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Editorial

Experimental Research and Computational Analysis of Eco-
and Biomaterials
Tomasz Garbowski

Department of Biosystems Engineering, Poznan University of Life Sciences, Wojska Polskiego 50,
60-627 Poznan, Poland; tomasz.garbowski@up.poznan.pl

This Special Issue of Materials is dedicated to the exploration and analysis of eco-
and biomaterials through experimental research and computational methods. These ma-
terials are becoming increasingly significant as construction materials and load-bearing
elements across various engineering and medical applications. Biomaterials, derived from
biological sources such as wood-based products and corrugated cardboard, as well as
synthetic and natural materials, are notable for their ability to interact with organic tissues.
Ecomaterials, encompassing construction materials and textiles, also play a crucial role.
Both categories include composite materials known for their unique properties that address
complex challenges where traditional materials are insufficient. This collection provides a
platform for scientists and engineers to share the latest advancements in theoretical, exper-
imental, and computational studies related to eco- and biomaterials. Key topics include
mechanical properties and strength estimation, numerical and analytical homogenization
techniques, laboratory research methods, and linear and nonlinear analyses of structures
made from these materials. The focus extends to laminated, corrugated, and fibrous materi-
als, emphasizing experimental validation and empirical evidence. Among submissions that
contribute to the understanding and application of bio-, eco-, and composite materials, one
can also find comprehensive studies that highlight the mechanical behavior and practical
applications of these innovative materials.

In the collection, Kopras et al. [1] analyze the deflection behavior of steel support plates
used in temporary excavations, integrating experimental and computational methodologies
to evaluate mechanical performance under real-world conditions. This research bridges the
gap between empirical data and theoretical models, involving large-scale field experiments
to measure plate deflections and comparing them with numerical predictions using the
finite difference method. Combining traditional patch measurements and advanced 3D
laser scanning under various backfill loads offers a comprehensive performance assessment.
The numerical results align closely with experimental data, validating the computational
approach. Notably, a new deflection limit criterion (wgr = L/130) for temporary excavation
support plates is proposed, enhancing design and safety assessments.

Though the study primarily addresses steel plates, the methodologies and insights
are broadly applicable to eco- and biomaterials. The integration of experimental validation
with computational analysis serves as a model for sustainable materials in construction.
Findings on deflection and load-bearing behavior contribute to the broader understanding
needed for developing and applying eco-friendly and biological materials. The empirical
data and computational models offer valuable benchmarks for future research, enhancing
the reliability and safety of construction practices involving diverse materials.

Ma et al. [2] investigate the seismic performance of stiffened corrugated steel plate
shear walls (CSPWs) under various conditions, including atmospheric corrosion. This
research provides insights into the mechanical behavior and durability of materials, con-
tributing to the field of eco- and biomaterials. The study introduces three types of CSPWs:
unstiffened (USW), cross-stiffened (CSW), and asymmetric diagonal-stiffened (ASW). Using
a comprehensive numerical model validated against cyclic test data, the research analyzes
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the lateral and seismic performance of these walls under monotonic and cyclic loading
conditions. The results show that stiffeners significantly enhance the elastic critical buckling
load, initial stiffness, ultimate shear resistance, energy dissipation capacity, and ductility of
CSPWs. Asymmetric diagonal stiffeners outperform cross stiffeners in improving these
properties and reducing out-of-plane deformation and stiffness degradation.

The study also examines the impact of atmospheric corrosion on the seismic perfor-
mance of CSPWs, finding that stiffeners help mitigate corrosion effects, with asymmetric
diagonal stiffeners being more effective than cross stiffeners. A fitted formula for pre-
dicting the ultimate shear resistance of corroded CSPWs is provided, offering valuable
design guidance for engineering applications. Ma et al.’s work significantly enhances
the understanding of how structural modifications and environmental factors influence
steel material performance, offering a methodological framework adaptable for eco- and
biomaterials. The integration of experimental validation with computational analysis sets a
strong precedent for future research in developing sustainable construction materials with
improved mechanical properties and durability.

Chybiński and Polus [3] present an experimental study on the load-slip behavior
of aluminum–timber composite bolted connections reinforced with toothed plates. This
research is pivotal for eco- and biomaterials, offering valuable insights into the mechanical
performance and reinforcement techniques of sustainable composite structures. The study
evaluates the effectiveness of reinforcing aluminum–timber connections through laboratory
push-out tests using laminated veneer lumber (LVL) panels, aluminum alloy I-beams,
and various bolts. The primary aim is to determine the shear resistance and stiffness
of the connections with and without toothed plate reinforcement. Results indicate that
while toothed plates reduce timber destruction in bearing zones, they do not significantly
protect against splitting of LVL slabs in connections using grade 8.8 bolts. However, for
connections with grade 5.8 bolts of 10 mm diameter, toothed plates substantially increase
stiffness, though at the cost of reduced strength due to faster bolt shank shearing.

This research significantly enhances the understanding of composite materials’ be-
havior under load, particularly those combining metal and timber. The findings provide
a nuanced view of how different reinforcement strategies impact composite connections’
performance, directly applicable to the design and development of eco-friendly composite
structures. By demonstrating the practical applications and limitations of toothed plate
reinforcement, the study contributes to the broader discourse on experimental research and
computational analysis of eco- and biomaterials. It underscores the importance of combin-
ing experimental validation with advanced modeling techniques to develop innovative,
sustainable construction solutions.

Ciesielczyk and Studziński [4] investigate the failure scenarios of various connection
types between thin-walled beams and sandwich panels under horizontal loads, simulating
bending and lateral–torsional buckling. This research is crucial for understanding the
structural behavior and integrity of these connections, which is particularly relevant to
this Special Issue. The study examines standard civil engineering connections such as
self-drilling fasteners, bolts, blind rivets, and double-sided acrylic tape, both linearly
and pointwise. These connections were analyzed under horizontal loads with constant
eccentricity to determine their lateral stiffness, initial and secant stiffness, ultimate capacity,
and deformation capacity. The research highlights different failure mechanisms: self-
drilling fasteners and bolts penetrate all layers, resulting in significant initial stiffness and
capacity but also web bow deformation and section rotation under higher loads; blind
rivets fail through clamping arm deformation and facing delamination; and double-sided
acrylic tapes primarily fail through detachment.

Ciesielczyk et al.’s work provides essential quantitative data on the mechanical re-
sponse and failure mechanisms of various connection types, offering insights for the design
and optimization of sandwich panel connections in eco-friendly and biomaterial structures.
This research establishes a comprehensive understanding of how different reinforcement
and connection strategies affect the structural integrity and performance of composite ma-
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terials, laying the groundwork for developing advanced materials and connection methods
to enhance the durability and safety of sustainable construction practices.

Sybis and Konował [5] investigate the influence of modified starch admixtures on the
rheological properties and compressive strength of cement composites, highlighting the
potential of using natural and biodegradable materials to enhance cement performance.
The research examines 17 different modified starches, including chemically and physically
modified starches and starch hydrolysates, focusing on their effects on the viscosity, tangen-
tial stress, yield point, and plastic viscosity of cement slurries. Additionally, the study looks
at the flow of fresh cement slurries and the compressive strength of hardened composites.

The results show that modified starches can significantly alter the rheological prop-
erties of cement slurries. For example, the retentate LU-1420-0.5%Ac-R increased flow
by 82%, and the retentate LU-1412-R improved compressive strength by 25%. However,
some starches, like retentate LU-1422-R and retentate OSA-2.5%-R, decreased compressive
strength. Sybis et al.’s work demonstrates that natural starch derivatives can effectively
modify cement composites, offering potential applications in sustainable construction. The
study provides insights into how different starch modifications influence the mechani-
cal behavior and workability of cementitious materials, supporting the development of
greener and more efficient building materials. This aligns with the themes of experimental
research and computational analysis of eco- and biomaterials, showcasing the practical
applications of biodegradable additives in enhancing construction material performance
and sustainability.

Qu et al. [6] provide a comprehensive review of stress-fractional plasticity models,
which combine fractional calculus with classical plasticity theories to better model the
mechanical behavior of materials. This approach is particularly relevant to eco- and
biomaterials, offering advanced methodologies for sustainable materials in engineering
applications. Fractional plasticity (FP) models are able to capture the non-associated flow
behavior of geomaterials like clay, sand, ballast, and rock, which standard plasticity models
for metals cannot accurately represent. The review explores the development of FP models;
defines the stress length scale (SLS), crucial for fractional differentiation; and discusses
two primary branches: past stress and future reference critical states, with a third branch
incorporating both for a more holistic approach.

The research highlights the advantages and limitations of FP models and their real-
world applications, offering a robust framework for predicting material behavior under
various loading conditions and improving simulation accuracy and reliability. Qu et al.’s
review contributes significantly to this Special Issue by presenting advanced models that
enhance the understanding and performance of sustainable materials. The insights from
these models can be applied to develop more resilient and efficient eco- and biomaterials,
promoting sustainable practices in construction and engineering. This work underscores
the importance of integrating computational approaches with experimental research to
innovate and apply eco-friendly materials.

Ksit et al. [7] examine the impact of water vapor and moisture barriers on the energy
efficiency and durability of ventilated partitions in buildings, highlighting the importance
of moisture analysis in designing sustainable, energy-efficient structures. Excess moisture
can degrade building materials, reduce insulation efficiency, and worsen indoor climates,
increasing energy demands. The study uses modern digital solutions to model building
partitions over an 8-year period under various environmental conditions, focusing on
flexible waterproofing materials and their effect on dew point temperature, air temperature,
and relative humidity.

The research provides a detailed numerical analysis of different ventilated partition
models, assessing the necessity and effectiveness of vapor barriers in preventing moisture
damage. By evaluating these barriers over time, the study offers insights into maintaining
long-term durability and energy efficiency. Ksit et al.’s work contributes to this collection by
demonstrating how advanced computational techniques can enhance sustainable building
materials. The findings support the development of resilient construction practices that
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reduce energy consumption and improve indoor environmental quality, aligning with
sustainable architecture goals.

The article by Malewski et al. [8] presents developments in the constitutive material
model for architectural soda lime silicate (SLS) glass, updating key modeling parameters.
This research is crucial for eco- and biomaterials, providing insights into precise material
parameters for accurate numerical modeling of glass in sustainable architectural design. By
conducting experimental investigations on the coefficient of thermal expansion (CTE), glass
transition temperature, and Young’s modulus, the study addresses gaps in contemporary
data on SLS glass. These parameters are critical for predicting glass behavior under various
conditions, including mechanical and thermal performance.

Malewski et al.’s work significantly enhances the understanding of glass behavior
under different environmental conditions. The updated material parameters improve
simulations, design, and prototyping of complex glass structures, leading to more efficient
production and supporting sustainable building practices. Integrating experimental data
with computational analysis, the study bridges the gap between theoretical models and
practical applications, ensuring materials used in sustainable construction are reliable and
efficient. This research underscores the importance of continuously updating material
databases to reflect current technologies and practices, which is essential for the ongoing
development of sustainable architecture.

The article by Mrówczyński et al. [9] investigates the compressive strength capacity
of open-top corrugated board cartons used for transporting fruits and vegetables. This
study is highly relevant to eco- and biomaterials, focusing on optimizing biodegradable
and sustainable packaging. Using sensitivity analysis, the research identifies critical geo-
metric parameters affecting load capacity. The authors developed a finite element model
to simulate the box compression test (BCT) and analyzed seventeen design parameters.
They found that modifications in the length of non-folded sidewall parts and box height
significantly influence compressive strength, while dimensions and positions of ventilation
holes had negligible effects.

By identifying key parameters affecting structural integrity, the study provides valu-
able insights for designing eco-friendly packaging solutions. The findings help manufactur-
ers create more efficient and durable corrugated board cartons by focusing on influential
geometric factors, thus reducing material usage. Mrówczyński et al.’s work demonstrates
how advanced computational techniques and sensitivity analyses optimize biomaterial
design. This approach enhances the mechanical performance of materials and supports
environmentally friendly packaging solutions, reducing the ecological footprint of the
packaging industry. Integrating experimental validation with computational modeling sets
a robust precedent for future research in sustainable materials.

The article by Fehér et al. [10] explores the compression strength estimation of corru-
gated board boxes, focusing on reducing sidewall surface cutouts. This research is relevant
to the Special Issue as it optimizes biodegradable packaging materials to enhance mechani-
cal properties while minimizing material usage and waste. The study investigates various
cutout configurations on B-flute corrugated cardboard boxes, commonly used in supply
chains, and compares experimental observations with the McKee formula for compression
strength estimation.

Fehér et al. found that compression strength decreases linearly with increasing cutout
size, showing significant discrepancies from the McKee formula, which doesn’t account
for sidewall cutouts. To address this, the authors propose a modified estimation approach
incorporating empirical test data for more accurate predictions. This research demonstrates
how experimental and numerical methods can optimize sustainable packaging design,
providing valuable insights for packaging engineers to balance material reduction with
mechanical performance. The integration of empirical data with computational analysis
exemplifies the interdisciplinary approach necessary for advancing sustainable materials
in practical applications.
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Mrówczyński and Garbowski [11] explore the influence of imperfections on the ef-
fective stiffness of multilayer corrugated board, which is crucial for understanding the
structural integrity of eco-friendly packaging materials like corrugated cardboard. Widely
used for its recyclability, biodegradability, and durability, corrugated cardboard is an
increasingly popular choice as companies move away from plastic to improve their environ-
mental impact. The study focuses on how geometric imperfections from the manufacturing
process affect the mechanical properties of cardboard.

The authors present a numerical homogenization procedure using the finite element
method (FE) to include geometric imperfections in calculating the board’s effective stiff-
ness. A 3D model of a representative volumetric element (RVE) is built, incorporating
various buckling and distorted shapes from prior analysis. This approach allows for a
quick and scalable method to account for imperfections and their impact on material stiff-
ness. Mrówczyński et al.’s work significantly contributes to this collection by providing a
framework to understand how imperfections affect the mechanical behavior of sustainable
packaging materials. The findings help optimize the design and manufacturing processes
of corrugated cardboard, ensuring its integrity and performance despite manufacturing-
induced imperfections, supporting the development of resilient and efficient eco-friendly
packaging solutions.

Fehér et al. [12] investigate the compressive strength of corrugated paperboard pack-
ages with varying cutout rates, which is integral to understanding eco- and biomaterials.
The study uses the finite element method (FEM) to model and predict the compression
force of corrugated cardboard boxes with different sidewall cutout configurations. Boxes
tested had widths and heights of 300 mm, lengths from 200 mm to 600 mm, and cutout
rates of 0%, 4%, 16%, 36%, and 64%. The FEM model incorporated a homogenized linear
elastic orthotropic material with Hill plasticity.

Results from numerical simulations and experimental box compression tests (BCT)
showed that the FEM model accurately predicts the compression strength across various
cutout configurations. However, model accuracy slightly decreased with higher cutout
rates, highlighting the challenge of maintaining structural integrity. Fehér et al.’s work
contributes significantly to sustainable packaging by providing a reliable numerical model
for predicting the performance of corrugated cardboard boxes with different cutout designs.
This research helps optimize eco-friendly packaging design and manufacturing, ensuring
strength and durability while reducing material usage and waste.

Bartkowiak and Słowik [13] focus on developing a predictive model for the stiffness
modulus |E∗| of high-modulus asphalt concrete (HMAC) using the four-point bending
beam test (4PBB). This study is relevant to eco- and biomaterials, offering insights into
optimizing sustainable infrastructure materials through advanced modeling techniques.
Building on existing models like the Witczak model, the authors aimed to enhance predic-
tions for HMAC’s stiffness modulus. This involved extensive laboratory testing of asphalt
mixtures to gather data on stiffness modulus and phase angles under varying temperatures
and loading frequencies, including tests on neat and modified bituminous binders using a
dynamic shear rheometer (DSR).

The research presents a new model, Model A, which modifies the Witczak model
to improve accuracy for the 4PBB method, considering air void content, effective binder
content, and aggregate gradation. Results show the model predicts stiffness modulus with
high accuracy, as evidenced by low errors. This work contributes to the Special Issue by
demonstrating refined computational models that enhance understanding and performance
of sustainable construction materials. The findings support developing more resilient
and efficient infrastructure using eco-friendly materials like HMAC, aiding engineers in
designing and optimizing asphalt mixtures for better durability and performance, thus
contributing to sustainable, long-lasting infrastructure solutions.
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11. Mrówczyński, D.; Garbowski, T. Influence of Imperfections on the Effective Stiffness of Multilayer Corrugated Board. Materials
2023, 16, 1295. [CrossRef] [PubMed]
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Experimental Validation of Deflections of Temporary Excavation
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Poznan University of Life Sciences, Piątkowska 94 E, 60-649 Poznań, Poland; wabucz@o2.pl (B.W.);
zbigniew.walczak@up.poznan.pl (W.Z.); slawomir.gogolik@up.poznan.pl (G.S.)

* Correspondence: anna.szymczak-graczyk@up.poznan.pl

Abstract: Almost every project is accompanied by earthworks, very often involving various types of
excavation, and the work of people in the excavations. One of the most important tasks in earthworks
is to ensure that the walls of the excavation are protected against sliding and that people working in
and around the excavation are safe. Very often, in addition to criteria relating to safety and stability
of the excavation, economic considerations are also an important criterion. This issue arises as early
as the design stage and is related to the choice of construction and materials of which the shoring is
to be made in such a way as to be able to withstand the pressure of the soil, ground loads resulting
from stored excavated material and the operation of working machinery. Ongoing monitoring of the
excavations and their reinforcement is also very important. The paper describes the unique results of
experimental field tests, the purpose of which was to analyse the values of deflections of steel support
plates of temporary excavation carried out on the object in 1:1 scale. The course of the experiment is
presented for excavation support plates with a total depth of 6 m. Direct tests of the deflection arrow
were carried out using two techniques, traditionally with a patch, and with laser scanning. Field
tests were carried out for the designed situation without backfill load as well as for backfill load of
3.84, 15.36, 26.88 and 38.4 kN·m−2, respectively, for two measurement stages. Stage-I of the study
consisted in collecting the results for soil in intact condition, whereas Stage-II collected results for
loosened soil. The research experiment was supported by numerical calculations performed using the
finite difference method in variational approach. The measured maximum deflections ranged from
14.40 to 16 mm, and the calculated values were 14.95 and 14.99 mm. The comparison of calculation
results and tests proved to be very consistent. The analysis of the values of deflections showed that
backfill load does not have a significant effect on the deflection of the lower plate, but it does affect the
deflection of the first plate up to a depth of 1.2 m. Based on the obtained results, it is recommended
to assume the limit (maximum) deflection arrow for support plates of temporary excavations at least
as wgr = L/130, where L is the span of the plate. The calculation of deflection values was based on
deflection values obtained experimentally and numerically for two steel variants: S235JR and S355JR.
The wgr indicator of the maximum deflection arrow proposed by the authors is not stipulated by the
industry standards, but it can be very helpful for the designing of excavation reinforcement.

Keywords: 3D scanning; excavation; excavation support; support plate; deflection arrow; finite
difference method

1. Introduction

Sustainable growth of societies and continuous expansion of technical infrastructure
result in the emergence of new network, communication, industrial and developmental
investments. Systematic increase in the value of land means that more and more structures
and installations are located underground. Continuous, conscious, sustainable develop-
ment is associated with the need to build various underground networks, both technological
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and the ones that result from the environment requirements related to the protection of soil,
water and air against pollution. The construction of water and sewage networks involves
performing earthworks and laying pipelines in various types of excavations. In engineering
practice, there are several ways (methods) to protect excavation walls against sliding. These
include tight walls made of steel sheet piles (Larssen profiles), Berlin walls, cavity walls
(concrete) formed in the soil, palisades made of piles (i.e., CFA or micro-piles), column walls
made by jet injection as well as reusable system supports [1–3]. In practice, medium-deep
and deep rope excavations are not performed without supports, with slopes having inclina-
tion corresponding to the angle of internal friction of the soil, as this would require a large
strip of land and significant earthworks. Securing excavation walls by making tight walls
with the use of various types of steel sheet piles or making Berlin type walls is associated
with mechanical drive piling (often impact) of sheet piles or steel profiles (I-sections) [4–6].
The resultant noise and vibrations can be burdensome for residents and pose a threat to
the durability of buildings (occurrence of scratches, cracks, subsidence). Therefore, in
inhabited areas, works that require a pile driver are impermissible. However, if this is the
case, only engines that drive support elements statically into the soil should be used. The
above-mentioned methods of securing excavation walls are not suitable for supporting
long line excavations. Moreover, cavity walls (concrete) formed in the soil are not suitable
for securing walls of temporary line excavations. To protect and secure excavation walls,
reusable system supports are used, for instance, those produced by KOPRAS, the Polish
company. The components of these supports are poles, struts and plates of a steel or alu-
minum structure placed between poles, which must safely withstand and transmit the soil
pressure acting on them. In general, plates are the most loaded elements of supports—their
bearing capacity is determined by the structure, span and depth of excavations and the
value of soil pressure. Plates must be constructed in such a way that they can transfer the
soil pressure, and sometimes also the backfill load resulting from stored excavated material
and operation of working machines (excavators, means of transport, cranes, etc.). The
value of soil pressure depends on the condition and type of soil, the depth of excavations,
the displacement of excavation supports, the backfill load, as well as the groundwater table.
Properly designed support plates must ensure the safety of people’s work in any soil and
water conditions in connection with the permissible excavation depth for a given type of
plate, and they also affect the economic side of investments (production costs, transport,
type of excavators used in drive piling due to the weight of plates). In order to be able to
properly design excavation support plates, it is necessary to know the effective soil load,
its distribution and the amount of pressure, and also the static diagram corresponding to
the actual work of the structure should be adopted in calculations [7,8]. Earth pressure is
related to the form and size of the displacement of the retaining structures in relation to the
soil. The problem of earth pressure has been a frequent subject of scientific studies. Most
often they take the form of numerical solutions [9] or model tests [10,11].

The numerical analysis of plates can be successfully performed using the finite dif-
ference method in variational approach. The literature on the subject contains numerous
fundamental works on the finite difference method [12–25] and publications in which this
method was applied and positively verified for calculating plates [26–28], tanks [29–32],
shell structures and others [33,34]. Experimental verification of performed numerical calcu-
lations plays a key role in contemporary design. Implementation of a research model in 1:1
scale is a unique and undoubtedly the best way to verify numerical calculations, and non-
invasive methods of measuring deflections and displacements of structural components
are excellent measuring tools.

Validation of the obtained deflection results based on the finite difference method was
carried out using a concrete tank model with an innovative measurement tool: a coordinate
measuring arm with a touch probe [29]. Validation of calculations with the help of the
coordinate measurement arm provided an opportunity to confirm their correctness. The
coherence achieved is evidence in favour of the appropriateness of the applied calculation
methods, i.e., the finite element method, which provided a basis for calculations using
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Autodesk Robot Structural Analysis Professional, as well as the finite difference method
in terms of energy used to make traditional calculations [29]. Terrestrial Laser Scanning
(TLS) [35] is a non-invasive, non-contact technique that enables fast and, what is very
important, precise acquisition of data on the geometry of measured objects in the form
of coordinates of points x, y, z. 3D laser scanning is currently used in many practical
engineering applications, including inventory [36–43], inspection [44,45], verification of test
results [29] and maintenance of buildings [46], particularly historical buildings (constituting
the cultural heritage). Inventory can be carried out faster and more accurately than when
using traditional solutions. Thanks to the use of TLS techniques, it is possible to obtain
more complete data on the geometry of measured objects. It can be assumed that the data
are continuous, not point-based—as it is in the case of classical solutions. The accuracy of
models created with the use of TLS may vary from a few millimetres [41,47–49] to even
decimetres [50]. The accuracy of measurements depends on several factors, including the
distance and angle between the scanner and objects being scanned as well as the type of
scanned surface, particularly in the case of highly reflective, mirror surfaces [51–53]. The
advantages of TLS also include the possibility of obtaining full, three-dimensional informa-
tion on objects in the form of measurement points, which are their geometric representation,
being in fact a dense quasi-continuous cloud of points. The information obtained in this
way, the cloud of points, can then be processed, generating i.e., orthophotos, CAD or BIM
models, mesh models, models for visualisation, virtual walks, etc. In addition to numerous
advantages of TLS, there are also several factors that can make it significantly difficult or
even impossible to obtain high-quality data by means of laser scanning. Key issues to men-
tion here are, among others, situations in which some parts of the scanned elements may be
invisible, obscured from laser scanning. Moreover, glass elements (windows, mirrors), as
well as wet or damp surfaces or surfaces with water on the surface, can cause disturbances.
One of the major problems at the stage of further data processing may be the fact that an
enormous data set is created, which will require large hardware and computing power for
further computing (high requirements for hardware of computer systems).

Problems related to obscuring the visibility of scanned items can be solved via apply-
ing techniques combining laser measurements with manual measurements [54], as well
as photogrammetry [55–60]. Fawzy [57] indicates that the combination of TLS techniques
and short range photogrammetry increases the accuracy of models. Based on the mea-
surements of 20 points, 10 lines and 6 control angles, Fawzy indicates that the maximum
improvement in the quality of the model was 80.1, 66.4, and 84.2% for points, lines and
angles, respectively [57].

TLS is also widely used for renovation and revitalization of historic buildings for
which it is planned to build a BIM model or Heritage or Historic Building Information
Modelling (HBIM). As a result, it is possible to build a 3D model to recreate the plans of
historic buildings for which they did not exist, use it during planning of modernisation,
revitalisation, but also operation or even visualisation of the object [56,61–66]. The use
of TLS can also be helpful in assessing the technical condition of facilities [67]. This can
significantly facilitate damage assessment and help in proposing an appropriate renovation
system [45]. The accuracy of point clouds is sufficient to perform surface regularity checks.

The purpose of the work was to experimentally verify the values of deflections oc-
curring in support plates subjected to soil pressure and backfill load in real conditions
reflecting the work of the structure. The results of the measurements obtained based on the
natural-scale experiment were compared with the values calculated with the finite differ-
ence method. The paper presents the test results of actual deformation of open excavation
support plates depending on the acting backfill load. Since neither in the literature nor in
the standards is there a deflection limit value for such structures as temporary excavation
support plates, the paper includes the recommendation for the deflection arrow value,
which can be used to calculate the maximum deflection in this type of construction facilities.
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The conducted tests, measurements and calculations can be used to verify existing
solutions and improve the structure of excavation support plates in order to ensure greater
safety of manufactured and used products, as well as to reduce their cost.

2. Materials and Methods
2.1. Description of Research Location and Objectives

The field tests were conducted from 4 September to 27 November 2019. The values
of actual deformations of open excavation support plates were analysed depending on
acting backfill load. The test stand was in a place with non-cohesive soils of a possibly
homogeneous profile, with the groundwater table below the bottom of planned excavations.
The area near Lake Rusałka was selected for the location of the test stand (Figure 1). The
terrain where the test stand was installed was situated several meters above the water level.
Before the final selection of its location, six boreholes were made in the area in question,
from which soil samples were collected (with natural graining NU and natural humidity
NW) in order to conduct laboratory tests and sounding with a static CPTU probe. These
activities were aimed at checking the soil profile and groundwater level. Based on the
measurements, the final location of the test stand was selected. It was a place where the
groundwater table was not drilled, with convenient access and sufficient space for all
operations related to excavation works and loading the backfill. In the selected place, an
open excavation was made with dimensions 4 × 4 m, 6 m deep, reinforced with the system
of steel plates (Figure 2).

Figure 1. Location of the test stand (Poland, Greater Poland Voivodeship, the city of Poznań).
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Figure 2. Test stand—view of the excavation and the excavation support.

The excavation was secured as a point box composed of steel corner posts and a system
of fin plates. The fin plate with dimensions 3.92 × 2.40 × 0.12 m was a welded structure
made of square and rectangular sections and flat bars. The top horizontal edge, i.e., plate
head, was a structure consisting of rectangular and square profiles, additionally reinforced
with an overlay made of a 15 mm thick flat bar. The flat bar stiffened the top edge of the
plate, preventing it from being dented by an excavator bucket during driving the plate.
The bottom horizontal edge was a cutting section, which penetrated the excavation soil
under the self-weight of the plate. All profiles on the left and right side of the plate were
closed with vertical edges. A special C-profile, pulled on the fronts of horizontal profiles,
had welded fins guiding the plate in the guides of the corner posts. Fins transmitted the
response of a freely supported beam (which a fin plate is by definition) onto the supports.
Each plate was strengthened by corner posts with sliding guides (Figure 3).

2.2. Geotechnical Measurements

During preliminary geotechnical tests, six test boreholes were made to verify the soil
profile and groundwater level, which were the basis for selecting the optimal location
of the test stand. Detailed geotechnical tests were carried out in the selected location,
including drilling to a depth of 6 m, during which samples of soil with natural graining
(NU) and natural moisture (NW) were taken for laboratory tests to determine their granu-
lometric composition and natural moisture content. Soundings with a static CPTU probe
were also performed. Static sounding tests were performed with a CPTU piezocone in
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accordance with the TC-16 procedure recommended by the International Society for Soil
Mechanics and Geotechnical Engineering [68]. The tests used a standard measuring tip
with a diameter of 36 mm, a base area 10 cm2, an apex angle 60◦ and a friction sleeve
area 150 cm2. The main test consisted in pressing the measuring tip into the soil with a
constant value equal to 2 cm·s−1. During penetration, three test parameters were recorded
every two centimetres of depth increment: resistance of the cone—ci, friction on the fric-
tion sleeve area—fs pressure of excess water in pores—u2. It allowed for determining
soil characteristics in the following respects: separation of geotechnical layers with the
determination of soil types; identification of the stress level in the soil; determination of the
compaction degree (ID); determination of the shear strength parameter—the effective angle
of internal friction—(ϕ′); determination of the soil deformability parameter—edometric
compressibility modulus (Mo).

Figure 3. View and cross-sections of the support plate. Denominations: 1—plate head, 2—plate
fin, 3—closing C-profile, 4—rectangular profile 200 × 10 × 4, 3760 mm long, 5—steel cutting edge
g = 6 mm, 6, 7—closing sheet, 8—transport eye. Units [mm].

2.3. Tests of Stresses in the Soil Using a Hydraulic Probe

Several days before the excavation was made and the support was lowered, hydraulic
sensors for measuring soil pressure were inserted into the soil. The probe was inserted into
the soil using the same technology as when performing CPTU probing and with the same
device. The lowest sensor was at 6.0 m below ground level, and the remaining sensors at
4.5, 3.5, 2.5, 1.5, and 0.5 m below ground level. The measurements of soil pressure taken on
4 and 16 September 2019 corresponded to the resting pressure, as assembly of the support
and the excavation had not started yet.
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2.4. Soil Stress Tests Using a Hydraulic Probe

Tests were divided into two stages; the work scheme is presented in Figure 4. In the
first stage (Stage-I), after the excavation was made and the walls were secured with plates,
the backfill was loaded by adding one layer of 2.95 × 0.8 × 0.16 m road slabs, placed
near the excavation. The soil around the excavation remained intact. Then, the backfill
was additionally loaded using a 40 t vehicle, simulating the volume of traffic that usually
takes place on construction sites. Next, the backfill was weighed down with slabs, placed
successively in 4, 7 and 10 layers (Figure 5), resulting in obtaining the values of backfill
load of 3.84, 15.36, 26.88 and 38.4 kN m−2, respectively. After each successive loading, the
deflection arrow was measured with a patch and with the use of laser scanning.

Figure 4. Scheme of tests (L—measurements taken with a laser scanner, B—measurements taken with
a patch).

The next stage (Stage-II) involved analysing the loosened soil. To change the condition
of soil and its loosening, after removing the backfill material, the plates on the side of the
tested wall were excavated within the fragmentation wedge, changing the parameters that
affected soil pressure. Then, the excavation was backfilled, and the soil was compacted
with layers of max. 50 cm. using a plate vibrator. Sounding with a CPTU static probe was
carried out to determine the parameters of the backfill material.

2.5. Measurement of the Deflection Arrow Taken with a Patch

The direct measurement of the deflection arrow was performed using a measurement
patch (Figure 6). The patch had previously been calibrated for its straightness in the laboratory.

13



Materials 2022, 15, 4856

Figure 5. Loading of the backfill with 10 layers of road slabs (38.4 kN·m−2).

Measurements of the deflection arrow taken with a measurement patch were always
made at the same, seven levels (Table 1), each time after changing the value of the backfill
load by means of road slabs. They were then compared with the results obtained from
laser scanning.

Table 1. Height ordinates of direct measurement points of the deflection arrow taken with a measure-
ment patch.

Measurement No./Support Plate No. Height Ordinate
Below Ground Level

1/plate 1 (upper) 0.64
2/plate 2 (middle) 1.64
3/plate 2 (middle) 2.59
4/plate 2 (middle) 3.51
5/plate 3 (bottom) 3.86
6/plate 3 (bottom) 4.79
7/plate 3 (bottom) 5.72
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Figure 6. Direct measurement of the deflection arrow taken with a measurement patch.

2.6. TLS Measurement

Terrestrial Laser Scanning is a technique that uses laser light for measurements. The
measured object is illuminated by the scanner with a beam, which then, reflected from
the object, returns to the scanner. The measurement of distance consists in measuring
the change of the phase between the emitted and reflected beam (phase scanners) or
in measuring the time it takes for the beam to travel back and forth (pulse scanners).
Phase scanners, more commonly used nowadays, allow the registration of up to about
1,200,000 measurement points per second. By knowing the distance (L) from the scanner
and the i-th measurement point, vertical angle (β) and horizontal angle (α) coordinates of a
point in a 3D coordinate system in real time can be calculated using the following equation:





Xi = L cos β cos α
Yi = L cos β sin α

Zi = L sin β
(1)

Eight scanning series were performed, four scans for each stage with the use of a 3D
scanner Surphaser 100HSX from Surphaser, Redmond, WA, USA. The manufacturer states
that the max. accuracy of the distance measurement is ±0.3 mm and the angular resolution
is equal to 1 arcsec. The laser wavelength is 685 nm.

The first scan represents the deformation of the excavation support not subjected to an
additional load, which is called the reference scan made to calibrate the device.
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Table 2 summarises the dates of scanning measurements for Stages-I and Stage-II with
the value of backfill load.

Table 2. Dates of measurements by laser scanning and backfill load.

Date Backfill Load [kN·m−2]

Stage-I

20 September 2019 0.00
29 September 2019 15.36

06 October 2019 26.88
12 October 2019 38.40

Stage-II

29 October 2019 3.84
05 November 2019 15.36
14 November 2019 26.88
24 November 2019 38.40

The first scan took place on 20 September 2019, right after the excavation was made
and strengthened with steel support plates. Scanning was performed in such a way that
the laser beam reached the bottom of the excavation (Figure 7). The initial processing of
point clouds related to the registration, filtration and removal of the unnecessary data was
carried out in SurphExpress, the manufacturer’s software, and then data sets were analysed
in the open-source CloudCompare environment in order to estimate deformations.

Figure 7. Location of the scanner.

Subsequent scans were performed each time when the soil was loaded with con-
crete plates near the excavation (Figure 5). After each scan, a point cloud was created in
SurphExpress, which was then exported to CloudCompare, where its further processing
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and analysis was carried out. Filtered point clouds, after uploading into the program,
were aligned to the reference plane, obtaining the distribution of displacements. The
deflection arrow value was determined by measuring the basic lengths according to the
scheme in Figure 8. Length A-B (half plate width) and angle CAB were read. The value of
the deflection arrow was determined from trigonometric relationships for the ordinates
corresponding to manual measurements taken with a measurement patch.

Figure 8. Measurement of the deflection arrow.

Then, the distribution of the differences of the point clouds between the reference
model and the analysed point cloud was estimated. The Distance Cloud2Cloud tool of
CloudCompare was used. The distances between the two-point clouds were computed as
the ‘nearest neighbour distance’: for each point of the compared cloud, CloudCompare
searches the nearest point in the reference cloud and computes their (euclidean) distance.
However, because the points in the two point clouds do not exactly correspond to each other,
a better estimate of the distance from each point of the compared cloud to its nearest point
in the reference cloud can be obtained by replacing the distance from the local mathematical
model in the ‘nearest’ point and several of its surrounding neighbours represented as a
local plane [69]. This is statistically more precise and less dependent on the cloud sampling.
Quadric local model (Height function) was used. In fact, the corresponding model is a
quadratic function (6 parameters: Z = a.X2 + b.X + c.XY + d.Y + e.Y2 + f).

2.7. Static and Strength Calculations of the Support Plate for the Plate System Calculated with the
Finite Difference Method

Calculations were made using the finite difference method in the variational approach.
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The linear algebraic equations, from which the desired deflections at the nodes of the
subdivision grid will be determined, are obtained in the condition for the minimum of
the functional:

∂V
∂wk

= 0 (2)

where for each wk, where k is the number of meshes of the subdivision mesh. The above
condition (2) follows from the theorem that:

“If the system is in steady state equilibrium, its total energy reaches a minimum.
Applying this statement to the analysis of plate bending, we must take into account that
the total energy in such cases consists of two parts: the elastic energy of bending and the
potential energy of the load, located on the plate” [16]. Thus, the problem of plate bending
reduces in each particular case to finding such a function in (x, y) that would satisfy the
given boundary conditions and give the smallest value of the integral described by the
relation (3). The functional describing the total energy of elastic deformation for plate
structures, also taking into account the ribs resting on the elastic foundation with potential
temperature loads, taken from work [70], has the form:
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where:

w—plate deflection,
ν—Poisson’s ratio,

D—flexural rigidity (D = Eh3

12(1−ν2)
),

h—plate thickness,
E—elasticity modulus for the plate material,
Ez—modulus of elasticity for the rib material,
S—rib area,
s—size of the mesh division used in calculation, A—plate area,
q—load perpendicular to the median plane of the plate,
K—subgrade reaction modulus,
αt—coefficient of linear thermal expansion of the plate material,
∆T = td − tg—temperature difference between the plate planes,
J—moment of inertia of the rib cross-section.

When starting the search for solutions for specific plate structures, the area A of the
plate was divided by a discrete grid with meshes s × s into elementary sub-areas.

Further analysis was based on the adopted designations of the second derivative of
the deflection function (4):
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Expressing the partial derivatives of the deflection surface occurring in the energy
functional through difference quotients, replacing the integration over the surface with
summation over elementary sub-areas and assuming the Poisson’s ratio ν = 0 and not
considering the temperature load, the functional describing the elastic deformation energy
of the plate took the form:
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3. Results
3.1. Geotechnical Tests

The conducted geotechnical tests, both laboratory tests on NU and NW samples, and
CPTU tests indicated that under the layer of soil, from about 0.2 m to about 1.8 m below
ground level, there were mainly wet, medium-compacted medium sands (Medium Sand
MSa), while below there were moist, compacted sands with admixtures of silty sand or
dust fine sand (Fine Sand FSa). Table 3 shows the development of the geotechnical profile
for Stage-I of the study.

Table 3. Geotechnical parameters of the soil in the area of the test stand acc. to PN-81/B-03020 [71].

Layer Gap
Soil Type

Compaction Degree Volumetric Weight Angle of Internal Friction

from to ID γ φu

[m] [m] [-] [-] [kN·m−3] [◦]
0.0 0.2 Soil - 17.00 -
0.2 0.7 MSa 0.74 18.86 34.61
0.7 1.4 MSa 0.45 18.43 32.67
1.4 1.8 MSa 0.57 18.61 33.47
1.8 2.2 Saπ 0.43 17.51 30.15
2.2 2.8 MSa 0.79 18.94 34.94
2.8 3.8 FSa 0.74 18.21 31.70
3.8 5.1 FSa 0.88 18.52 32.40
5.1 5.7 Saπ 0.47 17.60 30.35
5.7 6.0 MSa 0.94 19.16 35.94

Figure 9 shows the results of characteristic soil pressure in the vicinity of the test stand,
calculated in accordance with recommendations provided in PN-81/B-03010 [72], assuming
the geotechnical parameters provided in Table 3. Calculations were made without taking
into account backfill load, but in compliance with recommendations of PN-83/B-03010 [72]
for individual soil layers, the weight of the higher layers was treated as a substitute load of
the backfill.

Figure 9. Diagram of computational soil pressure in the vicinity of the test stand for Stage-I.

The assumed value of soil pressure corresponded to the total sum of pressures occur-
ring in individual soil layers. For the unloaded backfill, the total value of soil pressure Ea
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was 99.91 kN m−1 (Figure 8), thus the resultant ordinate of soil pressure ea located in the
lower part of the plate was equal to 33.30 kN m−2

0.5·ea·H = 99.91 kN· → ea =
99.91
0.5·6 = 33.30 kN·m−2

3.2. Measurements of the Deflection Arrow Taken with a Patch

Manual measurement of the deflection arrow was performed each time in the morning
hours before the work related to changing the load conditions started. The first measure-
ment of the deflection arrow was taken on 24 September 2019. Table 4 summarizes the
deflection arrow values taken with a measurement patch for Stage-I of the study, whereas
Table 5 summarizes the deflection arrow values after changing the soil conditions (Stage-II).

Table 4. Results of deflection measurements of support plates taken with a patch (Stage-I).

Date

I
24

September
2019

II
25

September
2019

III
26

September
2019

IV
30

September
2019

V
04 October

2019

VI
14 October

2019

Plate
Ordinate of the
measurement

m below ground level

Backfill load [kN·m−2]

0.00 3.84 15.36 15.36 26.88 38.4

[mm] [mm] [mm] [mm] [mm] [mm]

upper plate 0.64 - - - 2.00 2.00 2.00

middle plate
1.64 - 5.50 5.75 5.00 5.50 5.00
2.59 - 5.00 7.00 5.50 5.25 5.25
3.51 9.00 9.25 9.75 8.00 8.50 8.00

bottom plate
3.86 7.00 6.75 7.25 7.25 7.50 7.50
4.79 12.50 12.50 12.00 12.00 12.00 12.00
5.72 15.50 15.50 15.25 14.75 14.75 14.75

Table 5. Results of deflection measurements of plates in mm—manual measurement taken with a
patch (Stage-II).

Date 29 October 2019 05 November 2019 12 November 2019 21 November 2019

Plate
m below ground

level

Backfill load [kN·m−2]

3.84 15.36 26.88 38.40

upper plate 0.64 1.00 4.50 4.50 5.50

middle plate
1.64 8.50 7.50 7.50 8.00
2.59 6.00 6.25 7.00 6.75
3.51 11.75 12.00 12.00 12.50

bottom plate
3.86 5.00 4.00 4.50 4.00
4.79 9.00 10.00 10.00 10.00
5.72 10.00 10.50 10.50 11.00

The maximum value of the deflection arrow for Stage-I (15.5 mm) was read for the bot-
tom plate of the excavation support. The measurement was taken at 5.72 m below ground
level. After changing the soil conditions (Stage-II), as before, the maximum deflection
arrow (11.0 mm) was recorded at 5.72 m below ground level.

3.3. Scanning

The first scans were carried out on 20 September 2019, right after the excavation was
made and its walls were strengthened with support plates. The point cloud was assumed as
referential, to which the value of the deformation of support plates was then estimated, by
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comparing the point clouds from the next scan performed after subsequent loading of the
soil near the excavation area. Subsequent scans were performed in the same way as the first
scan. Deformation distributions of excavation support plates were obtained by comparing
two Cloud2Cloud point clouds in CloudCompare. Exemplary deformation distribution of
excavation support plates as of 14 November 2019, for Stage-II and the value of the backfill
load 26.88 kNm−2 is shown in Figure 10. Table 6 presents the measured values of the
deflection arrow for Stage-I, whereas Table 7 includes the values for Stage-II. Measurements
were taken at levels consistent with direct measurements using a measurement patch
(Tables 4 and 5).

Figure 10. Deformation of excavation support plates on 14 November 2019, Stage-II, backfill load
26.88 kNm−2.

Table 6. Results of deflection measurements of excavation support plates for Stage-I (intact soil)
obtained with laser scanning.

Date 20 September 2019 29 September 2019 06 October 2019 12 October 2019

Plate m belowground level
Backfill load [kN·m−2]

0.00 15.36 26.88 38.40
[mm] [mm] [mm] [mm]

upper plate 0.64 0.30 3.50 4.00 9.20

middle plate
1.64 6.80 7.00 7.00 7.20
2.59 5.50 4.90 5.60 5.40
3.51 9.30 9.30 9.10 8.80

bottom plate
3.86 8.10 7.60 7.40 7.90
4.79 12.60 12.50 12.90 12.40
5.72 16.00 15.70 14.40 15.00
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Table 7. Results of deflection measurements of excavation support plates for Stage-II (loosened soil)
obtained with laser scanning.

Date 29 October 2019 05 November 2019 12 November 2019 24 November 2019

Plate m belowground level
Backfill load [kN·m−2]

3.84 15.36 26.88 38.40

upper plate 0.64 4.68 5.67 5.87 6.65

middle plate
1.64 6.98 7.65 7.57 8.68
2.59 7.62 8.57 7.53 8.44
3.51 11.90 11.96 12.90 13.21

bottom plate
3.86 4.26 4.18 4.26 4.36
4.79 7.39 7.52 7.27 7.95
5.72 11.50 11.23 11.51 11.11

3.4. Static and Strength Calculations for a Support Plate Freely Supported on Two Opposite Edges,
Based on Tables

To verify the deflections obtained in situ, numerical calculations were performed using
the finite difference method. First, verification calculations were made based on Design
Tables [73], and second, a detailed numerical analysis was carried out, the results of which
are provided in the next section of the paper.

The structure of the plate consisted of closed rectangular steel profiles with dimensions
200 × 120 × 4 mm (Figure 3), the overall dimensions of the plate were 3920 × 2400 ×
120 mm (Figure 11). The plate was subjected to a uniformly distributed load q1 and soil
pressure q2.

Figure 11. Diagram of the plate with dimensions 3920 × 2400 × 12 mm with marked points for which
the deflections were calculated.

By assuming the Young’s modulus of steel (also referred to as the modulus of elasticity

for steel) as E = 210 GPa and the rigidity of the plate (ribs excluded) as D =
E·(H3−h3)

12 =
210·106·(0.123−0.1123)

12
∼= 5654 kNm, based on Tables [73], the following value of hydrostatic

thrust q2 was achieved:
ly
lx

=
2.40
3.92

= 0.61

w1 = 0.00570
q2·l4

x
D

= 0.000238q2

w2 = 0.00652
q2·l4

x
D

= 0.000272q2

w3 = 0.00735
q2·l4

x
D

= 0.000307q2
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For an evenly distributed load (q1), the value of deflection w1 = w2 = w3 = w, was:

w =
5

384
· q1·l4

x
D

= 0.01302· q1·l4
x

D
= 0.000544q1

In order to estimate the values of deflections, Figure 12 shows the assumed value of
soil pressure calculated for Stage-I (Figure 9).

33.30
6 = q2.4

3.6
q2.4 = 33.30·3.6

6 = 19.98 kN·m−2

Figure 12. Diagram of the assumed value of soil pressure.

Calculations considered the load acting on the bottom plate as q1 = 19.98 kN·m−2 (evenly
distributed load) and q2 = 33.30 − 19.98 = 13.32 kN·m−2 (hydrostatic thrust).

For the above data, it was calculated:

w1 = 0.000544 ·q1 + 0.000238·q2 = 14.03 mm
w2 = 0.000544 ·q1 + 0.000272·q2 = 14.49 mm
w3 = 0.000544 ·q1 + 0.0003070·q2 = 14.95 mm

3.5. Static and Strength Calculations of a Support Plate for the Plate System Using the Finite
Difference Method

For detailed calculations using the finite difference method, square meshes of the
division grid (s = 20 cm) and a static plate system with two opposite free edges and two
other freely supported edges were adopted. The adopted division mesh with the numbering
of nodes is shown in Figure 13.

By solving the systems of equations with 130 unknowns for a uniformly distributed
load and hydrostatic thrust, the coefficients proportional to deflections at individual nodes
of the division mesh were obtained.

To obtain the values of deflection w(q1), the obtained coefficients should be multiplied

by q1s4

D , and for the values of deflection w(q2) by q2s4

D .
To compare the values with the calculations given above, according to [73], the exact

values of deflections at points 10, 70 and 130 were calculated (Figure 13) and they were:
for an evenly distributed load:

w10 = w70 = w130 = 0.01305
q1·l4

x
D

= 0.000545q1
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and for hydrostatic load:

w10 = 0.00570 q2·l4
x

D = 0.000238q2

w70 = 0.00653 q2·l4
x

D = 0.000273q2

w130 = 0.00737 q2·l4
x

D = 0.000308q2

Figure 13. Adopted division mesh and load diagrams: evenly distributed load q1 and hydrostatic
load q2.

By assuming q1 = 19.98 kN
m2 (evenly distributed load) and q2 = 13.32 kN

m2 (hydrostatic
thrust), it was calculated:

w10 = 0.000545 · q1 + 0.000238·q2 = 14.06 mm
w70 = 0.000545 · q1 + 0.000273·q2 = 14.52 mm
w130 = 0.000545 · q1 + 0.000308·q2 = 14.99 mm

The comparison of results obtained with calculations based on Tables [73] and detailed
calculation made with the finite difference method showed a very high consistence.

3.6. Calculations of the Deflection Arrow of the Plate

The serviceability limit state is the state beyond which a plate no longer meets its
operational requirements. According to the guidelines of PN-EN 13331-1-1:2002 [74], the
maximum deflection of plates and sliding guides should be certified with reference to the
load equal to the immediate strength divided by partial factors of γF = 1.5 (for soil action)
and γM = 1.1 (for strength).

The above recommendations correspond to the guidelines of PN-EN 1990:2004 [75],
which for the serviceability limit states recommend taking partial factors with the value of
γ = 1.

The literature on the subject and applicable standards do not specify the deflection
limit for temporary excavation support plates. This is an inconvenience for site managers,
as there is no value with which to compare the deflection of support plates, which can be
easily measured with a patch at any construction site.
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On the basis of the obtained deflection values for the lower edge of the plate for tabu-
lar [73] and detailed (FDM) solutions, an attempt was made to determine the permissible
(limit) value of the deflection arrow, which was also compared with the values read from
measurements taken with a patch and a laser scanner.

Deflection at Point 3 (Figure 11) was 14.95 mm, and at Point 130 (Figure 13) it was
14.99 mm. For the plate with the length lx = 3.92 m it took the value:

3920
14.95

= 262 → w =
lx

262
and

3920
14.99

= 261.5 → w =
lx

261
. (6)

Based on the actual measurements of deflections in situ (Tables 4 and 6), the greatest
value of the deflection arrow was 15.5 mm (patch) and 16 mm (scanner); for these values it
was then designated:

3920
15.5

= 253 → w =
lx

253
and

3920
16

= 245 → w =
lx

245
.

4. Analysis of the Results and Discussion

Analysis of the measured deflections, both taken with a patch and using a laser scanner
(Tables 4–9), showed that the backfill load has no significant effect on the deflections of
the lower plate. The maximum values of deflections were recorded in the lower edge
of the bottom support plate, 5.72 m below ground level and did not exceed 16 mm for
measurement taken with a laser scanner and 15.5 mm for direct measurement taken with
a patch. Direct comparison of the deflection arrow values measured with a laser scanner
and a patch (Tables 8 and 9) indicates a high compliance of measurements. The values of
measurements of the deflection arrow taken at the same time, with a difference of one to
two days between measurements taken with a patch and a laser scanner, for both Stage-I
and Stage-II, differed slightly, on average by 0.67 mm, with the value of standard deviation
(SD) 1.45 mm (Figures 14 and 15). Greater values of the deflection arrow in individual
support plates were recorded in their lower edges, for the middle plate and for the bottom
plate. Lower values of the deflection arrow in the upper parts of support plates resulted
from the use of strong rib reinforcement in the upper part of the plate (i.e., plate head).
Additionally, the middle plate partially overlapped the bottom plate, thus both plates
contributed to the load transmission at their contact point. The greater value of deflection
14.4 to 15.7 mm, measured in the lower edge of the bottom plate, occurred probably because
the cutting edge of the bottom support plate was less rigid than the rest of the plate surface.

Table 8. List of deflection measurements of support plates using a patch and a laser scanner taken
for Stage-I. Denominations: P—measurement taken with a patch, S—measurement taken with a
laser scanner.

Date
30 September 2019

(Scanner: 29 September
2019)

04 October 2019
(Scanner: 06 October

2019)

14 October 2019
(Scanner: 12 October

2019)

Backfill load [kN·m−2] 15.36 26.88 38.4
P S P S P S

m belowground level [mm]

upper plate 0.64 2.00 3.50 2.00 4.00 2.00 9.20

middle plate
1.64 5.00 7.00 5.50 7.00 5.00 7.20
2.59 5.50 4.90 5.25 5.60 5.25 5.40
3.51 8.00 9.30 8.50 9.10 8.00 8.80

bottom plate
3.86 7.25 7.60 7.50 7.40 7.50 7.90
4.79 12.00 12.50 12.00 12.90 12.00 12.40
5.72 14.75 15.70 14.75 14.40 14.75 15.00
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Table 9. List of deflection measurements of support plates using a patch and a laser scanner taken
for Stage-II. Denominations: P—measurement taken with a patch, S—measurement taken with a
laser scanner.

Date 28 October 2019
(Scanner: 29 October 2019)

05 November
2019

12 November 2019
(Scanner: 14 November 2019)

21 November 2019
(Scanner: 24 November 2019)

Backfill load [kN·m−2] 3.84 15.36 26.88 38.40
P S P S P S P S

m below ground level [mm]

upper plate 0.64 1.00 4.68 4.50 5.67 4.50 5.87 5.50 6.65

middle plate
1.64 8.50 6.98 7.50 7.65 7.50 7.57 8.00 8.68
2.59 6.00 7.62 6.25 8.57 7.00 7.53 6.75 8.44
3.51 11.75 11.90 12.00 11.96 12.00 12.90 12.50 13.21

bottom plate
3.86 5.00 4.26 4.00 4.18 4.50 4.26 4.00 4.36
4.79 9.00 7.39 10.00 7.52 10.00 7.27 10.00 7.95
5.72 10.00 11.50 10.50 11.23 10.50 11.51 11.00 11.11

Figure 14. Deflection arrows—Stage-I.

There are few works in the subject literature analysing the results obtained in field
experiments as well as analysing measurements taken with one of the most modern tech-
nologies, namely laser scanning.

The authors of the paper [76] presented the results of the numerical calculations using
the finite element method, which were carried out with the PLAXIS-3D Finite Element
computer program. They analysed the value of soil pressure on the steel box cover, acting
as an excavation support. These tests included a simulation of the static operation of two
steel (or aluminum) excavation covers placed one on the other with a total depth of the
excavation equal to 6 m. The finite element method (FEM) was adopted for the analysis
and the Mohr-Coulomb constitutive material model (MC) was selected. The results were
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compared with the empirical diagrams of apparent soil pressure for clay. The comparison
showed that the parameters related to the soil and the excavation support structure have a
significant impact on the values of received loads and the use of load-bearing capacity of
the material from which the support was made. The authors of the work [77] presented the
results of experimental field tests, the purpose of which was to examine the value of soil
pressure for temporary excavation supports. They provided procedures for instrumentation
installation and field testing for two supports of “stacked” excavations, in accordance with
the US OSHA regulations, placed in the excavation at a total depth of 6 m. The results of
field tests were presented considering the distribution of soil pressure at the excavation
depth considering the backfill load and excluding it. The results indicated the possibility of
using the tested support system of excavations and ditches in cohesive soils and confirmed
the compliance with theoretical results. The authors of the paper [77] found that the results
obtained by means of analytical formulas generally underestimated the experimental values
for the clay considered in their study.

Figure 15. Deflection arrows—Stage-II.

The effectiveness of applying the finite difference method has been reported in numerous
scientific papers. The authors of the article [29] verified the values of deflection experimentally
by means of a coordinate measuring arm, comparing them with the values calculated with
the finite difference method for hydrostatic thrust acting on the tank. The paper [27] presents
calculations for a thermally loaded plate, which were experimentally verified.

Table 10 summarizes the values of deflections in the lower edge of the excavation sup-
port (at the bottom of the excavation) obtained from tests carried out with a measurement
patch, a laser scanner and calculated using the finite difference method based Tables [73]
and a detailed solution with no backfill load.
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Table 10. Comparison of the values of deflections for support plates using a patch and a laser scanner
taken for Stage-I and calculated using Tables and detailed calculations, with the value of backfill load
equal to 0.00 kN·m−2.

The Method of Obtaining the Values of Deflections The Value of Deflection in the Lower Edge of the Plate, at the
Bottom of the Excavation, for Backfill Load 0.00 kN·m−2

patch (Table 4) w = 15.50 mm
scanner (Table 6) w = 16.00 mm

calculations acc. [73] w = 14.95 mm
detailed FDM calculations w = 14.99 mm

It can be clearly stated that the compliance of the obtained results was very good.
Thus, both the research experiment and the calculations were carried out correctly.

Calculations of the deflection arrow values, which could be used to recommend the
formula for the limit deflection of steel plates of temporary excavation supports, were made
based on the values of deflection obtained experimentally and numerically. To compare the
obtained results, the deflection arrow values were determined based on the material data
of the support plate, which should be treated as a limit (permissible).

Calculations were made in two variants for steel S235JR and S355JR, for the plate
shown in Figure 3. It was assumed that the fin plate is a freely supported plate loaded with
a uniformly distributed load along its entire length (Figure 16).

Figure 16. Cross-sections of individual components of the plate, (a) head, (b) components (rectangular
pipe), (c) cutting edge.

The moment of inertia for the entire plate (“head” + 10 profiles 200 × 120 × 4 × 4 mm
+ “cutting edge”) was Ix = 7817.01 cm4.

The assumed load capacity of the cross-section taking into account plastic reserve

for S235JR steel was Mc,Rd = Mpl,Rd =
Wpl,x
γM0

· fy = 33, 865.38 kNcm, and for S355JR

steel—Mc,Rd = Mpl,Rd =
Wpl,x
γM0

· fy = 51, 158.34 kNcm. The maximum bending moment
for a freely supported beam, uniformly loaded along its entire length, was assumed:
MEd = 0.125·q·lx

2.
The maximum plastic load capacity of the cross-section was adopted as the limit value

beyond which the steel cross-section plasticization occurs; therefore, the maximum value
of the linear load q was: for S235JR steel q = MEd

0.125·lx2 = 1.76 kN·cm−1, and for S355JR

steel—q = MEd
0.125·lx2 = 2.66 kN·cm−1.

By assuming partial load factors, the continuous linear service load was calculated (qu):

qu =
q

γF ·γM
=

q
1.5 ·1.1

:
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for S235JR steel qu = 1.76
1.5 ·1.1 = 1.067 kN·cm−1,

for S355JR steel qu = 2.66
1.5 ·1.1 = 1.61 kN·cm−1.

To determine the maximum deflection for the value of plastic resistance of the cross-
section, the formula for the deflection arrow was used for a freely supported beam loaded
with a load uniformly distributed over its entire length:

f =
5· qu

384· E· Ix
·l4

x

where:

lx—length of the plate (lx = 392 cm),
E—modulus of elasticity for steel (I = 210,000 N·mm−2) [78],
Ix—moment of inertia (Ix = 7817.01 cm4),
qu—service load.

For S235JR steel:

f = 5 ·1.067
384 ·21000 ·7817 ·3924 = 2.00 cm

f = 2.00 cm → 392
2.00 = 196 → f = 1

196 lx —the value of deflection was 1/196 of the span.

For S355JR steel:

f = 5 · 1.61
384 ·21000 · 7966 ·3924 = 3.02 cm

f = 3.02 cm → 392
3.02 = 130 → f = 1

130 lx —the value of deflection was 1/130 of the span.
Based on calculations of the deflection arrow, the following results were obtained and

are summarised in Table 11.

Table 11. List of the limit value of the deflection arrow obtained based on experimental tests
and calculations.

The Method of Obtaining the Values of Deflection Calculated Value of the Deflection Arrow (Where lx Is the
Length of the Plate)

Patch (wmax = 15.50 mm) wgr =
lx

253
Scanner (wmax = 16.00 mm) wgr =

lx
245

Calculations acc. [73] (wmax = 14.95 mm) wgr =
lx

262
Detailed FDM calculations (wmax = 14.99 mm) wgr =

lx
261

Calculations based on the maximum plastic load capacity for
S235JR steel wgr =

lx
196

Calculations based on the maximum plastic load capacity for
S355JR steel wgr =

lx
130

5. Conclusions

The paper presents the results of deflection tests for temporary excavation support
plates obtained based on measurements taken on the experimental object in 1:1 scale. This
is undoubtedly a great cognitive value of the work. In the subject literature, there are few
studies in this field, the results of which are based on real-scale experimental tests and on
a real research object. The results obtained during the tests were verified by numerical
calculations using the finite difference method.

Based on the experimental tests and numerical analysis, it can be concluded that:

• Deflections measured with a patch and obtained using a laser scanner (Tables 8 and 9)
showed similar values, corresponding to the values resulting from static calculations
made with the finite difference method.

• The measured maximum deflections (Tables 4–7) ranged from 14.40 to 16 mm, and the
calculated values were 14.95 and 14.99 mm. The consistency of results is very good.
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• Based on the maximum plastic load capacity of the steel fin plate cross-section, the
values of permissible deflections were determined. Deflections measured with a patch
and a laser scanner were significantly smaller than the values accepted as permissible.

• The analysis of the values of deflections measured both with a patch and a laser
scanner (Tables 4–7) showed that the backfill load does not have a significant effect on
the deflection of the lower plate, but it does affect the deflection of the first plate up
to a depth of 1.2 m. Deflections of the plate without the backfill load are sometimes
greater than deflections with the backfill load recorded for the second and third plate.

• According to PN-EN 13331-1-1:2002 [74], there is no obligation to verify the deflection
of support plates of temporary excavations; only the value of the maximum deflection
should be provided to users. The authors of the paper believe that this reflects an over-
sight on the part of the legislator. It would be advantageous if the person conducting
construction works (site manager) knew the boundary value of the deflection arrow
for excavation support plates, which depends only on the span of the plate, so there is
no need to perform any numerical calculations.

• It is recommended, based on Table 11, to assume the limit (maximum) deflection arrow
for support plates of temporary excavations at least as wgr =

L
130 , where L is the span

of the plate.

The conducted tests, measurements and calculations can be used to verify existing so-
lutions in the subject matter and to improve plate structures in order to ensure greater safety
of the manufactured and support plates in use as well as to reduce their production costs.
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Abstract: Corrugated steel plate shear walls (CSPWs) with three different stiffening methods are
proposed in this paper, including unstiffened CSPWs (USWs), cross stiffened CSPWs (CSWs) and
asymmetric diagonal-stiffened CSPWs (ASWs). A numerical model was established by ABAQUS
6.13 based on the validation of an existing cyclic test on a CSPW. This paper presents an investigation
of the lateral performance under monotonic loading, seismic performance under cyclic loading and
seismic performance under atmospheric corrosion of USW, CSW and ASW. The results show that
(1) Stiffeners can improve the elastic critical buckling load, the initial stiffness and the ultimate shear
resistance of CSPWs, and the effect of asymmetric diagonal stiffeners is more significant than that of
cross stiffeners; (2) Stiffeners can improve the energy dissipation capacity and ductility, delay stiffness
degradation and reduce the out-of-plane deformation of CSPWs, and the hysteretic performance
of ASWs is obviously better than that of CSWs; and (3) Under atmospheric corrosion, stiffeners are
conducive to inhibiting buckling and improving the seismic performance of CSPWs, while the seismic
performance of CSWs is significantly affected by corrosion, so asymmetric diagonal stiffeners are
better than cross stiffeners in improving the seismic performance of CSPWs. Meanwhile, the formula
of ultimate shear resistance of corroded specimens is also fitted in this paper, which can provide
design suggestions for practical engineering.

Keywords: corrugated steel plate shear wall (CSPW); finite element method (FEM); lateral performance;
hysteretic performance; atmospheric corrosion

1. Introduction

With lighter weight, higher strength and better ductility, the damage degree of steel
structures is much lower than that of reinforced concrete structures after earthquakes
un-der the same conditions. To address problems existing in traditional structures, the
steel plate shear wall (SPSW) has been proposed. The SPSW is a kind of lateral force
resistant structural system that emerged in the 1970s. Due to its high initial stiffness, good
ductility and seismic performance, simple connection and reduced structural deformation,
the SPSW has been widely used in the lateral force resisting system of middle- and high-rise
buildings [1–4]. However, the steel plate is prone to buckling, which can cause a reduction
in the shear resistance and lateral stiffness. Meanwhile, the steel plate has poor energy
dissipation capacity, and it can also form a tension field, which is disadvantageous to the
boundary column [5–8].
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To solve the problem that the steel plate is prone to buckling, many experiments
and theoretical analyses were conducted. Berman and Bruneau [9–11] proposed the strip
mod-el of the flat steel plate, and the formulae for calculating the ultimate shear resis-
tance of the SPSW when the infilled steel plate is hinged and rigidly connected to the
boundary frame are proposed, which were verified by experiments. Studies have shown
that stiffeners can significantly improve the energy dissipation capacity, ultimate shear
resistance, initial stiffness and ductility [12]. Nie et al. [13] studied the influence of 6 kinds
of stiffeners on the SPSW, and the results showed that among the six kinds of stiffeners,
the asymmetric diagonal stiffened SPSW had the largest critical buckling load, followed
by the cross stiffener. According to Cao et al. [14,15], compared with unreinforced SPSWs,
the new SPSW with X-shaped restrainers has been improved in some respects, including
the shear resistance, peak load, energy dissipation capacity and out-of-plane displacement
constrained efficiency, and its hysteretic curve tends to be full. Khaloo et al. [16] conducted
numerical investigations on a diagonal stiffened SPSW, and the results showed that the
stiffened SPSW showed good crack resistance in both the elastic and plastic stages.

CSPWs have attracted more attention than traditional SPSWs because CSPWs exhibit
higher out-of-plane stiffness, shear resistance, ductility and energy dissipation capac-
ity [17,18]. Emami et al. [19,20] conducted numerical investigations and experiments on
the cycle performance of CSPWs and SPSWs, and the results showed that compared to
SPSWs, CSPWs had higher out-of-plane stiffness and buckling strength and a fuller hys-
teretic curve. Meanwhile, the beam-only connected SPSW was proposed first to avoid
high-flexural and axial demands in the boundary column due to the tension field [21].
Paslar et al. [22] established 57 numerical models to investigate the connection between
steel plates and boundary frames. Elastic buckling can be avoided by reasonable design of
the corrugated size, but there is a certain relationship between the ultimate shear resistance
and the geometric parameters of the CSPW, so geometric parameters should be reasonably
selected to avoid a significant decrease in the post-buckling strength [23–28]. To inhibit
the out-of-plane buckling of corrugated steel plates, corrugated steel plates with stiffeners
have been proposed by researchers. Tong [29] proposed three new types of CSPWs and
then conducted experimental, numerical and theoretical investigations. The results showed
that stiffeners can effectively restrain the out-of-plane buckling of CSPWs and improve the
ultimate shear resistance and energy consumption of CSPWs to some extent. Wang [30] and
Zheng et al. [31,32] proposed a new type of cross stiffened CSPW and established FEM mod-
els. Then, the lateral resistance, seismic performance and the influence of the dimensions
of the CSPW on the mechanical performance were analysed. The results showed that in
the middle and late loading stage of the CSPW, the steel plate can have in-elastic buckling,
resulting in the decline of the ultimate shear resistance and the final failure. The cross
stiffener can play a good role in inhibiting buckling and further improving the mechanical
performance of the CSPW.

Meanwhile, corrosion is a problem for a large number of steel structures. In coastal
areas, corrosion is an important factor leading to age-related structural degradation of
steel structures; it can reduce the strength of steel, cause stress concentration, and finally
reduce the bearing capacity of structures [33,34]. Zheng et al. [35–37] conducted accelerated
corrosion tests and quasi-static cyclic tests on steel frames and joints, and Xu et al. [38,39]
conducted accelerated corrosion tests, quasi-static cyclic tests and finite element analyses on
seven H-shaped steel columns. The results showed that with increasing corrosion degree,
the forming of the plastic hinge was accelerated, and the ultimate lateral resistance, stiffness
and energy dissipation capacity of the specimens decreased significantly.

Although many experimental and theoretical investigations have been conducted on
CSPWs with stiffeners, the current research mainly compares the mechanical properties of
CSPWs before and after stiffening, and research comparing CSPWs with different stiffening
methods is still insufficient. Meanwhile, although many experimental and numerical
investigations of steel structures under atmospheric corrosion have been conducted [35–39],
there are still few investigations on the seismic performance of corroded CSPWs [40–42].
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Therefore, this paper carries out finite element analyses on CSPWs with different stiffening
methods by using ABAQUS. The lateral performance, seismic performance and hysteretic
performance under atmospheric corrosion are studied, and the analysis results can provide
practical suggestions for practical engineering design.

2. Numerical Modelling
2.1. Model Description

This paper proposes three types of CSPWs with different stiffening methods, including
USW, CSW and ASW. According to the Chinese standards of GB50017-2017 [43], JGJ/T380-
2015 [44] and GB50011-2010 [45], the dimensions of the USW, CSW and ASW are presented
in Figure 1. The specimen consists of the boundary frame, infilled corrugated steel plate
and the stiffener. The section of the boundary column is H 400 × 300 × 18 × 22. The
top-beam section and the bottom-beam section are designed as the same sizes, and they
are H 350 × 300 × 14 × 20. The section of the middle beam is H 300 × 250 × 12 × 16.
The beam column is rigidly connected, and the stiffeners are welded in the node domain.
The dimensions of the infilled corrugated steel plate are presented in Figure 1. Vertical
trapezoidal corrugated steel plates are used for these specimens, and the thickness is 6 mm,
the wave height is 90 mm, the wavelength is 300 mm, and the CSPW is only welded with
the frame beam. The stiffeners are welded to the surface of the corrugated steel plate.
The dimensions of the cross stiffener of the CSW are −3000 × 70 × 7. The stiffeners are
arranged asymmetrically on the front and back sides of the corrugated steel plate, and the
dimensions of the long stiffener and short stiffener are −4240 × 70 × 7 and −2120 × 70 × 7,
respectively. Q355 steel is used for the boundary frame and stiffeners, and Q235 steel is
used for the corrugated steel plate.
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Figure 1. Dimension details of USW, CSW and ASW: (a) USW; (b) CSW; (c) ASW; (d) the profile of
Section 1-1; (e) the profile of Section 2-2; (f) the profile of Section 3-3; (g) the dimensions of corrugated
steel plate.

Numerical models of USW, CSW and ASW are shown in Figure 2. In the numerical
models, S4R four-node shell elements are used for modelling the boundary frame, the
corrugated steel plates and the stiffeners. The maximum size of the elements is 70 mm
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for steel, and the mesh sensitivity analysis reveals that the mesh size is dense enough
for reasonable accuracy and computation time. The constitutive relation of the steel is a
bilinear kinematic model; before the steel reaches the yield strength, the slope is E, and
after reaching the yield strength, the slope is 0.03 E. A “Merge” combination command is
used to simulate the weld connections in the beams and the columns. A “Tie” command is
used to connect the corrugated steel plates to the boundary beams and stiffeners. Initial
defects are introduced into the model by modifying the keyword, and the amplitude is
taken as 1/1000 [46].

Materials 2022, 15, x FOR PEER REVIEW 4 of 26 
 

 

Numerical models of USW, CSW and ASW are shown in Figure 2. In the numerical 
models, S4R four-node shell elements are used for modelling the boundary frame, the 
corrugated steel plates and the stiffeners. The maximum size of the elements is 70 mm for 
steel, and the mesh sensitivity analysis reveals that the mesh size is dense enough for 
reasonable accuracy and computation time. The constitutive relation of the steel is a 
bilinear kinematic model; before the steel reaches the yield strength, the slope is E, and 
after reaching the yield strength, the slope is 0.03 E. A “Merge” combination command is 
used to simulate the weld connections in the beams and the columns. A “Tie” command 
is used to connect the corrugated steel plates to the boundary beams and stiffeners. Initial 
defects are introduced into the model by modifying the keyword, and the amplitude is 
taken as 1/1000 [46]. 

The lateral loads were imposed using the displacement-control scheme, as shown in 
Figure 3. Loading steps were integer multiples of yield displacement δy. The spacing 
between each control point was δy, and it could be known when an inflection appeared in 
the curve in Figure 3, repeated three times at each control point. 

   
(a) (b) (c) 

Figure 2. Model diagrams of USW, CSW and ASW: (a) USW; (b) CSW; (c) ASW. 
Figure 2. Model diagrams of USW, CSW and ASW: (a) USW; (b) CSW; (c) ASW.

The lateral loads were imposed using the displacement-control scheme, as shown
in Figure 3. Loading steps were integer multiples of yield displacement δy. The spacing
between each control point was δy, and it could be known when an inflection appeared in
the curve in Figure 3, repeated three times at each control point.
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2.2. Validation of FEM

Currently, no existing cyclic tests have been performed to validate the FEM model of
CSWs and ASWs. This paper selects test results from specimen S-1 from the Ref. [47]. S-1
is shown in Figure 4. The thickness, height and width of the corrugated steel plates were
3 mm, 1 m and 1.75 m, respectively. Q345 steel was used for the boundary frame of S-1,
and Q235 steel was used for the infilled corrugated steel plate of S-1. The numerical model
of specimen S-1 is then built using the same modelling method presented in Section 2.1,
and the material properties of the test specimen are shown in Table 1.
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Table 1. Material properties of S-1 [47].

Items Steel Type Thickness t/mm E/MPa f u/MPa f y/MPa f u/f y Elongation Ratio

H-web Q345 14 202,558 513.3 357.3 1.44 34.6%
H-flange Q345 16.6 183,527 468.9 334.8 1.42 34.1%
Fishplate Q235 5.7 204,273 460 336 1.37 36.9%

Corrugated steel plate Q235 3 193,252 451.3 312.3 1.45 39.4%

Note: E is the elastic modulus; f y is the yield strength; f u is the ultimate strength.

The comparisons of the hysteretic curves and envelope curves obtained from FEM
analyses and tests are shown in Figure 5, and the detailed results are shown in Table 2. The
hysteretic curves of FEM analyses and tests were full, and the overall trend of envelope
curves from FEM analyses and tests was basically consistent. The error of yield strength
between FEM analyses and tests is only 0.7%. The yield displacement and peak load of the
tests are higher than those of FEM analyses, and the errors are 8.8% and 3.8%, respectively.

The comparisons of the failure modes of S-1 between FEM analyses and tests are
shown in Figure 6. The results of the comparisons show that the FEM model accurately
simulates the buckling modes and buckling positions of boundary columns and corrugated
steel plates. It can be found that the numerical model in Section 2.1 is reasonable, and it
can be used for the following study.
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Figure 5. Comparisons of the load–displacement curves of specimen S-1: (a) hysteretic curves and 
(b) envelope curves. 

Table 2. Detailed results of comparison between FEM and test. 

Results Py/kN Δy/mm K0/(kN/mm) Pm/kN Δm/mm 
Test 1300.08 20.05 99.94 1626.35 46.19 
FEM 1309.99 18.28 109.04 1565.01 41.69 
Error 0.76% 8.82% 9.10% 3.77% 9.76% 

Note: Py is the yield load, Δy is the yield displacement, K0 is the initial lateral stiffness, Pm is the peak 
load, and Δm is the displacement at Pm. 

The comparisons of the failure modes of S-1 between FEM analyses and tests are 
shown in Figure 6. The results of the comparisons show that the FEM model accurately 
simulates the buckling modes and buckling positions of boundary columns and 
corrugated steel plates. It can be found that the numerical model in Section 2.1 is 
reasonable, and it can be used for the following study. 

Figure 5. Comparisons of the load–displacement curves of specimen S-1: (a) hysteretic curves and
(b) envelope curves.

Table 2. Detailed results of comparison between FEM and test.

Results Py/kN ∆y/mm K0/(kN/mm) Pm/kN ∆m/mm

Test 1300.08 20.05 99.94 1626.35 46.19
FEM 1309.99 18.28 109.04 1565.01 41.69
Error 0.76% 8.82% 9.10% 3.77% 9.76%

Note: Py is the yield load, ∆y is the yield displacement, K0 is the initial lateral stiffness, Pm is the peak load, and
∆m is the displacement at Pm.
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Figure 6. Comparison of the failure modes of the test observation and FEM analyses: (a) local
buckling at the bottom of the test column; (b) local buckling at the bottom of the FE column; (c) global
de-formation of the test specimen; and (d) global deformation of the FE specimen.

3. Comparative Study of the Lateral Resistance of the CSPW

FEM models of USW, CSW and ASW are built as shown in Figure 7 and their lateral
resistance under monotonic loading is compared and analyzed. The modelling method is
similar to that in Section 2.1, and a “Tie” combination command is used to simulate the
weld connections in the stiffener and the corrugated steel plate. The constitutive relation
of the material is linear elasticity. The boundary condition of the corrugated steel plate is
that the upper and lower sides are hinged with the boundary frame. Axial forces P1 and
P2 are applied at two coupling points on the top of the boundary columns to simulate the
vertical load, such as gravity, and P1 = P2 = 600 kN. Then, horizontal load is applied at the
coupling point on the height of the centerline of the top beam until the specimen fails.
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3.1. Comparison of Monotonic Load–Displacement Curves

The load–displacement curves of the USW, CSW and ASW are shown in Figure 8, and
the detailed results are shown in Table 3. Due to stiffeners, the properties of three types of
specimens such as the initial stiffness, yield load and ultimate shear resistance are different.
The yield load and peak load of ASW were the largest, followed by CSW. With increasing
lateral displacement, USW showed the earliest decline period with a large decline range,
and ASW showed the last decline period with a gentler decline. This means that ASW has
the best ductility and USW has the worst ductility.
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Figure 8. Load–displacement curves of USW, CSW and ASW. 
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The out-of-deformations of the USW, CSW and ASW at failure under monotonic 

loading are shown in Figure 9. USW had serious out-of-plane deformation and buckling. 
Due to the inhibition of cross stiffeners, the out-of-plane deformation of the CSW was low-
er than that of the USW. The deformation of ASW at failure was mainly local deformation, 
and the out-of-plane deformation of ASW was the lowest among them. The maximum 
out-of-plane deformation of USW, CSW and ASW is 231.7 mm, 145.61 mm and 88.01 mm, 
respectively, so compared to ASW, the maximum out-of-plane deformation of CSW and 
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Table 3. Comparisons of the characteristic results of USW, CSW and ASW.

Specimen K0/(kN/mm) Py/kN ∆y/mm Pu/kN ∆u/mm

USW 83.02 1848.81 37.46 2254.15 170.83
CSW 88.04 1983.98 38.00 2422.66 238.89
ASW 92.50 2099.42 40.29 2633.8 334.22

Note: Pu is the maximum load, ∆u is the displacement at Pu.

Compared to USW, the initial lateral stiffness, yield load, yield displacement, peak
load and displacement at the peak load of the CSW increase by 6.05%, 7.31%, 1.44%, 7.48%
and 39.84%, respectively. Compared to the CSW, the initial lateral stiffness, yield load, yield
displacement, peak load and displacement at the peak load of the ASW increase by 5.1%,
5.8%, 6.02%, 8.7% and 40%, respectively. Therefore, cross stiffeners can effectively improve
the lateral resistance of the CSPW, and asymmetric diagonal stiffeners can be more effective
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than cross stiffeners. Meanwhile, asymmetric diagonal stiffeners can also avoid the stress
concentration and complex connection caused by diagonal stiffeners on the same side.

3.2. Comparison of Out-of-Plane Deformations

The out-of-deformations of the USW, CSW and ASW at failure under monotonic
loading are shown in Figure 9. USW had serious out-of-plane deformation and buckling.
Due to the inhibition of cross stiffeners, the out-of-plane deformation of the CSW was low-
er than that of the USW. The deformation of ASW at failure was mainly local deformation,
and the out-of-plane deformation of ASW was the lowest among them. The maximum
out-of-plane deformation of USW, CSW and ASW is 231.7 mm, 145.61 mm and 88.01 mm,
respectively, so compared to ASW, the maximum out-of-plane deformation of CSW and
USW increases 39.56% and 62.02%, respectively. It is revealed that asymmetric diagonal
stiffeners can inhibit the out-of-plane deformation of the CSPW more effectively than cross
stiffeners.
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3.3. The Comparison of Stress Distributions

The stress distributions of USW, CSW and ASW at failure are shown in Figure 10a–f.
When USW was damaged, the corrugated steel plate buckled seriously, full section yielding
occurred at the bottom of the boundary column, and plastic buckling occurred at the end
of the middle beam. Due to the inhibition of cross stiffeners, the lateral displacement of
the CSW at buckling was larger than that of the USW, the plastic hinge at the bottom of
the boundary column was formed later, and the buckling of the corrugated steel plate of
the CSW at failure was slighter than that of the USW. Due to the inhibition of asymmetric
diagonal stiffeners, the corrugated steel plate of ASW had large in-plane stiffness, the
plastic area at the bottom of the boundary column of ASW was smaller than that of CSW,
and when ASW was damaged, there was no full section yielding at the bottom of the
boundary column.
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Figure 10. Stress distribution of damaged specimens under the monotonic load: (a) corrugated steel
plate of USW; (b) boundary frame of USW; (c) corrugated steel plate of CSW; (d) boundary frame of
CSW; (e) corrugated steel plate of ASW; (f) boundary frame of ASW.

The comparative results show that due to the inhibition of cross stiffeners and asym-
metric diagonal stiffeners, the plastic hinge at the bottom of the boundary column is formed
later, and the failure of the whole specimen is delayed. Meanwhile, asymmetric diagonal
stiffeners are better than cross stiffeners in inhibiting the inelastic buckling in-stability
of CSPWs.

4. Comparative Study on Seismic Performance of the CSPW

Finite element analyses of USW, CSW and ASW under cyclic loads are carried out,
and the modelling method is the same as that in Section 3. A vertical load is applied at two
coupling points on the top of the boundary columns, and then a horizontal load is applied
at the coupling point on the beam-column joint.

4.1. Comparison of Cyclic Load–Displacement Curves

The hysteretic curves and the envelope curves of the specimens are shown in Figure 11,
and detailed results are shown in Table 4. Compared to USW and CAW, the hysteresis
loop of specimen ASW was fuller. With global buckling of the CSPW, the lateral stiffness
of the specimens decreased, and the stiffness of the CSW and ASW decreased slightly in
the late loading stage. With increasing lateral displacement, the specimen yielded and
gradually entered the stage of plastic development, resulting in loss of stiffness. Then,
the ultimate shear resistance of the specimen decreased significantly, and the specimen
entered the stage of plastic failure. Compared to USW, the initial stiffness, yield load, yield
displacement, peak load and ductility of the CSW increase by 4.1%, 6.82%, 11.35, 6.7% and
27.64%, respectively, and the initial stiffness, yield load, yield displacement, peak load and
ductility of the ASW increase by 12.15%, 11.66%, 15.32%, 14.4% and 46.4%, respectively.
Therefore, asymmetric diagonal stiffeners can inhibit the buckling of CSPWs and improve
hysteretic performance more effectively than cross stiffeners.
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Figure 11. Load–displacement curves of specimens USW, CSW and ASW: (a) hysteretic curves; (b) 
envelope curves. 

Table 4. Characteristic results of USW, CSW and ASW. 

Specimen K0/(kN/mm) Py/kN Δy/mm Pm/kN Δm/mm μ 

USW 80.3 1792.36 36.43 2144.82 119.01 5.97 

CSW 83.59 1914.53 40.6  2288.62 138.59 7.62 

ASW 90.06  2001.27 42.01 2453.59 159.15 8.74 

Note: Pm is the peak load, Δm is the displacement at Pm, and μ is the ductility factor, μ = Δu/Δy. 
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The energy dissipations of the specimens are shown in Figure 12. The energy 
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CSW. After the loading step reached 2δy, the energy dissipation of the ASW increased the 
fastest, followed by that of the CSW. The maximum values of energy dissipation of USW, 
CSW and ASW are 1,207,511 kN·mm, 1,476,870 kN·mm and 1,865,640 kN·mm, 
respectively. Compared to USW and CSW, the energy dissipation of ASW improves 26% 
and 54%, respectively. Therefore, stiffeners can improve the energy dissipation of CSPWs, 
and asymmetric diagonal stiffeners can improve the energy dissipation of CSPWs more 
effectively than cross stiffeners. 

Figure 11. Load–displacement curves of specimens USW, CSW and ASW: (a) hysteretic curves;
(b) envelope curves.

Table 4. Characteristic results of USW, CSW and ASW.

Specimen K0/(kN/mm) Py/kN ∆y/mm Pm/kN ∆m/mm µ

USW 80.3 1792.36 36.43 2144.82 119.01 5.97
CSW 83.59 1914.53 40.6 2288.62 138.59 7.62
ASW 90.06 2001.27 42.01 2453.59 159.15 8.74

Note: Pm is the peak load, ∆m is the displacement at Pm, and µ is the ductility factor, µ = ∆u/∆y.

4.2. Comparison of Energy Dissipation Capacity

The energy dissipations of the specimens are shown in Figure 12. The energy dissi-
pation of the ASW under each loading step was higher than that of the USW and CSW.
After the loading step reached 2δy, the energy dissipation of the ASW increased the fastest,
followed by that of the CSW. The maximum values of energy dissipation of USW, CSW
and ASW are 1,207,511 kN·mm, 1,476,870 kN·mm and 1,865,640 kN·mm, respectively.
Compared to USW and CSW, the energy dissipation of ASW improves 26% and 54%,
respectively. Therefore, stiffeners can improve the energy dissipation of CSPWs, and asym-
metric diagonal stiffeners can improve the energy dissipation of CSPWs more effectively
than cross stiffeners.

4.3. Comparison of the Degradation of the Stiffness and Strength

The curves of stiffness degradation of USW, CSW and ASW are shown in Figure 13.
The stiffness degradation of the specimens had the same trend. The stiffness of the ASW
at each loading step was higher than that of the USW and CSW. After reaching the peak
load, the stiffness degradation of ASW was smaller than that of USW and CSW. Therefore,
asymmetric diagonal stiffeners can better inhibit buckling and improve the in-plane stiff-
ness of CSPWs at the late loading stage.
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Figure 12. Energy dissipation of USW, CSW and ASW. 
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Figure 13. Stiffness degenerations of USW, CSW and ASW. 

The strength degradation coefficient (λi, i = 1, 2, ……) is an index to evaluate the 
strength degradation of the structure, and the calculation formula is: 
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The strength degradation coefficient (λi, i = 1, 2, . . . . . . ) is an index to evaluate the
strength degradation of the structure, and the calculation formula is:

λi =
Fi+1

j

Fi
j

, (1)

where Fi+1
j is the peak load of cycle i + 1 at the jth loading step and Fi

j is the peak load of
cycle i at the jth loading step.

The variation trend of λ1 and λ2 with loading displacement is shown in Figure 14.
Before reaching the peak load, λi of the USW, CSW and ASW is approximately about 1, and
after reaching the peak load, λi of the USW, CSW and ASW decreases by 6%, 4.5% and 2%,
respectively, and λi of the ASW is not less than 0.98. Compared to USW and CSW, λi of
ASW increases by a maximum of 4.8% and 3.7%, respectively, so stiffeners can improve the
stability of ultimate shear resistance to some extent, but the improvement is not as obvious.
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Figure 14. Strength degradation curves of USW, CSW and ASW: (a) variation curve of λ1; (b) 
variation curve of λ2. 
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Figure 14. Strength degradation curves of USW, CSW and ASW: (a) variation curve of λ1; (b) variation
curve of λ2.

5. Comparative Study of the Seismic Performance of CSPWs under
Atmospheric Corrosion

FEM models of USW, CSW and ASW are built under different corrosion levels, and
the modelling method is the same as that in Section 3. Then, the hysteretic performance of
the specimens is compared and analyzed.

5.1. Material Properties after Corrosion

To achieve the long-term corrosion effect of steel in a chloride environment for a short
time, the indoor or outdoor accelerated corrosion testing method is generally adopted. The
outdoor accelerated corrosion test and results from the literature [35] were selected in this
paper. The NaCl solution concentration was 50 ± 5 g/L, and the pH value was 6.5–7.2.
The fitting formula from the literature [35] was selected to calculate the yield strength of
corroded steel, as shown in Equation (2).

fy = (1 − 0.902 × 1 − E/E0

0.897
) fy0, (2)

where f y0 and E0 are the yield strength and elastic modulus of uncorroded steel, respectively,
and f y and E are the yield strength and elastic modulus of corroded steel, respectively. f y0
of steel are 235 MPa and 355 MPa, respectively, and E0 is 206,000 MPa.
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The time of the accelerated corrosion test is converted to the time of actual outdoor
corrosion. The rate of accelerated corrosion is 1208 µm·a−1 in this paper, and the rate
of atmospheric corrosion in Beijing is 11.7 µm·a−1 [48,49]. These two rates are used for
conversion, and the results are shown in Table 5. The change in the elastic modulus of steel
during the corrosion process is shown in Figure 15. To better reflect the changes in material
properties during the corrosion process, the elastic modulus after 20, 60 and 120 days of
corrosion [35], which is actual corrosion of 5.657, 16.972 and 33.945 years, are selected for
FEM models, as shown in Table 6.

Table 5. Corrosion time of specimens.

Experimental Corrosion Time/d 20 40 60 80 100 120

Actual corrosion time/a 5.657 11.315 16.972 22.63 28.287 33.945
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Table 6. The elastic modulus of corroded steel [35].

Corrosion Time/d 20 60 120

E/Mpa 204,798 194,170 178,805

5.2. Comparison of the Hysteretic Performance of Corroded CSPWs

Load–displacement curves of corroded specimens for 20, 60 and 120 days are shown in
Figure 16a–f, and the detailed results are shown in Table 7. Under different corrosion levels,
the hysteretic loop of ASW was the fullest among them, and when corroded for 20 and 60 days,
the stiffness and ultimate shear resistance of CSW and ASW decreased more gently than that
of USW, but when corroded for 120 days, the trends of ultimate shear resistance degradation
and stiffness degradation of USW and CSW were basically consistent, and the stiffness and
ultimate shear resistance of ASW decreased more gently than that of USW and CSW.
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Figure 16. Load–displacement curves of corroded specimens: (a) hysteretic curves for corrosion 20 
d; (b) envelope curves for corrosion 20 d; (c) hysteretic curves for corrosion 60 d; (d) envelope curves 
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Table 7. Characteristic results of USW, CSW and ASW for different corrosion times.

Corrosion Time/d Specimen K0/(kN/mm) Py/kN ∆y/mm Pm/kN ∆m/mm µ

20
USW 78.87 1595.78 35.72 2086.18 119.25 5.81
CSW 80.57 1868.97 40.00 2248.94 138.59 7.28
ASW 87.93 2001.27 41.27 2413.51 159.59 8.49

60
USW 76.98 1554.87 35.39 2056.09 119.01 5.64
CSW 78.77 1801.25 39.43 2144.82 136.30 6.15
ASW 81.45 1947.92 39.78 2332.26 154.77 7.71

120
USW 75.06 1542.57 35.06 2039.42 118.98 5.47
CSW 76.46 1753.13 36.40 2082.38 135.17 6.04
ASW 79.76 1831.91 38.14 2131.54 178.43 7.63

When the corrosion time is 20 days, compared to USW, the initial stiffness, yield load,
peak load and ductility factor of the CSW increase by 2.16%, 17.12%, 7.8% and 25.3%,
respectively; the initial stiffness, yield load, peak load and ductility factor of ASW increase
by 11.49%, 25.41%, 15.69% and 46.13%, respectively. When the corrosion time is 60 days,
compared to USW, the initial stiffness, yield load, peak load and ductility factor of the
CSW increase by 2.33%, 15.85%, 4.32% and 9.04%, respectively; the initial stiffness, yield
load, peak load and ductility factor of ASW increase by 5.81%, 25.28%, 13.43% and 36.7%,
respectively. When the corrosion time is 120 days, compared to USW, the initial stiffness,
yield load, peak load and ductility factor of the CSW increase by 1.87%, 13.65%, 2.11% and
10.42%, respectively; the initial stiffness, yield load, peak load and ductility factor of the
ASW increase by 6.26%, 18.76%, 4.52% and 39.49%, respectively.

Therefore, under different corrosion levels, stiffeners can improve the initial stiffness,
yield load and ductility of CSPWs, increase the energy dissipation capacity and delay the
stiffness degradation of CSPWs, so stiffeners can improve the hysteretic performance of
CSPWs. However, with increasing corrosion time, the hysteretic performance of CSWs is
affected more obviously by corrosion than that of USWs and ASWs, so asymmetric diagonal
stiffeners can improve the hysteretic performance of corroded CSPWs more effectively than
cross stiffeners.

5.3. Comparison of the Hysteretic Performance of CSPWs before and after Corrosion

Load–displacement curves of specimens before and after corrosion are shown in
Figure 17. With increasing corrosion time, notable pinching was observed for the hysteretic
loops of corroded CSWs, and the trend of stiffness degradation for corroded USW was
basically consistent. Compared to the uncorroded CSW, the initial stiffness of USW after
corrosion for 20, 60, and 120 days decreases by 1.78%, 4.13% and 6.53%, respectively;
the peak load decreases by 2.73%, 4.14% and 4.91%, respectively; and the ductility factor
de-creases by 2.68%, 5.53% and 8.38%, respectively.

With increasing corrosion time, the hysteresis curve of the corroded CSWs was pinched,
and the CSW stiffness degradation trend of the uncorroded CSWs corroded for 20 and
60 days was basically consistent, but the corroded CSWs corroded for 120 days had a
significant decrease in stiffness and shear resistance. Compared to the uncorroded CSW,
the initial stiffness of USW after corrosion for 20, 60, and 120 days decreases by 3.6%, 5.77%
and 8.53%, respectively; the peak load decreases by 6.85%, 11.35% and 13.93%, respectively;
and the ductility factor decreases by 2.86%, 11.78% and 12.7%, respectively.

With increasing corrosion time, the hysteresis curve of corroded ASW was pinched
more gently than that of USW and CSW, and the trend of stiffness degradation for corroded
ASW was basically consistent. Compared to uncorroded ASW, the initial stiffness of ASW
after corrosion for 20, 60, and 120 days decreases by 2.37%, 9.56% and 11.44%, respectively;
the peak load decreases by 1.63%, 4.94% and 13.13%, respectively; and the ductility factor
decreases by 2.86%, 11.78% and 12.7%, respectively.
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Figure 17. Load–displacement curves of specimens before and after corrosion: (a) hysteretic curves 
of USW; (b) envelope curves of USW; (c) hysteretic curves of CSW; (d) envelope curves of CSW; (e) 
hysteretic curves of ASW; (f) envelope curves of ASW. 
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The time of the accelerated corrosion test is converted to the time of actual outdoor 

corrosion. From Section 5.1, the times of the corrosion test are 20, 60 and 120 days, and the 
corresponding times of actual corrosion are 5.657, 16.972 and 33.945 years, respectively. 
The variation in the ultimate shear resistance of the specimens with the actual corrosion 
time is shown in Figure 18. The finite element results are selected to fit the formulae of 
ultimate shear resistance of specimens, as shown in Equations (3)–(5). 

Figure 17. Load–displacement curves of specimens before and after corrosion: (a) hysteretic curves
of USW; (b) envelope curves of USW; (c) hysteretic curves of CSW; (d) envelope curves of CSW;
(e) hysteretic curves of ASW; (f) envelope curves of ASW.
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Therefore, corrosion reduces the initial stiffness, ultimate shear resistance, ductility and
energy dissipation capacity of USW, CSW and ASW. Due to the corrosion of stiffeners, the ef-
fect of stiffeners on increasing initial stiffness, yield load and delaying stiffness degradation
has been reduced significantly, so the indexes of corroded CSPWs with stiffeners including
CSW and ASW decreased more significantly than those of USW with increasing corrosion
time, and the indexes of USW after corrosion decreased slowly with increasing corrosion
time, revealing that corrosion has little effect on the hysteretic performance of USW. Mean-
while, the ultimate shear resistance and stiffness of ASW after corrosion decreased gently,
and the hysteretic curve was still full, so it still has good seismic performance.

5.4. The Fitting Formulae of Ultimate Shear Resistance

The time of the accelerated corrosion test is converted to the time of actual outdoor
corrosion. From Section 5.1, the times of the corrosion test are 20, 60 and 120 days, and
the corresponding times of actual corrosion are 5.657, 16.972 and 33.945 years, respectively.
The variation in the ultimate shear resistance of the specimens with the actual corrosion
time is shown in Figure 18. The finite element results are selected to fit the formulae of
ultimate shear resistance of specimens, as shown in Equations (3)–(5).

y = 102.809e−x/7.345 + 2041.223, (3)

y = 296.377e−x/26.38 + 1997.899, (4)

y = −186.533ex/34.021 + 2637.706, (5)
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Then FEM results of corroded specimens for 40 and 80 days are used to validate the
proposed Formulas (3)–(5). According to Table 5, the actual corrosion time of specimens for
outdoor accelerated corrosion time 40 and 80 days are 11.315 and 22.63 years, respectively.
From the Ref. [35], the elastic modulus of corroded specimens for 40 and 80 days are
199,348 MPa and 190,493 MPa, respectively. The comparative results of ultimate shear
resistance between FE analysis and proposed formulae are shown in Table 8. The ultimate
shear resistance results based on the proposed theoretical model are very closed to the
FEM results, and the maximum error between theoretical results and FEM results is 1.9%.
The comparisons indicate that the proposed fitting formulae could effectively predict the
ultimate shear resistance of corroded CSPWs.

Table 8. Comparison on ultimate shear resistance of FEM results and theoretical results.

Test Corrosion Time/d Actual Corrosion Time/a Specimen Theoretical Results/kN FEM Results/kN Error

40 11.315
USW 2063.25 2071.51 0.4%
CSW 2190.9 2232.45 1.9%
ASW 2377.57 2395.23 0.7%

80 22.63
USW 2045.94 2052.79 0.3%
CSW 2123.58 2110.09 0.6%
ASW 2274.93 2298.25 1.01%

6. Conclusions

In this research, CSPWs with three different stiffening methods are proposed. The
in-fluence of different stiffening methods on the lateral and seismic performance of CSPWs
before and after corrosion is examined. The conclusions are as follows:

(1) The FEM model of specimen S-1 from the Ref. [47] is established, and test results from
S-1 are selected to validate the FEM model. The results show that the initial stiffness
and ultimate shear resistance analyzed by FEM are basically consistent with the test
results, and the maximum error is less than 10%.

(2) Stiffeners can effectively improve the initial stiffness, ultimate shear resistance and
ductility of CSPWs under monotonic loading, and the effect of asymmetric diagonal
stiffeners is more significant than that of cross stiffeners. Due to asymmetric diagonal
stiffeners, the maximum out-of-plane deformation of ASW is 62.02% and 39.56% of
CSW and USW, respectively.

(3) Under cyclic loading, compared to CSW and USW, the ultimate shear resistance,
energy dissipation capacity and ductility of ASW are larger, the amplitude of stiffness
degradation is smaller, and the maximum out-of-plane deformation of ASW is 82.7%
and 67.2% of CSW and USW, respectively.

(4) Under atmospheric corrosion, USW is least affected by corrosion, but compared to
corroded USW and CSW, the ultimate shear resistance and energy dissipation capacity
of corroded ASW are larger. It is revealed that asymmetric cross stiffeners are still
more effective than cross stiffeners in inhibiting buckling and improving the seismic
performance of corroded CSPWs. Meanwhile, the fitting formulae of the ultimate
shear resistance of corroded CSPWs are a suitable engineering design reference.
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Abstract: This paper presents the first experimental study of the load-slip behaviour of aluminium-
timber composite bolted connections reinforced with toothed plates. The effectiveness of the strength-
ening was evaluated in laboratory push-out tests. The push-out test samples consisted of lami-
nated veneer lumber panels, aluminium alloy I-beams, and bolts (grade 8.8 10 mm × 125 mm and
12 mm × 135 mm bolts, grade 5.8 10 mm × 125 mm and 12 mm × 135 mm bolts). A group of
16 specimens had toothed plates as additional reinforcement, while 16 specimens had no reinforce-
ment. The impact of the bolt diameter (10 and 12 mm) and bolt grade (5.8 and 8.8) on the behaviour
of the connections was also analysed. The values of the ultimate load and the slip modulus for the
bolted connections with grade 8.8 10 mm and 12 mm bolts and with grade 5.8 12 mm bolts rein-
forced by toothed-plate connectors were comparable to the values for the non-reinforced connections.
This was because, in the case of grade 8.8 10 mm × 125 mm and 12 mm × 135 mm bolts and grade
5.8 12 mm × 135 mm bolts, the laminated veneer lumber (LVL) slabs split both in the reinforced and
non-reinforced connections. The toothed-plate connectors reduced timber destruction in the bearing
zones in the LVL slabs. However, they did not protect the LVL slabs against splitting. Therefore,
the impact of the toothed plate connectors on the stiffness and strength of the bolted connections
with grade 8.8 10 mm and 12 mm bolts and with grade 5.8 12 mm bolts analysed in this paper
was found to be negligible. In the case of grade 5.8 10 mm bolts, the LVL slabs did not split. The
mean slip modulus k0.6 of the connections with grade 5.8 10 mm bolts reinforced with toothed plate
connectors was 2.9 times higher than that of the non-reinforced connections. However, the strength
of the connections with grade 5.8 10 mm bolts was 1.2 times lower after reinforcing. This was because
the shanks of the bolts were sheared faster in the reinforced connections than in the non-reinforced
connections as a result of the bolt shanks being under the bearing pressure of the aluminium flange,
the LVL slab, and the toothed-plate flange. This situation did not occur for the remaining connections
because they had a higher strength (grade 8.8 bolts) or a larger diameter (12 mm), and their bolts
were less prone to cutting off. The investigated load–slip curves of the reinforced bolted connections
can be used for designing and numerical modelling of aluminium-timber composite beams with this
type of connection.

Keywords: aluminium-timber composite structures; aluminium alloy; engineering wood products;
laminated veneer lumber (LVL); toothed plate; bolted connection; shear connection; push-out test

1. Introduction
1.1. Literature Review

Modern designing requires the use of sustainable solutions and is open especially to
those which can help reduce the carbon footprint, such as composite structural elements and
composite materials. A composite structural element consists of at least two components
made of different material and permanently joined with shear connectors (e.g., steel-
concrete composite beams), whereas a composite material is a combination of materials

56



Materials 2022, 15, 5271

with different properties (e.g., reinforced concrete or plywood). The use of composite
structural elements is continuously on the rise due to the fact that it provides for increased
load-bearing capacity and helps to overcome serviceability limitations [1]. For example,
the load-bearing capacity of unrestrained aluminium beams increased 7.0 times after they
were joined with timber slabs [2]. The stiffness of the aluminium beam analysed in [3]
increased 4.3 times after it was used together with the timber slab in a composite beam.
Greater stiffness leads to lower deflections. Due to this fact, the serviceability limit state
(deflection ≤ limit deflection) for structural beams is easier to meet. The idea behind
composite elements is to take the maximum advantage of the materials they are made of [4].
Similarly, composite materials are produced to form a material with properties different
from the ones of the individual components. Increasingly more often, new composite
materials, such as fibre-reinforced polymer composites or carbon-epoxy composites, have
been used in modern design due to their high strength-to-weight ratio and durability [5–7].
Composite materials are often applied where traditional materials tend to fail [8]. Glass,
aramid, or carbon fibre-reinforced polymer sheets are used to strengthen engineered wood
products [9–11]. This is also an example of two different composite materials (laminated
veneer lumber and fibre-reinforced polymer) used in one solution.

Recently, new composite structural elements with timber, such as timber-concrete
composite elements [12–14], steel-timber composite beams [15–17] or aluminium-timber
composite beams [18] have been investigated. Timber is one of the oldest known con-
struction materials. Ancient Romans used it to build houses, temples, and bridges [19].
Timber has been used for many years to construct bridges and churches [20–23]. Struc-
tures made of timber can be easily repaired or reinforced [24–26]. Unfortunately, solid
sawn timber has some limitations, e.g., in maximum lengths or cross-sectional dimensions.
These limitations can be overcome by quality controlled engineered wood products, e.g.,
laminated veneer lumber (LVL) [27], cross banded laminated veneer lumber (LVL-C) [28],
laminated strand lumber (LSL) [29], parallel strand lumber (PSL) [30], glued-laminated
timber (GLT) [31] or cross-laminated timber (CLT) [32,33]. LVL or plywood were used for
making slabs in aluminium-timber composite beams [34,35]. In addition to plywood and
LVL, a slab may also be made of cross-laminated timber (CLT), which was demonstrated
for steel-timber composite beams [36,37] (which are similar to aluminium-timber composite
beams). An aluminium-timber composite beam is a sustainable example of a composite
structure with a timber structural element. The use of aluminium alloy girders increases
the durability of composite beams and reduces maintenance costs due to the light weight
and high corrosion resistance of aluminium alloys [38]. The use of bolts as shear connectors
makes it possible to demount composite beams at the end of their structural life in a way
ensuring a sustainable use of natural sources. Aluminium-timber composite beams are
lighter than steel-concrete composite beams and have replaceable parts. The lightness
of aluminium-timber composite beams and the fact that there is no need to wait for the
hardening of concrete may speed up the construction process. The aluminium alloy girders
of aluminium-timber composite beams may have different cross-sections. For example,
Saleh and Jasin [39] used rectangular hollow sections in their tests. Chybiński and Polus [2]
investigated composite systems with extruded aluminium alloy I-girders. Girders may also
be cold-formed, which was demonstrated for steel-timber composite beams [40], which
are similar to aluminium-timber composite beams. For example, cold-rolled aluminium
alloy members are fabricated in Australia [41]. The aluminium-timber composite beams
presented in the literature have T-shaped cross-sections. Recently, Wang et al. [42,43]
demonstrated that steel-timber composite beams may have I-shaped cross-sections. The
steel-timber composite beams analysed by Wang et al. consisted of timber panels, U-shaped
thin-walled steel beams, and bolts and screws as connectors. Aluminium-timber composite
beams may have similar cross-sections. In each composite beam, connections play a crucial
role and determine its behaviour. They should be ductile and have a characteristic slip
capacity exceeding 6 mm [44]. They should also show high shear resistance and stiffness. It
is advisable to reinforce connections to improve their mechanical parameters. When the
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shear resistance of a connection is higher, the lower number of connectors may be used to
obtain a full composite action in a beam. When the stiffness of a connection is higher, the
longitudinal slip between the slabs and the girders is lower.

1.2. Problem Statement and the Aim of the Current Research

In this paper, the authors analysed connections to be used in aluminium-timber
composite beams. The load capacity of the connections with mechanical fasteners depends
on many parameters, such as timber density, loading direction, fastener spacing, and
end and edge distances [45]. The connections for aluminium-timber composite beams
investigated in the previous studies were screwed or bolted [2,35,46–49]. Their stiffness
and strength were relatively low. For this reason, Chybiński and Polus [49] proposed to use
toothed plates in screwed connections as reinforcement. In case of screwed connections,
the use of toothed plate connectors was found to be effective in increasing the strength of
aluminium-timber composite connections. Enhancements of 35.0% (for Geka toothed-plate
connectors and 12 mm screws), 28.7% (for Bulldog toothed-plate connectors and 10 mm
screws), and 23.8% (for Bulldog toothed-plate connectors and 12 mm screws) were achieved.
The use of toothed plate connectors did not have an impact on the stiffness of the screwed
connections. Toothed-plate connectors were only used to reinforce screwed aluminium-
timber connections in the aforementioned study [49]. In this paper, toothed plates were
used to reinforce bolted aluminium-timber connections for the first time. The main aim of
this paper is to determine the effectiveness of reinforcing bolted connection using toothed
plates. The push-out laboratory tests on 16 reinforced and 16 non-reinforced samples were
conducted to determine the shear resistance and stiffness of the bolted aluminium-timber
connections. Moreover, the influence of the bolt diameter (10 and 12 mm) and bolt grade
(5.8 and 8.8) on the mechanical parameters of the reinforced and non-reinforced connections
was analysed. Finally, the behaviour of the bolted connections analysed in this paper was
compared with the behaviour of the screwed connections analysed in the literature.

2. Materials and Methods
2.1. Aluminium Alloy

The extruded aluminium alloy I-beams were made of the AW-6060 T6 aluminium alloy.
The yield strength, tensile strength, and Young’s modulus of this alloy were 181.5 MPa,
209.8 MPa, and 66,400 MPa, respectively [50].

2.2. LVL

Laminated veneer lumber (LVL) is made by laminating thin (3–4 mm) wood veneers
using adhesives [51]. Veneers are peeled off of high-quality logs. They are oriented in
a grain direction. LVL is now fabricated in the United States, Australia, Japan, New
Zealand, Finland, and Poland. For the purpose of this study, STEICO LVL manufactured in
Poland from Scots pine (Pinus sylvestris L.) and Norway spruce (Picea abies L. H. Karst) was
used [52]. The compression strength (parallel to grain), tension strength (parallel to grain),
bending strength (flatwise, parallel to grain), and Young’s modulus of this engineering
wood product declared by the manufacturer were 40.0 MPa, 36.0 MPa, 50.0 MPa, and
14,000 MPa, respectively [53].

2.3. Bolts

Grade 8.8 10 mm × 125 mm and 12 mm × 135 mm bolts as well as grade 5.8
10 mm × 125 mm and 12 mm × 135 mm bolts were used as shear connectors. The length
of the unthreaded shanks was the same in the 10 mm bolts and in the 12 mm bolts (90 mm).
The characteristic yield strength fyb and the ultimate strength fub of the bolts can be de-
termined based on the bolt grade, e.g., in case of grade 8.8 bolt the ultimate strength is
800 MPa and the yield strength is 640 MPa. To confirm the bolt grade, the yield strength
and the ultimate strength of the bolts were also evaluated experimentally in accordance
with [54] in tensile tests. The tests were carried out using an Instron 4483 testing machine
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(Instron, Grove City, PA, USA). The mechanical parameters of two bolts per each bolt type
were investigated.

2.4. Toothed Plates

Bulldog toothed-plate connectors (C2-50/M10G and C2-50/M12G) were used for
reinforcing aluminium-timber bolted connections (see Figure 1). The names of the toothed
plates contained information on 4 parameters: C2 represented the toothed plate type,
50 was the plate diameter in mm, M10 or M12 were the types of bolts suggested for use
with the plate, and G meant that the plates were galvanised [55].

Materials 2022, 15, x FOR PEER REVIEW 4 of 26 
 

 

the yield strength is 640 MPa. To confirm the bolt grade, the yield strength and the ulti-

mate strength of the bolts were also evaluated experimentally in accordance with [54] in 

tensile tests. The tests were carried out using an Instron 4483 testing machine (Instron, 

Grove City, PA, USA). The mechanical parameters of two bolts per each bolt type were 

investigated. 

2.4. Toothed Plates 

Bulldog toothed-plate connectors (C2-50/M10G and C2-50/M12G) were used for re-

inforcing aluminium-timber bolted connections (see Figure 1). The names of the toothed 

plates contained information on 4 parameters: C2 represented the toothed plate type, 50 

was the plate diameter in mm, M10 or M12 were the types of bolts suggested for use with 

the plate, and G meant that the plates were galvanised [55]. 

 

Figure 1. C2 (Bulldog) toothed-plate connector. 

2.5. Push-out Tests 

An Instron 8505 Plus machine (Instron, HighWycombe, Buckinghamshire, UK) was 

used to investigate the load–slip behaviour of 32 specimens. Each specimen consisted of 

two LVL panels and an extruded aluminium alloy I-beam (see Figures 2 and 3). 

Figure 1. C2 (Bulldog) toothed-plate connector.

2.5. Push-Out Tests

An Instron 8505 Plus machine (Instron, HighWycombe, Buckinghamshire, UK) was
used to investigate the load–slip behaviour of 32 specimens. Each specimen consisted of
two LVL panels and an extruded aluminium alloy I-beam (see Figures 2 and 3).
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and without reinforcing toothed plates; and (d) with 12 mm 8.8 grade bolts and without reinforcing
toothed plates.
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Figure 3. The tested specimens: (a) with 10 mm 5.8 grade bolts and reinforcing C2-50/M10G toothed
plates; (b) with 10 mm 8.8 grade bolts and reinforcing C2-50/M10G toothed plates; (c) with 12 mm
5.8 grade bolts and reinforcing C2-50/M12G toothed plates; and (d) with 12 mm 8.8 grade bolts and
reinforcing C2-50/M12G toothed plates.

The LVL panels were connected with the extruded aluminium alloy I-beams using
eight variants of connections presented in Table 1.
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Table 1. The variants of connections analysed in this study.

Variant Designation of Specimens
[mm]

Bolt Diameter and Length
[mm]

Bolt
Grade

Designation of
a Reinforcing Toothed Plate

1 R8.8.10.1–R8.8.10.4 10 × 125 8.8 –
2 8.8.10.1–8.8.10.4 10 × 125 8.8 C2-50/M10G
3 R8.8.12.1–R8.8.12.4 12 × 135 8.8 –
4 8.8.12.1–8.8.12.4 12 × 135 8.8 C2-50/M12G
5 R5.8.10.1–R5.8.10.4 10 × 125 5.8 –
6 5.8.10.1–5.8.10.4 10 × 125 5.8 C2-50/M10G
7 R5.8.12.1–R5.8.12.4 12 × 135 5.8 –
8 5.8.12.1–5.8.12.4 12 × 135 5.8 C2-50/M12G

The holes in the extruded aluminium alloy I-beams and LVL panels had the same
diameters as the bolts to reduce the slip between the upper aluminium girder flange and the
LVL panel. In each specimen, the bolts were installed using a torque wrench (Sandvik Belzer,
IZO-I-100, 10–100 Nm) (Sandvik, Portlaoise, Ireland). The loading direction was parallel to
the LVL grain, and the tread–grain angle was 90◦. The torque level was measured during
the installation of the bolts using a torque wrench and recorded at the end of the installation
process (35 Nm for the 10 mm bolt, 60 Nm for the 12 mm bolt). Before the tests, the toothed
plates were pressed into the LVL panels using a compressive force of 35 kN generated by a
hydraulic press. The bolts were evenly spaced out (the space between the bolts was 50 mm
in the transverse direction and 60 mm in the longitudinal direction). Staggered spacing
was applied to avoid the overlapping of toothed plates. The slip between the LVL panels
and the extruded aluminium alloy I-beam and the horizontal move of the sample were
measured using linear variable differential transformers (LVDTs) (Figures 2 and 3).

The push-out tests were conducted in accordance with [56]. A load control regime
was used during the first stage of the tests to obtain a regular shape of the shear force–slip
curve and to read the slip modulus of the connection for a load equal to 40% and 60% of
the maximum value of the force. The constant rate of displacement was applied during
the second stage of the tests. Due to this fact, the behaviour of the connections after the
maximum load had been achieved could be observed. First, the load was increased from 0 to
40% of the estimated force over 2 min. Next, it remained at this level for 30 s. Subsequently,
the load was decreased from 40% to 10% of the estimated force and maintained at this level
for 30 s. Subsequently, the value of the load was increased from 10% to 70% of the estimated
force. Up to that point, the test was conducted using a load control regime. From then
on, it was conducted using a displacement control regime (5.0 mm/min). The estimated
force of 195.2 kN was calculated taking into account eight bolts and the ultimate load per
one M10 bolt (24.4 kN) obtained in the previous test presented in [2]. The value of the
estimated force as well as the loading procedure were modified during the tests based on
the previous results.

3. Results
3.1. Tensile Tests Results

The yield strength and the tensile strength of the bolts used in this study are presented
in Table 2.

Table 2. The results of the tensile tests of the bolts (fyb—the mean value of the yield strength of the
bolts from two tests, fub—the mean value of the tensile strength of the bolts from two tests) [57].

Parameter
Bolt

Grade 5.8
10 mm

Grade 5.8
12 mm

Grade 8.8
10 mm

Grade 8.8
12 mm

fyb [MPa] 399.0 485.5 842.0 850
fub [MPa] 483.0 564.0 935.0 908
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3.2. Shear Connection Tests Results

The load–slip curves from the push-out tests are presented in Figures 4, 6, 8 and 10.
The mean load–slip curves for each connection variant are shown in Figures 5, 7, 9 and 11
to describe the behavior of each variant in a simplified manner. The ultimate load per one
connector (Pult), the value of the slip corresponding to the ultimate load (sult), and the slip
moduli per one connector (k0.4 and k0.6) are shown in Tables 3–10. The measurement errors
for values presented in Tables 3–10 were calculated using a Student’s t-distribution with
three degrees of freedom and a confidence level of 0.95. The slip modulus k0.4 per one
connector was calculated as the ratio of 40% of the ultimate load per one connector to the slip
corresponding to this value of the load. The slip modulus k0.4 may be used for serviceability
limit state calculations [58]. The slip modulus k0.6 per one connector was calculated as the
ratio of 60% of the ultimate load per one connector to the slip corresponding to this value
of the load. The slip modulus k0.6 may be used for the ultimate limit state calculations [59].

Table 3. The results of the push-out tests of the shear connections with 10-mm grade 8.8 bolts and
without toothed-plate connectors (per one connector).

Parameter
Specimen Mean

(R8.8.10.1–R8.8.10.4)R8.8.10.1 R8.8.10.2 R8.8.10.3 R8.8.10.4

Pult [kN] 37.4 35.5 35.3 33.7 35.5 ± 2.4 (6.8%)
sult [mm] 47.6 48.6 49.0 46.9 48.0 ± 1.5 (3.2%)

k0.4 [kN/mm] 5.6 5.3 5.6 5.3 5.5 ± 0.3 (5.1%)
k0.6 [kN/mm] 3.8 4.0 3.9 4.6 4.1 ± 0.6 (14.0%)

Table 4. The results of the push-out tests of the shear connections with 10-mm grade 8.8 bolts and
with toothed-plate connectors (type C2-50/M10G, Bulldog) (per one connector).

Parameter
Specimen Mean

(8.8.10.1–8.8.10.4)8.8.10.1 8.8.10.2 8.8.10.3 8.8.10.4

Pult [kN] 37.8 38.1 36.2 37.4 37.4 ± 1.3 (3.6%)
sult [mm] 47.4 42.7 47.4 36.7 43.6 ± 8.1 (18.5%)

k0.4 [kN/mm] 6.0 4.8 7.5 4.7 5.8 ± 2.1 (36.2%)
k0.6 [kN/mm] 6.7 4.9 7.3 5.1 6.0 ± 1.9 (31.4%)

Table 5. The results of the push-out tests of the shear connections with 12-mm grade 8.8 bolts and
without toothed-plate connectors (per one connector).

Parameter
Specimen Mean

(R8.8.12.1–R8.8.12.4)R8.8.12.1 R8.8.12.2 R8.8.12.3 R8.8.12.4

Pult [kN] 38.2 37.3 36.8 38.3 37.7 ± 1.2 (3.1%)
sult [mm] 45.5 46.9 46.8 44.4 45.9 ± 1.9 (4.1%)

k0.4 [kN/mm] 9.2 5.8 10.0 7.0 8.0 ± 3.1 (38.6%)
k0.6 [kN/mm] 7.8 5.5 7.9 5.9 6.8 ± 2.0 (29.4%)

Table 6. The results of the push-out tests of the shear connections with 12-mm grade 8.8 bolts and
with toothed-plate connectors (type C2-50/M12G, Bulldog) (per one connector).

Parameter
Specimen Mean

(8.8.12.1–8.8.12.4)8.8.12.1 8.8.12.2 8.8.12.3 8.8.12.4

Pult [kN] 39.1 38.2 38.0 40.4 38.9 ± 1.7 (4.5%)
sult [mm] 40.9 44.1 44.4 38.8 42.1 ± 4.3 (10.2%)

k0.4 [kN/mm] 8.3 6.0 9.2 10.6 8.5 ± 3.1 (36.0%)
k0.6 [kN/mm] 8.0 6.3 8.7 9.8 8.2 ± 2.3 (28.5%)
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Table 7. The results of the push-out tests of the shear connections with 10-mm grade 5.8 bolts and
without toothed-plate connectors (per one connector).

Parameter
Specimen Mean

(R5.8.10.1–R5.8.10.4)R5.8.10.1 R5.8.10.2 R5.8.10.3 R5.8.10.4

Pult [kN] 30.7 30.6 29.8 29.8 30.2 ± 0.8 (2.6%)
sult [mm] 33.1 29.4 32.6 32.3 31.9 ± 8.3 (2.7%)

k0.4 [kN/mm] 4.8 5.7 5.2 3.9 4.9 ± 1.2 (24.7%)
k0.6 [kN/mm] 2.1 3.1 2.7 1.7 2.4 ± 1.0 (41.2%)

Table 8. The results of the push-out tests of the shear connections with 10-mm grade 5.8 bolts and
with toothed-plate connectors (type C2-50/M10G, Bulldog) (per one connector).

Parameter
Specimen Mean

(5.8.10.1–5.8.10.4)5.8.10.1 5.8.10.2 5.8.10.3 5.8.10.4

Pult [kN] 24.7 25.3 23.8 25.9 24.9 ± 1.4 (5.7%)
sult [mm] 19.7 20.9 20.1 20.3 20.3 ± 0.8 (3.9%)

k0.4 [kN/mm] 6.0 6.3 5.4 6.3 6.0 ± 0.7 (11.3%)
k0.6 [kN/mm] 6.9 7.0 6.5 7.0 6.9 ± 0.4 (5.5%)

Table 9. The results of the push-out tests of the shear connections with 12-mm grade 5.8 bolts and
without toothed-plate connectors (per one connector).

Parameter
Specimen Mean

(R5.8.12.1–R5.8.12.4)R5.8.12.1 R5.8.12.2 R5.8.12.3 R5.8.12.4

Pult [kN] 43.6 39.1 41.3 40.5 41.1 ± 3.0 (7.3%)
sult [mm] 47.4 48.4 47.6 41.1 46.1 ± 5.4 (11.7%)

k0.4 [kN/mm] 5.5 5.1 10.0 4.5 6.3 ± 4.0 (63.8%)
k0.6 [kN/mm] 4.5 4.8 6.7 4.6 5.2 ± 1.7 (32.2%)

Table 10. The results of the push-out tests of the shear connections with 12-mm grade 5.8 bolts and
with toothed-plate connectors (type C2-50/M12G, Bulldog) (per one connector).

Parameter
Specimen Mean

(5.8.12.1–5.8.12.4)5.8.12.1 5.8.12.2 5.8.12.3 5.8.12.4

Pult [kN] 42.5 39.6 40.2 38.0 40.1 ± 3.0 (7.4%)
sult [mm] 51.4 38.5 43.1 35.0 42.0 ± 11.3 (26.9%)

k0.4 [kN/mm] 5.6 10.0 8.8 4.7 7.3 ± 4.0 (55.3%)
k0.6 [kN/mm] 5.2 8.3 7.8 5.4 6.7 ± 2.6 (38.2%)

In the case of grade 8.8 10 mm bolts, the values of the ultimate load per one connector
and of the slip modulus per one connector k0.4 for the specimens with toothed-plate con-
nectors were comparable to the values for the specimens without toothed-plate connectors
(compare Tables 3 and 4).

The mean value of the slip modulus per one connector k0.6 for the specimens with toothed-
plate connectors was insignificantly higher than for the specimens without toothed-plate
connectors (compare Tables 3 and 4). The energy accumulated in specimens 8.8.10.1–8.8.10.4
with toothed-plate connectors was higher than in specimens R8.8.10.1–R8.8.10.4 without
toothed-plate connectors, due to the fact that all the load–slip curves of the reinforced con-
nections had a higher load than the non-reinforced connections for the same displacement
(see Figures 4 and 5).

64



Materials 2022, 15, 5271
Materials 2022, 15, x FOR PEER REVIEW 9 of 26 
 

 

 

Figure 4. The load–slip curves from the push-out tests of the shear connections with 10-mm grade 

8.8 bolts and with toothed-plate connectors (type C2-50/M10G, Bulldog) in specimens 8.8.10.1–

8.8.10.4 or without toothed-plate connectors in specimens R8.8.10.1–R8.8.10.4. 

 

Figure 5. The mean load–slip curves for specimens 8.8.10.1–8.8.10.4 and R8.8.10.1–R8.8.10.4. 

In the case of grade 8.8 12-mm bolts, the same conclusions can be drawn as for grade 

8.8 10-mm bolts (see Tables 5 and 6 and Figures 6 and 7). Upon comparing the load-car-

rying capacities and the slip moduli of the tested connections with grade 8.8 bolts, it was 

observed that the use of toothed plate connectors was ineffective in improving both the 

load-carrying capacity and the stiffness of aluminium-timber composite connections. 

Table 5. The results of the push-out tests of the shear connections with 12-mm grade 8.8 bolts and 

without toothed-plate connectors (per one connector). 

Parameter 
Specimen Mean  

(R8.8.12.1–R8.8.12.4) R8.8.12.1 R8.8.12.2 R8.8.12.3 R8.8.12.4 

Pult [kN] 38.2 37.3 36.8 38.3 37.7 ± 1.2 (3.1%) 

sult [mm] 45.5 46.9 46.8 44.4 45.9 ± 1.9 (4.1%) 

k0.4 [kN/mm] 9.2 5.8 10.0 7.0 8.0 ± 3.1 (38.6%) 

k0.6 [kN/mm] 7.8 5.5 7.9 5.9 6.8 ± 2.0 (29.4%) 

Table 6. The results of the push-out tests of the shear connections with 12-mm grade 8.8 bolts and 

with toothed-plate connectors (type C2-50/M12G, Bulldog) (per one connector). 
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Figure 4. The load–slip curves from the push-out tests of the shear connections with 10-mm
grade 8.8 bolts and with toothed-plate connectors (type C2-50/M10G, Bulldog) in specimens
8.8.10.1–8.8.10.4 or without toothed-plate connectors in specimens R8.8.10.1–R8.8.10.4.
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Figure 5. The mean load–slip curves for specimens 8.8.10.1–8.8.10.4 and R8.8.10.1–R8.8.10.4.

In the case of grade 8.8 12-mm bolts, the same conclusions can be drawn as for grade
8.8 10-mm bolts (see Tables 5 and 6 and Figures 6 and 7). Upon comparing the load-carrying
capacities and the slip moduli of the tested connections with grade 8.8 bolts, it was observed
that the use of toothed plate connectors was ineffective in improving both the load-carrying
capacity and the stiffness of aluminium-timber composite connections.
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behaviour of the non-reinforced connections and the reinforced connections with grade 

5.8 10-mm bolts, the following conclusions may be drawn. The toothed-plate connectors 

reduced timber destruction in the bearing zones in the LVL slabs, because some part of 

the load was transferred by the teeth. However, the shanks of the bolts were sheared faster 

in the reinforced connections due to the fact that the bolt shanks were under the bearing 

pressure from the aluminum flange and the LVL slab as well as the toothed-plate flange. 

In the case of non-reinforced connections, the bolts were more tensioned than sheared, 

whereas in the case of reinforced connections, it was the opposite. For these reasons, the 

Figure 6. The load–slip curves from the push-out tests of the shear connections with 12-mm
grade 8.8 bolts and with toothed-plate connectors (type C2-50/M12G, Bulldog) in specimens
8.8.12.1–8.8.12.4 or without toothed-plate connectors in specimens R8.8.12.1–R8.8.12.4.
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Figure 7. The mean load–slip curves for specimens 8.8.12.1–8.8.12.4 and R8.8.12.1–R8.8.12.4.

The connections with grade 5.8 10-mm bolts reinforced with toothed plate connectors
showed higher stiffness (k0.6 = 6.9 kN/mm per one connector) than the non-reinforced
connections (k0.6 = 2.4 kN/mm per one connector) (compare Tables 7 and 8). However,
their strength was 1.2 times lower after reinforcing (see Figures 8 and 9). After comparing
the behaviour of the non-reinforced connections and the reinforced connections with grade
5.8 10-mm bolts, the following conclusions may be drawn. The toothed-plate connectors
reduced timber destruction in the bearing zones in the LVL slabs, because some part of the
load was transferred by the teeth. However, the shanks of the bolts were sheared faster
in the reinforced connections due to the fact that the bolt shanks were under the bearing
pressure from the aluminum flange and the LVL slab as well as the toothed-plate flange.
In the case of non-reinforced connections, the bolts were more tensioned than sheared,
whereas in the case of reinforced connections, it was the opposite. For these reasons, the
reinforced connections were both stiffer and weaker than the non-reinforced connections
with grade 5.8 10-mm bolts. The above did not occur for the remaining connections because
they had a higher strength (grade 8.8 bolts) or a larger diameter (12 mm). Additionally,
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the LVL slabs were split in the reinforced and non-reinforced connections with grade 8.8
10 mm × 125 mm and 12 mm × 135 mm bolts, and grade 5.8 12 mm × 135 mm bolts.
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Figure 8. The load–slip curves from the push-out tests of the shear connections with 10-mm
grade 5.8 bolts and with toothed-plate connectors (type C2-50/M10G, Bulldog) in specimens
5.8.10.1–5.8.10.4 or without toothed-plate connectors in specimens R5.8.10.1–R5.8.10.4.
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Parameter 
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k0.4 [kN/mm] 5.6 10.0 8.8 4.7 7.3 ± 4.0 (55.3%) 

k0.6 [kN/mm] 5.2 8.3 7.8 5.4 6.7 ± 2.6 (38.2%) 

Figure 9. The mean load–slip curves for specimens 5.8.10.1–5.8.10.4 and R5.8.10.1–R5.8.10.4.

In the case of grade 5.8 12-mm bolts, it was observed that the use of toothed plate
connectors was ineffective in improving both the load-carrying capacity and the stiffness of
aluminium-timber composite connections (see Tables 9 and 10 and Figures 10 and 11).
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Figure 10. The load–slip curves from the push-out tests of the shear connections with 12-mm
grade 5.8 bolts and with toothed-plate connectors (type C2-50/M12G, Bulldog) in specimens
5.8.12.1–5.8.12.4 or without toothed-plate connectors in specimens R5.8.12.1–R5.8.12.4.
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Figure 11. The mean load–slip curves for specimens 5.8.12.1–5.8.12.4 and R5.8.12.1–R5.8.12.4.

Connections are ductile if their characteristic slip capacity is at least 6 mm [60]. The
value of the characteristic slip capacity exceeded 6 mm in all tested connections, and
therefore they were all ductile.

The modes of failure of the tested bolted connections with or without Bulldog toothed-
plate connectors (C2-50/M10G, C2-50/M12G) are presented in Figures 12–19. The authors
observed the formation of two plastic hinges within the bolt, the crushing of LVL near the
bolts, hole ovalisation in the flange of the aluminium alloy beam, bent teeth of toothed
plates, and yielded washers due to washer pressure. Some of the bolts were additionally
sheared. Furthermore, the LVL slabs were split both in the reinforced and non-reinforced
connections with grade 8.8 10 mm × 125 mm and 12 mm × 135 mm bolts, and grade 5.8
12 mm × 135 mm bolts. This also explains why reinforcing was ineffective for the connec-
tions with these bolts. The LVL slabs in the connections with 5.8 10 mm × 125 mm bolts
were not split.
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Figure 12. The failure mode of the aluminium-timber connections with 10-mm 8.8 grade bolts and 

without reinforcing toothed plates. 
Figure 12. The failure mode of the aluminium-timber connections with 10-mm 8.8 grade bolts and
without reinforcing toothed plates.
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Figure 13. The failure mode of the aluminium-timber connections with 10-mm 5.8 grade bolts and
without reinforcing toothed plates.

70



Materials 2022, 15, 5271Materials 2022, 15, x FOR PEER REVIEW 16 of 26 
 

 

 

Figure 14. The failure mode of the aluminium-timber connections with 12-mm 8.8 grade bolts and 

without reinforcing toothed plates. 
Figure 14. The failure mode of the aluminium-timber connections with 12-mm 8.8 grade bolts and
without reinforcing toothed plates.
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Figure 15. The failure mode of the aluminium-timber connections with 12-mm 5.8 grade bolts and
without reinforcing toothed plates.
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Figure 16. The failure mode of the aluminium-timber connections with 10-mm 8.8 grade bolts and
with reinforcing toothed plates (type C2-50/M10G, Bulldog).
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Figure 17. The failure mode of the aluminium-timber connections with 10-mm 5.8 grade bolts and
with reinforcing toothed plates (type C2-50/M10G, Bulldog).
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Figure 18. The failure mode of the aluminium-timber connections with 12-mm 8.8 grade bolts and
with reinforcing toothed plates (type C2-50/M12G, Bulldog).
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Figure 19. The failure mode of the aluminium-timber connections with 12-mm 5.8 grade bolts and
with reinforcing toothed plates (type C2-50/M12G, Bulldog).
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4. Discussion
4.1. A Comparison of the Obtained Results with the Literature

In this paper, bolts were used to connect LVL slabs with aluminium beams. Another
option is to use screws as shear connectors [49]. The push-out samples with bolts analysed
in this article had the same geometry as the push-out samples with screws investigated
in [49]. The screws had the same diameter and grade as the bolts. Moreover, the screwed
connections were reinforced using the same toothed plates as the bolted connections. This
made it possible to compare the structural behaviour of such connections (Table 11).

Table 11. A comparison of the obtained results with the literature [49].

Connection Connector Dimensions
[mm]

Connector
Grade

Reinforcing
Toothed Plate

Pult
[kN]

sult
[mm]

k0.4
[kN/mm]

k0.6
[kN/mm]

Screwed 10 × 80 5.8 – 16.7 16.7 4.3 4.7
Screwed 10 × 80 5.8 C2-50/M10G 21.5 12.8 6.4 5.9
Screwed 12 × 80 5.8 – 22.3 24.0 8.5 7.1
Screwed 12 × 80 5.8 C2-50/M12G 27.6 12.8 7.5 7.3
Bolted 10 × 125 5.8 – 30.2 31.9 4.9 2.4
Bolted 10 × 125 5.8 C2-50/M10G 24.9 20.3 6.0 6.9
Bolted 12 × 135 5.8 – 41.1 46.1 6.3 5.2
Bolted 12 × 135 5.8 C2-50/M12G 40.1 42.0 7.3 6.7

In the case of the screwed connections, the strength increased 1.3 times (10 mm) or
1.2 times (12 mm) after reinforcing. The splitting of timber was not observed. The use of
toothed-plate connectors reduced timber destruction in the bearing zones and provided
for a strength increase. In the case of the bolted connections with grade 5.8 12-mm bolts,
the strength hardly changed after reinforcing. The connection strength was limited by the
splitting strength of timber, and the toothed-plate connectors did not protect the timber
slabs against splitting. In the bolted connections, the washers located on the LVL panels
prevented the withdrawal of the bolts, and the LVL panels were split by the bolt shanks
(“knife effect”). For this reason, the LVL panels in the bolted connections were more prone
to splitting than in the screwed connections in which the withdrawal was prevented by
the screw threads. In the case of the bolted connections with grade 5.8 10-mm bolts, the
strength was 1.2 times lower after reinforcing. In these connections, the bolt shanks were
under the bearing pressure of the aluminium flange and the LVL slab as well as the toothed-
plate flange, and the bolts were sheared faster in the reinforced connections. This situation
did not occur for the bolted connections with grade 8.8 bolts and with bolts with a larger
diameter (12 mm), as they had higher shear resistance. The strength of the connections
with grade 5.8 10-mm bolts was limited by the shear resistance of the bolts. Moreover, the
grade 5.8 10-mm bolts also demonstrated a lower ultimate strength (483 MPa) than the
5.8 10-mm screws (553.9 MPa) [49], and they were more prone to cutting off during the
push-out tests. For these reasons, in the connections with grade 5.8 10-mm bolts, the LVL
slabs did not split. Both for the screwed and the bolted connections, the increase of the
connector diameter provided for the increase of the connection shear strength. The non-
reinforced bolted connections had a 1.8 times higher shear strength than the non-reinforced
screwed connections.

4.2. Future Research and Possible Applications of the Results of This Study

The behaviour of composite beams depends on the mechanical parameters of their
connections. The results of the double-shear tests presented in this study, such as shear
resistance, can be used to evaluate the number of connectors necessary to achieve the full
composite action in beams. Moreover, the obtained load–slip curves from the laboratory
push-out tests can be used in finite element models of aluminium-timber composite beams
to model the behaviour of connections which are discrete and represented by spring
elements. Finite element analyses may be used to complement laboratory tests. Models
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with spring elements can reflect the behaviour of a real structure [61]. Moreover, spring
elements provide for high computational speed. Discrete modelling of connections was
used for example in the numerical models presented in [62–64].

Further experimental shear connection tests should be performed. The impact of the
shear connector length on its strength may be examined. The influence of the toothed-plate
connectors on the behaviour of the connections, the strength of which does not depend on
the splitting strength of LVL (e.g., connections with bolts of a smaller diameter or of wider
spacing than those used in this study), is still worth analysing.

5. Conclusions

In this paper, eight groups of push-out tests were conducted to investigate the load-
carrying capacity, stiffness, load–slip response, failure modes, and ductility of aluminium-
timber bolted connections strengthened or unstrengthened with toothed plates.

The results of the double-shear tests conducted in the study lead to some impor-
tant conclusions. The toothed plate connectors were found ineffective in improving the
stiffness and the strength of the bolted connections with grade 8.8 10 mm × 125 mm
and 12 mm × 135 mm bolts, and grade 5.8 10 mm × 125 mm and 12 mm × 135 mm bolts.
In the case of grade 8.8 10 mm × 125 mm and 12 mm × 135 mm bolts and grade 5.8
12 mm × 135 mm bolts, the LVL slabs split both in the reinforced and non-reinforced con-
nections. The toothed-plate connectors reduced timber destruction in the bearing zones in
the LVL slabs, but they did not protect the LVL slabs against splitting. The ultimate load of
the connections with grade 8.8 10 mm × 125 mm and 12 mm × 135 mm bolts and grade
5.8 12 mm × 135 mm bolts mainly depended on the splitting strength of timber. In the
case of grade 5.8 10-mm bolts, the LVL slabs did not split. The reinforced connections were
both stiffer and weaker than the non-reinforced connections with grade 5.8 10-mm bolts.
This was because the shanks of the bolts were sheared faster in the reinforced connections
than in the non-reinforced connections. The reason for this was that the bolt shanks were
under the bearing pressure of the aluminium flange, the LVL slab, and the toothed-plate
flange. This situation did not occur for the remaining connections because they had a
higher strength (grade 8.8 bolts) or a larger diameter (12 mm).

The results of the push-out tests of the bolted connections were compared with the
results of the shear connection tests of the screwed connections presented in [49]. The non-
reinforced bolted connections had 1.8 times higher shear strength than the non-reinforced
screwed connections. In the case of the screwed connections, the reinforcing with toothed-
plate connectors provided for a shear strength increase, whereas in the case of the bolted
connections, it did not, as their strength was limited by the splitting strength of timber.
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21. Karolak, A.; Jasieńko, J.; Raszczuk, K. Historical scarf and splice carpentry joints: State of the art. Herit. Sci. 2020, 8, 105. [CrossRef]
22. Witomski, P.; Krajewski, A.; Kozakiewicz, P. Selected mechanical properties of Scots pine wood from antique churches of Central

Poland. Eur. J. Wood Prod. 2014, 72, 293–296. [CrossRef]
23. Kotwica, E.; Krzosek, S. Timber bridges—Revive of old and new bridges built in Switzerland. Annals of Warsaw University of

Life Sciences—SGGW. For. Wood Technol. 2015, 92, 207–210.
24. Rapp, P. Application of adhesive joints in reinforce-ment and reconstruction of weakened wooden elements loaded axially.

Drewno 2016, 59, 59–73. [CrossRef]
25. Rapp, P. The numerical modeling of adhesive joints in reinforcement of wooden elements, subjected to bending and shearing.

Drewno 2015, 60, 21–36. [CrossRef]
26. Burawska-Kupniewska, I.; Zbiec, M.; Tomusiak, A.; Beer, P. Local Reinforcement of Timber with Composite and Lignocellulosic

Materials. BioResources 2015, 10, 457–468. [CrossRef]
27. Purba, C.Y.C.; Pot, G.; Viguier, J.; Ruelle, J.; Denaud, L. The influence of veneer thickness and knot proportion on the me-

chanical properties of laminated veneer lumber (LVL) made from secondary quality hardwood. Eur. J. Wood Prod. 2019,
77, 393–404. [CrossRef]

28. Nguyen, H.H.; Gilbert, B.P.; McGavin, R.L.; Bailleres, H.; Karampour, H. Embedment strength of mixed-species laminated veneer
lumbers and cross-banded laminated veneer lumbers. Eur. J. Wood Prod. 2020, 78, 365–386. [CrossRef]

29. Aro, M.D.; Wang, X.; McDonald, D.E.; Begel, M. Tensile strength of thermally modified laminated strand lumber and laminated
veneer lumber. Wood Mater. Sci. Eng. 2017, 12, 228–235. [CrossRef]

30. Ahmad, M.; Kamke, F.A. Properties of parallel strand lumber from Calcutta bamboo (Dendrocalamus strictus). Wood Sci. Technol.
2011, 45, 63–72. [CrossRef]

31. Dietsch, P.; Tannert, T. Assessing the integrity of glued-laminated timber elements. Constr. Build. Mater. 2015, 101, 1259–1270. [CrossRef]

79



Materials 2022, 15, 5271
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52. Chybiński, M.; Polus, Ł. Experimental and numerical investigations of laminated veneer lumber panels. Arch. Civ. Eng. 2021,

67, 351–372. [CrossRef]
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Abstract: The paper presents failure scenarios for various types of connections between a thin-
walled beam and a sandwich panel. In addition to standard connections used in civil engineering
applications, that is, self-drilling fasteners for sandwich panels, the study examined the use of
bolts, blind rivets, and double-sided acrylic tape applied linearly and pointwise. The connections
were subjected to the horizontal load applied with constant eccentricity with respect to the plane
of the connection surface. This load arrangement simulates the behaviour of a free flange of the
thin-walled beam in bending while lateral-torsional buckling occurs. In this way, the research covers
the determination of the lateral stiffness of the thin-walled beam-free flange, while the other flange is
connected to the sandwich panel using various connection systems.

Keywords: sandwich panels; thin-walled beam; failure scenario; connections; laboratory experiment

1. Introduction

Claddings are inseparable elements of industrial halls. The purpose of the claddings
is three-fold. Firstly, the claddings protect the structure of the building from environmen-
tal actions such as wind, rain, and snow [1]. Secondly, the claddings ensure the desired
temperature and moisture content in the interior of the building [2]. Thirdly, the claddings
transmit the mechanically (dead load, climatic action, and useful loads) and thermally (gra-
dient temperature between the facings) induced loads to the main or secondary structural
elements [3]. Nowadays, the cladding systems in steel industrial halls are increasingly
made of sandwich panels [4]. The sandwich panel is a composite element consisting of the
two external facings and the internal core [5]. In civil engineering applications, the facings
are made of high strength and of a high stiffness material [6–8] such as steel, aluminium, or
less frequently composite laminate. Their thickness is approximately 0.5 mm in the case of
metallic facings and 0.7 mm in the case of laminate facings. The core, from a mechanical
point of view, can be defined as a soft and flexible material of low weight and excellent
thermal insulation properties. In building construction, the core, which is usually made
of mineral wool, polyurethane foam, or styrofoam layer, is significantly thicker than the
facings. Its thickness ranges from 40.0 mm to 200.0 mm (depending on the desirable level
of thermal insulation). Usually, the core is assumed to be isotropic; nevertheless, recent
research [9,10] also investigates its anisotropy.

Sandwich panels are usually attached to the main structural elements and secondary
elements (hot-rolled or thin-walled cross-sections) via self-drilling fasteners. The size and
type of load transferred by the fasteners (from surface load to the linear load) depend on
the assumed ‘structural class’ according to Eurocode 3 [11] associated with the failure conse-
quences defined in Eurocode 0 [12]. Structural classes provide information on the reliability
level of cold-formed elements (thin-walled beams) and claddings (corrugated metal plates).
The authors of this paper, according to the guidebook titled European Recommendations
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on the Stabilization of Steel Structures by Sandwich Panels [13], published by the European
Convention for Constructional Steelwork, assumed that structural classes can be extended
to structures with sandwich panels used as cladding. The mentioned document [13] is the
basis for the new standard in development prEN 14509-2 [14]. According to Eurocode 3 [11],
three construction classes are distinguished. Construction class I refers to construction
where cold-formed members and cladding are designed to contribute to the overall strength
and stability of a structure. Construction class II refers to construction where cold-formed
members and cladding are designed to contribute to the strength and stability of individual
structural members. Construction class III refers to the construction in which the cladding
is used as an element that only transfers loads to the main structure. From a mechanical
point of view, the fasteners in each construction class participate in transferring the surface
load from plate elements (claddings) to their supports, i.e., beam elements. Depending
on the direction of the support load in relation to the support plane and the angle of its
inclination in relation to the ground plane, the fastener is subjected to axial and/or shear
force. Note that compression is mainly transferred from the cladding element directly to the
beam flange due to the contact surface. However, in the case of construction classes I and II,
it is taken into account that the fasteners transfer the additional membrane forces (forces
perpendicular to the fastener axis) that arise from the lateral-torsional stabilization pro-
vided to the thin-walled beam elements by the claddings [15–18]. Additionally, in [19],
the hot-rolled sections were considered as beam elements stabilized by sandwich panels.
Nowadays, this type of interaction is often used by structural engineering designers in their
analyses. Please note that the connection mechanical properties (stiffness, ultimate capacity,
and deformation capacity) are also important in other structural elements used in building
applications. For example, in [20,21] the authors investigated the various connections in
the aluminium–timber composite beam (ATC) that consist of the aluminium beam and
laminated veneer lumber (LVL).

The experimental research presented in this article simulates the behaviour of the free
flange of the thin-walled Z beam in bending. The other flange is laterally restrained by
the sandwich panel. This laboratory model refers to the calculation method described in
Section 10.1 of Eurocode 3, Parts 1–3 [11], where the free flange of the thin-walled beam is
considered as a beam on an elastic foundation. The research covers the determination of the
lateral stiffness of the thin-walled beam-free flange, while the other flange is connected to
the sandwich panel using various connection systems: self-drilling fasteners for sandwich
panels, blind rivets, bolts, and double-sided acrylic tape. In addition, the equilibrium
path (force-displacement), initial and secant stiffness, ultimate capacity, and deformation
capacity were determined. Furthermore, the research allows determining failure scenarios
of various connection types between a thin-walled beam and a sandwich panel.

Currently, as part of the work of the ECCS working group TWG 7.9 named Sandwich
Panels and related Structures, the new document is being prepared. This document covers
the experimental aspects of the determination of the rotational restraint provided by
sandwich panels. The ECCS document, among others, was prepared on the basis of the
following articles [22,23]. The laboratory tests presented in the manuscript are in line with
the scope of this document, in which the sandwich panel can provide rotational restraint
for thin-walled elements by means of various types of connector.

Note that in the research, the thin-walled beams used in the experiments were without
openings. The results can be easily extended, for example, on the thin-walled beams
with perforations discussed in References [24,25]. In these papers, the authors proposed
a method for determining the equivalent stiffness of beam with and without openings
or perforations along its length. To be specific in the presented homogenization method,
there is no need to provide formal analysis such as solving the system of equations. The
method uses the 3D representation of a beam modelled with shell finite elements and global
stiffness matrix of the representative volumetric element (RVE).
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2. Materials and Methods
2.1. Problem Formulation

In Figure 1, the scheme of the test bed is depicted. The test bed consisted of one
sandwich panel with the following dimensions: width 1100 mm, length 1100 mm, and
thickness 80 mm. The sandwich panel was made of two steel facings with a thickness equal
to: 0.545 mm (external–upper) and 0.491 mm (internal–bottom) and a soft core made of
polyisocyanurate foam (PIR). The mechanical properties of the sandwich panel layers were
determined by previously conducted research. Young’s modulus of facings was equal to
190.0 MPa [26], and the value of the shear modulus of the polyurethane foam core was
equal to 3.43 MPa [27].
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Figure 1. Test bed scheme—geometry of the sandwich panel and the thin-walled Z-beam.

The thin-walled steel beam with a Z-section was fastened to the sandwich panel at
an axial distance of 150 mm from its free edge. The dimensions of the thin-walled beam
cross section were equal to 18 × 39 × 100 × 45 × 18 mm with constant walls thicknesses of
1.5 mm. The properties values of the thin-walled beam material were determined on the
basis of laboratory tests [18,28]. Young’s modulus was equal to 198 MPa, the value of the
upper yield strength was equal to 348.87 MPa, and the value of the ultimate tensile strength
was equal to 402.72 MPa. The following five types of connectors to the authors’ knowledge
can be used to connect the thin-walled section to the sandwich panel:

• Bolts (B) fully threaded with a diameter equal to 6 mm and length equal to 100 mm;
see Figure 2a;

• Self-drilling fasteners for fastening sandwich panels to steel construction (F) with a
diameter equal to 6.3 mm and length equal to 110 mm; see Figure 2b;

• Pulled blind rivets (BT) (threefold aluminium blind rivets of a diameter equal to 4.75 mm
and clamping arm’s length measured after pulling equal to 6 mm); see Figure 2c;

• Tightened blind rivets (FB) (fourfold steel/aluminium blind rivets of a diameter equal
to 7.80 mm and clamping arm’s length measured after pulling equal to 10 mm);
see Figure 2d;

• Double-sided acrylic foam tape (TL—applied continuously, TP—applied pointwise)
with thickness equal to 1.5 mm and width equal to 38 mm; see Figure 2e.
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Figure 2. Connectors used to join the thin-walled beam and the sandwich panel (description in the
text): (a) bolt (B), (b) self-drilling fastener dedicated for sandwich panels (F), (c) pulled blind rivet
(BT), (d) tightened blind rivet (FB), (e) acrylic tape (TL, TP).
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Sandwich panels used in structural engineering applications are usually attached to
the supporting structure by three fasteners per width. Therefore, in the experiment, three
mechanical connectors per width (B, F, BT, and FB) were used, that is, in the middle of the
beam and 500 mm on the left and on the right from the middle point. In the case of acrylic
tape, two methods of joining were used. In the first method of joining (TP), three short
sections of tape measuring 38 × 50 mm were used. In the second method (TL), the tape
was glued linearly along the entire length of the thin-walled beam. Double-sided acrylic
foam tape, used in the experiments, may be used to bond a variety of materials, such as
aluminium, steel, glass, plastics, painted, or powder-coated surfaces.

In the experiment, the Z beam-free flange was subjected to a horizontal load perpen-
dicular to the central beam axis (to the beam web). The load was applied by a loading cell
with a speed of 5 mm/min. The exact position of the loading cell is described in Figure 3
through a bold dot. Force was measured using a force transducer (U93) of 10 kN capacity
of 0.5 class (it gives the accuracy of force measurement equal to 0.05 kN). During the test,
vertical and horizontal beam displacements were measured at three points: in the middle
of the beam span and at the outer edges of the beam. The precise position of the inductive
displacement transducer with nominal displacements of 50 mm and 100 mm (WA 50 and
WA 100) is depicted in Figure 3.
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Figure 3. Position of the force and inductive displacement transducers along the thin-walled beam
(description in the text).

In Figure 3, ‘×’ represents the position of horizontal displacement transducers, vertical
arrows represent the position of vertical displacement transducers, and ‘bold dot’ represents
the position of the horizontal force transducer. Figure 4 presents the view of the test bed
where 1 represents a sandwich panel with polyisocyanurate foam core and steel lightly
profiled facings, 2 represents a thin-walled Z beam, 3 represents force transducer U93,
4 represents the electromechanical actuator (assembled by Archimedes Ltd., Toruń, Poland),
5 represents the inductive displacement transducers WA 100 (range 100 mm), 6 represents
the inductive displacement transducers WA 50 (range 50 mm), F represents the typical
self-drilling fastener, B represents the bolt, FB represents the tightened rivet, and BT
represents the pulled blind rivet. It is worth noting that the innovative use of pulled blind
rivets was presented in References [29,30] where laboratory and numerical analyses of the
beam-to-column connection in cold formed steel frames were carried out.
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2.2. Experimental Investigation

The connection methods considered in the paper can be divided into three groups. The
first group is represented by mechanical connectors that penetrate all layers of the sandwich
panel: self-drilling fasteners (F) and bolts (B). The second group is represented by mechani-
cal connectors: tightened blind rivets (FB) and pulled blind rivets (BT) that are attached
only to one sandwich panel facing. Finally, the third group represents the non-penetrating
connection method using continuous (TL) and pointwise (TP) tape arrangements. Each of
the connection methods was investigated experimentally. The testbed setup was described
in Section 2 and is depicted in Figure 4. The equilibrium load-displacement paths, obtained
for each type of connection, basically represent the two-stage response: linear and nonlinear.
The linear response was determined using the iterative linear regression formula. The
ultimate point is defined as a point in which the derivative of the load-displacement curve
is less than zero. The equilibrium load-displacement paths obtained provide information
on the linear and ultimate resistance, the linear and ultimate deformation capacity, and the
linear and secant stiffness, which are graphically depicted in Figure 5.
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3. Results

Please note that the mechanical response of penetrating connectors also consists of
the initial response, which refers to the initial loading phase (up to 0.1 kN). It arises
from the initial stiffness of the section when the connection is tightly connected with
the sandwich panel from the beginning of the loading process (F, B). In all figures that
present the equilibrium load-displacement curves from the experiments, the vertical line
represents the boundary between the linear (I) and non-linear (II) stages. Additionally, in
the figures mentioned, the thick black continuous lines represent the mean value of the
individual results of the connector type considered. The thin grey lines represent the load-
displacement paths recorded during laboratory experiments. Note that in the experiment,
the horizontal force (F) applied in the middle length of the element (Figures 3 and 4) is
transferred by the support conditions of the thin-walled element as a pair of normal forces
(N) to the surface of the sandwich panel and horizontal forces (S). The shear resistance
of the connectors transfers the top facing of the horizontal force to the sandwich panel.
The normal force, located along the rotation line, is directed into (Nc) the sandwich panel
facing while the other one, localized along with the connectors, is directed outward (Nt);
see Figure 6. As presented in Figure 6, the force distribution is general for all investigated
connection types.
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Figure 6. General scheme of the forces in the investigated connections.

3.1. Failure Scenarios and Equilibrium Load Displacement Paths
3.1.1. Connectors Penetrating Whole Sandwich Panel Depth

Self-drilling (F) fasteners are commonly used in civil engineering applications to
connect thin-walled elements to sandwich panels. The use of self-drilling fasteners was also
recently investigated in [26] where the test bed was used for the double lap shear test. This
type of connection does not require predrilling of the hole and therefore is easy and fast to
install. However, during installation, the substructure is below the sandwich panel and
thus is not visible to the cladding fitter. This leads to the problem of achieving collinearity
of the fasteners during sandwich panel installation; see Figure 7.
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Figure 7. Lack of the collinearity of the self-drilling fasteners (F).

In Figure 8a, the equilibrium load-displacement paths of self-drilling fasteners (F)
are presented. It was observed during the experiments, that up to F ≈ 0.05 kN the load
is compensated by the stiffness of the cross-section. It is manifested as an elastic bow
deformation of the web along with its depth without cross-section rotation; see Figure 8b.
With increasing load, the section starts to rotate. The rotation line is located on the fold
between the web and the bottom flange, see Figure 8c. The observed web bow of the
cantilever-buckling shape was kept to the end of the linear part of the equilibrium path
(stage I). Thus, the initial angle between the bottom flange and the web remains constant
during the linear stage (I).
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Figure 8. Self-drilling fasteners (F): (a) equilibrium load- displacement paths, (b) initial (up to 0.05 kN)
response, (c) linear response (stage I).
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An additional increase in the load (stage II—non-linear behaviour) increases the defor-
mation of the web bow and the section rotation. Rotation of the cross section results in an
indentation of the bottom flange in the vicinity of the fasteners (see Figure 9) and its slip over
the fastener thread. Additionally, the cross-section rotation is compensated by the bottom
flange bow deformation depicted in Figure 9. It should be noted that the position of the
connectors with respect to the cross-sectional web is important in preventing rotation. The
closer the fasteners are to the web, the higher the cross-sectional rotation is observed.
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Figure 9. Failures in the nonlinear stage of the kinematical response of the connection (stage II) using
self-drilling fasteners (F).

Figure 10a shows the equilibrium load-displacement paths of the connection between
the thin-walled beam and sandwich panel made with the bolts with a nut and two steel
washers. This connection requires pre-drilling of all layers of the sandwich panel (both
facings and core) and the bottom flange of the thin-walled section. Thus, the potential
problem of collinearity is easier to eliminate. It is worth noticing that this connection is
characterized by a similar kinematical response to the self-drilling fasteners, i.e., the same
stages can be distinguished. That is, it was observed that initially (up to F ≈ 0.1 kN) the
section compensates the load by an elastic bow deformation of the web along with its depth
without cross-section rotation; see Figure 10b.
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Figure 10. Self-drilling fasteners (F): (a) equilibrium load-displacement paths, (b) initial (up to
0.05 kN) response, (c) linear response (stage I).

An increase in the load (above stage I) leads to an increase in the rotation of the
cross section. The use of bolts with nuts prevents the bottom flange of the beam from
being separated from the top facing of the sandwich panel. However, at stage II, the bow
deformation of the bottom flange is also observed; see Figure 11. Additionally, the washer
between the nut and the bottom flange prevents local indentation in the bottom cross
section flange, which was observed in the case of self-drilling fasteners. However, the uplift
force Nt (see Figure 6) causes the indentation of the bottom facing in the vicinity of the
head and the unscrewing of the nut, see Figure 11.
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Figure 13. Tightened blind rivet–facing delamination in stage II. 

Figure 11. Failure mechanisms in stage II in connection using bolts: indentation at the bottom facing
and bow deformation of the bottom flange.

3.1.2. Connectors Attached to One Sandwich Panel Facing—Blind Rivets

The installation of both types of blind rivets considered requires predrilling of the
holes. Thus, similarly to the bolts, the problem with their collinearity is easier to eliminate.
After predrilling, the rivets are inserted into the holes, and the bottom flange of the cross
section and one sandwich panel facing are tied. Note that in this case, the core layer is
not penetrated; thus, no point thermal bridges are created. The diameter of the tightened
and pulled blind rivets, as well as their length, varies, and thus, their results are presented
separately. However, general conclusions can be drawn, namely, that the blind rivet
clamping arm significantly influences connection strength, deformation capacity, and
failure mechanisms. Figure 12a shows the equilibrium load-displacement paths of the
connection realized by the tightened blind rivets. The initial stiffness of the cross section,
which occurred with fasteners and bolts, was not observed in this connection. It means
that from the beginning, the rotation of the cross section and the web bow deformation
occurred; see Figure 12b.
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Furthermore, facing delamination was observed on the extension of the blind rivet line
(perpendicular to the length of the thin-walled beam). The further load increase increases
cross-section rotation and facing delamination that reaches the edge of the sandwich panel,
see Figure 13.

Materials 2022, 15, x FOR PEER REVIEW  8  of  13 
 

 

 

Figure 11. Failure mechanisms in stage II in connection using bolts: indentation at the bottom facing 

and bow deformation of the bottom flange. 

3.1.2. Connectors Attached to One Sandwich Panel Facing—Blind Rivets 

The  installation of both types of blind rivets considered requires predrilling of the 

holes. Thus, similarly to the bolts, the problem with their collinearity is easier to eliminate. 

After predrilling, the rivets are inserted into the holes, and the bottom flange of the cross 

section and one sandwich panel facing are tied. Note that in this case, the core layer is not 

penetrated; thus, no point thermal bridges are created. The diameter of the tightened and 

pulled blind rivets, as well as their  length, varies, and  thus,  their results are presented 

separately. However,  general  conclusions  can  be  drawn,  namely,  that  the  blind  rivet 

clamping arm significantly influences connection strength, deformation capacity, and fail‐

ure mechanisms. Figure 12a shows the equilibrium load‐displacement paths of the con‐

nection realized by  the  tightened blind rivets. The  initial stiffness of  the cross section, 

which occurred with fasteners and bolts, was not observed in this connection. It means 

that from the beginning, the rotation of the cross section and the web bow deformation 

occurred; see Figure 12b. 

   
(a)  (b) 

Figure 12. Tightened blind rivet: (a) equilibrium load‐displacement paths, (b) connection behaviour 

in stage I. 

Furthermore, facing delamination was observed on the extension of the blind rivet 

line (perpendicular to the length of the thin‐walled beam). The further load increase in‐

creases cross‐section rotation and facing delamination that reaches the edge of the sand‐

wich panel, see Figure 13.   

 

Figure 13. Tightened blind rivet–facing delamination in stage II. Figure 13. Tightened blind rivet–facing delamination in stage II.

89



Materials 2022, 15, 6277

Figure 14a shows the equilibrium load-displacement paths of the connection realized
by pulled blind rivets. In the case of these connectors, it was observed that the bow
deformation of the cross-sectional web was negligible, see Figure 14b. The deformation of
the connection is manifested by the cross-sectional rotation which, in stage II, leads to the
punching shear failure. The punching shear failure mechanism is connected to the plastic
deformation of the clamping arms of the blind rivet.
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3.1.3. Non-Penetrating Connectors

The last method of connection is performed with double-sided acrylic tape. In
Figure 15a,b the equilibrium load-displacement paths of the pointwise (TP) and continuous
tape (TL) arrangement, respectively. Please note that the ultimate strength, stiffness, and
deformation capacity of the connection achieved with the use of tape applied pointwise is
significantly lower than with the use of tape applied tape.
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In the case of pointwise tape and continuous tape, the cross section remains straight
during stage I and stage II, that is, no bow deformation of the cross section web was
observed; see Figure 16a,b, respectively. It was due to the very small capacity of the connec-
tion. In this case, only the tape detachment governed the load-displacement behaviour of
the connection.
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4. Discussion

In Table 1, data collected from all tests are presented. These data represent the load-
horizontal displacement relation of the middle point located in the beam web. The param-
eters are illustrated graphically in Figure 5. Nevertheless, for the record in Table 1, the
following parameters are listed:

• FI and FII represent linear and ultimate resistance, respectively;
• uI and uII represent linear and ultimate deformation capacities, respectively;
• kI and kII represent linear and secant stiffness, respectively;
• AI and AII represent the area below the curve for linear and nonlinear part, respectively.

Table 1. Data from laboratory test.

Parameter Unit F B BT FB TL TP

FI [kN] 1.02 ± 0.06 1.25 ± 0.06 0.95 ± 0.07 1.37 ± 0.05 0.18 ± 0.02 0.08 ± 0.01
uI [mm] 24.63 ± 3.73 30.03 ± 1.44 32.08 ± 2.20 33.13 ± 1.83 3.20 ± 0.17 3.20 ± 0.07
kI [kN/m] 41.3 41.6 29.9 41.3 57.5 23.9
AI [kNm] 0.0135 0.0201 0.0161 0.0240 0.0003 0.0001
FII [kN] 1.35 ± 0.09 1.68 ± 0.09 1.01 ± 0.07 1.52 ± 0.05 0.47 ± 0.12 0.11 ± 0.05
uII [mm] 46.18 ± 3.64 48.16 ± 1.86 40.75 ± 0.80 43.47 ± 2.37 16.32 ± 2.00 9.72 ± 4.11
kII [kN/m] 29.3 34.9 24.9 34.9 28.9 10.9
AII [kNm] 0.0396 0.0471 0.0248 0.0390 0.0054 0.0008
n [–] 5 4 4 4 4 3

Resistances and horizontal deformations represent the mean values for each group
of connectors (n represents the statistical sample size). Please note that, in the case of
nonmechanical connectors (tapes), the scatter of the results is significant; therefore, they
should not be considered in this type of usage.

In Table 1, AI and AII represent the area below the linear and nonlinear parts of the
load-displacement curves. These areas can be interpreted as the strain energy capacity
of the connection for its linear and nonlinear mechanical response. In Figure 17, the
mean representations of each connection type are plotted. One can observe that the
bolt connection (B) and tightened blind rivets connection (FB) are characterized by exact
behaviour in stage one (linear response) and comparable in stage 2 (nonlinear response).
The typically used self-drilling fasteners (F) are characterized by the same linear stiffness as
bolts (B) and tightened blind rivets (FB) but are also characterized by 20% lower ultimate
resistance and secant stiffness. Nevertheless, the deformation capacity of bolts (B), tightened
blind rivets (FB), and self-drilling fasteners (F) is comparable. The mechanical response of
the pulled blind rivet (BT) connection is significantly smaller than the response of other
mechanical connectors. This is because its clamping arm’s length and diameter are smaller
than in the case of the tightened blind rivet. This leads to a failure by pulling the rivets
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from the facing. Non-mechanical connectors—tapes—are characterized by their lowest
resistance and deformation capacity.
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Due to the fact that self-drilling fasteners are used in the case of civil engineering
applications, the results for this connector were considered as reference results for the
other methods of connecting sandwich panels with thin-walled beams. In Figure 18a,b,
the changes of three selected parameters for the linear and non-linear stages are depicted,
respectively. This comparison sustains the conclusions defined above, i.e., that the bolts
(B) and tightened blind rivets (FB) are characterized by higher resistance and deformation
capacity than self-drilling fasteners.
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5. Conclusions

The laboratory results presented in the paper, give quantitative information on the
possible usage of the different connectors to connect the thin-walled members to sandwich
panels. These results can be considered as a starting point when full-scale laboratory tests
are being prepared in the area of stabilization of the thin-walled members by sandwich
panels. The research was limited to a core layer material, i.e., polyisocyanurate foam core
(PIR foam). However, in the case of the through-drilling connectors (fasteners, bolts) and
the tapes, the failure mechanisms were not connected with the mechanical properties of the
core layer, but rather with its thickness. Therefore, the results of these types of connectors
could be extended to other core layer materials, for example, styrofoam or mineral wool.
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It cannot be assumed only for blind rivets because the observed failure mechanism was
related to the core layer delamination. In that case, further considerations could be directed
to the use of analytical solutions described in [31,32].
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Abstract: Fractional calculus plays an increasingly important role in mechanics research. This review
investigates the progress of an interdisciplinary approach, fractional plasticity (FP), based on fractional
derivative and classic plasticity since FP was proposed as an efficient alternative to modelling state-
dependent nonassociativity without an additional plastic potential function. Firstly, the stress length
scale (SLS) is defined to conduct fractional differential, which influences the direction and intensity
of the nonassociated flow of geomaterials owing to the integral definition of the fractional operator.
Based on the role of SLS, two branches of FP, respectively considering the past stress and future
reference critical state can be developed. Merits and demerits of these approaches are then discussed,
which leads to the definition of the third branch of FP, by considering the influences of both past and
future stress states. In addition, some specific cases and potential applications of the third branch can
be realised when specific SLS are adopted.

Keywords: fractional derivative; fractional plasticity; nonassociated; state dependence

1. Introduction

Geomaterials, such as clay, sand, ballast and rock, are often encountered or used in
practical engineering [1,2]. Before the designing and construction of infrastructure, site
investigation was usually carried out, to have a full understanding of the mechanical
properties of the underlying geomaterial. It was found that the constitutive responses of
geomaterials were state-dependent and non-associated, due to the frictional nature [3–6].
The associated plasticity developed for metals could not be simply employed for modelling
the stress and strain behaviour of geomaterials [7,8]. Instead, the non-associated plasticity
within the framework of critical state soil mechanics was often suggested [9]. However, the
classic non-associated plastic models required the incorporation of an additional plastic
potential function and a state parameter, to capture the state-dependent non-associated
behaviour of geomaterials, which inevitably resulted in the complexity of the developed
model. Recently, nonconventional mechanical approaches using fractional calculus [10–13]
have attracted increasing attention. Inspired by the fractional viscoplasticity (FVP) origi-
nally proposed by Sumelka [14,15], Sun and Sumelka [16], Lu et al. [17,18] and Qu [19,20]
developed a series of fractional plasticity (FP) models, to solve this limitation. Without
using an additional plastic potential function, the developed approach can be used to
characterise the state-dependent non-associated stress-dilatancy behaviour of geomaterials.

In this study, a comprehensive introduction to the development and application of
the FP for geomaterials will be provided, in terms of the role of SLS for carrying out
the fractional differentiation. Three branches of the FP will be proposed and discussed.
This study is intended to provide potential guidance for those who have an interest in this
research branch of stress-fractional mechanics.
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2. Progress in FP

The FP was originally established by incorporating the stress-fractional operator into
the associated plasticity. It was inspired by the pioneering work of Sumelka [14,15] on the
FVP. Nevertheless, these two types of research have differences with regard to the initial
definition of the stress-fractional operator. According to Sumelka et al. [21,22], the FVP was
developed based on the ‘short memory principle’, where the close virtual neighbourhood
of a stress state (σ

′
ij) (at a material point of interest) influences the fractional viscoplastic

strain (dε
vp
ij ) direction of the material, such that:

dε
vp
ij = Λ

RC
a Dα

b f
(

σ
′
ij

)

∥∥∥RC
a Dα

b f
(

σ
′
ij

)∥∥∥
(1)

where i, j = 1, 2, 3; Λ is the intensity of viscoplastic flow (provided as a material function,
as in original Perzyna [23] approach); D indicates partial differential; f is yielding function;
a and b denote the close virtual neighbourhood of a stress state (σ

′
ij); α is the fractional-

order, with α ∈ (n − 1, n] and n the positive integer; ∥ ∥ indicates the norm of a tensor.
The superscript, RC, denotes the Riesz–Caputo fractional derivative, where in FVP it was
defined by using the ‘short memory principle’ as:

RC
a Dα

b f
(

σ
′
ij

)
=

1
2

[
C
a Dα

σ
′
ij

f
(

σ
′
ij

)
+ (−1)n C

σ
′
ij

Dα
b f

(
σ
′
ij

)]
(2)

in which the superscript, C, indicates the Caputo fractional derivative; the definition of the
Caputo fractional derivative can be found in the Appendix A. Note that C

a Dα
σ
′
ij

f
(

σ
′
ij

)
is the

left-sided fractional derivative, whereas C
σ
′
ij

Dα
b f

(
σ
′
ij

)
is the right-sided fractional derivative.

Compared with FVP, the FP was developed based on the ‘long memory principle’,
where the initial stress onset (σ′

0) or the targeted future stress
(

σ′
cij

)
influences the fractional

plastic flow of the material at the current stress state. Thus, it is defined as:

dε
p
ij = dλC,RL

σ′
0

Dα
σ′

ij
f
(

σ′
ij

)
, σ′

ij > σ′
0 (3)

or 


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p
ij = dλC,RL
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ij

Dα
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′
cij
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′
ij

)
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′
cij > σ
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ij
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Dα
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′
ij
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′
ij
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′
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′
cij

(4)

where the superscript (C, RL) indicates Caputo fractional derivative or Riemann–Liouville’s
fractional derivatives; dλ is the non-negative plastic multiplier; σ′

0 and σ′
cij are the integral

limits. Equation (3) indicates the first type of the FP, here denoted as FP-n (n stands for
nonassociated), which was adopted by researchers [17,19,24] for capturing the nonassoci-
ated plastic flow of granular soil, while Equation (4) indicates the second type of FP, here
denoted as FP-sn (sn stands for state-dependent nonassociated), which was defined in [25]
for modelling the state-dependent nonassociated behaviour of granular soil. It is noted
that the FP-n based on Equation (3) assumes that the past loading history

(
σ′

0 → σ′
ij

)
plays

a role in the nonassociated plastic flow of geomaterial; the FP-sn based on Equation (4)
assumes an effect of the future reference critical state, i.e., the distance

(
σ′

ij − σ′
cij

)
from

the current stress state σ
′
ij to the corresponding future reference critical state σ

′
cij, on the

current plastic flow direction of geomaterial. Note that the future reference critical state
is a state which can be reached by soils subjected to sufficient shearing. This state was
experimentally and numerically evidenced in many reported researches [3,4,6,7,26–28],
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and characterized by the critical state lines in the mean effective stress v.s. deviator stress
space and the mean effective stress v.s. void ratio space. The current state is moving along
the yield curve until reaching the critical state line. Although the FP was developed based
on using fractional derivatives with power-law kernel, it can be also developed by other
definitions using, for example, the exponential kernel, as long as it has analytical solutions
of the yielding function. However, no matter which definition is used, the basic constitutive
relation for FP-n and FP-sn should be the same.

Reformulating Equations (3) and (4), one can have a unified description for the FP as:

dε
p
ij = dλ

∂α f
(

σ′
ij, h̄ij

)

∂σ′α
ij

(5)

where h̄ij denotes the hardening variable of the yielding function. Then, one needs to
determine dλ for model application. Through applying the consistency condition at the
yielding surface, one has:

d f =
∂ f

(
σ′

kl , h̄kl
)

∂σ′
kl

dσ′
kl +

∂ f
(
σ′

kl ,h̄kl
)

∂h̄kl
dh̄kl = 0 (6)

where the hardening variable dh̄kl =
∂h̄kl
∂ε

p
ab

dε
p
ab. Substituting Equation (5) into Equation (6),

one has:

dλ = −

∂ f
(
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′
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kl
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∂ f
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∂h̄kl ∂

α f
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)
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p
ab ∂σ
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α

(7)

Then, substituting Equation (7) into Equation (5), one has the following constitutive
relation for the FP:

dε
p
ij =

1
H

nijmkldσ′
kl (8)

where the hardening modulus (H), plastic flow tensor (nij), and plastic loading tensor (mkl)
can be derived as:
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∂ f
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ct ,h̄ct
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(9)

nij =

∂α f
(

σ′
ij ,h̄ij

)

∂σ′α
ij∥∥∥ ∂α f (σ′
rs ,h̄rs)

∂σ′α
rs

∥∥∥
(10)

mkl =

∂ f (σ′
kl ,h̄kl)

∂σ′
kl∥∥∥∥

∂ f (σ′
ct ,h̄ct)

∂σ′
ct

∥∥∥∥
(11)

Figure 1 modified from [29] schematically shows the plastic flow and loading directions
calculated using Equations (10) and (11), where a deviation of the plastic flow direction
from the plastic loading direction can be observed, indicating a nonassociated plastic flow
rule in the developed FP. Based on Equation (8), a series of FP models were developed
for the constitutive descriptions of different geomaterials. Depending on the definition
of the adopted fractional operator, these FP models can be categorised into two branches,
i.e., the ones considering the role of ‘past’ SLS [18,20,24] and the others considering the role
of ‘future’ critical-state SLS [25]. These two branches will be respectively introduced in the
next two sections.
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Figure 1. Schematic show of the loading and plastic flow directions.

2.1. FP-n: The Role of Past SLS
2.1.1. Modelling of Soils

As indicated by Equation (3), compared with the previous works [30,31], the SLS is
characterized by the length from current stress state to the reference stress state.
Sun et al. [32] pointed out that in geotechnical engineering if one took the consolida-
tion pressure instead of the zero-stress state as the initial stress state (σ′

0), the developed
model could predict a higher strain. However, this prediction difference could be reduced
by tuning the values of some model parameters. For the sake of simplicity, σ′

0 = 0 kPa
was thus assumed for model derivation in most cases, cf. [18–20,33–35]. Through this
assumption, the developed fractional plastic flow rule can be simple and yet flexible in
constitutive modelling.

Specifically speaking, to capture the stress-dilatancy behaviour of granular soil,
the following fractional-order dilatancy ratio (dg) based on the Modified Cam-clay (MCC)
function was proposed [33]:

dg =
0Dα

p′(p′)

0Dα
q f (q)

=
M2 − (1 − α/2)

(
η2 + M2)

η2−α
(12)

where p′ = 1/3σ′
ijδij and q =

√
3/2

(
σ′

ij − p′δij

)(
σ′

ij − p′δij

)
, are the mean effective stress

and deviatoric stress, respectively; δij is the Kronecker delta; M and η denote the critical-
state and current-state stress ratios, respectively. Unlike other critical state parameters, the
critical-state stress ratio (M) can be influenced by many factors, e.g., the particle shape [27],
but it should not be affected by fines content [26,36] or shearing mode [28,37]. The effect of
α on the stress-dilatancy behaviour of granular soil can be observed in Figure 2. It is found
that with the increase of α, the dilatancy ratio at the same level of stress ratio increases,
while with the increase of the stress ratio (η), the dilatancy ratio at the same α decreases.

It is worthwhile to mention that Equation (12) does not consider the dependence of
stress-dilatancy on the material state in its current form unless a state-dependent parameter
is introduced. However, state-dependent stress-dilatancy is a common phenomenon in
granular soils, e.g., sand and rockfill, where the stress-dilatancy behaviour is determined by
not only the current stress state but also the material state (i.e., void ratio, e, and pressure,
p′). To consider this, an empirical correlation of the fractional-order with the state parameter
ψ(= e − ec) can be suggested, such that

α = exp(−⟨−∆ψ⟩) (13)
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where ∆ is a material parameter; ec is the void ratio at the critical state; ⟨ ⟩ is Macauley
brackets. Based on Equation (13), the state-dependent stress-dilatancy or plastic flow
direction can be captured. There are two chances for Equation (12) to be equal to zero: one
is at the phase transformation state where dg = 0, the other is at the critical state where
η = M, ψ = 0 and α = 1, which ensures that Equation (12) conforms to the basic restrictions
of the Critical State Soil Mechanics (CSSM) [38].
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Figure 2. Effect of α on the stress-dilatancy relation.

Note that if a constant α was used, Equation (12) would either overestimate or un-
derestimate the critical-state strength of the material, because, at the critical state, dg = 0,
such that Equation (12) can be solved as:

ηc =

√
α

2 − α
M (14)

where ηc indicates the calculated critical-state stress ratio. In critical state soil mechanics,
ηc = M should always exist at the critical state. However, this can only be true if α = 1 at the
critical state or one uses a different constant instead of M in Equation (12). The latter option
was introduced by Liang, et al. [39] and Lu, et al. [17] to consider the effect of multiaxial
loading on soft soils, e.g., clay, where they developed the multiaxial stress-dilatancy relation
by using a well-established characteristic stress concept, such that Equation (12) can be
reformulated as [40]:

dg =
0Dα

p̃′ f ( p̃′)

0Dα
q̃ f (q̃)

=
N2 − (1 − α/2)

(
η̃2 + N2)

η̃2−α
(15)

where p̃′, q̃ and η̃ are the characteristic stress components of p′, q and η; N is a material pa-
rameter, different from M in the original FP model. Then, ηc = M at the critical state can be
guaranteed via a constant fractional-order shown in Equation (14), i.e., ηc =

√
α/(2 − α)N.

To consider the dependence of dilatancy on material state, a dependence of dg on the state
parameter, for example, the relation in Equation (13) may be further introduced. However,
there is one other option: that is to use the stress ratio at the phase transformation state, i.e.,
Mpt, to determine the fractional order as suggested by Liang, et al. [40]. As suggested by
Nguyen and his coworkers [26–28,36,37], the phase-transformation-state parameter (Mpt)
and strain hardening parameter (Mp) are also a function of M and the state parameter.

Despite the above successful applications, the FP-n models based on MCC function
usually predicted much higher dilatancy for sand at the same stress level when compared
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to the corresponding test data [41]. This can be attributed to the larger elastic region of the
MCC yielding surface at the ‘dry’ side (Figure 3 modified from [42]) of the critical state
line in the p′ − q plane [43]. For modelling sand, the original Cam-clay (CC) function [38]
with reduced elastic region seems to work better. A new fractional stress-dilatancy relation
based on the original CC function can be proposed by using the RL definition:

dg = {[ fd(2)− fd(2 − α)]M − η}|η|α−1 1
α
+

(
1
α
− 1

)
|η|α (16)

where fd denotes the digamma function, which can be defined as fd = D1(ln Γ), with Γ
the gamma function. It is easily found that dg = 0 at the critical state. However, at the
phase transformation state, dg = 0 will result in a much complex condition for determining
the fractional order from laboratory test data. For example, iteration should be required
for parameter identification. Therefore, from the perspective of practical application,
one may ask if a simplified version of the CC-based fractional dialtancy equation can be
suggested, which can lead to a much easier way, i.e., directly measuring from test data,
to determine the fractional order. In fact, during model development, the RL derivatives of
constants can be omitted due to its limited influence on the dilatancy equation [44]. Because
such influence can be compensated through further calibration of model parameters, e.g.,
the fractional order. Thus, a modified fractional stress-dilatancy relation for granular soil
and soil-structure interface can be derived as:

dg = {[ fd(2)− fd(2 − α)]M − η}|η|α−1 (17)

In addition, one can also derive Equation (17) by using the Caputo definition, as shown
in [45]. Through such simplification, the RL definition and Caputo definition can lead to
the same expression of dg. To consider the state dependence, the fractional order can be
also correlated to the state parameter via Equation (13). Equations (16) and (17) conform to
the CSSM, as dg = 0 at both the phase transformation state and critical state.

Figure 3. Relative position between current state and critical state in the (a) e − p′ plane and (b) p′ − q
plane (data cited from Verdugo and Ishihara (1996)).

2.1.2. Modelling of Rocks

In addition to the application of FP-n in modelling granular or soft soils, several
attempts have been also made to capture the stress-strain behaviours of rocks [19,20,46,47]
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and rock-like materials [18]. In these applications, different constitutive models with
a fractional plastic flow rule were proposed based on the diverse problems that were
focused on. For the purpose of describing the volumetric compression/dilation transition
phenomenon of soft and hard rocks, Qu et al. [19] developed an elastoplastic model with
fractional-order plastic flow where a unified hardening/sofening function κp was proposed
as follows:

κp = κ0
p + (1 − κ0

p)
Πξ

Π + ξΠ − 1
, ξ = γp/γ

p
c (18)

with

γp =
∫ √

2
3

dep
ijdep

ij, ep
ij = ε

p
ij −

1
3

tr(εp)δij (19)

in which ε
p
ij denotes the plastic part of total strain εij; γp is equivalent plastic shear strain;

γ
p
c indicates the generalized plastic shear strain at peak stress; Π > 1 represents the model

parameter; κ0
p means the initial value corresponding to γp = 0. Moreover, the maximum

value κp = 1 is obtained at the critical state γp = γ
p
c . To calibrate the fractional order α,

Qu et al. [19] derived the formulation:

− ∂ f
∂σij

Dijkldεkl Aκp p1−α = (
∂ f
∂σij

Dijmn
∂α f

∂σα
mn

− ∂ f
∂κp

∂κp

∂γp

∂α f
∂qα

)δrsD−1
rskldεklΓ(2 − α) (20)

where A defines the friction coefficient; Dijkl is the fourth-order elasticity tensor; p and
q are the mean stress and deviatoric stress, respectively. In the process of determining α,
compressibility/dilation boundary dεv = 0 of claystone subjected to conventional triaxial
compression tests was employed and plotted in Figure 4.
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Figure 4. Compressibility/dilation (C/D) boundary of claystone subjected to conventional
triaxial compression.

Note that the influence of micro-crack growth on plastic volume was not considered
in [19]. Aiming to provide a new insight for investigating the complicated effect of plastic
flow direction on damage evolution, Qu and Zhu [48] take the following damage evolution
function Gd:

Gd(ε
p, d) = d − dc

[
1 − exp

(
υε

p
v

)]
= 0 (21)

with dc being the asymptotic damage value in the residual stage, and υ indicates the
material parameter controlling the velocity of the damage growth. Note that the variation
of plastic volumetric strain ε

p
v is related to the fractional order α as demonstrated in the

following relation:

dε
p
v = Λ

∂α f
∂pα

(22)
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with p denoting the mean stress. As such, the numerical simulation of Beishan granite
subjected to the confining pressure of 10 MPa is displayed in Figure 5. It can be observed
from Figure 5 that the developed fractional plastic damage model has the potential to
reproduce the damage evolution under the loading process. Moreover, it can be found
from [48] that the fractional order α plays a critical role in the damage growth. To further
account for the influence of the fractional plastic flow on the micromechanics for quasi-
brittle rocks, a friction criterion regarding local stresses was adopted as follows [20]:

f (σc) = ∥sc∥ − Ãpc ≤ 0 (23)

with

sc = s − 1
γ2ω

2µmΓ, pc = p +
1

γ1ω
kmβ (24)

where pc and sc denote the hydrostatic part and the deviatoric part of the local stress
σc, respectively; Ã is the generalized friction coefficient; s and p means the macroscopic
deviatoric stress; km and µm represent the bulk and shear moduli of the matrix, respectively;
ω indicates microscopic damage internal variable; Γ and β = εp : δ describe the relative slip
degree between microcrack surfaces and the degree of microcrack’s opening, respectively.
γ1 and γ2 associated with the Poisson’s ratio of the solid matrix νm and can be written as:

γ1 =
16
9

1 − (νm)2

1 − 2νm , γ2 =
32
45

(1 − νm)(5 − νm)

2 − νm (25)
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Figure 5. Numerical simulation of damage evolution versus axial strain under triaxial compression
of (σ3 = 10 MPa).

Based on Equation (23), the yield surface in the local stress space can be given in
Figure 6, which is a conical surface with the diagonal of the space as the axis.

Figure 7 shows the influence of the fractional order α on plasctic flow with the case
of η = 1 where dotted arrows represent the orthogonal direction and the solid arrows
denote fractional plastic flow direction. It can be observed from Figure 7 that the fractional
order brings a significant influence on the plasctic flow direction, especially under the high
hydrostatic pressure. In Figure 7, the decrease of α results in a larger deviation from the
orthogonal direction in the case of α < 1. In Figure 7, the deviation from the loading
direction is larger with an increase of α in the case of α > 1. Note that when α = 1,
the fractional plastic flow direction degenerates to the classical associated plastic flow as
shown in Figure 7. Hence, it is found that the change of the fractional order can capture
plastic flow direction more flexibly without the additional plastic potentical.
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p

(a)

p

(b)

Figure 6. Yield surface in the local stress space: (a) front view, (b) lateral view.
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Figure 7. Influence of the fractional order on the plastic flow direction in pc − ∥sc∥ plane with η = 1.

In [20], comparisons between test data and simulation results on Beishan granite under
the confining pressure of σ3 = 0, 5, 10 and 20 MPa are displayed in Figure 8. Numerical
results of the fractional model are in good agreement with test data. By comparing the
traditional associated model and the fractional model, it can be found that the fractional
model have better performance on reproducing the main features of mechanical behaviors
of Beishan granite, especially in the softening phase.

In addition, Li et al. [46] established a fractional constitutive model of soft rock consid-
ering temperature effect where model parameter m related to dilatancy characteristics was
introduced. In this model, the relation between the fractional order α and similarity factor
R is given by:

α =
2R2m

1 + R2m (26)

Based on the microstructure of porous matrix-inclusion, Shen et al. [47] developed
an elastoplastic damage constitutive model with a fractional plastic flow where the yield
criterion can be applied as follows:
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f =

1+2ℓ/3
Ã2 + 2

3 ρ
(

3ℓ
2Ã2 − 1

)

4Ã2−12ℓ−9
6Ã2−13ℓ−6

ρ + 1
q2 +

(
3ℓ

2Ã2
− 1

)
p2 + 2(1 − ℓ)hp

− 3 + 2ℓ+ 3ℓρ

3 + 2ℓ
(1 − ℓ)2h2 = 0

(27)

where ℓ and ρ represent the volume fraction of pores and the volume fraction of inclusions,
respectively; h is the hydrostatic tensile strength. This study [47] shows that when consid-
ering the material microstructure information including the porosity, the inclusion and the
solid phase, the introduction of the fractional plasticity is still effective.
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Figure 8. Comparisons between test data and the model predictions of Beishan granite under triaxial
compression tests with different confining pressures: (a) σ3 = 0 and 5 MPa, (b) σ3 = 10 and 20 MPa.

To better simulate the direction and magnitude of dε
p
ij for rock-like material, i.e.,

concrete, Lu et al. [18] proposed a three-dimensional fractional elastoplastic constitutive
model in which the expression of fractional plastic flow direction is as follows:

n =

[
(ñα)T :

(
∂ p̃
∂σ̃

,
∂q̃
∂σ̃

,
∂θ̃

∂σ̃

)T

:
∂σ̃

∂σ

]T

(28)

where σ̃ is the transformed stress tensor; p̃, q̃ and θ̃ are the hydrostatic pressure,
the deviatoric stress and the Lode angle in the transformed stress space, respectively.
The fractional gradient of yield function ñα in the transformed stress space can be
expressed as:

ñα =

(
∂α1 f
∂ p̃α1

,
∂α2 f
∂q̃α2

,
∂α3 f
∂θ̃α3

)T
=

(
∂α f
∂ p̃α

,
∂α f
∂q̃α

,
∂α f
∂θ̃α

)T
(29)

in which α1 = α2 = α3 = α for the simplification of the developed model. Finally,
the corresponding stress-dilatancy relationship can be obtained, such that:

dg = −

(
∂α f
∂ p̃α , ∂α f

∂q̃α , ∂α f
∂θ̃α

)(
∂ p̃
∂q , ∂q̃

∂q , ∂θ̃
∂q

)T

(
∂α f
∂ p̃α , ∂α f̃

∂q̃α , ∂α f
∂θ̃α

)(
∂ p̃
∂p , ∂q̃

∂p , ∂θ̃
∂p

)T (30)

Together with damage feature of concrete materical, a 3D non-orthogonal plastic
damage model is developed in [49] where α can be obtained based on the following
equation of phase transformation:
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dε
p
v = dλ p̃−α

[
a0

Γ(1 − α)
+

a1Γ(2) p̃
Γ(2 − α)

+
a2Γ(3) p̃2

Γ(3 − α)
+

a3Γ(4) p̃3

Γ(4 − α)
+

a4Γ(5) p̃4

Γ(5 − α)

]
= 0 (31)

where ak(k = 0, 1, 2, 3, 4) are coefficients of power functions for p̃. Subsequently,
Lu et al. [50] developed a cohesion-friction combined hardening plastic model of con-
crete based on the fractional flow rule. Moreover, this model is implemented with the help
of an open-source user defined material subroutine UMAT in the framework of the implicit
return mapping algorithm.

2.1.3. Numerical Schemes

Integration algorithms significantly influence computation accuracy and efficiency in
the process of the implementation of constitutive equations. For the fractional model as
presented in [49], the Next Increment Corrects Error [51] approach were adopted where the
workflow of the NICE algorithm can be summarized in Algorithm 1. In this Algorithm,
n and n+ 1 are the current step and the previous step; σ is the effective stress; σtrial denotes
the trial stress; D0 indicates the undamaged elastic stiffness matrix; r refers to the direction
of plastic strain increment.

Algorithm 1: Flowchart of the NICE algorithm for the fractional model

Input: εn, ε
p
n, γ

p
n, ∆ε, σn

Output: εn+1, ε
p
n+1, γ

p
n+1, σn+1

1 Elastic prediction:

dn = d
(

γ
p
n

)
, σn = σn

(1−dn)
, ∆σtrial = D0 : ∆ε, σtrial

n+1 = σn + ∆σtrial , and

f trial
n+1 = f

(
σtrial

n+1 , γ
p
n

)

2 if f trial
n+1 > 0 then

3 fn = f
(

σn, γ
p
n

)
, Ξ = fn

fσ̄,n :D0 :∆ε

4 ∆λNICE
n = (1+Ξ) fσ̄,n :D0 :∆ε

fσ̄,n :D0 :rn− fγp : f α
q̃,n

5 Dep
0 = D0 − (1+Ξ)(D0 :rn)⊗( fœ̄,n :D0)

fœ̄,n :D0 :rn− fγp : f α
q̃,n

6 εn+1 = εn + ∆ε, ε
p
n+1 = ε

p
n + ∆λNICE

n rn

7 γ
p
n+1 = γ

p
n + ∆λNICE

n f α
q̃,n, σn+1 = σn + Dep : ∆ε

8 dn+1 = d
(

γ
p
n+1

)
, σn+1 = (1 − dn+1)σn+1

9 else
10 εn+1 = εn + ∆ε, ε

p
n+1 = ε

p
n, γ

p
n+1 = γ

p
n

11 σn+1 = σtrial
n+1 , σn+1 = (1 − dn)σn+1

In addition, Qu and Zhu [48] proposed a semi-implicit return mapping (SRM) algo-
rithm for the implementation of a novel fractional plastic damage model as illustrated in
Figure 9. Aiming to more efficiently conduct a micromechanics-based fractional frictional
damage model, an explicit return mapping algorithm was put forward in [20] and is given
in Figure 10. Furthermore, it can be found that the numerical solutions are consistent
with the analytical ones when increment step is enough large. Compared to the plasticity-
damage decoupling correction (PDDC) algorithm proposed by [52], the explicit return
mapping algorithm has a better performance in computational efficiency.
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Figure 9. Flowchart of SRM algorithm.

 

Figure 10. Flowchart of the explicit return mapping algorithm.

2.2. FP-sn: The Role of Future Reference Critical State

In this section, an introduction of the FP-sn models based on Equation (4) is made.
It was observed in experimental tests that the volumetric dilatancy of soils, e.g., sand and
over-consolidated clay, depends on not only the current state (e, p′) but also the distance
(e − ec or p′ − p′c) from current state to future reference critical state (ec, p′c).

After revisiting the CSSM, one can find that soils under shearing would finally reach
the critical state represented by the critical-state void ratio (ec), mean effective stress (p′c)

and deviator stress (qc). Here, p′c = 1/3σ′
cijδij and qc =

√
3/2

(
σ′

cij − p′cδij

)(
σ′

cij − p′cδij

)
.

Then, it can be assumed that the future critical-state stresses (p′c, qc) can serve as the integral
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limit (σ′
cij) in Equation (4). Substituting the MCC function into Equation (4) with RL and

Caputo derivatives, one can obtain the following state-dependent stress-dilatancy relations
for soil:

d
′
g =

RL
p′c

Dα
p′

f
(

p
′)

RL
q Dα

qc f (q)
=

RL
p′

Dα
p′c

f
(

p
′)

RL
qc Dα

q f (q)
= |M|1+α

(
p
′ − p

′
c

)
+ (2 − α)

(
p
′
c − p

′
0/2

)
+ δp

(q − qc) + (2 − α)qc + δq
(32)

d
′′
g =

C
p′c

Dα
p′

f
(

p
′)

C
q Dα

qc f (q)
=

C
p′

Dα
p′c

f
(

p
′)

C
qc Dα

q f (q)
= |M|1+α (p′ − p′c) + (2 − α)(p′c − p′0/2)

(q − qc) + (2 − α)qc
(33)

where p′0 =
[
(η/M)2 + 1

]
p′, is the size of the MCC yielding surface; δp =

[
p
′
0 −

(
p
′
+ p

′
c

)]

(2 − α)(1 − α)/2 and δq = (q + qc)(2 − α)(α − 1)/2. Comparison between
Equations (32) and (33) shows that there appears two additional items, i.e., δp and δq,
when using the RL definition. However, further analysis shown in Figure 11a can show
that the influence of such two items on soil dialtancy can be compensated by tuning the
value of fractional order. A very small difference between d

′
g with δp and δq and d

′′
g without

δp and δq can be observed in Figure 11b, if a proper fractional order is used. Therefore,
for practical application, the contributions from δp and δq were not considered through
the omission of RL derivatives of constants. For the sake of simplicity, a unified dg is thus
suggested, such that:

dg = |M|1+α (p′ − p′c) + (2 − α)(p′c − p′0/2)
(q − qc) + (2 − α)qc

(34)

which also facilitates the calibration of model parameters directly from laboratory test data.

(a) (b)

Figure 11. Predicted dilatancy ratios with and without δp and δq : (a) dilatancy line, (b) mean
difference between predicted d′g with and without δp and δq.

Moreover, the critical-state deviator stress (qc) in Equations (32) and (33) can be calcu-
lated by checking the geometric position of the current stress and critical-state stress shown
in Figure 3, such that:

qc = q + M
(

p′ − p′c
)

(35)

while the critical-state mean effective pressure can be calculated using the critical state line
shown in Figure 3a, such that:

p′c = g(e) (36)

where g(e) is a function describing the critical state line of soil in the e − p′ plane. g(e) is
determined by fitting the critical-state data points. There are different available formulae
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for g(e), but no matter which formula is used, a unique relation with p
′
c can be provided.

For example, the g(e) for Toyoura sand [41] shown in Figure 3a can be expressed as:

p′c = pr exp
(

eΓ − e
λ

)
− ps (37)

where pr = 1 kPa, is the unit pressure for normalisation; eΓ and λ are material parameters;
ps is the shift stress, describing the effect of particle breakage on the downward bending of
the critical state line shown in Figure 3a.

It can be found from Equation (34) that dg also has two chances to reach zero:
one is at the phase transformation state with a typical value of the fractional, the other
is at the critical state with p

′
= p

′
c and q = qc. However, unlike the FP-n based on past

stress history and other classic state-dependent models [8,53,54], Equation (34) does not
require an additional empirical state parameter, e.g., ψ, to capture the state dependence
stress-dilatancy of soil, which is the main advantage of the FP-sn approach.

By considering the effect of the future reference critical state, a series of FP-sn models
for modelling the state-dependent strength and deformation behaviour of granular soil
and over-consolidated soft soil. Despite the positive model performance, there is still one
problem with the FP-sn based on Equation (32): comparatively higher volumetric dilatancy
of granular soil could be predicted due to the utilisation of the MCC function. As discussed
before, the elastic region of the MCC surface at the ‘dry’ side of the critical state line is
relatively large. A better model prediction can be obtained if using CC-based fractional
dilatancy relation. However, it is difficult to analytically solve the fractional differentiations
of the CC function, by incorporating the effect of future reference critical state. Further
analytical work needs to be conducted.

3. FP-m: The Role of Past and Future Stress States
Development of FP-m

In the previous section, two branches of the FP, i.e., FP-n: the one based on past SLS,
and FP-sn: the other based on future reference critical state, were introduced. Even though
each branch of the FP can be applied to describe various phenomenological behaviours
of geomaterials, a question regarding the further comprehensive development of FP still
rises: can one account for the roles of both past and future stress states, since they both
can influence the plastic flow of geomaterials? Along with this consideration, we now
modify the plastic flow rule by analogy with the FVP [15] to have a third definition of the
FP, denoted as FP-m:

dε
p
ij = dλ RC

σ′
ij−lij

Dα
σ′

ij+l̃ij
f
(

σ′
ij

)
(38)

where lij and l̃ij are the SLSs along the σ′
ij–direction; the Riesz–Caputo fractional operator is

adopted, such that

RC
σ′

ij−lij
Dα

σ′
ij+l̃ij

f
(

σ′
ij

)
=

1
2

[
C

σ′
ij−lij

Dα
σ′

ij
f
(

σ′
ij

)
+ (−1)n C

σ
′
ij

Dα
σ′

ij+l̃ij
f
(

σ′
ij

)]
(39)

Substituting Equation (39) together with the MCC function into Equation (38), one can
obtain the following generalised stress-dilatancy relation:

dg = M2

[
lp + (2 − α)

(
p′ − lp − p′0/2

)]
l1−α
p + (−1)n[l̃p − (2 − α)

(
p′ + l̃p − p′0/2

)]
l̃1−α
p[

lq + (2 − α)
(
q − lq

)]
l1−α
q + (−1)n

[
l̃q − (2 − α)

(
q + l̃q

)]
l̃1−α
q

(40)

where lp and l̃p denote the long SLSs of the past and future stress states, respectively,
along the p

′
–axis, while lq and l̃q denote the long SLSs of the past and future stress states,

respectively, along with the q–axis. Through parameter analysis, one can find the following
specific cases for Equation (40).
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• Case A
It can be found that if α = 1 in Equation (40), then n = 1 and the stress-dilatancy relation
reduces to the classic MCC-based one shown below, irrespective of lp, l̃p, lq and l̃q.

dg =
M2 − η2

2η
(41)

• Case B
If one assumes that the SLSs of past and future stress states are equivalent, i.e., lp = l̃p
and lq = l̃q, then, the stress-dilatancy relation in Equation (40) can have two possible
forms for α ̸= 1. The first form can be obtained when α ∈ (0, 1), which also indicates
that n = 1. Thus, Equation (40) can be derived as:

dg =

(
lp

lq

)1−α M2 − η2

2η
(42)

where it can be found that the future and past stress states contributes to the dilatancy
of geomaterial by multiplying the original MCC-based dilatancy ratio with a factor of(
lp/lq

)1−α. Equation (42) can be further simplified by assuming that the SLSs, lp = xp′

and lq = yηp′, such that:

dg = d0
M2 − η2

η2−α
(43)

where d0 = 1/2(x/y)1−α, is a model parameter, indicating the upward or down-
ward shifting of the dilatancy curve, as shown in Figure 12. With the increase of d0,
the dilatancy ratio at the same stress level increases. As α increases, the dilatancy ratio
varies. Note that a similar empirical stress-dilatancy relation was also suggested for
modelling crushable soil [55], which can be derived from Equation (42) by assuming a
constant value of

(
lp/lq

)1−α, e.g.,
(
lp/lq

)1−α
= Mα−1.

Figure 12. Effects of d0 and α on the stress-dilatancy response.

4. Conclusions

The FP was developed for modelling the state-dependent nonassociated constitutive
behaviour of geomaterials. This study provided a comprehensive introduction and dis-
cussion on the development and application of the FP, from the perspective of the role of
stress length scale. It can be found that three branches of the FP, i.e., FP-n, FP-sn and FP-m,
can be defined, respectively, by considering the effects of past stress state and future refer-
ence critical state, or the impact of both past and future stress states. The advantages and dis-
advantages of each FP approach were discussed. Some main conclusions are summarized
as follows:
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• Based on the simulation results for geomaterials, the FP-n approach was found to be
more effective than the associated flow rule. However, it is difficult for the original
FP-n approach to consider state dependence unless an empirical state parameter was
introduced. Hence, the FP-sn approach was developed to consider both state depen-
dence and nonassociated plastic flow without using state parameter or additional plastic
potential. Moreover, the FP-sn approach can predict a higher volumetric dilatancy of
granular soil, due to its large elastic region at the ‘dry’ side of the critical state line.

• Further analytical work should be needed to propose a modified FP-sn approach by
using a yielding surface with a reduced elastic region. Due to the dependence of
both past and future stress states on material flow, the FP-m approach was also sug-
gested, where several specific cases of the FP-m based dilatancy relation were discussed,
with regard to the role of SLS.

• In future work, the fractional anisotropic damage model can be further studied based
on the fractional plastic damage model mentioned in this paper. Moreover, combining
with peridynamics and phase field methods, numerical implementation of fractional
constitutive model will be an important research direction. By means of a physics-based
deep neural network, fractional models can provide a novel sight for challenges faced
in multiscale plasticity.
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Appendix A

Caputo’s definition of fractional derivatives is [56]:

C
σ′

c
Dα

σ′ f
(
σ′) = 1

Γ(n − α)

∫ σ′

σ′
c

f (n)(χ)dχ

(σ′ − χ)α+1−n , σ′ > σ′
c (A1)

C
σ′ Dα

σ′
c
f
(
σ′) = (−1)n

Γ(n − α)

∫ σ′
c

σ′

f (n)(χ)dχ

(χ − σ′)α+1−n , σ′
c > σ′ (A2)

where Equation (A1) is the left-sided derivative while Equation (A2) is right-sided deriva-
tive; D (= ∂α/∂σ′α) denotes the partial derivation of function f ; Γ(x) is the gamma function
and α ∈ (n − 1, n), is the fractional order. σ

′
and σ

′
c are the integral limits; χ is the indepen-

dent variable.
The Riemann–Liouville’s fractional derivatives are [56]:

RL
0+ Dα

x f (x) =
1

Γ(n − α)

dn

dxn

∫ x

0+

f (τ)dτ

(x − τ)α+1−n , x > 0 (A3)

RL
x Dα

0− f (x) =
(−1)n

Γ(n − α)

dn

dxn

∫ 0−

x

f (τ)dτ

(τ − x)α+1−n , x < 0 (A4)

The MCC loading criterion are adopted for modelling. Accordingly, the FP-m stress-
dilatancy relation in Equation (40) can be revised as:

dg = M2

[
lp + (2 − α)

(
p′ − lp − p′0/2

)]
l1−α
p −

[
l̃p − (2 − α)

(
p′ + l̃p − p′0/2

)]
l̃1−α
p[

lq + (2 − α)
(
q − lq

)]
l1−α
q −

[
l̃q − (2 − α)

(
q + l̃q

)]
l̃−α
q

(A5)
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in which the assumptions in Case B are recalled to simplify Equation (A5).
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51. Halilovič, M.; Vrh, M.; Štok, B. NICE—An explicit numerical scheme for efficient integration of nonlinear constitutive equations.

Math. Comput. Simul. 2009, 80, 294–313. [CrossRef]
52. Zhu, Q.; Zhao, L.; Shao, J. Analytical and numerical analysis of frictional damage in quasi brittle materials. J. Mech. Phys. Solids

2016, 92, 137–163. [CrossRef]
53. Li, X.S.; Dafalias, Y.F. Dilatancy for cohesionless soils. Géotechnique 2000, 50, 449–460. [CrossRef]
54. Dafalias, Y.F.; Manzari, M.T. Simple plasticity sand model accounting for fabric change effects. J. Eng. Mech. 2004, 130, 622–634.

[CrossRef]
55. Liu, M.; Gao, Y. Constitutive modeling of coarse-grained materials incorporating the effect of particle breakage on critical state

behavior in a framework of generalized plasticity. Int. J. Geomech. 2017, 17, 04016113. [CrossRef]
56. Zhou, Y. Fractional evolution equations and inclusions. In Analysis and Control; Elsevier: Amsterdam, The Netherlands, 2015.

112



Citation: Ksit, B.; Szymczak-Graczyk,

A.; Pilch, R. Numerical Simulation of

the Impact of Water Vapour and

Moisture Blockers in Energy

Diagnostics of Ventilated Partitions.

Materials 2022, 15, 8257. https://

doi.org/10.3390/ma15228257

Academic Editor: Qing-feng Liu

Received: 10 October 2022

Accepted: 17 November 2022

Published: 21 November 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

materials

Article

Numerical Simulation of the Impact of Water Vapour and Moisture
Blockers in Energy Diagnostics of Ventilated Partitions
Barbara Ksit 1 , Anna Szymczak-Graczyk 2,* and Roman Pilch 3

1 Institute of Building Engineering, Faculty of Civil and Transport Engineering, Poznan University of Technology,
Piotrowo 5, 60-965 Poznań, Poland
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Abstract: Current trends towards saving energy and designing sustainable buildings result in most
designers focusing on achieving the best thermal parameters, thereby neglecting a careful moisture
analysis. Excessive moisture content in building partitions degrades the mechanical properties of
materials, reduces thermal insulation properties (which leads to an increase in the demand for thermal
energy) and worsens the microclimate in rooms. Modern digital solutions help create appropriate
models of partitions that work for many years in good environmental conditions. According to the
analysis of air parameters, 1 m3 of air at 20 ◦C contains approx. 17.3 g of water. When the temperature
of the air reaches the dew point temperature, water vapour condenses. The dew point depends
on air temperature and relative air humidity; for instance, at the same air temperature of 20 ◦C,
the dew point temperature at 40% relative air humidity is 6 ◦C, whereas at 90% relative humidity,
it is over 18 ◦C. This means that the higher the value of relative humidity in the room at a certain
temperature, the lower the temperature that will cause condensation. The article presents a numerical
analysis of the insulation work of flexible materials within the layers of ventilated partitions in
an 8-year simulated period of varying environmental conditions. The aim of the article is to analyze
different models and variants of ventilated partition operation with respect to the advisability of
using a vapour barrier to avoid the problem of destruction of thermal insulation and finishing layers
of a ventilated roof.

Keywords: water vapour; operational moisture; numerical analysis; dew point; flexible waterproofing
materials

1. Introduction

Water is one of the most important substances for humans, being the source of life, yet
it is also the cause of degradation of building partitions. In various forms, it accompanies
people every day and wherever they are [1–7]. Renovation processes carried out in multi-
family buildings that are subject to municipal management or the exploitation of residential
buildings located in areas under conservation protection, where tenants have a varying level
of construction knowledge, sometimes contribute to an increase in moisture content in build-
ing partitions. Various phenomena observed by researchers lead to an increase in moisture
content in walls and ceilings: these include an insufficient number of gravity ventilation
chimneys in buildings subject to multiple functional reconstructions; or replacement of
window frames (usually wooden) with new ones that no longer allow free air migration and
removal of water vapour from rooms. The operating moisture is the water vapour generated
by residents and their activities inside a building. Various individual operating habits are
usually the key reason for the occurrence of extreme hygrothermal conditions in buildings,
which can often significantly exceed the ones specified in building standards [8–10]. The
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limit value for relative air humidity at the surface of a building is 80%. With ambient air
at a temperature of 20 ◦C and 50% relative humidity, the allowable external wall surface
temperature with reference to the protection against fungal coverage is 12.6 ◦C. The limit
value of the dew point temperature on the surface of an internal partition (the temperature
at the state of saturation with water vapour, meaning relative air humidity equal to 100%) at
50% relative air humidity is 9.3 ◦C and the saturated water vapour pressure is 23.40 hPa. As
shown in the publications, condensation on building partitions predominantly appears near
to critical thermal places, when the internal temperature of external surfaces drops below
the dew point [11–17]. The condensate produced in this way contributes to the development
of mould fungi, which degrade both living organisms and building elements. The spores
produced by their fruiting bodies circulate in the air and are inhaled by people, which
make them feel unwell or tired. Also, they may contribute to the development of various
diseases or even death. In addition, mould reduces the strength and durability of elements
and structures, and the resultant moisture negatively affects the technical parameters of
materials and increases the risk of a building catastrophe [5,6,18–22].

Condensation can also occur inside partitions. The transport of water vapour into
a partition takes place through the process of diffusion. The course of diffusion depends
on the coefficients of water vapour transmission in the materials the partition is made
of [15,23,24]. They determine the amount of water vapour, measured in kilograms, which
can penetrate through 1 m2 of a 1-metre thick material in 1 s with a pressure difference
between the two sides of the material equal to 1 Pa. On the basis of the amount of the air
removed from individual rooms indicated by the standards [25,26], it is possible to estimate
the required multiplicity of air exchange inside, which determines how many times the air is
changed per hour. For single-family houses, the value of this indicator ranges from 0.5 to 0.8
or even 1.0. The index 1.0 means that all the air in the room will be replaced within one hour.
Movement of the air causes a change in heat exchange through convection between a person
and their environment, which affects the individual feeling of comfort. Receptors in the
skin immediately receive information about the thermal environment in which a human
body is located, but when the skin is cooled to approx. 32 ◦C, it begins to feel cold, and after
exceeding 37 ◦C, it begins to sweat [27–29]. Too low an air velocity in the room prevents
proper heat dissipation from a human body, which results in general heat sensation. On the
other hand, when the air is exchanged too fast, more heat is given off, which means that
a person starts to feel cold. At the comfort temperature, which is from 18 to 21 ◦C, people
do not feel the effect of relative air humidity when it is in the range of 30–60% [28–35].

The basic source of moisture content in buildings is the emission of water vapour related
to metabolic changes occurring in their residents and from the activities they carry out inside.

On the subject of diffusion and condensation of moisture in the layers of the building
envelope, the literature mandates waterproof layers. Professional practice shows that such
layers are standardly adopted by architects for all roof constructions and especially for
ventilated roofs. Using the possibilities afforded by numerical analysis, simulation models
with different variants of waterproof barrier placement were elaborated for this paper. The
operation of such a barrier and the condition of the partition were analyzed over the 8 years
of a partition’s operation.

The aim of the study was to show that double-sided flat roofs containing air spaces
should be treated differently than pitched roofs containing small gaps in the structure
of their layers, acting as ventilated spaces. The durability of insulating materials as well
as the reliability of their characteristics and parameters depends to a large extent on
the environment in which they work. Moreover, deteriorating insulation properties of
partitions may lead to degradation and, consequently, to an even greater reduction in their
thermal efficiency. Change in the technical parameters of insulating materials caused by
excessive moisture sorption over time can involve introducing additional security measures
to ensure the safe use of buildings. In extreme cases, it may require serious structural
changes or even the repurposing of the the facilities and how they are used. In the case of
flat roofs, it is not always necessary to use flexible waterproofing materials in ventilated
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partitions to ensure the protection of thermal insulation against moisture. The current paper
shows that it is worth using multi-variant modelling of building partitions to reduce the
energy consumed for heating and to prevent insulating materials from absorbing moisture.
The paper presents the results of numerical simulations over the years, forming the basis
for our conclusion, namely, that construction solutions that are currently very popular
cannot be universally used for all types of roofs. An important aspect of using or not using
flexible waterproofing materials is the method of ventilating the space present in the layers
of a partition. The results presented in the paper demonstrate the legitimacy of solutions
that are less expensive and easier to implement.

2. Materials and Methods
2.1. Operational Concerns Regarding Water Vapour Generation Inside Buildings

The main sources of water vapour in buildings include technological moisture, in-
creasing relative air humidity in the first years after the construction, and operational
moisture [9,36]. The people who use the building are themselves the constant generators of
a large amount of water vapour. As a result of metabolic changes, humans release much
heat, which is emitted to the environment through radiation, convection, and evaporation.
Summing up the percentage results of heat dissipation through radiation and convection,
79% of the share is called dry heat (sensible heat), the remaining 21% of heat given off by
water evaporation and breathing is called moist heat (latent heat) [24,29,37].

However, a larger amount of water vapour is generated by various activities performed
by people, and it has the greatest and fastest impact on the value of relative humidity of
the indoor air [10]. On average, it is assumed that the amount of water released by a family
of four in metabolic processes is 0.21 L/h i.e., 5 L/day, or 1.25 L/day per person [38].
For two adults, the average emission of water vapour is 6.5 kg/day, and for parents with
two children—10.9 kg/day. For one person the emission is assumed to be 4.4 kg/day with
the standard deviation 1.73 kg [39]. There is one more source of moisture in the room, which
is houseplants that need to be watered regularly. Almost all the water that is provided to
plants evaporates, as only 0.2% of it is required for vegetation growth. 5 to 7 potted plants
can release approx. 0.5 L of water in 24 h [40,41]. Water vapour is a variable component of
the atmospheric air and comes primarily from the process of evaporation of water from the
earth’s surface and precipitation. The amount of water vapour in a unit of air equal to 1 m3

decreases or increases depending on surrounding environmental conditions, and its value,
referred to as absolute humidity, is expressed in g/m3 [4,42]. Water vapour content in the
air is limited and depends on air temperature. The warmer it is, the more water vapour it
can contain. The maximum possible value of filling the air with water vapour is defined as
the state of saturation. Exact values of water vapour content in the air with the maximum
humidity depending on temperature are compiled in Table 1.

Table 1. Water vapour content in the air with the maximum humidity depending on temperature [42].

Humid Air
Temperature
RH = 100%

[◦C]

Water
Vapour
Content
[g/m3]

Humid Air
Temperature
RH = 100%

[◦C]

Water
Vapour
Content
[g/m3]

Humid Air
Temperature
RH = 100%

[◦C]

Water
Vapour
Content
[g/m3]

−20 0.9 6 7.3 21 18.4
−15 1.4 8 8.3 22 19.5
−10 2.1 10 9.4 23 20.6
−8 2.5 12 10.7 24 21.8
−6 3.0 14 12.1 25 23.1
−4 3.5 16 13.7 26 24.4
−2 4.1 17 14.5 28 27.2
0 4.8 18 15.4 30 30.4
2 5.6 19 16.3 40 51.1
4 6.4 20 17.3 50 82.3
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In diagnostics assessing existing building solutions, non-invasive moisture meters
(pyrometer Trotec BP25, Heinsberg, Germany) are used, which provide the percentage of
relative humidity in analysed rooms (Figure 1).
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In situ and digital analyses take into account the value of relative humidity i.e.,
a percentage measure of water vapour content in the air. It is expressed by the ratio of the
actual water vapour pressure contained in the air to the maximum water vapour pressure
possible at a given temperature (saturated vapour pressure) [4,6,10]. When using the
concept of relative humidity, it is always required to provide the air temperature at which
it is measured, since the percentage alone says nothing about the actual water vapour
content. Research [43] shows that the actual moisture content in the air will remain the
same, whereas the saturation level will change: i.e., at 10 ◦C the value of relative humidity
is 100% and at 30 ◦C it is 28%. In order to eliminate water vapour from rooms, appropriate
ventilation systems should be designed.

In the case of gravity ventilation, the occurrence of moisture amplitudes inside rooms
is inevitable. To reduce the risk of moisture occurrence in external partitions, ventilation
gaps are used [36,44–49]. The dimensions of ventilation gaps must comply with [50] and
with the information provided in [51]. Other related standards [52,53] provide parameters
that should also be considered in order to correctly model building partitions. Double
protection of heterogeneous partitions, with two layers of gaps, is used by introducing an
obstacle preventing water vapour from moving from inside a room to the outside, in the
form of a layer which prevents its penetration of the partitionThe Polish climate is more
hazardous than many for building partitions due to the large amplitude of temperature
difference, increasing the number of cycles of condensation formation especially in roofs.
As this phenomenon carries the risk of thermal insulation materials becoming damp, it is
necessary to minimize the potential damage. Because water vapour in a building penetrates
its roof the fastest, in order to ensure this partition provides its protective work, it is most
often shaped as a multi-layer structure constructed with the use of flexible waterproofing
materials [54–56].

The minimum cross-sections of ventilation gaps in inclined partitions at a roof slope of
≥5◦ and <5◦ are specified in Tables [50], which are the recommendations of the Association
of German Roofers. As early as 1997, the guidelines for roofs with a slope of ≥10% [54–56]
recommended that the total diffusion resistance should increase with an increase in the
length of the ventilating air path, i.e., with an increase in the length of rafters.

A double ventilation gap is required particularly when the roofing is laid on a board
(including full boarding), or when a foil with low vapour permeability is used as the initial
covering layer (protecting against the penetration of moisture from the outside, but at the
same time hindering the diffusion of water vapour from the inside to the outside), and the
roofing itself is laid on patches and counter-patches. In addition, it is recommended for
roofs with very complex shapes. In such cases, it is necessary to provide separate ventilation
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for patches and for the main roofing. One ventilation gap should be designed between
the thermal insulation material and the layer of initial covering used in a given design
(board, full boarding with tar paper, low vapour permeability membrane). In this way, the
thermal insulation against moisture is protected (the joint removes the moisture that has
penetrated through the vapour barrier to the insulation). It should be a few centimetres
wide, with air inlet openings (under the eaves, in the soffit) and outlet openings (under the
ridge, ventilation grates in the gable walls). The second gap must be between the initial
covering layer and the actual roof covering, thanks to which the roof finishing materials
dry faster [45–49].

Due to the various properties of materials related to the transmission of water vapour,
the arrangement of layers in external partitions should be carefully selected.

The knowledge of the water vapour permeability coefficient δ or the thickness of the
equivalent air layer Sd is needed to calculate the water vapour permeability of the material
with thickness d [57–59] calculated with Formula (1):

Wp =
δ

d
=

δ0

µ·d =
2·10−4

Sd
(1)

where:

Wp—water vapour permeability
[

kg
m2·s·Pa

]

δ—water vapour permeability coefficient,
[

kg
m·s·Pa

]

d—material layer thickness, [m]

δ0—air vapour permeability (δ0 = 2× 10−4),
[

kg
m·s·Pa

]

µ—diffusion resistance coefficient, [unitless]
Sd—thickness of the equivalent air layer, [m]

The diffusion resistance Zp is the reciprocal of water vapour permeability and describes
the resistance of a building element to water vapour diffusion, according to Formula (2).

Zp =
1

Wp
=

d
δ
=

Sd

2·10−4 (2)

In order to determine the value of diffusion resistance of a multilayer element, the
values of diffusion resistance of individual material layers should be summed up, as shown
by Formula (3):

Zp = ∑
n

Sd

2·10−4 (3)

where n is the individual layer of material.
The layers should be arranged in such a manner as to allow free flow of water vapour

through the partition and to avoid condensation of water vapour inside it. Table 2 below
shows the simulations of the amount of water vapour reaching the attic in 24 h.

Table 2. Simulation of the source of humidity and the amount of water vapour—author’s summary [58].

Source of Humidity Water Vapour
Emission in 24 h [g]

Amount of Water Vapour Reaching the
Attic in 24 h [g]

with 10× Exchange with 25× Exchange

Respiration
and sweat evaporation 5000 3500 2500

Use of a residential building 13,255 9279 9279
Potted plants (5–7 plants

per apartment) 500 350 250

Total 18,755 g 13,129 g 12,029 g
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Assuming a model building with a cubature of 420 m3, the air flow is from 4.2
to 10.5 thousand m3. Thus, in 2940 m3, there is 40,689.6 g of water vapour, and in
5250 m3—72,660 g. After adding the appropriate amount of moisture generated in the
building, in total, in 2940 m3, there is 53,818.6 g of water vapour; and in 5250 m3, as much
as 84,689 g (Table 3).

Table 3. Total amount of water vapour reaching the attic depending on the adopted air exchange [58].

Amount of Water Vapour
Reaching the Attic in 24 h at

80% Relative Humidity and Air
Temperature 20 ◦C [g]

Amount of Water Vapour
Reaching the Attic in 24 h
Generated in a Residential

Building [g]

Total [g]

10× exchange 40,689.6 13,129.0 53,818.6
25× exchange 72,660.0 12,029.0 84,689.0

Dividing the obtained amount of water vapour by the volume of air reaching the attic,
we obtain the absolute humidity values equal to 18.31 g/m3 for 10-fold air exchange and
16.13 g/m3 for 25-fold air exchange.

For 10-fold exchange, we obtain the state of air supersaturation, as the maximum
amount of water vapour that the air can hold, according to the guidelines, is 17.3 g/m3.
This result indicates that the value of relative humidity in the rooms is 100%, and 1 g of
water drops out of the building partitions from each 1 m3.

In the case of 25-fold air exchange, the value of relative humidity is at the level of 93%
(Table 4) and the amount of water condensed from 1 m3 of air will need to be calculated.

Table 4. Relative humidity in a model building depending on air exchange [58].

Absolute Humidity
[g/m3]

Saturation State at
20 ◦C [g/m3] Relative Humidity [%]

10× exchange 18.31
17.30

100%
supersaturation state

25× exchange 16.13 93%

In the design of external partitions, due to the diffusion of water vapour, the principle
of arranging the layers according to their decreasing diffusion resistance from the inside
to the outside is applied [11,12]. As a result, it is more difficult for water vapour flowing
through the partition to reach the state of saturation, despite ever decreasing temperature,
so that the increased condensation of water vapour inside the partition does not occur. It is
important to carry out adequate air ventilation in a given area. Ventilation openings should
be designed so that they ensure the required air exchange in the flat roof space and are not
blocked by thermal insulation materials.

Designing partitions according to the above-mentioned principle is not always pos-
sible, however. Indeed as a rule, it is necessary to analyse the functioning of a particular
partition in terms of humidity. Figure 2 shows an example of a geometrically complex roof
space in a ventilated roof, analysed here for this article.
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2.2. Flexible Waterproofing Materials Used in Ventilated Partitions

These materials are used to protect partitions against water penetration. The division
of materials and their names are presented in Table 5 in accordance with the list contained
in the Glossary of Roofing Terms and Names [57].

Table 5. Flexible waterproofing products used as initial covering layers [53].

ICF—Initial Covering Foils
(Low Vapour-Permeable)

ICM—Initial Covering Membranes
(Highly Vapour-Permeable)

Vapour-tight Vapour-permeable Light Screens

Depending on polymers contained in processed plastics, foils can be divided into
thermoplastic (plastomeric) and elastomeric.

Initial covering foils are materials with low vapour-permeability, and are the first plastic
products that replaced roof boarding and tar paper over 60 years ago. A roof in which ICF
will be used should have two ventilation gaps: one under the covering, and the other with
a sublayer of foil. These types of foils are also often called vapour permeable foils.

Initial covering membranes are foils with high vapour-permeability, with Sd < 0.1 m
(optimally from 0.015 to 0.045 m), and are currently the most common material used for the
initial covering of pitched roofs.

In most cases, roof membranes are made of non-woven polypropylene, which is highly
vapour-permeable buthas little resistance to the water column, and therefore must be
additionally provided with a delicate film, i.e., a functional film and non-woven polypropy-
lene fleece.

Among initial covering membranes, roof screens with increased durability, grammage
and strength deserve a special distinction [60–67].

The market of construction materials offers diffusion-active foils, the work of which is
to protect structures both in summer and winter. In winter, the average humidity of the
vapour barrier environment is approx. 40%. Diffusion is directed outward from the heated
interior. The vapour barrier should be highly vapour-tight during this period in order to
protect structures from condensation. In summer, the average ambient humidity of the
vapour barrier is approx. 80%, and the diffusion flow is reversed. During this period, the
vapour barrier should be able to become permeable so as to allow moisture to dry out.

It should also be noted that the vapour barrier foil, which is used in flat roofs with
an increased concentration of water vapour (e.g., in rooms with showers), should not be
placed on thermal materials. It is also not advisable to wrap the contact points between
materials such as between wool and external wall. Moreover, the foil should be attached to
the external wall as required, turning it downwards with a slight drip upwards.
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2.3. Case Study

In order to analyse the moisture flow of water vapour, the authors modelled a barrier
consisting of the following materials: acrylic paint inside, plasterboard, PE foil, mineral
wool, glass mineral wool, air space with variable height from 20 to 80 cm, and trapezoidal
sheet (Figure 2).

For such a complex case, models based on a system of non-linear partial differential
equations describing the non-stationary, coupled transport of heat and moisture in building
materials and partitions were used [68]. Simulation calculations were made using the
WUFI PRO 6.5 software, used for a one-dimensional analysis of non-stationary processes
of heat and moisture flow through building partitions. The software was developed at
the Fraunhofer Institute for Building Physics in Holzkirchen (Germany). The simulation
calculations included, among others:

− variable properties of the material depending on humidity and temperature;
− additional thermal transport processes, such as latent heat transport by water vapour flows;
− additional heat sources due to solar radiation;
− parameters dependent on the environmental conditions, such as wind and rain action.

In the calculations performed, the parameters of the external climate were adopted on
the basis of a “typical meteorological year” included in the software.

Natural gravity ventilation was adopted for the analyses, and the foil parameters
took into account possible leaks resulting from the perforation of the foil with mechanical
fasteners used for attaching plasterboards or for fixing lamps. A high level of internal air
humidity was adopted, and the calculation variants assumed an 8-year simulated period
of environmental actions. This is long enough to show a possible increase in moisture
content in built-in materials and occurrence of conditions for the development of biological
aggression. The transport of moisture in the partition was assumed to be two-way.

2.4. Calculation Variants

Various arrangements were considered, relative to the polyethylene foil applied or
its absence, and to ventilation of the space above the thermal insulation materials used.
The technical data sheets provided by the manufacturers lacked the information specifying
both the material density and diffusion resistance parameters. Therefore, on the basis of
their technical knowledgeand after considering various options, the authors chose the most
realistic parameters for the declared materials, as adapted to the technological processes
taking place during execution and operation.

The analysed variants are presented below:

− Variant 1—PE foil under the grate for fixing plasterboards. Roof ventilation equal to
20 changes per hour (Figure 3).
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− Variant 4—no PE foil in the arrangement of layers. Roof ventilation equal to 20 changes
per hour (Figure 6).

Materials 2022, 14, x FOR PEER REVIEW 10 of 20 
 

 

− Variant 4—no PE foil in the arrangement of layers. Roof ventilation equal to 20 
changes per hour (Figure 6).  

 
Figure 6. Variant 4: no PE foil in the arrangement of layers. Roof ventilation equal to 20 changes per 
hour. 

− Variant 5—no PE foil in the arrangement of layers. No roof ventilation (Figure 7). 

 
Figure 7. Variant 5: no PE foil in the arrangement of layers, no roof ventilation. 

3. Results 
The calculations are summarized below, assuming the value of water vapour pres-

sure 2150 Pa and the corresponding values of temperature and relative humidity (Figure 
8). 

 
Figure 8. Dependence of temperature [° C] on relative humidity [4]. 

The highest temperature was 25 °C and corresponded to 70% relative humidity. The 
corresponding partial pressure of water vapour was 2217 Pa. For individual calculation 
variants from the data cloud, there are shown changes in moisture content in thermal 

20 21 22 23 24 25 26 27 28 29 30

0
5

10
15
20
25
30
35

92% 86% 81.5% 76.5% 72% 68% 64% 60.5% 57% 53.5% 50.5%

Te
m

pe
ra

tu
re

 [°
C]

Relative humidity [%]

Figure 6. Variant 4: no PE foil in the arrangement of layers. Roof ventilation equal to 20 changes
per hour.

− Variant 5—no PE foil in the arrangement of layers. No roof ventilation (Figure 7).
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Figure 7. Variant 5: no PE foil in the arrangement of layers, no roof ventilation.
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3. Results

The calculations are summarized below, assuming the value of water vapour pressure
2150 Pa and the corresponding values of temperature and relative humidity (Figure 8).
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Figure 8. Dependence of temperature [◦C] on relative humidity [4].

The highest temperature was 25 ◦C and corresponded to 70% relative humidity. The
corresponding partial pressure of water vapour was 2217 Pa. For individual calculation
variants from the data cloud, there are shown changes in moisture content in thermal insula-
tion materials and in plasterboard. In addition, an isopleth of the internal surface is shown
(interpretation based on the WUFI software). The WUFI program divides materials into:

− LIM B I: bio-utilizable substrate, i.e., wallpaper, plasterboard, products made from
easily degradable material, material for permanently elastic joints, etc.;

− LIM B II: substrates with porous structure, i.e., plasters, mineral building materials,
some types of wood, insulating materials not belonging to group I, etc. If strongly
contaminated, these materials belong to group I [69].

On the isopleth map, the material curves developed according to the guidelines of
the numerical program LIM B I and LIM B II—below which mould development is not
normally expected—express the limits for building materials or for the conditions for their
incorporation into buildings.

The colour of each point on the isopleth indicates when that point occurred during the
computation. The diagrams show the changes in moisture content of individual materials
over eight years for variants 1–5. Moisture content [kg/m3] is marked on the vertical
axis and the time period from 01 January 2023 to 01 January 2031 was simulated on the
horizontal axis. The isopleth diagrams of the internal surface of the partition show the
relationship between relative humidity [%] and temperature for variants 1–5 [70].

For variants 1, 2 and 3, the same analysis results were found for changes in moisture
content in both wool and plasterboard. Figure 9 shows the changes in moisture content
of glass mineral wool over the analysed period of eight years, while Figure 10 shows the
changes in moisture content of plasterboard over the same period.

For variants 1–3 (Figures 3–5), the moisture level for mineral wool during the analysed
period ranged from 1.7% to 4%, and for plasterboard from 0.44% to 0.80%. For these same
variants 1–3, the humidity—temperature isopleth is presented in Figure 11.

The isopleths of the LIM B I (dashed line) and LIM B II (solid line) curves, i.e., contour
charts of the mould growth rate as a function of temperature (horizontal axis) and humidity
(vertical axis) as shown in the diagram, do not intersect with the area of points for the
analysed partition.

Mould spots appeared at a minimum relative humidity of 41% and a temperature of
18 ◦C. In the isopleth (Figure 10), there is no critical value, i.e., no point of intersection of
the curves with the area of points.
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For variant 4 (Figure 6), moisture content depending on the season is shown in the
diagrams for mineral wool (Figure 12) and for plasterboard (Figure 13), while the relative
humidity—temperature isopleth is shown in Figure 14.
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The moisture level for mineral wool during the analysed period ranged from 2.1% to
4.7%; and for plasterboard, depending on the season, it ranged from 0.3% to 0.85%.
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As previously, the isopleths of the LIM B I (dashed line) and LIM B II (solid line) curves,
i.e., contour charts of the mould growth rate as a function of temperature (horizontal axis)
and humidity (vertical axis) appearing in the diagram, do not intersect with the area of
points for the analysed partition. Mould spots appeared at a minimum relative humidity of
30% and a temperature of 18 ◦C. There is no critical value in the isopleth (Figure 14), i.e., no
point where the curves intersect with the area of points.
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For the last of the analysed variants, variant 5 (Figure 7), moisture content depending
on the season is shown in the diagrams for mineral wool (Figure 15) and for plasterboard
(Figure 16), while the relative humidity—temperature isopleth is presented in Figure 17.

Moisture content in variant 5 depending on the season shown in the diagram (Figure 15)
for mineral wool increased throughout the research period, starting from 2% in winter to
12% (maximum value last year in summer). The maximum value was approx. 2.4 kg/m3.

Moisture content in variant 5 depending on the season shown in the diagram (Figure 16)
for plasterboard fluctuated throughout the research period from 0.3% in winter to 0.92%
(maximum value last year in summer). The maximum value was approx. 6.1 kg/m3.
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The isopleths of the LIM B I (dashed line) and LIM B II (solid line) curves i.e., contour
charts of the mould growth rate as a function of temperature (horizontal axis) and humidity
(vertical axis), do intersect with the area of points for the partition analysed. The risk of
mould development appeared at a minimum relative humidity of 78% and a temperature
of approx. 24 ◦C (Figure 17).

By analysing the isopleths for variants 1–5 (Figures 11, 14 and 17), it can be stated
that the points from yellow to black show the situation on the inner surface during the
simulation period. The coordinates of each point are determined by temperature and
relative humidity. If the point is located above the LIM boundary curve as in variant 5,
then mould development can be expected; whereas if below the limit as in variants 1–4,
then no biological aggression is to be expected. As the analysis showed, the conditions
conducive to the development of mould aggression occurred when the flat roof ceased to
be well ventilated. The mere arrangement of the moisture blocking layer is irrelevant in
variants 1–3.

Summarizing, it can be concluded that the results shown in the Figures regarding
thermal insulation materials and plasterboards clearly indicate the trend of fluctuating
results depending on the season. Figures 9, 10, 12, 13, 15 and 16 indicate changes in
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moisture content in thermal insulation materials (Figures 9, 12 and 15) and in plasterboard
(Figures 10, 13 and 16), while isopleths (Figures 11, 14 and 17) indicate the possibility of
mould development on the inner surface of the material.

Variant 5 shows an upward trend in the moisture content of the thermal material—amount-
ing to 12% in the 8th year of operation, and in the case of variants 1 and 2, the moisture
content of mineral wool is at the same level at a max. of 4%. For variant 5, the moisture
content peaks at 5% throughout the analyzed period. In the case of moisture content in the
gypsum board, the use of a moisture barrier of PE film—whether under the grid, above
the grid or by filling the air gap with material—does not affect the amount of moisture
appearing in the board, and is 0.44–0.80%. In variants 4 and 5, the amplitude of changes
in the moisture content of the gypsum board is greater, namely 0.3–0.85% (variant 4) and
0.3–0.92% (variant 5). As can be seen from the analysis, the moisture content of gypsum
plasterboard does not exceed about 0.9%, which does not have a degrading effect on the
operation of the partition (except for variant 5). In the case of thermal material, moisture as
low as 4% reduces the thermal insulation of the partition by 50%, and at 12%, causes its
thermal insulation parameters to drop to 20%. It should be noted here that in variant 5, the
moisture content of wool never falls below 5% as early as the second year of operation of
the partition. In variants 1, 2, 3 and 4, moisture can build up to 4%, but in summer periods
the moisture level falls below 2%. This kind of wetting, especially short-term, does not
damage the structure of the wool, and should not result in the permanent deterioration of
its thermal or strength properties. In the case of variant 5, the dampness is above 5% from
the 2nd year of operation onwards, that is, the wool is soggy and wet, which indicates the
possibility of layer degradation and mycological changes.

4. Discussion

Many building are characterized by insufficient air exchange, which may result in
the symptoms of sick building syndrome (SBS). A large number of existing buildings are
equipped with natural ventilation, but whose effectiveness is reduced by energy-saving
activities [71].

Article [72] studies ventilation driven by thermal buoyancy in the air cavity of inclined
roofs. The influence of air cavity design and roof inclination on the airflow is investigated.
Combinations of different roof inclinations, air cavity heights and applied heating power on
the air cavity top surface were examined. The study showed that increased air cavity height
led to increased airflow and decreased surface temperatures in the air cavity. Increased
roof inclination and heating power applied to the roofing also increased the airflow.

Thanks to the numerical simulation of temperature fields and other parameters of
modelled partitions, it is possible to obtain a lot of information about their operation in the
long term [62,73]. The analysed partition meets the current thermal standards of buildings.
The obtained results of simulation calculations show no influence of the position of PE foil
(acting as a vapour barrier, or type of “vapour retarder”) against the plasterboard fixing
grate on the moisture condition of thermal insulation materials or plasterboard used. This is
proven by the results for variants 1 and 2 of the calculations. Moreover, the possible sagging
of “rock” mineral wool boards and their contact with the surface of PE foil does not affect
moisture content of other built-in materials, as shown in variant 3 of the calculations. When
the natural ventilation of roof airspace works (correctly), lack of PE foil does not significantly
affect the moisture condition of thermal insulation materials or plasterboards, as shown in
variant 4 of the calculation. Only the time of the highest moisture content of glass mineral
wool is shifted. Lack of a vapour barrier with simultaneous lack of ventilation of roof airspace
creates a risk of a gradual increase in moisture content of thermal insulation materials. In
addition, conditions for the development of mould appear on the surface of plasterboards.
The occurrence of these phenomena is indicated by variant 5 of the calculations. In double-
sided ventilated flat roofs, when there is no water vapour concentration, no vapour barrier
is required. Above wet rooms (water vapour pressure above 2150 Pa, i.e., temperature inside
≥27 ◦C and approx. 20 h of hot water evaporation), if it is impossible to use a double-sided
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ventilated flat roof with a well-ventilated airspace, a solution with an appropriate vapour
barrier is used, the type of which depends on the value of diffusion resistance of subsequent
layers. For the analysed case, the water vapour pressure did not exceed the given limit
at the given temperatures. The highest temperature was 25 ◦C and corresponded to 70%
relative humidity. Even with extreme environmental conditions, with active ventilation
(gravitational or mechanical), during the simulated period, the problem of condensation of
an excessive amount of water vapour will not occur regardless of whether or not the vapour
barrier layers are arranged on the inside of wet rooms.

5. Conclusions

The “sick” building syndrome (SBS) or mycological changes appearing on walls and
ceilings are largely affected by the excessive amount of water generated in buildings.
Moistened materials contribute to the destruction and faster wear of structures. Properly
made ventilation and modelled partition layers protect roof structures against moisture
and related further damage.

The numerical design simulation showed that flat roofs containing air spaces should
be treated differently to pitched roofs containing small, ventilated spaces in their layers. In
the case of flat roofs, it is not always necessary to use flexible waterproofing materials in
ventilated partitions to protect their thermal insulation against moisture.

For variants 1–3 (Figures 3–5), the moisture level for mineral wool during the analysed
period ranged from 1.7% to 4%; for variant 4 (Figure 6), it ranged from 2.1% to 4.7%;
while for variant 5 (Figure 7), moisture content for mineral wool increased throughout the
research period, starting from 2% in winter to 12% (maximum value last year in summer).

For variants 1–3 (Figures 3–5), the moisture level for plasterboard ranged from 0.44%
to 0.80%; for variant 4 (Figure 6), it ranged from 0.3% to 0.85%; while for variant 5 (Figure 7),
moisture content for plasterboard fluctuated throughout the research period from 0.3% in
winter to 0.92% (maximum value last year in summer).

For variants 1–3 (Figures 3–5), mould spots appeared at a minimum relative humidity
of 41% and a temperature of 18 ◦C; and for variant 4, mould spots appeared at a minimum
relative humidity of 30% and a temperature of 18 ◦C. For variants 1–4 (Figures 3–6), there
are no critical values in the isopleth (Figures 11 and 14), i.e., the point where the curves
intersect with the area of points. However, for variant 5 (Figure 7), the risk of mould
development appeared at a minimum relative humidity of 78% and a temperature of
approx. 24 ◦C (Figure 17).

The numerical analysis with the assumptions of extreme parameters showed that the
problem with moisture will appear in variant 5, i.e., in the absence of PE foil in the system
of layers and in the absence of ventilation of the flat roof.

The numerical analysis showed that proper multi-variant modelling reduces the
energy loss for heating buildings and eliminates the problem of damage to thermal and
finishing materials. Additionally, it should be noted that the use of a flexible waterproofing
material in the layers of a double-sided ventilated flat roof is not necessary, even if humidity
in the rooms under the roof exceeds 70% and ventilation is carried out by gravity.

The manuscript presents a variety of solutions aimed at designers to protect a venti-
lated roof from moisture penetrating the thermal insulation and ceiling (gypsum board)
layers. An analysis of the validity of the use of a ventilated waterproofing layer in a multi-
layer partition is presented, with a simulation of the work of such a layer or its absence in
the partition over 8 years. In the previously available literature, there has been little research
or analysis on the validity of the use of a waterproofing layer placed in different locations
of the ventilated ceiling, or evaluation of the variation of moisture in individual layers.
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9. Chojnacka, A. Wybrane aspekty dotyczące komfortu termicznego w pomieszczeniach [Selected aspects of thermal comfort in
rooms]. Ciepłownictwo Ogrzew. Went. 2007, 4, 8–13.
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34. Adrian, Ł. Klimatyzacja i wentylacja budynków użyteczności publicznej w aspekcie komfortu cieplnego [Air conditioning and

ventilation of public buildings in terms of thermal comfort]. Chłodnictwo Klim. 2010, 11, 18–25.
35. Young, T. III An essay on the cohesion of fluids. Philos. Trans. R. Soc. Lond. 1805, 95, 65–87.
36. Patoka, K. Regulatory pary w przegrodach dachowych [Steam regulators in roof partitions]. Mater. Bud. 2021, 584, 32–34.
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47. Patoka, K. Funkcje i podział folii wstępnego krycia [Functions and division of the initial covering foil]. Mater. Bud. 2003, 5, 52–53.
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Citation: Mrówczyński, D.; Gajewski,

T.; Garbowski, T. Sensitivity Analysis

of Open-Top Cartons in Terms of

Compressive Strength Capacity.

Materials 2023, 16, 412. https://

doi.org/10.3390/ma16010412

Academic Editor: Swarup Roy

Received: 15 December 2022

Revised: 27 December 2022

Accepted: 28 December 2022

Published: 1 January 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

materials

Article

Sensitivity Analysis of Open-Top Cartons in Terms of
Compressive Strength Capacity
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Abstract: Trays in which fruit and vegetables are transported over vast distances are not only stored in
extreme climatic conditions but are also subjected to long-term loads. Therefore, it is very important to
design them correctly and select the optimal raw material for their production. Geometric parameters
that define the shape of the packaging may also be optimized in the design process. In this work,
in order to select the most important parameters that affect the load capacity of a tray, sensitivity
analysis was used. A sensitivity analysis is often the first step in the process of building artificial-
intelligence-based surrogates. In the present work, using the example of a specific tray’s geometry,
the selection of starting parameters was carried out in the first step, based on the Latin hypercube
sampling method. In the next step, local sensitivity analyses were performed at twenty selected
starting points of the seventeen-dimensional space of the selected parameters. Based on the obtained
results, it was possible to select the parameters that have a significant impact on the load capacity of
the tray in the box compression test and whose influence is negligible or insignificant.

Keywords: sensitivity analysis; corrugated board; trays; open-top packaging

1. Introduction

Open-top, corrugated board cartons have become one of the most popular ways to
transport fruits and vegetables. Long-distance transport applies to raw food products such
as tomatoes, peppers, bananas, apples, lemons, and many more. The natural material of
paper favors the long-distance transport of such products, especially when moisture and
temperature changes occur frequently during transport. Corrugated cardboard packaging is
also perceived by consumers as ecologically friendly, and scientific studies have confirmed
that customers are willing to pay more for environmentally sustainable packaging [1–3].
For instance, for decades bananas, have been effectively transported in cartoon boxes. In
2020, 21.5 million tons of bananas were exported, from which about 16.5 million tons were
exported from Africa. The European Union and the United States are the biggest importers,
accounting for 26% and 21% of the share in global imports in 2020 [4]. The ventilation
conditions and the maturation of bananas during transport are crucial throughout the
production process.

Open-top, corrugated board cartons prevail over other types of packaging if the par-
ticular ventilation conditions are ensured. The ventilation holes allow air to circulate inside
the packaging, which also enables water to evaporate from the inside of the container,
which, in turn, protects the raw food products from undesirable moisture. Superior air
flow in the packaging facilitates the disposal of ethylene, which causes the fruit to ripen as
an aging-stimulating hormone. Therefore, on the one hand, the better the ventilation, the
better the fruit’s condition, while on the other hand, the more ventilation holes, the lower
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the packaging strength (i.e., less material to bear the loads) [5–7]. Both objectives are contra-
dictory, although the appropriate location of the ventilation holes can significantly reduce
the loss of the load-bearing capacity of the packaging and, at the same time, maximize air
flow. In Figure 1, an example of an open-top carton for the transport of fruits/vegetables
is presented. Optimizing the use of material to maximize the efficiency of the packaging
(regardless of the measure, e.g., compressive strength, resistance to random vibrations,
ventilation of products, etc.) is, and will always be, a significant problem in the field of
packaging design [8].
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Figure 1. Selected example of an open-top box for the transport of fruits or vegetables.

Open-top, corrugated board cartons constitute a very specific form of packaging with a
complex structure, which is significantly different from typical flap packaging such as F0201
according to FEFCO codes [9]. Due to the complexity of this type of packaging, the use of
known analytical formulas to determine its compression load capacity is inadequate [10–16].
The popular formulas are adequate for simple flap boxes. Many geometrical parameters for
determining the shape of open-top packaging for fruits/vegetables make it difficult, and
even impossible, to derive the analytical formula for computing the compressive strength
of this type of packaging. Therefore, to avoid relying on the experience of the designer, nu-
merical tools for the estimation of strength should be adopted. However, building a model
for complex packaging is not a trivial task; it requires experience in numerical modelling.
In this regard, the utilization of artificial neural networks (ANNs) preceded by a numerical
study could be the solution, for instance, as performed in [17,18]. Numerical methods and
ANNs are used effectively in similar problems in the food/packaging industry [19–22] and
others [23,24]. An ANN model must be versatile enough to cover a moderately wide range
of possible designs. ANNs can be efficient, even for a large number of parameters; however,
many parameters require numerous pre-processing computations to prepare input data for
the ANN’s training, testing, and validation [25]. The increase in the computational cost
with the increasing number of parameters is non-linear.

A good practice in building an artificial neural network is to analyze the sensitivity
of potential input parameters to the network so that the output argument of the network
depends meaningfully on the input arguments. It is recommended that the ANN inputs
(i.e., all the model parameters) that have proven to exert a very low level of influence on
the ANN’s output (i.e., BCT value) are removed from the model to limit the pre-processing
cost. A reliable sensitivity analysis for open-top corrugated board cartons for fruits and
vegetables is not available in the scientific literature; therefore, addressing this gap is the
main aim of the paper. There are papers that analyze the role of horticultural cartons’
vent hole design on cooling efficiency and compression strength [26–28]; however, this
constitutes research into a different type of cartoon.

In this paper, we will indicate the sensitivity of an open-top cartoon in respect to its
main geometrical parameters. We will point out which of the parameters may be omitted
while building the ANN network to estimate the compression strength of the open-top box
in order to limit the computational cost of ANN input data. Resultantly, the parameters
that seem crucial for the corrugated board packaging industry do not have a significant
impact on the compression strength of the packaging.

133



Materials 2023, 16, 412

2. Materials and Methods
2.1. Geometric Parametrization of Open-Top Boxes

There are many types of trays for fruit and vegetables in the corrugated carboard
packaging offered by its respective industry, but there are some constructions that have
repeatable folding and similar dimensions. Manufacturers often have their own packaging
designs selected on the basis of their own experience. As part of this work, a type of tray
that is relatively popular in the market was selected. The geometry of such packaging is
shown in Figure 2 as 2D drawing and in 3D view. In this type of packaging, the sidewalls
fold vertically, and the elements of the shorter walls form rectangular triangles reinforcing
the corners. One of the sides of the triangular corners is glued to the longer sidewalls,
which ensures the rigidity of the corners. Moreover, on the bottom edges of the tray, there
are circular or oval ventilation holes, usually two for each edge. In addition, there are
trapezoidal folds at the tops of the sidewalls (one for each wall). These folds are bent down
and glued to strengthen the sidewalls (not shown in the drawings).
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Figure 2. Parametric model used in the study: (a) 2D grid and (b) 3D scheme (for clarity, wL, gL, wB,
gB, θL, and θB parameters are not shown here).

Based on the selected packaging design, over a dozen geometric parameters were
defined, which are labelled in Figure 2. The selection criteria were as follows: (i) the
suspected significance of the impact on the box compression test (BCT) value and (ii) its
importance in terms of wicking or other functions of packaging. These selected design
parameters are as follows:

• dL, half of the horizontal length of the non-folded part of the longer sidewalls;
• dB, half of the horizontal length of the non-folded part of the shorter sidewalls;
• H, the height of the stiffening triangles and the box;
• lL, the width of the trapezoidal folds on the longer sidewalls;
• hL, the height of the trapezoidal folds on the longer sidewalls;
• lB, the width of the trapezoidal folds on the shorter sidewalls;
• hB, the height of the trapezoidal folds on the shorter sidewalls;
• sL, the length of the sides of the stiffening triangles on the longer sidewalls;
• sB, the length of the sides of the stiffening triangles on the shorter sidewalls;
• wL, the width of the edge holes on the longer sidewalls;
• gL, the height of the edge holes on the longer sidewalls;
• mL, the dist. of the edge holes on the longer walls from the shorter walls to its axis;
• wB, the width of the edge holes on the shorter sidewalls;
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• gB, the height of the edge holes on the shorter sidewalls;
• mB, the dist. of the edge holes on the shorter walls from the longer walls to its axis;
• θL, inclination of the arms of the trapezoidal folds on the longer sidewalls;
• θB, inclination of the arms of the trapezoidal folds on the shorter sidewalls.

Note that the dL and dB modifications change the in-plane dimensions of the box
model (because, in this case, lL and lB are constant), while the lL and lB modifications do
not change these dimensions (due to simultaneous changes of dL and dB).

After determining the box’s design parameters, listed above, a numerical algorithm
was created using MATLAB software in order to automatically generate the FE model in
Abaqus FEA, which is capable of simulating a box compression test. After creating the
algorithm, the twenty sets of design parameters were determined according to a Latin
Hypercube Sampling (LHS) strategy. One of the examples of LHS algorithm was published
by Jin et al. [29]. LHS was used to explore the space of seventeen design parameters
most effectively in practically applicable ranges. The use of such a strategy was dictated
by the need to build a dataset concerning the sensitivity of the system in a global sense.
Exploration of the parameter space in selected 20 locations allows one to understand the
relationship between the sensitivity of a given parameter and its initial value. The final
sets of design parameters are presented by numbers in Table 1 and graphically by box
designs in Figure 3. It is worth mentioning that the presented approach allows for a very
even sampling of the space of all seventeen parameters of the model, whose sensitivity to
minor perturbations in these parameters at different points in the space may be different.
Therefore, this approach allows for the acquirement of averaged responses in the form of
sensitivities to all model parameters in the full range of parameters’ space.

Table 1. Geometric parameters of selected cases of open-top boxes; all dimensions, apart from the
last two columns, are shown in mm.

Box Case dL dB H lL hL lB hB sL sB wL gL mL wB gB mB θL

(◦)
θB

(◦)

1 366 282 94 274 30 141 37 36 31.5 25 12.5 134.5 25 12.5 91.5 33.5 65
2 330 282 94 238 30 141 37 36 31.5 25 12.5 134.5 30 15 91.5 33.5 65
3 366 254 94 274 30 113 37 36 31.5 30 15 134.5 25 12.5 91.5 33.5 65
4 366 282 85 274 30 141 37 36 31.5 25 12.5 90 25 12.5 70 33.5 65
5 366 282 94 214 30 141 37 36 31.5 20 10 114.5 20 10 111.5 90 90
6 366 282 94 220 30 141 37 50 40 32 16 134.5 36 18 91.5 33.5 65
7 386 282 94 220 30 141 37 30 40 32 16 134.5 25 12.5 91.5 45 45
8 386 302 94 220 40 141 40 30 40 32 16 134.5 25 12.5 91.5 75 60
9 391 262 104 220 40 141 40 25 25 28 14 125 25 12.5 91.5 75 60
11 396 262 90 220 40 141 40 45 32 35 14 125 30 12.5 91.5 80 85
12 401 265 98 240 20 161 20 38 40 34 17 125 28 14 91.5 55 45
13 386 268 98 186 20 101 20 38 32 20 10 125 20 10 91.5 55 45
14 388 271 98 206 15 121 25 42 45 20 10 155 20 10 111 55 45
15 392 252 94 206 15 121 25 30 27 20 10 92 20 10 85 55 45
16 396 252 81 300 15 170 25 30 27 20 10 135 20 10 111 20 35
17 398 252 81 300 35 170 35 30 27 20 10 135 20 10 111 37 35
18 396 252 83 261 25 150 35 36 36 35 10 135 35 10 85 65 55
19 310 290 85 174 25 150 35 30 28 16 8 95 16 8 85 65 55
20 320 271 81 174 25 160 35 40 28 22 11 115 22 11 95 40 45
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Figure 3. Cases of selected open-top boxes for the storage of fruits. (a–t) selected twenty carton geometries.

2.2. Finite Element Model of Open-Top Boxes

Numerical models were created in commercial software FE (Abaqus Unified FEA
software [30]) to simulate box compression test (BCT) of open-top boxes. In order to
reduce the number of finite elements and shorten computational time, only 1/4 of the box
was modeled. The bottom of the packaging was omitted because the bottom does not
contribute to the compression-related load-bearing capacity. To ensure robust behavior
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of the model, the above-mentioned simplifications have been replaced with appropriate
boundary conditions (see Figure 4). Symmetrical boundary conditions on the two sidewalls
were applied and the vertical displacements of the top edges of the box panels were blocked.
Out-of-plane displacements of the bottom and top edges of the panels were also blocked.
The analysis consists of two computational steps. In the first step, a buckling analysis
was performed in order to compute the first mode, which was applied as imperfection
to the model, and in the second nominal step, the packaging was loaded by applying
vertical displacement on the top edges. In Figure 4, the boundary conditions for both steps
are shown. The figure also presents the corner panels (green color) that are glued to the
sidewall fragments (red color) in order to assemble the packaging. In numerical model,
this connection of panels has been mapped by special numerical techniques, so-called
‘tie connection’, which ensures the integrity (continuity of displacements) of the structure
between two parts considered.
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The analysis was performed for three different corrugated boards that were modeled
as linear elastic orthotropic material with Hill plasticity [31]. In Table 2, the parameters of
three materials used in the model are given. The material data were determined by the BSE
System via FEMAT [32] from mechanical tests of corrugated board samples. Samples were
prepared in laboratory and conditioned in a climate chamber. For each test, 10 samples
were used to acquire statistically representative material data. In the first column of Table 2,
the grade symbol represents the type of the wave and the grammage of the cardboard
in g/m2. Columns 2–7 contain elastic material parameters: E1 and E2 are the moduli of
elasticity, ν12 is the Poisson’s ratio, G12 is the in-plane shear stiffness, and G13 and G23 are
the transverse shear stiffnesses. The last two columns contain plastic parameters of the
material; σ0 is the initial yield stress and R11 is the yield stress ratio in the machine direction
of the corrugated cardboard.

Table 2. Material data used in the constitutive models of corrugated boards considered herein.

Grade
E1 E2 ν12 G12 G13 G23 σ0 R11

(MPa) (MPa) (–) (MPa) (MPa) (MPa) (MPa) (–)

B-840 2032 1111 0.40 1184 7 11 3.05 0.95
EB-880 1636 907 0.40 963 8 11 3.50 0.65
EB-965 1616 750 0.44 898 7 11 3.01 0.74

For each material, 20 boxes with dimensions shown in Table 1 were analyzed. Each
of the parameters from Table 1 for each grade and box design was subjected to a 1%
perturbation. This means that 18 analyses were performed for each of the 20 geometries
(one reference case and 17 analyses with one parameter changed). In total, this yielded
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1080 numerical models (3 materials × 20 packaging designs × 18 analyses). In each model,
4-node quadrilateral shell elements with full integration, named S4 according to [30], were
used, and they were completed with 3-node triangular shell elements with full integration,
named S3 according to Abaqus FEA. A global mesh size equal to 10 mm was assumed,
which resulted in a different number of nodes and elements for each geometry case. For
example, for the first case, 373 elements (368 quadrilateral elements and 5 triangular
elements) and 437 nodes were obtained, as shown in Figure 4. The choice of such a finite
element dimension was based on the observations made in our previous studies [9,33,34],
as well as the validation procedure presented in the next section, which was carried out to
verify the computational models and commercial tools used.

2.3. Model Validation

The finite element model used in this research (see Section 2.2) was validated through
experimental research. Namely, ten samples of open-top cartons for the storage of veg-
etable or fruits were manufactured and tested in a mechanical press in order to compare
the experimental results of BCT with the numerical prediction according to the com-
putational approach used in the study. In the computational model for validation, the
boundary conditions, mesh (element size, element type, etc.), constitutive law, and two-step
strength analysis (buckling followed by static analysis) were the same as those described
in Section 2.2. The sample of open-top carton for validation is shown in Figure 5a and
its numerical model geometry is depicted in Figure 5b. In Figure 5b, the deformed box
obtained at maximal compression force was confronted with its numerical counterpart (see
Figure 5b). It is visible that the deformation modes are in good agreement. Moreover, if
the compression strengths obtained are compared, the numerical prediction was burdened
with 6.4% error compared to the average strength obtained from tests.
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Notably, in this study, the sensitivity of the model to the size of the finite element mesh
was also ascertained. It was concluded from the analyses that the models in which elements
with dimensions of about 15 mm were used were characterized by slightly increased
stiffness in the elastic buckling phase; however, in the non-linear phase, the use of smaller
elements (e.g., 5 mm) did not increase the precision of the calculations. Therefore, in the
model used for the final verification, a grid with elements of about 10 mm was used.

2.4. Sensitivity Analysis

In this paper, the sensitivity analysis of BCT was performed for 20 open-top carton
geometries. In each case, the parameters of the model were the dimensions of the packaging
(see Figure 2), which were collected in vector x. The BCT value for the selected set of
parameters can be denoted as h(x). Then, by small perturbations of the i-th parameter
∆xi, it is possible to calculate the change in the investigated quantity h(x ± ei∆xi), where
ei is the unit vector of the i-th parameter in the parameter space. Determination of the
numerical gradient using, e.g., the central difference, allows one to obtain the sensitivity
of the compressive strength to the change in the considered parameter, according to the
following formula:

s =
h(x + ei∆xi)− h(x − ei∆xi)

2∆xi

xi
h(x)

. (1)
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The performed analysis is a non-local sensitivity analysis. This means that the com-
putations were carried out for many points in the parameter space (20 packaging designs)
to build a dataset concerning the entire range of space, and not just locally at one specific
point. In this paper, the approach to compute the sensitivity by Equation (1) is similar to
the one used in [33,34].

3. Results

First, the material data used to model the corrugated cardboard were acquired. Then,
the geometry of the packaging together with the material data were used to build the
models in the FE software. Next, for the created models, buckling analyses were performed,
from which maps of displacement of individual panels were obtained in order to determine
the initial imperfections of the model to be used in further computations. In order to
calculate the buckling modes, the vertical displacement on the top edges of the box was
used instead of the loads. In Figure 6, the displacements calculated for examples of cases 1,
19, and 20 are presented.
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Figure 6. Selected buckling modes used for nominal strength analysis using the finite element method:
(a) case 1, (b) case 19, and (c) case 20.

The second step of the numerical analysis was the compression of the packaging. This
made it possible to obtain the force–displacement relationship and identify the compression
load capacity of the box. In Figure 7, the effective stresses of the Huber–Mises-Hencky
distributions for selected cases of open-top boxes for the storage of fruits are shown. The
bottom of the packaging was not modeled but was included in the computations using
appropriate boundary conditions. In Figures 6 and 7, the bottom of the box is added for
visualization purposes.
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As described at the end of Section 2.2, 20 cases of packaging geometry were analyzed
(see Table 1). Considering a specific type of geometry, first, the reference value of the
compression strength capacity was calculated. Then, each parameter was perturbed indi-
vidually by 1% and the load capacity of the box was computed. All these computations
made it possible to obtain 360 results for each material and a total of 1080 values of the load
capacity. Based on the results obtained, the sensitivities of each of the 17 parameters were
calculated for 20 packaging geometries and 3 types of corrugated board. All sensitivities
were calculated from Equation (1), where h(x) is the load-bearing capacity with respect to
top-to-bottom compression. In Table 3, examples of the sensitivities computed for B-840
corrugated cardboard are presented.

To compare which parameters were the most significant in terms of their compressive
strength capacity, the average sensitivity of each parameter was determined from 20 geome-
tries. In Figure 8, the averaged values of the sensitivities for three corrugated cardboards
are presented and sorted in ascending order. Two horizontal dashed lines indicate levels of
0.05 and 0.10. In addition, in Figure 9, the average sensitivity values of the three corrugated
boards used are shown by bar plots. The median of each parameter is also marked with
black dots.
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Table 3. Sensitivities computed for B-840 corrugated cardboard with the min/max values marked in
blue and red for all parameters considered in the study.

Case dL dB H lL hL lB hB sL sB wL gL mL wB gB mB θL θB

1 −0.10 0.31 −0.01 −1.23 −0.30 −0.30 0.01 0.14 0.21 0 0 0 0 0 −0.08 −0.25 0.02
2 0.18 0.55 −0.02 −1.17 −0.38 −0.49 −0.17 0.22 0.03 0 −0.04 −0.17 −0.06 −0.06 −0.19 −0.29 −0.04
3 −0.04 0.33 0.12 −1.31 −0.31 −0.25 0.13 0.23 0.22 0 0 0 0.09 0.09 0.03 −0.17 0.15
4 0.22 −0.67 0.20 −0.57 0 −0.39 0.02 0.23 0.21 0 0 0.01 −0.01 −0.01 −0.02 0.08 −1.25
5 0.29 0.29 0.06 −0.45 −0.05 −0.29 −0.01 0.21 0.20 0 0 0 0 0 0 0.12 0.14
6 0.19 0.06 0.15 −0.28 0.01 −0.22 0 0.25 0.18 0 0 0.01 −0.01 −0.02 0.04 0.01 0.03
7 0.25 0.16 0.13 −0.33 0.02 −0.25 0 0.16 0.27 0 0 0.02 0.01 0.01 0.02 0.07 0.02
8 0.27 0.11 0.09 −0.37 −0.01 −0.23 0.01 0.11 0.22 −0.02 −0.02 −0.02 0 0 0.01 0 −0.01
9 0.55 0.31 −0.38 −0.46 −0.02 −0.27 0.06 0.17 0.19 0 0 −0.02 0 0.05 0.05 0 0.07
10 0.36 0.24 0.13 −0.33 0.02 −0.29 0 0.26 0.18 0 0 0 0 0 0.07 0.10 0.11
11 0.29 0.24 0.14 −0.43 0.01 −0.95 0.01 −0.21 0.23 −0.70 0 0 −0.01 −0.01 0.01 −0.06 0.01
12 0.29 0.31 0.19 −0.22 0.05 −0.34 0.02 0.23 0.19 0.01 0 0 0 0 0.01 0.02 0.04
13 0.27 −0.08 0.13 −0.21 0.12 −0.17 −0.06 0.21 0.19 0 0 0 −0.35 0 −0.31 0 0.08
14 0.33 0.25 0.14 −0.33 0.04 −0.26 0.01 0.18 0.17 0 0 0.02 0 0 0 0.03 0.02
15 0.24 0.20 0.63 −0.76 0.12 −0.43 −0.10 0.23 0.26 0 0 0 −0.01 −0.01 0.02 0.12 0.02
16 0.19 0.21 −0.33 −0.76 0 −0.76 0 0.20 −0.03 −0.09 0 0.02 −0.02 −0.02 0.01 −0.06 0.02
17 0.25 0.48 0.35 −0.47 0.08 −0.15 0.27 0.20 0.24 0 0 −0.03 0 0.26 0.27 0.08 0.29
18 0.60 0.29 0.17 −0.24 0.44 −0.24 0.07 0.17 0.20 0.38 0 −0.03 0.07 0 0.07 0.36 0
19 0.23 −0.15 0.35 −0.35 0.18 −0.23 0.11 0.44 0.28 −0.07 0 −0.07 0.09 0.09 0.09 1.82 0.59
20 0.58 0.16 0.02 −0.28 0 −0.29 −0.04 0.28 0.11 0.01 0 −0.07 0 0 0.01 0.04 0.04
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4. Discussion

All crucial results have been presented in Figures 6–9 and Table 3. Considering Figure 6,
in which the maximal displacement values have been presented for the selected cases, it
may be observed that the buckling modes are not completely repeatable when compared
case to case. Namely, in Figure 6a, the maximal displacements are obtained for shorter
sidewalls, while Figure 6b,c shows the opposite situation, i.e., the maximal displacements
are acquired for longer sidewalls. It can be concluded that the stiffness of the sidewalls
plays a role, which, in a modifiable range of parameters, can switch the maximum buckling
displacement between shorter or longer sidewalls. Moreover, regardless of the stiffness
ratio of the shorter/longer sidewalls, the buckling mode in the hypotenuse demonstrates
two half-waves, which is observed in all cases (see Figure 6). Shorter and longer sidewalls
show one half-wave between the boundary conditions. In addition, it is worth noting that
the buckling modes were obtained by applying rotations (see Section 2.2); therefore, here,
the maximal displacement values are not equal to one.

Considering Figure 7, in which the effective Huber–Mises-Hencky stresses have been
presented for the selected cases, it may be observed that the maximal stresses were obtained
at the base of the hypotenuse, in which there is a complex stress state. In addition, higher
stresses are visible in the upper part of the shorter sidewalls in the gluing zones with
stiffening columns, which is particularly visible in Figure 7c. Moreover, all fields of
effective stresses show that the highest values are obtained in the stiffening corners, which
was expected. However, it seems that the position and shape of the edge holes relative to
the arms of the trapezoidal folds affect the stress trajectories of the sidewalls; we acquire
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different stress zones in the sidewalls depending on the position of the edge holes. This can
be seen by comparing the green and blue areas in Figure 7.

In this study, the sensitivities were computed for all the materials considered, namely,
B-840, EB-880, and EB-965. However, the detailed tabular values were presented only for
the case of B-840 case (see Table 3). The reason for this is the high similarity of the obtained
results, as evidenced by the synthetic data shown for all materials in the bar graphs in
Figure 9. The results show that dL and dB have a large influence on BCT, for which, on
average, the sensitivity was 0.25 for the cardboard types (see Figure 8 and compare with
Table 3). The longer these dimensions, the stiffer the corners, but the buckling lengths
increase. Furthermore, the box height H has lower non-negligible impact because the
average sensitivity for all cardboard types was 0.12. The lengths of the sidewall folds,
lL and lB, have the largest influence on the change in the BCT (0.39, on average, for the
cardboard types): their decrease increases the strength of the material that is bearing the
compression load in the corners. Two other parameters, the sides of the stiffening triangles,
sL and sB, play a minor role, but are still very important compared to other parameters. In
the case of sL, the average sensitivity for all cardboards was 0.24, while in the case of sB, the
average sensitivity for all cardboards was 0.21. The larger the triangular sides, the stronger
the stiffening corner; its buckling length of the hypotenuse will also increase. The height
of the folds of the sidewalls, hL and hB, have a minor impact on the BCT, which can be
regarded as negligible (average sensitivity for material parameters was 0.055). As suspected
by engineering intuition, but now confirmed by the sensitivity study, some parameters
related with the dimensions and positions of edge holes can be neglected (see Table 3 and
Figure 8); these parameters are wL, gL, mL, wB, gB, and mB. These parameters represent
the dimensions of the edge holes (width and height), as well as their positions from the
perpendicular sidewalls in both types of sidewalls (shorter and longer). The inclination
of the arms of the trapezoidal folds, i.e., θL and θB, are more important, with an average
sensitivity of 0.13. It is worth noting that the conclusion regarding the lack of influence
of the size of the ventilation holes on the load capacity of the package is true only when
the strength test of the tray is performed using a BCT press. Under natural operating
conditions, when a tray is placed on top of another tray, the load on the bottom of the tray
becomes significant. This means that the standard for assessing the load capacity of the tray
should be different, e.g., considering the load on the bottom of the tray and other boundary
conditions (i.e., supports should be applied only at the corners).

The averaged values for all the parameters considered are presented in Figure 8. Seven
of the seventeen parameters were observed to have a sensitivity equal to or less than 0.05
(wL, gL, mL, wB, gB, mB, and hB). These parameters can be assumed as constants by default
when making decisions regarding the design of an optimal open-top box for the storage of
fruits and vegetables in accordance with the BCT test. If a sensitivity value equal to 0.10 is
taken as a threshold, the hL parameters can also be omitted.

5. Conclusions

In this paper, a parametric model of an open-top, corrugated board carton was built.
Several geometrical parameters of box design were specified, and in order to check the
impact of each of them on the compression strength of the packaging, a systematic sen-
sitivity analysis was carried out. Several dozen sets of parameters were adopted for the
proper exploration of parameter space. In the first step of the simulations, a buckling
analysis was performed; then, the actual compression of the box was simulated. The load
capacities and the sensitivities to the perturbation of each parameter were obtained from
the computations. Based on the analyses carried out, the parameters were ranked in terms
of importance, and several of them were deemed to be insignificant in terms of their impact
on compressive strength based on the BCT test. In contrast, some of them play a very
important role in the construction of the packaging and have a large impact on its load
capacity; these parameters should be selected very carefully in the process of the optimal
design of trays for containing vegetables or fruit.
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In particular, this paper shows that not all geometric features are important from the
perspective of compressive strength. The dimensions and location of the ventilation holes
on both sidewalls, as well as the height of the trapezoidal folds on the shorter sidewalls,
played minor roles in the load-bearing capacity of the packaging in a BCT-based testing
protocol. For this reason, the indicated parameters may be assumed as constants and
be neglected in the parametric model. Such selection is particularly useful for creating a
reduced parametric model for use in an artificial neural network. Limiting the number of
parameters allows one to save computational time and more effectively explore the space
of crucial parameters in ANN optimization problems.
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23. Stręk, A.M.; Dudzik, M.; Kwiecień, A.; Wańczyk, K.; Lipowska, B. Verification of application of ANN modelling in study of
compressive behaviour of aluminium sponges. Eng. Trans. 2019, 67, 271–288. [CrossRef]

24. Araujo, G.; Andrade, F.A.A. Post-Processing Air Temperature Weather Forecast Using Artificial Neural Networks with Measure-
ments from Meteorological Stations. Appl. Sci. 2022, 12, 7131. [CrossRef]

25. Gajewski, T.; Staszak, N.; Garbowski, T. Parametric Optimization of Thin-Walled 3D Beams with Perforation Based on Homoge-
nization and Soft Computing. Materials 2022, 15, 2520. [CrossRef] [PubMed]

26. Berry, T.M.; Fadiji, T.S.; Defraeye, T.; Opara, U.L. The role of horticultural carton vent hole design on cooling efficiency and
compression strength: A multi-parameter approach. Postharvest Biol. Technol. 2017, 124, 62–74. [CrossRef]

27. Fadiji, T.; Coetzee, C.J.; Opara, U.L. Compression strength of ventilated corrugated paperboard packages: Numerical modelling,
experimental validation and effects of vent geometric design. Biosyst. Eng. 2016, 151, 231–247. [CrossRef]

28. Fadiji, T.; Coetzee, C.J.; Berry, T.M.; Opara, U.L. Investigating the role of geometrical configurations of ventilated fresh produce
packaging to improve the mechanical strength—Experimental and numerical approaches. Food Packag. Shelf Life. 2019, 20, 100312.
[CrossRef]

29. Jin, R.; Chen, W.; Sudjianto, A. An efficient algorithm for constructing optimal design of computer experiments. J. Stat. Plan.
Inference 2005, 134, 268–287. [CrossRef]

30. Abaqus Unified FEA Software. Available online: https://www.3ds.com/products-services/simulia/products/abaqus (accessed
on 8 December 2022).

31. Hill, R. A theory of the yielding and plastic flow in anisotropic metals. Proc. R. Soc. Lond. Ser. A Math. Phys. Sci. 1948, 193,
281–297. [CrossRef]

32. FEMat BSE System. Available online: http://fematsystems.pl/bse-system_en/ (accessed on 8 December 2022).
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Abstract: Corrugated cardboard boxes are generally used in modern supply chains for the handling,
storage, and distribution of numerous goods. These packages require suitable strength to maintain
adequate protection within the package; however, the presence and configuration of any cutouts
on the sidewalls significantly influence the packaging costs and secondary paperboard waste. This
study aims to evaluate the performance of CCBs by considering the influence of different cutout
configurations of sidewalls. The compression strength of various B-flute CCB dimensions (200 mm,
300 mm, 400 mm, 500 m, and 600 mm in length, with the same width and height of 300 mm), each for
five cutout areas (0%, 4%, 16%, 36%, and 64%) were experimentally observed, and the results were
compared with the McKee formula for estimation. The boxes with cutout areas of 0%, 4%, 16%, 36%,
and 64% showed a linear decreasing tendency in compression force. A linear relationship was found
between compression strength and an increase in cutout sizes. Packages with 0% and 4% cutouts did
not show significant differences in compression strength (p < 0.05). Furthermore, this study shows
a possible way to modify the McKee estimation for such boxes after obtaining empirical test data
since the McKee formula works with a relatively high error rate on corrugated cardboard boxes with
sidewall cutouts. Utilizing the numerical and experimental results, a favorable estimation map can
be drawn up for packaging engineers to better manage material use and waste. The results of the
study showed that the McKee formula does not appropriately estimate the box compression strength
for various cutout sizes in itself.

Keywords: paperboard packaging; box compression test; package design; McKee formula; cutout

1. Introduction

Most of the goods transported use various transport packaging, including the most
often used paperboard packaging. This is the leading material to ensure the necessary
protection and logistical aims, such as stacking, handling, and forming unit loads during
distribution, due to its load-bearing capacity and other beneficial properties [1,2]. The main
advantages of paper-based packaging are the reliable protection of products, in addition to
relatively low packaging costs, recyclability, and biodegradability [3,4]. Stacking packages
on top of each other can cause damage to the packaged product, so before doing this,
it is necessary to find an appropriate estimation method or to perform a series of tests
to determine the mechanical strength of various constructions of cardboard boxes [4–6].
The situation is more complex if there are some special requirements for the box, such as
hand holes, ventilation holes, and openings, respectively [7–11]. Additional considerations
involving corrugated cardboard boxes (CCBs) are optimal packaging material costs and
sustainable development strategies within their product-packaging range [12]. Basically,
the cost of CCB packaging depends on the number of layers and paper/cardboard quality,
which are in relation to the mass used [13]. The latter, of course, impacts the cost of
packaging solutions and the final mass for destruction or recycling after use. Therefore,
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it is in the interest of the actors in the industry to find the box with optimal mechanical
properties, which, on the one hand, adequately ensures product protection and, on the
other hand, leads to acceptable packaging costs and waste savings.

Corrugated cardboard is made of odd layers, usually three or five. In the case of
three-layered corrugated cardboard, the corrugated layer is placed between the inner and
outer flat layers, while five-layered cardboard has two corrugated layers. There are also
several types of corrugated layers according to flute height and flute length. The individual
layers are bonded together by glue. In the paper industry, the highest flute is denoted by A,
followed by flute C, and the lowest normal flute is B. There are so-called micro-flutes with
the letters E and F (FEFCO, European Federation of Corrugated Board Manufacturers) [14].

The optimal package design of corrugated boxes for packaging engineers is a major
challenge [15]. When trying to ensure product-packaging integrity, the situation is fur-
ther complicated by environmental conditions that can affect the mechanical behavior of
corrugated board, including temperature, relative humidity changes, perforations, prints,
etc. [16,17], which can decrease the resilience of the integrity of the packaged product to
damages [8–11,18]. However, the most critical issue of compression strength for CCBs is the
presence of any openings, handling, or ventilation holes on the walls, and their dimension,
orientation, shape, and number [8,19].

One possible way to determine the strength of corrugated boxes is to perform a series
of tests in laboratory conditions following standard protocols. In the paper packaging
industry, these tests cover the compression, bending, and bursting of corrugated boards.
However, the most important and practical tests are the box compression test (BCT) and
the edge crush test (ECT). The latter can give information to use as input in an analytical
formula for predicting compressive strength. The well-known semi-empirical formula to
determine the possible stacking load is McKee’s equation [18,20]. The McKee formula is a
simple, practical application using parameters of paper, board, and boxes with an arbitrarily
chosen constant. The disadvantage of the method is that the formula is applicable to
relatively typical box containers without modification of holes, cutouts, and so forth.

In the last 50 years, many researchers have tried to extend the applicability of McKee’s
formula and presented different approaches. There is a method by Kellicutt and Landt [21]
that developed a model for compressive load sizing based on the principle of annular
compressive strength. Beldie et al. presented a study in 2001 that modeled the mechanical
behavior of corrugated cardboard packages subjected to static compressive loading [22].
Biancolini and Brutti [23] presented a numerical model for splitting the properties of cor-
rugated cardboard boxes with strength calculations. Allerby et al. [24] presented a study
in 1985 in which they modified the constants and exponents of McKee’s formula. In 1987,
Schrampfer et al. extended the applicability of the McKee relationship to a wider range
of cutting methods and equipment with a combined board-edge crush technology [25].
Furthermore, the McKee constant was later analyzed in more sophisticated way in compli-
cated cases by Garbowski et al. [26]. There are studies in which the authors have shown
that additional tests are required and, therefore, an updated formulation should be used,
which was recently modified by Aviles et al. [27] and later by Garbowski et al. [28,29].

As it was mentioned above, the sidewalls of the box are often weakened by cutouts
for various purposes. There can be several reasons for this: tab-like cutouts, ventilation
holes/openings (mainly for agricultural products), viewing windows, etc. These solutions
have a negative influence on the compression strength of the boxes, and this phenomenon
was investigated by several authors [8,30–36].

In 2020, Garbowski et al. [35] indicated that a smaller hole on the sidewall would
ensure better (greater) compression strength, but it is necessary that it would be located at
the center of the wall. On the other hand, the McKee formula cannot give precise results in
the aspect of a cutout independent of its position, shape, and size. An additional important
issue in the compression strength investigation is the length-to-width ratio of the CCB.
Research has shown that if the aspect ratio changes from 1 to 3, then the compression
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strength increases at first and then decreases; furthermore the maximum compression force
can be observed when the aspect ratio was approximately 1.6 [37,38].

It must be mentioned here that after a careful literature review, the authors could not
find any published research that measures and/or analyzes the interconnection of these
variables on such a wide range of box dimensions and large and growing cutout sizes with
a primary focus on material reduction. There is a gap in the literature for a wide variety of
experiments in this area. The papers published so far mainly focused on the mechanical
properties of individual/special box dimensions, with only a partial understanding of
the overall relationships. This study attempts to develop an estimation method for the
compression strength of cardboard boxes with various (growing) cutout sizes. Cutout
technology is generally used for various purposes such as ventilation, reduction in material,
viewing windows, etc. First, empirical box compression tests were performed on a wide
range of dimensions, using 250 box samples in total to observe the changes in mechanical
strength, and then an analysis was performed comparing the empirical results with the
analytical results of the McKee formula. Finally, this paper presents an estimation map
for the McKee constant with a given number of cardboard samples along various cutouts.
Therefore, this paper can provide novel insights into circumstances for packaging engineers
to design boxes based on experimental data using a simple method for compression
strength estimation.

2. Materials and Methods
2.1. Samples

For this study, single-wall B-flute corrugated cardboard (Figure 1) boxes with different
cutouts were used that were made from the same cardboard material quality. Table 1
shows the mechanical specifications for the tested corrugated cardboard. The corrugated
cardboard material composition contained the following:

• Outer liner: 210 GD2 (weight 210 g/m2, coated white lined chipboard with grey back,
quality class 2);

• Fluting medium: 120 HC (weight 120 g/m2, high compression Wellenstoff);
• Inner liner: 130 TL 3 (weight 130 g/m2, Testliner, quality class 3).
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Figure 1. Structure (a) and cross-section (b) of corrugated cardboard sample used for this study.

Table 1. Mechanical specification of the B-flute corrugated cardboard tested.

Properties Specification Applied Standard

Board Thickness 2.8 mm (±10%) ISO 3034 (FEFCO No.3)
Grammage 512 g/m2 (±10%) ISO 536:1995

Edge crush test (ECT) 5.1 kN/m (±15%) ISO 3037 (FEFCO No.8)
Bursting strength (BST) 676 kPa (±15%) ISO 2759 (FEFCO No.4)

Both the assembly of the boxes and the gluing process were carried out by hand. For
this study, 5 boxes with different lengths and 5 different cutout areas were used. Table 2
and Figure 2 show the configurations for the samples. Each sample had the same width
and height of 300 mm. The ratios of the cutout areas to the sidewall were the following: 0%,
4%, 16%, 36%, and 64%, respectively. The cutouts were cut from the center of the sidewalls
along all four sides. In order to evaluate the measurement results, 10 samples were tested
for each cutout group for each dimension, for a total of 250 samples.
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Table 2. Configuration for dimensions of samples for this study (same width and height of 300 mm).

Length (mm) Perimeter (mm) Area without Top and
Bottom Flaps (mm2) Sizes of Cutout (mm) Cutout Area (mm2) Cutout Ratio (%)

200 1000 300,000
40 × 60/60 × 60

80 × 120/120 × 120
120 × 180/180 × 180
160 × 240/240 × 240

0
12,000
48,000

108,000
192,000

0
4

16
36
64

300 1200 360,000
60 × 60/60 × 60

120 × 120/120 × 120
180 × 180/180 × 180
240 × 240/240 × 240

0
14,400
57,600

129,600
230,400

0
4

16
36
64

400 1400 420,000
80 × 60/60 × 60

160 × 120/120 × 120
240 × 180/180 × 180
320 × 240/240 × 240

0
16,800
67,200

151,200
268,800

0
4

16
36
64

500 1600 480,000
100 × 60/60 × 60

200 × 120/120 × 120
300 × 180/180 × 180
400 × 240/240 × 240

0
19,200
76,800

172,800
307,200

0
4

16
36
64

600 1800 540,000
120 × 60/60 × 60

240 × 120/120 × 120
360 × 180/180 × 180
480 × 240/240 × 240

0
21,600
86,400

194,400
345,600

0
4

16
36
64
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2.2. Measurement Setup

To observe and determine the maximum compression force, a BCT (box compression
test) was performed on each box. This is a simple load test between a stationary and
a moving steel plate. The device used for BCT measurements can be seen in Figure 3.
During the tests, the compression force and deformation were continuously recorded.
Before the test series, the samples were preconditioned at 30 ◦C ± 1 ◦C and 20–30% RH
(relative humidity) for 24 h and then conditioned at 23 ◦C ± 1 ◦C and 50 ± 2% RH for 24
h in a climate-testing chamber in accordance with the ASTM D4332 standard [39]. Then,
BCT tests were promptly executed after conditioning to avoid any additional hygroscopic
phenomenon. BCTs were performed according to the ASTM D642 standard [40], so the
testing speed of the crosshead was 12.7 mm/min ± 2.5 mm/min until the failure of the
box occurred.
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2.3. Box Compression Strength—McKee’s Formula

The empirical BCT values for various box dimensions (Table 2) were then compared
with the BCT values calculated by the McKee formula, so each variant case was compared
with the values given by the McKee formula in order to determine which of the variable
parameters of the McKee formula could be modified for a unique dimension. The formula,
which was created in 1963 by McKee, has already been modified several times since its
establishment, and currently, it is widely used in two variants. One version is the full
McKee formula (Equation (1)), which is mainly used by researchers and developers and is
relatively too complicated for everyday use [20,41]:

P = kPb
m

(√
DxDy

)(1−b)
Z(2b−1) (1)

The above formula (Equation (1)) gives the BCT value of the box in terms of the com-
pressive force and is obtained using the following corrugated cardboard box parameters:
Pm represents the edgewise compression strength of the combined board, and Z is the
perimeter of the box. In addition to these two basic parameters, the in-machine flexural
stiffness of the combined board and the cross-machine flexural stiffness of the combined
board are denoted by Dx and Dy. The latter must be taken into account since the compres-
sive force on the box causes the sidewalls to bulge, which can occur both in the in-machine
and cross-machine directions. These values are considered to be non-variable factors for a
given box type and size. The context includes the empirical constants denoted by k and b of
which k is the multiplier of the whole equation, while b, the empirical constant, is in the
exponent, and therefore, the choice of their values will have a major influence on the result
obtained for the BCT value. It should be specifically noted here that while the constant is
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a multiplier without a unit of measure, the constant also modifies the unit of measure in
the equation.

The original McKee formula suggests a k constant of 2.028 and a b constant of 0.746.
With these data, Equation (1) takes the following form [42]:

P = 2.028P0.746
m

(√
DxDy

)0.254
Z0.492 (2)

In practice, it is preferable to use a simplified version of the above formula, which is
given by Equation (3) [42]:

P = kPm

(√
hZ

)
(3)

The simplified McKee formula uses the cardboard thickness in the equation instead
of the bending stiffness, which is denoted by h. The creator of the equation assumes that
bending stiffness varies proportionally with the thickness of the cardboard, and although
this is a significant mechanical simplification, feedback from the industry confirms this
assumption in general practice [43].

In comparing the BCT results, the simplified McKee formula was used, and the aim
was to determine whether the practical value of the equation was appropriate or whether
another equation should be chosen for the CCB with sidewall cutouts. For our study, the
manufacturer gave a value of 5.3 for the material and box type used, and this was used
in the simplified calculation. The manufacturer did not reveal the original source of the k
value’s calculation.

2.4. Data Analysis

The characteristics of the measured datasets can be described with statistical indicators,
including the maximum, minimum, average, standard deviation, and standard error for
each group. The statistical models were determined using the linear regression method
because it was the best fit for the empirical data. With this method, a simple function
(y(x) = ax + b) was calculated. This method was used in each group where the cutout
areas were the predictor variables, and the compression forces were the output values.
In linear regression analysis, the R2 (coefficient of determination) values were used to
determine the accuracy of the statistical models. The range of R2 was between 0 and 1. If
the R2 value equaled one, then this indicated that the model can predict the dependent
variable (in our case, the compression force) with 100% accuracy. In order to determine the
differences between different the groups, a one-way analysis of variance (ANOVA) was
executed with the Tukey post hoc test. The significance level was determined at p < 0.05
for the statistical analysis. The following software programs were used for the statistical
evaluations: MATLAB R2021b (MathWorks Inc., Natick, MA, USA) and JASP 0.16.3 (the
University of Amsterdam, The Netherlands).

3. Results and Discussion

The force–displacement diagrams of the BCT measurements were drawn for all box
variants. As a sample, for the boxes of 400 mm × 300 mm × 300 mm, five diagrams are
presented for the cut and uncut samples with the ten measurements of each (Figure 4).
Figure 4a shows compression force–displacement functions for the 0% cutout, Figure 4b for
the 4% cutout, Figure 4c for the 16% cutout, Figure 4d for the 36% cutout, and Figure 4e
for the 64% cutout. The numerical data for these measurements are also given in Table 3.
For each additional box type, all the datasets are available, which can be requested from
the authors.

151



Materials 2023, 16, 597Materials 2023, 16, x FOR PEER REVIEW 8 of 17 
 

 

 

Figure 4. BCT curves: (a) with 0% cutout, (b) 4% cutout, (c) 16% cutout, (d) 36% cutout, and (e) with 

64% cutout (10 samples for box size of 400 × 300 × 300 mm). 

Table 4 contains the minimum, maximum, mean, fifth highest BCT value (which can 

be considered as quasi-median), and standard deviation of the BCT results for the differ-

ent box types, and Figure 5 shows the compression force–displacement diagrams for all 

box types for all cutout ratios. The diagrams show the fifth highest (quasi-median) maxi-

mum compression force value of the ten measurements. By comparing the data in the fifth 

and sixth columns, it is clear that the quasi-median value was a good approximation of 

the sample mean, and since these were real measured data, it was reasonable to plot this 

value. The last column of Table 4 shows the magnitude of the standard deviation of the 

samples. The 400 mm box size was considered ideal in many respects. The highest meas-

ured BCT value was for this box type (2843 N). For box lengths of 500 and 600 mm, the 

standard deviation increased for cutout areas above 16%. For 500 mm box lengths, it in-

creased from 59 N (36%) to 85 N (64%), and for 600 mm box lengths, it increased from 59 

N (16%) to 87 N (36%). 

A cutout of 64% had extremely low values for all box types. The box behaved almost 

as an edge protector, not capable of bearing the load, even though in principle, the com-

pressive strength of the box is determined by the vertical edges bent into an L shape. De-

spite this, the fact that the compressive strength of the box was radically reduced demon-

strates that the total surface area of the sidewalls played a significant role in the absorption 

of compressive forces.  

  

Figure 4. BCT curves: (a) with 0% cutout, (b) 4% cutout, (c) 16% cutout, (d) 36% cutout, and (e) with
64% cutout (10 samples for box size of 400 × 300 × 300 mm).

Table 3. BCT (N) values of 10 measurements for different cutouts (400 × 300 × 300 mm).

Sample Number Compression Force (N) for Different Cutout Areas

0% 4% 16% 36% 64%

1 2769 2479 2299 1729 937
2 2665 2566 2257 1762 962
3 2843 2528 2295 1581 879
4 2819 2608 2295 1638 988
5 2532 2539 2324 1486 899
6 2606 2465 2342 1616 916
7 2644 2571 2235 1543 993
8 2477 2547 2352 1699 935
9 2555 2582 2170 1772 962

10 2610 2487 2344 1741 992

Table 4 contains the minimum, maximum, mean, fifth highest BCT value (which can
be considered as quasi-median), and standard deviation of the BCT results for the different
box types, and Figure 5 shows the compression force–displacement diagrams for all box
types for all cutout ratios. The diagrams show the fifth highest (quasi-median) maximum
compression force value of the ten measurements. By comparing the data in the fifth and
sixth columns, it is clear that the quasi-median value was a good approximation of the
sample mean, and since these were real measured data, it was reasonable to plot this value.
The last column of Table 4 shows the magnitude of the standard deviation of the samples.
The 400 mm box size was considered ideal in many respects. The highest measured BCT
value was for this box type (2843 N). For box lengths of 500 and 600 mm, the standard
deviation increased for cutout areas above 16%. For 500 mm box lengths, it increased from
59 N (36%) to 85 N (64%), and for 600 mm box lengths, it increased from 59 N (16%) to
87 N (36%).
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Table 4. BCT results for different box dimensions.

Length (mm) Cutout Rates (%) Min. Force (N) Max. Force (N) Mean Force (N) Quasi-Median (N) Standard
Deviation (N)

200

0 2026 2462 2261 2261 146
4 2092 2364 2218 2211 101

16 1607 2037 1851 1866 145
36 1245 1448 1347 1348 64
64 460 686 615 616 62

300

0 2189 2595 2367 2311 136
4 2117 2382 2275 2284 91

16 1841 2198 1982 1973 114
36 1296 1470 1374 1377 54
64 690 815 735 731 33

400

0 2477 2843 2652 2610 123
4 2465 2608 2537 2539 47

16 2170 2352 2291 2295 57
36 1486 1772 1657 1638 99
64 879 993 946 937 40

500

0 2040 2667 2402 2356 189
4 1945 2316 2203 2224 119

16 1964 2159 2067 2058 63
36 1541 1714 1604 1577 59
64 748 1004 878 899 85

600

0 2053 2624 2339 2300 198
4 2006 2371 2190 2167 108

16 1880 2082 1981 1972 59
36 1476 1745 1591 1598 87
64 627 915 862 882 85
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A cutout of 64% had extremely low values for all box types. The box behaved almost as
an edge protector, not capable of bearing the load, even though in principle, the compressive
strength of the box is determined by the vertical edges bent into an L shape. Despite this,
the fact that the compressive strength of the box was radically reduced demonstrates
that the total surface area of the sidewalls played a significant role in the absorption of
compressive forces.

3.1. Linear Regression

Using descriptive statistics, the average maximum compression force values were
determined in each group (shown in Table 4). Figure 6 shows these average values and
the standard errors related to the cutout areas. Based on the data points (Figure 6), it can
be identified that there was a decreasing tendency in the average maximum compression
forces, as in other studies [8,31,35]. The statistical models were determined in the five box
design groups using linear regression. These fitted lines can be seen in Figure 6. There were
very high R2 values in each case, between 0.9904 and 0.9988 (Table 5). These indicate that the
models described the measured data with very high accuracy. Using these linear functions,
the compression forces could be predicted in each box dimension group separately if the
box was made from single-wall B-flute corrugated cardboard. However, it has to be noted
that in the model of 500 mm and 600 mm groups, there were residuals, so if the cutout rate
increased up to 100%, there were residual compression force values that were not possible.
The 400 × 300 × 300 group had the steepest regression slope and the highest y-intercept.
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Table 5. Statistical model of the BCT values for sample boxes.

Length (mm) Fitted Linear Curve R2

200 −26.11x + 2285 0.9988
300 −25.97x + 2370 0.9972
400 −26.94x + 2663 0.9974
500 −22.95x + 2381 0.9904
600 −22.34x + 2329 0.994

Figure 7 shows the box weight–average maximum compression force diagrams. Data
points with different colors represent the results of different cutout areas. The lines
with different colors are the fitted curves of the data points that represent the different
box sizes. The data points on the yellow line are above all other measured data, so the
400 × 300 × 300 sized boxes had the best average compression force results. This result
shows a good correlation with a previous study [37], where the authors showed that the
compressive strength increased at first and then decreased, and in [37], the maximum
compression strength appeared when the length-to-width ratio was about 1.6. In our
study, the optimal length-to-width ratio was 1.33. It should be highlighted that in [37], the
material of the tested corrugated box was different (BC flute corrugated cardboard with
five layers). In this study, the highest average compression force was 2651 N ± 39 N for
the 400 × 300 × 300 box with 0% cutout area. The lowest average compression force was
614 N ±19 N in the 200 × 300 × 300 box size group with 64% cutout area. In almost each
cutout area group (except the 4%), the 200 × 300 × 300 boxes were shown to have the least
stiff behavior. In the 4% cutout area group, the 600 × 300 × 300 box had the minimum
average compression force (Table 4). The 64% cutout group produced the lowest average
compression forces in each box size group. This kind of weight reduction significantly
reduced the compressive strength of the boxes. Figure 7 also shows that the slopes of the
fitted curves decrease when the size of the box increases. That means the cutouts had more
impact related to the weight reduction when the size of the box was bigger.
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3.2. McKee Comparison

The BCT value, calculated with a coefficient of 5.3 given by the manufacturer, was
significantly lower than the measured BCT values for all uncut boxes. In order to calculate
the BCT values using the simplified McKee equation more consistently with the measured
BCT values, a first approximation of the coefficient k of 7 was chosen. The correlation of
the BCT values calculated with the coefficient k = 5.3 with the measured BCT values is
shown in Figure 8a. The relation of the BCT values calculated with coefficient k = 7 to the
measured BCT values is shown in Figure 8b. Figure 9 shows the relative error calculated
from the results for the different sizes of uncut boxes.
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Figure 9. The relative error of the BCT results obtained with the simplified McKee formula (k = 7) for
the uncut versions of each box type.

From the diagram, it appears that there was rather an optimum value (1400 mm
perimeter), below and above which the measured BCT value decreased. However, in both
the simplified and the full McKee context, the box perimeter is a multiplier, and hence, as
the perimeter increases, the BCT values should also increase. Practically, it can be seen that
an unlimited increase in the perimeter simply could not result in a linear increase in the
BCT value.
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As shown in Figure 10, the value of factor k varied between 6 and 8.8 based on
the perimeter linear growth of the simplified McKee relation, with a step size of 0.4. The
averages of the measured BCT values for each box variation are shown in this interval. From
the diagram, the coefficients k, applicable to each box size included in the measurement,
can be assigned to that box size. This also implies that applying the same k coefficient to
boxes of different geometric sizes would lead to an error in the estimation of the BCT value.
For the cutout samples, the discrepancies were even more significant and could not be
handled using the simplified McKee formula.
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Figure 10. Iteration approximation of coefficient k for averages of BCT test results for uncut boxes of
different sizes.

In a similar study, Garbowski et al. [35] calculated BCT values using the full McKee
formula and compared them with their measured results. In their study, the authors
performed the calculations and measurements for several different types of corrugated
cardboard, but the geometric dimensions of the box were in a relatively narrow range, only
for 300 × 200 × 200 and 300 × 200 × 300 mm (length × width × height). Garbowski et al.
calculated the expected BCT value with a relative error of 15.5% for their samples.

In our own measurements, the geometric size of the boxes varied over a wider range,
but for the 400 mm boxes with the best BCT results, the error of the simplified McKee
formula was extremely high (around 18%), as the measured BCT value was significantly
higher than the theoretical value calculated with the simplified McKee formula. For boxes
with a length of 500 mm, the measured value and the value obtained from the McKee
formula were almost coincident, and the error rate was below 1%. For box lengths of
600 mm, the BCT value given by the McKee relation fell below the measured BCT value;
here, the error was almost 8%. The measured BCT values up to a box length of 500 mm
exceeded the BCT values calculated from the McKee function for uncut boxes everywhere.
It is particularly noticeable that for boxes of 400 mm in length, which gave the highest BCT
values in the measurements, the McKee correlation led to much lower BCT values. The
linear relationship between the perimeter and the BCT value in the simple McKee formula
seems to be falsified based on our actual measurements. This suggests that the McKee
relationship is limited as the box perimeter increases, presumably due to the change in the
length–width ratio.
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3.3. Limitations for Practice

1. The experimental method in this study used only the B-flute corrugated cardboard, so
the results fell within a narrow range. In reality, boxes made of corrugated cardboard
have an extremely wide range and variation, such as A, B, C, and other flutes with
different numbers of layers, etc.; therefore, the results of this study may be limited for
general use, but they do cover an important issue for a possible reduction in material
and packaging engineering design.

2. It should also be noted here that there are some environmental circumstances that
significantly affect box compression strength, including the changes in temperature
and relative humidity and the difference between dynamic and static load. This study
did not observe these conditions.

4. Conclusions

• The boxes with cutout areas of 0%, 4%, 16%, 36%, and 64% showed a linear decreasing
tendency in compression force. The linear regression model described the measured
data with very high accuracy.

• The 400 × 300 × 300 mm sized boxes showed the best average compression force
results when the length-to-width ratio was 1.33.

• The 64% cutout group produced the lowest average compression forces in each box size
group, which means the 64% cutout significantly reduced the compressive strength of
the boxes.

• For cutout corrugated cardboard boxes, the discrepancies in mechanical strength are
more significant and cannot be handled with the simplified McKee formula. In some
cases, the error of the simplified McKee formula was extremely high.

• The McKee relationship is limited as the box perimeter increases, presumably due to
the change in the length–width ratio.

• An optimum perimeter value (1400 mm) could be found, below and above which
the measured BCT value decreased, as opposed to the McKee formula in which the
perimeter is a multiplier.

• The McKee formula works with relatively high error on corrugated cardboard boxes
with sidewall cutouts and cannot follow the tendency of compressive forces along
various perimeters.
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Abstract: There are many possible sources of potential geometrical inaccuracies in each layer of
corrugated board during its manufacture. These include, among others, the processes of wetting
the corrugated layers during profiling, the process of accelerated drying, the gluing process, and
any mechanical impact of the pressure rollers on the cardboard. Work taking into account all the
above effects in numerical modeling is not well described in the literature. Therefore, this article
presents a simple and practical procedure that allows us to easily account for geometric imperfections
in the calculation of the effective stiffness of corrugated board. As a main tool, the numerical
homogenization based on the finite element method (FE) was used here. In the proposed procedure,
a 3D model of a representative volumetric element (RVE) of a corrugated board is first built. The
numerical model can include all kinds of geometrical imperfections and is used to calculate the
equivalent tensile and bending stiffnesses. These imperfections were included in the 3D numerical
model by appropriate modeling of individual layers, taking into account their distorted shape, which
was obtained on the basis of a priori buckling analysis. This paper analyzes different types of buckling
in order to find the most representative one. The proposed procedure is easy to implement and
fully scalable.

Keywords: multilayer corrugated board; numerical homogenization; effective stiffness; geometrical
imperfections; buckling

1. Introduction

Currently, the growing consumption and the increase in the number of individual
shipments make it necessary to ensure the safe storage and transport of goods. At the
same time, more emphasis is placed on ecology, which is why companies quickly began to
abandon plastic, which not only harms the environment, but also has a negative impact
on the reputation of enterprises. For these reasons, corrugated cardboard has begun to
conquer the packaging market. It owes its huge popularity to numerous advantages that
largely meet the needs of today. Cardboard packaging is recyclable, easy to dispose of,
biodegradable, durable under appropriate conditions, and takes up little space before
folding. In addition to the positives for the environment, there are also useful properties
for companies. Corrugated cardboard products can be easily shaped by adding holes,
ventilation holes, or by printing a brand logo on them. It is also possible to create boxes
with perforations, which are often used in the food industry. Such packages are opened
by tearing off a part of the material along the previously designed perforations, and then
immediately put on the shelf. Such a procedure allows for significant time savings, which
brings profits for large companies.

In addition to all the above-mentioned advantages, packaging should, above all, effec-
tively protect the goods. For this reason, the load-bearing capacity of packaging has been
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studied by scientists since the 1950s. The first methods were analytical methods determined
for boxes with a rectangular base. In 1952, Kellicutt and Landt introduced an approach
based on box perimeter, overall ring crush strength, and paper and box constants [1]. Four
years later, Maltenfort presented the box compressive strength depending on the critical
force, paper parameters, box dimensions, and empirical constants [2]. In 1963, McKee
et al. proposed a relationship that has been commonly used in the packaging industry
for many years to estimate the compressive strength of cardboard boxes [3]. The popular
McKee formula is based on the edge crush resistance (ECT) value, flexural stiffnesses, box
perimeter, and correction factors. Due to the simplicity of the formula, it is possible to
obtain a result quickly, but it can only be used for simple standard boxes. In the following
years, scientists tried to extend and modify the McKee formula. In 1985, Allerby et al.
changed the constants and exponents [4] and, in 1987, Schrampfer et al. extended the
approach to new cardboard cutting methods and equipment [5]. In 1993, Batelka and Smith
included the dimensions of the packaging in the formula [6].

In practice, the compressive strength of the packaging depends on many factors
related to the construction and storage conditions [7]. From the construction point of view,
attention should be paid to aspects, such as openings, ventilation holes, perforations, and
offsets [8–12], because they significantly affect the behavior of the box under pressure.
Load-bearing capacity is also influenced by moisture content [13,14], stacking load [15],
storage time and conditions [16], and many other factors.

With the development of technology, numerical computations have become popular.
The well-known finite element method (FEM) is often used to determine the compressive
strength of packaging. Urbanik and Frank compared the compressive strength of boxes
calculated using FEM with the results of the McKee formula extended by Poisson’s ra-
tio [17]. Furthermore, FEM simulations were used by Nordstrand and Carlsson to compare
analytical, experimental, and numerical values of transverse shear moduli [18,19]. The issue
of transverse shear was studied by Aviles et al. [20] and Garbowski et al. [21,22], where the
role of transversal shear stiffness in orthotropic sandwich material is presented. Urbanik
and Saliklis used FEM to observe buckling and post-buckling phenomena in cardboard
boxes [23]. Maneengam et al. used the FE model to study the vibration and damping
characteristics of honeycomb sandwich structures reinforced with carbon nanotubes [24].
Corrugated board reinforced with metal liners has also been investigated by Gu et al., where
uniaxial compression tests were conducted to analyze the damage and failure modes [25].
Sohrabpour and Hellström presented a review of analytical and numerical methods for
estimating box compressive strength [26].

Due to the orthotropy of the paper and layered structure, corrugated board is quite
difficult to analyze numerically. To facilitate the computations, the homogenization process
is used, which consists of replacing a complicated cardboard cross-section with a homoge-
neous board with equivalent parameters. Homogenization methods can be divided into
analytical and numerical. In analytical approaches, the equations of the classical theory of
material strength and the classical theory of laminates are used [27]. Numerical homog-
enization is based on a finite element method framework. In this study, a method based
on strain energy equivalence between a 3D cardboard model and a flat plate is used. This
homogenization procedure was introduced by Biancolini [28] and later extended by Gar-
bowski and Gajewski to include transversal shear stiffnesses [29]. In 2003, Hohe presented
a representative element of heterogeneous and homogenized structures derived from the
strain energy equations [30]. Homogenization was also used to determine substitute panel
parameters, such as membrane and bending characteristics [31] and torsional stiffness [32].
In 2018, a multiscale asymptotic homogenization was used by Ramírez-Torres et al. for
layered hierarchical structure analysis [33,34]. Suarez et al. used numerical homogeniza-
tion to analyze seating made of multi-wall corrugated cardboard [35]. Garbowski et al.
presented the influence of different creasing and perforation on cardboard parameters [36].
In 2022, Mrówczyński et al. presented non-local sensitivity analysis in the optimal design of
three- [37] and five-layered [38] corrugated cardboard. A review of homogenization meth-
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ods and their accuracy was made by Nguyen-Minh et al., based on analysis of corrugated
panels [39].

During the production process, the corrugated board may be deformed due to changes
in temperature and humidity. Two types of emerging imperfections can be distinguished,
namely global and local. A model describing systematic, large-scale deviation from the
intended flat shape of cardboard was presented by Beck and Fischerauer [40]. However,
more attention was paid to local imperfections. In 1995, Nordstrand presented the effect
of the size of imperfections on the compressive strength of cardboard boxes [41], and in
2004 extended the nonlinear buckling analysis of Rhodes and Harvey orthotropic plates
to include local imperfections [42]. Lu et al. investigated the effect of imperfections
on the mechanical properties of cardboard during compression [43]. The problem of
non-ideal shape during bending of double-walled corrugated cardboard was analyzed
analytically by Garbowski and Knitter-Piątkowska [44]. Mrówczyński et al. presented a
method of including the initial imperfections in the analysis of single-walled cardboard [45].
Recently Cillie and Coetzee presented an experimental and numerical study on the in-plane
compression of corrugated paperboard panels with global and local imperfections [46].

In the article, the authors focused on the issue of local imperfections in double-walled
corrugated board. The method presented here allows us to quickly and easily obtain the
effective cardboard stiffnesses reduction due to the imperfect shape of its component layers.
The described approach is an extension of the homogenization method proposed in the
authors’ previous works. Due to the specificity of the production process and very thin
layers of paper, cardboard always has some imperfections, so it is important to be able
to include this aspect in determining its mechanical parameters. The approach proposed
in this paper extends the discussion carried out in our previous work [45], where the
influence of imperfections on the stiffness of three-ply cardboard was investigated. The
mechanics of both types differ significantly and, therefore, in this work other techniques,
adequate to solve this problem, were used. The extension consists of taking into account
the influence of the geometrical imperfections of individual layers on the calculated cross-
section’s effective stiffness. These imperfections were taken into account in the model by
appropriate modeling of geometrical imperfections, which were determined in a priori
buckling analysis and were appropriately included using the innovative technique based
on numerical homogenization of double-walled corrugated board. Thanks to this approach,
it is possible not only to quickly obtain homogenized stiffnesses data for complex cross-
sections, but also to easily take into account the effects of geometrical imperfections.

2. Materials and Methods
2.1. Corrugated Cardboard–Material and Geometry

Corrugated cardboard is a composite material made of several flat and corrugated
layers of paper, called “liners” and “flutings”, respectively. Due to the fibrous structure
of the paper, the cardboard is characterized by a strong orthotropy. For this reason, the
mechanical properties of the entire composite depend on the direction of fiber arrangement
in individual layers. Two main directions can be distinguished, namely the machine
direction (MD) and cross direction (CD) (see Figure 1). They result from the production
process, in which layers of paper are rolled from multi-tone bales. The cardboard in the
MD is stiffer but less ductile than in the CD (see Figure 2). The lower strength of the layers
in the cross direction is partly compensated by the corrugation of the layers, which “adds”
the material in this direction.
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Linear elastic orthotropic material can be represented by the stress–strain relationship,
as follows:


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
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


, (1)

where εij and σij are the strain and stress vector components, E1 and E2 are the Young’s
moduli in the machine and cross directions, respectively, ν12 and ν21 are the Poisson’s
coefficients, G12 is the in-plane shear modulus, G13 and G23 are the transverse shear moduli.
The compliance/stiffness matrix is symmetrical, so the relationship between Poisson’s
ratios can be written as follows:

ν12

E1
=

ν21

E2
. (2)

In this work, the paper layers were modeled using the linear elastic classical orthotropy
described above. The material data were taken from the literature [28] and are presented in
Table 1. The thickness of both flat and corrugated layers was assumed to be 0.30 mm.
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Table 1. Material data for orthotropic constitutive model of corrugated cardboard layers.

Layers
E1 E2 ν12 G12 G13 G23

(MPa) (MPa) (-) (MPa) (MPa) (MPa)

Liners 3326 1694 0.34 859 429.5 429.5
Fluting 2614 1532 0.32 724 362 362

2.2. Imperfections–Numerical Study

The main goal of the work is the numerical analysis of many cases of a corrugated
board samples with imperfections and their impact on the stiffness values. In Figure 3,
two imperfection shapes are presented; these were considered in this study. The first
shape is the most common and corresponds to compression in the machine direction
(see Figure 3a). It is formed as a result of thermal and moisture processes during the
production of cardboard. The second imperfection mode (see Figure 3b) corresponds to
the compression of the sample in the cross direction. This buckling shape was selected
in [45] as the most representative for single-walled corrugated board. In both cases, it was
assumed that only liners are involved in buckling analysis, and flutes (waves) only support
the liners in the right position.

Materials 2023, 16, x FOR PEER REVIEW 6 of 19 
 

 

Layers (MPa) (MPa) (-) (MPa) (MPa) (MPa) 
Liners 3326 1694 0.34 859 429.5 429.5 

2.2. Imperfections–Numerical Study 
The main goal of the work is the numerical analysis of many cases of a corrugated 

board samples with imperfections and their impact on the stiffness values. In Figure 3, 
two imperfection shapes are presented; these were considered in this study. The first 
shape is the most common and corresponds to compression in the machine direction (see 
Figure 3a). It is formed as a result of thermal and moisture processes during the produc-
tion of cardboard. The second imperfection mode (see Figure 3b) corresponds to the com-
pression of the sample in the cross direction. This buckling shape was selected in [45] as 
the most representative for single-walled corrugated board. In both cases, it was assumed 
that only liners are involved in buckling analysis, and flutes (waves) only support the 
liners in the right position. 

  
(a) (b) 

Figure 3. Imperfection shapes of double-walled corrugated board corresponding to (a) compression 
in the MD; (b) compression in the CD. 

All calculations were made for double-walled cardboard composed of high B flute 
and low E flute (EB cardboard). In Table 2, the geometry of the corrugated layers is pre-
sented. The variants also include four imperfection levels, namely 0, 1, 2, and 3% for both 
imperfection shapes. The amount of the imperfection was taken as a certain part of the 
buckling length of the liners. Three different buckling lengths can be specified for the an-
alyzed double-walled corrugated board (see Figure 4). The lengths 𝐿ଵ  and 𝐿ଷ  corre-
spond to the periods of the B and E waves, respectively. The buckling length 𝐿ଶ′ can take 
different values depending on the relative position of the crests of E and B waves. The 
maximum possible value of 𝐿ଶ is equal to the period of the lower wave, but most often 
every second segment is divided into two parts by the top of the B wave. For this reason, 
the buckling length of the middle liner was assumed to be 2/3 of the E wave period. 

Table 2. Geometric parameters of cardboard flutes. 

Wave (Flute) Wavelength (mm) Height (mm) Take-up Factor (-) 
B 6.5 2.46 1.32 
E 3.5 1.15 1.27 
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All calculations were made for double-walled cardboard composed of high B flute
and low E flute (EB cardboard). In Table 2, the geometry of the corrugated layers is
presented. The variants also include four imperfection levels, namely 0, 1, 2, and 3% for
both imperfection shapes. The amount of the imperfection was taken as a certain part of
the buckling length of the liners. Three different buckling lengths can be specified for the
analyzed double-walled corrugated board (see Figure 4). The lengths L1 and L3 correspond
to the periods of the B and E waves, respectively. The buckling length L2

′ can take different
values depending on the relative position of the crests of E and B waves. The maximum
possible value of L2 is equal to the period of the lower wave, but most often every second
segment is divided into two parts by the top of the B wave. For this reason, the buckling
length of the middle liner was assumed to be 2/3 of the E wave period.

Table 2. Geometric parameters of cardboard flutes.

Wave (Flute) Wavelength (mm) Height (mm) Take-Up Factor (-)

B 6.5 2.46 1.32
E 3.5 1.15 1.27
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Additionally, due to the irregular arrangement of the B and E flutes, the effect of the
flute offset on the reduction in cardboard stiffness was verified. For this purpose, for each
set of shape and level of imperfection, 10 cases of shifting the lower wave relative to the
higher one, ranging from 0% to 90% in increments of 10%, were considered. In Figure 5, all
simulated cross-sections are shown.
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(d) 30%, (e) 40%, (f) 50%, (g) 60%, (h) 70%, (i) 80%, and (j) 90%.

Taking into account all the variants described above, each case can be marked with
the symbol XX-Y-ZZ. The first two letters XX can be “MD” or “CD”, which indicates the
imperfection shape corresponding to compression in the MD and CD, respectively. The
third sign Y represents the imperfection value and can be 0, 1, 2, or 3, and ZZ is the offset of
the lower wave relative to the higher flute and can be 00, 10, 20, 30, 40, 50, 60, 70, 80, or 90.

2.3. Homogenization Procedure

The effect of imperfections on the effective stiffnesses of corrugated board was inves-
tigated with the numerical homogenization method proposed by Biancolini in 2005 and
extended by Garbowski and Gajewski in 2021. It consists of ensuring the equivalence of
the strain energy between the full 3D model of a representative volume element (RVE) and
a simplified model of a flat 2D plate. The RVE is a small repeatable fragment of the full
3D model, which in this case is one period of the higher flute of the corrugated board. In
the paper, only the main assumptions of the homogenization method used were presented.
Detailed information and full derivation can be found in [29].

The homogenization procedure is based on the finite element method. Displacements
from linear analysis can be represented by the following basic formula:

Ke ue = Fe, (3)
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where Ke is the stiffness matrix of the RVE after static condensation, ue is a displacement
vector of the external nodes, and Fe is the vector of external forces applied to the considered
nodes. The finite element mesh and external nodes are presented in Figure 6.
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The static condensation procedure is based on the removal of unnecessary unknown
degrees of freedom (DOF) and leaving the considered degrees of freedom (called principal
DOFs or primary unknowns). In the case of cardboard, the primary unknowns are external
RVE nodes. This results in bringing the stiffness matrix only to the external nodes of
the model. The FE stiffness matrix after static condensation can be calculated from the
following equation:

Ke = Kee − Kei K−1
ii Kie, (4)

where the components of the stiffness matrix are written for internal (subscript i) and
external (subscript e) nodes, as follows:

[
Kee Kei
Kie Kii

][
ue
ui

]
=

[
Fe
0

]
. (5)

By the static condensation, the equation of the total elastic strain energy is simplified
to the multiplication of the nodal displacements and the external forces acting on these
nodes, as follows:

E =
1
2

uT
e Fe. (6)

Maintaining the appropriate properties of the simplified model is ensured by the
balance of the total energy between the 3D model of corrugated board and the 2D plate
model. The appropriate definition of displacements at the external edges of the RVE and
allowing for bending and membrane behaviors works to ensure the energy balance. The
relationship between generalized displacements and strains can be represented by the
transformation matrix Hj, as follows:

uj = Hj ϵj. (7)

and considering a single node (xj = x, yj = y, zj = z) the above equation can be written in
matrix form, as follows:
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


ux
uy
uz
θx
θy




j

=




x 0 y/2 xz 0 yz/2 z/2 0
0 y x/2 0 yz xz/2 0 z/2
0 0 0 −x2/2 −y2/2 −xy/2 x/2 y/2
0 0 0 0 −y −x/2 0 0
0 0 0 x 0 y/2 0 0




j




εx
εy

γxy
κx
κy
κxy
γxz
γyz




j

. (8)

Substituting the basic FEM equation and the relationship between generalized dis-
placements and strains into Equation (6) results in the following:

E =
1
2

uT
e K ue =

1
2
ϵT

e HT
e K He ϵe (9)

and considering a finite element subjected to standard load conditions, such as bending,
stretching, shear, elastic internal energy, this can be represented by the following equation:

E =
1
2
ϵT

e Hk ϵe{area}, (10)

where the matrix Hk is the RVE stiffness matrix, which can be determined from the following:

Hk =
HT

e K He

area
. (11)

The stiffness matrix Hk consists of several submatrices corresponding to the basic load
conditions, as follows:

Hk =




A3×3 B3×3
B3×3 D3×3

R2×2


, (12)

where A represents the tensile and in-plane shear stiffnesses, D represents the bending and
torsional stiffnesses, B is the coupling subarray of the tension and bending stiffnesses, and
R is the transversal shear stiffnesses.

The stiffness values in subarray A do not depend on the position of a neutral axis. This
is not true in the case of subarray B, in which the values change depending on the position
of the neutral axis. In most symmetrical cases, the stiffness matrix B is a zero matrix, unlike
for asymmetric cross-sections (e.g., multi-walled corrugated cardboard), for which some
components of the matrix B are not zero, which affects the stiffness in the subarray D. This
effect can be suppressed in two ways. The first is to choose the position of the neutral axis
so as to minimize the values in the subarray B. An alternative solution is to calculate the
uncoupled matrix D from the following formula:

D = D′ − BA−1B, (13)

where D′ contains the original (coupled) bending and torsional stiffnesses for the non-zero
matrix B.

Numerical computations consisted in applying the selected buckling shape and im-
perfection value, and then calculating the stiffness matrix of the RVE. In all analyses, the
four-node quadrilaterals shell elements with full integration (S4 elements) were used [47].
All models were built in FE commercial software, from where the stiffnesses in all nodes
were generated. Next, the effective stiffness matrix was determined using the homoge-
nization method described above. An approximate global size equal to 0.1625 mm was
assumed. Due to the different variants of offset, the number of elements changed. For the
MD-0-00 case, the model consisted of 9922 nodes, 9760 elements, and 59,532 degrees of
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freedom. The sensitivity study of the mesh size was already studied in our previous works;
therefore, here this part of the research is omitted. It is worth noting that in the presented
homogenization method, the use of the finite element method is limited only to building a
global stiffness matrix, and no formal loads or boundary conditions are defined. They are
directly implemented through the He matrix in Equation (11).

3. Results

The first step was to properly create the corrugated cardboard RVE model in FE
software. In the cases of samples with imperfections, the geometry of the liners was
changed and replaced with the correct buckling shape (see Figure 3). Then, the material
parameters contained in Table 1 were assigned to both liners and waves. Following the
homogenization procedure described in Section 2.3, stiffness matrices were determined
for all analyzed cases. In Table 3, an example of the stiffness matrix Hk is presented for a
model without imperfections and with 0% offset. No buckling mode is assigned to this
case, because the imperfection value is equal to zero; therefore, it was marked with the
XX-0-00 symbol.

Table 3. Constitutive stiffness matrix Hk for the XX-0-00 model.

A and B B and D R
1 2 3 1 2 3 4 5

A
an

d
B 1 3460 630 0 741 128 0

2 630 2806 0 128 732 0
3 0 0 1122 0 0 296

B
an

d
D 1 741 128 0 7692 1357 0

2 128 732 0 1357 5375 0
3 0 0 296 0 0 2231

R

4 206 0
5 0 167

As expected, non-zero components of the B matrix appeared in the stiffness matrix
Hk, which results from the asymmetry of the double-walled corrugated board sample.
Tables 4–10 show the main diagonal components of the stiffness matrix for all analyzed
cases. The components (∗)12 are omitted, but this does not create an error in the analysis
because these elements are related to the components (∗)11 and (∗)12 in each stiffness
matrix. The following tables do not list the elements of matrix B, but its effect on matrix D
has been taken into account by applying Equation (13). The components of the R matrix
were also omitted. The data contained in Tables 4–10 are also presented in the form of
graphs in Figure 7.

Table 4. The selected stiffnesses in models without imperfections and with different offsets.

XX-0-00 XX-0-10 XX-0-20 XX-0-30 XX-0-40 XX-0-50 XX-0-60 XX-0-70 XX-0-80 XX-0-90

A11 (N/mm) 3460 3459 3451 3441 3424 3427 3447 3454 3461 3468
A22 (N/mm) 2806 2796 2793 2798 2805 2803 2795 2793 2800 2809
A33 (N/mm) 1122 1125 1126 1124 1122 1122 1125 1126 1124 1122
D11 (N·mm) 7533 7538 7549 7543 7510 7514 7552 7544 7536 7533
D22 (N·mm) 5183 5167 5137 5111 5106 5106 5120 5151 5176 5186
D33 (N·mm) 2153 2152 2146 2134 2124 2127 2140 2149 2153 2154
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Table 5. The selected stiffnesses with 1% imperfections of compression in the MD shape and with
different offsets.

MD-1-00 MD-1-10 MD-1-20 MD-1-30 MD-1-40 MD-1-50 MD-1-60 MD-1-70 MD-1-80 MD-1-90

A11 (N/mm) 3437 3446 3420 3408 3388 3382 3409 3425 3413 3460
A22 (N/mm) 2806 2797 2792 2798 2804 2801 2794 2793 2799 2809
A33 (N/mm) 1122 1125 1125 1124 1121 1122 1125 1125 1124 1122
D11 (N·mm) 7259 7283 7314 7307 7238 7237 7263 7307 7247 7297
D22 (N·mm) 5094 5085 5066 5041 5019 5023 5026 5079 5085 5108
D33 (N·mm) 2111 2113 2113 2101 2084 2088 2096 2115 2110 2117

Table 6. The selected stiffnesses with 2% imperfections of compression in the MD shape and with
different offsets.

MD-2-00 MD-2-10 MD-2-20 MD-2-30 MD-2-40 MD-2-50 MD-2-60 MD-2-70 MD-2-80 MD-2-90

A11 (N/mm) 3361 3375 3332 3314 3291 3266 3305 3339 3313 3406
A22 (N/mm) 2804 2796 2790 2796 2802 2799 2793 2791 2796 2809
A33 (N/mm) 1122 1124 1125 1123 1121 1122 1124 1125 1123 1121
D11 (N·mm) 6799 6848 6902 6896 6798 6772 6787 6893 6790 6884
D22 (N·mm) 5002 5000 4993 4968 4931 4937 4931 5004 4992 5029
D33 (N·mm) 2069 2074 2080 2068 2043 2049 2051 2082 2068 2081

Table 7. The selected stiffnesses with 3% imperfections of compression in the MD shape and with
different offsets.

MD-3-00 MD-3-10 MD-3-20 MD-3-30 MD-3-40 MD-3-50 MD-3-60 MD-3-70 MD-3-80 MD-3-90

A11 (N/mm) 3252 3266 3210 3185 3158 3105 3158 3220 3181 3327
A22 (N/mm) 2802 2794 2788 2793 2799 2796 2790 2788 2793 2808
A33 (N/mm) 1121 1124 1125 1123 1120 1121 1123 1125 1123 1121
D11 (N·mm) 6243 6320 6399 6393 6276 6213 6216 6387 6250 6377
D22 (N·mm) 4911 4916 4921 4896 4844 4852 4837 4930 4900 4950
D33 (N·mm) 2027 2036 2047 2036 2004 2010 2007 2048 2026 2045

Table 8. The selected stiffnesses with 1% imperfections of compression in the CD shape and with
different offsets.

CD-1-00 CD-1-10 CD-1-20 CD-1-30 CD-1-40 CD-1-50 CD-1-60 CD-1-70 CD-1-80 CD-1-90

A11 (N/mm) 3427 3429 3423 3411 3395 3395 3419 3426 3429 3439
A22 (N/mm) 2795 2787 2784 2790 2797 2794 2787 2785 2792 2800
A33 (N/mm) 1121 1124 1125 1123 1121 1122 1124 1125 1123 1121
D11 (N·mm) 7318 7329 7342 7335 7310 7302 7348 7342 7323 7324
D22 (N·mm) 5100 5082 5057 5027 5028 5026 5042 5069 5095 5100
D33 (N·mm) 2127 2125 2121 2107 2099 2101 2115 2122 2127 2126

Table 9. The selected stiffnesses with 2% imperfections of compression in the CD shape and with
different offsets.

CD-2-
00

CD-2-
10

CD-2-
20

CD-2-
30

CD-2-
40

CD-2-
50

CD-2-
60

CD-2-
70

CD-2-
80

CD-2-
90

A11 (N/mm) 3342 3351 3346 3335 3319 3313 3347 3351 3348 3364
A22 (N/mm) 2767 2763 2761 2767 2776 2772 2767 2764 2769 2776
A33 (N/mm) 1119 1122 1123 1121 1119 1120 1122 1123 1121 1119
D11 (N·mm) 6922 6956 6969 6965 6954 6914 6985 6990 6932 6952
D22 (N·mm) 4967 4947 4933 4895 4908 4900 4921 4943 4967 4966
D33 (N·mm) 2097 2094 2092 2077 2070 2073 2086 2093 2098 2096
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Table 10. The selected stiffnesses with 3% imperfections of compression in the CD shape and with
different offsets.

CD-3-00 CD-3-10 CD-3-20 CD-3-30 CD-3-40 CD-3-50 CD-3-60 CD-3-70 CD-3-80 CD-3-90

A11 (N/mm) 3232 3249 3246 3234 3223 3208 3256 3253 3244 3267
A22 (N/mm) 2728 2730 2730 2736 2749 2742 2740 2736 2739 2744
A33 (N/mm) 1115 1119 1119 1119 1115 1117 1119 1120 1118 1116
D11 (N·mm) 6455 6514 6532 6528 6540 6458 6561 6574 6473 6511
D22 (N·mm) 4814 4791 4790 4742 4771 4755 4783 4799 4819 4810
D33 (N·mm) 2064 2060 2059 2044 2038 2041 2055 2060 2066 2062
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For each shape and level of imperfection, the average stiffness values from all offset 
cases were calculated. Then, the obtained values for models with imperfections were com-
pared to the average stiffnesses of perfectly shaped cardboard. In Figure 8, the tensile and 
bending stiffness reduction due to geometrical imperfections is shown. 
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Figure 7. Influence of imperfections and offset on the cardboard stiffness of (a) A11, (b) A22, (c) A33,
(d) D11, (e) D22, and (f) D33.

For each shape and level of imperfection, the average stiffness values from all offset
cases were calculated. Then, the obtained values for models with imperfections were
compared to the average stiffnesses of perfectly shaped cardboard. In Figure 8, the tensile
and bending stiffness reduction due to geometrical imperfections is shown.
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As can be seen in Tables 4–10 and Figure 7, the stiffnesses vary depending on the
offset. Considering each set of shape and level of imperfection, the difference between the
maximum and minimum stiffness values was calculated. Then, the obtained difference
was related to the average stiffness obtained from all 10 offset cases, obtaining a percentage
relative spread. In Table 11, the relative spread for all analyzed sets of imperfection
is presented.

Table 11. Relative spread of the extreme stiffnesses for the selected shape and level of imperfection.

Case
Relative Spread (%)

A11 A22 A33 D11 D22 D33

MD-3-ZZ 6.9 0.7 0.4 2.9 2.3 2.2
MD-2-ZZ 4.2 0.7 0.4 1.9 2.0 1.9
MD-1-ZZ 2.3 0.6 0.4 1.1 1.8 1.6
XX-0-ZZ 1.3 0.6 0.4 0.6 1.6 1.4
CD-1-ZZ 1.3 0.6 0.4 0.6 1.5 1.4
CD-2-ZZ 1.5 0.5 0.4 1.1 1.5 1.3
CD-3-ZZ 1.8 0.8 0.5 1.8 1.6 1.3

4. Discussion

All crucial results have been shown in Tables 3–11 and Figures 7 and 8. In Table 3, an
example of a stiffness matrix determined for the XX-0-00 model is presented, in which the
submatrices A, B, D, and R are distinguished. The B matrix contains non-zero components
because the XX-0-00 case cross-section, as in all other models, is asymmetric. For this
reason, Equation (13) was used in all corrugated board cases to calculate the uncoupled
matrix D, whose values are gathered in Tables 4–10. Comparing the stiffness values D11,
D22, and D33 from Tables 3 and 4, it can be seen that the values in Table 4 are smaller, which
results from the uncoupling of the D matrix.

Considering Tables 4–10 and Figure 7, where the stiffness results for all models are
presented, it can be seen that as the level of imperfection increases, the cardboard stiffness
decreases, as expected. The line diagrams also show that depending on the applied wave
offset, the stiffnesses change their value. This is shown in more detail in Table 11, which
shows the relative spread of the extreme stiffnesses. The greatest fluctuations occur for the
A11 stiffnesses, are slightly smaller for all bending stiffnesses, and are negligibly small for
the A22 and A33 stiffnesses. In most cases, it is clear that the relative spread increases as the
amount of imperfection increases. In addition, the data in this table show that the stiffnesses
of the models with the MD imperfection shape are more sensitive to offset changes than
the cases with the CD buckling mode.

Based on Tables 4–10 and Figures 7 and 8, it can be concluded that geometric imperfec-
tions have a huge influence on the bending stiffness D11. Large decreases were also noted
for the stiffnesses A11, D22, and D33. The effect of imperfections on the stiffness A22 is
small, and the effect is negligible on the A33 stiffness. These results are very similar to those
obtained from the analysis of the effect of imperfections on the stiffness of single-walled
corrugated board conducted by Mrówczyński et al. [45], where the largest decreases were
also obtained for D11, and the smallest were obtained for A33. The implementation of the
MD buckling mode results in a greater average reduction in stiffnesses A11, D11, and D33
compared to the CD imperfection shape, for which a higher average reduction occur for
the stiffnesses of A22, A33, and D22. These differences are not that significant and amount
to a maximum of 2.75 % (for the stiffness D11 between the MD-3-ZZ and CD-3-ZZ models).

To simplify computations and save computational time, it is desirable to select one case
that should be computed as representative instead of carrying out an entire numerical study.
To determine this, several observations from the conducted analyses should be considered.
The imperfection shape of the compression in the CD has smaller relative spread values
than the buckling mode of compression in the MD, so the change in the offset does not affect
the stiffnesses so significantly. In addition, considering the MD shape does not significantly
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reduce the stiffnesses A22 and A33, which seems to be an unfavorable effect. Based on the
calculations, it can be concluded that a reasonable solution is to choose the CD imperfection
shape as a representative model. Due to the quite small relative spread, the choice of a
representative offset value is not so important, so its value can be chosen arbitrarily. The
conclusions drawn from the presented numerical study are consistent with the work of
Mrówczyński et al. [45], in which the authors showed that the CD imperfection shape is
also the most representative buckling mode for single-walled corrugated cardboard.

All the observations discussed above prove that there is a direct influence of imperfec-
tions on the stiffnesses A, B, and D. However, the basic question arises whether it is possible
to verify the presented theoretical approach with experimental data. Although testing
corrugated board is not very laborious or particularly expensive, nevertheless validating
the theoretical analysis presented here is not an easy task, because, firstly, it is practically
impossible to produce corrugated board with a given level of imperfection and, secondly, it
is also very laborious to check the actual level of imperfection in the cardboard produced.
Nevertheless, below, we present a comparison (validation) of the results obtained using the
method presented here and the method presented in paper [44] in comparison with the
results of laboratory tests conducted by Czechowski et al. and presented in paper [48].

All experimental details are described in [48], while analytical assumptions, in which
imperfections are also included, are given in [44]. Here, only the results of the experimental
campaign (namely, results of 4-point bending tests of various asymmetric double-walled
boards) are shown together with the results obtained using numerical and analytical
models. All these results are presented in Table 12, together with the results obtained
using the methods presented here with the same amount of imperfection of flat layers
as assumed in [44]. It is worth noting that only one of all stiffnesses is checked, namely
the bending stiffness in MD. The obtained results do not differ by more than 5% from the
results obtained using the analytical model, while the average absolute error (compared to
the experimental data) was 7.5%.

Table 12. Bending stiffness in MD for all considered models.

Board ID Face-Up EXP (Mean) [48] FEM [48] Analytical [44] Present Model
(Nm) (Nm) (Nm) (Nm)

Board 1
EB 8.32 7.62 7.13 7.54
BE 8.47 7.58 7.84 8.34

Board 2
EB 10.97 9.88 11.15 11.78
BE 11.58 9.81 11.65 12.20

Board 3
EB 7.25 7.61 7.15 7.54
BE 9.50 7.53 7.85 8.16

Board 4
EB 9.10 7.53 7.24 7.69
BE 11.10 7.45 7.98 8.26

Board 5
EB 11.46 10.42 10.89 11.33
BE 12.97 10.37 11.52 12.02

Board 6
EB 8.20 8.45 8.86 9.01
BE 9.12 8.40 9.27 9.88

5. Conclusions

The article presents an approach of numerical homogenization of double-walled
corrugated board, taking into account the initial imperfections of its layers. The creation of
many cardboard models in various configurations made it possible to study various aspects
of the considered problem. In the study, corrugated cardboard was homogenized using
the numerical method based on the strain energy equivalence between a representative 3D
model and a simplified plate. The analysis of five-layered cardboard with imperfections is
not such an easy task. The cross-sectional shape of the cardboard depends on the storage
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and load conditions. For this reason, it is important to indicate a representative case that
adequately reflects the properties of the material.

Based on the conducted analyses, it can be seen that the bending stiffnesses and
the tensile stiffness along the wave are the most sensitive to the imperfect shape of the
cardboard. Calculations were made for a wide range of cases, which allowed us to choose
a representative imperfection model. The conclusions drawn from the numerical analyses
are consistent with the research that was carried out in the previous work for single-walled
corrugated board.
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Abstract: The finite element method is a widely used numerical method to analyze structures in
virtual space. This method can be used in the packaging industry to determine the mechanical
properties of corrugated boxes. This study aims to create and validate a numerical model to predict
the compression force of corrugated cardboard boxes by considering the influence of different cutout
configurations of sidewalls. The types of investigated boxes are the following: the width and height
of the boxes are 300 mm in each case and the length dimension of the boxes varied from 200 mm to
600 mm with a 100 mm increment. The cutout rates were 0%, 4%, 16%, 36%, and 64% with respect to
the total surface area of sidewalls of the boxes. For the finite element analysis, a homogenized linear
elastic orthotropic material model with Hill plasticity was used. The results of linear regressions
show very good estimations to the numerical and experimental box compression test (BCT) values in
each tested box group. Therefore, the numerical model can give a good prediction for the BCT force
values from 0% cutout to 64% cutout rates. The accuracy of the numerical model decreases a little
when the cutout rates are high. Based on the results, this paper presents a numerical model that can
be used in the packaging design to estimate the compression strength of corrugated cardboard boxes.

Keywords: paperboard packaging; finite element method; box compression test; numerical model;
cutout; compression force

1. Introduction

In logistics, the packaging of products is essential [1–5]. The basic function of packag-
ing is to protect packaged products against the effects occurring in logistics. The typical
loading conditions in logistics during transport, storage, and loading processes can be
divided into two groups: mechanical and climatic loads [6–8]. External loads can cause
damage to packaging, which can interrupt logistics chains [9–11]. Much of the packaging
used in logistics is made of corrugated board and can be closed boxes, open boxes on the
top, or even sidewall-less boxes. The main advantages of corrugated packaging are its
economy, reliable protection of products, relatively low specific weight, low packaging
costs, and the recyclability and biodegradability of the paper [12,13]. Corrugated board is
always made up of odd layers. The number of layers in practice is 3, 5, or 7. The corrugated
layers can be A, B, C as normal corrugated; and D, E, F as micro-corrugated according
to the corrugation height [14]. The flat layers are bonded to the corrugated layer with a
water-soluble adhesive. Corrugated product manufacturers sell their products in sheet
form. From these flat sheets, the packaging manufacturers cut out the expanded form of
the packaging material. These cutout flat sheets are delivered to the users. To make the
final packaging, the producers fold them in the appropriate way to produce the finished
box and fix the sleeves and the top and bottom sheets. As can be seen from the foregoing,
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the corrugated board packaging is delivered to the place of use in a flat condition, so that it
is transported with good volume utilization of the vehicles.

For the production of corrugated sheets, there are several quality grades of both flat
and corrugated sheets, basically classified by their fiber content:

Flat sheets can be: kraftliner, which contains only primary pulp fibers; bodyliner
(duplex), which contains primary fibers in one part and recycled fibers in the other part;
and srenc, which are made by processing mixed waste paper. The papers forming the
corrugated layer can be divided into two categories: fluting (semi-chemical), which contains
primary fibers and is made suitable for retaining the fluting by special chemical treatment;
wellenstoff, which is virtually identical to the base material for flat layers; and srenc.

The paper material is highly sensitive to moisture and all its strength properties are
significantly reduced by high moisture content. High fiber content materials (kraftliner,
fluting) are less sensitive to moisture than paper materials containing recycled fibers. For
this reason, when corrugated board packaging is tested, the type of paper used should
always be specified for each layer.

For both papers and corrugated sheets made from them, the direction of manufacture
should be interpreted. In the paper industry, the direction of manufacture is abbreviated as
MD, whereas the direction perpendicular to the manufacture is abbreviated as CD. The
mechanical properties (tensile strength, bending stiffness, compressive strength) of the
paper in the production direction are significantly higher than those of the CD. Similarly, the
thickness direction (ZD) that can be interpreted for corrugated sheets is important because
it determines the second moment of area of the corrugated sheet under compressive
loading [15–17].

In box manufacturing, FEFCO designates each box type by a numerical code, the
simplest and most commonly used box variant being the so-called slotted box, designated
by the code FEFCO0201 [14].

In logistics, corrugated boxes are stacked for both storage and transport. The determi-
nation of the stacking load capacity for corrugated boxes is still a problem for designers [18].

The best-known empirical formula for sizing for stack loading is the McKee equation,
which attempts to determine the compressive strength of a corrugated box based on the
Edge Crush Test (ECT) of the corrugated sheet [19]. The ECT of a corrugated board can
be estimated by artificial intelligence [20]. Several authors have modified the original
equation, and Kellicut and Landt attempted to use the ring crush test (RCT) value [21].
Beldie and co-workers developed a mechanical model for corrugated cardboard boxes
subjected to static compressive loading [8]. The authors modelled the corrugated cardboard
box as an orthotropic, linearly elastic-plastic laminate. Nowadays, FEM (finite element
method) techniques are continuously improving, and several software tools have become
available for the strength analysis of statically indeterminate structures. There are several
studies in the literature that investigate the numerical analysis of the transverse shear
stiffness of corrugated paper sheets [22–26]. The applicable model can, in principle, be
simplified by homogenizing the material [27–31]. The corrugated paper sheet is assumed
to be a composite material, neglecting that it is made up of multiple different layers. The
method of homogenization was demonstrated by Hohe for sandwich panels by basing the
approach on strain energy [32]. To investigate the effect of wrinkling on the local strength
of corrugated paper sheets, a comparison of laboratory experimental and FEM results
was performed by Thakkar et al. [33]. Beex and Peerlings [34] also performed similar
experiments. Leminen et al. performed experimental, as well as numerical, studies on the
effect of compression creasing on the mechanical properties of corrugated sheet [35].

In practice, it is often necessary to make holes and cutouts of various sizes in the
sidewalls of the box for various purposes. These can have several purposes:
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- Hand holes for carrying [18];
- Ventilation openings [36];
- Products requiring cold storage;
- Window-like cutouts for reading product identifiers or codes;
- Window-like cutouts to reduce the amount of corrugated board used.

The effect of sidewall cutouts in reducing the compressive strength of the box has
been investigated by several authors, but good estimation for BCT value on various sizes
and locations of the cutouts has not yet been published. Experiments and modelling have
generally been carried out on specific box types used in practice by the authors, and very
often, conflicting data have been obtained [7,36].

It would be advisable to measure BCT (box compression test) values for each variant
under laboratory conditions in a methodical way, by gradually reducing the surface area
of the sidewalls, and to develop a FEM parameterization based on this, which represents
the measured BCT values with a good approximation. This procedure could also help
designers to place a cut of any shape in the actual cut location, and the model could be
used to numerically determine the reduction in BCT value.

2. Materials and Methods
2.1. Samples

The box samples were made from single-wall B-flute corrugated cardboard material.
The material properties of the tested corrugated cardboard are shown in Table 1. The
corrugated cardboard contained the following components:

• Outer liner: 210 GD2 (weight 210 g/m2, coated white lined chipboard with grey back,
quality class 2);

• Fluting medium: 120 HC (weight 120 g/m2, high compression Wellenstoff);
• Inner liner: 130 TL 3 (weight 130 g/m2, Testliner, quality class 3).

Figure 1 shows the tested box samples. Five different box lengths with 5 different
cutout rates were tested; therefore, 25 types of samples were analyzed for this study.
The widths and heights of the samples were the same, 300 mm in each case. The length
dimension of the boxes varied from 200 mm to 600 mm with a 100 mm increment. The
cutout rates were 0%, 4%, 16%, 36%, and 64% with respect to the total surface area of the
sidewalls of the boxes. These cutouts were positioned in the middle of the sidewalls of the
boxes along all four sides, as shown in Figure 1.

Table 1. Material properties of corrugated cardboard used in the study.

Properties Specification Standard

board thickness 2.8 mm ISO 3034 (FEFCO no. 3)
grammage 512 g/m2 ISO 536:1995

edge crush test (ECT) 5.1 kN/m ISO 3037 (FEFCO no. 8)

bending stiffness (BS) 4.23 Nm (MD)
ISO 5628:19902.90 Nm (CD)

bursting strength (BST) 676 kPa ISO 2759 (FEFCO no. 4)

Figure 2 shows a few examples of the tested box samples. In Figure 2, each size and
cutout group are presented with one or two examples. The exact sizes of the tested box
samples and the sizes of the cutouts are shown in Figure 1.
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300 mm with 64% cutout, (e) box 500 × 300 × 300 mm with 16% cutout, (f) box 600 × 300 × 300 mm
with 36% cutout.

2.2. Experimental Setup

The experiment consisted of a BCT test (box compression test) to measure the strength
behavior of different boxes. The BCT setup is shown in Figure 3. Before the test, the boxes
were preconditioned at 30 ◦C ± 1 ◦C and 20–30% RH (relative humidity) for 24 h and
then conditioned at 23 ◦C ± 1 ◦C and 50 ± 2% RH for 24 h in a climate-testing chamber in
accordance with the ASTM D4332 standard. Right after the conditioning process, the BCT
measurement was performed according to the ASTM D642 standard. The testing speed
was 12.7 mm/min ± 2.5 mm/min until failure of the box occurred. The recorded data were
the compression force and the deformation, continuously during the measurement. For
statistical evaluation, 10 samples were tested for each box design.
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2.3. Numerical Model of Cardboard Boxes with Different Cutouts

Numerical calculations were performed in Abaqus Unified FEA software [37]. Twenty-
five different packaging models with the dimensions shown in Figure 1 were built to
compute their compressive strength. To speed up and simplify the analysis, only 1/8 of the
box was modeled. The top and bottom of the packaging was also omitted because they do
not affect the load-bearing capacity. Figure 4 shows an example model of 1/8 parts of the
packaging for a case with a length of 200 mm and cutout rates of 36%.
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The proper behavior of the box under load was ensured by defining symmetry bound-
ary conditions in the x-direction (ux = 0, φy = 0, φz = 0), y-direction (uy = 0, φx = 0,
φz = 0), and z-direction (uz = 0, φx = 0, φy = 0), where ui is the displacement along the
i-axis and φi is the rotation angle about i-axis (see Figure 5). The out-of-plane displacement
of the top edges was blocked (ux = 0, uz = 0), which results from the existence of flaps in
the real packaging. A vertical displacement, uy, was also applied to the top edges, which
simulates the box compression test. The analysis was carried out in two calculation stages.
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In the first, a buckling analysis was performed to obtain the mode of global imperfections.
The previously determined shape of imperfection was applied to the packaging in the
second computational step, and it was loaded with a vertical displacement of the top edges
in order to obtain the box compressive strength.

Materials 2023, 16, x FOR PEER REVIEW 6 of 14 
 

 

2.3. Numerical Model of Cardboard Boxes with Different Cutouts 
Numerical calculations were performed in Abaqus Unified FEA software [37]. 

Twenty-five different packaging models with the dimensions shown in Figure 1 were 
built to compute their compressive strength. To speed up and simplify the analysis, only 
1/8 of the box was modeled. The top and bottom of the packaging was also omitted be-
cause they do not affect the load-bearing capacity. Figure 4 shows an example model of 
1/8 parts of the packaging for a case with a length of 200 mm and cutout rates of 36%. 

 
Figure 4. Scheme of the 1/8 parts of the packaging. 

The proper behavior of the box under load was ensured by defining symmetry 
boundary conditions in the 𝑥-direction (𝑢௫ ൌ 0, 𝜑௬ ൌ 0, 𝜑௭ ൌ 0), 𝑦-direction (𝑢௬ ൌ 0, 𝜑௫ ൌ 0, 𝜑௭ ൌ 0), and 𝑧-direction (𝑢௭ ൌ 0, 𝜑௫ ൌ 0, 𝜑௬ ൌ 0), where 𝑢௜ is the displacement 
along the 𝑖-axis and 𝜑௜ is the rotation angle about 𝑖-axis (see Figure 5). The out-of-plane 
displacement of the top edges was blocked (𝑢௫ ൌ 0, 𝑢௭ ൌ 0), which results from the exist-
ence of flaps in the real packaging. A vertical displacement, 𝑢௬, was also applied to the 
top edges, which simulates the box compression test. The analysis was carried out in two 
calculation stages. In the first, a buckling analysis was performed to obtain the mode of 
global imperfections. The previously determined shape of imperfection was applied to 
the packaging in the second computational step, and it was loaded with a vertical dis-
placement of the top edges in order to obtain the box compressive strength. 

 
Figure 5. Boundary conditions of the box. Figure 5. Boundary conditions of the box.

In the strength analyses, the linear elastic orthotropic material model was used. Ad-
ditionally, Hill plasticity was used to differentiate the reference yield strength only in the
machine and cross direction [38]. The packaging was made of B-flute cardboard with a
grammage of 512 g/m2; therefore, the material was marked as B-512. In Table 2, the corru-
gated board input data to the constitutive model are shown. The mechanical parameters
of the material were analytically determined by the BSE System via FEMAT [39] based
on the laboratory test data contained in Table 1. Columns 2–7 of Table 2 represent elastic
orthotropic material parameters: E1 and E2 are the moduli of elasticity in the MD and
CD, ν12 is the Poisson’s ratio, G12 is the in-plane shear modulus, and G13 and G23 are the
transverse shear moduli. Columns 8 and 9 contain plastic material parameters: σ0 is the
initial yield stress and R11 is the yield stress ratio in the MD.

Table 2. Material parameters of the B-flute corrugated board.

Grade
E1 E2 ν12 G12 G13 G23 σ0 R11

(MPa) (MPa) (-) (MPa) (MPa) (MPa) (MPa) (-)

B-512 2149 1474 0.36 3348 3 5 1.83 0.86

For each packaging geometry, buckling analysis and main compression calculations
were performed, which gives a total of 50 numerical analyses. The 4-node quadrilaterals
shell elements without integration, named S4R, were used in all computations [37]. Differ-
ent global mesh sizes were assumed for different geometries. For example, for the model
shown in Figures 4 and 5, the global mesh size was equal to 5.5 mm, which ultimately
resulted in 856 nodes, 783 elements, and 5136 degrees of freedom.

3. Results

For each box sample, the maximum compression force values were determined both
with measurement and FEM analysis. These experimental and numerical results are shown
in Table 3. The results of the numerical tests (Table 3) show that the 400 × 300 × 300 with
0% cutout is the stiffest box, with a compression force of 2731 N. This shows a good match
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with the experimental data, in which case, the 400 × 300 × 300 box with 0% cutout also
has the maximum compression force, 2651 N. The same can be seen for the weakest box
because from both tests (numerical, experimental), the 200 × 300 × 300 box with a 64%
cutout has the lowest compression force value.

Table 3. Maximum compression force values (N).

Type L Cutout Rates (%)

(mm) 0 4 16 36 64

experimental

200 2261 2218 1851 1347 615
300 2367 2275 1981 1373 734
400 2651 2537 2291 1656 946
500 2402 2203 2066 1603 877
600 2339 2189 1980 1591 862

numerical

200 2333 2202 1763 1082 712
300 2501 2440 2163 1539 828
400 2731 2556 2185 1625 899
500 2494 2296 1959 1534 1005
600 2158 1983 1711 1445 898

In Figure 6, typical BCT measuring data can be seen. Figure 6 shows the force dis-
placement recorded data of the 400 × 300 × 300 box with 36% cutout; similar graphs were
obtained in each case. There are 10 graphs in Figure 6 due to the number of tested samples
being 10 in each box group. The maximum compression force was calculated using the
average of the maximum values of the 10 samples.
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In Table 4, the percentage differences are shown. If the difference is positive, that
means the numerical model overestimates the maximum BCT force, whereas if the value
is negative, that shows an underestimation. In only six cases, the percentage difference is
greater than 10%. The worst predictions occur in the 64% cutout group due to the absolute
average difference being the highest in this group. The 200 × 300 × 300 box with 36%
cutout has the highest percentage difference, −20%.

In Figure 7, the maximum compression forces are shown, which come from the
numerical analysis and the BCT measurements. The dotted blue and continuous red lines
represent the linear curves that were fitted in the numerical and the experimental data
points. In Figure 7, the R2 values (coefficient of determination) are also presented, which
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come from all data points for the comparison of the numerical and experimental data.
These R2 values are very high, in the 0.959–0.996 range.

Table 4. Differences between the numerical and experimental compression force results.

L
(mm)

Cutout Rates (%)
0 4 16 36 64

Percentage Difference

200 3% −1% −5% −20% 16%
300 6% 7% 9% 12% 13%
400 3% 1% −5% −2% −5%
500 4% 4% −5% −4% 15%
600 −8% -9% −14% −9% 4%
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A few deformation shape examples are shown in Figure 8. In Figure 8a,c,e, the
deformation shapes come from experiments, and on the right side of Figure 8b,d,f, the
results come from FEM analysis.
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Figure 8. Deformation shapes from experiments and numerical analysis: (a) experimental box
200 × 300 × 300 mm with 16% cutout, (b) numerical box 200 × 300 × 300 mm with 16% cutout,
(c) experimental box 200 × 300 × 300 mm with 36% cutout, (d) numerical box 200 × 300 × 300 mm
with 36% cutout, (e) experimental box 300 × 300 × 300 mm with 16% cutout, (f) numerical box 300 ×
300 × 300 mm with 16% cutout.

4. Discussion

The authors showed the evaluation of the BCT tests for the sample boxes with large
cutout areas (Figure 1) in [40,41], and this study is a continuation of those. In this work,
the goal was to create a numerical model using the finite element method, which gives
good predictions for the BCT values. The finite element method is widely used to model
mechanical properties of corrugated boxes [1,8,15,16,18,36,42–54]. Other authors have
conducted similar work [1,2,43,55,56], but in those, the cutout area was not as high as 64%.
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Table 3 shows the maximum compression force values from the numerical analysis
and from the BCT tests. Comparing these results, it can be seen that the compression force
values that come from the numerical analysis are very close to the measured ones. This
is even more noticeable in Table 4, which shows the percentage differences between the
numerical and experimental compression forces. Overestimation and underestimation of
the numerical analysis occur in almost half of the cases, but the differences in most cases
are very low. The average absolute percentage difference is 7%. This means the FEM model
predicts the reality with a very good accuracy, although the accuracy of the numerical
model slightly decreases with higher cutout rates.

In Figure 7, a linear regression is presented. In the previous paper of the authors, it
was shown that the linear regression models described the measured data with very high
accuracy [40]. This can also be concluded for the data obtained by numerical analysis.
Figure 7 shows the R2 values (coefficient of determination) that come from all data points.
These very high R2 values also show a very good fit to the obtained experimental and
numerical data.

In some cases, the deformation shapes are very similar in comparison with the nu-
merical model and the experiment. This can be seen in Figure 8a–d. In most of the cases,
however, the deformation shapes are different in the same group, since the deformation
shapes are highly driven by the imperfections of the boxes. This phenomenon can be seen
in Figure 8e–f. These imperfections occur in each case; therefore, the deformation shapes
are different if multiple same size boxes with the same cutout rates are tested with BCT. The
imperfections could be caused by different things such as the raw material, inappropriate
manufacturing or handling, etc.

The results show that the BCT results of the boxes from a low to high cutout rate can
be predicted with a high accuracy using this numerical model. The novelty of this paper is
to show the ability of FEM analysis to estimate the BCT results of corrugated cardboard
boxes with very high cutout rates. In this work, a wide range of the box sizes and the cutout
rates were involved, but this range is not comparable with the different type of boxes used
in the industry; therefore, all findings apply only to the tested box types. Therefore, a future
study should investigate to design and test a box for industry usage with a higher cutout
rate.

Moreover, the presented numerical model for this study provides a cost-effective and
efficient alternative way in comparison to the traditional experimental testing methods,
which can be time-consuming and expensive. From a practical point of view, the presented
numerical method is accurate enough for the authority of use. By using numerical simula-
tions, the number of physical prototypes needed for testing can be significantly reduced,
leading to cost savings in the design and development of corrugated boxes with cutouts.
It also has to be mentioned that the numerical model can be used to perform parametric
studies, where the effect of different cutout sizes on the BCT values can be evaluated
without the need for additional physical testing.

Overall, the results of this study demonstrate the potential of using finite element
method simulations to accurately predict the BCT values of corrugated boxes with larger
cutout areas than what has been shown before. The good estimation for the numerical and
experimental results, as well as the low average absolute percentage difference, indicate
that the developed model is a reliable tool for predicting the performance of corrugated
boxes in real-world applications. Furthermore, this study highlights the importance of
considering the effect of cutout area on BCT values, as this can significantly impact the
strength and durability of corrugated boxes.

5. Conclusions

This paper presents a numerical simulation and experimental verification method for
the investigation of cutout problems of a single-wall corrugated board box. Although the
method of choosing samples for the experimental test follows theoretically located and
sized cutouts, the numerical result of analysis shows surprising accuracy in load capacity
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estimating for a corrugated cardboard box, the structure of which is basically made by
viscoelastic material. The accuracy of the model decreases how the cutout rate increases
from 0% to 64%. The results give new information for engineers to better understand the
strength reduction effect of cutout holes such as carrying or ventilation holes.
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