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Preface

Advancements in contact mechanics play an important role in the design of modern mechanical

and bio-medical systems, enhancing their efficiency, power density, and reliability. They lay the

foundation to research on the adhesion, friction, lubrication, fatigue, and wear of contacting interfaces

and materials. There are numerous contact problems at different working conditions in applications

such as machine elements, mechanical systems, and manufacturing processes. Each of these contact

problems has specific challenges. To meet the demands, advanced analytical, numerical, and

experimental methodologies have been developed. This Reprint aims to expand our understanding

of the normal contact problems of layered structures and/or rough surfaces, the tribological and

dynamic behavior of interacting surfaces, and the design and optimization of mechanical systems

based on contact mechanics.

The Guest Editors would like to express their heartfelt gratitude to the authors, reviewers, and

editorial staff at Lubricants for their invaluable help in publishing this Reprint.

Haichao Liu, Haibo Zhang, and Xiaoyu Ding
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Advances in Contact Mechanics

Haichao Liu 1,*, Haibo Zhang 2,* and Xiaoyu Ding 2

1 State Key Laboratory of Solid Lubrication, Lanzhou Institute of Chemical Physics, Chinese Academy of
Sciences, Lanzhou 730000, China

2 School of Mechanical Engineering, Beijing Institute of Technology, Beijing 100081, China
* Correspondence: liuhc@licp.cas.cn (H.L.); haibozhang@bit.edu.cn (H.Z.)

Advancements in contact mechanics play an important role in the design of mod-
ern mechanical and bio-medical systems, enhancing their efficiency, power density, and
reliability. To meet the demand for these qualities, advanced analytical, numerical, and
experimental methodologies have been developed. This Special Issue aims to expand
our understanding of normal contact problems of layered structure and/or rough sur-
faces (Contributions 1–3), the tribological and dynamic behavior of interacting surfaces
(Contributions 4–6), and the design and optimization of mechanical systems based on
contact mechanics (Contributions 7–11).

Coated and layered materials are widely used in numerous engineering applications.
The advancement of experimental, numerical, and analytical techniques for investigating
the contact mechanics of these materials contributes a significant area of study. Lyashenko
et al. (Contribution 1) conducted an experimental verification of the boundary element
methods for adhesive contacts of a coated elastic half-space. Normal contact problems
between an elastic layer of a finite thickness on a substrate and indenters of varying
size/geometry were studied, and good agreement was observed when comparing the
experimental results with the boundary element method (BEM). Forsbach and Willert
(Contribution 2) introduced a general approximate analytical solution for the slightly non-
axisymmetric normal contacts of layered and functionally graded elastic (FGE) materials.
Any compact axisymmetric or nearly axisymmetric contact problem in FGE materials
can be transformed into the problem of indenting the material using a rigid cylindrical
flat punch, leveraging the concept of superposition. The contact problem between two
interacting rough surfaces is prevalent in numerous natural and engineering phenomena.
Jiang et al. (Contribution 3) proposed an efficient methodology to analyze the deformation
of roughness asperities, assuming that the deformation is predominantly governed by the
size-dependent plasticity. The role of strain gradient plasticity in contact is analyzed using
a modified incremental contact model based on the mechanism-based gradient plasticity
(MSGP) theory. The results indicate that the strain gradient plasticity does not alter the
linear nature of the area-load relation but increases its slope.

Contact mechanics forms the basis of the research into friction, wear, lubrication,
and even system dynamic behaviors. Although rolling friction typically has a smaller
magnitude than sliding friction, it has attracted attention since the invention of wheel due
to its important role in achieving high accuracy in motion and positioning through rolling
systems in modern applications. Specifically, knowledge of the transient rolling resistance
during the pre-rolling phase is essential. Gilavdary et al. (Contribution 4) developed a
single-point contact pendulum to investigate the law of rolling resistance in cases where
the dimension of the displacement zone of the rolling body is significantly smaller than that
of the contact spot. Rolling resistance is shown to be determined by dissipative adhesive
forces, internal friction forces, and elastic adhesion forces. Adhesive wear occurs at the
contacting asperities of the mating surfaces. While models such as the Archard model can
be used to calculate the wear volume in engineering applications, the wear coefficient needs
to be properly calibrated in wear experiments. Furthermore, accurately predicting the

Lubricants 2024, 12, 179. https://doi.org/10.3390/lubricants12050179 https://www.mdpi.com/journal/lubricants1
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locations of crack initiation and propagation remains challenging. Li et al. (Contribution 5)
present an efficient finite-element sub-model for simulating adhesive wear in elasto-plastic
spherical contacts using techniques based on local mesh refinement. Both normal and
tangential mechanical responses are considered. The effects of the sphere radius and
normal loads on the formation and evolution of wear particles were studied, and these
provide the basis for wear analysis for rough surfaces. Additionally, the dynamic behavior
of a mechanical system can be strongly influenced by the contact mechanics of rough
rubbing surfaces. In Contribution 6, Maaboudallah and Atalla proposed a multi-scale
computational method for the prediction of friction-induced vibrations, such as those in
braking systems. In contrast to smooth surface modelling, the effect of surface roughness on
system dynamic instabilities can be considered in addition to other influential parameters
such as the shear moduli of the pads and the coefficient of friction. It has been shown that
the resulting multi-scale model incorporating surface roughness significantly improves
prediction accuracy at low frequencies.

Contact mechanics serves as the foundation for the design and tribological analysis
of numerous machine elements and mechanical parts, including the cylinder-liner contact
in combustion engines, wheel-rail contacts in the railway industry, seals in high-speed
machines, and pitch bearings in wind turbines. To predict the performance of an automotive
piston ring system, Chu et al. (Contribution 7) developed a mixed lubrication model that
considers elastic-plastic rough contacts and lubrication mechanics across scales. The friction
at the piston ring- cylinder liner interface was modeled, analyzed, and compared with
experimental results. The model, based on contact and lubrication mechanics, can be used
to enhance friction-reduction technologies in the automotive industry. In the lubrication
practice for pitch bearings in wind turbines, fretting corrosion is a typical mode of surface
damage due to oscillating motion and dynamic high loads. Han et al. (Contribution 8)
investigated the variation in film thickness in a grease lubricated contact under cyclic
load-varying conditions. The decay of the lubricating film thickness was monitored using
optical interferometry, and the effects of the load-varying ranges, number of cycles, grease
composition, and anti-wear additives were examined. The micro-structural degradation
of grease in the contact was also analyzed. In various high-speed machines, dry gas
mechanical face seals are used to prevent gas leakage. The dynamic coefficients determine
the vibration and stability of a rotor-seal system. Park et al. (Contribution 9) studied
the dynamic coefficients of a T-grooved dry gas seal under laminar, turbulent, and slip
conditions with different clearances. For a better physical understanding of the changes in
adhesion coefficient in wheel-rail contacts under sanded contacts, Suhr et al. (Contribution
10) conducted a comprehensive study into the grain crushing behavior of rail sands in both
dry and wet conditions. Their research focused on the initial breakage behavior, as well
as the size and thickness of the formed solidified clusters and fragments (running band),
providing evidence for future modelling of the sanding process and adhesion in wheel-rail
contacts. In a separate study, Rong et al. (Contribution 11) investigated the mechanical
properties and tribological behaviors of flash-butt welded rail joints. They found that the
high proportion of ferrite generated in the weld metal resulted in increased plasticity and
decreased hardness, and yielding strength. Consequently, the wear mechanism transitioned
from adhesive wear and oxidation to fatigue wear with slight oxidation.

Despite over a century of research and applications in contact mechanics, marked by
continuous advancements in theory, modeling, numerical methods, and related experimen-
tal techniques, new challenges in the field of mechanical-biological engineering continue to
propel this area of study forward. This Special Issue is a testament to this progress. The
Guest Editors would like to express their heartfelt gratitude to the authors, the reviewers,
and the editorial staff at Lubricants for their invaluable help in publishing this Special Issue.

Conflicts of Interest: The authors declare no conflicts of interest.
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Experimental Verification of the Boundary Element Method for
Adhesive Contacts of a Coated Elastic Half-Space

Iakov A. Lyashenko 1,2,*, Valentin L. Popov 1,* and Vadym Borysiuk 1,3

1 Department of System Dynamics and Friction Physics, Institute of Mechanics, Technische Universität Berlin,
10623 Berlin, Germany

2 Department of Applied Mathematics and Complex Systems Modeling, Faculty of Electronics and Information
Technology, Sumy State University, 40007 Sumy, Ukraine

3 Department of Nanoelectronics and Surface Modification, Faculty of Electronics and Information Technology,
Sumy State University, 40007 Sumy, Ukraine

* Correspondence: i.liashenko@tu-berlin.de (I.A.L.); v.popov@tu-berlin.de (V.L.P.); Tel.: +49-(0)30-314-75917 (I.A.L.)

Abstract: We consider analytical, numerical, and experimental approaches developed to describe the
mechanical contact between a rigid indenter and an elastic half-space coated with an elastic layer.
Numerical simulations of the indentation process were performed using the recently generalized
boundary element method (BEM). Analytical approximation of the dependence of contact stiffness on
the indenter diameter was used to verify the results of BEM simulations. Adhesive contacts of hard
indenters of different shapes with soft rubber layers have been experimentally studied using specially
designed laboratory equipment. The comparison of the results from all three implemented methods
shows good agreement of the obtained data, thus supporting the generalized BEM simulation
technique developed for the JKR limit of very small range of action of adhesive forces. It was shown
that the half-space approximation is asymptotical at high ratios of layer thickness h to cylindrical
indenter diameter D; however, it is very slowly. Thus, at the ratio h/D = 3.22, the half-space
approximation leads to 20% lower contact stiffness compared with that obtained for finite thickness
using both an experiment and simulation.

Keywords: indentation; elastomer; elastic layer; contact stiffness; BEM; experiment; adhesion

1. Introduction

Coated and layered materials are commonly used in numerous engineering appli-
cations. The main purpose of a coating technology is significant improvement of the
performance of certain devices or their parts, as changing the properties of the surface
can dramatically affect the behavior of the material. Coating technology is often applied
to enhance the properties of the materials that are involved in mechanical contacts, to
modify their tribological properties, and to improve wear resistance, adhesion, friction,
etc [1]. Furthermore, coatings are also used to achieve the desired level of biocompatibility
of implants [2,3], to obtain needed optical properties [4], to enable triboelectric energy
harvesting [5], and for many other technologies. Therefore, development of experimental,
numerical and analytical techniques for the modelling and studying of materials with a
layered structure is an important topic in various fields of science and technology.

Most of the analytical theories and numerical simulation methods used for describing
elastic contacts make use of “half-space approximation”, wherein an object with finite
sizes at certain conditions can be considered as a half-space. This approximation can be
applied to bodies coated with an elastic substrate provided the characterized size, D, of the
contact area is much smaller than the thickness of the coating [6]. A special case of a coated
body is an elastic layer placed on the rigid substrate. If an elastic layer with thickness
h is indented by a cylindrical indenter of diameter D, this layer can be considered as a
half-space provided the thickness of the layer is much larger than the diameter of indenter.

Lubricants 2023, 11, 84. https://doi.org/10.3390/lubricants11020084 https://www.mdpi.com/journal/lubricants4
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Classical theories of adhesion, such as JKR [7], DMT [8] or Maugis theory [9], as well as
the classic Hertz theory [10], all operate in the half-space approximation; therefore, much
of our intuitive understanding of contacts is based implicitly on the results of half-space
approximation. However, if the contact size is comparable with the layer thickness, the use
of the half-space approximation may lead to inadequate results so that the finite size has to
be taken into account. There is a number of theories considering these corrections [11–16].

In addition to purely analytical methodology, numerical simulations are also widely used
for solving the contact tasks involving layers of a given thickness. Commonly used numerical
methods are the finite element method (FEM) [17–19] and the Fourier-based residuals molecular
dynamics (RMD) [20], among others [21]. At present, the FFT-assisted boundary element
method (BEM) is considered the most powerful technique for simulation contacts. Recently, it
was generalized for the case of coated elastic half-space and also takes adhesion into account [22].
In the described generalization, adhesion is considered in the “JKR-limit”, meaning that the
range of action of adhesive forces is much smaller than any other characteristic length of the
problem (including gap and indentation depth) so that it can be considered to be zero. It is
not automatically guaranteed that this condition is fulfilled in real adhesive contacts. Thus, it
is important to “verify” the simulation method through comparison with experiments. This
comparison is the main purpose of the present paper.

2. Materials and Methods

As mentioned in introduction, in our study we used FFT-based BEM for coated half-
space [22]. This approach was recently implemented for a description of adhesive and
non-adhesive contacts between rigid indenter and elastic half-space coated with a layer
of different elastic properties. Within BEM, an elastic half-space with elastic modulus E2
and Poisson ratio ν2 coated with the elastic layer of thickness h and elastic parameters
E1 and ν1 is considered. To solve the contact problem between coated half-space and a
rigid indenter with arbitrary geometry numerically, we consider a square region on the
body surface with the size L × L, which has N cells in each direction, while the size of each
of the N2 square cells is Δx = Δy = Δ. Pressure is assumed to be uniform in each cell. If
the pressure distribution p is given, the displacement u can be calculated according to a
numerical procedure [22],

u = IFFT[uz · FFT(p)], (1)

where uz is a Fourier-transformed fundamental solution (normal displacements at the
contact surface), and the analytical formula for uz is provided in [22]. The contact problem
is solved iteratively. In each step, the displacements u for a given pressure distribution p

are determined through the evaluation of Equation (1). The inverse problem of finding
pressure p for producing given deformations u can be solved using the conjugate gradient
method [23]. For adhesive contacts, an additional detachment criterion is needed: a surface
element at the boundary of the contact area loses its contact as soon as tensile stress in this
element exceeds the critical value given by

σc =

√
E1Δγ

0.473201 · Δ · (1 − ν2
1)

, (2)

where Δγ (J/m2) is the specific work of adhesion between the indenter and substrate. For
non-adhesive contacts, the detachment criterion is that normal pressure p > 0; for adhesive
contact the condition p > –σc must be used. Detailed information about numerical BEM
procedure can be found in [22].

Experiments concerning indenter–substrate contact are a well-known challenge in
many fields of tribology, contact mechanics and nanotechnology [24]. An experimental
study of adhesive contacts between rigid indenters and elastic layers of different thickness
was conducted on specially designed in-house laboratory equipment. Detailed description
of the designed facility and examples of its performance are given in our recent paper [25];
therefore, here, we provide only brief information about the experimental setup. General

5



Lubricants 2023, 11, 84

view of the designed device together with an enlarged image of the indenter and sample
are shown in Figure 1.

(a) (b)

Figure 1. Photo of the experimental setup: general view (a) and enlarged image of the indenter and
the sample (b). Functional parts of the equipment are denoted by labels: (1) and (2)—M-403.2DG high-
precision motorized linear stages (manufactured by PI); (3)—three-axis force sensor ME K3D40 with
mounted indenter (4); (5)—sample being indented; (6)—tilt mechanism; (7)—digital camera Ximea
2.2MP MQ022CG-CM with FUJINON HF16SA-1, 2/3” lens; and (8)—the 8MR190-90-4247-MEn1
motorized rotation stage.

The facility operates as a high-precision tribometer, which is capable of precise po-
sitioning of the sample in three dimensions and measuring all three components of the
interaction force. All functional parts of the device that are denoted in the figure are the
same for both panels: (1) and (2) are high-precision M-403.2DG motorized linear stages
(manufactured by PI), which are handled by PI C-863 one-axis servo controllers; (3) is an
ME K3D40 three-axis force sensor; (4) is an indenter that is mounted on the force sensor;
(5) is the sample being indented placed at the 8 mm thick silicate glass plate; (6) is a tilt
mechanism; (7) is a digital camera Ximea 2.2MP MQ022CG-CM with FUJINON HF16SA-1,
2/3” lens; and (8) is the 8MR190-90-4247-MEn1 motorized rotation stage. Various modifica-
tions of the developed device had already been used to perform several studies on contact
mechanics [25]. Below, we discuss experiments with indentation of hard steel indenters
in soft elastic rubber sheets (elastomer) with good adhesive properties. As an elastomer,
TARNAC CRG N3005 rubber sheets with linear sizes 100 mm × 100 mm × 5 mm were
used (see Figure 1b, position 5). In the experiments, elastomers with thickness h = 5, 10, 15,
20 and 25 mm were used; to obtain the elastomer with different thickness, separate rubber
sheets were stacked together. Due to the strong adhesion, these rubber sheets are firmly
concatenated and did not slide over each other during the indentation. For indentation,
cylinders with a flat base of diameter D = 4, 7, 10 and 15 mm, as well as spheres with radii
R = 30, 50 and 100 mm, were used. All experiments were performed in laboratory under
room temperature (24 ◦C) and relative humidity (48%).

6
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3. Comparison of Computer Simulations and Analytical Solutions

In the case of indentation of the rigid cylindrical stamp with a flat base of radius a into
an elastic half-space, dependence of the normal force F on indentation depth d is defined
by a classical expression:

F = 2aE∗d, E∗ = E
1 − ν2 , (3)

where E and ν—elastic modulus and Poisson ratio of the elastic half-space. According to
Equation (3), the contact stiffness can be expressed as:

Khalf space = 2aE∗. (4)

Within half-space approximation, it is assumed that the contact radius a is significantly
smaller than the thickness of the indented elastic layer. In the case of a layer with thickness
h and elastic parameters E and ν placed onto rigid substrate, the approximate contact
stiffness can be estimated using the expression [11,12]:

Ka�h � 2aE∗
{

1 + 2εa0
π

(
1 + 2εa0

π

)
+ 8ε3

π

(
a3

0
π2 +

a1
3

)
+

+ 16ε4a0
π2

(
a3

0
π2 +

2a1
3

)}
,

(5)

where small parameter ε is introduced as

ε =
a
h
� 1, (6)

while the coefficients ai are defined as

am =
(−1)m

22m(m!)2

∞∫
0

Λ(u)u2mdu, (7)

Λ(u) =
2Le−4u − (L2 + 1 + 4u + 4u2)e−2u

Le−4u − (L2 + 1 + 4u2)e−2u + L
, L = 4ν − 3. (8)

Approximation (5) is valid only in the case when the radius of contact a is smaller than
the elastic layer thickness h and thus ε < 1 (6).

It is worth noting that in the opposite limit ε >> 1, analytical approximation is also
possible [16,26,27]; however, this case will not be discussed here as we consider inden-
tation into an elastomer, which is almost incompressible, and for such a material, the
abovementioned analytics are in bad agreement with both simulation and experiments.

In Figure 2, solid lines show the dependence of the contact stiffness Ka<<h (5), normal-
ized on half-space stiffness Khalf space (4), while the thickness of elastic layer h varies from 5
to 25 mm, with increments of 5 mm. Symbols in the figure show the results of the computer
simulations within the BEM method. The horizontal dashed line shows the threshold a = h,
i.e., when the layer thickness equals the radius of the indenter. Thus, the area of the plot
located above threshold line relates to the values ε = a/h > 1, and therefore, according to (5),
(6) analytical approximation is expected not to be valid and may lead to incorrect results.
However, as it can be seen from the figure, approximation (5) shows good agreement with
simulations in a certain region of ε > 1.
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Figure 2. Solid lines—dependencies of the contact stiffness Ka<<h (5), normalized on half-space
contact stiffness Khalf space (4), on the diameter of cylindrical indenter D = 2a. Figure shows five curves
for different magnitudes of the elastic layer thickness h varying from 5 to 25 mm with increments
5 mm. Results of computer simulations within BEM method are shown in symbols.

As follows from Figure 2, the magnitude of Ka<<h/2aE* decreases when the layer
thickness h grows. In the limit case of infinite thickness h → ∞ , the solution is reduced to
the half-space approximation Ka<<h/2aE* = 1 when the contact stiffness does not depend
on the indenter diameter. As it was mentioned in the Introduction, if the thickness of the
indented substrate exceeds the diameter of the indenter, the substrate can be considered a
half-space. However, Figure 2 shows that in real contact, the half-space approximation is
valid only for very large ratios h/D. For h = D = 5 mm, the stiffness ratio Ka<<h/2aE* ≈ 1.9
is almost 2, meaning that the contact stiffness is almost twice the half-space approximation.
Curve h = 5 mm reaches magnitude Ka<<h/2aE* = 1.2 at D ≈ 1.55 mm. Therefore, half-space
approximation leads to an error of 20% when h/D = 5/1.55 = 3.22, i.e., when the thickness of
an elastomer exceeds the diameter of an indenter by more than three times. The restrictions
of the half-space approximation were discussed in detail in our recent study [28].

4. Experimental Verification of the Computer Simulations and Theoretical Model

Figure 3 shows dependencies of the normal force FN on the indentation depth d,
obtained through the indentation of the cylinders with a flat base of diameter D = 4, 7, 10
and 15 mm into layers of rubber TARNAC CRG N3005 of different thickness h. Each panel
of the figure shows five dependencies corresponding to the different magnitudes of the
layer thickness: h = 5, 10, 15, 20 and 25 mm. Solid lines are experimental results, while the
results of the computer simulations are shown with symbols. Every dependence measured
in an experiment at constant D and h consists of three curves obtained in three consecutive
cycles of indentation. For all measurements, these curves visually overlap. Note that in all
experiments, the velocity of indenter motion was equal to 1 μm/s in both directions. With
this indenter velocity, the contact can be considered quasi-static and the viscoelasticity can
be neglected [29].
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Figure 3. Dependence of the normal force FN on indentation depth d, obtained through the indenta-
tion of cylinders with a flat base of diameter D = 4 mm (a), 7 mm (b), 10 mm (c) and 15 mm (d) into
layers of rubber TARNAC CRG N3005 of different thickness h = 5, 10, 15, 20 and 25 mm.

Considered contact between rubber and steel indenter is characterized by a strong
adhesion; thus, in the regions related to the detachment d < 0 mm, the magnitude of the
normal force is negative F < 0 N. However, while comparing the results of experiments
with theory and simulations, we will consider only magnitudes of indentation depth
d > 0 mm where indenters with flat base exhibit exactly the same behavior in both adhesive
and non-adhesive contacts. This can be explained by the fact that detachment of adhesive
contact strongly depends on adhesion specific work, being a function of the surface energies
of contacting bodies. Surface energy, meanwhile, is affected by the oxidation and dirt on the
surface during the time of experiment. Thus, thorough cleaning of the surfaces is needed
when the aim of the study is to detect the effect of the indenter radius, surface roughness,
etc. Surfaces must be cleaned before each cycle of indentation strictly according to the
predetermined procedure. In the presented experiments, such cleaning procedures were
not performed as the adhesion phenomena were not the aim of the current study. As an
example of the experiments on adhesion involving surface cleaning, we can refer to our
previous work [30].

Experimental dependencies FN(d) shown in Figure 3 exhibit one distinguished feature:
all obtained curves do not cross the coordinate origin, even when the zero indentation
depth d = 0 mm is theoretically corresponding to zero normal force FN = 0 N. This feature
is caused by certain peculiarities of the experiment, namely the presence of the asperities of
various type on the surfaces of elastomer and indenter, and the impossibility of positioning
substrate and indenter exactly parallel to each other. Thus, after the appearance of the
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first contact point, the contact area is spreading due to the adhesion, resulting in negative
normal force FN.

In the experiment, during the indentation phase, adhesive interaction between the
surfaces is weaker compared to that in the pull-off phase. This well-known fact leads
to secondary adhesive hysteresis and corresponding differences in FN(d) dependencies
measured during indentation and pull-off [30–32]. Such behavior can be described by
introducing two different magnitudes of the adhesion specific work Δγ for both phases,
respectively, where Δγ1 related to pull-off is significantly larger than Δγ0 related to indenta-
tion. We found that the contact of the steel indenters with elastomer TARNAC CRG N3005
is characterized by the empirically estimated value of Δγ0 = 0.0175 J/m2 for indentation
phase and a range of values Δγ1 from about 0.3 to 1 J/m2 for pull-off [33]. It is worth noting
that larger-value Δγ1 can be reached by chemical treatment of the indenter. For instance, in
ref. [33], after short-time treatment of the surface of steel indenter with 40% water solution
of FeCl3, magnitudes of Δγ1 up to 13 J/m2 were observed. Notably, even though chemical
treatment significantly increases Δγ1, it has almost no effect on Δγ0 (which is related to
contact propagation). Dependencies plotted using symbols in Figure 3 show the results of
BEM computer simulations related to the pull off of the indenter starting from maximal
indentation depth d = 0.2 mm. All simulations were performed with the same values of
elastic and adhesive parameters: E = 0.324 MPa, ν = 0.48, Δγ1 = 0.326 J/m2. Magnitudes of
elastomer layer thickness h in simulations were chosen to be the same as in the experiments.
In the simulations, an elastic layer was located at the half-space substrate with elastic
modulus equal to E2 = 10100 Pa. Such an extremely large value ensures absolute rigidity
of the substrate in simulations. At the same time, in the experiment, rubber layers were
placed on the 8 mm thick silicate glass substrate with an elastic modulus exceeding that of
rubber by five orders of magnitude. This glass substrate was fixed on the aluminum table
as it is shown in Figure 1b.

On the other hand, within the BEM simulations, contacting surfaces are ideally flat
and parallel to each other; therefore, all dependencies FN(d) obtained from simulations start
from the coordinate origin, which makes it difficult to compare them to experimental data.
With this purpose, theoretical curves were shifted to the right along the abscissa axis by Δd
so both groups of data (theory and experiment) would overlap in the starting point FN(Δd)
= 0. Such type of data processing is applicable in our case, as it did not change the slope
of FN(d) dependencies and corresponding contact stiffness K = dFN(d)/dd, which is the
main subject of the current study. It is worth noting that another option for data correction
is to shift experimental curves to the left as in ref. [29]. Therein, both experimental and
theoretical dependencies cross the coordinate origin.

Another important detail of the experimental setup is the preparation of the substrates
of different thickness h. To obtain the elastomer with a certain h value, separate rubber
sheets, each with h = 5 mm, were stacked together. Due to the strong adhesion, these rubber
sheets are firmly concatenated and did not slide over each other during the indentation.
However, separate rubber sheets may have slightly different elastic properties and may
thus cause an extra disagreement between experiments and simulations. Nevertheless,
dependencies plotted in Figure 3 show good agreement between the experimental results
and simulations.

In all four panels of Figure 3, dependencies FN(d) obtained for rubber layer with thickness h
= 5 mm show a distinctly high value of contact rigidity (highest slope of the FN(d) curve), while
other FN(d) dependencies are characterized by close values of related contact rigidity, especially
for higher h. This situation is caused by the fact that with the growth of elastomer thickness h,
the conditions of the experiment become closer to the half-space approximation limit h >> D;
thus, as the stiffness of the half-space Khalf space = 2aE* is constant (at fixed indenter radius
a = D/2), all curves behave similarly. For instance, in the experiment with indenter of
a diameter D = 4 mm (see Figure 3a), the dependencies FN(d) measured for elastomers
with thickness h = 20 mm and 25 mm almost overlap as the ratio h/D equals 5 and 6.25,
respectively, which practically satisfies the condition h >> D. The largest difference between
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measured FN(d) curves was observed in the experiment with indenter of largest diameter D
= 15 mm (see Figure 3d) for elastomers of different thickness h = 20 mm and 25 mm h/D ≈
1.33 and 1.67, respectively.

As mentioned above (see description of Figure 2), even at magnitude h/D = 3.22,
application of half-space approximation leads to a contact stiffness reduction of 20%. Thus,
all dependencies shown in Figure 3d are not within the range of application of half-space
approximation. For more detailed analysis, magnitudes of contact stiffness K = dFN/dd
were estimated from the experimental dependencies FN(d) shown in Figure 3. Estimated
values are plotted as symbols in Figure 4. Figure 4 also shows the contact stiffness calculated
through the BEM simulations (solid lines) and theoretical approximation (5) (dashed lines).
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1

2

3

4

5

6

D, mm

K
 / (

2a
E* )

simulation

experiment
theory

h

Figure 4. Dependencies of the contact stiffness normalized by the half-space stiffness Khalf space

(4) on the diameter of cylindrical indenter D. Figure shows five curves, obtained for magnitudes of
elastomer thickness h from 5 to 25 mm with increment 5 mm, arrow shows the increasing of h. Solid
lines denote BEM simulations, while dashed lines and symbols denote theoretical approximation and
experimental data, respectively.

Comparing dependencies obtained from the three different methods (experiment,
simulations and theory), we can confirm the range determined earlier where the analytical
solution can be applied, and also conclude that the experimental data are in good agreement
with the computer simulations.

5. Discussion

In the closing part of our study, we discuss an additional series of experiments con-
cerning indentation of the spherical indenters with different radii. In these experiments,
steel spheres with radii R = 30, 50 and 100 mm were indented into the rubber sheets with
thickness h = 5, 10, 15, 20 and 25 mm. The obtained results are shown in Figure 5. As in the
previous case, solid lines represent the experimental data obtained during three cycles of
indentation in every experiment (measured curves are overlap), while symbols show the
results of BEM simulations.
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Figure 5. Dependencies of normal force FN on indentation depth d, obtained in experiments on
indentation of steel spheres with radii R = 30 mm (a), 50 mm (b) and 100 mm (c) into layers of rubber
TARNAC CRG N3005. Each panel shows five dependencies, related to different thicknesses of the
rubber substrate being indented: h = 5, 10, 15, 20 and 25 mm (shown in different colors). Experimental
data are plotted in solid lines, while results of BEM simulations are shown with symbols.

The conditions of the performed experiments are the same as in the experiment, the
results of which are presented in Figure 3, with the only difference being indentation with
spherical indenters instead of cylindrical. The elastic parameters used for simulations
are also the same: E = 0.324 MPa, ν = 0.48. However, in the computer experiment, both
indentation and pull-off were also simulated. For the indentation phase, adhesion specific
work was set equal to Δγ0 = 0.0175 J/m2, while for the pull-off phase, it was chosen from
the experimental data. Dependencies shown in Figure 5 were obtained with the magnitudes
of Δγ1 varying in the range from 0.27 J/m2 to 0.722 J/m2. Such a range of the Δγ1 values is
caused by the specific feature of the experimental procedure, where surfaces of elastomer
and indenter were not cleared after every cycle of indentation, which significantly affects
the Δγ1.

Figure 5 shows good agreement between the simulation and the experiment, which
confirms the accuracy of the performed calculations. It is important to note that elastic
parameters of the elastomer were the same in each numerical experiment and were not
adjusted to reproduce the experimental data. The only parameter that was adjusted in the
simulation shown in Figure 5 is the specific adhesion work in the pull-off phase Δγ1, which
naturally changes after each cycle of the experiment.

It is worth noting that the theory of the adhesive contact of the parabolic indenter
and elastic layer fixed on the elastic half-space is also presented in [11]. The developed
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solution therein allows for the attainment of the dependence of the normal force F on
indentation depth d, similar to the data shown in Figure 5. Here, we are not comparing the
results of simulations and experiments with the abovementioned work, as the accuracy of
analytical approximation from [11] has already been confirmed for cylindrical stamps. We
expect similar agreement of the results obtained through the experiment and theory for
any other shape of the indenter, as the theoretical solution obtained in ref. [11] is based on
the analytical formalism that defines elastic properties of the elastomer and is valid for any
indenter shape [11,12]. Nevertheless, in our previous study [34], we compared the results
of BEM simulation with the theoretical solution from ref. [11]. The comparison showed
good agreement of all the data (theory, experiment and computer simulations) obtained in
the experiment on indentation of the steel sphere with a radius R = 33 mm into the rubber
layer with a thickness h = 25 mm.

6. Conclusions

We performed a theoretical, numerical and experimental study of the normal contact
between the elastic elastomer layer of a finite thickness placed on the hard substrate and
rigid indenters of different geometrical shapes (cylindrical stamps with a flat base and
spheres of different radii). The main focus of the performed research was to investigate how
both indenter radius and elastomer thickness affect the contact stiffness. The study shows
that the magnitudes of contact stiffness measured in the series of performed experiments
on indentation of the elastomer layers are in a good agreement with the ones that were
calculated through the computer simulations with the boundary elements method (BEM).
In addition, the results obtained from both simulation and experiments were compared
with the existing analytical solution. Such comparison showed partial agreement between
the theoretical and experimental data, namely when the radius of the indenter is smaller or
slightly larger than the thickness of the elastomer layer. Thus, it seems that the assumptions
behind the numerical procedure based on the BEM as formulated in ref. [22] are confirmed
experimentally. It is worth noting that adopted BEM simulations can be preferred over all
existing analytical solutions, as these are valid for any values of elastic layer thickness and
any geometrical shape of an indenter.

In addition to a verification of the numerical method experimentally, the present study
reveals the magnitude of error that occurs when the half-space approximation is used
to describe the indentation of a plate with finite thickness. In particular, it was shown
that when the ratio of substrate thickness to indenter diameter equals 3.22, the half-space
approximation gives a value of contact stiffness reduced by 20%.

Furthermore, the verification of the developed BEM opens up the possibility of its
application for scientific and engineering purposes. As an example of possible applications,
we can refer to experiments concerning nanoindentation of materials coated with thin films.
In this case, BEM can be used for additional analysis of the data, obtained from experiments
performed with a relatively low ratio of substrate thickness to indenter diameter. Such a
type of analysis may help to save experimental time and does not require the usage of more
expensive nanosized indenters.
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2. Kravchenko, Y.O.; Coy, E.; Załęski, K.; Iatsunskyi, I.; Pogorielov, M.; Korniienko, V.; Pshyk, A.V.; Pogrebnjak, A.D.; Beresnev, V.M.
Biocompatibility and electron microscopy studies of epitaxial nanolaminate (Al0·5Ti0.5)N/ZrN coatings deposited by Arc-PVD
technique. Ceram. Int. 2021, 47, 34648–34655. [CrossRef]

3. Kravchenko, Y.O.; Garkusha, I.E.; Taran, A.V.; Coy, E.; Iatsunskyi, I.; Diedkova, K.; Roshchupkin, A.; Tymoshenko, O.; Pogorielov,
M.; Misiruk, I. Development of hydrophilic NbCuSi(N) & TiAlNb(N) coatings as a new strategy for medical implants modification.
Ceram. Int. 2022, 49, 4099–4108. [CrossRef]

4. Qu, Y.; Yang, Y.; Wu, J.; Zhang, Y.; Jia, L.; El Dirani, H.; Crochemore, R.; Sciancalepore, C.; Demongodin, P.; Grillet, C.; et al.
Photo-Thermal Tuning of Graphene Oxide Coated Integrated Optical Waveguides. Micromachines 2022, 13, 1194. [CrossRef]
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Abstract: We present a general approximate analytical solution for the normal contact of layered
and functionally graded elastic materials for almost axisymmetric contact profiles. The solution only
requires knowledge of the corresponding contact solution for indentation using a rigid cylindrical flat
punch. It is based on the generalizations of Barber’s maximum normal force principle and Fabrikant’s
approximation for the pressure distribution under an arbitrary flat punch in an inhomogeneous
case. Executing an asymptotic procedure suggested recently for almost axisymmetric contacts of
homogeneous elastic media results in a simple approximate solution to the inhomogeneous problem.
The contact of elliptical paraboloids and indentation using a rigid pyramid with a square planform
are considered in detail. For these problems, we compare our results to rigorous numerical solutions
for a general (bonded or unbonded) single elastic layer based on the boundary element method. All
comparisons show the quality and applicability of the suggested approximate solution. Based on our
results, any compact axisymmetric or almost axisymmetric contact problem of layered or functionally
graded elastic materials can be reduced asymptotically to the problem of indenting the material
using a rigid cylindrical flat punch. The procedure can be used for different problems in tribology,
e.g., within the framework of indentation testing or as a tool for the analysis of local features on a
rough surface.

Keywords: normal contact problem; layered materials; functionally graded materials; almost
axisymmetric contact; analytic solution; boundary element method

1. Introduction

The mechanics of layered [1] and functionally graded [2] elastic materials have re-
ceived a lot of interest in the framework of modeling tribological properties of, for example,
articular cartilage [3], coatings [4], biomaterials [5], or soils [6]. While tribology and the
materials science of layered or graded media are vast branches in science with exten-
sive literature studies conducted—see, e.g., the review articles ([7–9]) and the references
therein—we will focus on the more specific problem of the contact mechanical behavior for
these materials. In that regard, one should, however, bear in mind that several tribological
phenomena have their origin in the contact mechanical interaction [10].

As the material inhomogeneity severely complicates (or, to put it bluntly, apart from
some special cases such as the power-law graded elastic half-space [11], inhibits) an exact
closed-form solution of corresponding contact problems, analytical contact solutions of
layered materials are often in asymptotic form ([12–15]). Because of the approximate
character of these solutions, their predictions should be checked against rigorous numerical
simulations—a step which was significantly simplified recently for the case of a coated
elastic half-space, with the publication of a boundary element method (BEM) formulation
of the corresponding normal [16] and tangential contact problems [17]. For the respective
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normal contact, the BEM results were also validated using laboratory experiments for the
indentation of hard steel counter-bodies into soft elastic rubber sheets [18].

An ingenious principle to solve contact problems stems from Mossakovskii [19]. It is
based on the observation that the incremental difference between two subsequent contact
configurations with indentation depths d and d + dd can be understood as an infinitesimal
indentation dd using a flat punch, whose planform is given by the contact region at the
indentation depth d. Hence, general normal contact can be thought of as a series of
incremental flat punch indentations, and therefore, the solution procedure is split into
two tasks: the determination of the relation between indentation depth and contact region
(which encodes the correct series of flat punches to exactly reproduce the original contact),
and the solution of the corresponding flat punch problems.

For the case of axisymmetric indentation of an elastic half-space, both tasks are easily
solvable, which leads to the famous solution that is often attributed to Sneddon [20],
although it originated a lot earlier [21]. This (exact) axisymmetric solution was generalized
some years ago for layered and functionally graded materials [22], albeit in a form where
the pressure distribution under a cylindrical flat punch remains unspecified, as it cannot be
calculated analytically even in the case of a single homogeneous elastic layer of arbitrary
thickness. However, once this pressure distribution has been determined (numerically, e.g.,
based on the BEM), the corresponding (non-adhesive) normal contact problem of arbitrary
axisymmetric convex indenters is solved, as well as all classes of contact problems, which
can be reduced to it, e.g., the corresponding adhesive normal contact [23].

Nonetheless, let us, for a moment, turn our attention back to the indentation of a
homogeneous elastic half-space. Recently, Popov [24] published an approximate analytical
solution for the slightly non-axisymmetric version of this contact problem, which has
proven (by comparison with rigorous numerical solutions) to give very satisfactory results.
In the follow-up publication [25], the authors thoroughly tested the quality of the suggested
approximate analytical solution for contact geometries that are far from axial symmetry and
found that it is even well-applicable to indenters with random three-dimensional shapes,
e.g., a single asperity of a rough surface.

Popov’s solution rests on two fundaments: On the one hand, Barber’s [26] extremal
principle that the contact region at a given indentation depth maximizes a specific integral
(which corresponds to the total normal force); and, on the other hand, Fabrikant’s approxi-
mation [27] for the pressure distribution under a flat punch of arbitrary (compact) planform.
As has been shown very recently by one of the authors of the present manuscript [28],
Barber’s principle applies to any elastic normal contact problem (at least, with compact
contact regions), which can be thought of as a series of flat punch indentations. That is
to say, it also applies to contacts of (sufficiently isotropic) layered or functionally graded
materials. On the other hand, the “essence” of Fabrikant’s approximation is to “scale”
the axisymmetric pressure distribution under a cylindrical flat punch to the asymmetric
arbitrary planform, a procedure which also can be executed very generally if the indented
material is sufficiently isotropic. Hence, both fundaments of Popov’s approximate solution
for the homogeneous half-space can be generalized for layered or functionally graded
materials (albeit in a slightly less rigorous sense, as will be discussed in the manuscript),
and it is thus expected the solution itself can be generalized for the application with layered
media, as well. This is the aim of the present manuscript. In other words, we extend
the approximate reduction in asymmetric elastic contact problems (with compact contact
domains) to the respective axisymmetric problem (and, in consequence, to the indentation
problem using a rigid cylindrical flat punch, as will be demonstrated)—which was recently
suggested and tested thoroughly for homogeneous and power-law graded media—to the
application for arbitrary layered or functionally graded materials.

The remainder of the manuscript is organized as follows: In Section 2, we will derive
the general approximate solution for the slightly non-axisymmetric normal contact of
layered materials, based only on the corresponding cylindrical flat punch solution, the
extremal normal force principle, and a newly suggested generalization of Fabrikant’s
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approximation for layered media. For the convenience of the reader, the derivation of the
known axisymmetric solution from the extremal principle (which is indispensable for the
understanding of the asymmetric solution) is also shown. The general solution can be
significantly simplified in the case of self-similar power-law indenters. In Section 3, we will
compare the predictions of the approximate solution with rigorous numerical simulations
based on the BEM for the case of a single elastic layer of arbitrary thickness. A short
discussion of the method and the obtained results finishes the manuscript.

2. Theory

Let us consider an isotropic, layered, or functionally graded elastic medium, which is
indented using a rigid counter-body without friction, as depicted in Figure 1. The layers
shall have Young’s moduli Ei and Poisson ratios υi (in the case of a functionally graded
material, the change in E(z) and υ(z) is continuous rather than discrete). The rigid indenter
shall have the profile f (x,y) in cartesian coordinates, and we control either the indentation
depth d or the total normal force F.

 

Figure 1. Indentation of a layered elastic material using a rigid counter-body. Notations are explained
in the text.

2.1. Solution for a Cylindrical Flat Punch

For dimensional reasons, we can always write the pressure distribution resulting from
the unit indentation of the elastic material using a rigid cylindrical flat punch with radius a
in non-dimensional form as

p∗(r) =
E∗

πa
p
( r

a
; β
)

, r < a, β =
a
l

, E∗ = E1

1 − ν2
1

, (1)

with the radial coordinate r and some length scale l intrinsic to the material, e.g., some layer
thickness or grading depth. Depending on the exact form of the vertical inhomogeneity,
there might be several more dimensionless quantities involved in the determination of p*,
but for the contact problem, these are just constant parameters.

The non-dimensional pressure distribution in Equation (1) must be calculated some-
how, e.g., based on the boundary element method (BEM) or with finite elements (FE).
However, we will not bother with the details of that calculation and postulate that this
non-dimensional distribution is known and tabulated with sufficient precision.

We can also define the universal axisymmetric contact stiffness in non-dimensional
form as

K = 2π

a∫
0

p∗(r) rdr = 2E∗a
1∫

0

p(ρ; β) ρdρ = 2E∗a K(β). (2)
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This contact stiffness is universal because the incremental difference between two
axisymmetric contact configurations is equivalent to an incremental indentation using a
rigid flat punch, as has been discussed in the introductory section.

As an illustrative example, in the case of a homogeneous elastic half-space, we have

p(ρ) =
(

1 − ρ2
)−1/2

, K = 1. (3)

2.2. Solution for an Axisymmetric Punch

According to Betti’s reciprocal theorem, the total normal force resulting from the
indentation using a rigid, smooth axisymmetric indenter at an indentation depth d equals
([29]; [30], p. 52)

F = 2π

a∫
0

[d − f (r)] p∗(r)rdr. (4)

Inserting the pressure distribution (1), we obtain

F = 2E∗K(β)[da − G(a; β)], (5)

with the transformed profile

G(a; a) = T{ f (r)}(a; β) =
1

aK(β)

a∫
0

f (r)p
( r

a
; β
)

rdr, g(a; β) =
∂G(a; β)

∂a
. (6)

As can be seen, T{} denotes a linear operator, specifically the integral transform of the
profile, using the flat punch pressure as the integral kernel. Note that β = a/l, i.e., G and g,
can be written as explicit functions of a, but for reasons that will become clearer later, we
will treat a and β as separate (albeit not independent) variables.

As was shown recently by one of the authors [28], due to the universality of contact
stiffness, Barber’s maximum normal force principle—the correct contact domain maximizes
the normal force for any given indentation depth—applies to any frictionless normal contact
problem with a compact contact domain, that can be thought of as series of incremental
flat punch indentations. Hence, the contact radius a can be determined by maximizing the
expression (5) with respect to a, and therefore [22],

d(a) =
[

d
da

(
aK(β)

)]−1 d
da

[
G(a; β)K(β)

]
. (7)

Note that these are total derivatives, i.e., the dependencies on β must be accounted for.
Up until here, all results have been exact. Let us now turn our attention to the

approximate contact solution for an arbitrary convex punch whose shape slightly deviates
from rotational symmetry.

2.3. Approximate Solution for Slightly Non-Axisymmetric Profiles

In the case of a general convex punch, the normal force integral resulting from the
reciprocity theorem reads ([30], p. 52)

F =
�
Ω

[d − f (x, y)] p∗(x, y)dxdy, (8)

with the contact domain Ω and the corresponding pressure distribution p* for the unit
indentation of the inhomogeneous elastic material using a flat punch with that planform.
As before, the correct contact domain maximizes the force (8) at any given indentation
depth d. However, to constructively apply that principle, we require an expression for the
general flat punch pressure distribution p*. For that purpose, let the contour of the domain
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Ω be given in polar coordinates by the closed curve r = a(ϕ), and let us assume that the
pressure distribution p* can be approximated well enough by the expression

p∗(r, ϕ) ≈ E∗

πa0
p
(

r
a(ϕ)

; β0

)
, r < a(ϕ), β0 =

a0

l
, a0 =

1
2π

2π∫
0

a(ϕ)dϕ, (9)

with the known non-dimensional pressure distribution under a cylindrical flat punch.
Equation (9) describes a “Fabrikant-type” approximation. In other words, the pressure

distribution under an arbitrary flat punch is assumed to be given approximately by the
distribution for a cylindrical punch, scaled to the asymmetric shape of the punch.

However, the important difference to the homogeneous half-space (and, thus, Fab-
rikant’s original approximation [27]) is the size parameter β, which does not exist for the
homogeneous half-space because the latter has no intrinsic length scale, and therefore the
contact problem does not exhibit size effects. One may argue that the size parameter also
varies over the contour, and therefore, instead of β0, one should use β(ϕ) as a variable size
parameter for the pressure distribution. This, however, would severely complicate the
following considerations, and we therefore decided to use the simplified version given in
Equation (9). As the final approximate results will be compared with rigorous numerical
simulations, anyways, one can dispense with a little mathematical rigor for the sake of the
applicability of the analytical results.

Inserting the approximation (9) into the force integral (8), we obtain

F ≈ E∗K(β0)

πa0

2π∫
0

da(ϕ)2 − a(ϕ)G(a(ϕ), ϕ; β0)dϕ, (10)

with the transformed profile

G(a(ϕ), ϕ; β0) = T{ f (r, ϕ)}(a(ϕ); β0), g(a(ϕ), ϕ; β0) =
∂G

∂a(ϕ)
, (11)

as in Equation (6). The following procedure for the approximate determination of the
contact contour a(ϕ) operates in analogy to the homogeneous case (see [24] for details) and
shall, therefore, only be given briefly.

The maximum principle requires maximizing the force (10) with respect to the con-
tact contour. Let us first maximize the force for a fixed value of a0 by introducing the
Lagrange functional

L = F − λ

⎛⎝ 1
2π

2π∫
0

a(ϕ)dϕ − a0

⎞⎠, (12)

with the Lagrange multiplier λ. The necessary condition for an unconditional extremum of
the Lagrange functional leads to the algebraic equation

0 = 2da(ϕ)− G(a(ϕ), ϕ; β0)− a(ϕ)g(a(ϕ), ϕ; β0)− λa0

2E∗K(β0)
. (13)

We can separate the slightly non-symmetric profile into an axisymmetric component
and a small non-symmetric deviation,

f (r, ϕ) = f0(r) + δ f (r, ϕ). (14)
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Accordingly, upon expanding the transformed profile, one obtains

G(a(ϕ), ϕ; β0) = G0(a(ϕ); β0) + δG(a(ϕ), ϕ; β0),
G0(a(ϕ); β0) = T{ f0(r)}(a(ϕ); β0), g0(a(ϕ); β0) =

∂G0
∂a(ϕ)

,

δG(a(ϕ), ϕ; β0) = T{δ f (r, ϕ)}(a(ϕ); β0), δg(a(ϕ), ϕ; β0) =
∂(δG)
∂a(ϕ)

.
(15)

Moreover, the contact area will also be almost axisymmetric,

a(ϕ) = a0 + δa(ϕ). (16)

Equation (13) has exactly the same structure as for the homogeneous half-space.
Therefore, we can immediately write, in perfect analogy to the homogeneous solution,

δa(ϕ) ≈ δG(a0, ϕ; β0) + a0δg(a0, ϕ; β0)

2d − 2g0(a0; β0)− a0g0′(a0; β0)
, (17)

where the prime denotes the first derivative with respect to the first functional argument.
Also, in analogy to the solution for the homogeneous half-space, the normal force (10)

simplifies to

F ≈ E∗K(β0)

πa0

2π∫
0

da2
0 − a0G0(a0; β0)dϕ = 2E∗K(β0)[da0 − G0(a0; β0)], (18)

which is the same as the axisymmetric result (5).
Hence, maximizing the force (18) with respect to a0 will result in the axisymmetric

relation (7) between the indentation depth and the effective contact radius a0, i.e.,

d(a0) =

[
d

da0

(
a0K(β0)

)]−1 d
da0

[
G0(a0; β0)K(β0)

]
. (19)

Equations (17)–(19) give a complete, analytic, general, approximate contact solution for
the slightly non-symmetric inhomogeneous case, based only on the pressure distribution
under a cylindrical flat punch (which gives the integral kernel for the profile transformation
f → G).

Note that also the asymmetric pressure distribution p can be calculated by superim-
posing the flat punch pressure distributions (9) over the whole indentation procedure, i.e.,
from d = 0 until d = dmax [24].

2.4. Power-Law Indenters

The general asymmetric solution shown above can be simplified considerably if the
indenter profile can be written in the self-similar power-law form

f (r, ϕ) = rnψ(ϕ), f0(r) = rn〈ψ〉, δ f (r, ϕ) = rn[ψ(ϕ)− 〈ψ〉], n > 0, (20)

where the brackets denote averaging over the polar angle. It is

T{rn}(a; β) =
an+1

K(β)

κn(β)

n + 1
, κn(β) = (n + 1)

1∫
0

p(ρ; β) ρn+1dρ, (21)

and therefore, according to Equation (19), the relation between indentation depth and the
effective contact radius is given by

d(a0) =
[
K(β0) + β0K′

(β0)
]−1

[
κn(β0) +

β0

n + 1
κn

′(β0)

]
〈ψ〉an

0 , (22)

21



Lubricants 2023, 11, 450

and the asymmetric solution follows from Equation (17) as

δa(ϕ) = a0
〈ψ〉−ψ(ϕ)

〈ψ〉
n+2
n+1

1
n+2−2d∗(β0)

,

d∗(β0) =
K(β0)

K(β0)+β0K′
(β0)

(
1 + β0

n+1
κn

′(β0)
κn(β0)

)
.

(23)

In the homogeneous case, we have d* = 1, and therefore, of course, the respective
known results [25] are recovered.

3. Case Studies

In this section, we will compare our approximate solution to rigorous numerical
calculations for the indentation of a single elastic layer with thickness h, resting on a
rigid foundation, based on the boundary element method [16]. The corresponding nu-
merical solution for the pressure distribution under a rigid cylindrical flat punch—which
is an indispensable prerequisite to the approximate solution—has been provided in the
supplementary material of [23].

One may distinguish different boundary conditions between the layer and the rigid
foundation: an “unbonded” layer rests on the foundation without (significant) friction, e.g.,
in the case of delaminated layers, while a “bonded” layer is fixed rigidly to the substrate.
Note that for the unbonded layer, only compressive normal stresses can be transmitted to
the substrate; in other words, in some configurations, loading of the layer surface could
result in loss of contact between the layer and the foundation [31], which corresponds to a
receding contact. We will neglect this effect in our analysis; Greenwood & Barber [32], in
the framework of indentation of an elastic layer with an infinite-length cylinder, argue that
the corresponding tensile stresses (between the layer and its base) necessary to establish
contact are too small to significantly alter the contact configuration.

3.1. Contact of an Elliptical Paraboloid with a Single Elastic Layer

First, let us consider the contact with the elliptical quadratic indenter profile

f (r, ϕ) = r2
(

A cos2 ϕ + B sin2 ϕ
)

. (24)

Without loss of generality, we put A < B and define the eccentricity of horizontal
indenter cross-sections, e.g.,

eg =

√
1 − A

B
. (25)

In general, the contact domain does not have to be—except for special cases such as the
homogeneous half-space—perfectly elliptical. However, we can introduce the “half-axes”
of the contact domain as b1 = a(ϕ = 0) and b2 = a(ϕ = π/2), and hence the contact eccentricity
e as

e =

√
1 − b2

2
b2

1
. (26)

In Figure 2, the BEM-based numerical results are shown for the difference between the
contact eccentricity and the indenter eccentricity as a function of the indenter eccentricity
and the logarithmic normalized layer thickness for the indentation of an unbonded elastic
layer. The scatter in the contour line with the level 0.002 is due to the finite grid length
of the boundary elements. Figure 3 gives the corresponding results based on the general
approximate analytical solution developed in the previous section. The agreement between
the approximate solution and the rigorous numerical calculations is quite good. Note that
the contour line diagrams show a difference between the contact area eccentricity and the
indenter eccentricity; i.e., as the contact eccentricity is of the order of 0.1, the error of the
contact eccentricity in the approximate solution compared with the rigorous BEM results is
less than 10% (and in most parameter ranges significantly less than 10%).
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Figure 2. Contour line diagram of the difference between the contact eccentricity e and the indenter
eccentricity eg as a function of the indenter eccentricity and the logarithmic normalized layer thickness,
for the contact of an elliptical paraboloid with a single unbonded elastic layer. Numerical results
based on the boundary element method (BEM).

Figure 3. Contour line diagram of the difference between the contact eccentricity e and the indenter
eccentricity eg as a function of the indenter eccentricity and the logarithmic normalized layer thick-
ness, for the contact of an elliptical paraboloid with a single unbonded elastic layer. Approximate
analytical solution.

However, for the unbonded layer, the contact eccentricity will never be smaller than
the indenter eccentricity. Therefore, slightly negative values for the difference, as in the
upper right corner of Figure 3, are unphysical. Also, the half-space solution (at the left edge
of both diagrams), according to the numerical simulation, seems to be valid a lot “longer”
(until h ≈ 10a0) than estimated by the approximate solution.

Figure 4 (BEM) and Figure 5 (approximate analytical solution) show the results that
are analogous to Figures 2 and 3 but for a bonded incompressible layer. The quality of the
approximate procedure seems to be a bit worse, which is due to the fact that the material
behavior is actually more complicated because of the incompressibility (as the material has
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to “flow somewhere” if it is pushed by the indenter) than captured by the approximate
solution. However, one has to keep in mind that in the diagrams, differences between
contact and indenter eccentricities are shown; accordingly, the relative error of the absolute
value of contact eccentricity in the approximate solution is still less than 10%.

Figure 4. Contour line diagram of the difference between the contact eccentricity e and the inden-
ter eccentricity eg, as a function of the indenter eccentricity and the logarithmic normalized layer
thickness, for the contact of an elliptical paraboloid with a single bonded incompressible elastic layer.
Numerical results based on the boundary element method (BEM).

Figure 5. Contour line diagram of the difference between the contact eccentricity e and the inden-
ter eccentricity eg, as a function of the indenter eccentricity and the logarithmic normalized layer
thickness, for the contact of an elliptical paraboloid with a single bonded incompressible elastic layer.
Approximate analytical solution.

Let us now turn our attention to the relations between the macroscopic contact quanti-
ties, i.e., indentation depth d, normal force F, and average contact radius a0. In Figure 6,
the numerical and approximate analytical results are shown for the normalized average
contact radius a0/h as a function of the normalized indentation depth for different values
of layer thickness in the case of an unbonded layer. Figure 7 presents the corresponding
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solutions for the total normal force normalized for the maximum value in the case of a
homogeneous half-space. The agreement between the approximate analytical procedure
and the (rather time-consuming) rigorous numerical calculations is very good.

Figure 6. Normalized average contact radius a0/h as a function of the normalized indentation
depth for different values of layer thickness for the contact of an elliptical paraboloid with a single
unbonded elastic layer. Lines: approximate analytical solution. Markers: Numerical results based on
the boundary element method (BEM).

Figure 7. Total normal force, normalized for the maximum value for the homogeneous half-space,
as a function of the normalized indentation depth, for different values of layer thickness, for the
contact of an elliptical paraboloid with a single unbonded elastic layer. Lines: approximate analytical
solution. Markers: Numerical results based on the boundary element method (BEM).

In Figures 8 and 9, the results analogous to Figures 6 and 7 are shown, but for a bonded
incompressible layer. Once again, the agreement between the approximate and numerical
solutions is very good.

25



Lubricants 2023, 11, 450

Figure 8. Normalized average contact radius a0/h as a function of the normalized indentation depth
for different values of layer thickness for the contact of an elliptical paraboloid with a single bonded
incompressible elastic layer. Lines: approximate analytical solution. Markers: Numerical results
based on the boundary element method (BEM).

Figure 9. Total normal force, normalized for the maximum value for the homogeneous half-space,
as a function of the normalized indentation depth, for different values of layer thickness, for the
contact of an elliptical paraboloid with a bonded incompressible layer. Lines: approximate analytical
solution. Markers: Numerical results based on the boundary element method (BEM).

3.2. Indentation of a Single Elastic Layer Using a Rigid Pyramid with Square Planform

As a second example, let us consider the indentation of a single elastic layer using a
shallow, rigid pyramid with a square planform. The small inclination angle of the pyramid
shall be α. Figure 10 gives comparisons between the approximate solution and BEM-
based numerical results for the contact boundary in normalized variables in the case of
an unbonded layer (left) and a bonded incompressible layer (right). The prediction of the
contact domain by the analytic procedure is very good, except for the sharp corners of
the indenter. This is expected because the “Fabrikant-type” approximation (9) can only
capture edge-singularities of the pressure distribution (for flat punches that are smooth
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along the contact boundary); as the stress singularity at the corner is more severe (i.e., of
higher order), the contact area is not estimated correctly along the corner of the indenter
cross-sections. Interestingly, that effect is smaller for the bonded incompressible layer due
to the special (smoother) edge and corner behaviors of the pressure distribution for that
material class.

Figure 10. Normalized contact boundary a(ϕ) tanα/d for the indentation of a single elastic layer of
thickness h = a0 using a shallow, rigid pyramid with square planform. Red line: approximate analytic
solution. Grey: contact domain in the BEM simulation. (Left) unbonded layer. (Right) bonded
incompressible layer.

Turning to the relations between macroscopic quantities, in Figure 11, the approximate
and numerical results are shown for the normalized average contact radius as a function
of the normalized indentation depth for different values of layer thickness. As before, the
agreement between analytical and numerical calculations is very good.

Figure 11. Normalized average contact radius a0/h as a function of the normalized indentation
depth for different values of layer thickness for the indentation of an unbonded elastic layer using a
rigid pyramid with square planform and inclination angle α. Lines: approximate analytical solution.
Markers: Numerical results based on the boundary element method (BEM).

Figure 12 presents the corresponding solutions for the total normal force, normal-
ized for the maximum value in the case of a homogeneous half-space. Again, the agree-
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ment between the suggested approximate analytical solution and the numerical results is
almost perfect.

Figure 12. Total normal force, normalized for the maximum value for the homogeneous half-space,
as a function of the normalized indentation depth, for different values of layer thickness, for the
indentation of an unbonded elastic layer using a rigid pyramid with square planform and inclination
angle α. Lines: approximate analytical solution. Markers: Numerical results based on the boundary
element method (BEM).

For reasons of space, we will omit showing the analogous results for the bonded
incompressible layer. However, in that case, the agreement between the analytical and
numerical calculations is almost perfect.

Finally, it should be noted that, in the case of a thin elastic layer, the material asymp-
totically behaves similarly to a power-law graded elastic half-space, with the exponent k of
the power-law grading given by k = 1 for an unbonded or bonded compressible thin layer,
and by k = 3 for a bonded incompressible thin layer. Hence, the corresponding asymptotic
contact solutions can be obtained from the general asymptotic contact solution for the
indentation of a power-law graded elastic half-space using a slightly non-axisymmetric
indenter, which has been published very recently by one of the authors [28].

4. Discussion

We have presented an analytical approximate procedure for the solution of the general
(non-symmetric) frictionless normal contact problem (with a compact contact domain) of
arbitrary layered functionally graded elastic materials—based only on the solution for the
pressure distribution under a rigid cylindrical flat punch indenting the inhomogeneous
elastic medium of interest. Thus, the flat punch superposition idea—one of the most power-
ful tools in analytic contact mechanics—has been extended explicitly to non-homogeneous
materials and non-axisymmetric profile geometries. It should be noted that the application
of the superposition idea is, generally, not straightforwardly possible for the contact of two
elastic bodies if the materials involved exhibit different functional forms of inhomogeneity.

The pressure distribution under a cylindrical flat punch needs to be obtained in
the beginning, either using a numerical simulation or from the literature. If one is only
interested in the solution of one specific contact problem (and the respective flat solution is
not immediately available), it might be debatable whether it is not easier to directly and
rigorously solve that problem instead of solving the flat punch problem and constructing
an approximate solution for the problem of interest from the flat punch solution. On
the other hand, if many contact problems shall be solved for one specific material (e.g.,
in the context of parameter studies or profile optimization) or the flat punch solution is
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known, it will speed up the analysis by several orders of magnitude, to only work in the
“superposition framework”. In that regard, considering the obvious importance of the flat
punch indentation problem, it might be a useful task for future work to create an openly
accessible library of flat punch solutions for different types of inhomogeneous materials.

The approximate contact solution presented here is applicable to different tasks in
tribology and engineering. It can be used for the fast analysis of macroscopic contacts with
complex (or even random) shapes or as a tribological tool for the interaction description of
single micro-contacts (“asperities”) in the contact of rough surfaces—with several impli-
cations regarding friction and wear [33]. Moreover, the analytic approximate procedure
can be used to solve other classes of contact problems, which can be reduced to the elastic
normal contact problem, e.g., the viscoelastic contact problem—via the elastic-viscoelastic
correspondence principle [34].

Applying the suggested analytic solution, one, however, should be aware of its ap-
proximate character. While the macroscopic contact relations, i.e., for the force-indentation
curve and, thus, the contact stiffness, seem to be captured extremely well by the analytic
solution—at least, for the case studies considered in the present manuscript—local quan-
tities, such as the precise shape of the contact domain, or the contact stress distribution,
might differ (slightly) from a rigorous numerical solution of the same problem.
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Nomenclature
Latin Symbols

a contact radius; contour of the contact domain in polar coordinates
b1, b2 half-axes of the contact domain
A, B profile constants
d indentation depth
d* short-cut variable
dmax maximum indentation depth
e contact eccentricity
eg eccentricity of horizontal indenter cross-sections
E Young’s modulus
E* effective Young’s modulus
f profile function
F normal force
g derivative of the profile transform G
G transformed profile
h layer thickness
k exponent of the power-law of the elastic grading
K contact stiffness
n exponent of the profile power-law
p* pressure distribution under a cylindrical flat punch with unit indentation depth
r polar radius
x, y, z Cartesian coordinates
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Greek Symbols

β non-dimensional layer thickness parameter
ν Poisson ratio
κn stretch factor, corresponding to the exponent n
ϕ polar angle
ψ angular function

The index “0” corresponds to the axisymmetric part of a non-axisymmetric variable. A bar over
a variable denotes a non-dimensional version of the variable. Brackets denote averaging over the
polar angle. A “δ” denotes the deviation of a non-axisymmetric variable from the axisymmetric part.
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Abstract: In the contact of rough surfaces, most contact patches are at the scale of micrometers, and
thus, their contact deformation can be dominated by the size-dependent plasticity. In this paper, we
propose a new strategy to analyze the role of strain gradient plasticity in the contact response between
a realistic rough surface and a rigid plane, which modifies the incremental contact model based on the
mechanism-based gradient plasticity (MSGP) theory. For several different rough surfaces with their
topography measured experimentally, the relations between applied load and real contact area are
derived in a simple but effective way. It is found that strain gradient plasticity significantly increases
the level of mean contact pressure. The hardening effect caused by strain gradient plasticity weakens
somewhat as the contact area increases. Compared with previous methods, the present model might
be more efficient and of wider application.

Keywords: rough surface; contact mechanics; strain gradient plasticity; contact area

1. Introduction

The contact mechanics of rough solids play a fundamental role in many physical
phenomena and engineering applications. Due to the inevitable roughness, it is now widely
accepted that the real contact area between contacting bodies that is intimately related to
friction, wear, sealing, and lubrication is generally a small fraction of the apparent one.
However, to give an accurate prediction of the real contact area for a realistic rough surface
is still challenging since the surface roughness is of great randomness and irregularity, and
the contacting asperities usually involve complex deformation mechanisms.

Over the past few decades, theoretical investigation on the contact of rough surfaces
has experienced a flourishing development [1–3]. The statistical multi-asperity contact
models that originated from the pioneering work by Greenwood and Williamson (GW) [4]
take a great proportion in this field, which ideally simplify the asperities on the rough
surface by smooth spheres or paraboloids with randomly distributed heights and sizes. In
the elementary multi-asperity models, the contacting asperities were assumed to deform
elastically without interaction and obey the classical Hertz theory [4–6]. Such assumptions
were later relaxed in the improved multi-asperity models. For example, Chang et al. [7]
and, later, Kogut and Etsion [8] modified the GW model by considering the elastic-plastic
deformation of asperities. The non-negligible interaction and coalescence between adjacent
asperities were taken into account for large contact area fractions [9–11]. To obtain the
relationship between real contact area and normal load in dry and lubricated contacts,
the GW model was also extended to the contact of rough surfaces in the presence of
foreign particles [12,13]. Apart from the multi-asperity models, fractal contact models were
established that were based on the nature of self-affine rough surfaces [14,15]. With the
concept of magnification and the power spectral density of roughness, Persson [16,17]
proposed a scaling contact theory of rough surfaces. Using the profilometric model to
calculate the contact area, Wang et al. [18] developed an incremental equivalent model to
analyze the contact of elastic rough surfaces, which was later extended to the elastic-plastic
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cases [19,20]. Moreover, Hyun et al. [21] applied a finite element method to address the
elastic contact of self-affine fractal surfaces. Boundary element-based approaches were also
widely employed to calculate the contact responses between a rigid rough surface and an
elastic substrate [22]. In the contact models mentioned above, the asperity deformation at
all length scales was described by the classical elastic (plastic) theories, and the real contact
area was found to be generally proportional to the applied normal load at small loads.
Recently, it was suggested that accounting for some new scale-dependent mechanisms,
such as strain gradient [23,24], adhesion [25], and surface effect [26], could be indispensable
when analyzing the asperity deformation of rough surfaces, since the size of most asperities
is on the order of microns or even down to sub-micrometers.

Size-dependent plasticity has been repeatedly demonstrated in the experiments of
torsion [27], bending [28], and indentation [29–31] for crystalline materials at scales below
tens of micrometers. Particularly, the indentation hardness was found to be larger if
measured at a smaller indentation size [29–31]. Such an indentation size effect cannot be
interpreted in the framework of classical plastic theory where the flow stress is determined
only by the strain. Fleck et al. [27] pointed out that the size effect should be attributed to
the geometrically necessary dislocations that result from the large strain gradient in a small
material volume. Therefore, besides the homogeneous strain, the flow stress is also closely
related to the strain gradient [27,32]. Based on the Taylor dislocation hardening model,
Gao et al. [33] proposed the mechanism-based strain gradient plasticity theory (MSGP),
which links the density of geometrically necessary dislocations to the effective strain
gradient. With this MSGP theory, Huang et al. [34] performed a finite element analysis of
the microindentation test, which successfully reproduced the experimental observed linear
dependence of the square of indentation hardness on the inverse of indention depth. The
MSGP theory was later modified into a low-order version without introducing high-order
stress [35]. To study the effect of size-dependent plasticity on the contact performance of
rough surfaces, Song et al. [23] and You et al. [24] built three-dimensional finite element
models with this low-order theory of MSGP. Numerical results were presented to illustrate
the significant role of strain gradient plasticity. Compared with the classical J2 isotropic
plasticity, strain gradient plasticity leads to a higher slope of the linear relationship between
normal load and real contact area.

Considering the surface roughness and the micro-scale effect of plasticity, it is a
cumbersome task to derive the real contact area between rough solids by implementing
the finite element simulations through the user-defined subroutines of commercial finite
element software. Alternatively, a simple but effective theoretical method would be more
attractive in the parametric analysis of rough surface contact. Up to now, few works
have been directed to achieve this goal. Recently, Song et al. [36] succeeded in extending
the original GW model to incorporate size-dependent plasticity and asperity interaction.
However, the underlying assumption in the GW-based model that surface asperities are
modeled by smooth spheres with their heights following Gaussian distribution confines its
applicability.

In the present paper, we employ the incremental contact model proposed by Wang
et al. [18] to study the contact between a rigid plane and a deformable rough surface
considering strain gradient plasticity. It is assumed that the contact of rough surfaces is
equivalent to the accumulation of identical circular contacts with radii estimated from the
total contact area and the number of contact patches, which are directly obtained from
the truncation sections of the rough surface at different heights. Different from the GW-
based models, the incremental contact model does not require the ideal rough surface
description using smooth spherical or paraboloidal asperities and is not limited to the
isotropic Gaussian surfaces and, thus, is of wider application range. Here, we consider
realistic rough surfaces of copper, which were generated by rubbing with sandpaper and
measured with a white light interferometer. The plasticity of the rough surfaces is handled
based on the MSGP theory. The interaction between surfaces is assumed frictionless and
non-adhesive.
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In Section 2, we describe the fundamental principle of the incremental contact model
of rough surfaces. In Section 3, the explicit expression of the circular flat contact stiffness is
derived based on the finite element analysis using the MSGP theory, which is the key in the
incremental contact model accounting for strain gradient plasticity. In Section 4, the effect
of strain gradient plasticity on the relation between normal load and real contact area is
presented. The main conclusions are summarized in Section 5.

2. The Incremental Contact Model

For the elastic contact between a rough surface and a rigid plane, Wang et al. [18]
first developed an incremental equivalent circular model to establish the relationship
between normal load and real contact area, provided the surface topography and material
properties are known. This model was validated through a comparison of the predicted
results with the corresponding finite element simulations [18–20]. In this work, we further
extend this incremental model to the contact of rough surfaces by taking into account the
size-dependent plasticity.

Figure 1a schematically depicts the contact problem that a deformable rough surface
is compressed by a rigid plane under a normal load F. According to the incremental contact
model [18], the resulting contact area can be equivalently represented by the geometrically
truncated area of the original rough surface at the separation z. As shown in Figure 1b,
the contact region Ac(z) consists of a series of separated contact patches. The number of
contact patches is denoted by N(z). Then, these irregular contact patches are equivalently
simplified by identical circular contact patches (Figure 1c) with the radius determined by

r(z) =
[

Ac(z)
πN(z)

]1/2
(1)

For a decrement of surface separation dz, the corresponding increment of normal
load dF can be obtained by the current contact stiffness of the rough surface. Neglecting
the interaction between neighboring contact patches, the current contact stiffness can be
expressed by [18]

dF
dz

= N(z)k(r) (2)

where k(r) is the contact stiffness of an individual circular patch with a radius of r.

Figure 1. Schematic diagram of the equivalent circular contact model. (a) Contact of a rough surface
with a rigid plane, (b) separated contact patches, (c) equivalent circular contact patches.

For the linear elastic material with elastic modulus E and Poisson’s ratio ν, k(r) is
given by 2E*r [37], where E* = E / (1 − ν2) is the combined elastic modulus. For the
elastic-plastic materials, k(r) relies not only on the radius of the contact patch r but also
on the mean contact pressure F/Ac(z) and the plastic material parameters [19,20]. In this
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work, the plastic contact deformation is considered based on the MSGP theory, and thus,
k(r) also depends on the intrinsic material length for the strain gradient plasticity. Explicit
expression of k(r) is presented in Section 3.

By using the fourth-order Runge–Kutta method, the differential equation Equation (2)
can be numerically solved with the initial condition of F(z→∞) = 0. As a result, the normal
load F can be obtained as a function of separation z. Meanwhile, the real contact area Ac is
given by the truncated area at separation z. Based on Ac(z) and F(z), the load-area relation
for the contact of rough surfaces can be established.

It should be pointed out that the contact area Ac(z) and the number of contact patches
N(z) at different separation z are the requisites in this incremental contact model. For
realistic rough surfaces, it is almost impossible to derive general analytical expressions of
Ac(z) and N(z). As an option, they can be calculated by using a numerical technique as the
surface topography is measured. More details about the computations of Ac(z) and N(z)
can be referred to in the previous works [18,19].

3. Circular Flat Contact with Strain Gradient Plasticity

To obtain the normal contact stiffness of each circular contact patch, finite element
simulations are implemented for the axisymmetric contact between an elastic-plastic sub-
strate and a micro-sized circular flat punch. In the finite element formulation based on the
principle of virtual work, the basic equations from the theory of MSGP are employed [33,34].

3.1. Material Constitutive Model of MSGP

Macroscopically, most ductile crystalline materials follow the typical strain hardening
model with linear elasticity and power-law hardening plasticity. During plastic deforma-
tion, the flow stress σflow can be expressed as a function of the strain by

σflow = σy

(
ε

σy/E

)n
(3)

where σy is the initial yield stress in uniaxial tension, ε is the effective strain, and n is the
plastic work hardening exponent.

From the microscopic perspective, the plastic hardening phenomenon of crystalline
material is generally caused by the movement and stacking of statistically stored disloca-
tions (SSD) and geometrically necessary dislocations (GND) [32,33]. Based on the Taylor
dislocation model that is assumed valid in the theory of MSGP [32,33], the shear flow stress
τflow can be written in terms of dislocation density as

τflow = αμb
√

ρT = αμb
√

ρS + ρG (4)

where α is an empirical coefficient, μ is the shear modulus, b is the magnitude of the Burgers
vector, and ρT is the total dislocation density equaling the summation of SSD density ρS
and GND density ρG.

With the shear flow stress, the tensile flow stress can be given by

σflow = Mτflow = Mαμb
√

ρS + ρG (5)

where M is the Taylor factor.
In the framework of isotropic plasticity, the density of GND ρG is related to the effective

plastic strain gradient η by [38,39]

ρG =
λη

b
(6)

where λ is the Nye factor [40].
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In addition, the density of SSD ρS can be determined by combining Equations (3) and (5)
in the absence of the strain gradient (η = 0), that is

ρS =

(
σref

Mαμb

)2
ε2n (7)

where σref is the reference stress in uniaxial tension given by

σref =
σy(

σy/E
)n (8)

Substituting Equations (6) and (7) into Equation (5) gives the flow stress as

σflow = σref

√
ε2n + lη (9)

It can be observed that the flow stress consists of two hardening contributions: the
strain hardening ε2n and the strain gradient plasticity hardening lη. Here, l is the intrinsic
material length of the strain gradient plasticity given by

l = M2α2bλ

(
μ

σref

)2
(10)

For the face-centered-cubic (fcc) polycrystalline materials, the Taylor factor M is equal
to 3.06, and the Nye factor λ is on the order of 2 [34]. Therefore, the intrinsic material length
can be approximately written as

l = 18α2b
(

μ

σref

)2
(11)

which is typically on the order of micrometers.
According to Equation (9), it can be understood that a higher strain gradient results in

a higher flow stress under the same amount of strain, corresponding to the experimental
observation that the sample has a higher indentation hardness measured at a smaller
depth [29–31]. With the microscopic plasticity law accounting for strain gradient, the
constitutive equations in the deformation theory of MSGP are given as [33,34]

σij = Kεkkδij +
2σflow

3ε ε′ ij

τijk = lε2
[

KηH
ijk

6 + σflow
ε

(
Λijk − Πijk

)
+ σref

2

σflow
nε2n−1Πijk

] (12)

where σij is the Cauchy stress tensor, εij is the strain tensor, K is the elastic bulk modulus,
ε′ij represents the deviatoric strain defined by ε′ij = εij − εkkδij/3 (thus, the effective strain
can be determined by ε = (2ε′ijε′ij/3)1/2), the flow stress σflow is given by Equation (9), τijk is
the high order stress tensor, ηijk is the strain gradient tensor, ηH

ijk represents the volumetric

part of the strain gradient tensor defined by ηH
ijk = (ηjppδik + ηippδjk)/4, the effective strain

gradient η is related to the deviatoric strain gradient η′
ijk (defined by η′

ijk = ηijk – ηH
ijk) by

η = (η′
ijkη′

ijk)1/2/2), lε is the mesoscale cell size given by lε = 5bμ/σy, and Λijk and Πijk are
given by

Λijk =
1
72

(
2η′

ijk + η′
kji + η′

kij +
1
2 ηkppδij +

1
3 ηH

ijk

)
Πijk =

1
54ε2

[
ε′mm

(
ε′ ikη′

jmn + ε′ jkη′
imn

)
+ 1

4 ηqpp

(
ε′ ikε′ jq + ε′ jkε′ iq

)] (13)

respectively.
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3.2. Finite Element Analysis

In the contact simulations accounting for strain gradient plasticity, the isoparametric
element developed by Wei and Hutchinson [41] is adopted. It was shown that this type of
element worked well in the finite element analysis of microindentation experiments [34].
For the considered contact problem, choosing this type of element should bring about
reasonable results.

Through the user-defined element subroutine in the commercial finite element soft-
ware ABAQUS, the nine-node axisymmetric quadrilateral isoparametric elements are
defined to discretize the substrate. As shown in Figure 2, the mesh near the contact region
is highly refined, whereas relatively coarse mesh is used for the part far from the indenter.
The size of the smallest element is approximately 0.05 μm, which is much smaller than
the global size of the substrate. The accuracy of the simulation results has been ensured
through mesh convergence tests, which found that a mesh with approximately 33,000
elements is sufficient for our simulations. The flat punch with a radius of r is set as the
analytic rigid. To reduce the stress concentration at the edge of the punch, a tiny fillet with
a radius of 0.01r is introduced, which has a negligible effect on the overall contact response.
Note that the contact interface is assumed as non-adhesive and frictionless. The bottom of
the substrate is constrained in the direction of the z-axis, while the radial displacement is
restricted at the axis of symmetry.

The substrate is modelled by a homogeneous and isotropic solid of polycrystalline
copper. With the standard uniaxial tensile tests on a servo-hydraulic testing machine
(MTS-858/2.5T, MTS), the material parameters of the copper were measured in [42]: elastic
modulus E = 105.6 GPa, Poisson’s ratio ν = 0.34, yield stress σy = 159.6 MPa, and hardening
exponent n = 0.13. For the copper, the magnitude of Burgers vector is b = 0.255 nm [34].
By varying the empirical coefficient α in the Taylor model, a series of values of l can be
assumed by Equation (10).

Figure 2. Finite element model of the circular flat contact accounting for strain gradient plasticity.

3.3. Explicit Expression of Contact Stiffness

Based on the dimensional analysis and the results in [19], the relationship between
contact load P and indentation depth δ can be described by

P
πr2σy

= f
(

2E∗δ

πσyr
,

l
r

)
(14)

where the ratio l/r determines the effect of strain gradient plasticity.
With the finite element simulations, the contact load can be obtained as a function

of indentation depth for the circular flat contacts with different l and r. Figure 3 displays
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the variation of the normalized load P/(πr2σy) with respect to the normalized depth
2E*δ/(πσyr) for l/r = 0, 1.07, 9.65, 34.3, and 68.6. In the elastic regime of P/(πr2) < σy,
the load increases linearly with depth following the classical elastic contact solution, i.e.,
P = 2E*rδ [37]. With an accumulation of plastic deformation, the load-depth relation gradu-
ally diverges from the linearity and essentially becomes dependent on the strain gradient
plasticity parameter l/r. When the contact radius is much larger than the intrinsic material
length, i.e., l/r → 0, our results agree well with the prediction of Ding et al. [20] using J2
plasticity. For the contact with a larger l/r, a higher load is required to generate the same
depth, which implies a stronger hardening effect due to strain gradient plasticity. It should
be pointed out that the finite simulations were performed for a large number of contact
cases. For the sake of clarity, only several results are displayed.

Based on the curve fitting of the numerical results, it was found that the dimensionless
function in Equation (14) can be expressed in the form of

f
(

2E∗δ

πσyr
,

l
r

)
=

2E∗δ

πσyr

[
1 + al

(
2E∗δ

πσyr

)bl
]cl

(15)

where al, bl, and cl are fitting coefficients that depend only on the ratio of the intrinsic
material length l to the radius of contact r.

 

Figure 3. The dependence of the normalized load P/(πr2σy) on the normalized depth 2E*δ/(πσyr)
for l/r = 0, 1.07, 9.65, 34.3, and 68.6.

For the circular contact between a rigid flat punch and a substrate, the contact stiffness
k(r) is defined by the derivative of contact load P with respect to indentation depth δ. In
view of Equation (14), the contact stiffness k(r) normalized by 2E*r can be expressed in
terms of the strain gradient plasticity parameter l/r and the mean contact pressure P/(πr2)
normalized by the yield stress σy,

k(r)
2E∗r

= g
(

l
r

,
P

πr2σy

)
(16)

For a given strain gradient plasticity parameter l/r, the variation of the normalized
contact stiffness with respect to the normalized mean contact pressure can be determined
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from Equations (14) and (15). To avoid implicit expression, the dimensionless function in
Equation (16) is expressed in an explicit form as

g
(

l
r

,
P

πr2σy

)
=

[
1 + ml

(
P

πr2σy

)2.2
]nl

(17)

where ml and nl are fitting coefficients.
For a series of l/r, the corresponding fitting coefficients of ml and nl can be obtained

by curve fitting, and it is found that the dependences of ml and nl on the ratio l/r ranging
from 0 to 2 can be further fitted by

ml =
0.25(l/r)2+0.022(l/r)+0.011

(l/r)3+0.27(l/r)2+0.52(l/r)+0.22

nl = − 6.32(l/r)2+2.69(l/r)+1.17
(l/r)3+8.06(l/r)2+0.72(l/r)+0.34

(18)

For the contact of a rough surface with a rigid plane, we can derive its relationship
between real contact area and normal load based on the incremental contact model as
described in Section 2, where strain gradient plasticity is accounted for with the contact
stiffness k(r) given by Equation (16).

4. Results and Discussion

Figure 4 shows the topographies of three different realistic copper rough surfaces (S1,
S2, and S3), which were generated by rubbing with sandpaper and measured with a white
light interferometer over a nominal area of approximately 1 mm2. The dependences of
contact area Ac(z) and contact patch number N(z) on the separation z were given in [42].
The mean radii of the contact patches of these surfaces are calculated by Equation (1) with
Ac(z) and N(z). As shown in Figure 5, the mean radii of the contact patches are on the order
of micrometers for small contact areas. Thus, it is expected that the effect of strain gradient
plasticity should be considerable in the contact of these rough surfaces.

Figure 4. The topographies of rough surfaces. (a) Surface S1, (b) surface S2, (c) surface S3. The color
scale carries unit μm.

Figures 6–8 show the area-load relation for surfaces S1, S2, and S3, respectively, with
different intrinsic material length l. For the cases with small intrinsic material length,
our results approach the prediction based on the classical J2 plasticity [20]. When the
strain gradient plasticity is taken into account, it is found that the area-load relation is
still as close to linear at small loads as that obtained based on the classical plastic theory.
However, the slope that represents the mean pressure over the real contact area increases
significantly with the intrinsic material length. Such a hardening trend is qualitatively
consistent with the finite element results of Song et al. [23]. It is worth mentioning that
Yuan et al. [26] analyzed the contact of rough surfaces with surface effect and also found
the proportionality between load and area was raised, which is a mechanism at nanoscale
that is different from the present strain gradient plasticity at the scale of micrometers.
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Figure 5. Variation of the mean radius of the contact patches with respect to the contact area for
surfaces S1, S2, and S3.

 

Figure 6. The dependence of the normal load on the contact area for surface S1.

 

Figure 7. The dependence of the normal load on the contact area for surface S2.
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Figure 8. The dependence of the normal load on the contact area for surface S3.

To characterize the hardening degree of the rough surface contact considering strain
gradient plasticity, we introduce a dimensionless factor as

θ =
FMSGP − FJ2

FJ2
× 100% (19)

where FMSGP and FJ2 represent the normal loads obtained based on the MSGP theory and
the classical theory of J2 plasticity, respectively.

Figures 9–11 display the variation of the hardening factor θ with respect to the contact
area Ac for surfaces S1, S2, and S3, respectively. Overall, the hardening factor gets smaller
with increasing contact area, which is basically caused by the expanding of the contact
patches. For the considered rough surfaces, it can be observed from Figure 5 that the mean
radius of the contact patches for the contact area of 0.2 mm2 (approximately 20% of the
nominal area) is approximately triple that for the contact area of 0.01 mm2 (approximately
1% of the nominal area). Correspondingly, the hardening factor for l = 10 μm is found to
decrease by approximately one third as the contact area increases from 1% to 20% of the
nominal area. The hardening effect of strain gradient plasticity in the contact of rough
surfaces is particularly sensitive and prominent for initial contact where the size of the
contact patches is relatively small.

It should be pointed out that the contact analysis of rough surfaces accounting for
strain gradient plasticity was addressed earlier by Song et al. [23,36] with both direct finite
element simulations and a modified multi-asperity GW model. Compared with their
approaches, our model is more straightforward and convenient. With the present model,
the real contact area generated by a given normal load can be handily predicted once the
surface topography and the material parameters are measured. This advantage could be
meaningful in the design and mechanical fabrication of solid surfaces as well as in the
study of tribological problems, such as friction, sealing, wear, and lubrication.

The present contact model does not take into account both the elastic and plastic
interactions between contact patches. For large contact area fractions, such interactions
would be non-negligible as the stresses between the contact patches could be significantly
high, and the present model should be further modified. In addition, the material of the
rough surface, for simplicity, is assumed isotropic and homogeneous without any defects.
The effects of local inhomogeneity and defects in the contacting asperities on the contact
response is beyond the scope of the present work and deserves future investigations.
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Figure 9. The dependence of the hardening factor on the real contact area for surface S1.

 

Figure 10. The dependence of the hardening factor on the real contact area for surface S2.

 

Figure 11. The dependence of the hardening factor on the real contact area for surface S3.
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5. Concluding Remarks

The incremental contact model for rough surfaces is extended to account for strain
gradient plasticity based on the MSGP theory. Through finite element analysis, the contact
stiffness of a single circular flat punch is presented in an explicit form, which is higher
as the ratio of intrinsic material length to contact radius increases. For three different
realistic rough surfaces, the area-load relations are derived by employing the modified
incremental contact model. Strain gradient plasticity does not change the linear nature of
the area-load relation but increases the slope, which is the mean contact pressure. This
trend is qualitatively consistent with the results in the literature. In addition, for the
considered rough surfaces, the hardening degree of strain gradient plasticity could decrease
by approximately one third as the contact area increases from approximately 1% to 20% of
the nominal area. This work provides a simple but efficient approach to predict the real
contact area under a given load for a rough surface considering strain gradient plasticity.
On the basis of the present model, more advanced analysis can be conducted by considering
other factors, such as asperity interactions and material inhomogeneity.
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Nomenclature

List of abbreviations:
GND Geometrically necessary dislocations
MSGP Mechanism-based strain gradient plasticity
SSD Statistically stored dislocation
List of symbols:
Ac Contact area between a rough surface and a rigid plane
b Magnitude of the Burgers vector
E Elastic modulus
E* Combined elastic modulus
F Normal load applied on the rigid plane
FMSGP Normal load based on the MSGP theory
FJ2 Normal load based on the classical J2 plastic theory
K Elastic bulk modulus
k Contact stiffness of circular patch
l Intrinsic material length of strain gradient plasticity
M Taylor factor
N Number of contact patches
n Plastic work hardening exponent
P Normal load applied on the flat punch
r Radius of contact patch
z Surface separation
α Empirical coefficient
δ Indentation depth
ε Effective strain
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η Effective strain gradient
θ Hardening degree factor of the rough surface contact
λ Nye factor
μ Shear modulus
ν Poisson’s ratio
ρG GND density
ρS SSD density
ρT Total dislocation density
σflow Flow stress
σref Reference stress in uniaxial tension
σy Initial yield stress in uniaxial tension
τflow Shear flow stress
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Abstract: The development results of a single-point contact system set up as a pendulum to study
the laws of rolling resistance to contacting bodies at a distance significantly reduced compared to
the elastic contact spot size. The designed device uses a physical pendulum sustained by only one
ball on a flat polished surface. The problem of stability of the pendulum swing plane is solved.
A phenomenological theory of rolling resistance is described. The surface tension of solids on the
contact zone, parameters of the frequency-independent internal friction and the pressure of the
adhesion forces are found.

Keywords: single point contact; pre-rolling; contact friction; positioning; pre-rolling resistance

1. Introduction

Rolling friction models have attracted the attention of engineers and researchers
since the wheel invention. As a common rule, rolling friction is mostly studied under the
condition of constant rolling speed. Many publications have emerged in this area allowing
basic laws derived to describe the reliance between the rolling resistance moment and
the magnitude of the load, the driving conditions and various other influencing factors.
Interest of this topic is confirmed by an almost unlimited number of publications that is
still growing, just to cite the recently appeared ones [1–4].

These fundamental problems are solved for the sake of understanding and imme-
diately for specific advanced applications revolving around pre-rolling and rolling. In
achieving high accuracy of rolling motion control and ultra-precision positioning through
rolling systems, knowledge of the laws of rolling resistance at the pre-rolling in forward
motion and when reversing the motion is required. This also led to the need to study the
laws of rolling friction at low loads, low speeds, and small displacements of the rolling
body. It was found that under these conditions, the main mechanisms of rolling friction are
associated with the elasticity of the contacting bodies, relative slip and internal hysteretic
friction, as well as adhesion [5,6]. “Pre-rolling” is a special name given to displacements
in a friction pair, in which rolling friction has a nonstationary character. Here, the depen-
dence laws of the rolling resistance moments on displacements are of a specific nonlinear
character, which is still unknown [3,7–10].

The development of micro- and nanotechnology has led to the need to study the
adhesion forces, as the reason for the reciprocal sticking of individual MEMS elements
that disturb their work [11]. The sticking factor due to adhesion forces should also be
considered when using micro- and nano-manipulators in the technique [12,13].

Despite the practical importance of the above problems, “empirical procedures for
measuring and representing the laws of friction” [4] with high sensitivity and accuracy in
the nano- and micro range of values have not yet been developed.
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This paper presents the development results of the empirical procedure for measuring
and representing the rolling friction law, in a particular case when the displacement of
the rolling body is significantly less than the radius of the contact spot. We will call this
rolling region of deep pre-rolling (DPR). This works aims to describe the design of the
single-contact ball pendulum device developed and experienced by the authors. In this
device, the physical pendulum with one ball rests on the flat surface of the test specimen
allowing free swings with a stable swing plane. In addition, the description of a special
technique for measuring rolling resistance forces with high sensitivity and accuracy in DPR
mode is given.

2. Review of Pendulum Devices for Studying the Surface of Solids

2.1. Pendulum Devices with One Supporting Ball

The devices that use the free swing method of a physical pendulum rest upon a flat
surface through a rolling body (balls, rollers, edge of a prism (or knife)) have long been
used to measure the hardness and strength of materials and products [14–25]. The hardness
and strength of the sample pads in these devices is being associated with a decrease in the
pendulum swing amplitude as a function of time.

Mendeleev D.I., apparently, was the first who conducted a thorough study (1895–1898)
of the influence on the error of weighing the nature of the damping of the swing of the
pendulum, which rested on the platform with a prism edge. He made, in particular,
the following conclusion; the time of an individual oscillation decreases with decreasing
amplitude of the oscillation itself much faster than, according to well-known formulas, the
dependence of the oscillations period of a mathematical pendulum on amplitude [14].

From the point of view of the possibility of calculating the bodies’ deformations during
their elastic contact, the contact of the ball and the flat surface is the simplest. This part of
the elasticity theory is the most developed [6]. Several researchers have made attempts to
build a pendulum device on one ball. However, when working with such a (single-contact)
pendulum, the researchers faced the problem of instability of its swing plane, since the
pendulum on one ball has three rotational degrees of freedom, which leads to instability of
the swing plane and significantly complicates the research.

In 1923, Herbert, E developed a pendulum device to measure the hardness of metals
(Figure 1) [15,21]. In this device, the pendulum rested on the test sample with a single steel
or ruby ball of 1 mm in diameter inserted into the tip. The total weight of the pendulum
was 4 kg, its center of gravity should have been located above the fulcrum, but below the
center of the ball by 0.1 mm [17]. After installing the pendulum on the test sample surface,
the pendulum was deflected to an initial position of several degrees, and the time of the
first swing was measured, which was multiplied by 10, and this parameter was used as an
estimate of the test material hardness [18].

 
1—a balancing weights, 2—a test sample, 3—a tip with ball, 4—a scale 

Figure 1. The Herbert Pendulum [15].
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There is a problem with the stability of the swing plane in Herbert’s pendulum.
Therefore, in the instructions for the use of Herbert’s pendulum, it was recommended to
deflect the pendulum from the equilibrium position “using a feather” [16]. Subsequently,
this device was modified by other researchers so that the pendulum had less weight and
rested not on one ball, but on one roller (Figure 2). The roller had a diameter of 2 mm
and a length of 12 mm as stated in [19]. This solved the problem of stability of the swing
plane and allowed the use of the device to assess the hardness of brittle, viscoelastic, and
biological materials [19–21]. In [22], hardness measurements of Herbert pendulums using
various weights are described.

 

Figure 2. The Herbert pendulum device with one roller support [19].

Kuznetsov V.D. (1929) developed a pendulum device in which the pendulum was
supported by one or two sharpened needles, or, two balls with a diameter of 0.5 mm
(Figure 3), and the pendulums themselves had different shapes and weights. Sharp needles
were used to study the strength of crystals whose surface has been damaged by these
needles during the swing of the pendulum, but the balls were used to measure the hardness
of materials [23].

 
1—Frame-pendulum; 2—Conical tip of hardened steel (angle at the apex 90°); 3—Sam-
ple; 4—Scale (a concave disk with the drawn circles of various radii) 

Figure 3. The Kuznetsov pendulum device with one support [17].
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Due to the instability of the swing plane of the pendulum in this device (Figure 3), the
amplitude of the pendulum deviation was measured here using a system of dials. The use
of two pendulum support points in the Kuznetsov device made it possible to stabilize the
swing plane of the pendulum [24].

Kuznetsov’s two-contact pendulum [25] is widely used in modern commercially
produced pendulum devices by Koenig and Persos (Figures 4 and 5), which formed the
basis of standards measuring for the plastics and coatings hardness [26]. The surface
hardness here is estimated as the ratio of the pendulum swings number on the test surface
and on a calibrated glass plate.

 
1—Counterweight for regulating the natural frequency; 2—Cross-members; 3—Frame; 
4—arrow; 5—Support balls 

Figure 4. Koenig device and pendulum [25,26].

 
1—cross member; 2—frame; 3—arrow; 4—counterweight to control the natural fre-
quency; 5—support balls 

Figure 5. Persosa pendulum [25].

The problem with these previous one ball system is that they are too heavy with balanc-
ing issues, furthermore, no theory has been published publicly to describe the phenomena.

2.2. Pendulum Devices with Two Supporting Balls

G.A. Tomlinson was apparently, the first to use a physical pendulum with two sup-
porting balls for systematic studies of the molecular nature of rolling friction at low swing
amplitudes. In his experiments carried out in 1929, a pendulum in the form of a disk was
mounted on a cylindrical axis and rested on two rolling bodies (two cylinders, or two
half-cylinders, or two balls). One version of the experiment to measure the rolling friction
of a cylinder along a plane is shown in Figure 6. The amplitude of the disk oscillation was
approximately in the range of 221 to 6 arc minutes. The rolling friction coefficient was
found by calculating the damping of the swing amplitude of the disk under the assumption
that the damping decrement remains constant [27]. In his article, Tomlinson, among other
things, concluded that the rolling friction coefficient is practically independent of speed.
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1—a disk weighing 600 g; 2—a cylindrical axis 

Figure 6. Tomlinson’s device [27].

Previously, the authors of this work developed a two-contact pendulum device in
which a physical pendulum made free damping swings with an amplitude substantially
smaller than the angle of elastic contact, resting on two identical balls on a test flat surface
(Figure 7) [28]. The pendulum mass center was on ball’s contact spot [29]. It was suggested
that under loads referred to the field of elastic deformation and low rolling speeds, the
balls movement was similar to pure rolling. In this case, the main mechanism of rolling
resistance is the adhesion forces and the forces of frequency-independent internal friction
arising from the deformation of the contacting bodies. A phenomenological theory of
rolling resistance was constructed in the DPR mode, and it was shown that with this device
it is possible to study the laws of rolling resistance on the nano—and microscale with high
sensitivity and accuracy.

 
1—support balls, 2, 4—balancing weights, 3—a mirror 

Figure 7. Model of the two-contact pendulum [28].

In this device, the initial pendulum swing amplitude did not exceed 300 arcsec, and the
final pendulum swing amplitude was 2 arcsec. We used polycrystalline sapphire balls with a
diameter of 10 mm, and the pendulum weight was about 1.2 kg. Depending on the material
of the supporting surface (tempered steel, hard glass, electrotechnical silicon), the angle of
elastic contact was in the range of 37 to 47 arcmin. During the experiments, the amplitude
and time of each swing were measured allowing the construction of the amplitude vs.
time and period vs. the number of swings or time. The constructed mathematical models
made it possible to approximate with high accuracy these experimental dependences with
analytical dependences as presented below.
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However, a two-contact pendulum has an obvious drawback: it can only be used if
there are two identical test samples, placed under each ball, or one sample with a relatively
large uniform surface. This significantly reduces the range of materials tested. In addition,
there is a problem of identity, both of the balls themselves and of the conditions for their
fixation were not always exactly similar.

3. The Phenomenological Theory of Rolling Resistance in DPR Mode

This theory is built on the assumption that the adhesion forces can be represented
as some force bonds (springs) that connect the contacting bodies. When the pendulum
swings, one part of these forces breaks, and in this case, a certain fraction of the pendulum
energy is spent on the work of tearing off the surface of the ball from the surface under
consideration. Also, part of the pendulum energy must work against the forces of internal
friction during the deformation of the contacting bodies. Under the assumption that these
forces are frequency independent, the friction moment as a function of the pendulum
deflection angle can be written in the form [29] of Equation (1).

Mf r = −mgR(c + bϕp)sign
(

dϕ
dt

)
, (1)

where m—the pendulum mass; R—the ball radius; c, b, p—the approximation parameters
determined from the experiment. Here, coefficient c “is responsible” for the adhesive com-
ponent of friction, and the second part on the right-hand side of Equation (1) is “responsible”
for internal friction during the deformation of contacting bodies and capillary forces.

Using Equation (1), we can calculate the specific surface energy in the contact zone as
the ratio of the work At(ϕ) = mgRcϕ performed by the adhesion forces when the surface
of the ball is separating from the surface of the contact spot during its rotation through a
small angle ϕ when it moves away from the equilibrium position, to S:

σ =
At

S
=

mgc
2a

, (2)

The parameter σ in its physical meaning and dimensions coincides with the similar pa-
rameter γ used in [3], which is referred to by the author as surface energy or surface tension.

The phenomenon of a sharp decrease in the period of the pendulum during its swings
is associated with the action of the same elastic bonds between the surfaces of the contacting
bodies that do not break as the pendulum swings. The dependence of the moment of these
forces on the ball rotation angle, based on some physical considerations, can be written in
the form [29]

Mel(ϕ) ≈ 2γa2R|ϕ|n+1
(

π

2
− R

a
ϕ

)
· sign(ϕ), (3)

where a is the contact spot radius; γ, n are the approximation parameters determined from
the experiment. In our opinion, the parameter γ characterizes the elastic pressure of the
adhesion forces acting between the ball surface and the test surface. In [3], the author, in
the case of the Van-der-Waals forces action denoted as σ, calls the similar parameter as
Van-der-Waals stress.

Under the experimental conditions, when the mass center of the pendulum lies on the
contact spot, and at very small values of its amplitude and angular velocity, the differential
equation of swings of the pendulum practically coincides with the equation of swings of a
mathematical pendulum. Using Equation (1), we have a differential equation in the form

I
d2ϕ

dt2 + mgRϕ = −mgR(c + bϕp)sign
(

dϕ
dt

)
, (4)

where I—the moment of pendulum inertia relative to the mass center.
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The solution of Equation (4) in a first-term approximation of the asymptotic theory of
nonlinear oscillations gives the relationship of the pendulum swings amplitude α on time
in an implicit form [29]:

t(α) = −T
4

α∫
α0

dϕ
1

p+1 bϕp + c
, (5)

where T—the average value of the pendulum swing period.
Using Equation (5) as the regression equation for approximating the experimental

damping curves of the swing amplitudes, we can determine the numerical values of the
parameters c, b, and p.

Similarly, taking into account Equation (3) for the moment of elastic forces, solving the
differential equation of the pendulum swing, in the second approximation of the asymptotic
theory of nonlinear oscillations, we can obtain the dependence of the pendulum swing
period on the amplitude in the form (Equation (28) in [29]).

T(α) = T0

[
1 −√

πγ
a2αn Γ( n

2 + 3
2 )

mg Γ( n
2 + 2)

(
1 − 0.55

Rα

a

)]−1

(6)

Using an equation of the form Equation (6) as a regression equation for the experi-
mental dependence T(α), one can find the numerical values of the parameters T0, γ, and n,
which are stable with respect to the choice of initial approximations of the values of these
parameters during calculations in the process of nonlinear approximation.

The total moment of rolling resistance forces can be written as

M(ϕ) = Mfr(ϕ) + Mel(ϕ). (7)

The dependence M(ϕ) with the known dependence ϕ(t) allows us to construct a
phenomenological theory of rolling resistance of adhesion forces in the DPR mode. In par-
ticular, the dependence Mel(ϕ) allows one to construct a skeletal curve and the dependence
Mfr(ϕ) allows one to construct a hysteresis loop around the virgin curve. Examples of such
curves are shown below.

4. Pendulum Device Based on One Ball: Design and Measurement Procedure

As mentioned previously, when using a pendulum device based on one ball, it is
necessary to solve the problem of instability of the pendulum swing plane. The instability
effect enhances when the mass center of the pendulum is close to the contact spot, and the
friction is small. If the pendulum is mounted with one support ball on a hard flat surface, it
will have the ability to swing around two horizontal axes and rotate around a vertical axis.

In our experiments, it was found that in the DPR mode, after careful starting of the
swings, the pendulum rotation around the vertical axis practically did not occur or quickly
stopped due to the spin friction being high. In addition, it was noted, if the pendulum shape
where the moments of inertia of the main horizontal central inertia axes differ significantly
from each other (Figure 8), the swings with a short period around the long axis (the U axis
with a minimum moment of inertia) damps earlier than swings with a large period around
the short axis (V axis with a maximum moment of inertia).

Thus, in order to build a device based on a single-ball pendulum and solve the problem
of holding the pendulum swing plane, it is necessary that the main moments of inertia
of the pendulum around which the swings occur should differ significantly in size as
explained later. In addition, the mass center of the pendulum should be on the contact
spot, which eliminates both the ball slippage during its swings and the influence of base
vibrations on swings [28,29]. The first condition can be fulfilled due to the pendulum
design—it should have the most elongated shape. The second condition can be ensured by
careful balancing. There is no spinning around the vertical axis due to proper balancing.
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Figure 8. The pendulum design with a system for recording the pendulum deviations from the
equilibrium position.

Figure 8 shows a single-ball pendulum specially designed for measurements. In this
pendulum, the ratio of the moments of inertia Iv/Iu is about 25, which experimentally gave
the ratio of the pendulum swing periods Tv/Tu equal to about 5. This has been achieved
with extensive tests. The diameter of the ball was 12.1 mm. The mass of the pendulum was
0.406 kg. The mass center of the pendulum was near the contact spot.

To measure the amplitude and swing time of the pendulum, an optical recording
system for its oscillations was used, consisting of a semiconductor laser, a focusing device
(not shown in Figure 8), a mirror mounted on the pendulum, and a CMOS matrix. The
computer records the signal from the matrix. This setup allows us to record the beam
displacement path, reflected from the pendulum along the X and Y axes of the coordinate
system of the CMOS matrix. Examples of writing Y (t) and X (t) of a balanced pendulum are
shown in Figures 9 and 10, respectively. The Control over the balancing of the pendulum
was also carried out by constructing its trajectory in the coordinates Y, X (Figure 11)—an
analogue of the Lissajous figure. It is worth noting that measurements are repeatable.

If the pendulum was perfectly balanced, and the optoelectronic system was perfectly
tuned and had no noise, and there was no influence of the vibrations of the basis, the
short-term transverse vibrations of the pendulum should not be excited, and the records in
Figures 10 and 11 should look like a horizontal and vertical line, respectively.

Figure 9. Recording the amplitude of long-periodic Y (t) of the single-ball pendulum.
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Figure 10. Recording the amplitude of short-periodic swings X(t) of the single-ball pendulum.

Figure 11. Trajectory record of the laser ray spot on the matrix during the first two swing periods.

5. Measurement and Calculation Results

In the experiments, a ball of radius R = 6.05 mm made of hard steel was used as a
pendulum support. As the materials for the test samples were selected next: single-crystal
silicon (roughness Ra = 0.4 nm, elastic modulus Esi = 1.31·1011 N/m2, Poisson’s ratio
νsi = 0.266), hard steel (Ra = 63 nm, Est = 2.11·1011 N/m2, νst = 0.28) and K8 optical glass
(Rz = 40 nm, Eg = 0.82·1011 N/m2, νg = 0.206).

The calculated contact parameters of the hard steel ball and surfaces for testing are
shown in Table 1.

Table 1. Materials contact characteristics.

Surfaces Under Test
Radius of the Contact Spot,

[micrometer]
Depth of Ball Penetration into the Surfaces,

[micrometer]
Contact Angle,

[arcmin]

Hard steel 54 0.50 31

Silicon 59 0.60 34

Glass K8 66 0.70 38

The initial swing amplitude of the pendulum was chosen equal to α0 ≈ 6·10−4

rad ≈ 124 arcsec, the final amplitude was approximately 2 arcsec, so that the maximum
ball displacement is rmax ≈ 3.63 μm, the minimum ball displacement is rmin ≈ 0,06 μm.
This is limited by the recording equipment’s accuracy.
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It is noticed that the angular and linear displacements of the ball were in the DPR zone.
The results of measuring the dependences of the amplitude α on time t and the period T on
amplitude α obtained for friction pairs by averaging the results of a series of three consecutive
measurements for each contact pair are shown in Figures 12 and 13, respectively.

Figure 12. The curves approximation of the dependence of the pendulum swing amplitude vs. time
according to Equation (5).

Figure 13. Curves approximation of the pendulum swing period dependence on the amplitude
according to Equation (6).

The calculation results of the approximation parameters (friction parameters) of the
amplitude versus time are presented in Table 2. The calculation of the average relative
approximation error (ARAE) of the curves of the amplitude dependence on time, given in
this table, was carried out according to Equation (8).

ARAE =
1
k

k

∑
i=0

∣∣∣∣αi − α(ti)

αi

∣∣∣∣, (8)

where αi—the measured values of the amplitude, α(ti)—the calculated values with Formula (5).
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Table 2. Values of friction parameters for several materials.

Friction Parameters
(Initial Amplitude α0 = 124 arc s)

Contact Pair

Hard
Steel/Glass

Hard
Steel/Silicon

Hard Steel/Hard
Steel

p, 10−4 37.330 7.060 7.961

b 0.944 0.815 0.850

c, 10−9 10.510 3.840 6.601

σ, 10−3 J/m2 28.900 13.200 27.300

ARAE 0.008 0.026 0.035

Note that the values of the parameter σ agree in order of magnitude with the values of
“adhesive energy wt-s (~10−3 J/m2)” obtained using an atomic force microscope (AFM) [30].

The values of the elastic interaction parameters obtained from the approximation of
the reliance of the pendulum swing period on the amplitude are presented in Table 3. The
calculation [31] of the average relative error of this approximation given in this table is
carried out according to Equation (9).

ARAE =
1
k

k

∑
i=0

∣∣∣∣Ti − T(αi)

Ti

∣∣∣∣, (9)

where Ti—the measured value of the amplitude, T(αi)—the calculated value of the ampli-
tude in accordance with Equation (6).

Table 3. Values of parameters for elastic rolling resistance.

Parameters of Elastic Rolling
Resistance,

(Initial Amplitude α0 = 124 arc s)

Contact Pair

Hard
Steel/Glass

Hard
Steel/Silicon

Hard Steel/Hard
Steel

n 0.092 0.552 0.461

T0, s 4.071 4.072 4.049

γ, 106 N/m2 28.97 290.69 95.46

ARAE 0.002 0.002 0.004

In Figure 14, graphical smoothing has been applied using least-squares smoothing
according to the rule of s-nearest neighbors, in which s is selected adaptively [32].

The practical coincidence of the smoothing curve, which does not imply the use of any
physical models, and the curve constructed on the basis of the dependence model T(α),
proposed in [29,33] and leading to Equation (6), can be considered a justification for the
objectivity of these models.

Graphs displayed in Table 4 show the dependences of the moments of rolling resistance
forces with the angle of pendulum deviation within one swing cycle at an amplitude of
3.1 arcsec, constructed according to Equations (1), (3) and (7) and taking into account
the values of the parameters obtained by approximating the experimental data for three
different materials. It also shows the results of calculating the work of the adhesion forces
4At (rectangle set off in with dashed lines) and the work of dissipative forces (adhesion to
tear off and internal friction) 4A (the area of the whole figure), calculated for one period or
four deviations from the equilibrium position of the pendulum.
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Figure 14. The dependence of the swing period on the amplitude: individual blue points—the
result of measurements; individual red dots—computer smoothing by a function; black curve is an
approximating curve constructed according to Equation (6).

Table 4. Dissipative motion for one cycle of the swing (If amplitude α = 3.1 arc s).

Dissipative Component
Moment (nN·m) vs. Angle (arc s)

Equation (1)

Elastic Component
Moment (nN·m) vs. Angle (arc s)

Equation (3)

The Total Moment of Resistance
Moment (nN·m) vs. Angle (arc s)

Equation (7)

Glass

− −

−

−

4At = 15.7·10−15 J;
4A = 98.6·10−15 J

− −

−

−

− −

−

−

Silicon

− −

−

−

4At = 5.72·10−15 J;
4A = 75.2·10−15 J

− −

−

−

− −

−

−
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Table 4. Cont.

Dissipative Component
Moment (nN·m) vs. Angle (arc s)

Equation (1)

Elastic Component
Moment (nN·m) vs. Angle (arc s)

Equation (3)

The Total Moment of Resistance
Moment (nN·m) vs. Angle (arc s)

Equation (7)

Hard steel

− −

−

−

4At = 9.86·10−15 J;
4A = 64.3·10−15 J

− −

−

−

− −

−

−

6. Conclusions

In the displacement zone where the dimensions are significantly reduced than the
dimensions of the contact spot and under elastic loads, the “deep-pre-rolling” (DPR) zone,
rolling resistance is determined by:

• dissipative adhesion forces, when parts of surface bodies that are in contact, leaves
each other; in addition, rolling resistance is determined by the frequency-independent
internal friction forces, arising during elastic deformations of contacting bodies.

• also, this rolling resistance is determined by the elastic adhesion forces that create
negative pressure between the surfaces of the contacting bodies.

In the DPR zone, the spin friction around the vertical axis has a maximum value
compared to the swing friction around the horizontal axes. Swing friction around horizontal
axes decreases with decreasing swing speed. These friction features allowed us to build a
pendulum device based on one ball with a stable swing plane. In this device, the pendulum
must have a shape in which the horizontal moments of inertia differ significantly from each
other reaching between 25 to 30 as a key condition. Here, the swing of the pendulum with
a maximum period has a stable swing plane.

In the DPR zone, there is an effect of a sharp decrease in the swing period of the
pendulum with a decrease in the swing amplitude. In this case, the rolling friction also
decreases and tends to its minimum final value, determined by the work of adhesion forces
on separation. In the study of rolling resistance in the DPR zone, it is necessary to measure
not only the reliance of the swing amplitude on the time, but also the reliance of the swing
period of the pendulum on time.

The developed phenomenological theory and measurement procedure allowed us for
the first time to build a simple instrument for direct measurements with high sensitivity
and accuracy of the surface energy density of the adhesion forces (or surface tension) in the
case of a solid body, and the parameters of internal frequency-independent friction and the
pressure generated by adhesion forces. Key applications are found in precision positioning
at a small scale or telescopes at a large scale and also any trials for balancing mechanical
devices around a single ball.
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Abstract: This paper presents a novel approach for simulating adhesive wear in elastic–plastic
spherical contacts using an improved finite element sub-model. Initially, a global model with a
coarse mesh identifies the potential wear region under combined normal loading and tangential
displacement. Subsequently, a refined mesh sub-model simulates the crack initiation and propagation
until the formation of a wear particle. This refined sub-model efficiently handles a wide range of
spherical radii and normal loads. An expression is derived relating the dimensionless wear volume
and wear rate to the dimensionless normal load, revealing the limited effect of the sphere radius on the
wear rate. The effect of the mechanical properties on the wear particle morphology is also analyzed.

Keywords: spherical contact; adhesive wear; sub-model; combined loading; wear rate

1. Introduction

Wear is the key factor causing material loss and mechanical failure between contacting
surfaces, which typically occurs in various tribo-components. There are mainly five types
of wear in tribology: abrasive, erosive, corrosive, fatigue and adhesive [1]. Among them,
adhesive wear is the least avoidable between contacting surfaces that are subjected to
strong adhesive bonds, in which the material removal occurs at the contacting asperities of
the mating surfaces [2]. Although very common, an accurate prediction of adhesive wear is
still a challenging question in tribology [3]. Hence, developing an effective model to reveal
the mechanism of adhesive wear is of great significance.

Archard [4] replaced Holm’s concept [5] for the removal of atoms with the removal of
spherical wear particles of the same radius as their contact area to describe the adhesive
wear process. This alternative approach was supported by experimental evidence [6],
showing that the material removal is not at an atomic level.

Archard [4] proposed a model for the adhesive wear, based on a linear relation to
calculate the wear volume, which was expressed as W = KPL/H where W is the wear
volume, P is the normal load, L is the sliding distance, H is the hardness and K is the
wear coefficient.

Due to the simplicity and practicality of Archard’s model in engineering applications,
it became a well-accepted wear model in the following decades [7]. However, it has inherent
limitations, one of which is the lack of a physical understanding of the mechanism of the
wear particle formation. Therefore, Archard’s model can only give a reliable prediction
for cases where the wear coefficient K was already found experimentally, implying that
several wear experiments imitating the correct tribological system are required to obtain
wear predictions.

Indeed, a lot of work has been done to perform the integrated analysis of the fracture
behavior to enable adhesive wear modeling [7]. The pioneering study performed by Hills
and Ashelby [8] introduced the classical fracture mechanics to explore the wear behavior
between contacting surfaces. In Ref. [8], the crack was initially generated in a pre-selected
location. Subsequently, Suh and coworkers [9,10] developed the delamination theory of
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wear, in which they assumed the crack nucleation and subsurface crack propagation. Here
also, the crack location was predetermined. Although the wear particle formation process
can be investigated by a predetermined initial crack location, it limits the crack to propagate
from this predetermined location, which may cause an unreliable prediction. Hence, for
proper wear modeling, a model that can simulate the crack initiation is required.

The finite element method (FEM) is an efficient method to determine the crack ini-
tiation based on the damage mechanism concept. By introducing the Johnson–Cook
strain-based ductile fracture criterion [11], Wu and Shi [12] were able to simulate a 2D
crack initiation and propagation using a finite element model for a cylindrical contact.
According to [12], the crack initiation was at the contact surface, which is in contradiction
to the assumption made in the previously mentioned studies [8–10].

To simulate the adhesive wear of 3D spherical contacts an FE model, Zhang and
Etsion [13] used the JC criterion, similar to [12], for the crack initiation. However, a
different approach was used for the crack propagation in [13]. Specifically, a fracture energy
criterion [14] was used, where the fracture energy, Gf, described the energy needed to open
a unit area of the crack [14]. By incorporating this physical approach into the adhesive wear
simulation, the crack propagation was modeled as a crack opening process rather than the
same way as its generation.

In Ref. [13], the static friction and the adhesive wear of a spherical contact under
combined normal and tangential loading were presented for both elastic and elastic–plastic
regimes for the normal loading of a sphere with a 10 mm radius. In Zhang’s study [13], an
extremely refined mesh was required to obtain an accurate wear prediction, which was
very time consuming, limiting the study to one material and two normal loads. However,
some insights regarding the formation of the adhesive wear particle were obtained in
both [12,13]. The research showed that the crack initiation started at the trailing edge
of the contact surface and then, another crack was initiated at the leading edge. As the
tangential displacement increased, the cracks propagated and eventually connected with
each other, resulting in the formation of a wear particle. It can be inferred that investigating
the adhesive wear using predetermined cracks may not provide accurate results.

In order to improve the computing efficiency of the FE wear model [13], Zhang and
Etsion [15] adopted a sub-model technique which enabled them to efficiently calculate
the wear volume and wear rate for different normal preloads. While this sub-model
was appropriate to characterize the wear particle morphology, the model was not able
to present the realistic mechanical response during the wear process, which is required
to better analyze the mechanism of the wear particle formation, tangential stiffness and
friction behavior.

In the present study, an improved sub-model technique is suggested which innates
the advantages of both the models previously proposed by Zhang and Etsion [13,15]. Thus,
the present improved sub-model is able to efficiently predict the mechanical response in a
spherical contact and the wear particle morphology for different radii, normal preloads
and material properties.

2. Theoretical Background

Figure 1, taken from [13], presents a schematic representation of the contact problem of
a rigid flat and a homogeneous deformable sphere under combined normal and tangential
loading. The contact condition between the rigid flat and the outer surface of the sphere is
a full stick. The loading process consists of two stages. At the beginning of the simulation,
a normal load P is applied to the rigid flat, resulting in a vertical displacement of the rigid
flat, also termed as the interference and denoted by ω0. Due to the deformation of the
sphere tip, a circular contact area A of diameter d0 is obtained. The characteristics of the
contact area, friction coefficient and corresponding critical load, Lc, were studied previously
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by Brizmer et al. [16,17]. The normal load is usually normalized by the critical normal load
at the yield inception under the full stick contact condition, P∗ = P/Lc, given in Ref. [16].

Lc =
−
Lc

π3Y
6

C3
ν

(
R
(

1 − ν2
)Y

E

)2
(1)

where
−
Lc =

(
8.88ν− 10.13

(
ν2 + 0.089

))
and Cv = 1.234+ 1.256ν, and R, E, Y and ν are the

radius of the sphere, Young’s modulus, the yield strength and Poisson’s ratio, respectively.
With this normalization, the contact is elastic–plastic for P∗ > 1. For P∗ < 1, the contact
is elastic.

Figure 1. Adhesive wear of the spherical contact with a rigid flat (a) schematic and (b) cross section
(plane y = 0) of the wear particle, taken from [13].

Following the normal preload, a tangential displacement ux is applied to the rigid flat
until a formation of the wear particle is achieved.

Similar to Ref. [13], the adhesive wear propagation is studied using the FEM. To
model the fracture process, two fracture criteria are used. First, the Johnson–Cook (JC)
criterion [11] is used for the damage initiation of the first crack. According to the JC
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criterion, the crack occurs when the strain at a material point reaches the equivalent plastic
strain εf defined in [11] as the following equation.

εf =
(

D1 + D2eD3σ
*
)(

1 + D4ln
.
ε

*
)(

1 + D5T*
)

(2)

As shown in Equation (2), the plastic strain consists of three parts, which describes the
effect of the stress, the strain rate and the temperature, respectively. For a quasi-static and
isothermal analysis, the effects of the strain rate and temperature are absent (D4 = D5 = 0).
Hence, Equation (2) can be reduced to the following.

εf = D1 + D2eD3σ
*

(3)

The equivalent plastic strain εf in Equation (3) depends on the stress triaxiality σ*,
which is given in the following form.

σ* = σm/σ (4)

where σm is the hydrostatic stress and σ is the von Mises equivalent stress.
Equation (3) and first bracket of Equation (2) follow the form presented by Hancock

and Mackenzie [18]. The coefficient D1 is the crack nucleation strain for the materials
that allow for a considerable plastic flow prior to the crack nucleation. D1 will be zero
otherwise. D2 is a material constant and D3 expresses how the equivalent plastic strain is
affected by the stress triaxiality σ∗. These three parameters can be obtained from the tensile
tests [19,20].

The fracture energy Gf [14] for the damage evolution is used to enable the crack
propagation. The opening of a crack requires the expenditure of energy to overcome the
associated stress. Therefore, the crack opening process leads to the absorption of energy.
The amount of energy needed per unit of the crack area in opening the crack from zero to a
given width c is calculated using the following equation [14].

Gf =
∫ c

0
σdω (5)

With this approach, the softening response after the damage initiation, which is
characterized by the reduction in the associated stress needed to open a crack as the crack
length increases, is expressed by a stress-displacement response rather than by a stress–
strain response. In the FEM, this stress-displacement concept requires a definition of a
characteristic width c and the characteristic width has size effect on the fracture energy.
The fracture energy given by Hu and Wittmann [21] from the tensile tests is a function of
the dimensionless crack size, normalized by the specimen width, which shows that the
measured fracture energy is significantly influenced by the dimensionless crack size. In
order to eliminate the crack size effect, size-independent fracture energy should be used.
In a further study the relation for the size-independent fracture energy was given as the
following equation [22].

GF =
K2

IC
E

(6)

where KIC is the size-independent specific fracture energy. This equation enables the
extraction of fracture energy without experiments and is free of the crack size effect.

In this study, the ABAQUS/explicit 2020 platform was used to predict the adhesive
wear behavior. In the given wear modeling problem, this fracture energy is associated with
the length of the mesh size in ABAQUS [23] since, in order to open a crack, the crack needs
to go through an entire element at the crack tip. The sensitivity of the mesh was evaluated
in [15] to determine the impact of the mesh size on the wear volume. It was shown in [15]
that below a certain mesh size, a further reduction had a minor effect on the results but
significantly increased the computation time.
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Using the sub-model technique presented in [15], the boundary conditions of all the
surfaces can be obtained from the deformation distribution of the global model. This means
that all the surfaces are pre-deformed in the same way as they are in the global model.
However, the rigid flat is not included in this sub-model, meaning that the normal load
and tangential displacement cannot be calculated. Hence, it is impossible to capture the
frictional behavior at the contacting surface. Moreover, although the less efficient global
model presented in Ref. [13] was able to capture the friction behavior, as the predefined
normal load decreases, a much smaller mesh size is needed, which requires a longer
computation time. Therefore, a more efficient sub-model that can overcome the above
limitations is suggested hereafter.

3. FE Model

The solution process consisted of two steps. First, a simulation using the global model
without element deletion was performed to derive the size and deformation distributions
for the sub-model, which is similar to the process described in [15]. In the second step, an
improved sub-model was used with the obtained deformation distribution and element
deletion to simulate the wear and friction behavior.

Figure 2 presents the global model with different sections consisting of different mesh
densities and the location and assembly of the improved sub-model. The mesh design in
the global model was the same as the one described in Ref. [13]. As shown in Figure 2a,
three different sections are shown. Section I in red was where the potential wear particle
was expected and had the finest mesh. Section II and III highlighted in yellow and blue,
respectively, had a gradually increasing mesh size with an increasing distance from section I.

Figure 2. Global model with a mesh design, the improved sub-model assembly and boundary
condition: (a) global model with a mesh design, (b) location of the improved sub-model with
sub-model parameters, (c) boundary conditions.

Using the sub-model technique [15], only a part of section I was used for the second
solution step. This sub-model had a refined mesh compared to the mesh in the global model
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for better accuracy. As shown in Figure 2b, a plate-like sub-model highlighted in yellow
with definitions of its thickness ts and radius rs in contact with a rigid flat is shown. The
contact surface between the rigid flat and the improved sub-model is highlighted in blue.

The thickness ts and the radius rs of the improved sub-model were chosen based on
the location of the maximum stress in section I of the global model. Due to the fact that the
investigated material model is assumed to be perfectly elastic–plastic, these two parameters
indicate the size of the obtained yield region. The thickness ts and the radius rs are defined
as the vertical and tangential distances from the tip of the sphere to where the yield region
is included.

These two parameters were slightly larger than those in [15], as their values were se-
lected based on the location of the maximum strain found in the global model. Furthermore,
using the geometry of the sub-model similar to [15] will result in the crack propagating
beyond the sub-model boundary. This happens, since the element deletion was not in-
cluded in the deformation distribution applied on all the surfaces of the sub-model in [15].
Thus, the interference in [15] was reduced and the thickness of the sub-model necessary to
prevent the crack from penetrating the sub-model boundary was smaller.

Investigation on the effect of these two parameters, ts and rs, was performed by sepa-
rately conducting simulations with twice the thickness and radius. Although the differences
in the wear volume and static friction coefficient were less than 7%, the computational time
almost doubled. This indicated that the sub-model’s size determined by the maximum
stress location was sufficient to effectively capture the wear process.

Figure 2c shows the boundary conditions applied to the improved sub-model. The
contact surface was left free of constraints. A symmetric constraint was imposed on
the symmetrical surface, highlighted in red, while the deformation distribution from the
global model was applied to the side and bottom of the surface, highlighted in green.
The deformation distribution from the global model serves two purposes: primarily, to
produce contact between the plate-like sub-model and the rigid flat and to eliminate the
effects caused by the geometry change, as the stress field depends on the geometry and the
improved sub-model is not in a spherical shape.

It should be mentioned that an alternative solution was attempted, where instead
of using the deformation distribution from the global model, fixed boundary conditions
were used. However, these boundary conditions resulted in a significantly different crack
initiation and propagation compared to Ref. [13]. As a result of the fixed boundary condition
on the bottom, the sub-model was unable to deform in the normal loading direction, which
led to a 50% reduction in the interference. Although the tangential behavior was primarily
dictated by the behavior of the contact surface, it was also heavily influenced by the fixed
boundary condition on the side, as this condition significantly altered the stress field.
Moreover, the comparison presented in the results section demonstrates that the friction
behavior obtained using the improved sub-model, which incorporated the deformation
distribution on both the bottom and side, closely matched the results obtained in [13]
using the global model. Therefore, the deformation distribution boundary conditions are
necessary for accuracy and efficiency.

Finally, a full stick contact condition was defined between the rigid flat and the sphere.
After the crack initiates, one more interaction must be defined, as there is a newly formed
surface due to the failed elements deletion from the mesh. Eventually, a wear particle may
form between the rigid flat and the slip interface, which is the interface between the newly
formed wear particle and the bulk of the sphere. The interaction property applied on the
slip interface is assumed to be frictionless to simplify and simulate. Thus, a shear crack
cannot transmit shear or normal tensile stresses [24].

The elements with an aspect ratio close to one were used to reduce the mesh sensitively
to the crack propagating direction; representing the uniform mesh as was also shown in [15].
In the present study, the mesh independence check was performed by increasing the mesh
density and guaranteeing the relative error within a small, predetermined tolerance (10%)
for all the normal loads and sphere radii. For instance, using R = 10 [mm] and P∗ = 100,
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changing the mesh size from 0.01 mm to 0.005 mm resulted in a change of the results below
9%. However, the calculating time of the latter was approximately twice that of the former.
Therefore, the mesh size of 0.01 mm was used for R = 10 [mm] and P∗ = 100.

4. Results and Discussion

The adhesive wear and friction behaviors of the spherical contact under combined
loading were studied by carrying out wear simulations using the improved sub-model for
the sphere radius ranging from 5 [mm] to 50 [mm], with dimensionless normal loads P∗
ranging from 15 to 150. It was found in the current model that the tangential displacement
ux = 9ω0 was sufficient to achieve a wear particle for all the different simulations. It was
also observed in [13] with the global model. Hence, to ensure the full formation of the wear
particle, a value of ux = 12ω0 was used for all the simulations. Similarly, in Refs. [13,15],
the sphere material was aluminum 2024 T351, as this particular material was thoroughly
studied both numerically and experimentally [25–28]. The material properties of aluminum
2024 T351 are: E = 74 Gpa, v = 0.33, Y = 325 Mpa and a density of ρ = 2780 Kg/m3. The
JC criterion coefficients of the damage initiation for aluminum 2024 T351 are (Ref. [28]):
D1 = 0.13, D2 = 0.13 and D3 = −1.5. For the damage evolution, the fracture energy was
Gf = 20 KJ/m2 [28].

In the following, the verification of the improved sub-model is presented, followed
by the investigation of the tangential mechanical response and the wear particle morphol-
ogy for the different normal loads and sphere radii. The effect of changing the different
mechanical properties (D1, D2, D3, G f , E/Y) on the obtained results is also discussed.

4.1. Verification of the Improved Sub-Model

The results from Ref. [13] were used to verify the adequacy of the present model.
Figure 3 shows the five instants for the fracture evolution obtained by the improved
sub-model, corresponding to the five instants obtained in Ref. [13] for the R = 10 [mm]
and P∗ = 100 case with the definition of the wear particle parameters. The black color
represents the free edge formed during the fracture evolution process; the deeper blue color
represents the crack formed below the contact surface. Figure 4 shows the friction behavior
and the interference for the same case, as shown in Figure 3. Both the dimensionless
tangential force Q/P and the dimensionless interference ω/ω0 are plotted with respect
to the dimensionless tangential displacement ux/ω0. The five instants of the fracture
evolution are marked in vertical dash line.

For instant IA, the crack initially appeared on the trailing edge of the contact surface.
The term ‘trailing edge’ refers to the edge located in the direction opposite to the tangential
displacement ux, as indicated by the arrow shown in Figure 3a pointing in the ux direction.
With an increasing tangential displacement, the crack spread along the edge of the growing
contact interface, and at instant IB, the tangential force reached its maximum, resulting in a
sliding inception. At instant IC, the first crack at the leading edge under the contact surface
appeared. With the fracture extending below the contact surface, the fracture from the
trailing edge linked with the one from the leading edge at instant ID, as shown in Figure 3d.
A region of un-failed elements that were not deleted according to the JC and fracture energy
criteria was surrounded by the linked cracks. Eventually, at instant IE the un-failed region
vanished leading to the wear particle creation. These five stages for the fracture evolution
using the improved sub-model matched well with the results given in [13]. The differences
in the corresponding tangential displacement for the five instants, as shown in Figure 4,
were 4%, 6.8%, 5.4%, 2.3% and 1.5%, respectively.

Along with the crack initiation and propagation, the tangential force behavior of the
improved sub-model corresponded well to the results from [13]. The tangential stiffness
reduced with the increasing tangential displacement ux until instant IB, at which the
tangential stiffness completely vanished. The static friction coefficient represented by
Qmax/P was 0.36 for the improved sub-model and 0.35 in [13]. The relative error of the
static friction coefficient between these two models was less than 5%.
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Figure 3. Evolution of the fracture, from instants IA to IE for R = 10 [mm], P* = 100.

 

Figure 4. Dimensionless tangential force Q/P and dimensionless interference ω/ω0 vs. dimension-
less tangential displacement ux/ω0 for R = 10 [mm], P* = 100, comparing with Ref. [13].
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Regarding the comparison between the dimensionless interference shown in Figure 4,
the difference between [13] and the current result increased with the dimensionless dis-
placement, which was due to the element deletion, as the element size used in the improved
sub-model was larger than in [13]. However, the largest difference was less than 7%.

The wear particles formed in [13] and the one formed using the improved sub-model
were similar in shape, having the shape shown in Figure 3f. The maximum thickness and
length of the wear particle in [13] were

(
tp
)

max = 0.012R and lp = 0.16R, with a particle
volume of Vp = 4.3e−2 [mm3]. The corresponding value using the improved sub-model
were

(
tp
)

max = 0.0133R, lP = 0.155R and Vp = 4.36e−2 [mm3]. The differences between
these three parameters were less than 10%, especially for the wear particle volume having
a 2% difference. An additional parameter was also denoted in Figure 3f, which was the
wear particle half width Wp, being Wp = 0.063R for this case.

To conclude, the results predicted by the improved sub-model were in a good agree-
ment with the predictions made in [13], validating the improved sub-model for predicting
the tangential behavior wear particle geometry. These results verified that the new sub-
model can provide a reliable prediction for the wear morphology and the mechanical
response, thereby validating the effectiveness of the present model.

The computation time was reduced from 90 h to 30 h, compared to the model used
in [13]. A further reduction in the computation time can be achieved by reasonably in-
creasing the loading rate of the simulation, both in the normal and tangential directions.
Moreover, as shown in Figure 3, it can be observed that some non-contact and non-wear
regions existed, which had no effect on the wear predictions when the tangential load-
ing was terminated, indicating that the current sub-model simulating area can be further
reduced for the purpose of a parametric study. Therefore, using a smaller sub-model
simulating region compared to the present one, which fully covers the potential wear and
contact regions and reasonably increases the loading rate, can further reduce the simulating
time. For R = 10 [mm] and P* = 100, using the above accelerating techniques reduced
the computing time from 30 h to 15 h, and the relative errors of the wear particle volume
and the static friction coefficient compared to the current improved sub-model were less
than 3%.

4.2. The Effect of the Normal Load P∗

Table 1 summarizes the parameters used in the sub-model to study the effect of the
normal load on the wear volume and the tangential load. The elements r1 and t1 are the
radius and thickness of section I in the global model (Figure 2a), respectively. The elements
a1 and as are the mesh sizes of section I in the global model and in the improved sub-model,
respectively. Superscript ∗ is used to indicate the dimensionless parameter, normalized by
the sphere radius R.

Table 1. Geometrical and mesh parameters used in the global and improved sub-model.

P* r*
1(r1/R) t*

1(t1/R) a*
1(a1/R) r*

s(rs/R) t*
s(ts/R) a*

s(as/R)

15 0.1 0.015 0.0015 0.07 0.008 5 × 10−4

20 to 30 0.1 0.018 0.002 0.08 0.012 6 × 10−4

50 0.13 0.022 0.002 0.1 0.02 7 × 10−4

75 0.2 0.05 0.003 0.14 0.026 0.001

100 0.2 0.05 0.004 0.15 0.038 0.001

150 0.25 0.07 0.004 0.19 0.05 0.002

For accuracy, the mesh size a1 should be decreased as the applied normal load de-
creases. On the other hand, in order to reduce the number of elements and the computation
time, the radius and thickness of section I in the global model were reduced as well since
decreasing the normal load resulted in a smaller potential region for the wear particle.
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The parameters used in the sub-model were adjusted according to the stress field in
the global model. As the simulations were conducted for the different radii, ranging from
5 to 50 mm, the parameters were normalized using the sphere radius R.

Figure 5 presents the results for the dimensionless tangential load Q/P and the di-
mensionless interference ω/ω0 vs. the dimensionless tangential displacement ux/ω0 for
different dimensionless normal loads P* and different radii R. Figure 5 demonstrates that
the transient dimensionless tangential forces and interferences exhibited a similar trend for
the given material properties under different sphere radii and normal loads.

(a) 

(b) 

 
Figure 5. Cont.
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(c) 

Figure 5. Dimensionless tangential load Q/P and dimensionless interference ω/ω0 vs. dimensionless
tangential displacement ux/ω0 for different normal loads and radii R, (a) R = 5 [mm], (b) R = 10 [mm],
(c) R = 50 [mm].

The dimensionless tangential force curves exhibited a certain non-monotonic behavior,
particularly following the formation of the wear particles. These non-monotonic fluctu-
ations were caused by the inherent numerical error. More specifically, the deletion and
recontacting of the elements on the newly generated surface during the tangential load-
ing led to the observed non-monotonic fluctuations. While it was impossible to entirely
eliminate these fluctuations, they were reduced by implementing a more refined mesh.
Similar fluctuations were also reported in Ref. [13]. Figure 4 provides a comparison that
demonstrates that the fluctuation levels were within an acceptable range when compared
to the previously published results.

As shown in Figure 5, the curves for the larger sphere radius were more consolidated.
This behavior was caused by the dimensionless sub-model parameters (r∗s , t∗s ). Although
these two parameters allowed for the wear particle formation, the sub-model geometry
might not have been large enough to exclude the influence of the applied boundary
conditions. A few simulations of R = 5 [mm] were carried out using larger geometry,
and the friction behavior was close to the friction behavior of R = 50 [mm]. It should be
noted that the wear volume and wear particle parameters had a slight difference, below
10%. Since, as will be shown, the dimensionless results were independent of the radius, it
was more beneficial to look at the larger radii as long as the adhesion, which was associated
with nano and micron scale, was not considered.

Furthermore, it can be observed that the dimensionless interference during tangential
loading increased with the increase in the dimensionless normal load. This can be explained
by the junction growth under the combined loading [29].

Figure 6 illustrates the maximum dimensionless tangential forces, which indicate
the static friction coefficient corresponding to the different sphere radii plotted against
the dimensionless normal load. In general, the static friction coefficient decreased with
the increasing dimensionless normal load, which showed a consistent result with [17].
A comparison between the results presented in [17] is also shown in percentages by the
dashed lines. The differences for the small normal load, 15 < P∗ < 25, were lower than
10%; however, for the larger normal loads, 50 < P∗ < 150, the differences became larger,
but were no more than 35% with respect to [17].
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Figure 6. Static friction μ vs. dimensionless normal load P* for the different radii and comparison
with Ref. [17].

As shown in Figure 7, the maximum tangential force and the corresponding normal
load are shown for the different sphere radii, where the different colors represent the
different sphere radii.

Figure 7. Maximum tangential force vs. normal load for the different radii and different normal loads.
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A numerical fitted curve, in the black solid line, with Qmax = μs ∗ P resulted in
μs = 0.37 for all the simulations conducted in the current study, regardless of the sphere
radius. Interestingly, in Rabinowicz [30], for 50 separate experiments with different material
combinations, a lower limit for the friction coefficient, approx. 0.37, was reported.

4.3. Wear Characteristics

The effects of the normal load intensity and the sphere radius on the wear particle
morphology and wear rate were also analyzed. The geometry of a typical wear particle is
presented in Figure 3f and the obtained results for the wear particle length lp, thickness tp
and half width Wp are shown in Figure 8, in both dimensional and dimensionless manners.
As shown in Figure 8, the dimensional and dimensionless parameters are indicated by the
solid and the dashed lines, respectively. The same normalization as in [15] was adopted in
the current study. All three wear particle parameters were normalized using the diameter
of the contact area after the normal loading, d0, which is a function of the radius and the
interference in the following formula [16].

d0 = 2
√

ω0R (7)

It can be seen in Figure 8 that all the dimensional parameters of the wear particle
increased as P∗ increased, indicating that increasing the normal load led to an increase in
the wear particle size.

A consolidation of the dimensionless results can be observed. With the increases in the
dimensionless normal load, the dimensionless wear particle length remained constant at a
value of one. The behavior of the dimensionless wear particle length in this study was in
contrast to that reported in [15], where l∗p was observed to increase with the dimensionless
normal load caused by the junction growth. This difference can be attributed to the deletion
of elements on the trailing edge of the contact surface in the current sub-model. Following
the initiation of the crack, the element adjacent to the crack, as shown in Figure 3a, continued
to be deleted from the wear particle. This deletion of the adjacent element ultimately
resulted in a reduction in the wear particle length. Although some deletion occurred due to
the small thickness at the trailing edge, it didn’t affect the prediction of the wear volume.

As shown in Figure 8b, the dimensionless wear particle thickness increased with the
dimensionless normal load, and this behavior corelates well with [15]. The numerical curve
fitting shown in the black solid line provided a function t∗p with respect to the P∗ with a
goodness of R2 = 0.97.

t∗p = 7.1e−4P∗ + 0.021 (8)

It can be observed that the predicted thickness was slightly higher compared to the
results in Ref. [15]. The differences in tp were caused by the differences in the obtained
interferences in both sub-models. Including the rigid flat in the sub-model resulted in a
slightly increased interference. As the interference increased, so did the size of the plastic
region [31], forcing the crack to propagate more in the vertical direction and resulting in a
thicker wear particle.

As shown in Figure 8c, the dimensionless wear particle half width was almost constant
with a value of W∗

p = 0.5, meaning half of the contact diameter d0. This was due to
the growth of the junctions primarily affecting the contact area in the tangential loading
direction, which was perpendicular to the width direction of the wear particle. As a result,
the wear particle width remained unchanged.

The wear volume Vp is defined as the volume of the wear particle. The wear rate w
represents the wear volume per unit of tangential displacement, and it could be used for
surface wear evaluation.
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(a) 

 

(b) 

(c) 

Figure 8. Wear particle geometrical characteristics: (a) wear particle length, (b) wear particle thickness,
(c) wear particle half width, presented in both dimensional and dimensionless manners, comparing
with Ref [15].
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The wear rate is given by the following equation.

w = Vp/s (9)

where s is the sliding distance when the wear particle is fully detached from the sphere and
is calculated as the following.

s = up + lp (10)

where up is the tangential displacement of the rigid flat when the wear particle is formed.
It is noteworthy that the simulation ran until the tangential displacement of up and not s
was achieved. With this method, the computational time can be reduced while ensuring a
more realistic result. Obtaining a complete detachment of the wear particles by defining the
sliding distance for the simulation required an extensive computational time and led to an
unphysical wear volume. This was because the element deletion driven by the JC criterion
and fracture energy continued after the wear particle was fully formed (at tangential
displacement up). This led to an additional element removal from the wear particle during
the detachment. Consequently, the wear volume for the complete detachment was smaller
than the wear particle volume Vp when it was just formed. The previous studies on the
adhesive wear also utilized the same concept [13,15,32].

Figure 9 presents the results of the wear volume Vp and the wear rate w for the
various dimensionless normal loads P∗ and different sphere radii R. The wear volume was
normalized by the hemisphere volume, V∗

p = Vp/V0, where V0 = 2πR3/3. The wear rate
was normalized term by term, where the nominator was normalized by the hemisphere
volume and the denominator was normalized by ω0.

w∗ = V∗
p /

(
(u p + lp

)
/ω0

)
(11)

This normalization led to a general relation between the dimensionless wear rate
w∗ and the dimensionless normal load P∗, allowing for the prediction of the wear rate
and the wear volume independent of the radius for aluminum 2024 T351. The only
parameter required to obtain the dimensionless wear rate was ω0, which can be calculated
by following equation [33].

P∗ = (ω∗)3/2

(
1 − exp

(
1

1 − (ω∗)β

))
(12)

where β is the linear function of Poisson’s ratio, β = 0.174 + 0.08ν, and ω∗ is normalized
by the critical interference δc for the stick contact condition, given by [33].

δc/ωc = 6.82ν − 7.83
(

ν2 + 0.0586
)

(13)

where ωc is the critical interference at the yield inception for a slip contact condition [33].

ωc =

(
Cv

π
(
1 − ν2)

2

(
Y
E

))2

R (14)

Figure 9a shows that the wear volume increased as P∗ and R increased. The dimen-
sionless wear volume curves were consolidated. In order to demonstrate the relation
between V∗

p and P∗, a numerical curve fitting with a goodness of R2 = 0.997 was given as
following equation.

V∗
p = 3.819×10−9(P∗)2 (15)

By using Equation (15) and the normalization V∗
p = Vp/V0, the dimensional wear

volume can be calculated. The obtained result corelated well with the result in [15], with a
difference less than 9%.
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Figure 9b shows a similar behavior for the wear volume. The relation between w∗ and
P∗ were given by a numerical fitted curve with a goodness of R2 = 0.989.

w∗ = 6.39×10−12(P∗)2.5 (16)

By substituting Equations (12)–(14) into Equation (16), the dimensional wear rate can
be calculated. The presented model deals with the creation of a wear particle from a well-
defined spherical asperity. The other shapes of the contacting asperities or post-abrasive
asperities were not examined in the present study.

(a) 

(b) 

Figure 9. (a) Wear volume VP and dimensionless wear volume V*
p = Vp/V0; (b) wear rate w = Vp/s

and dimensionless wear rate w* = V*
p/
((

up + lp
)
/ω0

)
.
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Since there is an exchange of asperities in in the contact between rough surfaces in
relative motion during the tangential displacement, and assuming that all these asperities
are spherical, the wear rate for the entire rough surface was derived from the uniformed
dimensionless result of one asperity obtained in this study.

The power-law dependency on the dimensionless normal load for the wear rate
reported in [15] is given by the following equation.

w = 3.26×10−5(P∗)1.54 (17)

The dimensionless relation obtained in the current study had the power of 2.5 in P∗
term. The reason for this difference was the normalization used for the dimensionless wear
rate. The normalization used for the dimensionless wear rate was w∗ = (VP/V0)/(s/ω0).
The denominator was normalized by ω0, which was affected by the dimensionless normal
load, as shown in Equation (12). The numerator was normalized by V0, which was a
constant. Hence, in Equation (16), a higher power on P∗ term was obtained.

To verify the expression obtained above, a simulation using the sphere radius,
R = 15 [mm], was carried out for a dimensionless normal P∗ = 100. The dimension-
less wear rate was 6.754×10−7, and the relative difference between the simulation result
and the predicted results from Equation (16) was approx. 2.5%.

In Ref. [15], a transition region was observed for the wear rates. Three regimes of the
wear rate with different exponents of P∗ were identified, which were P∗ ≤ 20, 20 < P∗ ≤ 30
and P∗ ≥ 30, representing the mild wear, transition region and severe wear, respectively.
However, with the improved sub-model, this transition region was not observed. The
power-law dependency on the dimensionless normal load for the wear rate w in the current
study is given by following equation.{

w = 4.6×10−5(P∗)1.5, P∗ < 30
w = 2.74×10−5(P∗)1.6, P∗ > 30

(18)

The change in the power of P∗ was not as significant between the two regions com-
pared to what was reported in [15]. This difference was due to the different boundary
condition at the contact surface of the sub-model. The deformation distribution used on
the contact surface in [15] did not include the crack initiation and propagation, resulting
in a smaller interference for the same normal load in the transition region. For instance,
for R = 10 [mm] with P∗ = 25, the dimensionless interference when the wear particle was
formed ω∗

p = ωp/ω0 was 1.2 in [15], while in the current study ω∗
p = 2.1.

4.4. Parametric Study for the Material Properties

The results presented above were limited to a specific material, aluminum 2024 T351.
To obtain a more general understanding of how the material properties affected the wear
particle formation and mechanical behavior, a parametric study was utilized. The initiation
and propagation of a crack was influenced by the three coefficients D1, D2 and D3 in the JC
failure model and by the fracture energy Gf .

The range of the studied coefficients D1 and D2 was from 0.05 to 0.2, and D3 ranging
from −1 to −2. These ranges covered the changes of approx. 50% of the original values for
the aluminum analyzed in the current study. However, different materials can have values
outside this range, for example FeCoNiCr high entropy alloy [34] had values of D1 = 0.004,
D2 = 0.665, and D3 = −1.5 and free-cutting steel 50SiB8 [35] had values of D1 = 0.0733,
D2 = 0.7204, and D3 = −1.5643.

The effect of D1 on the friction behavior and wear volume Vp was very small, and the
maximum difference of the static friction coefficient and wear volume was less than 5% and
6%, respectively, for the range of the tested D1 values. D2 had a relatively large influence
on the wear volume. The maximum change in the wear volume was 30% for the smallest
value of D2.
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For D1 and D2, the most affected result was the wear particle thickness tp. As these
two parameters decreased, tp increased. As shown in Equation (3), D1 and D2 influenced
the equivalent plastic strain in the same way. As D1 and D2 decreased, εf decreased. For
the spherical contact under normal loading, the stress triaxiality σ∗ had a negative value
as the element was being compressed, and it increased with the distance from the contact
surface. This implies that the equivalent plastic strain for the crack generation decreased
with an increasing distance from the contact surface. By reducing εf, the crack propagation
in the vertical direction became higher. Hence, the wear particle thickness increased as D1
and D2 decreased.

For the influence of D3, the most affected values were up and Vp. A maximum increases
in up about 60% was observed, compared to the original values of up and Vp for the smallest
value of D3. As D3 decreased, the equivalent plastic strain increased for the negative value
of σ∗, meaning that a larger strain is need for the element deletion, which explains the
increase in up. The wear volume change was caused by an additional element deletion
during the larger tangential displacement., which may have resulted in fewer physical
results.

Figure 10 displays the friction behavior and dimensionless interference for various
values of the fracture energy. While the JC parameters were more available in the literature,
the same was not observed for the fracture energy. Hence, for the current parametric study
on Gf , a range spanning two orders of magnitude around the fracture energy of aluminum
was used. It is important to note that the fracture energy values shown in Figure 10 were
normalized by the fracture energy of aluminum 2024 T351.

 

Figure 10. Dimensionless tangential load Q/P and dimensionless interference ω/ω0 vs. dimension-
less tangential displacement ux/ω0 for the different fracture energies.

It can be observed from Figure 10 that the static friction coefficient increased with
the fracture energy. As shown in Figure 3, the maximum value of the dimensionless
tangential force, or the static friction coefficient, was achieved after the crack initiation.
This suggests that the fracture energy had an impact on the static friction coefficient. Since
the force required to open a crack increased with the fracture energy, the static friction
increased as well. However, it should be noted that the influence of the fracture energy was
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relatively small, with a maximum difference of only 6.2% observed between the two orders
of magnitude of the fracture energy.

In contrast, the dimensionless interference decreased with the fracture energy. The
change in the interference consisted of two contributors, namely the junction growth and
element deletion. With an increase in the fracture energy, the number of elements deleted
decreased, leading to a reduction in the dimensionless interference.

While changing D1, D2, D3 and Gf caused some changes to the wear particle morphol-
ogy, the wear particle formation process for the different parameters was similar to those
presented in Figure 3.

However, for a different material, Ti-6Al-4V, a difference in the crack propagation
behavior was observed, as presented in Figure 11. The material properties were [36]:
E = 110 Gpa, ν = 0.33, Y = 880 Mpa and a density of ρ = 4430 Kg/m3. The JC
criterion [36] and the fracture energy [37] were: D1 = −0.09, D2 = 0.25, D3 = −0.5
and Gf = 47 KJ/m2.

Figure 11. Crack propagation for Ti-6Al-4V. R = 10 and P* = 50.
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As shown in Figure 11, at instant IA, a crack was generated on the trailing edge of
the contact surface. At instant IB, the tangential force reached its maximum. These two
stages are similar to Figure 3. However, at instant IC, instead of a crack generated below
the leading edge of the contact surface, the crack propagated along the edge of the contact
surface and reached the leading edge. Interestingly, at ID, a second crack was generated
within the contact surface surrounded by the first crack. As the tangential displacement
increased, the second crack linked with the crack at the trailing edge of the contact surface
and led to the formation of a wear particle at instant IE.

Since it was not observed that changing the JC coefficients or fracture energy led
to such changes in the wear particle formation process, it was assumed that this new
crack propagation may have been caused by the change in E/Y. For aluminum 2024 T351
E/Y = 227 and for Ti-6Al-4V, this value was E/Y = 125.

5. Conclusions

An efficient FE model was presented for adhesive spherical contact under combined
normal loading and tangential displacement. The model consisted of a global model that
helped determine the potential fracture location and a sub-model with a refined mesh for
the precise prediction of the wear particle formation. The improved sub-model included the
rigid flat and two criteria were employed to simulate the crack initiation and propagation.
Thus, the present sub-model inherited the efficiency of the sub-model introduced in the
literature and the capability to predict the tangential mechanical response.

The current study primarily focused on the effects of the sphere radius and a range
of relatively high normal loads on the wear particle evolution. However, the developed
method can be extended to the wear simulations under various parameter combinations,
including the materials, operating conditions, etc. The main contributions of the present
study were the unified dimensionless relation between the dimensionless wear rate and
the dimensionless normal load for the sphere radius varying from 5 to 50 [mm], as well
as the insights gained into how the JC parameters and material properties (E/Y) affect
the friction and wear behaviors. The obtained relations for the wear volume and wear
rate may be generalized for the wider range of mechanical properties with the presented
efficient sub-model.

Furthermore, the present method offers the possibility of extending the single spherical
wear model to the adhesive wear prediction for rough surfaces and for fretting wear
modeling. Nevertheless, the modeling of the adhesive wear can be improved by introducing
a physical approach for the crack propagation, which is not based on element deletion.
Such an approach would provide a more realistic and physically based simulation of the
crack propagation and wear particle formation.
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Nomenclature

a mesh size
c characteristic width of crack
d asperity radius
E Young’s modulus
GF size-independent fracture energy
Gf fracture energy
H hardness
K Archard’s wear coefficient
Lc critical load at yield inception under full stick contact condition
L sliding distance for Archard’s wear model
lp length of wear particle
P normal load
P∗ dimensionless normal load, P∗ = P/Lc
R sphere radius
r section I radius
s sliding distance
t section I thickness
tp thickness of wear particle
up tangential displacement when wear particle is formed
ux tangential displacement
V0 volume of original hemisphere, V0 = 2/3πR3

Vp volume of wear particle
W Archard’s wear volume
Wp wear particle width
w wear rate
Y yield strength
υ Poisson’s ratio
ω interference
ωp interference when the wear particle is formed
Subscripts
0 at normal preloading
p wear particle
s sub-model
1 global model
Superscript
∗ dimensionless
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Abstract: We propose a new variational formulation to model and predict friction-induced vibrations.
The multi-scale computational framework exploits the results of (i) the roughness measurements
and (ii) the micro-scale contact simulations, using the boundary element method, to enrich the
contact zone of the macroscopic finite element model of rubbing systems with nominally flat contact
boundaries. The resulting finite elements at the contact interface of the macroscopic model include
(i) a modified normal gap and (ii) a micro-scale description of the contact law (i.e., pressure gap)
derived by solving the frictionless contact problem on a rough surface indenting a rigid half-plane.
The method is applied to a disc brake system to show its robustness in comparison with classical
deterministic formulations. With respect to the traditional complex eigenvalues analysis, the proposed
multi-scale approach shows that the inclusion of roughness significantly improves the results at low
frequencies. In this panorama, any improvement of dynamic instabilities predictions should be based
on an uncertainty analysis incorporating roughness combined with other parameters such as friction
coefficient and shear moduli of the pads, rather than on roughness itself.

Keywords: dynamic instabilities; frictional system; multi-scale framework; contact mechanics;
roughness

1. Introduction

The frictional contact problem plays a major role in engineering applications, whether
in studying the fretting fatigue in dovetail blade roots in aeronautics [1], valve systems for
nuclear cooling [2] or braking systems in the automotive industry [3–5]. The mechanical be-
havior of frictional systems mentioned above is micro-scale dependent. Their performance
is conditioned by numerous microscopic phenomena, such as roughness, progressive dam-
age of asperities as well as resulting debris [6,7]. For instance, it was shown in [8] that
the macroscopic behavior of the braking system is strongly influenced by the microscopic
contact properties, which involves the roughness of the sliding interfaces. Hence, it is
important to review and to overcome the assumption of perfectly flat surfaces by taking
into account the statistical characteristics of rough surfaces.

In general, the modeling of rough surfaces requires the knowledge of two functions:
(i) the height distribution function (HDF) [9] and (ii) the spatial function, also known by
the autocorrelation function (ACF) or its Fourier transform, which is called the power
spectral density (PSD) function [10]. The first one characterizes the roughness through the
average height parameters [11,12], while the second describes the spacial arrangement and
the variation of the asperities, which often depicts a fractal behavior [13,14]. Most rough
surfaces have a self-affine property, which means that the profile remains similar under dif-
ferent magnification [13,15]. The latter can be decoded by a PSD having a power-law shape
as a function of the wavenumber (or wavelength) with a potential plateau characterized by
a longer wavelength, namely the long-distance roll-off wavevector [16–18].

With regard to the mechanical contact models, the first contribution goes back a
century with the widely used Hertz theory [19,20]. This theory assumes perfect smooth
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contacting surfaces, and hence, it is not valid for rough surfaces since it failed to give a
reasonable estimation for the real contact area and for the pressure-gap behavior. The strong
deviation from the perfect contact assumption led researchers to develop more realistic
models to take into account the roughness. The first asperity-based models, pioneered
by research work [9,21], are based on a statistical method and the random process theory
introduced for the first time in [10,22]. The concept of their approach is to transform the
problem of two contacting rough surfaces to a deformable rough one in contact with a rigid
plane. Then, the roughness is modeled by a number of isolated spherical asperities with the
same radius, and their height is described randomly following a given probability density
function. The asperity-based models provide a good approximate solution for the evolution
of the contact area especially in the case of a small load [23]. However, their main drawback
is the omission of interactions between the asperities, which can lead to an overestimation
of the contact pressure. With the development of advanced analytical models [24–27],
interactions between asperities can be taken into account. The coalescence of asperities is
another effect that has to be considered for a realistic representation. In fact, the contact
spots do not grow independently in reality. They merge and, therefore, contact patches
develop. Afferante et al. [28] proposed a suitable approach to address the coalescence of
two contacting spots. The concept of their approach is that the asperities with overlapping
contacts spots are eliminated and corrected with a single contact patch, namely the equiva-
lent asperity. It should be noted that the contact area of the new asperity includes the area
of the suppressed contact spots. In parallel to the aforementioned analytical models, Person
proposed an ingenious theory [13,14,29] to tackle the contact problem for rough surfaces.
The fundamental concept of the fractal approach is to solve the contact problem at different
scale by introducing the evolution of contact pressure probability density. The author
mentioned in [14] that the latter satisfies a diffusion-like equation with an appropriate
boundary conditions. Persson’s approach has been criticized on the pretext that the proof
of the diffusion-like equation is not rigorous, since it is derived assuming full contact and
used with the boundary condition on its solution to model the partial contact. In general, it
provides a solution that is quantitatively inconsistent with the available solutions, which
leads to somewhat smaller contact areas and, thus, greater pressures than those found in
the literature [30,31].

The development of computing facilities has enabled the emergence of accurate nu-
merical models that, unlike previous analytical models, are free of assumptions. A couple
of numerical techniques can be distinguished: (i) the finite element method (FEM) [2,32],
(ii) the boundary element method (BEM) [33] and (iii) Green’s function molecular dynamics
(GFMD) [34,35]. The first class of methods is the most used and the most accurate technique.
It is based on the optimization of the variational formulation of the contact problem [36,37].
In general, it is applied to a representative volume element (RVE) of the rough surface and
requires intensive computing, since the element size should be small enough to capture
the asperity waviness and the roughness [2]. The last two classes are more attractive for
modeling rough contacts. This is essentially due to the fact that only the rough surface
needs to be discretized, and not the bulk, as required by FEM, which allows increasing the
mesh density and, hence, perform more accurate studies. Despite these advances, BEM
and GFMD are based on the fundamental elasticity theory. The generalization of these
approaches to take into account non-linearities is sometimes possible but is not an easy
task. For a detailed review, see [32,38].

In the industrial context, FEM is mainly used to model and predict the behavior of fric-
tional systems. In most applications, the contact interfaces are assumed to be flat and have
dimensions generally much larger than the microscopic scale of the roughness. Therefore,
explicit integration of the roughness in these interfaces is not possible, since it generates
extremely dense meshes which, in turn, will increase the computation time. In consequence,
authors in literature abandon the classical path of explicitly modeling surface roughness
by proposing multi-scale embedded strategies to enhance the computational cost of the
direct FEM. For instance, the authors in [39–41] suggested integrating the micro-mechanical
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contact laws in the sliding interfaces. The fundamental concept behind this approach is
to derive and then integrate the constitutive contact equations using the homogenization
process, which describes the microscopic behavior within the contact zone. Bonari et al. [42]
also developed a novel multi-scale formulation that takes advantage of micro-scale simula-
tions to enrich the contact interfaces of macroscopic FE models. The developed method
allows taking into account any desirable topography to model efficiently and within a
reasonable CPU time the frictional system. In the same spirit, Paggi et Reinoso [43] in-
troduced a new idea that takes into account the shape of the roughness to correct the
normal separation in macroscopic contact interfaces. Tison et al. [3,44] investigated the
use of rough contact to model the dynamic behavior of a disc brake system. They used a
multi-scale framework based on the random field theory [45,46]. The integration of the
latter within the complex eigenvalues analysis (CEA) provides a remarkable prediction,
which allowed for better correlation with the experimental results.

Regarding the dynamic instabilities that represent the core of this paper, it is well
accepted that the frictional contact influences drastically the global dynamic behavior of a
rubbing system [47,48]. Taking into account the contribution of the frictional contact to the
system’s overall stiffness matrix, dynamic instabilities are predicted using two methods:
(i) transient analysis and (ii) CEA. The latter is the most widely used in the industry, as it
offers a very good compromise between computation time and accuracy. Indeed, CEA
approach uses the mode coupling theory to evaluate the stability of the rubbing system.
Thus, it will be unstable if and only if at least one predicted vibratory mode has a strictly
positive real part [49]. Since the frictional contact problem is closely linked to dynamic
instabilities, the contribution of the roughness should be taken into account and investigated
in detail for a potential enhancement of the deterministic CEA. As pointed above, the classic
FEM is time consuming since the mesh should be fine enough to capture all the physics of
the rough surface. A novel strategy has therefore to be found to fulfill two main criteria:
(i) an accurate prediction of the dynamic instabilities and (ii) a reasonable computational
cost. In this light, the main contribution of this paper is to suggest a simple alternative
approach, highly flexible, that allows accurately and reliably predicting the dynamic
instabilities of an industrial braking system. The proposed multi-scale finite element
formulation, presented in detail in Section 2, abandons the traditional path of explicitly
introducing roughness by means of the asperities in the contacting interfaces. In fact, it
considers that the contact interfaces of a large-scale FE model are perfectly flat and smooth.
But each element (contact patch) is enriched by adding two contributions, namely (i) the
pressure-gap contact law and (ii) the contact element activation. The first one is derived
using BEM on a generated rough surface and is assigned to each patch. The use of micro-
scale contact law, for each patch, will modify the penalty method and will introduce the
roughness in an implicit manner. The second enhancement is introduced within the normal
gap function. Indeed, a critical gap is added to the classic formulation. It is derived from
HDF resulting from the topography measurement. The embedded strategy is then applied
to a disc brake system in Section 3 to investigate the prediction of dynamic instabilities.

2. Governing Equation

The first section introduces the basic governing equations for the non-linear contact
problem. After recalling the general framework of the boundary value problems with
constraints, the variational formulation of the weak problem will be presented for the case
of frictionless contact problems of two deformable solids. This is the first step of a complex
eigenvalues analysis (CEA) where the equilibrium position, ue, is determined. Finally,
we will present the principle of our approach, which consists of integrating roughness in
macroscopic FE models in order to predict dynamic instabilities of a frictional system in a
more realistic way.
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2.1. General Framework

In the framework of continuum mechanics, a solid is modeled by an open domain Ω,
which is assumed to be bounded and regular. The boundary of Ω is divided in two parts:
(i) the first one denoted ∂Ωu where the Dirichlet boundary conditions are applied and
(ii) the second one denoted ∂Ω f where the Neumann boundary conditions are applied. So,
without any loss of generality, the formulation of the problem when two deformable bodies
Ω1 and Ω2 (see Figure 1), with Ω = Ω1 ∪ Ω2, come in contact at a single contact zone ∂Ωc is
given by a system of elliptical partial differential equations that can be categorized as follows:

• static balance of momentum equation,{
∇ · σ = 0 in Ω = Ω1 ∪ Ω2

σ.n = σ0 at ∂Ω f
, (1)

• compatibility equations,{
ε(u) = 1

2 (∇ · u +∇ · uT) in Ω = Ω1 ∪ Ω2

u = u0 at ∂Ωu
, (2)

• constitutive relation,
σ = 4

C : ε(u) in Ω = Ω1 ∪ Ω2, (3)

where σ is the Cauchy stress tensor and ε is the so-called small strain tensor, which is
related to the displacement field u. σ0 and u0 are the stress and the displacement field
imposed on the boundaries ∂Ω f and ∂Ωu, respectively. 4

C is the Hook fourth-order tensor
for the considered domain.

In the case of a frictionless contact between two bodies, a relevant complimentary
conditions should be formulated. The latter defines the geometrical and the mechanical
state of the two contacting surfaces. The complimentary conditions are called Hertz–
Signorini–Moreau conditions and can be written as

g ≥ 0, σn ≤ 0, g.σn = 0, σt = 0 at ∂Ωc = Γ1
c ∪ Γ2

c , (4)

where σn and σt refer to the normal and the tangential contact stresses, respectively. g refers
to the gap function between the slave and master surfaces. Hence, the Hertz–Signorini–
Moreau conditions can be read as the non-penetration–non-adhesion conditions. In other
words, if the two bodies Ω1 and Ω2 are in contact, then the gap function g is equal to 0 and
the normal contact stress σn is below 0; otherwise, g > 0 and σn = 0.

Figure 1. Contact between two deformable solids Ω1 and Ω2. Ω1 refers to the slave body and Ω2 is
the master one. The active contact interface is Γc = Γ1

c = Γ2
c .
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2.2. Variation Formulation of the Frictionless Contact Problem

The statement of the weak formulation for the contact problem is obtained by multi-
plying the strong form in Equation (1) by a test function v and integrating over the domain
Ω, and we write ∫

Ω
∇ · σ · v dΩ = 0 ∀v ∈ V. (5)

By performing integration and applying the divergence theorem, Equation (5) becomes∫
∂Ω

n · σ · v dΓ −
∫

Ω
σ : ∇v dΩ = 0, (6)

where : is the contraction operation of two second-order tensors and n denotes the outward
normal at the slave surface Γ1

c . We have n = −ν where ν is the outward normal at master
surface Γ2

c (see Figure 1).
Note that by introducing the traction vector σ0, the contact boundary conditions and

the virtual displacement δu in the test function v, the first term in Equation (6) may be
rewritten as the sum of two main parts: (i) the frictionless contact contribution and (ii) the
Neumann boundary condition contribution. Symbolically, we write∫

∂Ωc
n · σ · δ(ρ − r) dΓ +

∫
∂Ω f

σ0 · δu dΓ −
∫

Ω
σ : δ∇u dΩ = 0, (7)

where ρ and r are the displacement vectors of master and slave points, respectively. Fur-
thermore, the quantity r − ρ is the gap vector describing the position of the slave point r
and his projection into the master surface ρ.

In the case of a normal gap, gnn = r − ρ, the variational form in Equation (7) may be
written as follows: ∫

∂Γ1
c

σnδgn dΓ −
∫

∂Ω f

σ0 · δu dΓ +
∫

Ω
σ : δ∇u dΩ = 0. (8)

It should be noted that the mathematical constraints of the strong and weak forms
are not the same. For the strong form in Equation (1), the Cauchy tensor is required to be
smooth enough; i.e., σ ∈ C1(Ω), which is not the case for the weak form in Equation (6).
The order of differentiation in the weak formulation is lower than the strong one. In fact,
the order of differentiability in the weak integral form is distributed between the Cauchy
stress tensor and the test function.

Finally, the balance of virtual work, called also the weak form, for the frictionless
contact problem can be formulated as follows:

Find u ∈ U =
{

u ∈ H1(Ω) | u = u0 on ∂Ωu
}

such as⎧⎪⎪⎪⎨⎪⎪⎪⎩

∫
Γ1

c

σnδgn dΓ −
∫

∂Ω f

σ0 · δu dΓ +
∫

Ω
σ : δ∇u dΩ = 0

V =
{

δu ∈ H1(Ω) | δu = 0 on ∂Ωu
}

C =
{

δu ∈ V | (r + δr − ρ + δρ) · n ≥ −gn0

} , (9)

where H1(Ω) denotes the Hilbert space of the first order, δr and δρ refer to δu but in the
contact interface. And, finally, gn0 represents the initial gap between contacting surfaces.

2.3. Overview of the Embedded Computational Strategy to Include the Roughness on
Macro-Scale Model

Under the framework of the finite element method, the formulation in Equation (9)
will be solved using the most popular scheme: the penalty method. The goal as mentioned
above is to find the equilibrium position due to the frictionless contact (see Section 1 in [4]
for more detail).
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To approximate the Hertz–Signorini–Moreau condition, the normal contact stress
arising at the contact interface will be expressed as a function of the gap using the
following approximation:

σn(g) = εn(< −g >) =

{
0 g > 0, there is no contact
εn(−g) g ≤ 0, there is contact

, (10)

where εn is a non-positive, continuous and strictly decreasing function defining the evolu-
tion of the contact stresses, σn, as a function of the gap, g, between the master and the slave
surfaces. In the case of the linear penalty method, the function εn will simply denote the
classic contact stiffness (i.e., penalty coefficient). Finally, < · > refers to max{·, 0}.

The penalty method can be seen as an approximation of the contact constraints. It
leads to a small penetration between the slave and master surfaces (see the case when
g < 0 in Equation (10)). It should be noted that the definition in Equation (4) will be met
if the contact stress is higher for a small penetration. In other words, the penalty method
does not restrict the penetration between the contacting surfaces but it resists it. If it is
deeper (i.e., g < 0), the value of εn(−g) will be higher and, hence, the real contact stress
(i.e., reaction) will appear.

Under the last assumption, the virtual work in Equation (9) can be divided into the
classic solid mechanics part, δWs, and the contribution from the contact problem, namely
δWc. The weak formulation of the system is obtained using the penalty method. We have

δWc + δWs = 0, (11)

where
δWc =

∫
Γ1

c

εn(< −gn >)δgn dΓ, (12)

and
δWs =

∫
Ω

σ : δ∇u dΩ −
∫

∂Ω f

σ0 · δu dΓ. (13)

In this paper, the the potential energy of the contact interaction will be formulated
as follows:

Πc =
1
2

∫
Γ1

c

εn(< −(gn − gcr
n ) >)2 dΓ, (14)

where gcr
n is called the critic gap. It is a value that will be defined for each contact element

and from which the latter will be activated. The first enrichment introduced in Equation (14)
will allow for a non-homogeneous activation of the contact status for all nodes of the
contact interface.

Considering Node-To-Surface (N2S) discretization, the slave surface Γ1
c can be pre-

sented by nodes denoted by ri and the master one, Γ2
c , can be discretized as set of segments

denoted by Γ2
c,j. Let us assume that we have N slave points and M master segments. One

can observe from Figure 2 that for all slave nodes ri, one or more master segments Γ2
c,j can

be determined using the normal projection. Hence, the i-th contact element can be defined
by a combination of one slave node ri with its correspondent master segment Γ2

c,j. By using
the last definition and the fact that we have nc contact finite elements, the discretized form
of Equation (14) can be rewritten as follows:⎧⎨⎩Πc ≈ 1

2 ∑nc
i=1

∫
Γ2

c,i
εi

n(< −(gi
n − gcr,i

n ) >)2 dΓ

εi
n �= ε

j
n ∀i �= j

, (15)

where εi
n denotes the contact law for the i-th contact element. It pairs up the normal contact

stress with the gap distance. Note that the contact law from one element to another is not
the same. Each contact element will have its own law constituting the second enrichment.
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Figure 2. Construction of the contact finite element using Node-To-Surface (N2S) discretization.
The contact element contains only one slave node attached to a master surface. The case presented in
this figure contains nc = 5 contact elements.

The idea behind the proposed strategy is to integrate the heterogeneity observed in the
asperity scale into macroscopic models. In general, the present methodology incorporates
three main steps: (i) The first one consists in characterizing the rough surface (the objective
of Section 3.1). (ii) The second one aims to solve, at the roughness scale, the frictionless
contact problem. This step is important as it allows deriving the pressure-gap’s contact
law by taking into account the roughness. Finally, (iii) the third one consists in introducing
the height distribution as well as the local behavior of the contact stiffness to enrich the
gap, equivalently the contact detection, and the penalty function. The overall procedure is
summarized in Figure 3.

In the first step (Figure 3a), the rough surface is characterized for example by using a
confocal laser scanning microscopy (CLSM) technique in order to measure the height z of
each point. Since the roughness is random [10], the height of the rough surface is consid-
ered, in this work, as a random variable (RV) with an independent Cartesian coordinates.
The measured realization of the RV will be used to estimate the HDF denoted by P(z).
The latter will be introduced in the third step into the macroscopic FE model through the
gap function. Practically, the statistics of the rough surface will be transmitted to the FE
model using the new form of the normal gap in Equation (14) or (15). Hence, we write

P(z) ≡ P(Δ), (16)

where Δ = gn − gcr
n is a RV. The realization Δj

i of Δ will be assigned for each contact
element i.

In a second step (Figure 3b), several rough surfaces will be generated numerically
based on the statistics and the spectral analysis of the measured surface. The objective
is to apply the BEM in order to solve microscopically the contact problem of the rough
surfaces. The purpose of this micro-scale simulation is to compute the micro-mechanical
behavior of the contact interface involving the roughness. The latter is modeled by the
pressure-gap law for each generated rough surface and injected into the weak form through
the function εn of Equation (10). It is agreed that this requires intensive computation on
several rough surfaces, especially if advanced BEM solvers are used to take into account
interfacial or material non-linearities such as adhesion or plasticity. Here, the crucial goal is
to derive a set of local contact laws, by taking into account the roughness, for each contact
element (patch).
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Figure 3. The flowchart of the computational framework: (a) The first step aims to measure and then
characterize the observed roughness. The functions deduced from the characterization, namely the
height distribution function and the power spectral density function, will be used in the second step
(b) to numerically generate rough surfaces similar to what has been measured. In this step (b), BEM
solver is used to solve the low-scale contact problem. The results of the BEM and the characterization
will enrich the contact laws and the separation between master and slave surfaces. In the third step
(c), the friction-induced vibrations of an automotive disc brake system are predicted.

Finally, in the last step (Figure 3c), the contact laws as well as the enriched gap function
will be assigned to each patch. The integration procedure is the same for both parameters.
Indeed, assuming that the contact interface is smooth and flat, the sampled results resulting
from the BEM simulations and the measured surface characterization will be embedded
within the contact elements. Following the logic of the embedded approach, the roughness
will not be represented explicitly in the FE model. It will be included implicitly through the
new formulation of the contact gap and the modified penalty function. Next, the enriched
FE model can be solved using CEA to compute the dynamic instabilities. In general,
the procedure falls into a fully parallelizable loop. After the surface characterization,
steps 2 and 3 (Figure 3b,c) can be repeated as many times as needed in order to obtain a
representative statistical prediction.

3. Application to a Disc Brake System

In this section, the previously proposed computational strategy is implemented to
predict the dynamic behavior of an automotive disc brake system. First, the pad surface
is measured by a CLSM. The objective is to characterize the pad surface topography by
means of (i) the height distribution function (HDF) and (ii) the power spectral density
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(PSD) function. Second, a batch of artificial surfaces will be randomly generated based on
the previously measured functions (HDF and PSD). The aim is to apply BEM, developed
in [50], to predict the contact laws, i.e., the evolution of the load as a function of the gap.
These elements will be integrated, toward the end, into a macroscopic FE model of a disc
brake to reproduce the heterogeneity observed in the contact interfaces in order to predict
the dynamic instabilities induced by friction.

3.1. Pad Surface Characterization

The pad’s surface is measured experimentally through a CLSM. Figure 4 shows an
example of the measured topography over a scan area of 1.8 × 1.4 mm2 with a resolution of
256 × 256 pixels. The measured topography (see Figure 4b) appears irregular and depicts
characteristics of randomness. Hence, the random process theory, widely applied to analyze
roughness, can be used to model accurately the probability function of the surface heights
also known by the HDF. The latter holds only the out-of-plan information. To complete the
characterization, the PSD is used to describe the spatial arrangement in the plane.

(a) (b)

Figure 4. Confocal (a) scan and (b) measurements on the surface of a disc braking system pad.

Figure 5a illustrates the computed 2D-PSD of the pad’s surface using the developments
in our previous research work [18,38]. It shows clearly that the pad’s roughness is highly
isotropic. Such a result allows computing the radial PSD (averaged) in order to study
the effect of resolution and scan length. Moreover, it can be seen, in Figure 5b, that the
behavior of the measured PSD is not sensitive to resolution or scan length. It conserves
its shape despite the change of the measurement parameters. With regard to the PSD
behavior, Figure 5b depicts roughly two linear regions in the log–log plot. It starts from
the lower frequency, which is inversely correlated to the scan length qL = 2π

L , up to a high
measured frequency, related to the short-distance cut-off wavevector, defined by qs =

2π
Δ

where Δ refers to the sampling length. In fact, the radial PSD has a shape similar to the
bi-fractal surfaces defined in [51]. The difference lies in the definition of the slopes of the
linear regions. In fact, bi-fractal surfaces have a theoretical PSD form that can be defined
as follows:

PSD(q) =

⎧⎪⎪⎨⎪⎪⎩
C0

(
q

qL

)c1
if qL < q < qc

C1

(
q
qc

)c2
if qc ≤ q < qs

0 else

, (17)

where the exponents ci, i ∈ {1, 2} (the slope of the linear regions in log–log plot) are related
to the Hurst exponent Hi as follows: ci = −2(Hi + 1) with 0 < Hi < 1. In our case,
the two regions have a slope of −2 and −4.5, which correspondents to Hurst exponents of
H1 = 0 and H2 = 1.25, respectively. The first region defines a borderline case of fractality,
while the second is completely outside the fractal or the self-affine framework. However,
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the model defined in Equation (17) will be used to characterize the PSD of the pad’s surface.
The parameters c1, c2, qL, qc, C0 and C1 are computed using a suitable optimization scheme
on the radially averaged PSD exactly as defined in Equation (22) of [18].
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(b)

Figure 5. Power spectral density functions (PSD) of the pad’s rough surface: (a) 2D-PSD of the
15 × 15 mm2 with a resolution of 512 × 512 pixels. (b) The effect of scan length and resolution on the
averaged 2D-PSD.

Figure 6 complements the information given by the PSD. It presents the HDF of the
measured pad’s surface in a normalized manner and compares it with the centered and
reduced normal law. As a first observation, one can see that the surface is approximately
Gaussian. A notable difference is observed for the higher heights which makes the HDF
asymmetric. This behavior was expected since automotive disc brake pads are usually
compacted and ground to correct height. From Figure 6, the roughness of the pad can
be defined by means of several parameters. For example, the mean (or median) plan
z̄ = 0.0256 mm, the root mean square (rms) roughness σ = 0.0331 mm, the skewness
s = −0.2410 and the kurtosis κ = 3.6549.

Note that in the following, the fitted PSD and HDF will be taken into account to
numerically generate rough surfaces having the same spatial arrangement and roughness
as that measured experimentally. The numerical procedure to generate artificial rough
surface is inspired by Wu’s algorithm [52]. The latter is adapted to take into account PSDs
with shapes similar to what has been defined in Equation (17).

-5 -4 -3 -2 -1 0 1 2 3 4 5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Figure 6. Comparison between the normalized height distribution function (HDF) of the pad’s rough
surface (red curve) and the standard Gaussian distribution (back curve).
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3.2. Contact Law of Pad/Disc Interfaces

In the previous section, the surface of the pad has been fully described by two quan-
tities: (i) PSD and (ii) HDF. These will act as an input data to artificially generate a batch
of random rough surfaces. The artificial surfaces are intended to mimic the roughness
behavior of the automotive disc brake pads so that they can be used to compute contact
laws, i.e., load-separation curves. An example of an artificial rough surface is presented in
Figure 7a. It has the same spectral and statistical specifications as the measured pad’s sur-
face, namely (i) PSD properties (compare Figure 7b with Figure 5a) and (ii) the roughness
parameters (the mean plan and the rms roughness).
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(b)
Figure 7. 3D view of the artificial rough surface generated with a resolution of 512 pixels in both
directions (on the left—(a)) and its 2D-PSD (on the right—(b)).

After generating batch of artificial random surfaces, the next step is to compute the
evolution of contact stresses against contact kinematics for each generated pad’s topography.
At this stage, many models can be used. The study of the latter has been addressed in
our previous research [38], where authors tried to explain the philosophy behind each
theory with a comparative study. The concern here is to apply directly the result of [38] in
order to solve frictionless rough contact and thus, obtain the evolution of contact stresses
against the surface separation, commonly known as the gap. More precisely, BEM solver,
introduced by Bemporad and Paggi [50], will be used to solve the contact problem between
the artificial rough surfaces and the rigid surface of the disc. The choice of using BEM is
motivated by the fact that it offers the best trade-off between FEM and semi-analytical
models. Indeed, it is free of any kind of assumption unlike semi-analytical models, and it
allows discretizing only the rough surface without the bulk, which can save considerably
the CPU cost.

As explained above, the curve load-separation for each generated rough surface is
obtained using BEM code developed in [50]. BEM simulation is performed on a generated
rough surface of 2.825 × 2.825 mm2 with a resolution of 128 pixels in both directions. This
numerical setup is chosen because (i) BEM solvers show strong convergence on meshes
containing at least 128 × 128 elements [38] and (ii) the single finite element (patch) of the
pad’s surface has a averaged area equal to 2.825 × 2.825 mm2 (see the element j defined
in Figure 3c). Since the pad’s material involves an orthotropic behavior, only Young’s
modulus, Ez = 1983.3 MPa, in the most stressed direction, in this case the z-direction,
and the Poisson’s ratio νxz = 0.4054 are taken into account as inputs for BEM simulations.
It should be noted that these micro-scale simulations assume a homogeneous and linearly
elastic rough surface. Therefore, geometric (i.e., large deformations), material (i.e., plasticity)
and contact interface non-linearities (i.e., adhesion and friction) are not considered in this
computational framework.

Figure 8 shows BEM results for 100 generated rough surfaces. It depicts the evolution
of the normalized contact pressure, P

E∗ (where E∗ is the composite modulus) versus the
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separation. The latter is defined as a distance between the imposed displacement of the
rigid surface (i.e., the surface of the disc) and the median plan, z̄, of the rough surface. Each
simulation, performed on a generated rough surface of 2.825 × 2.825 mm2, demonstrates a
non-linear mechanical behavior of the considered set of asperities. For a small displacement,
the separation between the two surfaces is large, which implies that only few asperities will
be in contact, thus generating a low contact pressure. As long as the imposed displacement
increases (synonymous to a decrease of the separation between the rigid surface and the
midplane), the real contact area evolves, leading to an increase in contact pressure and,
hence, the contact stiffness. This behavior, i.e., pressure-gap law, will be integrated into
each patch (i.e., finite element) of the pad’s surface of the macroscopic FE model. Following
this logic and according to the strategy defined in Figure 3, the macroscopic FE model of a
disc brake system will have flat and smooth contact interfaces including the finite element
patches. It should be noted that each patch will be driven by a contact law (BEM solution
on single generated rough surface), instead of the classic penalty coefficient. Moreover,
the gap of each patch is enriched by a threshold according to Equation (16). The new gap
formulation will benefit from the HDF of Figure 6 to add a contribution (i.e., threshold)
modeling the randomness of the measured height z. This enrichment is intended to ensure
the activation of the contact elements in a non-uniform way just like what happens in
surfaces with low-scale asperities.
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Figure 8. Evolution of the normalized contact pressure, P
E∗ , as a function of the gap, g for 100

generated rough surfaces. The contact pressure is defined as P = F
L2 , where F denotes the contact

load and L2 refers to the finite element path. The gap or the surface separation is defined as a distance
between the rotating disc (rigid flat surface) and the median rough surface, z̄.

3.3. Application to Dynamic Instabilities Prediction

The multi-scale approach is implemented to predict dynamic instabilities of a disc
brake system model composed from three main structural subsystems (see Figure 3c):
two pads and a rotating disc. The pad subsystem is broken down into three elements,
namely the lining material, the backplate (lining support) and the shim that tends to reduce
vibrations. The braking action is represented by a 5 bar pressure applied to the pads on
a circular surface. This pressure replaces the action of the hydraulic system which tends
to move the piston to squeeze pads against the rotating disc. The current FE model of the
braking system has been used to conduct several numerical tests in our previous work [4,5].

The applied multi-scale analysis is divided into four major steps that are part of
parallelized loop. After the pad’s topography characterization, the loop is started by:
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1. Artificial rough surface generation: The purpose of this step is to use the charac-
terized HDF and PSD to generate a batch of artificial rough surfaces similar to the
measured topography.

2. Micro-scale contact simulations: Here, BEM solver introduced in [38,50] is used to
solve the elastic contact problem considering artificial surface asperities and a rigid
half-plane. The resolution is performed on the whole batch of the generated rough
surfaces. Solving the micro-scale contact problem minimizes the convex quadratic
program (QP) (see Equation (50) in [38]). The obtained results are the contact load (or
the contact pressure) and the separation between the two contacting bodies.

3. Enrichment of the contact element: The objective of the third step is to assign each
micro-scale contact law (obtained in the second step) to each flat patch (i.e., contact
element). Moreover, the gap between slave and master nodes of the macro-scale FE
model (disc brake system FE model) is modified by adding a threshold to each gap in
order to activate the contact elements in a non-uniform manner. As mentioned above,
the added threshold depends closely on the measured HDF.

4. Complex eigenvalues analysis: At this stage, the traditional CEA is performed.
The beginning of the last step starts with a quasi-static analysis. Its goal is to solve,
progressively as the load increases, the frictional contact using the enriched contact el-
ements. At the end of this step, the well-known complex modal analysis is performed
to compute both complex eigenvalues and eigenvectors and identify the unstable
modes (those with negative damping). For more details, see Section 2.1 in [4].

In the studied example, 300 iterations are used to compute the dynamic instabilities of
the braking system.

The result of the multi-scale approach is presented in Figure 9 (blue marker) where
the negative damping, a ratio between the real and the imaginary part of the complex
eigenvalues, is plotted as a function of the frequency. This figure shows only dynamic
instabilities, which means unstable modes with a positive real part (i.e., negative damping
below zero). In order to compare the robustness and limitations of the multi-scale approach,
the result of FEM considering perfect contact with a pad/disc friction coefficient of 0.5
(red square marker) as well the results of a stochastic model based on a FAST-FEM solver
(black marker) developed by Maaboudallah et al. [4] are added in the same figure. It is
known [3,44] that stochastic modeling leads to better correlation with experimental data.
At first sight, it can be seen that the introduced contact elements enrichment affects the
dynamic instability predictions. In particular, the unstable modes predicted by FAST-
FEM in the low frequency range are reproduced by the multi-scale approach. However,
the latter fails to reproduce the instabilities predicted by FAST-FE or even by standard
finite elements with perfect contact at high frequencies. Despite these observations, some
unstable family modes around 13 and 15 kHz are roughly highlighted by the multi-scale
approach. This unconventional behavior tends to demonstrate that the roughness affects
mainly low frequencies. In other words, the addition of the roughness contribution,
under the framework mentioned above, can be seen as a necessary but not sufficient
condition. Indeed, a robust prediction of dynamic instabilities requires the integration
of the roughness but also the randomness of the most sensitive variables like the friction
coefficient of pad/disc interface and the normal Young’s modulus of the pad.
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Figure 9. Prediction of dynamic instabilities: comparison between (i) the proposed multi-scale
approach considering 300 iterations, (ii) FAST-FEM solver [4] and (iii) the traditional FEM using
perfect contact.

4. Conclusions

In this paper, we have presented a multi-scale computational method to predict friction-
induced vibrations. The method uses micro-mechanic contact simulations on characterized
rough surface to enrich the macro-scale finite element of a rubbing system. The idea behind
the proposed approach lies in four essential points:

1. Roughness characterization using the power spectral density function and the height
distribution function;

2. Micro-scale contact simulations on the characterization roughness using the boundary
element method;

3. Enrichment of the contact finite element using (i) the micro-scale contact laws (ob-
tained from BEM) and (ii) the modified gap functions (obtained from HDF);

4. Performing the complex eigenvalue analysis on the updated stiffness matrix.

The multi-scale method was applied to a scale model of a braking system. The results
show that the proposed approach is more accurate than the classical one using a perfect
contact law, based on a comparison with a stochastic model accounting for the uncertainties
on several parameters such as friction. In addition, it is found that roughness has an effect
on the predictions of dynamic instabilities. Indeed, taking into account the roughness
brings out new unstable modes in the low frequencies. However, the effect of the integrated
roughness is not clear in the high frequencies, since many stochastically predicted modes
were not reproduced by the multi-scale strategy. Results of the investigation demonstrate
that roughness is only one element among others that must be taken into account for a
robust and accurate prediction of the dynamic instabilities. An uncertainty analysis must
be conducted by varying the most important parameters including roughness to correctly
model and predict the dynamic instabilities of frictional systems.
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Abbreviations

The following abbreviations are used in this manuscript:

HDF height distribution function
ACF autocorrelation function
PSD power spectral density
FEM finite element method
BEM boundary element method
GFMD Green’s function molecular dynamics
RVE representative volume element
CEA complex eigenvalues analysis
N2S Node-to-Surface
CLSM confocal laser scanning microscopy
RV random variable
RMS root mean square
FAST Fourier sensitivity amplitude test
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Abstract: This work develops a numerical methodology for predicting the performance of an au-
tomotive piston ring system by considering contact and lubrication mechanics. The rough surface
contact mechanics and lubrication occurs on a scale much smaller than the size of the piston rings
and therefore the key aspect of the model is an algorithm that simultaneously solves the multiple
mechanisms at different scales. The finite element method will be used to model the mechanical
deformations of the piston ring surfaces at large scales. The quasi-steady state model includes heat
generation due to solid and viscous friction. This heat generation will then be used to predict the
temperature rise and thermal effects in the lubricant and component. A statistical rough surface
method that renders asperities as elastic–plastic wavy surfaces predicts the solid contact area. The
modified Reynolds equation will be solved to consider the effects of mixed hydrodynamic lubrication
while using flow factors formulated for actual piston and ring surfaces. The lubricant viscosity
depends both on temperature and shear rate. This will allow for the regimes of boundary, mixed,
and full-film lubrication to be considered. The model predicts friction for various loads and speeds
that are then compared to experimental measurements. Although the contacts operate mostly in the
mixed lubrication regime, the model and experiments show changes in friction with load, speed,
and temperature.

Keywords: rough surface elastic-plastic contact; sinusoidal asperity; boundary lubrication; flow
factors; shear thinning; thermal heating; automotive

1. Introduction

Combustion engines are still the most common source of power for vehicles at 97% of
the vehicle market in 2021 [1]. Electric vehicles will displace some combustion vehicles, but
it will take many years for them to overtake combustion vehicles in number. The rate at
which this is predicted to occur varies drastically depending on the organization making
the prediction (between 20% and 90% of vehicles by 2050) [2]. The adoption of electric
vehicles will also be slower in developing countries [1]. Certain applications and types of
vehicles, such as heavy trucks, will also mostly consist of combustion powered vehicles for
a longer period. Therefore, combustion will arguably be a significant part of the market for
many years.

Piston assembly is also the largest source of friction loss in combustion engines [3].
Therefore, there has been a great deal of work on reducing the friction in the piston ring–
cylinder liner interface using such things and coatings and textures, as will be discussed
briefly below. To evaluate possible technologies, it is also advantageous to have models
capable of predicting the friction. Therefore, this work aims at creating a model that
compares well to experimental measurements of a piston ring to cylinder liner interface.
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The model will consist of a rough surface contact and hydrodynamic lubrication modules
and therefore a brief background of these areas is also provided. While many models
for the individual modules exist, there are few models that combine all these aspects
at once. This work creates a model that combines wavy elastic–plastic rough surface
contact and hydrodynamic lubrication and evaluates three variants, two of which introduce
frictional heating.

1.1. Prior Works on the Piston Ring–Cylinder Liner Interface

Many methods and techniques have been used in the past to predict the frictional
losses of a piston ring–cylinder liner interface in an engine [4–20]. The piston ring–cylinder
liner interface system includes several variables such as surface topography, transient
lubrication, and exhaust flow rate that interact with each other. Prior works have generally
focused on only one variable at a time. Furuhama and Sumi’s [4] analysis of compression
ring linings is one of the first investigations on the subject. Ma et al. [5] analyzed lubricant
transport and found that cylinder liner surface and ring movement significantly influence
tribological behavior. Akalin and Newaz [6] analyzed the mixed lubrication regime using
the Reynolds equation with flow factors. They found that hydrodynamic lubrication occurs
during most parts of the stroke, but the friction coefficient increases greatly at top and
bottom dead center when the sliding speed is too low for the lubricant to support much
of the load. Their analysis did not calculate flow factors for a specific surface or consider
elastic–plastic asperity contact, nor did they perform experiments to validate their model.
Jeng [7] analyzed the lubrication conditions at the ring contact surface. Furuhama and
Sasaki [8] derived a new technique to measure friction forces for small engines. Previously,
this was a difficult task because they could not be isolated from much larger gas and inertia
forces. Taking into account torsion, film thickness changes, and ring wear, Tian [9] studied
piston ring dynamics numerically and experimentally. Harigaya et al. and Rahmani et al.
investigated temperature effects on the friction and piston ring lubrication [10,11].

In recent years, several studies have focused on improving internal combustion engine
efficiency. Morris et al. [12] optimized the piston ring to minimize energy losses, incidence
of asperity contact, and ring mass. Bewsher et al. [13] applied atomic force microscopy
to measure the boundary asperity shear strength and thus calculate localized values of
frictional losses on real engine components. Howell-Smith et al. [14] tested lubricant
coatings and surface textures for friction reduction. They found that surface modifications
of the liner at top dead center (TDC) reduces friction by creating additional lubricant
reservoirs there. In turn, this increases the power output of the engine by up to 4%. Li
et al. [15] found that laser finishing could reduce the friction coefficient and weight loss of
an Al-Si alloy cylinder liner by removing the aluminum layer and exposing rounded edges
of silicon particles.

Efficiency can also be improved by changing the surface texture. Senatore et al. [16]
studied a bronze coating with different surface textures and found that an appropriate
texture geometry improves the friction coefficient and wear. Wang et al. [17] tested the
effects of dimples on brass discs. They found that only a small dimple pattern reduced the
friction—for large dimples, the friction coefficient actually increased. Kligerman et al. [18]
developed an analytical model for partial laser surface texturing to reduce the friction in
the piston ring–cylinder liner system. They found an optimal percentage of the textured
portion and dimple depth depending on operating conditions. Spencer [19] developed
simulations to evaluate a cross-hatched cylinder liner to reduce oil consumption, wear, and
friction. Lu and Wood [20] observed an 82% reduction in piston ring–cylinder liner friction
when texture grooves were normal to the sliding direction. Abril et al. [21] studied the
effects of dimples and the honing groove in the cylinder liner. A slight increase in dimple
density increased the minimum film thickness and reduced the friction force. Comparable
increases in minimum film thickness could be obtained with deeper, larger dimples. Their
honing groove analysis found that a 15 degree increase in honing angle reduced the friction
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coefficient by more than 14%. However, friction increased when the honing groove density
was too high.

1.2. Rough Surface Contact

Contact between rough surfaces is a ubiquitous problem that can be applied to nu-
merous phenomena such as friction, wear, and contact resistance. This work employs
a statistical model in which mathematical parameters describing the surface are used to
calculate probabilities and determine the contact area and load. This model was initially
developed by Greenwood and Williamson [22] (GW model). They considered the inter-
action between a perfectly flat, rigid plane and a plane covered with spherical asperities
of varying heights. They assumed that asperities behave independently of each other,
and that deformation is limited to the asperities. However, they only assumed elastic
contact, so other models were subsequently derived when yielding occurs at larger loads.
Jackson and Green (JG) [23] derived a statistical elastic–plastic deformation model in which
they established the load required for plastic deformation. As contact pressure increases,
the internal stress within asperities increases as well. This results in yielding and plastic
deformation. The JG model, while it includes varying fully plastic pressure not captured
by most other models, is limited to small deformations where the contact radius is no more
than 41% of the radius of curvature. Note that wavy asperities also result in a varying fully
plastic pressure with load and can also be incorporated into statistical rough surface contact
models [24].

Statistical models are reliable and easily implemented, but shortcomings exist. Those
previously described assume a homogenous radius of curvature over an entire region,
neglect the effects of different scales of features, and do not couple the deformation be-
tween asperities and the substrate. Bush et al. [25] developed a statistical model that
accounts for variable asperity radius, but they still assumed negligible adjacent or lateral
asperity interaction. Ciavarella et al. developed a model that accounts for lateral asperity
interaction [26]. Afferrante et al. followed up with a coalescing asperity model, while
Vakis expanded it below the mean asperity height [27,28]. These works are similar to the
wavy asperity model used in this work that includes lateral asperity interaction. A recent
work compared spherical and wavy asperity-based statistical models to a deterministic
prediction. The wavy asperity model compared best and will therefore be implemented
here [29].

1.3. Hydrodymanic Lubrication

To calculate the hydrodynamic load in modeling viscous flow of lubricant between the
cylinder wall and the piston ring, the modified Reynolds Equation is used. It is a second-
order partial differential equation derived from the Navier–Stokes equations assuming a
Newtonian fluid, negligible inertia and body forces, negligible pressure variation across
the film, laminar flow, and negligible curvature [30]. It can take many forms, depending on
the physical mechanisms involved in the system.

Flow Factors are a method to determine roughness effects on lubrication flow in any
of the three regimes: full film lubrication, mixed lubrication, and boundary lubrication.
These regimes are depicted in Figure 1.

Boundary lubrication, which is characterized by high surface abrasion and wear, is on
the left side. On the right side, the lubricant separates the surfaces sufficiently such that no
solid contact occurs. The lubrication regimes can be categorized by the Stribeck curve, a
plot of friction coefficient against the dimensionless bearing number, shown in Figure 2. It
is used to determine transitions between flow regimes.
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Figure 1. Lubrication Regimes.

Figure 2. Sample Stribeck Curve [31].

Lubricants interact at both the macroscopic and the microscopic scales; the latter
is especially important for the surfaces. Using the Reynolds equation to determine the
pressure at each asperity is possible akin to a deterministic contact model, but it becomes
computationally unfeasible for a sufficiently large surface resolution. Flow past individual
asperities is too computationally and numerically difficult to model, so the simpler method
of flow factors added to the Reynolds equation is used instead. Patir and Cheng [32] were
the first to determine the effects of surface roughness on flow between three-dimensional
surfaces. They derived statistical flow factors added to the Reynolds equation as follows:
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This modified Reynolds equation produces a more accurate solution that accounts for
microscopic surface features. In this equation, ϕz and ϕx measure the flow resistance across
asperities in the flow direction and the transverse direction, respectively, while ϕs measures
lubricant transport due to shear effects. The flow factors depend on the film thickness, the
RMS surface roughness, and the Peklenik number, γ. This number can be calculated from
auto-correlation functions derived from the surface topography [33].
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The flow factors calculated by Patir and Cheng were based off a statistically generated
surface whose asperities were purely transverse, isotropic, or purely longitudinal. However,
their flow factors are not totally accurate for a real surface that is not perfectly Gaussian.
Other researchers tried methods to improve upon Patir and Cheng’s work to find a more
accurate model for specific cases. Wilson and Marsault derived an alternate form of the
Reynolds equation applicable for high contact area ratios [34]. Peeken et al. investigated
flow factors for sintered bearing surfaces [35]. Hu and Zheng considered different boundary
conditions and numerical methods to calculate flow factors but still considered theoretical
surfaces [36]. Morales-Espejel derived a transformation to calculate flow factors for a non-
Gaussian surface from their counterparts for a Gaussian surface [37]. Sahlin et al. devised a
new way to calculate flow factors that accounts for contact mechanics and used measured
surfaces to do so [38]. Their results agreed with those of Patir and Cheng for longitudinal
asperities but differed substantially for cross-hatched surfaces. Others applied various
numerical and analytical methods [39–41]. The methodology used here is similar to work
by Leighton et al. [42], who derived surface-specific flow factors for a piston ring–cylinder
liner interface.

Previous studies of surface roughness effects on lubrication flow was mostly limited
to stochastic concepts such as those first introduced by Tzeng and Saibel [43]. Patir and
Cheng [24,44] derived a new method based on numerically solving the Reynolds equation
over a randomly generated surface and calculating an average equation from flow quanti-
ties. Their method assumes that rough surface heights are a perfect Gaussian distribution
though. This work uses the flow factors Locker et al. [45] derived for an actual cross-
hatched cylinder wall by combining stochastic concepts with Peklinik’s signal processing
theory [33].

2. Model Methodology

Figure 3 shows the overview of the iterative axisymmetric model of the piston ring–
cylinder liner interface. While a full 3D model would be ideal, that was deemed to be too
computationally expensive due to the number of iterations and finite element analyses
required. The model is also pseudo-steady state, meaning it does not consider transient
or dynamic effects, but it does consider different sliding speeds, U (see Figure 4). As
shown in Figure 3, the problem is solved iteratively by updating the forces, deformations,
and surface separation with each iteration. On the inner radius of the ring, the applied
load, P, (50, 100, or 150 N) was converted to a pressure using the area on the inside. This
mimics the loads applied in the experiment and those experienced in an actual engine (see
Figure 3). Combining the applied load on the inside with the contact and fluid pressures
on the outside gives an equation that relates net radial force and surface separation. The
location of the ring was numerically solved for a net zero radial force. The contact and
hydrodynamic forces that solve the equilibrium equation are written in an Abaqus™ input
file that creates the mesh shown later. The input file is then run in Abaqus™, and the
toolbox abaqus2matlab is used to transfer the displacements back to MATLAB™. These
displacements are then used to alter the piston ring profile, and the process is repeated
until convergence is reached. The problem is considered converged when the difference
in the forces between iterations is less than 0.5%. Additional details are provided in the
following sections.

A profilometer was used to measure the surface height of a 1 mm2 sample area from
a cylinder liner and a piston ring. The diamond stylus employed has a tip radius of
2 μm and a resolution of 1 nm. Due to the profilometer’s sensitivity, it was operated on a
self-leveling pneumatic vibration isolation table to ensure steadiness. The surface profiles
are shown in Figures 5–8. As shown in Figures 5 and 6, the cylinder liner surface has a
cross-hatched finishing. The ring surface (Figures 7 and 8) also possesses some dimples by
design. All surface parameters for the lubrication and the statistical rough surface contact
modules were calculated from these measurements. Additional details about the parameter
calculations are provided later.
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Figure 3. Model Flowchart.

 

Figure 4. Schematic of piston ring and cylinder liner interface.
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Figure 5. Isometric view of cylinder liner (x and z direction dimensions are in μm). Yellow indicates
taller height and blue lower values.

Figure 6. Top view of cylinder liner surface (x and z direction dimensions are in μm). Yellow indicates
taller height and blue lower values.
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Figure 7. Isometric view of piston ring (x and z direction dimensions are in μm). Yellow indicates
taller height and blue lower values.

Figure 8. Top view of piston ring surface (x and z direction dimensions are in μm). Yellow indicates
taller height and blue lower values.
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2.1. Rough Surface Contact

This work uses the Greenwood–Williamson statistical model [22] as a base for predict-
ing the effects of rough surface contact. The equations to find the total contact load and
area are

P(h) = Anη

∞∫
h

P(z − h)φ(z)dz (2)

A(d) = Anη
∫ ∞

d
A(z − h) · φ(z) · dz (3)

P is the total contact force, An is the nominal area of contact (neglecting roughness), h
is the mean surface separation, η is the areal asperity density, and φ is the asperity height
distribution. Asperities are assumed to be homogenous and evenly distributed; their RMS
(root mean square) height is σs. To calculate the statistical parameters, asperities were
manually counted by scanning the surface profile and identifying points whose height was
higher than any of the eight surrounding points. The radius of curvature of each asperity
was calculated in two orthogonal directions, using

rx =

[
1 + dh

dx

] 3
2

d2h
dx2

(4)

and

ry =

[
1 + dh

dy

] 3
2

d2h
dy2

(5)

The two values were averaged to estimate asperity’s radius of curvature r. This
parameter was calculated for every asperity, and then it was averaged to find R for all the
asperities. The asperity density η was found by dividing the number of asperities counted
by the area scanned. The original G–W model assumes elastic Hertz contact and a constant
value of R. Different equations are used here because this work assumes the asperities are
sinusoidal in nature and the loads are large enough for yielding to occur. The following
relations were used to convert the asperity radius and density to frequency and amplitude:

f =

√
η

2
(6)

Δ =
1

4R( f π)2 (7)

For a single λ × λ (λ = 1/f ) wavy asperity area to reach complete elastic contact, the
pressure required is given by [46]

p∗ =
√

2πE′ f Δ (8)

where the effective elastic modulus to account for the deformations of both surfaces is
given by

1
E′ =

1 − ν2
1

E1
+

1 − ν2
2

E2
(9)

assuming plane strain. Assuming an average contact pressure of p, a required pressure p*
for complete contact, and letting

Pe =
p
p∗ (10)
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The following asymptotic solutions were found by Johnson, Greenwood, and Higgin-
son [46]: (

AJGH
)

1 = πλ2
[

3Pe

8π

] 2
3

(11)

for small values of Pe and

(
AJGH

)
2 =

λ2

2

(
1 − 3

2π
[1 − Pe]

)
(12)

when Pe approached unity.
Jackson and Streator [47] fitted a polynomial combining these equations using experi-

mental data from Johnson et al. [46]:

Ã =

{(
AJGH

)
1

(
1 − Pe

0.51)+ (
AJGH

)
2Pe

1.04, Pe < 0.8(
AJGH

)
2, Pe ≥ 0.8

(13)

These equations neglect asperity yielding, so the elastic–plastic model developed by
Krithivasan and Jackson is used instead. They derived an expression for the contact area
above which elastic–plastic contact occurs. This was derived from spherical contact, so this
work uses a model developed by Jackson et al. [48] that computes the critical interference
above which elastic–plastic relations are used. That expression from Ghaednia et al. [49] is

Δc =

√
2Sy

E′ f π
[
3e− 2

3 (ν+1) + 2
(

1−2ν
1−ν

)] (14)

Using this value of critical interference, the following equation was fitted to the FEM
data of Krithivasan and Jackson [24] that links the pressures required for complete contact
under elastic and elastic–plastic loading:

P∗
ep

p∗ = 0.992[{
Δ

Δc }
10
3 ( Δ

Δc
)
−0.39

+ 9
4 ν4+0.64−1] (15)

The contact area for low loads is found using

Ap = 2
(

Ac

2

) 1
1+d

(
3p

4C f 2Sy

) d
1+d

(16)

where

d = 3.8
(

E′ f Δ
Sy

)0.11

(17)

and

Ac =
2
π

(
CSy

8E′ f 2Δ

)2
(18)

is the critical contact area at which elastic–plastic contact begins.
The equation that links the contact area for low and high loads is

A = Ap

(
1 − Pep

1.51
)
+
(

AJGH
)

2Pep
1.04 (19)

In this equation,
(

AJGH
)

2 is calculated by replacing Pe with Pep in Equations (12) and (16).
To apply sinusoidal asperities to the GW model, the surface separation needs to

be calculated. Rostami and Jackson [50] derived expressions by averaging the surface
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separation from a finite element model. Their fitted equations for the dimensionless surface
separation G are

G =
(

1 −√
Pe

)2.5
(20)

for elastic contact and
G =

(
1 − Pep

A1Pep+A2
)2.5

(21)

for elastic–plastic contact. In these equations,

G =
g
Δ

, (22)

A1 = −0.08 ln B∗ (23)

A2 =
1

15
(B∗ − 1)0.44 + 0.990.41{B∗−1} − 0.5 (24)

and
B∗ = Δ

Δc
(25)

The integrals in Equations (2) and (3) were numerically evaluated for specified values
of surface separation. To find the corresponding load, Equation (19) for elastic contact or
Equation (20) for elastic–plastic contact was solved numerically.

2.2. Fluid Lubrication Model

The piston ring–cylinder wall interface is not exclusively boundary lubrication; fluid
film lubrication plays an integral role in the overall system behavior. To calculate the
hydrodynamic lift, the modified Reynolds equation that considers roughness effects via
flow factors is employed. For rough surfaces in the mixed lubrication regime, the modified
Reynolds equation is given as Equation (1).

Locker et al. [45] used deterministic modeling of flow around the measured rough
surfaces of a ring a cylinder to find the averaged flow factors over the entire surface and
fitted empirical equations to the predicted flow factors:

ϕx = 2.48
(

h
σ

)−1.777
+ 1 (26)

ϕz = 1 − 0.4824e−0.2477( h
σ ) (27)

For the surfaces being studied, ϕx and ϕz are related through the film thickness,
roughness, and surface anisotropy index as

ϕx

(
h
σ

, γ

)
= ϕz

(
h
σ

,
1
γ

)
(28)

Because the model predicted mostly hydrodynamic lubrication at very low sliding
speeds, a shear thinning model was introduced. A version of the Carreau model adapted
from Jang, Khonsari, and Bair [51] was introduced as follows:

μe f f = μ2 + (μ1 − μ2)

(
1 +

(
μ1U
hG

)2
) n−1

2

(29)

μ2 was set to zero, and a fit was generated at a temperature of 60 ◦C using the data
in Table 1 below. Figure 9 shows the fit to the shear thinning data, and Table 2 shows the
values of G and n. Although there is a limited amount of data available, the usage of a
well-accepted phenomenological equation should limit the uncertainty.
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Table 1. Lubricant Viscosity Dependence on Shear Rate (the first two measurements were conducted
with a Cone and Plate Viscometer, while the other values were measured by a Tapered Bearing
Simulator Viscometer and modified relative to ASTM D6616).

Shear Rate (1/s) μ (Pa·s)

103 0.02

104 0.01921

104 0.01971

105 0.01777

106 0.01601

3.5 × 106 0.01537

Figure 9. Shear Thinning Viscosity Model Fit.

Table 2. Coefficients Used in Equation (29).

G (Pa) 299

n −0.0254

It was presumed that the coefficients remained valid for different temperatures. A
shear factor that reflects the surface roughness was added later in the model’s development
when predicting the shear stress and friction from viscous shearing:

τ = μ
U2 − U1

h

(
φ f ± φ f s

)
± h

2
∂p
∂x

(30)

As an improved comparison to experimental data was sought, pressure and tempera-
ture viscosity effects were incorporated. This model uses the Barus equation to account for
increased viscosity under loading.

μ = μ0eξP (31)

Table 3 lists the values used for the pressure viscosity coefficient. There are concerns
in the literature about properly accounting for pressure viscosity and shear rate to viscosity
relations, but this is more important for contacts where higher pressures are likely, such
as in rolling element bearings. The issues are most with Roelands Equation for piezo-
viscosity [52], which we are not using it for. The equations employed are well recognized
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in the literature and probably adequate for the limited ranges of temperature and pressure
that are expected in this model.

Table 3. Pressure Viscosity Coefficient Values for the Lubricant.

Temperature (◦C) ξ (Pa·s)

25 2.05 × 10−8

100 1.248 × 10−8

With only two values provided, the coefficient was assumed to vary linearly. If the
temperature was beyond the range of the provided values, the closer value was used
without modification.

The Roelands equation was used to adjust the viscosity due to changes in temperature.

μ

μ0
=

μ∞

μ0
10G0(1+

tm
135 )

−S0
(32)

Figure 10 illustrates the viscosity fit as a function of temperature.

Figure 10. Temperature-Dependent Viscosity Variation.

2.3. Frictional Force Calculation

To determine the frictional force from rough surface contact, Amonton’s Law of
Friction is used.

Ff = Fcontactμk (33)

To determine the value of the friction coefficient, the following equation derived from
a curve fit of the experimental data is used. Note that this description possesses a decrease
in friction with load which is also predicted and observed by previous works [53–56].

μk = 0.1565 − 0.2F∗
n (34)
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The frictional force from viscous shear, Fv, is calculated by multiplying the shear stress
calculated from Equation (30) by the area on which it is applied. This was performed on
the ring surface. The total frictional force can be calculated as follows:

Ft = Fv + Ff (35)

2.4. Temperature Adjustments Due to Frictional Heating

Due to the high friction coefficient in boundary lubrication, a large amount of heat can
be generated, especially when the load is large. On the local scale, this is known as flash
temperature. The following equation can be used to calculate the generated heat.

Q = μkPV (36)

The heat depends on the total frictional force and the velocity–higher speeds and/or
loads will result in a greater amount of heat generated. That manifests itself in a temperature
increase in the surfaces as given by Equation (37) for a moving surface and 38 for a stationary
surface [57]. In the following equations, k is the thermal conductivity, rc is the applicable
contact area, and κ is the thermal diffusivity.

T − T0 =
Q

4.56rck
√

0.66 + Pe
(37)

T − T0 =
Q

4rck
(38)

Pe =
Vrc

2κ
(39)

Based off an analogy with electrical current, Equations (37) and (38) can be combined
for the case in which neither surface is adiabatic [30]:

Q = 4rck1(T − T0) + 4rck2(T − T0) (40)

Equation (38) for heat conduction away from the surfaces assumes a low sliding speed
for both of them but can be easily adapted if either surface is sliding rapidly. Solving it for
the temperature change results in

T − T0 =
Q

4.56rck
√

0.66 + Pe + 4rck
(41)

There are several ways that the temperature will directly influence the model. First,
the temperature will change the viscosity, as described by Equation (31). Second, the
temperature could influence the strength of the material locally. The model incorporates the
reduction in metals’ yield strength as the temperature increases modeled by Johnson and
Cook [58]. This would result in the surfaces becoming more liquid-like and less resistant
to flow, meaning that the predicted dry friction coefficient would decrease. This assumes
the adhesive friction model mentioned previously [52,53]. Following how shear strength
is lowered by Johnson and Cook, then the friction can be approximately modified by
the following:

μk = μb(1 − T∗) (42)

T∗ = T − Troom

Tm − Troom
(43)

2.5. Finite Element Model

The deformation of the surfaces is divided into two scales, the asperity and macro
scale. The asperity-scale deformations of both surfaces are considered by the statistical
rough surface contact model by using the effective elastic modulus E’ (Section 2.1), while
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the macro-scale deformation is considered by a finite element model. The combined
surface contact pressure and oil hydrodynamic pressure deforms the ring, so the model
is combined with a finite element analysis performed in Abaqus™. The abaqus2matlab
toolbox is used to allow the MATLAB program to read the displacements from the finite
element analysis to determine the new ring profile for the next iteration [59]. Figure 11
shows the axisymmetric mesh of the piston ring with 1726 linear CAX4R elements. In the
finite element analysis, a known load is applied to the inside (left side of the figure) of the
ring, while the balancing loads due to rough surface contact and hydrodynamic lift are
applied to the outside (right side). Also applied are frictional forces that would induce
ring tilt; the center of the ring is held stationary in the z-direction. As stated earlier, a
three-dimensional model was considered to be too computationally expensive but could be
implemented in future versions of the model. Due to the large variation in deformations
observed at high loads, the relaxation factor was set to 0.2 to assist with convergence.

Figure 11. Mesh of Piston Ring.

3. Results

This work assesses three slightly different models that predict the friction coefficient
of the piston ring–cylinder liner system. The first model neglects the effects of thermal
heating and does not incorporate Equations (36)–(43) at all. The second model includes
thermal heating and Equations (39) and (41) to calculate the temperature increase. The
third model reflects metals’ decreased yield strength by adding Equations (42) and (43). To
determine the validity of the models, they are compared to experimental measurements
of a reciprocating piston ring sliding against a cylinder liner in a Phoenix Tribology TE77
High Frequency Friction Machine [60,61] (see Figures 3 and 12). The same ring, liner, and
lubricant considered in the model is used in the experiment. The experiments featured
loads of 50 N, 100 N, or 150 N that simulates actual forces applied to the piston ring, average
sliding speeds of 0.3 or 0.6 m/s by running the machine with a stroke length of 0.15 m and
a frequency of 5 or 10 Hz, and base oil temperatures of 30 ◦C, 50 ◦C, 80 ◦C, or 120 ◦C, that
represent typical operating conditions of a combustion engine. This results in 24 different
cases being experimentally measured and then predicted by the described model. Figure 12
shows the setup.
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Figure 12. Experimental Setup.

To compare to the experiments, the model was run over a range of sliding speeds
as shown in Figures 13 and 14. These represent the different sliding speeds of the piston
during one-reciprocating stroke. Then, the average friction coefficients over the stroke are
calculated. As shown, the model is weakest at predicting transient effects such as when
the sliding velocity changes direction at 0 s. In these transition regions, the contacts might
actually stick briefly due to mechanical play or the ring rotating. This behavior is ignored
in the model. Then, the average friction coefficients for average piston speeds of 0.3 m/s
and 0.6 m/s are calculated from the model for comparison to the experiments, as will be
discussed next.

Figure 13. Relationship between speed and time for an average piston speed of 0.3 m/s.
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Figure 14. Comparison of model and experiment over varying velocity for base temperature of 80 ◦C,
a 100 N load, and an average sliding speed of 0.3 m/s.

Figures 15 and 16 show the overall comparisons. Overall, there is good agreement
between the models and the experiments. The largest differences are at the extremities
of load and speed. Tables 4–7 compare the average means and rms error between the
model versions and the experiments. These values were calculated by averaging every
point in time during the repeating tests whose friction coefficient value was at least 10%
of the maximum observed during its test. Based on these results, the adjustments for
frictional heating, in particular metal softening with increasing temperature in the second
flash temperature model, do not improve the model prediction. For a baseline temperature
of 120 ◦C, the second flash temperature model predicts a much lower friction coefficient
than the model that does not adjust for frictional heating at high temperatures. However, it
predicts the highest friction coefficient at the lowest loads and temperatures. This is likely
because the lower dry friction coefficient due to metal softening does not counteract the
decreased load-carrying capacity of the lubricant due to the increased temperature and
decreased viscosity.

Table 4. Average Friction Coefficient for a Mean Piston Speed of 0.3 m/s.

Data Set Average Standard Deviation

Experimental Measurements 0.1275 0.0143

No Adjustments for Frictional Heating 0.1280 0.0031

First Flash Temperature Model (Equation (41)) 0.1302 0.0017

Second Flash Temperature Model (Equations (41)–(43)) 0.1262 0.0016
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Figure 15. Overall Model Comparisons to Experiments, Average Speed 0.3 m/s.
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Figure 16. Overall Model Comparisons to Experiments, Average Speed 0.6 m/s.
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Table 5. Average Friction Coefficient for a Mean Piston Speed of 0.6 m/s.

Model Average Standard Deviation

Experimental Measurements 0.1237 0.0164

No Adjustments for Frictional Heating 0.1235 0.0053

First Flash Temperature Model (Equation (41)) 0.1280 0.0027

Second Flash Temperature Model (Equations (41)–(43)) 0.1244 0.0023

Table 6. Average RMS Error Relative to the Experiments for a Mean Piston Speed of 0.3 m/s.

Model RMS Error
Number of Cases For Which

Model Was Closest to
Experimental Average

No Adjustments for Frictional Heating 0.0014866 6

First Flash Temperature Model
(Equation (41)) 0.0018159 4

Second Flash Temperature Model
(Equations (41)–(43)) 0.0027476 2

Table 7. Average RMS Error Relative to the Experiments for a Mean Piston Speed of 0.6 m/s.

Model RMS Error
Number of Cases For Which

Model Was Closest to
Experimental Average

No Adjustments for Frictional Heating 0.0011368 7

First Flash Temperature Model
(Equation (41)) 0.0021501 3

Second Flash Temperature Model
(Equations (41)–(43)) 0.0028841 2

4. Conclusions

This work presents three slightly different mixed lubrication and solid contact models
of a piston ring–cylinder liner interface. The first model does not account for temperature
changes at all due to frictional heating. The other two models increase the temperature
due to the frictional force and account for that in different ways. One of those models
decreases the solid friction coefficient due to metal softening with increasing temperature
using Equations (41) and (42). This effect becomes more pronounced as the base temper-
ature increases because the heating pushes the system towards the melting temperature.
The models overall display good agreement with experimental measurements performed
over a wide range of operating conditions, but larger discrepancies exist for low or high
temperatures and high loads and speeds. This can partially be attributed to the shear
thinning fit not working as well farther from the temperature from which it was found.
The models predict an increase in friction coefficient as temperature increases or load or
speed decreases. However, they do not predict as large an increase at high temperature
and low load, the condition under which the largest friction coefficients were measured.
Overall, these models can be used to design or evaluate friction-reduction technologies
such as better lubricants or surface textures.
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Nomenclature

P Total load
An Nominal contact area
Ar Real contact area
A Single asperity contact area
ω Interference between surfaces
ωc Critical interference
Sy Yield strength
E Elastic modulus
ν Poisson’s ratio
E’ Effective elastic modulus
F Single asperity contact force
η Asperity density
R Asperity radius
σ Composite root mean square (RMS) roughness of surfaces
σs Root mean square (RMS) asperity height
f Spatial frequency
λ Wavelength of sinusoidal surface (1/f )
Δ Amplitude of sinusoidal surface
p Average pressure over surface
p* Average pressure for complete elastic contact
Pe Ratio of surface pressure to pressure needed for complete elastic contact
p*

ep Average pressure for complete elastic–plastic contact
Ac Contact area above which elastic–plastic contact occurs
G Dimensionless surface separation
F*n Local dimensionless load
h Surface separation or film thickness
Fv Frictional Force due to viscous shear
Ff Frictional force due to rough surface contact
ρ Density of lubricant
μ Dynamic viscosity of lubricant
p Hydrodynamic pressure
qx, qz Flow rate in axial and transverse directions
U1, U2 Velocity of surfaces in sliding direction
γ Peklenik number in the principal direction
ϕs Combined shear flow factor
ϕx, ϕz Pressure flow factors
μk Sliding friction coefficient due to rough surface contact
k Thermal conductivity of components
rc Contact area radius
Pe Peclet number
κ Thermal diffusivity of components
T0 Baseline surface temperature
Troom Room temperature (presumed to be 20 ◦C)
Tm Melting point of cylinder liner/piston ring
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Abstract: For wind turbine applications, there is a cyclic load-varying process between rolling
elements and raceways in pitch bearings. This kind of motion can also lead to radial fretting.
However, this is seldom addressed under grease-lubricated conditions in the literature. In this study,
grease-lubricated point contact problems have been investigated experimentally under cyclic load-
varying conditions. The findings revealed that as the load-varying range diminishes, the variation in
grease film distribution becomes more subtle and the rate of discharge of thickener fiber clusters in
the stick zone decelerates. This is due to the fact that the rate of change in the Hertz contact radius is
reduced and the migration of grease is weakened during the unloading process. Due to the large
apparent viscosity of grease with a high soap content, entrapped grease is not easily discharged
during loading, and the thickness of the film in the stick zone progressively increases as the soap
content of the grease is augmented. This also causes the variable load zone to wear out more easily.
As the grease is subjected to repeated loading and unloading, there is a gradual reduction in film
thickness, and larger thickener fiber clusters tear, resulting in a flattened form and shear thinning.
Grease containing sulphur–phosphorus additives demonstrates a superior effect on reducing fretting
wear within the large variable load range but generally proves effective for smaller load-varying
ranges. This study may offer insights into the degradation of grease under variable load motion and
methods to prevent radial fretting wear.

Keywords: grease lubrication; dynamic load; film thickness; radial fretting; non-steady state; anti-
wear additive

1. Introduction

Tribological interfaces in machine elements are frequently subjected to vibration or
load-varying conditions, such as those encountered in the pitch bearings of wind turbines
during the braking phase in the case of strong wind. Despite the absence of macroscopic
motion between the rolling elements and the raceway, the contacting interfaces may suffer
from dynamic loads to resist the upsetting moments induced by the blade–wind interactions.
It is challenging to form hydrodynamic lubricating films for such load-varying conditions
as a result of the low entrainment velocity, and mixed/boundary lubrication is expected
to predominate. Surface damage, including false brinelling and surface wear [1,2], is
prevalent as the interfaces undergo long periods of variable loads. These failures can
exacerbate vibration and reduce the reliability and longevity of wind turbines and/or
similar mechanical systems [3].

The lubrication state is considered transient when parameters such as load, type of
motion, entrainment velocity, contact geometry, and lubricant supply vary over time [4],

Lubricants 2024, 12, 42. https://doi.org/10.3390/lubricants12020042 https://www.mdpi.com/journal/lubricants123



Lubricants 2024, 12, 42

according to the (elasto)-hydrodynamic lubrication (EHL) theory. Notably, motions that
typically lead to transient lubrication problems include reciprocating motion, start/stop,
acceleration/deceleration, impact, and variable load motion. These transient lubrication
problems exhibit unique characteristics and may not align with the classical lubrication
theory of steady state. For instance, in reciprocating motion, commonly observed in pitch
bearings, both the magnitude and direction of velocity vary with time. The minimum film
thickness appears after but not right at the reciprocating ending points attributed to the
combined effects of hydrodynamics and squeeze [5,6]. This type of oscillatory motion in
wind turbines has been extensively studied using ball-on-disc model test rigs and down-
sized bearing tests [7–9]. The decay of the grease-lubricating film over time has been
well documented, with starvation identified as the primary cause of wear damage to the
surface. However, most of the experiments have been performed with model grease, either
without additives or with commercial grease whose additive packages are unknown. It
is widely recognized that active sulphur and phosphorus elements present in additives
contribute to the formation of tribo-films under appropriate mechano-chemical conditions,
thereby enhancing anti-wear properties. The decomposition of organic molybdenum on the
surface of a highly loaded friction sub-surface produces MoS2, phosphides, and sulphides
that are deposited and adsorbed in the contact area, providing friction reduction and
anti-wear [10,11]. Apart from the starvation lubrication mechanism, the role of anti-wear
additives and tribo-chemistry remains largely unexplored. From a practical point of view,
it is interesting to know whether appropriate anti-wear additives could mitigate surface
damage during reciprocating or other types of transient motion. In addition, the behavior
of grease under load-varying lubrication conditions has not yet been investigated. As
the applied load varies, the size of the contact zone changes, potentially causing micro-
slip at the edges of the contact zone. The grease in the variable load zone experiences
variable loads, leading to film thickness decay over time and an increased risk of failure.
Therefore, it is necessary to study the lubrication behavior of grease under load-varying
conditions by examining the film thickness variation and evaluating the effectiveness
of anti-wear additives.

Grease, a non-Newtonian fluid in a semi-solid state, serves as the primary lubricant
for bearings in wind turbines, as well as for other applications. It is composed of a
thickener, base oil, and various additives. The presence of a thickener allows grease to
form a thicker deposit and lubricating film under specific operating conditions, such as
at heavy loads and/or low speeds [12–14]. Over long-term operation, the lubrication
performance of grease is related to replenishment [15,16], its rheological property [17–19],
and degradation [20,21]. A single dimensionless parameter, based on replenishment local to
the contact, has been established between the operating parameters and the transition from
the fully flooded to the starved regime by Cann [22,23]. Li et al. analyzed the formation
of equilibrium oil films determined by the balance of lubricant loss and replenishment
under the long-term rolling condition, as well as under the sliding–rolling condition [24,25].
This work identifies the main mechanisms that dominate oil film formation in different
lubrication contacts. Many studies have explored the lubrication characteristics of grease
under non-steady states, including reciprocating pure sliding [26], reciprocating pure
rolling [27], cyclic impact [28–30], impact-sliding composite motion [31,32], and vibratory
motion [33]. It is important to note that the influence of time-varying factors on the
lubrication effect of grease is very complex. Whether unsteady motion enhances or hinders
grease lubrication depends on the specific form of the motion. For instance, one study
indicated that loading/unloading favors grease replenishment [34], while changes in speed
direction during reciprocating motion aggravate starvation [27].

Motions with load-varying conditions have been studied extensively from the perspec-
tive of wear. Radial fretting, one of the four modes of fretting, is mainly induced by varying
normal load. The contact pair undergoes a long period of radial variable load motion, either
dry contact or lubricated contact, leading to radial fretting occurring on the material surface
due to small-scale changes in the contact zone [35–38]. Recent investigation by the authors
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into the distribution of the grease film thickness during the transition from reciprocating
motion to micro-oscillation revealed correlations between the lubricating film formation
and surface wear [39]. Notably, the locations of reduced film thickness or rupture were
found to align closely with the locations of severe surface wear. However, the lubricating
film behavior in the load-varying regions remains unclear for fresh grease.

The influence of the chemical compositions of grease on the lubricating film behavior
under load-varying conditions has been less well understood. In particular, studies examin-
ing the effectiveness of anti-wear additives on surface wear under such conditions are scant.
It should be highlighted that this paper assumes an initial clearance (gap height) of 0 with
an initially applied non-zero load, a scenario distinct from studies on impact EHL which
involves an initial clearance. This study focused on the grease-lubricating film formation,
decay, and surface wear in terms of grease soap content, anti-wear additives, and dynamic
load variation ranges. The decay in the film thickness and changes in microstructure of
the greases were observed over cycles. This study aims to gain insights into the failure
mechanism of grease under radial variable load conditions from the perspective of the EHL
and boundary lubrication.

2. Materials and Methods

Lubricating film thickness is an important parameter for evaluating the state of lu-
brication. In 1965, Cameron et al. [40,41] proposed the ball-on-disc experimental method,
using optical interference techniques to observe the oil film shape in contact. Through the
continuous improvement of the technology of optical interferometry and related hardware,
it is possible to detect dynamic film thickness in a timely manner.

The experiment was carried out on a customized ball-on-disc test rig, as depicted schemat-
ically in Figure 1. The load variation function was facilitated by a servomotor that propels the
steel ball (one-inch diameter) up and down onto a disc. The disc can be either glass, suitable
for optical measurement of the lubricating film, or steel and test the effectiveness of anti-wear
additives. The glass disc is 15 mm thick, and the working side in contact with the ball is coated
with a thin semi-reflective Cr film to enhance the quality of interference images. The optical
interference measurements utilized a red-green laser light source. The method used for film
thickness measurements in this study is the dichromatic interference intensity modulation
technique (DIIM) developed by Liu et al. [42]. The physical properties of the steel ball, glass
disc, and steel disc are listed in Table 1. It should be noted that the steel discs are custom
polished to a roughness of around 20 nm to 30 nm.

Figure 1. Schematic diagram of the experimental setup with cyclic load variation function
((a): ball-on-glass disc for optical film measurement, (b): ball-on-steel disc for evaluating the ef-
fectiveness of anti-wear additives).
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Table 1. Physical properties of the specimens.

Property Steel Ball Glass Disk Steel Disc

Young’s modulus (GPa) 210 81 210
Poisson’s ratio 0.30 0.21 0.30

Density (kg/m3) 7850 2510 7860
Thermal conductivity (W/m·K) 23 1.11 23

Specific heat (J/kg·K) 470 840 470
Roughness (Ra, nm) 14 20 20~30

Apparent viscosity data for greases with three soap contents at 25 ◦C are given in Figure 2.
The Anton Paar MCR302 rheometer (Anton Paar Gmbh, Graz, Austria) was applied. The
apparent viscosity was tested in rotation mode with shear rates from 0.1 s−1 to 100 s−1. The
apparent viscosities of lithium greases with 20–30% soap content are not given in the figure
because the grease is in too hard a state, which makes rheological testing difficult.

Figure 2. Apparent viscosity of lithium grease with a soap content of 5%, 10%, and 15%.

To investigate the effect of additives on fretting corrosion prevention in grease-
lubricated contacts, tribological tests were first carried out with the configuration of the
steel ball in contact with the steel disc. After the tribological tests, the steel disc was replaced
with a glass disc to facilitate the acquisition of an optical interference image with the ball
and to assess the wear and tribo-film formation on the surface of the steel ball. This is
illustrated in Figure 1b.

The grease used in the experiments is laboratory-produced lithium grease. The base oil
is PAO8, and the soap content varies from 5% to 30% resulting in different NLGI classes. The
specific parameters of the greases are detailed in Table 2. All anti-wear additives used are
commercially available. Specifically, additives 349, 353, and 232 additives are from BASF’s
IRGALUBE series (Ludwigshafen, Germany). The additive Mol is sourced from Vanderbilt
Chemicals, LLC (Norwalk, America), and Additive 306 is from Tanee Chemical Ltd. (Beijing,
China). Notably, Additives 349 and 306 exclusively contain phosphorus, whereas the
additives Mol, 232, and 353 contain both sulphur and phosphorus. Each additive was
added to the grease at a concentration of 2% by weight, followed by three rounds of
grinding of the grease using a grinder to ensure uniform distribution. Experiments were
conducted at room temperature: 25 ◦C.

Table 2. Properties of the prepared lithium grease samples.

Property Grease

Thickener Lithium
Base oil PAO8
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Table 2. Cont.

Property Grease

Base oil viscosity (40 ◦C mm2/s) 73
Base oil viscosity (100 ◦C mm2/s) 8.6

Soap content 5% 10% 15% 20% 25% 30%
Cone penetration (25 ◦C 0.1 mm) 395–408 270–272 194–204 160–175 116–135 92–101

NLGI 0 2 4 4 5 6

Figure 3 illustrates the motion patterns for variable loads, which are categorized
into three distinct load ranges (green line:5 N–50 N, blue line:25 N–50 N, and red line:40
N–50 N). Table 3 gives all the parameters for the seven sets of experiments, including and
combining tests of three load-varying ranges, six soap contents, and with/without five anti-
wear additives. After the tribological and optical tests, the grease present on the rubbing
track of the steel disc was re-examined to check the change in the micro-structure of the
thickener. This was performed by mechanically cutting the steel disc with the tested grease
intact, followed by a 72 h immersion in petroleum ether to dissolve the base oil and isolate
the thickener. Subsequently, the micro-structure of the grease around the variable load
zone (see Figure 3b) was characterized using field emission scanning electron microscopy
(FE-SEM, JEOL Ltd., Musashino City, Japan).

Figure 3. Schematic of the cyclic load-varying process ((a): three loading spectra, (b): possible two zones).

Table 3. Lists of tests performed and the corresponding operating conditions and grease samples.

Test
No.

Grease Soap Content Load Variation Range (N) Duration (min)

1 Base grease 10% 5 N–50 N, 25 N–50 N, 40
N–50 N 20

2 Base grease 5%, 15%, 20%, 25%, 30% 5 N–50 N 20
3 Grease with Mol 10% 5 N–50 N, 25 N–50 N 60
4 Grease with 232 10% 5 N–50 N, 25 N–50 N 60
5 Grease with 349 10% 5 N–50 N, 25 N–50 N 60
6 Grease with 306 10% 5 N–50 N, 25 N–50 N 60
7 Grease with 353 10% 5 N–50 N, 25 N–50 N 60

3. Results

3.1. Effect of Load-Varying Range

Figure 4 shows the optical interferometric images of grease Li-10% (10% indicates
thickener contents of the base grease) during loading/unloading at various cycles, namely,
the 1st, 20th, 50th, 200th, 500th, 1000th, and 3000th.
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Figure 4. Optical interference image of lithium grease during cyclic load-varying motion with loads
from 5 N to 50 N. Row: different instants in one cycle; Column: number of cycles (Li-10% base grease,
soap content: 10%, T: 0.4 s).

Within each cycle, the load first increases from 5 N to 50 N and then decreases to 5 N,
with a cycle duration of 0.4 s. Images of representative instants such as 0 T, 1/8 T, 1/4 T,
3/8 T, 1/2 T, 5/8 T, 3/4 T, 7/8 T, and 1 T are shown from left to right in a row. The initial
motion reveals a contact zone abundant with thickener fibers/clusters. As the loading
proceeds, the contact zone expands progressively, trapping new thickener to enter from
the periphery of the contact zone, thereby increasing the total amount of thickener within
the contact zone. Note that this is solely caused by the load-varying only, as there is no
macroscopic rolling or sliding of the surface. Furthermore, the fiber/clusters present at the
initial 0 T instant persist in the contact zone without any noticeable morphological changes.
The film thickness distributions at the symmetry instants during one loading/unloading
cycle exhibit high similarity, e.g., at the 1/8 T and 7/8 T instants.

With an increase in the number of cycles, the thickener clusters in the contact area
become squeezed and slightly thinner by the 20th cycle, yet two distinct aggregated
clusters remain at the center of the contact area, as indicated by the red segment in the
interferometric image. These clusters have been present since the beginning of the motion,
as evidenced by the image of the 1st cycle. As the load-varying motion continues, the
fiber clusters in the contact zone decrease gradually, even though throughout the initial
500 cycles these fiber clusters consistently remain at the center of the contact zone. By the
1000th cycle, the fiber clusters are nearly invisible in the contact zone, with only a few
arc-shaped clusters present during the 1/4 T–3/4 T intervals. The curved shape of film
distribution bears a resemblance to the edge of the contact zone at the 0 T instant, i.e., the
5 N condition. This observation suggests that the fiber clusters which entered the contact
zone at the 5 N moment affect the grease film thickness distribution for subsequent cycles.

Figure 5 shows the film thickness profile of the middle section across the contact zone
corresponding to Figure 4, with measurements at the position of the dotted line marked in
Figure 4 during the 1st cycle at 0 T. The figure reveals that during the first cycle, the film
thickness in the contact zone exhibits a more pronounced fluctuation, with the maximum
film thickness reaching approximately 200 nm. By the 50th cycle, the whole contact area
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gives a pattern of high film thickness in the center and low film thickness at the edges. The
film thickness in the variable load zone is as low as about 50 nm. By the 1000th cycle, the
central film thickness (the bump) is no longer evident, with a minimum film thickness of
merely 10 nm. Upon reaching the 3000th cycle, the film thickness distribution is similar to
the 1000th cycle.

Figure 5. Mid-section film thickness distribution corresponding to Figure 4.

Figure 6 shows the optical interference images during the load-varying cyclic process
with a reduced range of load variation from 25 N to 50 N. Since the film morphology of
the unloading process closely mirrors that of the loading process, only the image during
the loading process is given here. The phenomenon at the 1st cycle is consistent with that
in Figure 4, where an increase in load results in a larger amount of thickener fiber in the
contact zone. As the number of cycles increases, the amount of thickener in the contact
zone diminishes. By the 50th cycle, a ring-shaped region of low film thickness appears in
the variable load zone, caused by the continuous discharge of fiber clusters outside the
contact zone throughout the cyclic loading process. The grease in the variable load zone is
discharged quickly, contrasting with the slower grease discharge observed in the stick zone.
In contrast to the results of the 5 N–50 N range of load variation in Figure 4, at the 1000th
cycle, a distinct presence of thickener fiber remains in the center of the contact zone. Until
the 3000th cycle, the thickener fiber clusters gradually vanish.
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Figure 6. Optical interference image of lithium-based grease during cyclic load-varying motion with
loads from 25 N to 50 N. Row: different instants in one cycle; Column: number of cycles (Li-10% base
grease, soap content: 10%, T: 0.4 s).

The corresponding mid-section film thickness curves for the aforementioned working
conditions are given in Figure 7. The film thickness was measured at the position of
the dotted white line in Figure 6. The trend of variation in film thickness is similar to
that observed in Figure 5. During the initial stages of the load-varying motion, the film
thickness is notably high, approximately 150 nm. From the 50th cycle to the 1000th cycle,
the film thickness profile in the contact zone shows a high film thickness in the middle
and a low film thickness around. This is consistent with the information from the optical
interferogram, which indicates a reduced amount of fiber clusters in the variable load zone
and an increased presence in the stick zone. By the 3000th cycle, the film thickness across
the entire contact zone is approximated to be between 10 nm and 20 nm.

Figure 8 shows the optical interference images for a more limited range of load vari-
ations, specifically from 40 N to 50 N. The images demonstrate significant differences
when compared to the previous results. Throughout the motion which lasted up to
3000 cycles, the thickener fiber in the contact zone remained largely unchanged. Only
a minor discharge of thickener fiber was observed near the edge of the contact zone. This
can be attributed to the small load variations, resulting in a small variable load zone. The
distribution of grease thickener is dynamic; the thickener discharge and entry into the
contact zone depends on the grease flow caused by the surface movement. Under this
condition, the magnitude of surface movement is small, and therefore the grease flow
effect is small.
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Figure 7. Mid-section film thickness distribution corresponding to Figure 6.

Figure 8. Optical interference image of lithium-based grease during cyclic load-varying motion with
loads from 40 N to 50 N. Row: different instants in one cycle; Column: number of cycles (Li-10% base
grease, soap content: 10%, T: 0.4 s).

3.2. Effect of Soap Content

The optical interferograms of grease with a 5% soap content (Li-5% base grease) under
varying load conditions are given in Figure 9 for selected cycles: 1st, 20th, 50th, 200th,
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500th, 1000th, and 3000th. In the first cycle, an arcuate distribution of grease thickener
fiber clusters appeared between 1/4 T and 1/2 T in the contact zone. By the 20th cycle,
there was a notable decrease in these clusters, and by the 1000th cycle, they were almost
invisible. These clusters vanished from both the slip and stick zones. It is noteworthy that
at the 3000th cycle, few curved-distribution fiber clusters appeared, potentially due to the
migration of grease. Compared to the results with the soap content of 10% in Figure 4, the
discharge rate of thickener fiber from Li-5% is faster. For the same number of cycles, the low
soap content grease had fewer thickener fibers in the contact zone. In addition, ring-shaped
thickener fibers were already present in the contact zone at 3/8 T and 1/2 T of the 20th
cycle. Figure 10 shows the corresponding middle-section film thickness profile. The film
thickness was measured at the position of the dotted white line in Figure 9. The minimum
film thickness is approximated to be 10 nm at the 20th cycle, which is less pronounced than
that in the Li-10% grease. From the 20th to the 500th cycle, the distribution diameter of the
central residual thickener fiber clusters decreases from 180 nm to 100 nm, and the size of
the bump film thickness also decreases. By the 1000th cycle, the residual thickener fiber
clusters disappear, giving a minimum film thickness of about 10 nm in the contact zone.

Figure 9. Optical interference image of lithium-based grease during cyclic load-varying motion with
a soap content of 5%. Row: different instants in one cycle; Column: number of cycles (Li-5% base
grease, load: 5 N–50 N, T: 0.4 s).
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Figure 10. Mid-section film thickness distribution corresponding to Figure 9.

Figure 11 gives the results for the grease Li-30% with a high soap content of 30%. It
can be observed that an increase in soap content corresponds to an increase in the amount
of thickener fiber in the contact zone. The amount of the thickener fiber remaining in the
stick zone gradually decreases as the number of cycles increases. This trend persists even
up to 3000 cycles, where a significant amount of thickener fiber remains in the contact.
However, it should be noted that at the 3000th cycle, a distinct scratch appeared on the
right side of the contact surface. The underlying causes are discussed later. Analyzing the
middle-section film thickness (as shown in Figure 12, the film thickness was measured at
the position of the dotted white line in Figure 11.)reveals that the residual grease thickener
fiber clusters maintain a maximum thickness of 100 nm at the 3000th cycle, while at the
50th and 500th cycles the thickness is 180 nm and 130 nm, respectively. By the 20th cycle,
the central film thickness is about 180 nm and does not show a central bump until the 50th
cycle. At the 3000th cycle, the minimum film thickness was recorded as 0.
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Figure 11. Optical interference image of lithium-based grease during cyclic load-varying motion with
a soap content of 30%. Row: different instants in one cycle; Column: number of cycles (Li-30% base
grease, load: 5 N–50 N, T: 0.4 s).

Figure 12. Mid-section film thickness distribution corresponding to Figure 11.
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Figure 13 compares the variation in the minimum and central film thickness with the
number of cycles for greases with two soap contents. As depicted, both greases show film
decay as the number of cycles increases. The minimum film thickness of the Li-5% grease
decreases from 30 nm to 10 nm, while the central film thickness reduces from 120 nm to
20 nm. For the Li-30% grease, the minimum film thickness experiences a significant decrease
at the 20th cycle, dropping from 120 nm to 0 and approaching dry contact. Concurrently,
the central film thickness decreases from 140 nm to 60 nm. It is noteworthy that prior to
1000 cycles, the minimum film thickness of the Li-30% grease is larger than that of the
Li-5%. After reaching 1000 cycles, this trend reverses, with the minimum film thickness of
Li-30% becoming very low, nearly equivalent to dry contact. This observation aligns with
the damage on the surface observed at the 3000th cycle as shown in Figure 11. In terms of
the central film thickness in Figure 13b, Li-30% grease has a higher film thickness compared
to Li-5%, which can be attributed to the amount of residual thickener.

Figure 13. Variation in film thickness with the number of cycles for greases with different soap
contents ((a): minimum film thickness, (b): central film thickness).

Figure 14 further shows the results of base greases produced at varying soap contents,
specifically 5%, 10%, 15%, 20%, 25%, and 30%. The number of load-varying cycles was set
to 500. As shown, the thickener fiber clusters remaining in the central area of the contact
zone become larger and thicker as the soap content increases. The thickener fiber in the
central area of the contact zone becomes visible when the soap content is greater than 15%.
Note that the area occupied by the thickener fiber is smaller than the actual stick zone.
All tested soap contents resulted in an arc-shaped thickener distribution. Figure 15 gives
the corresponding film thickness profile along the middle section. The film thickness was
measured at the position of the dotted white line in Figure 14. It can be seen that the central
film thickness increases with increasing soap content. The average film thickness in the
contact zone is relatively lower when the soap content is 5%. A slight increase in the film
thickness in the stick zone was observed when the soap content was increased to 10%.
When the soap content was 15%, the film thickness profile was flatter due to the absence of
large fiber clusters along the center line.

In continuation of the 500 cycles described above, the experimental results after the
3000th cycle for greases with different soap contents are given in Figure 16. The grease
with a 30% soap content has the highest number of thickener fiber clusters remaining in the
contact zone. As the soap content exceeds 10%, surface damage begins to appear inside
the contact area. The corresponding film thickness distribution along the middle section
is depicted in Figure 17. The film thickness was measured at the position of the dotted
white line in Figure 16. For greases with soap contents of 25% and 30%, the film thickness
distribution in the contact area becomes non-uniform and exhibits significant fluctuations.
When the soap content is greater than 15%, the contact area appears to undergo dry contact.
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Figure 14. Optical interference images at the 500th cycle for greases with different soap contents (Li
base grease, load: 5 N–50 N, T: 0.4 s).

Figure 15. Mid-section film thickness distribution corresponding to Figure 14.
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Figure 16. Optical interference images at the 3000th cycle for greases with different soap contents (Li
base grease, load: 5 N–50 N, T: 0.4 s).

Figure 17. Mid-section film thickness distribution corresponding to Figure 16.
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3.3. Effect of Anti-Wear Additive

Figure 18 shows the surface wear of base grease and grease with additives under cyclic
load-varying conditions. The test lasted for 1 h and experienced 9000 cycles. Initially, a steel
disc was used in contact with a steel ball for the experiment. Following this, the steel disc
was replaced with a glass disc, allowing for the observation of wear marks and potential
tribo-films on the steel ball through light interferometry at 60 N. The results are presented
for two load ranges, i.e., 5 N–50 N and 25 N–50 N.

Figure 18. Surface wear of base grease and grease with additives under loaded/unloaded conditions
(Load: 5 N–50 N and 25 N–50 N, T: 0.4 s, duration: 1 h).

For the base grease, severe wear was observed on the ball surface in the variable
load region from 5 N to 50 N, while no significant wear was found in the stick zone
due to the presence of thickener fiber clusters. All five anti-wear additives demonstrated
effective resistance to surface wear. Notably, the Mol additive and 353 additive were
the most effective against variable load wear in this study. The dark color around the
variable load zone may indicate the formation of non-homogeneous tribo-films rather
than wear. However, it is not clear through the interferograms. Additional physical and
chemical analysis will be carried out in future work. For the small load variation range from
25 N to 50 N, all additives showed good anti-wear effects compared to the base grease. For
Additives 232, 349, and 306, there was no wear or tribo-film generation in this operating
condition. Overall, the small variable load range was less worn, which is consistent with
the results demonstrated by the optical interferograms in Figure 6.

4. Discussion

Greases are distinguished by their thickener composition, which can entrain the contact
zone and yield a thicker film than neat base oil at low-speed operating conditions [12–14].
This phenomenon is also observed during the load-varying process in this study. Figure 19
gives the optical interferometric images during the cyclic load-varying process for the base
oil PAO-8 with a load variation range of 5 N–50 N and a variation cycle time of 0.4 s. It can
be clearly seen that the shape and distribution of the film differ significantly from that of
the grease in Figure 4. Compared to grease, lubricated oil cannot provide a comparable film
thickness to grease during the load-varying process, particularly in the stick zone. During
variable loads, the film thickness of an oil-lubricated contact does not change noticeably
as the interference color does not vary. Mainly, the contact area expands as a result of
elastic deformation. When loading and unloading were performed for 3000 cycles, the
optical interference image remained unchanged. There was no wear of the surface and no
cavitation around the contact zone. This is similar to the image of grease lubrication with
5% soap content after 1000 cycles.

Figure 20 compares the optical interference image for greases with 5% and 30% soap
contents after 3000 cycles. The Li-5% grease has only a small amount of thickener fiber
clusters throughout the contact zone, while the Li-30% grease retains a significant amount
of thickener fibers in the stick zone. It was thought that the grease with a higher soap
content enhanced lubrication at low speeds. However, the low consistency and the poor
fluidity as a result of the high soap content limit the replenishment effect of grease from both
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outside of the contact zone and inside of the stick zone. This results in starved lubrication
in the variable load (slip) zone, leading to wear on its surface. Therefore, an optimal soap
content is necessary to ensure effective lubrication for load-varying running conditions.
Zhu et al. [2,36,43] pointed this out in their experiments on radial fretting from the wear
point of view. In all radial fretting tests, the minimum value of the cyclic imposed normal
loads must be positive (above 0 N) in order to avoid an impact effect. This results in a
center sticking zone, and the relative sliding of surfaces during variable loads occurs only
at the edge area, forming an annular shape. Similarly, in grease lubrication, both the stick
zone and the variable load zone exist in the contact area. Over time, the relative sliding
of surfaces during variable loads causes the film thickness to decrease gradually to nearly
zero, resulting in radial fretting.

Figure 19. Optical interference image during cyclic load-varying process lubricated with PAO-8 oil
(Load: 5 N–50 N, T: 0.4 s, with operating conditions identical to those in Figure 3).

Figure 20. Wear of the disc surface lubricated with greases of different soap contents after 3000 cycles
of the cyclic load-varying process.(The dotted line represent the variable load area, (a): grease with
5% soap content, (b): grease with 30% soap content).

Figure 21 gives the variation in the cavitation zone for a grease-lubricated contact with
greases of different soap contents and number of cycles. The dotted white lines clearly show
the boundaries of the cavitation. The shape and size of cavitation may indicate the degree
of grease fluidity under cyclic motion. The interferograms were collected at the instant of
1/8 T over cycles. For the Li-5% (soap content) grease, the cavitation disappeared after
500 cycles because of oil replenishment. As the soap content increases, the grease becomes
less fluid, and the size of the cavitation gradually increases with the increase in cycles. The
discharge and entry of grease in the variable load zone is a dynamic process throughout
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the experiments. Apart from the variable load zone, there is also the discharge of grease
fiber clusters at the periphery of the stick zone. This explains why the area occupied by the
deposited thickener fiber clusters is always smaller than that of the stick zone. According
to the Hertz contact equation, a = (3Rw/2E′)1/3, where a is the Hertzian contact radius
and w is the load, it can be seen that during unloading, as the load decreases, the gradient
of decrease in Hertzian contact radius a increases. This results in an increase in the rate at
which the grease returns to the contact zone. At the end of the unloading process, the size
of cavitation is reduced.

Figure 21. Variation in cavitation under grease lubrication at 1/8 T over cycles (Column: soap content
of 5%, 10%, 15%, 20%, 25%, and 30%; Row: number of cycles of 20, 50, 200, 500, 1000, and 3000, The
dotted white lines show the boundaries of the cavitation).

As shown in Figure 2, the grease samples simultaneously exhibit a shear thinning
phenomenon in which the apparent viscosity decreases with the increasing shear rate. As
the shear rate increases, the grease thickener fibers break, and the viscosity value appears to
drop. It can be seen that as the soap content increases, the apparent viscosity of the grease
increases and the flow performance is poorer. The migration of grease from the external
to the internal is controlled by the unloading process, during which a certain amount of
grease is drawn into the contact zone. During loading, more grease is entrapped in the
contact zone. The whole process is governed by the dynamic flow of grease. Greases with a
high soap content are less fluid and the amount of grease thickener entrapped in the contact
zone is always at a high level. The grease with a low soap content has a small apparent
viscosity and good flow performance. In the unloading process, the migration phenomenon
of grease in the variable load area is relatively obvious. In addition, the production of bleed
oil after grease degradation promotes the flow phenomenon, so the film thickness of the
contact area of grease with a low soap content is lower.

For another rheological property of grease, the higher the soap content, the worse the
thixotropic properties of the grease, i.e., the worse the recovery. The recovery process during
thixotropic change in lithium grease is much slower than the destruction process, and the
initial recovery process may take several minutes or even longer. For the experimental cycle
time of 0.4 s, the grease entered the next cycle without having time to exhibit thixotropy.
The range of load variations for the experimental conditions is not very large, nor is the

140



Lubricants 2024, 12, 42

range of Hertzian contact radius variations, and for the magnitude of the force that the
grease is subjected to during variable loading, the yield stress of the grease has not yet been
reached. It can also be seen by the results of optical interference images over one cycle that
the images of the loading and unloading processes are essentially similar and do not reflect
the thixotropic nature of the grease.

Figure 22 shows the SEM image of the grease sample, Li-10%, after the tribological
experiments. Images were captured from the load-varying region of the steel disc, as well
as at the periphery of the contact zone, as indicated by the white box in the figure. Magni-
fications of 100×, 600×, 5000×, and 20,000× were chosen for analysis. Upon examining
the 5000× magnified image, a significant tear was observed in the compacted thickener
fiber mass in the variable load region. Furthermore, it was noted that the grease thickener
and base oil were not completely separated. The 20,000× image revealed sporadic grease
thickener fibers, indicating an incomplete micro-structure of the grease, i.e., grease degra-
dation. Figure 23 presents the SEM images of the micro-structures of both fresh grease and
grease after the cyclic load-varying test. The thickener in fresh Li-grease is composed of
interconnected fibers forming a 3D structure. This structure is characterized by a distinct
fiber architecture and overlapping fibers. However, following cyclic loading, base oil is
released from the grease thickener, leading to the destruction of its micro-structure. Conse-
quently, most of the fibers are flattened, leaving only a small number of thickener fibers
exposed on the surface.

Figure 22. SEM image of grease thickener after cyclic load-varying process. (The white box represents
the magnified position).

Figure 23. SEM image of grease thickener microstructure.((a): before cyclic load-varying process,
(b): after cyclic load-varying process).
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For the effectiveness of anti-wear additives under cyclic load-varying conditions, all
selected anti-wear additives demonstrated an improvement in the resistance to radial
fretting wear compared to base grease without additives. This suggests that the additives
are at least partly activated and contribute to the formation of a thin tribo-chemical film
on the variable load zone. However, in the current study it is challenging to distinguish
whether the color change in the interferograms in Figure 18 is due to tribo-film formation
or surface wear, or a combination of both. In addition, anti-wear additives containing the
elements sulphur and phosphorus appeared to be more effective in resisting radial fretting
than the phosphorus-containing additive at larger load variations.

5. Conclusions

In this study, the decay in lubricating film thickness and surface wear of lithium grease
were investigated during a cyclic load-varying process. The influences of load-varying
ranges, number of variable load cycles, grease soap content, and anti-wear additives were
examined. The degradation of grease was analyzed by capturing the micro-structure of the
grease. The main conclusions are presented below.

1. The thickener content of grease significantly influences the initial and subsequential
film thickness in the stick zone during prolonged cyclic load-varying experiments.
However, an excessively high content impedes lubricant replenishment and renders
the variable load zone susceptible to radial fretting wear. An optimal soap content
is identified that facilitates the most effective lubrication by maintaining a thick film
thickness and avoiding surface wear;

2. During the cyclic load-varying process, there is a gradual reduction in both minimum
and central film thickness in the grease-lubricated contact. Micro-structure degra-
dation of the grease occurs in this process, resulting in large clusters of thickened
fibers that are torn and flattened in contact. It is observed that as the variable load
range decreases and the rate of film decay and grease degradation slows down. The
apparent viscosity of the grease also determines this process;

3. Anti-wear additives in grease have proven effective in mitigating wear during pro-
longed cyclic load-varying tests. Notably, these additives, when composed of different
mechano-chemically active elements, exhibit distinct responses to wear across diverse
load variation ranges. Tribofilm might be generated during such conditions.
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Abstract: The dynamic coefficients of a dry gas seal affect the dynamic characteristics of rotor-seal
systems. Fluid films in a dry gas seal can be laminar, turbulent or with slip conditions, according to
various operating conditions and design parameters. They can be defined as laminar or turbulent,
depending on the Reynolds number, and as slip or non-slip, depending on the Knudsen number.
However, previous research did not consider the effect of laminar, turbulent and slip conditions on
the dynamic coefficients of a dry gas seal. We proposed a mathematical perturbation method to
calculate the dynamic coefficients of the dry gas seal according to laminar, turbulent, and slip effects.
We derived the perturbed equations of the modified Reynolds equation, which includes the effects of
laminar, turbulent and slip conditions. The pressure of the modified Reynolds equation was solved
using the finite element method and the Newton–Raphson method, and the perturbed pressures
with respect to three degrees of freedom were calculated by substituting the calculated pressure into
the perturbed equations. We verified the proposed method by comparing the simulated results with
prior studies. The dynamic coefficients of a T-grooved dry gas seal were investigated according to
laminar, turbulent, and slip conditions in a fluid film with different clearances.

Keywords: dry gas seal; dynamic coefficient; mathematical perturbation; numerical analysis; slip
boundary condition; turbulent flow

1. Introduction

A dry gas seal is a non-contacting and dry-running mechanical face seal that prevents
leakage of gas in various high-speed machines using gas as a working fluid. The dynamic
coefficients of the dry gas seal, which are stiffness and damping coefficients, are important
parameters to determine the vibration and the stability of a rotor–seal system during
operation. Figure 1 shows the mechanical structure of a dry gas seal. It is composed of
a rotating seal and a stationary seal. Pressure is developed in a small fluid gap between
the rotating and stationary seals in such a way to balance the closing force and the spring
force. The closing force is generated by the outer pressure of the working fluid. As Han
et al. showed, the fluid in the gap can be laminar, turbulent or in slip conditions depending
on the operating condition and design variables [1]. The behavior of a fluid film can be
defined as laminar or turbulent, depending on the Reynolds number (Re = ρUh/μ), and
as slip or non-slip, depending on the Knudsen number (Kn = μ

√
0.5πRT/hp), where μ,

ρ, U, h, R, T, and p represent the viscosity coefficient, density, fluid velocity, fluid film
thickness, gas constant, temperature, and pressure of the fluid film, respectively. A high
rotating velocity and large clearance of the fluid in the grooved area (generally located at
the outer part of the rotating seal) increase the Reynolds number. As such, the fluid state
may change from laminar to turbulent. Additionally, slip may occur between the fluid
and the solid because low pressure and small clearance of the area in the inner part of the
seal increase the Knudsen number. Han et al. investigated the pressure and the leakage of
dry gas seals for laminar, turbulent, and slip conditions, but they did not investigate the
dynamic coefficient of the dry gas seal for these conditions.
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Figure 1. Mechanical structure of a dry gas seal.

Several researchers analyzed the dynamic coefficients of dry gas seals using the physi-
cal perturbation. The dynamic coefficients in the physical perturbation were determined by
numerically differentiating the opening force of the seal with respect to finite displacements
and velocities at steady-state clearance. Chen et al. analyzed the stiffness, opening force,
and leakage rate of a compliant foil face gas seal (CFFGS) with different design parameters
using the Reynolds equation. They showed that CFFGS has stable and good leakage perfor-
mance [2]. Lu et al. calculated the gas film stiffness of dry gas seal by considering the slip
effect of fluid films and optimized the groove shape to improve the gas film stiffness [3].
Other researchers also investigated dry gas seals using the physical perturbation method
which extracts dynamic coefficients [4,5]. However, the physical perturbation method re-
quires more calculation time than the mathematical perturbation method, and its accuracy
is dependent on the finite displacements and velocities. Moreover, prior researchers used
the Reynolds equation considering the laminar flow or slip condition of the fluid film to
calculate the dynamic coefficients but did not consider the turbulent flow.

Some researchers have derived the perturbed Reynolds equation mathematically to
study the dynamic coefficients of dry gas seals, which extracts dynamic coefficients from
the perturbed pressure and film thickness in the quasi-static equilibrium state of the dry
gas seal [6–16]. Chen et al. analyzed the dynamic behavior of the dry gas seal using the
mathematically derived perturbed Reynolds equation [6]. The simulated leakage rate was
compared with the experimental one. Ruan et al. calculated the stiffness and damping
coefficients of a dry gas seal using the perturbed Reynolds equation. Additionally, they
analyzed the stability of the seal by constructing a spring–damper–mass system [7]. Liu
et al. analyzed the dynamic coefficients of the dry gas seal and showed that the interactions
between angular and axial perturbation were negligible [8]. Other researchers also investi-
gated dry gas seals using the mathematical perturbation of the Reynolds equation [9–15].
However, they did not consider turbulent flow and slip conditions of the fluid film.

In this paper, we proposed a mathematical perturbation method to calculate the dy-
namic coefficients of the dry gas seal according to laminar, turbulent, and slip effects. We
derived the perturbed equation of the modified Reynolds equation, which includes the
effects of laminar, turbulent, and slip conditions. The pressure of the modified Reynolds
equation was solved using the finite element method and the Newton–Raphson method.
Perturbed pressures with respect to three degrees of freedom were calculated by substitut-
ing the calculated pressure into the perturbed equations. We verified the proposed method
by comparing the simulated results with prior studies. Finally, the dynamic coefficients
of a T-grooved dry gas seal were investigated according to laminar, turbulent, and slip
conditions in a fluid film with different clearances.

2. Method of Analysis

The conventional compressible Reynolds equation can be derived from the Navier–
Stokes equation, assuming Newtonian laminar flow, ideal gas conditions, no body force, no
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inertial force, and no slippage, and ignoring the pressure gradient along the film thickness.
On the other hand, Ng-Pan proposed a turbulent compressible Reynolds equation that
includes turbulent effect in the compressible Reynolds equation [16,17], and Fukui–Kaneko
proposed a modified Reynolds equation that includes the slip effect [18,19]. Recently,
Han et al. [1] defined fluid state coefficients according to fluid flow to consider laminar,
turbulent, and slip conditions, and proposed a modified Reynolds equation considering
laminar, turbulent, and slip conditions as follows:

Cr
h3

μ

∂

∂r

(
p

∂p
∂r

)
+ Cθ

h3

μ

∂

r∂θ

(
p

∂p
r∂θ

)
=

U0

2
∂(hp)

r∂θ
+

∂(hp)
∂t

(1)

where h, μ, p, U, Cr and Cθ are the clearance, viscosity, pressure, fluid velocity, and fluid
state coefficients of radial and circumferential directions considering laminar, turbulent,
and slip conditions of the fluid film, respectively. Table 1 defines the fluid state coefficients
according to laminar, turbulent, and slip conditions.

Table 1. Fluid state coefficients according to laminar, turbulent, and slip conditions [1].

Fluid Condition Cr Cθ

Laminar 1/12 1/12
Turbulent 1/Gr 1/Gθ

Slip qp/12 qp/12

In Table 1, Gr, Gθ , and qp are radial turbulent coefficient, circumferential turbulent
coefficient, and slip coefficient defined in Equations (2)–(4), and Table 2 [1,16–24]:

Gr = 12 + 0.0043Re0.96 (2)

Gθ = 12 + 0.0136Re0.9 (3)

qp = c0 + c1(Kn) + c2(Kn)2 + c3(Kn)3 (4)

where Re and Kn are the Reynolds number and Knudsen number, respectively.

Table 2. Slip coefficients according to 1/Kn [1].

Range of Inverse Kn c0 c1 c2 c3

5 < 1/Kn ≤ 1000 1.000 6.097 6.391 −12.812
0.15 < 1/Kn ≤ 5 0.831 7.505 0.939 −0.058

1/Kn ≤ 0.15 −13.375 12.640 0.099 0.0004

Figure 2 shows the perturbed film thickness h for a three-DOF (z, θx and θy) of a dry
gas seal. The perturbed film thicknesses with respect to z, θx and θy are represented by
Δh, Δθx, and Δθy. The polar coordinate (r, θ′) is introduced to define the film thickness
on a dry gas seal, and the fixed angular coordinate θ′ is defined from the –x axis in a
counterclockwise direction. The perturbed film thickness h and pressure p are defined
as follows:

h = h0 + Δz − r sin θ′Δθx + r cos θ′Δθy (5)

∂h
∂t

= Δ
.
z − r sin θ′Δ

.
θx + r cos θ′Δ

.
θy (6)

p = p0 + pzΔz + pθx Δθx + pθy Δθy + p .
zΔ

.
z + p .

θx
Δ

.
θx + p .

θy
Δ

.
θy (7)

pz =

(
∂P
∂z

)
0
, pθx =

(
∂P
∂θx

)
0
, pθy =

(
∂P
∂θy

)
0
, p .

z =

(
∂P
∂

.
z

)
0
, p .

θx
=

(
∂P

∂
.
θx

)
0

, p .
θy

=

(
∂P

∂
.
θy

)
0

(8)
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Figure 2. Relation between perturbed film thickness in a dry gas seal.

Here, h0 is the film thickness in the equilibrium. pz, pθx , and pθy are the perturbed
pressure generated by infinitesimal displacement with respect to z, θx and θy, respectively.
Additionally, p .

z, p .
θx

, and p .
θy

are the perturbed pressure generated by infinitesimal velocity

with respect to
.
z,

.
θx, and

.
θy, respectively.

Substituting Equations (5)–(7) into (1) yields the perturbed Reynolds equation as follows:

∂
∂r

⎛⎜⎜⎜⎝
Cr

(h0+Δz−rsinθ′ Δθx+r cos θ′ Δθy)
3

μ

(
p0 + pzΔz + pθx Δθx + pθy Δθy

+p .
zΔ

.
z + p .

θx
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θx + p .
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Δ

.
θy

)
∂

(
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)}

+ ∂
∂t

{(
h0 + Δz − rsinθ′ Δθx + r cos θ′ Δθy

)( p0 + pzΔz + pθx Δθx + pθy Δθy

+p .
zΔ

.
z + p .

θx
Δ

.
θx + p .

θy
Δ

.
θy

)}

(9)

By expanding Equation (9) and assuming that higher order terms are negligible, the
governing equations for each variable can be expressed as follows:

∂

∂r

(
Cr
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3
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∂p0
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)
+

∂
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3
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∂
∂r
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Equations (10)–(16) are the governing equations of p0, pz, pθx , pθy , p .
z, p .

θx
, and p .

θy
.

Equation (10) is, in fact, the modified Reynolds equation in Equation (1). A finite element
equation of the Reynolds equation can be obtained by multiplying Equation (10) with the
weighting function and integrating using Green’s theorem:

w
∫
Γ

(
Cr

h3
0

μ p0
∂p0
∂r + Cθ

h3
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μ p0
∂p0
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∂w
r∂θ p0

∂p0
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2 p0
∂w
r∂θ

)
dA = 0

(17)

Here, Γ, w, and n are the boundary, weighting function, and normal unit vector of the
boundary, respectively. The boundary integral terms of Equation (17) are zero because the
weighting functions at the boundary are zero. The pressure in a four-node element can be
expressed by the nodal pressure Pe and shape function N as follows:

p = NTPe (18)

Similarly, the weighting function can be expressed by an arbitrary vector ηe as follows:

w = ηT
e N (19)

Substituting Equations (18) and (19) into (17) yields the local matrix of the finite-
element equation:

∫
A

ηe
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)
dA = 0 (20)
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Equation (20) is non-linear and can be solved by using the Newton–Raphson method
as follows [1]:
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(21)

where R and ∂R/∂P are Equation (20) and the pressure derivative of Equation (20), respec-
tively, and n is the iteration number. The relaxation factor used to increase the stability of
the analysis results, αrelax, was set to 0.5. The local matrices of R and the local matrix of
∂R/∂P were assembled to generate the global matrices of R and ∂R/∂P, respectively. The
analysis was repeated until the ratio of the summation of the all components of the global
matrix of R to that of the global matrix of ∂R/∂P became less than 10−4, and in most of
the analyses in this paper, they converged within 20 iterations. Equation (22) shows the
boundary condition applied to solve the modified Reynolds equation in which internal and
external pressures are applied to internal and external boundaries and pressure along the
circumferential direction is continuous.

p(ri, θ) = pi, p(ro, θ) = pe, p(r, θ) = p(r, θ + 2π) (22)

where pi and pe are internal and external pressures applied to internal and external boundaries.
The finite element equations of the perturbed modified Reynolds equation can be

obtained by multiplying the weight function and integrating using Green’s theorem, as in
Equation (17). The finite element equations of the left-hand terms are as follows:
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where i = z, θx, θy,
.
z,

.
θx,

.
θy. The boundary integral terms of Equation (23) are zero

because the weighting functions at the boundary are zero. Substituting Equations (18) and
(19) into (23) yields the left-hand finite element equation of the local matrix:
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where i = z, θx, θy,
.
z,

.
θx,

.
θy.

The right-hand finite element equations of the local matrices corresponding to
pz, pθx , pθy , p .

z, p .
θx

, and p .
θy

can be obtained similarly, as follows:
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Once the calculated pressure from Equation (21) is substituted into the perturbed
Equations (24)–(30), the local matrix equation of the perturbed pressure can be written as
linear equations with respect to the perturbed pressure, as shown in Equations (31) and (32).

[k]
{

pj
}
= [F] + [A][pk]

[k]{pk} = [F] + [B]
[
pj
] (31)

[
[k] −[A]
−[B] [k]

]{
pj
pk

}
=

[
[F]
[F]

]
(32)

where j = z, θx, θy and k=
.
z,

.
θx,

.
θy. Subsequently, a global matrix equation can be

assembled, and the perturbed pressure can be determined. Equation (33) shows the
boundary condition applied to solve the perturbed Reynolds equations in which internal
and external perturbed pressures are zero at the internal and external boundaries and
perturbed pressure along the circumferential direction is continuous.

pk(ri, θ) = 0, pk(ro, θ) = 0, pk(r, θ) = pk(r, θ + 2π) (33)

where k is z, θx, θy,
.
z,

.
θx, and

.
θy, respectively.

The stiffness and damping matrices for a dry gas seal can be calculated from the
calculated perturbed pressure as follows:

K =
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3. Numerical Verification

To verify the developed equations and program for the perturbed Reynolds equation,
we developed a finite element model of the dry gas seal analyzed by Faria [25]. Faria
analyzed a spiral grooved dry gas seal whose external radius, groove radius, internal radius,
groove depth, groove angle, and number of grooves were 88.9 mm, 76.4 mm, 71.1 mm,
2.54 μm, 20◦, and 12, respectively. The rotating velocity, external pressure, internal pressure,
and clearance were 15,000 rpm, 5.05 bar, 1.01 bar, and 2.54 μm, respectively. The developed
finite element model consisted of 7920 quadrilateral elements, similar to Faria’s model.
The opening force, stiffness coefficient, and damping coefficient to axial direction were
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calculated and compared with the result obtained by Faria. Table 3 shows the simulated
results of this study and Faria. Since Faria solved the compressible Reynolds equation
including only the effect of laminar flow, we calculated the opening force, stiffness, and
damping coefficients according to laminar flow. The opening force, stiffness, and damping
coefficients of this study are very close to those of Faria. The opening forces for this study
and that of Faria are 4840 N and 4837 N, respectively, and the difference was less than
0.1%. The stiffness coefficient along the z-direction in this study and that of Faria were
1.34 × 109 N/m and 1.32 × 109 N/m, and the differences were less than 1.5%. The damping
coefficient along z-direction used of this study and that of Faria are 4.20 × 104 Ns/m and
4.23 × 104 Ns/m, and the difference was less than 1%.

Table 3. Comparison of the stiffness and damping coefficients with Faria’s results.

Opening Force
[N]

Stiffness Coefficient (Kzz)
[N/m]

Damping Coefficient (Czz)
[Ns/m]

Present analysis 4840 1.34 × 109 4.20 × 104

Faria’s result [25] 4837 1.32 × 109 4.23 × 104

4. Results and Discussion

4.1. Perturbed Pressure of the Fluid Film in a Dry Gas Seal according to Laminar, Turbulent, and
Slip Conditions in the Fluid Film

We analyzed the dynamic coefficients of the fluid film on a T-grooved dry gas seal
under laminar, turbulent, and slip conditions. The analysis was performed using three
different methods depending on the governing equation. First, the L_method, which can
only consider laminar flow, was used to solve the laminar compressible Reynolds equation.
Second, the LT_method was used to solve the modified Reynolds equation by considering
the laminar and turbulent behaviors of the fluid film. Third, the LTS_method was used
to solve the modified Reynolds equation by considering the laminar, turbulent and slip
conditions of the fluid film. Figure 3a, shows the geometry of the T-grooved dry gas seal.
The FE model of the dry gas seal was developed with 180,000 quadrilateral elements, and
Figure 4b shows the FE model corresponding to the boxed area of Figure 4a which has one
groove-ridge area. We checked the convergence of the stiffness and damping coefficients by
increasing the number of finite elements of the FE model. It shows that 180,000 quadrilateral
elements of the FE model used in this study were sufficient to guarantee the convergence
of the stiffness and damping coefficients. Table 4 shows the design parameters of the
T-grooved dry gas seal used in the numerical analysis. The internal and external pressures
were assumed to be 1 bar and 60 bar. The clearance increased from 2.5 μm to 4 μm
with increments of 0.5 μm. The rotating seal was rotated clockwise at 25,000 rpm. All
analyses were performed under isothermal and isoviscous conditions. Figure 4 shows the
distribution of the perturbed pressure pz corresponding to the L_method, LT_method, and
LTS_method for a T-groove when the clearance was 2.5 μm. Figure 5 shows the pressure
distribution of the perturbed pressure p .

z corresponding to the L_method, LT_method, and
LTS_method for a T-groove when the clearance was 2.5 μm. Figure 6a shows the Reynolds
number along the radial direction at θ = 0◦ and θ = 15◦. The fluid between the stator and
the rotor is assumed to change from laminar to turbulent flow when the Reynolds number
exceeds 1000 [1,16,17]. Figure 6b shows the Knudsen number along the radius at θ = 0◦ and
θ =15. A slip between the fluid and wall is assumed to occur when the Knudsen number is
greater than 0.001 [1,18,19].
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(a) (b)

Figure 3. Geometry (a) and FE model (b) of the T-grooved dry gas seal.

Figure 4. Perturbed pressure pz with respect to axial displacement for laminar, turbulent, and slip
conditions of the fluid film.

Table 4. Geometric parameters of the grooved seal.

Parameter Value

Outer radius, ro [mm] 69.5
Groove radius, rg [mm] 62.4
Internal radius, ri [mm] 55.7

Groove number 18
Ratio of ridge and groove 0.65

Groove depth [mm] 0.01

Figure 5. Perturbed pressure p .
z with respect to axial velocity for laminar, turbulent, and slip condi-

tions of the fluid film.
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(a) (b)

Figure 6. Reynolds number (a) and Knudsen number (b) of the fluid film at θ = 0◦ and θ = 15.

Figure 4 shows that the maximum perturbed pressures pz obtained using the LT_method
and LTS_method were greater than that obtained using the L_method. As shown in
Figure 6a, the ridge part of the outer plane, where the maximum perturbed pressure oc-
curred, had a large Reynolds number, indicating turbulent flow. Figure 6b also shows that
the inner plane, where the perturbed pressure is small, has a large Knudsen number, indi-
cating the occurrence of slippage. Therefore, the maximum perturbed pressure increased
when the turbulent effect was considered. Furthermore, there was no difference in the
maximum perturbed pressure pz obtained using the LT_method and LTS_method because
turbulent flow plays a dominant role in generating maximum perturbed pressure of the
ridge part and because slippage did not occur in the groove and ridge parts of the outer
plane, as shown in Figure 6b.

Figure 5 shows that the maximum perturbed pressures p .
z obtained using the LT_method

and LTS_method were greater than that obtained using the L_method. As shown in
Figure 6a, the internal plane area (with a radius of around 59.8 mm) where the maximum
perturbed pressure occurred had a large Reynolds number to generate turbulent flow.
Therefore, the maximum perturbed pressure p .

z increased when the turbulent effect was
considered. Furthermore, there was no difference in the maximum perturbed pressure
p .

z obtained using the LT_method and LTS_method because the turbulent flow plays a
dominant role in generating maximum perturbed pressure of the internal plane area and
because slippage did not occur in that area as shown in Figure 6b.

4.2. Dynamic Coefficients of the Fluid Film in a Dry Gas Seal according to Clearance of the Fluid
Film and External Pressure

Tables 5 and 6 show the stiffness and damping coefficients of a dry gas seal according
to the clearance, as calculated by the L_method (L), LT_method (LT), and LTS_method (LTS).
In all three analysis methods, the dynamic coefficients decreased as the clearance increased.

Table 5. Stiffness coefficients according to the clearance.

Clearance
[μm]

Stiffness Coefficients (K)

Kzz [×107 N/m] Difference [%] Kθxθx [×105 Nm/rad] Difference [%]

L LT LTS LT–L LTS–L LTS–LT L LT LTS LT–L LTS–L LTS–LT

2.5 74.86 249.56 248.63 233.4 232.1 −0.4 11.48 46.36 46.20 303.9 302.6 −0.3
3.0 63.17 196.07 195.42 210.4 209.4 −0.3 9.31 35.61 35.50 282.6 281.4 −0.3
3.5 55.34 155.19 154.73 180.4 179.6 −0.3 7.91 27.44 27.37 246.8 245.9 −0.3
4.0 49.92 124.35 124.03 149.1 148.5 −0.3 6.97 21.32 21.27 205.7 205.0 −0.2
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Table 6. Damping coefficients according to the clearance.

Clearance
[μm]

Damping Coefficients (C)

Czz [×104 Ns/m] Difference [%] Cθxθx [×10 Nsm/rad] Difference [%]

L LT LTS LT–L LTS–L LTS–LT L LT LTS LT–L LTS–L LTS–LT

2.5 27.75 34.26 34.19 23.4 23.2 −0.2 53.34 66.57 66.44 24.8 24.6 −0.2
3.0 17.99 23.90 23.86 32.8 32.6 −0.2 34.99 47.35 47.27 35.3 35.1 −0.2
3.5 12.58 18.05 18.02 43.4 43.2 −0.2 24.69 36.30 36.25 47.1 46.8 −0.1
4.0 9.27 14.31 14.28 54.3 54.1 −0.2 18.31 29.12 29.08 59.0 58.8 −0.1

The stiffness coefficient of the LT_method was greater than that of the L_method. This
can be explained by Figure 7a, which shows the difference of the perturbed pressure pz
between the LT_method and L_method at 2.5 μm clearance. Figure 7c shows the geometry
corresponding to Figure 7a,b. As shown in Figure 7a, the increased area of the perturbed
pressure (pz) (red and green in the contour plot) is larger than the decreased area of the
perturbed pressure (blue and sky-blue in the contour plot), and the maximum value of the
increased area of the perturbed pressure (+1.12 × 1011 N/m) is larger than the maximum
value of the decreased area of the perturbed pressure (−0.32 × 1011 N/m). Additionally,
the damping coefficient of the LT_method was greater than that of the L_method (Table 6).
This can be explained by Figure 7b, which shows the difference in the perturbed pressure
p .

z between the LT_method and L_method at 2.5 μm clearance. As shown in Figure 7b,
the increased area of the perturbed pressure (p .

z) (red and green in the contour plot) was
larger than the decreased area of the perturbed pressure (blue and sky-blue in the contour
plot), and the maximum value of the increased perturbed area of the perturbed pressure
(+3.70 × 107 Ns/m) was larger than the maximum value of the decreased area of the
perturbed pressure (−1.18 × 107 Ns/m).

(a) (b) (c)

Figure 7. Perturbed pressure difference between the LT_method and L_method for pz (a) and p .
z

(b) and the corresponding T-groove geometry (c).

5. Conclusions

In this study, we proposed a mathematical perturbation method of the modified
Reynolds equation that includes the effects of laminar, turbulent, and slip behaviors of a
fluid film. The pressure of the modified Reynolds equation was solved using the finite
element method and the Newton–Raphson method, and the perturbed pressures with
respect to three degrees of freedom were calculated by substituting the calculated pressure
into the perturbed equations. We verified the proposed method by comparing the simulated
results of the previous study. The dynamic coefficients of a T-grooved dry gas seal were
investigated according to laminar, turbulent, and slip conditions in the fluid film with
different clearances. This study shows that the stiffness and damping coefficients decreased
as the clearance increased. The turbulent effect increased the stiffness coefficients, and
it decreased as the clearance increased. Additionally, the turbulent effect increased the
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damping coefficients. The slip effect decreased the stiffness and damping coefficients, but
the slip effect was smaller than the turbulent effect. This study shows that the laminar,
turbulent, and slip conditions of a fluid film on a dry gas seal should be considered to
predict the dynamic coefficients of a dry gas seal accurately. This study will make it possible
to develop a dynamic model of the rotor-seal system with predicted dynamic coefficients
of a dry gas seal, and it will eventually contribute to developing a robust and stable dry
gas seal in various operating environments.

6. Future Work

Herein, we studied a non-contact dry-running mechanical face seal system. However,
solid contact between rotating and stationary seal faces may occur due to angular misalign-
ment, assembly tolerances, or large closing force. Friction and wear are important sources
to degrade operating performance and shorten a sound life of dry gas seals [26–31]. Hong
et al. proposed a numerical method to investigate the friction characteristics of oil film
journal bearings considering elastomeric lubrication and contact force [32]. We hope to
extend this study by considering elastomeric lubrication and the contact mechanism.
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Nomenclature

h Film thickness [mm]
h0 Film thickness in equilibrium [mm]
Cr Fluid state coefficients for radial flow
Cθ Fluid state coefficient for circumferential flow
Kn Knudsen number
Re Reynolds number
N Shape function vector
Pe Element pressure vector [Pa]
P, p Pressure of fluid film [Pa]
pz, pθx , pθy Perturbed pressure generated by infinitesimal displacement [Pa/m]
p .

z, p .
θx

, p .
θy

Perturbed pressure generated by infinitesimal velocity [Pa·s/m]

K Stiffness matrix [N/m]
C Damping matrix [Ns/m]
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qp Slip coefficient; c0 + c1
(
1/qp

)
+ c2

(
1/qp

)2
+ c3

(
1/qp

)3

R Gas constant [J/(kg·K)] (Rair: 287 J/(kg·K))
T Temperature [K]
U, u Fluid velocity [m/s]
w Weighting function
Greek symbols
ρ Density [kg/m3]
η Arbitrary vector
μ Viscosity [Pa·s]
θ′ Fixed angular coordinates
ω Rotating velocity [rad/s]
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Abstract: In railway operation, the sanding process is used to overcome low adhesion conditions
in the wheel–rail contact. In the literature, previously conducted research has been experimental,
e.g., measuring adhesion coefficients (ACs) under different contact conditions (dry, wet, . . . ) or
applying different sands. Under dry conditions, sanding can reduce measured ACs, while under
wet conditions different types of rail sand can leave ACs unchanged or increase adhesion. Despite
active research, the physical mechanisms causing the change in ACs under sanded conditions are still
poorly understood. A possible remedy is the development of advanced models of sanding including
local effects. As a basis for such a model, this study presents experimental results concerning single
grain crushing behaviour of two types of rail sand under dry and wet contact conditions. Firstly,
initial breakage behaviour is investigated with focus on the particle fragments’ size and spread as
only fragments within the running band are available to influence the AC during roll-over. Secondly,
single grain crushing tests are conducted under realistic wheel–rail load showing the formation of
solidified clusters of sand fragments, as well as their size and thickness. This information is important
for understanding mechanisms and for future physics-based modelling of the sanding process in
wheel–rail contacts.

Keywords: wheel–rail contact; low adhesion; sanding; single grain crushing tests

1. Introduction

In railway operation, the contact between wheel and rail is determined by complex
tribological processes. Extremely high contact pressures and tangential stresses, caused
for example by traction or braking, result in severe plastic deformation of the near-surface
layers [1–7]. This influences damage and wear behaviour and the developing wheel–rail
roughness affecting the transferable tangential force between wheel and rail. The tangential
force is limited by the maximal adhesion coefficient (AC), which is around 0.35 or higher
for dry conditions [8,9]. Between wheel and rail, third body layers (3BLs) can be embedded,
such as liquids (e.g., water), solids (e.g., wear particles), or combinations thereof. Some
of these 3BLs can cause low adhesion conditions with ACs below 0.1 [10–13]. Such low
adhesion conditions influence the traction and braking performance of railway vehicles
in service. In the worst case, they can cause safety issues [14,15]. Typical causes for low
adhesion conditions are damp (wet) contact conditions [16] (‘wet rail’ phenomenon) or
when the rail surface is contaminated with leaves [14,17].

The application of sand has been used for many years to overcome low adhesion
conditions in the wheel–rail contact. Figure 1 shows the process divided into three phases.
In phase I, the particles are applied: some are expelled and some are entrained into the
contact. In phase II, particles are in the wheel–rail contact and influence the adhesion.
Finally, in phase III particles leave the contact and some of them remain on wheel and rail.
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Figure 1. Phases during wheel–rail contact sanding.

Under low adhesion conditions, sanding generally increases the maximal AC between
wheel and rail, but it can also lead to increased damage on both wheel and rail [18,19].
Wheel–rail sanding is a field of active research, where the adhesion increasing aspect is
more extensively investigated [20] than the damage or isolation aspects [21]. Research
is conducted with both field testing and lab experiments, e.g., twin-disc tests [22–25],
linear full-scale rigs [26], or high pressure torsion (HPT) test rigs [27,28]. Indentations
were measured on both wheel and rail as well as wheel–rail ACs under different contact
conditions (dry, wet, or different kinds of contamination) but also with different types
of sand [27] or different amounts of sand being applied [25]. In static loading tests [19],
indentations were observed mainly on the wheel. Large indents could be caused by large
particles being embedded into the surface prior to crushing or because the grain fractures
into larger bits, which remain together. Smaller indents were possibly formed by crushed
particles. These different mechanisms could lead to differences in the change of roughness
caused by sanding. Large indents of embedded sand particles were also found in twin-disc
tests under wet conditions [25] together with small amounts of spalling and pits. Under
dry conditions, sanding can have little effect or even reduce measured ACs [22,27,28]. In
contrast, under wet conditions different types of rail sand can leave ACs unchanged or
increase adhesion, where some sands restore adhesion to nearly dry conditions [25,27,28].
The described behaviour can be seen in Figure 2, where measured ACs from HPT tests
under dry and wet conditions are shown, using two different types of sand.

(a) dry conditions (b) wet conditions

Figure 2. Influence of sanding on adhesion coefficient under dry and wet conditions in a HPT test.
Two different types of sand were applied, for more details see [28].

Despite the active research in this field, the physical mechanisms causing the change
in ACs under sanded conditions are still poorly understood. Sand grains will partially
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crush when entering the contact, causing plastic deformations on wheel and rail surfaces
(i.e., change of roughness). The amount of sand in the contact determines whether the metal
surfaces are (partially) separated or not, allowing for different mechanisms of load transfer,
see Figure 3. Under high loads, sand fragments solidify and could form clusters, which
indent into wheel and rail surfaces (affecting roughness) and cause form closure effects.
Adhesion could also be increased via form closure effects caused by sand grains directly
penetrating into wheel–rail surfaces, or the sand powder solidifies and partially covers the
rough wheel–rail surfaces, increasing the effective contact area between sand and steel and
thereby the AC. The role of water in wet contacts is also unclear. This mentioned lack of
understanding is caused by the fact that current experimental abilities do not allow for any
monitoring of the aforementioned mechanisms in the contact zone during roll-over.

Figure 3. Possible mechanisms for increasing adhesion via sanding.

Models predicting the normal and tangential contact stresses (forces) in the wheel–rail
interface are mostly based on classical theory [29–41]. Such models will not help with
gaining new insights about physical phenomena occurring in the contact when sand is
introduced. The only possibility to account for the influence of sand in these models is to
change the coefficient of friction. Beside models based on classical theory, extended models
can be found in the literature, see [29,41] for an overview. For example, in [9,10,42,43]
models are presented, which account for the influence of solid 3BLs on the adhesion
characteristic. However, these models assume a continuous 3BL across the contact and thus
spread local effects (e.g., resulting from sand grains) within the contact region. Furthermore,
the change of roughness due to local plasticity effects cannot be described. In [17], the
approach from [9,10] and the model from [8] are combined. However, the model represents
a semi-physical approach not explicitly accounting for the physical effects occurring in
the contact zone mentioned previously. Thus, the impact of sand under low adhesion
conditions cannot be described with this methodology either.

To summarise, although the positive effect of sand is well known and experimentally
proven, the physics behind this improvement are not yet fully understood (effects occurring
in the contact patch during roll-over of sand particles cannot be observed). Furthermore,
models taking into account local effects are not available. Such models in combination with
experiments are important for a better understanding of the physics occurring in sanded
contacts. This could be particularly useful for aims as, e.g., reducing the amount of sand
necessary to increase adhesion and thus reducing/avoiding damage due to sanding.

This study is part of a research project where sanded contacts are experimentally
investigated in detail, and advanced models are to be developed to better understand
the phenomena responsible for the positive effect of sand on adhesion in phase II, see
Figure 3. The experimental work on single sand grains aims for a better understanding
of the material behaviour and should also generate the necessary information for model
development and parameterisation.

In this paper, two types of rail sand were investigated. Single grain crushing tests
were conducted under dry and wet contact conditions to investigate the initial breakage
behaviour. In the sanding process, the first fracture will take place several centimetres in
front of the contact patch due to the narrowing gap between wheel and rail. Some of the
resulting fragments are expelled from the running band (and are thus not active any more),
while others stay inside and be crushed again. Therefore, focus in the conducted tests were
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on the particle fragments’ size and spread after the first crushing. Furthermore, a Weibull
statistic was fitted to the measured data.

In a second step, single grain crushing tests were conducted under a realistic wheel–
rail load of 900 MPa, this included the initial crushing and subsequent further crushing of
the fragments remaining in the contact area. These tests aimed to provide information about
the condition of the sand after it had been fully loaded in a vertical direction: the possible
formation of solidified clusters of sand fragments, as well as their size and thickness. This
information is important for understanding mechanisms and for physics-based modelling
of the sanding process in wheel–rail contacts. Finally, Scanning Electron Microscope
(SEM) images were taken from some of the formed sand clusters after full loading to gain
information about the surface structure and to see if they were composed of connected
smaller fragments.

2. Single Grain Crushing: First Breakage

These tests investigate the state of sand grain fragments after the first breakage event.
The analysis of fragments’ size and spread shows how much of the material is available
(after first breakage) in the area of an conceptual wheel–rail contact. This information
is important for understanding possible mechanisms of the influence of sanding on the
adhesion coefficient.

2.1. Materials and Methods

Rail sands from Great Britain (GB) and Austria (AT) were used in this study. Both
sands were riffled down to 100 g to ensure a representative sample [44], each sample was
then subjected to sieve analysis to determine the average particle size [45]. The average
size of GB was 1.30 mm and AT was 0.98 mm. For all particle crushing tests particles of
approximately average size were desired. Therefore, particles passing through a sieve
aperture of 1.4 mm and settling on a sieve with an aperture of 1.18 mm were used for GB
tests; for AT tests these respective sieve apertures were 1.18 mm and 0.6 mm.

Single particle crushing tests till first fracture were performed on a Bruker (Bruker,
Coventry, West Midlands, UK.) universal mechanical tester (UMT) using a 1000 N load
cell with a resolution of 50 mN. The set-up of this test is shown in Figure 4. The first
fracture was defined by a sudden, large drop in measured load. An example of a measured
path–force curve is shown in Figure 5, where the peak load before first fracture is marked.
The tests were performed in displacement control with a speed of 0.05 mm/s. Both top
and bottom platens had contacting faces with a 50 × 50 mm2 contact area, with the bottom
platen being made from EN24 grade steel and the top platen from EN5.

Figure 4. Test set-up for single particle crushing tests in the UMT test rig.
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Figure 5. Examples of a measured path–force curve from a single crushing test, with the particle
breakage force shown as orange square symbol.

Tests were conducted with GB sand and AT sand, respectively, in dry and wet condi-
tions. Here, wet conditions were created by pipetting 10 or 20 μL of distilled water onto
the particle. A total of 30 tests were performed for each condition. However, some tests
had to be excluded from further analysis due to different problems occurring. In some
tests, grains showed successively small fractures without a clear peak force, this was more
often the case for AT sand. In a few tests, no clear grain breakage occurred despite a high
loading path. For GB sand, there were several cases, were the path–force curve showed a
yielding-like behaviour, where unusually high loading paths were reached together with
very high breakage forces. Possible reasons could be an indenting of the grain in the steel
plates. This behaviour was seen only for GB sand, which has a higher Young’s modulus
than AT sand [28]. For the fitting of the Weibull statistics, 24 tests were used for GB sand in
both dry and wet conditions. For AT sand, 24 tests were used for dry conditions and 25 for
wet conditions. For the analysis of the fragments’ spreading a few further tests had to be
excluded, where the test did not stop before a second severe breakage had taken place. For
this analysis, 21 tests were used for GB sand under dry conditions and 23 tests under wet
conditions. For AT sands, 23 tests each were analysed under dry and wet conditions.

Each particle was weighed before crushing and the fragments remaining on the platens
were weighed after crushing to determine the amount of material expelled from the contact.

Before and after each test, photos were taken, see Figure 6. To be able to measure the
initial particle’s area and the fragments’ area and position, these photos were segmented
using the Fiji (Fiji: version 2.35.) [46] and Gimp (Gimp: version 2.10.22.) [47] software.
In Fiji the photos were converted to black and white (setting 8 bit format) and then a
manual threshold selection was applied. As the sand grains differed in their colour and
brightness, a manual correction step was necessary using Gimp, which clearly introduced
some impreciseness to the process. An example of the segmented photo after crushing can
be seen in the right part of Figure 6. After the segmentation step, the Fiji software was
applied using the “Analyze Particles” function to calculate the particle/fragments’ area,
position, diameter, and other shape descriptors. With the segmented photo after crushing,
for each fragment the distance from the centre of the initial grain was calculated.

Figure 6. Examples for photos taken and post-processing.
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2.2. Results: Analysis of Fragment’s Size and Spread

In the following analysis, no distinction is made between tests under wet conditions
using 10 μL or 20 μL of water, as for both cases the results were very similar.

In Figure 7, histograms of the fragments’ distance from the centre and the fragments’
area can be seen for both GB and AT sand under dry and wet conditions. For GB sand
under dry conditions, the grain’s fragments spread out with a slow decrease until 35 mm
distance. In contrast, under wet conditions more than 96% of the GB sand’s fragments have
a distance smaller than 5 mm.

For AT sand under dry conditions, 68% of all fragments have a distance from the
centre less than 5 mm. The probability of fragments at higher distances decays faster and is
almost 0 for values higher than 25 mm. This is a clear difference to the behaviour of GB
sand under dry conditions. AT sand under wet conditions shows the least spreading of all
cases investigated: 98% of the fragments have a distance less than 5 mm.

In Figure 7c,d, histograms of the fragments’ area are shown. Here, the results for both
types of sand and for dry and wet contact conditions are similar. The vast majority of
fragments are smaller than 0.1 mm (size of the histograms first bin) and only few larger
particles exist.

(a) GB sand: fragment distance from centre (b) AT sand: fragment distance from centre

(c) GB sand: fragment area (d) AT sand: fragment area

Figure 7. Distance and area for GB and AT sands.

Thinking of the application of wheel–rail sanding, it is of interest to ask how much of
the mass of the initial grain would stay within a radius of 5 mm: radius of a conceptual
wheel–rail contact patch. This radius corresponds to a typical running band width when the
tread of a wheel is in contact with the rail head. Experimental results using a full-scale test
rig can be found in [48]. From the post-processing of the crushing tests, the fragments’ area
and distance can be related. Figure 8 shows cumulative histograms, where the fragment
distance is weighted by its area divided by the sum of all fragments. The area of the
conceptual wheel–rail contact is shown as grey box. For GB sand, the contact condition
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makes a big difference: under dry conditions 68% of the fragments’ area stay within the
conceptual wheel–rail contact, while it is 98% under wet conditions. This influence of the
contact condition is less pronounced for AT sand: Even under dry conditions 93% of the
fragments’ area stays within the conceptual wheel rail contact and under wet conditions it
is 100%.

(a) GB sand (b) AT sand

Figure 8. Distance weighted by area for GB and AT sands. The area of an conceptual wheel–rail
contact is shaded in grey.

The previous analysis took into account the fragments which remained on the lower
plate (sized 5 cm × 5 cm) of the testing device. To check if any fragments were expelled
from this lower plate, the weight of the initial grain was recorded, as well as the weight of
the fragments remaining on the lower plate. In some cases, fragments stuck to the upper
plate of the testing device. In the check for mass loss, these fragments’ weight was added
to the fragments’ weight from the lower plate. Figure 9 shows box plots of the mass loss
for GB and AT sands for both contact conditions. For GB sand under dry conditions, the
mass loss ranged up to 10% while there were four outliers reaching up to 66%. Under
wet conditions on GB sand, there were three outliers with a mass loss between 25% and
33%, while in all other cases the mass loss was below 3%. For AT sand under both dry
and wet conditions the mass loss was below 7%, with the exception of four tests under
dry conditions, which ranged between 15% and 42% of mass loss. It is consistent with the
fragments’ spread behaviour that GB sand under dry conditions has a higher mass loss than
under wet conditions. The results for AT sand are similar for dry and wet conditions, which
is also in accordance with their spread behaviour. Comparing mass loss results between
GB and AT sand, AT sand shows higher values than expected from the spread behaviour.
The observed mass loss was often close to the accuracy of the scale used for measuring and
as AT sand grains are smaller than GB sand grains. This could be a possible explanation.

(a) GB sand (b) AT sand

Figure 9. Mass loss after grain crushing test for GB and AT sands.

165



Lubricants 2023, 11, 38

2.3. Results: Fitting of Weibull Statistics

For later use in modelling of particle breakage, the Weibull statistics will be fitted to
the measured breakage force/probability of survival of GB and AT sand. In this section, no
distinction between dry and wet contact condition will be made, as it is assumed that the
contact condition does not influence the breakage force.

The particle breakage force is defined as the highest force before a clear drop in the
force can be seen, compare in Figure 5 the orange square symbol. Denoting the force at
particle breakage with Fb allows the calculation of the stress at breakage [49–51]

σb =
Fb
d2 , (1)

where d denotes the grain’s diameter. The survival probability of a grain of diameter d
under stress σ is described using Weibull statistics [49–52]:

Ps(d) = exp

[
−
(

d
d0

)3( σ

σ0

)m
]

, (2)

where d0 is the reference diameter, m is the Weibull modulus, and σ0 is the characteristic
stress such that a particle of size d0 has 37% survival probability. The reference diameter is
the median of the used particle diameters, shown in Figure 10a. It can be seen that d0 is
clearly larger for GB sand compared to AT sand. Note that the values shown are higher than
the sieve sizes mentioned in the experiment description: thin particles may pass the sieve
aperture diagonally and in image analysis a larger diameter can be measured depending
on the orientation of the particle. The breakage forces are shown in Figure 10b, and for GB
sand they reach up to 103 N, while for AT sand they are well below 65 N. Interestingly, the
breakage stresses are mostly in the same range for both types of sand, compare Figure 10c.

(a) (b) (c)

Figure 10. Grain diameter, force, and stress at breakage for GB and AT sands. (a) Diameter; (b) force
at breakage; (c) stress at breakage.

Using the calculated stresses and assigning survival probabilities, the Weibull statistics
is fitted to the data [50]. A comparison of measured values from the experiment and the
fitted Weibull statistics is shown in Figure 11 for both types of sand. The parameters of the
fitted Weibull statistics are given in Table 1. The results are surprisingly similar for both
types of sand, considering the differences found in the analysis of fragment’s spread.

Table 1. Parameters of the fitted Weibull statistics for both GB and AT sand.

Sand Type d0 (mm) σ0 (MPa) m (-)

GB 1.54 22.74 2.85
AT 1.25 22.49 2.72
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Figure 11. Fitted Weibull statistics.

3. Single Grain Crushing: High Loading

These tests aim to provide information about the condition of the sand after it has
been fully loaded in the vertical direction. There is the possible formation of solidified
clusters of sand fragments and their size and thickness are of interest. This information
is important for understanding and physics-based modelling of the sanding process in
wheel–rail contacts.

3.1. Materials and Methods

Single particle crushing tests under realistic wheel–rail contact pressures were carried
out using a Denison Mayes (Denison Mayes, Leeds, West Yorkshire, UK.) hydraulic test
frame. The set-up of this experiment is included in Figure 12. The bottom platen had an
area of 50× 50 mm2 whereas the top platen had a circular area with a 11 mm diameter. This
meant the applied contact pressure was 900 MPa at the load capacity of the rig (90 kN). Both
platens were made of hardened O1 tool steel to minimise the amount of plastic deformation
of the surfaces upon crushing the particle. For both GB sand and AT sand, 5 tests were
conducted under dry and wet conditions each, totalling 20 tests. For wet conditions, 20 μL
of distilled water were applied by pipette.

Mass measurements and photos were taken for each particle in the same manner as
was performed for the UMT testing. Moreover, a non-contact imaging and measuring tool
named Alicona (Bruker, Market Harborough, Leicestershire, UK.) InfiniteFocus SL was
used to take high resolution 3D scans of the crushed grain on the lower plate after the test.
These scans had a vertical resolution of 500 nm.

Figure 12. Test set-up for single particle crushing tests under realistic wheel–rail contact pressures.

SEM samples were prepared from the remains of the particles crushed under high
load by removing the fragments from the crushing surface and mounting them onto stubs.
SEM imaging was conducted using an FEI (FEI, Hillsboro, OR, USA.) Nova NanoSEM 450
with an Everhart–Thornley Detector. Imaging voltage was 5 kV with a spot size of 3 and a
working distance of 2.5–3.5 mm.
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3.2. Results: Fragment Spreading under High Loading

During the tests, the sand grains fractured repeatedly, with varying amounts of
fragments being expelled from the contact. However, in almost all tests the formation of
clusters of solidified sand fragments was seen. Their size varied for both types of sand and
for dry/wet contact condition.

GB sand under dry conditions showed a high variation in the amount of fragments,
which stayed within the contact area. From the five conducted tests, in three tests several
small clusters formed. An example can be seen in Figure 13a, where the marked cluster has
a side length of about 1 mm. The corresponding Alicona scan, Figure 13b, shows heights
between 40 μm and 70 μm. In one test, nearly all fragments were expelled from the contact,
while in another test a large cluster of side length 3.8 mm formed, see Figure 13c. This
cluster had a height of 40 μm at the edges and 140 μm at its centre in the Alicona scan,
see Figure 13d. The observed behaviour, including a high spreading of fragments, is in
accordance with the results from the first breakage test.

(a) photo of lower plate (b) Alicona scan of lower plate

(c) photo of lower plate (d) Alicona scan of lower plate

Figure 13. Example result for high load testing of GB sand under dry conditions.

The corresponding tests for AT sand under dry conditions showed larger sized clusters
of solidified sand fragments in 4 of 5 tests. A typical result of the high load tests can be seen
in Figure 14. This cluster has side length of about 3 mm and showed a height of 70 μm at
the edges and 140 μm at its centre in the Alicona scan. In one test, several smaller clusters
formed. These results are in accordance with the low amount of spreading of AT sand seen
in the first breakage testing.
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(a) photo of lower plate (b) Alicona scan of lower plate

Figure 14. Example result for high load testing of AT sand under dry conditions.

Under a wet condition, both types of sand showed typically only one big cluster
of solidified sand powder, see Figures 15 and 16. This is again in agreement with the
initial breakage results presented, where the least spread of fragments was seen under
wet conditions for both types of sand. The cluster of GB sand shown in Figure 15 had a
side length of 4.4 mm and a height between 100 μm and 220 μm. In contrast, the cluster
of AT sand shown in Figure 16 was much smaller with a side length of about 3 mm and
heights between 60 μm and 160 μm. For both types of sand, one test existed, where the sand
fragments seemed to have drifted in the applied water drop and no cluster was formed.
In this study, no detailed analysis of the formed cluster’s shape is conducted. Because of
the described variations in the results and because of the low number of conducted high
loading tests, no reliable conclusions could be drawn from such an analysis.

(a) photo of lower plate (b) Alicona scan of lower plate

Figure 15. Example result for high load testing of GB sand under wet conditions.
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(a) photo of lower plate (b) Alicona scan of lower plate

Figure 16. Example result for high load testing of AT sand under wet conditions.

To further investigate the formed clusters’ surface, SEM images were taken from
solidified fragments of GB and AT sand. This was an attempt to see if the larger frag-
ments/clusters were composed of connected smaller fragments. Figure 17 shows the
obtained SEM images of one lager solidified cluster and a zoom in of both GB and AT sand.
The zoom in of the GB sand cluster contains a crack, which might have occurred during the
loading test or during preparation of the sample for the SEM imaging. The solidified sand
looks like a solid material, no composition of smaller fragments can be seen on the surface
or within the cracked area. The same holds true for the AT sand, where the zoom in shows
areas of smooth surface alternating with areas of higher surface structure.

(a) (b)

(c) (d)

Figure 17. SEM images of solidified clusters of GB and AT sand after conducting high load tests.
(a) GB sand: large cluster fragment surrounded by glue; (b) GB sand: zoom in; (c) AT sand: large
cluster fragment surrounded by glue; (d) AT sand: zoom in.
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4. Discussion

This study gives new insights in the crushing behaviour of sand grains with the
application of sanded wheel–rail contacts. Sand grains and their fragments are repeatedly
crushed during roll-over. Obviously, adhesion can be improved only by those fragments
which stay in the contact zone, in contrast to those which are expelled during fracture. The
amount of these fragments in the contact zone depends on the type of sand, which differ in
grain size, and the contact conditions (dry vs. wet conditions). Even in the first breakage
tests clear differences were seen in the spreading behaviour of fragments of GB and AT
sand under dry and wet conditions, see Figure 8.

Under realistic service conditions, wheel–rail rolling contact is a rolling-sliding state
involving creepage. In this study, creepage is not considered. In order to separate the
different effects the focus is on pure vertical loading of the sand grains. It is assumed
that there is little influence on the initial breakage by creepage occurring in parallel to the
vertical loading.

When a sand grain is entrained in the wheel–rail contact, it will be crushed, with
its fragments spreading out. In the conducted initial breakage tests, differences in the
spreading behaviour for both types of sand and dry or wet contact conditions were seen.
This breakage-spreading process happens repeatedly for those fragments which stay in
the running band. Under the extremely high loads in the wheel–rail contact, the sand
fragments in the contact zone form clusters, as it was seen in the conducted high load
crushing tests. In these tests, the amount of fragments/cluster size depend again on the
type of sand, which differ in grain size, and the contact condition, see Figures 13–16. Under
the applied high load, the clusters reached a typical thickness in the order of 100 to a 220 μm.
Under such extreme loading conditions these sand clusters seem to behave like a solid
with certain elasto-plastic material behaviour. For example, Figure 15 shows a cluster with
cracks growing form the border towards the centre, which would be a result expected from
crushing a solid elasto-plastic material. The clusters’ solid-like behaviour is also confirmed
by the SEM images shown in Figure 17 revealing that the clusters are obviously not a loose
conglomerate of smaller fragments.

It is expected that these solid-like sand clusters are encapsulated between wheel and
rail surfaces. The huge local stresses in their vicinity are likely to cause plastic deforma-
tions and thus change the surface roughness of wheel and rail. This assumption was
indirectly confirmed by the high load crushing tests. For example, in the Alicona scans in
Figures 15 and 16 there are indentations around the clusters with a depth in the order of
20–40 μm. These indentations stem from previous tests, as the same upper and lower plate
made of hardened steel were used for all tests.

To summarise, this work supports the assumption that the positive effect of sand
on the friction in the wheel–rail interface under low adhesion conditions comes about as
follows. Dependent on the type of sand and the contact condition, in sanded wheel–rail
contacts sand clusters of different size will form. These clusters will be encapsulated
between wheel and rail surface, they become plastically deformed and will also plastically
indent into the wheel and rail surfaces causing some kind of form-closure effects. Under
slip conditions, the relative motion between wheel and rail could occur (i) at the border
between the sand cluster and the wheel and rail surfaces, (ii) in shear bands within the
sand cluster or (iii) a combination of both.

The described behaviour and the results from the breakage tests can be related to
some extent to the sand’s influence on the adhesion coefficient in HPT tests, see Figure 2.
Under dry conditions, GB sand leaves the AC mostly unchanged, while a clear reduction
in the AC can be seen for AT sand. Under wet conditions, both types of sand increase
the measured AC, while this effect is more pronounced for GB than for AT sand. For AT
sand the ACs obtained under dry and wet conditions are similar—with the AC under dry
conditions being slightly higher than that obtained under wet conditions.
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One hypothesis to explain these measured ACs in the HPT tests is: If there is enough
sand in the contact, then the AC will be determined by the shearing behaviour of the
formed sand clusters.

For GB sand under dry conditions, it seems likely that large part of the initial mass
of GB sand is expelled from the HPT test. This is supported by the initial crushing tests,
see Figure 8a, and also by most results of the high loading tests, see Figure 13. If only little
amounts of sand fragments are present during the HPT tests, this will explain why the
measured AC for GB sand is close to the unsanded case.

For GB sand under wet conditions, the conducted high loading tests showed large
clusters of sand formed, Figure 15, which will increase the AC in the way described above.

For AT sand, dry and wet contact conditions gave similar results: the initial crushing
tests showed that nearly all fragments stayed in the contact zone, see Figure 8b, and in
the high load tests large clusters formed, see Figures 14 and 16. It seems likely that the
shearing behaviour of these clusters determines the measured AC values and thus give
similar results both under dry and wet conditions. Compared to the unsanded case, under
dry conditions the AT sand can be thought as dry lubrication, reducing the AC. In contrast,
under wet conditions it increases the AC compared to the unsanded case.

It is an open question, why under wet conditions GB sand increases the AC more
than AT sand does. On the one hand, it could be related to GB sand’s larger initial grain
size which leads to larger clusters in the high loading tests. On the other hand, also other
properties of the sand types can be expected to influence the measured AC.

Based on the results of this study future tests are planned: small scale shear-box
experiments should give information about the shearing behaviour of solidified clusters.
This is important for the physics-based models to be developed.
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Abstract: Flash−butt welded rail is widely used in railway transportation; however, the welded joint
is vulnerable after a long time of service, and its damage mechanism is controversial. Here, tensile
and reciprocating friction tests were carried out to analyze the mechanical and tribological behaviors
between the welded joint and the base metal of a U75VG rail. The results show that flash−butt
welding promotes the pearlite to transform into ferrite, leading to a relatively low hardness value but
high plasticity. In addition, the yielding and strength of the all−weld−metal specimen are 385 MPa
and 1090 MPa, respectively, which are about 24.51% and 7.63% lower than that of the base metal
specimen. It is worth noting that the elongation of the all−weld−metal specimen is 57.1% higher
than that of the base metal specimen, and more dimples and tearing ridges can be detected on the
fracture morphology of the all−weld−metal specimen, while the fracture morphology of the base
metal specimen is filled with shallow dimples and cleavage planes. Moreover, the weld metal has
a relatively higher COF (coefficient of friction), and its fluctuation amplitude is 1.25 times higher
than that of the base metal, which is due to the rougher worn surface. Furthermore, the introduction
of flash−butt welding changes the wear mechanism of the U75VG rail from adhesive wear and
oxidation to fatigue wear and slight oxidation, and ultimately leads to more serious damage.

Keywords: U75VG rail; flash−butt welding; mechanical property; tribological behavior; damage
mechanism

1. Introduction

The key role of the railway transportation site is the rail, which, in normal service,
guarantees train guidance, traction, and braking. A continuous welded rail makes the
high−speed and heavy axle load of the train develop rapidly, leading to the need for
higher welding quality. Currently, most rail manufacturers use flash−butt welding [1],
and flash−butt welded rails are widely used in railway transportation. However, the
welded joint becomes vulnerable with long−time service, and its damage mechanism is
controversial [2]. Moreover, the microstructure and characteristics of welded rail joints are
greatly different from those of the base metal, resulting in crushing, fracture, and bending
deformation of the welded joints [3–6]. In other words, the failure of the welded rail
joints will lead to abnormal contact between the wheel and rail. Subsequently, the vertical
acceleration of the train suddenly increases, affecting passenger comfort and endangering
traffic safety [7].

At present, much of the research has focused on the damage mechanism of a rail’s
flash−butt welded joints. On the one hand, some scholars have tested the performance of
treated rail and analyzed the microstructure evolution, mechanical properties, and fatigue
fracture mechanisms of laser shock peening and corrosive environments [8,9]. On the other
hand, there are other scholars who established finite element models of welded rail joints
based on different working conditions, to simulate damage behavior. A significant body of
research results show that factors, such as vehicle speed, axle load, joint height, residual
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stress, and rail roughness, have great influence on the plastic deformation, crack behavior,
and stress–strain behaviors of welded rail joints [10–13]. Zhao et al. [14] studied the sig-
nificant stress concentration in welded rail joints due to the impact effect. Their research
showed that the distribution of an equivalent plastic strain in weld metal, heat−affected
zones, and base metal is uneven during wheel–rail rolling contact. Xu et al. [10] pointed out
that the maximum load on welded rail joint during wheel–rail rolling contact is 4–12 times
that under quasi−static conditions, and the maximum contact pressure, maximum equiva-
lent stress and equivalent plastic strain increase with the train axle load and the running
speed. They obtained the mechanical parameters of welded rail joint by static tests, modi-
fied the rail dynamic constitutive finite element model, and obtained the simulation results
of welded rail joint in wheel–rail rolling contact. Prakash et al. [15,16] also stated that the
friction between wheel and rail increases with the adhesion coefficient, the increase of
stress intensity factor leads to an increase of crack enlargement and the fatigue life decrease
with weld length. This conclusion is obtained by simulating the crack behavior of rail
under different working conditions. Besides, welded rail joint is the easy failure part due
to defects such as structural changes, inclusions, and pores [17]. Thus, welded rail joint
is more prone to collapse, fracture, serious wear, and other damage problems resulting in
continuous welded rail appearing irregularly.

And besides, two−point contact of the wheel–rail is likely to occur when the train
passes through the curved section. Sliding friction occurs between the wheel rim and rail
head side, resulting in the frictional shear stress on the rail will be significantly higher than
that in rolling contact [18]. Based on current research, few reports are on the reciprocating
friction test of rail weld joints, and carrying out tribological tests of welded rail joint is of
great significance.

In this paper, the reciprocating friction and wear test of U75VG rail weld metal and
base metal was carried out. Focusing on the microstructure, mechanical properties, and
surface damage behavior of weld and base metal reveals the damage mechanism.

2. Experimental Details

2.1. Experimental Materials

The U75VG is usually used for high−speed trains in China. In this paper, the U75VG
welded rail joint was conducted by a flash−butt welding machine. In order to rail weld
joint with good quality, the welding process parameters are selected, as shown in Table 1.
The specimens of tensile and tribological tests were extracted from the welded rail joint
and the base metal (head of U75VG rail, shown in Figure 1).

 
Figure 1. Sample position with (a) tensile specimens and (b) tribological specimens.

GCr15 steel balls (GB/T18254−2002) with a diameter of 6 mm and surface roughness
(Ra) of 0.04 mm were used as the counter−bodies, and the chemical element content is
shown in Tables 2 and 3, respectively. All the tests were repeated three times for the same
test parameter to reduce inevitable errors and ensure the reliability of the test results.
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Table 1. Welding process parameters.

upset force/KN 35
upset length/mm 10.5
welding time/s 85–95

burning speed (mm/s) 13.5–15.5
clamping length/mm 130–150

weld width/mm 20–25
input heat/MJ 8.6

Table 2. Chemical composition of U75VG rail (wt.%).

C Si Mn S P V

0.71~0.8 0.5~0.8 0.7~1.05 ≤0.03 ≤0.03 0.04~0.12

Table 3. Chemical composition of GCr15 steel ball (wt.%).

C Si Mn Cr Mo S/P Ni + Cu

0.95~1.05 0.15~0.35 0.25~0.45 1.45~1.65 ≤0.1 ≤0.025 ≤0.5

2.2. Experimental Method

The tribological test was conducted on a self−made, multi−functional friction and
wear testing machine (UNT−3, shown in Figure 2a), and the load, frequency, and duration
time of the friction test were 10 N, 2 Hz, and 3 h, respectively. The experiment was
conducted in an atmospheric environment (T = 25 ◦C, RH = 60%). The specimens were
cleaned using an ultrasonic cleaner before and after the test. The tensile test by the tension–
torsion multi−axis electric servo fatigue testing machine (Walter + BaiLFV−100−HH,
100 KN) and the size of tensile test specimens are shown in Figure 2b.

 
 

Figure 2. (a) Structure diagram of reciprocating friction and wear test bench, dimensions, and contact
configuration of rail and GCr15 steel ball specimens, (b) size of tensile test specimens.

The specimens were prepared by polishing and etching in a 4% nitric acid and alcohol
solution. Then, the microstructure on the cross−section was observed using an optical
microscope. The nano−indentation tests on the cross−section were analyzed on a nano
indenter using a Berkovich diamond indenter with a constant loading–unloading rate of
30 mN/min. The surface morphologies were observed with a scanning electron micro-
scope, and components of the worn surface were detected through energy−dispersive
spectroscopy. The 3D topographies and surface roughness were observed with a white
light interferometer.

3. Results

3.1. Microstructure and Mechanical Characteristic

Figure 3 displays the microstructure of weld and base metals of a U75VG rail. There
are significant differences between the weld and base metals. The length of the weld
metal is about 200 μm and has a large amount of ferrite (Figure 3a), and the Figure 3b,c
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are the enlarged graph of the Figure 3a, respectively. According to field test and finite
element simulations [2,17,19,20], the temperature value differs in different regions in the rail
welding process, and the temperature of the weld metal will exceed 1000 ◦C, resulting in the
pearlite transforming into austenite. Moreover, for weld metals, the austenite decomposes
into pearlite and ferrite during cooling. Thus, the weld metal has a large amount of
ferrite; however, the temperature of the heat−affected zone and base metal does not exceed
Ac3, resulting in a significant reduction in the amount of ferrite in the heat−affected
zone (Figure 3a), with the main microstructure in the base metal being lamellar pearlite
(Figure 3c). Simultaneously, the temperature, grain growth rate, and nucleation rate in
different regions of the weld metal pool are not very different, leading to the ferrite in the
weld center being more uniform [21]. In any case, to confirm that the microstructure of the
base metal of about 500 μm is not affected too much by welding, it is found that the base
metal of about 500 μm is the same morphology as 20 cm from the weld zone (Figure 3c,d).

 
Figure 3. Microstructure of U75VG rail of (a) welded joint, and (b) weld metal, (c,d) base metal.

Figure 4 shows the nano−scale hardness, elastic modulus, and load−displacement
curves of the weld and base metals. The nano−scale hardness value of the weld metal is
significantly lower than that of the base metal, and the elastic modulus of the weld metal is
slightly lower (Figure 4a), while the indentation deformation of the weld metal is slightly
higher (Figure 4b). This is mainly the recrystallization during the welding process leading
to a significant change in the proportion of deformed grains, sub−structure grains, and
recrystallized grains [22,23]. It is worth noting that the hardness of ferrite is lower than
that of pearlite, whereas the toughness is better. Simultaneously, the proportion of ferrite in
weld metal is significantly higher (Figure 3b), while the base metal is mostly composed of
lamellar pearlite (Figure 3c,d). For the record, the high proportion of ferrite in weld metal,
resulting in the deformation displacement of weld metal in the holding and unloading
stage, is higher than that of the base metal (Figure 4b).

Figure 5 shows the stress–strain curves of the welded rail joint specimen and base
metal specimen. The yield and tensile strength values of the all−weld−metal specimen
are 385 MPa and 1090 Mpa, respectively, which is about 24.51% and 7.63% lower than that
of the base metal specimen. In addition, the elongation of the all−weld−metal specimen
is 57.1% higher than that of the base metal specimen. This is not surprising since the
all−weld−metal specimen has a strong undermatching in the weld region, as clearly
indicated by hardness measurements. Similar behavior has also been reported for the
welded joints with a strong undermatching in the weld region, such as friction stir−, laser−,
or electron−beam−welded Al−alloys [24–32]. Undoubtedly, the variation trend of stress–
strain curves is closely related to the microstructure of the specimens. The ferrite number at
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welded rail joints increases significantly (Figure 3a), resulting in lower strength but better
plasticity (Figure 4). In other words, the yield and tensile strength of the all−weld−metal
specimen is low, but the plasticity is relatively better.

  
(a) (b) 

Figure 4. Mechanical characteristic of U75VG rail of (a) nano−scale hardness and elastic modulus,
and (b) load−displacement curves.

 

σ σ

σ

σ

Figure 5. The stress–strain response curves with all−weld−metal and base metal specimens.

3.2. Fracture Morphology

Figure 6 shows the tensile fracture morphology of all−weld−metal and base metal
specimens. On the whole, the two specimens are divided into smooth and rough zones
(Figure 6a,d), and the Figure 6c,f are the enlarged graph of the Figure 6b,c, respectively.
Simultaneously, more dimples and tearing ridges can be detected on the fracture mor-
phology of the all−weld−metal specimen (Figure 6b,c), while the fracture morphology of
the base metal specimen is filled with shallow dimples and cleavage planes (Figure 6e,f).
Obviously, the fracture mode of the all−weld−metal specimen is mainly plastic fractures,
while the base metal specimen is a typical brittle fracture. This phenomenon is due to the
low strength and good plasticity of the all−weld−metal specimen (Figure 4b), and the
higher plasticity makes the material break later [33].
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Figure 6. Fracture morphology of the tensile specimens of (a–c) all−weld−metal, and (d–f) base
metal specimens.

3.3. Coefficient of Friction

Figure 7 shows the COF (coefficient of friction) time−varying curves of the weld and
base metal specimens during a reciprocating tribological test. In general, the COF shows
a slow upward trend as the number of cycles increase, following which the coefficient of
friction tends to be stable (the number of cycles increased to 15,000). In the stable stage, the
average COF of the weld and base metal specimens are 0.5 and 0.45, respectively. Moreover,
the weld joint has a relatively higher COF, and its fluctuation amplitude is 1.25 times higher
than the base metal. It is mainly the hardness value of the base metal that is relatively
high, and the wear mechanism does not change significantly during the cycle, resulting in
a relatively more stable COF.

 
Figure 7. Time−varying curves of coefficient of friction with weld and base metal specimens.

3.4. Surface Damage Morphology

Figure 8 shows three−dimensional surface topographies of a weld metal, base metal,
and GCr15 steel ball (tribological pair specimens). The obvious ploughing and peeling
pit can be observed on the worn surface, and the ploughing is deeper than that of the
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base metal (Figure 8a,b,e). A two−dimensional, cross−sectional profile comparison shows
that the weld metal’s maximum wear depth is 9.1 μm, while the base metal’s is 6 μm
(Figure 8e). Moreover, ploughing can be observed on the worn surface of the GCr15 steel
ball (Figure 8c,d), and the cross−section width of the weld metal pair is relatively small
(Figure 8f). The hardness value of the weld metal is relatively lower, resulting in a decrease
in the material removal effect of the tribological pair steel ball, and the wear width of
the tribological pair steel ball is relatively narrower. For the record, the wear debris, as
the third body medium at the friction interface, will aggravate the damage of the worn
surface, resulting in ploughing appearing on the worn surface of the rail and the GCr15
steel ball [34,35].

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

μ

μ

Max μ

Max μ

μ

μ

~1233.57μm

~1191.95μm

Figure 8. Three−dimensional topographies of the worn surface of (a,c) weld metal specimen and
GCr15 steel ball, (b,d) base metal and GCr15 steel ball, cross−section profiles of worn surface of
(e) rail and (f) GCr15 steel ball.

In order to reveal the damage mechanism of the weld metal and base metal, the surface
damage morphology is shown in Figure 9, and the Figure 9b,h are the enlarged graph of the
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Figure 6a,g, respectively. In Figure 9a,b, the worn surface of the weld metal is uneven; there
are obvious cracks and serious delamination characteristics, and the ploughing is narrow
and deep. The worn surface of the base metal is relatively flat, and no obvious peeling
pits are observed, but there are obvious friction films and many adhesions (Figure 9g,h).
Moreover, there is no obvious difference in the content of iron and carbon between the weld
and base metals (Figure 9d,e,j,k), while the oxygen content in the base metal is higher than
that in the weld metal (Figure 9f,i and Figure 10). In addition, the damage to the weld metal
is mainly fatigue wear, while the base metal is adhesive wear. Due to the hardness value of
the weld metal being relatively lower, the external force causes plastic deformation of the
material, and microcracks form after plastic depletion. Thus, the continuous penetration of
microcracks leads to delamination characteristics of the worn surface [36]. On the contrary,
the hardness value of the base metal is relatively higher and the friction film phenomenon
occurs at the initial friction stage due to the increase in temperature, which results in the
friction film of the base metal protecting the worn surface and the relatively flat surface
is more conducive to the adhesion of the oxide film. However, as the friction continues,
the friction film is broken and mixed with the wear debris to form the third medium in the
friction interface, resulting in wide and shallow ploughing characteristics that will appear
in the later stage of friction [34,35]. Subsequently, the surface damage of the weld metal is
more serious than that of the base metal, and the wear resistance is worse.

 
Figure 9. SEM and EDS map of the worn surface of (a–f) weld metal, (g–l) base metal specimens.
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Figure 10. Element content on worn surfaces of weld and base metal specimens.

4. Discussion

Generally, the damage of the weld metal and base metal is related to friction and
contact states. Figure 11 displays the initial and stable friction stage. It is well known that
the two specimens each contact other specimens which will produce deformation, and the
contact spot area is mainly determined by the hardness of the rail material as the friction
pair material tested is the GCr15 steel ball. The welding process causes the microstructure
of materials to change (Figure 3), resulting in the hardness value of the weld metal being
relatively lower (Figure 4a). Therefore, the deformation of the softer weld metal (Figure 4a)
is relatively larger, but in the GCr15 steel ball it is relatively smaller, resulting in a smaller
contact spot area and deeper wear (Figure 8e,f). At the initial friction stage, the weld
metal specimen with better plasticity (Figures 4b and 6) produces greater deformation,
and the debris on the worn surface does not easily to fall off, resulting in the worn surface
to be rougher (Figure 9a,b). Moreover, the lamellar debris of the weld metal induced by
delamination wear is directly involved in friction, resulting in a higher average COF and
friction force [37] (Figures 7 and 11a,b). However, the yield and tensile strength values of
the all−weld−metal specimen are 385 MPa and 1090 MPa, respectively, and the elongation
of the all−weld−metal specimen is 57.1% higher than that of the base metal specimen
(Figure 5). Thus, the base metal has poor plasticity and a higher hardness value and yield
strength (Figures 4–6), resulting in a relatively flat worn surface (Figure 9g,h).

 
Figure 11. Schematic diagram of (a) friction force and damage mechanism of (b), (c) initial friction
stage and (d,e) stable friction stage.
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As the same time, the friction film appears on the worn surface of the base metal due
to the increase in temperature, and the friction film plays a protective role (Figure 11c),
resulting in the COF and its fluctuation amplitude being relatively lower [38] (Figure 7).
As the friction progresses, the friction film mixes with wear debris to form a third body
medium which participates in the friction (Figure 11e). As shown in Figure 9, there is no
obvious difference in the content of iron and carbon between the weld and base metals
(Figure 9d,e,j,k), while the oxygen element of the obviously base metal increases (Figure 9f,l).
This phenomenon shows that the weld and base metals will produce debris peeled from the
material during the wear process, while the worn surface of the base metal occurs due to the
obvious oxide film. It has been found that the debris at the friction interface is embedded
in the dual surface and they interlock with each other, resulting in ploughing on the contact
surface [39]. Thus, there are obvious ploughing characteristics on the worn surface of the
GCr15 steel ball (Figure 8d). In the stable friction stage, the oxide film on the worn surface
of the base metal is continuously generated and removed to achieve a dynamic balance, and
the oxide film on the surface of the base metal reduces damage (Figure 9g,h and Figure 11e),
leading to the COF and its fluctuation amplitude being relatively lower [38] (Figure 7).
Obviously, the weld metal has better plasticity, but the hardness and yield strength values
are lower than that of the base metal (as shown in the Figures 4 and 5), and the friction
force and fluctuation amplitude are relatively lager, resulting in more serious damage of
the weld metal than the base metal (Figures 8 and 9). In the tensile test, the more dimples
and tearing ridges that can be detected on the fracture morphology of the all−weld−metal
specimen (Figure 6b,c), the relatively larger deformation production of the weld metal
during friction. Therefore, during the friction and wear process, the material deformation
of the weld metal is relatively larger and obviously removed, and the worn surface appears
with deeper ploughing and thicker accumulation layers (Figure 9a,b and Figure 11d). In
short, the damage mechanism of the weld metal is mainly fatigue wear, and the base metal
is mainly adhesive wear.

5. Conclusions

The tensile and tribological tests were conducted on the tension–torsion multi−axis
electric servo fatigue testing machine and self−made multi−functional friction and wear
testing machine, respectively. The fracture morphology and surface wear behavior of the
weld metal and base metal rails were studied by their microstructure, hardness, yield
and tensile strength, elongation, coefficient of friction, and element content on their worn
surfaces. The following conclusions can be drawn:

(1) The length of the weld metal is about 200μm and has a large amount of ferrite, while
the base metal is lamellar pearlite and no obvious ferrite was observed, leading to a
significantly higher nano−scale hardness value. Simultaneously, the high proportion
of ferrite in the weld metal results in higher plasticity than that of the base metal.

(2) The yielding and strength of the welded specimen are 385 MPa and 1090 MPa, respec-
tively, which are about 24.51% and 7.63% lower than that of the base metal specimen.
More dimples and tearing ridges can be detected on the fracture morphology of the
all−weld−metal specimen, while the fracture morphology of the base metal specimen
is filled with shallow dimples and cleavage planes.

(3) The all−weld−metal specimen has a relatively higher COF, and its fluctuation ampli-
tude is 1.25 times higher than that of the base metal specimen, which was due to the
rougher worn surface. In the stable stage, the average COF of the all−weld−metal
and base metal specimens are 0.5 and 0.45, respectively.

(4) The introduction of flash−butt welding will change the wear mechanism of the
U75VG rail from adhesive wear and oxidation to fatigue wear and slight oxidation,
leading to slighter wear damage. Therefore, the worn surface of the weld metal is
uneven; there are obvious cracks and serious delamination characteristics, and the
ploughing is narrow and deep, while the worn surface of the base metal is relatively
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flat and no obvious peeling pits are observed, and there are obvious friction films and
many adhesions.
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