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Abstract: In this article, we introduce a new mixed-type iterative algorithm for approximation
of common fixed points of two multivalued almost contractive mappings and two multivalued
mappings satisfying condition (E) in hyperbolic spaces. We consider new concepts of weak w?-
stability and data dependence results involving two multivalued almost contractive mappings. We
provide examples of multivalued almost contractive mappings to show the advantage of our new
iterative algorithm over some exiting iterative algorithms. Moreover, we prove several strong A-
convergence theorems of our new algorithm in hyperbolic spaces. Furthermore, with another novel
example, we carry out a numerical experiment to compare the efficiency and applicability of a new
iterative algorithm with several leading iterative algorithms. The results in this article extend and
improve several existing results from the setting of linear and CAT(0) spaces to hyperbolic spaces.
Our main results also extend several existing results from the setting of single-valued mappings to
the setting of multivalued mappings.

Keywords: weak w?-stability; multivalued almost contractive mappings; multivalued mappings
satisfying condition (E); data dependence; strong and A-convergence

MSC: 05A30; 30C45; 11B65; 47B38

1. Introduction

In fixed point theory, the role played by ambient spaces is paramount. Several prob-
lems in diverse fields of science are naturally nonlinear. Therefore, transforming the linear
version of a given problem into its equivalent nonlinear version is very pertinent. Moreover,
studying various problems in spaces without a linear structure is significant in applied and
pure sciences. Several efforts have been made to introduce a convex-like structure on a
metric space. Hyperbolic space is one of the spaces that posses this structure.

In this paper, our studies will be carried out in the setting of hyperbolic space studied
by Kohlenbach [1]. This notion of hyperbolic space is more restrictive than the notion of
hyperbolic space considered in [2] and more general than the notion of hyperbolic space
studied in [3]. Banach and CAT(0) spaces are well known to be special cases of hyperbolic
spaces. Moreover, the class of hyperbolic spaces properly contains a Hilbert ball endowed
with hyperbolic metric [4], Hadamard manifolds, R-trees, and the Cartesian product of
Hilbert spaces.
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Definition 1. A hyperbolic space (Q,d, K) in the sense used by Kohlenbach [1] is a metric space
(Q,d) with a convexity mapping K : Q% x [0,1] — Q that satisfies

(C1) d("//K:(mr w, g)) < gd(ﬂrm) + (] - g)d(ﬂrw);

(Cp) d(K(m,w, &), K(m,w,v)) <|&—v|d(m,w);

(C3) K(m,w,&) = K(w,m,(1-¢));

(Ca) A(K(m,1,8),K(w,0,8)) < (1 - &)d(m, w) +Ed(u,0),

forallm,w,u,v € Qand ¢, v € [0,1]. A nonempty subset J of a hyperbolic space Q is termed
convex, if K(m,w,§) € J, forallm,w € J and ¢ € [0,1].

Suppose m,w € Q and ¢ € [0,1], the notation (1 — §)m @ ¢w is used for K(m, w, &).
The following also holds for the more general setting of convex metric space [5]: for any
maw € Qand ¢ € [0,1], d(m, (1 — &)m & {w) = &d(m,w) and d(w, (1 — &)m & fw) =
(1 —¢&)d(m,w). Consequently, 1m @ 0w = m, 0m ®lw = wand (1 — &)m @ m = m ®
(1—=¢&)m=m.

The notion of multivalued contraction mappings and nonexpasive mappings using
the Hausdorff metric was initiated by Nadler [6] and Markin [7]. The theory of multivalued
mappings has several applications in convex optimization, game theory, control theory,
economics, and differential equations.

Let Q be a metric space and J a nonempty subset of Q. The subset J is called
proximal if for all m € Q, there exists a member w in J such that

d(m,w) = dist(m, J) = inf{d(m,s) :s € J}.

Let P(J) denote the collection of all nonempty proximal bounded and closed subsets
of J, and BC(J) the collection of all nonempty closed bounded subsets. The Hausdorff
distance on BC(7) is defined by

W, V) = max{ sup d(m, V), sup d(w,V//)}, YW,V € BC(T).

mew weV

A point m € J is called a fixed point of the multivalued mapping G : J — 27
if m € Gm. Let F(G) denote the set of all fixed points of G. A multivalued mapping
G :J — BC(J) is called nonexpansive if 5 (Gm, Gw) < p(m,w), for all m,w € J and it
is called quasi-nonexpansive if 7(G) # @ such that 5#(Gm, Gg*) < p(m,q*), forallm € J
and g* € F(G) # @. In 2007, the notion of single-valued almost contractive mappings of
Berinde [8] was extended to multivalued almost contractive mappings by M. Berinde and
V. Berinde [9], as follows.

Definition 2. A multivalued mapping G : J — BC(J) is said to be almost contractive if there
exist 0 € [0,1) and L > 0 such that the following inequality holds:

H(Gm, Gw) < od(m,w) + Ldist(m,Gm), Vm,w € J. 1)

In 2008, Suzuki [10] introduced a generalized class of nonexpansive mappings, which
is also known as condition (C), and further showed that the class of mapping satisfying
condition (C) is more general than the class of nonexpansive mappings. In 2011, Eslami
and Abkar [11] defined the multivalued version of condition (C) as follows.

Definition 3. A multivalued mapping G : J — BC(J) is said to satisfy condition (C) if the
following inequalities hold:

%dist(m,gm) <d(m,w) = #(Gm,Gw) <d(m,w), Vmwe J. )



Mathematics 2022, 10, 3720

Very recently, Garcia—Falset et al. [12] defined a new single-valued mapping called
condition (E). This class of mappings is weaker than the class of nonexpansive mappings
and stronger than the class of quasi-nonexpansive mappings. Recently, Kim et al. [13]
defined the multivalued and hyperbolic space version of the class of mappings satisfying
condition (E). The authors also established some existence and convergence results for
such mappings.

Definition 4. A multivalued mapping G : J — BC(J) is said to satisfy condition (E,) if the
following inequality holds:

dist(m, Gw) < pdist(m,Gm) +d(m,w), Vm,w € J. 3)

The mapping G is said to satisfy condition (E) whenever G satisfies condition (E,,) for some
=1

The studies involving multivalued nonexpansive mappings are known to be more
difficult than the concepts involving single-valued nonexpansive mappings. For the ap-
proximation of fixed points of various mappings, iterative methods are well known to be
essential. In recent years, several authors have introduced and studied different iterative
algorithms for approximating fixed points of multivalued nonexpansive mappings as well
as multivalued mappings satisfying condition (E) (see [13-18] and the references in them).

In 2007, Argawal et al. [19] introduced the S-iterative algorithm for single-valued
contraction mappings. In 2014, Chang et al. [15] considered the mixed-type S-iterative
algorithm in hyperbolic spaces for multivalued nonexpansive mappings as follows:

m € J,
Wy = K(mkf Uk, 171()/ ke N, (4)
g1 = K(ug, v, Gk),

where vy € Gywy, u € Gom, {&} and {1} are real sequences in (0,1).

In addition, in [13] Kim et al. considered the multivalued and hyperbolic space version
of S-iterative algorithm for fixed points multivalued mappings satisfying condition (E) as
follows:

m €J,
wy = K(my, ug, i), keN, )
myy1 = K(ug, v, Gr),

where vy € Gwy, uy € Gmy, {&} and {1} are real sequences in (0,1).

It is worth noting that the iterative algorithm (4) involves two multivalued mappings
and the iterative algorithm (5) involves one multivalued mapping and the class of mappings
considered by Kim et al. [13] is more general than the class of mappings considered by
Chang et al. [15].

In 2019, Chuadchawnay et al. [20] studied the iterative algorithm (4) for common fixed
points of two multivalued mappings satisfying condition (E) in hyperbolic spaces.

Very recently, Ahmad et al. [21] developed the hyperbolic space version of the F
iterative algorithm [22]. The authors obtained some fixed point convergence results for
single-valued mappings satisfying condition (E) and single-valued almost contractive
mappings. Furthermore, they obtained data dependence and weak w?-stability results
for single-valued almost contractive mappings. At the same time, they also raised the
following interesting open questions:

Open Question 1. Is it possible to establish all the results of Ahmad et al. [21] in the setting of
multivalued mappings?
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Open Question 2. Is it possible to establish all the results of Ahmad et al. [21] in the setting of
common fixed points?

Remark 1. It is worth mentioning that, as far as we know, there are no works in the literature
concerning stability and data dependence results of mixed-type iterative algorithms for single-valued
and multivalued mappings in hyperbolic spaces. Therefore, one of our aims in this article is to fill
such gaps and hence give affirmative answers to the above Open Questions 1-2.

It is well known that common fixed point problems have direct application with
minimization problems [23].

Motivated and inspired by the above results, in this paper, we introduce the following
mixed-type hyperbolic space version of the novel iterative algorithm considered in [24]:

m € J,
s = K (my, u, ni),
wp = K(ug, tr, &), k€N, (6)

where {¢x}, {1} are real sequences in (0,1) and ¢y € Gypy, hg, € Gowg, b € Gisg, uy € Gomy.
We prove strong convergence theorems of the iterative method (6) for common fixed points
of two multivalued almost contractive mappings. Next, we present some novel numerical
examples to compare the efficiency and applicability of our new iterative algorithm (6)
with many leading iterative algorithms in the current literature. Moreover, we study new
concepts of weak wz-stability and data-dependence results of (6) for two multivalued
almost contractive mappings. Furthermore, we prove strong and A convergence results
of (6) for common fixed points of two multivalued mappings satisfying the condition (E).
We provide another example and with the aid of the example, we show the advantage of our
iterative method (6) over some existing iterative methods in terms of rate of convergence.
Our results give affirmative answers to the two above Open Questions 1 and 2 raised by
Ahmad [21].

2. Preliminaries

A hyperbolic space (Q,d, K) is termed uniformly convex [5], if, given s > 0 and
¢ € (0,2], there exists ¢ € (0,1], such that for any m,w, p € O,

1 1
d(ém @ Ew,p) <(1-o0)s,
provided d(m, p) <s,d(m,p) <sand d(m,w) > es. Amapping ® : (0,00) x (0,2] — (0,1]
which ensures that ¢ = O(s,¢) for any s > 0 and ¢ € (0,2], is said to be a modulus of
uniform convexity. The mapping © is termed monotone if for fixed ¢, it decreases with s;
thatis, @(sp, &) < ©(sy,¢), for all s; > 51 > 0.

In 2007, with a modulus of uniform convexity o (s, ¢) = % quadratic in ¢, Leustean [25]
showed that CAT(0) space are uniformly convex hyperbolic spaces. This implies that the
class of uniformly convex hyperbolic spaces are a natural generalization of both CAT(0)
space and uniformly convex Banach spaces [5].

Next, we give the definition of A-convergence. In view of this, we consider the
following concept which will be useful in the definition. Let 7 denote a nonempty subset
of the metric space (Q,d) and {m;} be any bounded sequence in Q. For all m € Q,
we define

e  asymptotic radius of {m;} at m as

ra({my}, m) = limsup d(my, m);
k—00
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e  asymptotic radius of {my} relative to J as
ra({mg}, 7) = inf{ra({my}, m);m € T };and
e asymptotic center of {m;} relative to J as
AC({my}, J) = {m € T;ra({mi}, m) = ro({my}, J)}. @)

It is known that every sequence that is bounded has a unique asymptotic center with
respect to each closed convex subset in Banach spaces and CAT(0) spaces. If the asymptotic
center is taken with rest to O, then we simply denote it by AC({m}).

The following lemma by Leustean [25] shows that the above property holds in a
complete uniformly convex hyperbolic space.

Lemma 1 ([25]). Let (Q,d, K) be a complete, uniformly convex hyperbolic space with a monotone
modulus of uniform convexity ©. Then, for any sequence {my} that is bounded in Q, it has a
unique asymptotic center with respect to any nonempty closed convex subset J of Q.

Now, we further consider some definitions and lemmas that will be useful in proving
our main results as follows.

Definition 5. A sequence {my} in Q is said to be A-convergent to an element m in Q, if m is the
unique asymptotic center of every subsequence {my, } of {my}. For this, we write A — klim my=m
—» 00

and say m is the A-limit of {my}.
Lemma 2 ([23]). Assume that Q is a uniformly convex hyperbolic space with the monotone

modulus of uniform convexity ©. Let m € Q and {0y} be a sequence in [d, e] for some d,e € (0,1).

Suppose {my } and {wy} are sequences in Q such that lim sup d(my, m) < ¢, limsup d(wy, m) <
k—so0 k—c0
cand klim d(K(my, wy, ), m) = c for some ¢ > 0, and then we get klim d(my, wy) = 0.
—00 —y00

Lemma 3 ([26]). Let {py} and {¢y} be non-negative sequences for which one assumes that there
exists a zg € N such that, for all z > zo, and

Pki1 = (1= @r)ok + Prdx

is satisfied, where ¢y € (0,1) forall k € N, Y32 ¢ = o0 and ¢ > 0 Vk € N. Then the following
holds:

0 < limsup px < limsup ¢y.
k—o0 k—o0

Definition 6 ([26]). Let G, G be two self-mappings on Q. We say that G is an approximate operator
of G if for all € > 0, we have that d(Gm, Gm) < € holds for any m € Q.

Definition 7 ([27]). Two sequences {my} and {wy} are said to be equivalent if
d(my, wg) — 0, as k — oo.

Definition 8 ([28]). Let (Q,d) be a metric space, G : Q — Q be a self~map and for arbitrary
my € Q, {my} is the iterative algorithm defined by

M1 = f(g/mk)l k>o0. (8)
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Assume that my — q* as k — co, for all g* € F(G) and for any sequence {y} C Q which
is equivalent to {my}, and we have

Jim d(yeir, f(G ) =0 = lim ye = g7,
—»00 k—c0
and then we say that the iterative algorithm (8) is weak w?-stable with respect to G.

Proposition 1 ([13]). Suppose G : J — BC(J) is a multivalued mapping satisfying condition
(E), such that F(G) # @, and then G is a multivalued quasi-nonexpansive mapping.

Lemma 4 ([13]). Let (Q,d, K) be a complete uniformly convex hyperbolic space with a monotone
modulus of uniform convexity ©, and let J be a nonempty closed convex subset of Q. Let
G : J — P(J) be a multivalued mapping which satisfies condition (E) with convex values.
Suppose {my} is a sequence in J with A — klg{}o me = m and kl;r{)lo dist(my, Gmy) = 0, then

m e F(G).

Lemma 5 ([15]). Let (Q,d, K) be a complete uniformly convex hyperbolic space with a monotone
modulus of uniform convexity © and {my} be a sequence which is bounded in Q such that
AC({my}) = {m}. Suppose that {uy} is a subsequence of {my} such that AC({uy}) = {u},
and the sequence {d(my,u)} is convergent, and then we have m = .

3. Convergence Results for Two Multivalued, Almost Contraction Mappings

Theorem 3. Let J be a nonempty closed convex subset of a hyperbolic space Q and G; : J —
P(J) (i=1,2) be two multivalued almost contraction mappings. Let F = N2 F(G;) # @ and
Giq* = {q*} foreach q* € F (i = 1,2). Let {my} be the sequence defined by (6). Then, {my}
converges to a point in 7.

Proof. Letg* € .%. From (1) and (6), we have

d(sk,q*) = d(K(my, ug, 1), %)
< (1= m)d(my, q°) + d (ug, 4°)
< (1= m)d(my, q°) + nedist(ug, Gog*)
< (0= n)d(mg, q%) + 12t (Gamy, G2q*)
= (1—nd(m, q*) + st (Gaq*, Gamy)
< (L=m)d(my, q°) + nelod(q*, my) + Ldist(q*, G2q™)]
< (1= mi)d(my,q*) + ncod(my, q*)
= (1-1—)m)d(m,q"). ©)

Because 0 < ¢ < 1and 0 < n; < 1, it follows that (1 — (1 — o)) < 1. Thus, (9)
becomes

d(sg, q%) < d(myg, q*). (10)
By using (6) and (10), we have
d(wg, q%) = d(K(u, ty, Ck),q")
< (1= &) (ug, q%) + Ekd(tr, q°)
< (1= gp)dist(ug, Goq*) + Cydist(ty, G19™)
< (1= &) (Gamy, Gog*) + CxHt (Gask, G1q™)
< (1-¢&p)od(my, q°) + Grod (s, q7)
< (1 —&x)ed(my, q*) + Grod(my, q*)
< (1= (1—0)8k)ed(my, q%). (11)
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Because 0 < ¢ < 1and 0 < ¢ < 1, it follows that (1 — (1 — 0)&) < 1. Thus, (9)

becomes
d(wy, q%) < ed(my, q%). (12)
Moreover, from (6) and (12), we have
d(poq”) = dlhu,q")
S dist(hk,gzq*)
< H(Gawg, G297)
< od(wy q)
< Qd(my,q). 13)

Finally, by (6) and (13), we have

A4, q%)

dist(£k, G1g*)

H(G1pk, G197)

0d(pr, q%)

Qd(my, q%). (14)

d(mi1,q7)

ININCIN A

Inductively, we obtain
d(mi1,q%) < @*Vd(mo, %)
Because 0 < ¢ < 1, it follows that klim mp =q*. O
—r 00

Next, we give examples of two multivalued almost contractive mappings that are
neither contraction nor nonexpansive mappings. With the provided example, we also
compare the efficiency of our iterative algorithm (6) with some existing methods.

Example 1. Let Q = R with the distance metric and J = [—1,1]. Let G1,G, : T — P(J) be
defined by

0,21, if m € [~1,0],
Gim =
{0}, if me(0,1];
and
[0, %], if m € [~1,0]
Gom =
{0}, if me (0,1].
Because every nonexpansive mapping is continuous, we know that Gy and G, are not multi-
valued nonexpansive mappings because of their discontinuity at 0 € [—1,1] and hence, they are

not multivalued contraction mappings. Next, we show that Gy is a multivalued almost contractive
mapping. In view of this, we consider the following cases.

Case I: When m,w € [—1,0], we have
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1
H(Gim, Giw) = Z\m7w|
1 4|3m
< Zlm— =12
< 4\711 w|+5‘ 7
= 1\m—w|—&-é‘m—m‘
4 5 4

= Laomw) + %dist(m, [0, E])

4 4
= Jdlmw) + gdist(m, Gym)
= gd0mw) + =dist(m, Gim).

Case I1I: When m,w € (0, 1], we have
) 1 4 .
H(Gim, Giw) =0 < Zd(m,w) + Edzst(m, Gym).

Case III: When m € [—1,0] and w € (0,1], we have

il
4

L — w4+ £[3m
3"

H(Gim, Giw)

A

= |m—w\+é‘m—ﬂl
o 5 4

1 4 . m
Ed(m,w) + gdzst(m, [0, Z])
= 1d(m,w) + édist(m, Gim).
4 5
Case IV: When m € (0,1] and w € [—1, 0], we have
w
H(Gm Grw) = ||
< 1|m— H—é|m\
gmYTs
4
= \m7w|+g\m70\

= Lamw) + %dist(m, {0})

4
= 1d(m )+ éd' t(m,Gym)
= 1 , W 5 1st(m,Gym).

From all the above cases, we have seen that Gy satisfies (1) for o = % and L = %.
Similarly, we can show that G, satisfies (1) for o = L and L = %. Clearly, F = F(G1) N
F(G2) = {0}.

Now, for control parameters ¢, = 1, = {x = 0.65, for all k € N and starting point
myp = 1, then by using MATLAB R2015a, we obtain the following Tables 1 and 2 and
Figures 1 and 2.
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Table 1. Convergence behavior of various iterative algorithms.

my Mann Ishikawa Abbas S M New
my 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
my 0.512500 0.433281 0.348068 0.170781 0.032031 0.003557
mz 0.262656 0.187733 0.121152 0.029166 0.001026 0.000000
My 0.134611 0.081341 0.042169 0.004981 0.000033 0.000000
ms 0.068988 0.035244 0.014678 0.000851 0.000001 0.000000
Mg 0.035357 0.015270 0.005109 0.000145 0.000000 0.000000
my 0.018120 0.006616 0.001778 0.000025 0.000000 0.000000
mg 0.009287 0.002867 0.000619 0.000004 0.000000 0.000000
Mg 0.004759 0.001242 0.000215 0.000001 0.000000 0.000000
mio 0.002439 0.000538 0.000075 0.000000 0.000000 0.000000
myy 0.001250 0.000233 0.000026 0.000000 0.000000 0.000000
mio 0.000641 0.000101 0.000009 0.000000 0.000000 0.000000
my3 0.000328 0.000044 0.000003 0.000000 0.000000 0.000000
M4 0.000168 0.000019 0.000001 0.000000 0.000000 0.000000
mis 0.000086 0.000008 0.000000 0.000000 0.000000 0.000000
The reds show the point of convergence of various iterative methods.
Table 2. Convergence behavior of various iterative algorithms.
my Noor SP Picard-Man Picard-S F New
myq 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
my 0.458320 0.134611 0.128125 0.042695 0.008008 0.003557
m3 0.210058 0.018120 0.016416 0.001823 0.000064 0.000000
n 0.096274 0.002439 0.002103 0.000078 0.000001 0.000000
ms 0.044124 0.000328 0.000269 0.000003 0.000000 0.000000
Mg 0.020223 0.000044 0.000035 0.000000 0.000000 0.000000
my 0.009269 0.000006 0.000004 0.000000 0.000000 0.000000
mg 0.004248 0.000001 0.000001 0.000000 0.000000 0.000000
Mg 0.001947 0.000000 0.000000 0.000000 0.000000 0.000000

The reds show the point of convergence of various iterative methods.

< o e
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Figure 1.
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Graph corresponding to Table 1.
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Figure 2. Graph corresponding to Table 2.

As seen in Tables 1 and 2 and Figures 1 and 2 above, it is very clear that our new
iterative algorithm (6) converges faster to 0 than Mann [29], Ishikawa [30], Abbas [31], S [19],
M [32], Noor [33], SP [34], Picard-Man [35], Picard-S [36], and F [22] iteration processes.

4. Weak w?-Stability Results for Two Multivalued Almost Contractive Mappings

In this section, we first give the definition of wz-stability involving two mappings in
hyperbolic space. After this, we prove that our new iterative algorithm (6) is weak w?-stable
with respect to two multivalued almost contractive mappings.

Definition 9. Let (Q,d, K) be a hyperbolic space, G; : Q — Q (i = 1,2) be two self-maps, and
arbitrary my € Q, {my} be the iterative algorithm defined by

mygy1 = f(Gi,my) (i=1,2), k>0. (15)

Assume that my — q* as k — oo, forall ¢* € F = (V—, F(G;) and for any sequence
{xx} C Q which is equivalent to {my}, we have

lim e = lim d(xpq, f(Gi, xx)) =0 = lim x; = g™
k—o0 k—o00 k—o0
Then we say that the iterative algorithm (15) is weak w?-stable with respect to G; (i = 1,2).

Theorem 4. Suppose that all the assumptions in Theorem 3 are satisfied. Then, the sequence {my }
defined by (6) is weak w?-stable with respect to G and G,.

Proof. Suppose {m;} is the sequence defined by (6) and {x;} C J an equivalent sequence
of {my}. We define {¢;} € RT by

x1 €W,

Ck = K(xkrgkr Wk)r

be = K(8k ik, Ck), k€N, (16)
ax = fr

e = d(xxy1,ex),

where {¢;}, {1x} are real sequences in (0,1) and ay € Gyay, fi, € Gaby, ix € Gick, gk € Gaxi.

10
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d(wy, by)

ININ A

IN IN IN IN

IN

Suppose hm €r = 0and g* € .#. From (6) and (16), we have

d(s, cx) A(K(my, ug, ), K (xk, Sk 1x))
— ) d(my, ) + A (Gamy, Gaxy)
=k )d(my, xi) + 1peod (my, xi) + e Ldist(my, Gamy)
— o)) (my, xi) + mLd(my, q*) + i Ldist(Gamy, 4°)
— o)1) (my, x) + i Ld (my, 4%) 4 1 LA (Gam, Gog™)
— o)1) (my, ) + i Ld(my, 4*) + 1 Lod (my, 4°)
1= o)ni)d(my, xx) +nxL(1+ 0)d(my, q*). (17)

1
1

AN VAN VAN VAN VAN VAN

(
(
(1-a
(1-@
(1-a
(1-(

Because 0 < ¢ < 1and 0 < 1 < 1, it follows that (1 — (1 — 0)#x) < 1. Thus, (17)

becomes

d(sk, cx) < d(my, xi) + 17 L(1 + @)d (my, g%). (18)

By (6), (16), and (18), we obtain

A(K(ug, t, &), K&k ks Gk))
(1 = &) A (Gamy, Gaxy) + G (Grsk, Gick)
(1 = &) od(my, xi) + Ldist(my, Gamy)] + Grlod(sk, cx) + Ldist(sy, G1s)]
(1= &x)lod(my, xx) + Ld(my, q*) + Ldist(Gamy, g*)]
+¢rlod(sk, cx) + Ld(sk, 97) + Ldist(Gisk, 47)]
(1 = ¢x)lod(my, xi) + Ld(my, q%) + LA (Gamg, Gog™)]
+Cklod(sk, cx) + Ld(sk, 97) + LA (Gisy, G197))
(1 = &x)lod(my, xx) + Ld(my, q*) + Lod (my, q*)]
+¢klod(sk, cx) + Ld(sk, q*) + Lod(sk, 47)]
(1= Gx)[od(my, xi) + L(1 + 0)d (my, q7)]
+¢klod(sk, cx) + L(1+ 0)d (s, q%)]
od(my, xi) + L(1 + 0)d(my, q*)
+¢rod sk, cx) + G L(1 + 0)d (st 97)
od(my, xi) + L(1 + 0)d(my, q*)
+¢reld(my, xx) + mL(1 4 0)d(my, q%)] + G L(1 + @)d(sx, 47). (19)
By (6), (16), and (19), we obtain
d(pe,a) = d(hy fr)
H(Gawy, Gaby)

od (wy, by) + Ldist(wy, Gowy)

od(wy, by) + Ld(wy, %) + Ldist(Gowg, q*)
(
(

od(wy, by) + Ld(wy, %) + LA (Gawy, Gaq™)

od(wy, by) + Ld(wy, q%) + Lod(wy, 9*)

od(wy, by) + L(1 + 0)d(wy, q%)

Q*d(my, x¢) + oL(1 + @)d (my, %)

+028k[d(my, xi) + oL (1+ @)d (my, 4%)]

+08kL(1+ 0)d(sk, 4%) + L(1 + 0)d(wy, 47). (20)

IAN A IN AN TN TN

11
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By using (6), (16), and (20), we obtain

d(Xpy1, Mygpr) +d(Mgp1,97)

d (g1, ex) + d(eg, M) 4+ d(myg1, %)

e +d(ex, ) +d(my,q7)

ex + 2 (G1pr, Grax) +d(mi1,q%)

ex + 0d(pr, ax) + Ldist(pr, Gipx) +d(mgy1,q%)

ek + 0d(pr ax) + Ld(py, q*) + Ldist(G1px, 47) + d(my41,97)
ex + od(px, ax) + Ld(py, q*) + LA (G1pr, G1q%) + d(mei1,9%)
ex + od(px ax) + Ld(pr, 9*) + Lod(pr, 7°) + d(mi11,9%)

e + Q°d(my, xi) + @*L(1 + 0)d(my, 4*)

+@&kld (my, xic) + e L(1 + @)d (my, 7))

+0*&L(1 + 0)d(sk, q%) + oL(1+ 0)d(wy, 7%)
+L(1+0)d(pr, q%) + d(mys1,97)- (1)

d(xXk41,97)

(AN AN VAN VAN VAN VAN VAN VAR VAN

By Theorem 3, klim d(my,q*) = 0. Consequently, we have ”lll_r)n d(my,1,9%) = 0.
—00 0
Moreover, by the equivalence of {m;} and {x;}, we have li_I>n d(my, x;) = 0.
m—oo
Thus, using (10), (12), (13), and by taking the limit of both sides of (21), we have

lim d(xx,q*) = 0.
k—ro0
Hence, our new iterative sequence (6) is weak w?-stable with respect to Gy and G,. O

5. Data Dependence Results for Two Multivalued Almost Contractive Mappings

In this section, we show that our new iterative method (6) is data dependent with
respect to two multivalued almost contractive mappings.

Theorem 5. Let J be a nonempty closed convex subset of a hyperbolic space Q and G; : J —
P(J) (i=1,2) be two multivalued almost contractive mappings. Let G; : J — P(J) (i=1,2) be
two multivalued approximate operators of Gy and Gy, respectively, such that 7 (Gim, Gim) < €
(i=1,2) for all m € J. If {my} is the sequence defined by (6) for two multivalued almost contractive
mappings Gy and Gy. Then, we define an iterative sequence {fiy } as follows:

L Fy

1€J,
= K (i, i, k),
=K, ,8x), k€N, (22)

=,
fig1 = L,

>\NI»SI

where {&i}, {x} are real sequences in (0,1) such that 3 < &y and &, € Gipy, Iy € Goty,
I € G5 i € Goii. If F = Py F(Gi) # @, Gug* = {q*} for each g € F (i = 1,2),
F =2, F(G) # @ and Gig* = {§*} for each §* € F (i = 1,2) such that i, — G~ as
m — oo, and we have 1

€

*~*<
g a) = 75

where € is a fixed number.

12
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Proof. From (6) and (22), we have

d(sx, 5x)

I AN VAN VAN VAN VAN VAR VAN |

A(K (my, uy, 1), K (i, 1k, 1k ))

(1 — i) d (my, 1) + 17 (g, 13y.)

(1 = )d(my, 1iiy) + nxd (ug, Garfiy) + nxd(Garfiy, 1i)

(1= ) d (m, 175 + A (Gamg, Garitg) + 1 (Gariiy, Gatity)

(1 = ) (1, 1) + 1cod (my, 1) + i Ldist(my, Gamy) + e

(1= (1 = @) )d(my, iy) + nxLd(my, q°) + e Ldist(Gammy, 4°) + 1jxe

(1= (1 — o) )d (my, 1) + i Ld (my, 4°) + i LA (G, Gog™) + 115
(1 — (1 — @)x)d(my, 1it) + nLd (my, %) + npLod (my, q°) + e
(1= (1 = @) )d(my, i) + mpL(1 + @)d(my, %) + xe. (23)

From (6), (22) and (23), we have

d(wy, @)

A(KC(ug, t, &), K (1ik, 18y, Gr))

(1 = Gr)d (g, 1) + Sy (b, fy)

(1 = &)k, Gorig) + d(Goriy, )]

+Ckld(tr, G15k) + mkd(Gasy, i)

(1= &) [ (Gami, Garity) + A (Garig, Gatity)]

+8k [ (Grsk, Gi8k) + A (G15k, G180

(1 = Gx)[od (my, 1) + Ldist(my, Gamy) + €]

+Ck[od(sk, ) + Ldist(sy, Gisk) + €]

(1= &)lod(my, 1) + Ld(my, q*) + Ldist(Gamy, q*) + €]

+Cklod(sk, 3) + Ld(my, g*) + Ldist(Gisy, 47) + €]

(1= &x)led(my, my) + Ld(my, q*) + LA (Gamy, Goq*) + €]

+Cklod(sk, 5k) + Ld(sk, q%) + LA (Gisk, G197) + €]

(1= &)lod(my, 1) + Ld(my,q*) + Lod(my, q°) + €]

+¢rlod(sk, 5k) + Ld (s, 9*) + Lod(si., 97) + €]

= (1= _¢&ped(my, i) + (1 — &) [L(1 + @)d(my, q7) + €]
+¢rod(sk, 5k) + Ck[L(1 + @)d(sk, q°) + €]

= (1—¢p)od(my, 1) + (1 = &) [L(1+ 0)d(my, q*) + €]

+¢kol(1 = (1 — o)) d (my, i) + i L(1 + @)d(my, 4°) + 1xe]

+Ck[L(1+ 0)d(sk, 9") + €]

o[l — (1 — o) &xnrld(my, miy) + L(1 + @)d(my, q°) + €

+08kkL(1 + 0)d(my, q°) + oGxrke

+¢kL(1+ 0)d(sk, q*) + Cke. (24)

INIA I

IN IN IN IN

IN

IN

13
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From (6), (22), and (24), we have

d(hy, hy.)

d(hy, Gatbi) + d(Gatoy, i)

H(Gawy, Gatby) + A (Gt Gaty)

od (wy, Wy ) + Ldist(wy, Gowy) + €

od(wy, @y ) + Ld(wy, q*) + Ldist(Gowy, q*) + €

od(wy, W) + Ld(wy, q°) + LA (Gawy, Goq*) + €

od(wy, ) + Ld(wy, 4°) + Lo(wy, 9*) + €

od(wy, @) + L(1+ 0)d(wy, 7°) + €

(1 = (1 — o)&umeld (my, 1) + oL(1+ )d(my, q*) + g€
+* &k L(1 + 0)d (my, 4°) + Q*Exifke

+08kL(1+ 0)d(sk, 7%) + olke + L(1 + 0)d(wy, 97) + €. (25)

d(pr, i)

(AN VAN VAN VAN VANSN VAR VAN

IN

From (6), (22), and (25), we obtain

d(ly, by)

d(, Grpx) + (G P, Or)

H(G1pe, G1Px) + A (G1 P, G1 )

od(p, Px) + Ldist(p, Gipx) + €

0d(pr Pr) + Ld(pk, q*) + Ldist(G1pr, 47) + €
)
)

d(myy, g i)

od(pr, Px) + Ld(px, %) + LA (Gipy, G197) + €

0d(px, pr) + Ld(pr, q*) + Lo(lr, q") + €

= Q1= (1— o)&mild(my, 1iix) + *L(1 + 0)d(my, 4*) + o%€
+0°&mkL(1 + 0)d(my, q*) + 0> ke

+Q* & L(1+ Q)d(sk, 4%) + *Eke + oL (1 + 0)d (wy, 7*)

+oe+ L(1+0)d(pr, q") + €. (26)

(AN VAN VAN VAN VAN VAN VAN

Because 0 < ¢ < 1and 0 < i, 175 < 1, then (26) yields

d(mgiq,myyr) < [1— (1= 0)&eld(my, i) + L(1 + 0)d (my, %)
+CkL(1 + 0)d(my, %) + Cxipre
+L(1+ 0)d(sk, q*) + L(1 + 0)d(wy, q")
+L(1+4 0)d(pk, q%) + 4e. (27)

Because % < Gk, Vk > 1, it implies that 1 < 28xnx, Vk > 1. Thus, (27) becomes

d(mg, i) <01 = (1= @) &imild (my, 1) + 283 L(1 4 0)d (1my, 4*)
+8emkL(1 + 0)d(my, q%) + Exixe
+26,kL(1 + 0)d(sk, 7%) + 28k L (1 + @)d (wy, 4%)
+28knkL(1 + 0)d(px, %) + 9Ckke.
< [1= (1= @)Gkmld(my, 1ix) + (1 = @)Tmmy %

2L(1 + 0)d(my, q*) + L(1 + 0)d(my, q*) + €
{ +2L(1+ 0)d(sk, q*) + 2L(1 + 0)d(wy, g*) }
+2L(1 + 0)d(px, q*) + %€

1-0

(28)

14
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Therefore, (28) can be written as

i1 = (1= @)o + P

where
Pt = d(Myr, i),

o = (1= 0)Suk € (0,1),
and
F2L(1+ )d(sy, q%) +2L(1 + 0)d(wy, 47)

+2L(1 + 0)d(pr, ") +9¢
1-¢
From Theorem 3, we know that m; — ¢* as k — oo and by the hypothesis 7, — §* as

k — oo, then applying Lemma 3, we obtain

{2L(1 +0)d(my, q*) + L(1+ 0)d(my, q*) + e}

> 0.

P =

11le
* ) < .
d(q,q),l_g

O

6. A-Convergence and Strong Converges Results for Two Multivalued Mappings

In this section, we establish A-convergence and strong convergence theorems of
our new iterative algorithm (6) for common fixed points of two multivalued mappings
satisfying condition (E). Throughout the remaining part of this article, let (Q, d, K) denote
a complete uniformly convex hyperbolic space with a monotone modulus of convexity ©®
and let J be a nonempty closed convex subset of Q.

Theorem 6. Let [J be a nonempty closed convex subset of Q and G; : J — P(J) (i =1,2) be
two multivalued mappings satisfying condition (E) with convex values. Let F = N2_y F(G;) # @
and Giqg* = {q*} for each q* € F (i = 1,2). Let {my} be the sequence defined by (6). Then,
{my} A-converges to a common fixed point of Gy and G,.

Proof. The proof will be divided into the following three steps:

Step 1: First, we show that klim d(my, q*) exists for each g* € .#. By Proposition 1, we
—00

know that G; (i = 1,2) are multivalued quasi-nonexpansive mappings. Therefore, for all
q* € # and by (6), we obtain

d(sk,q%)

d(K(mp, u, 1), 9%)

(1= mi)d(my, q°) + nd (g, 7°)

(1= mi)d(my, q%) + midist(ug, Gog™)

(1 = m)d(my, q*) + n A (Garmy, Goq*)

(1 = m)d(my, q°) + 1ped (my, 4°)

d(my, q*). (29)

IAN A INCIA
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Again, from (6) and (29), we have

d(K (g, te, Gr), 97)
= &) (ug, q°) + Sxd (tr, 7°)
— G )dist(uy, G2q*) + Gidist(ty, G197)
— &) A (Gamy, Gog™) + G (Gask, G197)
= &x)d(my, q%) + Cxd(sx, q%)
— &x)d(my, q%) + Crod(my, q7)
(g, g%). (30)

d(wy, q%)

INIAINIAN A

(
(
(
(
(
d

From (6) and (30), we have

d(h, q%)

dist(hy, Gag™)

H(Gawy, G2q%)

d(wi, q%)

d(my, q%). (31)

d(pr,q")

INININ A

Finally, by (6) and (31), we have

d(l, %)

dist(¢y, G19™)

H(G1pr, G197)

d(prq)

d(my, q*). (32)

d(myi1,97)

ININCIN A

This implies that the sequence {d (1, g*)} is non-increasing and bounded below. Thus,
lii)n d(my, q*) exists for each g* € 7.
m—oo

Step 2: Next, we show that

klim dist(my, Gimy) =0, forall i =1,2. (33)
—00
From Step 1, it is established that for all g* € .7, klim d(my, q*) exists. Let
—» 00
lim d(my,q*) = > 0. (34)
k—o0

If ¥ = 0, then we get

dist(rmy, Gimy) d(my, q*) + dist(Gimy, q*)
d(my, q*) + A (Gimy, Giq™)
d(my, q*) + d(my, q*)

(
2d(my,q*) — 0 as k — co.

VASVANVAY

16
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Hence, klim dist(my, Gimg) = 0, foralli = 1,2. If v > 0, Now from (29), (30), (31)
—» 00

and (32), we have

limsupd(sg,q*) < v
k—o00
limsupd(wg, q*) < 7
k—c0
limsupd(py, q°) < %
k—ro0
and
limsupd(ly,q*) < 7.
k—ro0

Consequently, we obtain the following inequalities

limsupd(uy,q*) < limsup #(Gamy, Gog*)

k—s00 k—ro0
< limsupd(my,q*) =;
k—ro0
limsupd(ty,q*) < limsup #(Gisk, G19%)
k—ro0 k—ro0
< limsupd(sg,q*) <y
k—0c0
and
limsupd(fy,q*) < limsup 7 (Gapr, Gapr)
k—o0 k—o0
< limsupd(pr,q*) <.
k—c0

By using (6) and (34), we have

v = lim d(my1,97) lim d (¢, q*)
k—vo0 k—o0
lim %(glpk, gl Pk)
k—o0
Jlim d(py, %)
—00
lim d(hy, g%)
k—00
lim %(gzwk, gzq*)
k—o0

lim d(wy, g%)
k—ro0

ININ I IA TN

From Lemma 2, we obtain
lim d(uk, tk) =0.
k—ro0

Again, from (6) we get

d(l, q)
H(G1Pr, G197)
d(pr.q%),

d(myt1,97)

IN A

17

lim d(KC(uy, tr, Cx), q7)-
k—o0

(35)
(36)

(37)

(38)

(39)

(40)

(41)

(42)
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this yields
v < liminfd(pg, q*).
k—o0
By (22) and (43), we have
lim d(py, q%) = 7.
k—o0
Now, by using (6), we obtain

d(pk/ q*)

d(hk/ q*)
H(Gowy, G2q*)
d(wy, %),

IA A

which yields
v < liminfd(wy, q%).
k—00
From (36) and (46), we have
lim d(wg, q%) = 7.
k—o0
From (6) and (42), we have

d(wy,q*) = (K(ug, t, G),q%)
< d(ug, q*) + Gpd (b ue),

A

which gives
y < liminfd(uy, g%).
k—o0
By using (39) and (48), we have
lim d(ug, q*) = 7.
k—o0
In addition,

d(ug, q%) d(ug, t) +d(te, 9%)

d(ug, ty) + A (Gasy, Goq*)
d(ug, ty) +d(sg, q%),

VASVANVAY

implies that
v < liminfd(sg, q%).
k—c0
From (35) and (50), we obtain
lim d(sg, g%) = 7.
k—o0
Finally, by (6), we obtain

Jlim d(sy, q*) = lim d(K(my, ug, n5), %) = 7.
—y00 k—soc0
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(46)

(47)

(48)

(49)

(50)

(61)
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Now, due to (34), (39), (52), and Lemma 2, we have
}}Lrgo d(my,uy) = 0. (53)
Because dist(my, Gamy) < d(my, uy), we get
Jlim d(my, Gomy) = 0. (54)
On the other hand, by (6) and (53), we have
d(sg, mye) = d (K (mye, e, 1), mie) < e (my, ), (55)
and

dist(sk, (o Sk)

IN

d(sg, tr.)

= d(K(my, ug, mx), t)

(1 = mp)d(my, tr) + npd (ug, t)

(1 =) [d(my, ug) + d(ug, t)] + mxd (g, 1) (56)

IN A

Now, by using (42) and (53), we have

lim distd(sg, G1s;) = 0. (57)
k—s00

Because G satisfies condition (E), we obtain

dist(my, Gymy) d(my, si) + dist(sg, G1my)
d(mk, Sk) =+ ydistd(sk, glsk) + d(Sk, mk)

2d 1y, Wy ) + pp(wsy, Mywy).

INIA A

By (53), (55), and (57), we have

lim dist(ﬂ’lk, glmk) =0. (58)
k—ro0
Hence, klim dist(my, Gymy) = 0,i=1,2.
—00

Step 3: Finally, we show that the sequence {m;} is A-convergent to a point in .Z. In view
of this, it suffices to show that

Kafm}p)= U c&Z (59)
{upyC{me}

and K ({my}) has only one point. Set u € K ({my}). Then a subsequence {uy} of {my}
exists such that AC({ux}) = {u}. From Lemma 1, a subsequence {v;} of {u;} exists
such that A — klgr;o v, = v € J. Because klgr;o dist(vg, Givg) = 0 (i = 1,2), by Lemma 4,
we know that v € .Z. By the convergence of {d(u,v)}, then from Lemma 5, we obtain
u = v. This implies that K ({m;}) C .#. Now, we show that the set I ({m}) contains
exactly one element. For this, let {u;} be a subsequence of {m;} with AC({u}) = {u}
and AC({my}) = {m}. We have already seen that u = v and v € .Z. Conclusively, by the
convergence of {d(my,q*)}, then by Lemma 5, we obtain m = v € .#. It follows that
Ka({my}) = {m}. This completes the proof. [

Next, we establish some strong convergence theorems.
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Theorem 7. Let J be a nonempty closed compact subset of Q and G; - J — BC(J) (i =1,2) be
two multivalued mappings satisfying condition (E) with convex values. Let F = (V2_, F(G;) # @
and Gig* = {q*} for each g* € F (i = 1,2). Let {my} be the sequence defined by (6). Then,
{my} converges strongly to a point in F.

Proof. Forallm € J and i = 1,2, we can assume that G, is a bounded closed and convex
subset of J. By the compactness of 7, we know that G; is a nonempty compact convex
subset and bounded proximal subset in 7. It follows that G; : J — P(J). Thus, all
the assumptions in Theorem 6 are performed. Hence, from Theorem 6, we have that
klig)\o(mk, g*) exists and lerEO distd (my, Gimy) = 0, for each g* € # and i = 1,2 . By the

compactness of 7, we are sure of the existence of a subsequence {my,} of {m;} with
klim my, = x € J. By using condition (E) for some y > 1 and for each i = 1,2, we have
—r 00

dist(x, Gix) < dist(x, my,) -+ dist(my,, Gix)
< updist(my,, Gimy,) +2d(x, my,) — 0 as k — oo.

This shows that y € .7. By the strong convergence of {my,} to x and the existence of
klim d(my, x) from Theorem 6, it is implied that the sequence {m;} converges strongly to
— 00

x. O

Theorem 8. Let 7 be a nonempty closed compact subset of Q and G; : J — BC(J) (i =1,2) be
two multivalued mappings satisfying condition (E) with convex values. Let F = ﬂizz1 F(Gi) #@
and Giq* = {q*} for each q* € F (i = 1,2). Let {my} be the sequence defined by (6). Then,
{my.} converges strongly to a point in F if and only z'fligi;\f dist(my, F) = 0.

Proof. Suppose that li}{n infdist(my, .#) = 0. From (32), we have d(my1,q*) < d(my, q%),
—»00
for all ¢* € .Z. It follows that dist(my. 1, %) < dist(my, .7 ). Therefore, klim dist(myq, F)
—r00
exists and klim dist(m1y41,.7) = 0. Thus, there exists a subsequence {1y, } of the sequence
—00

my } such that d(my , t,) < L forall r > 1, where {t,} is a sequence in .Z. In view of (32),
r 2 q
we obtain

1
tr) <d(my,,ty) < 7 (60)

By using (60) and the concept of triangle inequality, then we get

d(my

r+17

Aty ty) < d(tg,wi,) +d(wg,, tr)

1 1 1
= or+l +? < or=1°

A

It follows clearly that {t,} is a Cauchy sequence in J and moreover, it is convergent
tosome p € J. Because foralli =1,2,

dist(t;, Gip) < A (Gitr, Gip) < d(p,t;)

and t, — p ask — oo, it is implied that dist(p, G;p) = 0, and hence, p € . and {my, }
strongly converges to p. Because klim d(my, p) exists, it is implied that {m;} converges
—00

strongly to p. [
Theorem 9. Let 7 be a nonempty closed compact subset of Q and G; : J — BC(J) (i =1,2) be

two multivalued mappings satisfying condition (E) with convex values. Let F = N2_y F(G;) # @
and Giq* = {q*} for each q* € F (i =1,2). Let {my} be the sequence defined by (6). Assume
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that there exists an increasing self-function f defined on [0, 00) such that f(0) = 0 with f(I) > 0
foralll > 0andi = 1,2, and we have

dist(my, Gimy) > f(dist(my, F)).
Then, the sequence {my} converges strongly to a point in F.
Proof. It is established in Theorem 6 that dist(m1, Gini) = 0. Hence, one can assume that
lgln;of(dist(mk,?)) < kll~>r120 dist(my, Gimy) = 0.
Thus, it is implied that ]}Lngo f(dist(my, %)) = 0. Because f is an increasing self-

function defined on [0, o0) with f(0) = 0, we know that klim dist(my, #) = 0. The conclu-
—00

sion of the proof follows from Theorem 8. [J

7. Numerical Example

In this section, we provide examples of mappings which satisfy condition (E) but do
not satisfy condition (C). We carry out numerical experiment to show the efficiency and
applicability of new method (6) with some existing iterative methods.

Example 2. Let Q = R with the distance metric d(m,w) = |m — w| and J = [0,00). Let
G1,G2: T — P(J) be defined by

{ [0, 3], if m € [§,00),
Gim =
{O}r lf me [Or %)r
and
{ [0, 2], if m € (2,00,
Gom =
{0}, if mel0,2],

forallm e J.

Clearly, F = F(G1) N F(G2) = {0}. Because Gy and G, are not continuous at & and 2,
respectively, so G1 and G, are not nonexpansive mappings. Next, we show that Gy and G, do not
satisfy condition (C). For Gy, let m = {= and w = L. Then,

1. 1. 1 1 1 2
Edzst(m, Gim) = Edzst<ﬁ,glﬁ> =_— < — =d(mw).
However,
) ) 1 .1 3 2
H(Gim, Grw0) = A (G135, G15) = H {0} 0, 55) = 55 > 1= = dlmw). (6]
Thus, Gy does not satisfy condition (C).
Similarly, for m = % and w = %, we can show that G, does not satisfy condition (C).
Finally, we show that Gy and G, are multivalued mappings satisfying condition (E). First, we
consider Gy and the following possible cases:
Case 1: If m,w € [%, ), then

. . 3m 3m m
dist(m, Gym) = dzst(m, {O'T}> = ‘m e )Z’
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Therefore,

dist(m, Giw)

Il
=
=
(<3
/\
L—
=
=&
[
N————

IN
\
|
k]

IA

e

_3
+
§
=3

IN
ik
+
3
=)

4dist(m, Gym) +d(m,w).
Case 2: If m,w € [0, 1), then
dist(m, Gym) = dist(m,{0}) = |m — 0| = |m]|.
Therefore,

dist(m, Giw) = dist(m,{0})
= |m|

IN

4|m| + |m — w|
= ddist(m, Gym) +d(m,w).

Case 3: If m € [},00) and w € [0, %), then

dist(m, Gym) —dzst<m, {0 3%}) = ‘ —-—= )4 ’

Therefore,

dist(m, Giw) = dist(m,{0})
= |m|
T

m

< — —

< 4‘ L ‘ +m—wl

= ddist(m, Gym) + d(m,w).
Case 4:Ifm € [0, %) and w € [}, 0), then

dist(m, Gym) = dist(m,{0}) = |m — 0] = |m|.
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Therefore,

dist(m, Giw) = dist(m, [O,:%U})
I T
o 4
= |py_3m 3m 3w
o 4 4 4

3m 3m 3w

< _ 0 At
< ’m ’ +\4 -
= ﬂ‘+§|m7w\
B 4 4
< Jm|+ |m—wl
< 4fm|+|m —wl

4dist(m, Gym) + d(m, w).

Forall m,w € J, we seen that Gy satisfies (1) for some y = 4. Hence, Gy is a multivalued
mapping satisfying condition (E).

Following the same approach above, we can show that G, is a multivalued mapping satisfying
condition (E) for some p = 2.

Now, for control parameters ¢y = 1y = (; = %, for all k € N and starting point mq = 5.
Then by using MATLAB R2015a, we obtain the following Tables 3 and 4 and Figures 3 and 4.

0 -
1F
Ex
w— 2
o
g —t— Man
g 3t =3 |Ishikawa T
—0—s
=——f—— Picard-Man
4 F 7
New
B 5 L L 1
0 2 4 6 8 10 12 14

Number of Iteration

Figure 3. Graph corresponding to Table 3.
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Value of m,

Noor

——M
—+—CR
=——©— Picard-S
= Thakur
et New

0 2 4 6 8 10 12 14
Number of Iteration

Figure 4. Graph corresponding to Table 4.

Table 3. Convergence behavior of various iterative algorithms.

my Mann Ishikawa S Picard-Mann F New
my  5.00000000 5.00000000 5.00000000 5.00000000 5.00000000 5.00000000
my  4.37500000 4.14062500 3.51562500 3.28125000 1.84570313  0.99609375
ms  3.82812500 3.42895508 2.47192383 2.15332031 0.68132401 0.19844055
my  3.34960938 2.83960342 1.73807144 1.41311646 0.25150437  0.03953308
ms 293090820 2.35154659 1.22208148 0.92735767 0.09284048 0.00787573
me  2.56454468 1.94737452  0.85927604 0.60857847 0.03427119  0.00156899
my  2.24397659 1.61266952 0.60417847 0.39937962 0.01265089  0.00031257
mg 196347952 1.33549195 0.42481298 0.26209288 0.00466996  0.00006227
mg  1.71804458 1.10595427 0.29869663 0.17199845 0.00172387  0.00001241
myp 1.50328901 0.91586838 0.21002107 0.11287398 0.00063635  0.00000247
myp  1.31537788 0.75845350 0.14767106 0.07407355 0.00023490 0.00000049
mip  1.15095565 0.62809431 0.10383122 0.04861077 0.00008671  0.00000010
my3  1.00708619  0.52014060 0.07300632 0.03190082 0.00003201  0.00000002
myy 0.88120042 0.43074143 0.05133257 0.02093491 0.00001182  0.00000000
The reds show the point of convergence of various iterative methods.
Table 4. Convergence behavior of various iterative algorithms.
my Noor CR Thakur Picard-S M New
my  5.00000000 5.00000000 5.00000000  5.00000000 5.00000000 5.00000000
my  4.05273438  2.11914063 2.63671875 1.81640625 2.46093750  0.99609375
m3  3.28493118 0.89815140 1.39045715  0.65986633  1.21124268  0.19844055
my  2.66259070 0.38066182  0.73324889  0.23971707  0.59615850  0.03953308
ms 215815458 0.16133519  0.38667422  0.08708472  0.29342176  0.00787573
me  1.74928545  0.06837839  0.20391023  0.03163624  0.14441852  0.00156899
my  1.41787785 0.02898068  0.10753079  0.01149285 0.07108099  0.00031257
mg  1.14925646  0.01228283  0.05670569  0.00417514  0.03498518  0.00006227
mgo  0.93152623  0.00520581  0.02990339  0.00151675 0.01721927  0.00001241
myo 0.75504568 0.00220637 0.01576937 0.00055101  0.00847511  0.00000247
mpp  0.61199991  0.00093512  0.00831588  0.00020017  0.00417134  0.00000049
myp  0.49605462  0.00039633  0.00438533  0.00007272  0.00205308  0.00000010
my3  0.40207552  0.00016798  0.00231257  0.00002642  0.00101050  0.00000002
myg  0.32590106  0.00007119  0.00121952  0.00000960  0.00049736  0.00000000

The reds show the point of convergence of various iterative methods.
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From Tables 3 and 4 and Figures 3 and 4 above, it is very clear that our new iterative
algorithm (6) converges faster to 0 than Mann [29], Ishikawa [30], Thakur [37], S [19], M [32],
Noor [33], CR [38], Picard-Man [35], Picard-S [36], and F [22] iteration processes.

8. Conclusions

(i) In this work, we have introduced a new iterative algorithm (6) in hyperbolic spaces.

(ii) We have proven the strong convergence of the newly defined iterative algorithm (6)
to the common fixed point of two multivalued almost contractive mappings.

(ii) We have also provided some examples of multivalued, almost contractive mappings.
We show with the aid of the examples that our iterative algorithm (6) converges faster
than many existing iterative algorithms.

(ili) We have introduced the concepts of weak wz-stability and data dependence results
involving two multivalued almost contractive mappings. These concepts are relatively
new in the literature.

(iv) We have proved several strong and /A-convergence results of (6) for the common fixed
point of multivalued mappings satisfying condition (E).

(v) We presented interesting examples of mappings which satisfy condition (E) but do
not satisfy condition (C). We further performed numerical experiments to compare
the efficiency and applicability of our iterative method with some leading iterative
algorithms.

(vi) The results in this article extend and generalize the results in [24,39] and several others
from the setting of Banach spaces to the setting hyperbolic spaces. Moreover, our
results improve and generalize the results in [22,24,39] and several others from the
setting of single-valued mappings to the setting of multivalued mappings. In addition,
we improve and extend the results in [22,24,39] from the setting of fixed points of
single mapping to the setting common fixed points of two mappings.

(vii) Our results give affirmative answers to the two interesting open questions raised by
Ahmad et al. [21].

(viii) The main results derived in this article continue to be true in linear and CAT(0) spaces,
because the hyperbolic space properly includes these spaces.
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1. Introduction

The fixed point theorems for an operator T : X — X related to altering distances
between points in complete metric space were originally achieved by Delbosco [1], Skof [2],
M.S. Khan, M. Swaleh and S. Sessa [3] by using some suitable distance control function
iRy — R, where R is the real interval [0, o), and contractive conditions of type

u(d(T(x), T(y))) <a-p(d(x,y)) +b-u(d(x,T(x))) +c-pu(d(y, T(y))),0<a+b+c <1,

or more general

u(d(T(x),T(y))) <
a(d(x,y)) - u((d(x,y)) +b(d(x,y)) - {p(d(x, T(x))) + p(d(y, T(y))) }+
c(d(x,y)) -min{pu(x, T(y)), u(y, T(x))},

forallx,y € X, x # yand a,b,c : R4* — [0,1) being decreasing functions in order that
a(t) +2-b(t) +c(t) < 1forevery t > 0. Also in [4], the authors considered a contractive
condition of type

pd(T(x), T(y))) < a(d(x,y)) - pld(x,y)),Vx,y € X,

where a : Ry — [0,1) is the order that limsup,_,, #(s) < 1. Further Akkouchi et al. [5],
Pant et al. [6-8] and Sastry et al. [9] have obtained common fixed point results by altering
the distance between the points of a metric space. Moreover, the fixed point results by
altering distance between the points was extended to the setup of generalized metric
spaces (fuzzy metrics spaces Masmali et al. [10], orthogonal complete metric Gungor [11],
partially ordered metric spaces Gupta et al. [12]) or to cyclic operators, see Khaleel et al. [13].
Recently, Branga and Olaru [14] extended the above results by altering the distance between
two points and considering a contractive condition of type

wd(T(x), T(y))) < n(uld(x,y))), @
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forallx,y € X, x #yandn : [0,00) — [0, 00) is a monotone increasing, right continuous
and satisfies 17(t) < t for each t > 0. A survey work on some fixed point theorems by alter-
ing distances between points on a metric space can be found on Jha et al. [15]. Some recent
applications of fixed point theory may be found on Rezapour et al. [16], Zareen et al. [17]
and Turab et al. [18]. Next, our aim is to extend the results from [14] by considering a
contractive condition of type (1), # being a right upper semi-continuous function.

2. Preliminaries

Next, we recall the definitions of the upper semi-continuous and right upper semi-
continuous functions.

Definition 1 ([19]). Let us consider A a subset of R, a € A a point and f : A — R a function.
The following can be affirmed:

(1) f is upper semicontinuous at a if for every e > 0 there is 6(¢) > 0 in order that
f(x) < f(a)+eforallx € (a—0d(¢),a+d(e)) NA;

(2)  fis upper semicontinuous if it is upper semicontinuous at every point a € A;
(3)  f is right upper semicontinuous at a if for each € > 0 there is 6(¢) > 0 in order that

f(x) < f(a) +eforallx € (a,a+d(e)) NA;
(4)  f is right upper semicontinuous if it is right upper semicontinuous at every point a € A.

Remark 1. Let us consider A a subset of R, a € A a point and f : A — R a function. The
following can be remarked:

(1) if f is right-continuous at a, then f is right upper semi-continuous at a;

(2) if f is right upper semi-continuous at a and f is monotonically increasing, then f is right-
continuous at a;

(3) if f is upper semi-continuous at a, then f is right upper semi-continuous at a.

The following results will be used in order to proof Lemma 2:

Theorem 1 ([19]). Let A be a subset of R, a € A’, (the set of accumulation points of A) and
f+ A —= Ra function. Then:

(1) f is upper semi-continuous at a if and only if

limsup f(x) < f(a);

xX—a

(2)  f is right upper semi-continuous at a if and only if

limsup f(x) < f(a).
x\a

Theorem 2 ([19]). Let us consider A a subset of R, a € A a point and f : A — R a function.
Then:

(1) f is upper semi-continuous at a if and only if, for each sequence (ay),eny C A satisfying
ay — aasn — oo, we have

hrnnj::pf(an) < f(a);

(2)  f is right upper semicontinuous at a if and only if, for every sequence (a,),en C A satisfying
ap — aasn — oo, a, > aforalln € N, we have

limsup f(a,) < f(a).

n—o0
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Theorem 3 ([19]). If Aisasubsetof Rand f : A — Ra function, then f is upper semi-continuous
if and only if the superlevel set Uy, (f) := {x € A | f(x) > y} is closed in A for every y € R.

Theorem 4 ([19]). Let (a)yen C R be a sequence and a € R. Then,

limsupa, <a,
n—00

if and only if there is a number ny € N in order that
a, < aforalln > ng.

Boyd and Wong [20] extend the contraction principle (the Picard—Banach theorem) in
complete metric spaces.

Theorem 5 ([20]). Let 7 : Ry — Ry be a function fulfilling the statements: 1 is right upper
semicontinuous and 1(t) < t forall t > 0. If (X, d) is a complete metric space and T : X — X is
an operator in order that

d(T(x), T(y)) < n(d(x,y)), ¥x,y € X,

then T has a unique fixed point x* € X and the sequence T"(xg) — x* as m — oo, for any
arbitrary point xo € X.

The following result will represent a generalization of the above Boyd’s result and it
will be used in order to prove Lemma 3 and Theorem 8.

Definition 2 ([21]). A function 17 : RE. — R, k > 1 is a comparison function if:

(i) n is increasing with respect to each variable, i.e., the mapping t; — n(ty,- -+ ,t;, -+ ,tx) is
increasing for every i € {1,...,k};

(ii)  the iterates sequence p" (t) — 0 as n — oo, for every t > 0, where p : Ry — R is defined
by u(t) :==n(tt,--- ).

Theorem 6 ([21]). Let us consider (X, d) a complete metric space, 17 : RS — R a comparison
function and T : X — X be an operator in order that

d(T(x), T(y)) < n(d(x,y),d(x, Tx),d(y, Ty),d(x, Ty),d(y, Tx)), Vx,y € X,

T has a unique fixed point x* € X and the sequence T"™ (xo) — x* as m — oo, for any arbitrary
point xo € X.

3. Results
Definition 3 ([3]). A function v : Ry — R belongs to the class T, if:
(i) -y is continuous;

(ii) <y is monotonically increasing;
(iii) y(t) = 0ifand only if t = 0.

Let us consider (X,d) a metric space. When the metric d is changed by a function
v € T, it can be seen that, in the majority of cases, the application y o d does not keep the
metric properties.

Example 1. Let us considerd : R x R — Ry, d(x,y) = |x —y|and v : Ry — Ry, y(t) = t*
The following can be affirmed:

(1) yel;
(2)  «yodisnotametric on X.
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Proof.

(1) Ttis obvious that 1y verifies the conditions from Definition 3.
(2) By taking x = 2, y = 3 and z = 2.1, we observe that the triangle inequality is not
verified for 7y o d, and consequently it is not a metric on R.
O

Lemma 1. Let 7 : Ry — Ry be a function, under the following hypothesis:
(1) is right upper semicontinuous;
(2) n(t) <tforallt > 0.

Then:
lin{‘itnf(s —1(s)) > 0 for every t > 0.
S

Proof. By using the hypothesis (2), it follows that lim\inf(s —1(s)) > 0 for every t > 0.
SNt
Suppose that there exists tp > 0 such that lini inf(s — #(s)) = 0. Taking into consideration
s\to

the properties of the limit inferior and limit superior of a function, the fact that 7 is right
upper semi-continuous, applying Theorem 1 (2) and the hypothesis (2), we obtain

to = liminfz(s) < limsup#(s) < n(ty) < to,
o s\do

which is a contradiction. Consequently, lim\ir\f(s —1(s)) > 0foreveryt >0. O
SNt

Lemma 2. Letbey €', yu: Ry — Ry defined by:

pu(t) = sup{s € Ry [ v(s) <n(v(t)}, )

and 17 : Ry — Ry a function, under the following hypothesis:
(1) 5(0)=0;
(2)  wis right upper semicontinuous;
(3) #y(t) < tforallt>0.
Then:
(i) p is well defined;
(i) u(0) =0;
(iii) pu(t) <tforallt € Ry;
(@) y(u(t)) < n(y(t)) forall t € Ry;
(v) u(t) <tforallt>0;
(vi) 1 oy is right upper semi-continuous;
(vii) p is right upper semi-continuous.

Proof. (i) Let us consider t € R, an arbitrary chosen number. We construct the set

Api={s e Ry [7(s) <n(v(1)}. ®)

As 9(0) = 0 (in accordance with Definition 3 (iii)) and #(y(t)) > 0 (7,7 : R+ — R4),
we obtain v(0) < (y(t)), therefore 0 € Ay, so A; is a non-empty set. The next cases can
be differentiated:

1. t=0:

As v(0) = 0 (in accordance with Definition 3 (iii)) and #(0) = 0 (by the hypothesis (1))

we obtain 77(y(0)) = 0, therefore Ag = {s € R4 | 7(s) < 0}. Taking into account

Definition 3 (iii), it is obtained that Ag = {0}. It results in #(0) = sup Ag = sup{0} = 0.
2. t>0

Select s € A; is an arbitrary chosen element. One has s € Ry and y(s) < 5(7(#)). On
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the opposite side, as t > 0, considering Definition 3 (iii), we obtain 7 (t) > 0. Applying

hypothesis (3), we obtain 7 (y(t)) < (). It results that y(s) < (). Taking into

account that 7 is monotonically increasing (using Definition 3 (ii)), it is found that

s < t. Hence, s € [0,t). Considering that we have arbitrary selected s € Ay, it follows

that A; C [0, ). As a result, the set A; is bounded from above by t. We conclude that,

there is sup A; < t. Therefore, u(t) := sup A; < t is well defined and we get u(t) < t.

(ii), (iii) follows from (i).

(iv) Let us consider t € R an arbitrary selected element. In accordance with (i), the
set Ay is bounded from above by t and pi(t) := sup A;. It results that, there is a sequence
(Sn)nen € Ay in order that s, — u(t) asn — oo and s, < u(t) for all n € N. Considering
thats, € A; forall n € N, it is concluded that

Y(sn) < n(y(t)) foralln € N.

On the opposite side, as v is continuous (using Definition 3 (i)), we obtain y(s,) —
y(u(t)) as n — oo. Hence, from the previous inequality, we conclude that y(u(t)) <
(v ().

Specifically, u(t) € Ay and A C [0, u(t)]. Select s € [0, u()]. We obtain s < p(t), and
taking into account that y is monotonically increasing (in accordance with Definition 3 (ii)),
it follows that y(s) < y(u(t)). Hence, y(s) < 5(7(¢)),1e., s € As. Asaresult, Ay = [0, u(t)].

(v) From (iii), we obtain u(t) < t for all t+ € R4. Assume that there is t > 0 in
order that y(t) = t. Applying (iv) we obtain y(t) < 5(y(t)). On the other side, t > 0
implies () > 0 (in accordance with to Definition 3 (iii)) and applying hypothesis (3) we
obtain #7(7y(t)) < (t). It results that y(t) < y(t), which contradicts the initial assumption.
Therefore, j(t) < t forall t > 0.

(vi)Asn, v : Ry — Ry wededuceyoy : Ry — Ry. Lett € R be an arbitrary
point. We consider an arbitrary sequence (t,),eny € Ry satisfying t, — tasn — oo,
t, > t for all n € N. Since 7 is continuous (in accordance with Definition 3 (i)), we obtain
Y(ty) — 7(t) as n — oo. Because 7 is monotonically increasing (by Definition 3 (ii)),
we find that y(t,) > 7(¢) for all n € N. Therefore, the sequence (7y(ts))neny € Ry has
the following properties: y(t,) — (t) asn — oo, y(t,) > 7(t) for all n € N. On the
other hand, 7 is right upper semi-continuous, hence it is right upper semi-continuous at
7(t) € Ry. Applying Theorem 2 (2), it follows that limsup #(y(t,)) < n(y(t)), ie.,

n—00

lifqnﬁsogp(n o) (ta) < (17 07)(t). )

Since the sequence (t,),eny C Ry satisfying £, — tasn — oo, t, > tforalln € N, was
chosen arbitrarily, from the inequality (4), by using Theorem 2 (2), it results that 7 oy is
right upper semi-continuous at t € R,. Because the point ¢ € R} was arbitrarily selected,
we deduce that 7 o 1y is right upper semi-continuous.

(vii) Let t € R, be an arbitrary point. We consider an arbitrary sequence (t,),en € Ryt
satisfying t, — tasn — oo, t, > t for all n € N. Since v is continuous (in accordance with
Definition 3 (i)), we obtain y(t,) — (t) as n — co. Because 7 is monotonically increasing
(by Definition 3 (ii)), we find that (t,) > 7(t) for all n € N. Therefore, the sequence
(7(tn))nen € R4 has the following properties: 7y (t,) — (f) asn — oo, y(t,) > 7(t) for
all n € N. On the other hand, 7 is right upper semi-continuous, hence it is right upper
semi-continuous at y(f) € Ry. Applying Theorem 2 (2), it follows that

limsup (7 (ta)) < 7(7(£)). ®)

n—o0

Taking into account Theorem 4, from the relation (5) we deduce that there exists a
number 1y € N such that

1(v(£)) < n(y(#)) forall n > no. (6)
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From the relation (6) we obtain

{s € Ry | 7(s) < n(7(t))} € {s € Ry | 7(s) < y(y(£))} forall n > o,

hence
sup(s € Rs | () < (y(tx))} < sup{s € By | 1(s) < y(y()} foralln > mp,
and considering the definition of the function y (the relation (2)) we find
w(tn) < pu(t) forall n > ny. (7)
Using Theorem 4, the inequality (7) implies

limsup p(tn) < p(t). ®)

Since the sequence (t,),eny C Ry satisfying £, — tasn — oo, t, > tforalln € N, was
chosen arbitrarily, from the inequality (8), by using Theorem 2 (2), it results that u is right
upper semi-continuous at ¢ € R. Because the point t € R was arbitrarily selected, we
deduce that y is right upper semi-continuous. [

Lemma 3. Let 17 : RS — Ry be a function under the following hypothesis:
(1) t—y(ttttt) € Ry isincreasing and right upper semi-continuous;

(2) U(tl,tz, t3, tg, t5) < max{tl,tz, t3, t4, l’5},f01’ all (tl,tz, t3, t4, l’5) (S Ri \ {(0,0,0,0,0)},‘
(3) 1 is increasing with respect to each variable

and a function vy € -y. We define the functions p : RS, — Ry and o : Ry — Ry by

pt o ta, ta ts) = sup{s € Ry | y(s) < n(v(t), v(f2), v(t3), v(ta), ¥(ts)) ) (9)
and
w(t) == u(t,t,t,t,t). (10)
Then, the following statements are true:

(i) p is well defined and increasing with respect to each variable;

(ii) o is well defined and increasing;

(iii) a(t) < tforallt > 0;

(iv) w is right upper semicontinuous;

(v)  for every t > 0, the iterates sequence {a" (t) } yen converges to zero as n — oo;
(vi) i is a comparison function.

Proof.
(i) Forevery (t1,tp,t3,t4,t5) € ]Ri_ we define the set
At otstats) = 18 € R [ (s) < m(v(t), v(f2), v(t3), v(ta), v (85)) ). (11)
Since y(0) = 0and 5 (y(t1), v(t2), v(t3), v(ts),¥(t5)) € R, we obtain that

7(0) < n(y(t), v(t2), ¥(t3), ¥(ta), (ts5)),

hence 0 € A, 1, 1y115) and thus Ay 4 1 is @a non-empty set. On the other hand
the hypothesis (1) leads us to the fact that « is increasing on R, and taking into
account that «(R4) C Ry one has a(0) = #(0,0,0,0,0) = 0. Further, let us consider

(t1,ta, 13, ts,t5) € RS Then, for every s € Ay, 1, 1, 1, 15), We have

v(s) <n(v(h), v(k), v(t), v(ta), v (t5)) < max{y(tr), v(t2), v(E3), v(ta), ¥ (t5) }-
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(i)
(iii)

(iv)

v)

(vi)

O

Therefore, there exists iy € {1,2,3,4,5} such thats < t;; < max{ty,ty,t3,t4,t5}. Thus,

Aty ot pats) © [0max{ty, to, t3, ta, t5})

and consequently
]J(tl, ty, t3, 14, t5) < max{tl, ty, t3, 14, t5}.
From here, we find that « () < t for each t > 0. Finally, by using the hypothesis (3) and

definition of A, 4, ¢, 1, +5), we find that y is increasing with respect to each variable.

It follows from (i).
Let us assume that there is fy > 0 in order that

to = Dé(fo) = ]/{(to, fo, to, to, to) = sup A(tO:tOItOrtOrtO)'

Then, there exists a sequence {su }nen C A(sg 1o t0,40,t0) SUch that sy 7 a(tg) as n — oo,
Therefore, for all n € N, we have that y(s,) < 57(y(to), v(to), v(to), 7(t0), ¥(fo)) and
taking into consideration that vy is continuous, we find that

v(to) = y(alto)) < n(v(to), v(to), ¥(to), 7(to), ¥(to)) < ¥(to),

which is a contradiction.
Let us consider t € Ry and {t,},eny € Ry such that f, \, t as n — oco. Then
v(t:) N\ v(t) as n — co and by considering the hypothesis (1) we find that

limsup 7 (7 (tn), 7 (tn), ¥ (tn), ¥ (), ¥ (En)) < (v (8), v (8), v (), v (1), ¥ (8))-

n—o0

From here, by using Theorem 4, we deduce that there exists a number 1y € N such that

7y (tn), v (tn), v (En), Y (k) v (80) < (v (£), v (8), v (8), (), ¥ (t))

for all n > ny. Hence,
A(fmfn,fmfmfn) c A(f/f,f,frf)’

which implies that
“(tn) = ﬂ(tn/tn/ tn/tn/tn) < ]/l(t/ t,t,t, t) = “(t)/
for all n > ng. By passing to the limit as # — oo one has that

limsup a(t,) < a(t),

n—oo
i.e., that « is right upper semi-continuous on R .
From (ii) and (iii), we obtain

0 < a™ (1) <a(t) <a(t),

forall t > 0. Then, there is I > 0 in order that a”(t) \ [ as n — oo. If | > 0, then from
(iii) and (iv), we find that [ = «(I) < I, which is a contradiction. Thus, I = 0.
By taking into consideration (i) and (v), we find that the function y fulfills the Defini-
tion 2 i.e., it is a comparison function.

Example 2. Let us consider 17 : Ry — Ry defined:

=+ te[0,1]
=1 b /
7(t) { s te (Loo).

Then,
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(i) 1y verifies the condition of Lemma 2;
(ii) 1 is not right continuous at t = 1;
(iii) for every a € (0,1) there exists tg > O such that a - tg < 1(tp).

Proof.

(i) TItis obvious that7(0) = 0 and #5(t) < t for each t > 0. On the other hand, we observe
that for every ¢ > 0 we have 5(t) < (1) + ¢ for each t € (1,00). Thus, 7 is right
upper semicontinuous.

(i) Since }1\21} n(t) = 3 # % = (1), it follows that 7 is not right continuous at t = 1.

(iii) Let us consider a € (0,1). We distinguish the following cases:

Case 1: a0 > % Then, there exists 0 < fy < % < 1such thata -ty < n5(ty).

Case 2: a0 < % Then, there exists 1 < ty < 12%;‘ such that a - t) < 5(tg).
Case 3: % <a< % Then, there exists 1 < t( such that a - to < 77(tp).

O

We aim to analyze the existence and uniqueness of fixed points for operators described
on spaces endowed with such altering metrics. In the following part, we set up some fixed
point results on spaces with altering metrics.

Theorem 7. Let vy € T and iy : Ry — Ry be such that:

(1) #5(0)=0;
(2) n is right upper semi-continuous;
(3) 1y(t) < tforallt>0.

If (X, d) is a complete metric space and T : X — X is an operator such that:

7(d(T(x), T(y)) < n(v(d(x,y))), Vx,y € X, (12)

then the following statements are true:

(i) u(0) = 0, p is right upper semi-continuous and p(t) < t for all t > 0, where the function
u Ry — Ry is defined by the relation (2);
(ii) T verifies the inequality

d(T(x), T(y)) < p(d(x,y)), Vx,y € X. (13)

(iii) T has a unique fixed point x* € X and the sequence T" (x9) — x* as m — oo, for any
arbitrary point xo € X.

Proof.

(i) We notice that the functions 7, y satisfy the hypotheses of Lemma 2. It results that,
we can take into consideration the function y : Ry — R, defined by the relation (2),
which has the properties: 4#(0) = 0 (by Lemma 2 (ii)), p¢ is right upper semicontinuous
(in accordance with Lemma 2 (vii)) and p(t) < t for all > 0 (by Lemma 2 (v)).

(i) Letx,y € X be arbitrary elements. Considering that the operator T : X — X fulfills
the inequality (12), we obtain

d(T(x), T(y)) € {s € Ry [ 7(s) < n(v(d(x,y)))},

hence,

d(T(x), T(y)) < sup{s € Ry [ v(s) < n(v(d(x,y)))} = u(d(x,y)).

As the elements x,y € X are chosen arbitrarily, from the previous relation we deduce
that T verifies the inequality (13).

(iii) p: R4 — Ry is right upper semi-continuous (by (1)), u(t) < t for all t > 0 (from (1)),
(X, d) is a complete metric space (in accordance with the hypothesis) and T : X — X
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is an operator verifying the inequality (13) (by (ii)). Applying Theorem 5, we find that
T has a unique fixed point x* € X and the sequence T™(xp) — x* as m — oo, for any
arbitrary point xg € X.

O

Theorem 8. Let us consider 1y : RS, — Ry, y € T under hypothesis of Lemma 3, (X, d) a complete
metric space and T : X — X an operator such that:

Y(@d(T(x), T(y))) < n(v(d(x,y)), 1(d(x, T(x))), v(d(y, T(y))), v(d(x, T(y))), v(d(y, T(x)))),

Vx,y € X. Then:
(i) T verifies the inequality

d(T(x), T(y)) < p(d(x,y),d(x, T(x)),d(y, T(y)),d(x, T(y)),dy, T(x))), Vx,y € X,

where the function p : Ry — Ry is defined by the relation (9) from Lemma 3.
(ii) T has a unique fixed point x* € X and the sequence T"(xg) — x* as m — oo, for any
arbitrary point xog € X.

Proof.
(i) Letx,y € X be arbitrary elements. Then, for all x,iy € X we have that

d(T(x), T(y)) €

{s € Ry [ 7(s) < n(v(d(x,y)), v(d(x, T(x))), v(d(y, T(y))), v(d(x, T(y))), v(d(y, T(x))))},

hence,
d(T(x), T(y)) <

sup{s € Ry | 7(s) < n(v(d(x,y)), y(d(x, T(x))), 7@y, T(y))), v(d(x, T(y))), v(d(y, T(x))))}

= p(d(x,y),d(x, T(x)),d(y, T(y)),d(x, T(y)),d(y, T(x)))-

(ii) From Lemma 3 (vi), we have that y defined by Equation (9) is a comparison function.
Now, the conclusion follows by taking into account (i) and by applying Theorem 6 to
operator T.

O

Corollary 1. Let (X,d) be a complete metric space v € T, a,b,c € Ry, a+b+c < 1and
T : X — X be an operator such that:

Y(d(T(x), T(y))) <a-v(d(x,y)) +b-7(d(x, T(x))) +c-v(d(y, T(y))),

forall x,y € X. Then, T has a unique fixed point x* € X and the sequence T™(xg) — x* as
m — oo, for any arbitrary point xy € X.

Proof. Let us consider 77 : R;°> — R, defined by
Nt to ta ta ts) =a-ty+b-ta+c-ta.

We remark that # fulfills the conditions from Theorem 8 and the conclusion follows
fromit. O

Corollary 2. Let (X,d) be a complete metric space, v € I, a,b,c : Ry \ {0} — Ry and
T : X — X be an operator such that:

(1) a,b,careincreasing;

(2) a(t)+2-b(t) +c(t) <1foreveryt >0;

(3)  the function t — a(t) +2 - b(t) + c(t) € Ry is right upper semi-continuous;
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(4) forall x,y € X, x # y we have:
r(d(T(x), T())) <

a(d(x,y)) - v((d(x,y) +b(d(x,y)) - {7(d(x, T(x))) +v(d(y, T(¥))) }+
c(d(x,y)) - min{y(d(x, T(y))), v(d(y, T(x)))}.

Then, T has a unique fixed point x* € X and the sequence T" (x9) — x* as m — oo, for any
arbitrary point xog € X.

Proof. Let us consider 7 : R.5 — R described by:

7’](t1, tr, t3,14, t5) = a(tl) -t + b(tl) . (tz —+ t3) —+ C(tl) . min{t4, t5}.

We remark that  fulfills the conditions from Theorem 8 and the conclusion follows
fromit. O

Further, Theorem 7 will be applied to continuous data dependence of the fixed points
of Picard operators defined on spaces with altering metrics.

Let us consider a function y : Ry — R satisfying the conditions: (0) = 0, y is right
upper semi-continuous and (t) < t for all t > 0. According with [21], if

s—u(s) »> ooass — oo, (14)
we can define the function
0y Ry =Ry, 0,(t) =sup{s € Ry | s —pu(s) <t} (15)

We notice that 6, is monotonically increasing and 6,,(t) — 0 as t — 0. The function 6,
appears when we analyze the data dependence of the fixed points.

Theorem 9. Let y € T and ny : R — R under the following hypothesis:

1) 7(0)=0;
(2)  wis right upper semi-continuous;
(3) #y(t) < tforallt>0.

If (X, d) is a complete metric space and T : X — X is an operator such that:

Y(d(T(x), T(y))) < n(v(d(x,y))), Vx,y € X, (16)

then the statements are true:

(i) T has a unique fixed point x* € X;

(i) d(x,x*) < 0,(d(x,T(x))), Vx € X;

(iii) if {Yn}nen is a sequence in X such that d(y,, T(yn)) — 0as n — oo then y, — x* as
n — oo, i.e., T has the Ostrowski property;

(iv) if the function p : Ry — R described by the relation (2) satisfies the hypothesis (14) and
U : X — X is an operator verifying the conditions:

(a)  Fyy, the fixed point set of operator U is not empty,
(b) thereisyy > 0 in order that d(U(x), T(x)) <n,Vx € X,

then d(y*,x*) < 0,(17), Vy* € Fy.

Proof. We notice that the hypotheses of Theorem 7 are satisfied.

(i) Applying Theorem 7 (iii), we obtain that T has a unique fixed point x* € X.
(ii) By using Theorem 7 (ii), we obtain that T verifies the inequality

d(T(x), T(y)) < pu(d(x,y)), Vx,y € X.
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Let us consider x € X an arbitrary selected element. Taking into account the properties
of the metric d and the previous inequality we obtain

d(x,x*) <d(x,T(x))+d(T(x),x%)

— d(x, T(x)) + d(T(x), T(x")) < d(x, T(x)) + p(d(x,x)),
hence,
d(x,x*) —u(d(x,x*)) <d(x,T(x)),
thus,
d(x,x*) € {s e Ry [s—p(s) <d(x,T(x))}.

Considering the definition of the function 6, (by relation (15)), from the previous
relation we deduce

d(x,x") <sup{s € Ry | s —p(s) <d(x,T(x))} = 0u(d(x, T(x))).

(iif) Letus consider {yy, },cn a sequence in X such that d(yy,, f(y»)) — 0as n — oco. Taking
into account (ii) one has d(y,, x*) < 0,(d(yu, f(yn))) — Oas n — co and thus y, — x*
as n — oo.

(iv) Letus consider y* € Fj an arbitrary-selected fixed point of the operator U. From (ii),
using the condition (b) and the fact that 6, is monotonically increasing, it results that

- Ay, x*) < 0u(d(y", T(y))) = 6, (d(U(y"), T(y))) < 0u(n).

The following examples represent applications of our main results (Theorems 7 and 8)
to the existence and uniqueness of fixed point for certain operators.

Example 3. Let us consider vy, 17 : Ry — R defined as in Example 1, respectively, Example 2
and the integral equation

t
x(t) = /K(t,s,x(s))ds+g(t), teo1], 17)
0

under the following conditions:
(Ho)K € C([0,1] x [0,1] x R,R), g € C([0,1],R);
(Hy) [K(t,s,u) — K(t,5,0)|* < n(|lu—0|*) forall t,s € [0,1] and u,v € R.
Then, the Equation (17) has a unique solution in C([0, 1], R) (the class of continuous functions
x:[0,1] = R).

Proof. Let us consider C([0,1],R) endowed with ||x||cc = sup |x()], and let
te[0,1]

T:C([0,1],R) — C([0,1], R),

defined by
t

Tx(t) = /K(t,s,x(s))ds—l—g(t).

0
Then, for each x,y € C([0,1],R) and ¢ € [0, 1], we have

v(ITx(t) = Ty(1)]) = |Tx(t) = Ty(H)[* <
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t t

4
</|K(t,s.x(s))fK(t,s,y(s))\ds> < /\K(t,s.x(s))fK(t,s,y(s))|4ds <

0 0
/W(\X(S) = y(&)Hds < n(llx —yle) = n(r(lx = ylle)).
0

Since v is increasing, we find that (|| Tx — Ty||e) < 17(7(||x — ¥||«)) for each x,y €
C([0,1],R) The conclusion now follows from Theorem 7 applied to operator T. [J

Example 4. Let us consider
(@) X=1{1,2,3,4}andd : X x X — Ry described by:

d(1,1) = d(2,2) = d(3,3) = d(4,4) =0,

d(1,2) = d(2,1) = % d(1,3) = d(3,1) = ~, d(1,4) = d(4,1) = %

,d(2,4) =d(4,2) =1, d(3,4) = d(4,3) = %}

N =
N

4(2,3) = d(3,2) =

N

(b) T :X — X described by:

Then, T has a unique fixed point.

Proof. It results from Corollary 1 applied for 7 : Ry — Ry, y(t) = t?and 7 : R,° S Ry,
Nt bty ts tats) = %t + 3 b+ 3t O

4. Conclusions

In this paper, we have extended the results from [14] by considering for an operator
T : X — X a general contractive condition. First, we proved that for a given control
function ¢ : Ry — R4 and a contractive condition of type

7(d(T(x), T(y))) < n(v(d(x,y))),Vx,y € X,

we can build a function ¢ : Ry — R such that
d(T(x), T(y)) < u(d(x,y)),Vx,y € X.

Further, we built Example 2, where we gave an example of function 7 : Ry — R,
which satisfies Lemma 2, but does not satisfy the setup from [14]. Next, we provided an
existence and uniqueness result and a data dependence result for fixed point of operator T
and we showed additionally that it has the Ostrowski property. The paper is completed by
Example 3 as an application of Theorem 7 to an integral equation. Next, we considered a
more general contractive condition of type

(d(T(x), T(y))) < n(v(d(x,y)),1(d(x, T(x))), v(@d(y, T(y)), v(d(x, T(y))), v(dy, T(x)))),

Vx,y € X. Corollary 1 showed us that Theorem 1 from [3] is obtained as a particular
case of Theorem 8, and additionally we obtained in Corollary 2 a similar result as in
Theorem 2 from [3], but imposing different condition to the functions a, b, c. Moreover, for
(t) = t in Theorem 7 we get Theorem 5. As future research direction we would like to
point the following ones:

e To extend the main results to common fixed point theory;
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e To generalize the above results to the setup of general metric spaces, e.g., fuzzy,
orthogonal or partially ordered metric spaces.
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Abstract: The study of the interconnections between chemical systems is known as chemical graph
theory. Through the use of star graphs, a limited group of researchers has examined the space of
possible solutions for boundary-value problems. They recognized that for their strategy to function,
they needed a core node related to other nodes but not to itself; as a result, they opted to use
star graphs. In this sense, the graphs of neopentane will be helpful in extending the scope of our
technique. It has the CAS number 463-82-1 and the chemical formula C5Hjy, and it is a component
of a petrochemical precursor. In order to determine whether or not the suggested boundary-value
problems on these graphs have any known solutions, we use the theorems developed by Schaefer
and Krasnoselskii on fixed points. In addition, we illustrate our preliminary results with the help of
an example that we present.

Keywords: fractional calculus; chemical graph theory; neopentane graph; fixed points

MSC: 26A33; 47H10; 05C90

1. Introduction

Mathematical applications have proliferated in the twenty-first century. When quan-
tum chemistry emerged in the 1920s, it left a trail of several mathematical specialties
chemists felt compelled to understand. These included calculus and various branches of
linear algebra, including matrix and group theories. Group theory is often used in fields
such as crystallography and molecular structure analysis since it has gained widespread
acceptance among chemists. However, graph theory is being used in a number of fields,
including categorizing, systematization, enumeration, and construction of chemical inter-
est systems.

We have reached a stage where we believe that it is appropriate to say that, due to the
applications of mathematics that have been developed in the chemical world, mathematics
plays an essential role in contemporary chemistry. We believe that the era of the 1990s
represents a precious time to present excessive applications of the varied directions of
mathematics to chemistry. In order to distinguish the subject that is concerned with the
unique and challenging application of mathematics to chemistry, the phrase “mathematical
chemistry” was first used in the early 1980s. As is customary in this field, we can broadly
define chemistry to cover the classic areas of inorganic, organic, and physical chemistry
and its hybrid descendants, including chemical physics and biochemistry.

The contemporary landscape of chemical theory is primarily built around fundamen-
tally graph-theoretical premises. Today, all of the main fields of chemistry employ chemical
graphs for various reasons. The history of the first implicit use of the graph theory is of
significant relevance given the current extensive use of the chemical graph. The second
part of the eighteenth century saw the invention of chemical diagrams. It will be essential
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to discuss the dominant viewpoints in nineteenth-century chemistry to comprehend their
necessity at the time and the conditions of their entrance into the chemical literature.

The Scottish scientist William Cullen designed the first chemical graphs that were
easily identifiable as such. To illustrate the alleged forces that exist between pairs of
molecules undergoing different chemical reactions, Cullen began using so-called “affinity
diagrams” in his lectures in 1758. Sadly, none of these diagrams were ever published
and they were instead just used to illustrate his chemistry lecture notes (see [1]). Similar
images to Cullen’s were subsequently posted by Black, who claimed erroneously to have
originated them (see [2]); by the end of the eighteenth century, similar diagrams were
prevalent in British chemistry textbooks. Figure 1 displays copies of two Cullen-attributed
surviving schematics.

A B Mur. A, Vol-alkali

C D Lime Carbonic acid
Figure 1. Examples of the earliest chemical graphs Cullen and Black developed to depict chemical
interactions in 1758.

The goal of using graph theory in chemical graph theory is to characterize molecules
in order to investigate their many different physical properties. A set ® of vertices (or
nodes) and a set & of unordered pairings of various components of © that create the edges
make up the components of a graph denoted by the equation G = (0, E). In chemistry, the
atoms that make up a molecule are represented by the vertices of the structure, while the
edges show the chemical bonds.

On the other hand, recently, there has been significant theoretical and practical progress
in the area of differential equations (see, [3-9]). In the context of special functions, publica-
tions on fractional calculus focus mainly on the solution of differential equations (for detail,
see [10-17]). Recently, many new articles on nonlinear fractional differential equations
and their solutions employing approaches such as the Leray-Schauder theorem, stability
analysis, variational iteration methods, and fixed-point theory methods have been publicly
released (see [18-24] and references therein).

Lumer was the first to apply the principles of differential equation theory to graphs (for
details, see [25]). He studied extended evolution equations by altering stated operators on
implications spaces. In 1989, Zavgorodnij explored differential equations using a geometric
net (see [26]), with the recommended solutions to boundary value problems placed at
the inner vertices of the system. However, in [27], the authors used the double-sweep
technique, which they discovered to be more effective on graphs, to obtain numerical
solutions for differential equations.

Although only a tiny amount of work has been dedicated to the topic, using fixed point
theory approaches (see [28,29]), it has been proven that solutions exist for boundary value
issues involving star graphs (see Figure 2). One can see the most up-to-date research in this
area in which the authors use different types of graphs (i.e., ethane [30,31], glucose [32],
methylpropane [33], hexasilinane [34], cyclohexane [35], octane [36], etc.) and defined the
differential equations on their edges.
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(1 Uk

() V-1

U3

Figure 2. An illustration of the star graph.

Neopentane graphs, which are more pliable than star graphs, were used here to
broaden this problem by utilizing the notion of neopentane graphs (see Figure 3).

H
Q@

o3¢

H

H

Figure 3. An illustration of a neopentane molecule C5Hy, framework.

Furthermore, the methods used in [28,29] are insufficient since, as compared to the
star graph, neopentane graphs have several junction points. As a robust approach, we use
an alternative method in which we assign integer values (0 or 1) to the vertices and edge
lengths |b+| = 1 of the last graph (see Figure 4).
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Figure 4. Neopentane compound graph with vertices 0 or 1.

By utilizing the above idea, here, we consider the following system, which is stated
foreacht=1,2,...,25by

{@sz(s) = W (s, 2(s), D72:(s),2;(s)) (s € [0,1]),

20(0) = D" 1z0 (1), £125(0) + ozl(1) = 43 /Oa D" 12.(0)d, @

where z¢ : [0,1] — oo is an unknown function, ¢, (k = 1,2,3) € Rwith {; #0,a € (0,1), D"
and ©17 are the Caputo fractional derivative of orders 1 < r < 2and g € (0, 1), respectively.
Moreover, W; : [0,1] x RxRXx R — Risa given continuously differentiable function,
where T = 16 is the neopentane graph’s vertex count with |b.| = 1.

We want to apply relevant fixed point theorems to establish the existence of workable
solutions to the Problem (1) at hand. Finally, we show how our findings fit into the larger
body of literature by providing a concrete example.

2. Preliminaries

We shall need the following results in the next sections.

Definition 1 ([37]). Let i > 0. The fractional derivative of Caputo for W € CX[0, +oo) can be
defined as

DIW(s) = ﬁ /Os(s — oW (8)de (x—1 < hi < x),
where x = [h] + 1 and T'(-) is a gamma function.
For /i > 0, the general solution of ®"W(v) = 0 is given as
W) =00+ 01V + 0V + ...+ 01V
Additionally,
"D"W(v) = z(v) + 0o + 01v + 02V* + ... + 01"},

where oy € R,k=0,1,...,.n—1(n—1<h<n).
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Now, we will show the proof of the following lemma, which will be used in the latter
portion of the study.

Lemma 1. Suppose that ¢ € C([0,1],R). Then, z* : [0,1] — R is a solution of the subsequent
system

D'z(s) = ¢(s) (s € [0,1]),
2(0) = @7 12(1), 4,2/(0) + 62 (1) = ﬁs/ o1y )

iff z* is a solution for the equation stated below

) = [ g+ [ e
+(F(31f ) +S> {f‘io/o /0 "’(4)”15‘”’—% ; %cﬁ(@)d@ NG

3 r
A0=|:él+éz 1_,(4 }’):|

Proof. Assume thatz* : [0,1] — R is a solution of (2). Thus, there are constants dy,d; € R
such that

where

2(s) = /(;S(S;(ier);_l(;:(e)demomls. )

We use the boundary conditions from (2) to achieve this goal. Therefore,

e [ [ oo o [ G- gorae],

‘/0'14>(9)d6+ AOF(3 { / / 0)dgde — b / (l )¢(9)d9

A solution (3) is obtained by substituting the values of dy, d1 into (4). If z* is a solution
of (3), then it follows that it is also a solution of (2). O

dq

do

The Schaefer and Krasnoselskii fixed point theorems are now provided.

Theorem 1 ([38]). Let ) be a Banach space. If A is completely continuous, then either A has at
least one fixed point or {z € Y : z = bAz for some 0 < b < 1} is unbounded.

Theorem 2 ([38]). Let V be a nonempty, bounded, closed, and convex subset of Banach space ) and
the operators Ay, Ay : V — Y with Atk + Ak’ € V,Vk, k' € V, Ay is compact and continuous
and Ay is a contraction map. Then, Ay + Ay has a fixed point.

3. Main Results
Define Y = {z:[0,1] — R :z,D9z,z' € C([0,1],R)} as a Banach space with

lzlly = sup |z(s)| + sup [Dz(s)| + sup |z’(s)|.
s€(0,1] s€[0,1] s€(0,1]

Hence, it can be clearly seen that ) = )4 is a Banach space with

1
”Z = (21,22,---1Z16)||y = Z‘
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.A-[(Z],Zz,...

As addressing Lemma 1, for each (z1, 2, ...,216) € Y, we introduce A : Y — Y by
A(z1,22,...,216) = (A1(z1,22, .-, 216), A2(21, 22, -+, 216), -+ Ars (21,22, -+, 216)), (B)

foreacht =1,2,...,16and (21,22, ...,215) € V, we define A : ¥ — Y by

s _ r—1
a0 = %m(e,zr(m,@ﬁzﬂe),z;(e))de

+ /;1 W (0, 2¢(6), D12c(6), 2,(6))d6 + (ﬁ +S> ’
by [P :
I:A732] /0 /0 Wr(éf Zr(g)/ @qZT(g)’ZT(g))dédG

b 1(1-0)2 ] )
_/TO/O WWT(‘%ZT(Q),@ z:(0),2(0))do |, ©)
foralls € [0,1].
For the purpose of clarity, we will be performing all computations using the following
notation:

A = {e1+42 )};éo @
A = {\mﬂezu ) %O ®
%= r(r+1)+1+Ai1< (1 r)+1><|€273|+%> ©)
R s )*(Alré ) (5 1) (10
ot () (L) »
e m%u%) (13)
Vi = Al<‘€3|+%>. (14)

Now, we will discuss the most important findings from this section.

Theorem 3. Consider the proposed Problem (1). Assume that Wy, Wh, ..., Wi : [0,1] X
R xR xR — R are continuous functions and there is Y. > 0, VT = 1,2,...,16 with
€We(s,z,2,2)| < Y, V2,22 € Rand s € [0,1]. Then, there exists a solution to Problem (1).

Proof. The existence of the fixed points of A specified by (5) is a foregone conclusion if

and only if (1) has a solution, as implied by (6). Here, the complete continuity of operator
A is established first.
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As Wi, W, ..., Wi are continuous, so A : ) — ) is also continuous. Consider a
bounded set O € Y and z = (z1,2p,...,216) € Y, 80, for each s € [0,1], we have

s _ r—1
@] < [ EFEWe0z(0) 27(0), % (0

1
+/0 We(6, 2+ (6), D72 (6), 2, (0) ) |do

+\1:0\ (r(31 p) ) X {lﬂs\ /0 /09 IWe(Z,20(2), 992¢(2), 2 (2)) |4z do

2
e [ G Wn(0,24(0), 972:(0), 2 0o
< Y,

where ) is given in (9). Additionally,

[(D1A:2)(s)] < / (s—6)"" 1\WT(G,zr(e),50'7zr(9),2’f(9))|d€

I(r—q)
sl
*(m) (65 [ [ W26, 2000, 2000, 400 e
+\€2|/ (1 ‘WT (0,z(6 )©qzr(6),z;(6))|d9
< Yy

and

s _ r—2
(e < %\m(e,zT(e),wsz),z;(e))\de

+(‘j ‘) [Iéa\/ / [We(8,2:(0), D72:(), 2 (7)) | dgdé
+|£z\/ |WT(9 2:(8), D72+(), 2.(6)) |6
< Y5,
forall s € [0,1], where Y, V; are given in (10) and (11), respectively. Therefore,
[(Acz)(s)lly < Yo (V5 + Vi +5).

Hence,
16
[(Az)(s)lly = ;II(ATZ)(S) %

16
Y Y (V5 + Y +Y5)
=1
< 00,

IN

This proves that there exists a uniform bound on A.
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The next step is to demonstrate the equicontinuity of .A. For this purpose, let z =
(z1,22,...,216) € O and 51,5, € [0,1] with s; < sp. Then, we have

51 —g)y-1— _pyr-1
[(Arz)(s2) — (Arz)(s1)] < ./0 (s2—9) r(r)(51 0) §

6, 56), (0,2, 0)
b [Pl o, (0),020(0), 2, (0) e

ST
— 51
< [Ao| )X {%‘
//|WT 0),092¢(0), 24 (0))|dgdo
+|€z\/ F(r |WT (6,2:(0), D7z (),2,(0))|d6|.

It is clear that if s; — sy then, independently, the RHS of the above expression
converges to zero. Moreover,

lim [(D9A:2)(s2) — (D7Acz)(s1)| =0, lim |(Arz)(s2) — (A%z)(s1)| = 0.

5152 5152

For this reason, ||(Az)(s2) — (Az)(s1)|ly — 0as sy — sp. This shows that A is an
equicontinuous on Y = YV; x Vo X ... x V. For this reason, we know that the operator is
completely continuous because of the Arzela—Ascoli theorem.

Further, we define

Q.= {(21,22,...,216) cey: (Zl,Zz,...,Zlﬁ) = b.A(Zl,Zz,‘..,Zle), be (0,1)}

of Y. We will demonstrate the boundedness property of © here. To thisend, let (z1, 2y, . . ., z16)
€ ©. Then, we can write

(21,22, -, 216) = bA(z1,22, ..., Z16),

and so
27(s) = bA(z1,22,...,216), Vs €[0,1], andT=1,2,...,16.

Thus,
s r 1
o)l < o] [T (6, (6), 27(0), 2,(0)) |t
+/01\WT(e,zr(e),qur(e),zg(e))|d9

1 1 a 0 )
toa (ry o) < {16 [ [ I 20992000, 20 e
1 _ r—2
+\fz|/0 %}WT(G,ZT( ), D72:(0),z |d9H

and by similar computations, we obtain

D72(s)]

|ze(s)]|

bY-)1,
bY<Y;,

ININA

47



Mathematics 2022, 10, 4222

where )5 — )5 are given in (9)—(11). Hence,

16
||Z||y = ZHZTHJ‘/
=1
16
< bY Y (V5 +YI+Ys)
=1
< oo.

It demonstrates that © is bounded. We now know that the operator A has a fixed point
in Y by applying Theorem 1 and Lemma 1. This demonstrates that the problem described
in (1) has a solution. [

We will now consider the solution to the Problem (1) under a variety of assumptions.

Theorem 4. Consider the proposed Problem (1). Suppose that Wy, Wh, ..., Wie : [0,1] x R x
R x R — R are continuous functions and there are bounded continuous functions Gy, Ga, . .., Gie
[0,1] = R, F1, Fo, ..., Fie : [0,1] — [0, 00) and nondecreasing continuous functions My, My,
oo, Mig :[0,1] — [0, 00) with the properties

Wels,2,2,8)| < Fels) Me(lz] + |21 + [3])
and

[We(s,21,22,23) = We(s, 21,22, 23)| < Go(s)(|z1 — 21| + |22 — 22| + |23 — Z3])

Vs € [0,1], z1,22,23,21,22,23 € Rand t = 1,2,...,16. If
16
A=V +Vi+V5) Y6 <1,
=1

then (1) has a solution, where |G| = SUPc[o1] |G (s)| and the constants V-V are defined
in (12)—(14), respectively.

Proof. Let || Fr|| = sup,c (1| F(s)| and for appropriate constants er, we have

16
ec > Y, Me(lzelly, ) IFeI{DG + ¥ + Y5}, (15)
=1

where )5 — )5 are defined in (9)-(11). Here, we introduce a set
O, i={z=(21,22,...,216) € V: lIzlly < e},

where e; can be seen in (15). Here, O, is obviously a closed, bounded, nonempty, and
convex subset of } = Y} x M x ... x V5. Now, we define A; and A, on O¢, by

Ai(z1,20, .. z16)(s) = (Af)(zl,zz,...,zlé)(s),...,A§16>(z1,zz,...,zlé)(s)),
Ao(z1,22,- 0, 216)(8) = (A G122 216)(5), o AL (21,22, 26) 5) ),
where .
(A72)(s) = /0 ’ %m(e, 2:(8), D92:(8), 2.(8))d6 (16)
and
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(4572)6)

= _/0] WT 0, ZT(G) @qZT(Q) 7 (9))d9
1 1
1 (e +5) [ [ [ el ze@, 2200, @)z
_py-2
—{ /1 %WT(G z¢(6), @qu(G),z’T(e))de} 17

foralls € [0,1] and z = (z1, 2o, . . ., 216) € Ok,.
Let M, = sup, oy, MT(HZT”J/T>' Now, for every Z = (Z1,%2,...,%16), 2 = (21,22,
..,216) € Og,, we have

s o r—1
(A2 40| < [© r("r)) Wi (0, 2:(6), D72(0), 24(6)) |0
n /0'1|WT(9,z,(9),@qu(e),z;(e))\de
1 1
o (7 +9) * 14
a o
I }ngzf(o D12:(0), 24(0)) |dgdo
|ﬁ2\/ r( |WT(9 2:(6), 2 (6), 2,(6)) |6
< [ (S*(?) Fi(o )Mf(ﬁfwnﬂswmw|zf<e>|)d6
+/ Fr(0)Mo (|2 (0)] + [D9z(0)| + |25 (0)|) a6
1
|Ao|(( )“)
16 [ [ FOMe(20(0)] + [972:(0)| + [20) g

+|€\/ (1-6) ><
2o Tr—1)

Fe(0) M (|zc(0)] + [D92(6)] + |2;(6) |)d6]
< HFT||MT3?5‘.

By using similar computations, we obtain
|(21472) ) + (21472) ()] = 17N,
and

< [ FIMY;

’(A&”z)'@) + (Agf)z)'(s)
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This yields that

A2+ Aoz|y, = iHAY)Z*'Aék)ZHJ?
=

1Pl Me(V5 + D7 +35)

&r,

IN A

and so A;Z + Ayz € O,. Furthermore, the continuity of W, refers A;’s continuity.
We will now prove that there exists a uniform bound on the expression A;. To this
end, we have

(A=) )| < /05%IWT(G/ZT(GL@"a(@»z;(ewe

eI M (2] + [972:(0)| + [2(6))).

for all z € Og,. Additionally,

'S _ p\r—g-1
’(@%451')2) (S)’ < /0 %|WT(9rZT(9)rqur(g),Z;(ﬂ))|d9
< r(r,;qﬂ)IIJCTII/\/lT(IzT(G)\ +D72.(60)| + |24(0)]),
and
‘(Agf)z)’(s) < ﬁ”]“THMTﬂzT(G)\ +[D72(0)] + |24(0)|),

for all z € Og,. Thus,

[Az]ly

16
T;HAY)ZHy‘

r+1 1 16
= {r(r+1) " r(r—q+1)};”EHMT(HZT”%)’

which demonstrates the uniformly boundedness property of the operator .4; on Ok, .
Here, it remains for us to show the compactness of the operator A; on Og,. To this
end, let sy, s, € [0,1] with s; < sp. Then, we have

/{JSZ% We (6,2:(6), D92+ (0), 2,(6)) 6
. (:1 %W‘F (9' ZT(G)rZDqZT(B)’Z;(G))dQ

(A7)~ (A=) =
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IN

X

P
0 I'(r)
We(6,20(6), D72 (6), z;(6) ) d6|

| [ 2 0,2000), 2720001, 0) e

/'Sl (52-60)"'—(s1—6)"!
0 I'(r)
|VVT 9 z:(0),D92.(0),z |d9
sy (52 _ 9)r 1
51 r(
sh—sh—(sp—s1)"  (s5—51)"
{2 D) %w+$}x

|Fel M (lzelly, )-

IN

X

|WT (6,z(6), @‘727(9),2’7(9))|d6

IN

Hence, (Agr)z) (s2) — (Agr)z> (sl)‘ — 0as sy — sp. Additionally, we have
Jlim (@M@z) (s2) — (@‘7,45”2) (51)’ =0,
o (A7) - (475 ) o

Hence, ||(A1z)(s2) — (A1z)(s1)]]y tends to zero as s; — sp. As a result, the operator
A; defined on Ok, is relatively compact since it is equicontinuous. By utilizing the results
proven by Arzela—Ascoli, we claim that the operator A; is compact on O, .

In end, it still needs to be shown that Aj is a contraction mapping. As evidence, we let
Z,z € O,

(AD2) )~ (A=) @] < [ Ge(@)12:(0) ~ 22(0) + [0920(6) - D720
+]25(0) — 24(0)|)do
7 (7 ) ol

[ [ @ (z(0) =)

Hwau—@m@ww“ ) - 24(2)])dade
el [ 4 0 6@ (2:0) ~=:(0)
+]992:(0) — Dz (0)| + |25(0) — 2 (6)])d6

< GelViliz — =Ly,

foreacht =1,2,...,16, where Vj is given in (12). According to the same kind of calcula-
tions, we also have

sup ‘(D‘U\;T)Z> (s) — (D‘U\;T)Z) (s)‘ <Gz IVillZx — zz|y, -

s€(0,1]
(A7) 0 - (472)

sup
s€[0,1]

<G Vs Iz - ZTHyT/
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where V" and V; are given in (13) and (14), respectively. Thus, we have

16
Aoz — Apz|ly = ):HAgf)zng’)ij
=1
16
< V5 +VE+V3) Y16z =zl

=1

and so
A2z — Apz|ly < A2 —z]|y,

As A < 1, which means that Aj; is a contraction on O,.. In this demonstration, we
use Theorem 2, to show that there exists a fixed point of A such that the problem has a
solution (1). O

4. An Example
The following illustration demonstrates the relevance of our findings.

Example 1. Consider the problem stated below:

36¢°[z1(s)]? 180¢° arctan z} (s)

15 _ S o 0.08
Dz1(s) = 20,000(1 + [z (5)1%) -+ 0.0009¢ sm(@ zl(s)> + 200,000 ,
tanz3(s)) . 4s[zh(s)]”
D155y (s) = S@ANZ209)) 4 6 (00046 (sin (D0%2y(5)) ) + 2 ,
60s [90'0823(5)]2 3s(arctanz4(s))
©'923(s) = 0.0001s (sinh " z3(s) ) + 3,
(%) < o )) 600,000 + 600, 000[D00823(s)]* 30,000
associated with the following boundary conditions:
21(0) = D"z (1)
E / g / _ E ! 0.5
1721(0) + 2921(1) By D%°z1(0)do
Zz(O) = 330'522(1)
E / g ! _ E ! 0.5 (19)
1722(0)+2922(1) B DY°z2,(0)d6
23(0) = D™z3(1)
E / g / _ E ! 0.5
—h(0) + o5 74(1) = o /0 20525(0)d6

wherer = 15,9 = 0.08, {1 = %,Zz = %,63 = g and D", D1 serve as the Caputo derivative of
order r and g, respectively. Let Wy, W, W5 : [0,1] x R x R x R — R be continuous functions

given by
.= 36¢°[2)* o 0.08= 180¢° (arctan Z)
Wi(s,z,2,2) = ——————— +0.0009¢° ( sin(D"°2) | + —————n—"7,
i )= 10,0000+ ) (sin(2"%2)) 200,000
Wals,2,2,5) = S@IR0Z) 0 60004s (sin(2°%%2) ) + sl
A= T5 000 '

100,000(1+ [7) '

= 60s [D008z] 2 3s(arctan Z)
Wi(s,z,%,2) = 0.0001s (sinh ™' z) + ,
( ) ( ) 600, 000 + 600, 000[330‘082}2 30,000
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forallz,2,Z € R, s € [0,1], and Wy, Ws,..., Wig : [0,1] x R x R x R — R are zero functions.
Let z1,22,21,%2,%1,%Z, € Rand s € [0,1]. Then, we have

.o - 9¢* . s =
(Wi (s, z1,21,21) — Wi(s, 22,22, 22)| < m(\zl — 2|+ 1|41 — 2| + |71 —Zz\>,

(Wh(s,z1,21,21) — Wa(s, 22,22, %) | <

S - - = =
25,000 <\zl — 2|+ |21 — 2]+ |21 —zz\>,

s
10,000

IWi(s,z1,21,21) — Wa(s, 22,22, %) | < <|Zl — 2|+ |21 — 22| +15 - 52|>-
Here, G1(s) = 109’%,92(5) = 000 93(s) = To000, and Ga(s) = Gs(s) = ... =

Guo(s) = 0, where |G | = gy, 1921 = z5p00, 1931 = oo, and 1Gall = 1G51] = ... =
IG16]] = 0. Let My, My, ..., Myg : [0,00) — R be identity functions. Thus, we obtain

. 9e® .
L o
Wils.z 28| < (e + 12+ 12D,
Wals.z28)| < o (el + [zl + 2D,
Wsls.z28) < g5 (el + 12l + 2D,

for all z,z,Z and s € [0,1], where the continuous function Fy, Fa,..., Fi : [0,1] — R are
defined by

9¢® s S
Fi(s) = 10,000’ Fa(s) = 25,000’ F3(s) = 10,000 Fy(s) = Fs5(s) = ... = Fis(s) = 0.
Additionally,
Vi ~1.3773, Vi ~0.1779 and Vi ~ 0.1773,
and so
Vi + Vi 4 Vi ~ 1.7325.
Furthermore,

A= Vg + V1 + V) (1G] + (|Gl + 1G5l + [|Gall) =~ 0.0018 < 1.
According to Theorem 4, there exists a solution to Problems (18) and (19).

5. Discussion and Conclusions

The scope of the study on chemical graph theory encompasses all aspects of the appli-
cations of graph theory to the field of chemistry. The word “chemical” is used to distinguish
chemical graph theory from traditional graph theory, where rigorous mathematical proofs
are often preferred to the intuitive grasp of key ideas and theorems. However, graph theory
is used to represent the structural features of chemical substances. The tremendous growth
of this discipline over the last several decades has resulted in the development of a plethora
of cutting-edge concepts and methods for conducting this kind of study.

Using the idea of star graphs, several scholars have studied the solutions of fractional
differential equations. They chose to utilize star graphs since their method required a
central node connected to nearby vertices through interconnections, but there are no edges
between the nodes.

The purpose of this study was to extend the technique’s applicability by introducing
the concept of a neopentane graph, a fundamental molecule in chemistry with the formula
CsHjp. In this manner, we explored a network in which the vertices were either labeled
with 0 or 1, and the structure of the chemical molecule neopentane was shown to have an
effect on this network. To study whether or not there were solutions to the offered boundary
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value problems within the context of the Caputo fractional derivative, we used the fixed
point theorems developed by Schaefer and Krasnoselskii. In conclusion, an example was
given to illustrate the significance of the findings obtained from this research line.

Our method can be used for various graphs, such as digraphs, which are necessary for
protein networks in biomedical engineering. The following open problems are presented
for the consideration of readers interested in this topic:

e Is there another approach that leads to the same conclusion as we proposed?

e  Can this concept be applied to graphs with a circular ring structure?

e We also present the suggested fractional differential Equation (1)’s stability as an
unsolved problem.
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Abstract: Recently, the split inverse problem has received great research attention due to its several
applications in diverse fields. In this paper, we study a new class of split inverse problems called the
split variational inequality problem with multiple output sets. We propose a new Tseng extragradient
method, which uses self-adaptive step sizes for approximating the solution to the problem when
the cost operators are pseudomonotone and non-Lipschitz in the framework of Hilbert spaces. We
point out that while the cost operators are non-Lipschitz, our proposed method does not involve
any linesearch procedure for its implementation. Instead, we employ a more efficient self-adaptive
step size technique with known parameters. In addition, we employ the relaxation method and the
inertial technique to improve the convergence properties of the algorithm. Moreover, under some
mild conditions on the control parameters and without the knowledge of the operators’ norm, we
prove that the sequence generated by our proposed method converges strongly to a minimum-norm
solution to the problem. Finally, we apply our result to study certain classes of optimization problems,
and we present several numerical experiments to demonstrate the applicability of our proposed
method. Several of the existing results in the literature in this direction could be viewed as special
cases of our results in this study.

Keywords: split inverse problems; non-Lipschitz operators; pseudomonotone operators; Tseng’s
extragradient method; relaxation and inertial techniques

MSC: 65K15; 47]25; 65]15; 90C33

1. Introduction

Let H be a real Hilbert space endowed with inner product (-, -) and induced norm

[| - ||. Let C be a nonempty, closed and convex subset of H, and let A : H — H be an

operator. Recall that the variational inequality problem (VIP) is formulated as finding an
element p € C such that

(x—=p,Ap) >0, VxeC 1)

The solution set of the VIP (1) is denoted by VI(C, A). Fichera [1] and Stampacchia [2]
were the first to introduce and initiate a study independently on variational inequality the-
ory. The variational inequality model is known to provide a general and useful framework
for solving several problems in engineering, optimal control, data sciences, mathemati-
cal programming, economics, etc. (see [3-8] and the references therein). In recent times,
the VIP has received great research attention owing to its several applications in diverse
fields, such as economics, operations research, optimization theory, structural analysis,
sciences and engineering (see [9-14] and the references therein). Several methods have
been proposed and analyzed by authors for solving the VIP (see [15-19] and references
therein).

One of the well-known and highly efficient methods is the Tseng extragradient
method [20] (which is also known as the forward-backward—forward algorithm). The
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method is a two-step projection iterative method, which only requires single computation
of the projection onto the feasible set per iteration. Several authors have modified and
improved on the Tseng extragradient method to approximate the solution of the VIP (1)
(for instance, see [19,21-23] and the references therein).

Another active area of research interest in recent years is the split inverse problem
(SIP). The SIP finds applications in various fields, such as in medical image reconstruction,
intensity-modulated radiation therapy, signal processing, phase retrieval, data compression,
etc. (for instance, see [24-27]). The SIP model is presented as follows:

Find £ € H; thatsolves IP; 2)

such that
7:=T% € Hy solvesIP,, 3)

where H; and H, are real Hilbert spaces, IP; denotes an inverse problem formulated in
Hj, and IP; denotes an inverse problem formulated in Hp, and T : H; — Hj is a bounded
linear operator.

The first instance of the SIP, called the split feasibility problem (SFP), was introduced in
1994 by Censor and Elfving [26] for modeling inverse problems that arise from medical
image reconstruction. The SFP has numerous areas of applications, for instance, in signal
processing, biomedical engineering, control theory, approximation theory, geophysics,
communications, etc. [25,27,28]. The SFP is formulated as follows:

Find £ € C suchthat § =T% € Q, 4)

where C and Q are nonempty, closed and convex subsets of Hilbert spaces H; and H»,
respectively, and T : H; — Hj is a bounded linear operator.

A well-known method for solving the SFP is the CQ method proposed by Byrne [29].
The CQ method has been improved and extended by several researchers. Moreover, many
authors have proposed and analyzed several other iterative methods for approximating
the solution of SFP (4) both in the framework of Hilbert and Banach spaces (for instance,
see [25,27,28,30,31]).

Censor et al. [32] introduced an important generalization of the SFP called the split
variational inequality problem (SVIP). The SVIP is defined as follows:

Find £ € C that solves (A1%,x —£) >0, VxeC (5)

such that
§=T% € Hysolves (As,y—17) >0, VyeQ, (6)

where Ay : Hy — Hj, Ay : Ho — Hj are single-valued operators. Many authors have
proposed and analyzed several iterative techniques for solving the SVIP (e.g., see [33-36]).
Very recently, Reich and Tuyen [37] introduced and studied a new split inverse problem
called the split feasibility problem with multiple output sets (SFPMOS) in the framework of
Hilbert spaces. Let C and Q; be nonempty, closed and convex subsets of Hilbert spaces
Hand H;,i =1,2,...,N, respectively. Let T; : H — H;, i = 1,2,..., N be bounded linear
operators. The SFPMOS is formulated as follows: find an element u* € H such that

uh eT=Cn(N T 1 (Q) # 2. @)

Reich and Tuyen [38] proposed and analyzed two iterative methods for solving the
SFPMOS (7) in the framework of Hilbert spaces. The proposed algorithms are presented
as follows:

N
fuir = Pe [ — 70 Y T (1= Pg)) Tt ®)
i=1
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and

Xpn41 = anf(xn) + (1 — & PC [xn Tn Z T PQ, Txn)] )

where f : C — C is a strict contraction, {7,} C (0,4c0) and {w,} C (0,1). The au-
thors obtained weak and strong convergence results for Algorithm (8) and Algorithm (9),
respectively.

Motivated by the importance and several applications of the split inverse problems,
in this paper, we examine a new class of split inverse problems called the split variational
inequality problem with multiple output sets. Let H, H;,i = 1,2,..., N, be real Hilbert
spaces and let C, C; be nonempty, closed and convex subsets of real Hilbert spaces H
and H;,i = 1,2,...,N, respectively. Let T; : H — H;,i = 1,2,..., N, be bounded linear
operators and let A : H — H,A; : H; — H;,i = 1,2,...,N, be mappings. The split
variational inequality problem with multiple output sets (SVIPMOS) is formulated as finding a
point x* € C such that

e Q=VICA)NNNTIVI(C, A)) # @. (10)

Observe that the SVIPMOS (10) is a more general problem than the SFPMOS (7).

In recent times, developing algorithms with high rates of convergence for solving
optimization problems has become of great interest to researchers. There are two important
techniques that are generally employed by researchers to improve the rate of convergence
of iterative methods. These techniques include the inertial technique and the relaxation
technique. The inertial technique first introduced by Polyak [39] originates from an implicit
time discretization method (the heavy ball method) of second-order dynamical systems.
The main feature of the inertial-algorithm is that the method uses the previous two iterates
to generate the next iterate. We note that this small change can significantly improve the
speed of convergence of an iterative method (for instance, see [21,23,40-45]). The relaxation
method is another well-known technique employed by authors to improve the rate of
convergence of iterative methods (see, e.g., [46-48]). The influence of these two techniques
on the convergence properties of iterative methods was investigated in [46].

In this study, we introduce and analyze the convergence of a relaxed inertial Tseng
extragradient method for solving the SVIPMOS (10) in the framework of Hilbert spaces
when the cost operators are pseudomonotone and non-Lipschitz. Our proposed algorithm
has the following key features:

e The proposed method does not require the Lipschitz continuity condition often im-
posed by the cost operator in the literature when solving variational inequality prob-
lems. In addition, while the cost operators are non-Lipschitz, the design of our
algorithm does not involve any linesearch procedure, which could be time-consuming
and too expensive to implement.

e Our proposed method does not require knowledge of the operators” norm for its
implementation. Rather, we employ a very efficient self-adaptive step size technique
with known parameters. Moreover, some of the control parameters are relaxed to
enlarge the range of values of the step sizes of the algorithm.

e Our algorithm combines the relaxation method and the inertial techniques to improve
its convergence properties.

e The sequence generated by our proposed method converges strongly to a minimum-
norm solution to the SVIPMOS (10). Finding the minimum-norm solution to a problem
is very important and useful in several practical problems.

Finally, we apply our result to study certain classes of optimization problems, and
we carry out several numerical experiments to illustrate the applicability of our pro-
posed method.

This paper is organized as follows: In Section 2, we present some definitions and
lemmas needed to analyze the convergence of the proposed algorithm, while in Section 3,
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we present the proposed method. In Section 4, we discuss the convergence of the proposed
method, and in Section 5, we apply our result to study certain classes of optimization prob-
lems. In Section 6, we present several numerical experiments with graphical illustrations.
Finally, in Section 7, we give a concluding remark.

2. Preliminaries
Definition 1 ([21,22]). An operator A : H — H is said to be

(i) w-strongly monotone, if there exists o > 0 such that
(x =y, Ax — Ay) > allx —y|*, Vx,y € H;

(ii)  monotone, if
(x—y,Ax—Ay) >0, Vuxye€H;

(iii) pseudomonotone, if
(Ay,x—y) >0 = (Ax,x—y) >0, Vx,y € H,
(iv) L-Lipschitz continuous, if there exists a constant L > 0 such that
[[Ax— Ay|| < L|lx—yl||, Vxy€H
(v)  uniformly continuous, if for every € > 0, there exists § = &(e) > 0, such that

|Ax — Ay|| < e whenever ||x—y| <d, Vx,ye€H;

(vi) sequentially weakly continuous, if for each sequence {xy }, we have x, — x € H implies that
Ax, — Ax € H.

Remark 1. It is known that the following implications hold: (i) = (ii) = (iii) but the
converses are not generally true. We also note that uniform continuity is a weaker notion than
Lipschitz continuity.

It is well-known that if D is a convex subset of H, then A : D — H is uniformly
continuous if and only if, for every e > 0, there exists a constant K < +co such that

|l Ax— Ayl < Kllx —yl +¢ VxyeD. an

Lemma 1 ([49]). Suppose {a,} is a sequence of nonnegative real numbers, {a,} is a sequence in
(0,1) with Y 57 1 &y = +oo and {by} is a sequence of real numbers. Assume that

ap1 < (1 —ay)ay +ayby,  foralln > 1.
Iflirkrissp by, < 0 for every subsequence {ay, } of {a,} satisfying lil?giogf(a,,k+1 —ay,) >0, then
?lll_r)r.}o a, = 0.
Lemma 2 ([50]). Suppose {An} and {6, } are two nonnegative real sequences such that

A1 S Ay + du, Vn > 1.

If Y0 1 ¢pu < oo, then nlgn Ay exists.

Lemma 3 ([51]). Let H be a real Hilbert space. Then, the following results hold for all x,y € H
and 6 € (0,1) :

@l +ylP < lx]? + 20y, x +y);
(@) |lx+yll> = x| +2{x, ) + [yl
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(i) ||ox + (1= 8)y|[* = 8 Ix[[> + (1 = &) ||yl — 6(1 = &) ||x — y[*.

Lemma 4 ([52]). Consider the VIP (1) with C being a nonempty, closed, convex subset of a real
Hilbert space H and A : C — H being pseudomonotone and continuous. Then p is a solution of
VIP (1) if and only if

(Ax,x —p) >0, vVxeC

3. Main Results

In this section, we present our proposed iterative method for solving the SVIPMOS (10).
We establish our convergence result for the proposed method under the following conditions:

Let C, C; be nonempty, closed and convex subsets of real Hilbert spaces H, H;,i =
1,2,...,N, respectively, and let T; : H — H;,i = 1,2,..., N be bounded linear operators
with adjoints T*. Let A: H — H, A; : H; — H;,i = 1,2,...,N, be uniformly continuous
pseudomonotone operators satisfying the following property:

whenever {Tjx,} C C;, Tixy, — Tiz, then ||A;T;z|| < linlianA,-Tian, i=01,2...,N,Co=C, Ay = A, T, = I". (12)
n—o00

Moreover, we assume that the solution set () # @ and the control parameters satisfy
the following conditions:
Assumption B:

(A1) {an} C (0,1), lim a0y = 0,57 an = +m,’}ijrg°§—: =0,{&} C[ab] C(0,1),6>0;

(A2)0 < <ci<1,0<¢; < ¢l < 1’7115130“7/" = )ggo¢n,f =0,A,>0,Vi=0,12,...,N;

(A3) {oni} CRY, o < +00,0 < a; < 8 < b <1, YN8, =1foreachn > 1.
Now, the Algorithm 1 is presented as follows:

Algorithm 1. A Relaxed Inertial Tseng’s Extragradient Method for Solving SVIPMOS (10).

Step 0. Select initial points xg,x; € H.Let Co = C, Ty = I'!, Ag = Aandsetn = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6, such that 0 < 6, < 6,, with 0, defined by

b, = {mm{e, e f i e, (13)

0, otherwise.

Step 2. Compute
wy = (1= ) (xn + O (X0 — x4-1)).-
Step 3. Compute
Yn,i = PC1 (Tiwn - )\n,iAiTiwn)
Step 4. Compute
Uni = Yni = Mni(AiYni — AiTiwn),

: i+ Ci) || Titwn —Yn,i .
Apyri = min{ %l At pud, i ATwn — A £,
+1,i = " .
e Awi+ Onis otherwise.

Step 5. Compute

N
On = Y, G, (wn + 1, T (1 — Tyaom)),

i=0

1
where
HT,* (Tiwn—uy,;) HZ
0, otherwise.

@ut g Tavn=tnil® 5o 17 (T — gy 0
W,:{ ;AT (Tiwn =) | £0, "

Step 6. Compute
Xpg1 = Cnt0y + (1 = En)vn.

Set n := n + 1 and return to Step 1.
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Remark 2. Observe that by conditions (C1) and (C2) together with (13), we have that
. . by
3%9n||xnfxn_1||=0 and nlgr;);”xnfxn_l”:&

Remark 3. We also note that while the cost operators A;,i = 0,1,2,..., N are non-Lipschitz,
our method does not require any linesearch procedure, which could be computationally very expen-
sive to implement. Rather, we employ self-adaptive step size techniques that only require simple
computations of known parameters per iteration. Moreover, some of the parameters are relaxed to
accommodate larger intervals for the step sizes.

Remark 4. We remark that condition (12) is a weaker assumption than the sequentially weakly con-
tinuity condition. We present the following example satisfying condition (12), which also illustrates
that the condition is a weaker assumption than the sequentially weakly continuity condition.

Let A : 05(R) — €o(R) be an operator defined by

Ax = x||x]|, Vx € l(R).

Suppose {z,} C €»(R) such that z, — z. Then, by the weakly lower semi-continuity of the norm
we obtain

lz]| < liminf ||z,
n—-+4oo
Thus, we have
| Az|| = ||z||> < (liminf ||z,]|)? < liminf||z,||> = liminf|| Az,
n—+00 n—+o00 n—+o00

Therefore, A satisfies condition (12).

On the other hand, to establish that A is not sequentially weakly continuous, choose z, =
ey + e1, where {e,} is a standard basis of (»(R), that is, e, = (0,0,...,1,...) with 1 at the
n-th position. It is clear that z, — ey and Az, = A(e, +e1) = (en +e1)|len +er| — V21,
but Aey = eqller|| = ey. Consequently, A is not sequentially weakly continuous. Therefore,
condition (12) is strictly weaker than the sequentially weakly continuity condition.

4. Convergence Analysis

First, we prove some lemmas needed for our strong convergence theorem.

Lemma 5. Let {A,;} be the sequence generated by Algorithm 1 such that Assumption B holds.
Then {A,, ;} is well-defined for eachi = 0,1,2,..., N and 1311 Api =M, € [min{FF, Ay} A+
n—oo i

D;], where ®; = Y771 i-
Proof. Observe that since A; is uniformly continuous for eachi =0,1,2,..., N, it follows

from (11) that for any given €; > 0, there exists K; < 400 such that ||A;Tjw, — Ajy, | <
Ki|| Tiwy — yy,i|| + €;. Thus, for the case A;Tyw, — Ay, ; # 0 for all n > 1, we obtain

(eni+ cllTiwn = Yuill < (Cni+ )| Tiwwn = ynill _ (Cni+ i) | Tiwwn —ymill _ (cni +ci)
[AiTiwn — Ajynill = Kill Tiwn — yn,i

- - > G

+e (Kt 8l Tiwn — yuill M; T M;

where €; = || Tiwn — yy || for some {; € (0,1) and M; = K; + {;. Therefore, by the

definition of A,,;1,, the sequence {A,;} has lower bound min{ﬁ,,/\lri} and has upper

bound Aq; + ®;. By Lemma 2, the limit lign Ay,i exists and is denoted by A; = 1i£11 Api-
n o0 n 00

Clearly, A; € [min{ﬁi:)\l,i}r)\l,i + ®;] foreachi=0,1,2...,N. O

Lemma 6. If || T/ (Tiwy — ;) || # O, then the sequence {1, ; } defined by (14) has a positive lower
bounded for eachi =0,1,2,...,N.
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Proof. If | T;"(Tiwn — uy,)|| # 0O, it follows that for eachi = 0,1,2,...,N

i — (¢n,i + ¢i) || Tiwn — ]|
" HT;'*(Tiwn - ”n,z‘)Hz

Since T; is a bounded linear operator and lgrl ¢ni = 0foreachi =0,1,2,...,N,
n—00

we have

(¢ni + ¢i) | Tiwn — 1y || < (@ni + @) || Tiwn — 1y i S _¢i
1T (Tiws —u )2 = (TP Twn — w2 = T2

which implies that H}'ﬁ is a lower bound of {#,,;} foreachi=0,1,2,...,N. O

Lemma 7. Suppose Assumption B of Algorithm 1 holds. Then, there exists a positive integer N
such that

/\n,i (Cn,i + Ci)

¢i+¢n;i €(0,1), and
Anyi

€(0,1), Vn>N.

Proof. Since 0 < ¢; < 4); < 1and 1131 ¢n; = 0foreachi = 0,1,2,...,N, there exists a
n—r00

positive integer N ; such that

0<pi+¢n; <P <1, Vn> Ny,
Similarly, since 0 < ¢; < ¢} < 1, 1§r1 cpi = 0 and 1211 Ani = Aj for each i =
n o0 n [ee]
0,1,2,...,N, we have
)=1-c>1-¢>0.

lim
n—o0

(1 - /\n,i(cn,i + Ci)
An+1,z’

Thus, foreachi =0,1,2,..., N, there exists a positive integer N, ; such that

)\n,i (Cn,i + Ci)

1 —
Anti

>0, Vn> NZ,i-
Now, setting N = max{Ny ;, Np;:i=0,1,2,..., N}, we have the required result. [

Lemma 8. Let {x,} be a sequence generated by Algorithm 1 under Assumption B. Then the
following inequality holds for all p € () :

2

A%
i = ToplP < | Tiaow = Tipll? = (1= 53 (e + ) ) | Tion = i
n+1,i

Proof. From the definition of A, ;, we have

(Cn,z' + Ci)

[|Ai Tiwn — Ajyn,ill < S
n+1,i

| Tiwn —yyill, ¥YneN,i=0,1,...,N. (15)

Observe that (15) holds both for A;Tyw, — A;y,; = 0 and A;Tjw, — Ajy,; # 0. Let
p € Q. Then, it follows that T;p € VI(C;, A;), i =0,1,2,..., N. Using the definition of u,, ;
and applying Lemma 3, we have
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i = Tipl* = Yni — Ani(Aiyni — AiTwn) — Tip|?
= |lyn;i — Tipll* + A% i Aiyni — AiTiwn||* — 240y — Tip, Aiyni — AiTiwy)
= | Tiwn — TiplI* + lyni — Trwall* + 2(yni — Tiwn, Tiwy — Tip) + A% || Ay — AiTiwn |
=2, iYni — Tips Aiyn,i — AiTiwn)
= | Tswn — Tipl* + Yn;i — Tiwn > = 2(n,i — Tiwn, Yn,i — Tiwn) + 2(Yn,i — Tion, Yu,i — Tip)
+ A% illAiyni — ATiwa|* = 2, (Yni — Tip, Aiyni — AiTiwn)
= | Twon = Tip|l* = lyni = Tiwn > + 2(yn; = Tiwn, Yui — Tip) + s il Aiyni — AiTiwn||?
=201 (Yni — Tip, Aiyn,i — AiTiwn). (16)
Since y,,; = Pc,(Tywn — Ay iAiTiwy) and Tip € VI(C;, A;), i = 0,1,2,...,N, by the
property of the projection map we have
(Yn,i — Tiwn + Ay iAiTiwn, yi — Tip) <0,

which is equivalent to

Wi — Tiwn, yni — Tip) < —AnilAiTiwn, yn; — Tip). (17)

Furthermore, sincey,; € C;, i = 0,1,2,..., N, we have

(AiTip, yni — Tip) >0,

By the pseudomonotonicity of A;, it follows that (A;y,;, y,; — Tjp) > 0. Since A, ; >
0,i=0,1,2,...,N, we obtain

AnilAiYnis Yni — Tip) > 0. (18)

Next, by applying (15), (17) and (18) in (16), we obtain

A2,
llttn,i = Tipl* < | Tiwn — Tipl|* = lyn,i — Tiwnll* = 2A4,i{(AiTw0n, yn,i — Tip) + (cni + Ci)Z#HTiwn — Ynill®
n+1,i
—2Mi (Yni — Tip, Aiyni — AiTiwn)

A2
= [Ty = Tip|* = (1= 57" (eni +€0)2) 1 Tion = Ynill® = 2 i — Tip, Aigin)
n+1,i
A2,
< [Ty = Tipll® = (1= 5 (eni + ) )| Tiwn =yl (19)
n+1,

which is the required inequality. [

Lemma 9. Suppose {x,} is a sequence generated by Algorithm 1 such that Assumption B holds.
Then {xy} is bounded.

Proof. Let p € Q). By the definition of w, and applying the triangular inequality, we have

llwn — pll = [[(1 — an) (xXn + On(xn — x4—1)) — Pl
=1 —an)(xn = p) + (1 — )0 (xn — xp—1) — anp||
< (1 —an)lfxn = pll + (1 = an)0ullxn — xp 1 ]| + anllpl

0
= (1= ) 00 = pll + [ (1 = ) 212w = s || + [ -
n
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By Remark (2), we obtain

. O
lim [0 = an) 22 = |+ 1] = [l

Thus, there exists M; > 0 such that (1 — ocn)g—'y“Hxn —xp—1|| +|lpl] £ M foralln € N.
It follows that

lwn = pll < (1 —an)|[xn — pll +anMi. (20)

/\ .
By Lemma 7, there exists a positive integer N such that 1 — == (cy i +¢;) >
0, Yvn > N, i = 0,1,2,...,N. Consequently, it follows from (19) that for all n > N
andi=0,1,2,...,N
< lutni — Tip |l < | Trwn — Tip |1 1)

Next, since the function || - ||? is convex, we have

N
[on = pI? = | Y 6ni (wn + 1 T} (i — Trwn)) = pI?
i=0

1

N
<Y buillwn + 1 TF (i — Trwn) — pl|. (22)
~

1

By Lemma 7, there exists a positive integer N such that 0 < ¢,,; +¢; < 1, i =
0,1,2,...,N forall # > N. From (22) and by applying Lemma 3 and (21), we obtain

o + i T (s, = Tion) = plI? = [lwn — plI* + 15 | T7 (w1 = Tiwn) |12 + 201 (o — p, T} (w1 — Tywon))

= llwn — pl? + 175, I T5 (st = Tiaon) > + 2075, { Ty — Tip, i — Titon)
= |lwn = plI* + 75 I T (i — Tion) 1> + 770,
= Nl i — Tiwn ||?]

2,2 |7 2 2
< lwn = pll* + 1, | T (i — Ton) [|* — 11l 14,0 — T ||
= |lw, — p”Z - Un,i[”un/i - Tiwn”2 - 7]n,i||Ti* (un/i - Tiwn)HZ]' (23)

|uni — Tipl* = | Tiwn — Tip|?

If || T} (upn,i — Tywy)|| # O, then by the definition of 7, ;, we have
N4, = Tyl = i, | T} (1t = Tow) 12 = [1 = (P + @)l Titon — il > 0. (24)

Now, applying (24) in (23) and substituting in (22), we have

N
lon = plI* < llwn — plI* = Y 0nittn,ill — (pni + i) | Tiwn — 15|
i=0
< lwn = plI*. (25)

Observe that if || T} (1,,,; — Tywy)|| = 0, (25) still holds from (23).
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Next, using the definition of x,,1, and applying (20) and (25), we have

|1 — pll = 1€nwn + (1 = Cn)vn — p|
< Gullwn — pll + (1= &) [lon — pll
< Cullwn = pll+ (1= &) [[wn — pll
= [lwn — p|
< (1= aw)llxn = pll + any
< max{||x, — pll, M1}

< max{|jxn — pll, M1},
which implies that {x, } is bounded. Hence, {w, }, {yy i}, {1s;} and {v, } are all bounded. [

Lemma 10. Let {w, } and {v,} be two sequences generated by Algorithm 1 with subsequences

{wn, } and {vy, }, respectively, such that klim lwn, — vu,|| = 0. Suppose wy,, — z € H, then
—r 00

ze Q.

Proof. From (25), we have

N
[on, = pI? < llwn, = pI® = 3 Gt i[1 = (Gui + ¢V Tiom, — umill®. - (26)
i=0

From the last inequality, we obtain

N
Y Gngitngill = (i + P Titom, — sty i1 < llwn, = pI* = llow, = pl?
i=0

< Hwnk - Unk||2 +2||w,1k - vnkH”Unk =pll (27)

Since by the hypothesis of the lemma klim llwn, — vn, || = 0, it follows from (27) that
— 00

N
Z 571;(/1'7]}1;(,1’[1 - (4’?1;(,7' +¢i)] HTiwﬂk - unk,i”z =0, k— oo,
i=0

which implies that

S it ill = P i + )| Tiwn, — ;> =0, k— o0, Vi=0,1,2,...,N.
By the definition of 77,, ;, we have

I Tiwn, — e il1*

5nk,i(¢nk,i + 471')[1 - (¢nk,i + ¢1)} ”T-*(Tiwnk — iy, i)||2

—0, k—o, Vi=0,1,2,...,N.

From this, we obtain

| Tiwn, — ttn i

e el 0 k= oo, Vi=0,1,2,...,N,
| T (Tiwn, — tn,i) |

Since {|| T} (Tiwn, — un,,;) ||} is bounded, it follows that
| Ty, =t ill = 0, k— oo, Vi=0,1,2,...,N. (28)

Hence, we have
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(T3 (Tiwon, — i) | < T (Tion, — i) | = T [(Tiwn, — )| =0, k=00, ¥i=0,1,2,...,N.  (29)
From (19), we obtain

2

A2
(1= 2 (e + €)1 T, = Yugil2 < I Titowm, = Tipll? = Il — Tipl?
n+1,i

< N Tiwne =ty il (1 Tiwne — Tipll + i — Tipll). (30)
By applying (28), it follows from (30) that
A2
(1= 25 (engi + %) I T, = Y fl> =0, k00, i =0,1,...,N.
n+1,i

Consequently, we have

| Tiwn, — Ynill =0, k—o00, i=0,1,...,N. (31)
Since y, ; = Pc,(Tiwy — Ay, A;iT;wy), by the property of the projection map, we obtain

(Tywy, — A i AiTiwn, — Yoy i Tix — ynk’i> <0, VTixeC;, i=0,1,2,...,N,
which implies that

1
)\nk,i

(Tiwn, = Yy ir Tix = Yni) < (AiTiwn,, Tix —yp, 1), VTixeC, i=0,1,2,...,N.

From the last inequality, it follows that

1
Ank,i

(Tiwn, = Yo TiX = Yy i) + (AiTiwny, Y, i — Tiwn) < (AiTiwn,, Tix — Tawn,), YV Tix € G, i=0,1,2,...,N. (32)
By applying (31) and the fact that klim Ani = Ai > 0, from (32) we obtain
—r00
lim inf(A; Ty, Trx = Tiwn) >0, VTix € Gy i=0,12,...,N. (33)
—00

Observe that
(AiYngir Tix = Y i) = (Aiynyi — AiTiwn, Tix — Tiwp) + (AiTwn,, Tix — Tiwn,) 4+ (AiYngis Tiwn, — Yni)- (34)
By the continuity of A;, from (31) we obtain

| A Tiw,, — A,-ynk,,-H —0, k— o, Vi=0,1,2,...,N. (35)
Using (31) and (35), it follows from (33) and (34) that

B inf (A i, ¢ = yu,i) 20, VTix €C, i =012, N. (36)
— 00

Next, let {8 ;} be a decreasing sequence of positive numbers such that ¢;; — 0 as
k—o0,i=0,1,2,...,N. For each k, let N; denote the smallest positive integer such that

(AtYnyir TiX = Yuyi) + 0% 20, Vj= N, Tix€Cy, i=0,1,2,...,N, (37)
where the existence of Ny follows from (36). Since {d;} is decreasing, then {N} is

increasing. Moreover, since {yy, i} C C; for each k, we can suppose A;yy, ; 7 0 (otherwise,
yn,i € VI(Ci, A;), i=0,1,2...,N) and let
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AiYN,,i
Il Aiyn,,ill?
Then, (Ajyn,,i,zn,,i) = 1foreachk, i =0,1,2,...,N. From (37), we have

INgi =

(AN Tix + Oizngi — Yngi) =0, VTixe€C;, i=0,1,2,...,N.
It follows from the pseudomonotonicity of A; that
(Ai(Tix + O izn,i), Tix + O izn,,i — Yn,i) >0, VTixeC,i=0,1,2,...,N,
which is equivalent to
(AiTix, Tix = ynyi) = (AiTix — Af(Tix + Oizng i), Tix + Ok izngi — Yngi) — Oki{AiTix, 2n,,i), VTix € G, i = 0,1,..., N. (38)

In order to complete the proof, we need to establish that klim Oizn,; = 0. Since
—00

wy, — z and T; is a bounded linear operator for eachi =0,1,2,..., N, we have T,w,, —
Tiz, ¥i=0,1,2,...,N. Thus, from (31), we obtain Yui — Tiz, Vi=0,1,2,...,N. Since
{Yu.i} € Ci, i =0,1,2,...,N,wehave T;z € Ci. If AT,z =0, Vi =0,1,2,...,N, then
Tiz € VI(C;,A;) Vi = 0,1,2,...,N, which implies that z € Q. On the contrary, we
suppose A;Tiz #0, Vi =0,1,2,...,N. Since A; satisfies condition (12), we have for all
i=012,...,N

0< HAiTiZH < limianAiynk,iH~
k—c0

Applying the facts that {yy, i} C {yu,i} and &; — Oask — o, i =0,1,2...,N,

we have
lim sup 0 ;
0 < limsup||&zn, il = limsup( O ) S
n k—o0 A k—o0 “Afy”k,i“ - ll]?;l}g}lfHAzynk,zH ’

which implies that lim sup @ ;zy, ; = 0. Applying the facts that A; is continuous, {yx, i}
k—o0
and {zy,,;} are bounded and klim Ok izn,,i = 0, from (38) we get
—00
li;ninf(AiT,-x, Tix — yNkri> >0, V Tix € C, i=0,1,2,...,N.
—»00
From the last inequality, we have

(AiTix, T,‘X - TIZ> = lim<A1‘Tix, T,‘x - yNk,i> = liFinf(Ainx, Tix - yNk,i> >0,V Tl-x € Ci/ i=0,1,2,...,N.
—00

k—o0

By Lemma 4, we obtain

Tiz € VI(C;, Ay), i=0,1,2,...,N,
which implies that

ze T, Y(VI(C, Ap), i=0,1,2,...,N,

Consequently, we have z € ﬂf\io Tfl (VI(C;, A;)), which implies that z € () as de-
sired. O

Lemma 11. Suppose {x,} is a sequence generated by Algorithm 1 under Assumption B. Then,
the following inequality holds for all p € () :

N
st = pI* < (1= an)ln = pI? + andn = (1= En) 3 0 itinill — (@i + )] Titwn — wy,il|* = (1~ Eu)lleon — a1
i=0
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o — plI?

Proof. Let p € Q). By applying Lemma 3 together with the definition of w;, we obtain

= [[(1 = au) (xu = p) + (1 = )6y (X1 — X5—1) — anp|®

<N (1 = an) (xn = p) + (1 — @) (0 — x4 -1)|I* + 200 (—p, wn — p)

< (1= )5 — pIP + 200 )05 — pllla — 51|+ (1 = 262 %0 — x4 1]

+20n(=p, Wn = Xni1) + 200 (=P, Xps1—p)

< (1 —an)llxn = pI? + 26120 — pll 10 — xnal| + 63130 — %01 [1% + 20| pll | w00 — 41
+ 200 (p P = Xnga)-

Now, using the definition of x,,11, (25), (39) and applying Lemma 3, we obtain

llxns1 — sz = [|Gnton + (1 = Gun)on — P”z
= Gullwn — PHZ + (1= &n)llon — P”z = &n(1 = &n)llwn — UWHZ

N
< Eullwon = pI2 4+ (1= &) [l = 12 = Y b1l = (s + 600 Tiww = 1]
i=0

= &n(1 = &n)llwn — Un”z

N
= llwn — plI* = (1= &) 3 O ittnill = (Pn,i + @I Titon — ttnil|* = (1 = &) lwn — vnl|?

i=0

< (1= )l = plI? + 26ullxn = pl [l — x| + 631200 = x0-1l|? + 200l p [ [[205 — 1|

N
+ 20, (p, p—xp11) — (1 —Gn) Z‘Sn,i']n/i[l = (@i + )] Tiwn — i |* = En(1 = En) [[won — va|)?
i=0

0 0,
= (1= ) o = I+ i [2l = Il i = 1+ Bl = 2™ 0 — 1
n n

N
+2[[pllllwn — xpiall +2(p, p— xn+1>} ) E‘Sn,iﬂn,i[l — (Pui + i)l Tiw,, — ”n,i”Z
i=0

—&u(1—Cn)lwy — UnHz

(39)

N
= (1 —an)|lxn — PHZ +andy — (1—23y) Zdn,iﬂn,i[l - (‘Pn,i + ¢i)] | Trwn — ”n,in = Gn(1 = Gn)llwn — UnHzl
i=0

where dy = 2]/, — p| 212 — x|l + ullxu — X1 | 2 l2tn — 21 || + 211l [[00n — x|l +

2(p, p— xy4+1), which is the required inequality. O

Theorem 1. Let {x,} be a sequence generated by Algorithm 1 under Assumption B. Then, {x,}

converges strongly to £ € Q, where | £ = min{||p|| : p € Q}.

Proof. Let ||| = min{||p| : p € Q}, thatis, £ = P»(0). Then, from Lemma 11, we obtain

[l41 — 32||2 < (=) |xn — 73”2 +”‘ndAnr

On

where d,, = 2||x, — 3?||%||x,, — x|l + 60 lxn — xn,lHa—n

2(%, £ —xp41)-

(40)

1260 = %1l + 2[|2[[[|wn — xn 1]l +

Next, we claim that the sequence {||x, — £||} converges to zero. To do this, in view
of Lemma 1 it suffices to show that limsup d,,, < 0 for every subsequence {||x;, — £||} of

k—o0

{||xn — 2|} satisfying

li}ggf(ﬂxnkﬂ — 2| = |Jxn, — £||) > 0.
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Suppose that {||x,, — £||} is a subsequence of {||x, — £||} such that (41) holds. Again,
from Lemma 11, we obtain

N
(1- an) Z 5nk,z‘77nk,i[l - (¢nk,i + 4’i)]||Tiwnk - unk,in + ’:nk(l - ':nk)”wnk - UnkHz
i=0

< (1= ap)Jxn, — 2[* - [l X 41 — 2> + "‘nk‘{nk-
By (41), Remark 2 and the fact that klim «y, = 0, we obtain
—00
> 2 2
(1= Cn) Y Oy it = @i+ @) Tiwn, — st ill* + G (1= ) |wm, —om > = 0,k — o0,

i=0

Consequently, we obtain

Jim lwn, — v |l = 0; Jlim | Tiwn, — tn il =0, Vi=0,1,2,...,N. (42)

From the definition of w, and by Remark 2, we have

Hwnk - xnk” =I(1- “"k)(xnk + Gnk(x”k - xnkfl)) - xnkH
- H(l - ’X”k)(xnk - x”k) + (1 - ank)enk (x”k - xnkfl) - ankxﬂk”
< (1 —an) [l — Xl + (1 = ) On[[xm, — X1l + e[| %, [| =0, k — oo. (43)

Using (42) and (43), we obtain
[|on, — x4, || =0, k— oco. (44)
From the definition of x,, 41 and by applying (43) and (44), we obtain

HxnkJrl - xnk” = Hgnkwnk + (1 - gﬂk)vﬂk - xﬂk”
< G llwne = xm || + (1= Cu) [ome = x| = 0,k —co.  (45)
Next, by combining (43) and (45), we obtain

0, — a1 = 0, k= . (46)

Since {x, } is bounded, wy, (x,;) # @. We choose an element x* € w,,(x,) arbitrarily.
Then, there exists a subsequence {x,, } of {x,} such that x,,, — x*. From (42), it follows
that w,, — x*. Now, by invoking Lemma 10 and applying (42), we obtain x* € Q). Since
x* € we(x,) was selected arbitrarily, it follows that we, (x,,) C Q.

Next, by the boundedness of {x,, }, there exists a subsequence {xnk}_} of {x;, } such

that x,, — gand
j

limsup (%, £ — x,) = lim (%, £ — xp, ).
k=00 jroo j

Since £ = P (0), it follows from the property of the metric projection map that

limsup (%, £ — x,) = lim (%, £ —x,,, ) = (£, £ —¢q) <0, (47)
k—o0 J—roe !

Thus, from (45) and (47), we obtain

lim sup(%, £ — x;,,,,) < 0. (48)
k—o0
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Next, by Remark 2, (46) and (48) we have lim sup tfnk < 0. Therefore, by invoking

k—c0
Lemma 1, it follows from (40) that {||x, — £||} converges to zero as required. [

5. Applications
In this section, we apply our result to study related optimization problems.

5.1. Generalized Split Variational Inequality Problem

First, we apply our result to study and approximate the solution of the generalized
split variational inequality problem (see [37]). Let D; be nonempty, closed and convex
subsets of real Hilbert spaces H;,i = 1,2,...,N,and letS; : H; = H;;1,i=1,2,...,N—1,
be bounded linear operators, such that S; # 0. Let B; : H; — H;,i = 1,2,..., N, be single-
valued operators. The generalized split variational inequality problem (GSVIP) is formulated as
finding a point x* € D such that

x* €T:=VI(Dy,B1) NSy (VI(Dy, By))N... ST H(S, ... (SN, (VI(DN, BN)))) # @ (49)

thatis, x* € Dq such that
x* e VI(Dl,Bl),Slx* € VI(Dz,Bz),.. .,SN,l(SN_z...Slx*) € VI(DN,BN).

We note that by setting C = D;,C; = D41, A = By, Aj = Biy1, 1 <i<N-1,T] =
S1, T, = 5351, ..., and Ty_1 = SNy_-1SN—_2-..Sq, then the SVIPMOS (10) becomes the
GSVIP (49). Consequently, we obtain the following strong convergence theorem for finding
the solution of GSVIP (49) in Hilbert spaces when the cost operators are pseudomonotone
and uniformly continuous.

Theorem 2. Let D; be nonempty, closed and convex subsets of real Hilbert spaces H;j,i =
1,2,...,N, and suppose S; : Hi — H;1,i = 1,2,...,N — 1, are bounded linear operators
with adjoints S} such that S; # 0. Let B; : H; — H;, 1,2,...,N be uniformly continuous
pseudomonotone operators that satisfy condition (12), and suppose Assumption B of Theorem 1
holds and the solution set T # @. Then, the sequence {x, } generated by the following Algorithm 2
converges in norm to £ € I', where ||£]| = min{||p|| : p € T}.
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Algorithm 2. A Relaxed Inertial Tseng’s Extragradient Method for Solving GSVIP (49).

Step 0. Select initial points xp,x; € Hp. Let Sp = M, 8 1 = $1.4Si,...5, SA;Ql =
S(’;S]*..‘S;‘fl, i=1,2,...,Nandsetn = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6, such that 0 < 6,, < 0, with 0,, defined by

. € .
én = {mm {9' [lxn —2xn ] }’ if ?é Yn—1/

0, otherwise.
Step 2. Compute
wy = (1 — ) (X0 + 0 (xn — x-1))-
Step 3. Compute
Yni = Pp,(Si-1%0n — Ay iBiSi_170n).
Step 4. Compute
Ui = Yni = Ani(Bilni — BiSi-1wn),

)

Apiri = {mm{m Awi+Pni}, if BiSi 1wy — Biyni # 0,
i+ Pnjis otherwise.
Step 5. Compute
N
On = Z] (snfi(w" + Wn,iéytl(un,i - éi—lwn))/
iz
where

181 (Siciwn—uni)2 7

it @) Sic1wp =l & &

s (ool g 82 (8 yron — )| £0,

nt —
0, otherwise.

Step 6. Compute
X1 = Cnwn + (1 - gn)vn-

Set n := n + 1 and return to Step 1.

5.2. Split Convex Minimization Problem with Multiple Output Sets

Let C be a nonempty, closed and convex subset of a real Hilbert space H. The convex
minimization problem is defined as finding a point x* € C, such that

8(x%) = ming(x), (50)
xeC
where g is a real-valued convex function. The solution set of Problem (50) is denoted by
argmin g.

Let C, C; be nonempty, closed and convex subsets of real Hilbert spaces H, H;,i =
1,2,...,N, respectively, and let T; : H — H;,i = 1,2,..., N, be bounded linear operators
with adjoints T;". Let ¢ : H — R, g; : H; — R be convex and differentiable functions. In this
subsection, we apply our result to find the solution of the following split convex minimization
problem with multiple output sets (SCMPMOS): Find x* € C such that

x* € ¥i=argmingn (NN, 77! (argming;)) # @. (51)

1
The following lemma is required to establish our next result.
Lemma 12 ([53]). Suppose C is a nonempty, closed and convex subset of a real Banach space E,

and let g be a convex function of E into R. If g is Fréchet differentiable, then x is a solution of
Problem (50) if and only if x € VI(C,Vg), where Vg is the gradient of g.
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Applying Theorem 1 and Lemma 12, we obtain the following strong convergence
theorem for finding the solution of the SCMPMOS (51) in the framework of Hilbert spaces.

Theorem 3. Let C, C; be nonempty, closed and convex subsets of real Hilbert spaces H, H;,i =
1,2,...,N, respectively, and suppose T; : H — H;,i = 1,2,...,N, are bounded linear operators
with adjoints T}'. Let ¢ : H — R, ¢; : H; — R be fréchet differentiable convex functions such that
Vg, Vgi are uniformly continuous. Suppose that Assumption B of Theorem 1 holds and the solution
set ¥ # @. Then, the sequence {x, } generated by the following Algorithm 3 converges strongly to
% €Y, where ||£|| = min{||p|| : p € ¥}.

Algorithm 3. A Relaxed Inertial Tseng’s Extragradient Method for Solving SCMPMOS (51).

Step 0. Select initial points xg,x; € H.Let Cy = C, Ty = M, vgy = vgand setn = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 60, such that 0 < 6, < 6,, with 0,, defined by

N min<0, —S if x, X
en{ {0 mag) it An

0, otherwise.

Step 2. Compute
wy = (1 —an) (X + 0 (X0 — x,-1))-
Step 3. Compute
Yni = Pe,(Tiwy — Ay iVgi Tiwy).

Step 4. Compute
Upi = Yni— /\n,i(vgiyn,i - VgiT,'w,,),

: it i) || Titwn —Yn,i s

Aperi= min{ (el liontosl 24 piY, i 9giTion — Tgiyni 0,

nt1i = I .
Awi + Onis otherwise.

Step 5. Compute

N
Up = Jn,i (wn + 7]n,iTi*(”n,i - Tiwn))r
i=0

where

[T (Tiwon =) |7

- (47n,x+<l>r)HTiwn*W,x‘Hz/ if ”Ti*(Tiwn _ un/i)H ?é 0,
ni =
, otherwise.

Step 6. Compute
Xp41 = CnWp + (1 — gn)vn-

Set n := n + 1 and return to Step 1.

Proof. We know thatsince g;,i =0,1,2,..., N are convex, then Vg; are monotone [53] and,
hence, pseudomonotone. Therefore, the required result follows by applying Lemma 12 and
taking A; = Vg; in Theorem 1. [

6. Numerical Experiments

Here, we carry out some numerical experiments to demonstrate the applicability of
our proposed method (Proposed Algorithm 1). For simplicity, in all the experiments, we
consider the case when N = 5. All numerical computations were carried out using Matlab
version R2021(b).

In all the computations, we choose «;, = ﬁ, €n

i+1.25,¢; = 0.10,¢; = 0.20,p,,; = 2,6, = .
Now, we consider the following numerical examples both in finite and infinite dimen-
sional Hilbert spaces for the proposed algorithm.

= ﬁ,g = b0 =150,A1; =
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Example 1. Foreachi=0,1,...,5, we define the feasible set C; = R™, Tjx = ziXS and A;(x) =
Mx, where M is a square m x m matrix given by

=1, if k=m+1—j and k>j,
ajp =41 if k=m+1—j and k<j,
0, otherwise.

We note that M is a Hankel-type matrix with a nonzero reverse diagonal.

Example 2. Let H; = R2and C; = [-2 —i,2+i]%, i =0,1,...,5. We define Tyx = 2, and
the cost operator A; : R2 — R is defined by
Ai(xy) = ({+1)(—x¢¥,y), (i=0,1,...,5).

Finally, we consider the last example in infinite dimensional Hilbert spaces.

Example 3. Let H; = {5 := {x = (x1,%x0,...,%j,...) : Z \xj|2 < 4o}, i=0,1,...,5. Let
=

ri,R; € RY be such that o +1 < k’ < rj < R, for some k; > 1. The feasible sets are defined as
follows for each i = 0,1, .

Ci={xeH:|x|] <r}
The cost operators A; : H;i — H; are defined by

Ai(x) = (R — [|x[))x.

Then A; are pseudomonotone and uniformly continuous. We choose R; = 1.4 +1i,1; =
0.8 +1,k; = 1.2 4 i, and we define T;x = l+4

We test Examples 1-3 under the following experiments:

Experiment 1. In this experiment, we check the behavior of our method by fixing the other pa-
rameters and varying c, ; in Example 1. We do this to check the effects of this parameter and the
sensitivity of our method on it
We consider c,,; € {0, 2 n(”’ n‘é%l , n(?gm , noﬁ,%m Y withm = 20, m = 40, m = 60 and m = 80.
Using ||xn41 — x|l < 1073 as the stopping criterion, we plot the graphs of ||x,.1 — Xu||
against the number of iterations for each m. The numerical results are reported in Figures 1-4 and
Table 1.

Table 1. Numerical results for Experiment 1.

m =20 m = 40 m = 60 m = 80
Proposed Algorithm 1 Iter. CPU Time Iter. CPU Time Iter. CPU Time Iter. CPU Time
i =0 128 0.0889 156 0.1235 174 0.2028 189 0.2412
Cpji = V% 128 0.0652 156 0.1241 174 0.2664 189 0.2930
Cpi = % 128 0.0719 156 0.1495 174 0.3013 189 0.3220
Cpi = n% 128 0.0695 156 0.1549 174 0.2959 189 0.3342
Cnj = n(ﬁ% 128 0.0701 156 0.1678 174 0.2877 189 0.3129
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10°
—gf— Proposed Alg. (cn‘i =0)
—&—Proposed Alg. (¢, = 20)/(n%")
Proposed Alg. (c,, = (40)/(n®01y)
—+— Proposed Alg. (c,,, = (60)An%%"))
10° = (80 ]

—A— Proposed Alg. (¢,,; = (80 f(n 0000y

60 80 100 120

lteration number (n)

Figure 1. Experiment 1 : m = 20.

140

10°
i Proposed Alg. (Cn,i =0)
—&— Proposed Alg. (¢, =(20)n 0.1y
Proposed Alg. (¢,,; = (40)/(n 0.0ty
. —+— Proposed Alg. (¢, = (60)(n 0.001y)
10

—A— Proposed Alg. (cn,i = (80)(n 0.0001))

0 20 40 60 80 100 120 140
Iteration number (n)

Figure 2. Experiment 1: m = 40.
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10 ;
=== Proposed Alg. (¢, ; = 0)
~—O— Proposed Alg. (¢, = (20)(n%"y)
Proposed Alg. (c,; = (40)/(n0-°1))
e Proposed Alg. (Cni = (60)/(n°'°°1))
° ' .
10 —Ar— Proposed Alg. (e = (80)/(n90001y)
2
210! |
L
1072 |
103 ) . . ! | ‘ |

0 20 40 60 80 100 120 140 160 180
Iteration number (n)

Figure 3. Experiment 1: m = 60.

10! . ‘ |
—#— Proposed Alg. (¢, ; = 0)
—&— Proposed Alg. (¢, = 20p(n°)
Proposed Alg. (¢, = (40)(n%9")
—+— Proposed Alg. (¢; = (60)/(n%001y)
o —A— Proposed Alg. (¢, = (80)/(n° ")) |

10 :
0 50 100 150 200

lteration humber (n)
Figure 4. Experiment 1: m = 80.

Experiment 2. In this experiment, we check the behavior of our method by fixing the other pa-
rameters and varying c, ; in Example 2. We do this to check the effects of this parameter and the
sensitivity of our method to it.

We consider c,, ; € {0, nzTOJ, ”%%, n(%)m , no?%} with the following two cases of initial values
Xo and xq :
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Case I xo = (2,1); x1 = (0,3);
Case II: xp = (3,2); x1 = (1,1).

Using ||x,41 — xn|| < 1073 as the stopping criterion, we plot the graphs of ||x,.1 — Xu||
against the number of iterations in each case. The numerical results are reported in Figures 5 and 6

and Table 2.

Table 2. Numerical results for Experiment 2.

Case I Case II
Proposed Algorithm 1 Iter. CPU Time Iter. CPU Time
Cpi =0 248 0.0916 248 4.0980
Cpi = % 248 0.0778 248 0.0816
Cuj = 0 248 0.0852 248 0.0818
Cpi = ng—&l 248 0.0875 248 0.0753
Cpi = 710%7% 248 0.0817 248 0.0811

10! ; ‘ ‘

—#— Proposed Alg. (¢, ; = 0)

~—&— Proposed Alg. (¢, = (20)/(n°®1y)
Proposed Alg. (¢ ;= (40)(n%01y)

—+—Proposed Alg. (c,; = (60)/(n %001y

4 —A— Proposed Alg. (c, | = (80)/(n®®®") |

102}

10° !
0 50 100 150 200 250

Iteration number (n)

Figure 5. Experiment 2: Case 1.

Finally, we test Example 3 under the following experiment:

Experiment 3. In this experiment, we check the behavior of our method by fixing the other param-
eters and varying c, ; in Example 3. We do this to check the effects of these parameters and the
sensitivity of our method to it.

We consider c,, ; € {0, %, %, n(%)m , %} with the following two cases of initial values
xo and x1 :

. 1 1 1 . 111
CuSEI'xof(IO'l 'm"")'xlf(i'l'g" )/
. _ (3 3 3 . _ /11 1
Case II: xo = 10’100’@"")’3(1 (§’§’ﬁf' )

Using || xy.1 — xul|| < 10% as the stopping criterion, we plot the graphs of ||x,.1 — Xul|
against the number of iterations in each case. The numerical results are reported in Figures 7 and 8
and Table 3.
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Figure 6. Experiment 2: Case 2.

100 .
—— Proposed Alg. (Cn,l =0)
—©— Proposed Alg. (¢, ;= (20)/(n%")
Proposed Alg. (c, | = (40)/(n°°")
—+—Proposed Alg. (¢, = (60)/(n°001y)
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104 . | . . I
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Iteration number (n)

Figure 7. Experiment 3: Case 1.

Table 3. Numerical results for Experiment 3.

Case I Case II
Proposed Algorithm 1 Iter. CPU Time Iter. CPU Time
i =0 128 0.0682 128 0.0620
Cpi = % 128 0.0434 128 0.0422
Cpj = ’;é—om 128 0.0446 128 0.0474
Cni = ”06% 128 0.0423 128 0.0414
i = o0 128 0.0416 128 0.0424

77



Mathematics 2023, 11, 386
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Figure 8. Experiment 3: Case 2.

Remark 5. By using different initial values, cases of m and varying the key parameter in Ex-
periments 1-3, we obtained the numerical results displayed in Tnbles 1-3 and Figures 1-8. In
Figures 1-4, we considered different initial values and cases of m with varying values of the key
parameter c, ; for Experiment 1 in R™. As observed from the figures, these varying choices do not
have a significant effect on the behavior of the algorithm. Similarly, Figures 5 and 6 show that the
behavior of our algorithm is consistent under varying initial starting points and different values of
the key parameter c,, ; for Experiment 2 in R?. Likewise, Figures 7 and 8 reveal that the behavior
of the algorithm is not affected by varying starting points and values of c,, ; for Experiment 3 in
ly. From these results, we can conclude that our method is well-behaved since the choice of the key
parameter and initial starting points do not affect the number of iterations or the CPU time in all
the experiments.

7. Conclusions

In this article, we studied a new class of split inverse problems called the split vari-
ational inequality problem with multiple output sets. We introduced a relaxed inertial
Tseng extragradient method with self-adaptive step sizes for finding the solution to the
problem when the cost operators are pseudomonotone and non-Lipschitz in the framework
of Hilbert spaces. Moreover, we proved a strong convergence theorem for the proposed
method under some mild conditions. Finally, we applied our result to study and approxi-
mate the solutions of certain classes of optimization problems, and we presented several
numerical experiments to demonstrate the applicability of our proposed algorithm. The
results of this study open up several opportunities for future research. As part of our
future research, we would like to extend the results in this paper to a more general space,
such as the reflexive Banach space. Furthermore, we would consider extending the results
to a larger class of operators, such as the classes of quasimonotone and non-monotone
operators. Moreover, in our future research, we would be interested in investigating the
stochastic variant of our results in this study.
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Abstract: In this article, we present the concept of orthogonal a-almost Istritescu contraction of types
D and D* and prove some fixed point theorems on orthogonal b-metric spaces. We also provide
an illustrative example to support our theorems. As an application, we establish the existence and
uniqueness of the solution of the fractional differential equation and the solution of the integral
equation using Elzaki transform.
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1. Introduction

Around a century ago, the first fixed-point result was introduced. Banach [1] initially
abstracted the successive approximation method for resolving differential equations, and
he later defined it as a concept of contraction mapping. This Banach principle was not only
succinctly stated, but it was also demonstrated by showing how to obtain the desired fixed
point. The fixed point theory is extremely applicable to many qualitative sciences and is
also particularly fascinating to researchers because of the simplicity with which equations
in many research areas can be converted into fixed point problems. Banach'’s fixed point
result has been improved, expanded, and generalized by numerous authors in numerous
ways [2-6]. Istritescu [7,8] provided one of the most significant ideas of convex contraction
and proved some fixed point results. Another interesting extension of the fixed point theory
called “almost contraction map” was introduced by Berinde [9]. In contrast, the concept
of metric was developed in a number of ways, and these contraction principles have been
extended to these new contexts. The idea of the b-metric was initiated by Bakhtin [10]
in 1989. Czerwik [11] gave an axiom that was weaker than the triangular inequality and
formally defined a b-metric space with a view of generalizing “the Banach contraction
mapping theorem”. Furthermore, Hussain et al. [12] improved the b-metric due to the
modified triangle condition without a continuous function. Latif et al. [13] established
some new results on the existence of fixed points for generalized multi-valued contractive
mappings with respect to the w;,-distance in metric space. In 2022, Haghi and Bakhshi [14]
proved some coupled fixed point results by using a without mixed monotone property.
Yao et al. [15] presented a Tseng-type self-adaptive algorithm for solving a variational
inequality and a fixed point problem involving pseudo-monotone and pseudo-contractive
operators in Hilbert spaces.
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Recently, the idea of orthogonality was introduced by Gordji et al. [16] and proved
fixed point theorems in the setting of orthogonal complete metric spaces. In 2022, Aiman
etal. [17] introduced the concept of an orthogonal L contraction map and proved some fixed
point theorems. Furthermore, many researchers improved and generalized the concept
of orthogonal metric spaces (see [18-24]). By motivating all the above the literature work,
here we present the new notion of orthogonal x-almost Istritescu contraction of type D and
D* and prove some fixed point theorems in the setting of orthogonal complete b-metric
spaces. As an application, we apply our main result to the Reiman-Liouville fractional
differential equation and the solution of the second kind Volterra integral equation using
Elzaki transform to strengthen and validate our main results.

2. Preliminaries

The concept of an “almost contraction map” was introduced by Berinde [9], as follows:

Definition 1. [9] Let (W, X) be a metric space. A mapping x: W — W is called an almost
contraction if there exist a constant o € (0,1) and some P > 0 s.t

X(xo, xt) <oX(o0,1)+PX (1, x0), ¥V 0,1 € W.
Bakhtin [10] introduced the notion of b-metric space as below:

Definition 2. [10] Let W be a nonempty set and g > 1. Suppose that the map X : W x W —
[0, 00) satisfies the following axioms:

(i) X(ot)=0iffo=1YoreW;

(i) X(o,1)=X(,0),Vo,teW;

(iii) X (o,1) < g[X(0,¢)+ X(c,1)], Vo,i,c € W.

Then, X is called b-metric and (W, X) is said to be a b-metric space.

In 2017, Miculescu et al. [25] explained the Cauchy criterion in the context of b-metric
spaces.

Lemma 1. [25] Every sequence {¢;} of elements from a b-metric space (W, X) of constant g
having property that there 3p € [0,1) s.t

X(Q]IQ]+1) < pX(Q]!Q]—l)I (1)
for every j € Nis Cauchy.
Popescu [26] demonstrated the concept of an a-orbital admissible as below:

Definition 3. [26] Let x: W — W be a map and a: W x W — [0, c0) be a function. Then, x is
said to be a-orbital admissible if

a(oxe) 21 = a(xox’e) =1, VeeW.
Now, we recall some concepts of orthogonality, which will be needed in the sequel.

Definition 4. [16] Let W be a non-void set and 1. C VW x W be a binary relation. If L fulfilled
the following axiom:

Jog: V1, t Loy (or) Vi, 0o Ly,
then (W, L) is called an orthogonal set.

Gordji et al. [16] presented the definition of an orthogonal sequence in 2017 as follows:
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Definition 5. [16] Let (W, L) be a orthogonal set. A sequence {0, },cn is called an orthogonal
sequence if

(1,00 L gj41) or (V7,041 L @)).

Now, we initiated the new concepts of orthogonal b-metric space, convergent and
Cauchy sequence as follows:

Definition 6. A triplet (W, L, X) is called an orthogonal b-metric space if (W, L) is an orthogo-
nal set and (W, X') is a b-metric space and g > 1.

Definition 7. Let (W, L, X') be an orthogonal b-metric space and a map x : W — W

1. {y} is an orthogonal sequence in W that converges at a point ¢ if
Jim (x(4,1)) = 0.

2. {y}, {tm} are two orthogonal sequences in VW that are said to be an orthogonal Cauchy
sequence if

lim (x(y,tm)) < co.

J,m—00
Gordji et al. [27] introduced the concept of orthogonal continuous as below:

Definition 8. [27] Let (W, L, X) be a orthogonal b-metric space. Then, x: W — W is said to be
orthogonal continuous at 1 € WV if, for each orthogonal sequence {1;},ex in W with 1 — 1. We
have x(1;) — x(v). Additionally, x is said to be orthogonal continuous on W if x is orthogonal
continuous in each 1 € W.

Definition 9. Let (W, L, X') be an orthogonal b-metric space. Then, x*: W — W is said to be
orthogonal continuous at 1 € WV if, for each orthogonal sequence {1, },en in W with 1, — 1. We
have x*(1,) — x2(1). Additionally, x* is said to be orthogonal continuous on W if x? is orthogonal
continuous in each 1 € W.

The concept of orthogonal complete in metric spaces is defined by Gordji et al. [16]
as follows.

Definition 10. [16] Let (W, L, X) be an orthogonal metric space. Then, W is said to be
orthogonal-complete if every orthogonal Cauchy sequence is convergent.

Definition 11. [16] Let (W, L) be an orthogonal set. A function x : W — W is called orthogonal-
preserving if xo L x1 whenever o L 1.

Ramezani [28] introduced the notion of orthogonal a-admissible as follows:

Definition 12. [28] Let x : W — W be a map and & : W x W — [0, ) be a function. Then, x
is said to be orthogonal-a-admissible if ¥ 0,1 € W with o L1

a(o) =21 = w(xoxy) =1

Inspired by the a-almost Istritescu contraction of types defined by Karapinar et al. [29],
we implement a new orthogonally a-almost Istritescu contraction type mapping and
present some fixed point results in an orthogonal CbMS (complete b-metric space) for this
contraction map.
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3. Main Results

First, we introduce the concept of an orthogonally a-almost Istriitescu contraction of
type D.

Definition 13. Let (W, L, X') be an orthogonal CbMS and o : W x W — [0, 00) be a function.
Amap x : W — W is called an orthogonally a-almost Istriitescu contraction of type D if there
existv € [0,1), B > 0s.t forany 0,0 € Wwitho L1

a(0,1)X (x*0, x1) < tD(g,1) + BN(0,1), )

where

D(o,1) = X(xo0.xt) + |X (xe, x*0) — X (xt, x*1)|, €)

and
N(o, 1) = min{X (g, x0), X (1, xt), X (0, x0), X (1, x0) X (x0, x*1), X (xt, X*)}. (4

Definition 14. Let (W, L, X) be an orthogonal CbMS. A map x : W — W is called an
orthogonally a-almost Istritescu contraction of type D if there exist v € [0,1), p > 0s.t for any
0,L€Wuwitho L1

X(x*0,x*) <tD(g,1) + B-N(0,1), ®)

where D(o, 1) and N(o, 1) are defined by inequality (3) and (4), respectively.

Definition 15. Let (W, L, X') be an orthogonal CbMS and a : W x W — [0, 00) be a function.
Amap x : W — W is called an orthogonally a-almost Istritescu contraction of type D* if there
existv € [0,1), B > 0s.t forany 0,1 € Wwitho L1

(0, )X (x*q, x*1) < tD*(g,1) + B.N(o,1), (6)

where

D*(0,1) = |X (0, x0) — X (xt, X*1)| + X (0,0) + | X (1, x1) — X (x0, X%0)], @)

and
N(o, 1) = min{X (g, x0), X (1, xt), X (0, x1), X (1, x0) X (x0, x*1), X (xt, X*)}.  (8)

Theorem 1. Let (W, L, X) be an orthogonal CbMS, x : W — W be an orthogonally a-almost
Istritescu contraction of type D and a: W x W — [0,00), s.t the following conditions hold:

(i) x is orthogonal preserving;

(i) forany m € W, a(x, ) > 1 with x L 71, where x € Fix,(W);

(iii)  x is orthogonal continuous;

(iv)  x? is orthogonal continuous with xx L « and a(xx,x) > 1, for any x € W.

If x is orthogonal & — O A and there exists o9 € W s.t 09 L xo00 and a0, x00) > 1, then x has a
unique fixed point.

Proof. By the definition of orthogonality, we find that 0p L x00 or x00 L 0o. Let
0 =0-1=-=x00

forallj € N. If ¢, = ¢,41 for some j* € NU {0}, then ;- is a fixed point of x and so the
proof is completed. Thus, we assume that ¢; # 0,41 forall; € NU {0}.
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So, we have X' (x0;, x0;+1) > 0. Since yx is orthogonal-preserving, we obtain

o Loqiorg Lo, VyeN,

which implies that {¢,} is an orthogonal sequence. Since x is an orthogonally a-almost

Istritescu contraction of type D, we have a() 0o, XZQQ) > 1, and continuing this process,
we obtain

a(x'0, X' 100) > 1, for jE€N. )

Replacing ¢ by 09 and ¢ by x0p in (2), we have

X (xX*00,x>00) < a(00, X00)X (x*00, X*(x00))
< tD(o, xeo) + BN(0o, x0)
= v(X (x00, X(x00)) + |X (x00, x*00) — X (x(x00) x*(x€0))!)
+ Bmin{X (0o, x00), X (x00, x(x00)), X (0, x(x€0)), X (X0, X0)
X (xe0, X*(x00)), X (x(x00), x*0)}
< v(X(xeo, x*(00)) + X (x00, x*0) — X (x*00, x> 20)|) (10)
+ Bmin{X (g0, x00), X (x00, x*00), X (0, x*@0), X (X0, X00)
X (x00,x’00), X (x*00, x*20)}
= v(X (x00, x*(00)) + X (xe0, x*0) — X (x*e0, x*20))-

If X (x00, x200) < X (x%00,x300), then we have
X(x*00,x°0) < t(X(x00,x*(0)) + X (x*00, x°00) — X (x00, x*00))
= X (x00, X*(00)) < X (x*¢0, x*20),
this is a contradiction. Thus, X' (x00, x200) > X (%00, x>00) and the inequality (10) becomes
X (x*e0, x°00) < v(X(xeo, x*(00)) + X (x*0, x*00) — X (x*0, X’ 0))
= (2% (x00, X*(00)) — X (X*00, A°00)) =

2¢
X(x*e0.X°00) < 7 —

X (x00,x*(00))- (1n
For 0 = 09,1 = x00, taking Equation (9) into account,

X (x’00, x*00) < a(xeo, x*0)X (x*(x00), x*(x*e0)) < tD(x00, x*0) + BN (x00, X*00)
= o(X (x(x00), x(x*@0)) + 1% (x(x00), x* (x00)) — X (x(x*e0), X*(x*0))|)
+ 2 min{ X (x00, x(x00)), X (x*e0, x*20), X (x00, X*00), X (X 00, X0)
X (x*00,x*a0), X(X’00, x’20)}
= t(X (x*00, X°00) + 1X (x*e0, x*20) — X (x*e0, x*20)|)
+ Bmin{X (00, x*00), X (x*00, X*00), X (x00, x> 00), X (x00, X00)
X (x*00,x*a0), X(X’00, x*00)}
= t(X (x*00, X°(20)) + | X (x*00, x> 00) — X (x°00, x*00) -

Since for the case X (x200, x300) < X (x300, x*00), we get

X(x*00,x*00) < t(X(x*00, X°(00)) + X (x’00, x*20) — X (x*00, X 20))
<X (x*00,x*(00)),
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which is a contradiction. Thus, X' (x%00, x*00) > X (x300, x*00) and
X (x’c0,x*0) < ¢(X(x*00, x> (00)) + X (X*e0, X°20) — X (00, X*00))
= (ZX(X 00,X°(00)) = X (x’e0.x*0)), =

X (P00, 00) < —— X (x%00,x°(20))- (12)

- 1 +t
By proceeding in this way,

2t -
X (o0 o) < (750) X (o X (20))

2 -1
< (Htt)] X (x00,x*(00)) = 0, (13)

as ] — oo, because | = -2 e <L

Instead, considering the orthogonal sequence {¢; },civ defined as

01 = X00,02 = X*00,--- ¢ = X' 00,

where g9 € W, from Equation (13), we have

X(0p,041) < 1. X(0)-1,9)),

for j € N. Therefore, from Lemma 1, we obtain {o,},cn from an orthogonal Cauchy
sequence on orthogonal CbMS. Therefore, the orthogonal sequence is convergent. Then,
Jx e Wsit

lim X (g, x) = 0. (14)

]
When the map x is orthogonal continuous, it follows that
Jim X (gy, xxc) = lim X (g;—1,xx) =0,

and thus, we decide xx = «, that is x forms a fixed point of x.
Keeping the continuity of x?, we obtain

. 2 . 2 2
Jim, X(opx7x) = Jim, X(x“¢j-2,x°x) = 0.

Since each orthogonal sequence in (W, L, X') has a unique limit, we obtain )(21( =k, thatis,
x forms a fixed point of x2. In order to illustrate that x also forms a fixed point of x, we
apply the method of reductio ad absurdum. We diminish the consequence and presume
that yx # «. Therefore, from Equation (2), we obtain

0 < X(xx,x) = X(x*(xx), x*x) < alqr,x), X (x*(qx), x°«) < vD(xx,«) + BN (xx, «)
= o(X (xr, x°x) + | X (xx, x21) — X (5, XK |)
+ Bmin{ X (i, xx), X (x, x*x), X (1, x5), X (x5, x00), X (xc, 1°%), X (X, x75) }
= o(X (xx, 1) + [ X (xrc, 6) — X (5, xx) )
=(X(xx, ) < X(xK,x).

Hence, xx = «.
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To prove the uniqueness of the fixed point, let 1 € W be another fixed point of x.
Then, we have x/t = 7, ¥V j € N. Given our choice of « in the first part of the proof,
we obtain

Kk Lmor mlxk.
Since y is orthogonal-preserving, we obtain

X Lxyn
or

XLk, VyeN.
On the other hand, x is an orthogonal a-almost Istritescu contraction. Then, we obtain

X(x, ) = X%k, x°m) < a(x, i), X (X%, x>m) < e.D(x, ) + B.N(x, 1)
< o(X (xx, x71) + | X (xx, XPx) = X (e, x°m0)])
+ B min{ X (x, xx), X (7T, x7), X (x, x70), X (71, %), X (xx, x*m), X()(TC,XZK)}
=v(X(x, ) + | X(x, k) — X(r,7)|) + B min{X(x,«), X (7, ), X(x,7), X (7, x)}
=t(X(x, 7)) < X(x, ),

which is a contradiction. Therefore, x has a unique fixed point. [
Example 1. Let W = [0, 00) and the function X : W x W — [0, 00) with X (0,1) = (0 — )%,

forall 0,1 € W. W be the Euclidean metric. Define o0 L 1if ot < (oV 1) where oV 1 = ¢ or
0V 1=t Defineamap x : W — W by

o ifoel0,1)
Y ifo€1,2)
I S TS P
402 +40+6’ T

We can see that x is discontinuous at o = 2, but x* is orthogonal continuous and x? is orthogonal
preserving on W, since

2 _Jet ifecon)
e {1, ifo € [1,00).

Let the map o : W x W — [0, 00) with ¢ L 1 be given by

0,  ifotherwise.

3, ifo,te(l,00
s(o.i) = { if g,1 € [1,00)
It is clear that ) is an orthogonally x-almost Istritescu contraction of type D. In fact, based on the
definition of the function , the only case we find interesting is 0,1 € [1, c0); we obtain for v € [0,1)
0=3%(1,1) = a(e,)X (x*¢, x*) < tD(e,1) + BN(e,1).

We can conclude that for any o,1 € W, all the conditions of Theorem 1 are satisfied, and
Fix, W = {0,1}.

Corollary 1. Suppose that a self-map x, on orthogonal CbMS (W, L, X) fulfills

X (X0, x*1) <tD(g,1), (15)
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forall 0,0 € W. If either x or x? is orthogonal continuous. Then, x has a unique fixed point.

Proof. Itis sufficient to set a(o,:) = 1 and put = 0in Theorem 1. [J

Theorem 2. Let (W, L, X) be an orthogonal CbMS and x : W — W be an orthogonally «-
almost Istritescu contraction of type D* with B > 0, a: W x W — [0,00) s.t the following
conditions hold:

(i) x is orthogonal preserving;

(i) forany me W, a(k, ) > 1 withx L 7, where x € Fix, (W);

(iii)  x is orthogonal continuous;

(iv)  x* is orthogonal continuous with qx | x and a(qx,x) > 1 for any x € Fix,2(W).

If x is orthogonal « — OA and 3 99 € W s.t 0o L x00 and (00, x00) > 1, then it has a unique
fixed point in x.

Proof. Let g9 € WV and we assume the orthogonal sequence {¢;} follows from Theorem 1.
Then, for each ; € N, we obtain
D*(0-1,0) = |¥ (g1, x0-1) — X (x), X0 + X (-1, + X (e, x0))
- X(x0,-1,x°¢)-1)|
=X (0-1,0)) = X (@1, ¢+2) | + X (@)-1,0)) + X (0, 0)41) — X (@), 1)
= |X(0;-1,0)) — X (011, 0+2)| + X (0;-1,0)),

and
N(g;-1,0;) = min{X (¢;-1,x0;-1), X (01, x0;), X (¢;-1, x0;), X (¢}, x0;-1)
X (x0,-1,x%0)), X (x0,, X*0)-1)}

=min{X (¢, 1,0,), X (0;,0;+1), X (;-1,0;41), X (¢}, ¢))
X (0 042), X(0j+1,041)} = 0.

Taking Equation (9), by Equation (6), we obtain

X(041,042) = X(X*0-1,X%0) < a(0-1,0) X (x*0)-1, X°))
<tD*(¢;-1,0)) +BN(g;-1,0))
=t(X(01,0) +|X(0;-1,0) — X(0j41,042)|)- (16)

If we suppose that X'(¢,-1,0;) < X' (0,+1,0,+2), by Equation (16), we obtain

X(Q]-Hr Q]+2) < t(-;\')(Q]-Hr Q]+2)) < X(Q]-Hr Q]+2)r

this is a contradiction. If X'(0,_1,0,) > X (0;11,0,+2), then

X(Q]+1r@]+2) < t(ZX(ijl, Q])) - X(Q]+1r@]+2)r

which turns into

2t

i1 12X (e-1,¢)), for jEN. (17)

X(0)11,042) <
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2t

t+1
in the process, we have

Denoting by p =

<1, & = max{X (00, 01), X(01,02)}, respectively, and continuing

X(Q]+1r Q]+2) < pX(Q]—lr Q])
<pX(0-3,0-2)

< pl2 max{ X (0o, 01), X (01,02)}

Therefore,
X(0p41,042) <plPE for jEN (18)
and
Jim X(ey,¢41) = 0. (19)

From Lemma 1, the orthogonal sequence {¢,} is an orthogonal Cauchy sequence in orthog-
onal CbMS, so there exists « s.t

jhﬁn;o X(0;,x) =0.

If we consider that (i) holds, we obtain xx = «.
Instead, if we use hypotheses (ii), we have XZK =« and a(xx, k) > 1. We apply the method
of reductio ad absurdum and suppose that xx # «, so by Equation (6), we have

X (xe, k) = X (X% (xx), X°x) < a(xr, )X (X (xx), x°x) < eD*(xx, %) + BN (xx, )
=v(X(xx, ) + | X (e, x2) — X (e, x26) | + 1 X (x, xx) — X (%%, %))
=X (xr, x) < X(xx, ),

which is a contradiction. Therefore, yx = k.

Now, we prove the unique fixed point, let 1 € WV be another fixed point of ). Then,
we have Y = 7r, V€ N. Given our choice of x in the proof of the first part, we obtain

Kk Lmor mlxk.
Since y is orthogonal-preserving, we obtain

X Lxyn
or
xX'm Lk, VyeN.
On the other hand, x is an orthogonal a-almost Istritescu contraction. Then, we obtain
X (k, 1) = X (X°x, X*70)
< a(xk, n)X(XZK, )(27'()
< tD*(x, ) + BN(x, )
=tX(x, ) < X(k, 7).

This is a contradiction, so that X' (x, 1) = 0 then x has a unique fixed point. [
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Example 2. Let (W, L, X) be an orthogonal CbMS, where W = [0,00) and the mapping
X W x W — [0,00) is defined as X (0,1) = (0 — 1)?, for every g,1 € W.
Consider the binary relation L on Wby o L 1if ot < (o V1) where oV 1 =goroVi=1

Let x : W — W be an orthogonal continuous map, defined by
-3 ifec[-10)
20, ife=0.

Then,

—0, ifee[-1,0
Po=17" fe (-1,0)
40, ife=0.

In addition, let the map o : W x W — [0, 00),

{ if 0,0 €[-1,0)

otherwise.

Of course,  is orthogonal x — OA and a(0, x0) = a(x0,0) = «(0,0) = 1.
Ifo,1 € [—1,0], then we obtain X (x%0, x*t) = (0 — 1)? and

D*(0,1) = X(0,1) + X (0, x0) — X (x1, X*0)| + X (1, xt — X (x0, X*0))|
= (=17 +1(e+ 52— (1= 2+ 1+ 57— (6= )]
= (0= +12 - RI+ I - B

9Q — 1 ’+‘912792‘

= (0~ +\

Thus, we can find ¢ € [0,1) s.t
(0, )X (X0, x*1) = (0~ 1)

_ sz 912792

T e

=tD*(0,1).

Otherwise, we obtain a(g, 1) = 0.
Clearly, x is orthogonal continuous. Consequently, from Theorem 2, the map x has a
fixed point.

4. Applications
4.1. Fractional Differential Equations

For a function s € C[0, 1], the Riemann-Liouville fractional derivative of order § >
0,7—1<6 <€ Nisgivenby
1 d ¢ s(m)dn
L(—0)ddl Jo (&—m)°tt

=D’s(Z),
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T is the Euler gamma function, given that the right-hand side is defined point-wise on [0, 1],
where [4] is the integer component of §,I'. Consider the fractional differential equation
as follows:

"D7s()+X(s(6) =0, 0<¢<1, 0<c<L;
5(0) =s(1) =0, (20)

where X': [0,1] x R — R is a continuous function and "D represents the Caputo fractional
derivative of order ¢ and is defined by

dr

Ty _ 1 ¢ d(m)
Y= h T

wherej—1 <0 <jeN,0ceR Let P,S = (C[0,1], [0, 00)) be the set of all the continuous
functions defined on [0, 1] with [0, o). Consider ¢ : P x S — R to be defined by

9(s,5') = sup [s(5) —5'(&)
¢elo1]

and Q(s,s') = 3 forall (s,8') € P x S. Then, (P, S, ¢) is a complete bipolar controlled
metric space.

Theorem 3. Assume the nonlinear fractional differential equation (20). Suppose that the following
conditions are satisfied:

1. 3¢e€[01],x€(0,1)and (s,8') € PxSs.t

|X(8,5) = X(,8")| < Vxls(@) = ')

1
sup |G(&, m)|Pdm < 1.
56[071]/0

Then, the Equation (20) has a unique solution in P U S.

Proof. The given fractional differential equation (20) is equivalent to the succeeding inte-
gral equation with the orthogonal set (W, 1),

s(8) = /01 G(& m)X(q,s(m))dm, Y& meW.

Take the orthogonal function G (¢, ) with ¢ L 7,

[a-m)])" ' —(E-m)!
o(¢,) - o 0sTsisl
! [EA-—m)]” < C < <1

;(U) , 0<c<n<l

Define the covariant mapping 7: PUS — P US and 7 is orthogonal preserving. For
each ¢, € YW with ¢ L 7 as defined by

1
75(2) = [ 9(6, )X (a,5(m))dr.
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It is easy to note that if s* € J is a fixed point then s* is a solution of the problem (20).
Lets,s/ € P x Swiths L s'. Now,

-1 2
730 -7 OF = | [ 6en s(n»dn——/ G(6, )X (a,5'(m))dr

2
dr

/\QCHZWI/‘ (0,5(0)) ~ X(0,5'(7))

< xls(&) -s'@)"

Taking the supremum on both sides, we obtain

¢(T5,75) < xo(s,s).

Hence, all the hypotheses of Theorem 1 are verified, and consequently, the fractional
differential Equation (20) has a unique solution. [

Example 3. The linear fractional differential equation is as follows:

D75(E) +5(8) = P+, @1)

I3-o)

where DY represents the Caputo fractional derivative of order o with the initial condition:
5(0) =0, '(0) =0.

The exact solution of Equation (21) with o = 1.9:

Clearly, s(¢) is an orthogonal continuous function on [0, 1]. In virtue of Equation (20), we can
write Equation (21) in the homotopy form;

D7s(8) +ps(¢) — (3 Gt =0 22)
the solution of Equation (21) is:
5() = 50(¢) +ps1(8) +p%s2(8) + - (23)

Substituting Equation (23) into (22) and collecting terms with the power of p, we obtain

p0: D7s(E) =

pl: D7s1(3) = —ﬁo(if) x(¢)

p?: D7sy(8) = —s1(8) 4)
P D”%(C) —52(8)

Applying QO and the inverse operation of D, on both sides of Equation (24) and fractional integral
operation (Q7) of order ¢ > 0, we have
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1 i
s0(8) = ) &' (0)%
i=0 :
0 1
= 5(0)% +s’(0)%
51(8) = —07[s0(&) + O71x(2)]]
_ r'(4) v
_§2+r(4+0)€3+ ,
5(8) = —07 [1(2)]
2 . 6 -
T TB+o) &= [(3+20) e
53(8) = —0 [52(2)]
2 o 6 T
T T(3+20) & I(3+30) e
Hence, the solution of Equation (21) is
s(8) = s0(8) +51(8) +52() + -+~
—ay T o) 2 st 6 a3t
=Tt tmrat Ctart
when o = 1.9
_ 6 749 __2 69 __0 69
@)=+ R v r@o)® » T78)° "
= 2 — small terms
5] gz,

(25)

(26)

Table 1 displays the numerical and exact results using the matrix approach method with ¢ = 1.9

and N = 51.

Table 1. The numerical and exact solution using the matrix approach method.

¢ s5(9) 5,(%) s(8) —5,(9)]
0.00000 0.00000 0.00000 0.00000
0.10000 0.01000 0.00862 0.00138
0.20000 0.04000 0.03769 0.00231
0.30000 0.09000 0.08654 0.00346
0.40000 0.16000 0.15474 0.00526
0.50000 0.25000 0.24193 0.00807
0.60000 0.36000 0.34786 0.01214
0.70000 0.49000 0.47244 0.01756
0.80000 0.64000 0.61581 0.02419
0.90000 0.81000 0.77841 0.03159
1.00000 1.00000 0.96098 0.03902

Figure 1 compares both the numerical and exact solutions for the fractional differential
Equation (21). Moreover, Figure 2 shows the absolute error between the numerical and

exact solutions.
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The solution of fractional dif
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Figure 1. The convergence between an approximate and exact solution with an interval difference of
0.1 for Example 3.
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Figure 2. The absolute error with an interval difference of 0.1 for Example 3.

The exact and absolute solution is an equal value of 0 in this case. Therefore, the unique
solution to this problem is 0. Hence the unique fixed point at 0.

4.2. Application of Elzaki transformation

We prove the convolution of the Elzaki transform by a different method with Elzaki.
1
E(xxg) = ~E(X)E(0)

for E(X) is the Elzaki transform of X. In general, we can find the solution by using the
Elzaki transform as follows:

Theorem 4. Let us consider the Volterra integral equation of the second kind as follows:

4
1(0) = 0(6) + / K( — Du(b)dt. 27)
a
It can be expressed as

at

(O =ET (@) =B (25,

where K is the kernel and E[1(£)] = T (a).
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Proof. Let E[1(¢)] = T (a),E(x) = Land E(q) = T. If X(«(¢)) = ¢(¢) is given, define the
orthogonal relation L on W by

tlqgorg Ll

let us take both sides on the Elzaki transform; we have

1 1
(@) = SE()E(q) = LT,

a a
for T is the transfer function. If we take the inverse Elzaki transform, we obtain

1=9 Ya) =t*q=9*1(%£7’), Ve lg,

for x is the standard notation of convolution.
Let us take the Elzaki transform on Equation (27). Then we obtain

T(a) = X = E(1#v) :X+%.7(a)K, Vile,

for X = E(p) and for K = E(t) is orthogonal continuous. Organizing the equality, we obtain

O

Example 4. Let us consider the Volterra integral equation

¢
’0) —/ H(C— B)dt = 1. 28)
0
Solution. Writing
1—fx1=1,

for 1t L £, we obtain
1
7 (a) = ZE(O)T (a) = E(1),

for E[1(¢)] = T (a). From the table of the Elzaki transform Table A1 in Appendix A, we obtain

T (a) — =a’T (a) = o

Q-

Arranging the inequality, we obtain
2

1—a2’

T (a) =
Tnking the inverse Elzaki transform, we obtain
1(¢) = cos(ht),

for h is a hyperbolic function.
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It is a well-known fact that the first order ODE

di
% =X(o,1),VoLly

with the condition 1(a) = 1 is rewritten to

Q
o) =10+ [ X(C,9(0)L,
where X is orthogonal continuous and contains the point (a, 1p). Similarly, an initial value problem
U+ A +B)=0

with the condition ((a) = 19,/ (a) = 1 is rewritten to the Volterra integral equation of the
second kind

0(0) = X(0) + / Ko, Dbyt (29)

where K((,t) = —A(t) + (t — £)(B(t) — A'(t)). Additionally, the above X({) is orthogonal
continuous on [a, b] and the kernel K is orthogonal continuous on the triangular region R in the
Lt-plane given by a < t < £,a < £ < b. Then we know that (29) has a unique solution 1 on [a, b)].

Example 5. Solve the Volterra integral equation

¢
’(0) = / J(t)sin(€ — £)dt = .
0
Solution. The given equation can be written by
I—1%xsinl =/,

for ¢ Lt, €€ [0,1]. Let us write E[1(€)] = T (a) and apply the convolution theorem. Then,
we obtain
Cl3 3

() - T

1
27 (a)
We obtain
T (a) = a®(14a?)
=a+d
As we scan a table of Elzaki transformations Table A1, we obtain

¢3

It is clear that 1(£) is orthogonal continuous on [0, 1]. Its shown in Figure 3 as follow:

97



Mathematics 2023, 11, 677

0.25

021

0.15

011 B

005 4

0.3 0.4 0.5 0.6 0.7 0.8 0.9
Xaxis=t

Figure 3. Graph of ((¢) with an interval difference of 0.1 for Example 5.

5. Conclusions

In this paper, we proved some fixed point theorems for an orthogonal Istritescu
type contraction of maps in an orthogonal CbMS. Furthermore, we presented examples
that elaborated on the usability of our results. Meanwhile, we provided applications to
the existence of a solution for a fractional differential equation and second kind Volterra

integral equation through an Elzaki transform by using our main results.
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Appendix A

Table Al. Elzaki transform of some functions.

t x(a)
1 2
t a®
£ &
6
t o/ +2
2
bt a
1 —3ba
sin(bt) ba
1+ b2a?
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1. Introduction

Over the years, a large number of researchers have attempted to generalize the usual
metric space concept, e.g., the studies in [1-3]. However, many of these generalizations
were refuted by other studies, e.g., [4-7], due to the fundamental flaws they contained. A
solid generalization known as G-metric space was introduced in 2006 [8], in an appropriate
structure, which corrected all of the shortcomings of earlier generalizations. The so-called
G-metric space, as introduced in [8], is given below.

Definition 1 ([8]). Let A be a nonempty set and let the mapping G : A x A x A — R satisfy

* G(C1,0208) =0l =0 =105

e 0<G(81,01,82) whenever §y # 0y, forall £1,05 € A,

° g(glr gll CZ) < G(glr €21 C3) whenever 62 7& §3,f07‘ all glr gZ/ §3 S -Ar

* 9(010203) = G(81,83,02) = 9(02, 01, 03) = -,

° g(él/ §2/ €3) < g(glr gr g) + g(gr €2/ §3),f01’ all glr 621 §3r g €A

Then, the mapping G is called a generalized metric and is denoted by the G-metric on A. In addition,
(A, G) is called a generalized metric space and is denoted by G-metric space.

In what follows, examples of the presented G-metric space are given.

Example 1 ([8]). Let (A, h) be any metric space and let the mappings G, : A x Ax A — RT
and Gy : A x Ax A — RY be defined as

Gr(C1,82,G3) = 1(C1,82) + 1(G2,G3) + h(C1, ),
Gt(G1, 82, 03) = max{h({1, $2), h(82, 83), h(81, 83) }, V01, 82, 05 € A

Mathematics 2023, 11, 890. https:/ /doi.org/10.3390/math11040890 100
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Then, (A, Gy) and (A, Gy) are generalized metric spaces.

Definition 2 ([8]). Let (A, G) be a generalized metric space and let {ay, } be a sequence of points
in A. Then,

o If liril G(a,an, am) =0, ie., forany e > 0, Fan integer N € Nsuch that G(a,a,, an) < €,
n,1Mm—00

forall n,m > N, then the point a € A is called the limit of the sequence {ay,}, and {a,} is
said to be G-convergent to a;
o If liin G(an, am,a;) = 0, ie., for any given € > 0, 3 an integer N € N such that
n,m,K—»oo

G(an, am,ar) < €, foralln,m,k > N, then the sequence {a, } is called G-Cauchy;
e Thespace (A, G) is said to be a complete G-metric space if every G-Cauchy sequence {ay, } in
A is G-convergent in A.

Proposition 1 ( [8]). Let (A, G) be a generalized metric, G-metric, space. Then, the sequence
{an} is G-convergent to a if and only if li_r)n G(am, am, a) = 0if and only if li_r)n G(am,a,a) =0
m—00 m-—00

if and only lfmlirﬂoo G(am,an,a) =0.

Proposition 2 ( [8]). Let (A, G) be a generalized metric, G-metric, space. Then, the sequence
{am} is G-Cauchy in A if and only if hILI G(am,an,a,) = 0.
,1—00

Recalling that a point a* is called a fixed point for a function f whenever f(a*) = a*,
impressively, several theorems on the existence and uniqueness of fixed points and other
conclusions were obtained in the aforementioned generalization of the usual metric space;
for instance, one can refer to the studies in [9-12] and references therein.

Interestingly, throughout the past years, there have also been various attempts to
expand and generalize Banach'’s contraction mapping principle [13], which is a fundamental
concept that is applied to many problems in science and engineering. It needs to be affirmed
that one of the key findings in analysis is the fixed point theorem of Banach, which is
very well-known and has been applied in numerous mathematical areas. Kannan [14]
successfully extended the Banach contraction principle as described below.

Definition 3 ([14]). A mapping K : A — A, where (A, h) is a usual metric space, is called
Kannan contraction if 3v € [0, %) such that ¥ {1, (> € A, the inequality

h(KZ1,KZ2) < vlh(T1, KZ1) + h(C2, KT2)],
holds.

Kannan was able to prove that if K is a Kannan contraction mapping, then it has a
unique fixed point provided A is complete. Another extension of Banach contraction was
introduced by Chatterjea [15] and is given below.

Definition 4 ([15]). A mapping K : A — A, where (A, h) is a usual metric space, is called a
Chatterjea contraction if 3v € [0, %) such that ¥ y, (> € A, the inequality

WK1, KE2) < vlh(G1, KG2) + (82, K1),
holds.
Similar to Kannan, Chatterjea [15], using his new definition, managed to prove that
Chatterjea contraction mapping has a unique fixed point provided A is complete. Interest-

ingly, Zamfirescu [16] in 1972 presented a fixed point result that combines the contractions
of Chatterjea, Kannan, and Banach, which is stated below.
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Theorem 1 ([16]). Let (A, h) be a complete metric space and let KK : A — A be a mapping
for which 3 scalars vy, vy, and v that satisfy 0 < vy < 1,0 < vy, v3 < %, such that for any
01,02 € Aat least one of the following is satisfied.

o (KT, KE) <uih(T1,82);
o (K1, KE) < valh(81, KT1) + h(82, K22));
° (K1, KE2) < vs[h(§1, KG2) + h(Ga, KG1))-

Then, K has a unique fixed point a*. Moreover, the Picard iteration, {a,}5_, which is given by
ay11 = Kay, n=0,1,2,... converges to a* for any ag € A.

By taking into consideration non-empty closed subsets {Bj}?zl of a complete met-

ric space and a cyclical operator K : '61 Bj — EJ] Bj, i.e., satisfies K(B;) C Bj1Vj €
j= j=

{1,2,...,q}, the cyclical extensions for the above fixed point results were discovered later

by researchers. With the use of fixed point structure arguments, Rus gave a cyclical ex-

tension for Kannan’s result in his work [17], while Petric gave cyclical extensions for

Zamfirescu and Chatterjea results in [18].

Khan et al. [19] addressed the idea of a control function in light of altering distances
that led to a new class of fixed point problems. Numerous publications on metric fixed
point theory have employed altering distances, for instance, see [20-24] and references
therein.

Here, in this work, we consider the generalization of the usual metric space that was
introduced in [8] and present new extensions and generalizations of Banach, Kannan, and
Chatterjea contractions and their cyclical expansions. In addition, some of the fixed point
theorems that are found in the literature in the setting of G-metric spaces are generalized
here in this study. The presented results are obtained with the help of the continuous
function © : [0,00) — [0, c0) that satisfies ©(Z1,»,{3) = 0 if and only if {; = o = {3 = 0,
and the altering distance function IT that is defined in the sequel. In the end, examples
have been given to show the reliability of the demonstrated results, and we conclude with
a section of conclusions.

Definition 5. Let IT : [0,00) — [0, 00) be a function that is continuous, non-decreasing, and
satisfies I1(s) = 0 if and only if s = 0. Then, I1 shall be called an altering distance function.

2. Main New Results in G-Metric Spaces

We start this section by presenting what shall be called a G-(IT — ®)-cyclic Kannan
contraction and a G-(IT — ®)-cyclic Chatterjea contraction. Then, we give our main work
and results.

q q

Definition 6. Let K : U B; — | Bj be a cyclical operator, where { Bi}?zl are non-empty closed
=1 j=1

subsets of a G-metric space (A, G). Then K is called a G-(I1 — ©)-cyclic Kannan contraction if

I scalars a,y with0 < B < 1and 0 < a + B < 1, such that for any {1 € Bj, (2,03 € Bjy1,j =

1,2,...,q, we have

(G (K21, KC2, KT3)) < T1(aG(C1, KT1, KZ1) + B(G (82, K2, KT2) + G (83, K3, K3)))
7®(g(€lr’CC11K€1)rg(€21 ’ngr ’ng)rg(&ir K:€3r ’CC3))1

where IT and © are the two functions given earlier.
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Definition 7. Consider the same assumptions given in Definition 6. Then, K is called a G-
(IT — ©)-cyclic Chatterjea contraction if 3 scalars a, p with 0 < & < % and 0 < o+ B < 1, such
that for any a Bj,b,c S Bj+1rj =1,2,...,q, we have

I1(G(Ka, Kb, Kc)) < II(aG(a, Kb, Kc) + BG(b,c, Ka))
—0(G(a,Kb,Kc),G(b,c,Ka),G(c,b,Ka)),

where again, IT and © are the two functions given earlier.

Theorem 2. Let {Bi}?zl be non-empty closed subsets of a complete G-metric space (A, G) and

q q

K : .Ul Bj — .Ul B; be a cyclical operator. Assume K satisfies at least one of the following
= J=

statements:

S1. Jreal numbers a,y with 0 < v < land 0 < a +y < 1, such that for any a € B;,b €
Bjy1,j=1,2,...,9, we have

I1(G(Ka, Kb, Kb)) < T1(aG(a, Ka, Ka) + vG (b, Kb, Kb))
—0(G(a, Ka, Ka), G (b, Kb, Kb), G (b, Kb, Kb)).

S2. 3 real numbers o, with 0 < a < % and 0 < a4+ 6 < 1, such that for any a € Bj,b IS
Bj+1/j =1,2,...,q, we have

I1(G(Ka, Kb, Kb)) < T1(«G(a, Kb, Kb) + 6G (b, b, Ka))
—@(G(a, Kb, Kb),G(b,b,Ka),G(b,b,Kb)).

q
Then, K has a unique fixed point a* € (\ B;.
j=1

Proof. Consider the recursive sequence a,,1 = Ka,, n > 0 with an arbitrary initial starting

q
value ay € .Ul B;. If 3 a value ny € N such that a,,)1 = an,, then the existence of the fixed
=
point is achieved. Hence, we assume a,,11 # ay,, for all the valuesn = 0, 1,. ... Due to this
assumption, one shall be sure that 3 j, € {1,...,4q} such thata, ; € B;, and a, € B;, .
Now, let first /C satisfy the first statement, i.e., S1. Then, we have

(G (an, api1,an41) = IHG(Kay-1,Kan, Kan))

< I “g(anflllcanflr ’C”nfl) +7g(an/ Kay, K”n))
G(ay—1,Kay_1,Kay,_1),G(an, Kay, Kay), G (an, Kay, Kay))
&G (an-1,an,an) +vG (an, any1,an41))
G(an-1,an,01),G(An, 041, 8041),G(n, ans1,an41))
< THaG(an-1,an,an) + G (an, Ani1, ny1))-

=4 9

@

(
(
(
(
- (
(
Due to the fact that Il is non-decreasing, one gets
g(“nr Ap+1, an+l) S ag (anflr an, 117;) + ')/g(ﬂn, Ap4+1,0n41 )/
which leads to

o
G(an, ans1, 1) < ﬁg(an_wn,an),wl. M

Since 0 < a + < 1, one gets G(au, a,+1,4,+1) is a non-increasing sequence of non-negative
real numbers. Therefore, 31 > 0 such that

nlgr;o G(an, ans1,an1) = 1.
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Exploiting the continuity of the functions IT and ®, one gets

11(1) T1((a +7)1) — O(L,1,1)

<
< II(r) —O(L1L1),

which leads to ©(1,1,1) = 0, and as a result, I = 0.
In the same way, if K satisfies the second statement, i.e., S2, then we get

(G (an, api1,an41)) = THG(Kay_1, Kan, Kay))

(«G (a1, Kan, Kan) +vG(an, an, Kay 1))
—0(G(ay—1,Kan, Kay),G(an, an, Kay_1),G(an, an, Kay,_1))
(aG(an—1,an+1,8n+1) + G (A, an, an))
—O(G(an-1,n+1,8n+1), G (an, an, an), G(an, an, an))

< TH(aG(an—1,8541,8041))-

IN

Now, as IT is non-decreasing, one gets

g(anr Ap+1, un+1) < lxg(an—lr Ap+1, an+l)' (2

Using the rectangular inequality implies

G(an,any1,8001) < aG(an-1,8011,8041)
< a[g(anflr ay, an) + g(”nr Ap+1, an+1)}r
which leads to
w
g(an/an+lran+l) < mg(an—lranran) ©)]

Due to the fact that 0 < a < %, we have {G(ay, a,41,a,41)} is a non-increasing sequence of
non-negative real numbers. Therefore, 31 > 0 such that

nlg'fgo G(an, ans1,ap41) = L.

For the case @ = 0, one clearly gets, I = 0, and, for 0 < a < %, one gets ﬁ < 1, and hence
by induction, one gets

o
1—

n
G(an, ay41,an41) < ( lX) G(ap, a1, m1),

and therefore, | = 0.
Lastly, for a = %, from (2), one gets

g(anflr An+1s an+1) = Zg(ﬁn, An+1, an+1)r

and therefore,
nlgrolo g(anflran+1ran+l) Z 21/

however,
g(an—lr Ap+1, an+1) < g(aﬂ—lr Qay, 1111) + g(‘lnr Ap+1, un+1)r

which leads, as n — oo, to

li a,_1,a a <2
”gl’olog( n—1,9n+41, n+1) =
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Hence, lim G(a,_1,a a =2l
'nawg( n—1,%n+1, n+1)

Now, with the use of the continuity of the functions I'T and ©, and as « = %, one gets

TI(1)

IN

I (% .2z> —©(21,0,0)
= II(I) - ©(21,0,0),

which leads to ©(2/,0,0) = 0, and therefore, I = 0.

Next, we show that for every € > 0, 3n € N such thatif r,s > n with r —s = 1(m), then
G(ay, as,as) < € which is needed in order to prove that {4, } is indeed a G-Cauchy sequence
in A.

We use the proof by contradiction, and hence we assume that 3 € > 0 such that for any
n € N, we can find r, > s, > nwithr, —s, = 1(m) that satisfy G(a,,, as,,4s,) > €.
Taking n > 2m, one then can choose r;, corresponding to s, > n in such a way that it is
the smallest integer with r, > s, satisfying r, — s, = 1(m) and G(a,,, as,,as,) > €. Hence,
G(as,, as,, ar,_,,) < €.

Applying the rectangular inequality, one gets

€ < G(ay, as,,05,) < G(ay, ,a,05)+G(ar, , an,_,a5,)
S g (arn—Z’ Asy s asn) + g (arn—Z’ Ary_5r 01,4 ) + g(urn—l’ Ary_qr urn)

m
S g(ﬁs”, Asyyr Ary m) + Z g (urn—j’ arn—]’ arn—j+1>
j=1
m
< €+ E g (arnfi,a,nij,arnim).

j=1
Taking the limit as n goes to infinity, and considering

nlgro}o g(”n/ Ant1, an+1) =0,

lead to
€< r}%g(a,”,asn,asn) <e+0=e,

and hence, lim G(ay,, as,,as,) = €.
n—00

Using the rectangle inequality implies

g (asn' sy, Ay ) g (afn’ aVyHrl 4 arn+1 ) + g (a7n+1 1 sy, sy, )
g(ﬂrn, arn+1’ ﬂrrl+1) + g(arVHrl’ ﬂ5n+1’ ﬂ5n+1) + g(a5n+l’ As,r asﬂ)
g (”fn' Ary 17 A1y ) +G (arn+1 7 sy, 10 Bsy 41 ) + g(asn/ Asys17 Bsy41 )

+g(a5n+1 ’ asn+1’ sy, )

ININ A

Additionally,

g(“’nﬂ ’ asnﬂ ’ asnﬂ ) g(“’nﬂ 7 sy asn) + g(asn' u5n+1 s, )
g(”r,x+1r”rmarn) +G(ar,, as,,ar,) + G(as,, Asyqr a5n+1)
g(a7n’ a7n+1’ arﬂ+1) + g(a7n+1’ arn+1’ urn) + g(arn' Asyr asn)

+G (ﬂs,,/ s, 1,8, )

IA A IA

Letting n go to infinity and considering 1211 G(an, apy1,a,y41) = 0 implies
n—o0

€< nlg'[;lo g (arnJrl’ s,y 1q7 u5n+1) < €, which leads to 1/115)1’010 g (a’n+l’ s,y 1q7 a5n+1) =€.
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Now, let IC satisfy the first statement. Then, since a,, and 4, are in distinct consecutively
labeled sets Bj and Bj+1/ for a particular 1 < j < m, one gets

I1(g (a5n+1’asn+1’arn+l)) = II(¢(Kas,, Kas,, Kay,))
(aG(as,, Kas,, Kas,) + vG (ar,, Kay,, Kay,))
G)(g(”rn/ ’Curnf Kﬂr” )’ g(asnf Kasn’ ,Casn )/ g(asn/ ’Casn/ ’Cusn))'

A

Taking the limit as n goes to infinity in the last inequality, one obtains
I(e) < TI1(0) — ©(0,0,0) = 0.

Hence, ¢ = 0 which leads to a contradiction.
Similarly, if K satisfies the second statement, then one gets

H(g (ﬂ5n+‘1 ’ usn+1 ’ ﬂrn+1 ) ) H(g(lcasn' ,Casn' ’Carn ))
H(“g(arnl ’Casn’ ’Casn) + ’Yg(asnl Asys ’Carn ))

—®(g(ﬂr”, ’Casn’ Kusn )’ g(asn’ sy, Kﬂr” )’ g(asn’ Ay, ICa?'n))‘

IN

Again, taking the limit as 7 goes to infinity in the last inequality, one gets
II(e) < II((x+7)e) — O(e, € €).

Since 0 < o+ < 1, we get O(¢,€,€) = 0, and therefore, € = 0, which is again a
contradiction.

As a consequence, one can find for € > 0, an integer n9 € N such that if r,s > ny with
r—s =1(m), then G(a,,as,as) < €.

Using the fact that nlglc}o G(an, ayt1,0,+1) = 0, one can find an integer 77 € N such that

€
G(an, apy1,an41) < e for n > ny.

In addition, for some integers p,q > max{ng,n1} andg > p, 3¢ € {1,2,...,m} such that
q—p={(m). Hence, g — p +i = 1(m) for i = m — £ + 1. Therefore, one gets

Glap,ap,aq) < Glap,ap,a,.i) +G(agi agyi agri-1) + .- +G(agy1,a541,44),

which leads to
m
Q(ap,ap,aq) <e+ % Z 1=2e.
i=1

9
Hence, {a,,} is a G-Cauchy sequence in jL_Jl Bj, and consequently converges to some a* €

q
UB - However, in view of the cyclical condition, the sequence {4, } has an infinite number
j=1
. . q
of terms in each Bj, forj=1,2,...,q. Therefore, a* € B;.
j=1
In order to show that a* is a fixed point of K, we assume a* € Bj, and Ka* € Bj+1, and
we consider a sub-sequence a,,, of {a,} where a,, € Bj_1. Now, if IC satisfies the first
statement, then

I1(G (an,,,, Ka*,Ka*)) = TI(G(Kan, Ka*,Ka"))
< IN(aG(an, Kay, Kan,) +vG(a*, Ka*, Ka*))
—0O(G(an,, Kay,, Kay,),G(a*, Ka*,Ka*),G(a*, Ka*, Ka™))
< I(aG(an, Kan, Kan,) +vG(a*, Ka*, Ka*)).
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Taking the limit as £ goes to infinity, one gets
I1(G(a*, Ka*, Ka*)) < IL(aG(a*,a*,a") + vG(a*, Ka*, Ka*)).
Knowing that the function I1 is non-decreasing, one gets
G(a*, Ka*, Ka*) < yG(a*, Ka*, Ka*).

Now, using 0 < v < 1, one gets G(a*, Ka*, Ka*) = 0, and therefore, a* = Ka*.
In a similar way, if K satisfies the second statement, then

IL(G (an,,,, Ka*, Ka*)) = IL(G(Kay,, Ka*,Ka*))

< I(aG(an, Ka*,Ka*) +vG(a*,a*, Kay,))
—0(G(an,, Ka*, Ka*),G(a*,a*, Kay,),G(a*,a%, Kay,))
(aG(an,, Ka*,Ka*) +vG(a*,a*, Kay,)).

IN

Taking again the limit as ¢ goes to infinity, one gets
I1(G(a*, Ka*, Ka*)) < I(aG(a*, Ka*, Ka*) + G (a*,a*,a*)).
Again, exploiting that the function IT is non-decreasing, one obtains
G(a*, Ka*,Ka*) < aG(a*, Ka*, Ka™).
Now, since 0 < a < 2 5, one gets G(a*, Ka*,Ka*) = 0, and therefore, a* = Ka*. O

Theorem 3. Let {B v}q be non-empty closed subsets of a complete G-metric space (A, G) and

K: U Bj — U Bj be a cyclical operator. Further, assume KC is either a G-(I1 — ®)-cyclic Kannan
j=1
contraction, Deﬁmtzon 6, or a G-(IT — ©)-cyclic Chatterjea contraction, Definition 7. Then, K has

q
a unique fixed point a* € () B;.
j=1

Proof. Taking {3 = (» in Definition 6 and ¢ = b in Definition 7, the proof follows directly
from the proof of Theorem 2 with v = 2 for the first statement and 6 = p for the second
statement. [

3. Applications and Examples

In this section, applications of the results are given in order to show the reliability of
the demonstrated results.

Example 2. Consider the complete G-metric space, (A, G) and the mapping K : A — A that is
a cyclical operator, where A = U Bj and {B; }” 1 are non-empty closed subsets of (A, G). If, for

any §1 € Bj, 02 € Bjr1,j =1, 2 ,n, with B, 1 = By, at least one of the following holds:

G(K&1,K3,KE2) @G (81,01, K81)+7G(02,K82,KE2)
/ w(u) du < / w(u) du,
0
or
G(K81,K8,KL) G (51,K0,K0)+7G(K81.02.82)
/ w(u) du < / w(u) du,
0 0
where w : [0,00) — [0, 00) is a Lebesgue mtegrable mapping that satisfies fo ) dt >0, for

u > 0, then K has a unique fixed point a* € ﬂ B;.
=1
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This is a straightforward conclusion that one can easily obtain. To that end, let IT: [0, 00) — [0, 0)
be defined as I1(u) = [, w(t) dt > 0. Then, 11 is an altering distance function, and by choosing
O(C1, 2, C3) = 0, one gets the result.

Example 3. Let G(01,02,83) = |01 — G2l + 102 = G3| + |81 — Gsf and A = [-1,1] C R.
Moreover, consider the mapping K : [—1,0] U [0,1] — [—1,0] U [0, 1] which is defined by

_1
—1te" M, te[-1,0),
Kit)=1{ o, t=0,
1

—1te” M, te(0,1].

By taking O(s,t,u) = 0,11(s) = s, and a € [0,1], b € [—1,0], one obtains

G(KZ1, K2, KE2) = KT — Kol + [KZ — Ko| + 1KZ2 — Ko
= K& — Koo| +|KG — KEo|

1. -1 1 _1
= ‘figle \41\+§€ze I&]

1. -1 1. _1
+‘7§€'1€ \51\+§§23 2ol

IN

1 1 1 1
§|Cl| + 5\@2\ + §|Cl| + 5\52\

IN

1. 1] 1 1. ~1] 1 1. -1
Cl"‘E@le “l T3 524‘5@2@ =1 3 €1+§§1€ l

1
2

1
-% O+ %526 !

= %|’C§1 Gl + %\ng — 0l + %|’C€1 —al+ %V@z — 0
= %(\’CCl —Gl+IKG - al) + %(“ng — 02|+ |KG2 = 22])
= 30 KE,KE) + 36(0 Ko KD),
and hence, IKC has a unique fixed point in the intersection of [—1,0] and [0, 1] which is a* equals zero.

4. Conclusions

New results on the existence and uniqueness of fixed points in the context of complete
generalized metric space have been proved using the novel cyclic contractions of Kannan
and Chatterjea type that have been introduced in this study. Importantly, the findings are
expansions and generalizations of existing fixed point theorems by Kannan and Chatterjea
and their cyclical extensions. Moreover, the results given in this paper will also extend
number of previous results on fixed points in generalized metric spaces.
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Abstract: The main and the most important objective of this paper is to nominate some new versions
of several well-known results about fixed-point theorems such as Caristi’s theorem, Pant et al.’s theorem
and Karapinar et al.’s theorem in the case of b-metric spaces. We use a new technique provided by
Miculescu and Mihail in order to prove our theorems. Some illustrative applications and examples
are given to strengthen our new findings and the main results.

Keywords: iterative methods; fixed point; b-metric; Caristi theorem; orbitally continuous; k-continuous

MSC: 47H10; 54H25

1. Introduction and Preliminaries

Banach’s theorem for fixed point theory is known to be a very useful tool in nonlinear
analysis. The Banach result has been generalized in various ways and many applications
have been presented. In the past thirty years, a lot of results have been obtained on fixed
points of different classes of mappings defined on generalized metric spaces, for example,
see [1-27] and references therein. Note that iterative methods and contraction mapping
plays a key role in metric fixed-point theory. In addition, fractals can be generated via
contraction mappings (Hutchinson’s iterated function system) [28]. Some of the topics
include b-metric space and the corresponding results about fixed point. Bakhtin [3] and
Czerwik [6] introduced the notion about b-metric space and proved the number of fixed-
point theorems in both single-valued and multi-valued mappings upon b-metric spaces.

Throughout this manuscript, we use the terms fixed point (FP), metric space (MS),
b-metric space (bMS), and complete b-metric space (CbMS).

First, we look back on some background definitions, notations, and results in the bMS
setting.

Definition 1. Suppose s > 1 and Y is a nonempty set. A function D : Y x Y — [0, +o0)
denotes a b-metric if x,v,z € Y are valid:

(1) D(x,9) =0ifand only if x =v;

(2) D(xy) =D(y,x);

3) D(xz) <s[D(xv) +D(y,2)].

A triplet (Y, D, s) is a bMS.

For bMS, the examples are the spaces [7(R) and L?[0,1], p € (0,1).
Recall that the convergence in bMS is defined as in metric spaces as follows.
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Definition 2. Suppose (Y, D,s) isa bMS, x € Y and {x } is a sequence in' Y.
(a) {xu} is convergent in (Y, D, s) and converges to x, if for each € > 0 there exists ne € N where
D(xn,x) < €forall n > ng, we denote this as lijn Xy = X 0r X;; — X where n — 0.

n—o00

(b) {xn} is the Cauchy sequence in (Y, D,s), if for each € > 0 there exists n, € N such that
D(Xn, Xm) < €forall n,m > ne.
(c) (Y, D,s) isa CbMS if every Cauchy sequence in Y converges to some x € Y.

Next, the lemma for Miculescu and Mihail is a crucial result for achieving our aims.

Lemma 1 (([19], Lemma 2.6)). Suppose (Y, D,s) is a bMS and {x, } is a sequence in Y. If there

+o0
exists o > log, s where the series Y, n“D(xy,Xy+1) converges, then the sequence {x, } is Cauchy.
n=1

Remark 1. If & > log, s, then Lemma 1 is not valid. Let Y = R, D(x,9) = (x — )%, xn =

n
kgzﬁ,nzz&---. Then, s = 2 and

+o00 +oo n
nD (X, X = _—
LrPOoe) = L )
+0o 1

< )

P (n+1)1n2(n —1—1)'

“+o0
Therefore, Y n'D(Xp, Xy41) converges but this sequence {x, } is not Cauchy (using the integral
n=2

—+oo
criterion for series convergence, we see that k>;2 TR converges for p > 1 and diverges for p < 1).

The next two results are the consequences of Lemma 1.

Lemma 2 (([18], Lemma 2.2)). Suppose (Y, D, s) is a bMS and {x, } is a sequence in Y. If there
exists k € (0,1) such that

D(Xn+lrxn+2) < kD(anXn+l)r (1)

forall n € N, this leads to the sequence {x, } being Cauchy.

Lemma 3 (([19], Corollary 2.8)). Suppose (Y, D,s) is a bMS and {x,} is a sequence in Y. If
there exists h > 1 where the series

+o00
Z hHD(X17an+1) )

n=1

converges, then the sequence {x, } is Cauchy.

Remark 2. Note that if condition (2) is replaced by

+oo
Z h<s_1)”D(Xn/Xn+1)/ ®)

n=1

then in this case, we get the appropriate condition for MS as well.

In [4], Caristi presented the next theorem.
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Theorem 1 ([4]). Suppose (Y, D) isa CMS, T : Y — Y is a mapping such that
D(x, Tx) < 9(x) = ¢(Tx), 4)

forall x € Y, where ¢ : Y — [0, +00) is a lower semicontinuous mapping. This leads to T
having FP.

Dung and Hang [8] showed that Caristi’s theorem does not fully extend to bMS. It is
a negative answer to the latter Kirk-Shahzad’s question ([17], Remark 12.6). One year later,
Miculescu and Mihail [19] obtained the version of Caristi’s theorem in bMS. One of the
aims of the current work is to improve the mentioned result ([19], Theorem 3.1). Khojasteh
etal. [16] gave a light version of Caristi’s theorem as follows.

Theorem 2. ([16], Corollary 2.1) Let (Y, D) be a CMS. Assume that T : Y — Y and
P Y XY — [0,400) are mappings such that x — P(x,v) is lower semicontinuous for each
pe Y. If

D(Xr ‘)) < ¢(Xr 0) - IP(TXr TU)! (5)

forallx,y €Y, then T has a unique FP.

The second objective of this paper is to present an alternative of the above theorem in
bMS (Theorem 5).

Remark 3. Note that in [16], The partial answers were given by Khojasteh et al. to Reich, Mi-
zoguchi and Takahashi’s and Amini-Harandi’s conjectures by using a light version of Caristi’s FP
theorem. In addition, they have shown that some known FP theorems can be obtained from the
previously mentioned theorem.

Definition 3. Let (Y, D) bean MS and T : Y — Y be a mapping.

(i) (See[71) Theset O(x,T) = {T"x:n=0,1,2,...} is called the orbit of T at x. Amap T is

said to be orbitally continuous if u € Y and such that u = lim T"ix for some x € Y, then
1—+o00

Tu= lm TT"ix, where {n;} is a subsequence of the sequence {n};

(ii)  (See[2 ;ngmapping T is called weakly orbitally continuous if the set {y € Y : Z‘Lir+noo Thiy =
u implies iErj\m TT"vy = Tu} is nonempty, whenever the set {x €Y : ,'ETOQ T"ix = u}
is nonempty;

(iit)  (See [26]) A mapping T is called k-continuous, k = 1,2,3, ... ifnLiTm Tkx = Tu whenever

{xn} is a sequence in Y such that lim T* 'x, = u.
n—r+00

Here, we recall the next theorem of Pant et al. [25].

Theorem 3. ([25], Theorem 2.1) Let (Y, D) be the CMS and the mappings T : Y — Y,
@:Y = [0,+00). If

D(Tx,Ty) < o(x) — o(Tx) + @(n) — ¢(Tn). (6)

forallx,y € Y, then T has a unique fixed point, under one of the following conditions:
(i) T is weakly orbitally continuous;

(i) T is orbitally continuous;

(iii) T is k-continuous.

Remark 4. Note that from condition (6), we obtain

P(Tx) < ¢(x). @)
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forallx €Y.
The third goal of this paper is to bring a new version of Theorem 3 in bMS.

Remark 5. Pant et al. [25] have shown that Theorem 3 contains results of Banach, Kannan, Chat-
terjea, Ciri¢ and Suzuki on fixed points as particular cases. In addition, Theorem 3 is independent of
the result of Caristi on fixed point. Note that, Theorem 3 is a new solution to the Rhoades problem
about discontinuity at the FP.

The main and the most important objective of this paper is to nominate some new
versions of several well-known results about FP such as Caristi’s theorem, Pant et al.’s
theorem and Karapar et al.’s theorem in the case of bMS. We use a new technique given by
Miculescu and Mihail in [19] in order to prove our theorems. Some illustrative applications
and examples are given to strengthen our new findings and the main results.

2. Main Results

In this part, we indicate the various known fixed-point theorems in b-metric space
settings.
2.1. A New Version of the Theorem by Caristi

In this subsection, we afford a new version of Caristi’s theorem in bMS. The terms
orbit, orbitally continuous, weakly orbitally continuous and k-continuous in bMS are
introduced analogously to metric space, see Definition 3.

Lemma 4. Let (Y,D,s) bea bCMS and T : Y — Y be weakly orbitally continuous mapping. If
there exist u € Y and xg € Y such that u = lirr T"xo, then u = Tu.
n—-+00

Proof. Letu = hm T"xg. Then, u = hm T T"xp. The weak orbital continuity of 7
leads to lim 'T”xo =u= lim TT”XO Tu So,u="Tu. 0O
n—+oo n——+oo

Theorem 4. Let (Y, D,s) bea bCMS and T : Y — Y be weakly orbitally continuous mapping
such that
D(x, Tx) < ¢(x) —h* 'o(T"x), ®)

forallx € Y, wherer € Nand h > 1and ¢ : Y — [0, +00). Then, T has at least an FP.

Proof. Let xg € and x;;, = T"xg,n € N. Put A = 1. From (8), we have

D(xo,x1) < @(x0) — A o(xr)
AD(x1,x2) < Ag(xq) —/\r+ P(xr41)

ND(xxs1) < Aglxs) — A2 (x)

A'D (X, Xus1) < A"Q(xn) = AT (xnr).

The previous inequalities necessitate that

n

Y A D xei1) < @(xo) +Ap(xa) + -+ AT p(x11)
k=0

A

— WT9lop1) + A P9 0042) -+ AT 9 4n)
e(x0) + Ap(xq) + -+ )\’7147(x,,1).

IN
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We now conclude from Lemma 3 that {7"x} is Cauchy. Since Y is complete, this means
thereis u € Y where u = liIE T"Xo. Therefore, we find that 1 is an FP of the mapping 7
n—-+0o

by Lemma 4. O

Remark 6. One should remember that by putting r = 1 in Theorem 4, we obtain Theorem 3.1.
from [19]. Moreover, by setting r = 1 and s = 1, we reach the classical Caristi theorem in MS
(refer also to [27], Theorem 2.10).

Example 1. Let Y = [0,1] and the functions T : Y — Y, ¢ : Y — [0,+00) and D :
Y xY — [0, +00) defined by Tx = x%, ¢(x) = /X, D(x,9) = |x —y|. Then, (Y,D) isa
metric space and we have

D(xTx) = Ix— x| = (VX=X (VX +%) 2 (VX — %) > VX~ x = 9(x) — 9(T),

forall x € (%, 1]. Therefore, condition (4) is not fulfilled and we cannot apply Theorem 1. On the
other hand, by putting r = 2,s = 1 in Theorem 4, we arrive at

P() = 9(T?) = Vx = x* = x=x* = D(x, Tx).

2.2. Light Version of Caristi’s Theorem

Another version from Caristi’s theorem in bMS, namely, the light version of Caristi’s
theorem, is the goal of this subsection.

Theorem 5. Let (Y, D,s) bea COMSand T : Y — Y, ¢ : Y X Y — [0, 4+00) be mappings and
T weakly orbitally continuous mapping. If

D(x,9) < p(x,) =1 p(T'x, T"y), ©)
forevery x,v € Y, wherer € Nand h > 1, then T has a unique FP.

Proof. Suppose ) = Tx and ¢(x) = 9(x, Tx), for all x € Y. It follows from Theorem 4 that
T hasa FPu € Y. If Tv = v where v € Y, then from (9), we attain

D(u,v) < ¢(u,0) — " yp(u,0) <0,

which shows that u = v. [

Example 2. Let Y = R, D : Y XY — [0, +00) be a b-metric on Y, defined by D(x,v)
Ix —9|% T :Y — Y is a weakly orbitally continuous contraction defined by Tx = % a
Y XY — [0, +00) defined by ¥(x,9) = 2|x —y|>. Then (Y, D) is a CbMS when
Next, let us consider h = 2 and r € N. Then, we have

U

n

x
2
s =2.

POo) =1 Y(T'%, Ty) =[x —[*(2 — = D(x,1).

1
22(r-1) ) -
Therefore, the conditions of Theorem 5 are fulfilled.

Remark 7. Note that for the case s = 1 and r = 1 from Theorem 5, we obtain the results from
Khojasteh et al. [16].

2.3. On the Result of Pant et al. [25]

In this part, we will introduce the next theorem, as a version of Theorem 3 from [25].
We will not state the proof because it has the same proof as Theorem 4.

114



Mathematics 2023, 11, 1118

Theorem 6. Let (Y, D,s)bea COMS. Let T : Y — Yand ¢ : Y x Y — [0, +00) be mappings.
I

D(Tx Ty) < o n) = b p(Tx, T). (10)
forallx,vy € Y, where h > 1, this implies T has a unique FP, under one of the following conditions:
(i) T is weakly orbitally continuous;

(ii) T is orbitally continuous;
(iii) T is k-continuous.

Here, we present a concrete example for the above Theorem, and we show that the
conditions for Theorem 6 are satisfied.

Example 3. Let Y = [0,1] and D : Y x Y — [0,+00) be a b-metric on Y, defined by
D(x,9) = [x =93, T : Y — Y is a contraction, defined by Tx =%, : Y x Y — [0, +00)

is a function defined by P(x,9) = @ Obviously, (X, D, 2) is a complete b-metric space. Let
h = 2. We obtain

a2

(Tx To) = 1Tx— Ty = X500

On the other side, ,
Pl n) — B 1p(Tx, Ty) = %

When
x—y> _7(x+v)
9 ~— 18 7
forall x, v € [0,1], we deduce that the conditions for Theorem 6 are met.

From Theorem 6, we realize following corollary.

Corollary 1. Let (Y, D,s) be a complete b-metric space and T : Y — Y, and let ¢; : Y —
[0, 4+00), i = 1,2 be mappings such that T is weakly orbitally continuous. If

D(Tx, Th) < ¢1(x) = h* 1 1(Tx) + @2(n) — h*~ 192 (T). (11)
foreach x,v € Y, such that h > 1, then T has a unique FP.
Proof. Putting (x,9) = ¢1(x) + ¢2(9),x,v € Y in Theorem 6, we obtain the proof. [

Remark 8. If 91 = @ and s = 1 from Corollary 1, we obtain Theorem 3.

2.4. On the Result of Karapmnar et al. [15]
We first modify Theorem 1 given by Karapinar et al. [15] in the bMS setting as follows.

Theorem 7. Let (Y, D,s) be a complete bMS, T,Z : Y — Y, andlet p : Y xY — R be
mappings such that:

(a) x}yrgxtﬁ(x,y) > —0o;

(b) T(Ix)=Z(Tx),forallxeY;

(c) the range of T contains the range of T ;
(d) T is continuous;

()

D(Ix, Tx) > 0implies d(Tx, Ty) < (p(Ix,Iy) — p(Tx, Ty))D(Ix,Iy), (12)

forallx,p €Y.
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Then, T and T have a coincidence point, which means there exists u € Y where Tu = Zu.

Proof. Let xg € Y. Since Txg € Z(Y), there is an x; € Y such that Zx; = TX¢. Similarly,
for any given x,, € Y, there is x,+1 € Y such that Zx, 11 = Txyn. If D(Ixy,, Txn) = 0 for
some n € N, then x; is a coincidence point. Suppose that

D(Ixn, Txn) >0, (13)
for each n € N. From (12), we obtain

D(Txn+l/ Txrl) S (¢(Ixn+1/IXn) - IIJ(TXVH»l/ TXH))D(IXn+l/IXH)
(P (Txni1, Ixn) = P(Ixni2, Ixn 1)) D(Ixng1, Ixn).-

Hence,

D(Ixnt2, Ixn41) < (Y(Ixn41, Ixn) = P(Ixns2, Ix1)) D (Ixp1, Ixn),  (14)
for all n € N. Recalling condition (13), from (14) we have

D(Ixy 12, Ixn+1)

< _
D(Txpin, Ixn) - P(Ixng1, Ixn) — Y(Ixpg2, IXps1), (15)

for each n € N. From inequality (15) and condition (a), we obtain
" D(Ixj12, Ixj41)

(
j; D(IXj+1, IX/)

< 0. (16)

Ixj+2,Ixj11)

+00 D(
Therefore, the series converges and
! jg D(Ixj11,1x)) &

D(IXii9, IX;
lim D(Ixj+2, Ixj41) —0. (17)
j—roo D(IXj+1,IXj)
From (17), we conclude that for k € (0,1), there exists ny € N where
D(IXj+2,IXj+1) S kD(IX];H,IXj), (18)
for all j > np. Now, by applying Lemma 2, the sequence Zx,, is Cauchy. Let
u= lim Zx, = lim 7Tx,_1. (19)
n—+4oo

n—-+00

While 7 is continuous, (12) leads to both 7 and 7 being continuous. On the other hand, 7
and Z commute and thus

Tu=20 0, To) = B T = o T = T( i Do) =T 20)
As aresult, u is a coincidence point for 7 and Z. [

Corollary 2. Suppose (Y, D,s) isa CoMS. Let T : Y — Yand ¢ : Y X Y — R be mappings
where in£¢(x) > —oo. If
xe

d(x, Tx) > 0 reveals d(Tx, Ty) < (¢(x) — ¢(Tx))d(x,y), (21)
this means that T has an FP.

Proof. Put Ix = x and ¢(x,y) = ¢(x) by Theorem 7. [
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Remark 9. Note that Corollary 2 improves Theorem 1 from [15] to the class of bMS.

3. Conclusions

The importance of the results obtained here is reflected in the fact that we have
improved some known results in the fixed-point theory and demonstrated this validated
by the examples presented. On the other hand, the results obtained in metric spaces were
obtained in the broad class of spaces in b-metric spaces. A natural question is whether
these results can be obtained for some wider classes of spaces such as rectangular b-metric
spaces [10], by (s)-metric spaces [20], orthogonal b-metric-like spaces [29] and modular
spaces [30].
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[CISE

Abstract: In this paper, we introduce the new notion of contravariant (« — 1) Meir-Keeler contractive
mappings by defining a-orbital admissible mappings and covariant Meir-Keeler contraction in
bipolar metric spaces. We prove fixed point theorems for these contractions and also provide some
corollaries of main results. An example is also be given in support of our main result. In the end, we
also solve an integral equation using our result.

Keywords: fixed point; (« — ¢) Meir-Keeler contractive mappings; covariant and contravariant
mappings; bipolar metric space

MSC: 47H9; 47H10; 30G35; 46N99; 54H25

1. Introduction

Fixed point theory is the major branch of non-linear analysis. It has number of appli-
cations in other branch of sciences, economics, etc. In 1922, Banach [1] gave a contraction
principle to obtain a fixed point theorem in complete metric space. Some other researchers
tried to generalize the concept of metric space; see [2—4]. Due to the various applications of
the Banach contraction principle, the contraction mapping theorem has been generalized
by many researchers in the setting of various topological spaces using different contrac-
tive conditions; see [5-14]. In 2012, Samet et al. [15] introduced the new contraction by
defining the a-admissible mappings and established fixed point results thereon. In 2013,
Kumam et al. [16] extended and generalized the x-admissible mapping of [15], introduced
(a« — ) Meir-Keeler contractive mappings and proved some fixed point theorems in com-
plete metric space. In 2014, Popescu [17] introduced a-orbital admissible mapping to get
fixed point theorems.

Recently, in 2016, Mutlu et al. [18] introduced the new type of metric space called
bipolar metric space. Since then, researchers have established several fixed point theorems
using various contractive conditions in the setting of bipolar metric spaces; see [19-24].

Inspired by this, in the present work, we introduce (« — ¢) Meir—Keeler contractive
mappings and establish fixed point theorems in the setting of bipolar metric spaces. The rest
of the paper is organized as follows. In Section 2, we review some preliminary definitions
and monographs that are required for our main result. In Section 3, we present our main
results and establish a fixed point result using (« — 1) Meir—Keeler contractive mappings
in the setting of bipolar metric space. We supplement the derived results with suitable
non-trivial examples. In Section 4, we apply the derived fixed point result to find an
analytical solution to the integral equation. Finally, we conclude the paper with some open
problems for future work.
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2. Preliminaries

To prove our main results, we need some basic definitions from the literature as fol-
lows:

Definition 1 ([18]). Let X and Y be two non-empty sets and d : X x Y — [0, 00) be a map
satisfying the following conditions:
1. d(x,y) =0ifand only if x = y forall (x,y) € X X Y;
2. d(x,y) =d(y,x)forallx,y € XNY;
3. d(xl,yz) gd(xl,yl)+d(x2,y1)+d(x2,y2);

forall x1,x, € Xand y1,y, € Y.

Then, d is called bipolar metric and (X, Y, d) is called bipolar metric space.

If XNY = ¢, then the space is called disjoint; otherwise, it is called joint. The set X is called
the left pole and the set Y is called the right pole of (X,Y,d). The elements of X, Y and X NY are
called left, right and central elements, respectively.

Definition 2 ([18]). Let (X,Y,d) be a bipolar metric space. Then, any sequence {x,} C X is
called a left sequence and is said to be convergent to the right element; for example, y if d(x,,y) — 0
as n — oo. Similarly, a right sequence {y,} C Y is said to be convergent to a left element; for
example, x if d(x,y,) — 0asn — oco.

Definition 3 ([18]). Let (X, Y, d) be a bipolar metric space.

1. Asequence {x,yn} on X x Y is called a bisequence on (X,Y,d).

2. If both the sequences {x,} and {y,} converge, then the bisequence {x,,yn} is said to be
convergent. If both sequences {xy } and {y,} converge to the same point u € X NY, then the
bisequence {xy,y, } is called biconvergent.

3. Abisequence {x,,yn} on (X,Y,d) is said to be a Cauchy bisequence if for each € > 0 there
exists a positive integer N € N such that d(x,,yn) < € forall n,m > N.

4. A bipolar metric space is said to be complete if every Cauchy bisequence is convergent in
this space.

Definition 4 ([18]). Let (X3, Y1,d1) and (Xo, Yo, d2) be two bipolar metric spaces and T : X1 U

Y1 — Xo UY) be a function:

1. IfTXy; € Xpand TY; C Y, then T is called covariant mapping and is denoted by T :
(X1, 1,d1) = (X2, Yo, d2).

2. IfTXy C Ypand TY, C Xy, then T is called contravariant mapping and is denoted by
T: (X1, Y, d1) = (X2, Yo, da).

Definition 5 ([18]). Let (X1, Y1,dq) and (Xa,Ys,da) be two bipolar metric spaces.

1. Amap T :(X1,Y1,d1) = (Xp, Yo, da) is called left continuous at a point xo € X if for every
€ > 0 there exists a 6 > 0 such that dy(Txo, Ty) < € whenever dq(xg,y) < 6.

2. Amap T : (Xq,Y1,d1) = (Xo, Yo, dy) is called right continuous at a point yo € Y if for
every € > 0 there exists a § > 0 such that dy(Tx, Tyg) < € whenever d1(x,yy) < 6.

3. AmapT: (Xq1,Y1,d1) = (Xo,Ya,dy) is called continuous if it is left continuous at each
xo € X and right continuous at each yg € Y.

4. AmapT: (Xq,Y1,d1) = (Xp,Ya,dy) is called continuous if and only if it is continuous as a
covariant map T : (X1, Y1,d1) = (X2, Yo, d2)

Definition 6 ([20]). Let T : (X,Y) =2 (X,Y) and « : X x Y — [0,00). Then, T is called
w-admissible if
a(x,y) > 1implies a(Tx, Ty) > 1, 1)

forall (x,y) € X x Y.
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Definition 7 ([20]). Let T : (X,Y) = (X,Y) and a : X x Y — [0,00). Then, T is called
w-admissible if
a(x,y) > 1implies a(Ty, Tx) > 1, )

forall (x,y) € X x Y.

Definition 8 ([15]). Let ¥ be the family of functions i : [0,00) — [0, c0) satisfying the follow-
ing conditions:

1. i is non-decreasing.

2. LIS " < oo forall t > 0, where " is the n'™ iterate of 1.

These functions are known as (c)-comparison functions. It can be easily verified that
P(t) < tforany t > 0.

3. Results

Here, we introduce (« — ¢) Meir—Keeler contractions and a-orbital admissible map-
pings and prove fixed point theorems for these contractions in bipolar metric spaces.

Definition 9. Let T : (X,Y) 2 (X,Y) and « : X x Y — R. Then, T is called an a-orbital
admissible mapping if

a(x, Tx) > 1= pc(sz, Tx) > 1, 3)
and
a(Ty,y) > 1= a(Ty, T?y) > 1, )

Forall (x,y) € X x Y.

Definition 10. Let (X, Y, d) be a bipolar metric space and p € ¥. Suppose T : (X,Y) = (X,Y)
is an contravariant mapping and if for every € > 0 there exists 6 > 0 such that

e<yY(d(xy)) <e+d=a(x,Tx)a(Ty,y)p(d(Ty, Tx)) <€, (5)

forall (x,y) e X xYanda: X xY — R.
Then, T is said to be contravariant (« — ) Meir-Keeler contractive mapping.

Remark 1. From (5), we get a(x, Tx)a(Ty, y)p(d(Ty, Tx)) < p(d(x,y)), when x # y.
If x =y then a(x, Tx)a(Ty, y)(d(Ty, Tx)) < ¢(d(x,y))-

Now, we present our first theorem.

Theorem 1. Let (X,Y,d) be a complete bipolar metric space. Suppose that T : (X,Y) 2 (X, Y)
is a contravariant (« — ) Meir—Keeler contractive mapping. If the following conditions hold,

1. T is a-orbital admissible,
2. There exists xg € X such that a(xg, Txg) > 1,
3. T is continuous,

then T has a fixed point.

Proof. Let xo € X such that a(xg, Txg) > 1. Construct the sequences {x,} and {y,} by
taking 1, = Tx, and x,41 = Ty, for all n € N. Clearly, {x,,y,} is a bisequence.
Since T is x-admissible, we obtain

( ) a(xp, Txg) > 1= a(T%xg, Txg) = a(x1,y0) > 1,
a(xy,y0) = a(Tyo,yo) = 1= a(Tyo, T?yo) = alxy,y1) > 1,
( ) (
(x2,1) (

= a(x,Tx1) > 1= a(T2x, Txy) = a(xp,y1) > 1,
= T]/],yl) = lX(Tyl,szl) = zx(xz,yz) 2 1.
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By continuing this process, we get
a(xp,yn) > 1and a(xy41,yn) > 1 for alln € N. (6)
Using Remark 1 and (6), we get

P(d(xn,yn)) = $(d(Tyn-1, Txn)) < a(xn, yn)a(Xn, yn-1)Pd(Ty,—1, Txn)),
= 8, T (Tt V)9 (T 1, ),
$(d(xn,Yun-1))- )

Using again Remark 1 and (6), we get

A

Pd(xpi1,yn) = (d(Tyn, Txn)) < a(xn, Yn)&(Xni1,Yn),
= a(xn, Txn)a(d(Tyn, yn) ) P(d(xn, yn)),
< P(d(xn,yn))- 8)

From (7) and (8), using mathematical induction, we have

w(d(xn/yn)) < lp(d(xn—llynfl))vn eN (9)
and
P(d(xp11,¥n)) < P(d(xn, yn1))Vn € N. (10)

From (9) and (10), it is clear that {{(d(xn, yn))} and {¢(d(x,11,yx))} are monotoni-
cally decreasing sequences of positive reals and hence convergent. Let {(d(xn, yn))} — s1
and {¢(d(x,11,yn))} — s2 as n — oo, where 1,55 > 0.

Now, we prove that s; = 0and sp = 0.

Firstly, suppose if possible that s; > 0.

Clearly, ¥(d(xn,yn)) > s1 > 0foralln € N.

Let € = 51. Then, by hypothesis, there exist § > 0 and 19 € N such that

S lp(d(xngr}/no))<€+(5. (11)

From (5), we have

ll](d(xn0+1’y’10+1)) S a(xn0+1/ yno+1)a(xl’lo+1/y”o)lp(d(xno+1'yno+1))'
= (g1, Txng 4 1)@(TYng, Yng )W (d(Tyng, Txng41)) < € =s1,

a contradiction.

So,s1 = 0.

Similarly, one can prove easily that s, = 0.

Hence, $(d(xn, yn)) — 0and ¢(d(x,41,yn)) — 0 as n — co. By using the definition
of continuity of ¢ at t = 0, we can say that

d(xn,yn) — 0and d(xy41,yn) — 0 as n — oo, (12)

For a given € > 0, by the hypothesis, there exists 6 > 0 such that (5) holds. Without
loss of generality, let us assume that § < €.
Since P(d(xn,yn)) — 0and P(d(x,41,¥n)) — 0, there exist N7, N, € N such that

P(d(xp-1,Yn-1)) < gfor all n > Ny, (13)

P(d(xn, yn-1)) < gfor all n > Nj. (14)
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Now, we shall prove that

P(d(xpr1,yn)) <€ (15)
and
Y(d(xn,¥ya1)) <€, for alln > N. (16)

where N = max{Ny, N, }.

Firstly, using mathematical induction, we prove (15), thatis ¢(d(x,;, yn)) < €. From
(14), clearly the inequality holds for I = 1.

Suppose that the result is true for some I = k, that is

Y(d(xy1k,yn)) <€, for alln > N. 17)
Now, by using the definition of bipolar metric space, (13), (14) and (17), we get

$(d(Xpsk Yn—1)) Y%k Yn) +d(xn, Yn) +d(xn, Yn-1))

P(d(Xn ik yn)) + (A0, yn) + P (d(xn, Yn1))

,+§+€:£:+e<€+5. (18)

INIA

N
Wl

If ¢(d(xy 1k Yn—1)) > €, then by (5), we have

lp(d(xn+k+lr]/‘rl)) < “(xnr]/n)“(xn+k+1/]/n+k)l/](d(xn+k+lr]/n))r

(2, Txn)&(TY ks Y s k) P(A(TY ik, X)),
< €.

Hence, (15) holds.
If Y(d(xy 4k Yn—1)) < €, then by Remark 1, we have

l/}(d(xn+k+1ryn)) < “(xn’yn)a(x”"'k‘H’y”+k)¢(d(xn+k+1;yn)),
= Di(xnr TXn)“(Tyn+kryn+k)lp(d(Tyn+k, xn)),
w(d(xn/]/yprk)) <E€.

A

So, (15) holds for I = k + 1.
Hence,
d(xu, Ym) < € for alln >m > N. (19)

Again, using mathematical induction, we prove (16).
Using the definition of bipolar metric space, (13) and (14), we get

$(d(xn, Yns1)) Y(d(xn, yn) +d(xnt1,yn) +d(Xnp1, Yni1))

P(d(xnr1,Ynr1)) + P(d(xpi1,yn)) + (A (X0, yn))
LR
3 + 3 + 3= .

IN A

IN

So, (16) holds for I = 1.
Now, let us suppose that the result is true for some I = k, that is,

P(d(xn, Yytk)) < € for all n > N. (20)

Now, by using the definition of bipolar metric space, (13), (14) and (20), we get

P(d(xn-1,Yntk)) P(d(xn-1,Yn—1) +d(xn, Yn-1) +d(Xn, Yuir)),

P(d(xn-1,Yn—1) + YA (xXn, yu-1) + P(d(xn, Ynix))

6 0 26
§+§+€—?+€<€+(5. (21)

INIA

A
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If (d(xp-1,Ynik)) > €, then by (5), we have

P(d(xn, Ynak1)) < Xk Yur) & (X1, Yn) (A (X, Yrskr1)),
= (X T )& (Tyn, Y )P (A(TX 1k, Tyn)),
< €.

Hence, (16) holds.

If Y(d(xp—1,Yu+xk)) < €, then by Remark 1, we have

A

lp(d(xnryn+k+l)) = “(x71+k/yn+k)‘x(xn+1/]/Vl)lr’](d(xﬂrynJrkJrl))/
= w(%p k0 T i) (Tyn, yn ) P(A(TX0 g, Yn)),
P(d(xpik,Yn)) <€

A

So, (16) holds for I = k+ 1.
Hence,
d(xn, ym) < € for all m >n > N. (22)

From (19) and (22), we can say that {x,, y, } is a Cauchy bisequence. Since (X,Y,d) is
a complete bipolar metric space, then {x;, i, } biconverges. That is, there exists u € XNY
such that {x,} — wand {y,} — uasn — co. As T is a continuous map, one has

(xn) — wimplies that y, = Tx, — Tu.
Combining y, = Tx, — Tu with (y,) — u, we get Tu = u. [

In the next theorem, we omit continuity and give a new condition to get the fixed point.

Theorem 2. Let (X,Y,d) be a complete bipolar metric space. Suppose that T : (X,Y) 2 (X, Y)

is a contravariant (« — ) Meir-Keeler contractive mapping. If the following conditions hold,

1. T is w-orbital admissible,

2. There exists xg € X such that a(xg, Txg) > 1,

3. If{xu,yn} is a bisequence such that a(x,,y,) > 1forallnand y, — u € XNYasn — oo,
then oo(Tu, u) > 1,

then T has a fixed point.

Proof. From the proof of Theorem 1, we conclude that {xn,yn} is a Cauchy bisequence.
Since (X,Y,d) is a complete bipolar metric space, then {x,,y,} is biconvergent. Hence,
there exist u € XN Y such thatx,;, — u, v, — u.

From condition (3), we get a(Tu, u) > 1.

By applying the definition of bipolar metric space, ¢, Remark 1, (6) and the above
inequality, we get

PA(Ti,w) < P(d(Ta, Tx) + d(Ty, Tro) + Ty 1),
Y(d(Tu, Txn)) + $(d(Tyn, Txn)) + $(d(Tyn, u)),
(%, Y ) (Tut, 1) p(d(Tu, Txy)),

(xn, Txn)a(Tyn, Yn )Y (d(Tyn, Txn)),

(xn, T )& (T, Y)W (A(Tyn, Txu)) + (d(Tyn, u)),

P(d(xn, u)) +(d(xn, yn)) + (A, yn)).

2

IN 4+ + IANIA DA
=2 =

Letting n — oo in the above inequality and using (22), we get
P(d(Tu,u)) < 0.

Thatis, d(Tu,u) = 0.
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$(d(xn,yn))

IN

Hence, Tu = u. [

Now, we introduce generalized (« — ¢) Meir-Keeler contractive mappings and prove
fixed point theorem for these mappings.

Definition 11. Let (X, Y, d) be a bipolar metric space and ¢ € ¥. Suppose T : (X,Y) = (X,Y)
be an contravariant mapping and that for every € > 0 there exists 6 > 0 such that

€ <P(M(x,y)) < e+ = alx, Tx)a(Ty,y)p(d(Ty, Tx)) <€, (23)

where M(x,y) = max{d(x,y),d(x, Tx),d(Ty,y), w};for all (x,y) € X x Y.
Then, T is said to be a generalized contravariant (x — ) Meir—Keeler contractive mapping.

Remark 2. From (23), we get a(x, Tx)a(Ty,y)p(d(Ty, Tx)) < p(M(x,y)), when x # y.
Ifx =y then a(x,y)p(d(Ty, Tx)) < p(M(x,y)).

Theorem 3. Let (X,Y,d) be a complete bipolar metric space. Suppose that T : (X,Y) = (X,Y)
is a generalized contravariant (« — ) Meir—Keeler contractive mapping. If the following condi-
tions hold,

1. T is x-orbital admissible,
2. There exists xg € X such that a(xg, Txg) > 1,
3. T is orbital continuous,

then T has a fixed point.

Proof. Let xg € X such that a(xo, Txg) > 1. Construct sequences {x,} and {y,} by taking
Yn = Txy and x,,41 = Ty, for all n € N. Clearly {x,,y,} is a bisequence.
Since T is a-orbital admissible, from Theorem 1, we get

a(xXp,yn) > 1and a(xy11,yn) > 1 for alln € N. (24)
Using Remark 2 and (24), we get
P(d(Tyn—1, Txn)) < a(on, Txn)e(Tyn-1,Yn-1)P(d(Tyn-1, Txn)),
$(M(xn, Y1),
lp(max{d(xn/yn—l)rd(xn, Txn)rd(Tyn—lryn—l)r

d(xn/yn) +d(xn/y11f )
5 =},

d(xnr Txn) + d(Tynflr]/nfl) })
2 7

lp(max{d(xn,yn_l),d(xn,yn),d(xn,yn_l),
P (max{d(xn,yn), d(xn,Yyn-1)})-

Now, since ¢ is a non-decreasing function, one has d(xu,yn)
< max{d(xu, yn), d(xn, Yn_1)}-

If possible, suppose that d(x,,y,) > d(xu,yn—1), then d(xu,yn) < d(xn,yn),
a contradiction.

Hence,
Ad(xn, yn) < d(xXn,yn—1), for alln € N. (25)

Similarly, by using Remark 2 and (24), one can easily obtain
d(xps1,yn) < d(xn,yn), for alln € N. (26)

From (25) and (26), it is clear that {d(x,,y,)} and {d(x,+1,y,)} are monotonically
decreasing sequences of positive reals and hence convergent. Let {d(x,,y,)} — s; and
{d(xy+1,Yn)} — s2 as n — co, where s1,s, > 0. This implies that

Lm{ psid(xy, yn)} = Um{P(M(xn, yn))} = ¢(s1) as n — oo. (27)
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and
Hm{(d(xpr1,yn))} = Bm{p(M(xp11,yu))} = ¢(s2) as n — co. (28)
Now, we prove that s; = 0 and s, = 0.
Firstly, suppose that s; > 0.

Clearly, d(xy,yn) > s1 > 0foralln € N.
Let € = 51. Then, by hypothesis, there exists § > 0 and 1y € N such that

¥le) < $(M(xngYn)) < $(€) +9. (29)
From (23), we have

lr’](d(xﬂo+1lyno+l)) < “(xﬂoJrl/ynoJrl)a(x"oJrl/yno)lp(d(xno+1/yﬂo+l))/
= 0(Tyng, Yng) & (Xng41, Txng1)P(d(TYng, Txny41)) < 9P(€).

Using non-decreasing nature of i, we get
d(Xpg41, Yng+1) < € = 51. (30)

a contradiction. So, s; = 0.
Similarly, one can prove easily that s, = 0.
Now, we prove that {x,, y, } is a Cauchy bisequence; that is, limy ym—co d (X, Yim) = 0
Indeed, if we suppose that {x,, ¥, } is not a Cauchy bisequence, then there exists € > 0
and subsequences {n(i)} and {n(i + 1)} of natural numbers such that

A(Xu (i) Yn(iv1)) > 26, (31)

forall i € N. For this € > 0 there exists § > 0 such that e < p(M(x,y)) < € + J implies that
a(x, Tx)a(Ty, y)p(d(Ty, Tx)) < e.

Set r = min{e,6}. Since d(xy, y») and d(x,+1,yn) — 0 as n — oo, there exists ny, 1 €
N such that

A(xp,yn) < %for all n > nq, and (32)

d(xyi1,yn) < éfor all n > ny. (33)

Choose N = max{ny,n}. Then, the above inequalities still hold for all n > N.
Letn(i) > N. We get n(i) < n(i+1) — 1. If d(x,(j), Yu(iz1)-1) < € + 5; then, using the
definition of bipolar metric space, (32) and (33), we have

A(Xp(iy Y1) < AXn(iy Ynis1)=1) T X1y Ynie1)—1) + 3 Xnit1), Yn(isn))s
T r r
< €+ E + g + g,

e+%r<2e,

a contradiction. So, there exists k such that n(i) < k < n(i +1) and d(x,), yx) > € +
Now if d(Xy(5)41,Yn(i)) = €+ 3, then by 35), d(xy(iy41,Yuiy) = €+5 > 1r+5 >
a contradiction.

So, there exist values of k such that n(i) < k < n(i +1) such that d(x,;), yx) <
€ + 5. Choose the smallest integer k with k > n(i) such that d(x,;), yx) > €+ 5.Thus,
A (X (i), Ye—1) < €+ 3.

Using the definition of bipolar metric space and (33), we get

el TR

’

d(xuiy yx) < A0, Ye—1) +d(x Ye1) + d(xk, yi)
LA
2 8 8 4

IN
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Now, we can choose a natural number k satisfying n(i) <! < n(i + 1) such that

€+ % <d(xu),y0) <€+ Zr. (34)
Therefore,
A%, y6) < e+ Zr <e+r, (35)
Ay Yniy) < % <e+r, (36)
d(xe, ) < g <e+r. 37)

Now, (35)-(37) imply that € < M(x,;),5) < €+r < €+ and so y(e)

S P(M(xu(i), yi)) < Yle+7) < yle+0) < pe) +(9).
Since T is a generalized (« — ) Meir—Keeler contractive mapping,

P(d (i1, Yuiy)) < (@), Ty )Ty, i) (d(Tyr, Txy i) < g(e).
This implies that
A(Xpe+1, Yn(i)) <€ (38)
Using the definition of bipolar metric space, we get
d(xp(iy Yk) < d(Xn(iy Yn(iy) + (X1, Yiiy) + (X1, Yx),

which implies that

A(xn(i) ) = Ay Yn() — A1, v6) < A(Xe1, Y
€et5-57 g5 < d(Xes1, Yn(i))-
This shows that
e < d(Xk+1/yn(i))' (39)

This contradicts (38).

So, {xn, yn} is a Cauchy bisequence. Since (X, Y, d) is a complete bipolar metric space,
then {x,, y, } biconverges. That s, there exists # € X NY such that {x,} — uand {y,} — u
as n — co. As T is an orbital continuous map,

{xn} — u implies that y, = Tx, — Tu.
Combining y, = Tx, — Tu withy, — u, wehave Tu = u. O

In the next theorem, we add a condition to get a unique fixed point.

Theorem 4. If in Theorems 1-3 we add the following hypothesis (H), then we get the unique fixed
point.
(H) If Tx = x then a(x, Tx) > 1.

Proof. If possible, let us suppose that T has two distinct fixed points u and v. Then, from
the hypothesis (H),
a(u, Tu),a(v, To) > 1.
Now, by Remark 1,
d(u,v) = d(Tu, To) < a(u, Tu)a(v, To)d(Tu, Tv) < d(u,v)

which is a contradiction and so # = v. In a similar way, one can prove Theorems 2 and 3. [
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Definition 12. Let (X,Y,d) be a bipolar metric space. Suppose T : (X,Y) =2 (X,Y) be a
covariant mapping and for every € > 0 there exists 6 > 0 such that

€<d(x,y) <e+d=d(Tx,Ty) <e, (40)

forall (x,y) € X X Y.
Then, T is said to be a covariant Meir—Keeler contractive mapping.

Remark 3. From (40), we get d(Tx, Ty) < d(x,y), whenever x # y. If x = y then d(Tx, Ty) <
d(x,y).

Theorem 5. Let (X,Y,d) be a complete bipolar metric space. Suppose that T : (X,Y) =2 (X,Y)
is a covariant Meir—Keeler contractive mapping. Then, T has a unique fixed point.

Proof. Using Remark 3 and (40), we get

d(xn/yn) = d(Txnflz T]/nfl) < d(xnfl/ynfl) (41)

Again, using Remark 3 and (40), we get

d(xnryn) = d(Txn—lr Tyn—l) < d(xn—lryn—l) (42)

From (41) and (42), it is clear that {d(x,,yx)} and {d(x4,y,+1)} are monotonically
decreasing sequences of positive reals and hence convergent. Let {d(x,,y,)} — s; and
{d(xn, Yns1)} — sz as n — oo, where s1,5, > 0.

Now, we prove thats; = 0 and s, = 0.

Firstly, suppose, if possible that s; > 0.

Clearly, d(xy,yn) > s1 > 0foralln € N.

Let € = s1. Then, by hypothesis, there exists > 0 and ny € N such that

e < d(xpy,Yny) <€+ (43)

From (40), we have

d(xn0+1/yn0+1) < d(xn0+1ryn0+l)/
= d(Txpy, Tyn,) < € = s1.

a contradiction. So s; = 0.
Similarly, one can prove easily that s, = 0.
Hence,
A(xn, yn) — 0 and d(xy, ypy1) — 0as n — oo, (44)

For given € > 0, by the hypothesis, there exists 6 > 0 such that (40) holds. Without
loss of generality, let us assume that 6 < €.
Since d(xn, yn) — 0 and d(x,, y,11) — O, then there exists Ny, N, € N such that

A(xXp—1,Yn-1) < gfor all n > Ny, (45)
é
d(xp-1,yn) < 3 forall n > Na. (46)
Now, we shall prove that
d(Xn, Yns1) <€ 47)
and
d(Xy41,Yn) <€, for alln > N. (48)
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where N = max{Ny, N, }.
Firstly, using mathematical induction, we prove (47), thatis d(x,, y,+) < €.
From (44), the inequality clearly holds for I = 1.
Suppose that it is true for some | = k, that is

(X, Yuix) <€, for alln > N. (49)

Now, by using the definition of bipolar metric space, (45), (46) and (49), we get

d(xn—lr%1+k) < d(xn—lr]/n) + d(xnl]/ﬂ) + d(xnrynJrk)
< d(xp-1,yn) +A(xn,Yn) +d(Xn, Yuik)
< é+é+e—§+e<e+(5 (50)
3 3 ) '

If d(xp—1,Yusk) > €, then by (40), we have

d(Xn, Yniks1) < €.

Hence, (47) holds.
If d(xy 4k Yn—1) < €, then by Remark 3, we have

d(Xpiks1,Yn) < d(Xpip Yn—1) <€

So, Equation (47) holds for I = k + 1.
Hence,
d(xu, Ym) < € for alln >m > N. (51)

Similarly, one can prove Equation (48), from which we conclude that
d(xu, ym) < € for allm >n > N. (52)

From (51) and (52), we can say that {x,, y, } is a Cauchy bisequence. Since (X,Y,d) is
a complete bipolar metric space, then {x,, y, } biconverges. That is, there exists u € X NY
such that {x,} — u and {y,} — u asn — oo. Since,T is continuous,

{xn} — wimplies that x, 1 = Tx, — Tu,

We get Tu = u.
Uniqueness: If possible, suppose that u and v are two different fixed points of T. Then,
by Remark 3,
d(u,v) = d(Tu,To) < d(u,v),

which holds only when u =v. [

Example 1. Let X = (—00,0], Y = [0,00) and d : (—o0,0] x [0,00) — [0,00) as d(x,y) =
|x —y|. Then, (X,Y,d) is a complete bipolar metric space. Define T : (—o0,0] U [0,00) =
(—00,0)U[0,00) by Tx = =, forall x € (—00,0] U [0,00), and ¢(t) = §, a(x,y) = 1 for all
(x,y) € XX Y. T((—00,0]) C [0,00) and T([0,00)) C (—o0,0]. It is clear that T is a continuous
contravariant mapping.

As x € (—o0,0], there exists a € [0, 00) such that x = —a. Now,

Yl y) =¢(x—yD) = ¢( —a—y)) =¢laty) = —=,

9Ty, Tx) = pd(=L, =5) = 9L+ (G0N =%

Clearly, by taking & = 2e, (5) is satisfied. So, all the conditions of Theorem 1 hold and T has a
fixed point. Clearly, 0 is the fixed point of T.

I=
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4. Consequences

The following are the consequences of our main results.

Corollary 1. Let (X, Y, d) be a bipolar metric space and € ¥. Suppose T : (X,Y) = (X,Y) be
a contravariant mapping and if for every € > 0 there exists 6 > 0 such that

e<yY(dxy)) <e+d=9(d(Ty, Tx)) < —. (53)

o

where p € Y and L > 1. Then, T has a fixed point.
Proof. Taking a(x,y) = v/L in Theorem 1, one can obtain the proof. [

Corollary 2. Let (X,Y,d) be a bipolar metric space and € ¥. Suppose T : (X,Y) = (X, Y) be
a contravariant mapping and if for every € > 0 there exists 6 > 0 such that

e < M(d(x,y)) < €+8 = p(d(Ty, Tx)) < % (54)
where p € ¥ and L > 1. Then, T has a fixed point.
Proof. Taking a(x,y) = v/L in Theorem 3, one can obtain the proof. [
5. Application
Theorem 6. Let us consider the following integral equation
w(B) = m(B)+ A1 [ F1(B&w(E)ds+ A [ Pa(BEw())dE (55)

B € F; UF,, F{ UF, is a Lebesgue measurable set with finite measure and A1, Ay are constants.
Suppose that Py : F2 U F3 x [0,00) — [0,00) and Py : F2 U FZ x [0,00) — [0, 0).
There is a continuous function { : F>? UF} — [0,00) and k € (0,1) such that for all
(B, &) € FFUFZ2 and m(B) € L®(F) UL®(E)

IAi(Bi(B, 6, w(8))) — Ai(Bi(B, 6, 0(8)))] < gé(ﬁfé)lm(é) —9(Z)]

foralli=1,2and || [ {(B,&)dE|| <1 thatis SUPger, UF, J1g(B,&)del <1.
Then, (55) has a unique solution in L (F;) U L®(F).

Proof. Let X = L*(F;) and Y = L*(F,) be two normed linear spaces, where F; and F, are
two Lebesgue measurable sets with m(F; U F,) < co.

Consider d : X X Y — [0,00) as d(x,y) = ||x — y||eo. (X, Y, d) is a complete bipolar
metric space. Define a covariant mapping as T(w(B)) = m(B) + A1 [ B1(B, &, w(&))dE +
Ao [ Fa(B, & w(E)de.
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Now, for any € > 0, there exists § > 0 such that e < d(r(&),n(¢)) < e +9.

d(Tw(@),To(@) = ITw(e) - To(c)]|
= [Im(@) + M [ (& (@) + Az [ Pl g (@)

= (@)= Ay [ Wa(B,En(@)dE A2 [ Pa(pEn(@)z]

< SEUB.OIME) — ()]
< JA(m(E)(E)

< %(e+z5)

< €.

Hence, all the conditions of Theorem 5 are satisfied. So, T has a unique fixed point,
and (55) has a unique solution. [

Example 2. Consider the following integral equation:

_ Pre ; A ¢
() = 0.015+02 | (Z - 0.25)m(ﬁ) 4& +sin(0.1) (/O (—5 +5+ 1>m(/3) dg).
It can be verified that the solution of the above integral equation is given by

B 0.018
~ 0.0982B2 —0.0998B + 1’

w(p)

This solution is depicted in Figure 1.

0.020

0.015
& 0.010
E

0.005

0.000

Figure 1. Solution of the integral equation in the example of Section 5.

6. Conclusions

In this paper, we have introduced a new notion of a-orbital admissible mappings, and
using this we have defined (a — 1) Meir-Keeler Contractive mappings and established fixed
point results. Our results have generalized some proven results in the past. The derived
results have been supported with non-trivial examples. The results have been applied to
find analytical solutions of integral equation. It is an open problem to extend/generalize
our results in the setting of other topological spaces such as bipolar controlled metric space,
neutrosophic metric spaces, etc.
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1. Introduction

Fixed point theory is an important branch of non-linear analysis. After the celebrated
Banach contraction principle [1], a number of authors have been working in this area of
research. Fixed point theorems (FPTs) are important instruments for proving the existence
and uniqueness of solutions to variational inequalities. Metric FPTs expanded after the
well-known Banach contraction theorem was established. From this point forward, there
have been numerous results related to maps fulfilling various contractive conditions and
many types of metric spaces (see, for example, [2-9]).

The authors of [10,11] presented a novel extension of the b-metric space known as
controlled metric spaces (CMSs) and demonstrated the FPTs on the CMSs, providing an
example by employing a control function R(x, y) in the triangle inequality.

Serge [12] made a pioneering attempt at developing special algebra. He conceptualized
commutative generalizations of complex numbers as briefly bicomplex numbers (BCN),
briefly tricomplex numbers (tcn), etc., as elements of an infinite set of algebra. Subsequently,
many researchers contributed in this area, (see, for example, [13-19]).

In 2021, the authors of [20] proved a common fixed point for a pair of contractive-type
maps in bicomplex-valued metric spaces. Later, several authors discussed their results
using this concept, see [21-24]. Guechi [25] introduced the concept of optimal control of
¢-Hilfer fractional equations and proved the fixed point results. For details, see [26-28] and
the references therein.

In this paper, we introduce the notion of bicomplex-valued CMSs (BVCMSs) and
prove FPT under Banach, Kannan and Fisher contractions on BVCMSs. Then, we give an
application to solve a fractional differential equation (FDE) and show that this extension is
different from bicomplex-valued metric spaces in terms of Beg, Kumar Datta and Pal [20].
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2. Preliminaries

We use standard notations throughout this paper: The real, complex, and bicomplex
number sets are represented by Cy, C; and C,, respectively. The following complex
numbers were described by Segre [12].

zZ= 191 + 192i1,
where ¢4, 9, € Cy, z'% = —1. We represent C; as:
Cy = {Z rz=% 4+ iy, h,%h € (Co}

Letz € Cy, then |z| = (¢2 + 03) :, Every element in C; with a positive real-valued
norm function ||.|| : C; — Cj is defined by

lell = (8 + 83).
Segre [12] described the bicomplex number (BCN) as:
f =0+ iy + O3i, + B4iis,

where 91,0,,03,04 € Cp, and the independent units iy, i, satisfy i% = z% = —1 and
i1i, = i,i1. We represent the BCN set C; as:

Co = {f :f = 01 + 02y + O3, + O4i1iy, 01, 02, 03,04 € Co},

that is,
Co={f:f=z+i2,21,22 € Ci},

where z1 = & + %iy € Cq and zp = 93 + W4ip € Cy. Iff =z +i,zpand v = wy +i,w, are
any two BCNs, then their sum is

fEtv=(21+1i.2p) £ (w1 +irwp)
=21 £ wy +1i,(z0 £ wy), and the product is
fv=(z1+1i22) (w1 +i,w7)
= (z1w01 — 22w2) + 1> (2102 + 22001).

There are four idempotent elements in C,. They are 0,1,¢; = #, ey = 17% of
which ¢; and ¢; are non-trivial, such that ¢; 4+ ¢, = 1 and ¢jep = 0. Every BCN z; +i,3; can
be uniquely expressed as a combination of ¢; and ¢y, namely,

f =21 +i,2p = (Zl — ilzz)el + (21 + ilzz)ez.

This representation of f is known as the idempotent representation of a BCN, and
the complex coefficients fi = (z1 — i1z2) and fo = (21 + i122) are known as the idempotent
components of the BCN f.

Each element in C, with a positive real-valued norm function ||.|| : C, — C{ is
defined by

. 1
IFIl = llz1 + taz2l = {llz1|* + [|z2 1%} 2

1
[z — 122 + |71 +i122]?] 2
o 2

= (3 + B+ 0+ 02)2,

where f = & + tpiy + 031, + O4i1i, = 21 +i,20 € Cy.

134



Mathematics 2023, 11, 2742

The linear space C, with respect to a defined norm is a normed linear space, and C,
is complete. Therefore, C; is a Banach space. If f,v € Cy, then |[fv|| < V2|[f|l|lv]| holds
instead of ||fv|| < ||f|l|lv]l, and therefore C; is not a Banach algebra. For any two BCN
f,v e Cy, then

Lo f2pv = [fl <lvl;

2.+ < I+ (vl

3. |18f1 = [81lifl, where 8 is in Cy

4. |lfvll < V2IfIllvll, and |Ifv]l = v2||f]|||v|| holds when only one of f or v is degener-
ated;

5 |IF Ul = |IflI 7Y, if f is degenerated with f = 0;

6. HJ; || = H, if vis a degenerated BCN.

The relation =<;, (partial order) is defined on C, as given below. Let C, be a set of
BCNsand f = z; +i,zp and v = wq +i,wy € Cy. Then, f <;, vifand only if z; <;, wj and
7y Xy, wy, ie., f =y, v, if one of the following conditions is fulfilled:

1. z1=w1,22=wy;

2. 71 =i, Wy, 22 = wo;
3. z;1=wy, 22 =i, Wy
4 Z1 -<,'2 w1, 22 -<,'2 wy.

Clearly, we can write f q<oi;_ viff <;, vand f # v, i.e., if 2, 3 or 4 are satisfied, and we
will write f <;, v if only 4 is satisfied.

Definition 1 ([10]). Let { # @ and ¢: { x { — [1,00). The functional £or: { X { — [0, 00) is
called the briefly controlled-type metric CMT if

(CMT1)  £m(Ni)=0<=R=}i,

(CMTZ) £cm(Nli) = £cm(ilN)/

(CMT5)  £m(N,0) < @R, )Em (N, 1) + @(i,b)£em (i, ),

forall X,1,b € {. Then, the doublet (T, £cw ) is called a CMT space.

Several researchers have proven FPTs using this notion (see [3,4,6,11]).

Definition 2. Let { # @ and consider ¢: { X { — [1,00). The functional £yyeps: { X  — Cais
said to be a BVCMS if

(BCCMsl) 0 ji; £bvcms(Nri) also £bvcms(Nri) =0 N=i,
(BCCMSZ) £hvcms(Nri) = £bvcms(i/ N),

(BCCMS3) £bvcms(Nr b) /jiz (P(N/i)'{bvcms(N/i) + (P(i/ b)£bvcms(i/ b)r
forall N,i,b € , Then, the pair ({, £ppems ) i known as a BVCMS.

Example 1. Let { = [0,00) and ¢: { x { — [1,00) be defined as

. 1, ifN,ie[0,1],
o(%,0) — ' if ' [0,1]
1+ N+1i, otherwise.

and £ppems: ¢ X { — [0, 00) be defined as follows

0, N=i

£bvcms(Nri) = {i N£i
27

Then (£, £ppems) is a bocms.

Remark 1. If we take ¢(X,i) = t > 1, for all X,i € {, then ({, £ppems) is a bicomplex-valued
b-metric space, that is, every bicomplex-valued b-metric space is a BVCMS.
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Example 2. Let { = VUW with V = {(%)|v € N}, W is the set of all positive integers and
@:{ X —[1,00) is defined for all R, € { as

P(R,i) =5p

where p > 0 and £pyers: ¢ X § — Cy defined as follows

0, iffN=i
£bvcms(N/i): = 2pi,, ifN/i cV
pTiZ, otherwise

where p > 0.
Now, the conditions (BCCMSy) and (BCCMS,) hold. Furthermore, (BCCMS3) holds
under the following cases.
Casel. IfX=iandi=>;
Case2. IfXN=i#borif N#i=borif N=b#iorif N #i#b;
SubCase1. IfNXe€VandibeW;
SubCase2. Ifie€ VandN,b e W;
SubCase3. Ifb € VandR,ie W;
SubCase4. IfN,icVandh e W;
SubCase5. IfR,b € Vandie W;
SubCase 6. Ifi,b € Vand X € W;
SubCase7. IfR,i,beV;
SubCase 8. IfN,i,b € W.

Then ({, £ppems) is a BVCMS.

Remark 2. If p(X,i) = ¢(i,b) (as in the above example) for all 8,i,b € ¢, then (T, £ypems) 1S a
bicomplex-valued extended b-metric space. We can conclude that every bicomplex-valued extended
b-metric space is a BVCMS. However, the converse may not true in general.

Example 3. Let { = {1,2,3} and £pyeps: X { — C, be defined as
Eppems (11 1) = Lpoems (21 2) = Lpvems (3r 3) =0,
Epvems (2/ 1) = £bvcms(1/2) =4+4i,,

Lpvems (3/2) = Lyoems (2/ 3) =1+2i,,
Eppems (3/ 1) = Ebvcms(lr 3) =1—1i,,

and ¢: { X { — [1,00) be defined as
¢(11) = 9(2,2) = ¢(3,3) =3,
¢(1,2) = ¢(21) =2,

?(2,3) = 9(3,2) =4,
9(1,3) = ¢(3,1) = 1.

Clearly, the conditions (BCCMS1) and (BCCMS,) hold. Now,
Case1. IfX =) the condition (BCCMS3) holds.

136



Mathematics 2023, 11, 2742

Case2. IfX=1andb =23 (sameasb =1and X =3)andi=2

£bvcms(N/b) |£hvcms(1 3)‘ - ‘1 - ll| iz ‘12 + 16i2|
= [2(4+4i,) +4(1+2i,)]
Siy 2/(4 4 4i2)| +4|(1+2i,)|
= ¢(1,2)Lpems(1,2) + @(2,3)Lpoems (2,3)
= (P(Nr i)‘gbvcms(Nri) + ‘P(i/ b)‘{:hvcms (i/ b)

Case3. IfX=1andb =2 (sameasb =1and X =2)andi=3

£bvcms(N b) - ‘£bvcms(l 2)| - ‘4+412‘ ~iz |5+7i2|
=|1(1 —i,) +4(1 +2i,)|
S U1 —i2)| +4(1+2i,)|
= ¢(1,3)Lpocms (1,3) + @(3,2)Lpoems (3, 2)
= (N, 1)Epoems (N, 1) + @ (i, ) £poems (i, 2)-

Case4. IfN=2andb =3 (sameash =3and R =2)andi=1

Lovems (N, D) = [£ppems (2,3)] = |1 +2ix| Zi, 194715
= 2(4+4i,) +1(1 —i,)|
Six 2[(4+4ix) [ +1](1 - i2)|
= (2, DLpoems(2,1) + (1, 3)Lppems(1,3)
= (N, 1)Epoems (N, 1) + @i, ) Lpoems (i, 2)-

Then, (C/ £bvcms) isa BVCMS.

Definition 3. Let ({, £pyems) be a BVCMS with a sequence {X,} in  and R € {. Then,

(i) A sequence {X,} in { is convergent to X € {if V0 <;, a € Cy, 3 a natural number N so
that Lypems (No, R) <, a for each v > N. Then, limy_ye0 Ry = N or X, — Nas v — oo.
(ii) If, for each 0 <;, a where &« € Cy, 3 a natural number N so that Lyyes(No, Rotc) <i, &

foreach ¢ € Nand v > N. Then, {Ry} is called a Cauchy sequence in (T, £xen)-
(ii) BVCMS (T, £ppems) is termed complete if every Cauchy sequence is convergent.

Lemma 1. Let ({, £ppems) be a BVCMS. Then a sequence {Ry} in { is a Cauchy sequence, such
that X, # R, with ¢ # v. Then, {XN,} converges to one point at most.

Proof. Let X* and i* be two limits of the sequence {X,} € ¢ and limy—.co £ppems (Ro, X*) =
0 = £ppems(No,i¥). Since {XN,} is a Cauchy sequence, from (BCCMS3), for R, # ,,
whenever ¢ # v, we can write

[[£poems (™) || S [@ (R, Ro) [[£poems (R, Ro) |
+ (o, i) [[Epoems Ro, i) [] 0 as v — eo.

We obtain ||£pems(R*,i%)|| = 0, i.e., R* = i*. Thus, {X,} converges to one point at
most. [J

Lemma 2. For a given BVCMS (T, £ppems). the tricomplex-valued controlled metric map
Epoems: ¢ % § — Cy is continuous with respect to ”

”
!\/Zl .

Proof. Lets,q € Cy, such that s > g, then we show that the set £‘bv oms(0,5) given by

£bv1cms(q'5): = {(N/i) € g X §|CI =i, £bvcms(N/i) =i, 5}'
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is open in the product topology on ¢ x {. Then, let (R,i) € £, (q,5). We choose
€= 21W min(£ppems (R, 1) — 4,6 — Lppems (R, 1)). Then, for (¢, A) € B(R,€) x B(i, €) we obtain

£bvcms(§9/ )‘) jiz £hvcms (/\r N) + £hvcms(Nr i) + £bvcms(ir )‘)
=i, 2e + Ehvcms(N/ i) =i, §

and

q jiz £bvcms(Nri) —2e =i, £bvcms(¢/ )‘) + £bvcms(NrA) —€ +£bvcms(ir/\) —€
=i, £bvcms(¢/ )‘)'
Then, (R,i) € B(s,€) x Bi,e) C£,L (q,5). O

Defining Fix 17: = {X* € {|N* = 5(X*)} will be the set of fixed points.

In this paper, we introduce the notion of BVCMS and FPT in the context of BVCMSs.

3. Main Results

Now, we prove the Banach-type contraction principle.
Theorem 1. Let (T, £ypems) be a complete BVCMS and 17: { — { a continuous map, such that

£bvcms(’7Nr ’7i) /51’1 a£bvcms(N/ i)r 1)

forall R,i € {, where 0 < a < 1. For Ry € {, we denote 8, = n"¥g. Suppose that

. p(Rgy1, Rei2) 1
lIm —— =Ny, Ne) < =, 2
max M Ry Nor) P(Rq1,Re) < — @)
Moreover, for every X €  the limits
Uh_r)rt}o (N, N)  and Ulgrc}o @(R,Ny)  exists and are finite. (3)

Then 1 has a unique fixed point (UFP).

Proof. Let {X, = 1"Rp}. By (1), we obtain
Lpoems (Ro, Ro+1) i, pocms (Ro-1, o)
i,
Siy @ Eppems(No, Rq), Vv >0.
For all v < ¢, where v, ¢ € N, we have
Epoems (Ro, Re) Zi, @(Ro, Ro1)Eppems (Ro, Ro1) + @(Ros1, ReLppems (Ro41, Ve
i @R, Ry1)Epoems (Ro, Ro41)

+ ¢(Nv+1/ Ngq’(Nerl/ NU+2)£bvcms(Nv+1r NU+2)
+ ?(Nwl/ NQ(P(NU+2’ Ngﬁhvcms(NquL Ng)
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£bvcms(er Ng) jiz ?(er Nl}+1)£bvcms (Nllr Nv+1)
+ qO(NU+1, NQ(P(NU+I/ NU+2)£hvcms(NU+1/ Nu+2)

+ (P(NU+1' NQ‘P(NU+2/ NQ(P(NU+2/ NU+3))£bvcms(Nv+2/ Ng)
+ (P(NU+1I Ng‘/’(Nv+2r NQ(P(NU-%/ Ng)Ebvcms(Nv+2, Ng)

jiz"' jiz ?(Nu, NU+1)£bvcms(er Nv+1)

c—2

!
+ Z H (P(erNg(P(NL/ Nt+1)£bvcms(Nu Nl+1)
1=v+1j=v+1

¢—1
+ (P(NP/NQI{:bUCnlS(NQ*l/NQ)
p=v+1
jiz (P(er Nv+1)aU£bvcms(NOr Nl)
=2

+ Y TT o Re@(R, Rip1)aEppems (Ro, Ry)
=v+1j=v+1

¢—1
+ H qJ(NPfNg)agili;bvcms(NO/Nl)
p=v+1
i @(Ro, Ny1)aEppems (No, Nq)
c—2

L
+ Z H (p(Ni'NGQ(NHN!+1)aL£bvcms(N0/ Nl)
1=v+1j=v+1

¢—1
+ H Q)(Np, Ng)ugil(P(Ngfll Ng)ﬁbvcms (NO/ Nl)
p=v+1
:q)(NUr Nv+1)av£bvcrns(N0r Ny)
-1 L

+ Z H (P(Nj'Ngfp(Nu Nz+l)al£bvcms(N0/ N])
=v+1j=v+1

jiz (P(Nw Nerl )av£bvcms (NOr Nl )
¢—1 i
+ Z H (P(Nj,Nqu(NL, N1+1)a1£bvcms(NOr Nl)

=01 j=v+1

Furthermore, using ¢(X,i) > 1. Let
D L

S, = L T 1o Rep(R, Riy))a.
1=0j=0

Hence, we have

£bvcms(NUr Ng) jiz EvaﬂlS(NO/ N1) [ava(Nu, Nu+1) + (Sg—lr Sv)]

)

Applying the ratio test and (2), we obtain lim¢ ;. Sy exists and the sequence {Sv}is

a real Cauchy sequence. Letting ¢, v — oo, we have

lim £bvcms(Nv/ Ng) =0.

G,U—00

®)

Then, {X,} is a Cauchy sequence in a BVCMSs ({, £pycms); then {X,} converges to

R* € (. By the definition of continuity, we obtain

RT = Jim Rygq = Jim yRo =7 (lim Ry) = 7R
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Let N*,i* € fix 57. Then,
Epoems (R*, 1) = Lpoems (1R, 71°) i, @Lpoems (R*,17).
Therefore, £ppems (R*,1%) = 0; so R* = i*. Hence,  hasa UFP. O
Theorem 2. Let (T, £yyers) be a complete BVCMS and y: { — { a map, such that
Epoems (1R, 111) Zi @Lboems (R, 1), (6)

orall N,i € ¢, where 0 < a < 1. For Ry € { we denote N, = n"Vg. Suppose that
n PP

; q)(Nl+1/ Nt+2) 1
g\;{}gg o Ri) PR, Rg) < . @)
In addition, for each X € ,
vlgr;o PRy, X)) and Ulgr;g @(R,Ny)  exists and it is finite. 8)

Then, 17 has a UFP.

Proof. Using the proof of Theorem 1 and Lemma 2, we obtain a Cauchy sequence {®,} in
a complete BVCMS ({, £pyems )- Then, the sequence {R, } converges to X* € {. Therefore,

£hvcms(N*/ NU+1) jiz (P(N*r NU)‘gbvcms(z\z*r Nv) + (P(NU/ NU+1)£bvcms(N*r Nw+1)'
Using (7), (8) and (18), we obtain
Ulgrolo Lpoems (N ’ NU+1) =0. )
Using the triangular inequality and (6),

£bvcms(N*/ UN*) /jfz (P(N*/ NU+1)£bvcms (N*/ NU+1) + (P(NUJrlf WN*)£bvctns(Nv+1r WN*)
,_51'; (P(N*/ Nv+1)£bvcms (N*r NU+1) + u(P(NU+1/ WN*)Ebvcms(Nv+lr WN*)

Taking the limit v — oo from (8) and (19), we find that £, (R*, #7X*) = 0. By
Lemma 1, the sequence {®,} uniquely converges at X* € {.

Example 4. Let { = {0,1,2} and £pyems: { X { — Cp be a symmetrical metric given by
Epoems (N, R) =0, foreach Ne(
and
Looems (0,1) = 1412, £poems (1,2) = 1+ iz, Lboems (0,2) = 4+ 4.

Define ¢: { x { — [1,00) by

6 4
90(2r2) = g/ (,‘0(0,0) = 2/?(1/1) = g;
4 3 5
9(0,2) = 3,9(0.1) = 5, 9(1,2) = 1.

Hence, it is a BVCMS.
Consider a map 1 : { — { is defined by (0) = 0,1(1) = 0,%(2) = 0.
Letting a = % Then,

Casel. IfX=i=0N=1i=1,R=1i=2, then the results is obvious.
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Case2. IfRX =0,i=1, weobtain
£bvcms(7]N/ ﬂi) = Lpoems (170/ 771) = Lpvems (2/2) =0
2
Zi g(l + 1)
= a(ﬁbvcms (0,1)) = a(ﬁbvcms(N/i))'
Case3. IfX=0,i=2, wehave
£bvcms(77N' 770 = Lpoems (’70' 771) = Lpvems (2r2) =0

2
Zi, 5(4 +4i5) = a(Epoems (0,2))

Case4. IfX=1,i=2, wehave

£bvcms(77Nl 770 = £bvcms(’71/ 772) = £‘bvcms(2r2) =0

= a(Lpoems (1,2)) = alEppems (N, 1)).

Therefore, all axioms of Theorem 2 are fulfilled. Hence, ) has a UFP, which is R* = 0.
Next, we show a Kannan-type contraction map.
Theorem 3. Let (T, £ypems) be a complete BVCMS and 1: { — { a continuous map, such that
Epoems (1R, 111) Zi 171 (Epoems (R, 7R) + (Epoems (1, 1711)), (10)

forallR,i € ¢, where0 <15 < % For Xy € § we denote 8, = nNy. Suppose that

: (P(Nz+1rNt+2) 1 Ui
lim ————2¢p(N,;1,N —,  wh =—. 11
TR o, Ry PO <G wee o= A
Moreover, for each X € ,
Ulgrolo (N, N)  and Ulglt}o PR, N,), (12)

exists and is finite. Then, 17 has a UFP.

Proof. For X € , consider a sequence {X, = 7"Rg}. If 3 Xy € N for which X, 11 = Ry,
then #7®,; = Ry,. Thus, there is nothing to prove. Now we assume that X1 # 8, for all
v € N. By using (1) we obtain

£bZIL‘mS(NUr NU+1) = £bvcms(7’/NU71r UNU)
,_51'1 Ui (£bvcms (Nufll UNvfl) + Lpvems (NU/ UNU))
= 11 (Lppems Ro—1,No) + £poems (No, Ryy1)), which implies

£bvcms(er Nv+1) jfz (ﬁ)ﬁbvcms(}tv—lf NU)

= aLpyems (Nv—lz Nv)~
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In the same way

Epvems (Nv—ll NU) = Lpoems (UNU—ZI UNufl)
'R 77("-:bvcms(k‘zv—2/ 7]NU—2) + £bvcms(NU—1r UNv—l))
= ﬂ(ﬁbvcms(Nvfb Nv—l) + £bvcms (Nv—lr NU))r which implies

Epoems (Nufll NU) jiz <£) £bvcms(Nv72/ Nufl)
= aﬁbvcms(Nv—Zr Nu—l)-

Continuing in the same way, we have

£bvcms(Nv/ Nv+1) ~iz a£vamS(NU*1/ Nv) ,_51'2 azﬁbvcms(Nu—Z/ Nvfl)
éi; ,ji;_ uv£bvcms(N0/ N1)~

Thus, £ppems (N, Np+1) Siy 0% Epgems (No, Np) for all v > 0. For all v < ¢, where v and ¢
are natural numbers, we have

£bvcms (NUr N ) ~ia (P(er NU+1)£b'UCﬂlS(NUI NU+1) + (P( v+1s Ng)ﬁbvcms(muﬁ—lr NQ)
le (P(NU/ Nli+1)£bvcms (NU/ NU+1)
+ @(Nor1, Re@(Rut1, Not2)ELpoems (NRot1, Ro+2)
+ (P(Nv+1/ Ng)(P(NU+2/ Ng)ﬁbvcms (NU+2r Ng)
jl}_ (P(er NU+1)£b'UCﬂlS(NUI NU+1)
+ @(Nor1, Re@(Rur1, Rot2)Epoems (Rot1, No+2)
+ (P(NU+1/ NQ‘P(NU+2/ NQ(P(NU+2/ NU+3)£b'Z)CmS(NU+ZI Nv+3)
+ P(Ros1, Rep(Ros2, Re@(Ny13, Re ) £poems (Ro43, Rg)

c—2
NZZ (P(Nv, U+1)£bmms(NU’ U+1 Z H ¢ NJ'NC(P(NHNt+1)£bvcms(NuNl+l)
(=0+1j=v+1
¢—1
+ H (P(prNgﬁbvcms(NgflxNg
p=v+1

,_51'2 (P(NU/ NUJrl ) uv£b051ns (NO/ Nl)

+ Z H 40 G(P Nl/ NHrl)a £bvcms(Nu Nl+1)

1=v+1j=v+1
¢—1
+ H qU(NP/ Ngagilﬁbvcms(NOr Nl)
p=v+1
jiz q)(NUr Nv+1)avﬁbvcms(NOr Nl)
c—2 !
+ 2 H qD(NjINgq’(Nlr NL+1)al£bvcms(Ntr NL+1)
1=v+1j=v+1
¢—1
+ H (P(NP/ NQ(P(Ngflr Ng£bvcnzs(NOr Nl)
p=v+1
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£bvcms(NU/ Ng) :4’(er Nv-%—l)avﬁbz;mns (NO/ Nl)

c—1 '
+ Y TT @R, Rep(R, R 1) a Epoems (R, Riy1)
1=v+1j=v+1

i @(Ro, Ry1)a" Lpyems (Ro, Ny)
¢—1 !
+ Z H N(erNg¢(Nl/ NL+1)ul£bvcms(Nu NH»l)-
1=v+1j=v+1
Furthermore, using ¢(X,i) > 1. Let
b
S, = Z H P(Nj, Nep(N,, Ry jq)a’.
1=0j=0
Hence, we have

£bUCmS(NUr Ng) ji; £bvcms(NOr Nl) [avﬁl’(er NU-H) + (Sg—lrsv)]' (13)

By applying the ratio test, we obtain lim, e Sy exists and so the sequence {S,} is a
Cauchy sequence. Letting ¢, v — co, we have

Hm £pyems(No, Re) = 0.

G,U—00

Then {¥,} is a Cauchy sequence in a complete BVCMS ({, £pycins)- This means the
sequence {X,} converges to some R* € {. By the definition of continuity, we obtain

N =l o = fi e = fim ) =
Let N*,i* € fix 57. Then,

£bvcms(N*fi*) = £bvcms(7]N*f ”i*)
iiz U[Ebvcms(N*/ UN*) + £bvcms(i*/ ’71*)]
jl}_ W[ﬁbvcms(N*rN*) + £bvcms(i*ri*)] =0.

Therefore, £pycms (R*,1*) = 0, then X* = i*. Hence, 7 has a UFP. [
Theorem 4. Let (T, £ypems) be a complete BVCMS and 1: { — { a map, such that
£hvcms (WNr Wi) jiz 77(£bvcms (Nr WN) + £bvcms (ir 771)) (14)

orall N,i € L where 0 < n < 5. For Ng €  we denote X, = 0. Suppose that
IR here 0 < 17 < 1. For X denote N, = nNg. Suppose th

i PRer1, Ripo) 1 Ui
lim —————=2 (N4, N - h =—. 15
el Ty PO < e as il a9
Moreover, for each X € ,
Ulgglo (N, X))  and Ulglt}o P(R,N,), (16)

exists and is finite. Then 1 has a UFP.

Proof. By proving Theorem 3 and using Lemma 2, we show a Cauchy sequence {®,} in a
complete BVCMS ({, £y )- Then the sequence {X,} converges to a N* € . Then,

£bvcms(N*r Nv+l) jiz (P(N*/ NU)£bvcms (N*r NU) + (P(er Nv+l )£bvcms(Nl}r NU“rl)
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Using (2), (3) and (18), we deduce
. ¥ -
Uh_rf.}o Nbvcms(N ’ NUJrl) =0.
Using the triangular inequality and (1), we obtain

Lpoems (N, 1R") Zi, @R, Ry 1) Eppems (R, Ry 1)
+ @ (N1, 1) £ppems (Ro 1, 71R™)
,51'1 (P(N*r NU+1)£bvcms(t\t*/ NU+1)
+ (P(NU+1/ 7/&*) [7](£bvcms(Nw Nv+1) + £bz;cms(N*/ UN*))]

As v — oo from (3) and (19), we conclude that £4,s(R*, 7X*) = 0. From Lemma 1,
the sequence {X,} uniquely converges at X* € {. [

Example 5. Let { = {0,1,2} and £yyes: { X { — Cp be a symmetrical metric as follows
Lpoems(R,R) =0 foreach Ve
and
Eooems (0,1) = 1415, £ppems (1,2) = 1+ 15, £ppems (0,2) = 4+ 4i,.

Define ¢: { x { — [1,00) by

’

#(2:2) = 2,9(0,0) =5,9(1,1) =

9(1,2) =2,9(0,1) = 3,¢(0,2) =

[SSIINESIIRN|

A self-map 1 on { can be defined by n(0) = 5(1) = (2) = 2.
Taking 1 = %; then,
Casel. IfX=i=0,R=1=1N=1i=2, then the result is obvious.
Case2. IfRX =0,i=1, weobtain
£hvcms(7]Nr 771) = £bvcms(770r 7]1) = Lpvems (2/ 2) =0 jiz %(1 + iz)
= %(4 +4i, + (1 + il)) = 7](£bvcms(012) + £bvcms(1/2))
=1 (£bvcms (Nr ”N) + Lppems (ir 771))
Case3. IfX=0,i=2, wehave
£bvcms(7]Nr 7]1) = £bvcms(770r 7]2) = Lpoems (2/ 2) =0 jiz %(l =+ iz)
= %(4 +4i, + 0) = U(Ebvcms(or 2) + £poems (2/ 2))
=1 (£bvcms (Nr UN) + Lppems (ir 771))
Case4. IfX=1,i=2 wehave
£bvcms(77Nr 771) = £bvcms(771r 772) = Lpvems (2/ 2) =0 jiz %(l =+ iz)
= %((1 + il) + 0) = 77(£bvcms(1/2) + £bvcms(2r2))
=1 (£bvcms (Nr I/IN) + Lppems (ir 771))
Then, all hypothesis of Theorem 4 are fulfilled. Hence, T has a UFP, which is X* = 2.

Finally, we show that FPT in a Fisher-type contraction map.

Theorem 5. Let ({, £ypems) be a complete BVCMS and 1: { — { a continuous map, such that

Ebvcms (N/ UN)Ebvcms (ir Wi)

Lppems (1R, 111) Zi, @Lpoems (R 1) + f 1+ £, (N,1) !
‘ocms 4

17)
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forall R,i € {, where @,f € [0,1), such that v = % < 1. For Xy € { we denote X, = 11N
Suppose that

max lim P(Ni, 41, N, 42)

1
=1 oo (N, Ny, 1) P11, RKe) < v’ (18)

Moreover, suppose that for every » € { we have
Ulglc}o PNy, X)) and Ulggo PR, N,), (19)

exist and are finite. Then 17 has a UFP.

Proof. For ¥y € {. Let 8, = 17"Ng. If 3 Ny € N for which N, 1 = Ny, then 7R, = Ny.
Thus, there is nothing to prove. Now we assume that X, 1 # 8, for all v € N. By using (1),
we obtain

£hvcms(NU/ Nv+1) = £bvcms(77Nufll 77NU)
£ N, 1, 4Np)E N, 7R
Zi @ﬁbvcms(Nu—lz NU) +f va"ZS(l_T_ElbU U()meiml‘gv)v ! v)
vems \(Sv—1,

Epmems Ro—1, Ro)Epoems (30, X
= (D£bUCmS(NU*1/ Nl}) +f bvcnl;(+0£bl U()Nbvcinkz\(zv)v U)
ocms v—1r

51'; Ebvcms(%v—lr Nu) +f£bvcms(Nv/ Nv+1)

which implies

@
£bvcms(er NU+1) ji;_ <ﬁ> £bvcms(Nv—1r Nu)

= VEppems (Nv—ll Nv)

In the same way

£bvcms(Nv71r NU) = £bvcms(77NU72/ UNvfl)

£bvcms(Nv—2/ UN072)£bvcms(Nufl/ UNufl)
1+ £bvcms(Nv72/ Nu—l)

(Nvle Nv—l)ﬁbvcms(Nv—lz NU)

1+ £bvcms(NU72r Nv—l)

;51'7_ wﬁbvcms(NU—Zl Nv—l) +f£bvcms(Nv—1/ Nu)

jiz (D’{bvcms(Nufz Nv—l) +f

£
= ‘D£bvcms(Nl}72, Nv—l) +f bucms

which implies

[
£bUEmS(NU—1/ NU) jiz (ﬁ) £bvcms(&072/ NU—l)
= V(Nv,z, Nufl)
Continuing in the same way, we have

£bUCmS(NU/ Nv+1) jiz V£bvcms(Nv—1r Nu)
jiz V2£bvcms(N0721 NUfl)

:51'2 Vuﬁbvcms(NOr Nl)- (20)

Thus, £ppems(No, Ro11) iy VW Epvems (Ro, Rp) for all v > 0. For all v < g, where v and ¢
are natural numbers, giving
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£bvcms(Nl}r Ng) 51'1 QO(NUI NU+1)£bvcnzs(Nv/ Nv+1) + ¢(NU+1/ Ng‘{bvcms(Nw»l/ Ng

T, @Ry, Ny 1) Epoems (Ro, Ry 1)
+ (P(Nv+l/ NQ(P(NU+1/ Nu+2)£bvcms(Nerlr Nv+2)
+ (P(NU+]/ NQ(P(NU+2/ Ng£bvcms(Nu+2/ Ng

51'1 QO(NUI NU+1)£bvcnzs(Nv/ Nv+1)
+ ¢(NU+1, Ngﬁ"(Nu-H: Nv+2)£bvcms(Nu+1r NU+2)

+ Ny, Ng(P(NU+2/ Re@(Np 12, Ro13) Eppems (Ror2, Ry 13)

+ (P(NU+1/ NQ(P(NU+2/ NQ‘P(NU+3/ Ngﬁbvcms(Nu+3/ Ng
51'1"' 51'; q’(NU/ NU+1)£vamS(NU/ Nv+1)

-2
+ Z H (P NLIN1+1)£bvcms(Nu ;+1)
=v+1 j=v+1
c—1
+ H (p(NprNgﬁhvcms(Ng—LNg
p=v+1

Zi, 9Ny, Ny 1) 0% ppems (Ro, Ny )

- !
+ Z ( H W(Ni/NG)(P(NHNHI)GLﬁhvcms(NO/Nl)
1=v+1 j=v+1

¢—1
+ H (P(NP/NQagil‘{bvcms(NOer)
p=v+1

/\-/72 CP(NW Nv+l)a £bvcms(N0r N1)

+ Z ( H (P(erNg)¢(Nl/Nt-%—l)alﬁbvcms(NOer)
1=v+1 j=v+1

¢—1
+( H (P(NPINg)ag71¢(Ng71/Ng’gbvcms(NOer)
p=v+1

=§0(NU, Ry 11)a" Epgems (Ro, N1)

9 L
+ Z ( H qo(Ni/NG)(P(NHN!+1)a1£hvcms(NO/Nl)
1=v+1 j=v+1

~Iz ¢(NU/ Nv+l)a £bvcms(NO/ Nl)

+ Z H‘P(NJ'NQ NL/ t+1)a£bvcms(NOIN1)
=v+1 j=

Furthermore, using ¢(X,i) > 1. Let
b
=Y (TTo®R)p(R, R, q)a’

1=0 j=0

Hence, we have

£bvcms(Nu/ Ng) jiz £hvcms(N0r Nl)[vu¢(N0/ Nv+1) + (Sg—L Sv)]

o4y

By using the ratio test, ensuring that lim¢,, e Sy exists, the sequence {Sy} is areal

Cauchy sequence. As g, v — oo, we conclude that

g,lvlgoo Lbvems (NU/ Ng) =0,
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Then, {¥,} is a Cauchy sequence in the complete BVCMS ({, £y )- Therefore, the
sequence {X,} converges to X* € .
By the definition of continuity, we obtain

N = Jim Mo = fim e = (i Vo) = 8
Let 8*,i* € fix 77 as two fixed points of 7. Then,

(N*, ”i*)Ebvcms(N*/ 771*)

1+ £bvcms(N*ri*)

£bvcms (N*r n* )£bvcms (i*r i*)
1+ £bvcms(N*ri*)

i . £
Eppems (TR, 11°) Zi, @Lppems(R*17) +f buems

Siz @Lpoems (R, 1) +f
Siz @Lpoems (R”, 1)
Therefore, £pycms (R*,1*) = 0; then X* = i*. Hence, 7 has a UFP. [
If we drop the continuous condition, we obtain
Theorem 6. Let ({, £yyers) be a complete BVCMS and y: { — { a map, such that

Epocms (N, UN)Ebvcms(i,;yi)

: , (22)
1+ Lppems (N, 1)

£bvcms(7/NI 77i) ,_51';_ wﬁbvcms(Nr i) +f

forall R,i € , where @,f € [0,1), such that v = % < 1. For 8y €  we denote X, = 11 N.
Suppose that

max lim £+ Ni,12)

1
N 1, N < =, 23
¢>1 oo @(N,, Ny 1) P41 X v (@3)

In addition, assume that for every Y € { we have

lim ¢(R,,N) and }E%O(N'Nv) exists. (24)

V—00
Therefore, it is finite. Then 17 has a UFP.

Proof. By proving Theorem 5 and using Lemma 2, we obtain a Cauchy sequence {8, }
which converges to X* € . Then,

£bvcms(N*r NU+1) ,51';_ (P(N*r Nv)'{bvcms(l\z*/ NU) + ?(er Nv+1)£bvcms(er NU+1)-

Using (2), (3) and (23), we deduce that
Ulg{}o Epoems (R, Ny 41) = 0.
Using the triangular inequality and (1),

£bvcms(N*/ WN*) /jiz (P(N*/ Nv+1)£hvcms (N*/ NU+1) + (P(Nqulr U*)Ebvcms(NUH/ WN*)
r-\<aiz (P(N*I NU+1)£hvcms (N*/ NU«H) + (P(Nerl/ ’7*)[@£bz}cms(Nw N*)
+f£bvcms(Nu/ 11R0) Eppems (R*, 7R7) ]
1+ £bvcms(Nv/ N*)
= (p(N*, NU+1)£bvcms(N*/ NU+1) + (P(Nw»l/ 77*) [‘D£bvcms(N1}/ N*)

+f£bvcms(NU/ WNU)‘{bvcms(N*r WN*) ]
1+ ﬁbvcms(NlH N*)
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As v — co in (3) and (24), we find that £4,,,s(R*, 7R*) = 0. From Lemma 1, the
sequence {X,} uniquely converge at X* € {. O

Example 6. Let { = {0,1,2} and £pyens: ¢ X { — C be a symmetrical metric defined as

£bvcms(Nr N) =0 fOT’ each N € 4

and

Eppems (Or 1) =1+ izr£bvcms(1r2) =1+ izr£bvcms(0r2) =4+ 4i,.
Defining ¢: { x { — [1,00) by
9
9(2,2) = 2, 9(0,0) =5,9(1,1) =

9(1,2) =2,9(0,1) = 3,¢9(0,2) =

UJ\\'IUJ\\'I

Clearly, (g, £ppems) is a BVCMS. A self-map 11 on { defined by (0) = n(1) =n(2) = 1.
If we assume that @ = f = %, we obtain

Casel. IfX=i=0,R=i=1R=1=2wehave £y,cs(nX,7i) = 0.

Case2. IfN=0,i=1, weobtained £y,cs(MN, 71) = 0 Zi, @Lppems (R, 1)

ELpoems (RN Eppems (1,171)
e (R0

Case3. IfX =0,i =2, wehave £pyems (NN, 11) = 0 Zi, @Lppems (N, 1)

Lppems (R 1R) Eppems (1,171)
e (Y

Case4. IfN=1,i=2 wehave £yyes(MX, i) = 0 Zi, @Lpyems (N, 1)

Lpoems (R 1N) Eppes (1,171)
+f T+£ppems (N l)

Therefore, all axioms of Theorem 6 are fulfilled. Hence, y has a UFP, which is X* = 1.

Application

Now, we see some basic definitions from the fractional calculus.

Let » € C[0,1] be a function, the Rieman-Liouville fractional derivatives of order
6 > 0 are defined as:

1 " s(c)de s
[(n—9) W‘/o G —cpm Dx(b),

presenting that the right-hand side is point-wise on [0, 1], where I' is the Euler I function
and [4] is the integer part of 6.
Consider the following FDE

“Dés(b) +f(b,x(») =0, 1<b<0, 2<¢E>1;
#(0) = (1) =0, (25)

where D¢ represents the order of & as the Caputo fractional derivatives and f : [0,1] x R —
R as a continuous map defined by

omE 1 > s(c)de
N Tl Rer it

The given FDE (25) is equivalent to

s(b) = /O L, ) (o, 3(0))de
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forall > € {and b € [0,1], where

p—olf (et
n(m){ o MSeerEl

Consider C([0,1],R) = { as the space of the continuous map described by [0, 1], and
Epvems: ¢ X { — Cy a bicomplex-valued controlled metric, such that

Epoems(32,7) = sup |s(b) —y(0)[* + iz sup |s2(b) = ()P,
be[0,1] be[0,1]

forall s¢,v € (. Let ¢,: { x { — [1,00) be defined by
P> (27) =2,
forall s¢,v € (. Then, ({, £ppems) is @ complete BVCMS.

Theorem 7. Consider the non-linear FDE (25). Suppose that the following assertions are satisfied:
(i) There exists m € [0,1] and s,y € C([0,1],R), such that

[f (b, 52) = f(b,7) < Vm[se(b) —7(b)|;
(ii)
1
sup Q(b,c)de < 1.
helo,1] /0
Then, FDE (25) has a unique solution in (.
Proof. Consider the map 7: { — { defined by
1
ye(b) = /0 Q(b, ¢)f (o, (c))de.
Now, for all s,y € , we deduce
1 1
13¢(0) = gy O)P 1+ 12) = | [ 20,0640 de ~ [ 0,06, 1(0)el(1 +12)
1 2
< ([ a6, -6, 1) ldc) (148

1 2
< (/0 Q(b,c)dc) /O m(b) — 7 (0)[2de(1 + ).
Taking the supreme, we obtain

Lpoems (17417) < MEpoems (5¢,7)-
Therefore, all conditions of Theorem 1 are fulfilled and the operator # has a UFP. [

4. Conclusions

In this paper we introduced the concept of BVCMS and FPTs for Banach-, Kannan- and
Fisher-type contractions concepts. Furthermore, we presented examples that elaborated
the usability of our results. Meanwhile, we provided an application for the existence of
a solution to an FDE using one of our results. This concept can be applied for further
investigations into studying BVCMSs for other structures in metric spaces.
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1. Introduction

Fractional calculus come into people’s view in 1695 [1], extending the traditional inte-
gral calculus concept to the whole field of real numbers. It is originally of great significance
in many areas [2]. As we all know, in the research process of these fields, equations need
to be established to describe the specific change process. On the other hand, fractional
calculus has the nice property of being able to accurately describe these processes with
genetic and memory traits. Therefore, the fractional differential equation has gradually
become the focus of people’s research. At the same time, the existence analysis, uniqueness
analysis, stability analysis of solutions in fractional differential equation become an impor-
tant research direction. Many scholars have studied them in recent years, and readers can
refer to the literature [3-13].

At the beginning of the twentieth century, the appearance of Quantum Mechanics
promoted the generation and development of Quantum calculus (q-calculus). F. H. Jack-
son made the first complete study of g-calculus [14,15]. Later W. A. Al-Salam [16] and
R. P. Agarwal [17] proposed the basic concepts and properties of fractional g-calculus.
Q-calculus has been an important bridge between mathematics and physics since its birth.
It plays an extremely important role in quantum physics, spectral analysis and dynamical
systems [18-21]. In recent years, g-calculus has also been increasingly used in engineer-
ing [22,23]. With the application and development of fractional differential equation and
the extensive research and application of g-calculus in mathematics, physics and other
fields, the study of fractional g-difference equation has become a topic of widespread
concern. Increased experts begin to pay attention to the theoretical research of fractional
g-difference equation [24-32].

In 2019, the authors [27] studied the boundary value problem of the following mixed
fractional g-difference by the Guo—Krasnoselskii’s fixed point theorem and the Banach
contraction mapping principle:
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Dgu(t) + f(t,u(t)) =0, te[0,1],
u(0) = Dbu(0) = ‘Dhu(1),
where0 < f<1,2<a <2+, Dj, ”Df; are the Riemann-Liouville fractional q-derivative
and Caputo fractional g-derivative of order «, f.
In [30], utilizing the monotone iterative approach, the authors are considered with the
fractional g-difference system involing four-point boundary conditions:
vc ( ) +f(trv(t)) =0, te (Oll)r
D’Bv(t) +f(tu(t) =0, te(0,1),
u(0) =0, u(l) = nu(n),
0(0) =0, v(1) = 720(12),

=

where1 < B<a<20<7y,7<1,0<yy} ' <land0< 72772’371 <1
In [9], in view of the method of mixed monotone operators, the conclusion of the
existence and uniqueness of solutions for the following coupled system is drawn:

Df. (1) + fo (7, 2(x), DY.x(x) ) + &1(5,(1)) =0,

DY y(7) + f2(7,y(7), DY.y(7)) + ga(7, x(1)) =0,
te(0,1), n—-1<ap<n,
xD0)=yD0)=0, i=0,1,2,...,n-2,

DS.y(1)|  =k(y(1), |Dix(r)|  =ke(x(1)),
=1 =1

where the integer number n > 3and 1 < vy < < n—-21<y << n-2 f,fn
[0,1] x RT x RT — RT,¢1,42: [0,1] x RT — RTand ki, kp: Rt — Rtare continuous
functions, Dy, and DO’B , represent the Riemann-Liouville derivatives.

There are many ways to deal with the boundary value problem, such as monotone
iteration techniques, the Banach contraction mapping principle and so on. In these methods,
the constraints are often stringent, one of which is that completely continuity of the operator
must be proved and the proving process is often very complicated. However, The mixed
monotone operators have relatively loose requirements and only need to prove some
properties like the upper bound. Now, there has been some literature using it to prove the
existence and uniqueness of solutions, see [9-13,31,32]. Therefore, this paper also intends
to introduce this method to prove the corresponding conclusion.

Motivated by the above mentioned papers, we investigate the following coupled
nonlinear fractional g-difference system:

Dg'u(t) + fi(tu(t),o(t), D] u(t), DJ*o(t)) =0, te(0,1),
Dg?o(t) + fa(t, u(t),o(t), DJ'u(t), DJ?v(t)) =0, te(0,1),

@

subject to the multi-strip and multi-point mixed boundary conditions:

m n
DFu(1) = Y Al (&) + Y byjo(n),
i=1 j=1 ()

m n
DY o(1) = Y Auilp¥u(E) + Y byu(ny),
i=1 j=1
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where “Dg, Dy are the Caputo fractional g-derivative and Riemann-Liouville fractional

q-derivative of order « respectively, and 15 ¥ is the Riemann-Liouville fractional q-integral
of order By;, fork = 1,2 and i = 1,2,...,m. aj,ay € [1,2], 71,72 € [0,1]; Ayj, Ay €
[0, 4+00), B1i, Bai € (0,+00), &; € [0,1], fori =1,2,...,m; by, byj € [0, +00), 7; € [0,1], for
i=12,...,n

The system has the following four main characteristics: First, it is based on g-calculus,
so it is closely connected with Physics and has practical research significance. Second, there
are two types of derivatives (the Caputo and Riemann-Liouville fractional g-derivative)
in the system, which is more in line with the complex conditions of the real world. Third,
the unknown functions u(t) and v(t) in the system influence each other which can have
better practical applications. Fourth, the nonlinear part, fiand f,, contain two derivative
operators D;, D,;’ 2. Due to the complexity of the model, it is difficult to find the Green’s
function and its upper and lower bounds. After that, we choose the mixed monotone
operator method to get the existence and uniqueness of non-negative solution to our
system. Compared with the monotone iterative method for the requirements of fixed initial
values, mixed monotone operators do not need to prove complete continuity, and there
are no restrictions for initial values, that is, the arbitrarily initial value works. Therefore,
the mixed monotone method is more widely applicable.

This article is arranged as the following aspects: In Section 2, some fundamental
definitions and lemmas are introduced. Moreover, some crucial results and their proofs
are discussed. In Section 3, we set out the main conclusion: the existence and uniqueness
results of non-negative solutions. At last, an example is given to illustrate our result.

2. Preliminaries

For the reader’s convenience, we list some important definitions of g-calculus. On the
other hand, there are also basic notion and lemmas for the proof which will be used in the
next section.

Let (E, || - ||) be a Banach space, partially ordered by a cone P C E. In other words,
x = yifand only if y — x € P. We use 6 to represent the zero element of E. We consider a
cone P to be normal if there exists a constant M > 0 such that forall x,y € E, 6 < x <y
implies ||x|| < M]||y||; on this condition M is called the normality constant of P. Giving
h > 6, we denote by P, theset P, = {x € E| 3A, > 0: Ah < x < ph}.

Definition 1 ([33,34]). A : P x P — P is said to be a mixed monotone operator of A(x,y) is
increasing in x and decreasing in y, i.e., for x;,y; € P(i = 1,2), x1 < xo, y1 > yo implies that
A(x1,y1) < A(x2,Y2). Element x € P is called a fixed point of A if A(x,x) = x.

Lemma 1 ([35]). Let P a normal cone of a real Banach space E. Also, let A : P x P — P bea
mixed monotone operator. Assume that

(A1) there exists h € P with h # 0 such that A(h,h) € Py,

(Ay) forany u,v € Pand t € (0,1), there exists ¢(t) € (0,1] such that A(tu,t"1v) >
e(H)A(u,v).

Then operator A has a unique fixed point x* in Py,. Moreover, for any initial xo,yo € Py,
constructing successively the sequences

Xp = A(xnflrynfl)/ Yn = A(]/nflrxnfl)r n=12---,
one has || x, — x*|| = 0and |y, — x*|| — 0as n — oo.
Forg € (0,1) and a € R, define

_1-7
[“]q— 1—Li'

154



Mathematics 2023, 11, 2941

The g-analogue of the power function is

(@a-b)\" =1,

=JJ(a—bq"), keN,abeR.
i=0

Generally, if & € R, there is

@) _ ayy 2-bq
(a—b), 7a“gm.

It is clearly that a® = g% for b = 0 and 0@ = 0 for a > 0.
The g-Gamma function is given by

_ ) (x-1)
Iy(x) = %, x e R\{0,-1,-2,...},

then we have I'y(x 4 1) = [x];T;(x).
For x,y > 0, we have

1
By(x,y) = /0 Pl — gt e, 3)
especially, ()T ()
X)aly
B,(x,y) = 1 77
1= Ty

The g-derivative of a function f is defined by

i) = LB

(qu)(O) = }%(qu) (x),
and the g-derivative of higher order by
(DY) (x) = f(x),

(Djf)(x) = Dg(Dy ' f)(x), neN.
The g-integral of a function f defined on the interval [0, b] is given by

0o

(L) (x /f Ydgs =x(1—¢ Z (xg")q*, x €0,b).

If 2 € [0,b] and f is defined in the interval [0,b], then its integral from a to b is

defined by
b b a
| F)gs = [ f)dgs = [ Fls)dgs

and similarly the g-integral of higher order is given by
(I)(x) = f(x),
(ZH) =L x), neN.
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Definition 2 ([17]). Let « > 0 and f be a real function defined on a certain interval [a,b]. The
Riemann-Liouville fractional g-integral of order « is defined by

(If)(t) = f(8),
ot
IH® = qta) [ =" f(s)dgs, a>o0.

Definition 3 ([17]). The fractional g-derivative of the Riemann-Liouville type of order « > 0 of a
continuous and differential function f on the interval [a, b] is given by

(DgH)(t) = f(b),
(D3)(8) = (DRI f)(1), a >0,
where | is the smallest integer greater than or equal to «.
Definition 4 ([17]). Let « > 0, and the Caputo fractional q-derivatives of f be defined by
(‘DGf)(1) = (" Dyf)(b),
where | is the smallest integer greater than or equal to «.

Lemma 2 ([36]). Let o, f > 0and f : [a,b] — R be a continuous function defined on [a, b] and
its derivative exist. Then the following formulas hold:

(DEIRF)(E) = £(8),
(EIEF) (1) = (5P ) ().

Lemma 3 ([36]). Let « > 0 and p be a positive integer. Then the following equality holds:

(IyDyA)(t) = (DI f) Z

tﬂ(*p +k k O
= prkrn) DO
Lemma 4 ([36,37]). Let « > 0and n = [a] + 1. Then we have

(I3 DS F)(E) = f(£) +co+ et + et + ...+ oyt

where ¢y, cy, . ..,Ch_1 are some constants.

For convenience, we denote

1
I = (’X

A b . o) (Bri— )&z 1 ay—1
2 [Z /0 (Ci —as) d5+2b1,17 ,

rl] =1 rq (.Bli)

4)
1 (Ao i (Ba2i=1) gar—1 M -1
e B [ e E o]

The following assumptions are introduced for analysis:

(F1) 1<ap <2 B >0, fork=12andi=1,2,..

(Fp) 0< i, Gi <1, A15, A1 20, byj, byj =0, for i = 1 2 m,j=12,...,n
(F3) 1— 111, > 0, where Iy, I, are defined by (4);

(Fy) fi:[0,1] x [0, +00)* — [0, +00) is continuous (k = 1,2).
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A corresponding linear differential system with BVP (1) and (2) is considered, and the
expression of the corresponding Green’s functions are established

Lemma 5. Assume that (Fp)—(F3) hold. For hy, hy € C(0,1), the fractional differential system
Dg'u(t) +hi(t) =0, te(0,1), )
Dg?o(t) +ha(t) =0, te(0,1),
with boundary conditions (2) has an integral representation
1 1
u(t) = / Ky (t,qs)h(s)dgs + / Hi(t,qs)ha(s)dys,
°.1 ’ (©)
o(t) = [ Kalt,ashha(s)dgs + [ Halt,as)hi(s)ds,

where

[yl LU PP
Kilt 43) = gl s) + Tq(“ll)(l —hilp) [Z Fq(f’z: /

n
—q7) (ﬁzl‘*l)gl (t,gs)dt + Z szgl (17]', qs)] ,
i=1 =1

)
Hy(t, qs) = =1 i Mi /Ci(g, _ qT)(ﬂliﬂ)gz(T gs)d, T + ibl'gz(ﬂ' gs)
’ Ty(a1)(1 = hib) | A Ty(Bri) Jo ™ T e
1o t%2— 1 m l o n
Ky(t,gs) =g2(t,qs)+ Iy 2 YA =L) [Z{ T, / qr)(ﬂ“ l)gz(T,qs)dT+ Zibljgz(ﬂj,qs)},
= =
, (8)
H (t S) o l’azfl i /\21 Ct(g - T) (B2i—1) (T s d T4 Zb S)
28) = T )@l | Ty (pa) Jo (G790 (0T L g
and fork=1, 2,
1 [t $) @D 0<gs <t <1,
gi(t,q5) = T ! ©)
Ty(ag) | e ; 0<t<gs< 1.

Proof. According to Lemma 3, the Equation (5) can be reduced to the following equivalent
integral equations:

{ll( ) = —I3'hy () + ot ! 4 oppt™1

(10)
o(t) = —Ig?hy(t) + cnnt™ ™! + cppt®2” 2,
where c¢11, 12, €21, €2 are constants.

From 1(0) = v(0) = 0, we obtain ¢ = ¢z = 0. By using Lemma 4, we get
{ DI Mu(t) = — DI By (t) + og CDE T

= 7Iqh1(t) + cn[al - 1]‘71,?7&1 i’aliz, (11)
D o(t) = — D N IPha(b) + o DT = I (f) + o[ — 1] 1722,
Then from (3) we get

1
Dy (1) = I (1) + e [w -1, 12 “1= / hy(s)dgs + c11Tq(ar),

(12)
CDgrlv(l) = —I;hy(1) + o a2

1
—1, 2 = 7/0 Iy(3)dgs + o Ty ().
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From the rest of the condition of (2), it can be obtained that
1 U Bri n 1

e = = | Y Al o(&) + ) bijo(y) + / hi(s)dgs|,
Ty(ar) | S =1 Jo

o = b i)\ Jﬁz"u(é‘v)—&— ib u(n)—l—/lh (s)dgs
21 T (0‘2) = 2i'q i = 2j j 0 2 qs |-

q

Further, we can reduce (10) to

ap—1 | m f n -1
u(t) = 1{( . {Z rq/(\'[lglh) (Ci _ qs)(ﬁlzfl)v(s)dqs +]; bijo(n;) | + /0 g1(t,qs)hy(s)dys,
0(0) = s |52 0 [ =g o+ 3 o) | + [ salt gt

T(a) |5 Tg(p2) Jo T T e ot "

where gi(t,gs)(k = 1,2) are introduced by (9). Then we can get

n . G -
Z A : / (& — q5) P Vo(s)dgs + Z bijo(r;)

0 j=1

[ﬁ Ay fﬁﬁwwﬂ%@m+Z%MW}
j=1

rq(ﬁZz)
A (B1i—1) ! - !
+ 1" B Jo —q7) /0 82(7,qs)ha(s)dgsdyT + Zbl//o gz(iyj,qs)hz(s)dqs.
j=1

Moreover, we have

T Agi Gi a n
I3 /0 (& —q9) P Vu(s)dys + ) boju(y)
i=1

T4 (Bai) i
u@{i %»ﬁ m‘m1“+2%wﬂ
+§¢&Jf@—w%”émmwmuwm+2%/amwm@w

Combining (15) and (16), it can be seen that
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m )\ i gi ._ n
Z - : /0 (& —qs) P 1)v(s)dqs+2b1jv(17j)

i=1 rq(.Blz) j=1
(s [M@ - 0@ [ s gty + Ly [ 1l a5)im (s
1—-hl = Tq(B2i) i =7 ! !
m A ; f - 1 n 1
LG b G- | 2T g ()T + Y b / gz(ﬂjrqs)hz(s)dqs]r .
Ao (8 (B bl
E{ rq(ﬁZi) /O (gl 7‘75) M(S)dqs+];b2]u(1’]])
i B e [ @) [ gy + 3oy [ a0 45 ()i
1—hb :1rq(lgli) o 0o I I
m /\ .
+1:211"q(,321) (gl q7) ﬁz: 1)/ g1(T,g5)h (s )dqsquJr Esz/ gl(n],qs)hl( )dqs],

where [ (k = 1,2) is defined by (4). According to (14) and (17), we can get

u(t) = [ 810000 (5)dgs
wp—1 m . i n
: /11 y 2 /é (@ —q0) P2 Vg (1, q5)dgT + Y bajg (17, 45) |1 (5)dgs
) j=1

T Tyl hk) = Ta(Ba) Jo

moooy Gi ., u
[ ( b ) @ ”gzms)dmZbugz<’7ﬁq5)>’”(”dqs}
j=1

:/0 K1(t,qs)hl(s)dqs—0—/O1 Hi(t,qs)ha(s)dys,

where K (t,¢s) and H(t,gs) are introduced by (7). Similarly, we also have

1
o(t) :/0 $2(t,gs)ha(s)dys
wy—1 n n
t [/ (Z i / qr)“lf”gz<r,qs>dqr+Zbygz(nj,qs))hz(s)dqs
j=1

+7
Tg(a2)(1 = hb) = Tq(B1i)

"oy o u
I / ( 2i / —qr) B Vg (t,45)dgT + Y bajg (1, 675)> h (S)dqs}
=

/321
=/O Kz(t,qs)hz(s)dqs+/0 Ho (t,5) 11 (s)dgs,

where Ky (t,¢s) and Hy(t,qs) are also given by (8).
This completes the proof of the lemma. O
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Let
K (t,qs) =D 'Kq(t,gs)

DJig1(t,gs) he il
=Dg'¢1(t,gs) +
¢ 81 48) T 1 (:x — ) -Lb)
ﬂl AZI ‘B n
Lt (52) b 2D g1, q5)dT + ) bajga (17,45) |
i=1 " q\P2i j=1
. (1s)
Hy (t,qs) =Dy H(t,qs)
talfy;fl
71}(0{1— 7)(1—11[2)
m All ‘B n
T8 Jo g (7,q8)dgT + Y biga(1;,45) |,
=1
Ky(t,qs) =D;7K2(t, qs)
. Iyt
=D t,gs) +
0820089 ¥ S Ty
M [E (Bu-1) -
: Zr : _)/ (& —q0)' P Vgo(T,qs)dT + Y b1jga(njgs) |,
i=1 1 q\P1i) J0 j=1
h 19)
Hp(t,qs) =Dq‘H2(t,qs)
tﬂ(z*’yifl
- Tyaz —7;)(1 = L)
. i A /éi(é-—qf)(ﬁ”’”gl(f gs)d T+ibz‘g1(n qs)
i=1 rﬂ](ﬁZi) 0 ' ' ! j=1 ! " '
1 Pl ()Y 0<gs < EL T,
fgs) = — 20
Dylgi(ts) = ¢ g — ){t“k%’R 0<t<gs<1, 0

wherei =1,2and k = 1,2.
Lemma 6. Assume that (Fy) holds. Then the functions g (t,qs) defined by (9) and Dq ok (t,qs)
defined by (20) for i = 1,2,k = 1,2 have the following properties:
1 1
1)0< ——[1—(1—gs) @ D]t < g (t,g5) < 1,
( ) rq(“k)[ ( q ) } gk( q ) rq(“k)

@0 < Ly (o = ;)
fort,qs € [0,1].

. 1
1—(1—gs) @111 < DYig (t,05) < —— %71
[1—(1—gs) ] 78t ) < pEs
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Proof. (1) For 0 < gs < t <1, we can get

gk(t gs) = T, (ar) [farl — (t— qs)w*l)]

WV

[t = (= gs- Y]

= [1—(1—gs)@ D1 >0,

glt,5) = 0 [0 (= g5) )]

For 0 <t <gs <1, wehave

t,qs) = gt
gk( Q) I-q ’Xk)

_ O =

1 _
> -l =1 (1 — gg) (@1
T () Gy 17

[1—(1—gs) D)t >0,

—_

—

q(“k)

1
sk(t,qs) = mt

ap—1

(2) For 0 < gs < t < 1, we have

- 1 e e
Dy'gilt gs) = Tg(ax —7) [tak T = (b ge) 1)]
1
1 DV
>0 el s p) @D
> rq(ak - [t (t—gs-t) }
1
_ — (1 — gg) @7 D=1 >
Fylag 1~ (LA 20
Dyige(tas) = s [147 = (1= g9 Y
1
1
E—
1“q("‘k - ’Y{)
For 0 <t < gs <1, wehave
Ty(ax —77)
1 1 D
> = pmenl oo w1 ge) @)
Tg(ax =) Ty (a —77) (1-4)
1
. — R )
Ty T
. 1
DYigi(t,gs) = — 801,
qgk( q ) rq(“k_')/f)

This completes the proof of the lemma. [

For computational convenience, we introduce the following notations:
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1 i /\21 (B2i—1) Dtlfl g 011
4 e | Ty 1 —hby) (E Ty(P) (g’ 7 ek b )| .
1 I 2 A /g, (Bri—1) —ap—1 = -1
1+ i —qT) i T+ Y b2 , 22
Q2 rq(‘xl) rq(ﬂéz)(l — 1112) <121 rq(,Bli) Jo (gl q ) q ]; 1]17] ( )
03 =1+ h i i ‘(Ci g Dl Y byt (23)
Tg(a1)(1 = hb) \ = Tq(Bai) =i
0a=1+ & y, M /gi(éi —gr) B iy g Y byt (4)
Tg(az)(1 —hla) \ & Tq(B1i) Jo =77
o = ! f; M / C"(g,- —qr) il pe-lg 4 ibln'“z’l , (25)
Ty(ar)Tq(a2)(1 = hila) | = Tq(B1i) Jo =
P2 = ! y /gi(&- —gr) PVl Y gl (26)
Fq(ucl)l"q(zxz)(l — l]lz) i—1 l"q(‘BZ,») Jo j:1 1]
1 i /"ff (Bri—1) gar-1 3 -1
= i —qr)\PiT TR T ety by, 27
P = Ty () (1 - hib) [g Ty(B1i) Jo (& =a7) 9 ]; 117 (27)
1 O Ay /’5" (Bri—1) _al—1 = 1
= i —qT)\ P T T Y by M| 28
P = T () (T = hily) [1; Ty(Bai) Jo (6= q7) q ]; 2jj (28)

Lemma 7. Assume that (Fy)-(F3) hold. Then for (t,qs) € [0,1] x [0,1], the functions K(t,qs),

H(t,gs), Ki5(t, qs) and Hy(t, gs) fori=1,2,j = 1,2 defined by (7), (8), (18) and (19) sutzsfy the
foilowzng results

M0 < g1 - (1-99) V] <Ku(tigs) <art ™,
0 < got2! {1 —(1- qs)("‘rl)] < Ka(t,gs) < opt™271,
0< B 1 - (1— )@ V] <Ky (1g5) < Bt

rq(“l@ —) rq(”‘l@ - %)
0< b m 1] — (1 —gs) @2 1 D| <Ko (b gs) ot 2777,
= rq(‘J‘Z*’Y{) [ ( q ) ] 12( q ) Fq(txzf’rg)

(2)0 < prts 1 1= (1 g9) V] < Bt gs) < patti Y,
0< pztaz—l {1 _ (1 _ qs)(“lfl)] < Hz(t, qs) < sz“_l,
0< B i [1 - (1- qS)W”"’”] < Hy(t,gs) < o]

- Tq(ab— 75) Tq(“})— 75)
0< —P4 - n1]] (1= gs) @™ V] < Hy(tg5) < =2 pr27i1,
T (0(2—'}’{) [ ( q ) ] 12( q ) rq(az—’Y;)

Proof. (1) Accordance with (F3), Lemma 6 and the definition of K (¢,4s), we have
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_ Lt SIS (Ba-1) ST
Ku(tgs) = g1(t,q9) + Ty(a1)(1 =) Z 1 Tq(Bai) (Cl ) (@ qS)quJr]; bajgr (7 4°)
trxlfl (-1 lltaxlfl
> 1-(1—gs) )y 1
T, (a1) (1= (1 —gs)™ ] T, (a1)(1— 1)
r 1
A2 / G (Bai—1) T 0 -1) i (01-1)
i 1—(1- T dt+ ) b 1—(1—gs)'™
= rq(‘le_) 0 (gl qTt ) Fq(le)[ ( qs ) ] q Z 2]1—~q( )[ ( q ) }
a1 (ag—1)
= 1—(1—gs)™
Fan i =)
14 I ﬁ Aoi /‘:’(gi _ qT)(ﬂz‘—l)Tarld T+ i by
| Tgla) (X = hb) \ /= Tq(B2i) Jo I =7
=t 1= (1—g9) V] 20,
Lt Aoi (S (B2i—1) -
Kq(t,gs) = g1(t, gs) + / ;i —qT) " T,q8)dgT+ ) byj is
1(tas) =&t a9) + £ Ty [ZZ% T, Jo & 07 Tai(mas)dy ]; 281 (11, q5)
toqfl lltal—l m /\21 3 1 n -
< T)Pr Nl ey~ Y by
Tg(ar) — Tylar)(1—hi) { Tg(B2i)Tq(a1) Jo — ) T (‘X ) ; 21
tuq—l ll m /\2 I (Byi-1) oy 1 n .
— 1+ ! )\ + Y by
Tg(ar) { Ty(a1)(1 = hl2) <Z Ty(Bai) / 10 ! ,; 0
:Qltoq—l,
where ¢ is defined by (21).
: _ A, o~ A (B2i-1) ]
Knlt:9s) =Dy'si(tas) + ¢ o Sa =) Z T, (Ba) / (6 —q0) ™V g1(T,45)dgT + ZbZng 1j:45)
a1 (ap—7;—1 Lt
> [1-(1-gs) 4 !
s L A ¢ e
1 b
i / ' (Bai—1) T (41-1) n (#1-1)
. i —qT)\P¥ 1—(1—gs)'™ AT+ Y byi=t—[1—(1—gs)\"!
[Z I—‘q(’le_)'O (él q ) Fq(le)[ ( q ) ] q Jg 2]1—~q(0‘1)[ ( q ) ]
g _ (a1—7;-1)
> I, )[ (1—gs) ]
h S Ay [Gi (Bai—1) g —1 . -1
1+ / i —qT) P T+ Y byt
Ty —71)(1 = hb) (Z g (Bai) (& —4v) ! ]; 211
_ a3 a1 —y— (x1=77-1)
S < E—T e . V| >,
l"q(txl — ’)/l“) { ( qS) ] -
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Koy (1,05) = Dgy (£, 5) + Iyt m Agj / )2V (T, g5)d,T + ib i81(1,qs)
n\hq g 811449 rq(Dél - ')'17)(1 — 1112 = rq ,321) gl +95)% =1 281409
pa—r—1 lltoqu;fl

<
Tplar — ;) Tglar —97) (1 —hbo)

3 Aai b - (Bai—1) o —
. [grq(ﬁzz)rq(“l)/o (& —47) 'y L oy szi’ﬁ !

_ =1 - I ”’ Aoj / ) (Ba—1)gmr—1g ¢ ib ag—1
Ty | T )= i) \ & Ty o &1 e
R

rq(”‘l - ’Y{)

where i = 1,2 and 3 is defined by (23). Similarly, we get
0< ta“rl [1 —(1- qs)('xrl)] <Ka(t,gs) < ta“rl,

04 ay—pi—1 (ag—7;—1) 04 ay—i—1
0< ——+ 42111 (1 —gs TV <Koy (8 g5) < ————— 19277
7rq(042—%’) [ ( fi) ] 12( q) rq(“Z_’Yf)

where 0, and ¢4 are defined by (22) and (24).
(2) According to (F3), Lemma 6 and the definition of Hj (, gs), we can obtain

tlxlfl
Hl(trqs) = l"q(aq)(l _ 1112)

. oA [ (b1 T2 (a2-1)
i— i 1—(1—gs)"™ VdyT
wmldm{zqwh.(gq” Ay L A

m M - ;
in rq(éu) (g, 7)™ g 2(T’qs)dﬂ+]; blfgz(qus)}

ay—1

+2%§(ﬂ1< Wﬂﬂ

toclfl
Ty (a)Ty () (
= py ! [1 —(1- qs)(ﬂfzfl)] >0,

m /\ C a
T 1-(1- qs)(az 1 {E E;h / —q7) (B1i—1) Lo — 1d _ 251]’7“2 1}

o 1 /\1
Hy(t,gs) = Tg(a1)(1 = i) { ﬂ(éll

4 1 /\11 (B1i—1) [ 1 1 - gyl
< Tg(ar)(1 = hila) { Ty(B11)Tq(a2) Jo (gl 7 e Zbl}ﬂj

{Zr i [ gy Bt wa“z 1}
i=1"1

Ms

Gi o 1
) / (& —q0) P Vga(t,qs)d+ ) blng(er‘?S)}
=

M§

ttxl—l

T Ty(e0)Tg(a2) (T — hla) | & Ty(Bi) Jo
=pit,

where p; is defined by (27).
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. _ g M “( (Bri-1) o (o
009 = == i) [Elr (B1) / AT L bysala)
i M / ( (b1 T2 (a2-1)
)\l 1—(1—gs)\"? d,T
rq(“l_'Y{)(l_lllZ |:121 rq ,Blt ) —q ) rq(t’éz)[ ( q ) ] q

wy—1
byl - (- qs><““>1]

j=1
tt).’lf’)/lffl
>
Tgar = 77)Ty(a2) (1 = L)

LI B Gi (Bu-1) - o
| — gr) B g Y by
[g rq(ﬁli)/o (6 —q7) Z 17

[1—-(1- qs)(WZ*’Y,’*l)]

o P3 a—y-—1 e —'y.—l)
=TT — (1 —¢gs)\ T >0,
l"q(le — ’)/17) [ ( 1 ) } -
tt’q*%’*l m Ali (Bri—1) n
H= (t,gs) = 1 T,08)d, T+ Y Dby; ., qs
11( q ) rq(“l 7,}/;)(1 71112) |:1_1 rq(,Bli) (gl ) 2( q ) q ; 1]g2(17] q )
it L Mi (Bri—1) —ar—1 -1
< L dgT+ biin*
Ty — 7)1~ k) {,1 T, (B ly(a2) o (R rqwz Z 7

s & Mg / (Bri—1) gz -1 -1
_ i —qgT)\Pu dgT+ ) bijn*
Tg(ar — 7)) (1 = i) LZ{ Tq(B1i) (i =av) Z 1

_ P3 Ll —7—1
Ty(ar —77)

where = 1,2 and p3 is defined by (27). Analogously, we get

0 < ppt*2~1 [1 —(1- qs)("“*l)] <Ha(t,qs) < pat™ 71,

04 ay—yi—1 (a1—=7;-1) 04 ay—y;—1
0< —F 11— (1—gs TV <Hy (b gs) < =1L
= rq(“Z_'Yf) { ( ‘1 ) ] 12( q ) rq(“Z_')/f)

where p; and py are defined by (26) and (28).
This completes the proof of the lemma. [

Lemma 8 ([38]). K, = Py, X Py, where K = P x P and h(t) = (h(7), ha2(7)).

3. Existence Results of Monotone Iterative Non-Negative Solutions
Let E = {x|x, D]'x(t), DJ*x(t) € C[0,1]} endowed with the norm

= D" |x(t DJ?|x
) = max{ max [+(0), max DJ*Ix(1)], max DF (1)}

Let || (x,y)|| = max{||x||, |ly||} for (x,y) € E x E, then (E x E, ||(x,y)]) is a Banach space.
Define a cone P = {x € E |x, D]'x(t), DJ?x(t) > 6}. Let K = P x P, it is obvious that K is
a normal cone equipped with the following partial order:

x1<x, Dl'xg

(x1,11) 2 (x2,p2) & { (29)

< DJ'xy, DJ*x; < DJ?x,
< <

D'Yl
vi<v2  DJ'vi <DJ'ya, DJ*y1 <Dy
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For all (4,v) € P x P, in view of Lemma 5, let T : K x K — K be the operator
defined by

o) = (1)
where
Ti(0,0)(8) = [ K1 (1,090 (5 u(5),0(5), DJ*us), DJo(s) s

+ /01 Hy(t,g5) f2(s, u(s), v(s), DI u(s), DJ*v(s))dys,

Tr(u,v)(t) :/01 Ka(t,gs) f2(s,u(s),0(s), D" u(s), DJ*v(s))dgs
+ /01 Hy(t,g5) f1(s,u(s),v(s), DJ'u(s), DJ*v(s))dys.

Theorem 1. Assume that
(81) Fort € [0,1], fi(t, x1,y1,%2,Yy2) is increasing in x; € [0,00) (i = 1,2) and decreasing
iny; € [0,00) (i=1,2) forj=1,2;
(S2)Vre(0,1),3 1(r), ga(r) € (r,1] such that
it rxa, 17Ny rxo, 17N y) 2= @i filt 1, v, X2, 12) (1= 1,2),
go(r) = min{g1(r), g2(r)}.

Then
(1) T(h, 1) € Ky, where h(t) = (hy(t),ha(t)) = (F9~1, #2710 <t < 1;
(2) T(ru,r~0) = @o(r) T(u,v);
(3) BVP (1) and (2) has a unique non-negative solutions (u*,v*) in Kj,. For any initial
(x01, x02), (Yo1, yo02) € Ky, there are two iterative sequences { (X1, Xn2) }, { (Yn1, Yn2) } satisfying
that (X1, Xn2) — (W%, 0%), (Y1, Yn2) — (u*,v%), where
(a1, %n2) =(T1(x(n71)1ry(n71)1), TZ(x(n—l)Z/y(n—1)2)>
1
/0 Kl(t/qs)fl(S/x(nfl)l(s)/y(nfl)l(S)/D;nx(nfl)l(s)/Dgzy(nfl)l(s))dqs
- .
+./0 Hi(t,95) f2(5, %(0—1)1(5), Y(n-1)1(5), Dg' X(u-1)1(5), D3*Y(n—1)1(5) dgs,
1
| Kt a9 a6 X1 (5), W11 () D011 (5), D119

’

+ /01 Ha(t,45) f1(5, %(u—1)1(5), Y (n-1)1(5), DJ % (5—1)1(5), DJ*Y (n—1)1(5) ) dgs
(Y, yn2) =(T1(y(n71)1rx(n71)1)/ TZ(y(n—l)Z/x(nfl)Z))
(K005 500120530109, D 1151, D105
+ '/(;l Hi(t,45) f2(5, Y (n-1)1(5) X(n-1)1(8), D Y u—1)1(5), D3> X (1)1 (5) ddgs,
/OlKZ(t/qs)fZ(S/y(n—l)l(5)/x(n—1)1(5)/Dgly(n—l)l(s)rD:]sz(n—l)l(s))dqs

’

1
+/0 Ha(t,45) f1(S, Y (n—1)1(5), X(u—1)1(5), DT Y(n—1)1(5), DJ*X(_1)1(5) ) dgs
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Proof. By Lemma 7 we have
Ki(t, qs), Kiz(t, qs), Hi(t,qs), Hy:(t,qs) > 0, 1=1,2,7=1,2. (30)

Regarding (30) and (F4), we get Ty, T : P x P — P, T : K x K — K. It is obvious that T is
a mixed monotone operator, because for any (u1,v1), (42, v2) € Kwith (u1,v1) = (u2,02),
considering (S1), we acquire

T(uy,v1) < T(up,v1) for fixed vy and T(uy,v1) = T(uy,02) for fixed uy.

From Lemma 8, we obtain Kj, = Py, x Py,, where h(t) = (hi(t), ha(t)) = (ta—1, g2y,
(1) Inview of h(t) = (hy(t),ha(t)) = (+971, +271), we get

() =71 >0, hy(t) =271 >0,

_ T (0{1) o _ T (062) P
Dy (1) = D11 — 9 pa-—n-1 >0, DY, (t) = D pre—1 — 9 =711 >0,
7' 1 Ty(ar —71) 7'1a(t) 1 Ty(a2 —71) (31)
_ Ty(aq) e _ To(wn)
D2h, (+) = D121 — ‘Iital T2—1 >0, D21, (1) = D221 — Vlitaz T2—1 > 0.
e N D) e N D)

Consequently, from (31), we can see that /11, h; € P and h € K. Indeed
1
Ty, 1) (5) = [ Kat45) 3 (1 (9, 1 (9, D i (5), DI (5))dgs
1
+/0 Hl(t,qs)fz(s,hl(s),hl(s),D,;”hl(s),D;Zhl(s))dqs

1 u1 a1 Tgla) 1 Tolm) e
— Kq(t,gs s, s 1/ g1 _ AVl mem n _ vl mm 1) d s
J “qm< Ty(a1 — 1) Ty(a1 —712) 7

1 Ty(ar) -1 rq("‘l) —yo—1
+/ Hi(t,gqs <s,s"‘1*1,s"‘1*1,'775“1 n-1 0O mem-1) g g
A 1(t,qs) f2 R pp— T, (21 — 72) q

b - Ty(a)
> [ o1 — (1—gs) @Y (s,O,l,O,iq )ds
e - =g VA )

1 o W T (0(1)
+/ -1 - (1 — gs) (227D (5,0,1,0,‘77>d 5,
o 01 [ ( q ) ]f2 rq("‘l — 72) q

Ty (hy, hy) () = ./0'1 Ki(t,qs) fi(s, b (s), b (s), DJ*ha(s), DJ?ha (s))dgs
*}Alfﬁ(“q”fﬁ“fhﬂshh1@>rDJWn(ﬂ,DJ”n<w>dw
= /01 Kq(t,qs) f1 (s, sl g1 %5“1*71*1, %swrn*l»&s
+ /01 Hi(t,45) f2 (S/ sl st %s“l’%’ﬂ %s‘“”rl) dgs

T Tg(ar) T Tg(ar)
g/ pa—1 (S,l,o, 117,())[1 S+/ pa—1 (S,l,o, q7,0>d s,
Jo f Ty(ar — 1) L f2 Ty(ar — 1) I
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D T](h],h1 / K tqs)fl(s h1( ) hl(s) D’yl]’ll(s) D”hl(s))dqs
+/ H; (t,qs)fz(s,hl(s),hl(s),Dglhl(s),Dgzhl(s))dqs

T (Dél) o T ({X]) I
= (t,qs ERC L R, RS SARILS b . R 1)d s
/ T fl( Tg(ar —71) Tg(ar —72) I

_ 7 Ty(aq) g Tglaq) R
+/ H- (t,gs (s,s’” Vg1 00707 gm—m-1 _ 10 - dgs
n49)fz Ty(ar = m) Tg(a1 = 72) !

a1=7; _ (1 — gs) (a1)
/rq (= t T — (1 —gs) T ]ﬂ(sOlO (; 7’)/2)>qu

P eyl (g = gg) e _Tglm)
+/O Fq(rxl—y;)t 11— (1 —gs) 2T ]f2<5010r( 72)>qu,

D T](h],h1 / K tqs)f1(s h]( ) h1(s) D’ylh](s) D72h1(s))dqs
4 [ i (1,09) (5,1 (5), I (), Db 5), D (5

-1 -1 _Ta(m) 1 Tglaq) e
= 1 1 q 1 q 1
_'/0 Ky (t.gs) f1 (5,5“1 ,$M77, ris"‘l m-l 1 V77 a7 )dqs

gl —71) "Ty(ar —72)

1 Tg(a1) Ty(ar)
+/ H (t,gs (5,5“1’1,5“1’1,7‘1 sam-1 T s”‘l’”’l)d s
n(t49)f2 Tg(ar —m) Ta(ar —72) 1

/ I 041 tal nilf (s 1,0, % O)dqs

Ty(ar)
N R— T <S 1,0, qi,())d s.
/ rq(“l 1) f2 "Ty(ar —71) 1
Let

ﬂn_/ ol — (1 gs)™~ 1}f1(5010 %)M

+/0 pill— (1 —gs)t2 ]fz(s 0,1,0, %)dqs,

g\&1 — 72

aiy :/1Q1f1 (s,l,O,% )d s+/ p1f2<s 1,0, % 0>dqs,

q("‘l -T2

1 e Tp(aq)
03 (1 — o) (2—=1) ( q\*1 >
+ 1-(1 ,0,1,0, dys,
o l"q(lxl)[ ( 45) ]fz s rq(“l _ 'YZ) q5

1 Tg(e) ) 1 Tg(ar)
03 q (a1 03 (a1
= —f1!s,1,0,———,0)d S+/ (s,1,0,7,0>d s,
12 /0 Fq(“l)ﬂ( Ty(ar —71) 7 Jo rq(“l)fz Ty(ar —71) 1

where v = max{v1, Y2 }. Then, we obtain

Ti(hy, hy)(t) = ant™ ™ = anhi(t),
Ty(hy, hp)(t) < appt™ ! = aphy(t),
’ T (lxl) o i =

Dy Ty (h, h Ay — =l = g DY (1), (32)

1( 1 1)() Hrq(al ’)/z) 11~9q 1()
DTy (y, LY IC VR

1(hy, h)(t) < ”12r S - 7)’5 =Dy (t).

1
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Also, let
azl_/Qzlf(lqu)az 1]f2(5010%>ds
+/ pall = (1—gs)l™ 1]f1<5010(a%)72)>ds

,122_/ Q2f2<5101"(q2(72y) )dqs+/ szz(su)% )d‘?S'

"Tg(aa — 72
2 — gs)®@=) _Tylaz)
/rq4 (1—gs) 177 1]f1<5010 q(l’?Z*"rz))qu'
r( ) r((xz)
= ) a2 (10 p S ) ) e (o0 0

we have

To(ha, o) (1) = ant™> ™ = apiha(t),
) <

To (o, ha) (1) < apat*? ™! = aphs(t),
( 2) oy / 7
D To(Ip, ha) (t) > anmm 11 = 0y, DY (1), (33)
’ Fq(az)

Dy Ta(hp, o) (t) < Snp el = ‘1,22D;'7h2(f)~

(a2 — ;)

As a result, according to (32) and (33), we can get Ty (hy, 1) € Py, Ta(ha, h2) € Pp,.
Further, it can be see that T(h, ) € K}, which satisfies (A1) in Lemma 1.
(2) Foru,v € Pand t € (0,1), it can be obtain that

1
Ty (ru, r~1o) = / Kq(t,qs)fi(s,ru,r v, D) ru, DY*r~'o)dys
0
1
+ ./0 Hi(t,gs)fa(s,ru, 1o, D,;”ru, Dgzrflv)dqs
1
> / Ky (t,95)@1(r) f1(s,u,0, D) u, DJ*v)dys
0

1
+/ Hl(t,qs)guz(r)fz(s,u,v,D;"u,D,;’zv)dqs
Jo

Z¢o(r)T1(u,0),
1
To(ru,r o) = / Ky(t,qs) fa(s, ru, r 1o, Dgl ru, D:,”rflv)dqs
0
1
+ /0 Hy(t,qs) f1(s,ru, v v, D) ru, D)?r~'0)dys
1
> / Ko (t,gs)p2(r) fa(s, u,0, D;‘ u, D,;sz)dqs
0

1
+ /0 Hy(t,qs)1(r) f1(s,u,0, D,;lu, Dt;’zv)dqs

Z¢o(r) Ta(u,0),
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A1 = 0.25,
A2 =0.5,

. 1
Dy T (ru, o) :/0 K3 (t,gs) fi(s, ru,r ‘v, DJ'ru, D?r~'0)dys
-1
+/ Hy (t,q5) fa(s,ru, "o, DY ru, DJ?r o) dys
J0
1
z /0 Ky (t,q5)@1(r) fi(s,u,0, D" u, Dy*0)dgs

1
+ / Hl’l(t,qs)(/)z(r)fz(s,M,U,D"qhu, D,’ayzv)dqs
JO

>¢o(r)Dy Ty (u,),
. 1
DW’TZ ru,rflz; = K- (t,qs) f> Sli’u,flv,D%ru,Dﬁ’zrflz; dos
q n\t,q q q q
0
1
+/O H;Z(t,qs)fl(s,ru,rflv,D:{lru,Dnglv)dqs
1
>/ Ky (t,45)@2(r) fa(s, u,0, Dy u, Dv)dgs
0

1
+ /o Hy(t,q8)@1(r) fi(s,u,0, D 1t, Df*v)dgs
>@o(r)Dy Ta(u, ).

Thus, it is obvious that T(ru, r~1v) > ¢@o(r)T(u,v), which satisfies (A2) in Lemma 1.

(3) From what has been discussed in (1) and (2), according to Lemma 1, we obtain that
BVP (1) and (2) has a unique non-negative solutions (u*, v*) in Kj,. For any initial (xq1, x02),
(yo1,Y02) € Ky, there are two iterative sequences {(x1, Xn2) }, { (Vu1, Yn2) } satisfying that
(oo, Xn2) — (0%, 0%), (it Yi2) — (1", 0°).

This completes the proof of the theorem. [

Remark 1. Let (u,v) be the solution of the BVP (1) and (2). If u > 0, v > 0, then (u,v) be the
non-negative solution of the BVP (1) and (2).

Example 1. For t € [0, 1], consider the following fractional differential system:

Disu(t) + (u(t)* + (o(8) " + (Dq%u(t)) T t<D§U(t)> oy,
(34)

L
u+1l ov+2

1 1
+Dju(t) + — =0,

Djo(t)

7
Dgso(t) +

with the coupled integral and discrete mixed boundary conditions:

u(0) = v(0) =0,

2 2
DY2u(1) = Y Ailhio(&) + Y byjo (),
i=1 =1 (35)

Y byju(nj).

2
=

2
DY%o(1) = Y AnlbZu(&) +
i=1 j

In this model, we set

/\2] = 0.2, ‘311 = 1.5, ﬁz] = 1.4:, 61 = 025, b11 = 033, bz] = 0.17, m = 033,
Ap =01, Prp=25 Py =24 &=075 bp=067, by=083 =067
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i

1 1 1 _
filt, x1,y1,%2,y2) = X186 + Y1 £ +x02 +tya” 3,

X1
—— t+—— +x2+
x1+1  yp+2 2

It is not difficult to find that fi(t,x1,y1,X2,Y2), (i = 1,2) are satisfy (S1) in Theorem 1. Further,
for¥r e (0,1), we have

fo(t,x1, 91, %2,42) =

5|-

[

1 _ _1 1 B
fultyrxy, rtyg g, r ) = (rg)o 4 (rlyn) A (r) T+ E(r )

11 11 11 11
=7réx16 +riy; * +r2x2 +1r3tyy 3

> rxlé +ry17% +rx2% +rty2’%
=rfi(t, x1,y1,X2,Y2)

= ¢1(r) f1(t, x1,y1, %2, 42),

X1 n 1
rxp+1 0 rlyp+2
rxy r
=2 +—+
P A
=rfa(t, x1,y1,%2,¥2)
= @2(r) fo(t, 21,51, %2, 12).-
So ¢o(r) = min{¢1(r), p2(r)} = min{r,r} = r, which satisfy (Sy) in Theorem 1. Then from
Theorem 1, we can assert that BVP (34) and (35) has a unique non-negative solutions (u*,v*) in
Kh = Phl X th, where (h],hz) = (t%,t%).

falt,rxy, v Yyp, rxa, 17 1y) = + 132 +

=1y,

r
Xy + —
2

4. Conclusions

The Q derivative has important applications in many fields, such as quantum physics,
spectral analysis and dynamical systems, which make it as a powerful tool for solving
physics problems mathematically. In the model studied in this paper, the equations and
boundary conditions are universal, but it can be seen from Theorem 1 that utilizing the
fixed point theorem for mixed monotone operators, it can be acquired that the conclusion
of the existence and uniqueness of the solution only by two easily attainable constraints on
the nonlinear term. One of the conditions is mixed monotonicity, and the other is to restrict
its properties similar to the upper bound using another function. Compared with the
monotone iterative method in [30], we prove the existence and uniqueness of non-negative
solutions for more complex systems using more looser conditions.
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Abstract: This paper introduces a novel two-step inertial algorithm for locating a common fixed point
of a countable family of nonexpansive mappings. We establish strong convergence properties of the
proposed method under mild conditions and employ it to solve convex bilevel optimization problems.
The method is further applied to the image recovery problem. Our numerical experiments show that
the proposed method achieves faster convergence than other related methods in the literature.
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1. Introduction

Bilevel optimization has received significant attention in recent years, having arisen
as a powerful tool for many machine learning applications such as hyperparameter op-
timization [1,2], signal processing [3,4], and reinforcement learning [5]. It is defined as a
mathematical program in which an optimization problem contains another optimization
problem as a constraint. In this paper, we consider the bilevel optimization problem in
which the following minima are sought:

min w(x), 1)
XES,
where w : R" — R is assumed to be strongly convex and differentiable, while S, is a
nonempty set of inner level optimizers satisfying

min {1 (x) + $2(x)}, @
xeR

where 1 : R" — R is a differentiable and convex function such that Vi is L-Lipschitz
continuous and ¢, : R" — R U {oo} is a convex, proper, and lower semi-continuous
function. We let A be the solution set of (1).

Observe that this bilevel optimization model contains the inner level minimization
problem (2) as a constraint to the outer level optimization problem (1). It is a well-known
form (1) that

x* € A if and only if (Vw(x*),x —x*) > 0 forall x € S,.
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Many researchers have proposed algorithms for solving problem (2); see [6-10]. The ba-
sic algorithm is the proximal forward-backward technique, or proximal gradient method,
defined by the iterative equation

Xpi1 = ProXa,p, (I — 0, Vip1)(x4), n € N, 3)

where a; > 0 is the step-size, proxy, is the proximity operator of ¢, and Vi is the
gradient of ¢ [6,11]. Equation (3) is referred to in the literature as the forward-backward
splitting algorithm (FBSA). The FBSA can be used to solve the inner level optimization
problem if i; is L-Lipschitz continuous [7].

The proximal gradient method can also be viewed as a fixed-point algorithm, where
the iterated mapping is given by

T := proguy, (I —aViy) 4)

and is called the forward-backward mapping [12]. The forward-backward mapping, T,
is nonexpansive if 0 < « < 2/L, where L is a Lipschitz constant of Vi, and, in that case,
Fix(T) = argmin{t(x) + ¢o(x)}. Itis noted that implementation of the forward-backward
operator can be simplified by first changing the inner level optimization problem into a zero-
point problem of the sum of two monotone operators, and then, after analysis, translating
back into the fixed-point problem. Exemplifying the fixed-point approach, Sabach et al. [13]
proposed the bilevel gradient sequential averaging method (BiG-SAM) for solving problems
(1) and (2). The iterative process can be defined as

Uy = proxcg(xy—1 —cVf(x,-1)),
vy =x,-1 — AVow(x,_1), (5)
Xpp1 = YnOn + (1= yn)tty, n>1

where ¢ € (0, Ll), A€ (0, ﬁ), w is strongly convex with parameter ¢, and where L

and L, are Lipschitz constants for the gradients of f and w. The authors analyzed the
convergence behavior of BiG-SAM using an existing fixed-point algorithm and discussed
its rate of convergence.

In optimization problems like those presented above, mathematicians frequently em-
ploy a technique known as inertial-type extrapolation [14,15] to accelerate the convergence
of the iterative equations. This approach involves utilizing a term 6, (x,, — x,,_1), where 6,
denotes an inertial parameter, to govern the momentum x, — x,,_1. One such algorithm
that has enjoyed immense popularity was developed by Nesterov [14]. He used an inertial
or extrapolation technique to solve convex optimization problems of the form of (2), where
F := 41 + ¢ is a convex, smooth function. Nesterov’s algorithm takes the following form:

Zn = Xp + 6y (xn - xn—l)/

{ Xyi1 =2zn +cVF(z,), neN, ©)
where the inertial parameter 6, € (0,1) for all n and ¢ > 0 is the step size depending
on the Lipschitz continuity modulus of VF. Nesterov proved that Equation (6) has a
faster convergence rate than the general gradient algorithm by selecting {6, } such that
sup,, 0, = 1. Similarly, in 2009, Beck et al. [16] introduced the fast iterative shrinkage-
thresholding algorithm (FISTA) for solving linear inverse problems. Their result combined
the proximity algorithm with the inertial technique, again resulting in the algorithm’s
convergence rate being considerably accelerated.

In 2019, Shehu et al. [17] presented an inertial forward-backward algorithm, called
the inertial bilevel gradient sequential averaging method (iBiG-SAM) for solving
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problems (1) and (2). Their method was subsequently improved by Sabach et al. [13],
using the following iterative algorithm:

Sp = Xp + Qn(xn - xn—l)r

Uy = proxeg(I —cVf)(sn),

vy = sy — AVw(sy),

X1 = YuOn + (1 —yn)up, n>1.

@)

The authors transformed the bilevel optimization problem into a fixed-point problem
for a nonexpansive mapping in an infinite dimensional Hilbert space and then proved
strong convergence.

As the above suggests, research on fixed-point problems for nonexpansive mappings
has become crucial for developing optimization methods. The Mann iterative process
is a well-known method for approximating fixed points of nonexpansive mappings on
Hilbert spaces. However, Mann’s process provides only weak convergence. Many authors
have demonstrated fixed-point problems exhibiting strong convergence for nonexpansive
mappings on Hilbert spaces using the viscosity approximation method, expressed by
the equation

Xpa1 = BuS(xn) + (1 — Bu)Txy, n>1, ®)

where {B,} € (0,1), S is a contraction on Hilbert spaces H and x; € H; see [18,19].

In 2009, Takahashi [20] modified the viscosity approximation method, selecting a
particular fixed point of the nonexpansive self-mapping of Moudafi [18]. The iterative
process is given by

Xpt1 = BuS(xn) + (1 — Bu) Tuxn, n>1, 9)

where {B,} € (0,1), S is a contraction of C into itself, {T,} is a countable family of
nonexpansive of C into itself, C is subset of a Banach space, and x; € C. Takahashi proved
the strong convergence of (9) to a common fixed point of T;,.

Jailoka et al. [21] introduced a fast viscosity forward-backward algorithm (FVFBA)
with the inertial technique for finding a common fixed point of a countable family of
nonexpansive mappings. They proved a strong convergence result and applied it to solving
a convex minimization problem of the sum of two convex functions. The iterative process
can be formulated by

Uy = Xy + gn(xn - xn—l)/
vy = (1= ay) Tty + anS(uy), (10)
Xn+l = (1 - ,Bn)Tnun +ﬁnTnvm n>1,

where {a,},{Bs} € (0,1), S is a contraction on Hilbert spaces H and x; € H.

Recently, Janngam et al. [22] presented an inertial viscosity modified SP algorithm
(IVMSPA). The authors proved a strong convergence of their algorithm and applied it to
solving the convex bilevel optimization problems (problems 1 and 2). Their algorithm was
given by

Yn = Xn + On(xn — x4 1),

zn = (1= an)yn + anS(Yn),

Wy = (1 - ,Bn)zn + ,BnTnZn/

Xpp1 = (1= yn)wn + ynTuwn, n>1,

(11

where {a,}, {Bn}, {7n} € (0,1), S is contraction mapping on Hilbert spaces H and x; € H.
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The above authors all employ a single inertial parameter to accelerate the convergence
of their algorithms. However, it has been noted that the incorporation of two inertial param-
eters enhances motion modeling, improves stability and robustness, increases redundancy
and fault tolerance, expands the range of applications, and offers flexibility and adaptability
in algorithm design. In [23], it was illustrated through an example that the one-step inertial
extrapolation, expressed as w, = X, + 0,(x, — x,_1) with 6, € [0,1), may not produce
acceleration. Additionally, Ref. [24] mentioned that incorporating more than two points,
such as x, and x,_1, in the inertial process could lead to acceleration. For instance, consider
the following two-step inertial extrapolation:

Yn = Xn + g(xn - xn—l) + (5(xn—l - xnfl) (12)

where § > 0 and 6 < 0 can provide acceleration. The limitations of employing one-
step inertial acceleration in the alternating direction method of multipliers (ADMM) were
dissused in [25], which led to the proposal of adaptive acceleration as an alternative solution.
In addition, Polyak [26] discussed the potential for multi-step inertial methods to enhance
the speed of optimization techniques despite the absence of established convergence or
rate results in [26]. Recent research conducted in [27] has further explored and examined
various aspects of multi-step inertial methods.

Based on the information provided above, our aim in this paper is to solve the convex
bilevel optimization problem by introducing a new accelerated viscosity algorithm with
the two-point inertial technique, which we then apply to image recovery. The remainder of
the paper is organized as follows. In Section 2, we recall some basic definitions and results
that are crucial in the paper. The proposed algorithm and the analysis of its convergence
are presented in Section 3. The performance of deblurring images using our algorithm is
analyzed and illustrated in Section 4. Finally, we give conclusions and discuss directions
for future work in Section 5.

2. Preliminaries

In this section, we present some preliminary material that will be needed for the
main theorems.

Let C be a nonempty subset of a real Hilbert space H with norm || - ||, R denote the set
of real numbers, R denote the non-negative real numbers, R denote the positive real
numbers, N denote the set of positive integers, and let I denote the identity mapping on H.

Definition 1. The mapping T : C — C is said to be L-Lipschitz with L > 0, if
ITu = Tol| < Ljju - o|

forall u,v € C. Furthermore, if L € [0,1) then T is called a contraction mapping, and it is
nonexpansive if L = 1.

When {x,} is a sequence in C, we denote the strong convergence of x,, to x € C by
xn — x, and Fix(T) will symbolize the set of all fixed points of T.

Let T : C — C be a nonexpansive mapping and {T, } be a family of nonexpansive
mappings of C into itself such that @ # Fix(T) C I := _; Fix(Ty). The sequence {T; }
is said to satisfy the NST-condition (I) with T [28], if for each bounded sequence {x,} C C,

lim [|x; — Tpxu| =0 implies lim ||x, — Txy|| = 0.
n—r00 n—00

The following condition is an essential condition for proving our convergence theorem.
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Definition 2 ([29,30]). A sequence {T,,} with (\y_; Fix(T,) # @ is said to satisfy the condition
(Z) if for every bounded sequence {u,} in C such that

lim [|uy — Taun|| =0,
n—o00
then, every weak cluster point of {u,} belongs to (5 Fix(Ty).

Recall that for a nonempty closed convex subset C of H, the metric projection on C is a
mapping Pc : H — C, defined by

Pex = argmin{||x —y|| : y € C}

for all x € H. Note that v = Pcx if and only if (x — v,y —v) < Oforally € C.
The definition and properties of a proximity operator are presented below.

Definition 3 ([31,32]). Let ¢ : H — R U {oco} be a function that is convex, proper, and lower
semi-continuous. The function proxe, known as the proximity operator of g, is defined as follows:

pross(x) i mins0) + 515~ 12,
Alternatively, it can be expressed as:
proxg = (I1+0g)7",
where 0g represents the subdifferential of g defined by:
0g(x) :={ve H:g(x)+ (v,u—x) < g(u) forall ue H}
for any x € H. Additionally, for p > 0, we know that prox,g is firmly nonexpansive and
Fix(proxyg) = Argmin(g) := {v € H: g(v) < g(u) forall u € H},

where Fix(prox,g) is the set of fixed points of prox,.

The following lemmas will be used for proving the convergence of our proposed algorithm.

Lemma 1 ([33]). Let g : H — R U {oo} be a convex, proper, and lower semi-continuous func-
tion and let § : H — R be a differentiable and convex function such that V' is L-Lipschitz
continuous. Let

Ty := proxp,g(I — pnV§) and T := proxpg(I — pVF),
where py, p € (0,2/L) with p, — p as n — oo. Then {T,,} satisfies the NST-condition (I) with T.

Lemma 2 ([34]). Let x1,x2 € Hand t € [0,1]. Then, the following properties are true:
@l £ x2* = [la]|? £ 2001, 22) + [|x2 ]|

(i) |l + x| < Jlaa |+ 2(x2, 21 + x2);

(i) ltxy + (1= Bz = a2 + (1 = 1) 2> = £(1 = £) 1 — 2.

Lemma 3 ([35]). Let {a,}, {bn} C Ry and {t,} C (0,1) such that }_;;_; t, = co. Assume that
Ans1 < (1= ty)an + taby
foralln € N. Iflimsup;_, , by, < 0 for every subsequence {ay,} of {a,} satisfying

liminf(a,, 41 —an) >0,
1—00
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then lim,, 00 a;, = 0.

3. Main Results

Throughout this section, we let C be closed convex with @ # C C H and a mapping
F : C — C be a k-contraction where 0 < k < 1. Let {T;} is a family of nonexpansive
mappings of C into itself satisfying the condition (Z) such that I' := N_; Fix(T,) # @.

For the first of our main results, we draw upon the ideas of Jailoka et al. [21] and
Liang [24] and introduce a modified two-step inertial viscosity algorithm (MTIVA) for
finding a common fixed point of a family of nonexpansive mappings {Ty}, as follows:

In Theorem 1, we show that Algorithm 1 converges strongly.

Algorithm 1 Modified Two-Step Inertial Viscosity Algorithm (MTIVA)

Initialization: Let {8, }, {7} C [0,1], {tu} C Ry andlet {1, }, {on} C R>obebounded
sequences. Take x_1, X9, x; € H arbitrarily. For n € N.
Step 1. Compute the inertial step:

. T .
8, = mm{""' Hxn—mu} if Xn 7 Xu-1, (13)
Un otherwise,
and
_ —Ty :
oy = max{ Pns Hx,,fl—xnfzu} i X1 # Xu2, (14)
—0n otherwise,
Wy = Xy + Oy (xn - xn—l) + fsn(xn—l - xn72)~ (15)

Step 2. Compute the viscosity step:
zn = (1= 9n) Tuwy + v F(wy). (16)
Step 3. Compute x,,;1:

Xpi1 = (1= Bn) Tuwn + BuTuzn. (17)

Theorem 1. Let a sequence {x, } be generated by Algorithm 1. Suppose the conditions (C1-C3)
hold for the sequences {t,}, {yn}, and {Bn}. Then, x, — p € T, where p = PrF(p).

(C1) limyse0 % =0;

(C2) 0<e1 < By < ey <1forsomeer, e €R;

(C3) 0 < v <1, limyyeoyn =0and ) 4 yn = 0.

Proof. Let p = PrF(p). By the definition of z,,, we obtain

Iz = Pl = (1 = v2) Twwn + yuF(wn) — pll
< (L= )l Twwn — PIl + vaullF(wn) — F@) | + vall F(P) — Pl
< (=@ =k) [wn =l + 1 F(P) — Bl (18)

By the definition of w,, we obtain

[lwn — Pl = l|xn + On(xn — x5—1) + 0u(xXy—1 — X4-2) — P
< lxn = Pl + Onllxn — X1l + nllxn—1 — xu—2]- (19)
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Using (18) and (19), we obtain

01— Pl (1= Bu) I Twwn — Pl + Bull Tuzn — Pl
<(1 = Bu)llwn — pll + Bullzn — Pl
<1 = yuPu(1 = k) lwn — pll + Buyal F(P) — Pl
<= vuPu(X=5)(Ixn = Pll + Bnllxn — xn-1ll + Ol xn—1 — xn—2]])

+ Buvul[F(P) — P

o 0
<=0l =) = P+ B gl = |

uﬁq—w%ﬂ+wamfﬁ®-

On

+
ﬁn')/n

By (13), (14) and (C1), we have ,Bfi;’n |xn — xy—1]| — Oasn — oo and ﬁ”xn,] -

Xy—2|| = 0as n — oo, and then M;, M, > 0 exist such that
O
ﬁn')/n

for all n > 1. Then,

[
Hxn — xnilH < M; and ﬁit;Hxn—l - xn—Z” < M,
nifin

”%H_WSU—%WO—UW%—W+M%“_H<

o M+ ||[F(p)—p
< max{ x, - p), LR,

M + M, + |[E(p) — pll
1-k

where M = M; + M > 0. Thus, by mathematical induction, we deduce that

) M+ E(p) - p
lx — pll < max{||x1 ﬁww}

for all n > 1. Hence, the sequence {x,} is bounded and so are the sequences {F(wy)},
{Twwn}, {zn}. Now, by Lemma 2, we obtain

llzn — pII* = 111 = Yn) (Tawn — P) + ¥u (F(wn) — F(p)) + 1 (F(p) — P)|I?
< yn (F(wn) = F(5)) + (1 = 1) (Tutwon — B) > + 290 (F(p) — P, 20 — P)
*fJ,Zn

< Yul|F(wn) — F(P)|I> + (1 — v) || Tntwon — P> + 27u(F(P) -P)
< (1 =71 =0) lwn — plI* + 2y (F(P) — przn — P) (20)
and

llwn — ﬁ”z = [|xn — ﬁ”z +2(xn = P, O (xn — Xn—1) + Sn(xp-1 — Xu-2))
F 100 (xn — xn—1) + 6 (xn—1— xn72)||2
<l =PI+ 20ulw = pllla—1 = xnll + 21l l1xn = pllll -1 — 22|
0511201 — 2?2800 601 — X[ [[%0 -1 — 202

+ 02| xn-1 — xu—a | (1)

Also, from Lemma 2 (iii), (20) and (21), we obtain
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i1 = plI* =

(1= Bu) | Twwon = PII* + Bull Tuzn — B11> = Bu(1 = Bu) | Tuwn — Tuza||*
< (1= Bu)llwn = PlI* + Bullzn — plI* = Bu(1 = Bu) | Twwn — Tuznl|?
< (1= Buyn(1 = k) [lwn — BI* + 292 Bu (F(P) — P20 — P)

= Bu(1 = Bu) || Tutwon — TnanZ
< (1= Bu (1 = K))llxn — Pl + 2801w — P11 — x|
+ 281200 = Pl |xn—1 — X2l + O3] x0—1 — xa1?
+ 200 l|20n—1 — x| [ Xn—1 — xn—2l| + 55”3‘;1—1 - xn72”2
+29uBu(F(P) — P,zn — P) — Bn(1 = Bu) || Tuwn — Tnzn||2
= (1 = Burn(1— ))”xn - f’Hz = Bn(1 = Bn)|| Tawn — TnZnHZ
+ Bnrn(1—k)by, (22)

where

1 20
b= ( 20— Bl =l + 22y = 1 — 2]

.B Tn /Sn'Y
209,96, 52
" ﬁ”‘v"‘n w1 =5l =l + o s = 3l

F2E() = pzn ) ).
It follows that
Bn(1 = Bu) | Twwn — Toznl® < [|xn — f’Hz = llxns1 — ’5”2 + Bnyn(1— k)M// (23)
where M' = sup{b, : n € N}.
Next, we shall show that the sequence {x,} converges strongly to p. Take
ay = ||xy — p||? and t, = Buyn(1 — k). From (22), we have
Ap4+1 < (l - tn)an + tyby

for all n € N. To apply Lemma 3, we have to show that limsup,_, , by, < 0 whenever a
subsequence {ay,} of {a,} satisfies

liminf(a,, 41 — ay,) > 0. (24)
1—00

Suppose that {a,, } is a subsequence of {a,} satisfying (24). It follows from (23) and
(C3) that

tim sup B, (1= B, || T, — Tz, > < limsup(an, — @y, 11+ By (1= k)M

1—00 i—00
< limsup(ﬂnl - ”nf+l) + (1 - k)M/ .hm ,Bni’Yni
i—00 1—oo
= —liminf(a,,+1 — ay,)
1—00
<0.

The condition (C2) and above inequality lead to

lim || Ty, wy; — Tz, || = 0. (25)
1—00
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Using (C2) and (C3), and since

ﬁniHZ", - T"iwﬂi” = ﬁni'}'ni”F(wni) - Tniw"iH/

we obtain
lim ||z, — Ty, wy,|| = 0. (26)
1—00
From (25) and (26), we obtain
”Zﬂi - T”izni” < HZn‘. - Tn,-wn,v” + HTniw”i - T”z'Z”iH -0 (27)
as i — 0. In order to prove that limsup,_, , by, < 0, it suffices to show that

limsup(F(p) — p,zun, — P) < 0. (28)
i—o0
Since {zy,} is bounded, a subsequence {Z”ij} of {z,,} and y € H exists such that
{Z”"r‘} —yasj— oand

lim sup(F(p) — p, zu; — p) = lim (F(p) = p 20, — p)
. j—roo ]

=(E(p) =Py —p)

Since {T, } satisfies the condition (Z) and (27), we obtain y € I'. From p = PrF(j), we
obtain

(F(ﬁ)_ﬁrz_ﬁ> <0
Forall z € T. In particular, we have
(E(P) = py—p) <0
Hence, we obtain (28). Thus, in view of Lemma 3, {x, } converges to p, as required. [J

In what follows, we impose the assumptions on the mappings 1, 12, and w associated
with the convex bilevel optimization problems (1) and (2).

(A1) 1 : H — R is a convex and differentiable function such that Vi, is Lipschitz
continuous with constant Ly, > 0 and ¢, : H — (—00, 0] are proper lower semi-
continuous and convex functions;

(A2) w : R" — R is strongly convex with parameter ¢ such that Vw is L-Lipschitz
continuous and s € (0, ﬁ)

With the above assumptions in place, we propose the following algorithm, called the
two-step inertial forward-backward bilevel gradient method (TIFB-BiGM), for solving
problems (1) and (2).

The proposition below is attributable to Sabach and Shtern [13] and is critical to our
next result.

Proposition 1. Suppose that w : R" — R is strongly convex with ¢ > 0 and Vw is Lips-

chitz continuous with constant Le,. Hence, it follows that for all s € (0, ﬁ), the mapping
Ss = I — sV w is a contraction such that

[lx = sVw(u) — (v —sVw(v))]| <4/1-—

forall up e R™.
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Theorem 2. The sequence {x,} generated by Algorithm 2 converges strongly to p € A, where
A is the set of all solutions of (1) and p = Ps (I — sVw)(p), provided that all conditions as in
Theorem 1 hold.

Algorithm 2 Two-Step Inertial Forward—-Backward Bilevel Gradient Method (TIFB-BiGM)

Initialization: Let {8}, {v»} C [0,1], {m} C R4, and let {un}, {pn} C R-g be
bounded sequences. Take x_1, xo, x; € H arbitrarily.
Let {cy} C (O,%) with ¢, — cas 1 — oo, where ¢ € (O,ﬁ). For n € N.

1 1

Step 1. Compute the inertial step:

Oy = mi“{””' W—Tﬁln,lu} i Xn 7 Xu-1, (29)
Hn otherwise,
and
1, .
oy = max{’P”' Hxnfrxnfzu} i X1 7 Xn—2, (30)
—0n otherwise,
Wy = X+ Ou(Xn — Xp—1) + (X1 — Xp—2). (31)
Step 2. Compute:
zn = (1= yn) proxe,p, (I — cy Vipr1)wy + vu(I — sVw) (wy), (32)
Xpq1 = (1= Bu)proxe,y, (I — cnVip1)wy + ﬁ”proxch(I —cnViP1)zn. (33)

Proof. Put F = [ —sVw and T, = proxe,y,(I — ¢, V1), where ¢, € (O,%) Then,
1

by Proposition 1, F is a contraction mapping. We also know that T, is nonexpansive.

Using Theorem 1, we conclude that x, — p € I', where p = PrF(p). It is noted that,

I' =54 Fix(T,) = S.. Then, for all x € S,, we have
0= (F(p) =p,x=p) = (P =sVw(p) = p,x = p) = (=sVw(p),x = p).
Dividing above inequalities by —s, we obtain
(Vw(p),x=p) >0
forall x € Si. Hence, p € A, so x, — p € A. This completes the proof. [

4. Application to Image Recovery

Algorithm 2 will now be applied to the problem of image restoration. The algorithm’s
performance will be compared to that of several existing methods, such as IVMSPA, FVFBA,
BiG-SAM, and iBiG-SAM. Image restoration, also known as image deblurring or image
deconvolution, is the process of removing or minimizing degradations (blur) in an image.
Efforts along these lines began in the 1950s, and applications have been found in a number of
areas, including consumer photography, scientific exploration, and image/video decoding;
see [36,37]. Mathematically, image restoration can be modeled with the equation

v = Ax +D, (34)
where v € R™ is the observed image, A € R"™*" is the blurring matrix, x € R" is an original

image, and b is an additive noise. The objective is to recover the original image ¥ € R"
that satisfies (34) by minimizing the value of b using the least squares method as shown in
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Equation (35). This method aims to minimize the squared difference between v and Ax
defined as follows:

min [0 — Ax|3, (35)

where || - || is the Euclidean norm. Many iterations, such as the Richardson iteration,
see [38], can be used to estimate the solution of (35). The problem stated in Equation (35)
is considered ill-posed because there are more unknown variables than observations,
resulting in a norm result that is too large to be meaningful. This issue is discussed in
references [39,40]. To address this problem, various regularization methods have been intro-
duced to improve the least squares problem. One commonly used method is Tikhonov reg-
ularization, which was proposed by Tikhonov and involves minimizing a specific equation.

min{[jo — Ax|3 + ]| Lxll2 }, (36)

where { is a positive parameter known as a regularization parameter, || - ||; is the /;-norm
and || - ||2 is the Euclidean norm, and L € R™*" is called the Tikhonov matrix. L is set to be
the identity in the standard form. A well-known model for solving problem (34) is the least
absolute shrinkage and selection operator (LASSO) [41], which is defined by the expression

min{ [0~ Ax|3 + ¢l | 37)

The restoration of RGB images presents a challenge for the model (36) due to the sig-
nificant size of the matrix A, as well as its associated elements, which can make computing
the multiplication Ax and ||x||; quite expensive. To address this, researchers in this field
commonly implement a 2-D fast Fourier transform to transform the images, resulting in a
modified version of the model (36) that overcomes this issue.

min{ [[o — Ax[3 + g Wxllr }. (38)

The blurring operation A, commonly selected as A = RW, plays a crucial role in the
problem (34). R represents the blurring matrix, while W denotes the two-dimensional fast
Fourier transform. The observed image v € R"*" is affected by both blurring and noise,
with its dimensions being m x n.

Now, let S, be the set of all solutions of (38). Among the solutions in S, we would
also like to select a solution x* € S, in such a way that x* is a minimizer of

min 2" 2 )
x*€S, 2 '

We consider 2 RGB images (Wat Chedi Luang [42] and Matsue Castle) with the size of
256 x 256 as the original images (see Figure 1). The pictures we used in this experiment
were created by the third author. In order to simulate blurring, we convolved the images
using a Gaussian blur filter with a size of 9 x 9 and a standard deviation of ¢ = 4 with
noise 1074,

Peak signal-to-noise ratio (PSNR) [43] and signal-to-noise ratio (SNR) [44] were used
as the metrics for evaluating the performance of each algorithm. The PSNR and SNR at x;,
are given by

MAX?

PSNR(XH) = 1010g10 (m), (40)
xX—X

SNR(x,) = 101og,, (H) (41)
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where MAX is the maximum pixel value (usually 255 in 8-bit grayscale images) and
MSE = ﬁ [|xn — xH% is the mean squared error between the original and the distorted
image. Both and SNR are expressed in decibels (dB) as a logarithmic measure of the
signal-to-noise or signal-to-error ratio.

Figure 1. Original images: (a) Wat Chedi Luang, (b) Matsue Castle.

In image restoration, both PSNR and SNR are commonly used as metrics to assess
the performance of deblurring results. However, it is important to note that these metrics
provide different types of information.

PSNR measures the quality of a deblurred image by comparing it to the original image
and evaluating the amount of noise introduced during the restoration process. It calculates
the ratio between the peak signal power (the maximum possible value for the pixel) and
the mean squared error (MSE) between the original and deblurred images. Higher PSNR
values indicate better restoration quality as they indicate a lower level of distortion or noise.

On the other hand, SNR measures the ratio between the signal power and the noise
power in the deblurred image. It quantifies the preservation of the original signal after the
restoration process. Higher SNR values indicate less noise in the deblurred image.

While both PSNR and SNR are useful metrics, they focus on different aspects of image
restoration. PSNR primarily considers the visual quality and fidelity of the deblurred image
compared to the original, while SNR focuses more on the amount of noise present in the
deblurred image.

To comprehensively evaluate the performance of your deblurring algorithm, it is
recommended to consider both PSNR and SNR. They provide complementary information
about the restoration quality.

We now employ our proposed algorithm (TIFB-BiGM) in Theorem 2 to solve the
convex bilevel optimization problems (38) and (39). In our experiments, the algorithm
developed in this paper (TIFB-BiGM) as well as the others are discussed and applied
to solve the convex bilevel optimization problems (38) and (39), where w(x) = %HxH%,
P1(x) = ||lo — Ax|]?, ¥o(x) = {||Wx||; and { = 5 x 107°. The observed images are blurred
images. We compute the Lipschitz constant Ly, by using the maximum eigenvalues of the
matrix ATA.

For the first experiment, the parameters of the TIFB-BiGM are chosen as follows:

_ 099 _ 1 _ 1 _ 1o _ : -
Bn = 4 Yn = 555, Cn = LT = Sr and s = 0.01. Now, the experiments for recovering

the “Wat Chedi Luang” image with size of 256 x 256 using TIFB-BiGM with different inertial
parameters are shown in Tables 1 and 2. We also observe from Tables 1 and 2 that y, tends

to 1 and p, tends to 0

_ 0% 1
P = o001 AP T 2
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gives the highest values of PSNR and SNR for our method.

Table 1. PSNR values for restoration of “Wat Chedi Luang” image by TIFB-BiGM after 300 iterations
for different choices of parameters y,;, and pj,.

B — 0.1 0.3 0.5 0.9 et 1
pnd
0.1 22.9755 232143 235185 24.6769 25.3398 25.4489
03 22.7791 22.9764 232154 23.9454 242129 24.2479
05 22,6116 22.7799 229773 235215 23.6923 237133
0.9 22.3362 22.4662 22.6129 22.9789 23.0805 23.0924
2 23.0847 233513 237038 25.4271 262116 24.9267

n2

Table 2. SNR values for restoration of “Wat Chedi Luang” image by TIFB-BiGM after 300 iterations
for different choices of parameters y;, and pj,.

P — 0.1 03 0.5 0.9 T 1
on
0.1 18.9503 19.1890 19.4932 20.6516 213144 21.4236
03 18.7539 18.9510 19.1901 19.9200 20.1876 202225
05 18.5864 18.7545 18.9519 19.4961 19.6670 19.6879
0.9 18.3110 18.4408 18.5875 18.9536 19.0551 19.0670
1 19.0595 18.3260 19.6784 21.4018 221913 20.9014

The parameter values for each algorithm were chosen for optimum performance,
based on the published literature. The value for 7, in Table 3 is the best choice for BiG-SAM
considered in [13]. For iBiG-SAM, a = 3 is the best choice over other values considered
in [17], and the same authors found, based on their numerical experiments, y,, = n;TIrl to be
the best choice for FVFBA.

Table 3. Parameters selection of TIFB-BiGM, IVMSPA, FVFBA, BiG-SAM, and iBiG-SAM.

Methods Setting

1 . 1
s =0.01,c, = Ly’ Bn = (i,‘ig]”r Yn = 50n/
_ 108 _ 099 _ 1
Tn = Sz s Hn = 50001 Pn = 52

TIFB-BiGM

5§ =0.01,c, = L%r &y = ﬁr Bn=vn =05,

1020
="
ind Pl ATy ;
IVMSPA 0, = mlfll{ Prt” Tou—%ut H} if X 7 Xn 1
fiimEd otherwise
Pr+1
14+4/14+4p3
where p; =1land p, 1 = fp“
_ _ 099 _ 1 _ 108
Cn = i1 B = ST = st T =
H n Tn 1
FVFBA 0, — { mnm{—nﬂ, ool } if x, # )f,l_l
et otherwise
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Table 3. Cont.

Methods Setting
BiG-SAM A=001c= 7,9 = 200
1 1—14%
2(0.1 n
A=00Lc= by = 220, = 2
iBiG-SAM 0 min{ i, el i £ x,
P otherwise

The following experiments demonstrate Algorithm 2’s efficiency for image restora-
tion in comparison to IVMSPA, FVEBA, BiG-SAM, and iBiG-SAM using PSNR and SNR

as measurements.

The efficiency of restoring images using various algorithms under different iterations
are illustrated in Figures 2-7. The results indicate that TIFB-BiGM achieves higher PSNR
and SNR values than IVMSPA, FVEBA, BiG-SAM, and iBiG-SAM. Therefore, our algorithm
demonstrates superior convergence behavior compared to the aforementioned methods.

30 T T T
-~~~ TIFB-BiGM i
IVMSPA
FVFBA )
28+ BiG-SAM e e .
iBIG-SAM P

26

PSNR (dB)
N
=

22

20

18 . . .
0 50 100 150 200 250 300 350

Number of iterations

Figure 2. The graphs of PSNR of each algorithm for Wat Chedi Luang.
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26 T T T T T T T
——— - TIFB-BIGM R e ==
IVMSPA e
FVFBA z
24 + BiG-SAM gy .
iBiG-SAM P

SNR (dB)

14

Figure 3. The graphs of SNR of each algorithm for Wat Chedi Luang.
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Figure 4. The graphs of PSNR of each algorithm for Matsue Castle.
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Figure 5. The graphs of SNR of each algorithm for Matsue Castle.
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Figure 6. Results for deblurring “Wat Chedi Luang” image using various algorithms at the 500th it-
eration. (a) Gaussian blurred image, (b) TIFB-BiGM (PSNR = 29.7216, SNR = 25.6962), (c) IVMSPA
(PSNR = 29.5375, SNR = 25.5121), (d) FVFBA (PSNR = 28.9243, SNR = 24.8989), (e) BiG-SAM
(PSNR = 24.7118, SNR = 20.6864), and (f) iBiG-SAM (PSNR = 27.0172, SNR = 22.9918).

Figure 7. Cont.
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Figure 7. Results for deblurring “Matsue Castle” image using various algorithms at the 500th iter-
ation. (a) Gaussian blurred image, (b) TIFB-BiGM (PSNR = 30.9830, SNR = 27.5075), (c) IVMSPA
(PSNR = 30.8212, SNR = 27.3457), (d) FVFBA (PSNR = 30.43625, SNR = 26.9636), (e) BiG-SAM
(PSNR = 25.4625, SNR = 21.9870), and (f) iBiG-SAM (PSNR = 27.9712, SNR = 24.4957).

5. Conclusions

In this paper, algorithmic solutions to a family of convex bilevel optimization prob-
lems are developed and applied to image processing. An interesting connection between
minization problems and fixed-point methods is observed. We first present a modified
two-step inertial viscosity algorithm (MTIVA) for finding a common fixed point of a family
of nonexpansive operators in a Hilbert space and prove strong convergence under relatively
mild conditions. This is the applied to the solution of a convex bilevel optimization problem
by introducing a novel two-step inertial forward-backward bilevel gradient method (TIFB-
BiGM). The main results are then employed in the solution of an image restoration problem.
Through careful comparative analysis, we demonstrate that our algorithm outperforms
several existing algorithms such as IVMSPA, FVFBA, BiG-SAM, and iBiG-SAM, in terms
of image recovery efficiency, as verified through numerical experiments conducted under
specific parameter settings.

There are several potential avenues for future research. Firstly, investigating the adapt-
ability and performance of the proposed algorithm in different image processing tasks
could provide valuable insights. Additionally, one might explore the algorithm’s scalability
to large-scale image datasets or investigate the incorporation of parallel computing tech-
niques that could enhance the algorithm’s computational efficiency. Moreover, conducting
comparative studies with other state-of-the-art image restoration algorithms would provide
a comprehensive evaluation of the algorithm’s strengths and limitations. Finally, exploring
the applicability of the proposed algorithm to other domains beyond image processing,
such as computer vision or signal processing, would broaden its potential impact.
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1. Introduction

The concept of metric space provides a significant contribution to research activities
related to mathematical analysis. This meaningful concept was presented by Maurice
Fréchet [1] who was a famous French mathematician. This concept was extended by
many mathematicians according to their requirements: for example, b-metric space [2],
partial metric space [3], cone metric space [4], vector-valued metric space [5], vector-valued
b-metric space [6,7], order (ordered vector) metric space [8], order (ordered vector) pseudo-
metric space [9], graphical metric space [10], and graphical b-metric space [11] etc.

The Banach contraction principle is the most basic result of the metric fixed-point
theory, and it has been generalized by considering all the above-mentioned extended forms
of metric space. The literature also contains several other generalizations of this famous
result obtained through involving the concepts of partial order, graph, binary relation, or
orthogonality relation associated with contraction mapping, see [12-14]. This technique of
generalization raised the question: why not consider the concepts of partial order, graph,
or binary relation to generalize the notion of metric space and then drive a generalization
of the Banach contraction principle? The work presented in [10,11] is based on the answer
to that question.

Perov [5] presented the matrix/vector version of the Banach contraction principle by
introducing the notion of vector-valued metric spaces. This vector-valued metric space was
extended to vector-valued b-metric space by Boriceanu [6], with a constant scalar multiple
in the triangle inequality of vector-valued b-metric space. Ali and Kim [7] modified the
triangle inequality of vector-valued b-metric space by replacing a constant scalar multiple
with a constant matrix multiple. A couple of interesting results in the context of Perov
have been derived by several researchers, for example, Bucur et al. [15] derived fixed-point
theorems to generalize Perov’s result that discuss the existence of fixed points of set-valued
maps. Filip and Petrusel [16] modified the contraction-type inequality to generalize the
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results of Perov and Bucur et al. [15]. Ali et al. [17] used the admissibility concept of
single-valued maps to improve the result of Perov, Altun et al. [18] used the technique of
6-contraction to modify the result of Perov for single-valued maps. Guran et al. [19] used
the concept of generalized w-distance and Hardy-Rogers-type contraction inequality to
generalize the work of Perov. Guran et al. [20] extended the work of Perov for set-valued
maps using a set-valued Hardy—Rogers-type contraction inequality. Martinez-Moreno and
Gopal [21] defined the concept of Perov fuzzy metric space and studied the existence of
common fixed points for compatible single-valued maps. The aim of this article is to
introduce a notion of Czerwik vector-valued R-metric space that is a generalized concept
of vector-valued b-metric space. A few results confirming the existence of fixed points for
certain types of maps are also derived using this notion. The idea of this article follows
from the above-mentioned question.

2. Preliminaries

Throughout this article, we consider H as a nonempty set, R} as the set of all
non-negative real numbers, M,,»(R+) as a collection of all m x m matrices with non-
negative real elements, 0 as an m x m zero matrix, [ as m X m identity matrix, and R,
as the set of all m x 1 real matrices. If W,P € R,,, thatis W = (wy,w,..., w,)T and
P=(p1,pa..-,pm)’, then
(i) W < P means thatw; < p; foreachi € {1,2,...,m},
(i) W < P means that w; < p; foreachi € {1,2,...,m},
(i) W > ¢ € R4 means that w; > ¢ foreachi € {1,2,...,m}.

A matrix C € My, m(R4) is called convergent to zero (or zero matrix) if C" — 0 as
n — oo (see Varga [22]). Also, note that CO = I. The following matrices are convergent
to zero.

::< ; ; ), wherec,d € Ry andc+d < 1;

D ;:< ¢ ‘: ), where ¢,d,e € Ry and max{c, e} < 1.

Czerwik vector-valued metric space was presented by Ali and Kim [7] in the following
ways.

Definition 1. A mapping dc: H x H — Ry, is called a Czerwik vector-valued metric on H, if for
each hy,hy, h3 € H the following axioms hold:
(d1) dc(hi, hp) > 0;
dc(h, hy) = Oifand only if hy = hy;
(dz) dc(hl, hz) = dc(hz, hl),’
(d3) dc(i, hs) < Qldc(hn, h2) +dc(h2, h3)]
where Q = (qij) € My,m(R+) is a matrix with

_Jai=]
i {o, i#]
and q > 1. Then, the triple (H,dc, Q) is called Czerwik vector-valued metric space, or Czerwik

generalized metric space.

Note that the Cauchyness and convergence of a sequence in Czerwik vector-valued
metric spaces are defined in a similar manner as in b-metric spaces/metric spaces.
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If the matrix Q = (g;j) € Mu,m(R+) is defined by

)y i=j
then the Czerwik vector-valued metric space becomes a vector-valued metric space. Perov [5]

presented the matrix/vector version of the Banach contraction principle on vector-valued
metric space in the following way.

Theorem 1 ([5]). Let (H,dc) be a complete vector-valued metric space and G: H — H be a
mapping such that
dc(Gh,Gk) < Adc(h, k) VYh,k € H,

where A € My, (Ry.) is a matrix convergent to zero. Then, G has a unique fixed point.
The above result was generalized by Ali and Kim [7] in the following way.

Theorem 2. Let (H,dc, Q) be a complete Czerwik vector-valued metric space. Let G: H — H be
a mapping such that

dc(Gh, Gk) < Adc(h,k) + Bdc(k, Gh) Vh,k € H

where A, B € My,m(R+). Also assume that the matrix QA converges to zero. Then, G has a fixed
point.

3. Main Results

This section begins with the definition of Czerwik vector-valued R-metric space.

Definition 2. Let H be a nonempty set equipped with an equivalence relation R. A mapping
dc: H x H — Ry, is called a Czerwik vector-valued R-metric on H if for each hy, hy, h3 € H the
following axioms hold:
(d1) dc(hi, hp) 2 0;
dc(h],hz) =0 ifand only lf]’l] = ]’lz,‘
(d2) dc(hy, h2) = dc(ha, h);
(d3) dc(hi, h3) < Qldc(hy, ho) + dc(ho, h3)] provided that (hy, ha), (ho, h3) € R
where Q = (qij) € My,m(R+) is a matrix with

and g > 1. Then, the (H, R, d¢, Q) is called a Czerwik vector-valued R-metric space, or Czerwik
generalized R-metric space.

Remark 1. It is important to note that the triangular property (ds) of Definition 2 should hold for
those elements of the set H that are related to each other under an equivalence relation R. From this,
an important question arises: why are the reflexive and symmetric conditions added along with the
transitive condition on a binary relation involved in Definition 2? The answer is simple:

(i) The reflexive condition is required for the topology generated by dc.
(ii)  The symmetric condition is essential for the concept of R-convergence of R-sequence.

Remark 2. It is easy to see that Definition 2 reduces to Definition 1 by defining R = H x H.

Thus, every Czerwik vector-valued metric space generates a Czerwik vector-valued R-metric space.
But the converse is not true in general.
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In the following, we present an example of Czerwik vector-valued R-metric space.

Example 1. Consider H = N and an equivalence relation R = {(x,y) : x,y € {1,2,3}} U
{(x,x):x€{4,5,---}} on H. Definedc: Hx H — Ry by

dc(1,2) = dc(2,1) = (2,2)7

dc(1,3) = dc(3,1) = (2,2)7

4c(2,3) = dc(3,2) = (5,5)7

de(x,x) = (0,0)Tvx € H

de(x,y) =dely,x) = (1/|x —y|,1/|x —y|)T, ifeither x > 4ory > 4and x # y.

One can check that (H,R,dc, Q) is a Czerwik vector-valued R-metric space with Q =
(5%)
Remark 3. Note that the above-defined d¢ is not a Czerwik vector-valued metric on H, because
Axiom (d3) of Definition 1 does not exist, for instance,
dc(2,3) > Qldc(2,4) +dc(4,3)).
Example 2. Consider H = R, and an equivalence relation on H is defined by
R ={(h1,h2) : hy,hy € [0,00)} U {(h,h) : h € R}.

Definedc: H x H — Ry by

1 — o

1 — o

d(h1, hp) = iy )
< 1*”’6”’2‘ >, otherwise.

>, ifhi,hp >0

It is easy to check that (H,R,dc, Q) is a Czerwik vector-valued R-metric space with

o=(a %)

Remark 4. Note that the above-defined dc does not satisfy Axiom (ds) of Definition 1, for instance,
dc(1,5) £ Qldc(1,—1) +dc(—1,5)).

For any € > 0 and for any element / of the Czerwik vector-valued R-metric space
(H,R,dc,Q), the dc-open ball having center i and radius € is defined by

By (h,€) = {ha € H: (hhy) € R,dc(h, ) < e}.

R is a reflexive relation, thus By (h,€) # @ for each h € H and € > 0. Thus, the set
{By.(h,€) : h € H,e > 0} provides a neighbourhood system for the topology Tz on H
induced by the Czerwik vector-valued R-metric space.

Definition 3. Let (H, R, dc, Q) be Czerwik vector-valued R-metric space. Then

o Asequence (hy) in H is said to be an R-sequence if (hy, hy11) € R for each n € N.

o An R-sequence (hy) in H is said to be R-convergent to h in H if limy 0 dc (hy, h) = 0 and
(hn, h) € R Vn > k for some natural number k.

o An R-sequence (hy) in H is said to be R-Cauchy if limy m—co dc(hy, ) = 0.
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e (H,R,dc,Q) is said to be R-complete if each R-Cauchy sequence in H is R-convergent
in H.

Theorem 3. Each R-convergent sequence in (H, R,dc, Q) has a unique limit point.

Proof. Assume that the R-sequence (h,) is R-convergent to h and / in H. That is,
;}gr(}odc(h,,,h) =0and (hy, h) € RVn >k

and
7}21(}0dc(hn,l) =0and (hy, 1) € RVn > k.

Then, for each n > k = max{ky,k,}, we have (h,,h) € R and (h,,]) € R Vn > k.
Thus, by (d3), we obtain

dc(h,1) < Qldc(h, hy) + de(hy, 1)] ¥n > k.

Hence, by the above inequality, as n — oo, we conclude that dc(h,1) = 0. That is, the
limit point of the R-convergent sequence is unique. [

Theorem 4. Each R-convergent sequence in (H, R,dc, Q) is R-Cauchy.

Proof. Consider that an R-sequence () is R-convergent to /1 in H. That is,
lijn dc(hy, h) =0and (h,, h) € RVYn >k
n—o00

Then, for each n,k > ki, we have (h,, h) € R, and (h, h) € R Vn, k > ki. Thus, by
(d3), we obtain

Al ) < Qldc (i, 1) +de(h, )] Y k > ky.
Hence, from the above inequality, we obtain limy, e dc (hy, ) = 0. O

We are now going to state and prove our first result that is a generalized form of the
result presented by Perov [5].

Theorem 5. Let (H,R,dc, Q) be an R-complete Czerwik vector-valued R-metric space and let
G : H — H be a mapping. Also, assume that
(i) There exists h € H with (h, Gh) € R;
(ii) R is G-closed, that is, for each hy, hy € H with (hy,hy) € R, we have (Ghy, Ghy) € R;
(iii) Either
(a) If {hy} is R-convergent to h € H, then {Gh,} is R-convergent to Gh;
or
(b) For each R-convergent sequence {hy} in H with hy, — h, we have d¢(hy, ) — dc(h, )
asn — oo,
(iv) For each (h,k) € R, we have

dc(Gh, Gk) < Avdc(h, k) + Asdc(h, Gh) + Asdc (k, Gk) + Aadc (h, GK) + Bdc(k, Gh) (1)
where Ay, Ay, As, Ay, B € My (Ry) such that (I — (Az + A4Q)) ! exists and the matrix

Q(I — (As + A4Q)) 1Ay + Ay + A4Q)] is convergent to zero.
Then, G has a fixed point.

Proof. Using hypothesis (i), we have hy € H with (ho, Ghy) € R. Starting from hg, we can

obtain an iterative sequence {h,}, thatis, h, = Gh,_1 = G"h for each n € N. Since R is
G-closed, thus, we conclude (h,_1,h,;) € R forall n € N. From (1), we obtain
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dC(Gh’nflr Ghn) < AldC (hnfll hn) + AZdC(hn—l/ Ghnfl) + A3dC (hn/ Ghn)
+Aydc(hy_1, Ghy) + Bdc(hy, Ghy_1) V¥n € N. @)

That is,

de(hn, 1) < Avde(hy—1, ) + Azde(hu—1,hn) + Asdc (i, hyr)
+A4dc(hn71/ hn+1) + BdC(hn/ hn) vn e N.

This implies that
(I—(As+ A4Q))dc(hu 1) < (A1 + Ay + AsQ)dc(hy—q,hy) Vn € N.
The above inequality yields that
de(bn ) < (1= (A3 + A4Q)) ™ (A1 + Az + A4Q)dc(yr, ) Y €N (3)
Putting M = (I — (A3 + A4Q)) "1 (A1 + Az + A4Q) in (3), we obtain
de(hn, 1) < Mdc(hy—1,hn) Vi € N @)
From (4), we conclude that
de(hn,huy1) < M"de(ho, hi)Vn € N, (@)

As (hy_1,hy) € R forall n € Nand R is an equivalence relation, then by repeated
application of the triangle inequality, i.e., Axiom (d3), of Definition 2, we obtain

m—1
dc(hn,hm) < Z Qldc(hj,hi+1) Vm >n e N

i=n
Thus, the above inequality and (5) yield the following inequality.
m—1

Y. Qldc(hihisy)

i=n

m—-1
Y. Q'M'dc(ho, )

i=n

dC(hn/ hm)

IN

IN

m—1 i
= Z [QM]'dc(ho, hy) Vm > n (By Remark 5)
i=n

< [QM)"(I - QM) tdc(ho, ).

This proves that {h, } is an R-Cauchy sequence in H. Considering the R-completeness
of H, we say that {h,} is an R-convergent to i, € H, thatis, lim, e dc(hy, hs) = 0, and
(hn, ha) € R for all n > ko, for some natural ky. Now, consider Axiom (iii-a) exists, then we
obtain limy,_,c dc(Ghy, Ghy) = 0, and (Ghy,, Gh,) € R, for all n > k.

Thus, through the triangle inequality, for each n > ko, we obtain

dC(ha/Gha) < Q[dC(harhn+l) + dC(hn+1/Gha)]~
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This yields d¢ (ha, Gh,) = 0as n — co. Thatis, i, = Gh,. We now proceed with Axiom
(iii-b). As {h,} is R-convergent to h; € H, that is, im0 dc(ly, 1a) = 0, and (hy, ha) € R
for all n > ko for some natural kg. By (1), for each n > ky, we obtain

dc(Ghy, Gha) < Arde(h, ha) + Agde(hn, Ghy) + Asdc (ha, Gha)
+Audc(hy, Ghy) + Bdc (ha, Ghy)
< AldC(hnr ha) + AZdC(hnr Ghn) + A3dC(har Gha)
+A4Q[dc(h,7, hn+l) + dC(hn+l/ Gha)] + Bdc (har Ghn)~

That is,

dC(hn+1/ Ghﬂ) S AldC (hn/ ha) + AZdC(hnr hn+1) + A3dC(har Gha)
+A4Qldc (hn, 1) + dc (M1, Gha)] + Bdc (ha, By 1) (6)

Applying the limit # — oo in (6) we obtain
dC(hur Gha) < A3dC(ha/ Gha) + A4QdC(hur Gha)~
This gives dc (s, Ghg) = 0 because (I — Az — A4Q)*1 exists. Hence, h, = Gh,. O

Remark 5. If Q is a diagonal matrix and its nonzero elements are the same, then Q'M! = (QM)’
Vie N

Example 3. Consider H = R?, and the equivalence relation on H is defined by
R = {((h,h2), (k1,k2)) = b1, o, k, ko € [0,3]} U {((h, k), (h,K)) : h,k € R}.
Define a Czerwik vector-valued R-metric on H by

hy — k1)? .
Eh1 kliz ) ifhy, hy, k1, ky €[0,3]
2 — k2

dc((l, ha), (ki,k2)) = [ =k
Ll ) otherwise

[ha—ks|
1+[hy—ks |

with Q = ( 3 g ).DeﬁneamuppingG:H—)Hby

(=% +2%+2), ifm,n >0

G(hy, hp) = {((hl +h2)2, (hz)z), otherwise.

Readers can easily verify the following points:

e Forh = (0,0), we have Gh = (2,2), thus, we say that (h, Gh) € R.

e Foreachhy, hy € [0,3’»},wehave%1 - %+2,hl+2 €10,3].
Thus, we say that (G(hy, h2), G(k1,k2)) € R, provided ((hy1,h2), (k1,k2)) € R.

e For each sequence (hl), (h2) with hl, h2 € [0,3] and b}, — h', h2 — h?, it is obvious that
K, K2 € [0,3], we say that % - %4—2 — % — }gi+2,und %—1—2 — %—&—2. Thus, we
conclude that if {h,} is R-convergent to h € H, then {Ghy} is R-convergent to Gh.
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e Foreach ((hy,h2), (k1,k2)) € R with (hy,hy) # (ky,kz), we have

-~ hy  hy ha ki ko ko
dc(G(hl,hz),G(kl,kz)) = dc<<6 3 +2, 3 +2> (6 3 +2, 3 +2>)
B k 2
R e @2*)

2

(»\,5‘

w‘,\,

( +2-
(*5° i?Z%( ik )

2/36 2/9
= < /0 2;9 (h]rhz klrkz))'

IN

e Foreach ((h1,h2), (k1,k2)) € R with (hy,hy) = (k1,ka), we have

dc(G(hy, ho), G(k1, ko)) = <8>

Thus, it can be concluded that the axioms of Theorem 5 exist. Therefore, G has a fixed point.

Remark 6. Note that the above-defined dc is a Czerwik vector-valued R-metric on H, but not a
Czerwik vector-valued metric on H. Thus, the related fixed-point results on Czerwik vector-valued
metric space from the existing literature are not applicable to this example.

The following corollary is an extended form of Theorem 2 given in the introduction of
this article.

Corollary 1. Let (H,dc, Q) be a complete Czerwik vector-valued metric space and let G : H — H
be a mapping. Also, assume that

(i) For each h,k € H, we have

dc(Gh, Gk) < Aydc(h, k) + Agdc(h, Gh) + Asdc(k, Gk) + Agdc(h, Gk) + Bdc (k, Gh) %)

where Ay, A, Az, Ay, B € My (R such that (I — (As + A4Q)) ! exists and the matrix
QI — (A3 + A4Q)) LAy + Ay + A4Q)] is convergent to zero;
(ii) Either
(a) If {hy} is convergent to h € H, then {Ghy, } is convergent to Gh;
or
(b) For each convergent sequence {hy,} in H with h, — h, we have d¢(hy,-) — dc(h, -) as
n — oo

Then, G has a fixed point.

The conclusion of this result follows from Theorem 5 by considering an equivalence
relationon Hby R = H x H.

If we define an equivalence relation on H by R = H x H, then the complete Czerwik
vector-valued metric space will also be an R-complete Czerwik vector-valued R-metric
space. As we consider R = H x H, then Axioms (i) and (ii) of Theorem 5 trivially hold.
Also, Axioms (i) and (ii) of the above theorem imply the existence of Axioms (iv) and (iii) of
Theorem 5, respectively. Hence, the conclusion of the above results follows from Theorem 5.

The following corollary is an extended form of Theorem 1 given in the Section 1.
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dc(hy, hp) <

dc(ha, h3) <

Corollary 2. Let (H,dc, Q) be a complete Czerwik vector-valued metric space and let G : H — H
be a mapping such that for each h,k € H, we have

where Ay € My, (R4) such that the matrix QA is convergent to zero. Then, G has a fixed point.

The conclusion of this result follows from Corollary 1, since (8) implies the existence
of (7) and implies the existence of (iii-a).

In the following results, we will study the existence of fixed points for multi-valued
mappings. We denote by N(H) the collection of all nonempty subsets of H.

Theorem 6. Let (H,R,dc, Q) be an R-complete Czerwik vector-valued R-metric space and let
G : H — N(H) be a mapping. Also, assume that

(i)  Thereexisth € H and h. € Gh with (h,hy) € R;

(ii) R is G-closed, that is, for each h,k € H with (h, k) € R, we have (q,w) € R Vq € Gh and
w € Gk;

(iii) Graph(G) = {(h,k) : k € Gh} is R-closed, that is, for all R-convergent sequences {hy }
and {k,} in H with h, — h, € H and k, — k. € H, we have (h., k.) € Graph(G),
whenever (hy, ky) € Graph(G) Vn > ko for some ko;

(iv) For each (h, k) € R and q € Gh, there exists w € Gk with

dc(q, w) < Aldc(l’l, k) + Azdc (I’l, q) + Ag.dc (k, w) + A4dc(h, w) + Bdc(k, L]) 9)

where Aq, Ay, A3, Ay, B € My (R such that (I — (Az + A4Q)) ! exists and the matrix
QI — (A3 + A4Q)) 1Ay + Ay + A4Q)] is convergent to zero.
Then, G has a fixed point.

Proof. Assumption (i) of the theorem implies that there is some hy € H with iy € Ghg and
(ho, h1) € R. By using (9), for (ho, h1) € R and hy € Ghy, there exists hp € Ghy satisfying

Aqdc(hg, hy) + Agdc(ho, i) 4 Asdc(hy, ho) + Agdc (ho, h2) + Bdc(hy, hy). (10)

As (hp,h1) € R, then by assumption (ii), we obtain (hq, h2) € R. Now, (10) yields the
following inequality:

dc(hy, h2) < Avde(ho, hy) + Asdc(ho, hy) + Asdc(h, ha) + AgQldc (ho, 1) + de (h, ho)].

That is,
dc(hy, hp) < (I — Az — AsQ) 1Ay + Az + AgQ)dc(ho, Ty ).

By defining M = (I — A3 — A4Q) "' (A; + Az + A4Q) in the above inequality, we
obtain
de(h, hy) < Mdc(ho, hy). (11)

Again, by using (9), for (h1,hy) € R and hp € Ghy, there exists h3 € Ghy with
Aldc(hl, hz) + Azdc(l’ll,hz) + A3dc(h2,]’l3) + A4dc(h1, h3) + Bdc(hz, hz). (12)
Since (h1,hy) € R, by assumption (ii), we obtain (I, h3) € R. Now, (12) implies that

dc(ha, h3) < Avdc(h, ha) + Agdc(hy, o) + Asdc(ho, ha) + AsQldc(hy, ho) + dc(ha, h3))-

That is,
de(ha, h3) < Mdc(hy, o) (13)
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where M = (I — (A3 + A4Q)) 1 (A1 + Az + A4Q). By (11) and (13), we obtain
de(hy, hz) < M2dc (g, hy). (14)

Proceeding with the same methodology, we obtain a sequence {, } such that (h,_1,h,) €
R, hy, € Gh,,_4 foralln € N and

dC(hn/ hn+1) < MndC(hOr hl) Vn e N. (15)

By using the triangular inequality and (15) we obtain

m=1
Y- Qlde(hi hivq)

i=n

dC(hn/ hm)

IN

m—1
< Y [OM)dc(hg, hy)Vm > n.

i=n

This yields that {&,} is an R-Cauchy sequence in H. Thus, {h,} is R-convergent to
ha € H, thatis limy o dc(hy, he) = 0and (hy, h,) € R, for all n > kg for some natural k.
The construction of {h,} implies that (hy, h,11) € Graph(G) ¥Yn € N, since Graph(G) is
R-closed, thus we obtain (hg, h,) € Graph(G), thatis h; € Gh,. This completes the proof
of the result. O

In the following result, we assume that B(H) is the collection of all those subsets
of H that are dc-bounded with respect to (H, R, dc, Q), that is, for A € B(H), 6c(A) =
sup{dc(a,b) : a,b € A} exists. Also, we define §c(A, B) = sup{dc(a,b) :a € A,b € B}
and ¢ (a, B) = sup{dc(a,b) : b € B}. Note that for the set W = {(ajll,a]m, e ,ajnl)T tje
I}, for some index set I,

T
supW = | sup u’ll,sup a]21, e, sup 11{11 .
jel jel jel

Theorem 7. Let (H,R,dc, Q) be an R-complete Czerwik vector-valued R-metric space and let
G : H — B(H) be a mapping. Also, assume that

(i) Thereexisth € H and h. € Ghwith (h,h.) € R;

(i) R is G-closed, that is, for each h,k € H with (h,k) € R, we have (q,w) € R Vq € Gh and
w € Gk;

(iii) Graph(G) = {(h,k) : k € Gh} is R-closed, that is, for all R-convergent sequences {h, }
and {k,} in H with h, — h, € Hand k, — k. € H, we have (h., k) € Graph(G),
whenever (hy, ky) € Graph(G) Vn > kg for some ko,

(iv) For each (h, k) € R, we have

80 (Gh, Gk) < Avdc(h, k) + Axdc(h, Gh) + Asdc(k, Gk) (16)
where A1, Ay, A3 € My, (R,) such that (I — A3)~! exists and the matrix Q[(I — Az) 1 (A1 +

Ap)] is convergent to zero.
Then, G has a fixed point.

Proof. Using hypothesis (i), we have hy € H and h; € Ghg such that (h, h;) € R.
Hypothesis (ii) now gives (q,w) € R Vq € Ghg and w € Ghy. Thus, we write (h1,h2) € R
with hy € Ghy and hy € Ghy. Further, we can construct a sequence {h, } with h, € Gh,_,
and (h,-1,hy) € R for all n € N. By (16), we obtain

5C(Ghn71/ Ghn) < AldC (hn—ll hn) + A25C(h11—1/ Ghnfl) + A3‘5C(hn/ Ghn) vn e N. (17)
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That is,
8¢ (hu, Ghy) < A1dc(hy—1,Ghy—1) + Azdc(hy—1, Ghy—1) + Azdc(hy, Ghy) Vi € N.
This implies that
(I = A3)oc(hn, Ghy) < (A1 + A2)éc(hy—1,Ghyq) ¥n € N.
This inequality yields that
Oc(hn, Ghy) < (I— A3) " (A1 + Ag)dc(hy—1,Ghy_1) Vn € N. (18)
Letting M = (I — A3) "1 (A1 + Az) in (18), we obtain
oc(hn, Ghy) < Méc(hy—1,Ghy—1) Vn € N. (19)
From the above inequality, we conclude the following inequalities:
Oc(hy, Ghy) < M"5¢c(hg, Gho) Vn € N (20)
and
de(hn, ) < M"6c(hg, Ghg) ¥ € N. (21)

By considering the triangular inequality and (21), we obtain the following inequality:

m—1
de(hnh) <), Qdc(hi hiye)
i=n
m—1 .
Z [QM]lJCulo, Gho)Vm >n.

i=n

IN

This proves that {,} is an R-Cauchy sequence in H. The R-completeness of H
ensures that {/, } is R-convergent to h, € H, thatis, limy, o dc(h1y, ha) = 0 and (hy, hy) €
R, for all n > ko for some natural ko. The construction of {I,} implies that (i, h,+1) €
Graph(G) ¥n € N, since Graph(G) is R-closed, thus we obtain (h,, h,) € Graph(G), that
is, hy € Gh,. This completes the proof of the result. [

Example 4. Consider H = R and an equivalence relation on H is defined by
R = {(h1,ha) : Iy, hy € [0,00)} U{(h, ) : h € R}.
Define the Czerwik vector-valued R-metric dc: H x H — Ry by
( (Il — hz)?
(h — ha)?

de(hy, hy) = [~y
( 1*”’(1]*’12‘ >, otherwise.

>, ifhy,hy >0

with Q = <3 g).DeﬁneG:HﬂB(H)by

Gh — {{(h+ 1)/2}, h >0
{0}, h<o.
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The reader can easily verify that all the conditions of Theorem 7 are satisfied for this example.
Hence, G has a fixed point.

4. Application

In this section, by the graph G we mean that G = (V, E) is an undirected graph on a
nonempty set H, such that V = H and E C H x H contains all loops, that is, (h,h) € E for
all h € H, without any parallel edges. Define a path relation P on H equipped with the
graph G: (h,k) € Pg if and only if there is a path from  to k in G. The relation P; on H
equipped with the graph G is reflexive, symmetric, and transitive, that is, (1, h) € Pg Vh €
H, (hk) € P = (k,h) € Pg and (h,k), (k,1) € Pg implies (h,1) € Pg.

Definition 4. Let H be a nonempty set and let G be the graph on H. Amappingdc: Hx H — R,

is called a Czerwik vector-valued graphical metric on H, if for each hy,hy, h3 € H the following

axioms hold:

(d1) dc(h1, by
dc (1, ho

(d2) dc(h, hp) = dc(ha, ha);

(dg,) dc(hl,h3 < Q[dc(l’l],hz) + dc(hz,h:;)} provided that (hl,]’lz), (l’lz, h3) € PG/

where Q = (qij) € My,m(R+) is a matrix with

L Jai=]

i {o, i#]

and q > 1. Then, (H,Pg,dc, Q) is called a Czerwik vector-valued graphical metric space, or
Czerwik generalized graphical metric space.

>0;
= 0ifand only if iy = hy;

NN

Remark 7. Readers can note the following facts:

(i) Czerwik vector-valued graphical metric space is a particular case of Czerwik vector-valued
‘R-metric space.

(ii) ~ Czerwik vector-valued graphical metric space provides an extended concept of graphical b-
metric space [11] as well as graphical metric space [10] over an undirected graph.

Definition 5. Let (H, Pg,dc, Q) be a Czerwik vector-valued graphical metric space. Then

o Asequence (hy) in H is said to be Pg-sequence if (hy, hy41) € E for each n € N.

o A Pg-sequence (hy) in H is said to be Pg-convergent to h in H if limy 0 dc (hy, h) = 0 and
(hn, h) € EN'n > k for some natural number k.

o A Pg-sequence (hy) in H is said to be Pg-Cauchy if limy, sm—co dc(hu, hi) = 0.

e (H,Pg,dc, Q) is said to be Pg-complete if each Pg-Cauchy sequence in H is Pg-convergent
in H.

Theorem 8. Let (H, Pg,dc, Q) be a Pg-complete Czerwik vector-valued graphical metric space
and let T : H — H be a mapping. Also, assume that

(i) There exists h € H with (h, Th) € E;
(ii)  For each hy, hy € H with (hy,hy) € E, we have (Thy, Thy) € E;
(iii)  Either
(a) If {hy} is Pg-convergent to h € H, then {Thy, } is Pg-convergent to Th;
or
(b) For each Pg-convergent sequence {hy } in H with h,, — h, we have dc(hy,-) — dc(h, -)
asn — oo;
(iv) For each (h,k) € E, we have

dc(Gh, Gk) < Aydc(h k) + Ayde(h, Gh) + Asdc(k, Gk) + Agdc(h, Gk) + Bdc(k, Gh) (22)
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where Ay, Ay, Az, Ay, B € Mym(Ry) such that (I — (As + A4Q)) ! exists and the matrix
QI — (A3 + A4Q)) "1 (Ay + Ay + A4Q)] is convergent to zero.
Then, T has a fixed point.

The proof of this result is similar to the proof of Theorem 5.

5. Conclusions

This article presents the notion of Czerwik vector-valued R-metric space, which is
a generalized form of Czerwik vector-valued metric space. In Czerwik vector-valued
‘R-metric space, the triangle inequality is discussed only for comparable elements under an
equivalence relation. The limit point of an R-convergent sequence is unique in the Czerwik
vector-valued R-metric space. The set { By (h,€) : h € H,e > 0} provides a neighbourhood
system for the topology on H induced by the Czerwik vector-valued R-metric space. The
existence of fixed points for single-valued and set-valued maps is also discussed using the
Czerwik vector-valued R-metric space.
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1. Introduction

Mathematical analysis has witnessed a significant surge in interest regarding the exam-
ination of fixed-point outcomes for diverse maps in recent times. The Banach contraction
principle (BCP) is a fundamental theorem in classical mathematics. Drawing upon this
initial framework, other scholars have expanded and broadened the concept of the BCP to
incorporate a wide range of circumstances and maps (see [1-8]).

Suzuki’s [9] generalization of the BCP introduced a new class of contractive maps
that satisfy contraction conditions only for specific elements of the underlying space.
Subsequently, Alam and Imdad [10] expanded the boundaries of the BCP by considering a
complete metric space (CMS) equipped with a binary relation. They introduced the concept
of relation-theoretic contraction, which applies to elements related under the binary relation
rather than the entire space. Other researchers, such as Song-il Ri [11], further extended the
BCP for a new class of contractive maps.

In 1969, Nadler Jr. [12] extended the BCP to multi-valued maps, yielding a fixed-point
result for multi-valued contractions. This result was subsequently refined by Ciric [13]
and led to a broader class of multi-valued contractions. Numerous mathematicians have
contributed to the generalization of Nadler’s theorem (see [4,5,13-18]), with Kikkawa and
Suzuki [15] achieving significant progress in the study of generalized multi-valued maps.

Motivated by the works of Alam and Imdad [10], Kikkawa and Suzuki [15], and others,
we present some new fixed-point results for multi-valued maps in relational metric spaces.
These results extend and generalize the findings from previous studies by Alam and
Imdad [10], Ciric [13], Kikkawa and Suzuki [15], Nadler [12], and others. Furthermore,
the paper provides illustrative examples to support these findings and explores the stability
of fixed-point sets for multi-valued maps within the framework of relational metric spaces.
Lastly, by applying the presented results, the paper establishes the existence and uniqueness
of solutions for a class of functional equations arising in dynamic programming.
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2. Preliminaries

In this section, we recapitulate relevant notation, definitions, and results from the
literature [12,13,18]. Throughout this paper, we denote a metric space (MS) as (£, y), where
L is a set and 1 is a metric on £. We use CB(L) to represent the collection of all nonempty
closed and bounded subsets of £, and C(L£) to denote the collection of all nonempty
compact subsets of £. The Hausdorff metric I'y; induced by v is

I'y (A, B) = maxq sup I'(w, B), supI'(@,A) ¢,
weA @eB
forall A, B € CB(L). Here, T'(w, B) = infB’y(w,(D).
e

Let F : L — CB(L) be a multi-valued map. A point ¢ € L is termed a fixed point
of Fif ¢ € F9, and it is a strict fixed point of F if {#} = F 0. We denote the sets of fixed
points and strict fixed points of F as F(F) and SF(F), respectively.

Theorem 1 ([12]). Consider a CMS (L, y) and a multi-valued map F : L — CB(L). If for all
w,o € L
I'y(Fw, Fo) < ky(w, @), (1)

where k € [0,1), then F possesses a fixed point.
Theorem 2 ([13]). Suppose (L, ) isa CMS and F : L — CB(L) is a multi-valued map. If for

al w,0 € L
T'y(Fw, Fo) < km(w, ®), (2)

where x € [0,1), and if

(@) = max{1(,@),I(w, 7o), T(@, Fo), LT L@,

2

then F has a fixed point.

Definition 1 ([15]). Let ¢ : [0,1) — (1/2,1] be defined as ¢(x) = . Foran MS (L, ) and a
subset M C L, amap F : M — CB(L) is called an a-KS multi-valued operator if x € [0,1) and

w,@ e M with ¢(x)I'(w, Fw) < y(w,®) implies Ty (Fw, Fo) < ky(w,@). (3)

Theorem 3 ([15]). Let (£,7y) be a CMS and F be an a-KS multi-valued operator from L into
CB(L). Then, 3¢ € L such that 9 € F9.

Definition 2 ([11]). Let ® = {(p: [0,00) = [0,00) : ¢p(w) < w, w > 0and limsup ¢(s) < w}.

s—wt

Now, we recall some relation-theoretic auxiliaries:

Definition 3 ([10,19]). Let £ be a nonempty set and ¥ C L x L. Then, we say

(1) Nisa binary relation on L and “w relates to @ under X" if and only if (w, @) € X.

(2)  w and @ are X-comparative, if either (w, @) € R or (@, w) € R, and denoted by [w, @] € N.

(3) Nis complete, connected, or dichotomous if [w, @] € N forall w,@ € L.

(4) A sequence {wy} is called N-preserving if (wy, wy11) € R forall p € NU {0}.

(5)  Nis y-self-closed if whenever {wy} is R-preserving sequence and wy, 2, w then there exists a
subsequence {wy, } of {wy } with [wy,, w] € N forall k € NU {0},
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Definition 4 ([20]). Let (L, v) be an MS and F : L — CB(L) be a multi-valued map. Then,
a binary relation X on L is called F-y-closed if for every

(w,w)eN, ueFw,ve Fo, y(u,0) <ylw o) = (4,0v) € X

Remark 1. It we consider F := f as a single-valued map on L, then N is called f-y-closed if
(w,@) €N, (fw, fo) < y(w,@) = (fw, fe) € N.

Definition 5 ([21]). Consider an MS (L,y) and X is a binary relation on L. Let w € L, then

a function f : L — R U {400, —oo} is said to be N-lower semi-continuous at w if, for any

R-preserving sequence {wy} C L that converges to w, the inequality f(w) < lim inf f (wy) holds.
}7 {oe]

Definition 6 ([19]). Given a binary relation Y defined on a nonempty set L, the image of an
element a € L under the relation N is denoted as Im(a, X) and is defined as {w € L : (a,w) €
Norw =a}.

3. Main Results

Theorem 4. Consider a CMS (L, ) equipped with a binary relation X on L. Suppose F : L —

CB(L) is a multi-valued map that satisfies the following conditions:

(@) Fwq € L such that Fwi N Im(wy,R) # Q;

(b) N is F-y-closed and transitive;

(c) either the function f(w) = I'(w, Fw) is R-lower semi-continuous or

(d) for any trajectory {wy} C L of F, if {wy} — w and wy 41 € Fuwy forally € N, then the
sequence {wy } has a subsequence (wy, ) such that [wy,,w] € N forall k € N;

(e) 3¢ € Dsuchthat forany w € L, @ € Fw with (w, @) € R

%F(w,]—'w) < y(w, @) implies Ty (Fw, Fo) < ¢(m(w,@)), 4)

where m(w, @) is as in Theorem 2.
Then, F has a fixed point.

Proof. Since w; € L then in view of assumption (1), let w; € Fw; N Im(wq, R), that
is, wp € Fwy and (wq,wp) € N. As %F(a)l,}'wl) < T(wy, Fwr) < 9(wi,wy), then
condition (4) implies that

F(wz,}'wz) FH(]:wl,]:CUz)

<
< g(m(wy, w2)) (5)

where

F(wl,sz) + T (wq, Fwn) }

m(wy,wy) = max{’y(wl,wz),l"(wl,}'cul),l"(wg,fcuz), 5

Here, it is easy to conclude from (5) that m(wq, wp) = ¥(w1, ws), otherwise we will obtain
a contradiction. Thus,
[wz, Fwn) < @(y(wr, w2)).

Since Fws is a closed and bounded set, thus 3 w3 € Fw, such that
(w2, w3) < @(y(wr,wa)) < v(wr,w2)

and from hypothesis (b), it follows that (w,, w3) € X. Now, continuing this process again
and again, we can construct a sequence {wy} C £ such that w11 € Fwy, (wy, wy41) € R
and

Y(wyr2,wyi1) < @(v(wy1,wy)) < y(wyt1, wy) forall 7 € N.
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Set vy := y(wy41,wy). Thus, {7,} is a monotonically decreasing and bounded-below
sequence of non-negative numbers. This implies that li_r)n Ty exists.
I7 00
Suppose 77lgn Yy =9 > 0and v, = v+, with, > 0.Since forall t > 0, limsup ¢(s) < t
© st
for (t,) with t;, | vT, we have limsup ¢(t,) < 7. Hence, we obtain
ty—=y ™

0<y= WETOOWH < lim ¢(yy) < lim ~ sup ¢(s)

e T s (1y41)
N W'IEIEWse(%S;lJBZ,H) 7= élirﬂose(svl,lﬁré) e
a contradiction. Thus,
’}grc}o'y,, =0or Ji_r}r;o'y(wﬂ,w,ﬁl) =0 forypeN. (6)
Therefore, for any £ > 0 there exists ¥ € N such that
YWy, wyey1) < e forme > x. (7)

Assume that (wy) is not a Cauchy sequence in L. Then, for each positive integer «, there
exists an ¢ > 0 and sequences of positive integers {1}, {1« } such that k < m, < 1, and
the following assertions hold:

'y(wm,(,wm{) 2> € 8

Without loss of generality, we may assume that 7 is the smallest integer greater than 1,
satisfying the inequality (8) and

'Y(Wm,(/wq,(—l) <e )
Then, by triangle inequality and using inequality (9), we have

Y(Wmy, Wy ) < V(W Wy 1) + ¥ (Wy—1, Wy, )
< ')/((qu,qufl) + &

Making x — oo and using (6), we obtain

Kh_r}rc}o Y(Wner wy,) = € (10)
From (7) and (8), we have
1
Y (W Wyer1) < Y(Wmewy,) for all e > mye > k. (11)

2
Then, from condition (4) and by triangle inequality, we have
Y (Wnnyr Wy11) + V(W1 wqﬁl) + '7(wl7x+1/ w?’/x)

Y(Wingr Win1) + Do (Fwom,, Fy) + y(wy,+1, wy,)
Y(Wngr Wer1) + @ (M (Wi, Wy, ) + ¥ (Wpt1, Wy )-

'Y(me/wnx)

INIAN A

Making x — oo and using (6) and (10), we obtain

e < lim ¢(m(wm,, wy,))-
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Since € = lgn m(wp,, wy,). Then, by limsup ¢(s) < t for all t > 0, we obtain
e s—tt

e < lim @(m(wm,, wy,)) < Im  sup  ¢(s) <e,
Koo ( " ! 6H+Os€(s,s+5)

which is a contradiction. Hence, the sequence {w,} is a Cauchy in L. Since £ is complete,
{wy} converges to ¥ € L.
Now, if f(w) = I'(w, Fw) is lower semi-continuous at the point 9, then we have

T(8,F8) = £ < liminf f(wy) = minfT (wy, Fwy) = 0.

The closedness of F# implies ¢ € F¢.
On the other hand, if hypothesis (d) holds, then the sequence {w; } has a subsequence
{wy, } such that [wy,, 8] € X for all k € N. Now, we show that

. 1 1
either E'Y(‘vawﬂx+l) < 7(wy,, ¥) or 57(“)17;;+1/w17;<+2) < 7(wy41,9), (12)

for x € N. By inference and contradiction, we assume that

1 1
EV(CUVK,CUWH) > ’Y(an/ﬂ) and E'Y(‘U;;KH,CUqﬁZ) > ’y(wm+1,l9)
for each 17 € N. As a result of the triangle inequality, we have

YWy, Wyer1) < ylwy,, 0) + (8, wy,11)

1 1
< E'Y(‘UWK/ “717K+1) + E'Y(wiyx+1rwi1,<+2)

1 1
< E'Y(‘Uqw W17K+1) + E'Y(wﬂw quH) = '7((‘]%—’ wUerl)'

This contradicts itself. The inequality (12) is valid for 7 € N. Since the first scenario,

1 1
Er(wvx/]:wr/x) < E'Y(wnwwqﬁl) < ’Y(anl”
by (4), we have

T (wy, 41, F8) < Ty (Fay,, FO) < ¢(m(wy,, 8)).

We obtain by adding ¥ — oo,
I8, F6) < lim p(m(w;,,9))

Also, li_r>n m(wy,, ) =T (9, F0). LetT =TI (8, F9). Then, by limsup ¢(s) < tforall t > 0,
Kee s—tt
we obtain

I < lim ¢(m(wy,,9)) < lim  sup ¢(s) <T.

Koo 0= H05e(r r+0)

Therefore, unless I' = 0 or I'(9, F8) = 0, is a contradiction. This suggests that ¢ € F¢. In
the other scenario, we can conclude that ¢ € F¢. O

Considering F := f as a single-valued map, we obtain the following result:

Theorem 5. Let (£,) bea CMS and X be a binary relation on L. If f : L — L is a map and the
following conditions are satisfied:

@ L(f,R) #&;
(b) Nis f-y-closed and transitive;
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(c) either the function f(w) := y(w, fw) is N-lower semi-continuous or
(d) Nis y-self closed;
(e) 3¢ € D such that for any w, @ € L with (w,®) € X

(@, fw) < Aw,@) implies T (fw, f@) < gly(w,@)),

where (w, @) = {”Y(W/(D),’Y(w,fw),'y(co,f@), Y(w, f@) ‘g 7(@, fw) }

then, f has a fixed point.

’

If we assume X := £ X £ as a universal relation on £, then we obtain the following
result:

Theorem 6. Let (L,7y) bea CMS and F : L — CB(L) a multi-valued map such that
%F(w,]—'w) < y(w, @) implies Ty (Fw, Fo) < ¢(m(w, o)), (13)

forany w € L, @ € Fw, where m(w,®) is as in Theorem 2 and ¢ is as in Definition 2, then F
has a fixed point in L.

If we replace m(w, @) = max{y(w,®),T(w, Fw),I'(@, F@)} in Theorem 4, then we
obtain the following result.

Corollary 1. Let (L, y) be a CMS endowed with a binary relation X on L. If F : L — CB(L) is

a multi-valued map and satisfying the following conditions:

(@) Fwq € L suchthat Fwi N Im(wy,R) # Q;

(b) N is F-vy-closed and transitive;

(c) either the function f(w) := I'(w, Fw) is R-lower semi-continuous or

(d) for any trajectory {wy} C L of F, if {wy} — w and wy 1 € Fw, forall j € N then the
sequence {wy } has a subsequence (wy, ) such that [wy,,w] € R forall k € N;

() 3¢ € D such that forany w € L,® € Fw with (w,®) € N

%F(w,}'w) < y(w, @) implies Ty (Fw, Fo) < ¢(max{y(w,®),I'(w, Fw),I[(@, Fo)}),
then F has a fixed point.

Similarly, if we replace m(w, @) = y(w, @) in Theorem 4, then we obtain the following
result.

Corollary 2. Let (L, ) be a CMS endowed with a binary relation X on L. If F : L — CB(L) is

a multi-valued map and satisfying the following conditions:

(@) Fwi € L such that Fwy N Im(wy, R) # O;

(b) N is F-y-closed and transitive;

(c) either the function f(w) = I'(w, Fw) is R-lower semi-continuous or

(d) for any trajectory {wy} C Lof F,if {wy} — wand w1 € Fuwy forall y € N then the
sequence {wy } has a subsequence (wy, ) such that [wy,,w] € N forall x € N;

() I ¢ € Dsuchthat forany w € L, @ € Fw with (w, @) € R

%I‘(w, Fw) < y(w, @) implies Ty (Fw, Fo) < ¢(y(w,®)),

then F has a fixed point.
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Example 1. Let £ = {l,m,p,r,s}, X = {(p,p),(p,7),(p.1),(p,m),(r,7),(r,1),(r,m),
(L,m),(L,r), (L), (m,r),(m,1),(m,m)} C L x Land vy is the metric on L defined by

Y (w,w) =0,7(w, @) =v(@ w) forallw,® € L,
() =(pl) =v(pm) =1,
101) = 4l m) =2 m) =,
V(s 1) = v(s,m) = 1(s,p) = v(s,7) = 2.
Then, (L,7) isa CMS. Define ¢ : [0,00) — [0,00) and F : L — CB(L) by

2 fo<i (v}, iFwe{prmy,
plw) =14 2’ 1 -~ Fo=<{r,m}, ifo=L
w — g, otherwise; °
{s}, ifw=s.

Then, X is F-y-closed, transitive and f(w) = I'(w, Fw) is a continuous map on L implying it is
R-lower semi-continuous on L. Now, we consider the followings cases.

Casel: w,@ € {p,r,m}orw =@ = land (w,@) € N. Then,

P(Fo, F0) =0 < g(7(w,@)).
Case 2: (w,@) = (p,1) € N. Then,
Pu(F(p), F(I) = Tu({p), rm}) =1 < 2 = o(T(L,F()))
Case 3: (w,@) = (r,1) or (I,7) € R. Then,
Cr(F (), F1) =1< 5 = g0, 1))
Case d: (w,@) = (I,m) or (m,1) € X. Then,
Cu(F(), Fom) =1 < 2 = g(a(1,m)).

Thus, in all the cases, T'y (Fw, F@) < ¢(m(w,®)), and (4) is satisfied. Further, all the conditions
of Theorem 4 are satisfied and the mapping F has two fixed points at p € F(p) and s € F(s).
However, for w = p and ¢ = s, the mapping F does not satisfy contraction conditions (1), (2),
and (3). Consequently, Theorems 1-3 cannot be applied to this particular example.

Example 2. Let £ = [—3,5], X = L x L and vy be the usual metric L. Then, (L,y) is a CMS.
Define ¢ : [0,00) — [0,00) and F : L — CB(L) by

{‘“22, ifw<1, fw{{gao}, ifw <0,

w f—
9(w) w — %, otherwise; [0,4], ifw=>0.

We consider the followings cases.

Case1: w,@ < 0. Then,

FH(]:(U,]:LU)

tu({5 0k {501)
3550

¢(max{y(w, @), I'(w, Fw),T (@, Fo)}).

’ ’

- 5

IN
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Case2: w <0, @ >0.Then,

FH(]:(/J,]:CD)

tu({5 0k 03])

max{[5} 5]}

¢(max{T'(w, Fw),I'(@, F®)}).

’

IN

Case 3: w,@ > 0. Then,

Iy(Fo, Fo) = rH([O,ﬂ,[O,Q)

Thus, in all the cases, ['y(Fw, F@) < ¢(m(w,®)), and (4) is satisfied. Since under universal
relation that is, X = L x L, conditions (b) and (d) both are obviously true. Thus, all the assertions
of Theorem 4 are fulfilled, leading to the conclusion that 0 € F(0) C L is a fixed point for the
map F.

4. Stability of Fixed-Point Sets and Well-Posedness

The stability of fixed points is concerned with understanding whether small deviations
from a fixed point will lead the system’s solutions to stay close to the fixed point or diverge
away from it. This topic has been explored in various works; see [4-6,14,16,22-27]. Here,
we delve into the stability of fixed-point sets for multi-valued maps. Our exploration begins
with the following lemma.

Lemma 1 ([12]). In an MS (L,7), for every w € L 3@ € B € C(L) such that y(w,®) =
I'(w,B).

Theorem 7. Let X be a binary relation on a CMS (L, ) and F;: L — C(L) (j € {1,2}) are

two multi-valued maps satisfying all the assumptions of Theorem 4 with OXO; @*(w) < oo for all
k=1

w > 0. Then,
(@) F(Fj) #@ (j€{L2}).
(b) Ty (F(F1),F(F2)) < ¥(L), where L = sup 'y (F1(w), Fa(w)) and ¥(L) = ozoj ¢ (L).

wel k=1

Proof. The validity of Theorem 4 guarantees the existence of nonempty fixed-point sets
E(Fj) # @ for j € {1,2}, satisfying condition (a). Moving on, let us assume ¢; € F(F}),
implying ¢; € F19;. Using Lemma 1, since F,%; is a compact subset of £, in view of
Lemma 1, there exists ¢, € F,8; such that y(8, %) = I'(81, F20;1). Repeating this process
with Lemma 1, we determine ¢35 € F,0, such that (8, 83) = ['(92, F292). Continuing
this iteration and following the proof strategy of Theorem 4, we generate an N-preserving
sequence {8} that fulfills

Oyr1 € Pty and (841, Oy42) < @(v(8y, 0ys1)) < -+ < @(7(01,62)). (14)

Now, as we follow the proof of Theorem 4, it becomes evident that the sequence {¢;}
is an N-preserving Cauchy sequence. Thus, it inevitably converges to a point w € L.
Furthermore, it can be established that w is a fixed point of 7, since

Y(81,82) = T(01, Fath) < Ty (Fity, Foda).
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Now, using the definition of L, we obtain

’)/(191,192) S L= sup Fy(fla),]:za)). (15)
weLl

With the triangle inequality and Equation (14), we obtain

n+1 i
(O, w) <Y (0, 8i1) + 1 (Fyr2,w) < Y @ (v(81,82)) + ¥ (812, w).
k=1 k=1

Taking the limit as # — oo and utilizing Equation (15), we derive

0

v(01,w) < ) @ (v(81,92)) +1(8ys2,w) < ) ¢"(L) = ¥(L).
k=1 k=1

Consequently, given ¢ € F(F7), we find w € F(F;) satisfying (891, w) < ¥(L). Similarly,

it can be proven that for any wy € F(F;), 3u € F(Fy) such that y(wy,u) < ¥(L). This

concludes the proof of condition (b). [

Lemma 2. Assume that (L,7) is a CMS, X is a binary relation on L, and F; : L — CB(L)
(n € N) is a sequence of multi-valued maps. If (F) converges uniformly to F : L — CB(L) for
each 7 € N and F satisfies all the conditions of Theorem 4, then JF also satisfies (4) and has a fixed
point in L.

Proof. Let w € £ and @ € Fw be such that (w,®) € XN. Since each F), satisfies (4), we
have

%F(a),}}w) < 7(w, @) implies I'y (Fyw, Fy@) < @(my(w,@))

forallw € £,@ € Fw with (w,®) € X, where

[Nw, Fy@) + (@, Fyw) }

m”(w,w) = max{"y(w,w),r(w,fﬂw),F((D,]:,?(D), 2

By letting 17 — oo while maintaining uniform convergence, and following a similar argu-
ment as in the proof of Theorem 4, we conclude that

%F(w,}'w)) < y(w, @) implies Ty (Fewo, F@) < p(m(w, @)

forallw € £, @ € Fw with (w,®) € X, where m(w, @) is as defined in Theorem 4. This
implies that F satisfies (4). Since £ is complete and F satisfies (4), F has a fixed point in
L. O

Theorem 8. Suppose N is a binary relation on a CMS (L, ). If a sequence of maps {Fy }, where
Fy 2 L — CB(L) forall 7 € N, converges uniformly to a function F : L — CB(L) and for each
1 € N, Fy satisfies all the conditions of Theorem 4, then F(Fy) # @ for all y € Nand F(F) # @.

Moreover, let ¥ (w) = OZOJ ¢*(w) and lirr})‘I’(w) =0, then Ulgn Ty (F(Fy), F(F)) =0.
k=1 w— ©

Proof. By Lemma 2, F(F;) # @ for all n € N and F(F) # @. Suppose
Ly = sup I'y(Fyw, Fw). For (F;) being uniformly convergent to F, we obtain
wel

lim sup 'y (Fyw, Fw) = 0.
17 werL
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From Theorem 7, we have
Ty (Fy(F), F(F)) < ¥(Ly) forally € N.

Further, lim ¥(w) = 0 implies
w—0

lim Ty (Fy(F), F(F)) < lim ¥(L;) = 0.

7]—)00
Therefore, sets of fixed points of 7, are stable. [

Now, we show that the fixed-point problem (fpp) is well-posed. We begin with the
following definitions.

Definition 7. Assume that (L, 7y) is an MS, X is a binary relation, and F : L — CB(L) is a
multi-valued map. We say fpp is well-posed for F with respect to T if

() SE(F)={s}; o

(ii) for any R-preserving sequence (cwy ) in L with ;715%0 [(wy, Fwy) = 0,we have 7}5{}0 ¥(wy, ) = 0.

Definition 8. Assume that (L, 7) is an MS, X is a binary relation, and F : L — CB(L) is a
multi-valued map. We say fpp is well-posed for F with respect to T'y if

() SF(F)={6); -
(ii) foran N-preserving sequence (cwy ) in L with ’715130 Ty (wy, Fwy) = 0, we have 7715130 ¥(wy,8) = 0.

Notice that when F(F) = SF(F) and fpp is well-posed for F with respect to I, then
it is well-posed with respect to I'y,.

Theorem 9. Let all the conditions of Corollary 1 be true along with assertions (i) SF(F) # ¢
and (ii) all fixed points of F are comparative. Then,

(@) F(F)=SF(F)={8};
(b) the fpp is well-posed for F with respect to Tyy.

Proof. (a) Let u € SF(F) and ¢ € F(F) such that u # 9. This leads to 0 = 1T'(u, Fu) <
7(u,9). As all fixed points of F are comparative, so we have (1, 9) € X. Using (4) we find

Iy (Fu, F8) < ¢@(max{y(u,9),I(u, Fu), I8, F09)})
@(r(u,9)) < y(u,d).

This leads to
y(u,8) =T(8, Fu) < Ty (Fu, FO) < y(u,9),

which is contradictory unless u = 9.
(b) Let {w; } be an R-preserving sequence in £ such that lgn I'(wy, Fwy) = 0. We aim to
]7 o0
prove ’715{)10 ¥(wy, ®) = 0.
Assume for contradiction that lijn Y(wy, ) # 0. Then, 3 & > 0 such that e < y(wy, ?)
11 o0
for each 7 € N. As N is y-self-closed and qlgn I'(wy, Fwy) = 0, 3 a subsequence {wy, } of

{wy} with [wy,, w] and a number 7y € N such that

I'(wy,, Fwy,) < e for each 1, > 1.
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For 17 > 19, we have 1T (wy,, Fwy,) < & < v(wy,, ®). Utilizing (4), we obtain

I(wy,, F9)

¥(wy,, 9) (
(wyer Fwy) + Ty (Fey,, FO)
(
(

ININ
—

—

Wy, Fwy,) + @(max{y(wy,, ), T(wy,, Fwy,),T(8, F9)})
r ‘Unr]:wnx) +qo(max{'y(a)vk,19),1"(w,7x,]:a),7,<)}).

Taking ¥ — oo and using the properties of ¢, we derive

e< ,)/(wﬂxfﬂ) < (P(’Y(wvwﬂ)) <g

which is a contradiction. Therefore, ’}gn ¥ (wy,¥) = 0, and the fpp is well-posed for F

concerning I'y;.  [J

5. An Application to Dynamic Programming

In the context of this section, we consider Banach spaces = and A, with IT C E and
&£ C A, while R denotes the field of real numbers. We work with maps 7 : IT x £ — TI,
f:IIx&E =R, F:IIxExR — R, and utilize the set B(II) to represent all bounded
real-valued functions on IT.

Our focus in this section is on investigating the existence and uniqueness of a solution
for the functional equation

p(w) =sup f(w,®) + F(w,w, p(t(w,@))), well, (16)
el

where f and F are bounded functions, w and @ symbolize the state and decision vectors,
respectively, T denotes the process transformation, and p(w) signifies the optimal return
function given an initial state w.

To facilitate our analysis, we introduce a map F : B(II) — B(II), defined as:

F(h(w)) = sup{f(w, @) + F(w,@,h(t(w,®@)))}, 17)
el
where I and «x belong to B(II). Additionally, we define a distance metric v : B(II) x
B(IT) — [0, c0) as
2(,%) = sup|h(w) - x(w)]. a8)

well
Furthermore, we introduce the notation

T, F () = inf (@) — F(h(w))].

Our aim is to establish the existence and uniqueness of a solution for the functional
Equation (16) using the framework provided by Theorem 4.

Theorem 10. Suppose that 3 ¢ € @ such that for every (w, @) € I1x €, w € Iland h,x € B(II)
with h(w) < k(w) for all w, we have

0(r)|h(w) = F(h(w))] < [h(w) = xk(w)] (19)

implies
[F(w, @, h(w)) = F(w,@,k(w))| < p(M(h(w), x(w))) (20)
where M(h(w), x(w)) = max{ v(h,x),T(h, F(h)),T(x, F(x)), L(h, F(x) ‘;r("/f(h)) }

Then, the functional Equation (16) has a bounded solution in B(IT).
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References

Proof. Define X := B(IT) x B(II), a universal relation on B(IT). Then, obviously X is F-7-
closed, transitive, and 7y-self-closed on B(IT), where F is defined in (17). Also, (B(II), ) is
a CMS, where v is defined by (18). Let A be an arbitrary positive number and h, x € B(IT).
Let w € I1 be arbitrary and choose @1, @; € I such that

F(h(w)) < f(w,@1) + F(w,@1,h(11)) + A (21)

F(r(w)) < flw, @) + F(w, @, k(1)) + A (22)

where 7j = T(w, @) and 7, = T(w, @;). Further, by definition of 7, we know

F(h(w)) = flw,@2) + F(w, @2, h(12)) (23)

F(x(w)) = f(w,@1) + F(w,@1,x(T1)). (24)
Since (19) holds, thus from (21) and (24), we have
F(h(w)) — F(k(w)) < F(w,@1,h(11)) — F(w,@1,%(11)) + A
< |F(wrwlrh(Tl)) - F(wlwHK(Tl)” +A
< @(M(h(w),x(w))) + A. (25)
Similarly, from (22) and (23), we obtain
Fr(w)) = F(h(w)) < p(M(h(w), k(w))) + A. (26)
Hence, from (25) and (26), we have
|F(h(w)) = F(x(w))| < o(M(h(w), k(w))) + A.

Since w € ITand A > 0 is arbitrary, hence we find from inequality (19) that

0(r)y(h(w), F (h(w))) < 7(h(w), k(w))
implies
1(F(h(w)), F(x(w))) < o(M(h(w), x(w)))-

Therefore, all the conditions of Theorem 5 are fulfilled for the map F. As a result, the map
F possesses a fixed point denoted as h (w), signifying that /1(w) is a bounded solution for
the functional Equation (16). O
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1. Introduction

In pure mathematics, one of the most well-known and classical theories is fixed point
theory, which has vast applications in various fields. The fundamental and inaugural
result in the aforementioned theory is the Banach fixed point theorem [1], which is an
attractive and effective tool in investigating existence problems. Over the years, it has been
generalized in different directions by several mathematicians. Recently, Samet et al. [2]
initiated the conception of a-admissibility and a-ip-contractions in complete metric spaces
and presented some fixed point problems for the aforementioned mappings. Subsequently,
Salimi et al. [3] modified these ideas of a-admissibility and a-¢-contractions and established
new fixed point theorems for such mappings in complete metric space.

In all the above outcomes, the idea of metric space represents a crucial and significant
aspect, which was introduced by Frechet [4] in 1906. Later on, various researchers extended
the notion of metric space by considering the metric postulates or changing its range and
domain (see [5-8]). Jleli et al. [9] introduced a fascinating generalization of classical metric
space, b-metric space and Branciari metric space, which is well known as an §-metric
space. Subsequetly, Hussain et al. [10] employed the idea of §-metric space (§-MS) and
demonstrated a number of results for (B, ¢)-contractions.

We take the distance between members of only one set in all these generalizations
of metric space. Thus, a question arises: how can the distance between members of two
different sets be analyzed? Such questions of computing the distance can be considered
in different fields. Mutlu et al. [11] presented the idea of bipolar metric space (bip MS)
to address such matters. Moreover, this up-to-date conception of bip MS leads to the
evolution and advancement of fixed point theorems. In due course, Mutlu et al. [12]
established coupled fixed point results in the framework of bip MS. Kishore et al. [13]
extended the concept of coupled fixed point to common coupled fixed point and presented
an application of it. Rao et al. [14] proved common coupled fixed point results for Geraghty-
type contractions and applied their result to homotopy theory. Giirdal et al. [15] utilized the
notion of bip MS to obtain fixed point theorems for («, ¢)-contractions. A significant task
relates to the existence of fixed points in the setting of bip MS (see [16-20]). Rawat et al. [21]
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unified the above two important notions, specifically §-MS and bip MS, and introduced
the notion of F-bipolar metric space ( §-bip MS) and presented some results.

In the present research article, we introduce the notion of («, 77, {)-contraction against the
background of §-bipolar metric space and establish fixed point results for covariant and con-
travariant mappings. As a consequence, we derive some coupled fixed point results in F-bipolar
metric spaces. An integral equation is explored as an application of our principal result.

2. Preliminaries

The conventional Banach fixed point theorem [1] is given in the following way.

Theorem 1 ([1]). Let (S,0) be a complete metric space (CMS) and let B : S — S. If there exists
A € [0,1) such that
o(Bw, Bl) < Ad(ro, 1),

forallvo,h € S, then B has a unique fixed point.
Samet et al. [2] initiated the following concepts.

Definition 1. Let ¥ be a family of mappings i : [0, +00) — [0, 4-00) satisfying the following conditions:
(1) ¥ is nondecreasing,
(P2)2 19 (£) < o0, for all t > 0, where Y' is the i-th iterate of .

Lemmal. If ¢ € Y, then, for each t > 0, (t) < tand (0) = 0.

Definition 2 ([2]). Let a : S x S— [0, +00) be any function. A mapping B : S — S is said to be
an a-admissible if
a(ro,h)>1 = a(Bw, Bh)>1,

forallw,h e S.

Definition 3 ([2]). Let (S,0) be a metric space. A mapping B : S — S is said to be (a,)-
contraction if there exist some o : S X S— [0, +00) and ¢ € ¥ such that

a(w, 1)o(Bw, Bh) < ¢(d(w, 1)),
forallvo, i € S.

Jleli et al. [9] presented an impressive extension of MS as follows.
Let § be the class of mappings f : (0, +00) — R fulfilling the following assertions:

(F1) f(t) < f(s), fort <s,
(F2) for each sequence {t,} C RT, lim, 0 t;, = 0 <> lim, ,c0 f(f;) = —00.

Definition 4 ([9]). Let S # @ andletd : S x S — [0, +00). Assume that there exist (f,x) €
T x [0, 400) such that for all (ro,h) € S X S,

(i) o(w,h)=0<=w=n,
(ii)  o(ro, 1) = o(h,w),
(iii) for every (u,)!_, C S with (u1,up) = (vo, 1), we have

-1
(w0, 1) > 0= f(2(w, 7)) < f<pz D(ul,ul+1)> +x,

1=1

for p > 2and p € N. Then, 0 is said to be an §- metric on S and (S,0) is said to be an F-MS.
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Example 1 ([9]). Let S=R, f(t) = In(t) and x = In(3). Defined : S x S — [0, +00) by

(v =) if (w,h) € [0,3] x [0,3]
m ) = { o S g 03 03

and (S,0) is an F-MS.

Mutlu et al. [11] introduced the idea of bipolar metric space (bip MS) in the follow-
ing manner.

Definition 5 ([11]). Let S # @ and T # @andletd: S x T — [0, +00) satisfy

(biy) o(r0,h) =0 <=1 =T,
(bip) o(w, i) =0(h, ), ifv,he SNT,
(biz) d(ro, 1) < o(o, 7/ ) + (/1) +0(w/, 1),

forall (w, 1), (w/,1) € 8 x T. Then, the triple (S, T ,0) is called a bip MS.

Example 2 ([11]). Let S and T be the set of all compact and singleton subsets of R independently.
Defined : S x T — [0, +00) by

o(10, E) = v —inf(E)| + [w — sup(E)|,
for {w} C Sand E C T, and then (S,T,0) is a complete bip MS.

Definition 6. Let (S, T1,01) and (Sa, T2, 92) be two bip MSs. A mapping B : SUT1 = S, U T,
is said to be a covariant mapping, if B(S1) C Sy and B(T1) C Tp. Similarly, a mapping B : S1UTq
= Sy U Ty is called a contravariant mapping, if B(S1) C T and B(S2) C Ty.

We will symbolize the covariant mapping as B : (S1,71) = (Sz, 72) and the con-
travariant mapping as B : (S1,T1) & (Sa, Ta).

Rawat et al. [21] unified the above two novel notions, §-MS and bip MS, and introduced
the notion of §-bipolar metric space (-bip MS) in the following way.

Definition 7 ([21]). Let S and T be nonempty sets and let d : S X T — [0, +00). Suppose that
there exist (f,x) € § x [0, +o0) such that, for all (v,h) € S X T,

(D1) o(w, ) =0 <= =",
(D) o(w,1t) =0o(h,w), ifwv,he SNT,
(D3) for every (u,)f;l C Sand (vl)f:1 C T with (uy,vp) = (1, 1), we have

p-1 P
(w, i) > 0= f(do(rv, 7)) < f(Z (uyy1,00) + Ea(u,,v,)> +x,
1=1 =1
forp > 2and p € N. Then, (S, T,0) is called an F-bip MS.
Example 3. Let S ={1,2} and T = {2,7}. Defined : S x T — [0, +00) by
2(1,2) =6, 9(1,7) = 10,0(2,7) =2, 9(2,2) = 0,

and then  satisfies all the conditions of an F-bip metric with k = 0 and f(t) = Int, for t > 0.
Thus, (S, T,0) is an §-bip MS but not a bip MS.

Remark 1 ([21]). Taking T = S, p = 21, u; = up; 1 and v; = uy; in the above definition (7),
]2;1 € S with (uy,uy,) = (w, ) such that condition (iii) of Definition 4
holds. Thus, every §-MS is an F-bip MS but the converse is not true in general.

we obtain a sequence (u,)
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Definition 8 ([21]). Let (S,T,0) be an §-bip MS.

(i) Anelement w € SUT is called a left point if v € S and w € SUT is called a right point if
w € T. Moreover, w is called a central point if it is both a left and right point.

(ii) A sequence (v,) on S is said to be a left sequence and (h,) on T is called a right sequence. A
left sequence or a right sequence is called a sequence in an §-bip MS.

(iit) The sequence (1v,) converges to a point vo, if and only if (w,) is a left sequence, w is a right point
and 1im, e 0(tv,, 10) = 0 or (v,) is a right sequence, 1o is a left point and lim,; 0 (1, ;)
= 0. A bisequence (vo,,1,) on (S, T, ) is a sequence on the set S x T. If (w,) and (1,) are
convergent, then the bisequence (vo,,11,) is also convergent, and if (w,) and (h,) converge to a
common element, then the bisequence (vo,,1,) is said to be biconvergent.

(iv) A bisequence (v, 1) in an F-bip MS (S, T, ) is called a Cauchy bisequence if, for each
€ > 0, there exists 19 € N, such that 9 (vo,, p) < €, forall 1, p > 1.

Definition 9 ([21]). An §-bip MS (S, T,0) is said to be complete, if every Cauchy bisequence in
(S, T,0) is convergent.

3. Fixed Point Results for Covariant Mappings

Definition 10. Let o : S x T— [0, +00) be any function. A mapping B : (S, T,0) = (S, T,0)
is said to be covariant a-admissible if

a(ro,h)>1 = a(Bw, Bh)>1, (1)
forall (ro,h) € SxT.

Example 4. Let S=[0, +00) and T=(—o00,0] and a : S x T— [0, +00) is defined as

)= { g I 7

A covariant mapping B : (S, T,0) = (S, T,0) defined by B(ro) = w is covariant a-admissible.
Definition 11. Let (S,T,0) be an §-bip MS and B : (S,T,) = (S,T,0) is a covariant
mapping. A mapping B : (S, T,0) = (S, T,0) is said to be covariant a-admissible with respect to
1 if there exist the functions a, 17 : S x T — [0, 400) such that

a(ro,h)>n(w, ) implies a(Bro, Bh)>13(Bw, Bh),
forall (ro,h) € SxT.

Remark 2. If we take 17(v,h) = 1, then this Definition 14 reduces to Definition 13. Moreover, if
we take a(vo, 1) = 1, then we can say that B is an y-subadmissible mapping.

Definition 12. Let (S, T,0) be an F-bip MS. A mapping B : (S,T,0) = (S, T,0) is said to
be a covariant («,n,)-contraction if B is covariant and there exist two functions a,n : S x
T— [0,+00) and € ¥ such that

a(w, i) > 1(ro,h) = d(Bh, Bro) < ¢(o(w, 1)), (2)
forall (ro,h) € SxT.

Remark 3. A mapping B : (S, T,0) = (S, T,0) satisfying the Banach contraction in F-bipolar
metric space (S,T,0) is a covariant (x, 17, )-contraction with

a(ro, i) =n(w,h) =1,

forall (vo,h1) € S X T and (t) = kt, for some k € [0,1) and for t > 1.
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(P) there exists z € SN T such that a(w,z) > 1and a(z,71) > 1forall (w, 1)) € S x T.

Theorem 2. Let (S, T,0) bea complete §-bip MS and let B : (S, T,0) = (S, T, 0) bea covariant
(a, 17, )-contraction. Assume that the following assertions hold:

(i) B is covariant a-admissible with respect to 1,

(ii)  there exists vog € S, fig € T such that a(voq, Fig) > 17(tvg, fig) and a(wg, Bhg) > 1(roo, Bho),

(iii) B is continuous ot, if (vo,, ;) is a bisequence in (S,T,0) such that a(v,, ;) > 17 (w,, k), for
all1 € Nwithw, — wand h, — w,as1 — oo forw € SNT, then a(w,h,) > n(w, ),
forall1 € N.

Then, the mapping B : (S, T,0) = (S, T, ) has a fixed point. Furthermore, if the property
(P) holds, then the fixed point is unique.

Proof. Let wy and iy be arbitrary points in S and 7T, respectively, and suppose that
a (g, hp) > 1(wo,hp) and a(wy, Bhy) > 15(wp, Bhp). Define the bisequence (tv,,71;,) in
(S, 7,0) by

;11 = Bro, and 7,1 = Bh,

for all 7 € N. As B is a covariant a-admissible mapping with respect to 17, we have
a(vo, fig) = 1(ro, fig),
which implies
a(rq,hy) = a(Brog, Bhy) > n(Brog, Bhgy) = 17(toq, fq).

and
a(rg, hy) = a(wg, Bhg) > 11(rg, Bhg) = 1(vq, h11),

which implies
a(rq,hp) = a(Brg, Bhiy) > n(Brog, Bhy) = 1(tq, hip).

Similarly,
a(roq,11y) = a(Brog, Bhg) > 1(Brog, Bhg) = 1(wq, h11),

which implies
a(ry, fip) = a(Bry, Bhy) > n(Broy, Bhy) = 1(r, hp),

and
a(ro1,Tiz) = a(Brwog, Biy) > 11(Bwg, Bly) = 11(1, hi2),

which implies
a(ry, hiz) = a(Broy, Bhip) > n(Broy, Bhy) = (g, hi3).
Likewise,
a(ry, fip) = a(Bry, Bhy) > n(Broy, Bhy) = 1(r, 1),
which implies
a(rw3, hi3) = a(Brog, Bhp) > n(Brog, Bhy) = 1(wv3,113).
Continuing in this way, we have

a1, 1) > n(vo,, ) and a(vo,q, 1) 2> (w41, T41), 3)
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for all 1 € N. Now, by (2) and (3), we have
(1, fy41) = 0(Bw,_1, Bhy) <o(Bw,_1, Bhy) < p(d(w,-1,1,)) (4)
for all 1 € N. Additionally,
(w11, Tty41) = (B, Bi,) < 0(Bro,, Bhy) < (0 (s, ), ®)
for all 7 € N. By (4) and mathematical induction, we obtain

oy, Tryg1) < P01, 1)) < (P02, 1)) < o < PH(0(w0, Fn)). (6)

Similarly, by (5) and mathematical induction, we obtain

(w041, 41) < P, 7)) < P(P(w,_1,7,1))) < .. <P R(wg, o)), ()

forallz € N. Let (f,x) € § x [0, 00) be such that (D3) is satisfied. Let € > 0 be fixed. By (52),
there exists > 0 such that

0<t<d= f(t) < f(e) — k. 8)

Let there exist e > 0 and 1(€) € N such that
. €
Y. ¢ ((wg, 1)) < 5
1>1(e)

and

Y, ¢ (0(wo, ) <

1>1(€)

N m

Now, for p > 1 > 1(e), by applying (D3), we have that d(v,, /1,) > 0 implies

IN

f(a(muhp)) f< D(mhhﬂ»l) +D(mz+11hz+1) +D(m1+11h1+2)+ )+K

+D(mp 1,hp 1)+a(mp,1,hr,)

IN

p—2
<):a (v0j, Bj1) ZD m]+1'h1+1)> tx

IN

f<z ¥ (d(wo, 1)) + Z P (a( mo,flo))) +x

J=1

IN

(Z P'(d(wo, 1)) + Y 1/’1“(0(‘”0,?!0))) +x

1>1(€) 1>1(€)

< f(e).
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forall j € N. Similarly, for 1 > p > 1(e), by applying (D3), we have that 2 (1,, 71,) > 0 implies

IN

f((vi,fip))

f o(wp, fip) +o(wp, fipi1) +(wpsr Fipia) + 1
e+ (0, Fiygq) +0(10, 11y)

IN
~
< N
J:|{

1 1
30wy ) +za<m/,hj+1>) i
j=1

< f(Z ¢/ (0(wo, hp)) + ) ¢t v(mo,hl))> +x
j=p i=p

< f( Y, ¥'(0(wo,ho)) + Y llflﬂ(a(mo,hl))) +x,
1>1(e) 1>1(e)

< fle)

for all j € N. Then, by (§1), 2(v;,71,) < ¢, for all p,1 > 1. Thus, (v, 1,) is a Cauchy
bisequence in (S, T,0). As (S, T,0) is complete, (w,, 71,) biconverges to a pointw € SN T.
Thus, (w,) = w, () — w. Moreover, as B is continuous, we obtain

(v,) = w = (w,41) = (Bw,) — Bw.

Additionally, since (7,) has a limit w in S N 7. Since the limit is unique in §-bip MS,
Bw = w. Thus, B has a fixed point.

As a bisequence (w,;,7,) in (S, T,0) is such that a(w,, ;) > 5(w,, i), forall1 € N
with w, - wand i, - w,as1 — oo for w € SN T, then, by hypothesis (iii), we have
a(w, ) > a(w,hy), for all1 € N. Now, by (19), we have

fO(Bw,w)) f(@(Bw, Bh,) + (B, Bi,) + o(Bw,, w)) + «
fla(w,m)o(Bw, Bhy) + (Broy, Blty) + (w41, w)) + &

Fp(w, ) + (v, 71,)) + (10,41, w)) + &
f

ININ N

o IP(Dgwrhz)) )
1, w + K.
+a (w,w) + d(w, i) > +o(wig, @)

Taking the limit as 1 — oo and using the continuity of f and ¢ at t = 0, we have
3(Bw,w) = 0. Thus, Bw = w. Hence, B has a fixed point.

Now, if @ is another fixed point of B, then B = @ implies that @ € S N7 such that
w # w. Then, by the property (P), there exists z € SN T such that

a(w,z) > n(w,z) and a(z, @) > 5(z,@). )
Since B is a covariant a-admissible mapping with respect to 7, by (9), we have
a(w,B'z) > n(w,B'z) and a(B'z, @) > n(B'z, @), (10)

for all 7 € N. Now, by (§1) and (2), we have

f(w, B'2))

IN A
~ -
— —
<= o
A~
n -

—~
R
oy} —~
| B
N |
~—— N’—‘
O —
~— N
~—

IN
~~
—~
o

IA
IA
=
<
<
g

o

(11)
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Similarly, we have

f(B'z,@))

IN

$(o(8(87"2). 50))

F(o(B(57"2). B0))

F(v(o(57"=)))

<5 (a(52a))). )

Letting 1 — +o0 in (11) and (12) and using the continuity of f and i, we have

INIA

IN

}iﬁr&f(b(w, B'z)) = —oco, (13)
and
Ili)rgof(D(Blz,co)) = —oo0. (14)

Thus, from (13) and (14) by (§2), we have
B'z — wand B'z — @,
which is a contradiction because the limit is unique. Hence, v =@ € SNT. O
Example 5. Let S={9,10,18,20} and T={3,5,11, 18}. Define the usual metricd :Sx T — [0,00) by
(o, k) = 2/®7,
Then, (S, T, ) is a complete §-bip MS. Define the covariant mapping B: SUT — SUT by

18, ifw € SU{11}
9,  otherwise.

B(w) = {

Then, all the conditions of Theorem 2 are satisfied with (t) = %t. Hence, by Theorem 2, B
must have a unique fixed point, which is 18 € SNT.

By taking #(10,71) = 1 in Theorem 2, we have the following result.

Corollary 1. Let (S,T,0) be a complete F-bip MS and let B : (S,T,0) = (S,7,0) bea
covariant mapping. Assume that there exists p € ¥ and a« : S x S— [0, +-00) such that

w(wo, 1) > 1 = o(Br, Bl) < (2w, 1)),

forall (w,h) e SxT.
Moreover, suppose that the following postulations hold:

(i) B is covariant a-admissible,

(ii)  there exists wo € S, hy € T such that a(rog, fiy) > 1 and a(rog, Bhy) > 1,

(iii) B is continuous or, if (v,, h,) is a bisequence in (S, T ,0) such that a(vo,, h,) > 1, for1 € N
with vo, — w and h, — w, as 1 — oo forw € SNT, then a(w, h,) > 1, for1 € N.

Then, the mapping B : (S, T,0) = (S, T,0) has a fixed point.
By taking «(1o,71) = 1 in Theorem 2, we have the following result.

Corollary 2. Let (S,7,0) be a complete §-bip MS and let B : (S,T,2) = (S,7,0) be a
covariant mapping. Assume that there exists p € ¥ and 5 : S x S— [0, +00) such that

7(1,7) < 1= d(Bw, Bh) < p(2(1, 1)),
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forall (ro,h) € SxT.
Moreover, suppose that the following postulations hold:

(i) B is covariant y-subadmissible,

(ii)  there exists wg € S, hg € T such that 11(vq, hp) < 1 and n(ro, Bho) <1,

(iii) B is continuous o, if (vo,, ) is a bisequence in (S, T, ) such that y(ro,, 1) <1, foralli € N
with v, — w and h, — w,as1 — oo forw € SNT, then n(w,h,) <1, forall1 € N.

Then, the mapping B : (S, T,0) = (S, T,0) has a fixed point.
The following result is a direct consequence of Corollary 1.

Corollary 3. Let (S,7,0) be a complete §-bip MS and let B : (S,T,2) = (S,7,0) be a
covariant mapping. Assume that there exists p € ¥ and o : S X S— [0, 4-00) such that

«(ro, h)o(Bro, Bh) < p(d(1, 1)),
forall (ro,h) € SxT.
Moreover, suppose that the following postulations hold:

(i) B is covariant a-admissible,

(ii)  there exists g € S, hg € T such that «(roq, hp) > 1 and a(rog, Bhg) > 1,

(i) B is continuous or, if (v,, h,) is a bisequence in (S, T ,0) such that a(vo,, h,) > 1, for1 € N
with v, — w and h, — w,as1 — oo forw € SNT, then a(w,h,) > 1, forall 1 € N.

Then, the mapping B : (S, T,0) = (S, T, 0) has a fixed point.

Remark 4. Ifwe define a : S x S— [0, +00) by a(r, i) = 1 and (t) = kt, where 0 < k < 1in
Corollary 3, then we deduce the principal result of Rawat et al. [21].

Remark 5. Taking f(t) = In(t), for t > 0 and x = 0 in Definition 7, then F-bip MS is reduced to
bip MS. Thus, the main result of Giirdal et al. [15] is a direct consequence of the above result.

Remark 6. Ifwe take S = T in Definition 7, then the §-bip MS is reduced to F-MS and we derive
the leading result of Hussain et al. [10] from the above corollary.

Corollary 4. Let (S,T,0) be a complete §-bip MS and let B : (S,T,0) = (S, T,0). Assume
that there exist p € ¥, a : S x S— [0, +00) and £ > 0 such that

(w(ro, 1) 4 £)° BB < (1 4 g)yLwm) (15)

forall (w, 1) € S xT.
Moreover, suppose that the following postulations hold:

(i) B is covariant a-admissible,

(ii)  there exists g € S, hg € T such that «(roq, hp) > 1 and a(rog, Bhg) > 1,

(iii) B is continuous or, if (ro,,1,) is a bisequence in (S, T,0) such that a(vo,, 7)) > 1, for all
1€ Nwithw, = wand h, — w,as1 — o for w € SNT, then a(w, ;) > 1, for1 € N.

Then, the mapping B : (S, T,0) = (S, T,0) has a fixed point.
Proof. Let a(ro,71) > 1. Then, by (15), we have
(l +€)U(Bm,8h) S (lx(m,h) Jrg)D(Bn),Bﬁ) S (1 +€)¢(D(\’U,ﬁ))’

which implies d(Bw, Bl) < ¢(2(tv, 1)), and all the conditions of Corollary 1 are satisfied
and B: (S,7,09) = (S, 7,0) has a fixed point. [

Similarly, we have the following corollary.
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Corollary 5. Let (S, T,0) be a complete §-bip MS and let B : (S,T,0) = (S, T,0). Assume
that there exist p € ¥, x : S x S— [0, +00) and £ > 0 such that

(d(Bro, Bh) + £)*™") < y(a(vo, 7)) + £, (16)

forall (w,h) e SxT.
Moreover, suppose that the following postulations hold:

(i) B is covariant a-admissible,

(ii)  there exists wg € S, hy € T such that a(rog, hiy) > 1 and a(roo, Bhy) > 1,

(iii) B is continuous or, if (v,, 1) is a bisequence in (S, T ,0) such that a(vro,, 7)) > 1, for1 € N
with vo, — w and i, — w,as1 — oo forw € SNT, then a(w,h,) > 1, for1 € N.

Then, the mapping B : (S, T,0) = (S, T,0) has a fixed point.
Proof. Let a(ro,71) > 1. Then, by (16), we have
(3(Bro, Bh) + £) < (3(Bro, Bh) 4 )" ™" < y(a(w, 1)) + ¢,

which implies d(Bw, Bl) < ¢(2(w, 1)), and all the conditions of Corollary 1 are satisfied
and B: (S,7,9) = (S, 7,0) has a fixed point. [

Corollary 6. Let (S,T,0) be a complete §-bip MS and let B : (S,T,0) = (S,7,0) be a
covariant and continuous mapping. Assume that there exists { € ¥ such that

2(Bw, Bh) < y(2(w, 1)),

forall (w, 1) € S xT.
Then, the mapping B : (S, T,0) = (S, T,0) has a unique fixed point.

Proof. Take a,77 : S x T— [0,+00) by a(w, i) = n(wv,h) =1,forw € Sandh € T in
Theorem 2. [

Corollary 7. Let (S,T,0) be a complete §-bip MS and let B : (S,T,2) = (S,7,0) be a
convariant and continuous mapping. Assume that there exists 0 < k < 1 such that

2(Bro, Bh) < kd(wo, 1),
forall (ro,h) € SxT.

Then, the mapping B : (S,7,0) = (S,T,0) has a unique fixed point.

Proof. Define ¢ : [0, +00) — [0,+00) by ¢(t) = kt, where 0 < k < 1 and a, 77 : S X
T— [0,400) by a(w,11) = (w0, 1) =1, forw € Sand /i € T in Theorem 2. [

4. Fixed Point Results for Contravariant Mappings
Definition 13. Let (S, T,0) be an §-bip MS and B : (S,T,0) = (S, T,0) is a contravariant
mapping. A mapping B : (S,T,0) = (S, T,0) is said to be contravariant x-admissible if there
exists a function o : S x T— [0, +00) such that

a(w,h)>1 = a(Bh, Bro)>1, 17)
forall (w,h) e SxT.

Example 6. Let S=[0, +-c0) and T=(—c0,0] and « : S x T— [0, +00) is defined as

— 1’ lfm;éh/
a(w, 1) = { 0, ifro =h.
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A contravariant mapping B : (S, T,0) = (S, T, 0) defined by B(ro) = —w is contravariant
w-admissible.

Definition 14. Let (S, T,0) be an §-bip MS and B : (S,T,0) = (S, T,0) is a contravariant
mapping. A mapping B : (S,T,0) = (S, T,0) is said to be contravariant n-admissible with
respect to 1 if there exist two functions a, 17 : S X T— [0, 400) such that

a(ro, ) >n(w,h) = a(Bh, Bro)>n(Bh, Bw), (18)
forall (w, 1) € SxT.
Definition 15. Let (S,T,0) be an §-bip MS. A mapping B : (S,T,0) = (S, T,0) is said
to be a contravariant («,n,)-contraction if B is contravariant and there exist some a1 : S X
T— [0,+00) and € ¥ such that
a(w, 1)o(Bh, Bro) < (d(w, 1)), (19)
forall (ro,h) € SxT.

Remark 7. A mapping B : (S,T,0) = (S, T,0) satisfying the Banach contraction in a §-bip
MS (S, T,0) is a contravariant («, 1, )-contraction with

a(ro, i) =n(w,h) =1,
forall (vo,h1) € S X T and y(t) = kt, for some k € [0,1) and for t > 1.

Theorem 3. Let (S, T,0) be a complete F-bip MS and let B : (S, T,0) = (S,T,0) be a con-
travariant («, 1, §)-contraction. Assume that the following postulations hold:

(i) B is contravariant a-admissible with respect to 1,

(ii)  there exists g € S such that a (g, Bwg) > 1(1og, Brog),

(iii) B is continuous ot, if (vo,, 1) is a bisequence in (S, T ,0) such that a(v,, f,) > 1(vw,, k), for
1 € Nwithvw, = wand h, — w,as1 — oo forw € SNT, then a(ro,, w) > 1 (o, w), for
reN.

Then, the mapping B : SUT — SUT has a fixed point. Furthermore, if the property (P)
holds, then the fixed point is unique.

Proof. Let w( and iy be arbitrary points in & and 7T, respectively, and suppose that
a(wg, Brog) > 1(1g, Brog). Define the bisequence (v, 71;) in (S, T,9) by

h, = Bw, and w,.1 = Bh,
forall: € N. As B is a contravariant x-admissible mapping with respect to 7, we have
a (g, fg) = a(wp, Brog) > 17(wg, Brog) = 11 (wo, Tip),
which implies
a(rq,hg) = a(Bhy, Brog) > n(Bhg, Brog) = (11, fp),
and a(roq, fig) > #7(1o1, hip) implies
a(rq,hy) = a(Bhg, Broy) > n(Bhg, Broy) = 1(tq, fq).
Similarly, a(w1,%11) > (101, f1i7) implies

a(wz, fiy) = a(Bhy, Broy) > n(Bhy, Broy) = 1(w2, 1),

231



Mathematics 2023, 11, 4408

and a(rop, fi) > 1(1p, 7)) implies
a(wy, fn) = a(Bhy, Brog) > n(Bhy, Brog) = 1 (12, f1n).
Continuing in this way, we have
a(wy, ) > (v, ) and a(vo, 1, 7) > 17(royq 1, ), (20)
for all 7 € N. Now, by (19) and (20), we have
o(w,, 1) = 0(Bhy_1, Bw,) < ¢(d(w,, 71,1)), (21)
for all 1 € N. Moreover,
(w1, 7)) = 0(Bhy, Bro,) < ¢p(d(w, 1)), (22)
for all 7 € N. By (21) and mathematical induction, we obtain

(v, i) < P(0(ry, fiio1)) < P(PR(w0,-1,7-2))) < oo < PH(0(r01, Fg))- (23)

Similarly, by (22) and mathematical induction, we obtain

(g1, 1) < (0, 1)) < P(o(w,-1,7,-1))) < o < P (0(00, 1)), (24)

forallz € N. Let (f,x) € § x [0, 00) be such that (D) is satisfied. Let € > 0 be fixed. By (52),
there exists > 0 such that

0<t<d= f(t) < f(e) — k. (25)

Let there exist € > 0 and 1(€) € N such that

Y ¢'(0(wn, o)) < 3,

1>1(e)

and

Y ¢ (d(wo, hig)) <

1>1(€)

N ®

Now, for p > 1 > 1(e), by applying (D3), we have that d(v,, /1,) > 0 implies

IN

f(D(ml,hp)) f( D(Wz,hz) +D(m,+1,h,) +D(ml+1’hl+1)+ > .

et 0 (0, Tipq) +0(1p, Tip)

IN
~
N

P p-1
2 (wj 1) + 35 (i, By )) +x

]:7 ] 1

¥/ (d(ro1, 7)) + Z ¥ (d(rwy, ho))) +x
j=t j=1

IN
—
Y

[\1@

IN
—
v
")
ﬁ

a1, fio)) + Y w‘“(a(mo,ho») +x

1>1(€)
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forall j € N. Similarly, for 1 > p > 1(e), by applying (D3), we have that d(tv,, 71,) > 0 implies

IN

L AN i MM S B

0 (w0, iy 1) +0(t0p, 71p)

IN

1—1 1
f( D(mj,h]-)-i-ZD(m]-,hj_l)) + K
j=t

IN
—
<.
_l

¥/ (2(vy, 1)) + Zl: lI’ZH(D(mo/ho))) +x

j=r
< f( Y (o, o)) + Y #"(D(ml,ho))) +x
1>1(€)

1>1(e)
< fle),

for all j € N. Then, by (§1), 2(v;,71,) < ¢, for all p,1 > 1. Thus, (v, 1,) is a Cauchy
bisequence in (S, T,0). As (S, T,0) is complete, (w,, 71,) biconverges to a pointw € SN T.
Thus, (w;) = w, (h,) — w. Additionally, since B is continuous, we obtain

(v,) »w = (h) = (Bw,) = Bw.

Moreover, since (7,) has a limit w in SN 7T and the limit is unique, Bw = w.
Thus, B has a fixed point. Now, since a bisequence (w,, ;) in (S, 7T,0) is such that
a(ro,, i) > n(w, 1), forall: € Nwithw, - wand i, = w,as1 — oo forw € SNT,
then, by hypothesis (iii), we have a(w,, w) > (1w, w), for 1 € N. Now, by (19), we have

fO(Bw,w)) f((Bw, Bw,) +d(Bh,, Bro,) + o(Bh, w)) + «
@@, w)) +(0(w, i) + (w41, w)) + 1
P (0w, w))

f( +l/]< D(mlf—:;)(i,ahg()'d’w) ) +D(mz+llw) ) e

ININ

Taking the limit as 1 — oo and using the continuity of f and ¢ at f = 0, we have
(Bw,w) = 0. Thus, Bw = w. Hence, B has a fixed point. [

The uniqueness of the fixed point is the same as given in Theorem 2.

5. Coupled Fixed Point Theorems
In the present section, we obtain coupled fixed point results from our established results.

Definition 16. Let (S, T,0) be a complete §-bip MS and let F : (SxT,TxS) = (S,T) bea
convariant mapping. A point (a,b) € SxT is alleged to be a coupled fixed point of F if

F(a,b) =aand F(b,a) =b.

Lemma 2. Let F : (SXT,T xS8) = (S, T) be a convariant mapping. If we define a convariant
mapping N : (ST, TxS) =2 (SXT,TxS) by

R(w, 1) = (F(w, 1), F (R, 1)),
forall (w, 1) € ST, then (v, h) is a coupled fixed point of F if only if (v, 1) is a fixed point of X.

We state a property (P/) that is required in our result.
(P/) there exists (z1,22) € (SxT) N (T xS) such that

a((w, 1), (21,22)) 2 1, a((22,21), (B, w)) > 1,
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and
a((u,0),(z1,22)) 2 1, a((z2,21), (1,0)) = 1,

forall (w,%) € ST and (u,v) € T xS.

Theorem 4. Let (S,T,0) be a complete F-bip MS and let F : (SxT,TxS) = (S,T) bea
convariant mapping. Assume that there exist o : (S X T)X (T x 8) — [0, 4c0) and p € ¥ such that

(1o, u) + D(v,h)>

. 26)

(10, 1), (1,0))0(F (1o, ), F(u,0)) < w(

forall (w,h), (u,v) € S x T, and the following hypotheses also hold:

(i) a((ro,h), (1,0)) > 1implies a((F (v, 1), F (1)), (F(u,v), F(v,u))) >1,
(ii)  there exists (wg,fig) € S x T such that

a((rog, hg), (F (g, vg), F (o, Fig))) > 1,

and
a((F (rog, hg), F (hg, wq)), (g, Hig)) > 1,

(iii)  F is continuous or, if (o, ;) is a bisequence in (S, T, ) such that ac((vo,, 11,), (hy41,10,41)) > 1
and a((fy11,,41), (w0, 1,)) > 1, forall 1 € N with vo, — v and h, — T, as 1 — co for
(ro,h) € SN'T, then

a((ro,, 1), (w0, 1)) > 1and a((w, 1), (v, 7)) > 1,

forall1 € N.

Then, F has a coupled fixed point. Furthermore, if the property (P/) holds, then the coupled
fixed point is unique.

Proof. Let L=S8 x 7T and H = T xS and
d((w, 1), (u,0)) =0o(w,u) +0(v,h),

for all (w,h) € L and (1,v) € H. Then, (L, H,J) is a complete §-bipolar metric space.
By (26), we have

a((r,h), (u,0))0(F(w, k), F(u,0)) < gb(w), (27)
and
&((v0, 1), (1t,0))0(F (0, 1), F (1,0)) < w(w) (28)

Combining (27) and (28), we obtain

B>, 0)o(F», Fo) < (8(x,0)),

for all »c = (511, 50) € Land ¢ = (01,02) € H. Moreover, the function f: L x H — [0, +0)
is defined as

B(5,0) = min{a((3a, 52), (01,02)), a((02,01), (32, 541)) },
and X : (L,H) = (L, H) is defined by

R(ro,71) = (F(w, 1), F(h,w)).
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Then, X is a continuous and covariant (B, )-contraction. Now, we suppose that
B(5¢,0) > 1. Then, by (i), we have (N, Xo) > 1. By condition (ii), there exists (tq, fip) €
L (or (fi,109) € H) such that

B( (1o, hg), X (o, Fig)) > 1,

(or B(R(rog, f1p), (fip,w0,)) > 1). Since N is continuous, X has a fixed point. Now, if
(v, 1) is a bisequence in L = S x T and (1, w,) is a bisequence in H = 7 xS such
that a((v,, 7,), (741, w,41)) > 1and (w,,7,) — (w,%) as n — co. Then, by (iii), we have
a((w;, 1), (h,1)) > 1. Thus, all the conditions of Corollary 3 are satisfied and X has a fixed
point. Hence, by Lemma 2, F has a coupled fixed point. Now, since the property (P/) holds,
F has a unique coupled fixed point. [

Remark 8. Tuking a((w, 1), (u,v)) = 1 and (t) = kt, where 0 < k < 1 in Theorem 4, we can
obtain the leading result of Mutlu et al. [12].

6. Application
6.1. Integral Equations

Fixed point theory is a valuable tool used to solve differential and integral equations,
which are used to investigate the solutions of various mathematical models, as well as in
game theory, dynamical systems, physics, engineering, computer science, neural networks
and many other domains (see [22-24]). In the present section, we discuss the uniqueness
and existence of an integral equation.

o) = g(w)+ [ K(w, 1, p(w))on, 29)
SuT
where S U T is a Lebesgue measurable set and g is real-valued continuous function.

Theorem 5. Suppose that the following conditions hold:
(i) K:(S?UT?) x[0,00) = [0,00) and f € LX(S)UL™(T),
(ii)  there exists a continuous function Y : S2UT? — [0, 00) such that
1
[K(ro, 1, (1)) = K(ro, 1, ¢(1))| < 5Y(ro, 1) |9 (R) — ¢ (R))],

forallw, i € (S>UT?),
(iii) || [gu,7 Y (w0, l)oR|| <1, that is, sup,c g7 [ 7| Y (w0, ) [0l < 1.

Then, the integral Equation (29) has a unique solution in L*(S) U L®(T).

Proof. Let E = L%(S) and @ = L®(T) be two normed linear spaces, where S and 7 are
Lebesgue measurable sets and (S U T) < oo. Consider d :5 x ® — [0, c0) to be defined by

2(8,8) = 1€ = Clle

forall §,{ € E x ©. Then, (E,©,?) is a complete §-bip MS. Define the mapping [ : EU® —
EUOby

Ip(w)) = g(w)+ [ K(mw, 1, g(w))om,

forme SUT and o, : E X ©— [0, 400) by

a(g(w), ¢(w)) = 1(¢(w), p(w)) = 1.
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Now, we have

A(I(p(w)), I(p(w))) = |I(p(w)) — I(¢(r0))]
/SUTK(m,h,(p(m))ahf/SUTK(m,h,gb(m))ah

< [, K w7 () = K(w, B, p(rw)) o
< LU %meM¢m>—¢wﬂw

< Sllotm) — gl [ Yo, mioh
s4ww%mwwmmm

< §||4>* ¢l

= P0(9).

Define ¢ : [0, +00) — [0, +00) by () = 1t, for t > 0. Thus, by result 2, I has a unique
fixed pointinEUO. O

6.2. Homotopy Result
Theorem 6. Let (S, T, ) bea complete §-bip MS and let (£, ®) be an open subset of (S, T) and (E, ©)
be a closed subset of (S, T) and (E,0) C (&,©). Suppose that L : (EUO) x [0,1] > SUT
satisfies the following conditions:

(hom1) vo # L(vo,q) for each w € 02U O and q € [0,1],

(hom2) foralltwo € E, 1 € @ and q € [0,1]

0(L(R,q), L(w,9)) < p(0(w, 1)),

wherep € ¥,
(hom3) there exists M > 0 such that

(L(w,r), L(h,0)) < M|r—o|,

forallvw € E,i € ®andr,0 € [0,1].
Then, the mapping L(+,0) has a fixed point if and only if L(-, 1) has a fixed point.

Proof. Let
Ri={rt€[01]:w=_L(w,7),weZ}

and
R ={o€0,1]:h=L(ho0)hec B}

Since £(+,0) has a fixed point in & U ©, then we get 0 € 1 N Rp. Thus Ry NN, # @.
Now, we shall prove that $; N 5 is both open and closed in [0, 1] and so, by connetedness,
Ry = R = [0,1]. Let ({1)2), ({0}=) € (B, R2) with (r,0) = (p,p) € [0,1] as
1 — oo. We also claim that p € 37 N Ry. Since (7,,0,) € N1 N Ry, for 1 € NU {0}. Hence
there exists a bisequence (v, 71;) € (E,0) such that i, = L(,,7,) and w, 1 = L(,0,).
Also, we get

o(w, 1, h) = o(L(hy,0,), L(w,,T))
< P(o(roy, Ty)).

A
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And,

0wy, fir) 0(L(My-1,0,-1), L(w1, 7))

p(o(wy 1))

IN

Following the proof of Theorem 2, one can easily show that (tv,, 71,) is a Cauchy bisequence
in (§,0). Since (& 0) is complete, so there exists p € E N O such that
lim; 00 (10,) = lim; o (7,) = p1. Now, we have

f@(L(pr,0),1)) fQ(L(p1,0), L(w,,T)))
f(lp(a(mlrpl))) = —%,

whenever 1 — co. Hence by (§2), we get 9(L(p1,0),01) = 0, which implies that £(p1,0) = p;.
Similarly, £(p1, T) = v1. Thus T = 0 € 1 N Ry, and evidently Ry N Ry is closed set in [0, 1].
Next, we have to prove that 1*; N R, is open in [0, 1]. Suppose (10, 00) € (1, R2), then there
is a bisequence (1vg, f1y) so that

IN

g = L(wo, 1), o = L(To, 00)-

Since E U @ is open, so there exists ¥ > 0 so that By (1o, 7) C 2U® and By (1, 7)) C EU O.
Choose T € (09 —€,00 +€) and 0 € (19 — €, Tp + €) such that

r—ool < 3 < 5
S VI
1 €
_ < < Z
lo—wl < 35 <3

and "
€
_ < -2
[0 — ool < 75 <5

Hence, we have
— h:hpeO:
1 € Byyum, (00, 7) _{ 0 (oo, 1) < r 40 (10g, Tig) }

and
Wity € E: }

w € By, (rTio) = { 2 (1o, i) < 7+ (100, i)

Moreover, we have

o(L(w, 7)) = (L(w, T),L(To,00))

< (L(w, ), L(R,00))
+(L(wo, T), L(1,00))
+D(£(m0,T),£(h0,00))

< 2M(t — 09| + d(L (o, T), L (1, 00))

< qpog Y@ R)

< era(mo,h).

Letting 1 — oo, we get

3(L(w, T),lg) < d(wg, 1) <7+ 0(wy, fig).
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By corresponding fashion, we get
0(rg, L(,0)) < (1, hp) < 7+ 0(rog, ).
But

o(wg, ig) = 0(L(ro, T0), L(F0,00))

S M‘Tg—00| S % —>0,
as 1 — co, which yields that oy = 7ip. As a result, 0 = T € (0g — €,0¢ + €) for each fixed o
and L(-,T) : Bg,ug, (Wo,7) — Byg,us, (w0, 7). Since all the conditions of Corollary 3 hold,
L(+,7) has a fixed point in & N ®, which certainly exists in EN®. Then T =0 € R N R,
for each 0 € (0g — €,00 + €). Hence (0p — €,00 + €) € R N R, which gives Ry N R, is open
in [0, 1]. Similarly, we can prove the converse of it. [

7. Conclusions

In this research article, we have defined («, 77, ip)-contractions against the background
of §-bip MS and established fixed point results. Some coupled fixed point results in -
bip MS are also derived as a result of our main theorems. An important example is also
provided to validate the authenticity of the established theorems. We have explored the
existence and uniqueness of a solution of an integral equation by applying our main result.
Additionally, we have explored the unique solution of the homotopy result.

The given results in this research work can be extended to some multivalued mappings
and fuzzy mappings in the framework of §-bip MS. In addition, a number of common fixed
point results for these contractions can be obtained. As applications of these outcomes against
the background of §-bip MS, some differential and integral inclusions can be explored.
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1. Introduction

In this paper, we consider the Split Variational Inclusion Problem (SVIP) introduced
by Moudafi [1], which is the problem of finding the null point of a monotone operator in a
Hilbert space whose image under a bounded linear operator belongs to another Hilbert
space. Mathematically, the problem is defined as follows: find

a* € Hy such that 0¢emy(a") 1)
and

b* = Ba* solves 0 € my(b%), )

where 0 is called the zero vector, with H; and H; being both real Hilbert spaces together with
the multivalued maximal monotone mappings, m; : H; — 2Hi where i = 1,2. Furthermore,
the bounded linear operator is denoted by B : H; — Hj. We denote the solution set of (1)
and (2) by I".

An operator m : H — 2F is called:

(i) Monotone if
(k—x,a—b)>0 V kem(a),xem(b) VabeH.

(i) Maximal monotone if the graph of any monotone mapping does not properly contain
graph G(m) of m, where:

G(m) ={(ak) € Hy x Hy |k € m(a)}.
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(iii) The symbol used to represent the solution of m when a certain value A greater than
zero is used as a parameter is called the resolvent, which is denoted by J}':

J3'(a) = (I+Am)~'(a) Va€ H.

Other nonlinear optimization problems, such as split feasibility problems, split
minimization problems, split variational inequality, split zero problems, and split
equilibrium problems, can all be generalized by the SVIP; see [2—-4]. Reducing SVIPs
to split feasibility problems is important when modeling the intensity-modulating radiation
therapy (IMRT) treatment planning. Moreso, the SVIPs play important roles in formulating
many problems arising from engineering, economics, medicine, data compression, and
sensor networks [5,6].

Recently, several authors have introduced some iterative methods for solving SVIPs,
which have improved over time. In 2002, Byrne et al. [7] first introduced a weak
convergence method for solving SVIPs as follows:

Ap41 = ]Tl (an +B* (];\nz —I)Bay), 3)

for some parameter A > 0, we have B* representing the adjoint of B together with
L = [[B*B||, v € (0,%) and J{" = (I + Am;)~! known as the resolvent operator for
m; (withi = 1,2). The sequence {a, } generated by (3) was proved to converge weakly to
a* under some certain conditions. Moudafi [1] proposed an iterative method that helps to
solve SVIP with inverse strongly monotone operators; he also obtained weak convergence
results using the following iteration:

ay41 = U(ay +yB*(F—1)Ba,) Vne€N, 4)
where A > 0,7 € (0, %) with L being the largest absolute value of the operator B*B,
U= J{"(I-A¢p)and F = J}2(I — Ag), and ]} together with ]| are the resolvent
operators of m; and my, respectively. Lastly, let ¢ : Hy — Hy and ¢ : H, — H, be single-
valued operators. Marino and Xu [8] presented an iterative scheme that considers the
strong convergence of the viscosity approximation method introduced by Moudafi [9]:

a1 = (I — 0y G)Fay + ayGB f(an) n >0, (5)

f is a function that contracts on the set H with the contraction coefficient « € (0,1). G
is a linear operator that is strongly positive and bounded on H with a constant y. The
parameter is defined in a way that 0 < g < %, exclusive. There exists a nonexpansive
mapping F and a sequence {«,} that takes values in (0,1). The strong convergence of the
sequence {a, } obtained from (5) to the fixed point a* € Fix(F) := {a* : F(a*) = a*} has
been proven. Furthermore, a* serves as the unique solution of the variational inequality:

(G=Bf)a*,a—a*) >0,a cC. (6)

The presentation of the optimality condition for the minimization problem is included
as follows:

.1
rurggE(Ga,a) — h(a),

the function / is a potential function for g f, i.e.,

h(a) = {Bf(a) for ac H).
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In 2014, Kazmi and Rizvi [10] were inspired by the work of Byrne et al. (3) to propose
the following iteration for solving SVIPs. For a given a; € Hy,
n = ]/r\nl(“n + 'YB*(]TZ — I)Bay), %)

ap1 = anf(an) + (1 —an)Skn n>1,

where a > 0,7 € (0, %), L is the spectral radius of the operator B*B and sequence {a; }
satisfies the conditions: lim,eotty = 0, Y gy = 00, and Y o |an — ay—1| < co. The
sequences {k;}, {a,} generated by (7) converges strongly to z € Fix(S) NI. Note that
algorithms (3), (4), and (7) contain a stepsize v, which requires the computation of the
norm of the bounded linear operator; this computation is not easy to compute making
these algorithms difficult to compute. The inertial technique has been gaining attention
from researchers to enhance the accuracy and performance of various algorithms. This
technique plays a vital role in the convergence rate of the algorithms and is based on a
discrete version of a second-order dissipative dynamical system; see, for instance [11-20].
In Hilbert spaces, Chuang [21] introduced a hybrid inertial proximal algorithm for solving
SVIPs in 2017:

The proof of this proposed algorithm establishes that if {A,} C [A, W] and {a,}

meets a specific requirement, then sequence {4, } from Algorithm 1 weakly converges to
an SVIP solution:

(o)
Y lan — ayq | < oo. ®)
n=1

Algorithm 1 Hybrid inertial proximal algorithm.

Initialization: Choose {6,} C [0,1),{Bx} C (0,1). Let ag,a; € Hj be arbitrary. Set n = 1.
Iterative steps: Calculate a,,11 as follows:
Step 1. Set v, = a, + 0, (a, — a,—1) and compute

by = ];”: [0y — AuB* (I — ]g:f)an},
where A,, > 0 satisfies
Anl|B*(I = ];;H,ZZ)BUn - B*(I- ];;?)Bhn” <Ollon —bal| 0<o<1

if b, = v, then stop and bj, is a solution of the SVIP. Otherwise,
Step 2. Compute
ap41 = ]Z;”nl (Un - and(vn/ bﬂ))r

where
d(vy, by) = vy — by — Ay[B* (I — ]gf)an — B*(I — ]gf)an},

N, =
" lld(vn, ba)|?

Setn = n + 1 and go to step 1.

It is easy to see that Algorithm 1 depends on a prior estimate of the norm of the
bounded operator, and the Condition (8) is too strong to verify before computation.

Furthermore, Kesornprom and Cholamjiak [22] improved the contraction step in
Algorithm 2 and introduced the following algorithm for solving the SVIP:
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Algorithm 2 Proximal type algorithms with linesearch and inertial methods.

Let, A € (0,1),6 > 0, and sequences {By }nen € (0,00), {6, },en € [0,0) C [0,1). Take
arbitrarily a; € Hy and compute

kn = an+6n(an—a,1)
by, = ];;1”1 (kn - PnB*(I - ];;n:)Bkn)/ (9)
where {;, = 60" and r,, is considered as the smallest possible non-negative integer such
that
onl|B* (I — J5?)Bkn — B* (I — J5 ) Bbu|| < Allkn — ba]-
Define

ap4+1 = ky — ¢“nd(knr,0n)
where ¢ € (0,2),

d(knzpn) =kn— by _Pn(B*(I - ]Z?)Bkn - B*(I - ]ZIKZ)BbVl)

and .
(kn = b, d(kn, pn)) + pull(I =] f)anHZ

1 (kn, o) |12

&y =

They also proved a weak convergence result under similar conditions as in
Algorithm 1. Let us mention that both Algorithms 1 and 2 involve a line search procedure,
which consumes extra computation time and memory during implementation. As a way to
overcome this setback, Tang [23] recently introduced a self-adaptive technique for selecting
the stepsize without a prior estimate of the Lipschitz constant nor a line search procedure
as follows (Algorithm 3) :

Algorithm 3 Self-adaptive technique method.

Initialization: Choose a sequence {{,} that is non-negative and satisfies conditions
0< Ty <4,influ(4—Cn) > 0. Select starting points arbitrarily ag and set n = 0.
Iterative step: Given the current iterate a, (n>0). Compute

(D
[T @) |+ [ H(an) P

and calculate the next iteration as

Tn

Ans1 = Jy (I — 1B*(I = J12)B)ay.

Stop criterion: If a1 = ay, then stop the iteration. Otherwise, set n = n + 1 and go back
to the iterative step.

where f(a) = 1(|(I—J}")Bal|?, T(a) = B*(I — J{?)Baand H(a) = (I — J}"")x. The author
proved that the sequence generated by Algorithm 3 converges weakly to a solution of
the SVIP. Tan, Qin, and Yao [24] introduced four self-adaptive iterative algorithms with
inertial effects to solve SVIPs in real Hilbert spaces. This algorithm does not need any
prior information about the operator norm. This means that their stepsize is self-adaptive.
The conditions assumed in performing the strong convergences of the four algorithms are
as follows:

(C1) Let the solution set of (SVIP) be nonempty, i.e., O # @.
(C2) Let Hy and Hj be assumed to be two real Hilbert spaces with a bounded linear
operator and its adjoint denoted by B : Hy — Hj and B* : Hy — Hj, respectively.
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(C3) Let T; : H; — H;,i = 1,2 be the set-valued maximal monotone mappings and
f : Hi — Hj is a mapping which satisfies the p-contractive property with a constant
p€[0,1). )

(C4) Let the sequence {@,} be positive such that lim, e 7 = 0 where {c,} C (0,1)
satisfies limy, 00 0, = 0and ) ;" ; 0, = .

Various methods inspired the first iterative algorithm. Namely, Byrne et al.’s [7]
method, the viscosity-type method, and the projection and contraction method. An it-
erative method called the self-adaptive inertial projection and contraction method is uti-
lized for solving the SVIP. A description of the initial iterative method is provided below
(Algorithm 4):

Algorithm 4 Viscocity type with projection and contraction method.

Initialization: Set A, x,{ >0, x,6 € (0,1), x € (0,2), and let ag, a1 € H.
Iterative steps: Calculate a,,1 as follows:
Step 1: Given the iterates a,_1 and a,(n > 1), setk, = a, + x,(a, — a,_1) where

min{—<——-, «x} if a Ay
o = Iy x} n # I,
n

X

(10)
otherwise.

Step 2. Compute g, = Jar, [kn — v B*(I — Jy1,)Bky] where v, = {x™* and wy, is the
smallest non-negative integer such that

Yul|B* (I — ]ATZ)Bkn —B*(I— ]/\Tz)Ban < | ky — ‘7n||~ (11)

If ky = qu, stop the process and consider g, a valid solution for the problem (SVIP).
Otherwise, proceed to step 3.
Step 3. Compute g, = k, — ku,c, where

cn= kn—qn—yu[B*(I- ]/\TZ)Bkn — B*(I - ]/\Tz)B%],
pn = Lotnn), (12)

[enl?

Step 4. Compute a,,11 = nf (an) + (1 — 1n)<n-
Go to step 1 after setting n = n + 1.

Strong convergence was obtained. The second proposed algorithm is an inertial Mann-
type projection and contraction algorithm to solve the SVIP, which is presented as follows
(Algorithm 5):

Algorithm 5 Mann-type with projection and contraction method.

Initialization: Set A,x,{ > 0, x,6 € (0,1),x € (0,2) and let ag,a; € H.
Iterative steps: To determine the upcoming iteration point a,,1, follow these steps:

kn = an +kn(an —a,_1),

qn = Jaty [kn — yuB*(I = Jy1,) Bkn],
8n = kn — KUnCn,

ap41 = (1 —Wn — Tn)kn + Tu&n,

(13)

where {x,}, {vn}, and {c,} are defined in (10), (11), and (12), respectively.

Strong convergence was obtained. The third proposed algorithm is an inertial Mann-
type algorithm whereby the new stepsize does not require any line search process, mak-
ing it a self-adaptive algorithm. The details of the iterative scheme are described below
(Algorithm 6):
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Algorithm 6 Inertial Mann-type with self-adaptive method.

Initialization: Set A, x > 0, ¢ € (0,2) and letap, 2y € H.
Iterative steps: To determine the upcoming iteration point a,,.1, follow these steps:

kn =a, + xn(ﬂn - an—l)/
8n = amy lkn — uB*(I = Jary)Bkn], (14)
ap41 = (1 —n — Tn)kn + T&n,

The sequence {x,} is given in Equation (10) and the value of the stepsize 7, is modified
using the subsequent formula below:

¢nll(I=Jar,)Bka B
v = { T hmmer B = )an)Bhall 70, (15)
0 otherwise.

Strong convergence was obtained. The algorithm proposed fourthly is a variation of
Algorithm 6, which leverages the viscosity-type approach to prove the robust convergence
of the proposed method. We present the algorithm as follows (Algorithm 7):

Algorithm 7 New inertial viscocity method.

Initialization: Set A, x > 0, ¢ € (0,2) and let ap, a; € H.
Iterative steps: To determine the upcoming iteration point a,,,1, follow these steps:

kyn =an+ xn(ﬂn - ﬂn—l)r
&n = Jary [kn — ¥uB* (I — Jat,) Bkal, (16)
1 = A f (an) + (1= 171)8n,

where {x,} and {7, } are defined in (10) and (15), respectively.

Strong convergence was obtained. The four algorithms contain an inertial term that plays
a role at the rate of the convergence of Algorithms 4-7. Note that the strong convergence
theorems proved for Algorithms 4-7 proposed by Tan, Qin, and Yan were obtained under
some weaker conditions. Zhou, Tan, and Li [25] proposed a pair of adaptive hybrid steepest
descent algorithms with an inertial extrapolation term for split monotone variational inclusion
problems in infinite-dimensional Hilbert spaces. These algorithms benefit from combining two
methods, the hybrid steepest descent method and the inertial method, ensuring and achieving
strong convergence theorems. Secondly, the stepsizes of the two proposed algorithms are
self-adaptive, which overcomes the difficulty of the computation of the operator norm. The
details of the first algorithm are presented as follows (Algorithm 8):

Algorithm 8 Inertial hyrbid steepest descent algorithm.

Requirements: Take arbitrary starting points ag;a; € Hy. Choose sequences {a,} C
[0,1), {#n} and {B,} in (0,1) and y, T, u > 0.
1.  Setn =1and compute k,, = a, + a,(a, — a,_1) and adaptive stepsize

ull (1= Wa) Bk |2 i
- { Bk, ¢ Fix(W,), 17)

HB* <17W2>Bkn HZ
0 otherwise.

2. Compute b, = Wy (ky — AyB*(I — Wy)Bky,).
If b, = ky, then stop. Otherwise, compute a,.1 = By Tuh(bn) + (I — BnptD)by.
4.  Setn =n+1and return to 1.

i
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Strong convergence was obtained. The second proposed algorithm is presented as
follows (Algorithm 9):

Algorithm 9 Self-adaptive hybrid steepest descnt method.

Requirements: Two arbitrary starting points ag;a; € Hj. Choose sequences {a,} C
[0,1), {#n} and {B,} in (0,1) and y, T, u > 0.
1. Setn = 1and compute k, = a, + an(a, — a,_1),z, = Wy (k,) and adaptive stepsize

'7nH(I*W2)BZn”2 ;
wn = | 1B mBz e B2n & Fix(Wa), (18)
otherwise.
2. Compute b, =z, — AyB*(I — W;)Bz,,.
3. If by = zy = ky then stop. Otherwise, compute a,11 = BuTuh(by) +

(I = BuuD)by,.
4. Setn =n+1andreturnto 1.

Strong convergence was obtained. The assumptions applied to Algorithms 8 and 9
are as follows: Let H; and Hj denote two Hilbert spaces, and suppose that B : H; — H;
is a linear operator that is bounded. Additionally, let B* be the adjoint operator of B. Let
fi + Hi — H; be a vi-inverse strongly monotone mapping with i = 1,2 and m; : H; — 2%
be set-valued maximal monotone mappings with i = 1,2. D : H; — Hj is Ly-Lipschitz
continuous and y-strongly mapping with L, 7 > 0. Let h : H; — Hj be Li-Lipschitz
continuous mapping with L; > 0. Moreover, Alakoya et al. [26] introduced a method with
an inertial extrapolation technique, viscosity approximation, and contains a stepsize that is
self-adaptive; thus, the method is known as an inertial self-adaptive algorithm for solving
the SVIP (Algorithm 10):

Algorithm 10 General viscosity with self-adaptive and inertial method.
Step 0: Select ag, a1 € Hy, {pn} € (0,4),{Bn}, {an} C (0,1),{6,} C [0,0) for some 6 > 0.
Setn = 1.
Step 1: Given the (n — 1)-th and n-th iterates, set

Up = ap + Op(a, — ﬂn—l)-

Step 2: Compute
kn = ];:ll (Un - TnB*(I - ];\nz))

where

(19)

0ng(vn) ; 2 2
1, = 4 TeoEaEE i 1T+ [HE)|E #0,
0 otherwise.

Step 3: Compute
st = o f (an) + Bun + (1= Bu)] — 1uG) Sk

Set n = n + 1 and return to Step 1.

where S : Hy — H; is a quasi-nonexpansive mapping, G : H; — Hj is a strongly positive
mapping, and f : H; — H;j is a contraction mapping. The convergence of a common
solution for the sequence {a,,} generated by Algorithm 10 was established by the authors
through proof of its strong convergence z € I' N Fix(S) provided that {«, } and {6, } satisfy
nlgrc}o z% [lay — ay—1]] = 0. Itis clear that Algorithm 10 performs better than Algorithms 1-3

and other related methods. However, there is a need to improve the performance of
Algorithm 10 by using an optimal choice of parameters for the inertial extrapolation term.
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Based on the outcomes above, our paper presents a novel approach that utilizes
an optimal selection of inertial term and self-adaptive techniques for solving the SVIP
and fixed point problems by employing multivalued demicontractive mappings in actual
Hilbert spaces. Our algorithm enhances the results of Algorithms 1-3 and 10, and other
associated findings in the literature. We demonstrate a robust convergence outcome, subject
to certain mild conditions, and provide relevant numerical experiments to showcase the
efficiency of the proposed method. We also consider an application of our algorithm to
solving image deblurring problems to demonstrate the applicability of our results.

2. Preliminaries

In this section, we present certain definitions and fundamental outcomes that will be
employed in our ensuing analysis. Suppose that H is a real Hilbert space, and C is a subset
of H that is closed, nonempty, and convex. We use a, — p and a4, — p to denote the strong
and weak convergences, respectively, of a sequence {a,} CHtoa point p € H.

For every vector k € H, there exists a unique element Pck in the subspace C such that

|IPc(R) — K| = min{lz K| : z € C}.

The metric projection from H onto C is denoted as P- and can be defined by the
subsequent expression:

(i) Forkec Handz € C,
z="Pc(k) e (k—zz-b) >0, YbeC; (20)

(ii) (k—b,Pc(k) = Pc(b)) > |[Pc(k) = Pc(b)|* VKb e H;
(iii) Foreachke€ Handb € C

|6 = Pe(R)[* + Ik — Pc(R)[[* < ||k — b][*.

An operator F : H — H is called:

(i) a-Lipschitz if there is a positive value of a such that
[|Fb—Fal] < «|lb—al| VbaeH

and a contraction if & € (0,1);
(ii) Nonexpansive if F is 1-Lipschitz;
(iii) Quasi-nonexpansive when its fixed point set is not empty and

IFb—pll < b—pll Vb€ H,p € Fix(F);
(iv) k-demicontractive if Fix(F) # @ and there exists a constant k € [0, 1) such that
||Fa —pl[* < lla—pl* +kl|a — Fa||* VaeH, pe Fix(F).

Note that the nonexpansive and quasi-nonexpansive mappings are contained in the
class of k-demicontractive mapping; we also follow the same conditions for the Hausdorff
mapping, S : H — 2H.

Suppose we have a metric space (X, d) and a family of subsets CB(X) that are both
closed and bounded. We can induce the Hausdorff metric using the metric d on any two
subsets X, Y € CB(X). This metric is defined as follows:
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H(X,Y) = max{sup d(x,Y),sup d(X,y)},
xeX yey

where d(x,Y) = in{/ d(x,y). A fixed point of a multivalued mapping S : H — CB(H) is a
ye

point a € H that belongs to Sa. If S(a) only contains a, then we refer to a as a strict fixed
point of S. The study of strictly fixed points for a specific type of contractive mappings
was first conducted by Aubin and Siegel [27]. Since then, this condition has been rapidly
applied to various multivalued mappings, such as those in [28-30].

Lemma 1. The inequalities stated below are valid in a Hilbert space denoted by H.:
(i) ||b—a|>=||b||*>—2(b,a) + ||a||*> Vb,a € H;
(ii) ||b+al> <||b||>+2(a,b+a) VbacH.

We also use the following Lemmas to achieve our goal in the section on the main
results; Lemmas [31-33].

3. Main Results

In this section, we introduce our algorithm and provide its convergence analysis. First,
we prove the state of our algorithm as follows:

Let Hy, Hy be two real Hilbert spaces, and the multivalued maximal monotone
operators are denoted by m; : H; — 2Hi, where i = 1,2. We denote the bounded linear
operator with its adjoint as B : Hy — Hj and B* : Hy — Hj, respectively. Fori=1,...,m
define S; : H; — CB(Hj) be a finite family of k;-demicontractive mappings such that I — S;
is demiclosed at the point zero with S;(7) = {q} Vg € Fix(S;) and k = max{k;}. Suppose
that the solution set:

I={a"€ H :0€m(a*),0€m(Ba*)}N ﬁ Fix(S;) # @. (21)
i=1

Let our contraction mapping be ¢ : H; — H; with a constant of ¢ € (0,1) and
D : Hy — Hj be a strongly non-negative operator with 7 > 0 being its coefficient where
this condition, 0 < ¢ < g, is satisfied. Moreover, let {€,,}, {0}, {An} be non-negative
sequences such that 0 <y < €,,0,,;, Ay < u < 1. Define the following functions:

f(a) = II( ~ J2)Bal @)

and
T(a) =B*(I—]y?)Ba, H(a)=(I-]\")a. (23)

Now, we present our algorithm as follows (Algorithm 11):
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Algorithm 11 Proposed new inertial and self-adaptive method.

Step 0: Choose a > 3,7, € (0,4) and select initial guess ag, a1 € Hy. Setn = 1.
Step 1: Choose 6, such that 0 < 6,, < 0, where 8, is defined below, given the
(n — 1)th and nth iterates:

: n—1 €n } i
_ min if a ay_
0, = {”+”‘—1’maX{Hﬂn*ﬂnqH/ﬂzHﬂrﬂnlez} n 7 e, (24)
n_’f_;ll otherwise.

Set
Uy = an + 9;1(”;’1 - unfl)-
Step 2: Compute

_ i f (0n)
[T ()12 + [ H(ou) [

Tn

and
by = Jo (I — 7, B*(I — J5*)B) vy,

Step 3: Compute the next iterate via

{Zn = Pn,Ob’ﬂ + ZLl On,iXn,ir ©5)

Any1 = AnGg(an) + (1 — AuD)zy,

where x,,; € Sibyand Y7 p,; = 1. Setn = n +1 and go back to Step 1 .

To ensure our convergence outcomes, we have made assumptions on the control
parameters Ay, €, 0, ; that must meet certain conditions:
(C1) limy—eo Ay =0and Y5 g Ay = 00,
(C2) iminfy seo(pno —k)pn; >0 Vi=1,2,...,71,
(C3) €4 = 0(Ay), ie., limy o f\—’; =0.

Remark 1. It is clear from (24) and Assumptions (C3), that

Jim, a0 < Jimy S, 0, < Jim S =0
and _
tim 0, = a1 < fim T o, -4, < fim S <0,
Convergence Analysis

We begin the convergence of Algorithm 11 by proving the following results.

Lemma 2. Consider the function f : Hy — Rand h : Hy — R defined in (22); then, the functions
T and H defined on (23) are Lipschitz continuous.

Proof. Since T(a) = B*(I — J;*)Ba, therefore

IT(a) =T®)I* = (B*((I—J5*)Ba— (I~ J;*)Bb),B*((I - J¢*)Ba— (I - J;*)Bb))
= ((I-Jz*)(Ba— Bb),BB*((I - J7*)Ba— (I - J;*)Bb))
< LI|(I=J§®)Ba— (I-J5*)Bb|P?, (26)
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where L = ||B*B||. On the other hand,

(T(a) — T(b),a—b) (B*((I - Js*)Ba— (I — J5*)Bb),a — b)
((I— J™)Ba — (I — J)Bb, Ba — Bb)

I1(I - J5*)Ba — (I — J5*)Bb||*. 27)

(Y

Combining the above formulas, we have:

(T(a) = T(b),a—1b) > %I\T(ﬂ) ~T(O)|[%

T being 1 inverse strong monotone implies that its inverse is L-Lipschitz continuous.
Furthermore,
(T(a) = T(b),a = b) < |[T(a) = T(b)|l[|a D],

hence
[[T(a) — T(b)|| < Lila—b]].

Likewise, it can be observed that the function H exhibits Lipschitz continuity. [
Lemma 3. The sequence {ay }, which was generated by Algorithm 11 is bounded.

Proof. Given q € T, then

lan + 0 (an —ay-1) —ql|
llan — gl + Onllan — an_1ll. (28)

[lon — ql|

A

Since T' # @, then q = J;''(q), Bp = J52(Bq), and (I — J52)Bq = Bq — Bq = 0. Note
that T(v,) = B*(I — J;*)Buy,, I — J4? is firmly nonexpansive, therefore we obtain the

following;:
(T(on),on—q) = (B*(I— mz)anrvn*W
= ((I—-Jy*)Bv, — (I —J4)Bg, Bv, — Bq)
> ||(I=Jg)Boa|?
= 2f(vn) (29)
and
1w —ql> = [1Jo" (I = wB*(I - J7*)B)vx —ql|?
< |I(I—B*(I-J32)B)o, —q|?
= ||Un*‘7*TnT(Un)H2
= ||vVl_qHZ"'TgHT(Un)HZ_2TH<T(Un)/Un_q>
< Mo = g1 + Gl T(0a)[1> — 47 f (00)
2
< low— gl — a1, [l (30)
on =l =& =)y S o) P

Since 0 < 1, < 4, then ||b, —q|| < ||vx — q||. We use Lemma [31] to obtain the
following results:
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8

[z —

[lan1 —

ql)?

qll

IN

IN

IN

IN

IN A

IN

[|lon,0bn + ZPn,an,i - ‘7”2

i=1

r r
ouollbn =l + Y onillxni — ll* — X ouoonillbn — Xl

i=1 i=1
r r
0l 1B — a1+ Y 00id (nir Si0)2 — Y P00l |1bn — Xl
i=1 i=1
r r
ool 1bn = all* + Y 0n, M (Sibu, $i9)* — Y pu,00mil|bn — Xl
i=1 i=1

Pl bn — ‘7||2+2Pn1an 11H2+K1 (bn/Sbn ZPWOPnszn Xn,in
i=1 i=1

|[bn — q1* — Z(pn,o = K)0n,illbn — Xl (1)
i=1

thus, we apply condition (C2) and have the following;:
llzw = ql1? < [1bn — ql1%. (2)
Follow from (28), (30), and (31) to obtain:
[[An(88(an)Dq) + (1 = AnD) (20 — g)|
AulI68(an) = Dgl| + (1 = Anp)| |z — 4|
An11€(8(an) = 2(0)) + (€8(a) = Da)I] + (1 = Az — gl
Anéollan — gl + AnlICg(q) — Dgll + (1= Auy)[llan — gl| + Oullan — an—1]|]

(1= Au(n = Z0))llan — gl + Anl|8(q) — Dl + (1 = Autp)on||an — an-1l|
(1= An(n = Go))llan — qll +

_ |18 (9) — Dyl — Autp
(- gy ESDZ DA (222 B, — ). @)
Note that sup, -, <1771A€’:7’7) g—”” [lan — a,-1]] exists by Remark 1 and let
|18g(q9) — Dyl| ( AM)
M = max , a, —a
{ T sup (L) e el

Therefore, we have the following:

ant1 =gl < (1= 2Aa(p = So))llan — ql| + Au(y = Go)M

We continue and use Lemma [32] (i) to imply that {||a, — p||} is bounded and therefore,
{a,} is also bounded. Consequently, sequences {v,}, {z,}, and {b,} are bounded. O

Lemma4. Given {a,} as the sequence generated by the proposed Algorithm 5, put s, = ||an — q||%,
iy = W, Un = 50— ga ( (¢g(q) — Dg,ay11 — q) + AyMy), for some My > 0 and
e = WMy where My = supo (1= Ang)(lla — gl + llawr — gll) +2(1
Miq)?||an — a,_1||) and g € T.

Then, the following conclusions hold:

() sps1 < (1= Gn)su + cn + Jntin.
(i) —1 <limsup, . uy < +oo.
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[lon — qlI?

ay1 —qlI?

Proof. From Algorithm 11, we have

lan + 6n(an —an_1) _‘7”2
= lan — ql1* + 260 (an — q,an — ay_1) + 05]|an — ay_1|*.

[lon — ql?

Let us use Lemma 1(i) in order to determine the following results:
2an —q,an — ay-1) = = |lay—1 = q|[* + |lan — qI[* + [|an — ay—1|]?

thus, substituting (35) into (34), we obtain

lan = qll? +6n (= llan—1 = ql* + llan = q1* + [lan — an-1[[*) + 6% |lan — an—1|?
llan — gl 1 + 6u(llan — ql* — [lan—1 — ql1* +26ulan — au_1|).

IN

Now, we follow from Lemma 1(ii) and have that

llans1 —qll* = [|An(Zg(an) — Dq) + (1= AuD)(zn — )|
< (1= Aam)?lzn — 41> + 244 (8g(an) — Dq, 4541 — q).

Follow from (30), (32), and (34) to obtain

IN

(1= Aun)?[[on — ql1* + 244 (Eg(an) — D, an 41 — q)

= (1= 2 (llan — qI* + 6u([|an — gl 1> = |lan—1 — q[1*) +26a||an — an1|[*) +
2An(8g(an) — Dq, ap11 — q)

= (1= Aa)?|lan — gl * + 6:(1 = Aun)*(||an — ql1* = [lau—1 — ql1*) +

20, (1 — AHU)Z‘ lan — ”nlez +2An(¢g(an) — Dg, a1 — q)

(1= Aan)?lan = ql[> + 62 (1 = Au)*([lan — ql[ + [|an—1 — gl |an — an|| +

20, (1 = Au)?[|an — an-1|1* + 2An(68(an) — D, @y 11 — q).

IN

Also,

2(¢g(an) = Dg,any1 —q) = 2(¢(g(an) —g(q9)) +¢g(q) — Dq,an41 —q)

12111 7‘1”2

A

IN

< 2¢0llan —qllllans1 — gl +2(g(q) — Dq,an1 — q)
< go(|lan — ql1* + [lans1 — ql1*) +2(2g(q) — Dq, ay41 — q).

Furthermore, substitute (39) into (38) and have that

[(1 = A2 + Aul e — 112+ 01 = Aup)2(lla — gl + llan—1 — ql1) e — @ 1][ +
20, (1 = Awp)?||an — an-a|* + AnGol|ansa — q|1> + 214 (E8(9) — Dg, a541 — q)

(1= Aa(2q = &0))llan — ql1* + (Aun)|lan — gl 1> + 0a[(1 — Aun)*(Ilan — ql| + [lan—1 — ql]) +
2(1 = Ann)?[an — an—1l|lllan — an_1|| + Angol|anc1 — q||* + 244 (Eg(q) — Dq, ap41 — q)

(1= Au(29 = &0))llan — q|1* + Aulolansr — ql* + 0a[(1 = Aun)*(llan — ql| + ||an—1 — ql]) +
2(1 = An)?[|an — ap—1|[]l|an — an—1ll + An(2(28(q) — D4, ans1 — ) + AuMy)

for some M; > 0, we have that
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1—Au(29 — &o 0,
w1 =gl < %MH’M*MF‘FWH%*ﬂn—luM2+
)‘ﬂ (Z(Cg(q) 7 D‘% Ap41 — ‘7> + )‘an)
1— Ao
_ (y_ 2 =80) 2 On B
= (1= 2D, — 1P 4 =l — aaal
2y = C0) (2(68(9) = DY, aus1 — ) + AuMr) (1)
1— A éo 2(n — o)

Furthermore, from the boundedness of {4, }, it is easy to see that

1
sup u, < sup ————(2 — Da*||||a —qgl|| + M;) < co.
Sup thn < sup 300 — o 2lIeg(@) [lan+1 = qll + M)

Our next objective is to demonstrate that limsup, .. u, > —1. To do so, we will
assume the opposite and suppose that lim sup,,_, ., #y < —1, which implies that there exists
ng € Nwhere u, < —1 Vn > ng. Therefore, according to (i), we can conclude that

Sur1 < (1 =0n)Sn + cn + Jnitn
< (1 =9n)sn+cn—Tn
= cu+Su—Fnlsn+1)
< en s —2(11 = o)A (42)

By induction, we obtain
T T
Sut1 < Sng + E ¢ —2(11 —¢o) E Ai Vi = ng.
i=ngp i=ng
Taking the limit superior of both sides of the last inequality and noting that c;

approaches 0, we obtain

.
limsups, < sy, — lim 2(y — o) Y Aj = —co.
n—00 n—o00 i=no

This is a contradiction of {s,} being a non-negative real sequence. Therefore, we can
conclude that limsup,, ., uy > —1. O

Remark 2. Given that the lim, o Ay — O, it becomes easier to confirm that §j,, also approaches
zero. In addition, according to Remark 1, ¢, approaches zero with an increasing n value.

Now, we present our strong convergence theorem.
Theorem 1. Given {ay} as the sequence generated by the proposed Algorithm 11 and suppose

that Assumption (C1)-(C3) are satisfied. Then, {a,} strongly converges to a unique point
p = Pr(I — D+ &g)(p), which solves the variational inequality

((D—¢g)p,p—a)y<0,acT. (43)

Proof. Given q € T'. We will use ®, to denote ||a, — q||%. Below are the possible cases we
are considering.
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CASE A: We start by assuming that there exists a ng € N such that ®;, is monotonically
decreasing Vn > ng. Then, limy, ;o @ — ;1 — 0. Our first aim is to demonstrate that
limy oo {[10n = Oull, || Xn,i = ull, [|an+1 — anl|} — 0.

llon —anll = |lan —an 4 60n(an —ay_1)||
= Oullan —ay,—1]] =0 as n— oo, (44)
thus, limy,—e0 ||vy — a,|| = 0. From Equations (30) and (37) we have that:

(4 = 10) ey < Hlow — Il = (16 — I 2
<|lon = ql* = llans1 = ql1* + [|ant1 — ql1* = [[bx — ql?
<|lan = ql1* + 0 M(llan — ay1ll) = llan1 — ql* + (1 = An0)| |20 — g[*+
2An(88(an) — D, aps1 —q) — [|bn — q|?
<Dy — Dy + 0 Mlay — ania ||+ [[by — g = Au||bn — q] P+
2An<§g(un)—Dq,an+1—q)—an—q||2—>0 as 1 — oo.

(45)

Note that inf#,, (4 — 17,) > 0 and T together with H are Lipschitz continuous, so we
obtain that:
lim f2(v,) = 0.

n—oo

Therefore, f(v,) — 0and ||by — v,|| — 0as n — co. From (30), (31), (36), and (37), we
obtain the following results:

lansr —qll* < (1= Aun)?|lzn — q|[* + 2An(Eg(an) — D, a41 — q)

r
< (1- /\nﬁ)z{bn — 41> = Y (o0 = K)ol lbw — xni 2} +2A(8g(an) — D4, 511 — 4)
i=1
< (=2 {llan = gl + Ou(llan — gl = llas—1 —ql[2) } + (1= Aun)?
r
{29n |an — an1|* = Y (010 — k)il lbw — Xn,i|2} +2An(C8(an) — Dq, a1 — q). (46)
i=1
Hence,
r
(1- /\n’7)2 Z(PH,O - k)Pn,i”bn - Xn,i”z < (- An’])z‘ lan — ‘7”2 +0n(1— Aﬂ'?)z(‘ |an — QHZ
i=1
—lan—1 —ql1?) +26,(1 = Auy)||an — a1
+2A, <§g(an) —Dgq,a,41 — 5]) - ||an+1 - ‘7“2
< q>n - q>n+1 + )\HMB + en(l - )\nﬂ)z(q)n - (Dn+1)

+0n(1— )‘nﬂ)zuan — a1 |2
+2M,(¢g(an) —Dq,ap41 —q) — 0 as n — oo. (47)

Thus, by applying condition (C2), we obtain
Tim [[by — x| = 0. (48)

We also have that

r
[lon,0bn + an,an,i — by
i=1

|z — bul|

p
Pn,0l|bn — bal| + an,i”)(n,i —by|| = 0,1 — oo, (49)
i=1

IN

254



Mathematics 2023, 11, 4708

thus limy—ye0 ||zn — by || = 0. Therefore,
nh_r}r;oHZn —an|| = nh_r}go(HZn = bul| + [|by — an|]) = 0.
Finally,
a1 —zull = [[AnCg(an) + (1 = AuD)zy — zn||
= Aul|€g(an) — Dzy|| = 0,n — oo, (50)

which results in the following;:
ans1 — anl] < ||aps1 — zul| + ||z —anl] = 0 as n — oo.

As k — oo, the subsequence {a,, } weakly converges to a*. Denote F,, = I — 7, B*(I —
J#'2)B, since ], is firmly nonexpansive, hence F,, and J;'' (I — 7, B*(I — J;'2)B) are aver-
aged and nonexpansive. So the subsequence {v,, } converges weakly to a fixed point a* of
the operator ;' F,. We now show that a* € T thatis a* € m;'(0) with Ba* € m,'(0) and
a* € NI_,Fix(S;). From (30) we have

P fa 1) < llow — all2 = I1bn — qII%,
TP+ B S

since T and H are Lipschitz continuous, thus T(v,) and H(v,) are bounded. In addition,
infr, (4 —#n,) > 0, hence f(v,) — 0as n — 0. Since the subsequence {a,, } converges
weakly to a*, therefore, the function f is lower semi-continuous and ||v,, — a,|| — 0 as
n — oo, then we can determine

0< f(a*) < h{gglff(vnk) = nlg;lgof(lin) =0.

That is,
1
flar) =Sl = o2)Ba*|[> = 0.

This implies that Ba* is a fixed point of J&2 or (I — JE2)Ba* = 0, then we can have
Ba* € m;'(0) or 0 € my(Ba*). Moreover, the point a* is a fixed point of the opera-
tor Jo' (I — 7,B*(I — J;*)B), which means that a* = J;''(I — 7,B*(I — J;*)B)a*. Since
(I —J5?)Ba* = 0, hence (I — 7, B*(I — J;*)B)a* = a*, consequently a* = J;a*, This
implies that a* is a stationary (fixed) point of J;*, in fact, a* € m; ' (0). Furthermore, from
(48) and the fact that I — S; is demiclosed at zero, then a* € Fix(S;) fori =1,...,r. Hence
a* eT.

First, we show that {a, } strongly converges to a*, where a* = Pr(I — D + {g)a* is the
unique solution of the variational inequality (VI):

((D—¢g)a*,a* —a) <0,acl.

For us to achieve our goal, we prove that limsup, . ((D — ég)a*,a* —a,) < 0.
Choose a subsequence {a,;} of {a,} such that limsup; ,..((D — {g)a*,a* — ay) = lim; ;o
((D—¢g)a*,a* — ”"1‘>' Since a,, — 7 and using (10), we have

limsup((D —¢g)a*,a* —an) = lm((D—{g)a",a" —an))

J—

(D —¢g)a*,a” —a)
(a* —(I—(D—¢g))a*,a* —a) <0. (51)
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Furthermore, we make use of Lemma 4, Lemma 4(i), and (51) to obtain that
|lay —a*|| — 0, implying that sequence {a,} strongly converges to a*. Case A is con-
cluded.

CASE B: Now we assume that {||a, — g||} is not monotonically decreasing. Then for
some ng and Vn > ng, we define ¢ : N — N by the following;:

o) =max{t e N:t <n:¢d < Ppy1}.
Moreover, ¢ is increasing with lim, . ¢(11) — co and
0 < llagm) — 4l < llagys1 —qll, ¥V n = no.

We can apply a similar argument to the one used in Case A and conclude that

Jgrgo\|b¢( ~ Vg Hfhm||x¢, i~ bemll = hmHa(P 1~ gl = 0.
Thus, Qo(a4(,)) € T, where Qy(ag(,)) is the weak subsequential limit of {a,,) }. Also,
we have
limsup((D — £8)q,q — ay(n)) < 0. (52)
n—00

Thus, we follow from Lemma 4(i) and we have
27, n(r] éo 2\ r] éo)
agp(m1 —ql* < < %)H ¢n)7q|‘2+1¢)x¢7§(7( (€8(9) — Dq,ap(ny41 — q) + Ag(myM)+

¢(n) MZH“(P n) ~p(n) 1”
1- Aq:(rl)g

(53)

for some M > 0 and where

Ma = supu>1((1 = Apuy®)* (1apey = qll + aggmy—1 = ll) +2(1 = Agy 1) [ag(m) — ap(m -1ll)-
Since |[ag(,y — ql|* < agpn)+1 — 4l |? then from (2?), we obtain the following results:

2 () (1 = G0) 2 () (1 = G0)
0 < (1 Lo 757 ||a¢(n)—q||2+l"f)7

1= Ayl Ao (2(88(9) = D, ag(my41 — 4) + ApmyM) +

() Mal |3y — apm)-1ll
1-— )\(P(n)éﬂ'

—[lagm —all* (54)

Hence, we obtain:

2 g1 — &7 2 g0n) (1 — E0)
T e e —al < S 288 0) — Dty 1 =)+ A M) +

%) Mall2g(m) — apen -l

(55)
1-— /\<P<")5‘7
Therefore, we obtain the results below:
X p(ny Mal|agp(n) — a 1||
l1agen — a1 < 2068(9) — D, 8y(y1 — ) + g My + —LH 00t (56)

2A () (17 — GO )

Since the sequence {a,(,)} is bounded and limy—cAg(,y — 0, it follows from
Equation (52) and Remark 1.

Jim [lag) —q[| = 0. (57)
We can conclude that Vn > n,, the following statement holds:

0 < |lan — qI* < max{llag(y — all? llage) 1 = all*} = llagg 1 —ql*
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Hence, limy,—,e0 ||an — g|| = 0. Therefore, we imply that sequence {a,} converges
strongly to q. This completes the proof. [

The result presented in Theorem 1 can lead to an improvement when compared to the
findings of [26]. It is important to recall that the set of quasi-nonexpansive mappings can
be classified as 0-demicontractive. Therefore, we can utilize the same discoveries to obtain
outcomes when approximating a common solution for the SVIP, together with a restricted
number of multivalued quasi-nonexpansive mappings. The following remark highlights
our contributions to this paper:

Remark 3.

(i) A new optimal choice of the inertial extrapolation technique is introduced. This can also be
adapted for other iterative algorithms to perform better.

(ii)  The algorithm obtained a strong convergence result without necessarily imposing a solid
condition on the control parameters.

(iii)  The self-adaptive technique prevents the need to calculate a prior estimate of the norm of the
bounded linear operator at every iteration.

(iv) The algorithm produces suitable solutions that approximate the entire set of solutions I' as
stated in (1), using appropriate starting points. This feature sets it apart from Tikhonov-type
reqularization methods, which always converge to the same solution sequence. We find this
attribute particularly intriguing.

4. Numerical Illustrations

Let us provide some numerical examples that demonstrate the effectiveness and
efficiency of the suggested algorithms. We will compare the performance of Algorithm 11
(also known as Algorithm 11) with Algorithms 1, 2, 3 and 10 (also known as Algorithms 1,
2,3, and 10, respectively). Kindly note that the renumbering of the article occurred due
to the change in the numbering style in the template. All codes were written in MATLAB
R2020b and performed on a PC Desktop. Intel(R) Core(TM) i7-6600U CPU @ 3.00 GHz
3.00 GHz, RAM 32.00 GB.

Example 1. Let H = Hy = R3 and B, mq,my : R3 — R3 be defined by

1 -1 0 400 6 0 0
B=|1 2 0, m=[03 0] and ma=[0 5 0 |. (58
0 0 3 00 2 00 4

It is easy to check that the resolvent operators concerning mq and my are defined by

T T
ny _ &t a2 as 1y _ a1 a2 as
o (@)= <1+4a’1+3a’1+2a> amd o (#) = (1+50'1+50'1+4‘7)

for o > 0and a € R3. Also, let E: R3 — 2R pe defined by

—(3j+1)x . .

—2r22 —(j+NDa if a<o0

Fa={ 3 E](3/+12a f (59)
—(+1Da, =L if a>0
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It is clear that T(F) = {0} and H(Fja, F;0) = (j + 1)?|z[?. Thus,

. 1 2
d(g/]fjg)z = ‘ﬂ-’-%ﬂ
_ ‘(31' +4) I
N 3
(9% +24j+16 a2
= — .
Furthermore,
H(Fa,F0)* = (j+1)*af
— 0= 0P+ (2 +2))[a— 0P
92+2j o,
= |a—02 4+ —L—"—d%(a,Fa). 60
Hence, F; is k-demicontractive with k = 9]'(2941227;'2&6 € (0.1). Moreover, the solution set
I' = {0}. We choose the following choice of parameters for Algorithm 11: 6, = ﬁ, n =
2 Bu=i1, M=iap €=1La=0,2 g(a) =4 D(a) = a. For Algorithm 1,
we take 0, = %,5 = 0.03; for Algorithm 2, we take 6, = (:41371)2' 6 = 0.04,A = 0.03; for
Algorithm 3, we take 17, = 0.04; and for Algorithm 10, we take 6, = 53%,04” = %H,Un =
W. We test the algorithms using the following initial points:

([Case I:]) ag = eye(3,1) and a1 = rand(3,1),
([Case II:]) ag = rand(3,1) and a1 = rand(3,1),
([Case III:]) ag = randn(3,1) and ay = randn(3,1),
([Case IV:]) ay = ones(3,1) and a1 = rand(3,1),

where “eye”, “randn”, “rand”, and “ones” are MATLAB functions. We used ||a, 1 — a,| <
107° as the stopping criterion for all the implementation. The numerical results are shown in
Table 1 and Figure 1. Furthermore, we run the algorithms for 100 randomly generated starting
points to check the performance of the algorithms using the performance profile metric introduced by
Dolan and More [34], which is widely accepted as a benchmark for comparing the performance of
algorithms. The details of the setup of the performance profile can be found in [34]. In particular,
for each algorithms € S = {1,2,...,5} and case p € P = {1,...,100}, we defined a parameter
tp,s which is the computation value of algorithm s € S for solving problem case p € P such as the
number of iterations, time of execution, or error value of Algorithm s € S to solve problem p € P.
The performance of each algorithm is scaled concerning the best performance of any other algorithm
in S, which yields the performance ratio

_ tps
Tps = min{tys:s € S}

unable to solve problem p. It is worth noting that the choice of 1, does not affect the performance
evaluation, as explained in [34]. To determine an overall assessment of each solver’s performance,
we use the following measurement:

We select a parameter 17, such that 1, > 11,5 for all p and s, and np,s = 1, only if solver s is

1
Py(t) = asize{p €EP:nps <t}

the probability Ps(t) represents the likelihood of solver s € S to achieve a performance ratio 1],
within a factor t € R of the best possible ratio. The performance profile Ps : R — [0,1] for a
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solver is a non-decreasing function that is piecewise continuous from the right at each breakpoint
when Ps is defined as the cumulative distribution function of the performance ratio. The probability
Ps(1) denotes the chance of the solver achieving the best performance among all solvers. The
performance profile results (Figure 2 show that Algorithm 11 has the best performance for 100% of
the cases considered in terms of the number of iterations. In contrast, Algorithm 3 has the worst
performance. Moreover, Algorithm 10 performs better than Algorithms 1-3 even in worst senerios.
Also, Algorithm 11 has the best performance for about 82% of the cases in terms of the time of
execution, followed by Algorithm 10 for about 18% of the cases. In contrast, Algorithm 3 has the
worst performance in terms of the time of execution. It is good to note that despite the self-adaptive
technique used in selecting the stepsize for Algorithm 3, its performance is relatively worse than
other methods.

Table 1. Numerical results for Example 1.

Case | Case I1 Case III Case IV
Algorithm 11 No of L. 13 15 17 14
CPU time (s) 0.0013 0.0076 0.0090 0.0018
Algorithm 1 No of L. 43 50 63 48
CPU time (s) 0.0282 0.0223 0.0114 0.0156
Algorithm 2 No of L. 41 48 59 46
CPU time (s) 0.0270 0.0191 0.0137 0.0166
Algorithm 3 No of L. 104 140 160 73
CPU time (s) 0.0305 0.0425 0.0278 0.0194
Algorithm 10 No of L. 28 32 37 28
CPU time (s) 0.0167 0.0161 0.0148 0.0034
10° ‘ ‘ ‘ ‘ ; 102 ‘ ‘ ‘ ‘ s
——Algorithm 3.1 ——Algorithm 3.1
—=—Algorithm 1.1 b —=Algorithm 1.1
—=Algorithm 1.2 1004 ——Algorithm 1.2/

—vAlgorithm 1.3
+ Algorithm 1.4

—Algorithm 1.3|]
+ Algorithm 1.4

102
] o
10
] 10°®
‘ ‘ ‘ ‘ ) 108 ‘ ‘ ‘ ‘ ‘ ‘
0 20 40 60 80 100 120 0 20 40 60 80 100 120 140
Iteration number (n) Iteration number (n)

Figure 1. Cont.
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102 T - I 100 T T T - =
——Algorithm 3.1 ——Algorithm 3.1
—=—Algorithm 1.1 —=—Algorithm 1.1
10 ~Algorithm 1.2{] ~+Algorithm 1.2
——Algorithm 1.3 1072F ——Algorithm 1.3|4
+ Algorithm 1.4 + Algorithm 1.4
102¢
i 5104 ]
10F
6L ]
10
10°F
8 I . -8 . . .
10 10
0 100 150 0 20 40 60 80
Iteration number (n) Iteration number (n)
Figure 1. Example 1, (Top Left): Case I; (Top Right): Case II, (Bottom Left): Case III; (Bottom Right):
Case IV.
Performance profile based on number of iterations ; Performance profile based on time of execution
0.9 0.9
08 1 0.8
—+—Ag5
0.7 ——Alg5 9 0.7 Alg 1
——Alg 1 Alg 2
0.6 > Alg 2 1 06 ——Alg3| |
= —+—Alg 3 = ——Alg 4
=, 05 ——Ag4 1 =, 05
o
0.4 1 0.4
0.3 9 0.3
0.2 1 0.2
0.1 1 0.1
0 0 .
0 2 25 3 35 0o 05 1 15 2 25 3 35 4 45

Figure 2. Performance profile results for Example 1 in terms of number of iterations (left) and time of
execution (right).

Example 2. Our algorithms are utilized to solve an image reconstruction problem that can be
modeled as the Least Absolute Selection and Shrinkage Operator (LASSO) problem described in
Tibshirani’s work [35]. Alternatively, it can be modeled as an underdetermined linear system
given by

z =ma+Eg, (61)

where a is the original image in RM, m is the blurring operator in M x N(M << N), € is noise,
and z is the degraded or blurred data which must be recovered. Typically, this can be reformulated as
a convex unconstrained minimization problem given by

1 2
min < = ||ma — z||5 + Alja , 62
aeRN{ZH 2+ Al ||1} (62)

N
where A > 0, ||a||2 is the Euclidean norm of a and ||a|l; = Y. |y;| is the ly-norm of a. Various

i=
scientific and engineering fields have found the problem to be a valuable tool. Owver the years,
several iterative techniques have been developed to solve Equation (62), with the earliest being the
projection approach introduced by Figureido et al. [36]. Equivalently, the LASSO problem (62) can
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be expressed as an SVIP when C = {a € R¥ : |la||; <t} and Q = {z}, my = dic, my = dig,
where ic and ig are the indicator functions on C and Q, respectively. We aim to reconstruct the
initial image a based on the information the blurred image z provides. The image is in greyscale and
has a width of M pixels and a height of N pixels, with each pixel value within the [0,255] range. The
total number of pixels in the image is D = M x N. The signal-to-noise ratio, which is determined
by the amount of noise present in the restored image, is used to evaluate the quality of the resulting
image, and it is defined by

a2 )
SNR =20 x1lo —,
(e
with a and a* being the original and restored images, respectively. In image restoration, the
quality of the restored image is typically measured by its signal-to-noise ratio (SNR), where a
higher SNR indicates better quality. To evaluate the effectiveness of our approach, we conducted
experiments using three test images: Cameraman (256 x 256), Medical Resonance Imaging (MRI)
(128 x 128), and Pout (400 x 318), all of which were obtained from the Image Processing Toolbox
in MATLAB. Specifically, we degraded each test image using a Gaussian 7 x 7 blur kernel with
a standard deviation of 4. We processed the algorithms using the following control parameters:
Algorithm 11: 6, = %, Ny = %, Bn = Hil, Ap = m, {=1a=04 g()=
§ D(a) = 2a. For Algorithm 1, we take 6, = 5l'=,A = 0.05; for Algorithm 2, we take
0, = nl—z, 6 =0.06, A = 0.09; for Algorithm 3, we take 1, = 0.05; and for Algorithm 10, we take
B

a; = 1 € RM*N_ The numerical results are shown in Figures 3-6 and Table 2. It is easy to see
that all the algorithms efficiently reconstruct the blurred image. Though the performance of the
algorithms varies in terms of the quality of the reconstructed image, we note that Algorithm 11
was able to reconstruct the images faster than other algorithms used in the experiments. This also
emphasizes the importance of the proposed algorithm.

1 = 1 = _1 initi — MxN
73, %n = T00n 71/ % = S[Ep- We also choose the initial values as ag = 0 € R and

Blurred Alg 5

Figure 3. Cont.
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Figure 3. Image reconstruction using cameraman (256 x 256) image.

Original Blurred Alg 5

Figure 4. Image reconstruction using MRI (128 x 128) image.
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Blurred Alg 5

Original

Alg 4

Figure 5. Image construction using Pout image (291 x 240).
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Figure 6. Graphs of SNR against iteration number. Top Left: Cameraman; Top Right: MRI; and
Bottom: Pout.

Table 2. Computational result for Example 2.

Cameraman MRI Pout
Algorithms
Time (s) SNR Time (s) SNR Time (s) SNR
Algorithm 11 14.2169 34.3580 2.3627 26.4215 11.3969 40.2075
Algorithm 1 16.9989 34.3517 2.7461 26.9565 12.5370 37.7244
Algorithm 2 19.6273 34.3468 2.8171 25.8976 12.3931 40.9870
Algorithm 3 18.8111 34.4365 2.7333 26.4675 13.5479 40.3109
Algorithm 10 17.3022 31.5974 2.7074 24.6775 12.3144 36.2867

5. Conclusions

Our paper proposes a novel inertial self-adaptive iterative technique that utilizes
viscosity approximation to obtain a common solution for split variational inclusion prob-
lems and fixed point problems in real Hilbert spaces. We have selected an optimal inertial
extrapolation term to enhance the algorithm’s accuracy. Additionally, we incorporated
a self-adaptive technique that allows for stepsize adjustment without relying on prior
knowledge of the norm of the bounded linear operator. Our method has been proven to
converge strongly, and we have included numerical implementations to demonstrate its
efficiency and effectiveness.
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