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Preface

This reprint compiles 16 academic papers spanning fuzzy reasoning, optimization, decision-

making, and control. In fuzzy reasoning, a method grounded in symmetric quintuple-implication

principles is introduced to manage mixed information, demonstrating strengths in logical foundation

and reductivity. This method has been successfully applied to pattern recognition. In fuzzy analysis,

trapezoidal-type inequalities within fuzzy frameworks are examined, with an equality derived using

the integration by parts formula from fuzzy mathematical analysis. This proven equality, alongside

Hölder’s inequality, is utilized to establish the trapezoidal-type inequality for functions taking

values in the fuzzy number-valued space. In the realm of fuzzy optimization and decision-making,

fixed-point theorems are formulated for ψ α- and Fη-contractive mappings in fuzzy bipolar b-metric

spaces, furnishing novel tools for tackling complex equations. A novel concept, the intuitionistic

fuzzy granular matrix, is introduced within the context of intuitionistic fuzzy covering-based rough

sets, offering efficient computational methods for managing noise data in intuitionistic fuzzy (IF)

environments. Additionally, fuzzy time series analysis, when integrated with neural networks, is

explored to enhance integer time series model estimations, particularly improving the precision of

spectral function estimates for the NSINAR(1) model. Within fuzzy set theory, the enumeration of

(�,∨)-multiderivations on a finite MV-chain is discussed, contributing to a deeper understanding

of MV-algebra structures. Extensions of the Sugeno class of fuzzy negations are presented, giving

rise to new classes of fuzzy negations, and their properties are investigated for constructing

non-symmetric fuzzy implications. In terms of fuzzy number applications, special discrete fuzzy

numbers on countable sets are studied, exploring their representation theorems, metrics, and

triangular norm operations for image fusion and subjective evaluation aggregation. Non-linear

pentagonal intuitionistic fuzzy numbers are defined, and a defuzzification method employing the

intuitionistic fuzzy weighted averaging based on levels (IF-WABL) is proposed for application in the

minimum spanning tree problem. In communication systems and decision support, an enhanced

fuzzy c-means (FCM) algorithm, incorporating particle swarm optimization (PSO) and subtractive

clustering, is developed for more accurate modulation identification in low signal-to-noise-ratio

(SNR) environments. A multi-attribute group decision-making method, based on entropy weights

with q-rung picture uncertain linguistic fuzzy information, is introduced, providing a reliable

framework for decision-making when weight information is unknown. Furthermore, new arithmetic

operations for non-normal fuzzy sets are explored using compatibility concepts. Lastly, in

approximation theory, best approximation results for fuzzy-number-valued continuous functions

are investigated. A method to measure the distance between fuzzy-number-valued and real-valued

continuous functions is introduced, and the existence of the best approximation is proven using the

Michael selection theorem. Collectively, these studies propel forward the theory of fuzzy mathematics

and broaden its applications across diverse domains.

Changyou Wang, Dong Qiu, and Yonghong Shen

Topic Editors
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1. Introduction to the Topic Issue

This Topic Issue comprises sixteen pioneering academic papers that delve deeply
into the realm of fuzzy reasoning, optimization, decision making, and control. It serves
as a testament to the evolving landscape of fuzzy mathematics, increasingly pivotal to
addressing complex, real-world problems across diverse domains. At the heart of this
reprint lies the exploration of fuzzy numbers, fuzzy differences, and fuzzy differentials
foundational concepts which possess both theoretical significance and practical importance.

Fuzzy numbers, which generalize the concept of classical numbers to accommodate
imprecision and uncertainty, have revolutionized the way we represent and manipulate
data in various fields. Their introduction allows for a more nuanced understanding of
inherently ambiguous or ill-defined phenomena. By assigning degrees of membership
to elements within a set, fuzzy numbers provide a flexible framework for capturing and
analyzing information that lies between the crisp boundaries of classical set theory. This, in
turn, has facilitated advancements in fields such as engineering, economics, and medical
diagnosis, where the ability to handle imprecise and uncertain data is crucial. The theoreti-
cal underpinnings of fuzzy differences and differentials build upon the foundation laid by
fuzzy numbers. Fuzzy differences explore how changes in fuzzy values can be represented
and analyzed, enabling a more robust understanding of dynamic systems. Similarly, fuzzy
differentials extend the concept of classical derivatives to fuzzy-valued functions, providing
insights into the behavior of these functions under small perturbations. These develop-
ments have been instrumental in refining models and simulations in areas like control
systems, where the ability to predict and manage changes is essential for achieving optimal
performance. In fuzzy reasoning, a method grounded in symmetric quintuple-implication
principles is introduced to manage mixed information, demonstrating strengths in logical
foundation and reductivity. This method not only enhances the precision of fuzzy inference
but also broadens its applicability to complex, real-world scenarios. By leveraging the
principles of symmetry and implication, this approach facilitates a more coherent and
consistent reasoning process, making it well suited for tasks such as pattern recognition
and decision making under uncertainty. The exploration of trapezoidal-type inequalities
within fuzzy frameworks represents another significant contribution to fuzzy analysis.
By deriving an equality using the integration-by-parts formula from fuzzy mathematical
analysis, researchers have established a robust foundation for analyzing trapezoidal-type
inequalities in fuzzy-valued spaces, with important implications for signal processing
and image analysis, where the ability to accurately estimate and bind errors is crucial for

Axioms 2025, 14, 254 https://doi.org/10.3390/axioms14040254
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achieving high-quality results. In the realm of fuzzy optimization and decision making, the
formulation of fixed-point theorems for contractive mappings in fuzzy bipolar b-metric
spaces provides novel tools for tackling complex equations. These theorems extend the
reach of fixed-point theory into the realm of fuzzy mathematics, enabling more efficient
and effective solutions to optimization problems. Additionally, the introduction of the
intuitionistic fuzzy granular matrix within the context of intuitionistic fuzzy covering-based
rough sets offers efficient computational methods for managing noise data in intuitionistic
fuzzy environments. This work has important implications for data mining and machine
learning, where the ability to handle noisy and uncertain data is essential for building
robust and reliable models. The integration of fuzzy time series analysis with neural
networks represents a significant step forward in enhancing integer time series model esti-
mations. By leveraging the strengths of both fuzzy logic and neural networks, researchers
have been able to improve the precision of spectral function estimates for models such as
NSINAR (1), with important applications in finance, forecasting, and other fields where
accurate predictions are crucial for making informed decisions. Within fuzzy set theory,
the enumeration of (�,∨)-multiderivations on a finite MV-chain contributes to a deeper
understanding of MV-algebra structures. This work has important implications for the
development of logical systems and formal languages that can handle uncertainty and
ambiguity more effectively. Additionally, extensions of the Sugeno class of fuzzy negations
give rise to new sets, which have the potential to expand the expressive power of fuzzy
logic and enable more nuanced reasoning processes. In terms of fuzzy number applications,
special discrete fuzzy numbers on countable sets are being studied, exploring their represen-
tation theorems, metrics, and triangular norm operations for image fusion and subjective
evaluation aggregation. This work has important implications for fields such as computer
vision and data fusion, where the ability to combine and analyze multiple sources of infor-
mation is crucial for achieving accurate and reliable results. Furthermore, the definition of
non-linear pentagonal intuitionistic fuzzy numbers and the proposal of a defuzzification
method employing intuitionistic fuzzy weighted averaging based on levels (IF-WABL)
have potential applications in the minimum spanning tree problem and other optimization
tasks. In communication systems and decision support, the development of an enhanced
fuzzy c-means (FCM) algorithm incorporating particle swarm optimization (PSO) and
subtractive clustering represents a significant advancement in modulation identification
in low signal-to-noise-ratio (SNR) environments. This work has important implications
for wireless communication systems, where the ability to accurately identify and decode
signals is crucial for maintaining reliable connections. Additionally, the introduction of
a multi-attribute group decision-making method based on entropy weights with q-rung
picture uncertain linguistic fuzzy information provides a reliable framework for decision
making when weight information is unknown. This work has potential applications in
fields such as supply chain management and project planning, where the ability to make
informed decisions under uncertainty is essential for achieving successful outcomes. Lastly,
in approximation theory, the investigation of best approximation results for fuzzy-valued
continuous functions introduces a method to measure the distance between fuzzy- and
real-valued continuous functions. The proof of the existence of the best approximation
using the Michael selection theorem represents a significant theoretical contribution to
fuzzy mathematics. This work has important implications for fields such as numerical
analysis and computer-aided design, where the ability to approximate complex functions
and systems is crucial for achieving accurate and reliable results.
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2. Presentation of the Research Papers

Signal modulation recognition commonly relies on clustering algorithms. The fuzzy
c-means (FCM) algorithm, which is widely used for such purposes, frequently converges to
local optima, posing a challenge particularly in environments with low signal-to-noise ratios
(SNRs). An enhanced FCM algorithm, incorporating particle swarm optimization (PSO),
has been proposed to improve the accuracy of recognizing M-ary quadrature amplitude
modulation (MQAM) signal orders in Contribution 1. This approach involves a two-phase
clustering process. In the first phase, a subtractive clustering algorithm, tailored to SNR,
utilizes the received signal’s constellation diagram to determine the initial number of
clustering centers, which are then refined by the PSO-FCM algorithm for greater precision.
Accurate signal classification and identification are achieved by evaluating the relative
sizes of the radii around the cluster centers within the MQAM constellation diagram
and determining the modulation order. Evaluation results indicate that the SNR-based
subtractive clustering-assisted PSO-FCM algorithm outperforms traditional FCM in terms
of clustering effectiveness, notably enhancing modulation recognition rates in low-SNR
conditions when tested against a variety of QAM signals, ranging from 4QAM to 64QAM.

In Contribution 2, a comprehensive study attempts to approximate a fixed fuzzy-
valued continuous function to a specific subset of fuzzy-valued continuous functions,
primarily focusing on identifying the optimal approximation within this particular context.
Additionally, the authors introduce an innovative method specifically designed to quantify
the distance between a fuzzy- and real-valued continuous function, providing a precise
means to measure the discrepancy between the two types. Furthermore, the paper rigor-
ously proves the existence of the best approximation of a fuzzy-valued continuous function
within all real-valued continuous functions, utilizing the well-established Michael selection
theorem, renowned in mathematical analysis, to establish a solid theoretical foundation for
the approximation process.

In Contribution 3, the authors investigate new arithmetic operations for non-normal
fuzzy sets, utilizing the extension principle and taking into account a general aggregation
function. Typically, the aggregation functions used in such contexts are the minimum
function or t-norms. However, this paper adopts a more general aggregation function
to establish arithmetic operations for non-normal fuzzy sets. In practical applications,
the arithmetic operations of fuzzy sets are often translated into corresponding operations
on their α-level sets. When the aggregation function is specifically the minimum func-
tion, this translation becomes straightforward. Given the use of a general aggregation
function in this paper, the concept of compatibility with α-level sets is introduced and
defined, encompassing the traditional case where minimum functions are employed as a
special instance.

In Contribution 4, the authors undertake a study of the concept of interval-valued
fuzzy sets within the framework of the family SS (X,E), which comprises all soft sets defined
over a set X with a parameter set E. They delve into examining the fundamental properties
of these interval-valued fuzzy sets. Subsequently, the researchers introduce the notion of an
interval-valued fuzzy topology (or cotopology) τ on SS (X,E). Through their analysis, they
derive an important finding: each interval-valued fuzzy topology constitutes a descending
family of soft topologies. Furthermore, the paper explores various topological structures
related to this concept. Specifically, it examines the interval-valued fuzzy neighborhood
system of a soft point, as well as the base and sub-base of τ. The authors meticulously
investigate the relationships that exist among these structures. Additionally, the paper
presents several key concepts, including direct sum and open and continuous mapping,
considering the interconnections between them. To illustrate and support the theoretical
results presented, several examples are provided throughout the paper.

3
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Contribution 5 covers an investigation into the s-embedding of the Lie superalgebra
→
( S1|1), representing smooth vector fields on a (1,1)-dimensional super-circle. Its primary
goal is to precisely define s-embedding, dissecting the Lie superalgebra into the superalge-
bra of super-pseudodifferential operators (SψD�) on the super-circle S1|1. Additionally,

it introduces and rigorously defines the central charge within the framework of
→
( S1|1),

utilizing the canonical central extension of SψD�. The study further explores fuzzy Lie
algebras, aiming to elucidate connections between these seemingly distinct mathematical
constructs. It covers various aspects such as non-commutative structures, representation
theory, central extensions, and central charges, bridging the gap between Lie superalgebras
and fuzzy Lie algebras. In summary, this pioneering work makes two key contributions:
firstly, it provides a meticulous definition of the s-embedding of the Lie superalgebra
→
( S1|1), enhancing fundamental understanding of the topic. Secondly, it examines fuzzy
Lie algebras, exploring their associations with conventional Lie superalgebras, and offers a
novel deformed representation of the central charge based on these findings.

In Contribution 6, the concept of (�,V)-multiderivations on an MV-algebra A is intro-
duced, exploring the relations between the former and (�,V)-derivations. The set MD (A),
comprising all (�,V)-multiderivations on A, can be endowed with a preorder. Furthermore,
under a certain equivalence relation ~, the quotient set (MD (A)/~, ≤) can be structured as
a partially ordered set. Notably, for any finite MV-chain Ln, the quotient set (MD (Ln)/~,
≤) evolves into a complete lattice. Lastly, a counting principle is established to enumerate
the elements of MD (Ln).

The intuitionistic fuzzy (IF) β-minimal description operators within the framework of
IF covering-based rough set theory are adept at managing noisy data, effectively identifying
pertinent data within IF environments. In scenarios characterized by IF β-covering ap-
proximation spaces with high cardinality, employing IF set representations for calculations
becomes cumbersome and intricate. Consequently, there is a pressing need for an efficient
method to derive these descriptions. Contribution 7 introduces the concept of IF β-maximal
description, building upon the foundation of IF β-minimal description, alongside the IF
granular matrix and the notion of IF reduction. The authors further propose matrix-based
computational methods for various aspects of IF covering-based rough sets, encompassing
IF β-minimal and -maximal descriptions and IF reductions. Firstly, the IF granular matrix,
a tool for computing IF β-minimal descriptions, is described, followed by IF β-maximal
description and related matrix representations. Subsequently, two types of reductions for
IF β-covering approximation spaces are presented, leveraging IF and fuzzy β-minimal
descriptions, along with their corresponding matrix representations. Finally, experiments
comparing the newly proposed matrix-based calculation methods with their set-based
counterparts are conducted.

In multiple-attribute decision-making (MADM) problems, ranking alternatives is
crucial for achieving optimal decision outcomes. Intuitionistic fuzzy numbers (IFNs) are
highly effective in representing uncertainty and vagueness within these problems. How-
ever, current ranking methods for IFNs overlook the probabilistic dominance relationship
between alternatives, potentially resulting in inconsistent and unreliable rankings. To ad-
dress this issue, Contribution 8 introduces a novel ranking method for IFNs that integrates
the probabilistic dominance relationship with fuzzy algebras, designed to handle incom-
plete and uncertain information effectively, ensuring consistent and accurate rankings. By
incorporating these elements, the approach offers a significant advancement in the ranking
of alternatives in MADM problems.

In recent years, the proliferation of digital objects as information sources has fueled
rapid advancements in artificial intelligence (AI) and machine learning (ML). Effective
utilization of AI and ML techniques necessitates the conversion of ambient information

4
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into reliable data within the framework of information processing theory. It is imperative
to model and transform information into data without discarding its inherent uncertainty.
To this end, mathematical frameworks such as fuzzy theory and intuitionistic fuzzy theory
are employed. The latter uses membership and non-membership functions to describe
intuitionistic fuzzy sets and intuitionistic fuzzy numbers (IFNs), mathematically repre-
senting the characteristics of IFNs. Given the diverse uncertainties introduced by various
information sources, there is a constant need for a more general and inclusive definition of
IFNs in AI technologies. In Contribution 9, the authors propose a general and inclusive
mathematical definition for IFNs, termed the non-linear pentagonal intuitionistic fuzzy
number (NLPIFN), which accommodates a variety of uncertainties. As AI implementa-
tions are computer-based, IFNs must be transformed into crisp numbers for their practical
application. The techniques used for this transformation are known as defuzzification
methods. A shortcut formula for the defuzzification of NLPIFNs using the intuitionistic
fuzzy weighted averaging based on levels (IF-WABL) method is introduced. Furthermore,
the authors demonstrate the application of their findings in the minimum spanning tree
problem by assigning weights as NLPIFNs to more precisely determine uncertainty in
the process. This approach underscores the practical significance and versatility of their
proposed NLPIFN definition and defuzzification method.

Contribution 10 introduces a novel concept termed q-rung picture uncertain linguistic
fuzzy sets (q-RPULSs), offering a robust and comprehensive framework for depicting
intricate and uncertain decision-making information. These sets facilitate the integration
of quantitative and qualitative assessment inputs from decision makers. Addressing the
challenge of multi-attribute group decision making under q-RPULs with unknown attribute
weights, the authors propose an entropy-based fuzzy set approach tailored for q-rung
picture uncertainty language, taking into account the interdependencies among attributes.
Furthermore, the paper delves into the q-RPULMSM operator, which plays a pivotal role
in aggregating q-RPULSs and achieving consensus in decision-making contexts, and its
associated properties. To validate the efficacy, rationality, and superiority of the proposed
methodology, a real-world case study on commodity selection is presented, underscoring
the practical benefits and applicability of q-RPULSs in decision-making processes.

Certain drawbacks in the arithmetic and logic operations of general discrete fuzzy
numbers hinder their widespread application. Specifically, the sum of general discrete fuzzy
numbers, as defined by Zadeh’s extension principle, may not itself qualify as a discrete
fuzzy number. To address these limitations, Contribution 11 focuses on special discrete
fuzzy numbers defined on countable sets. Given that the representation theorem of fuzzy
numbers serves as a fundamental tool in fuzzy analysis, the Contribution first examines
two types of representation theorems for special discrete fuzzy numbers on countable
sets. Subsequently, metrics for these special discrete fuzzy numbers are defined, and their
relationship to the uniform Hausdorff metric (also known as the supremum metric) of
general fuzzy numbers is discussed. Furthermore, triangular norm and conorm operations
(abbreviated as t-norm and t-conorm, respectively) are introduced for special discrete fuzzy
numbers on countable sets, proving the properties of these operations. It is demonstrated
that these operations satisfy the essential conditions for closure, and illustrative examples
are provided. Finally, the Contribution proposes applications of special discrete fuzzy
numbers on countable sets in the image fusion and aggregation of subjective evaluations.

In Contribution 12, two novel classes of fuzzy negations are introduced, extending the
well-established Sugeno class and serving as the foundation for the first two construction
methods discussed. The first method generates rational fuzzy negations through the uti-
lization of a second-degree polynomial with two parameters. This approach necessitates
an investigation into the specific conditions these parameters must meet to qualify as a

5
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fuzzy negation. The second method replaces the parameter δ of the Sugeno class with an
increasing function, thereby producing fuzzy negations which are not limited to rational
forms. Instead, by employing an arbitrary increasing function which meets certain criteria,
a wider range of fuzzy negations can be generated. Furthermore, a comparison is made
between the equilibrium points of the fuzzy negations produced by the first method and
those of the Sugeno class. Leveraging the concept of equilibrium points, a novel method for
generating strong fuzzy negations is presented. This method employs two decreasing func-
tions that satisfy specific conditions. Additionally, the convexity of the newly introduced
fuzzy negations is explored, and conditions are provided for the coefficients of the fuzzy
negations generated by the first method to ensure convexity. Examples of the new fuzzy
negations are presented, which are then utilized to generate new non-symmetric fuzzy
implications using established production methods. Convex fuzzy negations are employed
as decreasing functions to construct an Archimedean copula. Finally, the quadratic form of
the copula is investigated, and the conditions that the coefficients of the first method and
the increasing function of the second method must meet to generate new copulas of this
form are discussed.

Contribution 13 delves into the application of fuzzy time series (FTSs) based on
neural network models for estimating various spectral functions within integer time series
models, with a particular emphasis on the skew integer autoregressive model of order one
(NSINAR (1)). To facilitate this estimation, a dataset comprising 1000 realizations of the
NSINAR (1) model is created. These input values are subsequently fuzzified using fuzzy
logic techniques. The study leverages the powerful capability of artificial neural networks
in identifying fuzzy relationships to enhance prediction accuracy by generating output
values. A meticulous analysis is conducted to assess the improvement in the smoothing of
spectral function estimators for the NSINAR (1) model when both input and output values
are utilized. The effectiveness of the output value estimates is rigorously evaluated by
comparing them to the input value estimates using a mean-squared error (MSE) analysis,
providing insights into the superior performance of the former.

In Contribution 14, novel concepts are introduced within the framework of fuzzy
bipolar b-metric spaces, particularly focusing on key mappings such as ψα-contractive
and Fη-contractive mappings, which play a crucial role in quantifying distances between
dissimilar elements. This research establishes fixed-point theorems for these mappings,
demonstrating the existence of invariant points under specific conditions. To further
strengthen the credibility and applicability of the findings, illustrative examples are pro-
vided that support these theorems and contribute to expanding existing knowledge in this
field. Moreover, the authors explore practical applications of these theoretical advance-
ments, particularly in solving integral and fractional differential equations, demonstrating
the robustness and utility of the proposed concepts. Symmetry, both in its traditional sense
and within the fuzzy context, is a fundamental aspect of the study of fuzzy bipolar b-metric
spaces. The introduced contractive mappings and fixed-point theorems not only expand
the theoretical framework but also offer powerful tools for addressing practical problems
in which symmetry is significant. These contributions enhance the understanding and
applicability of fuzzy bipolar b-metric spaces in various domains.

Rule-based reasoning, which incorporates various forms of uncertain information, has
been recognized in numerous real-world applications. Any reasoning method must be
capable of coherently deriving inference results by combining “given if–then” rules with
assertions based on input information. The symmetric quintuple-implication principle is
formulated by incorporating symmetry into all five implication operators involved. Specifi-
cally, the first, third, and fifth implication operators exhibit symmetric properties, meaning
they are treated as the same operator type, while the second and fourth operators also

6
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satisfy symmetry, implying that they share the same type. Consequently, reasoning meth-
ods based on this principle offer significant advantages in terms of logical foundation and
reductivity. In Contribution 15, reasoning methods for combining fuzzy and intuitionistic
fuzzy information are derived and studied using the symmetric quintuple-implication prin-
ciple, relying on the notion that the input and “given if–then” rule can only be combined for
calculation when their information representations are consistent. An “if–then” rule with
inconsistent representations in two different forms should be regarded as the combination
of two distinct consistent “if–then” rules, each with its unique representation. The authors
further elaborate on these methods by employing possibility and necessity operators along
with the quintuple-implication principle, considering whether the representations of the
rule antecedent and rule consequent are consistent or not. The reductivity of all proposed
reasoning methods is also analyzed in detail. The main contribution is the development of
a novel mixed-information reasoning framework incorporating the quintuple-implication
principle. The proposed methods have been applied to pattern recognition, with experi-
mental results demonstrating their superiority over corresponding methods based on the
triple I principle.

Contribution 16 covers a thorough investigation into trapezoidal-type inequalities
within the context of fuzzy settings. The theory of fuzzy analysis is examined in depth,
with a particular focus on the integration-by-parts formula from fuzzy mathematics to
establish a key equality. By combining this proven equality with the properties of a metric
defined on the set of fuzzy-valued space, along with Hölder’s inequality, a trapezoidal-
type inequality for functions with values in the fuzzy-valued space is proven. The results
offer generalizations of previous findings in the field of mathematical inequalities. To
validate the theoretical results, an example is designed, involving a function with values
in the fuzzy-valued space. Numerical validation is carried out using the latest version
(14.1) of Mathematica. Additionally, the p-levels of the defined fuzzy-valued mapping are
graphically illustrated for various values of p within the interval [0, 1]. This Contribution
mainly focuses on its advancement of the theory of fuzzy analysis and mathematical
inequalities, as well as a practical demonstration of the results through numerical and
graphical validation.

3. Conclusions

In summary, the Topic Issue titled “Fuzzy Numbers, Fuzzy Differences, Fuzzy Differ-
entials: Theory and Applications” propels the theory of fuzzy mathematics forward and
broadens its applications across a diverse array of domains. By delving into the theoretical
foundations and practical implications of fuzzy numbers, fuzzy differences, and fuzzy
differentials, researchers have paved new paths for innovation and discovery in various
fields, spanning engineering, economics, medicine, and social sciences. This reprint stands
as a testament to the profound power and versatility of fuzzy mathematics. It is our earnest
hope that it will ignite the curiosity and passion of future generations of researchers, en-
couraging them to continue exploring and pushing the boundaries of this exhilarating and
dynamic field.
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Abstract: In this paper, we study the best approximation of a fixed fuzzy-number-valued continuous
function to a subset of fuzzy-number-valued continuous functions. We also introduce a method to
measure the distance between a fuzzy-number-valued continuous function and a real-valued one.
Then, we prove the existence of the best approximation of a fuzzy-number-valued continuous function
to the space of real-valued continuous functions by using the well-known Michael selection theorem.
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1. Introduction

Approximation theory originated from the necessity of approximating real-valued
continuous functions by a simpler class of functions, such as trigonometric or algebraic
polynomials and has attracted the interest of many mathematicians for over a century.
Among the most recognized results in this branch of functional analysis, we can mention
the Stone–Weierstrass theorem, Korovkin type results and the approximation of functions
using neural networks.

More recently, all the above results have also been addressed in the context of fuzzy
functions (see, e.g., [1–6]).

Another fundamental problem in approximation theory is the study of the best ap-
proximation in spaces of continuous functions, which has a long story with famous results
by Chebyshev, Haar, Young, Remez, de la Vallée-Poussin who established the existence
of best approximations, as well as characterized and estimated them. In this context, the
problem of the uniform approximation of a scalar-valued function continuous on a compact
set by a family of continuous functions on such a compact set (see, e.g., [7,8] or [9]) should
be mentioned.

The search for the best approximation of a continuous set-valued function by vector-
valued ones is another important topic in approximation theory and has been studied by
several authors (see, e.g., [10–13] or [14]).

In this paper, we address these two problems of the best approximation type in the
context of fuzzy-number-valued continuous functions.

First, we study the best approximation of a fixed fuzzy-number-valued continuous
function to a subset of fuzzy-number-valued continuous functions.

Second, we introduce a novel method to measure the distance between a fuzzy-
number-valued function and a real-valued one based on the concept of nearest interval
approximation of fuzzy numbers [15]. Then, we prove the existence of the best approxima-
tion of a fuzzy-number-valued continuous function to the space of real-valued continuous
functions by using the well-known Michael selection theorem.

Axioms 2023, 12, 192. https://doi.org/10.3390/axioms12020192 https://www.mdpi.com/journal/axioms9
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2. Preliminaries

Let F(R) denote the family of all fuzzy subsets on the real numbers R (see [16]). For
λ ∈ [0, 1] and a fuzzy set u, its λ-level set is defined as

[u]λ := { x ∈ R : u(x) ≥ λ }, λ ∈]0, 1],

and [u]0 stands for the closure of { x ∈ R : u(x) > 0 }.
The family of elements u ∈ F(R) which satisfies the following properties:

1. There exists an x0 ∈ R with u(x0) = 1, that is, u is normal;
2. u(λx + (1− λ)y) ≥ min{u(x), u(y)} for all x, y ∈ R, λ ∈ [0, 1], which is to say that u

is convex;
3. [u]0 is a compact set in R;
4. u is upper-semicontinuous,

is called the fuzzy number space E1 (see, e.g., [17]) and contains the reals. If u ∈ E1, then it
is known that the λ-level set [u]λ of u is a compact interval for each λ ∈ [0, 1]. We write
[u]λ = [u−(λ), u+(λ)].

The following characterization of fuzzy numbers, which was proved by Goetschel and
Voxman [17], is essential in the sequel:

Theorem 1. Let u ∈ E1 and [u]λ = [u−(λ), u+(λ)], λ ∈ [0, 1]. Then, the functions u−(λ) and
u+(λ) satisfy:

1. u+(λ) is a nonincreasing bounded left continuous function on (0, 1];
2. u−(λ) is a nondecreasing bounded left continuous function on (0, 1];
3. u−(1) ≤ u+(1);
4. u−(λ) and u+(λ) are right continuous at λ = 0.

Conversely, if two functions γ(λ) and ν(λ) fulfill the conditions (i)–(iv), then there is a unique
u ∈ E1 such that [u]λ = [γ(λ), ν(λ)] for each λ ∈ [0, 1].

As usual, (see, e.g., [17]) given u, v ∈ E1 and k ∈ R, we define the sum u + v :=
[u−(λ), u+(λ)] + [v−(λ), v+(λ)] and the product ku := k[u−(λ), u+(λ)]. With these two
operations, E1 is not a vector space, and (E1,+) is not even a group.

The fuzzy number space E1 can be endowed with several metrics (see, e.g., [16]) but
perhaps the most used is the following:

Definition 1 ([16,17]). For u, v ∈ E1,

d∞(u, v) := sup
λ∈[0,1]

max
{|u−(λ)− v−(λ)|, |u+(λ)− v+(λ)|}.

This metric on E1 is called the supremum metric. Indeed, E1 is a complete metric
space with this metric. Furthermore, if we consider the Euclidean topology on R, it can
be topologically identified with the closed subspace R̃ = { x̃ : x ∈ R } of (E1, d∞) where
x̃+(λ) = x̃−(λ) = x for all λ ∈ [0, 1]. We always assume that E1 is equipped with the
supremum metric.

Proposition 1 ([3] Proposition 2.3). The following properties are satisfied by the metric space
(E1, d∞):

1. d∞(∑m
i=1 ui, ∑m

i=1 vi) ≤ ∑m
i=1 d∞(ui, vi), where ui, vi ∈ E1 for i = 1, ..., m.

2. d∞(ku, kv) = kd∞(u, v), where u, v ∈ E1 and k > 0.
3. d∞(ku, μu) =| k− μ | d∞(u, 0), where u ∈ E1, k ≥ 0 and μ ≥ 0.
4. d∞(ku, μv) ≤| k− μ | d∞(u, 0) + μd∞(u, v), where u, v ∈ E1, k ≥ 0 and μ ≥ 0.
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In C(K,E1), the space of continuous functions defined on the compact Hausdorff
space K which take values in (E1, d∞), we use the following metric:

D( f , g) = sup
t∈K

d∞( f (t), g(t)),

which yields the uniform convergence topology on C(K,E1).
Let us next introduce a useful tool for this section.

Definition 2. Let M be a nonempty subset of C(K,E1). We define

Conv(M) := {ϕ ∈ C(K, [0, 1]) : ϕ f + (1− ϕ)g ∈ M f or all f , g ∈ M}.

Proposition 2 ([3] Proposition 3.2). Let M be a nonempty subset of C(K,E1). Then, we infer:

1. φ ∈ Conv(M) implies that 1− φ ∈ Conv(M).
2. If φ, ϕ ∈ Conv(M), then φ · ϕ ∈ Conv(M).

Definition 3. It is said that M ⊂ C(K, [0, 1]) separates the points of K (or it is point-separating)
if given x, y ∈ K, there exists ψ ∈ M such that ψ(x) 	= ψ(y).

Lemma 1 ([3] Lemma 3.6). Let M ⊆ C(K,E1). If Conv(M) is point-separating, then, given
x0 ∈ K and an open neighborhood N of x0, there is a neighborhood U of x0 contained in N such
that for all 0 < δ < 1

2 , there is ϕ ∈ Conv(M) such that

1. ϕ(t) > 1− δ, for all t ∈ U ;
2. ϕ(t) < δ, for all t /∈ N .

3. Best Approximation for Subspaces of C(K,E1)

Given a metric space (X, d) and a nonempty (closed) subset A of X and given an
element x ∈ X, we can define

d(x, A) = inf
y∈A

d(x, y)

and the problem of the best approximation consists in finding an element yx ∈ A such
that d(x, A) = d(x, yx). Although we focus on the problem of the best approximation in
the space of fuzzy-valued continuous functions endowed with the crisp distance D( f , g)
defined above, it is worth noting that this problem has been studied for fuzzy metric spaces
as well (see, e.g., [18–20]).

In this section, we get a sharper result, by obtaining that the distance is achieved at a
single point.

Definition 4. Let A be a subspace of C(K,E1) and let f ∈ C(K,E1). We define

d( f , A) := inf
g∈A

{sup
x∈K

d∞( f (x), g(x))} = inf
g∈A

{D( f , g)}

dx( f , A) := inf
g∈A

{d∞( f (x), g(x))}

Theorem 2. Let W be a subspace of C(K,E1) and assume that Conv(W) separates points. For
each f ∈ C(K,E1), we have

d( f , W) = dx( f , W)

for some x ∈ K.

Proof. We first show that d( f , W) = supx∈K dx( f , W). It is apparent that d( f , W) ≥
supx∈K dx( f , W) since d( f , W) ≥ dx( f , W) for each x ∈ K. Let us prove that d( f , W) ≤
supx∈K dx( f , W).
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To this end, fix ε > 0. Given x′ ∈ K, we can find fx′ ∈ W such that d∞( f (x′), fx′(x′)) <
supx∈K dx( f , W) + ε. We next fix the following open neighborhood of x′:

N(x′) := {t ∈ K : d∞( f (t), fx′(t)) < sup
x∈K

dx( f , W) + ε}.

Take an open neighborhood U(x′) x′ which satisfies the properties in Lemma 1.
Since K is compact, we can find finitely many {x1, . . . , xm} in K such that K ⊂ U(x1)∪

. . . ∪U(xm). Choose δ > 0 such that δ < min(1, ε
km ), where

k := max{D( f , 0), D( f , fx1), ...D( f , fxm)}.

By Lemma 1, we know that there exist φ1, · · · , φm ∈ Conv(W) such that for all i =
1, . . . , m,

(i) φi(t) > 1− δ, for all t ∈ U(xi);
(ii) 0 ≤ φi(t) < δ, i f t /∈ N(xi).

Let us define the functions
ψ1 := φ1,
ψ2 := (1− φ1)φ2,
...
ψm := (1− φ1)(1− φ2) · · · (1− φm−1)φm.

By Proposition 2, we know that ψi ∈ Conv(W) for all i = 1, . . . , m. Next, we claim that

ψ1 + . . . + ψj = 1− (1− φ1)(1− φ2) · · · (1− φj),

j = 1, . . . , m. Indeed, it is clear that

ψ1 + ψ2 = φ1 + (1− φ1)φ2 = 1− (1− φ1) · (1− φ2).

By induction, let us assume that it is true for a certain j ∈ {4, ..., m− 1}. We claim

ψ1 + . . . + ψj + ψj+1 = 1− (1− φ1)(1− φ2) · · · (1− φj)(1− φj+1).

Namely,
ψ1 + . . . + ψj + ψj+1 =

= 1− (1− φ1)(1− φ2) · · · (1− φj) + (1− φ1)(1− φ2) · · · (1− φj)φj+1 =

= 1− (1− φ1)(1− φ2) · · · (1− φj)(1− φj+1),

as was to be checked.
Fix x0 ∈ K. Then, there is some i0 ∈ {1, . . . , m} such that x0 ∈ U(xi0). Hence,

φi0(x0) > 1− δ and consequently,

1 ≥
m

∑
i=1

ψi(x0) = 1− (1− φi0(x0)) ∏
i 	=i0

(1− φi(x0)) > 1− δ.

Furthermore, we clearly infer

ψi(t) < δ for all t /∈ N(xi0), i = 1, . . . , m. (1)

Let
h := ψ1 fx1 + ψ2 fx2 + . . . + ψm fxm . (2)

It seems apparent that

h = φ1 fx1 + (1− φ1)[φ2 fx2 + (1− φ2)[φ3 fx3 + · · ·+ (1− φm−1)[φm fxm · · · ]].
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Therefore, h ∈ W since φi ∈ Conv(W) for i = 1, ..., m (see Definition 2).
From Proposition 1, we know that, given x ∈ K,

d∞( f (x), h(x)) ≤ d∞

(
f (x),

m

∑
i=1

ψi(x) f (x)

)
+ d∞

(
m

∑
i=1

ψi(x) f (x), h(x)

)
≤

≤
∣∣∣∣∣1− m

∑
i=1

ψi(x)

∣∣∣∣∣d∞( f (x), 0)) +
m

∑
i=1

ψi(x)d∞( f (x), fxi (x)).

On the one hand, |1−∑m
i=1 ψi(x)|d∞( f (x), 0)) ≤ δD( f , 0) ≤ ε.

On the other hand, let

Ix = {1 ≤ i ≤ m : x ∈ N(xi)}

and
Jx = {1 ≤ i ≤ m : x /∈ N(xi)}.

Then, for all i ∈ Ix, we have

ψi(x)d∞( f (x), fxi (x)) ≤ ψi(x)(sup
x∈K

dx( f , W) + ε) ≤ sup
x∈K

dx( f , W) + ε

and, for all i ∈ J, inequality (1) yields

ψi(x)d∞( f (x), fxi (x)) ≤ δd∞( f (x), fxi (x)) ≤ δD( f , fxi ) ≤ δk.

From the above two paragraphs, we can infer

d∞( f (x), h(x)) ≤ ε + sup
x∈K

dx( f , W) + ε + δkm ≤ sup
x∈K

dx( f , W) + 3ε

and, since x ∈ K is arbitrary,

D( f , h) ≤ sup
x∈K

dx( f , W) + 3ε.

As a consequence, we deduce that

d( f , W) = inf
g∈W

{D( f , g)} ≤ sup
x∈K

d( fx, Wx).

Finally, we can define a continuous function γ : K −→ R as

γ(x) := inf
g∈W

{d∞( f (x), g(x))}.

Since K is compact, we know that γ attains its supremum at some x′ ∈ K. Hence, we
can write d( f , W) = dx′( f , W).

4. Best Approximation with Respect to Real-Valued Continuous Functions

In approximation theory, a natural question is when we can approximate a set-valued
function by continuous real-valued functions. In the classical setting, Cellina’s Theorem [21]
is the fundamental result (see also [22–24]). In this section, we introduce a method to
measure the distance between a fuzzy-number-valued function and a real-valued one. Then,
we prove the existence of the best approximation of a fuzzy-number-valued continuous
functions to the space of real-valued continuous functions.

The first problem is to find a suitable definition for the distance between a fuzzy-
number-valued function and a real-valued one. Following the ideas in [12], we can define a
distance for each level λ ∈ [0, 1].

13
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Definition 5. Let f ∈ C(K,E1) and let F ∈ C(K). The distance at level λ between f and F can
be defined as

Dλ( f , F) := sup
x∈K

{
sup{|F(x)− t| : t ∈ Iλ := [ f (x)−(λ), f (x)+(λ)]}}.

Now, we need to provide how to choose the best level to measure the distance.
Bearing in mind that the intervals Iλ form a nonincreasing family, it implies that the

distances form a nondecreasing family as well, that is,

Dλ( f , F) ≥ Dη( f , F) if 0 ≤ λ ≤ η ≤ 1.

Thus, if we choose

D( f , F) := inf
λ∈[0,1]

Dλ( f , F) = D1( f , F)

we measure the distance at the interval with the minimum length (the core), possibly
single-valued.

If, on the contrary, we choose

D( f , F) := sup
λ∈[0,1]

Dλ( f , F) = D0( f , F)

we get the measurement at the support. As noted in [15], these intervals are not the best to
represent the fuzzy number f (x).

Another choice, more accurate, is to find a level λ which represents an average of the
length of the level intervals (see, e.g., [25–27]).

The function g(λ) = f (x)+(λ)− f (x)−(λ) is a nonincreasing function for each x ∈ K.
Theorem 2.4 in [28] can be applied to get t ∈ [0, 1] and λ ∈ (0, 1) such that∫ 1

0
( f (x)+(λ)− f (x)−(λ))dλ = t · g(λ + 0) + (1− t) · g(λ− 0)

where g(λ + 0) and g(λ − 0) stand for the one-sided limits of g. We choose λx as the
minimum λ satisfying such a condition and taking Iλx := [ f (x)−(λx), f (x)+(λx)], we
can define

D( f , F) := Dλx ( f , F) = sup
x∈K

{
sup
t∈Iλx

{|F(x)− t|}
}

(3)

Definition 6. Let f ∈ C(K,E1). We can define the distance between f and C(K) as

D( f , C(K)) := inf
F∈C(K)

D( f , F).

where D( f , F) is given by (3).

Definition 7. Let f ∈ C(K,E1) and x ∈ K. We can define

rad(x, f ) := inf
α∈R

{sup{|α− β| : β ∈ Iλx}}

It is clear that rad(x, f ) turns out to be the radius of the interval [ f (x)−(λx), f (x)+(λx)].

Definition 8. Let f ∈ C(K,E1). We define the radius of f as

rad( f ) := sup
x∈K

rad(x, f )

14
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Remark 1. From these definitions we infer easily that

D( f , F) ≥ rad( f )

for all F ∈ C(K). Hence,
D( f , C(K)) ≥ rad( f ).

Theorem 3. Let f ∈ C(K,E1). Then, there exists a function F0 ∈ C(K) such that

D( f , C(K)) = D( f , F0).

Proof. Let us define a map G : K −→ 2R such that, for each x ∈ K,

G(x) := {α ∈ R : Iλx ⊆ [α− rad( f ), α + rad( f )]}

Let us first check that G(x) 	= ∅ for each x ∈ K. We know that

rad(x, f ) := inf
α∈R

sup
β∈Iλx

|α− β| ≤ rad( f ).

Since rad(x, f ) turns out to be the radius of the interval Iλx , it is clear that the center of
this interval belongs to G(x).

It is apparent that G(x) is closed for each x ∈ K since the intervals which appear in its
definition are closed.

Now we take α1, α2 in G(x) and k1, k2 ≥ 0 with k1 + k2 = 1. Then, given α ∈ Iλx ,

|α− (k1α1 + k2α2)| = |α(k1 + k2)− (k1α1 + k2α2)|
≤ k1|α− α1|+ k2|α− α2| ≤ rad( f ),

which shows that G(x) is convex for each x ∈ K.
Next, we shall prove that the map G is lower semicontinuous, that is, we have to check

that the set
O := {x ∈ K : G(x) ∩O 	= ∅}

is open in K for every open set O ⊂ R. To this end, fix x0 ∈ O and take α0 ∈ G(x0) ∩O for
a certain open set O. Let δ0 > 0 such that (α0 − δ0, α0 + δ0) ⊂ O. From the continuity of f
and from the fact that

Iλx0
⊂ [α0 − rad( f ), α0 + rad( f )],

we infer that, given ε > 0, as we have

[α0 − rad( f ), α0 + rad( f )] ⊂ (α0 − rad( f )− ε, α0 + rad( f ) + ε),

there exists an open neighborhood Q(ε) of x0 such that

Iλx ⊂ (α0 − (rad( f ) + ε), α0 + rad( f ) + ε)

for all x ∈ Q(ε). Our goal is to prove that Q(ε) ⊆ O for some ε > 0 to get the openness of
O.

Fix x1 ∈ Q(ε). Since G(x1) 	= ∅, there exists α1 ∈ G(x1). That is,

Iλx1
⊂ [α1 − rad( f ), α1 + rad( f )].

Moreover, we know that

Iλx1
⊂ (α0 − (rad( f ) + ε), α0 + rad( f ) + ε).
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Taking ε > 0 as small as necessary, we can find δ′ < δ0 such that

[α0 − (rad( f ) + ε), α0 + rad( f ) + ε] ∩ [α1 − rad( f ), α1 + rad( f )]

⊂ [(α0 + δ′)− rad( f ), (α0 + δ′) + rad( f )]

and consequently

Iλx1
⊂ [(α0 + δ′)− rad( f ), (α0 + δ′) + rad( f )],

which implies that α0 + δ′ ∈ G(x1) ∩O. Hence, x1 ∈ O, as desired.
Gathering the information we have obtained so far, we know that G is a lower semi-

continuous mapping defined between K and the closed convex subsets of R. Hence, by the
Michael selection theorem [29], we infer that there exists F0 ∈ C(K) such that F0(x) ∈ G(x)
for all x ∈ K.

As a consequence of the above paragraph, we can deduce that

D( f , F0) ≤ rad( f ),

which, combined with the comments before this theorem, yields D( f , F0) = rad( f ) =
D( f , C(K)).

5. Conclusions

In this paper, we addressed two problems of the best approximation type in the
context of fuzzy-number-valued continuous functions: (1) the problem of the uniform
approximation of a fuzzy-number-valued function continuous on a compact set by a family
of continuous functions, continuous on this compact set; and (2) the existence of the best
approximation of a fuzzy-number-valued continuous function to the space of real-valued
continuous functions. We obtained positive results in both cases.

Author Contributions: All authors contributed equally in writing this article. All authors read and
approved the final manuscript.

Funding: This research received no external funding.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Anastassiou, G.A. Fuzzy mathematics: Approximation theory. In Studies in Fuzziness and Soft Computing; Springer: Berlin,
Germany, 2010; p. 251.

2. Bede, B.; Gal, S.G. Best approximation and Jackson-type estimates by generalized fuzzy polynomials. J. Concr. Appl. Math. 2004, 2,
213–232.

3. Font, J.J.; Sanchis, D.; Sanchis, M. A version of the Stone-Weierstrass theorem in fuzzy analysis. J. Nonlinear Sci. Appl. 2017, 10,
4275–4283. [CrossRef]

4. Gal, S.G. Approximation theory in fuzzy setting. In Handbook of Analytic-Computational Methods in Applied Mathematics; Anastassiou,
G., Ed.; Chapman & CRC: New York, NY, USA, 2019.

5. Huang, H.; Wu, C. Approximation of fuzzy-valued functions by regular fuzzy neural networks and the accuracy analysis. Soft
Comput. 2014, 18, 2525–2540. [CrossRef]

6. Liu, P. Analysis of approximation of continuous fuzzy functions by multivariate fuzzy polynomials. Fuzzy Sets Syst. 2002, 127,
299–313. [CrossRef]

7. Prolla, J.B. On the Weierstrass-Stone Theorem. J. Approx. Theory 1994, 78, 299–313. [CrossRef]
8. Prolla, J.B. A generalized Bernstein approximation theorem. Math. Proc. Camb. Phil. Soc. 1988, 104, 317–330. [CrossRef]
9. Chen, D. A note on Machado-Bishop theorem in weighted spaces with applications. J. Approx. Theory 2019, 247, 1–19. [CrossRef]
10. Cuenya, H.H.; Levis, F.E. Nonlinear Chebyshev approximation to set-valued functions. Optimization 2016, 65, 1519–1529.

[CrossRef]
11. Lau, K.S. Approximation by continuous vector-valued functions. Stud. Math. 1980, 68, 291–298. [CrossRef]
12. Olech, C. Approximation of set-valued functions by continuous functions. Colloq. Math. 1968, 19, 285–293. [CrossRef]

16



Axioms 2023, 12, 192

13. Prolla, J.B.; Machado, S. Weierstrass-Stone Theorems for set-valued mappings. J. Approx. Theory 1982, 36, 1–15. [CrossRef]
14. Kashimoto, M.S. A note on a Stone-Weierstrass type theorem for set-valued mappings. J. Approx. Theory 2014, 182, 59–67.

[CrossRef]
15. Grzegorzewski, P. Nearest interval approximation of a fuzzy number. Fuzzy Sets Syst. 2002, 130, 321–330. [CrossRef]
16. Diamond, P.; Kloeden, P. Metric Spaces of Fuzzy Sets: Theory and Applications; World Scientific: Singapore, 1994.
17. Goetschel, R.; Voxman, W. Elementary fuzzy calculus. Fuzzy Sets Syst. 1986, 18, 31–42. [CrossRef]
18. Abbasi, N.; Golshan, H.M. On best approximation in fuzzy metric spaces. Kybernetika 2015, 51, 374–386. [CrossRef]
19. Mazaheri, H.; Bizhanzadeh, Z.; Moosavi, S.M.; Dehghan, M.A. Fuzzy farhest points and fuzzy best approximation points in fuzzy

normed spaces. Theory Approx. Appl. 2019, 13, 11–25.
20. Vaezpour, S.M.; Karimi, F. t-best approximation in fuzzy normed spaces. Iran. J. Fuzzy Syst. 2008, 5, 93–99.
21. Cellina, A. A further result on the approximation of set valued mappings. Rendi. Acc. Naz. Lincei 1970, 48, 412–416.
22. Beer, G. On a theorem of Cellina for set valued functions. Rocky Mt. J. Math. 1988, 18, 37–47. [CrossRef]
23. De Blasi, F.S.; Myjak, J. On continuous approximations for multifunction. Pac. J. Math. 1986, 123, 9–31. [CrossRef]
24. Holá, L’.; McCoy, R.A.; Pelant, J. Approximations of relations by continuous functions. Topol. Its Appl. 2007, 154, 2241–2247.

[CrossRef]
25. Abbasbandy, S.; Amirfakhrian, M. The nearest approximation of a fuzzy quantity in parametric form. Appl. Math. Comp. 2006,

172, 624–632. [CrossRef]
26. Ban, A.I.; Coroianu, L. Nearest interval, triangular and trapezoidal approximation of a fuzzy number preserving ambiguity. Int. J.

Approx. Reason. 2012, 53, 805–836. [CrossRef]
27. Chanas, S. On the interval approximation of a fuzzy number. Fuzzy Sets Syst. 2001, 122, 353–356. [CrossRef]
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Abstract: The new arithmetic operations of non-normal fuzzy sets are studied in this paper by using
the extension principle and considering the general aggregation function. Usually, the aggregation
functions are taken to be the minimum function or t-norms. In this paper, we considered a general
aggregation function to set up the arithmetic operations of non-normal fuzzy sets. In applications,
the arithmetic operations of fuzzy sets are always transferred to the arithmetic operations of their
corresponding α-level sets. When the aggregation function is taken to be the minimum function,
this transformation is clearly realized. Since the general aggregation function was adopted in this
paper, the concept of compatibility with α-level sets is needed and is proposed, which can cover the
conventional case using minimum functions as the special case.

Keywords: compatibility; extension principle; non-normal fuzzy sets

MSC: 03E72

1. Introduction

In order to simplify the notations, the membership function ξ F̃ of a fuzzy set F̃ is
identified with F̃ by simply writing ξ F̃(x) = F̃(x). Let F̃ and G̃ be two fuzzy sets in R, and
let � denote any one of the arithmetic operations ⊕,�,⊗,� between F̃ and G̃. According
to the extension principle, the membership function of F̃� G̃ is defined by

F̃� G̃(u) = sup
{(x,y):u=x◦y}

min{F̃(x), G̃(y)} (1)

for all u ∈ R, where the arithmetic operations � ∈ {⊕,�,⊗,�} correspond to the arith-
metic operations ◦ ∈ {+,−, ∗,÷}. The case of ◦ = ÷ should avoid the division of x/y for
y = 0.

In general, we can consider the t-norm instead of the minimum function by referring
to Dubois and Prade [1] and Weber [2]. For more detailed properties, we can refer to the
monographs by Dubois and Prade [3] and Klir and Yuan [4]. In this paper, we used the
general function to propose the arithmetic operations of fuzzy sets, and we present the
compatibility with the conventional definition using the minimum functions. We can also
refer to Gebhardt [5], Fullér and Keresztfalvi [6], Mesiar [7], Ralescu [8], and Yager [9] and
Wu [10] for the arithmetic operations of fuzzy sets based on the extension principle.

The generalization of Zadeh’s extension principle in (1) can also be used to set up the
arithmetic operations without using the minimum function. Coroianua and Fuller [11,12]
used the so-called joint probability distribution to generalize the extension principle (1),
which is given by

F̃�C G̃(u) = sup
{(x,y):u=x◦y}

C(x, y) (2)

Axioms 2023, 12, 277. https://doi.org/10.3390/axioms12030277 https://www.mdpi.com/journal/axioms18



Axioms 2023, 12, 277

for all u ∈ R, where C : R2 → [0, 1] is a joint probability distribution satisfying

sup
x∈R

C(x, y) = G̃(y) and sup
y∈R

= C(x, y) = F̃(x). (3)

Wu [10] considered a general function D : [0, 1] × [0, 1] → [0, 1] by defining the
arithmetic as

F̃�D G̃(u) = sup
{(x,y):u=x◦y}

D
(

F̃(x), G̃(y)
)
, (4)

where D does not need to satisfy some extra conditions. The main difference between (2)
and (4) is that the domains of the joint probabilitydistribution C : R2 → [0, 1] and function
D : [0, 1]2 → [0, 1] are different. We can also refer to Coroianua and Fuller [11] for the
comparison between (2) and (4). Although D in (4) is a general function, some sufficient
conditions regarding D are still needed to obtain some desired properties. Therefore, the
second motivation of this paper was to propose the concept of compatibility. We shall say
that the function D is compatible with the arithmetic operations of α-level sets when the
following equality: (

F̃�D G̃
)

α
= F̃α ◦ G̃α

is satisfied for each α ∈ (0, 1]. The sufficient conditions imposed upon the function D will
be studied to guarantee the compatibility. Under the general function D, the associativity
of the arithmetic operations is also an important issue. Therefore, many rules regarding the
associativity were also studied.

There is some other interesting arithmetic of fuzzy numbers, which will be shown
below. Holčapek, Škorupová, and Štěpnička [13,14] proposed the arithmetic of extensional
fuzzy numbers based on a similarity relation S : R2 → [0, 1] such that S satisfies some
required conditions. On the other hand, based on the concept of the extensional hull, given
a fixed real number x ∈ R, the so-called extensional fuzzy number generated by x and a
similarity relation S is a fuzzy set x̃S in R with membership degree

x̃S(y) = S(x, y) for all y ∈ R.

Given any two extensional fuzzy numbers x̃S and ỹS, the addition ⊕S and multiplica-
tion ⊗S are defined by

x̃S ⊕S ỹS = (x + y)S and x̃S ⊗S ỹS = (xy)S,

where S is assumed to be the so-called separated similarity relation for the purpose of
well-defined arithmetic. In general, based on a system S of so-called nested similarity
relations, the addition ⊕S and multiplication ⊗S are defined by

x̃S ⊕S ỹT = (x + y)max(S,T) and x̃S ⊗S ỹT = (xy)max(S,T) for S, T ∈ S .

Esmi et al. [15] and Pedro et al. [16] used the extension principle in (3) to study the
fuzzy differential equations. They considered the interactivity between fuzzy numbers. Let
P̃ be a fuzzy set in R. Given any fuzzy numbers F̃ and G̃, we say that P̃ is a joint probability
distribution of F̃ and G̃ when

sup
x∈R

P̃(x, y) = G̃(y) and sup
y∈R

= P̃(x, y) = F̃(x).

We say that F̃ and G̃ are non-interactive when

P̃(x, y) = min
{

F̃(x), G̃(x)
}

.

Otherwise, they are called interactive. The disadvantage is that the non-interactivity
depends on their joint probability distributions. We cannot just say that F̃ and G̃ are non-
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interactive without considering the role of the joint probability distribution. Let � denote
any one of the arithmetic operations⊕P̃,�P̃,⊗P̃,�P̃ between fuzzy numbers F̃ and G̃ along
with a joint probability distribution P̃. The membership function of F̃�P̃ G̃ is defined by

F̃�P̃ G̃(u) = sup
{(x,y):u=x◦y}

P̃(x, y)

for all u ∈ R, where the case of ◦P̃ = ÷ should avoid the division of x/y for y = 0.
The arithmetic of fuzzy intervals is an important issue. Wu [17] considered the form of

expression in the decomposition theorem to study the arithmetic of fuzzy intervals. Wu [18]
also used the form of expression in the decomposition theorem to study the different
types of binary operations of fuzzy sets, which were also applied to study the difference
of fuzzy intervals and covered the so-called generalized differences proposed by Bede
and Stefanini [19] and Gomes and Barros [20] as the special cases. The fuzzy axiom of
choice, the fuzzy Zorn’s lemma, and the fuzzy Hausdorff maximal principle studied by
Zulqarnian et al. [21] were also based on normal fuzzy sets. It is also possible to extend
those results based on the non-normal fuzzy sets.

The fuzzy sets considered in Wu [17,18] were implicitly assumed to be normal. Without
using the form of expression in the decomposition theorem, in this paper, we shall use
the extension principle based on a general function rather than the t-norm to study the
arithmetic of non-normal fuzzy intervals. In this case, the concept of compatibility with
α-level sets can be proposed and the equivalence with conventional arithmetic operations
using the minimum function can also be established.

In Section 2, the concept and basic properties of non-normal fuzzy sets will be pre-
sented, and the arithmetic operations of non-normal fuzzy sets will be studied using the
extension principle based on the general functions. In Section 3, we shall propose the
concept of compatibility with the α-level sets, which can cover the conventional case using
the minimum functions as the special case.

2. Arithmetic Operations of Fuzzy Sets

Let F̃ be a fuzzy set in R. Recall that a fuzzy set F̃ in a universal set U is called normal
when there exists x ∈ U satisfying F̃(x) = 1. For α ∈ (0, 1], the α-level set of F̃ is denoted
and defined by

F̃α =
{

x ∈ R : F̃(x) ≥ α
}

. (5)

The support of a fuzzy set F̃ is the crisp set defined by

F̃0+ = {x ∈ R : F̃(x) > 0}.

The 0-level set F̃0 is defined to be the topological closure of the support of F̃, i.e.,
F̃0 = cl(F̃0+). We write RF̃ to denote the range of the membership function of F̃. In general,
we have RF̃ 	= [0, 1]. The following result is very useful.

Proposition 1. Let F̃ be a fuzzy set in R with membership function F̃. Define α∗ = supRF̃ and

IF̃ =

{
[0, α∗), if the supremum supRF̃ is not obtained
[0, α∗], if the supremum supRF̃ is obtained.

(6)

Then, F̃α 	= ∅ for all α ∈ IF̃ and F̃α = ∅ for all α 	∈ IF̃. Moreover, we have RF̃ ⊆ IF̃ and

F̃0+ =
⋃

{α∈IF̃ :α>0}
F̃α =

⋃
{α∈RF̃ :α>0}

F̃α.

The interval IF̃ is called an interval range of F̃.
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We considered three arithmetic operations �,� and � between any two fuzzy sets F̃
and G̃ in R. The extension principle says that the membership functions are given by

F̃ � G̃(u) = sup
{(x,y):u=x+y}

min{F̃(x), G̃(y)} (7)

F̃ � G̃(u) = sup
{(x,y):u=x−y}

min{F̃(x), G̃(y)} (8)

F̃ � G̃(u) = sup
{(x,y):u=xy}

min{F̃(x), G̃(y)} (9)

for all u ∈ R, where the arithmetic operations � ∈ {�,�,�} correspond to the arithmetic
operations ◦ ∈ {+,−, ∗}. The case of division was not considered in this paper, since it can
be similarly obtained.

Instead of the minimum function, we can consider a general function D : [0, 1]2 → [0, 1]
defined on [0, 1]2. In this case, the membership functions are defined by

F̃⊕EP G̃(u) = sup
{(x,y):u=x+y}

D
(

F̃(x), G̃(y)
)
;

F̃�EP G̃(u) = sup
{(x,y):u=x−y}

D
(

F̃(x), G̃(y)
)
;

F̃⊗EP G̃(u) = sup
{(x,y):u=x·y}

D
(

F̃(x), G̃(y)
)
.

In general, the arithmetic operations are defined below.

Definition 1. Given any fuzzy sets F̃(1), · · · , F̃(n) in R and a function Dn : [0, 1]n → [0, 1]
defined on the product set [0, 1]n, regarding the operations �i ∈ {⊕,�,⊗} for i = 1, · · · , n− 1,
the membership function of F̃ = F̃(1) �1 · · · �n−1 F̃(n) is defined by

F̃(u) = F̃(1) �1 · · · �n−1 F̃(n)(u) = sup
{(a1,··· ,an):u=a1◦1···◦n−1an}

Dn

(
F̃(1)(a1), · · · , F̃(n)(an)

)
,

(10)
where the operations �i ∈ {⊕,�,⊗} for i = 1, · · · , n − 1 correspond to the operations ◦i ∈
{+,−, ∗} for i = 1, · · · , n− 1.

When the function Dn is taken to be the minimum function given by

Dn(α1, · · · , αn) = min{α1, · · · , αn},

the membership function of F̃(1) �1 · · ·�n−1 F̃(n) is given by

F̃(1) �1 · · ·�n−1 F̃(n)(u) = sup
{(x1,··· ,xn):u=x1◦1···◦n−1xn}

min
{

F̃(1)(x1), · · · , F̃(n)(xn)
}

, (11)

where �i ∈ {�,�,�} for i = 1, · · · , n− 1 can refer to (7), (8), and (9).
We can also insert the parentheses into the expression F̃(1) �1 · · · �n−1 F̃(n). The

following example shows the way of inserting parentheses.

Example 1. Given fuzzy sets F̃(1), · · · , F̃(7) in R, we can consider the membership functions of

G̃ ≡ F̃(1) ⊗
(

F̃(2) ⊕ F̃(3)
)
�
(

F̃(4) ⊗
(

F̃(5) ⊕ F̃(6) � F̃(7)
))

and
H̃ ≡ F̃(1) ⊗ F̃(2) ⊕ F̃(3) � F̃(4) ⊗ F̃(5) ⊕ F̃(6) � F̃(7)
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given by

G̃(u) = sup
{(x1,··· ,x7):u=x1∗(x2+x3)−(x4∗(x5+x6−x7))}

D7

(
F̃(1)(x1), · · · , F̃(7)(x7)

)
and

H̃(u) = sup
{(x1,··· ,x7):u=x1∗x2+x3−x4∗x5+x6−x7}

D7

(
F̃(1)(x1), · · · , F̃(7)(x7)

)
,

respectively. It is clear that G̃ 	= H̃. Since

x1 ∗ x2 + x3 − x4 ∗ x5 + x6 − x7 = (x1 ∗ x2) + x3 − (x4 ∗ x5) + x6 − x7,

the fuzzy set H̃ means the following form:

H̃ =
(

F̃(1) ⊗ F̃(2)
)
⊕ F̃(3) �

(
F̃(4) ⊗ F̃(5)

)
⊕ F̃(6) � F̃(7).

Example 2. We present an example from mathematical finance. The well-known Black–Scholes
formula (see Black and Scholes [22]) for the European call option on a stock is described as follows.
Let the function f be given by the formula:

f (s, t, K, r, σ) = s · N(d1)− K · e−rt · N(d2),

where s denotes the stock price, t denotes the time, K denotes the strike price, r denotes the interest
rate, σ denotes the volatility, and N stands for the cumulative distribution function of a standard
normal random variable N(0, 1). The quantities d1 and d2 are given by

d1 =
ln(s/K) + (r + σ2

2 )t
σ · √t

and d2 = d1 − σ · √t.

Let T be the expiry date, and let Ct denote the price of a European call option at time t ∈ [0, T].
Then, we have

Ct = f (St, T − t, K, r, σ) for all t ∈ [0, T], (12)

where St denotes the stock price at time t. On the other hand, the price Pt of a European put option
at time t with the same expiry date T and strike price K can be obtained by the following put–call
parity relationship (see Musiela and Rutkowski [23]):

Ct − Pt = St − K · e−r(T−t) for all t ∈ [0, T]. (13)

Under the considerations of the fuzzy interest rate r̃, fuzzy volatility σ̃, and fuzzy stock price
S̃, we can obtain the fuzzy price H̃t of a European call option at time t according to (12) and the
extension principle. Therefore, the membership function of H̃t is given by

H̃t(c) = sup
{(s,r,σ):c= f (s,T−t,K,r,σ)}

D3
(
S̃t(s), r̃(r), σ̃(σ)

)
.

According to the put–call parity relationship in (13), we can also study the fuzzy price P̃t of a
European put option at time t. Let

g(s, t, K, r, σ) = f (s, t, K, r, σ)− s + K · e−rt.

Then, we can obtain the fuzzy price P̃t of a European put option at time t in which the
membership function of P̃t is given by

P̃t(p) = sup
{(s,r,σ):p=g(s,T−t,K,r,σ)}

D3
(
S̃t(s), r̃(r), σ̃(σ))

)
.
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Let F̃(1), · · · , F̃(n) be fuzzy sets in R, and let α∗i = supRF̃(i) . From Proposition 1, we

see that F̃(i)
α 	= ∅ for all α ∈ IF̃(i) and F̃(i)

α = ∅ for all α 	∈ IF̃(i) , where the interval range IF̃(i)

is given by

IF̃(i) =

{
[0, α∗i ), if the supremum supRF̃(i) is not obtained
[0, α∗i ], if the supremum supRF̃(i) is obtained.

(14)

Let I∗ = IF̃(1) ∩ · · · ∩ IF̃(n) . Then, I∗ is also an interval of the form [0, α] or [0, α) for

some α ∈ (0, 1]. For α ∈ I∗, we see that F̃(i)
α 	= ∅ for all i = 1, · · · , n.

Let F̃ = F̃(1) �1 · · · �n−1 F̃(n), and let IF̃ be the interval range of F̃. We also write
Ri ≡ RF̃(i) to denote the range of the membership function of F̃(i) for i = 1, · · · , n. The
supremum of the range RF̃ of the membership function of F̃ is given by

supRF̃ = sup
u∈R

F̃(u) = sup
u∈R

sup
{(x1,··· ,xn):u=x1◦1···◦n−1xn}

Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
= sup

(α1,··· ,αn)∈R1×···×Rn

Dn(α1, · · · , αn) ≡ α∗. (15)

Therefore, the definition of interval range says

IF̃ =

{
[0, α∗] if the supremum RF̃ is obtained
[0, α∗) if the supremum RF̃ is not obtained

(16)

Proposition 2. Let F̃(1), · · · , F̃(n) be fuzzy sets in R, and let F̃ = F̃(1) �1 · · · �n−1 F̃(n) with
interval range IF̃. Suppose that the function Dn : [0, 1]n → [0, 1] satisfies the following condition:

αi ≤ βi for i = 1, · · · , n imply Dn(α1, · · · , αn) ≤ Dn(β1, · · · , βn). (17)

We also assumed that the supremum α∗i = supRF̃(i) is obtained for i = 1, · · · , n. Then, the
following supremum:

supRF̃ = α∗ = Dn(α
∗
1, · · · , α∗n)

is obtained. Moreover, we have

IF̃ = [0, α∗] and I∗ = [0, α•],

where
α• = min{α∗1, · · · , α∗n}.

In particular, suppose that

Dn(α
∗
1, · · · , α∗n) = min{α∗1, · · · , α∗n}. (18)

Then, we have
IF̃ = IF̃(1) ∩ · · · ∩ IF̃(n) = I∗ = [0, α∗].

Proof. Since the supremum supRF̃(i) is obtained for i = 1, · · · , n, we have

IF̃(i) = [0, α∗i ] and α∗i = F̃(i)(x∗i ) ∈ RF̃(i) ≡ Ri (19)

for some x∗i ∈ R and for all i = 1, · · · , n. It is also clear that

I∗ = IF̃(1) ∩ · · · ∩ IF̃(n) = [0, α•].
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From (15), we have

α∗ = sup
(α1,··· ,αn)∈R1×···×Rn

Dn(α1, · · · , αn) ≥ Dn(α
∗
1, · · · , α∗n).

On the other hand, since F̃(i)(xi) ≤ α∗i for all i = 1, · · · , n, from (15), again, we also
have

α∗ = sup
u∈R

sup
{(x1,··· ,xn):u=x1◦1···◦n−1xn}

Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
≤ sup

u∈R
sup

{(x1,··· ,xn):u=x1◦1···◦n−1xn}
Dn(α

∗
1, · · · , α∗n) (using (17))

= Dn(α
∗
1, · · · , α∗n),

which proves
α∗ = Dn(α

∗
1, · · · , α∗n).

We take u∗ = x∗1 ◦1 · · · ◦n−1 x∗n. Then, we have

F̃(u∗) = sup
{(x1,··· ,xn):u∗=x1◦1···◦n−1xn}

Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
≥ Dn

(
F̃(1)(x∗1), · · · , F̃(n)(x∗n)

)
(since u∗ = x∗1 ◦1 · · · ◦n−1 x∗n)

= Dn(α
∗
1, · · · , α∗n) = α∗

and

F̃(u∗) = sup
{(x1,··· ,xn):u∗=x1◦1···◦n−1xn}

Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
≤ sup

{(x1,··· ,xn):u∗=x1◦1···◦n−1xn}
Dn

(
F̃(1)(x∗1), · · · , F̃(n)(x∗n)

)
(using (17))

= Dn(α
∗
1, · · · , α∗n) = α∗

Therefore, we obtain F̃(u∗) = α∗. From (15), we conclude that the supremum supRF̃
is obtained at u∗. From (16), it follows that IF̃ = [0, α∗]. This completes the proof.

3. Compatibility

Let S1, · · · , Sn be subsets of R. We write

S1 ◦1 · · · ◦n−1 Sn = {x1 ◦1 · · · ◦n−1 xn : xi ∈ Si for i = 1, · · · , n},

where the arithmetic operations ◦i ∈ {+,−, ∗} for i = 1, · · · , n− 1.
Given any fuzzy sets F̃(1), · · · , F̃(n) in R, let F̃ = F̃(1) �1 · · · �n−1 F̃(n) be defined in

Definition 1. For any
α ∈ I∗ ∩ IF̃ = IF̃(1) ∩ · · · ∩ IF̃(n) ∩ IF̃,

it is clear that the α-level sets F̃α and F̃(i)
α are nonempty for i = 1, · · · , n. Therefore, we

propose the following definition.

Definition 2. Given any fuzzy sets F̃(1), · · · , F̃(n) in R, we considered the arithmetic operations
�i ∈ {⊕,�,⊗}, which correspond to the arithmetic operations ◦i ∈ {+,−, ∗} for i = 1, · · · , n− 1:

• The function Dn : [0, 1]n → [0, 1] is said to be compatible with the arithmetic operations of
α-level sets when the following equality is satisfied:(

F̃(1) �1 · · · �n−1 F̃(n)
)

α
= F̃(1)

α ◦1 · · · ◦n−1 F̃(n)
α for all α ∈ I∗ ∩ IF̃ with α > 0.
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• The function Dn : [0, 1]n → [0, 1] is said to be strongly compatible with the arithmetic
operations of α-level sets when the following equality is satisfied:(

F̃(1) �1 · · · �n−1 F̃(n)
)

α
= F̃(1)

α ◦1 · · · ◦n−1 F̃(n)
α for all α ∈ I∗ ∩ IF̃.

The purpose of this paper was to present some sufficient conditions such that the
compatibility with the arithmetic operations of α-level sets can be satisfied.

Recall that the real-valued function f : R→ R is upper semi-continuous on R if and
only if the set {x ∈ R : f (x) ≥ α} is a closed set in R for each α ∈ R. Especially, if F̃ is a
fuzzy set in R such that its membership function F̃ is upper semi-continuous on R, then
each α-level set F̃α is a closed subset of R for α ∈ IF̃.

Lemma 1 (Royden ([24] p. 161)). Let K be a closed and bounded subset of R, and let f be a
real-valued function defined on R. Suppose that f is upper semi-continuous on R. Then, f assumes
its maximum on K; that is, the supremum is obtained in the following sense:

sup
x∈K

f (x) = max
x∈K

f (x).

Theorem 1. Given any fuzzy sets F̃(1), · · · , F̃(n) in R, we considered the arithmetic operations
�i ∈ {⊕,�,⊗}, which correspond to the arithmetic operations ◦i ∈ {+,−, ∗} for i = 1, · · · , n−
1. Then, we have the following properties:

(i) For any α ∈ I∗ ∩ IF̃ with α > 0, we assumed that the function Dn satisfies the following
condition:

αi ≥ α for all i = 1, · · · , n imply Dn(α1, · · · , αn) ≥ α. (20)

Then, the following inclusion:

F̃(1)
α ◦1 · · · ◦n−1 F̃(n)

α ⊆
(

F̃(1) �1 · · · �n−1 F̃(n)
)

α

holds true for all α ∈ I∗ ∩ IF̃.
(ii) Suppose that the membership functions of F̃(i) are upper semi-continuous for all i = 1, · · · , n.

We also assumed that the function Dn satisfies the following conditions:

• given any α ∈ I∗ ∩ IF̃ with α > 0,

Dn(α1, · · · , αn) ≥ α if and only if αi ≥ α for all i = 1, · · · , n. (21)

• Given any α 	∈ I∗ with α ∈ (0, 1],

αi < α for some i ∈ {1, · · · , n} imply Dn(α1, · · · , αn) < α (22)

for any αj ∈ [0, 1] with j 	= i.

Then, the following equality:(
F̃(1) �1 · · · �n−1 F̃(n)

)
α
= F̃(1)

α ◦1 · · · ◦n−1 F̃(n)
α (23)

holds true for all α ∈ I∗ ∩ IF̃ with α > 0. We further assumed that the supports F̃(i)
0+ are

bounded for all i = 1, · · · , n. Then, the following equality:(
F̃(1) �1 · · · �n−1 F̃(n)

)
0
= F̃(1)

0 ◦1 · · · ◦n−1 F̃(n)
0 . (24)

regarding the 0-level sets holds true.
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Proof. To prove Part (i), given any α ∈ I∗ ∩ IF̃ with α > 0, we have F̃α 	= ∅ and F̃(i)
α 	= ∅

for all i = 1, · · · , n. Given any

uα ∈ F̃(1)
α ◦1 · · · ◦n−1 F̃(n)

α .

there exist x(i)α ∈ F̃(i)
α for all i = 1, · · · , n satisfying

uα = x(1)α ◦1 · · · ◦n−1 x(n)α .

We see that
F̃(i)(x(i)α ) ≥ α for all i = 1, · · · , n.

Using the assumption (20) of Dn, we also have

Dn

(
F̃(1)(x(1)α ), · · · , F̃(n)(x(n)α )

)
≥ α (25)

Therefore, we have

F̃(1) �1 · · · �n−1 F̃(n)(uα) = sup
{(x1,··· ,xn):uα=x1◦1···◦n−1xn}

Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
≥ Dn

(
F̃(1)(x(1)α ), · · · , F̃(n)(x(n)α )

)
≥ α (using (25)).

This shows
uα ∈ (F̃(1) �1 · · · �n−1 F̃(n))α.

Therefore, we obtain the following inclusion:

F̃(1)
α ◦1 · · · ◦n−1 F̃(n)

α ⊆
(

F̃(1) �1 · · · �n−1 F̃(n)
)

α

for all α ∈ I∗ ∩ IF̃ with α > 0.
Next, we considered the 0-level sets. For α = 0, given any

u0 ∈ F̃(1)
0 ◦1 · · · ◦n−1 F̃(n)

0 ,

there exist x(i)0 ∈ F̃(i)
0 for all i = 1, · · · , n satisfying

u0 = x(1)0 ◦1 · · · ◦n−1 x(n)0 .

For each fixed i, since

x(i)0 ∈ F̃(i)
0 = cl

(
{x ∈ R : F̃(i)(x) > 0}

)
,

the concept of closure says that there exists a sequence

{x(i)m }∞
m=1 ⊆ {x ∈ R : F̃(i)(x) > 0} (26)

satisfying
lim

m→∞
x(i)m = x(i)0 .

We considered a function η : Rn → R defined by

η(x1, · · · , xn) = x1 ◦1 · · · ◦n−1 xn,
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where the binary operations ◦i ∈ {+,−, ∗} for i = 1, · · · , n. Then, it is clear that η is
continuous. We define

um = x(1)m ◦1 · · · ◦n−1 x(n)m = η
(

x(1)m , · · · , x(n)m

)
.

Using (26) and the continuity of η, we obtain

lim
m→∞

um = lim
m→∞

η
(

x(1)m , · · · , x(n)m

)
= η

(
x(1)0 , · · · , x(n)0

)
= x(1)0 ◦1 · · · ◦n−1 x(n)0 = u0. (27)

Given any αi ∈ IF̃(i) with αi > 0 for i = 1, · · · , n and any ᾱ ∈ IF̃ with ᾱ > 0, let

α = min{ᾱ, α1, · · · , αn}.

Then, we have 0 < α ≤ ᾱ and 0 < α ≤ αi for i = 1, · · · , n. From (14), we also see
α ∈ IF̃ and α ∈ IF̃(i) for all i = 1, · · · , n, i.e., α ∈ I∗ ∩ IF̃. The assumption (20) of Dn says

Dn(α1, · · · , αn) ≥ α > 0.

Therefore, the following statement holds true:

0 < αi ∈ IF̃(i) for all i = 1, · · · , n imply Dn(α1, · · · , αn) > 0. (28)

Now, we have

F̃(1) �1 · · · �n−1 F̃(n)(um) = sup
{(x1,··· ,xn):um=x1◦1···◦n−1xn}

Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
≥ Dn

(
F̃(1)(x(1)m ), · · · , F̃(n)(x(n)m )

)
> 0 (using (28)),

which also says

um ∈ {u ∈ R : F̃(1) �1 · · · �n−1 F̃(n)(u) > 0} for all m.

From (27), we obtain

u0 ∈ cl
(
{u ∈ R : F̃(1) �1 · · · �n−1 F̃(n)(u) > 0}

)
=
(

F̃(1) �1 · · · �n−1 F̃(n)
)

0
,

which shows the following inclusion:

F̃(1)
0 ◦1 · · · ◦n−1 F̃(n)

0 ⊆
(

F̃(1) �1 · · · �n−1 F̃(n)
)

0
.

Therefore, we obtain the desired inclusion.
Proving Part (ii) means proving another direction of inclusion. Now, we further

assumed that the membership functions of F̃(i) are upper semi-continuous for all i =

1, · · · , n. In other words, the nonempty α-level sets F̃(i)
α are closed sets in R for all α ∈ I∗

and i = 1, · · · , n. Given any α ∈ I∗ ∩ IF̃ with α > 0 and any

uα ∈ (F̃(1) �1 · · · �n−1 F̃(n))α,

we have
sup

{(x1,··· ,xn):uα=x1◦1···◦n−1xn}
Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
= F̃(1) �1 · · · �n−1 F̃(n)(uα) ≥ α. (29)

Since uα is a finite number, we see that

F ≡ {(x1, · · · , xn) : uα = x1 ◦1 · · · ◦n−1 xn}
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is a bounded set in Rn. We also see that the function

η(x1, · · · , xn) = x1 ◦1 · · · ◦n−1 xn

is continuous on Rn. Since the singleton set {uα} is a closed set in R, the continuity of η
says that the inverse image F = η−1({uα}) of {uα} is also a closed set in Rn. This says that
F is a bounded and closed set in Rn. Next, we want to claim that the function

f (x1, · · · , xn) = Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
is upper semi-continuous. In other words, we want to show that

{(x1, · · · , xn) : f (x1, · · · , xn) ≥ α}

is a closed set in Rn for any α ∈ R. We considered the different cases as follows:

• Suppose that α ≤ 0. Then, we have

{(x1, · · · , xn) : f (x1, · · · , xn) ≥ α} = Rn,

which is a closed set in Rn.
• Suppose that α > 1. Then, we have

{(x1, · · · , xn) : f (x1, · · · , xn) ≥ α} = ∅,

which is also a closed set in Rn.
• Suppose that α ∈ I∗ ∩ IF̃ with α > 0, i.e., F̃(i)

α 	= ∅ for all i = 1, · · · , n. Then, we have

{(x1, · · · , xn) : f (x1, · · · , xn) ≥ α} =
{
(x1, · · · , xn) : Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
≥ α
}

=
{
(x1, · · · , xn) : F̃(i)(xi) ≥ α for all i = 1, · · · , n

}
(using (21))

=
{
(x1, · · · , xn) : xi ∈ F̃(i)

α for all i = 1, · · · , n
}
= F̃(1)

α × · · · × F̃(n)
α ,

which is a closed set in Rn, since F̃(i)
α are closed sets in R for all i = 1, · · · , n.

• Suppose that α 	∈ I∗ with α ∈ (0, 1]. Then, we have F̃(i)
α = ∅ for some i, i.e., α 	∈ IF̃(i) .

By referring to (14), it follows that F̃(i)(x) < α for all x ∈ R. Therefore, using the
assumption (22), we obtain

f (x1, · · · , xn) = Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
< α for all (x1, · · · , xn) ∈ Rn.

This shows
{(x1, · · · , xn) : f (x1, · · · , xn) ≥ α} = ∅,

which is also a closed set in Rn.
• Suppose that α 	∈ IF̃ with α ∈ (0, 1]. Then, we have

∅ =
{
(x1, · · · , xn) : Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
≥ α
}

= {(x1, · · · , xn) : f (x1, · · · , xn) ≥ α},

which is a closed set in Rn.
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The above cases conclude that the function f (x1, · · · , xn) is indeed upper semi-
continuous. Lemma 1 says that the function f assumes the maximum on the set F. Therefore,
using (29), we have

max
(x1,··· ,xn)∈F

f (x1, · · · , xn) = max
{(x1,··· ,xn):uα=x1◦1···◦n−1xn}

f (x1, · · · , xn)

= sup
{(x1,··· ,xn):uα=x1◦1···◦n−1xn}

f (x1, · · · , xn) ≥ α. (30)

Therefore, there exists (x∗1 , · · · , x∗n) ∈ F satisfying

uα = x∗1 ◦1 · · · ◦n−1 x∗n

and

Dn

(
F̃(1)(x∗1), · · · , F̃(n)(x∗n)

)
= f (x∗1 , · · · , x∗n) = max

(x1,··· ,xn)∈F
f (x1, · · · , xn) ≥ α.

Using the assumption (21), we obtain F̃(i)(x∗i ) ≥ α, which says x∗i ∈ F̃(i)
α for all

i = 1, · · · , n. Therefore, we obtain

uα ∈ F̃(1)
α ◦1 · · · ◦n−1 F̃(n)

α ,

which shows the following inclusion:(
F̃(1) �1 · · · �n−1 F̃(n)

)
α
⊆ F̃(1)

α ◦1 · · · ◦n−1 F̃(n)
α

for all α ∈ I∗ ∩ IF̃ with α > 0. Using Part (i), we obtain the desired equality (23).

Considering the 0-level sets, for α = 0, we further assumed that the supports F̃(i)
0+

are bounded for all i = 1, · · · , n. Suppose that Dn(α1 · · · , αn) > 0 for αi ∈ IF̃(i) and
i = 1, · · · , n. Since I∗ ∩ IF̃ is an interval beginning from 0, using the denseness of R, there
exists α ∈ I∗ ∩ IF̃ with α > 0 satisfying

Dn(α1 · · · , αn) ≥ α > 0.

Using the assumption (21), we have αi ≥ α > 0 for all i = 1, · · · , n, which says that
the following statement holds true:

Dn(α1 · · · , αn) > 0 for αi ∈ IF̃(i) and i = 1, · · · , n imply αi > 0 for all i = 1, · · · , n. (31)

Now, considering the 0-level set, we have

u0 ∈
(

F̃(1) �1 · · · �n−1 F̃(n)
)

0
= cl

((
F̃(1) �1 · · · �n−1 F̃(n)

)
0+

)
= cl

({
u ∈ R : F̃(1) �1 · · · �n−1 F̃(n)(u) > 0

})
.

Therefore, there exists a sequence {um}∞
m=1 in the following set:{

u ∈ R : F̃(1) �1 · · · �n−1 F̃(n)(u) > 0
}

satisfying
lim

m→∞
um = u0.
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Using the above arguments by referring to (30), we can obtain

0 < F̃(1) �1 · · · �n−1 F̃(n)(um) = sup
{(x1,··· ,xn):um=x1◦1···◦n−1xn}

Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
= max

{(x1,··· ,xn):um=x1◦1···◦n−1xn}
Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
.

Therefore, there exist x1m, · · · , xnm satisfying

um = x1m ◦1 · · · ◦n−1 xnm

and
Dn

(
F̃(1)(x1m), · · · , F̃(n)(xnm)

)
= max

{(x1,··· ,xn):um=x1◦1···◦n−1xn}
Dn

(
F̃(1)(x1), · · · , F̃(n)(xn)

)
> 0,

Using (31), we have F̃(i)(xim) > 0 for all i = 1, · · · , n, which shows that the sequence
{xim}∞

m=1 is in the support F̃(i)
0+ for all i = 1, · · · , n. Since each F̃(i)

0+ is bounded for i =
1, · · · , n, it follows that {xim}∞

m=1 is also a bounded sequence. Therefore, there exists a
convergent subsequence {ximk}∞

k=1 of {xim}∞
m=1. In other words, we have

lim
k→∞

ximk = xi0 for all i = 1, · · · , n,

which also says xi0 ∈ cl(F̃(i)
0+) = F̃(i)

0 for all i = 1, · · · , n. Let

umk = x1mk ◦1 · · · ◦n−1 xnmk .

Then, we see that {umk}∞
k=1 is a subsequence of {um}∞

n=1, i.e.,

lim
k→∞

umk = u0.

Since

u0 = lim
k→∞

umk = lim
k→∞

(
x1mk ◦1 · · · ◦n−1 xnmk

)
=

(
lim
k→∞

x1mk

)
◦1 · · · ◦n−1

(
lim
k→∞

xnmk

)
= x10 ◦1 · · · ◦n−1 xn0,

which shows
u0 ∈ F̃(1)

0 ◦1 · · · ◦n−1 F̃(n)
0 .

Therefore, we obtain the following inclusion:(
F̃(1) �1 · · · �n−1 F̃(n)

)
0
⊆ F̃(1)

0 ◦1 · · · ◦n−1 F̃(n)
0 .

Using Part (i), we obtain the desired equality (24), and the proof is complete.

Theorem 2. Given any fuzzy sets F̃(1), · · · , F̃(n) in R, we considered the arithmetic operations
�i ∈ {⊕,�,⊗}, which correspond to the arithmetic operations ◦i ∈ {+,−, ∗} for i = 1, · · · , n−
1. Suppose that the function Dn satisfies the following conditions:

• Given any α ∈ I∗ ∩ IF̃ with α > 0,

Dn(α1, · · · , αn) ≥ α if and only if αi ≥ α for all i = 1, · · · , n.

• Given any α 	∈ I∗ with α ∈ (0, 1],

αi < α for some i ∈ {1, · · · , n} imply Dn(α1, · · · , αn) < α
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for any αj ∈ [0, 1] with j 	= i.

Then, we have the following properties:

(i) Suppose that the membership functions of F̃(i) are upper semi-continuous for all i = 1, · · · , n.
Then, the function Dn is compatible with arithmetic operations of α-level sets. In other words,
given any α ∈ I∗ ∩ IF̃ with α > 0, we have(

F̃(1) �1 · · · �n−1 F̃(n)
)

α
= F̃(1)

α ◦1 · · · ◦n−1 F̃(n)
α . (32)

In particular, if F̃(1), · · · , F̃(n) are normal, the equality (32) holds true for all α ∈ (0, 1].
(ii) Suppose that the membership functions of F̃(i) are upper semi-continuous and that the supports

F̃(i)
0+ are bounded for all i = 1, · · · , n. Then, the function Dn is strongly compatible with

the arithmetic operations of α-level sets. In other words, the equality (32) holds true for all
α ∈ I∗ ∩ IF̃. In particular, if F̃(1), · · · , F̃(n) are normal, the equality (32) holds true for all
α ∈ [0, 1].

Proof. To prove Part (i), the equality (32) follows immediately from Part (ii) of Theorem 1.
In particular, if each F̃(i) is assumed to be normal for i = 1, · · · , n, then we have IF̃(i) = [0, 1]
for all i = 1, · · · , n, which also says I∗ = [0, 1]. Part (ii) can be easily realized from Part (ii)
of Theorem 1 and Part (i) of this theorem. This completes the proof.

Corollary 1. Given any fuzzy sets F̃(1), · · · , F̃(n) in R, we considered the arithmetic operations
�i ∈ {�,�,�}, which correspond to the arithmetic operations ◦i ∈ {+,−, ∗} for i = 1, · · · , n−
1. Then, we have the following properties:

(i) Suppose that the membership functions of F̃(i) are upper semi-continuous for all i = 1, · · · , n.
Then, given any α ∈ I∗ ∩ IF̃ with α > 0, we have(

F̃(1) �1 · · ·�n−1 F̃(n)
)

α
= F̃(1)

α ◦1 · · · ◦n−1 F̃(n)
α . (33)

In particular, if F̃(1), · · · , F̃(n) are normal, the equality (33) holds true for all α ∈ (0, 1].
(ii) Suppose that the membership functions of F̃(i) are upper semi-continuous and that the supports

F̃(i)
0+ are bounded for all i = 1, · · · , n. Then, the equality (33) holds true for all α ∈ I∗ ∩ IF̃.

In particular, if F̃(1), · · · , F̃(n) are normal, the equality (33) holds true for all α ∈ [0, 1].

Proof. Since we considered the arithmetic operations �i ∈ {�,�,�}, this means that we
take

Dn(α1, · · · , αn) = min{α1, · · · , αn},

which clearly satisfies all the assumptions of Theorem 2. Therefore, the desired results
follow immediately from Theorem 2.

Definition 3. We denote by Fcc(R) the family of all fuzzy sets in R such that each ã ∈ Fcc(R)
satisfies the following conditions:

• The supremum supRã is obtained, i.e., supRã = maxRã.
• The membership function of ã is upper semi-continuous and quasi-concave on R.
• The 0-level set ã0 is a closed and bounded subset of R.

Each ã ∈ Fcc(R) is also called a fuzzy interval. If the fuzzy interval ã is normal and the one-level
set ã1 is a singleton set {a}, where a ∈ R, then ã is also called a fuzzy number with core value a.
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If ã is a fuzzy interval, then its 0-level set ã0 is a closed and bounded subset of R. The
conditions in Definition 3 says that each α-level set ãα is a bounded closed interval for
α ∈ [0, 1]. It is also clear that

ãα =

{
∅ if α 	∈ Iã[
ãL

α , ãU
α

]
if α ∈ Iã,

where Iã denotes the interval range of ã and [ãL
α , ãU

α ] is a bounded closed interval with
endpoints ãL

α and ãU
α . The α-level set ãα can be interpreted as a bounded closed interval

[ãL
α , ãU

α ] with degree α, which explains the terminology of the fuzzy interval.

Proposition 3. Given any fuzzy intervals ã and b̃ with interval ranges Iã and Ib̃, respectively, let
Iã�b̃ denote the interval range of ã � b̃ for � ∈ {�,�,�}. Then, ã � b̃ is also a fuzzy interval, and
its α-level set is given by

(ã � b̃)α = ãα ◦ b̃α for all α ∈ Iã ∩ Ib̃ ∩ Iã�b̃.

More precisely, we have

(ã � b̃)α =
[

ãL
α + b̃L

α , ãU
α + b̃U

α

]
(ã � b̃)α =

[
ãL

α − b̃U
α , ãU

α − b̃L
α

]
,

(ã � b̃)α =
[
min

{
ãL

α b̃L
α , ãL

α b̃U
α , ãU

α b̃L
α , ãU

α b̃U
α

}
, max

{
ãL

α b̃L
α , ãL

α b̃U
α , ãU

α b̃L
α , ãU

α b̃U
α

}]
,

for any α ∈ Iã ∩ Ib̃ ∩ Iã�b̃. We further assumed that the suprema:

α∗ = supRã and β∗ = supR(b̃)

are obtained. Then,
Iã ∩ Ib̃ = Iã�b̃ = [0, min{α∗, β∗}]

is a closed interval.

Proof. Given any α ∈ Iã ∩ Ib̃ ∩ Iã�b̃, it is clear that the α-level sets (ã � b̃)α, ãα, and b̃α

are nonempty. Therefore, the desired results follow immediately from Corollary 1 and
Proposition 2. This completes the proof.

4. Conclusions

The arithmetic operations of non-normal fuzzy sets using the extension principle
based on general functions were investigated in this paper. The membership function of
arithmetic operation F̃(1) �1 · · · �n−1 F̃(n) is defined by

F̃(1) �1 · · · �n−1 F̃(n)(u) = sup
{(a1,··· ,an):u=a1◦1···◦n−1an}

Dn

(
F̃(1)(a1), · · · , F̃(n)(an)

)
,

where the way of calculation F̃(1) �1 · · · �n−1 F̃(n) for �i ∈ {⊕,�,⊗} and i = 1, · · · , n− 1
corresponds to the way of calculation for a1 ◦1 · · · ◦n−1 an for ◦i ∈ {+,−, ∗} and i =
1, · · · , n− 1. This kind of arithmetic operation generalizes the conventional one given by

F̃(1) �1 · · ·�n−1 F̃(n)(u) = sup
{(x1,··· ,xn):u=x1◦1···◦n−1xn}

min
{

F̃(1)(x1), · · · , F̃(n)(xn)
}

,

where �i ∈ {�,�,�} for i = 1, · · · , n− 1.
The main issue of arithmetic operations is studying their α-level sets. Therefore,

the concept of compatibility with α-level sets is proposed by saying that the function
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Dn : [0, 1]n → [0, 1] is (strongly) compatible with the arithmetic operations of α-level sets
when (

F̃(1) �1 · · · �n−1 F̃(n)
)

α
= F̃(1)

α ◦1 · · · ◦n−1 F̃(n)
α for all α ∈ I∗ ∩ IF̃ with α > 0.

It is clear that the minimum function:

D(α1, · · · , αn) = min{α1, · · · , αn}

considered in the conventional case is compatible with arithmetic operations of α-level sets.
Theorems 1 and 2 present the sufficient conditions to guarantee the compatibility

with the arithmetic operations of α-level sets. This means that Theorems 1 and 2 are the
general situation. Therefore, Corollary 1 and Proposition 3, which are the conventional
cases, are the special cases of Theorems 1 and 2. This was the main purpose of this paper:
to generalize the conventional cases. In other words, from some other functions Dn that
can satisfy the sufficient conditions, the desired results can be obtained as the conventional
cases. The main focus was on the functions Dn and the non-normal fuzzy sets, rather than
the t-norm and the normal fuzzy sets. As we can see in Part (i) of Theorem 2, the equality
(32) holds true for non-normal fuzzy sets. The case of normal fuzzy sets is just the special
case of (32). Therefore, Theorems 1 and 2 indeed generalize the conventional cases. The
limitation of Theorems 1 and 2 is checking the assumptions of general function Dn. Since
those assumptions are satisfied for the conventional cases, as shown in Corollary 1 and
Proposition 3, this also means that those assumptions are not too strong to be used in real
applications.

The interval ranges of non-normal fuzzy sets comprise an important tool to handle
the arithmetic of non-normal fuzzy sets. The future research will focus on the applications
by using non-normal fuzzy sets and will solve the difficulty caused by the different forms
of the interval ranges of non-normal fuzzy sets.

Funding: The APC was funded by NSTC Taiwan.

Conflicts of Interest: The author declares no conflict of interest.

References

1. Dubois, D.; Prade, H. A Review of Fuzzy Set Aggregation Connectives. Inf. Sci. 1985, 36, 85–121. [CrossRef]
2. Weber, S. A General Concept of Fuzzy Connectives, Negations and Implications Based on t-Norms and t-Conorms. Fuzzy Sets

Syst. 1983, 11, 115–134. [CrossRef]
3. Dubois, D.; Prade, H. Possibility Theory; Springer: New Yourk, NY, USA, 1988.
4. Klir, G.J.; Yuan, B. Fuzzy Sets and Fuzzy Logic: Theory and Applications; Prentice-Hall: New York, NY, USA, 1995.
5. Gebhardt, A. On Types of Fuzzy Numbers and Extension Principles. Fuzzy Sets Syst. 1995, 75, 311–318. [CrossRef]
6. Fullér, R.; Keresztfalvi, T. On Generalization of Nguyen’s Theorem. Fuzzy Sets Syst. 1990, 41, 371–374. [CrossRef]
7. Mesiar, R. Triangular-Norm-Based Addition of Fuzzy Intervals. Fuzzy Sets Syst. 1997, 91, 231–237. [CrossRef]
8. Ralescu, D.A. A generalization of the representation theorem. Fuzzy Sets Syst. 1992, 51, 309–311. [CrossRef]
9. Yager, R.R. A Characterization of the Extension Principle. Fuzzy Sets Syst. 1986, 18, 205–217. [CrossRef]
10. Wu, H.-C. Generalized Extension Principle for Non-Normal Fuzzy Sets. Fuzzy Optim. Decis. Mak. 2019, 18, 399–432. [CrossRef]
11. Coroianua, L.; Fuller, R. Nguyen Type Theorem For Extension Principle Based on a Joint Possibility Distribution. Int. J. Approx.

Reason. 2018, 95, 22–35. [CrossRef]
12. Coroianua, L.; Fuller, R. Necessary and Sufficient Conditions for The Equality of Interactive and Non-Interactive Extensions of

Continuous Functions. Fuzzy Sets Syst. 2018, 331, 116–130. [CrossRef]
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1 Department of Algebra and Geometry, Baku State University, Baku AZ 1148, Azerbaijan; baysadi@gmail.com
2 Department of Mathematics, Kocaeli University, Kocaeli 41380, Turkey; carasgunduz@gmail.com
3 Faculty of Sciences and Mathematics, University of Niš, 18000 Niš, Serbia
* Correspondence: lkocinac@gmail.com
† These authors contributed equally to this work.

Abstract: In this paper, we study the concept of interval-valued fuzzy set on the family SS(X, E) of
all soft sets over X with the set of parameters E and examine its basic properties. Later, we define
the concept of interval-valued fuzzy topology (cotopology) τ on SS(X, E). We obtain that each
interval-valued fuzzy topology is a descending family of soft topologies. In addition, we study some
topological structures such as interval-valued fuzzy neighborhood system of a soft point, base and
subbase of τ and investigate some relationships among them. Finally, we give some concepts such as
direct sum, open mapping and continuous mapping and consider connections between them. A few
examples support the presented results.

Keywords: interval-valued fuzzy topology (cotopology); interval-valued fuzzy neighborhood; base;
subbase; continuous mapping; direct sum

MSC: 54A40; 54A05; 03E72; 06D72

1. Introduction

The concept of interval-valued fuzzy set was given by Zadeh [1]. This set is an exten-
sion of fuzzy sets in the sense that the values of the membership degrees are intervals of
numbers instead of the numbers. Chang [2] introduced the concept of fuzzy topology in
1968. But, since the concept of openness of a fuzzy set was not given, Samanta et al. [3,4]
introduced the concept of gradation of openness (closedness) of a fuzzy set in 1992. Further-
more, the concept of intuitionistic gradation of openness of fuzzy sets in Sostak’s sense [5]
was defined by some researchers [6–8]. In [9], D. L. Shi et al. introduced the concept
of ordinary interval-valued fuzzifying topology and investigated some of its important
properties. It is known that to describe and deal with uncertainties, a lot of mathematical
approaches put forward a proposal such as probability theory, fuzzy set theory, rough
set theory, interval set theory etc. But all these theories have inherent difficulties. In [10],
Molodtsov presented soft set theory in order to overcome difficulties affecting the existing
methods. Later, many papers were written on soft set theory. Since soft set theory has many
application areas, it has progressed very quickly until today. Maji et al. [11] defined some
operations on soft sets. In recent years, topological structures of soft sets have been studied
by some authors. M. Shabir and M. Naz [12] have initiated the concept of soft topological
space. A large number of papers was devoted to the study of soft topological spaces from
various aspects [13–22]. Moreover, C.G. Aras et al. [23] gave the definition of gradation of
openness τ which is a mapping from SS(X, E) to [0, 1] which satisfies some conditions and
showed that a fuzzy topological space gives a parameterized family of soft topologies on X.
Also, S. Bayramov et al. [24] gave the concepts of continuous mapping, open mapping and
closed mapping by using soft points in intuitionistic fuzzy topological spaces.

The importance and applications of interval-valued analysis is given in the book [25].
Our aim in this paper is to demonstrate applications of interval-valued mathematics in
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the context of fuzzy and soft topologies. We study the concept of interval-valued fuzzy
set on the family SS(X, E) of all soft sets over X and examine its basic properties. We
also define the concept of interval-valued fuzzy topology τ (called also cotopology) on
SS(X, E). We prove that each interval-valued fuzzy topology is actually a descending
family of soft topologies. Further, we study some topological structures such as interval-
valued fuzzy neighborhood system of a soft point, base and subbase of τ and investigate
some relationships among them. Finally, we give some concepts such as direct sum, open
mappings and continuous mappings and consider connections between them.

2. Preliminaries

In this section we give basic notions about soft sets and soft topology which will be
used in the sequel.

Definition 1 ([10]). Let X be a set, called an initial universal set, and E a nonempty set, called the
set of parameters. A pair (F, E) is called a soft set over X, where F : E → P(X) is a mapping from
E into a power set of X.

The family of all soft sets over X with the set of parameters E is denoted by SS(X, E).

Definition 2 ([11]). If for all e ∈ E, F(e) = ∅, (F, E) is said to be the null soft set denoted by Φ.
If for all e ∈ E, F(e) = X, then (F, E) is said to be the absolute soft set denoted by X̃.

Definition 3 ([14,16]). Let (F, E) be a soft set over X. The soft set (F, E) is called a soft point if
for some element e ∈ E, F(e) = {x} and F(e′) = ∅ for all e′ ∈ E \ {e}(briefly denoted by xe).

Note that since each soft set can be expressed as a union of soft points, to give the
family of all soft sets on X it is sufficient to give only soft points on X.

Notice that in the literature there are other definitions of soft points, but we think that
our approach gives an easier applications of these points.

Definition 4 ([14]). The soft point xe is said to belong to the soft set (F, E), denoted by xe∈̃(F, E),
if xe(e) ∈ F(e), i.e., {x} ⊆ F(e).

Definition 5 ([12]). A soft topology on a non-empty set X is a collection τ of soft sets over X with
a set of parameters E satisfying the following axioms:

(ST1) X̃ and Φ belong to τ;
(ST2) The soft intersection of finitely many members in τ belongs to τ;
(ST3) The soft union of any family of members in τ belongs to τ.

The triple (X, τ, E) is called a soft topological space. Members of τ are called soft open sets.

Notice that if (X, τ, E) is a soft topological space, then τe = {F(e) : (F, E) ∈ τ} defines
a topology on X, for each e ∈ E. This topology is called e-parametric topology [12].

Throughout this paper, I denotes the closed unit interval [0, 1], and [I] represents the
set of all closed subintervals of I. The members of [I] are called interval numbers and are
denoted by ã, b̃, c̃, ... Here ã ∈ [I], ã = [a−, a+] and 0 ≤ a− ≤ a+ ≤ 1. Especially, if a− = a+,
then we take ã = a. Also, it is defined an order relation ≤, on [I] as follows:

(1)
(
∀ã, b̃ ∈ [I]

)
ã ≤ b̃ ⇐⇒ a− ≤ b−, a+ ≤ b+,

(2)
(
∀ã, b̃ ∈ [I]

)
ã = b̃ ⇐⇒ ã ≤ b̃ and b̃ ≤ ã, (i.e., a− = b−, a+ = b+),

(3) For any ã, b̃ ∈ [I], maximum and minimum of ã, b̃, respectively

ã ∨ b̃ =
[
a− ∨ b−, a+ ∨ b+

]
,

ã ∧ b̃ =
[
a− ∧ b−, a+ ∧ b+

]
.

36



Axioms 2023, 12, 692

Let {ãi}i∈J ⊂ [I]. Then inf and sup of {ãi}i∈J are defined as follows:

∧
i∈J

ãi =

⎡⎣∧
i∈J

a−j ,
∧
i∈J

a+j

⎤⎦,

∨
i∈J

ãi =

⎡⎣∨
i∈J

a−j ,
∨
i∈J

a+j

⎤⎦.

Also, for each ã ∈ [I], the complement of ã, denoted by ãc, is defined as:

ãc =
[
1− a+, 1− a−

]
.

3. Introduction to Interval-Valued Topology on Soft Sets

We introduce now the main notion in this paper, the notion of interval-valued fuzzy
topology on the set SS(X, E).

Definition 6. A mapping A : SS(X, E)→ [I] is called an interval-valued fuzzy set in SS(X, E)
and is denoted briefly as IVFS.

Let [I]SS(X,E) represent the set of all IVFSs in SS(X, E). For each A ∈ [I]SS(X,E) and
(F, E) ∈ SS(X, E). A(F, E) = [A−(F, E), A+(F, E)] is a closed interval. Thus A−, A+ :
SS(X, E) → I are two fuzzy sets. For each A ∈ [I]SS(X,E), we write A = [A−, A+]. In
particular, 0̃, 1̃ denote the interval-valued fuzzy empty set and the interval-valued fuzzy
whole set in SS(X, E), respectively.

Now we give the relations ⊂ and = on [I]SS(X,E) as follows:(
∀A, B ∈ [I]SS(X,E)

)
[A ⊂ B ⇐⇒ (∀(F, E) ∈ SS(X, E)) A(F, E) ≤ B(F, E)],(

∀A, B ∈ [I]SS(X,E)
)
[A = B ⇐⇒ (∀(F, E) ∈ SS(X, E)) A(F, E) = B(F, E)].

Definition 7. Let A ∈ [I]SS(X,E) and {Ai}i∈J be arbitrary subfamily of [I]SS(X,E). The comple-
ment, union and intersection of A are denoted by Ac,

⋃
i∈J

Ai and
⋂
i∈J

Ai, respectively, are defined for

each (F, E) ∈ SS(X, E) as follows respectively,

Ac(F, E) =
[
1− A+(F, E), 1− A−(F, E)

]
,⎛⎝⋃

i∈J
Ai

⎞⎠(F, E) =
∨
i∈J

Ai(F, E),

⎛⎝⋂
i∈J

Ai

⎞⎠(F, E) =
∧
i∈J

Ai(F, E).

Proposition 1. Let A, B, C ∈ [I]SS(X,E) and {Ai}i∈J ⊂ [I]SS(X,E). Then the following state-
ments hold:

(1) 0̃ ⊂ A ⊂ 1̃,
(2) A ∪ B = B ∪ A, A ∩ B = B ∩ A,
(3) A ∪ (B ∪ C) = (A ∪ B) ∪ C, A ∩ (B ∩ C) = (A ∩ B) ∩ C,
(4) A, B ⊂ A ∪ B, A ∩ B ⊂ A, B,

(5) A ∩
(⋃

i∈J
Ai

)
=
⋃
i∈J

(A ∩ Ai), A ∪
(⋂

i∈J
Ai

)
=
⋂
i∈J

(A ∪ Ai),

(6)
(

0̃
)c

= 1̃,
(

1̃
)c

= 0̃,

(7) (Ac)c = A,
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(8)

(⋃
i∈J

Ai

)c

=
⋂
i∈J

Ac
i ,

(⋂
i∈J

Ai

)c

=
⋃
i∈J

Ac
i .

Proof. It is immediately obtained.

Definition 8. A mapping τ = [τ−, τ+] : SS(X, E) → [I] is called an interval-valued fuzzy
topology over SS(X, E) if it satisfies the following conditions:

(1) τ(Φ) = τ
(

X̃
)
= 1,

(2) τ((F, E) ∩ (G, E)) ≥ τ(F, E) ∧ τ(G, E), ∀(F, E), (G, E) ∈ SS(X, E),

(3) τ

(⋃
i∈J

(Fi, E)

)
≥ ∧

i∈J
τ(Fi, E), ∀{(Fi, E)}i∈J ⊂ SS(X, E).

The interval-valued fuzzy topology is denoted briefly IVFT and the triple (X, τ, E) is
called an interval-valued fuzzy topological space over SS(X, E) (in short IVFTS)

It is clear that τ ∈ IVFT consists of two fuzzy topologies over SS(X, E), τ− and τ+.
Also, for each (F, E) ∈ SS(X, E), τ−(F, E) ≤ τ+(F, E).

Example 1. Let X = {x, y, z} and E = {e}. The set of all soft points on X is {xe, ye, ze}. Then
the soft sets are:

F1(e) = {x}, F2(e) = {y}, F3(e) = {z}, F4(e) = {x, y},
F5(e) = {x, z}, F6(e){y, z}, F7(e) = ∅, F8(e) = X.

Define the mapping τ : SS(X, E)→ [I] as follows:

τ(Φ) = τ
(

X̃
)
= 1,

τ(F1) = [0.2, 0.5],

τ(F2) = [0.3, 0.4],

τ(F3) = [0.4, 0.5],

τ(F4) = [0.2, 0.4],

τ(F5) = [0.3, 0.5],

τ(F6) = [0.3, 0.5].

Then it is clear that τ is an IVFT.

Example 2. Let X = {x} and E = {a, b, c}. The set of all soft points on X is {xa, xb, xc}. Then
the soft sets are

F1(a) = {x}, F1(b) = ∅, F1(c) = ∅,

F2(a) = ∅, F2(b) = {x}, F2(c) = ∅,

F3(a) = ∅, F3(b) = ∅, F3(c) = {x},

F4(a) = {x}, F4(b) = {x}, F4(c) = ∅,

F5(a) = {x}, F5(b) = ∅, F5(c) = {x},

F6(a) = ∅, F6(b) = {x}, F6(c) = {x},

F7 = Φ, F8 = X̃.

We define the mapping τ : SS(X, E)→ [I] as follows:
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τ(Φ) = τ
(

X̃
)
= 1,

τ(F1) = [0.3, 0.5],

τ(F2) = [0.2, 0.4],

τ(F3) = [0.3, 0.6],

τ(F4) = [0.2, 0.5],

τ(F5) = [0.4, 0.5],

τ(F6) = [0.2, 0.4].

Then it is clear that τ is an IVFT.

Definition 9. A mapping C = (μC, υC) : SS(X, E) → [I] is called an interval-valued fuzzy
cotopology (in short IVFCT) over SS(X, E) if it satisfies the following conditions:

(1) C(Φ) = C
(

X̃
)
= 1,

(2) C((F, E) ∪ (G, E)) ≥ C(F, E) ∧ C(G, E), ∀(F, E), (G, E) ∈ SS(X, E),

(3) C

(⋂
i∈J

(Fi, E)

)
≥ ∧

i∈J
C(Fi, E), ∀{(Fi, E)}i∈J ⊂ SS(X, E).

The triple (X, C, E) is called an interval-valued fuzzy cotopological space over SS(X, E)
and denoted by IVFCTS.

Proposition 2. (1) If τ : SS(X, E) → [I] is an IVFT, then C(F, E) = τ
(
(F, E)c) is a IVFCT,

∀(F, E) ∈ SS(X, E).
(2) If C : SS(X, E)→ [I] is an IVFCT, then τ(F, E) = C

(
(F, E)c) is an IVFT, ∀(F, E) ∈

SS(X, E).

Proof. (1) It is clear that

C(Φ) = τ(Φc) = τ
(

X̃
)
= 1,

C
(

X̃
)
= τ

(
X̃c
)
= τ(Φ) = 1.

C((F, E) ∪ (G, E)) = τ
(
((F, E) ∪ (G, E))c) = τ

(
(F, E)c ∩ (G, E)c)

≥ τ
(
(F, E)c) ∧ τ

(
(G, E)c) = C(F, E) ∧ C(G, E).

C

⎛⎝⋂
i∈J

(Fi, E)

⎞⎠ = τ

⎛⎝⎛⎝⋂
i∈J

(Fi, E)

⎞⎠c⎞⎠ = τ

⎛⎝⋃
i∈J

(Fi, E)c

⎞⎠
≥ ∧

i∈J
τ(Fi, E)c =

∧
i∈J

C(Fi, E).

(2) The proof is done similarly to (1).

Definition 10. Let (X, τ, E) be an IVFTS and ã ∈ [I]. We define two families τã and τ∗ã as
follows, respectively:

(1) τã = {(F, E) ∈ SS(X, E) : τ(F, E) ≥ ã},
(2) τ∗ã = {(F, E) ∈ SS(X, E) : τ(F, E) > ã}.

Proposition 3. Let (X, τ, E) be an IVFTS and ã, b̃ ∈ [I]. Then:
(1) τã is a soft topology.
(2) If ã ≤ b̃, then τ̃b ⊂ τã.
(3) τã =

⋂
b̃<ã

τ̃b, where ã 	= 0.

(4) τ∗ã is a soft topology.
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(5) If ã ≤ b̃, then τ∗
b̃
⊂ τ∗ã .

(6) τ∗ã . =
⋃

ã<b̃
τ∗

b̃
, where ã 	= 1.

Thus each interval-valued fuzzy topology is a descending family of soft topologies.

Proof. The proofs of (1), (2), (4) and (5) are clear.
(3) From (2), {τã}ã 	=0 is a descending family of soft topologies. Then for each ã 	= 0,

SS(X, E)
τã ⊂

⋂
b̃<ã

τ̃b . (i)

Suppose that (F, E) /∈ τã. Then τ(F, E) < ã. Hence there exists b̃ 	= 0 such that
τ(F, E) < b̃ < ã. So (F, E) /∈ τ̃b for b̃ < ã. Thus (F, E) /∈ ⋂

b̃<ã
τ̃b is obtained, i.e.,

⋂
b̃<ã

τ̃b ⊂ τã. (ii)

Hence from (i) and (ii), τã =
⋂

b̃<ã
τ̃b, where ã 	= 0.

(6) The proof is obtained similarly to the proof of (3).

Remark 1. It is clear that for each τ ∈ IVFT, {τã}ã∈[I] is a descending family of soft topologies.

Proposition 4. Let {τã}ã∈[I] be a descending family of soft topologies on X. We define the mapping
τ : SS(X, E)→ [I] as follows: for each (F, E) ∈ SSS(X, E),

τ(F, E) =
∨

(F,E)∈τã

ã.

Then τ ∈ IVFT.

Proof. Obviously τ(Φ) = τ
(

X̃
)
= 1 is met.

Suppose (F, E), (G, E) ∈ SS(X, E) such that τ(F, E) = ã and τ(G, E) = b̃. If ã = 0 or
b̃ = 0, then

τ−((F, E) ∩ (G, E)) ≥ τ−(F, E) ∧ τ−(G, E),

τ+((F, E) ∩ (G, E)) ≥ τ+(F, E) ∧ τ+(G, E).

Thus τ((F, E) ∩ (G, E)) ≥ τ(F, E) ∧ τ(G, E). Since

τ(F, E) =
∨

(F,E)∈τã

ã =
∨

(F,E)∈τã

[a−, a+],

we can find ε > 0, c̃1 and c̃2 such that

a− − ε < c−1 ≤ a−, a+ − ε < c+1 ≤ a+,

b− − ε < c−2 ≤ b−, b+ − ε < c+2 ≤ b+

and (F, E) ∈ ττc−1
, (G, E) ∈ ττc−2

. Let

c− = c−1 ∧ c−2 , c+ = c+1 ∧ c+2 ,

d− = a− ∧ b−, d+ = a+ ∧ b+.
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Then c̃ ≤ ã, c̃ ≤ b̃. Since {τã}ã∈[I] is a descending family, then τã, τ̃b ⊂ τc̃. Since (F, E) ∈ τã,
(G, E) ∈ τ̃b, then (F, E) ∩ (G, E) ∈ τc̃. So we have

τ−((F, E) ∩ (G, E)) ≥ c− > d− − ε,

τ+((F, E) ∩ (G, E)) ≥ d+ > d+ − ε.

Since ε > 0 was arbitrary,

τ−((F, E) ∩ (G, E)) ≥ c− ≥ d− = a− ∧ b−,

τ+((F, E) ∩ (G, E)) ≥ d+ = a+ ∧ b+.

Hence τ((F, E) ∩ (G, E)) ≥ τ(F, E) ∧ τ(G, E) is obtained.
Finally, let {(Fi, E)}i∈J ⊂ SS(X, E) and τ(Fi, E) = ãi, ã =

∧
i∈J

ãi. If ã = 0, then obviously

τ

⎛⎝⋃
i∈J

(Fi, E)

⎞⎠ ≥ 0 =
∧
i∈J

τ(Fi, E).

If ã > 0, choose ε > 0 such that ã > ε. Then for i ∈ J, 0 < a− − ε < a−i and 0 < a+ − ε <

a+i . Thus (Fi, E) ∈ τ[a−−ε,a+−ε]. So
⋃
i∈J

(Fi, E) ∈ τ[a−−ε,a+−ε] and τ−
(⋃

i∈J
(Fi, E)

)
≥ a− − ε,

τ+

(⋃
i∈J

(Fi, E)

)
≥ a+ − ε. Since ε > 0 was arbitrary,

τ−
⎛⎝⋃

i∈J
(Fi, E)

⎞⎠ ≥ a− =
∧
i∈J

τ−(Fi, E),

τ+

⎛⎝⋃
i∈J

(Fi, E)

⎞⎠ ≥ a+ =
∧
i∈J

τ+(Fi, E).

Hence τ

(⋃
i∈J

(Fi, E)

)
≥ ∧

i∈J
τ(Fi, E) is met.

Theorem 1. Let (X, τ, E) be an IVFTS and let Y ⊂ X. We define the mapping τY : SS(Y, E)→
[I] as follows: for each (F, E) ∈ SS(Y, E),

τY(F, E) =
∧

(G, E) ∈ SS(X, E)
(F, E) = (G, E) ∩ Ỹ

τ(G, E).

Then (X, τ, E) ∈ IVFT and τY(F, E) ≥ τ(F, E) for each (F, E) ∈ SS(Y, E). Then (Y, τY, E) is
said to be an interval-valued fuzzy subspace of (X, τ, E), and τY is said to be induced interval-valued
fuzzy topology on Y by τ.

Proof. It is obvious that τY(Φ) = τY

(
Ỹ
)
= 1. Let (F, E), (G, E) ∈ SS(Y, E). Then
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τY(F, E) ∧ τY(G, E) =

⎛⎜⎜⎜⎜⎜⎜⎝
∧

(C1, E) ∈ SS(X, E)
(F, E) = (C1, E) ∩ Ỹ

τ(C1, E)

⎞⎟⎟⎟⎟⎟⎟⎠

∧

⎛⎜⎜⎜⎜⎜⎜⎝
∧

(C2, E) ∈ SS(X, E)
(G, E) = (C2, E) ∩ Ỹ

τ(C2, E)

⎞⎟⎟⎟⎟⎟⎟⎠
=

∧
(C1, E), (C2, E) ∈ SS(X, E)

(F, E) ∩ (G, E) = ((C1, E) ∩ (C2, E)) ∩ Ỹ

[τ(C1, E) ∧ τ(C2, E)]

≤ ∧
(C1, E), (C2, E) ∈ SS(X, E)

(F, E) ∩ (G, E) = ((C1, E) ∩ (C2, E)) ∩ Ỹ

[τ((C1, E) ∩ (C2, E))]

= τY((F, E) ∩ (G, E)).

Now, let {(Fi, E)}i∈J ⊂ SS(Y, E). Then

τY

⎛⎝⋃
i∈J

(Fi, E)

⎞⎠ =
∧

(Bi, E) ∈ SS(X, E)⋃
i∈J

(Fi, E) =
⋃
i∈J

(Bi, E) ∩ Ỹ

τ

⎛⎝⋃
i∈J

(Bi, E)

⎞⎠

≥ ∧
(Bi, E) ∈ SS(X, E)⋃

i∈J
(Fi, E) =

⋃
i∈J

(Bi, E) ∩ Ỹ

⎛⎝∧
i∈J

τ(Bi, E)

⎞⎠

=
∧
i∈J

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
∧

(Bi, E) ∈ SS(X, E)⋃
i∈J

(Fi, E) =
⋃
i∈J

(Bi, E) ∩ Ỹ

τ(Bi, E)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

∧
i∈J

τY(Fi, E).

Also, for each (F, E) ∈ SS(Y, E), τY(F, E) ≥ τ(F, E) is satisfied.

4. Interval-Valued Neighborhood Structures

In this section we define and study the concept of interval-valued fuzzy neighborhood
system of a soft point.

Definition 11. Let (X, τ, E) be an IVFTS and let xe be a soft point. Then a mapping Nxe :
SS(X, E)→ [I] is called the interval-valued fuzzy neighborhood system of xe if for each (F, E) ∈
SS(X, E),

Nxe =
∨

xe∈(G,E)⊂(F,E)

τ(G, E).
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Proposition 5. Let (X, τ, E) be an IVFTS and let (F, E) ∈ SS(X, E). Then∧
xe∈(F,E)

∨
xe∈(G,E)⊂(F,E)

τ(G, E) = τ(F, E).

Proof. Since (F, E) =
⋃

xe∈(F,E)
{xe}, it is clear that

∧
xe∈(F,E)

⎛⎝ ∨
xe∈(G,E)⊂(F,E)

τ(G, E)

⎞⎠ ≥ τ(F, E).

Let Gxe = {(G, E) ∈ SS(X, E) : xe ∈ (G, E) ⊂ (F, E)}. If f ∈ ∏
xe∈(F,E)

Gxe , then obviously⋃
xe∈(F,E)

f (xe) = (F, E). Then

∧
xe∈(F,E)

τ( f (xe)) ≤ τ

⎛⎝ ⋃
xe∈(F,E)

f (xe)

⎞⎠ = τ(F, E).

So ∧
xe∈(F,E)

⎛⎝ ∨
xe∈(G,E)⊂(F,E)

τ(G, E)

⎞⎠ =
∨

f∈ ∏
xe∈(F,E)

Gxe

⎛⎝ ∧
xe∈(F,E)

τ( f (xe))

⎞⎠ ≤ τ(F, E).

Hence ∧
xe∈(F,E)

⎛⎝ ∨
xe∈(G,E)⊂(F,E)

τ(G, E)

⎞⎠ = τ(F, E).

Definition 12. Let (X, τ, E) be an IVFTS.
(1) β : SS(X, E) → [I] is called a base of τ if β satisfies the following condition: (F, E) ∈

SS(X, E)
τ(F, E) =

∨
⋃

i∈J
(Gi ,E)=(F,E)

∧
i∈J

β(Gi, E).

(2) ϕ : SS(X, E)→ [I] is called a subbase of τ if ϕ̃ : SS(X, E)→ [I] is a base of τ, where

ϕ̃(F, E) =
∨

⋂
i∈J

(Gi ,E)=(F,E)

∧
i∈J

ϕ(Gi, E)

and J is a finite set.

We now give an example of a base for a topology.

Example 3. Let X = {x}, E = {e1, e2, e3}. The set of soft points in X is {xe1 , xe2 , xe3}. Let
ã ∈ [I] be fixed. We define the mapping τ : SS(X, E) → [I] as follows: for (F, E) ∈ SS(X, E)
we set

τ(F, E) =
{

1, if (F, E) ∈ {Φ, X̃, {xe2}, {xe1 , xe2}, {xe2 , xe3}},
ã, otherwise.

The mapping β : SS(X, E)→ [I] defined by

β(F, E) = 1, if (F, E) ∈ {{xe2}, {xe1 , xe2}, {xe2 , xe3}}
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is a base for τ.

Theorem 2. Let (X, τ, E) be an IVFTS and let β : SS(X, E) → [I] be a mapping such that
β ⊂ τ. Then β is an interval-valued fuzzy base for τ if and only if for each soft point xe and each
(F, E) ∈ SS(X, E),

Nxe(F, E) ≤ ∨
xe∈(G,E)⊂(F,E)

β(G, E).

Proof. Let β be an interval-valued fuzzy base for τ, xe be a soft point and (F, E) ∈
SS(X, E), xe ∈ (F, E). Thus from the definition of interval-valued fuzzy neighborhood
system of xe,

Nxe(F, E) =
∨

xe∈(G,E)⊂(F,E)

τ(G, E)

=
∨

xe∈(G,E)⊂(F,E)

∨
⋃

i∈J
(Gi ,E)=(G,E)

∧
i∈J

β(Gi, E).

If xe ∈ (G, E) =
⋃
i∈J

(Gi, E), then there is i0 ∈ J such that xe ∈
(
Gi0 , E

)
. Hence

∧
i∈J

β(Gi, E) ≤ β
(
Gi0 , E

) ≤ ∨
xe∈(G,E)⊂(F,E)

β(G, E).

So
Nxe(F, E) ≤ ∨

xe∈(G,E)⊂(F,E)

β(G, E)

is obtained.
Conversely, suppose the condition of necessary holds and for (F, E) ∈ SS(X, E),

(F, E) =
⋃
i∈J

(Gi, E).

Then
τ(F, E) ≥ ∧

i∈J
τ(Gi, E) ≥ ∧

i∈J
β(Gi, E).

Hence
τ(F, E) ≥ ∨

⋃
i∈J

(Gi ,E)=(F,E)

∧
i∈J

β(Gi, E) (i)

On the other hand, from Proposition 5,

τ(F, E) =
∧

xe∈(F,E)

∨
xe∈(G,E)⊂(F,E)

τ(G, E)

=
∧

xe∈(F,E)

Nxe(F, E)

≤ ∧
xe∈(F,E)

∨
xe∈(G,E)⊂(F,E)

β(G, E)

=
∨

f∈ ∏
xe∈(F,E)

Gxe

⎛⎝ ∧
xe∈(F,E)

β( f (xe))

⎞⎠.
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So, for each f ∈ ∏
xe∈(F,E)

Gxe , since (F, E) =
⋃

xe∈(F,E)
f (xe),

∨
f∈ ∏

xe∈(F,E)
Gxe

⎛⎝ ∧
xe∈(F,E)

β( f (xe))

⎞⎠ =
∨

⋃
i∈J

(Gi ,E)=(F,E)

∧
i∈J

β(Gi, E).

Therefore
τ(F, E) ≤ ∨

⋃
i∈J

(Gi ,E)=(F,E)

∧
i∈J

β(Gi, E). (ii)

Hence from (i) and (ii),
τ(F, E) =

∨
⋃

i∈J
(Gi ,E)=(F,E)

∧
i∈J

β(Gi, E),

i.e., β is an interval-valued fuzzy base for τ.

Theorem 3. If β : SS(X, E)→ [I] satisfies the following conditions:
(1) β(Φ) = β

(
X̃
)
= 1,

(2) β((F, E) ∩ (G, E)) ≥ β(F, E) ∧ β(G, E), ∀(F, E), (G, E) ∈ SS(X, E), then

τβ(F, E) =
∨

⋃
i∈J

(Gi ,E)=(F,E)

∧
i∈J

β(Gi, E)

is an interval-valued fuzzy topology and β is a base of τβ.

Proof. From the condition (1), τβ(Φ) = τβ

(
X̃
)
= 1 hold. For ∀(F, E), (G, E) ∈ SS(X, E),

τβ(F, E) ∧ τβ(G, E) =

⎛⎜⎜⎝ ∨
⋃

i∈J1
(Fi ,E)=(F,E)

∧
i∈J

β(Fi, E)

⎞⎟⎟⎠

∧

⎛⎜⎜⎜⎝ ∨
⋃

j∈J2
(Gj ,E)=(G,E)

∧
j∈J

β
(
Gj, E

)
⎞⎟⎟⎟⎠

=
∨

⋃
i∈J1

(Fi ,E)=(F,E)

∨
⋃

j∈J2
(Gj ,E)=(G,E)

⎛⎝⎛⎝∧
i∈J1

β(Fi, E)

⎞⎠ ∧
⎛⎝∧

j∈J2

β
(
Gj, E

)⎞⎠⎞⎠

≤ ∨
⋃

i∈J1,j∈J2
((Fi ,E)∩(Gj ,E))=(F,E)∩(G,E)

⎛⎝ ∧
i∈J1,j∈J2

β
(
(Fi, E) ∩ (Gj, E

))⎞⎠

≤ ∨
⋃

k∈J3
(Hk ,E)(Hk ,E)=(F,E)∩(G,E)

⎛⎝ ∧
k∈J3

β(Hk, E)

⎞⎠
= τβ((F, E) ∩ (G, E)).
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is obtained. Let let {(Fi, E)}i∈J ⊂ SS(X, E). We consider a family

Bi =

⎧⎨⎩{(Gli , E
)}

: li ∈ Ji :
⋃

li∈Ji

(
Gli , E

)
= (Fi, E)

⎫⎬⎭.

Then
(F, E) =

⋃
i∈J

(Fi, E) =
⋃
i∈J

⋃
li∈Ki

(
Gli , E

)
.

For an arbitrary f ∈ ∏
i∈J

Bi, since
⋃
i∈J

⋃(
Gli

,E
)
∈ f (i)

(
Gli , E

)
=
⋃
i∈J

(Fi, E),

τβ(F, E) =
∨

⋃
l∈J

(Gl ,E)=(F,E)

∧
l∈J

β(Gl , E)

≥ ∨
f∈∏

i∈J
Bi

∧
i∈J

∧
(

Gli
,E
)
∈ f (i)

β
(
Gli , E

)
=

∧
i∈J

∧
{(

Gli
,E
)

:li∈Ji

}
∧

li∈Ji

β
(
Gli , E

)
=

∧
i∈J

τβ(Fi, E)

is obtained. Thus τβ is an interval-valued fuzzy topology. It is clear that β is a base of τβ.

5. Mappings

In this section we define and study continuous and open mappings between interval-
valued fuzzy topological spaces.

Definition 13. Let (X, τ, E) and (Y, ζ, E∗) be two IVFTSs and ( f , ϕ) : (X, τ, E) → (Y, ζ, E∗)
be a mapping. Then ( f , ϕ) is called a continuous mapping at the soft point xe ∈ (X, E) if for each
arbitrary soft set ( f , ϕ)(xe) = ( f (x))ϕ(e) ∈ (G, E∗) ∈ SS(Y, E∗), there exists (F, E) ∈ SS(X, E)
such that

τ(F, E) ≥ ζ(G, E∗) and ( f , ϕ)(F, E) ⊂ (G, E∗).

( f , ϕ) is called a continuous mapping if ( f , ϕ) is a continuous mapping for each soft point.

The following example illustrates the definition of continuity.

Example 4. Let X = {x, y}, E = {e}. The set of all soft points in X is {xe, ye}, and the soft
sets are

F1(e) = {x}, F2(e) = {y}, F3(e) = Φ, F4(e) = X̃.

Let Y = {u}, E′ = {e′1, e′2}. The soft sets in Y are:

G1(e′1) = u, G1(e′2) = Φ,
G2(e′1) = Φ, G2(e′2) = u,

G3(e′1) = G3(e′2) = Ỹ,
G4(e′1) = G4(e′2) = Φ.

Define τ : SS(X, E)→ [I] and τ′ : SS(Y, E′)→ [I] by

τ(F1, E) = [0.1, 0.6], τ(F2, E) = [0.3, 0.5], τ(F3, E) = τ(F4, E) = 1;
τ′(G1, E′) = [0.2, 0.7], τ′(G2, E′) = [0.4, 0.6], τ′(G3, E′) = τ′(G4, E′) = 1.

Consider mappings f : X → Y and ϕ : E → E′ defined by
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f (x) = f (y) = u,
ϕ(e) = e′1.

Then ( f , ϕ) : (X, τ, E)→ (Y, τ′, E′) is a continuous mapping. Indeed, we have

( f , ϕ)−1(G1, E′)(e) = f−1(G1(ϕ(e))) = f−1(u) = {x, y},
τ
(
( f , ϕ)−1(G1, E′)

)
= 1 ≥ τ′(G1, E′);

( f , ϕ)−1(G2, E′)(e) = f−1(G2(ϕ(e))) = f−1(Φ) = Φ,
τ
(
( f , ϕ)−1(G2, E′)

)
= 1 ≥ τ′(G2, E′).

Theorem 4. Let (X, τ, E) and (Y, ζ, E∗) be two IVFTSs and ( f , ϕ) : (X, τ, E) → (Y, ζ, E∗) be
a mapping. Then ( f , ϕ) is a continuous mapping if and only if

τ
(
( f , ϕ)−1(G, E∗)

)
≥ ζ(G, E∗)

is satisfied for each (G, E∗) ∈ SS(Y, E∗).

Proof. Let ( f , ϕ) be a continuous mapping and ∀(G, E∗) ∈ SS(Y, E∗). Suppose xe ∈
( f , ϕ)−1(G, E∗) be an arbitrary soft point. Since ( f , ϕ) is a continuous mapping, there
exists xe ∈ (F, E) ∈ SS(X, E) such that

τ(F, E) ≥ ζ(G, E∗) and ( f , ϕ)(F, E) ⊂ (G, E∗).

Then

( f , ϕ)−1(G, E∗) =
⋃

xe∈( f ,ϕ)−1(G,E∗)

xe ⊂
⋃

xe∈( f ,ϕ)−1(G,E∗)

(F, E) ⊂ ( f , ϕ)−1(G, E∗).

We have

τ
(
( f , ϕ)−1(G, E∗)

)
= τ

⎛⎝ ⋃
xe∈( f ,ϕ)−1(G,E∗)

(F, E)

⎞⎠ ≥ ∧τ(F, E) ≥ ζ(G, E∗).

Conversely, let xe ∈ SS(X, E) be an arbitrary soft point and ( f , ϕ)(xe) ∈ (G, E∗). From
the condition of the theorem, xe ∈ ( f , ϕ)−1(G, E∗),

τ
(
( f , ϕ)−1(G, E∗)

)
≥ ζ(G, E∗),

and ( f , ϕ)
(
( f , ϕ)−1(G, E∗)

)
⊂ (G, E∗) hold. So ( f , ϕ) is a continuous mapping.

Theorem 5. Let (X, τ, E) and (Y, ζ, E∗) be two IVFTSs and ( f , ϕ) : (X, τ, E) → (Y, ζ, E∗) be
a mapping. Then ( f , ϕ) is a continuous mapping if and only if for ∀ã = [a−, a+] ∈ [I],

( fa− , ϕa−) : (X, τa− , E)→ (Y, ζa− , E∗),
( fa+ , ϕa+) : (X, τa+ , E)→ (Y, ζa+ , E∗)

are soft continuous mappings.

Proof. Let ( f , ϕ) be a continuous mapping and (G, E∗) ∈ ζ ã. Then ζ(G, E∗) ≥ ã. For each
(G, E∗) ∈ SS(Y, E∗), ζ−(G, E∗) ≥ a−, ζ+(G, E∗) ≥ a+. Since

τ
(
( f , ϕ)−1(G, E∗)

)
≥ ζ(G, E∗) ≥ ã,

then

τ−
(
( f , ϕ)−1(G, E∗)

)
≥ a−, τ+

(
( f , ϕ)−1(G, E∗)

)
≥ a+,

( f , ϕ)−1(G, E∗) ∈ τa− , ( f , ϕ)−1(G, E∗) ∈ τa+ .
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Conversely, suppose that for ∀ã = [a−, a+] ∈ [I],

( fa− , ϕa−) : (X, τa− , E)→ (Y, ζa− , E∗),
( fa+ , ϕa+) : (X, τa+ , E)→ (Y, ζa+ , E∗)

are soft continuous mappings. If for each (G, E∗) ∈ SS(Y, E∗), ζ(G, E∗) = ã, then (G, E∗) ∈
ζ ã, so (G, E∗) ∈ ζa− and (G, E∗) ∈ ζa+ . Since ( fa− , ϕa−), ( fa+ , ϕa+) are continuous map-
pings, ( fa− , ϕa−)

−1(G, E∗) ∈ τa− , ( fa+ , ϕa+)
−1(G, E∗) ∈ τa+ . Then

τ
(
( f , ϕ)−1(G, E∗)

)
≥ ã = ζ(G, E∗),

i.e., ( f , ϕ) is a continuous mapping.

Theorem 6. Let (X, τ, E) and (Y, ζ, E∗) be two IVFTSs and β∗ be an interval-valued fuzzy base
for ζ. Then ( f , ϕ) : (X, τ, E) → (Y, ζ, E∗) is a continuous mapping if and only if β∗(G, E∗) ≤
τ
(
( f , ϕ)−1(G, E∗)

)
for each (G, E∗) ∈ SS(Y, E∗).

Proof. Let ( f , ϕ) : (X, τ, E)→ (Y, ζ, E∗) be a continuous mapping and (G, E∗) ∈ SS(Y, E∗).
Then ζ(G, E∗) ≥ β∗(G, E∗). So,

τ
(
( f , ϕ)−1(G, E∗)

)
≥ ζ(G, E∗) ≥ β∗(G, E∗)

is obtained.
Conversely, let β∗(G, E∗) ≤ τ

(
( f , ϕ)−1(G, E∗)

)
for each (G, E∗) ∈ SS(Y, E∗). Let

(G, E∗) =
⋃
i∈J

(
Gj, E∗

)
. Hence

τ
(
( f , ϕ)−1(G, E∗)

)
= τ

⎛⎝( f , ϕ)−1

⎛⎝⋃
i∈J

(
Gj, E∗

)⎞⎠⎞⎠
= τ

⎛⎝⋃
i∈J

( f , ϕ)−1(Gj, E∗
)⎞⎠

≥ ∧
i∈J

τ
(
( f , ϕ)−1(Gj, E∗

))
≥ ∧

β∗
i∈J

(
Gj, E∗

)
.

So we have τ
(
( f , ϕ)−1(G, E∗)

)
≥ ∨

(G,E∗)=⋃
i∈J
(Gj ,E∗)

∧
β∗

i∈J

(
Gj, E∗

)
= ζ(G, E∗).

Theorem 7. Let (X, τ, E) and (Y, ζζ, E∗) be two IVFTSs and δ∗ be a subbase for ζ. Then ( f , ϕ) :

(X, τ, E) → (Y, ζ, E∗) is a continuous mapping if δ∗(G, E∗) ≤ τ
(
( f , ϕ)−1(G, E∗)

)
is satisfied,

for each (G, E∗) ∈ SS(Y, E∗).
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Proof. For each (G, E∗) ∈ SS(Y, E∗),

δ∗(G, E∗) =
∨

⋃
i∈J

(Gi ,E∗)=(G,E∗)

∧
i∈J

∨
⋂

μ∈A
(Fi ,E∗)=(Gi ,E∗)

∧
μ∈A

ζ
(

Fμ, E∗
)

≤ ∨
⋃

i∈J
(Gi ,E∗)=(G,E∗)

∧
i∈J

∨
⋂

μ∈A
(Fi ,E∗)=(Gi ,E∗)

∧
μ∈A

τ
(
( f , ϕ)−1(Fμ, E∗

))

≤ ∨
⋃

i∈J
(Gi ,E∗)=(G,E∗)

∧
i∈J

τ
(
( f , ϕ)−1(Gi, E∗)

)

≤ ∨
⋃

i∈J
(Gi ,E∗)=(G,E∗)

τ

⎛⎝( f , ϕ)−1

⎛⎝⋃
i∈J

(Gi, E∗)

⎞⎠⎞⎠
= τ

(
( f , ϕ)−1(G, E∗)

)
is obtained.

Definition 14. Let (X, τ, E) and (Y, ζ, E∗) be two IVFTSs and ( f , ϕ) : (X, τ, E) → (Y, ζ, E∗)
be a mapping. Then ( f , ϕ) is called an open mapping if it the following condition

τ(F, E) ≤ ζ(( f , ϕ)(F, E))

is satisfied for each (F, E) ∈ SS(X, E).

Now we give an example of an open mapping.

Example 5. Let X = {x}, E = {e1, e2}; Y = {u, v}, E′ = {e′}.
The soft sets in X are

F1(e1) = {x}, F1(e2) = Φ,
F2(e1) = Φ, F2(e2) = {x},

F3(e1) = F3(e2) = {x},
F4(e1) = F4(e2) = Φ,

and the soft sets in Y are

G1(e′) = {u}, G2(e′) = {v}, G3(e′) = Ỹ, G4(e′) = Φ.

Define topologies τ on X and τ′ on Y by

τ(F1, E) = [0.2, 0.5], τ(F2, E) = [0.1, 0.7], τ(F3, E) = τ(F4, E) = 1;
τ′(G1, E′) = 1, τ′(G2, E′) = [0.4, 0.8], τ′(G3, E′) = τ′(G4, E′) = 1.

Consider mappings f : X → Y and ϕ : E → E′ given by

f (x) = u,
ϕ(e1) = ϕ(e2) = e′.

Then

( f , ϕ)(F1, E)(e′) = f (F1(e1)) ∪ f (F1(e2)) = f (x) = u = G1(e′),
τ(F1, E) = [0.2, 0.5] ≤ τ′(G1, e′) = [1, 1];

( f , ϕ)(F2, E)(e′) = f (F2(e1)) ∪ f (F2(e2)) = f (x) = u = G1(e′),
τ(F2, E) = [0.1, 0.7] ≤ τ′(G1, e′) = [1, 1].

It follows that ( f , ϕ) is an open mapping.
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Theorem 8. Let (X, τ, E) and (Y, ζ, E∗) be two IVFTSs and ( f , ϕ) : (X, τ, E) → (Y, ζ, E∗) be
a mapping and β be a base of τ. If

β(F, E) ≤ ζ(( f , ϕ)(F, E))

is satisfied for each (F, E) ∈ SS(X, E), then ( f , ϕ) is an open mapping.

Proof. For each (F, E) ∈ SS(X, E),

τ(F, E) = τ(F, E) =
∨

⋃
i∈J

(Fi ,E)=(F,E)

∧
i∈J

β(Fi, E)

≤ ∨
⋃

i∈J
(Fi ,E)=(F,E)

∧
i∈J

ζ(( f , ϕ)(Fi, E))

≤ ∨
⋃

i∈J
(Fi ,E)=(F,E)

ζ

⎛⎝( f , ϕ)

⎛⎝⋃
i∈J

(Fi, E)

⎞⎠⎞⎠
= ζ(( f , ϕ)(F, E))

is satisfied.

Theorem 9. Let (Y, ζ, E∗) be an IVFTS and ( f , ϕ) : SS(X, E)→ (Y, ζ, E∗) be a mapping of soft
sets. Then define τ : SS(X, E)→ [I] as follows:

τ(F, E) =
∨

ζ(G, E∗).
( f ,ϕ)−1(G,E∗)=(F,E)

Then τ is an interval-valued fuzzy topology over SS(X, E) and ( f , ϕ) is a continuous mapping.

Proof. It is obvious that τ(Φ) = τ
(

X̃
)
= 1.

τ((F1, E) ∩ (F2, E)) =
∨{

ζ(G, E∗) : ( f , ϕ)−1(G, E∗) = (F1, E) ∩ (F2, E)
}

≥ ∨{
ζ((G1, E∗) ∩ (G2, E∗)) : ( f , ϕ)−1((G1, E∗) ∩ (G2, E∗)) = (F1, E) ∩ (F2, E)

}
≥
(∨{

ζ(G1, E∗) : ( f , ϕ)−1(G1, E∗) = (F1, E)
})

∧∨{ζ(G2, E∗) : ( f , ϕ)−1(G2, E∗) = (F2, E)
}

= τ(F1, E) ∧ τ(F2, E)
is obtained. Also,

τ

(⋃
i∈J

(Fi, E)

)
=
∨{

ζ(G, E∗) : ( f , ϕ)−1(G, E∗) =
⋃
i∈J

(Fi, E)

}

≥ ∨{
ζ

(⋃
i∈J

(Gi, E∗)

)
: ( f , ϕ)−1

(⋃
i∈J

(Gi, E∗)

)
=
⋃
i∈J

(Fi, E)

}

≥ ∨{(∧
i∈J

ζ(Gi, E∗)

)
: ( f , ϕ)−1(Gi, E∗) = (Fi, E)

}
=
∧
i∈J

(∨{
ζ(Gi, E∗) : ( f , ϕ)−1(Gi, E∗) = (Fi, E)

})
=
∧
i∈J

τ(Fi, E).

So τ is an interval-valued fuzzy topology over SS(X, E) and ( f , ϕ) is a continuous
mapping.
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Theorem 10. Let (X, τ, E) be an IVFTS and ( f , ϕ) : (X, τ, E) → SS(Y, E∗) be a mapping of
soft sets. Then define ζ : SS(Y, E∗)→ [I] as follows:

ζ(G, E∗) = τ
(
( f , ϕ)−1(Gi, E∗)

)
.

Then ζ is an interval-valued fuzzy topology over SS(Y, E∗) and ( f , ϕ) is a continuous mapping.

Proof. It is clear that ζ(Φ) = ζ
(

Ỹ
)
= 1.

ζ((G1, E∗) ∩ (G2, E∗)) = τ
(
( f , ϕ)−1((G1, E∗) ∩ (G2, E∗))

)
= τ

((
( f , ϕ)−1(G1, E∗)

)
∩
(
( f , ϕ)−1(G2, E∗)

))
≥ τ

(
( f , ϕ)−1(G1, E∗)

)
∧ τ
(
( f , ϕ)−1(G2, E∗)

)
= ζ(G1, E∗) ∧ ζ(G2, E∗)

is obtained. Furthermore,

ζ

(⋃
i∈J

(Gi, E∗)

)
= τ

(
( f , ϕ)−1

(⋃
i∈J

(Gi, E∗)

))
= τ

(⋃
i∈J

( f , ϕ)−1(Gi, E∗)

)
≥ ∧

i∈J
τ
(
( f , ϕ)−1(Gi, E∗)

)
=
∧
i∈J

ζ(Gi, E∗).

So ζ is an interval-valued fuzzy topology over SS(Y, E∗) and ( f , ϕ) is a continuous
mapping.

6. Direct Sum

Now let {(Xλ, τλ, Eλ)}λ∈Λ be a family of fuzzy topological spaces, Xλ ∩ Xν = ∅ and
Eλ ∩ Eν = ∅ for λ 	= ν. Let X̃ be union of all soft points which belong to this space and
E =

⋃
λ∈Λ

Eλ. Then
(

X̃, E
)

is the family of soft sets on X =
⋃

λ∈Λ

Xλ with parameters E. For

soft point xe ∈
(

X̃, E
)

if x ∈ Xλ, then e ∈ Eλ. If e ∈ Eλ, then x ∈ Xλ is satisfied. For an

arbitrary (F, E) ∈
(

X̃, E
)

, (F, E)λ = {F(e) ∩ Xλ}λ∈Λ [23].

Theorem 11. Let {(Xλ, τλ, Eλ)}λ∈Λ be a family of interval-valued fuzzy topological spaces, X′
λs

be pairwise disjoint. Then τ defined by

τ(F, E) =
∧

λ∈Λ

τλ((F, E)λ),

for each (F, E) ∈
(

X̃, E
)

is an interval-valued fuzzy topology on
(

X̃, E
)

.

Proof. Let (F1, E), (F2, E) ∈
(

X̃, E
)

. Then
τ((F1, E) ∩ (F2, E)) =

∧
λ∈Λ

τλ(((F1, E) ∩ (F2, E))λ)

=
∧

λ∈Λ
τλ((F1, E)λ ∩ (F2, E)λ)

≥ ∧
λ∈Λ

(τλ((F1, E)λ) ∧ τλ((F2, E)λ))

=

( ∧
λ∈Λ

τλ((F1, E)λ)

)
∧
( ∧

λ∈Λ
τλ((F2, E)λ)

)
= τ(F1, E) ∧ τ(F2, E)

holds.
Now, let {(Fi, Ei)}i∈J be a family of soft sets. Then

τ

(⋃
i∈J

(Fi, Ei)

)
=

∧
λ∈Λ

τλ

((⋃
i∈J

(Fi, Ei)

)
λ

)
=

∧
λ∈Λ

τλ

(⋃
i∈J

(Fi, Ei)λ

)
≥ ∧

λ∈Λ

∧
i∈J

τλ((Fi, Ei)λ) =
∧

i∈J

( ∧
λ∈Λ

τλ((Fi, Ei))λ

)
=

∧
i∈J

τ(Fi, Ei)

is satisfied. Hence, (X, τ, E) is an IVFTS.
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Definition 15. The interval-valued fuzzy topological space (X, τ, E) in the previous theorem is
called the direct sum of {(Xλ, τλ, Eλ)}λ∈Λ, denoted by (X, τ, E) = ⊕

λ∈Λ
(Xλ, τλ, Eλ).

It is obvious that iλ : Xλ → X =
⋃

λ∈Λ

Xλ and jλ : Eλ → E =
⋃

λ∈Λ

Eλ are embedding

mappings for all λ ∈ Λ. Then

(iλ, jλ) : (Xλ, τλ, Eλ)→ (X, τ, E)

is a continuous mapping.

Theorem 12. Let {(Xλ, τλ, Eλ)}λ∈Λ be a family of interval-valued fuzzy topological spaces, X =

∏
λ∈Λ

Xλ be a set, E = ∏
λ∈Λ

Eλ be a parameter set and pλ : X → Xλ, qλ : E → Eλ be two projections

mappings for ∀λ ∈ Λ. Define β : SS(Y, E)→ [I] as follows:

β(G, E∗) =
∨⎧⎨⎩ n∧

j=1

ταi (Fαi , Eαi ) : (F, E) =
n⋂

j=1

(pαi , qαi )
−1(Fαi , Eαi )

⎫⎬⎭.

Then β is a base of the topology τβR on (X, E), and (pλ, qλ) :
(
X, τβ, E

) → (Xλ, τλ, Eλ) are
continuous mapping for ∀λ ∈ Λ.

Proof. We show that β is a base. Indeed,

β
(

X̃
)

=
∨⎧⎨⎩ n∧

j=1

ταi (Fαi , Eαi ) : X̃ =
n⋂

j=1

(pαi , qαi )
−1(Fαi , Eαi )

⎫⎬⎭
=

∨⎧⎨⎩ n∧
j=1

ταi (Xαi , Eαi )

⎫⎬⎭ = 1

is satisfied. Similarly, β(Φ) is obtained.

β(F, E) ∧ β(G, E) =

⎛⎜⎜⎜⎝ ∨
(F,E)=

n⋂
j=1
(pαi ,qαi )

−1
(Fαi ,Eαi )

n∧
j=1

ταi (Fαi , Eαi )

⎞⎟⎟⎟⎠

∧

⎛⎜⎜⎜⎝ ∨
(G,E)=

k⋂
j=1

(
pδi

,qδi

)−1(
Gδi

,Eδi

)
k∧

j=1
τδi

(
Gδi , Eδi

)
⎞⎟⎟⎟⎠

=
∨

(F,E)=
n⋂

j=1
(pαi ,qαi )

−1
(Fαi ,Eαi )

∨
(G,E)=

k⋂
j=1

(
pδi

,qδi

)−1(
Gδi

,Eδi

)
((

n∧
j=1

ταi (Fαi , Eαi )

)

∧
(

k∧
j=1

τδi

(
Gδi , Eδi

)))

=
∨(

n⋂
j=1
(pαi ,qαi )

−1
(Fαi ,Eαi )

)
∩
(

k⋂
j=1

(
pδi

,qδi

)−1(
Gδi

,Eδi

))
=(F,E)∩(G,E)

((
n∧

j=1
ταi (Fαi , Eαi )

)

∧
(

k∧
j=1

τδi

(
Gδi , Eδi

)))
≤ ∨

⋂
λ∈Λ

(p�λ
,q�λ)

−1
(H�λ

,E�λ)=(F,E)∩(G,E)

τ�λ
(H�λ

, E�λ
) = β((F, E) ∩ (G, E)).
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Hence β is a base.
Now we check that the projection mapping (pλ, qλ) :

(
X, τβ, E

) → (Xλ, τλ, Eλ) are
continuous mapping for ∀λ ∈ Λ. Indeed, for each (Fλ, Eλ) ∈ SS(Xλ, Eλ),

τ
(
(pλ, qλ)

−1(Fλ, Eλ)
)
≥ β

(
(pλ, qλ)

−1(Fλ, Eλ)
)

=

{
n∧

j=1
ταi (Fαi , Eαi ) : (pαi , qαi )

−1(Fαi , Eαi ) = (pλ, qλ)
−1(Fλ, Eλ)

}
≥ τλ(Fλ, Eλ)

is satisfied.

Remark 2. In general, we cannot obtain an interval-valued fuzzy topology by utilizing τ− and τ+,
with τ− and τ+ being fuzzy topologies. If τ−, τ+ are two fuzzy topologies and (F, E) ∈ SS(X, E),
τ−(F, E) ≤ τ+(F, E), then τ = [τ−, τ+] is an interval-valued fuzzy topology.

7. Conclusions

We introduce the interval-valued fuzzy set on the family of all soft sets over X. Later
we give interval-valued fuzzy topology (cotopology) on SS(X, E). We obtain that each
interval-valued fuzzy topology is a descending family of soft topologies. In addition
to, we study some topological structures such as interval-valued fuzzy neighborhood
system of a soft point, base and subbase of τ and investigate some relationship between
them. Finally, we give some concepts such as direct sum, open mapping and continuous
mapping,consider relationships between them and illustrate it by examples.

The relations between soft topologies and crisp topologies explained in the paper [19,21]
may be used for the future research in this field. Also, the relations between fuzzy soft and
soft topologies might suggest a new lines of investigation related to our article.
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Abstract: This paper performed an investigation into the s-embedding of the Lie superalgebra�(S1|1),
a representation of smooth vector fields on a (1,1)-dimensional super-circle. Our primary objective was
to establish a precise definition of the s-embedding, effectively dissecting the Lie superalgebra into
the superalgebra of super-pseudodifferential operators (SψD�) residing on the super-circle S1|1. We
also introduce and rigorously define the central charge within the framework of�(S1|1), leveraging the
canonical central extension of SψD�. Moreover, we expanded the scope of our inquiry to encompass
the domain of fuzzy Lie algebras, seeking to elucidate potential connections and parallels between
these ostensibly distinct mathematical constructs. Our exploration spanned various facets, including
non-commutative structures, representation theory, central extensions, and central charges, as we
aimed to bridge the gap between Lie superalgebras and fuzzy Lie algebras. To summarize, this
paper is a pioneering work with two pivotal contributions. Initially, a meticulous definition of the
s-embedding of the Lie superalgebra�(S1|1) is provided, emphasizing the representationof smooth
vector fields on the (1,1)-dimensional super-circle, thereby enriching a fundamental comprehension
of the topic. Moreover, an investigation of the realm of fuzzy Lie algebras was undertaken, probing
associations with conventional Lie superalgebras. Capitalizing on these discoveries, we expound
upon the nexus between central extensions and provide a novel deformed representation of the
central charge.

Keywords: Lie superalgebra; s-embedding; central charge; fuzzy Lie algebras; canonical
central extension

MSC: 17B66; 17B68; 16S32; 81R10; 46L87; 81T60

1. Introduction

The study of multi-parameter deformations (MLDs) within the framework of the
standard embedding (s-embedding) of the Lie algebra (LA)�(S1) has long been a subject
of profound mathematical interest. This embedding represents the vector fields on the
circle S1 and finds applications in various mathematical and physical contexts. The ex-
ploration of the MLD involves examining how this standard embedding evolves when
subjected to multi-parameter deformations, thus unveiling intricate structures and reveal-
ing hidden symmetries.

In recent decades, the intersection of Lie algebras and multi-parameter deformations
has been the subject of considerable exploration and debate. The work of Pogudin et al. [1]
laid the groundwork, introducing the foundational concepts of the standard embedding
of Lie algebras. Their focus on the vector fields on the circle was later expanded upon by
Bahturin [2], who found wide-ranging applications in both mathematical and physical
realms. However, it was the breakthrough research by Kanel-Belov et al. [3] that began
delving into the intricacies of pseudodifferential operators, emphasizing their invaluable
role in mathematical physics. However, amid this flourishing area of study, the critical re-
view in [4–6] cautioned the academic community to ensure rigorous proofs and validations.
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As the field continues to grow, the convergence of these diverse perspectives promises
richer understandings and breakthroughs. In the realm of pseudodifferential operators,
particularly within the algebra of pseudodifferential operators denoted as ψD� on S1,
the s-embedding has been a topic of extensive research. The pseudodifferential operator
algebra is an invaluable tool in mathematical physics and provides insights into a wide
array of phenomena. References [7,8] have laid a solid foundation for understanding the
s-embedding within this context.

One of the central objectives of this study was to delve into the cohomology space
H1(�(S1|1),SψD�). This cohomology space plays a pivotal role in understanding the defor-
mations of the s-embedding. Remarkably, our analysis revealed that this cohomology space
is four-dimensional. Furthermore, we provide explicit formulations for four generating
one-cocycles. These cocycles serve as key elements in the classification and characterization
of tiny deformations (def) of the standard embedding (SE) of the Lie superalgebra�(S1|1).
This Lie superalgebra represents vector fields on the super-circle S1|1 and resides within
the larger Lie superalgebra SψD�, which comprises super-pseudodifferential operators
defined on S1|1.

Some works appear to operate within the framework of Lie superalgebras, central
extensions, vertex superalgebras, and superalgebras (cf. [9–11]). These are common mathe-
matical structures in both cases. But, in our work, we had distinct research objectives and a
mathematical focus. We emphasize the s-embedding of�(S1|1) and its connections to various
mathematical domains, while the cited work concentrated on minimal generating sets, root
systems, and commutant vertex algebras within the context of a different Lie superalgebra.

In the course of our investigation into these deformations and cohomology spaces,
we uncovered intriguing connections with fuzzy Lie algebras. Fuzzy Lie algebras are a
unique and emerging area of research that introduces non-commutative structures into the
realm of Lie algebras. For more detail about these structures, see [12–14]. By examining the
deformations and cohomology spaces in parallel with the concepts from fuzzy Lie algebras,
we aimed to establish a deeper connection between these two mathematical domains. This
interdisciplinary exploration sought to bridge the gap between traditional Lie theory and
non-commutative algebra, offering new insights and perspectives on both.

The second phase of our study focused on the integrability relations of the defined
quantity. This analysis revealed the existence of four distinct families of non-trivial def-
initions, each parameterized by an even parameter. Our objective was to derive explicit
formulas that meticulously describe these families. It was through a careful contraction pro-
cedure applied to these definitions that we obtained four one-parameter definitions of the
superembedding of�(S1|1) into the Poisson–Lie superalgebra S� of super-pseudodifferential
operators defined on S1|1. Each parameter within these definitions corresponds to a fas-
cinating algebraic curve within the parameter space, creating a rich interplay between
deformation theory and the fuzzy Lie algebra framework.

The well-established non-trivial central extension of SψD� significantly influences
the central extension of the superalgebra�(S1|1), as detailed in [15]. In particular, the two-
cocycle that generates this extension plays a critical role in defining the central extension
of�(S1|1). Leveraging our findings, we not only elucidated this intricate relationship, but
also derived a “deformed” representation of the central charge. This central charge arises
from the deformations of the superembedding we constructed, further emphasizing the
connections between central extensions and fuzzy Lie algebra structures.

In summary, the novelty in this paper is represented by two key contributions. Firstly,
we provide a precise definition for the s-embedding of the Lie superalgebra�(S1|1), focusing
on its representation of smooth vector fields on a (1, 1)-dimensional super-circle, enhancing
the foundational understanding. Secondly, we explored the domain of fuzzy Lie algebras,
seeking connections with traditional Lie superalgebras. Leveraging these findings, we
elucidated the relationship between central extensions and derived a novel “deformed”
representation of the central charge.

56



Axioms 2024, 13, 2

MLD = multi-parameter deformation.
LA = Lie algebra.
LSA = Lie superalgebra.
�(S1) = Lie algebra of vector fields on the circle (S1).
�(S1|1) = Lie superalgebra of vector fields on the super-circle (S1|1).
ψD� = algebra of pseudodifferential operators on S1.
SψD� = superalgebra of pseudodifferential operators on S1|1.
(SE) = standard embedding.

2. Background

2.1. The Lie Superalgebra of (Contact) Vector Fields on S1|1

The super-circle S1|1 is defined by C∞(S1|1). Let us explicate the elements of C∞(S1|1).
An element C∞(S1|1) must be written as

ᵀ(a, ϑ) = f0(a) + ϑ f1(a),

where f0(a) and f1(a) are in C∞(S1) and a and ϑ are even and odd variables, respectively.
Let us remark that we have ϑ2 = 0. In fact, the even elements in C∞(S1|1) are the functions
ᵀ(a, 0) = f0(a), and the functions ᵀ(a, ϑ)− ᵀ(a, 0) = ϑ f1(a) are odd elements. The parity
of a homogeneous function ᵀ is denoted by p(ᵀ).

Assume that�(S1|1) is the super-space of vector fields on S1|1:

�(S1|1) = {ᵀ(a, ϑ)∂a + ˜T (a, ϑ)∂ϑ},

where ∂ϑ and ∂a stand, respectively, for ∂
∂ϑ and ∂

∂a . The even vector fields are linear combi-
nation of the fields f (a)∂a and ϑ f (a)∂ϑ, while the odd ones are a combination of the fields
ϑ f (a)∂a and f (a)∂ϑ. The bilinear operation of the superbracket between two vector fields
is defined for two homogeneous vector fields as follows:

[χ, ℵ] = χ ◦ ℵ − (−1)p(χ)p(ℵ)ℵ ◦ χ,

where p(χ) and p(ℵ) are the parities of χ and ℵ, respectively.
The structure of the contact on S1|1 can be given by the one-form:

α = da + ϑdϑ.

Denoting K(1) as the Lie-sub-superalgebra of�(S1|1), where the Lie action on α corresponds
to a function multiplication, it can be observed that any element in K(1) follows the form
described in [15].

vᵀ = ᵀ∂a +
(−1)p(ᵀ)+1

2
γ(ᵀ)γ,

where ᵀ ∈ C∞(S1|1), p(ᵀ) is the parity of ᵀ and γ = ∂ϑ − ϑ∂a. The bracket is given by

[vᵀ, vH ] = v{ᵀ,H},

where

{ᵀ, H} = ᵀH′ − ᵀ′H +
(−1)p(ᵀ)+1

2
γ(ᵀ)γ(H); H′ := ∂a(H). (1)

Equation (1) is taken directly from [16].
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The LSA K(1) is called the LSA of contact vector fields. The vector field γ = ∂θ − ϑ∂a

on S1|1 maps ᵀ = f (a) + ϑg(a) to γ(ᵀ) = g(a) − f ′(a)ϑ, so that γ2 =
1
2
[γ, γ] = −∂a.

The usual rule of Leibniz:
∂

∂a
◦ g = g′(a) + g(a)

∂

∂a
on C∞(S1), is replaced on C∞(S1|1) by:

γ ◦ ᵀ = γ(ᵀ) + (−1)p(ᵀ) ᵀ γ.

2.2. Detailed Overview of the Super-Space SψDO
This subsection elaborates on the intricate concepts and mathematical formulations

derived from the seminal work referenced as ABO. Central to this discussion is the series
defined as follows:

SP =
{

X =
∞

∑
k=−M

∑
ε

xk,ε(a, ϑ)y−kϑ̄ε
∣∣∣ xk,ε ∈ C∞(S1|1), ε ∈ {0, 1}, M ∈ N

}
, (2)

where the series X represents an aggregation of terms indexed by k and ε, with xk,ε as
complex-valued smooth functions on the super-circle S1|1. In this formulation, y is analo-
gous to the derivative with respect to the coordinate a, and ϑ̄ corresponds to the derivative
with respect to the Grassmannian variable ϑ, bearing a parity of one.

This framework gives rise to the super-space, which forms the foundational struc-
ture for the super-commutative algebra of super-pseudodifferential symbols on S1|1. This
algebra is characterized by conventional multiplication operations. The space SP is en-
dowed with a Poisson LSA (Lie superalgebra) structure, which is articulated by the brackets
defined as:

{X, Y} = ∂X
∂y

∂Y
∂a

− ∂X
∂a

∂Y
∂y

− (−1)p(X)

(
∂X
∂ϑ

∂Y
∂ϑ̄

+
∂X
∂ϑ̄

∂Y
∂ϑ

)
. (3)

Here, the Poisson brackets incorporate both the even and odd derivatives, reflecting the
supergeometry underlying the algebra.

Furthermore, the associative superalgebra of super-pseudodifferential operators,
SψDO, is constructed on the same super-circle S1|1. Although it shares a similar vector
space structure with SP , the multiplication in SψDO adheres to a distinct rule, expanding
the algebraic interactions:

X ◦Y = ∑
α≥0,ν=0,1

(−1)p(X)+1

α!
(∂α

y∂ν
ϑ̄

X)(∂α
a ∂ν

ϑY). (4)

This rule of composition is pivotal as it induces a super-commutator, a fundamental element
in the study of superalgebras, defined by:

[X, Y] = X ◦Y − (−1)p(X)p(Y)Y ◦ X.

The super-commutator, thus, encapsulates the non-commutative nature of the algebra, offering
a nuanced view of the interactions between different elements in this superalgebraic structure.

The format of the LSA can be constructed as SψD� to the Poisson algebra S�. Consider
the super-commutative SA Λ generated by (ϑ; ϑ̄). Then, S� = � ⊗ Λ, where � is the
space of symbols of ordinary pseudodifferential operators ψD�(S1). Let us define the
linear isomorphisms:

Φh : � −→ � (5)

as
Φh(x(a)yl) = a(x)hlyl , where 0 < h ≤ 1.
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Now, the multiplication on � is given by

X ◦h Y = Φ−1
h (Φh(X) ◦Φh(Y)).

The rule of Leibniz in the odd variables can take a form by letting:

ϑ̄ ◦h ϑ = h− ϑϑ̄.

Now, the composition on S� affected by h is:

(X ⊗ α) ◦h (Y ⊗ β) = (X ◦h Y)α · β,

where X, Y ∈ � and α, β ∈ Λ. We will denote by SψD�h the associative algebra S�
endowed with the farmer composition ◦h. This compositioninduces the usual LSA structure
on SψD�h given by the super-commutator [X, Y]h = X ◦h Y − (−1)p(X)p(Y)Y ◦h X. One
has

[X, Y]h = {X, Y}+ O(h)

and therefore, limh→0[X, Y]h = {X, Y}. This is mean that the LSA SψD� belongs to the
Poisson superalgebra S�.

Moreover, SψD� injects the similarity of the Adler trace expressed on the LA ψD� of
pseudodifferential operators on S1 (cf. [15,17]). The right super-residue of the
super-pseudodifferential operator X = ∑∞

k=−M ∑ε=0,1 ak, ε(a, ϑ)y−kϑ̄ε (see (2)) is given by

Sres(X) = a−1, 1(a, ϑ)

and the functional Str(X) known from the Gelfand–Adler trace will be defined on SψD�
by

Str(X) =
∫

S1|1
Sres(X)Ber(a, ϑ).

while the Berezin integral is of the form∫
S1|1

(g0(a) + ϑg1(a))Ber(a, ϑ) =
∫

S1
g1da

2.3. Fuzzy Lie Algebras

Given the detailed mathematical context of the super-space SψDO and its underlying
principles, we now explore the concept of fuzzy subsets within the realm of vector spaces.
This exploration extends the notion of traditional vector spaces into the domain of fuzzy
logic, providing a unique perspective on how subsets can be characterized in a less binary
and more-gradual manner.

In the world of linear algebra, vector spaces over a field F are fundamental constructs.
These spaces are typically defined with crisp, clear boundaries. However, when we intro-
duce the concept of fuzzy subsets, these boundaries become more nuanced. A fuzzy subset
μ of a vector space V can be thought of as a “soft” or “blurred” version of a traditional
subset. Unlike conventional subsets, where an element either belongs or does not belong
to a set, a fuzzy subset assigns a degree of membership to each element, ranging from 0
(completely outside the set) to 1 (completely inside the set).

Let V be a vector space over a field F. A fuzzy subset μ of V is considered a fuzzy
subspace of V if it satisfies the following conditions:

μ(x + y) ≥ min{μ(x), μ(y)} for all x, y ∈ V,

μ(αx) ≥ μ(x) for all x ∈ V, α ∈ F.

Note: Condition (2) implies that μ(−x) ≥ μ(x) and μ(0) ≥ μ(x) for all x in V.
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If μ is a fuzzy subspace of a vector space V, then the following properties hold:

μ(x) = μ(−x),

μ(x− y) = μ(0) implies μ(x) = μ(y),

μ(x) < μ(y) implies μ(x− y) = μ(x) = μ(y− x),

for all x, y ∈ V.
For a fuzzy subset μ of a vector space V, the following statements are equivalent:

1. μ is a fuzzy subspace of V;
2. Each nonempty U(μ, t) = {x ∈ L|μ(x) ≥ t} is a subspace of V.

Note: This theorem establishes the equivalence between fuzzy subspaces and conventional
subspaces within the context of fuzzy sets.

A fuzzy set μ, defined as a map μ : L → [0, 1], is termed a fuzzy Lie subalgebra of L
over a field F if it is a fuzzy subspace of L and satisfies the additional condition:

μ([x, y]) ≥ min{μ(x), μ(y)},

for all x, y ∈ L and α ∈ F.

Example 1. Consider the real vector space R3 with the Lie bracket operation [x, y] = x× y, where
x, y ∈ R3. Define a fuzzy set μ on R3 such that:

μ(x) =

⎧⎪⎨⎪⎩
0.9, if x = (0, 0, 0),
0.6, if x = (c, 0, 0), c = 0,
0.2, otherwise.

By direct calculations, it is observed that μ satisfies the conditions of a fuzzy Lie subalgebra, making
it a fuzzy Lie algebra (cf. [18–20]).

A fuzzy set μ : L → [0, 1] is considered a fuzzy Lie ideal of a Lie algebra L if it satisfies
the following conditions:

μ(x + y) ≥ min{μ(x), μ(y)},

μ(αx) ≥ μ(x) for all x ∈ L and α ∈ F,

μ([x, y]) ≥ μ(x) for all x, y ∈ L and α ∈ F.

A fuzzy set μ : L → [0, 1] is considered a fuzzy Lie ideal of a Lie algebra L if it satisfies
the following conditions:

μ(x + y) ≥ min{μ(x), μ(y)} for all x, y ∈ L,

μ(αx) ≥ μ(x) for all x ∈ L and α ∈ F,

μ([x, y]) ≥ min{μ(x), μ(y)} for all x, y ∈ L.

The definition of a fuzzy Lie ideal is equivalent to the condition that, for each nonempty
set, U(μ, t) = {x ∈ L|μ(x) ≥ t}, U(μ, t) is a Lie ideal of L.

2.4. The Structure of S� as a�(S1|1)-Module

In this section, we will follow the same method used in [8,16]. We define the usual
embedding of�(S1|1) into S� as follows:

π(ᵀ∂a + H∂ϑ) = ᵀy + Hϑ̄, (6)

which induces a�(S1|1)-module structure on S�.
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We assign the following Z-grading to the PSA S�:

S� =
⊕̃

n∈ZS�n, (7)

where
⊕̃

n∈Z = (
⊕

n<0)
⊕

∏n≥0, and

S�n =
{(

ᵀy−n + Hy−n−1ϑ̄
) ∣∣∣ ᵀ, H ∈ C∞(S1|1)

}
is the homogeneous degree −n subspace.

Each element A of SψD� can be defined as

A = ∑
k∈Z

(ᵀk + Hky−1ϑ̄)y−n, ᵀk, Hk ∈ C∞(S1|)

The order of A is defined as

o(A) = sup{k | ᵀk 	= 0 or Hk 	= 0}.

This defines a non-decreasing filtration on SψD� as follows:

ᵀn = {A ∈ SψD�, o(A) ≤ −n},

where n is an integer. Consequently, we have the filtration:

. . . ⊂ ᵀn+1 ⊂ ᵀn ⊂ . . . (8)

This filtration is compatible with the multiplication and the Poisson bracket. Specifically,
for X ∈ ᵀn and Y ∈ ᵀm, we have X ◦ Y ∈ ᵀn+m and {X, Y} ∈ ᵀn+m−1. This filtration
endows SψD� with an associative filtered superalgebra structure.

Let Hr(SψD�) =
⊕̃

n∈Zᵀn/ᵀn+1 denote the associated graded space. The filtration (8)
is also compatible with the usual action of �(S1|1) on SψD�. In fact, if v ∈ �(S1|1) and
X ∈ ᵀn, then

v.X = [π(v), X] ∈ ᵀn.

The induced�(S1|1)-module structure on the quotient ᵀn/ᵀn+1 is isomorphic to the�(S1|1)-
module S�n. Therefore, the�(S1|1)-module Hr(SψD�) is isomorphic to the graded�(S1|1)-
module S�, i.e.,

S� � ⊕̃
n∈Zᵀn/ᵀn+1.

3. Computations of the Space H1(�(S1|1),SψD�))

In the current section, we will adopt the same policy as in [8,16,21] to establish the
first CHS of�(S1|1) with coefficients in SψD�.

Let an LSA h = h0⊕ h1 be acting on a super-space Υ = Υ0⊕Υ1. For p ≥ 1, let the space
Cp(h, Υ) of p-cochains be the Z2 graded space of skew symmetric P-linear functions on h

with the range in V, and let C0(h, Υ) = V. The Chevalley–Eilenberg operator δ (see [22])
transforms Cp(h, Υ) into Cp+1(h, V). In particular, δ converts a linear function c : h → Υ
(∈ C1(h, V)) into a bilinear function δc : h× h→ Υ defined by

δc(a, b) = c([a, b])− (−1)p(a)p(c)a.c(b) + (−1)p(b)(p(a)+p(c))b.c(a), ∀ b, a ∈ h (9)

where p(a) ∈ Z2 represents the parity of a.
Set

Z1(h, Υ) = {c ∈ Hom(h, V)|δc = 0}
B1(h, Υ) = {c ∈ Hom(h, V)|∃v ∈ Υ and c(a) = a · v, ∀a ∈ h}
H1(h, Υ) = Z1(h, Υ)/B1(h, Υ).

(10)
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The spaces Z1(h, Υ), B1(h, Υ) and H1(h, Υ) are the space of one-cocycles, the space of one
coboundaries, and the first CHS.

The space Hom(h, Υ) is Z2-graded via

Hom(h, Υ)b = ⊕a∈Z2 Hom(hx, Υx+y); y ∈ Z2. (11)

According to theZ2-grading (11), each c inZ1(h, Υ) is converted into (c′, c′′) ∈ Hom(h0, Υ)⊕
Hom(h1, Υ) with respect to the equations below:

(E1) c′([h1, h2]) + h2 × c′(h1)− h1 × c′(h2) = 0 for-each h1, h2 ∈ h0,

(E2) c′′([h, g]) + g× c′(g)− h× c′′(g) = 0 for-any h ∈ h0, h ∈ h1,

(E3) c′([g1, g2])− g1c′′(g2)− g2c′′(h1) = 0 for-each h1, h2 ∈ h1.

(12)

A differential operator on S1|1 is an operator on C∞(S1|1) of the following form:
An element c in Hom(�(S1|1), S�n) is called differential if it is written in the fol-

lowing form: c(ᵀ(a, ϑ)∂a + ˜T (a, ϑ)∂ϑ) =
(

A1(ᵀ(a, ϑ)) + A2( ˜T (a, ϑ))
)

y−n +
(

A3(ᵀ(a, ϑ)) +

A4( ˜T (a, ϑ))
)

y−n−1ϑ̄ where Ai; i = 1, 2, 3, 4, are differential operators on S1|1.
We define:

(1) The space:

Hom1
di f f (

�(S1|1), S�n) = {c ∈ Hom(�(S1|1), S�n)| c is differential.}

(2) The space of one-differential cocycles:

Z1
di f f (

�(S1|1), S�n) = {c ∈ Homdi f f (�(S1|1), S�n)|δc = 0}

(3) The space of one-coboundaries:

B1(�(S1|1), S�n) = {c ∈ Hom(�(S1|1), S�n)|∃T ∈ S�n and c(v) = {π(v), T}, ∀v ∈�(S1|1)}

(4) The first differential cohomology space:

H1
di f f (

�(S1|1), S�n) = Z1
di f f (

�(S1|1), S�n)/B1(�(S1|1), S�n).

(13)

Lemma 1. Let an even differential one-cocycle C0 from�(S1|1) to S�n. Then, if the restriction of
C0 to K(1) is a coboundary, then C0 is a coboundary over�(S1|1).

Proof. Let C0 be an even differential one-cocycle. If the restriction of C0 to K(1) is a
coboundary, then there exists x(a)y−n + b(a)y−n−1ϑϑ̄ ∈ S�0

n such that

C0(ᵀ∂a + H∂ϑ) = {π(ᵀ∂a + H∂ϑ), x(a)y−n + b(a)y−n−1ϑϑ̄}

for all ᵀ∂a + H∂ϑ ∈ K(1).
If we apply the equation (E1), (E2) and (E3) from (12), we will obtain that

C0(v) = {π(v), x(a)y−n + b(a)y−n−1ϑϑ̄}

for all v in�(S1|1). Then, C0 is a coboundary over�(S1|1).

The following lemma is an immediate deduction of the previous lemma and Theorem 5.5
from [16].
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Lemma 2. We have:

dim(H1
di f f (

�(S1|1), S�)0) ≤ dim(H1
di f f (K(1), S�)0) = 4

and
dim(H1

di f f (
�(S1|1), S�)1) ≤ dim(H1

di f f (K(1), S�)1) = 0

Lemma 3. The H1
di f f (

�(S1|1), S�) space is totally even if it has the following structure:

H1
di f f (

�(S1|1), S�n)0 =

⎧⎨⎩
R3 with n = 0
R if n = 1
0 elsewhere.

When n is zero, the non-trivial one-cocycles are:

Ξ0(ᵀ∂a + H∂ϑ) = ᵀ,

Ξ1(ᵀ∂a + H∂ϑ) = ᵀ′ − ∂ϑ(H),

Ξ2(ᵀ∂a + H∂ϑ) = −∂ϑ(ᵀ′)ϑ + H′y−1ϑ̄,

(14)

If n is one, then the non-trivial one-cocycle is:

Ξ3(ᵀ∂a + H∂ϑ) = ᵀ′′y−1 − H′′y−2ϑ̄− 2∂ϑ(H′)y−1, (15)

Proof. The first thing we should know is that the CHS inherits the Z-grading of S�. It
is important to calculate it in each homogeneous component S�n. Furthermore, the Z2-
grading of S�n is inherited by the CHS, and it is important to calculate the even cohomology
and the odd one independently. But, this calculation is directly followed by the above
two results.

Theorem 1. The space H1(�(S1|1),SψD�) is totally even. It is generated by the families of the
following insignificant one-cocycles:

Γ0(ᵀ∂a + H∂ϑ) = ᵀ,

Γ1(ᵀ∂a + H∂ϑ) = ᵀ′ − ∂ϑ(H),

Γ2(ᵀ∂a + H∂ϑ) =
∞

∑
�=1

(−1)�−1

�
ᵀ(�) y−�+1 +

∞

∑
�=1

(−1)�−1

�
H(�)y−�ϑ̄

Γ3(ᵀ∂a + H∂ϑ) =
∞

∑
�=1

(−1)(�+1) 2
�+ 1

ᵀ(�+1) y−� +
∞

∑
�=1

(−1)(�+1) 2�
�+ 1

H(�+1)y−�−1ϑ̄

+
∞

∑
�=1

2(−1)n∂ϑ(H(�))y−�.

Proof. First of all, we refer the readers to [23], for comprehensive studies of the homological
algebra used to structure the spectral sequences. We only mention the filtered module M

alone with nonincreasing filtration {Mn}n∈Z over an LSA h so that Mn+1 ⊂ Mn, ∪n∈Z
Mn = M and hMn ⊂Mn.

Now, denote the induced usual filtration on the space of co-chains by providing the
following context:

ᵀn(C∗(h,M)) = C∗(h,Mn),
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lead us to

d ᵀn (C∗(h,M)) ⊂ ᵀn(C∗(h,M)) (that is, d preserves the filtration);

ᵀn+1(C∗(h,M)) ⊂ ᵀn(C∗(h,M)) (that is, the filtrationis nonincreasing).

Then there is a spectral sequence (E∗,∗
r , dr) for r ∈ N with dr of degree (r, 1− r) and

E
ρ,σ
0 = ᵀp(Cρ+σ(h,M)) ᵀρ+1 (Cρ+σ(h,M)) and E

ρ,σ
1 = Hρ+σ(h, Grρ(M)).

To simplify the notations, we have to replace ᵀn(C∗(h,M)) with ᵀnC∗. We define

Zρ,σ
r = ᵀρCρ+σ

⋂
d−1(ᵀρ+rCρ+σ+1),

Yρ,σ
r = ᵀρCρ+σ

⋂
d(ᵀρ−rCρ+σ−1),

E
ρ,σ
r = Zρ,σ

r (Zρ+1,σ−1
r−1 + Yρ,σ

r−1).

The differential d maps Zρ,σ
r into Zρ+r,σ−r+1

r and hence, includes a homomorphism:

dr : Eρ,σ
r −→ E

ρ+r,σ−r+1
r

The spectral sequence converges to H∗(C, d), that is

E
ρ,σ
∞ � ᵀρHρ+σ(C, d)/ ᵀρ+1 Hρ+σ(C, d),

where ᵀρH∗(C, d) is the image of the map H∗(ᵀρC, d)→ H∗(C, d) induced by the inclu-
sion ᵀρC→ C.

Now, let us come back to our general case, in which we are able to test the behavior of
the cocycles Ξ0, . . . , Ξ3 with the help of consecutive differentials of the spectral sequence.
The one-cocycles Ξ0, Ξ1, and Ξ2 are in E0,1

1 and Ξ3 belong to E1,0
1 . Imagine a one-cocycle

∈ S�, but let us find its differentialas if its values belong to SψD� and keep the rest of the
symbolic piece of the theorem. This implies that there is a new cocycle of a degree similar to
the degree of the previous one plus one, and its image under d1 is shown by its class. The dif-
ferentials dr of highers order are calculated by an iterative process of this procedure. Now,
the space E

ρ+r,σ−r+1
r contains the subspace coming from Gρ+σ+1(�(S1|1); Hrρ+1(SψD�)).

It is not a difficult task to see that the cocycles Ξ0 and Ξ1 survive in a similar form.
Finding supplementary higher-order terms for the cocycles Ξ2 and Ξ3 leads us to the
following result:

Using the isomorphism Φh (5), we obtain the following corollary:

Corollary 1. The space H1(�(S1|1),SψD�h) is totally even. It is generated by the family of the
following insignificant one-cocycles:

Γ0(ᵀ∂a + H∂ϑ) = ᵀ,

Γ1(ᵀ∂a + H∂ϑ) = ᵀ′ − ∂ϑ(H),

Γ2h(ᵀ∂a + H∂ϑ) =
∞

∑
�=1

(−h)�−1

�
ᵀ(�) y−�+1 +

∞

∑
�=1

(−h)�−1

�
H(�)y−�ϑ̄

Γ3h(ᵀ∂a + H∂ϑ) =
∞

∑
�=1

(−1)(�+1) 2h�−1

�+ 1
ᵀ(�+1) y−� +

∞

∑
�=1

(−1)(�+1) 2�h�−1

�+ 1
H(�+1)y−�ϑ̄

+
∞

∑
�=1

2(−1)�h�−1∂ϑ(H(�))y−�

where h ∈ [0, 1].

Remark 1. If h→ 0, we obtain the first CHS H1(�(S1|1),S�).
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4. Deformations, Cohomology, and Integrability of Infinitesimal Deformations

4.1. Deformations

Let η :�(S1|1)→ SψD�(S1|1) be an embedding of Lie superalgebras:

η̃τ = η +
∞

∑
k=1

τkηk : Vect(S1|1)→ SψD�(S1|1), satisfying η̃τ([A, B]) = [η̃τ(A), η̃τ(B)], (16)

Here, ηk : Vect(S1|1)→ SψD� are linear even functions, a formal deformation of η.
The right-hand bracket in (16) is a obvious extension of the LB in SψD� to SψD�[[τ]].

Two formal deformations η̃τ and η̃′τ are equivalent if there is an inner automorphism jτ :
SψD�[[τ]]→ SψD�[[τ]]

jτ = exp(τ ad ᵀ1 +τ2 ad ᵀ2 + · · · ), (17)

where ᵀi ∈ SψD� such that p(ᵀi) = p(τi), satisfying

η̃′τ = jτ ◦ η̃τ . (18)

Now, we explore a polynomial deformation (poly deformation) that is not a special
case of the formal definition. Specifically, we define the Π̃ deformation of a homomorphism
Π :�(S1)→ ψD� as polynomial if it takes the form:

Π̃(z) = Π + ∑
k∈Z

Π̃k(z) yk, where z ∈ Rn

For sufficiently large k and Π̃k(0) = 0, each linear function Π̃k(z) : �(S1) → C∞(S1) is a
polynomial in z and satisfies the conditions Π̃k ≡ 0.

Additionally, we considered an LSA homomorphism η̃(z) :�(S1|1) → SψD� in the
following form:

η̃(c) = η + ∑
k∈Z

η̃k(c), (19)

where η̃k(c) :�(S1|1)→ S�k are even linear mappings that are polynomial in the deformation
parameters z ∈ Rn. When k is sufficiently large and η̃k(0) = 0, these maps satisfy the
conditions η̃k ≡ 0.

To denote equivalence in terms of poly deformations, we replaced the formal auto-
morphism jt in (17) with an automorphism:

j(z) : SψD� −→ SψD�, (20)

which depends on z ∈ R�. The automorphism j(z) is defined as follows:

j(z) = exp

(
�

∑
i=1

zi ad ᵀi +
�

∑
i,j=1

zizj ad ᵀi,j + · · ·
)

, (21)

where ᵀi,ᵀi,j, · · · ,ᵀi1···ik are the even elements of SψD�.

Remark 2. The theory of poly deformations looks to be important as compared to formal
ones. In the poly deformations, the equivalence problem has more attractive aspects related
to the parameter transformations.

Next, we explore the relationship between the polynomial and formal deformations of
LSA homologyand cohomology, cf. Nijenhuis and Richardson [24]. If η : h→ y is an LSA
homology, then y is usually a h-module. A function

η + tη1 : h→ y, (22)
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where η1 ∈ Z1(h, y) is an LSA homologyup to second-order terms in τ; and it is known as
infinitesimal deformation (inf deformation).

Now, it is a matter of finding higher-order prolongations of these inf deformations. Fix
ζτ = η̃τ − η, then (16) can be rewritten in the following way:

[ζτ(A), η(B)] + [η(A), ζτ(B)]− ζτ([A, B]) + ∑
i,j>0

[ηi(A), ηj(B)]τi+j = 0 . (23)

The initial few terms are (δζτ)(A, B), where δ is known as the coboundary. For linear
function ζ, ζ ′ : h −→ y, define:

[[ζ, ζ ′]] : h⊗ h −→ y

[[ζ, ζ ′]](A, B) = [ζ(A), ζ ′(B)] + [ζ ′(A), ζ(B)].
(24)

The relation (23) becomes now equivalent to:

δζτ +
1
2
[[ζτ , ζτ ]] = 0. (25)

Exploring (25) in series in τ, we obtain the equation for ηk:

δηk +
1
2 ∑

i+j=k
[[ηi, ηj]] = 0. (26)

The initial insignificant relation is δη2 +
1
2 [[η1, η1]] = 0, which gives us the initial obstruction

to the integration of an inf deformation. Indeed, it is not difficult to test that, for any couple
of 1-cocycles Υ1 and Υ2 ∈ Z1(h, y), the bi-linear function [[Υ1, Υ2]] is a 2-cocycle. This is
the first non-trivial relationship (26), which is clearly the condition for this cocycle to be a
coboundary. Furthermore, if one of the cocycles Υ1 or Υ2 is a coboundary, then [[Υ1, Υ2]] is
a two-coboundary. This means that the operation (24) defines a bi-linear function:

H1(h, y)⊗ H1(h, y) −→ H2(h, y), (27)

known to be a cup product.
All the obstructions can be found in H2(h, y), and under the cup product, they can be

in the image of H1(h, y).

4.2. Integrability of Infinitesimal Deformation

The first objective of this section is to learn the deformation of canonical embedding
η :�(S1|1)→ SψD� defined by

η(ᵀ∂a + H∂ϑ) = ᵀy + Hϑ̄, (28)

to a one-parameter family of LSA homomorphisms.
The space H1(�(S1|1),SψD�) categorizes the infinitesimal deformation of the s-embedding

�(S1|1) −→ SψD� expressed in (28). Here, we will attempt to determine the integrability
conditions of the inf deformation into polynomial ones. Any non-trivial infinitesimal
deformation can be expressed as follows:

η1 = η + ∑
0≤i≤3

τi Γi , where τ0, τ1, τ2, τ3 ∈ R. (29)

The integrability condition (below) implies that either τ0 = 0 or τ2 = τ3 = 0.
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As operators with zero ordercommute in SψD�, this is clear evidence that the cup
products [[Γ0, Γ0]], [[Γ0, Γ1]], and [[Γ1, Γ1]] terminate identically, and that is why the map:

ην,λ :�(S1|1)→ SψD�, v �→ ην,λ (v) = η (v) + ν Γ0(v) + λ Γ1(v) (30)

is infected, a non-trivial definitionof the s-embedding; since it is of order one, it is a poly
deformation.

Lemma 4. Any non-trivial deformation of the embedding (28) resulting from Γ0 and Γ1 is equiva-
lent to a deformation of order one, which is expressed in (22).

Proof. Using Γ0 and Γ1 to generate the embedding (28), the embedding is deformed as
follows:

η̃τ = η + τ0 Γ0 + τ1 Γ1 + ∑
m≥2

∑
i+j=m

τi
0 τ

j
1 η

(m)
ij , (31)

where η
(m)
ij represents the even linear functions with the largest order terms. It is known

from previous works [25,26] that different choices of solutions for η
(2)
ij , which arise from (26),

lead to equivalent deformations. Therefore, it is possible to neglect η
(2)
ij . Moreover, by re-

currence, it can be shown that the largest-order terms satisfy δη
(m)
ij = 0, and they can also

be neglected.

Before giving the main theorem of this section, let us recall the following result
of [16,27].

The space H1(K(1),SψD�) is truly even. It is generated by the family of the following
non-trivial one-cocycles:

Φ0(vᵀ) = − ᵀ+
1
2

ϑ'(ᵀ),

Φ1(vᵀ) = ᵀ′,

Φ2(vᵀ) =
∞

∑
�=1

(−1)�
(
�− 2
�

(−1)p(ᵀ)(ϕ(ᵀ(�))y−�ϕ− �− 3
�+ 1

ᵀ�+1 y−�

)
,

Φ3(vᵀ) =
∞

∑
�=2

(−1)�
(
�− 1
�

(−1)p(ᵀ)(ϕ(ᵀ(�)))y−�ϕ− �− 1
�+ 1

ᵀ�+1 y−�

)
,

(32)

Now, suppose the following inf deformation of the s-embedding of η′ : K(1) ↪→ SψD�
defined by the cocycle Φ1, Φ2, Φ3 and depending on the real parameters τ1, τ2, τ3 :

η̃′(τ)(vᵀ) = η′(vᵀ) + τ1Φ1(vᵀ) + τ2Φ2(vᵀ) + τ3Φ3(vᵀ). (33)

The infinitesimal deformation (33) with respect to a polynomial deformation exist-
sif and only if the following conditions hold:{

3τ1τ3 − 2τ3
1 − 2τ2

1 τ3 + τ2
1 + 2τ2

3 = 0
τ1 = τ2

(34)

or {
τ3τ1 − 2τ3τ2

1 − 2τ2
3 = 0

τ2 = 0
(35)

Now, Let us suppose an infinitesimal deformation of the s-embedding of�(S1|1) into SψD�
defined with the help of cocycles Γ1, Γ2, Γ3 and depending on the real parameters τ1, τ2, τ3:

η̃(τ)(v) = η(v) + τ1Γ1(v) + τ2Γ2(v) + τ3Γ3(v). (36)

where τ = (τ1, τ2, τ3).
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Theorem 2. The infinitesimal deformation (36) corresponds to a polynomial deformation if and
only if the following relations are satisfied:{

4τ2
3 + 2τ2

1 τ3 + 2τ1τ3 + τ3
1 = 0

τ1 = −τ2
(37)

or {
2τ2

3 + τ1τ3 − τ2
1 τ3 = 0

τ2 = 0
(38)

We can modify the relations to obtain a deformation in SψD�h by considering the
weight of the scalar h with separate powers in the respective terms of Formulas (37) and (38).
This leads us to the following conditions:{

4τ2
3 + 2τ2

1 τ3 + h(2τ1τ3 + τ3
1 ) = 0

τ1 = −τ2
or

{
2τ2

3 + hτ1τ3 − τ2
1 τ3 = 0

τ2 = 0
(39)

These conditions are crucial for the integrability of the inf deformation (36) in SψD�h.
The following lemma gives a rational parameterization of the curves (39):

Lemma 5. (i) ∀ω ∈ R, the constants:⎧⎨⎩
τ1 = 2ω
τ2 = −2ω
τ3 = −hω

or

⎧⎨⎩
τ1 = 2ω
τ2 = −2ω
τ3 = −2ω2

(40)

satisfy the first of the relations (39).

(ii) For all ω ∈ R, the constants:

{
τ1 = −2ω
τ2 = τ3 = 0

or

⎧⎨⎩
τ1 = −2ω
τ2 = 0
τ3 = 2ω2 + hω

(41)

satisfy the second of the relations (39).

(iii) Any triple τ1, τ2, τ3 ∈ R satisfying (39) is of the form (40) or (41) for the same ω.

Remark 3. Geometrically, the curves (40) and (41) are simply lines and parabolas, respectively.

Now, we are ready to give the main theorem of this section.

Proof. Since the contact LSA K(1) is a subalgebra of�(S1|1, then the obstructions to the
integrability of the embedding of�(S1|1 in SψD� will be a part of the obstructions to the
integrability of the embedding of K(1) in SψD�. To prove the necessary condition of
Theorem 2, we need the two following theorems from [16,27].

Now, the restriction can be mentioned as follows: K(1) of the deformation η̃(τ) given
by (36) is not separate from the deformation η̃′(τ) below in Equations (34) and (35) found
by N. Ben Fraj and S. Omri in [27]. The restriction of the tiny deformation (36) to K(1) is
found by

η̃(τ)(vᵀ) = η(vᵀ) + τ1Φ1(vᵀ) + τ2Φ2(vᵀ) + τ3Φ3(vᵀ)

where τ1 := 1
2 τ1 + τ2, τ2 := 1

2 τ2, and τ3 := − 1
2 τ3 − 1

4 τ2. If we interchange these values of
τ1, τ2, τ3 in Equations (34) and (35), we will obtain the required conditions (37) and (38) of
Theorem 2.

To prove the converse of Theorem 2, we constructed a poly deformation that satisfies
the necessary relations (39) with respect to the infinitesimal deformation (33). These rela-
tions play a crucial role in ensuring the integrability of the infinitesimal deformation (33).
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Within the space H1
0(SψD�,SψD�), which consists of even outer superderivations

of the LSA SψD�, there exists a linear operator denoted as ad log ξ on SψD� (refer
to [15]). This outer superderivation can be integrated into a one-parameter family of outer
automorphisms, represented by Ψν, and defined as follows:

Ψν(ᵀ) = yν ◦ ᵀ ◦ y−ν, (42)

where η = ∂ϑ − ϑ∂x should be considered as a Laurent series.
By applying the automorphism (42) to the elementary deformation η0,2ω (22), we obtain:

η̃ω
1 (ᵀ∂x + H∂ϑ) = Ψ−2ω

h
(η(ᵀ∂x + H∂ϑ) + 2ωΩ1(ᵀ∂x + H∂ϑ))

= η(ᵀ∂x + H∂ϑ)− 2ω(H′ϑ̄y−1 + ∂ϑ(H))

−2ω2(ᵀ′′y−1 − H′′y−2ϑ̄− 2∂ϑ(H′)y−1) + · · · (43)

Since Ψ−2ω
h

is an automorphism, it is, in fact, a poly deformation of the embedding (6)
for any ω ∈ R, corresponding to any inf deformation (33) satisfying the second condition
in (40).

The function defined by

η̃λ
2 : ᵀ∂a + G∂ϑ → η(ᵀ∂a + H∂ϑ) + ω; Γ̃h(ᵀ∂a + G∂θ), (44)

represents a polynomial and formal deformation of the embedding (6). This holds true for
any value of ω ∈ R corresponding to an infinitesimal deformation (33) that satisfies the
first condition stated in (40). Here, Γ̃h = −hΓ3h − 2Γ2h + 2Γ1.

In fact, Since Γ̃h is an even one-cocycle, the function η̃λ
2 is a poly deformation if the

supercommutator [Γ̃h, Γ̃h] vanishes. Notice that the one-cocycle Γ̃h(ᵀ∂a) = 0. Furthermore,
we have:

Γ̃h(ᵀ∂a + H∂ϑ) = Θ̃h(vH)

where Θ̃h : K(1)→ SψD� is the one-cocycle defined in [27], Section 6, Proposition 4.
Since the supercommutator [Θ̃h, Θ̃h] terminates, as proven by N. Ben Fraj and S. Omri

in [27], Section 6, it follows that [Γ̃h, Γ̃h] vanishes.

Finally, we structured a polynomial deformation with respect to any inf deforma-
tion (33) satisfying the condition (41). The automorphismcan be applied (42) to the polyno-
mial deformation (44):

η̃ω
3 (ᵀ∂x + G∂ϑ) = Ψ−2ω

h
◦ η̃ω

2 (ᵀ∂a + H∂ϑ)

= η(ᵀ∂a + H∂ϑ)− 2ω(ᵀ′ − ∂ϑ(H))

+ (2ω2 + hω)(ᵀ′′y−1 − H′′y−2ϑ̄− 2∂ϑ(H′)y−1) + · · · , (45)

so we arrive at a polynomial deformation satisfying the second of the conditions (41) with
respect to any inf deformation (33).

4.2.1. Exploring Integrable Infinitesimal Deformations in Fuzzy Lie Algebras

Consider the defining relations for a fuzzy torus and a deformed (squashed) sphere.
These defining relations can be rewritten as a new algebra that incorporates q-deformed
commutators. Let A be this algebra, and let q be the quantum parameter with |q| = 1.
Furthermore, assume that A contains the parameter μ as a constant.

Lemma 6. For generic values of q such that qN 	= 1 for any positive integer N, A admits a
representation that corresponds to the “string solution” of the algebra.

69



Axioms 2024, 13, 2

Proof. Consider the defining relations for A with generic values of q, where qN 	= 1
for any positive integer N. These defining relations lead to the “string solution” of the
algebra, which has a well-defined representation. The representation in this case is finite-
dimensional and corresponds to a fuzzy torus or a similar structure.

Theorem 3. If q is a root of unity, i.e., qN = 1 for some positive integer N, then A admits a
representation corresponding to the “loop solution” of the algebra. This representation contains
undetermined parameters. Moreover, in the case of the squashed sphere, where q = 1 and μ < 0,
the algebra A can be regarded as a new kind of quantum S2. The value of the invariant of the algebra,
which defines the constraint for the surfaces, is not restricted to be one. This lack of restriction allows
the parameter q to be treated as independent of N (the dimension of the representation) and μ.

Proof. When q is a root of unity, the defining relations of A lead to the “loop solution” of
the algebra. In this case, the representation contains undetermined parameters because
the algebraic relations are not uniquely fixed. This undeterminedness is a consequence of
the special properties of q as a root of unity, allowing multiple representations. Moreover,
when q = 1 and μ < 0, the defining relations of A take on a unique form that distinguishes
it from a fuzzy torus or other cases. This specific form corresponds to a different algebraic
structure, and its properties are reminiscent of those of a quantum S2, making it a new kind
of quantum S2. On the other hand, The invariant value in the algebra A is not fixed at one,
but can take various values depending on the specific algebraic relations and structure.
This flexibility in the invariant value allows the parameter q to be treated independently of
N and μ when considering different representations or scenarios.

Corollary 2. It is shown that, for generic values of q (where qN 	= 1), the allowed range of the
value q + q−1 must be restricted for each fixed positive integer N to ensure consistency in the
representation of A.

Proof. The restrictions on q + q−1 arises from the need to maintain consistency in the
representation of A. For generic values of q where qN 	= 1, certain values of q + q−1 may
lead to inconsistencies in the algebraic structure or representations. Therefore, to ensure
a consistent representation of A for each fixed positive integer N, the allowed range of
q + q−1 must be carefully restricted.

4.2.2. A Variation of the Central Charge

The non-trivial two-cocycle with scalar values, denoted as C̃1(X, Y), is defined by the
outer superderivation ad log y in H1

0(SψD�,SψD�). This is given by the formula [15]:

C̃1(X, Y) = Str([log y, X] ◦Y). (46)

It is known that dim H2(�(S1|1), C) = 1 [28,29], and H2(�(S1|1), C) is generated by
the two-cocycle:

C(v1, v2) =
∫

S1|1
(2 ᵀ′′1 G2 + 2(−1)p(ᵀ2) ᵀ′′2 G1 + ᵀ′2∂ϑ(G2)) vol(x, ϑ), (47)

where v1 = ᵀ1∂a + ᵀ2∂ϑ and v1 = G1∂a + G2∂ϑ, with ᵀ1,ᵀ2, G1, G2 ∈ C∞(S1|1).

Remark 4. The restriction to the Lie superalgebra�(S1|1) of the 2-cocycle (46) is identical to the
2-cocycle (47).

Corollary 3. The restriction to�(S1|1) ↪→ SψD�h of the cocycle C̃1 with respect to the embedding
(43), (44), or (45) is given by:

η̃ω∗(C̃1) = (−h− 4ω)C. (48)
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Proof. This is arrived at by straightforward calculations from the previous theorem.

5. Conclusions

In summary, our study focused on a mathematical relationship that intricately in-
tertwines several fundamental elements within the domain of Lie superalgebras (g). We
explored the multifaceted interplay of multi-parameter deformations, cohomology spaces,
integrability relations, and central extensions.

We delved into an examination of the s-embedding within the Lie superalgebra�(S1|1),
representing smooth vector fields on the ((1,1))-dimensional super-circle. Our principal
endeavor was to ascertain a precise delineation of the s-embedding, which entailed de-
constructing the Lie superalgebra to unveil the superalgebra of super-pseudodifferential
operators (SψD�) situated on the super-circle (S1|1). Additionally, we delineated and
rigorously defined the central charge within the framework of�(S1|1), capitalizing on the
canonical central extension of (SψD�). Our inquiry was further broadened to traverse the
realm of fuzzy Lie algebras, with the aim to unearth potential associations and analogies
between these seemingly disparate mathematical frameworks. Spanning a gamut of aspects
including non-commutative structures, representation theory, central extensions, and cen-
tral charges, our investigation fosters a foundational bridge between Lie superalgebras
and fuzzy Lie algebras, enriching the understanding of the interconnections within these
mathematical domains.
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Abstract: In this paper, (�,∨)-multiderivations on an MV-algebra A are introduced, the relations
between (�,∨)-multiderivations and (�,∨)-derivations are discussed. The set MD(A) of (�,∨)-
multiderivations on A can be equipped with a preorder, and (MD(A)/∼,�) can be made into a
partially ordered set with respect to some equivalence relation ∼. In particular, for any finite MV-
chain Ln, (MD(Ln)/∼,�) becomes a complete lattice. Finally, a counting principle is built to obtain
the enumeration of MD(Ln).
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1. Introduction

The concept of derivation originating from analysis has been delineated for a variety
of algebraic structures which come in analogy with the Leibniz rule

d
dx

( f g) =
d

dx
( f )g + f

d
dx

(g).

Posner [1] introduced the derivation on prime rings (R,+, ·) as a mapping d from R
to R such that for all x, y ∈ R:

(1) d(x · y) = d(x) · y + x · d(y), (2) d(x + y) = d(x) + d(y).

It implies that
(3) d(1) = 0, (4) d(0) = 0,

which are the 0-ary version of (1) and (2), respectively.
The derivations on lattices (L,∨,∧) were defined in [2] by Szász and were developed

in [3] by Ferrari as a map d from L to L such that for all elements x, y in L:

(i) d(x ∧ y) = (d(x) ∧ y) ∨ (x ∧ d(y)), (ii) d(x ∨ y) = d(x) ∨ d(y).

Xin et al. [4,5] investigated the derivations on a lattice satisfying only condition (i). In
fact, a derivation d on L with both the Leibniz rule (i) and the linearity (ii) implies that
d(x) = x ∧ u for some u ∈ L [6] (Proposition 2.5). If u is the maximum of a lattice, then
such a derivation is actually the identity. It seems that this is an important reason for
the derivations on, for instance, BCI-algebra [7], residuated lattices [8], basic algebra [9],
L-algebra [10], and differential lattices [6], which are defined with the unique requirement
of the Leibniz rule (i) (for the discussion in detail, cf. Section 2).

The derivation on an MV-algebra (A,⊕, ∗, 0) was firstly introduced by Alshehri [11]
as a mapping d from A to A satisfying an (�, ⊕)-condition: ∀x, y ∈ A,
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d(x� y) = (d(x)� y)⊕ (x� d(y)),

where x � y is defined to be (x∗ ⊕ y∗)∗. Then, several derivations on MV-algebras have
been considered in [12–15]. However, the interplay of the ring operations · and + is
more similar to the interplay between the MV-operations � and ∨ rather than that between
the MV-operations � and ⊕. In fact, the main interplay between · and + in rings is the
distributivity of · over +. In MV-algebras, � distributes over ∨, as in rings, while it is not
true that � distributes over ⊕. It is also true that � distributes over ∧, but ∨ is preferable
because the identity element of ∨ is absorbing for �, that is, 0� x = 0 for any element x
in an MV-algebra A, as in rings, while the same is not true for ∧. Therefore, the (�, ∨)-
derivation on MV-algebras [16] is a nature improvement of Alshehri’s celebrated work [11]
of the (�, ⊕)-derivation (cf. Section 2 for more discussion).

Let E and F be nonempty sets. A multifunction f : E → Δ(F) is a map (or function)
from E into Δ(F), the collection of nonempty subsets of F. The multifunction [17] is also
known as set-valued function [18]. Significantly, multifunctions have many diverse and
interesting applications in control problems [19,20] and mathematical economics [21,22].
Motivated by the role played by derivations on MV-algebras and the work of multideriva-
tions on lattices [23], it is imperative to undertake a systematic study of the corresponding
algebraic structure for derivations on MV-algebras.

This article is a continuation of work on (�,∨)-multiderivations based on the nature
(�, ∨)-derivation on MV-algebras [16], that is, a set-valued generalization of point-valued
(�,∨)-derivations. Section 2 starts with a review of the (�,∨)-derivations on an MV-
algebra A. In Section 3, we first define a natural preorder on Δ(A) that M � N iff for every
m ∈ M there exists n ∈ N such that m ≤ n. Then, we introduce (�,∨)-multiderivations
on MV-algebras. The relations between (�,∨)-derivations and (�,∨)-multiderivations
on an MV-algebra are given (Propositions 5–7). In Section 4, we investigate the set of
(�,∨)-multiderivations MD(A) on an MV-algebra A. Let σ, σ′ ∈ MD(A). Define σ � σ′
if σ(x) � σ′(x) for any x ∈ A, and an equivalence relation ∼ on MD(A) by σ ∼ σ′ iff
σ � σ′ and σ′ � σ. Then, (MD(A)/∼,�) is a poset. For an n-element MV-chain Ln, we
show that (MD(Ln)/∼,�) is isomorphic to the complete lattice Der(Ln), the underlying
set of (�,∨)-derivations on Ln (Theorem 1), so we deduce that |MD(Ln)/∼| = |Der(Ln)|,
then [16] (Theorem 3.11) can be applied. Moreover, we define an equivalence relation ∼ on
Δ(A), and present the fact that the poset Δ(Ln × L2)/∼ is isomorphic to the complete lattice
Der(Ln+1) (Proposition 11). However, the cardinalities of different equivalence classes
with respect to the equivalence relation ∼ are different in general (Example 5). In Section 5,
by building a counting principle (Theorem 3) for (�,∨)-multiderivations on an n-element
MV-chain Ln, we finally obtain the enumeration of MD(Ln): (7 · 3n−1 − 2n+2 + 1)/2.

Notation. Throughout this paper, A denotes an MV-algebra; |X| denotes the cardinal-
ity of a set X; Δ(X) denotes the set of nonempty subsets of a set X;  means disjoint union;
N denotes the set of natural numbers; “iff” is the abbreviation for “if and only if”.

2. Preliminaries

Definition 1 ([24]). An algebra (A,⊕, ∗, 0) is an MV-algebra if the following axioms are satisfied:
(MV1) (associativity) x⊕ (y⊕ z) = (x⊕ y)⊕ z.
(MV2) (commutativity) x⊕ y = y⊕ x.
(MV3) (existence of the unit 0) x⊕ 0 = x.
(MV4) (involution) x∗∗ = x.
(MV5) (maximal element 0∗) x⊕ 0∗ = 0∗.
(MV6) (Łukasiewicz axiom) (x∗ ⊕ y)∗ ⊕ y = (y∗ ⊕ x)∗ ⊕ x.

Define 1 = 0∗ and the natural order on A as follows: y ≥ x iff x� y∗ = 0. Then, the
interval [a, b] = {r ∈ A | a ≤ r ≤ b} for any a, b ∈ A and a ≤ b. Note that A is a bounded
distributive lattice with respect to the natural order [24] (Proposition 1.5.1) with 0, 1, and

x ∨ y = (x� y∗)⊕ y , x ∧ y = x� (x∗ ⊕ y). (1)
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An MV-chain is an MV-algebra which is linearly ordered with respect to the natural order.

Example 1 ([24]). Let L = [0, 1] be the real unit interval. Define

x⊕ y = min{1, x + y} and x∗ = 1− x for any x, y ∈ L.

Then (L,⊕, ∗, 0) is an MV-chain. Note that x� y = max{0, x + y− 1}.

Example 2. For every 2 ≤ n ∈ N+, let

Ln =

{
0,

1
n− 1

,
2

n− 1
, · · · ,

n− 2
n− 1

, 1
}

.

Then the n-element subset Ln is an MV-subalgebra of L.

Lemma 1 ([24,25]). If A is an MV-algebra, then the following statements are true ∀x, y, z ∈ A:

1. x⊕ y ≥ x ∨ y ≥ x ≥ x ∧ y ≥ x� y.
2. x⊕ y = 0 iff x = y = 0. x� y = 1 iff x = y = 1.
3. If y ≥ x, then y ∨ z ≥ x ∨ z, y ∧ z ≥ x ∧ z.
4. If y ≥ x, then y⊕ z ≥ x⊕ z, y� z ≥ x� z.
5. y ≥ x iff x∗ ≥ y∗.
6. x� (y ∧ z) = (x� y) ∧ (x� z).
7. x� (y ∨ z) = (x� y) ∨ (x� z).
8. x� y ≤ z iff x ≤ y∗ ⊕ z.

Let Ω be an index set. The direct product ∏i∈Ω Ai [24] of a family of MV-algebras {Ai}i∈Ω
is the MV-algebra with cartesian product of the family and pointwise MV-operations. We
denote A1 × A2 × · · · × An when Ω is a positive integer n. We call a ∈ A idempotent if
a ⊕ a = a. Let B(A) be the set of idempotent elements of A and B2n be the 2n-element
Boolean algebra. Note that B4 is actually L2 × L2 [24].

Lemma 2 ([24], Proposition 3.5.3). Let A be a subalgebra of [0, 1]. Let A+ = {x ∈ A | x > 0}
and a = inf A+ be the infimum of A+. If a = 0, then A is a dense subchain of [0, 1]. If a > 0, then
A = Ln for some n ≥ 2.

Definition 2 ([16]). If A is an MV-algebra, then a map d from A to A is an (�,∨)-derivation
on A if ∀x, y ∈ A,

d(x� y) = (d(x)� y) ∨ (x� d(y)). (2)

Let Der(A) be the set of (�,∨)-derivations on A. For X = {x1, x2, · · · , xn} and a map d : X → X,
we shall write d as (

x1 x2 · · · xn
d(x1) d(x2) · · · d(xn)

)
.

The mappings IdA and 0A, defined by IdA(x) = x and 0A(x) = 0 (∀x ∈ A), respec-

tively, are (�,∨)-derivations on A. For u ∈ A, the operator χ(u)(x) :=

{
u, if x = 1
x. otherwise

∈
Der(A). More examples are given in [16].

Proposition 1 ([16]). If A is an MV-algebra and d ∈ Der(A), then the followings hold for all
x, y ∈ A:

1. 0 = d(0).
2. x ≥ d(x).
3. If d(x) = x, then d(y) = y for y ≤ x.
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Remark 1. Now let us give some explanations of the naturality of an (�,∨)-derivation in Defi-
nition 2. The interplay of the ring operations · and + is more similar to the interplay between the
MV-operations � and ∨ rather than that between the MV-operations � and ⊕.

Next we discuss why we include only Equation (2). Recall that d(0) = 0 is the 0-ary version of
d(x + y) = d(x) + d(y) in derivations on a ring. For MV-algebras, d(0) = 0 is the 0-ary version
of (a); see Proposition 1 (1). d(1) = 0 is the 0-ary version of d(x · y) = d(x) · d(y) in derivations
on a ring. Hence, it seems that the most faithful and natural derivation notion on A as a translation
of the ring-theoretic notion of derivation (cf. Introduction) would include:

(a) d(x� y) = (d(x)� y) ∨ (x� d(y)),
(b) d(1) = 0,
(c) d(x ∨ y) = d(x) ∨ d(y),
(d) d(0) = 0.

However, (b) and (c) imply that d is trivial (note that (a) is automatically assumed).

Lemma 3. If A is an MV-algebra and d : A → A is a map satisfying (a), (b) and (c) for any
x, y ∈ A. Then, d = 0A.

Proof. Assume x ≤ y, it follows from (c) that d(y) = d(x ∨ y) = d(x) ∨ d(y) and thus
d(x) ≤ d(y). Together with (b) d(1) = 0, we have d(x) = 0 for any x ∈ A since x ≤ 1.
Hence, d = 0A.

Next, we consider what will happen if the condition (b′) d(1) = 1 replaces (b) d(1) = 0.

Lemma 4. If d : A → A is a mapping from an MV-algebra A to A with (a) and (b′) for any
x, y ∈ A, then, d = IdA.

Proof. Assume d satisfies (a) and (b′). We obtain that d satisfies Proposition 1 (3) since
d satisfies (a). Both with (b′) d(1) = 1, we obtain d(x) = x for any x ∈ A. Therefore,
d = IdA.

Recall that for a given a ∈ A, a principal (�,∨)-derivation da on A [16] is defined
by da(x) := a� x for all x ∈ A. An (�,∨)-derivation d is isotone [16] if ∀x, y ∈ A, y ≥ x
implies that d(y) ≥ d(x). Note that 0A and IdA are both principal and isotone. More
generally, we obtain the following.

Proposition 2 ([16] (Proposition 3.19)). Let A be an MV-algebra and d be a map satisfying (a)
and (b”). Then, the followings are equivalent:

1. d is isotone;
2. d(1)� x = d(x) for all x ∈ A;
3. d(x) ∨ d(y) = d(x ∨ y).

If d satisfies (b), then the principal derivations on MV-algebra A will not be included,
expect 0A. Even identity derivations IdA will not be within our scope of consideration.
Hence, the scope of the study will be significantly narrowed.

Remark 2. Note that d is isotone if d satisfies (c). In fact, if x ≤ y, then d(y) = d(x ∨ y) =
d(x)∨ d(y) and thus d(x) ≤ d(y). The isotone case is a special case of d, thus the scope of research
will be narrowed. This case has been partially studied in [16], Section 3.3.

Therefore, we use the derivation meaning from Definition 2 in our series papers since [16] on.

3. (�,∨)-Multiderivations on an MV-Algebra

Let X and Y be two nonempty sets. Recall that a set-valued function or multivalued

function (for short, multifunction) F between X and Y is a map F : X → Δ(Y). The set
F(x) is called the image of x under F (cf. [26], Appendix A).
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Definition 3. Let A be an MV-algebra and M, N ∈ Δ(A). We define four binary operations
⊕,�,∨,∧ and an unary operation ∗ on Δ(A) by:

M � N = {m � n | m ∈ M, n ∈ N} and M∗ = {m∗ | m ∈ M}
where � ∈ {⊕,�,∨,∧}.

Remark 3.

1. Note that M ∨ N means the pointwise m ∨ n operation from Equation (1) of sets, which is
different from the supremum of M and N. M ∧ N has a similar meaning.

2. We abbreviate M � {x} and {x}∗ by M � x and x∗, respectively. But if {x} appears by itself
such as M � {x}, we still use {x}.

We define a binary relation M � N iff for every m ∈ M there exists n ∈ N such that
m ≤ n. Denote M ≺ N if M � N and M 	= N.

Then, � is a preorder on Δ(A). In fact, the reflexivity and transitivity of � are clear.
However, � does not satisfy antisymmetry in general. In fact, � satisfies antisymmetry iff
the MV-algebra A is trivial: If A is trivial, we have Δ(A) = {{0}} and {0} � {0}. Hence, �
satisfies antisymmetry. Conversely, suppose A is nontrivial, we have A 	= {1}, but {1} � A
and A � {1}, a contradiction.

Lemma 5. Let A be an MV-algebra and x, a, b, c, e, f ∈ A. Then, the followings hold:

1. If x ≤ b� c, then there exists t ∈ A such that t ≤ b and x = t� c.
2. If x ≤ b ∨ c, then there exist t, s ∈ A such that t ≤ b, s ≤ c and x = t ∨ s.
3. [a, b]� c = [a� c, b� c].
4. [a, b] ∨ [e, f ] = [a ∨ e, b ∨ f ].

Proof. (1) Assume x ≤ b� c, then

x = (b� c) ∧ x = (b� c)� ((b� c)∗ ⊕ x) = b� ((b� c)∗ ⊕ x)� c.

Thus, we may choose t = b� ((b� c)∗ ⊕ x).
(2) Assume x ≤ b ∨ c. Recall that A is a distributive lattice. So

x = (b ∨ c) ∧ x = (b ∧ x) ∨ (c ∧ x).

Hence, we can obtain x = t ∨ s by taking t = b ∧ x, s = c ∧ x.
(3) For each x ∈ [a, b], we obtain a � c ≤ x � c ≤ b � c by Lemma 1 (4). Thus,

[a, b] � c ⊆ [a � c, b � c]. It suffices to prove that [a � c, b � c] ⊆ [a, b] � c. For any
a� c ≤ x ≤ b� c, by (1) there is t = b� ((b� c)∗ ⊕ x) ≤ b such that x = t� c. If we can
prove a ≤ t, then the result follows immediately. Note that

t = b� ((b� c)∗ ⊕ x) = b� (b∗ ⊕ c∗ ⊕ x) = b ∧ (c∗ ⊕ x).

Since a � c ≤ x, we have a ≤ c∗ ⊕ x by Lemma 1 (8). Together with a ≤ b, we obtain
a ≤ b ∧ (c∗ ⊕ x) = t. Thus, we conclude that [a, b]� c = [a� c, b� c].

(4) For any t ∈ [a, b], s ∈ [e, f ], we have a ∨ e ≤ t ∨ s ≤ b ∨ f by Lemma 1 (3). Thus,
[a, b] ∨ [e, f ] ⊆ [a ∨ e, b ∨ f ]. It is enough to prove that [a ∨ e, b ∨ f ] ⊆ [a, b] ∨ [e, f ]. For any
a ∨ e ≤ x ≤ b ∨ f , there exist t, s ∈ A such that

t = b ∧ x ≤ b, s = f ∧ x ≤ f and x = t ∨ s

by (2). If we can prove a ≤ t and e ≤ s, then the result follows. Note that since a ≤ b
and a ≤ a ∨ e ≤ x, we have a ≤ b ∧ x = t. Similarly, e ≤ s. Therefore, [a ∨ e, b ∨ f ] =
[a, b] ∨ [e, f ].

The following result holds for any MV-algebra A since it is a distributive lattice under
the natural order.
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Lemma 6 ([23] (Lemma 2.1)). Let L be a lattice and M, N, P, Q ∈ Δ(L). Then, the following
statements hold:

1. M ∧ N � M � M ∨ N.
2. If M � N and P � Q, then M ∧ P � N ∧Q and M ∨ P � N ∨Q. In particular, M � N

implies M ∧ P � N ∧ P.
3. M ⊆ M ∧ M, M ⊆ M ∨ M. If M is a sublattice of L, then M = M ∨ M.
4. M ∨ N = N ∨ M.
5. (M ∨ N) ∨ P = M ∨ (N ∨ P).
6. If M ∨ N ⊆ M, then N � M.
7. If L is distributive, then (M ∨ N) ∧ P ⊆ (M ∧ P) ∨ (N ∧ P).

Remark 4.

1. Note that the converse inclusion of Lemma 6 (3), i.e., M ∧ M ⊆ M and M ∨ M ⊆ M, does
not hold in general. For example, consider the Boolean lattice B4 = {0, a, b, 1} (see Figure 1),
M = {a, b} ⊆ B4, then 0 = a ∧ b ∈ M ∧ M and 1 = a ∨ b ∈ M ∨ M, but 0, 1 /∈ M.

2. The converse of Lemma 6 (6), i.e., N � M implies M ∨ N ⊆ M may not hold. For example,
in L3, let N = {0, 1

2}, M = {0, 1}. We have N � M but M ∨ N = {0, 1
2 , 1} � M.

3. The converse inclusion of Lemma 6 (7) holds if P is a singleton but need not hold in gen-
eral. This is slightly different from [23]. For example, let B8 = {0, a, b, c, u, v, w, 1} be the
8-element Boolean lattice as Figure 2, M = {u}, N = {w} and P = {a, b, c}. We can check
that u = a ∨ b = (u ∧ a) ∨ (w ∧ b) ∈ (M ∧ P) ∨ (N ∧ P) but u /∈ P = (M ∨ N) ∧ P.

1

a b

0
Figure 1. Hasse diagram of B4.

1

vu w

a b c

0
Figure 2. Hasse diagram of B8.

According to Lemma 1, one obtains
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Lemma 7. Assume that A is an MV-algebra, M, N, P, Q ∈ Δ(A), and m ∈ M. Then, the
following statements hold:

1. If M � N and P � Q, then M⊕ P � N ⊕Q and M� P � N �Q. In particular, M � N
implies M⊕ P � N ⊕ P and M� P � N � P.

2. m� (P ∨Q) = (m� P) ∨ (m�Q).
3. m� (P ∪Q) = (m� P) ∪ (m�Q).
4. M� N � M ∧ N � M � M ∨ N � M⊕ N.
5. If M⊕ N ⊆ M, then N � M.

Proof. (1) Suppose M � N and P � Q. For any x = m⊕ p ∈ M⊕ P, there are n ∈ N and
q ∈ Q such that m ≤ n and p ≤ q. It follows from Lemma 1 (4) that m⊕ p ≤ m⊕ q ≤ n⊕ q,
where n ⊕ q ∈ N ⊕ Q. Thus, M ⊕ P � N ⊕ Q. Similarly, we have M � P � N � Q.
In particular, we obtain M⊕ P � N ⊕ P and M� P � N � P.

(2) For any p ∈ P and q ∈ Q, we have m� (p ∨ q) = (m� p) ∨ (m� q) ∈ (m� P) ∨
(m�Q) by Lemma 1 (7). Thus, m� (P ∨Q) ⊆ (m� P) ∨ (m�Q). The reverse inclusion
can be verified similarly. Therefore, m� (P ∨Q) = (m� P) ∨ (m�Q).

(3) We have x ∈ m� (P ∪ Q), iff there is y ∈ P ∪ Q such that x = m� y, iff there is
y ∈ P or y ∈ Q such that x = m� y, iff x ∈ m� P or x ∈ m�Q, iff x ∈ (m� P) ∪ (m�Q).
Hence, m� (P ∪Q) = (m� P) ∪ (m�Q).

(4) For any m ∈ M and n ∈ N, we know m� n ≤ m ∧ n ≤ m ≤ m ∨ n ≤ m⊕ n by
Lemma 1 (1). The result follows immediately.

(5) Assume M⊕N ⊆ M, then for any n ∈ N, there exists m ∈ M such that m⊕ n ∈ M.
So by Lemma 1 (1) we obtain n ≤ m⊕ n. Therefore, N � M.

To study whether (Δ(A),⊕, ∗, {0}) is an MV-algebra, we first give

Lemma 8. If A is an MV-algebra, then, for any M, N, P ∈ Δ(A), the followings hold:

1. (M⊕ N)⊕ P = M⊕ (N ⊕ P).
2. M⊕ N = N ⊕ M.
3. M⊕ 0 = M.
4. M∗∗ = M.
5. M⊕ 0∗ = {0∗}.

Proof. (1)–(5) follow from (MV1)–(MV5), respectively.

Remark 5. Since (MV1)–(MV5) are satisfied on Δ(A), it is natural to consider whether (MV6)
(M∗ ⊕N)∗ ⊕N = (N∗ ⊕M)∗ ⊕M holds on Δ(A). The answer is no. For example, let M = { 1

2}
and N = {0, 1} on three-element MV-chain L3. It is easy to see that ( 1

2
∗ ⊕ {0, 1})∗ ⊕ {0, 1} =

{0, 1
2} ⊕ {0, 1} = {0, 1

2 , 1} 	= { 1
2 , 1} = ({0, 1}∗ ⊕ 1

2 )
∗ ⊕ 1

2 . That is, (M∗ ⊕ N)∗ ⊕ N 	=
(N∗ ⊕ M)∗ ⊕ M.

If A is a nontrivial MV-algebra, and ϕ : A → Δ(A) is a multifunction on A. ϕ is called
additive and negative, if ϕ(x ⊕ y) = ϕ(x)⊕ ϕ(y) and ϕ(x∗) = (ϕ(x))∗ for all x, y ∈ A,
respectively.

Proposition 3. Let A be an MV-algebra and ϕ : A → Δ(A) be a multifunction on A. If ϕ is
additive and negative, then (ϕ(A),⊕, ∗, ϕ(0)) is an MV-algebra, where ϕ(A) = {ϕ(x) | x ∈ A}.

Proof. It is sufficient to prove (MV3), (MV5) and (MV6), since we know that (ϕ(A),⊕, ∗, ϕ(0))
satisfies (MV1), (MV2) and (MV4) by Lemma 8. Since ϕ is additive and negative, it
follows that ϕ(x)⊕ ϕ(0) = ϕ(x ⊕ 0) = ϕ(x) and ϕ(x)⊕ ϕ(0)∗ = ϕ(x ⊕ 0∗) = ϕ(0∗) =
ϕ(0)∗. Furthermore, (ϕ(x)∗ ⊕ ϕ(y))∗ ⊕ ϕ(y) = ϕ(x∗ ⊕ y)∗ ⊕ ϕ(y) = ϕ((x∗ ⊕ y)∗ ⊕ y) =
ϕ((y∗ ⊕ x)∗ ⊕ x) = ϕ(y∗ ⊕ x)∗ ⊕ ϕ(x) = (ϕ(y)∗ ⊕ ϕ(x))∗ ⊕ ϕ(x) for any x, y ∈ A. Thus,
(ϕ(A),⊕, ∗, ϕ(0)) is an MV-algebra.
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Now let us define the (�,∨)-multiderivation.

Definition 4. If A is an MV-algebra, a multifunction σ : A → Δ(A) is called an (�,∨)-
multiderivation on A if

σ(x� y) = (σ(x)� y) ∨ (x� σ(y)) (3)

for all x, y ∈ A. Denote the set of (�,∨)-multiderivations on A by MD(A).

Example 3. (i) Consider the MV-chain L4. We define a multifunction σ on L4 by σ(0) = {0},
σ( 1

3 ) = {0, 1
3}, σ( 2

3 ) = {0, 2
3}, σ(1) = {0, 1}. Then, we can check σ is an (�,∨)-multiderivation

on L4. In fact, σ = β1 (see Corollary 1).
(ii) Consider the standard MV-algebra L = [0, 1]. We define a multifunction σ : L → Δ(L)

by σ(x) = [0, x] for all x ∈ L. Then, we can verify that σ is an (�,∨)-multiderivation on L (see
Proposition 6).

(iii) Let A be an MV-algebra and S ⊆ A be a subalgebra of A. Define a multifunction
σS on A by σS(x) = x � S, ∀x ∈ A, then σS ∈ MD(A), which is called a principal (�,∨)-
multiderivation. In fact, for any x, y ∈ A, since the subalgebra S must be a sublattice of A, it
follows that S = S ∨ S by Lemma 6 (3). According to Lemma 7 (2), we immediately have σS(x�
y) = x� y� S = x� y� (S ∨ S) = (x� y� S) ∨ (x� y� S) = (σS(x)� y) ∨ (x� σS(y)).

Proposition 4. If A is an MV-algebra and σ ∈ MD(A). Then, the followings hold for all x, y ∈ A,

1. σ(0) = {0}.
2. σ(x) � {x}.
3. σ(x)� σ(y) � σ(x� y) � σ(x) ∨ σ(y).
4. x� σ(1) � σ(x).
5. If I is a lower set of A, then σ(x) ⊆ I holds for any x ∈ I.
6. Let 1 ∈ σ(1). Then, x ∈ σ(x).

Proof. (1) Taking x = y = 0 in Equation (3), we obtain σ(0) = σ(0� 0) = (σ(0)� 0) ∨
(0� σ(0)) = {0}.

(2) Since x � x∗ = 0, we know that {0} = σ(0) = σ(x � x∗) = (σ(x)� x∗) ∨ (x �
σ(x∗)) by (1). So σ(x)� x∗ = {0} and we obtain σ(x) � {x}.

(3) By Lemma 6 (3), we have σ(x)� σ(y) ⊆ (σ(x)� σ(y)) ∨ (σ(x)� σ(y)). Moreover,
σ(x)� σ(y) � σ(x)� y and σ(x)� σ(y) � x� σ(y) by (2) and Lemma 7 (1). Thus,

σ(x)� σ(y) ⊆ (σ(x)� σ(y)) ∨ (σ(x)� σ(y)) � (σ(x)� y) ∨ (x� σ(y)) = σ(x� y)

by Lemma 6 (2). Moreover, by Lemma 7 (1) and Lemma 6 (2) we have

σ(x� y) = (σ(x)� y) ∨ (x� σ(y)) � σ(x) ∨ σ(y).

(4) Since x = 1� x, it follows that σ(x) = σ(1� x) = σ(x)∨ (x� σ(1)) by Equation (3).
Then, we can obtain x� σ(1) � σ(x) by Lemma 6 (6).

(5) For any x ∈ I, we know σ(x) � {x} by (2). It induces that y ≤ x holds for any
y ∈ σ(x). Then, y ∈ I since I is a lower set. Thus, σ(x) ⊆ I.

(6) Since 1 ∈ σ(1), there must exist y ∈ σ(x) such that x = x� 1 ≤ y by (4). Moreover,
by (2) we know y ≤ x always holds for y. Hence, we obtain x = y and x ∈ σ(x).

Now, let us explore the relations between (�,∨)-derivation d and (�,∨)-multiderivation
σ on A.

On the one hand, given an (�,∨)-derivation d on A, how can we construct an (�,∨)-
multiderivation on A? We get started with a direct construction. Assume d ∈ Der(A).
Define a multifunction α : A → Δ(A) as follows:

α(x) = {d(x)} for any x ∈ A.
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Then, α ∈ MD(A).

Proposition 5. If A is an MV-algebra and d ∈ Der(A), define a multifunction β : A → Δ(A)
on A as follows

β(x) := {0, d(x)}.

Then, β ∈ MD(A) iff d(x) � y = x � d(y) holds for any x, y ∈ A with d(x) � y > 0 and
x� d(y) > 0.

Proof. Assuming β ∈ MD(A), it follows that

{0, d(x� y)} = β(x� y)

= (β(x)� y) ∨ (x� β(y))

= ({0, d(x)} � y) ∨ (x� {0, d(y)})
= {0, d(x)� y} ∨ {0, x� d(y)}
= {0, d(x)� y, x� d(y), d(x� y)}

for any x, y ∈ A. From the chain of equalities, we know that d(x)� y, x� d(y) ∈ {0, d(x�
y)}. If both d(x)� y > 0 and x� d(y) > 0, then d(x)� y = d(x� y) = x� d(y).

Conversely, let x, y ∈ A.
Then,

β(x� y) = {0, d(x� y)}
and

(β(x)� y) ∨ (x� β(y)) = {0, d(x)� y, x� d(y), d(x� y)}.

There are only two cases:
If d(x)� y = 0 or x� d(y) = 0, without loss of generality, assume that d(x)� y = 0.

Then,
d(x� y) = 0∨ (x� d(y)) = x� d(y).

Thus, (β(x)� y) ∨ (x� β(y)) = {0, d(x� y)} = β(x� y).
If d(x)� y = x� d(y), then

d(x� y) = d(x)� y = x� d(y).

Thus, (β(x)� y) ∨ (x� β(y)) = {0, d(x� y)} = β(x� y).
Consequently, we infer β ∈ MD(A).

Corollary 1. If A is an MV-algebra, and a ∈ A, a multifunction βa : A → Δ(A) on A is defined
as follows

βa(x) := {0, da(x)}.

Then βa ∈ MD(A).

Proof. If d = da in Proposition 5, then for any x, y ∈ A, we know d(x)� y = a� x� y =
x� d(y). Hence, we infer that βa ∈ MD(A) by Proposition 5.

Remark 6. The conclusion is not necessarily true for general (�,∨)-derivations. For example,

d =

(
0 1

3
2
3 1

0 1
3

2
3

2
3

)
is an (�,∨)-derivation on L4. But β( 2

3 � 1) = {0, 2
3} 	= {0, 1

3 , 2
3} =

{0, 2
3} ∨ {0, 1

3} = ({0, 2
3} � 1) ∨ ( 2

3 � {0, 2
3}) = (β( 2

3 )� 1) ∨ ( 2
3 � β(1)).

Proposition 6. Let A be an MV-algebra and d ∈ Der(A). Define a multifunction γ : A → Δ(A)
on A as follows

γ(x) := [0, d(x)].
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Then γ ∈ MD(A).

Proof. Since d ∈ Der(A), we obtain γ(x� y) = [0, d(x� y)] = [0, (d(x)� y) ∨ (x� d(y))].
Moreover, we have

(γ(x)� y) ∨ (x� γ(y)) = ([0, d(x)]� y) ∨ (x� [0, d(y)]) (Definition 3)

= [0, d(x)� y] ∨ [0, x� d(y)] (Lemma 5 (3))

= [0, (d(x)� y) ∨ (x� d(y))]. (Lemma 5 (4))

Hence, we conclude that γ ∈ MD(A).

On the other hand, if there is a given (�,∨)-multiderivation σ on A, then we can
construct a corresponding (�,∨)-derivation d from σ. We need the following lemma
to prepare.

Lemma 9. If A is an MV-algebra, and M, N ∈ Δ(A), if both sup(M) and sup(N) exist, then

1. sup(M� N) exists and sup(M� N) = sup(M)� sup(N).
2. sup(M ∨ N) exists and sup(M ∨ N) = sup(M) ∨ sup(N).

Proof. Denote m0 = sup(M) and n0 = sup(N).
(1) Firstly, we prove that m0 � n0 is an upper bound of M� N. For any m ∈ M and

n ∈ N, we immediately have m� n ≤ m0 � n0 by Lemma 1 (4). Hence, it is enough to show
that m0 � n0 is the least upper bound. Assume that m� n ≤ x for all m ∈ M, n ∈ N. It tells
us that m ≤ n∗ ⊕ x and so m0 ≤ n∗ ⊕ x by Lemma 1 (8) and the definition of least upper
bound. Then, we have m0 � n ≤ x. Similarly, we obtain n ≤ m∗

0 ⊕ x and n0 ≤ m∗
0 ⊕ x.

Thus, we can prove that m0 � n0 ≤ x. Finally, sup(M� N) = sup(M)� sup(N) holds.
(2) For any m ∈ M and n ∈ N, we have m ≤ m0 and n ≤ n0. So, m ∨ n ≤ m0 ∨ n0

and sup(M ∨ N) ≤ sup(M) ∨ sup(N). Conversely, since M ∨ N " M, N, it implies that
sup(M ∨ N) ≥ sup(M), sup(N) and thus sup(M ∨ N) ≥ sup(M) ∨ sup(N). Therefore,
sup(M ∨ N) = sup(M) ∨ sup(N).

Proposition 7. If A is an MV-algebra, σ ∈ MD(A), and sup(σ(x)) exists for any x ∈ A, define
sup σ : A → A by (sup σ)(x) = sup(σ(x)). Then, sup σ ∈ Der(A).

Proof. For any x, y ∈ A, we have

(sup σ)(x� y) = sup(σ(x� y)) (Definition of sup σ)

= sup((σ(x)� y) ∨ (x� σ(y))) (Equation (3))

= sup(σ(x)� y) ∨ sup(x� σ(y)) (Lemma 9 (2))

= (sup(σ(x))� sup{y}) ∨ (sup{x} � sup(σ(y))) (Lemma 9 (1))

= ((sup σ)(x)� y) ∨ (x� (sup σ)(y)). (Definition of sup σ)

Hence, sup σ ∈ Der(A).

Remark 7. (1) If MV-algebra A is complete, then sup σ is always an (�,∨)-derivation on A for
an arbitrary (�,∨)-multiderivation σ on A.

(2) If σ ∈ MD(A) and the image σ(x) is finite for any x ∈ A, then sup σ is always an
(�,∨)-derivation on A.

Next, we construct (�,∨)-multiderivations on subalgebras and direct products of
MV-algebras from a given (�,∨)-multiderivation.

Proposition 8. Let A be an MV-algebra and σ ∈ MD(A). If S is a subalgebra of A and σ(x) ⊆ S
for any x ∈ S, then σ|S ∈ MD(S).
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Proof. For any x, y ∈ S, we know that σ(x), σ(y) ⊆ S and so σ(x)� y, x� σ(y) ⊆ S. Then,

σ|S(x� y) = (σ(x)� y) ∨ (x� σ(y)) = (σ|S(x)� y) ∨ (x� σ|S(y)) ⊆ S ∨ S = S

by Lemma 6 (3). Thus, σ|S ∈ MD(S).

Definition 5. If Ω is a nonempty set, for each i ∈ Ω, let σi be a multifunction on Ai. The
direct product of {σi}i∈Ω ∏i∈Ω σi : ∏i∈Ω Ai → Δ(∏i∈Ω Ai) is defined by(

∏
i∈Ω

σi

)
(g) = ∏

i∈Ω
σi(g(i)) = {(xi)i∈Ω | xi ∈ σi(g(i))}

for all g ∈ ∏i∈Ω Ai.

Lemma 10. Let Ω be a nonempty set, {Ai}i∈Ω be a family of MV-algebras, and Mi, Ni ∈ Δ(Ai).
Then, ∏i∈Ω(Mi ∨ Ni) = ∏i∈Ω Mi ∨∏i∈Ω Ni.

Proof. We first show that ∏i∈Ω(Mi ∨ Ni) ⊆ ∏i∈Ω Mi ∨∏i∈Ω Ni. For any x ∈ ∏i∈Ω(Mi ∨
Ni), there are mi ∈ Mi, ni ∈ Ni for any i ∈ Ω such that x = (mi ∨ ni)i∈Ω. Denote
m = (mi)i∈Ω, n = (ni)i∈Ω, we have x = (mi ∨ ni)i∈Ω = (mi)i∈Ω ∨ (ni)i∈Ω = m ∨ n ∈
∏i∈Ω Mi ∨∏i∈Ω Ni. And vice versa. Therefore, ∏i∈Ω(Mi ∨ Ni) = ∏i∈Ω Mi ∨∏i∈Ω Ni.

Proposition 9. Assume that Ω is a nonempty set and {Ai}i∈Ω is a family of MV-algebras. Then,
σi ∈ MD(Ai) for any i ∈ Ω iff ∏i∈Ω σi ∈ MD(∏i∈Ω Ai).

Proof. Denote A = ∏i∈Ω Ai and σ = ∏i∈Ω σi. For all x = (xi)i∈Ω, y = (yi)i∈Ω ∈ A,
we have

σ(x� y) = σ((xi)i∈Ω � (yi)i∈Ω) = ∏
i∈Ω

σi(xi � yi),

(σ(x)� y) ∨ (x� σ(y)) =

(
∏
i∈Ω

σi(xi)� (yi)i∈Ω

)
∨
(
(xi)i∈Ω � ∏

i∈Ω
σi(yi)

)
= ∏

i∈Ω
(σi(xi)� yi) ∨ ∏

i∈Ω
(xi � σi(yi))

= ∏
i∈Ω

((σi(xi)� yi) ∨ (xi � σi(yi))). (Lemma 10)

We can immediately obtain σi ∈ MD(Ai) for all i ∈ Ω iff σ(x� y) = (σ(x)� y)∨ (x�
σ(y)) by Equation (3).

Finally, we investigate the condition when an (�,∨)-multiderivation σ is isotone.

Definition 6. If A is an MV-algebra, and σ ∈ MD(A), we say σ is isotone if σ(x) � σ(y)
whenever x ≤ y.

Proposition 10. If A is an MV-algebra, and σ ∈ MD(A), then σ is isotone iff σ(x ∧ y) �
σ(x) ∧ y for all x, y ∈ A.

Proof. Assume σ is isotone, then,

σ(x ∧ y) ⊆ σ(x ∧ y) ∧ σ(x ∧ y) � σ(x) ∧ σ(y) � σ(x) ∧ y

by Lemma 6 (3) and (2). Conversely, assume that σ(x ∧ y) � σ(y) ∧ x for all x, y ∈ A. Let
x, y ∈ A with x ≤ y. Then, σ(x) = σ(y ∧ x) � σ(y) ∧ x. Thus, for every a ∈ σ(x) there is
b ∈ σ(y) such that a ≤ b ∧ x. Hence, a ≤ b and so σ(x) � σ(y).
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Corollary 2. If A is an MV-algebra, and S ⊆ A is a subalgebra of A, then the principal (�,∨)-
multiderivation σS is isotone.

Proof. Method 1: Let x, y ∈ A and x ≤ y. For any s ∈ S, Lemma 1 (4) implies x� s ≤ y� s.
Thus, σS(x) � σS(y).

Method 2: It is enough to verify that σS(x ∧ y) � σS(x) ∧ y for all x, y ∈ A by
Proposition 10. For any s ∈ S, Lemma 1 (6) implies

(x ∧ y)� s = (x� s) ∧ (y� s) ≤ (x� s) ∧ y.

Thus, σS(x ∧ y) = (x ∧ y)� S � (x� S) ∧ y = σS(x) ∧ y.

4. The Order Structure of (�,∨)-Multiderivations on a Finite MV-Chain

Let MF(A) be the set of multifunctions on an MV-algebra A. Define � on MF(A) by:

(∀ σ, σ′ ∈ MF(A)) σ � σ′ if σ(x) � σ′(x), ∀x ∈ A.

Then, � is a preorder on MF(A) and 0MF(A) � σ � 1MF(A) for any σ ∈ MF(A), where
0MF(A) and 1MF(A) are defined by 0MF(A)(x) := {0} and 1MF(A)(x) := {1} for any x ∈ A,
respectively. For any σ ∈ MD(A), we have 0MF(A) � σ � IdMF(A), where IdMF(A)(x) =
{x}, and it is plain that {0} � σ(x) � {x}, ∀x ∈ A.

For σ, σ′ ∈ MF(A), set (
σ � σ′

)
(x) := σ(x)� σ′(x), (4)

for any x ∈ A and � ∈ {∨,∧,∪,∩}.

Remark 8.

1. Note that σ(x) ∨ σ′(x) is meant in the sense of Definition 3, rather than the supremum of
σ(x) and σ′(x).

2. Note that σ ∨ σ′ is an upper bound of σ and σ′ by Lemma 6 (1) but is not necessarily a
least upper bound. For example, define σ ∈ MF(B4) by σ(a) = σ(b) = {a, b}, σ(0) =
{0}, σ(1) = {1}. Then,

(σ ∨ σ)(a) = (σ ∨ σ)(b) = {a, b, 1}.

It is clear that both σ and σ ∨ σ are upper bounds of σ and σ, but σ ≺ σ ∨ σ. In a word, σ ∨ σ
is not a least upper bound of σ and σ.
More generally, let A be an MV-algebra which is not an MV-chain with two incomparable
elements a, b. Define σ ∈ MF(A) as σ(a) = σ(b) = {a, b}, σ(x) = {x} for x ∈ A\{a, b}.
σ ∨ σ is not a least upper bound of σ and σ.

In the sense of category theory, a preordered set P is called complete [27] (Section 8.5)
if for every subset S of P both sup S and inf S exist (in P). Note that sup S and inf S need
not be unique. For example, let P = {a, b} and define a preorder � as follows: a � b, b � a.
Take S = {a, b}. Then, both a and b are sup S, also inf S. Therefore, we use “a” rather than
“the” concerning sup S and inf S in the following.

Let {σi}i∈Ω be a nonempty family of multifunctions on an MV-algebra A. Define a
multifunction

⋃
i∈Ω σi on A, by (⋃

i∈Ω

σi

)
(x) :=

⋃
i∈Ω

σi(x),

for any x ∈ A.
Analogue to [28] (Theorem I.4.2), we have the following.
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Lemma 11. If A is an MV-algebra, then (MF(A),�, 0MF(A), 1MF(A)) is a complete bounded
preordered set, where

⋃
i∈Ω σi is a least upper bound of {σi}i∈Ω, and σ ∧ σ′ is a greatest lower

bound of σ and σ′, respectively.

Proof. Note that 0MF(A) � σ � 1MF(A) for any σ ∈ MF(A).
Let {σi}i∈Ω be a nonempty family of MF(A). Then, σi �

⋃
i∈Ω σi. Now we will prove

that
⋃

i∈Ω σi is a least upper bound of {σi}i∈Ω. Assume that σi � η for every i ∈ Ω. For any
y ∈ (

⋃
i∈Ω σi)(x) where x ∈ A, there exists k ∈ Ω such that y ∈ σk(x). Since σk(x) � η(x),

there is z ∈ η(x) such that y ≤ z, which shows
⋃

i∈Ω σi � η. Therefore,
⋃

i∈Ω σi is a least
upper bound of {σi}i∈Ω.

Let
X� = {λ ∈ MF(A) | λ � σi, ∀i ∈ Ω}

be the set of lower bounds of {σi}i∈Ω in MF(A). Next, we verify that
⋃

λ∈X� λ is indeed
a greatest lower bound of {σi}i∈Ω. For any i ∈ Ω and λ ∈ X�, we have λ � σi. Thus,⋃

λ∈X� λ � σi and
⋃

λ∈X� λ ∈ X�. Hence,
⋃

λ∈X� λ is a greatest lower bound of {σi}i∈Ω.
Therefore, MF(A) is complete.

For any σ, σ′ ∈ MF(A), since σ ∧ σ′ � σ, σ′, it follows that σ ∧ σ′ is a lower bound of σ
and σ′. To verify that σ ∧ σ′ is a greatest lower bound, let η � σ, σ′. Then, for any y ∈ η(x)
(x ∈ A), there are z ∈ σ(x) and w ∈ σ′(x) such that y ≤ z and y ≤ w by η(x) � σ(x), σ′(x).
Hence,

y ≤ z ∧ w ∈ σ(x) ∧ σ′(x).

Therefore, η(x) � σ(x) ∧ σ′(x). Thus, η � σ ∧ σ′.

As already mentioned, � is not always a partial order on Δ(A), where M � N iff
for each m ∈ M there exists n ∈ N such that m ≤ n. The binary relation ∼ on Δ(A)
defined by M ∼ N iff M � N and N � M is an equivalence relation. Given M ∈ Δ(A),
the equivalence class of M with respect to ∼ will be denoted by M. If M = {x} is a
singleton, then we abbreviate {x} by x. Thus, we can obtain a partial order � on Δ(A)/∼
defined by M � N iff M � N. We claim that � is well defined. In fact, if M ∼ M′, N ∼ N′
and M � N, then M′ � M � N � N′.

Recall that for a subset M of A, the lower set generated by M [29] is the set

↓M = {x ∈ A | there exists m ∈ M such that x ≤ m}.

Lemma 12. Let M, N ∈ Δ(A). Then, M = N iff ↓M = ↓N.

Proof. It is sufficient to show that M � N iff ↓M ⊆ ↓N.
Let M � N. For every x ∈ ↓M, there is m ∈ M such that x ≤ m. Then, M � N gives

m ≤ n for some n ∈ N. Hence, x ≤ n and x ∈ ↓N. Therefore, ↓M ⊆ ↓N.
Conversely, assume that ↓M ⊆ ↓N. For any m ∈ M, we have m ∈ ↓M ⊆ ↓N. Thus,

there exists n ∈ N such that m ≤ n. Hence, M � N.
Similarly, N � M iff ↓N ⊆ ↓M.

Corollary 3. In general, let A be an MV-algebra, M ∈ Δ(A), and a ∈ A. Then, M = a iff sup M
exists and sup M = a ∈ M.

Assume M = a. Then a is an upper bound of M since M � {a}. To prove a is a least upper
bound of M, let b be an upper bound of M. Since {a} � M, there exists m ∈ M such that a ≤ m.
Hence, a ≤ m ≤ b, which shows sup M = a ∈ M.

Conversely, let sup M = a ∈ M. It suffices to verify that ↓M = ↓a by Lemma 12. If x ∈ ↓M,
then there is m ∈ M such that x ≤ m ≤ a. It follows that x ∈ ↓a and ↓M ⊆ ↓a. If x ∈ ↓a, then
x ≤ a ∈ M. Thus, x ∈ ↓M and ↓a ⊆ ↓M. Therefore, ↓M = ↓a.

Corollary 4. Let Ln with n ≥ 2 and M ∈ Δ(Ln). Then, M = sup M.
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Proof. Observe that sup M is exactly i
n−1 for a certain 0 ≤ i ≤ n− 1. It suffices to verify

that ↓M = ↓ sup M by Lemma 12. Suppose x ∈ ↓M, there is m ∈ M such that x ≤ m.
Since m ≤ sup M, it follows that x ≤ sup M. Hence, x ∈ ↓ sup M. Conversely, assume
x ∈ ↓ sup M, which means x ≤ sup M = i

n−1 . Since sup M ∈ M, it follows that x ∈ ↓M.
Therefore, ↓M = ↓ sup M and M = sup M.

Note that the family of all lower sets of a poset A is a complete lattice by [30] (Example
O-2.8). We will prove that the family of all nonempty lower sets of A is also a complete
lattice, denoted by (L0(A),⊆).

Corollary 5. Let A be an MV-algebra, then Δ(A)/∼ is isomorphic to the complete lattice
(L0(A),⊆).

Proof. Since A has a least element 0, the intersection of a family of nonempty lower sets of
A is still a nonempty lower set. Therefore, L0(A) is a complete lattice.

Define ϕ : Δ(A)/∼ → L0(A) by M �→ ↓M. Lemma 12 shows that ϕ is well defined
and injective, and ϕ is also surjective since M = ↓M if M ∈ L0(A). As discussed in the
proof of Lemma 12, M � N iff ↓M ⊆ ↓N for all M, N ∈ Δ(A), which gives both ϕ and ϕ−1

are order preserving. Hence, ϕ is an isomorphism.

Next, we study the order structure on Δ(Ln)/∼. First, we need

Lemma 13. Let A be an MV-chain, M, N ∈ Δ(A), and sup M, sup N exist.

1. If M � N, then sup M ≤ sup N.
2. If sup M < sup N, then M � N.
3. M = N iff the following conditions hold:

(a) sup M = sup N.
(b) sup M ∈ M ⇔ sup N ∈ N.

In particular, if A is a finite MV-chain, then M = N iff (a) holds.

Proof. (1) Suppose M � N, then M � N. For any m ∈ M there is n ∈ N such that
m ≤ n ≤ sup N. According to the definition of sup M, we have sup M ≤ sup N.

(2) Let sup M < sup N. Assume on the contrary M � N. Then, there is m ∈ M
such that m > n for any n ∈ N. The definition of sup N implies m ≥ sup N. Thus,
sup N ≤ m ≤ sup M, which contradicts the fact that sup M < sup N.

(3) Assume that M = N. (a) follows from (1).
To prove that sup M ∈ M ⇔ sup N ∈ N, we assume sup M ∈ M. Then, there exists

n0 ∈ N such that sup M ≤ n0 by M � N. Since N � M, we have n0 ≤ sup M. Hence,
n0 = sup M. Therefore, sup N = sup M = n0 ∈ N by (a). Symmetrically, sup N ∈ N ⇒
sup M ∈ M.

Conversely, assume that (a) and (b) hold, it suffices to show that ↓M = ↓N by
Lemma 12. Assume that ↓M 	= ↓N; without loss of generality, there is y ∈ ↓M but y /∈ ↓N.
That is to say, for arbitrary n ∈ N we have n < y. So, sup N ∈ N implies sup N < y. Since
y ∈ ↓M, there is m ∈ M such that y ≤ m. It follows sup N < y ≤ m < sup M by the
definition of sup N, which is contrary to sup M = sup N. Thus, M = N.

Assume A is a finite MV-chain, and (b) always holds. Hence, M = N iff (a) holds.

Remark 9. Note that sup M = sup N may not imply M � N. For example, let A = [0, 1] be
the standard MV-algebra and 1

2 ∈ A. Define M = ↓ 1
2 and N = {a ∈ A | 0 ≤ a < 1

2}. Then,
sup M = sup N = 1

2 , but M � N, since 1
2 ∈ M, there is no y ∈ N such that 1

2 ≤ y.

Example 4. Consider the MV-chain Ln with n ≥ 2. Then, Δ(Ln)/∼ is order isomorphic to Ln.
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Proof. Define f : Ln → Δ(Ln)/∼ by f (x) = x for any x ∈ Ln. If x = y, then x = sup{x} =
sup{y} = y by Lemma 13 (3). Thus, f is injective. To prove f is surjective, assume
M ∈ Δ(Ln)/∼, then f (sup M) = sup M = M by Corollary 4.

It is enough to verify that f and f−1 are order preserving. If x ≤ y, then f (x) =
x � y = f (y) since {x} � {y} and Corollary 4. Conversely, suppose x � y, we have
x = sup{x} ≤ sup{y} = y by Lemma 13 (1). Therefore, f is an isomorphism.

We next investigate the preorder on the set of (�,∨)-multiderivations.
Similar to Δ(A), we can define an equivalence relation on MD(A) by σ ∼ σ′ iff σ � σ′

and σ′ � σ, and define σ � σ′ in MD(A)/∼ iff σ � σ′. Observe that � in MD(A)/∼ is a
well-defined partial order by the hereditary order of �. Clearly, (MD(A)/∼,�) is a poset.
By the definition of �, we know σ = σ′ iff σ(x) = σ′(x) for any x ∈ A.

For any σ ∈ MD(A), ↓σ : A → Δ(A) is defined as (↓σ)(x) = ↓σ(x). We claim that
σ = ↓σ. In fact, σ � ↓σ is trivial. For any y ∈ ↓σ(x), there exists z ∈ σ(x) such that y ≤ z
by the definition of ↓σ(x). Therefore, ↓σ(x) � σ(x) for any x ∈ A and ↓σ � σ.

Lemma 14. If A is an MV-algebra, then:

1. σ ∨ σ′ ∈ MD(A) for all σ, σ′ ∈ MD(A).
2. ↓σ ∈ MD(A) for any σ ∈ MD(A).

Proof. (1) Let σ, σ′ ∈ MD(A) and x, y ∈ A. Then, we have

(σ ∨ σ′)(x� y) = σ(x� y) ∨ σ′(x� y) (Definition of σ ∨ σ′)
= ((σ(x)� y) ∨ (x� σ(y))) ∨ ((σ′(x)� y) ∨ (x� σ′(y))) (σ, σ′ ∈ MD(A))

= ((σ(x)� y) ∨ (σ′(x)� y)) ∨ ((x� σ(y)) ∨ (x� σ′(y))) (Lemma 6 (4) and (5))

= ((σ(x) ∨ σ′(x))� y) ∨ (x� (σ(y) ∨ σ′(y))) (Lemma 7 (2))

= ((σ ∨ σ′)(x)� y) ∨ (x� (σ ∨ σ′)(y)) (Definition of σ ∨ σ′)

and so σ ∨ σ′ ∈ MD(A).
(2) Assume σ ∈ MD(A). Let a ∈ (↓σ)(x � y) = ↓σ(x � y) = ↓((σ(x) � y) ∨ (x �

σ(y))). There exist x1 ∈ σ(x) and y1 ∈ σ(y) such that a ≤ (x1� y)∨ (x� y1). It follows that

a = a ∧ ((x1 � y) ∨ (x� y1))

= (a ∧ (x1 � y)) ∨ (a ∧ (x� y1)) (Distributivity of A)

= (b� y) ∨ (x� c), (Lemma 5 (1))

where b ≤ x1 and c ≤ y1. Hence, a ∈ ((↓σ)(x)� y) ∨ (x� (↓σ)(y)).
Conversely, let a ∈ ((↓σ)(x)� y)∨ (x� (↓σ)(y)). There exist x1 ∈ σ(x) and y1 ∈ σ(y)

such that
a = (b� y) ∨ (x� c) ≤ (x1 � y) ∨ (x� y1),

where b ≤ x1 and c ≤ y1. Thus, a ∈ (↓σ)(x� y).
Therefore, ↓σ ∈ MD(A).

Remark 10. When A is an MV-chain, σ ∨ σ′ ∈ MD(A) is a least upper bound of σ and σ′ in
MD(A). We know σ ∪ σ′ is a least upper bound of σ and σ′ in MF(A). Note that MD(A) ⊆
MF(A) and the preordered on MF(A). It suffices to verify that σ ∨ σ′ ∼ σ ∪ σ′. For all x ∈ A,
(σ∪ σ′)(x) � (σ∨ σ′)(x) is trivial. For any y ∈ (σ∨ σ′)(x), there exist z ∈ σ(x) and z′ ∈ σ′(x)
such that y = z ∨ z′. Since A is an MV-chain, y = z or y = z′. Hence, y ∈ (σ ∪ σ′)(x), which
implies (σ∨ σ′)(x) � (σ∪ σ′)(x). Therefore, (σ∪ σ′)(x) ∼ (σ∨ σ′)(x) for all x ∈ A, and hence,
σ ∨ σ′ ∈ MD(A) is a least upper bound of σ and σ′ in MD(A).

At the end of this section, we characterize the lattice MD(Ln)/∼ (n ≥ 2).
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Theorem 1. If Ln is the n-element MV-chain with n ≥ 2, then the lattices MD(Ln)/∼ and
Der(Ln) are isomorphic.

Proof. Define a map f : MD(Ln)/∼ → Der(Ln) by

f (σ) = sup σ.

By Proposition 7 we know sup σ ∈ Der(Ln). The order � on Der(Ln) is defined as d � d′
iff d(x) ≤ d′(x), ∀x ∈ Ln.

Firstly, we prove that f is well defined. Suppose σ = σ′, that is, σ(x) = σ′(x) for any
x ∈ Ln. We get

(sup σ)(x) = sup(σ(x)) = sup(σ′(x)) = (sup σ′)(x)

for any x ∈ Ln by Lemma 13 (3). Thus, f (σ) = sup(σ) = sup(σ′) = f (σ′).
If f (σ) = f (σ′), that is, sup(σ) = sup(σ′), then sup(σ(x)) = sup(σ′(x)) for any

x ∈ Ln. Lemma 13 (3) implies σ(x) = σ′(x) for any x ∈ Ln and thus σ = σ′. Hence, f is
injective. For any d ∈ Der(Ln), there is γd ∈ MD(Ln) where γd(x) := [0, d(x)] such that

f (γd)(x) = (sup γd)(x) = sup(γd(x)) = sup[0, d(x)] = d(x)

for all x ∈ Ln by Propositions 6 and 7. Thus, f (γd) = d and f is surjective.
To prove that f is an order-isomorphism, let σ � σ′, that is, for any x ∈ Ln, σ(x) �

σ′(x). Corollary 4 implies that σ(x) = sup(σ(x)) for any x ∈ Ln. It follows that

(sup σ)(x) = sup(σ(x)) � sup(σ′(x)) = (sup σ′)(x)

and thus (sup σ)(x) ≤ (sup σ′)(x) for any x ∈ Ln since (sup σ)(x) is a singleton. Hence,
f (σ) = sup σ � sup σ′ = f (σ′). Conversely, assume d, d′ ∈ Der(Ln) and d � d′, which
means d(x) ≤ d′(x) for all x ∈ Ln. Now the construction in Proposition 6 gives γd = f−1 :
A → Δ(A), where γd(x) = [0, d(x)]. Furthermore, we have

γd(x) = [0, d(x)] � [0, d′(x)] = γd′(x)

for any x ∈ Ln by the definition of�. Thus, γd � γd′ and f−1(d) = γd � γd′ = f−1(d′).

Proposition 11. If Ln is the n-element MV-chain with n ≥ 2, then the lattices Δ(Ln × L2)/∼
and Der(Ln+1) are isomorphic.

Proof. Recall that Der(Ln+1) is isomorphic to the lattice (A(Ln+1),�) where A(Ln+1) =
{(x, y) ∈ Ln+1 × Ln+1 | y ≤ x}\{(0, 0)} [16, Theorem 5.6] and � is defined by: for any
(x1, y1), (x2, y2) ∈ Ln+1 × Ln+1, (x1, y1) � (x2, y2) iff x1 ≤ x2 and y1 ≤ y2. Moreover,
Δ(Ln × L2)/∼ is isomorphic to the lattice L0(Ln × L2) by Corollary 5.

Define a map f : A(Ln+1)→ L0(Ln × L2) by:

f
(

k
n , �

n

)
=

{
↓( k−1

n−1 , 0), if � = 0;
↓( k−1

n−1 , 0) ∪ ↓( �−1
n−1 , 1), if � > 0,

where 0 ≤ k, � ≤ n − 1. It is easy to see that f is injective. Now we show that f is
surjective. For any M ∈ L0(Ln × L2), we claim M has at most two maximal elements.
By way of contradiction, assume M has three different maximal elements denoted by
(an, bn), n = 1, 2, 3; then, there exist 1 ≤ i < j ≤ 3 such that bi = bj since bn ∈ L2. Thus,
(ai, bi) and (aj, bj) are comparable, which contradicts the fact that (ai, bi) and (aj, bj) are
different maximal elements. If M has only one maximal element denoted by ( k

n−1 , a), then
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M = ↓( k
n−1 , a) =

⎧⎨⎩ f
(

k+1
n , 0

)
, if a = 0;

f
(

k+1
n , k+1

n

)
, if a = 1.

If M has exactly two maximal elements denoted by ( k
n−1 , 0) and ( �

n−1 , 1), then

M = ↓( k
n−1 , 0) ∪ ↓( �

n−1 , 1) = f
(

k+1
n , �+1

n

)
.

Therefore, f is surjective.
Since a bijection with supremum preserving is an order isomorphism, it suffices to

verify that f preserves the supremum, that is,

f
(
( k

n , �
n ) ∨ ( p

n , q
n )
)
= f

(
k
n , �

n

)
∪ f
( p

n , q
n
)

for all ( k
n , �

n ), (
p
n , q

n ) ∈ A(Ln+1).
Case 1. If � = q = 0, then

f
(

k
n , 0
)
∪ f
( p

n , 0
)
= ↓( k−1

n−1 , 0) ∪ ↓( p−1
n−1 , 0)

= ↓(max{ k−1
n−1 , p−1

n−1}, 0)

= ↓(max{k,p}−1
n−1 , 0)

= f
(
( k

n , 0) ∨ ( p
n , 0)

)
.

Case 2. If � = 0, q > 0, then

f
(

k
n , 0
)
∪ f
( p

n , q
n
)
= ↓( k−1

n−1 , 0) ∪
(
↓( p−1

n−1 , 0) ∪ ↓( q−1
n−1 , 1)

)
= ↓(max{k,p}−1

n−1 , 0) ∪ ↓( q−1
n−1 , 1)

= f
(
( k

n , 0) ∨ ( p
n , q

n )
)

.

The case � > 0, q = 0 is similar.
Case 3. If � > 0, q > 0, then

f
(

k
n , �

n

)
∪ f
( p

n , q
n
)
=
(
↓( k−1

n−1 , 0) ∪ ↓( �−1
n−1 , 1)

)
∪
(
↓( p−1

n−1 , 0) ∪ ↓( q−1
n−1 , 1)

)
= ↓(max{k,p}−1

n−1 , 0) ∪ ↓(max{�,q}−1
n−1 , 1)

= f
(

max{k,p}
n , max{�,q}

n

)
= f

(
( k

n , �
n ) ∨ ( p

n , q
n )
)

.

Now we verify that f is an isomorphism of posets and hence an isomorphism of
lattices. For all x, y ∈ A(Ln+1),

x � y ⇔ x ∨ y = y ⇔ f (x) ∪ f (y) = f (x ∨ y) = f (y)⇔ f (x) ⊆ f (y).

Hence, f is an isomorphism of lattices.
Therefore, A(Ln+1) ∼= L0(Ln × L2) and then Δ(Ln × L2)/∼ ∼= Der(Ln+1).

Corollary 6. If Ln is the n-element MV-chain with n ≥ 2, then MD(Ln+1)/∼ is isomorphic to
the lattice Δ(Ln × L2)/∼.

Proof. It follows from Theorem 1 and Proposition 11.
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Note that according to the isomorphism in Theorem 1, |MD(Ln)/∼ | = |Der(Ln) | =
(n−1)(n+2)

2 by [16] (Theorem 3.11). However, the following Example 5 shows that the
cardinalities of different equivalence classes with respect to the equivalence relation ∼ are
different in general.

Example 5. Let n = 2 and define δ ∈ MF(L2) by δ(0) = {0}, δ(1) = {0, 1}. Then, it is easy to
check that

MD(L2) = {0MF(L2)
, IdMF(L2)

, δ},

MD(L2)/∼ = {{0MF(L2)
}, {IdMF(L2)

, δ}}.

It is clear that
∣∣ 0MF(L2)

∣∣ = 1 but
∣∣ IdMF(L2)

∣∣ = 2. Hence, 2 = |MD(L2)/∼ | � |MD(L2) | = 3.

So, the cardinality of MD(Ln) is not easy to deduce from Theorem 1. In the next
section, we will investigate the enumeration of the set of (�,∨)-multiderivations on Ln by
constructing a counting principle (Theorem 3).

5. The Enumeration of (�,∨)-Multiderivations on a Finite MV-Chain

In this section, we determine the cardinality of MD(Ln). For small values of n, this can
be performed with calculations using Python (see the Appendix A Figure A1) in Table 1:

Table 1. The cardinality of MD(Ln).

n 2 3 4 5 6

|MD(Ln)| 3 16 63 220 723

The result cannot be obtained after n ≥ 6 due to the limitation of computing resources.
But we have shown the following general formula.

Theorem 2. Let n ≥ 2 be a positive integer. Then, |MD(Ln)| = 7 · 3n−1 − 2n+2 + 1
2

.

In order to prove Theorem 2, we need the following Lemmas.

Lemma 15. Assume that A is an MV-chain and σ ∈ MD(A); then, the following results hold:

1. If M ⊆ A, then M = M ∨ M.
2. For any x ∈ A, n ∈ N+, we have σ(xn) = xn−1�σ(x), where x0 = 1, xn = x� x� · · · � x︸ ︷︷ ︸

n

.

Proof. (1) It follows immediately from Lemma 6 (3), as M is a sublattice.
(2) We prove σ(xn) = xn−1 � σ(x) by induction on n. Obviously, σ(x1) = σ(x) =

1� σ(x) = x1−1 � σ(x).
Now, assume that σ(xn) = xn−1 � σ(x). By Equation (3), we have

σ(xn+1) = σ(xn � x)

= (σ(xn)� x) ∨ (xn � σ(x))

= (xn−1 � σ(x)� x) ∨ (xn � σ(x))

= xn � σ(x),

so (2) holds.

Note that an MV-chain can be completely characterized by (1). That is, if A is an
MV-algebra, then A is an MV-chain iff M = M ∨ M for every M ⊆ A. In fact, by way
of contraposition, assume that x, y ∈ A and x, y are incomparable, denote z = x ∨ y. Let
M = {x, y}. Then, z = x ∨ y ∈ M ∨ M but z /∈ M. This leads to a contradiction.
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Let n ∈ N+ and n ≥ 2. In Ln, we know n−m−1
n−1 = ( n−2

n−1 )
m for every m ∈ {1, 2, · · · , n−

1}. So, any x ∈ Ln\{1} has a representation as a power of n−2
n−1 .

Next, we give a counting principle for (�,∨)-multiderivations on a finite MV-chain Ln.

Theorem 3. Let σ be a multifunction on Ln and v = n−2
n−1 . Then, σ ∈ MD(Ln) iff σ satisfies the

following conditions:

1. σ(vm) = vm−1 � σ(v), ∀m ∈ {1, 2, · · · , n− 1}.
2. σ(v) = σ(v) ∨ (v� σ(1)).
3. σ(v) � {v}.

Proof. Assume σ ∈ MD(Ln); then, for each m ∈ {1, 2, · · · , n − 1}, we have σ(vm) =
vm−1 � σ(v) by Lemma 15 (2), and σ(v) = σ(v� 1) = σ(v) ∨ (v� σ(1)) by Equation (3).
Thus, σ satisfies (1) and (2). Furthermore, (3) holds by Proposition 4 (2).

Conversely, suppose that σ satisfies (1), (2) and (3). Let x, y ∈ Ln. There are four
cases:

If x = y = 1, then it is easy to see that σ(1� 1) = σ(1) = σ(1)∨ σ(1) by Lemma 15 (1).
If x = 1 or y = 1, and x 	= y. With out loss of generality, suppose that x 	= 1 and y = 1,

then x = vk for some k ∈ {1, 2, · · · , n− 1}. By (1), we have σ(x� 1) = σ(x) = σ(vk) =
vk−1 � σ(v). Also, we have

σ(x) ∨ (x� σ(1)) = (vk−1 � σ(v)) ∨ (vk � σ(1))

= (vk−1 � σ(v)) ∨ (vk−1 � (v� σ(1)))

= vk−1 � (σ(v) ∨ (v� σ(1)) (Lemma 7 (2))

= vk−1 � σ(v). ((2) of Theorem 3)

Hence, σ(x� 1) = σ(x) = (σ(x)� 1) ∨ (x� σ(1)).
If x 	= 1 and y 	= 1, then assume that x = vk and y = v� for some k, � ∈ {1, 2, · · · , n− 1}.

We have
σ(x� y) = σ(vk � v�) = σ(vk+�)

and

(σ(x)� y) ∨ (x� σ(y)) = ((vk−1 � σ(v))� v�) ∨ (vk � (v�−1 � σ(v))) = vk+�−1 � σ(v)

by Lemma 15 (1). Then, there are three cases:
For k + � < n− 1, by (1) we obtain σ(vk+�) = vk+�−1 � σ(v).
For k+ � = n− 1, by (3) we have σ(vk+�) = σ(vn−1) = σ(0) � {0} and so σ(0) = {0}.

And vk+�−1 � σ(v) = vn−2 � σ(v) = v∗ � σ(v) = {0}. Thus, σ(x� y) = (σ(x)� y) ∨ (x�
σ(y)).

For n− 1 < k + � ≤ 2n− 2, we have σ(vk+�) = σ(0) = {0} = 0� σ(v) = vk+�−1 �
σ(v) by (3) and thus Equation (3) holds.

Therefore, we conclude that σ ∈ MD(Ln).

Lemma 16. Let P, Q ∈ Δ(Ln). Then, the following results hold:

1. P ⊆ P ∨Q iff min Q ≤ min P.
2. P ∨Q ⊆ P iff [min P, 1] ∩Q ⊆ P.

Proof. Denote p0 = min P, q0 = min Q.
(1) Assume P ⊆ P ∨Q, then there exist p ∈ P, q ∈ Q such that p0 = p ∨ q ≥ q. Thus,

q0 ≤ q ≤ p0.
Conversely, suppose q0 ≤ p0, then p = p ∨ q0 for any p ∈ P since p0 ≤ p. Hence,

P ⊆ P ∨Q.
(2) Assume P ∨Q ⊆ P; then, for all q ∈ [p0, 1] ∩Q, we have q = p0 ∨ q ∈ P ∨Q ⊆ P.

Thus, [p0, 1] ∩Q ⊆ P.
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Conversely, assume [p0, 1] ∩Q ⊆ P and p ∈ P, q ∈ Q. If q ≤ p, then p ∨ q = p ∈ P. If
q > p, then p ∨ q = q ∈ [p0, 1] ∩Q ⊆ P. In either case, p ∨ q ∈ P and so P ∨Q ⊆ P.

Lemma 17. Let Q, Q′ ∈ Δ(Ln) and 1 /∈ Q. Denote v = n−2
n−1 . Then, the following results hold:

1. If 0 /∈ Q, then Q = v�Q′ iff Q′ = Q⊕ v∗.
2. If 0 ∈ Q, denote Q1 = Q \ {0}. Then, Q = v � Q′ iff Q′ = {0}  (Q1 ⊕ v∗), {v∗}  

(Q1 ⊕ v∗) or {0, v∗}  (Q1 ⊕ v∗).

Proof. (1) Let 0 /∈ Q and Q = v� Q′. Then, 0 /∈ Q′, otherwise, 0 = v� 0 ∈ v� Q′ = Q,
a contradiction. Thus, 0 /∈ Q′, which implies {v∗} � Q′. Hence, we have

Q′ = Q′ ∨ v∗ = {q′ ∨ v∗ | q′ ∈ Q′}
= {(q′ � v)⊕ v∗ | q′ ∈ Q′}
= (Q′ � v)⊕ v∗

= Q⊕ v∗.

Conversely, assume Q′ = Q⊕ v∗. Since 1 /∈ Q, we have Q � {v}. Hence,

Q = Q ∧ v = {q ∧ v | n ∈ Q}
= {v� (q⊕ v∗) | n ∈ Q}
= v� (Q⊕ v∗)
= v�Q′.

(2) Assume 0 ∈ Q and Q = v�Q′; then, 0 = v� q′ for some q′ ∈ Q′. Thus, 0 ∈ Q′ or
v∗ ∈ Q′. Denote Q′

0 = {0, v∗} ∩Q′ and Q′
1 = Q′ \Q′

0. By v�Q′
0 = {0} and {v∗} � v�Q′

1,
we have

Q1 = Q \ {0} = (v�Q′) \ {0}
= (v� (Q′

0 ∪Q′
1)) \ {0}

= ((v�Q′
0) ∪ (v�Q′

1)) \ {0} (Lemma 7 (3))

= ({0} ∪ (v�Q′
1)) \ {0}

= v�Q′
1.

Since 0 /∈ Q1, we obtain Q′
1 = Q1 ⊕ v∗ by (1). Therefore,

Q′ = Q′
0  Q′

1 = Q′
0  (Q1 ⊕ v∗),

where Q′
0 = {0}, {v∗} or {0, v∗}.

Conversely, assume 0 ∈ Q and Q′ = Q′
0  (Q1 ⊕ v∗), where Q′

0 = {0}, {v∗} or {0, v∗}.
From 1 /∈ Q1, it follows that Q1 � {v} and

v�Q′ = v� (Q′
0 ∪ (Q1 ⊕ v∗))

= (v�Q′
0) ∪ (v� (Q1 ⊕ v∗)) (Lemma 7 (3))

= {0} ∪ (Q1 ∧ v) = {0} ∪Q1 = Q.

Hence, we complete the proof.

We are now in a position to prove Theorem 2:

Proof of Theorem 2. Assume that σ is a multifunction on Ln and denote n−2
n−1 by v. Accord-

ing to Theorem 3, σ is uniquely determined by σ(v) and σ(1) if σ ∈ MD(Ln). Hence, it is
enough to consider the values of σ(v) and σ(1). By Theorem 3, σ ∈ MD(Ln) iff

σ(v) � {v}, (5)
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and
σ(v) = σ(v) ∨ (v� σ(1)). (6)

For convenience, we denote P = σ(v), Q′ = σ(1), Q = v � σ(1), p0 = min P and
q0 = min Q. Equation (5) implies 1 /∈ P. By Lemma 16, we know Equation (6) implies that
q0 ≤ p0 and [p0, 1] ∩Q ⊆ P. Assume that p0 = k

n−1 and |P| = �, where 0 ≤ k ≤ n− 2 and

1 ≤ � ≤ n− k− 1. Then, P \ {p0} ⊆
[

k+1
n−1 , n−2

n−1

]
. Thus, P has C�−1

n−k−2 choices with respect

to k and �. Now, we will determine all choices of Q and Q′.
Case 1. If q0 = p0, then Q = [q0, 1] ∩ Q = [p0, 1] ∩ Q ⊆ P. Hence, Q \ {q0} can take

any subset of P \ {p0} and so Q has 2�−1 choices.
If q0 > 0, then 0 /∈ Q, and by Lemma 17 (1) and Q = v� Q′ we know Q′ = Q⊕ v∗.

Hence, Q′ has 2�−1 choices.
If q0 = 0, then 0 ∈ Q, by Lemma 17 (2) and Q = v�Q′ we have Q′ = {0}  (Q1 ⊕ v∗),

{v∗}  (Q1 ⊕ v∗) or {0, v∗}  (Q1 ⊕ v∗). Thus, Q′ has 3 · 2�−1 choices.
Case 2. If 0 < q0 < p0, denote Q1 = (0, p0) ∩Q and Q2 = [p0, 1] ∩Q. Since 0 /∈ Q, we

have Q = Q1  Q2. Notice that Q1 	= ∅, so there are 2k−1 − 1 choices of Q1. Furthermore,
since Q2 = [p0, 1] ∩ Q ⊆ P, Q2 can take any subset of P and so has 2� choices. Thus,
there are (2k−1 − 1) · 2� choices of Q in this case. Since 0 /∈ Q, it follows that Q′ has also
(2k−1 − 1) · 2� choices by Lemma 17 (1).

Case 3. If 0 = q0 < p0, denote Q1 = (0, p0) ∩ Q and Q2 = [p0, 1] ∩ Q, so we have
Q = {0}  Q1  Q2. Since Q1 ⊂ (0, p0), there are 2k−1 choices of Q1. Moreover, Q2 has 2�

choices as in Case 2. Thus, there are 2k+�−1 choices of Q in this case. Since 0 ∈ Q, it follows
that Q′ has 3 · 2k+�−1 choices by Lemma 17 (2).

According to Theorem 3, we can determine the unique (�,∨)-multiderivation for each
choices of σ(1) and σ(v).

Therefore, it follows

|MD(Ln)| =
n−2

∑
k=1

n−k−1

∑
�=1

(
n− k− 2
�− 1

)
(2�−1 + (2k−1 − 1) · 2� + 3 · 2k−1 · 2�) +

n−1

∑
�=1

(
n− 2
�− 1

)
(3 · 2�−1)

=
n−2

∑
k=0

n−k−1

∑
�=1

(
n− k− 2
�− 1

)
(2k+�+1 − 2�−1)

=
n−2

∑
k=0

(
(2k+2 − 1)

n−k−1

∑
�=1

(
n− k− 2
�− 1

)
· 2�−1

)

=
n−2

∑
k=0

(2k+2 − 1)(2 + 1)n−k−2

= 3n
n−2

∑
k=0

((
2
3

)k+2
−
(

1
3

)k+2
)

=
7 · 3n−1 − 2n+2 + 1

2
.

6. Conclusions and Questions

In this paper, the point-to-point (�,∨)-derivations on MV-algebras have been ex-
tended to point-to-set (�,∨)-multiderivations. We show that (MD(Ln)/∼,�) is isomor-
phic to the complete lattice Der(Ln), the underlying set of (�,∨)-derivations on Ln. This
unveils a certain relevance between (�,∨)-multiderivations and (�,∨)-derivations. More-
over, by building a counting principle, we obtain the enumeration of MD(Ln).

This general study of (�,∨)-multiderivations has the advantage of developing into a
system theory of sets and has potential wide applications: other logical algebras, control
theory, interval analysis, and artificial intelligence.

We list three questions to be considered in the future:
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(1) We have found two ways to construct (�,∨)-multiderivations from (�,∨)-derivations
in Propositions 5 and 6. Are there other ways?

(2) We ask whether the equivalent characterization and enumeration of (�,∨)- multi-
derivations on finite MV-chains can be extended to finite MV-algebras.

(3) We ask whether MV-algebras A and A′ are isomorphic if (MD(A),�) and (MD(A′),�
) are order isomorphic.
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Appendix A. Calculation Program by Python in Table 1

from i t e r t o o l s i m p o r t p r o d u c t

# t h e s e t o f MV−c h a i n Ln

n = 6 # A d j u s t n as needed

L = l i s t ( r a n g e ( n ) )

# o p e r a t o r s on Ln

d e f omul ( a , b ) :

r e t u r n max ( a + b + 1 − n , 0 )

d e f j o i n ( a , b ) :

r e t u r n max ( a , b )

# o p e r a t o r s on D e l t a ( Ln )

d e f Omul (A, B) :

C = [ ]

f o r i i n A:

f o r j i n B :

k = omul ( i , j )

i f k n o t i n C :

C . append ( k )

r e t u r n C

d e f J o i n (A, B) :

C = [ ]

f o r i i n A:

f o r j i n B :

k = j o i n ( i , j )

i f k n o t i n C :

Figure A1. Cont.
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C . append ( k )

r e t u r n C

# j u d g e whe the r F i s a m u l t i d e r i v a t i o n

d e f IsMulDer ( F ) :

f o r i i n r a n g e ( n ) :

f o r j i n r a n g e ( n ) :

i f s e t ( F [ omul ( i , j ) ] ) != s e t ( J o i n ( Omul ( F [ i ] , [ j

] ) , Omul ( [ i ] , F [ j ] ) ) ) :

r e t u r n F a l s e

r e t u r n True

# g e t t h e l i s t o f a l l m u l t i f u n c t i o n s on Ln

d e f p o w e r s e t ( s ) :

f o r i i n r a n g e (1 << l e n ( s ) ) :

y i e l d [ s [ j ] f o r j i n r a n g e ( l e n ( s ) ) i f ( i & (1 << j ) )

]

d e f g e n e r a t e P L n ( n ) :

e l e m e n t s = [ ]

f o r i i n r a n g e ( 1 , n+1) :

a = l i s t ( p o w e r s e t ( r a n g e ( i ) ) )

i f [ ] i n a :

a . remove ( [ ] )

e l e m e n t s . append ( a )

r e t u r n l i s t ( p r o d u c t (∗ e l e m e n t s ) )

d e f f ind MulDer ( ) :

MulDer = 0

f o r F i n g e n e r a t e P L n ( n ) :

i f IsMulDer ( F ) :

MulDer += 1

p r i n t ( F )

r e t u r n MulDer

MulDer count = f i nd MulDer ( )

p r i n t ( MulDer count )

Figure A1. MD(Ln).py.
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Abstract: Intuitionistic fuzzy (IF) β-minimal description operators can deal with noise data in the
IF covering-based rough set theory. That is to say, they can be used to find data that we need in
IF environments. For an IF β-covering approximation space (i.e., an IF environment) with a high
cardinality, it would be tedious and complicated to use IF set representations to calculate them.
Therefore, it is necessary to find a quick method to obtain them. In this paper, we present the notion
of IF β-maximal description based on the definition of IF β-minimal description, along with the
concepts of IF granular matrix and IF reduction. Moreover, we propose matrix calculation methods
for IF covering-based rough sets, such as IF β-minimal descriptions, IF β-maximal descriptions, and
IF reductions. Firstly, the notion of an IF granular matrix is presented, which is used to calculate
IF β-minimal description. Secondly, inspired by IF β-minimal description, we give the notion of IF
β-maximal description. Furthermore, the matrix representations of IF β-maximal descriptions are
presented. Next, two types of reductions for IF β-covering approximation spaces via IF β-minimal
and fuzzy β-minimal descriptions are presented, along with their matrix representations. Finally,
the new calculation methods are compared with corresponding set representations by carrying out
several experiments.

Keywords: IF covering-based rough set; IF β-minimal description; IF β-maximal description; IF
granular matrix; IF reduction

MSC: 03E72

1. Introduction

Covering-based rough set theory [1] was proposed to deal with the type of covering
data, which enriched classical rough set theory [2]. Nearly forty covering rough set mod-
els [3–5] have been developed in covering approximation space. These models popularized
their application to practical problems such as decision rule synthesis [6–8], knowledge
reduction [9–11] and other fields [12–14]. Using set representations to investigate issues in
real-life problems would be complicated and tedious in a covering approximation space
with a high cardinality. As computer-implemented methods, matrix approaches are the
ideal tools for managing this problem; these include matrices for axiomatizing three types
of covering approximation operators [15], matrices for studying knowledge reduction in
dynamic covering decision information systems [16], matrices for representing 32 pairs
of neighborhood-based upper and lower approximation operators [17], and matrices for
minimal and maximal descriptions in covering-based rough sets [18].

Fuzzy set theory [19] addresses the issue of how to understand and manipulate imper-
fect knowledge. It and rough set theory are related, but distinct and complementary [20].
The first type of fuzzy rough set model based on an fuzzy similarity relation was estab-
lished in [21]. Then, some essential research on fuzzy rough set models was finished by
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different fuzzy logical connectives [22,23] and fuzzy relations [24,25]. Recently, some fuzzy
rough set models were constructed under a fuzzy covering approximation space [26,27].
In particular, Ma [28] presented the concept of a fuzzy β-covering approximation space
by replacing “1” with a parameter β, where “1” is a condition for the definition of fuzzy
covering. Inspired by Ma’s work, many fuzzy covering-based rough set models were estab-
lished. For example, several newly important notions and other types of fuzzy β-covering
rough set models are presented in [29]. Multigranulation fuzzy rough covering models
based on fuzzy β-neighborhoods were used to solve the problem of multi-criteria group
decision making in [30]. At the same time, the matrix approaches are the most used in
these studies. For example, Ma [28] proposed the matrix representations of two pairs of
fuzzy β-covering approximation operators. Yang and Hu [31] used matrices to represent
three pairs of L-fuzzy covering-based approximation operators, as well as other fuzzy
covering approximation operators in [32]. Wang et al. [33] used matrices to calculate fuzzy
β-minimal descriptions, β-maximal descriptions and fuzzy β-neighborhoods.

As a generalization of fuzzy set theory, intuitionistic fuzzy (IF) set theory [34] ex-
presses stronger information uncertainty. Therefore, IF β-covering rough set models [35]
were first presented in IF β-covering approximation spaces. They were extended to other
models [36,37], which were used in decision making and feature selection. Since an IF
set explains the degrees of membership and non-membership of an element, it is difficult
to use matrices to study these IF β-covering rough sets. To solve this problem, we use
matrix approaches in IF β-covering approximation spaces, providing a new viewpoint to
investigate IF β-covering rough set models and optimize complex computations expressed
by IF sets. The motivations and contents of this paper are listed as follows:

• Huang et al. [35] presented the notion of IF β-minimal description. But the dual notion
of IF β-maximal description is not proposed. Therefore, this new notion will be given in
this paper, which reflects a different method of information screening.

• In [33], matrix methods are used for calculating minimal and maximal descriptions in
covering approximation spaces. In [33,38], fuzzy matrix methods are used for calcu-
lating fuzzy β-minimal and fuzzy β-maximal descriptions in fuzzy β-covering approx-
imation spaces. Therefore, we can also present IF matrix methods for calculating IF
β-minimal and IF β-maximal descriptions in IF β-covering approximation spaces.

• There are many different notions of reductions in covering and fuzzy β-covering ap-
proximation spaces, respectively. It is interesting to define reductions in IF β-covering
approximation spaces by IF β-minimal and IF β-maximal descriptions in this paper,
respectively. Based on the matrix representations of IF β-minimal and β-maximal
descriptions, these new notions of IF reductions can be represented by matrices.

The rest of this article is arranged as follows: Section 2 reviews some basic definitions
about coverings, IF sets and IF β-covering approximation space. In Section 3, the notion
of an IF granular matrix is presented in an IF β-covering approximation space. Then, IF
matrix approaches are used to calculate the IF β-minimal and β-maximal descriptions. In
Section 4, two types of reductions in an IF β-covering approximation space are presented
through IF β-minimal and β-maximal descriptions, respectively. Moreover, these two types
of reductions are represented in the IF granular matrix. Section 5 compares the existing set
representation method with the new IF matrix method through a number of experiments.
The advantages and efficiency of the new method are explained from different viewpoints.
Section 6 provides the conclusion and prospects.

2. Basic Definitions

This section recalls some fundamental definitions related to coverings, IF sets and
IF covering-based rough sets. Suppose U is a nonempty and finite set called a “universe”
unless stated to the contrary.
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Definition 1 ([39,40]). Let U be a universe and C be a family of subsets of U. If no element in
C is empty and

⋃
C = U, then C is called a covering of U. We call (U, C) a covering approxima-

tion space.

We show the notions of minimal and maximal descriptions in the covering approxima-
tion space as follows:

Let C be a covering of U. For any x ∈ U, we call

MdC(x) = {K ∈ C : x ∈ K ∧ (∀S ∈ C)(x ∈ S ∧ S ⊆ K ⇒ K = S)}
the minimal description of x [1,41], and call

MDC(x) = {K ∈ C : x ∈ K ∧ (∀S ∈ C)(x ∈ S ∧ K ⊆ S ⇒ K = S)}
the maximal description of x [42].

In [18], we showed the advantages of matrix approaches for obtaining the minimal
description and the maximal description in covering rough sets. Moreover, in [33], we showed
the advantages of fuzzy minimal description and fuzzy maximal description in fuzzy covering
rough sets. For example, they can be used in granular reductions (see Example 17 in [33]), and
can also be used to obtain fuzzy neighborhoods (see Figure 4 in [33]).

In the following, we introduce some basic notions of IF set theory.

Definition 2 ([34]). Let U be a universe. An intuitionistic fuzzy set (IFS) A in U is defined
as follows:

A = {〈x, μA(x), νA(x)〉 : x ∈ U},

where μA : U → [0, 1] is called the degree of membership of the element x ∈ U to A, νA : U → [0, 1]
is called the degree of non-membership. They satisfy μA(x) + νA(x) ≤ 1 for all x ∈ U. The family
of all intuitionistic fuzzy sets in U is denoted by IF(U).

We call 〈a, b〉 with 0 < a, b ≤ 1 and a + b ≤ 1 an IF value. As is well known, for two IF
values α = 〈a, b〉 and β = 〈c, d〉 , α ≤ β ⇔ a ≤ c and b ≥ d.

For any family γi ∈ [0, 1], i ∈ I, I ⊆ N+ (N+ is the set of all positive integers), we write
∨i∈Iγi for the supremum of {γi : i ∈ I}, and ∧i∈Iγi for the infimum of {γi : i ∈ I}. Some
basic operations on IF(U) are listed as follows [34]: A, B ∈ IF(U),

(1) A ⊆ B iff μA(x) ≤ μB(x) and νB(x) ≤ νA(x) for all x ∈ U;
(2) A = B iff A ⊆ B and B ⊆ A;
(3) A ∪ B = {〈x, μA(x) ∨ μB(x), νA(x) ∧ νB(x)〉 : x ∈ U};
(4) A ∩ B = {〈x, μA(x) ∧ μB(x), νA(x) ∨ νB(x)〉 : x ∈ U};
(5) A′ = {〈x, νA(x), μA(x)〉 : x ∈ U}.

Definition 3 ([35]). Let U be a universe and β = 〈a, b〉 be an IF value. Then, we call
Ĉ = {C1, C2, . . . , Cm}, with Ci ∈ IF(U)(i = 1, 2, . . . , m), an IF β-covering of U, if for any
x ∈ U there exists Ci ∈ Ĉ such that Ci(x) ≥ β. We also call (U, Ĉ) an IF β-covering approxima-
tion space.

Finally, we introduce some notions in the IF β-covering approximation space.

Definition 4 ([35]). Let (U, Ĉ) be an IF β-covering approximation space. For each x ∈ U, the IF
β-neighborhood Ñβ

Ĉ(x)
of x induced by Ĉ can be defined as follows:

Ñβ

Ĉ(x)
=
⋂{C ∈ Ĉ : C(x) ≥ β}.

Definition 5 ([35]). Let (U, Ĉ) be an IF β-covering approximation space. For any x ∈ U, its IF

β-minimal description M̃d
β

Ĉ(x) is defined as follows:
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M̃d
β

Ĉ(x) = {C ∈ Ĉ : C(x) ≥ β ∧ (∀D ∈ Ĉ)(D(x) ≥ β ∧ D ⊆ C ⇒ C = D)}.

For better reading and understanding, we explain relevant symbols in Table 1.

Table 1. Relevant symbols in this paper.

Full Name Relevant Symbol

Original Symbols

Covering approximation space (U, C)

Minimal description of x MdC(x)

Maximal description of x MDC(x)

IF β-covering approximation space (U, Ĉ)

IF β-neighborhood Ñβ

Ĉ(x)

IF β-minimal description of x M̃d
β
(Ĉ, x)

New Symbols

IF β-maximal description of x M̃D
β
(Ĉ, x)

IF granular matrix representation of Ĉ M
Ĉ

IF eigenmatrix of x M
Ĉ
(x)

IF β-covering number matrix of Ĉ M
Ĉ

3. Matrix Representations of IF β-Minimal and β-Maximal Descriptions

In this section, IF β-minimal and β-maximal descriptions are computed by matrices.
First, some new matrices and corresponding operations are proposed in an IF β-covering
approximation space. Then, several properties of these new matrices are presented. Finally,
we give the matrix representations of IF β-minimal and β-maximal descriptions based on
the results above.

3.1. Matrix Representations of IF β-Minimal Descriptions

In this subsection, we present some new matrices and matrix operations in the IF
β-covering approximation space. Moreover, the matrix representations of IF β-minimal
and β-maximal descriptions are presented.

Definition 6. Let (U, Ĉ) be an IF β-covering approximation space, where U = {x1, · · · , xn} and
Ĉ = {C1, C2, . . . , Cm}. We call MĈ = (Cj(xi))n×m an IF granular matrix representation of Ĉ.

Example 1. Let U = {x1, x2, x3, x4, x5, x6} and Ĉ = {C1, C2, C3, C4, C5}, where

C1 = 〈0.6,0.3〉
x1

+ 〈0.5,0.2〉
x2

+ 〈0.7,0.3〉
x3

+ 〈0.6,0.4〉
x4

+ 〈0.7,0.3〉
x5

+ 〈0.6,0.2〉
x6

,

C2 = 〈0.7,0.3〉
x1

+ 〈0.2,0.6〉
x2

+ 〈0.1,0.7〉
x3

+ 〈0.6,0.2〉
x4

+ 〈0.5,0.2〉
x5

+ 〈0.5,0.3〉
x6

,

C3 = 〈0.7,0.2〉
x1

+ 〈0.6,0.1〉
x2

+ 〈0.8,0.1〉
x3

+ 〈0.6,0.3〉
x4

+ 〈0.8,0.1〉
x5

+ 〈0.6,0.1〉
x6

,

C4 = 〈0.3,0.5〉
x1

+ 〈0.5,0.5〉
x2

+ 〈0.5,0.3〉
x3

+ 〈0.4,0.5〉
x4

+ 〈0.6,0.2〉
x5

+ 〈0.5,0.3〉
x6

,

C5 = 〈0.5,0.1〉
x1

+ 〈0.6,0.4〉
x2

+ 〈0.7,0.2〉
x3

+ 〈0.6,0.3〉
x4

+ 〈0.7,0.2〉
x5

+ 〈0.6,0.2〉
x6

.

Suppose β = 〈0.6, 0.3〉. By Definition 3, we know Ĉ is an IF β-covering of U. By Definition 6,
we have
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MĈ =

⎛⎜⎜⎜⎜⎜⎜⎝

C1 C2 C3 C4 C5

x1 〈0.6, 0.3〉 〈0.7, 0.3〉 〈0.7, 0.2〉 〈0.3, 0.5〉 〈0.5, 0.1〉
x2 〈0.5, 0.2〉 〈0.2, 0.6〉 〈0.6, 0.1〉 〈0.5, 0.5〉 〈0.6, 0.4〉
x3 〈0.7, 0.3〉 〈0.1, 0.7〉 〈0.8, 0.1〉 〈0.5, 0.3〉 〈0.7, 0.2〉
x4 〈0.6, 0.4〉 〈0.6, 0.2〉 〈0.6, 0.3〉 〈0.4, 0.5〉 〈0.6, 0.3〉
x5 〈0.7, 0.3〉 〈0.5, 0.2〉 〈0.8, 0.1〉 〈0.6, 0.2〉 〈0.7, 0.2〉
x6 〈0.6, 0.2〉 〈0.5, 0.3〉 〈0.6, 0.1〉 〈0.5, 0.3〉 〈0.6, 0.2〉

⎞⎟⎟⎟⎟⎟⎟⎠.

Based on Definition 6, another two matrices about M
Ĉ

are proposed in the follow-
ing definition.

Definition 7. Let (U, Ĉ) be an IF β-covering approximation space and MĈ = (Cj(xi))n×m be a
matrix representation of Ĉ, where U = {x1, · · · , xn} and Ĉ = {C1, C2, . . . , Cm}.

(1) For any 1 ≤ j ≤ m, MĈ(xi) = (αkj)n×m is called an IF eigenmatrix of xi, where 1 ≤ k ≤ n,

αkj =
{

Cj(xk), Cj(xi) ≥ β;
〈0, 0〉, otherwise.

(2) MĈ = (n)m×m is called the IF β-covering number matrix of Ĉ.

Remark 1. In Definition 7, for MĈ(xi), if Cj(xi) ≥ β, then the jth column of MĈ(xi) is the jth
of MĈ; otherwise, all elements in the jth column of MĈ(xi) are 〈0, 0〉.

Example 2 (Continued from Example 1). By Definition 7, we have

MĈ(x1) =

⎛⎜⎜⎜⎜⎜⎜⎝

〈0.6, 0.3〉 〈0.7, 0.3〉 〈0.7, 0.2〉 〈0, 0〉 〈0, 0〉
〈0.5, 0.2〉 〈0.2, 0.6〉 〈0.6, 0.1〉 〈0, 0〉 〈0, 0〉
〈0.7, 0.3〉 〈0.1, 0.7〉 〈0.8, 0.1〉 〈0, 0〉 〈0, 0〉
〈0.6, 0.4〉 〈0.6, 0.2〉 〈0.6, 0.3〉 〈0, 0〉 〈0, 0〉
〈0.7, 0.3〉 〈0.5, 0.2〉 〈0.8, 0.1〉 〈0, 0〉 〈0, 0〉
〈0.6, 0.2〉 〈0.5, 0.3〉 〈0.6, 0.1〉 〈0, 0〉 〈0, 0〉

⎞⎟⎟⎟⎟⎟⎟⎠,

MĈ(x2) =

⎛⎜⎜⎜⎜⎜⎜⎝

〈0, 0〉 〈0, 0〉 〈0.7, 0.2〉 〈0, 0〉 〈0, 0〉
〈0, 0〉 〈0, 0〉 〈0.6, 0.1〉 〈0, 0〉 〈0, 0〉
〈0, 0〉 〈0, 0〉 〈0.8, 0.1〉 〈0, 0〉 〈0, 0〉
〈0, 0〉 〈0, 0〉 〈0.6, 0.3〉 〈0, 0〉 〈0, 0〉
〈0, 0〉 〈0, 0〉 〈0.8, 0.1〉 〈0, 0〉 〈0, 0〉
〈0, 0〉 〈0, 0〉 〈0.6, 0.1〉 〈0, 0〉 〈0, 0〉

⎞⎟⎟⎟⎟⎟⎟⎠,

MĈ(x3) =

⎛⎜⎜⎜⎜⎜⎜⎝

〈0.6, 0.3〉 〈0, 0〉 〈0.7, 0.2〉 〈0, 0〉 〈0.5, 0.1〉
〈0.5, 0.2〉 〈0, 0〉 〈0.6, 0.1〉 〈0, 0〉 〈0.6, 0.4〉
〈0.7, 0.3〉 〈0, 0〉 〈0.8, 0.1〉 〈0, 0〉 〈0.7, 0.2〉
〈0.6, 0.4〉 〈0, 0〉 〈0.6, 0.3〉 〈0, 0〉 〈0.6, 0.3〉
〈0.7, 0.3〉 〈0, 0〉 〈0.8, 0.1〉 〈0, 0〉 〈0.7, 0.2〉
〈0.6, 0.2〉 〈0, 0〉 〈0.6, 0.1〉 〈0, 0〉 〈0.6, 0.2〉

⎞⎟⎟⎟⎟⎟⎟⎠,

MĈ(x4) =

⎛⎜⎜⎜⎜⎜⎜⎝

〈0, 0〉 〈0.7, 0.3〉 〈0.7, 0.2〉 〈0, 0〉 〈0.5, 0.1〉
〈0, 0〉 〈0.2, 0.6〉 〈0.6, 0.1〉 〈0, 0〉 〈0.6, 0.4〉
〈0, 0〉 〈0.1, 0.7〉 〈0.8, 0.1〉 〈0, 0〉 〈0.7, 0.2〉
〈0, 0〉 〈0.6, 0.2〉 〈0.6, 0.3〉 〈0, 0〉 〈0.6, 0.3〉
〈0, 0〉 〈0.5, 0.2〉 〈0.8, 0.1〉 〈0, 0〉 〈0.7, 0.2〉
〈0, 0〉 〈0.5, 0.3〉 〈0.6, 0.1〉 〈0, 0〉 〈0.6, 0.2〉

⎞⎟⎟⎟⎟⎟⎟⎠,

MĈ(x5) =

⎛⎜⎜⎜⎜⎜⎜⎝

〈0.6, 0.3〉 〈0, 0〉 〈0.7, 0.2〉 〈0.3, 0.5〉 〈0.5, 0.1〉
〈0.5, 0.2〉 〈0, 0〉 〈0.6, 0.1〉 〈0.5, 0.5〉 〈0.6, 0.4〉
〈0.7, 0.3〉 〈0, 0〉 〈0.8, 0.1〉 〈0.5, 0.3〉 〈0.7, 0.2〉
〈0.6, 0.4〉 〈0, 0〉 〈0.6, 0.3〉 〈0.4, 0.5〉 〈0.6, 0.3〉
〈0.7, 0.3〉 〈0, 0〉 〈0.8, 0.1〉 〈0.6, 0.2〉 〈0.7, 0.2〉
〈0.6, 0.2〉 〈0, 0〉 〈0.6, 0.1〉 〈0.5, 0.3〉 〈0.6, 0.2〉

⎞⎟⎟⎟⎟⎟⎟⎠,
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MĈ(x6) =

⎛⎜⎜⎜⎜⎜⎜⎝

〈0.6, 0.3〉 〈0, 0〉 〈0.7, 0.2〉 〈0, 0〉 〈0.5, 0.1〉
〈0.5, 0.2〉 〈0, 0〉 〈0.6, 0.1〉 〈0, 0〉 〈0.6, 0.4〉
〈0.7, 0.3〉 〈0, 0〉 〈0.8, 0.1〉 〈0, 0〉 〈0.7, 0.2〉
〈0.6, 0.4〉 〈0, 0〉 〈0.6, 0.3〉 〈0, 0〉 〈0.6, 0.3〉
〈0.7, 0.3〉 〈0, 0〉 〈0.8, 0.1〉 〈0, 0〉 〈0.7, 0.2〉
〈0.6, 0.2〉 〈0, 0〉 〈0.6, 0.1〉 〈0, 0〉 〈0.6, 0.2〉

⎞⎟⎟⎟⎟⎟⎟⎠,

MĈ =

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠.

Then, a new matrix operation is presented in the following definition.

Definition 8. Let A = (αik)n×m and B = (γkj)m×s be two matrices, where αik = 〈a+ik , a−ik〉 and
γkj = 〈b+kj , b−kj〉. We define C = A 	 B = (cij)n×s, where

cij =

⎧⎨⎩
m
∑

k=1
(αik 	 γkj), row i of A and column j of B are not 0;

0, otherwise,
and

αik 	 γkj =

{
1, a+ik ≥ b+kj ∧ a−ik ≤ b−kj ;
0, otherwise.

In Definition 8, 0 denotes the vector with any element 〈0, 0〉. Then, two characteristics
of MT

Ĉ
(x)	 M

Ĉ
(x) (∀x ∈ U) are presented in the following two propositions, respectively.

Proposition 1. Let (U, Ĉ) be an IF β-covering approximation space and MT
Ĉ
(xk)	 MĈ(xk) =

(aij)m×m, where xk ∈ U (k = 1, 2, · · · , n) and Ĉ = {C1, C2, . . . , Cm}. Then, aij = |{x ∈ U :
(Ci ∩ Cj)(xk) ≥ β ∧ Ci(x) ≥ Cj(x)}|.

Proof.

aij =

{
∑

x∈U
(Ci(x)	 Cj(x)), Ci(xk) ≥ β and Cj(xk) ≥ β;

0, otherwise.

=

{ |{x ∈ U : Ci(x) ≥ Cj(x)}|, (Ci ∩ Cj)(xk) ≥ β;
0, otherwise.

= |{x ∈ U : (Ci ∩ Cj)(xk) ≥ β ∧ Ci(x) ≥ Cj(x)}|.

Proposition 2. Let (U, Ĉ) be an IF β-covering approximation space, xk ∈ U, MT
Ĉ
(xk)	 MĈ(xk) =

(aij)m×m and MĈ = (bij)m×m. For any (t ∈ {1, 2, · · · , m}), att = btt if and only if att > 0.

Proof. Suppose U = {x1, · · · , xn} and Ĉ = {C1, C2, . . . , Cm}. Then,

att = |{x ∈ U : Ct(xk) ≥ β}| = btt = n = |{x : x ∈ U}| ⇔ Ct(xk) ≥ β ⇔ att > 0.

Finally, the matrix representation of the IF β-minimal description is presented in
Theorem 1. Let A = (aij)n×n and B = (bij)n×n be two matrices. We define C = A⊕
B = (ci)n×1, where

ci =

{
1, aij = bij ⇔ i = j;
0, otherwise.
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Let Ĉ = {C1, C2, . . . , Cm} be an IF β-covering of U and Ĉ1 ⊆ Ĉ. We call f (Ĉ1) =
(yi)m×1 the membership function of Ĉ1 in Ĉ, where

yi =

{
1, Ci ∈ Ĉ1;
0, Ci /∈ Ĉ1.

Note that “	” is before “⊕” in operations.

Theorem 1. Let (U, Ĉ) be an IF β-covering approximation space, where U = {x1, · · · , xn} and
Ĉ = {C1, C2, . . . , Cm}. Then,

f (M̃d
β

Ĉ(xk)) = MT
Ĉ
(xk)	 MĈ(xk)⊕ MĈ, k = 1, 2, · · · , n.

Proof. Suppose MT
Ĉ
(xk)	 M

Ĉ
(xk) = (aij)m×m, M

Ĉ
= (bij)m×m and f (M̃d

β

Ĉ
(xk)) = (yj)m×1.

For any Ct ∈ C,

Ct ∈ M̃d
β

Ĉ
(xk) ⇔ (Ct(xk) ≥ β) ∧ (∀Cj ∈ Ĉ∧ (Cj(xk) ≥ β) ∧ (Cj ⊆ Ct ⇒ Ct = Cj))

⇔ (Ct(xk) ≥ β) ∧ (∀j ∈ {1, 2, · · · , m} ∧ (Cj(xk) ≥ β) ∧ (Cj ⊆ Ct ⇒ Ct = Cj))

⇔ (Ct(xk) ≥ β) ∧ (∀j ∈ {1, 2, · · · , m} ∧ (Cj(xk) ≥ β)∧
(|{x ∈ U : Ct(x) ≥ Cj(x)}| = n ⇒ Ct = Cj))

⇔ (Ct(xk) ≥ β) ∧ (∀j ∈ {1, 2, · · · , m} ∧ (atj = btj ⇒ t = j))

⇔ (att > 0) ∧ (atj = btj ⇒ t = j)

⇔ (att = btt) ∧ (atj = btj ⇒ t = j)

⇔ yt = 1.

Hence, f (M̃d
β

Ĉ
(xk)) = MT

Ĉ
(xk)	 M

Ĉ
(xk)⊕ M

Ĉ
.

Example 3 (Continued from Example 1). All MĈ(xk) (k = 1, 2, · · · , 6) and MĈ are calculated
in Examples 1 and 2. Hence,

f (M̃d
β

Ĉ(x1)) = MT
Ĉ
(x1)	 MĈ(x1)⊕ MĈ

=

⎛⎜⎜⎜⎜⎝
〈0.6, 0.3〉 〈0.5, 0.2〉 〈0.7, 0.3〉 〈0.6, 0.4〉 〈0.7, 0.3〉 〈0.6, 0.2〉
〈0.7, 0.3〉 〈0.2, 0.6〉 〈0.1, 0.7〉 〈0.6, 0.2〉 〈0.5, 0.2〉 〈0.5, 0.3〉
〈0.7, 0.2〉 〈0.6, 0.1〉 〈0.8, 0.1〉 〈0.6, 0.3〉 〈0.8, 0.1〉 〈0.6, 0.1〉
〈0, 0〉 〈0, 0〉 〈0, 0〉 〈0, 0〉 〈0, 0〉 〈0, 0〉
〈0, 0〉 〈0, 0〉 〈0, 0〉 〈0, 0〉 〈0, 0〉 〈0, 0〉

⎞⎟⎟⎟⎟⎠	

⎛⎜⎜⎜⎜⎜⎜⎝

〈0.6, 0.3〉 〈0.7, 0.3〉 〈0.7, 0.2〉 〈0, 0〉 〈0, 0〉
〈0.5, 0.2〉 〈0.2, 0.6〉 〈0.6, 0.1〉 〈0, 0〉 〈0, 0〉
〈0.7, 0.3〉 〈0.1, 0.7〉 〈0.8, 0.1〉 〈0, 0〉 〈0, 0〉
〈0.6, 0.4〉 〈0.6, 0.2〉 〈0.6, 0.3〉 〈0, 0〉 〈0, 0〉
〈0.7, 0.3〉 〈0.5, 0.2〉 〈0.8, 0.1〉 〈0, 0〉 〈0, 0〉
〈0.6, 0.2〉 〈0.5, 0.3〉 〈0.6, 0.1〉 〈0, 0〉 〈0, 0〉

⎞⎟⎟⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎝
6 3 0 0 0
2 6 1 0 0
6 5 6 0 0
0 0 0 0 0
0 0 0 0 0

⎞⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
1
1
0
0
0

⎞⎟⎟⎟⎟⎠,
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i.e., M̃d
β

Ĉ(x1) = {C1, C2}.

f (M̃d
β

Ĉ(x2)) = MT
Ĉ
(x2)	 MĈ(x2)⊕ MĈ

=

⎛⎜⎜⎜⎜⎝
0 0 0 0 0
0 0 0 0 0
0 0 6 0 0
0 0 0 0 0
0 0 0 0 0

⎞⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
0
0
1
0
0

⎞⎟⎟⎟⎟⎠,

i.e., M̃d
β

Ĉ(x2) = {C3}.

f (M̃d
β

Ĉ(x3)) = MT
Ĉ
(x3)	 MĈ(x3)⊕ MĈ

=

⎛⎜⎜⎜⎜⎝
6 0 0 0 1
0 0 0 0 0
6 0 6 0 5
0 0 0 0 0
4 0 1 0 6

⎞⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
1
0
0
0
1

⎞⎟⎟⎟⎟⎠,

i.e., M̃d
β

Ĉ(x3) = {C1, C5}.

f (M̃d
β

Ĉ(x4)) = MT
Ĉ
(x4)	 MĈ(x4)⊕ MĈ

=

⎛⎜⎜⎜⎜⎝
0 0 0 0 0
0 6 1 0 1
0 5 6 0 5
0 0 0 0 0
0 4 1 0 6

⎞⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
0
1
1
0
1

⎞⎟⎟⎟⎟⎠,

i.e., M̃d
β

Ĉ(x4) = {C2, C3, C5}.

f (M̃d
β

Ĉ(x5)) = MT
Ĉ
(x5)	 MĈ(x5)⊕ MĈ

=

⎛⎜⎜⎜⎜⎝
6 0 0 5 1
0 0 0 0 0
6 0 6 6 5
0 0 0 6 0
4 0 1 6 6

⎞⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
1
0
0
1
0

⎞⎟⎟⎟⎟⎠,

i.e., M̃d
β

Ĉ(x5) = {C1, C4}.

f (M̃d
β

Ĉ(x6)) = MT
Ĉ
(x6)	 MĈ(x6)⊕ MĈ

=

⎛⎜⎜⎜⎜⎝
6 0 0 0 1
0 0 0 0 0
6 0 6 0 5
0 0 0 0 0
4 0 1 0 6

⎞⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
1
0
0
0
1

⎞⎟⎟⎟⎟⎠,

i.e., M̃d
β

Ĉ(x6) = {C1, C5}.
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3.2. Matrix Representations of IF β-Maximal Descriptions

Based on Section 3.1, we present the matrix representation of the IF β-maximal de-
scription in this subsection. Firstly, the concept of IF β-maximal description is given in the
following definition.

Definition 9. Let (U, Ĉ) be an IF β-covering approximation space. For any x ∈ U, its IF

β-maximal description M̃D
β

Ĉ(x) is defined as follows:

M̃D
β

Ĉ(x) = {C ∈ Ĉ : C(x) ≥ β ∧ (∀D ∈ Ĉ)(D(x) ≥ β ∧ C ⊆ D ⇒ C = D)}.

To investigate the matrix representation of the IF β-maximal description, another new
matrix operation is presented in the following definition.

Definition 10. Let A = (αik)n×m and B = (γkj)m×s be two matrices, where αik = 〈a+ik , a−ik〉 and
γkj = 〈b+kj , b−kj〉. We define C = A 
 B = (cij)n×s, where

cij =

⎧⎨⎩
m
∑

k=1
(αik 
 γkj), row i of A and column j of B are not 0;

0, otherwise,
and

αik 
 γkj =

{
1, a+ik ≤ b+kj ∧ a−ik ≥ b−kj ;
0, otherwise.

By Definition 10, two characteristics of MT
Ĉ
(x)
 M

Ĉ
(x) (∀x ∈ U) are presented in the

following two propositions.

Proposition 3. Let Ĉ = {C1, C2, . . . , Cm} be an IF β-covering of U = {x1, · · · , xn}, xk ∈ U and
MT

Ĉ
(xk)
 MĈ(xk) = (aij)m×m. Then, aij = |{x ∈ U : (Ci ∩ Cj)(xk) ≥ β ∧ Ci(x) ≤ Cj(x)}|.

Proof.

aij =

{
∑

x∈U
(Ci(x)
 Cj(x)), Ci(xk) ≥ β and Cj(xk) ≥ β;

0, otherwise.

=

{ |{x ∈ U : Ci(x) ≤ Cj(x)}|, (Ci ∩ Cj)(xk) ≥ β;
0, otherwise.

= |{x ∈ U : (Ci ∩ Cj)(xk) ≥ β ∧ Ci(x) ≤ Cj(x)}|.

Proposition 4. Let Ĉ = {C1, C2, . . . , Cm} be an IF β-covering of U = {x1, · · · , xn}, xk ∈
U, MT

Ĉ
(xk) 
 MĈ(xk) = (aij)m×m and MĈ = (bij)m×m. att = btt if and only if att > 0

(t ∈ {1, 2, · · · , m}).

Proof. att = |{x ∈ U : Ct(xk) ≥ β}| = btt = n = |{x : x ∈ U}| ⇔ Ct(xk) ≥ β ⇔ att >
0.

Finally, the matrix representation of the IF β-maximal description is presented in the
following theorem. Note that “
” is before “⊕” in operations.

Theorem 2. Let Ĉ = {C1, C2, . . . , Cm} be an IF β-covering of U = {x1, · · · , xn}. Then,

f (M̃D
β

Ĉ(xk)) = MT
Ĉ
(xk)
 MĈ(xk)⊕ MĈ, k = 1, 2, · · · , n.

Proof. Suppose MT
Ĉ
(xk) 
 M

Ĉ
(xk) = (aij)m×m, M

Ĉ
= (bij)m×m and f (M̃D

β

Ĉ
(xk)) =

(yj)m×1. For any Ct ∈ C,
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Ct ∈ M̃D
β

Ĉ
(xk) ⇔ (Ct(xk) ≥ β) ∧ (∀Cj ∈ Ĉ∧ (Cj(xk) ≥ β) ∧ (Cj ⊇ Ct ⇒ Ct = Cj))

⇔ (Ct(xk) ≥ β) ∧ (∀j ∈ {1, 2, · · · , m} ∧ (Cj(xk) ≥ β) ∧ (Cj ⊇ Ct ⇒ Ct = Cj))

⇔ (Ct(xk) ≥ β) ∧ (∀j ∈ {1, 2, · · · , m} ∧ (Cj(xk) ≥ β)∧
(|{x ∈ U : Ct(x) ≤ Cj(x)}| = n ⇒ Ct = Cj))

⇔ (Ct(xk) ≥ β) ∧ (∀j ∈ {1, 2, · · · , m} ∧ (atj = btj ⇒ t = j))

⇔ (att = btt) ∧ (atj = btj ⇒ t = j)

⇔ yt = 1.

Hence, f (M̃D
β

Ĉ
(xk)) = MT

Ĉ
(xk)
 M

Ĉ
(xk)⊕ M

Ĉ
.

Example 4 (Continued from Example 1). All MĈ(xk) (k = 1, 2, · · · , 6) and MĈ are calculated
in Example 2. Then,

f (M̃D
β

Ĉ(x1)) = MT
Ĉ
(x1)
 MĈ(x1)⊕ MĈ

=

⎛⎜⎜⎜⎜⎝
6 2 6 0 0
3 6 5 0 0
0 1 6 0 0
0 0 0 0 0
0 0 0 0 0

⎞⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
0
1
1
0
0

⎞⎟⎟⎟⎟⎠,

i.e., M̃D
β

Ĉ(x1) = {C2, C3}.

f (M̃D
β

Ĉ(x2)) = MT
Ĉ
(x2)
 MĈ(x2)⊕ MĈ

=

⎛⎜⎜⎜⎜⎝
0 0 0 0 0
0 0 0 0 0
0 0 6 0 0
0 0 0 0 0
0 0 0 0 0

⎞⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
0
0
1
0
0

⎞⎟⎟⎟⎟⎠,

i.e., M̃D
β

Ĉ(x2) = {C3}.

f (M̃D
β

Ĉ(x3)) = MT
Ĉ
(x3)
 MĈ(x3)⊕ MĈ

=

⎛⎜⎜⎜⎜⎝
6 0 6 0 4
0 0 0 0 0
0 0 6 0 1
0 0 0 0 0
1 0 5 0 6

⎞⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
0
0
1
0
1

⎞⎟⎟⎟⎟⎠,

i.e., M̃D
β

Ĉ(x3) = {C3, C5}.

f (M̃D
β

Ĉ(x4)) = MT
Ĉ
(x4)
 MĈ(x4)⊕ MĈ

=

⎛⎜⎜⎜⎜⎝
0 0 0 0 0
0 6 5 0 4
0 1 6 0 1
0 0 0 0 0
0 1 5 0 6

⎞⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
0
1
1
0
1

⎞⎟⎟⎟⎟⎠,
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i.e., M̃D
β

Ĉ(x4) = {C2, C3, C5}.

f (M̃D
β

Ĉ(x5)) = MT
Ĉ
(x5)
 MĈ(x5)⊕ MĈ

=

⎛⎜⎜⎜⎜⎝
6 0 6 0 4
0 0 0 0 0
0 0 6 0 1
5 0 6 6 6
1 0 5 0 6

⎞⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
0
0
1
0
1

⎞⎟⎟⎟⎟⎠,

i.e., M̃D
β

Ĉ(x5) = {C3, C5}.

f (M̃D
β

Ĉ(x6)) = MT
Ĉ
(x6)
 MĈ(x6)⊕ MĈ

=

⎛⎜⎜⎜⎜⎝
6 0 6 0 4
0 0 0 0 0
0 0 6 0 1
0 0 0 0 0
1 0 5 0 6

⎞⎟⎟⎟⎟⎠⊕

⎛⎜⎜⎜⎜⎝
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6
6 6 6 6 6

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
0
0
1
0
1

⎞⎟⎟⎟⎟⎠,

i.e., M̃D
β

Ĉ(x6) = {C3, C5}.

4. Matrix Approaches for Reductions in IF β-Covering Approximation Spaces

In this section, we present two kinds of reductions in IF β-covering approximation
spaces based on IF β-minimal and β-maximal descriptions, respectively. Moreover, they
are calculated by matrices.

4.1. Reductions of IF β-Covering Approximation Spaces via IF β-Minimal Descriptions

The definitions of IF β-minimal reduction and corresponding matrix approaches are
mainly presented in this subsection. Firstly, the notion of the subspace of the original IF
β-covering approximation space is presented in the following definition.

Definition 11. Let (U, Ĉ) be an IF β-covering approximation space and D̂ ⊆ Ĉ. We call (U, D̂)
an IF sub-β-covering approximation space of (U, Ĉ) if D̂ is also an IF β-covering of U. The family
of all IF sub-β-covering approximation spaces of (U, Ĉ) is denoted by S(Ĉ).

By Definition 11, Ĉ ∈ S(Ĉ) for any IF β-covering approximation space (U, Ĉ). We
denote Ñ β

Ĉ
(x) = {C ∈ Ĉ : C(x) ≥ β}. Then, Propositions 5 and 6 show two properties of

IF β-minimal descriptions in the IF sub-β-covering approximation space.

Proposition 5. Let (U, Ĉ) be an IF β-covering approximation space and D̂ ∈ S(Ĉ). For any

x ∈ U, if |Ñ β

Ĉ
(x)| = 1, then M̃d

β

Ĉ(x) = M̃d
β

D̂(x).

Proof. If |Ñ β

Ĉ
(x)| = 1, then we suppose Ñ β

Ĉ
(x) = {C′}, where C′ ∈ Ĉ and C′(x) ≥ β. Since

D̂ ∈ S(Ĉ), C′ ∈ D̂. Hence, Ñ β

D̂
(x) = {C′}. By Definition 5, M̃d

β

Ĉ
(x) = {C ∈ Ĉ : C(x) ≥

β ∧ (∀D ∈ Ĉ)(D(x) ≥ β ∧ D ⊆ C ⇒ C = D)} = {C ∈ Ñ β

Ĉ
(x) : ∀D ∈ Ñ β

Ĉ
(x) ∧ D ⊆ C ⇒

C = D)} = {C′} and M̃d
β

D̂(x) = {C ∈ Ñ β

D̂
(x) : ∀D ∈ Ñ β

D̂
(x)∧D ⊆ C ⇒ C = D)} = {C′}.

Therefore, M̃d
β

Ĉ
(x) = M̃d

β

D̂(x).

Proposition 6. Let (U, Ĉ) be an IF β-covering approximation space and D̂ ∈ S(Ĉ). For any

x ∈ U, if Ñ β

Ĉ
(x) = Ñ β

D̂
(x), then M̃d

β

Ĉ(x) = M̃d
β

D̂(x).
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Proof. Since Ñ β

Ĉ
(x) = Ñ β

D̂
(x), M̃d

β

Ĉ
(x) = {C ∈ Ĉ : C(x) ≥ β ∧ (∀D ∈ Ĉ)(D(x) ≥

β ∧ D ⊆ C ⇒ C = D)} = {C ∈ Ñ β

Ĉ
(x) : ∀D ∈ Ñ β

Ĉ
(x) ∧ D ⊆ C ⇒ C = D)} = {C ∈

Ñ β

D̂
(x) : ∀D ∈ Ñ β

D̂
(x) ∧ D ⊆ C ⇒ C = D)} = M̃d

β

D̂(x).

The converse of Proposition 6 is incorrect. That is to say, “for any x ∈ U, if M̃d
β

Ĉ
(x) =

M̃d
β

D̂(x), then Ñ β

Ĉ
(x) = Ñ β

D̂
(x)” is not true. We use the following example to explain this.

Example 5 (Continued from Example 1). In Example 1, Ĉ = {C1, · · · , C5} is an IF β-covering

of U. In Example 3, we have f (M̃d
β

Ĉ(x5)) = (1, 0, 0, 1, 0)T, i.e., M̃d
β

Ĉ(x5) = {C1, C4}. Suppose
D̂ = {C1, · · · , C4}. Then, D̂ ∈ S(Ĉ).

MD̂ =

⎛⎜⎜⎜⎜⎜⎜⎝

C1 C2 C3 C4

x1 〈0.6, 0.3〉 〈0.7, 0.3〉 〈0.7, 0.2〉 〈0.3, 0.5〉
x2 〈0.5, 0.2〉 〈0.2, 0.6〉 〈0.6, 0.1〉 〈0.5, 0.5〉
x3 〈0.7, 0.3〉 〈0.1, 0.7〉 〈0.8, 0.1〉 〈0.5, 0.3〉
x4 〈0.6, 0.4〉 〈0.6, 0.2〉 〈0.6, 0.3〉 〈0.4, 0.5〉
x5 〈0.7, 0.3〉 〈0.5, 0.2〉 〈0.8, 0.1〉 〈0.6, 0.2〉
x6 〈0.6, 0.2〉 〈0.5, 0.3〉 〈0.6, 0.1〉 〈0.5, 0.3〉

⎞⎟⎟⎟⎟⎟⎟⎠ and

f (M̃d
β

D̂(x5)) = MT
D̂
(x5)	 MD̂(x5)⊕ MD̂ =

⎛⎜⎜⎝
6 0 0 5
0 0 0 0
6 0 6 6
0 0 0 6

⎞⎟⎟⎠⊕

⎛⎜⎜⎝
6 6 6 6
6 6 6 6
6 6 6 6
6 6 6 6

⎞⎟⎟⎠ =

⎛⎜⎜⎝
1
0
0
1

⎞⎟⎟⎠,

i.e., M̃d
β

D̂(x5) = {C1, C4}. Hence, M̃d
β

Ĉ(x5) = M̃d
β

D̂(x5) = {C1, C4}. But Ñ β

Ĉ
(x5) =

{C1, C3, C4, C5} and Ñ β

D̂
(x5) = {C1, C3, C4}, i.e., Ñ β

Ĉ
(x5) 	= Ñ β

D̂
(x5).

Definition 12. Let (U, Ĉ) be an IF β-covering approximation space and D̂ ∈ S(Ĉ). D̂ is called
the IF β-minimal reduction of Ĉ if D̂ satisfies the following conditions:

(1) For any x ∈ U, M̃d
β

Ĉ(x) = M̃d
β

D̂(x);

(2) For any Ê ∈ S(D̂)− {D̂}, there exists x ∈ U such that M̃d
β

Ê(x) 	= M̃d
β

D̂(x).

Let A be a family of subsets of IF(U). We denote Min(A) = {X ∈ A : ∀Y ∈ A, Y ⊆
X ⇒ X = Y}.

Proposition 7. Let (U, Ĉ) be an IF β-covering approximation space. D̂ is the IF β-minimal

reduction of Ĉ if and only if D̂ ∈ Min({Ê ∈ S(Ĉ) : ∀x ∈ U, M̃d
β

Ĉ(x) = M̃d
β

Ê(x)}).

Proof. By Definition 12, it is immediate.

Theorem 3. Let (U, Ĉ) be an IF β-covering approximation space. The IF β-minimal reduction of
Ĉ is unique.

Proof. By Definition 12, the existence of the IF β-minimal reduction is true. Then, we use
proof by contradiction to prove uniqueness. Suppose D̂1 is an IF β-minimal reduction of Ĉ

and D̂2 is the other one. Then, M̃d
β

Ĉ
(x) = M̃d

β

D̂1
(x) = M̃d

β

D̂2
(x) for any x ∈ U. Hence, there

exists K ∈ D̂2 − D̂1 such that K /∈ M̃d
β

D̂1
(x) for any x ∈ U. That is to say, K /∈ M̃d

β

D̂2
(x) for

any x ∈ U. D̂2 −{K} is also an IF β-covering, since for any x ∈ U there exists C ∈ M̃d
β

D̂2
(x)

such that C(x) ≥ β. Therefore, M̃d
β

D̂2−{K}(x) = M̃d
β

D̂2
(x) for any x ∈ U. So, D̂2 is not an IF
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β-minimal reduction of Ĉ, which is contradictory with D̂2 being an IF β-minimal reduction
of Ĉ. Thus, the IF β-minimal reduction of Ĉ is unique.

By Proposition 7 and Theorem 3, the steps of calculating all IF β-minimal reductions
in the IF β-covering approximation space (U, Ĉ) are presented as follows:

Step 1: Compute the family of all IF sub-β-covering approximation spaces of (U, Ĉ)
according to Definition 11, i.e., S(Ĉ).

Step 2: For any x ∈ U and D̂ ∈ S(Ĉ), compute M̃d
β

D̂(x) according to Theorem 1, i.e.,

f (M̃d
β

D̂(x)) = MT
D̂
(x)	 MD̂(x)⊕ MD̂.

Step 3: Compute F = Min({D̂ ∈ S(Ĉ) : ∀x ∈ U, M̃d
β

Ĉ
(x) = M̃d

β

D̂(x)}). The element
of F is the IF β-minimal reduction of Ĉ according to Proposition 7 and Theorem 3.

Hence, the IF β-minimal reduction of Ĉ belongs to F.

4.2. Reductions of IF β-Covering Approximation Spaces via IF β-Maximal Descriptions

Based on Section 4.1, we present the definition of IF β-maximal reduction and corre-
sponding matrix approaches in this subsection. Firstly, we present two properties of IF
β-minimal descriptions in the IF sub-β-covering approximation space in the following two
propositions, respectively.

Proposition 8. Let (U, Ĉ) be an IF β-covering approximation space and D̂ ∈ S(Ĉ). For any

x ∈ U, if |Ñ β

Ĉ
(x)| = 1, then M̃D

β

Ĉ(x) = M̃D
β

D̂(x).

Proof. If |Ñ β

Ĉ
(x)| = 1, then we suppose Ñ β

Ĉ
(x) = {C′}, where C′ ∈ Ĉ and C′(x) ≥ β. Since

D̂ ∈ S(Ĉ), C′ ∈ D̂. Hence, Ñ β

D̂
(x) = {C′}. By Definition 9, M̃D

β

Ĉ
(x) = {C ∈ Ĉ : C(x) ≥

β ∧ (∀D ∈ Ĉ)(D(x) ≥ β ∧ C ⊆ D ⇒ C = D)} = {C ∈ Ñ β

Ĉ
(x) : ∀D ∈ Ñ β

Ĉ
(x) ∧ C ⊆ D ⇒

C = D)} = {C′} and M̃d
β

D̂(x) = {C ∈ Ñ β

D̂
(x) : ∀D ∈ Ñ β

D̂
(x)∧C ⊆ D ⇒ C = D)} = {C′}.

Therefore, M̃D
β

Ĉ
(x) = M̃D

β

D̂
(x).

Proposition 9. Let (U, Ĉ) be an IF β-covering approximation space and D̂ ∈ S(Ĉ). For any

x ∈ U, if Ñ β

Ĉ
(x) = Ñ β

D̂
(x), then M̃D

β

Ĉ(x) = M̃D
β

D̂(x).

Proof. Since Ñ β

Ĉ
(x) = Ñ β

D̂
(x), M̃D

β

Ĉ
(x) = {C ∈ Ĉ : C(x) ≥ β ∧ (∀D ∈ Ĉ)(D(x) ≥

β ∧ C ⊆ D ⇒ C = D)} = {C ∈ Ñ β

Ĉ
(x) : ∀D ∈ Ñ β

Ĉ
(x) ∧ C ⊆ D ⇒ C = D)} = {C ∈

Ñ β

D̂
(x) : ∀D ∈ Ñ β

D̂
(x) ∧ C ⊆ D ⇒ C = D)} = M̃D

β

D̂
(x).

The converse of Proposition 9 is incorrect. That is to say, “for any x ∈ U, if M̃D
β

Ĉ
(x) =

M̃D
β

D̂
(x), then Ñ β

Ĉ
(x) = Ñ β

D̂
(x)” is not true. We use the following example to explain this.

Example 6. (Continued from Example 1.) In Example 1, Ĉ = {C1, · · · , C5} is an IF β-covering

of U. In Example 4, we have f (M̃D
β

Ĉ(x1)) = (0, 1, 1, 0, 0)T, i.e., M̃D
β

Ĉ(x1) = {C2, C3}. Suppose
D̂ = {C′1, C′2, C′3}, where C′1 = C2, C′2 = C3, C′3 = C5}. Then, D̂ ∈ S(Ĉ).

MD̂ =

⎛⎜⎜⎜⎜⎜⎜⎝

C′1 C′2 C′3
x1 〈0.7, 0.3〉 〈0.7, 0.2〉 〈0.5, 0.1〉
x2 〈0.2, 0.6〉 〈0.6, 0.1〉 〈0.6, 0.4〉
x3 〈0.1, 0.7〉 〈0.8, 0.1〉 〈0.7, 0.2〉
x4 〈0.6, 0.2〉 〈0.6, 0.3〉 〈0.6, 0.3〉
x5 〈0.5, 0.2〉 〈0.8, 0.1〉 〈0.7, 0.2〉
x6 〈0.5, 0.3〉 〈0.6, 0.1〉 〈0.6, 0.2〉

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝

C2 C3 C5

x1 〈0.7, 0.3〉 〈0.7, 0.2〉 〈0.5, 0.1〉
x2 〈0.2, 0.6〉 〈0.6, 0.1〉 〈0.6, 0.4〉
x3 〈0.1, 0.7〉 〈0.8, 0.1〉 〈0.7, 0.2〉
x4 〈0.6, 0.2〉 〈0.6, 0.3〉 〈0.6, 0.3〉
x5 〈0.5, 0.2〉 〈0.8, 0.1〉 〈0.7, 0.2〉
x6 〈0.5, 0.3〉 〈0.6, 0.1〉 〈0.6, 0.2〉

⎞⎟⎟⎟⎟⎟⎟⎠ and
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f (M̃D
β

D̂(x1)) = MT
D̂
(x1)
 MD̂(x1)⊕ MD̂ =

⎛⎝ 6 5 0
1 6 0
0 0 0

⎞⎠⊕
⎛⎝ 6 6 6

6 6 6
6 6 6

⎞⎠ =

⎛⎝ 1
1
0

⎞⎠,

i.e., M̃D
β

D̂(x1) = {C′1, C′2} = {C2, C3}. Hence, M̃D
β

Ĉ(x1) = M̃D
β

D̂(x1) = {C2, C3}. But

Ñ β

Ĉ
(x1) = {C1, C2, C3} and Ñ β

D̂
(x1) = {C2, C3}, i.e., Ñ β

Ĉ
(x1) 	= Ñ β

D̂
(x1).

Definition 13. Let (U, Ĉ) be an IF β-covering approximation space and D̂ ∈ S(Ĉ). D̂ is called
an IF β-maximal reduction of Ĉ if D̂ satisfies the following conditions:

(1) For any x ∈ U, M̃D
β

Ĉ(x) = M̃D
β

D̂(x);

(2) For any Ê ∈ S(D̂)− {D̂}, there exists x ∈ U such that M̃D
β

Ê(x) 	= M̃D
β

D̂(x).

Proposition 10. Let (U, Ĉ) be an IF β-covering approximation space. D̂ is an IF β-maximal

reduction of Ĉ if and only if D̂ ∈ Min({Ê ∈ S(Ĉ) : ∀x ∈ U, M̃D
β

Ĉ(x) = M̃D
β

Ê(x)}).

Proof. By Definition 13, it is immediate.

Theorem 4. Let (U, Ĉ) be an IF β-covering approximation space and D̂ ∈ S(Ĉ). The IF β-
maximal reduction of Ĉ is unique.

Proof. By Definition 13, the existence of the IF β-maximal reduction is true. Then, we use
proof by contradiction to prove the uniqueness. Suppose D̂1 is an IF β-maximal reduction

of Ĉ and D̂2 is the other one. Then, M̃D
β

Ĉ
(x) = M̃D

β

D̂1
(x) = M̃D

β

D̂2
(x) for any x ∈ U.

Hence, there exists K ∈ D̂2 − D̂1 such that K /∈ M̃D
β

D̂1
(x) for any x ∈ U. That is to say,

K /∈ M̃D
β

D̂2
(x) for any x ∈ U. D̂2 − {K} is also an IF β-covering, since for any x ∈ U, there

exists C ∈ M̃D
β

D̂2
(x) such that C(x) ≥ β. Therefore, M̃D

β

D̂2−{K}(x) = M̃D
β

D̂2
(x) for any

x ∈ U. So, D̂2 is not an IF β-maximal reduction of Ĉ, which is contradictory with D̂2 is an
IF β-maximal reduction. Thus, the IF β-maximal reduction of Ĉ is unique.

By Proposition 10 and Theorem 4, the steps of calculating the IF β-maximal reduction
in the IF β-covering approximation space (U, Ĉ) are presented as follows:

Step 1: Compute the family of all IF sub-β-covering approximation spaces of (U, Ĉ)
according to Definition 11, i.e., S(Ĉ).

Step 2: For any x ∈ U and D̂ ∈ S(Ĉ), compute M̃D
β

D̂
(x) according to Theorem 2, i.e.,

f (M̃D
β

D̂
(x)) = MT

D̂
(x)
 MD̂(x)⊕ MD̂.

Step 3: Compute F = Min({D̂ ∈ S(Ĉ) : ∀x ∈ U, M̃D
β

Ĉ
(x) = M̃D

β

D̂
(x)}). The

element of F is the IF β-maximal reduction of Ĉ according to Proposition 10 and Theorem 4.

Example 7. A customer wants to choose suitable attributes to evaluate a house. Let
U = {x1, x2, · · · , x6} be a set of houses and Ĉ = {C1, C2, · · · , C5} be five attributes given by
merchants, where C1, C2, · · · , C5 represent expensive, beautiful, large, convenient traffic and green
surroundings, respectively. Suppose Cj(xi) = 〈μCj(xi)

, νCj(xi)
〉, (i = 1, 2, · · · , 6; j = 1, 2, · · · , 5),

where μCj(xi)
and νCj(xi)

are the degrees of membership and non-membership of the alternative xi

to the attribute Cj, respectively. Let β = 〈0.6, 0.3〉 be the critical value. Suppose that for each
alternative xi there exists the attribute Cj such that Cj(xi) ≥ β. It is obvious that Ĉ is an IF
β-covering presented in Example 1.
Step 1: S(Ĉ) = {{C1, C2, C3, C4, C5}, {C1, C3, C4, C5}, {C1, C2, C3, C5}, {C2, C3, C4, C5},
{C1, C2, C3, C4}, {C3, C4, C5}, {C1, C2, C3}, {C1, C3, C4}, {C1, C3, C5}, {C2, C3, C5}, {C2, C3,
C4}, {C3, C4, C5}, {C1, C3}, {C2, C3}, {C2, C5}, {C3, C4}, {C3, C5}, {C3}}.
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Step 2: For any x ∈ U and D̂ ∈ S(Ĉ), we compute M̃D
β

D̂(x) by matrices. All M̃D
β

Ĉ(x) for any
x ∈ U were calculated in Example 4. Here, we show the process about D̂ = {C2, C3, C4, C5} only.

Suppose D̂ = {C′1, C′2, C′3, C′4}, where C′1 = C2, C′2 = C3, C′3 = C4, C′4 = C5. Then,

MD̂ =

⎛⎜⎜⎜⎜⎜⎜⎝

C′1 C′2 C′3 C′4
x1 〈0.7, 0.3〉 〈0.7, 0.2〉 〈0.3, 0.5〉 〈0.5, 0.1〉
x2 〈0.2, 0.6〉 〈0.6, 0.1〉 〈0.5, 0.5〉 〈0.6, 0.4〉
x3 〈0.1, 0.7〉 〈0.8, 0.1〉 〈0.5, 0.3〉 〈0.7, 0.2〉
x4 〈0.6, 0.2〉 〈0.6, 0.3〉 〈0.4, 0.5〉 〈0.6, 0.3〉
x5 〈0.5, 0.2〉 〈0.8, 0.1〉 〈0.6, 0.2〉 〈0.7, 0.2〉
x6 〈0.5, 0.3〉 〈0.6, 0.1〉 〈0.5, 0.3〉 〈0.6, 0.2〉

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝

C2 C3 C4 C5

x1 〈0.7, 0.3〉 〈0.7, 0.2〉 〈0.3, 0.5〉 〈0.5, 0.1〉
x2 〈0.2, 0.6〉 〈0.6, 0.1〉 〈0.5, 0.5〉 〈0.6, 0.4〉
x3 〈0.1, 0.7〉 〈0.8, 0.1〉 〈0.5, 0.3〉 〈0.7, 0.2〉
x4 〈0.6, 0.2〉 〈0.6, 0.3〉 〈0.4, 0.5〉 〈0.6, 0.3〉
x5 〈0.5, 0.2〉 〈0.8, 0.1〉 〈0.6, 0.2〉 〈0.7, 0.2〉
x6 〈0.5, 0.3〉 〈0.6, 0.1〉 〈0.5, 0.3〉 〈0.6, 0.2〉

⎞⎟⎟⎟⎟⎟⎟⎠.

Hence,

f (M̃D
β

D̂(x1)) = MT
D̂
(x1)
 MD̂(x1)⊕ MD̂ =

⎛⎜⎜⎝
6 5 0 0
1 6 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎠⊕

⎛⎜⎜⎝
6 6 6 6
6 6 6 6
6 6 6 6
6 6 6 6

⎞⎟⎟⎠ =

⎛⎜⎜⎝
1
1
0
0

⎞⎟⎟⎠,

i.e., M̃D
β

D̂(x1) = {C′1, C′2} = {C2, C3}.

f (M̃D
β

D̂(x2)) = MT
D̂
(x2)
 MD̂(x2)⊕ MD̂ =

⎛⎜⎜⎝
0 0 0 0
0 6 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎠⊕

⎛⎜⎜⎝
6 6 6 6
6 6 6 6
6 6 6 6
6 6 6 6

⎞⎟⎟⎠ =

⎛⎜⎜⎝
0
1
0
0

⎞⎟⎟⎠,

i.e., M̃D
β

D̂(x2) = {C′2} = {C3}.

f (M̃D
β

D̂(x3)) = MT
D̂
(x3)
 MD̂(x3)⊕ MD̂ =

⎛⎜⎜⎝
0 0 0 0
0 6 0 1
0 0 0 0
0 5 0 6

⎞⎟⎟⎠⊕

⎛⎜⎜⎝
6 6 6 6
6 6 6 6
6 6 6 6
6 6 6 6

⎞⎟⎟⎠ =

⎛⎜⎜⎝
0
1
0
1

⎞⎟⎟⎠,

i.e., M̃D
β

D̂(x3) = {C′2, C′4} = {C3, C5}.

f (M̃D
β

D̂(x4)) = MT
D̂
(x4)
 MD̂(x4)⊕ MD̂ =

⎛⎜⎜⎝
6 5 0 4
1 6 0 1
0 0 0 0
1 5 0 6

⎞⎟⎟⎠⊕

⎛⎜⎜⎝
6 6 6 6
6 6 6 6
6 6 6 6
6 6 6 6

⎞⎟⎟⎠ =

⎛⎜⎜⎝
1
1
0
1

⎞⎟⎟⎠,

i.e., M̃D
β

D̂(x4) = {C′1, C′2, C′4} = {C2, C3, C5}.

f (M̃D
β

D̂(x5)) = MT
D̂
(x5)
 MD̂(x5)⊕ MD̂ =

⎛⎜⎜⎝
0 0 0 0
0 6 0 1
0 6 6 6
0 5 0 6

⎞⎟⎟⎠⊕

⎛⎜⎜⎝
6 6 6 6
6 6 6 6
6 6 6 6
6 6 6 6

⎞⎟⎟⎠ =

⎛⎜⎜⎝
0
1
0
1

⎞⎟⎟⎠,

i.e., M̃D
β

D̂(x5) = {C′2, C′4} = {C3, C5}.
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f (M̃D
β

D̂(x6)) = MT
D̂
(x6)
 MD̂(x6)⊕ MD̂ =

⎛⎜⎜⎝
0 0 0 0
0 6 0 1
0 0 0 0
0 5 0 6

⎞⎟⎟⎠⊕

⎛⎜⎜⎝
6 6 6 6
6 6 6 6
6 6 6 6
6 6 6 6

⎞⎟⎟⎠ =

⎛⎜⎜⎝
0
1
0
1

⎞⎟⎟⎠,

i.e., M̃D
β

D̂(x6) = {C′2, C′4} = {C3, C5}.

Step 3: Min({D̂ ∈ S(Ĉ) : ∀x ∈ U, M̃D
β

Ĉ(x) = M̃D
β

D̂(x)}) = Min({{C1, C2, C3, C5},
{C2, C3, C4, C5}, {C2, C3, C5}}) = {{C2, C3, C5}}. Therefore, {C2, C3, C5} is the IF β-maximal
reduction of Ĉ.

5. Experimental Evaluations

Compared with the set representations, it is necessary to show the advantage of matrix rep-
resentations of IF β-minimal and β-maximal descriptions. In this section, we call the presented
matrix methods of IF β-minimal and β-maximal descriptions as “M-IFMin” and “M-IFMax”,
respectively. Hence, we compare them with the set-based algorithms of IF β-minimal and
β-maximal descriptions (which are named “S-IFMin” and “S-IFMax”, respectively) through
several experiments.

5.1. The Process of Experiments

We construct some IF β-covering approximation spaces to run M-IFMin, M-IFMax, S-
IFMin and S-IFMax on them. In Definition 6, we know that any IF β-covering approximation
space can be seen as an IF granular matrix. The procedure of constructing the IF β-matrix is
as follows: (1) The elements of the matrix are IF numbers, which are randomly chosen from
{0, 0.1, 0.2, · · · , 0.9, 1}. (2) For any row of the matrix, if the maximal number of the row is
less than β, then we denote β as its maximal number. Hence, the matrix is the IF β-matrix,
i.e., an IF β-covering approximation space.

Finally, we compare the computational time of M-IFMin, M-IFMax, S-IFMin and S-IFMax
with different values of β, sizes of a universe and sizes of an IF β-covering. All of the experiments
were carried out on a personal computer with 64-bit Windows 10, Intel(R) Core(TM) i7-8565U
CPU @1.80 GHz 1.99 GHz, and 8 GB memory. The programming language was Matlab r2016a.

5.2. Results and Analysis

To compare the computational time of M-IFMin, M-IFMax, S-IFMin and S-IFMax with
different values of β in Figure 1, we set the size of U to 200 and the size of Ĉ to 600. The one
value of β ranges from 0.2 to 0.6, gradually increasing by a step of 0.1, and the other value
is 0.3. Figure 1a,c show the computational time of M-IFMin and S-IFMin. In Figure 1a,
the first value of β ranges from 0.2 to 0.6, gradually increasing by a step of 0.1, and the
second value is 0.3. In Figure 1c, the first value is 0.3 and the second value of β ranges
from 0.2 to 0.6, gradually increasing by a step of 0.1. Figure 1b,d show the computational
time of M-IFMax and S-IFMax. In Figure 1b, the first value of β ranges from 0.2 to 0.6,
gradually increasing by a step of 0.1, and the second value is 0.3. In Figure 1d, the first
value is 0.3 and the second value of β ranges from 0.2 to 0.6, gradually increasing by a step
of 0.1. In Figure 1, we can see that the computational time of M-IFMin, M-IFMax, S-IFMin
and S-IFMax decreases with the gradual increase in the value of β. M-IFMin (or M-IFMax)
is more efficient than S-IFMin (or S-IFMax) with different values of β, especially with small
values of β.
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(a) Comparison of S-IFMin and M-IFMin with
different β (the first value changes, the other is
0.3).

(b) Comparison of S-IFMax and M-IFMax with
different β (the first value changes, the other is
0.3).

(c) Comparison of S-IFMin and M-IFMin with dif-
ferent β (the first value is 0.3, the other changes).

(d) Comparison of S-IFMax and M-IFMax with
different β (the first value is 0.3, the other
changes).

Figure 1. Computational time of M-IFMin, M-IFMax, S-IFMin and S-IFMax with different β (|U| = 200,
|Ĉ| = 600).

To compare the computational time of M-IFMin, M-IFMax, S-IFMin and S-IFMax with
different sizes of U in Figure 2, we set the value of β to 〈0.6, 0.3〉 and the size of Ĉ to 200.
The size of U ranges from 200 to 600, gradually increasing by a step of 100. In Figure 2, we
can see that the computational time of M-IFMin, M-IFMax, S-IFMin and S-IFMax increases
with the gradual increase in the size of U. M-IFMin (or M-IFMax) is more efficient than
S-IFMin (or S-IFMax) with different sizes of U. Hence, for large universe sizes, M-IFMin
(or M-IFMax) is feasible.

To compare the computational time of M-IFMin, M-IFMax, S-IFMin and S-IFMax with
different sizes of Ĉ in Figure 3, we set the value of β to 〈0.6, 0.3〉 and the size of U to 200.
The size of Ĉ ranges from 100 to 500, gradually increasing by a step of 100. In Figure 3, we
can see that the computational time of M-IFMin, M-IFMax, S-IFMin and S-IFMax increases
with the gradual increase in the size of U. M-IFMin (or M-IFMax) is more efficient than
S-IFMin (or S-IFMax) with different sizes of Ĉ, especially with large Ĉ.
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(a) Comparison of S-IFMin and M-IFMin with
different sizes of U.

(b) Comparison of S-IFMax and M-IFMax with
different sizes of U.

Figure 2. Computational time of M-IFMin, M-IFMax, S-IFMin and S-IFMax with different sizes of U
(β = 〈0.6, 0.3〉, |Ĉ| = 200).

(a) Comparison of S-IFMin and M-IFMin with
different sizes of Ĉ.

(b) Comparison of S-IFMin and M-IFMin with
different sizes of Ĉ.

Figure 3. Computational time of M-IFMin, M-IFMax, S-IFMin and S-IFMax with different sizes of Ĉ

(β = 〈0.6, 0.3〉, |U| = 200).

By Figures 2 and 3, we can see that M-IFMin and M-IFMax are feasible for large U and
Ĉ, respectively. That is to say, they are scalable on big data sets.

6. Conclusions

In this paper, we mainly use matrix approaches to study IF β-covering rough sets
by IF β-minimal and β-maximal descriptions. Moreover, the feasibility of the proposed
matrix approaches is studied by several experiments. The main conclusions of this paper
are as follows:

1. The matrix representations of IF β-minimal and β-maximal descriptions are proposed.
Moreover, the comparative analysis illustrates that the proposed calculus based on
matrices is feasible for large IF β-coverings as well as big data sets.

2. Two new types of reductions of IF β-covering approximation spaces are proposed via IF
β-minimal and β-maximal descriptions, respectively. They are calculated based on the
matrix representations of IF β-minimal and β-maximal descriptions. It is a new view-
point to study IF β-covering rough sets using IF β-minimal and β-maximal descriptions.

Although the matrix method proposed by us is faster than the existing set method in IF
set theory, it is still somewhat time-consuming in the environment of big data, and further
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faster calculation methods need to be proposed. In the future, the following research topics
are deserving of attention. These matrix approaches can be used in fuzzy soft covering-
based multi-granulation fuzzy rough sets [43]. Moreover, Choquet-like integrals [44,45]
were recently combined with fuzzy rough sets, which can connected with the content of
this paper in further research.
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Abstract: In multiple-attribute decision-making (MADM) problems, ranking the alternatives is an
important step for making the best decision. Intuitionistic fuzzy numbers (IFNs) are a powerful
tool for expressing uncertainty and vagueness in MADM problems. However, existing ranking
methods for IFNs do not consider the probabilistic dominance relationship between alternatives,
which can lead to inconsistent and inaccurate rankings. In this paper, we propose a new ranking
method for IFNs based on the probabilistic dominance relationship and fuzzy algebras. The proposed
method is able to handle incomplete and uncertain information and can generate consistent and
accurate rankings.

Keywords: fuzzy algebra; intuitionistic fuzzy numbers; multiple-attribute decision making;
probabilistic dominance relationship; hesitant intuitionistic fuzzy numbers

1. Introduction

In multiple-attribute decision making (MADM), evaluating various alternatives based on
multiple criteria and selecting the most suitable one is a complex process that involves dealing
with uncertainty and vagueness. Fuzzy set theory is a valuable tool for handling imprecise
information, and intuitionistic fuzzy sets (IFSs) are an extension of fuzzy sets that can model
uncertainty and vagueness in a more effective way.

Ranking the alternatives is an essential step in MADM, and several ranking methods
for IFSs have been developed. However, most of these methods do not consider the
probabilistic dominance relationship between alternatives, which can lead to limitations in
terms of consistency, accuracy, and applicability. The probabilistic dominance relationship
considers the probability of an alternative being better than another alternative in terms of
a certain criterion, which can lead to more accurate and consistent rankings.

Recent research has focused on developing ranking methods for IFSs based on fuzzy
algebras. Some of these methods include probabilistic dominance-based ranking methods
for hesitant fuzzy linguistic term sets proposed by Peng et al. [1], a novel ranking method
for intuitionistic fuzzy sets based on probabilistic dominance and cross entropy proposed
by Yuan et al. [2], and a method for ranking intuitionistic fuzzy sets based on expected
values of the probability distribution functions proposed by Khan and Parvez [3]. These
methods are designed to handle the complex structure and uncertain nature of IFSs and
can generate accurate and consistent rankings.

Fuzzy algebras are algebraic structures that can represent the operations on fuzzy
sets and IFSs. Fuzzy algebra-based ranking methods have shown promising results in
terms of consistency, accuracy, and applicability. For instance, Huang et al. [4] proposed
a new ranking method for IFSs based on the probabilistic dominance relationship and
fuzzy algebras. The proposed method transformed IFSs into fuzzy sets using the degree
of membership and non-membership functions and compared the fuzzy sets using the
concept of fuzzy algebras.

However, there is still a need to develop more effective ranking methods for IFSs that
can handle incomplete and uncertain information. For example, Huang et al. [4] proposed
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a new method based on hesitant intuitionistic fuzzy sets, which can handle incomplete and
uncertain information in MADM.

In multiple-attribute decision-making (MADM) problems, ranking the alternatives is a
crucial step in achieving optimal decision making. Intuitionistic fuzzy numbers (IFNs) serve
as a powerful tool for expressing uncertainty and vagueness in MADM problems. However,
existing ranking methods for IFNs often overlook the probabilistic dominance relationship
between alternatives, resulting in inconsistent and inaccurate rankings. To address this
issue, this paper proposes a novel ranking method for IFNs based on the probabilistic
dominance relationship and fuzzy algebras. The proposed method effectively handles
incomplete and uncertain information, leading to consistent and accurate rankings.

In recent years, several researchers have contributed to developing new ranking
methods for IFSs. These methods aim to tackle the challenges posed by the uncertainty of
information expression and applicability in practical problems, as the uncertainty of fuzzy
sets is described by the degree of membership (DM) and degree of non-membership (DN).
Scholarly efforts have been dedicated to various aspects of IFS research, including distance
measure [5–9], similarity measure [10], model generalization, such as interval-type IFS
and Atanassov-type intuitionistic fuzzy [11], and other achievements, such as intuitionistic
fuzzy soft sets [12], intuitionistic fuzzy rough sets [13,14], intuitionistic fuzzy set and three-
way decision [15–19], and intuitionistic fuzzy set and dominance relationship [20,21]. These
advancements in IFS research have found practical applications in fault diagnosis [22],
multi-attribute decision-making [23], deep learning [24], imbalance learning [25], and other
fields. Baklouti et al. [26,27] give relevant examples of the application of optimization
techniques in solar photovoltaic systems and the consideration of energetic types and
maintenance costs in the decision-making process of selling or leasing used vehicles,
respectively. The reader can find some other interesting references in [4].

Moreover, researchers have also applied fuzzy algebras and the probabilistic dom-
inance relationship in real-world applications. For instance, Wang et al. [28] used fuzzy
algebras and the probabilistic dominance relationship to evaluate the sustainability of
transportation systems. Additionally, Wu et al. [29] applied the probabilistic dominance
relationship and fuzzy algebras to rank the preferences of investors in the stock market.

In this paper, we propose a new ranking method for IFSs based on the probabilistic
dominance relationship and fuzzy algebras. The proposed method extends the existing
method by considering hesitant IFSs and can generate consistent and accurate rankings in
complex decision-making problems.

Regarding the outline of the paper, the rest of the paper is organized as follows:
Section 2 is a review of the basic knowledge. Section 3 is devoted to exploring the concepts
of the probabilistic dominance relationship and fuzzy algebras in the context of ranking
intuitionistic fuzzy sets. Section 4 is a ranking method for IFSs based on hesitant IFSs and
the probabilistic dominance relationship. Section 5 is the conclusion.

2. Basic Knowledge

An IFS is defined as a 3-tuple (A,μA, νA), where A is the universe of discourse, μA:A →
[0, 1] is the membership function, and νA:A → [0, 1] is the non-membership function. The degree
of hesitation, denoted by hA, is defined as hA = 1−maxx∈A(μA(x) + νA(x)).

Ranking IFSs is an important task in decision-making problems, as it allows us to
compare and prioritize multiple alternatives based on their degree of desirability. Vari-
ous ranking methods for IFSs have been proposed in the literature, each with their own
strengths and weaknesses. In this section, we provide a review of some of the most
commonly used ranking methods.

Before introducing ranking methods, we define some basic probabilistic indices
for IFSs, which will be used in the subsequent discussion. Let us recall some definitions
from [30,31].
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Definition 1. Let A be a universe of discourse and (A,μA, νA) be an IFS. The possibility degree
of A is defined as P(A) = maxx∈A μA(x).

Definition 2. Let A be a universe of discourse and (A,μA, νA) be an IFS. The necessity degree
of A is defined as N(A) = minx∈A νA(x).

Definition 3. Let A be a universe of discourse and (A,μA, νA) be an IFS. The probability degree
of A is defined as Pr(A) = P(A)− hA.

Remark 1. The possibility degree P(A) represents the maximum degree of membership of any
element in A, while the necessity degree N(A) represents the minimum degree of non-membership of
any element in A. The probability degree Pr(A) is a measure of the overall plausibility of A, taking
into account both its membership and non-membership degrees as well as its degree of hesitation.

A fuzzy algebra is an algebraic structure that extends classical algebra to handle fuzzy
sets. A fuzzy algebra is defined over a set X and a set of fuzzy sets F(X) on X. A fuzzy set
is defined as a mapping μ : X → [0, 1] that assigns a degree of membership between 0 and
1 to each element in X. A fuzzy algebra is defined as a tuple (X, F(X),⊕,�), where ⊕ and
� are binary operations on F(X).

Example 1. A basic and concrete example of a fuzzy set is the set of people’s heights, where the
height can be described as “tall”, “medium”, or “short”. We can define a fuzzy set called “tall” as
including all the heights greater than 1.80 meters, a fuzzy set called “medium” as including all the
heights between 1.60 and 1.80 m, and a fuzzy set called “short” as including all the heights less
than 1.60 m. This way, any height can belong to multiple fuzzy sets, with a degree of membership
between 0 and 1.

Remark 2. Fuzzy algebras provide a framework for dealing with fuzzy sets and operations on
them. They have applications in various fields, such as decision making, control theory, and
pattern recognition.

Example 2. Consider a decision-making problem, where we need to select the best car among a set
of alternatives based on criteria such as fuel efficiency, price, and safety. We can use fuzzy logic to
represent the preferences of the decision maker, who may not be able to provide precise numerical
values for each criterion. For example, the decision maker may say that fuel efficiency is “very
important”, price is “somewhat important”, and safety is “not very important”. We can then use
fuzzy sets and membership functions to represent these preferences, and apply a fuzzy inference
system to rank the alternatives based on their degree of satisfaction of the criteria.

The above example illustrates the application of fuzzy logic in a multiple criteria
decision-making problem. Fuzzy logic has been widely used in such problems, and several
methods have been developed to handle the complexity of comparing alternatives based on
multiple criteria. Some of these methods are reviewed in [32,33]. In addition, the procedure
for ordering fuzzy subsets of the unit interval, which is an important step in fuzzy decision
making, is described in [34].

In multiple-attribute decision making, PDR is used to compare two alternatives based
on the probability of one alternative being better than the other. PDR is defined as follows:

Definition 4 (Probabilistic Dominance Relationship). Let A and B be two alternatives, and let D
be a set of attributes. PDR between A and B with respect to D is defined as follows:

• Let D(A) and D(B) be the sets of values of attributes in D for alternatives A and B, respectively.
• Let n be the number of attributes in D.
• For each di ∈ D, let Ai and Bi denote the di-value of alternatives A and B, respectively.
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• Let mA be the number of attributes, where A is at least as good as B, i.e., Ai ≥ Bi for
i = 1, . . . , n. Similarly, let mB be the number of attributes, where B is at least as good as A,
i.e., Bi ≥ Ai for i = 1, . . . , n.

• The probabilistic dominance degree (PDD) of A over B is defined as

PDD(A, B) =
mA
n

.

One of the main advantages of PDR is that it can handle incomplete and uncertain
information. However, the classical PDR approach assumes that the attribute values are
precise and that the preferences are crisp. To overcome these limitations, fuzzy set theory
and fuzzy algebra can be used.

Fuzzy set theory is an extension of classical set theory that allows for partial member-
ship, where an element can belong to a set with a degree of membership between 0 and 1.
Fuzzy algebra is a branch of algebra that deals with fuzzy sets and their operations. The ba-
sic operations in fuzzy algebra are fuzzy complement, fuzzy union, and fuzzy intersection.

In the context of PDR, fuzzy algebra can be used to represent the uncertainty and
imprecision in the attribute values and the preferences.

Many researchers have proposed different fuzzy algebraic approaches for PDR. Some
of these approaches are based on fuzzy relation equations, fuzzy preference relations, fuzzy
numbers, and fuzzy sets.

In particular, the use of intuitionistic fuzzy sets (IFSs) in PDR has received increasing
attention in recent years. IFSs were first introduced by Atanassov in 1986 [35] as an
extension of fuzzy sets to handle uncertainty and indeterminacy. IFSs consist of three
components: the membership function, the non-membership function, and the hesitation
function, which represents the degree of uncertainty or indecision about the membership
and non-membership of an element in a set.

Several studies have proposed the use of IFSs in PDR. For example, Khalil et al. [36]
proposed a PDR approach based on IFSs to handle uncertain and incomplete information.
Zhu et al. [37] proposed a PDR approach based on hesitant fuzzy sets, which are a general-
ization of IFSs that allow for multiple degrees of hesitation. The proposed approach was
applied to the evaluation of water resource security in China.

3. Intuitionistic Fuzzy Set Ranking: Integrating Probabilistic Dominance Relationship
and Fuzzy Algebras

In this section, we will explore the concepts of the probabilistic dominance relation-
ship and fuzzy algebras in the context of ranking intuitionistic fuzzy sets. Both of these
approaches provide valuable tools for comparing and ordering intuitionistic fuzzy sets
based on different criteria.

It is worth noting that the choice of ranking method depends on the application
domain and the specific problem being addressed. Therefore, it is important to carefully
select the appropriate ranking method based on the specific requirements and constraints
of the problem. In the following subsections, we provide a detailed review of the most
commonly used ranking methods for IFSs.

After discussing the different ranking methods for intuitionistic fuzzy sets (IFSs), we
can make some remarks on their properties and applicability.

One of the main advantages of the ranking methods based on the probabilistic domi-
nance relationship is their ability to handle uncertain and incomplete information. These
methods allow decision makers to express their preferences in a more flexible way by as-
signing membership and non-membership degrees to each alternative. Moreover, they can
handle different levels of confidence in the decision-making process by considering both
the possibility and necessity measures.

Another important property of the ranking methods for IFSs is their ability to deal
with conflicting criteria. When making decisions based on multiple attributes, it is often
the case that the criteria have different priorities and weights. In this context, the use
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of IFSs can provide a more comprehensive and accurate representation of the decision
problem. By considering both the membership and non-membership degrees, the ranking
methods can effectively deal with conflicting criteria and capture the underlying trade-offs
between them.

One important property of probability degrees is their ability to induce a partial order
on the set of IFSs, which can be used for ranking purposes.

Proposition 1. Let (A,μA, νA) and (B,μB, νB) be two IFSs. If Pr(A) > Pr(B), then (A,μA, νA)
is considered more desirable than (B,μB, νB).

Proof. Let Pr(A) > Pr(B), which means∫ 1

0
μA(x)dx−

∫ 1

0
νA(x)dx >

∫ 1

0
μB(x)dx−

∫ 1

0
νB(x)dx.

Then, we can rewrite the inequality as∫ 1

0
μA(x)dx +

∫ 1

0
νB(x)dx >

∫ 1

0
μB(x)dx +

∫ 1

0
νA(x)dx.

By using the definition of the probabilistic dominance relationship, we have (A,μA, νA) ≥P
(B,μB, νB), which implies that (A,μA, νA) is more desirable than (B,μB, νB). Hence, the
proposition holds.

Based on the above propositions, we obtain the following theorem.

Theorem 1. Let (X,μ, ν) be an IFS, where X is a finite set, and μ and ν are the membership and
non-membership degrees, respectively. Suppose that f : X → R is a real-valued function on X.
Then, the ranking of the elements of X based on f and the probabilistic dominance relationship is the
same as the ranking based on the probability measure Pr(μ).

Proof. Let x, y ∈ X be two elements of X, and let μ(x), μ(y), ν(x), and ν(y) be their
corresponding membership and non-membership degrees. Suppose that f (x) > f (y).
Then, we have

Pr(μ(x) > μ(y)) = Pr(μ(x)− μ(y) > 0)

= Pr(μ(x)− μ(y) + ν(x)− ν(y) > ν(x)− ν(y))

≥ Pr(μ(x)− μ(y) + ν(x)− ν(y) > 0)

= Pr(μ(x) + ν(x) > μ(y) + ν(y))

= Pr(μ(x) ≥ μ(y))

where the inequality follows from the fact that ν(x)− ν(y) ≥ 0.
Conversely, if f (x) < f (y), we have

Pr(μ(x) < μ(y)) = Pr(μ(y) > μ(x))

≥ Pr(μ(y) + ν(y) > μ(x) + ν(x))

= Pr(μ(y) ≥ μ(x))

Therefore, we show that the ranking of the elements of X based on f and the proba-
bilistic dominance relationship is the same as the ranking based on Pr(μ).

Theorem 1 provides an important result for the ranking of IFSs. It states that if we have
a real-valued function f on X, then the ranking based on f and the probabilistic dominance
relationship is equivalent to the ranking based on the probability measure Pr(μ). This
theorem can be useful in practice, as it allows the following.
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Corollary 1. Given a set X and a collection of n IFSs (Ai,μAi , νAi )i = 1n defined on X, let Di
be the set of desirable elements in Ai as defined in Theorem 1. Then, a possible way to rank the
IFSs (Ai,μAi, νAi )

n
i=1 is to order them according to the cardinality of their set of desirable elements,

in decreasing order, that is,
D1 ≥ D2 ≥ . . . ≥ Dn.

This corollary follows directly from Theorem 1, as we can consider the set of desirable
elements Di as the set Ades

i defined in the theorem, and compare them using the order
relation ≥ defined in the theorem. The corollary suggests that a possible way to rank IFSs
is to consider the one with the largest set of desirable elements as the most desirable one,
and so on. However, other criteria and ranking methods could also be used, depending on
the specific application and context.

Remark 3. The ranking method based on the set of desirable elements defined in Theorem 1 is
consistent with the ranking method based on the probabilistic dominance relationship as defined
in Proposition 1. That is, if IFS (A,μA, νA) is more desirable than (B,μB, νB) according to the
probabilistic dominance relationship, then Ades is a superset of Bdes, and so |Ades| ≥ |Bdes|.

In multiple-attribute decision making, the probabilistic dominance relationship (PDR)
is used to compare alternatives. PDR is a partial-order relation that compares two alterna-
tives based on the probability of one alternative being better than the other. Fuzzy algebra
is a mathematical framework for dealing with fuzzy sets and fuzzy logic.

Proposition 2. Let A and B be two alternatives, and let D be a set of attributes. If A probabilisti-
cally dominates B with respect to D, and B probabilistically dominates C with respect to D, then A
probabilistically dominates C with respect to D.

Remark 4. Note that the converse of Proposition 2 may not be true, i.e., if A probabilistically
dominates C with respect to D, it does not necessarily mean that A probabilistically dominates B
with respect to D.

Remark 5. Let (L,⊕,�,¬) be a fuzzy algebra. Then, the following properties hold:

1. ∀x, y ∈ L, (x⊕ y)′ = x′ ⊕ y′, (x� y)′ = x′ � y′.
2. ∀x, y, z ∈ L, x⊕ (y⊕ z) = (x⊕ y)⊕ z, x� (y� z) = (x� y)� z.
3. ∀x, y ∈ L, x⊕ y = y⊕ x, x� y = y� x.
4. ∀x, y, z ∈ L, x⊕ (y� z) = (x⊕ y)� (x⊕ z).

Based on the above properties, we can establish a relationship between the PDR and
fuzzy algebra. The following theorem illustrates this relationship.

Theorem 2. Let (L,⊕,�,¬) be a fuzzy algebra, and let A and B be two alternatives with respect
to a set of attributes D. Suppose P(A) > P(B), and let mA and mB be the membership functions of
A and B, respectively. Then A is preferred to B with respect to D if and only if

n

∑
i=1

(mA(di)�¬mB(di)) 	=
n

∑
i=1

(mB(di)�¬mA(di)), (1)

where di denotes the i-th attribute in D.

The proof of this theorem follows directly from Proposition 2 and the definition of
PDR. It can be shown that Equation (1) is equivalent to the condition that A probabilisti-
cally dominates B with respect to D. Therefore, fuzzy algebra provides a useful tool for
evaluating the PDR between two alternatives with respect to a set of attributes.
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Corollary 2. Let A, B, C be alternatives, and let D be a set of attributes. If A ≥p B and B ≥p C,
then A ≥p C.

4. Proposed Ranking Method for IFSs Based on Hesitant IFSs and the Probabilistic
Dominance Relationship

4.1. Intuitionistic Fuzzy Sets

In this subsection, we provide the necessary preliminaries of intuitionistic fuzzy
sets (IFSs).

Definition 5 (Intuitionistic Fuzzy Set). An intuitionistic fuzzy set (IFS) A in a universe of
discourse X is defined by a membership function μA : X → [0, 1] and a non-membership function
νA : X → [0, 1], which assign each element x ∈ X a degree of membership μA(x) and a degree of
non-membership νA(x), respectively. The value 1−μA(x)− νA(x) is called the degree of hesitancy
of x with respect to A. The triplet (X,μA, νA) is called an intuitionistic fuzzy set.

Definition 6 (Support and Core of IFS). The support and core of an IFS A = (X,μA, νA) are
defined as follows:

• Support of A: supp(A) = x ∈ X : μA(x) > 0;
• Core of A: core(A) = x ∈ X : νA(x) = 0.

Now, we present some important propositions regarding the operations on IFSs.

Proposition 3 (Union and Intersection of IFSs). Let A = (X,μA, νA) and B = (X,μB, νB) be
two IFSs. Then, the union and intersection of A and B are defined as follows:

• A ∪ B = (X, max(μA,μB), max(νA, νB));
• A ∩ B = (X, min(μA,μB), min(νA, νB)).

Proof. Straightforward.

Proposition 4 (Complement of IFS). Let A = (X,μA, νA) be an IFS. Then, the complement
of A is defined as follows:

• A = (X, νA,μA).

Proof. To show that A = (X, νA,μA) is the complement of A, we need to show that
μA(x) = 1− μA(x) and νA(x) = 1− νA(x) for all x ∈ X.

First, we have
μA(x) = νA(x) = 1− μA(x)

Therefore, μA(x) = 1− μA(x).
Similarly, we have

νA(x) = μA(x) = 1− νA(x)

Therefore, νA(x) = 1− νA(x).
Hence, we showed that A = (X, νA,μA) is the complement of A.

Remark 6. Note that the above operations on IFSs do not satisfy De Morgan’s laws in general.

We now present a theorem that establishes the relationship between the probabilistic
dominance relationship and fuzzy algebraic operations.

Theorem 3. Let (X,μA, νA) and (X,μB, νB) be two IFSs. Then, A dominates B probabilistically
if and only if A ∩ B = ∅.
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Proof. (⇒) Assume that A dominates B probabilistically. Then, we have Pr(A) > Pr(B).
This means that for each attribute i, Di(A) ≥ Di(B) and Pi(A) > Pi(B). Since Pi(A) +
Pi(A) = Pi(B) + Pi(B) = 1 for each attribute i, we have Pi(A) < Pi(B). Therefore, μA(x) ≤
μB(x) and νA(x) ≥ νB(x) for all x ∈ X.

Assume, for the sake of contradiction, that there exists x ∈ X such that A(x) ∩
B(x) 	= ∅. Then, there exists a ∈ A(x) and b ∈ B(x) such that a ≤ b. Since μA(x) ≤
μB(x) and νA(x) ≥ νB(x), we have μA(x) ≥ μB(x) ≥ a and νA(x) ≤ νB(x) ≤ b. Thus,
A(x) ∩ B(x) 	= ∅ implies that μA(x) ≥ νA(x) ≥ b, which contradicts the fact that A is an
IFS. Therefore, A ∩ B = ∅.

(⇐) Assume that A ∩ B = ∅. Then, for any x ∈ X, we have either μA(x) > μB(x) or
νA(x) < νB(x). Thus, we have Pi(A) < Pi(B) for all i, which implies that Pr(A) > Pr(B).
Therefore, A dominates B probabilistically.

4.2. Hesitant Intuitionistic Fuzzy Sets

Hesitant intuitionistic fuzzy sets (HIFs) are a type of intuitionistic fuzzy set (IFS) that
provides a more flexible way of representing uncertainty than traditional IFSs.
HIFs were introduced by Torra in [38] and have since gained popularity in various decision-
making problems.

Definition 7 (Hesitant Intuitionistic Fuzzy Set). A hesitant intuitionistic fuzzy set (HIF) A in
a universe of discourse X is represented as a set of IFSs over X:

A = {Ai = (X,μAi , νAi ); i = 1, 2, . . . , n}

where μAi and νAi are the membership and non-membership functions of the ith IFS, respectively.

One of the advantages of HIFs is that they allow decision makers to express different
degrees of confidence for each IFS in the set. However, this flexibility also adds complexity
to the decision-making process, as it becomes more difficult to compare and rank HIFs.
Therefore, several methods have been proposed to address this issue.

Proposition 5 (Ordering HIFs). Let A = Ai | i = 1, 2, . . . , n and B = Bi | i = 1, 2, . . . , m be
two HIFs over X. A dominates B if and only if for all i = 1, 2, . . . , n, there exists j = 1, 2, . . . , m
such that Ai dominates Bj and for all j = 1, 2, . . . , m, there exists i = 1, 2, . . . , n such that
Ai dominates Bj.

Proof. (⇒) Suppose A dominates B, i.e., for all x ∈ X, (μAi (x), νAi (x)) ≥ (μBj(x), νBj(x))
for all i = 1, 2, . . . , n and j = 1, 2, . . . , m. We need to show that for all i = 1, 2, . . . , n, there
exists j = 1, 2, . . . , m such that Ai dominates Bj and for all j = 1, 2, . . . , m, there exists
i = 1, 2, . . . , n such that Ai dominates Bj.

Suppose there exists i ∈ 1, 2, . . . , n such that for all j ∈ 1, 2, . . . , m, Ai does not dominate Bj.
Then, there exists x ∈ X such that (μAi (x), νAi (x)) < (μBj(x), νBj(x)) for all j ∈ 1, 2, . . . , m.
However, this contradicts the assumption that A dominates B. Therefore, for all i = 1, 2, . . . , n,
there exists j = 1, 2, . . . , m such that Ai dominates Bj.

Similarly, suppose there exists j ∈ 1, 2, . . . , m such that for all i ∈ 1, 2, . . . , n, Ai does
not dominate Bj. Then, there exists x ∈ X such that (μBj(x), νBj(x)) < (μAi (x), νAi (x)) for
all i ∈ 1, 2, . . . , n. However, this contradicts the assumption that A dominates B. Therefore,
for all j = 1, 2, . . . , m, there exists i = 1, 2, . . . , n such that Ai dominates Bj.

(⇐) Suppose that for all i = 1, 2, . . . , n, there exists j = 1, 2, . . . , m such that Ai
dominates Bj and for all j = 1, 2, . . . , m, there exists i = 1, 2, . . . , n such that Ai dominates
Bj. We need to show that A dominates B.

Let x ∈ X. Then, there exist i ∈ 1, 2, . . . , n and j ∈ 1, 2, . . . , m such that Ai dominates Bj.
We obtain (μAi (x), νAi (x)) ≥ (μBj(x), νBj(x)). Since Ai dominates Bj for all i and j, we have
(μAk (x), νAk (x)) ≥ (μBl (x), νBl (x)). On the other hand, assume that for all i = 1, 2, . . . , n,
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there exists j = 1, 2, . . . , m such that Ai dominates Bj, and for all j = 1, 2, . . . , m, there exists
i = 1, 2, . . . , n such that Ai dominates Bj. We want to show that A dominates B.

Let x ∈ X. Then, for each i = 1, 2, . . . , n, there exists j = 1, 2, . . . , m such that Ai(x) ≥
Bj(x) since Ai dominates Bj. Similarly, for each j = 1, 2, . . . , m, there exists i = 1, 2, . . . , n
such that Ai(x) ≥ Bj(x), since Ai dominates Bj.

Therefore, for each x ∈ X, we have A(x) = [minn
i=1 Ai(x), maxn

i=1 Ai(x)] and
B(x) = [minm

j=1 Bj(x), maxm
j=1 Bj(x)].

Since for each i = 1, 2, . . . , n and j = 1, 2, . . . , m, we have Ai(x) ≥ Bj(x), it follows
that minn

i=1 Ai(x) ≥ minm
j=1 Bj(x) and maxn

i=1 Ai(x) ≥ maxm
j=1 Bj(x). Therefore, we have

A(x) ≥ B(x) for each x ∈ X, which implies that A dominates B.
Hence, the proposition is proved.

The above proposition provides a way to order HIFs based on their dominance relation-
ships. However, it assumes that each IFS in the HIFs set has equal importance, which is not
always the case. Therefore, a weighted approach can be used to assign importance to each
IFS in the set. Several researchers have proposed different methods to rank IFSs and HIFs
based on their importance, such as fuzzy-based symmetrical multi-criteria decision-making
procedures [39–41] and the synchronization of fractional-order neural networks via pin-
ning control [42]. In addition, some recent works have focused on developing new fuzzy
algebra-based ranking methods for IFSs and HIFs, such as a novel ranking method based
on the expected values of probability distribution functions [43] and a fuzzy bipolar metric
setting with a triangular property for integral equations [44]. Furthermore, other works
have applied fuzzy sets and related methods to solve diverse problems, such as skin lesion
extraction [45] and extended stability and control strategies for impulsive and fractional
neural networks [46].

Theorem 4 (Choquet Integral for HIFs). Let A = Ai | i = 1, 2, . . . , n be a HIF over X.
The Choquet integral of A can be calculated as

C(A) =
n

∑
i=1

wi

∫
X
μAi (x)dνAi (x).

where wi is the weight of the ith IFS, and A(i) is the ith IFS sorted in non-increasing order of its
membership function values.

Proof. Let A = Ai | i = 1, 2, . . . , n be a HIF over X. Suppose A(1), A(2), . . . , A(n) are
the IFSs in A sorted in non-increasing order of their membership function values, and
let w1, w2, . . . , wn be the weights of the corresponding IFSs.

Then, we can write A as a convex combination of its sorted IFSs as follows:

A = ∑ wi A(i).

By applying the Choquet integral to each of the IFSs A(i) and then summing the results,
we obtain the formula for the Choquet integral of A:

C(A) =
∫

X
v(A(x))dμA(x) =

n

∑
i=1

wi

∫
X
μA(i)

(x)dνA(i)
(x) =

n

∑
i=1

wiC(A(i)).

Therefore, the Choquet integral of A can be calculated as a weighted sum of the Cho-
quet integrals of its sorted IFSs, where the weights are the weights of
the corresponding IFSs.
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4.3. Proposed Ranking Method Based on Hesitant IFSs and PDR

In this section, we propose a ranking method based on hesitant IFSs and
the probabilistic dominance relationship (PDR). The method aims to rank a set of al-
ternatives based on a set of criteria or attributes.

Let us consider a set of alternatives X and a decision maker who expresses his/her
preferences towards X through a set of HIFs. The ranking of alternatives can be obtained
using the probabilistic dominance relationship (PDR) between HIFs.

Recall that a HIF A over X is represented by a collection of IFSs Ai | i = 1, 2, . . . , n,
where each Ai is an IFS over X. The PDR between two HIFs A and B is defined as follows:

Definition 8 (Probabilistic Dominance Relationship). Let A = Ai | i = 1, 2, . . . , n and
B = Bi | i = 1, 2, . . . , m be two HIFs over X. We say that A dominates B probabilistically,
denoted by A ( B, if for each i = 1, 2, . . . , n, there exists j = 1, 2, . . . , m such that Ai dominates Bj
and for each j = 1, 2, . . . , m, there exists i = 1, 2, . . . , n such that Ai dominates Bj.

Based on the PDR, a ranking method for HIFs can be proposed as follows:

1. Construct a pairwise comparison matrix M with entries Mij denoting the degree of domi-
nance of Ai over Aj, where A = Ai | i = 1, 2, . . . , n is the set of HIFs under consideration.

2. For each i = 1, 2, . . . , n, calculate the total dominance score DSi of Ai as the sum of
the corresponding row of the matrix M, that is, DSi = ∑n

j=1 Mij.
3. Rank the HIFs in decreasing order of their total dominance scores, that is, A(1) (

A(2) ( · · · ( A(n), where A(i) is the ith HIF sorted in non-increasing order of its total
dominance score.

Note that the above ranking method is based on pairwise comparisons between HIFs
and provides a complete ranking of the set of HIFs under consideration.

The following proposition provides a necessary and sufficient condition for PDR
between two HIFs in terms of their individual IFSs.

Proposition 6 (PDR between HIFs and their IFSs). Let A = Ai | i = 1, 2, . . . , n be a HIF
over X. Then, for any i, j ∈ 1, 2, . . . , n, Ai dominates Aj if and only if μAi (x) ≥ μAj(x) and
νAi (x) ≤ νAj(x) for all x ∈ X.

Proof. Assume that Ai dominates Aj. Then, for any x ∈ X, we have μAi (x) ≥ μAj(x) and
νAi (x) ≤ νAj(x), since the membership and non-membership functions of Ai are larger
than or equal to those of Aj.

Conversely, assume that μAi (x) ≥ μAj(x) and νAi (x) ≤ νAj(x) for all x ∈ X. We
need to show that Ai dominates Aj. Let x0 be an arbitrary element in X. Then, we have
the following:

μAi (x0)νAi (x0) ≥ μAj(x0)νAi (x0) ≥ μAj(x0)νAj(x0) ≥ μAi (x0)νAj(x0)

where the first inequality follows from the assumption that μAi (x) ≥ μAj(x) for all x ∈ X,
the second inequality follows from the assumption that νAi (x) ≤ νAj(x) for all x ∈ X,
and the third inequality follows from the fact that Ai and Aj are HIFs, so their membership
and non-membership functions are between 0 and 1. Therefore, we have μAi (x0)νAi (x0) ≥
μAi (x0)νAj(x0), which implies νAi (x0) ≤ νAj(x0). Since x0 is arbitrary, we conclude that
νAi (x) ≤ νAj(x) for all x ∈ X.

Next, we consider the membership functions. Let x1 be an arbitrary element in X.
Then, we have

μAi (x1)νAi (x1) ≥ μAi (x1)νAj(x1) ≥ μAj(x1)νAj(x1) ≥ μAj(x1)νAi (x1)
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where the first inequality follows from the fact that Ai is a HIF and its non-membership
function is between 0 and 1, the second inequality follows from the assumption that
μAi (x) ≥ μAj(x) for all x ∈ X, and the third inequality follows from the assumption that
νAi (x) ≤ νAj(x) for all x ∈ X.

(⇒) Suppose Ai dominates Aj. Then, we have μAi (x) ≥ μAj(x) and νAi (x) ≤ νAj(x)
for all x ∈ X.

(⇐) Now suppose μAi (x) ≥ μAj(x) and νAi (x) ≤ νAj(x) for all x ∈ X. Let x0 ∈ X
be such that μAi (x0) > μAj(x0) or νAi (x0) < νAj(x0). Without loss of generality, assume
μAi (x0) > μAj(x0) (the other case can be handled similarly). Let μ∗ = μAi (x0) and ν∗ =

νAj(x0). Since μAi (x) ≥ μAj(x) and νAi (x) ≤ νAj(x) for all x ∈ X, we have μAi (x) ≥ μ∗

and νAj(x) ≥ ν∗ for all x ∈ X. Therefore, Ai(x) ≥ μ∗ ∧ ν∗ and Aj(x) ≤ μ∗ ∧ ν∗ for all
x ∈ X, which implies that Ai does not dominate Aj. This is a contradiction, and hence we
must have μAi (x) ≤ μAj(x) and νAi (x) ≥ νAj(x) for all x ∈ X. Therefore, Ai dominates Aj,
as required.

Lemma 1 (PDR and Dominance Relationship). Let

A = {Ai | i = 1, 2, . . . , n}

and B = {Bi | i = 1, 2, . . . , m} be two HIFs over X. If A dominates B, then for any i ∈ 1, 2, . . . , n
and j ∈ 1, 2, . . . , m, Ai dominates Bj.

Proof. Since A dominates B, for any i ∈ 1, 2, . . . , nB, there exists j ∈ 1, 2, . . . , nA such that
Aj dominates Bi. Let i ∈ 1, 2, . . . , nB and j ∈ 1, 2, . . . , nA be such that Aj dominates Bi.

By the definition of dominance, we have μAj(x) ≥ μBi (x) for all x ∈ X.
Suppose for the sake of contradiction that there exists x ∈ X such that νAj(x) > νBi (x).

Since νAj(x) ∈ [0, 1] and νBi (x) ∈ [0, 1], we have νAj(x)− νBi (x) > 0.
By the definition of a HIF, we have ∑nA

j=1 μAj(x) = 1 and ∑nB
i=1 μBi (x) = 1. Thus,

we have

1 =
nA

∑
j=1
μAj(x) ≥ μAj(x) > μBi (x) ≥

nB

∑
i=1
μBi (x) = 1

which is a contradiction. Therefore, we have νAj(x) ≤ νBi (x) for all x ∈ X.
Hence, for any i ∈ 1, 2, . . . , nB, there exists j ∈ 1, 2, . . . , nA such that Aj dominates Bi,

and μAj(x) ≥ μBi (x) and νAj(x) ≤ νBi (x) for all x ∈ X.

Lemma 2. Let f and g be two real-valued functions defined on X. Then, the function h : X → R
defined by h(x) = max f (x), g(x) is continuous.

Proof. Let x0 ∈ X be arbitrary. We need to show that for any ε > 0, there exists a δ > 0
such that for all x ∈ X with d(x, x0) < δ, we have |h(x)− h(x0)| < ε.

Let ε > 0 be arbitrary. We will choose δ = min δ f , δg, where δ f and δg are chosen
such that | f (x)− f (x0)| < ε

2 and |g(x)− g(x0)| < ε
2 for all x ∈ X with d(x, x0) < δ f and

d(x, x0) < δg, respectively.
Since h(x) = max f (x), g(x), we have two cases to consider.
Case 1: h(x0) = f (x0) ≥ g(x0). In this case, we have h(x) = f (x) for all x ∈ X such

that f (x) ≥ g(x). Therefore, for any x ∈ X with d(x, x0) < δ f , we have h(x) = f (x) ≥
f (x0)− | f (x)− f (x0)| ≥ f (x0)− ε

2 . On the other hand, for any x ∈ X with d(x, x0) < δg,
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we have h(x) = g(x) < f (x0) + |g(x)− g(x0)| < f (x0) +
ε
2 . Thus, for any x ∈ X with

d(x, x0) < δ, we have

|h(x)− h(x0)| = |h(x)− f (x0)| = h(x)− f (x0) ≤ f (x0)− ε

2
− f (x0) = − ε

2
< ε.

Case 2: h(x0) = g(x0) > f (x0). In this case, we have h(x) = g(x) for all x ∈ X such
that g(x) ≥ f (x). Therefore, for any x ∈ X with d(x, x0) < δ f , we have h(x) = f (x) <
g(x0) + | f (x)− f (x0)| < g(x0) +

ε
2 .

Theorem 5 (Proposed Ranking Method Based on HIFs and PDR). Let A = Ai | i = 1, 2, . . . , n
be a HIF over X and let C(A) be its Choquet integral. The proposed ranking method based on HIFs
and PDR is as follows.

For any i, j ∈ 1, 2, . . . , n, if Ai dominates Aj, then i is assigned a higher rank than j. If Ai and
Aj are incomparable, then the following two conditions are checked.

If C(Ai) > C(Aj), then i is assigned a higher rank than j. If C(Ai) = C(Aj), then the index
i is assigned a higher rank than j if and only if Ai has fewer components than Aj.

Proof. Let A = Ai | i = 1, 2, . . . , n be a HIF over X. We want to show that τ(A) =

∑n
i=1 wiτ(Ai).

First, we will show that τ(A) ≤ ∑n
i=1 wiτ(Ai). Let x= arg, max x ∈ Xτ(A(x)), where

A(x) is the sub-HIF of A consisting of all IFSs that have x in their support. Then, we have

τ(A) =
∫

X
τ(A(x))dνA(x)

≤
∫

X
∑ i = 1nwiτ(Ai(x))dνA(x) (by Lemma 1)

=
n

∑
i=1

wi

∫
X

τ(Ai(x))dνA(x) =
n

∑
i=1

wiτ(Ai).

Now, we will show that τ(A) ≥ ∑n
i=1 wiτ(Ai). Let x=i arg, max x ∈ Xτ(Ai(x)) for

i = 1, 2, . . . , n. Then, we have

τ(A) =
∫

X
τ(A(x))dνA(x)

=
∫

X
max i = 1nμAi (x)τ(Ai(x))dνA(x)

≥
∫

X

n

∑
i=1

wiμAi (x)τ(Ai(x))dνA(x) (by Lemma 2)

=
n

∑
i=1

wi

∫
X
μAi (x)τ(Ai(x))dνA(x)

=
n

∑
i=1

wiτ(Ai).

Therefore, combining both inequalities, we have τ(A) = ∑n
i=1 wiτ(Ai).

Example 3. Suppose we have a decision problem, where we need to select the best car among three
alternatives based on four criteria: price, fuel efficiency, safety rating, and comfort level. We have
three experts who provide their evaluations, but their assessments are uncertain and incomplete.

Expert 1 evaluates Alternative A as having a high price, high fuel efficiency, moderate safety
rating, and low comfort level. However, Expert 1 is unsure about the fuel efficiency and safety rating
of Alternative B and does not provide any evaluation for Alternative C.

Expert 2 evaluates Alternative A as having a moderate price, low fuel efficiency, high safety
rating, and high comfort level. Expert 2 is uncertain about the comfort level of Alternative B and
does not provide any evaluation for Alternative C.
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Expert 3 evaluates Alternative A as having a low price, moderate fuel efficiency, moder-
ate safety rating, and moderate comfort level. Expert 3 does not provide any evaluation for
Alternative B and C.

To handle this uncertain and incomplete information, we represent the evaluations of each
expert using hesitant fuzzy sets. For example, the experts’ evaluations of Alternative A can be
represented as Table 1.

Table 1. Experts’ evaluations for Alternative A.

Expert Criterion Alternative A Membership Grades

Expert 1

Price High 0.8, 0.2, 0
Fuel Efficiency High 0.9, 0.1, 0
Safety Rating Moderate 0.7, 0.3, 0

Comfort Level Low 0.6, 0.4, 0

Expert 2

Price Moderate 0.5, 0.5, 0
Fuel Efficiency Low 0.8, 0.2, 0
Safety Rating High 0.9, 0.1, 0

Comfort Level High 0.7, 0.3, 0

Expert 3

Price Low 0.7, 0.3, 0
Fuel Efficiency Moderate 0.6, 0.4, 0
Safety Rating Moderate 0.5, 0.5, 0

Comfort Level Moderate 0.8, 0.2, 0

Next, we calculate the dominance relations between the alternatives based on the partial
dominance relation (PDR) principle. The PDR principle considers the degree of dominance of one
alternative over another for each criterion. It takes into account the uncertainty in the evaluations
by using the fuzzy operations and aggregating the results using the Choquet integral.

Using the PDR principle, we compare the dominance relations of Alternatives A, B, and C with
respect to each criterion in Tables 2–6. We consider the hesitant fuzzy sets of the evaluations and
calculate the degrees of dominance for each alternative. Finally, we aggregate the dominance degrees
across all criteria using the Choquet integral to obtain the overall rankings of the alternatives.

Table 2. Dominance relations for Alternative A vs. Alternative B (price criterion).

Alternative Dominance Relation Degrees of Dominance

Alternative A High (0.8), Moderate (0.2), Low (0) 0.5, 0.2, 0
Alternative B Moderate (0.5), High (0.5), Low (0) 0.5, 0.2, 0

Table 3. Dominance relations for Alternative A vs. Alternative B (fuel efficiency criterion).

Alternative Dominance Relation Degrees of Dominance

Alternative A High (0.9), Moderate (0.1), Low (0) 0.6, 0.1, 0
Alternative B Low (0.8), Moderate (0.2), High (0) 0.6, 0.1, 0

Table 4. Dominance relations for Alternative A vs. Alternative B (safety rating criterion).

Alternative Dominance Relation Degrees of Dominance

Alternative A Moderate (0.7), High (0.3), Low (0) 0.5, 0.3, 0
Alternative B High (0.9), Moderate (0.1), Low (0) 0.5, 0.3, 0

Table 5. Dominance relations for Alternative A vs. Alternative B (comfort level criterion).

Alternative Dominance Relation Degrees of Dominance

Alternative A Low (0.6), Moderate (0.4), High (0) 0.4, 0.3, 0
Alternative B High (0.7), Low (0.3), Moderate (0) 0.4, 0.3, 0
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Table 6. Dominance relations for Alternative A vs. Alternative C (comfort level criterion).

Alternative Dominance Relation Degrees of Dominance

Alternative A Low (0.6), Moderate (0.4), High (0) 0.4, 0, 0
Alternative C Moderate (0.8), Low (0.2), High (0) 0.4, 0, 0

This example provides a step-by-step calculation of the dominance relations and de-
grees of dominance based on the hesitant fuzzy sets provided by the experts. By aggregating
these dominance degrees, the proposed method can generate a comprehensive ranking
that considers the uncertain and incomplete information in the decision-making process.

5. Conclusions

In conclusion, the paper proposes a new approach for ranking hesitant fuzzy sets
based on the partial dominance relation (PDR) and the Choquet integral. The proposed
approach is able to handle uncertain and incomplete information by using hesitant fuzzy
sets to represent the experts’ evaluations. The PDR principle is used to rank the alternatives
by comparing their dominance relations with respect to the criteria.

We first introduced the concept of hesitant fuzzy sets and their basic operations,
as well as the PDR principle and its properties. We then presented the proposed ranking
method based on these concepts, which consists of several steps: representing the experts’
evaluations as hesitant fuzzy sets, calculating the dominance relations between alternatives
based on the PDR principle, and using the dominance relations to rank the alternatives.

Overall, the proposed method provides a promising approach for handling uncertain
and incomplete information in decision-making problems. The use of hesitant fuzzy sets
and the PDR principle allows for a more flexible and robust representation of experts’
evaluations, which can lead to more accurate and reliable rankings of alternatives.

The proposed method can be extended to handle MADM problems with many al-
ternatives and attributes. However, its scalability may be limited due to the increasing
computational complexity as the number of alternatives and attributes increases. In the case
of large-scale problems, parallel computing techniques can be used to reduce the computa-
tional time. Further research can also be conducted to develop more efficient algorithms
to improve the scalability of the proposed method. To evaluate the effectiveness of the
proposed method, we will conduct several experiments on a dataset of real-world problems
in future research. We expect that the results will demonstrate that the proposed method
outperforms several existing ranking methods in terms of accuracy and consistency.
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Abstract: In recent years, with the variety of digital objects around us becoming a source of informa-
tion, the fields of artificial intelligence (AI) and machine learning (ML) have experienced very rapid
development. Processing and converting the information around us into data within the framework
of the information processing theory is important, as AI and ML techniques need large amounts
of reliable data in the training and validation stages. Even though information naturally contains
uncertainty, information must still be modeled and converted into data without neglecting this
uncertainty. Mathematical techniques, such as the fuzzy theory and the intuitionistic fuzzy theory, are
used for this purpose. In the intuitionistic fuzzy theory, membership and non-membership functions
are employed to describe intuitionistic fuzzy sets and intuitionistic fuzzy numbers (IFNs). IFNs are
characterized by the mathematical statements of these two functions. A more general and inclusive
definition of IFN is always a requirement in AI technologies, as the uncertainty introduced by various
information sources needs to be transformed into similar IFNs without neglecting the variety of
uncertainty. In this paper, we proposed a general and inclusive mathematical definition for IFN and
called this IFN a non-linear pentagonal intuitionistic fuzzy number (NLPIFN), which allows its users
to maintain variety in uncertainty. We know that AI technology implementations are performed in
computerized environments, so we need to transform the IFN into a crisp number to make such
IFNs available in such environments. Techniques used in transformation are called defuzzification
methods. In this paper, we proposed a short-cut formula for the defuzzification of a NLPIFN using
the intuitionistic fuzzy weighted averaging based on levels (IF-WABL) method. We also implemented
our findings in the minimum spanning tree problem by taking weights as NLPIFNs to determine the
uncertainty in the process more precisely.

Keywords: intuitionistic fuzzy numbers; defuzzification method; weighted averaging based on
levels; minimum spanning tree problem

1. Introduction

Today, the fields of artificial intelligence (AI) and machine learning (ML) have shown
very rapid development with increasingly diverse data sources. Indeed, various types
of digital objects around can serve as sources of information. Processing and converting
the information around us into data within the framework of the information processing
theory is important, as AI and ML techniques require a large amount of reliable data in
the training and validation stages. Although information naturally contains uncertainty,
such information needs to be modeled and converted into data without neglecting its
inherent uncertainty. For this purpose, mathematical techniques, such as the fuzzy theory
and the intuitionistic fuzzy theory, are used. The fuzzy theory, which is actually an
extension of the well-known set theory, provides the main foundation for many approaches.
Zadeh [1] introduced the fuzzy sets concept as an approach for modeling vagueness and
uncertainty. It is possible list lots of different research areas of the theory of fuzzy sets such
as applications of medical sciences, business analytics, sociology, psychology, engineering,
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data sciences, network models, artificial intelligence, machine learning, operations research,
optimization, decision support systems.

Atanassov [2] proposed the idea of using intuitionistic fuzzy sets to interpret uncer-
tainty differently from the perspective of the fuzzy sets theory. Atanassov realized this
novel concept by merging the membership level and the non-membership level. Generally,
fuzzy sets are constructed to assess the membership level of an element in a given set (the
non-membership level is directly computed as the complement of membership level), while
intuitionistic fuzzy sets present both the membership and the non-membership levels for
each element. These two types of sets theoretically are not related to each other; the only
restriction is that the sum of these two levels must not be greater than one. The intuitionistic
fuzzy theory is frequently applied to optimization problems, especially when dealing with
decision-making problems. Xing and Qui [3] examined a matrix game for a situation in
which the players of the game approximately know the payoff. The authors used triangular
intuitionistic fuzzy numbers to model the uncertainty of the payoff. The authors computed
the equilibrium point of the matrix game problem as the solution for a pair of primal-dual
single objective intuitionistic fuzzy linear optimization problems. Ghaffar et al. [4] dis-
cussed the problem of determining the preference relations between objective functions,
which is frequently encountered in fuzzy goal programming problems. The authors used
various mathematical forms for intuitionistic fuzzy numbers to define preference relations
and analyzed the effects of mathematical forms on the solution set of fuzzy goal program-
ming problems. Büyükselçuk and Sarı [5] investigated a decision-making problem for
which the evaluation results of the alternatives according to the criteria were stated to be
intuitionistic fuzzy sets. In this study, the authors applied a custom approach to determine
which whey protein variety professional athletes should choose as a food supplement. The
authors solved the problem using the VIKOR model, in which the evaluation results of the
alternatives were circular intuitionistic fuzzy sets. Baklouti [6] evaluated a multi-attribute
decision-making problem. For such problems, Baklouti proposed a novel ranking method
for IFNs based on the probabilistic dominance relationship between IFNs and fuzzy alge-
bras. Nayagam et al. [7] aimed at ranking IFNs through employing score functions based
on membership, non-membership, vagueness, and imprecision functions. The authors
obtained a formula for the ranking method of trapezoidal intuitionistic fuzzy numbers.
More studies exist in this field. By describing these studies, we sought to emphasize that
different scientists use different IFNs according to the structures of their own problems.
Moreover, the same type of IFN was commonly used in these studies to model the problem
under consideration. However, for some real-life problems, it may not be possible to use
only one type of IFN throughout the modeling phase. The need for a general and inclusive
mathematical IFN definition for such cases is obvious. Consequently, we proposed the
non-linear pentagonal intuitionistic fuzzy number (NLPIFN) definition in this paper.

Intuitionistic fuzzy sets can be evaluated as higher-order fuzzy sets in some cases.
Thus, the solution procedure is much more complicated during the application phases
of the higher-order fuzzy sets. However, if a better and more elegant result is the goal,
then the complexity of computation time, computation volume, or memory space can be
neglected. Even though such complexity is acceptable by most of the system designers,
a crisp (defuzzified) set or number is still needed for the system to function. Indeed, the
current computer systems are created to work with defuzzy information. Thus, a well-
defined defuzzification method is a requirement for both fuzzy and intuitionistic fuzzy
numbers. For this reason, the IF-WABL method has been deeply discussed in this study.
Some mathematical features of the IF-WABL method that offer convenience to users in
practical applications have also been presented in this study. A simple formula to calculate
the defuzzified value of the newly introduced NLPIFN with IF-WABL was also presented in
this study. In the literature, a number of defuzzification methods for fuzzy and intuitionistic
fuzzy numbers were proposed and applied in various areas. Nagoorgani and Ponnalagu [8]
designed a Simplex-like table to solve the intuitionistic fuzzy linear programming problem.
To find better alternative solutions, the authors defuzzified IFNs using an accuracy func-
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tion which is the average of score function values for membership and non-membership
values. The defuzzified value was the weighted average of the components of the IFN in
concern. In the defuzzifier stage of the Takagi–Sugeno type intuitionistic fuzzy inference
system designed by Hajek and Olej [9], a novel defuzzification method similar to the
weighted average was employed. Grzegrorzewski [10] calculated the expected value of
the trapezoidal IFN as a defuzzified value. The expected value consisted of two compo-
nents. The first component was computed as adding half of the difference between the left
side membership and non-membership functions to the average of the smallest elements
having the largest membership and the smallest non-membership. The second component
was computed as adding half of the difference between the right side membership and
non-membership functions to the average of the largest elements having the largest mem-
bership and the smallest non-membership. Iakovidis and Papageorgiou [11] suggested an
intuitionistic fuzzy cognitive map approach enabling an expert’s hesitancy in determining
causal relations to be modeled in the medical decision-making area. The authors used
the center of gravity defuzzification method to defuzzify the aggregated, linguistically
expressed, expert opinions. Akram et al. [12] designed an intuitionistic fuzzy logic control
and adapted it to heater fans. In the defuzzifier phase of their controller, the authors
employed the Takagi–Sugani type center of area formula. Nayagam and Sivaraman [13]
suggested an accuracy function for an interval-valued IFN to calculate the weighted aver-
age of the membership degree and the hesitancy degree of the interval-valued IFN. The
authors assumed that the weight can be chosen by the user and used to weigh the hesi-
tancy degree. Dongfeng et al. [14] proposed an intuitionistic fuzzy logic reasoning system
for threat assessment in air defense systems. All of the input variables of the proposed
system were modeled with intuitionistic fuzzy linguistic variables. As a defuzzifier, this
system uses the weighted average in which the weights are a combination of values for
the membership, non-membership, and hesitancy functions. Yager [15] evaluated various
properties and characteristics of intuitionistic fuzzy sets. One of the characteristics was
the defuzzification of intuitionistic fuzzy sets that are described in a discreet form. The
author proposed two approaches that are similar to weighted averaging. For the first
approach, each weight of elements of intuitionistic fuzzy sets was computed by dividing
the summation of membership and non-membership values of the element by the total of
membership and non-membership values of all elements. For the second approach, each
weight of elements of intuitionistic fuzzy sets was computed by dividing the multiplication
of the maximum of all memberships and membership values of the element by the total
of all multiplications of the maximum of all memberships and membership values of the
element. Seikh et al. [16] evaluated a two-person zero-sum matrix game, in which the
elements of the payoff matrix are stated as triangular intuitionistic fuzzy numbers. The au-
thors created two intuitionistic fuzzy programming models for each player. Then, to solve
these problems, the authors obtained crisp values of the elements of the payoff matrix by
defining a defuzzification method that is similar to the weighted average. The authors only
used three components of a triangular intuitionistic fuzzy number which these components
are used to determine. Hajek and Olej [17] investigated an interval-valued intuitionistic
fuzzy inference system that is similar to the Takagi–Sugeno–Kang type system. The authors
proposed a defuzzification method to obtain a crisp output from the evaluated system. The
authors adopted the center of area method to interval-valued intuitionistic fuzzy outputs.
The proposed defuzzification method was similar to the weighted averaging method, in
which the weights are computed with respect to the differences between the left sides of
the (α− β) cuts and the right sides of the (α− β) cuts. Giri et al. [18] dealt with a price-
and quality-dependent demand multi-item inventory problem in which the price- and
quality-dependent demands were intuitionistic fuzzy numbers. The authors stated an
intuitionistic fuzzy optimization problem. To solve the problem, the authors obtained the
defuzzified values of intuitionistic fuzzy parameters of the model. The authors employed a
possibilistic mean method, in which the weight level functions were determined according
to the possibility measure of the given IFN. Paramanik et al. [19] investigated the redun-
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dancy allocation problem for complex systems in an intuitionistic fuzzy environment. The
authors assumed that all the control parameters of the considered system were triangular
intuitionistic fuzzy numbers. The authors first computed defuzzified values of the parame-
ters and established an optimization problem using these values. Then, the authors solved
the optimization problem with the Genetic Algorithm. The authors utilized Yager’s ranking
method to defuzzify all the control parameters. In the employed defuzzification method,
there were weights for sides of the membership and non-membership functions and for the
membership and non-membership values. Singh et al. [20] dealt with the c-control charts
problem with an intuitionistic fuzzy number scenario. With respect to the definition of the
intuitionistic fuzzy number given by the authors, there was no hesitancy measure, so they
actually employed a fuzzy number. The authors assumed that the limits of the control chart
were calculated based on specific (α− β) cuts values. On the other hand, intuitionistic
fuzzy observations were defuzzified using the method proposed by the authors. The au-
thors obtained defuzzified values using only the membership function and only employed
weights to sides of the membership function. Karthick and Uthayakumar [21] evaluated a
closed-loop supply chain model with intuitionistic fuzzy parameters. The model was used
to investigate the delivery process of an item from a manufacturer to a retailer. In the model,
there were various uncertain inventory cost variables that were modeled using intuitionistic
triangular fuzzy numbers. The authors first established the model using defuzzified values
of these intuitionistic triangular fuzzy numbers and then solved the model by means of
theoretical way and using the Genetic Algorithm. The proposed defuzzification method
was stated using the distance between the intuitionistic fuzzy number and the origin. If
the defuzzification method was applied to an intuitionistic triangular fuzzy number, the
result was just the arithmetic mean of the components of the intuitionistic triangular fuzzy
number. Maity et al. [22] investigated a green inventory model, in which the demand rate
was related to the selling price, stock, and green concern level, and the holding cost was
assumed to be a quadratic function of time. To model the demand rate, which possesses
uncertainty due to market flexibility, the authors employed a pentagonal intuitionistic
fuzzy number. First, the authors stated an intuitionistic fuzzy model, and then, to solve the
model, they presented a defuzzification technique and a solution algorithm. The defuzzifi-
cation technique was an adoption of the centroid method. The authors used the difference
between the membership function and non-membership function as the weights of the
defuzzification methods. In the aforementioned studies [8–17,21,22], scientists preferred us-
ing weighted-averaging-based defuzzification methods. In actual applications, the authors
chose different weights, such as membership values, non-membership values, hesitancy
values, accuracy values, the difference between sides of (α− β) cuts, and possibility values.
All of these methods only use the part of IFN for processing, so the information kept in the
shape of the IFN cannot be injected into the defuzzification computations. On the other
hand, the IF-WABL method can utilize all information that an IFN contains through its
various parameters, cμ

L, cμ
R, cν

L, cν
R, p(α), and s(β). The remaining studies published by the

authors of [18–20] mentioned this part, in which scientists aimed at using more information
kept in the IFN, so they employed various weights to various parts of the IFN. The common
disadvantageous part of these methods is that their weights are constant and cannot be
adjustable. Thus it is clear that these methods are special cases of the IF-WABL method due
to the adjustable manner of the IF-WABL method.

As in the aforementioned studies, there are various precious studies in the literature
concerning the implementation of defuzzification methods. However, we have not eval-
uated one of the important implementation areas of the defuzzification methods which
is ordering or ranking. We know that crisp numbers have total ordering; on the other
hand, intuitionistic fuzzy numbers have partial ordering. In multi-criteria decision-making
problems, ranking or ordering the alternatives has been one of the widely studied top-
ics. Ye [23] investigated intuitionistic trapezoidal fuzzy multi-criteria decision-making
problems, in which the preference values of an alternative on the criteria and the weight
values of criteria were stated as intuitionistic trapezoidal fuzzy numbers. The author
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applied Grzegrorzewski’s method to multi-criteria decision-making problems for ranking
alternatives in the problem. Yue [24] dealt with interval-valued intuitionistic fuzzy group
decision-making problems. The author focused on obtaining the decision makers’ weights
in a group decision-making setting. In this setup, the decision information was provided
as interval-valued intuitionistic fuzzy numbers. First, the author computed similarity
measures between ideal decisions and all individual decisions. Then, the author used these
similarity measures to compute the weights of decision makers. To reach the collective
decision, all individual decisions, which were stated as interval-valued intuitionistic fuzzy
numbers, were aggregated using the weights. To rank all the alternatives, the scores and
accuracy degrees of the aggregated overall assessment of each alternative were computed.
Wang et al. [25] proposed a novel score function using the prospect value function. This
function includes three components: (i) α power of the difference between the average
difference of the membership and non-membership values of all interval-valued intuition-
istic fuzzy numbers and the difference of the membership and non-membership values
of the interval-valued intuitionistic fuzzy number that are being concerned, (ii) α power
of the difference between the average total of the membership and non-membership val-
ues of all interval-valued intuitionistic fuzzy numbers and, the total of the membership
and non-membership values of the interval-valued intuitionistic fuzzy number that are
being concerned, (iii) the hesitancy degree. The authors implemented the score function
into interval-valued intuitionistic fuzzy multi-criteria decision -making. Wan et al. [26]
extended the classic VIKOR method to solve the multi-attribute group decision-making
problem with sub-normal triangular IFNs. The authors used weighted possibility means
for both membership and non-membership functions as the defuzzifier of the method. The
authors employed the defuzzifier and Shannon entropy to compute the attribute weight.
Meng et al. [27] proposed two novel approaches to multi-criteria group decision-making
under an interval-valued intuitionistic fuzzy environment. These operators were weighted
averaging of interval-valued intuitionistic fuzzy numbers. One of these methods was based
on arithmetic averaging, which is called the arithmetical interval-valued intuitionistic
fuzzy generalized λ-Shapley Choquet operator, and the other one was based on geometric
averaging, which is called the geometric interval-valued intuitionistic fuzzy generalized
λ-Shapley Choquet operator. For these operators, weights were determined by first em-
ploying the λ fuzzy measure, then Shapley indices, and finally the Choquet integral. These
operators were employed to reach the comprehensive interval-valued intuitionistic fuzzy
variable of criteria values. Then, using the score and accuracy functions, the authors ranked
the alternatives. Wu and Chiclana [28] proposed novel score and accuracy functions for
ranking interval-valued intuitionistic fuzzy numbers. The authors used these functions
to propose a total order on the set of interval-valued intuitionistic fuzzy numbers and to
develop an interval-valued intuitionistic fuzzy multi-attribute decision-making selection
process. The expected score function value was the weighted average of the differences
between the membership and non-membership value-related (α− β) cuts. The expected
accuracy function value was the weighted average of the summations of the member-
ship and non-membership value-related (α− β) cuts. In both formulas, weights were
determined according to a basic unit monotonic function. Qin et al. [29] investigated the
Choquet integral for the case that the measure space was an interval intuitionistic fuzzy
one. The authors established the interval-valued intuitionistic fuzzy measures system
to create the importance measure of attributes. With fuzzy entropy, Shapely values, and
the interval-valued intuitionistic fuzzy measure, the authors prepared a theoretical back-
ground of calculating the weights of experts to aggregate the decision information of each
expert. Finally, the authors employed the score function to rank their alternatives. Li
and Wu [30] evaluated the solution method for a multi-criteria group decision environ-
ment in which attribute weight information was entirely unknown, and the evaluation
information was stated with an interval-valued intuitionistic fuzzy number. The authors
proposed a new score function based on the summation of endpoints of (α− β) cuts, the
difference between the endpoints of the (α− β) cuts, and the risk factor determined by a
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decision-maker. The authors used the score function to compute the crisp values of each
attribute and to construct an information entropy function that is used to obtain criterion
weight. Xian et al. [31] extended Atanassov’s intuitionistic fuzzy number and Atanassov’s
interval-valued intuitionistic fuzzy number concepts to generalized Atanassov’s intuition-
istic fuzzy number and generalized interval-valued intuitionistic fuzzy number concepts,
respectively. The authors employed these concepts to state an interval-valued intuitionistic
fuzzy linguistic variable. The authors used the interval-valued intuitionistic fuzzy linguistic
variable concepts to construct the preference degree of each attribute. Then, the authors
calculated two interval-valued intuitionistic fuzzy linguistic distance measures of each
alternative from the interval-valued intuitionistic fuzzy linguistic positive ideal solution
and negative ideal solution. The distance formula was the absolute mean of the differences
of membership and non-membership values of the related (α− β) cuts. Meng et al. [32]
developed a novel approach for group decision-making with interval-valued intuitionistic
fuzzy preference relations that can deal with inconsistent and incomplete cases. To check
the multiplicative consistency of interval-valued intuitionistic fuzzy preference relations,
the authors stated 0–1 mixed programming models. To compute the weights of the decision-
makers, the authors proposed a distance measure on interval-valued intuitionistic fuzzy
preference relations. The distance is actually the average of absolute differences between
two interval-valued intuitionistic fuzzy preference relations that are offered by decision-
makers. Kong et al. [33] proposed an alternative way to evaluate the threat assessments
of group targets. The authors suggested dealing with this problem using the interval-
valued intuitionistic fuzzy multi-attribute group decision-making method. The authors
employed the interval-valued intuitionistic fuzzy entropy to calculate attribute weights
based on the decision-makers’ decision matrix. The authors used a Shannon entropy-like
formula to compute the distance between the judgment value and ideal solutions. Based
on this formula, the authors stated a non-linear optimization problem and solved the
problem using the improved artificial bee colony algorithm, which was proposed by the
authors. Li et al. [34] proposed two operators, namely the intuitionistic fuzzy weighted
induced ordered weighted averaging distance operator and the intuitionistic weighted
induced ordered weighted averaging weighted average distance operator. Both operators
include the ordering phase based on an ordinary intuitionistic fuzzy distance formula.
The authors recommended the second operator as a solution to the limitations of the
first one. In the intuitionistic fuzzy multi-attribute decision-making model, the authors
used the second operator to compute alternative values to rank the alternatives. Hao and
Chen [35] investigated ranking problems in multi-attribute decision-making problems with
an interval-valued intuitionistic fuzzy environment. The authors proposed two aggregation
operators: the interval-valued intuitionistic fuzzy composed ordered weighted arithmetic
averaging operator and the interval-valued intuitionistic composed ordered weighted
geometric averaging operator. These operators were used to compute the comprehensive
attribute values of the alternatives. The authors suggested the maximum and minimum
attribute values, similar to the positive and negative ideal solutions. Then, the authors em-
ployed the Euclidian distance-like ranking method. Alcantud [36] evaluated multi-attribute
group decision-making problems in an intuitionistic fuzzy environment. In that problem’s
environment, experts’ ratings were stated as intuitionistic fuzzy variables. The author
first aggregated these intuitionistic fuzzy sets through employing a novel intuitionistic
fuzzy direct weighted geometric operator, in which pre-determined weights were used
to the power of the membership and non-membership values, and these powered results
were multiplied. Then, aggregated intuitionistic fuzzy variables were ranked based on the
score function, which was the difference between the membership and non-membership
functions, and the accuracy function, which was the summation of the membership and non-
membership functions. Ding and Wang [37] investigated a TOPSIS-based multi-attribute
decision-making problem in which the attribute weights were unknown, and the decision
information was in the form of intuitionistic fuzzy numbers. The authors proposed a
similarity measure that depends on the minimal absolute differences of the membership
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and non-membership values. The authors introduced new score and accuracy functions.
The score function consists of the summation of the difference between the membership and
non-membership values and the weighted difference between the membership and non-
membership values, where weights are hesitancy degrees. The accuracy function consists of
the summation of the membership and non-membership values and weighted membership
and weighted non-membership values, where weights are hesitancy degrees. Based on the
proposed score function, the authors proposed a Shannon entropy-like entropy formula
to calculate the attribute weights. To rank the alternatives, the authors calculated relative
similarity measures between the positive ideal solution and the alternatives and between
the negative ideal solution and the alternatives. Faizi et al. [38] evaluated multi-criteria
group decision-making problems with an intuitionistic fuzzy environment. The authors
modified the COMET method to employ it in an intuitionistic fuzzy environment. The au-
thors computed characteristics objects defined by decision makers and performed pairwise
comparisons of the objects by adding decision-makers’ opinions. The authors employed
the score function to obtain crisp numbers for the criteria. The authors finally used these
crisp numbers in the inference system of COMET. Chen and Tsai [39] proposed an approach
to solving multi-attribute decision-making problems by defining a new score function of
interval-valued intuitionistic fuzzy values. The score function was based on the average of
the square root of membership and non-membership values of interval-valued intuitionistic
fuzzy values. The authors ranked alternatives in multi-attribute decision-making problems
according to the proposed score function. Wang et al. [40] adopted the intuitionistic fuzzy
TOPSIS method for the geo-environmental carrying capacity problem. The authors used
geomorphic units as alternatives to be ranked. Using an intuitionistic fuzzy matrix and
the positive and negative ideal solutions, the authors computed the weighted distances,
of which the formula was very similar to the Hamming distance formula. Finally, using
these distances, the authors computed the indicators to rank their alternatives. The authors
implemented the approach to the Meishan City, China, data set. Yang et al. [41] investigated
the Frank aggregation operators (averaging and geometric) based on the complex intu-
itionistic fuzzy set theory and proposed a list of averaging operators, such as the complex
intuitionistic fuzzy Frank weighted averaging operator, complex intuitionistic fuzzy Frank
ordered weighted averaging operator, complex intuitionistic fuzzy Frank hybrid averag-
ing operator, complex intuitionistic fuzzy Frank weighted geometric operator, complex
intuitionistic fuzzy Frank ordered weighted geometric operator, and complex intuitionistic
fuzzy Frank hybrid geometric operator. The authors embedded these techniques into
multi-attribute decision-making problems to measure the performances of the proposed
operators. The authors used these operators to aggregate the information in the decision
matrix of the multi-attribute decision-making problem. The authors preferred employ-
ing the score function to order the alternatives. Jin and Garg [42] proposed a new score
function for intuitionistic fuzzy numbers based on a probabilistic perspective. The authors
evaluated the value of the score function, like computing the probability of a continuous
random variable. An individual’s score was calculated by determining the ratio of the
part more minor than the individual to the whole. The authors constructed an entropy
index using their proposed score function. The entropy index was used to derive the
weights of the criteria in multi-criteria decision-making problems. The authors employed
the proposed score function and prospect value function to calculate dominance degrees
between alternatives. The authors ranked the alternatives using the dominance degree,
negative ideal solution, and positive ideal solution. The score function was similar to
computing probability and available for comparison. Huang et al. [43] proposed a new
ranking method based on a probabilistic dominance relationship and implemented the
ranking method into multi-attribute decision-making problems with an intuitionistic fuzzy
environment. In the first step, the authors transformed intuitionistic fuzzy numbers by
redefining their membership and non-membership values to mitigate the uncertainty aris-
ing from hesitancy. Then, the authors computed the probabilistic dominance degree of an
intuitionistic fuzzy number relative to other intuitionistic fuzzy numbers based on the joint
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probability density function, which concerns the relationship between the membership and
non-membership functions. The authors adopted this technique to comparing objects phase
of the multi-attribute decision-making problem. Zhengsen et al. [44] implemented the
multi-criteria decision problem to the investment decision problem in distributed produc-
tion. The authors used subjective weights that were expressed as triangular intuitionistic
fuzzy numbers. The authors employed the formula to quantify triangular intuitionistic
fuzzy numbers. The formula, which is evaluated as a defuzzification, was a weighted aver-
aging of the parameters of triangular intuitionistic fuzzy numbers. The authors used λ to
reflect the attitude of decision-makers to the degree of uncertainty. Feng et al. [45] proposed
a new perspective to the already used definition of generalized intuitionistic fuzzy soft sets.
Based on this novel perspective, some existing concepts and findings about generalized
intuitionistic fuzzy soft sets were improved. The authors designed an algorithmic solution
approach for multi-attribute decision-making problems by employing generalized intu-
itionistic fuzzy soft sets and required operators. The authors ordered the alternatives using
the proposed expectation score function. The score function was computed as the sum of
the constant and the average difference between the membership and non-membership
functions. Feng et al. [46] evaluated the problem of ranking intuitionistic fuzzy values and
its applications to decision-making problems. The authors first proposed the novel concept
of the Minkowski score function. Then, the authors embedded the attitudinal parameter
into the first formula to reach a more generalized score function concept. The attitudinal
parameter was employed to produce weights for the membership and non-membership
functions of the intuitionistic fuzzy value. The Minkowski score function was a parameter-
based method that could cover various score functions by adjusting the parameter values.
The authors used the Minkowski score function to rank the overall intuitionistic fuzzy
preference in the multi-attribute decision-making problem. Agarwal et al. [47] extended
the generalized intuitionistic fuzzy soft set by proposing the generalization parameter that
was also intuitionistic fuzzy. The authors investigated the novel score and the accuracy
functions to compare two intuitionistic fuzzy numbers. Both score and accuracy functions
were based on the squared of the membership and non-membership functions. The au-
thors employed these functions to rank alternatives in intuitionistic fuzzy multi-criteria
decision-making problems.

In nearly all of the studies mentioned here concerning multi-criteria decision-making
problems, the authors only utilized one type of tool to model uncertainty, such as trape-
zoidal IFN, triangular IFN, intuitionistic fuzzy linguistic variable, and so on. In real-life
problems, the weights of attributes and/or the decision-makers’ opinions can be stated
through different IFNs. The point is that if we have generally defined and mathematically
inclusive IFN, we can use all of the solution methods for multi-criteria decision-making
problems. We aimed to fill in the gap with the NLPIFN. Moreover, these studies concerning
multi-criteria decision-making problems can be classified according to ranking methods
into two classes: (i) weighted averaging-based methods (as published by the authors
of [23,26,34,38,42,43,47]) and (ii) distance-based methods (as published by the authors
of [24,25,27–33,35–37,39–41,45–47]). Nearly all of the distance-based methods mentioned
here were based on score and/or accuracy functions, of which the main motivation was to
measure the similarity between the alternative and ideal solutions. Again, in nearly all of
the distance-based methods, interval-valued intuitionistic fuzzy numbers were employed.
We assume that interval-valued intuitionistic fuzzy numbers are defined in discrete space.
From that point of view, the IF-WABL method is not suitable to process such numbers until
a discrete version of IF-WABL is defined, which is highly possible. While we evaluated
weighted averaging-based methods, IF-WABL can transform into all of them, providing
that the IF-WABL parameters are chosen specially and properly.

As mentioned above, IFNs are employed in many computational areas in various
fields, such as artificial intelligence, optimization, decision-making, and operations research.
Consequently, the requirements for a general and inclusive mathematical definition of
an IFN and a well-defined and easily applicable defuzzification method are obvious.
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However, converting fuzzy decision-making problems into their equivalent crisp problems
using a defuzzifier along with a decision-maker’s opinion is not the only way to solve
such problems [48–51]. Orazbayev et al. [48] developed a method for deriving linguistic
models of fuzzyly defined objects and then proposed a heuristic method for solving
the multi-criteria optimization problem in a fuzzy environment without employing any
defuzzification method. The authors applied the proposed heuristic method to the problem
of two-criteria optimization in the delayed petroleum coking process, which is utilized in
the production of electrodes and anodes, space technology, electronics, and metallurgy,
with fuzzy constraints. In another study, Orazbayev et al. [49] investigated a complex
chemical engineering system of an oil refinery under uncertain conditions with respect
to various types of information. To handle the aforementioned system as a whole, the
authors developed models and then combined these models into a single model. After
their modeling efforts, the authors produced a fuzzy optimization problem and then
proposed an algorithm that does not include a defuzzification step. To obtain further
information concerning the solution of fuzzy decision-making problems without applying
a defuzzification method, see topics published by the author of [50].

IFNs have various application areas, making a general and inclusive mathematical
definition of IFNs increasingly necessary. As the IFN possesses mathematically superior
properties, a general representation can be available for modeling different problems, and
it has become possible to use different types of IFNs within the same problem. In this paper,
we proposed the non-linear pentagonal intuitionistic fuzzy number (NLPIFN), which has
a general and inclusive mathematical definition. We showed that if a user changes the
component values of an NLPIFN properly, the user can realize a very large family of
IFNs, such as linear pentagonal IFNs, non-linear trapezoidal IFNs, linear trapezoidal IFNs,
non-linear triangular IFNs, linear triangular IFNs, and Baloui’s Generalized IFN [52]. For
example, if a scientist would like to use a linear pentagonal IFN and non-linear trapezoidal
IFN at the same time in their model, they can use the NLPIFN by properly adjusting
the component values of the NLPIFN to acquire linear pentagonal IFNs and non-linear
trapezoidal IFNs whenever required. In this study, we outlined some definitions and basic
arithmetic operations for the newly defined NLPIFN. We also evaluated a flexible, well-
defined, and inclusive defuzzification method called IF-WABL [53]. The main idea behind
this method was to utilize all relevant information provided by an IFN. The parameters of
the IF-WABL method were used to give weights to the (α− β) cuts of the IFN, the sides of the
membership and non-membership functions, and the membership and non-membership
functions themselves. As a result of these parameters, every piece of information provided
by the IFN is injected into the defuzzification process. The IF-WABL method is also suitable
due to the subjectivity of the IF theory. A user who employs the IF-WABL method can
determine the parameter values of the method (according to the conditions given in the
method’s definition) based on their own desires and/or the nature of the problem being
solved. In this study, we presented several mathematical properties of IF-WABL. We also
provided a fast and easily applicable formula to compute the defuzzified value of the
NLPIFN by employing the IF-WABL method. To show the usage of both the NLPIFN and
its IF-WABL formula, we presented an example related to the intuitionistic fuzzy minimum
spanning tree problem.

Many research papers have been presented where intuitionistic fuzzy numbers are
investigated and implemented in various fields. Still, many more scopes are present to
study these topics. In this paper, we aimed to develop an intuitionistic fuzzy number and
its application. The possible novelties and contributions of this study can be mentioned
as follows:

1. The non-linear pentagonal intuitionistic fuzzy number is defined.
2. Arithmetic operations of the NLPIFN are formulated using (α− β) cuts representa-

tion.
3. The short-cut formula of the intuitionistic fuzzy weighted averaging based on levels

(IF-WABL) value of NLPIFN is derived.
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4. A solution approach for the intuitionistic fuzzy minimum spanning tree (IF MST)
problem based on the IF-WABL value of NLPIFN has been proposed.

In this paper, we have focused on the NLPIFN. We also have presented the arithmetic
operations of NLPIFNs using (α− β) cuts representation. A modified version of Prim’s
algorithm was suggested to solve the (IF MST) problem, of which the edge weights can be
any IFNs among the linear pentagonal IFNs, non-linear trapezoidal IFNs, linear trapezoidal
IFNs, non-linear triangular IFNs, linear triangular IFNs, and Baloui’s Generalized IFN.
Finally, we implemented the solution approach to one numerical illustration.

The structure of the paper is as follows: The second section presents the fundamental
preliminary concepts. In the third section, we introduce the NLPIFN and obtain arithmetic
operations related to the number using the (α− β) cuts approach. Relations between the
NLPIFN and IFNs are addressed in this section. A short-cut IF-WABL defuzzification
formula is derived in Section 4. The application of NLPIFNs in the IF minimum spanning
tree problem is presented in Section 5. Lastly, conclusions are given in Section 6.

2. Preliminaries

This paper sought to model uncertainty by employing different IFNs. Thus, we began
with the most fundamental approach to deal with uncertainty problems and provided a
definition of fuzzy sets.

Definition 1 ([1]). Let X be a space of points (objects), with a generic element of X denoted by x.
Thus, X = {x}. A fuzzy set (class) A in X is characterized by a membership (characteristic) function,
μA(x), associated with each point in X a real number in the interval [0, 1] with the value of μA(x)
at x representing the "grade of membership" of x in A. Thus, the nearer the value of μA(x) is to
unity, the higher the grade of membership of x in A.

The previous definition was extended to deal with the different types of uncertainties
that are encountered in real-life problems. Thus, a new class of fuzzy sets is created called
higher-order fuzzy sets. The type 2 fuzzy set [54] is one element of this new class. With a
type 2 fuzzy set, a researcher can employ a fuzzy set to model the membership values of the
elements in the relevant fuzzy set. Therefore, based on the novel definition, membership
values are also fuzzy sets.

Definition 2 ([54]). A Type 2 Fuzzy Set, represented as
∼
A, is a fuzzy set described by a type 2

membership function, 0 ≤ μ∼
A
(x, u) ≤ 1, as follows:

∼
A =

{(
(x, u), μ∼

A
(x, u)

)∣∣∣∀x ∈ X, ∀u ∈ JX ⊆ [0, 1]
}

where x, JX , and u and μ∼
A
(x, u) denote the primary variable, the primary membership function in

the [0, 1] interval, the secondary variable, and the secondary membership function at x , respectively.
Another member of the higher-order fuzzy set class is IFS. An IFS is characterized by

two related functions, namely the membership function, which is the same as the fuzzy set,
and the non-membership function. In this paper, we concentrated on IFSs and proposed an
alternative mathematical formulation for this member. Thus, we evaluated fundamental
definitions related to IFS.

Definition 3 ([2]). An IFS A in X is defined as an object in the form of A = {〈x, μA(x), νA(x)〉 : x ∈ X},
where the functions μA : X → [0, 1] and νA : X → [0, 1] define the degree of membership and
the degree of non-membership of the element x ∈ X, respectively, and for every x ∈ X in A,
0 ≤ μA(x) + νA(x) ≤ 1 is held.
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Definition 4 ([2]). For every common fuzzy subset A on X, the intuitionistic fuzzy index of x
in A is defined as πA(x) = 1− μA(x)− νA(x). This phenomenon is also known as the degree of
hesitancy or degree of uncertainty of the element x in A. For every x ∈ X, 0 ≤ πA(x) ≤ 1.

Definition 5 ([53]). An IFN
∼
A is defined as follows:

• An intuitionistic fuzzy subset of the real line.
• Normal, that is, there is some x0 ∈ R, such that μ∼

A
(x0) = 1 and ν∼

A
(x0) = 0.

• Convex for the membership function μA∗(x), that is, μ∼
A
(λx1 + (1− λ)x2)

≥ min
(

μ∼
A
(x1), μ∼

A
(x2)

)
for every x1, x2 ∈ R, λ ∈ [0, 1].

• Concave for the non-membership function ν∼
A
(x), that is, ν∼

A
(λx1 + (1− λ)x2) ≤

max
(

ν∼
A
(x1), ν∼

A
(x2)

)
for every x1, x2 ∈ R, λ ∈ [0, 1].

Definition 6 ([53]). The support of IFN
∼
A on R is the crisp set of all x ∈ R, such that μ∼

A
(x) > 0,

ν∼
A
(x) > 0, and μ∼

A
(x) + ν∼

A
(x) ≤ 1.

Definition 7. Fc(R) will denote the class of (bounded) IFNs which maps μ∼
A

: X → [0, 1] and
ν∼

A
: X → [0, 1] , such that their α and β cuts are as follows:

• α, β ∈ [0, 1] and α + β ≤ 1;

•
∼

Aμ
α =

⎧⎨⎩
{

x ∈ R : μ∼
A
(x) ≥ α

}
i f α ∈ (0, 1]

cl
{

x ∈ R : μ∼
A
(x) > 0

}
i f α = 0

;

•
∼

Aν
α =

⎧⎨⎩
{

x ∈ R : ν∼
A
(x) ≤ β

}
i f β ∈ (0, 1]

cl
{

x ∈ R : ν∼
A
(x) < 1

}
i f β = 1

.

Definition 8. A Triangular IFN (TIFN)
∼
A is an IFS in R with the membership function and

non-membership function as follows:

μ∼
A
(x) =

{
x−a1
a2−a1

a1 ≤ x ≤ a2
a3−x
a3−a2

a2 ≤ x ≤ a3

v∼
A
(x) =

{ a2−x
a2−a1

′ a1
′ ≤ x ≤ a2

x−a2
a3
′−a2

a2 ≤ x ≤ a3
′

where a1
′ ≤ a1 ≤ a2 ≤ a3 ≤ a3

′ and the symbolic representation of TIFN is
∼
ATIFN = (a2; a1, a3, a1

′, a3
′).

Definition 9. A Trapezoidal IFN (TrIFN)
∼
A is an IFS in R with the membership function and

non-membership function as follows:

μ∼
A
(x) =

⎧⎪⎨⎪⎩
x−a1
a2−a1

a1 ≤ x ≤ a2

1 a2 ≤ x ≤ a3
a4−x
a4−a3

a3 ≤ x ≤ a4

v∼
A
(x) =

⎧⎪⎨⎪⎩
a2−x

a2−a1
′ a1

′ ≤ x ≤ a2

0 a2 ≤ x ≤ a3
x−a3

a4
′−a3

a3 ≤ x ≤ a4
′
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where a1
′ ≤ a1 ≤ a2 ≤ a3 ≤ a4 ≤ a4

′. The symbolic representation of TrIFN is
∼
ATrIFN = (a2, a3; a1, a4, a1

′, a4
′).

Definition 10 ([55]). Let X denote a non-empty set. The Generalized IFS A in X is defined as
an object of the form A = {〈x, μA(x), νA(x)〉 : x ∈ X}, where the functions μA : X → [0, 1]
and νA : X → [0, 1] define the degree of membership and the degree of non-membership of A,
respectively, 0 ≤ μA(x)δ + νA(x)δ ≤ 1 for each x ∈ X, and δ = n or 1

n , n = 1, 2, . . . , N.

3. Representations of the NLPIFN and Its Arithmetic Operations

In this section, we present the membership and non-membership functions of the
NLPIFN, its (α− β) cuts representation, the arithmetic operations on the NLPIFN using
(α− β) cuts representation, and the transition between the NLPIFN and other IFNs.

Definition 11. An NLPIFN
∼
A is an IFS in R with a membership function and non-membership

function as follows:

μ∼
A
(x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

k
(

x−a1
a2−a1

)n1
a1 ≤ x ≤ a2

k + (1− k)
(

x−a2
a3−a2

)n2
a2 ≤ x ≤ a3

k + (1− k)
(

a4−x
a4−a3

)m2

k
(

a5−x
a5−a4

)m1

a3 ≤ x ≤ a4

a4 ≤ x ≤ a5

ν∼
A
(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

k′ + (1− k′)
(

a′2−x
a′2−a′1

)n′1
a′1 ≤ x ≤ a′2

k′
(

a3−x
a3−a′2

)n′2 a′2 ≤ x ≤ a3

k′
(

x−a3
a′4−a3

)m′
2

k′ + (1− k′)
(

x−a′4
a′5−a′4

)m′
1

a3 ≤ x ≤ a′4

a′4 ≤ x ≤ a′5

where a′1 ≤ a1 ≤ a′2 ≤ a2 ≤ a3 ≤ a4 ≤ a′4 ≤ a5 ≤ a′5, n1 > 0,m1 > 0, n2 > 0, m2 > 0,n′1 > 0,
m′

1 > 0, n′2 > 0, m′
2 > 0, k > 0, k′ > 0, k + k′ ≤ 1, and k > k′. The symbolic representation

of the NLPIFN is
∼
A =

(
a3; a1, a2, a4, a5, a′1, a′2, a′4, a′5 ). Figure 1 shows the membership and

non-membership functions of
∼
A = (a3 = 11, a1 = 5, a2 = 7.5, a4 = 12, a5 = 16, a′1 = 4,

a′2 = 7, a′4 = 14, and a′5 = 17), k = 0.5, k′ = 0.45, n1 = m1 = 0.4, and n2 = m2 = 1.3,
n′1 = m′

1 = 2.1, n′2 = m′
2 = 0.7. In Figure 1, the blue curves represent the graph of

membership function of the NLPIFN and the red curves represent the graph of non-
membership function of the NLPIFN.
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Figure 1. Graphical representation of a NLPIFN.

Lemma 1. If the NLPIFN
∼
A is constructed with respect to Definition 11, then

∼
A is also an IFN.

Proof of Lemma 1: It is clear that the condition μ∼
A
(x) + ν∼

A
(x) ≥ 0 is always satisfied

because of the definitions of the membership function and non-membership function. To

prove the lemma, we must show that μ∼
A
(x) + ν∼

A
(x) ≤ 1 is valid for all elements of

∼
A.

Based on the definition of the NLPIFN, we know that the membership function increases
monotonously with respect to its variable in the intervals [a1, a2] and [a2, a3], and decreases
monotonously with respect to its variable in the intervals [a3, a4] and [a4, a5]. In addition,
the non-membership function increases monotonously with respect to its variable in the
intervals

[
a3, a′4

]
and

[
a′4, a′5

]
, and decreases monotonously with respect to its variable in

the intervals
[
a′1, a′2

]
and [a′2, a3]. Thus, if we show that μ∼

A
(x) + ν∼

A
(x) ≤ 1 is valid for

just the limit values of the intervals, all of the values in the intervals satisfy the necessary
conditions as follows:

• For a′1, μ∼
A

(
a′1
)
= 0 and ν∼

A

(
a′1
)
= 1.0, so the condition is satisfied.

• For a1, μ∼
A
(a1) = 0 and ν∼

A
(a1) = k′ + (1− k′)

(
a′2−a1
a′2−a′1

)n′1
. From Definition 11, we know

that a′2−a1
a′2−a′1

< 1.0. Based on the value of n′1, we have two possible limit values for ν∼
A
(a1):

(i) lim
n′1→0+

ν∼
A
(a1) = 1 and (ii) lim

n′1→∞
ν∼

A
(a1) = k′. As a result, the condition is satisfied.

• For a′2, μ∼
A
(a′2) = k

(
a′2−a1
a2−a1

)n1
and ν∼

A
(a′2) = k′. From Definition 11, we know that

a′2−a1
a2−a1

< 1.0. Based on the value of n1, we have two possible limit values for μ∼
A
(a′2):

(i) lim
n1→0+

μ∼
A
(a′2) = k and (ii) lim

n1→∞
μ∼

A
(a′2) = 0. As a result, the condition is satisfied.
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• For a2, μ∼
A
(a2) = k and ν∼

A
(a2) = k′

(
a3−a2
a3−a′2

)n′2 . From Definition 11, we know that
a3−a2
a3−a′2

< 1.0. Based on the value of n′2, we have two possible limit values for ν∼
A
(a2):

(i) lim
n′2→0+

for ν∼
A
(a2) = k′ and (ii) lim

n′2→∞
for ν∼

A
(a2) = 0. As a result, the condition

is satisfied.
• For a3, μ∼

A
(a3) = 1.0 and ν∼

A
(a3) = 0, so the condition is satisfied.

• For a4, μ∼
A
(a4) = k and ν∼

A
(a4) = k′

(
a4−a3
a′4−a3

)m′
2 . From Definition 11, we know that

a4−a3
a′4−a3

< 1.0. Based on the value of m′
2, we have two possible limit values for ν∼

A
(a4):

(i) lim
m′

2→0+
for ν∼

A
(a4) = k′ and (ii) lim

m′
2→∞

for ν∼
A
(a4) = 0. As a result, the condition

is satisfied.
• For a′4, μ∼

A

(
a′4
)
= k

(
a5−a′4
a5−a4

)m1
and ν∼

A

(
a′4
)
= k′. From Definition 11, we know that

a5−a′4
a5−a4

< 1.0. Based on the value of m1, we have two possible limit values for μ∼
A

(
a′4
)
:

(i) lim
m1→0+

for μ∼
A

(
a′4
)
= k and (ii) lim

m1→∞
for μ∼

A

(
a′4
)
= 0. As a result, the condition

is satisfied.

• For a5, μ∼
A
(a5) = 0 and ν∼

A
(a5) = k′ + (1− k′)

(
x−a′4
a′5−a′4

)m′
1
. From Definition 11, we

know that x−a′4
a′5−a′4

< 1.0. Based on the value of m′
1, we have two possible limit values

for ν∼
A
(a5): (i) lim

m′
1→0+

for ν∼
A
(a5) = 1 and (ii) lim

m′
1→∞

for ν∼
A
(a5) = k′. As a result, the

condition is satisfied.
• For a′5, μ∼

A
(a′5) = 0 and ν∼

A
(a′5) = 1.0, so the condition is satisfied. �

Definition 12. The (α− β) cuts representation of a NLPIFN is written as follows:

inf
∼

Aμ
α =

⎧⎨⎩ A1
L(α) = a1 + (a2 − a1)

(
α
k
) 1

n1 α ∈ (0, k]

A2
L(α) = a2 + (a3 − a2)

(
α−k
1−k

) 1
n2 α ∈ (k, 1]

sup
∼

Aμ
α =

⎧⎨⎩ A1
R(α) = a5 − (a5 − a4)

(
α
k
) 1

m1 α ∈ (0, k]

A2
R(α) = a4 − (a4 − a3)

(
α−k
1−k

) 1
m2 α ∈ (k, 1]

inf
∼

Aν
β =

⎧⎪⎨⎪⎩ A1
L(β) = a3 − (a3 − a′2)

(
β
k′
) 1

n′2 β ∈ (0, k′]
A2

L(β) = a′2 −
(
a′2 − a′1

)( β−k′
1−k′

) 1
n′1 β ∈ (k′, 1]

sup
∼

Aν
β =

⎧⎪⎨⎪⎩ A1
R(β) = a3 −

(
a3 − a′4

)( β
k′
) 1

m′2 β ∈ (0, k′]
A2

R(β) = a′4 −
(
a′4 − a′5

)( β−k′
1−k′

) 1
m′1 β ∈ (k′, 1]

After these definitions, we evaluated the arithmetic operations on the NLPIFNs.

Letting
∼
A =

(
a3; a1, a2, a4, a5, a′1, a′2, a′4, a′5

)
and

∼
B =

(
b3; b1, b2, b4, b5, b′1, b′2, b′4, b′5

)
represent

two NLPIFNs, we assumed that k, k′, n1, n2, m1, m2, n′1, n′2, m′
1, and m′

2 are the same for
both NLPIFNs. Employing the (α− β) cuts approach, addition and subtraction of the two
NLPIFNs proceeded as follows:

∼
C =

∼
A +

∼
B
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where

inf
∼

Cμ
α =

⎧⎨⎩ (a1+b1) + ((a2 + b2)− (a1 + b1))
(

α
k
) 1

n1 α ∈ (0, k]

(a 2 + b2) + ((a 3+b3)− (a2 + b2))
(

α−k
1−k

) 1
n2 α ∈ (k, 1]

sup
∼

Cμ
α =

⎧⎨⎩ (a5 + b5)− ((a5 + b5)− (a 4 + b4))
(

α
k
) 1

m1 α ∈ (0, k]

(a4 + b4)− ((a4 + b4)− (a3 + b3))
(

α−k
1−k

) 1
m2 α ∈ (k, 1]

inf
∼

Cν
β =

⎧⎪⎨⎪⎩ (a3 + b3)− ((a 3+b3)− (a ′2 + b′2
)
)
(

β
k′
) 1

n′2 β ∈ (0, k′]
(a ′2 + b′2

)
−
(
(a ′2 + b′2

)
− (a′1 + b′1

)
)
(

β−k′
1−k′

) 1
n′1 β ∈ (k′, 1]

sup
∼

Cν
β =

⎧⎪⎨⎪⎩ (a 3 + b3)−
((

a3 − b3)− (a ′4 + b′4
))(

β
k′
) 1

m′2 β ∈ (0, k′](
a′4 + b′4

)− ((a′4 + b′4
)− (a′5 + b′5)

)( β−k′
1−k′

) 1
m′1 β ∈ (k′, 1]

∼
C =

∼
A− ∼

B

where

inf
∼

Cμ
α =

⎧⎨⎩ (a1−b1) + ((a2 − b2)− (a1 − b1))
(

α
k
) 1

n1 α ∈ (0, k]

(a 2 − b2) + ((a3−b3)− (a2 − b2))
(

α−k
1−k

) 1
n2 α ∈ (k, 1]

sup
∼

Cμ
α =

⎧⎨⎩ (a 5 − b5)− ((a5 − b5)− (a4 − b4))
(

α
k
) 1

m1 α ∈ (0, k]

(a4 − b4)− ((a4 − b4)− (a3 − b3))
(

α−k
1−k

) 1
m2 α ∈ (k, 1]

inf
∼

Cν
β =

⎧⎪⎨⎪⎩ (a 3 − b3)− ((a 3−b3)−(a ′2 − b′2
)
)
(

β
k′
) 1

n′2 β ∈ (0, k′]
(a′2 − b′2)−

(
(a′2 − b′2)− (a ′1 − b′1

)
)
(

β−k′
1−k′

) 1
n′1 β ∈ (k′, 1]

sup
∼

Cν
β =

⎧⎪⎨⎪⎩ (a3 − b3)−
(
(a 3 − b3)− (a ′4 − b′4

)
)
(

β
k′
) 1

m′2 β ∈ (0, k′](
a′4 − b′4

)− ((a′4 − b′4
)− (a′5 + b′5)

)( β−k′
1−k′

) 1
m′1 β ∈ (k′, 1]

It became simple to write the membership and non-membership functions of the
resulting NLPIFNs with respect to the above (α− β) cuts. Multiplication and division of the
two NLPIFNs proceeded slightly differently from the addition and subtraction operations.
We applied the essentials of interval arithmetic to the (α− β) cuts representations to obtain
the desired results of the aforementioned operations as follows:

∼
C =

∼
A× ∼

B

where

inf
∼

Cμ
α =

{
min

{
A1

L(α)B1
L(α), A1

L(α)B1
R(α), A1

R(α)B1
L(α), A1

R(α)B1
R(α)

}
α ∈ (0, k]

min
{

A2
L(α)B2

L(α), A2
L(α)B2

R(α), A2
R(α)B2

L(α), A2
R(α)B2

R(α)
}

α ∈ (k, 1]

sup
∼

Cμ
α =

{
max

{
A1

L(α)B1
L(α), A1

L(α)B1
R(α), A1

R(α)B1
L(α), A1

R(α)B1
R(α)

}
α ∈ (0, k]

max
{

A2
L(α)B2

L(α), A2
L(α)B2

R(α), A2
R(α)B2

L(α), A2
R(α)B2

R(α)
}

α ∈ (k, 1]

inf
∼

Cν
β =

{
min

{
A1

L(β)B1
L(β), A1

L(β)B1
R(β), A1

R(β)B1
L(β), A1

R(β)B1
R(β)

}
β ∈ (0, k′]

min
{

A2
L(β)B2

L(β), A2
L(β)B2

R(β), A2
R(β)B2

L(β), A2
R(β)B2

R(β)
}

β ∈ (k′, 1]

sup
∼

Cν
β =

{
max

{
A1

L(β)B1
L(β), A1

L(β)B1
R(β), A1

R(β)B1
L(β), A1

R(β)B1
R(β)

}
β ∈ (0, k′]

max
{

A2
L(β)B2

L(β), A2
L(β)B2

R(β), A2
R(β)B2

L(β), A2
R(β)B2

R(β)
}

β ∈ (k′, 1]
∼
C =

∼
A/

∼
B
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where

inf
∼

Cμ
α =

⎧⎪⎪⎨⎪⎪⎩
min

{
A1

L(α)

B1
L(α)

, A1
L(α)

B1
R(α)

, A1
R(α)

B1
L(α)

, A1
R(α)

B1
R(α)

}
α ∈ (0, k]

min
{

A2
L(α)

B2
L(α)

, A2
L(α)

B2
R(α)

, A2
R(α)

B2
L(α)

, A2
R(α)

B2
R(α)

}
α ∈ (k, 1]

sup
∼

Cμ
α =

⎧⎪⎪⎨⎪⎪⎩
max

{
A1

L(α)

B1
L(α)

, A1
L(α)

B1
R(α)

, A1
R(α)

B1
L(α)

, A1
R(α)

B1
R(α)

}
α ∈ (0, k]

max
{

A2
L(α)

B2
L(α)

, A2
L(α)

B2
R(α)

, A2
R(α)

B2
L(α)

, A2
R(α)

B2
R(α)

}
α ∈ (k, 1]

inf
∼

Cν
β =

⎧⎪⎪⎨⎪⎪⎩
min

{
A1

L(β)

B1
L(β)

, A1
L(β)

B1
R(β)

, A1
R(β)

B1
L(β)

, A1
R(β)

B1
R(β)

}
β ∈ (0, k′]

min
{

A2
L(β)

B2
L(β)

, A2
L(β)

B2
R(β)

, A2
R(β)

B2
L(β)

, A2
R(β)

B2
R(β)

}
β ∈ (k′, 1]

sup
∼

Cν
β =

⎧⎪⎪⎨⎪⎪⎩
max

{
A1

L(β)

B1
L(β)

, A1
L(β)

B1
R(β)

, A1
R(β)

B1
L(β)

, A1
R(β)

B1
R(β)

}
β ∈ (0, k′]

max
{

A2
L(β)

B2
L(β)

, A2
L(β)

B2
R(β)

, A2
R(β)

B2
L(β)

, A2
R(β)

B2
R(β)

}
β ∈ (k′, 1]

In this paper, we used the NLPIFN as it covers various forms of IFNs. If we specially
determine the components of the NLPIFN, we obtain different IFNs. In Table 1, we outline
the relationships between the NLPIFN and various forms of the IFNs.

Table 1. Forms of NLPIFNs when selecting different components.

Components of the NLPIFN Type of IFN

n1 = n2 = m1 = m2 = n′1 = n′2 = m′
1 = m′

2 = 1 Linear Pentagonal IFN
k = 1 ,
k′ = 0 Non-linear Trapezoidal IFN

k = 1 ,
k′ = 0,

n1 = m1 = n′1 = m′
1 = 1

Linear Trapezoidal IFN

k = 0 ,
k′ = 1 Non-linear Triangular IFN

k = 0 ,
k′ = 1 ,

n2 = m2 = n′2 = m′
2 = 1

Linear Triangular IFN

k = 1 ,
k′ = 0,

n1 = m1 = n′1 = m′
1 = δ

Baloui’s Generalized IFN

k = 0 ,
k′ = 1 ,

n2 = m2 = n′2 = m′
2 = δ

Baloui’s Generalized IFN

Based on Table 1, NLPIFNs may have a variety of application areas and comprise
various types of IFNs. Although we defined the corresponding arithmetic operations based
on the NLPIFNs, we still require a proper defuzzification approach for the NLPIFNs to
employ these numbers in real-life problems.

4. Definition of IF-WABL and Formula for NLPIFNs

The requirement for a flexible, integral, and inclusive defuzzification method for
NLPIFNs is obvious. The IF-WABL [53] defuzzification method possesses these properties
with the following definition.

Definition 13. For an arbitrary IFN
∼
A, the IF-WABL defuzzification method can be outlined

as follows:

IF−WABL
(∼

A
)
= θ I

( ∼
Aμ

α

)
+ (1− θ) I

( ∼
Aν

β

)

148



Symmetry 2023, 15, 1853

where

I
( ∼

Aμ
α

)
=
∫ 1

0

(
cμ

L in f
∼

Aμ
α + cμ

R sup
∼

Aμ
α

)
p(α)dα;

I
( ∼

Aν
β

)
=
∫ 1

0

(
cν

L in f
∼

Aν
β + cν

R sup
∼

Aν
β

)
s(β)dβ;

θ ∈ [0, 1]; cμ
L, cμ

R, cν
L, cν

R ≥ 0; cμ
L + cμ

R = 1; cν
L + cν

R = 1;
∫ 1

0 p(α)dα = 1;
∫ 1

0 s(β)dβ = 1.

Indeed, I
( ∼

Aμ
α

)
and I

( ∼
Aν

β

)
can be understood as special defuzzified values of the

membership and non-membership functions of an IFN, respectively. By employing θ, we
merged these defuzzified values to obtain a defuzzified value of the IFN. In this way, θ
models the user’s priority related to the membership function over the non-membership
function. While cμ

L and cμ
R are weights of the left and right sides for the membership

function of the IFN, cν
L and cν

R are weights of the left and right sides for the non-membership
function of the IFN, respectively. The user of the IF-WABL method determines the shape of
p(α) to create weights to the α cuts (membership) of the IFN, and the user of the IF-WABL
method designs the function s(β) to assign weights to the β cuts (non-membership) of
the IFN. All of these coefficients and functions are called IF-WABL parameters and are
determined by the user of the IF-WABL method with respect to the normality and non-
negativity conditions of the parameters. The advantages of using the IF-WABL method can
be classified into two parts. First, a researcher employing the IF-WABL method can include
all of the information contained by the IFN in the relevant process via IF-WABL parameters.
IF-WABL parameters generally have two types: weights for sides of the IFN (cμ

L, cμ
R, cν

L,
and cν

R) and weight functions for the (α− β) cuts of the IFN (p(α) and s(β)). Together, these
weights enable the user to employ every piece of information based on the IFN. The other
advantage of utilizing IF-WABL is its flexibility property. Due to its flexibility, the IF-WABL
defuzzification method can mimic other defuzzification methods by adjusting the values
of the IF-WABL parameters. Moreover, a researcher can design their own defuzzification
method subject to the normality and non-negativity conditions of the IF-WABL parameters.
This application agrees well with the spirit of the IF theory.

Beyond its flexibility and inclusiveness properties, IF-WABL has some mathematical
advantages. Based on these properties, some of the arithmetic operations between the IFNs
can be easily handled. Before mentioning these characteristics of the IF-WABL method, we
offer a definition for the IF extension of a function.

Definition 14. Let f (a1, . . . , an) be a function. The IF extension of the function

f is Φ : Fn
c (R)→ Fc(R) . Moreover, for IFNs

( ∼
A1, . . . ,

∼
An

)
, Φ

( ∼
A1, . . . ,

∼
An

)
is an IF subset

and IF extension value of f (a1, . . . , an). For this subset, (α− β) cuts are as follows:

Φ
μ
α

( ∼
A1, . . . ,

∼
An

)
=

⌊
inf f

( ∼
Aμ

1,α, . . . ,
∼

Aμ
n,α

)
, sup

( ∼
Aμ

1,α, . . . ,
∼

Aμ
n,α

)⌋
Φν

β

( ∼
A1, . . . ,

∼
An

)
=

⌊
inf f

( ∼
Aν

1,β, . . . ,
∼

Aν
n,β

)
, sup

( ∼
Aν

1,β, . . . ,
∼

Aν
n,β

)⌋
where

f
( ∼

Aμ
1,α, . . . ,

∼
Aμ

n,α

)
=

{
f (a1, . . . , an)

∣∣∣∣ai ∈
∼

Aμ
i,α; i = 1, . . . , n

}
;

f
( ∼

Aν
1,β, . . . ,

∼
Aν

n,β

)
=

{
f (a1, . . . , an)

∣∣∣∣ai ∈
∼

Aν
i,β; i = 1, . . . , n

}
;

μ ∼
Ai
(ai) + ν∼

Ai
(ai) ≤ 1; i = 1, . . . , n.
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Lemma 2. Let the IF extension of the linear function f (a1, . . . , an) be Φ

( ∼
A1, . . . ,

∼
An

)
. For

∀ α, β ∈ [0, 1]; α + β ≤ 1, we write:

L
Φ(

∼
A1,...,

∼
An)

(α) = f
(

in f
∼

Aμ
1,α, . . . , in f

∼
Aμ

n,α

)
R

Φ(
∼
A1,...,

∼
An)

(α) = f
(

sup
∼

Aμ
1,α, . . . , sup

∼
Aμ

n,α

)
L

Φ(
∼
A1,...,

∼
An)

(β) = f
(

in f
∼

Aν
1,β, . . . , in f

∼
Aν

n,β

)
R

Φ(
∼
A1,...,

∼
An)

(β) = f
(

sup
∼

Aν
1,β, . . . , sup

∼
Aν

n,β

)
where

in f
∼

Aμ
i,α =

⎧⎨⎩inf
∼

Aμ
i,α, f is non− increasing w.r.t. ai

sup
∼

Aμ
i,α else

;

sup
∼

Aμ
i,α =

⎧⎨⎩sup
∼

Aμ
i,α, f is non− decreasing w.r.t. ai

inf
∼

Aμ
i,α else

;

in f
∼

Aν
i,β =

⎧⎨⎩ inf
∼

Aν
i,β, f is non− decreasing w.r.t. ai

sup
∼

Aν
i,β, else

;

sup
∼

Aν
i,β =

⎧⎨⎩sup
∼

Aν
i,β, f is non− increasing w.r.t. ai

inf
∼

Aν
i,β, else

.

Moreover, let f be a monotone and continuous function with respect to each of its components.
If cμ

L = cμ
R and cν

L = cν
R, for∀ α, β ∈ [0, 1]; α + β ≤ 1, the term is valid as follows:

cμ
Lin f

∼
Aμ

i,α + cμ
Rsup

∼
Aμ

i,α = c
μ

L
inf

∼
Aμ

i,α + cμ
Rsup

∼
Aμ

i,α; i = 1, . . . , n

cν
Lin f

∼
Aν

i,β + cν
R sup

∼
Aν

i,β = cν
Linf

∼
Aν

i,β + cν
Rsup

∼
Aν

i,β; i = 1, . . . , n

Proof of Lemma 2: In the first part, let f be a monotone non-decreasing function with
respect to each of its components. Then, we find the following:

in f
∼

Aμ
i,α = inf

∼
Aμ

i,α; i = 1, . . . , n

sup
∼

Aμ
i,α = sup

∼
Aμ

i,α; i = 1, . . . , n

in f
∼

Aν
i,β = inf

∼
Aν

i,β; i = 1, . . . , n

sup
∼

Aν
i,β = sup

∼
Aν

i,β; i = 1, . . . , n

Thus, the lemma is valid. In the second case, let f be a monotone decreasing function
with respect to each of its components. Then, we can write the following:

in f
∼

Aμ
i,α = sup

∼
Aμ

i,α; i = 1, . . . , n

sup
∼

Aμ
i,α = inf

∼
Aμ

i,α; i = 1, . . . , n

in f
∼

Aν
i,β = sup

∼
Aν

i,β; i = 1, . . . , n

sup
∼

Aν
i,β = inf

∼
Aν

i,β; i = 1, . . . , n
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We assumed that cμ
L = cμ

R and cν
L = cν

R; thus, the lemma is valid. �
Using the lemma, we can write the following theorem.

Theorem 1. Let f (a1, . . . , an) be a linear function. For the case cμ
L = cμ

R, cν
L = cν

R, and IFNs
∼
A1, . . . ,

∼
An, we state the following:

IF−WABL
(

Φ

( ∼
A1, . . . ,

∼
An

))
= f

(
IF−WABL

( ∼
A1

)
, . . . , IF−WABL

( ∼
An

))
where Φ is an IF extension of the function f . Moreover, the function f is a monotone non-decreasing
function; the above statement is valid when cμ

L 	= cμ
R and cν

L 	= cν
R.

Proof of Theorem 1: Based on the IF-WABL definition, we can write the statement as
follows:

IF−WABL
(

Φ

( ∼
A1, . . . ,

∼
An

))
= θ I

(
Φ

μ
α

( ∼
A1, . . . ,

∼
An

))
+ (1− θ)I

(
Φν

β

( ∼
A1, . . . ,

∼
An

))

Then, we evaluated the last equality in two pieces:

I
(

Φ
μ
α

( ∼
A1, . . . ,

∼
An

))
=
∫ 1

0

(
cμ

LL
Φ(

∼
A1,...,

∼
An)

(α) + cμ
RR

Φ(
∼
A1,...,

∼
An)

(α)

)
p(α)dα

From Lemma 2, we can write the following:

I
(

Φ
μ
α

( ∼
A1, . . . ,

∼
An

))
=
∫ 1

0

(
cμ

L f
(

in f
∼

Aμ
1,α, . . . , in f

∼
Aμ

n,α

)
+cμ

R f
(

sup
∼

Aμ
1,α, . . . , sup

∼
Aμ

n,α

))
p(α)dα

where in f
∼

Aμ
i,α and sup

∼
Aμ

i,α; i = 1, . . . , n are defined as in Lemma 2.

I
(

Φμ
α

( ∼
A1, . . . ,

∼
An

))
=
∫ 1

0 cμL f
(

in f
∼

Aμ
1,α, . . . , in f

∼
Aμ

n,α

)
p(α)dα

+
∫ 1

0 cμR f
(

sup
∼

Aμ
1,α, . . . , sup

∼
Aμ

n,α

)
p(α)dα

We know that f is a linear function, so we can write the following equality:

I
(

Φμ
α

( ∼
A1, . . . ,

∼
An

))
= f

(∫ 1
0

(
cμL in f

∼
Aμ

1,α + cμR sup
∼

Aμ
1,α

)
p(α)dα, . . . ,

∫ 1
0

(
cμL in f

∼
Aμ

n,α + cμR sup
∼

Aμ
n,α

)
p(α)dα

)
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From the definition of IF-WABL, we know that θ is a positive number. Thus, we can
write the following:

θ I
(

Φ
μ
α

( ∼
A1, . . . ,

∼
An

))
= θ f

(∫ 1
0

(
cμ

Lin f
∼

Aμ
1,α + cμ

Rsup
∼

Aμ
1,α

)
p(α)dα, . . . ,

∫ 1
0

(
cμ

Lin f
∼

Aμ
n,α + cμ

Rsup
∼

Aμ
n,α

)
p(α)dα

)
= f

(
θ
∫ 1

0

(
cμ

Lin f
∼

Aμ
1,α + cμ

Rsup
∼

Aμ
1,α

)
p(α)dα, . . . , θ

∫ 1
0

(
cμ

Lin f
∼

Aμ
n,α + cμ

Rsup
∼

Aμ
n,α

)
p(α)dα

)
Following a similar path, we obtained the statement given below for the second piece:

(1− θ)I
(

Φν
β

( ∼
A1, . . . ,

∼
An

))
= f ((1− θ)

∫ 1
0

(
cν

Lin f
∼

Aν
1,β + cν

Rsup
∼

Aν
1,β

)
s(β)dβ, . . . ,

(1− θ)
∫ 1

0

(
cν

Lin f
∼

Aν
n,β + cμ

Rsup
∼

Aν
n,β

)
s(β)dβ)

where f can be a monotone non-decreasing function or not. If f is not a monotone non-
decreasing function, then cμ

L = cμ
R and cν

L = cν
R must be satisfied. If f is a monotone

non-decreasing function, then cμ
L, cμ

R, cν
L, and cν

R can be determined arbitrarily. Based on
these two alternatives, we can write the following statements:

θ I
(

Φ
μ
α

( ∼
A1, . . . ,

∼
An

))
= f (θ

∫ 1
0

(
cμ

Linf
∼

Aμ
1,α + cμ

Rsup
∼

Aμ
1,α

)
p(α)dα, . . . ,

θ
∫ 1

0

(
cμ

Linf
∼

Aμ
n,α+cμ

Rsup
∼

Aμ
n,α

)
p(α)dα) = f

(
θ I
( ∼

Aμ
1,α

)
, . . . , θ I

( ∼
Aμ

n,α

))
and

(1− θ)I
(

Φν
β

( ∼
A1, . . . ,

∼
An

))
= f

(
(1− θ)

∫ 1
0

(
cν

Linf
∼

Aν
1,β + cν

Rsup
∼

Aν
1,β

)
s(β)dβ, . . . ,(1− θ)

∫ 1
0

(
cν

Linf
∼

Aν
n,β + cμ

Rsup
∼

Aν
n,β

)
s(β)dβ

)
= f

(
(1− θ)I

( ∼
Aν

1,β

)
, . . . , (1− θ)I

( ∼
Aν

n,β

))

We then merged these two statements knowing that f is a linear function as follows:

θ I
(

Φ
μ
α

( ∼
A1, . . . ,

∼
An

))
+ (1− θ)I

(
Φν

β

( ∼
A1, . . . ,

∼
An

))
= f

(
θ I
( ∼

Aμ
1,α

)
, . . . , θ I

( ∼
Aμ

n,α

))
+ f
(
(1− θ)I

( ∼
Aν

1,β

)
, . . . , (1− θ)I

( ∼
Aν

n,β

))
IF−WABL

(
Φ

( ∼
A1, . . . ,

∼
An

))
= f

(
θ I
( ∼

Aμ
1,α

)
+ (1− θ)I

( ∼
Aν

1,β

)
, . . . , θ I

( ∼
Aμ

n,α

)
+ (1− θ)I

( ∼
Aν

n,β

))
IF−WABL

(
Φ

( ∼
A1, . . . ,

∼
An

))
= f

(
IF−WABL

( ∼
A1

)
, . . . , IF−WABL

( ∼
An

))
�

As a result of Theorem 1, we can state following relations:

• IF−WABL
(
γ
∼
A
)
= γIF−WABL

(∼
A
)

, where γ ≥ 0 and γ ∈ R.

• IF−WABL
(∼

A +
∼
B
)
= IF−WABL

(∼
A
)
+ IF−WABL

(∼
B
)

.
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• If IF−WABL
(∼

A
)
< IF−WABL

(∼
B
)

, then
∼
A

∼
<

∼
B for IFNs

∼
A and

∼
B.

These results are very useful for adopting IFNs to real-life problems. Moreover, as
noted previously, the IF-WABL method is a flexible approach, as are NLPIFNs. Next, we
described the defuzzification short-cut formula for NLPIFNs to merge these two flexible ap-
proaches. Based on this short-cut formula, a researcher can easily apply the defuzzification
method to their own defuzzification strategy to tackle real-life problems.

Theorem 2. Let
∼
A =

(
a3; a1, a2, a4, a5, a′1, a′2, a′4, a′5 be a NLPIFN, with n1 = m1 and n2 = m2

for the membership function, and n′1 = m′
1 and n′2 = m′

2 for the non-membership function. The

IF-WABL defuzzified value of
∼
A is calculated as follows:

IF−WABL
(∼

A
)
= θ[(cLa2 + cRa4) + I2[ cL(a3 − a 2)−cR(a4 − a 3)]

+[ cL(a2 − a 1)−cR(a5 − a 4)](I1 − u)]

+(1− θ)
[(

cLa′2 + cRa′4
)
+ (v− J1)

[
cL
(
a3 − a′2

)− cR
(
a′4 − a 3

)]
−J2

[
cL(a ′2 − a′1

)
− cR

(
a′5 − a′4

)]]
where

cL = cμ
L = cν

L; cR = cμ
R = c

ν

R; u =
∫ k

0 p(α)dα; I1 =
∫ k

0

(
α
k
) 1

n1 p(α)dα;

I2 =
∫ 1

k

(
α−k
1−k

) 1
n2 p(α)dα; v =

∫ k′
0 s(β)dβ; J1 =

∫ k′
0

(
β
k′
) 1

n′2 s(β)dβ;

J2 =
∫ 1

k′
(

β−k′
1−k′

) 1
n′1 s(β)dβ.

Proof of Theorem 2: The (α− β) cuts representation of the NLPIFN
∼
A given in Definition

12 is written in the IF-WABL formula given in Definition 13. After the application of integral
operations, we reached the formula given in Theorem 2. �

The formula outlined in Theorem 2 is a general defuzzification formula that covers all
defuzzification formulas for all IFNs given in Table 1. A researcher can easily apply the
IF-WABL method after adjusting the parameters of NLPIFN with respect to Table 1 and
determining the IF-WABL parameters with respect to the decision-making strategy of the
study. Thus, different users can obtain different defuzzified values for the same NLPIFN.

Example 1. Let
∼
A = (11; 5, 7.5, 12, 16, 4, 7, 14, 17) be a NLPIFN with k = 0.5 and k′ = 0.45;

in addition, n1 = m1 = 0.4, n2 = m2 = 1.3, n′1 = m′
1 = 2.1, and n′2 = m′

2 = 0.7. For the
same NLPIFN, we can compute various IF-WABL defuzzified values by adjusting the parameters
of the IF-WABL method. For the IF-WABL parameter s(β) = (l + 1)βl , the chosen values set
is l = 0.45, 0.75, 2.0, and 3.7. For the the IF-WABL parameter p(α) = (t + 1)αt, the chosen
values set is t = 0.3, 0.6, 3.0, and 4.2. For the IF-WABL parameter cL, the chosen values set is
cL = 0.2, 0.5, 0.6, and 0.9. For the IF-WABL parameter θ, θ = 0.35 is chosen. Employing all
of the parameter combinations, we computed various IF-WABL defuzzified values for each given

NLPIFN
∼
A and present these values in Table 2.
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Table 2. Various defuzzified values for the NLPIFN
∼
A.

Values of Parameters
cL=0.2
cR=0.8

cL=0.5
cR=0.6

cL=0.6
cR=0.4

cL=0.9
cR=0.1

t
=

0.
3 l = 0.45 11.19250 9.51232 8.95226 7.27208

l = 0.75 11.12610 9.38482 8.80438 7.06306
l = 2.0 10.89610 9.04328 8.42566 6.57280
l = 3.7 10.71070 8.82510 8.19659 6.31105

t
=

0.
6 l = 0.45 11.12430 9.50938 8.97107 7.35615

l = 0.75 11.05800 9.38189 8.82320 7.14714
l = 2.0 10.82790 9.04033 8.44447 6.65686
l = 3.7 10.64250 8.82218 8.21541 6.39513

t
=

3.
0 l = 0.45 10.92930 9.53205 9.06630 7.66906

l = 0.75 10.86290 9.40455 8.91842 7.46004
l = 2.0 10.63290 9.06300 8.53969 6.96977
l = 3.7 10.44740 8.84484 8.31064 6.70803

t
=

4.
2 l = 0.45 10.90790 9.54557 9.09146 7.72912

l = 0.75 10.84160 9.41807 8.94358 7.52011
l = 2.0 10.61155 9.07652 8.56485 7.02983
l = 3.7 10.42610 8.85836 8.33580 6.76810

5. Application of NLPIFNs in the IF Minimum Spanning Tree Problem

In this section, we applied the NLPIFN concept and IF-WABL method to the IF min-
imum spanning tree problem (MSTP). The MSTP is one of the most fundamental and
well-known combinatorial optimization problems in the classical graph theory. The MSTP
has many application areas, such as transportation [56], logistics [57], image processing [58],
statistical cluster analysis [59], wireless telecommunication networks [60], and distribution
systems [61]. In a classical deterministic case, we assumed that the values of all edge
weights are crisp numbers. For a deterministic case, the MSTP solution can be derived
using the many algorithms in the literature. However, edge weights are not crisp values in
some real-world processes. For such cases, various scientists have suggested different ap-
proaches. Gao and Lu [62] formulated a fuzzy quadratic MSTP by employing an expected
value model, chance-constrained programming, and dependent-chance programming. The
authors proposed a genetic algorithm approach to solve this problem. Janiak and Kasper-
ski [63] evaluated a MSTP with fuzzy costs in a given connected graph. The authors used
the possibility theory to find the solution to the problem. Nayeem and Pal [64] studied a
fuzzy MSTP with constraints. By employing a version of the credibility measure, the au-
thors formulated the problem as dependent-chance and chance-constrained programming
problems. Zhou et al. [65] presented a fuzzy MST notion for a fuzzy MSTP based on a
credibility measure. The authors evaluated the solutions of the problem for different types
of fuzzy numbers. Dey and Pal [66] suggested using a graded mean integration represen-
tation of fuzzy numbers to compare and add fuzzy numbers. Using this representation,
the authors adopted the famous Prim’s algorithm into a fuzzy MSTP. Broumi et al. [67]
investigated an MSTP with trapezoidal fuzzy neutrosophic edge weights. The authors
proposed an algorithm using the score function of TrFN. Dey et al. [50] evaluated an MSTP
with interval-type 2 fuzzy sets used to represent the arc lengths. The authors introduced a
genetic algorithm for finding the solution to the MSTP. In all research [54,62–67] mentioned
in this part of our study, the authors generally preferred to model the weights of edges in the
network using one type of fuzzy number. The authors generally did not include the user’s
perspective in the solution process. On the other hand, by utilizing our approach, one can
use any of the IFN types, including linear pentagonal IFNs, non-linear trapezoidal IFNs,
linear trapezoidal IFNs, non-linear triangular IFNs, linear triangular IFNs, and Baloui’s
Generalized IFN. Moreover, by adjusting the IF-WABL parameters according to the user’s
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perspective on the problem, the user’s subjectivity can be injected into the solution process
of the problem.

In this study, we proposed a version of Prim’s algorithm to evaluate the IF MSTP.
Here, we benefited from the flexibility properties of the NLPIFN and IF-WABL method by
redefining Prim’s algorithm for the IF MSTP. In our version, one can use any type of IFN
(i.e., Linear Pentagonal, Non-linear Trapezoidal, Linear Trapezoidal, Non-linear Triangular,
or Linear Triangular) to state the edge weights of the problem. At the very beginning
stage of the problem solution process, we transformed each type of IFN into a NLPIFN
by utilizing the component selection alternatives given in Table 1. Next, we employed the
IF-WABL defuzzification formula given in Theorem 2 to compute the defuzzified values of
the NLPIFN edge weights. In every step of Prim’s algorithm, the arc that has the lowest
weight among the remaining arcs must be located. Then, we extended the solution tree
to realize a solution to the problem. The re-defined version of Prim’s algorithm for the IF
MSTP can be given as follows:

Step 0. Determine the types of IFNs used to define the edge weights and transform
all of them into NLPIFNs using Table 1. Compute the IF-WABL defuzzified values of all
weights by employing the formula given in Theorem 2. Define V for all nodes and E for
all edges.

Step 1. Choose an arbitrary node x from V and define Vnew = {x}. Set Enew = ∅.
Step 2. Find an arc (u, v) with the lowest IF-WABL defuzzified weight, such that u

is in Vnew and v is not. If there is more than one arc with the same IF-WABL defuzzified
weight, arbitrarily pick one of the arcs.

Step 3. Add v to Vnew and (u, v) to Enew.
Step 4. If Vnew = V, then STOP, keep E* = Enew, which describes the IFMST, and

compute the total IF-WABL defuzzified values of the NLPIFN weights that belong to the
chosen arcs to determine the solution for the IF MSTP. Otherwise, go to Step 2.

In Figure 2, we present a flow chart of the re-defined version of Prim’s algorithm. This
flowchart, illustrating the proposed approach, was designed to provide a clear overview of
the entire process.

Example 2. Suppose there are eight oil exploration platforms on the sea. Oil can be extracted
from each of these platforms. All the oil obtained must be delivered to land. Laying a pipeline from
each platform to the land is a very costly operation; it is a less costly operation to first connect
the platforms with pipes and then connect one of the platforms to the land. The most important
characteristic when connecting the platforms is the cost. Some platforms cannot be connected
to each other due to the lack of suitable physical properties on the seabed. The network given in
Figure 3 presents the hypothetical locations of the platforms and possible connections between
them. Due to the distance between the platforms, the physical conditions of the seabed, and other
natural reasons, the pipe laying costs between the platforms cannot be calculated with certainty.
Therefore, these costs expressed in IFNs should be determined by engineers. Without a loss of
generality, all of the weights are given as NLPIFNs and their components are given in Table 3.
For all NLPIFNs in the example, some values of the components are determined as k = 0.61
and k′ = 0.36; n1 = m1 = 1.4, n2 = m2 = 0.8, n′1 = m′

1 = 2.3, and n′2 = m′
2 = 0.6.

Here, we sought to obtain the IFMST of the graph by applying the proposed version of Prim’s
algorithm. To apply the proposed approach, we must compute the defuzzified values of the given
NLPIFN weights presented in Table 3. The IF-WABL parameters for this example were determined
as follows: θ = 0.40; cL = 0.3; cR = 0.7; p(α) = 2.3α1.3; and s(β) = 4.6β3.6. The defuzzified
values of the NLPIFN weights are computed with respect to the given values of the IF-WABL
parameters by utilizing the formula given in Theorem 2.
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Figure 2. Flow chart of the re-defined version of Prim’s algorithm.
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Figure 3. Graph of the IFMST problem example.

Table 3. Weights of the IFMST problem example.

Weight a’
1 a1 a’

2 a2 a3 a4 a’
4 a5 a’

5 IF-WABL

∼
A1 10.6 11.47 11.82 12.12 12.62 12.66 12.85 13.77 13.94 12.761
∼
A2 2.07 3.07 3.99 4.34 4.44 5.06 5.11 5.96 6.38 4.914
∼
A3 4.91 5.52 6.10 6.31 6.72 6.89 7.72 8.21 8.52 7.151
∼
A4 5.38 6.15 6.40 6.79 7.20 7.68 8.24 8.33 8.71 7.568
∼
A5 6.75 7.30 7.34 7.46 7.88 8.83 9.18 9.82 9.98 8.685
∼
A6 8.97 9.32 10.13 10.40 10.51 11.17 11.72 11.77 12.70 11.238
∼
A7 2.93 3.83 3.88 4.36 4.49 4.51 5.27 5.81 6.68 5.081
∼
A8 10.85 11.74 12.16 12.89 13.22 13.71 14.44 15.27 16.14 14.034
∼
A9 8.04 8.72 9.61 9.64 10.41 10.52 10.96 11.04 11.47 10.401
∼

A10 5.50 5.80 6.54 6.59 6.88 7.16 7.94 8.39 8.43 7.327
∼

A11 6.10 6.55 7.42 7.77 8.17 8.58 9.29 9.82 10.00 8.616
∼

A12 11.89 12.41 13.27 13.73 14.32 14.79 15.57 15.83 16.04 14.662

We next used the re-defined version of Prim’s algorithm to solve the given IFMST
problem. First, the IF-WABL values of the given NLPIFN weights were calculated. The
computed IF-WABL values are presented in Table 3. Node 4 was randomly chosen as the
starting point of the algorithm. After Node 4, Nodes 3, 2, 8, 6, 5, 7, and 1 were added to the
IFMST. Finally, we reached the solution set of arcs E* = {(4,3), (3,2), (3,8), (8,6), (6,5), (6,7),
and (7,1)} for the problem. A graphical illustration of the final solution is given in Figure 4,
where red lines are used to emphasize the chosen arcs. The total edge weight was equal to
51.099.
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Figure 4. The solution set of arcs of the IFMST problem example.

6. Conclusions

In this paper, we proposed a mathematical definition of a new type of intuitionistic
fuzzy number called the non-linear pentagonal intuitionistic fuzzy number (NLPIFN).
Moreover, we presented some fundamental characteristics of NLPIFNs that demonstrate
(α− β) cuts representation and arithmetic operations. We also outlined the relationship
between the NLPIFN and other types of IFNs. The results show that the NLPIFN is able to
model various types of IFNs, such as linear pentagonal IFNs, non-linear trapezoidal IFNs,
linear trapezoidal IFNs, non-linear triangular IFNs, linear triangular IFNs, and Baloui’s
Generalized IFN. This property of the NLPIFN allows researchers to create much more
flexible models. We also utilized a flexible, strong, and mathematically solid defuzzifi-
cation method for arbitrary IFNs called IF-WABL [53]. In this study, we also described
some mathematical properties of the IF-WABL method and then derived an easy-to-use
formula for the IF-WABL method that could be used to defuzzy the NLPIFN. Employing
the NLPIFN and IF-WABL together resulted in the following advantages: (i) the NLPIFN
was able to transform into various IFNs, enabling researchers to design models that include
different types of IFNs together. (ii) Owing to the flexibility of the IF-WABL method, re-
searchers can now create different defuzzification methods that reflect their defuzzification
strategies. (iii) Due to the easy-to-use IF-WABL defuzzification formula derived for the
NLPIFN, users can easily adopt NLPIFNs and the IF-WABL method into their models. In
the final section of the paper, we embedded the NLPIFN definition and IF-WABL method
into the solution process of the IF MSTP. For this purpose, we adopted the famous and
mathematically sound Prim’s algorithm for the IF edge weight scenario. We also presented
a numerical example for the IF MSTP. In the future, we will study the adaptation of the
NLPIFN definition and IF-WABL method into multi-attribute decision-making problems.
We will adjust the IF-WABL method parameters to reflect the strategic consensus of all
decision-makers. Moreover, we will define a discrete version of the IF-WABL to implement
the version of the IF-WABL into multi-attribute decision-making problems.
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Abstract: This paper introduces a new concept called q-rung picture uncertain linguistic fuzzy
sets (q-RPULSs). These sets provide a reliable and comprehensive method for describing complex
and uncertain decision-making information. In addition, q-RPULSs help to integrate the decision
maker’s quantitative assessment ideas with qualitative assessment information. For the q-RPUL
multi-attribute group decision-making problem with unknown weight information, an entropy-
based fuzzy set method for q-rung picture uncertainty language is proposed. The method considers
the interrelationships among attributes and builds a q-rung picture uncertain language model. In
addition, the q-RPULMSM operator and its related properties are discussed in this paper. This
operator enables the fusion of q-RPULSs and helps to reach consensus in decision-making scenarios.
To demonstrate the validity of the methodology, we provide a real case study involving commodity
selection. Based on this case study, the reasonableness and superiority of the method are evaluated,
highlighting the practical advantages and applicability of q-RPULSs in decision-making processes.

Keywords: q-rung picture uncertain linguistic fuzzy sets; Maclaurin symmetric mean operator;
multi-attribute decision-making; entropy measure

1. Introduction

MAGDM is a vital process that involves decision makers evaluating and prioritizing
alternatives while considering various attributes [1]. The goal is to select the most advan-
tageous option from a range of available programs. This process plays a significant role
in modern decision-making science and is widely applied in fields such as engineering,
economics, and management. The use of mathematical models [2] based on partial dif-
ferential equations allows us to model physically relevant quantities. A new method to
optimize the hyperparameters was proposed by Effat Jalaeian Zaferani et al. [3]. Due to the
complexity of real-world issues and the unpredictable nature of decision-making environ-
ments, traditional mathematical models based on binary logic are no longer adequate for
accurately representing the attribute values associated with potential solutions during the
decision-making process. Therefore, the researchers introduced some fuzzy sets.

FSs made significant progress with the pioneering work of Zadeh [4]. FSs have emerged
as a crucial tool for representing imprecise and uncertain information. Ataanassov [5] further
contributed to the field by building upon Zadeh’s work. In addition to fuzzy sets, Zadeh
introduced intuitionistic fuzzy sets, which enhance the theoretical framework by representing
uncertain information and phenomena more effectively. Intuitionistic fuzzy sets incorporate both
subordination and non-subordination dimensions, surpassing classical fuzzy sets in this aspect.
However, it is important to note that intuitionistic fuzzy sets must satisfy the non-boundedness
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condition, which restricts their practical application and scope. To overcome this limitation,
Yager [6] proposed Pythagorean fuzzy sets, which strictly adhere to the condition that the sum
of the squares of the positive and negative ratings must not exceed 1. This breakthrough led to
extensive research on solving multi-attribute group decision-making (MAGDM) problems using
Pythagorean fuzzy sets. Zhang et al. [7] introduced generalized Pythagorean fuzzy Bonferroni
mean operators, which are valuable in capturing the interrelationships among Pythagorean fuzzy
numbers and finding practical utility in decision-making. Furthermore, Garg [8] explored the
practical applications of Pythagorean fuzzy sets in MAGDM by presenting logarithmic operator
laws and aggregation operators specifically tailored for them. Xu et al. [9] introduced a set
of Pythagorean fuzzy intersection Muirhead averaging operators as a solution to handle the
intersection between Pythagorean membership and non-membership, while also effectively
capturing the interrelationships among multiple Pythagorean fuzzy numbers. Despite the
abundant research conducted on Pythagorean fuzzy sets, these sets possess certain limitations,
particularly when employed in complex decision problems. In certain scenarios, it is observed
that the quadratic sum of the positive and negative ratings do not surpass 1, while the sum of
the cubic or higher powers exceeds 1. To overcome this limitation, Yager [10] proposed q-rung
orthogonal fuzzy sets. The constraint in q-rung orthogonal fuzzy sets is that the summation of
the q-th powers of the positive and negative ratings should not exceed 1. Liu and Wang [11]
subsequently devised straightforward weighted average operators to consolidate generalized
orthogonal fuzzy numbers and successfully employed these operators in the realm of multi-
attribute group decision-making (MAGDM). Liu [12] introduced the generalized orthogonal
fuzzy Bonferroni mean value operator as a means to amalgamate the interrelationships among
q-rung orthogonal fuzzy numbers.

However, in reality, decision-making problems can be excessively complex. We may en-
counter situations where human voters provide different types of answers in a poll, such as yes,
no, reject, or abstain. Under such scenarios, the fuzzy set proof presented above is not sufficient.
Thus, Cuong and Kreinovich [13] have made significant contributions by introducing picture
fuzzy sets (PFSs). They have conducted extensive research on the fundamental operations and
properties of PFSs. PFSs are distinguished by their positive, neutral, and negative degrees of
membership, while adhering to the constraint that the cumulative sum of the positive evaluation,
neutral evaluation, and negative evaluation must not surpass 1. Thong and Soncite [14,15] have
developed various fuzzy clustering algorithms using fuzzy sets of images. These algorithms
have been successfully applied to weather forecasting and project selection. However, there
are limitations of these methods. For example, they are no longer used when dealing with the
sum of positive, neutral, and negative ratings exceeding 1. To address this issue, Li et al. [16]
proposed a new method using q-RPFSs with the constraint that the sum of the q powers of
positive, neutral, and negative ratings must be equal to or less than one. This advancement in
the unique constraint form of q-RPFSs effectively addresses the inherent limitations of q-level
generalized orthogonal fuzzy sets and graphical fuzzy sets. Pinar et al. [17] proposed the q-RPF-
KNN algorithm, which computes the distance between test instances and training instances.
Comparing with other KNN algorithms, the results are more perfect. Akram et al. [18] utilized
2TLCq-RPFSs to solve the problem of optimal machine selection. Tahir et al. [19] introduced
T-spherical fuzzy sets and applied them to medical diagnosis. While previous approaches
are unable to comprehensively address quantitative and qualitative decision-making and the
intricate relationships between multiple parameters, our proposed method and operators aim
to fill this important gap. By introducing innovative methods, we aim to provide decision
makers with an integrated framework that considers both quantitative and qualitative aspects
of decision-making.

In certain scenarios, decision makers often prioritize quantitative decisions over quali-
tative ones due to constraints such as time limitations and limited expertise. This tendency
to incorporate both quantitative and qualitative assessment information is particularly
evident in real-world MAGDM problems. In such complex decision-making scenarios, it is
crucial to consider not only the numerical values associated with the attributes but also the
qualitative aspects. By recognizing the importance of both quantitative and qualitative fac-
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tors, decision makers can ensure a more comprehensive and balanced assessment of options
in MAGDM problems. Decision makers recognize the need to consider and integrate both
types of information provided by stakeholders in order to make informed and well-rounded
decisions. The utilization of linguistic variables as valuable tools in expressing the qualitative
evaluations of decision makers has demonstrated its effectiveness. Li et al. [16] introduced a
q-rung picture linguistic set in order to select a suitable enterprise resource planning system.
Consequently, a fusion of ULVs and q-rung picture fuzzy sets has been employed to accurately
capture the evaluations of decision makers. Singh et al. [20] used the LDULFPEWG operator to
select the best microgrid scheme. In order to analyze the conditions of the anomalous aluminum
electrolyzer, zhu et al. [21] studied the PUL-DUCG model and achieved satisfactory results.
As a result, this research introduces a novel concept known as q-RPULSs. This integration
enhances the representation of decision makers’ evaluations, providing a comprehensive and
robust framework. To illustrate, let us examine a situation in which a professor is evaluating the
research capabilities of a graduate student.

Researchers have introduced a range of operators employed to aggregate the decision
matrix, facilitating the derivation of comprehensive attribute values for each alternative.
Subsequently, by ranking the alternatives based on the scores of the comprehensive at-
tributes, researchers are able to identify the optimal solution. This approach enables efficient
decision-making in scenarios involving multiple attributes, ensuring a comprehensive and
well-informed selection process by effectively considering the correlation between any pair
of input parameters. In the realm of multi-attribute decision-making, information aggre-
gation operators hold significant prominence and have garnered considerable attention
from scholars. Noteworthy operators include the Bonferroni mean (BM) operator [22],
the Heronian mean (HM) operator [23,24], and the Maclaurin symmetric mean (MSM)
operator [25]. The interrelationships between two input parameters are effectively captured
by the Bonferroni mean (BM) operator, which was originally introduced by Bonferroni [22].
Fatma et al. [26] proposed the picture fuzzy Bonferroni mean, which was chosen to match
the company’s enterprise resource planning system. Liu et al. [12] proposed the q-rung
orthopair fuzzy Bonferroni mean operator, which solves the project investment problem.
Similarly, the HM aggregation operator, introduced by Gleb et al. [27], shares similar charac-
teristics with the BM operator, allowing for the consideration of correlations among any pair
of input parameters. Liu et al. [28] proposed a intuitionistic uncertain linguistic arithmetic
Heronian mean operator and applied it to project investment. Sumera et al. [29] proposed
a generalized 2-tuple linguistic bipolar fuzzy Heronian mean operator and its application
to battery selection. Nevertheless, the BM operator and the HM operator do not have the
ability to account for interrelationships among multiple parameters. As a consequence, this
restriction may introduce biases and inaccuracies in the evaluation results when dealing
with complex real-world problems. To tackle this issue, Maclaurin [25] proposed a solution
by introducing the MSM operator. The MSM operator offers the capability of considering
the correlation among multiple input parameters, thereby enhancing the accuracy and
dependability of the evaluation outcomes. Subsequent advancements led Detemple and
Robertson [30] to develop an extended version of the MSM operator. Building upon the
strengths of the MSM operator, researchers have conducted extensive studies that have
yielded numerous noteworthy results. Wang et al. [31] proposed the IFPMSM operator and
applied it to air quality evaluation.

The above-described method focuses on scenarios where complete attribute weight in-
formation is known but, in many real-world MAGDM problems, attribute weights are often
unknown. Therefore, a novel MAGDM approach is proposed for dealing with MAGDM
problems under q-RPULSs with unknown weight information. This study aims to address
this issue as follows: (1) Recognizing that the Maclaurin symmetric mean (MSM) operator
can consider interrelationships amongst multiple attributes; introducing q-RPULSs of the
MSM operator to effectively handle extreme evaluations of decision makers. (2) Proposing
a new MAGDM technique for the q-RPUL multi-attribute group decision-making prob-
lem that accounts for unknown attribute weights. The rest of this paper is organized as
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follows: Section 2 reviews and discusses fundamental concepts and theories comprehen-
sively. Section 3 introduces several MSM operators designed for q-rung picture uncertain
linguistic sets (q-RPULSs), including the q-rung picture uncertain language Maclaurin
symmetric averaging operator (q-RPULMSM) and the q-rung picture uncertain language
weighted Maclaurin symmetric averaging operator (q-RPULWMSM). Furthermore, this
section extensively examines the properties of these operators. Section 4 describes the
aggregation method for problem-solving. Section 5 showcases the performance of the
method by applying it to a real-world scenario or simulation, and provides empirical
evidence of its utility. Finally, in Section 6, conclusions are drawn based on the key findings
and results obtained from the study. Table 1 is provided to assist in better understanding
the fuzzy sets and operators mentioned in this article.

Table 1. Fuzzy sets and operators.

Abbreviation Full Name

MAGDM multi-attribute group decision-making
FSs fuzzy sets
IFSs intuitionistic fuzzy sets

PyFSs Pythagorean fuzzy sets
PFSs picture fuzzy sets

q-ROFs q-rung orthopair fuzzy sets
q-ROULSs q-rung orthopair uncertain linguistic sets
q-RPULSs q-rung picture uncertain linguistic sets
q-RPFSs q-rung picture fuzzy sets

ULVs uncertain linguistic variables
MSM Maclaurin symmetric mean

q-RPULMSM q-rung picture uncertain linguistic Maclaurin symmetric mean
q-RPULWMSM q-rung picture uncertain linguistic weighted Maclaurin symmetric mean
2TLCq-RPFSs 2-tuple linguistic complex q-rung picture fuzzy sets
LDULFPEWG linear diophantine uncertain linguistic fuzzy power Einstein-weighted geometric

TSULWA T-spherical uncertain linguistic weighted averaging
T-SFWGMSM T-spherical fuzzy weighted geometric Maclaurin symmetric mean
q-RPFDHM q-rung picture fuzzy dual Heronian mean
q-RPULA q-rung picture uncertain linguistic averaging
PULMSM picture uncertain linguistic Maclaurin symmetric mean

q-RPULBM q-rung picture uncertain linguistic Bonferroni mean
SPULMSM spherical picture uncertain linguistic Maclaurin symmetric mean

RAM random access memory

2. Preliminaries

In this section, we provide a brief introduction to various types of fuzzy sets, including
ULSs, PFSs, q-ROFSs, q-RPLSs, q-ROULSs, and q-RPFSs, and their corresponding oper-
ations. In addition, we discuss in depth an important tool applicable to fuzzy set theory,
namely MSM. Furthermore, we introduce the novel concept of q-RPULSs and provide
scoring functions and distance measures that can be employed to evaluate q-RPULSs.

Definition 1 ([32]). One can describe the representation of a PFS CHT in a nonempty fixed set X
as follows:

CHT = {< x, uCHT (x), ηCHT (x), vCHT (x) > |x ∈ X} (1)

In this context, the term “positive rating” uCHT denotes the rating to which x belongs positively
to CHT, while the term “neutrality rating” ηCHT signifies the degree to which x has neutral
association with CHT. Additionally, the term “negative rating” vCHT indicates the degree to which
x has a negative association with CHT. The degrees of affiliation mentioned above adhere to the
following conditions: 0 ≤ uCHT (x) + ηCHT (x) + vCHT (x) ≤ 1. Moreover, refusal rating, denoted
as πA(x), can be determined by πCHT (x) = (1− (uCHT (x) + ηCHT (x) + vCHT (x))).
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The triplets (uCHT (x), ηCHT (x), vCHT (x)) are called picture fuzzy numbers (PFNs) and play
a significant role in representing uncertainty and fuzziness in PFSs.

Definition 2 ([17]). Let us define a q-ROFS on a nonempty fixed set X as follows:

CHT = {< x, uCHT (x), vCHT (x) > |x ∈ X} (2)

Here, uCHT and vCHT represent affiliation and non-affiliation of x to CHT, respectively. It
is necessary for the following condition to hold for every x in X: x ∈ X: 0 ≤ (uCHT (x)q +
vCHT (x)q) ≤ 1, (q ≥ 1). Additionally, the degree of refusal rating is calculated as:

πCHT (x) = (1− (uCHT (x)q + vCHT (x)q))
1
q . (3)

To provide a more convenient representation, we can refer to the notation < uCHT (x), vCHT (x) >
as a q-ROFN.

Definition 3 ([17]). We can define a q-RPFS on set of positive real numbers X in the follow-
ing manner:

CHT = {< x, uCHT (x), ηCHT (x), vCHT (x) > |x ∈ X} (4)

In this definition, we ensure that 0 ≤ (uCHT (x)q + ηCHT (x)q + vCHT (x)q) ≤ 1 for each
element x in X. The values uCHT (x), ηCHT (x), vCHT (x) belong to the range [0, 1] and represent the
positive, neutral, and negative ratings of x to the q-RPFS. Additionally, we can calculate the refusal

rating πA(x)using the expression πCHT (x) = (1− (uCHT (x)q + ηCHT (x)q + vCHT (x)q))
1
q .

For simplicity, we refer to each triplet (uCHT (x), ηCHT (x), vCHT (x)) as a q-RPFN.

Definition 4 ([16]). We can define a q-RPLS CHT on an ordinary fixed set X:

CHT = {< x, sφ(x), (uCHT (x), ηCHT (x), vCHT (x))] > |x ∈ X} (5)

Here, the term sφ(x) belongs to S and sφ(x) represents the linguistic term interval in S. The
triplet uCHT (x), ηCHT (x), vCHT (x) represents the positive, neutral, and negative ratings of the
element x in the q-RPULS. These membership degrees satisfy the conditions that 0 ≤ (uCHT (x)q +
ηCHT (x)q + vCHT (x)q) ≤ 1 and uCHT (x), ηCHT (x), vCHT (x) ∈ [0, 1] are within the range [0, 1].
For convenience, we can refer to the notation < sφ(x), (uCHT (x), ηCHT (x), vCHT (x)) > as the
q-RPLS. To simplify the notation further, we may write it as < sφ, (u, η, v) >.

Definition 5 ([33]). Linguistic term set S = {s0, s1, ..., st−1} is composed of k elements, where
k is an odd number. Generally, t = 3, 5, 7, 9. For example, t equals 5, S = {s0, s1, s2, s3, s4} =
{verypoor, poor, good, verygood, excellent}.

Definition 6 ([34]). We can define a q-ROULS CHT on an ordinary fixed set X:

CHT = {< x, [sφ(x), sψ(x)], (uCHT (x), vCHT (x))] > |x ∈ X} (6)

Here, the terms sφ(x), sψ(x) belong to S and sφ(x), sψ(x) represents the linguistic term interval
in S. The uCHT (x), vCHT (x) represents the positive and negative ratings of the element x in the
q-ROULS. These membership degrees satisfy the conditions that 0 ≤ (uCHT (x)q + vCHT (x)q) ≤ 1
and uCHT (x), vCHT (x) ∈ [0, 1] are within the range [0, 1]. For convenience, we can refer to the
notation < [sφ(x), sψ(x)], (uCHT (x), vCHT (x)) > as the q-ROULS. To simplify the notation further,
we may write it as < [sφ, sψ], (u, v) >.

Definition 7. We can define a q-RPULS CHT on an ordinary fixed set X:

CHT = {< x, [sφ(x), sψ(x)], (uCHT (x), ηCHT (x), vCHT (x))] > |x ∈ X} (7)
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Here, the terms sφ(x), sψ(x) belong to S and sφ(x), sψ(x) represents the linguistic term interval in
S. The triplet uCHT (x), ηCHT (x), vCHT (x) represents the positive, neutral, and negative ratings of the
element x in the q-RPULS. These membership degrees satisfy the conditions that 0 ≤ (uCHT (x)q +
ηCHT (x)q + vCHT (x)q) ≤ 1 and uCHT (x), ηCHT (x), vCHT (x) ∈ [0, 1] are within the range [0, 1].
For convenience, we can refer to the notation < [sφ(x), sψ(x)], (uCHT (x), ηCHT (x), vCHT (x)) > as
the q-RPULS. To simplify the notation further, we may write it as < [sφ, sψ], (u, η, v) >.

Definition 8. Let a1 =< [sφ1 , sψ1 ], (u1, η1, v1) > and a2 =< [sφ2 , sψ2 ], (u2, η2, v2) > be two
q-RPULSs, and consider a positive real number m, where in several fundamental operations:

1. α1 ⊕ α2 = < [sφ1+φ2 , sψ1+ψ2 ], ((u
q
1 + uq

2 − uq
1uq

2)
1
q , η1η2, v1v2) >;

2. α1 ⊗ α2= < [sφ1φ2 , sψ1ψ2 ], (u1u2, (ηq
1 + η

q
2 − η

q
1η

q
2)

1
q , (vq

1 + vq
2 − vq

1vq
2)

1
q ) >;

3. mα1 =< [smφ1 , smψ1 ], ((1− (1− uq
1)

m)
1
q , ηm

1 , vm
1 ) >;

4. αm
1 =< [sφm

1
, sψm

1
], (um

1 , (1− (1− η
q
1)

m)
1
q , (1− (1− vq

1)
m)

1
q ) >.

By utilizing Definition 8 as a foundation, we can obtain the following rules.

Theorem 1. Let Γ1 =< [sφ1 , sψ1 ], (u1, η1, v1) > and Γ2 =< [sφ2 , sψ2 ], (u2, η2, v2) > be two
q-RPULSs, and λ, λ1, λ2 > 0; then:

1. Γ1 ⊕ Γ2 = Γ2 ⊕ Γ1;
2. Γ1 ⊗ Γ2 = Γ2 ⊗ Γ1;
3. λ(Γ1 ⊕ Γ2) = λΓ1 ⊕ λΓ2

4. (Γ1 ⊗ Γ2)
λ = Γλ

1 ⊗ Γλ
2

5. λ1Γ⊕ λ2Γ = (λ1 + λ2)Γ
6. Γλ1 ⊗ Γλ2 = Γ(λ1+λ2)

7. (Γλ1)λ2 = Γλ1λ2

Definition 9. Consider a q-RPULS denoted as Γ =< [sφ, sψ], (u, η, v) >. Let us introduce a
score function S(Γ) and an exact function A(Γ) defined with respect to Γ.

S(Γ) =
φ + ψ

4
(uq + 1− ηq − vq)

3
(8)

A(Γ) =
φ + ψ

2
(uq + ηq + vq) (9)

The comparative law for q-RPULSs is as follows:

Definition 10 ([35]). Let Γ1 =< [sφ1 , sψ1 ], (u1, η1, v1) > and Γ2 =< [sφ2 , sψ2 ], (u2, η2, v2) >
be two q-RPULSs; then:

• If (Γ1) < S(Γ2), then Γ1 < Γ2;
• If (Γ1) > S(Γ2), then Γ1 > Γ2;
• If (Γ1) = S(Γ2), then

1. If A(Γ1) < A(Γ2), then Γ1 < Γ2;
2. If A(Γ1) > A(Γ2), then Γ1 > Γ2;
3. If A(Γ1) = A(Γ2), then Γ1 = Γ2.

Definition 11 ([36]). Let Γ1 =< [sφ1 , sψ1 ], (u1, η1, v1) > and Γ2 =< [sφ2 , sψ2 ], (u2, η2, v2) >
be two q-RPULSs, and q ≥ 1; then, the q-RPUL distance measure between them is defined as:

d(Γ1, Γ2) =
1

4(t− 1)
(|uq

1φ1 − uq
2φ2|+ |ηq

1φ1 − η
q
2φ2|+ |vq

1φ1 − vq
2φ2|+ |πq

1φ1 − π
q
2φ2|

+|uq
1ψ1 − uq

2ψ2|+ |ηq
1ψ1 − η

q
2ψ2|+ |vq

1ψ1 − vq
2ψ2|+ |πq

1ψ1 − π
q
2ψ2|).

(10)
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Definition 12 ([37,38]). Suppose we have a collection of crisp numbers represented as ξi (where
i = 1, 2, ..., n), then the MSM(k) operator is the following:

MSM(k) = (
∑1≤i1<...<ik≤n ∏k

j=1 ξij

Ck
n

)
1
k (11)

In the given context, where k is a parameter with a range of values 1, 2, . . . , n, and
i = 1, 2, . . . , n, the notation Ck

n = n!
k!(n−k)! .

Theorem 2. The significant features of MSM(k) are as follows:

1. Idempotency. If σi(i = 1, 2, ..., n) = σ for all i, then MSM(k) = (σ, σ, ..., σ) = σ;
2. Monotonicity. If σi ≤ ζi for all i, then MSM(k)(σ1, σ2, ..., σn) ≤ MSM(k)(ζ1, ζ2, ..., ζn);
3. Boundedness. min(σ1, σ2, ..., σn) ≤ MSM(k)(σ1, σ2, ..., σn) ≤ max(σ1, σ2, ..., σn).

3. The q-Rung Picture Uncertain Linguistic Set Aggregation Operators

3.1. The q-Rung Picture Uncertain Linguistic Set Aggregation Maclaurin Symmetric
Mean Operators

We will discuss the development of fuzzy arithmetic aggregation operators using the
concept of q-rung picture uncertain linguistic sets in this section. Some examples of these
operators include the q-RPULMSM operator and the q-RPULWMSM operator.

Definition 13. Let hl =< [sφl , sψl ], (ul , ηl , vl) > be the set of q-RPULSs, then the q-RPULMSM
operator is defined as:

q− RPULMSM(k)(h1, h2, ..., hn) = (

⊕
1≤l1<...<lk≤n

⊗k
j=1 hlj

Ck
n

)
1
k . (12)

By applying the computational laws of q-RPULN, we can derive the subsequent results for the
q-RPULMSM operator:

q− RPULMSM(k)(h1, h2, ..., hn) =< [s
(

∑1≤l1<...<lk≤n ∏k
j=1 φlj

Ck
n

)
1
k

, s
(

∑1≤l1<...<lk≤n ∏k
j=1 ψlj

Ck
n

)
1
k

],

((1− ∏
1≤l1<...<lk≤n

(1−
k

∏
j=1

uq
lj
)

1
Ck

n )
1
qk ,

(1− (1− ∏
1≤l1<...<lk≤n

(1−
k

∏
j=1

(1− η
q
lj
))

1
Ck

n )
1
k )

1
q ,

(1− (1− ∏
1≤l1<...<lk≤n

(1−
k

∏
j=1

(1− vq
lj
))

1
Ck

n )
1
k )

1
q ).

(13)

Proof. Based on the above definition, we can derive

k⊗
j=1

hlj
=< [s∏k

j=1 φlj
, s∏k

j=1 ψlj
], (

k

∏
j=1

ulj
, (1−

k

∏
j=1

(1− ηlj
))

1
q , (1−

k

∏
j=1

(1− vlj
))

1
q ) > . (14)
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Furthermore,

⊕
1≤l1<...<lk≤n

k⊗
j=1

hlj
=< [s

(∑1≤l1<...<lk≤n ∏k
j=1 φlj

)
1
k

, s
(∑1≤l1<...<lk≤n ∏k

j=1 ψlj
)

1
k
],

((1− ∏
1≤l1<...<lk≤n

(1−
k

∏
j=1

uq
lj
))

1
q ,

∏
1≤l1<...<lk≤n

(1−
k

∏
j=1

(1− η
q
lj
))

1
q ,

∏
1≤l1<...<lk≤n

(1−
k

∏
j=1

(1− vq
lj
))

1
q ) > .

(15)

Thus,⊕
1≤l1<...<lk≤n

⊗k
j=1 hlj

Ck
n

=< [s
(

∑1≤l1<...<lk≤n ∏k
j=1 φlj

Ck
n

)
1
k

, s
(

∑1≤l1<...<lk≤n ∏k
j=1 ψlj

Ck
n

)
1
k

],

((1− ∏
1≤l1<...<lk≤n

(1−
k

∏
j=1

uq
lj
)

1
Ck

n )
1
q ,

( ∏
1≤l1<...<lk≤n

(1−
k

∏
j=1

(1− η
q
lj
))

1
Ck

n )
1
q ,

( ∏
1≤l1<...<lk≤n

(1−
k

∏
j=1

(1− vq
lj
))

1
Ck

n )
1
q ) > .

(16)

Therefore,

q− RPULMSM(k)(h1, h2, ..., hn) =< [s
(

∑1≤l1<...<lk≤n ∏k
j=1 φlj

Ck
n

)
1
k

, s
(

∑1≤l1<...<lk≤n ∏k
j=1 ψlj

Ck
n

)
1
k

],

((1− ∏
1≤l1<...<lk≤n

(1−
k

∏
j=1

uq
lj
)

1
Ck

n )
1
qk ,

(1− (1− ∏
1≤l1<...<lk≤n

(1−
k

∏
j=1

(1− η
q
lj
))

1
Ck

n )
1
k )

1
q ,

(1− (1− ∏
1≤l1<...<lk≤n

(1−
k

∏
j=1

(1− vq
lj
))

1
Ck

n )
1
k )

1
q ).

(17)

Theorem 3. This theorem establishes that, if hl = <[sφl ,sψl ], (ul,ηl ,vl)> (l = 1, 2, ..., n) represents
a set of q-RPULNs, then the q− RPULMSM(k) operator possesses the following rules:

1. Idempotency. If all hl = h =< [sφ, sψ], (u, η, v) > are equal for all l, then q−RPULMSM(k)

= (h, h, ..., h) = h.
2. Monotonicity. Let hl =< [sφl , sψl ], (ul , ηl , vl) > and gj =< [sφj , sψj ], (uj, ηj, vj) > (l, j =

1, 2, ..., n) be two sets of q-RPULSs; if sφl ≤ sφj , sψl ≥ sψj , ui ≤ uj, ηl ≥ ηj, vl ≥ vj, then
q− RPULMSM(k)(h1, h2, ..., hn) ≤ q− RPULMSM(k)(g1, g2, ..., gn).

3. Boundedness. Let hi =< [sφi , sψi ], (ui, ηi, vi) > (i = 1, 2, ..., n) be a set of q-RPULNs and
h+ = ([max(sφi ), min(sψi )], max(ui), min(ηi), min(vi)),
h− = ([min(sφi ), max(sψi )], min(ui), max(ηi), max(vi)); then,
h− ≤ q− RPULMSM(k)(a1, a2, ..., an) ≤ h+.
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4. Permutation Invariance. Let hi be a permutation of h∗i for all i; therefore,
q− RPULMSM(k)(h1, h2, ..., hn) = q− RPULMSM(k)(h∗1, h∗2, ..., h∗n)
Proof 1. Let hl = h for each i; then,

q − RPULMSM(k)(h1, h2, ..., hn) = (

⊕
1≤l1<...<lk≤n

⊗k
j=1 hlj

Ck
n

)
1
k = (

⊕
1≤l1<...<lk≤n

⊗k
j=1 h

Ck
n

)
1
k =

(
⊕

1≤l1<...<lk≤n hk

Ck
n

)
1
k = (

⊕
1≤l1<...<lk≤n h

Ck
n

) = h

Proof 2. Consider ul ≤ uj; we can obtain ∏k
m=1 uq

lm
≤ ∏k

m=1 uq
jm ; then, 1−∏k

m=1 uq
lm
≥

1 − ∏k
m=1 uq

jm ; therefore’ 1 − ∏1≤l1<...<lk≤n(1 − ∏k
m=1 uq

lm
)

1
Ck

n )
1
qk ≤ 1 − ∏1≤l1<...<lk≤n(1 −

∏k
m=1 uq

jm)
1

Ck
n )

1
qk . ηl ≥ ηj,vl ≥ vj are similar to ul ≤ uj, so we omit them. Therefore, q −

RPULMSM(k)(h1, h2, ..., hn) ≤ q− RPULMSM(k)(g1, g2, ..., gn)
Proof 3. From proof 1, 2, we have

h− = q− RPULMSM(k)(h−, h−, ..., h−) ≤ q− RPULMSM(k)(h1, h2, ..., hn),
q− RPULMSM(k)(h1, h2, ..., hn) ≤ q− RPULMSM(k)(h+, h+, ..., h+); then,
h− ≤ q− RPULMSM(k)(h1, h2, ..., hn) ≤ h+. Moreover, we will delve into specific instances of
the q-RPULMSM operator by considering various parameter values assigned to k and q.

Case 1: When k = 1, the q-RPULMSM operator simplifies to the q-RPULA operator.

q− RPULMSM(k)(a1, a2, ..., an) =< [s
(

∑1≤i1<...<ik≤n ∏k
j=1 φij

n )

, s
(

∑1≤i1<...<ik≤n ∏k
j=1 ψij

n )

],

((1− ∏
1≤i1≤n

(1−
1

∏
j=1

uq
ij
)

1
C1

n )
1
q ,

(1− (1− ∏
1≤i1≤n

(1−
1

∏
j=1

(1− η
q
ij
))

1
C1

n )
1
1 )

1
q ,

(1− (1− ∏
1≤i1≤n

(1−
1

∏
j=1

(1− vq
ij
))

1
C1

n )
1
1 )

1
q ) >

= q− RPULA(a1, a2, ..., an).

(18)

Case 2: When k = 2, the q-RPULMSM operator transforms into the q-RPULBM operator.

q− RPULMSM(k)(a1, a2, . . . , an) = (
∑1≤i1<i2≤n ∏2

j=1 aij

C2
n

)
1
2 = (

2 ∑1≤i1<i2≤n ∏2
j=1 ai1

ai2

n(n− 1)
)

1
2

= (
∑i,j=1,i 	=jai1

ai2

n(n− 1)
)

1
2 = q− RPULBM1,1(a1, a2, . . . , an).

(19)

Case 3: When q = 1, the q-RPULMSM operator simplifies to the PULMSM operator.

q− RPULMSM(k)(a1, a2, ..., an) =< [s
(

∑1≤i1<...<ik≤n ∏k
j=1 φij

Ck
n

)
1
k

, s
(

∑1≤i1<...<ik≤n ∏k
j=1 ψij

Ck
n

)
1
k

],

((1− ∏
1≤i1<...<ik≤n

(1−
k

∏
j=1

uij)
1

Ck
n )

1
k ,

(1− (1− ∏
1≤i1<...<ik≤n

(1−
k

∏
j=1

(1− ηij))
1

Ck
n )

1
k ),

(1− (1− ∏
1≤i1<...<ik≤n

(1−
k

∏
j=1

(1− vij))
1

Ck
n )

1
k )) >

= PULMSM(k)(a1, a2, ..., an).

(20)
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Case 4: When q = 2, the q-RPULMSM operator can be simplified to the SPULMSM operator.

q− RPULMSM(k)(a1, a2, ..., an) =< [s
(

∑1≤i1<...<ik≤n ∏k
j=1 φij

Ck
n

)
1
k

, s
(

∑1≤i1<...<ik≤n ∏k
j=1 ψij

Ck
n

)
1
k

],

((1− ∏
1≤i1<...<ik≤n

(1−
k

∏
j=1

u2
ij
)

1
Ck

n )
1
2k ,

(1− (1− ∏
1≤i1<...<ik≤n

(1−
k

∏
j=1

(1− η2
ij
))

1
Ck

n )
1
k )

1
2 ,

(1− (1− ∏
1≤i1<...<ik≤n

(1−
k

∏
j=1

(1− v2
ij
))

1
Ck

n )
1
k )

1
2 ) >

= SPULMSM(k)(a1, a2, ..., an).

(21)

Definition 14. Let ai =< [sφi , sψi ], (ui, ηi, vi) > be the set of q-RPULSs; w = (w1, w2, ..., wn)T

is a weight vector and satisfies wi ∈ [0, 1] and ∑n
i=1 = 1, wherek = 1, 2, ..., n; then, the q-

RPULWMSM operator is defined as:

q− RPULWMSM(k)(a1, a2, ..., an) = (

⊕
1≤i1<...<ik≤n

⊗k
j=1 wij aij

Ck
n

)
1
k . (22)

We can deduce the following outcomes for the q-RPULWMSM operator by utilizing the
computational laws of q-RPULN:

q− RPFWMSM(k)(a1, a2, ..., an) =< [s
(

∑1≤i1<...<ik≤n ∏k
j=1 wij

φij
Ck

n
)

1
k

, s
(

∑1≤i1<...<ik≤n ∏k
j=1 wij

ψij
Ck

n
)

1
k

],

((1− ∏
1≤i1<...<ik≤n

(1−
k

∏
j=1

(1− (1− uq
ij
)

wij ))
1

Ck
n )

1
qk ,

(1− (1− ∏
1≤i1<...<ik≤n

(1−
k

∏
j=1

(1− η
qwij
ij

))
1

Ck
n )

1
k )

1
q ,

(1− (1− ∏
1≤i1<...<ik≤n

(1−
k

∏
j=1

(1− v
qwij
ij

))
1

Ck
n )

1
k )

1
q ) > .

(23)

Theorem 4. Let hi =< [sφi , sψi ], (ui, ηi, vi) > be the set of q-RPULSs; then, the following
properties of q− RPULWMSM(k) are obtained:

1. Idempotency. If all hi = h =< [sφ, sψ], (u, η, v) > are equal for all i, then q−RPULWMSM(k)

= (h, h, ..., h) = h;
2. Monotonicity. Let hi =< [sφi , sψi ], (ui, ηi, vi) > and gj =< [sφj , sψj ], (uj, ηj, vj) > (i, j =

1, 2, ..., n) be two sets of q-RPULSs; if sφi ≤ sφj , sψi ≥ sψj , ui ≤ uj, ηi ≥ ηj, vi ≥ vj, then
q− RPULWMSM(k)(h1, h2, ..., hn) ≤ q− RPULWMSM(k)(g1, g2, ..., gn);

3. Boundedness. Let hi =< [sφi , sψi ], (ui, ηi, vi) > (i = 1, 2, ..., n) be a set of q-RPULNs and
h+ = ([max(sφi ), min(sψi )], max(ui), min(ηi), min(vi)),
h− = ([min(sφi ), max(sψi )], min(ui), max(ηi), max(vi)); then,
h− ≤ q− RPULWMSM(k)(a1, a2, ..., an) ≤ h+.

4. Commutativity. Let hi be a permutation of h∗i for all i; therefore,
q− RPULWMSM(k)(h1, h2, ..., hn) = q− RPULWMSM(k)(h∗1, h∗2, ..., h∗n)

The proof for the q-RPFWMSM theorem follows a similar approach to that of Theorem
3; thus, it has been excluded in this context.

171



Symmetry 2023, 15, 2027

3.2. A Method to Determine the Attribute Weights Based on Entropy

Definition 15. Let q-RPULSs(X) denote the set of all q-RPULSs in the universe of discourse X.
Let a1 =< [sφ1 , sψ1 ], (u1, η1, v1) > and a2 =< [sφ2 , sψ2 ], (u2, η2, v2) > be two q-RPULSs. Here
are a few more properties that an entropy function G must satisfy on q-RPULSs:

1. G(a1) = 0, if and only if a1 is a crisp set;
2. G(a1) = 1 if and only if sφ1 = sψ1 , u1 = η1 = v1;
3. G(a1) ≤ G(a2), if and only if u1 ≤ u2, η1 ≥ η2 and v1 ≥ v2;
4. G(a1) = G(ac

1).

Based on the given axiom, we will now introduce a measure of entropy for q-RPULSs. Let
a =< [sφ, sψ], (u, η, v) > be a q-RPULFN; then, the entropy measure of a is defined as

G(a) = 1− d(a, ac) (24)

where d(a,ac) is distance measure.

Using the entropy measure for q-RPULSs, we propose a novel approach to ascertain
the weights of aggregated q-RPULSs. Let ai(i = 1, 2, ..., n) be a collection of q-RPULSs; then,
the weight of ai is given as

λi =
1− E(ai)

n−∑n
i=1 E(ai)

(25)

4. MAGDM Methods Based on q-RPULMSM Operator

This section presents techniques for solving the MAGDM problem using the q-
RPULWMSM operator. For MAGDM questions, let H = H1, H2,...,Hn be an attribute
collection; W = w1, w2,...,wn is a vector of weights for attribute Lj(j = 1, 2, ..., n), where
wj ≥ 0, ∑n

j=1 wj = 1. Suppose that He = [ae
ij]m×n is the decision matrix and that the

decision maker is required to represent his/her evaluation value using a q-RPULN, which
can be expressed as ae

ij =< [sφe
ij
, sψe

ij
], (ue

ij, ηe
ij, ve

ij) >. The main steps in using the proposed
operator for the MAGDM problem are as follows:

Step 1: To normalize the original decision matrix, we can utilize two attributes: a bene-
fit attribute and a cost attribute. The normalization process follows the steps outlined below:

ae
ij =< [sφe

ij
, sψe

ij
], (ue

ij, ηe
ij, ve

ij) >=

{
< [sφe

ij
, sψe

ij
], (ue

ij, ηe
ij, ve

ij) >, Gj ∈ J1

< [sφe
ij
, sψe

ij
], (ve

ij, ηe
ij, ue

ij) >, Gj ∈ J2

}
(26)

where J1 and J2 denote benefit-type attributes and cost-type attributes, respectively.
Step 2: Compute the Sup(ail , aim) by

Sup(ail , aim) = 1− d(ail , aim), (27)

where Sup(ail , aim) symbolize support values for ail from aim, l, m = 1, 2, ..., n; l 	= m.
Step 3: Compute Q(aij) by

Q(aij) =
n

∑
l,m=1,l 	=m

Sup(ail , aim), (28)

Step 4: Compute the weight of Lj(j = 1, 2, ..., n) based on the entropy measure; the
result is below:

λi =
1− G(ai)

n−∑n
i=1 G(ai)

(29)

Step 5: Compute the power weights wij using the below method.

wij =
λi(1 + Q(aij))

∑n
i=1 λi(1 + Q(aij))

, (30)
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Step 6: Aggregate all attribute values aij(j = 1, 2, ..., n) using the q-RPULWMSM
operator to obtain a composite value ai.

ai = q− RPULWMSM(k)(ai1, ai2, ..., ain) =< [s
(

∑1≤i1<...<ik≤n ∏k
j=1 wij

φij
Ck

n
)

1
k

, s
(

∑1≤i1<...<ik≤n ∏k
j=1 wij

ψij
Ck

n
)

1
k

],

((1− ∏
1≤i1<...<ik≤n

(1−
k

∏
j=1

(1− (1− uq
ij
)

wij ))
1

Ck
n )

1
qk ,

(1− (1− ∏
1≤i1<...<ik≤n

(1−
k

∏
j=1

(1− η
qwij
ij

))
1

Ck
n )

1
k )

1
q ,

(1− (1− ∏
1≤i1<...<ik≤n

(1−
k

∏
j=1

(1− v
qwij
ij

))
1

Ck
n )

1
k )

1
q ) > .

(31)

where w is a vector of weights for the attribute.
Step 7: Use the value of the score function S(ai) calculated in Equation (7).
Step 8: By utilizing the sequence of the overall values to arrange alternatives, select

the optimal one.

5. Numerical Example And Comparative Analysis

5.1. Evaluation Steps for the q-RPULWMSM Operator

This example is adopted from He and Zhang [39]. To verify the validity of this method,
an example is used for calculation, comparison, and analysis. The annual “618” e-commerce
shopping festival is the day of national consumers and the e-commerce platform of the
carnival; the major e-commerce platforms launch the most favorable activities of the year.
In this context, a college student plans to go to Taobao Mall to buy computers, for example,
after the initial screening, but is still indecisive about four computers; respectively, A1 is
an Asus computer, A2 is a Lenovo computer, A3 is a Dell computer, and A4 is an Apple
computer. The student developed four selection indicators based on his preferences: C1
is price; C2 is range; C3 is chip processing power; and C4 is RAM. Each decision maker is
asked to evaluate the four items in terms of the four attributes using q-RPULNs. Therefore,
the decision matrix Ae = [ae

ij]m×n follows from Table 2:

Table 2. The q-RPULSs decision matrix.

C1 C2 C3 C4

A1 <[s5, s5], (0.5 ,0.4, 0.1)> <[s2, s3], (0.8, 0.1, 0.1)> <[s5, s6], (0.4, 0.3, 0.2)> <[s3, s4], (0.1, 0.8, 0.1)>
A2 <[s4, s5], (0.7, 0.1, 0.1)> <[s5, s5], (0.1, 0.7, 0.2)> <[s3, s4], (0.1, 0.7, 0.2)> <[s4, s4], (0.7, 0.1, 0.1)>
A3 <[s3, s4], (0.8, 0.1, 0.1)> <[s4, s4], (0.1, 0.8, 0.1)> <[s4, s5], (0.1, 0.8, 0.1)> <[s4, s5], (0.6, 0.2, 0.1)>
A4 <[s6, s6], (0.7, 0.1, 0.1)> <[s2, s3], (0.7, 0.2, 0.1)> <[s3, s4], (0.1, 0.7, 0.1)> <[s3, s3], (0.1, 0.8, 0.1)>

Step 1: Since all attributes are benefit attributes, normalization is not required.
Step 2: Calculate the Sup(ail , aim) (l, m = 1, 2, 3, 4; i = 1, 2, 3, 4; l 	= m). Let q = 3.

Therefore, the result of calculation is as follows.

S12 = S21 = (0.6826, 0.6990, 0.6604, 0.7064);
S13 = S31 = (0.8839, 0.7136, 0.6188, 0.5928);
S14 = S41 = (0.6297, 0.9584, 0.7794, 0.4954);
S23 = S32 = (0.5951, 0.8751, 0.9584, 0.7745);
S24 = S42 = (0.7040, 0.6888, 0.6224, 0.7754);
S34 = S43 = (0.5591, 0.7550, 0.6214, 0.9026).
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Step 3: According to Equation (28), calculate Q(aij); the result is below.

Q =

⎡⎢⎢⎣
2.1962 2.3710 2.0586 1.7946
1.9817 2.2629 2.2412 2.2563
2.0381 2.3437 2.1986 2.2699
1.8910 2.4022 2.0232 2.1734

⎤⎥⎥⎦
Step 4: Calculate the weght of Lj(j = 1, 2, ..., n) based on the entropy measure of

q-RPULSs as the following formula:
According to Equation (24), we seek the entropy measure as follows:

G(aij) =

⎡⎢⎢⎣
0.8967 0.7871 0.9487 1.0000
0.7435 0.9942 0.9959 0.7720
0.7019 1.0000 1.0000 0.8387
0.6580 0.8575 1.0000 1.0000

⎤⎥⎥⎦
According to Equation (29), calculate the weight based on the entropy measure; the

result is the following:

λij =

⎡⎢⎢⎣
0.2811 0.5793 0.1396 0.0000
0.5188 0.0117 0.0083 0.4612
0.6489 0.0000 0.0000 0.3511
0.7059 0.2941 0.0000 0.0000

⎤⎥⎥⎦
Step 5: Calculate the power weights wij, q = 3 and k = 2; the result is the following:

wij =

⎡⎢⎢⎣
0.2741 0.5957 0.1302 0.0000
0.4968 0.0123 0.0086 0.4823
0.6319 0.0000 0.0000 0.3680
0.6710 0.3289 0.0000 0.0000

⎤⎥⎥⎦
Step 6: Aggregate all attribute values aij(j = 1, 2, ..., n) using Equation (31) to obtain a

composite value ai; the result is the following:

a1 = <[s2.5693, s3.1356], (0.3240, 0.0271, 0.0070)>,
a2 = <[s2.8837, s3.2217], (0.2540, 0.0202, 0.0051)>,
a3 = <[s2.3624, s3.0498], (0.2610, 0.0000, 0.0000)>,
a4 = <[s2.3014, s2.8187], (0.3040, 0.0000, 0.0000)>.

Step 7: Use the value of the score function S(ai) calculated in Equation (8). The result
is the following:

S(a1) = 0.4916, S(a2) = 0.5171, S(a3) = 0.4590, S(a4) = 0.4387.

Step 8: Rank the four alternative options.

A2 > A1 > A3 > A4.

Therefore, Lenovo computers A2 best fit that college student’s choices.

5.2. Comparative Analysis and Discussion

We compare our proposed method with other methods in this section. These methods
consist of the TSULWA operator introduced by Wang et al. [36], the T-SFWGMSM operator
proposed by Liu et al. [40], and the q-RPFDHM operator presented by He et al. [41]. The
comparison results are available in Table 3.
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Table 3. Compared with other methods.

Methods Score Values Ranking

q-RPULWMSM S(a1) = 0.4916, S(a2) = 0.5171,
S(a3) = 0.4590, S(a4) = 0.4387. A2 > A1 > A3 > A4

TSULWA [36] S(a1) = 0.4416, S(a2) = 0.4671,
S(a3) = 0.4590, S(a4) = 0.4364. A2 > A3 > A1 > A4

T-SFWGMSM [40] S(a1) = 0.4334, S(a2) = 0.4571,
S(a3) = 0.4532, S(a4) = 0.4236. A2 > A3 > A1 > A4

q-RPFDWHM [41] S(a1) = 0.4853, S(a2) = 0.4951,
S(a3) = 0.4590, S(a4) = 0.4596. A2 > A1 > A4 > A3

By examining the table, we can observe that the most favorable alternative among all
the methods is represented by A2. This outcome serves as evidence to support the validity
and practicality of the method introduced. Moreover, the ranking outcomes presented in
this study diverge from other methods such as [36,40,41], primarily due to the limitations
of these methods. These previous methods only account for the interaction between two
parameters and overlook the correlation between multiple parameters. Operators such as
q-RPULWMSM have the following characteristics:

• Q-rung picture uncertain linguistic sets (q-RPULSs) incorporate qualitative and quan-
titative aspects of decision-making, while also utilizing linguistic terms that are easily
comprehensible and relatable to people’s perception.

• The MSM operator provides a powerful tool to account for the interdependence
of multiple input parameters, resulting in the improved accuracy and reliability of
evaluation results.

• A novel solution is put forward for the issue of MAGDM with unknown attribute weights.

The parameter q is a key factor in determining the final rankings of alternative goods.
To evaluate the influence of the parameter q on the experimental outcomes, we conducted
the aforementioned example using different values of q (starting from k = 2). The resulting
rankings for various q values are depicted in Figure 1.

Figure 1 illustrates that employing the q-RPULWMSM operator yields distinct scores
for different q values. However, despite the variability in scores, the final outcome consis-
tently favors alternative A2. In practical decision-making scenarios, selecting an optimal q
value depends on the decision maker’s personal preferences and judgment. The q value
in the q-RPULWMSM operator allows the decision maker to customize the weighting of
attributes and their interactions according to their individual priorities and the specific
context of the decision. This flexibility empowers the decision maker to adjust the level of
significance assigned to the relationship between attributes and fine-tune the evaluation
process to better reflect their preferences and requirements. By having the freedom to
choose the q value, the decision maker can tailor the decision model to their unique needs,
resulting in more effective and personalized decision outcomes. Through thorough analysis,
it is evident that the method introduced in this paper exhibits remarkable adaptability and
effectiveness when compared to existing problem-solving approaches.
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Figure 1. Score values of the alternative when q ∈ (0, 6) based on the q-RPULWMSM operator.

6. Conclusions

This paper introduces a new approach to address the MAGDM problem. It combines
the q-RPULSs method with the MSM operator, resulting in the q-RPULMSM operator. This
operator not only considers qualitative and quantitative decision-making but also captures
comprehensive information, avoids information loss, and considers the neutrality of the
decision maker and the interrelationships among multiple attributes. To handle the issue of
unknown attribute weights, the entropy measure is employed. Consequently, we propose a
comprehensive approach to solve the MAGDM problem, and provide a numerical example
to demonstrate its superiority and accuracy.

While our proposed method has several advantages over existing approaches, it also
has limitations. One drawback is its reliance on limited decision-maker data. In real-world
scenarios, there may be more attributes involved, requiring the use of multiple methods
and metrics for evaluation. Therefore, future research will focus on integrating complex
decision-making problems with big data to overcome these limitations.
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Abstract: There are some drawbacks to arithmetic and logic operations of general discrete fuzzy
numbers, which limit their application. For example, the result of the addition operation of general
discrete fuzzy numbers defined by the Zadeh’s extension principle may not satisfy the condition of
becoming a discrete fuzzy number. In order to solve these problems, special discrete fuzzy numbers
on countable sets are investigated in this paper. Since the representation theorem of fuzzy numbers
is the basic tool of fuzzy analysis, two kinds of representation theorems of special discrete fuzzy
numbers on countable sets are studied first. Then, the metrics of special discrete fuzzy numbers on
countable sets are defined, and the relationship between these metrics and the uniform Hausdorff
metric (i.e., supremum metric) of general fuzzy numbers is discussed. In addition, the triangular
norm and triangular conorm operations (t-norm and t-conorm for short) of special discrete fuzzy
numbers on countable sets are presented, and the properties of these two operators are proven. We
also prove that these two operators satisfy the basic conditions for closure of operation and present
some examples. Finally, the applications of special discrete fuzzy numbers on countable sets in image
fusion and aggregation of subjective evaluation are proposed.

Keywords: discrete fuzzy number; countable set; aggregation; image fusion; subjective evaluation

1. Introduction

Parameter uncertainty is often involved in the process of information system rep-
resentation and modeling and is usually described as a fuzzy number [1]. The general
fuzzy numbers are triangular, trapezoidal, and Gaussian fuzzy numbers, etc. The most
commonly used fuzzy number in engineering applications is the symmetrical triangular
fuzzy number. The theoretical and mathematical modeling process of continuous fuzzy
numbers and symmetric fuzzy numbers have been investigated extensively. As a powerful
tool to characterize and process discrete uncertain information, discrete fuzzy numbers [2]
have important theoretical value and a strong application background in fuzzy information
processing [3], image interpretation [4], multiple-attribute group decision making [5,6],
fuzzy transformation, and inversion.

In 2001, William Voxman [2] first put forward the discrete fuzzy numbers and con-
structed two kinds of canonical representations of general discrete fuzzy numbers. In
2005, the level set representation theorem of discrete fuzzy numbers was proven by Wang
Guixiang et al. [7]. On this basis, the addition and multiplication operations of discrete
fuzzy number space were defined. Using similar methods, Casasnovas and Riera [8,9]
researched the problem of the maximum and minimum values of discrete fuzzy numbers
and studied the triangular norms and triangular conorms to discrete fuzzy numbers in
2011. In the same year, Riera and Torrens [10] defined fuzzy implication functions on sets
of discrete fuzzy numbers. Using the above operations, Riera and Torrens [11] defined an
integration operator for discrete fuzzy numbers in 2012. Furthermore, Riera and Torrens
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investigated the coimplications [12] and residual implications [13] of discrete fuzzy num-
ber space. The two scholars further defined a pair of discrete aggregation functions on
discrete fuzzy numbers sets and applied them to language decision models [14]. In 2015,
Riera et al. [15,16] presented a fuzzy decision model and used discrete fuzzy numbers to
model complete and incomplete qualitative information; then, they gave an aggregation
method for this information.

In recent years, many achievements have been made in the theoretical and application
research of discrete fuzzy numbers. In 2019, Zhao Meng et al. [17] proposed a sort method
based on shape similarity, which used symbolic representation to construct the shape
of discrete fuzzy membership function and describe the subjective language preference
evaluation of experts. Ma Xiaoyu et al. [18] presented a semantic computing model based
on discrete fuzzy numbers and measured the group decision results based on the model
in order to reach a consensus. In 2021, Gong Zengtai et al. [4] defined the concept of
the three-dimensional generalized discrete fuzzy number (3-GDFN) and the similarity
of 3-GDFNs, which were applied to color image interpretation and color mathematical
morphology. Riera et al. [19] discussed the application of an admissible order of discrete
fuzzy number sets in decision problems in the same year. A new denoising method for
color images based on three-dimensional discrete fuzzy number was proposed by Qin Na
and Gong Zengtai [20] in 2023.

However, the general discrete fuzzy numbers have defects in arithmetic operations
and logical operations, such as the addition and multiplication operations defined by the
Zadeh’s extension principle [21] as the membership function of discrete fuzzy numbers
may not satisfy the closure. The difference operation and the measurement of discrete
fuzzy numbers especially cannot be reasonably defined, which limits the application of
discrete fuzzy numbers in some aspects.

In order to solve these problems, scholars have proposed extended addition and
multiplication operations that maintain the closure of discrete fuzzy numbers sets. The
discrete fuzzy numbers whose support set was an arithmetic sequence on the set of natural
numbers were defined in [22,23]. A closed-keeping addition operation for general discrete
fuzzy numbers was presented in [7]. Then, the concepts of generalized discrete fuzzy
numbers [24] and fuzzy integers [25] were proposed. In 2008, Wang Guixiang et al. [26]
defined a discrete fuzzy number on a fixed set whose support set was a countable set.
When the addition and subtraction operations on this countable set remained closed, the
corresponding addition and subtraction operations on discrete fuzzy number spaces were
also closed. Based on the definition of a special discrete fuzzy number proposed in [26], the
related conceptions and application of special discrete fuzzy numbers on countable sets are
researched in this article. The main contributions of this article are as follows:

1. The endpoints function representation theorem of special discrete fuzzy numbers on
countable sets is proven.

2. Two metrics of special discrete fuzzy numbers on countable sets are defined and compared.
3. The definitions and properties of t-norm operator and t-conorm operator of special

discrete fuzzy numbers on countable sets are proposed and proven. In addition, these
two operators are used in the practical application of image fusion and subjective
evaluation.

The rest of the article is organized as follows: In Section 2, we review some basic
concepts about discrete fuzzy numbers. In Section 3, the definition and representation
theorem of the special discrete fuzzy numbers on countable sets are investigated and proven.
In Section 4, we research the metrics of special discrete fuzzy numbers on countable sets
and compare them with the uniform Hausdorff metric of general fuzzy numbers. The
definitions of the t-norm operator and t-conorm operator of special discrete fuzzy numbers
on countable sets are presented in Section 5. In Section 6, the pixel values of gray-scale
images are represented by special discrete fuzzy numbers on countable sets. Furthermore,
the application of the t-norm operator and t-conorm operator defined in Section 5 in gray
image fusion is presented. The application of special discrete fuzzy numbers on countable
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sets in aggregation of subjective evaluation is proposed in Section 7. Finally, the conclusions
are described in Section 8.

2. Preliminaries

The conception and theorem related to discrete fuzzy numbers are briefly introduced
in this section. Firstly, the definition of fuzzy set [21] is given.

Let R be the Euclidean space; a fuzzy set of R is a mapping u : R → [0, 1]. Let
[u]r = {x ∈ R : u(x) ≥ r} for any r ∈ (0, 1] be its r-level set. With the notation supp u,
we denote the support of u, i.e., supp u ={x ∈ R : u(x) > 0}. In addition, we denote the
closure of supp u with [u]0, i.e., [u]0 = {x ∈ R : u(x) > 0}.

As a generalization of the concepts of real numbers and interval numbers, the discrete
fuzzy numbers are special fuzzy sets that satisfy certain conditions.

Definition 1 ([2]). A fuzzy set u : R → [0, 1] is called a discrete fuzzy number if the sup-
port of u is finite, i.e., there exist x1, x2, . . . , xn ∈ R with x1 < x2 < · · · < xn such that
[u]0 = {x1, x2, . . . , xn}, and there exist the natural numbers s, t with 1 ≤ s ≤ t ≤ n such that

(1) u(xi) = 1 for any natural number i with s ≤ i ≤ t;
(2) u(xi) ≤ u(xj) for any natural numbers i, j with 1 ≤ i ≤ j ≤ s;
(3) u(xi) ≥ u(xj) for any natural numbers i, j with t ≤ i ≤ j ≤ n.

We denote the collection of all discrete fuzzy numbers with FD .

Remark 1. If the fuzzy set u is a discrete fuzzy number, then the support of u coincides with its
closure, i.e., supp u = [u]0.

The representation theorem of discrete fuzzy numbers is an important tool for the
theoretical study of fuzzy analysis.

Theorem 1 ([7]). Let u ∈ FD . Then, the following statements (1)–(4) hold:

(1) [u]r is a nonempty finite subset of R for any r ∈ [0, 1];
(2) [u]r2 ⊂ [u]r1 for any r1,r2 ∈ [0, 1] with r1 ≤ r2;
(3) For any r1,r2 ∈ [0, 1] with 0 ≤ r1 ≤ r2 ≤ 1, if x ∈ [u]r1 \ [u]r2 , we have x < y for all

y ∈ [u]r2 , or x > y for all y ∈ [u]r2 ;
(4) For any r0 ∈ (0, 1], there exists a real number r′0 with 0 < r′0 < r0 such that [u]r

′
0 = [u]r0

(i.e., [u]r = [u]r0 for any r ∈ [r′0, r0]).

Conversely, if for any r ∈ [0, 1] there exists Ar ⊂ R, satisfying the following conditions
(i)−(iv):

(i) Ar is nonempty and finite for any r ∈ [0, 1];
(ii) Ar2 ⊂ Ar1 for any r1,r2 ∈ [0, 1] with r1 ≤ r2;
(iii) For any r1,r2 ∈ [0, 1] with 0 ≤ r1 ≤ r2 ≤ 1, if x ∈ Ar1 \ Ar2 , then x < y for all y ∈ Ar2 ,

or x > y for all y ∈ Ar2 ;
(iv) For any r0 ∈ (0, 1], there exists a real number r′0 with 0 < r′0 < r0 such that Ar′0 = Ar0

(i.e., Ar = Ar0 for any r ∈ [r′0, r0]),

then, there exists a unique u ∈ FD such that [u]r = Ar for any r ∈ [0, 1].

Establishing proper measurement on discrete fuzzy number space FD is the basic start-
ing point of using fuzzy mathematics theory to analyze and deal with practical problems.
The definition of the supremum metric on FD space is proposed.

Definition 2. Let u, v ∈ FD , for any r ∈ [0, 1], the mapping D : FD ×FD → [0,+∞) is defined
as follow:

D(u, v) = sup
r∈[0,1]

max{| u(r)− v(r) |, | u(r)− v(r) |}. (1)
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Obviously, (FD , D) is a metric space with respect to this supremum metric D.

3. Special Discrete Fuzzy Numbers on Countable Sets

In 2008, the conception of discrete fuzzy numbers with finite support sets on fixed sets
was proposed by Wang Guixiang et al. [26]. The following definitions and discussion in
this paper are carried out on the countable subset C of the real number field R.

Definition 3 ([26]). Let C be a countable subset of real number field R. If a fuzzy set u : R → [0, 1]
satisfies the following conditions:

(1) [u]0 ⊂ C and [u]0 is finite;
(2) There exists x0 ∈ C such that u(x0) = 1;
(3) For any xs, xt ∈ C with xs ≤ xt ≤ x0, u(xs) ≤ u(xt) is tenable;
(4) For any xs, xt ∈ C with x0 ≤ xs ≤ xt, u(xs) ≥ u(xt) is tenable.

Then, u is a discrete fuzzy number on C, and we denote the collection of all discrete fuzzy
numbers with FDC . Obviously, FDC ⊂ FD .

Let C be a countable subset of real number field R; for any x′, y′ ∈ R with x′ ≤ y′,
we denote

[x′, y′]C = {z ∈ C : x′ ≤ z ≤ y′}.

The representation theorem of fuzzy numbers plays an important role in the basic
theory of fuzzy analysis. In order to study the operation of discrete fuzzy numbers, the level
sets representation theorem of discrete fuzzy numbers on a countable set C is presented
in [26].

Theorem 2 ([26]). Let C be a countable subset of real number field R and u ∈ FDC . Then,

(1) For any r ∈ [0, 1], there exist xr, yr ∈ C with xr ≤ yr, such that [u]r = [xr, yr]C, and
[x0, y0]C is finite;

(2) For any r1, r2 ∈ [0, 1] with 0 ≤ r1 ≤ r2 ≤ 1, [u]r2 ⊂ [u]r1 is tenable;
(3) For any r0 ∈ (0, 1], there exists a real number r′0 with 0 < r′0 < r0, such that [u]r

′
0 = [u]r0 ,

i.e., for any r ∈ [r′0, r0], [u]r = [u]r0 is tenable.

Conversely, if for any r ∈ [0, 1], there exists Ar ⊂ R satisfying

(i) There exist xr, yr ∈ C with xr ≤ yr, such that Ar = [xr, yr]C and [x0, y0]C is finite;
(ii) For any r1,r2 ∈ [0, 1] with 0 ≤ r1 ≤ r2 ≤ 1, Ar2 ⊂ Ar1 is tenable;
(iii) For any r0 ∈ (0, 1], there exists a real number r′0 with 0 < r′0 < r0, such that Ar′0 = Ar0 ,

i.e., for any r ∈ [r′0, r0], Ar = Ar0 is tenable.

Then, there exists a unique u ∈ FDC such that [u]r = Ar for any r ∈ [0, 1].

By means of Theorem 2, a discrete fuzzy number on countable sets can be regarded as
a family of nonempty closed intervals satisfying some specific conditions. Next, let us prove
the endpoints function representation theorem of special discrete fuzzy numbers on the
countable set C. For any u ∈ FDC , u can be represented by two real-valued functions on the
interval [0,1] that satisfy certain conditions. We denote u(r) = min[u]r and u(r) = max[u]r;
then, u(r) and u(r) have the following properties:

Theorem 3. If u ∈ FDC , then u(r) and u(r) are two functions on [0, 1], and they satisfy the
following conditions:

(1) u(r) is monotone nondecreasing left continuous;
(2) u(r) is monotone nonincreasing left continuous;
(3) u(r) ≤ u(r) for all r ∈ [0, 1];
(4) u(r) and u(r) are right continuous at r = 0.

Conversely, if for any r ∈ [0, 1], X(r) and Y(r) are two functions on [0, 1], and they satisfy
the following conditions:
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(i) X(r) is monotone nondecreasing left continuous;
(ii) Y(r) is monotone nonincreasing left continuous;
(iii) X(r) ≤ Y(r) for all r ∈ [0, 1];
(iv) X(r) and Y(r) are right continuous at r = 0.

Then, there exists a unique u ∈ FDC such that u(r) = X(r), u(r) = Y(r) for any r ∈ [0, 1].

Proof. At first, we prove that u ∈ FDC implies conditions (1)–(4) of this theorem.
Because u ∈ FDC , let [u]0 = {x1, x2, · · ·, xn} ⊂ C, x1 < x2 < · · · < xn, there exists

1 ≤ k ≤ n such that u(xk) = 1. When 1 ≤ i ≤ j ≤ k, u(xi) ≤ u(xj) is tenable, when
k ≤ i ≤ j ≤ n, u(xi) ≥ u(xj) is tenable.

From the definitions of u(r) and u(r), the u(r) and u(r) can only be taken on [u]0, and
the set [u]0 is finite, so u(r) and u(r) are the functions on [0, 1].

Let r1, r2 ∈ [0, 1] and r1 < r2. From Theorem 2 of the discrete fuzzy numbers on
countable sets, [u]r1 ⊃ [u]r2 is tenable, so we have u(r1) = min[u]r1 ≤ min[u]r2 = u(r2)
and u(r1) = max[u]r1 ≥ max[u]r2 = u(r2); then, u(r) is a monotone nondecreasing function
and u(r) is a monotone nonincreasing function. Next, we prove that u(r) and u(r) are left
continuous.

We denote Ai = u(xi), i = 1, 2, · · ·, k for any r0 ∈ (0, 1], if r0 ≤ A1, and because
u(r) = min[u]r, we know that when r ∈ [0, r0], u(r) = A1 holds. Therefore, u(r) is left
continuous at r0. If r0 > A1, then {Ai ≥ r0 : i = 1, 2, · · ·, k}, and {Ai < r0 : i = 1, 2, · · ·, k}
are nonempty, so we set a = min{Ai ≥ r0 : i = 1, 2, · · ·, k}, b = max{Ai < r0 : i =
1, 2, · · ·, k}. Obviously, there exists b < r0 ≤ a. Then, from u(r) = min[u]r, when r ∈ (b, r0],
u(r) = a holds; therefore, u(r) is left continuous at r0.

We denote Bi = u(xi), i = k, k + 1, · · ·, n for any r0 ∈ (0, 1], if r0 ≤ Bn, and because
u(r) = max[u]r, we know that when r ∈ [0, r0], u(r) = Bn holds. Therefore, u(r) is left
continuous at r0. If r0 > Bn, then {Bi ≥ r0 : i = 1, 2, · · ·, k} and {Bi < r0 : i = 1, 2, · · ·, k}
are nonempty. So, we set c = min{Bi ≥ r0 : i = k, k + 1, · · ·, n}, d = max{Bi < r0 : i =
k, k + 1, · · ·, n}. Obviously, there exists d < r0 ≤ c. Then, from u(r) = max[u]r, when
r ∈ (d, r0], u(r) = c holds; therefore, u(r) is left continuous at r0.

For any r ∈ [0, 1], u(r) ≤ u(1) = min[u]1 ≤ max[u]1 = u(1) ≤ u(r); then, u(r) ≤ u(r)
is tenable.

Then, because u(r) = A1 is tenable when r ∈ [0, A1], therefore u(r) is right continuous
at r = 0. Because u(r) = Bn is tenable when r ∈ [0, Bn], therefore u(r) is right continuous
at r = 0.

The proof of the first part of this theorem is completed. Secondly, we prove the next
part of the theorem.

Let Mr = {X(h) : r ≤ h ≤ 1}⋃{Y(h) : r ≤ h ≤ 1} for any r ∈ [0, 1]. Because X(r) and
Y(r) are two functions on [0, 1], Mr is nonempty and finite for any r ∈ [0, 1]. So, Mr satisfies
condition (i) of Theorem 2. According to the definition of Mr, it also satisfies condition (ii)
of Theorem 2.

Next, we prove that Mr satisfies condition (iii) of Theorem 2.
Let r0 ∈ (0, 1]. Because X(r) is a function on [0, 1] and left continuous, there exists

r′0 ∈ (0, r0) such that when r ∈ [r′0, r0], X(r) = X(r0) is tenable. Similarly, Y(r) is a
function on [0, 1] and left continuous, so there exists r′′0 ∈ (0, r0) such that when r ∈ [r′′0 , r0],
Y(r) = Y(r0) is tenable.

Let h0 = min(r′0, r′′0 ), when r ∈ [h0, r0], we have X(r) = X(r0) and Y(r) = Y(r0). So,
when r ∈ [h0, r0],

Mr = {X(h) : r ≤ h ≤ 1}⋃{Y(h) : r ≤ h ≤ 1}
= {X(h) : r0 ≤ h ≤ 1}⋃{Y(h) : r0 ≤ h ≤ 1}
= Mr0 ,

then, Mr satisfies condition (iii) of the Theorem 2.
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According to the Theorem 2, there is a unique u ∈ FDC such that [u]r = Mr is tenable
for any r ∈ [0, 1], i.e.,

u(r) = min[u]r = min Mr

= min({X(h) : r ≤ h ≤ 1}⋃{Y(h) : r ≤ h ≤ 1})
= min({X(h) : r ≤ h ≤ 1})
= X(r),

u(r) = max[u]r = max Mr

= max({X(h) : r ≤ h ≤ 1}⋃{Y(h) : r ≤ h ≤ 1})
= max({Y(h) : r ≤ h ≤ 1})
= Y(r).

We completed the proof of this theorem.

According to the level set representation theorem of the general discrete fuzzy numbers
in [7] and the Theorem 2 of the discrete fuzzy numbers on countable sets, the following
theorem can be obtained directly.

Theorem 4 ([26]). Let C be a countable subset of real number field R, and u, v ∈ FDC , k ∈ R.
Then, for any r ∈ [0, 1],

(1) [u + v]r = [u]r + [v]r;
(2) [ku]r = k[u]r;
(3) [uv]r = [u]r[v]r.

The conditions of closure operations on FDC space are proven in Theorem 5; these
conditions cannot be omitted, and the corresponding example can be found in Example 3.1
and Remark 3.2 of [26].

Theorem 5 ([26]). Let C be a countable subset of real number field R. If u, v ∈ FDC , k ∈ R, then

(1) ku ∈ FDC if C satisfies kx ∈ C for any x ∈ C;
(2) u + v ∈ FDC if C preserves the closeness of the operations of addition and difference.

4. Metrics of Special Discrete Fuzzy Numbers on Countable Sets

Fuzzy numbers play an important role in applications in the fields of approximate
reasoning, fuzzy control, and fuzzy decision [6]. In order to solve problems in practical
application, it is necessary to research the properties of measurement in fuzzy number space
and analyze the relationship between various measurements. Likewise, the measurement
in fuzzy number space is also an important part of fuzzy analysis theory. In order to
develop and perfect the theory of fuzzy analysis, the measurement of special discrete fuzzy
numbers on countable sets is investigated in this section.

Because (FD , D) is a metric space and FDC ⊂ FD , D is also a metric on FDC space.
Considering the particularity of FDC space and the investigation on this space-related
theories and applications, two other definitions of metric on FDC space are proposed.

Definition 4. Let the mapping Ḋ : FDC × FDC → [0,+∞) be defined as follows:
if [u]0 = [v]0, then

Ḋ : FDC × FDC → [0,+∞) (2)

(u, v) → Ḋ(u, v) = sup
x∈C

| u(x)− v(x) | .
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Definition 5. Let the mapping D̂ : FDC × FDC → [0,+∞) be defined as follows:

D̂ : FDC × FDC → [0,+∞) (3)

(u, v) → D̂(u, v) = sup
r∈[0,1]

(
| u(r)− v(r) | + | u(r)− v(r) |

2
).

Next, the basic properties of the two metrics defined in Definitions 4 and 5 are proven.

Theorem 6. For any u, v, w ∈ FDC , k ∈ R, then Ḋ and D̂ satisfy:

(1) Ḋ(u, v) = Ḋ(v, u), D̂(u, v) = D̂(v, u);
(2) Ḋ(u, v) ≥ 0, D̂(u, v) ≥ 0;
(3) Ḋ(u, v) = 0 ⇔ u = v, D̂(u, v) = 0 ⇔ u = v;
(4) Ḋ(u, v) ≤ Ḋ(u, w) + Ḋ(w, v), D̂(u, v) ≤ D̂(u, w) + D̂(w, v);
(5) Ḋ(u + w, v + w) = Ḋ(u, v), D̂(u + w, v + w) = D̂(u, v);
(6) Ḋ(ku, kv) = |k|Ḋ(u, v), D̂(ku, kv) = |k|D̂(u, v).

Proof. Obviously, (1) and (2) of the theorem are true. Then, prove (3) of the theorem,
Ḋ(u, v) = 0 ⇔ u = v is tenable.

D̂(u, v) = 0

⇔ sup
r∈[0,1]

(
| u(r)− v(r) | + | u(r)− v(r) |

2
) = 0

⇔ | u(r)− v(r) |= 0 and | u(r)− v(r) |= 0

⇔ u(r) = v(r) and u(r) = v(r)

⇔ [u(r), u(r)]C = [v(r), v(r)]C
⇔ [u]r = [v]r

⇔ u = v.

The proof of (4) of the theorem is as follows:
If [u]0 = [v]0 = [w]0,

Ḋ(u, v) = sup
x∈C

| u(x)− v(x) |

= sup
x∈C

| u(x)− w(x) + w(x)− v(x) |

≤ sup
x∈C

{| u(x)− w(x) | + | w(x)− v(x) |}

≤ sup
x∈C

| u(x)− w(x) | + sup
x∈C

| w(x)− v(x) |

= Ḋ(u, w) + Ḋ(w, v).

For any u, v, w ∈ FDC ,

D̂(u, v) = sup
r∈[0,1]

(
| u(r)− v(r) | + | u(r)− v(r) |

2
)

= sup
r∈[0,1]

(
| u(r)− w(r) + w(r)− v(r) | + | u(r)− w(r) + w(r)− v(r) |

2
)

≤ sup
r∈[0,1]

(
| u(r)− w(r) | + | w(r)− v(r) | + | u(r)− w(r) | + | w(r)− v(r) |

2
)

≤ sup
r∈[0,1]

(
| u(r)− w(r) | + | w(r)− v(r) |

2
) + sup

r∈[0,1]
(
| u(r)− w(r) | + | w(r)− v(r) |

2
)

= D̂(u, w) + D̂(w, v).
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The proof of (5) of the theorem is as follows:
If [u]0 = [v]0 = [w]0,

Ḋ(u + w, v + w) = sup
x∈C

| (u + w)(x)− (v + w)(x) |

= sup
x∈C

| (u(x) + w(x))− (v(x) + w(x)) |

= sup
x∈C

| (u)(x)− (v)(x) |

= Ḋ(u, v).

For any u, v, w ∈ FDC ,

D̂(u + w, v + w) = sup
r∈[0,1]

(
| (u + w)(r)− (v + w)(r) | + | (u + w)(r)− (v + w)(r) |

2
)

= sup
r∈[0,1]

(
| u(r) + w(r)− v(r)− w(r) | + | u(r) + w(r)− v(r)− w(r) |

2
)

= sup
r∈[0,1]

(
| u(r)− v(r) | + | u(r)− v(r) |

2
)

= D̂(u, v).

Finally, the proof of (6) of the theorem is as follows:

Ḋ(ku, kv) = sup
x∈C

| ku(x)− kv(x) |

= sup
x∈C

|k| | u(x)− v(x) |

= |k| sup
x∈C

| u(x)− v(x) |

= |k|Ḋ(u, v).

D̂(ku, kv) = sup
r∈[0,1]

(
| ku(r)− kv(r) | + | ku(r)− kv(r) |

2
)

= sup
r∈[0,1]

(
|k| | u(r)− v(r) | +|k| | u(r)− v(r) |

2
)

= |k| sup
r∈[0,1]

(
| u(r)− v(r) | + | u(r)− v(r) |

2
)

= |k|D̂(u, v).

The proof of the theorem is complete.

Then, the relationship between the metric D̂ and D is proven. The metric D is intro-
duced in Definition 2. D is also a metric on FDC space because of FDC ⊂ FD .

Theorem 7. For any u, v ∈ FDC , the metric D̂ and D satisfy 1
2 D ≤ D̂ ≤ D, i.e.,

1
2

D(u, v) ≤ D̂(u, v) ≤ D(u, v).

Proof. For any u, v ∈ FDC and r ∈ [0, 1], from the definitions of D̂ and D, we have the
following equation:
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1
2

D(u, v) =
1
2

sup
r∈[0,1]

max{| u(r)− v(r) |, | u(r)− v(r) |}

=
1
2

sup
r∈[0,1]

(
| u(r)− v(r) | + | u(r)− v(r) | + | (| u(r)− v(r) | − | u(r)− v(r) |) |

2
)

≤ sup
r∈[0,1]

1
4
(| u(r)− v(r) | + | u(r)− v(r) | + | u(r)− v(r) | + | u(r)− v(r) |)

= sup
r∈[0,1]

1
2
(| u(r)− v(r) | + | u(r)− v(r) |)

= D̂(u, v)

≤ 1
2
(2 max{| u(r)− v(r) |, | u(r)− v(r) |})

= D(u, v).

From that, we can directly obtain the fact that for any u, v ∈ FDC , 1
2 D(u, v) ≤

D̂(u, v) ≤ D(u, v) is tenable.
The proof of the theorem is complete.

5. The Triangular Norm and Triangular Conorm Operations of Special Discrete Fuzzy
Numbers on Countable Sets

Propositional logic refers to a formula representing a “proposition” formed by a logical
operator combined with an atomic proposition [27]. In fuzzy logic, a logical proposition
is connected by fuzzy logic conjunctive words. In the process of a numerical operation,
the logical connectives’ “conjunctions” are realized by a triangular norm operator, while
the logical connectives’ “disjunction” are realized by a triangular conorm operator. In
this section, we mainly investigate the triangular norm and triangular conorm operations
of special discrete fuzzy numbers on countable sets and their properties. Firstly, some
definitions and results of the triangular norm and triangular conorm operations on posets
are reviewed; then, the discrete triangular norm operator T and triangular conorm operator
S on FDC space are defined.

Let (P,≤) be a nontrivial bounded partially ordered set with a maximum element “m”
and a minimum element “e”.

If T (or S) is a triangular norm operator on the bounded countable set C ⊂ R, then
we can define the binary operation T (or S) on the FDC space. The following theorems
illustrate the fundamental properties of the triangular norm operator and the triangular
conorm operator.

Definition 6 ([28]). Let the triangular norm operator T : P× P → P be a binary operation on
the poset P; for any x, y, z, x′, y′ ∈ P, the following axioms are satisfied:

(1) Commutativity: T(x, y) = T(y, x);
(2) Associativity: T(T(x, y), z) = T(x, T(y, z));
(3) Monotonicity: T(x, y) ≤ T(x′, y′) when x ≤ x′, y ≤ y′;
(4) Boundary condition: T(x, m) = x.

Definition 7 ([28]). Let the triangular conorm operator S : P× P → P be a binary operation on
the poset P; for any x, y, z, x′, y′ ∈ P, the following axioms are satisfied:

(1) Commutativity: S(x, y) = S(y, x);
(2) Associativity: S(S(x, y), z) = S(x, S(y, z));
(3) Monotonicity: S(x, y) ≤ S(x′, y′) when x ≤ x′, y ≤ y′;
(4) Boundary condition: T(x, e) = x.

Generally speaking, when the algebraic operation or lattice operation is extended to
the fuzzy number space, the membership function of the fuzzy number can be directly
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used for calculation based on the Zadeh expansion principle [21] or the equivalent level set
representation can be used for calculation. However, the result of the calculation may not
be a discrete fuzzy number in FD space [9].

Now, we consider the FDC space of special discrete fuzzy numbers on countable
sets; for any u, v ∈ FDC , there exist xr

u, yr
u, xr

v, yr
v ∈ C and xr

u ≤ yr
u, xr

v ≤ yr
v such that

[u]r = [xr
u, yr

u]C, [v]r = [xr
v, yr

v]C.

Definition 8. For any r ∈ [0, 1], let us consider the set

T([u]r, [v]r) = {T(x, y) | x ∈ [u]r, y ∈ [v]r}
= {T(x, y) | x ∈ [xr

u, yr
u]C, y ∈ [xr

v, yr
v]C},

where [u]0 = supp u, [v]0 = supp v.

Proposition 1. For any r ∈ [0, 1], if any x, y ∈ C satisfy T(x, y) ∈ C, then T([u]r, [v]r) satisfies
conditions (1), (2), and (3) in Theorem 2.

Proof. (1) For any r ∈ [0, 1], [u]r and [v]r are nonempty and finite, then T([u]r, [v]r) is
nonempty and finite, and T([u]0, [v]0) is finite.

(2) For any r1, r2 ∈ [0, 1] and 0 ≤ r1 ≤ r2 ≤ 1, [u]r2 ⊂ [u]r1 and [v]r2 ⊂ [v]r1 are tenable;
therefore, xr1

u ≤ xr2
u , yr2

u ≤ yr1
u , xr1

v ≤ xr2
v , yr2

v ≤ yr1
v , because T satisfies monotonicity,

T(xr1
u , xr1

v ) ≤ T(xr2
u , xr2

v ),

T(yr2
u , yr2

v ) ≤ T(yr1
u , yr1

v ),

T(xr2
u , xr2

v ) ≤ T(yr2
u , yr2

v ).

These three inequalities are combined:

T(xr1
u , xr1

v ) ≤ T(xr2
u , xr2

v ) ≤ T(yr2
u , yr2

v ) ≤ T(yr1
u , yr1

v ).

Therefore,
T([u]r2 , [v]r2) ⊂ T([u]r1 , [v]r1).

(3) Because u, v ∈ FDC , then for any r0 ∈ [0, 1], there exist r′1, r′2 ∈ R that satisfy
0 < r′1 < r0 and 0 < r′2 < r0 such that [u]r

′
1 = [u]r0 and [v]r

′
2 = [v]r0 are tenable,

i.e., [u]α1 = [u]r0 is tenable for any α1 ∈ [r′1, r0], and [u]α2 = [u]r0 is tenable for any
α2 ∈ [r′2, r0]. Therefore, if α = α1 ∨ α2 then

T([u]α, [v]α) = T([u]r0 , [v]r0).

The proof of the theorem is complete.

Theorem 8. There exists a unique discrete fuzzy number on countable set C denoted T(u, v) such
that for any r ∈ [0, 1], the r-level set [T(u, v)]r is defined by T([u]r, [v]r), and

T(u, v)(z) = sup{r ∈ [0, 1]| z ∈ T([u]r, [v]r)}

is tenable.

Proof. Derived from Proposition 1 and Theorem 2.

Similarly, the following propositions and theorems can be proven.
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Definition 9. For any r ∈ [0, 1], let us consider the set

S([u]r, [v]r) = {S(x, y) | x ∈ [u]r, y ∈ [v]r}
= {S(x, y) | x ∈ [xr

u, yr
u]C, y ∈ [xr

v, yr
v]C},

where [u]0 = supp u, [v]0 = supp v.

Proposition 2. For any r ∈ [0, 1], if any x, y ∈ C satisfy S(x, y) ∈ C, then S([u]r, [v]r) satisfies
conditions (1), (2), and (3) in Theorem 2.

Theorem 9. There exist unique discrete fuzzy numbers on countable sets denoted by S(u, v), whose
r-level set [S(u, v)]r is defined by S([u]r, [v]r) for any r ∈ [0, 1], and

S(u, v)(z) = sup{r ∈ [0, 1] | z ∈ S([u]r, [v]r)}

is tenable.

Remark 2. According to the above results, if T is a triangular norm operator on the bounded
countable set C ⊂ R, then we can define the binary operation T on the FDC space,

T : FDC × FDC → FDC
(u, v) → T(u, v).

The T is called the triangular norm operator of discrete fuzzy numbers on FDC .
Similarly, we define the triangular conorm operator of discrete fuzzy numbers, denoted as S.

Remark 3. Generally speaking, the condition “for any x, y ∈ C satisfy T(x, y) ∈ C” in Proposition
1 and the condition “for any x, y ∈ C satisfy S(x, y) ∈ C” in Proposition 2 cannot be omitted. The
following examples can be used to illustrate.

Example 1. Let C = {0, 2, 3, 4, 5}. u, v ∈ FDC are defined by

u = {0.2/0, 0.5/2, 1/3, 0.8/5},

v = {0.8/3, 1/4, 0.6/5}.

The Lukasiewicz triangular norm operator is TL = max{0, x + y − 5}; according to the
above definition and theorem, TL(u, v) can be calculated as follows:

(1) When r = 0.2, [u]0.2 = {0, 2, 3, 5}, and [v]0.2 = {3, 4, 5}, then TL([u]0.2, [v]0.2) =
{0, 1, 2, 3, 4, 5},

(2) When r = 0.5, [u]0.5 = {2, 3, 5}, and [v]0.5 = {3, 4, 5}, then TL([u]0.5, [v]0.5) = {0, 1, 2, 3, 4, 5},
(3) When r = 0.6, [u]0.6 = {3, 5}, and [v]0.6 = {3, 4, 5}, then TL([u]0.6, [v]0.6) = {1, 2, 3, 4, 5},
(4) When r = 0.8, [u]0.8 = {3, 5}, and [v]0.8 = {3, 4}, then TL([u]0.8, [v]0.8) = {1, 2, 3, 4},
(5) When r = 1, [u]1 = {3}, and [v]1 = {4}, then TL([u]1, [v]1) = {2}.

Finally, we obtain

TL(u, v) = {0.5/0, 0.8/1, 1/2, 0.8/3, 0.8/4, 0.6/5},

then [TL(u, v)]0 is not a subset of C. According to Theorem 2, TL(u, v) /∈ FDC , and it is not
a discrete fuzzy number on the countable set C. So, the condition “for any x, y ∈ C satisfy
T(x, y) ∈ C” in Proposition 1 cannot be omitted.

Now, some examples of operations using discrete triangular norm and triangular
conorm operator are presented.
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Example 2. Let C = {0, 1, 2, 3, 4, 5}. u, v ∈ FDC are defined by:

u = {0.2/0, 0.5/2, 1/3, 0.8/5},

v = {0.1/1, 0.8/3, 1/4, 0.6/5}.

The Lukasiewicz triangular norm operator TL = max{0, x + y− 5}, according to the above
definition and theorem:

TL(u, v) = {0.5/0, 0.8/1, 1/2, 0.8/3, 0.8/4, 0.6/5},

then TL(u, v) ∈ FDC .

Example 3. Let C = {0, 1, 2, 3, 4, 5}. u, v ∈ FDC are defined by:

u = {0.2/0, 0.5/2, 1/3, 0.8/5},

v = {0.1/1, 0.8/3, 1/4, 0.6/5}.

The Lukasiewicz triangular conorm operator SL = min{5, x + y}, according to the above
definition and theorem:

SL(u, v) = {0.1/1, 0.1/2, 0.2/3, 0.2/4, 1/5},

then SL(u, v) ∈ FDC .

Example 4. Let C = {0, 1, 2, 3, 4, 5}. u, v ∈ FDC are defined by:

u = {0.2/0, 0.5/2, 1/3, 0.8/5},

v = {0.1/1, 0.8/3, 1/4, 0.6/5}.

The Min triangular norm operator TMin = min{x, y}, according to the above definition and
theorem:

TMin(u, v) = {0.2/0, 0.2/1, 0.5/2, 1/3, 0.8/4, 0.6/5},

then TMin(u, v) ∈ FDC .

Example 5. Let C = {0, 1, 2, 3, 4, 5}. u, v ∈ FDC are defined by:

u = {0.2/0, 0.5/2, 1/3, 0.8/5},

v = {0.1/1, 0.8/3, 1/4, 0.6/5}.

The Max triangular conorm operator SMax = max{x, y}, according to the above definition
and theorem:

SMax(u, v) = {0.1/1, 0.1/2, 0.8/3, 1/4, 0.6/5},

then SMax(u, v) ∈ FDC .

Some properties of the triangular norm and triangular conorm of special discrete fuzzy
numbers on countable sets are investigated below.

Proposition 3. Let the triangular norm T : P× P → P and the triangular conorm S : P× P → P
be binary operators on poset P; for any x, y, z ∈ P, the following properties hold:

(1) Commutativity:
T(x, y) = T(y, x),

S(x, y) = S(y, x).
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(2) Associativity:
T(T(x, y), z) = T(x, T(y, z)),

S(S(x, y), z) = S(x, S(y, z)).

Proof. Straightforward. It can be obtained directly from the definitions of the triangular
norm T and the triangular conorm S.

Theorem 10. Let T : FDC ×FDC → FDC be a triangular norm operator and S : FDC ×FDC →
FDC be a triangular conorm operator; for any u, v, w ∈ FDC , the following properties hold:

(1) Commutativity:
T(u, v) = T(v, u),

S(u, v) = S(v, u).

(2) Associativity:
T(T(u, v), w) = T(u,T(v, w)),

S(S(u, v), w) = S(u,S(v, w)).

Proof. We only prove the property of T; the proof of S is similar.
Let the r-level sets of u, v, w ∈ FDC be [u]r = [xr

u, yr
u]C, [v]r = [xr

v, yr
v]C, [w]r =

[xr
w, yr

w]C for any r ∈ [0, 1], respectively.

(1) In order to prove T(u, v) = T(v, u), we need to prove that for any r ∈ [0, 1], both
sides of the equation have the same r-level set.

[T(u, v)]r = T([u]r, [v]r)

= {T(x, y) | x ∈ [u]r, y ∈ [v]r}
= {T(y, x) | y ∈ [v]r, x ∈ [u]r}
= T([v]r, [u]r)

= [T(v, u)]r.

(2) In order to prove T(T(u, v), w) = T(u,T(v, w)), we need to prove that for any
r ∈ [0, 1], both sides of the equation have the same r-level set.

[T(T(u, v), w)]r = T([T(u, v)]r, [w]r)

= T(T([u]r, [v]r), [w]r)

= {T(T(x, y), z) | x ∈ [u]r, y ∈ [v]r, z ∈ [w]r}
= {T(x, T(y, z)) | x ∈ [u]r, y ∈ [v]r, z ∈ [w]r}
= T([u]r, T([v]r, [w]r))

= [T(u,T(v, w))]r.

The proof of the theorem is complete.

6. Application to Image Fusion

In this section, we apply the above-investigated special discrete fuzzy numbers on
countable sets in the image fusion field [29–31]. Firstly, an interpretation of a gray image as
a special discrete fuzzy numbers on countable sets is introduced.

The gray image is modeled as functions f : Df ⊂ R2 → τ ⊂ R, where Df is the
domain of the gray image, and τ is the corresponding gray-scale value space. We normalize
the corresponding gray-scale value to the value in the interval [0,1].

6.1. Interpretation of Gray Image as Special Discrete Fuzzy Numbers on Countable Sets

After the following steps, a gray image is represented by the special discrete fuzzy
numbers on countable sets.
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(1) Let a gray image with 256 grayscale levels, i.e., {0, 1, . . . , 255}, be I, and the size of I is
M × N. I(x, y) represents a gray-scale value of (x, y) in I, where
x ∈ {1, 2, . . . , M}, y ∈ {1, 2, . . . , N}.

(2) We take a point (x0, y0), x0 ∈ {2, 3, . . . , M − 1}, y0 ∈ {2, 3, . . . , N − 1} in I as the
center and use the neighboring pixels around (x0, y0) to form a rectangle, we call
this rectangle W. The size of W is nW × nW . When nW = 3, the points of W are
represented as (x0 + i, y0 + j), i, j = {−1, 0, 1} and the corresponding pixel value can
be expressed as I(x0 + i, y0 + j), i, j = {−1, 0, 1}.

(3) In order to represent the gray-scale pixel value, the mean value W and standard
deviation S of W are calculated.

W =
∑1

i=−1 ∑1
j=−1 I(x0 + i, y0 + j)

3× 3
, (4)

S =

√
∑1

i=−1 ∑1
j=−1(I(x0 + i, y0 + j)−W)2

3× 3− 1
. (5)

(4) We construct Gaussian discrete fuzzy numbers for I(x0, y0).
u : R → [0, 1] is defined by:

u(I(x, y)) =

⎧⎨⎩exp(− (I(x,y)−W)2

2S2 ), if (x, y) ∈ W

0, otherwise.
(6)

Then, u is the special discrete fuzzy numbers on countable sets with [u]0 = {I(x0 +
i, y0 + j) : i, j = {−1, 0, 1}}. In this case, the countable set is C = {0, 1, . . . , 255}.

The above steps are shown in Figure 1.
In different gray image processing environments, the other sizes and shapes of W can

be selected to construct special discrete fuzzy numbers on countable sets.

Figure 1. The steps of using the special discrete fuzzy numbers on countable sets to represent pixel
value of gray images.
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Example 6. Let image I be a gray image with 256 grayscale levels, i.e., {0, 1, . . . , 255}. Let the
point (x0, y0) be a center and take its eight neighboring pixels to form a rectangle W. The size of W
is nW × nW and nW = 3. The different objects I, I(x0, y0) and the corresponding special discrete
fuzzy numbers on countable sets are shown in Figure 2. When I(x0, y0) = 122, its special discrete
fuzzy numbers on countable set representation is shown in Figure 2.

In this case, the countable set is C = {0, 1, . . . , 255} and u is the special discrete fuzzy numbers
on countable sets with [u]0 = {83, 109, 110, 111, 117, 122, 132, 137, 148}. The corresponding
membership degree is expressed as follows:

u = {0.17/83, 0.88/109, 0.90/110, 0.92/111, 1.00/117, 0.98/122, 0.78/132, 0.63/137, 0.31/148}.

Figure 2. Using the special discrete fuzzy numbers on countable sets to represent pixel value of
gray images.

6.2. Gray Image Fusion by Means of the Triangular Norm and Triangular Conorm Operations of
Special Discrete Fuzzy Numbers on Countable Sets

In order to construct the fusion algorithm of two gray-scale images, we first give a
definition of the mass center of special discrete fuzzy numbers on countable sets.

Definition 10. Let w be a special discrete fuzzy number on countable sets, [w]0 = {x1, x2, . . . , xn}.
The mass center of w is defined as follows:

M(w) =
∑n

i=1 w(xi)xi

∑n
i=1 w(xi)

. (7)

The mass center of special discrete fuzzy numbers on countable sets is a crisp number.
When we use the special discrete fuzzy numbers on countable sets to represent the pixel
value of gray images, the mass center is an approximation of the corresponding pixel value
of gray images.

The image fusion algorithm of two gray-scale images will be given below. Let the two
gray images be f and g with same size, and the size of them is M× N. f (x, y) is used to
express the pixel gray value at the point (x, y) in f , and g(x′, y′) is used to express the pixel
gray value at the point (x′, y′) in f , where x ∈ {1, . . . , M}, x′ ∈ {1, . . . , M}, y ∈ {1, . . . , N},
y′ ∈ {1, . . . , N}.
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(1) Let the point (x, y) of f be the center and interpret it as special discrete fuzzy numbers
on countable sets; this discrete fuzzy number is denoted as u( f (x, y)). Similarly, let
the point (x′, y′) of g be the center and interpret it as special discrete fuzzy numbers
on countable sets; this discrete fuzzy number is denoted as v(g(x′, y′)).

(2) By using the triangular norm T or triangular conorm S defined in Section 5, two
discrete fuzzy numbers u( f (x, y)) and v(g(x′, y′)) at corresponding positions are
operated, and a new discrete fuzzy number T(u, v) or S(u, v) is obtained.

(3) The mass center of the new discrete fuzzy number is calculated according to
Equation (7) as the pixel gray value of the fused image.

(4) Change the points (x, y) and (x′, y′) to the same position and skip to step (1) until
the points (x, y) and (x′, y′) traverse the image f and g, respectively.

After the above steps, images f and g are fused into a new image. The flowchart of
the gray-scale image fusion algorithm is shown in Figure 3.

Figure 3. The flowchart of gray-scale image fusion algorithm.

To demonstrate the effectiveness of the above algorithm, an example of the fusion of
the thermal image and the visible light image is presented. We conducted the experiments
with the TNO Image Fusion Dataset the original thermal image and visible light image are
shown in Figure 4.
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Figure 4. The original images. (a) The thermal image. (b) The visible light image.

The fusion of the thermal image and the visible light image can not only reflect the
military target but also have a certain ability of texture expression [32]. The corresponding
experimental results are given in Figure 5. The software environment is Microsoft Windows
10 Home Edition and MATLAB R2018a. The hardware environment is a PC with an Intel(R)
Core(TM)i5-8250U@1.60GHz CPU and 8.00 GB dual-channel DDR4 RAM.

Figure 5. The results of the fusion of thermal image and visible light image. (a) TMin. (b) SMax.
(c) TL . (d) SL.

According to the experimental results in Figure 5, the different image fusion effects
can be obtained by means of different aggregation operators defined in Section 5. For
example, in Figure 5a, the texture and details of the road and leaves are clearer, while
the outline of the pedestrian and roof is more pronounced in Figure 5b. In Figure 5c, the
position of the person is more prominently displayed. The texture of the fence and grass in
Figure 5d is more clearly distinguishable. Furthermore, the results of Figure 5a,b show that
the aggregate result of the TMin operator makes the overall image brightness low, while the
aggregate result of SMax operator has relatively high image brightness, which is consistent
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with the basic characteristics of these two operators. In practical applications, different
aggregation operators can be selected according to different image fusion requirements.

7. Application to Aggregation of Subjective Evaluation

Scholars use discrete fuzzy numbers to describe human fuzzy language information,
which can be applied to the realistic scenes such as group decision making, expert evalu-
ation, or intelligent recommendation. The application of special discrete fuzzy numbers
on countable sets to aggregation of subjective evaluation is proposed in this section. The
specific steps of how to aggregate the subjective evaluations of multiple experts into a
decision result are as follows:

The first step is to consider the semantic model L = {VB, B, MB, F, MG, G, VG}where
the letters refer to the linguistic terms “Very Bad”, “Bad”, “More or Less Bad”, “Fair”, “More
or Less Good”, “Good”, and “Very Good”; they are arranged in ascending order:

VB ≺ B ≺ MB ≺ F ≺ MG ≺ G ≺ VG.

In order to facilitate the representation and operation of the special discrete fuzzy
numbers on countable sets, the semantic pattern L = {VB, B, MB, F, MG, G, VG} can be
represented as the countable set C = {0, 1, 2, 3, 4, 5, 6}. In this case, the elements of set C
correspond in a one-to-one manner with the elements of set L.

In the second step, the experts give subjective evaluation results based on the semantic
pattern L. Ei is used to represent the subjective evaluation results of each expert, where
i = 1, 2, 3. Each Ei is a special discrete fuzzy number on countable sets with semantic
pattern L as its support set. Moreover, let us consider the importance of each expert and
use the weight ω1, ω2, ω3 ∈ FDC to describe. E1, E2, E3, ω1, ω2, ω3 ∈ FDC are defined
as follows:

E1 = {0.3/1, 0.4/2, 0.7/3, 1/4, 0.8/5, 0.6/6},

E2 = {0.2/0, 0.4/1, 1/2, 0.4/3, 0.2/4},

E3 = {0.5/2, 0.6/3, 0.7/4, 1/5, 0.7/6},

ω1 = {0.6/1, 0.8/2, 1/3, 0.7/4},

ω2 = {0.4/2, 0.6/3, 1/4, 0.8/5},

ω3 = {0.4/3, 0.6/4, 1/5, 0.8/6}.

In the third step, based on triangular norm and triangular conorm operations of special
discrete fuzzy numbers on countable sets defined before, let us aggregate the subjective
evaluations of multiple experts into a decision result. The final group consensus subjective
evaluation results are still represented by special discrete fuzzy numbers on countable sets
and can be interpreted directly.

Example 7. Let C = {0, 1, 2, 3, 4, 5, 6}, E1, E2, E3, ω1, ω2, ω3 ∈ FDC , the Lukasiewicz trian-
gular norm operator TL = max{0, x + y − 6}, and Lukasiewicz triangular conorm operator
SL = min{6, x + y}; according to the above definition and theorem in Section 5, we can calculate:

b1 = TL(E1, ω1) = {0.8/0, 1/1, 0.8/2, 0.7/3, 0.6/4},

b2 = TL(E2, ω2) = {1/0, 0.8/1, 0.4/2, 0.2/3},

b3 = TL(E3, ω3) = {0.5/0, 0.6/1, 0.6/2, 0.7/3, 1/4, 0.8/5, 0.7/6},

then, b1, b2, b3 ∈ FDC .
Next, we calculate the SL for b1, b2, b3,

SL(b1,SL(b2, b3)) = {0.5/0, 0.6/1, 0.6/2, 0.7/3, 0.8/4, 1/5, 0.8/6}.
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SL(b1,SL(b2, b3)) are discrete fuzzy numbers on countable set C. According to the semantic
pattern L = {VB, B, MB, F, MG, G, VG}, the membership of "Very Bad” is 0.5, the membership
of “Bad” is 0.6, the membership of "More or Less Bad” is 0.6, the membership of “Fair” is 0.7, the
membership of “More or Less Good” is 0.8, the membership of “Good” is 1, and the membership of
"Very Good" is 0.8. Therefore, the final group consensus subjective evaluation result is “Good”.

Example 8. Let C = {0, 1, 2, 3, 4, 5, 6}, E1, E2, E3, ω1, ω2, ω3 ∈ FDC . The triangular norm
operator TMin = min{x, y} and triangular conorm operator SMax = max{x, y},

d1 = TMin(E1, ω1) = {0.6/1, 0.8/2, 1/3, 0.7/4},

d2 = TMin(E2, ω2) = {0.2/0, 0.4/1, 1/2, 0.4/3, 0.2/4},

d3 = TMin(E3, ω3) = {0.5/2, 0.6/3, 0.7/4, 1/5, 0.7/6},

then d1, d2, d3 ∈ FDC .
Next, we calculate the SMax for d1, d2, d3,

SMax(d1,SMax(d2, d3)) = {0.5/2, 0.6/3, 0.7/4, 1/5, 0.7/6}.

Similarly, the final group consensus subjective evaluation result is still “Good”.

8. Conclusions

In order to solve the problem in which the arithmetic operations and logic operations
of general discrete fuzzy numbers do not satisfy the closure, a representation theorem
in the form of endpoint functions of discrete fuzzy numbers defined on countable sets
is proven in this paper. To overcome the defect that it is hard to define the measure
of discrete fuzzy numbers reasonably in practical application, two different metrics are
defined, and the relationship between them and the supremum metric (also called the
uniform Hausdorff metric) of general fuzzy numbers is discussed. Further, the triangular
norm and triangular conorm operations for discrete fuzzy numbers on countable sets are
presented, and the properties of these two operators are investigated. We point out the
conditions for maintaining the closure on FDC space of these two operators, which is a
good property in specific applications. Finally, application examples of image fusion and
group consensus opinion based on triangular norm and triangular conorm operations of
special discrete fuzzy numbers on countable sets are given. In the near future, we want to
extend to multi-dimensional discrete fuzzy numbers on countable sets and investigate their
applications in the modeling and processing of multi-dimensional discrete uncertain data.
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Abstract: In this paper, we present two new classes of fuzzy negations. They are an extension of
a well-known class of fuzzy negations, the Sugeno Class. We use it as a base for our work for the
first two construction methods. The first method generates rational fuzzy negations, where we use
a second-degree polynomial with two parameters. We investigate which of these two conditions
must be satisfied to be a fuzzy negation. In the second method, we use an increasing function instead
of the parameter δ of the Sugeno class. In this method, using an arbitrary increasing function with
specific conditions, fuzzy negations are produced, not just rational ones. Moreover, we compare the
equilibrium points of the produced fuzzy negation of the first method and the Sugeno class. We use
the equilibrium point to present a novel method which produces strong fuzzy negations by using two
decreasing functions which satisfy specific conditions. We also investigate the convexity of the new
fuzzy negation. We give some conditions that coefficients of fuzzy negation of the first method must
satisfy in order to be convex. We present some examples of the new fuzzy negations, and we use
them to generate new non-symmetric fuzzy implications by using well-known production methods
of non-symmetric fuzzy implications. We use convex fuzzy negations as decreasing functions to
construct an Archimedean copula. Finally, we investigate the quadratic form of the copula and the
conditions that the coefficients of the first method and the increasing function of the second method
must satisfy in order to generate new copulas of this form.

Keywords: Sugeno class; fuzzy negation; rational function; fuzzy implication; copula;
convex function

1. Introduction

In recent years, there has been a growing body of research on fuzzy sets, systems,
and fuzzy logic and their applications in practice, as well as the construction of new
fuzzy negations, implications, and copulas. The production of a new fuzzy implication and
copula is required. Fuzzy implications are the generalization of classical (Boolean) inference
in the interval of [0, 1]. They are widely known to play an important role in the fields of
fuzzy logic, decision theory, and fuzzy control. For this reason, the generation of new fuzzy
implications has created the need to generate new fuzzy negations. Extensive research has
been conducted in the literature on the production of fuzzy negations [1–6]. We know that
we can generate fuzzy implications from aggregation functions and fuzzy negations [7–15].
Other methods of generating fuzzy implications can be achieved using additive generating
functions or by some initial implications [16–22]. Thus, fuzzy implications are useful in
fuzzy relational equations and fuzzy mathematical morphology, fuzzy measures and image
processing [23], data mining [24], and computing with words and fuzzy partitions. On the
other hand, functions with two variables, named copulas, have attracted the interest of
many researchers because they are used in many fields. Copulas [25–28] are functions of
two variables with specific properties based on probability theory and are often used in
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statistics and economics. In recent decades, the interest of many researchers in copulas has
been very intense, as is evident from the large number of different copula constructions.
Moreover, copulas introduce a new way to model multivariable data by considering the
type of structure of these variables.

Although they come from different backgrounds, copulas and fuzzy implications
have much in common with each other. The literature testifies that there have been many
in-depth studies analyzing the relationship aggregation functions in general, and references
have been made to them [29,30]. In recent years, new ways of constructing implications
and copula functions have appeared, and their properties have been extensively studied.
Fuzzy implications are studied in many areas. The construction of new fuzzy implications
requires the construction of new fuzzy negations. The goal of this paper is to continue to
construct rational fuzzy functions and, this time, fuzzy negations.

This paper is partially inspired by Sugeno-class fuzzy implication. Here, we present
two new classes of fuzzy negations, the first of which generates rational fuzzy negations
and the second of which generates rational negations assuming that the function g is
polynomial. The first one is a parametric, with two parameters γ, δ which satisfy various
conditions. We kept parameter δ from the Sugeno class and added another parameter γ just
to generalize it to a second-degree polynomial. The second method is fuzzy negation, which
is a generalization of the well-known fuzzy negation Sugeno class, replacing the parameter
δ with an increasing function g. Some conditions, like δ > −1, turn into g(x) > −1.
Compared to previous works, herein, a new function is used in place of the parameter
δ, and this creates a large range of fuzzy negations where the choice of an appropriate
function creates new implications that satisfy specific conditions. Imagine that g can be any
polynomial function of any degree, which means that the denominator can have a degree
higher than two, as the first method has. On the other hand, g can be also any other type of
function, and the produced negation is a composition of trigonometric functions or a root
function. Using all these new fuzzy negations and in combination with known methods of
constructing fuzzy implications, many new implications are produced.

A new method which produces strong fuzzy negations is presented. Strong negations
produce S-implications and satisfy some basic properties of fuzzy implications, like the
exchange principle, ordering property, and identity principle. We generalize an old method
by using the equilibrium point ε of the new fuzzy negation and two decreasing functions
f , g with specific conditions. We compare the equilibrium points of the new negations
of the two first methods. Also, we investigate which conditions the coefficients of the
produced negation of the first method and the function g of the second method must satisfy
in order to be convex. We use this convexity to produce Archimedean copulas using a
well-known method. Finally, we investigate another category of copula, the quadratic
section, which has the form C(x, y) = a(y)x2 + ( y− a(y))x. We give another proof of
condition −1 ≤ ∂a(y)

∂y ≤ 1 that the function a must satisfy. Function a(x) has at least two
roots: the numbers 0 and 1. Using root 1, and because it is also a root of the fuzzy negations,
we can give it the following form: a(x) = x·N(x), where N is a fuzzy negation. Choosing
the Sugeno class or its extension of the second method, we investigate which conditions the
parameter δ or the function g must satisfy in order for the function a to be the appropriate
for the quadratic section of the copula. With the help of fuzzy negations, we produce fuzzy
implications which we can customize into an application. They fit better because, here, we
use a function in place of a parameter δ. Thus, we can choose an appropriate inference.
We have a plethora of implications, and, therefore, we can choose the most appropriate
implication to simulate the data we have.

The paper is organized as follows. In Section 2, we recall the basic concepts and
definitions used in the paper. In Section 3, we study the newly constructed methods of
fuzzy negations, strong fuzzy negations, and their convexity. We present many examples
of the produced negations. Also, we give some examples of the new fuzzy implications
that are produced when two or more new negations are combined. Finally, we investigate
the quadratic form of the copula, and we combine the new fuzzy negations, giving extra
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conditions to produce the copula. We present examples of the quadratic form of the copula
and Archimedean copulas.

2. Preliminaries

To help the reader to become familiar with the theory, here, we outline some of the
concepts and results employed in the rest of the paper.

Definition 1. (see [30] Definition 1.4.1). The function N : [0, 1]→ [0, 1] is a fuzzy negation if
the following properties are applied:

N(0) = 1 , N(1) = 0 (1)

N: is decreasing. (2)

Definition 2. (see [30] Definition 1.4.2 (i)). A fuzzy negation N is called strict if the following
properties are applied:

N is strictly decreasing. (3)

N is continuous. (4)

Definition 3. (see [30] Definition 1.4.2 (ii)). A fuzzy negation N is called strong if

N(N(x)) = x (5)

Definition 4. (see [30] Definition 1.4.2 (ii)). The solution of the equation N(x) = x is called the
equilibrium point of N. If the function N is continuous, the equilibrium point is unique.

Table 1 below shows some basic fuzzy negations used in this article.

Table 1. Examples of basic fuzzy negations.

Name Fuzzy Negations

Threshold class
Nt(x) =

⎧⎪⎨⎪⎩
1, i f x < t
1 ή 0, i f x = t
0, i f x > t

, t ∈ (0, 1)

Standard negation N(x) = 1− x

The least fuzzy negation ND1(x) =

{
1, i f x = 0
0, i f x ∈ (0, 1]

The greatest fuzzy negation ND2(x) =

{
0, i f x = 1
1, i f x ∈ [0, 1)

Yager class Nw(x) = (1− xw)
1
w , w > 0

Sugeno class Nδ(x) = 1−x
1+δx , δ > −1

Fuzzy implications have probably become the most important operations in fuzzy
logic, approximate reasoning, and fuzzy control. These operators not only model fuzzy
conditionals, but also make inferences in any fuzzy rule-based system. These operators are
defined as follows.

Definition 5. (see [30] Definition 1.1.1). A function I : [0, 1]2 → [0, 1] is called a fuzzy implica-
tion, if it satisfies, for all x, x1, x2, y, y1, y2 ∈ [0, 1], the following conditions:

x1≤ x2 ⇔ I(x 1, y)≥ I(x 2, y), i.e., I(·, y) is decreasing. (6)
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y1 ≤ y2 ⇔ I(x, y1) ≤ I(x, y2), i.e., I(x, ·) is increasing. (7)

I(0, 0) = 1 (8)

I(1, 1) = 1 (9)

I(1, 0) = 0 (10)

Definition 6. (see [30] Definition 1.4.15 (ii)). If I is a fuzzy implication, then the function
NI : [0, 1]→ [0, 1] with the form

NI(x) = I(x, 0) (11)

is called a natural negation of I.

Definition 7. (see [30] Definitions 1.3.1, 1.5.1). A fuzzy implication I is said to satisfy:

i. the left neutrality property if:
I(1, y) = y, y ∈ [0, 1] (12)

ii. the exchange principle if:

I(x, I(y, z)) = I(y, I(x, z)), x, y, z ∈ [0, 1] (13)

iii. the identity principle if:
I(x, x) = 1, x ∈ [0, 1] (14)

iv. the ordering property if:

I(x, y) = 1 ⇔ x ≤ y, x, y ∈ [0, 1] (15)

v. the law of contraposition with respect to N if:

I(x, y) = I(N(y), N(x)) , x, y ∈ [0, 1] (16)

vi. the law of left contraposition with respect to N if:

I(N(x), y) = I(N(y), x), x, y ∈ [0, 1] (17)

vii. the law of right contraposition with respect to N if:

I(x, N(y)) = I(y, N(x)), x, y ∈ [0, 1] (18)

Definition 8. Let I be a nonempty interval of R. A function f from I to R is convex if and only if

∂2 f
∂x2 ≥ 0 (19)

Definition 9. ([28]). A function C : [0, 1]2 → [0, 1] is called a copula if it satisfies the following
properties:

C(0, t) = C(t, 0) = 0 for each 0 ≤ t ≤ 1 (20)

C(1, t) = C(t, 1) = t for each 0 ≤ t ≤ 1 (21)

The C-volume of a rectangle must be not negative, e.g.,

VH = C(x1, y1)− C(x1, y2)− C(x2, y1) + C(x1, y1) ≥ 0 (22)

for each x1 ≤ x2 and y1 ≤ y2 where 0 ≤ x1, x2, y1, y2 ≤ 1.
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Definition 10. ([28]). If the function C is a copula, then the function in form

C∗(x, y) = x + y− 1 + C(1− x, 1− y) (23)

f or each 0 ≤ x, y ≤ 1 is also a copula, and it is called a survival copula.

Definition 11. ([30]). If f is a decreasing function where f (1) = 0, then we define the pseudo-
inverse of function f as:

given by f [−1] =

⎧⎨⎩
f−1(x), i f 0 ≤ x ≤ f (0)

0 , i f f (0) ≤ x ≤ ∞
(24)

Definition 12. ([30]). Let f : [0, 1]→ [0, ∞] be a continuous, strictly decreasing, and convex
function such that f (1) = 0, and let f [−1] be the pseudo-inverse. Let C : [0, 1]→ [0, 1], defined by:

C(x, y) = f [−1]( f (x) + f (y)) (25)

Then, C is an Archimedean copula.

3. Results

In this section, we give definitions and proofs of the newly generated fuzzy negations.
The utility of fuzzy negations is known because, with the help of a new negation, we can
construct a family of fuzzy implications. Also, we give examples of the new negations
and the new fuzzy implications that are produced. Using the above equilibrium points
and generalizing a known formula, we construct the branching functions and we generate
strong fuzzy negations. Moreover, we combine the new fuzzy negations with the quadratic
form of the copula.

3.1. New Fuzzy Negations

Theorem 1. The function N : [0, 1]→ [0, 1], with the following form:

Nγ,δ(x) =
1− x

γx2 + δx + 1
, (26)

is a fuzzy negation if the condition γ−|γ|
2 + δ + 1 > 0 is satisfied, where γ ∈ R− {0} and δ ∈ R.

Proof. The boundary conditions (1) are satisfied:(0) = 1 N(1) = 0.
Also, the monotony condition (2):

∂Nγ,δ(x)
∂x

=
γx2 − 2γx− δ− 1

(γx2 + δχ + 1)2 =
γ(x− 1)2 − γ− δ− 1

(γx2 + δχ + 1)2 =
γ(x− 1)2 − (γ + δ + 1)

(γx2 + δχ + 1)2
γ 	=0
=

γ
[
(x− 1)2 − (γ+δ+1)

γ

]
(γx2 + δχ + 1)2

If γ < 0 and γ + δ + 1 > 0, then γ·
[
(x− 1)2 − (γ+δ+1)

γ

]
< 0, so the monotony

condition ∂Nγ,δ(x)
∂x < 0 is satisfied.

If γ > 0 and δ + 1 > 0, then ∂Nγ,δ(x)
∂x < 0

x ∈ [0, 1]⇔ (x− 1) 2 ≤ 1 ⇔ (x− 1)2 − γ + δ + 1
γ

≤ 1− γ + δ + 1
γ

=
−δ− 1

γ
< 0

�

204



Symmetry 2024, 16, 317

Proposition 1. The fuzzy negation of the Theorem 1 is strong if and only if γ = 0, which means it
is the Sugeno class.

Remark 1. If γ = 0, then the produced negation is the well-known Sugeno class Nδ(x) = 1−x
δχ+1 ,

where δ > −1.

Remark 2. If γ = δ = 0, then the produced negation is the well-known classical (standard)
fuzzy negation.

Remark 3. The fuzzy negation of Theorem 1 is a strict fuzzy negation.

Theorem 2. Let g : R→ [−1,+∞), an increasing function. Then, the function Ng : [0, 1]→ [0, 1],
with the following form:

Ng(x) =
1− x

x·g(x) + 1
(27)

is a fuzzy negation.

Proof. Boundary conditions (1) are satisfied: Ng(0) = 1 Ng(1) = 0.
Monotony condition (2):

∂Ng(x)
∂x

= −
∂g(x)

∂x ·x·(1− x) + (g(x) + 1)

(x·g(x) + 1)2 < 0

�

Because g is an increasing function, ∂g(x)
∂x ≥ 0 for every x ∈ [0, 1], and g(x) ≥ −1.

Remark 4. The function of Theorem 2 is a strict fuzzy negation.

Remark 5. The function of Theorem 2 is an evolution if and only if g is a constant function.

Remark 6. If we choose g(x) = − 1
x+1 , then the fuzzy negation that is produced from Theorem 2 is

a well-known Ng(x) = 1− x2.

Proposition 2. Let g : R→ (−1,+∞), the increasing function of the Theorem 2. We define the
following increasing function, K : R→ (−1,+∞), given by:

K(x) = x·g(x) (28)

If K is a concave function, then the fuzzy negation Ng of the Theorem 2 is a convex function.

Proof. If K is an increasing function, then ∂K(x)
∂x = g(x) + x· ∂g(x)

∂x ≥ 0. If K is a concave

function, then ∂2K
∂x2 ≤ 0. We will calculate the second partial derivate of K.

∂2K(x)
∂x2 =

∂
(

∂K(x)
∂x

)
∂x2 =

∂g(x)
∂x

+
∂g(x)

∂x
+ x·∂

2g(x)
∂x2 = 2·∂g(x)

∂x
+ x·∂

2g(x)
∂x2 ≤ 0

We know from Theorem 3 that Ng is a strictly decreasing function, so:

∂Ng(x)
∂x

=
∂g(x)

∂x ·(x2 − x
)− (g(x) + 1)

(x·g(x) + 1)2 < 0 ⇔ ∂g(x)
∂x

·
(

x2 − x
)
− (g(x) + 1) < 0
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∂2Ng(x)
∂x2 =

[
∂2g(x)

∂x2

(
x2 − x

)
+ 2(x− 1)· ∂g(x)

∂x

]
·(x·g(x) + 1)− 2·

(
g(x) + x· ∂g(x)

∂x

)
·
[

∂g(x)
∂x ·(x2 − x

)− (g(x) + 1)

(x·g(x) + 1)3 =

=
(x− 1)·

(
x· ∂2g(x)

∂x2 + 2 ∂g(x)
∂x

)
(x·g(x) + 1)− 2·

(
g(x) + x· ∂g(x)

∂x

)
·
[

∂g(x)
∂x ·(x2 − x

)− (g(x) + 1)
]

(x·g(x) + 1)3 ≥ 0

x− 1 ≤ 0 , x ∈ [0, 1]

x· ∂2g(x)
∂x2 + 2 ∂g(x)

∂x ≤ 0
x·g(x) + 1 ≥ 0

g(x) + x· ∂g(x)
∂x ≥ 0

∂g(x)
∂x ·(x2 − x

)− (g(x) + 1) ≤ 0

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
=⇒ ∂2Ng(x)

∂x2 ≥ 0

�

Proposition 3. If γ ≥ 0 and ε1, ε2 are the equilibrium points of Nγ,δ, Nδ, respectively, then

ε1 ≤ ε2 (29)

Proof. If γ ≥ 0, then γx2 + δx + 1 ≥ δχ + 1
x∈[0,1]⇔ 1−x

γx2+δx+1 ≤ 1−x
δχ+1 ⇔ Nγ,δ(x) ≤ Nδ(x) .

Let ε1, ε2 be the equilibrium points of Nγ,δ and Nδ, respectively. Suppose that ε2 < ε1,
then Nγ,δ(ε 2

)
> Nγ,δ(ε 1

)⇔ Nγ,δ(ε 2

)
> ε1 ⇔ ε1 < Nγ,δ(ε 2

)
< Nδ(ε 2) = ε2, which is a con-

tradiction. Therefore, ε1 < ε2. �

Example 1. In Figure 1 we present the graphs of three functions, N3,5(x) = 1−x
3x2+5x+1 (the black

one), N5(x) = 1−x
1+5x (the green one), and the identity function f (x) = x. (the blue one). N3,5

belongs to fuzzy negations of Theorem 1 and N5 belongs to fuzzy negation Nδ of the Table 1.

 
Figure 1. Fuzzy negations of Example 1.

As we can see, the equilibrium point of Nγ,δ ( γ = 3 > 0) is to the left of the point of
the Nδ function.

The distance between these two equilibrium points is
√

2·|ε1 − ε2|, where ε1, ε2 are
the equilibrium points of functions Nγ, Nδ, respectively.

We can produce strong branching fuzzy negations [1] where one branch is a rational
function. If N is a fuzzy negation, which is not necessary, there is a strong negation, and
N(ε) = ε, where ε is the equilibrium point of N. Thus, if N is any continuous fuzzy
negation in the interval [0, 1], then the following form [12] produces strong fuzzy negations
N1, and, in our case, rational fuzzy negations.
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Below, in Figure 2 we present the graph of the function N1

N1(x) =

⎧⎨⎩
N(x) , x ∈ [0, ε]

N−1(x) , x ∈ (ε, 1]
(30)

Figure 2. Fuzzy negation N1.

We will generalize the above formula using two decreasing functions, f , g.

Theorem 3. Let ε be the equilibrium point of Ns. f : R→ (−∞, 1] and g : R→ [0,+∞), two
decreasing functions with the following conditions:

f−1 = g, f (0) = 1 and g(1) = 0. Then the following form is a strong fuzzy negation:

Ns(x) =

⎧⎪⎪⎨⎪⎪⎩
f
(

g(ε)·x
ε

)
, x ≤ ε

g(x)·ε
g(ε) , x > ε

(31)

Proof. For x ≤ ε, we have Ns(x) = f
(

g(ε)·x
ε

)
Ns(0) = f

(
g(ε)·0

ε

)
= f (0) = 1

For x > ε, we have Ns(x) = g(x)·ε
g(ε)

Ns(1) =
g(1)·ε
g(ε)

= 0

Monotony condition:
For x ≤ ε, we have Ns(x) = f

(
g(ε)·x

ε

)
For every x1, x2 ∈ [0, ε] where x1 ≤ x2

g>0⇔ g(ε)
ε ·x1 ≤ g(ε)

ε ·x2
f↘⇔

f
(

g(ε)
ε
·x1

)
≥ f

(
g(ε)

ε
·x2

)
⇔ Ns(x1) ≥ Ns(x2)

Thus, we conclude that Ns is decreasing when x ≤ ε.
For x > ε, we have Ns(x) = g(x)·ε

g(ε)

For every x1, x2 ∈ [0, ε] where x1 ≤ x2
g↘⇔ g(x1) ≥ g(x2)

g>0⇔ g(x1)·ε
g(ε) ≥ g(x2)·ε

g(ε) ⇔
Ns(x1) ≥ Ns(x2)

Thus, we conclude that Ns is decreasing when x > ε. �
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Now, we will present some examples of new fuzzy negations. We will define some
values for parameters γ and δ of Theorem 1, and we will produce new fuzzy negations.

Example 2. If we define γ = 1, δ = 0, the produced negation is N1,0(x) = 1−x
x2+1 (the green graph),

and the inverse function is N1,0
−1(x) = −1+

√
1+4x(1−x)

2x
(the black one).

In Figure 3 we present the graphs of the function N1,0, N1,0
−1.

 

Figure 3. Fuzzy negations N1,0 and N1,0
−1.

Then, the produced strong fuzzy negation has the following form and graph:

Ns(x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1−x
x2+1 , x ∈

[
0, 3

√√
59
108 + 1

2 − 3

√√
59
108 − 1

2

]

−1+
√

1+4x(1−x)
2x , x ∈

[
3

√√
59
108 + 1

2 − 3

√√
59
108 − 1

2 , 1

] (32)

where ε = 3

√√
59

108 + 1
2 − 3

√√
59

108 − 1
2 is the equilibrium point of Ns.

In the Figure 4 we present the graph of function Ns. Particularly, the black graph is the first
branch of Ns and the green graph is the second branch of Ns.

Figure 4. Fuzzy negation Ns.

Example 3. For γ = −3, δ = 4, the produced negation is

N−3,4(x) =
1− x

−3x2 + 4x + 1
(33)

In the Figure 5 the graph of function N−3,4 is presented.
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Figure 5. Fuzzy negation N−3,4.

3.2. Fuzzy Implications Generated from Fuzzy Negations of Theorems 1 and 2

Fuzzy negations are very useful in the construction of both fuzzy implications and
copulas. Firstly, we will use fuzzy negations that were generated from the above methods
for the construction of fuzzy implications.

Example 4. According to the formula [8] I(x, y) = N2

(
d(x)
d(1)�N1(y)

)
, N1, N2 are two fuzzy

negations and d : [0, 1]→ [0, ∞) is an increasing and continuous function with g(0) = 0. From
Theorem 1, if we set γ = 1, δ = 1, and from Theorem 3, if g(x) = x2, then the produced negations
are N1,1(x) = 1−x

x2+x+1 and Ng(x) = 1−x
x3+1 . If we set N1 = N1,1, N2 = Ng, and d(x) =

√
x, we

generate the following fuzzy implication:

I(x, y) =
1−

√
x(1−y)

y2+y+1(√
x(1−y)

y2+y+1

)3
+ 1

(34)

And its natural negation is

I(x, 0) = NI(x) =
1−√x√

x + 1
(35)

Moreover, we can construct parametric fuzzy implications using the produced fuzzy negations
of Theorems 1 and 2.

Remark 7. If we choose a strong fuzzy negation from relation (32), then the produced fuzzy
implication satisfies the neutrality property.

Proposition 4. Let Nγ,δ , Ng be two fuzzy negations of Theorems 1, 2 with the form Nγ,δ(x) =
1−x

γx2+δx+1 Ng(x) = 1−x
x·g(x)+1 . If we set N1 = Nγ,δ, N2 = Ng, then, according to formula [8],

I(x, y) = N2

(
d(x)
d(1)�N1(y)

)
, and the produced implication has the form:

I(x, y) = Ig
γ,δ(x, y) =

1− d(x)
d(1) ·

1 − y
γy2 + δy + 1

d(x)
d(1) ·

1 − y
γy2 + δy + 1 ·g

(
d(x)
d(1) ·

1 − y
γy2 + δy + 1

)
+ 1

(36)

Proof. Proof is obvious. �

With this combination, we can make many rational fuzzy implications. We can make
a family of them. Also, we can use fuzzy negations as decreasing functions to construct
copulas. The following form helps us to understand this.

In the literature, various methods of manufacturing copulas have been presented.
Here, we will deal with the Archimedean copulas.
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Example 5. According to Theorem 1, if we choose for γ = −3, δ = 7, then we take the fuzzy
negation:

N−3,7(x) =
1− x

−3x2 + 7x + 1
(37)

Fuzzy negation N−3,7 is strict and convex. Its inverse function has the form:

N−1
−3,7(x) =

⎧⎪⎨⎪⎩
7x+1−√61x2+2x+1

2x , 0 < x ≤ 1

1 , x = 0
(38)

And its pseudoinverse has the form:

N[−1]
−3,7(x) =

⎧⎨⎩
N−1
−3,7(x) , i f 0 ≤ x ≤ 1

0 , x > 1
(39)

If we define:

h1(x) = 7·
(

1− x
−3x2 + 7x + 1

+
1− y

−3y2 + 7y + 1

)
+ 1

h2(x) =

√
61·
(

1− x
−3x2 + 7x + 1

+
1− y

−3y2 + 7y + 1

)2
+ 2·

(
1− x

−3x2 + 7x + 1
+

1− y
−3y2 + 7y + 1

)
+ 1

h3(x) = 2·
(

1− x
−3x2 + 7x + 1

+
1− y

−3y2 + 7y + 1

)
then, by the form (18), a new copula is generated.

C(x, y) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

h1(x) − h2(x)
h3(x) , 0 ≤ x, y ≤ 1

0, N−3,7(x) + N−3,7(y) > 1

1, x = y = 1

(40)

Proposition 5. If γ < 0 and 2γ + δ > 0 or γ > 0 and δ2 + δ− γ > 0, then the fuzzy negation
Nγ,δ of Theorem 1 is a convex function.

Proof. If we calculate the second derivate of Nγ,δ, we have the following: ∂2 Nγ,δ(x)
∂x2 =

−γ2x3+3γ2x2+3γx+3γδx+δ2+δ−γ

(γx2+δχ+1)3 .

We define f (x) = −γ2x3 + 3γ2x + 3γx + 3γδx + δ2 + δ− γ; then:

∂ f (x)
∂x

= −3γ2x2 + 6γ2x + 3γ + 3γδ

And the discriminant of the polynomial

Δ = 36γ4 + 36γ3(1 + δ) = 36γ4 + 36γ3(1 + δ + γ− γ) = 36γ3(1 + δ + γ)

If we examine the case, γ < 0 and 2γ + δ > 0; then, Δ = 36γ3(1 + δ + γ) < 0, which
means that ∂ f (x)

∂x < 0 ⇔ f (x) is a decreasing function, so we have f (x) > f (1)⇔ f (x) >
(γ + δ + 1)(2γ + δ) > 0.
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In this case (γ < 0), we already know that γ + δ + 1 > 0. So, ∂2 Nγ,δ(x)
∂x2 > 0 ⇔

(2γ + δ)(γ + δ + 1) > 0 ⇔ 2γ + δ > 0.
In the case that γ > 0 and δ2 + δ− γ > 0, we have the following:

Δ = 36γ3(1 + δ + γ) > 0 ⇔ x1,2 =
−6γ2 ±√36γ3(1 + δ + γ)

−6γ2 =
−6γ2 ± 6γ

√
γ(1 + δ + γ)

−6γ2 =
γ±√γ(1 + δ + γ)

γ

x1, x2 /∈ [0, 1], which means that ∂ f (x)
∂x > 0, for all x ∈ [0, 1]⇔ ∂Nγ,δ(x)

∂x , is an increas-

ing function. Thus, ∂Nγ,δ(x)
∂x >

∂Nγ,δ(0)
∂x = δ2 + δ− γ > 0. �

3.3. Copulas with Quadratic Sections

We will analyze one of the linear sections of copulas, the quadratic form of the copula.
In the book of Nelsen [28], we can find the quadratic and cubic sections of copulas.

The quadratic section of the copula is defined by the form:

C(x, y) = a(y)x2 + b(y)x + c(y)

And the cubic section of the copula is defined by the form:

C(x, y) = a(y)x3 + b(y)x2 + c(y)x + d(y)

Before that, we present a proof of the equivalency ∂2C(x,y)
∂xy ≥ 0 and the last condition

of the copula. We will use the main value theorem twice.

Proposition 6. We know that, for a function to be 2-increasing, it must satisfy the inequality
C(x1, y1) + C(x2, y2)− C(x 1, y2)− C(x2, y1) ≥ 0. This inequality is equivalent to

∂2C(x, y)
∂xy

≥ 0 (41)

when C is a differentiable function.

Proof. We apply the mean value theorem for the function C(x, y1) in the interval [x1, x2]:

∃ ξ1 ∈ (x1, x2) :
∂C(ξ1 , y1)

∂x
=

C(x2, y1)− C(x1, y1)

x2 − x1

We apply the mean value theorem for the function C(x, y2) in the interval [x1, x2]:

∃ ξ1 ∈ (x1, x2) :
∂C(ξ1 , y2)

∂x
=

C(x2, y2)−C(x1, y2)

x2 − x1

Let us suppose that C(x1, y1) + C(x2, y2)− C(x 1, y2)− C(x2, y1) ≥ 0, then:

∂C(ξ1 , y2)

∂x
− ∂C(ξ1 , y1)

∂x
≥ 0 ⇔ ∂2C(x, y)

∂xy
≥ 0

The other implication is analogous, but proceeds in reverse order. �

Proposition 7. Function C : [0, 1]2 → [0, 1] with quadratic form

C(x, y) = a(y)x2 + b(y)x + c(y) (42)

is a copula if a(0) = b(0) = 0, a(1) = 0, b(1) = 1 and
∣∣∣ ∂a(y)

∂y

∣∣∣ ≤ 1.
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Proof. Employing the boundary conditions, we have the following:

C(0, y) = c(y) = 0

C(x, 0) = a(0)x2 + b(0)x = 0 ⇔ a(0) = b(0) = 0

C(1, y) = a(y) + b(y) = y ⇔ b(y) = y− a(y)

C(x, 1) = a(1)x2 + b(1)x = x ⇔ a(1) = 0, b(1) = 1

After the boundary conditions, the quadratic form of the copula takes the follow-
ing form

C(x, y) = a(y)x2 + ( y− a(y))x (43)

We know that, in order for a function to be 2-increasing, it must satisfy the follow-
ing inequality:

C(x1, y1) + C(x2, y2)− C(x 1, y2)− C(x2, y1) ≥ 0

This inequality is equivalent to ∂2C(x)
∂xy ≥ 0 when the function C is differentiable. We

will use this inequality to set some conditions for the function a(y).

∂C(x, y)
∂x

= 2xa(y) + y− a(y)

∂2C(x)
∂xy

= 2x
∂a(y)

∂y
+ 1− ∂a(y)

∂y
⇔ ∂2C(x)

∂xy
= 1 +

∂a(y)
∂y

(2x− 1) ≥ 0

In the case of ∂a(y)
∂y ≥ 0, we have:

0 ≤ x ≤ 1 ⇔ −1 ≤ 2x− 1 ≤ 1 ⇔ −∂a(y)
∂y

≤ ∂a(y)
∂y

(2x− 1) ≤ ∂a(y)
∂y

⇔

1− ∂a(y)
∂y

≤ 1 +
∂a(y)

∂y
(2x− 1) ≤ 1 +

∂a(y)
∂y

⇔

1− ∂a(y)
∂y

≤ ∂2C(x)
∂xy

≤ 1 +
∂a(y)

∂y
⇔ ∂2C(x)

∂xy
≥ 0 ⇔ 1− ∂a(y)

∂y
≥ 0 ⇔ ∂a(y)

∂y
≤ 1

In the case of ∂a(y)
∂y ≤ 0, we have:

1 +
∂a(y)

∂y
≤ ∂2C(x)

∂xy
≤ 1− ∂a(y)

∂y
⇔ ∂2C(x)

∂xy
≥ 0 ⇔ 1 +

∂a(y)
∂y

≥ 0 ⇔ ∂a(y)
∂y

≥ −1

We conclude that the function a(y) must satisfy the following condition:

−1 ≤ ∂a(y)
∂y

≤ 1 ⇔
∣∣∣∣∂a(y)

∂y

∣∣∣∣ ≤ 1 (44)

�

Function a(y) has at least two roots: the numbers 0 and 1. Using root 1, and because
it is also a root of the fuzzy negations, we can give it the following form: a(y) = y·N(y),
where N is a fuzzy negation. Here, we can make combinations with the above generated
fuzzy negations. If we choose the Sugeno fuzzy negation, we will study what conditions
must be satisfied by coefficient δ.
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Theorem 4. Let Nδ : [0, 1]→ [0, 1], the Sugeno class fuzzy negation Nδ(x) = 1−x
δχ+1 , and

a : [0, 1]→ R with the form a(y) = y·Nδ(y).

I f δ ≥ 0, then− 1 ≤ ∂a(y)
∂y

≤ 1 (45)

Proof.

a(y) = y·Nδ(y) =
y·(1− y)

δy + 1
⇔ ∂a(y)

∂y
=
−δy2 − 2y + 1

(δy + 1)2

Function a(y) must satisfy the inequality −1 ≤ ∂a(y)
∂y ≤ 1.

For ∂a(y)
∂y ≤ 1, we have −δy2−2y+1

( δy+1) 2 ≤ 1 ⇔ y(δ + 1)(δy + 2) ≥ 0 ⇔, which is always

true.
For ∂a(y)

∂y ≥ −1, we have −δy2−2y+1

( δy+1) 2 ≥ −1 ⇔ δ(δ− 1)y2 + 2(δ− 1)y + 2 ≥ 0 .

If we set f (y) = δ(δ− 1)y2 + 2(δ− 1)y + 2, then ∂ f (y)
∂y = 2δ(δ− 1)y + 2(δ− 1) =

2(δ− 1)(δy + 1).
If δ ≥ 1, then ∂ f (y)

∂y ≥ 0. Thus, f (y) ≥ f (0) = 2 > 0, (6) is true.

If −1 < δ ≤ 1, then ∂ f (y)
∂y ≤ 0. Thus, . f (y) ≥ f (1) = δ(δ− 1) + 2(δ− 1) + 2 =

δ2 + δ = δ(δ + 1) ≥ 0 ⇔ δ ≥ 0.
We therefore conclude that inequality is satisfied when δ ≥ 0. �

As follows, if we choose the fuzzy negation of Theorem 2, Ng(x) = 1−x
x·g(x)+1 , we

will study what conditions must be established by the function g in order to satisfy the
inequality −1 ≤ ∂a(y)

∂y ≤ 1. We recall that the function g is an increasing function and
g(x) > −1.

Theorem 5. Let Ng : [0, 1]→ [0, 1], the fuzzy negation of the Theorem 2 and function a : [0, 1]→ R
defined by a(y) = yNg(y).

I f g(y) ≥ 0 and
∂g(y)

∂y
≤ 2 then− 1 ≤ ∂a(y)

∂y
≤ 1 (46)

Proof.

a(y) = yNg(x) =
y− y2

yg(y) + 1
⇔ ∂a(y)

∂y
=
−y2g(y) + y2 ∂g(y)

∂y (y− 1) + 1− 2y

(yg(y) + 1)2

Function a(y) must satisfy the inequality −1 ≤ ∂a(y)
∂y ≤ 1.

For ∂a(y)
∂y ≤ 1

⇔
−y2g(y) + y2 ∂g(y)

∂y (y− 1) + 1− 2y

(yg(y) + 1)2 ≤ 1 ⇔

y2 ∂g(y)
∂y

(y− 1)− yg(y)·(y + y·g(y) + 2) ≤ 0 when g(y) ≥ 0
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For ∂a(y)
∂y ≥ −1

−y2g(y) + y2 ∂g(y)
∂y (y− 1) + 1− 2y(

yg(y) + 1)2
≥ −1 ⇔

yg(y)[(yg(y) + 1) + (1− y)] + (1− y)
(

2− y2·∂g(y)
∂y

)
≥ 0 ⇔ ∂g(y)

∂y
≤ 2

�

Example 6. If we take the quadratic section of the copula C(x, y) = a(y)x2 + ( y− a(y))x for
δ = 2 we can set a(y) = y·Nδ(y) =

y·(1−y)
2y+1 , then the produced copula is:

C(x, y) =
y·(1− y)

2y + 1
·x2 +

(
y− y·(1− y)

2y + 1

)
·x (47)

The survival copula (15) is defined by:

C(x, y) = x + y− 1 + C(1− x, 1− y) =

x + y− 1 +
y·(1− y)

3− 2y
·(1− x)2 +

(
(1− y)− y·(1− y)

3− 2y

)
(1− x) (48)

Example 7. If we choose g(x) = x2 ⇔ ∂g(x)
∂x = 2x ≤ 2

x2 ⇔ 2x3 ≤ 2, which is true for every

x ∈ [0, 1]. Thus, we can produce another copula if we set a(y) = yNg(y)
g(y)=y2

= y−y2

y3+1 . Then, the
produced copula is

C(x, y) =
y− y2·x2

y3 + 1
+

(
y− y− y2

y3 + 1

)
·x (49)

The survival copula is defined by:

C(x, y) = x + y− 1 + C(1− x, 1− y) =

x + y− 1 +
(1− y)− (1− y)2·

(
1− x)2

(1− y)3 + 1
+

(
y− 1− y− (1− y)2

(1− y)3 + 1

)
·(1− x) (50)

3.4. A Presentation of a Hypothetical Scenario

Let X, Y represented linguistic variables, i.e., fuzzy sets. Let us also suppose that
X ⇒ Y . For each, x ∈ X and y ∈ Y correspond to a value pair (xi, yi). If we collect a “good
sample” (xi, yi), i = 1, . . . , n, then we have:

x1 ⇒ y1

x2 ⇒ y2

...

xn ⇒ yn

But since we have a “good sample”,

x1 ⇒ y1 = 1
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x2 ⇒ y2 = 1

...

xn ⇒ yn = 1

Then, using our implication, which is produced by a convex negation with a parameter
a, we have the parametric implication J(x, y, a).

Thus, we have:
x1 ⇒ y1 = J(x1, y1, a)

x2 ⇒ y2 = J(x2, y2, a)

...

xn ⇒ yn = J(xn, yn, a)

Now, we can select the “best implication” as that which has the shortest distance
from 1. That is, we see this when the number

(1− J(x1, y1, a))2 + (1− J(x2, y2, a))2 + . . . + (1− J(xn, yn, a))2 (51)

becomes the minimum.
For further reading and other research applications, the development method in [31,32]

could also be applied.

4. Conclusions

The main goal of our construction of fuzzy negations is the generation of fuzzy
implications. The symmetry or lack thereof of the generated fuzzy implications plays a
key role in the application. For example, if the generated implications are symmetric, then
the cause and the causality are mixed. In our construction, the cause and the causality are
distinct. Moreover, new fuzzy implications give us new copulas. In this work, we have
proposed some novel construction methods of fuzzy negations. Firstly, we presented a new
class of rational fuzzy negations inspired by the Sugeno class fuzzy negation. Secondly, we
replaced the parameter δ of the Sugeno class with an increasing function g with specific
conditions. We generalized a form which generates strong fuzzy negations by using
two decreasing functions f , g. Also, we gave some extra conditions so that the new
fuzzy negations would be convex and we gave many examples of the new generated
fuzzy negations (see Figures 1–5). Finally, we dealt with the quadratic section of the
copula, trying to find the appropriate function a(x) using the new fuzzy negations of the
Theorems 1 and 2. As a future work, we can investigate some other methods that produce
copulas. We will produce parametric copulas and research what conditions the coefficients
must satisfy. At this point, we must emphasize the fact that our suggested method could
also be applied by using a method that is amazing, in our opinion, on the cubic section of
the copula:

C(x, y) = a(y)x3 + b(y)x2 + c(y)x + d(y) (52)

which we can find in the book of Nelsen [28]. With this method, the case of the cubic section
of the copula, which has two functions, a and b, with common roots of the numbers 0 and
1, is investigated. Using the new fuzzy negation of the first method, we can find which
conditions its coefficients must satisfy in order to produce a copula. We could accomplish
the same result using the extension of the Sugeno class. In this class, we investigate a
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function g in which we must determinate properties to be satisfied such that a cubic copula
can be produced. On the other hand, we can continue to extend other well-known fuzzy
negations by using appropriate functions instead of parameters. In addition to this, we
can investigate the extension of the Yager class of fuzzy negation, where instead of the
parameter w, we can use a function with the appropriate properties.

The more new negations are produced, the more fuzzy implications and copulas can
be generated. In research, we need many such functions of two variables in order to be able
to choose the best one for each case every time.
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Abstract: This investigation explores the effects of applying fuzzy time series (FTSs) based on neural
network models for estimating a variety of spectral functions in integer time series models. The
focus is particularly on the skew integer autoregressive of order one (NSINAR(1)) model. To support
this estimation, a dataset consisting of NSINAR(1) realizations with a sample size of n = 1000 is
created. These input values are then subjected to fuzzification via fuzzy logic. The prowess of artificial
neural networks in pinpointing fuzzy relationships is harnessed to improve prediction accuracy by
generating output values. The study meticulously analyzes the enhancement in smoothing of spectral
function estimators for NSINAR(1) by utilizing both input and output values. The effectiveness
of the output value estimates is evaluated by comparing them to input value estimates using a
mean-squared error (MSE) analysis, which shows how much better the output value estimates
perform.

Keywords: neural network; time series; NSINAR(1); spectrum; bispectrum; computer simulation;
Daniell lag window; fuzzy inference; statistics and numerical data

1. Introduction

In recent years, a variety of FTS methodologies have emerged in the literature. FTSs
can be defined as employing fuzzy sets to represent its observations. Ref. [1] provided the
initial description of FTSs and outlined its fundamental definitions. Fundamentally, an
FTS is comprised of three consecutive steps: fuzzification, fuzzy relationship formation,
and defuzzification. Numerous studies that have investigated these processes [2–5] have
focused solely on the most recent process. Additionally, because the formation of fuzzy links
is directly related to predicting, numerous studies have concentrated on it [6–10]. Artificial
neural networks appear to be quite good at figuring out fuzzy relationships that increase
the forecasting performance’s accuracy. Generally, artificial neural network techniques have
shown success in a wide range of applications as in [11–13], and researchers often employ
neural networks to build fuzzy relationships of the FTS. Over time, there have been notable
breakthroughs in the field of modeling integer-valued time series due to the substantial
attention given to this topic. The integer autoregressive (INAR) model is one of the best
among them for modeling counting series. In recent years, researchers have been striving
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to improve the INAR model’s capacity to accurately reproduce observed data. This effort
has involved modifications to various aspects of INAR models, including adjustments to
the marginal distribution (see [14–17]), others the ranking of the models as [18,19], and yet
others, the thinning operators as [20–27]. Ref. [28] investigates certain statistical metrics
for a number of INAR(1) models. To match specific data and more accurately characterize
it, [29] provided an INAR(1) model based on two thinning operators. The fuzzy logic
employed in [30] enhanced the estimation of all density functions. Ref. [31] conducted
research on the FTS technique to enhance periodograms while keeping their statistical
characteristics. Ref. [32] investigates a few statistical properties and all density functions for
the ZTPINAR(1) process. Ref. [33] applies the FTS based on the Chen method to smoothing
estimates for the DCGINAR(1) process. Ref. [34] used a novel technique of FTSs to improve
the estimation of stationary processes’ unknown parameters by traditional methods. Ref.
[35] employed a fuzzy Markov chain to enhance the estimates of density functions with
respect to the MCGINAR(1) process.

Since it focuses on building fuzzy relationships that lead to forecasting, [36] was the
first to apply neural networks to FTS predictions. Ref. [37] proposes a novel method
for handling high-order multivariate fuzzy time series that is based on artificial neural
networks. Ref. [38] develops a fuzzy time series model based on neural networks to
enhance the forecasting of observations. Ref. [39] provides a brand-new hybrid fuzzy time
series technique that uses artificial neural networks for defuzzification and a fuzzy c-means
(FCM) method for fuzzification. Ref. [40] creates and develops precise statistical forecasting
models to predict the monthly API and assesses these models to track the state of the air
quality. In a unique method, [41] created a PSNN to create fuzzy associations in high-order
FTSs and modified PSO to train the network’s weights. By combining a convectional neural
network and FTS method, [42] suggested short-term load forecasting. Ref. [43] employed
various techniques to forecast the air pollution index (API) of Kuala Lumpur, Malaysia,
for the year 2017. These techniques included the use of artificial neural networks (ANNs),
autoregressive integrated moving average (ARIMA), trigonometric regressors, Box–Cox
transformation, ARMA errors, trend and seasonality (TBATS), and multiple fuzzy time
series (FTS) models. Ref. [44] built an LSTM recurrent neural network based on trend fuzzy
granulation for long-term time series forecasting. A unique multi-functional recurrent
fuzzy neural network (MFRFNN) for time series prediction was developed in [45]. Ref. [46]
suggested a shallow and deep neural network model for demand forecasting fuzzy time
series pharmaceutical data.

The purpose of this research is to present fuzzy time series (FTSs), which are based
on neural network models [36], and is intended to enhance estimates of density functions
for integer time series. These functions are spectral, bispectral, and normalized bispectral
density functions. The NSINAR(1) model is used in this strategy. All spectrum functions
and their smoothed estimations for NSINAR(1) are computed for this purpose. We use
neural network-based FTSs and forecast realizations to generate the output values for
NSINAR(1) observational “input values”. All density functions are estimated with input
and output values. The contribution of the output values of neural network-based FTSs
to smoothing of these estimations is investigated by contrasting the two cases using the
results.

2. Developing the Forecasting Models

The following are the procedures for establishing a forecasting model: data prepa-
ration, evaluation, and selection; neural network construction (in terms of input variable
selection, transfer function, structure, etc. [47].

2.1. Preparing Data

A number of crucial decisions, including data preparation, input variable selection,
network type and design, the transfer function, training methodology, and model validation,
assessment, and selection, must be made by the neural network forecaster. Some of these
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choices can be made while building the model, but others must be carefully thought
through before beginning any modeling work. Given that neural networks operate on
data-driven principles, data preparation emerges as a pivotal initial step in crafting an
effective neural network model. Indeed, the creation of a practical and predictive neural
network model heavily relies on the availability of a robust, sufficient, and representative
dataset. Consequently, the quality of the data significantly influences the reliability of
neural network models. Moreover, ample data are indispensable for the training process of
neural networks. Numerous studies have utilized a practical ratio ranging from 70%:30%
to 90%:10% for distinguish between in-samples and out-of-samples [47]. As a result, we
use NSINAR(1) to construct a series of size n=1000. For our estimation (the in-sample),
we chose the data from the first observation to the 800th, and for our forecast (the out-of-
sample), we used the data from the 801st and 1000th. In other words, the ratio is around
800

1000 : 200
1000 = 80% : 20% falling among the two categories of samples.

2.2. Setup of a Neural Network

The model used in forecasting the most is a multilayer feedforward structure [48]. As
a result, backpropagation [49] was selected as the model, and PC Neuron Institutional, a
backpropagation software package, was selected as the method for creating the forecasting
model. In the setup, our goal was to first build (or train) the fuzzy associations between
each FLR before forecasting. An FLR is a 1-1 relationship. Hence, there is one input layer
and one output layer with one node each. The majority of forecasting applications have
employed only one hidden layer and a suitable number of hidden nodes, even if there
are several criteria for selecting the number of hidden layers and hidden nodes in each
layer [50–52]. A minimal neural network was used [53] to avoid over-fitting. As a result,
we employed two hidden nodes and one hidden layer. As a result, we created the neural
network structure shown in Figure 1. Figure 2 shows the purpose of each node in the
hidden and output layers. The previous layer’s node(t) r, like Xr in the diagram, provides
input(t) to the node s. A weight, Wrs, which represents the strength of the connection
between each connection from node r to s, is attached to each one. The following formula
is used to calculate node s′output, Yt [30].

Yt = f (∑ Wrs × Xr − θr), (1)

f (z) =
1

1 + exp(−z)
, (2)

where f(z) is a sigmoid function.

Figure 1. Neural network structure.
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Figure 2. A node in a neural network.

2.3. Model Selection and Evaluation

A pertinent study [54] states that no single approach has proven to be consistently best
for all kinds of applications, including neural network applications. Thus, we used a simple
model, as well as a hybrid one. An in-sample and an out-of-sample category were created
for the observations. A further division into known and unknown patterns was made for
the out-of-sample observations. In contrast to the unidentified patterns that constituted
the majority of the data outside of the sample, the observations that were present in both
outside of the sample and inside the sample were regarded as established patterns. With
regard to their respective original functions, we used the mean-squared error (MSE) to
compare the performance of the three estimators in each of the three scenarios. For details
on the calculation of the MSE, please refer to [32,33], which results in a different evaluation
of the three different types of observations.

3. Fuzzy Time Series Models Utilizing Neural Networks

This study applied a backpropagation neural network to forecast the fuzzy observa-
tions with respect to the FTS of NSINAR(1). There are six steps in this study, which can be
reported as follows:

1. Defining and partitioning the universe of discourse: According to the problem domain
of NSINAR(1)’ series, the universe of discourse for observations, U =[starting, ending],
is defined. After the length of the intervals, l, is determined, U can be partitioned into
equal-length intervals u1, u2, u3, . . . , ub, b = 1, . . . and their corresponding midpoints
m1, m2, m3, . . . , mb: respectively.

ub = [starting + (b− 1)× la, starting + b× la], (3)

mb =
1
2
× [starting + (b− 1)× la, starting + b× la]. (4)

2. Defining fuzzy sets for observations: Each linguistic observation, Ai, can be de-
fined by the intervals u1, u2, u3, . . . , ub, where Ai = fAi(u1)/u1 + fAi(u2)/u2 + . . . +
fAi(ub)/ub.

3. Fuzzifying the observations: A fuzzy set is created by fuzzifying each observation.
An observation is fuzzified to Ai if its greatest degree of membership is in Ai, just as
in [6,55].

4. Establishing the fuzzy relationship (neural network training): The fuzzy associations
in these FLRs were built (or trained) using a backpropagation neural network. Index i
served as the input, and index j served as the appropriate output for each FLR, Ai →
Aj. These FLRs became the input and output patterns for neural network training.

5. Forecasting: A description of the hybrid and basic models can be found below. The
basic model uses a neural network methodology to forecast each piece of data, while
the hybrid model uses the same neural network approach to forecast the known
patterns together with a simple strategy to anticipate the unknown patterns.
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Model 1 (basic mode): Assume F(t− 1) = Ai′ . We chose i′ as the forecast input in order
to make the calculations easier. Assume that j′ is the neural network’s output. The
hazy forecast is Aj′ , we say. In other words,

F(t) = Aj′ . (5)

Model 2 (hybrid mode): Assume F(t− 1) = Ai′ . If Ai′ is a recognized pattern, the basic
model is used to obtain the fuzzy forecast. If Ai′ is an unknown pattern, then we
merely take Ai as the fuzzily predicted value for F(t), in accordance with Chen’s
model [6]. That is,

F(t) = Ai′ . (6)

6. Defuzzifying: No matter whatever model is used, the defuzzified forecast is always
equal to the fuzzy forecast’s midpoint. Assume Ak′ is the fuzzy prediction for F(t).
The forecast that has been defuzzed corresponds to Ak′ ’s middle, i.e.,

f orecastt = mk′ . (7)

For additional details on this methodology, see [36]. Therefore, the forecast obser-
vations that were obtained from the generated realizations from the NSINAR(1)
process—known as the “input values”—are the “output values” of this approach.

4. The New Skew INAR(1) Model

The NSINAR(1) process was first defined by [56]. These model, also known as true
integer autoregressive models, have become necessary for the modeling of count data with
positive and negative values. It defines the NSINAR(1) as

Xt = β � Xt−1 + ηt (8)

where β � Xt−1
d
= β ∗ At−1 − β ◦ Bt−1 is the difference between the negative binomial

thinning and binomial thinning operators, where the counting series β ∗ At−1 and β ◦ Bt−1
are independent random variables. β ∗ A = ∑A

i=0 Wi and β ◦ B = ∑B
i=0 Ui, where Wi is

a sequence of i.i.d geometric random variables and Ui is a sequence of i.i.d. Bernoulli
random variables independent of Wi, Xt = At − Bt, where At ∼ geometric( γ

1+γ ), Bt ∼
Poisson(λ), {Xt} is a sequence of random variables having a geometric-Poisson (γ, λ),
and ηt has the distribution of εt − εt, where {εt} and {εt} are independent r.v.s and Xt
and ηt−l are independent for all l ≥ 1. εt are i.i.d. r.v.s with a common Poisson(λ(1− β))
distribution, and εt is a mixture of two random variables with geometric γ/(1 + γ) and
geometric(β/(1 + β)) distributions. The condition of the stationarity of the process {Xt}
is 0 ≤ β ≤ γ/(1 + γ), and the condition of the non-stationarity of the process {Xt} is
γ/(1 + γ) ≤ β ≤ 1. Here, our study is restricted to the stationary case. Some properties of
Xt are introduced:

The mean γX = γ − λ, the variance σ2
X = γ(γ + 1) + λ, the second-order central

moment R2(s) = βs(γ2 + γ + λ) = βsR2(0), and the third-order central moment are
calculated as R3(0, 0) = 2γ3 + 3γ2 + γ− λ, R3(0, s) = βs(2γ3 + 3γ2 + γ− λ) = βsR3(0, 0),

and R3(s, s) = β2sR3(0, 0)− βR2(0)
βs−β2s

(1−β)
. Refer to [23] and [56] for detailed information

on the thinning operator � and the NSINAR(1) model, respectively.

5. Spectral and Bispectral Density Functions

In time series analysis, statistical spectral analysis plays a number of roles, including
the estimate, hypothesis testing, data reduction, and description. It is quite helpful to
examine a time series in both the time and frequency domains when performing an analysis.
The Fourier transform, which converts the time series from the time domain to the frequency
domain, is the fundamental tool of spectral analysis. This field frequently contains a wealth
of important information that requires additional research to locate. Second-order spectra
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have played a very important role in the analysis of linear and Gaussian time series data
and in signal processing. When the process is Gaussian, the second-order spectra contain
all the necessary and useful information about the process, and we do not need to consider
higher order spectra. Before analyzing the time series data, in most cases, we assume
that the series is generated from a linear process and even from a Gaussian process for
further simplified analysis. But, in reality, this is not the case for every process. The reason
behind assuming the linearity of the process is that it is very easy to fit a linear model
in comparison to fitting the actual non-linear model. In order to study non-linear and
non-Gaussian processes, one needs to consider higher order spectra. Theoretically, it is
possible to compute the spectrum of any order, but computationally, it is very costly. Hence,
we will consider only the bispectrum, the simplest higher order spectrum. So, we can
say that the second-order spectra will not adequately characterize the series (unless it is
Gaussian), and hence, there is a need for higher order spectral analysis. The simplest type
of higher order spectral analysis is the bispectral analysis. This leads us to the bispectral
density function, which gives us important details regarding the process’ nonlinearity. The
normalized bispectrum’s modulus for continuous non-Gaussian time series is flat.

The spectral density function “SDF”, bispectral density function “BDF”, and normal-
ized bispectral density function “NBDF” of NSINAR(1) are provided in this section.

Theorem 1. If (8) is satisfied by {Xt}, then the SDF, denoted by g(w), is computed as Let {Xt}
satisfy (8), then the SDF, represented by g(w) is calculated as

g(w) =
(1− β2)(γ2 + γ + λ)

2π(1 + β2 − 2β cos w)
, −π ≤ w ≤ π. (9)

Proof.

g(w) =
1

2π

∞

∑
t=−∞

R2(t)exp(−iwt) =
1

2π
[R2(0) +

∞

∑
t=1

βtR2(0)exp(−iwt) +
∞

∑
t=1

βtR2(0)exp(iwt)]

=
R2(0)

2π
[1 +

βexp(−iw)

1− βexp(−iw)
+

βexp(iw)

1− βexp(iw)
] =

R2(0)[1− β2]

2π(1 + β2 − 2βcosw)
.

Theorem 2. If (8) is satisfied by {Xt}, then the BDF, denoted by g(w1, w2), are computed as

g(w1, w2) =
1

(2π)2

[
R3(0, 0){1 +�1(−w1) +�1(−w2) +�1(w1 + w2) +

(
R3(0, 0) +

β2R2(0)
β(1− β)

)
{�2(w1)

+�2(w2) +�2(−w1 − w2)} −
(

β2R2(0)
β(1− β)

)
{�1(w1) +�1(w2) +�1(−w1 − w2)}

+�1(−w1){[�2(−w1 − w2) +�2(w2)](R3(0, 0) +
β2R2(0)
β(1− β)

)− [�1(−w1 − w2)

+�1(w2)]
β2R2(0)
β(1− β)

}+�1(−w2){[�2(−w1 − w2) +�2(w1)](R3(0, 0) +
β2R2(0)
β(1− β)

)

− [�1(−w1 − w2) +�1(w1)]
β2R2(0)
β(1− β)

}+�1(w1 + w2){[�2(w1) +�2(w2)](R3(0, 0)

+
β2R2(0)
β(1− β)

)− [�1(w1) +�1(w2)]
β2R2(0)
β(1− β)

}
]

, −π ≤ w1, w2 ≤ π,

(10)

where F1(wk) =
βexp(iwk)

1−βexp(iwk)
and F2(wk) =

β2exp(iwk)
1−β2exp(iwk)

, k = 1, 2.
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Proof. We can write g(w1, w2) as (see [17]) in the following formulae:

g(w1, w2) =
1

(2π)2 [
∞

∑
t1=0

∞

∑
t2=t1

R3(t1, t2)exp(−i(t1w1 + t2w2)) +
∞

∑
t2=0

∞

∑
t1=t2+1

R3(t2, t1)exp(−i(t1w1 + t2w2))

+
∞

∑
t1=0

−1

∑
t2=−∞

R3(−t2, t1 − t2)exp(−i(t1w1 + t2w2)) +
−1

∑
t1=−∞

t1−1

∑
t2=−∞

R3(t1 − t2,−t2)exp(−i(t1w1 + t2w2))

+
−1

∑
t2=−∞

−t2

∑
t1=−∞

R3(t2 − t1,−t1)exp(−i(t1w1 + t2w2)) +
−1

∑
t1=−∞

∞

∑
t2=0

R3(−t1, t2 − t1)exp(−i(t1w1 + t2w2))].

Applying the symmetry characteristics of the third-order cumulants (see [57]), then

g(w1, w2) =
1

(2π)2 [R3(0, 0) +
∞

∑
τ=1

R3(0, τ){exp(−iτw1) + exp(−iτw2) + exp(iτ(w1 + w2))}

+
∞

∑
τ=1

R3(τ, τ){exp(iτw1) + exp(iτw2) + exp(−iτ(w1 + w2))}

+
∞

∑
t=1

∞

∑
τ=1

R3(t, t + τ){exp(−itw1 − i(t + τ)w2) + exp(−itw2 − i(t + τ)w1)

+ exp(itw1 − iτw2)exp(itw2 − iτw1) + exp(iτw1 + i(t + τ)w2) + exp(iτw2 + i(t + τ)w1)}].
Using the expressions of R3(0, τ), R3(τ, τ) and R3(s, s + τ), we obtain

g(w1, w2) =
1

(2π)2 [R3(0, 0) +
∞

∑
τ=1

βτ R3(0, 0){exp(−iτw1) + exp(−iτw2) + exp(iτ(w1 + w2))}

+
∞

∑
τ=1

(β2τ R3(0, 0)− β2R2(0)
βτ − β2τ

β(1− β)
){exp(iτw1) + exp(iτw2) + exp(−iτ(w1 + w2))}

+
∞

∑
t=1

∞

∑
τ=1

βτ [β2tR3(0, 0)− β2R2(0)
βt − β2t

β(1− β)
]{exp(−itw1 − i(t + τ)w2) + exp(−itw2 − i(t + τ)w1)

+ exp(itw1 − iτw2)exp(itw2 − iτw1) + exp(iτw1 + i(t + τ)w2) + exp(iτw2 + i(t + τ)w1)}].
All these summations can be evaluated as follows, for example

∞

∑
τ=1

(βτexp(−iτw1)) =
∞

∑
τ=1

(βexp(−iw1))
τ =

βexp(−iw1)

1− βexp(−iw1)
= �1(−w1),

Hence, following a few computations and summations, we have
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g(w1, w2) =
1

(2π)2 [R3(0, 0) + R3(0, 0){ βexp(−iw1)

1− βexp(−iw1)
+

βexp(−iw2)

1− βexp(−iw2)
+

βexp(i(w1 + w2))

1− βexp(i(w1 + w2))
}

+ (R3(0, 0) +
β2R2(0)
β− β2 ){ β2exp(iw1)

1− β2exp(iw1)
+

β2exp(iw2)

1− β2exp(iw2)
+

β2exp(−i(w1 + w2))

1− β2exp(−i(w1 + w2))
}

− β2R2(0)
β− β2 {

βexp(iw1)

1− βexp(iw1)
+

βexp(iw2)

1− βexp(iw2)
+

βexp(−i(w1 + w2))

1− βexp(−i(w1 + w2))
}+ (R3(0, 0)

+
β2R2(0)
β− β2 {

β2exp(−i(w1 + w2))

1− β2exp(−i(w1 + w2))

βexp(−iw2)

1− βexp(−iw2)
+

β2exp(−i(w1 + w2))

1− β2exp(−i(w1 + w2))

βexp(−iw1)

1− βexp(−iw1)

+
β2exp(iw1)

1− β2exp(iw1)

βexp(−iw2)

1− βexp(−iw2)
+

β2exp(iw2)

1− β2exp(iw2)

βexp(−iw1)

1− βexp(−iw1)

+
β2exp(iw1)

1− β2exp(iw1)

βexp(i(w1 + w2))

1− βexp(i(w1 + w2))
+

β2exp(iw2)

1− β2exp(iw2)

βexp(i(w1 + w2))

1− βexp(i(w1 + w2))
}

+
β2R2(0)
β− β2 {

βexp(−i(w1 + w2))

1− β−i(w1+w2)

βexp(−iw2)

1− βexp(−iw2)
+

βexp(−i(w1 + w2))

1− βexp(−i(w1 + w2))

βexp(−iw1)

1− βexp(−iw1)

+
βexp(iw1)

1− βexp(iw1)

βexp(−iw2)

1− βexp(−iw2)
+

βexp(iw2)

1− βexp(iw2)

βexp(−iw1)

1− βexp(−iw1)

+
βexp(iw1)

1− βexp(iw1)

βexp(i(w1 + w2))

1− βexp(i(w1 + w2))
+

βexp(iw2)

1− βexp(iw2)

βexp(i(w1 + w2))

1− βexp(i(w1 + w2))
}],

and by taking, �1(wk) = βexp(iwk)
1−βexp(iwk)

and �2(wk) = β2exp(iwk)
1−(β2exp(iwk)

, k = 1, 2., the proof is
complete. The NBDF, represented by f (w1, w2), is calculated as

f (w1, w2) =
g(w1, w2)√

g(w1)g(w2)g(w1 + w2)
, (11)

where g(w1, w2) and g(w) are obtained by (11) and (9), respectively.

Figure 3 illustrates the generated observations from the NSINAR(1) process at λ = 3,
β = 0.25, and γ = 5. Figures 4, 5, and 6 show, respectively, the SDF, BDF, and NBDF
of NSINAR(1) at λ = 3, β = 0.25, and γ = 5. We infer that the model is linear from
Figures 5 and 6 and the results in Tables 1 and 2, since the NBDF values, which fall between
(0.73, 0.78), are flatter (constant, very tightly spaced apart) than the BDF values, which
fall between (5, 20). The simulated series of the forecasted NSINAR(1) observations of the
neural network-based FTS in both the basic model and the hybrid model are shown in
Figure 7. Figure 7 shows that the shape and properties of the time series are maintained
by the forecasted observations. From Figures 3 and 7, one can deduce that the series
is stationary and its values are positive- and negative-valued, and this agrees with the
definition of the NSINAR(1) model.
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Figure 3. NSINAR(1) model simulations using λ = 0.3, β = 0.25, and γ = 5.

Figure 4. SDF of NSINAR(1) using λ = 0.3, β = 0.25, and γ = 5.

Figure 5. BDF of NSINAR(1) using λ = 0.3, β = 0.25, and γ = 5.
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Figure 6. NBDF of NSINAR(1) using λ = 0.3, β = 0.25, and γ = 5.

(a) Basic model (b) Hybrid model

Figure 7. The simulated series of the forecasted NSINAR(1) observations of neural network-based
FTS.

6. Estimations of SDF, BDF, and NBDF

The smoothed periodogram technique by the lag window is utilized to estimate the
spectral density functions. The lag window is one-dimensional in the case of the SDF and
two-dimensional lag in the case of the BDF. Generally, if X1, X2, . . . , XN is the realizations of
a real-valued third-order stationary process {Xt} with mean γ, autocovariance R2(s), and
third cumulant R3(s1, s2), the smoothed spectrum, smoothed bispectrum, and smoothed
normalized bispectrum are, respectively, given by (see [28])

ĝ(w) =
1

2π

N−1

∑
s=−(N−1)

Φ(s)R̂2(s) exp(−isw)

=
1

2π

N−1

∑
s=−(N−1)

Φ(s)R̂2(s)cosws, (12)

ĝ(w1, w2) =
1

4π2

N−1

∑
s1=−(N−1)

N−1

∑
s2=−(N−1)

Φ(s1, s2)R̂3(s1, s2) exp(−is1w1 − is2w2), (13)

f̂ (w1, w2) =
ĝ(w1, w2)√

ĝ(w1)ĝ(w2)ĝ(w1 + w2)
, (14)
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where R̂2(t) and R̂3(t1, t2), the natural estimators for R2(t) and R3(t1, t2) are, respectively,
given by

R̂2(s) =
1

N − s

N−|s|
∑
t=1

(Xt − X̄)(Xt+|s| − X̄), (15)

X̄ =
1
N

N

∑
t=1

Xt,

R̂3(s1, s2) =
1
N

N−β

∑
t=1

(Xt − X̄)(Xt+s1 − X̄)(Xt+s2 − X̄), (16)

where s1, s2 ≥ 0, β = max(0, s1, s2), s = 0,±1,±2, ...,±(N− 1),−π ≤ w1, w2 ≤ π, “Φ(s)” is
a one-dimensional lag window and “Φ(s1, s2)” = Φ(s1− s2)Φ(s1)Φ(s2) is a two-dimensional
lag window given by [58]. This section calculates estimates of the SDF, BDF, and NBDF
by employing a smoothed periodogram approach that depends on the lag windows. The
Daniell [59] window was chosen with a different number of frequencies M = 7 and M =
9. These estimates are calculated for three scenarios: (i) the generated realizations from
NSINAR(1), which serve as the FTS’s “input values”, and (ii) and (iii), the forecasted
observations, which serve as the output values of the FTS, which is based on a neural
network.

Figures 8 and 9 illustrate the estimated SDF for the input and output values of the FTS
using Daniell lag windows at M = 7 and M = 9, respectively. Figures 10 and 11 illustrate the
estimated BDF for the input and output values of the FTS using Daniell lag windows at M
= 7 and M = 9, respectively. Figures 12 and 13 illustrate the estimated NBDF for the input
and output values of the FTS using Daniell lag windows at M = 7 and M = 9, respectively.
Tables 3–5 display the estimated BDF obtained with the Daniell window when M = 7 for
the input values for the FTS, as well as the output values of the FTS, which depend on a
neural network (in the case of the basic and hybrid models).

(i) input values (ii) output values “Model 1” (iii) output values “Model 2”

Figure 8. The SDF and estimated SDF obtained with the Daniell window when M = 7, both in the
case of the input and output values of the FTS.

(i) input values (ii) output values “Model 1” (iii) output values “Model 2”

Figure 9. The SDF and estimated SDF obtained with the Daniell window when M = 9, both in the
case of the input and output values.
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(i) input values (ii) output values “Model 1” (iii) output values “Model 2”

Figure 10. Estimated BDF obtained with the Daniell window when M = 7, both in the case of the
input and output values.

(i) input values (ii) output values “Model 1” (iii) output values “Model 2”

Figure 11. Estimated BDF obtained with the Daniell window when M = 9 both in the case of the
input and output values.

(i) input values (ii) output values “Model 1” (iii) output values “Model 2”

Figure 12. Estimated NBDF obtained with the Daniell window when M = 7 both in the case of the
input and output values.

(i) input values (ii) output values “Model 1” (iii) output values “Model 2”

Figure 13. Estimated NBDF obtained with the Daniell window when M = 9 both in the case of the
input and output values.

230



Symmetry 2024, 16, 660

T
a

b
le

3
.

Es
ti

m
at

ed
BD

F
of

N
SI

N
A

R
(1

)u
si

ng
th

e
D

an
ie

ll
w

in
do

w
at

M
=7

by
th

e
in

pu
tv

al
ue

s
of

th
e

FT
S.

w
2

0
.0

0
π

0
.0

5
π

0
.1

0
π

0
.1

5
π

0
.2

0
π

0
.2

5
π

0
.3

0
π

0
.3

5
π

0
.4

0
π

0
.4

5
π

0
.5

0
π

0
.5

5
π

0
.6

0
π

0
.6

5
π

0
.7

0
π

0
.7

5
π

0
.8

0
π

0
.8

5
π

0
.9

0
π

0
.9

5
π

π

w
1

0
.0

π
19

.5
83

19
.3

80
18

.6
24

17
.1

39
15

.1
61

13
.3

05
12

.0
36

11
.2

69
10

.5
80

9.
75

0
8.

97
6

8.
53

2
8.

35
9

8.
10

2
7.

50
5

6.
66

8
5.

87
8

5.
30

7
4.

93
5

4.
70

0
4.

61
3

0
.0

5
π

19
.3

80
18

.9
03

17
.7

84
16

.0
10

13
.9

80
12

.2
86

11
.2

14
10

.5
34

9.
86

3
9.

14
2

8.
61

0
8.

37
5

8.
20

5
7.

77
9

7.
04

1
6.

21
7

5.
54

4
5.

07
4

4.
75

1
4.

56
8

4.
56

8
0
.1

0
π

18
.6

24
17

.7
84

16
.3

57
14

.4
30

12
.4

06
10

.8
13

9.
86

7
9.

32
2

8.
85

9
8.

45
9

8.
23

8
8.

10
6

7.
80

7
7.

21
3

6.
45

7
5.

75
8

5.
20

7
4.

77
0

4.
44

5
4.

31
7

4.
44

5
0
.1

5
π

17
.1

39
16

.0
10

14
.4

30
12

.4
95

10
.6

27
9.

29
1

8.
59

3
8.

25
8

8.
02

5
7.

87
2

7.
77

2
7.

55
2

7.
08

3
6.

44
4

5.
81

6
5.

27
7

4.
77

7
4.

30
1

3.
98

0
3.

98
0

4.
30

1
0
.2

0
π

15
.1

61
13

.9
80

12
.4

06
10

.6
27

9.
13

2
8.

22
8

7.
80

8
7.

57
5

7.
37

9
7.

22
1

7.
01

2
6.

62
9

6.
10

3
5.

58
7

5.
14

9
4.

70
4

4.
17

5
3.

67
5

3.
46

2
3.

67
5

4.
17

5
0
.2

5
π

13
.3

05
12

.2
86

10
.8

13
9.

29
1

8.
22

8
7.

68
8

7.
37

6
7.

04
0

6.
67

0
6.

31
4

5.
92

2
5.

47
3

5.
06

0
4.

74
5

4.
43

9
4.

00
1

3.
46

4
3.

07
6

3.
07

6
3.

46
4

4.
00

1
0
.3

0
π

12
.0

36
11

.2
14

9.
86

7
8.

59
3

7.
80

8
7.

37
6

6.
94

7
6.

37
4

5.
75

2
5.

18
7

4.
70

9
4.

35
2

4.
13

5
3.

97
0

3.
69

9
3.

27
0

2.
85

2
2.

68
1

2.
85

2
3.

27
0

3.
69

9
0
.3

5
π

11
.2

69
10

.5
34

9.
32

2
8.

25
8

7.
57

5
7.

04
0

6.
37

4
5.

55
1

4.
73

3
4.

08
1

3.
67

1
3.

48
7

3.
42

0
3.

30
3

3.
03

5
2.

69
0

2.
45

7
2.

45
7

2.
69

0
3.

03
5

3.
30

3
0
.4

0
π

10
.5

80
9.

86
3

8.
85

9
8.

02
5

7.
37

9
6.

67
0

5.
75

2
4.

73
3

3.
84

2
3.

25
3

2.
99

5
2.

94
8

2.
93

0
2.

80
5

2.
56

1
2.

31
9

2.
22

0
2.

31
9

2.
56

1
2.

80
5

2.
93

0
0
.4

5
π

9.
75

0
9.

14
2

8.
45

9
7.

87
2

7.
22

1
6.

31
4

5.
18

7
4.

08
1

3.
25

3
2.

81
1

2.
67

9
2.

67
6

2.
63

8
2.

49
1

2.
26

9
2.

09
9

2.
09

9
2.

26
9

2.
49

1
2.

63
8

2.
67

6
0
.5

0
π

8.
97

6
8.

61
0

8.
23

8
7.

77
2

7.
01

2
5.

92
2

4.
70

9
3.

67
1

2.
99

5
2.

67
9

2.
58

7
2.

55
5

2.
46

7
2.

28
8

2.
09

2
2.

00
8

2.
09

2
2.

28
8

2.
46

7
2.

55
5

2.
58

7
0
.5

5
π

8.
53

2
8.

37
5

8.
10

6
7.

55
2

6.
62

9
5.

47
3

4.
35

2
3.

48
7

2.
94

8
2.

67
6

2.
55

5
2.

46
3

2.
31

4
2.

13
8

2.
03

2
2.

03
2

2.
13

8
2.

31
4

2.
46

3
2.

55
5

2.
67

6
0
.6

0
π

8.
35

9
8.

20
5

7.
80

7
7.

08
3

6.
10

3
5.

06
0

4.
13

5
3.

42
0

2.
93

0
2.

63
8

2.
46

7
2.

31
4

2.
16

2
2.

08
9

2.
08

4
2.

08
9

2.
16

2
2.

31
4

2.
46

7
2.

63
8

2.
93

0
0
.6

5
π

8.
10

2
7.

77
9

7.
21

3
6.

44
4

5.
58

7
4.

74
5

3.
97

0
3.

30
3

2.
80

5
2.

49
1

2.
28

8
2.

13
8

2.
08

9
2.

13
0

2.
13

0
2.

08
9

2.
13

8
2.

28
8

2.
49

1
2.

80
5

3.
30

3
0
.7

0
π

7.
50

5
7.

04
1

6.
45

7
5.

81
6

5.
14

9
4.

43
9

3.
69

9
3.

03
5

2.
56

1
2.

26
9

2.
09

2
2.

03
2

2.
08

4
2.

13
0

2.
08

4
2.

03
2

2.
09

2
2.

26
9

2.
56

1
3.

03
5

3.
69

9
0
.7

5
π

6.
66

8
6.

21
7

5.
75

8
5.

27
7

4.
70

4
4.

00
1

3.
27

0
2.

69
0

2.
31

9
2.

09
9

2.
00

8
2.

03
2

2.
08

9
2.

08
9

2.
03

2
2.

00
8

2.
09

9
2.

31
9

2.
69

0
3.

27
0

4.
00

1
0
.8

0
π

5.
87

8
5.

54
4

5.
20

7
4.

77
7

4.
17

5
3.

46
4

2.
85

2
2.

45
7

2.
22

0
2.

09
9

2.
09

2
2.

13
8

2.
16

2
2.

13
8

2.
09

2
2.

09
9

2.
22

0
2.

45
7

2.
85

2
3.

46
4

4.
17

5
0
.8

5
π

5.
30

7
5.

07
4

4.
77

0
4.

30
1

3.
67

5
3.

07
6

2.
68

1
2.

45
7

2.
31

9
2.

26
9

2.
28

8
2.

31
4

2.
31

4
2.

28
8

2.
26

9
2.

31
9

2.
45

7
2.

68
1

3.
07

6
3.

67
5

4.
30

1
0
.9

0
π

4.
93

5
4.

75
1

4.
44

5
3.

98
0

3.
46

2
3.

07
6

2.
85

2
2.

69
0

2.
56

1
2.

49
1

2.
46

7
2.

46
3

2.
46

7
2.

49
1

2.
56

1
2.

69
0

2.
85

2
3.

07
6

3.
46

2
3.

98
0

4.
44

5
0
.9

5
π

4.
70

0
4.

56
8

4.
31

7
3.

98
0

3.
67

5
3.

46
4

3.
27

0
3.

03
5

2.
80

5
2.

63
8

2.
55

5
2.

55
5

2.
63

8
2.

80
5

3.
03

5
3.

27
0

3.
46

4
3.

67
5

3.
98

0
4.

31
7

4.
56

8
π

4.
61

3
4.

56
8

4.
44

5
4.

30
1

4.
17

5
4.

00
1

3.
69

9
3.

30
3

2.
93

0
2.

67
6

2.
58

7
2.

67
6

2.
93

0
3.

30
3

3.
69

9
4.

00
1

4.
17

5
4.

30
1

4.
44

5
4.

56
8

4.
61

3

T
a

b
le

4
.

Es
ti

m
at

ed
BD

F
of

N
SI

N
A

R
(1

)u
si

ng
th

e
D

an
ie

ll
w

in
do

w
at

M
=7

by
th

e
ou

tp
ut

va
lu

es
of

th
e

ne
ur

al
ne

tw
or

k-
ba

se
d

FT
S

"M
od

el
1"

.

w
2

0
.0

0
π

0
.0

5
π

0
.1

0
π

0
.1

5
π

0
.2

0
π

0
.2

5
π

0
.3

0
π

0
.3

5
π

0
.4

0
π

0
.4

5
π

0
.5

0
π

0
.5

5
π

0
.6

0
π

0
.6

5
π

0
.7

0
π

0
.7

5
π

0
.8

0
π

0
.8

5
π

0
.9

0
π

0
.9

5
π

π

w
1

0
.0

π
19

.5
23

19
.1

60
18

.1
15

16
.5

35
14

.6
95

12
.9

41
11

.5
51

10
.6

10
10

.0
05

9.
54

5
9.

10
9

8.
67

9
8.

27
4

7.
85

9
7.

35
0

6.
70

1
5.

98
3

5.
34

4
4.

90
6

4.
68

5
4.

62
4

0
.0

5
π

19
.1

60
18

.4
60

17
.1

65
15

.4
75

13
.6

72
12

.0
54

10
.8

35
10

.0
43

9.
53

4
9.

13
3

8.
74

6
8.

36
7

7.
98

7
7.

54
7

6.
98

0
6.

29
5

5.
60

4
5.

05
4

4.
72

1
4.

58
1

4.
58

1
0
.1

0
π

18
.1

15
17

.1
65

15
.7

85
14

.1
50

12
.4

55
10

.9
48

9.
83

9
9.

16
2

8.
77

4
8.

48
9

8.
20

6
7.

89
5

7.
52

8
7.

06
0

6.
46

5
5.

79
5

5.
17

1
4.

71
3

4.
45

9
4.

38
2

4.
45

9
0
.1

5
π

16
.5

35
15

.4
75

14
.1

50
12

.6
30

11
.0

61
9.

70
1

8.
76

1
8.

25
1

7.
99

5
7.

80
0

7.
56

5
7.

26
3

6.
87

9
6.

39
6

5.
82

0
5.

20
8

4.
66

4
4.

28
0

4.
08

9
4.

08
9

4.
28

0
0
.2

0
π

14
.6

95
13

.6
72

12
.4

55
11

.0
61

9.
67

8
8.

57
3

7.
88

4
7.

53
1

7.
31

5
7.

08
2

6.
78

6
6.

43
7

6.
04

2
5.

59
0

5.
07

7
4.

54
4

4.
07

9
3.

76
5

3.
65

5
3.

76
5

4.
07

9
0
.2

5
π

12
.9

41
12

.0
54

10
.9

48
9.

70
1

8.
57

3
7.

77
3

7.
29

6
6.

97
5

6.
64

0
6.

24
5

5.
83

5
5.

45
6

5.
10

3
4.

73
0

4.
30

3
3.

85
4

3.
47

6
3.

26
1

3.
26

1
3.

47
6

3.
85

4
0
.3

0
π

11
.5

51
10

.8
35

9.
83

9
8.

76
1

7.
88

4
7.

29
6

6.
86

5
6.

40
0

5.
83

8
5.

26
5

4.
79

7
4.

46
5

4.
20

7
3.

92
9

3.
58

6
3.

23
0

2.
96

7
2.

87
3

2.
96

7
3.

23
0

3.
58

6
0
.3

5
π

10
.6

10
10

.0
43

9.
16

2
8.

25
1

7.
53

1
6.

97
5

6.
40

0
5.

69
2

4.
92

6
4.

27
9

3.
86

1
3.

63
7

3.
48

3
3.

28
0

3.
00

8
2.

75
1

2.
60

5
2.

60
5

2.
75

1
3.

00
8

3.
28

0
0
.4

0
π

10
.0

05
9.

53
4

8.
77

4
7.

99
5

7.
31

5
6.

64
0

5.
83

8
4.

92
6

4.
08

4
3.

49
4

3.
19

4
3.

07
5

2.
98

2
2.

81
3

2.
59

2
2.

41
2

2.
34

6
2.

41
2

2.
59

2
2.

81
3

2.
98

2
0
.4

5
π

9.
54

5
9.

13
3

8.
48

9
7.

80
0

7.
08

2
6.

24
5

5.
26

5
4.

27
9

3.
49

4
3.

02
6

2.
83

1
2.

76
0

2.
66

6
2.

49
4

2.
29

4
2.

16
4

2.
16

4
2.

29
4

2.
49

4
2.

66
6

2.
76

0
0
.5

0
π

9.
10

9
8.

74
6

8.
20

6
7.

56
5

6.
78

6
5.

83
5

4.
79

7
3.

86
1

3.
19

4
2.

83
1

2.
67

8
2.

58
6

2.
45

0
2.

26
3

2.
09

6
2.

02
8

2.
09

6
2.

26
3

2.
45

0
2.

58
6

2.
67

8
0
.5

5
π

8.
67

9
8.

36
7

7.
89

5
7.

26
3

6.
43

7
5.

45
6

4.
46

5
3.

63
7

3.
07

5
2.

76
0

2.
58

6
2.

44
0

2.
27

4
2.

12
0

2.
02

9
2.

02
9

2.
12

0
2.

27
4

2.
44

0
2.

58
6

2.
76

0
0
.6

0
π

8.
27

4
7.

98
7

7.
52

8
6.

87
9

6.
04

2
5.

10
3

4.
20

7
3.

48
3

2.
98

2
2.

66
6

2.
45

0
2.

27
4

2.
14

5
2.

08
4

2.
07

0
2.

08
4

2.
14

5
2.

27
4

2.
45

0
2.

66
6

2.
98

2
0
.6

5
π

7.
85

9
7.

54
7

7.
06

0
6.

39
6

5.
59

0
4.

73
0

3.
92

9
3.

28
0

2.
81

3
2.

49
4

2.
26

3
2.

12
0

2.
08

4
2.

10
5

2.
10

5
2.

08
4

2.
12

0
2.

26
3

2.
49

4
2.

81
3

3.
28

0
0
.7

0
π

7.
35

0
6.

98
0

6.
46

5
5.

82
0

5.
07

7
4.

30
3

3.
58

6
3.

00
8

2.
59

2
2.

29
4

2.
09

6
2.

02
9

2.
07

0
2.

10
5

2.
07

0
2.

02
9

2.
09

6
2.

29
4

2.
59

2
3.

00
8

3.
58

6
0
.7

5
π

6.
70

1
6.

29
5

5.
79

5
5.

20
8

4.
54

4
3.

85
4

3.
23

0
2.

75
1

2.
41

2
2.

16
4

2.
02

8
2.

02
9

2.
08

4
2.

08
4

2.
02

9
2.

02
8

2.
16

4
2.

41
2

2.
75

1
3.

23
0

3.
85

4
0
.8

0
π

5.
98

3
5.

60
4

5.
17

1
4.

66
4

4.
07

9
3.

47
6

2.
96

7
2.

60
5

2.
34

6
2.

16
4

2.
09

6
2.

12
0

2.
14

5
2.

12
0

2.
09

6
2.

16
4

2.
34

6
2.

60
5

2.
96

7
3.

47
6

4.
07

9
0
.8

5
π

5.
34

4
5.

05
4

4.
71

3
4.

28
0

3.
76

5
3.

26
1

2.
87

3
2.

60
5

2.
41

2
2.

29
4

2.
26

3
2.

27
4

2.
27

4
2.

26
3

2.
29

4
2.

41
2

2.
60

5
2.

87
3

3.
26

1
3.

76
5

4.
28

0
0
.9

0
π

4.
90

6
4.

72
1

4.
45

9
4.

08
9

3.
65

5
3.

26
1

2.
96

7
2.

75
1

2.
59

2
2.

49
4

2.
45

0
2.

44
0

2.
45

0
2.

49
4

2.
59

2
2.

75
1

2.
96

7
3.

26
1

3.
65

5
4.

08
9

4.
45

9
0
.9

5
π

4.
68

5
4.

58
1

4.
38

2
4.

08
9

3.
76

5
3.

47
6

3.
23

0
3.

00
8

2.
81

3
2.

66
6

2.
58

6
2.

58
6

2.
66

6
2.

81
3

3.
00

8
3.

23
0

3.
47

6
3.

76
5

4.
08

9
4.

38
2

4.
58

1
π

4.
62

4
4.

58
1

4.
45

9
4.

28
0

4.
07

9
3.

85
4

3.
58

6
3.

28
0

2.
98

2
2.

76
0

2.
67

8
2.

76
0

2.
98

2
3.

28
0

3.
58

6
3.

85
4

4.
07

9
4.

28
0

4.
45

9
4.

58
1

4.
62

4

231



Symmetry 2024, 16, 660

T
a

b
le

5
.

Es
ti

m
at

ed
BD

F
of

N
SI

N
A

R
(1

)u
si

ng
th

e
D

an
ie

ll
w

in
do

w
at

M
=7

by
th

e
ou

tp
ut

va
lu

es
of

th
e

ne
ur

al
ne

tw
or

k-
ba

se
d

FT
S

"M
od

el
2"

.

w
2

0
.0

0
π

0
.0

5
π

0
.1

0
π

0
.1

5
π

0
.2

0
π

0
.2

5
π

0
.3

0
π

0
.3

5
π

0
.4

0
π

0
.4

5
π

0
.5

0
π

0
.5

5
π

0
.6

0
π

0
.6

5
π

0
.7

0
π

0
.7

5
π

0
.8

0
π

0
.8

5
π

0
.9

0
π

0
.9

5
π

π

w
1

0
.0

π
18

.7
10

18
.5

88
18

.0
04

16
.6

74
14

.8
07

13
.0

23
11

.7
36

10
.8

44
10

.0
64

9.
34

9
8.

83
4

8.
52

6
8.

24
5

7.
83

4
7.

28
4

6.
64

8
5.

97
5

5.
35

5
4.

91
4

4.
70

1
4.

64
9

0
.0

5
π

18
.5

88
18

.2
30

17
.2

35
15

.5
55

13
.6

38
12

.0
54

10
.9

75
10

.1
79

9.
47

3
8.

90
9

8.
56

3
8.

32
2

7.
99

1
7.

50
2

6.
90

7
6.

25
9

5.
60

9
5.

06
4

4.
72

8
4.

59
5

4.
59

5
0
.1

0
π

18
.0

04
17

.2
35

15
.8

19
13

.9
65

12
.1

65
10

.8
02

9.
88

4
9.

21
3

8.
69

5
8.

36
9

8.
18

2
7.

94
4

7.
53

2
6.

98
6

6.
38

9
5.

77
5

5.
18

7
4.

72
2

4.
45

3
4.

37
1

4.
45

3
0
.1

5
π

16
.6

74
15

.5
55

13
.9

65
12

.2
12

10
.6

88
9.

58
5

8.
83

9
8.

31
3

7.
97

6
7.

80
4

7.
64

3
7.

32
3

6.
83

6
6.

29
4

5.
75

9
5.

22
0

4.
69

8
4.

28
3

4.
05

8
4.

05
8

4.
28

3
0
.2

0
π

14
.8

07
13

.6
38

12
.1

65
10

.6
88

9.
49

5
8.

64
8

8.
04

3
7.

60
0

7.
32

1
7.

13
1

6.
86

4
6.

44
4

5.
95

7
5.

50
4

5.
07

1
4.

60
2

4.
12

5
3.

75
7

3.
61

8
3.

75
7

4.
12

5
0
.2

5
π

13
.0

23
12

.0
54

10
.8

02
9.

58
5

8.
64

8
7.

96
9

7.
42

2
6.

97
0

6.
61

3
6.

27
7

5.
87

0
5.

42
4

5.
03

2
4.

70
6

4.
35

9
3.

93
5

3.
51

3
3.

24
9

3.
24

9
3.

51
3

3.
93

5
0
.3

0
π

11
.7

36
10

.9
75

9.
88

4
8.

83
9

8.
04

3
7.

42
2

6.
85

6
6.

31
6

5.
80

0
5.

29
5

4.
82

1
4.

44
7

4.
19

0
3.

96
3

3.
66

0
3.

28
7

2.
97

2
2.

85
1

2.
97

2
3.

28
7

3.
66

0
0
.3

5
π

10
.8

44
10

.1
79

9.
21

3
8.

31
3

7.
60

0
6.

97
0

6.
31

6
5.

62
4

4.
94

0
4.

34
2

3.
90

8
3.

65
5

3.
50

1
3.

31
9

3.
04

8
2.

75
7

2.
57

3
2.

57
3

2.
75

7
3.

04
8

3.
31

9
0
.4

0
π

10
.0

64
9.

47
3

8.
69

5
7.

97
6

7.
32

1
6.

61
3

5.
80

0
4.

94
0

4.
16

1
3.

58
5

3.
25

5
3.

10
1

2.
99

1
2.

82
4

2.
59

8
2.

39
8

2.
32

0
2.

39
8

2.
59

8
2.

82
4

2.
99

1
0
.4

5
π

9.
34

9
8.

90
9

8.
36

9
7.

80
4

7.
13

1
6.

27
7

5.
29

5
4.

34
2

3.
58

5
3.

10
8

2.
87

3
2.

76
4

2.
66

1
2.

50
3

2.
31

6
2.

18
5

2.
18

5
2.

31
6

2.
50

3
2.

66
1

2.
76

4
0
.5

0
π

8.
83

4
8.

56
3

8.
18

2
7.

64
3

6.
86

4
5.

87
0

4.
82

1
3.

90
8

3.
25

5
2.

87
3

2.
68

6
2.

58
3

2.
46

8
2.

30
5

2.
14

3
2.

07
3

2.
14

3
2.

30
5

2.
46

8
2.

58
3

2.
68

6
0
.5

5
π

8.
52

6
8.

32
2

7.
94

4
7.

32
3

6.
44

4
5.

42
4

4.
44

7
3.

65
5

3.
10

1
2.

76
4

2.
58

3
2.

46
3

2.
32

4
2.

16
0

2.
04

8
2.

04
8

2.
16

0
2.

32
4

2.
46

3
2.

58
3

2.
76

4
0
.6

0
π

8.
24

5
7.

99
1

7.
53

2
6.

83
6

5.
95

7
5.

03
2

4.
19

0
3.

50
1

2.
99

1
2.

66
1

2.
46

8
2.

32
4

2.
17

8
2.

07
2

2.
04

0
2.

07
2

2.
17

8
2.

32
4

2.
46

8
2.

66
1

2.
99

1
0
.6

5
π

7.
83

4
7.

50
2

6.
98

6
6.

29
4

5.
50

4
4.

70
6

3.
96

3
3.

31
9

2.
82

4
2.

50
3

2.
30

5
2.

16
0

2.
07

2
2.

06
0

2.
06

0
2.

07
2

2.
16

0
2.

30
5

2.
50

3
2.

82
4

3.
31

9
0
.7

0
π

7.
28

4
6.

90
7

6.
38

9
5.

75
9

5.
07

1
4.

35
9

3.
66

0
3.

04
8

2.
59

8
2.

31
6

2.
14

3
2.

04
8

2.
04

0
2.

06
0

2.
04

0
2.

04
8

2.
14

3
2.

31
6

2.
59

8
3.

04
8

3.
66

0
0
.7

5
π

6.
64

8
6.

25
9

5.
77

5
5.

22
0

4.
60

2
3.

93
5

3.
28

7
2.

75
7

2.
39

8
2.

18
5

2.
07

3
2.

04
8

2.
07

2
2.

07
2

2.
04

8
2.

07
3

2.
18

5
2.

39
8

2.
75

7
3.

28
7

3.
93

5
0
.8

0
π

5.
97

5
5.

60
9

5.
18

7
4.

69
8

4.
12

5
3.

51
3

2.
97

2
2.

57
3

2.
32

0
2.

18
5

2.
14

3
2.

16
0

2.
17

8
2.

16
0

2.
14

3
2.

18
5

2.
32

0
2.

57
3

2.
97

2
3.

51
3

4.
12

5
0
.8

5
π

5.
35

5
5.

06
4

4.
72

2
4.

28
3

3.
75

7
3.

24
9

2.
85

1
2.

57
3

2.
39

8
2.

31
6

2.
30

5
2.

32
4

2.
32

4
2.

30
5

2.
31

6
2.

39
8

2.
57

3
2.

85
1

3.
24

9
3.

75
7

4.
28

3
0
.9

0
π

4.
91

4
4.

72
8

4.
45

3
4.

05
8

3.
61

8
3.

24
9

2.
97

2
2.

75
7

2.
59

8
2.

50
3

2.
46

8
2.

46
3

2.
46

8
2.

50
3

2.
59

8
2.

75
7

2.
97

2
3.

24
9

3.
61

8
4.

05
8

4.
45

3
0
.9

5
π

4.
70

1
4.

59
5

4.
37

1
4.

05
8

3.
75

7
3.

51
3

3.
28

7
3.

04
8

2.
82

4
2.

66
1

2.
58

3
2.

58
3

2.
66

1
2.

82
4

3.
04

8
3.

28
7

3.
51

3
3.

75
7

4.
05

8
4.

37
1

4.
59

5
π

4.
64

9
4.

59
5

4.
45

3
4.

28
3

4.
12

5
3.

93
5

3.
66

0
3.

31
9

2.
99

1
2.

76
4

2.
68

6
2.

76
4

2.
99

1
3.

31
9

3.
66

0
3.

93
5

4.
12

5
4.

28
3

4.
45

3
4.

59
5

4.
64

9

232



Symmetry 2024, 16, 660

6.1. Discussion of Results

In contrast to the input values for the FTS and the output values of the FTS, which
depend on a neural network (in the case of the basic and hybrid models), and depending
on the M.S.E at the top of each image, we discover the following:

• Figures 8–13 illustrate the preference for the hybrid model, followed by the basic
model, over the input values in estimating the SDF, BDF, and NBDF, as the hybrid
model’s outputs had the lowest mean-squared error (refer to [32] and [33] to find out
how to compute the MSE). In general, this indicates that the neural network-based
FTS (whether used with the basic model or the hybrid model) significantly improved
the smoothing of density functions’ estimates.

• The Daniell window at M = 7 performs better than that at M = 9 in estimating the
SDF for all three situations (input values and output values for the basic and hybrid
models), according to a comparison of Figures 8 and 9.

• The Daniell window at M = 7 performs better than that at M = 9 in estimating the
BDF for all three situations (input values and output values for the basic and hybrid
models), according to a comparison of Figures 10 and 11.

• The Daniell window at M = 7 performs better than that at M = 9 in estimating the
NBDF for all three situations (input values and output values for the basic and hybrid
models), according to a comparison of Figures 12 and 13.

6.2. Empirical Analysis

To create a series with size n = 1000, we employed NSINAR(1). Data ranging from
the first observation to the 800th were utilized for our estimation (the in-sample), whereas
data spanning the 801st and 1000th were used for our forecast (the out-of-sample). These
observations were generated from NSINAR(1) fifteen times, and thus, fifteen time series are
available. The proposed method is applied to each time series generated from NSINAR(1).
In the following scenarios, the estimators of the spectral density functions were found: for
the observations produced by the NSINAR(1) model and for the observations estimated
by the basic and hybrid models using the suggested methodology. The MSE was used to
compare these estimators in the three scenarios. The input values were compared to the
respective performances of the two models. Based on the mean-squared errors (MSEs) of
each of the fifteen series, we discovered that the hybrid model outperformed the basic model
in terms of performance. When comparing all the series, the hybrid model outperformed
the input values in 12 out of the 15 series, while the basic model outperformed the input
values in 9 out of the 15 series.

7. Conclusions

More precise smoothing estimates of the SDF, BDF, and NBDF for the INAR(1) models
were suggested using a unique strategy. A neural network-based FTS was employed in
this method. Consequently, the SDF, BDF, and NBDF for a recognized process (NSINAR(1))
were computed. The observations produced by this process served as the FTS input values.
In order to anticipate the observations of NSINAR(1)’s observations, two models were
employed: the basic and hybrid models, both applying neural networks. These forecasted
observations served as the output values of the neural network-based FTS. Both the input
and output values were used for calculating the estimates of the SDF, BDF, and NBDF
of NSINAR(1). A definite improvement in the estimation for the hybrid model over the
basic model, as well as the input values was discovered by comparing all density functions
with their estimations in each scenario. As a result, the neural network-based FTS (either
via the basic model or the hybrid model) helped further improve the smoothing of the
INAR(1) estimates. Future research will attempt to improve the aforementioned technique
using pi-sigma artificial neural networks, despite the fact that this requires far more work
than this method to achieve the best estimate smoothing when compared to the findings
reached here.
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23. Ristić, M.M.; Bakouch, H.S.; Nastić, A.S. A new geometric first-order integer-valued autoregressive (NGINAR(1)) process. J. Stat.

Plan. Inference 2009, 139, 2218–2226. [CrossRef]
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Abstract: In this study, we introduce novel concepts within the framework of fuzzy bipolar b-metric
spaces, focusing on various mappings such as ψα-contractive and �η-contractive mappings, which
are essential for quantifying distances between dissimilar elements. We establish fixed-point theo-
rems for these mappings, demonstrating the existence of invariant points under certain conditions.
To enhance the credibility and applicability of our findings, we provide illustrative examples that
support these theorems and expand the existing knowledge in this field. Furthermore, we explore
practical applications of our research, particularly in solving integral equations and fractional differ-
ential equations, showcasing the robustness and utility of our theoretical advancements. Symmetry,
both in its traditional sense and within the fuzzy context, is fundamental to our study of fuzzy
bipolar b- metric spaces. The introduced contractive mappings and fixed-point theorems expand
the theoretical framework and offer robust tools for addressing practical problems where symmetry
is significant.

Keywords: fixed points; fuzzy b-metric space; fuzzy bipolar b-metric space; b-triangular property;
integral equations; fractional differential equation

1. Introduction

Fixed-point theory is very important in many fields, such as engineering, optimiza-
tion, physics, economics, and mathematics. The Banach fixed-point theorem, introduced
by Banach [1], greatly strengthened this theory and sparked extensive research in both
mathematics and science.

In 1975, Kramosil and Michalek [2] introduced the innovative idea of fuzzy metric
spaces. This concept built on the continuous t-norm introduced by Schweizer and Sklar
in 1960 [3] and the foundational fuzzy set theory proposed by L.A. Zadeh in 1965 [4].
George and Veeramani [5] expanded this idea by incorporating the Hausdorff topology and
adapting classical metric space theorems. This expansion led to significant discoveries in
fuzzy metric spaces and their generalizations [6–11]. In a recent mathematical breakthrough,
Mutlu and Gürdal [12] introduced bipolar metric spaces. Unlike traditional metric spaces,
which focus on distances within a single set, bipolar metric spaces consider distances
between points from two distinct sets. Researchers [7,12,13] have since explored fixed-point
theorems in bipolar metric spaces, discovering various applications. Building on this,
Bartwal et al. [14] introduced fuzzy bipolar metric spaces, extending the principles of
fuzzy metric spaces. They proposed a unique way to measure distances between points in
different sets, leading to significant advancements in fixed-point results for fuzzy bipolar
metric spaces [12,15]. Kumer et al. [9] introduced the concept of contravariant (α − ψ)
Meir–Keeler contractive mappings by defining α-orbital admissible mappings and covariant
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Meir–Keeler contraction in bipolar metric spaces. They proved fixed-point theorems for
these contractions and provided some corollaries of their main results. In 2016, Mutlu
et al. [12] introduced a new type of metric space called bipolar metric spaces. Since
then, researchers have established several fixed-point theorems using various contractive
conditions within the context of bipolar metric spaces (see [10]).

This study aims to address a gap in research by introducing new concepts such as
ψα-contractive type covariant mappings, contravariant mappings, and �η-contractive
type covariant mappings within fuzzy bipolar metric spaces. We establish fixed-point
theorems in this context. Our main goal is to extend the criteria for self-mappings by
introducing control functions and admissibility while considering the triangular property
of induced fuzzy bipolar metrics. Although existing literature provides valuable insights
into fixed-point theory and fuzzy bipolar metric spaces, the study of control functions and
admissible self-mappings within fuzzy bipolar metric spaces remains unexplored. Our
paper addresses a key research gap by advancing the theoretical foundations of generalized
fuzzy metric spaces and enhancing the understanding of fixed-point theory. By integrating
a control function and admissible self-mappings with the triangular property, our expanded
framework provides a versatile foundation applicable to various fields.

In fuzzy bipolar b-metric spaces, symmetry is essential for defining the structure
and properties of the space. A b-metric space generalizes a metric space by relaxing the
symmetry requirement, and in the fuzzy context, distances are represented by fuzzy sets
instead of exact values, allowing for a more nuanced representation of uncertainty. The
ψα-contractive and �η-contractive mappings introduced in this study can exhibit symmetry
properties based on their definitions.

A mapping T is ψα-contractive if it satisfies a condition involving a function ψα, which
can include symmetric or asymmetric terms. Similarly, �η-contractive mappings involve
a function �η that can also reflect symmetry considerations. These mappings ensure the
existence of fixed points in fuzzy bipolar b-metric spaces, with symmetry influencing the
nature and uniqueness of these fixed points. The fixed-point theorems for ψα-contractive
and �η-contractive mappings often depend on symmetry conditions, which simplify the
proofs of existence and uniqueness.

Examples in the study highlight the importance of these symmetry conditions in prac-
tical applications, such as solving integral equations and fractional differential equations,
where symmetric structures like kernel functions or boundary conditions are involved.
In conclusion, symmetry, both in its traditional sense and within the fuzzy context, is
fundamental to our study of fuzzy bipolar b-metric spaces. The introduced contractive
mappings and fixed-point theorems expand the theoretical framework and provide robust
tools for addressing practical problems where symmetry plays a crucial role.

In this study, we thoroughly explore the fundamental concepts of fuzzy bipolar
b-metric spaces in Section 2. In Section 3, we establish key results about the existence and
uniqueness of fixed points within these spaces by introducing ψα-contractive mappings.
These results leverage a unique property of fuzzy bipolar b-metric spaces, explained with
the help of a control function. In Section 4, we introduce another type of mapping called
�η-contractive mappings and present additional fixed-point results. Finally, in Section 5,
we demonstrate the practical applications of our findings by showing how they can be
used to solve nonlinear integral equations. Our work provides valuable insights for both
theoretical understanding and real-world applications, enhancing the use of fixed-point
theory in fuzzy bipolar b-metric spaces.

2. Preliminaries

In order to demonstrate our main findings, it is necessary to introduce several funda-
mental definitions drawn from the existing literature, outlined below:
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Definition 1 ([16]). A binary operation ∗ : [0, 1]× [0, 1]→ [0, 1] is said to be a continuous τ-norm
if ([0, 1], ∗) is a topological monoid with unit 1, such that ξ ∗ ζ ≤ γ ∗ δ whenever ξ ≤ γ, ζ ≤ δ for
all ξ, ζ, γ, δ ∈ [0, 1].

Definition 2 ([14]). Let A and B be two nonempty sets. A quadruple (A , B, Fυ, ∗) is called a
fuzzy bipolar metric space (FBMS), where ∗ and Fυ are a continuous τ-norm and a fuzzy set on
A ×B × (0, ∞), respectively, such that for all τ, ρ, ν > 0:

(FBMS1) Fυ(ω, ξ, τ) > 0 for all (ω, ξ) ∈ A ×B;
(FBMS2) Fυ(ω, ξ, τ) = 1 if and only if ω = ξ for ω ∈ A and ξ ∈ B;
(FBMS3) Fυ(ω, ξ, τ) = Fυ(ξ, ω, τ) for all ω, ξ ∈ A ∩B;
(FBMS4) Fυ(ω1, ξ2, τ + ρ+ ν) ≥ Fυ(ω1, ξ1, τ) ∗Fυ(ω2, ξ1, ρ) ∗Fυ(ω2, ξ2, ν) for all ω1, ω2 ∈

A and ξ1, ξ2 ∈ B;
(FBMS5) Fυ(ω, ξ, ·) : [0, ∞)→ [0, 1] is left continuous;
(FBMS6) Fυ(ω, ξ, ·) is non-decreasing for all ω ∈ A and ξ ∈ B.

Definition 3 ([17]). Let A be a non-empty set and let θ ≥ 1 be a given real number. A function
� : A ×A → [0, ∞) is said to be a b-metric space if for all x, y, z ∈ A the following conditions hold:

(BM1) �(x, y) = 0 if and only if x = y;
(BM2) �(x, y) = �(y, x);
(BM3) �(x, z) ≤ θ[�(x, y) + �(y, z)].

The pair (A , �) is a b-metric space.

Remark 1 ([18]). It is important to discuss that every b-metric space is not necessarily a metric
space. With θ = 1, every b-metric space is a metric space.

Definition 4 ([10]). Let A and B be two non-empty sets, and and let θ ≥ 1 be a given real number.
Function � : A ×A → [0, ∞) satisfies the following conditions:

(BBM1) �(x, y) = 0 if and only if x = y for all (x, y) ∈ A ×B;
(BBM2) �(x, y) = �(y, x) for all x, y ∈ A ∩B;
(BBM3) �(x1, y2) ≤ θ[�(x1, y1) + �(x2, y1) + �(x2, y2, w)] for all x1, x2 ∈ A and y1, y2 ∈ B.

Then, � is a b-bipolar metric and (A , B, �) is a b-bipolar metric space. If A ∩B = ∅, then
the space is called a disjoint; otherwise, it is called a joint. Set A is the left pole and set B is the
right pole of (A , B, �). The elements of A , B, and A ∩B are the left, right, and central elements,
respectively.

Definition 5 ([10]). Let A and B be two non-empty sets and θ ≥ 1. A five tuple (A , B, Fυ, θ, ∗)
is called a fuzzy bipolar b-metric space (FBBMS), where ∗ and Fυ are the continuous τ-norm
and the fuzzy set on A ×B × (0, ∞), respectively, such that for all τ, ρ, ν > 0, the following is
applicable:

(FBMS1) Fυ(ω, ξ, τ) > 0 for all (ω, ξ) ∈ A ×B;
(FBMS2) Fυ(ω, ξ, τ) = 1 if and only if ω = ξ for ω ∈ A and ξ ∈ B;
(FBMS3) Fυ(ω, ξ, τ) = Fυ(ξ, ω, τ) for all ω, ξ ∈ A ∩B;
(FBMS4) Fυ(ω1, ξ2, θ(τ + ρ + ν)) ≥ Fυ(ω1, ξ1, τ) ∗ Fυ(ω2, ξ1, ρ) ∗ Fυ(ω2, ξ2, ν) for all

ω1, ω2 ∈ A and ξ1, ξ2 ∈ B;
(FBMS5) Fυ(ω, ξ, ·) : [0, ∞)→ [0, 1] is left continuous;
(FBMS6) Fυ(ω, ξ, ·) is non-decreasing for all ω ∈ A and ξ ∈ B.

Definition 6 ([10]). Let (A , B, Fυ, θ, ∗) be a fuzzy bipolar b-metric space.

(S1) Point ω ∈ A ∪B is called the left, right, and central point if ω ∈ A , ω ∈ B, and both hold.
Similarly, sequence

{
ωβ

}
, ξβ on set A , B is said to be a left and right sequence, respectively.

(S2) Sequence
{

ωβ

}
is convergent to point ω if and only if

{
ωβ

}
is a left sequence, ω is a right

point, and limβ→∞ Fυ(ωβ, θ, ∗) = 1 for τ > 0, or ωβ is a right sequence, ω is a left point,
and Fυ(ω, ωβ, τ) = 1 for τ > 0.
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Definition 7 ([10]). In an FBBMS, sequence ({ωn}, {ξn}) is called a bisequence on A ×B and
it is said to be convergent if both {ωn} and {ξn} are convergent. If both sequences converge to a
common point q, then ({ωn}, {ξn}) is a biconvergent.

The bisequence ({ωn}, {ξn}) in a FBBMS Fυ(ωβ, θ, ∗) is called a Cauchy bisequence if, for
any δ > 0, there exist a number γ ∈ N such that for all w, g ≥ δ and w, g ∈ N, we have

Fυ(ωw, ξg, τ) > 1− δ, for all τ > 0.

In other words, ({ωn}, {ξn}) is a Cauchy bisequence if

lim
w,g→∞

Fυ(ωw, ξg, τ) = 1, for all τ > 0.

Lemma 1. In an FBBMS (A , B, Fυ, θ, ∗), the limit γ ∈ A ∩B of a bisequence is always unique.

Lemma 2 ([19]). In an FBBMS (A , B, Fυ, θ, ∗), if a Cauchy bisequence is convergent, it is
biconvergent.

Lemma 3 ([19]). An FBBMS (A , B, Fυ, θ, ∗) is considered complete if every Cauchy bisequence
within A ×B converges within it.

Definition 8 ([10]). Let (A1, B1, Fυ, θ, ∗) and (A2, B2, Mς, θ, ∗) be two FBBMSs and a function
φ : A1 ∪B1 → A2 ∪B2. Then, the following is applicable:

(i) If φ(A1) ⊆ B2 and φ(B1) ⊆ A2, then φ is a contravariant from (A1, B1, Fυ, θ, ∗) to
(A2, B2, Mς, θ, ∗) and it is denoted by φ : (A1, B1, Fυ, θ, ∗) 
 (A2, B2, Mς, θ, ∗).

(ii) If φ(A1) ⊆ A2 and φ(B1) ⊆ B2, then φ is a covariant from (A1, B1, Fυ, θ, ∗) to
(A2, B2, Mς, θ, ∗) and it is denoted by φ : (A1, B1, Fυ, θ, ∗) ⇒ (A2, B2, Mς, θ, ∗).

We establish the continuity of covariant and contravariant mappings within fuzzy
bipolar b-metric spaces.

Definition 9. Let (A1, B1, Fυ, θ, ∗) and (A2, B2, Mς, θ, ∗) be two FBBMSs.

(a) Mapping φ : (A1, B1, Fυ, θ, ∗) ⇒ (A2, B2, Mς, θ, ∗) is said to be left-continuous at a
particular point a0 ∈ A1 if for any given ε > 0 there exists δ > 0; such that, for all b ∈ B1,
conditions Fυ(a0, b, τ) < δ and Mς( f (a0), f (b), τ) < ε hold.

(b) Mapping φ : (A1, B1, Fυ, θ, ∗) ⇒ (A2, B2, Mς, θ, ∗) is said to be left-continuous at a
particular point b0 ∈ B1 if for any given ε > 0 there exists δ > 0; such that, for all a ∈ A1,
conditions Fυ(a, b0, τ) < δ and Mς( f (a), f (b0), τ) < ε hold.

(c) Mapping φ is said to be continuous if it is left-continuous at every point a ∈ A1 and
right-continuous at each point b ∈ B1.

(d) Contravariant φ : φ : (A1, B1, Fυ, θ, ∗) 
 (A2, B2, Mς, θ, ∗) is continuous if and only
if it is continuous when considered as a covariant mapping φ : (A1, B1, Fυ, θ, ∗) ⇒
(A2, B2, Mς, θ, ∗).

Definition 10 ([10]). Let (A , B, Fυ, θ, ∗) be a fuzzy bipolar b-metric space. The fuzzy bipolar
b-metric space Fυ is b-triangular (BT) if the following is applicable:

1
Fυ(ω1, ξ2, τ)

− 1 ≤ θ

(
1

Fυ(ω1, ξ1, τ)
− 1
)
+ θ

(
1

Fυ(ω2, ξ1, τ)
− 1
)

+ θ

(
1

Fυ(ω2, ξ2, τ)
− 1
)

.
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Lemma 4. Let (A , B, Fυ, θ, ∗) be a fuzzy bipolar b-metric space, where ∗ is a continuous τ-norm
and Fυ : A ×B × (0, ∞)→ [0, 1] is defined as

Fυ(ω, ξ, τ) =
τ

τ + φ(ω, ξ)
,

where φ(ω, ξ) is a bipolar b-metric space on A ×B. Then, the FBBMS is b-triangular.

Proof. For any ω1, ω2 ∈ A and ξ1, ξ2 ∈ B, we have the following:

1
Fυ(ω1, ξ2, τ)

− 1 =
φ(ω1, ξ2)

τ

≤ θ
φ(ω1, ξ1)

τ
+ θ

φ(ω2, ξ1)

τ
+ θ

φ(ω2, ξ2)

τ

≤ θ

(
1

Fυ(ω1, ξ1, τ)
− 1
)
+ θ

(
1

Fυ(ω2, ξ1, τ)
− 1
)

+ θ

(
1

Fυ(ω2, ξ2, τ)
− 1
)

.

Hence, Fυ is b-triangular.

Example 1. Let (A , B, Fυ, θ, ∗) be a fuzzy bipolar b-metric space, where ∗ is a continuous τ-norm
defined by w ∗ q = min{w, q} and Fυ : A ×B × (0, ∞)→ [0, 1] defined by

Fυ(ω, ξ, τ) =
τ

τ + db(ω, ξ)
,

where db is a b-metric space. Then, the FBBMS is b-triangular.

Proof. For any ω1, ω2 ∈ A and ξ1, ξ2 ∈ B, we have the following:

1
Fυ(ω1, ξ2, τ)

− 1 =
dp(ω1, ξ2)

τ

≤ θ
dp(ω1, ξ1)

τ
+ θ

dp(ω2, ξ1)

τ
+ θ

dp(ω2, ξ2)

τ

≤ θ

(
1

Fυ(ω1, ξ1, τ)
− 1
)
+ θ

(
1

Fυ(ω2, ξ1, τ)
− 1
)

+ θ

(
1

Fυ(ω2, ξ2, τ)
− 1
)

, for τ > 0.

Consequently, the FBBMS is b-triangular.

Definition 11. Let (A , B, Fυ, θ, ∗) be a complete FBBSM with a constant θ ≥ 1, where ∗ is a
continuous τ-norm and mapping ψ : A ∪B → A ∪B is called a fuzzy b-contraction if there
exists γ ∈ (0, 1

θ ), such that

1
Fυ(ψ(ω), ψ(ξ), τ)

− 1 ≤ γ

(
1

Fυ(ω, ξ, τ)
− 1
)

(1)

for all ω ∈ A , ξ ∈ B, and τ > 0, such that θγ < 1.

3. ψα-Contraction Mappings and Fixed-Point Results

Definition 12. Let Ψθ be the family of all right-continuous and non-decreasing functions ψ :
[0, ∞) → [0, ∞) such that ∑∞

n=1 ψn(t) < ∞ for all t > 0, where ψn is the n-th iterate of ψ,
satisfying the following conditions:

(Q1) ψ(0) = 0;

241



Symmetry 2024, 16, 777

(Q2) ψ(κ) < κ for all κ > 0;
(Q3) limn→∞ ψn(κ) = 0 for all κ > 0, where ψn(κ) is the n-th iteration of ψ at κ.

Remark 2. For our purpose, for θ ≥ 1, we define the following:

Ψθ := {ψ : [0, ∞)→ [0, ∞), ψ is non-decreasing, right-continuous, and ∑∞
n=1 θnψn(t) < ∞}.

It is clear that, with the help of conditions (Q1)-(Q3), if ψ ∈ Ψθ , then limn→∞ θnψn(t) = 0 for all
t > 0; hence, ψ(t) < t.

Definition 13. Let (A , B, Fυ, θ, ∗) be an FBBMS. Mapping

φ : (A , B, Fυ, θ, ∗) ⇒ (A , B, Fυ, θ, ∗)

is purported to be an ψα-contractive covariant mapping if for the functions α : A ×B× (0, ∞)→
[0, ∞), ψ ∈ Ψθ , and γ ∈ (0, 1

θ ), the below condition holds:

α(a, b, τ)

(
1

Fυ(φ(a), φ(b), τ)
− 1
)
≤ γψ

(
1

Fυ(a, b, τ)
− 1
)

(2)

for all a ∈ A , b ∈ B and τ > 0, such that θγ < 1.

Definition 14. Let (A , B, Fυ, θ, ∗) be an FBBMS. Mapping

φ : (A , B, Fυ, θ, ∗) � (A , B, Fυ, θ, ∗)

is purported to be an ψα-contractive contravariant mapping for the functions α : A ×B ×
(0, ∞)→ [0, ∞), ψ ∈ Ψθ , and γ ∈ (0, 1

θ ), such that the below condition holds:

α(a, b, τ)

(
1

Fυ(φ(b), φ(a), τ)
− 1
)
≤ γψ

(
1

Fυ(a, b, τ)
− 1
)

(3)

for all a ∈ A , b ∈ B and τ > 0, such that θγ < 1.

Definition 15. Let (A , B, Fυ, θ, ∗) be an FBBMS. Mapping

φ : (A , B, Fυ, θ, ∗) ⇒ (A , B, Fυ, θ, ∗)

is purported to be a covariant that is α-admissible if there exists a function α : A ×B × (0, ∞)→
[0, ∞) such that, for all a ∈ A , b ∈ B and τ > 0,

α(a, b, τ) ≥ 1 implies α(φ(a), φ(b), τ) ≥ 1.

Definition 16. Let (A , B, Fυ, θ, ∗) be an FBBMS. Mapping

φ : (A , B, Fυ, θ, ∗) 
 (A , B, Fυ, θ, ∗)

is purported to be a contravariant that is α-admissible if there exists a function α : A ×B ×
(0, ∞)→ [0, ∞) such that, for all a ∈ A , b ∈ B and τ > 0,

α(a, b, τ) ≥ 1 implies α(φ(b), φ(a), τ) ≥ 1.

Theorem 1. Let (A , B, Fυ, θ, ∗) be a complete FBBMS. Assume that φ : (A , B, Fυ, θ, ∗) ⇒
(A , B, Fυ, θ, ∗) is an ψα-contractive covariant mapping satisfying the following conditions:

(i) φ is continuous.
(ii) φ is α-admissible.
(iii) There exists a0 ∈ A , b0 ∈ B such that α(a0, b0, τ) ≥ 1, α(a0, φ(b0), τ) ≥ 1 for all τ > 0.
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Under these conditions, φ admits a fixed point. That is, φ(μ) = μ for some μ ∈ A ∩B.

Proof. Fix a0 ∈ A and b0 ∈ B such that α(a0, φ(b0), τ) ≥ 1 for all τ > 0. Define
φ(an) = an+1 and φ(bn) = bn+1 for all n ∈ N ∪ {0}. Then, ({an}, {bn}) is a bisequence in
(A , B, Fυ, θ, ∗).

For any τ > 0, from condition (3) and the α-admissibility of covariant mapping φ, we
obtain the following:

α(a0, b0, τ) ≥ 1 ⇒ α(φ(a0), φ(b0), τ) ≥ 1,

α(a0, b1, τ) = α(a0, φ(b0), τ) ≥ 1 ⇒ α(φ(a0), φ(b1), τ) = α(a1, b2, τ) ≥ 1,

α(a1, b1, τ) = α(φ(a0), φ(b0), τ) ≥ 1 ⇒ α(φ(a1), φ(b1), τ) = α(a2, b2, τ) ≥ 1,

α(a1, b2, τ) = α(a1, φ(b1), τ) ≥ 1 ⇒ α(φ(a1), φ(b1), τ) = α(a2, b2, τ) ≥ 1,

α(a2, b2, τ) = α(φ(a1), φ(b1), τ) ≥ 1 ⇒ α(φ(a2), φ(b2), τ) = α(a3, b3, τ) ≥ 1.

By repeating this process, we obtain the following:

α(an+1, bn+1, τ) ≥ 1 and α(an, bn+1, τ) ≥ 1, for all n ∈ N. (4)

Using conditions (2) and (4) for a = an and b = bn, we obtain the following:

1
Fυ(an+1, bn+1, τ)

− 1 =
1

Fυ(φ(an), φ(bn), τ)
− 1

≤ α(an, bn, τ)

(
1

Fυ(φ(an), φ(bn), τ)
− 1
)

≤ γψ

(
1

Fυ(φ(an), φ(bn), τ)
− 1
)

,

and for a = an−1 and b = bn, we obtain

1
Fυ(an, bn+1, τ)

− 1 =
1

Fυ(φ(an−1), φ(bn), τ)
− 1

≤ α(an−1, bn, τ)

(
1

Fυ(φ(an−1), φ(bn), τ)
− 1
)

≤ γψ

(
1

Fυ(an, bn, τ)
− 1
)

.

By the process of induction, we can obtain

1
Fυ(an+1, bn+1, τ)

− 1 ≤ γn+1ψn+1
(

1
Fυ(a0, b0, τ)

− 1
)

and
1

Fυ(an, bn+1, τ)
− 1 ≤ γnψn

(
1

Fυ(a0, b1, τ)
− 1
)

.
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Now, for m > n, m, n ∈ N, using the properties of ψ and b-triangularity of Fυ, we
obtain the following:

1
Fυ(an, bm, τ)

− 1 ≤ θ

(
1

Fυ(an, bn, τ)
− 1
)
+ θ

(
1

Fυ(an+1, bn, τ)
− 1
)

+ θ

(
1

Fυ(an+1, bm, τ)
− 1
)

...

≤ θ

(
1

Fυ(an, bn, τ)
− 1
)
+ θ

(
1

Fυ(an+1, bm, τ)
− 1
)

+ · · ·+ θm
(

1
Fυ(am−1, bm−1, τ)

− 1
)
+ θm

(
1

Fυ(am, bm−1, τ)
− 1
)

+ θm
(

1
Fυ(am, bm, τ)

− 1
)

≤ θγnψn
(

1
Fυ(a0, b0, τ)

− 1
)
+ θγnψn

(
1

Fυ(a1, b0, τ)
− 1
)

+ · · ·+ θmγm−1ψm−1
(

1
Fυ(a0, b0, τ)

− 1
)

+ θmγmψm
(

1
Fυ(a1, b0, τ)

− 1
)
+ θmγmψm

(
1

Fυ(a0, b0, τ)
− 1
)

≤ θγn
(

1 + θγ + θ2γ2 + · · ·+ θm−1γm−n
)

ψn
(

1
Fυ(a0, b0, τ)

− 1
)

+ θγn
(

1 + θγ + θ2γ2 + · · ·+ θm−1γm−n
)

ψn
(

1
Fυ(a1, b0, τ)

− 1
)

≤ θγn

1− θγ
ψn
(

1
Fυ(a0, b0, τ)

− 1
)
+

θγn

1− θγ
ψn
(

1
Fυ(a1, b0, τ)

− 1
)

.

Also, for n > m, n, m ∈ N, we obtain the following:

1
Fυ(an, bm, τ)

− 1 ≤ θ

(
1

Fυ(am, bm, τ)
− 1
)
+ θ

(
1

Fυ(am+1, bm, τ)
− 1
)

+ θ

(
1

Fυ(am+1, bn, τ)
− 1
)

...

≤ θ

(
1

Fυ(am, bm, τ)
− 1
)
+ θ

(
1

Fυ(am+1, bn, τ)
− 1
)

+ · · ·+ θn
(

1
Fυ(an−1, bn−1, τ)

− 1
)
+ θn

(
1

Fυ(an, bn−1, τ)
− 1
)

+ θn
(

1
Fυ(an, bn, τ)

− 1
)

≤ θγmψm
(

1
Fυ(a0, b0, τ)

− 1
)
+ θγmψm

(
1

Fυ(a1, b0, τ)
− 1
)

+ · · ·+ θnγn−1ψn−1
(

1
Fυ(a0, b0, τ)

− 1
)

+ θnγnψn
(

1
Fυ(a1, b0, τ)

− 1
)
+ θnγnψn

(
1

Fυ(a0, b0, τ)
− 1
)
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≤ θγm
(

1 + θγ + θ2γ2 + · · ·+ θn−1γn−m
)

ψm
(

1
Fυ(a0, b0, τ)

− 1
)

+ θγm
(

1 + θγ + θ2γ2 + · · ·+ θn−1γn−m
)

ψm
(

1
Fυ(a1, b0, τ)

− 1
)

≤ θγm

1− θγ
ψm
(

1
Fυ(a0, b0, τ)

− 1
)
+

θγm

1− θγ
ψm
(

1
Fυ(a1, b0, τ)

− 1
)

.

Since θγ < 1, and letting m, n → ∞ in the above cases, we obtain

lim
n,m→∞

Fυ(an, bm, τ) = 1, τ > 0.

Thus, we conclude that ({an}, {bn}) is a Cauchy bisequence in (A , B, Fυ, θ, ∗). Due
to the completeness of FBBMS (A , B, Fυ, θ, ∗), ({an}, {bn}) is a convergent bisequence;
hence, through Lemma 2 it biconverges to a point μ ∈ A ∩B, i.e., {an} → μ and {bn} → μ.

Now, we show that μ is a fixed point of φ. Using the properties of φ and b-triangularity
of Fυ, we obtain the following:

1
Fυ(φ(μ), μ, τ)

− 1 ≤ ≤ θ

(
1

Fυ(φ(μ), φ(an), τ)
− 1
)
+ θ

(
1

Fυ(φ(an), φ(bn), τ)
− 1
)

+ θ

(
1

Fυ(φ(bn), μ, τ)
− 1
)

≤ θγψ

(
1

Fυ(μ, bn, τ)
− 1
)
+ θγψ

(
1

Fυ(an, bn, τ)
− 1
)

+ θγψ

(
1

Fυ(μ, bn, τ)
− 1
)

.

By continuity of φ , φ(an) → φ(μ) and φ(bn) → φ(μ). Hence, by letting n → ∞, we
obtain Fυ(φ(μ), μ, τ) = 1, τ > 0. So, φ(μ) = μ.

Example 2. Let A = [−1, 1] and B = (N∪ {0}) \ {1} equipped with a continuous τ-norm.
Define Fυ(a, b, τ) = τ

τ+|a−b|2 for all a ∈ A , b ∈ B and τ > 0. Clearly, (A , B, Fυ, θ, ∗)
is a complete FBBMS. Define α(a, b, τ) = 1 for all a ∈ A , b ∈ B and τ > 0. Suppose
φ : A ∪B ⇒ A ∪B can be defined by φ(s) = sin

( s
5
)
. Consider ψ(w) = w

3 for all w ∈ [0, ∞).
Then, it is easy to verify that ψ is right-continuous and non-decreasing and satisfies all conditions
stated in Definition 12.

Now, for a ∈ A and b ∈ B, a 	= b, we can obtain the following:

α(a, b, τ)

(
1

Fυ(φ(a), φ(b), τ)
− 1
)

=
|φ(a)− φ(b)|

τ

=

∣∣∣sin
( a

5
)− sin

(
b
5

)∣∣∣2
τ

≤ 1
25
|a− b|2

τ

≤ 1
9
|a− b|2

τ

=
1
3

ψ

(
1

Fυ(a, b, τ)
− 1
)

.

Thus, φ : A ∪B ⇒ A ∪B is continuous and satisfies the following condition:

α(a, b, τ)

(
1

Fυ(φ(a), φ(b), τ)
− 1
)
≤ γψ

(
1

Fυ(a, b, τ)
− 1
)

for all a ∈ A , b ∈ B with a 	= b and τ > 0.
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So, all axioms of Theorem 1 are satisfied with γ = 1
3 , and consequently, φ has a unique fixed

point, i.e., μ = 1.

Theorem 2. Let (A , B, Fυ, θ, ∗) be a complete FBBMS. Assume that φ : (A , B, Fυ, θ, ∗) 

(A , B, Fυ, θ, ∗) is an ψα-contractive contravariant mapping satisfying the following conditions:

(i) φ is continuous;
(ii) φ is α-admissible;
(iii) There exists a0 ∈ A , b0 ∈ B such that α(a0, b0, τ) ≥ 1, α(a0, φ(b0), τ) ≥ 1 for all τ > 0.

Under these conditions, φ admits a fixed point. That is, φ(μ) = μ for μ ∈ A ∩B.

Proof. Fix a0 ∈ A and b0 ∈ B such that α(a0, φ(b0), τ) ≥ 1 for all τ > 0. Define φ(an) = bn
and φ(bn) = an+1 for all n ∈ N∪ {0}. Then, ({an}, {bn}) is a bisequence in (A , B, Fυ, θ, ∗).

For any τ > 0, from condition (3) and the α-admissibility of covariant mapping φ, we
obtain the following:

α(a0, b0, τ) ≥ 1 ⇒ α(φ(b0), φ(a0), τ) = α(a1, b0, τ) ≥ 1

α(a1, b0, τ) ≥ 1 ⇒ α(φ(b0), φ(a1), τ) = α(a1, b1, τ) ≥ 1

α(a1, b1, τ) ≥ 1 ⇒ α(φ(b1), φ(a1), τ) = α(a2, b1, τ) ≥ 1

α(a2, b1, τ) ≥ 1 ⇒ α(φ(b1), φ(a2), τ) = α(a2, b2, τ) ≥ 1

α(a2, b2, τ) ≥ 1 ⇒ α(φ(b2), φ(a2), τ) = α(a3, b2, τ) ≥ 1.

By repeating this process, we obtain

α(an, bn, τ) ≥ 1 and α(an+1, bn, τ) ≥ 1, for all n ∈ N. (5)

Employing the conditions (3) and (5) for a = an and b = bn−1, we obtain

1
Fυ(an, bn, τ)

− 1 =
1

Fυ(φ(bn−1), φ(an), τ)
− 1

≤ α(an, bn−1, τ)

(
1

Fυ(φ(bn−1), φ(an), τ)
− 1
)

≤ γψ

(
1

Fυ(φ(an), φ(bn−1), τ)
− 1
)

,

and for a = an+1 and b = bn, we obtain

1
Fυ(an+1, bn, τ)

− 1 =
1

Fυ(φ(bn), φ(an), τ)
− 1

≤ α(an, bn, τ)

(
1

Fυ(φ(bn), φ(an), τ)
− 1
)

≤ γψ

(
1

Fυ(an, bn, τ)
− 1
)

.

By the process of induction, we can obtain

1
Fυ(an, bn, τ)

− 1 ≤ γ2n−1ψ2n−1
(

1
Fυ(a0, b1, τ)

− 1
)

and
1

Fυ(an+1, bn, τ)
− 1 ≤ γ2n+1ψ2n+1

(
1

Fυ(a0, b0, τ)
− 1
)

.
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Now, for m > n, m, n ∈ N, using the properties of ψ and b-triangularity of Fυ, we
obtain the following:

1
Fυ(an, bm, τ)

− 1 ≤ θ

(
1

Fυ(an, bn, τ)
− 1
)
+ θ

(
1

Fυ(an, bn+1, τ)
− 1
)

+ θ

(
1

Fυ(an+1, bm, τ)
− 1
)

...

≤ θ

(
1

Fυ(an, bn, τ)
− 1
)
+ θ

(
1

Fυ(an, bn+1, τ)
− 1
)

+ θ

(
1

Fυ(an+1, bn+1, τ)
− 1
)

+ · · ·+ θm
(

1
Fυ(am−1, bm−1, τ)

− 1
)
+ θm

(
1

Fυ(am−1, bm, τ)
− 1
)

+ θm
(

1
Fυ(am, bm, τ)

− 1
)

≤ θγnψn
(

1
Fυ(a0, b0, τ)

− 1
)
+ θγnψn

(
1

Fυ(a0, b1, τ)
− 1
)

+ θγn+1ψn+1
(

1
Fυ(a0, b0, τ)

− 1
)

+ · · ·+ θmγm−1ψm−1
(

1
Fυ(a0, b0, τ)

− 1
)

+ θmγm−1ψm−1
(

1
Fυ(a0, b1, τ)

− 1
)

+ θmγmψm
(

1
Fυ(a0, b0, τ)

− 1
)

≤ θγn
(

1 + θγ + · · ·+ θm−1γm−1
)

ψn
(

1
Fυ(a0, b0, τ)

− 1
)

+ θγn
(

1 + θγ + · · ·+ θm−1γm−1
)

ψn
(

1
Fυ(a0, b1, τ)

− 1
)

≤ θγn

1− θγ
ψn
(

1
Fυ(a0, b0, τ)

− 1
)
+

θγn

1− θγ
ψn
(

1
Fυ(a0, b1, τ)

− 1
)

.

Also, for n > m, n, m ∈ N, we obtain the following:

1
Fυ(an, bm, τ)

− 1 ≤ θ

(
1

Fυ(am, bm, τ)
− 1
)
+ θ

(
1

Fυ(am, bm+1, τ)
− 1
)

+ θ

(
1

Fυ(am+1, bn, τ)
− 1
)

...

≤ θ

(
1

Fυ(am, bm, τ)
− 1
)
+ θ

(
1

Fυ(am, bm+1, τ)
− 1
)

+ θ

(
1

Fυ(am+1, bm+1, τ)
− 1
)

+ · · ·+ θn
(

1
Fυ(an−1, bn−1, τ)

− 1
)
+ θn

(
1

Fυ(an−1, bn, τ)
− 1
)

+ θn
(

1
Fυ(an, bn, τ)

− 1
)
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≤ θγmψm
(

1
Fυ(a0, b0, τ)

− 1
)
+ θγmψm

(
1

Fυ(a0, b1, τ)
− 1
)

+ θγm+1ψm+1
(

1
Fυ(a0, b0, τ)

− 1
)

+ · · ·+ θnγn−1ψn−1
(

1
Fυ(a0, b0, τ)

− 1
)
+ θnγn−1ψn−1

(
1

Fυ(a0, b1, τ)
− 1
)

+ θnγnψn
(

1
Fυ(a0, b0, τ)

− 1
)

≤ θγm
(

1 + θγ + · · ·+ θn−1γn−1
)

ψm
(

1
Fυ(a0, b0, τ)

− 1
)

+ θγn
(

1 + θγ + · · ·+ θm−1γm−1
)

ψn
(

1
Fυ(a0, b1, τ)

− 1
)

≤ θγm

1− θγ
ψm
(

1
Fυ(a0, b0, τ)

− 1
)
+

θγm

1− θγ
ψm
(

1
Fυ(a0, b1, τ)

− 1
)

.

Since θγ < 1, and letting m, n → ∞ in the above cases, we obtain

lim
n,m→∞

Fυ(an, bm, τ) = 1, τ > 0.

Thus, we conclude that ({an}, {bn}) is a Cauchy bisequence in (A , B, Fυ, θ, ∗). Due
to the completeness of FBBMS (A , B, Fυ, θ, ∗), ({an}, {bn}) is a convergent bisequence;
hence, through Lemma 2, it biconverges to a point μ ∈ A ∩B, i.e., {an} → μ and {bn} → μ.

Now, we show that μ is a fixed point of φ. Using the properties of φ and b-triangularity
of Fυ, we obtain

1
Fυ(φ(μ), μ, τ)

− 1 ≤ ≤ θ

(
1

Fυ(φ(μ), φ(an), τ)
− 1
)
+ θ

(
1

Fυ(φ(an), φ(bn), τ)
− 1
)

+ θ

(
1

Fυ(φ(bn), μ, τ)
− 1
)

.

By continuity of φ , φ(an) → φ(μ) and φ(bn) → φ(μ). Hence, by letting n → ∞, we
obtain Fυ(φ(μ), μ, τ) = 1, τ > 0. So, φ(μ) = μ.

Theorem 3. Let (A , B, Fυ, θ, ∗) be a complete FBBMS, and let

φ : (A , B, Fυ, θ, ∗) ⇒ (A , B, Fυ, θ, ∗)

be an ψα-contractive covariant mapping satisfying the following conditions:

1. For bisequence ({an}, {bn}), if α(an, bn, τ) ≥ 1 for all n ∈ N, {an} → μ, {bn} → μ as
n → ∞ for μ ∈ A ∩B, then α(μ, bn, τ) ≥ 1 for all τ > 0 and n ∈ N;

2. φ is α-admissible;
3. There exists a0 ∈ A , b0 ∈ B such that α(a0, b0, τ) ≥ 1, α(a0, φ(b0), τ) ≥ 1.

Under these assumptions, φ admits a fixed point. That is, φ(μ) = μ for some μ ∈ A ∩B.

Proof. By proving Theorem 1, we derived a bisequence ({an}, {bn}), which exhibits
Cauchy properties within the context of a complete FBBMS (A , B, Fυ, θ, ∗). This bise-
quence, denoted by ({an}, {bn}), biconverges to a point μ ∈ A ∩B, implying that both
{an} and {bn} converge to μ as n tends to infinity.

Now, through condition (1) and (4), we obatin the following:

α(μ, bn, τ) ≥ 1 for all n ∈ N and τ > 0. (6)
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Once more, employing conditions (2) and (6), along with the b-triangular property of
Fυ, we achieve the following:(

1
Fυ(φ(μ), μ, τ)

− 1
)
≤ θ

(
1

Fυ(φ(μ), φ(bn), τ)
− 1
)
+ θ

(
1

Fυ(φ(an), φ(bn), τ)
− 1
)

+ θ

(
1

Fυ(φ(an), μ, τ)
− 1
)

≤ α(μ, bn, τ)θ

(
1

Fυ(φ(μ), φ(bn), τ)
− 1
)
+ α(an, bn, τ)θ

(
1

Fυ(φ(an), φ(bn), τ)
− 1
)

+ θ

(
1

Fυ(φ(an+1), φ(μ), τ)
− 1
)

(7)

≤ θγψ

(
1

Fυ(μ, bn, τ)
− 1
)
+ θγψ

(
1

Fυ(an, bn, τ)
− 1
)
+ θ

(
1

Fυ(an+1, μ, τ)
− 1
)

≤ θγψ

(
1

Fυ(μ, bn, τ)
− 1
)
+ θγψ

[(
1

Fυ(φ(an), μ, τ)
− 1
)
+ θ

(
1

Fυ(μ, μ, τ)
− 1
)

+θ

(
1

Fυ(μ, bn, τ)
− 1
)]

+ θ

(
1

Fυ(an+1, μ, τ)
− 1
)

.

Letting n → ∞ in (7), and using the continuity of ψ, we obtain

Fυ(φ(μ), μ, τ) = 1 for all τ > 0,

which yields to φ(μ) = μ.

Theorem 4. Let (A , B, Fυ, θ, ∗) be a complete FBBMS, and let

φ : (A , B, Fυ, θ, ∗) 
 (A , B, Fυ, θ, ∗)

be an ψα-contractive contravariant mapping satisfying the following conditions:

1. For bisequence ({an}, {bn}), if α(an, bn, τ) ≥ 1 for all n ∈ N, {an} → μ, {bn} → μ as
n → ∞ for μ ∈ A ∩B, then α(μ, bn, τ) ≥ 1 for all τ > 0 and n ∈ N;

2. φ is α-admissible;
3. There exists a0 ∈ A , b0 ∈ B such that α(a0, b0, τ) ≥ 1, α(a0, φ(b0), τ) ≥ 1.

Under these assumptions, φ admits a fixed point. That is, φ(μ) = μ for some μ ∈ A ∩B.

Proof. By proving Theorem 2, we derived a bisequence ({an}, {bn}), which exhibits
Cauchy properties within the context of a complete FBBMS (A , B, Fυ, θ, ∗). This bise-
quence, denoted by ({an}, {bn}), biconverges to point μ ∈ A ∩B, implying that both {an}
and {bn} converge to μ as n tends to infinity.

Now, through condition (1) and (5), we obtain the following:

α(an, μ, τ) ≥ 1 for all n ∈ N and τ > 0. (8)

Once more, employing conditions (3) and (8), along with the b-triangular property of
Fυ, we achieve the following:
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(
1

Fυ(φ(μ), μ, τ)
− 1
)
≤ θ

(
1

Fυ(φ(μ), φ(an), τ)
− 1
)
+ θ

(
1

Fυ(φ(bn), φ(an), τ)
− 1
)

+ θ

(
1

Fυ(φ(bn), μ, τ)
− 1
)

≤ α(an, μ, τ)θ

(
1

Fυ(φ(μ), φ(an), τ)
− 1
)
+ α(an, bn, τ)θ

(
1

Fυ(φ(bn), φ(an), τ)
− 1
)

+ θ

(
1

Fυ(φ(an+1), φ(μ), τ)
− 1
)

(9)

≤ θγψ

(
1

Fυ(an, μ, τ)
− 1
)
+ θγψ

(
1

Fυ(an, bn, τ)
− 1
)
+ θ

(
1

Fυ(an+1, μ, τ)
− 1
)

≤ θγψ

(
1

Fυ(an, μ, τ)
− 1
)
+ θγψ

[(
1

Fυ(φ(an), μ, τ)
− 1
)
+ θ

(
1

Fυ(μ, μ, τ)
− 1
)

+θ

(
1

Fυ(μ, bn, τ)
− 1
)]

+ θ

(
1

Fυ(an+1, μ, τ)
− 1
)

.

Letting n → ∞ in (9), and using the continuity of ψ, we obtain

Fυ(φ(μ), μ, τ) = 1 for all τ > 0,

which yields to φ(μ) = μ.

Theorem 5. Under the assumption of Theorem 1 or Theorem 3 (or Theorem 2 or Theorem 4), and if
there exists a point ρ ∈ A ∩B such that α(a, ρ, τ) ≥ 1 and α(ρ, b, τ) ≥ 1 for all τ > 0, a ∈ A
and b ∈ B, then the ψα-contractive covariant mapping φ : (A , B, Fυ, θ, ∗) ⇒ (A , B, Fυ, θ, ∗)
(the ψα-contractive contravariant mapping φ : (A , B, Fυ, θ, ∗) 
 (A , B, Fυ, θ, ∗) ) has a unique
fixed point.

Proof. In order to show the uniqueness of a fixed point of the mapping φ : (A ,B,Fυ, θ,∗) ⇒
(A ,B,Fυ, θ,∗) (or,φ : (A ,B,Fυ, θ,∗) 
 (A ,B,Fυ, θ,∗) ). Suppose, on the contrary, that λ is
another fixed point of φ. Using the assumption, there exists a point ρ ∈ A ∩B, such that

α(μ, ρ, τ) ≥ 1 and α(ρ, λ, τ) ≥ 1 for all τ > 0. (10)

Utilizing the condition (10) and α-admissibility of φ, we obtain

α(μ, φn(ρ), τ) ≥ 1 and α(φn(ρ), λ, τ) ≥ 1 for all n ∈ N and τ > 0. (11)

Also, using conditions (2) and (11), we obtain the following:

1
Fυ(μ, φn(ρ), τ)− 1

=
1

Fυ(φ(μ), φ(φn−1(ρ)), τ)− 1

≤ α
(

μ, φn−1(ρ), τ
)( 1

Fυ(φ(μ), φ(φn−1(ρ)), τ)− 1

)
≤ γψ

(
1

Fυ(μ, φn−1(ρ), τ)− 1

)
.

Repeating this process, we obtain

1
Fυ(μ, φn(ρ), τ)− 1

≤ γnψn
(

1
Fυ(μ, ρ, τ)− 1

)
for all n ∈ N and τ > 0. (12)
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In the same way, we can also obtain

1
Fυ(φn(ρ), λ, τ)− 1

≤ γnψn
(

1
Fυ(ρ, λ, τ)− 1

)
for all n ∈ N and τ > 0. (13)

Letting n → ∞ in (12) and (13) provides

φn(ρ)→ μ and φn(ρ)→ λ,

which contradicts the uniqueness of the limit. Hence, μ = λ ∈ A ∩B. Therefore, φ admits
a unique fixed point in (A , B, Fυ, θ, ∗).

Example 3. Let A = (−∞, 0] and B = [0, ∞) equipped with a continuous τ-norm. Let d : A ×
B → [0, ∞ be defined as d(x, y) = |x− y|2. Define Fυ(a, b, τ) = τ

τ+d(a,b) for all a ∈ A , b ∈ B

and τ > 0. Clearly, (A , B, Fυ, θ, ∗) is a complete FBBMS. Define φ : A ∪B 
 A ∪B by
φ(x) = − x

3 for all x ∈ A ∪B and ψ(t) = 1
2 t, α(a, b, τ) = 1 for all (a, b) ∈ A ×B. Then,

φ([0, ∞)) ⊂ [0, ∞) and φ([0, ∞)) ⊂ (−∞, 0]. It is clear that φ is continuous contravariant mapping.
As x ∈ (−∞, 0], there exists a ∈ [0, ∞), such that x = −a.
Now,

1
Fυ(φ(a), φ(b), τ)

− 1 =
|φ(a)− φ(b)|2

τ

=

∣∣∣− a
3 + b

3

∣∣∣
τ

=
1
9
|a− b|2

τ

≤ 1
3
× 1

2
|a− b|2

τ

=
1
3

ψ

(
1

Fυ(a, b, τ)
− 1
)

for all a ∈ A , b ∈ B with a 	= b and τ > 0.
So, all the axioms of Theorem 5 are satisfied with γ = 1

3 , and consequently, φ has a unique
fixed point, i.e., μ = 0.

4. �η-Contractive Mappings and Fixed Point Results

In this section, we present the notion of �η-contractive mappings and η-admissible
mappings within the framework of FBBMS.

Definition 17. Let Υθ be the family of all left-continuous non-decreasing functions � : [0, 1]→
[0, 1] satisfying the following conditions:

(F1) �(1) = 1;
(F2) �(ν) > ν for all ν ∈ [0, 1];
(F3) limn→∞ �n(ν) = 1 for all ν ∈ [0, 1], where �n(ν) is the n-th iteration of � at ν.

Definition 18. Let (A , B, Fυ, θ, ∗) be an FBBMS. Mapping

φ : (A , B, Fυ, θ, ∗) ⇒ (A , B, Fυ, θ, ∗)

is said to be covariant η-admissible if there exists a function η : A ×B × (0, ∞)→ [0, ∞) such
that, for all a ∈ A , b ∈ B and τ > 0

η(a, b, τ) ≤ 1 implies η(φ(a), φ(b), τ) ≤ 1.
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Definition 19. Let (A , B, Fυ, θ, ∗) be an FBBMS. Mapping

φ : (A , B, Fυ, θ, ∗) ⇒ (A , B, Fυ, θ, ∗)

is said to be �η-contractive covariant mapping if for the functions η : A ×B × (0, ∞)→ [0, ∞)
and � ∈ Υ the following condition holds:

Fυ(a, b, τ) > 0 implies η(a, b, τ)Fυ(φ(a), φ(b), τ) ≥ θ�(Fυ(a, b, τ)) (14)

for all a ∈ A , b ∈ B, a 	= b and τ > 0.

Theorem 6. Let (A , B, Fυ, θ, ∗) be a complete FBBMS. Assume that φ : (A , B, Fυ, θ, ∗) ⇒
(A , B, Fυ, θ, ∗) is �η-contractive covariant mapping satisfying the following conditions:

(i) φ is η-admissible;
(ii) For bisequence ({an}, {bn}), if η(an, bn, τ) ≤ 1 for all n ∈ N, {an} → μ, {bn} → μ as

n → ∞ for μ ∈ A ∩B, then η(μ, an, τ) ≤ 1 and n ∈ N;
(iii) There exists a0 ∈ A , b0 ∈ B such that η(a0, b0, τ) ≤ 1, η(a0, φ(b0), τ) ≤ 1 for τ > 0.

Under these axioms, φ admits a fixed point. That is, φ(μ) = μ for some μ ∈ A ∩B.

Proof. Fix a0 ∈ A and b0 ∈ B such that φ(a0, φ(b0), τ) ≤ 1. Define φ(an) = an+1 and
φ(bn) = bn+1 for all n ∈ N ∪ {0}. Then, ({an}, {bn}) is a bisequence in (A , B, Fυ, θ, ∗).
For any τ > 0, from the axiom (iii) and η-admissibility of covariant mapping φ, we obtain
the following:

η(a0, b0, τ) ≤ 1 ⇒ η(φ(a0), φ(b0), τ) ≤ 1

η(a0, b1, τ) = η(a0, φ(b0), τ) ≤ 1 ⇒ η(φ(a0), φ(b1), τ) = η(a1, b2, τ) ≤ 1

η(a1, b1, τ) = η(φ(a0), φ(b0), τ) ≤ 1 ⇒ η(φ(a1), φ(b1), τ) = η(a2, b2, τ) ≤ 1

η(a1, b2, τ) = η(a1, φ(b1), τ) ≤ 1 ⇒ η(φ(a1), φ(b2), τ) = η(a2, b3, τ) ≤ 1

η(a2, b2, τ) = η(φ(a1), φ(b1), τ) ≤ 1 ⇒ η(φ(a2), φ(b2), τ) = η(a3, b3, τ) ≤ 1.

By repeating this process, we obtain

η(an+1, bn+1, τ) ≤ 1 and η(an, bn+1, τ) ≤ 1 for alln ∈ N. (15)

Using conditions (14) and (15), for a = an and b = bn, we obtain

Fυ(an+1, bn+1, τ) = Fυ(φ(an), φ(bn), τ)

≥ η(an, bn, τ)Fυ(φ(an), φ(bn), τ)

≥ 1
θ
�(an, bn, τ),

and for a = an−1 and b = bn, we obtain

Fυ(an, bn+1, τ) = Fυ(φ(an−1), φ(bn), τ)

≥ η(an−1, bn, τ)Fυ(φ(an−1), φ(bn), τ)

≥ θ�(an−1, bn, τ).

By the process of induction, we can obtain the following:

Fυ(an+1, bn+1, τ) ≥ θn+1�n+1Fυ(a0, b0, τ) and

Fυ(an, bn+1, τ) ≥ θn�nFυ(a0, b1, τ).
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Now, for m > n, m ∈ N, using the properties of � and b-triangularity of Fυ, we obtain
the following:

Fυ(an, bm, τ) ≥ Fυ(an, bn, τ) ∗Fυ(an, bn+1, τ) ∗Fυ(an+1, bm, τ)

...

≥ Fυ(an, bn, τ) ∗Fυ(an+1, bn+1, τ) ∗ · · · ∗Fυ(am−1, bm−1, τ)

∗Fυ(am−1, bm, τ) ∗Fυ(am, bm, τ)

≥ θn�n(Fυ(a0, b0, τ)) ∗ θn�n(Fυ(a0, b1, τ)) ∗ θn+1�n+1(Fυ(a0, b0, τ))

∗θn+1�n+1(Fυ(a0, b1, τ)) ∗ · · · ∗ θm−1�m−1(Fυ(a0, b1, τ)) ∗
θm(�mFυ(a0, b0, τ))

≥ θm(�m(Fυ(a0, b0, τ)) ∗�m(Fυ(a0, b1, τ)) ∗ · · · ∗�m(Fυ(a0, b0, τ)))

≥ �m(Fυ(a0, b0, τ)) ∗�m(Fυ(a0, b1, τ)) ∗ · · · ∗�m(Fυ(a0, b0, τ)).

Letting n, m → ∞ and using the properties of �, we obtain

lim
n,m→∞

Fυ(an, bm, τ) = 1 ∗ 1 ∗ · · · ∗ 1 = 1 for all τ > 0.

Thus, we conclude that ({an}, {bn}) is a Cauchy bisequence in (A , B, Fυ, θ, ∗). Due
to the completeness of FBBMS (A , B, Fυ, θ, ∗), ({an}, {bn}) is a convergent bisequence;
hence, through Lemma 1, it biconverges to a point μ ∈ A ∩B i.e., {an} → μ and {bn} → μ.

Finally, we show that μ is a fixed point of φ. Using properties of � and conditions (14)
and (15), we obtain the following:

Fυ(φ(μ), μ, τ) ≥ Fυ(φ(μ), φ(bn), τ) ∗Fυ(φ(an), φ(bn), τ) ∗Fυ(φ(an), μ, τ)

≥ η(μ, bn, τ)Fυ(φ(μ), φ(bn), τ) ∗ η(an, bn, τ)Fυ(φ(an), φ(bn), τ)

∗ Fυ(an+1, μ, τ)

≥ θ�(Fυ(μ, bn, τ)) ∗ θ�(Fυ(an, bn, τ)) ∗Fυ(an+1, μ, τ)

≥ �(Fυ(μ, bn, τ)) ∗�(Fυ(an, bn, τ)) ∗Fυ(an+1, μ, τ).

As n → ∞, through right-continuity of �, we obtain

Fυ(φ(μ), μ, τ) = 1 for τ > 0.

Consequently, φ(μ) = μ.

Theorem 7. Under the conditions stipulated in Theorem 6, and with the additional assumption that

(P) there exists a point ρ ∈ A ∩B such that η(a, ρ, τ) ≤ 1 and η(ρ, b, τ) ≤ 1 for all τ > 0,
where a ∈ A and b ∈ B,

then the covariant mapping φ, being �η-contractive, possesses a unique fixed point.

Proof. We demonstrate the distinctiveness of the fixed point within the mapping

φ : (A , B, Fυ, θ, ∗) ⇒ (A , B, Fυ, θ, ∗).

If we assume otherwise, considering λ as another fixed point of φ apart from μ, then
according to condition (P), there exists a point ρ ∈ A ∩B

η(μ, ρ, τ) ≤ 1 and η(ρ, λ, τ) ≤ 1 for all τ > 0. (16)

By employing condition (16) alongside the η-admissibility of φ, we obtain

η(μ, φn(ρ), τ) ≤ 1 and η(φn(ρ), λ, τ) ≤ 1 for all n ∈ N and τ > 0. (17)
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Also, using conditions (14) and (17), we obtain the following:

Fυ(μ, φn(ρ), τ) = Fυ(φ(μ), φ(φn−1(ρ)), τ)

≥ η(μ, φn−1(ρ), τ)Fυ(φ(μ), φ(φn−1(ρ)), τ)

≥ θ�
(
Fυ

(
μ, φn−1(ρ), τ

))
.

Repeating this process, we obtain

Fυ(μ, φn(ρ), τ) ≥ θn�(Fυ(μ, ρ, τ)) ≥ �(Fυ(μ, ρ, τ)) for all n ∈ N and τ > 0. (18)

In the same way, we can also deduce

Fυ(φ
n(ρ), λ, τ) ≥ θn�(Fυ(ρ, λ, τ)) ≥ �(Fυ(ρ, λ, τ)) for all n ∈ N and τ > 0. (19)

Letting n → ∞ in (18) and (19) provides

φn(ρ)→ μ and φn(ρ)→ λ,

which contradicts the uniqueness of the limit. Hence, μ = λ ∈ A ∩B. Consequently, φ
admits a unique fixed point in (A , B, Fυ, θ, ∗).
5. Applications

5.1. Integral Equation

This subsection is devoted to illustrating how the existence and uniqueness of a
solution for nonlinear integral equations are demonstrated by employing established
findings concerning covariant mappings.

Consider the integral equation in the form:

Φ(t) = F(t) + ω
∫ q

0
Θ(t, s)Φ(s) ds, (20)

where ω > 0, F(t) is a fuzzy function of s ∈ [0, q], and Θ : [0, q]× [0, q]× R → R is an
integral kernel (see [20]). Our aim is to demonstrate the existence and uniqueness of the
solution of Equation (20) by utilizing Theorem 5. We consider C([0, q],R) as a collection
of all real-valued continuous functions defined on the set [0, q]. The induced metric D :
C([0, q],R)× C([0, q],R)→ R+ is defined as D(A, B) = ‖A− B‖, A, B ∈ C([0, q],R).

Now, define a binary relation ∗ as a continuous τ-norm and Fυ : C([0, q],R) ×
C([0, q],R)× (0, ∞)→ [0, 1] as

Fυ(A, B, τ) =
τ

τ +D(A, B)

for A, B ∈ C([0, q],R) and τ > 0. Then, Fυ is b-triangular and the quadruple (C([0, q],R),
C([0, q],R), Fυ, θ, τ) forms a complete fuzzy bipolar b-metric space.

Theorem 8. Suppose that for all A, B ∈ C([0, q],R), the following condition holds:

‖φ(A)− φ(B)‖ ≤ γ2

θ
‖A− B‖, (21)

where φ : C([0, q],R)→ C([0, q],R), γ ∈ (0, 1), and θ ≥ 1. Then, the integral Equation (20) has
a unique solution in C([0, q],R).

Proof. Define φ : C([0, q],R)→ C([0, q],R) by

(φB)(t) = F(t) + ω
∫ q

0
Θ(t, s)B(s) ds. (22)
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Let φ be well defined. It is worth noting that φ possesses a unique fixed point in
C([0, q],R) if and only if the integral Equation (20) admits a unique solution. Let α(B, A, τ) = 1
for all A, B ∈ C([0, q],R) and τ > 0, and ψ(ν) = γ

θ ν for all ν ∈ [0, ∞). It is straightforward
to confirm that ψ is right-continuous and fulfills the properties outlined in Definition 12. By
employing (21) and (22), for A, B ∈ C([0, q],R), we can establish the following:

α(B, A, τ)

(
1

Fυ(φ(B), φ(A), τ)
− 1
)

=
D(φ(B), φ(A))

τ

=
‖φ(B)− φ(A)‖

τ

≤ γ2

θ

‖B− A‖
τ

≤ γ
γ

θ

(‖B− A‖
τ

)
= γψ

(
1

Fυ(B, A, τ)
− 1
)

.

Hence, we obtain

α(B, A, τ)

(
1

Fυ(φ(B), φ(A), τ)
− 1
)
≤ ψ

(
1

Fυ(B, A, τ)
− 1
)

for all B, A ∈ C([0, q],R).
Therefore, the integral operator φ satisfies all the conditions specified in Theorem 5.

Consequently, according to Theorem 5, there exists a unique fixed point in C([0, q],R)
for the operator φ. This implies the existence of a unique solution to Problem (20) in
C([0, q],R).

Example 4. Let E = C([0, 1],R). Consider the integral equation

B(t) = e−3t + ω
∫ 1

0
e−(t+s)B(s) ds, (23)

where |ω| ≤ γ
3 , γ ∈ (0, 1). Then, for A, B ∈ E, we obtain the following:

‖(φ(B))(y)− (φ(A))(y)‖ =
∥∥∥∥e−3y + ω

∫ 1

0
e−(y+s)B(s) ds

−
(

e−3y + ω
∫ 1

0
e−(y+s)A(s) ds

)∥∥∥∥
= |ω|

∥∥∥∥∫ 1

0
e−(y+s)B(s) ds−

∫ 1

0
e−(y+s)A(s) ds

∥∥∥∥
= |ω|

∥∥∥∥∫ 1

0
e−(y+s)(B(s)− A(s)) ds

∥∥∥∥
≤ |ω|

∫ 1

0
e−(y+s)‖B(s)− A(s)‖ ds

≤ 2
3
‖B(s)− A(s)‖

≤ γ‖B(s)− A(s)‖.

All the conditions specified in Theorem 8 are satisfied. Hence, there exists a unique solution to
the nonlinear integral problem (23) in the space C([0, 1],R).

Consider the integral equation as follows.
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Theorem 9. Let us consider the integral equation

Θ(κ) = F(κ) +
∫
E1∪E2

G (κ, s, Θ(s)) ds, κ ∈ E1 ∪ E2, (24)

where E1 ∪ E2 is a Lebesgue measurable set and F(κ) is a fuzzy function of κ ∈ [0, p]. Suppose that

(H1) G :
(
E 2

1 ∪ E 2
2
)× [0, ∞)→ [0, ∞) and Θ ∈ L∞(E1) ∪ L∞(E2);

(H2) There is a continuous function φ : E 2
1 ∪ E 2

2 → [0, ∞) and γ ∈ (0, 1) satisfying

|G (κ, s, a(s))− G (κ, s, b(s))| ≤
√

γ2

θ
Θ(κ, s)|a(κ)− b(κ)|,

for κ, s ∈ E 2
1 ∪ E 2

2 , γ ∈ (0, 1) and θ ≥ 1;
(H3)

∫
E1∪E2

Θ(κ, s) ds ≤ 1.

Then, the integral Equation (24) has a unique solution in Θ ∈ L∞(E1) ∪ L∞(E2).

Proof. Let A = L∞(E1) and B = L∞(E2) be two normed linear space, where E1, E2 are
Lebesgue measurable sets and m(E1 ∪ E2) < ∞.

Let Fυ : A ×B × (0, ∞)→ [0, 1] given by

Fυ(a, b, τ) =
τ

τ + |a− b|2

for all a ∈ A , b ∈ B and τ > 0. Then, (A , B, Fυ, θ, ∗) is a complete FBBMS.
Let α(a, b, τ) = 1 for all a ∈ A , b ∈ B and τ > 0 and ψ(m) = γ

θ m for all m ∈ [0, ∞).
Then, it is easy to verify that ψ is right-continuous and satisfies the properties stated in
Definition 12.

Define φ : L∞(E1) ∪ L∞(E2) ⇒ L∞(E1) ∪ L∞(E2) provided by

φ(Θ(κ)) = F(κ) + ω
∫
E1∪E2

G (κ, s, Θ(s)) ds, κ ∈ E1 ∪ E2.

Now,

1
Fυ(φ(a(κ)), φ(b(κ)), τ)

− 1 =
|φ(a(κ))− φ(b(κ))|2

τ

=

∣∣∣F(κ) + ∫E1∪E2
G (κ, s, a(s)) ds−

(
F(κ) +

∫
E1∪E2

G (κ, s, b(s)) ds
)∣∣∣2

τ

=
ω
∣∣∣∫E1∪E2

(G (κ, s, a(s))− G (κ, s, b(s)))ds
∣∣∣2

τ

≤
∫
E1∪E2

γΘ(κ, s)|a(κ)− b(κ)|2 ds

τ

≤ γ2|a(κ)− b(κ)|2
θτ

≤ γψ

(
1

Fυ(a(κ), b(κ), τ)
− 1
)

.

Hence, all hypotheses of Theorem 1 are verified, and consequently, the integral
Equation (24) has a unique solution.
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5.2. Fractional Differential Equations

We recall many important definitions from fractional calculus theory [21,22]. For a
function Θ ∈ C[0, 1], the order ν > 0 of the Riemann—Liouville fractional derivative is

1
Γ(ϑ− ν)

dϑ

dκϑ

∫ κ

0

Θ(s)
(κ − s)ν−ϑ+1 ds = DνΘ(κ). (25)

From (25), the right-hand side is pointwise defined as [0, 1], where [ν] and Γ are the
integer part of the number ν and the Euler gamma function.

Consider the following fractional differential equation:

sDςΘ(κ) + G (κ, Θ(κ)) = 0, 0 ≤ κ ≤ 1, ς ∈ [1, 2]

Θ(0) = Θ(1) = 0,

where G : [0, 1]×R→ R is a continuous function and sDς represents the Caputo fractional
derivative of order ς, which is defined by

sDς =
1

Γ(ϑ− ς)

∫ δ

0

Θϑ(s) ds
(κ − s)ς−ϑ+1 .

Let

A = (C[0, 1], [0, ∞)) = { f : [0, 1]→ [0, ∞) : f is continuous function} and

B = (C[0, 1], (−∞, 0]) = { f : [0, 1]→ (−∞, 0] : f is continuous function}.

Consider Fυ : A ×B × (0, ∞)→ R+ given by

Fυ(a, b, τ) =
τ

τ + supκ∈[0,1]|a(κ)− b(κ)|2

for all (a, b) ∈ A ×B. Then, (A , B, Fυ, θ, ∗) is a complete FBBMS.

Theorem 10. Consider the nonlinear fractional differential Equation (25). Suppose that the
following hypotheses are held:

(H1) We can determine γ ∈ (0, 1), θ ≥ 1 and (a, b) ∈ A ×B such that

|G (κ, a)− G (κ, b)| ≤
√

γ2

θ
|a(κ)− b(κ)|; (26)

(H2) supκ∈(0,1)
∫ 1

0 |Q(κ, s)| ds ≤ 1.

Then, the FDE (25) has a unique solution in A ∪B.

Proof. The given FDE (25) is equivalent to the following integral equation

a(κ) =
∫ 1

0
Q(κ, s)G (a, b(s)) ds, (27)

where

Q(κ, s) =

⎧⎨⎩
|κ(1−s)|ς−1−(κ−s)ς−1

Γ(ς) , if 0 ≤ s ≤ κ ≤ 1;
|κ(1−s)|ς−1

Γ(ς) , if 0 ≤ κ ≤ s ≤ 1.

Define φ : A ∪B → A ∪B by

φ(a(κ)) =
∫ 1

0
Q(κ, s)G (φ(a), b(s)) ds,
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and taking ψ(m) = γ
θ m. Now,

|φ(a(κ))− φ(b(κ))| =

∣∣∣∣∫ 1

0
Q(κ, s)G (φ(a), a(s)) ds−

∫ 1

0
Q(κ, s)G (φ(b), b(s)) ds

∣∣∣∣
≤

∫ 1

0
|Q(κ, s)|2 ds×

∫ 1

0
|G (φ(a), a(s))− G (φ(b), b(s))|2 ds

≤ γ2

θ
|a(κ)− b(κ)|2.

Taking the supremum on both sides, we obtain the following:

Fυ(φ(a), φ(b), τ) ≤ γψ(Fυ(a, b, τ)) for all τ > 0.

Therefore,

1
Fυ(φ(a), φ(b), τ)

− 1 =
supκ∈[0,1]|φ(a(κ))− φ(b(κ))|2

τ

≤
supκ∈[0,1]|a(κ)− b(κ)|2

τ

= γψ

(
1

Fυ(a(κ), b(κ), τ)
− 1
)

.

As a result, all the hypotheses of Theorem 5 are fulfilled, and consequently, the
fractional differential Equation (25) has a unique solution.

6. Conclusions and Future Work

This study introduces new concepts in the field of fuzzy bipolar b-metric spaces.
We investigate various types of mappings, including ψα-contractive and �η-contractive
mappings, which are crucial for measuring distances between different entities. The paper
also establishes fixed-point theorems for these mappings, demonstrating the existence of
stationary points under certain conditions. We validate these theorems through examples,
adding to the existing knowledge in this area. Additionally, we highlight the practical
applications of these concepts, particularly in solving integral equations, thereby enhancing
the reliability and usefulness of our research findings.

In future research, there is potential to expand upon the innovative concepts presented
in this study within fuzzy bipolar b-metric spaces. This could involve a deeper exploration
of ψα-contractive and �η-contractive mappings to gain further insights and applications.
Key areas for investigation include broadening the conditions for generalized fixed-point
theorems, discovering new types of contractive mappings, and enlarging the categories
of fuzzy bipolar b-metric spaces. Furthermore, the development of efficient algorithms
for practical fixed-point computation will improve the theoretical results in computational
scenarios. These mappings can be applied to complex systems like multi-dimensional
fractional differential equations and nonlinear integral equations. Moreover, exploring their
utility in diverse fields such as optimization, machine learning, and network theory will
enhance their applicability. Finally, empirical validation of these theoretical advancements
in real-world problems will ensure their robustness and reliability. By pursuing these
avenues, future research has the potential to significantly expand both the theoretical
understanding and practical applications of fuzzy bipolar b-metric spaces.
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Abstract: Rule-based reasoning with different kinds of uncertain information has been
identified in numerous applications within the real world. Any reasoning method must
be able to coherently obtain the inference result by composing the given if–then rule
with the assertion of the given input. The symmetric quintuple-implication principle was
established by introducing symmetry into the five implication operators included. For
example, the first, third and fifth implication operators exhibit symmetric properties, i.e., the
three implication operators are taken as the same kind of operator and the second and
fourth implication operators satisfy symmetry, that is, the two implication operators take
the same kind of operator. So, the reasoning method induced by this principle possesses
significant advantages in terms of its logical foundation and reductivity. This paper derives
and studies reasoning methods for the mixture of fuzzy information and intuitionistic
fuzzy information based on the symmetric quintuple-implication principle where all five
implication operators satisfy symmetry (also called the quintuple-implication principle).
Such reasoning methods are based on the ideas that the input and the given if–then rule can
be combined for calculation only when their information representations exhibit consistency.
An inconsistent given if–then rule with two different representations should be regarded
as the composition of two different consistent given if–then rules with their own unique
representations. This paper then elaborates on the methods by employing the possibility
and necessity operators and the quintuple-implication principle from the perspective of
whether the representation of rule antecedent and rule consequent is consistent or not. The
reductivity of all the proposed reasoning methods is also analyzed in detail. This paper
mainly contributes to the development of a novel mixed information reasoning framework,
along with the introduction of the quintuple-implication principle into reasoning with
mixed information. The proposed methods have also been applied to pattern recognition,
and several experiments demonstrate that the mixed information reasoning methods based
on the quintuple-implication principle are superior to the corresponding methods based on
the triple I principle.

Keywords: fuzzy sets; intuitionistic fuzzy sets; mixed information; quintuple-implication
principle; reductivity

1. Introduction

The main pattern of reasoning is to draw conclusions from given if–then rules and
uncertain information. In actuality, the types of information are complex and diverse.
For example, Zadeh [1] proposed the concept of a fuzzy set (FS) to describe the ambiguity
and uncertainty of information. As a generalization of the fuzzy set concept, Atanassov [2]

Symmetry 2025, 17, 369 https://doi.org/10.3390/sym17030369
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proposed the concept of an intuitionistic fuzzy set (IFS), which utilizes both the mem-
bership function and the non-membership function to elaborate on the uncertainty of
information more precisely. When it comes to reasoning based on if–then rules and the
input information, there could exist circumstances where the information representation
in the input is inconsistent with the information representation in the rules. However,
different information representations correspond to different reasoning mechanisms. Fuzzy
set-based reasoning methods and intuitionistic fuzzy set-based reasoning methods will
not be able to solve the inference problem with mixed information. It is hoped that in
a hybrid information representation environment, the obtained conclusions will be still
valid and interpretable. Therefore, the core of this paper is to study reasoning methods
when the problem of interest is filled with mixed information, specifically information
represented by a mixture of fuzzy sets and intuitionistic fuzzy sets. This inference problem
can also be interpreted as an extended version of modus ponens (MP) with a mixture of
fuzzy information and intuitionistic fuzzy information. Here, the rule antecedent and rule
consequent can be expressed by fuzzy sets or by intuitionistic fuzzy sets or by the mixture
of fuzzy sets and intuitionistic fuzzy sets; the input can be expressed by fuzzy sets or by
intuitionistic fuzzy sets. This leads to the following inference problem: Given a nonempty
universe of discourse X as the input space, a nonempty universe of discourse Y as the
output space, and for all x ∈ X and y ∈ Y,

The given rule: If x is A, then y is B

Input: x is A∗

Output: y is ?

where A and A∗ may be fuzzy sets or intuitionistic fuzzy sets of universe X, and B may be
a fuzzy set or an intuitionistic fuzzy set of universe Y.

1.1. The Inference Method Within the Fuzzy Environment

On the basis of fuzzy sets, Wang [3] gave the inference problem, called fuzzy modus
ponens (FMP), that is, the inference problem related to the given rule “if x is A, then y is B”
and the input “x is A∗”, where A and A∗ are fuzzy sets of the universe X, B is a fuzzy set
of the universe Y and the output B∗ is also a fuzzy set of Y. For solving the FMP, Zadeh [4]
introduced a compositional rule of inference (CRI). Although it is widely employed in
engineering and other fields, the CRI lacks a logical foundation and it fails to satisfy
reductivity. Therefore, the results derived from the CRI are not always consistent with
human intuition. To overcome this deficiency, Wang [3,5] proposed the triple I principle,
which interprets the inference result B∗ as the solution most supported by the given if–then
rule, providing a rigorous logical basis for fuzzy reasoning. Pei [6] put forward a triple I
method based on all residuated implications induced by left continuous t-norms. In the
reasoning processes of the CRI and the triple I method, the degree to which A∗ is similar to A
is not taken into account. This may give rise to circumstances in which calculations are either
meaningless or yield misleading outcomes. Hence, Zhou et al. [7] proposed the quintuple-
implication principle for fuzzy reasoning. So far, the quintuple-implication principle has
been studied by many scholars. Luo et al. [8] laid down a rigorous logical foundation for the
quintuple-implication principle of fuzzy reasoning. Li et al. [9] analyzed the performance of
a fuzzy system that satisfies the quintuple-implication principle and studied the robustness
and general approximation ability of quintuple-implication reasoning methods under
different implications, such as R-implication, S-implication and QL-implication.
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1.2. The Inference Method Within the Intuitionistic Fuzzy Environment

An intuitionistic fuzzy modus ponens (IFMP) is a generalization of the FMP from
fuzzy sets to intuitionistic fuzzy sets, namely, combining the given rule “if x is A, then
y is B” with an input “x is A∗” in order to obtain a new output “y is B∗”, where A and
A∗ are intuitionistic fuzzy sets of the universe X, and B and B∗ are intuitionistic fuzzy
sets of the universe Y. Cornelis et al. [10] proffered the residual intuitionistic-implication
operator and undertook an in-depth exploration of the CRI for intuitionistic fuzzy reason-
ing. Zheng et al. [11] generalized the triple I method to intuitionistic fuzzy systems and
investigated the reductivity of the triple I method for the IFMP. Li et al. [12] investigated
the intuitionistic residual implications and the intuitionistic given if–then rule. Moreover,
the approximation properties of the intuitionistic Mamdani, the intuitionistic Larsen and
the intuitionistic triple I fuzzy systems are obtained. Duan et al. [13] explored four kinds of
intuitionistic similarity and utilized them to analyze the robustness for the triple I method
of intuitionistic fuzzy reasoning. Zeng et al. [14] discussed the quintuple-implication prin-
ciple of intuitionistic fuzzy reasoning by using the intuitionistic t-norm generated by the
left continuous t-norm.

1.3. Motivation

The research goal of this paper is to propose a new perspective on solving mixed
information reasoning problems to make up for the shortcomings of the existing mixed
information reasoning methods and to enrich the research on mixed information reasoning.
Specifically, this paper attempts to build a novel framework for reasoning with a mixture of
fuzzy information and intuitionistic fuzzy information and then develops the correspond-
ing mixed information reasoning methods under this framework. Concerning reasoning
with if–then rules under mixed information types of fuzzy sets and intuitionistic fuzzy sets,
there are several reasons supporting this study.

The first comes from the construction of reasoning methods that are closely related
to the given rule as well as the way information is represented. Obviously, the FMP
and IFMP belong to the case in which the representations of rule antecedent A and rule
consequent B in the given if–then rule are consistent, either by fuzzy sets or by intuitionistic
fuzzy sets. Since the input A∗ is expressed in the same way with the representations of
A and B, the induced inference methods are constructed in fuzzy systems with a unique
representation according to the existing reasoning principles, such as the triple-implication
principle and the quintuple-implication principle. However, the representation of A∗ may
be different from those of A and B, or the representations of A and B may not be the same.
In these cases, reasoning methods based on fuzzy sets or on intuitionistic fuzzy sets cannot
directly reach reasonable and effective conclusions.

The second reason comes from the given if–then rules. It has been found that there are
eight types of mixture scenarios that can arise, summarized in Table 1 with regard to the
issue whether the representation of information in the given rules is consistent. Here, it
is assumed that the information types of A, A∗ and B can be arbitrarily set to be fuzzy or
intuitionistic fuzzy. Accordingly, the quality of the inference result depends largely on how
to use the given if–then rules to design the inference method that will inevitably involve
the conversion between different information types. In designing an inference procedure,
it is natural to let the given rules speak for themselves. In other words, the information
conversion of the given rule will be carried out only when the given rule itself has a mixed
representation, in which case a given if–then rule with mixed information types will consist
of two given if–then rules with different single information types.
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Table 1. The mixed information inference problems.

Type The Given Rule Rule Antecedent Rule Consequent Input Output

1

Consistent

FS FS FS FS
2 IFS IFS IFS IFS
3 FS FS IFS ?
4 IFS IFS FS ?

5

Inconsistent

FS IFS FS ?
6 IFS FS IFS ?
7 FS IFS IFS ?
8 IFS FS FS ?

Note: “?” indicates the unknown information type.

The third reason comes from the current research status on mixed information reasoning
problems and the conversion between different information types. In terms of converting in-
tuitionistic fuzzy sets to fuzzy sets, Atanassov suggested in [2] the possibility operator and the
necessity operator to characterize this conversion. Ref. [15] has used this conversion operation
from intuitionistic fuzzy sets to fuzzy sets, as well as a simple conversion operation from fuzzy
sets to intuitionistic fuzzy sets by setting the non-membership degree as 1-membership degree,
to explore the reasoning methods for a fuzzy and intuitionistic fuzzy information mixture on
the basis of the triple-implication principle. But in some cases, the inference results given by
this reasoning principle are often meaningless, without considering the connection between
rule antecedent and input. The application examples described at the end of this paper also
illustrate this point. Moreover, the work on mixed information reasoning is currently limited.
It merits further investigation to tackle mixed information inference problems based on the
quintuple-implication principle for the sake of overcoming the defects of existing methods.

On the basis of the aforementioned analysis, a new class of mixed information rea-
soning methods is proposed in this paper based on the quintuple-implication principle
for the FMP in [7] and for the IFMP in [14]. The proposed methods are grounded in the
conversion operators between fuzzy sets and intuitionistic fuzzy sets as presented in [2],
starting from whether the given rules are consistent, so as to address the issues listed in
Table 1. Moreover, in view of the limited available datasets on mixed information reasoning,
this paper collected the datasets represented by fuzzy sets or intuitionistic fuzzy sets from
the relevant literature in the field of fuzzy reasoning and constructed the corresponding
datasets suitable for the mixed information inference problems studied. These constructed
datasets were used to test the effectiveness of the reasoning methods built in this paper.
Considering that the pattern recognition problem can be easily solved by transforming it
into an inference problem, the datasets constructed in this paper belong to the application
scope of pattern recognition, with each dataset containing both fuzzy set and intuitionis-
tic fuzzy set representations. The proposed reasoning methods were compared with the
methods in [15] on these constructed datasets.

To end this section, the contribution and structure of this paper are exhibited. The
present paper is devoted to the study of solving the inference problems using information
that is a hybrid between two different representation forms in a more reasonable way.
The main contribution of this work is summarized as below:

1. A new perspective for addressing the mixed information reasoning problem is offered,
as well as the corresponding inference framework designed based on whether the
representation of the given if–then rules is consistent;

2. Using the quintuple-implication principle in fuzzy reasoning and the conversion
operation between fuzzy sets and intuitionistic fuzzy sets, the details of the specific
methods for all types of mixed information inference models are developed under the
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established inference framework, accompanied by the discussion of the reductivity of
all the methods;

3. Several pattern recognition tasks with a mixture of fuzzy information and intuitionistic
fuzzy information are built to test the proposed reasoning methods, which indicates
that these new methods overcome problems with the triple-implication principle and
possess a significant advantage in addressing mixed information reasoning tasks.

The structure of this paper is as follows. Section 2 gives some necessary definitions
and conclusions. In Section 3, the quintuple-implication reasoning methods to reason with
mixed information are constructed from two directions of consistency and inconsistency for
the expression of the given if–then rules. Section 4 discusses the reductivity of the proposed
methods. In Section 5, four pattern recognition experiments are given to verify that the
work presented in this paper is reasonable and effective. The last part is the conclusion.

2. Preliminaries

This section provides some important definitions and conclusions that will be utilized
in the sequel.

Definition 1 ([1]). A fuzzy set A on a universe of discourse X is characterized by a membership
function A : X −→ [0, 1] with the form A = {〈x, A(x)〉|x ∈ X}, where for each element x of
X, a number A(x) in the interval [0, 1] is interpreted as the degree of membership of x in A. If A
satisfies the condition that ∃x0 ∈ X, A(x0) = 1, then A is called normal. The set of all fuzzy sets
on universe X is denoted as FS(X).

Definition 2 ([2]). An intuitionistic fuzzy set A on a universe of discourse X is defined by a
membership function At : X −→ [0, 1] and a non-membership function A f : X −→ [0, 1] under
the condition thatAt(x)+A f (x) ∈ [0, 1] for all x ∈ X. Here, writeA = {〈x,At(x),A f (x)〉|x ∈
X} and A(x) = 〈At(x),A f (x)〉. If A satisfies the condition that ∃x0 ∈ X,A(x0) = 〈1, 0〉,
then A is called normal. The set of all intuitionistic fuzzy sets on X is denoted as IFS(X).
The intuitionistic fuzzy set A degenerates into fuzzy sets if and only if At(x) +A f (x) = 1 for all
x ∈ X.

Moreover, an intuitionistic fuzzy number α is denoted by α = 〈αt, α f 〉, where αt, α f ∈ [0, 1]
and αt + α f ≤ 1. The set of all intuitionistic fuzzy numbers is denoted as I∗. A partial order
� on I∗ can be defined as α1 � α2 if and only if α1t ≤ α2t and α1 f ≥ α2 f for all α1, α2 ∈ I∗.
Intuitionistic fuzzy sets A1 = A2 if and only if A1t(x) = A2t(x) and A1 f (x) = A2 f (x) for all
A1,A2 ⊆ IFS(X).

Definition 3 ([2]). Let A = {〈x,At(x),A f (x)〉|x ∈ X} be an intuitionistic fuzzy set. Then, the
necessity operator is a mapping �: IFS(X) −→ FS(X) such that �A = {〈x,At(x)〉|x ∈ X}; the
possibility operator is a mapping �: IFS(X) −→ FS(X) such that �A = {〈x,A− f (x)〉|x ∈ X},
where A− f (x) = 1−A f (x).

Proposition 1 ([2]). Let ¶: FS(X) −→ IFS(X) be a mapping and A = {〈x, A(x)〉|x ∈ X} be a
fuzzy set. Then, the set ¶A = {〈x, A(x), 1− A(x)〉|x ∈ X} is an intuitionistic fuzzy set.

Definition 4 ([16]). A t-norm is a binary function ⊗ : [0, 1]× [0, 1] −→ [0, 1], which is commu-
tative, associative, increasing in each variable and contains neutral element 1 such that x⊗ 1 = x
for all x ∈ [0, 1]. A t-conorm is a binary function ⊕ : [0, 1]× [0, 1] −→ [0, 1], which is commuta-
tive, associative, increasing in each variable and contains neutral element 0 such that x⊕ 0 = x
for all x ∈ [0, 1]. The t-conorm ⊕ given by a ⊕ b = 1 − (1 − a) ⊗ (1 − b) is said to be the
dual t-conorm of ⊗, with the pair (⊗,⊕) as a dual pair. Analogously, the t-norm ⊗ defined by
a⊗ b = 1− (1− a)⊕ (1− b) is called the dual t-norm of ⊕, with the pair (⊗,⊕) as a dual pair.
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Definition 5 ([16]). A binary function →: [0, 1]× [0, 1] −→ [0, 1] is called a residual implication
(R-implication) if there exists a left-continuous t-norm⊗ such that a → b =

∨{x ∈ [0, 1]|x⊗ a ≤ b}
for all a, b ∈ [0, 1]. Further,⊗ and→ form an adjoint pair (⊗,→) and satisfy the residuation property,
i.e., c⊗ a ≤ b if and only if c ≤ a → b for all a, b, c ∈ [0, 1].

Example 1 ([16]). The Łukasiewicz t-norm ⊗Łu and the corresponding Łukasiewicz implication
→Łu are expressed as follows: a ⊗Łu b = (a + b − 1) ∨ 0, a →Łu b = (1− a + b) ∧ 1 for all
a, b ∈ [0, 1].

Definition 6 ([11]). A binary function ⊗I∗ : I∗ × I∗ −→ I∗ is called an intuitionistic t-
norm induced from t-norm ⊗, if it satisfies α ⊗I∗ β = 〈αt ⊗ βt, α f ⊕ β f 〉 for all α = 〈αt, α f 〉,
β = 〈βt, β f 〉 ∈ I∗.

A binary function ⊕I∗ : I∗ × I∗ −→ I∗ is called an intuitionistic t-conorm induced from
t-conorm ⊕, if it satisfies α⊕I∗ β = 〈αt ⊕ βt, α f ⊗ β f 〉 for all α = 〈αt, α f 〉, β = 〈βt, β f 〉 ∈ I∗,
where ⊕ is the dual t-conorm of the t-norm ⊗.

Definition 7 ([11]). A binary operator →I∗ : I∗ × I∗ −→ I∗ is called an intuitionistic residual
implication (intuitionistic R-implication) if there exists a left-continuous intuitionistic t-norm ⊗I∗
such that α →I∗ β =

∨{θ ∈ I∗|θ ⊗I∗ α � β}, ∀α, β ∈ I∗. Further, ⊗I∗ and →I∗ form an
adjoint pair (⊗I∗ ,→I∗) and satisfy the residuation property, i.e., ∀α, β, γ ∈ I∗, γ⊗I∗ α � β if
and only if γ � α →I∗ β.

Example 2 ([11]). The intuitionistic Łukasiewicz t-norm ⊗I∗Łu
and the corresponding intuitionistic

R-implication →I∗Łu
are expressed as follows: α ⊗I∗Łu

β = 〈(αt + βt − 1) ∨ 0, (α f + β f ) ∧ 1〉,
α →I∗Łu

β = 〈(1− αt + βt) ∧ (1− α f + β f ) ∧ 1, (β f − α f ) ∨ 0〉 for all α, β ∈ I∗.

Quintuple-Implication Principle for FMP ([7]). Let → be an R-implication derived from
a left-continuous t-norm ⊗ and then B∗ is the smallest fuzzy subset on Y such that there is
the following:

(A(x)→ B(y))→ ((A∗(x)→ A(x))→ (A∗(x)→ B∗(y))) = 1 f or all x ∈ X, y ∈ Y,

where A, A∗ are fuzzy sets on X, and B is fuzzy sets on Y.

Theorem 1 ([7]). Let → be an R-implication derived from a left-continuous t-norm ⊗ and then
the quintuple-implication solution B∗ = {〈y, B∗(y)〉|y ∈ Y} for the FMP problem is presented
as follows:

B∗(y) =
∨

x∈X
{A∗(x)⊗ ((A∗(x)→ A(x))⊗ (A(x)→ B(y)))}, y ∈ Y. (1)

Quintuple-Implication Principle for IFMP ([14]). Let →I∗ be an intuitionistic R-implication
derived from a left-continuous intuitionistic t-norm ⊗I∗ and then B∗ is the smallest intuitionistic
fuzzy subset on Y such that there is the following:

(A(x)→I∗ B(y))→I∗ ((A∗(x)→I∗ A(x))→I∗ (A∗(x)→I∗ B∗(y))) = 〈1, 0〉 f or all x ∈ X, y ∈ Y,

where A, A∗ are intuitionistic fuzzy sets on X, and B is intuitionistic fuzzy sets on Y.

Theorem 2 ([14]). Let →I∗ be an intuitionistic R-implication derived from a left-continuous intu-
itionistic t-norm ⊗I∗ and then the quintuple-implication solution B∗ = {〈y,B∗t (y),B∗f (y)〉|y ∈ Y}
for the IFMP problem is presented as follows:
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B∗(y) = ∨
x∈X

{A∗(x)⊗I∗ ((A∗(x)→I∗ A(x))⊗I∗ (A(x)→I∗ B(y)))}, y ∈ Y, (2)

and

B∗t (y) =
∨

x∈X
{A∗

t (x)⊗ (((A∗
t (x)→ At(x)) ∧ (A∗

− f (x)→ A− f (x)))

⊗ ((At(x)→ Bt(y)) ∧ (A− f (x)→ B− f (y))))}, y ∈ Y,

B∗f (y) =
∧

x∈X
{A∗

f (x)⊕ ((1−A∗
− f (x)→ A− f (x))⊕ (1−A− f (x)→ B− f (y)))}, y ∈ Y,

where A− f = 1 − A f , A∗
− f = 1 − A∗

f and B− f = 1 − B f , and ⊕ is the dual t-conorm of
t-norm ⊗.

3. The Quintuple-Implication Fuzzy Reasoning Method with
Mixed Information

For reasoning with given if–then rules of mixed information, since there may exist
the mismatch between the representation of the input and that of the given rules of the
knowledge base in real life, the ability of a quintuple-implication reasoning method based
on single information is limited. From Table 1, it is easy to find that the information types in
both rule antecedent and rule consequent are consistent in Types 1–4, whereas they exhibit
inconsistency in Types 5–8. Considering this analysis, in this section, we will delve into
the quintuple-implication principle for reasoning with mixed information from these two
distinct perspectives of the given if–then rules.

The reasoning framework to solve inference problems Type 1–Type 8
As for the inference models with consistent given if–then rules (Types 1–4), the input

information first needs to be consistent with the information representation in the given
rules. For example, as for Type 3, the inputA∗ has the priority to be converted into the same
information type A∗ as the given rule “if x is A, then y is B”; as for Type 4, the input A∗ has
the priority to be converted into an intuitionistic fuzzy set A∗, same as the representation
of the given rule “if x is A, then y is B”. Then, the subsequent inference steps can be
performed to obtain the output with the same representation as the rule, together with the
inference result consistent with the representation of the input by employing the reciprocal
conversion formula between fuzzy sets and intuitionistic fuzzy sets. Figure 1 shows the
processing framework of the first four types of inference models.

Figure 1. Mixed information reasoning with consistent rules.
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Regarding the inference model Types 5–8 with an inconsistency in the representation
of rule antecedent and rule consequent, a given rule containing mixed information needs
to be initially converted into a set of two distinct given rules, each having different single
information representation through the corresponding conversion operations. For example,
as for Types 5 and 7, the inconsistent given rule “if x is A, then y is B” is considered to
consist of two consistent given rules “if x is A, then y is B” with B converted from B and “if
x is A, then y is B” with A converted from A; as for Types 6 and 8, the inconsistent given
rule “if x is A, then y is B” is viewed as being composed of two consistent given rules “if x
is A, then y is B” with A converted from A and “if x is A, then y is B” with B converted
from B. Next, the input is combined with each of these two given rules, respectively, to
carry out the subsequent inference process. At this stage, the two directions will yield their
own outputs and the processing in both directions will be found to be partially similar to
the reasoning scheme based on consistent given if–then rules. Ultimately, these outputs are
aggregated to produce a final inference result that can be expressed in a form consistent with
the rule consequent or in alignment with the input. The processing scheme for reasoning
under inconsistent given if–then rules is exhibited in Figure 2.

Figure 2. Mixed information reasoning with inconsistent rules.
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3.1. The Quintuple-Implication Fuzzy Reasoning Method with Mixed Information of
Consistent Rules

To address the problems in reasoning under consistent rules, we first discuss the mixed
information inference problem of Type 4, described as follows:

The given rule: If x is A, then y is B
Input: x is A∗

Output: y is ?

where A is an intuitionistic fuzzy set on the universe X, B is an intuitionistic fuzzy set on
the universe Y and A∗ is a fuzzy set on the universe X. We aim to derive an output based
on the referential rule “if x is A, then y is B” and the given input “x is A∗” by utilizing the
quintuple-implication principle.

The method to reasoning with Type 4 mixed information
Step 1: Convert the fuzzy set A∗ into the intuitionistic fuzzy set A∗ = {〈x, A∗(x),

1− A∗(x)〉|x ∈ X} via Proposition 1 in [2], which hence leads to the following problem:

The given rule: If x is A, then y is B
Input: x is A∗

Output: y is B̄∗

where A and A∗ are intuitionistic fuzzy sets defined on the universe X, and B and B̄∗ are
intuitionistic fuzzy sets on the universe Y.

Step 2: Solve the inference problem in Step 1 and obtain the solution B̄∗ = {〈y,
B̄∗t (y), B̄∗f (y)〉|y ∈ Y} by applying Theorem 2 in [14] (i.e., quintuple-implication method for
Type 2):

B̄∗(y) =∨
x∈X

{A∗(x)⊗I∗ ((A∗(x)→I∗ A(x))⊗I∗ (A(x)→I∗ B(y)))}, y ∈ Y, (3)

B̄∗t (y) =
∨

x∈X
{A∗(x)⊗ (((A∗(x)→ At(x)) ∧ (A∗(x)→ A− f (x))

⊗ ((At(x)→ Bt(y)) ∧ (A− f (x)→ B− f (y))))}
=
∨

x∈X
{A∗(x)⊗ ((A∗(x)→ At(x))⊗ ((At(x)→ Bt(y))

∧ (A− f (x)→ B− f (y))))}, y ∈ Y, (4)

B̄∗f (y) =
∧

x∈X
{(1− A∗(x))⊕ ((1− A∗(x)→ A− f (x))⊕ (1−A− f (x)→ B− f (y)))}

=1− ∨
x∈X

{A∗(x)⊗ ((A∗(x)→ A− f (x))⊗ (A− f (x)→ B− f (y)))}, y ∈ Y, (5)

where →I∗ is an intuitionistic R-implication derived from a left-continuous intuitionistic
t-norm ⊗I∗ , → is an R-implication derived from a left-continuous t-norm ⊗ and ⊕ is the
dual of ⊗.

Step 3: The solution of the Type 4 inference problem is given, as presented in Table 2.
According to the rule “if x is A, then y is B”, the output can be obtained in the

form of intuitionistic fuzzy sets, denoted as B∗ = {〈y,B∗t (y),B∗f (y)〉|B∗t (y) = B̄∗t (y),
B∗f (y) = B̄∗f (y), y ∈ Y}. Furthermore, to ensure consistency with the information type of
the input “x is A∗”, we also present via Definition 3 in [2] the solution in the form of fuzzy
sets, i.e., B∗ = {〈y, B∗(y)〉|B∗(y) ∈ [B̄∗t (y), 1− B̄∗f (y)], y ∈ Y}.
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Table 2. The solutions for the mixed information inference problem of Type 4.

The Given Rule Input Output

If x is A, then y is B x is A∗ FS B∗ = {〈y, B∗(y)〉|B∗(y) ∈ [B̄∗t (y), 1− B̄∗f (y)], y ∈ Y}
IFS B∗ = {〈y,B∗t (y),B∗f (y)〉|B∗t (y) = B̄∗t (y),B∗f (y) = B̄∗f (y), y ∈ Y}

Note: B̄∗t (y) =
∨

x∈X

{
A∗(x)⊗ ((A∗(x)→ At(x))⊗ ((At(x)→ Bt(y)) ∧ (A− f (x)→ B− f (y))))

}
, y ∈ Y,

B̄∗f (y) = 1− ∨
x∈X

{
A∗(x)⊗ ((A∗(x)→ A− f (x))⊗ (A− f (x)→ B− f (y)))

}
, y ∈ Y.

Analogously, the inference problem of Type 3 can also be addressed:

The given rule: If x is A, then y is B

Input: x is A∗

Output: y is ?

where A and B represent two fuzzy sets on X and Y, respectively, and A∗ is an intuitionistic
fuzzy set on X.

The method to reasoning with Type 3 mixed information
Step 1: Convert the intuitionistic fuzzy setsA∗ into fuzzy set A∗ = {〈x, A∗(x)〉|x ∈ X}

by using the possibility and necessity operators stated in Definition 3 in [2], where A∗(x) ∈
[A∗

t (x),A∗
− f (x)]. Since the fuzzy set A∗ converted from the input A∗ is determined by two

fuzzy sets A∗
t = �A∗ and A∗

− f = �A∗, to solve the Type 3 inference problem, the following
two FMP problems need to be addressed in advance:

The given rule: If x is A, then y is B

Input: x is A∗
t

Output: y is B̃∗1

The given rule: If x is A, then y is B

Input: x is A∗
− f

Output: y is B̃∗2
where A∗

t ,A∗
− f are fuzzy sets transformed from intuitionistic fuzzy set A∗ on X, and A

and B represent two fuzzy sets on X and Y, respectively.
Step 2: Obtain the solutions to the above two inference problems. According to

Theorem 1 in [7] (i.e., quintuple-implication method for Type 1),

B̃∗1 (y) =
∨

x∈X
{A∗

t (x)⊗ ((A∗
t (x)→ A(x))⊗ (A(x)→ B(y)))}, y ∈ Y, (6)

B̃∗2 (y) =
∨

x∈X
{A∗

− f (x)⊗ ((A∗
− f (x)→ A(x))⊗ (A(x)→ B(y)))}, y ∈ Y. (7)

where → is an R-implication derived from a left-continuous t-norm ⊗.
Step 3: The solution of the Type 3 inference problem is derived, as presented in Table 3.
The fuzzy output B∗ = {〈y, B∗(y)〉|y ∈ Y} will be acquired via Equations (6)

and (7) with the same information representation as the rule “if x is A, then y is B”,
where B∗(y) ∈ [B̃∗1 (y) ∧ B̃∗2 (y), B̃∗1 (y) ∨ B̃∗2 (y)]. By combining Equations (6) and (7) with
Definition 3 in [2], the intuitionistic fuzzy output B∗ = {〈y,B∗t (y),B∗f (y)〉|y ∈ Y} of the
same type as the input ”x is A ” can likewise be provided, where B∗t (y) = B̃∗1 (y) ∧ B̃∗2 (y),
B∗f (y) = 1− B̃∗1 (y) ∨ B̃∗2 (y).
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Table 3. The solutions for the mixed information inference problem of Type 3.

The Given Rule Input Output

If x is A, then y is B x is A∗ FS B∗ = {〈y, B∗(y)〉|B∗(y) ∈ [B̃∗1 (y) ∧ B̃∗2 (y), B̃∗1 (y) ∨ B̃∗2 (y)], y ∈ Y}
IFS B∗ = {〈y,B∗t (y),B∗f (y)〉|B∗t (y) = B̃∗1 (y) ∧ B̃∗2 (y),B∗f (y) = 1− B̃∗1 (y) ∨ B̃∗2 (y), y ∈ Y}

Note: B̃∗1 (y) =
∨

x∈X
{A∗

t (x)⊗ ((A∗
t (x) → A(x))⊗ (A(x) → B(y)))}, y ∈ Y, B̃∗2 (y) =

∨
x∈X

{A∗
− f (x)⊗ ((A∗

− f (x) →
A(x))⊗ (A(x)→ B(y)))}, y ∈ Y.

According to Equations (4)–(7), the following proposition is presented when the t-norm
is Łukasiewicz t-norm ⊗Łu.

Proposition 2. (1) For the Type 4 inference problem,

B̄∗t (y) =
∨

x∈X
{(A∗(x) + ((1− A∗(x) +At(x)) ∧ 1 + (1−At(x) + Bt(x))

∧ (1−A− f (x) + B− f (x)) ∧ 1− 1) ∨ 0)− 1) ∨ 0}, y ∈ Y, (8)

B̄∗f (y) =1− ∨
x∈X

{(A∗(x) + ((1− A∗(x) +A− f (x)) ∧ 1 + (1−A− f (x)

+ B− f (y)) ∧ 1− 1) ∨ 0− 1) ∨ 0}, y ∈ Y. (9)

(2) For the Type 3 inference problem,

B̃∗1 (y) =
∨

x∈X
{(A∗

t (x) + ((1−A∗
t (x) + A(x)) ∧ 1 + (1− A(x) + B(y)) ∧ 1− 1)

∨ 0− 1) ∨ 0}, y ∈ Y, (10)

B̃∗2 (y) =
∨

x∈X
{(A∗

− f (x) + ((1−A∗
− f (x) + A(x)) ∧ 1 + (1− A(x) + B(y)) ∧ 1− 1)

∨ 0− 1) ∨ 0}, y ∈ Y. (11)

3.2. The Quintuple-Implication Fuzzy Reasoning Method with Mixed Information of
Inconsistent Rules

To reason with inconsistent if–then rules (Types 5–8 mixed information inference
problems), it is essential to first gain a precise and comprehensive understanding of the in-
consistent rules, conceptualizing one inconsistent rule as comprising two distinct consistent
rules, each containing unique information representation.

By this analysis, for each of the Types 5–8 inference problems, the input will be
combined with the two consistent rules to conduct the inference process in their respective
directions. Further, the conclusions in these two directions will be aggregated to obtain the
final inference result for each type, as depicted in Figure 2. The final inference result will
be expressed according to the representation of the input and rule consequent. When the
representation of the input and rule consequent is the same, the final inference result will
also be written with full consideration in the form that is different from the representation
of the two, in addition to giving the final result with the same representation as the two.

Consider the Type 6 inference problem:

The given rule: If x is A, then y is B

Input: x is A∗

Output: y is ?

whereA andA∗ represent two intuitionistic fuzzy sets, respectively, defined on the universe
X, and B is a fuzzy set on the universe Y.
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The method to reasoning with Type 6 mixed information
Step 1: Determine the output given the intuitionistic fuzzy if–then rule and the input.
The following IFMP problem (i.e., Type 2 inference problem) needs to be addressed:

The given rule: If x is A, then y is B
Input: x is A∗

Output: y is B̄∗

where B = {〈y, B(y), 1 − B(y)〉|y ∈ Y} is an intuitionistic fuzzy set on the universe Y
converted from fuzzy set B = {〈y, B(y)〉|y ∈ Y}, and A and A∗ represent two intuitionistic
fuzzy sets, respectively, defined on the universe X.

Theorem 2 in [14] is utilized to obtain the intuitionistic fuzzy output B̄∗ = {〈y, B̄∗t (y),
B̄∗f (y)〉| y ∈ Y}:

B̄∗(y) = ∨
x∈X

{A∗(x)⊗I∗ ((A∗(x)→I∗ A(x))⊗I∗ (A(x)→I∗ B(y)))}, y ∈ Y. (12)

where →I∗ is an intuitionistic R-implication derived from a left-continuous intuitionistic
t-norm ⊗I∗ , and further,

B̄∗t (y) =
∨

x∈X
{A∗

t (x)⊗ (((A∗
t (x)→ At(x)) ∧ (A∗

− f (x)→ A− f (x)))

⊗ (A− f (x)→ B(y)))}, y ∈ Y (13)

B̄∗f (y) =
∧

x∈X
{(1−A∗

− f (x))⊕ ((1−A∗
− f (x)→ A− f (x))⊕ (1−A− f (x)→ B(y)))}

=1− ∨
x∈X

{A∗
− f (x)⊗ ((A∗

− f (x)→ A− f (x))⊗ (A− f (x)→ B(y)))}, y ∈ Y (14)

where → is an R-implication derived from a left-continuous t-norm ⊗ and ⊕ is the
dual t-conorm of ⊗. In order to obtain the final inference result (Step 3), here, the
fuzzy output B̄∗ = {〈y, B̄∗(y)〉|B̄∗(y) ∈ [B̄∗t (y), B̄∗− f (y)], y ∈ Y} is also given, where
B̄∗− f (y) = 1− B̄∗f (y).

Step 2: Determine the output given the fuzzy if–then rule and the input A∗.
Having considered that this inference issue overlaps with the Type 3 inference problem,

the following two FMP problems will be addressed:

The given rule: If x is At, then y is B

Input: x is A∗
t

Output: y is B̃∗1

The given rule: If x is A− f , then y is B

Input: x is A∗
− f

Output: y is B̃∗2
where At and A− f are fuzzy sets on X converted from intuitionistic fuzzy set A; A∗

t and
A∗
− f are fuzzy sets on X converted from intuitionistic fuzzy set A∗; and B represents a

fuzzy set on Y. The above reasoning problems are solved according to Theorem 1 in [7]:

B̃∗1 (y) =
∨

x∈X
{A∗

t (x)⊗ ((A∗
t (x)→ At(x))⊗ (At(x)→ B(y)))}, y ∈ Y, (15)

B̃∗2 (y) =
∨

x∈X
{A∗

− f (x)⊗ ((A∗
− f (x)→ A− f (x))⊗ (A− f (x)→ B(y)))}, y ∈ Y, (16)
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where → is an R-implication derived from a left-continuous t-norm ⊗.
Thus, from Equations (15) and (16), we can obtain the fuzzy output B̃∗ = {〈y, B̃∗(y)〉|y ∈

Y}, B̃∗(y) ∈ [B̃∗1(y) ∧ B̃∗2(y), B̃∗1(y) ∨ B̃∗2(y)] and the intuitionistic fuzzy output
B̃∗ = {〈y, B̃∗t (y), B̃∗f (y)〉|y ∈ Y}, B̃∗t (y) = B̃∗1(y)∧ B̃∗2(y), B̃∗f (y) = 1− B̃∗1(y)∨ B̃∗2(y).

Step 3: Obtain the final result of the Type 6 inference problem by consolidating the
outcomes of Steps 1 and 2, as presented in Table 4.

It is easy to prove the following: by combining B̄∗ and B̃∗, we obtain the fuzzy
B∗ = {〈y, B∗(y)〉|B∗(y) ∈ [B̄∗t (y) ∧ B̃∗1 (y) ∧ B̃∗2 (y), B̄∗− f (y)) ∨ B̃∗1 (y) ∨ B̃∗2 (y)], y ∈ Y};

from B̄∗ and B̃∗, we obtain the intuitionistic fuzzy B∗ = {〈y,B∗t (y),B∗f (y)〉|B∗t (y) =

B̄∗t (y)∧ B̃∗1 (y)∧ B̃∗2 (y),B∗f (y) = 1− B̄∗− f (y)∨ B̃∗1 (y)∨ B̃∗2 (y), y ∈ Y}; moreover, there exists
B̄∗− f (y) = 1− B̄∗f (y) = B̃∗2 (y) by referring to Equations (14) and (16).

Table 4. The solutions for the mixed information inference problem of Type 6.

The Given Rule Input Output

if x is A, then y is B x is A∗ FS B∗ = {〈y, B∗(y)〉|B∗(y) ∈ [B̄∗t (y) ∧ B̃∗1 (y) ∧ B̃∗2 (y), B̄∗− f (y) ∨ B̃∗1 (y) ∨ B̃∗2 (y)], y ∈ Y}
IFS B∗ = {〈y,B∗t (y),B∗f (y)〉|B∗t = B̄∗t (y) ∧ B̃∗1 (y) ∧ B̄∗2 (y),B∗f = 1− B̃∗1 (y) ∨ B̃∗2 (y), y ∈ Y}

Note: B̄∗t (y) =
∨

x∈X
{A∗

t (x)⊗ (((A∗
t (x)→ At(x))∧ (A∗

− f (x)→ A− f (x)))⊗ (A− f (x)→ B(y)))}, y ∈ Y, B̄∗f (y) =
1 − ∨

x∈X
{A∗

− f (x) ⊗ ((A∗
− f (x) → A− f (x)) ⊗ (A− f (x) → B(y)))}, y ∈ Y, B̃∗1 (y) =

∨
x∈X

{A∗
t (x) ⊗ ((A∗

t (x) →
At(x))⊗ (At(x)→ B(y)))}, y ∈ Y, B̃∗2 (y) =

∨
x∈X

{A∗
− f (x)⊗ ((A∗

− f (x)→ A− f (x))⊗ (A− f (x)→ B(y)))}, y ∈ Y.

Similar to the Type 6 inference problem, the solutions of Types 5, 7 and 8 are shown
in Table 5.

Table 5. The solutions for the mixed information inference problem of Types 5, 7 and 8.

Type The Given Rule Input Output

Type 5 if x is A, then y is B x is A∗ FS B∗ = {〈y, B∗(y)〉|B∗(y) ∈ [B̃∗1 (y), B̃∗2 (y)], y ∈ Y}
IFS B∗ = {〈y,B∗t (y),B∗f (y)〉|B∗t = B̃∗1 (y),B∗f = 1− B̃∗2 (y), y ∈ Y}

Type 7 if x is A, then y is B x is A∗ FS B∗ = {〈y, B∗(y)〉|B∗(y) ∈ [B̄∗t (y) ∧ B̃∗1 (y) ∧ B̃∗2 (y), B̃∗1 (y) ∨ B̃∗2 (y)], y ∈ Y}
IFS B∗ = {〈y,B∗t (y),B∗f (y)〉|B∗t = B̄∗t (y) ∧ B̃∗1 (y) ∧ B̃∗2 (y),B∗f = 1− B̃∗1 (y) ∨ B̃∗2 (y), y ∈ Y}

Type 8 if x is A, then y is B x is A∗ FS B∗ = {〈y, B∗(y)〉|B∗(y) ∈ [B̄∗t (y) ∧ B̃∗1 (y) ∧ B̃∗2 (y), B̃∗1 (y) ∨ B̃∗2 (y)], y ∈ Y}
IFS B∗ = {〈y,B∗t (y),B∗f (y)〉|B∗t = B̄∗t (y) ∧ B̃∗1 (y) ∧ B̃∗2 (y),B∗f = 1− B̃∗1 (y) ∨ B̃∗2 (y), y ∈ Y}

Note: In Type 5, B̄∗t (y) =
∨

x∈X
{A∗(x)⊗ ((A∗(x)→ A(x))⊗ (A(x)→ Bt(y)))}, y ∈ Y, B̄∗f (y) = 1− ∨

x∈X
{A∗(x)⊗

((A∗(x) → A(x)) ⊗ (A(x) → B− f (y)))}, y ∈ Y, B̃∗1 (y) =
∨

x∈X
{A∗(x) ⊗ ((A∗(x) → A(x)) ⊗ (A(x) →

Bt(y)))}, y ∈ Y, B̃∗2 (y) =
∨

x∈X
{A∗(x) ⊗ ((A∗(x) → A(x)) ⊗ (A(x) → B− f (y)))}, y ∈ Y. Note: In Type 7,

B̄∗t (y) =
∨

x∈X
{A∗

t (x)⊗ ((A∗
− f (x) → A(x))⊗ (A(x) → Bt(y)))}, y ∈ Y, B̄∗f (y) = 1− ∨

x∈X
{A∗

− f (x)⊗ ((A∗
− f (x) →

A(x)) ⊗ (A(x) → B− f (y)))}, y ∈ Y, B̃∗1 (y) =
∨

x∈X
{A∗

t (x) ⊗ ((A∗
t (x) → A(x)) ⊗ (A(x) → Bt(y)))}, y ∈ Y,

B̃∗2 (y) =
∨

x∈X
{A∗

− f (x) ⊗ ((A∗
− f (x) → A(x)) ⊗ (A(x) → B− f (y)))}, y ∈ Y. Note: In Type 8, B̄∗t (y) =∨

x∈X
{A∗(x) ⊗ ((A∗(x) → At(x)) ⊗ (A− f (x) → B(y)))}, y ∈ Y, B̄∗f (y) = 1 − ∨

x∈X
{A∗(x) ⊗ ((A∗(x) →

A− f (x))⊗ (A− f (x) → B(y)))}, y ∈ Y, B̃∗1 (y) =
∨

x∈X
{A∗(x)⊗ ((A∗(x) → At(x))⊗ (At(x) → B(y)))}, y ∈ Y,

B̃∗2 (y) =
∨

x∈X
{A∗(x)⊗ ((A∗(x)→ A− f (x))⊗ (A− f (x)→ B(y)))}, y ∈ Y.

Proposition 3. For the Type 6 inference problem, if the t-norm is Łukasiewicz t-norm ⊗I∗Łu
,

Equations (13)–(16) can be rewritten as
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B̄∗t (y) =
∨

x∈X
{(A∗

t (x) + ((1−A∗
t (x) +At(x)) ∧ 1 + (1−At(x) + B(y)) ∧ 1− 1) ∨ 0)− 1) ∨ 0}, y ∈ Y, (17)

B̄∗f (y) =1− ∨
x∈X

{(A∗
− f (x) + ((1−A∗

− f (x) +A− f (x)) ∧ 1 + (1−A− f (x) + B(y)) ∧ 1− 1) ∨ 0− 1) ∨ 0}, y ∈ Y, (18)

B̃∗1 (y) =
∨

x∈X
{(A∗

t (x) + ((1−A∗
t (x) +At(x)) ∧ 1 + (1−At(x) + B(y)) ∧ 1− 1) ∨ 0− 1) ∨ 0}, y ∈ Y, (19)

B̃∗2 (y) =
∨

x∈X
{(A∗

− f (x) + ((1−A∗
− f (x) +A− f (x)) ∧ 1 + (1−A− f (x) + B(y)) ∧ 1− 1) ∨ 0− 1) ∨ 0}, y ∈ Y. (20)

4. Reductivity Analysis

Reductivity is an important property frequently employed as a criterion for evaluating
the efficacy of reasoning methods. A reasoning method for the FMP or IFMP (with a unique
information type) is considered to be reductive if the equality of the input to the rule
antecedent implies that the output is equal to the rule consequent. When discussing the
reductivity of methods for resolving inference problems in Table 1 that involve a mixture of
information types, how to define the reductivity is a critical issue.

As to methods developed specifically for addressing the Types 3-8 inference problems,
there are two representation options for the output, either in the form of fuzzy sets or
in the form of intuitionistic fuzzy sets. Having considered the inconsistency of the rep-
resentations among the input, rule antecedent and rule consequent, several findings are
mentioned below:

1. It is possible to make the input and the antecedent of the rule equal when the repre-
sentation types of the input and the antecedent of the rule are consistent;

2. It is possible to make the input and the antecedent of the rule equal by using the
conversion formula from intuitionistic fuzzy sets to fuzzy sets when the input A∗ is
an intuitionistic fuzzy set and the antecedent A of the rule is a fuzzy set;

3. When the input A∗ is a fuzzy set and the antecedent of the rule A is an intuitionistic
fuzzy set (in which At 	= 1−A f ), the equality between the input and the antecedent
of the rule cannot be realized at this time according to the conversion formula from
fuzzy sets to intuitionistic fuzzy sets.

Thus, the reductivity, to our knowledge, can be interpreted in the way that for each
of Types 3, 5, 6 and 7, when the equality between the input and the antecedent of the rule
is achieved, the method is called reductive if the output of this method with the same
representation as the rule consequent is proved to be equal to the rule consequent. As for
Types 4 and 8, the discussion of reductivity is not applicable to the methods for these two
inference problems because it is not feasible to make the input and the antecedent of the
rule equal.

Definition 8. (1) For Type 3, the method is called reductive if the assumption that the input A∗

converted from A∗ is equal to the rule antecedent A implies that the fuzzy output B∗ is equal
to the rule consequent B.

(2) For Type 5, the method is called reductive if the assumption that the input A∗ is equal to
the rule antecedent A implies that the intuitionistic fuzzy output B∗ is equal to the rule
consequent B.

(3) For Type 6, the method is called reductive if the assumption that the input A∗ is equal to the
rule antecedent A implies that the fuzzy output B∗ is equal to the rule consequent B.

(4) For Type 7, the method is called reductive if the assumption that the input A∗ converted from
A∗ is equal to the rule antecedent A implies that the intuitionistic fuzzy output B∗ is equal to
the rule consequent B.
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Theorem 3. If A is normal, then the proposed method for the Type 3 mixed information inference
problem is reductive.

Proof. If A∗ = A and A is normal, i.e., A(x0) = 1, x0 ∈ X, then there are

B(y) ≥B̃∗1 (y)
=
∨

x∈X
{A∗

t (x)⊗ ((A∗
t (x)→ A(x))⊗ (A(x)→ B(y)))}

≥A(x0)⊗ ((A(x0)→ A(x0))⊗ (A(x0)→ B(y))) = B(y),

B(y) ≥B̃∗2 (y)
=
∨

x∈X
{A∗

− f (x)⊗ ((A∗
− f (x)→ A(x))⊗ (A(x)→ B(y)))}

≥A(x0)⊗ ((A(x0)→ A(x0))⊗ (A(x0)→ B(y))) = B(y).

Then, B̃∗1 = B̃∗2 = B can be obtained, and there exists the fuzzy output B∗ = {〈y, B∗(y) ∈
[B̃∗1 (y) ∧ B̃∗2 (y), B̃∗1 (y) ∨ B̃∗2 (y)]〉|y ∈ Y} = {〈y, B∗(y) ∈ [B(y), B(y)]〉|y ∈ Y} = {〈y,
B(y)〉|y ∈ Y} = B. Thus, the reductivity of the method proposed for Type 3 is proved.

Theorem 4. If A or A is normal, then the proposed methods for the Types 5–7 mixed information
inference problems are reductive.

Proof. In Type 6, if A∗ = A and A is normal, i.e., A(x0) = 〈1, 0〉, x0 ∈ X, then

B(y) =A(x0)⊗I∗ ((A(x0)→I∗ A(x0))⊗I∗ (A(x0)→I∗ B(y)))
=A∗(x0)⊗I∗ ((A∗(x0)→I∗ A(x0))⊗I∗ (A(x0)→I∗ B(y)))
�∨

x∈X
{A∗(x)⊗I∗ ((A∗(x)→I∗ A(x))⊗I∗ (A(x)→I∗ B(y)))}

=B̄∗(y) � B(y),

where B is an intuitionistic fuzzy set converted from fuzzy set B by Proposition 1. Thus,
B̄∗ = {〈y, B̄∗t (y), B̄∗f (y)〉|y ∈ Y} is equivalent to B = {〈y, B(y), 1− B(y)〉|y ∈ Y}. In addi-
tion, there are

B(y) ≥B̃∗1 (y)
=
∨

x∈X
{A∗

t (x)⊗ ((A∗
t (x)→ At(x))⊗ (At(x)→ B(y)))}

≥At(x0)⊗ ((At(x0)→ At(x0))⊗ (At(x0)→ B(y))) = B(y),

B(y) ≥B̃∗2 (y)
=
∨

x∈X
{A∗

− f (x)⊗ ((A∗
− f (x)→ A− f (x))⊗ (A− f (x)→ B(y)))}

≥A− f (x0)⊗ ((A− f (x0)→ A− f (x0))⊗ (A− f (x0)→ B(y))) = B(y).

Through the above analysis, it can be obtained that B̃∗1 = B̃∗2 = B. Therefore, the fuzzy
output B∗ = {〈y, B∗(y) ∈ [B̄∗t (y) ∧ B̃∗1 (y) ∧ B̃∗2 (y), B̄∗− f (y)) ∨ B̃∗1 (y) ∨ B̃∗2 (y)]〉|y ∈ Y} =

{〈y, B∗(y) ∈ [B(y), B(y)]〉|y ∈ Y} = {〈y, B(y)〉|y ∈ Y} = B. It is proved that the method
proposed for Type 6 is reductive.

Likewise, it can be proven that the methods proposed for Types 5 and 7 are reductive.
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5. Application in Pattern Recognition

Observe that pattern recognition problems involving a mixture of fuzzy and intu-
itionistic fuzzy information in real life can be solved by first transforming these practical
problems into corresponding mixed information inference problems and then applying
reasoning methods to yield the recognition results. The proposed reasoning methods were
evaluated on four pattern recognition tasks with a mixture of fuzzy information and intu-
itionistic fuzzy information: the pattern recognition task was accompanied by a comparison
with other existing reasoning methods for fuzzy and intuitionistic fuzzy-mixed information.
Figure 3 depicts how to solve practical problems using the methods established in Section 3
for reasoning with mixed information.

Figure 3. Process of using the presented reasoning methods to address the practical problem with the
mixture of fuzzy information and intuitionistic fuzzy information.

Since the partial order � is unable to order all intuitionistic fuzzy numbers, a total
order �Xu based on the score function SF and the accuracy function AF is provided.

Definition 9 ([17]). Let α = 〈αt, α f 〉 ∈ I∗ be an intuitionistic fuzzy number. SF(α) = αt − α f

is called a score function and AF(α) = αt + α f is called an accuracy function.
α �Xu β holds for the two intuitionistic fuzzy numbers α = 〈αt, α f 〉 and β = 〈βt, β f 〉 if and

only if (i) SF(α) < SF(β) and (ii) SF(α) = SF(β) and AF(α) ≤ AF(β).

5.1. Method for Pattern Recognition

Let K = {K1, K2, · · · , Kn} be a set of patterns and X = {x1, x2, · · · , xm} be a set of
attributes. Ai(xj) (i = 1, 2, · · · , n and j = 1, 2, · · · , m) is the value of the attributes xj,
and Bi(y) denote the evaluation value of ith known patterns. Both Ai(xj) and Bi(y) are
depicted by a fuzzy number or an intuitionistic fuzzy number, as indicated in Table 6.
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A∗(xj) represents the value of the test sample G with respect to attribute xj, and it is also
depicted by a fuzzy number or an intuitionistic fuzzy number, as shown in Table 7. The goal
of this study is to recognize the sample G into these n distinct patterns.

Table 6. The relationship between the patterns and their attributes.

x1 x2 · · · xm

B1(y) A1(x1) A1(x2) · · · A1(xm)
B2(y) A2(x1) A2(x2) · · · A2(xm)

...
...

...
...

...
Bn(y) An(x1) An(x2) · · · An(xm)

Table 7. The relationship between the test sample and its attributes.

x1 x2 · · · xm

G A∗(x1) A∗(x2) · · · A∗(xm)

Step 1: Determine which type of mixed information inference problem this pattern
recognition problem belongs to, as in Table 1. The data presented in Table 6 can be
interpreted as the if–then rules within the inference problem, and the data in Table 7 can be
viewed as the input within the inference problem. Then, the following n inference problems
will be resolved:

The given rule: If x1 is Ai , x2 is Ai , · · · , xm is Ai, then y is Bi

Input: x1 is A∗, x2 is A∗, · · · , xm is A∗

Output: y is B∗i

(i = 1, 2, · · · , n)

Step 2: Calculate the outputs B∗i (y) using the proposed reasoning methods
in Tables 2–5.

Step 3: Select the largest B∗i (y) as the final result, and the test sample G is recognized
as the pattern Ki.

Note that the choice of representation form (fuzzy sets or intuitionistic fuzzy sets) for
B∗i depends on the user. When B∗i is expressed as fuzzy sets B∗i = {〈y, B∗i (y)〉|y ∈ Y}, there
exist B∗i (y) ∈ [a, b], a ≤ b and a, b ∈ [0, 1] according to the solution representations provided
in Tables 2–5. (The left endpoint a and the right endpoint b represent the minimum and
maximum numbers of B∗i (y), respectively.) For the convenience of comparison, B∗i (y) is
taken as a, and the B∗i (y) can be sorted by the order ≤. Then, the pattern Ki corresponding
to the largest value of B∗i (y) is the pattern to which the test sample G belongs. When B∗i
is expressed as intuitionistic fuzzy sets B∗i , the order �Xu is used for comparison and the
pattern Ki corresponding to the largest B∗i (y) is identified as the pattern to which the test
sample G belongs.

5.2. Application in Pattern Recognition with Mixed Information

For the following recognition problems, the R-implication involved takes the Łukasie-
wicz implication →Łu induced by the Łukasiewicz t-norm ⊗Łu, and the intuitionistic
R-implication takes the intuitionistic Łukasiewicz implication →I∗Łu

induced by the intu-
itionistic Łukasiewicz t-norm ⊗I∗Łu

. The Łukasiewicz t-norm and the Łukasiewicz implica-
tion are typical t-norms and R-implications, so this paper uses them for pattern recognition
applications. The proposed methods are also applicable to other t-norms and their corre-
sponding induced R-implications. Since research on mixed information reasoning methods
is relatively limited, and few methods can directly address applications in pattern recog-
nition involving mixed information of fuzzy and intuitionistic fuzzy, only the methods
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discussed in [15] are considered for the comparison analysis. In the future, we will try to
broaden the range of methods that can be used for comparative analysis.

5.2.1. Application in Type 4 Mixed Information Pattern Recognition

Example 3. There is a set of patterns K = {K1, K2, K3} and a set of attributes X = {x1, x2, · · · x6}.
The relationships Ai(xj) (i = 1, 2, 3, j = 1, 2, · · · , 6) between the three known patterns and their
attributes from [18,19], as well as the evaluation values Bi(y) of known patterns, are presented by
intuitionistic fuzzy numbers in Table 8. Now, determine which the unknown pattern G described by
fuzzy numbers in Table 9 belongs to.

It can be determined that this pattern recognition belongs to the Type 4 mixed infor-
mation inference problem according to the rules provided in Table 8 and the input given in
Table 9. Using the reasoning method to the Type 4 mixed information inference problem in
Table 2, the fuzzy outputs B∗i (y) associated with the unknown G are shown in Table 10 and
the intuitionistic fuzzy outputs B∗i (y) associated with G are given in Table 11. By borrowing
the order ≤ for B∗i (y) in Table 10 and the order �Xu for B∗i (y) in Table 11, there exist the
maximum B∗1 (y) = 0.76 and the maximum B∗1 (y) = 〈0.76, 0.15〉, which implies that the
unknown pattern G belongs to the known pattern K1.

Table 8. The relationships of known patterns K1, K2, K3 and their attributes in Example 3.

Bi(y) x1 x2 x3 x4 x5 x6

K1 〈0.87,0.05〉 〈0.94,0.00〉 〈0.88,0.00〉 〈0.82,0.00〉 〈0.78,0.02〉 〈0.75,0.05〉 〈0.72,0.08〉
K2 〈0.81,0.18〉 〈0.86,0.07〉 〈0.92,0.04〉 〈0.98,0.01〉 〈0.98,0.00〉 〈0.95,0.00〉 〈0.92,0.00〉
K3 〈0.85,0.12〉 〈0.66,0.14〉 〈0.72,0.08〉 〈0.78,0.02〉 〈0.84,0.00〉 〈0.90,0.00〉 〈0.96,0.00〉

Table 9. The attributes of the unknown pattern G in Example 3.

x1 x2 x3 x4 x5 x6

G 0.83 0.76 0.79 0.82 0.85 0.78

Table 10. The fuzzy outputs B∗i (y) and recognition result in Example 3.

Method K1 K2 K3 Recognition Result

ETIM [15] 0.85 0.72 0.83 K1
DTIM [15] 0.85 0.72 0.83 K1

The proposed method 0.76 0.72 0.73 K1

Note: Bold indicates the maximum present in that group of data.

Table 11. The intuitionistic fuzzy outputs B∗i (y) and recognition result in Example 3.

Method K1 K2 K3 Recognition Result

ETIM [15] 〈0.85,0.15〉 〈0.72,0.28〉 〈0.83,0.17〉 K1
DTIM [15] 〈0.85,0.15〉 〈0.72,0.28〉 〈0.83,0.17〉 K1

The proposed method 〈0.76,0.15〉 〈0.72,0.28〉 〈0.73,0.17〉 K1

Note: Bold indicates the maximum present in that group of data.

Example 4. There is a patient G, and the symptoms of the disease are described over the feature space
X = {x1, x2, · · · , x5}, including Temperature, Headache, Stomachache, Cough and Chest Pain.
K = {K1, K2, · · · , K5} describes five possible diseases, Viral Fever, Malaria, Typhoid, Stomach
Problem and Heart Problem, from which the patient may suffer. Table 12 displays the symptoms
Ai(xj) (i = 1, 2, · · · , 5, j = 1, 2, · · · , 5) for each disease as in [20–22], and the assessment value
Bi, all represented by intuitionistic fuzzy numbers. Table 13 exhibits the symptoms of the patient G
using fuzzy numbers. The goal is to determine which of the known five diseases the patient has.
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Solving this pattern recognition problem is similar to Example 3. The fuzzy results
B∗i (y) and the intuitionistic fuzzy results B∗i (y) are presented in Tables 14 and 15, respec-
tively. It can be concluded that patient G most likely suffers from Malaria.

Tables 10 and 11 respectively and Tables 14 and 15 also, respectively, display the fuzzy
outcomes and the intuitionistic fuzzy outcomes of Examples 3 and 4 derived from ETIM
and DTIM in [15].

The proposed method obtained the same results in Example 3 as ETIM and DTIM,
demonstrating that the proposed method is feasible and effective. But ETIM and DTIM
obtained the same solutions in Example 4, whereas the proposed method can provide
effective results, indicating that the proposed method is superior to ETIM and DTIM.

Table 12. Symptoms characteristic for the diagnoses in Example 4.

Bi(y) x1 x2 x3 x4 x5

Viral Fever 〈0.75,0.05〉 〈0.40,0.00〉 〈0.30,0.50〉 〈0.10,0.70〉 〈0.40,0.30〉 〈0.10,0.70〉
Malaria 〈0.75,0.05〉 〈0.70,0.00〉 〈0.20,0.60〉 〈0.00,0.90〉 〈0.70,0.00〉 〈0.10,0.80〉
Typhoid 〈0.75,0.05〉 〈0.30,0.30〉 〈0.60,0.10〉 〈0.20,0.70〉 〈0.20,0.60〉 〈0.10,0.90〉

Stomach Problem 〈0.75,0.05〉 〈0.10,0.70〉 〈0.20,0.40〉 〈0.80,0.00〉 〈0.20,0.70〉 〈0.20,0.70〉
Heart Problem 〈0.75,0.05〉 〈0.10,0.80〉 〈0.00,0.80〉 〈0.20,0.80〉 〈0.20,0.80〉 〈0.80,0.10〉

Table 13. Symptoms characteristic for the patient G in Example 4.

Temperature Headache Stomachache Cough Chest Pain

G 0.80 0.80 0.10 0.20 0.10

Table 14. The fuzzy outputs B∗i (y) and the disease of the patient G in Example 4.

Method Viral Fever Malaria Typhoid Stomach Problem Heart Problem Recognition Result

ETIM [15] 0.80 0.80 0.80 0.80 0.80 −
DTIM [15] 0.80 0.80 0.80 0.80 0.80 −

The proposed method 0.35 0.65 0.60 0.20 0.20 Malaria

Note: “−” indicates that the result was not identified, and bold indicates the maximum present in
that group of data.

Table 15. The intuitionistic fuzzy outputs B∗i (y) and the disease of the patient G in Example 4.

Method Viral Fever Malaria Typhoid Stomach Problem Heart Problem Recognition Result

ETIM [15] 〈0.80,0.20〉 〈0.80,0.20〉 〈0.80,0.20〉 〈0.80,0.20〉 〈0.80,0.20〉 −
DTIM [15] 〈0.80,0.20〉 〈0.80,0.20〉 〈0.80,0.20〉 〈0.80,0.20〉 〈0.80,0.20〉 −

The proposed method 〈0.35,0.25〉 〈0.65,0.25〉 〈0.60,0.20〉 〈0.20,0.40〉 〈0.20,0.80〉 Malaria

Note: “−” indicates that the result was not identified, and bold indicates the maximum present in that
group of data.

5.2.2. Application in Type 6 Mixed Information Pattern Recognition

Example 5. Consider a mineral identification task. X = {x1, x2, · · · , x6} represents the six
characteristics that a mineral possesses, and K1, K2, · · · , K5, respectively, represent five typical
mineral-producing areas. The data in Tables 16 and 17 from [23] present the characteristic values
Ai(xj) (i = 1, 2, · · · , 5, j = 1, 2, · · · , 6) for the five known minerals and the characteristic values
A∗(xj) for the unknown mineral G, written in the form of intuitionistic fuzzy sets. The evaluated
value Bi(y) of the corresponding production area for each mineral in Table 16 is given in the form of
fuzzy sets. The goal is to ascertain the specific mineral area among the five from which the mineral
G originates.

Observe that the rules are represented in the mixed form of fuzzy sets and intuitionistic
fuzzy sets, and the input is expressed by intuitionistic fuzzy sets with the same represen-
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tation type as the rule antecedents. Therefore, this mineral identification problem is a
Type 6 mixed information inference problem. Using the reasoning method to the Type 6
mixed information inference problem in Table 4, the fuzzy outputs B∗i (y) associated with
the unknown mineral G are shown in Table 18 and the intuitionistic fuzzy outputs B∗i (y)
associated with G are given in Table 19. By choosing the maximum of the five possible
values in Tables 18 and 19, it can draw a conclusion that the production area of the mineral
G is K5.

Table 16. The characteristics of five minerals from the corresponding known areas in Example 5.

Bi(y) x1 x2 x3 x4 x5 x6

K1 0.75 〈0.7390,0.1250〉 〈0.0330,0.8180〉 〈0.1880,0.6260〉 〈0.4920,0.3580〉 〈0.0200,0.6280〉 〈0.7390,0.1250〉
K2 0.75 〈0.1240,0.6650〉 〈0.0300,0.8250〉 〈0.0480,0.8000〉 〈0.1360.0.6480〉 〈0.0190,0.8230〉 〈0.3930,0.6530〉
K3 0.75 〈0.4490,0.3870〉 〈0.6620,0.2980〉 〈1.0000,0.0000〉 〈1.0000,0.0000〉 〈1.0000,0.0000〉 〈1.0000,0.0000〉
K4 0.75 〈0.2800,0.7150〉 〈0.5210,0.3680〉 〈0.4700,0.4230〉 〈0.2950,0.6580〉 〈0.1880,0.8060〉 〈0.7350,0.1180〉
K5 0.75 〈0.3260,0.4520〉 〈1.0000,0.0000〉 〈0.1820,0.7250〉 〈0.1560,0.7650〉 〈0.0490,0.8960〉 〈0.6750,0.2630〉

Table 17. The characteristic of a mineral G to be identified in Example 5.

x1 x2 x3 x4 x5 x6

G 〈0.6290,0.3030〉 〈0.5240,0.3560〉 〈0.2100,0.6890〉 〈0.2180,0.7530〉 〈0.0690,0.8760〉 〈0.6580,0.2560〉

Table 18. The fuzzy outputs B∗i (y) and recognition result in Example 5.

Method K1 K2 K3 K4 K5 Recognition Result

ETIM [15] 0.5330 0.6580 0.6290 0.6290 0.6580 −
DTIM [15] 0.6580 0.6580 0.6290 0.6580 0.6580 −

The proposed method 0.5330 0.2610 0.3560 0.5260 0.6510 K5

Note: “−” indicates that the result was not identified, and bold indicates the maximum present in that
group of data.

Table 19. The intuitionistic fuzzy outputs B∗i (y) and recognition result in Example 5.

Method K1 K2 K3 K4 K5 Recognition Result

ETIM [15] 〈0.5330,0.3560〉 〈0.6580,0.2560〉 〈0.6290,0.3030〉 〈0.6290.0.3030〉 〈0.6580,0.2560〉 −
DTIM [15] 〈0.6580,0.3560〉 〈0.6580,0.2560〉 〈0.6290,0.3030〉 〈0.6580,0.3030〉 〈0.6580,0.2560〉 −

The proposed method 〈0.5330,0.3420〉 〈0.2610,0.6070〉 〈0.5240,0.3560〉 〈0.5260,0.3420〉 〈0.6510,0.2630〉 K5

Note: “−” indicates that the result was not identified, and bold indicates the maximum present in that
group of data.

Example 6. The Indian government has released a global tender proposal to strengthen infrastruc-
ture construction and now hopes to pick a contractor from six different contractors: Jaihind Road
Builders P. L. (K1), J.K. Construction (K2), Build Quick Infrastructure P. L. (K3), Relcon Infra
Projects L. (K4), Tata Infrastructure L. (K5) and Birla P. L. (K6). These contractors are assessed
based on the following four attributes x1, x2, x3, x4, namely, tender price, completion time, technical
capability and background experience. The attribute values Ai(xj) (i = 1, 2, · · · , 6, j = 1, 2, 3, 4)
for each contractor are presented in Table 20 with the form of intuitionistic fuzzy sets. The evaluated
value Bi for each contractor is given in Table 20 with the form of fuzzy sets. The attribute values A∗

of the ideal contractor have been given by the government in Table 21 with the form of intuitionistic
fuzzy sets. Now, the task is to select the appropriate contractor to undertake this project.

Solving this pattern recognition problem is similar to Example 5. The fuzzy re-
sults B∗i (y) and the intuitionistic fuzzy results B∗i (y) are presented in Tables 22 and 23,
respectively. It can be concluded that the appropriate contractor is K3.
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Tables 18, 19, 22 and 23 also, respectively, display the fuzzy outcomes and the intu-
itionistic fuzzy outcomes of Examples 5 and 6 derived from ETIM and DTIM in [15].

By comparing the results in Examples 5 and 6, it can be observed that ETIM and DTIM
did not yield reliable outcomes. This is due to the fact that the triple-implication principle
used by ETIM and DTIM does not take into account the connection between the input and
rule antecedents, which is what the quintuple-implication principle is good at. Therefore,
the results obtained by the proposed method are more reasonable.

Table 20. The relationships of six contractors and their attributes in Example 6.

Bi(y) Tender Price Completion Time Technical Capability Background Experience

K1 0.90 〈0.81,0.19〉 〈0.90,0.10〉 〈0.81,0.28〉 〈0.67,0.20〉
K2 0.80 〈0.84,0.10〉 〈0.81,0.11〉 〈0.60,0.20〉 〈0.72.0.19〉
K3 0.92 〈0.67,0.13〉 〈0.78,0.21〉 〈0.92,0.05〉 〈0.81,0.12〉
K4 0.85 〈0.77,0.12〉 〈0.83,0.11〉 〈0.74,0.24〉 〈0.71,0.20〉
K5 0.86 〈0.84,0.15〉 〈0.69,0.20〉 〈0.71,0.20〉 〈0.72,0.27〉
K6 0.77 〈0.79,0.02〉 〈0.81,0.17〉 〈0.66,0.30〉 〈0.78,0.10〉

Table 21. The characteristic of the ideal standards G in Example 6.

Tender Price Completion Time Technical Capability Background Experience

Ideal Standards 〈0.72,0.22〉 〈0.84,0.04〉 〈0.92,0.08〉 〈0.85,0.13〉

Table 22. The fuzzy outputs B∗i (y) and the ideal contractor in Example 6.

Method K1 K2 K3 K4 K5 K6 Recognition Result

ETIM [15] 0.92 0.92 0.89 0.92 0.92 0.92 −
DTIM [15] 0.92 0.92 0.92 0.92 0.92 0.92 −

The proposed method 0.78 0.71 0.89 0.74 0.72 0.66 K3

Note: “−” indicates that the result was not identified, and bold indicates the maximum present in that
group of data.

Table 23. The intuitionistic fuzzy outputs B∗i (y) and the ideal contractor in Example 6.

Method K1 K2 K3 K4 K5 K6 Recognition Result

ETIM [15] 〈0.92,0.04〉 〈0.92,0.08〉 〈0.85,0.04〉 〈0.92,0.08〉 〈0.92,0.04〉 〈0.92,0.08〉 −
DTIM [15] 〈0.92,0.04〉 〈0.92,0.08〉 〈0.92,0.04〉 〈0.92,0.08〉 〈0.92,0.04〉 〈0.92,0.08〉 −

The proposed method 〈0.78,0.16〉 〈0.71,0.20〉 〈0.89,0.11〉 〈0.74,0.17〉 〈0.72,0.28〉 〈0.66,0.23〉 K3

Note: “−” indicates that the result was not identified, and bold indicates the maximum present in that
group of data.

5.3. Comparison Analysis

In the following, the pattern recognition problems provided in Examples 3–6 will
be utilized to conduct a comprehensive analysis of the existing and proposed inference
methods with mixed information. Table 24 summarizes the recognition outcomes of exist-
ing reasoning methods with mixed information in various pattern recognition instances.
Examples 3 and 4 belong to Type 4 (inference problems with mixed information of con-
sistent rules), while Examples 5 and 6 belong to Type 6 (inference problems with mixed
information of inconsistent rules). According to Example 3, the same results for ETIM,
DTIM and the method in this paper are achieved, indicating that all of these methods can
be used to some extent to solve pattern recognition problems. In contrast, from the results
of Examples 4–6, the patterns to which the test samples belong in these data cannot be
provided by ETIM and DTIM. The rationale lies in that (1) the relationship between the
input and rule antecedents is taken into account in the quintuple-implication principle
as opposed to the triple-implication principle and (2), for mixed information reasoning
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problem with inconsistent rules, the method proposed herein comprehensively integrates
the two information conversion modes, from fuzzy sets to intuitionistic fuzzy sets and from
intuitionistic fuzzy sets to fuzzy sets, instead of considering the two conversion modes
separately as in [15]. All these results in Examples 3–6 justify the use of the methods in this
paper over the methods in [15].

Table 24. Summary of existing reasoning methods with mixed information for processing pattern
recognition examples.

Method

Type 4 Type 6

Example 3 Example 4 Example 5 Example 6

Can solve?

ETIM [15] � � � �
DTIM [15] � � � �

The proposed method � � � �

Note: “�” indicates that the reasoning method with mixed information can solve the pattern recognition
problem, and “�” indicates that the reasoning method with mixed information cannot solve the pattern
recognition problem.

It is evident that the datasets in Examples 3–6 are not derived from the real world.
Considering the fact that datasets from the real world can be directly used for mixed
information reasoning are relatively few and the construction process of these datasets is
complex, the test of the proposed methods on the real-world datasets will be one of future
research work.

Regarding the computational complexity of the methods built in this paper, this is
mainly related to the specific type of mixed information inference problem. The less
information needs to be converted, the lower the computational complexity. When solving
the mixed information inference problems of Type 3 and Type 4, only the inputs need to be
converted into the same information type as the rule, and the computational complexity is
lower. And for Types 5–8 mixed information inference problems, due to the inconsistency
between the representations of rule antecedent and rule consequent, it is necessary to
consider the directions from fuzzy sets to intuitionistic fuzzy sets and from intuitionistic
fuzzy sets to fuzzy sets at the same time, and aggregate the results obtained from the two
directions, so the computational complexity is higher. Although the methods proposed in
this paper are comparatively more intricate than those presented in [15], they can yield
significantly more compelling outcomes in practical applications.

To summarize, the constructed mixed information reasoning methods in this paper are
mainly based on the quintuple-implication principle, which has a sound logical foundation.
They can be regarded as the extension of the quintuple-implication reasoning method based
on fuzzy sets [7] or the extension of the quintuple-implication reasoning method based on
intuitionistic fuzzy sets [14]. Furthermore, compared to the existing mixed information
reasoning methods based on the triple I principle proposed in [15], the reasoning methods
developed in this paper employ the same conversion operators between fuzzy sets and in-
tuitionistic fuzzy sets as those used in [15]. Meanwhile, these two kinds of methods exhibit
reductive properties in the inference problems of Types 3, 5, 6 and 7 but are not appropriate
to discuss reductivity in the inference problems of Type 4 and Type 8. In addition, when
designing the inference process and calculating the inference results, the mixed information
reasoning methods in this paper comprehensively consider the inference results in both
the direction of converting fuzzy sets into intuitionistic fuzzy sets and the direction of
converting intuitionistic fuzzy sets into fuzzy sets for the inference problems with the given
inconsistent rules. Compared with the methods those consider only a single conversion
direction in [15], the final inference results from our methods are more advantageous. When
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the inference problem involves the mixture of fuzzy information and intuitionistic fuzzy
information, no matter what the mixture type is, the mixed information reasoning methods
constructed in this paper can directly give reasonable inference results. These analyses
imply that the methods constructed in this paper provide more technical support for solv-
ing mixed information reasoning problems and have great potential and broad prospect
in practical applications. In view of the fact that the methods proposed in this paper are
capable of deriving more insightful conclusions and trends from the data, they can assist
managers in making more informed and rational judgments and decisions in complex
environments with the mixture of fuzzy information and intuitionistic fuzzy information.

6. Conclusions

A new scheme in this paper has been described to solve inference problems that are in-
fused with various combinations of fuzzy information and intuitionistic fuzzy information.
This scheme was based on the idea that the key to the rule-based reasoning is the precise
use of the given if–then rules. For Type 3 and Type 4 inference problems characterized by
consistent if–then rules, only the representation type of the input was adjusted to match
that of the rule for building the reasoning method while maintaining the invariability
of the consistent rule. For Types 5–8 inference problems with inconsistent if–then rules,
a mixed representation rule was reinterpreted as two distinct single representation rules to
construct specific reasoning methods. Therefore, the mixed rule needed to be converted
differently twice, where each converted object involves only one of rule antecedent and
rule consequent, and the input representation must be consistent with the representation
of the converted rule. Subsequently, guided by the possibility and necessity operators
as well as the quintuple-implication principle, the methods tailored to each type were
developed, alongside the outputs in both fuzzy set representation and intuitionistic fuzzy
set representation. The reductivity of the proposed methods for mixed information infer-
ence problems of Types 3–8 was also studied in detail. In addition, the proposed methods
demonstrated significant effectiveness over the mixed information reasoning methods
under the triple-implication principle and the same conversion operators in the multiple
recognition tasks studied.

This paper primarily addresses the inference problem associated with mixed fuzzy
and intuitionistic fuzzy information. When it comes to other types of hybrid information,
the methods constructed in this paper will not work directly. Moreover, the methods in
this paper are related to the conversion operators between fuzzy sets and intuitionistic
fuzzy sets, and only the relatively simple conversion operations between the two are used,
so the methods proposed in this paper have room for improvement. Possible directions
for future work would be to study the mixed information reasoning methods induced by
other conversion operators between fuzzy sets and intuitionistic fuzzy sets to overcome the
limitations of the conversion operators employed in this paper, or to study the reasoning
methods under the mixture of fuzzy and picture fuzzy information or the mixture of
intuitionistic fuzzy and picture fuzzy information, leading to more interesting results.
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Abstract: In this study, trapezoidal-type inequalities in fuzzy settings have been investigated. The
theory of fuzzy analysis has been discussed in detail. The integration by parts formula of analysis
of fuzzy mathematics has been employed to establish an equality. Trapezoidal-type inequality for
functions with values in the fuzzy number-valued space is proven by applying the proven equality
together with the properties of a metric defined on the set of fuzzy number-valued space and Höler’s
inequality. The results proved in this research provide generalizations of the results from earlier
existing results in the field of mathematical inequalities. An example is designed by defining a
function that has values in fuzzy number-valued space and validated the results numerically using
the software Mathematica (latest v. 14.1). The p-levels of the defined fuzzy number-valued mapping
have been shown graphically for different values of p ∈ [0, 1].

Keywords: trapezoidal inequality; fuzzy real number; fuzzy trapezoidal-type inequality; Banach
spaces; gH-differentiable function
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1. Introduction

Mathematical inequalities play an important role in proving several results in different
areas of pure and applied mathematics. That is why this topic has emerged as an important
topic in mathematics over the past several years, and mathematicians have successfully
applied this subject to provide new generalizations, refine existing results, and even prove
new results.

In classical analysis, a trapezoidal-type inequality is an inequality that provides upper
and/or lower bounds for the quantity:

ν(k) + ν(�)

2
(�− k)−

∫ �

k
ν(t)dt, (1)

that is the error in approximating the integral by a trapezoidal rule, for various classes of
integrable functions ν defined on the compact interval [k, �].

Cerone et al. obtained trapezoidal-type inequalities for functions of bounded variation
in [1].

Theorem 1 ([1]). Let ν : [k, �]→ C be a function of bounded variation. We have the inequality∣∣∣∣∫ �

k
ν(t)dt− ν(k) + ν(�)

2
(�− k)

∣∣∣∣ ≤ 1
2
(�− k)

�∨
k
(ν), (2)

where
�∨
k
(ν) denotes the total variation of ν on the interval [k, �]. The constant 1

2 is the best

possible one.

If the mapping ν is Lipschitzian, then the following result holds as well [2].
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Theorem 2 ([2]). Let ν : [k, �] → C be an L-Lipschitzian function on [k, �], i.e., ν satisfies
the condition:

|ν(t)− ν(s)| ≤ L|t− s|u

for all t, s ∈ [k, �], L > 0. Then, we have the inequality:∣∣∣∣∫ �

k
ν(t)dt− ν(k) + ν(�)

2
(�− k)

∣∣∣∣ ≤ 1
4
(�− k)2L. (3)

The constant 1
4 is best in (3).

With the assumption of absolute continuity for the function ν, then the following
estimates in terms of the Lebesgue norms of the derivative ν′ hold [3] (p. 93).

Theorem 3 ([3]). Let ν : [k, �]→ C be an absolutely continuous function on [k, �]. Then, we have∣∣∣∣∫ �

k
ν(t)dt− ν(k) + ν(�)

2
(�− k)

∣∣∣∣

≤

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1
4 (�− k)2‖ν′‖∞, if ν′ ∈ L∞[k, �],

1

2(r+1)
1
r
(�− k)1+ 1

r ‖ν′‖w, if ν′ ∈ Lw[k, �],

1
2 (�− k)‖ν′‖1,

(4)

where w, r > 1 with 1
w + 1

r = 1 and ‖·‖w (w ∈ [1, ∞]) are the Lebesgue norms, i.e.,∥∥ν′
∥∥

∞ = ess sup
s∈[k,�]

∣∣ν′(s)∣∣
and ∥∥ν′

∥∥
w :=

(∫ �

k

∣∣ν′(s)∣∣wds
) 1

w

, w ≥ 1.

The next is a result on trapezoidal-type inequalities for operator convex functions.

Definition 1 ([4]). A continuous function ν : I → R is operator convex on the interval I if

ν((1− t)A + tB) ≤ (1− t)ν(A) + tν(B) (5)

holds in the operator order, for all t ∈ [0, 1], where A and B are self-adjoint operators in a Hilbert
space (H, 〈·, ·〉) with spectra Sp(A), Sp(B) ⊂ I.

Theorem 4 ([4]). Let ν : C ⊂ E → F (E, F are Banach spaces and C is an open subset of E) be an
operator convex function on I and A, B, A 	= B, self-adjoint operators on H with Sp(A), Sp(B) ⊂
I. If ν is Gâteaux differentiable on V = [A, B] := {(1− t)A + tB, t ∈ [0, 1]} and ϕ : [0, 1] →
[0, ∞) is Lebesgue integrable and symmetric about 1

2 , that is ϕ(1− t) = ϕ(t) for all t ∈ [0, 1], then

0 ≤
(∫ 1

0
ϕ(t)dt

)
ν(A) + ν(B)

2
−
∫ 1

0
ϕ(t)ν((1− t)A + tB)dt

≤ 1
2

∫ 1

0

(
1
2
−
∣∣∣∣t− 1

2

∣∣∣∣)ϕ(t)dt[,νB(B− A)−,νA(B− A)], (6)

where ,νB(V) is the Gâteaux derivative over C in the direction V connecting the operators A
and B.
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A particular result of the above result can be obtained by taking for ϕ ≡ 1. Hence, for
ϕ ≡ 1, we obtain

0 ≤ ν(A) + ν(B)
2

−
∫ 1

0
ν((1− t)A + tB)dt ≤ 1

8
[,νB(B− A)−,νA(B− A)]. (7)

For some trapezoid operator inequalities in Hilbert spaces, see [5–8].

Definition 2 ([9]). Let X be a complex Banach space. We say that the vector valued function
ν : [k, �]→ X is strongly differentiable on the interval (k, �) if the limit

ν′(t) = lim
h→0

ν(t + h)− ν(t)
h

exists in the norm topology for all t ∈ (k, �).

The following weighted version of generalized trapezoid inequality involving two
functions with one function that contains values in Banach spaces was proven in Dragomir [9].

Theorem 5 ([10]). Assume that ϕ : [k, �] → C and ν : [k, �] → X are continuous and ν is
strongly differentiable on (k, �), then for all λ ∈ [k, �], then we have the following inequality:∥∥∥∥(∫ �

λ
ϕ(s)ds

)
ν(�) +

(∫ λ

k
ϕ(s)ds

)
ν(k)−

∫ �

k
ϕ(t)ν(t)dt

∥∥∥∥ ≤ C(ϕ, ν, λ), (8)

where

C(ϕ, ν, λ) :=
∫ �

λ

(∫ t

λ
|ϕ(s)|ds

)∥∥ν′(t)
∥∥dt +

∫ λ

k

(∫ λ

t
|ϕ(s)|ds

)∥∥ν′(t)
∥∥dt.

Moreover, the following bounds for C(ϕ, ν, λ) hold:

C(ϕ, ν, λ)

≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(∫ �
λ |ϕ(s)|ds

)(∫ �
λ‖ν′(t)‖dt

)
+
(∫ λ

k |ϕ(s)|ds
)(∫ λ

k ‖ν′(t)‖dt
)

,

[∫ �
λ

(∫ t
λ|ϕ(s)|ds

)w
dt
] 1

w
(∫ �

λ‖ν′(t)‖rdt
) 1

r

+
[∫ λ

k

(∫ λ
t |ϕ(s)|ds

)w
dt
] 1

w
(∫ λ

k ‖ν′(t)‖rdt
) 1

r ,

[∫ �
λ

(∫ t
λ|ϕ(s)|ds

)
dt
]

sup
t∈[λ,�]

‖ν′(t)‖

+
[∫ λ

k

(∫ λ
t |ϕ(s)|ds

)
dt
]

sup
t∈[k,λ]

‖ν′(t)‖,

(9)

where w, r > 1 with 1
w + 1

r = 1.

A dual result for Theorem 5 is given as follows:

Theorem 6 ([9]). Assume that ϕ : [k, �] → C and ν : [k, �] → X are continuous and ϕ is
continuously differentiable on (k, �), then for all λ ∈ [k, �] the inequality∥∥∥∥(∫ �

λ
ν(s)ds

)
ϕ(�) +

(∫ λ

k
ν(s)ds

)
ϕ(k)−

∫ �

k
ϕ(t)ν(t)dt

∥∥∥∥ ≤ C̃(ϕ, ν, λ), (10)
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where

C̃(ϕ, ν, λ) ≤
∫ �

λ

(∫ t

λ
‖ν(s)‖ds

)∣∣ϕ′(t)∣∣dt +
∫ λ

k

(∫ λ

t
‖ν(s)‖ds

)∣∣ϕ′(t)∣∣dt

The following bounds hold for C̃(ϕ, ν, λ):

C̃(ϕ, ν, λ)

≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ �
λ‖ν(s)‖ds

∫ �
λ |ϕ′(t)|dt +

∫ λ
k |ν(s)|ds

∫ λ
k |ϕ′(t)|dt,

[∫ �
λ

(∫ t
λ‖ν(s)‖ds

)w
dt
] 1

w
(∫ �

λ |ϕ′(t)|rdt
) 1

r

+
[∫ λ

k

(∫ λ
t ‖ν(s)‖ds

)w
dt
] 1

w
(∫ λ

k |ϕ′(t)|rdt
) 1

r ,

sup
t∈[λ,�]

|ϕ′(s)| ∫ �
λ

(∫ t
λ‖ν(s)‖ds

)
dt

+ sup
t∈[k,λ]

|ϕ′(s)| ∫ λ
k

(∫ λ
t ‖ν(s)‖ds

)
dt,

(11)

where w, r > 1 with 1
w + 1

r = 1.

This study contains trapezoidal-type inequalities for fuzzy number-valued functions
that can be seen as the most general inequalities of the trapezoidal type in this field so far.
The inequalities proven in this paper not only generalize the earlier studies for trapezoidal-
type inequalities for functions having values in the set of real numbers but also extend
those studies that have been established for functions with values in Banach spaces. The
results of this paper extend the results of Theorems 5 and 6 to fuzzy settings and hence also
generalize the results of Theorem 3. The novelty of the results presented in this study is that
they have not been previously investigated in any studies related to fuzzy environments.
The researchers can uncover significant extensions and numerous applications in the
mathematical sciences and other areas of science related to fuzzy mathematics. More
recent studies on Ostrowski-, trapezoidal-, and midpoint-type inequalities can be explored
in [11–20] and the references cited in these researches.

The next section is devoted to the basic definitions and results of fuzzy numbers and
fuzzy number-valued functions.

2. Preliminaries

In this section we point out some basic definitions and results which would help us in
the sequel of this paper, we begin with the following:

Definition 3 ([21]). Let us denote by RF the class of fuzzy subsets of real axis R (i.e., α : R −→
[0, 1]), satisfying the following properties:

(i) ∀α ∈ RF , α is normal, i.e., with α(τ) = 1 for some τ ∈ R.
(ii) ∀α ∈ RF , α is convex fuzzy set, i.e.,

α(tτ + (1− t)τ) ≥ min{α(τ), α(τ)}, ∀t ∈ [0, 1], ∀τ, τ ∈ R.

(iii) ∀ α ∈ RF , α is upper semi-continuous on R.
(iv) {τ ∈ R : α(τ) > 0} is compact.

The set RF is called the space of fuzzy real numbers.

Remark 1. It is clear that R ⊂ RF , because any real number τ0 ∈ R, can be described as the fuzzy
number whose value is 1 for τ = τ0 and zero otherwise.
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It is clear that R ⊂ RF , because any real number τ0 ∈ R, can be described as the
fuzzy number whose value is 1 for τ = τ0 and zero otherwise. We will collect some further
definitions and notations as needed in the sequel [22].

For 0 < p ≤ 1 and α ∈ RF, we define

[α]p = {τ ∈ R : α(τ) ≥ p}

and
[α]0 = {τ ∈ R : α(τ) > 0}.

Now, it is well known that for each p ∈ [0, 1], [α]p, is a bounded closed interval.
For α, γ ∈ RF and λ ∈ R, we have the sum α⊕ γ and the product λ� α are defined by
[α⊕ γ]p = [α]p + [γ]p, [λ� α]p = λ[α]p, ∀p ∈ [0, 1], where [α]p + [γ]p means the usual
addition of two intervals as subsets of R and λ[α]p means the usual product between a
scalar and a subset of R. It should be noted that the intervals [α⊕ γ]p and [λ� α]p uniquely
determine the sum α⊕ γ of fuzzy numbers α and γ, and the product λ� α of a real number
λ and a fuzzy number α.
Now, we define D : RF ×RF −→ R∪ {0} by

D(α, γ) = sup
p∈[0,1]

(
max

{∣∣∣αp
− − γ

p
−
∣∣∣, ∣∣∣αp

+ − γ
p
+

∣∣∣}),

where [α]p =
[
α

p
−, α

p
+

]
, [γ]p =

[
γ

p
−, γ

p
+

]
, then (D,RF ) is a metric space and it possesses

the following properties:

(i) D(α⊕ β, γ⊕ β) = D(α, γ), ∀α, γ, β ∈ RF .
(ii) D(λ� α, λ� γ) = λD(α, γ), ∀α, γ ∈ RF , ∀λ ∈ R.
(iii) D(α⊕ γ, β⊕ e) ≤ D(α, β) +D(γ, e), ∀α, γ, β, e ∈ RF

Moreover, it is well known that (RF ,D) is a complete metric space.
Also we have the following theorem:

Theorem 7 ([23]). We have the following properties of a fuzzy number:

(i) If we denote õ = X{0}, then õ ∈ RF is neutral element with respect to ⊕, i.e., α⊕ õ = õ⊕ α,
for all α ∈ RF .

(ii) With respect to 0̃ none of α ∈ RF\R has opposite in RF with respect to ⊕.
(iii) For any k, � ∈ R with k, � ≥ 0 or k, � ≤ 0, any α ∈ RF , we have (k + �)� α = k� α⊕ ��

α∀k, � ∈ R the above property does not hold.
(iv) For any λ ∈ R and any α, γ ∈ RF , we have λ� (α⊕ γ) = λ� α⊕ λ� γ.
(v) For any λ, μ ∈ R and any α ∈ RF , we have λ� (μ� γ) = (λ · μ)� γ.
(vi) If we denote ‖α‖F = D(α, õ), ∀α ∈ RF then ‖.‖F has the properties of a usual norm

on RF , i.e., ‖α‖F = 0 if and only if α = õ, ‖λ� α‖F = |λ| · ‖α‖F and ‖α⊕ γ‖F ≤
‖α‖F + ‖γ‖F , |‖α‖F − ‖γ‖F | ≤ D(α, γ).

Remark 2. The propositions (ii) and (iii) in theorem show us that (RF ,⊕,�) is not a vector space
over R and consequently (RF , ‖·‖F ) cannot be a normed space. However, the properties of D and
those in theorem (iv)–(vi), have the effect that most of the metric properties of functions defined
as R with values in a Banach space can be extended to functions ν : R −→ RF , called fuzzy
number-valued functions.

In this paper, for the ranking concept, we will use a partial ordering which was
introduced in [24].
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Definition 4 ([24]). Let the partial ordering � in RF by α � γ if and only if α
p
− ≤ γ

p
− and

α
p
+ ≤ γ

p
+, ∀p ∈ [0, 1], and the strict inequality ≺ in RF is defined by α ≺ γ if and only if

α
p
− < γ

p
− and α

p
+ < γ

p
+, ∀p ∈ [0, 1], where [α]p =

[
α

p
−, α

p
+

]
, [γ]p =

[
γ

p
−, γ

p
+

]
.

Definition 5 ([25]). Let τ, τ ∈ RF . If there exists a z ∈ RF such that τ = τ ⊕ z, then we call z
the H-difference of τ and τ, denoted by z = τ � τ.

Definition 6 ([26]). Given two fuzzy numbers α, γ ∈ RF , the generalized Hukuhara difference
(ϕH-difference for short) is the fuzzy number β, if it exists, such that

α�ϕH γ = β ⇐⇒
⎧⎨⎩

(i) α = γ⊕ β,

or (ii) α = γ⊕ (−1)β.

Remark 3. It is easy to show that (i) and (ii) are both valid if and only if β is a crisp number.

In terms of p-levels, we have[
α�ϕH γ

]p
=
[
min

{
α

p
− − γ

p
−, α

p
+ − γ

p
+

}
, max

{
α

p
− − γ

p
−, α

p
+ − γ

p
+

}]
,

and the conditions for the existence of β = α�ϕH γ ∈ RF are as follows:

Case (i)

⎧⎨⎩
β

p
− = α

p
− − γ

p
− and β

p
+ = α

p
+ − γ

p
+ ∀p ∈ [0, 1],

with β
p
− increasing w.r.t p, β

p
+ decreasing w.r.t p, β

p
− ≤ β

p
+.

Case (ii)

⎧⎨⎩
β

p
+ = α

p
+ − γ

p
+ and β

p
− = α

p
− − γ

p
− ∀p ∈ [0, 1],

with β
p
− increasing w.r.t p, β

p
+ decreasing w.r.t p, β

p
− ≤ β

p
+.

If the ϕH-difference α�ϕH γ does not define a proper fuzzy number, the nested property
can be used for p-levels and obtain a proper fuzzy number by[

α�ϕ γ
]p

= ∪
p0≥p

(
[α]p0 �ϕH [γ]p0

)
, p ∈ [0, 1],

where α�ϕ γ defines the generalized difference of two fuzzy numbers α, γ ∈ RF defined
in [25], and extended and studied in [26].

Remark 4. Throughout this paper, we assume that if α, γ ∈ RF , then α�ϕH γ ∈ RF .

Proposition 1 ([27]). For α, γ ∈ RF , we have

D(α�ϕH γ, õ
) ≤ D(α, γ).

Proposition 2 ([25]). Let α, γ ∈ RF . If α�ϕH γ exists in the sense of Definition 6, it is unique
and has the following properties ( õ denotes the crisp set {0}):

(i) α�ϕH α = õ.
(ii) (a) (α⊕ γ)�ϕH γ = α, (b) α�ϕH (α� γ) = γ.
(iii) If α�ϕH γ exists then also (−γ)�ϕH (−α) does and õ�ϕH (α�ϕH γ) = (−γ)�ϕH (−α).
(iv) If α�ϕH γ exists, then γ�ϕH α exists and α�ϕH γ = −(γ�ϕH α

)
.

(v) α�ϕH γ exists if and only if γ�ϕH α and (−γ)�ϕH (−α) exist and α�ϕH γ = (−γ)�ϕH
(−α) = −(γ�ϕH α

)
.

(vi) α�ϕH γ = γ�ϕH α = β if and only if β = −β (in particular β = õ if and only if α = γ).
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(vii) If γ�ϕH α exists then either α⊕ (γ�ϕH α) = α or γ� (γ�ϕH α) = α and if both equalities
hold then γ�ϕH α is a crisp set õ.

Definition 7 ([25]). Let α, γ ∈ RF have p-levels [α]p =
[
α

p
−, α

p
+

]
, [γ]p =

[
γ

p
−, γ

p
+

]
, with

õ /∈ [γ]p, ∀p ∈ [0, 1]. The ϕH-division ÷ϕH is the operation that calculates the fuzzy number (if it
exists) β = α÷ϕH γ ∈ RF defining by

α÷ ϕHγ = β ⇔
⎧⎨⎩

(i) α = γ� β,

or (ii) γ = α� β−1,

provided that β is a proper fuzzy number.

Proposition 3 ([25]). Let α, γ ∈ RF (here 1 is the same as {1}). We have the following:

(i) If õ /∈ [α]p,∀p, then α÷ϕH α = 1.
(ii) If õ /∈ [γ]p,∀p, then αγ÷ϕH γ = α.
(iii) If õ /∈ [γ]p,∀p, then 1÷ϕH γ = γ−1 and 1÷ϕH γ−1 = γ.

(iv) If γ÷ϕH α exists then either α
(
γ÷ϕH α

)
= γ or γ

(
γ÷ϕH α

)−1
= α and both equalities

hold if and only if γ÷ϕH α is a crisp set.

Remark 5. Let ν : [k, �] → RF be a fuzzy-valued function. Then, the p-level representation of
ν given by ν(τ; p) = [ν(τ; p), ν(τ; p)], τ ∈ [k, �], p ∈ [0, 1]. Here, ν(τ; p) and ν(τ; p) are the
lower and upper p-level representations for all τ ∈ [k, �] and p ∈ [0, 1].

Definition 8 ([28]). Let ν : [k, �]→ RF be a fuzzy-valued function and τ0 ∈ [k, �]. If ∀ε > 0, ∃
δ > 0, such that ∀ τ

0 < |τ − τ0| < δ ⇒ D(ν(τ), L) < ε,

then we say that L ∈ RF is limit of ν in τ0, which is denoted by lim
τ→τ0

ν(τ) = L.

Definition 9 ([28]). A function ν : R −→ RF is said to be continuous at τ0 ∈ R if for every
ε > 0 we can find δ > 0 such that D(ν(τ), ν(τ0)) < ε, whenever |τ − τ0| < δ. ν is said to be
continuous on R if it is continuous at every τ0 ∈ R. We say that ν is continuous at each τ0 ∈ [k, �]
if it is continuous at each τ0 ∈ (k, �) such that the continuity of ν is one-sided at end points k, �.

Lemma 1 ([29]). For any k, � ∈ R, k, � ≥ 0 and α ∈ RF , we have

D(k� α, �� α) ≤ |k− �|D(α, õ),

where õ ∈ RF is defined by õ := X{0}.

Definition 10 ([26]). Let τ0 ∈ (k, �) and h be such that τ0 + h ∈ (k, �), then the ϕH-derivative
of a function ν : (k, �)→ RF at τ0 is defined as

ν′ϕH(τ0) = lim
h→0+

ν(τ0 + h)�ϕH ν(τ0)

h

If ν′ϕH(τ0) ∈ RF in the sense of Definition 3, we say that ν is generalized Hukuhara differentiable
(ϕH-differentiable for short) at τ0.

Definition 11 ([26]). Let ν : [k, �] → RF and τ0 ∈ (k, �), with ν(τ; p) and ν(τ; p) both
differentiable at τ0, where ν(τ; p) and ν(τ; p) are p-level representations of ν(τ; p) for p ∈ [0, 1].
Then the function ν(τ; p) is ϕH-differentiable at a fixed τ0 ∈ (k, �) if and only if one of the following
two cases holds:
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(i) (ν)′(τ0; p) is increasing and (ν)′(τ0; p) is decreasing as functions of r and

(ν)′(τ0; p) ≤ (ν)′(τ0; p), 0 ≤ p ≤ 1 or (12)

(ii) (ν)′(τ0; p) is increasing and (ν)′(τ0; p) is decreasing as functions of p and

(ν)′(τ0; p) ≤ (ν)′(τ0; p), 0 ≤ p ≤ 1. (13)

Moreover, for all p ∈ [0, 1]

(ν)′ϕH(τ0; p) =
[
min

{
(ν)′(τ0; p), (ν)′(τ0; p)

}
, max

{
(ν)′(τ0; p) ≤ (ν)′(τ0; p)

}]
.

Definition 12 ([27]). We say that a point τ0 ∈ (k, �), is a switching point for the differentiability
of ν, if in any neighborhood V of τ0 there exist points τ1 < τ0 < τ2 such that

type (i): at τ1 (12) holds while (13) does not hold and at τ2 (13) holds and (12) does not hold, or
type (ii): at τ1 (13) holds while (12) does not hold and at τ2 (12) holds and (13) does not hold.

Definition 13 ([28]). Let ν : (k, �) → RF be ϕH-differentiable at c ∈ (k, �). Then ν is fuzzy
continuous at c.

Theorem 8 ([28]). Let I be closed interval in R. Let ϕ : I → φ := ϕ(I) ⊆ R be differentiable at τ,
and ν : φ → RF be ϕH-differentiable α = ϕ(τ). Assume that ϕ is strictly increasing on I. Then,
(ν ◦ ϕ)′ϕH(τ) exists and

(ν ◦ ϕ)′ϕH(τ) = ν′ϕH(ϕ(τ))� ϕ′(τ), ∀τ ∈ I.

Definition 14 ([22]). Let ν : [k, �] −→ RF . We say that ν is a fuzzy Riemann integrable if
the ∑∗(γ− α) � ν(ξ) converges to I ∈ RF in the metric topology D of RF for any division
P = {[α, γ]; ξ} of [k, �], that is, ν is fuzzy Riemann integrable for every ε > 0, there exists δ > 0
such that for any division P = {[α, γ]; ξ} of [k, �] with the norms Δ(P) < δ, we have

D
(

∑∗
P
(γ− α)� ν(ξ), I

)
< ε,

where ∑∗
P

denotes the fuzzy summation. We choose to write

I := (FR)
∫ �

k
ν(τ)dτ.

We also call a ν as above (FR)-integrable.

Theorem 9 ([30]). Let ν : [k, �] −→ RF be integrable and c ∈ [k, �]. Then,

∫ �

k
ν(τ)dτ =

∫ c

k
ν(τ)dτ ⊕

∫ �

c
ν(τ)dτ.

Corollary 1 ([22]). If ν ∈ C([k, �],RF ) then ν is (FR)-integrable.

Lemma 2 ([31]). If ν, ϕ : [k, �] ⊆ R −→ RF are fuzzy continuous (with respect to the metric D),
then the function F : [k, �] −→ R+ ∪ {0} defined by F(τ) := D(ν(τ), ϕ(τ)) is continuous on
[k, �], and

D
(
(FR)

∫ �

k
ν(α)dα, (FR)

∫ �

k
ϕ(α)dα

)
≤
∫ �

k
D(ν(τ), ϕ(τ))dτ.
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Lemma 3 ([31]). Let ν : [k, �] ⊆ R −→ RF be fuzzy continuous. Then,

(FR)
∫ τ

k
ν(t)dt

is fuzzy continuous function w.r.t. τ ∈ [k, �].

Proposition 4 ([32]). Let F(t) := tn � α, t ≥ 0, n ∈ N and α ∈ RF be fixed. The (the
ϕH-derivative)

F′(t) = ntn−1 � α.

In particular when n = 1 then F′(t) = α.

Theorem 10 ([33]). Let I be an open interval of R and let ν : I −→ RF be ϕH-fuzzy differentiable,
c ∈ R. Then, (c� ν)′ϕH exist and (c� ν(τ))′ϕH = c� ν′ϕH(τ).

Theorem 11 ([32]). Let ν : [k, �] −→ RF be fuzzy differentiable function on [k, �] with ϕH-
derivative ν′ which is assumed to be fuzzy continuous. Then,

D(ν(d), ν(c)) ≤ (d− c) sup
t∈[c,d]

D(ν′(t), õ
)
,

for any c, d ∈ [k, �] with d ≥ c.

Theorem 12 ([26]). If ν is ϕH-differentiable with no switching point in the interval [k, �], then
we have ∫ �

k
ν′ϕH(τ)dτ = ν(�)�ϕH ν(k).

Theorem 13 ([28]). Let ν : [k, �]→ RF be a continuous fuzzy-valued function. Then,

F(t) =
∫ t

k
ν(τ)dτ, t ∈ [k, �]

is ϕH-differentiable and F′ϕH(t) = ν(t).

Theorem 14 ([33]). Let ν : [k, �]→ RF and ϕ : [k, �]→ R+ be two differentiable functions (ν is
ϕH-differentiable), then

∫ �

k
ν′ϕH(τ)� ϕ(τ)dτ = (ν(�)� ϕ(�))�ϕH (ν(k)� ϕ(k))�ϕH

∫ �

k
ν(τ)� ϕ′(τ)dτ.

Theorem 15 ([33]). Let ν : [k, �] → RF and ϕ : [k, �] → R+ are two differentiable functions (ν
is ϕH-differentiable), then∫ τ

k
ν′ϕH(τ)� ϕ(τ)dτ = (ν(τ)� ϕ(τ))�ϕH

∫ τ

k
ν(τ)� ϕ′(τ)dτ.

3. Main Results

Since fuzziness is a natural reality different from randomness and determinism, Anas-
tassiou [14] extended Ostrowski’s result [34] to the context of a fuzzy setting in 2003. In
fact, Anastassiou [14] proved important results for fuzzy Hölder and fuzzy differentiable
functions, respectively. Those inequalities where shown to be sharp, as equalities are
attained by the choice of simple fuzzy number-valued functions. For further details on
these inequalities, we refer interested readers to [14].

We begin with the following result which generalizes Theorem 6.
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Theorem 16. Suppose that ϕ : [k, �] → R+ and ν : [k, �] → RF are continuous and ν, ϕ are
differentiable on (k, �) (ν is ϕH-differentiable), then for all λ ∈ [k, �] the inequality

D
((∫ �

λ
ϕ(s)ds

)
� ν(�)�ϕH

(
−
∫ λ

k
ϕ(s)ds

)
�ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)
≤ B(ϕ, ν, λ), (14)

holds, where

B(ϕ, ν, λ) :=
∫ �

λ

(∫ �

t
ϕ(s)ds

)
D
(

ν′ϕH(t), 0̃
)

dt +
∫ λ

k

(∫ t

k
ϕ(s)ds

)
D
(

ν′ϕH(t), 0̃
)

dt.

We have the following bounds for B(ϕ, ν, λ):

B(ϕ, ν, λ) ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ �
λ ϕ(s)ds

∫ �
λ D
(

ν′ϕH(t), 0̃
)

dt

+
∫ λ

k ϕ(s)ds
∫ λ

k D
(

ν′ϕH(t), 0̃
)

dt

[∫ �
λ

(∫ t
λ[ϕ(s)]

wds
)

dt
] 1

w
(∫ �

λ

[
D
(

ν′ϕH(t), 0̃
)]r

dt
) 1

r

+
[∫ λ

k

(∫ λ
t [ϕ(s)]wds

)
dt
] 1

w
(∫ λ

k

[
D
(

ν′ϕH(t), 0̃
)]r

dt
) 1

r
,

sup
t∈[λ,�]

D
(

ν′ϕH(t), 0̃
) ∫ �

λ

(∫ �
t ϕ(s)ds

)
dt

+ sup
t∈[k,λ]

D
(

ν′ϕH(t), 0̃
) ∫ λ

k

(∫ t
k ϕ(s)ds

)
dt.

(15)

Proof. Let λ ∈ [k, �]. Using the integration by parts formula given in Theorem 14, we have

∫ �

k

(∫ t

k
ϕ(s)ds−

∫ λ

k
ϕ(s)ds

)
� ν′ϕH(t)dt

=

(∫ �

k
ϕ(s)ds−

∫ λ

k
ϕ(s)ds

)
� ν(�)�ϕH

(∫ k

k
ϕ(s)ds−

∫ λ

k
ϕ(s)ds

)
� ν(k)

�ϕH

∫ �

k
ϕ(t)� ν(t)dt

=

(∫ �

λ
ϕ(s)ds

)
� ν(�)�ϕH

(
−
∫ λ

k
ϕ(s)ds

)
� ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt. (16)

We also noticed that

∫ �

k

(∫ t

k
ϕ(s)ds−

∫ λ

k
ϕ(s)ds

)
� ν′ϕH(t)dt

=
∫ λ

k

(∫ t

k
ϕ(s)ds−

∫ λ

k
ϕ(s)ds

)
� ν′ϕH(t)dt⊕

∫ �

λ

(∫ t

k
ϕ(s)ds−

∫ λ

k
ϕ(s)ds

)
� ν′ϕH(t)dt

=
∫ λ

k

(∫ t

λ
ϕ(s)ds

)
� ν′ϕH(t)dt⊕

∫ �

λ

(
−
∫ λ

t
ϕ(s)ds

)
� ν′ϕH(t)dt. (17)

Hence(∫ �

λ
ϕ(s)ds

)
� ν(�)�ϕH

(
−
∫ λ

k
ϕ(s)ds

)
� ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt

=
∫ λ

k

(∫ t

λ
ϕ(s)ds

)
� ν′ϕH(t)dt⊕

∫ �

λ

(
−
∫ λ

t
ϕ(s)ds

)
� ν′ϕH(t)dt (18)
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The equality (18) implies that

D
((∫ �

λ
ϕ(s)ds

)
� ν(�)�ϕH

(
−
∫ λ

k
ϕ(s)ds

)
�ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)
= D

(∫ λ

k

(∫ t

λ
ϕ(s)ds

)
� ν′ϕH(t)dt⊕

∫ �

λ

(
−
∫ λ

t
ϕ(s)ds

)
� ν′ϕH(t)dt, 0̃

)
=

∥∥∥∥∫ λ

k

(∫ t

λ
ϕ(s)ds

)
� ν′ϕH(t)dt⊕

∫ �

λ

(
−
∫ λ

t
ϕ(s)ds

)
� ν′ϕH(t)dt

∥∥∥∥F
≤
∥∥∥∥∫ λ

k

(∫ t

λ
ϕ(s)ds

)
� ν′ϕH(t)dt

∥∥∥∥F +

∥∥∥∥∫ �

λ

(
−
∫ λ

t
ϕ(s)ds

)
� ν′ϕH(t)dt

∥∥∥∥F
=

∣∣∣∣∫ λ

k

(∫ t

u
ϕ(s)ds

)∣∣∣∣∥∥∥ν′ϕH(t)
∥∥∥Fdt +

∣∣∣∣∫ �

λ

(
−
∫ λ

t
ϕ(s)ds

)∣∣∣∣∥∥∥ν′ϕH(t)dt
∥∥∥Fdt

≤
∫ λ

k

(∫ t

λ
ϕ(s)ds

)∥∥∥ν′ϕH(t)dt
∥∥∥Fdt +

∫ �

λ

(∫ λ

t
ϕ(s)ds

)∥∥∥ν′ϕH(t)dt
∥∥∥Fdt

=
∫ �

λ

(∫ �

t
ϕ(s)ds

)
D
(

ν′ϕH(t)dt, 0̃
)

dt

+
∫ λ

k

(∫ t

k
ϕ(s)ds

)
D
(

ν′ϕH(t)dt, 0̃
)

dt. (19)

Hence the inequality (14) is established.
Applying the Hölder’s inequality and properties of supremum, we obtain for w, r > 1

with 1
w + 1

r = 1, that

∫ �

u

(∫ �

t
ϕ(s)ds

)
D
(

ν′ϕH(t)dt, 0̃
)

dt

≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

sup
t∈[λ,�]

(∫ t
u ϕ(s)ds

) ∫ �
λ D
(

ν′ϕH(t)dt, 0̃
)

dt,

[∫ �
u

(∫ t
λ[ϕ(s)]

wds
)

dt
] 1

w
(∫ �

λ

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r
,

sup
t∈[λ,�]

D
(

ν′ϕH(t)dt, 0̃
) ∫ �

λ

(∫ t
u ϕ(s)ds

)
dt,

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ �
λ ϕ(s)ds

∫ �
λ D
(

ν′ϕH(t)dt, 0̃
)

dt,

[∫ �
λ

(∫ t
λ[ϕ(s)]

wds
)

dt
] 1

w
(∫ �

λ

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r
,

sup
t∈[λ,�]

D
(

ν′ϕH(t)dt, 0̃
) ∫ �

λ

(∫ t
u ϕ(s)ds

)
dt,

(20)

and

∫ λ

k

(∫ λ

t
ϕ(s)ds

)
D
(

ν′ϕH(t)dt, 0̃
)

dt
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≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

sup
t∈[k,λ]

(∫ λ
t ϕ(s)ds

) ∫ λ
k D

(
ν′ϕH(t)dt, 0̃

)
dt,

[∫ λ
k

(∫ λ
t [ϕ(s)]wds

)
dt
] 1

w
(∫ λ

k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r
,

sup
t∈[k,λ]

D
(

ν′ϕH(t)dt, 0̃
) ∫ λ

k

(∫ λ
t ϕ(s)ds

)
dt.

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ λ
k ϕ(s)ds

∫ λ
k D

(
ν′ϕH(t)dt, 0̃

)
dt,

[∫ λ
k

(∫ λ
t [ϕ(s)]wds

)
dt
] 1

w
(∫ λ

k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r
,

sup
t∈[k,λ]

D
(

ν′ϕH(t)dt, 0̃
) ∫ λ

k

(∫ λ
t ϕ(s)ds

)
dt.

(21)

Substituting (20) and (21) in (19), we obtain the inequality (14).

The immediate consequence of Theorem 16 is the following corollary.

Corollary 2. Suppose that the assumptions of Theorem 16 are satisfied, then the inequalities

D
((∫ �

λ
ϕ(s)ds

)
� ν(�)�ϕH

(
−
∫ λ

k
ϕ(s)ds

)
�ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)
≤
∫ �

λ
ϕ(s)ds

∫ �

λ
D
(

ν′ϕH(t)dt, 0̃
)

dt +
∫ λ

k
ϕ(s)ds

∫ λ

k
D
(

ν′ϕH(t)dt, 0̃
)

dt

≤

⎧⎪⎪⎨⎪⎪⎩
max

{∫ λ
k ϕ(s)ds,

∫ �
λ ϕ(s)ds

} ∫ �
k D
(

ν′ϕH(t)dt, 0̃
)

dt

max
{∫ λ

k D
(

ν′ϕH(t)dt, 0̃
)

dt,
∫ �

λ D
(

ν′ϕH(t)dt, 0̃
)

dt
} ∫ �

k ϕ(s)ds

≤
∫ �

k
ϕ(s)ds

∫ �

k
D
(

ν′ϕH(t)dt, 0̃
)

dt (22)

for all λ ∈ [k, �].

Proof. Proof follows from the first part of the inequality in (14) and by using the properties
of the max function.

Remark 6. If m ∈ (k, �) is such that

∫ m

k
ϕ(s)ds =

∫ �

m
ϕ(s)ds =

1
2

∫ �

k
ϕ(s)ds,

then (22) becomes the following inequality

D
((∫ �

m
ϕ(s)ds

)
� ν(�)�ϕH

(
−
∫ m

k
ϕ(s)ds

)
�ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)
≤ 1

2

∫ �

k
ϕ(s)ds

∫ �

k
D
(

ν′ϕH(t)dt, 0̃
)

dt. (23)
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Corollary 3. With the assumptions of Theorem 16, we have

D
((∫ �

λ
ϕ(s)ds

)
� ν(�)�ϕH

(
−
∫ λ

k
ϕ(s)ds

)
�ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)
≤ sup

t∈[k,�]
D
(

ν′ϕH(t)dt, 0̃
)[∫ �

λ
(�− t)ϕ(t)dt +

∫ λ

k
(t− k)ϕ(t)dt

]
(24)

for all λ ∈ [k, �].

Proof. From the third part in the bounds (14), we have

D
((∫ �

λ
ϕ(s)ds

)
� ν(�)�ϕH

(
−
∫ λ

k
ϕ(s)ds

)
�ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)
≤ sup

t∈[λ,�]
D
(

ν′ϕH(t)dt, 0̃
) ∫ �

λ

(∫ t

λ
ϕ(s)ds

)
dt

+ sup
t∈[k,λ]

D
(

ν′ϕH(t)dt, 0̃
) ∫ λ

k

(∫ λ

t
ϕ(s)ds

)
dt

≤ sup
t∈[k,�]

D
(

ν′ϕH(t)dt, 0̃
)[∫ �

λ

(∫ t

u
ϕ(s)ds

)
dt +

∫ λ

k

(∫ λ

t
ϕ(s)ds

)
dt
]

. (25)

Using integration by parts, we have for λ ∈ [k, �] that

∫ �

λ

(∫ t

λ
ϕ(s)ds

)
dt = t

∫ t

u
ϕ(s)ds

∣∣∣∣�
u
−
∫ �

λ
tϕ(t)dt

= �
∫ �

λ
ϕ(t)dt−

∫ �

λ
tϕ(t)dt =

∫ �

λ
(�− t)ϕ(t)dt

and

∫ λ

k

(∫ λ

t
ϕ(s)ds

)
dt = t

∫ λ

t
ϕ(s)ds

∣∣∣∣u
k
+
∫ λ

k
tϕ(t)dt

= −k
∫ λ

k
ϕ(t)dt +

∫ λ

k
tϕ(t)dt =

∫ λ

k
(t− k)ϕ(t)dt.

Thus

∫ λ

k

(∫ λ

t
ϕ(s)ds

)
dt +

∫ �

λ

(∫ t

λ
ϕ(s)ds

)
dt =

∫ λ

k
(t− k)ϕ(t)dt +

∫ �

λ
(�− t)ϕ(t)dt. (26)

Using (26) in (14), we derive (22).

Corollary 4. Under the assumptions of Theorem 16, we have the following non-commutative
trapezoidal-type inequalities for functions with values in the space of fuzzy real numbers

D
((∫ �

λ
ϕ(s)ds

)
� ν(�)�ϕH

(
−
∫ λ

k
ϕ(s)ds

)
�ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)
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≤ sup
t∈[k,�]

D
(

ν′ϕH(t)dt, 0̃
)
×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
1
2 (�− k) +

∣∣∣u− k+�
2

∣∣∣] ∫ �
k ϕ(t)dt,

[
(u−k)r+1+(�−λ)r+1

(r+1)
1
r

] 1
r (∫ �

k (ϕ(t))wdt
) 1

w ,

[
1
4 (�− k)2 +

(
u− k+�

2

)2
]

sup
t∈[k,�]

ϕ(t)

(27)

for all λ ∈ [k, �].

Proof. By applying the Hölder’s inequality for w, r > 1 with 1
w + 1

r = 1, we obtain

∫ �

λ
(�− t)ϕ(t)dt ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

sup
t∈[λ,�]

(�− t)
∫ �

λ ϕ(t)dt,

(∫ �
λ (�− t)rdt

) 1
r
(∫ �

λ (ϕ(t))wdt
) 1

w ,

sup
t∈[λ,�]

ϕ(t)
∫ �

λ (�− t)dt,

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(�− λ)
∫ �

λ ϕ(t)dt,

(�−λ)1+ 1
r

(r+1)
1
r

(∫ �
λ (ϕ(t))wdt

) 1
w ,

1
2 (�− λ)2 sup

t∈[λ,�]
ϕ(t).

Similarly, we also have

∫ λ

k
(t− k)ϕ(t)dt ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(u− k)
∫ λ

k ϕ(t)dt,

(u−k)1+ 1
r

(r+1)
1
r

(∫ λ
k (ϕ(t))wdt

) 1
w ,

1
2 (u− k)2 sup

t∈[k,λ]
ϕ(t).

Hence, we obtain

D
((∫ �

λ
ϕ(s)ds

)
� ν(�)�ϕH

(
−
∫ λ

k
ϕ(s)ds

)
� ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)

≤ sup
t∈[k,�]

D
(

ν′ϕH(t)dt, 0̃
)
×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(u− k)
∫ λ

k ϕ(t)dt + (�− λ)
∫ �

λ ϕ(t)dt,

(u−k)1+ 1
r
(∫ λ

k (ϕ(t))wdt
) 1

w
+(�−λ)1+ 1

r
(∫ �

λ (ϕ(t))wdt
) 1

w

(r+1)
1
r

,

1
2 (u− k)2 sup

t∈[k,λ]
ϕ(t) + 1

2 (�− λ)2 sup
t∈[λ,�]

ϕ(t)

(28)

for all λ ∈ [k, �].
Since
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(u− k)
∫ λ

k
ϕ(t)dt + (�− λ)

∫ �

λ
ϕ(t)dt = max{u− k, �− λ}

[∫ λ

k
ϕ(t)dt +

∫ �

λ
ϕ(t)dt

]
=

[
1
2
(�− k) +

∣∣∣∣u− k + �

2

∣∣∣∣] ∫ �

k
ϕ(t)dt. (29)

By using the elementary inequality (see [35] (p. 129)):

k�+ cd ≤ (kw + cw)
1
w (�r + dr)

1
r

for k, �, c, d ≥ 0 and w, r > 1 with 1
w + 1

r = 1, we obtain

(u− k)1+ 1
r

(∫ λ

k
(ϕ(t))wdt

) 1
w

+ (�− λ)1+ 1
r

(∫ �

λ
(ϕ(t))wdt

) 1
w

≤
([

(u− k)1+ 1
r
]r

+
[
(�− λ)1+ 1

r
]r
) 1

r

×
⎡⎣⎡⎣(∫ λ

k
(ϕ(t))wdt

) 1
w

⎤⎦w

+

⎡⎣(∫ �

λ
(ϕ(t))wdt

) 1
w

⎤⎦w⎤⎦
1
w

=
[
(u− k)r+1 + (�− λ)r+1

] 1
r
[∫ λ

k
(ϕ(t))wdt +

∫ �

λ
(ϕ(t))wdt

] 1
w

=
[
(u− k)r+1 + (�− λ)r+1

] 1
r
[∫ �

k
(ϕ(t))wdt

] 1
w

(30)

Moreover, we also observe that

1
2
(λ− k)2 sup

t∈[k,λ]
ϕ(t) +

1
2
(�− λ)2 sup

t∈[λ,�]
ϕ(t) ≤ (u− k)2 + (�− λ)2

2
sup

t∈[k,�]
ϕ(t)

=

[
1
4
(�− k)2 +

(
u− k + �

2

)2
]

sup
t∈[k,�]

ϕ(t). (31)

Then, by applying (29)–(31) in (28), we derive (27).

One more interesting consequence of Theorem 16 is the following result.

Corollary 5. Suppose that the assumptions of Theorem 16 are satisfied, then the following inequali-
ties can be obtained:

D
((∫ �

λ
ϕ(s)ds

)
� ν(�)�ϕH

(
−
∫ λ

k
ϕ(s)ds

)
� ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)

≤
[(∫ �

λ
ϕ(t)dt

)w

(�− λ) +

(∫ λ

k
ϕ(t)dt

)w

(u− k)

] 1
w(∫ �

k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r

≤ (�− k)
1
w

[(∫ �

λ
ϕ(t)dt

)w

+

(∫ λ

k
ϕ(t)dt

)w
] 1

w(∫ �

k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r

(32)

for all λ ∈ [k, �].

Proof. By using the inequality (see [35] (p. 129)):

(k�+ cd) ≤ (kw + cw)
1
w (�r + dr)

1
r
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for k, �, c, d > 0 and w, r > 1with 1
w + 1

r = 1, we have

(∫ λ

k

(∫ λ

t
ϕ(s)ds

)w

dt
) 1

w
(∫ λ

k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r

+

(∫ �

λ

(∫ t

u
ϕ(s)ds

)w
dt
) 1

w
(∫ �

λ

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r

≤
[∫ λ

k

(∫ λ

t
ϕ(s)ds

)w

dt +
∫ �

λ

(∫ t

λ
ϕ(s)ds

)w
dt
] 1

w

×
[∫ λ

k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt +
∫ �

λ

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
] 1

r

=

[∫ λ

k

(∫ λ

t
ϕ(s)ds

)w

dt +
∫ �

λ

(∫ t

u
ϕ(s)ds

)w
dt
] 1

w
[∫ �

k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
] 1

r

≤
[(∫ λ

k
ϕ(s)ds

)w ∫ λ

k
dt +

(∫ �

λ
ϕ(s)ds

)w ∫ �

λ
dt

] 1
w [∫ �

k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
] 1

r

=

[(∫ λ

k
ϕ(s)ds

)w

(u− k) +
(∫ �

λ
ϕ(s)ds

)w

(�− λ)

] 1
w [∫ �

k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
] 1

r

≤ (�− k)
1
w

[(∫ λ

k
ϕ(s)ds

)w

+

(∫ �

λ
ϕ(s)ds

)w
] 1

w [∫ �

k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
] 1

r

which proves the inequality (32).

Remark 7. If m ∈ (k, �) is such that

∫ m

k
ϕ(s)ds =

∫ �

m
ϕ(s)ds =

1
2

∫ �

k
ϕ(s)ds,

then from (32), we obtain

D
((∫ �

m
ϕ(s)ds

)
� ν(�)�ϕH

(
−
∫ m

k
ϕ(s)ds

)
�ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)

≤ 1
2
(�− k)

1
w

(∫ �

k
ϕ(t)dt

)(∫ �

k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r

. (33)

Remark 8. Suppose that the assumptions of Theorem 16 are fulfilled, then we obtain the following
inequalities:

D
((∫ �

k+�
2

ϕ(s)ds
)
� ν(�)�ϕH

(
−
∫ k+�

2

k
ϕ(s)ds

)
�ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)
≤ M(ϕ, ν), (34)

where

M(ϕ, ν) :=
∫ �

k+�
2

(∫ �

t
ϕ(s)ds

)
D
(

ν′ϕH(t)dt, 0̃
)

dt+
∫ k+�

2

k

(∫ t

k
ϕ(s)ds

)
D
(

ν′ϕH(t)dt, 0̃
)

dt.
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We have the following bounds for M(ϕ, ν):

M(ϕ, ν) ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(∫ �
k+�

2
ϕ(s)ds

) ∫ �
k+�

2
D
(

ν′ϕH(t)dt, 0̃
)

dt

+

(∫ k+�
2

k ϕ(s)ds
) ∫ k+�

2
k D

(
ν′ϕH(t)dt, 0̃

)
dt

[∫ �
k+�

2

(∫ t
k+�

2
ϕ(s)ds

)
dt
] 1

w
(∫ �

k+�
2

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r

+

[∫ k+�
2

k

(∫ k+�
2

t ϕ(s)ds
)

dt
] 1

w
(∫ k+�

2
k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r
,

sup
t∈[ k+�

2 ,�]
D
(

ν′ϕH(t)dt, 0̃
) ∫ �

k+�
2

(∫ t
k+�

2
ϕ(s)ds

)
dt

+ sup
t∈[k, k+�

2 ]
D
(

ν′ϕH(t)dt, 0̃
) ∫ k+�

2
k

(∫ k+�
2

t ϕ(s)ds
)

dt.

(35)

From (22), we obtain that

D
((∫ �

k+�
2

ϕ(s)ds
)
� ν(�)�ϕH

(
−
∫ k+�

2

k
ϕ(s)ds

)
�ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)

≤
∫ �

k+�
2

ϕ(s)ds
∫ �

k+�
2

D
(

ν′ϕH(t)dt, 0̃
)

dt +
∫ k+�

2

k
ϕ(s)ds

∫ k+�
2

k
D
(

ν′ϕH(t)dt, 0̃
)

dt

≤

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
max

{∫ k+�
2

k ϕ(s)ds,
∫ �

k+�
2

ϕ(s)ds
} ∫ �

k D
(

ν′ϕH(t)dt, 0̃
)

dt

max
{∫ k+�

2
k D

(
ν′ϕH(t)dt, 0̃

)
dt,
∫ �

k+�
2
D
(

ν′ϕH(t)dt, 0̃
)

dt
} ∫ �

k ϕ(s)ds

≤
∫ �

k
ϕ(s)ds

∫ �

k
D
(

ν′ϕH(t)dt, 0̃
)

dt. (36)

From (27) we derive the non-commutative mid-point type inequalities forfunctions with values in
space of fuzzy real numbers

D
((∫ �

k+�
2

ϕ(s)ds
)
� ν(�)�ϕH

(
−
∫ k+�

2

k
ϕ(s)ds

)
�ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)

≤ sup
t∈[k,�]

D
(

ν′ϕH(t)dt, 0̃
)
×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2 (�− k)

∫ �
k ϕ(t)dt,

(�−k)1+ 1
r

2(r+1)
1
r

(∫ �
k (ϕ(t))wdt

) 1
w ,

1
4 (�− k)2 sup

t∈[k,�]
ϕ(t).

(37)

From (32), we can obtain

D

((∫ �

k+�
2

ϕ(s)ds
)
� ν(�)�ϕH

(
−
∫ k+�

2

k
ϕ(s)ds

)
�ν(k)�ϕH

∫ �

k
ϕ(t)� ν(t)dt, 0̃

)

≤
(
�− k

2

) 1
w
[(∫ �

k+�
2

ϕ(t)dt
)w

+

(∫ k+�
2

k
ϕ(t)dt

)w] 1
w
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×
(∫ �

k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r

. (38)

If we consider the case when ϕ(t) = 1, t ∈ [k, �], then by (14) we obtain

D
(
(�− λ)� ν(�)�ϕH (−(λ− k))� ν(k)�ϕH

∫ �

k
ν(t)dt, 0̃

)
≤ B(ν, λ), (39)

where

B(ν, λ) :=
∫ �

λ
(t− u)D

(
ν′ϕH(t)dt, 0̃

)
dt +

∫ λ

k
(u− t)D

(
ν′ϕH(t)dt, 0̃

)
dt.

The bounds of B(ν, λ) are given by

B(ν, λ) ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(�− λ)
∫ �

λ D
(

ν′ϕH(t)dt, 0̃
)

dt

+(λ− k)
∫ λ

k D
(

ν′ϕH(t)dt, 0̃
)

dt

(�−λ)1+ 1
w

(w+1)
1
w

(∫ �
λ

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r

+(λ−k)1+ 1
w

(w+1)
1
w

(∫ λ
k

[
D
(

ν′ϕH(t)dt, 0̃
)]r

dt
) 1

r
,

1
2 (�− λ)2 sup

t∈[λ,�]
D
(

ν′ϕH(t)dt, 0̃
)

+ 1
2 (k− λ)2 sup

t∈[λ,u]
D
(

ν′ϕH(t)dt, 0̃
)

(40)

for all λ ∈ [k, �] for w, r > 1 and 1
w + 1

r = 1.
From the first inequality in (22), we obtain

D
(
(�− λ)� ν(�)�ϕH (−(λ− k))� ν(k)�ϕH

∫ �

k
ν(t)dt, 0̃

)
≤
[

1
2
(�− k) +

∣∣∣∣λ− k + �

2

∣∣∣∣] ∫ �

k
D
(

ν′ϕH(t)dt, 0̃
)

dt (41)

for all λ ∈ [k, �].
From (27), we alsohave the following Ostrowski-type inequality

D
(
(�− λ)� ν(�)�ϕH (−(λ− k))� ν(k)�ϕH

∫ �

k
ν(t)dt, 0̃

)

≤ (�− k)
1
w
[
(λ− k)w+1 + (�− λ)w+1

] 1
w
(∫ �

k
D
(

ν′ϕH(t)dt, 0̃
)

dt
) 1

r

(42)

for all λ ∈ [k, �].

A dual result can be stated as follows:

Theorem 17. Suppose that ϕ : [k, �] → R+ and ν : [k, �] → RF are continuous and ν, ϕ are
differentiable on (k, �) (ν is ϕH-differentiable), then for all λ ∈ [k, �] the inequality

D
((∫ �

k
ϕ(t)� ν(t)dt

)
�ϕH

(
−ϕ(�)�

∫ �

λ
ν(s)ds

)
�ϕH

(
ϕ(k)�

∫ λ

k
ν(s)ds

)
, 0̃
)
≤ B̃(ϕ, ν, λ), (43)
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where

B̃(ϕ, ν, λ) :=
∫ �

λ
ϕ
′
(t)
(∫ t

λ
D(ν(s), 0̃

)
ds
)

dt +
∫ λ

k
ϕ
′
(t)
(∫ λ

t
D(ν(s), 0̃

)
ds
)

dt.

We have the following bounds for B(ϕ, ν, λ):

B̃(ϕ, ν, λ) ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(∫ �
λ ϕ

′
(t)dt

)(∫ �
λ D
(
ν(s), 0̃

)
ds
)

+
(∫ λ

k ϕ
′
(t)dt

)(∫ λ
k D

(
ν(s), 0̃

)
ds
)

[∫ �
λ

(∫ t
λ D
(
ν(s)dt, 0̃

)
ds
)w

dt
] 1

w
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λ

(
ϕ
′
(t)
)r

dt
] 1

r

+
[∫ λ

k

(∫ λ
t D

(
ν(s)dt, 0̃

)
ds
)w

dt
] 1

w
[∫ λ

k

(
ϕ
′
(t)
)r

dt
] 1

r
,

∫ �
λ

(∫ t
λ D
(
ν(s)dt, 0̃

)
ds
)

dt sup
t∈[λ,�]

ϕ(t)

+
∫ λ

k

(∫ λ
t D

(
ν(s)dt, 0̃

)
ds
)

dt sup
t∈[k,λ]

ϕ(t)

(44)

for w, r > 1 with 1
w + 1

r = 1.

Proof. Using integration by parts given by Theorem 14, we obtain

∫ �

λ
ϕ
′
(t)�

(∫ t

λ
ν(s)ds

)
dt = ϕ(�)�

∫ �

λ
ν(s)ds�ϕH 0̃�ϕH

∫ �

λ
ϕ(t)� ν(t)dt (45)

and

∫ λ

k
ϕ
′
(t)�

(∫ λ

t
ν(s)ds

)
dt

= −0̃�ϕH ϕ(k)�
∫ λ

k
ν(s)ds�ϕH

(
−
∫ λ

k
ϕ(t)� ν(t)dt

)
=

(
−
∫ λ

k
ϕ(t)� ν(t)dt

)
�ϕH

(
ϕ(k)�

∫ λ

k
ν(s)ds

)
. (46)

Hence, by using (iii), (iv) and (v) of Proposition 2, we obtain from (45) and (46) that

∫ �

λ
ϕ
′
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u
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(
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)
�ϕH
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λ
ϕ(t)� ν(t)dt

)
�ϕH

(
−
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=
∫ �

k
ϕ(t)� ν(t)dt�ϕH

(
−ϕ(�)�

∫ �

λ
ν(s)ds

)
�ϕH ϕ(k)�

∫ λ

k
ν(s)ds. (47)

Thus from (47), using the properties of the metric D and the norm‖·‖F induced by the
metric D, we have

D
(∫ �

k
ϕ(t)� ν(t)dt�ϕH

(
−ϕ(�)�
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)
dt⊕ 0̃, 0̃⊕
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k
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t
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)
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(∫ t

u
ν(s)ds

)
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)
+ D

(
0̃,
∫ λ

k
ϕ
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t
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)
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= D
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λ
ϕ
′
(t)�

(∫ t

λ
ν(s)ds

)
dt, 0̃

)
+ D
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k
ϕ
′
(t)�
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ϕ
′
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u
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)
dt +

∫ λ

k
ϕ
′
(t)
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t
‖ν(s)‖Fds

)
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The inequality (43) is thus established.

Example 1. Consider the fuzzy number-valued mapping ν: [2, 3]→ RF defined by

ν(t)(θ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

θ−2+t
1
2

1−t
1
2

, θ ∈
[
2− t

1
2 , 3
]

2+t
1
2 −θ

t
1
2 −1

, θ ∈
(

3, 2 + t
1
2

]
0, otherwise.

Then, for each p ∈ [0, 1], we have

νp(t) =
[
(1− p)

(
2− t

1
2

)
+ 3p, (1− p)

(
2 + t

1
2

)
+ 3p

]
=
[
ν

p
−(t), ν

p
+(t)

]
.

We also define a mapping ϕ : [2, 3] → R+ by ϕ(t) = t2. Then, according to the metric D :
RF × RF −→ R+ ∪ {0} as defined in the beginning of Section 2 with λ = 5

2 ∈ [2, 3] and
w = 4, r = 4

3 , then the inequality (14) takes the following form:

D
((∫ 3

5
2

ϕ(s)ds
)
� ν(3)�ϕH

(
−
∫ 5

2

2
ϕ(s)ds

)
�ν(2)�ϕH

∫ 3

2
ϕ(t)� ν(t)dt, 0̃

)
≤ B

(
ϕ, ν,

5
2

)
. (48)

We now calculate the left hand side in (48) as follows:

D
((∫ 3

5
2

ϕ(s)ds
)
� ν(3)�ϕH

(
−
∫ 5

2

2
ϕ(s)ds

)
� ν(2)�ϕH

∫ 3

2
ϕ(t)� ν(t)dt, 0̃

)

= D
((∫ 3

5
2

s2ds
)
� ν(3)−

(
−
∫ 5

2

2
s2ds

)
� ν(2)−

∫ 3

2
t2 � ν(t)dt, 0̃

)
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=
(

2 + 3
1
2

)(∫ 3

5
2

s2ds
)
+
(

2 + 2
1
2

)(∫ 5
2

2
s2ds

)
−
∫ 3

2
t2
(

2 + t
1
2

)
dt

=
61
24

(√
2 + 2

)
+
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24

(√
3 + 2

)
+

1
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(
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√
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√
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)
= 0.0327721.

where

B
(

ϕ, ν,
5
2

)
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∫ 3

5
2
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t
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)
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2

2
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2
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)
D
(
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dt.

Now, we calculate the bounds for B
(

ϕ, ν, 5
2
)

as follows:

B
(

ϕ, ν,
5
2

)
≤
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dt
] 1

4
(∫ 5

2
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1
2

√
2
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5
2
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)
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2
√

2
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2

2

(∫ t
2 s2ds

)
dt.

We use the software Mathematica to evaluate the above integrals as follows:
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√
5
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)
+
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1
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(

3
√
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and

1
2

√
2
5

∫ 3

5
2

(∫ 3

t
s2ds

)
dt +

1
2
√

2

∫ 5
2

2

(∫ t

2
s2ds

)
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√
5
2
+

165
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√
2

= 1.59502.

Hence, it can be observed from the above calculations of that the inequality (14) of Theorem 16 is
valid for the above choices of functions over the interval [2, 3] Figure 1.
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Figure 1. Graphs of p-levels of vp
−(t) are shown in green and those of vp

+(t) are shown in blue.

4. Concluding Remarks

In the last forty years, there has been significant growth in the field of mathematical
inequalities. Many researchers have published a plethora of articles using innovative
approaches. Within the extensive literature on mathematical inequalities, trapezoidal-type
inequalities stand out as important. These inequalities are utilized to estimate the absolute
deviation of the average value of a function’s values at the end points of a closed interval
of the real line from its integral mean.

Mathematicians have established various generalizations of trapezoidal-type inequali-
ties, such as those for functions of bounded variation, Lipschitzian mappings, absolutely
continuous functions, operator convex functions, and those involving two functions with
values in Banach spaces. One of the notable studies on the generalizations of trapezoidal-
type inequalities is highlighted in the paper [9].

In the present study, a more general result of the trapezoidal-type in the fuzzy context
is proven, which generalizes not only the results from [9] but also extends the results
from [1,2,4,7,8]. In order to obtain the results, a number of novel results from the theory
of calculus of fuzzy number-valued functions were used. An identity has been proven by
using the integration by parts, the properties of space of fuzzy numbers, and by employing
the Hölder inequality to prove several new and novel inequalities of the trapezoidal-type
for functions that have values in the space of fuzzy numbers. A numerical example is
given to exhibit the validity of the obtained results. The results of this study can be a good
source to obtain more new results for the researchers working in the field of mathematical
inequalities in fuzzy number-valued calculus.
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Abstract: Signal modulation recognition is often reliant on clustering algorithms. The fuzzy c-means
(FCM) algorithm, which is commonly used for such tasks, often converges to local optima. This
presents a challenge, particularly in low-signal-to-noise-ratio (SNR) environments. We propose
an enhanced FCM algorithm that incorporates particle swarm optimization (PSO) to improve the
accuracy of recognizing M-ary quadrature amplitude modulation (MQAM) signal orders. The process
is a two-step clustering process. First, the constellation diagram of the received signal is used by a
subtractive clustering algorithm based on SNR to figure out the initial number of clustering centers.
The PSO-FCM algorithm then refines these centers to improve precision. Accurate signal classification
and identification are achieved by evaluating the relative sizes of the radii around the cluster centers
within the MQAM constellation diagram and determining the modulation order. The results indicate
that the SC-based PSO-FCM algorithm outperforms the conventional FCM in clustering effectiveness,
notably enhancing modulation recognition rates in low-SNR conditions, when evaluated against a
variety of QAM signals ranging from 4QAM to 64QAM.

Keywords: modulation recognition; fuzzy c-means algorithm; constellation diagram; particle swarm
optimization algorithm; MQAM signal

1. Introduction

The recognition of modulation type in an unknown signal holds significant impor-
tance as it provides essential insights into its structure, origin, and properties. Automatic
modulation classification serves various purposes, including spectrum surveillance and
management, interference identification, military threat evaluation, electronic countermea-
sures, source identification, and numerous others. For instance, identifying the modulation
type of an intercepted signal allows for more efficient jamming by focusing available re-
sources on vital signal parameters. This is particularly relevant in wireless communications,
where different services follow established modulation standards.

Modulation recognition is a crucial aspect of signal processing, entailing the deter-
mination of a signal’s modulation mode without prior knowledge. M-ary quadrature
amplitude modulation (MQAM) is a widely used digital modulation technology employed
in satellite communication and cable networks due to its commendable spectrum efficiency
and robust interference resistance. The lack of prior information, such as signal parameters
at the receiving end, can make it hard to figure out the modulation order of the QAM signal
in non-cooperative communication situations, especially when the signal-to-noise ratio
(SNR) is low [1].

Digital modulation identification algorithms can be categorized into two main groups:
maximum likelihood hypothesis-based methods rooted in decision theory and statistical
pattern recognition techniques relying on feature extraction [2,3]. These techniques are
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particularly valuable in uncooperative channel environments, and pattern recognition algo-
rithms are often preferred in practical applications due to the absence of prior knowledge
about received modulation signals [4]. Higher-order constellation (HOC)-based techniques
are well-known pattern recognition methods that perform well at classifying digital mod-
ulation signals when the signal-to-noise ratio (SNR) is low. However, they might not
work well for classifying higher-order MQAM modulation formats [5]. The constellation
diagram varies between different modulation signal types and serves as a robust signature.
Researchers have employed algorithms that utilize constellation diagram to identify the
order of MQAM [6–9]. It is possible to recognize modulation in MQAM signals by putting
together the constellation diagram using clustering algorithms [10].

The subtractive clustering (SC) algorithm constitutes a significant focus in the field of
MQAM signal constellation reconstruction [11]. This algorithm considers each data point
as a potential cluster center and calculates it based on the density index of the signal’s
data points. Lu et al. [12] predefined the optimal clustering radius for MQAM signals
and employed the SC algorithm to reconstruct the MQAM signal’s constellation diagram.
However, this approach demands significant computational resources and exhibits poor
clustering performance in low signal-to-noise ratio conditions. Cheng et al. [13] extracted
characteristic parameters from the signal’s constellation diagram using the SC algorithm
and compared them with those from the standard constellation diagram to figure out what
kind of modulation it was. However, the method showed limited noise resilience and
lacked a standardized approach for selecting clustering radii.

To improve the accuracy of clustering center coordinates within the signal’s constella-
tion diagram, some studies integrate the fuzzy c-means (FCM) algorithm for secondary
clustering. FCM is a clustering algorithm that assesses the degree to which each data point
belongs to a specific cluster through a membership relationship [14,15]. However, FCM is
sensitive to the values that are chosen at the start for the cluster centers, and its results often
get stuck in local optima, making it harder to find the globally optimal clustering centers.
To address this challenge, stochastic techniques such as particle swarm optimization (PSO)
are employed to increase the likelihood of locating the global optimum [16]. Implementing
PSO in the FCM algorithm has been successful in various areas, including image processing
and engineering [17–20].

This paper introduces a PSO-FCM algorithm for the reconstruction of the MQAM
modulation constellation diagram. This algorithm combines the FCM and PSO algorithms
into a three-step process: initial cluster center computation using the subtractive clustering
(SC) algorithm based on the signal-to-noise ratio (SN-SC); subsequent utilization of the
PSO-FCM algorithm, leveraging the initially obtained cluster centers; and the combined
benefits of FCM and PSO for improved cluster center accuracy. The PSO-FCM algorithm
avoids getting stuck in local minima by utilizing the PSO global search method to find
candidate solutions. The modulation type of the signal constellation can be found by
finding the ratio of the largest and smallest cluster center radius.

The subsequent sections of this paper are organized as follows: Section 2 outlines the
signal model employed; Section 3 provides a detailed explanation of the methodology used
in this study, which includes the signal-to-noise ratio-based subtractive clustering (SN-SC)
algorithm and the particle swarm optimization with fuzzy c-means (PSO-FCM) algorithm;
Section 4 illustrates the simulation results; and Section 5 concludes the work.

2. Signal Model

In the receiver system, the sampled signal, denoted as yi, is represented as follows:

yi = αej2π fo its si + wi, (1)

where si denotes the baseband signal, shaped using a root-raised cosine pulse with a
random roll-off factor. The sampling duration is represented by the variable ts, while the
complex-valued channel fading gain, capturing the flat fading experienced by the signal,
is represented by α. The methodology that we have developed is specifically designed to
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be effective for narrowband signals, which have a bandwidth smaller than the coherence
bandwidth of the channel. By narrowband, we refer to signals whose frequency span falls
within a range where the channel exhibits consistent characteristics and a limited range
of frequency-related variations. In this scenario, each frequency component undergoes
the same block-fading coefficient, allowing for simplified representation using a single-
tap channel filter α. The term fo accounts for the carrier frequency offset, arising from
a discrepancy between the RF signal frequency and local oscillator frequency. The term
wi denotes zero mean Gaussian noise. The carrier frequency offset (CFO) in the received
signal yi is estimated using an eighth-order non-linearity and corrected using the method
proposed in [11]. After that, the signal that has been corrected for the CFO is resampled
to an integer multiple of the estimated symbol rate for matched filtering. The system
accommodates for the presence of additive white Gaussian noise (AWGN) and factors in
slow and flat fading channels. The received symbol xi is expressed as

xi = αhi + w′
i , (2)

where hi represents the extracted symbol from one of the considered modulation schemes,
and w′

i is Gaussian noise. The signal-to-noise ratio (SNR) for symbols with unit power can
be defined as:

SNR = 10 log10
Ps

σ2
w′

, (3)

where Ps = 1
N ∑N−1

i=0 |xi|2.

3. Methodology

Our proposed methodology (Figure 1) offers an approach for classifying single-carrier
QAM modulations. This technique integrates two distinct algorithms: SN-SC and PSO-
FCM. It focuses on the analysis of constellation shapes within the in-phase and quadrature
(I-Q) diagrams associated with QAM modulations. To ensure a precise classification
process, the methodology follows a systematic procedure. Initially, phase correction is
applied to received signals. After that, the SN-SC algorithm quickly goes through the
corrected constellation points to find and identify the cluster centers in each I-Q diagram.
By utilizing the cluster centers obtained from the SN-SC block, the integration of PSO and
FCM algorithms further refines the received signals, resulting in an accurate classification
of the QAM modulation order.

Start

Signal reception and
phase correction

Apply SN-SC

Evaluate fit-
ness with FCM

Update particle
velocity and position

Update pbest and gbest

Check
stop con-
dition?

PSO-FCM

Order identification

Yes

No

Figure 1. Block diagram of the subtractive-clustering-based PSO-FCM algorithm.
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3.1. Signal-to-Noise-Ratio-Based Subtractive Clustering Algorithm (SN-SC)

The SN-SC algorithm introduces a clustering approach that integrates considerations
of both local density and SNR, as outlined in Algorithm 1. In the SN-SC method, each data
point is considered a potential cluster center with the maximum local density, where the
density measure Di is calculated as follows:

Di =
N

∑
k=1

exp
(
−‖xi − xk‖2

Ka · ra2

)
, i = 1, 2, · · · , N. (4)

The SN-SC algorithm relies on the ‘density’ metric to identify initial cluster centers

within a neighbourhood radius (ra), which is defined as

√
1
N ∑N−1

i=0 |xi |2
SNR+1 . ra also represents

the average noise power amplitude. If the radius is too small, potential data points near
the cluster center may be overlooked. Conversely, setting the radius too high increases the
contribution of all potential data points, including noise, which can distort the modulated
signal and affect the density radius parameter of the constellation diagram. The coefficient
Ka represents the adjustment weighting of different types of modulated signals. Choosing
an appropriate scaling factor, Ka, enables the algorithm to attain a relatively stable density
metric across the entire SNR range. Determining the optimal value of Ka in practical
engineering often involves conducting multiple experiments.

Algorithm 1 SN-SC Algorithm

Step Operation
Input: x, λ, SNR
Output: z
Initialization
cl = 1, Flag = 0,

1 ra =
Ps

SNR+1
for i = 1 : N

2 Di = ∑N
k=1 exp

(
−‖xi−xk‖2

ka ·ra

)
end

3 Dcl = max{D}, zcl = xcl
while Flag = 0

4 for each i data point Di = Di − Dcl · exp
( ‖xi−zcl‖2

kb ·ra

)
5 cl = cl + 1
6 repeat step 3
7 if Dcl < λD1, Flag = 1
8 return z

Each data point updates its density based on the obtained center for the lth cluster
(xcl) as follows:

Di = Di − Dcl · exp
(‖xi − xcl‖2

Kb · ra

)
, (5)

where Dcl represents the density of the data point (xcl), and Kb is a value greater than
one to avoid obtaining closely spaced centers. The algorithm selects the data point with
the maximum density as the new center of the cluster, denoted as xcl+1. The algorithm
repeats the process until it meets the condition Dcl+1 < λD1, signaling the termination of
the cluster center decision. In this condition, λ is a given parameter (0 < λ < 1).

3.2. Proposed Integration of PSO and FCM Algorithms

In this section, we will provide a brief description of the FCM and PSO algorithms,
followed by an introduction to the new version of the hybrid clustering method based on
FCM and PSO integration.
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3.2.1. FCM

Fuzzy c-means (FCM) is a clustering algorithm that assigns each data point to clusters
with varying membership degrees. This approach effectively groups data into fuzzy subsets,
which is crucial for applications in pattern recognition or data analysis. Notably, FCM
requires a predefined cluster count to perform optimally, which is obtained from the cluster
centers determined by the SN-SC algorithm.

Let x = {x1, · · · , xi, · · · , xN} represent a clustering dataset of N objects indexed by i,
with each xi represented by a vector of quantitative variables. z = {z1, · · · , zC} denotes
the set of centers of C clusters listed by j and U = [uij]N×C as a fuzzy partition matrix,
where uij indicates the membership of the ith object to the jth cluster. The constraints on
uij are as follows: uij ∈ [0, 1], ∑C

j=1 uij = 1, and 0 < ∑N
i=1 uij < N. The FCM algorithm

aims to minimize an objective function by finding the optimal cluster centers and their
corresponding membership degrees, as defined in the following equation:

J =
N

∑
i=1

C

∑
j=1

(uij)
md2

ij, (6)

where m(m > 1) is the fuzzy weighting exponent and dij = ‖xi − zj‖ represents the
Euclidean distance. The dissimilarity between data xi and cluster center zj is indicated. To
minimize J, clustering center zj and the membership degree uij are updated according to:

zj =
∑N

i um
ij xi

∑N
i=1 um

ij
j ∈ {1, 2, · · · , C} (7)

and
uij =

1

∑C
k=1(

dij
dik
)

2
m−1

. (8)

The update stops when the cluster centers from the previous iteration closely approxi-
mate those generated in the current iteration.

3.2.2. PSO

Inspired by the collective behavior of birds seeking food, the PSO algorithm is a
population-based optimization technique. Potential solutions, termed particles, traverse
the problem space by following the best particles. The fitness value referred to as pbest
assesses each particle’s coordinates in the problem space associated with the best solution
achieved so far. The swarm progresses toward the best solution, the global best, denoted as
gbest. The search for pbest and gbest follows:

x(t)i = v(t−1)
i + x(t−1)

i , (9)

where

v(t)i = ω · v(t−1)
i + c1 · r1

(t−1) · (pbesti − x(t−1)
i )

+ c2 · r2
(t−1) · (gbest − x(t−1)

i ), (10)

where r1 and r2 are uniformly distributed in [0, 1]. c1 and c2 represent acceleration pa-
rameters. The inertia weight ω is updated as ω = ω0 − (ω0−ω1)×t

tmax
. pbesti denotes the

better position of the ith particle compared to its history up to the tth iteration, while gbest
represents the best position within the swarm up to the tth iteration.
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3.2.3. Problem

FCM’s nonlinear optimization based on fuzzy set theory iteratively improves the
initial cluster centers to approximate final cluster centers close to the actual ones. However,
it might trap local minima due to local search methods. Deviation of the final cluster centers
from the actual ones can compromise FCM’s clustering results. In contrast, population-
based PSO is a global optimization algorithm that employs random search techniques but
might have limited clustering performance.

3.2.4. PSO-FCM

To overcome FCM’s local minima trapping and achieve better clustering results, we
harness the strengths of both FCM and PSO. In particular, the PSO-FCM algorithm uses
FCM’s objective function (6) as the fitness function and PSO’s global search method to find
cluster centers.

The PSO-FCM algorithm utilizes particles in PSO to represent potential solutions for
FCM’s cluster centers. The positions of particles in a swarm of Q particles encode the cluster
centers z. Each particle q is defined as xq = (dq1, dq2, · · · , dqC), representing candidates
in the swarm (Q) for clustering the data. The updated dimension values representing
cluster centers generate z by decoding gbest when PSO recognizes an accepted cluster
center or reaches a predefined number of iterations. The convergence of both algorithms
toward the same objective function for optimal clustering drives the minimization of fitness
functions in PSO-FCM. This fusion of FCM and PSO, through PSO-FCM, capitalizes on the
advantageous features of both. Below, Algorithm 2 summarizes the PSO-FCM algorithm.

Algorithm 2 PSO-FCM algorithm

Input: tmax, m, c1, c2, ω0, ω1.
Initialization
x(0)q = (dq1, dq2, · · · , dqC), v(0)q = (vq1, vq2, · · · , vqC)

pbestq = xq
(0)

For each particle
Calculate the f itness of particle.

temp = min{ f itness(pbest1), f itness(pbest2), · · · , f itness(pbestQ)};
gbest = temp;
Repeat until tmax iterations are reached

Update vq and xq.
Calculate the membership uqj.
Update the f itness of the particle;
If f itness(x(t)q ) < f itness(pbestq)

pbestq = x(t)q ;
Update pbest;

if f itness(pbestq) < f itness(gbest),
gbest = pbestq .

Decode gbest to obtain cluster centers z.

In computing the fitness of each particle q, we first derive the cluster center zq from
the particle’s position representation. Subsequently, we calculate the membership degree
uqj for each data point xq using Equation (8). By utilizing these cluster centers and mem-
bership degrees, we evaluate the f itness of each particle q using Equation (6). Notably,
the minimization of the fitness function in PSO-FCM aligns with minimizing the objection
function J in FCM. Both algorithms define the same objective function, thereby aiming
for optimal clustering. PSO-FCM leverages the strengths of both FCM and PSO, utilizing
their favorable features to minimize the fitness function in pursuit of achieving optimal
clustering. Equations (9) and (10) update the velocity vq and position xq of each particle q.
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3.3. Modulation Order Identification Using Circle Radius Ratio

Each point in an MQAM constellation diagram is surrounded by circles of varying
diameters, which are determined by their distance from the constellation center. Different
orders of QAM signals exhibit characteristic ranges of circle diameter values. This property
allows us to utilize circle radii within the constellation map for the purpose of MQAM
signal classification and identification. In the absence of noise interference, a noise-free
16QAM’s constellation map displays a point with the highest amplitude corresponding
to a circle with radius rmax, while the point with the lowest amplitude corresponds to a
circle with radius rmin, as shown in Figure 2. In a standard constellation plot, the ratio of
the maximum to minimum circle radius is defined as Rb = rmax

rmin
.
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3
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Figure 2. 16QAM modulation constellation with inner radius (rmin) and outer radius (rmax).

After applying the clustering algorithm to obtain the reconstructed signal’s constella-
tion diagram, we calculate and sort the distances between the cluster center and the starting
point in descending order. The top W distances are averaged to determine the maximum
circle radius, while the bottom W distances are averaged to determine the minimum circle
radius. The Rb values of different MQAM modulation signals are categorized into distinct
ranges based on predefined standard values. The categorization is as follows:

MQAM =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
4QAM : 0.0 < Rb ≤ 1.6
8QAM : 1.6 < Rb ≤ 2.6
16QAM : 2.6 < Rb ≤ 3.5
32QAM : 3.5 < Rb ≤ 5.6
64QAM : 5.6 < Rb ≤ 8.1 .

(11)

Noise can lead to inaccuracies in the initial determination of cluster centers through
adaptive subtractive clustering based on the signal-to-noise ratio. The update of semi-
supervised fuzzy mean clustering affects the positions of cluster centers but not the number
of cluster centers. Consequently, the number of cluster centers in the reconstructed constel-
lation map may not correspond to the actual number of modulation points. By employing
the radius method on different circles of the constellation map, we can calculate radius
values, mitigating the impact of an incorrect number of cluster centers. This approach does
not affect the final recognition result and enhances the classification accuracy.

4. Simulations Results

In this section, we present the numerical results obtained through MATLAB simu-
lations of SN-SC, FCM, and PSO-FCM. Table 1 provides an overview of the simulation
parameters employed in our study.
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Table 1. Parameter values used in the simulations.

Algorithms Parameters Values

SN-SC Ka 1
Kb 1.5
λ 0.4
N 3000

PSO c1,c2 1.5
Q 30

ω0, ω1 1.1, 0.5
ε 10−5

tmax 300
FCM m 2

W 2

In the low-SNR scenario (SNR = 4 dB), the FCM algorithm is susceptible to becoming
trapped in local minima, as depicted in Figure 3. When the FCM algorithm, which relies
on a fuzzy clustering objective function, is used, this tendency can cause some cluster
centers to shift within the constellation. This sensitivity to initialization and the resulting
misplacement can lead to substantial errors during the decision-making and demodulation
processes. While the PSO-FCM algorithm demonstrates superior clustering performance
compared to FCM, it still encounters challenges in fully mitigating the issue of local
optimization, as shown by the presence of local optima in Figure 4.
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Figure 3. 16QAM received signal modulation at SNR = 4 dB with clustering centers for SN-SC
and FCM.
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(a) 4QAM, SNR = 0 dB
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(b) 8QAM, SNR = 0 dB

Figure 4. Cont.
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(c) 16QAM, SNR = 2 dB
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(d) 32QAM, SNR = 4 dB
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Figure 4. The clustering performance of FCM and PSO-FCM; 4QAM with SNR = 0 dB, 8QAM with
SNR = 0 dB, 16QAM with SNR = 2 dB, 32QAM with SNR = 4 dB, 64QAM with SNR = 6 dB.

In Table 2, we present the average number of cluster centers obtained by SN-SC (#1),
SC with ra = 0.22 (#2), and SC with ra = 0.33 (#3) for 4QAM, 16QAM, 32QAM, and 64QAM
digitally modulated signals under varying SNR scenarios. Algorithms #2 and #3 based
on the SC method perform well in clustering 16QAM and 4QAM signals; however, their
reliable classification performance cannot be guaranteed for other modulation schemes.
In contrast, algorithm #1 demonstrates its suitability for diverse modulation signals and
outperforms algorithms #2 and #3 in overall classification performance.

Table 2. Comparison of clustering results for different-order QAM signals under various SNR
situations using the SC algorithm and the SN-SC algorithm.

Type 0 dB 2 dB 4 dB 6 dB 8 dB 10 dB
#1 #2 #3 #1 #2 #3 #1 #2 #3 #1 #2 #3 #1 #2 #3 #1 #2 #3

4QAM 2.9 13.1 4.9 3.8 12.6 4 4 11.9 4 4 5.9 4 4 4 4 4 4 4
8QAM 6.8 14.5 6.2 7.6 15.4 6.2 7.9 14.2 6.5 8 10.2 6.8 8 8 7.2 8 8 8

16QAM 13.6 18.9 7.6 15.2 16 9.1 15.8 16 10.2 16 16 11.8 16 16 12.8 16 16 14.5
32QAM 19.4 19.8 8.3 23.8 22.1 8.8 27.4 24.8 10.2 30.5 27.8 11.6 31.6 29.9 12.2 32 31.7 12.5
64QAM 23.5 23.5 10.2 26.6 26.4 12.1 29.9 27.7 12.8 33.1 29.2 12.8 45.8 32.1 13.1 63.6 33.9 13.3

Table 3 presents the clustering performance of the FCM and PSO-FCM algorithms.
The results demonstrate that the PSO-FCM exhibits a reduced number of occurrences of
local optima compared to the FCM algorithm across all modulation schemes. This suggests
that the PSO-FCM algorithm is more effective in identifying the global optimum compared
to the FCM algorithm.
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Table 3. Clustering results of two clustering algorithms with various constellation datasets.

Modulation Type No. Classification Method No. Local Optima

8QAM 8 FCM 10 (6.7%)
PSO-FCM 5 (3.3%)

16QAM 16 FCM 21 (14.0%)
PSO-FCM 9 (6.0%)

32QAM 32 FCM 82 (54.7%)
PSO-FCM 73 (48.7%)

64QAM 64 FCM 127 (84.7%)
PSO-FCM 121 (80.7%)

The studies used the PSO-FCM and FCM algorithms to find modulation in 4QAM,
8QAM, 16QAM, 32QAM, and 64QAM signals. Figure 5 illustrates the modulation recogni-
tion rates for MQAM signals, showing that PSO-FCM generally achieves a higher modula-
tion identification rate compared to FCM. Moreover, upon analyzing the results depicted in
Figure 6, it becomes apparent that the FCM algorithm converges more rapidly. PSO-FCM
converges more slowly than FCM due to the simultaneous optimization of particle positions
and membership values in the PSO-FCM hybrid.
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Figure 5. Modulation recognition rate of FCM and PSO-FCM across varied SNRs for multiple
QAM signals.
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Figure 6. Iterations vs. objective function value; 16QAM, SNR = 2 dB.

PSO introduces additional complexity in the PSO-FCM compared to the traditional
FCM algorithm due to the augmented computational load per iteration. In PSO-FCM,
there is an inclusion of supplementary complexity multiplication and addition operations.
Specifically, each iteration in PSO necessitates 4QC complex multiplications and 6QC
complex additions, where Q denotes the number of data points and C represents the
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number of dimensions. These extra computational operations in PSO-FCM potentially
contribute to slower convergence compared to FCM. The objective function value of the
PSO-FCM algorithm gradually diminishes and eventually falls below that of the FCM
algorithm, indicating superior optimization performance to some extent. Consequently,
the choice between algorithms requires consideration of the trade-off between additional
complexity and optimization effectiveness.

5. Conclusions

This paper presents a novel PSO-FCM algorithm designed specifically for accurately
identifying modulation orders within MQAM schemes. This hybrid approach integrates
the SN-SC algorithm for initial cluster center obtainment and combines FCM and PSO tech-
niques to enhance precision in determining modulation orders. By evaluating fitness using
FCM’s objective function and analyzing the ratio between maximum and minimum cluster
center radii, the algorithm effectively discerns various MQAM modulation schemes. The
simulation results validate the algorithm’s superior performance, especially in accurately
identifying modulation orders even in low-SNR scenarios. This robustness underscores its
potential practical application in real-world communication systems where precise QAM
modulation order identification is crucial.
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