity,
compliance, and the loss factor, revealing highly nonlinear behaviors of the disc and journal
center motion. However, the foil structure was simplified as a uniform elastic foundation.
Larsen et al. [21] studied the effect of unbalance and rotational speed using theoretical
modeling and experimental testing. The theoretical results, solved with a mathematical
approach in the time domain, showed good agreement with the experimental results.
Both the theoretical and experimental results indicated that subsynchronous vibrations
were primarily influenced by unbalance and rotational speed. Additionally, the correct
estimation of the foil stiffness and loss factor significantly affected the accuracy of the
predictions. Osmanski et al. [22] proposed a new foil model based on truss representation,
considering foil mass and frictional energy dissipation at foil interfaces. They presented
a nonlinear time domain model to calculate the dynamic responses of GFB-rotor systems
using this foil model. The simulation results showed good agreement with the experimental
results, suggesting that the natural frequencies and mode shapes were accurately captured.
Bonello et al. [23] introduced a modal-based bump foil model that considered the dynamic
interaction between bumps and their inertia. They used a simultaneous solution technique
to integrate the rotor, gas film, and foil domains into a coupled dynamical system model.
This approach accurately predicted the nonlinear behaviors of GFB-rotor systems. The
imposition of pressure constraints on the gas film delayed the onset speed of instability,
aligning well with experimental results. Moreover, the significant influence of gas film non-
linearity on the non-linear behaviors of GFB-rotor systems was verified with measured and
predicted nonlinear phenomena. The aforementioned studies demonstrate that nonlinear
analysis approaches yield more accurate dynamic responses of GFB-rotor systems.

Most recently, a type of bump-type foil bearing with a thick top foil was introduced
to handle heavy load conditions [24,25]. In comparison with traditional gas foil bearings
(GFBs) with thin top foils, TTFBs showed significant improvements in load capacity by
reducing the sagging of the top foil, as depicted in Figure 1. Wang et al. [24] developed a
theoretical model for a TTFB and predicted its load capacity and dynamic force coefficients.
The numerical results indicated a 23% increase in load capacity compared with a GFB,
along with different dynamic force coefficients. However, the numerical results were not
experimentally validated. Li et al. [25] developed a three-dimensional finite element model
based on contact mechanics to investigate the load capacity of TTFBs. The numerical
results, which agreed well with experimental findings, demonstrated a 100% improvement
in load capacity compared with GFBs with thin top foils. The thickness of the top foil was
found to have a significant impact on the degree of sagging and bearing stiffness. However,
the study primarily focused on load capacity, and there is currently a lack of research on
the dynamic responses of TTFB-rotor systems. This knowledge gap severely hinders the
application and wider adoption of TTFBs, despite their high load capacity.

Figure 1. Schematic view of (a) a GFB with thin top foil and (b) a TTFB [25].
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This paper presents an integrated nonlinear dynamic model for investigating the
dynamic responses of TTFB-rotor systems, where a rigid rotor is supported by TTFBs.
The model consists of a time-domain orbit simulation that couples unsteady Reynolds
equations, foil deformation equations, thick top foil motion equations, and rotor motion
equations. To validate the simulation results, various bump foil stiffness scenarios are tested
against data obtained from a symmetrical test rig. The analysis of dynamic responses uses
fast Fourier transform (FFT), waterfall plots, orbit simulations, and Poincaré maps. The
simulation considers the impact of parameters such as nominal clearance, static load, and
unbalance on the nonlinear responses of the TTFB-rotor system. By carefully selecting these
parameters, a deeper understanding of the TTFB-rotor system is obtained. Furthermore,
the obtained results and discussions are of importance to promote the application of TTFBs
in high-speed and high-performance rotating machinery systems.

2. Nonlinear Numerical Prediction Method

The nonlinear model of the GFB-rotor system is typically divided into three compo-
nents: the shaft part, which is based on rotor motion equations; the gas film part, which
is based on unsteady Reynolds equations; and the bump structure part, which is based
on foil deformation equations, as depicted in Figure 2a [26]. However, in the case of the
TTFB-rotor system, the weight of the thick top foil needs to be considered. The thick top
foil has a thickness of 1.5~2.0 mm, which is significantly thicker than the thin top foil’s
0.1~0.2 mm. As a result, the thick top foil part should be added as the fourth component
to the TTFB-rotor system, as shown in Figure 2b. A time-domain orbit simulation is con-
ducted, integrating these four components, to accurately simulate the performance of the
TTFB-rotor system.

Figure 2. Schematic view of (a) GFB-rotor [26] and (b) TTFB-rotor system models.

2.1. Theoretical Model for TTFB

As shown in Figure 3, the theoretical model of a TTFB is composed of a gas film part
based on unsteady Reynolds equations, a bump structure part based on foil deformation
equations, and a thick top foil part based on motion equations of the thick top foil. The di-
mensionless transient compressible Reynolds equation that calculates the dynamic pressure
and film thickness distribution of a TTFB is written as

∂

∂θ

(
PdH3 ∂Pd

∂θ

)
+

∂

∂Z

(
PdH3 ∂Pd

∂Z

)
= Λ

∂

∂θ
(PdH) + 2Λγ

∂

∂T
(PdH) (1)
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Figure 3. Coordinate system of a TTFB.

The dimensionless bearing axial width Z, pressure Pd, gas film thickness H, bear-
ing number Λ, excitation frequency ratio γ, and time T in Equation (1) are written in
Equation (2) as

Z =
z
R

, Pd =
p
pa

, H =
h

C0
, Λ =

6μω

pa
·
(

R
C0

)2
, γ =

ωe

ω
, T = ωet (2)

where the bearing radius R ambient pressure pa, nominal clearance C0, viscosity of gas μ,
rotational frequency ω, excitation frequency ωe, and time t are used in the dimensionless
representation of the above-mentioned parameters.

Based on the structural characteristics of TTFBs, both the displacement of the rotor
and the movement of the thick top foil dominate the eccentricity of a TTFB. Therefore, the
eccentricity vector of a TTFB is the relative eccentricity vector ε obtained by subtracting the
eccentricity vector of the rotor and the eccentricity vector of the thick top foil. The unsteady
gas film thickness is written as

H =
h

C0
= 1 + |→ε | cos(θ − Ψ) (3)

where |→ε | and Ψ are the modulus and angle of the relative eccentricity vector ε, respectively.
In Equation (3), the term of the bump deflection is not included for the thick top foil is
assumed as the rigid body [24].

The dimensionless transient compressible Reynolds equation is solved using the
alternating-direction implicit method. When the transient gas film pressure field meets the
condition of convergence, the pressure field is integrated using Simpson’s one-third rule to
calculate transient TTFB hydrodynamic film force in the x- and y-directions. The force is
written as

FTTFB,x = −
∫ L

2R

− L
2R

∫ 2π

0
(Pd(θ, Z)− 1) sin θdθdZ (4)

FTTFB,y = −
∫ L

2R

− L
2R

∫ 2π

0
(Pd(θ, Z)− 1) cos θdθdZ (5)

The weight of the thick top foil is no longer small compared with that of the rotor;
thus, it should be taken into account. The motion equation of the thick top foil is written as

mTF
..
eTF,x + cx

.
eTF,x + kxeTF,x + FTTFB,x = 0 (6)
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mTF
..
eTF,y + cy

.
eTF,y + kyeTF,y + FTTFB,y = 0 (7)

where eTF,x and eTF,y, kx and ky , and cx and cy are the displacement, stiffness, damping
of the thick top foil in the x- and y-directions, respectively.

kx and ky are the combined stiffness of the deformed bumps in the x- and y-directions,
they can be written as ⎧⎪⎪⎨⎪⎪⎩

kx =
n
∑

j=1
kj sin2(φj − θp

)
ky =

n
∑

j=1
kj cos2(φj − θp

) (8)

where kj is the stiffness of the JTH deformed bump and φj is the angle of the JTH de-
formed bump. In this paper, kj is derived on the basis of the model with linear stiffness
distribution [27].

cx and cy are the combined damping of the deformed bumps in the x- and y-directions,
they can be written as {

cx = ηkx/ω
cy = ηky/ω

(9)

where η is foil structural loss factor [20].

2.2. Theoretical Model for the Rigid Rotor

The structure of the TTFB-rotor system, as depicted in Figure 4, was investigated
in this study. Unbalance was added symmetrically to the shaft, and the eddy current
probe was positioned symmetrically for measurement. The shaft was divided into 20 beam
elements with 80 degrees of freedom, utilizing a beam model based on the finite element
method (FEM). The thrust disks and turbines mounted on the shaft were treated as beam
elements and the Timoshenko beam theory was used to account for the shear effect. The
nonlinear bearing forces were represented as concentrated forces at the centers of each
thick top foil.

Figure 4. Schematic of the TTFB-rotor system.

When adopting the assumptions described above, the motion equation of the shaft is
written as

MJ
..
eJ +

[
CJ + ωG

] .
eJ + KJeJ = FTTFB + Fg + Fu (10)

where
(
eJ
)

i =
[
xi yj θxi θyi

]T is the displacement of each node at the shaft, xi, yi and
θxi, θyi are the lateral and rotational displacements, respectively. MJ , CJ , G, and MJ are the
mass, damping, gyroscopic, and stiffness matrixes. The damping effect of the system is
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considered to be related only to the nonlinear bearing force; therefore, the damping matrix
CJ is set to zero [26]. FTTFB is the nonlinear TTFB force vector, and Fg is the gravity force
vector. Fu is the force vector induced by the unbalance, and Fu of each node at the shaft is
written as

Fu(t) =

⎡⎢⎢⎣
Fux(t)
Fuy(t)
Mux(t)
Muy(t)

⎤⎥⎥⎦ = ω2

⎧⎪⎪⎨⎪⎪⎩
muru cos(ωt)
muru sin(ωt)

0
0

⎫⎪⎪⎬⎪⎪⎭ (11)

where Fux and Fuy are the unbalance force in the horizontal and vertical directions, whereas
the unbalance moments Mux and Muy are set to zero [26]. mu is the unbalance mass of the
shaft, and ru is the radius of the unbalance mass.

2.3. Orbit Simulation

A time-domain orbit simulation coupling unsteady Reynolds equations, foil deforma-
tion equations, thick top foil motion equations, and rotor motion equations is conducted to
analyze the nonlinear dynamic responses.

Equations (6), (7) and (10) are nonlinear equations. Two kinds of numerical calculation
methods, one being the explicit time history method and the other being the implicit time
history method, can be adopted to solve them [28]. The Newmark method selected in
this paper is an implicit time history method. The Newmark method is a method for
modifying linear acceleration. By introducing two parameters α and β into the velocity and
displacement expressions at time t + Δt, two basic equations of the Newmark method can
be written as { .

u(t + Δt)
}
=

{ .
u(t)

}
+
[
(1 − α)

{ ..
u(t)

}
+ α

{ ..
u(t + Δt)

}]× Δt (12)

{u(t + Δt)} = {u(t)}+ { .
u(t)

}× Δt +
[(

1
2
− β

){ ..
u(t)

}
+ β

{ ..
u(t + Δt)

}]× Δt2 (13)

In the Newmark method, the control parameters α and β affect the accuracy and sta-
bility of the whole algorithm. Only when α = 0.5 and β = 0.25, the Newmark method has
second-order accuracy and unconditional stability. Therefore, the control parameters α and
β are assigned as 0.5 and 0.25, respectively, in research and engineering applications. The
Newmark method is called the constant mean acceleration method. Equations (12) and (13)
are transformed into{ .

u(t + Δt)
}
=

{ .
u(t)

}
+

1
2
({ ..

u(t)
}
+
{ ..

u(t + Δt)
})× Δt (14)

{u(t + Δt)} = {u(t)}+ { .
u(t)

}× Δt +
[

1
4
({ ..

u(t)
}
+
{ ..

u(t + Δt)
})]× Δt2 (15)

Accordingly, the constant average acceleration method is used in this paper to calculate
the trajectory of the rigid rotor and the thick top foil.

For the shaft, the dynamic response at time n + 1 is calculated using

.
en+1

J =
.
en

J +
1
2

(..
en

J +
..
en

J

)
(16)

en+1
J = en

J +
.
en

J × Δt +
1
4

(..
en

J +
..
en

J

)
× (Δt)2 (17)

For the thick top foil, the dynamic response at time n + 1 is calculated using

k̂ = kn + 4
mTF

(Δt)2 + 2
cn

Δt
(18)
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p̂n+1 = −Fn+1
f ilm +
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4

en
TF

(Δt)2 + 4
.
en

TF
Δt
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..
en

TF

)
mTF +
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2

en
TF
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en

TF
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cn (19)

en+1
TF = P̂n+1/k̂ (20)
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TF

(Δt)2 − 4
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en

TF
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en

TF (21)
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en+1
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en

TF +
1
2

(..
en

TF +
..
en+1

TF
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Δt (22)

In the TTFB-rotor system, the compressible transient Reynolds equation used to solve
the gas film transient pressure distribution is a second-order partial differential equation,
and the dynamic equation used to solve the rotor and thick top foil trajectory is a second-
order ordinary differential equation. In the process of solving the rotor trajectory, in each
time step, these two equations need to be solved simultaneously. However, in the process
of solving these two equations, the results of the other side are required as the initial
conditions, so the synchronous coupling solution is difficult to carry out. In order to predict
the nonlinear dynamic characteristics of the TTFB-rotor system, a linear displacement
prediction method is used to solve the synchronous coupling problem [28]. The linear
displacement prediction method assumes that the displacement of the thick top foil and
rotor changes linearly at step n − 1, step n, and step n + 1, and can be written as

en+1
J(predict) − en

J

Δt
=

en
J − en−1

J

Δt
(23)

en+1
TF(predict) − en

TF

Δt
=

en
TF − en−1

TF
Δt

(24)

According to Equations (23) and (24), based on the thick top foil and axial diameter
displacement of step n− 1 and step n, the gas film thickness of step n+ 1 can be predicted as

Hn+1
predict = 1 − 2en

J,x − en−1
J,x

C0
cosθ −

2en
J,y − en−1

J,y

C0
sinθ +

2en
TF,x − en−1

TF,x

C0
cosθ +

2en
TF,y − en−1

TF,y

C0
sinθ (25)

To provide a referable analysis, 50 time steps are calculated per revolution to solve
the rotor orbit. The steady-state solutions for each rotational speed are carried out to
simulate the entire TTFB-rotor system speed-up test because unsteady-state solutions are
very time-consuming.

3. Model Verification

To validate the method for predicting subsynchronous responses in the TTFB-rotor
system, an experimental setup is designed and conducted. The TTFB used in the test is
illustrated in Figure 5 and consists of a thick top foil, bump foil, bearing housing, and snap
ring. The displacement of the thick top foil in the circumferential direction is restricted by
inserting lugs into the grooves of the snap ring and bearing housing. In the axial direction,
the displacement of the thick top foil is limited by the snap ring and the internal end
face of the bearing housing. The configuration of the test rig is shown in Figure 6. A
symmetric design is used for the rotor, which comprises two identical impulse turbines
to ensure that both TTFBs bear the same load. A pair of gas foil thrust bearings is utilized
to limit axial movement of the rotor. Four eddy current sensors are used to measure the
radial displacement of the TTFBs, while a laser speed sensor tracks the rotor’s speed and
phase. The dimensions of the two test TTFBs are as follows: a radius of 17.56 mm and
a width of 30 mm. The impulse turbine tip clearance is set at 0.3 mm, ensuring that the
rotor has sufficient torque to lift off and reach a maximum speed of 60 krpm under an
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inlet compressed air pressure of 0.7 Mpa. All data are acquired using a dynamic signal
acquisition system developed by Donghua. The shaft weight is 4 kg, resulting in a static
load of 2 kg on each bearing. Both TTFBs undergo the same manufacturing process, heat
treatment, and assembly. The inner diameter of the TTFBs is measured with a micrometer
gauge as shown in Figure 7, and the diameter of the shaft is measured with an outside
micrometer. The value of the nominal clearance is obtained by subtracting the radius of
the TTFBs from the radius of the shaft. In this paper, a nominal clearance of 60 μm was
tested. The thick top foil has a thickness of 1.5 mm and is coated with a 20 μm thickness of
PTFE to prevent potential wear on both the TTFBs and the shaft. The rotor unbalance is
reduced to a G1.0 level using a commercial dynamic balancer. Scribed lines are marked to
ensure that the unbalance amount of the rotor remains unchanged after disassembly and
reassembly. Table 1 provides a detailed overview of the physical and geometric parameters
of the TTFB-rotor system.

Figure 5. A photo of test TTFBs.

Figure 6. Schematic of the test TTFB-rotor system.

250



Lubricants 2023, 11, 453

Figure 7. A photo of measuring the inner diameter of test TTFBs.

Table 1. Physical and geometric parameters of the TTFB-rotor system.

TTFB Parameters

Bearing radius 17.56 mm
Bearing axial width 30 mm

Thick top foil thickness 1.5 mm
Thick top foil mass 0.041 kg

Bump material 3J1
Bump foil thickness 0.1 mm

Bump half length 1.25 mm
Bump height 0.51 mm

Number of bumps 38
Young’s modulus 186 Gpa

Poisson’s ratio 0.29

Gas viscosity 1.81 × 10−5 Pa·s
GFTB parameters

Bearing inner radius 20 mm
Bearing outer radius 40 mm

Top foil angle (six pads) 58◦
Inclined plane angle 30◦

Foil thickness 0.1 mm

Rotor parameters

Total mass 4 kg
Unbalance 4 g·mm

Radius at bearing location 17.5 mm
Total length 331 mm

Young’s modulus 210 Gpa
Material density 7800 kg·m−3

The maximum stable speed is achieved by accelerating the rotational speed using two
symmetrically identical impulse turbines. During orbit simulations, a stable limit cycle
cannot form beyond the maximum stable speed. In the experiment, when the maximum
stable speed is exceeded, there is a noticeable sound of abnormal collision between the
shaft and the thick top foil. To mitigate the impact of additional vibrations near the critical
speed, a modal analysis of the rotor is performed, and the resulting Campbell diagram plot
is presented in Figure 8. The first-order forward and backward whirling frequencies are
2247 Hz and 1999 Hz, respectively. Due to the symmetrical structure of the test rig, the
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vibrations on the left and right sides are similar. For research convenience, the vibration
signals in the vertical direction at the right end are uniformly analyzed. Figure 9 illustrates
that synchronous vibrations, marked as 1X and characterized by a frequency equal to
the rotational frequency, are present. The amplitude of synchronous vibrations remains
stable as the rotational speed changes, with simulation and experimental steady values
of 0.88 μm and 1.21 μm, respectively. Subsynchronous vibrations, on the other hand,
maintain a frequency that does not vary with the rotational speed. As the rotational speed
increases, the simulation amplitude of subsynchronous vibrations also increases, and the
increase becomes more pronounced as the rotational speed approaches the maximum stable
speed. The experimental results exhibit a similar trend. Using ten-order zero-phase digital
band pass filters [29], Figure 10 also illustrates that as the rotational speed increases, the
simulation results and experimental results exhibit more pronounced subsynchronous
vibrations. The predicted frequency and peak amplitude of the subsynchronous vibrations
are 99 Hz and 9.12 μm, respectively, closely matching the corresponding experimental
results of 102 Hz and 10.30 μm. The predicted and experimental maximum stable speeds
are also close, with values of 36 krpm and 35.58 krpm, respectively. Comparing the
simulation results with the experimental results, it is evident that both synchronous and
subsynchronous vibrations are well-matched between the two.

Figure 8. Campbell diagram plot of the rotor.

Figure 9. Waterfall plots of the TTFB-rotor system: (a) simulation results and (b) experimental results.
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Figure 10. Orbits of rotor center at rotational speed of 24.6 krpm (a,d,g), 27 krpm (b,e,h), and 36 krpm
(c,f,i). (a–c) Simulation results; (d–f) experimental results before filtering; and (g–i) experimental
results after filtering.

To further validate the method, two additional cases were conducted with different
bump foil stiffnesses. The first case involved a lower stiffness configuration, using a 0.1 mm
C17200 bump foil material with a Young’s modulus of 130 Gpa, resulting in 0.7 times
the original stiffness as per the above model [27]. The second case utilized a higher
stiffness configuration, using a 0.2 mm 3J1 alloy as the bump foil material with 8 times
the original stiffness. Figure 11 illustrates waterfall plots depicting the simulation and
experimental vertical vibrations at the right end. Upon comparing these plots, it is evident
that even with variations in bump foil stiffness, the simulation results for synchronous
and subsynchronous vibrations align well with the experimental results. The simulation’s
maximum stable speed and subsynchronous frequency also exhibit good agreement with
the experimental findings. Thus, we can conclude that the time-domain orbit simulation
accurately predicts the dynamic responses of TTFB-rotor systems.

The impact of bump foil stiffness on the dynamic responses of the TTFB-rotor system
can also be inferred from these cases. It is observed that increasing the bump foil stiffness
leads to a higher subsynchronous frequency. However, this observation contradicts the
results of previous studies on GFB-rotor systems, which suggested a positive correlation
between the subsynchronous frequency and the square root of bump foil stiffness [26]. This
discrepancy implies that the thick top foil also plays a role in influencing the nonlinear
responses of the TTFB-rotor system. Regarding the maximum stable speed, the simulation
indicates that the maximum stable rotor speed for the lower bump stiffness bearing is
34.2 krpm, while the experimental result is 33.42 krpm. Similarly, for the original bearing,
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the simulation and experimental results correspond to 36 krpm and 35.58 krpm, respectively.
Finally, for the higher bump stiffness bearing, the simulation and experimental results
show 39 krpm and 39.12 krpm. These findings clearly demonstrate that as the bump foil
stiffness increases, the stable speed of the TTFB-rotor system also increases. Consequently,
a TTFB-rotor system with a higher bump foil stiffness exhibits enhanced stability.

Figure 11. Waterfall plots of the TTFB-rotor system with different stiffness. (a) Simulation results
of lower bump stiffness; (b) experimental results of lower bump stiffness; (c) simulation results of
greater bump stiffness; and (d) experimental results of greater bump stiffness.

4. Parameter Studies and Discussion

In this section, we conduct parameter studies and discussions to examine the con-
tributions of the gas film and shaft in the TTFB-rotor system. We investigate three key
parameters: nominal clearance, static load, and unbalance. Through the use of waterfall
plots, orbit simulations, Poincaré maps, and FFT plots, we present visual representations
of the results obtained with varying parameters. These analyses reveal the respective
influences of each parameter on the system’s behavior.

4.1. Effects of Nominal Clearance

The gas film serves as a barrier between the bearing surface and the shaft, and it
is responsible for generating dynamic pressure. The alteration of the nominal clearance
directly affects the pressure distribution within the gas film. As a result, the nominal
clearance exerts a significant influence on the stability of the TTFB-rotor system.

In this section, the system model considers the nominal clearance values of 40 μm,
50 μm, 70 μm, and 80 μm for each TTFB. The interval between the values is 10 μm, while all
other conditions remain unchanged as previously described. Figure 12 illustrates the water-
fall plots depicting the simulation responses for different nominal clearances. Additionally,
in the previous section, the nominal clearance of 60 μm was studied and its corresponding
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waterfall plot is displayed in Figure 9a. Comparing Figures 12 and 9a reveals that when
the nominal clearance is less than 70 μm, the subsynchronous frequency decreases as the
nominal clearance increases. However, once the nominal clearance exceeds 70 μm, the
subsynchronous frequency remains constant, indicating that the pressure distribution in
the high-pressure region of the gas film stabilizes beyond a specific nominal clearance. As
a result, the subsynchronous frequency no longer varies. Regarding the maximum stable
speed, as the nominal clearance increases from 40 μm to 80 μm, the maximum stable speed
of the TTFB-rotor system increases from 19.2 krpm to 63.6 krpm. This implies that sub-
synchronous vibrations can be suppressed by increasing the nominal clearance. Moreover,
greater nominal clearance enhances the stability of the TTFB-rotor system.

Figure 12. Waterfall plots of the TTFB-rotor system with various nominal clearances. (a) 40 μm;
(b) 50 μm; (c) 70 μm; and (d) 80 μm.

The influencing mechanism of the nominal clearance on stability lies in its ability to
alter the bearing attitude angle. As the nominal clearance increases, the film thickness in
the high-pressure area decreases under the same static load. This results in an enlarged
eccentricity ratio of the shaft and a reduction in the bearing attitude angle. The value of the
bearing attitude angle represents the proportion of the tangential component of force acting
on the shaft, with bearings featuring larger bearing attitude angles having smaller tangential
component portions. The tangential component of force on the shaft typically injects energy
into the rotor system, which is detrimental to its stable operation [30]. Consequently,
increasing the nominal clearance improves the stability of the TTFB-rotor system.

4.2. Effects of Static Load

In order to further validate the influence of the bearing attitude angle on the stability
of the TTFB-rotor system, this section examines the effects of static load. By increasing the

255



Lubricants 2023, 11, 453

static load, the eccentricity ratio of the shaft can be amplified and the bearing attitude angle
can be reduced for all foil bearings [31].

In this section, the system model utilizes static loads of 1.2 kg, 1.6 kg, 2.4 kg, and
2.8 kg for each TTFB. The interval between the static loads is 0.4 kg. As the static loads are
changed by extra gravity coefficients, the structure of the rotor is not changed [26]. The
other conditions remain unchanged as described previously. Figure 13 illustrates waterfall
plots of simulation responses corresponding to different static loads. Additionally, the static
load of 2.0 kg, examined in the previous section, with its corresponding waterfall plot is
shown in Figure 9a. Combining Figures 9a and 12, it becomes apparent that as the bearing
static load increases from 1.2 kg to 2.8 kg, the maximum stable speed of the TTFB-rotor
system rises from 19.2 krpm to 54.6 krpm, accompanied by a slight enhancement in the
subsynchronous frequency at the maximum stable speed. Figure 14 showcases the orbit
simulations, Poincaré maps, and FFT plots of vertical vibrations for different static loads
at a rotational speed of 27 krpm. For a static load of 1.6 kg, the orbit of the rotor center
becomes complex, and the Poincaré map exhibits multiple distinct points forming two
large regions. The rotor motion appears quasi-periodic, with significant subsynchronous
frequency amplitude present in the FFT plot. As the static load increases, the amplitude of
the subsynchronous frequency and the area enclosed by the distinct points in the Poincaré
map gradually decrease. Beyond a static load of 2.0 kg, the quasiperiodic rotor motion
transitions to a period-1 state, and the orbit of the rotor center becomes a simple circle.
The FFT plot displays a single peak, indicating the elimination of the subsynchronous
frequency. These results confirm that the reduction in the bearing attitude angle achieved
by adding static load can suppress subsynchronous vibration and improve the stability of
the TTFB-rotor system.

Figure 13. Waterfall plots of the TTFB-rotor system with various static loads. (a) 1.2 kg; (b) 1.6 kg;
(c) 2.4 kg; and (d) 2.8 kg.
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Figure 14. Orbit simulations, Poincaré maps, and FFT plots of vertical vibrations for different static
loads at a rotational speed of 27 krpm. (a) m = 1.6 kg; (b) m = 1.8 kg; (c) m = 2.0 kg; (d) m = 2.2 kg;
and (e) m = 2.4 kg.

4.3. Effects of Unbalance

Unbalance is a critical parameter that significantly influences the subsynchronous
vibrations of GFB-rotor systems [20,21,32]. Therefore, this section discusses the effects of
unbalance on TTFB-rotor systems. The unbalance values are set at 0 g·mm, 1 g·mm, 3 g·mm,
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and 4 g·mm with an interval equaling half of the base unbalance. The base unbalance,
which is 2 g·mm, is addressed in the simulation validation section. To prevent additional
load caused by the phase difference in the unbalance, the two unbalanced masses are
positioned axially in a symmetric manner, with identical angles.

Figure 15 illustrates the waterfall plots of simulation responses with various static
loads. It can be observed that, similar to Figure 9a, all the systems have a maximum
stable speed of 36 krpm, and their subsynchronous vibration amplitudes exhibit the same
variation with speed. On the other hand, Figure 16 presents the orbit simulations, Poincaré
maps, and FFT plots of vertical vibrations for different unbalances at a rotational speed of
36 krpm. The orbits of the rotor center are highly intricate for all cases, mostly showing
quasiperiodic motion with multiple distinct points in the Poincaré maps. Notably, when the
unbalance is 3 g·mm, the orbit displays an interesting shape, transitioning the rotor center
motion to a period-6 pattern, as the subsynchronous frequency precisely equals 1/6 of
the rotational frequency. Additionally, in the FFT plots, the synchronous vibration ampli-
tude increases with unbalance yet remains significantly smaller than the subsynchronous
frequency amplitude. As depicted in Figure 17, there is a strong positive correlation (correla-
tion coefficient of 0.9998) between the synchronous vibration amplitude and the unbalance.
These findings imply that unbalance influences synchronous vibration but has minimal
impact on subsynchronous vibration. This is in contrast with previous studies on GFB-rotor
systems [20,21,32]. Consequently, for engineering applications utilizing TTFBs, extreme
balancing of the rotor is unnecessary and of little significance.

Figure 15. Waterfall plots of the TTFB-rotor system with various unbalances. (a) 0 g·mm; (b) 1 g·mm;
(c) 3 g·mm; and (d) 4 g·mm.
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Figure 16. Orbit simulations, Poincaré maps, and FFT plots of vertical vibrations for different
unbalances of the maximum stable speed. (a) mr = 0 g·mm; (b) mr = 1 g·mm; (c) mr = 2 g·mm;
(d) mr = 3 g·mm; and (e) mr = 4 g·mm.
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Figure 17. Synchronous vibration amplitude of various unbalances.

5. Conclusions

In this study, we developed a nonlinear dynamic model for TTFB-rotor systems by
combining unsteady Reynolds equations, foil deformation equations, thick top foil motion
equations, and rotor motion equations. This comprehensive model enables us to predict the
dynamic responses of the TTFB-rotor system using time-domain orbit simulations, which
accurately determine the rotor’s orbital path.

To validate the accuracy of our model, we constructed a symmetrical test rig that
effectively minimizes errors caused by varying bearing loads. We conducted calculations
and tests using three different types of TTFBs with varying bump foil stiffness. The resulting
waterfall plots of vibrations, both calculated and tested, indicated that higher bump foil
stiffness effectively suppresses subsynchronous vibrations. Furthermore, by comparing
these simulation results with the corresponding experimental results, we observed a strong
correlation in vibration patterns, validating the reliability of our model.

Based on our new model, we conducted separate studies on the effects of nominal
clearance, static load, and unbalance on the TTFB-rotor system. It was found that increasing
the nominal clearance or the static load, both of which reduce the bearing attitude angle,
enhances the maximum stable speed of the TTFB-rotor system. As a result, for TTFB-
rotor systems, other related parameters reducing the bearing attitude angle contribute to
improved stability. In terms of unbalance, it was observed that an increase in unbalance
has a strong positive correlation with the amplitude of synchronous vibration. However,
unbalance has minimal impact on subsynchronous vibrations, and all TTFB-rotor systems
exhibit the same maximum stable speed. This study not only demonstrates an advanced
tool for predicting the dynamic responses of TTFB-rotor systems but also paves the way for
future developments of TTFB in high-speed rotating machinery systems.
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Abstract: Bearings might be damaged due to shock loads caused by disturbances, in addition to
static loads. In this study, a flexible structure was applied to enhance the lubrication characteristics
of misaligned journal bearings subjected to impact loads. When an impact load is added to the
bearing, a misaligned journal bearing has a high possibility of metal-to-metal contact. It might also
lead to failure. Misalignment can occur at any time during bearing operation. A flexible structure is
applied to the end of the bearing as a way to improve lubrication performance in a system where
impact loads might be applied. The bearing’s lubrication performance was numerically assessed
under unsteady-state conditions. An elastohydrodynamic lubrication analysis was conducted, taking
into account elastic deformation. The lubrication characteristics of misaligned journal bearings
were compared with the dimensionless minimum film thickness. The flexible structure and elastic
modulus of the bearing were investigated so that it could support the load without contact according
to the change in the maximum magnitude of the impact load. When subjected to oil film pressure,
this flexible structure underwent elastic deformation, resulting in enlargement of the oil film. A
misaligned journal bearing with a suitable flexible structure provided stable lubrication without
metal-to-metal contact, even under shock load conditions. The flexible structure was incorporated
into the high-load-bearing region of the journal bearing as a groove. Therefore, the application of a
flexible structure in misaligned journal bearings can effectively enhance lubrication performance in
misaligned conditions and under shock loads.

Keywords: elastohydrodynamic lubrication (EHL); flexible structure; impact load; minimum film
thickness; misaligned journal bearing

1. Introduction

Hydrodynamic lubrication generates oil pressure through the relative movement of
mating surfaces and creates a lubricant film that completely separates the two contact
surfaces [1]. As the shaft rotates, the supporting force from the lubricant film within the
bearing and keeps the journal bearing separated [2–4]. However, metal-to-metal contact
can occur in journal bearings for various reasons, leading to wear and failure.

Bearings often encounter misalignment of the journal axis, leading to an uneven
distribution of film thickness for bearing clearance along the axial direction. This irregular
distribution is primarily caused by factors such as asymmetric loads and errors during
installation [5–7]. In addition, during operation, a bearing is bound to encounter diverse
forms of disturbances arising from shock loads. The impact of these shock loads will
inevitably influence both the bearing’s performance during operation and its overall service
life [8]. Moreover, shock can induce rapid and early failure of high-speed bearings [9,10].

Even a minor misalignment angle between shafts and bearings resulting from manu-
facturing errors, non-central loads or shaft deformation can change the distribution of the
oil film. As a consequence of this misalignment, the oil film pressure, load carrying capacity
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and frictional force of the bearing undergo considerable variations [11,12]. Furthermore,
inadequate operational quality can induce undesirable shaft vibrations [13].

Related studies can be largely divided into numerical studies, experimental stud-
ies [14] and studies [15–17] that combine numerical and experimental research. Most of
them are numerical studies that perform CFD (computational fluid dynamics) analysis
based on the FSI (fluid–structure interaction) technique [18], THD (thermohydrodynamic)
analysis [19–21], EHD (elastohydrodynamic) analysis [22,23] and TEHD (thermoelasto-
hydrodynamic) analysis [5,24]. Various methods have been proposed to enhance the
lubrication performance of misaligned journal bearings. In terms of bearing material, a
ZA-27 alloy [25] and a carbon-fiber phenolic composite [26] can be applied to improve the
lubrication characteristics. To improve the lubrication characteristics, micropolar fluid [7]
can be applied as lubricant in terms of lubricant, and a profile [7,27] or flexible struc-
ture [23,28–30] can be applied in terms of design. The grooved area experiences elastic
deformation as a result of the oil film pressure exerted on the surface of the journal bearing.
This can increase oil film thickness, effectively avoiding direct metal contact resulting from
misalignment of the bearing. In a static load condition, when the groove is applied to the
end of journal bearing, a larger oil film can be obtained in terms of the minimum film
thickness than when the groove is not applied. However, when grooves of inappropriate
geometries are applied, the minimum oil film thickness is smaller than when grooves are
not applied [23]. Thus, to improve the lubricating properties of misaligned journal bear-
ings under static load conditions, it is necessary to apply an appropriate flexible structure
according to the operating conditions.

Several studies have been conducted on the shock behavior of different types of bear-
ings, including oil bearings [31–34], air bearings [35,36] and water-lubricated bearings [37].
One study found that as the amplitude of random shock load increases, the average service
life of sliding bearings decreases [31]. Another investigation revealed that rotor stability
and vibration amplitude were favorable when foil bearings supported the rotor under
various test conditions [35]. Furthermore, it has been reported that the use of double
bladder structures can enhance the stability of water-lubricated bearings when subjected to
half-sine shock load [37]. A study was conducted using a chamfer and profile to improve
the lubrication characteristics of misaligned journal bearings under conditions where no
shock load was applied [38] Moreover, lobe-type profiles or pockets were applied to the
bearings to improve the lubrication characteristics under impact load conditions [37–40]. A
study was conducted using a chamfer and profile to improve the lubrication characteristics
of misaligned journal bearings under conditions where no shock load was applied [41–43].

The chamfer and profile were applied to minimize the vibration amplitude and to
enhance the turbine stability limits. Research is also being conducted on methods to
appropriately describe impact loads [44–46].

Some studies have been conducted to improve the lubrication characteristics of mis-
aligned journal bearings. There are also studies on the lubrication characteristics of bearings
against impact loads. However, studies applying a flexible structure when an impact load
is applied to a misaligned journal bearing for improving lubrication characteristics have not
been reported yet. Moreover, there are few analyses conducted under large-impact-load
conditions. Thus, the objective of this study was to evaluate the lubrication performance of a
groove-type flexible structure for preventing metal-to-metal contact under large-shock-load
conditions, where the maximum value of the impact load was approximately three times
the static load. In addition, the effect of an elastic modulus according to impact load condi-
tion within the range of the elastic modulus of bearing steel was evaluated. A numerical
study was conducted on the design of an appropriate flexible structure that could prevent
metal-to-metal contact under the shock load condition of misaligned journal bearings.
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2. Numerical Model and Method

EHL analysis was performed to estimate the lubrication performance of the misaligned
journal bearing under the given condition of an impact load. A flexible structure was ap-
plied to prevent metal-to-metal contact due to impact. EHL analysis was performed to
consider elastic deformation due to oil film pressure. In this research, lubrication perfor-
mance was evaluated over time using commercial software, COMSOL Version 6.0, capable
of multi-physics analysis. This analysis software is based on the finite element method.
It discretizes non-linear governing equations into algebraic equations. The numerical
analysis involved the utilization of three key modules. The first module, known as the
hydrodynamic bearing module, was utilized to analyze hydrodynamic lubrication. The
second module, the solid mechanics module, was employed to study the elastic deforma-
tion of the bearing. Finally, the third module, called the solid–bearing coupling module,
enabled smooth integration and interaction between the hydrodynamic bearing and solid
mechanics modules [23]. The hydrodynamics bearing formula and the solid mechanics
formula were combined into one matrix, and the calculation was performed using a fully
coupled method. The linear elastic material model was applied to the flexible area (groove)
where deformation occurs, and the rigid material model was applied to other parts. The
geometric part to which the rigid body model was applied was given the condition of being
fully constrained (deformation = 0). A rigid material model was applied to the rotation
axis, and full constraints were applied in the axial direction (z-axis).

Misaligned journal bearings can lead to metal-to-metal contact at the end of the bearing
due to various causes, as shown in Figure 1a. To prevent contact between metals, a flexible
structure was applied, as represented by the black dotted line in Figure 1b. The flexible
structure had a ring-type groove that could secure larger oil film thickness through elastic
deformation caused by oil film pressure at the end of the bearing.

 
(a) 

 
(b) 

Figure 1. Misaligned journal bearing: (a) metal-to-metal contact; (b) application of a flexible structure.
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Figure 2 presents a schematic of a journal bearing with a flexible structure. The rigid
shaft rotates about the z-axis with an angular velocity ω. To the center of the shaft, at
z = l/2, a load w is exerted in the direction of θw. The flexible structure is located in the
dotted regions of Figure 2b. It is applied at the end of the bearing using a groove to induce
elastic deformation. The dimensions of the flexible structure are determined by its inner
end thickness (d), outer end thickness (a) and length (lf). The shape of the flexible structure
in the axial direction is determined by γ (=d/a), which can result in either a rectangular
(for γ = 1) or a tapered (for γ > 1) shape, as shown in Figure 2c. In a previous analysis of
the static load condition, lubrication performance was better when the groove shape was
rectangular than when it was tapered [23]. Based on previous results, only cases where
the shape of the groove was rectangular were considered in this study. The non-grooved
section of the bearing surface remains rigid due to its large thickness, preventing any
elastic deformation. The configurations of the journal bearing and the flexible structure are
depicted by dimensionless parameters, as specified in Equation (1):

A =
a
r

, L =
l
r

, L f =
l f

l
, β =

c
r

, γ =
d
a

(1)

The Reynolds equation is employed to solve the oil film pressure (p) under unsteady-
state conditions, as demonstrated in Equation (2):
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The dimensionless form of equation (2) becomes:
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where pa is the atmospheric pressure, and the dimensionless variables are:
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z
r
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(a) 

Figure 2. Cont.
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(b) 

 
(c) 

Figure 2. Schematic of journal bearing with flexible structure: (a) x-y plane; (b) y-z plane; (c) shapes
of the flexible structure.

To determine the oil film pressure in Equation (2), it is essential to determine the oil
film thickness (h) in the space between the bearing and shaft. Figure 3 illustrates the shaft’s
motion, which involves eccentric and tilted movements. The midpoint of the shaft at the
location where z equals l/2 is designated as O, while O1 and O2 represent the midpoints of
the shaft at the ends of the bearing. In Figure 3a, two circles depict cross-sections of the
shaft projected onto the x-y plane, with O1 and O2 serving as their centers. The eccentricity
e represents the distance on the x-y plane between the center of the bearing and O. The
angle ψ on the x-y plane indicates the altitude angle between the direction of the load and
the straight line passing through O and the center of the bearing. The tilting orientation of
the shaft aligns with θw, and the tilting amount e′ is equivalent to half the distance between
O1 and O2 on the x-y plane.

Under the aligned condition with zero tilt, the shaft rotates within the bearing. The
thickness of the oil film between the shaft and bearing is computed using Equation (5) [23].

h = c + e · cos{θ−(θW − π+ψ)}+e′
(

1−2
l

z
)

cos{θ−(θW − π)}+he (5)

The non-dimensionalized representation of Equation (5) can be expressed as follows:

H = 1+ε · cos{θ−(θW − π+ψ)}+ ε′
(

1 − 2
Z
L

)
cos{θ−(θW − π)}+He (6)
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where

He =
he

c
, ε =

e
c

, ε′ = e′

c
(7)

The parameters ε and ε′ featured in Equation (7) represent the shaft’s eccentricity
and tilting ratios, respectively. Additionally, in order to calculate Equation (5), obtaining
the alteration in oil film thickness due to the elastic deformation of the flexible structure,
denoted as he, is essential. The assessment of the elastic deformation of the bearing
is conducted through the solid mechanics module. The obtained numerical results are
integrated with the hydrodynamic bearing module for hydrodynamic lubrication analysis.
Figure 4 displays a hexahedral mesh of the finite element model [23]. The preference for a
hexahedral mesh in numerical calculations arises from its superior resolution and faster
processing speed compared to the tetrahedral mesh [47]. In the analysis, 100 elements
were utilized in the circumferential direction and 53 elements in the axial direction, with
the exception of the groove region, where 108 elements were used in the circumferential
direction. As a result, the total element count was 44,425.

 
(a) 

 
(b) 

Figure 3. The shaft in the bearing under eccentric and tilted motion conditions: (a) x-y plane; (b) y-z
plane.
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Figure 4. Finite element model of journal bearing.

The boundary conditions for solving Equations (2) and (8) are specified as follows:

� Boundary condition for the oil film fracture zone: ∂p
∂n= 0, p = pa.

� Pressure in the cavitation region:

p = pa where p < pa. (8)

� Pressure at the bearing ends and oil feeding groove p(0, z)= pb, p(θ, 0)= pb, p(θ, l)= pb.

� Displacement at the inner end of the flexible structure: u
(

x, y, l f

)
= 0.

The direction of vector n, as indicated in Equation (8), is perpendicular to the bound-
ary line of the oil film fracture. Additionally, periodic conditions are applied for both
pressure and displacement in the ring-shaped bearing. Equation (8) can be expressed in a
dimensionless form, given by Equation (9) [23]:

� Boundary condition for the oil film fracture zone:
∂P
∂n

= 0, P = 0.

� Pressure in the cavitation region:

P = 0 where P < 0. (9)

� Pressure at the oil feeding groove and the bearing ends:

P(0, Z)= Pb, P(θ, 0)= Pb, P(θ, L)= Pb.

� Deformation at the inner end of the flexible structure: U
(

X, Y, L f

)
= 0.

The oil film force, represented as fo, arises from the oil film pressure. It is utilized
to determine the shaft’s motion through comparison with the applied load. Figure 2a
illustrates the visualization of the oil film force exerted on the shaft. The components of the
oil film force in the x and y directions, denoted as fox and foy, respectively, were computed
using Equations (10) and (11). The calculation of the oil film force was achieved through
Equation (12) [23]:

fox =
∫ l

0

∫ 2π

0
p r sinθdθdz (10)

foy = −
∫ l

0

∫ 2π

0
p r cosθdθdz (11)

fo =
√

fox2 + foy2 (12)
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Equations (13)–(15) are dimensionless forms of Equations (10)–(12).

FOX =
∫ L

0

∫ 2π

0
P sinθdθdz (13)

FOY= −
∫ L

0

∫ 2π

0
P cosθdθdz (14)

FO =
√

FOX
2 + FOY

2 (15)

FOX =
c2 fox

6r4ηω
, FOY =

c2 foy

6r4ηω
, FO =

c2 fo

6r4ηω
(16)

The load used in the analysis is shown in Figure 5. The analysis was performed under
the condition that the impact load was added to the static load. In Figure 5, T1 and T3 are
time intervals in which only the dimensionless static load W acts. T2 is the time interval in
which the impact load acts together with the static load. The impact load is assumed to be
in the form of a wave with attenuation. The analysis was performed for cases where the
maximum value of the total load given was 1.5 times (Wmax = 1.5 W), 2 times (Wmax = 2 W)
or 3 times (Wmax = 3 W) the static load. In the case of actual misaligned journal bearings,
shocks and impulses are applied in various directions in addition to the vertical load.
In this study, in order to evaluate the lubrication characteristics of the flexible structure
under impact load conditions, it was simply assumed that the impact load acts in the
vertical direction.

Figure 5. Dimensionless load conditions with dimensionless time.

The dynamic viscosity and density of the lubricant used in the analysis were 0.02083 Pa·s
and 904 kg/m3, respectively. It is difficult to specify information about the actual size and
lubricant due to company security reasons since this is an interpretation of journal bearings
applied to the home appliances of electronic company. Therefore, a dimensionless analysis
was performed.
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3. Numerical Results and Discussion

In a previous study [23], EHL analysis [48–53] was performed for a misaligned journal
bearing with a flexible structure under a static load condition. The flexible structure of the
misaligned journal bearing effectively increased the minimum film thickness. This was
because the oil film thickness increased via elastic deformation in the flexible structure at the
end of the bearing, with the lubrication performance of the bearings improved, as shown
in Figure 6. From the overall dimensionless displacement in Figure 6, it can be confirmed
that there is appropriate deformation due to oil film pressure in the area where the flexible
structure was applied. In addition, a rectangular-shaped flexible structure was more
effective in improving lubrication characteristics than a taper-shaped one [23]. Therefore,
in this study, lubrication characteristics under impact load conditions were evaluated for
misaligned journal bearings to which a rectangular-shaped flexible structure was applied.
In addition, when metal-to-metal contact occurred in misaligned journal bearings, the
elastic modulus of the bearing steel was changed, and the lubrication characteristics were
compared with those of the existing bearing steel.

Figure 6. Dimensionless displacement of overall misalignment journal with flexible structure.

The lubrication characteristics following a change in the flexible structure geometry
and a change in the tilting ratio (ε′) were examined under three load conditions in which the
impact load and the static load acted together. Changes in the dimensionless thickness (A)
and length (Lf) were used to vary the geometry of the flexible structure. The dimensionless
thickness ratio (γ) of the flexible structure was constant at 1 because it was found that the
flexible structure with a rectangular shape was more effective than the taper-shaped one in
improving the lubrication characteristics [23].

The dimensionless minimum oil film thickness due to changes in the dimensionless
thickness (A) of the flexible structure was investigated over time, as shown in Figure 7.
The lubrication characteristics were compared under three load conditions and two elastic
modulus conditions with other specifications, as shown in Table 1. When A was increased,
the dimensionless minimum film thickness decreased overall, resulting in poor lubrication
characteristics. When A was 0.6 and 0.8, the difference in the dimensionless minimum
oil film thickness was very small. However, when A exceeded 0.8, the advantage of the
flexible structure did not appear under impact load conditions. This was because when
A exceeded a certain value, the elastic deformation due to oil film pressure was rapidly
reduced. In other words, when A exceeded a certain value, it was difficult to secure
sufficient oil film thickness through elastic deformation. As the maximum load due to
impact load increased, the lubrication properties deteriorated. Additionally, when the
dimensionless elastic modulus (E*) was reduced by about 32% to 1.5 × 104, the overall
lubrication characteristics were improved.
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 7. Dimensionless minimum film thickness with A: (a) E* = 2.2 × 104, Wmax = 1.5 W;
(b) E* = 2.2 × 104, Wmax = 2 W; (c) E* = 2.2 × 104, Wmax = 3 W; (d) E* = 1.5 × 104, Wmax = 1.5 W;
(e) E* = 1.5 × 104, Wmax = 2 W; (f) E* = 1.5 × 104, Wmax = 3 W.

Table 1. Specification of the analysis model (variation in A, W and E*).

Parameter Value Parameter Value

A 0.2, 0.4, 0.6, 0.8 W Wmax = 1.5 W, 2 W, 3 W
E* 2.2 × 104, 1.5 × 104 β 10−3

L 3.0 γ 1.0
Lf 1/3 ε′ 0.2
Pb 0.3

The smallest dimensionless minimum film thickness within the dimensionless time
region of Figure 7 is shown in Figure 8. In the analysis results under static load conditions,
the lubrication characteristics were good even when A was 1.4. It is almost unrealistic to
apply conditions where A is 0.8 or more. The actual applicable range will be 0.4 or less.
However, this analysis was performed to show that the lubrication characteristics were
improved by the flexible structure even when the total load was about three times the
static load.
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(a) 

 
(b) 

Figure 8. Dimensionless minimum film thickness with A and Wmax: (a) E* = 2.2 × 104; (b) E* = 1.5 × 104.

The analysis was performed to show that the lubrication characteristics were im-
proved by the flexible structure even when the total load was about three times the static
load. However, as shown in Figure 8a, when the maximum load was 3 times and A was
0.8 times the static load, metal-to-metal contact occurred. Similar to the results shown in
Figure 7, it was confirmed that when A was increased, the dimensionless minimum film
thickness decreased. Moreover, when A was 0.8, metal-to-metal contact did not occur when
the maximum load was 1.5 and 2 times the static load. However, they had a very small
dimensionless minimum film thickness, leading to poor lubrication characteristics. To
prevent contact between metals, the lubrication characteristics were investigated by chang-
ing the dimensionless elastic modulus of the bearing. By reducing the elastic modulus,
deformation due to oil film pressure was made easier in the flexible structure. Figure 8a,b
show the results when the dimensionless elastic modulus was 2.2 × 104 and 1.5 × 104,
respectively. When the dimensionless elastic modulus is reduced by about 32%, the change
in lubrication characteristics is expressed as a percentage, as shown Figure 8b. The per-
centage is expressed as a percentage of the difference in the dimensionless minimum film
thickness at the two elastic moduli based on the dimensionless minimum film thickness
in the case of the existing dimensionless elastic modulus (E* = 2.2 × 104). The lubrication
characteristics were generally improved when the dimensionless elastic modulus was
1.5 × 104. In particular, looking at the case where A was 0.8, when contact occurred or the
dimensionless minimum oil film thickness was very small, it was confirmed that no contact
occurred and the lubrication characteristics were greatly improved. Figure 9 shows the
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dimensionless minimum film thickness and dimensionless maximum displacement with
variation in the dimensionless time for four cases among the results in Figure 8. The point
when the dimensionless minimum film thickness was the smallest is indicated by a blue
dotted line. The point when the maximum dimensionless displacement was the greatest is
indicated by a red dotted line. When the dimensionless elastic modulus was 2.2 × 104 and
A was 0.2, the point when the dimensionless minimum film thickness was the smallest and
the point when the dimensionless maximum displacement was the greatest were almost
similar in the entire dimensionless time region. However, when A was 0.6, these two
points in dimensionless time, when the dimensionless minimum oil film thickness was
the smallest and when the dimensionless maximum deformation was the greatest, were
clearly different. This pattern of results was similar even when the dimensionless elastic
modulus was 1.5 × 104. Depending on the change in A, the results varied depending on
the reactivity of the flexible structure. In other words, when A was small, the deformation
of the flexible structure was immediate due to the oil film pressure. However, when A was
large, it was believed that the influence of the deformation in the flexible structure had
a slight delay. Figures 10 and 11 show dimensionless film thickness distribution and oil
pressure distribution, respectively, at the point where the smallest dimensionless minimum
film thickness occurs in the time region. At this time, A was 0.4, the maximum load was
1.5 times, 2 times and 3 times the static load, and the dimensionless elastic moduli were
2.2 × 104 and 1.5 × 104. Figure 10 shows a similar pattern of dimensionless film thickness
distribution. However, in Figure 10f, where the maximum load was 3 times the static
load and the dimensionless elastic modulus was small, at 1.5 × 104, it shows a different
form. In this case, the regions where the dimensionless film thickness is large and small
are relatively large. That is, under conditions where the dimensionless elastic modulus is
small and the maximum load is large, the hydrodynamic pressure increases, and elastic
deformation due to the generated oil film pressure is easy. In Figure 11, under the condi-
tion that the non-dimensional elastic modulus was the same, when the maximum load is
increased, the hydrodynamic oil pressure in the area where oil film pressure occurred is
relatively increased.

  
(a) (b) 

 
(c) (d) 

Figure 9. Relationship between dimensionless minimum film thickness and dimensionless maxi-
mum displacement with variation in dimensionless time: (a) A = 0.2, E* = 2.2 × 104; (b) A = 0.6,
E* = 2.2 × 104; (c) A = 0.2, E* = 1.5 × 104; (d) A = 0.6, E* = 1.5 × 104.
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 10. Dimensionless film thickness distribution with E* and Wmax: (a) E* = 2.2 × 104,
Wmax = 1.5 W; (b) E* = 2.2 × 104, Wmax = 2 W; (c) E* = 2.2 × 104, Wmax = 3 W; (d) E* = 1.5 × 104,
Wmax = 1.5 W; (e) E* = 1.5 × 104, Wmax = 2 W; (f) E* = 1.5 × 104, Wmax = 3 W.

 
(a) (b) 

Figure 11. Cont.
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(c) (d) 

 
(e) (f) 

Figure 11. Dimensionless pressure distribution with E* and Wmax: (a) E* = 2.2 × 104, Wmax = 1.5 W;
(b) E* = 2.2 × 104, Wmax = 2 W; (c) E* = 2.2 × 104, Wmax = 3 W; (d) E* = 1.5 × 104, Wmax = 1.5 W;
(e) E* = 1.5 × 104, Wmax = 2 W; (f) E* = 1.5 × 104, Wmax = 3 W.

Figure 12 shows the dimensionless film thickness and dimensionless pressure in
the circumferential direction for the three red lines shown in Figures 10b,e and 11b,e.
Figure 12a,b show the results when the maximum load is twice the static load and the
dimensionless elastic moduli are 2.2 × 104 and 1.5 × 104, respectively. Compared to
the static load analysis results [23], it was found that the location where the maximum
load occurred moved toward the edge of the bearing. Moreover, after the dimensionless
maximum pressure occurred, a dimensionless minimum film thickness occurred, that is,
the two points mentioned above did not coincide. The displacement distribution was
investigated at the point where the minimum film thickness occurred. Figure 13 shows the
dimensionless displacement at the point where the smallest dimensionless minimum film
thickness occurs in the time region. At this time, A was 0.4, the maximum load was 1.5 times,
2 times and 3 times the static load, and the dimensionless elastic modulus was 2.2 × 104

or 1.5 × 104. As the dimensionless maximum load increased, the area where deformation
occurred widened, with its size increasing overall. Moreover, when the dimensionless
elastic modulus was small, more deformation occurred. In other words, the lubrication
characteristics were improved as the oil film thickness was relatively large due to a larger
amount of elastic deformation.
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(a) 

(b) 

Figure 12. Circumferential distribution of dimensionless film thickness and pressure: (a) A = 0.4,
Wmax = 2 W, E* = 2.2 × 104; (b) A = 0.4, Wmax = 2 W, E* = 1.5 × 104.

 
(a) (b) 

  
(c) (d) 

Figure 13. Cont.
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(e) (f) 

Figure 13. Dimensionless displacement distribution with E* and Wmax: (a) E* = 2.2 × 104, Wmax = 1.5 W;
(b) E* = 2.2 × 104, Wmax = 2 W; (c) E* = 2.2 × 104, Wmax = 3 W; (d) E* = 1.5 × 104, Wmax = 1.5 W;
(e) E* = 1.5 × 104, Wmax = 2 W; (f) E* = 1.5 × 104, Wmax = 3 W.

In this investigation, we performed changes in the dimensionless minimum film
thickness in relation to variations in the dimensionless length (Lf) of the flexible structure,
as shown in Figure 14. The lubrication characteristics were compared under three load
conditions and two elastic modulus conditions with other specifications shown in Table 2.
In a previous study [23], there was no metal-to-metal contact when Lf was 0.2 under the
condition of a dimensionless static load, W. However, metal-to-metal contact occurred
under the condition of an impact load being applied along with the static load. When Lf
was 0.2, the flexible structure covered a very small area, 20% of the bearing’s axial length.
It is believed that it is difficult to secure a sufficient oil film due to deformation under
conditions where impact load is also applied. Thus, numerical analysis was performed
only for Lf between 0.3 and 0.6. Figure 14a,b show the results obtained for dimensionless
elastic moduli of 2.2 × 104 and 1.5 × 104, respectively. When the dimensionless elastic
modulus is reduced by about 32%, these changes in dimensionless minimum film thickness
are expressed as a percentage, as shown in Figure 14b. This percentage quantifies the
difference in dimensionless minimum film thickness between the two elastic moduli, based
on the dimensionless minimum film thickness when the dimensionless elastic modulus
is 2.2 × 104. When the dimensionless elastic modulus was 2.2 × 104, the variance in the
dimensionless minimum film thickness was relatively small when the maximum load was
1.5 and 2 times the static load. However, when the maximum load was 3 times the static
load, the difference in the dimensionless minimum film thickness became significantly
smaller, as shown in Figure 14a. In Figure 14b, it can be seen that if the dimensionless elastic
modulus was changed to a small value, the lubrication characteristics were improved in
terms of minimum film thickness. In particular, when Lf was small, the improvement
in the lubricating characteristics was greater due to changes in the dimensionless elastic
modulus than when it was large. Moreover, when Lf increased under the same load
condition, the percentage generally decreased. That is, when Lf increased and the elastic
modulus decreased, the increase rate of the minimum film thickness was not large; thus,
the improvement in the lubricating characteristics was not distinct.

Table 2. Specification of the analysis model (variation in Lf, W and E*).

Parameter Value Parameter Value

A 0.4 W Wmax = 1.5 W, 2 W, 3 W
E* 2.2 × 104, 1.5 × 104 β 10−3

L 3.0 γ 1.0
Lf 0.3, 0.4, 0.5, 0.6 ε′ 0.2
Pb 0.3
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(a) 

(b) 

Figure 14. Dimensionless minimum film thickness with Lf and Wmax: (a) E* = 2.2 × 104;
(b) E* = 1.5 × 104.

Figure 15 illustrates the changes in the non-dimensional minimum film thickness with
changes in the tilting ratio (ε′). Furthermore, we compared lubrication characteristics across
three different load conditions and two elastic modulus conditions, with the specifications
and details outlined in Table 3. When the dimensionless elastic modulus was 2.2 × 104

under the three load conditions, the non-dimensional minimum film thickness varied with
changes in the tilting ratio, as shown in Figure 15a. As the tilting ratio was increased, the
dimensionless minimum film thickness decreased. This was because as the tilting ratio
was increased, misalignment became more severe, resulting in unstable driving conditions
that made it difficult to secure a sufficient oil film. In previous studies [23] where a static
load was applied, an oil film was secured and the lubrication characteristics were good,
even at a tilting ratio of 0.4. However, under conditions where an impact load was also
applied, metal-to-metal contact occurred when the tilting rate exceeded 0.2. Thus, we
tried to change the dimensionless elastic modulus in order to improve the lubrication
characteristics. When the dimensionless elastic modulus is reduced by about 32%, these
variations in dimensionless minimum film thickness are expressed as a percentage, as
shown in Figure 15b. These percentages were obtained in the same manner as previously
mentioned. Due to change in the elastic modulus, the increase rate of the minimum oil
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film thickness at the tilting rate was smaller than the increase rate of the minimum film
thickness with the same dimensionless thickness and length of the flexible structure. If
the tilting ratio was large, the increase rate of the dimensionless minimum film thickness
was large upon changing the dimensionless elastic modulus. However, when the tilting
ratio was small, the improvement upon changing the dimensionless elastic modulus was
negligible. Overall, it was ineffective in terms of improving the lubrication characteristics
by facilitating elastic deformation by reducing the non-dimensional elastic coefficient with
the change in tilting rate.

 
(a) 

(b) 

Figure 15. Dimensionless minimum film thickness with ε′ and Wmax: (a) E* = 2.2 × 104;
(b) E* = 1.5 × 104.

Table 3. Specification of the analysis model (variation in ε′).

Parameter Value Parameter Value

A 0.4 W Wmax = 1.5 W, 2 W, 3 W
E* 2.2 × 104, 1.5 × 104 β 10−3

L 3.0 γ 1.0
Lf 1/3 ε′ 0.05, 0.1, 0.15, 0.2
Pb 0.3
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4. Conclusions

This study demonstrates the utilization of a flexible structure in enhancing the lubri-
cation performance of misaligned journal bearings under shock load conditions. Shock
loads applied for various reasons can cause wear and failure due to contact in misaligned
journal bearings. To improve this phenomenon, a flexible structure that could facilitate
elastic deformation was applied to the end of the journal bearing, and EHL analysis was
performed on misaligned journal bearings. The impact load of the journal bearing was
assumed to be in the form of a wave. It was applied in addition to the static load. Three
conditions were used, in which the overall maximum load was applied at 1.5, 2 and 3 times
the static load. In addition, in order to improve the conditions of poor lubrication, such
as metal-to-metal contact, the elastic modulus was reduced within the range of the elastic
modulus of bearing steel currently used, and the lubrication characteristics were compared
with those of the existing elastic modulus. The assessment of lubrication performance
involved a comparison of the minimum film thickness of the journal bearing equipped
with a flexible structure using different dimensionless thicknesses, lengths and tilting ratios.
The dimensionless thickness ratio (γ) for the flexible structure remained constant at 1, since
it was determined that the rectangular-shaped flexible structure outperformed the tapered
one in terms of enhancing lubrication properties in previous research. The application of the
flexible structure of misaligned journal bearings is very effective in improving lubrication
characteristics under impact load conditions. This is because even if an impact load is
added to the static load, a sufficient oil film thickness is secured due to elastic deformation
in the flexible structure. A misaligned journal bearing with a flexible structure could pre-
vent metal-to-metal contact until a maximum load of approximately three times the rated
load is reached. When contact occurs or the lubrication performance is poor in a misaligned
journal bearing with a flexible structure, the lubrication performance is significantly im-
proved by changing the modulus of elasticity to be slightly lower. Finally, the numerical
results showed that the application of a flexible structure to misaligned journal bearings
improved the lubrication characteristics under impact load conditions. However, from an
empirical perspective, additional research is needed to apply experimental verification to
actual systems such as compressors and hydraulic pumps.
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Nomenclature

A Dimensionless thickness of the flexible structure (=a/r)
E Modulus of elasticity (GPa)
E* Dimensionless modulus of elasticity (=c2E/(6r2ηω))
F Dimensionless force (=c2f /(6r4ηω))
FO Dimensionless oil film force (=c2fo/(6r4ηω))
FX Dimensionless force in the X direction
FY Dimensionless force in the Y direction
FZ Dimensionless force in the Z direction
FOX Dimensionless oil film force in the X direction
FOY Dimensionless oil film force in the Y direction
H Dimensionless oil film thickness (=h/c)
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He Dimensionless oil film thickness variation by elastic deformation (=he/c)
Hm Dimensionless minimum film thickness (=hm/c)
L Ratio of length to radius of the bearing (=l/r)
Lf Dimensionless length of the flexible structure (=lf/l)
O Center of the shaft at the middle of the bearing
O1, O2 Center of the shaft at both ends of the bearing
P Dimensionless oil film pressure (=c2(p − pa)/(6r2 ηω))
Pb Dimensionless pressure at the bearing ends and oil feeding groove (=c2(pb − pa)/(6r2ηω))
T Dimensionless time (=ωt)
T1, T3 Time interval in which static load acts
T2 Time interval in which static and impact loads acts together
U Dimensionless displacement in the element (=u/r)
W Dimensionless load acting on the shaft (=c2w/(6r4ηω))
X, Y, Z Dimensionless rectangular coordinate system (X = x/r, Y = y/r, Z = z/r)
a Thickness at the outer end of the flexible structure (mm)
c Clearance (μm)
d Thickness at the inner end of the flexible structure (mm)
e Tilting amount of the shaft (μm)
e′ Tilting amount of the shaft (μm)
f Force (N)
fo Oil film force (N)
fx Force in the x direction (N)
fy Force in the y direction (N)
fz Force in the z direction (N)
fox Oil film force in the x direction (N)
foy Oil film force in the y direction (N)
h Film thickness (μm)
he Change in film thickness due to elastic deformation (μm)
hm Minimum film thickness (μm)
l Length of the bearing (mm)
lf Length of the flexible structure (mm)
p Oil film pressure (MPa)
pa Atmospheric pressure (MPa)
pb Pressure at bearing ends and oil feeding groove (MPa)
r Radius of the bearing (mm)
t Time (seconds)
u Displacement in the element (mm)
w Load acting on the shaft (N)
x, y, z Rectangular coordinate system (mm)
β Ratio of clearance to bearing radius (=c/r)
ε Eccentricity ratio (=e/c)
ε′ Tilting ratio (=e′/c)
γ Ratio of thickness at both ends of the flexible structure (=d/a)
η Absolute viscosity of the lubricant (Pa·s)
ν Poisson’s ratio
θ Cylindrical coordinate (rad)
θw Direction of the load in the cylindrical coordinate system (rad)
ω Angular velocity (rad/s)
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Abstract: To develop an angular contact ball bearing with low power consumption, a heat generation
calculation model for angular contact ball bearings has been established based on bearing quasi
dynamics, elastohydrodynamic lubrication theory, heat transfer theory, and Kirchhoff’s law of energy
conservation, considering the effects of roundness error, bearing preload, centrifugal effect, and
thermal expansion. The correctness of the model is verified through experiments. The influence of
different operating conditions and roundness errors on the thermal characteristics of angular contact
ball bearings is analyzed. The results of the calculation indicate that when the roundness error order is
equal to the number of balls n/2 ± 2 (where n = 1, 2, 3, . . .), the overall heat generation of the bearing
is lower than that without considering the roundness error. When the roundness error order is equal
to (2n − 1)/4 ± 2 (where n = 1, 2, 3, . . .), the overall heat generation of the bearing is higher than that
without considering the roundness error. At the same rotating speed, the overall heat generation
fluctuates as the roundness error order changes, and the trend becomes more pronounced as the
rotating speed increases. The maximum overall heat generation is achieved when the roundness
error order equals (2n − 1)/4 times (where n = 1, 2, 3, . . .) the number of balls. When the roundness
error order is equal to n/2 times the number of balls (where n = 1, 2, 3, . . .), the bearing’s overall heat
generation is minimal. The variation in the total heat generated by the bearing is directly proportional
to the amplitude of the roundness error. With the increase in roundness error harmonic order, the
bearing integral heat generation shows a periodic change, and the change period has a mapping
relationship with the number of balls.

Keywords: angular contact ball bearing; quasi dynamics; thermal network method; roundness error

1. Introduction

Angular contact ball bearings are used in wide applications, such as precision machine
tools, aerospace, robotics, instrumentation, advanced rail transit, and other domains. Dur-
ing processing and production, the roundness error on the components can lead to uneven
loading of the rolling elements, changes in contact angle, increased friction, rapid increase
in internal heat generation, thermal expansion of the bearing, and changes in structural
dimensions, which in turn cause changes in the friction and wear characteristics of the
bearing, affecting the working accuracy of the bearing. A significant temperature rise can
further cause the tempering and softening of bearing contact surface materials, leading to
fatigue failure of bearings and ultimately resulting in bearing scrapping.

Currently, numerous studies have been reported on the heat generation character-
istics and roundness error of bearings. In terms of bearing heat generation, Palmgren
et al. [1] conducted tests on different types and sizes of bearings and analyzed the data
to obtain an empirical formula for the bearing friction moment. Based on Palmgren’s
method, Harris et al. [2] revised the empirical formula of the bearing friction moment on
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the basis of experiments and proposed a local heating calculation method considering
six elements of rolling bearing friction. Rami Kerrouche et al. [3] started from the root cause
of the friction power loss in high-speed cylindrical roller bearings, introduced a detailed
calculation method for friction power loss, namely the local method, calculated the total
power loss of the bearing, and then established a thermal network model of the bearing
with the friction power loss as a boundary condition, solving for the temperature of each
component of the bearing. Pouly et al. [4,5] investigated the power consumption and heat
generation mechanisms of high-speed rolling element bearings. They employed a thermal
network approach to estimate temperatures at different locations within thrust angular
ball bearings. The study revealed the impact of power loss distribution, including sliding
friction and oil evaporation losses, on temperature. Furthermore, it emphasized the crucial
role of the oil-air mixture in this context. Zhang et al. [6] established a ball load balance
model, optimizing the thermal grid model of high-speed spindle bearings. The model
was validated using the Newton–Raphson method, with results showing good agreement
with experimental values, enhancing the accuracy of predicting bearing operational pre-
cision and lifespan. Tarawneh et al. [7] studied the temperature distribution of bearing
parts, generation of friction heat, and surface temperature of the bearing housing by the
finite element method. Hong Y. et al. [8] employed finite element simulation software to
investigate the temperature field of deep groove ball bearings. Using Hertz’s elastic contact
theory as a basis, an elliptical contact region sliding model was employed to compute
the differential frictional heat generated between the ball and raceway. Zheng et al. [9]
considered the influence of the contact angle of angular contact ball bearings on the thermal
expansion and deformation of the bearings. They established a comprehensive thermal
grid model for a pair of front bearings in a high-speed main spindle and its surrounding
environment to predict the temperature rise of the bearings. Actual tests were conducted on
the temperature variation of the bearings, and the test results were compared with the corre-
sponding numerical solutions. The study results indicated that the established model could
relatively accurately predict the temperature changes in the bearings. Nicolas et al. [10]
employed a thermal network method to analyze the temperature field of sliding bearings,
successfully overcoming challenges such as the exponential dependence of viscosity on
temperature. The obtained solutions closely aligned with the experimental and numerical
results from other researchers, providing a valuable tool for evaluating the operational
status of industrial machines under limited time and computing resources. Dong et al. [11]
proposed a transient bearing temperature field prediction method by combining the ther-
mal network method and finite element method. They analyzed the relationship between
time step, computational efficiency, and calculation results. By comparing with traditional
static thermal analysis results, the study validated that this simulation method exhibited
higher accuracy. Lei et al. [12] analyzed the temperature rise characteristics of angular
contact ball bearings lubricated under the ring based on the dynamics, calculated the heat
generation by the local method, and finally calculated the temperature of each part by the
thermal network method. The finite element software ANSYS was used for comparison
and verification.

In terms of bearing roundness error, Hassan E. Rasheed [13] conducted a theoretical
study on the influence of circumferential, axial, and combined surface waviness on the
performance of bearings. It was demonstrated that combined waviness can enhance the
load-carrying capacity and friction characteristics when circumferential and axial waviness
numbers are kept below approximately 9 and 2, respectively. An increase in waviness
amplitude resulted in more pronounced changes in load-carrying capacity and friction
variables. Rodionov et al. [14] examined the connection between the machining error of
ball bearing raceways, ball raceway surfaces, and bearing friction torque. They arrived at
the conclusion that the shape error of the raceway surface is the primary factor responsible
for bearing friction torque fluctuations. Cui L. [15] developed a quasi-dynamic analysis
model for rolling bearings. This model was used to analyze the vibration performance of
high-speed ball bearings and high-speed roller bearings and to determine the relationship
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between the waviness, structural parameters, and bearing vibration frequency of the inner
and outer rings, as well as the rolling bodies of rolling bearings. The conclusion drawn was
that the waviness of rolling bearings can alter the vibration characteristics of the system,
and the vibration frequencies induced by the waviness of the outer ring, inner ring, and
rolling elements are functions of the waviness order, rotor, and cage rotation frequencies.
Zheng H. et al. [16] developed a dynamic model for a cylindrical roller bearing system
using the Newton–Euler equation and subsequently examined the impact of outer ring
waviness on the bearing’s dynamic characteristics. The results indicated that a strong
vibration can be generated by the bearing system when the wave number of the outer
ring waviness is equal to or multiplied by the number of rollers. Yang et al. [17] studied
the static characteristics of bearing capacity, attitude angle, end leakage flow, and friction
coefficient under different waviness parameters through numerical simulation. Their
results indicated that the position of the phase angle determines whether the waviness of
the bearing bush may deteriorate or enhance the bearing system. Liu et al. [18] established
a TDDE (time-dependent displacement excitation) model considering the coupling error of
roundness and waviness. They analyzed the influence of roundness error and waviness
amplitude on the vibration of a single-row angular contact ball bearing, providing valuable
guidance for its fault diagnosis. Deng et al. [19] theoretically analyzed the correlation
between the ripple amplitude, harmonic order of the working contact surface, and the
friction torque of angular contact ball bearings with low-friction torque operating at a speed
of 5000 r/min and an axial load of 20 N. The study was experimentally validated. The
research results indicated that the friction torque of angular contact ball bearings fluctuates
either significantly or minimally when the harmonic order of the inner and outer raceways
follows certain relationships. Gao et al. [20] conducted experiments to investigate the
relationship between channel waviness and friction torque in ball bearings under a speed of
1 r/min and an axial load of 1 N. The results suggested that, under certain conditions, the
amplitude of waviness on the outer channel surface only affects the maximum fluctuation
of friction torque without altering the frequency of the maximum fluctuation. The excitation
frequency of friction torque fluctuation increases with the harmonic order of waviness on
the outer raceway surface. Liu et al. [21] presented a model for calculating bearing friction
torque, which takes into account the roundness error of rolling elements in needle roller
bearings. They then compared the calculation results with those obtained by Palmgren
and SKF companies to validate the feasibility of this approach. The model provides a more
accurate method for predicting the friction torque of needle roller bearings with roundness
error compared to previous empirical methods.

Building on the aforementioned research, the primary approach for determining bear-
ing heat generation involves employing quasi-static, dynamic, or finite element methods.
This typically includes locally calculating heat generation or determining local friction
torque conversion. However, the quasi-static model proves unsuitable for high-speed
bearings. The dynamic model and finite element method, while accurate, incur lengthy
calculation times and high costs, rendering them less practical for engineering applications.
Consequently, the calculation of local friction torque based on the quasi-dynamic model
has been adopted to ascertain the overall heat generation of the bearing.

Currently, research on heat generation resulting from bearing friction considering
roundness error is predominantly conducted under conditions of low speed and light
load, and it does not account for the thermal expansion of components and the impact of
changes in lubricant parameters on bearing heat generation. In light of this, this research is
founded on the theories of bearing quasi dynamics, elastohydrodynamic lubrication, heat
transfer, and Kirchhoff’s law of energy conservation. An angular contact ball bearing heat
generation calculation model has been established, which takes into account the impact of
roundness error, bearing preload, centrifugal effect, and thermal coupling. The analysis
aims to investigate the influence of roundness error in the bearing channel on the bearing’s
overall heat generation, and experiments are carried out to verify the rationality of the
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model. It provides a theoretical basis for analyzing the thermal characteristics of diagonal
contact ball bearings with roundness error.

2. Calculation Method for Steady-State Heat Generation of Angular Contact Ball
Bearings Considering Roundness Error

A thorough consideration is conducted to take into account factors such as roundness
error, the force between the rolling element and the inner and outer rings, the cage, the drag
force, resistance, and friction caused by the lubricating oil, as well as the axial displacement
generated during pre-tightening, based on Hertz contact theory and elastohydrodynamic
lubrication theory. Numerical calculation methods are employed to solve the diverse
mechanical and kinematic parameters of the bearing under steady-state conditions. These
parameters are then substituted into the friction torque calculation formula to determine
the overall heat generation of the bearing. Lastly, the overall heat generation is substituted
into the heat network method to calculate the temperature of each part of the bearing, the
expansion generated by the components, and the changes in the viscosity characteristics of
the lubricating oil. The quasi-dynamic calculation model for angular contact ball bearings is
revised, and iterative solutions are executed to determine the bearing mechanics parameters,
kinematics, heat generation, and temperature of each component. The fundamental concept
is illustrated in Figure 1.

Input bearing 
operating conditions

Quasi static mechanics assigns 
initial displacement values

Calculate various 
kinematic parameters

Calculate overall 
heat generation

Recalculate the 
temperature of each 

component

Calculate the expansion amount 
and oil film thickness of each 

component

Calculate the parameter changes 
caused by temperature changes 

in lubricating oil

Convergent
Y or No

Output all parameters

End

Input basic parameters of 
bearings

Correction of the quasi dynamic equation 
for calculating initial values

Roundnes
s error

Y

Convergent
Y or No

N

Correction 
factor

Y

N

Add

Correction of 
initial value

Figure 1. Flow chart of the calculation model for angular contact ball bearings considering
roundness error.
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2.1. Quasi Dynamics of Angular Contact Ball Bearings Considering Roundness Error

In order to conveniently represent the motion states and acting forces of various
components in bearing motion, two coordinate systems are established on angular contact
ball bearings, as shown in Figure 2, namely the inertial coordinate system and the rolling
element coordinate system. The inertial coordinate system is fixed, with the coordinate
origin O chosen at the centroid of the bearing. The X-axis coincides with the direction of
the bearing axis, the Y-axis represents the radial direction of the bearing, and the Z-axis
direction is determined by the right-hand screw rule. The inner and outer ring speeds
of the bearing, the revolution angular velocity of the rolling elements, the revolution
angular velocity of the cage, the axial displacement of the bearing active race relative to
the stationary race, and the centroid displacement of the cage are all measured in this
coordinate system. The rolling element coordinate system is a dynamic coordinate system,
with the coordinate origin at the center of the ball. The direction of the xb-axis always
coincides with the X-axis of the inertial coordinate system, and the direction of the yb-axis
is perpendicular to the X-axis of the inertial coordinate system and points towards the
outer ring of the bearing, determined by the right-hand screw rule for the zb-axis direction.
The self-rotation angular velocity of the ball and the relative displacement between the ball
and the cage pocket hole are measured in this coordinate system.

X

Y

Z

xb

yb

zb

O

Figure 2. Angular contact ball bearing coordinate system.

2.1.1. Channel Roundness Error of Angular Contact Ball Bearings

As a result of machining errors, there exists a common roundness deviation in the
grooves of the inner and outer rings of angular contact ball bearings, which is illustrated in
Figure 3. The machining accuracy of the balls is generally higher than that of the inner and
outer rings, and this article will not focus on analyzing it.

The roundness error on the normal line of the groove of angular contact ball bearings
is represented by Fourier series, and the polar coordinate equation of the groove roundness
error is given by:

ΔSij(θ) =
∞

∑
n=2

(
An cos

(
nθj + ϕi

))
(1)

ΔSej(θ) =
∞

∑
m=2

(
Am cos

(
mθj + ϕe

))
(2)
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where θj is the position angle of the point of the ball on the channel in the radial plane; n
and m are the order of the roundness error of the inner and outer rings, respectively; An
and Am are the amplitude of the roundness error of the inner and outer rings, respectively;
and ϕi and ϕe are the initial phase angles of the inner and outer rings, respectively.

O

Y

Z

Inner ring

Outer ring

Figure 3. A model of an angular contact ball bearing with roundness error.

Due to the existence of channel roundness error, the curvature radii of the inner and
outer channels can be expressed as follows:

rij = ri + ΔSij
(
θij
)

(3)

rej = re + ΔSej
(
θej

)
(4)

where ri and re are the radii of the curvature of the channels in the inner and outer rings; rij
and rej are the curvature radii of the inner and outer ring channels after considering the
roundness error.

The coefficients of the curvature radii of the channels in the inner and outer rings can
be expressed as follows:

fi = rij/Dw (5)

fe = rej/Dw (6)

where Dw is the diameter of the ball bearing.
As the curvature radius coefficient of the channel changes, the elastic deformation of

the bearing surface changes as follows:

δij =
√
(Ax − x1)

2 + (Ay − y1)
2 − ( fi − 0.5)Dw (7)

δej =
√

x1
2 + y1

2 − ( fe − 0.5)Dw (8)

where Ax and Ay are the distances of the center of the curvature of the groove of the inner
and outer rings of the bearing in the coordinate system in the X- and Y-directions. x1 and
y1 are the distances between the center of the ball and the center of the curvature of the
outer channel in the coordinate system in the X- and Y-directions.

2.1.2. Quasi-Dynamic Model

The quasi dynamics of angular contact ball bearings are founded on Hertzian contact
theory and the theory of elastohydrodynamic lubrication. The presence of roundness error
has a significant impact on the curvature radii of the inner and outer raceways in these
bearings, which in turn causes modifications to crucial parameters such as normal contact
load (Q), steady-state contact angle (α), oil film thickness, and hydrodynamic friction force
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(F). Therefore, establishing a quasi-dynamic equilibrium equation system must take into
account the roundness error. For detailed meanings of the parameters in the formula, please
refer to reference [15].

(1) The equilibrium equation of the ball
Figure 4 shows the force on the ball in the plane, from which the equilibrium equation

of the ball can be obtained as follows:

∑ Fx = 0

Qij sin αij − Qej sin αej + FTsij cos αij − FTsej cos αej − FRsij cos αij + FRsej cos αej

+FHsij cos αij − FHsej cos αej + PSgj + PRgj = 0
(9)

∑ Fy = 0

Qij cos αij − Qej cos αej − FTsij sin αij + FTsej sin αej + FRsij sin αij − FRsej sin αej

−FHsij sin αij + FHsej cos αej − PSsj − PRsj = 0
(10)

∑ Fz = 0

FTgej − FTgij − FRgej + FRgij + FHgej − FHgij + Qcj − Fcbj − Fdj = 0 (11)

∑ Mx = 0

(FTgej − FRgej)
Dw

2
cos αej + (FTgij − FRgij)

Dw

2
cos αij −

(
PSsj + PRsj

)Dw

2
− Jxω′

xj = 0 (12)

∑ My = 0

(FRgej − FTgej)
Dw

2
sin αej + (FRgij − FTgij)

Dw

2
sin αij −

(
PSgj + PRgj

)Dw

2
− Jyω′

yj + Gyj = 0 (13)

∑ Mz = 0

(FTsej − FRsej)
Dw

2
+ (FTsij − FRsij)

Dw

2
− Jzω′

zj − Gzj = 0 (14)

where the subscript i represents the inner ring of the bearing; the subscript e represents
the outer ring of the bearing; the subscript s denotes the long axis direction of the contact
area between the ball and the inner and outer rings; the subscript g denotes the short axis
direction; the subscript j represents the sorting of the rolling element, the same below;
Q is the normal contact load of the contact area; α represents the working contact angle;
FT represents the oil film drag force; FR is fluid friction; Qc represents the force between
the ball and the retainer pocket; Fcb is the centrifugal force of the ball; Fd is the oil mist
resistance generated by the mixing of oil and gas on the ball; J is the moment of inertia of
the ball; and G is the gyroscopic moment of the ball.

(2) Cage frame balance equation
Figure 5 shows the force situation of the cage frame, from which the equilibrium

equation of the cage can be obtained as follows:

Z

∑
j=1

[
Qcj sin φj +

(
PSsj − PRsj

)
cos φj

]
+ Fcy − Gc = 0 (15)

Z

∑
j=1

[−Qcj cos φj +
(

PSsj − PRsj
)

sin φj
]
+ Fcz = 0 (16)
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1
2

Z

∑
j=1

(−Qcj dm
)
+

1
2

Z

∑
j=1

Dcp
(

PSsj − PRsj
)
+Mcx = 0 (17)

where PS is the sliding friction force of the contact area between the ball and the retainer
pocket; PR is the rolling friction force at the contact area between the ball and the retainer
pocket; and φj is the angular position of the rolling element, the same below.
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Figure 4. Balance diagram of ball force.
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Figure 5. Cage frame force diagram.

(3) Inner ring balance equation
According to the mechanical relationship between the ball and the inner ring, the

balance equation of the bearing inner ring can be obtained as follows:

FX −
Z

∑
j=1

(Qij sin αij + FTsij cos αij − FRsij cos αij) = 0 (18)
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FY −
Z

∑
j=1

(Qij cos αij − FTsij sin αij + FRsij sin αij) cos φj = 0 (19)

FZ −
Z

∑
j=1

(Qij cos αij − FTsij sin αij + FRsij sin αij) sin φj = 0 (20)

MY − Z
∑

j=1
[ri0(Qij sin αij + FTsij cos αij − FRsij cos αij)− fiDwFTsij cos αij

+ fiDwFRsij cos αij] sin φj = 0
(21)

MZ − Z
∑

j=1
[ri0(Qij sin αij + FTsij cos αij − FRsij cos αij)− fiDwFTsij cos αij

+ fiDwFRsij cos αij] cos φj = 0
(22)

where ri0 refers to the radius of the curvature of the center track of the inner channel;
F refers to the external force borne by the bearing in the inertial coordinate system; and M
is the external moment around the inertial coordinate system.

The model comprises a total of 6Z + 8 equations and is computed with the assistance
of DVE-C++. Due to the significant difference in the order of magnitude between displace-
ment and velocity in the solution variable, the sequence of first division and then total is
employed for solution. The Powell optimization algorithm and the traditional Newton
iteration method are combined to perfectly solve the problem of the equation set that cannot
be solved due to the irreversible partial derivative matrix. Meanwhile, to accelerate the
solution speed and improve solution accuracy, the golden section search method [22] is
employed to find the minimum value of the function within the interval.

2.2. Calculation of Friction Torque

The problem of friction torque in angular contact ball bearings is highly complex.
The bearing’s processing technology, selected materials, structural dimensions, geometric
accuracy, lubrication conditions, and working load all have an impact on it. The bearing
friction torque is divided into six parts based on its characteristics: friction torque caused
by elastic hysteresis, differential sliding friction torque of the rolling element, friction
torque caused by spin sliding of the rolling element, friction torque between the rolling
element and the cage pocket, friction torque between the cage and the guide ring, and
viscous friction torque of the lubricating oil. For detailed meanings of the parameters in the
formula, please refer to reference [23]. The mechanical and kinematic parameters obtained
from the quasic dynamic calculation model of the angular contact ball bearing are utilized
to calculate the friction torque, resulting the overall heat generation.

2.2.1. Friction Torque Caused by Elastic Hysteresis

The properties of material lag lead to friction torque when rolling the rolling element
on the inner and outer ring raceway. The expression of friction torque caused by elastic lag
is as follows:

M1 =
dm

4
(1 − γ2)×

(
z

∑
z=1

(Φi) +
z

∑
z=1

(Φe)

)
× s (23)

where dm is the diameter of the bearing pitch circle; γ is the dimensionless parameter,
which can be calculated by γ = Dw

dm
cos(α0); α0 is the initial bearing contact angle; and s is

the elastic hysteresis coefficient, generally 0.007.

293



Lubricants 2024, 12, 43

2.2.2. Lubricating Oil Viscous Friction Torque

The characteristics of lubricating oil viscosity lead to the friction torque generated by
the rolling body in the process of movement, which is expressed as follows:

M2 = 6.35 × 1
a∗i(e)

× Sr × dm

2
× ∑

[(
hi + he

2

)
(ai + ae)

]
(24)

where a∗i(e) is the viscosity coefficient of the lubricating oil; Sr is the lubrication sufficient
coefficient, an optional oil film lubrication coefficient; and he and hi are the oil film thickness
at the center of the inner and outer ring contact zone.

2.2.3. Friction Torque Caused by Differential Sliding

The friction torque caused by the inconsistency of the linear velocity of the ball and
ferrule at the contact point during the motion of the angular contact ball bearing is expressed
as follows:

M3 =
dm

2Dw
(1 − γ2)×

(
z

∑
z=1

MDe +
z

∑
z=1

MDi

)
× fs (25)

where fs is the sliding friction coefficient, which can be taken as the sliding friction coeffi-
cient of the lubricating oil in the contact area.

2.2.4. Friction Torque Caused by Spin Slip

In angular contact ball bearings, the friction torque caused by the spin sliding of the
ball around the normal direction of the contact zone is expressed as follows:

M4 =
3
8
× fs ×

z

∑
z=1

(
Γi(e)ai(e)Qi(e) sin αi(e)

)
(26)

where αi(e) is the working contact angle of the inner and outer rings of the bearing.

2.2.5. Friction Torque Caused by Friction between Rolling Element and Cage

The friction torque between the cage and the guide ring is mainly generated by the
hydrodynamic friction force of the lubricating oil, and it is expressed as follows:

M5 =
dm

4
(1 − γ2)× sin(α0 + arctan(

2Dw sin(α0)

dm(1 − γ)
))× Gc × fc (27)

where Gc is the cage weight, and fc is the sliding friction coefficient between the rolling
element and the cage pocket.

2.2.6. Friction Torque Caused by Friction between Cage and Guide Ring

The friction torque between the cage and the guide ring is mainly generated by the
hydrodynamic friction force of lubricating oil, and it is expressed as follows:

M6 = 1.38 × Et − 7Gc × fc × ω2
ci(e) × ec × Dyi(e) × (1 − γ2)× 10−3 (28)

where ωci(e) is the angular velocity of the guide surface relative to the cage; ec is the relative
eccentricity of the center of the cage: and Dyi(e) is the diameter of the guard edge of the
guide ring.

2.2.7. Total Friction Torque

The bearing overall friction torque (M0) is expressed as follows:

M0 = M1 + M2 + M3 + M4 + M5 + M6 (29)
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The expression of bearing total heat generation (Q) is as follows:

Q = 1.05 × 10−4NM0 (30)

where N is the rotational speed.

2.3. Temperature Calculation by Thermal Network Method

Using the theory of heat transfer and Kirchhoff’s law of energy conservation, the
thermal network method is employed to determine the temperature. As illustrated in
Figure 6, the thermal network grid method is employed to establish a temperature
field model, formulate temperature node solution equations, and compute the bearing
temperature. In Figure 7, the contact points between the bearing pedestal, inner ring,
outer ring, main shaft, ball, inner ring and ball, and outer ring have been simplified as
temperature nodes.

D
h

D dh

dm
de

di
d
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Th

Te

Tr

Ti

Tz

Tbe

Tbi

Tb
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Figure 6. Schematic diagram of bearing temperature nodes.
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Figure 7. Schematic diagram of bearing heat transfer network.
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Based on Burton and Steph’s viewpoint, the friction heat generated by the bearing is
equally distributed to the rolling elements and the ferrules, and the heat transfer equations
are expressed as follows:

Tz − T0

Rza
+

Tz − Ti

Rzr
= 0 (31)

Ti − Tz

Rzr
+

Ti − Tbi
Ri

= 0 (32)

Tbi − Ti

Ri
+

Tbi − Tr

Rir
+

Tbi − Tb
Rb

=
Hi

2
(33)

Tb − Tr

Rbr
+

Tb − Tbe
Rb

+
Tb − Tbi

Rb
=

Hi + He

2
(34)

Tbe − Te

Re
+

Tbe − Tr

Rer
+

Tbe − Tb
Rb

=
He

2
(35)

Te − Th
Rhr

+
Te − Tbe

Re
= 0 (36)

Th − T0

Rha
+

Th − Te

Rhr
= 0 (37)

where T0 and Tr respectively represent the ambient temperature and lubricating oil
inlet temperature.

The literature [24] contains information on heat transfer resistance. The convection
heat transfer coefficient can be divided into three components: the forced convection heat
transfer coefficient between the bearing seat and the air, between the main shaft and the air,
and between the lubricating oil in the bearing, as shown below.

The coefficient of thermal convection between the bearing pedestal and the air can be
expressed as follows:

kh = 9.7 W/(m2 · K) (38)

The coefficient of thermal convection between the main shaft and the air can be
expressed as follows:

kz = 9.7 + 5.33(25πN/6000)0.8 (39)

The average coefficient of forced convection of lubricating oil in rolling contact bearing
can be approximated as follows [25]:

ka = 0.0986
{

N
υ

[
1 ± Dw cos(a0)

dm

]}0.5

λPr
1
3 (40)

where λ represents the fluid thermal coefficient, and Pr denotes the Prandtl number.

3. Comparative Verification

To validate the model, Figure 8 illustrates the test shaft system of the testing machine.
Figure 9 illustrates its working principle. The loading mechanism of the test machine is
capable of simultaneously applying axial and radial loads, with a maximum capacity of
1000 N, and the motor can reach a maximum speed of 36,000 r/min. The critical component
of the test machine is the test bearing shaft system, with the ability to install four sets
of bearings in each test. The bearings are divided into two end bearings and a central
supporting bearing. Radial loads are applied to the supporting bearing and transmitted
through the test shaft to the end bearings. Simultaneously, axial loads are applied to the
front-end bearing and transmitted through the test bearing to the rear-end bearing. The
test bearing is an H7006C ceramic ball bearing, featuring an accuracy class of P4. The
parameters are presented in Table 1. The lubricating oil used is 4106 aviation lubricating
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oil, as illustrated in Table 2. The method of lubrication employed is oil injection lubrication.
The bearing’s motion form involves the fixation of the outer ring and the rotation of the
inner ring. During numerical simulation of the model, the external channel roundness error
order is 2, the internal channel roundness error order is 3, and the internal and external
channel roundness error amplitude is 0.3 μm.

K-type thermocouple 
contact temperature sensor

 

Figure 8. Bearing testing machine.

Front experimental bearing
Rear end test bearingSupport bearing

Radial load

Axial load

Figure 9. Schematic diagram of working principle of testing machine.

Table 1. H7006C Parameters of ceramic ball bearing.

Parameter Value

Outside diameter (mm) 55
Inner diameter (mm) 30
Pitch diameter (mm) 42.85
Number of balls 18
Initial contact angle (◦) 16
Spherical diameter (mm) 5.5
Width (mm) 13
Inner race groove diameter (mm) 39.927
Outer race groove diameter (mm) 48.079
Cage pocket hole diameter (mm) 5.89
Clearance (mm) 0.15
Cage width (mm) 8.8
Guide face diameter (mm) 46.07
Ceramic thermal conductivity (W/(m·K)) 16.7
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Table 2. Performance parameters of lubricating oil at normal temperature.

Parameter Value

Dynamic viscosity (Pa*s) 0.055
Coefficient of viscous pressure (×10−8 Pa−1) 1.85
Viscosity-temperature coefficient (◦C−1) 0.0315
Coefficient of heat transfer (W/(m·K)) 0.0966

The working condition is presented in Table 3. The experiment on bearing tempera-
ture measurement is conducted under five different working conditions. At an ambient
temperature of 25 ◦C, the steps for temperature measurement are as follows: Firstly, the
electric spindle is mounted onto the test bench, and the oil and gas apparatus, as well as
the power supply, are connected. Subsequently, the data for axial and radial loading are
transmitted through a pressure sensor to the control system. Next, a temperature sensor is
inserted into the outer ring of the front-end bearing, and the collected temperature data are
transferred to the computer control system. Figure 10 illustrates the interface of the test
data acquisition instrument.

Table 3. Test conditions.

Condition 1 2 3 4 5

Axial load Fa (N) 300 500 200 400 600
Radial load Fr (N) 200 400 100 300 500

Inner ring speed (r/min) 6000 6000 10,000 10,000 10,000
Elapsed time (min) 10 10 10 10 10

T30-70 Bearing Test Machine Software

Bearing#1

Bearing#2 

 Bearing#3

 Bearing#4

Axial Load

Radial Load

Vibration

Spindle
RPM 18,000

 

Figure 10. Result acquisition instrument.

For a single operating condition, the temperature is collected every 10 min of operation,
and if the value fluctuation is minimal, it is considered to have reached a steady state. The
results obtained thus far are compared with those of the numerical simulation.

Figure 11 shows the comparison between the results of the bearing test and the cal-
culation results. The figure reveals that the calculation results of the model established
in this paper are essentially consistent with the test results. The maximum relative er-
ror occurs under condition 3, where the test temperature is 33.5 ◦C and the calculation
model results are 31.7 ◦C. The error is 5.37%, which confirms the validity of the model in
this paper.
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Figure 11. Result comparison chart.

The calculation results generally tend to be lower than the test results, as the oil inlet
temperature in the established bearing steady-state heat generation model is a fixed value,
failing to reflect the temperature change that occurs during the circulation of lubricating oil.

4. Calculation Results and Analysis

Using angular contact ball bearing 7008C as the research subject, its rated static load
is 7.7 KN, the rated dynamic load is 11.5 KN, and the maximum speed is 40,000 r/min.
Its primary structural parameters are displayed in Table 4. The material parameters
are presented in Table 5. Ambient temperature is 20 ◦C. The lubricating oil selected is
4106 aviation power oil, and the oil injection lubrication method is adopted. The form
of bearing movement is such that the outer ring remains stationary while the inner ring
rotates, with the oil inlet temperature set at 20 ◦C.

Table 4. 7008C bearing parameters.

Parameter Value

Outside diameter (mm) 68
Inner diameter (mm) 40
Pitch diameter (mm) 53.98
Number of balls 20
Initial contact angle (◦) 18
Spherical diameter (mm) 6.35
Width (mm) 15
Inner race groove curvature radius (mm) 3.49
Outer race groove curvature radius (mm) 3.3
Cage pocket diameter (mm) 6.73
Cage pocket clearance (mm) 0.19
Cage width (mm) 10
Guide face diameter (mm) 58.08
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Table 5. Material parameters.

Parameter Value

Bearing Steel Modulus of Elasticity (N/m2) 2.04 × 1011

Holder elastic modulus (Polyamide, N/m2) 2.32 × 109

Bearing Steel Density (kg/m3) 7805.6
Cage density (kg/m3) 1120
Poisson’s ratio of bearing steel 0.3
Cage Poisson’s ratio 0.34
Heat conductivity coefficient of bearing steel (W/(m*K)) 40.1
Thermal expansion coefficient of bearing steel (1/◦C) 0.1224 × 10−4

4.1. Influence of Bearing Working Conditions on Overall Heat Generation of Bearings

Figure 12 shows the relationship between the rotational speed of the bearing and the
total heat generation of the bearing under different outer ring groove roundness error orders
when the axial load is Fa = 500 N and the outer ring groove circularity error amplitude
is 0.5 μm. From the graph, it can be seen that the overall heat generation of the bearing
linearly increases with the increase in speed. As the speed increases, the centrifugal force
on the ball increases, resulting in an increase in sliding friction between the ball and the
inner and outer contact areas, and a linear increase in overall heat generation.

10000 20000 30000 40000
0

100

200

300

400

280

300

320Q
/ (

W
)

N/ (r/min)

 non-error  order2   order3   order4
 order5      order6   order7   order8
 order9      order10  order11  order12
 order13    order14  order15  order16
 order17    order18  order19  order20

Figure 12. Relationship between rotating speed and bearing heating under different roundness
error orders.

Figure 13 illustrates the correlation between axial load and total bearing heat generation
of the angular contact ball bearing under various outer channel roundness error orders, with
the rotating speed set at 10,000 r/min and the outer ring channel roundness error amplitude
measured at 0.5 μm. Figure 12 indicates that there is a gradual increase in overall bearing
heat generation as the axial load increases. The increase in axial load inhibits the rotation
of the bearing and also leads to an increase in the normal contact force between the bearing
rolling elements and the inner and outer rings. This causes an increase in the friction moment
in the contact area, resulting in an overall increase in heat generation. When the order of the
outer channel roundness error is equal to the number of balls n/2 ± 2 (where n = 1, 2, 3, . . .),
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the contact point between the ball and the outer ring is near the peak or valley, resulting in a
small contact area and a low average normal load on the ball. The overall friction torque is
correspondingly reduced, so the overall heat generation of the bearing is lower than when
the roundness error is not considered. When the order of the outer channel roundness error is
equal to the number of balls (2n − 1)/4 ± 2 (where n = 1, 2, 3, . . .), the contact area between
the rolling elements and the inner and outer channels is large, the average normal load on
the balls is large, and the friction torque in the contact area increases accordingly, resulting
in a higher overall heat generation of the bearing compared to the case without roundness
error. Under the same axial load, the overall heat generation of the bearing fluctuates
significantly as the order of the roundness error increases.
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Figure 13. Relationship between axial load and bearing heat generation under different roundness
error orders.

4.2. Influence of Roundness Error Order on the Whole Heat Generation of Bearings

Figure 14 shows that at a rotational speed of 10,000 r/min, the amplitude of the circu-
larity error in the outer ring groove is 0.5 μm. The figure also illustrates the relationship
between the circularity error of the outer ring groove and heat generation under various
axial loads. As can be seen from the figure, as the order of the roundness error increases, the
overall heat generation of the bearing fluctuates. When the order of the roundness error is
equal to the number of balls (2n − 1)/4 times (where n = 1, 2, 3, . . .), the contact area between
the ball and the raceway is maximized, and the spin friction power consumption generated
between the ball and the inner and outer raceways is maximized, resulting in maximum
overall friction torque and maximum overall heat generation of the bearing. When the order
of the roundness error is equal to n/2 times the number of balls (where n = 1, 2, 3, . . .), the
contact point between the ball and the outer raceway is at the peak or valley, at which point
the contact area between the ball and the raceway, the deformation of the Hertz contact
area, and the normal load on the ball are minimized, resulting in minimum friction torque
and minimum overall heat generation of the bearing.
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Figure 14. Relationship between roundness error and heat generation under different axial loads.

Figure 15 illustrates the relationship between the roundness error of the outer ring
channel and heat generation under different rotational speeds, with an axial load of
Fa = 500 N and outer ring channel roundness error amplitude of 0.5 μm. The figure
illustrates that as the roundness error of the outer ring channel increases, it causes irregular
changes in the contact area, resulting in fluctuations in the contact pressure and friction
force, and consequently in heat generation. The faster the rotating speed, the greater the
change in contact pressure and friction in the contact area, and the more pronounced the
trend becomes.

 

5 10 15 20
0

50

100

150

200

250

300

350

Q
/ (

W
)

Roundness error order

 3000r/min
 5000r/min
 10000r/min
 12000r/min
 15000r/min
 20000r/min
 30000r/min
 40000r/min

Figure 15. Relationship between roundness error and heat generation under different rotating speeds.
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In Figure 16, the relationship between the amplitude of the outer ring groove round-
ness error and heat generation is shown when the axial load is Fa = 500 N and the rotational
speed is 10,000 r/min. As can be seen from the figure, the overall heat generation fluc-
tuation of the bearing under steady state increases with the increase in the roundness
error amplitude, and its fluctuation is proportional to the amplitude. The increase in the
amplitude of the roundness error will lead to an increase in the unevenness of the radial
clearance. When the magnitude of the roundness error increases, the non-uniformity also
increases, resulting in a decrease in the radial clearance of the rolling elements. With the
increase in the roundness error amplitude, the contact deformation also increases. As the
roundness error order rises, the normal contact load exhibits fluctuating changes, and the
intensity of these fluctuations is proportional to the roundness error amplitude. This is the
primary factor causing fluctuations in heat generation. At specific orders, although the
roundness error amplitude is particularly large, the overall force on the bearing is uniform,
and the normal load is relatively small. Therefore, the overall heat generation is smaller.
The amplitude of the circularity error selected in this article is intended to fully demonstrate
its regularity. In practical work, excessive roundness error amplitude can compress the
radial clearance, causing the bearing to fail to operate normally, and should be kept within
a reasonable range. This phenomenon needs to be considered in the design and selection of
bearings to ensure that the bearings can operate normally and maintain thermal balance
during operation.
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Figure 16. Relationship between roundness error amplitude of the outer groove roundness error and
heat generation.

Figure 17 shows the relationship between the roundness error and heat generation
of different numbers of balls when the axial load is Fa = 500 N and the rotational speed is
10,000 r/min. As can be seen from the figure, the overall heat generation of the bearing
exhibits periodic changes with the increase in harmonic order of the outer ring groove
roundness error. Under the same working conditions and roundness error, an increase
in the number of balls will lead to an increase in the amount of heat generated, as the
increased number of balls will result in an increase in the contact area between them,
thereby generating more friction.
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5. Conclusions

In this study, a thermal calculation model for angular contact ball bearings has been es-
tablished based on the quasi-dynamic theory of bearings, the theory of elastohydrodynamic
lubrication, the theory of heat conduction, and Kirchhoff’s law of energy conservation.
The model considers the effects of roundness error, bearing preload, centrifugal effects,
and thermal coupling. The influence of bearing raceway roundness error on the overall
heat generation of the bearing has been analyzed. The following are the conclusions of
this study:

(1) As the speed and axial load increase, the overall heat generation linearly increases, and
the increase in speed produces a more significant increase in heat generation compared
to the axial load. When the order of the roundness error is equal to the number of balls
n/2 ± 2 (where n = 1, 2, 3, . . .), the overall heat generation of the bearing is lower than
when the roundness error is not considered. When the order of the roundness error
is equal to the number of balls (2n − 1)/4 ± 2 (where n = 1, 2, 3, . . .), the overall heat
generation of the bearing is higher than that without roundness error.

(2) When the order of the roundness error is equal to the number of balls (2n − 1)/4
times (where n = 1, 2, 3, . . .), the overall heat generation of the bearing is maximum.
When the order of the roundness error is equal to the number of balls n/2 times
(where n = 1, 2, 3, . . .), the overall heat generation of the bearing is minimum.

(3) As the order of the roundness error increases, the overall heat generation fluctuates.
The faster the speed, the more obvious the trend of fluctuation. Under the same order
of roundness error, the load has little effect on the overall heat generation, which
increases with the increase in bearing speed.

(4) The overall heat generation fluctuation of the bearing under steady state increases
with the increase in the roundness error amplitude, and its fluctuation is proportional
to the amplitude. The overall heat generation of the bearing exhibits periodic changes
with the increase in the harmonic order of the roundness error, and the change period
is mapped to the number of balls.
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