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Amongst the various forces acting on particles in a fluid, the Basset force, related
to the fluid inertial effects, is one of the most difficult to study. Procopio and Giona [1]
developed a modal expansion of the force acting on a micrometric particle. They show that
the viscoelastic effects of the fluids studied induce the regularization of inertial memory,
stemming from the finite propagation velocity. They derive an analytical expression for the
fluid inertial kernel for a Maxwell fluid, and they also propose a general method to provide
accurate approximations of this expression for complex fluids.

Hydropower plants have a high storage capacity and are capable of quick responses;
as a result, they are increasingly being used to facilitate and integrate the intermittent
energy from other renewable sources of energy, for example, wind and solar energy. At
times, the operation of hydro turbines is limited by the formation of a Rotating Vortex
Rope (RVR) in the draft tube. Arabnejad et al. [2] studied this phenomenon by using scale-
resolving methods, namely, SST-SAS, wall-modeled LES (WMLES), and zonal WMLES.
Their numerical simulations consider the effects of different scale-resolving methods on
capturing flow, and the results indicate that for a small amount of vapor, cavitation induces
broadband high-frequency fluctuations, and as the amount of cavitation increases, these
fluctuations tend to have a dominant frequency different from that of the RVR.

There has been a tremendous increase in the applications of fractional calculus as a
new and efficient mathematical tool for analyzing the properties of non-linear materials
and relating the parameters in the models to experimental results. Lenzi et al. [3] studied
the solutions of a generalized diffusion-like equation using a spatial and time-fractional
derivative; in their equations, the presence of the non-local terms, related to reaction or
adsorption-desorption processes, are also accounted for. They used the Green function
approach to obtain solutions. Their study can help us to understand the different scenarios
that can occur in connection with diffusion and anomalous diffusion processes.

The study of oscillating airfoils at moderate Reynolds numbers is a suitable candidate
for testing the transition and modification needed in the standard Reynolds-Averaged
Navier—Stokes (RANS) equations. Alberti et al. [4] used a high-order discontinuous
Galerkin solver to study two-dimensional flapping foils at moderate Reynolds numbers
when subject to different prescribed harmonic motions. Their simulations show an increase
in the effectiveness in predicting loads, which is the case at low Strouhal numbers. Further-
more, their transition model seems to accurately predict wake topology, which is directly
related to thrust/drag generation.

Methane pyrolysis appears to be among the new benign technologies for produc-
ing hydrogen with zero greenhouse gas emissions, and it is especially suitable for solar
energy applications with high-temperature process heat. Msheik et al. [5] examined the
possibility of using solar methane pyrolysis as a decarbonization process, producing both
hydrogen gas and solid carbon with zero CO, emissions. They designed a novel hybrid
solar/electric reactor at the PROMES-CNRS laboratory to handle the difficulties associated
with direct normal irradiance (DNI). They also used Computational Fluid Dynamics (CFD)
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simulations and investigated the performance of this reactor under different operating
conditions. The results of their numerical simulations agree with their experimental results,
indicating the applicability of the proposed solar hybrid reactor design for efficient methane
decomposition performance.

Vortex stretching and bursting are among the main causes of turbulence and the
interactions at different scales of energy transfer; these are generally related to some of
the terms in equations of motion, inertia, compression, diffusion, and dissipation. The
vortex filament is also noticed in the Taylor—Green vortex, which is different from the
simulation results based on the Navier-Stokes equations. Caltagirone [6] studied this
problem using spectral analysis and by allowing the decay of kinetic energy to be a function
of the wave number.

Waris and Lappa [7] studied the mixed buoyancy-Marangoni convection of a fluid
over an inclined layer heated from below and unbounded from above. They used a
thermographic visualization technique and took multiple temperature measurements at
different points. Using a computer-based reconstruction of the spatial distribution of
wavelengths, they show that this flow arrangement can develop interesting patterns, such
as spatially localized cells, longitudinal wavy rolls, and finger-like structures.

Flow over rough surfaces occurs in many engineering applications and in nature (for
example, flow inside pipes, around turbine blades, atmospheric boundary layers, etc.).
The effects of roughness and its impact on flow have been studied extensively. Salomone
et al. [8] studied flow over strips placed regularly along the mean stream. They used
wall-modeled large-eddy simulations (WMLES) and improved delayed detached-eddy
simulations (IDDES) (a hybrid method solving the Reynolds-averaged Navier-Stokes
(RANS)) equations near the wall, while the large-eddy simulations (LES) were used in
the core of the flow. They noticed that the modifications due to roughness can produce
certain non-equilibrium effects, and memory of the upstream conditions also seem to be an
important factor in the computational modeling of this flow.

Peristaltic flow occurs in many biological processes, such as digestion, which is an
important component of any in silico model of the stomach. Obtaining an analytical
solution that can be used for model verification is highly desirable. Liu et al. [9] used a
smooth particle hydrodynamics (SPH) code (from CSIRO) and developed a model for use
in the stomach wherein wall motion, buoyancy, acid secretion, and food breakdown are
included. They used two different numerical methods, namely, the Finite Volume Method
(FVM) and the SPH, to study this problem. The simulations show that both methods
provide very good agreement with the analytical model.

Studies on synthetic jet actuators (SJAs) have shown a potential to delay flow sep-
aration over surfaces, offering applications in aerodynamics, where flow control can be
achieved via injection through the external excitation of an enclosed cavity volume. In
general, SJAs are smaller than an aircraft’s wingspan, and as a result, they are used in an
array form. Arafa et al. [10] experimentally studied the effect of the excitation frequency
of SJAs on the mean jet velocity issuing from an array of circular orifices. They focused
on the acoustic excitation characteristics of the actuator’s cavity. They noticed that a large-
aspect-ratio-cavity volume with multiple peaks can correspond to the standing-wave-mode
shapes of the cavity.

The rheological responses of complex materials such as suspensions, dispersion,
slurries, etc., are generally different from those of Newtonian fluids; some of these fluids
exhibit non-linear effects such as yield stress, and among the most-used models with yield
stress are the Bingham, Herschel-Bulkley, and Casson models. Calus et al. [11] studied
the two-dimensional linear stability of a regularized Casson fluid flowing down an incline.
Their results, which were obtained using the long-wave approximation method, indicate
that the critical Reynolds number at which instability arises depends on the material
parameters, the angle of inclination, and the prescribed inlet discharge. They also show that
the flow of a Casson-type material over an inclined plane becomes increasingly stable as
yield stress increases. This behavior, interestingly, is the opposite of that for a Bingham fluid.
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Double-diffusive convection in a porous medium is a challenging topic of study due
to the non-linearity inherent in the problem, where, in addition, the Darcy law can cause
large-scale damping. Liu and Knobloch [12] studied thermal convection with salinity as
a passive scalar; they used direct numerical simulations (DNS), and through the single-
mode solutions, they reproduced the root-mean-square and mean temperature profiles of
time-dependent states at high Rayleigh numbers. Their results show the potential for this
single-mode approach to be applied to other flow configurations where coherent structures
are dominant due to the presence of large-scale damping.

With the further requirement and demand for the use of renewable energy to produce
electricity, steam turbine power plants are being operated at a low load, where it is possible
for the steam turbine rear stages to absorb power from the turbine shaft; this can lead to
the so-called “ventilation phenomenon”. Mambro et al. [13] correlated the state of the
steam within the rotor channel to the measurements obtained downstream of the blades
for different ventilation regimes. In their case, the ventilation power was related to the
drag force that acts on the moving blades. Their results indicate that the drag coefficient is
highly correlated with the Reynolds number based on the reverse blade height.

Computational studies related to membrane system design have shown the effective-
ness of performance measures, where, for example, fouling and flow unsteadiness can
be induced via different spacer configurations. Heinz et al. [14] numerically studied the
local mass distributions in membrane systems and showed that the collective interaction
of operation conditions (OCs) can provide further insight into understanding the related
problems in the advection—diffusion equation. Using a Fourier series model (FSM), they
obtained the exact solutions of an advection—diffusion equation for a wide range of OCs.

Amongst the promising approaches to turbulence modeling, one can mention the
two-equation turbulence models in the framework of Reynolds-averaged Navier-Stokes
(RANS) equations. As pointed out by Heinz [15], the existing hybrid RANS-LES methods
suffer from some inherent problems, which can be alleviated by using a generalization of
the continuous eddy simulation (CES) methods. It is also shown that the minimal error
methods associated with flows of incompressible fluids can be extended to stratified and
compressible flows; this can provide valuable input for the design of consistent turbulence
models for cases with significant modeling uncertainties.

The measurement of mass transfer intensity in bubbly flows is an important challenge
in innovative bioreactor design. To acquire a better understanding of these multiphase
flows, Computational Fluid Dynamics (CFD) approaches can be used to describe flows
in the bioreactor loop. Starodumov et al. [16] presented the results they obtained when
using a developed thermometry method to evaluate the key performance in a bioreactor,
for example, the volumetric mass transfer coefficient, which is an important parameter
in the design, operation, scaling-up, and optimization of bioreactors. They designed a
mass-transfer apparatus for growing different microorganisms to study a jet bioreactor
with the recirculation of liquid and gas phases of a given rheology system.

Bubble dynamics, including bubble formation and dissolution, significantly impact
industrial applications, ranging from the production of beverages to foam-manufacturing
processes; the rate of bubble expansion or contraction is one of the most important parame-
ters affecting these processes. Maloth et al. [17] studied the motion and expansion of an
isolated bubble due to mass transfer in a pool of a supersaturated gas-liquid solution. They
numerically solved the advection—diffusion equation and examined the effects of gas-liquid
solution parameters, such as the inertia, viscosity, surface tension, diffusion coefficient,
system pressure, and solubility of the gas, on the solution. They noticed that surface tension
and inertia do not significantly influence bubble expansion, whereas viscosity, pressure,
diffusion, and solubility have a noticeable impact on bubble growth.

Recent experimental results indicate that rising gas columns can produce interesting
oscillations. Gergely and Néda [18] numerically studied the convective flows of heated
fluid columns in a gravitational field using a simplified 2D geometry. They used the
FEniCS package to solve the coupled Navier-Stokes and heat equations. In their study,
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they examined a hydrodynamics computer simulation where, for simplicity, heated fluid
columns are used instead of ascending Helium columns; this way, they were able to
reproduce the experimentally observed data.

The flow of a bubble through a confining pore can be affected by the surface roughness
and the geometry of the pore. Studies have shown that pore-scale interactions, in addition
to the entrance critical pressure and a strong interaction of an isolated dispersed phase and
pore geometry, can lead to additional pressure at the exit of the pore geometry. Ansari and
Nobes [19] investigate the motion of an isolated bubble through different pore geometries;
their simulations indicate that pore shape and surface roughness have a significant effect on
the passage of the isolated phase. They were also able to detect the phase-pinning pressure,
which can cause a delayed response in multiphase flows in the pore structures.

Dilute flows of gas—solid particles occur in various aspects of industry, such as pneu-
matic transport, fluidized beds, vertical risers, cyclones, flow-mixing devices, etc. To
understand the interaction between a fluid and particles, it is important to know the
forces acting on the particles. In the numerical simulation of such flows, the Lagrangian
Particle-Tracking method is often used, where packets of individual particles are tracked,
recognizing that the main forces acting on the particles are those of gravity and drag.
Dodds et al. [20] performed a CFD analysis to study the effects of particles situated both
perpendicular and parallel to the flow direction; their results show that the neighboring
particles perpendicular to the flow seem to increase the drag force at close separation
distances, whereas when entrained particles are co-aligned with the flow, the drag force
seems to be reduced for close separation distances and increases as the distance increases.

The main role of the mitral valve (MV), which has an elliptical shape and is composed
of an annulus and two leaflets, is to enable and regulate the appropriate flow of blood into
the left ventricle (LV). Valve asymmetry presents a special challenge for modern cardiac
surgery. Collia and Pedrizzetti [21] performed a systematic numerical study using a healthy
ventricle and an ideal valve with varying degrees of valve asymmetry. As they indicate,
their computational model should not be confused with an FSI model, since, in their
approach, they do not include the elastic properties of the tissues. Their results can provide
some important pre-surgical information as to which type of valve asymmetry can be used
for correct valve repair/replacement.

Fluid/fluid interfaces and interfacial rheology are important areas of research for
rheologists and modelers. These types of processes can occur in flows of foam and emulsion-
based applications along with certain chemical processes such as liquid-liquid extraction,
froth flotation, wastewater treatment, or tertiary oil recovery. Guzman et al. [22] provide a
review of this topic, focusing on the study of the fluid/fluid interfaces with dilatational
stresses. The authors examine the available experimental and theoretical models for the
dilatational rheology of fluid/fluid interfaces and discuss the effect of the non-linear
character of dilatational deformation on the rheological response of these interfaces.

Finally, I would like to thank all the authors who contributed to this Special Issue.
Without their contributions and without the help of qualified reviewers, it would not
have been possible to organize this Special Issue. I am also grateful to all the anonymous
reviewers for their help. I would like to extend a personal note of appreciation and
gratitude to Ms. Wing Wang and the Editorial staff of the Fluids Office; without their help
and assistance, Fluids could not publish high-quality papers in a short period of time.
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Abstract: This article develops a modal expansion (in terms of functions exponentially decaying
with time) of the force acting on a micrometric particle and stemming from fluid inertial effects
(usually referred to as the Basset force) deriving from the application of the time-dependent Stokes
equation to model fluid—particle interactions. One of the main results is that viscoelastic effects
induce the regularization of the inertial memory kernels at t = 0, eliminating the 1/+/-singularity
characterizing Newtonian fluids. The physical origin of this regularization stems from the finite
propagation velocity of the internal shear stresses characterizing viscoelastic constitutive equations.
The analytical expression for the fluid inertial kernel is derived for a Maxwell fluid, and a general
method is proposed to obtain accurate approximations of it for generic complex viscoelastic fluids,
characterized by a spectrum of relaxation times.

Keywords: microparticle dynamics; complex viscoelastic fluids; fluid inertial effects; time-dependent
Stokes equations; modal expansion

1. Introduction

Microfluidics and the study of fluid-particle interactions at a microscale represent not
only a vast area of practical engineering applications [1,2] as they provide the opportunity of
addressing fundamental physical questions in fluid dynamics [3-5], such as the relevance of
acoustic propagation in liquid hydrodynamics [6-8], the nature of the boundary conditions
and the occurrence of slip effects [9-11], as well as the role of the finite propagation velocity
in the evolution of internal stresses [8,12].

A significant role in this research is played by the study, both theoretical and exper-
imental, of Brownian motion, i.e., of the motion of micrometric particles in a quiescent
fluid. This is due to the fact that Brownian motion is a central problem in statistical physics,
from the early age of Einstein, Langevin, Smoluchowski, Perrin, [13-16] up to now [17,18],
providing a direct way of quantifying the influence of thermal fluctuations and of studying
the interactions between a fluid and a particle, thus permitting the investigation of the
role and the relative relevance of different hydrodynamic effects. In this sense, Brownian
motion represents an invaluable probe to verify experimentally fundamental fluid dynamic
properties at short time and length scales [11,19].

The last two decades have seen an increasing attention on the experimental analysis
of Brownian motion at short time scales in different fluids (gases and liquids) [20-24], with
different rheological properties (Newtonian, viscoelastic) [25]. The experimental results have
confirmed many predictions of the hydrodynamic theory of Brownian motion [26-28], and
in some cases have raised fundamental questions involving basic principles of statistical
mechanics [29].

The analysis of the velocity autocorrelation function of a micrometric particle in a
liquid phase has shown the importance of fluid inertial contributions, expressed by the
occurrence of the Basset force and of the added-mass term [30] in the expression of the force
exerted by a fluid on a rigid object [22,23]. These terms arise in the low-Reynolds number
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hydrodynamics, using the time-dependent Stokes equations, and provide a power-law
decay of the particle velocity autocorrelation function [25], to be compared with the expo-
nential decay occurring if solely the Stokesian drag is considered [31,32]. Indeed, the use of
the time-dependent Stokes equation, instead of the instantaneous Stokes formulation, is
well justified and appropriate when addressing micrometric particle motion in liquids at
short time scale, due to the high frequencies characterizing thermal fluctuations. Conse-
quently, while the Reynolds number is extremely small in these systems, the product of
the Reynolds number times the Strouhal numbers is order of unity, justifying the inclusion
of the inertial contribution expressed as the time derivative of the velocity in the hydro-
dynamic equations. In the case of viscoelastic fluids, characterized by time-dependent
constitutive equations, this statement is a fortiori valid.

The rheological modeling of complex viscoelastic fluids is well consolidated as regards
the quantitative description of viscoelastic properties [33]. As regards the dynamics of
a microparticle, this corresponds to the formulation of a generalized Langevin equation
with a dissipative memory kernel [34-36]. This class of equations has been introduced
by Zwanzig in connection with the interaction of a physical system with a heat bath,
and the fluctuation—dissipation theorem for this class of systems has been obtained by
Kubo [37]. On the other hand, the hydrodynamic analysis of Brownian motion and the
numerical simulation experiments by Alder and Wainwright [38] have clearly indicated
that fluid inertial contributions are of paramount importance in order to correctly predict
particle dynamics.

The current approach to particle motion in complex fluids is essentially based on the
direct hydrodynamic simulation of particle motion [39,40]. What is missing is a physically
consistent and computationally tractable formulation of particle dynamics in viscoelastic
fluids, analogous to the corresponding equation of motion (which includes Stokes friction,
the Basset force and the added mass effect) that apply for Newtonian ones. These equations
can be derived into two steps: (i) via the detailed characterization of the fluid inertial
contribution to particle motion in a complex fluid, expressing it in a computationally
effective representation, and (ii) by generalizing the Kubo fluctuation-dissipation theory in
order to include fluid-inertial contributions. In this article, we focus essentially on the first
issue, leaving the second one to a forthcoming work.

Albeit the present analysis is focused on the hydrodynamic theory of particle motion,
its application to microfluidic engineering for particle separation and nanoparticle produc-
tion and optimization is significant. Indeed, the obtained result could be directly applied to
the design of microfluidic systems enforcing the rheological properties of complex fluids in
the limit of Stokesian hydrodynamics. In point of fact, the importance of inertial effects
and rheological properties in separation devices is well known, e.g., in connection with
the Segré-Silberberg effect [40,41], although this effect involves flows at non-vanishing
Reynolds numbers [4,42].

The aim of this article is two-fold. A first goal involves the development of the
modal representation of the fluid inertial contributions in the expression of the particle
equation of motion in a fluid phase. This naturally leads to a simple field-theoretical
representation of these effects. The second goal involves the mathematical structure of the
inertial memory kernels entering the convolutional representation of the Basset forces, and
their basic qualitative properties derived from fundamental physical principles. Specifically,
it is shown that for any viscoelastic fluid (and all the liquids fall in this category, even if
their characteristic relaxation times could be extremely small), the inertial memory kernel
accounting for the generalized Basset contribution is bounded and non-singular near time
t=0.

The article is organized as follows. Section 2 introduces the hydrodynamic problem,
the representation of fluid inertial effects and their implications in microparticle dynamics.
Section 3 analyzes the modal representation of the Basset force, and its compact description
in terms of a simple field equation. Moreover, it is shown in Section 3.2 that the modal
representation also provides an efficient computational tool to study inertial particle motion.
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This is an important topic that recently emerged in the fluid-dynamic literature [43-45] in
connection with the numerical solution of the Maxey—Riley equation [46] (see also [47] and
references therein). Specifically, the modal expansion transforms the integro-differential
equations of motion into a system of ordinary differential equations. Section 4 addresses the
boundedness of the resulting memory kernels in the presence of viscoelastic constitutive
equations, outlining the physical and computational relevance of this result. For a simple
Maxwell fluid, the expression of this kernel is obtained in closed form, and a general
method for approximating it for generic complex viscoelastic fluids is proposed. Finally,
Section 4.3 describes the connection between the present theory and the generalization of
the Kubo fluctuation—dissipation theory to include fluid inertial effects in the stochastic
equations of motion for a microparticle in a heat bath at constant temperature.

2. Fluid-Particle Interactions and Inertial Effects

Consider the motion of a micrometric rigid spherical particle of radius R in a un-
bounded incompressible fluid. Assume that the fluid is Newtonian, and p and y represent
its density and viscosity, respectively. Without loss of generality, assume neutrally buoyant
particles (i.e., possessing the same density as the liquid), as the inclusion of Archimedean
forces is immaterial in the present analysis. Let Bg be the domain representing the space
occupied by the particle, dBy its boundary and V(t) its translational velocity. Since we
are considering the motion of a Brownian particle in a still liquid (the liquid is referred
to be still if its velocity field originates exclusively from thermal motion of the immersed
Brownian particle), the momentum balance equation for the particle reads

dvp(t)
KT

=Frop[Vp(H)] +S(H) ©)

where Fy_,,[V),(t)] represents the force exerted by the fluid on the particle, and is a func-
tional of the particle velocity, expressed by the surface integral over dBg,

FroplVp) = = [ (x4 p1)-erds &)

where T is the shear stress tensor, p the pressure, I the identity matrix and e, is the unit
radial vector (we consider a reference system with the origin at the center of the spherical
particle) and S(#) is a stochastic contribution describing the thermal force fluctuation.

Indicating with v(x, t) the fluid velocity field, in the low-Reynolds number regime it
is the solution of the time-dependent Stokes equations

p%—‘::—V~T—Vp, V.-v=0, xeR3/Bg @)

equipped with the boundary and initial conditions,
V(X/t)‘xeaBR = Vp(f) ’ v(x,t)|i=0 =0 “)
Equation (4) corresponds to the no-slip assumption. For an incompressible Newtonian
fluid,
T=—p (vv + VVT) ®)

where the superscript “T” indicates transpose, so that Equation (3) is a linear partial
differential equation for v(x, t) (the time-dependent Stokes equation)

v
Py =HVivV-Vp 6)
where, from Equation (3), the velocity field v(x,t) is incompressible. Owing to the linearity
of Equations (5) and (6), the functional F_, p[Vp] is a linear and causal functional of the
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particle velocity V(). Causality means that Ff_,,[V,(#)] depends solely on the velocity
history in the interval [0, t).

Under these conditions, the force exerted by the fluid onto the rigid spherical particle
can be expressed analytically. Let us indicate with ffﬁp(s) the Laplace transform of
Fr,,[Vp] (henceforth, we will indicate with f(s) = Jo e st£(t) dt the Laplace transform

of any function f(t) of time ¢, and with s the complex-valued Laplace variable), ?fﬂp(s)
attains the expression [48,49]

—Fpp(s) =6muRV(s) +6n\/¥R2<s\7p(s)> + %an3(s\7p(s)) (7)

Transforming Equation (7) back into the time domain, one obtains

Frop[Vy(D)] = —6 TRV, (1)

1 <de(T)

6 RZ /‘t de(f)
VIIPESp |, Vit dt

dt

+V,,(O)(5(T)> dT*%()TL’R3 8)
where V(0) is the initial condition for the particle velocity at t = 0. The first term at the
rh.s. of Equation (8) is the Stokesian friction, with the factor 7 = 6 7t u R, corresponding
to the only dissipative term occurring also in the case of the instantaneous Stokes regime.
The two other contributions at the r.h.s. stem from fluid inertial effects, and depend on the
history of particle acceleration up to time t. The first of these terms is the convolutional
integral of dV,(t)/dt with the kernel k(t) given by

K(t) = Lﬂ\%ﬂz

and it is usually referred to as the Basset force. Let us observe that kernel k() is singular at
t = 0. This property will be thoroughly analyzed in Section 4. The last term at the r.h.s. of
Equation (8) is an instantaneous inertial contribution proportional to the actual value (i.e., at
time ) of the acceleration dV ,(t)/dt of the particle, and it defines the hydrodynamic added
mass m,; = 20 7T R3/3, equal to half of the mass of the fluid displaced by the particle [31].
Let us observe within the Basset term the occurrence of a contribution proportional to
V,(0)6(7), in the case V,(0) # 0. Equation (8) can be compactly written as

©)

0 —yva k0« (L +v,000) +500) 10)

me

where m, = m + m, is the extended mass and “x” indicates convolution. The physical
importance of the Basset contribution can be appreciated by considering the velocity auto-
correlation tensor of a Brownian particle, C,(t) = (V,(t) ® V,(0)), where “®” indicates
the dyadic tensor product and “(-)” the ensemble average over the probability measure
of the thermal fluctuations. Since (S(t) ® V,(0)) = 0, as it is physically reasonable to
assume that the thermal fluctuations S(t) at time ¢ > 0, are independent of (uncorrelated
to) the velocity fluctuations at any previous time instant ¢ = 0 [32,37] (this principle is
by some authors referred to as the principle of causality [50], and it essentially states the
non-anticipativity of the action of thermal fluctuations as regards its effects on the particle
velocity), by taking the tensorial product of both members of Equation (10) and averaging
over the statistics of thermal fluctuations (the operations of time derivative and convolution
commute with (-)), we obtain the evolution equation for C,(t),

. dC;t(t) ek - (dC;t(t) i cv(0)> (11)
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equipped with the isotropic initial condition
Co(0) = (V31 (12)

where (V?) is the squared variance of any entry V,u(t), h = 1,2,3 of the particle veloc-
ity vector (proportional at thermal equilibrium to the temperature of the fluid). There-
fore, due to this symmetry, the velocity autocorrelation function can be expressed as
Cy(t) = (V2) cp(t) I, where the scalar function c,(t) satisfies Equation (11) with ¢, (0) = 1.
The occurrence of the Basset contribution determines a qualitative change in the long-term
scaling of ¢, (t) with respect to the purely dissipative case (corresponding to considering
the fluid motion in an instantaneous Stokes flow). In the latter case, the long-term decay
is exponential, i.e., ¢, (t) = e~7*/" while inertial effects induce an asymptotic power-law
scaling ¢, (t) ~ t~7, with v = 3/2 in the free space [25,37].

The application of Equation (10) in the Lagrangian analysis of particle motion, in
the case the kernel k(t) attains the Basset form expressed by Equation (9), raises three
main issues:

* A computational issue, as the presence of a convolution in the equations of motion
implies that the entire history of V,(t) over the time interval [0, t) should be stored in
order to evaluate it;

. An analytical issue, associated with the singularity of the Basset kernel k(t)att =0;

e A physical issue, related to the determination of the stochastic force S(t), in the case
that inertial effects are accounted for.

The first problem is analyzed in the next section, in terms of modal representations.
The second one is treated on physical grounds in Section 4. The last point, related to the
determination of S(t), is one of the main issues of fluctuation—dissipation theories [32,37].
To the best of our knowledge, a computationally valid approach to the determination
of S(t) in the presence of the Basset term is lacking, although formal results have been
proposed [51]. This point will be addressed in forthcoming works, as it pertains mostly to
statistical physics than to strict hydrodynamic theory.

3. Modal Representation

The idea behind modal representations lies in the expression of the fluid inertial mem-
ory term entering the particle equation of motion as a linear superposition of elementary
stochastic modes, susceptible of a simple evolution. We use the diction “stochastic” in
this context, to pinpoint the fact that since S(t) # 0, the velocity V,(t) is itself a stochastic
process, as well as any other process functionally dependent on V ,(t).

Let us consider Equation (10), and without loss of generality let us set V,(0) = 0. Since
the problem of Brownian motion in the free space is isotropic, we can exclusively consider a
scalar formulation of it, setting V), (t) instead of V,(t). Let us assume in the remainder that
the stochastic representation of S(t) (replacing S(t) as a scalar formulation is considered)
is known.

Consider a family of stochastic processes y(t;A) parameterized with respect to
A € [0, c0) and fulfilling the equations

dy(5A) _ vy (t)
e A AT (13
where ¢ is a constant to be determined. Let us suppose y(t = 0;A) = 0 so that
t avy,(T)
) — —A(t=7) 2P
y(tEA)=q (/0 e 7 dt (14)

The inertial memory kernel can be expressed as a linear superposition of these pro-
cesses. To this end, let p(A) the probability density of occurrence of y(t; A), so that p(A) dA

10
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represents the infinitesimal weight factor in the representation of the memory inertial
contribution. Thus, the particle equation of motion can be expressed as

dVv,
m* ;t(t) —11 Vp(t) q/ p(A)y(HA)dA+S5(t) (15)
—_———

I

The integral I entering Equation (15) can be rewritten in convolutional form as

I= /0 t {q /ODo p(A)e AT d)\} dV;i ) kp(t) * dV" o (16)

thus defining the kernel k(t).
Let us assume for p(A) the following expression

= { 4 Ak a7)

0 otherwise

where A, > 0, and A is the normalization constant such that f0°° p(A)dA = 1. In this case,
setting z = A t,
A 4
ky(t) = 14
=12 [ e
Let us observe that k), (0) = g, while for t > 0, and for large A, Act can be approximated
by an infinite value, and thus

(18)

qA °°ezd qAT
vVt vz Vi

The constant g can be always defined in order to match the asymptotics of the Basset
kernel Equation (9). Therefore, the modal expansion Equation (15) provides an inertial
kernel that does not match the singular behavior of the Basset kernel near t = 0, but still
represents an excellent approximation of it for f large enough. The regularity of the inertial
kernel will be questioned in the next section starting from physical arguments.

If one is interested in obtaining exactly the modal expansion for the Basset kernel,
a slightly different parameterization can be chosen by considering the modes y(t;k),
k € [0,00), still satisfying the linear relaxation dynamics Equation (13), with the relax-
ation rates A = A(k) depending quadratically on the parameter k, i.e.,

kp(t) = (19)

Ak) = Ao k2 (20)

with A9 > 0, consequently,
av,
tk—q/ R ”(T) dr 1)

Assuming that all the modes at different ks concur uniformly in the expansion of
the inertial force, i.e., that the weight function does not have a probabilistic meaning, the
integral I in the k-representation becomes

S v (t S
1:/ y(Ek) dk = ki (¢) * ;t(), kk(t):q/ oMok gk 22)
0 0

providing
— (23)

11
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and thus the parameters g and Ay can be always determined in order to exactly match the
Basset kernel Equation (9).

3.1. Diffusional Field Representation

The quadratic spectral representation based on the dispersion relation Equation (20)
suggests the Basset inertial term could be viewed as the consequence of the interaction of
diffusional models associated with a scalar field with the particle. It is therefore interesting
to further develop this field approach.

Let u(x, t) be a scalar field of fluctuations, evolving according to a pure diffusion
equation over the real line, perturbed by an impulsive forcing term F(x, f)

ou(x,t) N %u(x,t)

P s T E ) (24)

with a« > 0 and
F(x,t) = 6(x —xc) f(t) (25)

where f(t) is a generic function of time. The forcing F(x,t) represents the action of the
particle onto the field (corresponding to the fluid continuum) while the scalar field u(x, t)
represents the fluid flow. Set u(x, t = 0) = 0, the solution of Equations (24) and (25) can be
expressed in terms of the diffusional Green function as

u(x,t) = e (/40 (=D 1) dr

t o 1

/0 dT/—oo Vara(t—1)
4 1 2
Y (x=xe) A (t-T)

[t oo

Let uc(t) = u(x = x, t). From Equation (26) it follows that

1t
uc(t) Tine /0 i dt (27)
which admits the same functional form of the Basset memory integral. This formal result
has also been obtained in [45] (see also [47]), with a different approach, and with a purely
computational motivation. Below we are interested in going beyond the pure mathematical
formalism, providing a physical interpretation of the field representation of the Basset force.
Let us consider a one-dimensional approximation of the momentum exchange between the
fluid, with velocity v(x, t), and the particle, with velocity V} (t). This can be modeled by consid-
ering a one-dimensional moment balance equations in the fluid of purely diffusional nature

ov(x,t) %v(x,t)
P (at =p—ga T (28)
where f(x,t) is the force density exerted by the particle onto the fluid which can be written
as an impulsive contribution centered at the particle center of mass x.,

where, from dimensional analysis, the parameter L, has the dimension of a length, and
corresponds to length scale of inertial influence, in the fluid, due to the perturbation induced
by the motion of the particle. From physical reasons, L. is of the order of magnitude of the
particle radius, and the choice

L.=D =2R (30)

12
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where D is the particle diameter, provides, as shown below, the correct value of L. matching
(i)

—p
as a dissipative Stokesian contribution evaluated at the fluid velocity v (t),

the Basset force. The inertial force exerted by the fluid onto the particle F;, = can be viewed

FY = —6muRoc(t) 31)

f=p

Comparing Equations (24) and (25) with Equations (28)—(30), and making use of
Equation (27), it follows that

-~ 0 | de(T)
ve(t) = /4nyD/o\/ﬁ 20 g (32)

and from Equation (31) one finally obtains

QM 2 L dVP(t),_ ZL de(t)
Ffﬁpf 67TM/47TDR\ﬁ* T 6/mTpuR \ﬁ* pn (33)

that is exactly the Basset force. This result is physically interesting and requires some
interpretation. It indicates that the inertial Basset contribution can be viewed as the inertial
dissipation of the fluid elements nearby the solid particle, due to the perturbation exerted
by the particle onto the fluid itself. This physical interpretation bears some analogies with
Darwin’s description of fluid inertial effects [30]. The fact that a scalar model correctly
describes the fluid inertial effects onto particle dynamics is a remarkable property, as
the fluid hydrodynamics involves vectorial entities, the velocity field v(x, t), subjected
to constraints, in the present case the solenoidal nature of v(x, t), stemming from the
incompressibility of a liquid phase, corresponding to the case of principal theoretical and
engineering interest. Whether this would be a purely mathematical result, or a deeper
physical property is a matter that we leave open to future investigation. Interpreted on
physical grounds, this result indicates that the fluid inertial contributions to the dynamics
of immersed bodies are completely independent of the compressibility of the fluid. If this
observation would be correct, it follows that in any isotropic problems, as the particle
motion is in a unbounded fluid phase, a scalar field model would correctly describe
the physics of a fluid—particle inertial interaction. This situation is altogether similar to
the properties of the other inertial contribution, namely the added-mass term, which is
independent of the constitutive equations in the fluid, and for this reason it can be estimated
from the inviscid (Eulerian) approximation of the flow [31].

3.2. A Numerical Case Study

Let us consider the modal expansion in Equations (20)-(22) and its discretization with
respect to k. Let kmax be the maximum value of k considered, and Ak the step size in the
discretization. Assuming g = 2/+/7, for the sake of normalization, the expression for k()
becomes N

_ 20k & ik
ke (£) NG ,; e (34)
where N = [kmax/Ak] and [x] represents the closest integer to the real-valued x. In the limit
for Ak — 0, and kmax — 09, ki.(t) defined by Equation (34) converges to keo(t) = 1/+/t.
Figure 1a depicts the behavior of the discretized k(t) at kmax = 10 for decreasing values
of Ak. As expected, as Ak decreases to zero, the deviations of ki (t) from ke (t) become
negligible for t > 1/k2,,,.

13
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Figure 1. Behavior of the discretized ki (t) defined by Equation (34) for different discretizations. Panel
(a) refers to kmax = 10, lines and symbols (a) to (c) correspond to Ak = 1, 0.1, 0.01, respectively. Line
(d) represents koo (t) = 1/+/t. Panel (b) kmax = 100, Ak = 0.01 (line a), while line (b) depicts koo (t).

Similarly, the value of kmax controls the convergence to ke (t) at short time scales.
Figure 1b depicts the behavior of ki (f) at kmax = 100, Ak = 0.01. An accurate representation
for keo(t) is achieved for t > 10~%. The analysis of these data indicates that kmax controls
the behavior of ki (t) near t = 0, which reaches a finite limiting value k(0) 2~ kynay. This
property seems to be a basic limitation of any discretization of the Basset force. In point of
fact, as shown in the next section, the occurrence of a bounded value of k(0) is a physical
constraint derived from the viscoelastic nature of a liquid phase. And all the fluid, including
water at room temperature, possesses a characteristic non vanishing relaxation time.

Consider Equation (10) for a macroscopic particle (radius greater than a millimeter
or higher), for which the stochastic fluctuations could be neglected. Substituting on it the
modal expansion Equation (34), we have

avy(t) 280k & _iapzr . (AVp(E)
1, dpt — _va(t) _ \/E l;e (i Ak) f* < dpt + Vp(O) 5(t)>
N
- 7,7v,,(t)72\/3/§";z,-(t) (35)

14
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where =6 /T RZ, as it stems from Equation (9), and z;(t),i = 1,..., N is a system
of N auxiliary degrees of freedom accounting for fluid inertial effects, the equations for
which read

dz;it) o dV;t(t)
- ' o 2BAK Y
= —(ui+n)zi(t) Wgzl(t) (36)

where y; = (i Ak)?, and the impulsive initial contribution has been included into the initial
condition for z;(0) = V,(0).

Equation (35) represents a major advantage of the model expansion compared to
the more recent computational approaches for addressing inertial particle motion [47],
as it reduces the integro-differential particle equations of motion to a system of ordinary
differential equations that can be solved using standard numerical routines. The analysis
here presented for a quiescent fluid can be straightforwardly extended to the presence of a
macroscopic (e.g., pressure-driven) velocity field in the fluid phase.

4. Regularity of Inertial Kernels

The second main issue addressed in this article concerns the regularity of the inertial
memory kernels k(t), once basic physical requirements (such as the bounded propagation of
any physical phenomenon, limited by the speed of light vacuo, as a consequence of relativ-
ity theory) are taken into account. We have seen in Section 2 that the Basset kernel diverges
att = 0, as seen in Equation (9). As explained below, this is a consequence of the infinite
propagation velocity of the internal stresses that characterize the Newtonian constitutive
Equation (5). This phenomenon is altogether analogous to the divergence of interfacial
fluxes in heat/mass transfer parabolic problems in the presence of a discontinuity between
the initial and the boundary conditions at a boundary. This problem can be resolved by
removing the paradox of infinite propagation velocity intrinsic to any Fickian/Fourier
constitutive equation, simply considering the hyperbolic extension of the transport prob-
lem [52].

In the hydrodynamic case, the corresponding hyperbolic generalization merely con-
sists in accounting for fluid viscoelasticity, which is a generic property of any liquid
phases. In point of fact, even water at ambient conditions (temperature T = 300 K, pres-
sure p = 10° Pa) behaves as a viscoelastic fluid, but its characteristic relaxation time,
0 ~ 1 ps [53,54], is so small that it can be neglected in the overwhelming majority of
hydrodynamic problems, since the observation time scales in most of the practical cases of
interest are widely larger than 6°.

To begin with, let us consider the case of a viscoelastic fluid characterized by a single
relaxation time 0 (Maxwell fluid). Neglecting the nonlinear terms in the objective definition
of the viscoelastic constitutive equation involving the Oldroyd upper convective deriva-
tive [33] (which are small for the typical conditions of Brownian and micrometric particles in
microchannels), Equation (5) is replaced by the following viscoelastic constitutive equation:

oT
C _ T
0 5 +T= y(Ver Vv ) (37)

that in the Laplace domain takes the following simple expression:

(x5) = —fie(s) [VO(x,5) + Vo (x,5)7] (38)
where
Aels) = s fl/ec) 39
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Consequently, the Laplace transform of F £p(s) of the force subjected by the particle is
still given by Equation (7), with the constant viscosity y replaced by the function ji,(s). As
well known, this modifies the instantaneous dissipative Stokesian friction F@Z y [Vp t)] =
—11 Vp(t) into a memory term

1 st c
FO Vo] = =1 g [ eV, () (40)

while the inertial Basset term attains in the Laplace domain the form —k(s) sV, (s) with

~ _ /3 1

where 8 = 671,/ i R%. Tt is easy to see that the presence of a non-vanishing relaxation time
6° > 0 determines a finite value of k(t) for t = 0. Enforcing the initial value theorem of
Laplace transforms, we have from Equation (41)

. — lim sk(s) = P
%gr&k(t) = sh_)rgosk(s) = U (42)
In point of fact, the inverse Laplace transform of %(s) is given by
_ B e, [
k(t) = N e Iy X5 (43)

where Iy(¢) is the modified Bessel function of the first kind, which possesses the following
asymptotic behaviors:

W) =1,  I(g) = % [HO(%)} (44)

From Equation (44), the asymptotics of the Newtonian Basset kernel is recovered for
t > 6°. This phenomenon is depicted in Figure 2 for several values of 6. The viscoelastic
kernel practically coincides with the Basset counterpart of a Newtonian fluid for ¢ > 50,.

-1
10 ‘ ‘ ‘ ‘
100 10 10% 10

t

Figure 2. Rescaled inertial kernel k(t) /B, Equation (41) vs t for a simple Maxwell fluid, characterized
by the relaxation time 6°. Lines (a) to (c) refer to 6 = 1074, 1079, 1078, respectively. Line (d) depicts
the asymptotic nondimensional Basset curve, k(t) /B = 1/v/7t.
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The occurrence of a finite value for k(0) has been observed in Newtonian fluids once
slip boundary conditions are enforced at the surface of the solid particle [55-57]. The
physical reason for this occurrence, and the eventual analogy with the viscoelastic case, is
still an open question.

4.1. Field-Theoretical Analysis

The result expressed by Equation (43) can be recovered from the field approach
addressed in the previous section. The presence of viscoelastic effects characterized by a
single relaxation time 0° implies to substitute the parabolic diffusion model Equation (28)
with the hyperbolic Cattaneo equation

9%v(x, t dv(x, t 9%v(x, t
po* a(tz Vip E’at )y a(xz Lt fen (45)

while f(x, t) is identical to Equation (29). The solution of this impulsive model, with
v(x,0) = 9v(x,t)/dt|;—¢ = 0, takes the following form (see [58], p. 320):

_ 1 pgc D 't 7(t71’)/29£ 1 _ 2 _ B de(T)
v(x,t)—§1/79—6/0 e Io ﬁ\/(t )~ (x—x2p0e/p) TP de 46)

that for x = x., and t > T reduces to

1 t (f— c t—1 dV (T)
oclt) = 5 /y’;CD/0 e~ (t=1)/20 IO(zec) b dr 47)

providing the same expression for k(t) derived above, as seen in Equation (43).

4.2. Extension to Complex Fluids

The analysis developed above for a viscoelastic fluid possessing a single relaxation
time can be generalized to more complex and real fluids. The problem can be stated as
follows. Consider a real fluid and suppose to have obtained from rheological experiments
the functional form of the dissipation memory kernel G(t) entering the expression of the
dissipative contribution to the force exerted by the fluid on a spherical particle

t
d
FY [V, (1) = —67R /O G(t—1) V(1) dT 48)
Does this information provide a way to quantify the inertial contribution, and specifi-
cally the expression for the generalized Basset force in this fluid?
This problem can be tackled as follows. The convolutional nature of Equation (48)
suggests that the constitutive equation for the shear stresses is of the form

Li[t] = —p (vv + va) (49)

where L; is a linear operator acting on the stress tensor 7, and containing its derivatives of any
ordern,n = 0,1, ..., with respect to time, and eventually also its fractional time derivatives
(Riemann-Liouville operators) [59]. In the Laplace domain, Equation (49) becomes

U(s) 7(x,5) = —n [vv(x,s) + vv(x,s)T] (50)

where /(s) is a function of the Laplace variable s. Equation (50) coincides with Equation (38),
and i, (s), coinciding with G(s), is now expressed by

Afs:i:és 51
fuls) = 5155 = G 61
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The analysis developed above for a Maxwell fluid can be applied to this more gen-
eral problem, providing for the Laplace transform of the inertial memory kernel the

following expression:
k(s) = 6 /o R? \/@ (52)

The inverse Laplace transform k(t) of k(s) defined by Equation (52) cannot be ob-
tained analytically for generic G(s). Nevertheless, it is always possible to derive accurate
representations for k(t) enforcing Equation (52).

In order to make a practical example, consider the rheological data for polydime-
thilsiloxane at T = 25 °C reported in [33], for which an accurate representation involves
the occurrence of N = 5 relaxation rates A, h = 1,...,N,

N
G(t) =Y ape ™! (53)
h=1

where A, = 1/6;,h = 1,..., N are the relaxation rates i.e., the reciprocal of the relaxation
times 0;. The values for Aj, and for the expansion coefficients aj, can be found in [33] (p. 114),
and the graph of the resulting G(t) is depicted in Figure 3a. Applying Equation (52) to this

case we obtain
k(s) = a 1% h oc—67'(fR2 (54)
o Cl i) + Ay ! - P

The graph of k*(s) = %(s) /w is depicted in Figure 3b (symbols). The data can be
accurately approximated over the time scales of interest by a linear combination of the
inertial contributions obtained for the simple Maxwell fluid Equation (41), each of which is
characterized by a different relaxation time

Ni
Ch (55)

ngi Vs (s +by)

Making use of Equation (43), the memory inertial kernel k(t) is given in this case by
the expression

K (s) =

k(t) =« % cpe tnt/2] (bh t) (56)
h=1 ! ’ 2

For the use made above of the solutions obtained for the simple Maxwell fluid, each
term of the form (41) in the Laplace domain, and (43) in the time domain, can be referred to
as a “prototypical visco-inertial mode”. In the present case, it is sufficient to consider the
combination of N; = 2 prototypical visco-inertial modes, and the resulting approximation
is depicted in Figure 3b. The values of the parameters are ¢c; = 125 a.u., by = 1.52 571,
0y =420 a.u., by = 655~ 1. The corresponding inertial memory kernel k(t), i.e., the graph of
Equation (56), is depicted in Figure 4.
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Figure 3. Panel (a) G(t) vs ¢ for polydimethilsiloxane at T = 25 °C. Panel (b) (symbols) k* (s) = k(s) /a
vs s for the same fluid, obtained from Equation (54). The solid line is the approximation of these data

using N; = 2, prototypical visco-inertial modes, as discussed in the main text.
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Figure 4. k(t)/« (line a) obtained from Equation (56) with N; = 2 modes. Line (b) corresponds to the
long-term scaling k(t)/a ~ 1/+/t.
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From this practical example, we can draw the following conclusions:

1.  Enforcing the constitutive model Equation (49), corresponding to the rheological
description of a complex viscoelastic fluid, it is possible to derive the functional form
of the fluid inertial kernel k(t) from rheological data, i.e., from the functional form
of G(t);

2. The fluid inertial kernel k(t) can be expressed as linear combination of a few proto-
typical visco-inertial modes;

3. The number N; of modes required to provide an accurate representation of k(t)
does not necessarily coincide with the number N of dissipative (exponential) modes
adopted for reconstructing G(#).

Of course, it is possible to provide alternative representations of k(t), e.g., adopting the
modal decomposition discussed in Section 3. While for an accurate representation of the
classical Basset kernel, a uncountable system of exponentially decaying modes is required,
the physical constraint of bounded k(#) permits to achieve accurate approximation for k()
using a finite (and relatively small) number of exponentially decaying modes.

4.3. Toward a Comprehensive Theory of Brownian Motion

To conclude, we can frame another central issue that takes advantage of the present
theory. For a microparticle in a quiescent fluid (Brownian particle), the equations of motions
in a real complex fluid, accounting for viscoelastic dissipation, fluid inertial effects and
thermal fluctuations can be expressed in the form

e dV;t(t) — () # V(1) — k() * <dV;t(t) 4V, (0) (5(t)> +8(t) 57)

where h(t) is the viscoelastic kernel proportional to G(t) defined by the linear functional
form Equation (53), and k() is the corresponding fluid inertial kernel, the properties of
which have been addressed in the previous section. From rheological data, the viscoelastic
kernel can be expressed as a linear combination of N modes, where usually N < 10 for
most of the fluids [33], i.e., h(t) = Z]N: 1hj ¢~Yit. In a similar way, the fluid inertial kernel
k(t) analyzed in the previous section can also be accurately approximated by means of a
system of exponentially decaying modes,

Ni
k() ~ Y ket (58)
i=1

where the rates y; > 0,i = 1,..., N;, are in general not related to the relaxation rates )L]‘,
j=1,...,Nand N; > N. The property that k(0) is bounded ensures, as discussed in
the previous section, that the approximation Equation (58) can be arbitrarily accurate in
the metrics of continuous functions. This means that for any ¢ > 0, there exist a finite
Nj, and finite rates yt; > 0,i = 1,..., Nj, such that ‘k(t) — 25\21 ki e*W‘ < eforany t > 0.
Consequently, Equations (57) reduce to the form

N N;
- _ Zhje’/\/t * Vp(t) — Y ke Mt (dV;t(t) +V,(0) 5(t)> +S(t) (59)
j=1 i=1

In order to solve these stochastic differential equations, the expression for S(t) should
be determined, and it would constitute the generalization of the celebrated Kubo fluctuation—
dissipation theorem of the second kind [32,37], of which the original formulation is re-
stricted to the pure dissipative case (i.e., to k(t) = 0). The analysis of this problem is
beyond the scope of this article and it will be addressed in a forthcoming work [60]. It
can however be anticipated that the occurrence of a finite value of k(0), coupled with
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the modal expansion of the memory kernels ((t) and k(t)) provide the key physical and
formal ingredients toward an elegant solution of this problem.

5. Concluding Remarks

This article has presented a comprehensive description of the mathematical properties
of the fluid inertial kernel entering the particle equation of motion in a complex viscoelastic
fluid. Two main conclusions can be drawn from the present analysis and results. The
modal expansion addressed in Section 3 naturally leads to a simplified field-theoretical
representation of the fluid inertial effects. The latter has been successfully applied to
non-trivial cases, such as a Maxwell fluid, in order to relate the disappearance of the
k(t)-singularity at t = 0 with the physics of stress propagation. It is noteworthy that a
simple one-dimensional field-theoretical description could capture the inertial fluid—particle
interactions in isotropic conditions (free space). This point deserves further investigation.

The boundedness of k(0) is indeed a consequence of the finite propagation velocity of
the internal shear stresses, and this is in agreement with fundamental physical principles
(special relativity theory). The importance of this result is that the regularity of the fluid
inertial kernel has been derived from physical principles, and not as the result of ad hoc
mathematical regularization/mollification techniques. In rheological modeling, this simply
corresponds to the occurrence of a viscoelastic constitutive model with non-vanishing
relaxation times. For the sake of clarity, the inclusion of viscoelasticity does not ensure
either that the corresponding hydrodynamic model is Lorentz covariant [61] nor that all the
hydrodynamic perturbations (for instance, density and pressure waves) would propagate
at finite speed. In order to match the latter condition, the occurrence of acoustic modes
should be included in the description of hydromechanical phenomena as discussed in [8].

The case of a Maxwell fluid, characterized by a single relaxation time, not only provides
an analytic expression for the fluid inertial kernel k(t), but it represents the prototypical
model for expressing the fluid inertial effects of more complex fluids. The representation of
k(s) starting from rheological data on the dissipation kernel G(t) is a simple but relevant
result, which applies to any complex fluids.

We have considered in this article spherical micrometric particles, but the obtained
results are independent of the geometry of the particles and of the flow domain. Con-
sequently, these results can be extended to particles of arbitrary shape, and to confined
geometries of flow devices, provided that the parameters controlling the expression for the
force acting on the particle (attaining a tensorial character [5,49]) are known in the case of a
Newtonian fluid.

The results obtained in this article are also propedeutical for addressing and solv-
ing the other crucial problem associated with micrometric particle motion mentioned in
Sections 2 and 4.3, namely the determination of an analytical representation for the stochas-
tic force S(t) at thermal equilibrium in the presence of fluid inertial effects. This represents,
in the terminology introduced by Kubo [32,37], the fluctuation-dissipation relation of the
second kind (see [32], p. 37 and the discussion therein), in the presence of fluid inertial
effects. This topic is outside the scope of the present article and it will be addressed else-
where [60]. Nevertheless, it is important to mention that the key ingredient for an elegant
solution of this problem is represented by the boundedness of the fluid inertial kernel
k(t), proved in the present work for viscoelastic fluids. This could lead to an entropic
characterization of the dissipation effects deriving from rheological /inertial properties of
complex fluids into which a diffusing Brownian particle is immersed and moves under
constant temperature conditions.
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Abstract: The integration of intermittent renewable energy resources to the grid system requires that
hydro turbines regularly operate at part-load conditions. Reliable operation of hydro turbines at these
conditions is typically limited by the formation of a Rotating Vortex Rope (RVR) in the draft tube. In
this paper, we investigate the formation of this vortex using the scale-resolving methods SST-SAS,
wall-modeled LES (WMLES), and zonal WMLES. The numerical results are first validated against the
available experimental data, and then analyzed to explain the effect of using different scale-resolving
methods in detail. It is revealed that although all methods can capture the main features of the RVRs,
the WMLES method provides the best quantitative agreement between the simulation results and
experiment. Furthermore, cavitating simulations are performed using WMLES method to study
the effect of cavitation on the flow in the turbine. These effects of cavitation are shown to be highly
dependent on the amount of vapor in the RVR. If the amount of vapor is small, cavitation induces
broadband high-frequency fluctuations in the pressure and forces exerted on the turbine. As the
amount of cavitation increases, these fluctuations tend to have a distinct dominant frequency which
is different from the frequency of the RVR.

Keywords: cavitating simulations; rotating vortex rope; scale-resolving simulations; synchronous
pressure fluctuations

1. Introduction

Due to their large storage capacity and quick response, hydro power plants are more
and more being used to facilitate the integration of intermittent energy produced by other
renewable sources of energy such as wind and solar to the grid system. This requires
that hydro power plants expand their range of operation and also operate frequently at
off-design conditions. In such off-design operation, the flow in different components of
a hydro power plant is prone to complex behaviors and instabilities. One example is the
formation of a Rotating Vortex Rope (RVR) in the draft tube which is associated with a
high level of pressure fluctuations in the system. These pressure fluctuations can cause
oscillation in the mechanical loading of the runner, causing a significant swing in the power
produced by the hydro power plant [1,2]. Furthermore, the pressure drop in the core of
the RVR can lead to the formation of vapor pockets in the water flow, known as cavitation.
The presence of cavitation in hydro turbines is known to have several undesirable effects,
such as cavitation erosion [3], performance degradation [4], and increased level of pressure
fluctuations and vibration [5].

The detrimental effects of the RVR for hydro turbines operating at off-design conditions
have motivated several experimental studies with the aim to investigate the formation of the
RVR and its associated cavitating structures. Nishi et al. [6] experimentally examined non-
cavitating and cavitating RVRs at different flow conditions. They observed that the pressure
fluctuations induced by the RVR can be decomposed into synchronous and convective
components. Iliescu et al. [7] studied the dynamics of non-cavitating and cavitating RVRs
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using High-Speed Visualization (HSV) and Particle Image Velocimetry (PIV) measurements.
They concluded that the formation of vapor pockets in an RVR can lead to fluctuations in
its geometrical features. Favrel et al. [8] and Arpe et al. [9] studied the effect of cavitation
on the pressure fluctuations induced by the RVR. They both concluded that cavitation
formation in the RVR can influence both the amplitude and the frequency of the pressure
fluctuations. Further, Landry et al. [10] showed that the presence of cavitation in the RVR
can alter the eigenfrequency of the hydraulic system by changing the sound propagation
speed in the liquid. This can lead to severe vibrations and power swing if there is a match
between this eigenfrequency and the frequency of induced pressure fluctuations by the
RVR [1,2].

In addition to experimental investigations, CFD simulations have been used to inves-
tigate this flow. In the majority of these simulations, Reynolds-averaged Navier-Stokes
(RANS) approaches are used as they have lower computational cost compared to scale-
resolving methods. These RANS simulations have been shown to have deficiencies in
capturing the correct behavior of RVRs. Ciocan et al. [11] studied the dynamics of the
RVR using unsteady RANS and showed that their results under-predicted the level of
swirl in the flow entering the draft tube and differed by 13% in RVR frequency compared
to the experimental data. Similar deficiency has been observed by Liu et al. [12] who
performed unsteady RANS simulations of the RVR in a draft tube and compared the level
of pressure fluctuations with the experimental data. Furthermore, the simulations by
Ruprecht et al. [13] have shown that using a RANS approach over-estimates the decay of
the swirling flow around the RVR, which results in the under-prediction of the pressure fluc-
tuations caused by the RVR. Despite these deficiencies, a few studies have used the RANS
approach to study the effect of cavitation on the behavior of RVRs. Yu et al. [14] performed
RANS simulations of a cavitating RVR and revealed that the presence of cavitation affects
the vorticity production around the RVR as well as the pressure fluctuations generated in
the draft tube. Jost et al. [15] performed simulations of cavitating and non-cavitating flows
in a Francis turbine and compared the results with experimental data. They showed that it
is necessary to consider cavitation in the simulation to correctly reproduce the RVR-induced
pressure fluctuations in the experiment.

To avoid the limitation of RANS approaches in capturing the correct behavior of
RVRs, several numerical studies have used scale-resolving approaches to examine non-
cavitating and cavitating RVRs. Salehi et al. [16] and Salehi and Nilsson [17] investigated
the formation of RVRs during the startup and shutdown in a Francis turbine using a scale-
resolving approach. By analyzing the results, they were able to explain the complex flow
behavior leading to the formation of RVRs in the draft tube. Foroutan and Yavuzkurt [18]
studied the RVR using DES and found a good agreement between their numerical results
and experimental data. By analyzing the DES results, they postulated that the RVR is
created in the shear layer between the region of low axial velocity in the center of the
draft tube cone and the flow outside of this region, due to Kelvin—-Helmholtz instability.
Minakov et al. [19] used DES to study the RVR in the draft tube at different guide vane
openings, and found that changing the guide vane opening leads to a different swirl
number and discharge coefficient, which leads to different behavior of the RVR. Rajan
and Cimbala [20] studied the flow in a simplified draft tube using the DES approach
for different discharge coefficients. It was shown that the level of pressure fluctuations
increases substantially when the RVR is formed in the draft tube. Guo et al. [21] used
the LES approach to simulate cavitating flows in the draft tube. They highlighted the
importance of including the runner to predict the low-pressure region in the center of the
RVR. Pacot et al. [22] performed LES simulations for cavitating RVRs and showed that
a large amount of cavitation in the RVR can prevent its precession motion, leading to a
reduction of the RVR-induced pressure fluctuations.

Although the numerical studies reviewed above have highlighted the importance
of using scale-resolving methods to capture the correct behavior of the RVR, only a few
of them have performed a detailed comparison between the performance of different
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scale-resolving approaches. Furthermore, detailed analyses of how cavitation affects the
flow features of the RVR are also scarce in the literature. To address this knowledge gap,
in the present paper, the formation of non-cavitating and cavitating RVRs in the Francis-
99 turbine is investigated using three scale-resolving methods. The simulation results
are compared with the experimental data provided through the Francis-99 workshop,
and the differences between the results obtained by different scale-resolving methods are
highlighted. Then, cavitating simulations are performed for three cavitating conditions,
covering the condition near the inception of cavitation in the RVR to the fully cavitating RVR.
Using these simulations, the effect of cavitation on the behavior of the RVR, the generated
pressure fluctuations and the forces exerted on different component of the turbine are
discussed in detail. This paper is organized into five sections. After this introduction, the
next section briefly summarizes the employed numerical set-up. Then, the studied turbine
and flow co