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Abstract: This research aims to introduce and examine a new type of polynomial called the A,
Legendre-Appell polynomials. We use the monomiality principle and operational rules to define the
Ay, Legendre-Appell polynomials and explore their properties. We derive the generating function
and recurrence relations for these polynomials and their explicit formulas, recurrence relations, and
summation formulas. We also verify the monomiality principle for these polynomials and express
them in determinant form. Additionally, we establish similar results for the Aj, Legendre-Bernoulli,
Euler, and Genocchi polynomials.

Keywords: A, sequences; monomiality principle; Legendre—Appell polynomials; explicit forms;
determinant form
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1. Introduction and Preliminaries

Complex system behavior has been modeled and described by special polynomials
in a variety of domains, including quantum mechanics and statistical mechanics. These
unique polynomials have also been used to describe and analyze complex systems in a
number of other domains, such as quantum mechanics and statistics. Polynomial sequences
are indispensable in several branches of mathematics, such as algebraic combinatorics,
entropy, and combinatorics. The Legendre, Chebyshev, Laguerre, and Jacobi polynomials
are a few examples of polynomial sequences that are solutions to particular ordinary
differential equations in approximation theory and physics. Legendre polynomials are a
class of orthogonal polynomials with important applications in physics and mathematics.
The French mathematician Edmond Legendre, who first introduced them in the 19th
century, is the reason behind their name. The Legendre differential equation, a second-
order linear differential equation, has solutions that lead to the Legendre polynomials.
They are often represented as S, (1) [1], where 7 is a non-negative integer that denotes the
degree of the polynomial. They are defined on the interval [0, +o0). There are numerous
noteworthy characteristics of Legendre polynomials: On the interval [0, +c0), the Legendre
polynomials form an orthogonal set with regard to the weight function e™*. This indicates
that, with the exception of situations in which the polynomials have the same degree,
the integral of the sum of two distinct Laguerre polynomials with the weight function
equals zero. Moreover, the Legendre polynomials satisfy a recurrence relation, enabling
the computation of higher-degree polynomials from lower-degree ones. This characteristic
helps with efficient polynomial generation and numerical computations. Furthermore,
the generating function of these polynomials permits the expansion of some functions
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into a sequence of Legendre polynomials. This characteristic helps in differential equation
solving and yields closed-form solutions. Application areas for the Legendre polynomials
include the solutions of the Schrodinger equation for the hydrogen atom and other quantum
systems with spherical symmetry in mathematics, physics, and engineering. Furthermore,
issues involving diffusion equations, wave propagation, and heat conduction give rise to
these polynomials.

Mathematical physics two-variable special polynomials have been the subject of much
recent research. A class of polynomials known as two-variable special polynomials has
certain attributes, for example, [2,3]. They have numerous uses in mathematics and other
fields and are frequently researched in the area of algebraic geometry. Bivariate Chebyshev,
Hermite, Laguerre, and Laguerre polynomials are a few notable examples of two-variable
special polynomials. They are widely used in signal processing, numerical analysis, and
approximation theory. Bivariate Chebyshev polynomials are symmetric polynomials with
applications in least squares fitting and interpolation. Hermite polynomials of two variables
have applications in quantum mechanics, statistical mechanics, and waveguide theory.
Bivariate Hermite polynomials are often used in the study of harmonic oscillators in two
dimensions. Bivariate Legendre polynomials are a two-variable extension of the Legendre
polynomials. They satisfy a bivariate analogue of the Legendre differential equation and
have applications in quantum mechanics, potential theory, and random matrix theory.
Bivariate Legendre polynomials are particularly useful in studying the behavior of systems
with two degrees of freedom. These polynomials satisfy a certain orthogonality condition
with respect to a weight function and are thus extensively studied in mathematical physics,
probability theory, and approximation theory. The significance of these two-variable
special polynomials lies in their usefulness in solving problems in various mathematical
and scientific domains. They provide a rich framework for expressing and analyzing
multivariate functions and have specific properties that make them suitable for specific
applications. It is well known that huge classes of partial differential equations, which
are frequently encountered in physical issues, can be solved analytically by innovative
methods made possible by the special polynomials of two variables. The two-variable
Legendre polynomials S, (1, v) [4] are of enormous mathematical significance and have
applications in physics, which makes their introduction intriguing.

The two-variable Legendre polynomials (2VLeP) S, (1, v) are specified by means of
the following generating equation:

o w
FEho2eV1) = Y Sulno)S, 0
w=0 :
where Jo(u¢) is the Oth order ordinary Bessel function of first kind [5] defined by
2v
S (\f )w+
2 7. 2
also note that "
_ _ u
exp(—7D, ") = Jo(2vm),  Dy¢{1}=— ®)
is the inverse derivative operator.
Or, alternatively, by
) Cw
e Cy(—u?) = Z 4)

where Cy(u¢) is the Oth order Tricommi function of the first kind [5] with

Co(—ug?) = P, 5)
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Thus, in view of Equation (3) or (5), the generating expression for Legendre polynomials
can be cast as:

00 w
o eD,Tléz = Z Se (1, U)Q' (6)
w=0 w

Very recently, a large interest has been shown by mathematicians to introduce Aj, forms
of special polynomials. Some extensions of the special polynomials were studied in [1,5-10].
After that, by using the classical finite difference operator A, a new form of the special poly-
nomials, known as the A, special polynomials of different polynomials, were introduced
in [11,12]. These A}, special polynomials have been studied because of their remarkable
applications in different branches of mathematics, physics, and statistics.

These A, Appell polynomials are represented as:

All(u) = Aw(n), w €Ny @)

and defined by i
{0} = woh by a(w), weN, ®)

where Ay, is the finite difference operator:
WNHP (1) = H(u + h) — H(u). ©)

The Ay, Appell polynomials A, (1) are specified by the following generating function [12]:

Y@+t = Y Al (10)
w=0 :
where o g
')'(é) = Z 'Yw,har Yon 7"é 0. (11)
w=0 :

Therefore, motivated by the results in [4,11-13], here we introduced the two-variable
Ay, Legendre—Appell polynomials:

-1
Dy
h

HOA+HTA+1)E = 3 oall(0,0)E 12)

w=0

through the generating function concept.

This article is designed as follows: Section 2 discusses how the Legendre—-Appell poly-
nomials are generated and explores recurrence relations that govern their behavior. Section
3 presents formulas for summing or evaluating these Legendre—Appell polynomials over
certain ranges or with specific constraints. These formulas can be useful for calculating the
values of the polynomials efficiently. Section 4 discusses the monomiality principle, which
relates to how Legendre-Appell polynomials behave under certain operations. The deter-
minant form for these polynomials is also established. In Section 5, Symmetric identities
for these polynomials are derived. The conclusion section summarizes the findings of the
article and discusses implications, applications, and potential future research directions re-
lated to Legendre—Appell polynomials. Each of these sections likely delves deeper into the
mathematical properties and characteristics of Legendre-Appell polynomials, providing
insights into their behavior and utility in various mathematical contexts.

2. Two-Variable A;, Legendre—Appell Polynomials

The significance of this section lies in its exploration of a novel class of two-variable
Aj, Legendre-Appell polynomials and its establishment of essential properties associated
with them. The research expands the existing knowledge base and opens doors to new
avenues of inquiry within polynomial theory and its applications.

The construction of the generating function for these Aj, Legendre—Appell polynomi-

als, denoted as SAH:] (u,v), marks a crucial step forward in understanding the behavior
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oy {0+ ROF L+ 1) = (@) (1-410)F (14 1) -

and properties of these polynomials. Generating functions serve as powerful tools in
combinatorics, analysis, and mathematical physics, providing insights into the structure
and properties of sequences and functions. By proving the existence and constructing the
generating function for Aj, Legendre-Appell polynomials, this section lays the foundation
for further exploration of their properties, such as orthogonality, recurrence relations, and
special function identities.

Moreover, by establishing a connection between the A;, Legendre-Appell polynomials
and their generating function, this research contributes to the broader mathematical com-
munity’s understanding of polynomial families and their applications. The traits listed in
this section provide valuable insights into the unique characteristics and behaviors of these
polynomials, paving the way for their utilization in various mathematical and scientific
domains. Overall, this section represents a significant advancement in polynomial theory,
offering fresh perspectives and potential applications that warrant further investigation and
exploration. First, we prove the following conclusion to construct the generating function

for these Aj, Legendre—Appell polynomials SAL}}] (u,v) by proving the following result:

Theorem 1. For the two-variable A;, Legendre—Appell polynomials SAL’}] (u,v), the succeeding
generating relation holds true:

_ 2 Al (1, 0)& 13)

w!

V@) +hE)F (1+hg?)

w=0

—1
Proof. By expanding (&) (1 + hE)F (1 + th)% atu = v = 0 for finite differences by a
Newton series and the order of the product of the developments of the function (#)(1 +

—1
hE)i (14 h@’z) ~i~ with respect to the powers of &, we observe the polynomials SA[ ] (u,0)
expressed in Equation (13) as coefficients of éw as the generating function of two-variable

Aj, Legendre-Appell polynomials SAL]( u,v ) O

Theorem 2. For the two-variable A;, Legendre—Appell polynomials SAB}] (u,v), the succeeding
relations hold true:

Uih SAH;] (u,v) =w SAL}:]A(”" v) (14)
“:h SAE,I](u, v) =w(w-1) SAB:]—Z(”’ v), D' — . (15)

Proof. By differentiating (13) with respect to v by taking into consideration of expression (5),
we have

OO+ i)

= (1+hg — 1)y (@)(1+hé)’1(1+h€2) (16)
= BE (@) (1+hE)F(1+hg)
By substituting the righthand side of expression (13) in (16), we find
[ [h Cw+1
oA Z sAy (u, v) =h Z AL (u,0) o (17)

w=0

By replacing w — w — 1 in the righthand side of previous expression (16) and com-
paring the coefficients of the same exponents of  in the resultant expression, assertion (14)
is deduced.

Further, on similar grounds, expression (15) is established. [
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Next, we deduce the explicit form satisfied by these two-variable Aj, Legendre-Appell
polynomials gAgj] (1,v) by demonstrating the result:

Theorem 3. For the two-variable Ay, Legendre—Appell polynomials SAL’}] (u,v), the explicit relation
holds true:

Al (0) = - <‘;’> (E) nt A (). (18)

d=0

Proof. Expanding generating relation (13) in the given manner:

v

Fon () Beleols o

d=0

Y@+ he)F (1 +hg?)”

which can further be written as

) cw+d

> oAl - L ; ( ) o () S 20

By replacing w — w — d in the righthand side of the previous expression, it follows
that

00 L()

h e Gl ¢
Y sAy (u,0) Z Z <”> nt Al u)i". (21)
w=0 =0d= ( ) d!

On multiplying and dividing by w! on the righthand side of previous expression (21)
and comparing the coefficients of the same exponents of § on both sides, assertion (18) is

deduced. O

Theorem 4. Further, for the two-variable Ay, Legendre—Appell polynomials SAH}] (u,v), the explicit
relation holds true:

Al (u,0) = Y <‘I‘/’) von ST (u,0). (22)

v=0

Proof. Expanding generating relation (13) in view of expressions (8) and (13) with y(¢) =1
in the given manner:

V@A +hER(1+h Z%h ZS (u, Z))*, (23)
which can further be written as

gw +v

ZSAH(uv Z Z%hS ol (24)

w=0 w=0v=

By replacing w — w — v in the righthand side of the previous expression, it follows that

2 Ahuvéw iZV p s wo)—o (25)
== (w—v)!v!
On multiplying and dividing by w! on the righthand side of previous expression (25)
and comparing the coefficients of the same exponents of ¢ on both sides, assertion (22)

is deduced. [

3. Summation Formulae

This section establishes the summation formulae, or sigma notation, essential in
mathematical analysis. These formulae provide systematic methods for computing sums
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involving special polynomials, facilitating the evaluation of complex expressions encoun-
tered in various mathematical contexts. By leveraging these formulae, mathematicians
can identify patterns and uncover hidden symmetries within polynomial structures, en-
hancing understanding and fostering innovative applications in combinatorics, probability
theory, and mathematical physics. Additionally, the study of summation formulae aids in
developing efficient computational techniques, enabling researchers to address challenging
problems precisely. These expressions concisely represent the sum of a sequence of terms,
providing a convenient way to compute the total of a series of numbers or expressions.
Thus, we demonstrate the summation formulae by proving the following results:

Theorem 5. For w > 0, we have

shld (0 +1) = é <‘;’) <f%>v(fh)V§AB:],v(u,v). 26)
Proof. By (13), we have
£ sallwo+ G - £ oalluof = 1@+ b0+ (a+hoh 1)
- £ sall v)i—@ (—%)V<—h>v¢—2’—1) @

- £ (& (‘;f)(—ﬁ)v<—h> B0) 5 - £ oall o

w=0 \v=0

Comparing the coefficients of ¢, we obtain (26). [

Theorem 6. For w > 0, we have

oy = S (2 _pyeiv(— B (~1) w!
sho (”rv) _1;) Jg ( h)w—zjfv( h)«™ ( h)j( 1)/A|/,h (w—Z]'—V)!(].!)ZV!' (28)
Proof. Using (13), we have
> oAl 0) S = 4@ +he)E 0+ )%
w=0 .
=10 L (—3), (W5 L () (Vi )f]],
w=0 j=0
o v oo (%] w
_ ¢ L v weif U ; z
= V'hWEszo(_ﬂw*Zf(_h) ](_ﬁ)f(_l)](w—zj)!(f!)z
o w9, o _ g
WZ::O,E)];)( h)w—Z/'fl/( ) < h)j( D) Mw = 2j —v)I(j1)2u! @)

Equating the coefficients of ¢, we obtain (28). [
Now, we investigate the connection between the Stirling numbers of the first kind and

two-variable Aj, Legendre polynomials.

M iSl(zv < lgi<t (30)

From the above definition, we have

Zl: VVS1 (i, v)0V. (31)

v=0
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Theorem 7. For w > 0, we have

SAL};](”!U) = f: < ) [ ] (u 0) Evjsl(vrj)hVﬂ"

j=0

Proof. From (13), we have

Y sAll(u,0) S = of o0 (@)1 1) ¥

w=0
il v\/ [log(1 + h¢))/
= ()1 +hg?) Z(ﬁ) o

=0

U

-

—EsAh]MOgig<)51% i—l:

]
w! =

z(;( )anll o, o>):0(h) S1(,)h )5‘”

O

O

Comparing the coefficients of ¢, we obtain the result

Theorem 8. For w > 0, we have

w w—l

sA (1,0) =;th”s% vl

Proof. From (13), we have

¥ ohll(u,0)S = v (@)1 + ) (14 )%
w=0

S o .8
:Eosm(”'o)ag(‘%)ﬁ‘h) o

e (1,0)S1 (v +1,1)0!

(32)

(33)

(34)

BB raen)s e
w=0 \v=0 :
Comparing the coefficients of ¢, we obtain
sl = 32 (V) (5), (-07sly wo) (36)
v=0 v

Using, equality (31) in previous expression, we obtain
sall(u,v) = ()w:( )iy L,Vu0>> (Z( s, l)(—h)lv’>

v=0

w |
:E{)V;i(w f’;/)w( ) sAl | (,0)(—1)7 718, (v, 1)o!
s w! 0 ' !
=) CETESIOE] H(=h)'sAy.,_ (u,0)(=1)"S1 (v +1,1)0". (37)
1=0v=0

This completes the proof of the theorem. [
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Theorem 9. For w > 0, we have

w

g’ mhng[ L wo)Ssiw+LDs.  (38)

w—v—I

w
SA[h (u,v+5s) Z

Proof. Taking v + s instead of v in (13), we have

Y sallwo+9E = 3@+ ) (140 %

w=0
- (Z shi (1,0) f:') (Vi(,‘j)v(wi). (39)

w=0 =0

Using the Cauchy rule and after comparing the coefficients of ¢ on both sides of the
resulting equation, we have

stllwo )= ¥ (V) (=5), (-hreall o) (40)

v=0 v
Then, using (31) for (—%) ,» we obtain (38). [

4. Monomiality Principle and Determinant Form

The monomiality principle is a fundamental concept in polynomial theory. It states
that any polynomial can be expressed uniquely as a combination of simple algebraic
terms called monomials. This representation simplifies the polynomial structure and
facilitates their analysis in various mathematical contexts. The principle plays a crucial
role in practical applications across scientific and engineering fields, such as computational
mathematics, signal processing, and physics, where polynomials are used to model complex
systems and phenomena. This highlights the broad applicability and significance of the
monomiality principle in advancing both theoretical understanding and practical problem-
solving capabilities. The exploration and utilization of the monomiality principle, along
with operational guidelines and other properties of hybrid special polynomials, have
been the focus of extensive study. Originating from Steffenson’s concept of poweroids
in 1941 [14], the notion of monomiality was further elaborated upon by Dattoli [15,16].
Central to this framework are the J and K operators, which serve as multiplicative and
derivative operators, respectively, for a polynomial set gj (11 )y

These operators adhere to the following expressions:

Skr1(u1) = T{ge(u1)} (41)

and X
k gr—1(u1) = K{gx(u1)}. (42)

Consequently, when these multiplicative and derivative operations are applied to the
polynomial set gx(147),,c., they yield a quasi-monomial domain. Of particular importance
is the following formula:

K, J] = —-JKk =1, (43)

which exhibits a Weyl group structure.

Assuming the set {g(u1) }ren is quasi-monomial, the operators J and K can be
leveraged to derive the significance of this set. Thus, the following axioms hold true:

For J and K to exhibit differential traits, g; (1) satisfies the differential equation:

TK{gk(u1)} = k ge(ur). (44)
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The expression

gi(m) = J* {1} (45)
represents the explicit form, with go(u7) = 1 and the expression
7 0 ,wk
(1) = Xt [l <o, 46)

demonstrates generating expression behavior and is obtained by applying identity (45).
In this section, we will discuss the results of our validation efforts. These results aim

to strengthen the reliability and usefulness of the Aj, Legendre—Appell polynomials as

important mathematical tools. As a result, we will be verifying the monomiality principle

for the Aj, Legendre—Appell polynomials SAH,[] (u,v) by presenting the following results:

Theorem 10. The Aj, Legendre—Appell polynomials gAg,'] (u, v) satisfy the succeeding multiplica-
tive and derivative operators:

-1 A
M= [ L 2D, vAthrv(Ah ) )
144y h+ o4, fy(”h )

and
ZJAh

DA = o

(48)

Proof. In consideration of expression (5), taking derivatives with respect to v of expres-
sion (13), we have

+h

B { V(@ +he) 1+ } = (@)1 +h0) (4 ) F 301+ ) (14 h2)
= (1448 = 1@+ )R (1 + k) & 49)

= hE y(&) (1 + he)F (1 + hg2)h

thus, we have

Ch [y @+ 1)1 +0e) ] = g[r@a+ria )], 60
which gives the identity

o2t [sall(w,0)] = efsallw,0)]. Q)

Now, differentiating expression (13) with respect to ¢, we have

’Al}aaé{ ZSA (u, v)gl} (52)

F{r@a+nia )

° o 15 Z A (u,0) Zw A gwl (53)
1+hé 1+h<§2 s !

On the usage of identity expression (51) and replacing w — w + 1 in the righthand
side of previous expression (53), assertion (47) is established.
Further, in view of identity expression (51), we have

220 el 19)] = [ sl 09, >
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Agf] (u,0) =

which gives an expression for the derivative operator (48). [

Next, we deduce the differential equation for the A, Legendre—Appell polynomials
SAL’}] (1,v) by demonstrating the succeeding result:

Theorem 11. The Aj, Legendre—Appell polynomials SAB] (u, v) satisfy the differential equation:

4+
1+ .40,

Proof. Inserting expression (47) and (48) in the expression (44), the assertion (55) is proved. [

_ oA
2Dy By ’Y(hh)—wh>s lu,0) = 0.

h+oBy? () oD

(55)

Next, we give the determinant form of A, Legendre-Appell polynomials SA([EI] (u,v)
in terms of A;, Legendre polynomials st (1, v) by proving the result listed below:

Theorem 12. The A; Legendre—Appell polynomials SA([EI] (u,v) give rise to the determinant
represented by:

1 Sgh] (u,v) S[Zh] (u,v) Sg]_l (u,v) ng] (u,0)
Yo Tk T2, Yw-1,h Yw,h
% 0 Yo,n (%)’Yl,h e (wfl)’waZ,h (Lf)')/w—l,h (56)
(’YO,h) w1 w
0 0 Yo )Yz (5) Vw20
0 0 0 Yo (w27
where 1
Ywh W = 0,1, -are the coefficients of Maclaurin series of 1@
Proof. Multiplying both sides of Equation (13) by =Y o—0Ywh i, , we find
G Al &
ES u,v) Zz%h ,S (u,v)>— ol (57)
w=0v=
which, on using the Cauchy product rule, becomes
] - (w ]
o) = 3 () ohlly o) 58)
v=0

This equality results in a set of v equations with variables S‘[ﬁ] (1,v), where w =0,
1, 2, ---. Solving this set using Cramer’s rule, and exploiting the denominator as the
determinant of a lower triangular matrix with a determinant of (yq;,)**!, while transposing
the numerator and subsequently substituting the i-th row with the (i + 1)-th position for
i=1,2,---,n—1produces the desired outcome. [J

5. Examples

The Appell polynomial family is diverse, spanning various members derived by se-
lecting an appropriate function 7y(&). Each member boasts unique characteristics, including
distinct names, generating functions, and associated numerical properties. These polyno-
mials find applications across numerous mathematical domains due to their versatility and
rich properties. The selection of (&) plays a crucial role in defining the specific polynomial

10
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within the family, allowing for tailored solutions to various problems in mathematics and
physics. Understanding the generating functions associated with these polynomials is
essential for their practical utilization, enabling efficient computation and analysis. In the
following sections, we delve into the intricacies of the generating functions that underpin
the diverse set of Appell polynomials, shedding light on their mathematical elegance and
practical significance in a wide array of applications. The generating function for the A,

Bernoulli polynomials /St[f,'] (v) is given by

log(1 + h&) i

The generating expression for A, Euler polynomials E‘[f,'] (v) is given by

2 (1) = & Jel<n (60)

2 gl
(1+h&)h + & ©)

0 w:!

e

The generating expression for A, Genocchi polynomials Gg’ ] (v) is given by

1 o
2log(1+ h¢)n (1+he)E = E [h]

: )& Jel<n (61)
(1+h@ﬁ+1 w=0 :

For h — 0, these polynomials reduce to the B, (v), Ew(v) and G, (v) polynomials [17].

The Bernoulli, Euler, and Genocchi numbers have found numerous applications in
various areas of mathematics, including number theory, combinatorics, and numerical
analysis. These applications extend to practical mathematics, where these polynomials and
numbers are utilized to solve problems and derive mathematical formulas.

For instance, the Bernoulli numbers appear in various mathematical formulas, such as
the Taylor expansion, trigonometric and hyperbolic tangent and cotangent functions, and
sums of powers of natural numbers. These numbers play a crucial role in number theory,
providing insights into patterns and relationships among integers.

Similarly, the Euler numbers arise in the Taylor expansion and have close connec-
tions to trigonometric and hyperbolic secant functions. They have applications in graph
theory, automata theory, and calculating the number of up/down ascending sequences,
contributing to the analysis of structures and patterns in discrete mathematics.

Moreover, the Genocchi numbers find utility in graph theory and automata theory.
They are particularly valuable in counting the number of up/down ascending sequences,
which involves studying the order and arrangement of elements in a sequence. Therefore,
these Ay, polynomials and numbers of Bernoulli, Euler, and Genocchi play a significant role
in various mathematical domains, allowing for the exploration of mathematical relation-
ships, the derivation of formulas, and the analysis of patterns and structures.

By appropriately choosing the function y(¢) in Equation (13), we can establish the
following generating functions for the A, Legendre-based Bernoulli SIBBL;;](M,U), Euler

SEL’}] (u,v), and Genocchi SGL’}] (u,v) polynomials:

%(1 FRE)EL ) = 20 sall o), ©

ﬁ () E (1 he) % z EM (1, 0) i' 63)
and log(1 + h¢) 2) (1,00 &

hz(]fhm(uh@ (1+hg?) EOSG (o) 5 4

11



Mathematics 2024, 12, 1973

Further, in view of expression (22) and Table 1, the polynomials SIB([‘;:] (u,v), sE,

and SGL’}] (u,v) satisfy the following explicit form:

and

[h] v
SEW (”/ U) - Z

v=0

SEY (u,0) = Y, (f) E, sAl
v=0

[h] v
SG(IJ (u/ ?)) - Z

v=0

w—v

w
<V> B, sA" (1,0),

(u,0)

(“:) GuysA (u,0).

(1]

o (1,0)

(65)

(66)

(67)

Furthermore, in view of expressions (56), the polynomials SIB%E,'] (u,0), SIE‘%] (u,v) and

g((}‘[f}] (u,v) satisfy the following determinant representations:

S]Bg,'](u,v) = (=D

S]Eg'](u,v) = (=D

and

(=D

(1] _
sGo'(u,v) = ———
(vo) ™!

(ro)“ ™

(ro) ™

1

Yo,n

0

1

Yo,h

0

]th] (u,0) th] (u,v)

Y1,n Y2,n
Yon (%) Y1,h
0 Yo,h

0 0

Y1,h Y2,h
Yo,n (%)'Yl,h
0 You

0 0

Ggh] (u,0) Ggh] (u,v)

Y1,n Y2,n
Yo,n (%) Y1,h
0 You

0 0

12

BKZL (u,0)
Yw—1,h

(w;1)7w72,l1

(w;1)7w73,l1
Yo,n
[
ELil (u,0)
Yw—1,h

(w;1)7w—2,l1

(w£1)7w—3,l1
Yo,n

G&Ll(u,v)
Yw—1,h

(wfl)Vw—Z,lz

(wgl)Vw—S,h

Yo,n

BB}] (u,0)
Yw,h
(({])wal,h

((E))"/wfz,h
(w‘il)'Yl,h

IEL’}] (u,v)
Yw,h
(oi])"/w—l,h

((E])"/w—z,h

(w‘i])')/l,h

GL’,'] (u,0)
Yw,h

(“i])"/w—l,h

(‘E])"/w—z,h

(w(il)'h,h

(68)

(69)

(70)
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Table 1. Several members of the Appell polynomials family.

S.No. Appell Polynomials Generating Function A(E)
I The Bernoulli polynomials [11] %e“g: Yoo Bw(u)% A(g) = eéé—l
2

1L The Euler polynomials [11] o= Yoo Ew(u)% A(g) = ee’z+1

ef 41

1L The Genocchi polynomials [11] ézifleuér: Yoo Gw(u)% AE) = X
g T

6. Conclusions

The introduction and exploration of Aj, Legendre—Appell polynomials mark a signifi-
cant advancement in polynomial theory, particularly in quantum mechanics and entropy
modeling. Integrating the monomiality principle and operational rules, these polynomials
offer fresh insights into uncharted mathematical territory. This research provides explicit
formulas and elucidates fundamental properties, deepening our understanding of Leg-
endre polynomials and linking them to established polynomial categories, enriching the
mathematical landscape.

Future research could delve into structural properties and algebraic aspects, uncover-
ing deeper insights and potential applications. Exploring their applicability in quantum
mechanics and mathematical physics may reveal new research directions and practical
implications. Additionally, bridging the gap between mathematical theory and real-world
applications could maximize their potential, especially in statistical mechanics, information
theory, and computational science. Collaborative interdisciplinary efforts could unlock the
full potential of A, hybrid polynomials across diverse domains.

Therefore, introducing and investigating hybrid A;, polynomials represent a significant
milestone, fostering new research avenues and applications in various mathematical and
scientific fields. Continued exploration and collaboration are essential for realizing their
full potential and understanding their broader implications.
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Abstract: Given a sequence of orthogonal polynomials {L, }$°_, orthogonal with respect to a positive
Borel v measure supported on R, let {Q; }7°_, be the the sequence of orthogonal polynomials with
respect to the modified measure r(x)dv(x), where r is certain rational function. This work is devoted

i\ Ax
to the proof of the relative asymptotic formula Q”d)( ) = H (ﬂ;}k) ‘ ]_[ < \(}{) ,on

compact subsets of C \ R, where a; and b; are the zeros and poles of r, and the Ay, B; are their
respective multiplicities.

Keywords: orthogonal polynomials; asymptotic behavior; rational modifications

MSC: 41A60; 42C05; 41A20

1. Introduction

Let y be a positive, finite, Borel measure on R = [0, +00), such that for all n € Z
(the set of all non-negative integers)

= [ du(x) < o M

If there is no other measure ji, such that 7, = / X" dyo(x) for all n € Z., it is said
0

that the moment problem associated with {1, } néz , is determined (see ([1] Ch. 4)). By a
classical result of T. Carleman (see ([1] Th. 4.3)), a sufficient condition in order to the
moment problem associated with the sequence {17, } ez, in (1) to be determined is

L or

2
T @)

We say that the measure y belongs to the class 9 [R.] if {1, }ncz, satisfies (2) and
#' > 0a.e. on R4 with respect to Lebesgue measure.
a(z)
Letr(z) = ——=
B(z)
respective degrees A and B. We say that dy,(x) = r(z)du(z) is a rational modification (for
brevity, modification) of the measure y. Write

be a rational function, where a and p are coprime polynomials with

Ny N,

[Tz —a)%,

i=1 j=1

a(z)
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where a;,b; € C\ R, A;, B € N. A= A +---+ Ay, and B = By + -+ + By,.

We denote by {L, }5_, the sequence of monic orthogonal polynomials with respect
to dp. Assume that {Q, }7 is the sequence of monic polynomials of least degree, not
identically equal to zero, such that

/000 A Qu(x) r(x)du(x) =0, forall k=0,1,2,...,n—1. 3)

The existence of Q, is an immediate consequence of (3). Indeed, it is deduced solving an
homogeneous linear system with 1 equations and 7 + 1 unknowns. Uniqueness follows
from the minimality of the degree of the polynomial. We call Q, the nth monic modified
orthogonal polynomial. In ([2] Th.1), explicit formulas are provided in order to compute
Qn when the poles and zeros of the rational modification have a multiplicity of one.

Suppose that {ﬂz‘},N:ll/ {b]-};.\l:zl C C\ [-1,1]. If p is a positive (finite Borel) measure
on [—1,1], such that y is on the Nevai class 91(0,1), in ([3] Th. 1) the authors prove the
following asymptotic formula

Q,(fl)(z) Ny M A;i No - 1 B;
voo 7 H%0) T e ) - @

j=1

on K C €\ [-1,1]. The notation f, =, f, K C U means that the sequence of functions
fu converges to f uniformly on a compact subset K of the region U, f() denotes the dth
derivative of f,d € Z is fixed and

p(z) =z+Vz2-1 (‘z+\/2271‘ >1, ZGC\[fl,ID.

In [3], the asymptotic formula (4) is pivotal in examining the asymptotic properties of
orthogonal polynomials across a broad range of inner products, encompassing Sobolev-type
inner products

. m 4
i)s = [ fdn+ 1 Ly 19657 @),
. f
where )‘j,i >0,m, dj > 0, p is certain kind of complex measure with compact support
is defined on the real line, and {; represents complex numbers outside the support of
. The authors compare the Sobolev-type orthogonal polynomials associated with this
measure to the orthogonal polynomials with respect to y. These asymptotic results are of
interest for the electrostatic interpretation of zeros of Jacobi-Sobolev polynomials (cf. [4]).
On the other hand, the use of modified measures provides a stable way of computing
the coefficients of the recurrence relation associated to a family of orthogonal polynomials
(see ([5] Ch. 2)) and in [6,7] the interest of the modified orthogonal polynomials for the
study of the multipoint Padé approximation is shown.
For measures supported on [0, +-00) (or (—oo, +-00)) that satisfy the Carleman condition,
G. Lopez in ([8] Th. 4) (or ([8] Th. 3) for (—oo,+0c0)) proves a quite general version of
the relative asymptotic formula (4). In this case, if the modification function, p, is a non-
negative function on [0, +00) in L' (1), such that there exists an algebraic polynomial G and
k € IN for which |G|p/ (1 + x)* and |G|p~" /(1 + x)* belong to L® (), then

Qu(z) _ S(p,C\[0,+00),2)
Lu(z) n S(p,C\[0,+e0),00)

KC @\ [0,+c); ")
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where S(p, C \ [0, +0),z) is the Szegd’s function for p with respect to C \ [0, +0), i.e.,

S(p, €\ [0,49)2) =), 5(2) = 51 [ logp()
S(p, €\ [0, +0), ) = lim_S(p, €\ [0, +<0), 1)

where the roots are selected from the condition v/1 = 1. Additionally, it is requested that
f(z) = p(—=((z+1)/(z — 1))?) satisfies the Lipschitz condition in z = 1 and f(1) # 0.
Asymptotic results, analogous to those obtained in [3], are obtained in [9] for the
particular case of (5), when dp(x) = x"¢~*dx with a > —1 (the Laguerre measure).
The aim of this paper is to obtain an analog of (4) for measures supported on R... We
prove the following theorem.

Theorem 1. Given a measure v € I [R. ], it holds in compact subsets of C \ R

o film R,
]

LWy o ig\Vz+ya \/b7+i

ford € Z,.

This situation is not a particular case of (5), because we consider p as a rational function
with complex coefficients and no necessarily p(x) > 0on R.

The structure of the paper is as follows: Sections 2 and 3 are devoted to prove some
preliminary results on varying measures. On the other hand, in Section 4 we obtain an
essential theorem that allows us to finally prove Theorem 1 in Section 5.

2. Varying Measures and Carleman’s Condition

In this section, we introduce auxiliary results on varying measures and prove some
useful lemmas that allow us to extend results that hold for measures with bounded support
to the unbounded case. The following notations will be used throughout the paper:

¥(z) :g for z € €\ [~1,1].
1 z—1
Y (2) =-71 for z € C\ Ry. )
P(z) zéi—i where ®(—1) = and z€ C\ [|z| <1].
If o is a finite positive Borel measure on [—1, 1], we denote
Cdo(t) b do(t)
do(t) = Z gz and &=/ e ®)

In this paper, we consider the principal branch of the square root, i.e., Vrel? = \/re! 3 , Where
r>0and 0 <0 < 2.

Lemma 1. Let y be a positive Borel measure supported on Ry and suppose that do(t) = (1 —
£)du(¥(t)). Then,
(a) y' > 0ae. onRy implies that o’ > 0a.e. on [—1,1],

00

0 1 1
(b) i —— = 409, then —— = +0o,
fngl zy,/rln 2 2n Gn

n=1
where, as in (1), 5, denotes the nth moment of the measure dy.

17
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Proof. To prove the first assertion note that if do(t) = % W (¥(t))dt, then

do (1—t)w:%y'(‘1’(t))>0 ae on[1,1].

dt

The second part is derived using the change of variable t = ¥ 1 (x) in the integral
1 (1-1) o /x4 1\"!
an= [ epnr ) = [T(S5) dut

:/01<x-;1>”*1dy(x)+/1°°<x—£1>n71dy(x)

< :70+/1 N (x) < o + g ©)

As Y (1) 7V = oo, from (9) we have Y (10 +17,) "V/*" = 4o, then Y (g,) T/ =
n=0 n=0 n=0
+co. O
/ x+1 k . o
Lemma 2. Assume that dv € IM'[Ry], ri(x) = 5 and consider the modification
dvy, (x) = re(x)dv(x). Then dvy, (x) € M'[R4] forallk € Z.

Proof. We now proceed by induction. Obviously, the initial case k = 0 is given by hypothesis.
e Case k > 0. Assume that dv,(x) € M'[R.] forall j < k— 1. Since dvy,(x) =

1 1,
(x er )dv,h1 (x), it is immediate that dv,, (x) is positive and o é‘x(x) >0ae onRy.

Let m,, ; be the nth moment of the measure dvy, (x), then

o0 1o (x+1 o (x+1
My = ‘/0 x"dvy, (x) = ,/0 x" (T)dvrk” (x) + /1 x" <T>dvrk71 (x),
1 oo
< A dv?’kq (x) +A xn+1dV7’k71 (x) <M1+ My k-1,

1 1
where we use that x" % <1forx € [0,1] and r

) < «x,for x € [1,+00). Then,

using induction hypothesis, we obtain that 1, ; < co and the sequence of moments for
dvy, (x) satisfies Carleman’s condition.

Case k < 0. Repeating the previous arguments, we obtain that if dvy; (x) € M’ [R4] for

all 0 < j < k+ 1 then dv,, (x) is positive and dvfj";x) > 0a.e. onRy.

For the nth moment of the measure dv;, (x), we have

0 n 1 n 2 *© n 2
mnrk:/o X dvrk(x):/o X 1 d1/,k+1(x)—&—/1 X P dvrkﬂ(x)

< 2mg g1+ Mg,

2 2
where we use that x" | —— | <2forx € [0,1] and | —— ) <1, for x € [1,+0). Then,
x+1 x+1

using induction hypothesis, we obtain that 1, ; < co and the sequence of moments for
dvy, (x) satisfies Carleman’s condition. [
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Lemma 3. [7], Th. 4, Cor. 1. Let P,y be the kth monic orthogonal polynomial with respect to do,.
If ¢/ >0ace. on[-1,1]

1
= 400, then, for each integer k
Ve f g

Pn,n7k+1

- (2) = 2. xc C\[-1,1],

2

where ¢(z) =z + V22 — 1 (‘z—l—\/zz—l‘ >1 ze@\[—l,l]).

2
x+1

2m
Lemma 4. Assume y € 9 [R.] and dpiy, (x) = ( ) du(x), withm € Z.

(a)  Let £y, be the nth orthogonal polynomial with respect to y,,, normalized by the condition
L (—1) = (=1)", then for d € Z, on K C C\ Ry it holds

/@) (z) Z41\"k 7+ i\ 2(m=k)
n(1‘,in>+m — ( 1 > q>mfk( ) <\/> > . (10)
bonir(z) "
(b)  Let Ly, be the nth monic orthogonal polynomial with respect to p,, then on K C €\ Ry
it holds
"EW D) 5 o aytemi) = (va+ i), an
L2 7

Proof. (Proof of a). Taking doy,(t) = (1 — £)'=2"du("¥(t)), from the assumptions and
Lemma 1, we obtain that doy, is a finite positive Borel measure on [—1,1], 0j, > 0 a.e. on

e
[-1,1] and Z g;w(zn) = +o00, where ¢, is as in (8).
n=1
Let P,x be the kth monic orthogonal polynomial with respect to doy, and denote

z+1
Zjn,ner(Z) = ( >

integral, we obtain

n+m
) Puntm <T71(2)> . After a change of variable x = ¥() in the next

. k
/ <%1) oo (D) = [ (H)% Pt (£)(1 = " dpu(E (1))

1
_ -/71(] _ n+m 1- kp‘ﬂ n+m(t) ( (t)(zn))l
1
- /_ (=" R (1) dow(t) = O, (12)
fork=0,1,--- ,n+m—1.

n+m
b1 = lim (S22) B (@) = 1 @)

z——1

From (12) and (13), we have lyy+m = £}, 1, Therefore,

41\t B
Zm,n+m (Z) = (Z > ) Pn/n+m (‘F ! (Z)>/ (14)
Zm,n+m(z) - Pn,n+m (Til (Z))

(1 +2)" kb ii(z)  2m7KP,, 1 (F71(2))
_ 1 mol Pn,n+j+1 (T71 (Z))
2m—k i=k Pn,11+j(lf_l(z))
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From Lemma 3, forj=k,...,m—1;

Pn,n+j+1 (T_l(z)) q)(qf—l(z)) .
Pn,n+j(‘yil(z)) n 2 '

KCC\R+.

Thus,

Lnm(2) z4+1 m—k ek (o1 .
s = () e (re) keor,

which establishes (10) for d = 0. In order to proof (10) for d > 0, we proceed by induction

ond. ,
d d d
fﬁh@_%@ﬂhww<>Cwm@)

A € B G B a1 € B SN )

kn+k

!
Assume that formula (10) holds for d € Z.., then (ﬁ (@) / Eéﬁ) is uniformly bounded on

mmn—+m

compact subsets K C €\ R+. Note that Eédn / Kodnﬂ ﬁ Oon K C C\ Ry. This is proved

using an analogous of ([3] (2.9)), and the Bell’s polynomials version of the Faa Di Bruno
formula, see ([10] pp. 218, 219). The assertion (a) is proved.
@)
(Proof of b). Write f,,,(z) = bmnn(2)

and let x,, ,m be the leading coefficient of
m p(d) ,
z ZO,n (Z )

lyn+m. Hence, ford > 1

f (c0) = (m4+m)---(n+m—d+1)Kmnim
dom o (k) (n+k—d+ 1),

Kmn+
Fomon(00) = 2.

Kk, n+k
From (10),
z+1 ok m—k sl
famin(2) =z " Hz); KCC\Ry, l€Zy. (15)
2(m—k)
s _ i Kmpntm 1
nlglgofd,m,k,n(oo) - nlglgo Kintk - <2> . (16)
(d) Cnim (@)
As Lm wam(2) = ’;;l:’:nl ford > 1, from (15) and (16), we get (11). O

Denote by 9[—1, 1] the class of admissible measures in [—1,1] defined in ([11] Sec. 5).
Let 0, a positive varying Borel measure supported on [—1,1] and

m
p”,m(w) =Ty + -, Tom > 0

be the mth orthonormal polynomial with respect to ¢;,, then ([11] Th. 7)

lim 2kl o ke, a7)

n=0 Ty nik

Lemma 5. Let 0y, be an admissible measure, then for all v € Z,

Pnn 'U pnn() 1 .
/ POl g, ) e A (18)
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Proof. This proof is based on the proof of ([3] Lemma 2). Without loss of generality, let
us consider v € Z,. Applying the Cauchy-Schwarz inequality we have, for z € K C

C\[-11]
Pn, n+v Pn n (t) 1
e doy ()] <
’/ )| < FR T <
where d(K, [—1,1]) denotes the Euclidian distance between the two sets. Thus, for (fixed)
values of v € Z, the sequence of functions in the left hand side of (18) is normal. Thus,

we deduce uniform convergence from pointwise convergence. The pointwise limit follows
from ([11] Th. 9)

. Pnn+v Pnn() 1/1 Ty(t) dt
nlgro‘o/ R 10 e By Sy

here, T, is the vth Chebyshev orthonormal polynomial of the first kind. Therefore, (18)
holds if we prove that

/1 Ty(t) dt 1 (19)
1w —ty1—1¢2 (p”(w)\/wz—l.

Note that Ty (t) = 1, Ty () = x, and, forv < 1,
21Ty (t) = Tosa(t) + To-1(t),

or equivalently
Typ1 =2tTy — Tyq. (20)

Next, proceed by induction. Start at v = 0, expression (18), is obtained from the residue
theorem and Cauchy’s integral formula. Then, for v = 1 we have

/1 Ty (t w/ dt 1/1 dt
1w7t\/1—t 1w7t\/1—t TJ1y1-#2
= —1=

—1 (p(w)m'

Now, assume (19) holds for v = 0,1,...,k; k > 1, we will prove that it also holds for
v = k + 1. Combining (20) and the hypothesis of induction, we obtain

l/l Tk+1(t) dt 71 /1 ZtTk(t) dt _l 1 kal(t) dt
Qo w—t 12 7wl w—t 11— wJ1w—t J1_£8

_ 2z (1 T(t)  dt 1 /1 T q(t) dt

which we wanted to prove. [

A-B
Lemma 6. Let dy(x) = ("T“) dv(x), where A,B € Z., and dv € I [R]. We have on

compact subsets of C\ R+
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oo k
(U - 1)!73,71—3 /O (x —2"_ 1) éA—k,n+A(—;(_x);;;B,n—B (x) dv(x)

(0-1)
= -1 .
" ((1 +2)(20(2) PR (¥ 1(2)) - 1)

where Uy, ;4 is defined as in Lemma 4.

Proof. First, the sequence {{;, 1 }n>0 is well defined because the measure dv € I [R ],
implies du € M'[R4 ] (see Lemma 2).
Let us use the connection formula (14) and the change of variable (7) to obtain

e [ (T5) et e,

_ U Pypsak(t)Pun_p(t)  do(t)
= (=1, [ ORI =

(v-1) _(v_l)!Tn,n—B o1 pn,nJrA—k(t)Pn,n—B(t)
L [ (-2 )

where we use
du(¥(t) _ (1—HF4dv(¥ (1)
(1 _ t)Zn—l - (1 _ t)Zn—l

doy(t) =

Take the (v — 1) primitive with respect to z of the previous expression

fn(z) _ Tnn—B /1 Lpn,n+A7k(t)pn,nfB(t)dUn(t). (21)

Tyn+A—k J-11—1t ‘Y(t) -z

Since we know that
A=D1 -2) = 1+2)(t-¥1(2)),

we rewrite (21) as

2
Tn,nfB /1 Pn,n+Afk(t)Pn,11fB(t)

doy, (t),
14z /1 t—¥Y-1(z) on(t)
_ Tn,n—B 1 Pn,n+A—k(t)Pn,nfB(t) do (t)
— ().
(1 + Z)Tn,n+A7k -1 t—y-1 (Z)

Then, we use Lemma 5 and (17) to obtain on compact subsets of C \ R+,

Tn,n—B 1 pn,n+A—k(t)pn,nfB(t)d
1 +Z)Tn/n+A7k J-1 t_‘Yil(Z)

(1)

—1
= ( ) = f(2).
"\ (1+2)2e(F 1)) P (¥ 1(2)? - 1
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Note that by the Cauchy-Schwarz inequality we have for z € C\ R4

(0—1) _ (Uﬁl)!Tn,n—B L Pn,n+B—k(t)Pn,n7A(t)
o (Z)‘ = m/ﬂm () —2)7 dUn(t)’
B
= d(K,R+)”

Then, for each v, the family { f,ﬁ”‘”} is uniformly bounded in each K C C\ R,
n
which means by Montel’s theorem (c.f. [12], §5.4, Th. 15) that { f,S”‘” } 0 is normal (see
n

([12] §5.1 Def. 2)), i.e., we have that from each sequence N C IN we can take a subsequence
N; C N such that

o) =30, neN, KCC\R..

Now, taking the (v — 1) derivative and using the uniqueness of the limit we obtain

(v—=1)'Tyn-B /1 1 pn,n+Afk(t)pn,nfB(t) dou(f)

Tnn+A—k 11—t (T(t) - Z)v

(0-1)
= ( ! ) = f=1(z),
"\ (1 +2)2e@E) MR (=) -1

on compact subsets K C C\ R4, which establishes the formula. [

3. Relative Asymptotic within Certain Class of Varying Measures
In this section, we obtain the asymptotic relation between orthogonal polynomials
m
with respect to different measures of the class (XT“) du(x), where y is any measure of

9 [R+ ] and m € Z. Note that, because of Lemma 2, the elements of this class belong to
MR

To maintain a general tone in the expositions in this section we use i and v as two
measures in M'[R. | having no relation with the previous use of the notation.

Consider m € Z and let 1, ,(z) be the nth orthogonal polynomial with respect to

<XT+1> mdv(x), normalized as hy, . (—1) = (—1)". Consider the following relations

/0oo (x ; 1>kh0,n(x)dv(x) =0,

fork =0,...,n — 1. Apply the change of variable ¥ (¢) = z given in (7) to obtain

k
0= /jl <%> o, (¥ (1) dv (¥ (1))
= /,ll(l — k(- t)"ho,n(‘F(t))%.

Note that the polynomial H, ,(t) = (1 —t)"ho,(¥(t)) is the nth monic orthogonal
polynomial with respect to the varying measure modified by a polynomial term

(1 Bdv(¥(t))

(1 - t)dﬂ;:(t) = (1 — t)2n

Following the same reasoning, we obtain that

Hy () = (1= £)"h,u (¥ (1)),
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is the nth monic orthogonal polynomial with respect to do; (t). It is not hard to prove that
the system {, {(1 — #)*"},0} is an admissible system, see ([11] Def. p 213). Therefore,
by ([11] Th. 10), we have

KcC\[-1,1]. (2)

2 (52)0-e
1n n
g7 () a-eer @

where v, w € 7.

Proof. From (22) and taking the change of variable (7) we have

hon((6) _ (1= 1)"hou(¥(1))
B (F(0) (1= 57y (F(1))

_ Hult) | ot) = () _ @7'(x) -1

H,’;ln(t) n t—1 Y(z)—1

To prove (24), note that from Lemma 2.
x+1\F ' . '
dug = > dy e M [R+} ifueM []R+}

The only hypothesis needed to obtain (23) is dv € 9 [R.]. Thus if we let now
k k+1
dv = (’%1) dp = dyy, then <%)dv = (XT“) dy = dpy,q1, where dv € 9 [R.].
Therefore, ho, = by, and hi, = bii1,, where by, and by, , are the orthogonal

polynomials with respect to the measures dyy and dyy 1, respectively, normalized by
having the value (—1)F at —1. Therefore, we have

hk,n(z) _ z+1 B
D () n ( g )WZ) D). (25)

Note that, without loss of generality, we can asume w > v, otherwise the relation between
the measures can be reverted, and they still belong to 9 [R ]. Stack formula (25) as

hvl,n(z) o hvl,n(z) ) hvﬁ—l,ﬂ(z) o hw]—l,n(z)

hwl,n hm +1,n hv1+2,11 hwl,n

’

where v; = v + k and wy = w + k. Since the measure y € M'[R], (24) holds. O

4. Asymptotic for Orthogonal Polynomials with Respect to a Measure Modified by a
Rational Factor

Let r = a/ B, after canceling out common factors, where

N N,
a(z) =[Tz—a™, Bz =T=-b)"%,
i=1 j=1
a; € C\ (R U{-1}), bj € C\ Ry, A, Bj €N, (26)

Ny N,
A=Y A, B=) B,
i=1 j=1
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A—-B
Given a measure v € M'[R, ], denote by du(x) = (%) dv(x) a modified mea-

sure, note that according to Lemma 2 it holds v € 9V [R].
Assume Sy, is the polynomial of least degree not identically equal to zero, such that

0= (/000 p(x)Sn(x)r(x) dv(x), peP, 4, 7)

normalized such that S,(—1) = (—=1)", and L, is the nth orthogonal polynomial with
respect to dv, normalized such that L, (—1) = (—1)". We are interested in the asymptotic
behavior of S,/ Ly, n € Z in compact subsets of C \ R.

Theorem 3. Let yu € M [R| and a and B defined as before. Then for all sufficiently large n, for all
fixed d € 7., in compact subsets of C\ R, it holds

5.(2) _ (=) a(=1) M () — @) | 1\
Lon(z) ? 44 ZJFl H( z—ai ) H 1_q>(z)q)(bf) . @)

i=1 =1

x+1
2

0= /Ow <xT+1>kSn(x)1x(x)dv(x),

now, using the change of variables (7) and considering the expression dy (¥ (t)) = (1 — )5~ Adv (¥ (1)),
the previous integral becomes

k
Proof. Firstwe focus on (27) for a(x) = ( ) B(x)wherek =0,...,n—B—1,wehave

0= [ -t s v acrn) SO 09
fork =0,...,n — B — 1. Define the (n + A)-degree polynomial R, 4 as
Rusa(t) := (1= 1" 48u(¥ (1)) a(¥(t)).
Thus, we can consider doy, (t) = % with do(t) = dv(¥(t)). The measure doy, (t)
defines a varying orthogonal polynomial system, satisfying Lemma 3. We denote by

Py n+a— the (n+ A — k)th monic orthogonal polynomial with respect to doy, (¢). According
to (29), we have the following quasi-orthogonality of order n — A

A+B

Rua(t) == (1= )" A8, (¥ () a(¥(t) = Y ApPuura—i(t). (30)
k=0

Back to (30), we use the connection formula (14) and the change of variables (7)
to obtain

2 n+A A+B 1
(577) SO = L fusburas(¥'0)
A+B 2 n+A—k
= Z A <m> ﬁA—k,nJrA—k(Z)/

k=0

A+B 1
Z Ak (Z i ) Caknyak(z) (31)
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Note that A, o = Ag = (=1)4a(—1) or S, has deg S,, < n. Dividing this relation by l_Bn-B

we get
Su(z)a(z) AP <Z4-1>k€A7kn+A7HZ)
on\L)T\L) A . . 32

l_ Bn— B(Z 2 Z—B,n—B(z) ( )

—1
A+B

Set n = Ani/ Ao, Ay = ( Z )\Z*k|> < oo and introduce the polynomials
k=0

A+B
pa(z) = Y ApszPE ph = Anpa(2).

We will prove that

Ny a; N>
Pn(Z)?ﬁ(Z)=H< q)( >H(z 1(])>; Kce.

i=1 j

To this end, it suffices to show that

Pa(a) = ep(a) = e(2AP AT AP g Ag), (33)
where
A+B -1
c=lim A, = Yool (34)
k=0

Now, note that {p};}, for n € Z_ is contained in P4y and the sum of the coefficients of
p;, foreach n € Z., is equal to one. Therefore, this family of polynomials is normal. This
means that (33) can be prove if we check that, for all A C Z such that

lim p;,(2) = pa, (35

n—o0

nen
pa(z) = cp(z), where p(z) and c are defined as above. Since pp € P4ip and pp # 0,
we can uniquely determine p, if we find its zeros and leading coefficient. Note that the
leading coefficient of p, is positive and the sum of the absolute value of its coefficients
is one. Therefore, we conclude that the leading coefficient is uniquely determined by the
zeros. This automatically implies that pa (z) = cp(z) if and only if it is divisible by p(z).

Note that the factor § is in (32) and all the zeros of /_p ,,_p concentrate on R . Thus,
we immediately obtain the following A equations, for n > ng:
A+B

(v)
* g Kk z+1 k(ZAka+A7k)
0= A - ai),
k;o n’tn,k < 2 > E—B,n—B ( )

fori=1,...,Nyand v = 0,...,A]- —1.
From Lemma 4 it follows that, for compact subsets K C C \ R, it holds

(z 1 ) £ (fw,ﬂH(z) ) v (Z +1 ) A <¢<z> ) S AN

2 E*B,nfB (Z) n 2 2 .
Relations (35) and (36), together with the fact that ® is holomorphic with ® # 0in C\ R,
imply, using induction on v, that

pX’><®(2“")>:o, i=1,...,N;, 0=0,...,A—1; (37)
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A 1\AFBALE g(z)\ AtBk
pA(z):c< > ) kZ)\k ( §)> .
=0

On the other hand, take p(z) = B(z){_p,p(2z)/(z = ;)" in (27),j = 1,...,Ny;
v = 1,...,B;. Using (31) and multiplying by (v — 1)!%7’3’"7 5 We have the additional rela-

tions
"2 © (o-1)!
0=5eThmn (g e B bl RR(I),
_2 * (v-1)!
7Tn,nfB/0 m f*B,nfB(x)
ALB k
YA n,k<7> Lainra—k(x)dv(x),
k=0 2
ALB
0= Y M=, 5
k=0
2 (x I\ Cappp a i ()0 (%)
/ ( 5 ) T dv(x), (38)
for each b;.

Relations (33), (38) and Lemma 6 together with the fact that 1/® is holomorphic with

(1/®)' #0and 1/1/(¢~1(2))> =1 # 0in C \ R, give by induction

o 1\ _ - B B
pA<2q>(bj)>O' j=1...,N;, ©=0,.B—1

From the previous expression and (37) it follows that p is divisible by po(z). Therefore
(33) and (34) hold and
pu(z) = po(z), Kcc.
n

From the previous expression, the definition of p;, (32), (36) with v = 0, we obtain

Su(z)a(z) A 2+ 1\ _o(z)
Tons@) oV "“‘”( 2 ) ”( 2 )

Use the asymptotic formula (10) in the previous expression and group conveniently to obtain

Suz)  Lopus(2) <z+1>A<—1>Aa<—1><I><z>*B
Cons@  lond) n \ 2 a(2)

Moo(z) - b))\ (ez) 1\
H( 2 > H( 2 2CI>(bj)>

i=1 i=1

and (28) follows for v = 0. To prove the formula for d € Z, apply the same technique of
the proof of Lemma 4. [

Remark 1.
1. The proof depends on the assumption of a(—1) # 0, we will remove this restriction in
Section 5.

2. Wesuppose that o, p are monic. We can remove that restriction without loss of generality due
to the fact that orthogonal polynomial systems are invariant under the constant modification
of meastires.
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Theorem 3 gives the ratio asymptotic between the orthogonal polynomials with respect
to a rational modification of kind r(x)dv(x) (a general rational modification with no zeros
at —1) denoted as S, and those orthogonal with respect to a modified measure of type

A-B
(x + 1) , denoted as £ ;.

2
To obtain the general formula we must find the following limit
fO,n (Z )
n—oo Ly ( Z) 4

on compact subsets of C \ R4, where L, (z) is the nth orthogonal polynomial with respect
to dv € 9 [R. | normalized such that L, (—1) = (—=1)".

5. Proof of Theorem 1

Next, we obtain an analogous of (4) for measures with support on R.;. Define & as

a(z) = (z —; 1>Co¢(z)

wherein & is defined in (26) and C € Z is the multiplicity of the zero —1 in & /. With-
out loss of generality we can assume that there are more zeros than poles on —1, if not C = 0.
Also, let L, be the nth orthogonal polynomial with respect to 40 € 9'[R .|, normalized by
the condition L,(—1) = (—1)". Denote by Q, the nth orthogonal polynomial with respect
to 7dD, where r = &/, normalized as usual, Q,(—1) = (—1)".

Note thatif C = 0,7 = rand Q,, = S;;, as defined in Section 4. Under this notation,
(6) is written as

i=1 =1

B;
0o (2 V() g AR
LWz v \Vz+i Vz+ /4 \/?j+i ’
in compact subsets of C\ R, ford € Z..

C
Proof of Theorem 1. Let us first observe that Q, is orthogonal with respect to (XTH> %dﬁ.

—C
o= <";1> v, (39)

we obtain that Q, is orthogonal with respect to zdv, and satisfies the hypotheses of

Then if we set

Theorem 3, thus we have on compact subsets of C \ R+

where §(z) is given in (28).
A—-B
On the other hand, ¢y, is orthogonal with respect to ("TH) dv. This means by (39)

A—B+C
that £, is orthogonal with respect to (XTH> d?. Thus, taking into account Theorem 2,
we have BAC
lou(z) z+ 1\ B-A-C
: 1-® .
= (5 (1- ()
Multiply the expressions corresponding to
z41 B—A-C o
((3)  a-e@ 5w, (40)
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Let us break down this expression into the following terms

S (S 1\
= ) T o)
(—1)%a(-1) = ]ﬁ(l +a;)
(1-9@) = -7
D(z) —P(a;) —2i
-0 (V- )(a—)(/am+v2)
1 (e
2E20)  (Vaai) (o +1)
On the other hand
NMd(z) - o) \Y 20 \P 1 Ai
g( Z—4a; ) _<\/E_i> izl((ﬁ—i)(ﬁ—i—ﬁ))
Ny 1 Bj BN, \/bj-s-ﬁ '
H<1¢(Z)¢(b/)> <\/+1> =1 \/b7+i

Combining these terms in (40) we obtain

<Z Z 1) BiH(l —®(2))" 47 5(2)

el (2) () ()
| i N bj+z K
'ﬁ<(\/ﬂ7—i)(1\/ﬁi+ﬁ)>Aﬁ %

Finally, taking into account

ﬁ(gf@&:ﬁ(””f’“ﬁ((ﬁz‘)(lmwﬁ))/{x
i \C i \B-C-4,, B-C/ _pi \4 i \B
<ﬁz+i> ﬂi/*(%) <11> <ﬁ2—i> <ﬁz+i>

we obtain (6) for d = 0. To prove (6) for d > 1, use induction in d and the method from the

O

proof of Lemma 4. The proof is complete.
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Abstract: In this paper, by using the Golden Calculus, we introduce the generalized Apostol-type
Frobenius—Euler—Fibonacci polynomials and numbers; additionally, we obtain various fundamental
identities and properties associated with these polynomials and numbers, such as summation theo-
rems, difference equations, derivative properties, recurrence relations, and more. Subsequently, we
present summation formulas, Stirling—Fibonacci numbers of the second kind, and relationships for
these polynomials and numbers. Finally, we define the new family of the generalized Apostol-type
Frobenius-Euler-Fibonacci matrix and obtain some factorizations of this newly established matrix.
Using Mathematica, the computational formulae and graphical representation for the mentioned
polynomials are obtained.
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1. Introduction

Recently, numerous scholars [1-3] have defined and developed methods of generating
functions for new families of special polynomials, including Bernoulli, Euler, and Genocchi
polynomials. These authors have established the basic properties of these polynomials
and have derived a variety of identities using the generating function. Furthermore,
by using the partial derivative operator to these generating functions, some derivative
formulae and finite combinatorial sums involving the above-mentioned polynomials and
numbers have been obtained. These special polynomials also provide the straightforward
derivation of various important identities. As a result, numerous experts in number theory
and combinatorics have exhaustively studied their properties and obtained a series of
interesting results.

Forany u € C,u # 1and { € R, the Apostol-type Frobenius—Euler polynomials

HE{;‘ ) (G u; A) of order a € C are introduced (see [4-7]).
A
In ( ” > ‘ 1)

(1;> et = ZH g,uA)d ,ld| <

Aed —u
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For { =0, H (u A) = ng)(O u; A) are called the Apostol-type Frobenius—Euler
numbers of order a. From (1), we known that

HE (g u; 1) = S;) (7:) H® (1;4)70, @)
and
@G -10) =EP @A), 3)

where IEE[;‘ ) (¢; A) are the w' Apostol-Euler polynomials of order a.
The generalized A-Stirling numbers of the second kind S(w, s; A) are given by (see [8])

/\Ed —1)s 00 qw
A ¥ swsnd @
: w=0 .

forA € Cands € N={0,1,2,-- -, }, where A = 1 gives the well-known Stirling numbers
of the second kind; these are defined as follows (see [9,10]).

(Ed o 1)5 B ) qw
- wgos(w,s)ﬁ. (5)

By referring to (4), the A-array type polynomials S¥({, A) are defined by (see [11])

d_1)s _ .
ueéd =y S(w,s,'é;/\)ir ©
s! w=0 v

The Apostol-type Bernoulli polynomials IBS (g A) of order «, the Apostol- type Euler

polynomials E('X) (Z; A) of order &, and the Apostol-type Genocchi polynomials Gw (GA)
of order « are defined by (see [8,12]):

d * i qw
(Aed71> eéd:wZ::O]Bg)(C;)\)a(\d+1og/\|< 27), ?)
2
(mm) o = B @GN G (1d+1og A |< ) ®
and
2d \*
Aed -1 ZGw (gr (|d+10g/\|< 7'[) )
respectively.

Clearly, we have
BY (1) =B (0;4),EY (1) = E(0;4), G (A) = G (0; ).

The subject of Golden Calculus (or F-calculus) emerged in the nineteenth century due
to its wide-ranging applications in fields such as mathematics, physics, and engineering.
The p-extended finite operator calculus of Rota was studied by A.K. Kwasniewski [13].
Krot [14] defined and studied F-calculus and gave some properties of these calculus types.
Pashaev and Nalci [15] dealt extensively with the Golden Calculus and obtained many
properties and used these concepts especially in the field of mathematical physics. The
definitions and notation of Golden Calculus (or F-calculus) are taken from [15-18].

The Fibonacci sequence is defined by the following recurrence relation:

Fyp=Fy 1+ Fy2,w>2

32



Mathematics 2024, 12, 800

where Fy = 0, F; = 1. Fibonacci numbers can be expressed explicitly as

W W
90—

p—y’

where ¢ = HT‘E and ¢ = % ¢ ~ 16180339 - - - is called Golden ratio. The Golden ratio
is a frequently occurring number in many branches of science and mathematics. Pashaev
and Nalci [15] have thoroughly studied the miscellaneous properties of Golden Calculus.
Additional references include Pashaev [18], Krot [14], and Pashaev and Ozvatan [19].

The F-factorial was defined as follows:

F1F2F3"‘Fw:Fw!r (10)

where Fy! = 1. The binomial theorem for the F-analogues (or the Golden binomial theorem)
are given by

e @ =1 (7) oo, )

=0

in terms of the Golden binomial coefficients, referred to as Fibonomials

w\ !
! FﬁFw—l!Fl!,

with w and I being non-negative integers, w > I. The Fibonomial coefficients have follow-

ing identity: [
w w w—m
(1>P<m>P:<m>F<l_m>ﬁ 2

The F-derivative is introduced as follows:

oF f(@2) — f(yg)
IF — . 13
=) = L (13)
respectively. The first and second types of Golden exponential functions are defined as
[e) g w
(@)= YO8, (1)
w=0 ~w*
(o] © w
Er(g) = 20(71)@)%- (15)
Briefly, we use the following notations throughout the paper
00 w
er(0) = Zo Ew!
and
ad w gw
EF(Q) =), (—1)(2)ﬁ~
w=0 we
er(C) and Ep(Q) satisfy the following identity (see [17]).
L EL = elETF, (16)

33



Mathematics 2024, 12, 800

The Apostol-type Bernoulli-Fibonacci polynomials IB%z(f } (g; A) of order a, the Apostol-
type Euler-Fibonacci polynomials IE;? )F(C ;A) of order a and the Apostol-type Genocchi—
Fibonacci polynomials (GY(; )F (g; A) of order « are defined by (see [20-22]):

w
<M;1> o = Z BUH{ /\)FZ,, 7)
2\ & g A
<Aeg+1) = LR OV as)
and y “gd - .
() # - Bt
respectively.

Clearly, we have
BUL(A) = BUL(0;4), EL (1) = ELL(0:1), G p(1) = GLR(0; ).

In light of the above studies, we define a new family of two-variable polynomials,
including the polynomials defined by Equation (1) with the help of the Golden Calcu-
lus. Namely, we introduce the concept of the generalized Apostol-type Frobenius—-Euler—
Fibonacci polynomials and numbers. Thus, we give some properties of this polynomial
family, such as recurrence relations, sums formulae, and derivative relations, by using
their generating function and functional equations. Additionally, we establish relationships
between Apostol-type Frobenius—Euler-Fibonacci polynomials of order a and various
other polynomial sequences, including Apostol-type Bernoulli-Fibonacci polynomials,
Euler—Fibonacci polynomials, Genocchi-Fibonacci polynomials, and the Stirling—Fibonacci
numbers of the second kind. We also introduce the new family of the generalized Apostol-
type Frobenius—-Euler-Fibonacci matrix and derive some factorizations of this newly estab-
lished matrix. Finally, we provide zeroes and graphical illustrations for the generalized
Apostol-type Frobenius—Euler-Fibonacci polynomials.

2. Generalized Apostol-Type Frobenius—Euler-Fibonacci Polynomials H F(( mu; )

In this part, we introduce Apostol-type Frobenius—Euler-Fibonacci polynomials by
means of the Golden Calculus. Some relations for these polynomials are also obtained by
using various identities. At this point, we begin with the following definition.

Definition 1. Let A € C, o € N, the generalized Apostol-type Frobenius—Euler polynomials
]HIE:;: (L, m;u; A) of order w are defined by means of the following generating function:

w

&
1—u dpnd _
ep Ep E ]HI SU;A 20
(Ae%u) F 617 )FU. (20)

When ¢ = 5 = 0in (20), Hw F( w;A) = HEUOC,)F(O' 0;u; A) are called the w!" Apostol-type
Frobenius—Euler-Fibonacci numbers of order a.

Theorem 1. The following summation formulas for the generalized Apostol-type Frobenius—Euler—
Fibonacci polynomials HE: ; (Z, 17, u; A) of order o holds true:
w

B ) = 3 (%) BY 0w, @1

5=0
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wFCiy,u)\ Z( ) Oiy,u A)gos 22)
s=0
and
(1) () g s A
B @) = L0 (V) 8@ onan @)
=0

Proof. By virtue of (14)—(16) and (20), we obtain the desired results. [

Theorem 2. The following recursive formulas for the generalized Apostol-type Frobenius—Euler—
Fibonacci polynomials H (G 1, u; A) of order a hold true:

d

St Ve H@ A ) = Rl (G ), 24)
or
H{Hgfj}(g, niuA) p = FoHY) | (=i A). (25)

Proof. Differentiating both sides of (20) with respect to { and # through Equation (13), we
obtain (24) and (25), respectively. [

Theorem 3. The following difference formulas for the generalized Apostol-type Frobenius—Euler—

Fibonacci polynomials HEL? ; (L, m;u; A) of order w holds true:

AHS (L 150;A) — uHE L (0,7;0:0) = (1— w)HE 2V (0,7;13.0) (26)
and
AHSR (1,0, 0) — uH SR (1, ~Lu;4) = (1 — w)HEE (1, ~ 11, A). @7)

Proof. By virtue of (20), we can easily proof of Equations (26) and (27). We omit the proof. [

Theorem 4. Let «, B € N, the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials
ng}(g, n;u; A) of order o hold true:

w
Hy i () = ) (f) B (0,0, VEENE ), (28)
s=0
and
w w (“)
Hy e @pud) =Y (] s p (0.0 NHP (@ m03). 29)
5=0

Proof. Using generating function (20), we obtain Equations (28) and (29). We omit
the proof. O

In the following theorems, we establish some results on the generalized Apostol-type
Frobenius—-Euler—Fibonacci polynomials Hz(;, >F(§ ,11;u; A) of order & and some relationships
for Apostol-type Frobenius-Euler-Fibonacci polynomials of order « related to Apostol-
type Bernoulli-Fibonacci polynomials, Apostol-type Euler-Fibonacci polynomials, and
Apostol-type Genocchi-Fibonacci polynomials. We now begin with the following theorem.

Theorem 5. For the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials H, p (T, 17; 1; 1),
one has

w
(2u—1) 2( ) By (0,7 ) By (0, 01 — ;)
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= ulllyr (¢, 1w A) — (1 —u)Hy p (3, 17:1 — u; A). (30)
Proof. We set

(2u—1) 1 1
(/\e‘;fu)()\e‘f:f(lfu)) - At —u Aefh — (1—u)

From the above equation, we see that

(1 —u)ed'(1— (1 —u))EN

(2u=1) (Ae‘li; — u)(/\e”FI —(1—-u))

B (1—u) bd E”d a 1—u) e EM (1= (1—u))
- /\e Aelt — (1 —u)

through which, in using Equations (16) and (20) in both sides, we have

I w
(2u—1) (ZH,F(O ;M) Fl > (Z H,r(2,0;1 — u;)»);;!>

=0
dv > dv
,uZpr(g A o] —(1—u) ZHw,F(C/ﬂ?l—”;)\)ﬁ-
w=0 w=0 w

By applying the Cauchy product rule in the aforementioned equation and subsequently
comparing the coefficients of @ in both sides of the resulting equation, it can be deduced
that assertion (30) holds true. [

Theorem 6. For the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials Hy, p(, 17; u; 1),
one has

WHLoy (2,773 ) Az() Hip (05 4) — (1— ) (T + ). (31)

Proof. Using the following identity

w11
Ared —u)et  (Aed —u)  Aed’

we find that . p ;
u(l—w)edEl (1 —uw)eEl (1 u)elE)

AAed —u)ed Aedh —u a Aetl

u Z le—"(g n;

w=0

F !

00 dZU
=1 Zpr CuA) F |ZF' (1—u) Z(gw)}”ﬁ.
w=0 w=0 w:
By applying the Cauchy product rule in the aforementioned equation and subsequently
comparing the coefficients of d in both sides of the resulting equation, it can be deduced
that assertion (31) holds true. O

Theorem 7. For the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials Hy, ¢ (T, 17; u; A)
of order w, we obtain

1 & /w
HEK(,15u;A) = L <1>F [/\waz,p(l,ﬂ;u;A)H,(?(C,O;u;?\)

u =0
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—ullly,_1 p (0,17, u; /\)Hz(f}) (2,0;u; A)] . (32)

Proof. Using (20), we find that
ad ) dav 1—u Ae?_-—u 1—u agd nd
H Ju; A = e>'E
wgo P )F' Aett —u 1—u Aed —u ) ETE
4
A 1—u af 1—u 7d nd
= e er E
1—M<Ae§—u> F(Aei-—u) FoF

19
1- 1-—
o u u u e%dEzd.
T—u\Aet —u |\ Aeb —u

Simplifying the above equation and using Equation (20), we obtain

> “ A d
ijj}(g,q;u;A)F' — Zprlq,u )\) ZH,F (€002
w=0

d
1_1 Zpr(Oiy,u)\F 'ZH gOuA)

By applying the Cauchy product rule in the aforementioned equation and subsequently
comparing the coefficients of d* in both sides of the resulting equation, it can be deduced
that assertion (32) holds true. [

Theorem 8. The following relation between the generalized Apostol-type Frobenius—Euler-Fibonacci
polynomials IHIw F(g 1; u; A) and Apostol-type Bernoulli-Fibonacci polynomials By, (; A) holds true:

Héi%(c,rz;u;A):’g(wjl) <Az() B p(GA) — Bz,p(m)>

XH(”‘)

w—I1+1,F (0' mu; /\)' (33)

Proof. Consider generating function (20), we have

) qv
Y HHEmiwA)
w=0 w

®
_ 1—u Engqd d )\e’{: —1
Aett —u FoF Aett —1 d

R qv & d & dr
:d<21w20 (O I],u)\F 'ZE”:C)\)F' F,'
o qv S d]
— Y HL(0,7;50) ey ,ZBZF éA)F,> (34)
w=0

Using the Cauchy product rule in (34), the assertion (33) is obtained. [

Theorem 9. The following relation between the generalized Apostol-type Frobenius—Euler-Fibonacci

polynomials Hi: }(C, 11; u; A) and generalized Apostol-type Euler—Fibonacci polynomials Eq, p(Z; A)
holds true:
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HU LG i )) = % i (w) (AZ ( ) By p(5A) +Eip (3 A)) w-— IF(O ;1 A)- 35

1=0
Proof. By virtue of (20), we have

w

Z (2) r(Comu; A)

w=0

_ 1—u ’Xengy,d 2 Ae'lj; +1
Ae‘lf-—u FoF Ae‘;—&—l 2

~ Ay ., A) E oy 4
=5\ A L O F'ZZFg )F'ZB!

w=0

w=0

+ Y U(O’?ru/\F,ZEzF@u,)t)F,) (36)
Using the Cauchy product rule in (36), the assertion (35) is obtained. [J

Theorem 10. The following relation between the generalized Apostol-type Frobenius—Euler—Fibonacci
polynomials Hff 3: (¢, 11; u; A) and Apostol-type Genocchi-Fibonacci polynomials Gy, p (; A) holds true:

s =35 (U1 (A}:() Gror (@A )+G1,F(C;A)>

XHZ(U)Z+1 F(O’ 17;”;/\)' (37)

Proof. Using (20), we obtain

w

Y HGLE A)

T—u \ agaf 2d )\eF—l—l
= a ¢p Ep n
Aep —u Aeg +

1 fec]
:2d<)\2 (>(017,u/\ F 1ZGIF GA)

w=0
o (@) dl

+20Hw (Oq,uAF'EGlpg)\)F' (38)
S

Using the Cauchy product rule in (38), the assertion (37) is obtained. [J

Theorem 11. For the generalized Apostol-type Frobenius—Euler-Fibonacci polynomials H®) w (G A)
of order «, we obtain

B Cmid) = 3 (4) Bamsr (B @), 39)

s=0

Proof. From (20), we obtain

1—u 1—u Zdpnd _ @
Ep S U A) =
Aed —u (Ae u> F ed Z bF(gﬂ ! )Fs'

T =
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_ ZHwF(” A) F ' ZH (g 7 1; )L)

Now, replacing w with w — s and equating the coefficients of 4 leads to Formula (39). O

Theorem 12. For the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials ]HI;? %(C S U A)
of order «, we have

w w—I
HULC+1mu;4) = E(*l)( 2 )<I;)>FH1(§:>(C/’7}”;)\)~ (40)

1=0

Proof. Using (20), we have

d
ZHwF T+1Lmu; A)F ' ZH G0 g

w=

1—u Zd pnd
= Er Et—1
<Ae}d:_u> ( F )

9 ) )(Z(— ()dw> ):prm,um

1=0

i(z (7). ,F@,mm))F,zHF@,mM)

Finally, equating the coefficients of the like powers of 4%, we obtain (40). [

Theorem 13. Let a and v be non-negative integers. There is the following relationship between
the numbers Sg(w, 1; \) and the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials

ng}(g, 1;1; A) of order a, which holds true:

wz( ) B s (Lo ) - (1) @+ (@)

u

and

0( T 9 )\
7 (CmuA) = <1fu> Y (?)FHE,,L,F(C,H;WA)SF (l’%E)’ (42)

1=0
where Sp(w, 1; A) is the Stirling—Fibonacci numbers of the second kind are defined by

(Ael —1) & v
Ff = Y Se(w,; )\)Fw' (43)

w=0

Proof. By virtue of (20), we find that

v @) N “Cd nd
H,Z::OHW'F(Q”'”')\)H = (Ae% v Er
el IX d'w N 00 U
(ref =) ¥ ML @mwN) ey = (-0t G+ ey
w=0 w=0

<%f31d: - 1)0‘ 0 @ qw 1y \& @ o
ol EHw/p(QW?H;A)—': E(§+’7)§g7’
Fuf : Ful

u v=0
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dl

aIZH gn,uAF'ZSF<llx >Fl
1-u\* & »d?
:< " ) ZUZZ:O(CJFW)PFT)!r

which, on rearranging the summation and then simplifying the resultant equation, yields
the relation (41).
Once more, we examine the following arrangement of generating function (20) as:

P Ad v
1—u af u \7 (aer—1
£t (i) ¢ () o

d
w=0 AeF -

on use of Equations (44) and (20). After evaluation, the desired result is obtained (42). [

Now, we define the new family of generalized Apostol-type Frobenius-Euler-Fibonacci
matrices. By using this definition, we obtain the factorizations of this newly established
matrix in the following theorems.

Definition 2. Let H, (@) r(Z,1;u; A) be the generalized Apostol-type Frobenius—Euler—Fibonacci
polynomzals The (n + 1) (n + 1) generalized Apostol-type Frobenius—Euler-Fibonacci matrix,

((: ;) = [ @(C iy‘u‘)\)r is defined by
,11: ’ ij s ij=0
(@) (l> HY (G wh) 0>
h[j (CpuA)= iJg . (45)
0 i<j
Theorem 14. For the generalized Apostol-type Frobenius—Euler—Fibonacci matrix Hi,“; (C,muA),
we have ’
D (@ g ) = B VB0, 950,

Proof. By virtue of (12), (16), (20), and (45), we find that

H P (4, 0)

Il
-

’.) H D@+ g, 51

i
). ( ) B @i G0, g

k=0

(), ~> B A 00
1

Il
N
[,

[
M\

-~
I
L

Lori

k
k> H g nu; )\) (]) Hi’é)],F(O, 1p; u; )\)
k= F
= H ) F(Cmu AH,) ) 70, ;15 7).
O
Theorem 15. For the generalized Apostol-type Frobenius—Euler—Fibonacci matrix H,, p (T, 17;1; 1),

we have
H, r(C+1,0;1A) = P, ¢ (0)Hy p(0,7;1; 1),
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where Py p(Z) = [pii(C )Ln _ is the generalized Pascal matrix [23] via Fibonomial coefficients of

the first kind is defined by
AN is
neo-] ()67 =
0 i<j

Proof. Using (45) and (12), we obtain

Hn,F (é +17, 0;u; )\)

<i>F]Z]:< > i (TP

J7 Fr=o

k
B ;(;)Fél k( > Hy— £ (0, 1515 A)
B kI:] <;<> pgl k<) Hy—j,p(0,77;1; 1)

Il
'ﬁ

nF(g nF(O 77/“/\)
|

3. Some Values with Graphical Representations and Zeros of the Generalized
Apostol-Type Frobenius—-Euler-Fibonacci Polynomials

In this section, evidence of the zeros of the generalized Apostol-type Frobenius-Euler—
Fibonacci polynomials is displayed, along with visually appealing graphical representa-
tions. A few of them are presented here:

41



Mathematics 2024, 12, 800

—14u\*
Hy (2,505 A) = (—A+u> ,

) ué :lljru uy 1+u al 11+u é/\ 14u 77)‘ 1+u
H G ) = - <uﬁ2 <u+2 (u+2 + <u+) * (u+3'
) 122 (=Lt * 120y (=Ltu =Ltu Y =Lt “1
HH G i) = <+)?)2> e £+A)) e £+A2> * (<u+AA))2
wxg( 1+u> A 2u€2< 1+u> ulXI’]( 1+u>a/\ 2”(:’7( 1+u> A
(T Cut )2 (cutaAp (CutA)?
2up? ()N o Slse "2 2=t a2 af ()" )2
+ (—(u—i—)\)) B 2<( u/\—l—))\)z (<—u+>)\) ((u—i—)?)2
gz(ulju) A2 “’7( 1+u) A2 @7( 1+u> A2 ,72( 1+u> A2
(—u+A)? (—u+A)? * (—u+A)2  (—utA)?2

s 025 on() e (L) (22

(25 A Zutx( )R a(F) e e ()

(—u+A)3 (—u+A) 3(—u+A)3 (—u+A)
tx%%) A3 2uo¢§< 1+“) Zuaq(_ulj}\”Y/\ aC( H’“) A2
©3(—u+A)3 (—u+A)2 (—u+A)2 (—u+A)2
24:( 1+u) A2 ””7( l+u> A2 0”7( 1+u> A2 20(@2( 1+u> A
[Ty Cut ) T T Curap “UTA
20(@1( H“) A 2an? ( H”) A
—u+A —u+A

We investigate the beautiful zeros of the generalized Apostol-type Frobenius—Euler
polynomials Hz(; Z«_(@, n;u;A) = 0 of order « by using a computer. We plot the zeros of

generalized Apostol-type Frobenius-Euler polynomials HE;X )F((: ,17;u;A) = 0 of order « for
w = 30 (Figure 1).
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Figure 1. Zeros of Hi‘i}(@,ﬂ; w;A) = 0.

In Figure 1 (top left), we choose u = —2,A = 4,& = 3 and 5 = 3. In Figure 1 (top
right), we choose 1 = —2,A = 4,a = 3 and y = —3. In Figure 1 (bottom left), we choose
u=2,A=6ua=>5andn = 3. InFigure 1 (bottom right), we choose u =2,A = 6,4 =5
and 7 = —3.

Stacks of zeros of the generalized Apostol-type Frobenius—Euler polynomials
Hif‘ }(g,ry;u;)\) = 0 of order « for 1 < w < 30, forming a 3D structure, are presented
(Figure 2).

In Figure 2 (top left), we choose u = —2,A = 4,& = 3 and 1 = 3. In Figure 2 (top
right), we choose 1 = —2,A = 4,a = 3 and y = —3. In Figure 2 (bottom left), we choose
u=2A=06,a=>5andn = 3. In Figure 2 (bottom right),we choose u = 2,A = 6,4 =5
and 7 = —3.

Plots of real zeros of the generalized Apostol-type Frobenius—Euler polynomials
]HIT(;)F(Q, n;u;A) = 0 of order o for 1 < w < 30 are presented (Figure 3).

In Figure 3 (top left), we choose u = —2,A = 4,& = 3 and 5 = 3. In Figure 3 (top
right), we choose 1 = —2,A = 4,« = 3 and y = —3. In Figure 3 (bottom left), we choose
u=2,A=6a=>5andn = 3. In Figure 3 (bottom right),we choose u = 2,A = 6,0 =5
and 7 = —3.

Next, we calculated an approximate solution satisfying the generalized Apostol-type
Frobenius—Euler polynomials ng }(g, ;u;A) = 0 of order a. The results are given in
Table 1. We choose 1 =2,A = 6,0 =5and = 3.
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Table 1. Approximate solutions of Hﬁf‘ )F(g ,uA) = 0.

Degree w 4
1 4.5000
2 —0.96131, 5.4613
3 —3.9141, 5.1740, 7.7401
4 —6.6036, 3.1453 — 2.1145i,

3.1453 + 2.1145i, 13.813
—10.775,1.5396 — 0.9397i, 1.5396 + 0.93971,

> 8.4352,21.761
6 —17.428, —0.72148, 2.5863,
5.7586, 10.197, 35.608
v —28.214, —1.9256, 2.6753 — 1.48841i, 2.6753 + 1.4884i,
6.7608, 19.152, 57.377
8 —45.645, —3.2315, 1.4614 — 1.2976i, 1.4614 + 1.2976i,
5.7479,12.138, 29.581, 92.986
—73.860, —5.2463, 0.39703, 1.3178,
9 5.2440, 7.1909, 18.825, 48.769,
150.36
—119.51, —8.4883, —0.86402, 2.7850 — 0.2438i,
10 2.7850 + 0.2438i, 4.6030, 13.531, 30.944,
78.360, 243.35

4. Conclusions

In this article, our objective was to introduce the F-analogues of the Apostol-type
Frobenius-Euler polynomials, which we have denoted as generalized Apostol-type Frobenius—
Euler—Fibonacci polynomials. We have employed the Golden Calculus to introduce these
polynomials and subsequently explored their properties. Our work represents a generalization
of the previously published articles [24]. In our future research studies, we intend to utilize
the Golden Calculus to introduce the parametric types of certain special polynomials and to
derive a plethora of combinatorial identities through their generating functions.
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Abstract: In this paper, we consider a novel family of the mixed-type hypergeometric Bernoulli—
Gegenbauer polynomials. This family represents a fascinating fusion between two distinct categories
of special functions: hypergeometric Bernoulli polynomials and Gegenbauer polynomials. We focus
our attention on some algebraic and differential properties of this class of polynomials, including
its explicit expressions, derivative formulas, matrix representations, matrix-inversion formulas, and
other relations connecting it with the hypergeometric Bernoulli polynomials. Furthermore, we show
that unlike the hypergeometric Bernoulli polynomials and Gegenbauer polynomials, the mixed-type
hypergeometric Bernoulli-Gegenbauer polynomials do not fulfill either Hanh or Appell conditions.

Keywords: Gegenbauer polynomials; generalized Bernoulli polynomials; hypergeometric Bernoulli
polynomials
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1. Introduction
For a fixed integer m € N, the mixed-type hypergeometric Bernoulli-Gegenbauer

polynomials “//,,[mfl’“] (x) of order & € (—1/2,00), where n > 0, are defined through
generating the functions and series expansions as follows:

zMez 1 Xz n z2
e -yt % o 4

where |z| < 27, |x| <1,and a« € (—1/2,00) \ {0}.

n

“ d m— 4
= LM M

ZMe** 27T — xz > - z"
—— e e DR O R S L S N
Lo/ \l=%+gz/ n=0 '
The polynomials {’7/”["1_1’“] (x) } -0 represent a fascinating fusion between two classes
n

of special functions: hypergeometric Bernoulli polynomials and Gegenbauer polynomials.

A significant amount of research has been conducted on various generalizations and
analogs of the Bernoulli polynomials and the Bernoulli numbers. For a comprehensive
treatment of the diverse aspects, including summation formulas and applications, inter-
ested readers can refer to recent works [1,2]. Inspired by recent articles [3-7] where au-
thors explore analytic and numerical aspects of hypergeometric Bernoulli polynomials,
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hypergeometric Euler polynomials, generalized mixed-type Bernoulli-Gegenbauer poly-
nomials, and Lagrange-based hypergeometric Bernoulli polynomials, this article focuses

on the algebraic and differential properties of the polynomials {7/,1["171""] (x)} . These
n

properties include their explicit expressions, derivative formulas, matrix representations,
matrix-inversion formulas, and other relationships connecting them with hypergeometric
Bernoulli polynomials.

The paper is organized as follows. Section 2 provides relevant information about
hypergeometric Bernoulli polynomials and Gegenbauer polynomials. Section 3 is dedicated
to the study of the main algebraic and analytic properties of the HBG polynomials (1)
and (2), which are summarized in Theorems 1-4, and Proposition 6.

2. Background and Previous Results

Throughout this paper, let N, Ny, Z, R, and C denote, respectively, the sets of natural
numbers, non-negative integers, integers, real numbers, and complex numbers. As usual,
we always use the principal branch for complex powers, in particular, 1* = 1 for « € C.
Furthermore, the convention 0° = 1 is adopted.

For A € C and k € Z, we use the notations A(Y) and (A1) for the rising and falling
factorials, respectively, i.e.,

1, ifk =0,
A = T (A+i-1), ifk>1,

0, ifk <0,
and
1, ifk =0,
Me=13 T, (A—i+1), ifk>1,
0, ifk < 0.

From now on, we denote by P, the linear space of polynomials with real coefficients
and a degree less than or equal to . Moreover, to present some of our results, we require
the use of the generalized multinomial theorem (cf. [8,9] and the references therein).

2.1. Hypergeometric Bernoulli Polynomials
For a fixed m € N, the hypergeometric Bernoulli polynomials are defined by means of
the following generating function [5,10-14]:
2 X2 0 [m—1] 2
—_— = B (x)=, |z| <2m, 3)
A P T

and the hypergeometric Bernoulli numbers are defined by B,[qul] = BLmil] (0) for all
n > 0. The hypergeometric Bernoulli polynomials also are called generalized Bernoulli
polynomials of level m [5,6]. It is clear that if m = 1 in (3), then we obtain the definition of
the classical Bernoulli polynomials B, (x) and classical Bernoulli numbers, respectively, i.e.,
Bu(x) = B,[qo] (x)and B, = B,[P], respectively, for all n > 0.

The first four hypergeometric Bernoulli polynomials are as follows:

B (x) = m,
m—1
m— _ 2
m— _ 3 2 m—
By 0) = m! (2~ 530 + Gt )

The following results summarize some properties of the hypergeometric Bernoulli
polynomials (cf. [5,6,11,12,15]).
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Proposition 1 ([5], Proposition 1). For a fixed m € N, let { it (x)} - be the sequence of
n

hypergeometric Bernoulli polynomials. Then the following statements hold:

(a)  Summation formula. For every n > 0,

m— L (n m— _
B ) = ) <k>B,[< Uk, @)
k=0
(b)  Differential relations (Appell polynomial sequences). For n,j > 0 with 0 < j < n, we have
m=1, () _ ™ [m—1]
B ) = s B ). ©
(c)  Inversion formula. ([12], Equation (2.6)) For every n > 0,
n_ve (MY K e
X' = —F B X). 6
kgg(k)(m-&-k)! nk (%) ©)

(d)  Recurrence relation. ([12], Lemma 3.2) For every n > 1,

[m—1] _ o 1 [m—1] [m—1] n[m—1]
By, (x)_<x —m+1>Bn71 (x) = _1'E<>B Bl (x).
(e)  Integral formulas.
/ By x)dx—?[BmEH( x1) = B ()

_ Z k ) (Z) B}[{”’*l]((xl)n—k-%—l _ (xo)n—k-%—l)‘

B¢ —n/ Bl U (t)yde + BV,

(A ([12], Theorem 3.1) Differential equation. For every n > 1, the polynomial BLm*l] (x) satisfies
the following differential equation

[m—1] [m—1] [m—1]
By anl BZ
) e Y+ (m 1)!(

1 , o
+17x>y +n(m—1)ly =0.

As a straightforward consequence of the inversion Formula (6), the following expected
algebraic property is obtained.

Proposition 2 ([5], Proposition 2). For a fixed m € N and each n > 0, the set
{Bgm_l] (x), Bgm_l] (x),..., B,[qm_ll (x)} is a basis for Py, i.e.,

P, = span{B([Jmfl] (x), Bgmfl] (x),..., BLmil] (x) }

Let {(s) be the Riemann zeta function defined by

gk

Z(s) = nl R(s) > 1.

n=1

The following result provides a formula for evaluating {(2r) in terms of the hypergeo-
metric Bernoulli numbers.
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Al}n—l] _

Proposition 3 ([6], Theorem 3.3). For a fixed m € Nand any r € N, the following identity holds.

(—1)—122-1 2rB[m 1]

_ [m—1]
¢@r) = m!(2r)! A
where
_ _ 1 -1
(-1t Uy i B ) - By fi (337 2;]+1(1) - Bg?_zj]ﬂ) By;
m! 2(2r)! (2r+1)! = (2r—2j+1)! (2))!

2.2. Gegenbauer Polynomials

Fora > —1, we denote by {C,S’x) (x) }n>0 the sequence of Gegenbauer polynomials,
orthogonal on [—1, 1] with respect to the measure du(x) = (1 — xz)""*% dx (cf. [16], Chap-
ter IV), normalized by

() () = T +20)
G (1) = n'T(2«)
More precisely,
/ C x)C a)(x ) dpu(x / C (x ,,, (x)(1 —xz)“_%dx = M bpm, n,m>0,

where the constant M}, is positive. It is clear that the normalization above does not allow «
to be zero or a negative integer. Nevertheless, the following limits exist for every x € [—1,1]
(see [16], (4.7.8))
W) 2
lim ¢\ T, lim Y — 2,
lim €)= To(x), - lim - = 2, (),
where T, (x) is the nth Chebyshev polynomial of the first kind. In order to avoid confusing

notation, we define the sequence {CA,SO) (x) }n>0 as follows:

Oy =1, 0= % e (x) = %Tn(x), w1

We denote the nth monic Gegenbauer orthogonal polynomial by
G (x) = (k) 'Y (),

where the constant kf; (cf. [16], Formula (4.7.31)) is given by

2"T(n+ w)
o
" oalT(a) « 70,
le n
k =lim-2t=—, n>1.
a—0 « n

Then for n > 1, we have

) (x) = lim (k) ' C (x) = 5o Ta(x)- @)
a—0
Gegenbauer polynomials are closely connected with axially symmetric potentials
in n dimensions (cf. [4] and the references cited therein), and contain the Legendre and
Chebyshev polynomials as special cases. Furthermore, they inherit practically all the
formulas known in the classical theory of Legendre polynomials.
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Proposition 4 ([17], cf. Proposition 2.1). Let {Cﬁ” }u0 be the sequence of monic Gegenbauer
orthogonal polynomials. Then the following statements hold.

(a)  Three-term recurrence relation.
1
xC,(fO(x) = C,(,')Ql (x)+ yia)Cr(fi)l(x), > =z #0, )]

with initial conditions C* (x) =0, Co (x) = 1 and recurrence coefficients 'yé ) eR,

() n(n+2a—1
'Y"a - 4(n4(ro<)(n+rxll)’ neN.

(b)  Foreveryn € N (see [16], (4.7.15))

n!l (n + 2a)
n+a+1)I(n+a)

i o= G = [ (O () P(x) = 22 o)
n - n 23 4 n r(

(c)  Rodrigues formula.

(=D)"T(n+2a) d"

_ L 2ya—1 (@) —
(1=x)"2 G () I(2n+2a) dx"

[(1 - xz)wf%], x e (-1,1).
(d)  Structure relation (see [16], (4.7.29)). For every n > 2

V() = ¢ (x) + &, (x),

where
@ (n+2)(n+1) >0,

n - s -

dn+a+1)(n+a)
(e)  Foreveryn € N (see [16], Formula (4.7.14))

d

(f)  Forevery n € N (see [18], Proposition 2.1)

As is well known, the monic Gegenbauer orthogonal polynomials admit other dif-
ferent definitions [16,19-21]. In order to deal with the definitions (1) and (2) of the HBG
polynomials, we also are interested in the definition of the monic Gegenbauer orthogonal
polynomials by means of the following generating functions:

1 _2 2N ST w2 <1 e e (<1/2,00)\ {0} (10)
472 = () " n!’ = ’ ’
and
oy Lc - Z x)— 2] <27, x| < 1. (11)
1— ﬁ — T —
47.[2 n=0 =
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%["171’“] (x) —m!

41/1[m—1,a] (X) —m!

%[nz—l,a] (x) —m!

,Y/S[mfl,a] (x) —m!

+3

4//4[111—1,04] (x) =m!

Remark 1. Note that (10) and (11) are suitable modifications of the generating functions for the
Gegenbauer polynomials ¢l (x):

(1 —2xz+z2)"" _ Cfﬁ)(x)z", lz| <1, %] <1, & € (=1/2,00)\ {0},
n=0
1-xz 0 1 A0)
a1 > 1 <1.
1—xz+72 +n;12C" (02", [z <1, |x| <

3. The Polynomials yyfm—1a] (x) and Their Properties

Now, we can proceed to investigate some relevant properties of the HBG polynomials.

Proposition 5. Fora € (—1/2,00), let {“//,,[mfl/“] (x)} . be the sequence of HBG polynomials
n>

of order «. Then the following explicit formulas hold.

1], s (m\T(k4+a) () [m—1) >

A (x) = kg(:) (k) @) G (x)B " (x), n>0,a#0, (12)

L Im=1,0] Lo\ kb o) [m—1]

Y (x)=Y" r ——C (0B, " (x), n>0. (13)
k=0 T

Proof. On account of the generating functions (1) and (10), it suffices to make a suitable
use of Cauchy product of series in order to deduce the expression (12).

Similarly, taking into account the generating functions (2) and (11), we can use an
analogous reasoning to the previous one to obtain expression (13). [

Thus, the suitable use of (8) and (12) allow us to check that forw € (—1/2,00) \ {0},
the first five HBG polynomials are:

vp(a),

[ 1
_Ul(ﬂ)x - mi—&-l}’

_m([x)xz _ 2(m+a) ‘et 472 (a+ 1) +tx(m+1)2(m+2)}/

mt(m+1) 272 (m +1)2(m+2)(1 +a)

@)~ el 3Gy (0 5) e (1 550 )

2(m—1) «

((m+1)3(m+2)(m+3) B 2712(m+l)>}'

m—2 8u o 2(14+a)a
{04("‘)"4 N W“("‘)xs”((mﬂ)(mﬁ) T amr2mr2 @ O
24+a)(1+a)a 5—m 4(m—1)a «

- por )X2+6<(m+1)2(m+2)(m+3) P P2 mL3) | RmE)

1+a)a \ , 6(m® — 3m> — 6m + 36) 6(1 +2a)a 3(1+a)a
7'(3(m+1))x T 12m 22 mt3)(mtd) | RmilEmi2) T ad |

n (k)
where v, (a) = Z <n> %, 0<n<4.
= k)
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In contrast to the hypergeometric Bernoulli polynomials and Gegenbauer polynomials,
the HBG polynomials neither satisfy a Hanh condition nor an Appell condition. More
precisely, we have the following result.

Theorem 1. For a € (—1/2,00), let {Vn[mil'a] (x)}

order a. Then we have

- be the sequence of HBG polynomials of

n>

d m—1,a & m—1ua m—1,a
A = ) [SA ) )], wto, )

d i1,
) = (4 1)

1, 1 & (n (k+1)! e
w5 1 (1) nk)cS)(x)BLk”(x)} x=0

(15)

Proof. From (12), we have
1
ntal oy 50 (MR +a) @) pin1]
Vi M (x) = k;)( k chlx (x)B," ;¢ (x),
differentiating this last equation, and using part (e) of Proposition 4, (14) follows. [

Furthermore, it is possible to establish an integral formula connecting the HBG po-
lynomials with the monic Gegenbauer polynomials. This integral formula allows us to
deduce a concise expression for the Fourier coefficients of the HBG polynomials in terms of
the basis of monic Gegenbauer polynomials.

Lemma 1. Fora € (—1/2,00), let {7/,1["1_1’“] (x)}
order «. Then, the following formula holds.

- be the sequence of HBG polynomials of

nz

m!n!T (n+2a) n ny I'(k+a)
2T (n4-a+1)T (n+a) Li—o (k) 1T (a)” a#0,

1
[ A e aut) = (16)
- ! n 1
5 Yo (¢ 7;;1 ;=0

whenever n > 0.

Proof. In order to obtain (16), it suffices to use the orthogonality properties of the monic
Gegenbauer polynomials (4), (7), (9), (12) and (13). O

Regarding the zero distribution of these polynomials, the numerical evidence indicates
that this distribution does not align with the behavior of either Bernoulli hypergeometric
polynomials or Gegenbauer polynomials. For instance, in Figure 1, the plots for the zeros

of “//z[gnfl’“] (x) and “1/3[6'171’“] (x) are shown for m = 2and & = — 1.
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As expected, the symmetry property of Gegenbauer polynomials is not inherited by
the HBG polynomials. For instance, Figure 2 displays the induced mesh of 7/j[m_1’“} (x)

form =2,a =1,and j = 1,...,21. Each point on this mesh takes the form (x][-m_l’“],j),
j=1,...,21. In contrast, Figure 3 displays the induced mesh of C](a) (x) fora = 1, and
j=1,...,19.
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For any o € (—1/2,00), it is possible to deduce interesting relations connecting the

HBG polynomials “//n[mfl’a] (x) and the hypergeometric Bernoulli polynomials Bn (x)
The following two results concern these relations.

Proposition 6. For a fixed m € N, let ’1/,1["171’“](x) be the nth HBG polynomial of order o €

(=1/2,00) \ {0}. Then, the following relation is satisfied:

I S S (T e

=0 T =0 0<jk<|a|

N+2k+]

T 17)

Proof. On the account of generalized multinomial theorem, we deduce that

xz 22 )'x (=1)
==t ) = ¥ 7< > iZ2kH, 18)
( 472 0< e jal 2 2k 2kt \ j, k

Next, (1), (3) and (18) imply that

=], 2" Xz 2 \"
Y wE = (1-Z4 5

! 2
= n! 47T

- [m—1,a] z"
PR

n=0

(-1 2kt 1] 2
(o<f>k:<a 22k 72kt ]k 207/ w0

Since the sum on the right-hand side of (18) is finite, (17) follows directly from (19). O

Theorem 2. For a fixed m € N, the HBG polynomials "//,,[m_l’ol (x) are related with the hypergeo-
[m—

metric Bernoulli polynomials By, U (x) by means of the following identities.

271B, X ”f/ x),

{)m 1] ( ) m—1,0] ( )

2B Y (x) — xBI N (x) = M () — 2l (20)
anLm 1] (x) an [m—1] (x) /%[nz—l,o](x) - %%,[T;LO](JC) + 17(:7[21) 1/n[m 10]( )’ n>2.

Proof. From the identities (2) and (3), we have

2

- plm- 1] ”_ xz | z7 N\ o m-10), 2"
Z ._<1 7r+4712>r;)7/” (x)n!'

Multiplying, respectively, the left-hand side of the above expression by (271 — xz) and

the right-hand side by (1 -2+ 22) we obtain the following equivalent expression:
&) n
ZNB([)mfl] (x) + 27rB£m71] (x)z — xB([)m*l] (x)z+ Y, (27‘[3,[;”71]( ) — an[m 1 (x)) %
n=2 :
_ A//O[mfl,O](x) + 4//[mfl,0] (x)z - %%[mfl,o](x)z
5/lm= 10 nx_ m—1,0] n(n—1), jm-10 z"
+ Z( = T = s ) ) e @D

Therefore, by comparing the coefficients on both sides of (21), we obtain the identi-
ties (20). O
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Remark 2. When « = r € N, Equation (18) becomes
2\ (—1)f
1- 22 e _ AT } 2k+}
< + 47.[2) H; 22k 7 2k+j <] k)

Thus, for r = 1 we can combine the above identity with (17), and obtain the following connecting

relations:
By ) = ")
B ) = 7" M) = T ) @)
”m 1](x) m 11]( ) — ;%[Tfl,l](x) i 71(277;21)%[112—1,1](@/ n>2
Hence, as a straightforward consequence of (17) and (20), the HBG polynomials “//,,[mfl’l] (x)

and ‘//,1[’"71’0] (x) are related by means of the following identities:

27_[4//0[77171,1] (x) _ 4//(]["171/0] (x)
27'[4//1[7’171'1](3() _ 3x41/0[m71,1](x) _ %[mfl,o](x) _ %%[mfl,()](x)

m—11 m 11 nn—1) n(n—1)x? m—1,1 n(n—1)(n—2)x_ jm-1,1 (23)
27'(”1/”[ ](x) 3nxf/[ ]( )+ ( 7 + p- 7/,1[_2 ](x) — Tl/n[_3 ](x)

nn—1
= ylm- 10]() n7/;1[m110() %nglo()’ —

Using (12), (13), and employing a matrix approach, we can obtain a matrix representa-
tion for “i/n[m_l’“] (x), n > 0. In order to implement that, we follow some ideas from [4,5].

First of all, we must point out that for » = 0,1, ...,n, Equations (12) and (13) allow us

to deduce the following matrix form of pym=1ad (x):

pm= oy = W )BmU(x), r=0,1,...,n, (24)
where
[(OEFsc () ()it - ) 0 0], ifa o,
i (x) =
(025070 ()ERC ) o V) 0 0], ifa=0,

the null entries of the matrix C (x) appear (1 — r)-times, and the matrix B"~1(x) is
T
given by BI"~1(x) = [Bgn 1](x) Bgm 1](x) . BI" 1](x)] )

Now, for & € (—1/2,00), let C!¥)(x) be the (11 + 1) x (1 + 1) whose rows are precisely
the matrices Cg“) (x) forr=0,1,...,n. Thatis,
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c(x) 0 0o |
O @) Y (x) 0
- | OFHe’@  OEa’® 0 es a0,
_ ( )l;r("n;(a))C(a)( ) (nﬁl)l;(: IHD?))C(&) (x) - Cé“)(x) ]
and from (7):
[ 1 0 0]
()T (x) 1 0
cO(x) = (3)%Ta(x) (D Ti(x) 0
| D T ()T () - 1

It is clear that the matrix C(¥(x) is a lower triangular matrix for each x € R, so
that det(C<”‘)(x)> = 1. Therefore, C(*)(x) is a nonsingular matrix for each x € R and
€ (—1/2,00).

Theorem 3. For a fixed m € Nand any « € (—1/2,00), let {”//n[mfl’“] (x)} - be the sequence
n

of HBG polynomials. Then, the following matrix representation holds.
Vi) = @ (x)Bl" (), (25)

T
where V[m—l,zx](x) _ [,y/o[mfl,ac](x) ayl[m—l,zx](x) o %l[m—l,ac](x)] )

Proof. Foreachr =0,1,...,n, consider the matrix form (24) of “//,A[mfl’a] (x). Then, it is not
difficult to see that the matrix V"~14](x) becomes

T
V[mfl,zx] (x) — {4//0[11171,0(] (x) n//l[rnfl,zx] (x) . %![WI71,DL] (x)] — C(vc) (x)B[mfl] (x),

and (25) follows. [

The following examples show how Theorem 3 can be used.
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Example 1. Let us consider m = 1,n = 3, and o« = 1, then,

1 0 0 0
x 1 00
-1
Bx) = (cV) vPIw=1| ., VP, e

272 3 10

633y 3(4x*-1) a
L 3 272 T J
where
_ 1 _
(1 + %)x — %

01 (x) =
VOl(x) (1+2+4)2-(1+L)x+i- 4

(1+2+5+5)2-3(1+2+%)2+1(1+1 -3 -5)r+5%

L Py -] ]
Since
_ a-1 -
1 0 0 0 1 0 0 0
) % 1 0 0 -2 1 0 0
<C<1>(x)> =| o R = i
2
br = 10 e -2 10
_ 3(4x2-1 3 _3x
6x37r33x (anz ) 3% 1 ] L 0 72 7? 1 |
then (26) becomes ) .
1
!
B(x) =
xX2—x+1}

That is, the entries of the matrix B(x) are the first four classical Bernoulli polynomials.
It is worth noting that for « = m = 1, the HBG polynomials 7/”[0/1] (x) coincide with the GBG
polynomials ’Vnm(x),for all n > 0 (cf. [4]).

Example 2. Let m =n =3 and a = —%. From (25), we obtain
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1 0 0 0 6
: - 1 0 0 6x — 3
(=) (x)B2(x) =
—25 (x2 - 3) - 1 0 6x% —3x + 2
1672 3 2 20
21 6. 9 2 32 2 ¢
an (P %) —pe(®-3) & 1] [6X° % + 5%+

3x 3
—ﬁ+6x—7

—45x%+671 (40x2 —20x+1) +3071(1—4x) x+30
4072

3(—672x (40x?—20x+1) +15x (6—7x* ) —157 (1253 —3x2 —8x+2) +7° (320x° —240x>+24x+2) )
L 16073 .

Straightforward calculations show that this last matrix coincides with

[e)}
|

T
=
je)
\
@)
—~
|
e
~
—
=
~—
=]
~
—
=
—
Il
<
~
|
Ml
—
=
—

We can now proceed as outlined in [5]. From the summation Formula (4) it follows

B ) = ME TG, =0,

where )
M = [l st B 0 o), 7)
the null entries of the matrix MLm_ll appear (1 —r)-times,and T(x) = [1 x .-+ x"] T

Analogously, by (27) the matrix B"~1!(x), can be expressed as follows:

B[m—l](x) _ M[m—l]T(x)
[ Bl 0 0 ]
Gt @B o
= @B GErt 0 [T, (28)
Lens (Bt @y
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[m—1]

Notice that according to (27) the rows of the matrix M are precisely the matrices

MLmil] forr = 0,...,n. Furthermore, the matrix M1 is a lower triangular matrix, so
that det (M[m’l]) = (m!)"*1, Therefore, MI"~1 is a nonsingular matrix.

Another interesting algebraic property of the HBG polynomials is related with the
following matrix-inversion formula.

Theorem 4. For a fixed m € Nand any « € (—1/2,00), let {”//n[m*l’“] (x)} . be the sequence
nz
of HBG polynomials. Then, the following formula holds.

T(x) = (Q[m’l’“](x)>_lv[’”’l""](x), 29)
where QIM=141 (x) = C(®) (x)Mlm-1],

Proof. Using the inversion Formulas (6), (25) and (28), and the nonsingularity of the
matrices C(®) (x) and MI"~1l, it is possible to deduce that

T(x) = <M[m71]) - (C(ﬂé)(x)) 71V[m71/vc] (x),

and (29) follows. [

A simple and important consequence of Theorem 4 is:

Corollary 1. Forafixedm € Nand any « € (—1/2, c0) the set {’1/0['"71’“] (x),..., ’1/,4['"71’“] (x)}
is a basis for P, n > 0, i.e.,

P, = span{di/o[mfl,tx] (X), 7/1[’"71’“] (X), L ,7/”[}’71*1,06] (x) }

4. Conclusions

In the present paper, we introduced the mixed-type hypergeometric Bernoulli-Gegenbauer
polynomials and analyzed some algebraic and differential properties of these polynomials,
including their explicit expressions, derivative formulas, matrix representations, matrix-
inversion formulas, and other relations connecting them with the hypergeometric Bernoulli
polynomials. Furthermore, we demonstrated that unlike the hypergeometric Bernoulli
polynomials and Gegenbauer polynomials, the HBG polynomials do not fulfill either Hanh
or Appell conditions.

It is worth noting that the utilization of a matrix approach, specifically employing the
operational matrix method based on hypergeometric Bernoulli polynomials, underpins
several of our formulations. The matrix approaches using operational matrix methods
associated with special polynomials and their practical applications constitute a relatively
recent area of interest, as evidenced by the substantial body of literature (see, for instance,
refs. [22-28] and the references therein). However, within the context of mixed special
polynomials, to the best of our knowledge, there are no other published works that have
adopted a similar approach, with the possible exception of a recent investigation [4].

Furthermore, we provided some examples to illustrate that the class of HBG polyno-
mials does not generalize to the classical Bernoulli polynomials, although the latter can be
recovered using Theorem 3. Unfortunately, the numerical evidence suggests that the zero
distribution of the HBG polynomials does not align with the behavior of either Bernoulli
hypergeometric polynomials or Gegenbauer polynomials.

Finally, by employing the determinantal approach introduced by Costabile and
Longo [29], which implies that hypergeometric Bernoulli polynomials have a correspon-
ding determinant form, and considering Theorem 3, it becomes feasible to investigate
the determinantal forms associated with the HBG polynomials. Furthermore, Theorem 4
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and the differential equation presented in part (f) of Proposition 1 (cf. [12], Theorem 3.1)
suggest that the HBG polynomials satisfy a differential equation of order n. These two
properties, along with their implications and potential applications, will be the focus of our
future work.
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Abstract: In this paper, we consider the orthogonal polynomials with respect to the weight w(x) =
w(x;s) = xre Nx+s(¥®=¥)] » ¢ Rt where A > 0, N > 0and 0 < s < 1. By using the ladder
operator approach, we obtain a pair of second-order nonlinear difference equations and a pair of
differential-difference equations satisfied by the recurrence coefficients a,(s) and B, (s). We also
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From Dyson’s Coulomb fluid approach, we prove that the recurrence coefficients converge and the
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1. Introduction
In this paper, we are concerned with the coefficients in the three-term recurrence
relation for the orthogonal polynomials with respect to the weight

= x/\efN[xi’s(x:{*x)]

w(x) = w(x;s) x € RT, 1)
with parameters A > 0, N > 0and 0 <s < 1.

If s = 0, the weight (1) is the classical (scaled with N) Laguerre weight. If s = 1, it
is an exponential cubic weight. Orthogonal polynomials associated with the exponential
cubic weight have been well studied (see e.g., [1-4]), and have important applications in
numerical analysis [5] and random matrix theory [6-8]. Furthermore, orthogonal poly-
nomials and the Hankel determinant for the so-called semi-classical Laguerre weight
w(x) = xhe~Nlx+s(=2)] y € R+ have been studied in [9,10], which is also the motivation
of the present paper.

Let {Py(x;s) }o be a sequence of monic polynomials, P, (x) of degree #, orthogonal

with respect to the weight (1); that is,

/0 Py (x;8) Py (x;8)w(x; 8)dx = hy(5)dmn, mmn=0,1,2,..., )

where 11,(s) > 0 and P,(x;s) has the expansion
Py(x;8) = X" +p(n,8)x" L+ + Py(0;5),
where p(n,s), the sub-leading coefficient of P, (x;s), will play a significant role in the

following discussions. Note that P, (x;s) and p(n,s) also depend on the parameters A
and N.

Mathematics 2023, 11, 3842. https:/ /doi.org/10.3390/math11183842
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One of the most important properties of the orthogonal polynomials is that they satisfy
the three-term recurrence relation of the form

xXPu(x;8) = Pyi1(x58) + an(8)Pa(x;8) + Bu(s) Pr—1(x;8), ®)
with the initial conditions
Py(x;s) =1, Bo(s)P_1(x;s) := 0.

As an easy consequence, we have

an(s) =p(n,s) —pn+1,s), 4)
Ba(s) = hhf()s) 0. 5)

Taking a telescopic sum of (4) and noting that p(0,s) := 0, we obtain an important identity

1
aj(s) = —p(n,s). (6)

n

po(s)  pa(s) -+ pals)
1 pi(s)  pa(s) o+ paga(s)
Pn(x;s) = Dn(s) :
Mn—1(s) mn(s) -+ Han—1(s)
1 x e x"
and Dyir(s)
h‘ﬂ(s) = Dn(s) ’ (7)

where D;,(s) is the Hankel determinant for the weight (1) defined by

po(s)  pa(s) -~ Ha-1(s)
DA :=det(;4i+j(5))2f:10: Vl:(S) Vz;(S) .un:(S) ,
Pn—1(s) pa(s) -+ pan—2(s)

and p(s) is the jth moment given by the integral

pj(s) = /O00 xw(x;s)dx.

We mention that the moment y(s) can be expressed in terms of the generalized
hypergeometric functions after some calculations.

Furthermore, it is easy to see from (7) that the Hankel determinant D, (s) can be
expressed as the product of #;(s) in the form

n—1

Dyu(s) = Hh]-(s). ®)

Obviously, the recurrence coefficients ay, (s), fn(s) and the Hankel determinant Dy, (s)
are all dependent on the parameters A and N in our problem. For more information about
orthogonal polynomials, see [11-13].
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The remainder of the paper is organized as follows. In Section 2, by using the ladder
operator approach, we derive the discrete system for the recurrence coefficients ay(s)
and By (s). We also obtain an important identity in the representation of the sub-leading
coefficient p(n,s) in terms of the recurrence coefficients. In Section 3, we derive the
differential-difference equations satisfied by the recurrence coefficients. We establish the
relation between the Hankel determinant D;,(s) and the recurrence coefficients, and also
obtain the differential-difference equations satisfied by Dy(s). In Section 4, by making
use of Dyson’s Coulomb fluid approach, we find that the large # limits of the recurrence
coefficients exist in the sense that 7/ N is fixed as n — co. The expressions of the limits are
also given explicitly. Finally, the conclusions and some remarks are outlined in Section 5.

2. Ladder Operators and Second-Order Difference Equations

The ladder operator approach has been applied to solve a series of problems about
semi-classical orthogonal polynomials and the related Hankel determinants, especially the
relationship to Painlevé equations; see, e.g., [14-16] and the references therein. Note that,
in order to simplify the notations, the s-dependence of many quantities such as Py, (x), w(x),
hy, &y and B, will not be displayed unless it is needed. Following the general set-up of Chen
and Ismail [17,18], the lowering and raising operators for our orthogonal polynomials are

(5 + B0 ) Pu(a) = Bun()Ps ),

<£ — Bn(x) — v'(x)) P, (X) =-Ap (x)P” (x)’
where the functions A, (x) and B, (x) are defined by
An(x) = %/Ow wPﬁ(y)W(y)d% ©)
Bu() = [Tk e, iy (10)
and v(x) = —Inw(x).

The associated compatibility conditions for the functions A, (x) and B, (x) are

Byi1(x) + Bu(x) = (x — an) An(x) — v/ (x), (11)

14 (x —an) (Buy1(x) = Ba(x)) = Bur1An1(x) = BnAn-1(x), (12)
n—1

B2(x) +v'(x)By(x) + Z Aj(x) = BnAn(x)Ap_1(x). (13)
=0

Here, (13) is obtained by the combination of (11) and (12), and is usually more useful
compared to (12).
For our problem with the weight (1), we have

v(x) = —Inw(x) = N[x +s(x> —x)] = Alnx,
and

Vi) =v(y) _ A

Using (14), we compute the functions A, (x) and B, (x) in the following lemma.
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3s {“3 + B (20 + a0y 1) + Bur1 (200 + "‘n+1)] +(1=s)an

Lemma 1. For our problem, the expressions of A, (x) and B, (x) are given by

An(x) = 3Ns(x +a,) + R"x(s), (15)

Ba(x) = 3Nsp, + 1), (16)
where Ry, (s) and 1, (s) are the auxiliary quantities

A [>1
Ru(s) := I Jo yprzl(y)w(y)dy’

nis) = 5 [ PR W)y

Proof. Substituting (14) into the definitions of A, (x) and By (x) in (9) and (10), we obtain
the desired results by using the orthogonality condition (2) and the three-term recurrence
relation (3). O

From the compatibility conditions (11) and (13), we have the following results.

Proposition 1. The recurrence coefficients ay, Bn and the auxiliary quantities Ry (s), r4(s)
satisfy the relations as follows:

3Ns(But1+ Bn) = Ra(s) — N(1 —s) — 3Nsaz, 17)

Tur1(s) +7n(s) = A — anRu(s), (18)

ru(s) +n = 3NsBu(an +ay_1), (19)

3Nsp2 + N(1 —s)Bn + Z aj = Bu(Ru(s) + Ru—1(s) + 3Nsa,,_1), (20)

n—1
Nry(s)(6sBn+1—5) + Y Rj(s) = 3NsBy (anRy—1(s) + ay_1Ru(s) + 1),  (21)
j=0

r%,(s) — Arn(s) = BuRu(s)Ry—1(s). (22)

Proof. Substituting (15) and (16) into (11), and comparing the coefficients of z° and
z~1 on both sides, we obtain (17) and (18), respectively. Similarly, substituting (15)
and (16) into (13), and comparing the coefficients of z!,z% 2z~ and z=2 on both sides,
we obtain (19), (20), (21) and (22), respectively. [J

Now we are ready to derive the main result of this section on the discrete system for
the recurrence coefficients.

Theorem 1. The recurrence coefficients w,, and B, satisfy a pair of second-order nonlinear difference
equations:

2n+)»+1

N , (23a)
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[35/511(1111 + Dén—l) - %] [35,311(0‘11 + ’Xn—l) . ;\})\] = Bu [35(0‘% + Bn + .Bn+1) +1- SJ
x[3s(a2_y + Bu—1+Pn) +1—5]. (23b)

Proof. From (17) and (19), we can express Ry, (s) and 7, (s) in terms of the recurrence coefficients:
Ru(s) = 3Ns(ah + Bu + Pui1) + N(1 =), (24)
u(s) = 3NsBu(an + ay—1) — n. (25)
Substituting (24) and (25) into (18) and (22), we obtain (23a) and (23b), respectively. [
Remark 1. When s = 0, the results in the above theorem are reduced to
Nay(0) =2n+A+1,  N2,(0) =n(n+A), (26)
which are consistent with the recurrence coefficients of the classical monic Laguerre polynomials.

At the end of this section, we give an expression of the sub-leading coefficient p(n,s),
which will be very useful in the analysis of the next section.

Corollary 1. The sub-leading coefficient p(n,s) can be expressed in terms of the recurrence coeffi-
cients as follows:

p(n,s) = —NBu [35(o s + @yt + 03+ Bt + B+ Bua ) +1-5|.  @7)
Proof. Substituting (6) into (20), we have
p(n,s) = 3Nsp% + N(1 —5)Bu — Bu(Ru(s) + Ry_1(s) + 3Nsana, 1)
Eliminating R, (s) and R,_1(s) by (24), we obtain (27). [

3. S Evolution and Differential-Difference Equations

Note that all the quantities discussed in this paper, such as the recurrence coefficients
«y and By, depend on the parameter s. We consider the s evolution in this section.
We start from taking a derivative with respect to s in the equation

Bu(s) = /w Przl(x;s)er_N[“'s(Xs_x)]dx,
0

which gives

d _ 3Ns [ 32
3s£1nhn(s) = /0 (x — x°) Py (x)w(x)dx
_ 3N /oo xP2(x)w(x)dx — 3Ns % x> P2(x)w(x)dx. (28)
I’ln 0 hn 0

By the three-term recurrence relation (3), we obtain the first term

3Ns
hy

/Ooo xP2(x)w(x)dx = 3Nsay (29)

and the second term

3Ns
Iy

| PR @wdr = 3Ns {8+ B2+ wa1) + Bt (20 + )]
= 2n+A+1—N(1—5s)ay, (30)
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where we have used (23a) in the second step to simplify the result.
From (28)—(30), it follows that

3s%1nhn(s) =N(1+42s)ay, — (2n+A+1). (31)

Using (5), we have
311 ()—3£1h()7311h (s) = N(1+42s)(ay — )—2;
sdsnﬁns—sdsnns Sdsn”_ls_ s)(ay — a1 ;
that is,

358, (s) = Bu[N(1+2s)(ay — 1) — 2.

On the other hand, differentiating with respect to s in the equation
/ Pu(;8)Py_q (x;5)xhe NEts( =)l gy — o
0

produces

3Ns

d 3Ns
35%[)(7!,5) =7

hn—l

/Ooo X3Py (x) Py (x)w(x)dx — /Ooo xPy (x)Py_q (x)w(x)dx. (32)

n—1

The first term is

3NBy (o + atty 1+ a2y + Byt + Bo + Bu1 )
= —p(n,s)—N(1—-5)Bn, (33)

SIS / x3 Py (x) Py _1 (x)w(x)dx
hu—1 Jo

where we have used (27) to simplify the result in the second equality. The second term reads

3Ns
1
Substituting (33) and (34) into (32), we find

/Ooo xPy (x)Py_q(x)w(x)dx = 3Nspy. (34)

3s%p(n,s) = —p(n,s) — N(1+2s)Bn. (35)
Taking account of (4), it follows that
35 (5) = —y + N(1+25)(Bas1 — Bu).
To sum up, we have the following theorem.
Theorem 2. The recurrence coefficients w,, and By, satisfy the coupled differential-difference equations:
3sal(s) = —ay + N(1+25)(Bus1 — Bu),
358, (s) = Bu[N(1+2s)(an — y—1) — 2.

We also derive some results about the Hankel determinant D, (s) as follows.

Theorem 3. The logarithmic derivative of the Hankel determinant is expressed in terms of the
recurrence coefficients as follows:

d
35% InDy(s) = N2(1 4 25)By [35 (v&ﬁfl @@y 02+ By + B+ /5,,+1) +1-— s] —n(n+A).

68



Mathematics 2023, 11, 3842

Proof. From (8) and (31), we have

d =d
3s%lnDn(s) = §3S£Inhj(s)

n—1
= Y [IN(I+25)aj— (2j +A+1)].
j=0
Taking account of (6) and using (27), we find
3s%1nDn(s) = —N(1+2s)p(n,s)—n(n+A) (36)

N%(1+ 25)Bn [35 (ucﬁ_l + ooy 02+ Bu-1+Bun+ ‘Bn+1) +1-— s]
—n(n+A).

The proof is complete. [

Corollary 2. The Hankel determinant D, (s) satisfies the differential—difference equation

dz d D 1 S)D -1 (S
95%(1 + 25) 25 INDy(s) + 65(2 4 5) - In Dy (s) + (1 + A) (1 — 4s) = N?(1+ 25)3%‘
Proof. From (36), we have
35— InDy(s) +n(n+A)
p(Vl,S) - N(l + 25) (37)
A combination of (5) and (7) gives
Dn+1 (S)anl (S)
= el 38
P =" 3) 9
Substituting (37) and (38) into (35), we obtain the desired result. [J
4. Asymptotics of the Recurrence Coefficients
Recall that, for our problem, the weight function is
w(x) = x/\e’N[”s(xL")], xeRF (39)
and the potential is
v(x) = N[x +s(x® —x)] = Alnx, x € RT, (40)

where A >0, N >0and 0 <s < 1.

In random matrix theory [19-21], it is known that our Hankel determinant D,,(s) is
equal to the partition function for the unitary random matrix ensemble associated with the
weight (39) [11] (Corollary 2.1.3), i.e.,

Dy (s :—/
(s) n! (0/°°>”1gz‘1]j<n

2 _
_ x] H xke Nlxp+s(xf—xi ]dxk
where {x j}]’le are the eigenvalues of n x n Hermitian matrices from the ensemble with the
joint probability density function

1 )2 A~ Nlxp+s(xd—
i T = Pl sstonn

1<i<j<n

p(x1/x2/~ . ~/xn) -
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If we interpret {x]}" ; as the positions of n charged particles, then the collection of
particles can be approx1mated as a continuous fluid with an equilibrium density o(x) in the
limit of large n according to Dyson’s Coulomb fluid approach [22]. Since our potential v(x)
in (40) is convex for x € R, the density o'(x) is supported on an single interval denoted by
(0, b); see Chen and Ismail [23] and also [24] (p. 198).

Following [23], the equilibrium density ¢(x) is obtained by minimizing the free en-
ergy functional

Flo] :—/ x)v(x) dxf/ / x)In |x — y|o(y)dxdy
subject to the normalization condition
b
/ o(x)dx =n. (41)
0
Upon minimization, the density o(x) satisfies the integral equation

b
— 2/0 In|x —ylo(y)dy = A, x € (0,b),

where A is the Lagrange multiplier for the constraint (41). Taking a derivative with respect
to x in the above equation gives the singular integral equation

_op / d -0, xe(0b), (42)

where P denotes the Cauchy principal value. From the theory of singular integral equa-
tions [25], the solution of (42) is given by

1 Jb—x_ PV (y) Y
(T(X)—R\/ P P/O yfqubfydy' (43)

Substituting (40) into (43) and after some elaborate computations, we find

2
o(x) = 21\711 b— {1+s<3 +3b7x+%71>}

The normalization condition (41) then becomes
iNb[15sb2 +8(1—s)| =n. (44)
32

Motivated by the works [9,10], we consider the case that g := n/N is fixed when
n — oo. Equation (44) is actually a cubic equation for b,

15sb° 4 8(1 — s)b — 329 = 0,
which has a unique real solution given by

04/3

_ 1/3 1/3 —-1/3
,7”52/35{@ —1035(1 — 5)¢& ]

where

¢ = 45057 +51/55(2 4 3(135¢2 — 2)s + 652 — 257].
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It was shown in Chen and Ismail [23] that, as n — oo,
b %A
ay(s) = 3 +O<m),
b? PA
=—(1 — | .
=15 (1+0(55))
Hence, we have the following theorem.
Theorem 4. Let q := n/N be fixed when n — co. Then, the limits of a, and B, as n — oo exist

and are given by
21/3

. _ 1/3 _ 1/3 o -1/3
Jim o = o [g 101/35(1 — )& ] (45)
lim = — 20 (623 410732 (1 = )22 —2x 10s(1—5)], (46
n—eo T 180 x 51/352 /

where

§ = 45057 +5/55(2 + 3(135¢2 — 2)s + 652 — 257].

Remark 2. It is an interesting phenomenon that the limits of the recurrence coefficients in (45) and
(46) are independent of the parameter A.

Remark 3. When s — 0, we find from (45) and (46) that
Mmoo =2q, lim pn =17,
which coincides with the classical results for the Laguerre polynomials; see (26).

Remark 4. We conjecture that w,, and B, have the following large n asymptotic expansion

b

an:er ﬁnzzf]
j=0

=

where ag and by are given by the right hand sides of (45) and (46), respectively. Then, one can
determine the expansion coefficients a; and b; recursively by using the discrete system for the
recurrence coefficients in (23) following the procedure in [14-16]. However, the results are too
complicated to write down here.

5. Conclusions

In this paper, we studied the monic polynomials orthogonal with respect to a semi-
classical weight, which interpolates between the classical Laguerre weight and the exponen-
tial cubic weight. By making use of the ladder operator approach, we derived the discrete
system for the recurrence coefficients a,(s) and B,(s). Considering the s evolution, we
obtained the coupled differential-difference equations satisfied by a,(s) and B, (s). We
also studied the relations between the associated Hankel determinant, the sub-leading
coefficient of the monic orthogonal polynomials and the recurrence coefficients. Finally,
we proved that the large n limits of the recurrence coefficients exist and are given when
n/N is fixed as n — co. The large n asymptotic expansions of the recurrence coefficients,
the sub-leading coefficient p(#, s) and the Hankel determinant D, (s) in the sense that n/N
is fixed as n — oo can be considered based on the results in this paper; however, we found
that the computations are very cumbersome.
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Abstract: A comprehensive framework has been developed to apply the monomiality principle
from mathematical physics to various mathematical concepts from special functions. This paper
presents research on a novel family of multivariate Hermite polynomials associated with Apostol-
type Frobenius-Euler polynomials. The study derives the generating expression, operational rule,
differential equation, and other defining characteristics for these polynomials. Additionally, the
monomiality principle for these polynomials is verified. Moreover, the research establishes series
representations, summation formulae, and operational and symmetric identities, as well as recurrence
relations satisfied by these polynomials.

Keywords: multivariate special polynomials; monomiality principle; explicit form; operational
connection; symmetric identities; summation formulae

MSC: 33E20; 33C45; 33B10; 33E30; 11T23

1. Introduction and Preliminaries

A current field of study with practical applications involves investigating the con-
volution of multiple polynomials as a method for introducing innovative multivariate
generalized polynomials. These polynomials hold immense importance due to their useful
characteristics, which include recurring and explicit relations, functional and differential
equations, summation formulae, symmetric and convolution identities, determinant forms,
and more.

Multivariate hybrid special polynomials exhibit a wide range of features that show
great promise for their utilization in various areas of pure and practical mathematics, such
as number theory, combinatorics, classical and numerical analysis, theoretical physics, and
approximation theory. The development of diverse new classes of hybrid polynomials is
motivated by the desire to harness their utility and potential for application.

Sequences of polynomials hold significant relevance in various domains of applied
mathematics, theoretical physics, approximation theory, and other branches of mathemat-
ics. Particularly, the Bernstein polynomials of degree n serve as a foundational basis for
the space of polynomials with degrees less than or equal to n. Dattoli and collaborators
utilized operational approaches to examine Bernstein polynomials [1], exploring the Ap-
pell sequences—a broad class encompassing several well-known polynomial sequences,
including the Miller-Lee, Bernoulli, and Euler polynomials, among others.
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The introduction and study of classes of hybrid special polynomials connected to
the Appell sequences, as seen in references [2-7], play a significant role in engineering,
biological, medical, and physical sciences. These hybrid polynomials are of paramount
importance due to their key characteristics, such as differential equations, generating
functions, series definitions, integral representations, and more. In numerous scientific and
technical fields, problems are often expressed as differential equations, and their solutions
typically manifest as special functions. Consequently, the challenges encountered in the
development of scientific fields can be addressed by utilizing the differential equations
satisfied by these hybrid special polynomials.

The multivariate special polynomials are extremely important in many areas of mathe-
matics and have many uses. They are crucial in algebraic geometry, which examines the
geometric properties of algebraic varieties. They are used to define and study significant
geometric objects such as algebraic curves, surfaces, and higher-dimensional varieties.
These polynomials describe the intersection of curves and surfaces, the singularities of
algebraic varieties, and the properties of their coordinate rings. They may also be observed
in many areas of theoretical physics, including quantum mechanics and quantum field
theory. They show up as differential equation solutions in mathematical physics, especially
when eigenvalue issues, boundary value issues, and symmetry analysis are involved. These
polynomials have applications in quantum field theory, statistical mechanics, the study of
integrable systems, etc. Due to such significance, several authors introduced multivariate
Hermite and other special polynomials. Datolli et al. [8] introduced the generating function:

n

(o]
2 a3 t
ettt +ust’ _ Z (U, un, uS)E’
n=0 :

@

representing three-variable Hermite polynomials (3VHPS) $),, (11, ua, u3).

Further, by taking u3 = 0, 3VHPs reduce to the polynomials $,(u1,up) widely
known as 2-v Hermite Kampé de Fériet polynomials (2VHKAFPs) [9] and on taking
uz = 0, u3 = 2uy and up = —1 3VHPs become the classical Hermite polynomials
$n(u71) [10] (Equation (5.1), p. 167).

At this point, it is noteworthy to mention that many semi-classical orthogonal poly-
nomials, serving as generalizations of classical orthogonal polynomials such as Hermite,
Laguerre, and Jacobi polynomials, have been extensively studied in recent years. Enthusias-
tic readers are encouraged to explore the works of [11,12] (and the references cited therein),
along with the valuable insights presented in the book [13]. Furthermore, other interesting
results concerning recurrence relations for generalized Appell polynomials and summation
problems involving simplex lattice points or operators with a summing effect can be found
in [14-16].

Recently, the polynomials represented by y,L’”] (u1,u,...,uy), known as multivariate
Hermite polynomials (MHPs), were introduced in [17] and are given by generating relation:

n

exp(nd - und") = ) W (1,2, un) 2 6
n=0 :

with the operational rule:

[m]

02 ?° "
exp<u2w+ugw+'--+umm>ﬂ= n (ul,uz,...,um), (3)
and series representation:

Y1, 03, )
! (n—mr)!

y,[jm](ulluz,.”,um) = ! Z Uy, . (4)

Several mathematicians are keen to introduce different forms of various special poly-
nomials. The unified forms of Apostol-type polynomials are introduced in the study of [18].
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These polynomials are known as the Apostol-type Frobenius-Euler polynomials and they
are represented mathematically by the symbol Fy, (11; 1) [19]. For A = 1, these polynomials
reduce to the Frobenius-Euler polynomials [20]. We now recall the generating expression
of these Frobenius-Euler polynomials, which is as follows:

1—u > &
(m)eulg = r;)Fn(ul?u)al ()
whereu € C, u # 1.

Therefore, on taking 11 = 0, expression (5) gives the Frobenius—Euler numbers (FENs)
F,(u), defined by

L, L ®)

_ I
e—u = n!

Further, on taking u = —1, the FEPs becomes Euler polynomials (EPs) A, (u1) [21].

Extensive research has been dedicated to the advancement and integration of the
monomiality principle, operational rules, and other properties within the domain of hy-
brid special polynomials. This line of investigation traces its roots back to 1941 when
Steffenson initially proposed the concept of poweroids as a means to understanding
monomiality [22]. Building upon Steffenson’s work, Dattoli further refined the theory,
offering valuable insights and refinements [2]. Their contributions have paved the way
for a more comprehensive understanding of the monomiality principle and its appli-
cation within the context of the so-called hybrid special polynomials. Therefore, on a
combination of multivariate Hermite polynomials y,L’”] (u1,u,...,uy) given by (2) and
Frobenius—Euler polynomials [23,24] given by (5) by using the concept of the monomiality
principle and operational rules, the convoluted new polynomial, namely, multivariate
Hermite-Frobenius-Euler polynomials are given by the formal expression:

1-— 0 n
<35 _i) exp(ur€ + upl 4 -+ up ™) = Z yFLm](ul,uz, . ,um;u)%. )
n=0 :

The rest of the article is as follows: The multivariate Hermite-Frobenius-Euler poly-
nomials are introduced and studied in Section 2. Also, operational formulae for these
polynomials are derived. In Section 3, the monomiality principle is verified and the dif-
ferential equation is deduced. Further, several identities satisfied by these multivariate
Hermite-Frobenius—Euler polynomials are established by using operational formalism. In
Section 4, summation formulae and symmetric identities for these polynomials are estab-
lished. Further, several special cases of these polynomials are taken and the corresponding
results are deduced. Section 5 is devoted to some illustrative examples. Finally, Section 6
consists of concluding remarks.

2. Multivariate Hermite-Frobenius—Euler Polynomials

In this section, a novel and comprehensive method is introduced for determining
the multivariate Hermite-Frobenius-Euler polynomials (MHFEPs) yFLm] (U1, U, ... U Uh).
The approach presents an alternative viewpoint and methodology when compared to
existing methods. By employing this innovative technique, our objective is to enrich the
comprehension and investigation of these polynomial sequences, offering a new outlook
on their properties and potential applications. As a result, we have introduced a fresh
perspective to advance the understanding and utilization of these polynomials.

Now, we will use two different approaches to show that the representation series (7) is
meaningful. Thus, MHFEPs are well-defined through the generating function method.
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Theorem 1. The MHFEPs represented by yFLm] (1q, 12, - -+, Um; ) satisfy the generating expres-
sion:

n

1-— at m
( : " ) exp(ur& + upf + - - - + Uy &™) = E yFL ](ulfuz,-u,llm}u)*g,- 8
e —u = n!

Proof. We prove the result in two alternative ways:

(i) Expanding the product of terms ( 1—u ) and exp(u& + ual + - - + U ™) by New-

e —u

ton series and ordering the product of the developments of functions (Eléi‘” and

exp(u1& + tal? + -+ - 4+ uy@™) wrt. the powers of & we obtain the polynomials
yFL,m] (11,12, ..., um; u) expressed in (7) as coefficients of %
(i) Substituting the multiplicative operator M = u1 -+ 2udy, + 31138%1 +ot mumau’”]_l

of MHFEPs given in [17] in expression (5) in place of u; on both sides, we find

1—u 90 2 ... o1 ad _ n
<m>e(u1+2u2 1 F3U3, o k)G nZ_OFn(ul + 2199y, + 3,433%11 NI mttmali’l 1;u)% ©)
In view of the identity given in [5], (Equation (7)) gives the Lh.s. of (8) and, denoting
the rh.s. yFu(uy + 2u20,, + 3u38§1 + ..+ muma,’ffl;u) by yFu(u1,uz, ..., um;t),
assertion (8) is deduced.
O
The following result shows that the MHFEPs behave component-wise as Appell-type
polynomial sequences.
Theorem 2. The multivariate Hermite—Frobenius—Euler polynomials yF,[qm] (ug, ..., s 1)
satisfy the following differential relations:
) .
ale[yF[nM](ulfub- o u)] = (n); yFL"i]j(uLuz,--.,um;u), 1<j<m<mn, (10)
where (n); denotes the falling factorial, given by
1, ifj=0,
(n)j = Il (n—i+1), ifj>1,
0, ifj <O0.
Proof. By taking derivatives of expression (7) w.r.t. 1y, it follows that
O (275 expure + a4+ ™) | =& (275 ) explurd + w2 + - + un™) 11
auy |\ —u ) S uy &+ u2g um") | = |\ 7, ) expnd +ul umg") | (11)
Substituting the r.h.s. of (7) into (11), we find
p) ) n 00 n+1
BTtl { Z:o yFLm] (ug,un, ..., Uy; u)i'} = Z:o yFLm] (ug,up, ..., Uy; u)%, (12)
n= n=
By replacing n — n — 1 on the rh.s. of the previous expression and then equating
the coefficients of like exponents of §, the first expression of the system of expressions (10)
is deduced.
Next, on taking derivatives of expression (7) w.r.t. uy, it follows that
d 1—u 2 m 2 1-u 2 m
3, |\ & —u exp(in§ +upl” 4+ um™) | =87 e Jexp(ung +ual 4o und™) | (13)
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Substituting the r.h.s. of expression (7) into (13), we find
n+2

BN S N - N
8u2 ZyF (1,102, i) —n;[)yFn (ny, 12, i) >, (14)

by replacing n — n — 2 on the rh.s. of the previous expression and then equating the
coefficients of like exponents of ¢, the second expression of the system of expressions (10)
is deduced.

Similarly, continuing in the same fashion, we deduce other expressions of system (10). [

Concerning the operational formalism satisfied by the multivariate polynomials
yEu(uq,12,. .., um; 1), we have the following:

Theorem 3. For MHFEPs yF,,(u1,uy, ..., ty; 1), the operational rule:
82 a3 1
exp (uzw + us w 4+ + uma ; ) {Fn(ul;u)} = yFLm](ul,uz,. o umu)  (15)
holds true.

Proof. To prove result (15), we proceed by taking derivatives of expression (7) as:

o)
W[yF,[J"](”l'”z’ cUmu)] =1 yFL"i]l(ul,uz, e U ),
92
2 [yF (ul,uz,...,um, )] =n(n-1) yF” 2(ul,uz,...,um;u),
P il im]
Wb}Fn (ug,u, ... ugsu)] = n(n —1)(n —2) yF, "5 (ug,ua, ..., up; 1),
9™ ¢ glml ]
duq " [J/F (”lrqu = .,um;u)] = (i’l)m J/Fn—m(ul’HZ/ " "um;u)’ (16)
and
9 ¢ glm (]
a—uz[yFn (wr,up, ... ups;u)] = n(n —1) yF, 2 (uq, uz, ..., Up; 1),

0
%[yF,[,m](ul,uz, v gpu)] =nn—1)(n—2) yFL"i]3(u1,u2, e U ),

0 m "
W[yFL ](u1,u2,...,um;u)] = (n)m yFLJm(uLuz,...,um;u). (17)
m

In consideration of the system of Equations (16) and (17), we find that the MHFEPs
are solutions of the equations:
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i[ F[m](ul iy Uy u)| = i[ F[m](ul iy U 1)
au2 YEn s U2, ey Uy au12 yrn s U2 ey Uy ’
d 9

%[yFLm](ul,uz,...,um;u)} = 3,3 [yF,[;"](ul,uz,...,um;u)],

a m
o [yFLm] (ug,up, ... gy u)] = FRC [yFLm] (uq,up, ..., um;u)], (18)
m
under the initial conditions:
YF (113,0,0,...,0;u) = Fyy (u;u). 19)

Therefore, in cognizance of previous expressions (18) and (19), assertion (15) is ob-
tained. O

Next, we will obtain the series representation of MHFEPs yF, (111, 12, ..., um; 1) by
proving the succeeding results:

Theorem 4. For MHFEPs yF,, (1, s, . .., Un; 1), the succeeding series representations are demon-
strated:

n
yFLm](ul,uz,...,um;u) = Z (Z) Fs(u)y,[ﬁ]s(ul,uz,...,um) (20)
s=0
and
(] oy (" Lyl
yE (ur, g, ) =Y s Fo(up;u) Y, (g, us, . .., ). (21)
s=0

Proof. Inserting expressions (6) and (2) on the Lh.s. of (7), we find

n

[ s 00 n 00
Z Fs(u)% Z y,Lm] (ul,uz,...,um)% = Z yFLm](ul,uz,...,um;u)%. (22)
5=0 " n=0 . n=0 !

Interchanging the expressions and replacing n — n — s in the resultant expression in
view of the Cauchy product rule, it follows that

n oo n n

Y R (1/[1/”2/-“/”171/'7/1)% = Y Y F )V (g, ua, i)
n=0 :

=5 (n—s)s!’ (23)

Multiplying and dividing by n! on the r.h.s. of the previous expression and then
equating the coefficients of the same exponents of ¢ on both sides, assertion (20) is deduced.

In a similar fashion, inserting expressions (5) and (2) (with u; = 0) on the Lh.s. of (7),
we find

S n

Z yFLm](ul,uz,...,um;u)%. (24)

n=0

n
yim](uz,ug,...,um)g—, =
0 ni

e
m‘ﬂ"w
agk

Fs(u1;u) >
0 n

s

Interchanging the expressions and replacing n — n — s in the resultant expression in
view of the Cauchy product rule, it follows that

n n

oo (o] n
Y yFLm](ul,uz,m,um;u)% = Y Y Fo(ur; i) 0" (ua, us,...,um)(nfi
: n=0s=0

= s)ls!’ 5

Multiplying and dividing by ! on the r.h.s. of the previous expression and then equat-
ing the coefficients of the same exponents of ¢ on both sides, assertion (21) is deduced. O
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3. Monomiality Principle

The development and incorporation of the monomiality principle, operational rules,
and other properties in hybrid special polynomials have been extensively studied. The
concept of monomiality was first introduced by Steffenson in 1941 through the notion
of poweroids [22] and was further refined by Dattoli [2]. In this context, the M and D
operators play a crucial role as multiplicative and derivative operators for a polynomial set
b (u1)en- These operators satisfy the following expressions:

bk+1 (ul) = M{bk(ul)} (26)

and
kb1 (u1) = D{by(m1)}- 27)
Subsequently, the polynomial set by (11 ),y under the manipulation of multiplicative
and derivative operators is known as a quasi-monomial. It is essential for this quasi-
monomial to adhere to the following formula:

[D,M] =DM — MD =1, (28)

and, as a result, it shows a Weyl group structure.

The significance and usage of the operators M and D can be exploited to extract the
significance of the set {by(u1) }xen, provided it is quasi-monomial. Hence, the succeeding
axioms hold:

(i)  bx(uq) gives the differential equation
MD{be(u1)} = k bye(ur), (29)

provided M and D exhibit differential traits.
(ii) The expression
be(uy) = MF {1}, (30)
gives the explicit form, with by (1) = 1.
(iii) Further, the expression

. o wk
M1y = Y b))y, Jwl <o, 31)
k=0 :

behaves as a generating expression, which is derived by usage of identity (30).

Many branches of mathematical physics, quantum mechanics, and classical optics
still employ these methods today. As a result, these methods offer strong and efficient
research tools. We thus confirm the monomiality concept for MHFEPs by taking into
account the importance of this method. Thus we verify the monomiality principle for

MHFEPs yF,Lm ] (u3,ua,. .., Um; u) in this section by demonstrating the succeeding results:

Theorem 5. The MHFEPs yF,[qm] (u1,up, ..., um;u) satisfy the succeeding multiplicative and
derivative operators:

)
~ _ e’
M = uy + 2updy,; + 3uzdy + -+ + muydj ' —

Uy

. (32
Eaul —u )

and
D = duy, (33)

)
where 9y, = iy

Proof. By differentiating expression (7) w.r.t. ¢ on both sides, we find
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¢ 1
<u1 + 2up& 4 Bzl + - 4 muy &L — egi u> <e¢ Z; exp (& + upE 4 - - + &™) )
) [m] —1
= Z n yFy (ul,uz,...,um,u) — (34)
= n!

which further can be written as follows:

& =] n—1
(Lq +2upl + 3u3§2 +-+ mumg’"*l — eée_ ) (Z yFLm](M],Mz, .. ~/Mm/'”)(:n|>

0=
0 [m] n—1
ZnyFn (uq,p, ., Uy 1t) s (35)

Also, by taking a derivative of (7) w.r.t. u;, we find the identity

9 (1-
. (eg f; exp(u1d + ud® + -+ + umém)>

aul
d ad [m] ) gnfl

By replacing n — n + 1 on the r.h.s. of (35) and equating the coefficients of same
exponents of ¢ in view of expressions (37) and (26) in the resultant expression, asser-
tion (32) is demonstrated.

Moreover, the second part of expression (36) can be written as:

6(:5:1;[’[ exP(ulé + u262 4 umgm)),

> [m] §n71
§<Z yE; (ul,uz,..,,um;u)n!>. (36)

n=0

n—1 o na1
8u1 (Z yF ul,uz,...,um;u)gn! ) <Z yFLm](ul,uz,...,um;u)gm>. (37)

n=0

By replacing n — n — 1 on the r.h.s. of (37) and equating the coefficients of the same
exponents of ¢ in view of (27) in the resultant expression, assertion (33) is demonstrated. [

Next, we deduce the differential equation for MHFEPs yFLm] (ug,up, ..., um;u) by
demonstrating the succeeding result:

Theorem 6. The MHFEPs yF,[qm] (w1, up, ..., um;u) satisfy the differential equation:

P

(ulam +2up03, + 3uzdy, + - -+ muydf — Tam - n> VEM (g, 1, ) = 0. (38)
e —u

Proof. Inserting expression (32) and (33) into the expression (29), assertion (38) is proved. [

The operational formalism developed in Theorem 6 can be applied to numerous
identities related to the Frobenius—Euler polynomials, which are widely investigated to

produce MHFEPs yF,Lm] (uy,up, ..., um;u). To do this, we carry out the subsequent action
of operator (O) given by exp <u2% +us % +o U E)u ) on the identities involving
Frobenius-Euler polynomials F, (u; 1) [25]:

n

wFpy(ug;u™ ') + Fy(usu) = (1+u) Y (Z) F,_ (0" F(ug;u), (39)

k=0

n—k+1

n—1 n
P00+ Foca 10520 = T o D (R 10 (0) + 20,y ) Ry ), 60
k=l
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Fp(uu) =Y (Z) F,_(u)Fe(uy;u), ne€Zy=NU{0}. (41)

k=0
The MHFEPs yFLm] (u1,uy,...,um;u) are obtained after operating (O) on both sides
of (39)—(41):
n
u yFLm](ul,uz,. ) + yFLm](ul,uz, co ) = (1+u) Z (k)yF[ (e -1 yF[ (ug, up, ... U ),
k=0
1
n + 1

n
Z - k 1 Z((—u)Fn,l(u)F,,k(u) + 2uF, i (u)) yF,[;"](ul,uz,ug, .. ,um;u)yFLm](ul,uz, Uz, ..., Uy i),

yF Vo, uz u3, - - ,um;u)+yFL"ﬂk(ul,uz,us,...,um;u)

n

n
yF,[,m](ul,uz, Uz, ..., Uy ) = 2 <k> F,_x(u) yF][{m}(ul,uz,u&...,um;u), neZy=NU{0}.
k=0

4. Summation Formulae and Symmetric Identities

To derive the summation formulae for the MHFEPs yFLm] (u1,up,us, ..., upm; 1), the
succeeding results are demonstrated:

Theorem 7. For the MHFEPs yFLm] (u1,up,us, ..., uy; u), the succeeding implicit summation
formula holds true:

" n
VEI g+ w0, 13, ) = ) <k) yF,[(m](ul,uz, us, .. )Wk (42)

Proof. On taking u; — uq + w in expression (7), it follows that

n

(;:ZZ) exp((ug + )&+ tpl + -+ 4 ™) = Z yF g +w, s, .. ,um;u)%

which further can be written as

n

] _ (@)
(eé 7?4) exp(uié + U2 4+ ™) exp(wé) = Z yFLm](ul +w, Uy, .. .,um;u)%,
n=0 :

By making use of the series expansion of exp(w¢) on the Lh.s. of the previous expres-
sion, we have

n

8 i) g
ZyF (w1 +w,uy,.. ,um;u)m, (43)

(o]
Z yFLm](ul Fw, U, Uy U)W T
k=0 nlk

This results in the deduction of assertion (42) by substituting n — n — k into the r.h.s.
of consequent expression and then equating the coefficients of the identical powers of & in
the resulting equation. [J

Corollary 1. For w = 1 in expression (42), we have

" n
FL’"](M + 1,1, u3, . U i) = Y <k>yF,Em](u1,uz,u3,...,um;u). (44)
k=0

Theorem 8. For the MHFEPs yF,[qm] (u,up,u3, ..., um; 1), the succeeding implicit summation
formula holds true:
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. n
VR (g 4 2 un +yun 42, ) = Y <k>yFL"i]k(u1,uz, Uz, 1) Vi (XY, 2). (45)
k=0

Proof. On taking uq — uq + x, up — uj + y and uz — u3 + z in expression (7), it follows that

(:ff;) exp((u1 + )¢+ (2 +y)8* + (u3 +2)8 + -+ und™") =

i yFB"](ul +x,uy +y, Uz +z,...,um;u)n—’: (46)
which further can be written as
<61§:L,:> exp(u1€ + 18 + -+ - + ™) exp(x& + y&* + 28°) =
i yFLm](ul +x,uy+yuz+2z,... ,um;u)n—r!l. (47)

n=0

By making use of the series expansion of exp(x& + y& + z&%) on the Lh.s. of the
previous expression, we have

g n—+k =) gn
pp ZyF g + %10 +y,u3 + 2, um,u) . (48)

) yF;[;ﬂ](lll,Mz,Ms,-.. s ) Vi (%, Y, 2)
n=0

This results in the deduction of assertion (45) by substituting # — n — k on the Lh.s. of
the consequent expression and then equating the coefficients of the identical powers of xi
in the resulting equation. [J

Corollary 2. For z = 0 in expression (45), we have

" n
VB (1 + X, up 4y, 3, ) = Yy <k> yFL”i]k(ul,uz, Uz, . um; ) Vi(x,y). (49)
k=0

Theorem 9. For the MHFEPs yFLm] (u,up,us, ..., uy; u), the succeeding implicit summation
formula holds true:

n,s n s
yFL’ﬂs(q, Up, U3, .. Ui ) = Y (l) <m> (g — u1)l+myF£L"ﬂsilim(u1,uz,ug,,...,um;u). (50)
1,m=0

Proof. By replacing { — ¢ + 17 and in view of the expression:

— (11 +up)M > ub ult
L gM)y—r=—= ) gll+m) 61
M=0 M! 1,m=0 [tm!
in relation (7) and afterward simplifying the resultant expression, we have
@)y g O (1w 24... m
e n,SZ:"OyFnH(”l,HZ/uB/.”lum,u) el =\ exp(ua(E+n) "+ +un(@+m)"). (52)
Substituting 17 — g into (52) and comparing the resultant expression to the previous
expression and further expanding the exponential function gives
0 o) + M 0 n 4,8
E yF[rlnﬁs(ull U, U3, ..., Uy, U | S' Z 7“1 % X Z yFi[/lri]s(ulrqu u3r~~vrunl;u)%' (53)

n,s=0 n,s=0
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Thus, in view of expression (51) in expression (53) and then replacing n — n — [ and
s — s — m in the resultant expression, we find

_ I+m
(q—m)™

n 4,8

F[m . é Ui _ a
Z YEs (g s, oyt ) S = Yy

n,5=0 1n,5=01,m=0

] ; ¢ 54
yE L ,7,(M1,M2,M3,~~-,Mmru)m~ (54)

On comparison of the coefficients of the like exponents of ¢ and # on both sides of the
previous expression, assertion (50) is established. [

Corollary 3. For n = 0 in expression (50), we find

S

ngm](q/ U, U3, ..., Up, U Z ( ) - ul yFEﬁ]m(ul/qu us,.. ~/um;u)

Corollary 4. Substituting g — q + uq and taking m = 2 in expression (50), we have

o (n\ (s
yFLﬂﬁs(q+u1,1¢2,u3,...,um;u)= E (l)(m) (q)”m FLﬂﬂs (U, 2, U3, U 1),
1,m=0

Corollary 5. Substituting q — q + uy and taking m = 1 in expression (50), we have

m & n s
i = ¥ (7)(5) @ )

1,m=0

Corollary 6. Substituting q = 0 in expression (50), we have

5o n\ (s
yFHS(uz,ug, C ) =Y <l><m>(7 My FL"ﬁS o (B, U2, U3, o U ).
1,m=0

In physics and applied mathematics, it is common to encounter problems where
finding a solution requires evaluating infinite sums that involve special functions. The
applications of generalized special functions can be found in various fields, including
electromagnetics and combinatorics. Several authors [23-34] established and examined
different types of identities related to Apostol-type polynomials. These investigations serve
as a motivation to establish symmetry identities for the MHFEPs. Let us now review the
following definitions:

Definition 1. The generalized sum of integer powers Sy(n) is defined by the generating function
shown below for:

I |
26( )2 = - (55)

=
Definition 2. The multiple power sums 6 (m) are defined by the generating function shown below:

E{E (eorermfi= (%),

=0 Lg=0

In order to derive the symmetry identities for the MHFEPs yFLm] (uy,up, uz, ..., um;u),
we prove the following results:
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Theorem 10. The following symmetry connection between the MHFEPs and generalized integer
power sums is valid for any integers with u, § > 0andn >0, u € C:

o () kgl 2, 3 m SNaw 1
Y ) R G P s, M i) Y ()G (=1 )

1=0

X yFi[cni]1(14u1/ WU, 1PUs, .., " U 1)

n k k 1
Z( ) L G, 1P, 10 ) ) <l>uk61(7771;;)

k=0 1=0

x yE" (g, Wy, P Us, . " U ). (57)
Proof. Consider

(1 — u) erunnétuz(und)+us(und)® (gung _ yp) ernéUs+Us(un)*+Us (uné)*

o= (@ —u) @ — ) ’

(58)

which in consideration of the Cauchy product rule becomes

o N k 1
&) =), (Z (k)ﬂ" SR (e, P, Pus, oy ) Y ( ) (-1
=0
n

X yF,[:Z]l(yU], Wy, 13Us, . 1" U u)%. (59)

Continuing in a similar fashion, we find

© 0y k 1

6(6) = E ( 2 <k> 17” kyFLM]k(V”LV MZIV us,.. ;Vmumr 2 < ) kGl - 1r ;)
n=0 "k=0 1=0

n

xyF,L’Q‘Jl(;yul,qzuz,r;3u3,...,UMUm;u)%. (60)

On comparison of the coefficients of like exponents of ¢ in expressions (59) and (60),
assertion (57) is deduced. [

Theorem 11. The following symmetry connection for the MHFEPs is valid for any integers with
w, 1 >0andn >0, ucC:

n p—1n-1
Y ( ) Y Z wltn=2( 'W” Sk y B (i + Z] 12U, 12U, . f " Ui ) < B, (o +%i/ﬂzu2:773u3/-~/77mum}u)
i=0 j=0

n n n—1p—1 o1 o )
=) (k) ¥ X a2 () B gt 4+ L iU, iU, Ui )
k=0 i=0 j=0 u "

X yFL"L]k(yul + %i,r]Zuz, 773143,. oM u). (61)

Proof. Consider

(1S — yhY (M1 — 1y )€U+ U (@) + U (upd ) - U ()"

= (1 — u)? Gt (uyE) s (u8) et (uy )" ,
n(8) (1 —u) e (&' — 1) (e — u)

(62)

(eMnS —ut) and (31“1@ ul) .

which in consideration of series representations of
(e —u) (€M —u)

in final expression
gives
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1—u

l
— g7t (1E) 1212 ()2 113 (HE) >+ ™ ()™, néi
b({:) (e}’g—u) ; ( ) ‘

1 2 3 " "
W et (1) + Uz ()21 Us (1) U ()™ 11 1 j
x (eﬂé‘fu) ]g(:) (u)e (63)
Thus, in view of (7) and the usage of the Cauchy product rule in the previous expres-

sion (63), we find
7;4+;72 1+]nkk[] K. 2 3
Z u iz yF; (VU1+17],14 U, Uz, ..., " Up; 1)

SIGEY {z ('
n=0 i=0
x y M (g + %i, g, s, .. ./Um”m}”):| (64)

Continuing in a similar fashion, we find another identity
C ]/lm Uy; u)

n—1u—1 i (] 3
]’7n kR (UU1+;]',HZU2,HS’U3,"

(i) L D

t
.,U"’um;u)}. (65)

k=0
] (pug + %i,r}zuz, uz, ..

5@ =Y
X yank

n=0

On comparison of the coefficients of like exponents of ¢ in expressions (64) and (65),

assertion (61) is deduced. O
Theorem 12. The following symmetry connection for the MHFEPs is valid for any integers with

u, n>0andn >0, ueC:

( ) yul,y Uy, 4 u3,...,y"'um;u)q”*i(yk)i

= Zu" 1 Z(l,)yFL"i]i(iyul,iyzuz,n3u3,..,,17 e w) " (yk)'. (66)
=

Proof. Consider
o (1 — 1) erm@u+uz(und)+us (und) >+t (uné)
(é) T (eP”7§ — u’?) (e/"-ér — u) (g’?ér — u)

By continuing in a similar fashion to that performed in Theorem 11, assertion (4) is

deduced. O
Theorem 13. The following symmetry connection between the MHFEPs and multiple power sums

is valid for any integers with u, > 0andn >0, u € C
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v (™M) 2, 3 m Zk k Z’ ARPINEN. |
k yFn_k(U”LU U, 17Uz, ..., 1m ul’ﬂ;u)u}7 1 (_1) Sk(ﬂ/a)
=0 r=0

X F["’H] (uUy, 12Uy, 13U, . .., " Uy ) "R

= 5 (1) i - (5) 1 (1) s )

1=0 r=0
x yE Y (g, U, U, - " U )y 5L (67)

Proof. Consider

F(&) == (1 — u)? era ()t pus () >+ (7 )"
(M8 — 1) eith (1E)+12Ua (1841 Us (12) 4" Un (72)"
@ ) (e —u) ’

X (68)

which on simplifying the exponents and usage of expressions (7) and (56) in the final
expression gives

00 m
5(): Z Vopu, nPus, yPus, ledots, ™ s u —u” Z Z ( ) )T Sk )V’”C

m=0r=0

1
X yF[mJr ](Vllbﬂzuz,liausw~/H"1Um;”)'7[% (69)

Therefore, in view of the Cauchy product rule, we have

(o] n n _ l m ].
3@ =), {Z (l>yFL"i],(rlu1,r]2uz,773us,...,n"’um;u)y" 'y ( )Z( >( DS )
n=0 | =0 m=0 -
[m+1] m . m, l—m Q
x yF_ (uly, p Z,Iz,y Us, ..., w" U u) "y ok (70)
Continuing in a similar fashion, we have
v v (1) glm 2, 3 p a yner
3@ =1 | L ) yFas (e, iuz, s, " )" Z Z S (Vﬁ)
n=0 | I=0 m=0 =
[m-+1] 2 3 m . m, l—m g
x yF,_ (U, U, 17 Us, oo " Uy u) ™" o (71)

On comparison of the coefficients of like exponents of ¢ in expressions (70) and (71),
assertion (67) is deduced. O

Theorem 14. The following symmetry connection between the MHFEPs and generalized integer
power sums is valid for any integers with u, § > 0andn >0, u € C:

n n 1
Y < )y g, P, 1Pus, oy s ) "’u"z< > )" Sk ™

m=0 \"

n n " m
=) (k>yFLi]m(ﬂu1,u2uz,ﬂ3u3,.‘~,u"’um, Z( )( )™ Sk(n f)u (72)
m=0 =0
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Proof. Consider

(1= u) e (HE)HPua(ue) >+ us (uE)* - um (nE)™ (g — 4 1)
M(E) = — .
(es —u) (et —u)
(73)

By continuing in a similar fashion to that performed in the previous Theorem, assertion
(72) is deduced. O

5. Some Illustrative Examples
Here, we give some specific examples of MHFEPs by taking their special cases:

For m = 3, the MHFEPs reduce to three-variable HFEPs yF,[f] (11, up, uz; u) specified

by the generating expression:

1—u 2 3 - (3] g"
<7§ ) exp(1g +uag” +usl’) = ) | yFp (w1, up, uz;u) %, (74)
e —u = n!

operational rule:

9?2 boks 3
exp <qu12 +u3 3713) {Fn(ul;u)} = yFL](”L”Z/ us; i), (75)
series representations:
n
yF’[?] (741/ Uy, Uz; u) = Z (S) Fs(u)yﬁs(ul, Uy, u3) (76)
5=0
and .,
n
yFE](ulluzl uz;u) =y <S>Fs(u1}u)yﬁs(u2, uz). (77)
5=0

For m = 2, the MHFEPs reduce to two-variable HFEPs yF,, (11, uy, u3; u) specified by
the generating expression:

1—u > n
<E> exp(und +usl®) = Y yFn(ul,Mz;u)%, (78)
n=0 :
operational rule:
9?2
exp <u2W> {Fn(ul; u)} = yF,(uy, upu), (79)
series representations:
n
Fatn ) = 1 (2 )Fulo) Vo) (50)
s=0
and ;
n
Fatin ) = Y (2 )Fulo )95 (o) o)
s=0

For m = 1, they reduce to Frobenius-Euler polynomials.

6. Conclusions

We develop the generation function and recurrence rules for the multivariate Hermite-
type Frobenius—Euler polynomials in this context. We may investigate the polynomials’
characteristics and potential applications to physics and related fields using this approach.
The generating function is derived and gives a compact representation of the polynomials,
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which makes it simpler to analyze their algebraic and analytical properties. The recurrence
relations also enable rapid computation and analysis of polynomial values through the use
of recursive computing.

The multivariate Hermite-type Frobenius—-Euler polynomials offer a strong foundation
for further research. They provide opportunities to explore several algebraic and analytical
characteristics, including differential equations, orthogonality, and others. Quantum me-
chanics, statistical physics, mathematical physics, engineering, and other areas of physics
all make use of these polynomials. By developing the generating function and recurrence
relations of extended hybrid-type polynomials, this technique is reinforced. These discov-
eries not only add to our understanding of multivariate Hermite-type Frobenius—Euler
polynomials but also open up new avenues for investigation into their characteristics and
potential applications in physics and related fields.

Operational techniques are effective in constructing new families of special functions
and deriving features related to both common and generalized special functions. By em-
ploying these techniques, explicit solutions for families of partial differential equations,
including those of the Heat and D’Alembert type, can be obtained. The approach de-
scribed in this article, in conjunction with the monomiality principle, enables the analysis
of solutions for a wide range of physical problems involving various types of partial
differential equations.
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Abstract: We study the sequence of monic polynomials {5, },>0, orthogonal with respect to the Jacobi-
Sobolev inner product (f,g)s f F(x)g(x) du®f(x) + EJN 1 Zk 0 ;kf (c )gk (c]»), where
N,dj € Zy, Ajy > 0, du™ P(x) = (1 —x)%(1+ x)Pdx, @B > —1,andc; € R \ (=1,1). A con-
nection formula that relates the Sobolev polynomials S, with the Jacobi polynomials is provided, as
well as the ladder differential operators for the sequence {S; },>0 and a second-order differential
equation with a polynomial coefficient that they satisfied. We give sufficient conditions under which
the zeros of a wide class of Jacobi-Sobolev polynomials can be interpreted as the solution of an
electrostatic equilibrium problem of 7 unit charges moving in the presence of a logarithmic potential.
Several examples are presented to illustrate this interpretation.

Keywords: Jacobi polynomials; Sobolev orthogonality; second-order differential equation; electro-
static model

MSC: 30C15; 42C05; 33C45; 33C47; 82B23

1. Introduction

It is well known that the classical orthogonal polynomials (i.e., Jacobi, Laguerre, and
Hermite) satisfy a second-order differential equation with polynomial coefficients, and its
zeros are simple. Based on these facts, Stieltjes gave a very interesting interpretation of the
zeros of the classical orthogonal polynomials as a solution of an electrostatic equilibrium
problem of n movable unit charges in the presence of a logarithmic potential (see [1] Sec. 3).
An excellent introduction to Stieltjes” result on this subject and its consequences can be
found in ([1] Sec. 3) and ([2] Sec. 2). See also the survey [3] and the introduction of [4,5].

In order to make this paper self-contained, it is convenient to briefly recall the Jacobi,
Laguerre, and Hermite cases. We begin with Jacobi. Let us consider n unit charges at
the points x1, x2, . . ., x, distributed in [—1, 1] and add two positive fixed charges of mass
(0 4+1)/2and (B+1)/2at1and —1, respectively. If the charges repel each other according
to the logarithmic potential law (i.e., the force is inversely proportional to the relative
distance), then the total energy E(-) of this system is obtained by adding the energy of the
mutual interaction between the charges. This is

1
E(wy,wy,...,wy) = log ——
' ! 1<i<2j<n |wi — wj|
1x+1 1 ,B+1 1
log log — M
i e
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The minimum of (1) gives the electrostatic equilibrium. The points x1, x5, ..., x;, where
the minimum is obtained are the places where the charges will settle down. It is obvious
that, for the minimum, all the xj are distinct and different from +1.

For a minimum, it is necessary that 3% =0 (1 < k < n), from which it follows that the

polynomial P, (x) = ]_[]’4':1 (x — x;) satisfies the differential equation
(1=2)P/(x) + (B—a— (@ +B+20)P(x) = —n(n+a+p+DP(x), @

which is the differential equation for the monic Jacobi polynomial P, (x) = Py b (x) (see [6]
(Theorems 4.2.2 and 4.21.6)). The proof of the uniqueness of the minimum, based on the
inequality between the arithmetic and geometric means, can be found in [6] (Section 6.7).
In conclusion, the global minimum of (1) is reached when each of the n charges is located

on a zero of the nth Jacobi polynomial Py £ (x).

For the other two families of classical orthogonal polynomials on the real line (i.e.,
Laguerre and Hermite), Stieltjes also gave an electrostatic interpretation. Since, in this
situation, the free charges move in an unbounded set, they can escape to infinity. Stieltjes
avoided this situation by constraining the first (Laguerre) or second (Hermite) moment of
his zero-counting measures (see [6] (Theorems 6.7.2 and 6.7.3) and [1] (Section 3.2)).

The electrostatic interpretation of the zeros of the classical orthogonal polynomials,
in addition to Stieltjes, was also studied by Bocher, Heine, and Van Vleck, among others.
These works were developed between the end of the 19th century and the beginning of
the 20th century. After that, the subject remained dormant for almost a century, until it
received new impulses from advances in logarithmic potential theory, the extensions of the
notion of orthogonality, and the study of new classes of special functions.

Let y be a finite positive Borel measure with finite moments whose support supp(y) C R
contains an infinite set of points. Assume that {P,},>0 denotes the monic orthogonal
polynomial sequence with respect to the inner product

(.8) = [ FE)g(x)dn(x). ©

In general, an inner product is referred to as “standard” when the multiplication operator
exhibits symmetry with respect to the inner product, i.e., (xf, §); = (f, xg)u- As (3) is a stan-
dard inner product, we have that P, has exactly n simple zeros on (a,b) = Cj(supp(y))° C R,
where Cj(A) denotes the convex hull of a real set A and A° denotes the interior set of A.
Furthermore, the sequence { P, },,> satisfies the three-term recurrence relation

xPy(x) = Pyy1(x) + 71,0 Pu(x) + 72,0 Pu-1(x);  Po(x) =1, P_1(x) =0,

where 75, = HPn”yz/”Pnleyz forn =17, = <Pn/xpr7>y/||Pn||;2u and | - ||, = \/ ORI
denotes the norm induced by (3). See [6-8] for these and other properties of { Py },,>0.

Let (a,b) be as above, N,d; € Zy, Ajp 2 0, forj = 1,...,N, k = 0,1,...,d;,
{e1,c2,...,en} C R\(a,b), where ¢; # ¢jifi # jand I+ = {(j,k) : Ajp > 0}. We
consider the following Sobolev-type inner product:

N 4
(f.8)s=(f.ut+ Y Y AinfP ()W (c))

j=1k=0

= [F@s@dnm + ¥ 4P 68 (), @

(jk)els
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where f() denotes the kth derivative of the function f. We also assume, without restriction
of generality, that {(j, dj)}jlil C Iianddy <dp <--- <dy. Letusdenoteby S, (n € Z)
the lowest degree monic polynomial that satisfies

(x¥,8,)s =0, for k=0,1,...,n—1. (5)

Henceforth, we refer to the sequence {5}, of monic polynomials as the system
of monic Sobolev-type orthogonal polynomials. It is not difficult to see that for alln > 0,
there exists a unique polynomial S, of the degree n. Note that the coefficients of S, are
the solution of a homogeneous linear system (5) of  + 1 unknowns and 7 equations. The
uniqueness is a consequence of the required minimality on the degree. For more details on
this type of nonstandard orthogonality, we refer the reader to [9,10].

It is not difficult to see that, in general, (4) is nonstandard, i.e., (xp,q)s # (p, xq)s. The
properties of orthogonal polynomials concerning standard inner products are distinct from
those of Sobolev-type polynomials. For instance, the roots of Sobolev-type polynomials
either can be complex or, if real, might lie beyond the convex hull of the measure y support,
as demonstrated in the following example:

Example 1. Let

(f9)s = [ F)x +£(-2)g(-2) + £ () 2),

then the corresponding third-degree monic Sobolev-type orthogonal polynomial is S3(z) = z° —

%z, whose zeros are 0 and + %. Note that £/ % ~ 43 & [-2,2].

We will denote by P the linear space of all polynomials and by dgr(p) the degree of
p € P. Let

plx)=]](x— cj)d/HH (¢j— x)derl and  dps(x) = p(x)dp(x).

cj<sa cjzb

Note that p(x) > 0 forall x € (a,b) and dgr(p) =d = Zjlil(dj +1). Additionally, for
n > d, from (5), we have that {S, } satisfies the following quasi-orthogonality relations:

(Sus Pl = (Swpflu = [ Su(x)F(PE)IN(x) = (SuPf)s = O,

for f € P,,_;_1, where IP;, denotes the linear space of polynomials with real coefficients
and degree less than or equal to n € Z . Thus, S, is a quasi-orthogonal of order d with
respect to the modified measure p5. Therefore, S, has at least (n — d) changes of sign in
(a,b).

Taking into account the known results for measures of bounded support (see [11]
(1.10)), the number of zeros located in the interior of the support of the measure is closely
related to d* = #(1), where the symbol #(A) denotes the cardinality of a given set A. Note
that d* is the number of terms in the discrete part of (-, -)s (i.e., Aj,k > 0).

From Section 3 onward, we will restrict our attention to the case when in (4) the
measure dy is the Jacobi measure du®#(x) = (1 — x)*(1 + x)Pdx (&, > —1) on [-1,1].
Some of the results we obtain are generalizations of previous work, with derivatives up to
order one. For more details, we refer the reader to [12,13] and the references therein.

The aim of this paper is to give an electrostatic interpretation for the distribution of
zeros of a wide class of Jacobi-Sobolev polynomials, following an approach based on the
works [4,14,15] and the original ideas of Stieltjes in [16,17].

In the next section, we obtain a formula that allows us to express the polynomial S,
as a linear combination of P, and P,,_1, whose coefficients are rational functions. We refer
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to this formula as “connection formula”. Sections 3 and 4 deal with the ladder (raising
and lowering) equations and operators of {S; },>0. We combine the ladder (raising and
lowering) operators to prove that the sequence of monic polynomials {5, (x)} >0 satisfies
the second-order linear differential Equation (35), with polynomial coefficients.

In the last section, we give a sufficient condition for an electrostatic interpretation of
the distribution of the zeros of {5, (x)},>0 as the logarithmic potential interaction of unit
positive charges in the presence of an external field. Several examples are given to illustrate
whether or not this condition is satisfied.

2. Connection Formula

Let i be a finite positive Borel measure with finite moments, whose support supp() C R
contains an infinite set of points. Assume that {P,},>0 denotes the monic orthogonal
polynomial sequence with respect to the inner product (3). We first recall the well-known
Christoffel-Darboux formula for K, (x, ), the kernel polynomials associated with { Py },,>0.

PP a () = Puy)Pua () e o

n—1 ’
_ v B()P(y) _ [Pu-1llz (x —v)
Ky—1(x,y) = Z iz Ph®)Pia(x) = Pa(x)PL_ (x) (6)
k=0 1Pl =, i x=y.
1Pl
, j+k
We denote by K,(,]’k)(x,y) = a%’g(;;'y) the partial derivatives of the kernel (6).

Then, from the Christoffel-Darboux Formula (6) and the Leibniz rule, it is not difficult to
verify that

n—1 P (k)(]/)
KO (x,y) i
R ||P||,,
k'(Qk(xry/ 1) Pa (%) — Qi(x,y; Pn) Py1(x))
1Pl =y

, @)

where Qi(x,v; f) = Y¥_, %(x —y)¥ is the Taylor polynomial of the degree k of f
centered at y. Observe that (7) becomes the usual Christoffel-Darboux formula (6) if k = 0.
From (4),ifi < n

SuPhu=(SuP)s— Y AuSPc)PPe)=— ¥ 4P ()PP (). ®)

(k€L (jk)eLs

Therefore, from the Fourier expansion of Sy, in terms of the basis { P, } -, and using (8),
we obtain

- ~ p
P; c
Su(x) = Py(x) + Z w ) ;)(xg = Py(x Z )\]kS<k (cj) Z b ( ])
i=0 "R b i=0 H IIV
=Pu(x) = ¥ ApSP(e)K O (x,¢p). ©)

(jk)el+
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Now, replacing (7) in (9), we have the connection formula

Sﬂ(x) = Fl,n(x)P”(x) +G1,n(x)Pn71(x)r (10)
Akt SP(¢)) Qe(x,¢ji Pas)

where Fj,(x)=1— Z >
Goer, NPl
/\j,kk! Sslk) (C]) Qk(x, Cjs Pn)
(x—c)F

(X _ C].)k+1

and Gi,(x) = 5
Ghel,  I1Pu-ally

Deriving Equation (9) /-times and evaluating then at x = ¢; for each ordered pair
(i,0) € L, we obtain the following system of d* = #(I ) linear equations and d* unknowns

s¥(c)).

l (%4 14 Lk k
P () = (1+ 2k (e ) st (e) + ¥ Ak eepsife). ap
(jk)el
(k) (i)
The remainder of this section is devoted to proving that system (11) has a unique
solution. The following lemma is essential to achieve this goal.

Lemma 1. Let I C R x Z be a (finite) set of d* pairs. Denote {c]»}].li1 = 11 (I) where 71y is the
projection function over the first coordinate, i.e., 7t1(x,y) = x, d; = max{v; : (¢;,v;) € I} and
d= Zjlil(dj +1). Let Py be an arbitrary polynomial of the degree k for 0 < k < n — 1. Then, for
all n > d, the d* x n matrix

A" = (P (@)

(cv)eLk=1,2,..,n

has a full rank d*.

Proof. First, note that, using elementary column transformations, we can reduce the proof
to the case when P(x) = Xk, fork = 0,1,...,n1 — 1. On the other hand, d]’f = #({v; :

(Cj,vi) el}) < di+1forj=12,...,N,sod" = Z]N:l dj* < d < n, and it is sufficient to
prove the case n = d. Consider the m x n matrix

2 3 n—1

1 x «x x
0 1 2x 3x?
Ap(x) = 00 2 6x

(n— 1);1*2
(n—1)(n—2)x"3

00 0 O (m=1)---(n—m+1)x" ™"
where m < n. Without loss of generality, we can rearrange the rows of A* such that

Aj
A*
Af = 2 ,  where .A]’-‘ = (P]w1

cj .
: ( f)> (¢jv)ELk=12,..n
AN
Note that .A;-* is obtained by taking some rows from Adj+] (cj), the rows v, such that
(¢j,v —1) € I. Consider the matrix
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A q1(c1)
A

_ d2+1(52)

Agy+1(en)

From [18] (Theorem 20), we compute det(A) as

N 4
det(A) =det(AT) =T[]]# I (¢ — Cj2)<d/1+1)(d72+1> £0.

j=1i=1 1<jj<j<N

Then the n row vectors of A are linearly independent, and consequently, the d* rows
of A* are also linearly independent. [J

Now we can rewrite (11) in the matrix form
Pu(C) = (Zy« +Ky-1(C,C)L)S,(C), where (12)

Iy is the identity matrix of the order d*.

L is the d*xd*-diagonal matrix with the diagonal entries Ay, (j, k) € I+.

C is the column vector C = (¢y,...,¢1,¢2,...,€2,...,CN,---,CN)T-
—— N —~ ——

dj-times d;-times dy,-times

Pu(C) and S, (C) are column vectors with the entries P,sk)(cj), and si,k)(cj), (j,k) € Ly
respectively.

Kn—1(C,C) isad* x d* matrix whose entry associated to the (i, £)th row and the (j, k)th
n—1 p(f) . p(k) )
v (ci) Py (C])

column, (i, €), (j,k) € L, is K" (ci,¢;) = .
v=0 HPV”‘u

Y, (cj) )
1Pl (k)L v=1,...1,
matrix of the order d*xn and full rank for all n > d, according to Lemma 1.

Then the matrix IC,,_1(C, C) is a d*xd* positive definite matrix for all n > d; see [19]
(Theorem 7.2.7(c)). Since L is a diagonal matrix with positives entries, it follows that
L7+ K, 1(C,C) is also a positive definite matrix, and consequently, Zy- + K, _1(C,C)L =
(£~ + K,-1(C,C))L is nonsingular. Then the linear system (12) has the unique solution

isa

Clearly, we can write I, 1(C,C) = FFT, where F = <

8u(C€) = (Zg: + Ku1(C,C)L) "' Pu(C). (13)
Using this notation, we can rewrite (9) in the compact form

Sn(x) = Pu(x) — K1 (x,C) LSn(C), (14)

where KC;,_1(x,C) is a row vector with the entries Kioj? (x,¢j), for (j, k) € I+. Now, replac-

ing (13) into (14), we obtain the matrix version of the connection Formula (10)
Sn(x) = Pu(x) = Ku-1(x,C) L(Zg- + Ku1(C,C)L) " Pu(C).

3. Ladder Equations for Jacobi-Sobolev Polynomials

Henceforth, we will restrict our attention to the Jacobi-Sobolev case. Therefore, we
consider in the inner product (4) the measure du(x) = du*P(x) = (1 — x)*(1 + x)Pdx,
where o, > —1 and whose support is [—1,1]. To simplify the notation, we will continue to
write S,, instead of Si* to denote the corresponding nth Jacobi-Sobolev monic polynomial.
In the following, we omit the parameters a and  when no confusion arises.
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From [6] ((4.1.1), (4.3.2), (4.3.3), (4.5.1), and (4.21.6)), for the monic Jacobi polynomials,

we have
wB, .\ [(2n+a+pB T mta n+p o v
P =P Do G [ [ s
b _ ‘P“’ﬁ ‘2 :22n+a+ﬁ+1r(n+l)r(n+a +DI(n+p+1)T(n+a+p+1)
" "o llps T2n+a+B+2)T2n+a+pB+1) ‘
Pu,ﬁ(l) 2T(n4+a+1)I(n+a+p+1)
" T T+ )I2n+a+p+1)
Py (x) =P (x) + 11 PP (x) + 120 P2P (2); PP (x) =1, PP (x) =0, (15)
where
_ b B> —o?
M =Ty = ,
M 2n+a+B)2n+a+p+2)

wp  An(n+a)(n+B)(n+a+p) (16)

T =N = o a pE((@n+at pRE-1)
Let J be the identity operator. We define the two ladder Jacobi differential operators

on P as
= _ 2
Qﬁ = — a"A(x) J+ ! = e i (lowering Jacobi differential operator),
by, b, dx
= _ 2
gl= 7cn£x) J+ ! X A (raising Jacobi differential operator).
dy d, dx
where
- n(@n+a+px+p—a) - _ 4n(nt+a)(ntp)(n+a+p)
Ay (x) =— , by = 5 ,
2n+a+p @2n+a+p)?2n+a+p—1) 17)
. _(nta+B)(2n+a+p)x+a—p) ~
Cn(x) = et B and d,=—-2n+a+p-1).

From [6] (4.5.7 and 4.21.6), if n > 1, the sequence {P,'f"S } . satisfies the relations
n>

B[r 0] =200+ 15 () = )
" 18
S [Ph)] = —%")Pﬁl(x) +: ;An"z (Ph ) = PP ). "
In this case, the connection Formula (10) becomes
Sn(x) =Arn(x) PiP(x) + Bua(x) PF (), (19)

Akt S (¢) Qilx, s PP
(x —¢j)Ff1

where Aj,(x) =A‘i’f(x) =1- Z of
Gher, %
Akt S (e)) Qulx, cjs PP
and By ,(x) =Bf"6(x) = Z I/ I / .
T Ghen P (gl
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N
Letp(x) = [(x— c]')d/+l and define the (d — k — 1)th degree polynomial
=1

Pixlx) = % = (x=¢))" kH DAt (20)
Z#J

for every (j, k) € L. The following four lemmas are essential for defining ladder operators
(lowering and raising operators).

Lemma 2. For the sequences of polynomials {Sy } >0 and {Pf,"ﬁ}n)o, we obtain

p(x)Su(x) = Apu(x) PyP(x) + Byu(x) PP, (), @1)
(1= ) (p()8a(x)) = Asu(x)PiP(x) + Bou() Py, (1), @

where

kA S%® (¢
Aa() =D (0) —p() — X (S o (00, ) gy,
(ke L

KA P (c
Bane) =P (B = T (”‘w”gk(x P ﬁ))p,m
jk)el

n—1
Asn(x) = Ay (2) (1= 5) + (%) Ao (%) + duBo(5),

Ban(x) =B, (x) (1= 22) + Budla,u(x) + 8 () By (%),

where Az, By, A3, and B, are polynomials of degree at most d, d — 1, d + 1 and d, respectively,
and the coefficients @, (x), by, ¢y (x), and d,, are given by (17).

Proof. From (19) and (20), Equation (21) is immediate. To prove (22), we can take deriva-
tives with respect to x in both hand sides of (21) and then multiply by 1 — x?

(1 - x2) (0(x)Su(x)) = (1 - x2>A’2,nP,,(x) + Ao (1 - x2> (Pﬁ’ﬁ(x)>/
(1= 22) By, PF () 4 Bo (1- ) (B2 () )
Using (18) in the above expression, we obtain
(1=22) (0(x)Su(x)) =[ Ay (x) (1= 52) + 8 (x) Az (x) + Bo,u (x)dha | PP ()
- [B () (1= %) + B () + Ba ()6 (x) | PP (x),
which is (22). O

Lemma 3. The sequences of the monic polynomials {S, },~, and {Pﬁ’ﬁ } o e also related by
> >

the equations

p(x)Su-1(x) = Con(x) Py (x) + Dy (x) Py, (), (23)
(1) (p(x)Su1(x))" = Con(x)PEP(x) + Ds ()P, (), @4

98



Mathematics 2023, 11, 3420

where
By,,_1(x r_ -
Conr) =220 b () = A (0) + Ba () <#>
B’yz’nT ) Y2,n—1
_1(x Y— -
Cs’" (x) = _L/ D3,n (x) = AS,nfl (X) + B3,n71 (X) <M>’
T2n-1 Y2,n—1

where Cy,(x), Dy (%), C3,(x), and D3, (x) are polynomials of degree at most d — 1, d, d and
d + 1, respectively.

Proof. The proof of (23) and (24) is a straightforward consequence of Lemma 2 and the
three-term recurrence relation (15), whose coefficients are given in (16). O

Lemma 4. The monic orthogonal Jacobi polynomials {P,f £ } _ocan be expressed in terms of the
nz

monic Sobolev-type polynomials {Sy},,~ in the following way:

PP () = A”’f’f) (D2, (x)4(x) = B (x)S5-1(x)), 25)
P2, (6) = £ (42,118, 1(1) = Can2)8, ). 26)

where
An(x) = det(éi':((;)) gzz,: 8) = Ap(X)Dap(x) — Con(X)Ban(x)  (27)

is a polynomial of the degree 2d.
Proof. Note that (21) and (23) form a system of two linear equations with the two un-
knowns Pff’ﬁ(x) and Pfff 1(x). Therefore, from Cramer’s rule, we obtain (25) and (26).

A
As dgr(Cypy Byy) < 2d —2 and lim 2,+§x) =1, we obtain
x—o x

1, if dgr(By,—1) <d—1,
lim Bn (%) = lim DZ’"(X) = Au1 ; ° ' (28)
100 y2d - 1+ ——p if dgr(By,—1) =d—1,
Y2,n-1 hn,z

(k)
where A, 1 = Z /\k,j (51171((:]’))“() (R’:ﬂ(%)) = (51171(6))T£Pn71 (C). From (12),
(ij)els

At = (81-1(C) £(Tg: + Kn2(C,C)£)Sy-1(C)-
Since the matrix £L(Z; + K,,_2(C,C) L) is positive definite, we conclude that
Ay_1 >0, foralln € IN; (29)
i.e., Ay(x) is a polynomial of the degree 2d. [J

Remark 1. Obviously, from (25) (or (26)), we have that A,(x) = p(x)d,(x), where 6, is a
polynomial of the degree d. Hence, from (27),

O (x) = Al,n(x)DZ,n (x) - Bl,n(x)c2,71(x)~

99



Mathematics 2023, 11, 3420

Theorem 1. Under the above assumptions, we have the following ladder equations:

A4,n (x)sn (x) + B4,71(x)s‘,ﬂ(x) = Snfl (x), (30)
Can(x)Su—1(x) + Dy (x)S;—l (x) = Su(x), (31)
where
_ gon(x) _ qon(x) _ 3a(x) gou(x)
M) =Gy B = 4Gy S = gty P = 00
Jonu(x) = <1 — x2> Ap(x), dgr(qon) =2d+2.
q1, n(x) B3 (x)AZ n(x) AS,n(x)BZ,n(x)r dgr(%,n) =2d.
G2(x) = (1= )0/ (x)5, (x) + Ba,u(x)Can(x) — Agn (¥)Dan(x), dge(gan) = 24 +1.
Pan(x) = (1— xz)p ()64 (%) + C3,0(%)Bou(x) — D3y (x)Ap (), dgr(gsn) =24+ 1.
‘74n(x) C3,n( )DZ,n( )7 D3,n(x)c2,n(x)r dgr(‘M,n) =2d.

Proof. Replacing (25) and (26) in (22) and (24), the two ladder Equations (30) and (31)
follow.

1.

if dgr(Byy,) <d—1,

by,
lim ql?’l( ) _ ~
b if dgr(Byy) =d—1,

X—00 xzd o

Ay
(2n+0¢+,3+1) vcﬁ ,
nl

where, according to (29), A, > 0, i.e., dgr(q1,,) = 2d.
2. From (28), lim On (dx) lim DZ"( )
x—o0 X!

X—00

=xp > 0.

lim 921(%) = Kz(lim 7(1 _XZ)p/(x) — lim 7A3’”+(1x)> =x(—d+n+d)

x—00 x2d+1 X—00 xd+1 x50 x
n, if dgr(Byy—1) <d—1,
— A,
T\ i dgr(Byy 1) =d -1,
Y2,n-1 hnl_z

where, according to (29), A,,—1 > 0, i.e., dgr(qz,) =24 + 1.

3.
" j’z L, if dgr(By, 1) <d—1,
o GanlX)
}%7* bn1+(2n+tx+ﬁ—1) nﬁz _
— i , ifdgr(Byy—1) =d—1.
Y2,n—-1
Then, according to (29), dgr(qa,,) = 2d.
4.
. @aa(x) . D3a(x)
Am e — ke - lim = o
—(n+oc+ﬁ), if dgr(B2l,7,1) <d-1,
A .
—(n+a+p) <1 + %) if dgr(By,_1)=d—1,
Y2,n 1 n—2
where, according to (29), A,—1 > 0,ie., dgr(q3,) = 2d + 1.
O

In the previous theorem, the polynomials g, were defined. Note that these poly-
nomials are closely related to certain determinants. The following result summarizes

100



Mathematics 2023, 11, 3420

some of their properties that will be of interest later. For brevity, we introduce the follow-
ing notations:

Al,n (x) = BB,n (x)AZ,n (X) - A3,n(x)BZ,n(x)'
Az,n (x) = B3,n (X)Cz/n (x) — Ag,,,(x)Dz,,,(x).
Az (x) = Ban (x)CB,n (x) — A2,11(x)D3,;1(x)~
Lemma 5. Let py(x) = ﬁ(x —¢j) and pg_n(x) = I]\_]I(x - c]-)d/ ICY . Then, the above
j=1 =1 PN(x)

polynomial determinants admit the following decompositions:

Arn(x) = pa-n(x) @1,1(x), where dgr(¢1,) =d+ N.
Aoy (x) = pg_n(x) @2u(x), where dgr(¢p,) =d+ N+ 1. (32)
A3 (%) = pg_n(x) @3,(x), where dgr(¢s,) =d+ N+1.

Proof. Multiplying (21) by B3 ,, and (22) by B, , and taking their difference, we have

B1n(x)PRP () = p(x) B (x)S0 (¥) = (1= ¥2) Bo,u(x) (0 (x)S0(x) + 0 (x)S5, (x)
= 0N () (o5 (¥) Ba,n ()0 (x) = (1= x) By (x)

N

(X +1) pra, (%) Su(x) + i (2) S1()) )-

j=1

As P,'f/g(c/-) #0forj=1,...,Nand dgr(Ay,) = dgr(q1,,) = 2d (see the proof of
Theorem 1), then there exists a polynomial ¢1 , of the degree d + N such that Ay ,(x) =
Pa—N(x) @1,0().

For the decomposition of A; ,, (A3 ;) the procedure of the proof is analogous, using the
linear system of (22) and (23) ((21)-(24)). O

4. Ladder Jacobi-Sobolev Differential Operators and Consequences

Definition 1 (Ladder Jacobi-Sobolev differential operators). Let J be the identity operator. We
define the two ladder differential operator on IP as

Sﬁ 1= Ay (x)T+ Byy(x) % (lowering Jacobi-Sobolev differential operator),

22 = Cypn(x)T+ D4’"(x)c;ix (raising Jacobi-Sobolev differential operator).

Remark 2. Assume in (4) that du(x) = du®P(x) = (1 —x)*(1 + x)Pdx (a, > —1), whose
support is [~1,1] and Aj . = O for all pairs (j, k). Under these conditions, it is not difficult to verify
that Sﬁ = Ei and SE = EZ
Now, we can rewrite the ladder Equations (30) and (31) as
d
£415(1)] = (A4 (1034 B ()72 ) S0() = Sy, )
d
Lh[Su-1(x)] = <c4,n(x)3 + D4,n(x)ﬁ> Sn1(x) = Su(x). (34)

In this section, we state several consequences of Equations (33) and (34), which gener-
alize known results for classical Jacobi polynomials to the Jacobi-Sobolev case.
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First, we are going to obtain a second-order differential equation with polynomial
coefficients for S,. The procedure is well known and consists in applying the raising
operator 22 to both sides of the formula 2# [Sn] = Sy—1. Thus, we have

0 =2} [£[8n(x)]] - Sa(x)
=By () Dy () Sy (x)
+ (A4,n (x)D4,n (x) + B4,n (x)c4,n (x) + D4,n(x)Bé/1,n (x))s; (x)
+ (A4,n (x)C4,n (x) + D4,71(x)A:1,n (x) - 1)5" (x)
_ G,
_ql,n(x)q&n(x) Sn (x)

+m®@MWM@MMWMMHMWMﬂﬂMWMM

5]4,;1(3()5]%/”(3() n(x)
9100020173 () + 40, (X) (18,0 (V)10 (x) — G2 ()5, (x))
" 2 ~1]su(x),
G4,n (x)ql,n (x)

from where we conclude the following result.

Theorem 2. The nth monic orthogonal polynomial with respect to the inner product (4) is a
polynomial solution of the second-order linear differential equation, with polynomial coefficients

‘Bz,n(x)sif(x) + sBl,n (X)S;z (x) + ;BO,VI (X)Sn(x) =0, (35)
where
Pon(x) =q1,0(x)45 , (x),
P, (%) =01 (%) (91,0(2) 92,1 (%) + G1,0(¥) 33,0 (X) + 0,4 (X) 71,0 (%) = G0, (%), (x)),
B, (%) =410 (%) 92,1 (%) 43,1 (%) + G0,1() (92, (¥)G1,0(¥) = G2, (%) 7, (%)) (36)
— qan(x)q7 , (x),

dgr(Po,) = 6d +4, dgr(Py1,) < 6d+ 3, and dgr(Po,,) < 6d + 2.

Remark 3 (The classical Jacobi differential equation). Under the conditions stated in Remark 2,
(4) becomes to the classical Jacobi inner product and S, (x) = Py Px).

Note that, here, A1,(x) = 1, By ,(x) = 0and p(x) = 1. For the rest of the expressions
involved in the coefficients of the differential Equation (35), we have
p(x) =1, Ay, (x) = Apy(x) = Day(x) =1, Byy(x) = Bay(x) = Cou(x) =0,
An(x) =1, Agu(x) = au(x), Bau(x) = by, Can(x) = 7, 1by_1 and

D3 (%) = @n-1(x) + Yo p_1bn-1(x = 710-1)-

Thus, R
Gon(x) = (1= %), g0 (x) =ba, Gon(x) = —n(x),
(%) = —Bu-1(X) = Yo b _1bu1(x = V1u-1)
_ (n+a+p)(x—p) ©7)
= (et Py g E T ana

q4,n(x) = _')/zjifli’\n—l = —(271—0—0( +p- 1)'
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Substituting (37) in (36), the reader can verify that the differential Equation (35) becomes (2),
ie.,

Pou(x) = (1 —xz), Pra(x) =p—a—(a+p+2)x and Pou(x) =n(n+a+f+1).

Second, we can obtain the polynomial nth degree of the sequence {Sy},, as the
repeated action (n times) of the raising differential operator on the first Sobolev-type
polynomial of the sequence (i.e., the polynomial of degree zero).

Theorem 3. The nth Jacobi-Sobolev polynomial S, (n > 0) can be given by
Su(x) = (ghely8] o 2])So(x),
where So(x) = 1.

Proof. Using (34), the theorem follows for n = 1. Next, the expression for S, is a straight-
forward consequence of the definition of the raising operator. [

To conclude this section, we prove an interesting three-term recurrence relation with
rational coefficients, which satisfies the Jacobi-Sobolev monic polynomials. From the
explicit expression of the ladder operators, shifting n to n + 1 in (34), we obtain

d
C4,n (x)sn(x) + D4,n(x) ﬁsn (x) = Snfl (x)/
d
Agn(x)Su(x) + B4,n(x)ﬂsn(x) = St (x).
Next, we multiply the first equation by —By ,(x) and the second equation by Dy ,,(x),

and adding two resulting equations, we have the following three-term recurrence reaction
with rational coefficients for the Jacobi-Sobolev monic orthogonal polynomials.

Theorem 4. Under the assumptions of Theorem 2, we have the recurrence relation

a1 (X)G0,1 (¥)Sn1 () =[q3,01(¥)G0,1 (%) = G20 (¥) 0,141 ()] (x)
+ 41,0 (X)q0n41(x)Sn 1 (%),
where the explicit formula of the coefficient is given in Theorem 1.

(38)

Proof. From (30), and (31) for n + 1, we have

32,1 (%) Sn (%) 4 Go,n () (%) S5 (x) = q1,0(%)S—1(x).
43,141 (%) S (%) + G011 () S5 () = Gang1(x)Sn(x).

Multiplying by go,,+1(x) and qo,(x), respectively, we subtract both equations to
eliminate the derivative term obtaining

(q3,n41(%)g0,1 (%) — 32,1 (%)G0,n+1(x)) Sn (%)
= Ga,n+1(¥) 90,0 (¥)Sr1 (%) — q1,041(X) G001 (%) Su—1(x),

which is the required formula. [
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Remark 4 (The classical Jacobi three-term recurrence relation). Under the assumptions of
Remark 2, substituting (37) in (38), the reader can verify that the three-term recurrence relation (38)
becomes (35), i.e.,

33,41 (%) 0,0 (X) — 2,0 (X)Go,n+1(x) G110 (X)g0,n41 (%)
—x— g DnXonnX)
Q441 (X)0,0(x) T O o (x) T

5. Electrostatic Interpretation

Let us begin by recalling the definition of a sequentially ordered Sobolev inner product,
which was stated in [20] (Definition 1) or [21] (Definition 1).

Definition 2. Let {(r], 1/])} 1 CRXZ be a finite sequence of M ordered pairs and A C R. We
say that { (rj, vj) }} jo1 s sequentially ordered with respect to A, if
1. 0sv << - <UM.
2. 1 & CAU{r, o, ..., 1 1)) fork =1,2,..., M, where C(B)° denotes the interior of
the convex hull of an arbitrary set B C C.
If A =@, we say that {(r;, vj)}in 1 is sequentially ordered for brevity.
We say that the discrete Sobolev inner product (4) is sequentially ordered if the set of ordered
pairs {(cj,i) : 1 < j < N,0 < i < djand 5;; > 0} may be arranged to form a finite sequence of
ordered pairs, which is sequentially ordered with respect to (—1,1).

From the second condition of Definition 2, the coefficient A; . is the only coefficient
)\j,i i=0,1,..., dj) different from zero, for each j = 1,2,..., N. Hence, (4) takes the form

fi9)s = [ Fg00) P x +D,dff>c]> (), (39)

where du“P(x) = (1 — x)*(1 + x)Pdx, with a, > —1.
Hereinafter, we will restrict our attention to sequentially ordered discrete Sobolev
inner products. The following two lemmas show our reasons for this restriction.

Lemma 6 ([20, Th. 1] and [21, Prop. 4]). If (39) is a sequentially ordered discrete Sobolev inner
product, then Sy, has at least n — N changes of sign on (—1,1).

Lemma 7 ([20, Lem. 3.4] and [21, Th. 7]). Let (39) be a sequentially ordered Sobolev inner
product. Then, for all n sufficiently large, each sufficiently small neighborhood of c;, j =1,...,N,
contains exactly one zero of S,,, and the remaining n — N zeros lie on (—1,1).

As the coefficient of S, is real, under the same hypotheses of Lemma 7, for all n
sufficiently large, the zeros of S;, are real and simple.

In the rest of this section, we will assume that the zeros of S, are simple. Note that
sequentially ordered Sobolev inner products provide us with a wide class of Sobolev inner
products such that the zeros of the corresponding orthogonal polynomials are simple.
Therefore, for all n sufficiently large, we have

n

I non
S;,(x):zl—[ (xfxn/j), S” :ZZ H xfx,,,
i=1/=1, i=1j=1, I=1,
j#i j 71#]751
n n n
Sl xn k H Xnk — xn,j)r Sg(xn,k) =2 Z H (xn,k - xn,j)'
i=1, j=1,
{: K i
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Now we evaluate the polynomials P, (x), B1,,(x), and P, (x) in (35) at x,, x, where
{xn,k }Z:I are the zeros of S, (x) arranged in an increasing order. Then, fork =1,2,...,1,
we obtain

0=, (xn,k)SZ (xn,k) + Py (xn,k)silq (xn,k) + PBo,n (xn,k)sn (xn,k)
=P (xn/k)SZ (xn,k) +PB1,n (xn,k)S; (xn,k)'
0 _ Sn(xnk) n P (k) _ 5 i 1 PBrn (k)

. 40
541 (xn,k) f'132,71 (xn,k) ,‘;1 Xnk — Xn,i ‘332,:4 (xn,k) ( )
i#k
Let us recall that, from (32),
A1 n(x)
x) = ——~*, der =d+N,
$1,0(x) pa_n(x) gr(p1n)
A2 n(x)
X) = —= , dgr =d+N+1,
P2,n(x) pa—n (@) gr(g2n)
A3 n(x)
x) = z , der =d+N-+1.
®3,n(x) pa—n(x) gt(@3n)
Hence, from Theorems 1 and 2 and Lemma 5,
B (x) 410920 (3) + 1,0 ()3, (%) + G0, (¥) 91,1 () = G0,0(¥)43,,,(x)
RUIEY) 71,1(x)q0,1(x)
_T2n (%) + q3,0(x) qé),n(x) - qll,n (x)
o, (x) qon(x)  qru(x)
() Do) +Asa(x) | AL(x) i 2x A (%)
p(x)  (1=x)p(x)dn(x)  An(x)  22=1  Ayu(x)
p'(x) () +an(x)  G(x) 1 1
=3
o(x) T - )pn)oa(x) o) T x—1 x+1
_ ) Py () @)
P10(x)  pa-n(x)
/ N 4.141 / N d;
Let us write () _ Y it . Pa_n(*) = L
o) Exoq penm  Hxog
As 1 (x) = @ou(x) + @3, (x) and ¢ (x) = (1 - xz)pN(x)Jn(x) are polynomials of
the degree d + N + 1 and d + N + 2, respectively, we have that il Ei; is a rational proper
2
fraction. Therefore,
$1(x) r) (=D s ) & () P1(x)
= - + + + , wherer(x) = .
Po(x) x—1 x+1 ];x—cj j:zlx_”j (x) Ph(x)

Based on the results of our numerical experiments, in the remainder of the section, we
will assume certain restrictions with respect to some functions and parameters involved
in (41). In that sense, we suppose that
1. The zeros of J, are real, simple, and different from x,,  forallk = 1,..., n. Therefore,

d & (x) 1

on(x) = x —u;), where u; # u; if i # j, and .
n( ) }1;[1( ]) 17& ] 7&] 5n(x) ]'lefuj
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Ny
2. Let g1u(x) = k[ J(x = e/)’}'if, where ¢; € €\ Cy([~1,1]U{cy,...,cn}) for all

=1

Ny Io(x Mg
j=1,...,N—1,and 2557 = d + N. Therefore, ¢1,n( ) = 5 .
j=1 - P10 (x) j=1 X =g

3. Substituting into (41) the previous decompositions, we have

x ¢ d y Ni g
Pinx) _ 4 +Z b, +Z by B
Poulx) x—1 x+l X Sx-u Sx—e
where gl =1- }’(1), fz =1+ 1"(—1), [3/]‘ = 2d] —+ I’(Cj) + 3, and Z4,j = r(uj) +1. We
will assume that 1, €3, (3 j, £4; > 0.

From (40), fork=1,...,n,

1 41 L1
Xk — Xn,i 2 xnkf1 2 xn,k+1

23]. l d . 1 ZS]
ety - . (42)
2 ; nk — u] 2 Z xn,k

Letw = (w1, wa, -+ ,wWn), ¥y = (X4,1,Xn2, -+ , Xn,n) and denote

E@) = Y logm-&-F(w)—&-G(w), 43)

1<k<j<n

F(w) : i ! +1lo ! +%lo B
P8 [Tt OB e T A8 o )

1¢ 1 N 1
G(w) :== log——+ ) log———— |.
@) 2 ; ; & Uj—w, b 2 log |e]-fwk|£5ri

Let us introduce the following electrostatic interpretation:

Consider the system of n movable positive unit charges at n distinct points of the
real line, {wy, wa, - - - ,wy}, where their interaction obeys the logarithmic potential
law (that is, the force is inversely proportional to the relative distance) in the presence
of the total external potential V,,(w) = F(@) 4+ G(@). Then, E(@) is the total energy
of this system.

Following the notations introduced in [14] (Section 2), the Jacobi-Sobolev inner product
creates two external fields. One is a long-range field whose potential is F(@), and the other
is a short-range field whose potential is G(@). Therefore, the total external potential V;, (@)
is the sum of the short- and long-range potentials, which is dependent on 7 (i.e., varying
external potential).

E
Therefore, for each k = 1,...,n, we have ;7(?") = 0; i.e., the zeros of S, are the
zeros of the gradient of the total potential of energy E(w) (VE(X,) = 0).

Theorem 5. The zeros of S, (x) are a local minimum of E(@), if forallk =1,...,n;
JoE

PV, o’F ’°G
2. Tw%(x") F. 2( )+aw%(x") > 0.
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Proof. The Hessian matrix of E at X, is given by

PE e —x fx-)*2 ey

V2 Ez) a;Uka] " k=X i I s
wwbXn) =\ 9%E ! 0= (Vy) . .
, if k=
ow 2 ; xnk_xnz)z - aw% () 1 !

Note that (44) is a symmetric real matrix with negative values in the nondiagonal
entries. Additionally, note that

" PE _ . 9E _ 2V, _
5 0wy dw; (Fn) + Tw%(x”) - ow? (%n)-

Since this is positive, we conclude according to Gershgorin’s theorem [19] (Theorem 6.1.1)
that the eigenvalues of the Hessian are positive, and therefore, (44) is positive definite.
Combining this with the fact that VE(X,) = 0, we conclude that ¥, is a local minimum
of (43). O

The computations of the following examples have been performed using the symbolic
computer algebra system Maxima [22]. In all cases, we fixed n = 12 and considered sequen-
tially ordered Sobolev inner products (see Definition 2 and Lemmas 6 and 7). From (42), itis
obvious that VE(flz) = 0, where xqp = (xlzll, X122, , xlz,,,) and
Sia(x1px) =0 fork =1, 2,...,12. Under the above condition, ¥j; is a local minimum
(maximum) of E if the corresponding Hessian matrix at X1 is positive (negative) definite;
in any other case, X1, is said to be a saddle point. We recall that a square matrix is positive
(negative) definite if all its eigenvalues are positive (negative).

Example 2 (Case in which the conditions of Theorem 5 are satisfied).

1. Jacobi-Sobolev inner product (f,g)s = /11 F(x)g(x)(1+x)Px + £/(2)¢' (2).
2. Zeros of S1p(x).

X12 =(0.44845, 0.563364, 0.653317, 0.728094, 0.791318, 0.844674,
0.889402, 0.925746, 0.954364, 0.97639, 0.989824, 0.998408).

3. Total potential of energy E(w) = Y log 1 + F(@w) + G(@), where

1<k<j<12 |wj — wil
12 1 1 1
F(w) == lo +1lo +1lo ,
2,;( 8l —1] g|wk+1\1°1 gwk2|3>
12

1
=5 g log|(wy — 1.04563)T(wy )| and 7(x) = x> — 3.8812x + 3.76606 > 0.

JE
4.  From (42) —(X12) =0,forj=1,...,12.
wj

5. Computing the corresponding Hessian matrix at X1, we have that the approximate values of
its eigenvalues are

{81.7737, 220.5813, 383.5185, 586.5056, 857.6819, 1248.8, 1857.7, 2927.5, 5039.9,
9986.6, 26185, 214620}.

Thus, Theorem 5 holds for this example, and we have the required local electrostatic equilibrium
distribution.
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Example 3 (Case in which the conditions of Theorem 5 are satisfied).

1.

Jacobi-Sobolev inner product

1
{f,8)s = /71 f)g(x)(1+x)Pdx + f/(1)g'(1) + f"(2)8" (2).
Zeros of S1p(x).
1o =(0.482433, 0.590159, 0.674139, 0.74379, 0.802629, 0.852355,

0.894142, 0.928255, 0.955716, 0.976239, 0.990307, 0.998211).

Total potential of energy E(w) = ) log b + F(w) + G(w), where
1<k<j<12 |wj — wi

12

1 1 1 1
F(w) == lo + 1o +1o ,
()Zg<gWr43 ® lwe+ 1™ gwraa

12
G(@) :% Y log|(wy, — 1.22268) (cwy — 1.94089)7(wy)|
k=1

and T(x) = x> — 3.8196x + 3.65881 > 0.

From (40), %(712) =0,forj=1,...,12.
]

Computing the corresponding Hessian matrix at X1, we have that the approximate values of
its eigenvalues are

{102.3077, 265.8911, 459.368, 702.7009, 1030.2, 1504.8, 2247.1, 3563.2, 6146,
12806, 38783, 488410}.

Thus, Theorem 5 holds for this example, and we have the required local electrostatic equilibrium

distribution.

Example 4 (Case in which the conditions of Theorem 5 are not satisfied).

1.
2.

1
Jacobi-Sobolev inner product (f, g)s = / f(x)g(x)dx + f'(2)g'(2).
-1
Zeros of S1p(x).
X12 =(—0.979635, —0.894154, —0.746211, —0.545446, —0.305098, —0.0412552,
0.227973, 0.483321, 0.705221, 0.87481, 0.975632, 2.1607).

Total potential of energy E(@) = ) log _ + F(@) + G(@), where
1<k<j<12 |wj — il

1 1 1 1
Flw) == lo +lo + lo ,
()2E<gm—1 Bl + 1] gm_w>

12
G(w) :% Y log|(wy — 2.12065) T (wy )| and T(x) = x* — 3.74216 x + 3.51112 > 0.
k=1

From (42), %(le) =0,forj=1,...,12.
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5. Computing the corresponding Hessian matrix at X1, we have that the approximate values of
its eigenvalues are

{1388.3, 975.7989, 242.5338, 179.5748, 107.6368, 86.754, 70.7275, 62.6406, 50.3046,
34.4135, 14.0599, —258.3366}.

Then, X1, is a saddle point of E(@).

Remark 5. As can be noticed, in some cases, the configuration given by the external field includes
complex points; they correspond to e;. Specifically, in the examples, these points are given as the
zeros of T(x). Since ¢1,,(x) is a polynomial of real coefficients, the nonreal zeros arise as complex
conjugate pairs. Note that

a a__ . 2x + 2Rz
x—z x—%Z  x24+2Rz+|z[]2

where Rz denotes the real part of z. The antiderivative of the previous expression is aln(x? +
2Rz + |z|?). This means in our current case that the presence of complex roots does not change the
formulation of the energy function.

What Happens If the Hessian Is Not Positive Definite? A Case Study

Theorem 5 gives us a general condition to determine whether the electrostatic inter-
pretation is a mere extension of the classical cases. However, in Example 4, the Hessian has
one negative eigenvalue of about —258 corresponding to the last variable w;,. Therefore,
we do not have the nice interpretation given in Theorem 5. However, note that the rest of
the eigenvalues are positive, which means that the number

2

aa(u?) (%)
k

remains positive for k = 1,...,11. In this case, the potential function exhibits a saddle point.
The presence of the saddle point is somehow justified by the attractor point a ~ —2.121
having a zero ( x13,12 =~ 2.161) in its neighborhood. In this case, we are able to give an
interpretation of the position of the zeros by considering a problem of conditional extremes.
Assume that, when checking the Hessian, we obtained that the eigenvalues A;, for

ie & C{1,2,...,n}, are negative or zero. Without loss of generality, assume that this
happens for the last mg = |€| variables. This is a saddle point. However, the rest of the
eigenvalues are positive, which means that the truncated Hessian Vﬁ,mg Wmg E formed by

taking the first n — mg rows and columns of V2 _E is a positive definite matrix by the
same arguments used in the proof of Theorem 5.
Let us define the following problem of conditional extremum on w = w, € R"
min E(w,
wyeRM ( n)

subject to wy — xx =0, forall k=n—-—mg+1,...,n.

Note that this problem is equivalent to solve

o min ER(wn,mg,xm£+1,...,xn).
@ymg ERME
Let us prove that X, is a minimum of this problem. Note that the gradient of this
function corresponds to the first n — m¢ conditions of (42), and the second-order condition
is given by the truncated Hessian Vi,mg Wmg E (X ), which is by hypothesis positive definite.
Therefore, the configuration X, corresponds to the local equilibrium of the energy
function (43) once m¢ charges are fixed.
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Abstract: In this paper, we consider the generalized degenerate Bernoulli/Euler polynomial matrices
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1. Introduction

Matrices play an important role in all branches of science, engineering, social science,
and management. In many settings (see, e.g., [1-4] and the references therein), a number of
interesting and useful identities involving binomial (§-binomial or A-binomial) coefficients
can be obtained from a matrix representation of a particular counting sequence. Such a
matrix representation provides a powerful computational tool for deriving identities and
an explicit formula related to the sequence.

There are many special types of matrices such as Pascal, Vandermonde, Stirling,
Riordan arrays, and others. These matrices are of specific importance in many scientific
and engineering applications. For instance, Pascal matrices appear in combinatorics, image
processing, signal processing, numerical analysis, probability, and surface reconstruction.

In the case of generalized Pascal matrices of the first kind, extensive research has
been devoted to them (cf,, e.g., [3-10] and the references therein). Situations with a matrix
representation—including analogs of generalized Pascal matrices of the first kind and
degenerate versions of special classes of polynomials (e.g., Bernstein, Bernoulli, and Euler
polynomials, etc.)—are of particular interest.

Motivated by recent articles [1-4,11-14] that consider degenerate Bernstein polynomi-
als, degenerate Euler polynomials, generalized degenerate Euler—Genocchi polynomials
of order «, and algebraic properties of the generalized Euler and generalized Apostol-
type polynomial matrices, in the present article, we consider the generalized degenerate
Bernoulli/Euler polynomial matrix. In particular, we focus our attention on some inversion-
type formulae from a matrix framework. Furthermore, we show some analytic properties
for the so-called generalized degenerate Pascal matrix of the first kind. Furthermore, some
factorizations for the generalized degenerate Euler polynomial matrix in terms of such a
matrix are given.

The paper is organized as follows. Section 2 is a preliminary section containing the
definitions, notations, and terminology needed. Section 3 contains the main results of this
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paper. First, we provide the corresponding inversion-type formulae for the degenerate
Bernoulli and Euler polynomials, respectively (Theorems 1 and 2). Second, we show that the
generalized degenerate Pascal matrix of the first kind is a matrix exponential (Theorem 4),
and, as a consequence, we obtain an Appell-type property for this matrix (Corollary 5). In
addition, factorizations for the generalized degenerate Pascal matrix of the first kind in
terms of the degenerate Bernoulli/Euler matrices are given (Theorems 6 and 7, respectively).
The remainder of this section is devoted to establishing the corresponding product formulae
for generalized degenerate Euler polynomial matrices and their factorizations in terms of
generalized degenerate Pascal matrices of the first kind (Theorems 8 and 9).

2. Background and Previous Results

Throughout this paper, let N, Ny, Z, R, and C denote, respectively, the set of all natural
numbers, the set of all non-negative integers, the set of all integers, the set of all real
numbers, and the set of all complex numbers. As usual, we will always use the principal
branch for complex powers, in particular, 1* = 1 for « € C. Furthermore, the convention
0% = 1 will be adopted.

For w € C and k € Z, we use the notations w*) and (w)j for the rising and falling
factorials, respectively, i.e.,

1, ifk=0,
wh =T (w+i—1), ifk>1,
0, ifk <0,
and
1, ifk=0,
(W =TT (w—i+1), ifk>1,
0, ifk < 0.

Any matrix is assumed an element of M, ;1(R), the set of all (n + 1)-square matri-
ces over the real field R. Moreover, for i,j, any nonnegative integers, and any matrix
A € M, +1(R) we adopt, respectively, the following conventions

<;> =0, wheneverj >i, and AV =1, 4 = diag(1,1,...,1),

where I,,;1 denotes the identity matrix of order n + 1.
For A, x € Rand z € C, the degenerate exponentials are defined as follows (cf., [15]):

(1+A2)%, ifAeR\{0},
ex(2) —{

M
e¥:, ifA=0.
As usual, for x = 1, we use the notation e, (z) = e (z).
It follows immediately from (1) that
Z(x)n,/\mr |/\Z| < l/ if A ER\{O}I
n=0 :
ex(z) = 2)
Y x"=, ifA=0.
n=0 n!

where the generalized falling factorials (x), », are given by (cf., [1,2,12-15]):
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1, ifn=0,
(X)up =TT (x = (i—1)A), ifn>1,
0, ifn <0,

where x, A € Randn € Z.
Itis clear that %in‘é ex (z) = ¢j(z) = **, and for n € Ny, the polynomial in two variables
—

Qu(x, M), given by

Qu(x, 1) = { ) 1, . ?f n=20,
Pix—=({—-1)A), ifn>1,
is a continuous function on R?, and consequently, (x),,0 = x".
In [16,17], Carlitz introduced the degenerate Bernoulli (Euler) and the generalized
degenerate Bernoulli (Euler) polynomials of order & € C, respectively, by means of the
generating functions and series expansions:

e,\(zzfle)‘(z) = g)@m(x)%/ 3)
m(z§+1%<z) - ,f';wxf",, @
<€A(Z§_1 a@X(Z) = g%ﬂ“ﬁ(ﬁc)% )
(e;\(z§+l>uei(z) = ;gn(?(x %Y: 6)

These are valid in a suitable neighborhood of z = 0 and represent degenerate versions
of the classical Bernoulli and Euler polynomials, respectively. In [8], the notation S, (A, x)
is used for the degenerate Bernoulli (3).

Since the degenerate exponentials (1) satisfy the same exponent product law as the
exponentials functions, i.e.,

& (2) = e} (2) & (2),

we can use the generating relations (2), (5) and (6) to deduce the following addition
formulas:

s (x+y)

(x—l—y)n,,\ = Z( ) x)k/t y)n kAr T >0, (7)
AP (xiy) — g() 0B, ), =0, ®)
D
k=0

(1) a0, n=o ©)

For a treatment of diverse aspects of some summation formulas and their applications,
the interested reader is referred to the relatively recent works [18-20].
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Forr € Ny, A € R, and a € C, definitions of generalized degenerate Euler—-Genocchi
and generalized degenerate Euler-Genocchi polynomials of order «, respectively, have
recently been introduced in [14] (Section 2):

2 r 0 ’ n
ﬁeﬁ(z) =) g{rf,)\)(x)%, (10)
n=0 :
2 “ > r,e
z’(m> g(z) = ;)m}fj ROES (11)

Remark 1. Notice that:
(i) Ifr € N, then it follows immediately from (2), (4) and (10), that

Ay (x) = A (x) = - = ) (x) = 0, and
n! 0
%(r)?(x) U] () = n(r)gn(i)”l(x), nzr
Furthermore, an(a)(x) =éa(x), n>0.

The first above identities guarantee that, up to multiplicative constants, it suffices to take
generalized degenerate Euler polynomials of order O instead of the so-called generalized
degenerate Euler—-Genocchi polynomials as the main family to study. Similarly, the last identity
tells us that the generalized degenerate Euler polynomials coincides with the generalized
degenerate Euler—-Genocchi polynomials of order 0.

(ii)  In [14], Theorem 4 proves the following reduction formula:

xz{rl(;{“)(x) = n(”é"n(f)r’/\(x), n>r,nre N
In particular, we obtain that up to multiplicative constants, the generalized degenerate Euler—
Genocchi polynomials of order & = 1 can be reduced to the generalized degenerate Euler
polynomials (4).

Hence, in order to avoid essentially redundant definitions (cf., [21]), the families of polynomials
eqrefeul-genl and (11) will not be considered in this paper.

3. The Generalized Degenerate Bernoulli and Euler Matrices and Their Properties

In this section, we present some novel properties for the generalized degenerate
Bernoulli and Euler matrices. Before that, we show the corresponding inversion-type
formulae for the generalized degenerate Bernoulli and Euler polynomials, respectively.

Theorem 1. Foreveryn > 0and A € R, the degenerate Bernoulli polynomials satisfy the following
inversion-type formula:

_ 1 & n+l> 1 2 12)
() 7"*11;) <k+l (Dis1,0 B (%)
= i 1 kZ (Zi:) (1= A)a B, (%). (13)
=0

Proof. Let A € R. In view of (2) and (3), and the identity

Zn+1

) 2 )
ZnZ:()(X)n’AE = nZ:O(n + 1)(x)n,)\ (1’1 i ])!/
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we have

o Zn+1 0 N
ngo(”""l)(x)n,/\m {Z(l)n,)\n!—l

0 Zn+l ) P
= | EWmen gy || 5 @5 09
From the use of the Cauchy product rule on the right-hand side of (14), it follows that
0 2+ o n n+1 2+
ngo(" + 1)(x)n,)\m = ngb LZ;J (k . 1) (D414 B0k (x) (CESIE (15)

Hence, comparing the coefficients of z"*1 on both sides of (15), we obtain (12).
Finally, (13) is a simple consequence of the identity (1)x11, = (1 —A)x,, for all
keNyg. O

Remark 2. Notice that the substitution of A = 0 into (12) recovers the inversion formula for the
classical Bernoulli polynomials (cf., [22] (Equation (9))).

From a matrix framework, Theorem 1 has the following consequence.

Corollary 1. Forn € Nyand A € R, the matrix Ty(x) = (1 (x)10 -~ (x)n,A)T can be
expressed as follows:

Ta(x) = M,B,(x)
(1M1 0 0 0
%(%)(1)2,}\ %(%)(1)1,)\ 0 v 0
= HOIEHER 3G) (120 LTHIEOED o 0 B, (x)
T D SO W s W o 2T
1 0 0 0
%(Uu 1 0 e 0
— 3(1.)3,/\ (1).2,)1 1 : 0 B.(x), (16)
A Wuiin Wy 3O o 1
where By (x) = (Foa(x) Zia(x) -~ Bua(x)'.

Theorem 2. For every n > 0and A € R. The degenerate Euler polynomials satisfy the following
inversion-type formula:
1& (n
3 () -+ ) Diai o) 7)

k=0

ar(A) = {1' k=0

, f1<k<mn,

(x)n,/\ =

N

where

o

Proof. From (2) and (4) we have
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2}2}(35)71)[% = |:r§(l)n,)\ |+1 régn,)\(x)::}
- Lguﬂku))mn,@ E%(")fﬂ]
_ ﬁ{éu+aku>>(’;)<1>mgn_mx) 7

where

1, ifk=0,
ar(A) =
¢A) {o, if1<k<n

Therefore, by comparing the coefficients of z" on both sides, we obtain the identity. [

Remark 3. Notice that if A = 0 in (17), then we recover the inversion formula for the classical
Euler polynomials (cf., [22] (Equation (27))).

Theorem 2 has the following consequence.

Corollary 2. Forn € Noand A € R, the matrix Ty(x) = (1 (x)30 -+ (x),,,A)Tcanbe
expressed as follows:
T = NUE()
(0)(1+a0(A)) (o 0 e 0
. (A +a1(A) (1)1 () (1 +a0(A)) (1o 0
= 3 () (1 +a2(A)) (120 DA +a1(A)(1)1,0 0 E\(x)
G+ Do (DA + G Dacn - G+ a0(A) Do
2 0 0 0 0
(DA 2 0 0 0
_ % Man 20014 2 0 O1E,(x), (18)
Wup 1(Wuo1n G202y GB3Lusn - 2
where By (x) = (602(x) G1a(x) - éz,A(x»Tandak(A){;' jﬁﬁ SN

Clearly, when A € R, the matrix N, is an invertible matrix.
Corollary 3. For n € Ngand A € R, we have
E\(x) = 2(N)) "M, B, ().

The degenerate Pascal matrices corresponding to the generalized falling factorials can
be defined as follows:
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Definition 1. Let x be any nonzero real number. For A € R, the generalized degenerate Pascal
matrix of the first kind Py [x], is an (n + 1) x (n + 1) matrix whose entries are given by

(;)(x)i—j,/\r i>7j,
Pija(x) = (19)
0, otherwise.

Remark 4.
(i) It is clear that the matrix Py x| tends to the generalized Pascal matrix of the first kind P[x] as
A —0.

(i) Forn € Ng, x € R\ {0}, A € R, it is clear that P_,[x] = P, \[x], where P, \[x] is the
Pascal functional matrix introduced in [5]. Hence, all results corresponding to P_, [x] given
in [5] hold in this setting.

(iit) It is worth mentioning that the matrix entries (19) coincide with the entries of the variation
of Pascal functional matrix 2, [x, A introduced by Can and Cihat-Dagli in [8]. Hence, all
results corresponding to factorizing the matrix Py[x, A by the summation matrices also hold
for Py[x], taking into account the suitable shift on the respective order for these matrices (cf.,
[8] (Lemma 1 and Theorem 2)).

(iv) Iffor x € R\ {0}, A € R we consider the truncated exponential generating function for the
binomial-type polynomial sequence {(x), A tn>o0 (cf., [9]):

n tk
F63) = Y (g

k=0

then, it is easy to see that

7

t=0

BM—%WMMO—%{
k=0

n l’k
Z (x)k,/\ k'}

where P, [f (t;x)] denotes the generalized Pascal functional matrix introduced by Yang and
Micek in [9].

From now on, we denote P, = P,[1]. The following theorem summarizes some
properties of Py [x].

Theorem 3. Let Py[x] € M,,11(RR) be the generalized degenerate Pascal matrix of the first kind.
Then, the following statements hold.

(a)  Special value. If the convention (0)g \ = 1 is adopted, then it is possible to define
Py[0] == Ly11-

(b)  Forx,y € R, we have
Py[x +y] = PA[x]PA[y]. (20)

(c)  Py[x] is an invertible matrix and its inverse is given by
Py [ = (Pa[x]) ™! = Pa[-a. (1)
Proof. Since part (a) is a straightforward consequence of the extension of Definition 1 for

the case x = 0, we shall omit its proof. Thus, we focus our efforts on the proof of parts (b)
and ().
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Let A;ja(x,y) be the (i,j)-th entry of the matrix product Py [x]P)[y]. Then, by (7),

we have
Ajjp(xy) = ké) (;() (X)i-k C) W)k=jr
= ki/' <;> (%)i—kn (?) (Wk=jn
- B orsons
- QB (ot
= (;) (x+1)i-jr
which implies (20).

The substitution y = —x into (20) yields
PA0] = Pa[x]Pa[=x] = Pa[=x]Pa[x].
By part (a), we have P)[0] = I,,+1, thus
PA[x]Py[=x] = Lys1 = PA[—x]Py[x],
and (21) follows. O

Corollary 4. Forany A € R, v € Zand s € Z \ {0} we have
(a) P =Py[r].
0 (Pa[2]) =B}
Proof. Making the corresponding modifications, we apply the same reasoning as in the
proof of [7] (Corollary 3). Since Py = P, [1], P,[0], and P/(\) coincide with the identity matrix,
it follows from Theorem 3, by induction on r, that Py[r] = P}, for all r € Ny. Again, by
Theorem 3, we have that Py[~1] = P!, and a similar induction on |r| shows Py [r] = P},
forall r < 0.

Next, by Theorem 3 and part (a), we obtain (P [£])* = Py[r] = P}. O

Remark 5. Part (b) of Corollary 4 shows that for a fixed A € R and any rational number x, Py [x]
is the x-th power of P). Indeed, this property could be expected in the sense that it is satisfied for the
generalized Pascal matrix of the first kind P[x] (cf., [7]).

From the addition Formula (20), we proceed according to [7] and conclude that the
degenerate Pascal matrix Py [x] has an exponential form as follows: Assume that for A € R,
there is a matrix Ly, such that Py [x] = e*I. Then,

d
) [x] = Lye™ = Ly P[],

and

d
d*PA [x] = Ly\Py[0] = Laluq1 = Ly
X x=0
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Thus, there is at most one matrix L, such that Py[x] = e*L1. For instance, in the case
n = 3, we can find the only possible value as follows:

0 0 00
1 0 0 0
ol = —A+2x 2 0o
X(=2A+x) +x(=A+x)+ (21 +x)(-A+x) 3(-A+2x) 3 0
and
0 0 00
d 1 0 00
b=ghW =14 2 0o
202 —3)0 3 0
While, in the case n = 7, we have
0 0 0 0 0 0 0 0]
1 0 0 0 0 0 00
—A 2 0 0 0 0 00
L —iP[x] | 22 —3A 3 0 0 0 00
A ax MY T —ead 8a2 —6A 4 0 0 00
24\ —30A% 2002 —10A 5 0 00
—120A5  144A*  —90A% 40A> 150 6 0 O
72006 —840A° 504A* 21003 70A? —21A% 7 0 |

This suggests a general way of choosing L. More precisely, the entries of L) are
given by
sa(i —j,l)(;), ifi>j+1,
(La)ij =
0, otherwise,

where s, (1, k) denotes the degenerate Stirling number of the first kind, defined as follows
(cf., [17,23] or [24] (Ch. 5)):

Z sx(n, k)xk = ()na- (22)
k=0

Furthermore, the entries of the matrix L’)i, for1 <k <nandn € N can be explicitly
represented as follows.

Lemma 1. Foreveryn € Nand 1 < k < n, the entries of L’R are given by the formula

(Llj\)i,j -

where sy (n, k) is the degenerate Stirling number of the first kind (22).

Ksa(i—jk)(), ifi>j+k,

0, otherwise,

Proof. It suffices to proceed by induction on k, taking into account that for k > 1, we have
k=0 O
A

Theorem 4. For every real numbers x, A € R, Py[x] = e*a,
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Proof. By part (a) of Theorem 3, if x = 0, then e*!* = I, ;1 = Py [x]. Now, assume that
x # 0 since LI}‘L = 0 for k > n, the infinite series for ¢*+ reduces to the finite sum

L 2, x"
Ex A 21n+1+xL)L+?L)\++WLX (23)

Applying Lemma 1, we can now read off the entries in e¥'1. Clearly, it is a lower
triangular matrix, and the diagonal entries are all 1. Now suppose i > j, and let 0 < k <
i — j. Then, using (22), we have that the (7, j)-th entry in the sum (23) is

()= B8, ) B = ()=o)

Y k=0
This completes the proof. [

As a consequence of Lemma 1 and Theorem 4, we obtain the following Appell-
type property.
Corollary 5. The generalized degenerate Pascal matrix of the first kind Py [x] satisfies the following

differential equations:
DkPy[x] = LEPy[x], 1<k<n, (24)

where DXP)[x] is the matrix resulting from the k-th derivative with respect to x of each entry of
Py[x].

Definition 2. The generalized degenerate (n + 1) X (n + 1) Bernoulli matrix %‘E\“) (x) of (real or
complex) order « is defined by the entries

. (2 (), =]
,%]./M(x) =

0, otherwise.

Remark 6.
(i) It is worth mentioning that the entries (2) of %’y‘) (x) coincide with the entries of the general-

ized degenerate Bernoulli matrix @,(na ) [A, x] introduced in [8], when these matrices are the
same order.
(i) We denote by %) (x) the degenerate Bernoulli matrix 95’;\1) (x).

The following result was established in [8] (Theorem 4).

Theorem 5. The generalized degenerate Bernoulli matrices %’y‘) (x) satisfy the following product

formulas.

#H Pty = 202 0) =2 ) 2 @)
= #0200, @5)
Definition 2 and the inversion-type Formula (12) lead to the following result:
Theorem 6. The generalized degenerate Pascal matrix of the first kind Py[x] can be factorized in

terms of B, (x) as follows:
Prlx] = B (x) 3, (26)

120



Mathematics 2023, 11, 2731

where 76 is an (n + 1) x (n 4+ 1) invertible matrix with entries

<ii > (l?)_ijfili)», i>]
Hij\ = ] I

0, otherwise.

Proof. Let us consider n € Ny and 0 < i,j < n such thati < j. From Definition 2 and the
inversion-type Formula (12), we have

1
i (1) v (i-i+1
pija(x) = <]> (X)ija = —j1 0( k1 )(1)k+1,/\%i—j—k,/\(x)

CEE el e

k=0

Since the right hand member of (27) is the (i, j)-th entry of matrix product %, (x).74,
we conclude that (26) holds. [

The following example shows the validity of Theorem 6.

Example 1. Let us consider n = 2. It follows from Definition 1, (26), and a simple computation that

[ Q)(x)or 0 0
Pyx] = O @)1 o 0
L (é)(x)Z,A (%)(x)l,/\ (%)(x)O,A
[ () %o (x) 0 0 G@)ia o 0
= | OBiax) HBoulx) 0 GHE B, o
L ©Z0(x) DZ1a(x) OZoa) | | OB 2 )1,
B (x) EG

Definition 3. The generalized degenerate (n + 1) x (n + 1) Euler matrix é‘}f”‘) (x) is defined by
the entries

Oa" (), P>,
Sir) =
0, otherwise.

We denote by &) (x) the degenerate Euler matrix é”/\(l) (x).
Definition 3 and the inversion-type Formula (17) lead to the following result:
Theorem 7. The generalized degenerate Pascal matrix of the first kind Py [x] can be factorized in

terms of &) (x) as follows:
Py[x] = &x(x) Zp, (28)
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where Ty is an (n + 1) x (n + 1) invertible matrix with entries

( i )(1+ai—j()‘))(1)i—j,A i
2]/\* ‘ ] -

3 p
0, otherwise.

Proof. Let us consider n € Ny and 0 <i,j < n such thati < j. From Definition 3 and the
inversion-type Formula (17), we have

pija(x) = <;> (X)ija = %(;) ;Zé (i ;]> (14 a2 (M) (DA &imjmin (%)
R[]0

Since the right-hand member of (29) is the (i, j)-th entry of matrix product &) (x).7),
we conclude that (28) holds. [

Combining Theorems 6 and 7 gives the following connection formula.
Corollary 6. Forany A, x € R, we have
E0(x) = Br(x) 6.7,
The next result is an immediate consequence of Definition 3 and the addition Formula (9).

Theorem 8. The generalized degenerate Euler matrices é”}fa)(x) satisfy the following product
formulas.

8Pty = 4wa"m =6 e
= 470 (). (30)

Proof. Let CI.(j"f\;) (x,y) be the (i, j)-th entry of the matrix product é”/{”) (x) é’;ﬁ) (y), then, by
the addition Formula (9), we have

., i
Py = Y,

i i i— (
- ( j >k:0< ¢ >gf(—af>—k,/\(x)ffkﬁ) ),
- ( ; )é?(j‘;rf)(ery), fori > j,

which implies the first equality of (30). The second and third equalities of (30) can be
derived in a similar way. [
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Corollary 7. Let (xl, .., x;) € R¥, For «; real or complex parameters, the generalized degenerate

Euler matrices é*’ (x) satisfy the following product formulas, j = 1,... k.
g/\(“1+“2+"'+"‘k)(x1 +xp 4 x) Hg (x]

Proof. The application of induction on k gives the desired result. [

Taking x = x; = xp = -+ = xpyand &« = &1 = ap = - - - = &y, we obtain the following
simple formula for the powers of the generalized degenerate Euler matrices é”A(a) (x).

Corollary 8. The generalized degenerate Euler matrices o@ (x) satisfy the following identity.
k
(g;“) (x)) = &M (kx), keN

Remark 7. Analogously, the above corollaries hold, mutatis mutandis, for the generalized degen-
erate Bernoulli matrices. More precisely, from Theorem 5, and using the same assumptions as
Corollaries 7 and 8, we obtain

Egg/(\u1+uc2+..»+ak)(x1 fxottx) = H=@£Laj)(xj)/
j=1
(%;‘” (x))k = 2 (k).
Theorem 9. The generalized degenerate Euler matrices éa)fa) (x) satisfy the following relations.
Vaty) = @R =Pk 6" )
= Y Pl G1)

sV +y) = &PV W) =) M)

Since éﬁo) (x) = Py[x], we obtain
W (x+y) = P E™ (v).

A similar argument allows us to show that &) (x +y) = &) (x)Py[y] and g}\(a) (x+
y) = g,)Sa) (y)Px[x]. This completes the proof of (31). O

4. Conclusions

The aim of our research was to determine novel properties of generalized degenerate
Bernoulli and Euler matrices. First, we focused our attention on some matrix-inversion
formulae involving these matrices. Secondly, we showed some analytic properties for the
generalized degenerate Pascal matrix of the first kind and provided some factorizations for
the generalized degenerate Euler polynomial matrix in terms of the generalized degenerate
Pascal matrix of the first kind.

Finally, it is worth mentioning that the use of the Cauchy product of the power series
is the technique behind some of our formulations. This approach is not a novelty; however,
it has been useful for generating new families of special polynomials (satisfying or not
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Appell-type conditions), even very recently. In this regard, we refer the interested reader
to [25,26] and the references therein for a detailed exposition about very recent trends in
this broad field.
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Abstract: We study the sequence of polynomials {S,, },,>¢ that are orthogonal with respect to the gen-
eral discrete Sobolev-type inner product (f, ¢)s = [ f(x)g(x)du(x) + Z]-Iil ):i’zo )u]-,kf(k) (cj)g(k) (¢j),
where i is a finite Borel measure whose support supp(y) is an infinite set of the real line, A;; > 0,
and the mass points ¢;, i = 1,..., N are real values outside the interior of the convex hull of supp(u)
(c; € R\ Cj(supp(11))°). Under some restriction of order in the discrete part of (-, -)s, we prove that
Sy has at least n — d* zeros on Cj(supp(yt))°, being d* the number of terms in the discrete part of
(-, -)s. Finally, we obtain the outer relative asymptotic for {S,,} in the case that the measure y is the
classical Laguerre measure, and for each mass point, only one order derivative appears in the discrete
part of (-, -)s.

Keywords: orthogonal polynomials; Sobolev orthogonality; zeros location; asymptotic behavior

MSC: 41A60; 42C05; 33C45; 33C47

1. Introduction

Let p be a positive finite Borel measure with finite moments, whose support A C R
contains infinitely many points. We will denote by Cj(A) the convex hull of a set A and by
AP its interior.

Let { Py } >0 be the monic orthogonal polynomial sequence with respect to the inner
product

(.80 = [ Fxg ).

An inner product is called standard if the multiplication operator is symmetric with
respect to the inner product. Obviously, (xf, &), = (f,xg)u, ie., (-, ), is standard. Signif-
icant parts of the applications of orthogonal polynomials in mathematics and particular
sciences are based on the following three consequences of this fact.

1. The polynomial P, has exactly n real simple zeros in Cj(A)°. Moreover, there is a zero
of P,_1 between any two consecutive zeros of P;.
2. The three-term recurrence relation

xPy(x) = Pyy1(x) + BnPu(x) +'yﬁPn,1(x); Py(x) =1, P_1(x) =0,

where 7, = ||Pn||y/||Pn71||y forn>1, B, = <Pnrxpn>y/HPnH;2¢ and || - ”P’ =
denotes the norm induced by (-, ).
3. For the kernel polynomials

<”'>I‘
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Kn(xr]/) = i Mr (1)

2
k=0 1Pl

we have the Christoffel-Darboux identities

P41 (X) Pu(y) = Pru1 (y) Pu(x) :
o , if x#y,
Kn(X,y) _ { HPnHy (x—y)

Pt WP Bt WA e o @

[1Pull5: ’

These identities play a fundamental role in the treatment of Fourier expansions with
respect to a system of orthogonal polynomials (see [1], Section 2.2). For a review of the
use of (1) and (2) in the spectral theory of orthogonal polynomials, we refer the reader
to [2]. In addition, see the usual references [3-5], for a basic background on these and other
properties of { Py },>0.

Let (a,b) = Cy(supp(p))°, N,dj € Zy, Ajy > 0, forj=1,...,N, k=0,1,...,4d,
{er,c2,...,en} C R\ (a,b), where ¢; # c;if i # jand I+ = {(j,k) : Ajx > 0}. We consider
the following Sobolev-type (or discrete Sobolev) inner product

(£,8)s = [ Fg(x)dn(x +22A]kf< ()5 ()

j=1k=0

—/f )g()du(x)+ Y AjfP(c))g®(c)), @)

(ke

where f(¥) denotes the k-th derivative of the function f. Without loss of generality, we also
assume {(j, d]-)}jli1 CIyandd; <dp <--- <dy. Forn € Z, we shall denote by S, the
monic polynomial of the lowest degree satisfying

(xk,8,)s =0, for k=0,1,...,n—1. (4)

It is easy to see that for all n > 0, there exists such a unique polynomial S, of degree
n. This is deduced by solving a homogeneous linear system with n equations and n + 1
unknowns. Uniqueness follows from the minimality of the degree for the polynomial
solution. We refer the reader to [6,7] for a review of this type of non-standard orthogonality.

Clearly, (3) is not standard, i.e., (xp,q)s # (p, xq)s, for some p,q € P. It is well known
that the properties of orthogonal polynomials with respect to standard inner products differ
from those of the Sobolev-type polynomials. In particular, the zeros of the Sobolev-type
polynomials can be complex, or if real, they can be located outside the convex hull of the
support of the measure y, as can be seen in the following example.

Example 1 (Zeros outside the convex hull of the measures supports). Set
(fghs = [ Fg(edx+2f (~1)g (-1,

then the corresponding second-degree monic Sobolev-type orthogonal polynomial is S»(z) = z* — 2,
whose zeros are z1 » = ++/2. Note that —/2 ¢ [~1,0).

Let {Qn}n>0 be the sequence of monic orthogonal polynomials with respect to the
inner product

(F,8)u, = [ £(x) g(x) dup(x), where p(x) = TT (x =) '] (¢ - )"

c7§n cjzb

and dyp(x) = p(x)du(x).
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Note that p is a polynomial of degree d = Zjl\il(dj + 1), which is positive on (a,b).
If n > d, from (4), {S,} satisfies the following quasi-orthogonality relations with respect
to 1o

<Sn/f>z4p = <Snrpf>y = /Sn(x)f(x)p(x)dy(x) = (Sn,pf)s =0,

for f € P,_;_1, where P, is the linear space of polynomials with real coefficients and the
degree at most n € Z.. Hence, the polynomial S,, is quasi-orthogonal of order d with respect to
#1p and by this argument, we obtain that S, has at least (1n — d) changes of sign in (a,b).

The results obtained for measures y with bounded support (see [8], (1.10)) suggest
that the number of zeros located in the interior of the support of the measure is closely
related to d* = ||, the number of terms in the discrete part of (-, -)s (i.e., Ajx > 0), instead
of this greater quantity d.

Our first result, Theorem 1, goes in this direction for the case when the inner product is
sequentially ordered. This kind of inner product is introduced in Section 2 (see Definition 1).

Theorem 1. If the discrete Sobolev inner product (3) is sequentially ordered, then S, has at least
n — d* changes of sign on (a, b), where d* is the number of positive coefficients Ay in (3).

Previously, this result was obtained for more restricted cases in ([9], Th. 2.2) and ([10],
Th. 1). In ([9], Th. 2.2), the authors proved this result for the case N = 1. In ([10], Th. 1),
the notion of a sequentially ordered inner product is more restrictive than here, because it
did not include the case when the Sobolev inner product has more than one derivative
order at the same mass point.

In the second part of this paper, we focus our attention on the Laguerre-Sobolev-type
polynomials (i.e., du = x*e~*dx, with a > —1). In the case of the inner product, (3) takes
the form

© N
(£,8)s =] Fg(r)xte *dx+ 1 AfD(e)3) (c), ©)
. &

where A ji= /\j/d, >0, ¢ < 0,forj=1,2,...,N, we obtain the outer relative asymptotic of
the Laguerre-Sobolev-type polynomials.

Theorem 2. Let {L%},,>0 be the sequence of monic Laguerre polynomials and let {Sy },>o be the
monic orthogonal polynomials with respect to the inner product (5). Then,

Su(x) _ 7 (W) KCC\Ry. ©6)

L) i\ ==+ lcj]

Throughout this paper, we use the notation f, = f, K C U when the sequence of
functions f,, converges to f uniformly on every compact subset K of the region U.

Combining this result with Theorem 1, we obtain that the Sobolev polynomials S,
orthogonal with respect to a sequentially ordered inner product in the form (5), have at
least n—N zeros in (0, c0) and, for sufficiently large n, each one of the other N zeros are
contained in a neighborhood of each mass point ¢ (j=1,...,N). Then, we have located all
zeros of S;; and we obtain that for a sufficiently large n, they are simple and real, as in the
Krall case (see [11]) or the Krall-Laguerre-type orthogonal polynomial (see [12]). This is
summarized in the following corollary.

Corollary 1. Let y = o be the classical Laguerre measure (dy,(x) = x“e *dx) and (5) a
sequentially ordered discrete Sobolev inner product. Then, the following statements hold:

1. Every point c; attracts exactly one zero of Sy, for sufficiently large n, while the remaining n—N
zeros are contained in (0,00). This means:
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For every r > 0, there exists a natural value N such that if n > N, then the n zeros of Sy

{&i}1 satisfy
g€ B(cr) forj=1,...,N and ;€ (0,00)fori=N+1,N+2,...,n

2. The zeros of Sy, are real and simple for large-enough values of n.
3. The zeros of {S,}5_, are at a finite distance from (0,00). This means that there exists a
positive constant M such that if ¢ is a zero of Sy, then

4(Z, (0,00)) i= inf{Jx — I} < M.

Section 2 is devoted to introducing the notion of a sequentially ordered Sobolev inner
product and to prove Theorem 1. In Section 3, we summarize some auxiliary properties
of Laguerre polynomials to be used in the proof of Theorem 2. Some results about the
asymptotic behavior of the reproducing kernels are given. The aim of the last section is to
prove Theorem 2 and some of its consequences stated in Corollary 2.

2. Sequentially Ordered Inner Product

Definition 1 (Sequentially ordered Sobolev inner product). Consider a discrete Sobolev inner
product in the general form (3) and assume dq1 < dp < --- < dy without loss of generality. We say
that a discrete Sobolev inner product is sequentially ordered if the conditions

AN ch(u;‘;gAi) =0, k=12...,dy,

hold, where
A _ [ Calsupp(n)U{ei: Ajo > 0}), i k=0, -
k Ch({C]' : /\j,k > 0}), lf 1<k<dy.
Note that Ay is the convex hull of the support of the measure associated with the k-th
order derivative in the Sobolev inner product (3). Let us see two examples.

Example 2 (Sequentially ordered inner product).
Set

(f,8)s :/0 fx)g(x)e dx +10f(~1)g(~1) +5f'(~3)g'(~3)
+5f'(=9)g'(-9) +20f"(-10)g"" (-10),
then the corresponding fifth-degree Sobolev orthogonal polynomial has the following exact expression

380961336355365 , =~ 1836311881214045 5  7830454972601355 ,

_ .5
85(x) ="+ S eo750106161 © T 16894750106161 © 1689475010616
| 36972053870326650  22386262325875230

16894750106161 16894750106161

whose zeros are approximately 1 ~ 4.46, o ~ —0.74, {3 ~ —2.8, {4 ~ —11.74 + 2.51i and
¢5 ~ —11.74 — 2.51i. Note that four of them are outside of (0, 00) and two are even complex.

Example 3 (Non-sequentially ordered inner product).

Set (f,g) = / f(x)g(x) e ¥dx + f'(=15)g'(—15) + f""(=9)g" (—9), then the corresponding
Jo
fifth-degree Sobolev orthogonal polynomial has the following exact expression
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5 . 55079160 , 5053767275 5 40953207555 ,

21682477~ 21682477 | 21682477
98030649090 42523040550

21682477 * 21682477 '

S5(x) =

whose zeros are approximately ¢1 ~ 0.55, &y ~ 3.36, {3 ~ 6.66 + 3.02i, {4 ~ 6.66 — 3.02i and
¢5 ~ —19.77. Note that, in spite of Theorem 1, d* = 2 and three of the zeros of Ss are outside of
(0, 00), with two of them as not even real.

In the sequentially ordered example (Example 2), S5 has exactly 1 =5 -4 = n —d*
simple zeros on the interior of the convex hull of the support of the Laguerre measure
(0, 00), and thus, the bound of Theorem 1 is sharp. In addition, this example shows that the
remaining d* zeros might even be complex, although Corollary 1 shows that this does not
happen when 7 is sufficiently large.

On the other hand, in the non-sequentially ordered example (Example 3), this condition
is not satisfied, since Ss has only 2 < 3 =5 — 2 = n — d* zeros on (0, o), showing that the
sequential order plays a main role in the localization of the zeros of S, at least to obtain
this property for every value of .

Throughout the remainder of this section, we will consider inner products of the
form (3) that are sequentially ordered. The next lemma is an extension of ([13], Lemma 2.1)
and ([10], Lemma 3.1).

Lemma 1. Let {I;}", be a set of m + 1 intervals on the real line and let P be a polynomial with
real coefficients of degree > m. If

IkﬂC,,< 1) -0, k=12...,m, ®)

then .
N:(P;]) + No(Pi o \ )+ ) No (PO 1) < N (PU;)

i=1
+No (P CUULG I\ ) +m, )

for every closed subinterval ] of 1y° (both empty set and unitary sets are assumed to be intervals).
Here, given a real set A and a polynomial P, No(P; A) denotes the number of values where the
polynomial P vanishes on A (i.e., zeros of P on A without counting multiplicities), and N (P; A)
denotes the total number of zeros (counting multiplicities) of P on A.

Proof. First, we point out the following consequence of Rolle’s Theorem. If I is a real
interval and ] is a closed subinterval of I°, then

NZ(P;D +N0(P;I\]) < NZ(P/;]) +N0(P/?IO \]) +1 (10)
It is easy to see that (9) holds for m = 0. We now proceed by induction on m. Suppose that

we have m + 1 intervals {I;}", satisfying (8); thus, the first m intervals {I;}" ! also satisfy
(8), and we obtain (9) by induction hypothesis (taking m — 1 instead of n1). Then

N(P;]) + No(P; o\ ]) + ZNO( 1),

< N (P 7) 4 No (P (U5 ) \ T) +m = 14 N (P31,
<N (P 7) 4 No (PO, (U )\ T) o+ 4 No (P31,
(p<'">; ]) N, (P<m> S CH(UM 1) \]) +m,
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where in the second inequality, we have used (10). [

As an immediate consequence of Lemma 1, the following result is obtained.

Lemma 2. Under the assumptions of Lemma 1, we have

N.(P;]) + No(P;Io \ ) + f N, (P(i); 1i> < degP a1
i=1

for every | closed subinterval of 1y°. In particular, for | = @, we obtain

. M. 1
;}No (P ,1,) < deg P. 12)

Lemma 3. Let {(r;,v;)}M, C R x Z be a set of M ordered pairs. Then, there exists a unique
monic polynomial Uy of minimal degree (with 0 < deg Uy < M), such that

uld(m) =0, i=12,...,M. (13)

Furthermore, if the intervals I, = Cy({r; : v; = k}), k =0,1,2,..., v, satisfy (8), then U
has degree up; = min Jy; — 1, where

Iy={i:1<i<Mandv; >i} U{M+1}.

Proof. The existence of a nonidentical zero polynomial with degree < M satisfying (13)
reduces to solving a homogeneous linear system with M equations and M + 1 unknowns
(its coefficients). Thus, a non-trivial solution always exists. In addition, if we suppose that
there exist two different minimal monic polynomials Uj; and UM, then the polynomial
LIM = Upy — UM is not identically zero, it satisfies (13), and deg LIM < degUpy. Thus,
if we divide UM by its leading coefficient, we reach a contradiction.

The rest of the proof runs by induction on the number of points M. For M = 1,
the result follows taking

Uy (x) x—ry, if v =0,
BT, if v > 1.

Suppose that, for each sequentially ordered sequence of M ordered pairs, the corre-
sponding minimal polynomial Uy has degree uy,.

Let {(r;,v;)} M, be a set of M ordered pairs satisfying (8). Obviously, { (r;,v;)};* also
satisfies (8) and Uy, satisfies (13) fori =1,2,..., M — 1; thus, we obtain deg Up;—1 = uM 1
and deg Uy > deg Ups—1. Now, we divide the proof into two cases:

1. TIfup = M, thenforalll <i < M we have v; < i, which yields

M 1

deg LIM > deg uM_] =UuUpm-—1 = M—-12> VM-

Since {(r;,v;)}M, satisfies (8), from (12) we obtain
(i
M< ZN (uM, ) < deg Uy,

which implies that deg Up; = M = uy.

2. Ifupy < M —1, then there exists a minimal j (1 < j < M), such that Vi > jandv; <i
forall1 <i < j— 1. Therefore, up; = j — 1 = ups_1. From the induction hypothesis,
we obtain

degUp—1 =upy—1=j—1 Sl//'—l <vy-—1,

(vm) —

which gives U Y1 = 0. Hence, Uy = Up—1 and, consequently, we obtain

deg Uy = degUp—1 = upy—1 = upm.
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Note that, in Lemma 3, condition (8) is necessary for asserting that the polynomial Uy
has degree uy;. If we consider {(—1,0), (1,0), (0,1)}, whose corresponding convex hulls
Iy = [-1,1]and I; = {0} do not satisfy (8), we obtain Uz(x) = x*> — 1 and u3 = 3 # deg Us.

Now we are able to prove the zero localization theorem for sequentially ordered
discrete Sobolev inner products.

Proof of Theorem 1. Let {1 < { < --- < ¢, be the points on (a,b) = Cy(supp(st))° where
S, changes sign and suppose that 7 < n — d*. Consider the set of ordered pairs

(v Y = (@0 U (e k) s > 0, j=1,2,..,Nk=1,...,d;}.

Since (-,-)s is sequentially ordered, the intervals Iy = Ay for k = 0,1,...,vy
(see (7)) satisfy (8) (we can assume without loss of generality that v; <1y < -+ <wyyy).
Consequently, from Lemma 3, there exists a unique monic polynomial U+, of minimal
degree, such that

Uy (&) =0; fori=1,...,1,
U,gk)w( i) =0; for each (j, k) : 11 > 0, (14)

and deg Uy, = minJgey, — 1 < d* + 1, where
Jpegy ={i:1<i<d +nandv; > i} U{d" +n+1}. (15)

Now, we need to consider the following two cases.

1. IfdegUy-,, = d" +1, from (15), we obtain deg Uy, > v;1 4+ + 1. Thus, taking the
closed interval | = [¢y,¢y] C (a,b) in (11), we obtain

d 475 < Vﬁzm No (U;IIL_”}II(> <N (Ud*+:7/’ [61,617}) +No (Ud*m‘lo \ [élfé‘vD

Vd*+7/

+ Z No ( a4y )<deglld*+,7_d +7.

2. Ifdeglyiy <d*+1, from (15), there exists 1 < j < d* + 77 such that deg Uy, =
jfl,v]- >jandv; <i—1fori=1,2,...,j—1. Hence,

Vi1 +1<j—-1= degud*+,7

and, again, from (11) we have

j-1< 2 No (U5 k) < N (U5 [61,89)) + No (Ui o\ [60,8])

+ ZNO( d*+;7flk> <deglyy,=j—1

In both cases, we obtain that U+, has no other zeros in Iy than those given by

construction, and from N, (waﬂ; [(jl,g”}) =N, <Ud*+rl,' [gl,gq]), all the zeros of S;; on I°
are simple. Thus, in addition to (14), we obtain that S, Uy, does not change sign on I°.
Now, since deg U+ + < d* + 1y < n, we arrive at the contradiction

0= (S Uy 1) = /sn ) Upe 1 (X) i (x) +22A,ks (U, (cf)
j=1k=

- / ) Uy () (x) # 0.
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3. Auxiliary Results

The family of Laguerre polynomials is one of the three very well-known classical
orthogonal polynomials families (see [3-5]). It consists of the sequence of polynomials
{L %) } that are orthogonal with respect to the measure dy = x%¢ *dx, x € (0,00), for
« > —1, and that are normalized by taking - ) as the leading coefficient of the n-th
degree polynomial of the sequence. Laguerre polynomlals play a key role in applied
mathematics and physics, where they are involved in the solutions of the wave equation of
the hydrogen atom (c.f. [14]).

Some of the structural properties of this family are listed in the following proposition
in order to be used later.

Proposition 1. Let {LS,’X) Yn>o0 (note the brackets in parameter w) be the sequence of Laguerre
polynomials and let {L}} ;>0 be the monic sequence of Laguerre polynomials. Then, the following
statements hold.

1.  Foreveryn €N,
1"
1w = S, (16)
2. Three-term recurrence relation. For everyn > 1,
xLy(x) = Ly q(x) + 2n+a + 1)Ly (x) +n(n+a)Ly_;(x)
AL (x) = —(n+ LY (x) + @+ a+ DL (x) — (n+ &)L, (x)

with L) = 1* |, =0, and LY = L8 = 1.
3. Structure relation. For every n € N,

L (x) = L (x) — L0 (x).

4. Foreveryn € N,

+ T(a+n+1
I =y (") - HEEE, a7)

In addition, we have
IL4|[ = n'T(n+a+1)

5. Hahn condition. For every n € N,

L&) (x) = ~L 0 (x). (18)

6. Outer strong asymptotics (Perron’s asymptotics formula on C\ Ry ). Let « € R. Then

x/2,0/2-1/4,2(—nx)"/? (P
L () = ° {

Y Cilx) ”2+<9(n’”2)}' (19)

27_[1/2( vc/2+1/4

Here, {Cy (x)}}f;; are certain analytic functions of x independent of n, with Cy = 1. This
relation holds for x in the complex plane with a cut along the positive part of the real axis.
The bound for the remainder holds uniformly in every closed domain with no points in common
with x > 0 (see [5], Theorem 8.22.3).

Now, we summarize some auxiliary lemmas to be used in the proof of Theorem 2 (see
([15], Lem. 1) and ([16], Prop. 6)).
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Lemma4. Forz € C\[0,0),a,B € Rand j, k > —n we have

L(‘"> (%)ﬂ (14 0:(n172)) if B #0.

n+k( )
where O (n~1) denotes some analytic function sequence {gn(z) }°°_, such that {nigy} is uniformly
bounded on every compact subset of C \ [0, 00).

(20)

To study the outer relative asymptotic between the standard Laguerre polynomials
and the Laguerre-Sobolev orthogonal polynomials (see Formula (6)), we need to compute
the behavior of the Laguerre kernel polynomials and their derivatives when n approaches
infinity. To this end, we prove the following auxiliary result, which is an extension of ([17],
Ch. 5, Th. 16).

Lemma 5. Let G and G’ be two open subsets of the complex plane and f, : G x G' — C be
a sequence of functions that are analytic with respect to each variable separately. If {f,}5°_ is a
uniformly bounded sequence on each set in the form K x K', where K C G and K C G are compact
sets, then any of its partial derivative sequences are also uniformly bounded on each set in the form
Kx K.

Proof. Note that it is sufficient to prove this for the first derivative order with respect
to any of the variables and then proceed by induction. Let K C G and K’ C G’ be two

compact sets. Denote G° = C\ G, d(K,G°) = inf |z—w|, r = d(K,G)/2 > 0 and
zeK,weG*

B(z,r) ={C € C: |z— (| < r}. Take K* as the closure of | J,cg B(z,r); thus, K* is a compact
subset of G. Thus, there exists a positive constant M > 0 such that |f,(z, w)| < M for all
z € K*,w € K'and n € IN. Hence, forall z € K, w € K’ and n € IN, we obtain

A, fn r;‘ w) c(z, r)) |fn (S, )]
’ )' 2711 c(zr) (E—2z)? C’ ’g‘?clazxr{ ¢ —z[? }
2mtr M
- gz e (W)} < 7,

where ¢(z, ) denotes the circle with center at z, radius r and length V(c(z,r)). O

From the Fourier expansion of S, in terms of the basis {L% }n>0 we obtain

i L¥(x n_l L LA (x
$0(6) = oS L8 ) 1) 4 T (5, L )
i=0 HLl Hy i=0 HLI ||;,¢
- L¥(x
= L%(x 2 ( SnLhs— ¥ Ausi ()P (e )) 7(1
= Gher ILE
. w5 L))
—L@ - Y Ausiie) ¥ ) 1)
(el iz |ILE
k ,k
=15x) — ¥ A4Sk (xcp), @1)
(ik)ELs
. j+k
where we use the notation Kil] ) (x,y) = 9 aanagcx 2)) to denote the partial derivatives of
xXory

the kernel polynomials defined in (1). Differentiating Equation (21) /-times and evaluating
then at x = ; for each ordered pair (i, £) € I, we obtain the following system of d* linear

equations and d* unknowns S£k> (cj)-
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(L) e) = (1 2K (i) ) 517 i) + Z Ak (i) (). @2)
(k)L
(k) #(irt)

Lemma 6. The Laguerre kernel polynomials and their derivatives satisfy the following behavior
when n approaches infinity for x,y € C\ [0, %)

ALY L ()L ()
Iy T (V)

where Oy, (n~) denotes some sequence of functions {gu(x,y)}>_; that are holomorphic with
respect to each variable and whose sequence {n*g,} is uniformly bounded on every set K x K’, such
that K and K" are compact subsets of C \ R

K (x,y) =

n—

((—1)’*1’ + ow(n—lfz)), i,j>0,

Proof. The proof is by induction on k = i + j. First, suppose k = 0 (i.e., i = j = 0) and split
the proof into two cases according to whether x = y or not. If x = y, from (2), (16), (18)
and (20), we obtain

L

”nln"K o) =L ()W) (x) — (LY (LW, (%)

=1 ()L, (x) = LV ()L (x)

(a+1) (®)

L

_Lﬁ“él’(x)Li"‘)l(x)< o 0L (x))
1
4

L) LY ()

=L L™, (x) {1 VoEy {“ +l
- (1+ \/\/_?—F F S EH+(9x(n*3/2)>}
=LV L™, (x) <ﬂ

N
LY L () ( Vi ) (14 0ut)

2n

LM ()L (x) B
o (o)

On the other hand, if x # y, from (2) and (20) we obtain

1L, Ly, <x>L<“><y> L™, ()

K- 1( ]/) =
LI(’lafl L;(f:1 _ L;a)(x)
Y i“%(x)

VIR oxy(n—1)>

LFfr < )

a>(x 1/2
7f\/—7x+\/7(1+0 - )).

135



Mathematics 2023, 11, 1956

From (17) and ([18], Appendix, (1.14))

L1 = T — w1 0001,

which proves the case k = 0. Now, we assume that the theorem is true for i +j = k and
we will prove it for i + j = k + 1. By the symmetry of the formula, the proof is analogous
when any of the variables increase its derivative order; thus, we only will prove it when
the variable y does.

(a+i) (a+j)
%(x,y) 0 < Ly + (x)L + (y)) ((_1)k+Ole(n—l/2))>

axlaf‘*'ly u?j(\/jx_’_\/i
a+7 a+j
02 () )

(rxﬂ)
e ey (o)

L @) [~ (vV=F v W) + 0 ) ()

n*- I (V—=x+/=y)?

(-1 +0 *1/2)+ FZ W o, (ﬂz)}

L(a+z (x)L* zx+]+1 FJrOxy( 1

ne- z(\/fx+r T2 v

.((,) 71/2)+< +(9xj(n )>Ow(” )}
L(oc+z)() tx+]+1 - -
wax+r 21+ Ouyl72) (-1 + Oy

+05y (n17%2)]
B L](quH»z‘) (x)L,(f‘HH)(

_ y) Lo, (nm17?)],
reny=sy==1 (U L]

where in the third equality we use Lemma 5 to guarantee that %Oxry(nfl) = (Q,I,y(n*1 ),
and in the fourth equality, we use (20). O

4. Proof of Theorem 2 and Consequences

Proof of Theorem 2. Without loss of generality, we will consider the polynomials L,(f) =

(=1)"/n!'L% and S, = (—1)"/n!S,,, instead of the monic polynomials L% and S,,.
Multiplying both sides of (21) by (—1)"/n!, we obtain
N
~ ) 0,d:
Su(x) = L& (x) = L A8 (e kY (v, ¢y), 23)
=1

Dividing by LS,'X) (x) on both sides of (23), we obtain

- (0.d;)
Su(x) K 1 (xlcj)

—-1— A 7. 24
L (x) Z ) L (x) ey

Recall that we are considering the Laguerre-Sobolev polynomials {§n} that are or-
thogonal with respect to (5). In this case, the consistent linear system (22) becomes
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AN (di) d;
<L51a)) (o) = (1+)\kK,(ik’1dk>(Ck, Ck)) 9 (cx) +Z Aj K )(Ck/ Cj)gfq ])(Cj), 25)
=i
4k
fork=1,2,...,N. Let us define
(0.d))

Ki'j(x,c‘)
Pl = NS g T and B B
n

From (24), in order to prove the existence of the limit (6), we need to figure out the
values of P} (x). Note that

) L ()P ()
Sn] (C]) = - (0,4, .
MK, 2 (x6))

If we replace these expressions in (25), then we obtain the following linear system in
the unknowns P, ;(x)

ap1(n,x)  ap(nx) oo agn(n,x) Pyi(x) -1
ay1(n,x)  axp(n,x) - apn(n,x) Py, (x) -1

: U . " = B )
ani(n,x) ana(n,x) - annN(n,x) Py (x) -1

where

(®) Aj)
Ly (x)K 1 (ck,c/-) .
Lo\ O j#k
(L) ook, ] (xep)
L0 (8 e
(d) 4
(L) Meok " F e

n

ak,j(”rx) =

j=k.

Now, we will find the behavior of the coefficients ay ;(1, x) when n approaches infinity.
If k = j, wehave

(/\ik"" ndkldk Ck/Ck))
dy)
(L(“ >< ‘ K<0 (x,cx)
(AL w<(_1)dk+dk+o(n71/2)>>
_ ¥ n7 2/ mah /o
(atdy) (a)
dkL(“+dk) Ly (el (x) -1 dy +0 —-1/2
(F)BLIG () L (1) 4 O 172)
“’1 (a4-dy) ~1/2
\/ijr\/?(AkL“dk )+L (cx )(1—1—0(11 )>
2/ =k + (c)(l-i—(’)x(n*l/z))

—dy

”k,k(”/x) =

a71

(n+dk> T+ 14007
_ vy A (W)
= 2o 1+(’)x(7171/2)
_VE VG 14013
— 2\/—7(3]( 1+Ox(n—1/2)/

where in the last equality we use Perron’s Asymptotic Formula (19) to obtain
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3 gt (ot 1 g
(L,(f+d">(ck))2 T oeacty/ oV atdi—} T et/
which has exponential decay (cx < 0). On the other hand, if k # j, we obtain
L KM (e )
k() = () () (0,d;)
(Ln ) (Ck)Kn,l]/ (X,Cj)
(atdy) » _
\/Ljick-# (ck) ((fl)dk+d1+0(1’l 1/2))
= <A+:k)
(~1) J;,;r(( )%+ 0(n172))
V=E+ g (14007)
VGt /¢ (1+0(n1/2)) "
Hence,
V=xty /¢ i
if ko V=x+/|ci|
lim a ;(n,x) = ﬁ*r # SV
n—re0 Vorty oo ifj =k «/\Ck + \c]

2y/—c 7

Next, taking limits on both sides of (26) when n approaches co, we obtain

V=rrlal  Veriel o V=Rl .

Vil Vel fer/len Pr(x) -1
Vi al o Vel Vel P (x) 1
[e2[++/le1] [ea|+4/ ez [e2[++/len] 2 _
\/ij’\/W V=it ea] \/TH\/W Pa(x) —1
Vien+Vlel  Vien+v/eal len|++/Ten] N

Using Cauchy determinants, it is not difficult to prove that the N solutions of the

P (x) = 2l ﬁ(\/?er)
e ol G\ ol v

Now, from (24), we obtain

S & 2y/lgl N el el
T =t I1 :
Ly (x) =1V =X+ e [ Vil = Vel

If we consider the change of variable z = \/—x and for simplicity we also consider the
notation f; = , /[c;|, then we obtain the following partial fraction decomposition

t+t1
+Zz+tjﬂ<t —tl>.
7&

Thus, we only have to prove that this is the partial fraction decomposition of

above linear system are
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INI Z—tj
I\Z Tt )

Let Py(z) = H] 1(z —tj) and Qn(z) = 1(z+t) then
N(z—t\  Py(z) () Qn(z) %
]11<2+l‘j>QN(Z)1+ QN() = Z; ]
where
(Pn(z) = Qn(z) _ Pn(=t) —Qn(=t)
A= G T Ay
N N
t i’
B N B (71)N 1=1 tj_tl B ]l:l tf_tl '
llj(_tj +1p) 1] I
7

which completes the proof. O

Obviously, the inner product (5) and the monic polynomial S, depend on the param-
eter « > —1, so that in what follows, we will denote S} = S,. Formula (6) allows us to
obtain other asymptotic formulas for the polynomials S§. Three of them are included in the

following corollary.

Corollary 2. Leta,f > —1,n € Z and k > —n. Under the hypotheses of Theorem 2, we obtain

atp —x—/lc
) etk Cap (v )ﬂﬁ(J ¢“>, KCC\Re  (27)

AR L) H\v=r+ /g
a+p B
(2) nkf;;rzik(sza)():{(_l)k<\/jz) ﬁ, KcC C\R;. (28)
« ) o —
3) (SM(Z))( Vo \/E , KCC\Ry. (29)
@)™ \v=x+ /i)

Proof. Formulas (27) and (28) are direct consequences of Theorem 2 and Lemma 4.
The proof of (29) is by induction on v. Of course, (6) is (29) for v = 0. Assume that (29)
is true for v = k¥ > 0. Note that

(Sa(2)™ (L) Cw@» )+((ﬂW)
(L) (La) "\ (La(2) ™ )

From (16), (18) and Lemma 4

(k)
(LaE)™ L5 -
(L& (z))®FD — pettD) =0, KCC\Ry.

n—x—1

Hence, from Theorem 2, we obtain (29) forv =« +1. O
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Abstract: This article presents a generalization of new classes of degenerated Apostol-Bernoulli,
Apostol-Euler, and Apostol-Genocchi Hermite polynomials of level 1. We establish some algebraic
and differential properties for generalizations of new classes of degenerated Apostol-Bernoulli
polynomials. These results are shown using generating function methods for Apostol-Euler and
Apostol-Genocchi Hermite polynomials of level .
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1. Introduction

In this document, the customary conventions of mathematical notation are employed,
where N := {1,2,...}; Ny := {0,1,2,...}; Z refers to a set of integers; R refers to a set of
real numbers; and C refers to a set of complex numbers.

There have been numerous studies in the literature that have focused on Apostol-
Bernoulli, Apostol-Euler, and Apostol-Genocchi Hermite polynomials, as well as their
extensions and relatives. These studies include works in [1-15]. In recent years, several
researchers have explored degraded versions of well-known polynomials, such as Bernoulli,
Euler, falling factorial, and Bell polynomials, by utilizing generating functions, umbral
calculus, and p-adic integrals. Examples of such studies can be found in [16-18].

The generalization of two-variable Hermite polynomials introduced by Kampé de
Fériet is given by [19]:

Hw(@’,ﬂ) =w!

It is to be noted that [20]
He (26, —1) = Hy ().

These polynomials satisfy the following generating equation:

T = Y H (6 ) M)
= w\G, Y T
w=0 w!
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Two-variable degenerate Hermite polynomials H, (&, #; 1) ([21], p. 65) are defined by
means of the generating function

4 1 ™
(L pr) (L pe) e = 3 Hol& ) - @
w=0 :

We note that
lim Hy, (&, ;1) = Hw(E,17).
u—0

The first and second kind of Stirling numbers are given, respectively, by (see [22]):

L4001 = ¥ S
v! =Ty
and "
Lo qyv_y =~
ﬁ(e —-1)V = {UZ::VS(w,V) ol
The generalized falling factorial (§|p),, with increment y is defined by (see [18],
Definition 2.3):
w—1
@luo =TT = p),
v=0

for positive integer w, with the convention (¢|it)o = 1. Furthermore,
w
Clww =) S(wv)uve".
v=0
From the Binomial Theorem, we have
4 ad v
(1 +pn)i = Y @

Khan [14] introduced degenerate Hermite—Bernoulli polynomials of the second kind,
defined by

w

1
log(1+ ut)* T
log(1+p7)" HBw(gr’Y;V)J'

(14 p1)
(I+pr)r =1

c
?(1—}—]/11’2)% =

g
e

For A,u € C,and « € N, with u # 1, the generalized degenerate Apostol-type Frobe-
nius Euler—-Hermite polynomials of order « are given by a generating function (see [15],

p- 569):
19
1—u 4 1 > ™
————— | A+p) (L ut)F = Y mho (G mAu) —- €)
AMl+pt)r —u w=0 w:
Taking 1 = —1 and « = 1 in (3), the degenerate Hermite—Euler polynomials are

obtained (see [7], p. 3, Equation (17)):

2 g
1 A+ pT)r

1 > w
— (4 pt2)r = Y nalmmA) .
A1 +pT)r +1 w=0 w:
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Clemente et al. [23] introduced and studied new families of Apostol-type degenerated
polynomials by means of the following generating functions:

ma )] L N L Y PP ™
T oA b)) (1 )’ —wgo%w GubA) @)
27 [p(A; 1, by 7)) (1 + ) = L el @ N )
w=0
and
(20)™ [p(As b )] (1 4 ) 26[’" W b A) (6)
where,
1 "=l (tlogh)! !
c(Aa,b;T) = (A(l +ut)r — lg l!)
and

m -1
P b7) = < (1+p0)F + Zl(“ogb)l> .

If ¢ = 0, in (4)—(6), we obtain the Apostol-type degenerated numbers of order a and
level m:
m 1] T

|
[V] 8

T o (A p, b))t =

Il
o

w

2 (A b)) = ) € 1“](€,u,b;A)%,
w=0 :

m—1,a] T

(20)"™ [p (s )" = ;06[ (&nbid) oy

The past few years have seen significant advancements in the generalizations of special
functions used in mathematical physics. These developments provide an analytical foun-
dation for many exact solutions to problems in mathematical physics and have practical
applications in various fields. One important area of development is the introduction of one-
and double-variable special functions, which have been recognized for their significance
in both pure mathematical and applied contexts. Multi-index and multi-variable special
functions are also necessary for solving problems in several branches of mathematics, such
as partial differential equations and abstract group theory. Hermite polynomials, devel-
oped by Hermite [24-27], are an example of such special functions, which are important
in combinatorics, numerical analysis, and physics. They are associated with the quantum
harmonic oscillator and are utilized in solving the Schrodinger equation for the oscillator.
This article aims to introduce new families of Hermite-Apostol-type degenerated polyno-
mials. Some algebraic properties and relations for these polynomials are derived. These
results extend certain relations and identities of the related polynomials.

2. Generalizations of New Classes of Degenerated Apostol-Bernoulli, Apostol-Euler,
and Apostol-Genocchi Hermite Polynomials of Level m

In this section, based on (2) and (4)—(6), we define new families of Hermite—-Apostol-
type degenerated polynomials.

Definition 1. For arbitrary real or complex parameter o and for i, b € R, the generalizations
degenerate the Apostol-Bernoulli Hermite polynomials H%[m*l (& n; 1, b; 1), the generalizations
degenerate Apostol-Euler Hermite polynomials H@ (§ 17; 1, b; A), and the generalizations
degenerate Apostol-Genocchi Hermite polynomials H@J," 1“](;‘,17,% b;A), me N, A € Cof
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order « and level m, are defined, in a suitable neighborhood of t = 0, by means of the generating

functions:

me % £ 1 ad m 1,a] v
o (X b)) (14 aT)F (14 pr?)r = LouBe b o

2" (A, b; 7)) (1 +HT)“ (14 p2) Z e e, g, b; A)
and
§ I > 771 w
(@20)"™ [p(A; o, by ] (L4 pr) (L p) e = Y w0l (e, s, b; A)ﬁ
w=0
where
1 m=l(tlogh) )
oA b;t) = (A(l—kyr)# — g (17?)
and
1 "=l (rlogh) B
WA bT) = (A(1+yr)ﬂ + ) |> .
= I
Note that fora =1, A =1, and b = e in (7), we have
SN [m—1,a] . . ﬂ, . "
Eﬂ;gr})%w (Cmip b A) o7 = lim, T (tlogh)! (14 po) s (14 )

ML+p)r = ¥ ),
1=0 :

m
- Ti]l LTI
-
ety T
=0 I

I I
fwgo%w Em

where ‘BL’,"_”

Analogously,
Z hmém 1“](§,ﬂ,y,b,/\)— = i = 1(5; ) ,
w=0H0 w=0
u;oign@m M](Cﬂ%h//\)* = ):@m i ZTu:
where @:," L]

Hermite-Genocchi polynomials, respectively.

(&) are called generalized Hermite-Bernoulli polynomials (see [28], Equation (6)).

@)

®)

©)

§ ) and €, [m—1a] (&) are called generalized Hermite-Euler polynomials and generalized

If { = 0and 7 = 0, in Definition 1, we obtain the generalizations of degenerate Apostol—-
Bernoulli Hermite numbers, generalizations of degenerate Apostol-Euler Hermite numbers, and

generalizations of degenerate Apostol-Genocchi Hermite numbers of order a« and level m.

"o (A1, b; 7)) Z %m L] (§ ub; /\)

w=0

2" (A; 1, by )" Z el “‘(mhA)

(20)"™ [p(A; 1, ;7)) Z ol y,h;)\)%
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Continuation will show the standard notation for several sub-classes of polynomials, with
parameters A € C, u,b € R*, order « € N, and level m € N (see [12,29-31] and the references
therein).

w-th generalized Bernoulli polynomial of level m B([f,” -1 @) := hm 1B [m—11] (é 0;p,e1)
w-th generalized Euler polynomial of level m Eg) €)= lir'(r)l+ H%L',”_l’l] (&,0;1,e1)
) d
w-th generalized Genocchi polynomial of level m ((j) (@) := lirg+ HQ&L’,"*]’I] (&,0;m,e1)
—

w-th generalized Apostol-Genocchi Hermite polynomial Q((f)(é;/\) hm HQ% (é 0;p,b;A)

w-th Apostol-Bernoulli polynomial Bw(&A) = 1Lm+ H%([S/l (&,0;u,b;1)
w-th Apostol-Euler polynomial Eu(GA) = hm Hew (§,0 wb;A)
w-th Apostol-Genocchi Hermite polynomial Gu(GA) = hm HQS (C 0;p,b;A)
w-th generalized Bernoulli polynomial B((f ) €)= lim+ H%([U’a] (&,0;,b;1)
w-th generalized Euler polynomial (§ )= 11m H@ (é, 0;p,b;1)
w-th generalized Genocchi polynomial Gt(j )(é) = limy, 0 H@ (C 0;p,b;1)

w-th Bernoulli polynomial

Bo (&) = Jim. B9 0, b:1)

w-th Euler polynomial

Eu(¢) == hm Hew (5/0 nb;1)

w-th Genocchi polynomial

Gu(€) := lim HQS([U’ (&,0;1,b;1)
u—0+

Theorem 1. For m € N and the new families of Hermite—Apostol-type degenerated polynomials in invariable
x, with parameters A € C and p € 7Z, order & € Ny and level m, the following relationship holds

w

a8l @ o) = ) (k>H%"’ @ 1,0 0) He (v, w3 ), (10)
k=0
w

ael @ b+ wi b A) :Z< ) €1 @ s 0,0, 0) He(y, w3 ), (65))
k=0
y

a6l @, bA) = Z( ) & (&, i 1, 0 0) He (o, w3 o). (12)
k=0

Proof. By (7) and (2), we have

4w

[m—1,a] ma « f
Z BN+ i, M) =" oA b)) (L4 pr) © (14 pr?)
:Tm”‘[cr()\;y,b;r)]“(l+yr)% 1+}trz)% 1+]4T)%(1+‘14T2)%

i [m 1,4] (6/77 1,b; 1) )(Z He(7,w; 1) w)

i (Z (j)fﬂiﬁ" @m0 A) Hi(y, H)) -

In view of the above equation, we get the result (10). The proofs of (11) and (12) are given
analogously. O
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Theorem 2. For m € N and the new families of Hermite-Apostol-type degenerated polynomials in invariable
x, with parameters A € C and y € 7, order & € Ny and level m, the argument addition theorem holds

w
aB T ey o b)) = ) (‘“)H%L'”*l'ﬁ]m,w;y,m) (13)
v=0

B (@, v, b0,

w

u L’;’fl"wrﬁ](é-&-ﬂ,’y-i-w; whA) = Z <(:/))H Lm—lﬁ](mw; 1,b;\) (14)
v=0
€l (@i ki),
w

WO Ly b)) = Y (“j)w&’””’ﬁ](n,w; b ) (1)
v=0

@I (& s, b 1),

Proof. Observe that,

00 w w
E sl ey b s = (@ b)) P ) T (14 ) T

w=0

= (Z Bl mm%)

w=0

) 1, w
EH [m ﬁ UfW;Vrb;A)a>

w=0

o 1,
= Z( H%szv“(é‘,"r,ﬂ,b A)
v=0

1, v
X8y ﬁ](ﬂ, w; 1, b; A))g

Therefore, by the above equation, we obtain result (13). The proofs of (14) and (15) are given
analogously. [

Theorem 3. For m € N and the new families of Hermite—Apostol-type degenerated polynomials in invariable
x, with parameters A € C and p € 7, order a € Ny and level m, the following relationships are obeyed:

B e pma) = wBl @ o biA) — pwopB “(é‘/ﬂ;%b%) (16)
el e ) = wel e g bia) - ﬂwH% v (C niub;A), 17)
H®m e mma) = pol @ b A) — porel e b a). a8)

Proof. From generating function (8), we have

e ad _ w
(o b0 (4 pe) (L) = (1) Y el 1’“](5,17;#,17;)»)%

ad m 1a . . ™ _ & m 1,a
Z (é‘+y,17,14,b,/\)ﬁ = Z Ve b /\)

+ur Y el i b; A)*-

w=0

Then,

1, ad
Z @m a(@rﬂiﬂxb?/\)a

Y el e it A)
w=0
Thw

+Zw @m 141 qu,b)\)
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Thus, we have
v =
): el e pmn NS = Z[ el (@ ki)
I 6[m ]'X](g s, b; \) ﬂ
Hwp B Y; }wl

In view of the above equation, the result is
el b)) = nel @ pn b A) - ponel 3 @ i b A).
Therefore, we obtain (17). The proofs of (16) and (18) are analogous to the previous proce-
dure. O

Theorem 4. For m € N, the new families of Hermite—Apostol-type degenerated polynomials in invariable x,
with parameters A € C and p € 7, order « € Ny and level m comply with the following relationships:

aB @ g A) = aBE T E b A) — pwo(w — DB E kA, (19)

el e ) = pel @+ biA) - pw(w - Vel @ i), @)

a0 i A) = g6l E b A) — (0 - D)8 @ b @D

Proof. From generating function (9), we have

(@0)"e M b)) (A4 p0)F L+ pe) = (14 pr?) Z ol @ g b2 T
[e) TU_} (=) _ Tw
I R B WL R (2 R
w=0 W=

(e ) _ T(A}
e Y el 1/“](6,'7;14,17;?\);
w=0

Then,

[m—1,4] ) ) ™ o - m—1,a]
Z o e yrmnbN S = L uel (é,w,b)t)

w=0
+ Z S i 1,0 ) peo(w — 1)

Tw
w!

Thus, we have

ZHW””(MW#,M) = Z[ el @ i, bi)

w=0

(@ = 1)l G i by A)}

Comparing the coefficients of 7’ on both sides of the equation, we obtain the result (21). The
proofs of (19) and (20) are analogous to the previous procedure. [J

Theorem 5. For m € N, for the new families of Hermite—Apostol-type degenerated polynomials in invariable
x, with parameters A € C and p € 7Z, order « € Ny and level m, the following properties are maintained:

Py %m 1] b\ w=1 k! w —
H aé@ i biA) -y w(fl)kﬂkk-i—l( L )H‘B: 1102(5 ;1 A), (22)
’ k=0
el @ mpmbin) 4 K (w0=1) gl
i a(éfv pbid) _ Zw(_l)kykkﬂ( . )Hew e mpbn, @)
’ k=0
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) @m 1a] ,b A w—1 k! w — 1,
b a(; iebi) w(’l)kﬂkkﬂ( . )H@g MWepunba). e
4 k=0

Proof. Partially differentiating (7) with respect to &, we have

»

w=0

0 _1, v
(—TgH%L';" e in, bA) o

(A b; T)]“ (1+HT)" (1+ pr2)i,

= T"[g(A;p, b)) (1+]4~[) (1+yr ))' 1n(1+yr),

I
/N
e

€

X
I
e =

m—1,a T
Bl 1“](Crﬂ;ﬂ,b;)~)ﬁ>

(_1)14] w+1Tw+11>

w+1ﬂ u

€
g

HBU G i b A)

Il
e
g

w=0k=0
ok k(@) kTt
(=1 <k>k+1 wl
Thus, we have
0 a _ Tw ol —
Z%H‘B([:n La](é,'];%bﬂ\)a = Z Z B & g, 0)
w=0 : w=0 k=0
vk (w—T1) kT
x( 1”’“’( k >k+1w!‘

Comparing the coefficients of T on both sides of the equation, the result is

aH%([S”l'“](é,q;y,h;)\) _wfl L K w_1 _—
% 71§)w(71)yk+1 k H%w 1— k(é’?ﬂ,b?\)

O

The proofs of (23) and (24) are analogous to (22).

Theorem 6. For m € N, for the new families of Hermite—Apostol-type degenerated polynomials in invariable
x, with parameters A € C and p € 7Z, order & € Ny and level m, the following properties are maintained:

8%"1 1,4 L b A w—=k 2k! (w—2
H a(né i biA) _ w(wfl)(fl)"ﬂ"kH( " >H$z>,(;” @ nnbia), @5
k=0

HM\

s M E e bid) cr 2K (0=2\ il
on - k; wlw == le( o JHELS @ bin),  (@6)

E)H@[“r,”fl’a]((f,q;y,b;)\) “- ok 2k (w—2 m—1,a]
o k:ZOaJ(w—l)(—l) a ?< ok )Hin oo (151, b; A). 27)
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Proof. Partially differentiating (7) with respect to 7, we have

= 9 m—l,tx] . . T _ _ma . JUN T < 9 2k
Z (—T (C,;y,y,b,)\)ﬁf'r [o(A; 1, ;7)) (1+P’T)’%(1+}‘T )
w=0 °

— (s, b T)) (1 + ) F (14 w2)F In(1+ mz)%

T o (=D o1 on2l
w!) <Z w+1 e u

w=0

w=|

= (Z aBl @& i, b;

1) ‘ Tw+k+2

0
o & [m 1[\
= E E B, S, b A .
= 0H ‘:'7” ) 1"{ (w—k)!

Thus, we have
© 5 Y Tw 0 — 1,
Y gyl MmN = % 2 B %@ biA)
w=0 N w=0 k=0
k. k - w—2 2k! i
x(=1) uw(w 1)( )k-{—lw!'

Comparing the coefficients of 7 on both sides of the equation, the result is

e R (T = ok 2K (=2 mia]
5 = L w005 () B @ i)

O
The proofs of (26) and (27) are analogous to (25).

Theorem 7. For m € N, the new families of Hermite—Apostol-type degenerated polynomials in invariable x,
with parameters A € C and p € 7, order & € Ng and level m comply with the following relationships:

w w
Y as @ e @ ) = ) <k>H%['" ey @)
k=0 k=0

HB" T (28 2050, 1;0),

X

I
!

ZHem 1a(§7]}l,b/\)H€m 11&(617 1,b; A) (k)Hem 1"‘(}!,17 A) (29)

k=0
x €™ (08 20: 1, b; A),

3 (4 )uelwen oo
k=0

xXy® m 14] (2§,2;7,]4,b A).

w
Y b8 g, b A el (E s, b 0
k=0

Proof. Consider the following expressions:

(A b)) (4 ) (1) = Yl g b ) T (31)
w=0
and
me . . o £ 2 1 _ o ["1*11“] . . ™
PR (A b (4 ) () = T sl @ biA) (32)
r=0 N
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From (31) and (32), we have
T o\ u, b; T 2"‘1+¢1’2751+ TZ%:
H H M
[m—1,4] [m—1,a] . . T

Z By E b A) Z uBy" G bA)
w=0 r=0

[} w oo w

Y Bl 00 S Y sl g, 2 b 0) S =

w=0 w: r=0 w

Y Bl e i bin) 2 ", g, ; A)

w=0

0w _ ™
£ 85 () wmlr s nymfr e 2 -

w=0k=0

2 ;( ) B &, b ) BN, b A)

Hence, we get contention (28). [

The proofs of (29) and (30) are comparable to (28).

Theorem 8. For m € N, the new families of Hermite—Apostol-type degenerated polynomials in invariable x,

with parameters A € C and p € 7, order & € Ny and level m comply with the following relationships:

( 1) w! [m—1,a

aBl T E b -A) = WH% ol @ min i),
_ maw|
eLr]n L (gr 1w, b; _/\) = ((n_"_)imMH%n’imlua](éf 1 V/b /\)

Proof. Proof of (33). Considering the generating function (7):

T (A, b1+ ) (1 4+ )

w=0
_1)apme ¢ 7 . _ v
%T““[tp()w,b;f)}“(l )t = 8w @ bi—A)
w=0
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0 1, TUJ 1 1, n-+mo
ZOH%m "‘(C;,] H’ ; )w' = (zma Z G[m a(é’?l’l’h /\)
w=
00 w
e N S G | [m—1,]
wZ::OH%w (@Wr%b/ /\) w! 2ma Z Q“, (6 ; ]"rb )\) ((4) m“) .
Therefore, by the above equation, we obtain the result. [
Proof. Proof of (34). Considering the generating function (8):
< 1 & - ™
P O A+ p0 () = Y wel N bA) ;
w=0
1)%2 4 1 1, ™
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we have
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In view of the above equation, we obtain the result. [

Theorem 9. For m € N, the new families of Hermite—Apostol-type degenerated polynomials in invariable x,
with parameters A € C and p € 7, order « € Ny and level m comply with the following relationships:

nol M@ bi—a) = (2Bl T @ ), 69
B !
ol @A) = ﬁm,ﬂ" @A), (36)

Proof. Proof of (35). Taking into account the generating function (7), we can observe that

T (s, b )] (14 ) (14 prd) Y wl s

w=0
me.ma « £ 2\ 1 mya o [m—1,a] T
2 (A O A p) (L) = (220 ) wBo (G biA) e (37)
w=0 :
Therefore, from (9) and (37), we obtain
[ee] _ Tu} 00 _ T(,()
Y He! ]’“](x; ub; —)\)a = Y (—2)’”“H%[J," ]’“](x; U, h;/\)ﬁ'
w=0 : w=0 :
In view of the above equation, we obtain the result. [J
Proof. Proof of (36). From (9), we have:
T (A b () (L = ) gl G T
w=0
m—1,a] e [m—1,a]
ZHG emnbn™=" = ¥ ol (éWM)
w! w=0
then,
Ewelbiennin g = E el e
o= (A) mu 4 (w ma) = w 2 Yy (,L]'

Therefore, by the above equation, we obtain the result. [

3. Conclusions

In recent years, Apostol-type polynomials have become the subject of intensive research due
to their diverse range of applications, while Bernoulli, Euler, Genocchi, and Hermite polynomials
are well-known families of polynomials with many applications in areas such as numerical analysis,
asymptotic approximation, and special function theory, which have led to a wide range of uses in
engineering and applied sciences [20]. Due to the importance of these application areas, many exten-
sions of Apostol-type polynomials have been studied, such as degenerate Apostol-type polynomials
in [19], Hermite-based Apostol-type polynomials in [2], Laguerre-based Apostol-type polynomials
in [3,24,32], and truncated-exponential-based Apostol-type polynomials, especially in the last decade.
In the literature, extensions of several structures are considered essential if the extension unifies
existing structures. Unification focuses researchers on investigating advanced properties rather than
just studying modified families that have similar properties to the existing area.

The objective of this paper is to examine new families of Hermite—Apostol-type degenerated
polynomials, specifically the Apostol-Bernoulli, Apostol-Euler, and Apostol-Genocchi Hermite
polynomials of level m. These polynomials have significant applications in the areas of applied
mathematics, physics, and engineering. The properties of these polynomials are established based on
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classical special functions. The theorems presented in this study demonstrate the usefulness of the
series rearrangement technique for the treatment of special functions theory.
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Abstract: In this paper, we introduce the notion of the Cauchy exponential of a linear functional on
the linear space of polynomials in one variable with real or complex coefficients using a functional
equation by using the so-called moment equation. It seems that this notion hides several properties
and results. Our purpose is to explore some of these properties and to compute the Cauchy exponen-
tial of some special linear functionals. Finally, a new characterization of the positive-definiteness of a
linear functional is given.
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1. Introduction

We start with a brief overview of some basic notions and results about the linear
space of polynomials in one variable Py := K[x], where K = R or C. Let P} be the algebraic
dual space of Pk, i.e., the set of all linear functionals from Pk to K. Here, (u, p) is the action
of u € P on p € Pg. We denote by (u), := (i, x"), n > 0, the moment of order 1 of the
linear functional u € P’K. In the sequel, we recall some useful operations in P’K and some
of their properties. For 1 and v in Py, f(x) = Yt gayx” in Pg, a, b and c in K, with a # 0,
let Du = u/, fu, uv, (x — ¢)~'u, h,(u), t,(u) and o(u) be the linear functionals defined by
duality [1-4].

- The derivative of a linear functional
(', p) = =(uwp'), p € Pg.
Its moments are (u'), = —n(u),_1, n >0, (u)_1 =0.
- The left-multiplication of a linear functional by a polynomial f(x) = Y, arxk.
{(fup) = (u fp), p € P
The corresponding moments are (fu), = Yo' o av(t)ptv, 1 > 0.

- The Cauchy product of two linear functionals.

(uv, p) == (u,vp), p € Pg,

Mathematics 2023, 11, 1895. https:/ /doi.org/10.3390/math11081895 154
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where the right-multiplication of v by p is a polynomial given by

(op)(x) = {0y, P = 9PV),

vy, Yy , pEPe.

Its moments are (uv),; = Y1 _o(1)v(0)n—v, 1 > 0.

The Dirac delta linear functional at a point c.

Given ¢ € K, ¢, is the Dirac linear functional at point ¢, defined by

(0c,p) := p(c), p € Px.

In the sequel, we denote § = Jy. Notice that ¢ is the unit element for the Cauchy
product of linear functionals.

The division of a linear functional by a polynomial of first degree.

(=) p) = (0, 6c(p)) = {u, PPy oy

x—c
n—1

Its moments are ((x —c) 'u), =Y c"(u),-1-, 1 >0.
v=0

The dilation of a linear functional.

(ba(u), p) := (u,ba(p)) = (u, plax)), p € Pk.
The corresponding moments are (b (1)), = a" (u)n, n > 0.

- The shift of a linear functional.

(tp(u), p) = (wtp(p)) = (u,p(x +0)), p € Pg.

n

Its moments are (t,(u)), = fo:o( v

> b (u)p—y, n > 0.
- The o-transformation of a linear functional.

(o(u),p) = (w,0(p)) = (u,p(x*)), p € Px.

Its moments are (¢(u)) = (1)24, 1 > 0.

n
As usual, u(™ will denote the nth derivative of u € P, with the convention 1) = .

By referring to [3], u € P} has an inverse for the Cauchy product, denoted by ul,ie.,

uu~! = u~lu = ¢, if and only if (u)g # 0.

Recall that u € P} is said to be symmetric if (#)y,41 = 0, for all n > 0. Moreover, u is

symmetric if and only if o(xu) = 0, or, equivalently, h_ju = u.

Definition 1 ([5]). A linear functional u € Py is said to be weakly-regular if ¢pu = 0, where
¢ € Pk, then ¢ = 0.

Definition 2 ([1,3]). A linear functional u € Py is said to be regular (quasi-definite, according
to [6]), if there exists a sequence of monic polynomials { By (x)},>0 in Pg, deg By = n,n > 0,
such that (u, ByBy) = tnépm, n, m > 0, wherer, € K, r, # 0,1 > 0, (8, is the Kronecker
delta).

In this case, {B,(x)},>0 is said to be a monic orthogonal polynomial sequence with

respect to u (in short, MOPS). Any regular linear functional on polynomials is weakly-
regular. The converse is not true; see [5].
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Definition 3 ([1,6,7]). A linear functional u € Py, is said to be positive (resp. positive-definite),
if (u,p*) >0, (resp. (u,p?) > 0), forall p € P, p # 0.

Proposition 1 ([1,6,7]). Let u € Pp. The following statements are equivalent.

(i) u is positive-definite.

(ii)  There exists a MOPS {By,(x) } >0 in P such that (u, ByBw) = tn0u,m, for every n, m > 0,
where ry, > 0, forall n > 0.

This contribution aims to introduce the analog of the exponential function in the
framework of linear functionals and then provide some of its properties. First of all, we
must specify that the Cauchy exponential of a linear functional is also a linear functional.
We will denote it as e*. On the other hand, it satisfies

M =ets, A e Pg.

eu+

v =¢"e’, u,v € Pk

Here, e"e? is the Cauchy product of ¢ and ¢”. The Cauchy exponential of a linear
functional on the linear space of polynomials can be defined in several equivalent ways.
The easiest one, which fits best with the theory of linear functionals on the linear space
of polynomials, is based on its moments. Indeed, the moments of ¢ can be defined in an
iterate way as follows:

n—1
(e")g=e"0, n(e"), = Zo(n —v)(e"),(W)n—, n =1

Once defined, we highlight several formulas and properties satisfied by the Cauchy
exponential map as a function from Py to P}, and to compute the Cauchy exponential of
some classical linear functionals (see [6,8,9]).

¢®" = B(1/2) : Bessel linear functional with parameter a = 1/2.
e~ (/80" — Bl0] : Symmetric D—semiclassical linear functional of class 1.

e =¢ 1J(a,—1—a): Shifted Jacobi linear functional.

Among others, the following formulas: are deduced.

for every u in Pl and every a,b in K, where a # 0.

The manuscript is structured as follows. In Section 2, we first introduce the notion of
the Cauchy exponential of a linear functional on the linear space of polynomials. Second,
we establish several formulas and properties satisfied by the Cauchy exponential map.
In Section 3, we compute the Cauchy power of some special linear functionals by using
some properties of the Cauchy exponential map. In Section 4, we give necessary and
sufficient conditions on a given linear functional on the linear space of polynomials for
its Cauchy exponential will be weakly-regular. In Section 5, we establish a necessary and
sufficient condition on a given linear functional in the linear space of polynomials so that its
Cauchy exponential will be positive-definite. This enables us to give a new characterization
of the positive-definite of a linear functional on the linear space of polynomials. Finally,
some open problems concerning orthogonal polynomials associated with the Cauchy
exponential function of a linear functional are stated.
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2. The Cauchy Exponential of a Linear Functional on the Linear Space of Polynomials
2.1. Definition and Basic Properties

For any u € P, let M(u) be the linear functional in P} that is the solution of the
following functional equation:

(M(u))y = e,  (xM(u))" = (xu) M(u). (1)

0

Equivalently, the sequence of moments {(M (1)) },>0 satisfies the following recur-
rence relation:

n—1
(M(u)), = ™o, (M), = Y (n—v)(M(w)), (), n>1. )

v=0

To list some properties of M, we need the following formulas.

Lemma 1 ([2,3]). Forany u, vin Py, any f € Pg, and any a, ¢ in K with a # 0, we have

(x—o)((x—c)tu) =u, (3)
(x =) N ((x—c)u) = u— (u)ode, 4)
uv = ou, ou = u, ©)

(uv) = u'v 4+ uv’ + x~(uv), (6)

(fu)' = fu' + f'u, @)

x Huv) = (xu)o = u(x o). 8)

Following (3), where ¢ = 0, (1) is equivalent to
(M(u)), = o, M(u) = —x"TM(u) + x7 (xu) M(u). )

Proposition 2. For any u, v in Py, any T € K, and any non-negative integer n, we have the
following properties

(i) M(1d) =e"o.

(i) M(u+v) = M(u)M(v).

(iii)  (M(u))" = M(nu).

Proof. From (1) taken with u = 76, where T € K, we get (M(76)), = " and (x./\/l("ré))/ =
0. Thus, xM(t6) = 0. Then, M(76) = (M(76)),0 = €76, according to (4) when ¢ = 0.
Hence, (i) holds.

Let u, v in P} Putting 01 = M(u), v, = M(v), w; = M(u+v) and wp = v10,. From
(9), we have

(01)g = (o, v = —x "o + x 7 (xu) vy, (10)
(02)y = e, vy = —x "oy + x 71 (x0) vy, (11)
(w1)o = ettt wh = —xtwy +x7? (x(u+ v))lwl. (12)

Clearly, (wZ)o = (U]Uz)o = (2)1)0(’02)0 = e(”)oe(”)o = E(”+U)0.
From (6), (8), (10) and (11), we obtain

wh = (v102) = vy + v10h + x7H(010)
= (—x oy +x7 (xu)'v1)va + (= x oy + 27N (x0) 02) 01 + X (0102)

= —x ooy 17! <(x(u + v)),vlvz>.
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Therefore,
(w2)o = et wh = —xlojvy 17! ((x(u + v))/vlvz). (13)

From (12), (13), and by the definition of the operator M, we infer that w; = w;, i.e.,
M(u+v) = M(u)M(v). Hence, (ii) holds.
The property (iii) is a straightforward consequence of (i) and (ii). O

In a natural way;, it is convenient to use the following notation
e := M(u), foreveryu € P. (14)

Definition 4. For any u € Pl the Cauchy exponential of u, that we denote by e", is the unique
linear functional in P} that satisfies

(e)y = e, (xe")" = (xu)'et.
By an iteration process, we deduce
(") = el (u)y,
(6)y = €0 (2 (] + (w)2),
1

(eu)3 = e(o (g(u):i’ + (u)1(u)2 + (u)g).

From Proposition 2 and Definition 4, the following formulas hold.

e =75, (15)
eu+v — euev, (16)
(eu)n =M, (17)

for any u, v in P}, any T € K and any non-negative integer .

2.2. Some Properties of the Cauchy Exponential Map

The linear functional Cauchy exponential induces a map in the algebraic dual space
PP}, as follows
K

Exp]p]/K (P — Px
u— EXPP]IK(M) =e".
Proposition 3. For any u, v in P}, the following properties hold.
(i) When K = C, then e = ¢ if and only if there exists an integer k such that u = v + (2ki),
where i2 = —1.
(ii)  When K = R, then e = e® if and only u = v.
(ifi) Exppy is an isomorphism of Abelian groups from (P, +) to (P, ), where P ™ = {v €
Pgl(0)o > 0}.

Proof. Assume that u, v in IF’{C are such that e = ¢%. Then,

(C’u)() _ e(u)a, (eu)/ _ _x—leu + x—l(xu)/eu’

()0 =e®o, (¢%) = —x7Te" +x !(xv)'e".
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Since e()o = ¢(?)o in C, then there exists an integer k such that (1) = (v)g + 2k7i, 2 = —1.
Moreover, we can see that x~! ((x(u — v))/e”) = 0. Thus, (x(u — v))/e“ = 0, according to

(3) for ¢ = 0. However, since ¢* is invertible, (e")y # 0, then (x(u — v)), = 0. This requires
that, x(u — v) = 0. Thus, u — v = ((u)9 — (v)9)d = (2kmi)é, on account of (4) taken with
c=0.

Conversely, assume that 1 and v are in P{; such that u = v + (2k7i)d. From (15) and
(16), we get ol — pv+(2kmi)s (2kmi)o ev(Eka’(s) — e
Hence, (i) holds.

The property (ii) is a straightforward consequence of (i).

Forany v € IP’]’RJr, let u be the unique linear functional defined by

= e

n—1
()o =In((v)o), n(u)n(®)o=n(@)n— Y, (n=v)Wnv()y, n=21.  (18)
v=1
Equivalently,
(0)0 =", (xv) = (xu)'v. (19)

By Definition 4, we infer that v = ¢". This concludes the proof of (iii). [

Furthermore, we need the following formulas.

Lemma 2 ([2,3]). For any u, v in P, any f € Pg, and any a, c in K with a # 0, we have the
following formulas.

ba(') = a(ba(u))’, (20)

x Y. (u) = a tha(xtu), (21)
ba(fu) = f(a~'x)bau, (22)
ba(10) = ha(u)ha(v), (23)
t(w) = (4(w)’, 24)
ty(fu) = t(f)tp(u), (25)

t (u0) = t ()4 ()3, ", (26)
f(uv) = (fu)v+ x(ubof)(x)v, (27)
o(f (xz)u) = f(x)o(u), (28)
(') = 2(c(xu))’, (29)

(a(u ) = o ((xu)), (30)
o(uv) = o(u)o(v), ifeither u or v is symmetric. (31)

Proposition 4. For any a, b in K, where a # 0, we have
(i) Exp]p/ oh, =hzo Expp/ .

(i) t(e")o, ' =e 5 ), forall u € Pi

(iii) o(e") = e, for all symmetric u € P]’K.

(iv) e"is symmetric if and only if u is symmetric.

Proof. Leta € K, witha # 0, and u in P.. Putting wy = eha(1)  then

(w1)g = eMao = oo, gf = —x~Twwy 4+ x71 (xha(u)) wy. (32)
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Using (20)—(23) and (27), we can derive
buflwll - a_l(haflwl),/
Bt (x ) = a T wy,
o1 (xbau)’ = a™" (b1 (xbau))" = (xu),
Ba-1 ((xbau)wr) = (xu)'h, w1,

h,1 (x’l (xhu(u))'zm) =atxlp, ((xha(u))/wl) =a 7 (xw) b, wy.
Applying the operator b,-1 in both sides of (32), it follows that
(b1w1)o =™, (bawr) = —xth,awy + 27 (xu) b, 1wy

From the uniqueness of the solution of the last equation, we can say that h,-1w; = e*
and, then, wy = b,(e"). Hence, (i) holds.
Assume that b € K and 1 in Pj. Let first establish the following formula

t(00_p) = (v)8, !, v € P. (33)

Indeed, by (26), t,(v6_p) = t(0)t,(5_p)d, *. Since t,(5_p,) = , then we have t,(v5_p) =
t(v)8, ! Setting w = t,(e")8, *. Clearly, (t,(u)d, "), = (1)o and (w)o = (¢")o = e{0. On
the other hand, by (25), (33) and (27),

However, from (x + b)é_, = 0 and (6_300(x + b)) (x) = 1, we get xw = t,(xe"). From
Definition 4, and while using (24), (26) and (33), we obtain

(xw) =1t (((xe”)/)
=t ((xu)e")
=t ((xu)")ty (e”)&;l =t ((xu))w
= (t(xu)) w.
From (27), we have xu = ((x +b)d_p)u + x(6_p00(x + b))u = (x + b)(ud_p). By (25)
and (26), we deduce
ty(xu) =t ((x +b)(0_pu))
= xty(0_pu)
xty (8-t ()8,
xtb(u)égl.

Accordingly, we have (w)y = (50 and (xw)' = (x(tb(u)éb’l))/w. From the
uniqueness of the solution of the last equation, we get w = etr(e !
-1

4 (e“)éb_l = ¢%(% " Hence, (ii) holds.

and, as a consequence,
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Next, assume that u is a symmetric linear functional, i.e., o(xu) = 0.If wp, = e", then
(wa)o = e, (xwp) = —(xu)'w,. (34)

Since u is symmetric, then (xu)’ is also symmetric. By (31), (29), and (28), it follows

that
o((xu)'wy) = o((xu)") o wy
=2(c(x*u)) o w,
=2(xo(u)) ows.
Therefore, if we apply the operator ¢ in both hand sides of (34), then
(cwy)o = e, (xo(wa))' = —(xo(u)) o (wy).
The uniqueness of the solution of the last equation yields cw, = e”".
Hence, (iii) holds.
Assume that u is symmetric, i.e., h_ju = u. By (i), taken with 2 = —1, we obtain
h_q(e") = e"-1(1) = ¢ Thus, e" is also symmetric.
Conversely, assume that e* is symmetric, i.e., h_1(e") = e". Again by (i), whena = —1,

we deduce e"-1(") = ¢!, Notice that

(e")o = ™o, (xe') = (xu)'e".
(" 10)g = e, (xe)’ = (xt_q (u))'e".
This implies (xu)'e" = (xh_1(u))’e". If we multiply both hand sides of the last equa-
tion by e ¥, then (xu)’ = (xh_1(u))’, and so that xu = xbh_1(u). Since (h_1u)y = (u)o,

then h_1u = u, by (4) taken with ¢ = 0. Hence, u is symmetric. Thus, the statement (iv) is
proved. O

3. Cauchy Power of a Linear Functional

We start recalling the following formulas.
Lemma 3 ([2,3,10]). Forany u, vin Pl any f € Pk and any a, ¢ in K where a # 0, we have
(™ = w2/ — 26w, (35)
For any 1 in P}, and any arbitrary non-negative integer number 1, we can define the
Cauchy power of order 1 of u, denoted by 1", as follows
= w.u, u’ =90
=~

n—times

When (u)o # 0, recall that u is invertible. In such a case, we can extend the definition
of u" to negative integer numbers 1 as follows u" = u .
(—n)—times

In [11], we have deduced that (#2)’ = 2uu’ + x~'u?. More generally, we have

Proposition 5. For any u € Py, the following properties hold.
(i) For every positive integer number n we have

W) = nu" W' + (n — 1)x "L

161



Mathematics 2023, 11, 1895

(i) If (u)o # O, then for every integer number n,
W) = nu" ' + (n—1)x "

Proof. We proceed by induction. If n = 1, then u’ = éu’. Therefore, the statement is true.
We assume that the statement is true for n = k, i.e., (uX)" = kuf~1u’' + (k — 1)x~"u¥. From
the previous Lemma, we get

(WY = (ubu
= (b u + vk’ 4 x Tk
= (kuF " + (k — 1)x ) u + b’ 4+ 2 TF
= (k+ 1)uku’ + (k)x~ Tk
Thus, if the statement is true for n = k, then it also holds for n = k + 1. Hence, (i)
holds.
Assume that (u)g # 0. Then u is invertible and uu~! = u~'u = §. Clearly, the state-

ment (ii) is true, for n = 0, it comes back to &' = —x~15. Let n be a negative integer number
n. By (i) and Lemma 3, we have
(") = ((u’1 "'
( -1 n—l( —1)/_(n+1)x—1(u—1)—n

)"
"“(u ) (n+1)x Tyn
(—u )~

n+1 -1

2y —2x "l (n41)x tu"

YW b (n— 1)t

Hence, (ii) holds. [

First application. Recall that the moments of the classical Bessel linear functional
B(1/2), with parameter &« = %, are (B(1/2)), = n,) , n > 0. Equivalently, see [7-9],

(B(1/2)),=1, (B(1/2)) — (x+2)B(1/2) =0.

Proposition 6. For any integer number m and A € K, A # 0, we have
(i) h o, o2 S 8)‘5/.

(i) (Bf 1/2))" = b (B(1/2)).

Proof. We startby showing thate 2% = B(}). Indeed, observe that (xe 2%)’ +'e=2%" = 0.
If we compute the first moments of ¢~2 9" and multiply the last equation by x, after using
(27) and an easy computation, we find (¢ =2 ‘5’)0 =1, (x%2 ‘S/)I —(x+2)e2% =0. By the
uniqueness of the solution of the last equation, e 29 = B(%) By Proposition 4, (i), we get
U b (_25/) .
h e 20 = e 4 . Since {b_%(725’),p) = (725’,;7(7%35)) = —Ap/'(0), p € Pk, then
b 2(—26") = A& . Thus, b ,(e29) =M. Hence, (i) holds.
2

Let m be a non-zero integer. By (17) and the last property (i), we get (B (%))m =

(e729ym = ¢=2m¢" = p,, (B(})). Hence, (ii) holds. O

N> N>
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Second application. Let first recall that the moments of the generalized Bessel linear
functional B[0] with parameter v = 0, a symmetric D—semi-classical linear functional of
class one, see [8,9], are

(B0 =0, (B0)an = i n 20

Equivalently, B[0] satisfies the Pearson equation:
(x*BJ0])’ — (2% + %)B[O} =0, where (B[0])o = 1 and (B[0]); = 0.

Proposition 7. For any integer number m and A € K, A # 0, we have

. 15m 17
(i) hzimed — M

i) (B[o])" = b s (B[0]).

Proof. First, let us show that ¢ 59" = B[0]. Indeed, we have (xe_% oy %5"6_% o=

0. If we compute the first moments of e 5% and then multiply the last equation by

2

x*, we get after using (27) and an easy computation, (x3e*% 5”)/ — (222 + %)e*% o=

0, with (e% 9 =1, and (e*% )] = 0. By the uniqueness of the solution of this equation,

(8")

17 11 1
we get e 59 = B|[0]. By Proposition 4, (i), we get hzl.m(e*%‘s )=e 892iv219") However,

since b, 57(6"”) = —8Ad", it follows that hzi\/ﬁe*%é” = ™" Hence, (i) holds.
m

Let m be a non-zero integer number. By (17) and the last property (i), we get (B[0])
(e 3" )m — % — b/ (B[0]). Hence, (ii) holds. [
Third application. Recall that the moments with respect to the sequence {(x —1)"},,>0

of the classical Jacobi linear functional 7 («, —1 — &) with parameter «, a non-integer
number, are

I'(n—a)T(a) >0

(T (@ 1)),y = (T (& 1 =), (x = 1)") = (2" == n >

Equivalently, (see [1,7,8])
(T, ~1-a))y =1, (*-1)T (0, ~1—a)) + (~x+ 20+ 1)T (8,1 — &) = 0.
Notice that the shifted linear functional w = t_1.7 (x, —1 — «) satisfies
(w)o =1, (x(x —|—2)w)/ + (—x+2x)w = 0.

Proposition 8. For any non-zero complex number ¢ and any positive integer number n, we have

(i) For any non-integer complex number « such na is a non-integer number, (t,lj(:x, —-1-

,x))n = t_1J (nw, —1 — na). Equivalently,

n 1
(J(zx,fl foc)) = J(na, =1 —na) 677 .
(i) For any pair of non-integer complex numbers («, ) such that a + -y is a non-integer number,

(t—lj(“r*1 - “)) (Llj(% —1- ’Y)) =taJ(@+7y,-1—a—7).

Equivalently, J (e, =1 — )T (v, -1 —7) =T (a+ 7, -1 —a—7) d1.

163



Mathematics 2023, 11, 1895

Proof. Let a be a fixed non-integer complex number. First, let’s show that e*-2 =
1

t 17 (a, —1 — &). Indeed, if we put w = e%-2, then (w)g = 1, w' — x 71 (6_ow) = x 'w.
Since, 6_ow = (w)o6 —2(x +2) "w = 5§ —2(x +2) "lw, then (w)g =1, w’ —x~H(w—2(x +
2)tw) = x~lw. If we multiply both hand sides of the last equation by x(x + 2), we get
x(x+2)w' + (x +2(a +1))w = 0, ie., (x(x +2)w) + (—x +2a)w = 0. This implies that
w = t_1J (a, —1 — «). By Proposition 4, (i), h,% (e*9-2) = & h’fbfz. Since, h,% (6-2) =0,
thenb_¢ (e*9-2) = %% Hence, the first statement in (i) holds.

Let n be a non-zero integer number and « be a non-integer complex number such that
na is a non-integer number. From (17) and the previous property (i), we get (t_1.7 (¢, —1 —
)" =e™%2 =t 1 J(na, —1 — na). Therefore, (t_17 (a, —1 —«))" = t_1J (na, =1 — nav).
By applying the operator t; and using (26), we get (J (¢, —1 —))" 6, "™ = J (na, -1 —
na). This yields (7 («, —1 —a))" = J (na, =1 — na) 5771
Hence, the second statement in (i) holds.

Let (a, ) be a pair of non-integer complex numbers such that « + 1y is a non-integer
number. We can write

(t1T(a,—1—a)) (t1T (v, —1—7)) =" 025702
— platr) o2
=t J(a+y,-1—a—7).
Finally, if we apply the operator t; and we use (26), we find
T =1=a)J(r,~1=7) =T (a+7-1-a=7)d.
Hence, (ii) holds. O

4. Weak-Regularity Property

We start with the following Lemma.
Lemma 4. For any u € Py, if (xu)’ is weakly-regular, then e* is also weakly-regular.

Proof. Assume that u € P} is such that (xu)’ is weakly-regular. Suppose that there exists
¢ € Pg, ¢ # 0 such that ¢pe" = 0. Necessarily, deg(¢) > 1. Indeed, if we suppose that
deg(¢p) = 0, then 0 = (¢e )y = pe(™o. This is a contradiction, because ¢ # 0 and e(o # 0.
From (7), (27) and the definition of Cauchy exponential of a linear functional, we obtain

0 = (¢pxet)
= ¢’ (xe") + p(xe")’
= ¢’ (xe") + ¢((xu)'e")
= ¢’ (xe") + (pe") (xu)" + x(e"Bo¢) (x) (xu)’
= ¢'(xe") + x(e"Bo¢p) (x) (xu)'.

Multiplying both hand sides of the last equation by ¢ and assuming ¢e* = 0, we get
x¢p(e"0o¢) (x)(xu)’ = 0. This is a contradiction, taking into account (xu)’ is weakly-regular
and the fact that deg(¢) > 1, (¢")o # 0 and so that deg(e"6p¢p) > 0. O

Proposition 9. For any u in P}, the following statements are equivalent.

(i) e" is weakly-reqular.
(ii)  (xu) is weakly-regular. Otherwise, we must have

min{deg(A) | A € P, A # 0and A(xu)' =0} > 2.
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Proof. (i) = (ii). Assume that ¢" is weakly-regular. Suppose that (xu) is not weakly-
regular. Then there exists A € Pg, A # 0, with minimum degree, such that A(xu) = 0and
deg A > 2. We have to treat two cases.

First case: deg(A) = 0. In such a situation (xu)’ = 0, and then u = (u)(é. In this case,
et = e(oed = (o4 and then xe* = 0. This contradicts the assumption " is weakly-regular.

Second case: deg(A) = 1. Therefore, there exists ¢ € K such that (x — ¢)(xu)’ = 0. Thus,
(xu)" = ((xu)")pé = 0 and so that u = (u)pd. This is a contradiction.
Hence, min{deg(A) | A € Px, A #0and A(xu) =0} > 2.

(i) = (i). By Lemma 4, if (xu)’ is weakly-regular, e" is also weakly-regular. Assume

that min{deg(A)| A € Px, A # 0 and A(xu)’ = 0} > 2. Then, there exists A € P,
deg(A) > 2, with minimum degree that satisfies A(xu)" = 0. We have

A(xe") = A((xu)'e")
= A(xu)’e" + x((xu)'6pA)e"
= x((xu)'6pA)e".

Equivalently,
(Axe") — (A’(x) + ((xu)'6pA) (x))xe“ =0.

The last equation can not be simplified. Otherwise, suppose that it can be simplified
by x — ¢, where A(c) = 0. Then,

(x — ¢)6:(A) (xe*) = [(xu)'80 ((x — €)Bc(A)) (x)] xe* = 0.

Notice that

() o (x — )0 (4)) (x) = ((yuy, T LD Z W= AW

— () (- )

= (=), A=A 4 (uy (4) ),
Then, () (8(A) (1) () 0fcA) e*) — (3, c(A) ) e = 0. The i

plification by (x — ¢) requires the two following conditions:

{ (0c(A) (xe") — ((xu)'6p0.(A)) (x)xe", 1) =0,
((yu)',0:(A)(y)) =0.

The simplification gives 6 (A) (xe*) — ((xu)'606(A)) (xe*) = 0. By the definition of
the Cauchy exponential, 6.(A)(xu)'e" — (xu)'6p0.(A)(xe") = 0. By (27), it follows that
(6c(A)(xu)")e* = 0. If we multiply both hand sides of the last equation by e~ * and we use
the property e "e" = ee™" = 5, we get 6.(A) (xu)" = 0. This contradicts the fact that A is
of minimum degree such that A(xu)" = 0.

If V = xe", then it satisfies (AV)" — (A" + ((xu)'80A))V = 0, where deg A > 2, which
can not be simplified. Moreover, V # 0. Indeed, if V = 0, then e* = el s, This implies
(xu)" = 0. This is a contradiction. For the sequel, notice that V is weakly-regular if and
only if e is weakly-regular. Indeed, suppose that there exists a non-zero polynomial ®
with a minimal degree such that ®V = 0. Thus, we have

AV’ = ((xu)'6yA)V, (36)
OV = —d'V. 37)
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Since the pseudo-class (see [11]) of V is equal to deg(A), then A divides ®. So, there
exists Q € Pk such that ® = AQ. From (36) and (37), we have

QAV' = —(QA)'V, (38)
Q((xu)'60A)V = —(QA)'V. (39)

So, BV = 0, where B = Q((xu)'6pA) + (QA)’. Since deg(A) > 2, then deg(B) =
deg(Q) + deg(A) —1 > deg(Q) + 1. Moreover, deg(B) < deg(®). This contradicts the
fact that @ is of minimal degree such that ®V = 0. Thus, V is weakly-regular and then e* is
also weakly-regular. [

5. A D,-Laguerre-Hahn Property

In what follows, let P, " = {u € P} | (u)g # —n, for all integer n > 1}. For any u
in Pl ", the non-singular lowering operator D,, on the linear space of polynomials is defined

by [10,11]
x) —
Du(p)(x) =/ (6) + top(x) =/ (6)+ (o, PO, peme o)
Let us give some fundamental properties satisfied by the non-singular lowering
operator D,,.

Linearity: Dy (ap+ Bg) = aDy(p) + BDu(q), p.q € Pk, o, € K.
Lowering of degrees:

n—2 —1
Dy (x")(x) = (n+ )o)x" '+ Y (u)y-y1x', n>1, () =0),
v=0 v=0

D,(1) = o0

Under the condition (u)g # —n, for all integer n > 1, we can see that deg(D,(p)) =
deg(p) — 1, for all p € Pk.
Symmetry:

When u is symmetric, i.e., (it)2,+1 = 0, n > 0, and the MPS { By (x) },>0 is symmetric,
then the polynomial sequence {Q;(x)},>o defined by Q,(x) = Dy(By11)(x), n > 0, is
also symmetric.

The product rule:

Du(fg) = Du(f)g + fDu(g) + ubo(fg) — (ubof)g — (ubog)f, f,g € Px.  (41)

In particular, we have

Dy (xf)(x) = xDu(f)(x) + f(x) + (u f), f € Pk. (42)
By transposition of the operator D,, we obtain
<tDu(w)r p) = (w,Du(p))

= (w,p'+ubop)
= (—w +xtwu,p), pecPg wecP.

Then, "Dy, (w) = —w' + x~H(wu), w € Pj. If we set D, := —'D,,, we have
D, (w) = w' — x Y (uw), w € P, (43)

and we can write
(Du(w), p) = —(w,Du(p)), p € Pk. (44)

166



Mathematics 2023, 11, 1895

The following product rule is a straightforward consequence of the previous defini-
tions and formulas

Dy (fw) = Dyu(f)w + fDyw + (wbof)u — (ubof)w, f € Px, w € P. (45)

For any u € P4*, let S = S(u) be the unique linear functional defined by [2]

($)o =
46
{ ouo) =Sl e i
Equivalently,
(So=1,
47
{S—x YuS) = —((wo +1)x7's (47)
ie.,
(So=1,
{ (x8)' — (1 — (1)p8)S = “8)
Let {e,,(x; 1) } ;>0 be the sequence of monic polynomials defined by
eni=ey(x;u) = Sy, n>0, (49)
where S is given by (46). Observe that
D (en) = (n+ (u)o)e,—1, n > 0. (50)

Clearly, {e,(x; 1) }n>0 is an Appell sequence with respect to Dy. In addition, the poly-
nomial sequence {¢,(x)},>0 can be characterized by

eo(x) =1, eppq(x) =xey(x)+ (S0, n>0. (51)
Proposition 10. For any v € P}, we have
D4y (€”) = —x" 1l (52)
Proof. Assume that v € P and recall that ¢? is defined by
(") = e, (xe%) = (xv)'¢". (53)

Observe that (xv)' € Pi*, because ((xv)’), = 0 # —n, n > 1. From (48) taken with
u = (xv)’, we have

(8((x0))y =1, (x$((xv)"))" = (x0)'S((xv)') = 0. (54)
By the uniqueness of the solution of each of (53) and (54), we deduce
¢ = @03 ((xv)'). (55)

This yields the desired result, according to (46), where u = (xv)’. O
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Setting &, (x) = e, (x; (xv)’) = S((xv)’)flx”, n > 0. According to (49) and (50), we

en(x) = 00y 1 > (. (56)
D, (é,) = né,_1, n > 0. (57)
20(x) =1, &1 (x) = x8x(x) + e (%) 41, n > 0. (58)

From (56), observe that
(e%,8,) = 05,9, n>0. (59)

Lemma 5. For any v € Pj, the monic polynomial sequence {&,(x)},>o defined by &,(x) =
e(”)Ue‘vx”, n > 0, satisfies

x&,(x) + (xv)'&,(x) = né,(x), n>0. (60)

Proof. Assume that v € Pj.. Notice that (57) can be rewritten as &, (x) + (xv)'0pé,(x) =
né,_1(x), n > 0.1f we multiply both hand sides of the last equation by x and we use (58),
then we obtain

x8,(x) + x((x0) 008n (x)) (x) = n(&x — e(v>0(e_v)n), n>0. (61)

However, from (ye ?)" = —(yv)’e”? and while taking into account (56), we get

(0)'808) (o) = (o), 2LV g )

= (xv)'&n(x) = ((y0)', &n(y))

= (x0)'e(x) — e ((yo)'e ™%, y")
= (x0)'e(x) + 0 ((ye ), y")

= (x0)'&,(x) — ne®o (¢7),,, n >0

(
Then, (61) gives x¢&), + (xv)'&, — ne(®)o () = n(es — e(v)U(e’”)H) = né,, n > 0.
Hence, the desired result. [

6. A New Characterization of Positive-Definiteness

We start with the two following technical Lemmas.
Lemma 6 ([5]). Forany w € Pg’, the following statements are equivalent.
(i) wis positive-definite.
(ii)  w is weakly-regular and positive.

Lemma 7. Forany g € Py, there exists p € Py, with deg(p) = deg(g), such that

g(x) —e (e, g) = xp/(x) + ((x0)'p) (x). (62)
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Proof. Assume that g € Px. We always have g = 25’:0 0,é,, where 6, € K,0 < v < N.
From (59) and (60), we have

g(x) —e o(e?, ¢) = i()v (v (x) — e~ (o (e, 2,))

N
= ZO 0y (80 (x) — 37(0)03(2])051/,0)
V=

where p(x) = XN, %e,(x). O

Theorem 1. For any linear functional v € Py’ such that ¥ is weakly-reqular, the following

statements are equivalent.

(i) e is positive-definite.

(ii) Forany p € Pg, deg(p) = 21,1 > 1, the polynomial xp'(x) + ((xv)p) (x) has at least one
real zero.

Proof. (i) = (ii). Let v € PR’ such that ¢” is positive-definite. Suppose that there exists
p € Pg, deg(p) = 21,1 > 1, and such that xp’(x) + ((xv)’p) (x) has not real zeros. Clearly,
deg (xp' + (xv)'p) = 2I. Without loss of generality, we can suppose that the leading
coefficient of p is positive. Then xp’(x) + ((xv)'p) (x) is a positive polynomial. Under the
assumption e” is positive-definite, then we get (¢”, xp’ 4 (xv)’p) > 0. This is a contradiction,
because (e?, xp’ + (xv)'p) = (—(xe’)’ + (xv)’e’, p) = 0, by the definition of e”. Thus,
xp'(x) 4+ ((xv)'p) (x) must have at least one real zero.

(ii) = (i). Let g € Pp, p #0and g > 0. Let deg(g) = 2/,1 > 0.

If1 =0,ie., g(x) = m > 0, then we have (¢?,g) = me(®) > 0.

If I > 1, there exists p € Pg, deg(p) = 2, such that g(x) — e~ @0 (e?, o) = xp/(x) +
((xv)'p)(x), by virtue of Lemma 7. By the assumption, there exists ¢ € R, such that
g(c) —e~(@o(e?, ¢) = 0. Then, (¢?,g) = e(®og(c) > 0. Thus, ¢” is a positive linear functional.
Since e” is weakly-regular, it follows that e” is positive-definite, according to Lemma 6. [

Corollary 1. For any weakly-regular linear functional w € Py, the following statements

are equivalent.

(i) wis positive-definite.

(ii) Forany p € Py, deg(p) = 21,1 > 1, the polynomial w='x(wp)’(x) has at least one real
zero.

Proof. Letw € IP’]/RJr. By Proposition 3, (iii), there exists a unique v € P’ such that w = ¢?.
By Lemma 7, Theorem 1, and under the assumption w is weakly-regular, we infer that
w is positive-definite, if and only if xp’(x) + ((xv)'p) (x) has at least one real zero, for all
p € Pg, where deg(p) = 21,1 > 1. Let p € Pg, deg(p) = 2I, 1 > 1. We always have
p(x) = Zﬁl:() 6,8y(x), where &, (x) = e(@oe=x" 1 > 0. Then,
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21
xp'(x) + ((x0)'p) (x) = ;91/ (x&, (x) + (x0)'8(x))

2]
=Y vbe(x)
v=0
21

— ¢(@op—v Y vhyx”
v=0

1
= elhop—x( 22 Bre~ ooty
v=0

21
= w’lx(w ) Guxv)/
v=0
=wlx(wp)' (x).
This concludes the proof. [

7. Concluding Remarks

In this contribution, the Cauchy exponential of a linear functional in the linear space
of polynomials with either real or complex coefficients has been introduced. Some analytic
and algebraic properties are studied. The Cauchy power of a linear functional is defined.
Some illustrative examples of Jacobi and Bessel’s classical linear functionals are discussed.
A characterization of the weak regularity of the Cauchy exponential of a linear functional is
given. A characterization of the positive definiteness of the Cauchy exponential of a linear
functional is presented.

As further work, we are dealing with the following problems.

(i) Given a regular linear functional u such that its Cauchy exponential ¢" is also a
regular linear functional there exists a connection formula between the corresponding
sequences of orthogonal polynomials?

(ii) Assuming u is a D—semiclassical linear functional, see [3], is ¥ a D—semiclassical
linear functional?

(ili) Can do you define other analytic functions of linear functionals in a natural way, by
using the corresponding Taylor expansions?
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Abstract: Functional inequalities involving special functions are very useful in mathematical analysis,
and several interesting results have been obtained in this topic. Several methods have been used by
many authors in order to derive upper or lower bounds of certain special functions. In this paper,
we establish some general integral inequalities involving strictly monotone functions. Next, some
special cases are discussed. In particular, several estimates of trigonometric and hyperbolic functions
are deduced. For instance, we show that Mitrinovié-Adamovi¢ inequality, Lazarevic inequality, and
Cusa-Huygens inequality are special cases of our obtained results. Moreover, an application to
integral equations is provided.

Keywords: integral inequalities; strictly monotone functions; functional inequalities
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1. Introduction

The use of integral inequalities is very frequent in various branches of mathematics
such as differential and partial differential equations, numerical analysis, stability analysis
and measure theory. Due to this fact, the study of integral inequalities is of particular
importance.

Several results related to the development of integral inequalities involving monotone
functions have been published. One of the most useful inequalities in analysis is due to
Bellman [1]: Let, 7,x € C([a, B]), &, € R, & < B, 1 > 0and 7,k > 0. If 1 is monotonic
nondecerasing, and

T(x) <u(x)+ /: x(s)T(s)ds

forall x € [a, B], then

X

T(x) < 1(x)exp (/IX K(s) ds>

for all x € [a, B]. Another important inequality is due to Chebyshev (see e.g., [2]). This
inequality can be stated as follows. Let w; € L'([w, B]), i = 1,2, w; is decreasing for all i, or
wj is increasing for all i. Let ¢ € L'([a, f]) and ¢ > 0. Then

2

[( [" o) < ([“owan) (["@een). o

i=1

An extension of the above inequality to higher dimensions have been derived in [3]. In [4-7],
reversed inequalities of Holder, Hardy and Poincaré type have been proved. Some results
related to integral inequalities for operator monotonic functions can be found in [8]. Other
integral inequalities involving monotone functions can be found in [9-13].

In [14], using inequality (1), Qi, Cui and Xu established several inequalities involving
trigonometric functions and other inequalities involving the integral of % Motivated by
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the above mentioned contribution and also by the importance of trigonometric inequalities
in real analysis, we establish in this paper new integral inequalities for strictly monotone
functions, which can be useful for obtaining several functional inequalities involving
trigonometric and hyperbolic functions.

Before stating our main results, let us fix some notations:
*  N: The set of positive integers.
e gbeR,a<hb.
e fcV([a,b]) means that f : [a,b] = Ris C!, f([a,b]) C [0, +oo[ and

f'(Ja,b[) €]0, +-eo[ or f'(]a, b]) ] — oo, 0[.
We present below our results.

Theorem 1. Let ¢ € R\{0, -2}, f € V([a,b]), w € C([a,b[) and w(]a, b]) C]O, +oo[. Then,
for every n € Nand x €a, b, it holds that

/x(x — () (fz(“) - fz(t))w(t) gt < 2720 /'X(x et dl @)

o oc+2 o(c+2).

Theorem 2. Let 0 € R\{0, -2}, f € V([a,b]), w € C(Ja,b]) and w(]a, b[) C]0, +oo[. Then,
forevery n € Nand x €]a, b[, it holds that

g 2 2 o+2
/xb(t — )" (1) (ffﬁb) - g—_g)w(t)dt < 7?;01(;’)) /xb(t O )

Theorem 3. Let f € C'([a,b]). Assume that f'(]a,b[) C] — o0,0[. Then, for everyn € N, n > 2,
and x €]a, b], it holds that

/X(x O dE > (n—1) /x(x — "2t~ a) (1) dit. @)
In the case when f'(]a, b[) C]0, 4c0[, we have the following result.

Theorem 4. Let f € C'([a,b]). Assume that f'(]a,b]) C]0, +co[. Then, for everyn € N, n > 2,
and x €]a, b], it holds that

"X

/'x(x — " dE < (n—1) / (x — £)"2(t — a) f (1) dt.

a

Theorem 5. Let f € C'([a,b]). Assume that f'(]a,b[) C] — oo,0[. Then, for everyn € N, n > 2,
and x €]a, b], it holds that

b

/b(t — X)L (B dt < (n—1) / (£—x)""2(b — )£ (1) dt.

X

Theorem 6. Let f € C'([a,b]). Assume that f'(]a,b]) C]0, +co[. Then, for everyn € N, n > 2,
and x €]a, b], it holds that

b

/ (t—x)"Lf(t)dt > (n—1) /b(t —x)"2 (b — £ f(t) dt
for all integer n > 2and a < x < b.

The proofs of The above theorems are given in Section 2. Next, some special cases are
discussed in Section 3. Finally, in Section 4, an application to integral equations is provided.
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2. The Proofs
Proof of Theorem 1. Let

E(t) = —f (0 O () - £(a)

for all t €]a, b]. Due to the assumptions on f and f’, we have two possible cases:

Fl(t)<0,0< F(b) < f(t) < f(a), a<t<b

or F(£)>0,0<f(a) < f(t) < f(b), a<t<b.

Observe that in both cases, we have
f(la,b[) C]0,+oo[, F(]a,b[) C] — co,0].
Then, for all s €]a, b|, it holds that
s
/ F(t)dt <0,
Ja

which is equivalent to

./ﬂs (*fl(t)fﬂl () +f2(ﬂ)f/(t)f"’1(t)) dt < 0.

On the other hand, we have

/as<ff,(t)fg+1(t) +f2(a)f/(t)fa—1(t)) dt
_ |:_f17+2(t) N fz(a)fv(t)r
t=a

c+2 o
_ [T, POFE) | ) 7 a)
o+2 o oc+2 o
o (@) f2(s) 2 5
—f(s)< o (7+2> ((7+2)f (),

which implies by (5) that

2 2
f (S) <f (ﬂ) gi;) < U(Uiz)fa-ﬂ(a)_

Multiplying by w and integrating over ]a, x[, where x]a, b[, we obtainr

2 2 x
NG (f ﬁ;) wls)ds < 2o 2 a) [l as

which shows that (2) holds for n = 1.
Let us now assume that (2) holds for some p € N, that is,

/y(y_t)pflfg(t)<f2(“) fz()> 2}“7+2 /( — -ty

oc+2
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for all y €]a, b[. Integrating over |a, x[, where x €]a, b], we obtain

[(fw-orro(E2 - 2 awar) ay
< i{:i(;)) A ( [ =t dt> dy.
On the other hand, by Fubini’s theorem, we have
[ ([ w-0rrw (52 - 2 ) wwar) ay
[ r0(PD  EO ([l rra)a o
)

i (x—t)”f”(t)<f2a Lty

Similarly, we have
/x (/y(y 1P () dt) dy

_/w (/ —tpldy>dt (8)

- ?,/a (x — )Pw(t) dt.

Thus, it follows from (6)—(8) that

2 2 T+2 x
[x—trre (f ) j—f;)w(t)dmi{;(;)) [ x-tyaa,

which shows that (2) holds for p + 1. Thus, by induction, (2) holds for everyn € N. O

(6)

Proof of Theorem 2. Let
G(t) = —f' (O f (D2 (b) = f2(t))
for all t €]a, b[. Due to the assumptions on f and f', we have
f(a,b]) C]0, +o0[, G(Ja,b[) C] — o0, 0[.

Then, for every s €]a, b], there holds

b
/ G(t)dt <0,
S

which is equivalent to

'/s»b (_f’(i)f”*l(t)fz(b) “'f’(t)f”“(t)) dt < 0. o)

On the other hand, we have

2 2 o+2
[ (= wpe+rarim)a - e (E0 - L9) 20,

which implies by (9) that

2 2 o+2
Fo(£8 - £6)) 20

b.
c+2 o(c+2)’ asss
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Multiplying the above inequality by w(s), we get
2 2 T2
PO - L6y < 220

< mﬂ)(s), a<s<b.

o o+2

Integrating the above inequality over |x, b[, where a < x < b, we obtain

/xbfar(s) <® _ fz(s) )w(s) ds < w /xb w(s) ds,

o o+2 o(c+2)

which shows that (3) holds for n = 1.
The rest of the proof is similar to that of the previous theorem. [

Proof of Theorem 3. We provide two different proofs of Theorem 3. The second proof was

suggested by one of the referees of the paper.

Proof 1. Let
H(t) = —(t—a)f'(t)

forall t €]a, b[. Due to the assumption on f’, we have
H(Ja,b[) C]0, +e0],

which implies that
S
/ H(t)dt > 0 (10)

a

for every s €|a, b[. Integrating by parts, we get

[ =~ [o-oroa
_ _<[(t—a)f(f)}?:a - [ s "”)

(s - [ rom)

a

S

= —(s=a)f(s)+ [ f(t)at,

which implies by (10) that
/u ft)ydt > (s —a)f(s).

Integrating over |a, x[, where x €]a, b[, we obtain

/ax(/asf(t)dt>d5>/ux(s—a)f(s)ds. 1)

Furthermore, an integration by parts yields

/;(/asf(t)dt)ds = {s/asf(t)dt}::u—/axsf(s)ds

x/:f(t) dt — /axsf(s)ds,

/leujf(t)dt) ds = /:(x—t)f(t)dt,

that is,
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which implies by (11) that

/x(xft)f(t)dt>/X(tfa)f(t)dt, a4 <x<b.

This shows that (4) holds for n = 2.
Let us now assume that (4) is satisfied for some p € N, p > 2, that is,

[ w=ortrwar> -1 [“w- 72—

for all y €]a, b[. Integrating over |a, x|, where x €]a, b], we obtain

/ax (/:(y— HPLE(E) dt> dy > (p— 1)/: (/:(y_ DP2(t — a)f(£) dt) dy.

On the other hand, by Fubini’s theorem, we have
X /oy
[ ([ w-orswa)a
a a
X X
= [ ([u—nrtay) a
a t

-t dt

[ ([ w=0r2e-asoa)a
= [e-aso( [ w-or-a)m

- ﬁ//j(x— P (t — a) £ (1) dt.

Thus, it follows form (12)—(14) that

and

[a—trrmasp [[e-or e -aso

(12)

(13)

(14)

which shows that (4) holds for p + 1. Hence, by induction, (4) holds foralln € N, n > 2.

Proof 2. Observe first that (4) is equivalent to

/'x(x 2 — b+ (n— 1)) f(1) dt > 0.

On the other hand, we have
X
/ (x — 1)"2(x — nt + (n — Da) f(£) dt
Ja

28y
=/ T = )2 (x— it + (n— 1)a)f(t) dt

+ [ (x—t)"2(x—nt+ (n—1)a)f(t) dt.

X—a
o ta

Observe that
x—a
x—nt+(n—1)a >0, a<t<T+u
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and ‘e
x—nt+(n—1)a <0, T+a<t<x.

Then, since f'(t) < 0 foralla < t < b, we have

lta
/ (x = )"2(x — nt + (n — )a) f(¢) dt

g 17)
>f<x;a+a)/" (x —8)""2(x —nt + (n —1)a) dt
and .
/7“ (x — )" 2(x — nt + (n — D)a) f(£) dt
THx —a x (18)
>f< n +a> /u+ (x — 1" 2(x — nt + (n — 1)a) dt.
Thus, (16)—(18) yield
/x(x — "2 (x — b+ (n—1)a)f(1) dt
’ (19)

>f<x—a +a> /ax(x—t)"_z(x—nt—i—(n—l)a)dt.

n

On the other hand, an integration by parts yields
X
/ (x = )" 2(x —nt+ (n—1)a)dt
a

:_nil[(x_nt+(n—l)ﬂ)(x—t)nil]::a—nil/ux(x_t)nfldt
(x—a)" (x—a)"
T oon—1 - n—1 =0.

Hence, by (19), we obtain (15). [

Proof of Theorem 4. Applying inequality (4) with —f instead of f, we obtain the re-
sult. O

Proof of Theorem 5. Introducing the function

I(t) = =(b-Hf'(t)

for all t €]a,b[, and proceeding as in the proof of Theorem 3, the desired inequality
follows. [

Proof of Theorem 6. Applying Theorem 5 with —f instead of f, we obtain the desired
inequality. O

3. Some Special Cases
Functional inequalities involving special functions are very useful in mathematical
analysis, and several interesting results have been obtained in this topic. See e.g., [2,15-25].
Here, some estimates involving trigonometric and hyperbolic functions are deduced
from our main results.

Corollary 1. Let ¢ € R\{0, =2}, w € C([0, §)) and w(t) > 0 for every t € |0, F[. Then, for
evryn € Nand x € ]0, 5 [, it holds that

X 2 X
/0 (x — )" cos” (1) (}T - C;i(é))w(t) dt < ﬁ /0 (x— " w(t)dt.  (20)
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Proof. Let
f(t) = cost
forall t € [0,%]. It can be easily seen that f € V([a,b]) witha = 0and b = . Then,

the functions f and w verify the assumptions of Theorem 1, and (2) holds for all n € N,
o € R\{0, -2} and 0 < x < Z. Namely, we have

x 2 2 o+2 X
/0 (x — )" 1cos(t) <COSU(O) — C§S+(;)>w(t) dt < 2;‘2‘577_:2()0)/0 (x — )" Lw(t) dt,

which yields (20). O

Taking w = 1 in the above result, we obtain the following

Corollary 2. Let o € R\{0, —2}. Then, foralln € Nand 0 < x < 5, we have

1 nel . o 1 cos®(t) 2
o Jo (x—1)""" cos (t)(l;f a+2)dt<na(0+2)' (21)

The following inequality derived by Mitrinovi¢ and Adamovi¢ [15] is a special case of
Corollary 2.

Corollary 3. Forall 0 < x < 5, we have

. 3
(smx) > Cos X. (22)
x
Proof. Takingn = 1and o = —% in (21), we obtain
1/ s 3 3cos’(t) 9
;./o cos 3(t)<71 - T) dt < v
that is,
r s 3  3cos’(t) 9x
'/0 cos 3(t)<i + #> dt > T (23)
On the other hand, for all 0 < t < x, we have
_4 3 3cos?(t)\ _4 3 5. 3 ., 3cos’(t)
cos 3(t)<Z+T> = cos 3(t)<1cos t+ism t+?>
9 =2 3 s .2
= Zcos3 2 3
708 (t)+4cos (t)sin” t
1
= Z(cos% (t) + 3 cos’%(t) sin? t>
_ 4 gsintcos%](t)
C o dt\4 ’
which yields
x 3 3cos?(t 9 -
/0 COS_%(t) <1 + %()> dt = i sinxcosTl(x). (24)

Finally, (22) follows from (23) and (24). O
Corollary 4. Let 0 € R\{0, —2} and w € C(R) be such that

w(t) >0
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for every t > 0. Then, for all n € N and x > 0, it holds that

x 1 h? 2 x
/0 (x — )" cosh (1) <U - C‘;: ét)>w(t) dt < m/O (x— " Tw(t)dt.  (25)
Proof. Letb > 0and
f(t) = cosht

for every t € [0,b]. It can be easily seen that f € V([a,b]), where a = 0. Then, the
functions f and w verify the assumptions of Theorem 1, and (2) is satusfied for every n € N,
o € R\{0, -2} and x > 0 (since b > 0 is arbitrary chosen). Namely, we obtain

o oc+2

/ *(x = )" cosh (1) (COShZ(O) - COShZ(t))w(t) at < 2eosh(0) / “(x— 0" Lw(n) dt,

o(c+2)
which yields (25). O
Taking w = 1 in the above result, we deduce the following inequality.

Corollary 5. Let ¢ € R\{0, —2}. Then, foralln € N and x > 0, we have

Y S - 1 cosh?(f) 2
o (x — )" " cosh’(t) (U ) dt < T2 (26)

The following result due to Lazarevic [16] is a special case of Corollary 5.

Corollary 6. We have

: 3
( Sm: ol ) > coshx (27)
for every x # 0.

Proof. Without restriction of the generality, we may suppose that x > 0. Taking n = 1 and
o= f% in (26), we obtain

1 /x 4 3 3cosh?(t) 9
il 3 T T AN _Z
./0 cosh (t)( > at < —-,

that is,

x 2
[Fcosh™ 0 (3 . 3C<>8h<f)> s 9% 8)
Jo 4 2 4

On the other hand, for all 0 < ¢t < x, we have

cosh™3 (1) (3 + 73C05h2(t) >

4 2 2

h?(t
coshf»%(t) (Zcosh2 t— ?Isinhzt-‘r 3COS())
= Zcosh-% (t) — %Cosh’%(t) sinh? ¢

9 2 1 _4 )
= 1 cosh3(t)f§cosh 3(t) sinh” t

d (9 . =1
= E<Zsmhtcosh3(t)>,
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which yields

X 2 —
/0 Cosh’%(t) <i + 3C052h(t)> dt = Zsinhxcosth(x). (29)

Finally, (27) follows from (28) and (29). O

From Theorem 3, we deduce the following inequality.

Corollary 7. Foralln e N,n >2and 0 < x < g, we have
X
/ (x —nt)(x — )" 2 costdt > 0. (30)
Jo

Proof. Let
f(t) =cost, teR.

Leta=0and b = 7. One has
f'(t)=—sint<0, a<t<b.

Then, the function f satisfies the assumptions of Theorem 3. Hence, using (4), we ob-
tain (30). [

From Corollary 7, we deduce the following Cusa-Huygens inequality (see [2]).
Corollary 8. Forall 0 < x < 5, we have

sinx 2+ cosx
<7

p 3 (31)
Proof. Taking n = 3 in (30), we obtain that
X
/ (x —t)(x —3t) costdt >0 (32)
0
forall0 < x < 7. A double integration by parts shows that
X 2 1
/ (xft)(xth)costdtzyfsu;x (33)
0

Hence, (31) follows from (32) and (33). O

Similarly, taking f(t) = cosh(t), t > 0, in Theorem 4, we obtain the following result.

Corollary 9. Foralln € N, n > 2 and x > 0, we have
X
/0 (x —nt)(x — £)" 2 cosh(t) dt < 0. (34)

Taking n = 3 in (34), we obtain the following hyperbolic version of inequality (31)
(see [16]).

Corollary 10. We have
sinh x - 2+ coshx

x 3 !

x # 0.

From Theorem 1, we deduce the following inequality.
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Corollary 11. We have

In(t 2 2 t
w> —O—fsecsx—secx anx_4, O<x<z. (35)
X 3 3 2
Proof. Using Theorem 1 with f(t) = cost, w(t) = cos™3ta=0,b= Z,0=3andn =1,
we obtain 5
x 1 t 2 (X
/0 cos 2 t<§ - CO; ) dt < 5 /o cos O tdt (36)
forall0 < x < % Moreover, we have
r o, /1 cos’t tanx x
t=— t= -z 7
/0 cos 2t 5 - % — - (37)

and

x sec4xsinx+3(% secx tanx + %ln(tanx+secx))
/ cos P tdt = ) (38)
Using, (36)-(38), we obtain (35). [

4. An Application
Our aim is to investigate the the existence and uniqueness of solutions to

1 cosh?(t)

u(x) = /Ox(x—t)”’l cosh”(t)(

o oc+2

>F(t,u(t)) dt, 0<x<h, 39)

whereh > 0,0 > 0,n € Nand F: [0,h] x R — R is a continuous function. Namely, using
Corollary 5, we shall establish the following result.
Theorem 7. Assume that there exists « > 0 such that

|F(t,y) — F(t,z)| < aly —z] (40)

forall0 <t <handy,z € R.If

O<h<min{ (W)ﬁ,coshf1 <1/1+§> }, (41)

then (39) admits a unique solution u* € C([0, h]). Moreover, for any ug € C([0, h]), the Picard
sequence {u,} C C([0,h]) defined by

¥ 2
Up1(x) = /O (x — )" cosh?(#) (}7 _ C?:fjr gt)

)F(t,up(t))dt, 0<x<h

converges uniformly to u*.

Proof. Let us equip C([0,/]) with the norm

[[ull = [max, lu(x)|, u e C([0,h]).

It is well-known that (C([0,%]), || - ||) is a Banach space. We introduce the mapping

T : C([0,h]) — C([0,K])
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defined by

e (1 cosh?(t) .

(Tu)(x) = /0 (= 1) cosh” (1) | - = S22 | F(tu(t)dt, 0<x<h, ue C(0,h)).
Observe that u € C([0, h]) is a solution to (39) if and only if u is a fixed point of the mapping
T (i.e., Tu = u). On the other hand, for all u,v € C([0,/]) and 0 < x < I, we have

|(Tu)(x) = (To)(x)]

< /Ox(x — )" cosh’ (t)

1 cosh?(t)
o oc+2

|E(t,u(t)) — F(t,0(t))| dt.

On the other hand, by (41), we have

0 < h < cosh™! (\/1+(27>,

1 cosh?(t)

>0, 0<t<h.
o oc+2

which implies that

Hence, it holds that
|(Tu)(x) — (To)(x)]

x cosh?
s/o (x—t)”lcosh”(t)<(17— Ui(zt)>|1—“(t,u(t))—F(t,v(t))dt.

Making use of (40), we obtain
|(Tu)(x) = (To)(x)|

< tx/ox(x — )" L cosh? (t) (tlr - czsI_fét)) |u(t) —o(t)|dt

< ol 7= 0" cosh () (1 ) COShZ(t)) at.

o oc+2
Furthermore, using Corollary 5, we get

(M) = (To) ()] < o ol
2uh"
m“” —ol.

Consequently, we deduce that

| Tu — To|| <k|u—n0|,

u,v € C([0,h]),
where

_ 2ah"

~ no(c+2)
On the other hand, due to (41), one has

1
0<h<<w> ,
20
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which yields
0<k<l

Thus, from Banach contraction principle (see e.g., [26]), we deduce that T admits a unique
fixed point u* € C([0,1]), and the Picard sequence {u,} defined by 1,1 = Tu, converges
to u* with respect to the norm || - ||. This completes the proof of Theorem 7. [J

5. Conclusions

Some integral inequalities involving strictly monotone functions are provided. We
shown that the obtained inequalities can be useful for deriving several functional inequal-
ities involving trigonometric and hyperbolic functions. For instance, Theorem 1 unifies
and generalizes Mitrinovié-Adamovic [15] and Lazarevic [16] inequalities, and Theorem 3
generalizes Cusa-Huygens inequality [2]. By applying Theorem 1, we also obtained a new

In(t
inequality (see Corollary 11) that provides a lower bound of the function M.

x
Further inequalities can also be obtained by considering other functions f in Theorems 1-6. We
also shown that our obtained results are useful for studying the existence and uniqueness
of solutions to integral equations.
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Abstract: To avoid the undesired angular expansion of the sampling grid in the discrete non-isotropic
Stockwell transform, in this communication we propose a scale-dependent discretization scheme that
controls both the radial and angular expansions in unison. Based on the new discretization scheme,
we derive a sufficient condition for the construction of Stockwell frames in L?(R?).
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1. Introduction

For an efficient representation of non-transient signals, R.G. Stockwell [1] introduced
a hybrid time-frequency tool by combining the merits of the classical short-time Fourier
and wavelet transforms. For any finite energy signal f € L2(R), the Stockwell transform
with respect to a window function ¢ € L?(R) is defined by

Sy[f] (@) = |l ./Rf(t) plw(t—b))e ™, beR weR\{0}, (1)

where b and w denote the time and spectral localization parameters, respectively. The Stock-
well transform (1) offers the absolutely referenced phase information of the given sig-
nal f by fixing the modulating sinusoids with respect to the time axis while translat-
ing and dilating the window function . Thus, the Stockwell transform provides a
frequency-dependent resolution while maintaining a direct relationship with the Fourier
spectrum [2-5]. These unique features of the Stockwell transform are apt for diversified
applications to different branches of science and engineering, including geophysics, optics,
quantum mechanics, signal and image processing, and so on [5-12].

To harness the merits of the Stockwell transform in higher dimensions, we have
recently introduced the notion of non-isotropic angular Stockwell transform in [11].
The essence of such a non-isotropic Stockwell transform lies in the fact that the underlying
window functions are directionally tunable, which enhances the potency for resolving
geometric features in two-dimensional signals. For any f € L?(R?), the non-isotropic
angular Stockwell transform with respect to the window function ¥ € L?(R?) is defined as

Se[f] (w,b,0) = | det Ay /sz(t)‘I’(RgAw(t Ty e 2w gy, ?
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where t = (t1, £)T € R%, b = (by, bp)T € R?, w = (w1, )T € R? with wy, wy # 0 and
6 € [0, 271). The matrix Aw € GL(2,R) and the rotation matrix Ry appearing in (2) are
given by

(w1 O _ [cosfl —sin@
Aw = <0 w2> and Ry = (sin() cosf)’ ®)

respectively. Furthermore, in the same article [11], we have also presented a discrete

analogue of (2) by adopting the following procedure:

(i). The frequency variable w = (w;,w;)" is discretized by choosing w; = (M, AT,
where A > 1and j € Z. Consequently, the matrix Ay, given by (3) takes the form:

Moo
(1)

(ii). The angular parameter 6 is discretized by sub-dividing the interval [0, 27r) into
L-equally spaced angles by taking 6, = (6, where 6y = 2r/L and ¢ € Z; =
{0,1,2,...,L—1}.

(iii). For m = (mo,ml)T € 7% and ap, a7 > 0, the translation parameter b is discretized
by taking into consideration both of the preceding discretizations of w and 6 and
choosing bl = A_jR_g, (moao, miay).

However, much to the dismay, the aforementioned discretization process suffers
from a couple of severe limitations: first, the discretization of the frequency variable w is
non-parabolic in nature; second, the discretization of the angular variable 6 is completely
independent of the scale A, which results in an uncontrollable angular expansion of the
grid at higher values of j (see Figure 1), thereby limiting the directional selectivity at
higher frequencies. In this communication, our goal is to circumvent these limitations
by proposing a new scale-dependent discretization scheme for the discrete non-isotropic
angular Stockwell transform. Under the new discretization scheme, the frequency di-
lation is always doubly effective in one fixed direction as in the orthogonal direction.
Moreover, at each higher level of resolution, the split in the angular region is increased
proportionally, thereby preventing the undesired angular expansion of the sampling grid
and enhancing the directional selectivity at high frequencies.

The rest of the article is organized as follows: Section 2 serves as the pedestal and
deals with the formal aspects of the novel discretization scheme. In Section 3, we derive a
sufficient condition for the non-isotropic Stockwell frames in L2(R?). Finally, a conclusion
together with an impetus to the future research work is extracted in Section 4.

2. Discourse on the New Discretization Scheme

This section is solely devoted to the formulation of a new discretization scheme for the
non-isotropic angular Stockwell transform (2). We reiterate that the proposed discretization
scheme is not only based on the parabolic scaling law but also prevents the undesired
angular expansion of the underlying sampling grid. A detailed exposition of the formal
discrete scheme is given below:

(i). The discretization of the frequency variable w = (wy,w;)T is achieved via the
parabolic scaling law by choosing w; = (M, AT, where A > 1 is a fixed inte-
ger and j € Z determines the level of resolution. Consequently, the anisotropy matrix

is given by
Ao
Aj = ( 0 Aj/z >r (4)
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and the discretized frequency variable w; can be expressed via the matrix A; as
wi= M ANAT = 4A,0,1)". ®)
(ii) For fixed Ly € Z, the rotation parameter 6 is sampled into Ly equi-spaced pieces as

27l
95=L—0, where (€ Zp,={0,1,2,...,Lo—1}. (6)
To prevent the expansion of the angular region at higher values of j, it is desirable to
make the spacing between the consecutive angles scale-dependent. As such, we choose
Lo = AU21 where [j/2] denotes the integral part of /2.
Consequently, the scale-dependent angular discretization is given below:

27l j
Oy =y where (€7 = {0,1,2,...,AW2J - 1}. @)
(iii) The discretization of the spatial variable b is carried out by taking into consider-
ation both the previous discretizations of frequency and angular variables. For
m = (my,my)T € Z? and B > 0, the spatial variable b is sampled as

bl = (A,]-R,%) (Bm). ®)

In view of the above discretization scheme, the novel sampling grid associated with the
discrete non-isotropic angular Stockwell transform takes the following form:

A= {(Aj(1,1)T, (A_jR_%_)(ﬁm), 94],) D€L mEL? L E Ly, 0 = %} )
In order to appreciate the nuances between the existing and the newly proposed dis-
cretization schemes, we depict the respective sampling grids separately in Figures 1 and 2.
For plotting the sampling grid associated with the discretization scheme proposed in [11],
we choose A = 2, m = (1,1)T and then partition the angular variable § = 271(/L, { € Z,
in two ways by taking L = 8 and L = 16. Since the existing discretization is not scale-
dependent in the angular variable, with increased levels of resolution the angular expansion
is uncontrollable, as shown in Figure 1.

Uncontrolled Angular Expansion Uncontrolled Angular Expansion

Figure 1. Basic discrete sampling grid for j = 0,2, 4, 6,8 with L = 8 (left) and L = 16 (right) [11].
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In contrast to this, the sampling grid (9) efficiently prevents the angular expansion at
higher scales because the new discretization scheme is completely scale-dependent, and
the split in the angular region is increased at each next level of resolution. For a pictorial
illustration of the aforementioned fact, we choose A = 2, p = 1 in (9) and vary the level
of resolution j over the set {0,2,4,6,8,10,...}. Then, we observe that for j = 0, there is
no partition in the angular region. Additionally, for j = 2 there are two partitions in the
angular region determined by the points 6y, = 0 and 6y, = 7, and the corresponding
partition in the spatial variable is determined by the points b%ﬁo = (A,ZR,goz)m and
b4l = (A2R g, )m. Furthermore, for j = 4 the angular region attains quadruple partition
at the points 6y, = 0, 61, = /2, 02, = 71, and 03, = 377/2, and consequently the spatial
region is partitioned at b = (A,4R,904)m, byl = (A,4R,914)m, by = (A,4R,924)m
and bf;f = (A,4R,g34 )m. In a similar fashion, we can show that for j = 6,8,10, ... both
the angular and spatial regions are partitioned into 8,16,32, ... equispaced regions. Thus,
we infer that at higher values of j, the partition points of the angular region are increased
proportionally; as such, the angular expansion of sampling grid (9) can be efficiently
controlled, as shown in Figure 2.

Angular Expansion Prevented

Figure 2. Refined discrete sampling grid (9) at j = 0,2, 4,6, 8, 10.

3. The Non-Isotropic Stockwell Frames

This section is completely devoted to demonstrating that the new discretization scheme
proposed in Section 2 is also helpful for the construction of Stockwell frames in L?(R?).
For (Aj(l,l)T, (A,]-R,gij)(ﬁm), 9[/.) € A, we define a quadruple of fundamental op-

erators, viz, translation (7 AR g, )(pm)), dilation (D A/.), rotation (Rg, ), and modulation
i 7

(MAj(l,l)T) operators acting on ¥ € L?(R?) as:

ﬁA,/R,@/‘)(ﬁm)T(t) =Y¥(t— (A—jR—sgj)(ﬁm))

§
DAle(t) = |detA]|‘I’(A]t)
(10)
Rg, ¥(t) =¥, (t) := ¥ (R, 1)

Mg, (8) = F(t) exp {27‘[1' £ (4,01, 1)T)}
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Upon joint application of the elementary operators defined in (10), we obtain a discrete
collection of analyzing functions ¥; m ¢(t) as

¥ime(t) = MAf(l,l)TRngﬁA,jR,glf)(ﬁm)IDAj‘Y(t)
= |detA]'|ngl (A] (t — A,jR,géj,Bm)) exp {27‘[1 7 (A](l, l)T)} (11)
= [det Aj[ ¥y, (At~ R_g, pm) exp {amit” (4;0,1)T) }.

Moreover, the two-dimensional Fourier transform of the analyzing functions (11) can
be computed as follows:

F [‘I’Jv’m,g} (w) = /RZ Y¥im,e(t) e 2w gy
= |det Aj| /]RZ ¥, (Ajt = R_g, pm) exp {27ritT(Aj(1,1)T)}e*thTW 0t
= [, ¥y @) exp {2ni <A_/z + A_jR_%ﬁm> TA/-(l, 1) }exp { —2ni (A_jz + A_]-R_gé,j‘Bm> Tw} dz
= exp{Zm’(ﬁm)TRg[j (LT = A_jw) } ./H;Z ¥, (2) exp{ZT[izT(l, l)T} exp{me'zT (A_jw) }dz
- exp{zm(ﬁm)TR% (LT - A_jw) }9 [%] (A_jw),
where @ is the modulated version of the given window function ¥ and is given by

@y (1) = ¥y, (1) exp {2m’ t7(1, 1)T}. 12)

Based on the refined sampling grid (9) and the family of analyzing functions con-
structed in (11), we define the novel discrete non-isotropic Stockwell system I'(‘¥, A) as

I(¥,A) = {‘Ifj,m/é(t) = Mo a17Ro, Tia R g, yom Da¥(t) :j €2, m € 22, 4 € Ly } (13)
]

Then, our main goal is to demonstrate that the system I'(‘¥, A) constitutes a frame for
L*(R?). To facilitate the motive, below we recall the fundamental notion of a frame in a
separable Hilbert space [3]:

Definition 1. Given a separable Hilbert space H,, a sequence of elements { f; } in H is said to be a
frame for H, if there exists constants 0 < C; < Cp < oo, such that

CleHH = Z‘<f f">2‘2 < C2HfHH/ VfeH. 14)

The constants Cy and Cp appearing in (14) are called as the lower and upper frame bounds,
respectively. In case Cy = Cp = C > 1, the frame is said to be tight, and if C = 1, the frame is
called a Parseval’s frame.

In the following theorem, we shall derive a sufficient condition for the system I'(‘Y, A)
to be a frame for L2(R?). Prior to that, for any ®(t) as given by (12), we set

H(&1,82) =ess. sup (Z D ‘9[@’;] (A Twy, A1 2w,) ‘ ’7@ [‘bé;] (A w1+ 81,47 2wy + &) )> S
wiw2€R \ JEZLEL, |/
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Theorem 1. Let ¥ € L2(R?) be any window function and ® be the corresponding modulated
version given by (12) such that

a<y Y |z [@j] (Aewy, ;;j/sz)’Z <Gy (16)
jeZéeZ/\U/ZJ

almost everywhere wq, wy € R, with 0 < C; < Cy < co. Then, for fixed p > 0 the system (13)
constitutes a frame for L*(R?) if the function H(x,y) given by (15) satisfies:

1/2
] =G <y 7)

[H(B™7,ps) H(—p"r,—p"s)

0#reZ 0#s€Z

Moreover, in that case the lower and upper frame bounds are given by (%) and <M> ,
respectively.

Proof. For any f € L2(R?), the implication of Plancheral theorem for the two-dimensional
Fourier transform yields

LY L[,

JELmeT2 LEL ;)

=L X X

JEZmMEZ2 LEL |ip)

=L X X

JEZmMEeZ2 LEL |ip)

-LL § on

JEZLmMEeZ2 LEL, |ip)

2

a [ f] (W) F [\fj,md (w) dw

Jr2

2

/]1.@2 F [f] (w) F [q)[/.] (A_jw) exp{727'[i(,3m)TR9(,j (LT = A_jw) }dw

/ w/ W/ZeXP{fzm(ﬁm)TR%((1,1)TfA,jw)}

2
x ( Y Yo {f] (wr + BNy, w + BN 2ny) 7 [@J (ATewy + By, A=i7 2w, + ﬁ—1n2)> dewy dw,
n €L nyEl
BN pIN/2
2 Z / / Y ) {7 {f] (w1 + By, wr + B ) 18)
]EZiEZ n €L ny€l
2

dwl d(dz

ZZZ Z / / { w1,w2)<?[f](w1+/3*1)\17,w2+13*1/\//25)

]EZ reZsell EZ li/2l

X F [@j] (ATewy + B~ Niny, A=1/ 2w, + ﬁ’l)Lf/an)}

x @y | (A, A1/2wn) F @y, | (A Teor + B0, A7 2 + ,B’ls)} daw da,

- é/jo /—Z‘? m (wrw2) ’ {Z Z ‘ 7 [%J (Afjwlf)‘ij/z“’Z) ’Z}dm dwy

]EZZEZ /2

Z ) Z / / { (wr,wp) F [f] (w1 + B 1Nr,wy + B1N/2)

]EZ 0#reZ OyéseZ 4 eZ

x F {‘bg},] (A wy, A12wy) F {‘bg},] (A wy + B, AT 2w, + /3715)} dwy dwy

= P (principle term) + R (residue term).
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Note that the principle term is the product between the power of the input function
and the sum of the spectral powers of the analyzers. Therefore, in view of (16), it follows
that the lower and upper bounds for the principal term are given by

(5 )Wl =< () 171 (19)

The residue term captures the interference effect among the analyzing functions and
can be computed by invoking the Cauchy-Schwarz inequality twice successively in the
following fashion:

R=

1 DY / / { (w1, w2) ?{f] (w1 + B~TNIr, wy + B~ 1AI/2)

B2
p JEZO0#rel O;éseZ LEL, i)

X F [(I’/] (A*fwl,/\*f/zwz)ﬁ [(I’(j] (/\_fwl + ,3_17,)\_j/2(4)2 + ﬁ_ls):| dwl dewy

) [/ |2 [ wnwnf |#[o] (ian,172%)| (20)

B (Gt o;éseZ/ez )
x ‘9{@,3]_] (Ao + B, A1 203 4+ B 1) ‘d% dwz}l/z
T e N e T (LA o]
X ‘9‘[%] ()Ffwl + 5—1r’/\—j/2w2 " 5715)‘%1 dwzr/z'

Making use of the substitutions wy + ﬁfl/\j r = ¢1 and wy + ‘871/\7' 125 = ¢p in the
post-factor on the R.H.S of inequality (20), we obtain

RS% O#SEZU / ‘y (w1, @) ‘ (Z y ‘/[cbf](A ey, A~ J/sz)‘

jeEZ L el \Lir2

x ‘ﬂ‘ [dn,] (A Twy 4+ B, A1 2wy + B 1) ]) den dwz} -

UZ[;‘E"M (6122)] (Z Z ’g-[@] (Ve A )| @

jeLeez,
. . 1/2
< |7 (@) (A7Ter = B AT 2 — ) \)dél d@}
1/2
<l £ T et n-pn-o] ),
/3 0ATEL0#SEL
Consequently, the infimum and supremum of the power output are given by

Lt #O(]fH Y r <f,‘1f/,m,e>22>>ﬁ12{w]§32fes(_2 )y \ﬁ[mj(wwl,mmwz)z) 22)

JELmeZ2 LEL, | JELLEL,|jp)

Z Z [H(ﬁilrr ,3715) H( — B*lr, 715*15)] 1/2}7

0#r€Z 0#s€Z

and
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sup (‘ H XX ‘<fr‘Fj,m,é>2‘2)2ﬁ12{ sup (Z ) 9[¢4](A1w1,w/2w2)’2) (23)

fEL2(R?),f#0 JEZmET2 LEL, |ip) w1, wrER JELLEL, i)

L L [H(ﬁlf/ﬁls)H(ﬁlr,ﬁls)]l/z}.

0#£reZ 0£s€Z

By virtue of the estimates (22) and (23), it follows that

(= Z E, L [6wm,f = (557l

j€Zmez? L€,
This completes the proof of Theorem 1. [

Towards the end of the ongoing section, we aim to formulate a simple condition under
which the hypothesis (17) is satisfied. More explicitly, we shall demonstrate that if the
function (12) is band-limited to a certain closed ball B (tg,7) centered at ty € R? with
radius 7 > 0, then the system (13) constitutes a frame for L?(R?) provided the sampling
constant B > 0 is chosen to be small enough.

Corollary 1. Let @ € L?(R?) be as given in (12) and 0 < B < 1/2r. If supp(F [®](w)) C
Beo (0, 7), the closed ball centered about 0 = (0,0)T € R? having radius r, and

Q<Y ¥ |7[e] (e ie)| <c, (1)
jeLees i,

almost everywhere wi, wy € R, with 0 < C; < Cy < oo, then the system (13) constitutes a frame
for L2(R2) with the lower and upper frame bounds as B~2Cy and B~2Cy, respectively. In particular,
if C1 = Cy = C, then the system (13) turns to be a tight frame with the frame bound as p~2C.

Proof. According to the hypothesis, the window function ¥ is so chosen that the corre-

sponding modulated version ® given by (12) is band-limited in the sense that .7 [®] (w) C

B (0, 7). Therefore, we have .7 [P] (Rg, A_jw) # 0 if and only if Ry, A_jw € Be(0,7).
j j

Consequently, for & = (&1,&)" € R? we obtain
‘9[¢] (RgéjA,]-w +¢)| #0 <= R,,&/_A,]-w € Boo(—E,7). (25)

Clearly, if & € R? is such that Beo(0,7) N Beo(—E,7) = ¢, then in view of (15) we have
H(¢) = 0. Indeed, this is the case if |||| , > 2r. Hence, we conclude that

[H(ﬁflr,ﬁfls) H(-pr, —ﬁfls)]l/z =0, Vp<1/2r. (26)

0#£reZ 0£s€Z

This evidently completes the proof of Corollary 1. [

Remark 1. Since modulation in the spatial domain corresponds to a simple shift in the frequency
domain; therefore, in view of (12) it suffices to verify the conditions (16) and (17) for the function
Yy, (t) instead of the modulated version Dy, (t) = Yy, (t) exp {27 t'(1, 1)T}. Moreover, it is also
quite conspicuous that the argument of Corollary 1 holds in case the function ¥ is band-limited to the
closed ball centered about 1 = (1,1)" € R? and having radius r; that is, 7 [¥](W) C B (1, 7).
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4. Conclusions and Future Work

In this communication, we introduced a scale-dependent discretization scheme for the
non-isotropic Stockwell transform. Under the refined discretization procedure, one can effi-
ciently control both the radial and angular expansions simultaneously. As an endorsement
to the undertaken problem, we also demonstrated that the novel discretization scheme
allows for the construction of Stockwell frames in L? (RZ). Nevertheless, as a future re-
search aspect, it is lucrative to numerically compute the frame bounds for several classes of
two-dimensional functions, particularly the Gabor functions, so that general results can be
made regarding tightness of the frame with an increase in the number of frequency, spatial,
and orientation sampling steps. Based on the numerical outcomes, certain experimental
results concerning the image representation and reconstruction processes can be executed.
Moreover, in view of the fact that the two-dimensional Gabor functions play an important
role in many computer vision applications and modelling biological vision, the study can
further be extended in that direction.
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1. Introduction

Several famous inequalities for real functions have been proposed in the literature.
One of them is the Redheffer inequality, which states that

sin(x) _ 7% — x?

x w24 ax2

forall xeR. 1)

Inequality (1) was proposed by Redheffer [1] and proved by Williams [2]. This work
motivated many researchers, regarding its generalization, refinement, and applications.
A new (but relatively difficult) proof of (1) using the Lagrange mean value theorem in
combination with induction was given in [3]. In 2015, Sindor and Bhayo [4] offered two
new interesting proofs and established two converse inequalities. They also pointed out a
hyperbolic analog. Other notable works related to the Redheffer inequality include [5-10].
Motivated by the inequality (1), C.P. Chen, ].W. Zhao, and F. Qi [8], using mathematical
induction and infinite product representations of cos(x), sinh(x), cosh(x)

cos(x) =[] |1- e cosh(x) = |1+ e ()
o (2n—1)272 | S (2n—1)272 |
and
sinh(x) x?
— = 1 , 3
x g( toan ®)
respectively, established the following Redheffer-type inequalities:
72— 4x? 72+ 4x? T
> h(x) < ————5, forall < . 4
cos(x) > a2 and cosh(x) < a2 fora [x| < 5 4)
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A hyperbolic analog of inequality (1) has also been established [8], by proving that

sinh(x) _ 7% + x?
S 2 le
x 2 —

forall |x| <. )

In [6], inequalities (1) and (4) were extended and sharpened, and a Redheffer-type
inequality for tan(x) was also established, as follows:

2 _,2\P ; 2 _ 2\
Tt —x < sin(x) (T ©
72 + x2 x 72 + x2
hold if and only if & < 77>/12and g > 1.
(i) Let0 < x < /2. Then,

B «
(M) < cos(x) < (M) )

(i) Let0< x < 7. Then,

72 4 4x2 72 + 4x2

hold if and only if & < 712 /16 and g>1.
(iii) Let0 < x < 71/2. Then,

<n2+4x2>“§tan(x)S(n2+4x2>ﬁ ®

2 — 4x? x 12 — 4x?

hold if and only if & < 712 /24 and Bg>1.
(iv) Let0 < x < r. Then,

LI B
<r2+x2> Ssmh(x)g(rz—i—xZ) ©)

r2 —x2 x r2 —x2

hold if and only if &« < 0and g > r2/12.
(v) Let0 < x < r. Then,

2 422\ % 2 4 2 B
—_— < h < | —— 1
<r2—x2> < cosh(x) < (rz—x2> (10)
hold if and only if &« < 0and g > r2/4.
(vi) Let0 < x < r. Then,
P2 —x2\P - tanh(x) - 2 —x2\" 1)
r24+x2) — x —\r24x2

hold if and only if &« < 0and g > r2/6.

The Bessel function J, of order v is the solution of the differential equation:

2y (x) + xy/ (%) + (22 — v?)y(x) = 0. (12)
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The function I, (x) = —iJ,(ix) is known as the modified Bessel function. It is well
known that trigonometric functions are connected with Bessel and modified Bessel func-

tions, as follows
. X X
sin(x) =/ 5-J1/2(x),  cos(x) =/ =-J-12(x),
sinh(x) = 1/%11/2(30, cosh(x) = 1/%1,1/2(@.

Based on the relationship between trigonometric and Bessel functions as stated above, and
as Bessel and modified Bessel functions have infinite product representations involving
their zeros, the Redheffer inequality (1) has been generalized for modified Bessel functions
in [7], and sharpened in [9]. There are several other special functions, such as Struve and
g-Bessel functions, which have infinite product representations and are also related to
trigonometric functions.

Motivated by the above facts, the aim of this study was to address the following
problem:

Problem 1. Construct the class of functions f that can be represented by an infinite product with
the factors involving the zeroes of f, such that f exhibits a Redheffer-type inequality.

To answer Problem 1, we consider a sequence {0, (V) },eR n>1, such that

— 1(v)

for v € I C R and the infinite product

is also absolutely convergent to a function of x for x € I, C R.
We study several properties of functions that are members of the following two classes:

o 2
-1 )

n=1

=] 2
Gy:= {xv<x):}‘[l(1+b%x(v)>}. (14)

It is easy to check that, for a fixed v, {b1(v),b2(v),...,bu(v),...} is a set of zeroes of the
functions in the class F,. Unless mentioned otherwise, throughout the article, we denote
by b, (v) the nth positive zero of the functions in the class F,. For A, € G, and 1, € Fy, it
immediately follows that A, (x) = 77, (ix), where i = /—1.

Using a similar concept as in [7,9], we derived the Redheffer inequality for the func-
tions from both classes, 7, and G,. We also investigate the increasing/decreasing, log
convexity, and convexity nature of the functions (or their products) from the above two
classes. The main results are discussed in Section 2, while Section 3 provides several
examples based on the main result in Section 2. In Section 4, we compare the obtained
result with known results; especially the results given in [7,9-11].

The following lemma is required in the following.
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Lemma 1 ([12]). Suppose f(x) = Y320 apxk and g(x) = Yiro bix®, where ap € R and by > 0
for all k. Furthermore, suppose that both series converge on |x| < r. If the sequence {ay /by } >¢ is
increasing (or decreasing), then the function x — f(x)/g(x) is also increasing (or decreasing) on

(0,7).

Lemma 2 (Lemma 2.2 in [13]). Suppose that —co < a < b < coand p,q : [a,b) +— oo are
differentiable functions, such that q'(x) # 0 for x € (a,b). If p’/q’ is increasing (or decreasing) on

(a,b), thensois (p(x) — p(a))/ (4(x) — q(a)).
2. Main Results
Theorem 1. Suppose that A, € Gy, and 11, € F,.. Then, the following assertions are true:

1. The function x — Ay(x) is increasing on (0, c0).

2. The function x — Ay(x) is strictly log-convex on I, = (—by1(v), by (v)) and strictly geomet-
ric convex on (0, 00).

3. The function x — Ay (x) satisfies the sharp exponential Redheffer-type inequality

b
b3 (v) +x2 " Bv)+x%\ "
—_— <A P Ty 15
(b%(v)xz SAv@) s b2 (v) — x2 (15)
on I,. Here, a, = 0and b, = b2(v)I(v)/2 are the best possible constants.
4. The function x — Ay(x)1,(x) is increasing on (—by (v), 0] and decreasing on (0,b1(v)]

The function x — Ay (x) /1, (x) is strictly log-convex on I,.
6. The function x — n,(x) satisfies the sharp Redheffer-type inequality.

I72(1/)—x2 a" l)2(1/)—x2 be

on I,. Here, b, = 1 and a, = b3(v)I(v) are the best possible constants.

o

Proof. As A, € G, from (14), it follows that

ST+ 55): a7)

Similarly, as 7, € Gy, from (13), it follows that
) =11 - ) (18)
xX) = 1———— . 18
”” ( )

1.  Logarithmic differentiation of (17) leads to

X

o)) = ) = L gy 7 >0 19

(x) +x2

for x € (0,00). This implies that log(A,(x)) is increasing and, consequently, A, (x) is
also increasing.
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Let x € I,. Differentiation of both sides of (19) gives

" - 2 4 ’
(log(Av(x)))" = Z(b%(v)erz b2 i )2>

for x € I, This is equivalent to the function x — A, (x) being log-convex on I,.

From (19), we also have
XAl (x -~ bz (v) '
(%) - £C-miire)

> bez( )
; (B2 (v) +x2)2°

This implies that x — xA{(x)/Ay(x) is increasing on x € (0,00) and, as a conse-
quence, we have that x — A, (x) is geometrically convex on (0, o).

Consider the function

log(Av(x))
log(b%(v) +x2) — log(b%(v) —x2)

hy(x) ==
For x € [0, ), define

p(x) =log(Au(x), q(x) = log(bi(v) + ) — log (b (v) — x?).

From the calculation along with (19), it follows that

O v _ M MO X 1 2w
q'(x) b2<2)+xz + 7)o ) 2xAy(x)" 2b2(v) 203 (v) = DA (v) + 22

—423(D2 (v) + x2) — 2x(bi(v) — xt)

d/p(x)y _ 1
a(!7’(Jf)> B 2b%(V) | (b (v) +x2)2
® 2x2b2(v) + x* +b2()<0

B 1/) Z (b2 (v) + x2)2 -

e

onx € [0,00). Thus, p'(x)/q’(x) is decreasing and, hence,

_p(x) _ p(x)=p(0)
W) =050 = 9@ —a00)

is also decreasing on [0, by (v)]. Finally,

Iim 7y (x) < hy (x)<hmh (x),

x—by(v)
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where
/
ay:= lim hy(x)= lim @: lim pl(x) =0,
x—bi(v) xoby(v) (%) xobi(v) /(%)
/ 2
by = lim I (x) = tim 20 _ iy 200 010, )

=0 q(x)  x=04'(x) 2

are the best possible constants and

Hv) = Z bzlv

As Ay € Gy and 15, € F, from (13) and (14), it follows that
o o
weom) =TT (1- 505 )
Logarithmic differentiation yields

(A ()70 (%)) o
Ay (%) 170 (x) Z ba( 1/) () — x4’

which is negative for x € (0,1 (v)) and positive for x € (—b;(v),0). Hence, the result
follows.

From part (2), it follows that x — A, (x) is strictly log-convex on I,. Now, consider
the function x — (7,(x))~!. From (2), it follows that

(tos (2 1)) = ZW

(v —x2

and
(tog (e 1)) = i?ﬂ%ﬁ”'

This implies that x —» (i7,(x)) " is strictly log-convex on I,. Finally, being the
product of two strictly log-convex functions, x — A, (x) /1, (x) is strictly log-convex
on [,.

To prove this result, we first need to set up a Rayleigh-type function for the Lommel
function. Define the function

a2 ( Zb M), m=1,2,.... (20)

Logarithmic differentiation of x, (x) yields

x XL ( x o 42 ( x2 ) - ®© 42 o y2m
= 1— =
e L= Law(de) ©LAe Lo
Interchanging the order of the summation, it follows that
xxy (%) S (2m) K2
=-2 -2 . (21)
v =2 ey L
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Consider the function

log(xv(x)) _ pu(x)

X) = = . (22)
qu( ) lo X2 qpl(x)
S\ Bw
The binomial series, together with (21), gives the ratio of p;l and q;, as
xx(x)
Pul¥) _ (%) I ) (23)
qx) 2w 2 VU b (v
() b )

Denote dy; = b2" (v) (2m) (1/) Then,

A1 —dm = b2m+2( Yol (2m+2) n(v) — b%rn(v)‘%(fm)n(v)
i M( )<b223 1) <.

This is equivalent to saying that the sequence {d,, } is decreasing. Hence, by Lemma 1,
it follows that the ratio pj,/q), is decreasing. In view of Lemma 2, we have that
Ty = pu/qy is decreasing.

From (22) and (23), it can be shown that

!/ 1 1
pu(x) lim pu(x) — i P (x)

lim 7, (x) = lim =Bwaw), (4

X0 =0 ), (x) x>0 gli(x)  x=0 ¢gf(x)
and
/ X [ b2 N2
im0 = tm P i ) =x_, (25)
x—b1(v) x—b3(v) 5];4(3‘) xb2(v) =y (V) — x

It is easy to see that b%(v)zxf) (v) =2 (v)1(v) = by.
This completes the proof of all of the results. [

In the next result, by approaching a similar proof as in Theorem 1, we prove a sharper
upper bound for A,, compared to that presented in Theorem 1 (Part 3).

Theorem 2. Ifr > 0and |x| < r, then the following inequality

2 2\ 2 2o\ by
("25) =nm < (555) 26)

holds, where a, = 0 and b, = —r?1(v) are the best possible constants.

Proof. Due to symmetry, it is sufficient to show the result for [0, 7). Define ¥ : [0,7) — R as

2
Y (x):=log(Ay(x)) — rzl(v)log<rzr—7xz).
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Then,

00

2xr2

)+ x2 ; (r2 — x2)b2 (v)

1‘2 — x2)b2(v) — 2xr2 (b2 (v) + x?)
B0 — ) E0) + )

_ b2 (v) + r?

- ,,;1 B - ) B0+ ) =

AL (x) 2xr?

¥i(x) = Ay(x) 2 — x2

t’]z 7M8

for x € [0,r). This implies that ¥ is decreasing, and ¥ (x) < ¥(0) = 0. This is equivalent to

20\ 222y W)
log(Av(x)) < lOé’(m) = A(x) < ( 2 > :

This completes the proof. Now, to show the b, = —rzl(v) is the best possible constant,
consider

R ONE)
log( r~ xz)

Then, using the Bernoulli-L’'Hopital rule, we have

lim 8, (x) = lim 7108()‘ (x))

N0 N0 log( )
! 2_ 2
~lim A(x) rr—x
\0 /\V( ) 2x
;,2 7x2 =] )
7}&02 bz(v +x2 N n;b =) =be

Thus, b, is the best possible constant. [

3. Application Examples

As stated before, the primary aim of this work is to find a Redheffer-type inequality
for functions that are combinations of well-known functions. By constructing examples,
we show that Theorem 1 not only covers known results but also covers a wide range of
functions. We list each case as an example.

3.1. Example Involving Trigonometric Functions

Our very first example involves the well-known function f(x) = sinc(x). In math-
ematics, physics, and engineering, there are two forms of the sinc(x) function; namely,
non-normalized and normalized sinc functions. In mathematics, the non-normalized sinc
function is defined, for x # 0, as:

sinc(x) := sin(x) .
X
On the other hand, in digital and communication systems, the normalized form is defined as:

sinc(x) 1= %, x #0.

The scaling of the independent variable (the x-axis) by a factor of 7 is the only dis-
tinction between the two definitions. In both scenarios, it is assumed that the limit value 1

202



Mathematics 2023, 11, 379

corresponds to the function’s value at the removable singularity at zero. The sinc function
is an entire function, as it is analytic everywhere.
The normalized sinc has the following infinite product representation:

sin(mx) 3 x?
= _H<1,7>_ 27)

2
n=1 n

2

It is well known that the infinite series Y_;_; n~ = is convergent and

1_n
n2 6

ngh

n=1

We can conclude that sinc(x) € F,. From Theorem 1, it follows that
(1 —x2)™ < sinc(x) < (1—x2)b

with |x| < 1,b, = 1,and a, = 72/6.
Now, replacing x with ix in (27), we have

sinh(7x) _ ﬁ (1 + %) (28)

7TX =1

Clearly, sinh(7tx)/tx € F,. Hence, by Theorem 1 (part 3), it follows that

<1+x2>7”<sinh(7tx)<<1+x2>5”

1—x2 X 1—x2

for |x| < 1. Here, 7, = 0 and , = 712/6 are the best possible values of the constants.
On the other hand, from Theorem 2, it follows that

sinh(nx)g( r )‘SV

X r2 —x2

for |x| < r, where 6, = 7%/6 is the best possible constant.
Next, we consider the infinite product

) x2
1’[(1 - m) vl < 7. 29)

n=1

Using the Mathematica software, we find that

oo 2 vese(v) sin(x/ V2 +x2)
_ = 30
E( "2”2*1/2) V2 + 22 60)
and
o 1 1—vcot(v)
D P 72 (1)

n=1

Clearly, v csc(v) sin(\/ v2 4 x2> /Vv2 4+ x2 € F,, and we have the following result, accord-
ing to Theorem 1.
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Corollary 1. Let 0 # v € (—7, 7). Then, the following inequality

212 _ 2

(nzfvz+xz>ﬂv _ vcsc(v)sin(\/vz-i-xz) - <n2u2+x2>b”
- VU2 +x?

holds for |x| < 7% —v2. Here, a, = 0and by, = (1 —vcot(v))/4v?(7t> — v?) are the best possible
constants.

212 _ 2

3.2. Examples Involving Hurwitz Zeta Functions

The Hurwitz zeta functions are zeta functions defined for the complex variable s, with
Re(s) > 0and v # —1,—-2,-3,..., defined by

d 1
I(s,v) = r;) T (32)

This series is absolutely convergent for given values of s and v, and can be extended to

meromorphic functions defined for all s # 1. In particular, the Riemann zeta function is

given by {(s,1). For our study in this section, we consider s = m € N\ {1} and v > —1.
Now, consider the infinite product

[ x2
Xm,i/(x) = g(l — m), m > 2and v > 7], (33)

for which the product is convergent. In the closed form of the product, we consider
m = 2,3,4. Then, xm,(x) have the forms

I(v+1)2
Xou(x) = F(—%)FEHH)
(x) = T(v+1)3
X3\ X) = R )T (H((1=ivV3) 22420+ 1)) )T (3 (1+3) 21 2(41)))

(x) = T(v+1)*
Xap(X) = T(v—v =2+ )T (v 2+ )T (v— A+ 1)L (v ry/x 1)

Next, we state a result related to the inequalities involving x,v(x). Although the
result is a direct consequence of Theorem 1 (Part 6), taking b, (v) = (1 +v)™/2 for m > 2
and v > —1, we state it as a theorem due to its independent interest. Clearly,

g% B A T

Theorem 3. If m > 2, v > —1and |x| < (n+v)", then the following sharp exponential
inequality holds:

<%>am < X (x) < (%)bm 34)

with the best possible constants as by, = 1 and ay,, = (1+v)"(g(m,v) —v="™).

Taking v = 1 in (34), it follows that

xZ A1 x2 bm,l
(1-3) =ome=(1-3) 3)
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Now, by choosing m = 2,3,4,5,6 in (35), we have the following special cases of
Theorem 3:

bZ,l 271.2
with a1 = 3

22\ B %2 b1
(i1) (1 — §) < xsi(x) < (1 — §> with 437 =8((3,1) = 9.61646,
2\ 41 2\ ban 4
(iif) (1 - f—) < xai(x) < <1 - f—) with a3; = 84%,
£2\ %51 x2 bs1
(iv) < — E) < xs1(x) < (1 — E) with 457 =32((5,1) = 33.1817,
x2 a6,1 x2 be1 647'[6
_ < < (1.2 i =
(v) <1 16) < xe1(x) < <1 16) with a4 045

where, in each of the cases (m = 2,3,4,5,6), the best values of b,,; = 1 and xy,1(x) are
listed below

) = 2

x31(x) = — - ! - ,
(x2—1)T(1- x2/3)1"(% (1 - zﬁ)xm T 1)r(% (1 n zﬁ)xw T 1)

Xa1(x) = —Sin(nﬁlziihx()nﬁ)

— 1
X51 (X) = (17x2)1"(17x2/5)1"( \5/—713(2/5+1)F(17(71)2/5x2/5)F((71)3/5x2/5+1)1"(1—(71)4/5352/5) ’

sin(713/x) (COS(TL’%) - cosh(\/§n\3/§>)

273x(x2 — 1)

Xoa(x) = :
3.3. Examples Involving Bessel Functions

In this part, we discuss the generalization of the Redheffer type bound in terms of
Bessel and modified Bessel functions. In this regard, we consider the very first result given
by Baricz [7], and later by Khalid [9], as well as Baricz and Wu [10].

From ([14], p. 498), it is known that the Bessel function ], has the infinite product

To(x) =2Tw+Dx"]u(x) =[] (1 - x—2> (36)

2
n>1 Jon

for arbitrary x and v # —1, -2, —3,.... It is also well known that ([14], P. 502)

e

1
1]%,1/ 4(V+1)'

n

This implies 7, € Fy. Similarly, Z,(x)—the normalized form of the modified Bessel
function I,—can be expressed as

Zy(x) =2T(v+ Dx"L(x) =] (l + J;—z), (37)

n>1 Jun

which indicates that Z, € G,. Now, from Theorem 1 (3) and Theorem 2, we have the
following results.

Theorem 4. Considerv > —1and T, € G,.
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1. For |x| < jy1, we have

2 2\ W 2 2\ bv
+x 1t x
C” ) <L&%in >, (38)

i2 2 ; 2
]1/,‘1 —X ]1/,1 —X

with the best possible constants as a, = 0 and b, = jfrl /8(v+1).
2. Foranyr > 0and |x| < r, we have
2 .2 by
(==5) 39)
;

12— 2\ "
(252 <xen
with the best possible constants as a, = 0 and b, = —12/4(v + 1).

IN

r

Now, from Theorem 1 (6), the following inequality holds for normalized Bessel func-
tions.

Theorem 5. Consider v > —1and J, € Fy. For |x| < j,1, we have
2 2\ W 2 2\ bv
Jup —X Jui—X
«%) smmg<“2>, (40)
Jva Jva

with the best possible constants as b, = 1 and a, = ]3,1 /4(v+1).

3.4. Examples Involving Struve Functions

One of the most well-known special functions is the solution to the non-homogeneous
Bessel differential equation

229" (2) + 2y (2) + (22 — v¥)y(z) = 271,

called the Struve functions, S,. If hy , denotes the nth positive zero of S,, then, for |v| < 1/2,
the function S, can be expressed as (see [15])
ZV+1 ©o

22
Sv(z) = NG OEE)] E(l - E) (41)

From [16] (Theorem 1), it is useful to note thath, , > h, 1 > 1 for [v| < 1/2. From (41),
consider the normalized form

0 2
8y(z) == V/m2'T (1/ + §)z*st(z) =11 (1 - Zz ) (42)
2 n=1 hl’/"
From [17], it follows that for [v]| < 1/2,
¥ 1 _ 1
L2, " 320+3)

Consider the modified form of the Struve function

Lo(2) = S, (iz) = ]j(l + hé)

Clearly, S, € Fyand L, € Gy.
Now, from Theorem 1 (3) and Theorem 2, we have the following results.

Theorem 6. Consider |v| < 1/2and Ly, € G,.
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1. For |x| < hy,, we have

22\ 242 by
( <o < (Bt} @)

2 42 2 42
hv’l x hm x

with the best possible constants as a, = 0 and b, = h%,l /6(2v +3).
2. Foranyr > 0and |x| < r, we have

22\ 22\t
. P

with the best possible constants as a, = 0 and b, = —12/3(2v + 3).

Now, from Theorem 1 (6), the following inequality holds for normalized Bessel func-
tions.

Theorem 7. Consider v > —1and S, € F,. For |x| < hy 1, we have

, by
hlz/l—x2>[zL W2, —x2\"
Lo <S(x) < | ] (45)
( hy s

with the best possible constants as b, = 1 and a, = hlz/’1 /3(2v +3).

3.5. Examples Involving Dini Functions
The Dini function d, : QO € C — C is defined by

dy(z) = (1= 0)Ju(2) + 2 (2) =Ju(2) — v+ (2)-

The modified Bessel functions are related to the Bessel functions by I, (z) = i =], (iz), which
gives the modified Dini function

&L=0cC—C,
defined by
E(z) =i Vdy(iz) = (1 —v)Iy(2) + zI(z) = I,(2) — zI,11(2).

For an integer v, the domain Q) can be taken as the whole complex plane, while Q) is the
whole complex plane minus an infinite slit from the origin if v is not an integer.
In view of the Weierstrassian factorization of d, (z)

il 22
dy(z) = 2T (v +1) H <1 B D(%,n>, (46)

n>1

where v > —1 and the formula ¢(z) = i~'d,(iz), we have the following Weierstrassian
factorization of &, (z) forallv > —land z € O

zv z2
w0 - rrrp L) )

n>1 v,n

where the infinite product is uniformly convergent on each compact subset of the complex
plane, where a, , is the nth positive zero of the Dini function d,. The principal branches of
dy(z) and &,(z) correspond to the principal value of (z/2)", and are analytic in the z-plane
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cut along the negative real axis from 0 to infinity; that is, the half line (o0,0]. Now for
v > —1, define the function A, : R — [1,00) as

Au(x) = 2T+ 1)x "&(x) = ] <1 + 9;2 ) (48)

n>1 &

Furthermore, for v > —1, let us define the function D, : R — R

Dy(x) = 2T(v+1)x dy(x) = ]| (1 - ;;2 ) (49)
n>1 vn

From [18], it follows that
> 3
Law

l/

Comprehensive details of the properties of Dini functions can be found in [11,18] and
the references therein.

From the definition of the classes F, and G,, it is clear that A, € G, and D, € G,.
Thus, we have the following results, by Theorems 1 and 2.

Theorem 8. Consider v > —1and A, € G,.

1. For |x| < a1, we have

2 2\ v 2 2 by
s+ x ar .+ x
(50 <acos (805 0)
Mg — X A — X
with the best possible constants as a, = 0 and b, = 3a; | /8(v +1).
2. Foranyr > 0and |x| < r, we have

22\ 22\
(235)" <am < (755" -

with the best possible constants as a, = 0 and b, = —3r2/4(v +1).

Further, Theorem 1 (6) gives the following result.

Theorem 9. Forv > —1and |x| < a1, we have

, by
oc%lfxz n uc%lfxz !
— <Dy(x) < | —5—| (52)
o «
v,1 v,1

with the best possible constants as b, = 1 and a, = 30(5,1/4(1/ +1).

3.6. Examples Involving q-Bessel Functions
This section considers the Jackson and Hahn—-Exton g-Bessel functions, respectively

denoted by J,<,2> (z;q) and J§3) (z;9). Forz € C,v > —1and g € (0,1), both functions are
defined by the series

@, @) (DB
WED = . S @), 53
@, (qV“,q) ( )n 2n+v n("zﬂ)
WED =T, B, o
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Here,

n

@0 =1 @au=[T(1-ar""),and (@) =TT (1-0g" ")

k=1 k>1

are known as the g-Pochhammer symbol. For a fixed z and 4§ — 1, both of the above
g-Bessel functions relate to the classical Bessel function J, as J52>((1 —2)3;q9) — Ju(z)
and Jl(,g)((l —2)q3;9) — J»(2z). The g-extension of Bessel functions has been studied
by several authors, notably, references [19-24] and the various references therein. The
geometric properties of g-Bessel functions have been discussed in [25]. It is worth noting
that abundant results are available in the literature, regarding the g-extension of Bessel
functions; however, we limit ourselves to the requirements of this article. For this purpose,
we recall the Hadamard factorization for the normalized g-Bessel functions:

2= 77 (z59) =2, (@)2 "3 (zg) and 2 57 (z9) = (@) (z9),
where ¢, (9) = (:9) o/ (775 9) -

Lemma 3 ([25]). For v > —1, the functions z — ‘71,(2) (z;9) and z — \7]/<3> (z;q) are entire
functions of order zero, which have Hadamard factorization of the form

TP (z:9) = H(l %)> P (z:q) = H(l - %) (55)

)
n>1 Jvn n>1

where jy,,(q) and 1,,(q) are the nth positive zeros of the functions \71,(2)(.;17) and jl,(3)(,;q),
respectively.

We recall that, from [25], the g-extension of the first Rayleigh sum for Bessel functions
of the first kind is

D N S S 7 (56)
e Av+1) jia(a)  4@q-1)(q" -1)

n=1

The series form of j153) (z;9)is

(—1)1220 n(nt1)
3) - (ZD)"zg 2
Fza) =), S (57)
v z4) n;o (@ 9)n(g" 1, )
Comparing the coefficients of z2 in (55) and (57), it follows that
L - ? (58)

1721 15,;1(4) (g—1)(gvt1 —1)

The above facts imply that T (z;9) € Fyfori={1,2}. Fori = {1,2} and v > —1, denote
the n' zero of JV(I) (z;9) by b; ,(v). From (56) and (58), it follows that

v+1
1 4(q-1)(g"1-1)

. i=1,
Li(v) = =
W)=Y

9 | —
e

Now, we have the following result, by Theorem 1 (6).
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Theorem 10. The function x — T (z;9) € Fy fori = {1,2} satisfies the sharp Redheffer-type
inequality

Gv) =\" By (v) -\
(m) SFED S\ T )

on I,. Here, b, = 1and a, = b?, (v)1;(v) are the best possible constants.

4. Conclusions

In this article, we defined two classes of functions on the real domain, using the infinite
products of factors involving the positive zeroes of the function. We assume that the infinite
product is uniformly convergent, and it is also assumed that the sum of the square of zeroes
is convergent. We illustrate several examples that ensure that these classes are non-empty.
Functions starting from the most fundamental trigonometric functions (i.e., sin, cos) to
special functions, such as Bessel and g-Bessel functions, Hurwitz functions, Dini functions,
and their hyperbolic forms, are included in the classes. In conclusion, it follows that the
results obtained in Section 2 are similar to the results available in the literature for each of the
individual functions listed above. For example, Redheffer-type inequalities for Bessel and
modified functions, as stated in Theorem 5 and Theorem 4, form part of the results given
previously in [7,9,10], while the inequality obtained in Theorem 8 has also been obtained in
([11], Theorem 7). From Theorem 1 (part 4), it follows that the function x — A, (x)D,(x) is
increasing on (—ay,,,0) and decreasing on (0, &, ), which has also been obtained in ([11],
Theorem 8 (i)). To the best of our knowledge, Theorems 3 and 10 have not been published
in the existing literature. We finally conclude that the Redheffer-type inequalities obtained
in this study cover a wide range of functions, regarding Theorems 1 and 2. Using the
Rayleigh concepts provided in [26], more investigations into the zeroes of special functions
may lead to more examples related to the work in this study, and we intend to follow this
line of research for future investigations.
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