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Carlos R. Argüelles and Santiago Collazo
Galaxy Rotation Curve Fitting Using Machine Learning Tools
Reprinted from: Universe 2023, 9, 372, doi:10.3390/universe9080372 . . . . . . . . . . . . . . . . . 30

Vitaliy Kim, Adel Umirbayeva and Yerlan Aimuratov
Estimates of the Surface Magnetic Field Strength of Radio Pulsars
Reprinted from: Universe 2023, 9, 334, doi:10.3390/universe9070334 . . . . . . . . . . . . . . . . . 39

Laura M. Becerra, Chris Fryer, Jose F. Rodriguez, Jorge A. Rueda and Remo. Ruffini
Neutron Star Binaries Produced by Binary-Driven Hypernovae, Their Mergers, and the Link
between Long and Short GRBs
Reprinted from: Universe 2023, 9, 332, doi:10.3390/universe9070332 . . . . . . . . . . . . . . . . . 51

Johann Rafelski, Jeremiah Birrell, Andrew Steinmetz and Cheng Tao Yang
A Short Survey of Matter-Antimatter Evolution in the Primordial Universe
Reprinted from: Universe 2023, 9, 309, doi:10.3390/universe9070309 . . . . . . . . . . . . . . . . . 63

Benno August Ludwig Bodmann, César Augusto Zen Vasconcellos,
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Preface

Remo Ruffini received his doctorate degree from Sapienza University of Rome in 1967. He

has taught in Hamburg, Princeton University, the Institute for Advanced Study, Japan, China (at

USTC), Australia, and CBPF (Brazil). He is a co-author of more than 650 scientific publications

and 13 books. One of his significant studies concerned boson stars, named “Introducing the Black

Hole” with J.A. Wheeler, which focused on the limiting critical mass of NS. He identified the first

black hole (BH) in our galaxy (Cignus X-1) using UHURU satellite data with Riccardo Giacconi, and

consequently, he received the Cressy Morrison Award in 1973. He returned to Sapienza University

in 1978 and promoted a Rome–Stanford collaboration on gravitational-wave detectors. Together

with the European, US, and Chinese institutions, he established ICRA in 1985 and ICRANet in Italy,

Armenia, France, and Brazil in 2005. He developed the understanding of GRBs, confirmed by the

largest telescopes on Earth, from their discovery in 1973 to their cosmological origin in 1997 and to

the determination of seven different GRB families and their conceptual understanding in 2018. ICRA

and ICRANet have always been characterized by their ability to establish and maintain international

relations in the scientific field, as can be deduced from their publications.

A conference celebrating Remo Ruffini’s 80th birthday was held in Nice, France, from 16 to 18

May 2022, with the participation of over 90 scientists. Among the contributions presented orally, there

were those by Rashid Sunyaev, Peter Predehl, Demetrios Christodoulou, Thibault Damour, Nathalie

Deruelle, Roy Kerr, Tsvi Piran, Claus Laemmerzahl, Asghar Qadir, Chen Pisin, and Marco Tavani, in

the presence of Agnès Rampal, the representative of the Mayor of Nice. An extraordinary moment of

the meeting in Nice was the delivery of the Marcel Grossmann Award to Rashid Sunyaev and Peter

Predehl for the Spectr-Roentgen-Gamma (SRG) mission.

This volume contains 11 papers by some of the meeting participants and collaborators of Remo

Ruffini.

Remo Ruffini, Jorge Armando Rueda Hernández, Narek Sahakyan, and Gregory Vereshchagin

Editors
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Article

Spherically Symmetric C3 Matching in General Relativity
Hernando Quevedo

Instituto de Ciencias Nucleares, Universidad Nacional Autónoma de México, AP 70543,
Ciudad de México 04510, Mexico; quevedo@nucleares.unam.mx

Abstract: We study the problem of matching interior and exterior solutions to Einstein’s equations
along a particular hypersurface. We present the main aspects of the C3 matching approach that involve
third-order derivatives of the corresponding metric tensors in contrast to the standard C2 matching
procedures known in general relativity, which impose conditions on the second-order derivatives
only. The C3 alternative approach does not depend on coordinates and allows us to determine the
matching surface by using the invariant properties of the eigenvalues of the Riemann curvature
tensor. As a particular example, we apply the C3 procedure to match the exterior Schwarzschild
metric with a general spherically symmetric interior spacetime with a perfect fluid source and obtain
that on the matching hypersurface, the density and pressure should vanish, which is in accordance
with the intuitive physical expectation.

Keywords: exact solutions; matching conditions; curvature eigenvalues

1. Introduction

One important problem in astrophysics consists of describing the gravitational field
of compact objects. Consider the gravitational field of a compact object, whose surface is
denoted as Σ. Let U+ and U− represent the Newtonian gravitational potential outside and
inside the object, respectively. This means that the potentials should be solutions to the
Poisson equation (in Cartesian coordinates)

∆U− =

(
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

)
U− = 4πGρ, (1)

and the Laplace equation
∆U+ = 0, (2)

respectively. Here, ρ is the density of the matter distribution that generates the gravitational
field. The exterior (interior) potential describes the field outside (inside) the mass distri-
bution. In general, the problem of finding solutions to the Laplace and Poisson equations
is considered in the framework of potential theory. Usually, it is assumed that the mass
distribution fulfills certain symmetry conditions that allow us to simplify the complexity of
the corresponding differential equations. Consider, for instance, the case of a spherically
symmetric mass distribution with radius R. Then, the Laplace equation reduces to

∆U+ =
1
r2

∂

∂r

(
r2 ∂U+

∂r

)
= 0 , (3)

where r is the radial coordinate, and the solution for the exterior potential can be expressed
as

U+ =
M
r

, (4)

Universe 2023, 9, 419. https://doi.org/10.3390/universe9090419 https://www.mdpi.com/journal/universe1
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where M is a constant of integration. The corresponding Poisson equation for an arbitrary
function ρ(r) can be solved by using the Green function

U− = −G
∫

ρ(r′)
|r− r′|dr′ . (5)

The matching consists in demanding that on the surface Σ, which in this case corresponds
to r = R, the potentials U− and U+ coincide. This is easily done, and we obtain as a result
that M can be written in terms of ρ(r) and corresponds to the total mass of the body.

Another practical example is that of an axially symmetric mass distribution. In this
case, the Laplace equation becomes

∆U− =
1
r2

∂

∂r

(
r2 ∂U−

∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂U−

∂θ

)
= 0 , (6)

where θ is the azimuthal angle. This is a linear differential equation whose general solution
can be represented as

U+ =
∞

∑
n=0

an

r
n+1

2
Pn(cos θ) , (7)

where Pn(cos θ) are the Legendre polynomials and an are constants. As for the internal
potential U−, using the Green function formalism, the solution can be expressed as an
infinite series, each term of which represents a particular multipole moment. The matching
consists in demanding that the interior and exterior potentials coincide on Σ. This can be
reached by calculating the explicit value of the series of the interior potential, which is given
in terms of the density of the mass distribution, and demanding that it coincides term by
term with the exterior potential (7) on Σ. As a result, the exterior multipoles become fixed by
the values of the interior multipoles on the matching surface. This means that in Newtonian
gravity, the matching problem can be solved uniquely by using multipole moments.

Consider now the matching problem in Einstein’s theory of gravity, where the grav-
itational field of a mass distribution must be described by a metric gµν (µ, ν = 0, 1, 2, 3),
satisfying Einstein’s equations,

Rµν −
1
2

gµνR = 8πTµν , (8)

in the interior part of the mass (Tµν 6= 0) as well as outside in empty space (Tµν = 0). For
concreteness, let us consider a mass distribution whose internal structure is described by a
perfect fluid

Tµν = (ρ + p)uµuν + pgµν , (9)

where ρ(xµ) is the density, p(xµ) is the pressure, and uµ is the 4-velocity of a particle inside
the fluid. As in Newtonian gravity, the complexity of the corresponding partial differential
equations can be reduced by imposing symmetry conditions on the gravitational source.
For instance, if we limit ourselves to spherically symmetric gravitational fields, the field
equations reduce to a set of ordinary differential equations that can be solved analytically.
Furthermore, in the case of vacuum gravitational fields, the differential equations can be
solved in general and, by virtue of Birkhoff’s theorem [1], the solution turns out to be unique
and is known as the Schwarzschild spacetime [2], which describes the gravitational field of a
static, spherically symmetric mass distribution. In the case of the interior gravitational field
of compact objects, the situation is much more complicated. In the literature, there exists a
reasonable number of interior spherically symmetric solutions [3], which are candidates
to be matched with the exterior Schwarzschild metric. In this work, we will obtain the
conditions under which the Schwarzschild spacetime can be matched with an interior
spherically symmetric perfect-fluid solution. To this end, we will apply the C3 approach,
which is based upon the use of the eigenvalues of the curvature tensor.

2
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The matching problem in general relativity has been the subject of intensive research
since Darmois published in 1927 his matching method [4], stating that the first and sec-
ond fundamental forms should be continuous across the matching surface and implying
conditions on the second derivatives of the metric. For this reason, this method is usually
called C2 matching. However, as pointed out by Israel in [5], in practice, the C2 matching
is of limited utility because it requires the use of particular sets of admissible coordinates.
Israel also proposed a generalization of Darmois conditions to include the more realistic
case in which surface discontinuities are present. This generalization yields the thin-shell
approach, which is widely used in the literature.

The C3 alternative approach is different. We demand that the eigenvalues of the
curvature tensor be continuous across the matching surface and use their derivatives
to determine the location where the matching can be performed. Since the curvature
eigenvalues are scalars, the C3 matching conditions are invariant. In addition, it is also
possible to generalize the C3 method to include the case of surface discontinuities by using
Israel’s thin-shell proposal.

This work is organized as follows. In Section 2, we present a method to compute
the eigenvalues of the Riemann curvature tensor, which is based upon the use of a local
orthonormal basis and the formalism of differential forms with Cartan’s equations as the
underlying structure. Then, in Section 3, we describe the C3 method and present the
corresponding matching conditions. In Section 4, we apply the C3 matching procedure in
the case of spherically symmetric spacetimes. Finally, in Section 5, we discuss our results
and comment on further applications of the C3 matching.

2. Eigenvalues of the Riemann Curvature Tensor

The eigenvalues of the curvature tensor can be computed in different ways [6]. Here,
we use the formalism of differential forms with a set of local orthonormal tetrads. From a
physical point of view, an observer would choose a local orthonormal tetrad as the simplest
and most natural frame of reference. Indeed, according to the equivalence principle, local
measurements of space and time can be performed in a gravity-free environment so it is
natural to use locally the flat Minkowski metric of special relativity. On the other hand, the
use of local tetrads allows us to perform measurements that are invariant with respect to
coordinate transformations. The only freedom remaining in the choice of this local frame is
a Lorentz transformation. So, let us choose the orthonormal tetrad as

ds2 = gµνdxµ ⊗ dxν = ηabϑa ⊗ ϑb , (10)

with ηab = diag(−1, 1, 1, 1), and ϑa = ea
µdxµ. Then, the tetrad components ϑa can be

interpreted as differential one-forms. Furthermore, Cartan’s first structure equation

dϑa = −ωa
b ∧ ϑb (11)

can be used to determine explicitly the components of the connection one-form ωa
b, which,

in turn, are used to define the curvature two-form Ωa
b by means of Cartan’s second structure

equation

Ωa
b = dωa

b + ωa
c ∧ωc

b =
1
2

Ra
bcdϑc ∧ ϑd , (12)

where Ra
bcd are the components of the Riemann curvature tensor in the local orthonormal

frame ϑa.
The curvature tensor can be represented as a (6× 6)-matrix by introducing the bivector

indices A, ..., A = 1, . . . 6, which encode the information of two different tetrad indices, i.e.,
ab→ A. A particular choice of this correspondence is [1]

01→ 1 , 02→ 2 , 03→ 3 , 23→ 4 , 31→ 5 , 12→ 6 . (13)

3
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Then, the Riemann tensor can be represented by the symmetric matrix RAB with

RAB =




R0101 R0102 R0103 R0123 R0131 R0112
R0102 R0202 R0203 R0223 R0231 R0212
R0103 R0203 R0303 R0323 R0331 R0312
R0123 R0223 R0323 R2323 R2331 R1223
R0131 R0231 R0331 R2331 R3131 R1231
R0112 R0212 R0312 R1223 R1231 R1212




, (14)

which possesses 21 independent components. However, the first Bianchi identity

Ra[bcd] = 0⇔ R0123 + R0312 + R0231 = 0 , (15)

which in bivector representation reads

R14 + R25 + R36 = 0 , (16)

imposes an additional relationship between the components of the curvature matrix and,
consequently, reduces the number of independent components to 20, as it should be in the
case of a 4-dimensional Riemannian manifold.

We now consider Einstein’s equations with cosmological constant in the orthonormal
frame ϑa,

Rab −
1
2

Rηab + Ληab = κTab , Rab = Rc
acb , (17)

which represent a relationship between the components of the curvature tensor, the cosmo-
logical constant, and the components of the energy-momentum tensor.

By writing the Ricci tensor Rab and the curvature scalar R explicitly in terms of the
components of the Riemann tensor in the bivector representation, Einstein’s equations
reduce to a set of ten algebraic equations that relate the components of the matrix RAB.
This means that we can express ten of the components RAB in terms of the remaining
ten components. For concreteness, we choose as independent components the following:
R11, R12, R13, R14, R15, R16, R22, R23, R25, and R26. Introducing the resulting equations
into the matrix RAB, only ten components remain independent. Then, the curvature matrix
can be represented as [7,8]

RAB =

(
M1 L
L M2

)
, (18)

where

L =




R14 R15 R16
R15 − κT03 R25 R26
R16 + κT02 R26 − κT01 −R14 − R25


,

and M1 and M2 are 3× 3 symmetric matrices

M1 =




R11 R12 R13
R12 R22 R23

R13 R23 −R11 − R22 −Λ+κ
(

T
2 + T00

)


,

M2 =




−R11 + κ
(

T
2 + T00 − T11

)
−R12 − κT12 −R13 − κT13

−R12 − κT12 −R22 + κ
(

T
2 + T00 − T22

)
−R23 − κT23

−R13 − κT13 −R23 − κT23 R11 + R22 + Λ−κT33


,

where T is the trace of the energy-momentum tensor, T = ηabTab. Accordingly, this is the
most general form of a curvature tensor that satisfies Einstein’s equations with cosmological
constant and arbitrary energy-momentum tensor.

4
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We note that the traces of the above matrices turn out to be of particular importance.
Indeed,

Tr(L) = 0 , (19)

Tr(M1) = −Λ + κ

(
T
2
+ T00

)
, Tr(M2) = +Λ + κT00 . (20)

As shown above, the first equation follows from the Bianchi identities. The second and third
equations can be proved by direct computation. Consequently, the trace of the curvature
matrix can be expressed as

Tr(RAB) = κ

(
T
2
+ 2T00

)
. (21)

Thus, we see that all the relevant traces depend on the components of the energy-momentum
tensor only.

The eigenvalues of the curvature tensor correspond to the eigenvalues of the matrix
RAB. In general, they are functions λi, with i = 1, 2, ..., 6,which depend on the parameters
and coordinates entering the tetrads ϑa.

As a particular example of the bivector representation of the curvature, consider now
the case of a perfect fluid energy-momentum tensor with density ρ and pressure p, i.e.,

Tab = (ρ + p)uaub + pηab , (22)

where ua = (−1, 0, 0, 0) is the comoving 4-velocity of the fluid. Then,

Tab = diag(ρ, p, p, p) (23)

and the curvature matrix reduces to

RAB =

(
M1 L
L M2

)
, (24)

with

L =




R14 R15 R16
R15 R25 R26
R16 R26 −R14 − R25


,

M1 =




R11 R12 R13
R12 R22 R23
R13 R23 −R11 − R22 −Λ+ κ

2 (3p + ρ)


,

M2 =



−R11 +

κ
2 (ρ + p) −R12 −R13

−R12 −R22 +
κ
2 (ρ + p) −R23

−R13 −R23 R11 + R22 + Λ− κp


.

Thus, in the case of a perfect fluid solution, the curvature eigenvalues are related by

6

∑
i=1

λi =
3κ

2
(ρ + p) . (25)

Finally, in the particular case of vacuum fields, Rab = 0, with vanishing cosmological
constant, Λ = 0, the curvature matrix reduces to

RAB =

(
M L
L −M

)
, (26)

5
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where

L =




R14 R15 R16
R15 R25 R26
R16 R26 −R14 − R25


, M =




R11 R12 R13
R12 R22 R23
R13 R23 −R11 − R22


 , (27)

so that the (3× 3) matrices L and M are symmetric and trace free,

Tr(L) = 0 , Tr(M) = 0 , i.e., Tr(RAB) = 0 . (28)

Furthermore, the eigenvalues must satisfy the condition

6

∑
i=1

λi = 0 (29)

as a consequence of the curvature matrix being traceless.
The explicit form of curvature eigenvalues λi depends on the components of the

Riemann curvature tensor and behaves as scalars under coordinate transformations. They
can, therefore, be used to formulate invariant statements in general relativity. In particular,
the properties of λi are used to formulate the Petrov classification of gravitational fields [6].
Additionally, the eigenvalue properties have been used to propose an invariant definition
of repulsive gravity [9] and alternative cosmological models [10]. Here, we use this idea
to propose an invariant formulation of the matching problem in which only curvature
eigenvalues are involved.

3. C3 Matching

The matching between two different spacetimes along a surface Σ is usually performed
by using the Darmois and Lichnerowicz conditions (C2 conditions), which have been shown
to be equivalent in a particular coordinate system [4,11–14]. The C2 conditions state that in
certain coordinates, the first fundamental form, i.e., the metrics induced on the matching
surface, and the second fundamental form, i.e., the corresponding extrinsic curvatures,
must be continuous across Σ. Darmois conditions are represented in a covariant way, which
implies that no preference should be given to any particular coordinate system. However,
these conditions turn out to be very restrictive in concrete examples, in particular, because
the choice of coordinates is a very important step in the sense that the so-called admissible
coordinates have to be found in order to apply the matching procedure (for more details
see [14]). For instance, in the case of spherically symmetric spacetimes, several options are
possible and, therefore, a detailed analysis of each coordinate system should be performed
before proceeding with the matching itself [15–18]. One of the advantages of using the C3

matching procedure is that the results do not depend on the choice of coordinates because
we will use only quantities that behave as scalars under a coordinate transformation [9].

Furthermore, an alternative approach was proposed by Israel in [5], which is applied
when the extrinsic curvature is not continuous. In fact, in this case, Σ is replaced by a thin
shell with an effective energy-momentum tensor, which is defined in terms of the difference
of the extrinsic curvature evaluated inside and outside the hypersurface Σ. Since the above
matching approaches involve second-order derivatives of the metric, they are known, in
general, as C2 matching.

The C2 matching is usually difficult to implement because it requires knowing a
priori the location of Σ in a particular coordinate system. In the case of compact objects,
Σ is identified with the surface of the source of gravity. In general, however, it is quite
complicated to find the equation that determines the matching surface, except in cases with
a high number of symmetries, such as spherical symmetry, in which the surface is simply a
sphere of constant radius.

The main objective of the C3 procedure is to provide matching conditions that do not
depend on the choice of a particular coordinate system and allow us to obtain information

6
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about the matching surface Σ. To this end, the C3 matching uses as a starting point the
eigenvalues of the Riemann curvature tensor, which are independent of the choice of
coordinate system [6]. In fact, we will also consider the derivatives of the eigenvalues,
which involve third-order derivatives of the metric, in order to obtain information about the
location of the matching surface. For this reason, we denote our method as C3 matching.

One of the first applications of the formalism presented above was to formulate an
invariant definition of repulsive gravity [9]. The idea of this definition is as follows. In the
case of an isolated mass distribution, the corresponding spacetime should be asymptotically
flat, and, consequently, all the eigenvalues should vanish at infinity, i.e.,

lim
r→∞

λi = 0 ∀ i , (30)

where r is a spatial coordinate that measures the distance to the source of gravity. Then, as
the mass distribution is approached, the intensity of the gravitational field should increase,
and, correspondingly, the eigenvalues are expected to increase. If an eigenvalue happens to
change its sign as the source is approached, we interpret this behavior as an indication of
the presence of repulsive gravity. Furthermore, since the eigenvalue vanishes at infinity
and increases its value as the object is approached, it should pass through an extremum
before changing its sign. To realize this intuitive idea in concrete examples, we proceed as
follows. Let the set

{rl}, l = 1, 2, ... with 0 < rl < ∞ (31)

represents the set of solutions to the equation

∂λi
∂r

∣∣∣
r=rl

= 0 , with rrep = max{rl} , (32)

i.e., rrep is the location of the first extremum that is found when approaching the source
from infinity. We call rrep repulsion radius because at r = rrep, the maximum value of
attractive gravity is reached, and repulsive gravity starts to play an important role.

The main point now is to use this definition of repulsive gravity in the context of
realistic compact objects. In fact, since in the case of compact mass distributions, no
repulsive gravity has been detected so far, the idea of the C3 approach is to replace the
region of repulsion (r < rrep) with an interior solution of Einstein equations as follows.
Indeed, regions of repulsive gravity have been shown to exist in Reissner–Nordström, Kerr,
and Kerr–Newman black holes [9] as well as in gravitational fields generated by a mass
distribution with quadrupole moment [19]. In such cases, the matching with an interior
solution should be performed in such a way that the matching surface is located outside
the region of repulsive gravity.

Let us consider an exterior spacetime (M+, g+µν) and an interior spacetime (M−, g−µν)

with curvature eigenvalues {λ+
i } and {λ−i }, respectively. Then, the C3 matching approach

consists of two steps:

(i) Define the matching surface Σ by means of the matching radius rmatch, defined as

rmatch ∈ [rrep, ∞) , with rrep = max{rl} ,
∂λ+

i
∂r

∣∣∣
r=rl

= 0 . (33)

This means that the repulsion radius is determined by the location of the first ex-
tremum that is found when approaching the source of gravity from infinity.

(ii) Perform the matching of the spacetimes (M+, g+µν) and (M−, g−µν) at Σ by imposing
the conditions

λ+
i

∣∣∣
Σ
= λ−i

∣∣∣
Σ
∀i . (34)

In other words, the C3 matching consists in demanding that the curvature eigenvalues
be continuous across the matching surface Σ, which should be located anywhere between

7
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the repulsion radius and infinity. Thus, the idea of the C3 matching is to avoid the presence
of repulsive gravity in the case of gravitational compact objects. Conditions (33) and (34)
turn out to be very restrictive in the sense that they do not allow the case of discontinuities
across the matching surface. We will see in Section 4 that the C3 matching procedure can be
generalized to include this case too.

4. The Spherically Symmetric Matching

In the case of spherically symmetric gravitational fields, the exterior spacetime is
unique and is described by the Schwarzschild line element

ds2 = −
(

1− 2M
r

)
dt2 +

dr2

1− 2M
r

+ r2(dθ2 + sin2 θdϕ2) , (35)

where M represents the mass of the gravitational source. The orthonormal tetrad can be
chosen in the canonical form

ϑ0 =

(
1− 2M

r

)1/2
dt , ϑ1 =

(
1− 2M

r

)−1/2
dr , ϑ2 = rdθ , ϑ3 = r sin θdϕ. (36)

A straightforward computation shows that, in this case, the curvature matrix has the form

RAB =




− 2M
r3 0 0 0 0 0

0 M
r3 0 0 0 0

0 0 M
r3 0 0 0

0 0 0 2M
r3 0 0

0 0 0 0 −M
r3 0

0 0 0 0 0 −M
r3




, (37)

Then, the eigenvalues are determined by the diagonal elements of the matrix RAB and we
obtain

λ+
1 = −λ+

4 = −2M
r3 , λ+

2 = λ+
3 = −λ+

5 = −λ+
6 =

M
r3 . (38)

For the investigation of the interior spacetime M−, we consider the general spherically
symmetric line element

ds2 = −eνdt2 + eφdr2 + r2(dθ2 + sin2 θdϕ2) (39)

where ν and φ are functions that depend on r only. It then follows that the orthonormal
tetrad can be chosen as

ϑ0 = eν/2dt , ϑ1 = eφ/2dr , ϑ2 = rdθ , ϑ3 = r sin θdϕ . (40)

Using Cartan’s structure equations, we obtain the following non-vanishing components of
the curvature matrix:

R11 = −1
4
(φ,rν,r − ν2

,r − 2ν,rr)e−φ, R22 =
1
2r

ν,re−φ, R33 =
1
2r

ν,re−φ, (41)

R44 =
1
r2 (1− e−φ), R55 =

1
2r

φ,re−φ, R66 =
1
2r

φ,re−φ, (42)

where we have used Einstein’s equations in the form

ν,rr +
1
2

ν2
,r −

ν,r

2r
(2 + rφ,r)−

φ,r

r
− 2

r2 (1− eφ) = 0 , (43)

κρ =
1
r2 [1 + e−φ(rφ,r − 1)], κp = − 1

r2 [1− e−φ(1 + rν,r)]. (44)

8
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Then, we obtain the following eigenvalues for the curvature tensor of a spherically
symmetric interior perfect fluid solution

λ−1 = −1
4
(φ,rν,r − ν2

,r − 2ν,rr)e−φ, (45)

λ−2 = λ−3 =
1
2r

ν,re−φ, (46)

λ−4 =
1
4
(φ,rν,r − ν2

,r − 2ν,rr)e−φ +
k(ρ + p)

2
, (47)

λ−5 = λ−6 = − 1
2r

ν,re−φ +
k(ρ + p)

2
. (48)

The computation of the C3 matching condition dλ+
i /dr = 0 shows that there is

no repulsion radius, implying that the matching can be carried out within the interval
rmatch ∈ (0, ∞). The second matching condition implies that the exterior (38) and interior
eigenvalues (45) coincide on the matching surface. This leads to the following set of
independent equations

−1
4
(φ,rν,r − ν2

,r − 2ν,rr)e−φ,= −2M
r3 (49)

1
2r

ν,re−φ =
M
r3 , (50)

1
4
(φ,rν,r − ν2

,r − 2ν,rr)e−φ +
k(ρ + p)

2
=

2M
r3 , (51)

− 1
2r

ν,re−φ +
k(ρ + p)

2
= −M

r3 . (52)

The above system of algebraic equations has to be satisfied in order for an arbitrary
perfect fluid solution to be matched with the exterior Schwarzschild spacetime. It is easy to
show that the above set of algebraic conditions allows only one solution, namely,

ρ = 0, p = 0 . (53)

This result corroborates in an invariant way our physical expectation of vanishing pressure
and density on the matching surface. This result contrasts with the one obtained by using
the Darmois matching conditions, according to which perfect-fluid interior solutions with
non-zero densities and pressures at the matching surface, described by a sphere of constant
radius, are configurations that can be matched with the exterior Schwarzschild spacetime
[8]. In this sense, the Israel matching conditions offer an additional possibility, according
to which the non-zero values of the density and pressure on the matching surface are due
to the presence of a thin shell with exactly those values of density and pressure. In the
resulting configuration, the matching problem is transferred to the thin shell, which is
described by an energy-momentum tensor whose physical meaning has to be established
separately [5,8].

In the C3 approach, it is also possible to generalize the matching conditions to include
non-zero values of the energy density and pressure. Indeed, as shown in [8], a discontinuous
matching can be performed explicitly if we assume that the Einstein tensor G±ij induced on
the matching surface Σ satisfies the condition

G−ij − G+
ij = kSij (54)

9
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where k is a real constant and Sij is a well-defined energy-momentum tensor. This means
that Einstein’s equations are satisfied across the matching surface. In the case of perfect-
fluid solutions, the tensor Sij is physically relevant if it is defined as

Sij = T−ij − T+
ij = [(σ + P)uiuj + Pγij] , (55)

where σ = ρ|Σ and P = p|Σ are the non-zero values of the density and pressure at the
matching surface, respectively, and γij is the spacetime metric induced on Σ. Thus, we see
that the non-zero values of the density and pressure at the matching surface can be used
to construct an energy-momentum tensor that guarantees the fulfillment of the Einstein
equations on the matching conditions so that the matching can be performed explicitly.
Several examples of the application of this procedure have been presented in [8]. In
particular, the case in which the surface pressure P vanishes can be represented as

Sij = 2(λ−1 − λ+
1 )uiuj , (56)

indicating that the surface density σ can be represented invariantly in terms of the eigen-
values. This particular result could be used to apply the matching procedure in the case of
strange stars [20].

5. Final Remarks and Perspectives

In this work, we presented an invariant formalism to apply matching conditions in
general relativity, which is based upon the use of the eigenvalues of the Riemann curvature
tensor and its derivatives. In this C3 approach, we demand that the curvature eigenvalues
of the exterior and interior solutions be continuous across the matching surface. In addition,
the derivatives of the eigenvalues are used to determine the location of the matching surface.
In this work, we limit ourselves to the case of isolated gravitational sources so that the
curvature and the eigenvalues vanish at spatial infinity. Then, we look at the behavior
of the eigenvalues as the source of gravity is approached from infinity. We argue that if
an eigenvalue shows local extrema and changes its sign as the source is approached, this
is an effect due to the presence of repulsive gravity. In fact, this behavior has been used
to propose an invariant definition of repulsive gravity, which includes the concept of the
radius of repulsion as corresponding to the location of the first extremum that appears
as the source is approached from spatial infinity. Furthermore, we define the matching
radius as the minimum radius where the matching can be performed. In other words, the
matching surface can be located anywhere between the location of the repulsion radius
and infinity. The goal of fixing a minimum radius for the matching surface is to avoid the
presence of repulsive gravity because, so far, it has not been detected in the gravitational
field of compact astrophysical objects.

We analyze in detail the case of a spherically symmetric mass distribution, in which
the exterior field is described by the Schwarzschild spacetime, and the interior counterpart
corresponds to a perfect fluid. It is interesting to note that due to the versatility of the C3

matching formalism in the sense that the curvature eigenvalues can be calculated in general
for any metric without specifying any particular solution, it is not necessary to fix the
interior perfect-fluid solution. We use instead the general form of the matrix curvature that
satisfies Einstein’s equations. First, we notice that the derivatives of the exterior eigenvalues
do not have any extrema, a result that we interpret as indicating that there is no repulsion
radius and the matching can be performed at any place between the origin of coordinates
and spatial infinity. Then, we find the set of algebraic equations that follows from the
condition that the interior and exterior eigenvalues coincide at the matching surface. It
turns out that this set of equations allows only one solution, namely, that the pressure
and density should vanish at the matching surface. We conclude that the C3 matching
procedure in the case of a spherically symmetric gravitational field leads to the results
expected from a physical point of view.

10
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Another case of interest is that of stationary axially symmetric fields, which allows the
analysis of rotating gravitational fields. In the case of vacuum, the general line element can
be written in cylindrical coordinates (t, ρ, z, ϕ) as [6]

ds2 = e2ψ(dt−ωdϕ)2 − e−2ψ
[
e2γ(dρ2 + dz2) + ρ2dϕ2

]
, (57)

where ψ, ω, and γ are functions of ρ and z, only. The calculation of the corresponding
curvature eigenvalues and their derivatives with respect to ρ and z leads to a set of equations
that should determine the location of the matching surface. However, it is not easy to
interpret the significance of the results, probably because it is necessary to use a different set
of coordinates. We expect to investigate this problem in future works. In the particular case
of a slowly rotating mass, whose gravitational field can be described by the exterior Lense–
Thirring metric and the interior Hartle–Thorne approximate solution [6], the matching
conditions lead to a system of equations that must be solved numerically. Work in this
direction is in progress.

The particular case of static axially symmetric gravitational (ω = 0) is interesting
because it resembles the case of Newtonian gravity. Indeed, in this case, the field equation
that determines the function ψ turns out to be linear, and its general asymptotically flat
solution can be written as [21]

ψ =
∞

∑
n=0

an

(ρ2 + z2)
n+1

2
Pn(cos θ) , cos θ =

z√
ρ2 + z2

, (58)

where an (n = 0, 1, ...) are arbitrary constants, and Pn(cos θ) represents the Legendre
polynomials of degree n. The solution for the function γ can be obtained from the above
expression by quadratures. Interestingly, the solution (58) coincides with the exterior
Newtonian potential given in Equation (7). This coincidence could be used to search for
an interior line element, in which the function corresponding to ψ could be given as an
infinite series in terms of the Green function (5). This has been done in the particular case
of a metric with a quadrupole moment in [22,23]. We plan to continue the study of this
problem in future works.

Another interesting aspect that has not been explored in the C3 formalism is the
possibility of analyzing the internal structure of compact objects by using thin shells,
especially regarding stability properties and phase transition structures [24]. To this end, it
will be necessary to investigate the dynamics of thin shells determined by the matching
conditions in the presence of discontinuities as given in Equations (54)–(56). This is an
interesting open question that deserves further development.
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Abstract: This paper summarizes recent work on the possible gravitational-wave signal from binary
neutron-star mergers in which there is a crossover transition to quark matter. Although this is a small
piece of a much more complicated problem, we discuss how the power spectral density function may
reveal the presence of a crossover transition to quark matter.

Keywords: neutron stars; equation of state; quark matter; gravitational waves

1. Introduction

I am honored to have a chance to contribute to this Festschrift in honor of Remo
Ruffini’s 80th birthday. I have enjoyed collaboration with Remo on papers [1,2] exploring
the physics of the X-ray afterglow associated gamma-ray bursts. Indeed, this collaboration
inspired me to return to simulations of the relativistic hydrodynamics associated with
binary neutron stars and their merger. As Remo has correctly pointed out during this
Festschrift and elsewhere, the electromagnetic evolution will dominate the dynamics of bi-
nary neutron-star mergers, and moreover, there are enormous uncertainties associated with
detecting and calculating the gravitational radiation emanating from binary neutron-star
mergers. Nevertheless, in this presentation, I describe recent work [3] with my collaborators
in which we have simulated the relativistic merger of neutron stars and explored effects on
the emergent gravitational waves of a crossover transition to quark matter.

It has been discussed for some time that neutron stars (NSs) within binary systems
could be used to probe the equation of state (EoS) at high densities (e.g., Refs. [4,5]). Grav-
itational waves (GWs) from the GW170817 event by the LIGO-Virgo Collaboration [6,7]
may have provided new insight into neutron-star matter [8]. Also, NS masses and radii
determined by the NICER mission constrain the EoS of nuclear matter [9–11].

Moreover, differences in the EoS can lead to a variety of observable effects (cf. [12]).
Such changes in the EoS may lead to a change in the maximum peak frequency fpeak
(sometimes denoted as f2) in the inferred power spectral density (PSD) [13–15]. A shift may
violate the proposed universality relations between fpeak and tidal deformability for pure
hadronic EoSs [16–21]. In [3], we analyzed how such an observed shift might also probe
the quark matter phase. This is, however, model dependent (e.g., [22,23]) and depends
somewhat on the time duration of the merged system [12,24,25].

There have been many recent works considering EoS effects on the detected GWs.
Some have considered the formation of quark matter [12–14,23–33]. Often these studies,
however, were limited to a first-order phase transition. In a first order transition, a mixed
phase of quarks and hadrons develops. This mixed phase diminishes the pressure support
of the remnant, resulting in a prompt collapse. However, a crossover or a weak first-order
transition remains a possibility [34–38]. The matter pressure during the crossover could
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be enormous. This could extend the duration of the postmerger phase. We proposed that
observing such a long-duration post-merger system might signal both the phase-transition
order and the strength of the coupling of quark matter [3].

In Ref. [3], we calculated the GW signal from the postmerger phase and showed that it
is sensitive to the presence of quark matter in the equation of state. We demonstrated that
the properties of quark matter in the crossover phase increase the duration of the postmerger
GW emission. Hence, this probes the properties of quark matter. Various parameterizations
of the quark-hadron crossover (QHC19) EoS of [39] were investigated in Ref. [3] . A similar
study was made [40] based on the more recent version of the (QHC21) EoS with similar
conclusions. The crossover is treated as continuous in the QHC19 EoS. In Ref. [3], the
maximum chirp frequency fmax, the tidal deformability, and the peak in the power spectral
density fpeak were used to identify observational characteristics of a crossover to quark
matter during mergers of equal-mass binary neutron stars. The crucial high frequency
range (1–4 kHz) is associated with the postmerger gravitational waves. Although this
frequency is not within the sensitivity limits of the LIGO/aVirgo/KAGRA observatories,
the next generation of gravitational-wave detectors, e.g., the Einstein Telescope [41] and
Cosmic Explorer [42], should be sensitive to such high frequency emissions. We argue
that this observation in the next generation detectors might indicate both the order of the
transition and the parameters characterizing the crossover to quark matter.

2. Equations of State

At high baryon density a non-perturbative approach to QCD is required. This ap-
proach must include chiral symmetry breaking [43], the generation of constituent quark
masses, quark pairing, the possibility of color superconductivity [44], etc. In the hadronic
regime, we considered both the SLy [45] and the GNH3 [46] EoSs. These bracket the
properties of an extremely soft or a rather stiff equation of state.

The QHC19 EoS is based upon the the NJL Lagrangian [47–49]. The four cou-
pling constants are: (1) (G) the scalar coupling; (2) (K) the coefficient of the Kobayashi-
Maskawa-’t Hooft vertex; (3) (gv) the vector coupling for quark repulsion; and (4) (H)
the di-quark strength. Only two coupling constants (gv/G and H/G), were used to con-
struct various versions of the EoS. The three parameter sets used in Ref. [3] are labeled
as [39]: QHC19B [(gV , H) = (0.8, 1.49)], QHC19C [(gV , H) = (1.0, 1.55)], and QHC19D
[(gV , H) = (1.2, 1.61)]. At the crossover densities (2 n0 < n < 5 n0), the pressure is given
by fifth-order polynomials in terms of the baryonic chemical potential.

3. Simulation Details

Binary merger simulations were run in [3] using the Einstein Toolkit [50] numer-
ical relativity software. This includes full general relativity in three spatial dimensions
with differential equations based upon the BSSN-NOK framework [51–55]. The hydro-
dynamics was evolved with the use of the GRHydro code [56–58] based on the Valencia
formulation [59,60]. The initial conditions were generated using LORENE [61,62]. The thorn
Carpet [63,64] was used for adaptive mesh refinement based upon six mesh refinement
levels and a minimum grid of 0.3125 in Cactus units (≈461 m). A constant adiabatic index
Γth = 1.8 was used to account for the thermal pressure in GRHydro as described in Ref. [65].

The Newman–Penrose formalism was employed to extract the gravitational waves
emitted during the binary merger. This minimizes numerical noise by fitting a multi-
pole expansion in spherical harmonics of the Weyl scalar Ψ(l,m)

4 (θ, φ, t) = ḧ(l,m)
+ (θ, φ, t) +

iḧ(l,m)
× (θ, φ, t). The two polarizations of the strain h+(θ, φ, t) and h×(θ, φ, t) result from a

sum over the (l, m) modes followed by integrating twice. The neutron star models were
based upon baryonic masses of MB = 1.45, 1.50, 1.55 M�. These were chosen because
gravitational masses associated with these baryonic masses for various equations of state
are similar ∼1.35–1.4 M�. Simulations began at an initial coordinate separation of 45 km
between centers.
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In Ref. [3] it was shown that even during inspiral, the central densities in the neutron
stars achieved densities in the crossover range (2–5 n0). During the merger, the maximum
density increases until it exceeds ∼5–6 n0. The central region of the system then collapses.

It was also shown in Ref. [3] that the postmerger GW emission continues for a much
longer time for the simulations with a QHC EoS. When going from QHCB to QHCC
the postmerger GW emission becomes longer, corresponding to increasing the quark
coupling. This led to the suggestion that the strength of the quark–matter couplings
might be deduced from the duration of the post merger phase. Indeed, the lifetime of the
postmerger intermediate hyper-massive neutron star (HMNS) depends rather significantly
on the stiffness of the equation of state at the crossover densities. One interesting finding
is that the postmerger remnants from mergers including the QHC19D EoS had so much
pressure that no black hole formed during the simulations. As the EoS stiffness within the
QHC models increased lifetimes of their HMNS remnants were apparent. Even the QHC19B
EoS produces a much longer postmerger duration than that of a pure hadronic EoSs.

A waveform analysis of the strain can be performed in the frequency domain. This
highlights the dominant frequencies of the waveform. Specifically, the effective Fourier
amplitude is obtained from

h̃+,×( f ) =
∫

h+,×(t)e−i2π f tdt . (1)

This is presented in Figure 1, which shows an example of the normalized power spectral
density 2h̃( f ) f 1/2 [66] based upon the simulations of Ref. [3]. The lower blue and orange
curves show the anticipated sensitivity of the Einstein Telescope and Cosmic Explorer,
respectively, while the upper green curve shows the current LIGO sensitivity. The ini-
tial inspiral up to contact between the merging neutron stars ends with the first peak at
around 1 kHz. For probing the crossover to quark matter, however, the peaks, fpeak, at
around 2.5–3.5 kHz are most useful. These arise from the extended postmerger phase. The
amplitude of fpeak correlates with the time duration of the postmerger remnant. There-
fore, it correlates with the strength of the coupling constants in the QHC19 equations
of state. As discussed in [3], one can also infer the maximum chirp strain amplitude,
fmax = 1

2π
dφ
dt |max, where φ is the phase of the strain (see [66]). This is not apparent in

the PSD, but is deduced from the phase of the strain during the merger. Although this is
referred to at the maximum chirp strain, this is not to be confused with the instantaneous
gravitational-wave frequency at the time of merger.

4. Discussion and Conclusions

Although the amplitude of the fpeak PSD becomes larger for crossover equations of
state with increasing coupling strengths, this might also be realized in other equations of
state as demonstrated in [66]. Therefore, one desires another signature to uniquely show
the formation of quark matter. In [3], it was pointed out that the QHC19 equations of state
show behavior consistent with a soft EoS at low density, ∼3n0. This affects the merger
regime of fmax. On the other hand, the postmerger phase represented in the fpeak frequency
exhibits the behavior of a stiff EoS.

This dual nature of the QHC19 EoSs might be revealed by correlating fmax and fpeak in
a GW event [3]. This is illustrated in Figure 2. For pure hadronic EoSs, there appears to be
a linear correlation between fmax and fpeak. However, a crossover EoS deviates from this
correlation as indicated by the circled points on this figure. Thus, an observation of events
in the circled region might indicate the crossover to quark matter. We note, however, that
this deviation is not entirely robust as an indicator. For example, the hadronic Sly EoS also
deviates from the linear relation. What is needed is a more exhaustive set of calculations to
better clarify this trend. That, however, is left to a future work.

Additionally, in Ref. [3], the relation between fpeak and the pseudo-averaged rest-mass
density [17,66] was considered. For this case, the fpeak frequencies tend to cluster in a region
in between a soft and stiff EoS [3]. Hence, although there are enormous uncertainties in this
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suggestion, observing a transition from soft to stiffness in the correlations of fmax and fpeak
could indicate that quark matter had formed during the merger. Moreover, the amplitude
of the PSD at the frequency of fpeak may suggest the quark–matter coupling strengths.

fpeak 
Postmerger Inspiral 

Figure 1. Power spectral density (2h̃( f ) f 1/2) vs. frequency f for various simulations. The the lower
blue and orange curves show anticipated sensitivity of the Einstein Telescope and Cosmic Explorer,
respectively, while the upper green curve shows the LIGO sensitivity. The first peak at around 1 kHz
is the initial contact of the merging binaries. The second peaks near 2.5–3.5 kHz correspond to the
long postmerger phase, fpeak.

Figure 2. Correlation between fmax and fpeak. There appears to be a linear correlation for normal
hadronic EoSs as indicated by the straight line. However, the existence of a crossover regime to quark
matter leads to outliers from this correlation as indicated by the circled points.
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Abstract: Fast radio bursts (FRBs) are still a mystery in contemporary astrophysics. Unlike many other
astronomical objects whose basic physical mechanism is already identified and the research on which
focuses mainly on refining details, FRBs are still largely unknown regarding their source(s) and radiation
mechanism(s). To make progress in the field, a “top-down” or “detective’s approach” is desirable. I will
summarize how some key observational facts have narrowed down the options to interpret FRBs and
show that at least some FRBs are produced from the magnetospheres of highly magnetized neutron
stars (or magnetars). I will also argue that the current data seem to favor a type of coherent inverse
Compton scattering process by relativistic particle bunches off a low-frequency wave propagating in
the magnetosphere. This brief contribution is a shorter version of an extended review to be published
in Reviews of Modern Physics, and it was written as a tribute to the 80th anniversary of Remo Ruffini.

Keywords: fast radio bursts; magnetars; coherent radio emission

1. Prologue

The 80th birthday of Prof. Remo Ruffini was on 17 May 2022. Because of the COVID-19
pandemic, I was not able to attend the dedicated celebration conference in person but
was invited to deliver a remote talk. Incidentally, I had the pleasure of celebrating his
77th birthday three years earlier at the 2019 Nanjing GRB conference. I have known Remo
for many years, meeting with him at numerous conferences in high-energy astrophysics.
Our research overlaps in the field of gamma-ray bursts (GRBs). Even though we often
interpret GRB phenomenology differently, I have enjoyed many conversations with him
about the physics of GRBs and other subjects.

Our different views on GRBs stem from the different approaches we have taken to
tackle the GRB problem. As a distinguished relativistist, Remo often adopts a doctrinal or
“bottom-up” approach by setting up a theoretical framework to begin with and matching
observations with the theories. The examples include his theory of electromagnetic black
holes and the fireshell model for GRBs (e.g., [1–3]) to interpret GRB prompt emission and
afterglow, and his progenitor models involving a list of binary systems (e.g., [4]). The
approach I and many others take is the opposite. We start with the observational data and
ask ourselves what the data really tell us. By ruling out various possibilities (including
some of our own ideas that were proposed before the relevant data became available),
we finally narrowed down the most probable interpretations of the phenomenon. Such
a “top-down” approach is analogous to the approach of a detective who tries to unveil a
crime scene. My understanding of the GRB phenomenology has been summarized in the
book titled “The Physics of Gamma-Ray Bursts” [5].

In research fields such as GRBs and fast radio bursts (FRBs), whose data are quite
sparse in the early stage of development, I believe that the detective’s approach is more
fruitful. Our initial bets usually turn out incorrect, and new surprising discoveries keep
flooding in, forcing continuous revisions of the theoretical framework.

The talk I remotely presented at Ruffini’s 80th birthday meeting was titled “The
Physics of Fast Radio Bursts”. The content of the talk has been explained in detail in my
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long review article in press at the Reviews of Modern Physics [6]. This short contribution is a
highlight of that review, with a focus on how the detective’s approach bears fruit in this
rapidly developing field.

2. The Source(s) of FRBs

FRBs [7,8] were first reported in 2007 as highly dispersed, millisecond-duration bursts
detected in the radio band (from ∼110 MHz to ∼8 GHz), see also an earlier controversial
case [9]. According to [10] and the FRB theory catalog (https://frbtheorycat.org/index.
php/Main_Page, accessed on 13 June 2019), there are more than 50 models proposed in
the literature. Most of these models have been critically commented on in [6], with most of
them already disfavored by the data. In the following, I will list the key observations that
have greatly narrowed down the possible source models to interpret FRBs.

The key observational clues that are related to the source(s) of FRBs include the following:

• The smoking gun: An MJy radio burst (FRB 200428) was observed from the Galactic
magnetar SGR J1935+2154, which was temporally associated with a moderately bright
X-ray burst [11–16]. The radio burst, if observed from nearby galaxies, would appear
as a low-luminosity FRB. This suggests that at least magnetars can make FRBs, and
at least some FRBs are made by magnetars. The majority of X-ray bursts emitted
from this source were, however, NOT associated with FRBs [17], suggesting that
special conditions are needed for a magnetar to make FRB-like events. Later, a
radio pulsar phase was observed from the magnetar. The pulses are found to be
confined in a narrow phase window. FRB bursts, on the other hand, appear in random
rotation phases, suggesting that the bursts and pulses likely originate from different
locations and probably have somewhat different mechanisms (albeit sharing similar
physics) [18].

• Cosmological FRBs are observed to have two apparent types: repeaters and non-
repeaters. There have been intense discussions regarding whether all FRBs repeat
(e.g., [19–22]). Some observations show that repeating bursts have some special
features (e.g., broader pulses and narrower spectra [23]). However, as the observing
time increases, some previously named non-repeaters turn into repeaters [24]. The
separation between the two populations becomes more blurred.

• There are several very active repeaters that, when monitored closely with the Five-
hundred-meter Aperture Spherical radio Telescope (FAST) in China, have a burst rate
exceeding 100 per hour [25–29].

• Two active repeaters, FRB 20121102A [30] and FRB 20190520B [31], are located inside
a persistent radio source (PRS). Other repeaters, on the other hand, do not have
detectable PRSs. The two PRS repeaters also have large Faraday rotation measure
(RM) values, suggesting a possible dense and highly magnetized environment. The
RM values of some active repeaters also undergo significant long-term [32] and short-
term [26] variations, sometimes with significant sign reversals [33,34]. All these are,
however, not necessary conditions to produce an active repeater. FRB 20220912A has
a negligibly small and non-varying RM yet actively emits many bursts with the total
burst energy budget comparable to other active repeaters [29].

• The host galaxies of FRBs (both repeaters and apparent non-repeaters) seem to be
mostly Milky-Way-like massive galaxies, unlike the star-forming dwarf host galaxies
of long GRBs and superluminous supernovae [35–42]. The positions of FRBs within the
host galaxies also typically have large offsets from the star-forming regions [26,38,39].
The global properties are more analogous to Type II supernovae, Type Ia supernovae,
and even short GRBs [43]. The DM distribution of the FRBs from the CHIME first
catalog seems to require a delayed channel from star formation, at least for some
FRBs [44–46], even though the star formation model is consistent with the data if some
nearby (low DM) samples are removed [47].

• The existence of FRBs with a delayed channel is solidified by the discovery of FRB
20200120E in a globular cluster of a nearby spiral galaxy M81 at a distance of
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3.6 Mpc [48,49]. The bursts from the source have lower luminosities than typical
cosmological FRBs, suggesting that there could be many more such sources from far
away galaxies that have evaded detection [50–52].

• Most repeaters do not have a detectable apparent periodicity. There are two special
cases detected by the CHIME/FRB collaboration: (1) FRB 20180916B has an apparent
∼16 day periodicity [53] with frequency-dependent active phases [54,55]. Close
monitoring of other active repeaters with the FAST telescope does not show significant
periodic signals (the tentative ∼157-day period for FRB 20121102A [56] does not
increase significance with time P. Wang et al. 2023, in prep). (2) FRB 20191221A, was
identified to show a 216.8(1) ms periodicity with a significance of 6.5σ [57], but since
it has a roughly 3 s-long duration which is much longer than the typical millisecond
duration of other FRBs, this FRB is likely a special case and may have a different origin
from the majority of FRBs.

So what do these clues tell us about the FRB sources? Here is a list of statements one
may make after performing a detective’s analysis:

• Magnetars can make FRBs;
• At least some FRBs are produced by moderate-age magnetars such as SGR J1935+2154.

Because the source of FRB 200428 (SGR J1935+2154) continues to emit more X-ray
bursts later, the magnetar FRB sources must be FRB repeaters;

• Since we have not detected an active FRB repeater in the Milky Way galaxy, the active
repeaters at cosmological distances may require a different interpretation. Additionally,
since none of the Galactic magnetars are known to be located in globular clusters, the
source of FRB 20200120E must be somewhat different from the source of FRB 200428.

• For the above reasons, overall, there may exist at least three types or sub-types of
repeating FRB sources: SGR J1935+2154-like magnetars, active repeater sources, and
globular cluster sources.

• If magnetars are the common engine for all repeating FRBs, then there might be at
least three sub-categories of magnetars: the common ones such as SGR J1935+2154
that make FRB 200428-like bursts with a low repetition rate, the special magnetars
(presumably younger) that power active repeaters (with the caveat that some of these
active repeaters are also located in regions offset from the main galaxy light), and
more special magnetars newly born in globular clusters.

• An alternative, more speculative but exciting possibility is that at least some cosmo-
logical FRBs do not originate from self-bursting magnetars. Interacting neutron stars
or even black hole systems are other well-motivated possibilities and cannot be easily
ruled out with the current data.

• The immediate environment of active repeaters can be either highly magnetized and
dynamically evolving or the opposite. In some cases, the environment is consistent
with a dense magnetized nebula or a magnetized companion in a binary system, but in
some other cases, there is no evidence of any of such a complicated environment. This
suggests that the emission sources of FRBs should not rely heavily on the environment
to produce the bursts.

• There are no definite clues yet that some apparent non-repeaters must originate
from catastrophic events. A possible case of intrinsic one-off FRB from a plausible
association between an FRB and a gravitational wave event has been suggested [58],
but the case is controversial: Ref. [59] suggested that the association is physically
impossible if the host galaxy is the one suggested in [60]. More observations are
needed to see whether another distinct class of FRBs can be established.

3. The Radiation Mechanism(s) of FRBs

Because of their high fluxes, short durations, and large distances, FRBs have the most
extreme high brightness temperatures in the universe, reaching Tb ∼ 1036 K and higher.
This raises great challenges in identifying their coherent radiation mechanism(s). In [6],
I have reviewed in depth various FRB radiation models proposed in the literature and
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discussed the pros and cons of these models in confrontation with the data. Here I just
summarize the main observations and the constraints posed by them.

The key observational clues that are related to the radiation mechanism(s) of FRBs
include the following:

• The typical duration of FRBs is milliseconds, but some FRBs have rapid variability as
short as 60 nanoseconds [50].

• Most observed FRBs are highly polarized. Most have nearly 100% linear polariza-
tion [32,61–63]. A small fraction of bursts from a growing population of sources have
measurable circular polarization, some even up to 70% [26,64–68].

• Most bursts with high linear polarization degrees have polarization angle (PA) nearly
constant during the bursts [32,69], but cases with significant PA variations have been
observed in bursts from some sources [61,62,69].

• The isotropic burst energy emitted in the radio band during the timescale of an active
episode of repeater sources (ranging from a few days to 1–2 months) is of the order of
a few ∼1043 erg [25–29].

• Some FRBs, especially non-repeaters, show wide spectra with emissions covering the
entire bandpass of the telescopes. For repeaters, on the other hand, the spectra are
typically narrow [23]. Case studies of many bursts from FRB 20201124A [27], and FRB
20220912A [29] suggest that some bursts even have δν/ν0 as small as <0.3.

• Some bursts, especially those of repeaters, show an interesting frequency down-
drifting feature (also called the “sad-trombone” effect), with higher frequency emission
arriving earlier and lower frequency emission arriving later [23,27,70].

FRB emission models within the magnetar framework may be generally grouped
into two categories. The first category borrows insight from modeling radio pulsars and
invokes pulsar magnetospheres (either inside the magnetosphere or slightly outside the
magnetosphere in the current sheet region beyond the light cylinder), which may be
called “closer-in” or “pulsar-like” models. The second category invokes highly magnetized
relativistic shocks far from the engine. The physical processes in such a scenario share
some aspects with GRBs. Such models may be termed “farther-out” or “GRB-like” models.
These models have been discussed in great detail in [6] with many original papers cited.
In the following section, I summarize some key constraints on these models based on the
observational facts listed above.

• Polarization angle (PA) swing is a key observational feature of radio pulsars. As the
line of sight sweeps across different field lines when the neutron star rotates, different
PAs are observed. The characteristic signature is an “S” shape or its inverse, which
is consistent with the dipolar geometry of magnetic fields conjectured for pulsars.
The variation becomes smaller if the line of sight tangentially cuts the emission cone
or the emission height is large. Conversely, the synchrotron maser model invoking
a magnetized relativistic shock demands parallel magnetic field lines to achieve
coherence and, therefore, only predicts non-varying PAs across a burst. Such non-
varying PAs are indeed observed in most bursts [32,69], but the detection of varying
PAs [61,63] from both repeating and non-repeating FRBs rules out the shock model at
least for some FRBs. Since the magnetospheric models can account for both varying
and non-varying PAs, diverse PA variations offer strong support to the magnetospheric
origin of FRBs.

• Circular polarization [26,68,69] can be produced either from intrinsic radiation mech-
anisms or propagation effects [71]. The detection of significant circular polariza-
tion from a large fraction of bursts from the clean-environment active repeater FRB
20220912A [29] suggests that circular polarization is very likely unrelated to the prop-
agation effect in the external medium. Since synchrotron maser emission cannot
produce bright bursts with significant circular polarization [71] whereas magneto-
spheric models can do so [71–73] via coherent curvature [74,75] or inverse Compton
scattering [76] or through propagation effects within the magnetosphere [71], the
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circular polarization data therefore also disfavor the GRB-like models and favor the
pulsar-like models.

• The 60-ns variability timescale [50] poses a significant challenge to the GRB-like shock
model [51]. The duration of the burst w defines an FRB emission radius RFRB ∼ cwΓ2.
A variability timescale δt � w would have to be attributed to small patches in a
relativistic jet, which introduces a very low efficiency for emission [77]. This argument
was well known in the GRB field to argue against the external shock model for GRB
prompt emission.

• The narrow spectrum δν/ν0 < 0.3 observed in some repeaters [27,29] poses a generic
constraint on the GRB-like model, and even challenges most of the pulsar-like mod-
els ([78], Y. Qu, P. Kumar and B. Zhang, 2023, in preparation).

• The relativistic shock model predicts a small radio emission efficiency of the order
of 10−4 [79]. Pulsar-like models are more flexible since the pulsar radio emission
efficiency can range from 10−7 to ∼1 [80]. The Galactic FRB 200428 has an efficiency of
the order of 10−4, which can be accounted for in both models. However, if extragalactic
FRBs have the similar efficiency, even if there is a global beaming factor fB ∼ 0.1, the
observed ∼1043 erg isotropic radio burst emission energy measured during active
episodes for a few repeaters would suggest a total energy of a few times 1046 erg
within an active episode, which is already a significant fraction of the dipolar magnetic
energy of a magnetar [25–29]. This suggests that if extragalactic FRBs are powered
by magnetars, the GRB-like models already suffer from the energetics problem. The
pulsar-like models are still allowed if they can make FRBs much more efficiently than
the 10−4 efficiency.

• The sad-trombone effect can be naturally interpreted within the pulsar-like model using
the “radius-to-frequency-mapping” effect widely discussed in pulsar models [81,82].
This effect can also be accounted for within the shock model, even though some special
conditions are required [83,84].

In summary, many independent pieces of evidence point toward a consistent picture
in favor of a magnetospheric origin of at least some, and probably most, FRBs if magnetars
are the common source engine of FRBs.

4. Magnetospheric Coherent Inverse Compton Scattering as an Attractive Mechanism
to Power FRB Emission

Within the magnetospheric models, based on the observational clues collected so
far, I personally favor a mechanism invoking the upscattering of a certain type of low-
frequency waves by relativistic particle bunches within the magnetosphere of a magnetar.
The simplest scenario is to invoke a low-frequency electromagnetic wave, which might
be excited by oscillations of near-surface charges induced by crust cracking [76]. The
advantages of this model in interpreting the observations include the following:

• It provides an alternative to the traditional model invoking coherent curvature ra-
diation by bunches. It inherits the merit of that model that invokes the magnetar
magnetosphere as the emission site but can overcome some difficulties encountered
by the curvature radiation model.

• One difficulty of the coherent curvature radiation model is the plasma suppression
effect. Because of the huge brightness temperatures of FRBs, the required bunches
need to have a very large plasma density (or a high multiplicity with respect to the
Goldreich–Julian density), which exacerbates the plasma suppression effect that has
been discussed within the context of pulsar emission [85]. The emission power of
the inverse Compton scattering (ICS) process for individual particles is a few orders
of magnitude larger than that of curvature radiation, which suggests that a dense
plasma is not needed for such a mechanism to power bright FRB emission [76]. The
plasma suppression effect is no longer relevant. Even for the curvature radiation
model, the plasma suppression effect may become irrelevant when one considers a
parallel electric field in the emission region, which will separate the opposite charges
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in the plasma [86]. Such an E‖ is needed in FRB models invoking coherent radiation by
bunches (for both curvature radiation and ICS) in order to overcome efficient cooling
of the bunches to maintain a large enough power to produce an FRB [74,76] and
mandate a low-twist magnetar model [87].

• Another major difficulty for coherent curvature radiation by bunches is how to produce
and maintain bunches with the right size that corresponds to the observed wavelength.
Two stream instabilities have been widely invoked to generate bunches, but the
characteristic frequencies for those instabilities involve the plasma frequency, which is
not obvious how it is related to the observed FRB frequency. The ICS process provides
a way to naturally bunch the particles. In the rest-frame of a relativistically moving
particle, the electric field of the incident wave (which is Dopper boosted from the
low-frequency wave) provides an oscillating force that naturally bunches the particles
in the scale of the wavelength in the comoving frame. The emitted electromagnetic
wave (due to Thomson scattering in the comoving frame) carries the same frequency,
which is Doppler boosted in the observer frame to the FRB frequency. As a result,
the emitting particles are naturally bunched within the wavelength of the emitted
waves. This provides a very natural bunching mechanism not shared by the curvature
radiation mechanism.

• The maintenance of the bunches within the FRB models (both for curvature radi-
ation and ICS) is attributed to the E‖ in the emission region, which is demanded
by the energetics argument [74,76]. Such an E‖ allows the bunches to emit in the
radiation-reaction-limited regime. In such a regime, the particle energy distribution
would maintain a narrow distribution due to the “thermostat” effect, i.e., the particles
with a larger energy than the critical Lorentz factor defined by the radiation-reaction-
limit condition would undergo stronger radiative cooling to lose energy, whereas the
particles with lower energy than the critical Lorentz factor would undergo further
acceleration via E‖. As a result, the particle distribution within the bunch would main-
tain a value around the critical Lorentz factor so that the bunch is not easily dispersed.

• Curvature radiation is intrinsically a wide-band spectrum characterized by the modi-
fied Bessel’s function for a single electron. The ICS process, on the other hand, could
produce a much narrower spectrum for a single electron, given that the low-frequency
wave itself has a narrow spectrum (which is possible since its frequency may corre-
spond to a characteristic mode of neutron star crustal oscillations). As a result, the
ICS process has a better prospect of producing narrow spectra, as observed than the
curvature radiation model.

5. Epilogue

The history of GRB studies has shown the power of the top-down approach. With the
combination of observational data and theoretical modeling, a standard physical framework
has been established for GRBs, with the final major piece of the GRB paradigm collected in
2017 (the gravitational wave - short GRB association) 50 years after the discovery of the
first GRB. The field of FRB research shares a similar history as the GRB field but with an
expedited pace. At the time of writing, we are still in the process of putting together a
coherent physical picture for FRBs. The bullet points summarized in the previous sections
are my best guess as a detective at the stage of writing. It is almost certain that some
of these statements will turn out incorrect when more observations bring further clues.
This contribution, in any case, serves as an intermediate record that may be reviewed and
entertained later.
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Abstract: Galaxy rotation curve (RC) fitting is an important technique which allows the placement of
constraints on different kinds of dark matter (DM) halo models. In the case of non-phenomenological
DM profiles with no analytic expressions, the art of finding RC best-fits including the full baryonic +
DM free parameters can be difficult and time-consuming. In the present work, we use a gradient
descent method used in the backpropagation process of training a neural network, to fit the so-
called Grand Rotation Curve of the Milky Way (MW) ranging from ∼1 pc all the way to ∼105

pc. We model the mass distribution of our Galaxy including a bulge (inner + main), a disk, and
a fermionic dark matter (DM) halo known as the Ruffini-Argüelles-Rueda (RAR) model. This is
a semi-analytical model built from first-principle physics such as (quantum) statistical mechanics
and thermodynamics, whose more general density profile has a dense core–diluted halo morphology
with no analytic expression. As shown recently and further verified here, the dark and compact
fermion-core can work as an alternative to the central black hole in SgrA* when including data at
milliparsec scales from the S-cluster stars. Thus, we show the ability of this state-of-the-art machine
learning tool in providing the best-fit parameters to the overall MW RC in the 10−2–105 pc range, in a
few hours of CPU time.

Keywords: dark matter; Milky Way; rotation curves; numerical methods

1. Introduction

Disk galaxies, like our own, are rotational supported structures with the advantage
of having baryonic (or luminous) mass tracers in approximate circular orbits from which
it is possible to obtain the so-called RC. The specific DM distribution, usually dubbed as
the DM density profile, is inferred by fitting the observed velocity RC as a function of the
galactocentric radius. Typically, this is carried out by assuming a given underlying DM
profile together with different mass models for the luminous components such as the bulge,
disc, etc. (see, e.g., [1] for a review). Most of these studies assume phenomenological DM
profiles (in spherical symmetry) obtained from classical N-body cosmological simulations
with a given analytic expression, besides the visible mass components. However, other
kinds of DM profiles can be obtained from first-principle physics (i.e., thermodynamics
and statistical mechanics) while accounting for the quantum nature of the particles, such as
the RAR model for fermions (see [2] for a review, and references therein) and, e.g., [3,4] for
bosonic DM, with no analytic expressions for the profiles.

The RAR model consist in a self-gravitating system of fermions in General Relativity,
and therefore is built upon a coupled system of (ordinary) highly non-linear differential
equations, which defines a boundary condition problem to be solved numerically (see,
e.g., [5] for its original version and [6] for its more realistic extension including for particle
evaporation). In its extended version, the RAR model involves four free parameters:
m the particle mass, and the set (β, θ, W) of dimensionless parameters reading for the
temperature, degeneracy, and cut-off particle energy, respectively. These parameters are
present in the underlying coarse-grained distribution function (DF) of the particles (which
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is of Fermi–Dirac type as explained in Section 2.2), and have to be set at the center of the
configuration (denoted with the subscript 0) in order to solve the system of equilibrium
differential equations of the RAR model (see Equations (9)–(13) in Argüelles and et al. [6]).

When applied to real galaxies, in the recent past the RAR equations were solved for
given boundary halo conditions taken from observations. For example, when applied to
the MW in [6], three boundary conditions were considered for the overall DM halo mass:
one at the fermion-core (Mc = 4.2× 106M�, in order to be an alternative to the BH in
SgrA*), and the other two at mid-outer DM halo (i.e., M(r = 12 kpc) ≈ 5× 1010M� [7],
and M(r = 40 kpc) ≈ 2 × 1011M� [8], respectively). Since the RAR model has four
free-parameters, once the particle was fixed within the range1 (48, 345) keV, there exists
one core-halo solution for such a particle mass (i.e., three boundary conditions for three
remaining free-parameters) fulfilling with the constraints. Interestingly, even if only three
boundary conditions were used from observations at very different scales, the overall
behavior of such a RAR DM solution is good enough to fit within the error bars of the
Grand RC [6] (after standard baryonic mass models are included).

A more refined phenomenological analysis of the relativistic RAR model would require
a best-fit procedure using the full data points of the corresponding RC including their errors
(e.g., using MCMC or grid-coverage methods). Such kind of analysis has recently been
performed in [9] within an MCMC method for a large sample of 120 galaxies of the SPARC
catalog [10], with explicit χ2 minimization and corresponding posteriors for the RAR model
parameters for a fixed particle mass fixed at m = 50 keV. However, besides the fixed m case
analyzed in [9], the baryonic mass models were fixed according to the SPARC-catalog (for
each galaxy). Thus, it is of interest to develop a numerical technique which, for non-analytic
DM models such as RAR, makes it possible to provide best-fits to the full RC-data when
including for a larger free parameter-space (i.e., full DM + baryonic model parameters) in
a few hours of CPU-time.

Thus, in this work we propose a new RC best-fitting method based on state-of-the-art
machine learning tools, when including for baryonic free parameters together with the full
four free-RAR model parameters. In particular we will focus our attention in the so-called
Grand RC as studied in [1] further including for with innermost data coming from the
S-cluster stars orbiting SgrA*, thus covering in total about seven orders of magnitude in
galactocentric-radius (e.g., within ∼10−2–105 pc). All in all, the ability of the RAR model
to provide excellent fits to the MW RC covering very different radial-scales is shown,
involving large order-of-magnitude variations in the gravitational potential generated by
the overall total mass distribution of the Galaxy.

2. Rotation Curve Data and Methodology

In this section we describe the data selection together with the methodology. We first
detail the different data points considered in this work, both coming from the S-cluster
stars around SgrA* as analyzed in [6] from data taken in [11], and the ones coming from
Pop. I stars and interstellar gas as compiled in [1] including for different observational
techniques. Then we make explicit the different mass models here assumed, accounting
for a central dark compact object (no-BH), inner + main bulge, disc, and outer DM halo. It
is important to emphasize once more that both the massive dark compact object together
with the outer halo are different components of the very same fermionic RAR DM-model;
that is, the dense fermion-core (supported against gravity by fermion-degeneracy pressure)
is surrounded by a more dilute DM halo (supported against gravity by thermal pressure).
Finally, we briefly describe the machine learning tool methods applied here to make the
best fit for the given Grand RC.

2.1. Data Selection

We use the observed Grand RC of the Milky Way as provided in [1,7], including for
different combined observational methods (with associated systematics), ranging from
∼1 pc up to ∼105 pc. Due to large error bars arising above ≈40 kpc, we will consider here
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the overall (processed) RC data2 up to that radial scale (see Figure 1). This RC uses, as
Galactic constant values, R0 = 8 kpc and V0 = 238 km/s (with R0 the distance of the sun
from the Galaxy center and V0 the circular velocity of the Local Standard of Rest (LSR) at
the Sun). Additionally, we follow the analysis of the eight best-resolved S-cluster stars [11]
as used in [6] by considering their average circular-orbit velocity. As clearly shown in [6],
they follow the expected Keplerian velocity trend as a function of galactocentric radius due
to the gravitational potential of the dense central object, all the way up to ∼10−1 pc [1,7].
Thus for convenience we will choose a typical (average) circular-velocity value within such
an inner Keplerian trend at 10−2 pc (see innermost data point in Figure 1). The combination
of such different radial scales covered in the data here selected is, of course, motivated
in view of the core-halo nature of the RAR DM model, for which a best-fit in their free
parameters will be attempted.

Figure 1. Overall Milky Way RC used to constrain the gravitational potential of the Galaxy. It is
composed by the Grand Rotation Curve from [1] (light-blue and orange dots) and an inner (milliparsec
scale) keplerian velocity (grey dot) of an S-cluster star as caused by the central object in SgrA*.

2.2. Mass Models of the MW

The full dynamical parameters for an accurate Galactic mass determination is very
complex. As detailed in [1], they can be divided into three main categories: an axisymmetric
structure (or RC); a non-axisymmetric structure (outside the RC) including inner bars and
arms; and a radial flow (out of the RC) including ring structures. The work of [1] centered
the attention in the RC only, as is also the case of the present paper. This axisymmetric
structure includes a dark central object, a bulge (with two components), a flat disc and an
spherical DM halo. Thus, we model the gravitational potential of the Milky Way through
the following different components:

(i) The bulge is going to be modeled by two exponential spheroids according to [1,7],
one to model the inner bulge and the other to model the main bulge. The matter density
for such models, each one providing two free parameters, is:

ρ(r) = ρc exp (−r/ab), (1)

where ab(i) = 3.5× 10−3 kpc; ab(m) = 1.2× 10−1 kpc; ρc(i) = 3.7× 1013M�/kpc3 and
ρc(m) = 2.1× 1011M�/kbulgebulgepc3, with the sub-indices i and m indicating the inner
and main components. While the bulge parameters will be kept fixed in this work for
definitness, the free parameters of the disk will be varied along the RAR model parameters
to provide the best fit.

(ii) The disk is going to be modeled by an exponential flat disk as studied in [7]. The
surface mass density of such a disc provides for two free parameters (Σd, ad), and reads

Σ(R) = Σd exp (−R/ad), (2)

where R is the standard cylindrical radius, and (Σd, ad) to be determined by our best
fitting procedure.
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(iii) Both the dark central compact object together with the DM halo will be modeled
by the semi-analytical (extended) RAR model, which, as explained in the Introduction, is
based on a self-gravitating system of fermions at finite temperature including for escape of
particles and central fermion-degeneracy. This DM model was extensively studied in [2,6]
and references therein for the Milky Way, and in [9] for other galaxy types. It has four free-
parameters (m, θ0, W0, β0) with m the DM, particle mass, and (β0, θ0, W0) the dimensionless
parameters evaluated at the origin, reading for the temperature, degeneracy, and cut-off
particle energy, respectively. The free-RAR model parameters enter in the underlying phase-
space DF of the fermions at (quasi) equilibrium, whose formula is given in Equation (3)
below. Interestingly, it can be demonstrated [12,13] that such a Fermi–Dirac-like DF is a
quasi-stationary solution of a kinetic theory equation (of Fermionic–Landau form) via the
application of a maximum entropy principle. Thus it is a most-probable coarse-grained DF
at violent relaxation, extending the original results of Lynden–Bell on the subject.

f̄ (ε ≤ εc) =
1− e(ε−εc)/kT

e(ε−µ)/kT + 1
, f̄ (ε > εc) = 0 , (3)

where ε =
√

c2 p2 + m2c4 −mc2 is the particle kinetic energy, µ is the chemical potential
with the particle rest-energy subtracted off, T is the effective temperature, k is the Boltzmann
constant, c is the speed of light, and m is the DM fermion mass. The already defined set of
dimensionless-parameters are β = kT/(mc2), θ = µ/(kT) and W = εc/(kT), respectively.
It has been further shown [14] that DM halos built upon such a fermionic DF can be done
within a Warm DM cosmological framework, and naturally leading to stable halos which
can be extremely long-lived with key implications to the formation and further growth of
supermassive BHs in the early Universe [2].

This kind of system, in its most general morphology, develops a density profile with a
dense core–diluted halo distribution (see Figure 2), and is supported against gravity through
Fermi degeneracy pressure (for the core) and by thermal pressure (in the outer halo).

Figure 2. Density profile of the RAR model constrained in this work by the gradient descent method
explained in the main text. It can be seen the constant-density core below the mili-pc scale (which
is governed by quantum degeneracy pressure) and the transition to the plateau at ∼1 pc (where
quantum effects are negligible), while far above ∼1 kpc, it follows a polytropic tail (see also [9]).

2.3. Gradient Descent Method: A Machine Learning Tool

The gradient descent method is based on a progressive sequence of steps to minimize
a function. Given a function F to be minimized, it will implement the formula

pnew = pold − γ∇pF(pold) (4)
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where p stands for the independent variable of the function F and γ is a parameter called
learning rate whose aim is to regulate the “length” of the steps. If this formula is im-
plemented recursively, one can eventually go closer and closer to a minimum of F. An
illustration of the procedure followed by the gradient descent method is shown in Figure 3.
In that image can be seen a solid dark path, which is the result of evaluating F in the
different points given by Equation (4). Since such a formula uses “minus” the gradient of
the function, the path followed by the method is oriented to the direction of “maximum”
decreasing, driving to the deepest point of F.

Figure 3. Illustration of the path followed by the gradient descent method to reach the minimum of
a two-dimensional function. Taken from: https://easyai.tech/en/ai-definition/gradient-descent/
(accessed on 10 May 2023).

In the following we provide some pros and cons when using this algorithm. The main
advantage is that it finds the minimum of F in a more direct manner (and usually more
precisely) than an MCMC or grid-coverage methods: it does not need to “explore” a huge
volume of different values of F to see which is the minimum one. Instead, it starts to walk
in a direction and, after iterating the steps, it directly goes towards the minimum. Because
of this, it can happen that the algorithm becomes stuck in a local minimum rather than
in the global one. This is a disadvantage of the method and there are some techniques to
avoid this local minima. In our case, we chose to use the gradient descent method as a
fine-tuning algorithm of a method providing a “partial” minimum of F. That is to say, we
took as the initial seed for the gradient descent method the final result of another general
optimization method—that is a genetic algorithm as implemented in the optimized RAR
code in PYTHON which will be publicly available through Github in 2023—the latter
making a faster (though less accurate) exploration of the parameter space.

It is important to emphasize that the idea of this paper is to present a neural-network-
prepared tool so it can fit a non-linear non-analytic model with several free parameters
like the one here shown. It was not our intention to perform a deep analysis of the fitting
technique and/or give a detailed comparison with other tools. So, since there is no ideal
way of dealing with the local minima problem, also in neural networks, what we have
planned was to apply this method to perform a ’fine-tuning’ of the fitting problem once a
good-enough initial parameters-seed is provided by other commonly used method (e.g., a
genetic algorithm). Thus this fine-tuning technique can be used by anyone who intends
to improve the accuracy in the fitted parameters, in highly non-linear models such as, for
example, those involving General Relativistic Einstein equations as in the RAR model. With
respect to the time savings, the most important comparison is between this method and a
traditional MCMC fitting approach. While this method took us 1.5 or 2 h to complete the
fine-tuning of the free parameters based on a good-fit seed of them, the MCMC approach

34



Universe 2023, 9, 372

we have tried before took us several hours or even more (depending on the chains), and
only for two free parameters; in this case, we could fit six free parameters.

Another important comment has to do with a useful advantage related to the morphol-
ogy of the gradient descent method, since it resides on computing a gradient, and therefore
it is less sensitive to the dimension of the parameter space than the MCMC or grid-coverage
methods. The latter methods have to walk around all over the subspace of parameters,
increasing their computing time drastically for high-dimensional spaces. Indeed, while a
very precise RC best-fit for the Milky Way under the same RAR model as used here (with
varying baryonic parameters) can take more than a day with genetic algorithms (similar to
MCMC), the method implemented here takes a few hours of CPU-time.

In the case of this work, the function F introduced above will be a function that
quantifies how good the predictions made by the model are in contrast to the observations.
In machine learning, these kinds of functions are called loss functions. Specifically, we will
use a Mean Squared Error (MSE) as a loss function, which is defined as:

Loss(p) = 1/C
N

∑
i=1

(V(ri, p)− vi)
2

N
, (5)

where p is the vector of the (physical) free parameters that characterize the full mass model
(baryons + DM). In this work we fit six free parameters (four in the RAR DM halo plus two
of the Freeman disk), adopting the bulge free parameters as detailed in Section 2.2. The
predicted circular velocities of the different mass models are denoted with V(ri, p) and vi
are the observed ones, C is a normalization constant and N is the number of observations.
The idea is to fit the free parameters of the model mentioned above to the overall rotation
curve (milliparsec inner point + Grand RC).

The implementation of the algorithm was carried out with the help of a tool provided
by the PyTorch package [15], which is an open-source machine learning framework. Such a
package was naturally incorporated in the RAR model’s code, the last version of which
was programmed in PYTHON language (a publicly available version will be published in
2023 as an open code via Github). Since it allows the possibility to include neural networks,
it has incorporated the gradient descent method widely used during the training process
of such machine learning algorithms. Instead of defining a neural network, we used the
backpropagation numerical method, which is able to compute derivatives of compound
functions. The repeated application of this numerical method has allowed us to apply the
gradient descent method to this specific problem.

3. Results

In this section, we briefly present the best-fit results to the RC of our Galaxy. The
model was iterated with a learning rate of γ = 0.001 and through 1500 epochs (see Figure 4),
giving the following fit (see Figure 5) to the so-called Grand Milky Way RC as given in [1].
That is, it covers from inner bulge data points (starting at few pc), to the main bulge data
points (peaking at about 0.4 kpc), to data points throughout the disk and DM halo region
up to several tens of kpc, all including error bars. In addition, we include independent data
points to those analyzed in [1], reaching down to milliparsec scales, and coming from the
best resolved S-cluster stars orbiting SgrA* [16].

In the case of Figure 5 and for the sake of simplicity, we have included for the S-stars
a single data point located at 0.01 pc, corresponding to the average circular velocity of a
typical S-cluster star which falls along the Keplerian velocity trend caused by the super-
massive central object. It is important to remark that the behaviour of the circular RC of the
Milky Way as predicted by the RAR model (without the central BH) between the innermost
data point for a typical S-cluster star at 0.01 pc and the first data point provided in [1],
is Keplerian (i.e., Vcirc ∝ r−1/2) all the way to the radius of gravitational influence of the
central object at ∼1 pc, as expected (see also [6]) for an analogous plot including for the
eight best-resolved S-cluster stars).
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Figure 4. Loss function against the step or epochs of the method. It can be seen that it is a decreasing
function, with little bumps at the tail on the right, indicating a clear minimization trend reaching the
value of 0.000071979 after 1500 epochs.

Figure 5. Best-fit circular velocity curve result of the implementation of the gradient descent method.
It is remarkable the very good precision achieved in almost all the data-points in few hours CPU time,
despite some minor deficiencies at the ∼10−1 kpc scale.

It can be seen above that the model generates an excellent fit throughout the whole
Galaxy range. The loss value at the last training epoch is 0.000071979 (see Figure 4). The
full best-fit parameters obtained from the iterated model and are given in Table 1 below.

Table 1. Best-fit parameters results after applying the gradient descent method to the set of Milky
Way observables under the gravitational potential model described in the main text.

Parameter Seed Value Final Value

m [keV/c2] 56.0 54.809
θ0 37.766 37.809
W0 66.341 66.449
β0 1.1977× 10−5 1.1139× 10−5

Σd [M�/kpc2] 5.9658× 108 1.0882× 109

ad [kpc] 4.9 3.0039
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From the above Table we can see that the final (best-fit) values of the disc parameters
are in line with those reported in [1,7], though the resulting disc here is somewhat more
massive with differences of up to ∼25% or ∼50% in the surface DM density parameter
respectively. Such differences in the barionic free parameters are expected, since in [1,7]
it was assumed to have a NFW profile which is of a cuspy nature (the RAR is cored) and
the RAR outer density tail is politropic while the NFW one is a power law (see [9] for an
extensive comparison of possible RAR density morphologies with respect to other typical
DM density profiles considered in the literature).

Regarding the overall DM distribution, the best-fit DM free-parameters imply a com-
pact fermion-core of mass Mc = 3.46× 106M� and radius rc = 4.54× 10−4 pc (see Figure 2),
thus well within the pericenter of the closest and best-resolved S-cluster star: the S-2 star,
which has indeed served as the best (and most accurate) case to constrain the mass of
the supermassive dark compact object in SgrA* [11]. This is totally in line with the re-
cent results reviewed in [2] within a different phenomenological approach (i.e., fixing
only three boundary halo mass conditions from observations as explained in Section 1),
where the ability of the RAR model to explain the astrometric data of the S-cluster stars,
including the relativistic effects (gravitational redshift and orbit precession) of the S-2 star,
was explicitly demonstrated. For the total mass of the Galaxy, we obtain from this work
Mtot ≈ 3.4× 1011M� in line with the results obtained in [8] and in [6] (see footnote 1 in
the latter for further discussion). Finally, we report a local DM density at the Sun (i.e., at
R0 = 8 kpc) of 0.53 GeV/cm3, which is well within the 2σ value as reported in [17] for
another cored (i.e., Burkert) DM profile.

4. Discussion and Conclusions

We have implemented a state-of-the-art machine learning numerical technique to best-
fit an RC of disc galaxies which include non-analytic DM density profiles. This numerical
tool uses a gradient descent method used in the backpropagation process of training a
neural network, which can easily include several free-parameters and provide a best-fit
within a few hours of CPU-time, thus improving (in some aspects) on other best-fitting
methods. As an example study, we have chosen the well-investigated case of our own
Galaxy by Y. Sofue [1] within the so-called Grand Rotation Curve, and we have further
included for milliparsec velocity data coming from the S-cluster star orbiting SgrA* (thus
covering a wide range of scales from 10−2 pc all the way to 105 pc). A key advantage
of the machine learning tool used here (i.e., the gradient descent method implemented
through Pytorch) is that it can achieve an excellent accuracy in best-fitting an RC under
no-analytic DM halo models, such as the RAR halo model, together with baryonic mass
models with varying free parameters within a few hours’ time. The relevance of using
this kind of DM profile instead of those others commonly used in the literature relies on
the fact it is a semi-analytical model built from first-principle physics, such as (quantum)
statistical mechanics and thermodynamics, whose more general density profile has a dense
core–diluted halo which depends on the DM particle mass. As recently shown in [2,6] and
references therein, and further verified here, the dark and compact fermion-core can work
as an alternative to the central black hole in SgrA* when including data at milliparsec scales
from the S-cluster stars.
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Notes
1 The compactness of the fermion-core is inversely proportional to m [6], and thus it is shown that for m < 48 keV the core is too

extended to fit within the S-2 star pericenter, while for m > 345 keV the solutions are unstable since the critical value for collapse
to a BH is reached at m = 345 keV.

2 http://www.ioa.s.u-tokyo.ac.jp/~sofue/htdocs/2017paReview/ (accessed on 15 July 2022).
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Abstract: We investigate the geometry of the magnetic field of rotation-powered pulsars. A new
method for calculating an angle (β) between the spin and magnetic dipole axes of a neutron star (NS)
in the ejector stage is considered within the frame of the magnetic dipole energy loss mechanism. We
estimate the surface magnetic field strength (Bns) for a population of known neutron stars in the radio
pulsar (ejector) stage. The evaluated Bns(β) may differ by an order of magnitude from the values
without considering the angle β. It is shown that Bns(β) lies in the range 108–1014 G for a known
population of short and middle periodic radio pulsars.

Keywords: neutron star; radio pulsar; magnetic dipole radiation; magnetic field

1. Introduction

Radio pulsars are fast-spinning magnetized neutron stars (NS) demonstrating regular
modulations (pulsations) of their radiation with a high stable period in the radio range.
The axis of the magnetic field of the radio pulsar and its spin axis are not aligned, and
the beam of radiation is emitted in a cone-shaped region (see Figure 1). Therefore, pulsar
radiation is seen as pulses (beacon effect) by an external observer [1].

Radio pulsars are characterized by the rapid axial rotation (or spin) they have acquired
due to the conservation of angular momentum during their formation. Their spin periods
(Ps) lie in a wide range: from 0.0014 s to 23.5 s [2,3], with the majority not exceeding a few
seconds. Radio pulsars are usually divided into several groups depending on their spin
period [4,5]:

1. Short-periodic pulsars, including millisecond pulsars (Ps < 0.1 s);
2. Middle-periodic pulsars (0.1 s < Ps < 2 s);
3. Long-periodic pulsars (Ps > 2 s).

According to [5], a pulsar wind mainly causes the spin-down process of long-periodic
radio pulsars. However, for short and middle periodic radio pulsars, a primary mechanism
of rotation energy loss (Ėobs) is believed to be magnetic dipole radiation (MDR).

The MDR mechanism of the energy loss was first considered in [6,7] for radio pulsars.
It was shown that the magnetized NS could lose its rotational energy by MDR generation.
This evolution stage of NS is also known as the “ejector” stage, and its energy loss (Ėmd)
for the generation of MDR expresses as:

Ėmd = −2
3

µ2
ns ω4

s (sin β)2

c3 , (1)
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where µns = Bns R3
ns/2 is the magnetic dipole moment of NS, Rns is the radius of NS,

ωs = 2π/Ps is the angular rotation velocity, c is the speed of light, and β is the angle
between spin and magnetic dipole axes; the value of β lies within 0–90 deg.

Figure 1. Scheme of rotating magnetized neutron star and its axes. In the figure denoted: µ is a
magnetic dipole moment of NS, ωs is an angular rotation velocity, β is an angle between spin and
magnetic dipole axes, re is an equatorial radius of the magnetic field of NS, and RLC is a radius of the
light cylinder of NS.

The expression for rotational energy loss is the following:

Ėobs = Iωsω̇s = −I
4π2Ṗs

P3
s

, (2)

where I is a moment of inertia of NS, ω̇s = −2πṖs/P2
s is a derivative of the angular rotation

velocity, Ṗs is a derivative of the spin period, i.e., rotational spin-up or spin-down.
Solving the system of Equations (1) and (2) by equating the losses, with µns and using

canonical values for NS (see Section 2.2), one can derive an expression for Bns as

Bns sin β = 3.2× 1019
√

PsṖs G . (3)

Equation (3) is a basic expression for estimating the magnetic field strength for rotation-
powered pulsars. As seen from the equations above, Ėmd significantly depends on angle β,
reaching the maximal energy loss Ė(max)

md with orthogonal axes (β = 90◦). Indeed, in most

cases, the magnetic field strength for radio pulsars is estimated by accepting the Ė(max)
md

case; however, angle β can vary widely from the maximum value. Thus, it is crucial to
correctly estimate the angle between spin and magnetic dipole axes to evaluate Bns(β) for
rotation-powered pulsars.

Various methods for estimating the β-parameter have been previously proposed in the
literature [8–11]. Here, we offer a relatively simple method based on a geometric approach
for calculating the angle between the spin and magnetic dipole axes of a neutron star (NS)
in the ejector stage. Section 2.1 outlines a basic concept and geometry for β. On its basis,
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in Section 2.2, we evaluate the surface magnetic field strength Bns(β) for a population of
known neutron stars from the ATNF pulsar catalog. We provide the main results with a
discussion in Sections 3 and 4.

The obtained data can help study properties and geometry of NS magnetic fields [12],
study and model pulsar spin evolution [13], investigate stellar evolution in the late stages [14],
etc.

2. Methods
2.1. Estimation of β-Parameter

According to [15], an equation of magnetic field lines, based on an assumption of a
dipole magnetic field, in polar coordinates expressed as

r = re (cos φ)2 , (4)

where re is an equatorial radius of the magnetic field, corresponding to NS magnetosphere
radius (see Figure 2), φ is an angle measured from the magnetic equator re towards the
magnetic pole.

Figure 2. Scheme of a neutron star magnetosphere. In the figure denoted: Rns is a radius of the
neutron star, r is a radius vector of the magnetosphere, φ is an angle measured from the magnetic
equator re towards the magnetic pole, with µ being an axis of a magnetic dipole moment of NS, γ is
an opening angle of emission cone, φb corresponds to the angle between the magnetic equator and
lateral surface of the emission cone, and re is an equatorial radius of the magnetic field of NS.

Using an Equation (4), it is possible to find an opening angle of emission cone γ
assuming that the radio pulsar magnetosphere is limited by a light cylinder with radius
RLC, i.e., re = RLC = c× Ps/2π [16]. At the base of the emission cone, the radius vector of
the magnetic field line corresponds to the NS radius rb = Rns.

Solving Equation (4), we can find φb corresponding to the angle between the magnetic
equator and lateral surface of the emission cone (see Figure 2).

φb = arccos

[(
Rns × 2π

c× Ps

)1/2
]

. (5)

Using Equation (5), one can find an opening angle of the emission cone γ:

γ = 2× (90◦ − φb) . (6)
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At the next step, one can consider the dihedral angle (Figure 3) formed by two emission
cone guides d and the rotation axis ωs. Then, the linear diameter a of the emission cone at a
distance d will be expressed as follows (via the cosine theorem):

{
a2 = 2d2(1− cos γ)

a2 = 2(d sin β)2 (1− cos ε) .
(7)

Solution of the Equation (7) with respect to parameter sin β gives

sin β =

√
1− cos γ

1− cos ε
. (8)

The angle ε can be estimated by means of a pulse profile from observations of radio
pulsars (see Figure 3 and Equation (9)). We suppose that a diameter a of the emission cone
at a distance d covers the circle (dotted) around the larger cone formed by the magnetic axis
µ rotating around the spin axis ω of the NS. The diameter of the cone a can be expressed
in terms of the width of the observed pulse profile since the start and end times of the
passage of the base of the emission cone through the observer correspond to the beginning
(rise) and end (fall) of the curve in the pulse profile. We use data of the w10 parameter from
the pulsar catalog, which is a pulse width at 10% of the peak of intensity [17] supposing
that w10 approximately corresponds to the “travel” time (t) of the emission cone passing
through an observer

ε = ωs t =
2π

Ps
t ' 2π

Ps
w10 . (9)

Figure 3. Scheme of the opening angle of the emission cone and the angle β between spin and
magnetic dipole axes (left panel), and its view from the top (right panel). In the figure denoted: a is
the linear diameter of the emission cone, and d is the distance. The rest of the symbols are identical
to the ones in Figures 1 and 2. Bottom panel shows the pulse profile with period (Ps) and width of
individual pulse at 10% of maximal intensity (w10).
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2.2. Data Selection and Evaluation of Bns(β)

We use data from the ATNF pulsar catalog, available online1 to apply our method
to interested pulsars. The catalog contains information on rotation-powered pulsars and
counts for over 3000 objects, and it is the most extensive database that provides information
about radio pulsars. The catalog is maintained by the Australia Telescope National Facility
(ATNF). The catalog includes detailed information about pulsars, such as their positions,
rotation periods, spin-down rates, dispersion measures, and other relevant parameters.
The ATNF pulsar catalog was initially compiled using data from the Parkes radio telescope
in Australia. Over time, data from other radio telescopes in Australia and worldwide were
incorporated into the catalog. The catalog is regularly updated as new observations are
made, and new pulsars are discovered; see [2] for more details.

The data selection was carried out according to the following criteria:

• Objects with known spin period Ps;
• Exclusion of objects with Ps > 2 s;
• Known spin-down rate Ṗs;
• Known w10 parameter.

The sample resulted in 1468 objects from the ATNF pulsar catalog, which are NS with
Ps < 2 s and the above parameters presented.

Some parameters of NS, such as radius Rns, mass Mns, and moment of inertia I are in
a narrow range close to canonical values; their variations should influence the evaluation
insignificantly [1,15]. Therefore, in our calculations, we use canonical values of mass, radius,
and moment of inertia as Rns ' 106 cm, Mns ' 1.4M�, I ' 1045 g cm2, correspondingly.

3. Results

Table 1 (in full available in a machine-readable format) summarizes our calculations
of β and Bns(β) parameters for the chosen population. The statistics on calculated β and
Bns(β) is given in Tables 2 and 3.

Table 1. Sample of radio pulsars with estimated β and Bns(β). Other parameters (coordinates, Ps, Ṗs,
w10) are extracted from ATNF pulsar catalog [17]. The full table containing data on 1468 objects is
available online in a machine-readable format (Supplementary Table S1).

No. Name RA DEC Ps Ṗs w10 β Bns(β)
PSR J2000 J2000 (s) (s/s) (ms) (deg) (×1012 G)

1 J0006+1834 00:06:04.8 +18:34:59.0 0.69 2.10e-15 195.0 1.29 54.3
2 B0011+47 00:14:17.7 +47:46:33.4 1.24 5.64e-16 142.5 2.11 23
3 J0026+6320 00:26:50.5 +63:20:00.8 0.32 1.51e-16 48.0 3.22 3.94
4 B0031-07 00:34:08.8 −07:21:53.4 0.94 4.08e-16 120.0 2.20 16.4
5 J0038-2501 00:38:10.2 −25:01:30.7 0.26 7.60e-19 15.0 9.01 0.093
... ... ... ... ... ... ... ... ...

Table 2. Statistics for the β-parameter, an angle between spin and magnetic dipole axes, for different
groups of radio pulsars.

Puls. Group β Min β Max β Mean β Median σ Total

Ps < 0.01 9.41 68.78 25.15 20.92 13.93 94
0.01 < Ps < 0.1 3.22 61.84 13.33 9.46 10.51 73

0.1 < Ps < 2 0.61 47.51 7.83 6.98 4.99 1301

All 0.61 68.78 9.21 7.43 7.65 1468
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Table 3. Statistics for the surface magnetic field strength Bns(β) taking into account the β-parameter
for different groups of radio pulsars.

Puls. Group Bmin
ns (β) Bmax

ns (β) Bmean
ns (β) Bmed

ns (β) σ Total

Ps < 0.01 7.76 × 107 1.19 × 1010 1.92 × 109 5.75 × 108 1.68 × 109 94
0.01 < Ps < 0.1 1.38 × 109 7.62 × 1013 5.28 × 1012 2.96 × 1010 1.18 × 1013 73

0.1 < Ps < 2 2.19 × 1010 7.56 × 1014 1.69 × 1013 8.33 × 1012 3.39 × 1013 1301

All 7.76 × 107 7.56 × 1014 1.53 × 1013 7.1 × 1012 3.24 × 1013 1468

In the latter tables, we subdivided radio pulsars into three categories according to
their spin periods to clarify and further underline the difference in evolutionary stages in
Section 4.

For the population of middle-periodic pulsars (0.1 s < Ps < 2 s) counting to 1301 known
objects, their values of Bns(β) lie within the range∼1010–1014 G. Average values of Bns(β) are
in good agreement with the canonical value of magnetic field 1012–1013 G for radio pulsars [12].
Their β lie in the wide range 0.61–47.51 deg, but for most cases does not exceed 10 deg, the
median value of β for the population of middle-periodic pulsars corresponds to 6.98 deg.

Short-periodic pulsars (Ps < 0.1 s), including 94 millisecond pulsars, altogether count
to 167 known objects. Their Bns(β) values lie in the wide range ∼108–1014 G, but when
considering millisecond pulsars only, their Bns(β) cover∼108–1010 G range with 5.8× 108 G
median value. Unlike the population of middle-periodic pulsars, millisecond objects have
large values of β-parameter lying within the range 9.41–68.78 deg.

We built Figures 4 and 5 on derived values of Bns(β) and β to show their general
trend in relation to pulsars’ spin periods. We distinguish the above three groups by vertical
lines on both plots. In Figure 4, we used two data sets as blue dots (1468 objects) for the
calculated Bns(β) and gray dots (1579 objects) for Bns retrieved from the ATNF pulsar
catalog with β fixed at 90 deg. Here, we sharply cut off data points with Ps > 2 s, thus
eliminating long-periodic pulsars. As mentioned in Section 1, the primary mechanism of
their rotational energy loss is the generation of pulsar wind [4,5]. In such a case, the Ė
value does not depend on the β. Within this approach, the magnetic field of the NS can be
estimated by knowing the power of the ejected pulsar wind, which cannot be estimated
directly from observations. Therefore, the estimation of the magnetic fields of long-periodic
radio pulsars (Ps > 2 s) is a model-dependent task and is beyond the scope of the current
article.

Figure 5 shows the distribution of 1468 derived β-parameters according to their spin
periods. Two distinct features can be noticed: (a) some dots pull in a chain showing
the positive trend sequences positioned parallel to each other, and (b) dots distribution
generally goes above some level, here marked as a solid black line. Both features are related
to the w10-parameter, where the former points to the objects with similar values of w10.
At the same time, the latter peculiarity indicates that all pulsars in our sample obey the
condition w10 ≤ Ps/2, i.e., each pulse duration does not exceed half of the spin period.
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Figure 4. Two data sets: Ps–Bns with (blue dots, calculated) and without (grey dots, retrieved
from ATNF) taking into account β parameter for radio pulsar population. The dotted vertical line
corresponds to the borderline of Ps = 0.01 s for the millisecond pulsar population. The dashed line
corresponds to Ps = 0.1 s borderline for the short-periodic pulsar population. The dash-dotted line
corresponds to Ps = 2 s borderline separating long-periodic pulsars. Blue dots are limited to Ps < 2 s
since we consider only rotation-powered pulsars with MDR mechanism of their energy loss (see
Section 1). A horizontal solid red line corresponds to the quantum critical threshold Bcr ∼ 4.4× 1013 G
(see Section 3).
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Figure 5. Distribution of β-parameter depending on Ps for radio pulsar population with Ps < 2 s.
The solid black line corresponds to β = f (Ps) with condition w10 = Ps/2. Other lines are identical to
those in Figure 4. For all objects in the ATNF pulsar catalog, their observable w10-parameters do not
exceed half of the spin period, i.e., w10 ≤ Ps/2.
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4. Discussion

In our paper, we used the classical dipole model of the radio pulsar magnetosphere
proposed by [16]. In this case, the magnetosphere of a neutron star has a dipole structure
co-rotating with a pulsar. It is limited by the so-called light cylinder on which the linear
velocity of the magnetic field lines reaches the speed of light. This model is canonical and
relevant to this day [18].

Indeed, the width of the pulse profile of radio pulsars can vary depending on the
frequency (wavelength) of the observed flux. However, significant deviations in the profile
width are observed at lower frequencies (<200 MHz). According to [19], this phenomenon
is present because the light cone becomes wider when observed at lower frequencies,
thereby seeing areas further from the pulsar’s surface where the opening angle of the closed
magnetic field lines is becoming broader. However, for higher frequencies (>200 MHz),
this effect can be neglected [19]. The values of w10 in the ATNF Pulsar Catalog are the
average profile width in the range of frequencies between 400–2000 MHz.

We showed that estimates of the surface magnetic field strength (Bns) for a population
of known neutron stars in the radio pulsar (ejector) stage should depend essentially on
the angle β between spin and magnetic dipole axes of a neutron star. These estimates may
differ by order of magnitude from those without considering the angle β (see Figure 4).
The proposed method can be used when considering only rotation-powered pulsars with a
MDR energy loss mechanism. This is not the case for the long-periodic pulsars with Ps > 2 s;
therefore, we sharply cut off such objects in Figure 4, although borderline transition cases
may occur individually.

Within the framework of the proposed technique, it is not possible to estimate the
evolution of β over time since these changes are associated with changes in the flow of
currents in the core of NS and the interaction of the magnetosphere with the surrounding
plasma [20]. Nevertheless, we can compare our results against angles obtained within the
framework of other methods.

As was mentioned in Section 1 there are several approaches for estimating the β-
parameter. They can be conditionally divided into two groups: geometric and polarimetric
methods. The first is based on different geometric models for NS magnetic field and
emission cone. Our method also belongs to the first group. The second is based on
measuring the position angle of linear polarization from radio pulsars, which depends
on β [21]. Interest in comparing β from these two approaches resulted in the following
consideration.

In recent articles [5,11,22] an estimation of β-parameter was obtained within geometric
method based on spherical trigonometry. A polar cap model was used by authors with
an assumption that the line-of-sight passes through the center of the emission cone. The
comparison between our data and data from [5,11,22] is shown in Figure 6 for matched
1242 and 246 radio pulsars and their statistics are given in Table 4. In most cases, the
difference in estimates (∆β median) does not exceed 5 deg and is mainly caused by the
difference in the methods (models) used. Negative and positive trends can be noticed
correspondingly between our data and data by Ken’ko et al. 2023 [5] (Figure 6, left panel),
with a vertical dotted line approximately marking the spin period where two methods
give similar β estimation. Again, this is due to differences in geometric approaches for β
estimation since the data themselves for both methods were taken from the same catalog
(ATNF Pulsar Catalogue). No trends are seen between our data and the data by Nikitina et
al. 2017 [22] (Figure 6, right panel), where blue dots are systematically positioned above red
ones for matches pulsars. While these authors use analogous methods based on spherical
trigonometry, their sample is relatively small, so the trends may not have enough data to
manifest. Another reason could be in the data themselves, since in [22] the authors have
used data from their observational facilities (Pushchino Radio Astronomy Observatory).
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Figure 6. A comparison of β-parameter estimation for a radio pulsar population obtained by
Ken’ko et al. (2023) [5] (green dots, 1242 objects, left panel) and Nikitina et al. (2017) [22] (light
blue dots, 246 objects, right panel), and by our method (red dots, both panels). There are negative
and positive trends between our data and data by Ken’ko et al. (2023) (left panel) correspondingly,
with a vertical dotted line approximately marking the spin period where two methods give similar β

estimations. No trends are seen between our data and the data by Nikitina et al. (2017) (right panel).

Table 4. Statistics for the comparison of β obtained from geometric approaches from Ken’ko
et al. (2023) [5] and Nikitina et al. (2017) [22] with our data. All pulsars have spin periods between
0.1 s and 2 s.

Pulsar Sample Selection Criteria Pulsar Number |∆β|Min |∆β| Max |∆β| Mean |∆β|
Median σ

Ken’ko et al. (2023) [5] Ps, w10 1242 0.007338 61.145636 5.825957 4.61572 5.013604
Nikitina et al. (2017) [22] Ps, Ṗs, w10 246 0.037164 40.488991 5.544564 4.094941 5.092834

We further attempted to compare estimates obtained by polarimetric studies to deter-
mine the angle β performed for only a small part of the radio pulsar population (see Table 5).
This method is based on measuring the position angle of linear polarization and is more
reliable than geometric approaches. However, for some objects, when observed in different
wavelength ranges (frequencies), it can give a significant scatter, especially for larger β.
For example, as shown in [22] for PSR B1055-52 (aka J1057-5226) β-parameter estimation
at 10 cm wavelength gives β10−cm = 15 deg, but estimation at 20 cm wavelength gives
β20−cm = 24 deg; for PSR B1702-19 (aka J1705-1906) β10−cm = 49 deg, β20−cm = 70 deg, etc.
The larger scatter in |βpol − βgeom| between geometric and polarimetric methods is mainly
due to the assumption that the line-of-sight passes through the center of the base of the
emission cone. Thus, the geometric estimates are the lower limits for the measured angle
β [5].

As also seen in Figure 4, we obtained 110 objects (7.5% from 1468 pulsar sample) with
estimated magnetic fields exceeding the so-called quantum critical threshold∼4.4× 1013 G [23].
These are blue dots over the solid red line, and all (except one short-periodic source
PSR B0540-69) belong to the population of middle-periodic pulsars. The maximal value
Bns(β) ' 7.56× 1014 G refers to the pulsar PSR J1119-6127. According to [24] this radio pul-
sar demonstrates episodic SGR-like high-energy bursts reaching 2.8× 1039 erg s−1 within
15–150 keV range. The magnetic field of the NS derived from analysis of PSR J1119-6127
during its burst activity corresponds to Bns ∼ 1014 G [24] that agrees with our estimate
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within an order of magnitude. The analysis of the rest of the high-B sub-sample can be
interesting from the point of a possible relation between high-B radio pulsars and the popu-
lation of isolated X-ray pulsars [25]: anomalous X-ray pulsars (AXP), soft gamma-repeaters
(SGR), etc.

Table 5. Comparison of the obtained data from this work (βgeom) with data obtained by polarization
method (βpol) from Nikitina et al. (2017) [22].

No. Name βgeom βpol |βpol − βgeom|
PSR (deg) (deg) (deg)

1 J0108-1431 3.93 11 7.07
2 B0656+14 5.18 17 11.82
3 J0905-5127 14.30 22 7.70
4 J1015-5719 2.25 5 2.75
5 B1055-52 6.62 15 8.38
6 J1349-6130 9.05 64 54.95
7 J1355-5925 6.49 10 3.51
8 B1509-58 3.07 10 6.93
9 B1702-19 10.41 49 38.59
10 J1702-4310 5.73 11 5.27
11 J1723-3659 17.96 28 10.04
12 B1800-21 2.64 12 9.36
13 B1822-14 5.07 8 2.93

As seen in Figure 5 and Table 1, with increasing spin period Ps, there is a tendency
of the angle β to decrease. This agrees with the current view of the spin evolution of
NS [20]: older neutron stars have lengthier spin periods and smaller values of β, excepting
a millisecond pulsar population. According to [20] on the timescales 106–107 yr in the
ejector stage a NS should align its magnetic and spin axes, i.e., the angle β tends to zero.

For the population of millisecond pulsars (MSPs), the evolution of the β-parameter
may differ significantly from other radio-pulsar populations. The millisecond pulsars
are neutron stars in close binary systems or descendants of close binary systems in the
case of isolated MSPs, with a low-mass companion, where accretion flow from a normal
companion recycled a NS to ultra-short spin periods [26]. Thus, MSPs are old neutron stars
whose rotational evolution has gone all possible stages (ejector→ propeller→ accretor) and
then came back to the ejector stage through accretion recycling [26].

According to [27], the initial ejector stage for a neutron star in a binary system (with a
normal star companion) lasts 105–106 yr, that is much shorter than in the case of an isolated
NS and order of magnitude shorter than the timescale needed for aligning magnetic and
spin axes of NS in ejector stage (see previous paragraph). Therefore, a NS in a binary system
can move on to the following evolutionary stages (propeller and accretor) from the ejector
stage with a β-parameter, which is significantly different from a zero value. Moreover,
according to [28], the magnetic and spin axes of a neutron star in the stage of accretion tend
to an orthogonal position, i.e., β-parameter increases to 90 deg on the timescale ∼105 yr.
The maximal possible lifetime of a NS on the accretor stage in a low-mass binary system
is comparable to the lifetime of its normal companion, ∼(0.1–10)× 109 yr [29]. It exceeds
the orthogonalization timescale by several orders of magnitude, sufficient to increase the
β-parameter significantly. Thus, MSPs are old neutron stars that demonstrate large values
of β-parameter compared to other types of radio pulsars in the ejector stage.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/universe9070334/s1, Table S1: Sample of radio pulsars with
estimated β and Bns(β). Other parameters (coordinates, Ps, Ṗs, w10) are extracted from ATNF pulsar
catalog [17].
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The following abbreviations are used in this manuscript:

ATNF Australia Telescope National Facility
AXP Anomalous X-ray pulsar
deg Degree (unit)
G Gauss (unit)
MDR Magnetic Dipole Radiation
ms Millisecond (unit)
MSP Millisecond pulsar
NS Neutron star
SGR Soft gamma-repeater
s Second (unit)
s/s Seconds per second (unit)
yr Year (unit)

Note
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Abstract: The binary-driven hypernova (BdHN) model explains long gamma-ray bursts (GRBs)
associated with supernovae (SNe) Ic through physical episodes that occur in a binary composed of
a carbon-oxygen (CO) star and a neutron star (NS) companion in close orbit. The CO core collapse
triggers the cataclysmic event, originating the SN and a newborn NS (hereafter νNS) at its center.
The νNS and the NS accrete SN matter. BdHNe are classified based on the NS companion fate and
the GRB energetics, mainly determined by the orbital period. In BdHNe I, the orbital period is of
a few minutes, so the accretion causes the NS to collapse into a Kerr black hole (BH), explaining
GRBs of energies >1052 erg. BdHN II, with longer periods of tens of minutes, yields a more massive
but stable NS, accounting for GRBs of 1050–1052 erg. BdHNe III have still longer orbital periods
(e.g., hours), so the NS companion has a negligible role, which explains GRBs with a lower energy
release of <1050 erg. BdHN I and II might remain bound after the SN, so they could form NS-BH
and binary NS (BNS), respectively. In BdHN III, the SN likely disrupts the system. We perform
numerical simulations of BdHN II to compute the characteristic parameters of the BNS left by them,
their mergers, and the associated short GRBs. We obtain the mass of the central remnant, whether it
is likely to be a massive NS or a BH, the conditions for disk formation and its mass, and the event’s
energy release. The role of the NS nuclear equation of state is outlined.

Keywords: neutron stars; gamma-ray burst; close binaries

1. Introduction

Gamma-ray bursts (GRBs) are classified using the time (in the observer’s frame) T90,
in which 90% of the observed isotropic energy (Eiso) in the gamma-rays is released. Long
GRBs have T90 > 2 s and short GRBs, T90 < 2 s [1–5]. The two types of sources, short and
long GRBs, are thought to be related to phenomena occurring in gravitationally collapsed
objects, e.g., stellar-mass black holes (BHs) and neutron stars (NSs).

For short GRBs, mergers of binary NSs (BNSs) and/or NS-BH were soon proposed
as progenitors [6–9]). For long bursts, the core-collapse of a single massive star leading
to a BH (or a magnetar), a collapsar [10], surrounded by a massive accretion disk has been
the traditional progenitor (see, e.g., [11,12], for reviews). The alternative binary-driven
hypernova (BdHN) model exploits the increasing evidence for the relevance of a binary
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progenitor for long GRBs, e.g., their association with Ic-type supernovae (SNe) [13–16],
proposing a binary system composed of a carbon-oxygen star (CO) and an NS companion
for long GRBs. We refer the reader to [17–23] for theoretical details on the model.

In this article, we are interested in the direct relationship between long and short
GRBs predicted by the BdHN scenario. The CO undergoes core collapse, ejecting matter
in a supernova (SN) explosion and forming a newborn NS (νNS) at its center. The NS
companion attracts part of the ejected material leading to an accretion process with high
infalling rates. Also, the νNS gains mass via a fallback accretion process. The orbital period
is the most relevant parameter for the CO-NS system’s fate. In BdHN of type I, the NS
reaches the critical mass, gravitationally collapsing into a Kerr BH. It occurs for short orbital
periods (usually a few minutes) and explains GRBs with energies above 1052 erg. In BdHN
II, the orbital period is larger, up to a few tens of minutes, so the accretion rate decreases,
and the NS becomes more massive but remains stable. These systems explain GRBs with
energies 1050–1052 erg. In BdHN III, the orbital separation is still larger; the NS companion
does not play any role, and the energy release is lower than 1050 erg. If the binary is not
disrupted by the mass loss in the SN explosion (see [20] for details), a BdHN I produces a
BH-NS, whereas a BdHN II produces a BNS. In BdHN III, the SN is expected to disrupt the
system. Therefore, in due time, the mergers of NS-BHs left by BdHNe I and of BNS left by
BdHNe II are expected to lead to short GRBs.

Short GRBs from BNS mergers have been classified into short gamma-ray flashes
(S-GRFs) and authentic short GRBs (S-GRBs), depending on whether the central remnant is
an NS or a BH, respectively [24]. Two different subclasses of short GRBs from BNS mergers
have been electromagnetically proposed [20,24,25]:

(1) Authentic short GRBs (S-GRBs): short bursts with isotropic energy Eiso & 1052 erg
and peak energyEp,i & 2 MeV. They occur when a BH is formed in the merger, which is
revealed by the onset of a GeV emission (see [25–27]). Their electromagnetically inferred
isotropic occurrence rate is ρS−GRB ≈

(
1.9+1.8
−1.1

)
× 10−3 Gpc−3 year−1 [24]. The distinct

signature of the formation of the BH, namely the observation of the 0.1–100 GeV emission
by the Fermi-LAT, needs the presence of baryonic matter interacting with the newly-formed
BH, e.g., via an accretion process (see, e.g., [26,28]).

(2) Short gamma-ray flashes (S-GRFs): short bursts with Eiso . 1052 erg and Ep,i . 2 MeV.
They occur when no BH is formed in the merger, i.e., when it leads to a massive NS. Their U-GRB
electromagnetically inferred isotropic occurrence rate is ρS−GRF ≈ 3.6+1.4

−1.0 Gpc−3 year−1 [24].
(3) Ultrashort gamma-ray flashes (U-GRFs): in [20], it has been advanced a new class short

bursts, the ultrashort GRBs (U-GRBs) produced by NS-BH binaries when the merger leaves
the central BH with very little or completely without surrounding matter. An analogous
system could be produced in BNS mergers. We shall call these systems ultrashort GRFs, for
short U-GRFs. Their gamma-ray emission is expected to occur in a prompt short radiation
phase. The post-merger radiation is drastically reduced, given the absence of baryonic
matter to power an extended emission. A kilonova can still be observed days after the
merger, in the infrared, optical, and ultraviolet wavelengths, produced by the radioactive
decay of r-process yields [29–32]. Kilonova models used a dynamical ejecta composed
of matter expelled by tides prior or during the merger, and a disk-wind ejecta by matter
expelled from post-merger outflows in accretion disks [33], so U-GRFs are expected to have
only the dynamical ejecta kilonova emission.

We focus on the BNSs left by BdHNe II and discuss how their properties impact the
subsequent merger process and the associated short GRB emission, including their GW
radiation. Since an accretion disk around the central remnant of a BNS merger, i.e., a
newborn NS or a BH, is an important ingredient in models of short GRBs (see, e.g., [34]
and references therein), we give some emphasis to the conditions and consequences for
the merger leaving a disk. We study BNSs formed through binary evolution channels.
Specifically, we expect these systems to form following a binary evolution channel similar
to that of two massive stars leading to stripped-envelope binaries, described in previous
studies (e.g., [35,36]). In this process, the CO star undergoes mass loss in multiple mass-
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transfer and common-envelope phases through interactions with the NS companion (see,
e.g., [37–39]). This leads to removing the H/He layers of the secondary star, which ends
up as a CO star. Recently, significant progress has been made in the study of alternative
evolution channels for the progenitor of BNSs, such as hierarchical systems involving triple
and quadrupole configurations [40,41], which are motivated by the presence of massive
stars in multiple systems [42]. These systems are out of the scope of this study.

The article is organized as follows. In Section 2, we discuss the numerical simulations
of BdHNe and specialize in an example of a BNS led by a BdHN II. Section 3 introduces a
theoretical framework to analyze the BNS merger outcome configuration properties based
on the conservation laws of baryon number, angular momentum, and mass-energy. We
present in Section 4 a specific example analyzing a BNS merger using the above-mentioned
theoretical framework, including estimates of the energy and angular momentum release.
We include the radiation in gravitational waves (GWs) and estimate its detection by current
facilities. Section 5 presents a summary and the conclusions of this work.

2. A BNS Left by a BdHN II

Figure 1 shows a snapshot of the mass density with the vector velocity field at the
binary’s equatorial plane some minutes after the CO collapse and the expansion of the SN
ejecta. The system’s evolution was simulated with an SPH code, where the NS companion
and the νNS are point particles that interact gravitationally with the SPH particles of the SN
ejecta. For details of these numerical simulations, we refer to [23,43]. In these simulations,
the influence of the star’s magnetic field has be disregarded, as the magnetic pressure
remains significantly lower than the random pressure exerted on the infalling material.
The simulation of Figure 1 corresponds to a CO-NS for a CO star evolved from a zero-age
main-sequence (ZAMS) star of Mzams = 15 M�. The CO mass is about 3.06 M�, whose
core collapse leaves a 1.4 M� νNS and ejects 1.66 M�. The NS companion’s initial mass is
1.4 M�, and the initial binary period of the system is about 4.5 min.

Figure 1. Massdensity snapshots and velocity field on the orbital plane of a BdHN for a CO left by
a Mzams = 15 M� and a 1.4 M� NS companion, with an initial orbital period of about 4.5 min. We
follow the expansion of the SN ejecta in the presence of the NS companion and the ν−NS with a
smoothed particle hydrodynamic (SPH) code. It is clear that a disk with opposite spins has formed
around both stars.

From the accretion rate on the NSs, we have calculated the evolution of the mass and
angular momentum of the binary components (see [43], for details). Table 1 summarizes the
final parameters of the νNS and the NS, including the gravitational mass, m, dimensionless
angular momentum, j, angular velocity, Ω, equatorial radius, Req, and moment of inertia,
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I. These structure parameters have been calculated with the RNS code [44] and using the
GM1 [45,46] and TM1 [47] EOS (see Table 2 for details of the EOS). The BNS left by the
BdHN II event has a period Porb = 14.97 min, orbital separation aorb ≈ 2× 1010 cm, and
eccentricity e = 0.45.

Table 1. BNS produced by a BdHN II originated in a CO-NS with an orbital period of 4.5 min. The
CO star mass is 3.06 M�, obtained from the stellar evolution of a ZAMS star of Mzams = 15 M�, and
the NS companion has 1.4 M�. The numerical smoothed-particle hydrodynamic (SPH) simulation
follows the SN produced by the CO core collapse and estimates the accretion rate onto the νNS and
the NS companion. The structure parameters of the NSs are calculated for the GM1 and TM1 EOS.
We refer to [43] for additional details.

m j Ω Req I Ω Req I
[M�] [s−1] [km] [g cm2] [s−1] [km] [g cm2]

GM1 EOS TM1 EOS

νNS 1.505 0.259 1114.6 14.03 2.04× 1045 1077.1 14.47 2.11× 1045

NS 1.404 −0.011 −52.14 14.01 1.85× 1045 −56.6 14.49 1.93× 1045

Table 2. Properties of the selected EOS. From left to right: maximum stable mass of non-rotating
configurations, uniformly rotating configurations, set by the maximum mass of the Keplerian/mass-
shedding sequence and the corresponding angular velocity.

EOS Mj=0
max M

jkep
max Ωmax

kep
[M�] [M�] [s−1]

GM1 2.38 2.84 1.001× 104

TM1 2.19 2.62 8.83× 103

3. Inferences from Conservation Laws

We analyze the properties of the central remnant NS formed after the merger. We use
the conservation laws of baryon number, energy, and angular momentum for this aim.

3.1. Baryon Number Conservation

The total baryonic mass of the system must be conserved, so the binary baryonic mass,
Mb, will redistribute among that of the postmerger’s central remnant, mb,c; the ejecta’s
mass, mej, which is unbound to the system; and the matter kept bound to the system, e.g., in
the form of a disk of mass md. Therefore, we have the constraint

Mb = mb,c + mej + md, Mb = mb,1 + mb,2. (1)

For a uniformly rotating NS, the relation among its baryonic mass, mb,i, gravitational
mass, mi, and angular momentum Ji, is well represented by the simple function

mb,i

M�
≈ mi

M�
+

13
200

(
mi

M�

)2(
1− 1

130
j1.7
i

)
, i = 1, 2, c, (2)

where ji ≡ cJi/(GM2
�), which fits numerical integration solutions of the axisymmetric

Einstein equations for various nuclear EOS, with a maximum error of 2% [48]. Thus,
Equation (2) is a nearly universal, i.e., EOS-independent, formula. Equation (2) applies to
the merging components (i = 1, 2) as well as to the central remnant (i = c).
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3.2. Angular Momentum Conservation

We can make more inferences about the merger’s fate from the conservation of angular
momentum. The angular momentum of the binary during the inspiral phase is given by

J = µr2Ω + J1 + J2, Ji =
2
5

κimiR2
i Ωi, i = 1, 2, (3)

where r is the orbital separation, µ = m1m2/M is the reduced mass, M = m1 + m2 is the
total binary mass, and Ω =

√
GM/r3 is the orbital angular velocity. The gravitational mass

and stellar radius of the i-th stellar component are, respectively, mi and Ri; Ji is its angular
momentum, Ωi its angular velocity, and κi is the ratio between its moment of inertia to
that of a homogeneous sphere. We adopt the convention m2 ≤ m1. After the merger, the
angular momentum is given by the sum of the angular momentum of the central remnant,
the disk, and the ejecta. Angular momenta conservation implies that the angular momenta
at merger, Jmerger, equals that of the final configuration plus losses:

Jmerger = Jc + Jd + ∆J, (4)

where Jc and Jd are, respectively, the angular momenta of the central remnant and the even-
tual surrounding disk, ∆J accounts for angular momentum losses, e.g., via gravitational
waves, and we have neglected the angular momentum carried out by the ejecta since it is
expected to have small mass ∼10−4–10−2 M�. Simulations suggest that this ejecta comes
from interface of the merger, where matter is squeezed and ejected perpendicular to the
orbital plane, see, e.g., [49,50]. The definition of the merger point will be discussed below.

The angular momentum of the binary at the merger point is larger than the maximum
value a uniformly rotating NS can attain, i.e., the angular momentum at the Keplerian/mass-
shedding limit, JK. Thus, the remnant NS should evolve first through a short-lived phase
that radiates the extra angular momentum over that limit and enters the rigidly rotating
stability phase from the mass-shedding limit. Thus, we assume the remnant NS after that
transition phase starts its evolution with angular momentum

Jc = JK ≈ 0.7
Gm2

c
c

. (5)

Equation (5) fits the angular momentum of the Keplerian sequence from full numerical
integration of the Einstein equations and is nearly independent of the nuclear EOS (see,
e.g., [48] and references therein). Therefore, the initial dimensionless angular momentum
of the central remnant is

jc =
cJc

GM2
�
≈ 0.7

(
mc

M�

)2
. (6)

We model the disk’s angular momentum as a ring at the remnant’s inner-most stable
circular orbit (ISCO). Thus, we use the formula derived in Cipolletta et al. [51], which
fits, with a maximum error of 0.3%, the numerical results of the angular momentum per
unit mass of a test particle circular orbit in the general relativistic axisymmetric field of a
rotating NS. Within this assumption, the disk’s angular momentum is given by

Jd = JISCO ≈
G
c

mcmd

[
2
√

3− 0.37
(

jc
mc/M�

)0.85
]

. (7)

Notice that Equation (7) reduces to the known result for the Schwarzschild metric for
vanishing angular momentum, as it must. However, it differs from the result for the Kerr
metric, which tells us that the Kerr metric does not describe the exterior spacetime of a
rotating NS (see [51] for a detailed discussion).

The estimate of Jmerger requires the knowledge of the merger point, which depends
on whether or not the binary secondary becomes noticeably deformed by the tidal forces.
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When the binary mass ratio q ≡ m2/m1 is close or equal to 1, the stars are only deformed
before the point of contact [52]. Therefore, for q ≈ 1, we can assume the point of the merger
as the point of contact

rmerger ≈ rcont =
(C2 + qC1)

(1 + q)C1C2

GM
c2 , (8)

where C1,2 ≡ Gm1,2/(c2R1,2) is the compactness of the BNS components.
When the masses are different, if we model the stars as Newtonian incompressible

spheroids, there is a minimal orbital separation rms, below which no equilibrium configura-
tion is attainable, i.e., one star begins to shed mass to the companion due to the tidal forces.
In this approximation, rms ≈ 2.2q−1/3R2 [53]. Numerical relativity simulations of BH-NS
quasi-equilibrium states suggest that the mass-shedding occurs at a distance (see [54] and
references therein) of

rms ≈ (0.270)−2/3q−1/3R2. (9)

Our analysis adopts the mass-shedding distance of Equation (9). For a system with
q = 0.7 (similar mass ratio of the one in Table 1), we have found that the less-compact star
begins to shed mass before the point of contact, independently of the EOS, which agrees
with numerical relativity simulations. Consequently, for non-symmetric binaries q < 1, we
define the merging at the point as the onset of mass-shedding, rmerger ≈ rms.

Based on the above two definitions of merger point, Equations (8) and (9), the angular
momentum at the merger is given by

Jmerger =





ν
√ C2+qC1

(1+q)C1C2

GM2

c , q ≈ 1,

νq1/3[(1 + q)C2]
−1/2 GM2

c , q < 1,
(10)

where we have introduced the so-called symmetric mass-ratio parameter, ν ≡ q/(1 + q)2.

3.3. Mass-Energy Conservation

The conservation of mass-energy before and after the merger implies the energy
released equals the mass defect of the system, i.e.,

EGW + Eother = ∆Mc2 = [M− (mc + mej + md)]c2, (11)

where ∆M is the system’s mass defect. We have also defined EGW = Einsp
GW + Epm

GW the total

energy emitted in GWs in the inspiral regime, Einsp
GW , and in the merger and post-merger

phases, Epm
GW. The energy Eother is radiated in channels different from the GW emission,

e.g., electromagnetic (photons) and neutrinos.

4. A Specific Example of BNS Merger

We analyze the merger of the 1.505 + 1.404 M� BNS in Table 1. For these component
masses, the inferred orbital separation of aorb ≈ 2× 1010 cm and eccentricity e = 0.45, the
merger is expected to be driven by GW radiation on a timescale [55] of

τGW =
c5

G3
5

256
a4

orb
µM2 F(e) ≈ 73.15 kyr, F(e) =

48
19

1
g(e)4

∫ e

0

g(e)4(1− e2)5/2

e(1 + 121
304 e2)

de ≈ 0.44, (12)

where g(e) = e12/19(1− e2)−1(1 + 121e2/304)870/2299.
From Equations (2), (7) and (10), and the conservation Equations (1), (4) and (11), we

can obtain the remnant and disk’s mass as a function of the angular momentum losses, ∆J,
as well as an estimate of the energy and angular momentum released in the cataclysmic
event. We use the NS structure parameters obtained for the GM1 EOS and the TM1 EOS. The
total gravitational mass of the system is M = m1 + m2 = 2.909 M�, so using Equation (2),
we obtain the total baryonic mass of the binary, Mb = mb,1 + mb,2 ≈ 3.184 M�. The binary’s
mass fraction is q = 0.933, so we assume the merger starts at the contact point. With this,
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the angular momentum at the merger, as given by Equation (10), for the GM1 and TM1
EOS is, respectively, Jmerger ≈ 5.65 GM2

�/c and Jmerger ≈ 5.73 GM2
�/c.

Figure 2 shows that the disk’s mass versus the central remnant’s mass for selected
values of the angular momentum loss for the two EOS. The figure shows the system’s
final parameters lie between two limiting cases: zero angular momentum loss leading to
maximal disk mass and maximal angular momentum loss leading to zero disk mass.
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Figure 2. Disk mass versus central remnant (NS) mass. Selected values of the angular momentum loss
(in units of GM2

�/c) are shown as points. The initial BNS has a total gravitational mass of 2.909 M�
and a mass fraction q = 0.933, so we assume the merger starts at the contact point. The maximum
mass along the Keplerian sequence for the GM1 EOS is 2.84 M� and for the TM1 EOS it is 2.62 M�
(see Table 2). Thus, for the former EOS, the central remnant is a massive fast-rotating NS, while the
latter suggests a prompt collapse into a Kerr BH.

4.1. Maximal Disk Mass

We obtain the configuration corresponding to the maximum disk mass switching
off angular momentum losses. Let us specialize in the GM1 EOS. By setting ∆J = 0, the
solution of the system of equations formed by the baryon number and angular conser-
vation equations leads to the central remnant’s mass, mc = 2.697 M�, and disk’s mass,
md = 0.073 M�. This limiting case switches off the GW emission, so it also sets an upper
limit to the energy released in mechanisms different than GWs. Thus, Equation (11) implies
that Eother = ∆Mc2 = [M − (mc + mej + md)]c2 ≈ (M − mc − md)c2 ≈ 0.139 M�c2 ≈
2.484× 1053 erg of energy are carried out to infinity by a mechanism different than GWs
and not accompanied by angular momentum losses.

4.2. Zero Disk Mass

The other limiting case corresponds when the angular momentum loss and the rem-
nant mass are maximized, i.e., when no disk is formed (see Figure 2). By setting md = 0,
the solution of the conservation equations leads to the maximum angular momentum loss,
∆J = 0.331 GM2

�/c, and the maximum remnant’s mass, mc = 2.756 M�.
Thus, the upper limit to the angular momentum carried out by GWs is given by the

maximum amount of angular momentum losses, i.e., ∆JGW . 0.331 GM2
�/c. In the inspiral

phase of the merger, the system releases

Einsp
GW ≈

Gm1m2

2rcont
=

qC1C2Mc2

2(1 + q)(C2 + qC1)
+

1
2

[
j1|Ω1|+ j2|Ω2|

]
GM2

�
c

. (13)

For the binary we are analyzing, Einsp
GW ≈ 0.0194 Mc2 ≈ 0.0563M�c2 ≈ 1.0073× 1053 erg.

The transitional non-axisymmetric object (e.g., triaxial ellipsoid) formed immediately af-
ter the merger mainly generates these GWs, and their emission ends when the stable
remnant NS is finally formed. We can model such a rotating object as a compressible
ellipsoid with a polytropic EOS of index n = 0.5–1 [56]. The object will spin up by an-
gular momentum loss to typical frequencies of 1.4–2.0 kHz. The energy emitted in GWs
is Epm

GW ≈ 0.0079 M�c2 ≈ 1.404 × 1052 erg. Therefore, the energy released in GWs is,
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EGW = Einsp
GW + Epm

GW ≈ 0.0642 M�c2 ≈ 1.147× 1053 erg. If no disk is formed, i.e., for a U-
GRF, the mass-energy defect is ∆Mc2 = [M− (mc +mej)]c2 ≈ (M−mc)c2 ≈ 0.153 M�c2 ≈
2.734× 1053 erg. This implies that Eother = ∆Mc2 − EGW ≈ 0.089 M�c2 ≈ 1.591× 1053 erg
are released in forms of energy different than GW radiation.

Therefore, combining the above two results, we conclude that for the present merger,
assuming the GM1 EOS, the merger releases 0 < EGW . 1.147× 1053 erg in GWs and
1.591× 1053 . Eother < 2.484× 1053 erg are released in other energy forms. The energy
observed in short GRBs and further theoretical analysis, including numerical simulations of
the physical processes occurring during the merger, will clarify the efficiency of converting
Eother into observable radiation. Since no BH is formed (in this GM1 EOS analysis), the
assumption that the merger leads to an S-GRF suggests an efficiency lower than 10%.

We now estimate the detection efficiency of the GW radiation released by the system in
the post-merger phase when angular momentum losses are maximized, i.e., in the absence
of a surrounding disk. We find the root-sum-squared strain of the signal, i.e.,

hrss =

√∫
2
[
|h̃+|2 + |h̃×|2

]
d f ≈ 1

πd f̄

√
GEpm

GW
c3 , (14)

where h̃+ and h̃× are the Fourier transforms of the GW polarizations, d is the distance
to the source, f̄ is the mean GW frequency in the postmerger phase. These signals are
expected to be detected with a 50% of efficiency by the LIGO/Virgo pipelines [57] when
hrss ∼ 10−22 Hz−1/2 [58]. For the energy release in the post-merger phase, we have
f̄ = 1671.77 Hz, so these signals could be detected up to a distance of d ≈ 10 Mpc.

5. Discussion and Conclusions

As some BdHN I and II systems remain bound after the GRB-SN event, the corre-
sponding NS-BH and BNS systems, driven by GW radiation, will merge and lead to short
GRBs. For a few minutes binary, the merger time is of the order of 104 year. This implies
that the binaries will still be close to the long GRB site by the merger time, which implies a
direct link between long and short GRBs [20].

The occurrence rate of long and short bursts, however, should differ as the SN explo-
sion likely disrupts the binaries with long orbital periods. We are updating our previous
analysis on this interesting topic reported in [59]. We refer the reader to Bianco et al. [60]
for a preliminary discussion.

As a proof of concept, this article examined this unique connection between long and
short GRBs predicted by the BdHN scenario, emphasizing the case of mergers of BNS left
by BdHNe II. For this particular case, the simulations predict that the outcome system will
be a NSs binary with the star spins anti-aligned. The application of the present theoretical
framework to the analysis of other merging binaries, such as the BH-NS binaries produced
by BdHN I (see [20] for a general discussion), will be addressed in a separate work.

We have carried out a numerical SPH simulation of a BdHN II occurring in a CO-NS
of orbital period 4.5 min. The mass of the CO is 3.06 M� and that of the NS companion,
1.4 M�. The CO is the pre-SN star obtained from a ZAMS star of Mzams = 15 M� simulated
from MESA code. The SPH simulation follows [23,43]. It computes the accretion rate onto
the νNS (left by the CO core collapse) and the NS companion while the ejecta expands
within the binary. For the event that left a νNS-NS eccentric binary of 1.505 + 1.404 M�,
orbital separation 2× 1010 cm, orbital period of ≈15 min and eccentricity e = 0.45. The
SN ejecta matter forms a disk around both stars with opposite spins, so we expect that the
ν-NS binary will also have anti-aligned spins as well. The above parameters suggest the
BNS merger leading to a short GRB occurs in ≈73 kyear after the BdHN II event.

Whether or not the central remnant of the BNS merger will be a Kerr BH or a massive,
fast-rotating NS depends on the nuclear EOS. For instance, we have shown the GM1 EOS
leads to the latter while the TM1 EOS leads to the former. As an example of the theoretical
framework presented in this article, we quantify the properties of the merger using the GM1
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EOS. We infer the mass of the NS central remnant and the surrounding disk as a function of
the angular momentum losses. We then emphasize the merger features in the limiting cases
of maximum and zero angular momentum loss, corresponding to a surrounding disk’s
absence or maximum mass. We estimated the maximum energy and angular momentum
losses in GWs. We showed that the post-merger phase could release up to ≈1052 erg in
≈1.7 kHz GWs, and LIGO/Virgo could, in principle, detect such emissions for sources up
to ≈10 Mpc. We assessed that up to a few 1053 erg of energy could be released in other
forms of energy, so a .10% of efficiency of its conversion into observable electromagnetic
radiation would lead to an S-GRF.

The direct link between long and short GRB progenitors predicted by the BdHN model
opens the way to exciting astrophysical developments. For instance, the relative rate of
BdHNe I and II and S-GRBs and S-GRFs might give crucial information on the nuclear
EOS of NSs and the CO-NS parameters. At the same time, this information provides clues
for the stellar evolution path of the binary progenitors leading to the CO-NS binaries of
the BdHN scenario. Although challenging because of their expected ultrashort duration,
observing a U-GRF would also be relevant for constraining the EOS of NS matter. An
extended analysis is encouraged, including additional BNS parameters obtained from SPH
simulations of BdHNe for various CO-NS systems and nuclear EOS.
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ISCO Innermost stable circular orbit
NS Neutron star
νNS Newborn neutron star
S-GRB Short gamma-ray burst
S-GRF Short gamma-ray flash
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U-GRB Ultrashort gamma-ray burst
U-GRF Ultrashort gamma-ray flash
ZAMS Zero-age main-sequence
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Abstract: We offer a survey of the matter-antimatter evolution within the primordial Universe. While
the origin of the tiny matter-antimatter asymmetry has remained one of the big questions in modern
cosmology, antimatter itself has played a large role for much of the Universe’s early history. In our
study of the evolution of the Universe we adopt the position of the standard model Lambda-CDM
Universe implementing the known baryonic asymmetry. We present the composition of the Universe
across its temperature history while emphasizing the epochs where antimatter content is essential to
our understanding. Special topics we address include the heavy quarks in quark-gluon plasma (QGP),
the creation of matter from QGP, the free-streaming of the neutrinos, the vanishing of the muons,
the magnetism in the electron-positron cosmos, and a better understanding of the environment of
the Big Bang Nucleosynthesis (BBN) producing the light elements. We suggest but do not explore
further that the methods used in exploring the early Universe may also provide new insights in the
study of exotic stellar cores, magnetars, as well as gamma-ray burst (GRB) events. We describe future
investigations required in pushing known physics to its extremes in the unique laboratory of the
matter-antimatter early Universe.

Keywords: particles; plasmas and electromagnetic fields in cosmology; quarks to cosmos

1. Timeline of Particles and Plasmas in the Universe
1.1. Guide to 130 GeV > T > 20 keV

This survey of the early Universe begins with quark-gluon plasma (QGP) at a tempera-
ture of T = 130 GeV. It then ends at a temperature of T = 20 keV with the electron-positron
epoch which was the final phase of the Universe to contain significant quantities of antimat-
ter. This defines the “short” t ≈ 1/2 h time-span that will be covered. This work presumes
that the Universe is homogeneous and that in our casual domain, the Universe’s baryon
content is matter dominated. Our work is rooted in the Universe as presented by Lizhi Fang
and Remo Ruffini [1–3]. Within the realm of the Standard Model, we coherently connect
the differing matter-antimatter plasmas as each transforms from one phase into another.

A more detailed description of particles and plasmas follows in Section 1.2. We
have adopted the standard ΛCDM model of a cosmological constant (Λ) and cold dark
matter (CDM) where the Universe undergoes dynamical expansion as described in the
Friedmann-Lemaître-Robertson-Walker (FLRW) metric. The contemporary history of the
Universe in terms of energy density as a function of time and temperature is shown in
Figure 1. The Universe’s past is obtained from integrating backwards the proposed modern
composition of the Universe which contains 69% dark energy, 26% dark matter, 5% baryons,
and <1% photons and neutrinos in terms of energy density. The method used to obtain
these results are found in Section 1.3.
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Figure 1. Contemporary and recent Universe composition: In this example we assumed present day
composition to be 69% dark energy, 26% dark matter, 5% baryons, <1% photons and neutrinos. The
dashed line shows how introduction of 2× 0.1 eV mass in two of the three neutrinos impacts the
energy density evolution (Neutrino mass choice is just for illustration. Other values are possible).
The recombination temperature Tr ≈ 0.25 eV delimits the era when the Universe was opaque shown
as the shaded region.

After the general overview, we take the opportunity to enlarge in some detail our
more recent work in special topics. In Section 2, we describe the chemical potentials of the
QGP plasma species leading up to hadronization, Hubble expansion of the QGP plasma,
and the abundances of heavy quarks. In Section 3 we discuss the formation of matter
during hadronization, the role of strangeness, and the unique circumstances which led
to pions remaining abundant well after all other hadrons were diluted or decayed. We
review the roles of muons and neutrinos in the leptonic epoch in Section 4. The e± plasma
epoch is described in Section 5 which is the final stage of the Universe where antimatter
played an important role. Here we introduce the statistical physics description of electrons
and positron gasses, their relation to the baryon density, and the magnetization of the e±

plasma prior to the disappearance of the positrons shortly after Big Bang Nucleosynthesis
(BBN). A more careful look at the effect of the dense e± plasma on BBN is underway. One
interesting feature of having an abundant e± plasma is the possibility of magnetization
in the early Universe which we consider in Section 5.2. We introduce in this work the
spin magnetic moment polarization for the first time in the context of cosmology. We
address this using spin-magnetization and mean-field theory where all the spins respond
to the collective bulk magnetism self generated by the plasma. We stop our survey at a
temperature of T = 20 keV with the disappearance of the positrons signifying the end of
antimatter dynamics at cosmological scales.

This primordial Universe is a plasma physics laboratory with unique properties
not found in terrestrial laboratories or stellar environments due to the high amount of
antimatter present. We suggest in Section 6 areas requiring further exploration including
astrophysical systems where positron content is considerable and the possibility for novel
compact objects with persistent positron content is discussed. While the disappearance
of baryonic matter is well described in the literature, it has not always been appreciated
how long the leptonic (µ̄ = µ+ and ē = e+) antimatter remains a significant presence in
the Universe’s evolutionary history. We show that the e± epoch is a prime candidate to
resolve several related cosmic mysteries such as early Universe matter in-homogeneity and
the origin of cosmic magnetic fields. While the plasma epochs of the early Universe are
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in our long gone past, plasmas which share features with the primordial Universe might
possibly exist in the contemporary Universe today. Such extraordinary stellar objects could
poses properties dynamics relevant to gamma-ray burst (GRB) [4–7], black holes [8–10] and
neutron stars (magnetars) [11,12].

1.2. The Five Plasma Epochs

At an early time in the standard cosmological model, the Universe began as a fireball,
filling all space, with extremely high temperature and energy density [13]. Our domain
of the present day Universe originated from an ultra-relativistic plasma which contained
almost a perfect symmetry between matter and antimatter except for a small discrepancy
of one part in 109 which remains a mystery today. There are two general solutions of
this problem both of which suppose that the Universe’s initial conditions were baryon-
antibaryon number symmetric in order to avoid ‘fine-tuning’ to a specific value:

A Case of baryonic number (charge) conservation: In order to separate space domains
in which either matter or antimatter is albeit very slightly dominant we need a ‘force’
capable of dynamically creating this matter-antimatter separation. This requires that
two of the three Sakharov [14,15] conditions be fulfilled:

1. Violation of CP-invariance allowing to distinguish matter from antimatter
2. Non-stationary conditions in absence of local thermodynamic equilibrium

Other than very distant antimatter domains [16] the missing antimatter could be
perhaps ‘stored’ in a compact structure [17–19].

B There is no known cause for baryon charge conservation. Therefore it is possible to
consider the full Sakharov model with

3. Absence of baryonic charge conservation

Allowing the dynamical formation of the uniform matter-antimatter asymmetry typi-
cally occurring prior to the epoch governed by physics confirmed by current experi-
ment to which environs we restrict this short survey. A well studied example is the
Affleck-Dine mechanism [20].

Very early formation of baryon asymmetry is further supported by the finding that
the known CP-violation in the Standard Model’s weak sector is insufficient to explain in
quantitative terms the baryon asymmetry [21]. However, baryon asymmetry could develop
at a later stage in Universe evolution. We show in this review that this remains a topic
deserving further investigation. In this work we take a homogeneous prescribed baryon
asymmetry obtained from observed baryon to photon ratio in the Universe. Additional
comments on the situation in the context of non-equilibria processes are made in Section 2.2,
at the end of Section 4.2, and in Section 6.

The primordial hot Universe fireball underwent several practically adiabatic phase
changes which dramatically evolved its bulk properties as it expanded and cooled. We
present an overview Figure 2 of particle families across all epochs in the Universe, as a
function of temperature and thus time. The comic plasma, after the electroweak sym-
metry breaking epoch and presumably inflation, occurred in the early Universe in the
following sequence:

1. Primordial quark-gluon plasma: At early times when the temperature was between
130 GeV > T > 150 MeV we have the building blocks of the Universe as we know
them today, including the leptons, vector bosons, and all three families of deconfined
quarks and gluons which propagated freely. As all hadrons are dissolved into their
constituents during this time, strongly interacting particles u, d, s, t, b, c, g controlled
the fate of the Universe. Here we will only look at the late-stage evolution at around
150 MeV.

2. Hadronic epoch: Around the hadronization temperature Th ≈ 150 MeV, a phase
transformation occurred forcing the strongly interacting particles such as quarks
and gluons to condense into confined states [22]. It is here where matter as we
know it today forms and the Universe becomes hadronic-matter dominated. In
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the temperature range 150 MeV > T > 20 MeV the Universe is rich in physics
phenomena involving strange mesons and (anti)baryons including (anti)hyperon
abundances [23,24].

3. Lepton-photon epoch: For temperature 10 MeV > T > 2 MeV, the Universe con-
tained relativistic electrons, positrons, photons, and three species of (anti)neutrinos.
Muons vanish partway through this temperature scale. In this range, neutrinos were
still coupled to the charged leptons via the weak interaction [25,26]. During this
time the expansion of the Universe is controlled by leptons and photons almost on
equal footing.

4. Final antimatter epoch: After neutrinos decoupled and become free-streaming, re-
ferred to as neutrino freeze-out, from the cosmic plasma at T = 2 MeV, the cosmic
plasma was dominated by electrons, positrons, and photons. We have shown in [27]
that this plasma existed until T ≈ 0.02 MeV such that BBN occurred within a rich
electron-positron plasma. This is the last time the Universe will contain a significant
fraction of its content in antimatter.

5. Moving towards a matter dominated Universe: The final major plasma stage in the
Universe began after the annihilation of the majority of e± pairs leaving behind a
residual amount of electrons determined by the baryon asymmetry in the Universe
and charge conservation. The Universe was still opaque to photons at this point
and remained so until the recombination period at T ≈ 0.25 eV starting the era of
observational cosmology with the CMB. This final epoch of the primordial Universe
will not be described in detail here, but is well covered in [28].
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Figure 2. Normalized Universe constituent matter and radiation components Ωi are evolved over
cosmological timescales (top scale, bottom scale is temperature T) from contemporary observational
cosmology to the QGP epoch of the Universe. Vertical lines denote transitions between distinct
epochs. Solid neutrino (green) line shows contribution of massless neutrinos, while the dashed line
shows 1 massless and 2× 0.1 eV neutrinos (Neutrino mass choice is just for illustration. Other values
are possible).

Each plasma outlined above contributes to the thermal behavior of the Universe over
time. This is illustrated in Figure 3 where the fractional drop in temperature during each
plasma transformation is plotted. Each subsequent plasma lowers the available degrees
of freedom (as the particle inventory is whittled away) as the Universe cools [29,30]. Each
drop in degrees of freedom represents entropy being pumped into the photons as entropy
is conserved (up until local gravitational processes become relevant) in an expanding
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Universe. As there are no longer degrees of freedom to consume, thereby reheating the
photon field further, the fractional temperature remains constant today.

Figure 3. The evolution of the photon reheating (black line) process in terms of fractional temperature
change in the Universe. Figure adapted from [29]. The dashed portion is a qualitative description
subject to the exact model of QGP hadronization.

In Figure 2 we begin on the right at the end of the QGP era. The first dotted vertical
line shows the QGP phase transition and hadronization, near T = 150 MeV. The hadron era
proceeds with the disappearance of muons, pions, and heavier hadrons. This constitutes
a reheating period, with energy and entropy from these particles being transferred to the
remaining e±, photon, neutrino plasma. The black circle near T = 115 MeV denotes our
change from 2 + 1-flavor lattice QCD [31–33] data for the hadron energy density, taken
from Borsanyi et al. [34,35], to an ideal gas model [36] at lower temperature. We note that
the hadron ideal gas energy density matches the lattice results to less than a percent at
T = 115 MeV [37].

To the right of the QGP transition region, the solid hadron line shows the total energy
density of quarks and gluons. From top to bottom, the dot-dashed hadron lines to the right
of the transition show the energy density fractions of 2 + 1-flavor (u,d,s) lattice QCD matter
(almost indistinguishable from the total energy density), charm, and bottom (both in the
ideal gas approximation). To the left of the transition the dot-dashed lines show the pion,
kaon, η + f0, ρ + ω, nucleon, ∆, and Y contributions to the energy fraction.

Continuing to the second vertical line at T = O (1 MeV), we come to the annihilation
of e± and the photon reheating period. Notice that only the photon energy density fraction
increases, as we assume that neutrinos are already decoupled at this time and hence do not
share in the reheating process, leading to a difference in photon and neutrino temperatures.
This is not strictly correct but it is a reasonable simplifying assumption for the current
purpose; see [25,38–40]. We next pass through a long period, from T = O (1 MeV) until
T = O (1 eV), where the energy density is dominated by photons and free-streaming
neutrinos. BBN occurs in the approximate range T = 40–70 keV and is indicated by the
next two vertical lines in Figure 2. It is interesting to note that, while the hadron fraction is
insignificant at this time, there is still a substantial background of e± pairs during BBN (see
Section 5.1).

We then come to the beginning of the matter dominated regime, where the energy
density is dominated by the combination of dark matter and baryonic matter. This transition
is the result of the redshifting of the photon and neutrino energy, ρ ∝ a−4 ∝ T4, whereas for
non-relativistic matter ρ ∝ a−3 ∝ T3. Recombination and photon decoupling occurs near
the transition to the matter dominated regime, denoted by the (Figure 2) vertical line at
T = 0.25 eV.

Finally, as we move towards the present day CMB temperature of Tγ,0 = 0.235 meV
on the left hand side, we have entered the dark energy dominated regime. For the present
day values, we have used the energy densities proscribed by the Planck parameters [41]
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using Equation (14) and zero Universe spatial curvature. The photon energy density is
fixed by the CMB temperature Tγ,0 and the neutrino energy density is fixed by Tγ,0 along
with the photon to neutrino temperature ratio and neutrino masses. Both constitute <1%
of the current energy budget.

The Universe evolution and total energy densities were computed using massless neu-
trinos, but for comparison we show the energy density of massive neutrinos in the dashed
green line. For the dashed line we used two neutrino flavors with masses mν = 0.1 eV and
one massless flavor. Note that the inclusion of neutrino mass causes the leveling out of the
neutrino energy density fraction during the matter dominated period, as compared to the
continued redshifting of the photon energy.

1.3. The Lambda-CDM Universe

Here we provide background on the standard ΛCDM cosmological (FLRW-Universe)
model that is used in the computation of the composition of the Universe over time. We
use the spacetime metric with metric signature (+1,−1,−1,−1) in spherical coordinates

ds2 = c2dt2 − a2(t)
[

dr2

1− kr2 + r2(dθ2 + sin2(θ)dφ2)

]
(1)

characterized by the scale parameter a(t) of a spatially homogeneous Universe. The
geometric parameter k identifies the Gaussian geometry of the spacial hyper-surfaces
defined by co-moving observers. Space is a Euclidean flat-sheet for the observationally
preferred value k = 0 [28,41,42]. In this case it can be more convenient to write the metric
in rectangular coordinates

ds2 = c2dt2 − a2(t)
[
dx2 + dy2 + dz2

]
. (2)

We will work in units where h̄ = 1, c = 1.
The global Universe dynamics can be characterized by two quantities: the Hubble

parameter H, a strongly time dependent quantity on cosmological time scales, and the
deceleration parameter q:

H(t)2 ≡
(

ȧ
a

)2
=

8πGN
3

ρtot , (3)

ä
a
= −qH2, q ≡ − aä

ȧ2 , Ḣ = −H2(1 + q) , (4)

where GN is the Newtonian gravitational constant and ρtot is the energy density of the
Universe and composed of the various energy densities in the Universe. The deceleration
parameter q is defined in terms of the second derivative of the scale parameter.

In Figure 4 Left we illustrate the late stage evolution of the parameters H and q given
in Equations (3) and (4) compared to temperature. This illustrates how the Universe evolves
according to the Friedmann Equations (3) and (4) above. The deceleration begins radiation
dominated with q = 1 and then transitions to matter dominated q = 1/2. Within the ΛCDM
model the contemporary Universe is undergoing a transition from matter dominated to
dark energy dominated, where the deceleration would settle on the asymptotic value of
q = −1 [29]. However, several alternate models: phantom energy [43], Chaplygin gas [44],
or more generally dynamic (spatially and/or time dependent) dark energy [45] cannot be
excluded in absence of strong evidence for the constancy of dark energy.

Within the ΛCDM model only usual forms of energy are relevant before recombination
epoch, see Figure 2. Any alternate model can be thus constrained by understanding
precisely the evolution of the Universe prior to this epoch. Part of the program of this
survey is to connect the late stage evolution to the very early Universe during and prior to
BBN accounting for the unexpectedly considerable antimatter content.
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Figure 4. Left: The numerically solved later t > 10−1 yr evolution of photon and neutrino background
temperatures Tγ, Tν (black and black dashed lines) and the deceleration parameter q (thin blue line)
over the lifespan of the Universe. Right: The evolution of the Hubble parameter 1/H (black line) and
redshift z (blue dashed line) which is related to the scale parameter a(t). Figure adapted from [29].

The current tension in Hubble parameter measurements [46–48] might benefit from
closer inspection of these earlier denser periods should these contribute to modification of
the conventional model of Universe expansion. We further note that the JWST has recently
discovered that galaxy formation began earlier than predicted which requires reevaluation
of early Universe matter inhomogeneities [49]. Figure 4 Right shows the close relationship
between the redshift z and the Hubble parameter. Deviations separating the two occur
from the transitions which changed the deceleration value.

The Einstein equations with a cosmological constant Λ corresponding to dark en-
ergy are:

Gµν = Rµν −
(

R
2
+ Λ

)
gµν = 8πGNTµν, R = gµνRµν. (5)

The homogeneous and isotropic symmetry considerations imply that the stress energy
tensor is determined by an energy density and an isotropic pressure

Tµ
ν = diag(ρ,−P,−P,−P). (6)

It is common to absorb the Einstein cosmological constant Λ into the energy and pressure

ρΛ =
Λ

8πGN
, PΛ = − Λ

8πGN
(7)

and we implicitly consider this done from now on.
Two dynamically independent Friedmann equations [50] arise using the metric Equation (1)

in Equation (5):

8πGN
3

ρ =
ȧ2 + k

a2 = H2
(

1 +
k
ȧ2

)
,

4πGN
3

(ρ + 3P) = − ä
a
= qH2. (8)

We can eliminate the strength of the interaction, GN , solving both these equations for
8πGN/3, and equating the result to find a relatively simple constraint for the decelera-
tion parameter:

q =
1
2

(
1 + 3

P
ρ

)(
1 +

k
ȧ2

)
. (9)

For a spatially flat Universe, k = 0, note that in a matter-dominated era where
P/ρ << 1 we have q ' 1/2; for a radiative Universe where 3P = ρ we find q = 1; and in a
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dark energy Universe in which P = −ρ we find q = −1. Spatial flatness is equivalent to
the assertion that the energy density of the Universe equals the critical density

ρ = ρcrit ≡
3H2

8πGN
. (10)

The CMB power spectrum is sensitive to the deceleration parameter and the pres-
ence of spatial curvature modifies q. The Planck results [28,41,42] constrain the effective
curvature energy density fraction,

ΩK ≡ 1− ρ/ρcrit, (11)

to
|ΩK| < 0.005. (12)

This indicates a nearly flat Universe which is spatially Euclidean. We will work within
an exactly spatially flat cosmological model, k = 0. As must be the case for any solution of
Einstein’s equations, Equation (8) implies that the energy momentum tensor of matter is
divergence free:

Tµν;ν = 0⇒ − ρ̇

ρ + P
= 3

ȧ
a
= 3H. (13)

A dynamical evolution equation for ρ(t) arises once we combine Equation (13) with
Equation (8), eliminating H. Given an equation of state P(ρ), solutions of this equation
describes the dynamical evolution of matter in the Universe. In practice, we evolve the
system in both directions in time. On one side, we start in the present era with the energy
density fractions fit by the central values found in Planck data [41]

H0 = 67.4 km/s/Mpc, Ωb = 0.05, Ωc = 0.26, ΩΛ = 0.69, (14)

and integrate backward in time. On the other hand, we start in the QGP era with an
equation of state determined by an ideal gas of SM particles, combined with a perturbative
QCD equation of state for quarks and gluons [35], and integrate forward in time. As the
Universe continues to dilute from dark energy in the future, the cosmic equation of state
will become well approximated by the de Sitter inflationary metric which is a special case
of FLRW.

2. QGP Epoch
2.1. Conservation Laws in QGP

During the first ∆t ≈ 30 µs after the Big Bang, the early Universe is a hot soup that
containing the elementary primordial building blocks of matter and antimatter [13]. In
particular it contained the light quarks which are now hidden in protons and neutrons.
Beyond this there were also electrons, photons, neutrinos, and massive strange and charm
quarks. These interacting particle species were kept in chemical and thermal equilibrium
with one another. Gluons which mediated the color interaction are very abundant as well.
This primordial phase lasted as long as the temperature of the Universe was more than
110,000 times than the expected temperature T� = 1.36 keV (1.58× 107 K) at the center of
the Sun [51].

The conditions in the early Universe and those created in relativistic collisions of heavy
atomic nuclei differ somewhat: whereas the primordial quark-gluon plasma survives for
about 25 µs in the Big Bang, the comparable extreme conditions created in ultra-relativistic
nuclear collisions are extremely short-lived [52] on order of 10−23 s. As a consequence of
the short lifespan of laboratory QGP in heavy-ion collisions [53,54], they are not subject
to the same weak interaction dynamics [55] as the characteristic times for weak processes
are too lengthy [56]. Therefore our ability to recreate the conditions of the primordial
QGP are limited due to the relativistic explosive disintegration of the extremely hot dense
relativistic ‘fireballs’ created in modern accelerators. This disparity is seen in Figure 5 where
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the chemical potential of QGP µq = µB/3 [57] for various values of entropy-per-baryon
s/b relevant to relativistic particle accelerators are plotted alongside the evolution of the
cosmic hadronic plasma chemical potential. The confinement transition boundary (red line
in Figure 5) was calculated using a parameters obtained from [58] in agreement with lattice
results [59]. The QGP precipitates hadrons in the cosmic fluid at a far higher entropy ratio
than those accessible by terrestrial means and the two manifestations of QGP live far away
from each other on the QCD phase diagram [60].

Figure 5. The evolution of the cosmic baryon chemical potential µB after hadronization (blue line).
Curves for QGP (thin black line) created in terrestrial accelerators for differing entropy-per-baryon
s/b values are included [57]. The boundary (red line) where QGP condenses into hadrons is illustrated
at an energy density of 0.5 GeV/fm3 as determined through lattice computation [59].

The work of Fromerth et al. [23] allows us to parameterize the chemical potentials µd,
µe, and µν during this epoch as they are the lightest particles in each main thermal category:
quarks, charged leptons, and neutral leptons. The quark chemical potential is determined
by the following three constraints [23]:

1. Electric charge neutrality Q = 0, given by

Q
V

= nQ ≡∑
f

Q f n f (µ f , T) = 0 (15)

where Q f is the charge and n f is the numerical density of each species f . Q is a
conserved quantity in the Standard Model under global U(1)EM symmetry. This is
summed is over all particles present in the QGP epoch.

2. Baryon number and lepton number neutrality B− L = 0, given by

B− L
V

= nB − nL ≡∑
f
(B f − L f )n f (µ f , T) = 0 (16)

where L f and B f are the lepton and baryon number for the given species f . This
condition is phenomenologically motivated by baryogenesis and is exactly conserved
in the Standard Model under global U(1)B−L symmetry. We note many Beyond-
Standard-Model (BSM) models also retain this as an exact symmetry though Majorana
neutrinos do not.
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3. The entropy-per-baryon density ratio s/nB is a constant and can be written as

S
B
=

s
nB

=
∑ f s f (µ f , T)

∑ f B f n f (µ f , T)
= const (17)

where s f is the entropy density of given species f . As the expanding Universe remains
in thermal equilibrium, the entropy is conserved within a co-moving volume. The
baryon number within a co-moving volume is also conserved. As both quantities
dilute with 1/a(t)3 within a normal volume, the ratio of the two is constant. This
constraint does not become broken until spatial inhomogeneities from gravitational
attraction becomes significant, leading to increases in local entropy.

At each temperature T, the above three conditions form a system of three coupled,
nonlinear equations of the three chosen unknowns (here we have µd, µe, and µν). In Figure 6
we present numerical solutions to the conditions Equations (15)–(17) and plot the chemical
potentials as a function of time. As seen in the figure, the three potentials are in alignment
during the QGP phase until the hadronization epoch where the down quark chemical
potential diverges from the leptonic chemical potentials before reaching an asymptotic
value at late times. This asymptotic value is given as approximately µq ≈ mN/3 the mass
of the nucleons and represents the confinement of the quarks into the protons and neutrons
at the end of hadronization.
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Figure 6. Plot of the down quark chemical potential (black), electron chemical potential (dotted red)
and neutrino chemical potential (dashed green) as a function of time. These are 2003 unpublished
results of Fromerth & Rafelski [61]; also presented in Ref. [62]).
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This asymptotic limit is also shown in Figure 7 where we present the down quark
chemical potential for different values of the entropy-to-baryon ratio. While the s/nB
ratio has large consequences for the plasma at high temperatures, the chemical potential is
insensitive to this parameter at low temperatures the degrees of freedom are dominated by
the remaining baryon number rather than the thermal degrees of freedom of the individual
quarks. Therefore the entropy to baryon value today greatly controls the quark content
when the Universe was very hot. We note that the distribution of quarks in the QGP plasma
does not remain fixed to the Fermi-Dirac distribution for thermal and entropic equilibrium.
The quark partition function is instead

lnZquarks = ∑
q

ln
(

1 + Υq(t)e−βEq
)

, Υq(t) = γq(t)λq q = u, d, c, s, t, b, (18)

which is summed over all quarks and their quantum numbers. In Equation (18), λq is the
quark fugacity while γq(t) is the temporal inhomogeneity of the population distribution [62].
The product of the two Υq(t) = γq(t)λq is then defined as the generalized fugacity for the
species. Because of nuclear reactions, these distributions populate and depopulate over
time which pulls the gas off entropic equilibrium while retaining temperature T with the
rest of the Universe [58]. When γ 6= 1, the entropy of the quarks is no longer minimized.
As entropy in the cosmic expansion is conserved overall, this means the entropy gain or
loss is then related to the entropy moving between the quarks or its products.

Figure 7. Plot of the down quark chemical potential µd as a function of temperature for differing
values of entropy-per-baryon S/B ratios (2003 unpublished, Fromerth & Rafelski [62]).

In practice, the generalized fugacity is Υ = 1 during the QGP epoch as the quarks in
early Universe remained in both thermal and entropic equilibrium. This is because the
Universe’s expansion was many orders of magnitude slower than the process reaction
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and decay timescales [58]. However near the hadronization temperature, heavy quarks
abundance and deviations from chemical equilibrium have not yet been studied in great
detail. We show in Section 2.2 and [63] that the bottom quarks can deviate from chemical
equilibrium γ 6= 1 by breaking the detailed balance between reactions of the quarks.

2.2. Heavy Flavor: Bottom and Charm in QGP

In the QGP epoch, up and down (u, d) (anti)quarks are effectively massless and remain
in equilibrium via quark-gluon fusion. Strange (s) (anti)quarks are in equilibrium via weak,
electromagnetic, and strong interactions until T ∼ 12 MeV [24]. In this section, we focus on
the heavier charm and bottom (c, b) (anti)quarks. In primordial QGP, the bottom and charm
quarks can be produced from strong interactions via quark-gluon pair fusion processes and
disappear via weak interaction decays. For production, we have the following processes

q + q −→ b + b̄, q + q −→ c + c̄, (19)

g + g −→ b + b̄, g + g −→ c + c̄, (20)

for bottom and charm and

b −→ c + l + νl , b −→ c + q + q̄ (21)

c −→ s + l + νl , c −→ s + q + q̄ (22)

for their decay. A detailed calculation of production and decay rate can be found in [63].
In the early Universe within the temperature range 130 GeV > T > 150 MeV we have

the following particles: photons, 8c-gluons, W±, Z0, three generations of 3c-quarks and
leptons in the primordial QGP. The Hubble parameter can be written as the sum of particle
energy densities ρi for each species

H2 =
8πGN

3

(
ργ + ρlepton + ρquark + ρg,W± ,Z0

)
, (23)

where GN is Newton’s constant of gravitation. Ultra-relativistic particles (which are effec-
tively massless) and radiation dominate the speed of expansion.

The Universe’s characteristic expansion time constant 1/H is seen in Figure 8 (both
Top and Bottom figures). The (top) figure plots the relaxation time for the production and
decay of charm quarks as a function of temperature. For the entire duration of QGP, the
Hubble time is larger than the decay lifespan and production times of the charm quark.
Therefore, the heavy charm quark remains in equilibrium as its processes occur faster than
the expansion of the Universe. Additionally, the charm quark production time is faster than
the charm quark decay. The faster quark-gluon pair fusion keeps the charm in chemical
equilibrium up until hadronization. After hadronization, charm quarks form heavy mesons
that decay into multi-particles quickly. Charm content then disappears from the Universe’s
particle inventory.

In Figure 8 Bottom we plot the relaxation time for production and decay of the bottom
quark with different masses as a function of temperature. It shows that both production
and decay are faster than the Hubble time 1/H for the duration of QGP. Unlike charm
quarks however, the relaxation time for bottom quark production intersects with bottom
quark decay at a temperatures dependant on the mass of the bottom. This means that the
bottom quark decouples from the primordial plasma before hadronization as the production
process slows down at low temperatures. The speed of weak interaction decays then dilutes
bottom quark content of the QGP plasma pulling the distribution off equilibrium with
Υ 6= 1 (see Equation (18)) in the temperature domain below the crossing point, but before
hadronization. All of this occurs with rates faster than Hubble expansion and thus as
the Universe expands, the system departs from a detailed chemical balance rather than
thermal freezeout.
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Figure 8. Comparison of Hubble time 1/H, quark lifespan τq, and characteristic time for production
via quark-gluon pair fusion for (Top figure) charm and (Bottom figure) bottom quarks as a function
of temperature. Both figures end at approximately the hadronization temperature of Th ≈ 150 MeV.
Three different masses mb = 4.2 GeV (blue short dashes), 4.7 GeV, (solid black), 5.2 GeV (red long
dashes) for bottom quarks are plotted to account for its decay width.

Let us describe the dynamical non-equilibrium of bottom quark abundance in QGP
in more detail. The competition between decay and production reaction rates for bottom
quarks in the early Universe can be written as

1
V

dNb
dt

=
(

1− Υ2
b
)

RSource
b − Υb RDecay

b , (24)
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where Nb is the bottom quark abundance, Υb is the general fugacity of bottom quarks, and
RSource

b and RDecay
b are the thermal reaction rates per volume of production and decay of

bottom quark, respectively [63]. The bottom source rate is controlled by quark-gluon pair
fusion rate which vanishes upon hadronization. The decay rate depends on whether the
bottom quarks are unconfined and free or bound within B-mesons which is controlled by
the plasma temperature. Under the adiabatic approximation , we solve for the generalized
bottom fugacity Υb in Equation (24) yielding

Υb =
RDecay

b
2RSource

b

[√
1 +

(
2RSource

b /RDecay
b

)2
− 1

]
. (25)

In Figure 9 we show the fugacity of the bottom quarks as a function of temperature
T = 0.3 ∼ 0.15 GeV for different masses of bottom quarks. In all cases, we have prolonged
non-equilibrium Υb 6= 1 because the decay and production rates of bottom quarks are
of comparable temporal size to one another. The bottom content of QGP is exhausted as
Υb → 0 as the Universe cools in temperature. For smaller masses, some bottom quark
content is preserved up until hadronization as the strong interaction formation rate slows
the depletion from weak decay near the QGP to HG phase transformation.

Figure 9. The generalized fugacity Υb of free unconfined bottom quark as a function of temperature
in QGP up to the hadronization temperature of Th ≈ 150 MeV for three different bottom masses
mb = 4.2 GeV (solid blue), 4.7 GeV, (solid black), 5.2 GeV (solid red).

As demonstrated above, the bottom quark flavor is capable to imprint arrow in time on
physical processes being out of chemical equilibrium during the epoch T = 0.3 ∼ 0.15 GeV.
This is one of the required Sakharov condition (see Section 1.2) for baryogenesis. Our results
provide a strong motivation to explore the physics of baryon non-conservation involving
the bottom quarks and bound bb̄ bottonium states in a thermal environment. Given that
the non-equilibrium of bottom flavor arises at a relatively low QGP temperature allows
for the baryogenesis to occur across primordial QGP hadronization epoch [63]. This result
establishes the temperature era for the non-equilibrium abundance of bottom quarks.
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3. Hadronic Epoch
3.1. The Formation of Matter

It is in this epoch that the matter of the Universe, including all the baryons which make
up visible matter today, was created [61,62]. Unlike the fundamental particles, such as the
quarks or W and Z, the mass of these hadrons is not due to the Higgs mechanism, but rather
from the condensation of the QCD vacuum [13,64,65]. The quarks from which protons
and neutrons are made have a mass more than 100 times smaller than these nucleons. The
dominant matter mass-giving mechanism arises from quark confinement [66]. Light quarks
are compressed by the quantum vacuum structure into a small space domain a hundred
times smaller than their natural ‘size’. A heuristic argument can be made by considering the
variance in valance quark momentum ∆p required by the Heisenberg uncertainty principle
by confining them to a space of order ∆x ≈ 1 fm and the energy density of the attractive
gluon field required to balance that outward pressure. That energy cost then manifests as
the majority of the nucleon mass. The remaining few percent of mass is then due to the
fact that quarks also have inertial mass provided by the Higgs mechanism as well as the
electromagnetic mass for particles with charge.

The QGP-hadronization transformation is not instantaneous and involves a transitory
period containing both hadrons and QGP [62]. Therefore the conservation laws outlined
in Equations (15)–(17) can be violated in one phase as long as it is equally compensated
in the other phase. This means the partition function during hadronization, and thus the
formation of matter, should be parameterized between the hadron gas (HG) component
and QGP component as

lnZtot = fHG(T) lnZHG + [1− fHG(T)] lnZQGP , (26)

where fHG(T) is the proportion of the phase space occupied by the hadron gas with values
between 0 < fHG < 1. The charge neutrality condition Equation (15) is then modified to be

nQ,HG+QGP = fHG(T)nHG,Q + [1− fHG(T)]nQGP,Q = 0 . (27)

At a temperature of Th ≈ 150 MeV, the quarks and gluons become confined and
condense into hadrons (both baryons and mesons). During this period, the number of
baryon-antibaryon pairs is sufficiently high that the asymmetry (of ∼1 in 109) would
be essentially invisible until a temperature of between 40–50 MeV. We note that CPT
symmetry is protected by the lack of asymmetry in normal Standard Model reactions to
some large factor by the accumulation of scattering events through the majority of the
Universe’s evolution. CPT-violation is similarly restricted by possible mass difference in
the Kaons [67] via the hypothetical difference in strange-antistrange quark masses which
are expected to be small if not identically zero.

In Figure 10, we present the fraction of visible radiation and matter split between the
baryons, mesons, and photons and leptons. For a brief early Universe period after QGP
hadronization when the large amount of antimatter found in antiquarks converted into the
dense gas of hadrons, their contribution to the energy density of the Universe competed
with that of radiation and leptons [62]. Mass of matter will not emerge again until the
late Universe after recombination though by that point dark matter would become the
dominant form of matter in the cosmos.

The chemical potential of baryons after hadronization can be determined by the
conserved baryon-per-entropy ratio under adiabatic expansion. Considering the net baryon
density in the early Universe with temperature range 150 MeV > T > 5 MeV [24] we write

(
nB − nB

)

s
=

1
s
[(

np − np
)
+ (nn − nn) +

(
nY − nY

)]

=
45

2π4gs∗
sinh

[µB
T

]
FN


1 +

FY
FN

√
1 + e−µB/T FY/FK

1 + eµB/T FY/FK


. (28)
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where µB is the baryon chemical potential, gs∗ represents the effective entropic degrees of
freedom, and we employ phase-space functions Fi for the set of nucleon N, kaon K, and
hyperon Y particles. These functions are defined in Section 11.4 of [58] and given by

FN = ∑
Ni

gNi W(mNi /T) , Ni = n, p, ∆(1232), (29)

FK = ∑
Ki

gKi W(mKi /T) , Ki = K0, K0, K±, K∗(892), (30)

FY = ∑
Yi

gYi W(mYi /T) , Yi = Λ, Σ0, Σ±, Σ(1385), (31)

where gNi ,Ki ,Yi is the degeneracy of each baryonic species. We define the function W(x) =
x2KB

2 (x) where KB
2 is the modified Bessel functions of integer order “2”.

Figure 10. The fractional energy density of the luminous Universe (photons and leptons (white),
mesons (blue), and hadrons (red)) as a function of the temperature of the Universe from hadronization
to the contemporary era. This figure is a companion figure to Figure 2 (2003 unpublished, Fromerth
& Rafelski [62]).

The net baryon-per-entropy-ratio can be obtained from the present-day measurement
of the net baryon-per-photon ratio

(
nB − nB

)
/nγ, where nγ is the contemporary photon

number density from the CMB [24]. This value is determined to be

nB − nB
s

=
nB − nB

s

∣∣∣∣
t0

= (0.865± 0.008)× 10−10 . (32)

We arrive at this ratio from considering the observed baryon-per-photon ratio [68] of

nB − nB
nγ

= (0.609± 0.006)× 10−9 , (33)
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as well as the entropy-per-particle [23] for massless bosons and fermions

s/n|boson ≈ 3.60 , s/n|fermion ≈ 4.20 . (34)

Considering the inventory of strange mesons and baryons in the cosmos after hadroniza-
tion, we evaluated the temperature of the net baryon disappearance in Figure 11. In solving
Equation (28) numerically, we plot the baryon and antibaryon number density as a function
of temperature in the range 150 MeV > T > 5 MeV. The temperature where antibaryons
disappear from the Universe inventory can be defined when the ratio nB/(nB − nB) = 1.
This condition was reached at temperature T = 38.2 MeV which is in agreement with the
qualitative result in Kolb and Turner [69]. After this temperature, the net baryon density di-
lutes with a residual co-moving conserved quantity determined by the baryon asymmetry.

Figure 11. The baryon (blue solid line) and antibaryon (red solid line) number density as a function
of temperature in the range 150 MeV > T > 5 MeV. The green dashed line is the extrapolated value
for baryon density. The temperature T = 38.2 MeV (black dashed vertical line) is denoted when the
ratio nB/(nB − nB) = 1 which define the condition where antibaryons disappear from the Universe.

The antibaryon disappearance temperature does not depend on baryon and lepton
number neutrality L = B. Rather, it depends only on the baryon-per-entropy ratio which is
assumed to be constant during the Universe’s evolution, a condition which is maintained
well after the plasmas discussed here vanish. The assumption of co-moving baryon number
conservation is justified by the wealth of particle physics experiments, and the co-moving
entropy conservation in an adiabatic evolving Universe is a common assumption.

3.2. Strangeness Abundance

As the energy contained in QGP is used up to create mesons, that is massive particles
containing matter and antimatter, the high abundance of (anti)strange (s, s̄) quark pairs
present in the plasma is preserved. A smaller abundance of (anti)charm (c, c̄) can combine
with abundant strange quarks to form ‘exotic’ heavy mesons. With time, charmness and
later strangeness decay away as these flavors are heavier than the light (u, d) quarks and
antiquarks. Unlike charm, which disappears from the particle inventory relatively quickly,
strangeness can still persist [24] in the Universe until T ≈ O (10 MeV). As already noted,
the meson sector is of particular interest in our work since mesons carry antimatter in form
of their antiquark component. After the loss of antibaryons at T = 38.2 MeV, Figure 11, the
remaining light mesons then act as a proxy for the hadronic antimatter evolution.
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We illustrate this by considering an unstable strange particle S decaying into two
particles 1 and 2 which themselves have no strangeness content. In a dense and high-
temperature plasma with particles 1 and 2 in thermal equilibrium, the inverse reaction
populates the system with particle S. This is written schematically as

S⇐⇒ 1 + 2, Example : K0 ⇐⇒ π + π . (35)

The natural decay of the daughter particles provides the intrinsic strength of the
inverse strangeness production reaction rate. As long as both decay and production
reactions are possible, particle S abundance remains in thermal equilibrium. This balance
between production and decay rates is called a detailed balance. The thermal reaction
rate per time and volume for two-to-one particle reactions 1 + 2→ 3 has been presented
before [70,71]. In full kinetic and chemical equilibrium, the reaction rate per time per
volume is given by [71] :

R12→3 =
g3

(2π)2
m3

τ0
3

∫ ∞

0

p2
3dp3

E3

eE3/T

eE3/T ± 1
Φ(p3) , (36)

where τ0
3 is the vacuum lifetime of particle 3. The positive sign “+′′ is for the case when

particle 3 is a boson, while it is negative “−′′ for fermions. The function Φ(p3) in the
non-relativistic limit m3 � p3, T can be written as

Φ(p3 → 0) = 2
1

(eE1/T ± 1)(eE2/T ± 1)
. (37)

When back-reactions are faster than the Universe expansion, a condition we charac-
terize in the following, we can explore the Universe composition assuming both kinetic
and particle abundance equilibrium (chemical equilibrium). In Figure 12 we numerically
solve for the chemical potential of strangeness and show the chemical equilibrium particle
abundance ratios [24] for various mesons, the baryons, and their antiparticles. In the
temperature range 150 MeV > T > 40 MeV the Universe is rich in physics phenomena
involving strange mesons and (anti)baryons including (anti)hyperon abundances. While
antibaryons vanish after temperature T ≈ 40 MeV, kaons persist compared to baryons until
T = 20 MeV. For temperatures T < 20 MeV, the Universe becomes light-quark baryons
dominant. Pions π(qq̄) persist the longest of the mesons (a feature explored in Section 3.3)
until T = 5.6 MeV. Pions are the most abundant hadrons in this period because of their low
mass and the inverse decay reaction γ + γ→ π0 which assures chemical equilibrium [70].

Below T = 5.6 MeV, we have nπ/nB < 1 and the number density of pion become
sub-dominate compared to the remaining baryons. It is important to realize that hadrons
always are a part of the evolving Universe, a point we wish to see emphasized more in
literature. For temperatures 150 MeV > T > 20 MeV the Universe is meson-dominant
with (anti)strangeness well represented in the meson sector with s = s̄. Below temperature
T < 13 MeV, strangeness inventory is mostly found in the hyperons as we have (s− s̄) 6= 0.
We note that hyperons never exceed baryon content throughout the hadron epoch. This
period of meson physics ends the stage of the Universe where antimatter was dominant in
the quark sector.

In Figure 13 we schematically show important source reactions for strange quark
abundance in baryons and mesons considering both open and hidden strangeness (ss̄-
content). The important strangeness processes (involving both the quark and lepton
sectors) are

l− + l+ ↔ φ , ρ + π ↔ φ ,
π + π ↔ K , Λ↔ π + N , µ± + ν↔ K± .

(38)

80



Universe 2023, 9, 309

Figure 12. Ratios of hadronic particle number densities as a function of temperature 150 MeV > T >

5 MeV in the early Universe with baryon B yields: Pions π(qq̄) (brown line), kaons K(qs̄) (blue line),
antibaryon B (black line), hyperon Y (red line) and antihyperons Y (dashed red line). Also shown is
the K/Y ratio (purple line) and the B̄ to asymmetry B− B̄ ratio (green line). Temperature crossings
are included (as vertical dashed black lines) at T = 40 MeV, 20 MeV, 13 MeV, 5.6 MeV as different
abundances become sub-dominate compared to other species. The dashed brown line represents
the drop in overall pion π abundance when the vanishing of the charged pions π± from the particle
inventory is taken into account.

Figure 13. The strangeness abundance changing reactions in the primordial Universe. Red circles
show strangeness carrying hadronic particles and thick red lines denote effectively instantaneous
reactions. Thick black lines show relatively strong hadronic reactions.
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Muons and pions are coupled through electromagnetic reactions

µ+ + µ− ↔ γ + γ , π0 ↔ γ + γ , (39)

to the photon background and retain their chemical equilibrium respectively [70,72]. The
large φ↔ K + K rate assures φ and K are in relative chemical equilibrium.

Once the primordial Universe expansion rate (given as the inverse of the Hubble
parameter 1/H) overwhelms the strongly temperature-dependent back-reaction, the decay
S→ 1 + 2 occurs out of balance and particle S disappears from the Universe. In order to
determine where exactly strangeness disappears from the Universe inventory we explore
the magnitudes of a relatively large number of different rates of production and decay
processes and compare these with the Hubble time constant [24]. Strangeness then primarily
resides in two domains:

• Strangeness in the mesons
• Strangeness in the (anti)hyperons

In the meson domain, the relevant interaction rates competing with Hubble time are
the reactions

π + π ↔ K , µ± + ν↔ K± ,
l+ + l− ↔ φ , ρ + π ↔ φ , π + π ↔ ρ .

(40)

The relaxation times τi for these processes are compared with Hubble time in Figure 14.
The criteria for a detailed reaction balance is broken once a process crosses above the Hubble
time 1/H and thus can no longer be considered as subject to adiabatic evolution. As the
Universe cools, these various processes freeze out as they cross this threshold. In Table 1
we show the characteristic strangeness reactions and their freeze-out temperatures in the
hadronic epoch.

Figure 14. The hadronic reaction relaxation times τi in the meson sector as a function of temperature
compared to Hubble time 1/H (black solid line). The following processes are presented: The leptonic
(solid blue line) and strong (dashed blue line) kaon K processes, the electronic (solid dark red line)
and muonic (dashed dark red line) phi meson φ processes, the forward and backward (thick black
lines) electromagnetic pion π processes, and the strong (red lines) rho meson ρ processes.
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Table 1. The characteristic strangeness reaction, their freeze-out temperature, and temperature width
in the hadronic epoch.

Reactions Freeze-Out Temperature (MeV) ∆Tf (MeV)

µ±ν→ K± Tf = 33.8 MeV 3.5 MeV

e+e− → φ Tf = 24.9 MeV 0.6 MeV
µ+µ− → φ Tf = 23.5 MeV 0.6 MeV

ππ → K Tf = 19.8 MeV 1.2 MeV

ππ → ρ Tf = 12.3 MeV 0.2 MeV

Once freeze-out occurs and the corresponding detailed balance is broken, the inverse
decay reactions act like a “hole” in the strangeness abundance siphoning strangeness out
of the Universe’s particle inventory. The first freeze-out reaction is the weak interaction
kaon production process

µ± + νµ → K± , TK±
f = 33.8 MeV , (41)

which is followed by the electromagnetic φ meson production process

l− + l+ → φ , Tφ
f = 23 ∼ 25 MeV . (42)

Hadronic kaon production via pions follows next in the freeze-out process

π + π → K , TK
f = 19.8 MeV . (43)

as it becomes slower than the Hubble expansion. The reactions

γ + γ↔ π , ρ + π ↔ φ (44)

remain faster compared to 1/H for the duration of the hadronic plasma epoch. Most ρ
meson decays are faster [68] than ρ meson producing processes and cannot contribute to
the strangeness creation in the meson sector. Below the temperature T < 20 MeV, all the
detail balances in the strange meson sector are broken by freeze-out and the strangeness
inventory in meson sector disappears rapidly.

Were it not for the small number of baryons present, strangeness would entirely vanish
with the loss of the mesons. In order to understand strangeness in hyperons in the baryonic
domain, we evaluated the reactions

π + N ↔ K + Λ , K + N ↔ Λ + π , Λ↔ N + π , (45)

for strangeness production, exchange, and decay respectively in detail. The general form for
thermal reaction rate per volume is discussed in Ch. 17 of [58]. In Figure 15 we show that for
T < 20 MeV, the reactions for the hyperon Λ production is dominated by K + N ↔ Λ + π.
Both strangeness and antistrangeness disappear from the Universe via the reactions

Λ→ N + π , K → π + π , (46)

which conserves s = s̄. Beginning with T = 12.9 MeV, the dominant reaction is Λ ↔
N + π, which shows that at lower temperatures strangeness content resides in the Λ
baryon. This behavior is seen explicitly in Figure 12 where the hyperon abundance (of
which the Λ baryon is a member) exceeds the rapidly diminishing kaon abundance as
the Universe cools. While hyperons never form a dominant component of the hadronic
content of the Universe, it is an important life-boat for strangeness persisting after the more
transitory mesons. In this case, the strangeness abundance becomes asymmetric and we
have s � s̄ at temperatures T < 12.9 MeV. Hence, strange hyperons and antihyperons
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could enter into dynamic non-equilibrium condition including 〈s− s̄〉 6= 0. The primary
conclusion of the study of strangeness production and content in the early Universe,
following on QGP hadronization, is that the relevant temperature domains indicate a
complex interplay between baryon and meson (strange and non-strange) abundances and
non-trivial decoupling from equilibrium for strange and non-strange mesons.

Figure 15. Thermal reaction rate R per volume and time for important hadronic strangeness pro-
duction, exchange and decay processes as a function of temperature 150 MeV > T > 10 MeV.
The following processes are presented: Λ ↔ Nπ (solid black line), K ↔ ππ (solid green line),
πN ↔ ΛK (solid blue line), K̄N ↔ Λπ (solid red line). Two temperature crossings are denoted at
T = 40 MeV, 12.9 MeV.

3.3. Pion Abundance

Pions (qq̄, q ∈ u, d), the lightest hadrons, are the dominant hadrons in the hadronic
era and the most abundant hadron family well into the leptonic epoch (see Section 4).
The neutral pion π0 vacuum lifespan of τ0

π0 = (8.52± 0.18)× 10−17 s [68] is far shorter
compared to the Hubble expansion time of 1/H = (10−3∼10−4) s within this epoch as
depicted in Figure 14.

At seeing such a large discrepancy in characteristic times, one is tempted to presume
that the decay process dominates and that π0 disappears quickly in the hadronic gas.
However, in the high temperature T = O (100 MeV) ∼ O (10 MeV) thermal bath of this
era, the inverse decay reaction forms neutral pions π0 at rate corresponding to the decay
process maintaining the abundance of the species (see Figure 12). In general, π0 is produced
in the QED plasma predominantly by thermal two-photon fusion:

γ + γ→ π0. (47)

This formation process is simply the inverse of the dominant decay process. While we
do not address it in detail here, the π± charged pions are also in thermal equilibrium with
the other pions species via hadronic and electromagnetic reactions

π0 + π0 ↔ π+ + π− l+ + l− ↔ π+ + π− , γ + γ↔ π+ + π− . (48)
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Of these, the hadronic interaction is the fastest and controls the charged pion abun-
dance most directly [23,73] such that the condition

ρπ0 ∼ ρπ± , (49)

where ρ is the energy density of the species and is maintained for most of the hadronic
era. We point out that the in the late (colder) hadronic era, the charged pions will scatter
off the remaining baryons with asymmetric reactions due to the lack of antibaryons. The
smallness of the electronic e+e− formation of π0 is characterized by its small branching
ratio in π0 decay B = Γee/Γγγ = 6.2± 0.5× 10−8 [68] which can be neglected compared
to photon fusion. The general form for invariant production rates and relaxation time is
discussed in [70] where we have for the photon fusion process

Rγγ→π0 =
∫ d3 pπ

(2π )32Eπ

∫ d3 p2 γ

(2π )32E2 γ

∫ d3 p1 γ

(2π )32E1 γ
(2π)4δ4(p1 γ + p2 γ − pπ

)
×

∑
spin

∣∣〈p1 γ p2 γ|M|pπ〉
∣∣2 fπ(pπ) fγ(p1 γ) fγ(p2 γ)Υ−2

γ Υ−1
π0 eu·pπ/T , (50)

where Υi is the fugacity and fi is the Bose-Einstein distribution of particle i, and M is the
matrix element for the process. Since the γ + γ→ π0 is the dominant mechanism of pion
production, we can omit all sub-dominant processes, and the dynamic equation of π0

abundance can be written as [23]:

d
dt

Υπ0 =
1

τT
Υπ0 +

1
τS

Υπ0 +
1

τπ0

(
Υ2

γ − Υπ0

)
, (51)

where τT and τS are the kinematic relaxation times for temperature and entropy evolution
and τπ0 is the chemical relaxation time for π0. We have

1
τT
≡ −T3g∗ d(nπ/(Υ3g∗T3))/dT

dnπ/dΥ3
Ṫ,

1
τS
≡ − nπ/Υ3

dnπ/dΥ3

d ln(g∗VT3)
dT Ṫ,

τπ0 =
dn

π0 /dΥ
π0

R
π0

,

(52)

where nπ0 is the number density of pions. A minus sign is introduced in the above
expressions to maintain τT , τS > 0. Since entropy is conserved within the radiation-
dominated epoch, we have T3V = constant thus d(T3V(T))/dT = 0. This implies the
entropic relaxation time is infinite yielding 1/τS = 0. The effect of Universe expansion and
dilution of number density is described by 1/τT . Comparing τT to the chemical relaxation
time τπ0 can provide the quantitative condition for freeze-out from chemical equilibrium.
In the case of pion mass being much larger than the temperature, mπ � T, we have [73]

τT ≈
T

mπ H
. (53)

In Figure 14 we compare the relaxation time of τπ0 to the Hubble time 1/H which
shows that τπ0 � 1/H. In such a case, the yield of π0 is expected to remain in chemical
equilibrium (even as its thermal number density gradually decreases) with no freeze-
out temperature occurring. This makes pions distinct from all other meson species. This
phenomenon can be attributed to the high population of photons as in such an environment,
it remains sufficiently probable to find high-energy photons to fuse back into neutral pions
π0 [23] for the duration of large pion abundance. As shown in Figure 12, pions remained
as proxy for hadronic matter and antimatter down to T = 5.6 MeV.
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4. Leptonic Epoch
4.1. Thermal Degrees of Freedom

The leptonic epoch, dominated by photons and both charged and neutral leptons,
is notable for being the last time where neutrinos played an active role in the Universe’s
thermal dynamics before decoupling and becoming free-streaming. In the early stage of
this plasma after the hadronization era ended T ≈ O (10 MeV), neutrinos represented the
highest energy density followed by the light charged leptons and then finally the photons.
The differing relativistic limit energy densities can be related by

ρe± ≈
(

2× 7
8

)
ργ , ρν ≈

(
3× 7

8

)
ργ . (54)

The reason for this hierarchy is because of the degrees of freedom [29,58] available in
each species in thermal equilibrium; the factor 7/8 arises from the difference in pressure
contribution between bosons and fermions.

While photons only exhibit two polarization degrees of freedom, the charged light
leptons could manifest as both matter (electrons), antimatter (positrons) and as well as two
polarizations yielding 2× 2 = 4. The neutral leptons made up of the neutrinos however
had three thermally active species 3× 2 = 6 boosting their energy density in that period to
more than any other contribution. The muon-antimuon energy density was also controlled
by its degrees of freedom matching that of e± until T ≈ O (100 MeV), still well within
the hadronic epoch, when the heavier lepton no longer satisfied the ultra-relativistic (and
thus massless) limit. This separation of the two lighter charge lepton dynamics is seen in
Figure 2 after hadronization.

The known cosmic degrees of freedom require that if and when neutrinos are Dirac-like
and have chiral right-handed (matter) components, then these right handed components
must not drive the neutrino effective degrees of freedom Nν

eff away from three. In a more
general context the non-interacting sterile neutrinos could also inflate Nν

eff during this
epoch for the same reasoning [74–78] or have a connection to dark matter [79,80]. The
neutrino degrees of freedom will be more fully discussed in Section 4.5.

4.2. Muon Abundance

As seen in Section 3.2, muon abundance and their associated reactions are integral to
the understanding of the strangeness and antistrangeness content of the primordial Uni-
verse [24]. Therefore we determine to what extent and temperature (anti)muons remained
in chemical abundance equilibrium. Without a clear boundary separating the hadronic
epoch from the leptonic epoch, there is complete overlap in the hadronic and leptonic
species dynamics in the period T = O (10 MeV) ∼ O (1 MeV).

In the cosmic plasma, muons can be produced by predominately electromagnetic and
weak interaction processes

γ + γ −→ µ+ + µ−, e+ + e− −→ µ+ + µ− , (55)

π− −→ µ− + ν̄µ, π+ −→ µ+ + νµ . (56)

Provided that all particles shown on the left-hand side of each reaction (namely the
photons, electrons (positrons) and charged pions) exist in chemical equilibrium, the back-
reaction for each of the above processes occurs in detailed balance.

The scattering angle averaged thermal reaction rate per volume for the reaction aa→
bb in Boltzmann approximation is given by [58]

Raa→bb =
gaga

1 + I
T

32π4

∫ ∞

sth

ds
s(s− 4m2

a)√
s

σaa→bbK1(
√

s/T), (57)
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where sth is the threshold energy for the reaction, σaa→bb is the cross section for the given re-
action. We introduce the factor 1/(1 + I) to avoid the double counting of indistinguishable
pairs of particles where I = 1 for an identical pair and I = 0 for a distinguishable pair.

The muon weak decay processes are

µ− → νµ + e− + ν̄e, µ+ → ν̄µ + e+ + νe , (58)

with the vacuum life time τµ = 2.197× 10−6 s producing (anti)neutrino pairs of differing
flavor and electrons(positrons). We recall the considerable shorter vacuum lifetime of pions
τπ± = 2.6033× 10−8 s. The thermal decay rate per volume in the Boltzmann limit is [70]

Ri =
gi

2π2

(
T3

τi

)(mi
T

)2
K1(mi/T) (59)

where τi is the vacuum lifespan of a given particle i.
These production and decay rates for muonic processes are evaluated in [72]. From

this, we can determine the temperature when muons rather suddenly disappear from
the particle inventory of the Universe which occurs when their decay rate exceeds their
production rate. In Figure 16 we show the invariant thermal reaction rates per volume
and time for the relevant muon reactions. As the temperature decreases in the expanding
Universe, the initially dominant production rates become rapidly smaller due to the mass
threshold effect. This is allowing the production and decay rates to become equal. The
characteristic times are much faster than the Hubble time (not shown in Figure 16). Muon
abundance therefore disappears just when the decay rate overwhelms production at the
temperature Tdis = 4.20 MeV.

Figure 16. The thermal reaction rate per volume for muon related reactions as a function of tempera-
ture adapted from [72]. The dominant reaction rates for µ± production are: The γγ channel (blue
dashed line), e± (red dashed line), these two combined as the total electromagnetic rate (pink solid
line), and the charged pion decay feed channel (black solid line). The muon decay rate is also shown
(green solid line). The crossing point between the electromagnetic production processes and the
muonic decay rate is seen as the dashed vertical black line at Tdis = 4.2 MeV.

In Figure 17 we show that the number density ratio of muons to baryons nµ±/nB at
the muon disappearance temperature Tdis = 4.20 MeV is nµ±/nB ≈ 0.91 [24]. Interestingly,
this means that the muon abundance may still be able to influence baryon evolution up
to this point because their number density is comparable to that of baryons (there are
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no antibaryons). This coincidence of abundance offers a novel and tantalizing model-
building opportunity for both baryon-antibaryon separation models and/or strangelet
formation models.

Figure 17. The density ratio between µ± and baryons nµ±/nB (blue solid line) is plotted as a function
of temperature. The red dashed line indicates a density ratio value of nµ±/nB = 1. The density ratio
at the muon disappearance temperature (vertical black dashed line) is about nµ±/nB(Tdis) ≈ 0.911.

4.3. Neutrino Masses and Oscillation

Neutrinos are believed to have a small, but nonzero mass due to the phenomenon of
flavor oscillation [81–83]. This is seen in the flux of neutrinos from the Sun, and also in
terrestrial reactor experiments. In the Standard Model neutrinos are produced via weak
charged current (mediated by the W boson) as flavor eigenstates. If the neutrino was truly
massless, then whatever flavor was produced would be immutable as the propagating
state. However, if neutrinos have mass, then they propagate through space as their mass-
momentum eigenstates. Neutrino masses can be written in terms of an effective theory
where the mass term contains various couplings between neutrino states determined by
some BSM theory. The exact form of such a BSM theory is outside the scope of this work,
we refer the reader to some standard references [84–87].

Within the Standard Model keeping two degrees of freedom for each neutrino flavor
the Majorana fermion mass term is given by

LMaj.
m = −1

2
ν̄α

L MM
αβ(ν

β
L)

c + h.c. , (60)

where νc = Ĉ(ν̄)T is the charge conjugate of the neutrino field. The operator Ĉ = iγ2γ0 is
the charge conjugation operator. An interesting consequence of neutrinos being Majorana
particles is that they would be their own antiparticles like photons allowing for violations
of total lepton number. Neutrinoless double beta decay is an important, yet undetected,
evidence for Majorana nature of neutrinos [88]. Majorana neutrinos with small masses can
be generated from some high scale via the See-Saw mechanism [89–91] which ensures that
the degrees of freedom separate into heavy neutrinos and light nearly massless Majorana
neutrinos. The See-Saw mechanism then provides an explanation for the smallness of the
neutrino masses as has been experimentally observed.
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A flavor eigenstate να can be described as a superposition of mass eigenstates νk with
coefficients given by the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix [92,93]
which are both in general complex and unitary. This is given by

να =
n

∑
k

U∗αkνk, α = e, µ, τ, k = 1, 2, 3, . . . , n (61)

where U is the PMNS mixing matrix. The PMNS matrix is the lepton equivalent to the
CKM mixing matrix which describes the misalignment between the quark flavors and their
masses. For Majorana neutrinos, there can be up to three complex phases (δ, ρ, γ) which
are CP-violating [94] which are present when the number of generations is n ≥ 3. For
Dirac-like neutrinos, only the δ complex phase is required. In principle, the number of
mass eigenstates can exceed three, but is restricted to three generations in most models. By
standard convention [95] found in the literature we parameterize the rotation matrix U as

U =




c12c13 s12c13 s13e−iδ

−s12c23 − c12s13s23eiδ c12c23 − s12s13s23eiδ c13s23
s12s23 − c12s13c23eiδ −c12s23 − s12s13c23eiδ c13c23


×




1
eiρ

eiγ


 , (62)

where cij = cos(θij) and sij = sin(θij). In this convention, the three mixing angles
(θ12, θ13, θ23), are understood to be the Euler angles for generalized rotations.

The neutrino proper masses are generally considered to be small with values no
more than 0.1 eV. Because of this, neutrinos produced during fusion within the Sun or
radioactive fission in terrestrial reactors on Earth propagate relativistically. Evaluating freely
propagating plane waves in the relativistic limit yields the vacuum oscillation probability
between flavors να and νβ written as [96]

Pα→β =δαβ − 4
n

∑
i<j

Re
[
UαiU∗βiU

∗
αjUβj

]
sin2

(
∆m2

ijL

4E

)

+ 2
n

∑
i<j

Im
[
UαiU∗βiU

∗
αjUβj

]
sin

(
∆m2

ijL

2E

)
, ∆m2

ij ≡ m2
i −m2

j (63)

where L is the distance traveled by the neutrino between production and detection. The
square mass difference ∆m2

ij has been experimentally measured [96]. As oscillation only
restricts the differences in mass squares, the precise values of the masses cannot be de-
termined from oscillation experiments alone. It is also unknown under what hierarchical
scheme (normal or inverted) [97,98] the masses are organized as two of the three neutrino
proper masses are close together in value.

It is important to point out that oscillation does not represent any physical interaction
(except when neutrinos must travel through matter which modulates the νe flavor [99,100])
or change in the neutrino during propagation. Rather, for a given production energy, the
superposition of mass eigenstates each have unique momentum and thus unique group
velocities. This mismatch in the wave propagation leads to the oscillatory probability of
flavor detection as a function of distance.

We further note that non-interacting BSM so called sterile neutrinos of any mass
have not yet been observed despite extensive searching. The existence of such neutrinos,
if they were ever thermally active in the early cosmos would leave fingerprints on the
Cosmic Neutrino Background (CNB) spectrum [78]. The presence of an abnormally large
anomalous magnetic moment [84,101–106] for the neutrino would also possibly leave traces
in the evolution of the early Universe.
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4.4. Neutrino Freeze-Out

The relic neutrino background (or CNB) is believed to be a well-preserved probe
of a Universe only a second old which at some future time may become experimentally
accessible. The properties of the neutrino background are influenced by the details of
the freeze-out or decoupling process at a temperature T = O (2 MeV). The freeze-out
process, whereby a particle species stops interacting and decouples from the photon
background, involves several steps that lead to the species being described by the free-
streaming momentum distribution. We outline freeze-out properties, including what
distinguishes it from the equilibrium distributions [25].

Chemical freeze-out of a particle species occurs at the temperature, Tch, when parti-
cle number changing processes slow down and the particle abundance can no longer be
maintained at an equilibrium level. Prior to the chemical freeze-out temperature, number
changing processes are significant and keep the particle in chemical (and thermal) equi-
librium, implying that the distribution function has the Fermi-Dirac form, obtained by
maximizing entropy at fixed energy (parameter 1/T) and particle number (parameter λ)

fc(t, E) =
1

λ exp(E/T) + 1
, for T(t) > Tch. (64)

Kinetic freeze-out occurs at the temperature, Tf , when momentum exchanging interac-
tions no longer occur rapidly enough to maintain an equilibrium momentum distribution.
When Tf < T(t) < Tch, the number-changing process no longer occurs rapidly enough
to keep the distribution in chemical equilibrium but there is still sufficient momentum
exchange to keep the distribution in thermal equilibrium. The distribution function is there-
fore obtained by maximizing entropy, with fixed energy, particle number, and antiparticle
number separately. This implies that the distribution function has the form

fk(t, E) =
1

Υ−1 exp(E/T) + 1
, for Tf < T(t) < Tch. (65)

The time dependent generalized fugacity Υ(t) controls the occupancy of phase space
and is necessary once T(t) < Tch in order to conserve particle number.

For T(t) < Tf there are no longer any significant interactions that couple the particle
species of interest and so they begin to free-stream through the Universe, i.e., travel on
geodesics without scattering. The Einstein-Vlasov equation can be solved, see [107], to
yield the free-streaming momentum distribution

f (t, E) =
1

Υ−1e
√

p2/T2+m2/T2
f + 1

(66)

where the free-streaming effective temperature

T(t) =
Tf a(tk)

a(t)
(67)

is obtained by redshifting the temperature at kinetic freeze-out. The corresponding free-
streaming energy density, pressure, and number densities are given by
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ρ =
d

2π2

∫ ∞

0

(
m2 + p2)1/2 p2dp

Υ−1e
√

p2/T2+m2/T2
f + 1

, (68)

P =
d

6π2

∫ ∞

0

(
m2 + p2)−1/2 p4dp

Υ−1e
√

p2/T2+m2/T2
f + 1

, (69)

n =
d

2π2

∫ ∞

0

p2dp

Υ−1e
√

p2/T2+m2/T2
f + 1

, (70)

where d is the degeneracy of the particle species. These differ from the corresponding
expressions for an equilibrium distribution in Minkowski space by the replacement m→
mT(t)/Tf only in the exponential.

The separation of the freeze-out process into these three regimes is of course only an
approximation. In principle, there is a smooth transition between them. However, it is a
very useful approximation in cosmology. See [38,108] for methods capable of resolving
these smooth transitions.

To estimate the freeze-out temperature we need to solve the Boltzmann equation
with different types of collision terms. In [109] we detail a new method for analytically
simplifying the collision integrals and show that the neutrino freeze-out temperature is
controlled by standard model (SM) parameters. The freeze-out temperature depends only
on the magnitude of the Weinberg angle in the form sin2 θW , and a dimensionless relative
interaction strength parameter η,

η ≡ Mpm3
e G2

F, M2
p ≡

1
8πGN

, (71)

a combination of the electron mass me, Newton constant GN (expressed above in terms
of Planck mass Mp), and the Fermi constant GF. The dimensionless interaction strength
parameter η in the present-day vacuum has the value

η0 ≡ Mpm3
e G2

F

∣∣∣
0
= 0.04421. (72)

The magnitude of sin2 θW is not fixed within the SM and could be subject to variation
as a function of time or temperature. In Figure 18 we show the dependence of neutrino
freeze-out temperatures for νe and νµ,τ on SM model parameters sin2 θW and η in detail.
The impact of SM parameter values on neutrino freeze-out and the discussion of the
implications and connections of this work to other areas of physics, namely Big Bang
Nucleosynthesis and dark radiation can be found in detail in [109–112].

After neutrinos freeze-out, the neutrino co-moving entropy is independently con-
served. However, the presence of electron-positron rich plasma until T = 20 keV provides
the reaction γγ → e−e+ → νν̄ to occur even after neutrinos decouple from the cosmic
plasma. This suggests the small amount of e± entropy can still transfer to neutrinos until
temperature T = 20 keV and can modify free streaming distribution and the effective
number of neutrinos.

We expect that incorporating oscillations into the freeze-out calculation would yield a
smaller freeze-out temperature difference between neutrino flavors as oscillation provides
a mechanism in which the heavier flavors remain thermally active despite their direct
production becoming suppressed. In work by Mangano et al. [38], neutrino freeze-out
including flavor oscillations is shown to be a negligible effect.
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Figure 18. Freeze-out temperatures for electron neutrinos (left) and µ, τ neutrinos (right) for the
three types of freeze-out processes adapted from paper [109]. Top panels print temperature curves as
a function of sin2 θW for η = η0, the vertical dashed line is sin2 θW = 0.23; bottom panels are printed
as a function of relative change in interaction strength η/η0 obtained for sin2 θW = 0.23.

4.5. Effective Number of Neutrinos

The population of each flavor of neutrino is not a fixed quantity throughout the evolu-
tion of the Universe. In the earlier hot Universe, the population of neutrinos is controlled
thermally and to maximize entropy, each flavor is equally filled. As the expansion factor
a(t) is radiation dominated for much of this period (see Figure 2), the CMB is ultimately
sensitive to the total energy density within the neutrino sector (which is sometimes referred
to as the dark radiation contribution). This is described by the effective number of neutrinos
Neff

ν which captures the number of relativistic degrees of freedom for neutrinos as well as
any reheating that occurred in the sector after freeze-out. This quantity is related to the
total energy density in the neutrino sector as well as the photon background temperature
of the Universe via

Neff
ν ≡

ρtot
ν

7π2

120

(
4

11

)4/3
T4

γ

, (73)

where ρtot
ν is the total energy density in neutrinos and Tγ is the photon temperature.

Neff
ν is defined such that three neutrino flavors with zero participation of neutrinos

in reheating during e± annihilation results in Neff
ν = 3. The factor of (4/11)1/3 relates the

photon temperature to the (effective) temperature of the free-streaming neutrinos after
e± annihilation, under the assumption of zero neutrino reheating. Strictly speaking, the
number of true degrees of freedom is exactly determined by the number of neutrino families
and available quantum numbers, therefore deviations of Neff

ν > 3 are to be understood as
reheating which goes into the neutrino energy density ρtot

ν .
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Experimentally, Neff has been determined from CMB data by the Planck collabora-
tion [28] in their 2018 analysis yielding Neff

ν,exp = 2.99± 0.17 though this value has evolved
substantially since their 2013 and 2015 analyses [41,42]. Precise study of neutrino decou-
pling (as outlined in Section 4.4) and thus freeze-out can improve the predictions for the
value of Neff

ν . Many studies focus on improving the calculation of decoupling through
various means such as

1. Determining the dependence of freeze-out on the natural constants found in the
Standard Model of particle physics [26,109].

2. The entropy transfer from electron-positron annihilation and finite temperature cor-
rection at neutrino decoupling [39,113,114].

3. Neutrino decoupling with flavor oscillations [38,40]. Nonstandard neutrino interac-
tions have been investigated, including neutrino electromagnetic [101–105,115] and
nonstandard neutrino electron coupling [115].

As Neff
ν is only a measure of the relativistic energy density leading up to photon

decoupling, a natural alternative mechanism for obtaining Neff
ν > 3 is the introduction of

additional, presently not discovered, weakly interacting massless particles [80,116–119].
Alternatively, theories outside conventional freeze-out considerations have been proposed
to explain the tension in Neff including: QGP as the possible source of Neff or connection
between lepton asymmetry L and Neff

ν .
The natural consistency of the reported CMB range of Neff

ν with the range of QGP
hadronization temperatures, motivates the exploration of a connection between Neff

ν and
the decoupling of sterile particles at and below the QGP phase transition [120]. This
demonstrates that that Neff

ν > 3.05 can be associated with the appearance of several light
particles at QGP hadronization in the early Universe that either are weakly interacting
in the entire space or is only allowed to interact within the deconfined domain, in which
case their coupling would be strong. Such particles could leave a clear dark radiation
experimental signature in relativistic heavy-ion experiments that produce the deconfined
QGP phase.

In standard ΛCDM, the asymmetry between leptons and antileptons L ≡ [NL −
NL]/Nγ (normalized with the photon number) is generally assumed to be small (nano-
scale) such that the net normalized lepton number equals the net baryon number L = B
where B = [NB − NB]/Nγ. Barenboim, Kinney, and Park [121,122] note that the lepton
asymmetry of the Universe is one of the most weakly constrained parameters is cosmology
and they propose that models with leptogenesis are able to accommodate a large lepton
number asymmetry surviving up to today.

If lepton number is grossly broken, this could provide a connection between cos-
mic neutrino properties and the baryon-antibaryon asymmetry present in the Universe
today [122]. We quantify in [123] the impact of large lepton asymmetry on Universe expan-
sion and show that there is another ‘natural’ choice L ' 1, making the net lepton number
and net photon number in the Universe similar. Thus because Neff

ν can be understood as
a characterization of the relativistic dark radiation energy content in the early Universe,
independent of its source, there still remains ambiguity in regard to measurements of Neff

ν .

5. Electron-Positron Epoch
5.1. The Last Bastion of Antimatter

The electron-positron epoch of the early Universe was home to Big Bang Nucleosyn-
thesis (BBN), the annihilation of most electrons and positrons reheating both the photon
and neutrino fields, as well as setting the stage for the eventual recombination period
which would generate the cosmic microwave background (CMB). The properties of the
electron-positron e± plasma in the early Universe has not received appropriate attention in
an era of precision BBN studies [124]. The presence of e± pairs before and during BBN has
been acknowledged by Wang, Bertulani and Balantekin [125,126] over a decade ago. This
however was before necessary tools were developed to explore the connection between
electron and neutrino plasmas [25,38,109].
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During the late stages of the e± epoch where BBN occurred, the matter content of
the Universe was still mostly dominated by the light charged leptons by many orders of
magnitude even though the Hubble parameter was still mostly governed by the radiation
behavior of the neutrinos and photons. In Figure 19 we show that the dense e± plasma in
the early Universe under the hypothesis charge neutrality and entropy conservation as a
function of temperature 2 MeV > T > 10 keV [27]. The plasma is electron-positron rich,
i.e., ne± � nB in the early Universe until leptonic annihilation at Tsplit = 20.36 keV. For
T < Tsplit the positron density ne+ quickly vanishes because of annihilation leaving only a
residual electron density as required by charge conservation.

Figure 19. The e± number densities as a function of temperature in the range 2 MeV > T > 10 keV.
The blue solid line is the electron density ne− , the red solid line is the positron density ne+ , and the
brown solid line is the baryon density nB. For comparison, we also show the green dotted line as the
solar electron density within the solar core [127].

The temperatures during this epoch were also cool enough that the electrons and
positrons could be described as partially non-relativistic to fairly good approximation while
also still being as energy dense as the Solar core making it a relatively unique plasma
environment not present elsewhere in cosmology. Considering the energy density between
non-relativistic e± and baryons, we can write the ratio of energy densities as

χ ≡ ρe+ρē
ρp+ρn

= me(ne+nē)
mpnp+mnnn

= me(ne+nē)
nB(mpXp+mnXn)

=
(

ne+nē
nB

) (
me

mpXp+mnXα/2

)
,

(74)

where we consider all neutrons as bound in 4He after BBN. Species ratios Xp = np/nB and
Xα = nα/nB are given by the PDG [96] as

Xp = 0.878, Xα = 0.245 , (75)

with masses

me = 0.511 MeV, mp = 938.272 MeV, mn = 939.565 MeV . (76)
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In Figure 20 we plot the energy density ratio Equation (74) as a function of temperature
10 keV < T < 200 keV. This figure shows that the energy density of electron and positron
is dominant until T = 28.2 keV, i.e., at higher temperatures we have ρe � ρB. Until around
T ≈ 85 keV, the e± number density remained higher than that of the solar core, though
notably at a much higher temperature than the Sun’s core of T� = 1.36 keV [51]. After
T = 28.2 keV, where ρe � ρB, the ratio becomes constant around T = 20 keV because of
positron annihilation and charge neutrality.

Figure 20. The energy density ratio χ (solid blue line) between e± and baryons as a function of
temperature from 10 keV < T < 200 keV. The dashed red line crossing point represents where the
baryon density exceeds that of the electron-positron pairs.

5.2. Cosmic Magnetism

The Universe today filled with magnetic fields [128] at various scales and strengths
both within galaxies and in deep extra-galactic space far and away from matter sources.
Extra-galactic magnetic fields (EGMF) are not well constrained today, but are required by ob-
servation to be non-zero [129,130] with a magnitude between 10−12 T > BEGMF > 10−20 T
over Mpc coherent length scales. The upper bound is constrained from the characteristics
of the CMB while the lower bound is constrained by non-observation of ultra-energetic
photons from blazars [131]. There are generally considered two possible origins [132,133]
for extra-galactic magnetic fields: (a) matter-induced dynamo processes involving Ampe-
rian currents and (b) primordial (or relic) seed magnetic fields whose origins may go as far
back as the Big Bang itself. It is currently unknown which origin accounts for extra-galactic
magnetic fields today or if it some combination of the two models. Even if magnetic fields
in the Universe today are primarily driven via amplification through Amperian matter
currents, such models could still benefit from the presence of primordial fields to act as
catalyst. The purpose of this section is then to consider the magnetization properties of the
e± plasma period due to spin which has not yet been considered.

While matter (and thus electrons) are relatively dilute today, the early Universe plas-
mas contained relatively large quantity of both matter (e−) and antimatter (e+). We explore
here the spin response of the electron-positron plasma to external and self-magnetization
fields thus developing methods for future detailed study.

As magnetic flux is conserved over co-moving surfaces, we see in Figure 21 that the
primordial relic field is expected to dilute as B ∝ 1/a(t)2. This means the contemporary
small bounded values of 5× 10−12 T > Brelic > 10−20 T (coherent over O (1 Mpc) dis-
tances) may have once represented large magnetic fields in the early Universe. Therefore,
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correctly describing the dynamics of this e± plasma is of interest when considering mod-
ern cosmic mysteries such as the origin of extra-galactic magnetic fields [129,131]. While
most approaches tackle magnetized plasmas from the perspective of classical or semi-
classical magneto-hydrodynamics (MHD) [134–137], our perspective is to demonstrate that
fundamental quantum statistical analysis can lead to further insights on the behavior of
magnetized plasmas.

Figure 21. Qualitative value of the primordial magnetic field over the evolutionary lifespan of the
Universe. The upper and lower black lines represent extrapolation of the EGMF bounds into the past.
The major phases of the Universe are indicated with shaded regions. The values of the Schwinger
critical field (purple line) and the upper bound of surface magnetar field strength (blue line) are
included for scale.

As a starting point, we consider the energy eigenvalues of charged fermions within
a homogeneous magnetic field. Here, we have several choices: We could assume the
typical Dirac energy eigenvalues with gyro-magnetic g-factor set to g = 2. But as electrons,
positrons and most plasma species have anomalous magnetic moments (AMM), we require
a more complete model. Particle dynamics of classical particles with AMM are explored
in [138–141]. Another option would be to modify the Dirac equation with a Pauli term [142],
often called the Dirac-Pauli (DP) approach, via

ĤAMM = −a
e

2me

σµνFµν

2
, (77)

where σµν is the spin tensor proportional to the commutator of the gamma matrices and
Fµν is the EM field tensor. For the duration of this section, we will remain in natural units
(h̄ = c = kB = 1) unless explicitly stated otherwise. The AMM is defined via g-factor as

g
2
= 1 + a . (78)
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This approach, while straightforward, would complicate the energies making analytic
understanding and clarity difficult without a clear benefit. Modifying the Dirac equation
with Equation (77) yields the following eigen-energies

Es
n|DP =

√√√√
(√

m2
e + 2eB

(
n +

1
2
− s
)
− eB

2m
(g− 2)s

)2

+ p2
z (79)

This model for the electron-positron plasma of the early Universe has been used in
work such as Strickland et al. [143]. Our work in this section is then in part a companion
piece which compares and contrasts the DP model of fermions to our preferred model for
the AMM via the Klein-Gordon-Pauli (KGP) equation given by

((
i∂µ − eAµ

)2 −m2
e − e

g
2

σµνFµµ

2

)
Ψ = 0 . (80)

We wish to emphasize, that each of the three above models (Dirac, DP, KGP) are
distinct and have differing physical consequences and are not interchangeable which
we explored in the context of hydrogen-like atoms in [144]. Recent work done in [145]
discuss the benefits of KGP over other approaches for g 6= 2 from a quantum field theory
perspective. Exploring the statistical behavior of KGP in a cosmological context can lead to
new insights in magnetization which may be distinguished from pure g = 2 behavior of
the Dirac equation or the ad hoc modification imposed by the Pauli term in DP. One major
improvement of the KGP approach over the more standard DP approach is that the energies
take eigenvalues which are mathematically similar to the Dirac energies. Considering the
e± plasma in a uniform magnetic field B pointing along the z-axis, the energy of e± fermions
can be written as

Es
n =

√
p2

z + m̃2 + 2eBn,
m̃2 = m2

e + eB(1− gs), s = ± 1
2 , n = 0, 1, 2, 3, . . .

(81)

where n is the principle quantum number for the Landau levels and s is the spin quantum
number. Here we introduce a notion of effective mass m̃ which inherits the spin-specific
part of the energy adding them to the mass. This convention is also generalizable to further
non-minimal electromagnetic models with more exotic energy contributions such that we
write a general replacement as

m2
e → m̃2(B) . (82)

This definition also pulls out the ground state Landau energy separating it from the
remainder of the Landau tower of states. One restriction is that the effective mass must
remain positive definite in our analysis thus we require

m̃2(B) = m2
e + eB(1− gs) > 0 . (83)

This condition fails under ultra-strong magnetic fields of order

Bcrit =
m2

e
ea

=
BS
a
≈ 3.8× 1012 T , (84)

where BS is the Schwinger critical field strength. For electrons, this field strength is well
above the window of magnetic field strengths of interest during the late e± epoch.

5.3. Landau Eigen-Energies in Cosmology

There is another natural scale for the magnetic field besides Equation (84) when
considering the consequences of FLRW expansion on the e± gas. As the Universe expands,
different terms in the energies and thus partition function evolve as a function of the scale
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factor a(t) which arises in the FLRW metric. We can consider the expansion to be an
adiabatic process which results in a smooth shifting of the relevant dynamical quantities.
From the conservation of magnetic flux through a co-moving surface, the magnetic field
under expansion starting at some initial time t0 is given by

B(t) = B(t0)
a(t0)

2

a(t)2 . (85)

As the Universe expands, the temperature also cools as the cosmological redshift
reduces the momenta of particles in the Universe lowering their contribution to the energy
content of the Universe. This cosmological redshift is written as

pi(t) = pi(t0)
a(t0)

a(t)
, T(t) = T(t0)

a(t0)

a(t)
. (86)

The momenta scale with the same factor as temperature as it is the origin of cosmologi-
cal redshift. The energy of massive free particles in the Universe scales differently based on
their momentum (and thus temperature). When hot and relativistic, particle energy scales
with inverse scale factors like radiation. However as particles transition to non-relativistic
momenta, their energies scale with the inverse square of the scale factor like magnetic flux.

E(t) = E(t0)
a(t0)

a(t)
NR−→ E(t0)

a(t0)
2

a(t)2 . (87)

This occurs because of the functional dependence of energy on momentum in the
relativistic versus non-relativistic cases. The argument in the Boltzmann statistical factor is
given by

Xs
n ≡

Es
n

T
. (88)

We can explore this relationship for the magnetized system explicitly by writing out
Equation (88) using the KGP eigen-energies as

Xs
n =

√
m2

e
T2 +

p2
z

T2 +
2eB
T2

(
n +

1
2
− gs

2

)
, (89)

where we now introduce the expansion scale factor via Equations (85) and (86). The
Boltzmann factor can then be written as

Xs
n[a(t)] =

√
m2

e
T2(t0)

a(t)2

a(t0)2 +
p2

z(t0)

T2(t0)
+

2eB(t0)

T2(t0)

(
n +

1
2
− gs

2

)
. (90)

This reveals that only the mass contribution is dynamic over cosmological time. For
any given eigen-state, the mass term increases driving the state into the non-relativistic
limit while the momenta and magnetic contributions are frozen by initial conditions.

Following reasoning outlined in [144,145] we will proceed using the KGP eigen-
energies. Motivated by Equation (90), we can introduce a dimensionless cosmic magnetic
scale which is frozen in the homogeneous case as

b0 ≡
eB
T2 =

eBh̄c2

(kBT)2 (S.I) , (91)

where we’ve included the expression explicitly in full SI units. We can estimate the value
of b0 from the bounds of the extra-galactic magnetic field strength and the temperature of
the Universe today. If the origin of deep space extra-galactic magnetic fields are relic fields
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from the early Universe, which today are expected to exist between 5× 10−12 T > Brelic >
10−20 T, then at temperature T = 2.7 K, the value of the cosmic magnetic scale is between

5.5× 10−3 > b0 > 1.1× 10−11 . (92)

This should remain constant in the Universe at-large up to the last epoch the Universe
was sufficiently magnetized to disturb this value. As the electron-proton (e−p) plasma
which generated the CMB was relatively dilute over its duration, it was unlikely sufficiently
magnetized to significantly alter this value over extra-galactic scales. Rather, the first
candidate plasma, going backwards in time, to have been sufficiently magnetized and
dense to have set the relic field magnetic scale would have been the electron-positron plasma
which existed during the duration of Big Bang Nucleosynthesis (BBN) and beforehand.

Higher order non-minimal magnetic contributions which can be introduced via
Equation (82) to the eigen-energies like ≈ µ2

BB2/T2 are even more suppressed over cos-
mological time which drives the system into minimal electromagnetic coupling with the
exception of the anomalous magnetic moment in the KGP eigenenergies. It is interesting
to note that cosmological expansion serves to “smooth out” the characteristics of more
complex BSM electrodynamics erasing them from a statistical perspective in favor of
the minimal or minimal-like dynamics. As b0 is a constant of expansion, assuming the
electron-proton plasma between the CMB and electron-positron annihilation did not greatly
disturbed it, we can calculate the remnant values at the temperature T = 50 keV (which
takes place in the middle of BBN) with the expression

B(T) =
b0

e
T2 , (93)

yielding a range of field strengths

2.3× 105 T > B(T = 50 keV) > 4.6× 10−4 T , (94)

during which the electron-positron plasma in the Universe had a number density compara-
ble to that of the Solar core [127]. We note that while the density of leptons is comparable to
that of the solar core during this period, the temperature is not. The e± plasma during BBN
was far hotter than the solar core’s comparatively cool temperature of T� = 1.37 keV [51].

5.4. Electron-Positron Statistical Physics

We now turn our attention now to the statistical behavior of the e± system. We can
utilize the general fermion partition function given by [146]

lnZ = ∑
α

ln
(

1 + e−β(E−η)
)

, (95)

where β = 1/T, α is the set of all quantum numbers in the system, and η is the generalized
chemical potential. The magnetized e± system should be considered a system of four
quantum species: Particles and antiparticles, and spin aligned and anti-aligned. Taken
together we consider a system where all electrons and positrons are spin aligned or anti-
aligned with the magnetic field B and the partition function of the system is written as

lnZtot =
2eBV
(2π)2

±1

∑
σ

±1/2

∑
s

∞

∑
n=0

∫ ∞

0
dpz

[
ln
(

1 + Υs
σ(x)e−βEs

n
)]

, (96)

Υs
σ(x) = γ(x)λs

σ , λs
σ = e(σηe+sηs)/T , (97)

where ηe is the electron chemical potential and ηs is the spin chemical potential for the
generalized fugacity λs

σ. The parameter γ(x) is a spatial field which controls the distribution
inhomogeneity of the Fermi gas. Inhomogeneities can arise from the influence of other
forces on the gas such as gravitational forces. Deviations of γ 6= 1 represent configurations
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of reduced entropy (maximum entropy yields the normal Fermi distribution itself with
γ = 1) without pulling the system off a thermal temperature.

This situation is similar to that of the quarks during QGP, but instead the deviation is
spatial rather than in time. This is precisely the kind of behavior that may arise in the e±

epoch as the dominant photon thermal bath keeps the Fermi gas in thermal equilibrium
while spatial inhomogeneity could spontaneously develop. For the remainder of this work,
we will retain γ(x) = 1. The energy E±n can be written as

E±n =
√

p2
z + m̃2

± + 2eBn, m̃2
± = m2

e + eB
(

1∓ g
2

)
, (98)

where the ± script refers to spin aligned and anti-aligned eigenvalues. As we are interested
in the temperature domain T = 50 keV, we can consider a semi-relativistic approach
obtained by the Boltzmann approximation. Taking the limit me/T � 1, we obtain the
first order Boltzmann approximation for semi-relativistic electrons and positrons. The
Euler-Maclaurin formula is used to replace the sum over Landau levels with an integration
which lets us split the partition function into three segments

lnZtot = lnZ f ree + lnZB + lnZR , (99)

where we define

lnZ f ree =
T3V
2π2 ∑

i=±

[
2 cosh

(
ηi

e
T

)]
x2

i K2(xi) , xi =
m̃i
T

(100)

lnZB =
eBTV
2π2 ∑

i=±

[
2 cosh

(
ηi

e
T

)][
xi
2

K1(xi) +
b0

12
K0(xi)

]
, (101)

lnZR =
eBTV

π2 ∑
i=±

[
2 cosh

(
ηi

e
T

)]
R. (102)

The parameter R is the error remainder which is defined by integrals over Bernoulli
polynomials. The parameter η±e indicates that the chemical potential may be modified by
the spin chemical potential and is in general non-zero as defined in Equation (97).

While this would require further derivation to demonstrate explicitly, the benefit of
the Euler-Maclaurin approach is if the error contribution remains finite or bound for the
magnetized partition function, then a correspondence between the free Fermi partition
function (with noticeably modified effective mass m̃±) and the magnetized Fermi partition
function can be established. The mismatch between the summation and integral in the
Euler-Maclaurin formula would then encapsulate the immediate magnetic response and
deviation from the free particle phase space.

While we label lnZ f ree in Equation (100) as the “free” partition function, this is not
strictly true as this contribution to the overall partition function is a function of the effec-
tive mass we defined earlier in Equation (82). When determining the magnetization of
the quantum Fermi gas, derivatives of the magnetic field B will not fully vanish on this
first term which will resulting in an intrinsic magnetization which is distinct from the
contribution from the ground state and mismatch between the quantized Landau levels
and the continuum of the free momentum. Specifically, this free Fermi contribution rep-
resents the magnetization that uniquely arises from the spin magnetic energy rather than
orbital contributions.

Assuming the error remainder R is small and can be neglected, we can rewrite
Equations (100) and (101) obtaining

lnZtot =
T3V
2π2 ∑

i=±

[
2 cosh

(
ηi

e
T

)]{
x2

i K2(xi) +
b0

2
xiK1(xi) +

b2
0

12
K0(xi)

}
. (103)
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Equation (103) is a surprisingly compact expression containing only tractable functions
and will be our working model for the remainder of the work. Note that the above does
not take into consideration density inhomogeneities and is restricted to the domain where
the plasma is well described as a Maxwell-Boltzmann distribution. With that said, we have
not taken the non-relativistic expansion of the eigen-energies.

5.5. Charge Neutrality and Chemical Potential

We explore the chemical potential of dense magnetized electron-positron plasma in
the early Universe under the hypothesis of charge neutrality and entropy conservation. To
learn about orders of magnitude we set in the following ηe = η+

e = η−e and focus on the
interval in the post-BBN temperature range 50 keV > T > 20 keV. We return to the full
problem under separate cover. The charge neutrality condition can be written as

(ne − nē) = np =

(
np

nB

)(
nB

sγ,ν,e

)
sγ,ν,e = Xp

(
nB
sγ,ν

)
sγ,ν, Xp ≡

np

nB
, (104)

where np and nB is the number density of protons and baryons respectively.
The radiation entropy component is given by sγ,ν. The entropy density contribution

of e± is negligible compared to the photon and neutrino entropy density at post-BBN
temperatures 50 keV > T > 20 keV because the low densities of ne � nγ,ν relative to the
photon and neutrino gasses. The entropy density can be written as [69]

s =
2π2

45
gsT3

γ, gs = ∑
i=boson

gi

(
Ti
Tγ

)3
+

7
8 ∑

i= f ermion
gi

(
Ti
Tγ

)3
, (105)

where gs is the effective degree of freedom that contribute from boson and fermion species.
The parameters Xp and (nB/s) (see Equation (32)) can be determined by the observation,
yielding Xp = 0.878± 0.015 [96]. The net number density of electrons can be obtained by us-
ing the partition function of electron-positron plasma in the Boltzmann limit Equation (103)
(with g = 2) as follows:

(ne − nē) =
T
V

∂
∂ηe

lnZtot

= T3

2π2 [2 sinh (ηe/T)] ∑
i=±

[
x2

i K2(xi) +
b0
2 xiK1(xi) +

b2
0

12 K0(xi)

]
.

(106)

Substituting Equation (106) into the charge neutrality condition Equation (104) we can
solve the chemical potential of electron ηe/T yielding

sinh (ηe/T) =
2π2

2T3
Xp(nB/sγ,ν)sγ,ν

∑i=±

[
x2

i K2(xi) +
b0
2 xiK1(xi) +

b2
0

12 K0(xi)

] , (107)

−→ 2π2np

2T3
Xp(nB/sγ,ν)sγ,ν

2x2K2(x)
, x = me/T, for b0 = 0 . (108)

We see in Equation (108) that for the case b0 = 0, the chemical potential agrees with
the free particle result in [27].

5.6. Magnetization of the Electron-Positron Plasma

We consider the electron-positron plasma in the mean field approximation where the
external field is representative of the “bulk” internal magnetization of the gas. Each particle
is therefore responding to the averaged magnetic flux generated by its neighbors as well
as any global external field contribution. Considering the magnetized electron-positron

101



Universe 2023, 9, 309

partition function Equation (103) we introduce dimensionless magnetization in S.I units
and the critical field as follows

M
Hc

=
1

Hc

kBT
V

∂ lnZtot

∂B
, Hc =

Bc

µ0
Bc =

m2
e c4

eh̄c2 . (109)

Applying Equation (109) to Equation (103) we arrive at the expression

M± =
eT2

2π2

[
2 cosh

(ηe

T

)]
{c1(x±)K1(xi) + c0K0(x±)} , (110)

c1(x±) =

[
1
2
−
(

1
2
± g

4

)(
1 +

b2
0

12x2
±

)]
x± , c0 =

[
1
6
−
(

1
4
± g

8

)]
b0 . (111)

Substituting the chemical potential Equation (107) into Equation (110) we can solve
the magnetization M numerically. Considering the case g = 2 the magnetization can be
written as the sum of the aligned and anti-aligned polarizations

M = M+ + M− , (112)

where the functions M± are defined as

A. The aligned polarized gas is described by m̃+ = me and x = m̃+/T. The magnetization
of this contribution is therefore

M+ =
eT2

π2

√
1 + sinh2(ηe/T)

(
1
2

x+K1(x+) +
b0

6
K0(x+)

)
(113)

B. The spin anti-aligned gas has effective masses m̃− =
√

m2
e + 2eB, and x− = m̃−/T.

This yields a magnetization contribution of

M− = − eT2

π2

√
1 + sinh2(ηe/T)

[(
1
2
+

b2
0

12x2
−

)
x−K1(x−) +

b0

3
K0(x−)

]
(114)

Using the cosmic magnetic scale parameter b0 and chemical potential ηe/T we solve
the magnetization numerically. In Figure 22, we present the outcome of this estimate. The
solid lines (red for the lower bound of b0 and blue for the higher bound of b0) showing that
the magnetization depends on the magnetic scale b0.

Figure 22. Estimate for the spin magnetization as a function of temperature in the range 103 keV >

T > 10 keV, see text for detail.
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6. Looking in the Cosmic Rear-View Mirror

The present day Universe seems devoid of antimatter but the primordial Universe
was nearly matter-antimatter symmetric. There was only a fractional nano-scale excess
of matter which today makes up the visible matter we see around us. All that remains
of the tremendous initial amounts of matter-antimatter from the Big Bang is now seen as
background thermal entropy. The origin of this nano-matter excess remains to this day
an unresolved puzzle. If matter asymmetry emerged along the path of the Universe’s
evolution, as most think, the previously discussed Sakharov conditions (see Section 1.2)
must be fulfilled.

We explored several major epochs in the Universe evolution where antimatter, in all
its diverse forms, played a large roll. Emphasis was placed on understanding the thermal
and chemical equilibria arising within the context of the Standard Model of particle physics.
We highlighted that primordial quark-gluon plasma (QGP, which existed for ≈25 µs) is
an important antimatter laboratory with its gargantuan antimatter content. Study of the
QGP fireballs created in heavy-ion collisions performed today informs our understanding
of the early Universe and vice versa [37,54,147,148], even though the primordial quark-
gluon plasma under cosmic expansion explores a location in the phase diagram of QCD
inaccessible to relativistic collider experiments considering both net baryon density, see
Figure 5, and longevity of the plasma. We described (see Section 2.2) that the QGP epoch
near to hadronization condition possessed bottom quarks in a non-equilibrium abundance:
This novel QGP-Universe feature may be of interest in consideration of the QGP epoch as
possible source for baryon asymmetry [63].

Bottom non-equilibrium is one among a few interesting results presented bridging the
temperature gap between QGP hadronization at temperature T ' 150 MeV and neutrino
freeze-out. Specifically we shown perseistnce of:

• Strangeness abundance, present beyond the loss of the antibaryons at T = 38.2 MeV.
• Pions, which are equilibrated via photon production long after the other hadrons

disappear; these lightest hadrons are also dominating the Universe baryon abundance
down to T = 5.6 MeV.

• Muons, disappearing at around T = 4.2 MeV, the condition when their decay rate
outpaces their production rate.

At yet lower temperatures neutrinos make up the largest energy fraction in the Uni-
verse driving the radiation dominated cosmic expansion. Partway through this neutrino
dominated Universe, in temperature range T ∈ 3.5− 1 MeV (range spanning differing
flavor freeze-out, chemical equilibria, and even variation in standard natural constants;
see Figure 18), the neutrinos freeze-out and decouple from the rest of the thermally active
matter in the Universe. We consider neutrino decoupling condition as a function of ele-
mentary constants: If these constants were not all “constant” or significantly temperature
dependent, a noticeable entropy flow of annihilating e± plasma into neutrinos could be
present, generating additional so-called neutrino degrees of freedom.

We presented a detailed study of the evolving disappearance of the lightest antimatter,
the positrons; we quantify the magnitude of the large positron abundance during and
after Big Bang Nucleosynthesis (BBN), see Figure 19. In fact the energy density of electron-
positron plasma exceeds greatly that of baryonic matter during and following the BBN
period with the last positrons vanishing from the Universe near temperature T = 20 keV,
see Figure 20.

Looking forward, we note that some of the topics we explored deserve a more intense
followup work:

• The study of matter baryogenesis in the context of bottom quarks chemical non-
equilibrium persistence near to QGP hadronization;

• The impact of relatively dense e± plasma on BBN processes;
• Exploration of spatial inhomogeneities in dense e± plasma and eventual large scale

structure formation and related spontaneous self magnetization process.
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• Appearance of a significant positron abundance at T > 25 keV creates interest in
understanding astrophysical object with core temperatures at, and beyond, this super-
hot value; the high positron content enables in case of instability a rapid gamma ray
formation akin to GRB events.

GRBs are current knowledge frontier: a tremendous amount of matter [6] must be
converted into gammas in a short time-span of a few seconds. Ruffini and collabora-
tors [4,7–9,11,149] suggests that strong field production of large amounts of antimatter
which can be subsequently annihilated offers the most direct solution. This avoids the
problem of excessive photon pressure needing to be balanced in super-hot objects where
positron antimatter is already pre-existent. However, GRB events which lack classic after-
signature supernova [150,151] could originate from novel super-hot stellar objects with
primordial Universe properties which naturally possess, rather than create, larger amounts
of positrons capable of rapid catalysis of gamma-rays upon gravitational collapse.

In conclusion: We hope that this work provides to all interested parties a first glimpse
at the very interesting epoch of Universe evolution involving in sequence numerous plasma
phases made of all particles known today. In this work we provided a background and
connection for more specific periods found in the comprehensive literature of observational
cosmology [152–156], the recombination period [28,157], BBN [124,158,159], and baryon
asymmetry [96,160,161] or the origin of dark matter [30,162,163]. The Universe above
temperatures T > 130 GeV and the inflation era [164,165] was outside the purview of
this work.
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Abstract: In this contribution to the Festschrift for Prof. Remo Ruffini, we investigate a formulation of
quantum gravity using the Hořava–Lifshitz theory of gravity, which is General Relativity augmented
by counter-terms to render the theory regularized. We are then led to the Wheeler–DeWitt (WDW)
equation combined with the classical concepts of the branch-cut gravitation, which contemplates as
a new scenario for the origin of the Universe, a smooth transition region between the contraction
and expansion phases. Through the introduction of an energy-dependent effective potential, which
describes the space-time curvature associated with the embedding geometry and its coupling with
the cosmological constant and matter fields, solutions of the WDW equation for the wave function
of the Universe are obtained. The Lagrangian density is quantized through the standard procedure
of raising the Hamiltonian, the helix-like complex scale factor of branched gravitation as well as
the corresponding conjugate momentum to the category of quantum operators. Ambiguities in the
ordering of the quantum operators are overcome with the introduction of a set of ordering factors
α, whose values are restricted, to make contact with similar approaches, to the integers α = [0, 1, 2],
allowing this way a broader class of solutions for the wave function of the Universe. In addition
to a branched universe filled with underlying background vacuum energy, primordial matter and
radiation, in order to connect with standard model calculations, we additionally supplement this
formulation with baryon matter, dark matter and quintessence contributions. Finally, the boundary
conditions for the wave function of the Universe are imposed by assuming the Bekenstein criterion.
Our results indicate the consistency of a topological quantum leap, or alternatively a quantum
tunneling, for the transition region of the early Universe in contrast to the classic branched cosmology
view of a smooth transition.

Keywords: branch-cut cosmology; Wheeler–DeWitt equation; quantum gravity

1. Introduction

Motivated by the success of quantum mechanics (QM) and pseudo-complex general
relativity (pc-GR) in incorporating the mathematics principles of existential closure and
completeness [1] by extending their domains of realization, QM to the complex variables
sector [2], and pc-GR to the pseudo-complex domain [3–5], branch-cut gravitation theory
(BCGT), in its classical version, represents an analytically continued extension of general
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relativity [6] to the complex plane [7–13]. The descriptive augmented domain of quan-
tum mechanics by incorporating complex variables has broadened our perception of the
infinitesimally small scales, with direct physical manifestations [14,15]. In turn, these
notions led pc-GR, embedded in a pseudo-complex domain, to a suppression mechanism
of the primordial gravitational singularity and to the prediction of existence of dark energy
outside and inside cosmic mass distributions [3–5].

BCGT describes a hypothetical set of independent multiple universes existing in
parallel, based on the multiverse1 conception by Hawking and Hertog [16], each emerging
from its own singularity. Imposing that the multiverses compose a single universe, in the
Riemann limit, the multiple singularities merge, generating topological and complex
smooth structures of foliation leafs, continuously connected, described by Riemann surfaces.
The corresponding solutions of the analitically continued Einstein equations, represented
by the helix-shaped branch-cut function ln−1[β(t)], give rise to an alternative formulation
of the Friedmann equations, as a function of complex time t, given by2

(
d
dt ln−1[β(t)]

ln−1[β(t)]

)2

=
8πG

3
ρ(t)− kc2

ln−1[β(t)]
, (1)

and (
d2

dt2 ln−1[β(t)]

ln−1[β(t)]

)
= −4πG

3

(
ρ(t) +

3
c2 p(t)

)
. (2)

Equations (1) and (2), and their corresponding complex conjugate versions, describe a
smooth universe with a fine-tune transition region from contraction to expansion — purely
geometric in nature, that replaces the cosmological singularity (Figure 1). Similar proce-
dures allow to obtain analytically continued expressions for the energy-stress conservation
law, Hubble rate, deceleration parameter, Ricci scalar and the Ricci curvature, as well as the
corresponding complex conjugated expressions.

Figure 1. On the two left figures, characteristic plots of the Riemann surface associated with the
imaginary and the real parts of the function ln[β(t)], the scaling in time of the branch-cut universe
(the reciprocal of ln−1[β(t)]). The plot of the imaginary part shows connected glued domains: the
various branches of the function are glued along the copies of each upper half plane with their copies
on the corresponding lower half plane in a suitable way to make ln[β(t)] continuous. Each time the
variable β moves around the origin, ln[β(t)] moves to a different branch, with its values, on each
foliaition leaf, differing from its principal value by a multiple of 2πi. A similar analysis apply to
ln−1[β(t)]. On the two right figures, characteristic plots of ln−1[β(t)].

In branching gravitation, the primordial singularity is replaced by a family of Riemann
foliation leafs in which the branch-cut cosmic scale factor3 ln−1[β(t)] shrinks to a finite
critical size, shaped by the range-, foliation leafs regularization- and domain extension-
β(t)-function, with its range domain above the Planck length according to the Bekenstein
criterion4 [11]. In the contraction phase, as the patch size decreases with a linear dependence
on ln[β(t)], light travels through geodesics on each Riemann foliation leaf, circumventing
continuously the branch-cut, and although the horizon size scale with lnε[β(t)]/ ln[β(t)],
where ε denotes the dimensionless thermodynamics connection, the length of the path to
be traveled by light compensates for the scaling difference between the patch and horizon
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sizes. Under these conditions, causality between the horizon size and the patch size may be
achieved through the accumulation of branches in the transition region between the present
state of the universe and the past events [11]. In addition to causality, the flatness and the
horizon dilemmas of cosmology stand out. The flatness problem concerns the value of the
ratio between the total density of the universe and the critical density resulting in a very
small Planck value of the time-dependent and dimensionless cosmic spatial factor [17–19],
Ωc, which scales as ln2ε[β(t)]/ ln2[β(t)]. The horizon problem in turn arises exactly because
the patch corresponding to the observable universe was never causally connected in the
past [17–19]. The restoration of causality in BCGT brings an additional perspective with a
view to the future elucidation of these ’cosmological puzzles’ [12].

In short, in the BCGT formalism of spacetime, a 3 + 1 dimensional Riemannian
manifoldM with metric g, is foliated into a one parameter family of space-like slices (leafs)
or continuous trajetories (see Figure 1), with the spatial slices assumed to be closed. As a
corolary, the branched gravitation approach only expands the domain of realization of
the governing principles of general relativity, as well as the operations that underlie its
theoretical foundations.

Recently, we have proposed a topological canonical quantum approach [13] for the
classical branch-cut cosmology on basis of the renormalizable Hořava–Lifshitz theory of
gravity (HLGT) [20] and the Wheeler–DeWitt Equation (WdW) [21]. HLGT is General
Relativity augmented by counter-terms to render the theory regularized5. General Relativity
is not renormalizable and therefore not applicable for very small distances, such as those
associated with the beginning of the universe, central point of study at the BCGT. On the
other hand, HLGT, due to its anisotropic space-time scaling, is not Lorentz invariant in the
high energy UV regime. However, for small distances, the incorporation of higher order
derived terms in the spatial components of the curvature to the usual Einstein–Hilbert
action, gives rise to a theory free of ghosts and, therefore, HLGT is more appropriate to
describe quantum effects of the gravitational field, as for instance vacuum decay processes
in the early stages of the universe [24]. The parameters of the theory are the critical exponent
z and the foliation parameter λ, associated with a restricted foliation compatible with the
Lifshitz scaling. In the low energy limit z→ 1 the Lorentz invariance is recovered. In the
infrared limit, to recover the full diffeomorphisms symmetry and the usual foliation of the
ADM formalism, the z→ 1 limit must be accompanied by the limit λ→ 1 [24].

The WdW equation solutions, represented by a geometric functional of compact
manifolds and matter fields, describe the evolution of the quantum wave function of the
Universe [25,26]. A puzzling aspect of the WdW equation however is the absence of the
time variable. According to [22], the main problem with this issue in quantum gravity
is perhaps its closeness to a classical space–time picture. For Rovelli [27] the absence of
time is a feature of the classical Hamilton–Jacobi formulation of general relativity, and the
wave function is only a function of the “3-geometry”, namely the equivalence class of
metrics under a diffeomorphism, and not of the specific coordinate dependent form of
the metric tensor. According to the second law of thermodynamics, forward in time
represents the direction in which entropy increases and in which we obtain information, so
the flow of time would represent a subjective feature of the universe, not an objective part
of physical reality [27]. In this realm, in which the observable universe does not exhibit
time-reversal symmetry, events, rather than particles or fields, are the basic constituents of
the universe, implying that the evolution of physical quantities is related to the description
of the relationship between events [27–30]. For instance, given the wave function of the
universe as a functional constrained to a region configuration of a super-space that contains
a three-surface and matter fields, represented by Φ, where the metric is described by hij
the corresponding WdW wave function Ψ(hij, Φ) may be interpreted as describing the
evolution of Ψ(Φ) in the physical variable Φ.

In this contribution we go beyond the previous formulation. The momentum operators
are deduced and the quantum version of the Hamiltonian is obtained by addressing the
well-known ambiguity on the ordering of operators in the Wheeler–DeWitt Hamiltonian6.
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Although there exists infinite possibilities, a parameter α which defines the ordering of the
operators was restricted, for comparison purposes, to a special class of values, following
the options of some authors. More precisely, α = 1 [32], and α = 0, 2 [33].

Determining the composition of matter and energy in the Universe represents one
of the most important challenges in cosmology. The most recent developments suggest
that the Universe’s content, other than dark matter, is unaccounted for or missing. In
this contribution, in addition to a branched universe filled with underlying background
vacuum energy, primordial matter and radiation, in order to make contact with standard
model calculations, we supplement this formulation with baryon matter, dark matter
and quintessence contributions. Quintessence—a time-varying, spatially inhomogeneous,
and negative pressure component of the cosmic fluid—is a dynamic ingredient: its energy
density and pressure vary with time and is spatially inhomogeneous [34,35]. The main
motivation to consider the presence of quintessence is to address, in the future, the so-
called “coincidence problem”, related to the initial conditions necessary to produce the
quasi-coincidence of the densities of matter and quintessence in the present stage of the
universe [34,35]. Furthermore, in the approaches commonly presented in the literature,
the material composition of the primordial universe refers to the plasma of quarks and
gluons and leptons, and with regard to dark matter, a frequent approach is that of a
geometric effect through a cosmological constant. In this work, aiming at the future study
of the matter–antimatter asymmetry of the universe and baryogenesis, as well as the dark
matter described by a kind of cosmic fluid, with an equation of state of the form P = ωρ,
we consider the contribution of the additional terms. The theory coupling parameters,
gi(i = 0, 1, ..., 9), are in turn dimensionless running couplings constants.

Finally, the boundary conditions for the wave function of the Universe are imposed
by assuming the Bekenstein criterion, which indicates the existence of an universal upper
bound of magnitude 2πR/h̄c to the entropy-to-energy ratio S/E of an arbitrary system of
effective radius R.

We proceed as follows:

• The line element squared within the branched cosmology is defined and can be
retrieved in Refs. [9,13].

• The action is defined, using the Horav̌a–Lifshitz theory of gravity, which is the General
Relativity augmented by counter-terms to render the theory regularized. For more
information, please consult Ref. [24]. The basic ingredients are now expressed in terms
of ln[β(t)], which substitutes the standard scale factor a(t). In Section 2.1, the classical
impulse variable is defined and the classical Hamiltonian constructed.

• A quantization procedure is applied, elevating the momentum operator and Hamilto-
nian to operators. As a result we obtain the Wheeler–DeWitt equation.

• Following this path, a parameter α appears which defines the ordering of the operators,
as applied in the past to the Wheeler–DeWitt equation. This leaves us with three
possible equations.

• These equations are solved using the Range–Kutta numerical analysis iterative method.
Unlike the approaches usually found in the literature, in our calculations we do not use
approximations. We then obtain new analytic solutions, depending on the boundary
conditions based on the Bekenstein’s theorem, which provides an upper limit for the
entropy. For more information, please consult [10–13,36].

2. Extended Class of the Branched Quantum Cosmological Solutions

In what follows we investigate a branched quantum formulation of the WDW equation,
whose the only dynamical variable, the helix-like scale factor analytically continued to the
complex plane, as well as its corresponding conjugate momentum, are raised to the rank of
quantum operators.

The equation developed by Wheeler and DeWitt, in 1967, represents a fundamental
approach for describing quantum gravity [21]. As stressed before, this model, based on the
Arnowitt-Deser-Misner decomposition of canonical general relativity in 3 + 1 dimensions,
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is additionally complemented by a boundary term proposed by the authors of Refs. [37–40].
Dirac’s canonical quantization procedure applied to the Einstein–Hilbert action results
in a second-order functional differential equation defined in a configuration superspace,
whose solutions depend in general on a three-dimensional induced metric and matter
fields [21,25,26,40].

2.1. Branch-Cut Formulation of the Weeler-DeWitt Equation

The complex scale factor ln−1[β(t)] represents, in branched cosmology, as stressed
before, the only dynamical variable7. The branched manifoldM is in turn layered on hy-
persurfaces, Σt, which are restricted to Riemann foliation leafs, characterized by a complex
time parameter, t, with the normalized branching line element analytically continued in
4 dimensions defined as [8,9]

ds2
[ac] = −σ2N2(t)c2dt2 + σ2(ln−1[β(t)]

)2
[

dr2
(
1− kr2(t)

) + r2(t)
(

dθ2 + sin2θdφ2
)]

. (3)

In expression (3), the variables r and t represent, respectively, real and complex spacetime
parameters and k the spatial curvature of the multiverse, more specifically, negatively
curved (k = −1), flat (k = 0) or positively curved (k = 1) spatial hypersurfaces. N(t) in turn
represents the lapse8 function with σ2 = 2/3π denoting a normalisation factor.

In what follows, we consider as a starting point the renormalizable Hořava–Lifshitz
theory of gravity whose action, given by SHL, employs terms dependent on the scalar
curvature of the Universe and its derivatives, in different orders, defined in the form [20,41]:

SHL =
MP
2

∫
d3xdtN

√
−g

{
KijKij − λK2 − g0M2

p − g1R− g2M−2
P R2 − g3M−2RijRij

− g4M−4
P R3 − g5M−4R(Ri

jR
j
i)− g6M−4Ri

jR
j
kRk

i − g7M−4
P R∇2R

− g8M−4
P ∇iRjk∇iRjk

}
; (4)

in this expression as previously informed gi denotes the running coupling constants as-
sociated to the curvature-dependent terms and its derivatives, MP represents the Planck
mass, and ∇i are the covariant derivatives. The branching Ricci components of the three
dimensional metrics in Equation (4) are determined by imposing a maximum symmetric
surface foliation [13]. We then obtain

Rij =
2

σ2 ln−2[β(t)]
gij , and R =

6
σ2 ln−2[β(t)]

, (5)

where R represents the branching scalar curvature. The trace of the extrinsic curvature
tensor, Kij, which measures geometry modifications as well as the deformation rates of the
normal to a hypersurface as it is transported from one point to another, corresponds to
a sub-manifold, which depends on the particular embedding and takes the form (for the
details see [13])

K = Kijgij = −
3

2σN

(
d
dt ln−1[β(t)]

)

ln−1[β(t)]
. (6)

Through the use of standard canonical procedures of quantum field theory, a Lagrangian
density and the Hamiltonian of the model can be obtained (see [13,20,24,33,41–44]).
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3. Spacetime Topological Canonical Quantization

The Lagrangian density of the model is quantized, trough a spacetime topological
canonical quantisation9, by raising the Hamiltonian, the helix-like complex scale factor
of the branched gravitation as well as the corresponding conjugate momentum to the
category of quantum operators. The resulting formulation describes the evolution of the
wave function of the Universe—associated with hyper-surfaces Σln analytically continued
to the complex plane—in the cosmic scale factor ln−1[β(t)].

Changing variable in the form u(t) ≡ ln−1[β(t)], with du ≡ d ln−1[β(t)], the conjugate
momentum pu of the original branching gravitation dynamical variable ln−1[β(t)] becomes

pu = −u(t)
N

du(t)
dt

. (7)

As a result of applying these standard procedures, the following branching Hamiltonian
results (for the details see [13,20,24,33,41–44])

H =
1
2

N
u(t)

[
−p2

u + gku2(t)− gΛu4(t)− gr −
gs

u2(t)

]
, (8)

with the dimensionless running coupling constants redefined as [41,42]

gk ≡
2

3λ− 1
; gΛ ≡ ΛM−2

PI

18π2
(
3λ− 1

)2 ; gr = 24π2(3g2 + g3
)
;

gs ≡ 288π4(3λ− 1
)
(9g4 + 3g5 + g6). (9)

In these expression, gk, gΛ, gr, and gs represent, respectively, the curvature, cosmological
constant, radiation, and stiff matter coupling constant contributions. The gr, and gs coupling
constants can be positive or negative, without affecting the stability of the solutions. Stiff
matter contribution in turn is determined by the ρ = p condition in the corresponding
equation of state.

The quantisation of the Lagrangian density is achieved by raising the Hamiltonian,
the new dynamical variable u(t) and the corresponding conjugate momentum pu to the
category of operators, represented, respectively, as Ĥ(t), û(t), and p̂u:

H(t)→ Ĥ(t); u(t)→ û(t); and pu → p̂u = −ih̄
∂

∂u(t)
. (10)

In what follows, for simplicity, the hat symbol is not used in the operators û and p̂u most of
the time, as well as in most part of equations the time-dependence on the new variable u(t).

Ambiguities in the ordering of the quantum operators are overcome with the intro-
duction of a set of ordering factors, given by α = [0, 1, 2], following options found in the
literature [32,33], as previously mentioned, with p2 defined as

p2 ≡ − 1
uα(t)

∂

∂u(t)

(
uα(t)

∂

∂u(t)

)
. (11)

The approach based on the insertion of a set of ordering factors, makes it possible to obtain
a broader class of solutions for the Universe wave function.

Combining (8) and (11), we get the subsequent expression for the Wheeler–DeWitt
equation for the wave function of the Universe, Ψ(t):

H(t)Ψ(u) =

(
− 1

uα

d
du

(
uα d

du

)
+ V(u)

)
Ψ(u) = 0 (12)
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with the effective potential10

V(u) = −ηr + ηmu + ηku2 + ηqu3 − ηΛu4 − ηs

u2 , (13)

which we supplemented with two additional terms, ηmu, that describes the contribution
of baryon matter combined with dark matter, and ηqu3, a quintessence-term. From this
expression, for α = 0, we obtain the following equation under the action of a real potential11

represented by V(u): (
− d2

du2 + V(u)

)
Ψ(u) = 0 . (14)

With the choice α = 1 in expression (12), we get the equation

(
−
{

1
u

d
du

+
d2

du2

}
+ V(u)

)
Ψ(u) = 0 . (15)

Finally, the choice α = 2 in expression (12), results in the following equation

(
−
{

2
u

d
du

+
d2

du2

}
+ V(u)

)
Ψ(u) = 0 . (16)

With a view to comparing results based on the standard formulation, in what follows,
we set up the dimensionless coupling parameters of the effective potential with values
found in the literature, complementing the coupling constants of baryon and dark matter
and quintessence with a parametrization based on the total density parameter, Ω0, which
describes the ratio between the total average density of matter and energy in the early
Universe, ρT and the critical density, ρcrit. The most accepted value of the density parameter
nowadays is:

Ω0 ≡
ρT

ρcrit
= ΩB + ΩDM + ΩΛ ∼ 0.04 + 0.23 + 0.73 ∼ 1, (17)

where ΩB, ΩDM, and ΩΛ represent the baryon matter, dark matter and dark energy density
parameters, respectively. At this stage of our investigation, we do not intend to obtain
numerical data that may support future cosmological observations, but rather to seek first
to establish a formal consistency in the treatment of the quantum branch-cut gravitation,
with the aim of establishing observational predictions based on a consistent theoretical
formulation in the future. There are numerous formulations in the literature, based on
standard cosmology, that consistently deal with this problem, using improved technical
models. Just to name a few of these, we indicate [13,20,24,27,33,41–44], among many others.

Figures 2–5 show the behavior of the effective potential for sets of values of the running
coupling constants. The behavior of the effective potential shows a domain of the stiff
matter term, contributing for the presence of singularities, both in the expansion and
contraction regions. These results show that the increase of the running coupling constants
of the stiff matter produces an enlargement of the singularity domain region. Evidently,
a more rigorous analysis of the role and consistency of these parameterizations is necessary.
For example, the adoption of coupling constants based on energy density parameter [33],
or, in the absence of the stiff matter, to examine the relative contributions of the other
contributions. In any case, a lesson learned from this work is the need to seek formal
alternatives for the inclusion of such contributions so as not to reinforce, —although such a
conclusion is far from categorical—, in an artificial and inconsistent way the dominance of
certain alternatives over others.
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Figure 2. Plot of the real part of the potential defined in Equation (13). In the top figure the coupling
constants values are: ηr = 0.6, ηm = 0.2855, ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = −0.03. In the
bottom figure the coupling constants values are: ηr = 0.6, ηm = 0.2855, ηk = 1, ηq = 0.7, ηΛ = 1/3,
and ηs = +0.03. Values of parameters taken from [43,46,47].

Figure 3. Similar plot of the previous figure. Coupling constants values in the top figure: ηr = 0.024,
ηm = 0.2855, ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = −0.468. Coupling constants values in the bottom
figure: ηr = 0.024, ηm = 0.2855, ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = +0.468. Values of parameters
taken from [43,46,47].

Figure 4. Similar plot of the previous figure. Coupling constants values in the top figure: ηr = 0.0,
ηm = 0.2855, ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = −234.0. Coupling constants values in the bottom
figure: ηr = 0.0, ηm = 0.2855, ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = +234.0. Values of parameters
taken from [43,46,47].
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Figure 5. Similar plot of the previous figure. Coupling constants values in the top figure: ηr = −1.22,
ηm = 0.2855, ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = 0.15. Coupling constants values in the bottom
figure: ηr = −0.5, ηm = 0.2855, ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = 0.05. Values of parameters
taken from [43,46,47].

3.1. Complex Conjugation of the Friedmann’s-Type Wave Equations

In the branching gravitation, the Friedmann’s-type equations, analytically continued
to the complex plane, and expressed in terms of the new variables u(t), are [7–9]:

(
d
dt u(t)
u(t)

)2

=
8πG

3
ρ(t)− kc2

u(t)
+

1
3

Λ , (18)

and (
d2

dt2 u(t)
u(t)

)
= −4πG

3

(
ρ(t) +

3
c2 p(t)

)
+

1
3

Λ , (19)

where Λ represents the cosmological constant (see Section 1). The corresponding complex
conjugated Friedmann’s-type equations are:

(
d
dt u∗(t∗)
u∗(t∗)

)2

=
8πG

3
ρ∗(t∗)− kc2

u∗(t∗)
+

1
3

Λ∗ , (20)

and (
d2

dt2 u∗(t∗)
u∗(t∗)

)
= −4πG

3

(
ρ∗(t∗) +

3
c2 p∗(t∗)

)
+

1
3

Λ∗ . (21)

Equations (18)–(21) underlie the scenarios of branched gravitation in the imaginary sector,
as discussed before (see Figure 6): in the first scenario, in the region before the primordial
singularity, there is a continuous evolution of the Universe around a branch-cut in the tran-
sition region as a function of an imaginary time parameter, conjugated to the corresponding
time parameter of the later evolutionary region and no primordial singularity occurs; in
the second scenario, the branch-cut and the branch point disappear after realization of
the imaginary time by means of a Wick rotation, then this parameter is replaced by the
real and continuous thermal time, the temperature. As a result, a parallel evolutionary
mirror universe, adjacent to our own, is nested in the fabric of space and time, with its
evolutionary process receding into the cosmological sector of negative thermal time. In
the following, we adopt, as a consistent formal procedure, conjugated complex versions of
expressions (14)–(16). Furthermore, as a consequence of this procedure, solutions of the
wave function of the Universe that describe the quantum evolution (in the cosmic scale
parameter ln−1[β(t)]) of the scenarios described above can be obtained.
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Figure 6. Artistic representations of the cosmic contraction and expansion phases of the branch-cut
universe evolution scenarios. On the left figure, the branch-cut universe evolves from negative to
positive values of the imaginary cosmological time ti, circumventing continuously the branch-cut
and no primordial singularity occurs, only branch points. On the right figure the branch-cut and
branch point disappear after the realisation of imaginary time by means of a Wick rotation, which is
replaced here by the real and continuous thermal time (temperature), T. In this scenario, a mirrored
parallel evolutionary universe, adjacent to ours, is nested in the structure of space and time, with
its evolutionary process going backwards in the cosmological thermal time negative sector. Figures
based on artistic impressions [48].

3.2. Solutions and Boundary Conditions

The boundary conditions adopted in this work follows the conventional canons of
convergence, as well as stability and continuity of the solutions of the differential equations.
Moreover, as a new topic in this contribution, we analyze the boundary conditions of the
wave function of the Universe in the light of the Bekenstein criterion [36].

The impossibility of packing the energy and entropy of the primordial Universe into
finite dimensions considering spatially connected regions within the particle horizon of a
given observer, locus of the most distant points that can be observed at a specific time t0 in
an event, made Bekenstein [36] conjecture an upper bound, given by 2πR

h̄c , for the entropy S
and energy E of a system contained in a spherical region of radius R:

2πR
h̄c
≥ S/E so S ≤ SB =

2π

h̄c
ER, (22)

in which SB denotes the upper limit of Bekenstein entropy.
Considering in a simplified way the proper distance d(t) of a pair of objects, in an

arbitrary time t and its relationship with the proper distance d(t0) in a reference time
t0, d(t) = u(t)d(t0), this implies that for t = t0, u(t0) = 1. We consider the boundary
condition |u(t0) = 1|, assuming the time t0 as the locus of the most distant points that can be
observed, in tune with the Bekenstein criterion. With this assumption, due to the structural
characteristics of the proposed effective potential and the extended class of solutions for
the wave equations, the wave function of the Universe obeys the following boundary
conditions in the expansion sector of the primordial Universe: Ψ(1) = 1, Ψ′(1) = 0 and
Ψ(1) = 0, Ψ′(1) = 1. Similarly, in the contraction sector of the primordial Universe, we
have the boundary conditions: Ψ(−1) = −1, Ψ′(−1) = 0 and Ψ(−1) = 0, Ψ′(−1) = −1,
in opposition to the “no boundary” condition [25].

In Figure 7, we plot a sampling solutions family of Equation (14) corresponding to the
expansion region of the universe, using a set of values from [43,46,47]. The solutions are in
agreement with the corresponding results presented in the literature, although we have not
resorted, unlike other authors, to approximations to solve the corresponding differential
equations. Approaches adopted by other authors, based on approximations, mainly in
the primordial singularity region, limit their numerical analysis, although they have not
significantly influenced the global and oscillatory behavior of the solutions.

In Figures 8–13 we show the solutions of Equations (14)–(16). As shown in the
figures, for the region domains between u = −1 and u = 1 the differential equations
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have no solutions. In our interpretation, this domain corresponds to the region in which a
topological quantum leap occurs in accordance with the Bekenstein criterion [11,13].

The main characteristics of these solutions are the oscillatory behavior, whose ampli-
tudes are decreasing as the universe expands, implying an Universe described by oscillating
quantum states tending toward a stable ordering at some future time. In the opposite direc-
tion, the systematic increase of the oscillatory amplitudes of the wave function as a function
of the scale factor ln−1[β(t)] suggests the accumulation of branches, as indicated by the
BCGT for restoration of causality. The effect of accumulating branches actually occurs in
both the expansion and contraction regions near the transition region.

Figure 7. Sampling solution family of Equation (14) with the values of the coupling constants:
ηr = 0.6, ηm = 0.2855; ηk = 1; ηq = 0.7; ηΛ = 1/3; ηs = −0.03. Values of parameters taken
from [43,46,47].

Figure 8. Solutions of Equation (14). The values of the coupling constants are: ηr = 0.6, ηm = 0.2855,
ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = −0.03. Values of parameters taken from [43,46,47].

Figure 9. Solutions of Equation (14). The values of the coupling constants are: ηr = −1.22,
ηm = 0.2855, ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = 0.15. Values of parameters taken from [43,46,47].
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Figure 10. Solutions of Equation (15). The values of the coupling constants are: ηr = 0.6, ηm = 0.2855,
ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = −0.03. Values of parameters taken from [43,46,47].

Figure 11. Solutions of Equation (15). The values of the coupling constants are: ηr = 0.6, ηm = 0.2855,
ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = −0.03. Values of parameters taken from [43,46,47].

Figure 12. Solutions of Equation (16). The values of the coupling constants are: ηr = 0.6, ηm = 0.2855,
ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = −0.03. Values of parameters taken from [43,46,47].

Figure 13. Solutions of Equation (16). The values of the coupling constants are: ηr = 0.6, ηm = 0.2855,
ηk = 1, ηq = 0.7, ηΛ = 1/3, and ηs = −0.03. Values of parameters taken from [43,46,47].
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4. Conclusions

We summarize our most relevant results. We adopt as an underlying proposition a
compact universe, filled with homogeneous matter, which exists forever in a quantum state,
either static or oscillating, without imposing in an ad hoc way a restriction limit for the
cosmological scale factor and for the wave function of the Universe, as its disappearance at
any limit of the scale factor (see Ref. [49]). Although its disappearance occurs naturally in
the transition region of the branched model, as a natural consequence of the imposition of
the Bekenstein criterion, in the expansion and contraction phases, the oscillatory behavior
of the wave function of the Universe is characterized by an increase in its amplitudes in
the anterior region of the transition phase, indicating consistency with the proposition
of accumulating branches to reestablish causality. In the expansion region, going back
in time, the same effect occurs. These results indicate that in the limit u(t) → ∞ (or
ln−1[β(t)]→ ∞), Ψ(u)→ 0, implying a Universe described by oscillating quantum states
tending towards a stable configuration at some future time. The opposite behavior is
verified in the mirror sector of the model. In the mirror sector, the Universe evolves from a
stable to an unstable quantum state, and in the visible sector, from an unstable to a stable
quantum state. This behavior is contrary to the entropy behavior of the system, which
decreases in the evolutionary process of the mirror universe and increases in the visible
sector. Making these phenomena compatible seems a challenging task.

Our interpretation of the disappearance of the wave function of the Universe, in turn,
in the region between u = −1 and u = 1, where a topological quantum leap or tunneling
occurs according to Bekenstein’s criterion, although with a certain harmony with the
Vilenkin’s quantum tunneling proposal [50], differs from most known proposals for the
corresponding boundary conditions12. This is because these proposals, although based on
different conceptions and assumptions, have in common the prediction of an inflationary
stage of evolution in order to reconcile the causality problem of the primordial Universe.
In turn, causality involving the horizon size and the patch size, as stressed before, may
be accomplished in branch-cut cosmology through the accumulation of branches in the
transition region between the present state of the Universe and the past events [10].

The hypothesis of the isotropy of the branch-cut Universe, one of the pillars of cos-
mology, and its mirror partner may be questioned based on deviations observed in recent
decades by means of cosmological probes [52]. Anisotropy of the Universe, in our concep-
tion, has two branches to be approached. One branch refers to the evolutionary anisotropy
of the mirror universe to our own. Furthermore, another, to the anisotropic directional
evolution in both universes. This is a topic that deserves systematic study in the future.
Although it is still early for a more effective direction in this study, some aspects deserve
attention, such as, for example, the consequences of adopting a non-symmetric approach
and a different ordering of the dimensionless thermodynamics connection ε, the role of
dark matter in the evolution of the branch-cut universe, the role of fluctuations in the
primordial spectrum and seeds in the the early universe, and also questions regarding the
multiverse content. Likewise, alternative models that address this issue in a complementary
way to ours, such as the bouncing model of Ijjas, Steinhardt, and Loeb [17], or Belinsky and
Khalatnikov [42,53] proposition for a generic solution of the Einstein equations near their
cosmological singularity, based on a generalization of the homogeneous model of Bianchi
type IX, deserve our attention in the near future.

The presented proposal strengthens the idea of the transition region of the branched
Universe acting as a ‘portal’ for cosmic material, playing the role this way of an ’eternal
seed’ [54] for the expanding emergent cosmic scenario.

Finally, a peculiar aspect of the class of solutions presented concerns the insertion of
the operators ordering parameter α. As we can see in the presented solutions (Figures 8–13),
different values of α, in combination with different choices of running coupling constants
affect the amplitudes of the wave function of the Universe and therefore, according to
our interpretation, the accumulation of branches in order to restore causality. Evidently,
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the results presented are still at a preliminary stage of investigation, requiring a more
systematic approach in order to broaden its scope.

The conclusions of this work lead to numerous underlying questions, whose under-
standing has motivated in-progress investigations.
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Notes
1 Hawking and Hertog, in 2018, revisited the multiverse concept, conjecturing that the output of eternal inflation does not produce

an infinite fractal-type multiverse, but is finite and reasonably smooth.
2 For simplicity the cosmological constant term has been suppressed.
3 We emphasize that these equations do not represent a direct parameterization or generalization of the conventional Friedmann

equations described in a single-pole metric and likewise the new cosmic scale factor does not represent a simple parameterization
of the standard theory scale factor. Due to the non-linearity of Einstein’s equations, such a direct generalization or parametrization
would be inconsistent. For the details, see [7–9,12].

4 The impossibility of packing energy and entropy according to the Bekenstein Criterion into a finite size makes the transition
phase between contraction and expansion very peculiar, imposing a topology where space-time shapes itself topologically around
a branch point.

5 The Hořava–Lifshitz (HL) formulation main goal is to get a renormalizable theory by means of higher spatial-derivative terms
of the curvature which are added to the Einstein–Hilbert action [20]. A recurring problem addressed in the analysis of the
Hořava–Lifshitz theory of gravity is related to the preservation of general diffeomorphism, a fundamental constraint of general
relativity [22]. Although this is not the main topic of discussion, we would like to address that, in the case of restricted foliation
preserving diffeomorphism invariance of the Hořava–Lifshitz theory, a well behaved Hamiltonian for gravity may be found [23].

6 For an interesting discussion of this topic see Ref. [31].
7 We emphasize once more that ln−1[β(t)] represents the reciprocal of ln[β(t)] and β(t) identifies the range and cuts of the helix-like

cosmological factor in branched gravitation. ln−1[β(t)] characterizes complex topological leafs of singular foliations by means of
Riemann surfaces.

8 N(t) does note represent a dynamical quantity; in turn it denotes a pure gauge variable.
9 As is well know, there are several quantization methods, as for instance, the canonical quantization and the related Dirac

scheme, Segal and Borel quantizations, geometric quantization, various ramifications of deformation quantization, Berezin and
Berezin–Toeplitz quantizations, prime quantization and coherent state quantization. For a broad overview see [45]. The advantage
of the canonical procedure to quantize a classical theory resides in the preservation of the original formal structure, symmetries
and conservation laws. The denomination ‘spacetime topological canonical quantization’ is due to the combination of the
conventional canonical quantization procedure applied to a variable, the helix-like complex cosmic scale factor of the branched
gravitation, u = ln−1[β(t)], raised to the category of quantum operator, which presents an intricate topology.

10 The conditionHΨ(t) = 0 excludes the multiplicative term 1
2

N
u(t) in Equation (8).
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11 Despite that we consider only the real part of the effective potential, the variable u is complex, and the solutions still have
a broader scope, describing the behavior of the wave function of the Universe both for the contraction region, prior to the
primordial singularity, and for the later expansion cosmological region.

12 The tunneling boundary condition of Vilenkin [51] in particular has two degrees of freedom: the scale factor and a homogeneous
scalar field. A tunneling wave function then describes an ensemble of universes tunneling from “nothing” to a de Sitter space,
and then evolving along the lines of an inflationary scenario and eventually collapsing to a singularity [51].
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Abstract: As with many fields from fashion to politics, science is susceptible to “bandwagon”-driven
research where an idea becomes increasingly popular, garnering a growing amount of “scientific”
support. Bandwagons allow scientists to converge on a solution, but when the prevailing bandwagon
is incorrect or too simple, this rigid mentality makes it very difficult for scientists to find the right
track. True scientific innovation often occurs through scientists willing to march to the beat of their
own drum. Using examples in the field of astrophysical transients, this paper demonstrates the
importance of supporting scientists in their quest to develop their own personal drumbeat.

Keywords: gamma-ray bursts; supernovae; neutron stars; black holes

1. Introduction: Bandwagon Science

The bandwagon effect is a psychological phenomenon in which people perform
something primarily because other people are performing it, regardless of their own
personal beliefs. This tendency of the alignment of beliefs or viewpoints is also referred
to as herd mentality. Although the bandwagon effect was originally used to describe
political viewpoints, it occurs in a broad range of situations, including scientific research
and funding.

Bandwagon approaches in science can be beneficial to a scientific endeavor. For in-
stance, when new technology or new methods become available (e.g., machine learning,
quantum computing, etc.), many funding agencies jump on a bandwagon to fund this
research. Funding managers place much of their funds into calls that require this band-
wagon science, and scientists who embrace bandwagon science tend to only review highly
the science that is on that bandwagon. The strength of this approach is that it directs
funding to an up-and-coming topic, jumpstarting its research. The problem with this is
that oftentimes this influx of funding is far too great to drive any productive science, and
this overfunding one field leaves other fields unfunded. For many funding agencies, the
"bandwagon-of-the-month" oscillates rapidly enough that building and retaining scientists
to work on the projects is impossible and much of the funding is wasted.

Science fields can also follow bandwagons. These bandwagons generally support a
“standard paradigm” explaining some phenomena. The advantage of the bandwagon effect
for such standard paradigms is that it focuses research on a specific paradigm. In principle,
this research focus will more quickly flesh out the details of a current standard-paradigm.
The disadvantage is that this focused research often poorly identifies weaknesses in the
paradigm. Because of this, standard-paradigms often remain “standard” long after the
evidence clearly shows it is incorrect. In addition, bandwagon science tends to oversimplify
models. Typically, progress in these fields occurs because a subset of scientists do not join
the bandwagon, preferring to march to the beat of a different drum. In the end, science
progresses through a cacophony of drumbeats and, as messy as this approach is, it may be
a requirement in the evolution of science.
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In this paper, we review a series of examples in astrophysical transients where science
progress required scientists willing to move against the bandwagon. Remo Ruffini’s ap-
proach to science epitomizes this alternative drumbeat and Section 2 discusses how this
approach has driven research in gamma-ray bursts (GRBs). His example is an inspiration
driving advances and discoveries of supernovae (SNe): Section 3. This paper focuses on
these two examples, but bandwagons exist throughout science. We conclude with a broader
discussion of the implications for science as a whole.

2. Gamma-Ray Bursts

The field of GRBs has been prone to bandwagon beliefs that often oversimplify the
physics. Although these simplifications make it easier to explain a model, they often
neglect physics or processes that are crucial in interpreting observations, ultimately de-
laying progress in the field. In some cases, the standard-paradigm science case was much
weaker than the actual science case without the bandwagon simplifications, making it more
difficult for the GRB community to justify new instruments and science studies. As such,
the history of GRB science provides examples of how a paradigm can dominate a field and
the importance of science outside of the standard paradigm.

2.1. Gamma-Ray Emission

GRB emission models and the reluctance of that community to envision solutions
beyond the standard mechanism is a prime example of how bandwagon science can
damage a field. Figure 1 shows the basic picture of a GRB outflow. In the standard model,
synchrotron (and synchrotron self-Compton) emission produces both the prompt and
afterglow emission [1,2]. In the prompt phase, this model argues that the chaotic emission is
produced by variability in the jet power, presumably caused by instabilities in the accretion
disk. The variability produces outbursts of different Lorentz factors. When a faster burst
hits a slow burst, particle acceleration in the shock produces nonthermal emission that
is Lorentz-boosted into the gamma-rays. In this standard paradigm, the afterglow (post-
burst of gamma-rays) emission is caused by synchrotron emission as the shock propagates
through circumstellar medium.

This model has a lot of strengths. First, with a basic synchrotron (or synchrotron
plus self-Compton) model incorporating a range of simply-described parameters, the
data can be fit fairly well [2]. In its simplest form, this model could be used to probe
the jet Lorentz factor from the prompt emission, and, within this paradigm, the afterglow
emission can be used to probe the circumstellar medium; however, this model has a number
of issues. The parameters needed to explain the GRB prompt emission (Lorentz factor
and fraction of power-law electrons) pushed the limits of what can be produced by both
engine and plasma kinetics models. The predictions from the afterglow models argued for
circumstellar density profiles that contradicted the strong wind models from the standard
collapsar progenitor [3]. For the most part, given these difficult-to-explain results, many
of the GRB engine and progenitor theorists moved on to other fields, and progress in our
understanding of GRBs stalled. Incredible results require powerful arguments and the
simplified bandwagon science did not provide these arguments.

Alternative models exist. At early times, some teams argued that external shocks can
explain the prompt emission [4–6]. In these models, variability relied on inhomogeneities
in the circumstellar medium. Although seemingly ad hoc, these inhomogeneities are what
has been predicted by stellar models [7–13]. Because GRB progenitors are believed to have
stronger outflows than normal SNe, these inhomogeneities should be most extreme in
long-duration GRB progenitors. These features did not fit into the standard paradigm
and, often when something does not fit in a paradigm, features are thrown out with
the noise. Thus, even though this signal should be stronger in GRBs than SNe, the first
evidence of these inhomogeneities came from early-time emission and shock breakout in
supernovae [14–16]. Strict adherence to the GRB standard model prevented GRB observers
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from noticing evidence of this important aspect of GRB progenitors. The science carried
out with GRBs was limited by the dominance of GRB bandwagon scientists.

Figure 1. Diagram summarizing many of the emission mechanisms in a GRB-event from a massive
star. The standard paradigm assumes that nonthermal emission caused by shock interactions of
different outbursts produced in an unstable accretion-driven engine produces the prompt emission
and the shock interactions of the jet with the surrounding medium produce the afterglow. However,
other sources exist, e.g., nonthermal emission from turbulent particle acceleration in the reverse shock,
and thermal emission from the breakout of the shock from the star. The supernova-like explosion
that occurs with these explosions occurs because of both the fact that a pressure wave wraps around
the star and the disk drives a wind, ejecting the stellar material. Although this is not a standard
supernova engine, this nonrelativistic ejecta produces supernova-like or hypernova emission.

It is also possible that turbulence in the reverse shock can cause the needed variability,
but this has not been studied in detail. In SNe, this turbulent reverse shock region is also a
site of particle acceleration: cosmic ray and high-energy neutrino production [17]. If we
could disentangle this portion of the emission from the rest, we might be able to better
understand the production of cosmic rays and high-energy neutrinos in GRBs.

Another model that received very little attention was the role of thermal emission
in gamma-ray bursts. As we have learned with neutron star (NS) mergers, the emission
arises from a range of sources including thermal (powered by shock heating, radioactive
decay, and possibly additional engines such as magnetars) and nonthermal (both from the
jet as discussed above and the remnant) emission. Initially, the GRB community ignored
studies suggesting that the emission (or parts of the emission) could be powered by thermal
emission [18–20]. In part, because the theory behind the thermal emission is much better
understood than the nonthermal emission, it is a powerful probe of the properties of
the GRB ejecta. For example, Figure 2 shows the spectra from this ejecta, assuming a
distribution of Lorentz factors where the area (as a function of Lorentz factor) of the thermal
emission is ∝ Γα. Here, we assume that the minimal Lorentz factor is 1 and the maximum
Lorentz factor is either 100 or 200 (for more details, see Lesage et al. in preparation). By
studying the emission spectra, we can constrain the structure of the GRB jet at a level that
has not been carried out to date, but this requires disentangling the thermal and nonthermal
components. This work was delayed until scientists rediscovered the concept of a thermal
component that produces the gamma-ray signal [21,22]. It is now applied to many of the
new GRB observations, e.g., [23,24].
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Figure 2. Lorentz-boosted spectra from thermal emission assuming different distributions of the
Lorentz factors in the ejecta. The distributions are assume to follow a power law: ∝ Γα.

Figure 1 also shows emission from the off-jet axis ejecta. The jet sends a pressure wave
through the star and this alone has been shown to be able to eject the stellar material [25],
but the accretion disk is also likely to blow a strong wind that contributes to the ejection
of the stellar material. This mass ejection both powers a supernova-like light curve and,
ultimately, limits the accretion, cutting off the engine. Note that a supernova is not required
to produce this emission, just the ejection of the stellar material and the pressure wave
produced by the jet is sufficient to achieve this.

In this case of GRB observations, by not considering different components to the
emission of GRBs, bandwagon scientists delayed progress in our understanding of this
emission and limited what we could learn from the data. Many theorists moved on to
other fields, believing that nothing new could be learned from the emission itself. In turn,
this weakened the science case for further studies, limiting future progress in this field.
Pioneers in alternative models have started to revive this field, demonstrating the wealth
of information we can gain from the prompt and afterglow emission if we are willing to
accept the complex picture of emission mechanisms.

2.2. GRB Engines

The engine or power source for gamma-ray bursts has, for the most part, avoided
the trend of bandwagon science to restrict the models studied. A number of broad engine
scenarios have been proposed, but two basic engines have been the primary focus in
the astrophysical literature: black hole accretion disks (BHADs) and magnetars. The
biggest issue with bandwagon beliefs in GRB engines is that scientists have too-easily
accepted these models without bearing in mind the properties of each of these models. The
refinement of models used the engine properties and weighed the strengths and weaknesses
of each model with respect to available data. As the data, and our physical understanding
of the engine, evolve, we must reassess each model.
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Let us review some of the model properties to better understand this concept (summary
in Table 1). Black hole accretion disk models were initially highlighted because they
matched (and still match) many of the observed properties of GRBs and it was easier to
identify progenitors for these models satisfying the angular momentum requirements (for a
review, see [26]). It can produce the observed power (with sufficient beaming) and, because
the jet can avoid the accretion disk wind, the model can avoid baryonic contamination and
produce high Lorentz-factor flows. The power of this engine depends upon the energy in
the disk. Once the mass reservoir in the disk is depleted (no more accretion), the energy in
the disk disappears and the engine turns off (limiting the GRB duration). The energy in
the disk also decreases with the radius (and hence mass) of the black hole. Collapsar and
other massive star disks are fueled by the continued accretion supply from the infalling
star, producing long bursts. The compact disks from neutron star mergers accrete quickly
and the engine will turn off quickly, producing short bursts only. This simple picture helps
explain the different burst-duration populations, but now the data appear to be suggesting
a different picture. For example, some GRBs that show evidence of a neuron star merger
are occurring in long bursts [27–29].

Table 1. Engine weaknesses and strengths.

Engine Power Lorentz Factor Duration Formation

BHAD Yes (depending on
beaming)

Yes (disk wind is
off-axis)

Duration limited to
accretion timescale and

black hole size

Magnetar Yes (depending on
beaming and rotation)

??? (must overcome
neutron-star wind)

Duration can extend
beyond accretion

Needs high rotation
rates; Why does

accretion not bury
magnetic fields?

NSAD Yes (simiar to BHAD) ??? (must overcome
neutron-star wind)

Duration limited to
accretion timescale (NS

collapse features?)

Needs high rotation
rates

The magnetar engine’s strength lies in its ability to explain this long-lived emission
(or plateau phase) in neutron-star merger GRBs, but this engine has a number of difficulties.
It typically invokes the same progenitor scenarios where accretion is occurring at the same
time as the engine is produced, but we know from pulsar studies that this accretion will
bury the magnetic fields [30]. The hot neutron star in this scenario also drives a wind that
the magnetic engine must plow through, and this propagation is likely to sweep up mass,
lowering the Lorentz factor of the jet [31]. Finally, obtaining the power requires very high
angular momenta which, although easily achievable in neutron star merger progenitors, is
harder to achieve with massive-star scenarios.

Neutron star accretion disk (NSAD) engines are very similar to BHAD engines. The en-
ergy in the disk around a neutron star is very comparable to a 3 M� black hole, and the
energetics are comparable. However, because there is more angular momentum in the outer
layers of a massive star, it is more difficult to produce disks for this engine. This model also
has the same baryonic contamination problem that the magnetar engine has.

Other engines exist, invoking pair-plasma power source from an induced gravitational
collapse [32–35]. Although quite a few papers have studied this engine, this work was
limited to a single team. The potential of this engine mandates further study.

Many times, bandwagon science leads to scientists forgetting the reasons for the
standard paradigm, causing scientists to hold on to a simple model for too long and making
it difficult to determine key observational tests of the models and distinguish between
standard models and newly proposed models.
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2.3. GRB Progenitors

As we have seen in the GRB emission picture, bandwagon science focuses on a simple
picture even if our fundamental physics understanding argues the problem is much more
complex. This trend of bandwagon physics is clearly evident in studies of GRB progenitors
of the BHAD engine. Although a broad range of BHAD progenitors were discussed in [36],
the community focused on just two scenarios: neutron star mergers for short-duration
bursts and collapsars for long-duration bursts. It was argued that the high accretion rates
but low accretion timescales for neutron star mergers better fit short–hard bursts and the
lower accretion rates with longer disk-feeding timescales of collapsars matched the long–
soft bursts [37]. This two-component BHAD paradigm further predicted that long bursts
would occur in star-forming regions and short bursts would occur out of these regions and
even offset from the host galaxy [36,38].

We already discussed the issues with the BHAD scenario in explaining the long-lived
emission (plateau phase) of short bursts, but the simplified collapsar-only progenitor
scenario also has difficulties explaining long bursts. First, it remains unclear how the cores
of massive stars can collapse with enough angular momentum to form a disk 1. In addition,
it remains true that the supernova-like outbursts accompanying long-duration gamma-ray
bursts tend to lack hydrogen and helium features (Type Ic supernovae). The fact that the
star had to be a compact (Wolf–Rayet) star was part of the collapsar model. Since the jet in
the massive star model must clear out a baryon-free channel, the engine must be able to
last at least as long as this clearing phase. Even if a jet is driven in a hydrogen giant star, it
will not break out of the star and clear out a low-baryon jet region before the engine turns
off. As such, it will not produce large amounts of gamma-ray emission. This is problematic
for a giant star, but not for compact helium or carbon/oxygen stars [39]. However, the
fact that observations of SNe associated with GRBs are only type Ic SNe argues that only
carbon/oxygen stars form GRBs. In the standard collapsar paradigm where the mass-loss
occurs through winds, it is difficult to explain why helium stars (which produce type Ib SNe)
could not also form GRBs. Wind mass-loss, which tends to remove angular momentum,
made it even increasingly difficult to produce black hole accretion disks. Ultra-long bursts
are extremely difficult to explain with this engine.

Despite these striking deficiencies, many studies in the field ignore alternative pro-
genitor scenarios. Table 2 shows a subset of the progenitors studied in [36]. Most of the
massive star models struggle to explain why the long bursts are mostly associated with
supernovae with no helium lines. The exception may be the common envelope formation
scenario invoking tidal locking to spin up the core. In this case, sufficient angular mo-
mentum may only occur if an extremely tight binary (one consisting of a carbon/oxygen
star, a so-called ultra-compact star) is produced. In this scenario, binary interactions both
eject mass and spin up the massive star so that it will form a disk when it collapses to a
black hole. The common envelope scenario argues that when the massive star in a mas-
sive star/compact remnant (NS or BH) binary expands to a giant phase, it envelopes the
compact remnant. The subsequent orbital inspiral ejects the envelope (using orbital energy
to drive the mass ejection). This can remove the hydrogen envelope and produce a tight
binary. If we want to produce a carbon/oxygen star, we must undergo a second common
envelope, assuming the helium star also expands into a “giant-like” phase, enveloping the
compact remnant. The subsequent common envelope phase would produce an even tighter
binary where tidal locking could rapidly spin up the carbon/oxygen star. The problem is
that, at this time, only low-mass helium stars undergo giant phases. These low-mass stars
are not expected to collapse to form black holes. It might be that this scenario only works
for NSAD engines.
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Table 2. BHAD progenitors.

Scenario Duration Location Angular
Momentum

Associated
Transient

Circumstellar
Medium

Massive Star

Wind Mass-Loss Long bursts Star-forming
regions Difficult/impossible Type Ib/Ic Wind profile

Common Envelope Long bursts Star-forming
regions Tidal spin-up

Type Ib/Ic (Tidal
Spins could limit

to Ic)
Wind plus shell

He–He Merger Long bursts Star-forming
regions Difficult Type Ib/Ic Wind plus shell

Helium Merger Long and
ultra-long bursts

Star-forming
regions and

slightly beyond

Can have too
much angular
momentum

Type Ib/Ic Wind plus shell

Binaries

NS/NS Short bursts Off-set ∼10 km disk Disk ejecta only
(Kilonova)

Interstellar or
intergalactic

medium

NS/BH Short bursts Off-set Disk forms for
subset

Disk ejecta only
(Kilonova)

Interstellar or
intergalactic

medium

WD/(BH/NS) Long bursts Mild off-set ∼10,000 km disk Fast supernova
from disk wind

Mostly interstellar
medium

The only massive star progenitor that consistently produces sufficient angular mo-
mentum is the helium merger model, where a compact remnant inspirals within a star but
merges without ejecting all of the envelope. As it spirals into the center of the massive star,
it behaves very similarly to a collapsar accretion scenario. Because of this similarity, this
He-merger model was conflated with the collapsar model.

At this time, only the binary-driven hypernova progenitor for the pair-plasma engine
has a natural explanation for the hydrogen and helium-poor supernovae associated with
GRBs [40]. This alone argues that this engine warrants further study.

Why is it so important to study the exact details of the progenitor instead of relying on
the simple bandwagon scenario? First, without identifying the features of each progenitor
and its ability to explain GRBs, funding for this research has faltered and little progress
has been made in better understanding GRBs, and, in addition, because the different
progenitor scenarios have different dependencies with redshift. Many studies assume a
given progenitor, e.g., [41] and many of these do not even understand that they have chosen
a specific progenitor. Because of this oversimplification in the bandwagon, many of the
studies and expectations of metallicity and redshift evolution of GRBs are flawed.

3. Supernovae

GRBs are not the only field in astronomy where a bandwagon focus on simplifying
models has led to both misinterpretations of the data and a delay in scientific progress.
Studies of supernovae have experienced similar problems, but for many of us who have
worked in both fields, lessons learned from the GRB community have helped us overcome
issues in the supernova field.

3.1. Thermonuclear Supernovae

The field of thermonuclear supernovae provides a classic example of where band-
wagon science not only oversimplified the physics but pushed a paradigm that ultimately
is now believed to be just one solution to the problem. For thermonuclear supernovae, the
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power source is nuclear burning (the conversion of the carbon/oxygen of a white dwarf to
silicon and nickel). How this material ignites and burns is not known, but many ideas exist:
many-ignition-site deflagration, deflagration transitioning to detonation, detonation of an
accretion layer driving the compression of the carbon/oxygen core (e.g., sub-Chandrasekhar
models), deflagration in the core igniting a detonation in the accretion layer that then drives
a detonation of the core (e.g., gravitationally confined detonation), collisions, double degen-
erate mergers, etc. (see, for example [42,43]). Although all engines rely on a carbon/oxygen
white dwarf, the properties of the white dwarf (e.g., mass), the engine, and the progenitors
all vary considerably.

This broad set of models suggests a vibrant field unconstrained by bandwagon sci-
ence, but this is only after a period of extreme constraints caused by bandwagon science.
In the early 1990s, the best light-curve models compared to data strongly supported
a Chandrasekhar-mass progenitor for thermonculear supernovae [44,45]. This led the
field to primarily consider only engines and progenitors within this paradigm for nearly
10–15 years. Indeed, breaking out of this bandwagon required both the abundance of
evidence pushing away from the standard paradigm (including progenitor studies) and a
strong-willed push by teams pushing alternative models, e.g., the FLASH team [46].

3.2. Core-Collapse Supernovae

Although the core-collapse supernova (CCSN) community has also homed in on a
single paradigm where convection above a collapsed core enhances the conversion of the
gravitational potential energy released in the collapse of the core of a massive star into
kinetic energy of the explosion [47], this field seems to better allow alternative explosion
mechanisms, including jet engines [48]. Indeed, the lack of progress in alternative explosion
mechanisms has been more driven by (a) the difficulty in conducting magnetohydrody-
namic models and (b) evidence from observations that most stars do not have enough
angular momentum for these alternative mechanisms to explain most supernova observa-
tions (although such engines probably explain a subset of the observations). This is less an
example of bandwagon restrictions and more of scientific limitations. The bigger issues
with CCSN lie in interpreting the observations of both shock breakout and later-time light
curves.

Shock breakout is the term used to describe the emission produced when the super-
nova shock produced in the central engine breaks out of a star. While in the star, the
radiation is effectively trapped in the flow:

vradiation = vdiffusion ≈ λc/D < vshock (1)

where the radiation velocity (vradiation) is well described in the diffusion limit: c is the
speed of light, λ is the mean free path, and D is a fraction of the stellar radius. At the high
densities of the exploding star, the velocity of the shock (vshock) is much faster than this
radiation velocity. As the shock breaks out of the star, the density decreases dramatically,
increasing the mean free path and the effective radiation velocity. The radiation quickly
changes from trapped in the flow to free-streaming out of the shock. The burst of light
from this escape has been observed in a number of events and a simple analytic model was
developed to infer the stellar radius [49].

This simple model was exciting for observers because a single observation of the
duration and peak luminosity of shock breakout provides direct information about the
progenitor star. The problem is that the simplification of the physics means that the the
interpretations from the data are simply wrong. The shock breakout signal is affected by
asymmetries in the shock [50], asymmetries in the star [51], and asymmetries in the stellar
wind [15]. Observations of shock breakout [52] also show that the simple model for shock
breakout is incorrect. Unfortunately, this means that the upcoming UltraSAT satellite will
teach us less about stars than previously believed. UltraSAT data alone will not be able
to disentangle this physics. Detailed models of shock breakout also show the limitations
of proposed missions such as STAR-X to perform shock breakout science. In this case,
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focusing too heavily on the simplified bandwagon model not only delays science, but leads
to an inefficient use of scientific funding for new observatories.

Similarly, the light curves of supernovae also have suffered from too-simple models
of the emission. Based on state-of-the-art models of light curves, supernova observers
estimated the ejecta mass of core-collapse supernovae, arguing that the progenitor masses
of these supernovae were all greater that ∼20 M� [53]. This directly contradicted models
of the supernova engine [54]. In this case, theory pushed forward, ignoring these observed
estimates. When direct observations of supernova progenitors [55] agreed with theoretical
predictions, little time was lost through the simple paradigm model, but the transient
community continues to overinterpret their data. For example, the transient community
continues to assume that the peak luminosity of supernovae-like events in supernovae
places constraints on the 56Ni yield (assuming that the decay of this radioactive isotope
powers the light curve). However, other power sources exist, e.g., shock heating, and
there is growing evidence that alternative energy sources must be understood to truly
interpret supernova data. Figure 3 shows the luminosity of three supernova explosions,
one powered by the decay of radioactive nickel and the other two using a simple shock
deceleration model. In these simple models, the light-curve evolution appears very different
but, especially for shock heating, a number of affects can alter the evolution. This affect has
not been modeled in sufficient detail to determine its importance in SN light curves.

Figure 3. Luminosity for 3 SN explosions with the same Wolf–Rayet progenitor and explosion energy,
but one is powered solely by the decay of radioactive nickel (0.05 M� of 56Ni) and the other two are
powered by shock heating, where the shock heating model relies on a single shock decelerating the
ejecta and converting kinetic energy into thermal energy that drives the emission. The shock heating
models differ by having different timescales for the shock deceleration (400 and 800 ks). For more
details, see Fryer et al. in preparation.

4. Conclusions

Science, similar to politics, is susceptible to bandwagon beliefs, where an often-
simplified model becomes the standard paradigm and the bandwagon scientists are un-
willing to consider deviations from this standard paradigm. We discussed examples in
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astrophysical transients where bandwagon science has limited the science impact, delayed
progress, and limited the development of the observations of a specific field, but these ex-
amples exist in all areas of research, including work by Gregor Mendel, Ignaz Semmelweis,
Alfred Wegener, and George Zweig, to name a few.

Scientific funding is even more susceptible to bandwagon fallacies, often leading to
inefficient use of precious research money. Funding managers tend to focus on bandwagon
science ideas both because funding managers are enamored by these ideas and because
they are easier to pitch to the governments that support their science. In addition, scientists
who only conduct bandwagon science tend to be be overly critical of science and science
proposals that are not part of existing bandwagons.

An example of such a funding trend may well be the current excitement over machine
learning. Advanced statistical methods have their role in science. Funding managers are
forcing scientists to apply one such method (machine learning) to their science by diverting
their funds to research calls that require this research. Although it is likely that some new
discoveries will come from this flux of funding, this overemphasis on a particular tool will
also delay progress in many scientific fields.

Similar to Remo Ruffini, scientists must learn to “march to a beat of a different (their
own) drum” and encourage others to also do so to ensure rapid scientific progress.
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Abbreviations
The following abbreviations are used in this manuscript:

NS Neutron Star
NSAD Neutron Star Accretion Disk
BHAD Black Hole Accretion Disk
GRB Gamma-Ray Burst
BH Black Hole
SN Supernova
CCSN Core-Collapse Supernova

Note
1 It is worth noting that magnetar and NSAD disk engines require even more angular momentum.
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Abstract: Already in the cornerstone works on astrophysical black holes published as early as in the
1970s, Ruffini and collaborators have revealed the potential importance of an intricate interaction
between the effects of strong gravitational and electromagnetic fields. Close to the event horizon of
the black hole, magnetic and electric lines of force become distorted and dragged even in a purely
electro-vacuum system. Moreover, as the plasma effects inevitably arise in any astrophysically
realistic environment, particles of different electric charges can separate from each other, become
accelerated away from the black hole or accreted onto it, and contribute to the net electric charge of
the black hole. From the point of principle, the case of super-strong magnetic fields is of particular
interest, as the electromagnetic field can act as a source of gravity and influence spacetime geometry.
In a brief celebratory note, we revisit aspects of rotation and charge within the framework of exact
(asymptotically non-flat) solutions of mutually coupled Einstein–Maxwell equations that describe
magnetized, rotating black holes.

Keywords: black holes; electromagnetic fields; general relativity; microquasars; supermassive
black holes

1. Introduction

Classical black holes are described by a small number of parameters; in particular,
the mass, electric and magnetic charges, and the angular momentum (spin) [1,2]. As a
model of cosmic black holes, these objects are spatially localized and they lack any surface;
the resulting spacetime has, by assumption, no material content in the form of fluids that
could contribute as a source of the gravitational field. These objects do not support their
own magnetic field: just the gravito-magnetical component is induced by rotation [3]. The
interacting magnetic field to which astrophysical black holes are embedded is of external
origin (Ruffini and Wilson [4]), although it may naturally interact with the Kerr–Newman
intrinsic charge [5].

This approach was employed by a number of authors to address the problem of elec-
tromagnetic effects near a rotating (Kerr) black hole. On the other hand, self-consistent
solutions of coupled Einstein–Maxwell equations for black holes immersed in electromag-
netic fields have been studied only within stationary, axially symmetric electro-vacuum
models. It soon appeared that the test electromagnetic field approximation was fully
adequate for modeling astrophysical sources; however, the long-term evolution of magneto-
spheres of rotating black holes and the consequences of strong gravity remained still open
to further work [6,7]. To explore the latter, the intriguing effects of ultra-strong magnetic
fields, we employ an axially symmetric solution that was derived originally in the 1970s in
terms of magnetization techniques [7,8].

Although the main aim and the motivation of our present contribution is to briefly
summarize some of the aspects of magnetized black holes that have been explored over
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six decades of intensive research, and where the honoree and his collaborators published
a number of widely cited discoveries, we will mention also some interesting features of
the induced electric charge that occur in this regime and are explored to date. In fact, the
generation of magnetic fields goes hand in hand with the creation of corresponding electric
fields which always arise in moving media and, for that matter, they appear once a rotating
body is involved.

2. Magnetized Kerr–Newman Black Hole in Charge Equilibrium

We can write the system of mutually coupled Einstein–Maxwell equations (Chan-
drasekhar 1983 [1]),

Rµν − 1
2 Rgµν = 8πTµν, (1)

where the source term Tµν is of purely electromagnetic origin,

Tαβ ≡ Tαβ
EMG =

1
4π

(
FαµFβ

µ −
1
4

FµνFµνgαβ

)
, (2)

and ?Fµν ≡ 1
2 εµν

ρσFρσ. Let us first consider a strongly magnetized Kerr–Newman (MKN)
black hole. This is an electro-vacuum spacetime solution with a regular event horizon
that satisfies the conditions of axial symmetry and stationarity. Hence, it adopts a general
form [9,10]

ds2 = f−1
[
e2γ
(

dz2 + dρ2
)
+ ρ2 dφ2

]
− f (dt−ω dφ)2, (3)

with f , ω, and γ being the functions of cylindrical coordinates ρ and z only because of the
assumed symmetries. Although in the weak electromagnetic field approximation the Kerr
metric gives the line element [11], the case of a strong magnetic field is different, especially
at large values of the cylindrical radius. This is because of the magnetic field curving
the spacetime and changing its asymptotical characteristics into a non-flat (cosmological)
solution (see, e.g., Gal’tsov 1986 [12]).

Christodoulou and Ruffini [13] introduced the magnetic and electric lines of force that
are defined, respectively, by the direction of Lorentz force that acts on electric/magnetic
charges,

duµ

dτ
∝ ?Fµ

ν uν,
duµ

dτ
∝ Fµ

ν uν. (4)

In an axially symmetric system, the equation for magnetic lines of force adopts a form
that is fully expected on the basis of classical electromagnetism,

dr
dθ

= − Fθφ

Frφ
,

dr
dφ

=
Fθφ

Frθ
. (5)

By employing the solution generating technique [14], García Díaz 1985 [15] gave a very
general and explicit form of the exact spacetime metric of a strongly magnetized black hole:

ds2 = |Λ|2Σ
(

∆−1 dr2 + dθ2 − ∆A−1 dt2
)
+ |Λ|−2Σ−1 A sin2 θ(dφ−ω dt)2, (6)

where Σ(r, θ) = r2 + a2 cos2 θ, ∆(r) = r2 − 2Mr + a2 + e2, A(r, θ) = (r2 + a2)2 − ∆a2 sin2 θ
are the well-known metric functions from the Kerr–Newman solution. The event horizon
exists for a2 + e2 ≤ 1. In the magnetized case, because of the asymptotically non-flat nature
of the spacetime, the parameters a and e are not identical with the black hole total spin
and electric charge [16]. Moreover, because of the asymptotically non-flat nature of the
spacetime, the Komar-type angular momentum and electric charge (as well as the black
hole mass) have to be defined by integration over the horizon sphere rather than at radial
infinity [17]. The magnetization function Λ = 1 + βΦ− 1

4 β2E is given in terms of the Ernst
potentials Φ(r, θ) and E(r, θ),
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ΣΦ = ear sin2 θ −=e
(

r2 + a2
)

cos θ, (7)

ΣE = −A sin2 θ − e2
(

a2 + r2 cos2 θ
)

+2=a
[
Σ
(

3− cos2 θ
)
+ a2 sin4 θ − re2 sin2 θ

]
cos θ. (8)

The components of the electromagnetic field with respect to orthonormal LNRF com-
ponents are

H(r) + iE(r) = A−1/2 sin−1θ Φ′,θ , (9)

H(θ) + iE(θ) = −(∆/A)1/2 sin−1θ Φ′,r, (10)

where Φ′(r, θ) = Λ−1
(

Φ− 1
2 βE

)
, and the total electric charge QH is

QH = −|Λ0|2 =m Φ′(r+, 0). (11)

The magnetic flux Φm(θ) across a cap placed in an axisymmetric position on the
horizon is then [18]

Φm = 2π|Λ0|2 <e Φ′
(
r+, θ̄

)∣∣∣θθ̄=0, (12)

where Λ0 = Λ(θ = 0). In Figure 1, the surface plot of the magnetic flux F across the
hemisphere θ = π/2 is shown as a function of spin parameter a and the electric charge
parameter e. The surface on the horizon is defined on the circle a2 + e2 ≤ 1.

The definition interval of the azimuthal coordinate in the magnetized solution needs
to be rescaled by a factor Λ0 (not to be confused with the cosmological term) in order
to avoid a conical singularity on the symmetry axis [16], which effectively leads to the
increase in the horizon surface area, and thereby also the total magnetic flux threading the
event horizon [19]. Let us note that cosmic magnetic fields are limited in strength only by
quantum theory effects. In highly magnetized rotators the energy of the magnetic field can
be converted into high-energy gamma rays, but such mechanisms require over 1012 tesla;
we shall not consider this ultra-strong magnetic field in the rest of the paper.

The above-discussed electro-vacum solutions need to be extended by including an
electrically conducting plasma. Once this is introduced into the MKN system, one needs to
clarify to what extent the newly emerging role of the Λ term affects the characteristics of the
flow of material. This can be investigated in terms of plasma horizon and the guiding centre
approximation, which was originally introduced in the context of accreting black holes
by Ruffini [20], Damour et al. [21], and Hanni and Valdarnini [22]. Surfaces of magnetic
support were further extended to the case of a black hole that is moving at constant
velocity [23,24]. Although these authors considered the case of weak (test) magnetic
field in Kerr metric, in a subsequent analysis by Karas and Vokrouhlický [25] we verified
that, for astrophysically realistic values of magnetic intensity, the approximate flow lines
coincide almost precisely with those constructed for the exact MKN system; they are
indistinguishable for practical purposes.

The energy density contained in astrophysically realistic electromagnetic fields turns
out to be far too low to influence spacetime noticeably. Test-field solutions are thus adequate
for describing weak electromagnetic fields, even those around magnetized neutron stars
and cosmic black holes that are currently known.
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Figure 1. Surface plot of the magnetic flux function, F(a, e), across a hemisphere bounded by θ = π/2
and located on the MKN black hole horizon. A fixed value of the magnetization parameter β = 0.05
has been selected. Projected contours are also shown for improved clarity of the plot. The surface
is restricted by the condition for the emergence of the event horizon, a2 + e2 ≤ 1. Four circles of√
(a2 + e2) = 0.25, 0.5, 0.75, and 1.0 are shown to guide the eye. The yellow band on the surface,

denoted by “Z”, indicates where the total electric charge is zero. Note: Unlike the case of a weakly
magnetized black hole, the moment of vanishing charge does not coincide with zero of the charge
parameter, e = 0. On the other hand, Q(a, e = 0) does not vanish and its graph is shown by a solid
curve “Q”. This is the feature of the exact MKN metric, where the two nulls do not generally coincide,
as further detailed in [17] (this figure has been reproduced with permission from Physica Scripta
article ref. [18]).

3. Weak Magnetic Field and Particle Acceleration

For the strong influence of the external magnetic field on the spacetime structure of
the black hole, its intensity has to be enormously high, comparable with

BGR = 1018 10M�
M

[G]. (13)

Realistic magnetic fields in astrophysical situations are strongly under this limit, even
in the case of fields near magnetars, reaching B ∼ 1015 gauss. Therefore, for the astrophys-
ical processes, we can usually put the magnetic spacetime factor Λ = 1 and the electric
charge e = 0, using the canonical, asymptotically flat Kerr metric. As for the electro-
magnetic term, an asymptotically uniform magnetic field, orthogonal to the spacetime
equatorial plane, can then be determined by the electromagnetic 4-vector potential taking
the form

At =
B
2
(gtφ + 2agtt)−

Q
2

gtt −
Q
2

, Aφ =
B
2
(gφφ + 2agtφ)−

Q
2

gtφ, (14)

where the induced electric charge of the black hole Q is also introduced. For non-charged
black holes there is Q = 0, and the maximal induced black hole charge generated by
the black hole rotation takes the Wald value QW = 2aB (or QW = 2aBM if we keep the
mass term)—see [10]; the influence of the induced so-called Wald charge on the spacetime
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structure could be also abandoned [26,27]. For black holes with the maximal Wald charge
we arrive at the electromagnetic potential

At =
B
2

gtφ −
QW

2
, Aφ =

B
2

gφφ. (15)

It is crucial that even in this case the At component remains non-zero and can lead
to a very strong acceleration mechanism for sufficiently massive black holes and strong
magnetic fields [28]. The significant role of the electromagnetic fields in processes near a
black hole horizon was for the first time presented in a series of works of Ruffini and his
collaborators in [29]. It could be well demonstrated for the charged test particle motion in
the case of ionized Keplerian disks [28].

The motion of an electrically charged test particle with charge q and mass m is deter-
mined by the Lorentz equation

m
Duµ

Dτ
= qFµ

ν uν, (16)

where τ is the particle proper time, and Fµ
ν is the Faraday tensor of the electromagnetic field.

For the Kerr–Newman black holes, the Lorentz equations can be separated and given in
terms of first integrals, governing thus fully regular test particle motion [1,30,31], whereas
for magnetized Kerr black holes, the separability is impossible implying a generally chaotic
character of the motion [28,32–34].

Nevertheless, due to the symmetries of the magnetized Kerr black holes with the
uniform magnetic field lines orthogonal to the equatorial plane of spacetime, we can
introduce Hamiltonian in the form

H = 1
2 gαβ(πα − qAα)(πβ − qAβ) +

1
2 m2, (17)

where the canonical four-momentum πµ = pµ + qAµ is related to the kinematic four-
momentum pµ = muµ and the influence of the electromagnetic field reflected by qAµ. The
motion is then governed by the Hamilton equations

dxµ

dζ
≡ pµ =

∂H
∂πµ

,
dπµ

dζ
= − ∂H

∂xµ ; (18)

the affine parameter is related to the particle proper time as ζ = τ/m.
Due to the background symmetries, we can introduce two constants of the motion:

energy E and angular momentum L as conserved components of the canonical momen-
tum read

−E = πt = gtt pt + gtφ pφ + qAt, (19)

L = πφ = gφφ pφ + gφt pt + qAφ. (20)

Introducing the specific energy E = E/m, the specific axial angular momentum
L = L/m, and the magnetic interaction parameter B = qB/2m, we obtain Hamiltonian
with two degrees of freedom, and the four-dimensional phase space {r, θ; pr, pθ} in the form

H = 1
2 grr p2

r +
1
2 gθθ p2

θ + H̃P(r, θ), (21)

enabling the introduction of the effective potential of the radial and latitudinal motion. The
energy condition relates the specific energy to the effective potential as

E = Veff(r, θ) (22)

where

Veff(r, θ) =
−β +

√
β2 − 4αγ

2α
, (23)
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with
β = 2[gtφ(L− q̃Aφ)− gtt q̃At], α = −gtt, (24)

and
γ = −gφφ(L− q̃Aφ)

2 − gtt q̃2 A2
t + 2gtφ q̃At(L− q̃Aφ)− 1. (25)

The effective potential defined here is properly chosen for the region above the outer
horizon of the black hole, governing the regions allowed for the motion of a charged particle
with a fixed value of the axial angular momentum.

Study of the motion of charged particles applied to the case of ionized Keplerian
disks (see [28] for a review) demonstrates that the fate of the ionized disks depends on
the magnetic interaction parameter. In the so-called gravitational regime when gravity
is suppressing the role of the electromagnetic field (B � 1), the motion of the particles
of the ionized Keplerian disks can be considered as being in quasi-circular harmonic
epicyclic motion of regular character, enabling explanation of high-frequency quasi-periodic
oscillations of X-rays observed in microquasars and some active galactic nuclei [35]. In
the so-called gravity-magnetic regime when the role of both fields is comparable (B ∼ 1),
the motion is fully chaotic, leading generally to toroidal configurations. In the so-called
magnetic regime (B � 1), the role of the magnetic field is decisive, and the motion could
have finally a regular character governed by the Larmor precession frequency.

In the case of B > 1 a special effect of chaotic scattering can be relevant [36,37] when
the ionized particle can be accelerated along the magnetic field lines after a period of chaotic
motion that decreases with increasing magnetic parameter [38]. In such situations, the
magnetic Penrose process could be realized with extremely high efficiency. The tentative
magnetic Penrose process (MPP; see [39]) is a local decay process; its energy balance is
governed by the local value of the electromagnetic field (potential)—for this reason, the
simple approximation of asymptotically uniform magnetic field aligned with the rotations
axis can be well applied [28].

Let us consider the splitting of the 1st particle with energy E1 (electrically neutral
or positively charged with charge q1) onto two charged particles, the 2nd one having a
positive charge q2 and the 3rd one having a negative charge q3. If one of the particles (say
the 3rd one) has a negative canonical energy E3 < 0, then the second one should have
the canonical energy E2 > E1 due to an extraction of the black hole energy because of the
capture of the 3rd particle. The process of the split of the 1st particle into the 2nd and 3rd
ones is governed by the conservation laws [39].

The efficiency of the MPP is defined by relating the gained and input energies

η =
E2 − E1

E1
=
−E3

E1
, (26)

implying the relation [40]

ηMPP = χ− 1 +
χq1 At − q2 At

E1
. (27)

The MPP demonstrates three substantially different efficiency regimes. The low-
efficiency regime corresponds to the original Penrose process involving only electrically
neutral particles (or vanishing electromagnetic field) with efficiency [41]

ηPP(max) =

√
2− 1
2

∼ 0.207. (28)

The moderate regime of the MPP corresponds to the situation when the electromag-
netic forces are dominant, and the particles are charged, i.e., the condition | q

m At| � |ut| =
|pt|/m is satisfied, with efficiency approximately determined as

ηmod
MPP ∼

q2

q1
− 1, (29)
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operating while q2 > q1. In this case, the gravitationally induced electric field of the black
hole is neutralized and the moderate regime of the MPP is close to the Blandford–Znajek
process [42]; both processes are driven by the quadrupole electric field generated due to
twisting the magnetic field lines because of the spacetime frame dragging, and restricted by
global neutrality of the plasma surrounding the black hole [3,43]. The extremely efficient
regime corresponds to the ionization of neutral matter and its efficiency is dominated by
the term

ηextr
MPP ∼

q2

m1
At. (30)

In the extreme regime of the MPP, an enormous increase in the efficiency is pos-
sible, giving enormous energy to escaping particles. The efficiency can be as large as
ηextr

MPP ∼ 1010 if the magnetic field is sufficiently large and the rotating black hole is super-
massive [40] charging.

Let us note that the mechanism of charging of a boosted black hole in translatory
motion has been revisited very recently, [44,45]; it has attracted renewed widespread
attention because of its tentative relevance for late stages of black hole—neutron star
inspirals and their subsequent mergers. In this context, there is an interesting parallel
between the effects of rotation vs. boost. Along a different line of research, Okamoto and
Song [46] argue that the electromagnetic self-extraction of energy will be possible only
via the frame-dragged rotating magnetosphere. It will be interesting to see if the above-
discussed ideas of magnetic Penrose process, where the energy extraction is explored from
another view angle, will be confirmed with a more accurate and complete description in the
future. It seems to be very exciting that the present-day understanding is still incomplete
and even controversial as the adopted approximations are tentative and await further
verification or disproval [47].

4. Conclusions

The MPP enables acceleration of protons and light ions up to the energy E ∼ 1022 eV,
corresponding to the highest-energy ultra-high energy cosmic rays (UHECR) observed
on the Earth, that can occur around supermassive black holes in the active galactic nuclei
similar to those in the M87 large elliptical galaxy [40]. For accelerated electrons, the
energy could be even higher, but contrary to the case of protons and ions, where the back-
reaction related to the synchrotron radiation of the accelerated particles is negligible, for
electrons the back-reaction is extremely strong, decelerating substantially this kind of light
particles—they thus cannot be observed as UHECR [39].

Our scenario is complementary to highly dynamical situations discussed in a series
of articles by Ruffini et al. [48], who explore the early, prompt phase of gamma-ray burst
sources within a scenario of a baryonic shell interacting with an inhomogeneous medium
(see also further references in [49–53]). Although we do not consider temporal effects on
the black hole’s gravitational field, we do take into account the role of the magnetic field in
shaping the stationary background. It turns out that for astrophysically realistic models,
time dependence may be crucial. On the other hand, the impact that super-strong magnetic
fields may have on the spacetime curvature is relevant with respect to our understanding
of exact solutions of Einstein–Maxwell fields; this can be best revealed by employing
simplified equilibrium models such as the one discussed in our research note.

As a final remark, let us note that the similarity between the problem of a rotating mag-
netized body treated in the framework of classical electrodynamics and the corresponding
black-hole electrodynamics has been widely explored in the literature (e.g., [54,55], and
numerous subsequent papers). The black hole problem seems to be more complex because
we have to consider the effects of general relativity; however, the adopted spacetime rep-
resents an electro-vacuum solution and it is thus idealized with a small number of free
parameters. Intricate relations and numerical analysis are needed in order to determine
material properties if plasma is present.
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Abstract: Solar and lunar eclipses are indeed the first astronomical phenomena which have been
recorded since very early antiquity. Their periodicities gave birth to the first luni-solar calendars based
on the Methonic cycle since the sixth century before Christ. The Saros cycle of 18.03 years is due
to the Chaldean astronomical observations. Their eclipses’ observations reported by Ptolemy in the
Almagest (Alexandria of Egypt, about 150 a.C.) enabled modern astronomers to recognize the irregular
rotation rate of the Earth. The Earth’s rotation is some hours in delay after the last three millenia if
we use the present rotation to simulate the 721 b.C. total eclipse in Babylon. This is one of the most
important issues in modern celestial mechanics, along with the Earth’s axis nutation of 18 yr (discovered
in 1737), precession of 25.7 Kyr (discovered by Ipparchus around 150 b.C.) and obliquity of 42 Kyr
motions (discovered by Arabic astronomers and assessed from the Middle Ages to the modern era, IX
to XVIII centuries). Newtonian and Einstenian gravitational theories explain fully these tiny motions,
along with the Lense–Thirring gravitodynamic effect, which required great experimental accuracy. The
most accurate lunar and solar theories, or their motion in analytical or numerical form, allow us to
predict—along with the lunar limb profile recovered by a Japanese lunar orbiter—the appearance of
total, annular solar eclipses or lunar occultations for a given place on Earth. The observation of these
events, with precise timing, may permit us to verify the sphericity of the solar profile and its variability.
The variation of the solar diameter on a global scale was claimed firstly by Angelo Secchi in the 1860s
and more recently by Jack Eddy in 1978. In both cases, long and accurate observational campaigns
started in Rome (1877–1937) and Greenwich Observatories, as well as at Yale University and the NASA
and US Naval Observatory (1979–2011) with eclipses and balloon-borne heliometric observations. The
IOTA/ES and US sections as well as the ICRA continued the eclipse campaigns. The global variations of
the solar diameter over a decadal timescale, and at the millarcsecond level, may reflect some variation in
solar energy output, which may explain some past climatic variations (such as the Allerød and Dryas
periods in Pleistocene), involving the outer layers of the Sun. “An eclipse never comes alone”; in the
eclipse season, lasting about one month, we can have also lunar eclipses. Including the penumbral lunar
eclipses, the probability of occurrence is equi-distributed amongst lunar and solar eclipses, but while
the lunar eclipses are visible for a whole hemisphere at once, the solar eclipses are not. The color of the
umbral shadow on the Moon was known since antiquity, and Galileo (1632, Dialogo sopra i Massimi
Sistemi del Mondo) shows clearly these phenomena from copper color to a totally dark, eclipsed full
Moon. Three centuries later, André Danjon was able to correlate that umbral color with the 11-year
cycle of solar activity. The forthcoming American total solar eclipse of 8 April 2024 will be probably the
eclipse with the largest mediatic impact of the history; we wish that also the scientific impulse toward
solar physics and astronomy will be relevant, and the measure of the solar diameter with Baily’s beads
is indeed one of the topics significantly related to the Sun–Earth connections.

Keywords: eclipses, lunar and solar; occultations; Baily’s beads; solar diameter
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1. Introduction

The Sun is the closest star to our planet. The accurate knowledge of its physics is
also knowledge of our living environment because of the strong energetic relationship
with our climate. Most of the new physics of the XX century is involved in the study of
the Sun: General Relativity, Nuclear Physics and Neutrino phase mixing physics. These
three domains of modern physics considered the Sun a privileged laboratory. The secular
variations of the solar diameter as well as the unexplicable great dimming of solar activity,
known as Maunder minimun of 1645–1715 or the great maxima and minima identified in
the past millenia [1], do not find a suitable predicting model. In this paper, we briefly review
the history of the eclipses’ science, both solar and lunar, from antiquity to the present days,
focusing on the solar diameter measurements at the lunar shadow’s limits through Baily’s
beads. The variability of the solar diameter is sustained by several accurate measures in
the last 130 years as well as from historical eclipses since 1567. In this general context, as
celestial mechanics, we consider mainly the geometrical models yielding the predictions of
the solar and lunar positions, especially the ones (Methon and Saros “circular motions”)
which predict eclipses within a given range of decades or centuries.

2. Historical Solar Eclipses and Implications in Celestial Mechanics
2.1. Chaldean Astronomy

For millenia, mankind turned his gaze to the sky to admire and study its wonders. Of
all the phenomena, solar and lunar eclipses are those that have influenced the mythology,
religion and science of early civilizations the most. Chaldeans identified the periodic
recurrence of lunar and solar eclipses, calculating a cycle of 18 years, 10/11 days, 8 h and
42 min, the Saros. Through prolonged and careful observations, the Chaldeans were not
only able to predict the following eclipses; they also noted that the same eclipse occurred in
the same place after 3 Saros, an Exeligmos cycle of 54 years and 34 days, as also described
by Ptolemy in his writings [2–4]. It is safe to assume that the geometrical nature of the
eclipses was already clear at that time. In general, the occultation of a body (the Sun, a star
or a planet) by the Moon or an asteroid provides information on the shape of the darkening
body itself and the relative distance between it and the darkened one (Figure 1). Also, the
occultation of the Sun by the Earth produces, on the Moon, a shadow, which was called
“defectus”, since the Moon is not occulted to our sight.

Figure 1. Venus’ occultation of 9 November 2023 at 10:09:48 UT observed in Rome, via Fonteiana 111.

151



Universe 2024, 10, 90

2.2. Occultation’S Astronomy

Figure 1 helps explain how occultations are related to celestial mechanics as it displays
Venus’ occultation on 9 November 2023. The instant of the disappearance of Venus has been
determined within ±0.01 s of accuracy, which allows for locating the Moon with ±10 m of
space accuracy and 3 millarcsec of angular accuracy [5].

Asteroidal occultations are currently used to assess the asteroidal orbits with great
accuracy and, in the case of some stars with large angular diameters like Betelgeuse (60 mas)
and Regulus (1.7 mas), also their limb-darkening functions [6]. The eclipses of the Galilean
satellite io by Jupiter offered the possibility to measure the speed of light by Roemer on his
and Cassini’s data (1676) [7].

2.3. Eclipses’ Astronomy and Earth’s Rotation Rate

In the Sun–Earth–Moon system, two types of eclipses are recognized: lunar and solar.
The first occurs when the Moon, whose orbital plane is inclined by 5.9° compared to the
ecliptic, passes through one of the intersection nodes of the orbit in opposition to the Sun
while being hit by the cone of shadow projected by our planet. These eclipses are visible
from any point on the Earth’s hemisphere where the Moon is above the horizon. Solar
eclipses, on the other hand, occur when the passage through one of the nodes occurs
with the Moon in conjunction. The Moon projects its shadow on our planet, and due to
the relative size and distances between the Sun, the Earth and itself, the shadow cone
can vary in size and duration, giving information on the position of the three bodies in
space. The most studied type of eclipse is the total solar eclipse, which is visible when the
Earth–Moon distance is such that the angular diameter of our satellite is slightly greater
than that of the Sun. This suggestive event has allowed also the first studies on the solar
corona. The shadow cone generated during these phenomena covers a narrow band of the
Earth’s surface, less than few hundreds of kilometers wide, where it is possible to observe
a sudden and great variation in brightness of the sky (from 10 magnitudes to 10,000 times
in intensity). Ptolemy reported in the Almagest (150 a.C.) the total solar eclipse recorded by
the Chaldeans in 721 b.C. [8,9]. The occurrence of this phenomenon in Babylon tells us that
the current Earth’s rotation rate changed during the last 27 centuries due to the ongoing
post-glacial isostatic rebound of the continents [10–12].

2.4. Earth’s Axis Millennial Motions

The luni-solar precession (or “of the equinoxes”) is responsible for the double-conical
movement of the Earth’s axis. With a period of approximately 25,700 years, the combined
gravitational action of the Sun and Moon on the equatorial bulge tends to align the planet’s
rotation axis along the direction perpendicular to the ecliptic plane. This gravitational pull
is opposed by the rotational movement of the Earth, which keeps the angular momentum
fixed. The resulting effect is a shift of the equinoxes by 20 arcminutes westwards [13].
Together with the precession of the equinoxes, and again due to the effect of the tidal forces
deriving from the action of the Sun and the Moon, a second motion of our planet is observed:
the nutation, which was discovered in 1737 by James Bradley. Nutation is characterized
by a subtle wobble in the Earth’s rotation axis, which follows a cycle of approximately
18.6 years. The maximum amplitude of nutation in ecliptic latitude is 9 arcseconds. The
Earth’s obliquity also variates in 42 Ky of ± 2°. Since the dawn of observative astronomy,
the Earth’s axis changed from about 24° to the present 23.42°.

2.5. Solar Astrometry: The Eclipse of Clavius

Another example of deducing changes in the properties of a celestial body using an
eclipse is represented by the observation of the annular–total solar eclipse in Rome in
1567 AD by the Jesuit mathematician Clavius [14]. He personally observed the 1567 eclipse
(9 May) and the eclipse of Coimbra in 1560 (21 August), and he reported, for the one in 1567,
the presence of a clear disk of light around the Moon. Clavius deduced that the angular
diameter of the Sun was greater than that of our satellite, which went against Ptolemy
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and medieval Arab astronomers. The nature of the ring of light observed by Christopher
Clavius has been investigated by Kepler and by subsequent studies [15,16]. The occurrence
of an annular eclipse in 1567 in Rome, instead of total, as predicted by the ephemerides for
that day in Rome using current parameters, remains still intriguing. The solar diameter
should have been 0.2% larger than expected, and the 1567 eclipse’s discussions gave birth to
the studies on the secular variations of the diameter of the Sun [17]. It is therefore clear that
not only do eclipses give important information on the celestial mechanics of the bodies
involved, but they can also shed light on their properties and characteristics and how these
influence our planet.

3. Lunar Eclipses from the Metonic Cycle to the Solar Corona Reflection

The celestial mechanics of the Moon are at the basis of civil calendars because, since
ancient times, it has been necessary to identify a univocal criterion for organizing religious
celebrations and planning social events. The Babylonians were the first to create a calendar
based on the lunar motion [18]. However, they were unable to reconcile the discrepancies
between the tropical year and the draconic year. The civil year has to correspond to
the tropical one, which lasts 365.242 days, or the time between two consecutive Spring
equinoxes. The draconic year is the time taken by the Sun to return to the same node of the
lunar orbit. Since the line of intersection of the ecliptic plane with that of the lunar orbit
moves retrogradely, the position of the nodes moves back annually by 19°33′, and the Sun
does not meet the same node again after a tropical year but rather approximately 19 days
earlier, i.e., every 346.62 days. The first to create a synchronized calendar was the Greek
astronomer Meton (432 b.C.), who, through the observation of 19 consecutive solar years
(corresponding to approximately 235 lunar months and 6940 days) and starting from the
Saros cycle, created a calendar so that the motion of the two celestial bodies would return
in phase. Numerous calendars from the classical and medieval era are based on it and were
later modified according to the uses and needs of each culture [19–21]. The discovery of the
Metonic cycle was probably the necessary stimulus to introduce leap years to recover the
decimal part of the solar year which is suppressed in the calculation of the civil year, which
is made necessarily of an integer number of days. There are testimonies of reform attempts
already in the Ptolemaic Egypt [21], but the introduction of a temporally synchronized
system is due to Julius Caesar. He, just after having been in Alexandria, introduced the
Julian calendar to the Roman Senate in 46 b.C., and it became the basis of the modern
Western calendar.

3.1. The Metonic Cycle

The lunar calendar and the Metonic cycle were used by the Catholic Church for the
Easter’s Computus, the determination of the day of Easter, and it is still used after the
Gregorian reformation of the calendar. Although in continental Europe the scientific debate
had slowed down in the last centuries of the Roman Empire, the Church made numerous
efforts to codify the calculation of the celebration of the resurrection. The principle-rule
that fixes the date of Christian Easter was established following the Council of Nicea
(325 AD) [22]: Easter falls on the Sunday following the first full moon of spring (at the time
of the first calculations, the equinox fell on 21 March, which therefore became the reference
date). Consequently, the Easter date is always included in the period from 22 March to
25 April. It is important to point out that among the first controversies in the Catholic
Church, there are the ones on the Easter’s algorithms based on the local traditions in the
geographical area concerned [23–26].

3.2. Lunar Secular Motions

The lunar motion has more than 400 terms in the modern ephemerides, but for eclipses
and solar astrometry, we recall the precession of the lunar axis and the variation in the
eccentricity of the orbit of our satellite. The improvement of telescopes in the XVII century
allowed a more accurate study of such motions. Among these there are librations: apparent
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movements of the Moon that allow an observer on Earth to see slightly different portions
of the lunar surface each time. These variations are caused by the fact that the Moon rotates
around its axis at a constant rate but revolves around the Earth at a variable rate, being in an
elliptical orbit and moving faster when it is closer to the Earth and slower when it is further
away from it. The final effect is that instead of half, only 41% of the lunar surface is always
visible, another 41% is always hidden, and a further 18% oscillates between the visible
and hidden portions of the surface bringing to 59% the total visible surface of the Moon
over the course of an entire libration cycle [27]. The total oscillation effect is given by the
contribution of the two previously introduced motions: the inclination of the lunar axis and
the libration in latitude discovered by Galileo in 1632 and the variations in the eccentricity
of the orbit and the libration in longitude discovered by Hevelius in 1648 [28,29]. The lunar
profile during solar total eclipses is of course subjected to all these motions.

3.3. Lunar Colors during the Eclipses from Galileo to Danjon

Galileo Galilei in his writings summarized the discoveries made possible by the
telescope, undermining the Ptolemaic certainties on the celestial order: the existence of
the seas and the lunar craters and the satellites orbiting around Jupiter were powerful
arguments in favor of the Copernican theory [30–33]. In the “Saggiatore” (1623), dedicated
to the nature of the comets as real celestial bodies, Galileo also dealt with the colors assumed
by the darkened part of the Moon [34,35], as can be seen in Figure 2. It was only in 1921
that the astronomer André-Louis Danjon, through an intensity scale of the eclipsed Moon
brightness, was able to connect such phenomenon to the solar activity [36]. The color
variations of the shadowed area of the Moon are certainly influenced by atmospheric
conditions and by the light reflected from the Earth’s surface, but they depend above all on
the extension of the solar corona associated with the various phases of our star’s activity
cycle, as already understood by Angelo Secchi in the second half of the XIX century [37–41].

Figure 2. Partial lunar eclipse of 29 October 2023 at 20:36:37 UT, observed in Ostia.

4. The Sun–Earth Connection

Solar eclipses have been for a long time the only means available for studying the
solar corona. This changed with the advent of Bernard Lyot’s coronagraph, which is an
instrument used to simulate eclipses that can also be employed on satellites dedicated to
solar observation, such as the SkyLab and SOHO [42–44]. The study of the Sun from space
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has also allowed researchers to shed light on other phenomena known since ancient times:
the polar auroras. The interaction of high-energy charged particles, components of the solar
wind, with the Earth’s ionosphere gives life, through radiative de-excitation mechanisms,
to the characteristic colored and bright bands in the polar sky, where the shielding effect of
the Earth’s magnetic field is less effective. The first to relate solar activity to auroras was the
astronomer R. C. Carrington, who observed a brief bright light in a group of unusually large
sunspots on 31 August 1859 [45–47]. On that day, polar auroras were visible all across the
planet, causing the generation of spurious currents in electric circuits, damaging them [48].
This event has been later associated with a powerful solar flare, exactly Earth-facing: it is
known as the Carrington event and was also measured by Angelo Secchi’s magnetometers
in Rome [49]. Since then, studying and monitoring sunspots has played a particularly
important role in predicting this type of particles storms, as it would allow us to take the
right countermeasures to protect our, now very dense, telecommunications network [50].
Although the nature of sunspots is not yet fully understood, nowadays, we know that they
are formed following a decrease in the energy arriving from the star’s core to the surface due
to a variation in the magnetic field caused by the differential rotation of the celestial body. In
these areas of lower temperature (around 4000 K compared to the 6000 K of the surrounding
photosphere) a self-sustaining mechanism is established, similar to that of hurricanes, due
to the strong magnetic fields. The occurrence of sunspots is linked to the main eleven-year
cycle of solar activity; their existence has been known since 800 b.C. [51] and has been
recorded since then by various astronomers (Galileo included) [52,53]. They are therefore
a good indicator of solar activity throughout the centuries, and their observation will be
useful to better understand the internal mechanisms of our star and how, and if, they
affect our planet. Cycles longer than the 11-years have also been identified (80–100 years,
800–1200 years, etc.), and they are also linked to the planetary periodicities [54].

5. Recent Eclipses: Preliminary Results on the Solar Radius

In the last few decades, the number of eclipse observers has constantly increased,
along with the quality level of their observations. After the first missions to the shadows’
limbs in the 1970s [55,56], the solar diameter has been monitored with this method several
times; an example is in Figure 3. An Atlas of observed Baily’s beads [57] was collected and
used to recover the solar limb-darkening function [58] and its inflexion point, which unifies
this approach with the solar limb definition used in the oblateness measures since Robert
Dicke’s in 1967 [59–61].

Figure 3. The long-lasting final Baily’s bead at the shadow’s limit in Egypt as observed by Zawyet al
Mahtallah on 29 March 2006, visible with the full corona [62,63].

On the lunar shadow’s limits, the Baily’s beads last longer, making this method more
accurate, even if it is subjected to the filter’s cutoff [63]. For this reason, the International
Occultation Timing Association (IOTA) adopted in 2010 a standard filter to fix also the
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wavelength at which the diameter is measured (520 nm), as in the Solar Disk Sextant
SDS [64] balloon-borne mission.

5.1. Solar Diameter’s Standard Value

In the last decade, the eclipses, lunar and solar showed a solar radius around 960.0′′,
which is larger than the 959.63′′ IAU standard value [65] at 1 AU. The values of the solar
diameter here discussed all refer to 1 AU, so any variation of the Earth–Sun distance along
the year or the eccentricity’s changes in the orbit does not affect these values; only intrinsic
variations do.

5.2. Solar Diameter’s Variations

The variation of the solar diameter was confirmed also with photometers’ arrays
displaced from French missions from 2012 to 2015 [66] in another experiment designed to
avoid the cutoff problem. During 2023, two eclipse have occurred: a hybrid on 20 April [67]
and an annular on 14 October. In both cases, the preliminary results confirm the solar radius
to be in the 960.0′′ range [68], with a technique also used in 2022 as can be seen in Figure
4 The statement about the need to change the IAU standard value of 959.63′′ dates back
to 1891, and it does not give enough importance to the real change of the solar diameter.
The measures of 1891 were performed with excellent optics, and careful methods, and
they were confirmed by many eclipses, lunar and solar’ analyses and by SDS flights. The
solar diameter was measured within ±0.02′′ and increased from 959.63′′ (1992) to 959.86′′

(2011) [64]. The increase in the solar diameter was also detected with the Danjon-modified
solar astrolabes (1975–2009) in France, Algery, Turkey, Spain and Brazil [69,70]. Another
instrument, the reflecting heliometer, was developed in Rio de Janeiro to monitor the
solar diameter especially during the coronal mass ejections, which are the major events in
space weather [71]. Other measures in different wavelengths [72] confirmed the diameter’s
enlargement. The stellar standard model does not explain global solar diameter oscillations
on yearly scales but rather only the helioseismic waves of 5 min [73].

Figure 4. The solar partial eclipse of 25 October 2022 at 10:54:20 UT on the Clementine meridian line
of 1702 in Rome [74]. This eclipse was a real rare partial one for all the World [75].

6. Conclusions and Perspectives

The solar activity was identified in the XIX century with the 11-year sunspots period
and was later corrected to a 22-year cycle after Hale magnetic observations [76]. The corre-
sponding coronal activity was first identified by Secchi [49] and subsequently confirmed
by the observations during the eclipses, lunar and solar and with coronographs. Later, at
the birth of helioseismology, global solar oscillations of 5 min were detected [77]. A gap of
seven decades (1645–1715) in the solar activity was detected by Maunder [78], but the first
idea to correlate sunspots activity to the solar diameter variations came out after 1978 with
the analysis of Clavius’ eclipse of 1567 observed in Rome. Since then, the total eclipses,
lunar and solar’ accounts have been exploited to measure the solar diameter thanks to the
rapid luminosity variation occurring near the solar limb in the last arcseconds. Ancient
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data were obtained with the naked eye, while photo, video and electronic devices prevailed
in the last few decades. General consensus in the present day (2023) establishes the solar
radius at 960.0′′ not only from eclipse data, and the solar radius increased by about 0.4′′

over the last 130 years. Ancient and recent planetary transits have been used to assess this
statement also with SOHO and SDO satellites [79,80]; however, there is a lack of consensus
here. The instruments devoted to real-time solar diameter’s measurement, the reflecting
heliometer of Rio de Janeiro and the solar astrolabes in Nice (DORAYSOL) and Rio are
currently off duty. There is no news from the other instrument of Nice/Calern Observatory:
Picard-Sol [81]. The fascinating eclipses’ missions, once possible as a national effort, are now
operated also by an increasing number of valent amateur and professional astronomers,
who are inspired in their actions by the unforgettable Jay Myron Pasachoff (1943–2022) and
Serge Koutchmy (1940–2023) who were able to set new astrophysical experiments for each
new eclipse since their first observational missions [82]. The quality of the new incoming
data is guaranteeing the validity of the forthcoming research on the secular variability of
the solar diameter and on the correlation of the diameter with other observables more
closely related with the Earth’s climate variability.
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