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Editorial
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2 Department of Agronomy, University of Cordoba, Campus Rabanales, 14014 Cordoba, Spain
* Correspondence: jarodriguez@uco.es

1. Introduction

Water-related challenges represent one of the most pressing global concerns of the
21st century. Environmental hydraulics describes the study of flow behavior, hydrody-
namic processes, and their environmental implications; it has emerged as a critical field
for addressing sustainable water management, ecosystem preservation, and adaptive
engineering solutions in the face of climate change. This Special Issue on “Advances in En-
vironmental Hydraulics” provides an international platform for disseminating cutting-edge
research and innovative engineering applications that combines theoretical foundations
with practical, field-based implementations.

The scope of environmental hydraulics encompasses a diverse range of water-related
problems, including sustainable management practices that optimize resource utiliza-
tion, eco-hydraulic engineering solutions that restore aquatic ecosystem functions, and
innovative flood management and energy nexus considerations. Modern environmental
hydraulics increasingly emphasizes the integration of computational modeling with experi-
mental validation and field observations, recognizing that complex water systems require
multidisciplinary approaches that link hydrology, ecology, engineering, and socioeconomic
considerations [1].

2. Context and Motivation

Contemporary water systems face unprecedented pressures from multiple directions.
For instance, climate change alters precipitation patterns and hydrological cycles, demand-
ing adaptive management strategies and improved predictive capabilities [Contribution 1].
Urbanization results in concentrated population and infrastructure in water-dependent
regions, intensifying competition for the limited freshwater resources and escalating flood
risks. Agricultural intensification, which depends critically on irrigation systems, con-
sumes substantial volumes of water while simultaneously requiring a sustainable man-
agement approach to preserve water quality and ecosystem health [2]. Additionally, the
nexus between water management and energy production—particularly in hydropower
systems—introduces complex trade-offs between energy generation, environmental sus-
tainability, and system efficiency.

These converging challenges necessitate integrated solutions that transcend traditional
disciplinary boundaries. Environmental hydraulics provides the theoretical and practical
framework for developing such solutions, incorporating the following factors:

• Advanced computational methods for flow simulation and prediction, including
computational fluid dynamics (CFD), large eddy simulations (LES), and machine
learning approaches;

Water 2026, 18, 381 https://doi.org/10.3390/w18030381
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• Field-based experimental investigations that validate proposed models and pro-
vide ground-truth data for understanding real-world flow behavior and hydrody-
namic processes;

• Eco-hydraulic engineering solutions that restore ecological functions while maintain-
ing water infrastructure performance;

• Innovative design approaches that enhance system efficiency, resilience, and environ-
mental compatibility;

• Monitoring and management strategies that support adaptive water resource gover-
nance in response to climate variability.

3. Contributions Included in This Topic

This Special Issue comprises 15 peer-reviewed papers that exemplify the breadth
and depth of contemporary environmental hydraulics research. The contributions span
multiple dimensions of the field and are outlined in the following.

3.1. Climate Change and Hydrological Adaptation

The impacts of climate change on water systems represent a central challenge for
environmental hydraulics. Katip and Anwar [Contribution 1] employed feed-forward
neural networks to simulate climate-based hydrological changes at Doğancı Dam in Turkey,
demonstrating the application of machine learning in predictive modeling under non-
stationary climate conditions. Similarly, research on environmental flow assessment in
the Yen River Basin (Vietnam) illustrated holistic approaches integrating hydrological,
ecological, and management considerations to support adaptive water governance in the
face of climate uncertainty [Contribution 2].

3.2. Advanced Hydraulic Modeling and Simulation

Computational approaches form the foundation of modern environmental hy-
draulics. There are multiple contributions advancing modeling capabilities: Liu et al.
[Contribution 3] applied a hydrodynamic simulation (MIKE21) to elucidate the mecha-
nisms governing pollutant transport in coastal waters, while numerical investigations
into the optimal placement of portable fishways demonstrated the application of compu-
tational methods to enhancing ecosystem connectivity in agricultural drainage systems
[Contribution 4]. Zöschg [Contribution 5] employed large eddy simulations to quantify
head losses through trash racks at hydropower installations, providing actionable infor-
mation for improving energy efficiency in renewable energy systems. Weijermars and
Afagwu [Contribution 6] developed analytical solutions for pressure transient behavior in
bounded and unbounded reservoirs, advancing fundamental theory for both groundwater
and petroleum systems.

3.3. Eco-Hydraulic Engineering and Ecosystem Restoration

In the field of environmental hydraulics, the restoration and maintenance of aquatic
ecosystem functions is increasingly emphasized. Calluaud et al. [Contribution 7] investi-
gated flow conditions and fish passage efficiency in vertical slot fishways through detailed
behavioral observations, providing empirical guidance for optimizing fish migration corri-
dors. Research on hydraulic roughness in mountain headwater streams [Contribution 8]
contributed to the understanding of natural flow–habitat relationships essential for stream
restoration and ecosystem-based management. Zhang et al. [Contribution 9] character-
ized vegetation resistance in muddy water flows, building fundamental knowledge for
modeling ecosystem–water interactions in engineered and natural systems.

https://doi.org/10.3390/w180303812
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3.4. Innovation in Hydraulic Systems Design

Contemporary hydraulic challenges demand innovative design solutions. The study
on using friction groups for hydraulic parameter estimation [Contribution 10] provided
practical tools for solving pressure drop, flow, and diameter estimation problems in piping
and open-channel systems. Research on capillary barrier design and water storage capacity
[Contribution 11] addressed subsurface water management relevant to both agricultural
and environmental engineering applications. Studies on scour protection around bridge
piers [Contribution 12] exemplified the application of hydraulic engineering to critical
infrastructure resilience and safety.

3.5. Energy–Water Nexus

The relationship between water management and energy production remains central
to sustainable development. Research on water consumption rates in cascade hydropower
stations [Contribution 13] demonstrated systematic approaches to optimizing energy gen-
eration efficiency while considering water availability constraints. Investigations into
flood discharge characteristics at high-altitude dam projects [Contribution 14] addressed
the safety and operational challenges emerging from climate variability and topographic
extremes, illustrating the complexity of integrating water security with energy production
in vulnerable environments.

3.6. Nonlinear Wave Dynamics and Shallow Water Hydraulics

Fundamental advances in the understanding of wave generation and propagation
in shallow water environments [Contribution 15] provided theoretical foundations that
are applicable to coastal engineering, tsunami modeling, and river dynamics. These
contributions bridge academic theory and practical applications in hazard mitigation and
infrastructure design.

4. Overarching Themes and Future Perspectives

Several overarching themes emerge from these contributions:
Integration of modeling approaches: Effective solutions require combining computa-

tional modeling (CFD, machine learning, analytical solutions) with experimental validation
and field observation. No single approach captures the full complexity of environmental
hydraulic systems.

Climate adaptation and resilience: Climate change fundamentally alters hydrological
patterns, necessitating adaptive management strategies informed by predictive modeling,
long-term monitoring, and flexible system design.

Ecosystem–infrastructure coupling: Modern environmental hydraulics recognizes that
engineered water systems and natural ecosystems are inextricably linked. Solutions must
optimize functionality across both domains.

Efficiency and sustainability imperatives: Whether addressing energy generation,
agricultural water use, or pollutant transport, contemporary hydraulic engineering empha-
sizes resource optimization and environmental protection as complementary rather than
competing objectives.

Interdisciplinary knowledge integration: Environmental hydraulics problems re-
quire expertise from a variety of disciplines, including civil engineering, environmen-
tal science, ecology, economics, and data science, necessitating genuinely collaborative
research approaches.

https://doi.org/10.3390/w180303813
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5. Concluding Remarks

This Special Issue demonstrates that environmental hydraulics remains a vibrant,
evolving discipline that is increasingly central to global sustainability challenges. The
research presented illustrates how contemporary hydraulic science combines theoretical
rigor with practical applicability, sophisticated computational methods with empirical
validation, and engineering innovation with ecological awareness.

The field faces continuing evolution driven by climate change impacts, urbanization
pressures, agricultural transformation, and technological advancement. The future of this
field must focus on emerging opportunities, such as the enhanced integration of artificial
intelligence and machine learning for adaptive water management, development of nature-
based solutions combining ecological and hydraulic principles, and improved connections
between local hydraulic studies and global water security frameworks.

This topic represents a snapshot of current progress; future contributions will un-
doubtedly expand the field’s capability to address increasingly complex water challenges in
an uncertain environmental future.

Conflicts of Interest: The authors declare no conflicts of interest.
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Simulating the Impacts of Climate Change on the Hydrology
of Doğancı Dam in Bursa, Turkey, Using Feed-Forward
Neural Networks

Aslıhan Katip 1,* and Asifa Anwar 1,2

1 Department of Environmental Engineering, Bursa Uludağ University, Bursa 16059, Turkey
2 Division of Sustainable Development, College of Science and Engineering, Hamad Bin Khalifa University,

Qatar Foundation, Doha 34110, Qatar; asan39545@hbku.edu.qa
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Abstract: Climate change continues to pose significant challenges to global water security,
with dams being particularly vulnerable to hydrological cycle alterations. This study inves-
tigated the climate-based impact on the hydrology of the Doğancı dam, located in Bursa,
Turkey, using feed-forward neural networks (FNNs). The modeling used meteorological
parameters as inputs. The employed FNN comprised one input, hidden, and output layer.
The efficacy of the models was evaluated by comparing the correlation coefficients (R),
mean squared errors (MSE), and mean absolute percentage errors (MAPE). Furthermore,
two training algorithms, namely Levenberg-Marquardt and resilient backpropagation,
were employed to determine the algorithm that yields more accurate output predictions.
The findings of the study showed that the model using air temperature, solar radiation,
solar intensity, evaporation, and evapotranspiration as predictors for the water budget and
water level of the Doğancı dam exhibited the lowest MSE (0.59) and MAPE (1.31%) and
the highest R (0.99) compared to other models under LM training. The statistical analysis
determined no significant difference (p > 0.05) between the Levenberg and Marquardt and
resilient backpropagation training algorithms. However, a visual interpretation revealed
that the Levenberg-Marquardt algorithm outperformed the resilient backpropagation,
yielding lower errors, higher correlation values, and faster convergence for the models
tested in this study. The novelty of this study lies in the use of certain meteorological inputs,
particularly snow depth, for dam inflow forecasting, which has seldom been explored.
Moreover, this study compared two widely used ANN training algorithms and applied the
modeling framework to a region of strategic importance for Turkey’s water security. This
study highlights the effectiveness of ANN-based modeling for hydrological forecasting
and determining climate-induced impacts on water bodies such as dams and reservoirs.

Keywords: climate change; Doğancı dam; feed-forward neural networks; hydrological
parameters; meteorological parameters; modeling

1. Introduction

Climate change is currently one of the most significant environmental issues. The
water flow in rivers and streams varies immensely with changing weather, which may
cause floods during high flows and droughts [1]. Dams help store water during high flows
and simultaneously allow the gradual release of water during periods of low flow [2]. In
addition, the same dams act as a source of water for drinking and irrigation [3]. Hence,
precise water budget predictions in dams are recommended to mitigate water management

Sustainability 2025, 17, 6273 https://doi.org/10.3390/su17146273
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problems. In contrast, forecasting the water quantity in dams is challenging because it
relies on various factors, such as streamflow parameters and climatic variations [4]. Water
in a dam may also evaporate or seep into nearby rocks or soil [5]. A dam’s storage capacity
may be reduced by the sediments transported by streams [6]. Therefore, several conditions
may impact the water quantity in dams.

In recent times, modeling has helped simulate the water budget, that is, the volume
of water coming in and out of a water body and water level variations depending on
previously available data [7]. For decades, water budget modelling has relied on statistical
methods such as autoregressive integrated moving average and linear and non-linear
regression models, but attention has shifted to artificial intelligence (AI) techniques due
to their prediction accuracy [8,9]. Traditional statistical models struggle to capture the
non-linear and dynamic interactions that define hydrological processes. Some established
models, such as the Penman-Monteith model, rely heavily on site-specific data. When gen-
eralized or non-local data are used, these models often produce overestimations and lead
to significant uncertainty in the estimation results [10]. In contrast, artificial intelligence or
machine learning techniques can learn complex patterns directly from data without assum-
ing a functional relationship, making them highly suitable for non-linear systems [11,12].
Under the umbrella of AI techniques, fuzzy neural networks, artificial neural networks
(ANNs), and genetic algorithms have been utilized for hydrological modeling [13,14]. Most
models rely on ANN due to its robustness and low probability of errors [15]. ANNs can
approximate complex functional relationships. This makes them particularly suitable for mod-
eling hydrological systems influenced by multiple interdependent variables [16]. Furthermore,
recent developments have improved artificial neural networks to more sophisticated architec-
tures, such as long short-term memory networks and hybrid models that integrate fuzzy logic
or ensemble learning to improve accuracy, data interpretation, and generalization [17].

Research has been conducted using ANNs to predict the dam’s water budget and
water level. The USA’s Millers Ferry dam reservoir level was estimated using an ANN [18].
In one study, autoregressive ANN models were compared to evaluate the Dez dam’s
monthly flow [19]. Different static and dynamic ANNs were used to predict the water
budget of the Sefidroud Dam in Iran. These networks include static feedforward and
non-linear autoregressive neural networks [20]. ANN applications for Sukhi reservoir
water level estimation have been conducted in India [21]. Artificial neural networks are
often preferred for estimating dam or reservoir-level fluctuations [22].

Similarly, ANN has been used to study the effects of climate change on water quantity
within dams. Meteorological data, such as air temperature, relative humidity, wind speed,
rainfall pattern, sunshine duration, and solar radiation, were used to determine evaporation
from the Batu dam in Malaysia using ANN and climate-based models [23]. A long-term
assessment of climate change impacts on the Norris Dam was conducted in the USA in
2017 using ANN [24]. The effect of climate variability on the Asa and Kampe dams was
evaluated in Nigeria [25]. It has been shown that deep learning algorithms, especially long
short-term memory models, can distinguish rainfall-runoff patterns derived from static
catchment features and can be trained using a regional approach [26].

In recent years, the global scientific community has increasingly emphasized the
resilience of water infrastructure, particularly dams and reservoirs, to resist the adverse
impacts of climate change. The intensifying frequency of extreme weather events, including
droughts and floods, underscores the urgent need for accurate forecasting tools to support
climate-resilient water management strategies. In this regard, artificial neural networks
have gained prominence. A related study modeled the impact of climate change on the
water quality of a dam using artificial neural networks, demonstrating a high predictive
accuracy [27]. Recent studies, such as Kim et al. [28], have demonstrated the effective-
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ness of ANN models in predicting monthly inflows to reservoirs using climate indices,
enabling proactive adaptation to variable climatic conditions. Similarly, another study
integrated ANN-based modeling with 30-year precipitation data to assess flood risk and
operational vulnerability in Korean multipurpose dams, offering critical insights for in-
frastructure planning [29]. These advancements reflect a broader paradigm shift, as noted
in the Intergovernmental Panel on Climate Change (IPCC) Sixth Assessment Report [30],
which identifies machine learning models as key components of adaptive and anticipatory
water governance.

Recent advances have expanded the capabilities of ANN-based models by incorpo-
rating deep learning architectures and hybrid approaches for improved climate impact
predictions. For example, enhanced machine learning hydrological models (such as soil
and water assessment tools and random forest algorithms) have been applied to the Yellow
River Basin to assess the combined effects of climate change and anthropogenic activity
on monthly runoff and drought [31]. While ANN is preferred for hydrological forecast-
ing, its applications have also extended to interdisciplinary areas like regional economic
integration and spatial planning under climate variability, as demonstrated in the Yangtze
River Economic Belt study by Chen et al. [32]. These examples demonstrate the growing
academic and practical relevance of ANN and related AI models for climate resilience
and water systems. Despite these advantages, ANN-based models also face challenges,
such as the risk of overfitting and dependency on high-quality input data [33]. These
ongoing challenges have motivated the continuous refinement of model design, training
algorithm selection, and input variable optimization to enhance the predictive performance
and reliability of water resource applications.

The annual precipitation will decrease by 157 mm (25%) between 2020 and 2050,
compared to 1970 to 2000 in Turkey [34]. These statistics show that Turkey’s risk of
experiencing drought is higher, eventually leading to water scarcity. Hence, proper water
management is needed, and predicting water quantity is crucial for this purpose. In Bursa,
long-term meteorological data from 1984 to 2013 show that the highest and lowest average
monthly temperatures recorded were 25.1 ◦C and 5.6 ◦C, with the mean annual temperature
between 14 ◦C and 16 ◦C. This shows a significant fluctuation in air temperature over the
years. Likewise, the simulations performed in a study by Katip [34] using the standardized
precipitation index were indicative of meteorological and agricultural droughts in Bursa.
This implies growing vulnerability to climate extremes in the region.

This research used artificial neural networks to determine the relationship between
water quantity, i.e., water level, water inflow, and outflow fluctuations in the Doğancı dam
in Bursa, Turkey, with changing climatic parameters relevant to meteorological drought.
The water budget of the Doğancı dam decreased from 92% to 72% compared to that in
2011 [35]. The mentioned dam is one of the primary sources of meeting the water needs in
Bursa, a city in Turkey with a population of 3,056,120 [36]. The basic aim of the study was
to determine the accuracy of ANN in modeling the water quantity or hydrology-related
data of the Doğancı dam and to analyze which meteorological parameters are the best
fit for the models. These meteorological parameters were representative of climate data.
Long-term variations in meteorological parameters are associated with climate change.

ANN, an accurate forecasting tool, has been used to predict the water budgets and
water levels of dams in Turkey. The daily flow to Turkey’s Ermenek hydroelectric dam
reservoir was simulated using deep recurrent neural network models [37]. Considering
climatic factors, the effects of rainfall and temperature changes on Tahtalı and Gördes
dam flows were evaluated for 2010–2099 [38]. The flow of the Namazgah dam was also
predicted using ANN with air temperature, vapor pressure, and precipitation as input
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data [39]. The efficiency of ANN relies on the behavior between the chosen inputs and
outputs and the understanding of the operation of neural networks [40].

Prior studies have often relied on single-variable models, such as precipitation or
temperature alone. In contrast, this study systematically compared multiple combinations
of meteorological inputs to identify the most predictive parameters using a robust feed-
forward neural network architecture. The comparative evaluation of two ANN training
algorithms (Levenberg-Marquardt and resilient backpropagation) provides a methodologi-
cal contribution to improving hydrological forecasting performance. Thus, beyond its local
applicability, this study contributes to the advancement of ANN-based modeling frame-
works for climate-resilient water management. Thus, tackling the widespread global issue
of climate-related factors that pose a threat to water security worldwide. By enhancing
the accuracy of hydrological forecasting under climate variability, the proposed modeling
framework can support decision-makers in developing robust water management plans
and adapting operational strategies to ensure long-term water security. For these reasons,
this study is important for making an international scientific contribution to sustainable
water management.

2. Materials and Methods

In the current study, ANNs were employed to simulate the hydrology (volume, water
level, and incoming and outgoing water flow rates) of the Doğancı Dam using various
combinations of meteorological parameters as inputs. The Doğancı dam is an earth-fill dam
that started operating in 1983, with a net volume of 2,520,000 m3, a height of 65 m above
the riverbank, a normal lake area of 1.55 km2, and a maximum lake volume of 43.3 hm3.
Each year, it delivers roughly 125 hm3 of drinking water [41]. It is one of the major dams
for the drinking water supply in Bursa, along with the Nilufer dam. The mentioned dams
receive their water supply primarily from Mount Uludağ. The Doğancı Dam is located
in Bursa, which lies on the northwestern slopes of Mount Uludağ and in the southeast
near the Marmara Sea, Turkey [42]. The main districts of Bursa are Osmangazi, Yildrim,
Nilufer, Görukle, Mustafakemalpaşa, Gursu, and Kestel (Figure 1). Bursa experiences
Mediterranean-style summers from June to September, which are hot and dry, preceded by
chilly, wet winters. Bursa is one of Turkey’s major industrial and agricultural cities [43].

Figure 1. Bursa city map (left) and its location in Turkey (right) (acquired from Google Maps on
8 June 2025).

2.1. Artificial Neural Networks and Their Requisites

ANN prediction models are proven to be helpful, accurate, and easy-to-use forecasting
tools, especially for many purposes in which processes are complex [44]. ANNs offer
several benefits for water modeling, including: (i) modeling does not require a collection
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of integrated algorithms, enabling a quicker and more adaptable modeling approach;
(ii) non-linear relationships can be dealt with carefully with minimal difficulty [45]; and
(iii) individual expertise can be implemented into the model’s design [46,47]. The goal of
ANNs is to swiftly provide findings by exploring the vast parallel network of processing
units while being able to cater to the loss and failure of particular networks, which defines
the robustness of the ANN [48]. Figure 2 highlights the important steps in ANN modeling.

 

Figure 2. Steps performed using artificial neural networks.

2.2. Data Attainment

The first step in the analysis was the data collection. Monthly meteorological data
were obtained from the Meteorological Department in Bursa. These data were represen-
tative of all districts within Bursa from 1999 to 2019. Conversely, the hydrological data
for the Doğancı dam from 1999 to 2021 were obtained from Bursa’s Water and Sewage
Authority (BUSKI). The inflow and outflow data used for the Doğancı Dam were obtained
as aggregated values, representing the total flow at the dam from the upstream reservoirs
or other similar sources. The meteorological data comprised the monthly average values
of relative humidity, vapor pressure, air temperature, wind speed, total daily global solar
radiation, solar intensity, precipitation, evaporation, evapotranspiration, and snow depth.
The hydrological data comprised the monthly average volume, incoming and outgoing
water flow rates, and water level of the Doğancı dam. As mentioned, monthly data of the
parameters were used in this study due to the completeness of long-term meteorological
and hydrological records in this format. Additionally, the use of monthly data supports the
long-term trend analysis presented in this study and helps to smooth short-term variability,
making it suitable for water resource planning.

The models were trained and tested for data associated with 1999–2019, as the values
were complete for both sets. The meteorological data obtained over a long-term period
of 20 years were used as indicators of climate change [49]. The statistical values for the
parameters selected for this research are listed in Table 1.

Table 1. Statistical values of meteorological and hydrological parameters (1999–2019).

Parameters
Average ± Standard

Deviation
Range

(Minimum–Maximum)

Meteorological Parameters of Bursa

Monthly Average Vapor Pressure (hPa) 12.09 ± 4.59 5.01–22.52

Monthly Average Air Temperature (◦C) 15.24 ± 7.23 2.18–27.64

Monthly Average Relative Humidity (%) 69.56 ± 7.56 50.13–87.86

Monthly Average Wind Speed (m/s) 2.06 ± 0.46 0.77–3.30

Monthly Average Total Precipitation (mm) 1.94 ± 2.20 0.00–26.70

Monthly Average Total Daily Global Solar Radiation (kWh/m2) 3.38 ± 2.09 0.05–7.16

Monthly Average Total Daily Solar Intensity (cal/cm2) 323.12 ± 161.83 53.13–644.72

Monthly Average Total Evapotranspiration (mm) 4.60 ± 4.05 0.09–30.15

Monthly Average Total Evaporation (mm) 5.26 ± 2.55 1.00–13.30

Monthly Average Total Snow Depth (cm) 0.98 ± 3.18 0.00–30.75
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Table 1. Cont.

Parameters
Average ± Standard

Deviation
Range

(Minimum–Maximum)

Hydrological Parameters of Doğancı Dam

Monthly Average Volume (hm3) 29.80 ± 7.88 8.92–41.35

Monthly Average Incoming Water Flow Rate (m3/day) 497,783.67 ± 530,709.90 1555.20–2,959,638.17

Monthly Average Outgoing Water Flow Rate (m3/day) 239,507.67 ± 57,012.68 44,250.00–398,533.68

Monthly Average Water Level (m) 325.40 ± 6.05 305.38–333.35

The statistical analysis showed that the average flow rate of incoming water to the
dam was higher over all the examined years than the outgoing flow rate. The inflow to
the dam increases as the snowfall on Mount Uludağ melts after winter. However, climate
change and an increasing population may alter these parameters.

2.3. The Selection of the ANN Model

A multi-layer feed-forward neural network was chosen for this study because it has
yielded successful results in previous studies for forecasting the water quantity of dams,
reservoirs, and lakes [22,24,50]. The typical architecture of a feedforward neural network
is shown in Figure 3. In the given network structure, x and y represent the inputs and
outputs, respectively, and h denotes the hidden nodes.

Figure 3. Structure of a typical feed-forward neural network.

The input layer stores the provided data, the hidden layer processes the data using
mathematical equations and functions, and the output layer provides the final output based
on the set targets. Each layer has its own set of neurons. These neurons are linked to every
neuron or node in the layer ahead. The output of the network is defined as

Output = f (θi) (1)

where, f (θi) is the transfer function. θi is the potential of the ith neuron in the input layer,
which can be given by the following formula:

θi = ∑R
i=1 wixi + βi (2)

In Equation (2), βi is the bias, and wi is the weight coefficient. xi is the input parameter.
The weight coefficient detects whether and how much of a signal from a certain neuron
should be transferred to the next layer. R is the total number of input neurons [51].
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In this study, meteorological parameters were selected as inputs for the feed-forward
neural network. The water quantity parameters, i.e., the volume, water level, inflows, and
outflows of the Doğancı Dam, were introduced as outputs.

2.4. Training of a Feed-Forward Neural Network

A feed-forward neural network operates in the training and prediction modes. In the
training mode, the weights start with arbitrary values and are adjusted iteratively. Epochs
are used to describe each repetition of the entire training set. The network modifies the
values in each epoch to minimize the error [51].

Two types of training algorithms were used in the current analysis due to their success-
ful application in previous similar studies. The first was resilient backpropagation [23,52],
and the second was the Levenberg-Marquardt algorithm [53,54]. The resilient backprop-
agation (RProp) algorithms are extremely quick and accurate, especially compared to
conjugate gradient methods. Rprop algorithms are quite rigorous regarding the selection
of their hyperparameters and are only reliant on the sign of the integrals of the decision
variables rather than their amount, making them appropriate for applications where the
gradient is quantitatively projected. Some resilient backpropagation algorithms use weight-
backtracking. The weight-backtracking algorithm differs because it considers the progress
of the partial derivatives and aggregates inaccuracy [55].

The gradient descent and Gauss-Newton methods are two numerical optimization
strategies integrated into the Levenberg-Marquardt (LM) algorithm. The gradient descent
method reduces the sum of the squared errors by updating the variables along the steepest-
descent direction, while the Gauss-Newton method minimizes the total squared errors by
presuming that the least-squares function is quadratic in the parameters and calculating
the smallest value of the quadratic. If the parameters are far from their optimal value, the
Levenberg-Marquardt technique mimics a gradient-descent method, whereas when the
parameters are close to their desired value, it appears like the Gauss-Newton method [56].

2.5. Performance Evaluation

A feed-forward neural network provides accurate predictions if the model has a
high correlation coefficient R and low mean squared error (MSE) and mean absolute
percentage error (MAPE). The correlation coefficient (R) shows how well the predicted
output values correlate with the target outputs and provides an idea of the prediction
efficiency of the model. The R-values can vary between −1 and 1, with 1 indicating
a positive correlation [57]. In contrast, MSE is the error that is equated by using the
following formula:

MSE =
1
M ∑M

j=1(yk − ŷk)
2 (3)

In Equation (3), M is the total number of outputs, yk represents the observed output
value, and ŷk is the predicted value of the same parameter. The lower the error value, the
better the prediction [58].

MAPE is another metric used for regression models. It is calculated by comparing each
predicted value with its corresponding actual output value in terms of relative errors. Thus,
unbiased statistics are provided to evaluate the predictive performance of a model [59].
The formula for evaluating the mean absolute percentage error is as follows:

MAPE =
1
M ∑M

j=1

∣∣∣∣(yk − ŷk
yk

)

∣∣∣∣×100 (4)
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2.6. ANN Application

As discussed, feed-forward neural networks were applied to examine the meteorologi-
cal parameters that can impact the hydrological data of the Doğancı dam. The feedforward
neural network was structured as one input, hidden, and output layer [18,21,50]. The
artificial neural network toolbox in MATLAB version R2022a [60] was employed for the
study. The typical structure of a feedforward neural network displayed on the MATLAB
interface is shown in Figure 4. The monthly readings of the parameters considered from
1999 to 2019 were analyzed. Therefore, the dataset comprised approximately 252 values
for each parameter, with very few missing values. These missing records were addressed
by interpolating the adjacent data points. Linear interpolation was chosen because it is an
appropriate technique for handling time-dependent datasets [61]. Next, 70% of the dataset
was used for training, and 30% for testing and validation, i.e., 176 values of each variable
were used for training, and the remaining were used for testing and validation [23,62].
Prior to model training, the data were normalized using the following equation:

D =
Di − Dmin

Dmax − Dmin
(5)

where D represents a dimensionless normalized value. In contrast, Di is the normalized
value for the ith measurement in the data, and Dmax and Dmin are the maximum and
minimum normalized scores of all the training and testing data taken.

Figure 4. The structure of a feed-forward neural network, as acquired from MATLAB.

A sigmoid activation function was used in the hidden layer, and a linear function was
applied to the output layer. The epochs were set to 1000 [21,63]. The number of nodes in
the hidden layer was determined using a hit-and-trial method. Through trials between one
and fifty hidden nodes, the best results were acquired when the network had ten nodes
in the hidden layer, while it failed to give any improvement in results if more than ten
nodes were present. The MSE was set to target 0. Two training algorithms (RProp and
LM) were also tested to determine which algorithm was best suited for the prediction.
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Both algorithms have associated advantages and disadvantages; however, the goal was to
ascertain the most accurate algorithm for the data provided.

Three different models were trained and tested. In the first model, the monthly average
data of air temperature, evaporation, evapotranspiration, total daily solar radiation, and
solar intensity were used as input data, and the monthly average data of the Doğancı
Dam’s water level, volume, and incoming and outgoing water flow rates were targeted as
outputs. The outputs were maintained the same for each model. The only difference was
the set of input parameters. For the second model, the monthly average wind speed and
vapor pressure were used as inputs. For the last model, the monthly average precipitation,
snow depth, and relative humidity were selected as input parameters. Therefore, the aim
of this study was to explore which meteorological parameters can accurately predict the
hydrological parameters of the Durance dam, so that such an analysis can aid in predicting
the future water quantity. The R, MSE, and MAPE values were compared to determine the
best model based on the best predictive fit.

3. Results and Discussion

The results obtained from the detailed analysis are presented in Table 2. This can be
portrayed by having an insight into the R, MSE, and MAPE values for all the models that
model 1 gave the best fit. Considering both algorithms, Model 1 had a high R-value (0.99) for
the entire dataset. In addition, it had the lowest MSE (0.59 in the case of LM and 46.8 using
RProp) compared to the other models, which had considerably larger errors in the validation
stage. In other words, all the models had the same output parameters, but the analysis showed
that the model using air temperature, global solar radiation, solar intensity, evaporation, and
evapotranspiration as input meteorological parameters defined and correlated best with the
change in the hydrological data of the Doğancı dam. Hence, it can be interpreted that a
change in the meteorological parameters of Model 1 can significantly impact the dam’s water
volume, flow rates, and level. In previous studies, it has been observed that temperature and
evaporation parameters (used in Model 1) had a greater effect on precipitation-flow changes
and hydrological droughts in water resources [64,65].

The magnitude of errors in Models 2 and 3 was quite high (ranging between
2.4 × 1010 to 7.4 × 1010 overall), and R-values were also lower in comparison to Model 1
(approximately 0.82 to 0.83 in the case of Model 2 and 0.68 to 0.70 for Model 3). The inputs
for Model 2 were wind speed and vapor pressure. Likewise, precipitation, snow depth,
and relative humidity were the inputs for Model 3.

Model 2 indicated a good correlation between the observed and predicted values.
However, considering the error, which was reasonably high (regardless of the type of
training algorithm used), it may not be the preferred model for future prediction of the
hydrology of the Doğancı dam. Model 3 showed a similar trend, with a lower correlation
(up to 0.70) than Model 2 for the observed and predicted values of the hydrological
parameters of the dam.

The mean absolute percentage error presented in Table 2 also offers a clear comparison
of the predictive accuracy of Model 1. The aforementioned model trained using the
Levenberg-Marquardt algorithm yielded the lowest MAPE value of 1.31%, indicating
excellent predictive and generalization capabilities. In contrast, the same model trained
with the resilient backpropagation algorithm yielded a higher MAPE of 13.5%, although it
was still within an acceptable range. Model 2 showed moderate performance, with MAPE
values ranging between 37% and 38%. Model 3 had the highest MAPE, reaching 184.27%,
which indicated a substantial deviation between the predicted and observed output values.
MAPE values over 100% exhibited nonlinear and weak correlations between the input
and output parameters, leading to reduced predictive power. These limitations reduce the
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model’s ability to generalize effectively and highlight the importance of input selection.
Therefore, this discussion further strengthens the reliability of Model 1, making it the
optimal choice for forecasting the hydrological parameters of the Doğancı dam.

Table 2. Results from Feed-forward Neural Network Application to Meteorological and Hydrological
Data for Doğancı Dam.

Model Inputs Outputs
ANN

Layout

Checks
R

MSE
MAPE

(%)
Training Testing Validation

Whole
Dataset

1

Monthly average:

• air temperature
(◦C)

• total daily global
solar radiation
(kWh/m2)

• total daily solar
• intensity

(cal/cm2)
• evaporation (mm)
•

evapotranspiration
(mm)

Monthly average:

• volume (hm3)
• incoming water

flow rate
(m3/day)

• outgoing water
flow rate
(m3/day)

• water level (m)

5-10-4

RProp:
0.9908

LM:
1

RProp:
1

LM:
1

RProp:
1

LM:
1

RProp:
0.99913

LM:
0.99995

RProp:
46.8353

LM:
0.59257

RProp:
13.5
LM:
1.31

2

Monthly average:

• wind speed (m/s)
• vapor pressure

(hPa)

Monthly average:

• volume (hm3)
• incoming water

flow rate
(m3/day)

• outgoing water
flow rate
(m3/day)

• water level (m)

2-10-4

RProp:
0.83633

LM:
0.89876

RProp:
0.79397

LM:
0.62345

RProp:
0.85413

LM:
0.93957

RProp:
0.82412

LM:
0.83057

RProp:
4.0 × 1010

LM:
2.4 × 1010

RProp:
38.88
LM:
37.3

3

Monthly average:

• precipitation
(mm)

• total snow depth
(cm)

• relative humidity
(%)

Monthly average:

• volume (hm3)
• incoming water

flow rate
(m3/day)

• outgoing water
flow rate
(m3/day)

• water level (m)

3-10-4

RProp:
0.69929

LM:
0.69352

RProp:
0.70283

LM:
0.7626

RProp:
0.60448

LM:
0.65079

RProp:
0.6858

LM:
0.69542

RProp:
7.4 × 1010

LM:
6.7 × 1010

RProp:
152.52

LM:
184.27

The acquired mean squared error and coefficient values from Model 1 were compared
with those obtained from previous studies (Table 3). When considering the errors, the MSE
obtained using the LM training algorithm in Model 1 was 0.59, which was higher than that
of Studies 1 and 6, as listed in Table 3. However, it was still lower than similar studies on
the Norris, Doroozdan, Asa, Kampe, and Batu dams, which still show its acceptability for
predictions. The error for Model 1 using the Rprop training algorithm was 46.84, higher than
all the enlisted studies except Study 3 (Doroozdan dam). Because the errors must be as low as
possible, it was suggested that the LM training algorithm performed better in our study.

However, when comparing the correlation coefficients, R in Model 1 was approximated
to be 0.99 for the entire dataset. This R-value was closest to those of studies 4, 5, and 6
and higher than those of the other relevant studies listed in Table 3. When discussing the
training algorithms, LM and Rprop showed almost the same high correlation between the
observed and predicted outcomes.

In addition to other inputs, precipitation is the preferred meteorological parameter
when simulating water availability in dams (as perceived from previous studies). However,
in our study, Model 1, which performed better than the other tested models, did not include
precipitation as an input. Therefore, this study reveals that precipitation is not the sole
parameter for such determinations. Rather, other parameters, such as air temperature,
solar intensity or radiation, evaporation, or evapotranspiration, can also provide valuable
outcomes regarding the water volume, flow rate, and/or level of the dam. The closest
example of such a case is a study by Benzaghta, et al. [23] on the Batu dam.
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Table 3. References to past studies that used meteorological parameters as inputs to predict the water
quantity parameters of a dam.

Study No.
Dam

(Location)

Inputs
(Meteorological

Parameters)

Outputs
(Hydrological
Parameters)

Errors
Correlation
Coefficient

Reference

1 Yalova Gökçe
(Turkey)

Annual
precipitation

Dam’s water
level 0.11 0.87 [53]

2 Norris
(America)

Annual
precipitation and
air temperature

Inflow volume
to the dam and

water level
11 0.81 [24]

3 Doroozdan
(Iran)

Monthly
precipitation

Inflow volume
to the dam 34.60 × 106 0.64 [62]

4
Asa and
Kampe

(Nigeria)

Annual air
temperature,

precipitation, and
evapotranspiration

Inflow rate to
the dam - 0.99 [25]

5 Batu
(Malaysia)

Daily air
temperature, wind

speed, relative
humidity,

precipitation,
sunshine duration,
and solar radiation

Evaporation
from the dam 1.22 0.96 [23]

6 Yarseli
(Turkey) Daily precipitation Dam’s water

level 0.135 0.99 [54]

Other modeling approaches have also been applied for dam inflow prediction, yielding
varying levels of performance. For instance, Awan and Bae [66] utilized an adaptive neuro-
fuzzy inference system to forecast long-term monthly inflows to major dams in South Korea
using diverse meteorological input variables. Their optimal model achieved a correlation
coefficient of 0.97. In a separate study on Egypt’s Aswan Dam, a forecast-based adaptive
reservoir operation framework was implemented to evaluate the dam’s long-term resilience
to climate change scenarios. This approach, which employed monthly precipitation and
temperature data, achieved a maximum correlation coefficient of 0.92 [67]. Another model,
the variation analog model, was modified by Amnatsan et al. [68] for the standardized
inflow management of the Sirikit dam in Thailand during low-flow and high-flow periods.
Their model produced a minimum root mean square error of 115.55 and a peak R-value of
0.98. In comparison, the present research demonstrates competitive predictive performance,
further validating the reliability and robustness of the proposed ANN-based model.

The regression plots are shown in Figure 5. The line labeled Y = T represents the
ideal case, where the predicted output exactly matches the actual output value. Hence,
there was perfect agreement between the model prediction and actual data. The closer
the regression fit line to Y = T, the better the predictions. In Model 1, the regression line
lay almost exactly on the Y = T line, demonstrating that it fitted the target (water volume,
flow rates, and water level of the dam) very well. In contrast, the plots for Models 2 and
3 exhibited significant deviations from the Y = T line, indicating underfitting and poor
predictive alignment. The data are dispersed and have many outliers in Cleavage models
2 and 3, which shows that the data are heteroscedastic. This term indicates a significant
variance in the errors for Models 2 and 3, which causes the data points on the regression
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graphs to move away from the Y = T line. This again revealed that Models 2 and 3 may not
provide accurate predictions as Model 1.

The second objective was to identify the best training algorithm among the resilient
backpropagation and Levenberg-Marquardt algorithms. Figure 6 shows the graphs of the
MSE trend for the training, validation, and test sets across epochs. In all cases, the LM-
trained models exhibited lower errors than those trained with Rprop. It can also be noted
that the LM algorithm yielded the best performance for the models in terms of convergence
with a lower number of epochs. Hence, stabilizing earlier indicates faster learning and
better generalization. Model 1, which outperformed the other models, demonstrated high
fluctuations in the error curves. Therefore, it indicates higher validation losses and lower
predictive accuracy. Overall, the LM algorithm outperformed Rprop in all three models in
terms of convergence speed, error minimization, and predictive reliability.

 
(a) (b) 

 
(c) (d) 

Figure 5. Cont.
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(e) (f) 

Figure 5. Regression plots for the prediction results of the tested models using the Rprop ((a)—
model 1, (c)—model 2, and (e)—model 3) and LM ((b)—model 1, (d)—model 2, and (f)—model
3) training algorithms.

 
(a) (b) 

 
(c) 

 
(d) 

Figure 6. Cont.
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(e) (f) 

Figure 6. Graphs depicting the validation performance of the models using Rprop ((a)—model
1, (c)—model 2, and (e)—model 3) and LM ((b)—model 1, (d)—model 2, and (f)—model 3)
training algorithms.

In addition, the gradient graphs in the training state showed similar outcomes
(Figure 7). The gradient is a vector of partial derivatives that indicates the extent to which
the error changes with respect to the weight in the networks and adjusts the weights to min-
imize the error. If the gradient is large, the model is far from the optimum, and vice versa.
The Rprop algorithm displayed a slower and less smooth gradient reduction. Hence, this in-
dicates that the Rprop training algorithm struggled to efficiently minimize the loss function
for complex input patterns or non-linear relationships. This may contribute to suboptimal
prediction accuracy and higher error metrics (as seen in the MAPE and MSE values). The
LM algorithm reflected comparatively lower gradient values across all models, further
confirming its suitability for training artificial neural networks in hydrological applications.

Resilient backpropagation has also been documented in the previous literature to
have slow training speeds and instability over time, which can lead to oscillatory behavior
during learning and susceptibility to getting stuck in local minima. In contrast, convergence
is faster with the Levenberg–Marquardt algorithm, which offers a more efficient and stable
approach for training artificial neural networks [69,70].

Analysis of variance (ANOVA) was performed on JASP (version 0.16.3) [71] for the
correlation, mean squared error, and mean absolute percentage error values obtained from
the neural network using the two training algorithms for all the tested models. As shown
in Table 4(a), for a comparison between the R values for the examined algorithms, the
p-value is 0.965 (as p > 0.05 with a 95% confidence level), which indicates that the difference
was not significant between the R values provided for different models. The effect size (η2)
was also minimal (5.541 × 10−4), indicating that the difference between the two training
algorithms was negligible. The same was true for the MSE and MAPE values for both
algorithms, where the p-values were 0.807 and 0.936, and the effect sizes were 0.017 and
0.002, respectively. Hence, both training algorithms performed the same with our data and
can be applied when using feedforward neural networks to determine the climatic effects
on the hydrology of a dam, as statistically proven.
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(a) (b) 

(c) (d) 

(e) (f) 

Figure 7. Training state of the models using Rprop ((a)—model 1, (c)—model 2, and (e)—model 3)
and LM ((b)—model 1, (d)—model 2, and (f)—model 3) training algorithms.

Table 4. ANOVA results for (a) R, (b) MSE, and (c) MAPE values of the models when comparing algorithms.

Cases Sum of Squares df Mean Square F p η2

Algorithms 5.298 × 10−5 1 5.298 × 10−5 0.002 0.965 5.541 × 10−4

Residuals 0.096 4 0.024

(a)

Algorithms 8.627 × 1019 1 8.627 × 1019 0.068 0.807 0.017

Residuals 5.086 × 1021 4 1.272 × 1021

(b)

Algorithms 54.361 1 54.361 0.007 0.936 0.002

Residuals 29,756.237 4 7439.059

(c)

However, visually interpreting the results and based on the discussion on the per-
formance and training state of the models, a slight edge can be given to the Levenberg-
Marquardt algorithm, where correlation values for all the studied models were slightly
higher and error values lower compared to the resilient backpropagation training algo-
rithm in most of the cases. The mean squared error values of Model 1 with the Levenberg-
Marquardt training algorithm were also well related to previous studies in similar fields.
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4. Conclusions

Climate change has adversely affected the environment. However, its impact on
water resources is alarming, especially on the water budget of water bodies. This study
investigated one such impact. Artificial neural networks were used to develop and predict
the influence of meteorological changes on the hydrological characteristics of the Doğancı
dam, which included volume, inflows, outflows, and the water level of the Doğancı dam.
The results concluded that Model 1 performed the best, i.e., air temperature, solar radiation,
solar intensity, evaporation, and evapotranspiration best predicted the water volume,
flow rates, and water level of the Doğancı dam. Model 1 had the least mean squared
and mean absolute percentage error, i.e., 0.59 and 1.31%, respectively, and the highest R
(0.99) for the whole dataset among the other defined models tested using the Levenberg-
Marquardt training algorithm. The analysis was based on the correlation values and
mean squared errors. In addition, it was observed that using resilient backpropagation or
Levenberg-Marquardt training algorithms does not statistically affect the analytical results.
However, visually comparing the R, MSE, and MAPE values, graphical interpretations,
and convergence patterns, the Levenberg-Marquardt algorithm performs slightly better
than the resilient backpropagation. Hence, this study describes the appropriateness and
efficiency of artificial neural networks for predictions in hydrology and the meteorological
parameters that can most precisely simulate the water availability of dams. The results
of this study offer practical value for government bodies, water resource planners, and
climate adaptation policymakers. Accurate prediction of dam hydrology under changing
climates can inform proactive reservoir management, drought preparedness, and long-term
infrastructure planning.

However, certain limitations of this study must be acknowledged. The models were
trained and tested on data from previous years without incorporating future climate
projections, which may constrain their applicability for long-term planning. Additionally,
the model’s performance is contingent on the quality and completeness of the input
data, which may compromise prediction reliability. Future research should focus on
integrating downscaled climate model outputs based on future scenarios and testing their
generalizability across different hydrological systems. Additionally, future studies may
explore other established algorithms, such as evolutionary algorithms, for training and
comparing ANN models.
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22. Üneş, F.; Demirci, M.; Başar, B.; Kaya, Y.Z.; Varçın, H. Estimating dam reservoir level fluctuations using data-driven techniques.
Pol. J. Environ. Stud. 2019, 28, 3451–3462. [CrossRef] [PubMed]

23. Benzaghta, M.A.; Mohammed, T.A.; Ghazali, A.H.; Soom, M.A.M. Prediction of evaporation in tropical climate using artificial
neural network and climate based models. Sci. Res. Essays 2012, 7, 3133–3148.

22



Sustainability 2025, 17, 6273

24. Rungee, J.; Kim, U. Long-term assessment of climate change impacts on Tennessee Valley Authority reservoir operations: Norris
Dam. Water 2017, 9, 649. [CrossRef]

25. Salami, A.W.; Ibrahim, H.; Sojobi, A.O. Evaluation of impact of climate variability on water resources and yield capacity of
selected reservoirs in the north central Nigeria. Environ. Eng. Res. 2015, 20, 290–297. [CrossRef]

26. Ley, A.; Bormann, H.; Casper, M. Climate change impact assessment on a German lowland river using long short-term memory
and conceptual hydrological models. J. Hydrol. Reg. Stud. 2025, 59, 102426. [CrossRef]

27. Katip, A.; Anwar, A. Modeling the Influence of Climate Change on the Water Quality of Doğancı Dam in Bursa, Turkey, Using
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Abstract: Environmental flow assessment is an essential tool in water resource management. This
study employs a holistic approach to evaluate the environmental flow in the Yen Basin, Thanh
Hoa, Vietnam. Based on information gathered from a field survey, the Yen River system is divided
into five reaches, and environmental objectives and ecological assets are identified in each reach.
Hydrological and hydraulic mathematical models are applied to simulate the flow regime in the river,
demonstrating their potential to assess environmental flow, especially in basins with limited data. The
detailed results from the mathematical model facilitate selecting environmental flow components to
address specific objectives for each river reach. By analyzing and selecting the flow regime, this study
aims to ensure environmental protection while also considering basin development requirements,
laying the groundwork for defining prescribed flow regimes in basin water management.

Keywords: environmental flow; Yen River; dry season baseflows; low season pulses; flood season
baseflows; flood season pulses; bankfull flows; overbank flows

1. Introduction

Water resource management around the world has been under a lot of strain recently
due to the world’s rapid socio-economic development and the growing need to preserve
ecosystems. When it comes to ungauged basins, these difficulties increase greatly. The
entire ecosystem may suffer from decreased river flows. An approach to reducing this issue
will, therefore, be to quantify environmental flows on river systems. Environmental flows
describe the quantity, timing, and quality of water flows required to sustain freshwater
and estuarine ecosystems and human livelihoods and well-being that depend on these
ecosystems [1]. In the last two decades, environmental flows have been increasingly
recognized as a vital contributor to the continuing provision of environmental goods and
services upon which people’s lives and livelihoods depend [2]. Assessing the impact of
human activities on the hydrological regime can be used to develop management strategies
for maintaining or restoring environmental flows in rivers and streams [3].

In Vietnam, environmental flow is becoming an increasingly pressing issue and is
essential for the planning of water resources, the establishment of reservoir operating
procedures, and the planning of water allocation in river basins. In 2017, the Ministry of
Natural Resources and Environment issued Circular 64/2017/TT-BTNMT [4] to regulate
the determination of the minimum flow on rivers and streams downstream of reservoirs
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and dams. However, this method provides a single minimum flow value that is applicable
throughout the year, which is intended to protect only the essential ecosystem functions
necessary for the normal development of aquatic ecosystems. Consequently, a more com-
prehensive approach is necessary to ensure the sustainable development of the ecosystem,
which requires environmental flows that protect a wider range of ecological functions and
goals. This must be a flow regime rather than a single flow value.

The management of water resources in specific basins requires the utilization of various
approaches for evaluating environmental flows. These methods can be classified into four
categories, namely Hydrological Index Methodologies, Hydraulic Rating Methodologies,
Habitat Simulation Methodologies, and Holistic methodologies [5,6]. Hydrological Index
Methodologies often assume that the ecosystem will suffer if the flow rate decreases below
a critical value. The critical value can be determined based on historical flow to estimate
the appropriate rate. The popular methods that belong to this category are the Montana
Method [7], Range of Variability Approach [8], and Indicators of Hydrologic Alteration
(HIA) [9]. The second category is Hydraulic Rating Methodologies, which use hydraulic
characteristics such as river width, average depth, flow velocity, wetted parameter, and
hydraulic radius to define the environmental flow. The widely accepted method for this
category is the Wetted Perimeter Method [10]. Another category is Habitat Simulation
Methodologies, which is a more complex way to compute environmental flow. This
approach develops a relationship between the stream flow and the habitat requirements
of aquatic organisms in a certain living period. The method most representative of this
classification is the Instream Flow Incremental Methodology [11]. Currently, Holistic
Methodologies have gained prominence as a means of evaluating environmental flows. For
most rivers today, there is a conflict between environmental protection and water demands.
Finding a solution that balances opposing goals is necessary. These methodologies involve
a comprehensive assessment of river systems at a more detailed scale, considering all
significant abiotic and biotic components that constitute the ecosystem. This ensures
that the full spectrum of flows and their temporal and spatial variability are considered.
In addition, the methodologies also take into account issues related to water use needs
on the river. This is the outstanding advantage of these methodologies compared to
the methodologies mentioned above. For example, Gippel et al. (2009) [3] provided a
generic approach for environmental flow assessment. Kinga et al. (1998) [12] developed
the Building Block Methodology (BBM) to estimate the environmental flow in Victoria,
Australia. As the methods become more complex, the time, resources, and capabilities
required to conduct the assessment also increase, but so does the level of confidence in
the ability of the flow regime to support system values. Furthermore, holistic methods
often extend beyond ecosystem values to include social values and ecosystem goods and
services associated with specific flow regimes. Globally, these methods are increasingly
being recognized as the standard approach for assessing the environmental flow of rivers.
Despite various detailed assessment methods developed in different regions and countries,
many of these holistic methods share common characteristics, which are to combine several
hydrological, hydraulic, and habitat analysis tools that exist in simpler environmental
flow methods.

Most studies on environmental flows focus on freshwater, with a scarcity of studies
in estuary areas [3]. In this area, the flow is influenced by both river currents and tides,
resulting in an exceedingly intricate hydraulic regime. The direction of flow can switch
between towards the sea (positive flow) and towards the river (negative flow). This presents
a significant obstacle when attempting to establish the environmental flow. In addition to
the complexity of the hydraulic regime, seawater intrusion is an important factor in the
spatial and temporal distribution of an estuary ecosystem [13]. Therefore, researching how
to assess environmental flows in estuaries is urgently required to fill the existing gap.

The purpose of this research is to determine the environmental flow required for
sustainable development in the Yen River basin. To accomplish this, the research consists
of three phases, specifically: (1) develop hydrological and hydraulic models to simulate
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hydrological and water quality data for data limitations in the basin, (2) divide the river
system into functionally similar segments using a comprehensive approach, and (3) iden-
tify the environmental flow components for each segment. The main research outcome
contributes to a better understanding of the ecohydrological contexts of the Yen River. It
intends not only to protect a greater range of ecological assets but also to be a part of basin
planning processes.

2. Materials and Methods

2.1. Research Area

The research area is the Yen River basin in Thanh Hoa province, Vietnam. This basin
spans a total of 1996 square kilometers and is characterized by a distribution of mountain
forests covering 45.2% of the area, while plains and semi-mountainous regions account
for 49.5% of the total. According to Vietnamese standard TCVN 13615 [14], the primary
stream within this basin is the Yen River, which originates in the high mountains of Binh
Yen commune and flows out to the sea. The Yen River is accompanied by eight tributaries,
and the network of rivers and streams within the basin is illustrated in Figure 1 and Table 1.

Figure 1. The figure shows the research area.
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Table 1. The table shows a summary of collected and surveyed data.

ID Data Source Example

1 Hydrometeorological and salinity data Hydrometeorological stations Figure A1
2 Operation data Reservoir owners Figure A2
3 River cross-section Field survey to collect Figure A3
4 Bed material Field survey to sample bed material Figure A4

5 Ecological information Collect from both documents and
questionnaires Figure A5

6 Water use information Collect from both documents and
questionnaires

The largest tributary in this river system is Thi Long River. Figure 1 presents the river
network in the basin. A significant issue facing the Yen River basin is salt intrusion. During
the dry season, which lasts from December to June, the area is heavily impacted by tidal
fluctuations and the encroachment of salt intrusion. This is due to a decline in rainfall,
resulting in a reduced flow and water level of the Yen River, which is unable to overcome
the tidal pressure. Consequently, the tides and salinity follow the river, penetrating deep
into the mainland.

In the study basin, there are two main reservoirs, Song Muc and Yen My, which were
constructed in the late 1980s (Figure 1). Their respective capacities amount to 322.65 and
124.51 million cubic meters. These reservoirs have a crucial role in supplying water during
the dry season and regulating floods in the flood season. In recent years, data have been
collected concerning the operation of these reservoirs, which is valuable information for
research purposes when calibrating hydrological models.

The network of hydrometeorological stations in the basin is somewhat limited (Figure 1).
There are only two hydrological stations in the basin, Chuoi and Ngoc Tra, which measure
only the water levels and rainfall. Additionally, there are some rainfall stations that provide
long-duration and good-quality rain data, ensuring the reliability of research calculations.

2.2. Methodology

A flow regime can be thought of as comprising various flow components, which are
specified in detail during the planning process. These components are typically character-
ized by their magnitude, frequency, duration, and timing (season) of occurrence, as well as
their role in supporting critical ecological and physical processes within the river corridor.
Commonly recognized flow components include baseflows in the dry season, low season
pulses, baseflows in the flood season, flood season pulses, bankfull, and overbank flows.
The specification of the desired flow regime in terms of flow components allows a river
manager to implement recommendations by directing controlled flows to a river or by
preventing inappropriate diversion of flows from a river.

The timing, frequency, and duration of flows are related to the life cycle needs of
biota, while the hydraulic conditions may encourage or discourage certain behaviors or
even exceed the capacity of some organisms to respond. Aquatic biota exists within a
tolerable range of flow velocity and depth. The hydraulic parameters of a river system
are subject to significant variation in relation to the discharge of water, and this has a
corresponding impact on the availability of certain types of micro-habitat and locations,
such as backwaters, tributaries, wetlands, floodplains, and estuaries. The specific hydraulic
conditions experienced by a given reach are influenced by the physical characteristics of
the river, including its bed material and in-stream large wood or vegetation, as well as
the pattern of flows and the supply of sediment. The physical form of the river is shaped
by these factors, as well as by the resistance of the channel boundary to change. In rivers
where water quality is a limiting factor for biota, it is important to consider the variation in
water quality parameters in relation to flow. In estuaries, this is particularly relevant, as the
location and characteristics of salinity gradients can be strongly influenced by inflows from
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the river. To assess the environmental flow in Yen River, this research follows the steps in
Figure 2 below. This method is based on the method proposed in [3].

 

Figure 2. The figure shows the environmental flow assessment strategy.

The first step of this research is the process of collecting data and conducting field
surveys in the research area. During this process, rainfall data from all of the stations
shown in Figure 1 were collected. The water level data were gathered from both hydro-
logical stations, Chuoi and Ngoc Tra, while salinity data were only available at Ngoc Tra
station. These stations belong to the Vietnamese hydrometeorological station system. The
data at these stations ensures reliability. The reservoir operation data were also gathered
for analysis in the subsequent steps. These data included inflow and release discharge
measured by reservoir owners. This is useful information when validating hydrological
models. The researchers conducted the survey to collect 37 cross-sections along two main
rivers, the Yen River and Thi Long River, from the downstream of the Yen My and Song
Muc reservoirs to the sea. These data are used as the input for hydraulic models. In
addition, 5 sediment data types were sampled to define the grain gradation curve. The
study also conducted interviews with local people through the use of survey questionnaires.
In total, 28 survey questionnaires were performed in this study. In each questionnaire,
information about the current status of river segments, such as information relating to
floods, drought, and ecological assets, was provided. Through surveys, this information
also helped to determine the desired objectives (water demand, bank erosion protection,
navigation, . . .) for each river segment. Additionally, related documents were collected
by the authors, including annual reports of water use planning, annual reports of dike
systems in the study area, the operating procedures of the two reservoirs, and the current
ecosystem reports of Ben En National Park. These data were also collected from local
authorities such as the Thanh Hoa Department of Agriculture and Rural Development,
Song Chu Irrigation Exploitation Company, and Ben En National Forest Management
Board. Therefore, the information from these documents is official and highly reliable. The
collected and surveyed data are summarized in Table 1 below. Examples of the data are
presented in the Appendix A in Figures A1–A5. To simplify the river system, this study
divided it into several homogeneous river sections and a representative location of each
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section. At the end of this step, the stake-holder consultation process was used to set the
objective concerning the environmental conditions of each section.

The purpose of comprehensive environmental flow assessments is the identification of
environmental objectives relating to river basins. The assessment of environmental flow also
defines the flow regime required to meet those objectives (e.g., to sustain important assets in
the desired condition). This research was conducted using conceptual models with the aim
of determining specific criteria for each river section to meet the proposed requirements.
These models can show the relationships between the flow components and the objectives
identified in previous steps. Moreover, this study also identified measurable criteria
for each of the above-mentioned environmental objectives and flow components. These
quantitative criteria can be flow, water level, and salinity for each specific river section.

Within an estuary, the flow of the river is heavily influenced by tidal fluctuations. Due
to the scarcity of flow measurement data in the study area, a methodology that integrates
hydrological, hydraulic, and water quality models was employed in this study. In this
study, the Mike NAM model [15] was applied to convert rainfall to runoff. The structure of
the Mike NAM model is presented in Figure 3 below.

Figure 3. The figure shows the structure of the NAM model (source [16]).

The Yen River basin was subdivided into several sub-basins to meet the requirements
of the lump parameter model. This approach has been employed in numerous prior
studies [17–19]. The hydrological model (Mike NAN) outputted the boundaries of the
hydraulic model. In this study, a Mike 11 hydraulic model was used for the study area, as
illustrated in Figure 4. The foundation of the hydrodynamic module ‘Saint Venant’ equa-
tions includes continuity equations and momentum equations. The advection–dispersion
equation presents the conservation of mass of a substance in a solution in an advection–
dispersion model.
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Figure 4. The figure shows the Yen River hydraulic model.

Continuity equation :
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Advection–dispersion equation :
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= −AKC + C2q (3)

where Q—discharge (m3/s);
A—flow area (m2);
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q—lateral inflow (m2/s);
h—stage above datum (m);
C—Chezy resistance coefficient (m1/2/s);
R—hydraulic or resistance radius (m);
α—momentum distribution coefficient (-);
C—concentration (PSU for salinity);
D—dispersion coefficient (m2/s);
K—linear decay coefficient (h−1);
C2—source/sink concentration (PSU for salinity);
x—space coordinate (m/s);
t—time coordinate (s).
The model has two upstream boundaries, including the released discharge from the

Song Muc and Yen My reservoirs (the sub-basins Song Muc and Yen My, respectively).
The downstream boundary of the model was based on tide data. At the downstream
boundary, the salinity is assumed to be equal to 32 PSU, according to the result of [20].
The model comprised five contribution boundaries. Due to missing cross-section data,
the contribution discharges of the Nhon River and Ly River (Figure 1) are derived from
the hydrological model’s calculation results from the sub-basins of Nhap Luu 1, Nhap
Luu 2, Nhap Luu 3, and Nhap Luu 4, respectively. They are considered to be the point
source boundaries in the model and are shown in Figure 4. The contribution discharge
from the SM, YM, and Nhap Luu 5 sub-basins contribute to river systems along the river.
This leads to the distribution boundaries being used to simulate them (Figure 4). Then,
the daily flow of the river system is determined in order to carry out the environmental
flow assessment. At each representative location, the flow regime is determined through a
number of factors, such as flow duration curve, hydrograph, etc. Based on these results,
the frequency and recurrence period of the flow components that meet the established
criteria can be determined. However, the setting of environmental flows is a socio-economic
as well as scientific process [21]. While natural sciences can provide information on the
implications of a changing flow regime, it is the socio-political decisions that determine
which ecosystem services should be protected and, therefore, which environmental flows
should be provided. This may involve adjusting or trading off environmental objectives
against other uses and making decisions on which flow components will be protected or
provided to maintain specific ecosystem goods and services. The goal of this step is to
perform rigorous scientific analysis in order to identify an appropriate flow regime for both
environmental maintenance and social development.

3. Results

3.1. River Segments and Objectives

From the collected information, the study has an overall view of the current state of
the basin. This information establishes a common understanding of the intended outcomes
for the research area. The river system can be divided into five river reaches (Figure 5).
However, each section of the river will have different goals and orders. The first reach is
located upstream of the Song Muc reservoir, which includes Ben En National Park. This is
an area with a rich and diverse ecosystem, comprising 1417 species of higher plants and
1536 species of animals. The area plays a significant role in preserving ecosystem diversity
and abundance in the region. This reach is not affected by saltwater intrusion due to the
role of the Song Muc reservoir. The second reach is upstream of the Yen My reservoir,
which is not affected by saltwater intrusion, similar to the first segment. This reach has less
developed ecosystems compared with the previous reach, with the river’s main purpose
being to provide water for domestic and agricultural demands. The downstream rivers
of the reservoirs are all affected by saltwater intrusion, but the level of impact is not the
same. According to local people, high concentrations of salt water can pervade inland from
16.5 to 23.2 km. This means that in reaches 3 and 4, from the reservoirs to the junction
of Yen and Thi Long rivers, saltwater intrusion can occur in the dry season. As a result,
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the most important objective is to maintain suitable salinity conditions for domestic and
agricultural demands. The reach from the junction of the Yen and Thi Long rivers to
the sea is dominated by the tide (reach 5). The salinity of this river reach is very high in
the dry season. In addition, in this segment, it is important to pay attention to navigate
and maintain estuary openings. In conclusion, the objectives in the research area can be
grouped into five categories, including hydrology, biology, water quality, connectivity,
and geomorphology.

Figure 5. The figure shows river segments and representative locations.

Table 2 shows information about the river segments as well as their representative
sites. For reach 1 and reach 2, the representative sites are located at the reservoir inlet.
Reach 3 and reach 5 have hydrological stations, so their hydrological station locations are
selected to be representative sites for each section. The representative position of reach 4
is the cross-section at Trai Ron. Establishing desired objectives for each section of a river
involves defining desired outcomes. The detailed objectives of each river are listed in
Table 3.

Table 2. The river segments in the Yen River system.

ID Name River Description Representative Site

1 Reach 1 Yen Upstream to Song Muc reservoir Song Muc reservoir
2 Reach 2 Thi Long Upstream to Yen My reservoir Yen My reservoir
3 Reach 3 Yen Song Muc reservoir to junction Chuoi station
4 Reach 4 Thi Long Yen My reservoir to junction
5 Reach 5 Yen Junction to the sea Ngoc Tra station

3.2. Conceptual Model

The flow regime in stream systems contributes to the physical processes and ecosystem
functions required to maintain reaches and assure the normal development of aquatic
ecosystems. There are many such physical processes and related ecosystem functions.
To present a current understanding of these relationships, conceptual models are often
an attractive option due to their simplicity. According to [22], there are several forms
of conceptual model. They can be text descriptions, process diagrams, or mathematical
relationships. In this research, a text description is selected to identify the specific aspects
of flow that can support the objectives of each reach. The results are summarized in Table 3.
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Dry season baseflows are low-level persistent flows during the dry season. This flow
component maintains sufficient width and adequate depth at riffles and pools. It helps
to ensure essential habitats for fish and other instream fauna. There is a minimum flow
in the channel to maintain instream vegetation and provide water for soils and banks to
support riparian vegetation. This flow component purges invasive, introduced species
from aquatic and riparian communities and provides drinking water for terrestrial animals.
This is especially important for reach 1, where ecological environmental requirements are
the top priority. This flow value is usually taken from the smallest monthly flow to the
average of the three smallest monthly flows [4]. The value of the dry season baseflow needs
to be maintained during the dry season to ensure environmental values.

Dry season pulses have larger flows than dry season baseflows. In a natural system,
there are increased flows that result from localized rainfall events. This flow component
provides the wetting of instream features, including benches and bars. These hydraulic
criteria determine the value of dry season pulses. Based on cross-sectional survey data,
this study determined the corresponding flow to flood benches and bars in each reach.
Additionally, this flow contributes to the scouring of fine sediment from riffle zones,
provides water in pools to break up developing stratification, aids the localized movement
of fish between habitats, supports fish spawning, and helps to limit saline intrusions. Dry
season pulses should occur at least once every 2 months to prevent water quality issues.

During the flood season, the baseflows of a river are at their lowest, providing only
minimal flooding. However, these flows have the advantage of providing a larger habitat
for aquatic species. Additionally, they help restore normal water quality by removing
pollutants and preventing the migration and colonization of riparian vegetation into the
channel. Flood season baseflow occurs with the onset of the flood season and the demand
during the flood season.

Flood season pulses are typically larger and longer than dry season pulses and are in
line with the natural seasonality of the river. These pulses help move sediment through
the river. A high-velocity flow helps to clean out fine sediment from shallow riffle habitats,
which determine the size of stream bed substrates (sand, gravel, and cobble). The particle
size of the bed material can be sampled in field surveys. The criteria for flood season pulses
are a flow value that mobilizes d50 of the bed material. These flows flush away waste
products and pollutants, which improves the quality of instream habitats. They also allow
better connectivity between habitats. According to the experiences of local people, it is
necessary to have two to three heavy rainfall events each year.

Bankfull flows are the maximum discharge that a stream channel can carry without
overflowing onto the floodplain. At this point, the water level reaches the top of the
channel, which is known as the bankfull stage. According to flood frequency analysis,
rivers typically reach their bankfull state once every 1.5–2 years [23]. These flows prevent
riparian vegetation from encroaching into the channel and inundating these features within
the channel. Bankfull flows input nutrients into the river system, which supports the
production of food for aquatic species. They also play an important role in sediment
movement within the river and maintain the shape and form of the channel, which is
very important for navigation purposes. In addition, they help to clean sediment that has
accumulated in important aquatic habitats.

Overbank flows inundate floodplains, which is important for providing lateral connec-
tivity with the channel and floodplain. Overbank flow thresholds are usually determined
by the maximum flow in a period of 2 years (small floods) to 100 years (large floods) [24].
These flow events will deposit sediments onto the floodplain, supporting the growth of
vegetation (both natural and agricultural). Additionally, these flows trigger a new phase in
the life cycle of the ecosystem and introduce nutrients into the river system, which supports
the production of food for fish. In addition, overbank flows are the main water supply
sources for reservoirs. This is also a requirement to maintain the estuary opening in reach
5.
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Table 3. The table shows the flow components relevant to the objectives.

Flow Component Objective Categories Reach Hydraulic Criteria

Dry season
baseflows

Maintain sufficient width of adequate depth at riffles
and pool Hydrology 1, 2

The flow is in range
from the smallest

monthly flow to the
average of 3 smallest

months flow

Ensure the essential habitat for the fish and other
instream fauna Biology All

Maintain instream vegetation Biology All

Support riparian vegetation Connectivity 1, 2

Purge invasive, introduced species from aquatic and
riparian communities Biology All

Provide drinking water for terrestrial animals Connectivity All

Dry season pulses

Provide for the wetting of instream features, including
benches and bars Hydrology 1, 2

The flow has the
water level at

bar level

Contribute to scouring of fine sediment Geomorphology 3, 4, 5

Prevent water quality issues Water quality 3, 4, 5

Support fish spawning Biology All

Limit saline intrusions Water quality 3, 4, 5

Flood season
baseflows

Provide larger habitats for aquatic species Biology All

The flow occurs at
onset of flood season

Restore normal water quality Water quality All

Preventing the migration and colonization of riparian
vegetation into the channel Connectivity All

Flood season
pulses

Determine the size of stream bed substrates Geomorphology All The flow has a
velocity that can

mobilize d50 of the
bed material

Allowing for better connectivity between habitats Connectivity All

Flush away waste products and pollutants Water quality All

Bankfull flows

Prevent riparian vegetation from encroaching into
the channel Connectivity All The flood discharge

occurs once every
1.5 ÷ 2 years

Support the production of food for aquatic species Connectivity All

Maintaining the shape and form of the channel Geomorphology All

Overbank flows

provide lateral connectivity Connectivity All

The flood discharge
has P = 1 ÷ 50%

Deposit sediments onto the floodplain Geomorphology 1, 2

Trigger a new phase in the life cycle Biology All

Provide water Hydrology 1, 2

Notes: Q: discharge; Z: water level; D: water depth; V: velocity.

3.3. Hydrological and Hydraulic Model

In order to ensure the accuracy of the calculation results, hydrological and hydraulic
models need to be calibrated and validated with the observed data to ensure accuracy.
There is no hydrological station measuring discharge in the basin. However, Song Muc
reservoir station has measured the inflow to the reservoir in recent years. Therefore,
the study uses data from 1 January 2021 to 31 December 2023 to calibrate and validate
the hydrological model. The results of the calculated and observed flow are shown in
Figure 6. It can be seen that the calculated hydrograph is consistent with the observed
data. Table 4 quantifies this concordance through the NASH index [25]. The Nash index
can be estimated using Equation (4). According to [26], this result is at a good level. Thus,
the set of parameters of the hydrological model well reflects the current status of the Song
Muc reservoir basin. The validated parameters are applied to the sub-basins in the model
described in Figure 4 to estimate the flow in a long-term period in the whole Yen River
basin.
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Figure 6. The figure shows the calculated and observed results of the hydrological model.

Table 4. The table shows the Nash index of the hydrological and hydraulic models.

ID Mode Variable Location
Nash Index

Calibration Validation

1 Hydrology Discharge Song Muc reservoir 0.72 0.71
2 Hydraulic Water level Ngoc Tra station 0.98 0.98
3 Hydraulic Salinity Ngoc Tra station --- ---

NASH = 1 − ∑T
t−1

(
Qt

0 − Qt
m
)2

∑T
t−1

(
Qt

0 − Q0
)2 (4)

where Q0 is the mean of observed discharges (m3/s);
Qt

m is the calculated discharges at time t (m3/s);
Qt

0 is the observed discharges at time t (m3/s).
Similar to the hydrological model, the hydraulic model was calibrated and validated

using the observed water level data from Ngoc Tra station. The data from 1 January 2013 to
31 December 2017 were used to calibrate the model, while the period data from 1 January
2018 to 31 December 2022 were used to validate the model. The model results are shown in
Figure 7 and Table 4. The results also show that the model simulates the hydraulic regime
of the Yen River basin well. For the seawater intrusion issue, the result is not as good as
the hydraulic regime. However, the simulated salinity value is also consistent with the
observed data. This means that this model can be used to determine the daily flow of the
river system to serve the next stage of the environmental flow assessment.

The study simulates long-term flow regimes in the study area using validated hy-
drological and hydraulic models. Figure 8 shows the daily flow at representative loca-
tions. Based on these results, the annual module of flow in the Yen River region is about
64 L/s.km2. According to the criteria for seasonal classification [27], the flood season is a
continuous period in which the average monthly flow is greater than the average annual
flow with a frequency of occurrence greater than 50%. The flow regime in the Yen River
basin is divided into two distinct seasons. The flood season is 5 months, from July to
November. The total flood volume is 48% to 61% of the total annual volume. In the flood
season, the Yen basin is faced with two to three tropical depressions or storms each year,
which causes major floods in the basin. The largest flood peak usually appears in July or
August. The dry season in the basin lasts from December to June of the following year.
During this time, there is little rainfall, leading to the small discharge in the river and the
deep inland saltwater intrusion. The average salinity in the dry season at Ngoc Tra station
is about 23 PSU.
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Figure 7. The figure shows the calculated and observed results for the hydraulic model.

 
Figure 8. The figure shows a hydrograph of average daily flows at representative sites.

3.4. Environmental Flow Assessment

The assessment of environmental flow requirements forms the basis of decision mak-
ing. According to Vietnam’s Law on Water Resources (2012) [28], basin development needs
to consider the water use demands of sectors and localities and environmental protection.
It means that the processes used to identify environmental objectives for the river basin,
such as important environmental assets or processes to be sustained, are not enough. Es-
tablishing desired objectives for each section of a river involves defining desired outcomes;
however, achieving these goals is a complex undertaking [29]. The river not only has
environmental protection purposes but also caters to other water users. Moreover, a river
basin is a highly interconnected system in which activities in upstream areas can have an
impact on downstream and vice versa. It is necessary to consider the entire system rather
than limiting activities to each individual river section. For example, upstream reservoir
operation can affect downstream flooding. Additionally, objectives may sometimes conflict
with each other. For instance, preventing seawater intrusion during the dry season can
conflict with the need to maintain water levels in the reservoir for the water supply. This
can lead to trade-offs, and negotiations are often necessary to reconcile these requirements
with the needs of other users. This may involve adjusting or trading off environmental
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objectives against other uses. In this domain of research, the majority of the reaches in the
basin, with the exception of reach 1, which remains unaffected by human influence, serve to
provide water for agricultural purposes. This calls for satisfying both quantity and quality
requirements. With regard to the quantity requirements, the river water level during the
water intake period must ensure sufficient depth for pumps to operate. As for the quality
requirements, the salinity in the river should not surpass 4PSU since it will impair crop
productivity. According to the findings of the surveys conducted on the pumps situated
along the river, the minimum depth required to fulfill this condition must be greater than
0.5 m. For river sections 3 and 5, special attention needs to be given to the water transporta-
tion needs. For a 20-ton vessel to enter the river mouth, the primary channel width must
be wider than 20 m, and the minimum depth needs to range between 1 and 1.2 m. All of
these criteria must be taken into account when defining the environmental flow.

An assessment of environmental flows should include the identification of environ-
mental objectives for the river basin and the determination of the flow regime required to
achieve those objectives. Based on the hydraulic criteria shown in Table 3, the flow regime
was analyzed and selected to not only meet environmental protection requirements but
also pay attention to other issues. The study recommends the dry season baseflow value
equal to the average flow of the 3 driest months in a long-term period. This is the highest
value intended to ensure maximum environmental protection requirements while still
being consistent with the promulgated legal documents [4]. This value also helps to ensure
environmental protection and reduce pressure on reservoirs when having to release water
in the dry season. The flood season baseflow value is determined as an average of monthly
flows in July, the onset of the flood season. During this period, due to the abundant amount
of water, water usage requirements can be fully adapted. The concentrated flow serves
environmental purposes. Selecting the average value for the long term in the basin can
ensure the stability of the ecosystem. Based on the hydrological statistics calculated from a
modeled flow time series, this study defines the magnitude, frequencies, and durations of
events (pulses, bankfulls, and overbanks). The magnitude of pulse events is selected by
the 20% exceedance daily flow rate, which was identified by examining the duration of the
flow curves for the two sites in the flood and dry seasons. After selecting this value, it is
checked to ensure ecological requirements, such as the wetting bar in the dry season and
mobilizing coarse material in the flood season. The frequencies corresponding to bankfull
and overbank flows are 2% and 1.5% exceedance of the maximum flow rate, respectively.
Detailed results are given in Table 5.

Table 5. The table shows the flow component summary of the Yen River system.

Flow Component
Dry Season

Baseflow
Dry Season

Pulse

Flood
Season

Baseflow

Flood
Season Pulse

Bankfull
Overbank

Flow

Flow rate
(m3/s)

Reach 1 4.03 8.92 14.5 21.7 133 158
Reach 2 3.19 6.83 10.6 17.3 95 113
Reach 3 4.16 17.6 26.2 39.5 187 213
Reach 4 5.45 11.7 18.1 31.3 113 129
Reach 5 15.3 54.5 117 192 1057 1205

Frequency (per year) Continuous 4 Continuous 2 0.67 0.5
Duration (days) Dry season 1 Flood season 2 3 3

4. Discussion

The main outcome of the present study is the insight into the holistic approach to
environmental flow assessment. In this research, a flow regime with seven components is
quantitatively determined for five river segments of the Yen River basin. When comparing
our results with those of older studies, it must be pointed out some improvements have
been made in both the dry and flood seasons. Traditional methods, such as Montana the
Method [7] or the Wetted Perimeter Method [10], only define critical values to establish
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a minimum condition for the preservation of the ecosystem. This seems inappropriate
since these methods only consider baseflows. Events such as floods now also play an
important role in ecosystems. Flood management does not pose a problem for the study
area. However, it is a particularly serious problem that has occurred in many areas.
Typical examples in Vietnam are the Red River or Mekong River basins, where the upstream
reservoirs can store the majority of the flood volume. To maintain a healthy ecosystem, it is
also necessary to specify the flood events that are necessary in terms of magnitude, frequency,
and duration. In the dry season, our results go beyond previous reports by Gippel et al.
(2009) [3]. In this study, we not only combine information on ecological and other assets
associated with the river system but also integrate water use needs and legal documents
related to the river. Environmental flow components are determined holistically. In addition
to ensuring environmental protection, the values given also take into account other water
requirements in the catchment area and are consistent with existing legal documents. This
ensures a balance of values between environmental protection and the development needs of
the catchment area. The regime for environmental flows is now specifically defined using this
approach. It facilitates the management of water resources in the basin.

Although some quality aspects are covered, this study focuses primarily on the amount
of water that needs to be managed in a catchment to support healthy rivers. This is also
a limitation of this study. To resolve this issue, additional observations related to water
quality issues need to be conducted to provide input data for modeling. Additionally, this
research has other limitations. There are no suitable ecological data from the Yen River to
validate the flow regime found. This leads to a weak alignment of the environmental goals
with the hydraulic criteria. The proposed hydraulic criteria are subjective and sometimes
do not meet all environmental objectives. However, it is still a complex problem that
cannot be solved under current research conditions. Ignoring the disadvantages mentioned,
there are still many advantages of the approach that need to be mentioned. This research
approach is very suitable for limited data sets and for low-budget projects. Field surveying
to find out the unique characteristics of each range is essential. However, this content
is completely feasible in any basin. If this is not possible, cross-sectional surveys can be
replaced by cross-sections processed from digital elevation models. There are now many
free DEMs available. These methods are not recommended by the authors because the
accuracy is not high. The rainfall input of hydrological models can be easily collected from
the rainfall station system. In cases where the collection is impossible, satellite rain sources
can be alternative data sources.

Based on the analysis presented, it is evident that the holistic approach employed in
environmental flow assessment is viable despite certain constraints. The methods employed
seek to strike a balance between safeguarding the environment and fulfilling development
demands. This approach can be applied to environmental flow assessments for all other
catchments. By integrating mathematical models that simulate the flow regime in the
catchment area and the process of field survey and data collection to evaluate river status,
the methods are effective. Mathematical models are highly versatile tools that offer detailed
information about the hydraulic condition of river basins. Furthermore, the additional data
gathered from the investigation process, as requested, are diverse and dependent on the
characteristics of the basins. At present, there is no specific standard that governs these
additional data. Therefore, future research should focus on enhancing the framework to
address these limitations.

5. Conclusions

In this study, a holistic environmental flow assessment is applied to the Yen River,
Thanh Hoa, Vietnam. This approach achieves an appropriate balance between allowing for
robust analysis whilst reducing complexity and cost as much as possible. The information
investigated and collected is not too complicated and detailed. The mathematical model
provides fast, detailed results with feasible input data that can be collected in most regions
in Vietnam. This approach can be applied even in regions with limited data availability.
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The assessment result is a whole flow regime, not a single minimum flow value applied
throughout the year. This regime includes the magnitude, frequency, and duration of six
flow components (dry season baseflow, dry season pulse, flood season baseflow, flood
season pulse, bankfull, and overbank). This study was conducted to determine the en-
vironmental flow of five reaches in the research basin. This environmental flow ensures
that specific, distinctive environmental objectives of each reach are met. In addition, it
is consistent with the existing legal and policy requirements in Vietnam and considers
water use demands. This issue provides a greater level of confidence in the protection of
ecological assets and supporting basin development.
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Appendix A

 

Figure A1. Water level data at Ngoc Tra station in 2022.
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Figure A2. The figure shows an example of Song Muc reservoir operation data.

Figure A3. The figure shows cross-section data at Ngoc Tra station.
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Figure A4. The figure shows the soil sample grain gradation curve.

 

Figure A5. Cont.
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Figure A5. The figure shows an example questionnaire.
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Abstract: In order to reveal the impact of hydrodynamic conditions on the transport and diffusion
of pollutants in Liaodong Bay in China, this article uses MIKE21 to establish a numerical model to
simulate the hydrodynamic mechanisms of tidal currents and residual currents in Liaodong Bay.
The model has been calibrated using observation data from 10 stations, and the simulation results
of the tidal currents, Euler residual currents, Lagrangian residual currents, and particle tracking in
Liaodong Bay have been calculated. Subsequently, a comparative analysis is conducted based on the
abovementioned data and measured data, exploring the impact of hydrodynamic conditions on the
transport and diffusion of COD in Liaodong Bay. The research results in this article indicate that high
concentration COD areas are mainly concentrated in the coastal areas around the estuary of the Liao
River and the Daliao River, and river input is the main source of COD in Liaodong Bay. The Euler
residual circulation can form COD enrichment in some areas, which is significantly higher than the
background concentration, and the large-scale transportation of COD after entering Liaodong Bay is
determined by the Lagrangian residual current. The particle tracking results in the estuarine area can
effectively characterize the actual transportation of pollutants. The results of the Lagrangian residual
flow and particle tracking in the bay indicate that river pollutants are mainly transported to the west
bank after entering Liaodong Bay. The distribution of a COD concentration of 1.5 mg/L confirms
this finding. The research findings presented in this paper offer valuable insights into the spatial
distribution and transportation mechanisms of pollutants. These results hold significant implications
for pollution prevention and mitigation strategies in comparable bay environments.

Keywords: COD; Liaodong Bay; Eulerian residual current; Lagrangian residual current; particle
tracking; MIKE21

1. Introduction

Bays are formed by the concave part of the coastline, and the twists and turns in the
coastline lead to the widespread existence of bays at the sea–land boundary. Due to the
shallow water depth, the low disturbance from wind and waves, and calm water bodies,
bays have become an important base for humans to engage in marine-related economic
activities and have helped to develop tourism. At the same time, high-intensity human
activities continue to damage the ecological environment of bays, and the accelerating
industrialization process and gradually increasing population have led to an increasing
number of pollutants being generated [1]. These pollutants are discharged into the sea
through rivers and sewage outlets, leading to the deterioration of seawater quality year
by year [2]. Marine disasters, such as red tides and algal blooms [3–6], occur frequently.
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This issue is particularly prominent in developing countries, such as China, especially in
semi-enclosed bays, such as Liaodong Bay [6,7], which have shallow water depths and
poor water exchange capacity.

The water quality (WQ) of the sea is the core component of the ecological environment
quality in bays. If the water quality in the bay is severely polluted all year round, human
activities that rely on the bay will be affected. Therefore, seeking effective solutions is
crucial. On the one hand, practical actions should be taken, including the formulation
of national water quality criteria [8,9] to constrain and limit the amount of major pollu-
tants [10], seawater quality monitoring should be carried out [11], and targeted protection
and remediation efforts should take place [12]. On the other hand, theoretical research
should be conducted on the hydrodynamic and material transportation [13] in bays, in
order to understand the transportation process of pollutants in seawater and the pollution
mechanism of bays, guiding the development of governance measures.

Liaodong Bay is located in the northeastern part of the Bohai Sea in China. With an
average water depth of 22 m and a total area of 30,597 km2 [14,15], it is the northernmost
semi-enclosed bay in China in terms of latitude [16]. Furthermore, it represents one of
the most significant estuarine ecosystems in northern China [17] (Figure 1). Economically
developed cities, such as Dalian, Yingkou, Panjin, Jinzhou, and Huludao, are distributed
around Liaodong Bay [18]. The water in the bay has been severely polluted [19,20], and the
complex diffusion of high-intensity pollution emissions driven by the tidal current field
in the bay has made it very difficult to solve the water quality problem. Many studies
have been conducted on the distribution of nutrients, the river input, and the nitrogen–
phosphorus ratio (N/P) impact on eutrophication in Liaodong Bay and the Bohai Sea
area [21,22], as well as the distribution and sources of heavy metals in sediment in key
areas [23,24], the spatial distribution of pollutants, and the environmental risks [25,26].
However, the understanding of how the transport of pollutants (COD) in the bay is affected
by hydrodynamic forces is still lacking.

This paper establishes a numerical model of the entire Bohai Sea, including Liaodong
Bay; the model was validated by measured data from 10 tidal current stations. On the basis
of the calculated tidal current (TC) field, the Euler residual current (ERC), Lagrange residual
current (LRC), and particle tracking (PT) were calculated. Then, the distribution of COD in
the bay during the same period was analyzed in comparison to the above calculated results,
and the hydrodynamic mechanism of the COD concentration distribution in Liaodong Bay
was explained. The conclusion of this article is of great significance for the prevention and
control of pollution in bays mainly affected by river inputs, such as the formulation of
water quality standards and criteria for various regions of the bay, and the preparation of
marine environment protection plans.
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Figure 1. Study area and computational grid.

2. Numerical Model and Monitoring Data

2.1. Numerical Model

In this paper, the two-dimensional numerical model MIKE21, developed by the Danish
Hydraulic Institute, is used for modeling. Its user-friendly interface and flexible unstruc-
tured grid system mean that it is widely used in numerical simulations of rivers, oceans,
and lakes. The model covers the entire Bohai Sea, with coordinates ranging from 117.53 E
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to 122.34 E and 37.02 N to 41.09 N. The model uses a triangular grid to dissect the computa-
tional domain and reduces the grid scale of Liaodong Bay. The side length of the smallest
grid is about 50 m. The open boundary of the model, which is dictated by the water-level
boundary, is the straight line connecting the Yantai and Dalian harbors. The water-level
data are obtained from the Tide Table published by the National Marine Information Center
and are inputted into the model as the open boundary after the datum adjustment. The
water-depth data used here are based on the digitized nautical chart published by the Nav-
igation Guarantee Department of the Chinese Navy Headquarters and the digital nautical
chart of the DHI C-MAP. Liaodong Bay is mainly affected by periodic tidal currents, so this
paper mainly studies the distribution characteristics of COD under tidal currents. In order
to make the conclusion universal, factors with strong regional or irregular spatiotemporal
features, like temperature, salinity, and meteorological variables, are not considered here.

2.2. Eulerian and Lagrangian Residual Currents

The ERC is the average of the tidal velocity field, which can be defined as [27]:

vE =
1
T

∫ T

0

→
v dt (1)

In this paper, the calculation is performed according to the following equation:

vE =
1
N ∑N

i=1
→
v (2)

where vE is the ERC on the current grid; N = T
Δt ; N is the number of computation time steps;

and T is the computation time, totaling 750 h, which can encompass the COD observation
period and is an integer multiple of the tidal cycle. Δt is the computation time step and

→
v

is the TC on the grid.
Stokes drift (SD) represents the net mass transport resulting from the asymmetry

between flood and ebb tidal currents, and can be defined as [27]:

vS =
1

T·D
∫ T

0

→
v ·ξdt (3)

In this paper, the calculation is performed according to the following equation:

vS =
1

N·D ∑N
i=1

→
v ·ξ (4)

where D is the distance from the mean sea level to the sea floor and ξ is the water surface
elevation above the mean sea level.

The LRC is the average of the tidal flux field, which can be expressed as the vector
sum of the ERC and SD [27], so the LRC vL on the grid can be expressed as:

vL =
1

N·D ∑N
i=1

→
v ·ξ + 1

N ∑N
i=1

→
v (5)

2.3. Particle Tracking Model

The particle tracking (PT) model calculates the transportation of dissolved, suspended,
and sedimented substances discharged or accidently spilled into lakes, estuaries, coastal
areas, and at open sea. The PT model can be used to calculate the transportation direction
and distance of COD in Liaodong Bay under tidal currents, which is helpful to understand
the influence of hydrodynamic mechanisms on the COD concentration distribution, and
the equation can be expressed as [28]:

{
dx(t) = U(x, y, t)dt + dx′(t)
dy(t) = V(x, y, t)dt + dy′(t) (6)
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where dx and dy are the displacement in the x and y directions, respectively. Moreover,
dx′(t) and dy′(t) are the random walk displacements due to horizontal turbulent diffusion.
The zonal (U) and meridional (V) components of the current velocity

→
v are derived from

numerical simulations. When particles reach open boundaries, they exit the computational
domain and cease to participate in subsequent calculations. Upon reaching the coastline,
particles are reflected back into the computational domain. The direction and velocity of
this reflection are computed based on the incident angle of the particles and the prevailing
flow field conditions, ensuring that the post-reflection movement adheres to physical
principles.

2.4. Shoreline, Water Depth, and COD Data

The shoreline data were derived from remote sensing images, extracted according to
the mean spring tides high tide line, and appropriately adjusted according to the accuracy
of the model grid. The bathymetry data were obtained from the nautical charts published
by the Department of Navigation Protection of the Chinese People’s Liberation Army
and the DHI C-MAP. The COD data were from the WQ data released by the National
Seawater Quality Monitoring Information Public System of the Ministry of Ecology and
Environment of the People’s Republic of China, monitored in the autumn of 2021 (October
and November) by the National Marine Environment Monitoring Center.

3. Results

3.1. COD Concentration Monitoring Results

The overall COD concentration in Liaodong Bay in autumn of 2021 shows a higher
concentration in the estuarine region and gradually decreases toward the sea. It can be seen
from Figure 2 that the highest COD concentration is 4.9 mg/L in the area between the Liao
River and Daliao River, which is 5~6 times higher than the concentration of COD in the
mouth of the bay and the center of Liaodong Bay. This shows that Liao River and Daliao
River in Liaodong Bay are the main pollution sources in terms of COD in Liaodong Bay.
The COD concentration decreases with the distance from the mouth of the rivers, but the
contour plot of the COD concentration shows that there are also COD areas with a higher
concentration far from the estuary (regions in the figure with COD concentrations above
3.5 mg/L) in the north side of Dalian and west side of Yingkou. This appears anomalous
against the background of COD degradation over time.

3.2. MIKE21 Model Verification

In this paper, the model is calibrated using current data measured at 10 stations,
as shown in Figure 3. These data, including velocity and flow direction, are from the
observation results of Tianjin Survey and Design Institute for Water Transport Engineering
Co., Ltd., in Liaodong Bay from 18 September to 19 September 2021. The sea current
observations were carried out using an acoustic Doppler current profiler, with the water
column divided into six vertical layers. The equipment underwent a self-check before the
observations. The model started at 00:00 on 15 September 2021. The initial conditions set
the water level and velocity field to zero. The time step for the open boundary water-level
conditions is one hour, which includes the seasonal variations in the water level. The
comparisons between the model-calculated data and the measured data for all stations
are shown in Figure 4. The validation results indicate that the model-calculated values
and the measured values of flow velocity and direction are relatively consistent across all
stations. The range of the average flow velocity error is between 0.01 and 0.11 m/s, and the
average flow direction deviation is between 0.16◦ and 19.76◦, with the error values within a
reasonable range. The discrepancies between simulated and observed tidal current values
may be attributed to observational errors, as well as non-linear effects, such as topography
and bottom friction. From the comparison results, it can be seen that the numerical model
can effectively represent the tidal current field in Liaodong Bay and can be used as a basic
model for further research work.
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Figure 2. Distribution of COD concentration in Liaodong Bay in autumn 2021.

 

Figure 3. Current observation location.
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Figure 4. Comparison between calculated and measured data.
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3.3. Liaodong Bay Tidal Current

The TC field of Liaodong Bay at the time of the flood tide and ebb tide can be calculated
(Figure 5). At the time of the flood tide, the water flows from the Bohai Sea to the bay and
converges at the estuary of the Liao River; the TC velocity gradually increases from the
mouth of the bay to the estuary, and the maximum TC velocity is about 0.2 m/s at the
mouth of the bay, 0.3 m/s in the central area of Liaodong Bay, and about 0.9 m/s at the
estuary of the Liao River. During the ebb tide, the TC flows from Liaodong Bay to the Bohai
Sea, contrary to the time of the flood tide, the maximum TC velocity is about 0.3 m/s at the
estuary of the Liao River, 0.5 m/s at the center of Liaodong Bay, and 0.6 m/s at the mouth
of the bay.

3.4. Euler Residual Current

Based on the calculated TC field and the definition of ERC in Section 2.2, taking 750 h
(15 October to 15 November 2021) as the averaging time, this paper calculated the ERC
field of Liaodong Bay for the same period as the COD observations, as shown in Figure 6.
The ERC in Liaodong Bay is larger in the nearshore and estuary regions, and smaller in the
central region of Liaodong Bay, which is also consistent with the mechanism of ERC caused
by the non-linear effects of the shoreline. In addition, the distribution of the circulation
is also a distinctive feature of the ERC field in Liaodong Bay, especially in the estuarine
area at the north and the east coast of Liaodong Bay. There is a circulation current in the
Liao River estuary near the west side of Panjin, the south side of Panjin, and the estuary of
Daliao River, in the counterclockwise, clockwise, and clockwise direction, respectively, and
with ERC velocities ranging from 0.02 to 0.1 m/s. Between the city of Dalian and Yingkou
on the east coast of Liaodong Bay, three circulation currents also exist from south to north,
in clockwise, counterclockwise, and clockwise directions, and with ERC velocities ranging
from 0.01 to 0.3 m/s.

 
(a) Flood tide 

Figure 5. Cont.
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(b) Ebb tide 

Figure 5. TC field in Liaodong Bay.

 

Figure 6. ERC field in Liaodong Bay.
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3.5. Lagrangian Residual Current

According to the method introduced in Section 2.2, the LRC field in Liaodong Bay is
calculated, and the results are shown in Figure 7. The calculated results of the LRC and
ERC are similar, and the LRC velocity in the nearshore and estuarine regions was greater
than that in the central region. The LRC velocity in the estuarine region of the Liao River
and the Daliao River is between 0.05~0.1 m/s. The maximum velocity on the east coast
of Liaodong Bay is about 0.2 m/s. There is also an area of relatively high current velocity,
around 0.12 m/s, between the islands south of Huludao and the coastline. LRC flows from
the two estuaries to Jinzhou and the Xiaoling River at the top of the bay, and the current
velocity gradually decreases. The LRC on the west coast of Liaodong Bay flows along the
shoreline to the Bohai Sea, while on the east coast the opposite happens, flowing from
Dalian to Yingkou and finally flowing to the two estuary areas of the Liao River and the
Daliao River. In addition, one of the distinctive features of the LRC, along the east coast of
Liaodong Bay, is that there are several circulations with different radii and flow velocities
in the nearshore area.

 

Figure 7. LRC field in Liaodong Bay.

3.6. Particle Tracking

The positions and displacements of uniformly distributed particles in Liaodong Bay,
after 750 h, for the calculated TC, are given in Figure 8. After 750 h under the influence
of the TC, uniformly distributed free particles in the two river estuaries and adjacent sea
areas mostly migrate toward the center of the bay. Meanwhile, the particle displacement
after 750 h indicates that the particle displacement in the two estuaries and near the
shore is larger than that in the center of Liaodong Bay. In addition, the displacement of
particles on the east coast of Liaodong Bay points to the two estuaries, while that in the
two estuaries points to the Xiaoling estuary and the sea near Huludao on the west coast,
and the displacement of particles is inversely proportional to the distance from the two
estuaries, namely the farther away from the river mouth, the smaller the displacement.
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Figure 8. Particle tracking results in Liaodong Bay.

4. Discussion

The COD concentration distribution in Liaodong Bay show that the Liao River and the
Daliao River, as the main sea-entering rivers in Liaodong Bay, are the main sources of COD
pollution in Liaodong Bay. The pollutants originating from the rivers spread to all parts
of the bay under the flow of tidal currents. Therefore, it is crucial to fully understand the
hydrodynamic process of Liaodong Bay and analyze the dynamic mechanisms of pollutant
transportation to solve the transportation problem of riverine COD into Liaodong Bay. This
article compares the COD observation results with the calculated Euler residual current,
Lagrangian residual current, and particle tracking results, to explore the hydrodynamic
mechanisms behind pollutant transportation represented by COD.

4.1. COD and Euler Residual Current

Figures 2 and 6 show that there is good agreement between the COD concentration
distribution and ERC circulation. The COD concentration at the monitoring stations
between the Liao River and Daliao River estuaries is the highest in Liaodong Bay, and there
are also three circulations of different sizes in the ERC field here. This overlap is partly due
to the fact that the Liao River and the Daliao River are the main sources of COD in Liaodong
Bay; the ERC plays a noteworthy role in causing a significant amount of COD to be retained
in this area. At the same time, there are three ERCs with a slightly smaller radius in the east
coast of Liaodong Bay away from the estuaries, and the COD concentration in the center of
the currents and the neighboring areas is obviously higher than that of the surrounding
stations. This indicates that the ERC circulation has a certain impact on the distribution of
COD. In the central area of the circulation, the recirculation of COD within this area results
in a lower diffusion rate compared to the surrounding sea areas, making it easy to form
COD hotspots, with concentrations higher than the background level. The conclusion by
Kong is consistent with the findings of this study [29].
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4.2. Lagrangian Residual Current and COD

The ERC circulation has a certain impact on local COD hotspots, while the influence
of LRC on COD distribution is manifested in long-distance transportation. The area with
>1.5 mg/L COD, in Figure 2, shows that the COD in this concentration range is mainly
distributed in the west side of the two estuaries, which indicates that the COD is mainly
transported to the west bank of Liaodong Bay after leaving the estuarine region. Because
the COD concentration in this area is higher than the background value in the middle of
the bay and the bay mouth away from the estuary, the contour pattern reflects the gradual
reduction in COD from the high concentration area at the source of the two estuaries to
the low concentration area in the middle of the bay and the bay mouth, which is a good
indication of the direction of pollutant transportation. The flow field of the LRC in the two
estuarine regions and the diffusion direction of COD outward from the estuarine region
are pretty consistent in Figures 2 and 7, indicating that the LRC plays an important role in
the long-distance transportation of COD with a higher concentration than the background
concentration, and it can effectively indicate the transportation direction of substances.

4.3. Particle Tracking and COD Transport

Comparing the COD concentration distribution and the PT results, there are two find-
ings. Firstly, the ending position and distribution density of the particles after drifting for
750 h under the action of TC largely explains the COD concentration distribution; Figure 8
shows that the particle density in the western part of the two estuaries is generally higher
than that in the eastern part, which is consistent with the fact that the COD concentration
shows a higher value in the west than in the east of the estuaries, according to the analysis
in Section 4.2. Meanwhile, the final position of most of the particles from the river estuaries
and adjacent coastal areas are predominantly located in the central part of Liaodong Bay,
which is consistent with the fundamental understanding of COD transportation from river
estuaries into the inner Liaodong Bay. Secondly, the displacement of the particles, as shown
in Figure 8, is a key factor that provides the transportation process of the substances in
the region with a vector and has a good level of representation in terms of the direction
and capacity of COD transportation in various places in the bay. This result is verified
by the COD transportation process from the two estuaries to the western part of the sea.
Moreover, due to the influence of stochastic terms in the PT results, the magnitude of
particle displacement is more significant than its direction. The magnitude of particle
displacement can be considered as an indicator of the bay’s material transportation capacity.
However, in the area near the mouths of the two rivers, where TCs are strong, the direction
of particle displacement is relatively consistent, which can also indicate the direction of
material transportation.

5. Conclusions

In this paper, a numerical model verified by measured current data was established
in the Bohai Sea, China. The TC, ERC, LRC, and PT in Liaodong Bay and the Bohai Sea
were calculated through the numerical model, and the concentration distribution and
transportation pattern of COD, monitored during the same period, were analyzed from the
perspective of hydrodynamic mechanisms. The following findings were made:

(1) COD in Liaodong Bay has highest concentration in the estuary of the Liao River and
the Daliao River and the surrounding areas, and the concentration gradually decreases
from the two estuaries to the sea. The distribution of the area with >1.5 mg/L COD
in the east coast and west coast differs. Overall, the west coast has more area with
>1.5 mg/L COD than the east coast, but there is also a local high concentration area
between Dalian and Yingkou in this area;

(2) The COD enrichment area between the Liao River and the Daliao River and on the
east coast is consistent with the distribution of the ERC circulation, the recirculation
of COD within this area results in a lower diffusion rate compared to the surrounding
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sea areas, making it easy to form COD hotspots, with concentrations higher than the
background level;

(3) The LRC mainly influences the overall long-distance transportation of COD and plays
a dominant role in the transportation of COD with a concentration that is higher than
the background value in the center of the bay, but less than the peak concentration
in the estuarine regions. The direction of COD transportation, indicated by the
1.5 mg/L~2 mg/L COD contour pattern, is consistent with the flow velocity and
direction of the LRC field in the same region;

(4) The displacement of the particles from the initial and final position can be used as
a scalar to indicate the transportation capacity of different regions of the bay. The
end position and distribution density of the particles can indicate the distribution
characteristics of COD after leaving the estuarine regions. The final position of the
particles is mainly concentrated in the central and west side of the bay, which is
consistent with the common knowledge on COD transportation from the estuary to
the sea and the main transportation direction analyzed in this paper.
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Abstract: Agricultural drainage canals that connect upstream fish spawning areas to downstream
rivers and lakes serve as crucial habitats for migrating fish. However, disconnections, such as drops
and chutes, have been constructed in these canals due to agricultural modernization and flood
control measures, hindering the movement of fish that find it difficult to ascend in fast-flowing
currents. Portable fishways offer a promising solution to reconnect waterbodies in agricultural
canals, as they can be easily removed during high water discharges to avoid impeding the canals’
drainage function. In addition to experimental assessments of fishway functionality, employing
a hydrodynamic model to explore effective placement strategies for portable fishways is essential
to maximize their effectiveness. This study presents a method for determining the best horizontal
location of a portable fishway in an agricultural drainage canal using two-dimensional hydrodynamic
simulations within the specified cases. The applicability of this method is demonstrated by addressing
the positioning challenge of a portable fishway on a chute in an agricultural drainage canal in
Japan. The results indicate that the proposed method allows for the selection of a suitable location,
considering preferable hydraulic conditions both within the portable fishway and around its entrance.

Keywords: portable fishway; hydraulic environment; agricultural drainage canal; chute; effective
positioning; two-dimensional hydrodynamic simulation

1. Introduction

Conservation of fish habitat and spawning sites in rural areas is crucial for sustainable
agricultural development. Agricultural drainage canals, which link spawning sites in upper
reaches to downstream rivers and lakes, play a pivotal role in providing vital habitats for
migrating fish. However, due to advancements in agriculture and flood control efforts,
these canals have been subjected to disruptions such as drops and chutes. Reconnecting the
water network has become an essential issue for the conservation of fish habitats in rural
areas. These disruptions often result in fast-flowing currents, making it challenging for fish
to swim against them. To address these challenges, portable fishways offer a promising
solution. They can be easily installed in these canals and conveniently removed during
periods of high water flow, ensuring that the canals retain their drainage function. As a
result, both fish conservation and agricultural practices can be harmoniously integrated.

Many studies on installing fishways have been conducted around the world. However,
most of the previous studies employed a comparatively large-scale fishway, intended for
long-term use, made of concrete, which can be called a “permanent fishway”. A permanent
fishway requires considerable labor, capital costs, and time for installation. Therefore, it is
difficult to conserve migratory aquatic organisms in waterbodies using only permanent
fishways. In contrast, a portable fishway can be manufactured at a low cost and does not
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require specialized knowledge for installation. Takahashi et al. (2021) developed a portable
fishway system that can be used in agricultural canals and demonstrated its effectiveness
through laboratory and field experiments [1]. A portable fishway can be attached and
detached by farmers and local residents to help fish pass through a disconnected area
caused by a chute or a drop in an agricultural canal during a particular season or day.

Fishways can be classified into the following four types: vertical-slot, pool-weir,
Denil, and culvert fishways [2]. Experimental and numerical investigations of the flow
in permanent fishways were conducted. For example, An et al. (2016) simulated the
three-dimensional flow to facilitate the design of a vertical-slot fishway [3]. Gao et al. (2016)
developed a numerical model to simulate the trajectories of a virtual fish through a vertical-
slot fishway by computing a turbulent flow field [4]. Zhong et al. (2021) investigated
the hydraulic performance of a semi-frustum weir in a pool-weir fishway using both
experimental and numerical methods [2]. Amaral et al. (2019) assessed several types of
retrofitted ramped weirs to improve the passage of potamodromous fish using experiments
and numerical simulations of flow [5]. Chorda et al. (2019) conducted numerical modeling
of the free surface flow across a steeply sloped ramp covered with staggered surface
emergent cylinders [6].

Very few studies have been conducted on the numerical simulation of flow in a
portable fishway. Sudo (2020) applied a portable fishway on a chute (steep slope) of
an agricultural drainage canal in Ibaraki, Japan and conducted a demonstration test to
determine whether it promoted the ascent of small aquatic animals [7]. The results showed
that the flow velocity in the fishway decreased to less than half of the flow velocity in
the chute of the drainage canal and that medaka (Oryzias latipes) and Yoshinobori goby
(orange type; Rhinogobius sp. OR) [8] went up the fishway. The authors of this paper
have simulated the two-dimensional flow in the portable fishway of Sudo (2020) [7] and
identified regions of high current velocity and low water depth under several longitudinal
gradients of fishway and discharge conditions. However, the hydraulic influence of the
portable fishway downstream in the canal and its effective location for fish migration have
not been investigated.

Experimental assessments of the functionality of a portable fishway are insufficient for
its effective use because several key issues remain unexamined. One of these problems is
the positioning of the portable fishway within a target agricultural drainage canal. In this
study, a method for numerically examining the transverse location for installing a portable
fishway on an agricultural drainage canal was developed using the two-dimensional
hydrodynamic model iRIC Nays2DH Ver. 3.0 [9,10]. This method was applied to determine
the installation area of a portable fishway on a chute in a drainage canal in the Ibaraki
Prefecture, Japan.

2. Materials and Methods

2.1. Portable Fishway

Takahashi et al. (2021) developed a portable fishway as an improvement to existing
fishways [1]. The plan and cross-sectional views of the fishway are shown in Figure 1.
Because the fishway was intended to be used temporarily, it was made of wood, and, thus,
it was not expensive or heavy to carry. The fishway consists of two steps and three pools.
The height of each step is 45 mm. Each step contains two “blocks”, which are spherical and
permeable objects made of net sponge (approximately 130 mm in height), that meander
the flow and reduce the current velocity within the fishway. The pool can be used to allow
the fish to ascend to rest. Because the trapezoidal cross section of the fishway in shallow
water produces varying water depths at the water’s edge, the created low-water region is
expected to function as a passage for smaller fish.
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Figure 1. Plan and side view of a portable fishway.

2.2. Study Area

Figure 2 illustrates the target section in the agricultural drainage canal in Japan, where
an artificial chute is located in the middle of the drainage canal. In this figure, the shapes
of the longitudinal cross section of the canal and the two transverse cross sections, that
is, upstream and downstream of the artificial chute, are also given. Note that the slope
in the chute was so severe, 41.6%, that smaller fish with low swimming ability could not
go upstream easily. It was observed that fish having suckers could ascend upstream by
clinging to the canal’s sidewalls using their suckers.

Figure 2. Computational domain of the drainage canal without a fishway. (a) Plan view of the whole
domain. (b) Longitudinal cross section A-A′. (c) Transverse cross section B-B′. (d) Transverse cross
section C-C′.

2.3. Field Observations

A portable fishway was applied to the chute in the study area on 10 June 2021
(Figures 3 and 4). Fish moving upstream through the fishway were captured, and the
hydraulic conditions inside and around them were observed. The fishway was placed at a
distance of 0.45 m from the left (Figure 5) and right banks. The bed slope of the fishway
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in the longitudinal direction was set to 12.3%. A catching wire net (0.3 m long and 0.35 m
wide) was attached to the upstream end of the fishway to capture the upstream-going fish.
The installation of the fishway with the net continued from 10:20 to 12:20 on the left-hand
side of the bank and from 13:01 to 14:19 on the right-hand side of the bank on 10 June 2021.
The fish captured were photographed and measured for their total length, then promptly
released back into the canal.

 

Figure 3. A portable fishway with a catching wire net located on the chute on the right side of the
bank. The flow is from back to front. The hanging plants along the left-bank sidewall in the upstream
canal section reach the water surface.

 

Figure 4. Zoom-in photo of the portable fishway positioned on the left side of the bank of the
drainage canal.

 

Figure 5. Monitoring points in the portable fishway (1–19) and the canal (20–31).

The water depth and current velocity were recorded at 31 points, as illustrated in
Figure 5. The water depth was measured using a stainless steel ruler with 1 mm increments.
The values of current velocity averaged in 10 s were observed twice at a 60% water depth
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with a portable electromagnetic current meter, VP3500 (Kenek). The specifications of the
meter are listed in Table 1. It should be noted that the observation points along the left-bank
side in the upstream canal section were omitted from Figure 5 because the cernuous plants
in the upper-left corner of the section (seen in Figure 3) affected the hydraulic conditions.
The hydraulic observations were conducted from 10:31 to 11:16 in the canal and from 11:44
to 12:10 in the fishway on 10 June 2021.

Table 1. Specifications of the portable electromagnetic current meter used in this study.

Item Explanation

Measuring direction Three axes and six directions
Flow range −2 to +2 m/s

Accuracy
±0.010 m/s (velocity range: 0 to ±0.499 m/s),

±0.020 m/s (velocity range: ±0.500 to ±0.999 m/s),
±0.040 m/s (velocity range: ±1.000 to ±2.000 m/s)

Noise Within ±0.005 m/s under hydrostatic condition
Response time 0.5 s

2.4. Numerical Computation of the Flow in the Canal and Fishway

Nays2DH, the 2D hydrodynamic model, was applied to the canal sections with and
without the fishway, as shown in Figures 2 and 6, respectively. Although Nays2DH can
simulate sediment transport and morphological changes of riverbeds and banks, only
the function of simulating current flow was used in this study because of the short time
period considered. The unsteady 2D Reynolds-averaged Navier–Stokes equations and the
continuity equation were solved to estimate the spatial distribution of water depth and
current velocity. The zero-equation model was employed for turbulence, where kinetic
eddy viscosity was expressed as a linear function of the von Kármán constant and water
depth. The bottom friction was formulated using Manning’s roughness coefficient. The
roughness coefficient is the calibration parameter of the flow model.

 
Figure 6. Computational domain for the various cases specified in Table 2, featuring the portable
fishway positioned on the chute. This figure delineates each case’s fishway placement, with position
IDs marked on the fishway corresponding to those detailed in Table 2. Note that, in each case, only
one portable fishway is installed on the chute.

Nays2DH can be used with the orthogonal curvilinear system. It employs time step-
ping with a differencing scheme. For the advection of momentum, the cubic interpolated
pseudo-particle scheme was employed. The pressure (water surface elevation for this
hydrostatic approach) was calculated using a successive relaxation technique [10]. Please
refer to the Nays2DH solver manual (https://i-irc.org/en, accessed on 22 November 2023)
for details.

The computational domain consists of a portable fishway installed on an artificial
chute midstream of the domain. The domain in Figure 6 consists of three parts, as follows:
(i) portable fishway, (ii) chute excluding the fishway, and (iii) other parts. Using the cross-
sectional topography data that were prepared using results of the topographical survey
on 21 October 2020, a rectangle embracing the entire domain in Figure 6 was discretized
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into quadrilateral cells with the nodes, as listed in Table 2. An example of the generated
mesh around the fishway located on the left-bank side, Case L0_0.265 in Table 2, is given
in Figure 7. Note that the finer grid cells are placed along the sidewalls and blocks within
the fishway. The area around the inlet of the fishway is also represented in the fine-grid
resolution, where the spatial variation of the hydraulic variables should be identified
by computation.

Table 2. Computational conditions for the model calibration, validation, and configuration of the
portable fishway.

Case
Upstream

Discharge (m3s−1)
Downstream

Water Depth (m)
Position of

Fishway
Number of Nodes Note

N_0.140 0.140 0.143 No fishway 11,685
(=123 × 95)

N_0.210 0.210 0.149 No fishway 11,685
(=123 × 95) Validation

N_0.265 0.265 0.187 No fishway 11,685
(=123 × 95)

L0_0.140 0.140 0.143 On left bank 50,024
(=338 × 148)

L0_0.265 0.265 Uniform depth On left bank 50,024
(=338 × 148)

L45_0.140 0.140 0.143 0.45 m away from
left bank

59,312
(=337 × 176) Calibration

L45_0.265 0.265 Uniform depth 0.45 m away from
left bank

59,488
(=338 × 176)

R0_0.140 0.140 0.143 On right bank 50,024
(=338 × 148)

R0_0.265 0.265 Uniform depth On right bank 50,024
(=338 × 148)

R45_0.140 0.140 0.143 0.45 m away from
right bank

71,136
(=342 × 208)

R45_0.265 0.265 Uniform depth 0.45 m away from
right bank

71,136
(=342 × 208)

 

Figure 7. Computational mesh around the portable fishway in Case L0_0.265. The flow direction is
from left to right. The two red parallel lines indicate the sidewalls of the fishway.

The numerical computation cases are summarized in Table 2. The entire computational
domain is refined by subtracting the unnecessary regions, e.g., the red regions appearing in
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Figure 7 as “obstacles” in the Nays2DH, from the rectangular area that encompasses the
target computational region. It is noteworthy that the “number of nodes” shown in Table 2
is calculated with respect to the rectangular area.

Case L45_0.140 provides a numerical computation for the model’s calibration. The
2D hydrodynamic model was calibrated at 0.140 m3s−1 using water depth and current
velocity data measured on 10 June 2021. The fishway in Case L45_0.140 was installed
0.45 m away from the left bank (Figure 5) at a slope of 12.3% on the chute in the canal.
The downstream boundary condition featured a water depth of 0.143 m during calibration.
The computational time step was 10−4 s. The total computational time was 300 s, which
is a reasonable value assuming that the flow reached a steady state. The values of the
Manning’s roughness coefficients were determined for each of the three areas through
model calibration.

Case N_0.210 in Table 1 was prepared to validate the hydrodynamic model. Regarding
the model parameters of the fishway, Manning’s roughness coefficient, the drag coefficient,
and the density of the permeable object were determined based on our numerical compu-
tation of the flow in the fishway. The hydrodynamic model developed in this study was
validated for flow simulation in a canal section without a fishway, as shown in Figure 2,
using hydraulic data collected on 21 October 2020. The typical mesh size used for the
validation was approximately 0.06 × 0.13 m. In the validation, the upstream discharge and
downstream water depth in the canal were 0.210 m3s−1 and 0.149 m, respectively, with the
same time step and computational time as those in the calibration.

Using the validated hydrodynamic model, a total of eleven cases, including three
cases without a fishway, as shown in Table 2, were investigated. The fishway was arranged
on the chute in the canal in the following two ways: (i) on or near the left bank (L0 or L45
in Figure 6) and (ii) on or near the right bank (R0 or R45 in Figure 6). Two types of canal
discharges, 0.140 and 0.265 m3s−1, were assumed in the numerical computation.

The computational time step was 10−4 s in all cases except for N_0.140 and N_0.265,
where the time step was 10−3 s, because a smaller time step was required owing to the
necessity of a finer mesh to represent the complex fishway structure.

3. Results

3.1. Fish Capture

Twenty and forty-eight juvenile Yoshinobori goby (orange type, Rhinogobius sp. OR,
Figure 8), with total lengths of 0.020 ± 0.001 m and 0.021 ± 0.003 m, respectively, were caught
using both the upstream net of the fishway and the fishway itself, placed in the L45 and R45
positions on 10 June 2021. This demonstrated the effectiveness of the portable fishway.

 

Figure 8. Juvenile Rhinogobius sp. OR caught in the portable fishway system on 10 June 2021.

3.2. Calibration of the Flow Model

The observed water depth and current velocity at the monitoring points (Figure 5)
on 10 June 2021 are shown in Figure 9. The computed water depths and current velocities
for the four cases at a discharge rate of 0.140 m3s−1 within the portable fishway are
shown in Figure 10. A comparison of the computational results for Case L45_0.140 with
the observed results showed that the average relative errors for the water depth and
velocity at the monitoring points 20–31 were 21.0 and 25.2%, respectively. Their root-
mean-square errors were 0.03 m and 0.21 ms−1, respectively. The difference between the
observed and computed values seemed to be due to two main reasons. First, the upstream
discharge in the canal varied because of agricultural activities around the canal during the
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hydraulic observations conducted from 10:31 to 11:16 on 10 June 2021. Since the observation
time differed at each monitoring point, some measured values were based on discharges
different from the given value of 0.140 m3s−1 used in the numerical simulation. The second
reason is that the supercritical flow on the chute led to temporal variations in the water
surface, making accurate water depth measurements challenging. Given these difficulties
in hydraulic measurements in the agricultural canal, it is not meaningful to aim for perfect
error minimization between the observed and computed values in this context. Overall,
the errors in the depth and velocity on the chute were within acceptable limits, and the
spatial distributions of the hydraulic variables appeared reasonable. This was also the case
for the validation, Case N_0.210. Hence, the numerical model was validated for analyzing
an optimal configuration of the portable fishway. The identified Manning’s roughness
coefficients were 0.015, 0.030, and 0.086 m−1/3 s for the fishway, chute, and other canal
regions, respectively.

Figure 9. Observed water depth and current velocity under a discharge of 0.140 m3s−1 in the portable
fishway (monitoring points 1–19) and canal (monitoring points 20–31).

Figure 10. Computed water depth and current velocity under a discharge of 0.140 m3s−1 at the
monitoring points in the portable fishway in Cases L0_0.140, L45_0.140, R0_0.140, and R45_0.140.

3.3. Effect of Introducing the Portable Fishway to the Chute

The computed water depth and current velocity in the canal with and without the
portable fishway at 0.140 and 0.265 m3s−1 are summarized in Figures 11–14. Because the ve-
locity in the area around the chute is critical for considering the reconnection of waterbodies
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and assisting fish migration, such areas were focused on and shown in Figures 12 and 14.
The depicted streamlines, based on the computational results around the fishway at 0.140
and 0.265 m3s−1, are shown in Figures 15 and 16, respectively. The vectors of the current
velocity and its magnitude under a discharge of 0.265 m3s−1 in and around the fishway are
shown in Figure 17.

As shown in Figure 12a (Case N_0.140), the computed flow on the chute was super-
critical, and the maximum current velocity was 1.48 ms−1. After crossing the chute, the
flow changed from supercritical to subcritical. A hydraulic jump, which is depicted as
a spatially irregular variation in velocity along the downstream end of the chute, can be
observed during the transition of flows.

 
Figure 11. Computed water depth (>5 mm) across the entire computational domain under a discharge
of 0.140 m3s−1. In each panel, the central part represents the chute in the canal. In panels (b) through
(e), the sidewalls of the portable fishway are depicted using two horizontal, parallel white lines on
the chute.

When the fishway was located on the chute on the left bank side in Case L0_0.140, a
low-velocity region appeared in the fishway (Figure 12b). Within the fishway, the overall
current velocity was suppressed to less than half of that on the chute. A relatively rapid
flow was generated between the blocks located on the step (i.e., monitoring points 2–4 and
6–8 in Figure 5) and along the inner-bank side of the fishway (Figure 10), which may induce
fish migration. In addition, the streamlines from the downstream fishway entrance were
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less complicated than those in Case L45_0.140 (see Figure 15a,b). Therefore, the fish could
more easily detect the entrance of the fishway in Case L0_0.140. Upstream of the fishway in
Case L0_0.140, a low-current velocity region existed along the left bank of the canal, which
could be the preferential path for fish. The passage of Rhinogobius sp. OR along both banks
of the canal was often observed.

When the fishway was located 0.45 m apart from the left bank of the canal in Case
L45_0.140, the velocity within the fishway was larger than that at some points in Case
L0_0.140 (Figures 10 and 12). Additionally, a fast flow was produced between the fishway
and the left bank of the canal (Figure 12c). In this case, the streamlines downstream of the
fishway became more complicated (Figure 15b). Thus, it may be more difficult for fish to
find the entrance to the fishway than in Case L0_0.140. In particular, because juvenile or
small adult fish with low swimming capabilities tend to move upstream along the bank of
the canal, a wide region of low current velocity could be important.

Similar discussions apply for the case where the fishway was configured on the right-
bank side of the canal in Case R45_0.140. In Case R0_0.140, the fishway settled on the right
bank of the canal and a wide region of low current velocity was generated (Figure 12e),
which was appropriate for assisting smaller fish to migrate. However, the estimated
streamlines around the fishway entrance were more complicated than those at L0_0.140
(Figure 15).

 
Figure 12. Computed current velocity in the canal in and around the chute under a discharge of
0.140 m3s−1.

Under a discharge of 0.265 m3s−1, the spatial variation in the computed current
velocity (Figure 14a) was smaller than that at 0.140 m3s−1. Although the current velocity
on the chute increased in proportion to the canal discharge, the influence of the fishway
configuration on the flow was comparable to that at 0.140 m3s−1.

The streamlines around the portable fishway in the canal in Case_L0_0.265 and
Case_L45_0.265 are compared in Figure 16. Note that the streamlines entering the down-
stream end of the fishway were significantly different in these cases. In Case_L0_0.265,
where the fishway was located along the left bank of the canal, the streamlines on the
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left side of the fishway were almost attached to its sidewall. The streamlines originat-
ing from the fishway entrance were comparatively more straightforward than those in
Case_L45_0.265. Because smaller fish tend to migrate to shallow regions near the bank of
the canal, especially under a high discharge, such fish could find the inlet of the fishway
along the streamlines more easily in Case_L0_0.265. Therefore, in view of the ease of
finding the fishway entrance, Case_L0_0.265 seems to be better.

 
Figure 13. Computed water depth (>5 mm) across the entire computational domain under a discharge
of 0.265 m3s−1. In each panel, the central part represents the chute in the canal. In panels (b) through
(e), the sidewalls of the portable fishway are depicted using two horizontal, parallel white lines on
the chute.
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Figure 14. Computed current velocity in the canal in and around the chute under a discharge of
0.265 m3s−1.

 
Figure 15. Computed streamlines around the portable fishway in the canal at a discharge of
0.140 m3s−1.
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Figure 16. Computed streamlines around the portable fishway in the canal at a discharge of
0.265 m3s−1.

Figure 17. Computed velocity vectors and velocity magnitude focused in and around the fishway in
Case L0_0.265.
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4. Discussion

The steep slope of the chute, at 41.6%, presents a significant barrier for smaller fish
with a limited swimming ability, hindering their upstream migration. Despite observations
of fish with suckers ascending by clinging to the canal’s sidewalls, the introduction of the
portable fishway in this study has facilitated an easier upstream migration for these species.

The observed use of the portable fishway predominantly by Yoshinobori goby, with
no evidence of use by other species, can be attributed to several factors specific to the study
area. Unpublished eDNA surveys and netting have indicated a higher population density
of Yoshinobori goby compared to other species. Additionally, larger fish, such as those in
the Cyprinid family, may be able to ascend without the aid of the fishway, as their physical
capabilities allow them to navigate the steep slopes. The limited width of the fishway likely
renders it unsuitable for larger fish, thus favoring smaller species like the Yoshinobori goby.

For successful fish passage in canals, the current velocity must be maintained well-
below the burst speed of the fish, as noted by [11]. Burst speed, which is powered by an
anaerobic white muscle, is typically sustainable for only a short duration, such as 15 s [11].
Zhong et al. (2021) [2] summarized the burst speeds for common fish species; for instance,
the burst speed for ayu and eel are 1.6 ms−1 and 0.61–1.22 ms−1, respectively. Given that
the observed velocity on the chute ranged from 1.15 to 1.66 ms−1, as shown in Figure 9,
the upstream migration of these species without a fishway is likely challenging. However,
the installation of the portable fishway, as demonstrated in Cases L0_0.140 and L0_0.265,
is expected to reduce the maximum velocity in the chute to less than 0.67 ms−1 (refer to
Figures 10 and 12), which is below the burst speed threshold for these fish.

5. Conclusions

This study focuses on the numerical method for assisting the better placement of
portable fishways in canals to facilitate fish migration. Portable fishways are easily at-
tachable and detachable structures designed to aid fish in moving upstream. One of the
notable features of these portable fishways is their flexibility, allowing for the adjustment
of fishway placement based on fish life-stage and hydraulic conditions, resulting in sustain-
able agricultural development. This functionality proves effective when hydrodynamic
simulations are conducted before the actual application of portable fishways in canals and
rivers, ensuring the appropriate determination of their final locations.

In this case study, the fishways located 0.45 m from the left or right bank were found
to be less attractive to fish and exhibited faster currents compared to those placed along the
bank. This study demonstrates that the utility of portable fishways, which have already
been validated in laboratory hydraulic experiments, can be further enhanced through the
integration of 2D hydrodynamic simulations to determine the best fishway placement
within the specified cases. Another critical factor in creating a favorable flow field for fish
is the bed slope of the portable fishway. While this factor was not examined in this study,
the methodology for doing so is straightforward.

In the future, it is imperative to investigate the impact of turbulence features such as
Reynolds shear stress, turbulent intensity, and kinetic energy in the water flow in canals on
fish passage, both in the field and through numerical computations. The application of a
three-dimensional hydrodynamic model to this problem may also be necessary to analyze
the detailed characteristics of flow in and around portable fishways.
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Abstract: Trash racks installed at hydropower plants cause head losses that reduce energy output.
Previous research has thoroughly investigated head losses through both experimental and field
studies. However, only a limited number of numerical studies have been performed, which have
shown significant simplifications in terms of model complexity. In this study, the head loss coeffi-
cients ξ of circular bar trash racks (CBTRs) were analyzed using 3D Large Eddy Simulation (LES).
Specifically, a single submerged bar oriented perpendicular to the flow direction was studied under
homogeneous inflow conditions while (i) the blocking ratio P was varied between 0.043 and 0.444,
and (ii) the flow velocity U was varied between 0.3 and 1.0 m/s. The model parameters were selected
primarily based on the extensive literature on flow past circular cylinders, particularly at a Reynolds
bar number Reb of 3900. To ensure the validity of the parameters, systematic independence tests were
performed, including simulations with three and five bars in the computational domain. The results
confirmed the suitability of 3D LES as an appropriate tool to determine ξ of CBTRs. In general, ξ

decreased continuously with decreasing P and increased with increasing U when Reb ≥ 3981, which
is consistent with comparable flow parameters observed in previous studies of flow past circular
cylinders. Notably, the study found that the empirical formulas used for comparison tended to
underestimate ξ when P was relatively low. Finally, the potential of the presented approach for future
applications was discussed in detail.

Keywords: 3D numerical modeling; Computational Fluid Dynamics (CFD); circular bar trash racks;
flow past a cylinder; head loss; hydraulics; hydropower plants; Large Eddy Simulation; trash racks

1. Introduction

As essential components of hydropower plants (HPPs), trash racks located upstream of
turbine intakes primarily serve to protect turbines and other electromechanical equipment
from solids transported by the river, particularly floating debris, driftwood, ice drift, and
bedload transport [1–3]. These materials can accumulate on trash racks and cause partial
or complete blockage or clogging of the intakes, with potential adverse effects including
increased static and dynamic loads [3,4], increased upstream flooding potential [5,6], and
reduced energy production [7,8]. Generally, such conventional trash racks consist of an
array of horizontally or vertically arranged bars held together by support structures. Rack
cleaning machines are commonly used to remove accumulated debris. Values for the clear
bar spacing b of conventional trash racks typically range from about 20 to 300 mm [2]. By
reducing b, trash racks can also serve to protect fish during their downstream migration, as
the majority of fish cannot physically pass the rack due to their body proportions [9,10].
Consequently, they cannot enter the turbines, which is associated with a high risk of
injury or mortality due to direct contact with blades or other turbine structures, sudden
pressure changes, or increased shear or turbulence [11,12]. Typical b values of physical
barriers for fish protection range from 10 to 30 mm [10,13], with the recommendation that
b should be determined based on the size of the target fish species in the particular river
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section [14,15]. Another type of barrier that can be used for fish protection is the behavioral
barrier, which uses external stimuli such as electricity, light, sound, or the creation of
turbulent currents to elicit an avoidance or escape response in fish [16–18]. More recently,
hybrid barriers have been increasingly studied, which combine conventional racks or racks
for fish protection with an electric field to add an additional behavioral effect to an existing
or newly constructed rack [19–23]. Hybrid barriers offer a distinct advantage over racks
which provide only a physical barrier effect, allowing the use of larger b values, while still
effectively protecting fish [19,20].

When a trash rack is installed upstream of an HPP, some of the kinetic energy of the
water is converted into heat as it flows through the rack, which can be considered a loss to
the mechanical system and is therefore referred to as an energy or hydraulic loss [2]. These
losses are mainly influenced by the geometry of the rack and its arrangement relative to the
flow direction, as well as the flow conditions [2]. In practical applications, such as the design
phase of a trash rack at an HPP, hydraulic losses are typically calculated using empirical
formulas derived from experimental models or empirical data sets. Kirschmer [24] was
one of the first to conduct experiments with metal and wooden racks with vertical bars in a
flume, varying key parameters such as b, the bar thickness s, and the rack angle relative
to the ground plane β. In addition, different bar cross-sectional shapes were investigated,
including circular bar trash racks (CBTRs). To determine the head loss coefficient ξ of the
studied racks, Kirschmer [24] proposed the formula

ξ = kF

( s
b

) 4
3 sin β, (1)

where kF is the bar shape coefficient. Since then, many researchers have conducted experi-
ments to assess the hydraulic losses of trash racks by analyzing the effect of unit discharge q,
flow velocity U, rack angle relative to the side wall α, bar orientation (horizontal or vertical),
and other parameters beyond those studied by Kirschmer [24] that affect ξ [2,12,15,25–35].
For example, Meusburger [2] extended Kirschmer’s [24] formula by including the area of
spacers and support structures along with the area of the bars through the blocking ratio P.
Furthermore, the influence of sectional clogging of the rack, expressed by the loss factor
kV, and the horizontal inflow angle to the rack δ, defined as δ = 90◦ − α for undisturbed
homogeneous flow conditions upstream of the rack, were also considered. The formula
proposed by Meusburger [2] can be expressed as

ξ = kF

(
P

1 − P

) 3
2
(

1 − δ

90◦

)
P−1.4tan δkVsin β. (2)

Although the experiments were limited to rectangular bars, other bar shapes such as
CBTRs can be considered using the kF values given by Kirschmer [24] in Equation (2) [2].
Böttcher et al. [29] conducted experiments in a flume using horizontally oriented CBTRs
and flexible steel cables. Based on the results, an adapted version of Equation (2) was
proposed for both rack options, which for CBTRs is given by

ξ = 1.80
(

P
1 − P

)1.3

(sin α)1.7. (3)

Further empirical formulas for determining ξ of CBTRs have been proposed by Josiah
et al. [27], Zayed et al. [28,36], Spangler [37], Berezinski [38], and the United States Army
Corps of Engineers (USACE) [39]. In addition, other researchers, including Tsikata et al. [12],
Fellenius and Lindquist [40], Escande [41], Orsborn [42], Zimmermann [43], the Bureau of
Reclamation [44], and Clark et al. [45], have suggested formulas for conventional racks with
non-circular bar shapes based on physical model experiments, field studies, and empirical
data sets. Likewise, formulas for fish protection racks have been proposed by Albayrak
et al. [15,46], Raynal et al. [25,26], Beck et al. [30], and Meister et al. [32], among others.
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Advances in computational power and the growth of high-performance computing
(HPC) clusters have made numerical simulations an important tool for studying hydraulic
problems over the last decades. However, studies investigating ξ of trash racks have been
limited to a small number of cases [12,31,34], using significant simplifications in terms of
model complexity. For example, Raynal et al. [47] performed 2D numerical simulations of
angled bar racks by solving the Reynolds-averaged Navier–Stokes (RANS) equations and
compared the results with data from previous physical model tests [26,48]. The study found
that the ξ values obtained from the numerical simulations were at least 7% lower than those
obtained from the physical model. The discrepancies were attributed to the lack of spacers
and the inability to replicate 3D effects in 2D simulations. Similarly, Åkerstedt et al. [49] and
Leuch et al. [50] used comparable approaches and showed mostly divergent results for ξ
when compared to physical model tests. In the former study, the discrepancies were related
to the absence of 3D effects, as already noted by Raynal et al. [47], and the application of the
RANS approach. The authors recommended that future research should implement more
sophisticated models, such as Large Eddy Simulation (LES). Lučin et al. [31] performed 2D
and 3D simulations of vertically arranged angled bar racks using the RANS approach based
on the physical models of Albayrak et al. [46]. The study found that ξ was underestimated
by about 15% compared to the physical model tests, while the 2D and 3D simulations
produced comparable ξ values. Again, the use of LES was suggested for future research
rather than the RANS approach, which relies on mean flow characteristics [51]. LES, on the
other hand, applies a spatial filtering technique to resolve large-scale eddies, while smaller
eddies are accounted for using a subgrid-scale (SGS) turbulence transport model [51–53]. By
incorporating large turbulent parameters into the numerical solver, LES generally achieves
higher accuracy. However, a finer mesh discretization is required [51], resulting in a higher
computational cost. To reduce the computational cost, the number of mesh elements can
be reduced by focusing on a limited number of bars within the numerical domain. For
example, Nascimento et al. [54] performed simulations using the LES model with only two
rectangular bars in a 2D domain to investigate the vortex shedding frequencies induced
by the rack, but they excluded ξ in the analysis. Other researchers, including Ghamry and
Katopodis [55], Paul and Adaramola [56], Jeethulakshmi et al. [57], and Čarija et al. [58],
also performed simulations with the number of bars n ranging from 1 to 14, mainly using
the RANS approach and 3D domains, and calculated ξ. Typically, the results overestimated
ξ compared to the values derived from empirical formulas and previous model tests.
Recently, Latif et al. [34] performed 3D RANS simulations of three rectangular bars and
proposed a prediction formula for ξ as a function of b, P, and β based on the results. The
obtained values were in good agreement with ξ measured at a real HPP, but tended to
overestimate the calculated ξ values of empirical formulas, including Kirschmer [24].

Although, to the best of the author’s knowledge, no simulations of resolved bars in a
3D domain have been performed using the LES model to determine ξ of trash racks, it has
been widely used in other engineering applications, such as flows around bridge piers [59],
ground vehicles [60], and high-rise buildings [61]. Many of these studies are mainly based
on a classical fluid mechanics problem, the flow past a bluff body, in particular a circular
cylinder [62]. Flows in the subcritical regime with bar Reynolds numbers

Reb =
Ure f s

ν
, (4)

where Uref is the free-stream velocity, and ν is the kinematic viscosity, ranging from 300 to
140,000 [63], are of significant interest due to the complexity around the cylinder wake [64]
with the transition from laminar to turbulent within the separated shear layer [65–67].
Specifically, the flow around a circular cylinder at Reb = 3900 has been extensively studied
through a variety of experimental and numerical methods (e.g., [66,68–72]). Besides LES,
researchers have also used Direct Numerical Simulation (DNS, e.g., [73–75]) and Detached
Eddy Simulation (DES, e.g., [76,77]). The former method is known to provide the most
accurate and reliable results, but requires relatively high computational effort even at low
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Reb [51,64]. The latter method combines the RANS and LES methods by applying the RANS
approach in the near-wall region and the LES model in the distant flow regions [52,53,77]. In
general, the results of the aforementioned studies using LES, DNS, and DES were found to
be in good agreement with experimental studies. Conversely, the use of the RANS method
or the unsteady RANS (URANS) method showed larger discrepancies with experimental
data in previous studies (e.g., [76,78]). These results suggest that the URANS approach is
not capable of accurately predicting the transient flow characteristics of flow past a bluff
body [79,80]. Furthermore, previous studies have shown that 2D numerical simulations
provide inaccurate values for most flow parameters when Reb ≥ 250 [66,67,81]. Therefore,
to account for the 3D wake instabilities in the subcritical regime and to obtain accurate
results, 3D numerical simulations are recommended [66,82]. In addition to the flow past
a single cylinder, the literature contains numerous studies of the flow past two or more
circular cylinders arranged in various tandem, side-by-side, or staggered patterns [83,84].
The relevant flow parameters in these cases are mainly influenced by b and Reb [83–85].
Finally, several studies have investigated the flow past a circular cylinder placed between
two parallel walls [86]. Small wall distances can significantly affect the periodic vortex
shedding behind the cylinder, as well as other flow structures, indicating that the flow
parameters of a confined compared to an unconfined cylinder can vary strongly as a
function of P [86–88].

In the present study, 3D numerical simulations using the LES model were performed
for a single bar and three or five bars of CBTRs arranged in a side-by-side pattern to
determine ξ, mainly based on recommendations from previous research on flow past one
or more circular cylinders in confined or unconfined channels and preliminary simulations.
The resulting data were then compared with previous studies. The objective of the study
was to evaluate the applicability of the presented approach in determining ξ of CBTRs with
perpendicular inflow conditions. Furthermore, the effects of b and U on ξ of CBTRs were
investigated.

2. Materials and Methods

2.1. Overview and Test Cases

The commercial Computational Fluid Dynamics (CFD) code ANSYS Fluent 19.2
was used for the present study. In order to reduce the high computational cost of the
numerical simulations, this study focused on investigating relatively short sections of
single bars or arrays of three or five bars of CBTRs in a flume, as schematically shown in
Figure 1. The inflow conditions to these sections were idealized (i.e., ideally homogeneous
and perpendicular with α = 90◦ and β = 90◦, no clogging, and no rack damage). The
rack sections were fully submerged in water to avoid free surface effects and positioned
away from walls to avoid friction effects. For these reasons, as well as for the selected
boundary conditions described in Section 2.2, the investigated sections are independent
of the orientation of the bars. Horizontally oriented bars are considered in the following,
although the results are also applicable to vertically oriented bars.

The rack configurations investigated were inspired by physical models from previous
studies, in particular, Böttcher et al. [29] and Meister et al. [32]. The dimensions were
approximately in the prototype range (scale 1:1), with s = 8 mm and b = 10, 20, and 30 mm.
These b values were investigated in computational domains with n = 1, 3, and 5 bars. Larger
values of b, ranging from 40 to 120 mm in increments of 10 mm, as well as 150 mm and
180 mm, were also investigated, but only for the case of a single bar, since the total number
of elements in the computational domain Nt increases linearly with n. Instead, additional
simulations were performed with periodic boundary conditions at the top and bottom
of the computational domains to investigate a similar effect (see Section 2.2). Since the
present study did not consider spacers or other support structures, the ratio of the blocked
area to the total rack area was calculated as P = s/(s + b). Consequently, P ranged from
0.043 (for b = 180 mm) to 0.444 (for b = 10 mm). Furthermore, the effect of U on ξ was
investigated by varying the flow velocity at the inlet of the computational domain U1 from
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0.3 to 1.0 m/s in steps of 0.1 m/s for a single bar with b values of 10, 20, and 30 mm. The
lower limit of U1 was set at 0.3 m/s (corresponding to Reb = 2389) to avoid perturbations
caused by undersized computational domains, as reported by Jiang and Cheng [89] for
flow past a circular cylinder at Reb ≤ 2000. To keep critical computational parameters that
could affect the results within an acceptable range, the upper limit of U1 was set at 1.0 m/s
(corresponding to Reb = 7962). In addition, to investigate the effect of U1 in a setting where
the influence of the top and bottom walls of the computational domain is negligible, U1
was also varied for a case with a larger b value. For this purpose, b = 90 mm was chosen,
resulting in P = 0.082, which is less than 0.100 as recommended by Norberg [90] to avoid
top and bottom wall effects.

Figure 1. Schematics of (a) a complete model of a horizontally arranged circular bar trash rack
(CBTR) in a flume, and (b) a waterbody segment consisting of a single bar section taken from (a):
Such segments served as the basis for defining the computational domains in this study. The arrows
indicate the direction of flow.

In this study, water density ρ was defined as 998.2 kg/m3 at a constant temperature of
20 ◦C, and ν was defined as 0.0000010048 m2/s. When Uref or U1 (interchangeable terms
in this study) is equal to 0.5 m/s, Equation (4) calculates Reb to be 3981. This value is
close to the frequently used Reb value of 3900 in previous research on flow past a circular
cylinder, as noted in Section 1. Due to the similarities between the present problem and
this classic topic, along with the large amount of data available for Reb = 3900, the basic
settings and recommendations for the numerical simulations in this study were adopted.
To assess the appropriateness of these settings and recommendations for the determination
of ξ, systematic independence tests were performed for the single-bar case with the lowest
b value of 10 mm or the highest P of 0.444 at Reb = 3981, as well as in selected cases with
b = 90 mm (P = 0.082).

2.2. Computational Domains and Boundary Conditions

Hexahedral domains in a Cartesian coordinate system were used for the simulations
in this study. The x, y, and z axes represented the streamwise, spanwise, and vertical
directions, respectively. In the case of a single bar, the bar was placed symmetrically
between two parallel walls in the vertical direction, each equidistant from the boundaries
by b/2. Figure 2 shows a schematic representation of such a computational domain. In
the cases where n = 3 and 5 were used, the equivalent number of single-bar domains were
superimposed, with b as the distance between two bars. The dimensions of the domains in
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the streamwise, spanwise, and vertical directions are denoted as Lx, Ly, and Lz, respectively.
Lx can be further divided into upstream and downstream parts separated by the examined
rack section (i.e., Lx = Lx,us + s + Lx,ds). Lx,ds, Lx,us, and Ly were initially defined based on
the literature data and preliminary simulations. These lengths were then validated in the
independence test using the lengths given in Section 3.1.2. In contrast, the value of Lz is a
function of the chosen values of n and P, described as Lz = n (s + b).

Figure 2. Schematic of a computational domain with a single bar, where b is the clear bar spacing,
Lx, Ly, and Lz are the lengths of the domain in the streamwise, spanwise, and vertical directions,
respectively, Lx,ds and Lx,us are the lengths of the domain downstream and upstream of the bar,
respectively, in the streamwise direction, s is the bar thickness, and U1 is the flow velocity at the inlet.

At the inlet of the domains, the velocity inlet boundary condition was used with a
constant value of U1. At the outlet, the pressure outlet boundary condition was applied
with zero static gauge pressure. Periodic boundary conditions were used in the spanwise
direction to assume an infinite length of the bars, as often used in previous studies of
flow past circular cylinders (e.g., [69,85,88]), thereby reducing the end wall effects on the
three-dimensional flow conditions. Unlike most studies of flow past a confined cylinder
(e.g., [88,91]), which used no-slip wall boundary conditions for the top and bottom of the
computational domains, this study mainly used free-slip wall boundary conditions. The
application of free-slip wall and periodic boundary conditions in the vertical and spanwise
directions, respectively, resulted in no frictional losses along the walls, thus producing a
uniform velocity profile with U1 across the cross section far upstream of the rack section,
as shown in Figure 2. The surfaces of the bars were subjected to a no-slip wall condition
to represent the velocity gradient, which is zero at the surfaces and reaches free-flow
velocity at a sufficient distance from the bars. It should also be noted that periodic top and
bottom boundary conditions were used for a limited number of simulations, as described
in Section 2.1.

2.3. Spatial and Temporal Discretization

Following the methodology used in several previous studies of flow past a cylin-
der [64], a hybrid mesh was used as the mesh pattern, consisting of an O-grid in the
near-field grid around each bar and an H-grid in the outer regions. An example of the
mesh structure in the x–z plane is shown in Figure 3, which shows the front part of a
computational domain with n = 3 and the surface of one of the bars in detail. The near-field
grid of each bar consisted of a concentric ring shape with an outer diameter of 2s starting
from the center of each bar. This size was chosen to ensure homogeneity in the near-field
grid construction across all simulations, regardless of Lz. In the near-field grid, the reso-
lution in the x–z plane was defined by the number of elements on the bar circumference
and in the radial direction, denoted as Nc and Nr, respectively. To resolve the viscous
sublayer of the near-wall region, the dimensionless distance from the wall y+ should be less
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than one. To achieve this, the height of the first cell adjacent to the bars was set to about
0.00001 m, or about 0.00125s in all simulations. The grid resolution was then increased
radially based on Nr. In the outer regions, a maximum grid stretch ratio based on the
ratio in the near-field grid was used. By applying periodic and free-slip conditions in the
spanwise and vertical directions, respectively, no refined grid resolution was required near
the outer boundaries of the domains. In contrast to the x–z plane, the mesh was uniformly
structured in the spanwise direction, i.e., the mesh generated in the streamwise and vertical
directions was extruded in the spanwise direction with uniform resolution Ly/Ny, where
Ny is the number of elements in the spanwise direction. The effects of varying Nc, Nr, and
Ny on the results were evaluated in the independence test described in Section 3.1.3. In
addition, Nt is reported for all simulations in Section 3.1.

 

Figure 3. Computational mesh of a simulation consisting of three bars with a clear bar spacing of
b = 20 mm and a domain length in the streamwise direction of Lx = 111s in the x–z plane: (a) overview
of the front part of the domain, and (b) close-up view of the surface of one of the bars.

As a second criterion to evaluate the quality of the meshes, the LES index of quality
LESIQ was used, which is defined as the ratio of the resolved turbulent kinetic energy kr to
the total turbulent kinetic energy kt, and is calculated as

LESIQ =
kr

kt
=

1

1 + 0.05
(

ν+νsgs
ν

)0.53 , (5)

where νsgs is the SGS eddy viscosity (see Section 2.4). According to Celik et al. [92], LESIQ
values in the range of 75% to 85% are appropriate for most engineering applications.
Pope [51] recommends a percentage of kr above 80% for well-resolved LES.

All simulations in this study used a fixed time step Δt. The effect of Δt on the results
was evaluated in the independence test described in Section 3.1.4. Furthermore, the total
simulation time was defined based on the evaluation time te for relevant flow parameters
and is therefore explained in Section 2.5.

2.4. Numerical Methods

The 3D numerical simulations in this study use the incompressible form of the Navier–
Stokes equations (i.e., ρ is constant). The LES model relies on the filtered form of the
continuity and momentum equations, obtained by a filter operation and expressed as

∂ui
∂xi

= 0, (6)

∂ui
∂t

+
∂uiuj

∂xj
= −1

ρ

∂p
∂xi

+ ν
∂2ui

∂xi∂xj
− ∂τij

∂xi
, (7)
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where ui are the flow velocity components, xi are the Cartesian coordinates, t is the time,
and p is the pressure. In addition, the macron denotes the grid-scale filter operation, and τij
represents the SGS stress tensor, defined as

τij = uiuj − uiuj. (8)

Modeling is required to account for the unknown SGS stresses [51]. The Smagorinsky
SGS model [93] was used in this study for this purpose, which calculates the SGS turbulent
stresses as

τij − 1
3

τkkδij = −2νsgsSij, (9)

where δij is the Kronecker delta symbol, and Sij is the resolved rate of the strain tensor. νsgs
is defined as

νsgs =
(
CsΔ

)2∣∣S∣∣, (10)

where Cs is the Smagorinsky coefficient, Δ is the grid size defining the subgrid length
scale, and |S| is the characteristic filtered rate of strain. In ANSYS Fluent 19.2, Cs can
be defined either by a constant value (hereafter referred to as the Smagorinsky–Lilly
model) or dynamically based on data obtained from the resolved motion scales (hereafter
referred to as the dynamic Smagorinsky–Lilly model) [94]. Previous studies have shown
that the latter is more accurate in predicting flow parameters for flow past a cylinder
(e.g., [66,69]). Therefore, the dynamic model was primarily used in this study. Nevertheless,
in Section 3.1.6, results using the Smagorinsky–Lilly model with a fixed Cs value of 0.1,
which is the default value in ANSYS Fluent 19.2 [94], were compared with those using
dynamic Cs values. In addition, simulations using the URANS approach and the hybrid
model DES were performed to evaluate their ability to predict ξ and other flow parameters
in a manner comparable to LES. The Shear Stress Transport (SST) k-ω model proposed
by Menter [95] was used to model turbulence for both the DES model and the URANS
approach. Since these two methods are only used for comparison in the present work, the
governing equations are not included here, but can be found in the literature [51,94], along
with additional information on the LES model.

In all numerical simulations, the Semi-Implicit Method for Pressure-Linked Equa-
tions (SIMPLE) algorithm was used for the pressure–velocity coupling, which has previ-
ously been used in studies to determine ξ (e.g., [31,57]) and to study flow past a cylin-
der (e.g., [64,80]). Specifically, in the LES model, Equations (6) and (7) are solved using
the SIMPLE algorithm. Furthermore, the LES and DES models used bounded central
differencing and bounded second-order implicit schemes for spatial discretization and
transient formulation, respectively. In contrast, the URANS simulations used second-
order upwind and second-order implicit schemes for spatial discretization and transient
formulation, respectively.

The numerical simulations were performed on the LEO HPC infrastructure of the
University of Innsbruck with 64 cores each. To avoid rounding errors, all simulations were
performed in double precision.

2.5. Post-Processing

After performing the numerical simulations, the results were subjected to a thorough
error check, including visual inspection of the velocity and pressure profiles and distribu-
tions along with other numerical results. MATLAB R2018b software was used for further
analysis of the results, except for the determination of the Strouhal number St, which was
performed using ANSYS Fluent 19.2.

The calculation of ξ was determined using the Bernoulli equation with the cross-
sectional averaged parameters at the inlet (subscript 1) and outlet (subscript 2) of the
domain. Due to the chosen boundary conditions, there were no frictional losses at the
domain boundaries and thus no continuous head losses between the cross sections. Con-
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sequently, the local head loss hv is equal to the total head loss, and can be calculated as

hv = z1 − z2 +
p1 − p2

ρ g
+

αkin,1 U2
1 − αkin,2 U2

2
2g

= ξ
U2

re f

2g
, (11)

where z1 and z2 are the elevations, g is the gravitational acceleration, and αkin,1 and αkin,2 are
the kinetic energy correction factors. In previous studies (e.g., [2,29,32]), Uref was defined
as the undisturbed cross-sectional average flow velocity upstream of the rack, assuming
that the velocities upstream and downstream of the rack do not differ significantly. In this
study, this approach is adopted due to the defined computational domains and boundary
conditions described in Section 2.2, which imply that U1 is equal to Uref and, except for
non-uniformities in the velocity profile, is also equal to U2. To account for non-uniformities
in the respective cross sections, αkin was used. In general, αkin is defined as the ratio of the
kinetic energies between the actual velocity profile and the theoretical profile with constant
mean flow velocity U over the cross-sectional area A [96,97], and is calculated as

αkin =
1

U3 A

∫
A

U3(A)dA. (12)

Typical values of αkin in a pipe range from 1.00 for turbulent velocity distributions
with a uniform constant velocity profile to 2.00 for laminar conditions with a parabolic
profile [97–99]. Previous studies have generally ignored the effect of αkin on ξ due to its
relatively low values close to unity, such as between 1.01 and 1.02 in Tsikata et al. [12]. In
the simulations of the present study, αkin,1 was exactly unity (excluding rounding errors)
due to the ideal homogeneous flow field at the inlet. Conversely, αkin,2 ranged between
1.001 and 1.011, as shown in the domain independence test in Section 3.1.2. Therefore,
αkin was not included in the calculation of ξ. Furthermore, the inlet and outlet of the
water body segments were assumed to be at the same height (i.e., z1 = z2). For p1 and p2,
the cross-sectional averaged total pressure at the inlet and outlet were used, respectively.
Considering all these factors, Equation (11) can be expressed as

ξ =
2(p1 − p2)

ρ U2
1

. (13)

In addition to Equation (13), ξ can also be determined using the drag coefficient CD
and P [2,99] by

ξ = CD P. (14)

CD is a parameter often studied in the analysis of flow past a cylinder [63,86] and is
defined as

CD =
FD

0.5U2
1 s Ly

, (15)

where FD is the drag force. Another commonly studied flow parameter is St, which is a
dimensionless number that characterizes the shedding frequency independent of time. St
can be calculated as

St =
fvs
U1

, (16)

where fv is the vortex shedding frequency determined by calculating the frequency cor-
responding to the maximum energy of the spectra obtained by a Fast Fourier Transform
(FFT) of the time series of the lift coefficient CL, which is defined as

CL =
FL

0.5U2
1 s Ly

, (17)

where FL is the lift force on the cylinder. Both CD and St were calculated for all simulations
in this study to allow comparison with previous research on flow past a cylinder.
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In post-processing, the collected data from each time step were averaged using the
mean value over a specified period after an initial period, which was necessary to ensure
that the flow was statistically quasi-steady and to remove initial transients. In previous
studies, these periods were usually defined based on a certain number of vortex shedding
cycles T = 1/fv (e.g., [70,71]). Due to significant variations in St ranging from 0.208 to 0.340,
as observed in the simulations of this study (see Section 3), standardized values were used
to define the critical periods, with St = 0.200 and U1 = 0.5 m/s. The former is a typical value
for flow past an unconfined cylinder in the subcritical regime [63] and is lower than the
minimum St value obtained in this study. Consequently, the data averaging period was set
to a minimum of 100T, resulting in te = 8 s according to Equation (16), after an initial period
of 50T, which is equivalent to 4 s. The total simulation time was 12 s, except for simulations
where U1 < 0.5 m/s. In these cases, the total simulation time, including te, was extended to
maintain a consistent minimum number of T across all simulations. Notably, the use of the
same time period for different P values, rather than adjusting the data averaging period to
fv, is consistent with previous experimental studies aimed at determining ξ (e.g., [29,32]).
Furthermore, the effect of extending te was examined in the independence test described in
Section 3.1.4.

Finally, it is important to clarify that the parameters obtained from the numerical calcu-
lations presented in the following sections, such as ξ and CD, represent time–mean values.
For values that fluctuate over time, additional subscripts are added to denote them, such
as ξf and CDf. In addition, Equation (13) was used to calculate ξ unless otherwise noted.

3. Results

3.1. Independence Tests
3.1.1. General

Independence tests are critical when performing time-consuming and computationally
expensive numerical simulations to evaluate the effects of selected model settings on the
results. For the independence tests in this study, the reference case parameters listed in
Table 1 were used, with U1 held constant at 0.5 m/s (corresponding to Reb = 3981). Unless
otherwise specified, b = 10 mm (P = 0.444) was used. The parameters in Table 1 were
then individually adjusted to evaluate their effect on ξ, CD, St, and other key parameters
through a sensitivity analysis. To quantify the differences, the mean relative error (MRE),
defined as the ratio of the mean absolute error to the mean reference value, was calculated
for ξ and CD. It should be noted that key parameters such as ξ and CD are susceptible to
time-dependent fluctuations (see Section 3.1.4). In order to assess the influence of these
fluctuations on the results, selected simulations with different values of b were repeated.
As a result, the time–mean values for both ξ and CD showed minimal differences, except
for a maximum MRE of 1.4% in one simulation. Therefore, 1.4% was used as a threshold
for an acceptable range of MRE in the following.

Table 1. Selected values for the parameters of the reference case and the selected reference LES model
in the independence tests, independent of the studied clear bar spacings b, where Lx,ds and Lx,ds are
the lengths of the domain downstream and upstream of the studied rack section, respectively, in the
streamwise direction, Ly is the length of the domain in the spanwise direction, n is the number of
bars in the domain, Nc, Nr, and Ny are the number of elements in the bar circumference, the radial
direction of the near-field grid, and the spanwise direction, respectively, te is the evaluation time, and
Δt is the time step.

Lx,us [-] Lx,ds [-] Ly [-] n [-] Nc [-] Nr [-] Ny [-] te [s] Δt [s] LES Model

10s 100s 4s 1 240 64 80 8 0.00004 Dynamic Smagorinsky–Lilly

3.1.2. Domain Independence

Defining sufficiently large domains is essential to reduce potential influences from
both domain size and boundary conditions, which is particularly important for Lx and Ly in
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this study. Table 2 shows the results of the domain independence test for the determination
of ξ, CD, St, and αkin,2. Doubling the reference case value of Lx,us resulted in insignificant
changes in the results (−0.3% for ξ and −0.4% for CD), indicating that Lx,us = 10s is suffi-
cient to establish homogeneous inflow conditions to the studied rack section. Similarly,
Lx,ds must be sufficient to provide uniform flow conditions at the outlet without significant
recirculation zones. Halving and doubling Lx,ds resulted in negligible effects (−0.9% and
+0.3%, respectively) on both ξ and CD. However, when Lx,ds was set to 50s, small recircula-
tion zones were observed at the outlet, resulting in a higher value of αkin,2 compared to the
reference case. Nevertheless, αkin,2 = 1.011 is still within an acceptable range as described in
Section 2.5. Furthermore, doubling Ly had no significant effect on the results, but halving
Ly increased ξ by 1.9% and CD by 1.7%. These results suggest that the reference case values
have a satisfactory degree of domain independence.

Table 2. Results of the domain independence test to determine the drag coefficient CD, the Strouhal
number St, the kinetic energy correction factor at the outlet αkin,2, and the head loss coefficient ξ,
calculated using Equation (13), where Lv is used as a variable for the length of the domain upstream
and downstream of the studied rack section in the streamwise direction Lx,us and Lx,ds, respectively,
and in the spanwise direction Ly. In addition, Nt is the total number of elements in the domain.

Parameter Lv [-] Nt [-] ξ (MRE) [-] CD (MRE) [-] St [-] αkin,2 [-]

Lx,us
10s 4,312,000 1.262 (Ref.) 2.840 (Ref.) 0.296 1.002
20s 4,408,320 1.258 (−0.3%) 2.830 (−0.4%) 0.296 1.002

Lx, ds

50s 3,706,560 1.251 (−0.9%) 2.815 (−0.9%) 0.298 1.011
100s 4,312,000 1.262 (Ref.) 2.840 (Ref.) 0.296 1.002
200s 4,697,280 1.266 (+0.3%) 2.848 (+0.3%) 0.296 1.001

Ly

2s 2,156,000 1.285 (+1.9%) 2.889 (+1.7%) 0.294 1.007
4s 4,312,000 1.262 (Ref.) 2.840 (Ref.) 0.296 1.002
8s 8,624,000 1.257 (−0.3%) 2.833 (−0.3%) 0.296 1.003

3.1.3. Grid Independence

Table 3 shows the results of the grid independence test for the determination of ξ, CD,
and St. In addition, the volume-averaged mean value of LESIQ and the minimum value of
LESIQ over all time steps of te, denoted as LESIQ,avg and LESIQ,min, respectively, are listed
in Table 3. Increasing Nc or Nr had minimal effects on the results, while decreasing them
caused changes in ξ and CD equal to or greater than 1.5%. Thus, the values chosen for Nc
and Nr in the reference case appear to be appropriate. It should be noted that Nr = 32, 48,
64, and 80 correspond to mesh growth rates of 1.133, 1.074, 1.048, and 1.034, respectively.
Furthermore, Table 3 shows that a large number of simulations were performed with
different values of Ny because of its importance for the results, as reported in previous
studies (e.g., [64,69]). Halving Ny from 80 to 40 resulted in a 1.3% decrease in both ξ
and CD. Conversely, increasing Ny also resulted in decreased values of ξ and CD, but
to different extents. For Ny = 120 and 160, both ξ and CD decreased by 0.5% and 2.1%,
respectively, compared to the reference case. In addition, for Ny = 240, ξ decreased by 0.9%
and CD decreased by 1.0%. These results indicate that ξ and CD tend to vary depending
on the chosen Ny value, but generally remain close to an average value. Thus, the choice
of Ny = 80 as the reference value seems to produce satisfactory results while keeping
the computational effort at an acceptable level. Moreover, a simulation with Ny = 1 was
performed, which basically corresponds to a simplified 2D case, since 3D vortices cannot
occur due to the use of only one element in the spanwise direction. The results showed a
22.4% increase in ξ and a 13.7% increase in CD compared to the reference case, well above
the threshold of acceptable values for the MRE. When LESIQ was used as a complementary
metric to evaluate mesh quality, a correlation between LESIQ and mesh resolution was
observed, with a significant increase in LESIQ,min as Ny increased. However, only a small
number of elements exhibited LESIQ values below the 80% threshold recommended by
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Pope [51], as detailed in Section 2.3, over the entire te. Except for Ny = 1, LESIQ,avg remained
approximately constant around 0.948 for all simulations. The results suggest that kr is in the
appropriate range for most simulations. Finally, it is noteworthy that y+ was consistently
less than one for all simulations in the grid independence test.

Table 3. Results of the grid independence test to determine the drag coefficient CD, the volume-
averaged mean value of the LES index of quality LESIQ,avg, the minimum value of the LES index
of quality over all time steps LESIQ,min, the Strouhal number St, and the head loss coefficient ξ,
calculated using Equation (13), where Nv is used as a variable for the number of elements on the bar
circumference Nc, in the radial direction of the near-field grid Nr, and in the spanwise direction Ny.
In addition, Nt is the total number of elements in the domain.

Parameter Nv [-] Nt [-] ξ (MRE) [-] CD (MRE) [-] St [-] LESIQ,avg [-] LESIQ,min [-]

Nc

160 3,022,400 1.243 (−1.5%) 2.798 (−1.5%) 0.298 0.947 0.780
240 4,312,000 1.262 (Ref.) 2.840 (Ref.) 0.296 0.948 0.777
320 5,614,400 1.262 (±0.0%) 2.839 (±0.0%) 0.296 0.948 0.786

Nr

32 1,824,000 1.304 (+3.3%) 2.935 (+3.3%) 0.292 0.946 0.763
48 3,254,400 1.280 (+1.5%) 2.882 (+1.5%) 0.294 0.947 0.776
64 4,312,000 1.262 (Ref.) 2.840 (Ref.) 0.296 0.948 0.777
80 5,369,600 1.256 (−0.5%) 2.825 (−0.5%) 0.292 0.948 0.794

Ny

1 53,900 1.545 (+22.4%) 3.231 (+13.7%) 0.296 0.919 0.687
40 2,156,000 1.246 (−1.3%) 2.804 (−1.3%) 0.298 0.946 0.753
80 4,312,000 1.262 (Ref.) 2.840 (Ref.) 0.296 0.948 0.777

120 6,468,000 1.256 (−0.5%) 2.827 (−0.5%) 0.292 0.949 0.792
160 8,624,000 1.236 (−2.1%) 2.782 (−2.1%) 0.300 0.949 0.798
240 12,936,000 1.250 (−0.9%) 2.813 (−1.0%) 0.298 0.950 0.808

3.1.4. Time Independence

In this study, time independence was tested in two different ways. First, to investigate
the influence of the time-dependent fluctuations shown in Figure 4a for ξf and CDf on the
time–mean results, the total simulation time was extended from 12 to 20 s, thus doubling
te from 8 to 16 s. Figure 4b shows the time–mean normalized head loss coefficient ξn as
a function of time for the reference case with b = 10 and 90 mm, while indicating te = 8
and 16 s. The calculation of time–mean values started at the beginning of te after 4 s
of simulation, as defined in Section 2.5. In addition, Table 4 shows the results for the
determination of ξ, CD, and St. When te was doubled, both ξ and CD increased slightly
by 0.2% for b = 10 mm (P = 0.444). For b = 90 mm (P = 0.082), the MRE was even smaller
for both parameters. Overall, the extension of te did not significantly affect the results,
indicating that the defined time periods are sufficient to obtain time-independent results at
an acceptable level. Second, the reference value of Δt was varied. The results in Table 4
show that halving or doubling Δt had a minimal effect on both ξ and CD. It is worth noting,
however, that instability problems occurred during the simulation with Δt = 0.00008 s.
Thus, Δt had to be reduced to 0.00004 s for the first 2 s of the simulation before it was
increased to 0.00008 s. The transient instability problems may have been caused by the
violation of the Courant–Friedrichs–Lewy condition in some elements, which was not
observed in the reference case with Δt = 0.00004 s.
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Figure 4. Time histories of (a) the fluctuating drag coefficient CDf and the fluctuating head loss coeffi-
cient ξf for the reference case with clear bar spacing b = 10 mm, and (b) the time–mean normalized
head loss coefficient ξn, starting to compute time–mean values at 4 s, for the reference case values
with b = 10 and 90 mm, where te are the evaluation times examined as part of the time independence
test. ξf and ξn were calculated using Equation (13).

Table 4. Results of the time independence test to determine the drag coefficient CD, the Strouhal
number St, and the head loss coefficient ξ, calculated using Equation (13), where tv is used as a
variable for the evaluation time te and the time step Δt. In addition, b is the clear bar spacing, Nt is
the total number of elements in the domain, and P is the blocking ratio.

Parameter tv [s] b [mm] P [-] Nt [-] ξ (MRE) [-] CD (MRE) [-] St [-]

te

8
10 0.444 4,312,000

1.262 (Ref.) 2.840 (Ref.) 0.296
16 1.264 (+0.2%) 2.845 (+0.2%) 0.296

8
90 0.082 7,369,600

0.085 (Ref.) 1.026 (Ref.) 0.212
16 0.085 (±0.0%) 1.025 (±0.0%) 0.215

Δt
0.00002

10 0.444 4,312,000
1.270 (+0.6%) 2.858 (+0.6%) 0.300

0.00004 1.262 (Ref.) 2.840 (Ref.) 0.296
0.00008 1.267 (+0.4%) 2.850 (+0.4%) 0.296

3.1.5. Independence of the Number of Bars in the Computational Domain

Table 5 shows the results of the numerical simulations with b = 10, 20, and 30 mm and
n = 3 and 5 for the determination of ξ, CD, and St compared to those with the corresponding
b value and the reference value n = 1. The findings indicate significant single digit percent-
age differences when n was greater than one. The maximum deviation for both ξ and CD
was 6.0% for b = 20 mm (P = 0.286) and n = 5. As noted in Section 2.1, an increase in n re-
sulted in a corresponding increase in Nt. For example, Nt reached 29,008,000 for b = 30 mm
(P = 0.211) and n = 5, as shown in Table 5. Due to the increased Nt values, substantial
computational resources were required despite the use of an HPC cluster. Therefore, to
facilitate a simplified assessment of the effect of n on the results, additional simulations
were performed using periodic boundary conditions at the top and bottom of the domains
with n = 1, while b ranged from 10 to 90 mm in 10 mm increments (i.e., P values between
0.082 and 0.444 were examined). The results presented in Table 5 show that the values
of ξ and CD tended to approach the values obtained under free-slip wall conditions as b
increased. For b = 10 mm (P = 0.444), the MRE for both ξ and CD was 15.9%, but decreased
to 1.2% for b = 60 mm (P = 0.118), and continued to decrease with increasing b, except for
the outlier at b = 90 mm (P = 0.082), which was still within the defined acceptable range of
the MRE. Thus, the independence of n was only observed for larger b values. Nevertheless,
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the feasibility of using the results with n = 1 to determine ξ of CBTRs is further discussed
in Sections 4.1 and 4.2.

Table 5. Results of the independence test of the number of bars in the computational domain by
varying the number of bars n and using different top and bottom boundary conditions to determine
the drag coefficient CD, the Strouhal number St, and the head loss coefficient ξ, calculated using
Equation (13), where b is the clear bar spacing, Nt is the total number of elements in the domain, and
P is the blocking ratio.

n [-]
Top and Bottom

Boundary Condition
b [mm] P [-] Nt [-] ξ (MRE) [-] CD (MRE) [-] St [-]

1 Free-slip wall

10 0.444

4,312,000 1.262 (Ref.) 2.840 (Ref.) 0.296
3 Free-slip wall 12,936,000 1.242 (−1.6%) 2.794 (−1.6%) 0.300
5 Free-slip wall 21,560,000 1.209 (−4.2%) 2.719 (−4.3%) 0.302
1 Periodic 4,312,000 1.061 (−15.9%) 2.390 (−15.9%) 0.340

1 Free-slip wall

20 0.286

5,174,400 0.474 (Ref.) 1.659 (Ref.) 0.244
3 Free-slip wall 15,523,200 0.459 (−3.0%) 1.609 (−3.0%) 0.252
5 Free-slip wall 25,872,000 0.445 (−6.0%) 1.559 (−6.0%) 0.256
1 Periodic 5,174,400 0.409 (−13.6%) 1.434 (−13.6%) 0.276

1 Free-slip wall

30 0.211

5,801,600 0.266 (Ref.) 1.262 (Ref.) 0.240
3 Free-slip wall 17,404,800 0.261 (−1.6%) 1.243 (−1.5%) 0.242
5 Free-slip wall 29,008,000 0.260 (−2.1%) 1.237 (−2.0%) 0.244
1 Periodic 5,801,600 0.256 (−3.8%) 1.216 (−3.7%) 0.246

1
Free-slip wall

40 0.167 6,193,600
0.191 (Ref.) 1.149 (Ref.) 0.230

Periodic 0.188 (−1.6%) 1.131 (−1.6%) 0.232

1
Free-slip wall

50 0.138 6,507,200
0.150 (Ref.) 1.084 (Ref.) 0.226

Periodic 0.148 (−1.2%) 1.071 (−1.2%) 0.224

1
Free-slip wall

60 0.118 6,820,800
0.127 (Ref.) 1.068 (Ref.) 0.224

Periodic 0.125 (−1.2%) 1.057 (−1.1%) 0.222

1
Free-slip wall

70 0.103 7,056,000
0.109 (Ref.) 1.051 (Ref.) 0.216

Periodic 0.108 (−0.9%) 1.041 (−0.9%) 0.218

1
Free-slip wall

80 0.091 7,212,800
0.095 (Ref.) 1.027 (Ref.) 0.216

Periodic 0.094 (−0.3%) 1.026 (−0.3%) 0.218

1
Free-slip wall

90 0.082 7,369,600
0.085 (Ref.) 1.026 (Ref.) 0.212

Periodic 0.084 (−0.8%) 1.018 (−0.8%) 0.216

3.1.6. Method Independence

The results of the comparison with the DES model, the LES Smagorinsky–Lilly model,
and the URANS approach are shown in Table 6 for b values of 10 and 90 mm. For b = 10 mm
(P = 0.444), the LES Smagorinsky–Lilly model and the URANS approach showed slight
differences in ξ and CD compared to the reference case, with a maximum MRE of −0.8%.
Conversely, the DES model produced larger MREs of −4.3%. For b = 90 mm (P = 0.082), the
LES (both Smagorinsky–Lilly and dynamic Smagorinsky–Lilly) and DES models yielded
comparable results for ξ and CD with minor differences. However, the URANS simulation
produced values that were 23.6% higher for ξ and 23.3% higher for CD compared to the
reference case. The results for b = 90 mm (P = 0.082) were then used to validate the
method, which gave results similar to the literature values from previous experimental
and numerical studies of flow past a circular cylinder at Reb = 3900 [64,65,68–72,74,85,89].
The comparison showed that all CD values were within the literature range of 0.97 to 1.04,
except for the value of 1.265 obtained with the URANS approach. In addition, the St values
for all simulations were within the literature range of 0.203 to 0.218. Consequently, the
results indicate that the reference model with b = 90 mm (P = 0.082) produced comparable
values to the literature data for both CD and St, thereby validating the use of the selected
reference case values for simulating flow past a cylinder.
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Table 6. Results of the comparison of the DES model, the LES Smagorinsky–Lilly and dynamic
Smagorinsky–Lilly models, and the URANS approach to determine the drag coefficient CD, the
Strouhal number St, and the head loss coefficient ξ, calculated using Equation (13), where b is the
clear bar spacing, Nt is the total number of elements in the domain, and P is the blocking ratio.

Method
b

[mm]
P [-] Nt [-] ξ (MRE) [-] CD (MRE) [-] St [-]

DES

10 0.444 4,312,000

1.208 (−4.3%) 2.717 (−4.3%) 0.298
LES (Dynamic Smagorinsky–Lilly) 1.262 (Ref.) 2.840 (Ref.) 0.296

LES (Smagorinsky–Lilly) 1.253 (−0.7%) 2.819 (−0.7%) 0.298
URANS 1.252 (−0.8%) 2.817 (−0.8%) 0.296

DES

90 0.082 7,369,600

0.086 (+0.8%) 1.033 (+0.6%) 0.216
LES (Dynamic Smagorinsky–Lilly) 0.085 (Ref.) 1.026 (Ref.) 0.212

LES (Smagorinsky–Lilly) 0.085 (+0.2%) 1.028 (+0.2%) 0.214
URANS 0.105 (+23.6%) 1.265 (+23.3%) 0.212

3.2. Effect of Clear Bar Spacing or Blocking Ratio

Figure 5 and Table 7 show the effects of varying b or P on ξ and CD. Increasing b
led to a decrease in ξ (Figure 5a), while increasing P led to an increase in ξ (Figure 5b).
Similarly, CD decreased with increasing b or decreasing P, but for b values greater than
or equal to 80 mm (P ≤ 0.091), CD remained in the range of 0.998 to 1.027. Notably, CD
was close to 1.000 for b = 150 mm (P = 0.051) and b = 180 mm (P = 0.043). The St values in
Table 7 show a similar pattern to CD, reaching a nearly constant value at high b values or
low P values. The results suggest that CD and St are largely unaffected beyond certain b or
P values, while ξ shows a consistent tendency to either increase or decrease. For comparison,
Figure 5 and Table 7 show additional ξ values calculated using Equations (1), (2), and (3)
proposed by Kirschmer [24], Meusburger [2], and Böttcher et al. [29], respectively. In
Equations (1) and (2), kF was defined as 1.79, as proposed by Kirschmer [24] for circular
bar shapes. Furthermore, due to the perpendicular inflow conditions, α and β were both
set to 90◦, and δ was set to 0◦. Since the study did not examine rack clogging, kV was set
to 1. The comparison showed minimal variation in ξ. Specifically, the ξ values calculated
by LES for low b or high P were generally lower than those obtained by the empirical
formulas. Conversely, the empirical formulas resulted in lower ξ values for high b or low
P values. To quantify the differences, the root mean square relative errors (RMSREs) for
ξ were calculated and were 18.5%, 39.1%, and 15.3% using Equation (13) compared to
Equations (1), (2), and (3), respectively. In addition to Equation (13), ξ was also calculated
based on CD using Equation (14), with the results presented in Table 7. A high degree of
agreement was obtained with an RMSRE of 1.3% using Equations (13) and (14), with the
most notable deviations found at relatively high b or low P values.
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Figure 5. The drag coefficient CD and the head loss coefficient ξ, calculated using Equation (13),
as functions of (a) the clear bar spacing b and (b) the blocking ratio P, compared to ξ, cal-
culated using Equations (1), (2), and (3) proposed by Kirschmer [24], Meusburger [2], and
Böttcher et al. [29], respectively.

Table 7. Results of varying the clear bar spacing b or the blocking ratio P to determine the drag
coefficient CD, the Strouhal number St, and the head loss coefficient ξ, calculated using Equations (1),
(2), and (3) proposed by Kirschmer [24], Meusburger [2], and Böttcher et al. [29], respectively, and
Equations (13) and (14) based on the results of the numerical simulations.

b [mm] P [-]
ξ [-]

CD [-] St [-]
Equation (1) Equation (2) Equation (3) Equation (13) Equation (14)

10 0.444 1.329 1.281 1.347 1.262 1.262 2.840 0.296
20 0.286 0.528 0.453 0.547 0.474 0.474 1.659 0.244
30 0.211 0.307 0.246 0.323 0.266 0.266 1.262 0.240
40 0.167 0.209 0.160 0.222 0.191 0.191 1.149 0.230
50 0.138 0.155 0.115 0.166 0.150 0.150 1.084 0.226
60 0.118 0.122 0.087 0.131 0.127 0.126 1.068 0.224
70 0.103 0.099 0.069 0.107 0.109 0.108 1.051 0.216
80 0.091 0.083 0.057 0.090 0.095 0.093 1.027 0.216
90 0.082 0.071 0.047 0.077 0.085 0.084 1.026 0.212

100 0.074 0.062 0.041 0.067 0.077 0.075 1.018 0.214
110 0.068 0.054 0.035 0.060 0.071 0.069 1.021 0.212
120 0.063 0.048 0.031 0.053 0.065 0.064 1.025 0.212
150 0.051 0.036 0.022 0.040 0.052 0.051 0.998 0.212
180 0.043 0.028 0.017 0.031 0.044 0.043 1.005 0.212

3.3. Effect of Flow Velocity

In the previous sections, U1 was fixed at 0.5 m/s, resulting in Reb = 3981. Here, U1 was
varied to examine its effect on the results. Figures 6a and 6b show the results for ξ and CD,
respectively. In addition, the results for the case of b = 90 mm are listed in Table 8, while
the results for b = 10, 20, and 30 mm are given in Appendix A. The results show a velocity-
dependent behavior within the velocity ranges tested. Reducing U1 to 0.3 and 0.4 m/s for
b = 10, 20, and 90 mm (P = 0.444, 0.286, and 0.082, respectively) led to a decrease in both
ξ and CD compared to U1 = 0.5 m/s, which was not observed for b = 30 mm (P = 0.211).
For all b values tested when U1 ≥ 0.5 m/s, ξ and CD generally increased. For example,
doubling U1 from 0.5 to 1.0 m/s for b = 90 mm (P = 0.082) resulted in a 15.8% increase in ξ
and a 15.7% increase in CD. For comparison, Figure 6a also shows the ξ values calculated
using Equation (1) proposed by Kirschmer [24], which does not take flow velocity into
account, similar to Equation (2) by Meusburger [2] and (3) by Böttcher et al. [29]. Thus, ξ
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remained constant as U1 was varied. Consistent with Section 3.2, the use of Equation (14) to
determine ξ showed excellent agreement with an RMSRE of 0.7% compared to Equation (13)
for all b and U1 values tested. In contrast to ξ and CD, St mainly decreased or remained
nearly constant with increasing U1.

 

Figure 6. (a) The drag coefficient CD and (b) the head loss coefficient ξ, calculated using Equation (13),
as functions of the flow velocity at the inlet U1 and the bar Reynolds number Reb, compared to ξ

calculated using Equation (1) proposed by Kirschmer [24].

Table 8. Results of varying the flow velocity at the inlet U1 or the bar Reynolds number Reb for the
clear bar spacing b = 90 mm or the blocking ratio P = 0.082 to determine the drag coefficient CD,
the Strouhal number St, and the head loss coefficient ξ, calculated using Equation (1) proposed by
Kirschmer [24] and Equations (13) and (14) based on the results of the numerical simulations.

U1
[m/s]

Reb [-] b [mm] P [-]
ξ (MRE) [-]

CD (MRE) [-] St [-]
Equation (1) Equation (13) Equation (14)

0.3 2,389

90 0.082

0.071 (±0.0%) 0.085 (−0.5%) 0.083 (−0.6%) 1.020 (−0.6%) 0.216
0.4 3,185 0.071 (±0.0%) 0.083 (−2.1%) 0.082 (−2.2%) 1.003 (−2.2%) 0.216
0.5 3,981 0.071 (Ref.) 0.085 (Ref.) 0.084 (Ref.) 1.026 (Ref.) 0.212
0.6 4,777 0.071 (±0.0%) 0.086 (+0.8%) 0.084 (+0.8%) 1.034 (+0.8%) 0.212
0.7 5,573 0.071 (±0.0%) 0.089 (+4.4%) 0.087 (+4.3%) 1.070 (+4.3%) 0.210
0.8 6,369 0.071 (±0.0%) 0.090 (+5.8%) 0.089 (+5.7%) 1.084 (+5.7%) 0.211
0.9 7,166 0.071 (±0.0%) 0.092 (+8.6%) 0.091 (+8.6%) 1.115 (+8.6%) 0.208
1.0 7,962 0.071 (±0.0%) 0.098 (+15.8%) 0.097 (+15.7%) 1.187 (+15.7%) 0.208

4. Discussion

4.1. Interpretation of the Results in Relation to Previous Studies of Flow Past Circular Cylinders

The availability of a considerable amount of previous research on flow past circular
cylinders with comparable Reb was a major advantage of the present study. Thus, several
settings and model parameters were adopted in this study, including the definition of Lx,us
as 10s (similar to, e.g., [85,91]), Ly as 4s (similar to, e.g., [75,100]), Nc as 240, Nr as 64 (both
similar to, e.g., [64]), and Ny as 80 (similar resolution to, e.g., [89]). In contrast, a value of
100s was used for Lx,ds, which is significantly higher than in previous studies, because in
this study, ξ was calculated based on p1 and p2 at the inlet and outlet, respectively, using
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Equation (13), and to keep αkin,2 as close to unity as possible. In Section 3.1, independence
tests confirmed the suitability of the selected reference case values. Furthermore, a sim-
plified 2D scenario was investigated by defining Ny = 1. The results were comparable to
those of Khan et al. [64], as the CD value was overestimated. This is in accordance with
the findings of Beaudan and Moin [66] that 3D effects occur at Reb = 3900, such as pairs of
counter-rotating streamwise vortices, which cannot be represented in 2D simulations. In
addition, Lu et al. [100] observed both streamwise and spanwise vortices in the wake of the
cylinder. It should also be noted that the ANSYS Fluent User’s Guide [101] recommends
the use of 3D numerical simulations for LES. As shown in Figure 4a and comparable to
previous research (e.g., [72,100]), unsteady flow conditions in the wake of the cylinder
resulted in time-dependent fluctuations of relevant flow parameters such as ξf and CDf.
Therefore, the calculation of time–mean (or time-averaged) values over an appropriate
time period is crucial. Interestingly, increased turbulence in the same region has led to the
measurement of fluctuating flow parameters downstream of CBTRs in model experiments,
as reported by Böttcher et al. [29].

The use of multiple bars or periodic top and bottom boundary conditions produced
divergent results compared to the single-bar reference case at low b or high P values, but
this effect diminished with increasing b or decreasing P. According to Afgan et al. [85],
two side-by-side cylinders at Reb = 3000 and P ≤ 0.500 behave independently, exhibiting
symmetric wake patterns and antiphase vortex shedding. However, the interaction of
the Kármán vortex streets in the wake of the cylinders can still affect CD and St [83].
As P continues to decrease, the results of two side-by-side cylinders tend to approach
those of a single cylinder, with no perturbation observed at P values less than 0.200 to
0.250 [84]. The results listed in Table 7 support this trend, although an MRE below the
predefined threshold was only achieved for b ≥ 50 mm or P ≤ 0.138. Nevertheless, this
is strongly related to the threshold definition and other factors such as the definition of
Lx,ds. Significant differences were found when comparing the results of the DES model,
the Smagorinsky–Lilly and dynamic Smagorinsky–Lilly LES models, and the URANS
approach in Section 3.1.6, especially for b = 90 mm (P = 0.082). Thus, it can be concluded
that the URANS approach is not suitable to accurately predict CD, while the DES and LES
models give comparable results, as stated in Section 1. However, for b = 10 mm (P = 0.444),
the CD and St values calculated using the URANS approach were close to those of the
reference case, suggesting that this conclusion may not be valid for low b or high P values
and highlighting the need for further research to address this issue.

As shown in Section 3.2, a decrease in b or an increase in P resulted in an increase in
CD and St values when P ≥ 0.103, which is consistent with previous research on flow past
confined cylinders [86–88]. Conversely, CD remained relatively constant when P ≤ 0.091,
except for the cases when b was 150 and 180 mm (P = 0.051 and 0.043, respectively), where
slightly lower CD values were obtained. This may align with the recommendation of
Nguyen et al. [86] that P should be limited to less than 0.05 for confined cylinders with
no-slip walls to minimize wall effects on the results. In Section 3.3, a velocity-dependent
behavior of CD and St was shown. Specifically, at lower velocities between 0.3 and 0.5 m/s,
CD remained almost constant, but increased from 0.5 m/s (corresponding to Reb = 3981)
to 1.0 m/s (corresponding to Reb = 7962) for all b values tested. Similar results have
previously been found in this Reb range for flow past a circular cylinder [102,103]. Typically,
as Reb continues to increase, CD maintains a relatively constant value of about 1.2 [102]
until it reaches the so-called drag crisis at Reb ≈ 200,000 to 300,000, where CD drops
abruptly [104–106]. In addition, increasing Reb in this study generally led to a decrease in
St, which has also been observed in previous studies [107]. This behavior can be attributed
to the transition from laminar to turbulent flow, which shifts from the wake region to the
point of flow separation at the cylinder surface with increasing Reb [67].
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4.2. Interpretation of the Results in Relation to Previous Studies for Determining Head Loss
Coefficients of Trash Racks

Consistent with previous experimental studies (e.g., [2,24,29]), the results in Section 3.2
showed a progressive decrease in ξ with increasing b or decreasing P. The ξ values obtained
from the numerical simulations were generally in good agreement with those obtained us-
ing the empirical formulas, with RMSREs ranging from 15.3% (with respect to Equation (3))
to 39.1% (with respect to Equation (2)). For comparison, Albayrak et al. [46] reported a
mean prediction error of 16% when comparing their proposed prediction equation for ξ
with the corresponding measurement results. The differences observed in this study can be
attributed, on the one hand, to the P values between 0.134 and 0.535 [24], 0.190 and 0.550 [2],
and 0.250 and 0.500 (without transversal elements) [29] tested in the studies from which
the Equations (1), (2), and (3), respectively, were derived. Accordingly, these empirical
formulas were not intended for low P values, such as those between 0.043 and 0.118 (b
between 60 and 180 mm) examined in this study. Based on the good agreement of the CD
and St results with previous research on flow past a cylinder, as discussed in Section 4.1,
this may imply that the numerically obtained ξ values are more accurate for relatively low
P ranges. Nevertheless, further research is needed to confirm this. On the other hand, in
the experiments with CBTRs by Böttcher et al. [29], flow-induced vibrations of the bars
were observed, especially at high P values. Although additional spacers were used, it could
not be excluded that ξ was affected [29]. Typically, circular bars are highly susceptible to
flow-induced vibrations [108]. However, the rigid and stationary bars used in this study
did not allow for any effects of flow-induced vibrations on ξ. This may explain why the
numerically obtained ξ values at low b or high P values are lower than those obtained
using the empirical formulas. Overall, the relative differences in ξ were higher for high b or
low P values.

The use of three or five bars in Section 3.1.5 resulted in a decrease in ξ compared
to the use of a single bar in the computational domain. While the results appear to be
significantly different, with MREs up to 6.0% for ξ, the deviations are in a comparable
range to those obtained numerically and using the empirical formulas. For example, for
b = 10 mm (P = 0.444) and n = 1, a deviation of 6.7% was observed compared to the values
obtained using Equation (3). Thus, the use of n = 1 seems to be appropriate for an initial
estimation of ξ. However, larger differences were observed when periodic top and bottom
boundary conditions were applied, especially for b = 10 mm, which resulted in an MRE
of 15.9% for ξ. Increasing n led to further reductions in ξ, but only for relatively low b
or high P values. The results in Section 3.1.5 indicate a correlation between n and ξ that
appears to decrease as b increases or P decreases, which is in line with the behavior of n
and CD discussed in Section 4.1. Implementing periodic boundary conditions can generally
reduce the influence of the walls on the wake behind the cylinders, but it may not fully
account for potential interactions between individual bars compared to using multiple
bars. A similar approach was used by Åkerstedt et al. [49], where a single-bar domain with
periodic boundary conditions in the symmetry plane between the bars was able to produce
comparable ξ values to domains consisting of more than 20 bars. Whether this finding
holds true for the approach presented in this study requires further investigation.

Many commonly used empirical formulas for determining ξ do not account for the
effect of U1 or Reb on the results [33], including Equation (3) by Böttcher et al. [29]. Through
experimental studies with CBTRs, Böttcher et al. [29] found that ξ is largely unaffected by
U1 when Reb ≥ 750. However, their investigation only covered Reb values between 750
and 3000. In this study, the Reb values tested ranged from 2389 to 7962. No clear trend
for ξ was found for Reb ≤ 3185 (corresponding to U1 ≤ 0.4 m/s), which is in agreement
with the results of Böttcher et al. [29]. Conversely, a velocity-dependent behavior was
observed for Reb ≥ 3981 (corresponding to U1 ≥ 0.5 m/s), as described in Section 3.3.
Specifically, as U1 increased from 0.5 to 1.0 m/s (corresponding to Reb from 3981 to 7962), ξ
increased by 15.8% for b = 90 mm (P = 0.444). As discussed in Section 4.1, these increases
are consistent with the velocity-dependent behavior of CD in previous studies of flow past
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a circular cylinder. It is important to note that this behavior is not universally applicable
to non-circular bar shapes. Bar shapes with sharp edges, such as rectangular, square, or
triangular shapes, typically experience flow separation at the fixed sharp edges due to
the abrupt change in geometry, making the flow characteristics relatively insensitive to
Reb [107,109,110]. Circular shapes, on the other hand, exhibit a back-and-forth oscillation
of the flow separation point on the cylinder surface [109] and have therefore received more
attention in the past [63,107]. In terms of head losses, rectangular bar shapes generally
give higher ξ values, while rounded edges give considerably lower ξ values [15,24,32,45].
Taking into account previous findings on flow past non-circular cylinders (e.g., [110–112]),
future research should include numerical simulations using non-circular bar shapes. This
may lead to the development of customized formulas for different bar shapes, similar to
Meister et al. [32], who provided two ξ prediction formulas, one for rectangular bar shapes
and another for streamlined bar shapes.

The numerical simulations in this study focused on submerged bars, thus ignoring
the effect of the free surface on the results. In contrast, most previous experimental studies
used open-channel flow conditions (e.g., [24,29]). Meusburger [2] analyzed ξ in both open-
channel flow and closed-pipe flow under laboratory conditions and found that the ξ values
for both types of flow are comparable, with insignificant deviations within the range of
measurement accuracy. In addition, Clark et al. [45] performed experiments in pressurized
rectangular conduits and compared the results with ξ values of established empirical
formulas developed based on open-channel flow conditions. Their results indicate that the
formulas are also applicable to submerged trash racks. Therefore, it can be assumed that
the results of this study are also valid for CBTRs in open-channel flow conditions. However,
since neither Meusburger [2] nor Clark et al. [45] studied the circular bar shape, future
research should investigate CBTRs in open-channel flow conditions, taking into account
existing studies on flow past a circular cylinder near a free surface (e.g., [113]).

Although this study was only superficially concerned with flow behavior, the results
showed pressure curves in the streamwise direction analogous to those of Clark et al. [45],
indicating a constant pressure level upstream and mostly uniform flow conditions far
downstream of the rack section. For a more comprehensive understanding of the flow
behavior near CBTRs, the extensive literature on flow past cylinders can be a helpful
reference, where the flow behavior has been studied in detail (e.g., [67,69,100]).

4.3. Further Limitations and Potential Future Research Topics

Cost-effective numerical analysis of complex problems requires the setting of assump-
tions and constraints. At the same time, simulations and their results can be significantly
affected by various factors such as input data, model parameters, SGS, computational
domain, and grid resolution [114]. For instance, the findings of this study suggest that
the use of a more sophisticated model than the URANS approach in 3D numerical sim-
ulations would be beneficial to the problem at hand. In this context, it is important to
note that the numerical simulations for the method comparison in Section 3.1.6 used the
same model settings as the reference model in terms of domain, grid, and time issues,
without performing additional independence studies. Consequently, there were also no
significant differences in computational time between the simulations. Overall, all simula-
tions required a considerable amount of time to complete. The reference case specified in
Section 3.1 with b = 10 mm (P = 0.444) took about twelve days, while the simulation with
the longest computation time, which also included the largest Nt (i.e., the case described in
Section 3.1.5 with b = 30 mm or P = 0.211 and n = 5), took about 100 days. The computa-
tional cost generally increased with increasing b or decreasing P, as well as with increasing
U1. Regarding the variations in U1 described in Section 3.3, it is noteworthy that U1 has a
direct correlation with several numerical parameters, including y+, which increased almost
linearly with U1. As a result, y+ values of one or even higher were observed for a small
number of elements in the computational domains, specifically for b = 10 mm (P = 0.444) at
U1 ≥ 0.7 m/s, b = 20 mm (P = 0.286) at U1 ≥ 0.9 m/s, and b = 30 and 90 mm (P = 0.211 and
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0.082, respectively) at U1 = 1.0 m/s. However, since the number of elements with y+ ≥ 1
was very small, it can be assumed that the effect on the results is negligible. In addition to
U1, the friction coefficients also affect the y+ values. Therefore, the friction coefficients for
the bars surfaces were kept constant in all simulations by using the default friction value in
ANSYS Fluent 19.2 [101].

Previous experimental studies have analyzed the effect of spacers and other support
structures on ξ (e.g., [2,115]), which were not considered in the present study. Similarly,
this study did not examine the effects of clogging (e.g., [2,9]) or bottom and top overlays
(e.g., [15,32]), nor did it consider bars with non-perpendicular inflow conditions. Such
bars are important for fish guidance racks, which typically consist of bars angled to either
the side wall or the ground plane to guide downstream migrating fish to an appropriate
bypass [9,10,13,14,18]. Furthermore, many empirical equations are based on undisturbed,
uniform inflow conditions [116]. However, inflow conditions to trash racks at HPPs are
much more complex [117,118] and also depend on the design of the HPP [2,32]. This
highlights the importance of future studies investigating cylinders angled with respect to
the approach flow direction. Previous research, especially on flow past inclined or yawed
cylinders (e.g., [119–121]), can serve as a basis. Beyond that, the implementation of rack
configurations that deflect the flow, including angled bar racks, louvers [25,46,122], and
curved bar racks (CBRs) [30,123], may present challenges in the current approach and will
require additional research in the future.

Few experimental studies have investigated scale effects in the context of trash racks,
resulting in only anecdotal findings (e.g., [15,46]). In general, achieving satisfactory sim-
ilarity between physical scale models and their real-world counterparts can be challeng-
ing [124]. Therefore, scale effects represent another potential area for further research.
This includes the effect of s on the results, which in this study was defined as a constant
of 8 mm to reduce computational cost and achieve a Reb value close to 3900. According
to Kirschmer [24], the effect of s on the results is negligible for bars under frontal inflow
conditions if the ratio of s to b remains constant. Thus, the use of 8 mm seems appropriate
for this study, but its applicability should be re-evaluated in possible future studies.

4.4. Transferability to Applications in Research and Engineering Practice

Besides the limitations described in the previous sections, the presented approach
also offers advantages over experimental studies. In physical model tests under open-
channel flow conditions, trash racks result in small head losses relative to water depth,
in some cases, comparable to the measurement accuracy of the instruments used. Water
level fluctuations during high discharges further complicate measurements [29]. Thus, the
determination of head losses can be difficult. Conversely, under pressurized pipe flow
conditions, piezometers are generally used to measure the pressure differences upstream
and downstream of the rack, as performed by Clark et al. [45], thereby determining head
losses or ξ in a manner comparable to this study. This also allows the neglect of U2 in
the calculation of ξ, which can have a significant effect on the results in open-channel
experiments [33]. However, for the determination of ξ in experimental studies, it is critical
to account for continuous losses due to friction and local losses due to spacers or support
structures. Lučin et al. [31] stated that experimental studies using open-channel flow
conditions tend to overestimate ξ due to shallow water depths compared to the actual
geometries at HPPs, resulting in a more pronounced influence of bottom flow resistance on
ξ. Furthermore, especially in scenarios with considerable lateral flow deflections, the effect
of restricted width in physical model tests on ξ is worth investigating. The critical question
is whether the use of periodic boundary conditions in numerical simulations provides a
more accurate representation of reality than the restricted width in experimental studies.

The combination of physical model tests and numerical simulations can offer notable
advantages, including increased availability of hydraulic parameter data and reduced
cost and time, compared to relying solely on physical model tests. For instance, Leuch
et al. [50] validated their numerical simulations using results from previous experimental
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model tests [30,122] and numerically investigated a more streamlined bar shape for a CBR.
Similarly, future research can determine ξ values for new or modified bar shapes, such as
bars with electrodes attached to the side or front for upgrading existing racks to hybrid
barriers [125]. In terms of numerical analysis, this study showed that the implementation of
trash racks in 3D numerical models of HPPs is only feasible in a simplified manner due to
the requirement of very fine grid discretization and hence significant computational effort
when using the LES model. Alternatively, practical solutions involve the use of baffles or
porous media with ξ values as input data [118,126–128]. In general, the most appropriate
approach depends on the level of detail required for the specific problem.

While authorities in some countries require low b values for physical barriers to
improve fish protection, such as several German federal states with b ≤ 20 mm [129], higher
b values may become decisive when hybrid or mechanical barriers are used. However,
commonly used empirical formulas for the calculation of ξ are mainly based on a limited
number of investigated parameters, as discussed in Section 4.2 for b or P. Consequently,
the formulas are not universally applicable to all rack configurations. The findings of this
study provide a better understanding of ξ for relatively high b values. Nevertheless, further
research is needed to propose new prediction formulas for ξ or to adjust existing empirical
formulas to account for high b values. Equation (14) provides a simplified approach for
determining ξ in cases with high b or low P values, as indicated by the low RMSREs for ξ
using Equations (13) and (14) in this study. Considering that CD remains relatively constant
in certain P ranges, such as P ≤ 0.091 for circular bar shapes at U1 = 0.5 m/s, as described
in Section 3.2, ξ can be estimated by referring to established CD values from the existing
literature and using the P value of the corresponding trash rack.

Finally, this study focused on trash racks located upstream of HPPs. However, racks
or similar structures are used in various engineering settings, such as wastewater treat-
ment plants and pumping stations [33]. The results of this study may be also applicable
to other types of racks. In addition, the results of the independence tests presented in
Section 3.1 provide a valuable resource for future studies of flow past (confined) cylin-
ders, particularly when free-slip wall conditions are applied at the top and bottom of the
computational domain.

5. Conclusions

The present study used 3D numerical simulations to analyze the head loss coefficients
ξ of circular bar trash racks (CBTRs), mainly including a single bar with a bar thickness
s of 8 mm in the computational domain and applying the Large Eddy Simulation (LES)
model. In detail, bars oriented perpendicular to the flow direction were studied under
homogeneous inflow conditions. Furthermore, the effects of the clear bar spacing b and the
flow velocity at the inlet of the computational domain U1 on the results were investigated.
The model settings for the simulations were established through an extensive analysis
of the available literature on flow past circular cylinders, specifically at a Reynolds bar
number Reb of 3900, in addition to preliminary studies. These settings were then validated
by systematic independence tests. Based on the results and their interpretation in relation
to previous studies of flow past cylinders and experimental studies to determine ξ of trash
racks, the following key findings were obtained:

• Well-resolved simulations using the LES model were able to calculate ξ of CBTRs with
a degree of accuracy similar to that of the empirical formulas used for comparison.
The Detached Eddy Simulation (DES) model, although used only briefly in this study,
showed similar potential. In contrast, the unsteady Reynolds-averaged Navier–Stokes
(URANS) approach produced divergent results, especially when compared to previous
research on flow past unconfined cylinders. Furthermore, the flow parameters ana-
lyzed indicate that the problem is primarily 3D in nature. Therefore, future research in
this area should be based on 3D numerical simulations rather than 2D models.

• For relatively low blocking ratios P, the presented approach accurately calculated ξ
of CBTRs, as confirmed by comparison with previous studies on flow past circular
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cylinders. Conversely, the empirical formulas of Kirschmer [24], Meusburger [2],
and Böttcher et al. [29] tended to underestimate ξ in such cases. The fact that these
formulas were not intended to be used when P < 0.134 may account for these dif-
ferences. In addition, Equation (14) can be used for a simple calculation of ξ when
the drag coefficient CD is known, for example, from previous studies of flow past
cylinders, especially for low P values. In this study, CD remained relatively constant
for U1 = 0.5 m/s when P ≤ 0.091 (b ≥ 80 mm).

• For relatively high P values, especially for P = 0.444 (b = 10 mm), ξ was underestimated
compared to the empirical formulas used for comparison. The differences can be
attributed to the neglect of important effects in the numerical simulations, such as
flow-induced vibrations. Furthermore, comparisons with simulations using three and
five bars in the domain or periodic boundary conditions at the top and bottom of the
domain showed that an acceptable level of independence for high P values could not
be achieved with the presented approach.

• While ξ remained relatively constant for U1 between 0.3 and 0.5 m/s, it increased
continuously for U1 ≥ 0.5 m/s (corresponding to Reb ≥ 3981) and all b values tested.
This finding is consistent with previous research on flow past circular cylinders in
terms of CD, but cannot be directly applied to non-circular bar shapes due to the
different flow patterns that occur depending on the cross-sectional shape [63,107].

In addition to the limitations of the study, the potential of the presented approach for
future research was discussed in detail in Section 4, which may include detailed studies of
angled bars or novel bar shapes. Advancements in this approach may help to determine
ξ in various applications, thereby enhancing the overall understanding of head losses at
trash racks.
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Abbreviations

CBR Curved bar rack
CBTR Circular bar trash rack
CFD Computational Fluid Dynamics
DES Detached Eddy Simulation
DNS Direct Numerical Simulation
FFT Fast Fourier Transform
HPC High-performance computing
HPP Hydropower plant
LES Large Eddy Simulation
MRE Mean relative error
RANS Reynolds-averaged Navier–Stokes
RMSRE Root mean square relative error
SGS Subgrid-scale
SIMPLE Semi-Implicit Method for Pressure-Linked Equations
SST Shear Stress Transport
URANS Unsteady Reynolds-averaged Navier–Stokes

96



Water 2024, 16, 347

Notations

A Area [m2]
b Clear bar spacing [m]
CD Drag coefficient [-]
CL Lift coefficient [-]
Cs Smagorinsky coefficient [-]
FD Drag force on the cylinder [N]
FL Lift force on the cylinder [N]
fv Vortex shedding frequency [1/s]
g Gravitational acceleration [m/s2]
hv Local head loss [m]
kF Bar shape coefficient by Kirschmer [24] [-]
kr Resolved turbulent kinetic energy [m2/s2]
kt Total turbulent kinetic energy [m2/s2]
kV Loss factor to account for sectional clogging of the rack [-]
LESIQ LES index of quality [-]
LESIQ,avg Volume-averaged mean value of LES index of quality [-]
LESIQ,min Minimum value of LES index of quality for all evaluated time steps [-]
Lx Length of the domain in the streamwise direction [m]
Lx,ds Length of the domain downstream of the rack section in the streamwise

direction [m]
Lx,us Length of the domain upstream of the rack section in the streamwise direction [m]
Ly Length of the domain in the spanwise direction [m]
Lz Length of the domain in the vertical direction [m]
n Number of bars in the computational domain [-]
Nc Number of elements on the bar circumference [-]
Nr Number of elements in the radial direction of the near-field grid [-]
Nt Total number of elements in the computational domain [-]
Ny Number of elements in the spanwise direction [-]
P Blocking ratio [-]
p Pressure [N/m2]
p1, p2 Pressure at the inlet and outlet of the computational domain, respectively [N/m2]
q Unit discharge [m2/s]
Reb Bar Reynolds number [-]
|S| Characteristic filtered rate of strain [1/s]
s Bar thickness [m]
Sij Resolved rate of the strain tensor [1/s]
St Strouhal number [-]
T Vortex shedding cycle [s]
t Time [s]
te Evaluation time [s]
U Flow velocity [m/s]
Uref Free-stream velocity or the undisturbed flow velocity upstream of the rack [m/s]
U1, U2 Flow velocity at the inlet and outlet of the computational domain, respectively [m/s]
u, v, w Flow velocity components in x-, y- and z-direction, respectively [m/s]
x, y, z Cartesian coordinates [-]
y+ Dimensionless distance from the wall [-]
z1, z2 Elevation at the inlet and outlet of the computational domain, respectively [m]
α Rack angle relative to the side wall [◦]
αkin Kinetic energy correction factor [-]
αkin,1, αkin,2 Kinetic energy correction factor at the inlet and outlet of the computational

domain, respectively [-]
β Rack angle relative to the ground plane [◦]
Δ Grid size defining the subgrid length scale [m]
Δt Time step [s]
δ Horizontal inflow angle to the rack [◦]
δij Kronecker delta symbol [-]
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ν Kinematic viscosity [m2/s]
νsgs Subgrid-scale eddy viscosity [m2/s]
ξ Head loss coefficient [-]
ξn Time-averaged normalized head loss coefficient [-]
ρ Fluid density [kg/m3]
τij Subgrid-scale (SGS) stress tensor [N/m2]

Appendix A

Table A1. Results of varying the flow velocity at the inlet U1 or the bar Reynolds number Reb for
the clear bar spacings b = 10, 20, and 30 mm or the blocking ratios P = 0.444, 0.286, and 0.211 to
determine the drag coefficient CD, the Strouhal number St, and the head loss coefficient ξ, calculated
using Equation (1) proposed by Kirschmer [24] and Equations (13) and (14) based on the results of
the numerical simulations.

U1 [m/s] Reb [-]
b

[mm]
P [-]

ξ (MRE) [-]
CD (MRE) [-] St [-]

Equation (1) Equation (13) Equation (14)

0.3 2389

10 0.444

1.329 (±0.0%) 1.225 (−2.9%) 1.225 (−3.0%) 2.756 (−3.0%) 0.306
0.4 3185 1.329 (±0.0%) 1.230 (−2.5%) 1.231 (−2.5%) 2.769 (−2.5%) 0.302
0.5 3981 1.329 (Ref.) 1.262 (Ref.) 1.262 (Ref.) 2.840 (Ref.) 0.296
0.6 4777 1.329 (±0.0%) 1.277 (+1.2%) 1.277 (+1.2%) 2.874 (+1.2%) 0.290
0.7 5573 1.329 (±0.0%) 1.298 (+2.9%) 1.299 (+2.9%) 2.922 (+2.9%) 0.291
0.8 6369 1.329 (±0.0%) 1.308 (+3.7%) 1.308 (+3.7%) 2.944 (+3.7%) 0.291
0.9 7166 1.329 (±0.0%) 1.309 (+3.7%) 1.309 (+3.7%) 2.945 (+3.7%) 0.292
1.0 7962 1.329 (±0.0%) 1.316 (+4.3%) 1.316 (+4.3%) 2.962 (+4.3%) 0.291

0.3 2389

20 0.286

0.528 (±0.0%) 0.457 (−3.5%) 0.457 (−3.5%) 1.601 (−3.5%) 0.258
0.4 3185 0.528 (±0.0%) 0.459 (−3.0%) 0.460 (−3.1%) 1.608 (−3.1%) 0.254
0.5 3981 0.528 (Ref.) 0.474 (Ref.) 0.474 (Ref.) 1.659 (Ref.) 0.244
0.6 4777 0.528 (±0.0%) 0.487 (+2.8%) 0.487 (+2.8%) 1.706 (+2.8%) 0.246
0.7 5573 0.528 (±0.0%) 0.494 (+4.3%) 0.494 (+4.3%) 1.730 (+4.3%) 0.242
0.8 6369 0.528 (±0.0%) 0.516 (+9.0%) 0.516 (+9.0%) 1.808 (+9.0%) 0.235
0.9 7166 0.528 (±0.0%) 0.517 (+9.0%) 0.517 (+9.0%) 1.808 (+9.0%) 0.240
1.0 7962 0.528 (±0.0%) 0.523 (+10.3%) 0.523 (+10.3%) 1.830 (+10.3%) 0.236

0.3 2389

30 0.211

0.307 (±0.0%) 0.262 (−1.2%) 0.262 (−1.2%) 1.246 (−1.2%) 0.244
0.4 3185 0.307 (±0.0%) 0.268 (+1.0%) 0.268 (+1.0%) 1.274 (+1.0%) 0.240
0.5 3981 0.307 (Ref.) 0.266 (Ref.) 0.266 (Ref.) 1.262 (Ref.) 0.240
0.6 4777 0.307 (±0.0%) 0.272 (+2.3%) 0.272 (+2.3%) 1.291 (+2.3%) 0.232
0.7 5573 0.307 (±0.0%) 0.282 (+6.1%) 0.282 (+6.1%) 1.339 (+6.1%) 0.236
0.8 6369 0.307 (±0.0%) 0.291 (+9.4%) 0.291 (+9.4%) 1.381 (+9.4%) 0.233
0.9 7166 0.307 (±0.0%) 0.294 (+10.6%) 0.294 (+10.6%) 1.396 (+10.6%) 0.229
1.0 7962 0.307 (±0.0%) 0.304 (+14.5%) 0.304 (+14.5%) 1.445 (+14.5%) 0.229
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Abstract: Various analytical solutions for computing production and injection-induced pressure
changes in aquifers and oil reservoirs have been derived over the past century. All prior solutions
assumed a constant well rate as the boundary condition. However, in many practical situations,
the fluid withdrawal from and/or injection into such subsurface reservoirs occurs with the aid of
pump devices that maintain a constant bottomhole pressure in the well. Until now, how the well rate
will decline over time, based on the pressure difference in the well relative to the initial reservoir
pressure, could not be rapidly computed analytically (using the diffusivity as the key governing
system parameter), because no concise expression had been derived with the boundary condition of
a constant bottomhole pressure. The present study shows how the pressure diffusion equation can be
readily solved for wells acting as sinks and sources with a constant bottomhole pressure condition.
We consider both fractured and unfractured completions, as well as injection and production modes.
The new solutions do not require an elaborate time-stepped pressure-matching procedure as in nodal
analysis, the only other physics-based analytical method currently available to compute the well
rate decline when a constant bottomhole pressure production system is used, which unlike our new
method proposed here is limited to single well systems.

Keywords: pressure diffusion; bottomhole pressure; well rate; analytical solution; nodal analysis

1. Introduction

Natural resources such as water, hydrocarbons and geothermal heat occurring in
subsurface reservoirs are massively exploited by humans for a multitude of industrial and
agricultural purposes [1–3]. Similarly, depleted reservoirs are widely used for seasonal
storage of natural gas, hydrogen and liquids, as well as for permanent sequestration of
carbon dioxide, CO2 [4,5]. The effective engineering of fluid withdrawal from, and plume
movements of fluid injected into, porous rock formations requires practical expressions
that describe the pressure changes in the reservoir [5,6]. This is needed, a.o., to prevent
formation damage and potential leakage from occurring when the CO2 pressure exceeds
the seal failure pressure [7].

The prior scientific literature records a progressive development of insight, with solu-
tions for fluid withdrawal rates via wells from subsurface reservoirs. The Fourier solution
of the diffusivity equation for heat [8] was modified and scaled by Fick [9] for molecular
diffusion, and then (in an indirect way) to pressure diffusion problems by Darcy [10]. From
this general insight, specific solutions of well behavior for fluid withdrawal from porous
reservoirs in the subsurface were formulated by Dupuit [11] and Thiem Sr. [12], and were
tested with field data by Thiem Jr. [13]. Drawing analogy from heat diffusion solutions
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of Carlslaw [14], Theis [15] gave analytical solutions for the pressure drawdown profile
around a well in an aquifer.

The prior work cited so far on the theoretical well performance was commonly focus-
ing on wells sourcing water from a subsurface aquifer. Next, a modified Dupuit–Thiem
equation was developed for application in hydrocarbon well test modeling by Ragha-
van [16] and Zimmerman [17,18], largely modeled after a textbook solution of heat dif-
fusion equations by Jaeger and Carslaw [19]. The analytical solution of the diffusivity
equation based on a constant well rate boundary condition is widely used in practical
well tests assessing flow rates in newly drilled exploration wells [20,21]. The aim of well
testing is to establish how fast the discovered hydrocarbons can be produced, and if the
fluid production rate of the exploration well can meet the required economic threshold
for additional wells to be drilled in order to validate the full-scale development of costly
surface installations.

There have been recent advancements in both numerical and analytical frameworks
aimed at elucidating the transport dynamics of hydrocarbon fluids [22–24] and delineating
the movement of CO2 plumes during both injection and post-injection phases in subsurface
aquifer storage [5,25]. In the physical entrapment of CO2, the dominant transport mecha-
nisms include horizontal plume migration at rates controlled by viscous forces resulting
from pressure gradients. Subsequently, buoyancy and capillary forces play crucial roles
in post-injection trapping when the upward migration of CO2 may occur [5]. Sbai and
Azaroual [25] utilized numerical methods to predict potential formation damage caused by
CO2 injection. Weijermars [22,23] introduced a novel Gaussian pressure-transient-based
solution to quantify the spatial and temporal progression of pressure and the associated
fluid depletion, both in unfractured and fractured wells in unconventional reservoirs.
Okoroafor et al. [24] utilized numerical methods to simulate hydrogen injection, storage
and recovery from both depleted methane gas reservoirs and saline aquifers.

The present study derives new analytical solutions for fluid injection, storage and
withdrawal via a vertical wellbore in a conventional reservoir from a horizontal, permeable
reservoir, assuming a constant bottomhole pressure. Such a solution did not exist until
now. The diffusivity equation was revisited, and the well rate equations were derived
for a constant bottomhole pressure boundary condition; such a situation applies to many
oil and gas wells produced with artificial lift systems (using a pump which imposes a
certain constant bottomhole pressure). The new method does not require an elaborate
time-stepped pressure-matching procedure as in nodal analysis [26–29], the only other
physics-based analytical method currently available to compute the well rate decline when
a constant bottomhole pressure system is used.

This research paper is structured as follows. Section 2 provides a historical review and
details the workflow used in this study; after first tracing the evolution of analytical meth-
ods from modeling basic groundwater behavior to describing complex hydrocarbon flow
behavior in oil and gas reservoirs. Section 3 revisits the governing diffusion equation [30]
and presents pressure transient solutions applicable to vertical wells with artificial lift in
reservoirs with no lateral boundaries. Wells produced with artificial lift have a constant
bottomhole pressure and are comprehensively modeled in the present study. Section 4
presents pressure gradient solutions for such wells. Section 5 explores well rate solutions,
including a complementary solution for a vertical well in a bounded reservoir, illustrated
with case studies using real production data from two wells (UK offshore gas fields), which
are history-matched with the new method using specific reservoir and well conditions.

2. Review of Prior Solutions

This section lays the groundwork for the present study. We begin by introducing
foundational solutions for modeling how water table levels decline in aquifers (drawdown)
in Section 2.1. We then transition to the pivotal pressure transient test equation used in oil
and gas well analysis (Section 2.2). In Section 2.3, we present the crucial assumption of
steady-state well rates that underpins the traditional well rate solution. Finally, considering
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the limitations of prior research, we restate the objective and workflow of this study in
Section 2.4.

2.1. Hydraulic Head Drawdown

All prior solutions governing the injectivity and productivity of water and petroleum
wells have assumed a constant well rate. Landmark solutions for practical use include the
Thiem [12,13] solution, the Theis [15] solution and the pressure transient solution of the
diffusion equation by Carslaw and Jaeger [19]. Thiem [13] provided a practical equation
based on earlier work by Dupuit [11], which relates the constant well rate, qWH , to the
respective water table drawdown to heights (h1,h2) in nearby observation wells at radial
distance (r1,r2) from a well in the origin with original water table height, h0, in the aquifer
of study as follows:

qWH = −2πh0K
h1 − h2

ln r1 − ln r2
. (1)

The parameter to be determined from the measurements in the observation well(s)
is the hydraulic conductivity, K, of the aquifer. The solution of Equation (1) is based on
comparing the mass balance of fluid flow using Darcy’s Law [30–32].

Separately, Theis [15] gave a continuous solution for the drawdown profile of the
fluid surface in aquifers, based on the 2D diffusion solution for heat dissipation as given
in Carslaw [14]. The change in the hydraulic head, Δh(r, t), in radial direction around the
well in the origin is given by the exponential integral Ei [33] as follows:

Δh(r, t) =
qWH
4πT

∞∫
t=0

e
r2S
4Tt dt

t
=

qWH
4πT

Ei

(
r2S
4Tt

)
. (2)

The well rate in Equation (2) is again assumed constant, and the rate of drawdown
of the hydraulic head is controlled by the aquifer transmissivity, T, and storativity, S.
The practical purpose of Theis’s [15] solution is that it solves for the transient change in
hydraulic head due to a well pumping at a constant rate from a confined aquifer [34].

2.2. Well Test Equation

In petroleum engineering, new oil and gas reservoirs are tested in exploration wells
over relatively short flow periods to measure what well rate can be achieved in response to
a pressure differential between the reservoir and the wellbore. This solution is again based
on Darcy’s Law, and the assumed boundary condition is a steady flow in a porous media,
at rate qD:

qD = − k
μ
∇P. (3)

Equation (3) features the fluid viscosity, μ, and reservoir permeability, k; both are
initially assumed to be constant and uniform. Note that qD [L T−1] in Equation (3) is used
here for Darcy flux from the porous formation into the open space of the wellbore across a
unit area of wellbore exposed; qD should not be confused with the dimensionless well rate
and is distinct from the volumetric flux into the well, qWH [L3 T−1] in Equation (2). The
actual velocity, vR, in the porous reservoir is always greater than the Darcy flux and will be
given by vR φ = qD, with φ representing the connected porosity.

The associated steady-state pressure profile P(r) for radial flow near the well pro-
ducing at a constant rate, qWH , with original reservoir pressure, P0, is as follows [18]:

P(r) = P0 − qWH
B

2πh
μ

k
ln
(

r
rw

)
. (4)

where h is payzone thickness, and rw is wellbore radius. The formation volume factor, B,
accounts for the volume change in the fluid mostly due to drawdown pressure when the
fluid withdrawn from the reservoir is transferred to the surface. The solution of Equation (4)
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itself does not account for friction losses in the wellbore’s vertical section, the exclusion of
which is a routine practice in well test equations. Such friction may be considered in a more
comprehensive analysis of the later production system, which can account for the wellbore
friction if critically needed. Provide the well flows, the solution of Equation (4) is correct,
even if the wellbore fiction I left out of the equation, because the dynamics is computed at
the reservoir level as controlled by Darcy’s law, with ∇P specified for the reservoir level.

The radial flow solution of Equation (4) is termed a ‘modified’ Dupuit–Thiem equa-
tion for the steady-state pressure profile, because the original equations by Dupuit [11],
Thiem Sr. [12] and (his son) Thiem Jr. [13] do not include the formation volume factor; for
hydrological problems in shallow aquifers, B indeed can be safely assumed close to unity.

2.3. Steady-State Pressure Profile

The assumption of well production at steady state underlying Equation (4) is useful,
because this way a steady-state pressure profile may exist, where the reservoir pressure
increases logarithmically with distance to the well to converge to the original reservoir
pressure P0 at a certain distance from the well. The Dupuit–Thiem equation describes the
steady-state pressure profile and still features centrally in today’s well-testing literature [20],
with small modifications such as the skin factor, s, a fidgeting factor which accounts for
near-wellbore damage or stimulation of the reservoir:

P(r) = P0 − qWH
B

2πh
μ

k

[
ln
(

r
rw

)
+ s

]
, (5)

The steady well rate and constant pressure profile assumptions are only physically
reasonable for reservoirs produced with pressure replenishment by balanced water injec-
tion [35]. When no fluid replenishment occurs, the pressure profile around the wells will
be transient and a function of the hydraulic diffusivity [19]:

qWH = [P0 − P(r, t)]
k
μ

2πh
B

Ei

( −r2

4Dht

)
. (6)

The purpose of most well tests is primarily to measure the rate of the well for an
imposed pressure drop at the wellbore, where P(rw, 0) = PBH . Assuming the well rate qWH
stays constant, reservoir parameters can be estimated by coupling the Zimmerman [18]
hydraulic diffusivity, Dh, expression (Equation (7)) into Equation (6).

Dh =
k

μ
[
(1 − φ)cR + φc f

] . (7)

Dh is simultaneously estimated by constraining one or more of the primary values that
jointly control its value, such as the intrinsic properties of the reservoir (k,φ, cR) and of the
fluid (μ, c f ) in its pores of total compressibility, ct =

[
(1 − φ)cR + φc f

]
, made up of rock

compressibility, cR, and fluid compressibility, c f . Representative values of k, φ, cR, μ, c f
can be obtained from lab tests on sampled reservoir fluids and core test data, as routinely
conducted by oil companies during field appraisal programs. Alternatively, the value of Dh
can be abstracted from history matching of well rates as demonstrated later in this study.

2.4. Study Objective and Research Workflow

The prior mathematical solutions cited above all assumed a vertical well pumping at a
constant rate from a horizontal aquifer confined between an upper and a lower impervious
boundary, with infinite lateral extent, uniform thickness, homogeneous conductivity, stora-
tivity and transmissivity. In the analyses by Thiem [13] and Theis [15], the diameter of the
well was assumed to be negligibly small so that fluid storage in the well may be neglected.

In order to compute the well rate decline when a constant bottomhole pressure produc-
tion system is used, one must currently use an elaborate time-stepped pressure-matching

106



Fluids 2024, 9, 199

procedure called nodal analysis [26–29], which follows a history-matching procedure based
on analytical solutions for transient and boundary dominated flow. The procedure is
reasonably accurate but elaborate and technically complex due to the need for time-stepped
history matching [36]. The benefits and limitations of the nodal analysis procedure are
acknowledged in this present study, but the procedure is not further detailed.

Figure 1 visually summarizes the key steps of our research workflow. It begins with
the governing partial differential equation (PDE) that incorporates an hydraulic diffusivity
term. Next, we show how reservoir and well boundary conditions are applied to this
equation. The present study focuses on vertical wells in the transient-flow regime of
reservoirs without lateral boundaries (unbounded) and with boundary-dominated flow
effect [37]. Figure 1 illustrates how subsequent steps lead to the development of the
proposed analytical solutions for well performance, starting from the transient pressure
field solutions of the diffusivity equation. The pressure transient solutions in laterally
unbounded reservoirs are provided in Section 3 of the present study.

Figure 1. Summarized workflow for the mathematical model and application to either unbounded or
bounded reservoirs produced with a vertical well.

3. Diffusion of Pressure Transients in Unbounded Reservoirs

This section focuses on pressure field solutions, which are the basis for the subsequent
pressure gradient solutions’ development in Section 4, and is structured as follows. The
classical diffusivity equation is revisited in Section 3.1. Many oil and gas wells are produced
with artificial lift systems (using a pump) which impose a certain constant bottomhole
pressure. Thus, the pressure transient diffusion solution is first derived for a constant
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bottomhole pressure change in vertical well systems in laterally unbounded reservoirs
(Section 3.2). one- and two-dimensional pressure diffusion solutions are provided. We
further distinguish between producer wells and injection wells.

3.1. Governing Diffusion Equation

Consider the classical diffusion equation [38], adapted for pressure diffusion in three-
dimensional space:

∂P
∂t

= ∇ · (Dh∇P). (8)

The first Del operator ∇ in Equation (8) takes the dot product or divergence of Dh∇P
[MT−3], and ∇P denotes the pressure gradient. If normalized pressure is initiated at initial
time, and gravity gradients are negligible, the spatial changes in ∇P are governed by
Equation (8) as would apply to a perfectly homogenous, isotropic porous medium with
slow, laminar flow due to the pressure gradient (Figure 2a).

Figure 2. Principle sketch of (a) 3D diffusion from a point source in a homogenous isotropic porous
medium. (b) General 3D pressure diffusion process with inertia and consequently complex pres-
sure transients.

For a free flow of liquid media, inertia and gravity force terms will quickly dominate
the spatial changes in the pressure field, which is why the pressure gradients of free flow
with turbulence may quickly appear extremely complex (Figure 2b). The pressure diffusion
Equation (8) does not account for such additional terms. Also, only diffusion mass transfer
due to the pressure gradient is considered. If molecular diffusion is included as well, the
relative importance of the convective mass transfer due to the pressure gradient and that
due to molecular diffusion can be described by a Fokker–Planck (convection–diffusion)
equation [23,39]. A Gaussian Péclet number has been proposed to compare the relative
importance of the two processes for application in gas reservoir/well dynamics [40].

Next, assume the pressure diffusion process of interest occurs radially outward from
a cylindrical well source placed vertically in a tabular homogeneous reservoir with an
impervious upper and lower boundary (Figure 3) and at a certain initial pressure, P0.
The pressure changes ΔP(x, y, t) occur exclusively in the (x, y) plane, due to the no-flow
condition at the upper and lower boundary. Specifically, 2D diffusion starting at the well is
governed by:

∂ΔP(x, y, t)
∂t

= Dh

(
∂2ΔP(x, y, t)

∂x2 +
∂2ΔP(x, y, t)

∂y2

)
. (9)

where Dh is modeled according to Zimmerman’s [18] hydraulic diffusivity equation (Equa-
tion (7)). The simplified PDE expression in Equation (9) is for an unbounded reservoir,
meaning no lateral boundaries occur in the radial direction away from the well.
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Figure 3. Pressure transient advance (red) for the 2D diffusion of pressure perturbation initiated
from a vertical well in a reservoir confined between impervious upper and lower boundaries, but
laterally unbounded.

3.2. Steady Pressure Transient Diffusion (1D) for Production and Injection Wells in an
Unbounded Reservoir

The key differences between injection and production wells are first established prior
to presenting the solutions for such possible applications. Figure 4 illustrates a schematic
of both types alongside their bottomhole pressures relative to the initial reservoir pressure.
This helps visualize the distinct well designs used for injection and production purposes.

Figure 4. Initial pressure (black line for t = 0) and final pressure states (green and red lines for t = ∞)
in reservoirs for injection and production wells, respectively.

Injection wells: These wells have a higher bottomhole pressure than the original
reservoir pressure. This pushes fluids outward away from the well landing point, following
the pressure gradient, when injected into the formation.

Production wells: In contrast, production wells have a lower bottomhole pressure
compared to the initial reservoir pressure. This pressure difference draws fluids inward
towards the wellbore, enabling their extraction, and the drainage patterns enlarges as
time goes.
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For injection wells, we strive for a boundary condition where the injection pressure is
initiated at (x, t) = (0, 0) with a value ΔP(0, 0) = PBH − P0 (Figure 4), and for t > 0, the
source maintains a constant pressure differential ΔP(0, t) > 0, given by:

ΔP(0, t) = PBH − P0. (10)

For production wells, the injection pressure is initiated at (x, t) = (0, 0) with a value
ΔP(0, 0) = P0 − PBH (Figure 4), and for t > 0, the source maintains a constant pressure
differential ΔP(0, t) > 0, given by:

ΔP(0, t) = P0 − PBH . (11)

We also distinguish between well systems based on types of technical completion:
wells drilled vertically and completed with a single longitudinal fracture (bi-wing fracture,
Figure 5a) and those completed with simply a vertical, open-hole wellbore (Figure 5b). The
bi-wing fractured wells are commonly used in low-permeability reservoirs; their pressure
transient is governed by 1D diffusion from the fracture plane. The open wellbore without
fracturing is used in high-permeability reservoirs; such wells act as 2D, cylindrical diffusion
sources for the pressure transient. Studying the 1D and 2D cases jointly is instructive, in
particular because we show in the present study how the 1D diffusion solution can be
transformed to a 2D diffusion solution.

Figure 5. Well types in map view. (a) Vertical well with bi-wing fracture acting as a 1D diffusion
source. (b) Vertical well without fractures acting as a 2D diffusion source from the wellbore of radius
rw =

√
x2 + y2.

3.3. Fractured Well Solution (1D Diffusion)

The pressure change component ΔP(x, t) in the x-direction due to a planar, 1D diffu-
sion source along the y-axis (Figure 5a) is as follows:

∂ΔP(x, t)
∂t

= Dh
∂2ΔP(x, t)

∂x2 . (12)

A valid 1D solution of Equation (12) with the boundary condition of Equation (10)
was given by ([38], Equation 2.45):

ΔP(x, t) = ΔP0(0, 0)
(

1 − er f
x

2
√

Dht

)
. (13)

Outside the well system, the pressure transient will change the reservoir pressure
according to:

P(x, t) = P0 + ΔP(x, t). (14)
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The time-dependent part ΔP(x, t) of Equation (14) is given by Equation (13), which
after normalizing gives the non-dimensional pressure change function ΔP(x,t)

|ΔP0| [using ΔP0

for ΔP(0, 0)] at any time and given position in the reservoir as follows.
For the production well case, the initial reservoir pressure at the well location is

changed by the well according to a step function, which lowers the pressure of the reservoir
at (x, t) = (0, 0) with a value ΔP(0, 0) = P0 − PBH ; for 1D diffusion from a production
well with a single fracture. The equation for the normalized pressure transient that trav-
els perpendicular to the vertical fracture plane acting as the pressure change source is
(Figure 6a):

ΔP(x, t)
|ΔP0| = er f

(
x

2
√

Dht

)
− 1. (15)

Figure 6. Normalized pressure changes ΔP(x,t)
|ΔP0| for (a) 1D (planar fracture) production source shows

pressure drawdown over time everywhere in the reservoir except at the fracture location (x = 0),
where normalized pressure change is fixed at −1. (b) Injection well with constant scaled pressure
change at the wellbore; ΔP(x,t)

|ΔP0| = 1 shows how the pressure increases everywhere in the reservoir
(from x = 0 to x = 5) as time increases from t = 0.00001 to t = 10 units of time. Diffusivity used: Dh = 1.
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For a 1D diffusion from an injection source, the step function of the initial pressure in-
crease in the well advances in the lateral reservoir space (x-direction) as follows (Figure 6b):

ΔP(x, t)
|ΔP0| = 1 − er f

(
x

2
√

Dht

)
. (16)

Figure 6a shows curves of the pressure transient progressively advancing across
the reservoir space for time steps separated by 10 time units for the 1D diffusion of a
hydraulically fractured production well, using Equation (15). The top border of the graph
(y = 0) is where the original reservoir pressure, P0, remains unchanged. However, the
non-dimensional pressure change initiated from the production well advances into the
reservoir space and results in progressive pressure depletion associated with the fluid
withdrawal process. Ultimately, after infinite time, the pressure everywhere in the reservoir
will attain the bottomhole pressure, PBH , which for the production case is given by the
non-dimensional pressure change maximum at the bottom border of the graph (at y = −1)
of Figure 6a.

Figure 6b shows the advance of the pressure change profiles at different times for
the 1D diffusion of a fractured injection well, according to Equation (16). In this case,
the bottom border of the graph (with y = 0) is where the original reservoir pressure, P0,
remains unchanged. However, at a particular time, say t = 0.1 (depicted with yellow line in
Figure 6b), the reservoir pressure has changed close to the wellbore, but asymptotically, no
pressure change has occurred (yet) further away from the well. For the injector case, the
pressures near the well location are increased, and the imposed pressure changes dissipate
into the reservoir space as graphed in Figure 6b. Ultimately, after infinite time, the pressure
everywhere in the reservoir will reach the bottomhole pressure, PBH , which is given by the
normalized pressure change top border of the graph (at y = 1) of Figure 6b.

3.4. Cylindrical Well Solution (2D Diffusion)

The advancing pressure change and normalized pressure depletion profiles for uni-
directional 1D diffusion were given in Figure 6a,b. If we were to obtain the 2D solution
(Figure 7b) by an orthogonal superposition of 1D pressure change sources (Figure 7a), it
would give radial pressure gradients useful for flow path mapping. However, the rate
of advance of the 2D diffusion process would be inaccurately scaled by the 1D diffusion
process (as in Figure 6a,b), due to which the divergence of the flow paths and the required
conservation of mass during the mass transport process will not be satisfied.

Figure 7. (a) Superposition of two 1D diffusion sources in the origin to approximate a 2D diffusion
source in (b), assuming the 1D sources along x and y are short finite lengths, such that they fit into a
wellbore section of radius rw =

√
x2 + y2. It should be noted that such a superposition introduces a

scaling error, as detailed in the main text. The conformal mapping of Figure 8 resolves this error.
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Figure 8. Conformal mapping of the 1D diffusion solution in Cartesian space to divergent diffusion
in radial directions by conformal mapping of coordinates from the ε(x) domain to the ε(x,y) domain.

In order to correct for the divergence deficit, we apply a coordinate transformation of
the 1D diffusion space to a 2D cylindrical diffusion space. The required transformation of
the Cartesian reference system to a polar reference system can be achieved by conformal
mapping (Figure 8), such that the normalized spatial coordinate x in domain ε(x) is mapped
to lnr in the domain ε(x,y):

x → ln r, and r =
√

x2 + y2 (17)

For the production case, the solution of Equation (15) becomes (Figure 9a):

ΔP(r, t)
ΔP0

= er f
(
(r + 1) ln(r + 1)

2
√

Dht

)
− 1 (18)

For the injector case, the solution of Equation (16) becomes (Figure 9b):

ΔP(r, t)
ΔP0

= 1 − er f
(
(r + 1) ln(r + 1)

2
√

Dht

)
(19)

It is important to note that the inclusion of “+1” in the numerator of Equations (18)
and (19) serves to accurately represent the wellbore as a point source at r = 0. However, in
practical wellbore applications, the spatial distance between the wellbore and the boundary
typically precludes the necessity of this correction. To plot Figure 6a,b, no inputs are
required other than normalized pressure change at the wellbore location and assuming a
unit diffusivity. In Section 5, we will show how the well rate declines as a consequence of
the lowered bottomhole pressure for a production well case with a specific dimensional
hydraulic diffusivity. Unlike classical well test analysis, the well rate is not a boundary
condition but an output of the applied bottomhole pressure, original reservoir pressure and
hydraulic diffusivity (and well radius, which is assumed to be negligible in Figure 6a,b).
The dimensional example of well rate computation and production forecasting using real
field data from the early well life is included in Section 5.4.

Comparison of Figure 6a,b and Figure 9a,b reveals the slower advance of the pressure
gradient due to the cylindrical source assumed as a consequence of the applied transformation.

Equations (18) and (19) are valid solutions of the general diffusivity equation in polar
coordinates (Equation (20)):

1
r

∂

∂r

(
r

∂P
∂r

)
=

−1
Dh

∂P
∂t

, (20)
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Figure 9. Normalized pressure changes ΔP(r,t)
ΔP0

for (a) cylindrical pressure change source (such as
occurs in the case of a production well) shows pressure-drawdown over time everywhere in the
reservoir except at well location (x = 0), where normalized pressure change is fixed at −1. (b) Injection
well with normalized pressure change at the wellbore, ΔP(r,t)

ΔP0
= 1.

4. Pressure Gradient Solutions

In Section 3, we focused on solving the pressure transient diffusion process from
vertical sources (both injection and production wells with constant bottomhole pressures).
We provided illustrative examples of how pressure changes will advance into the reservoir
space away from a specific well location over time.

This section develops the solutions for the pressure gradients, which are of practical
value for (1) plotting flow paths in the reservoir space and (2) computing the well rate.
The flow paths can be identified as the local maxima of the pressure gradient solution
(Section 4). Section 5 will explore the concept of well rate. Our objective here is to first
present the pressure gradients for the unbounded reservoir solutions.
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Flow in reservoirs is in each point principally controlled by the convective movement
of mass along the direction of the local maximum of the pressure gradient. The diffusive
mass transfer due to Brownian motion in the absence of pressure gradients is neglected in
what follows, but if both pressure diffusion and molecular diffusion are considered, a Gaus-
sian Péclet number has been proposed to compare the relative importance of the convective
mass transfer due to the pressure gradient and that due to molecular diffusion [40].

4.1. Pressure Gradient Solution for 1D Diffusion

The gradient of the pressure change field for a 1D source (Equation (13)) in an un-
bounded reservoir is [using ΔP0 for ΔP(0, 0)]:

∂

∂x
ΔP(x, t) =

∂

∂x
ΔP0

(
1 − er f

x
2
√

Dht

)
=

−ΔP0√
πDht

[
e
−x2
4Dht

]
. (21)

The resulting pressure gradient in the radial direction away from a wellbore placed in
the origin (depicted in the typical pressure diffusion configuration of sources Figure 5a,b),
using a Cartesian grid for a 2D diffusion within the (x, y) plane, may be computed from
the following equation, which gives the non-dimensional pressure gradient per length
dimension [41]:

∇P(x, t)NEW
|ΔP0| =

1√
πDht

[
e
−x2
4Dht

]
. (22)

4.2. Pressure Gradient Solution for 2D Diffusion

To move from the pressure change solution of Equations (18) and (19) to the pressure gra-
dient solution of the radial well for the injection case, we apply the derivative (Equation (23)):

∂

∂r
ΔP(r, t)
|ΔP0| =

∂

∂r

[
1 − er f

(
(r + 1)ln(r + 1)

2
√

Dht

)]
=

−ln(r + 1) + 1√
πDht

e
−(r+1)2ln2 (r+1)

4Dht (23)

Subsequently, the non-dimensional pressure gradient per unit length is (Equation (24)):

∇P(r, t)NEW
ΔP0

=
− ln(r + 1) + 1√

πDht
e−

((r+1) ln (r+1))2
4Dht . (24)

4.3. Comparison of 1D and 2D Pressure Gradient Solutions

Consider an injection well located at the center of the field of view, at (x, y) = (0, 0).
Equations (22) and (24) describe the dimensionless pressure gradient solution per unit
length of a 1D planar and a 2D cylindrical pressure source, respectively. The 1D pressure
change solution of Equation (22) is here used to compare the pressure change advance from
a well with two perpendicular sets of bi-wing fractures (short, with fraction of unit length)
as in Figure 7b with the solution of the 2D-diffusion-driven flow around the cylindrical
well as in Figure 8.

The resulting pressure gradient in the radial direction away from a wellbore placed
in the origin (using a conjugate set of 1D planar sources as in Figure 5a,b), represented in
a Cartesian grid for the resulting apparent 2D diffusion within the (x, y) plane, may be
computed from [41]:

∇P(x, y, t)NEW =

√(
∂ΔP(x, t)

∂x

)2
+

(
∂ΔP(y, t)

∂y

)2
. (25)

Substituting the 1D diffusion solution of Equation (22) into Equation (25) gives a
Gaussian pressure transient solution for a vertical wellbore with two perpendicular, planar
sources, using Cartesian coordinates (Equation (26)):
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∇P(x, y, t)NEW =

√√√√( −ΔP0√
πDht

[
e

−x2
4Dht

])2

+

(
−ΔP0√

πDht

[
e

−y2
4Dht

])2

=
ΔP0√
πDht

[
e
−(x2+y2)

4Dht

]
. (26)

The non-dimensional pressure gradient per length dimension is (Equation (27)):

∇P(x, y, t)NEW
ΔP0

=
1√

πDht

[
e
−(x2+y2)

4Dht

]
. (27)

Figure 10a–f illustrates the early time development of the pressure fields, pressure
gradients and flow paths for the 1D and 2D diffusion cases. The difference between the
two cases for t = 0.1 remains modest.

Figure 10. Contour maps for (a,b) normalized pressure change due to transient pressure diffusion,
(c,d) pressure gradients and (e,f) flow paths, all at t = 0.1. The left column is for two orthogonal
planar sources (a,c,e). The right column is for a cylindrical source (b,d,f).
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We next re-examine the same two cases later in the well-life (Figure 11a–f), after con-
sidering t = 100, keeping input parameters the same, except that the field view dimension
is increased from 5 to 50 units of spatial distance from the well location at r = 0. The differ-
ence between the two cases now becomes more pronounced. The arrows in Figure 10e,f
and Figure 11e,f indicate the direction of fluid flow, which is radially outward for the
injection well.

Figure 11. Contour maps for normalized pressure change, pressure gradient and flow paths for two
orthogonal planar sources (left column: a,c,e) and a cylindrical source (right column: b,d,f) at t = 100.

The purpose of computing the superposition of two orthogonal 1D planar diffusion
sources (Figure 7 configuration) and the cylindrical 2D diffusion source obtained by the
transformation of Figure 8 is to demonstrate the different outcomes. The correct procedure
for a pressure transient initiated by a pressure disturbance at a cylindrical wellbore with a
constant bottomhole pressure is to use the solution of Equation (24) not (27).
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5. Well Rate Solutions

Building upon the foundation of pressure gradients laid out in Section 4, this sec-
tion seeks to establish analytical solutions for well rates applicable to both injection and
production wells.

5.1. Well Rate Solutions for Single Bi-Wing Fractured Well

The petroleum industry has shifted to massive use of horizontal wells that withdraw
the fluid from ultra-low-permeability reservoirs via sets of transverse hydraulic fractures.
Gaussian solutions for the 1D diffusion from such multi-stage fractured wells have been
derived in recent companion studies [22,23,41–45]. The well rate solution for a fractured
vertical well in a 2D Cartesian coordinate system is obtained using the time-dependent
pressure gradient solution of Equation (21) for steady-state pressure diffusion in an un-
bounded reservoir in combination with Darcy’s Law. The pressure gradient accounts for
the volumetric flow rate per unit cross-sectional area entering the fracture system of the
well, using the relationship between flow rate and volumetric flow rate per unit fracture
area, qWH(t) = 4lh. qD(t)/B and qD(t), from Equation (3) to give the wellhead flow rate:

qWH(t) =
4lhk
μB

(P0 − PBH)√
πDht

e
−x2

0
4Dht . (28)

The factor 4 in the solution of Equation (28) stems from use of the fracture half-length
and the fact that flow into the bi-wing fracture occurs from the reservoir space at either side
of the fracture. The parameter B accounts for the volume changes when fluid is lifted from
reservoir space to the surface and is determined in specialized laboratories of sampled
reservoir fluid in so-called PVT-analysis.

5.2. Well Rate Solutions for Cylindrical Wells in Laterally Unbounded Reservoirs

The solution for the rate of a vertical well is obtained using the time-dependent pres-
sure gradient solution for steady-state pressure diffusion in unbounded reservoirs (Equa-
tion (23)). The volumetric flow rate per unit wellbore area, qWH(t) = 2πrwh. qD(t)/B,
was used to obtain the well rate, replacing r + 1 by rw; assuming rw > 0:

qWH(t) =
2
√

π(hk)(rw ln(rw) + rw)

μB
(P0 − PBH)√

Dht
e
−r2

w ln2 rw
4Dht . (29)

The solution of Equation (29) differs from traditional well-testing equations of Equa-
tion (6). The latter assumes a constant well rate, which offers advantages for reservoir
characterization using various well test rates at a constant imposed bottomhole pressure
over brief periods of time, justifying treatment of both the bottomhole pressure and well
rate as being approximately constant. However, it is possible to adapt our new solution
for well test analysis [37]. Additionally, the future well rate can be predicted based on the
pressure differential between the reservoir and the wellbore applied by the artificial lift
system used.

5.3. Well Rate Solutions for Vertical Wells in Laterally Bounded Reservoirs

The solutions in the present paper so far are for vertical wells in transient flow due
to a pressure drop originating from the well advancing into the ambient reservoir. The
2D diffusion is described with Gaussian pressure transients. While the research focus was
initially on the production analysis of fractured wells used in so-called unconventional
reservoirs (ultra-low-permeability rocks), the solutions offered in the present study are of
equal practical significance for vertical injection wells and for vertical production wells
in conventional formations. When the reservoir is at the lower end of the permeability
spectrum, the transient flow period may last for much of the economic well life. Anisotropic
diffusivity can be accounted for by using a hydraulic diffusivity tensor rather than scalar
values. Examples have been given in Alotaibi et al. [35].
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However, for conventional reservoirs with high permeability, the transient flow period
will be limited to the early well life (first few months of production). To be of more practical
value, the unbounded solution is expanded here in a solution for bounded reservoirs
with an assumed cylindrical container shape of finite radius approximating the confined
reservoir. Given that the Gaussian distribution relies on probabilistic concepts, a novel prob-
ability concept described in a prior study [46] was employed to formulate the innovative
pressure diffusion model tailored for reservoirs dominated by bounded flow. To simulate
the cylindrical reservoir boundary, the pressure front from the wellbore was superimposed,
with a virtual pressure front originating from a cylindrical pressure source located at twice
the distance between the well location, rw, and the effective reservoir boundary, re (as eluci-
dated in Figure A2, Appendix A of Afagwu and Weijermars [46]). The normalized pressure
transient diffusion solution for laterally bounded cylindrical reservoirs for a production
case is given as follows (Equation (30)):

ΔP(r, t)
|ΔP0| = er f

(
(r + 1)ln(r + 1)

2
√

Dht

)
er f

(
(2re − r + 1)ln(2re − r + 1)

2
√

Dht

)
(30)

The validity of the normalized pressure solution (Equation (30)) is demonstrated in
Figure 12 using the same approach originally described in our prior publication [46]. The
tracked time-dependent pressure changes between the scaled wellbore location and real
reservoir boundary confirmed that the boundary conditions were honored. The normalized
pressure drawdown is at its maximum at the wellbore throughout the production period
because of the constant bottomhole pressure boundary condition imposed at the wellbore.
At the beginning, t = 0.06, there is no pressure change around the normalized real reservoir
boundary, r = 1, (Figure 12a). However, from t = 0.1 units of time, there is gradual pressure
change, suggesting that the pressure transient originating from the wellbore has reached
the boundary. During late production time depicted by t = 1000 units of time, the pressure
is nearly depleted everywhere in the reservoir (Figure 12b). Furthermore, the reduction in
the steepness of the slope of spatial pressure changes indicates a corresponding decrease in
gradient flux between the start of production at t = 0.06 units of time to late time, t = 1000.

Figure 12. Time-dependent normalized pressure change solution (Equation (30)) from the scaled
wellbore position to the reservoir boundary extent, estimated with unit hydraulic diffusivity, Dh = 1.
(a) Short unit of time, t = 0 to 1 unit; (b) longer period of production, from 1 to 1000 units of time.

The well rate expression of Equation (29) for the unbounded vertical well can now
be modified as follows to account for the bounded reservoir case. The derivation of the
wellbore flow rate solution for laterally bounded reservoirs follows the three-step procedure
as follows: (1) Compute the time-independent pressure gradient solution for steady-state
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pressure diffusion in bounded reservoirs (Equation (30)). (2) Darcy’s Law integration: the
pressure gradient is then integrated across the wellbore radius using Darcy’s Law (Equation
(3)) to relate the pressure gradient to the volumetric flow rate per unit cross-sectional area
entering the wellbore. (3) Wellbore flow rate relationship: the resulting expression is
substituted into the relationship between flow rate and volumetric flow rate per unit area,
qWH(t) = (2πrwh. qD)/B, to give the wellbore flow rate model as follows (Equation (31)),
where C1 = 0.00632829

((
cp.ft2

)
/(mD.psi.day)

)
is the conversion factor from metric to

field unit.

qWH(t) =
2C1

√
π(hk)

μB0

(P0−PBH)√
Dht [(rw ln(rw) + rw).e

−r2
w ln2 rw
4Dht .er f

(
(2re−rw) ln(2re−rw)

2
√

Dht

)
−(rw ln(2re − rw) + rw).e

−(2re−rw)2 r2
w ln2 (2re−rw)

4Dht .er f
(

rw ln(rw)
2
√

Dht

)
]

(31)

5.4. Application to Real Well Data

In this section, we give examples of history matching the production data from real
wells with the GPT-based production forecasting method. In prior studies, partial solutions
were compared with results from numerical simulators with excellent matches [37,41].
In the present study, we use real production data to demonstrate the value of our new
solutions in practical applications. The production data for our chosen study wells come
from decommissioned UK offshore fields, which have been made publicly available by the
UK North Sea Transition Authority, as was detailed in [47].

The daily production data and cumulative production data of study wells from two
UK offshore gas fields (Tethys and Kelvin) are plotted in Figure 13a–d. The Tethys field
occurs in rocks of Permian age: the Leman Sandstone Formation of the Lower Permian
Rotliegendes Group [47]. The Kelvin field is hosted in fluvial sandstones of the Upper
Devonian–Carboniferous Fairway. When the full field data are used, it appeared in our
prior study that use of the empirical decline curve analysis (DCA) method by Arps to
historically match the production data can give curve matches that closely match the actual
well behavior (Figure 13a–d).

However, for production forecasting of newly drilled wells and establishing the
estimated ultimate recovery (EUR) volumes for reserve estimation, only a few months’
production data would typically be available. We therefore tested how well Arps forecast
the actual well behavior, if we used only the first 6 months of bootstrapped daily production
data [47]. It then appeared that the Arps method gave rather inaccurate forward prediction
of the well rates and either overestimated (Tethys) or underestimated (Kelvin) the ultimate
recovery (EUR) volumes (Figure 14a–d).

  
(a) (b) 

Figure 13. Cont.
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(c) (d) 

Figure 13. Daily production rates (top row, (a,b)) and cumulative production (bottom row, (c,d)) of
the Tethys and Kelvin Wells were fitted with Arps DCA curves [47] and provided excellent history
matches throughout the well life. The detailed fitting parameters are given in [47].

(a) (b) 

(c) (d) 

Figure 14. History matching of full well-life cumulative production and daily rates using only the
first 6 months of daily production [47] gave poor history matches for the post-6-month production
behavior for both the Tethys Well (top (a,b)) and the Kelvin Well (bottom (c,d)). The detailed fitting
parameters are given in [47].

The conclusion was that the empirical Arps method becomes increasingly inaccurate
when only a few months of production data are available. Remedying this limitation
was one of the motivations to develop our physics-based GPT history-matching solution.
The bounded solution of Equation (31) was incorporated in a spreadsheet for history
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matching the early production data, together with the traditional Arps equation described
in [47], to check how well the physics-based GPT history match will predict the future
well performance and EUR if again only the first 6 months of the historic production data
were used. Figure 15a–d gives the outcome of the least square error history matches for
both the Arps DCA and the GPT methods. Our conclusion is that using the physics-based
GPT solution for a bounded reservoir gives excellent history matches. The detailed fitting
parameters used in Equation (31) are given in Table 1.

(a) (b) 

(c) (d) 

Figure 15. History matching of full well life cumulative production and daily rates using only the
first 6 months of daily production [using the GPT solution-method, Equation (31) (red curves) gave
excellent history matches for the post-6-month production behavior (gray curves) for both the Tethys
Well (top (a,b)) and the Kelvin Well (bottom (c,d)]. The detailed fitting parameters are given in
Table 1.

Apart from the excellent history matches obtained with GPT, an additional strength
is its diagnostic value for reservoir characterization. For example, the effective radius of
the reservoir is obtained from the history-matching process (last row in Table 1). Once the
effective radius has been determined in the history match, changing the reservoir radius
parameter shows how the transition from transient flow to boundary dominated flow
would shift. For example, if the radius of Kelvin reservoir reduces from 5500 to 2750 ft,
the boundary-dominated flow occurs much earlier, and the reservoir would effectively
be depleted after 200 days (Figure 16a). If we use a 4000 ft radius, the reservoir would
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deplete after 450 days (Figure 16b). Because the well is known to produce for 800 days, the
physics-based GPT model correctly shows a larger reservoir radius of 5500 ft.

Table 1. GPT fitting parameters used for Figure 15 results.

Physical Attribute Unit Tethys Field Well Kelvin Field Well

Age trap system Permian Carboniferous

Effective thickness ft 1034 50

Bottomhole pressure psi 1800 3386

Original reservoir pressure psi 3800 6310

Formation volume factor rcf/scf 0.0029 0.0029

Viscosity cPoise 0.02242 0.022422

Rock compressibility 1/psi 0.0000434 0.0000434

Fluid compressibility 1/psi 0.000033 0.000033

Permeability mD 10 400

Porosity - 0.11 0.11

Hydraulic diffusivity ft2/day 66,792 2,671,675

Effective well radius ft 3.6 13

Reservoir boundary (re) ft 1750 5500

 
(a) (b) 

Figure 16. Sensitivity of GPT solution, Equation (31), to reservoir radius. (a) Radius reduced to half
of the history-matched value of 5500 ft (Table 1); the EUR would reduce from 25.8 to 12.2 bcf. (b)
Radius reduced from 5500 ft to 4000 ft shrinks the productive well life from 800 to 450 days; the EUR
would reduce from 25.8 to 18 bcf.

5.5. Further Applications of Pressure-Transient-Based Well Rate Solutions

The pressure-transient-based well rate solutions can be used in a variety of practical
applications:

1. Pressure transient simulation: These solutions can simulate the pressure transients
caused by fluid flow towards a well system in unbounded and boundary-dominated
flow reservoirs. Such solutions allow for analyzing the dynamic behavior of pressure
during production or injection (see Figures 6 and 9).

2. Reservoir petrophysical characterization: By analyzing well test data using these solutions,
reservoir properties can be characterized [37], such as:
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a. Permeability (k): A key parameter controlling fluid flow in the reservoir.
b. Skin factor: A dimensionless parameter that quantifies wellbore damage (posi-

tive skin) or stimulation (negative skin).
c. Effective wellbore radius (which includes skin factor): This reflects the actual

flow area around the wellbore, potentially influenced by formation damage or
stimulation.

3. Field development planning: By integrating the information obtained from well test
analysis (permeability, skin factor and transient distance), these solutions can guide
investment decisions for field development. This can help ensure the reservoir meets
stakeholder expectations by selecting an appropriate development plan based on
exploratory and appraisal well data.

6. Discussion

6.1. Importance of Well Rate Forecasting Methods

Accurate production forecasts and reserve estimations are particularly important
for the global petroleum industry in order for individual companies to estimate their
remaining hydrocarbon reserves which underpin the book value of their fixed assets in the
balance sheet and serves as collateral for credit lines. Reporting of the proved reserves (P90
certainty) is mandatory as per the guidelines of the US Security and Exchange Commission
(SEC) and applies to all petroleum companies listed on the New York Stock Exchange
(NYSE).

Two types of practical tools for well rate forecasting are widely used.
One type of tool is the commercial reservoir simulators (GMC, Kappa, Eclipse, etc.),

of which many different varieties are offered by service companies, which provide slick
interfaces with ready-to-use input boxes. The actual computations are invariably based
on numerical, finite difference computational solution methods. While the results are
reasonably accurate, the user licenses for the commercial simulators are costly, the methods
and assumptions involved are non-transparent and filling out the detailed well data in the
user interface requires quite a bit of practical experience. Also, the runtime to obtain output
may take several hours, especially when probabilistic determination of reserve categories
is required.

The other principal type of tools popular for determining hydrocarbon well performance
and related reserves reporting is based on empirical decline curve analysis. Numerous
decline curve analysis (DCA) formulas have been proposed in the past, as reviewed
in considerable detail elsewhere [48,49]. These tools are not physics-based and largely
phenomenological and use real well data to match decline curve formulas and then project
the future well performance based on the historic trend. Analogy and type-curve well
assumptions are extensively used to book reserves based on still undrilled but vacant well
locations in the acreage leased by the companies.

The solutions for well rate forecasting for fractured wells (Equation (28)) and cylindri-
cal wells (Equation (29)) in unbounded reservoirs and vertical wells in bounded reservoirs
(Equation (31)) provide physics-based analytical solutions to predict well performance. The
key unknown parameter for new reservoirs to be drilled is the hydraulic diffusivity. The
diffusivity can be computed either using Equation (7) with primary parameter inputs, or
by history matching early pilot well data, as demonstrated in [50].

Table 2 lists the strengths and weaknesses of the existing types of tools for well analysis,
production forecasting and reserve estimation. Because nodal analysis is rather technical
and requires specialist knowledge, companies apply the tool only sparsely. Strengths and
weaknesses of the new Gaussian pressure transient solution are also included. A major
strength of the Gaussian method is that historic well data are not needed to predict the
performance of a new well, provided the hydraulic diffusivity is already known from
applying Zimmerman’s Equation (7).
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Table 2. Strengths and weaknesses of various production analysis tools.

Method Strengths Weaknesses

Reservoir Simulators

• Reliable outputs (for
multi-phase) production
forecasting of
(unfractured wells)

• Fractured well models
involve many
simplifying assumptions

• Proppant transport
algorithms are
inaccurate, leading to
overestimation of
propped fracture
half-lengths

• Costly licenses; interface
use requires training

Decline Curve Analysis

• Fast and easy to use
• Rapid Monte Carlo

simulation possible for
reporting reserve
categories

• Empirical solution
method

• Requires historic well
data (preferably at least
18 months)

Nodal Analysis

• Can use the average
reservoir pressure and
production system outlet
pressure.

• Not limited to
assumption of a fixed
bottomhole pressure,
because the pressure
balance in the nodal
analysis will generate the
bottomhole pressure as
an output

• Can model well rates
and pressure when the
well is on natural flow
without artificial lift
support

• Involves elaborate
time-stepping to match
the pressures at the
nodes

• Detailed friction
parameters needed

• Multi-phase flow effects
in wellbore are hard to
quantify correctly, but
needed for nodal
matches

Gaussian Pressure Transient
Solutions

• Fast and easy to use
• Rapid Monte Carlo

simulation possible for
reporting reserve
categories

• Physics-based solution
methods

• Does not require historic
well-data

6.2. Relation to Prior Work

In previous research, various analytical solutions have been devised for interpreting
well testing data and calculating well rates resulting from pressure changes induced by
production in aquifers and oil reservoirs [17,18,20,21]. However, these earlier solutions
typically assumed a constant well rate as the boundary condition. This assumption does not
align with real-world scenarios where fluid withdrawal or injection is managed by pump
devices that maintain a constant bottomhole pressure, a common practice in oil and gas
wells equipped with artificial lift systems. Consequently, the ability to rapidly compute the
decline and associated changes in the well rate over time based on the pressure differential
applied at the well by the lift system (pump) relative to initial reservoir conditions has been
constrained by the absence of concise expressions accommodating the constant bottomhole
pressure boundary conditions.

The present study refined and expanded upon the analytical solutions established
in recent works [22,42]. The earlier contributions provided valuable insights into fluid
dynamics within subsurface reservoirs and introduced initial techniques for analytical
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modeling to compute well rates based on hydraulic diffusivity derived from real field
data and production-induced pressure changes, with a particular emphasis on unconven-
tional reservoirs.

By introducing a new analytical solution that accommodates constant bottomhole
pressure boundary conditions and incorporates pressure interference from neighboring
wells or external boundaries through the superposition of a cylindrical image source, the
present study represents a significant leap forward from prior work. This advancement
bridges the gap between theoretical models and practical applications by offering a practical
and efficient approach for analyzing well testing data and computing well rate changes
under constant bottomhole pressure conditions. Moreover, the new solution eliminates
the need for time-intensive pressure-matching procedures, such as nodal analysis, for
determining well rate declines in systems operating under constant bottomhole pressures.
Through a reassessment of the diffusivity equation and the derivation of tailored well rate
equations, this study provides a practical and efficient means to compute well rate changes
based on fundamental physical parameters, while also accounting for pressure interference
effects on diffusion and offering insights into the sensitivity of engineering parameters to
outcomes.

The following practical recommendations can be formulated based on the insights
from this study:

1. Analyze real-world historical reservoir pressure and production measurements with
instantaneous and steady pressure analytical solutions. Refer to well test paper
success in providing valuable estimates of parameters relevant for modeling real-
world reservoir behavior.

2. Expanding analytical models to incorporate multi-phase flow phenomena, such as
gas–liquid interactions or phase behavior effects, would advance our understanding
of complex reservoir systems and enable more accurate predictions of production
rates.

3. Explore methods for incorporating uncertainty analysis into analytical models, allow-
ing for probabilistic assessments of reservoir performance and providing decision-
makers with more robust risk assessments.

4. Explore the application of analytical models to emerging reservoir types, such as
geothermal reservoirs, to expand the scope of their applicability and address pressing
challenges in energy production.

5. Conduct comparative studies to validate the evolving analytical models and bench-
mark their performance against empirical data to enhance confidence in their predic-
tive capabilities and facilitate their adoption in practical engineering applications.

These recommendations represent potential avenues for further research aimed at
advancing our understanding of reservoir behavior and improving the effectiveness of
reservoir management practices. By addressing these research areas, we can meaningfully
contribute to the sustainable development of energy resources and the optimization of
reservoir performance.

7. Conclusions

This study introduces novel analytical solutions for computing well rates in aquifers
and oil reservoirs under the condition of constant bottomhole pressure, a scenario often
encountered in practical applications involving pump devices, addressing a significant gap
in the prior literature. Previous solutions assumed a constant well rate. The new solutions
presented in this study enhance the understanding of system dynamics and ensure the
precision of production metric estimations. This represents a significant step forward in the
field of analytical modeling for well testing and reservoir management. This new approach
enables the rapid computation of well rate changes based on pressure differences, reservoir
permeability, diffusivity and fluid properties. This study derives a solution for the pressure
diffusion equation with a constant bottomhole pressure boundary condition, allowing
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for the computation of well rate changes without the need for elaborate time-stepped
procedures.

Our research builds upon the foundation laid by previous works, as evidenced by
the contributions of the Weijermars research group [22,23,42]. The emphasis in the present
study is on applying the diffusion equation to a vertical wellbore in a horizontal, permeable
reservoir, assuming a constant bottomhole pressure. Furthermore, our approach pro-
vides a comprehensive framework for understanding reservoir dynamics and optimizing
production strategies.

The discussion section highlights the advantages of the proposed solution over nodal
analysis, a traditional method for computing declining well rates. The new solution elimi-
nates the need for time-stepped pressure matching and provides a more straightforward
and rapid approach for forecasting well rates. The paper also compares the new solution
to other forecasting tools, such as reservoir simulators, decline curve analysis and nodal
analysis, outlining the strengths and weaknesses of each approach. The derived Gaussian
pressure transient solutions offer practical benefits, particularly for wells produced with ar-
tificial lift systems, and provide a valuable alternative and complement to existing methods
used in the petroleum industry. In conclusion, our study represents a significant advance-
ment in the field of reservoir engineering, offering a robust analytical toolkit for estimating
well rates and paving the way for more accurate and efficient reservoir management in the
oil and gas industry.
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Nomenclature

Nomenclature is provided with units in metric and field units in parentheses.

B Formation volume factor m3/sm3(cf/scf)
c f Fluid compressibility 1/Pa (1/psi)
cR Rock compressibility 1/Pa (1/psi)
ct Total compressibility 1/Pa (1/psi)
Dh Hydraulic diffusivity m2/s (ft2/day)
Ei Exponential integral function
h0 Original water table height m (ft)

h1, h2 Drawdown heights from two observation wells m (ft)
h Reservoir thickness m (ft)
k Reservoir permeability m2 (mD)
K Hydraulic conductivity of the aquifer m/s (ft/day)
P Reservoir pressure Pa (psi)
P0 Original reservoir pressure Pa (psi)
PBH Bottomhole flowing pressure Pa (psi)
qD Darcy flux per unit area of wellbore m/s (ft/day)
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qWH Wellhead production rate m3/s (scf/day)
r1, r2 Radial distances of the two observation wells from the origin m (ft)

re Reservoir extent or distance from wellbore to real reservoir boundary m (ft)
rw Wellbore radius m (ft)
r Radial or cylindrical coordinate distance from well location m (ft)
s Dimensionless skin factor
S Aquifer storativity, dimensionless
t Time s (day)
T Aquifer transmissivity m2/s (ft2/day)
vR Actual velocity m/s (ft/day)
x, y Radial 2D Cartesian coordinate distance from well location m (ft)
Δh(r, t) Change in hydraulic head m (ft)
∇P Reservoir pressure gradient Pa/m (psi/ft)
φ Connecting porosity
μ Fluid viscosity Pa.s (cPoise)
∇ Del operator 1/m (1/ft)
∂ Partial differential operator
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Abstract: This study investigates the behavior of chubs (Squalius cephalus) of mid-body length
(9.7–15.6 cm) with respect to turbulent flow conditions in a pool representing an experimental vertical
slot fishway. Velocity and turbulence were characterized using PIV data. The influence of turbulent
flow on fish behavior was assessed through the number of successful fish passage attempts, the
associated passage times, and the spatial distribution of fish in the pool. Turbulence conditions
were modified by the addition of one or three vertical rigid cylinders inside the pool. The results
show that these adaptations may facilitate the passage of chubs. Results provide valuable insights
and information to understand the relationship between fish behavior and hydraulic conditions,
especially in the context of improving the design of fishways.

Keywords: fish trajectories; hydraulic parameters; turbulent kinetic energy reduction; fishway efficiency

1. Introduction

Habitat fragmentation is known to be one of the main impacting factors on biodiversity.
This is especially true in networked river ecosystems, where a lot of obstacles have been
constructed over time and sometimes induce habitat modifications and/or connection
losses between functional habitats. One of the solutions to restore some kind of ecological
continuity, at least for fish species, is to provide devices that allow or facilitate upstream
and downstream fish movements at the level of impacting obstacles. Among the various
types of fishways, vertical slot fishways (VSFs) are commonly used to improve fish passage.
Historically, lots of VSFs were designed and sized by considering the passage of “good
swimmer” fish species, particularly Salmonid species. A current consideration is that, once
they have found the entrance of the fishway, other species (e.g., those with small body
sizes) may encounter difficulties in progressing along the fishway due to inappropriate
flow conditions in the successive pools. One aim of this study was to better understand the
relationships between flow characteristics in VSFs and fish behavior, with the objective to
investigate a “low-cost” way to modify flow characteristics in pools in order to improve
the passage efficiency of small species in existing VSFs.

Fish can withstand turbulent flows if their stabilization aptitudes are sufficient with
respect to the hydrodynamic environment, but they tend to avoid flows that interfere
with their swimming trajectories [1–3]. Unfortunately, accurate links between hydraulic
conditions in VSFs and fish swimming capabilities cannot be correctly anticipated from
the hydraulic criteria commonly used to design such fishways (i.e., the maximum head
difference between successive pools, Δh, and the maximum volumetric dissipated power,
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Pv). As a consequence, a better understanding of the relationships between fish behavior
and positioning and accurate hydraulic conditions in the pools of VSFs is necessary to
optimize these design criteria, as mentioned by [2].

In the past few decades, important turbulent descriptors with respect to fish swimming
behavior have been identified: turbulent kinetic energy, Reynolds shear stress, turbulence
intensity, strain, eddy length scale, flow orientation, and vorticity [4–10]. Moreover, nu-
merous studies detailed the turbulent structures in several designs of VSFs and provided
major knowledge for subsequent improvements to facilitate fish passage [8,9,11–20]. For
example, Wang et al. [19] have explored the influence of slope, the shape ratio of pools
and discharge on VSFs flow characteristics. They have defined two typical flow patterns,
depending on the slope and the relative width of the pools. In the first flow pattern (FP1),
generally observed in pools with large widths and low slope conditions, the principal flow
enters the pools as a curved jet, which opens out before converging again towards the next
(downstream) slot. This type of jet creates a large recirculation zone occupying roughly
half of the pool surface and presents an unsteady beating movement near the large baffle.
In the second flow pattern (FP2), generally observed in pools of small widths with high
slope conditions, the entering jet has a high curve form and impacts the opposite side wall.
Two large contra-rotating swirls are generated in the upstream corner of the pool in the
convex part of the jet and a smaller one occurs near the large baffle. In FP2 conditions,
the topology, spatial distributions of the velocity, turbulence kinetic energy, vorticity and
non-stationary dynamics seem to be less appropriate for fish passage because VSF were
previously designed using inadequate criteria [18,21,22].

The primary objective of the present study is to investigate the effects of turbulent
flow conditions on the behavior of mid-body length chubs in a VSF pool. Fish behavior
and their trajectories have been detailed and related to the four characteristics of turbulent
flow suggested in the IPOS framework [23]: turbulence intensity (I), flow periodicity (P),
flow orientation (O), and scale (S) of the significant eddies. For this purpose, the turbulence
intensity, defined by turbulent kinetic energy, dynamics of the flow, instantaneous and
3D topologies, and the size of vortices were considered. Consequently, flow features
were modified within a VSF pool through the addition of rigid, vertical cylinders, to
better investigate the relationships between hydrodynamic conditions and fish behavior,
particularly in terms of passage efficiency.

2. Materials and Methods

2.1. VSF Model and Cylinders

In the present paper, only a brief description of the VSF model and the metrology
are given; further details can be found in [20]. The VSF model used in the present study
(Figure 1) consisted of five similar pools (length L = 0.75 m, height H = 0.55 m, width
B = 0.50 m). The width of the slots was b = 0.075 m, corresponding to a ratio of B/b = 6.67.
The slope was set to 10% and the discharge to 23 L·s−1, resulting in a maximum velocity
on a slot of 1.21 m·s−1. These settings induced a mean water depth in the pool of about 0.3
m, and a mean height drop between pools of about 0.075 m. The measurements of velocity
were determined using particle image velocimetry (PIV) in a plane located at Z/b = 2 above
the center of the bottom of the pool (which corresponds to a plane located at the mid-depth
of the pool). All measurements were taken in the third pool of the model, to ensure uniform
flow as the gravity is balanced by upstream dissipation. In total, 3000 instantaneous
velocity fields were acquired throughout the pool, with a spatial resolution of 8 mm2 at
an acquisition frequency rate of 10 Hz. To modify flow (especially turbulence) conditions,
one cylinder (diameter equal to b or diameter equal to b/2) or three cylinders (diameter
equal to b/2) were placed vertically in each pool, near the upstream slot (Figure 2). The
choice to introduce cylinders is based on the principle of dividing the entering jet into two
parts (1 cylinder) and then dividing the secondary jet again into two parts (3 cylinders, in a
triangle configuration). Cylinder positioning was optimized by calculation [24].
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Figure 1. Experimental device: the 5 pools of the vertical-slot fish pass model, (a) upper tank, (b) lower
tank, (c) fish-tank with 4 compartments, (d) mirrors for fish observation and image acquisition,
(e) flowmeter, (f) pump, (g) filter pump.

Figure 2. Experimental settings of the pool with additional cylinder(s). (a) one cylinder (diameter
equal to b), (b) one cylinder (diameter equal to b/2), (c) three cylinders (diameters equal to b/2) (top
views; flow direction: from left to right).

2.2. Fish Manipulation and Observation

Fish sampling was conducted in the “Petite Blourde” stream, a tributary of the Vienne
River, in central France, using an electrofishing technique (HERON® model, DREAM
Électronique Company, Pessac, France). Ninety chubs [min total length (TL) = 9.7 cm;
max TL = 15.6 cm; average TL ± SD = 13.1 ± 1.9 cm] were collected and subsequently
introduced, in the laboratory, into a fish tank that provided resting conditions with water
characteristics similar to those during the experiments. Fish were kept in the fish tank
(Figure 1) for one day before the beginning of the experiments, without food. After starting
the pumps and waiting for flow stabilization in the pools, a group of 20–25 individuals,
randomly selected from the fish tank, were transferred to the downstream pool (pool #5),
separated from pool #4 by a mesh screen. The fish were held in pool #5 for 15 min before
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each trial, to allow them to adapt to flow conditions. The screen was then removed and
the experiment began for a duration of 90 min (i.e., each 90 min period corresponds to one
“trial”). A total of 18 trials were performed. At the end of each trial, the specimens used
were transferred to a specific compartment in the fish tank, in order not to mix them with
others and to use each individual only once per day at a maximum. Differences in water
temperature among all trials were limited to <0.3 ◦C (mean water temperature during
the experimental period = 16 ◦C). The water temperature during the experiments was
very close to the optimum used by this species during its movements and in its breeding
behavior [25]. The test room was illuminated with projectors at a constant brightness
between 08.00 a.m. and 18.00 p.m. The flume walls were papered black, except the bottom
of pool #3, to not disturb fish during observations and place them under light conditions as
close as possible to real ones (walls of real fishways are opaque). We used young-of-the-
year fish to carry out the tests. The chub (Squalius cephalus L.) is a very generalist species,
colonising many rivers. It is highly adaptable to water temperature conditions and habitat
characteristics. Its migratory behaviour is less marked than other species such as brown
trout (Salmo trutta L.), but individuals regularly move between habitats.

A mirror positioned at a 45◦ angle under pool #3 enabled the observation of fish
movements inside the pool (Figure 1), allowing a lateral view (to get the vertical fish
position) and an underside view (to get the horizontal fish position) simultaneously. During
each trial, these positions of fish and their behavior were continually recorded by a video
camera (HDR-HC9E model, Sony Corporation, Tokyo, Japan). Frosted plexiglass plates
were positioned above the pools to obtain video images without reflected light. The video
recording device was surrounded by a tarp to avoid any stray light on the monitored
pool. Each 90 min sequence was analyzed to (i) track fish movements between pools #2,
3 and 4, (ii) measure transit times through pool #3, (iii) track fish movements among and
between previously defined hydraulic zones within pool #3 (see below) and (iv) measure
the “resting-holding” time of individuals in each hydraulic zone. The 18 experimental trials
performed represented 27 h of video.

There are few precise data available about the swimming capacity of chubs. In a study
about the swimming capabilities of juvenile cyprinid species, Garner [26] gave a relation
between the critical swimming speed (Ucrit, in cm·s−1) of chubs, their body length (TL, in
mm) and water temperature (T, in ◦C):

Ucrit = 0.45 + 0.23·T + 0.55·TL (1)

According to Equation (1), the Ucrit of chub individuals used in our study ranged
between 57 and 90 cm·s−1. We did not have information about the maximum swimming
speed (Umax) of chubs, potentially used to overcome high flow velocities, but Umax is
higher than Ucrit in fish (e.g., up to 57% higher for rainbow trout, Oncorhynchus mykiss [27]).
Therefore, considering the maximum velocity of Vth = 1.21 m·s−1 on the slot, chubs were
placed in constraining flow conditions in our experimental VSF model.

3. Results

3.1. Flow Description

As previously mentioned (and see [19]), in the configuration studied without a cylinder,
the jet had a notable curved form and hit the opposite side wall (Figure 3a). Two contra-
rotating swirls were generated in the upstream part of the pool (one at each side of the jet)
and another one occurred in the downstream part of the pool, near the large baffle (at its
side opposite to the downstream slot).
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Figure 3. Mean flow features in pool #3 of the vertical-slot fishway model. (a) Streamlines, (b) velocity
amplitude (m·s−1), (c) in-plane turbulent kinetic energy(m2·s−2) (flow direction: from left to right).

The three zones containing the swirls can be assimilated as potential resting zones for
fish. A layer with the mapping of these different zones and the boundaries of the pool has
been added during the treatment of video-sequences, in order to facilitate image analyses
(Figure 4).

Figure 4. Bottom view of the third pool, recorded by a video camera, with an overlay of the 3 red
zones containing the swirls (flow direction: from left to right). One fish is visible in each zone.

In the pool, high velocities were particularly present (i) at the upstream slot level,
due to the head drop and flow constriction, and (ii) close to the large downstream baffle
(Figure 3b). The large baffle locally generated high-velocity fluctuations that could stop or
delay fish passage. At the upstream slot, the maximum velocity amplitude was equal to
93% of the theoretical maximum velocity in the slot, Vth, and the space-averaged mean flow
velocity in the pool represented 28.2% of Vth. The average turbulence intensity, defined
by the ratio between average turbulent kinetic energy (Figure 3c) and velocity (Figure 3b),
may be of importance to understand fish behavior. The turbulence pattern in the pool was
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mainly due to the presence of the large baffle, which generated jet oscillations (“beating
movements of the jet” defined in [20]), a complex kinematic process described in detail
in [20,21]. The beating has a significant influence on the fluid motion in the pool, with
a destabilization by the jet of the small region of recirculation located downstream from
the small baffle (i.e., zone 2, Figure 4). Some velocity bursts, generated at the level of the
upstream slot, also influenced the flow topology. Those bursts produced perturbations
on the fluid motions and increased the average velocity magnitude in the pool [22]. The
spatial distribution of the average turbulent kinetic energy (Figure 3c) was used to estimate
the mean turbulent kinetic energy in the pool, which was equal to 0.017.V2

th. A total of
62% of the pool surface was characterized by a turbulence kinetic energy value lower than
0.017.V2

th.

3.2. Fish Trajectories in the Pool and Relationships with Turbulent Flow and IPOS Parameters

The displacement of fish within a pool is composed of upstream movements, down-
stream movements and stops or breaks in preferential zones. Video analyses showed three
main scenarios of motion between pools:

- scenario A: crossing success, fish enter pool #3 from pool #4 and manage to enter
pool #2,

- scenario B: crossing failures, fish enter pool #3 from pool #4 but are washed away in
pool #4 later,

- scenario C: wash downstream, fish enter pool #3 after being washed downstream
from pool #2.

No individual trackings were performed. As consequence, the same fish can be
included in more than one scenario, for example, wash downstream and crossing success.
In total, 111 situations were recorded during the 18 trials. Non-parametric statistical
analysis (Kruskal–Wallis and Mann–Whitney tests) were used to compare (i) fish transit
time through the pool, (ii) fish trajectories between the three different zones and (iii) the fish
passage efficiency. We also used a homogeneity X2 test with Yates’ continuity correction to
compare the distribution of fish associated with different patterns of using the zones inside
the pool.

Scenario A, B and C represented 63.1%, 19.8% and 17.1% of the situations, respectively.
Finally, the overall fish passage efficiency was calculated as the ratio between the number
of success scenarios and failures and wash back scenarios accounted for 26.2%. The average
time a successful fish spent in pool #3 was 6.4 s.

A more detailed investigation of fish trajectories inside the monitored pool was also
performed (Figure 5). Upstream and downstream movements were observed. These
movements can be continuous or discontinuous with stops in the pool. A detailed study of
the trajectories reveals a very marked movement pattern. The most frequent trajectories are
identified by thicker arrows. A total of 98.9% of the fish entered the pool directly into the
ZBL. From the ZBL zone, 81.9% of the fish directly crossed the upstream slot and entered
the upper pool without having entered any other zone of the pool. Fish movement patterns
differ according to whether or not individuals have stopped in one of the zones of the basin.
The movements of the fish that stopped for a moment in the pool were more diversified:
they crossed the basin making a maximum of 16 movements between zones, whereas
the fish that did not stop made a maximum of 5 movements across the pool. A total of
396 fish trajectories were recorded during the 18 trials. An average of 1.28 movements
per fish viewed in the observed pool was acquired. Globally, fish located in zone ZBL
orientated their head towards the upstream slot, whereas they orientated their tail towards
this slot when they were located in zones ZUL and ZUR. Most of the fish entering the pool
from the downstream slot sought to leave the jet by swimming toward zone ZBL (98.9%
of fish movements). Then, a little more than the half of the individuals located inside
zone ZBL left the pool via the upstream slot. A total of 23.9% of the remaining individuals
swam to zone ZUL, from which 27.3% of them successfully migrated upstream. Zone
ZUR was characterized by a significant rate of downstream migration (20.8% of fish). In

135



Water 2024, 16, 1718

summary, zones ZBL and ZUL were preferentially employed by fish before successfully
migrating upstream.

a  b  

c  d  e  

Figure 5. Chub trajectories to and from three potential resting zones (ZBL, ZUL and ZUR, see Figure 4)
in pool #3 of the VSF model (downstream = right-hand): (a) destination of individuals entering the
pool; (b) origin of the individuals leaving the pool; (c) destination of the individuals leaving zone
ZBL; (d) destination of the individuals leaving zone ZUL; (e) destination of the individuals leaving
zone ZUR.

Studying the relationships between fish behavior (e.g., trajectories and their use of
resting zones) and the turbulence conditions in the pool could help to determine if the
Intensity-Periodicity-Orientation-Scale (IPOS) approach [23] should be considered for
improving fish passage through VSFs.

First, in terms of Intensity, the aim was to identify areas in the pool where intensities
could be quite low and stable enough to be predictable and sustainable for fish. Four areas
were considered (Figure 6), with respect to two threshold values for space-averaged velocity
norm and turbulence kinetic energy, which could be considered as criteria to define the
hydrodynamic environment of fish, see [21]. The choice of thresholds is only based on
these hydraulic criteria. The aim is to identify locations in a pool where the flow could be
considered as a “barrier” for fish. These values were set at 0.282·Vth (velocity) and 0.017.V2

th
(turbulence kinetic energy), respectively. In F11 areas (Figure 6), velocity and turbulence
kinetic energy values were both over their respective threshold values. Inside these areas,
the flow might be unpredictable for fish. In F00 areas, velocity and kinetic energy values
were both under their respective threshold values. These areas might be considered as
suitable for resting fish and/or for initiating an upstream movement and, as seen before,
correspond to the preferential areas used by fish during the experimental trials. In F10
areas (compared to F01), the velocity value (relative to the turbulence kinetic energy value)
was the only value higher than its threshold value.
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Figure 6. Representation of four levels of flow intensity, on average, in the studied pool (see text;
flow direction: from left to right).

Second, in terms of Periodicity, non-stationary dynamics of the flow produced an
oscillation of the F00 surface area (Figure 7). For example, velocity burst dynamics some-
times decreased or increased the total F00 area, in comparison to the average situation (e.g.,
Figures 7a and 7b, respectively). The small size vortices visualized were characterized by
high rotation rates and were localized in the shearing region of the jet. Based on obser-
vations of fish videos, the assumption that velocity burst dynamics is the source of fish
destabilization can be proposed: velocity bursts altered, during a short time, the stability of
fish while they were initially resting in an F00 zone; subsequently, fish moved to another
preferential zone or migrated upstream or downstream. Moreover, when velocity bursts
decreased velocity magnitudes inside the slot, upstream migration could be facilitated (as
fish should spend less energy moving) during short time sequences.

Third, in terms of Orientation, the topology and velocity field of the flow inside the
VSF were mainly two-dimensional [2,19,20,26] and composed of vertical axis vortices.
Based on our observations, the orientation of the large eddies with high vorticity values
did not alter chub swimming behavior. Fish have not lost their postural alignment because
of these eddies dominating the turbulent flow field. The orientation component of the
IPOS framework (see [23]) seems therefore not to be a main parameter to consider to
enhance fish passage success in VSFs when velocity fields are mainly 2D-oriented (i.e.,
upstream/downstream and laterally).

An example of the location of the small vortices is presented in Figure 7d,e. The small
size vortices visualized are defined by significant rotation rates and are localized in the
shearing region of the jet. The small size coherent structures seem to affect the swimming
behavior of fish, as mentioned in the “Scales” parameter of IPOS framework. The small
size vortices were used by fish and may allow fish to minimize swimming energy costs
by taking advantage of the energy associated with eddies for propulsion. We studied the
distribution of the Reynolds shear stresses (Figure 8a) that are estimated using a statistical
analysis of turbulence based on time fluctuations. High-value areas are mainly located near
the upstream slot, due to the mixing layer of the jet. To understand the physical barrier
these conditions can oppose to fish displacement, the swirling structures must be precisely
described in space and not only in time. We focused our analysis on the vorticity based on
the mean flow (Figure 8b), which allowed us to quantify areas in the pool where shearing,
stretching and rotation phenomena are significant, as in [20]. This detailed study of the
vorticity allowed us to define the spatial distribution of coherent structures, which are not
defined by the Reynolds shear stress data analysis. Significant rates of rotation, shearing
and stretching phenomenon, marked by substantial vorticity intensity, are parameters to
minimize in order to increase the biological efficiency of a VSF.
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Figure 7. (a) Time evolution of the F00 area. (b) instantaneous velocity field, case 1. (c) instanta-
neous velocity field, case 2. (d) instantaneous location of the small size coherent structures, case
1. (e) instantaneous location of the small size coherent structures, case 2 (flow direction: from left
to right).

 

Figure 8. Mean flow features in the studied pool: (a) Reynolds shear stresses; (b) out-of-plane
vorticity component (flow direction: from left to right).
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3.3. Fish Passage Improvement in Existing VSFs

The previous results provided some explanations and hypotheses about the relation-
ships between flow characteristics in VSF pools, fish behavior inside them and, subse-
quently, fish passage success. The following step was to try to improve these hydraulic
characteristics in a simple (i.e., neither destructive nor expensive, with respect to exist-
ing VSFs) way to facilitate fish passage, especially for “small body species”. Based on
previous studies [21,22], we changed the turbulence conditions in the pools, by installing
vertical cylinders inside (see Figure 2). Three different configurations were tested: (i) pools
equipped with one cylinder of diameter D = b, (ii) pools equipped with one cylinder
of diameter D = b/2 and (iii) pools equipped with three cylinders of diameter D = b/2
arranged in a triangle (Figure 9).

Figure 9. Representation of four levels of flow intensity (from F00 to F11, see text; flow direction:
from left to right) for 3 VSF configurations: (a) with 1 cylinder of diameter D = b, (b) with 1 cylinder
of D = b/2, (c) with 3 cylinders of D = b/2 arranged in a triangle.

The previous results helped us to understand the positive relationship between an
increase in the proportion of low velocity and turbulence kinetic energy conditions in
the pools, and the biological efficiency of VSFs. The effects of one or three cylinder(s) on
the spatial distribution of these flow characteristics should therefore modify fish passage
success in VSFs. In general, migrating fish are attracted to turbulent flows, but they
have to maintain their stability in such hydrodynamic environments, especially when
they try to pass over an obstacle. Consequently, they tend to avoid flows that have
unpredictable velocity and turbulence components [3]. In this context, a quantification
of “global estimators”, in relation to the local hydrodynamic parameters, could help (i) to
predict fish trajectories inside VSFs and (ii) to quantify the hydrodynamic effects of a
cylinder, which could not be anticipated by the commonly used criteria, PV and Δh, during
the dimensioning process of fishways. For that purpose, we have defined the hydrodynamic
environment in the pool by using the averages, over space, of the following target flow
quantities: velocity, turbulent kinetic energy and vorticity.

The adding of cylinder(s) in the VSF model globally reduced the proportion of areas
where velocity, turbulent kinetic energy, rotation, shear and stress intensities are high, and
reduced both average flow velocity and turbulent kinetic energy inside the pool (Figure 9,
to be compared to Figure 6; Table 1). The presence of a cylinder with a diameter D = b
significantly increased the average vorticity. The values of flow features that should affect
fish passage success are poorly reduced by the use of one cylinder with a diameter D = b/2
(Figure 9b, to be compared to Figure 6). The use of three cylinders influenced the flow inside
the VSF, in comparison with the experimental setting without a cylinder, by decreasing
velocity, turbulence kinetic energy and vorticity average values by 28.8%, 40.0% and 17.3%,
respectively (Table 1). The presence of three cylinders modified the flow inside the VSF by
changing the jet shape from a curved pattern (Figure 6) to a more linear one, straightened
towards the downstream slot (Figure 9c).
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Table 1. Averages values over space of three flow characteristics in a VSF pool, for four experimental
configurations (with and without cylinders, see Figure 2). D = cylinder(s) diameter, b = slot width.

Configuration Velocity Norm
Turbulent Kinetic

Energy
Absolute Value of

Vorticity

No cylinder 0.282·Vth 0.017·Vth
2 0.307·Vth/b

1 cylinder D = b 0.183·Vth 0.011·Vth
2 0.354·Vth/b

1 cylinder D = b/2 0.216·Vth 0.015·Vth
2 0.303·Vth/b

3 cylinders 0.263·Vth 0.013·Vth
2 0.254·Vth/b

As hypothesized, lowering the average values of velocity, turbulent kinetic energy
and vorticity in the pool by adding cylinders increased the proportion of fish passage
success, from 26% without any cylinder to 47.4% with three cylinders (Table 2). The
increase in biological efficiency (i.e., passage success) was also significant after adding one
cylinder with a diameter D = b/2, shifting from 26.2% to 42.3%. There are statistically
significant differences in the use of the three zones identified for each configuration studied
(χ2, p < 0.05). Nevertheless, note that the median transit time increased from 6.4 s in the
configuration without any cylinder to 9.8 s in the experimental configuration with three
cylinders (Kruskall–Wallis, p = 0.12).

Table 2. Fish passage efficiency and proportion of F00 areas in the pool (see text and Figures 6 and 9),
with respect to different experimental configurations (with and without cylinders, see Figure 2).
D = cylinder(s) diameter, b = slot width.

Configuration Fish Passage Efficiency Proportion of F00 Zone

No cylinder 26.2% 34.6%
1 cylinder D = b 28.5% 58.6%

1 cylinder D = b/2 42.3% 54.6%
3 cylinders 47.4% 60.9%

These results underline the importance of considering “global flow estimators” (e.g.,
levels of flow intensity) during the VSF design process to improve their biological efficiency
in terms of passage success and transit time.

4. Conclusions

The relationship between flow characteristics and fish behavior inside a VSF pool was
investigated. The preferential zones used by fish in the pool before attempting to pass
upstream are characterized by relatively low turbulence intensities, quantified in this study
as the ratio between average turbulent kinetic energy and velocity values.

Flow patterns in the pool could be changed and some hydrodynamic characteristics
unfavorable to chub passage were reduced by adding cylinders in the VSF. Such devices
modified the spatial intensity distribution of turbulent quantities (velocity, turbulent kinetic
energy and vorticity) and stabilized the unsteady flow dynamics into a low disturbance
flow state, making it less constraining for fish migration success (at least for chub, in
our experimental conditions). The hydraulic conditions created by the addition of three
cylinders resulted in a significantly higher rate of chub passage (47.4%) when compared to
the VSF configuration without any cylinders (26.2%).

These results confirm the importance of optimizing flow characteristics in VSF pools
in order to maximize fish passage success, for example, by modifying the length-to-width
ratios of vertical slot passes [19], or by introducing energy dissipating devices like vertical
cylinders [21].

The joint investigation of fish behavior (i.e., trajectories, time they spend in particular
areas) and of the spatial distribution of some hydrodynamic characteristics in a fishway
provides valuable insights to help engineers and biologists to improve design criteria for
fishways. These results now have to be confirmed by in situ studies and for other fish
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species. Retrofitting of existing VSFs, which were initially designed for good swimmers,
could be applied by adding cylindrical structures inside the pool for small fish species.
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Abstract: The presence of macroroughness elements directly affects the flow velocity in mountain
headwater streams. Hydraulic roughness is the dominant resistance to flow caused by objects
protruding into the water, but it is not measurable in the field. This study quantified the reach-
average hydraulic roughness based on the channel morphology in two mountain streams. The
average flow velocities of the reaches were measured using the dye-tracing method. The magnitude
of the hydraulic roughness was derived from the grain size of the streambed materials (D50 and D84)
and the cross-sectional/longitudinal bed roughness. The observations for low flows (0.04–0.43 m2/s
discharge per unit width) indicated that the longitudinal 90% inter-percentile range (IPRL

90) seemed to
have considerable merit in examining the influences of large roughness elements on flow conveyance.
A dimensionless hydraulic geometry relation that can reflect the field measurements over a limited
range of hydraulic characteristics was also developed for estimating the reach-average flow velocity
in steep and rough streams. Thus, the research framework used appears to provide a reliable method
of quantifying reach-average hydraulic roughness from local data in mountain headwater streams.

Keywords: reach-average velocity; roughness height; mountain headwater stream; dimensionless
hydraulic geometry

1. Introduction

Mountain headwater streams are the smallest reaches at the highest end of a mountain
landscape and are often referred to as zero-order rather than first-order streams. Headwater
streams strongly influence downstream river networks. In South Korea, headwater streams
play a vital role in mitigating floods and debris flow disasters, and they represent a
significant portion of the total channel length in mountainous regions. Mountain headwater
streams typically refer to small, undulating channels in mountainous forests with relatively
shallow flow depths and varying flow velocities. Headwater streams differ from large
rivers since they exhibit small depth-to-width ratios, large relative roughness, steep channel
gradients, and different channel morphology [1,2]. Although differences in the process
characteristics between mountain streams and larger flat rivers have been extensively
studied, relatively little is known about the hydraulic and morphological processes of
mountain headwater streams.

Determining the flow velocity in a stream has been the main focus of many hydrologi-
cal and geomorphological studies [2]. Different approaches exist for quantifying the flow
characteristics of torrent channels. The most widely used method for measuring the flow
velocity in natural channels is the point-velocity method using a current meter [3]. The
direct measurement of the instantaneous flow velocity at the location of interest has several
advantages over other measurement methods. These include ease of use and high accuracy
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when using a relatively small number of measurements in regular and steady flows. How-
ever, the point-velocity technique can be impractical or yield significant errors in torrent
channels owing to various bedforms, steep slopes, and isolated large particles [4,5].

An alternative method for obtaining flow velocity is the water-tracing approach. This
approach has been increasingly used in mountain hydrology over the past two decades,
as it enables the measurement of the reach-averaged velocity for low-depth flows and/or
rapidly varying flows in mountain gravel-bed channels [6]. The average velocity is derived
by measuring the travel time of solutes in water over a channel section of a certain length
using several tracers, including salt, buoyant particles, fluorescent dyes, and thermal
tracers. Salt and dye tracers are commonly used in water-tracing due to their ease of
use and other desirable features [4,7]. Salt tracers tend to be more widely used for flow
measurements than dye tracers, but their use under high-flow conditions is limited due
to measurement uncertainty [4,8]. Dye tracers, which are more expensive than salt ones,
enable the measurement of higher flows even in small quantities because the dye can be
detected at much lower concentrations than salt [4]. Rhodamine WT is preferred in most
dye fluorometry applications because of its ease of use, relatively low cost, low absorptive
tendency, strong fluorescence, and chemical stability [7,9]. Compared with other ambient
water substances, Rhodamine WT has distinct spectral features, making it suitable for use
as a water tracer [7,8].

The flow resistance is an essential determinant of the hydraulic and sedimentary
processes in mountain channels. It reflects the processes by which the physical shape
and bed roughness of a channel influence the flow depth and mean flow velocity in steep
channels [10]. Flow resistance caused by objects protruding into the water is quantified
by the hydraulic roughness [11]. The hydraulic roughness in mountain streams with large
rough elements is particularly difficult to quantify because the large grains in the bed
typically protruding above the water surface at low flows can have heights similar to
the flow depth during high flows [12,13]. The hydraulic roughness at channel beds can
be explicitly associated with the presence of bedform roughness, which is empirically
expressed as a log-law formula structure, such as the Manning formula. This formula
performs well under deep and uniform flow conditions with relatively small roughness,
such as in plain rivers, but its use in mountain streams is still limited owing to the shallow
water depth, steep slopes, wide grain size distribution, different types of bed structures,
and sharp variations in the flow path direction [13,14].

Mountain torrents typically feature large grains randomly distributed in channels. The
bed materials in mountain channels are very coarse; therefore, they protrude well into or
completely through the flow. The hydraulic roughness in mountain channels is significantly
increased by the presence of larger bed materials such as boulders or rocks [1], while the
relative roughness, roughness shape, size distribution, and spacing of its elements may
influence the resistance flow [12]. Ferguson [15] and Rickenmann and Recking [16] selected
the characteristic grain size (D84) to describe the channel roughness, whereas Aberle and
Smart [5] and Lee and Ferguson [17] argued that the grain size might not be an appropriate
roughness measure for steep streams. As an alternative, they derived roughness measures
from the standard deviation of the bed elevation.

Efficient and accurate field measurements enable all researchers to explore the hy-
draulic relation between flow resistance and streambed characteristics. This could lead to a
better understanding of the influences of bed gradient and roughness on flow behavior
in mountain channels. The presence of macrorough elements, both across and down the
reach, makes it difficult to obtain a reliable measure of hydraulic variables.

Currently, there is no universal consensus on quantifying the hydraulic roughness in
shallow mountain channels. This is mainly due to limited data on the flow and associated
roughness measurements in the field, making accurate field measurements essential for
elucidating the relationship between the flow characteristics and bed microtopography
at a reach scale. The aim of this study was to propose a framework for quantifying the
reach-average hydraulic roughness from limited local data in mountain headwater streams.
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To achieve this objective, dye fluorometry was used to estimate the reach-average flow
velocity under various hydraulic conditions. Between-site hydraulic parameters were
obtained from LiDAR surveys and field measurements.

2. Materials and Methods

2.1. Study Site

Data were collected from two mountain headwater (zero-order) streams in the Repub-
lic of Korea (Figure 1). The general characteristics of the mountain headwater streams are
listed in Table 1. The Gwanak headstream (GA) is the headwater of the Samsung Stream
(first-order) situated in the Seoul National University Arboretum (SNUA). The SNUA is
located in a temperate zone between 37◦26′–28′ N latitude and 126◦55′–58′ E longitude,
with an elevation ranging from 110 to 620 m a.s.l. The GA site includes 266.7 ha of natural
coniferous forest. The mean annual precipitation and temperature are 1294.9 mm and
13.1 ◦C, respectively [18]. The GA consists of a cascade stream with an average slope of
2–6%. The Baekun (BU) headwater stream drains into the Donggok stream in the upper
portion of Mt. Baekun (N 35◦01′–20′, E 127◦30′–34′). The BU is characterized by a cascade
of steep slopes varying from 3 to 20%, while its elevation ranges from 20 to 1218 m a.s.l.
The annual precipitation measured at the Gwangyang station ranges from 835 to 2497 mm,
with an annual mean temperature of 14.7 ◦C [18].

Figure 1. Location maps of the study sites.

Table 1. Characteristics of the study sites.

Location
Coordinates

(◦)
Average Slope

(%)
Morphology

Basin Area
(ha)

Gwanak 37◦26′–28′ N
126◦55′–58′ E 6 Cascade 266.7

Baekun 35◦01′–20′ N
127◦30′–34′ E 11 Cascade 284.7
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Field measurements were performed at the reaches of the mountain headwater streams
in 2022–2023. The selected streams are mainly located at the head of forest watersheds at
an average altitude of 320 m. The streams are composed of a series of undulations, such as
small-scale pools and riffles, which form heterogeneous channel structures as a result of
the flow conditions. The streambed has a relatively thin layer of gravel and boulders, but
large boulders are randomly spaced throughout the channels. Photographs illustrating the
stream characteristics of the selected headwaters are shown in Figure 2.

Figure 2. Photos of selected reaches in the study sites: (a) Gwanak, and (b) Baekun.

In mountain streams where roughness elements have a spatial extent exceeding the
water’s depth of flow, the flow resistance caused by flow obstructions is affected by the rel-
ative magnitude of submergence. In this study, the flow discharge rates were automatically
measured at the GA and BU sites (Figure 3). The flow measuring rectangular weirs have
been operated since 2021 to monitor the water levels in the two sites continuously. The flow
rate corresponding to the water level was estimated from the predefined head–discharge
relation of the weir. The field experiments were arbitrarily conducted at the upstream
and downstream reaches of the weir structures over the study period. The flow discharge
was considered constant along the target reach, as no substantial lateral flow contribution
to the reach was observed. The spatial and temporal variations in the flow discharge
can be neglected in this study, because averaged hydraulic parameters over a reach were
only considered.

 
Figure 3. Flow discharge measurements in the study sites: (a) Gwanak, and (b) Baekun.
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Various reach sections in the headwater streams were selected for field measurements.
These reaches were relatively uniform in terms of the slope, channel geometry, and bed
material along their lengths. No wake flows or local inflow, which could delay or separate
the dye from the flow, existed between the injection and measurement points. Prior to field
measurements using tracers, the distance required for complete mixing was experimentally
determined by comparing the variations in the trace concentrations at multiple points
across the section. This was performed by choosing certain sections at different distances
from the release point and then measuring the concentration variations at many points in
each of them. The selected reach length ranged from 3.9 to 46.8 times the wetted width of
the water surface, which is enough to achieve the complete mixing of the dye solution [4].
The reach slopes ranged from 8.2% to 26.0%, with an average of 14.5%. Measurements of
the flow discharge and velocity were performed immediately after summer rainfall events.

2.2. Dye Trace Method

The dye trace method using slug injection was selected in this study to measure the
flow velocity and discharge of the mountain river flows, where relatively short mixing
lengths of lateral and vertical dispersions of injected solutes are observed. This method
requires the instantaneous release of a certain quantity of dye solution into the stream and
the subsequent measurement of the variations in the dye trace concentration at a point
where it is fully mixed with the flow. Although several dyes have been utilized in many
fields, Rhodamine WT is preferred for most dye fluorometry hydrologic studies due to its
ease of use, chemical stability, and low absorptivity [7,9].

The flow discharge can be calculated from the dilution of Rhodamine WT (A13572
Rhodamine B, Alfa Aesar, Haverhill, MA, USA) by equating the changes in the stream
tracer mass to the mass being injected using the tracer mass conservation equation applied
in steady flows:

Q =
M∫

[c(xm, t)− c0(xm, t)]dt
(1)

where Q is the flow discharge, M is the injected tracer mass, c is the measured tracer
concentration at xm and c0 is the background concentration.

The average velocity through a reach is defined as the ratio of the distance between
two points of traveling time [4]. The time of travel refers to the movement of water or
waterborne solutes from point to point in a stream and is inversely proportional to the
velocity in a stream.

To acquire the reach-average velocity, the travel time of the dye solution is typically
calculated using either the time between peaks, the time between centroids, or the harmonic
mean of the measurements [19]. Previous studies have demonstrated that the harmonic
mean is the best statistic for computing the reach-average velocity [6,20]. The harmonic
mean is the reciprocal of the expected value of the reciprocal of a random variable.

The average reach velocity (V) over reach length (xL) is expressed as:

V =
xL
tL

(2)

where tL is the travel time of the Rhodamine WT solution, which is replaced by the
harmonic mean travel time. The harmonic mean time (tHM) of the dye tracers passing
through the two locations is expressed as the probability density function of the travel time
for each tracer [6]:

tHM =
1∫ ∞

t=0
1
t px(t)dt

(3)

where p(x) is the temporal probability function defined as

px(t) =
1
Ix

c(x, t) (4)
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where c(x, t) denotes the tracer concentration. Ix is defined as the sum of the concentration
over time at a fixed point x and is calculated as follows:

Ix =
∫ ∞

t=0
c(x, t)dt (5)

Consequently, the reach-average flow velocity can be estimated using the dye-tracing
method, with three replicates for each reach.

2.3. Determining Hydraulic Parameters from Field Measurements

Hydraulic roughness is a fundamental hydraulic property used to quantify the flow re-
sistance of the protruding elements. Mountain headwater streams incorporate a wide range
of morphological structures, resulting in significant variations in the substrate material,
water depth, and local flow velocity. Therefore, being related to the particular roughness
topography, quantifying the hydraulic roughness in mountain streams is challenging [21].
In this study, the hydraulic roughness height was quantified using the surface rough-
ness caused by bedform friction and bedform material and microtopography-associated
drag [22].

Longitudinal and cross-sectional profiles were surveyed with a LiDAR scanner (L-
Leplica-BL, Mobiltech, Seoul, South Korea) along the entire reach length under low-flow
conditions. Laser scanning seems to be a suitable tool for collecting surface topography
data as it quickly acquires a large amount of accurate point data. At each study reach,
geometric data such as the cross-sectional profile, longitudinal gradient, and bedform
morphology were extracted from the LiDAR point-cloud data using the CloudCompare
software (v2.12.4, GNU). All the reaches were scanned with an average point-cloud density
of 0.0318 points/cm2, with a mean absolute registration error of 0.11 mm. Figure 3a
represents the gradient norm scale of the GA site.

The surface roughness of each reach was quantified using the standard parameters,
the 90% inter-percentile range (IPR90) and the standard deviation of the bed elevation
(STDz) from the detrended elevations. The IPR90 is defined as the 95th percentile minus
the 5th percentile of all the detrended roughness, and STDz reflects the macroroughness of
the bed structure at the reach or cross-section scale [22]. These surface roughness variables
were indirectly derived from the LiDAR-based bed profile by applying a similar procedure
to Nitsche et al. [1] (Figure 4). Geomorphological effects, introduced by the channel slope
or large bedforms, can be removed by fitting a trend surface to the longitudinal and cross-
sectional profiles (Figure 4b). In this study, locally weighted scatterplot smoothing (lowess)
was employed to calculate the trend value for the data sequence (Figure 4c,d). The lowess
is a non-parametric and polynomial smoothing technique for fitting a trend curve to data
points [23]. Subsequently, the detrended profile was produced by subtracting the trend
values from the LiDAR data. The longitudinal IPRL

90 and STDL
z were derived from the

detrended profile of the entire reach (Figure 4c). Since the channel geometry and roughness
parameters may vary considerably within a given channel, the cross-sectional hydraulic
variable was sampled on regularly spaced cross-sections along the reach. The equidistant
points along the reach were selected for the sampling to include at least 10 cross-sections.
Once these fixed spacings were defined, the cross-sectional hydraulic parameters for a
specified reach were extracted from the cross-sectional profile data. The cross-sectional
IPRX

90 and STDX
z were then estimated at 10 different sections over the entire reach and then

averaged for each reach, where the cross-section was confined by the water depth during
the experimental period (Figure 4d).
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Figure 4. A procedure for measuring surface roughness with a LiDAR survey at the Gwanak
site: (a) LiDAR point-cloud data, (b) gradient norm scaling topography, (c) detrended longitudinal
profile, and (d), detrended cross-sectional profile.

The grain size distribution of the streambed materials was monitored using the pebble-
count technique [24]. Grain size samples were taken from the entire reach in short reaches,
while in longer reaches, more than 300 counts of individual particles were taken from the
upper, middle, and lower parts of the sampled reach, which is considered adequate for
representing the actual grain size distribution [25]. The intermediate axes of the sampled
individual stones were manually measured to obtain the cumulative size distribution
curve for each reach. The particle sizes were averaged to obtain the average grain size
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statistics. Based on the grain size distribution, the values of D50 (median diameter) and
D84 (diameter below which 84% of the samples lie) for each reach were used as grain
roughness parameters.

2.4. Hydraulic Geometry Relation

The mean velocity is a crucial determinant of the hydraulic process in mountain
streams. The flow velocity varies between sites depending on the magnitude of the flow
and the nature of the hydraulic geometry on the flow conveyance surface [13]. Therefore,
in the absence of a direct measurement, it is possible to predict the flow velocity using the
hydraulic geometry relationships with a particular discharge.

Several approaches have been used to estimate the flow velocity association with a
given flow discharge [13,15,26]. These approaches are essentially empirical in origin and
are based on direct laboratory measurements [26] and field studies [13]. Some researchers
have studied commonly used formulas, such as the Manning, Chezy, and Darcy–Weisbach
coefficients, whereas others have utilized hydraulic geometry approaches. Whether the
traditional approach or the dimensional hydraulic geometry approach is more appropriate
is still under debate.

Recently, a number of researchers have attempted to revise the traditional approach to
accurately reflect the hydraulic processes occurring in mountain streams. Rickenmann [26]
and others [5,15,27] have proposed dimensionless hydraulic relations to represent the
flow characteristics in a range of rough streams. Such relationships are expressed in the
following equations:

v∗ = c
(

qα∗Sβ
)

(6)

v∗ =
v√
gk

, q∗ =
q√
gk3

(7)

where v∗, q∗ are the dimensionless velocity and discharge, respectively; k is the hydraulic
roughness that can be expressed by the grain size or streambed geomorphology; S is the
bed slope; and g is the gravitational acceleration. c is the discharge coefficient, and α, β
are independent exponents in the velocity–discharge hydraulic geometry relations. These
quantitative relationships generally provide better flow velocity estimates in steep streams.

When selecting the best parameter for flow resistance in mountain channels, the
dimensionless hydraulic relations in Equation (7) were tested with different roughness
measures. Instead of the point velocity, the reach-average velocity measured with the dye-
tracing technique was used in its dimensionless form. Various hydraulic roughness heights
used to characterize flow resistance were incorporated to represent the dimensionless
velocity and discharge in Equation (7). In the final analysis, the hydraulic relation was
proposed to demonstrate the influence of streambed roughness on the flow velocity in
mountain headwater streams.

3. Results

3.1. Reach-Average Hydraulic Roughness

Twenty-two reach-average hydraulic geometry data series were used, including a
range of bed roughness values, grain sizes, and flow characteristics. The between-site hy-
draulic geometry influences the flow conveyance over the reach and explains the variation
in the flow velocity between sites at a given discharge. Therefore, differences between sites
probably arose from differences in the grain size, microtopography, and surface structures
in streams. All the reaches have sufficient distance to achieve the complete mixing of
the tracer.

Locally, the reach gradients were approximately 0.02–0.07 m/m at the GA site and
0.05–0.20 m/m at the BU site. The longitudinal profile contributed to the presence of large
coarse materials in the streambed. Table 2 shows the reliability of the bed gradient and
D50 relationship. Notably, the D84 values between the two sites did not differ significantly,
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which was probably a consequence of fluvial sediment transport. The presence of large
boulders is uncommon in small, forested headwater streams in South Korea. Wide vari-
ations in microtopography (IPRL

90, STDL
z ) along the reach length were observed at both

sites; however, small differences in cross-sectional profiles were observed.

Table 2. Average reach velocity, weir discharge and geometric characteristics.

Site V* (m/s)
Q*

(m3/s)
L*

(m)

Slope
(m/m)

D50

(m)
D84

(m)
IPRL

90 STDL
z IPRX

90 STDX
z

GA1 0.57 2.02 102.2 0.04 0.17 0.48 3.59 1.12 0.77 0.23
GA2 0.96 1.87 84.4 0.05 0.18 0.54 3.59 1.12 0.92 0.28
GA3 0.43 1.76 82.6 0.03 0.18 0.54 3.49 1.06 0.92 0.28
GA4 0.23 0.94 113.2 0.07 0.16 0.39 5.29 1.78. 0.84 0.26
GA5 0.46 1.59 113.2 0.07 0.16 0.39 5.29 1.78 0.84 0.26
GA6 0.66 1.96 164.8 0.05 0.16 0.39 6.20 1.79 0.82 0.25
GA7 0.42 1.64 42.2 0.07 0.18 0.54 2.15 0.62 0.60 0.19
GA8 0.43 1.23 32 0.04 0.18 0.54 1.24 0.42 0.53 0.17
GA9 0.34 1.23 51.8 0.06 0.17 0.48 2.32 0.65 0.82 0.25

GA10 0.28 1.23 30.4 0.02 0.18 0.54 2.19 0.67 0.95 0.29
GA11 0.33 1.76 176.9 0.04 0.16 0.39 6.04 1.74 0.78 0.24
GA12 0.24 1.31 90.5 0.02 0.17 0.48 4.16 1.30 0.84 0.26
GA13 0.22 1.31 163.9 0.04 0.16 0.39 6.22 1.79 0.82 0.25

BU1 0.63 2.01 51.2 0.20 0.20 0.40 1.63 0.54 0.63 0.21
BU2 0.48 1.76 60.4 0.15 0.21 0.40 1.70 0.60 0.65 0.22
BU3 0.22 0.21 72.1 0.10 0.18 0.33 3.07 1.05 0.61 0.21
BU4 0.24 0.21 34.6 0.05 0.28 0.53 0.70 0.24 1.11 0.45
BU5 0.37 0.31 72.1 0.10 0.18 0.33 3.07 1.05 0.61 0.21
BU6 0.34 0.31 37.5 0.15 0.25 0.42 0.61 0.20 2.67 0.83
BU7 0.43 0.31 30.6 0.15 0.38 0.55 0.49 0.17 2.60 0.81
BU8 0.81 2.59 72.1 0.10 0.18 0.33 3.07 1.05 0.61 0.21
BU9 0.73 2.59 37.5 0.15 0.25 0.42 0.61 0.20 2.67 0.83

Note: * V is reach-average velocity, Q is measured discharge at weir structure, and L is reach length.

The Spearman’s correlation analysis results between the roughness height variables
for all the reaches are shown in Figure 5. The obtained longitudinal IPRL

90, and STDL
z

point-cloud data were inversely related to the cross-sectional profiles. Hydraulically, the
cross-sectional roughness (IPRx

90, STDx
z ) showed a strong correlation with the grain size

D50 and a weak correlation with D84.

 
Figure 5. Correlation between the roughness height variables.
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For mountain streams, the bed morphology is hydrologically characterized by the
sediment supply limited conditions caused by large immobile boulders, which can form
stable armored beds [2]. Thus, the grain size distribution may better reflect the lateral sedi-
ment inputs than hydraulic sorting processes. An armor layer may be present in mountain
streams when fine bed materials are washed out during flooding events. Armored layers
could be responsible for the small variation in the large grain size distribution observed,
suggesting that the D80 values asymptotically approached a certain limit, regardless of the
bed gradient.

3.2. Flow Discharge and Its Relation to Velocity

Different sets of flow measurements were performed during 2022–2023 using two
mountain headwater streams. The reach-average discharge derived from the dilution of
the dye tracer was compared to the point measurements. The measurements performed
using dye tracing were generally in good agreement with the flow discharge measured at
the weir of surface water monitoring stations. Rectangular broad-crest weirs were installed
upstream of the GA and BU sites and the flow discharge was directly determined by
measuring the hydraulic head difference. The above acquired data were used to examine
the relationship between flow velocity and discharge.

The discharge measured with dye tracing ranged from a minimum of 1.01 m3/s to
a maximum of 2.45 m3/s at the GA site, and from 0.91 m3/s to 1.81 m3/s at the BU site.
Over the study period, the flow discharges measured concurrently with weirs varied from
0.94 m3/s to 2.02 m3/s at the GA site and 0.21 m3/s to 2.59 m3/s at the BU site.

Comparing the results obtained using the two methods, the average relative errors
in the discharge were 67% and 38% at the GA and BU sites, respectively. As shown in
Figure 6, the measurements using the tracer slightly underestimated the flow compared
to the weir measurements during the study period. This was probably due to tracer
losses between the injection point and the downstream measurement station, and due
to incomplete mixing throughout the reach [28]. Figure 5 shows that the discrepancy
between the measurements increased as the flow increased. Under flood conditions, it was
impossible to measure the head difference of the weir with acceptable precision. Inevitably,
some weir measurements at very high flows may be incorrect because of the difficulty
in obtaining reliable measurements due to overflowing at the top of the weir instead of
flowing through the weir section.

Figure 6. Relationship between weir discharge and rhodamine discharge.

An empirical relation between flow velocity and discharge was also analyzed. The
measured reach-average flow velocities for each mountain stream exhibited curvilinear
relationships with the flow discharges measured at the weirs, with R2 = 0.58 (p = 0.006)
for the GA site and R2 = 0.85 (p = 0.0002) for the BU site. This result is in accordance with
previous studies [5,27,29,30]. The flow velocities at the BU site were higher than those at
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the GA site at a certain discharge because of the steeper streambed gradient (S = 5–20%). A
relatively wide variation in the velocity and discharge relationship was observed at the
BU site compared with the respective variation at the GA site. This is probably due to the
uncertainty of the reach-average velocity measurements associated with the free-surface
distortion and hydraulic jumps that commonly occur in large-scale and undulated bed
materials [10].

3.3. Relation between Flow Velocity and Hydraulic Roughness

Twenty-two reach-average hydraulic geometry data series were used, including a
range of bed roughness values, grain sizes, and flow characteristics. Six roughness height
models were calibrated using data from twenty-two field measurements, and the observed
and predicted velocities were compared (Table 3). The dimensionless hydraulic geometry
relationship that incorporated IPRL

90, q and S, exhibited the largest R2 between the observed
and predicted data and the smallest RMSE, suggesting that this model is the best suited
(Table 3). This result is consistent with those of Yang [30] and others [22]. Scatterplots of
the flow velocities with the hydraulic roughness variables are shown in Figure 7.

Table 3. Reach-average velocity and discharge equations with roughness.

Roughness
Variable

Hydraulic Geometry
Relation

Measured–Estimated Velocity

R2 RMSE (m/s)

IPRL
90 v∗ = 0.53 q∗ 0.46 0.68 0.07

STDL
z v∗ = 0.42 q∗ 0.39 0.66 0.22

IPRX
90 v∗ = 0.27 q∗ 0.27 0.42 0.07

STDX
z v∗ = 0.27 q∗ 0.27 0.42 0.53

D50 v∗ = 0.31 q∗ 0.25 0.31 0.91

D84 v∗ = 0.30 q∗ 0.29 0.28 0.16

Figure 7. Dimensionless relationship between discharge and reach-average velocity with roughness.

Previous studies [2,12,13] demonstrated that the flow roughness in steep streams
varied with the flow discharge or flow depth, as the large elements on the bed generally
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protrude above water surface at low flows, but to the contrary, submerge in the water
during high flows. Therefore, the relations in Table 3 are valid for the measurement
condition, where the discharge per unit width ranged from 0.04 m2/s to 0.43 m2/s. In
many channels, the flow depth varies from location to location, and it may also change
in time with rainfall. However, the variation in the flow rate was not considered in this
study because the experiments were conducted over a limited distance in a relatively short
amount of time.

The scattered patterns observed in Figure 7 can be attributed to the inability of the
longitudinal IPR90 to fully capture the flow roughness of the streams. The importance
of additional factors, such as the grain and spill resistances, has long been recognized in
various contexts [13]. In the case of fluvial streams, the stream bedform is controlled by
selective bedload transport during flood conditions. This significantly affects the grain size
of transported materials and plays an important role in the determination of D84.

Based on the results in Table 3, an equation for estimating the reach-average velocity
was proposed:

v = 0.54g0.27q0.46S0.27
(

IPRL
90

)−0.19
(8)

Previous research has demonstrated that roughness heights derived from surface
roughness, such as IPRL

90 and STDL
z , are more suitable for representing the flow charac-

teristics in mountain streams [1,5]. However, the difficulty in accurately measuring the
streambed roughness of mountain streams can render their practical use unfeasible. In
contrast, the grain size distribution can be easily measured and is commonly used to deter-
mine the roughness height in steep streams [15,17]. Recently, advanced photogrammetry
and laser-scanning technologies have enabled researchers to obtain detailed topographical
information and streambed roughness measurements [22]. The surface roughness derived
from point-cloud data, especially IPRL

90, can yield comparable results in flow estimations.

4. Discussion

4.1. Comparison of Point Velocity and Reach-Average Velocity

Accurate measurements of the flow velocity are necessary to understand the hydro-
logic, hydraulic, and sedimentary processes in mountain channels. The point-velocity
method using a current meter has been widely used to quantify the flow velocity under
both laboratory and field conditions. However, the presence of turbulence at very high
flows can result in significant velocity measurement errors. In some special cases, this
method underestimates the flow characteristics with errors greater than 50% [30]. Fur-
thermore, the macroroughness of the streambed hinders the use of a current meter under
low-flow conditions.

The conventional point-velocity method can measure the velocity at points of interest
but is not suitable for measuring the reach-average velocity along streams. Thus, it is
advisable to use alternative techniques for measuring the flow characteristics in mountain
streams, which are characterized by coarse bed materials, steep slopes, and low depths.
The dye trace method has shown favorable results in terms of accuracy when compared to
current metering as a method for measuring flow in mountain channels, with its accuracy
increasing in rivers with unsteady flow conditions and irregular streambed geometry. In
any case, both methods can be complementary.

Each method has advantages and disadvantages, which limit their use. Given these
considerations, it is necessary to select the appropriate type of measurement technique
used to quantify water characteristics depending on the hydraulic and geomorphological
conditions. Current meters are not suitable for extremely low or high flows in mountainous
regions. The use of dye tracers in mountain streams is preferred, provided that tracer
injection and detection are available.
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4.2. Use of Dye Tracer

The use of artificial tracers for flow measurements is convenient due to their low cost,
easy handling, low impact, and satisfactory results in mountain streams. The selection of
the most suitable tracer depends on several factors, including the water quality, amount
and type of suspended sediment, distance between the release and detection locations, and
flow characteristics [31]. Before their use in the field experiments, water tracers, including
a fluorescent (Rhodamine WT) and a chemical tracer (NaCl), were preliminarily compared
to evaluate the differences in their behavior. Sodium chloride (NaCl) is the most frequently
used tracer, providing the best results with a low environmental impact. However, its low
detectability under high-flow conditions is a major drawback [4,30]. In contrast, even small
quantities of Rhodamine WT are readily detectable, enabling good measurements to be
acquired under very high-flow conditions. Given the chemical and spectral characteristics
of the tracers, Rhodamine WT is highly suitable for use as a water tracer in steep, small
mountain streams.

The field experiments also indicated that measurement errors can be mainly attributed
to dye losses between the two measurement locations, resulting in poor measurement
accuracy. Dye losses occur when excessively long reaches are involved or when finely
suspended sediment exists, particularly clay or organic flocculant particles. Water-tracing
dyes tend to adhere to the surfaces of landform materials such as stone, rock, and aquatic
plants [32]. Previous studies have indicated that significant losses of Rhodamine WT may
occur when diluted concentrations are exposed to direct sunlight for extended periods,
owing to the photochemical decay of the dye [30]. This is a potential source of error that
must be considered when performing dye-fluorometric studies. In this study, most exposure
times for the dye experiments were short enough that the sorption and photochemical
decay losses would be negligible.

4.3. Quantifying Hydraulic Roughness

Mountain streams have complex and rough bed morphology with immobile boulders,
bedrock constrictions, or large woody debris. The streambed has long been regarded as
the self-adjusted hydraulic system that produces to maximize flow resistance to maintain
greater bed stability [13,16,21,22]. Bed stability is closely related to the grain sizes that can
be entrained or deposited under various bed gradients and flow conditions. The grain size
distribution (D50, D84) of the streambed is widely used to represent the flow resistance in
natural streams due to its simplicity [1]. However, the field estimation of the grain size
distribution in mountain headwater streams can result in large uncertainties due to opera-
tional bias, limited sample size, and spatially heterogeneous grain size distribution [22].
Alternatively, roughness height measures (IPR90, STDz) are preferable to quantify the flow
resistance in steep mountain streams [19,30].

The scattering observations in Figure 6 suggested that IPRL
90 may not entirely cap-

ture the flow roughness in steep channels. It can be influenced by other factors, such as
the grain and spill resistances [2,13]. Although the empirical Equation (8) is analogous
to previous studies, it is helpful in cases of steep and rough channels in South Korea.
Nonetheless, this study mainly contributes an alternative hydraulic relation that enhances
our understanding of estimating the mean flow velocity in mountain streams. LiDAR is
commonly used to collect high-resolution terrain data that capture the variation in geo-
morphologic characteristics, not only at a specific location but also along stream reach. A
LiDAR survey provides new opportunities for accurately obtaining detailed topographic
information and streambed roughness height measures, such as the interpercentile range
IPR90 and the standard deviation STDz. Moreover, there are time and costs saving advan-
tages for LiDAR surveying applications. However, LiDAR imagery can often underestimate
the depths of pockets between macroroughness elements due to shadow effects. Recently,
an algorithm has been developed to reduce the shadow errors in mapping rough grain
surface, but it is not considered in this study [33].

155



Water 2024, 16, 647

4.4. Limitations of the Study

In this study, the hydraulic roughness was quantified from field observations in moun-
tain streams. However, this study has potential limitations. First, the hydraulic roughness
is regarded as a constant parameter over time. However, every stream has a self-organized
fluvial process to adjust the bed morphology to maximize the flow resistance [13,22]. Al-
though the flow rate or water depth is assumed to be unchanged over the reach, the
presence of protruding objects and large boulders can lead to a spatial variation in the bed
roughness with the relative submergence of roughness elements (the ratio of flow depth to
roughness height) in steep mountain channels [2,5,22]. This study does not deal with the
hydraulic behavior of steep and rough mountain streams yet.

Field measurements were conducted in this study for low flows with a discharge per
unit width of 0.04–0.43 m2/s. It seems reasonable that within the range, the proposed
hydraulic relationships might be valid in mountain headwater streams, such as the Gwanak
and Baekun sites. Furthermore, the flow resistance may be influenced by other factors in
addition to hydraulic roughness height, including the boulder arrangement and protrusion,
energy dissipation, or erosional process. However, we have neglected these factors in
this study.

5. Conclusions

This study focused on the influences of macroroughness elements on the flow in
steep channels and their incorporation into hydraulic relations, and it examined a research
framework for quantifying the hydraulic roughness of mountain streams based on limited
field measurements. The hydraulic geometry relationships in mountain headwater streams
were developed based on the reach-average velocity and associated hydraulic variables.
A dye-tracing technique was used to measure the average velocity over the entire reach
length. Various hydraulic roughness heights were expressed in terms of the grain (D50 and
D84) and form resistance (IPR90, STDz). Of the various measures for hydraulic roughness
in the dimensionless hydraulic relations, IPRL

90 exhibited the largest R2 (=0.68) and the
smallest RMSE (=0.07 m/s) across 22 field measurements, implying that IPRL

90 was superior
(in terms of the R2 and RMSE) in explaining the variations in the reach-average velocity
among mountain headwater streams. Consequently, the dimensionless hydraulic geometry
relationship incorporating the discharge (Q), bed slope (S), Q, and longitudinal IPR90
was developed to accurately estimate the flow characteristics in steep and rough streams.

The flow rate is thought to have a significant influence on the flow resistance. The
effect of hydraulic roughness on the flow increased as the relative submergence of the bed
elements (roughness height/water depth) decreased, thus the proposed hydraulic relation
between the reach-average velocity and hydraulic roughness might not be suitable for
other regions. Nevertheless, the research framework for quantifying hydraulic roughness
from local data can be applicable in mountain headwater streams.

In mountain streams with small flow depths, large protruding boulder elements
and irregular bed morphology cause a high flow resistance, rendering many traditional
approaches used for flatter streams and rivers inapplicable. The accuracy of the proposed
hydraulic relation equation was evaluated using local data from field measurements;
however, it was subject to considerable uncertainty with the varying flow rate. Furthermore,
the utility of the proposed equations is constrained by the availability of data, while the
flow characteristics in mountain streams may be influenced by factors other than the bed
roughness. Further studies considering a wide spectrum of flow characteristics are needed
to explore the flow behavior in mountain streams.
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Abstract: The shoal area of the lower Yellow River in China is not flooded with water during the
dry season, so various plants can grow. When floods overflow the plains in the flood season, the
complexity of water resistance is increased due to the resistance to water flow by vegetation, which
directly affects flood discharge in the beach area. The drag force coefficient (CD), Manning’s roughness
coefficient (n), and Darcy-Weisbach resistance coefficient (f ) are commonly used to characterize
vegetation drag force. Such studies are commonly conducted in clear water, but flood water in the
lower Yellow River is generally muddy. In order to study the effect of the same sediment content
and different sedimentation thicknesses on the resistance of muddy waters containing vegetation,
this study conducted experiments in a flume (length = 28 m, width = 0.5 m, and height = 0.5 m)
under different deposition thicknesses. The results showed that the vegetation drag force coefficient
(CD), vegetation roughness (nb), and Darcy-Weisbach drag coefficient (f ) all decreased logarithmically
with increasing Reynolds number (Re) and Froude number (Fr). When Re > 30,000, under the
conditions of different siltation thicknesses of vegetation, the vegetation roughness tended to stabilize
near its minimum value. When the Reynolds number of the water flow is large (Re > 20,000),
the variation of the Darcy-Weisbach drag coefficient f slows down with the Reynolds number Re.
Logarithmic functions were established for the above resistance coefficients and flow coefficients, and
the corresponding correlation coefficients were high, indicating that the conclusions were reliable.

Keywords: logarithmic fitting; muddy water containing vegetation; water resistance; water flume test

1. Introduction

Due to human activities, beaches are often interrupted by various kinds of vegetation
and water-blocking structures, which increase surface roughness along beaches relative to
the main trough [1–5], which directly affects the evolution of floodplains in beach areas.
Floodplains are generally flooded only during the flood season, so when dry, various
types of vegetation can grow in tidal areas. Beach flow resistance is closely related to
the distribution and growth of beach vegetation and the distribution of various water-
blocking structures [6–10]. The presence of vegetation has a particularly important effect
on altering the movement characteristics of sand-carrying flow in beach areas as opposed
to open channels, and the resistance of beach areas will be significantly increased by
vegetation [11–15]. Similar processes occur in muddy areas, such as the Yellow River basin,
so it is necessary to study the resistance characteristics of muddy substrates containing
vegetation, which will provide a basis for understanding flood discharge and managing
the ecological protection of muddy areas during flood seasons.

Vegetation can be divided into rigid vegetation and flexible vegetation. Vegetation
with sufficient rigidity will not be deformed by water motion. Generally speaking, the
structure of water flowing through a single plant can be regarded as the flow around
a cylinder [16]. Huang et al. [17] used metal rods with different diameters to simulate
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the water flow resistance caused by planting trees in beach areas, and on this basis, they
demonstrated that the resistance of the model and prototype were similar. Their work
provided a guide for the design of water flow resistance experiments investigating the
effects of vegetation. Stone and Shen [18] used rigid cylindrical rods to study the effect of
vegetation diameter and density on resistance at different water depths and found that the
combined action of the above three factors determined resistance. James et al. [19] showed
that vegetation roughness changed linearly with water depth when vegetation was in a
non-submerged state. To explore the change in vegetation roughness with water depth,
Wu et al. [20] used a variable slope flume river model with horsehair instead of vegetation.
They found that, in the case of submerged vegetation, the vegetative roughness coefficient
is negatively correlated with the depth of the water. However, the roughness increased
gradually with the depth of the water until the vegetation was completely submerged,
at which point it began to decrease before eventually stabilizing and becoming constant.
Järvelä [12] carried out flume experiments with willow branches, seagrass, and sedge. The
resistance coefficients were calculated as the change in the water head measured by a
pressure difference sensor, from which the influence rules of different plant types, densities,
arrangements, and water depths on the resistance were obtained. Their results showed
that the resistance coefficient of non-submerged willow branches increased linearly with
water depth, and under the same arrangement, the resistance coefficients of branches
with subbranches were 2~3 times those without. Lu et al. [21] studied the change rules
of vegetation resistance coefficients under different vegetation densities, flow conditions,
and water depths. They adopted the vegetation hydraulic radius as the characteristic
length to represent vegetation and the Reynolds number to represent flow conditions when
examining the relationship between the vegetation resistance coefficient and flow. Li and
Shen [22] conducted an experiment on the influence of plants on water flow resistance
and showed that the arrangement of vegetation had a significant effect. With the same
vegetation density, a plum blossom crisscrossing vegetation arrangement had greater water
flow resistance than the front and back parallel vegetation arrangements. Kouwen and
Li [23] proposed that the factor affecting the boundary roughness was the bending degree
of plants, and the greater the resistance coefficient, the greater the bending moment force
exerted on plants. Therefore, both plant stiffness and density affect boundary roughness in
water flow.

In summary, the research to date on resistance characteristics of water flow with
vegetation has been relatively comprehensive, and the interaction between water flow
and vegetation has been clearly established in terms of stiffness, flexibility, and vegetation.
Several characteristic parameters, such as the drag coefficient, roughness coefficient, and
Darcy-Weisbach resistance coefficient, have been utilized. However, although the above
studies have been relatively comprehensive, they have all been based on clear water
conditions. The flood of the lower Yellow River is generally muddy water with a relatively
high sediment content, which further complicates the flow movement problem. On the
one hand, the flow of sand can shape the boundary, which in turn affects the flow of
water. Furthermore, the water flow carries sediment, and the presence of sediment in
turn changes the physical properties and turbulent structure of the water flow, which
in turn affects its energy loss, flow velocity distribution, and sand content distribution,
and then affects the drag coefficient, roughness coefficient, and Darcy-Weisbach resistance
coefficient. Moreover, the velocity of floodplain flood waters slows when flowing through
intertidal areas, facilitating siltation and changing the topography of the intertidal area,
which directly affects the evolution of floodplain floods in the intertidal area. The existing
semi-empirical and semi-theoretical resistance formulas do not accurately describe the
change laws of vegetation resistance in the beach areas of the lower Yellow River because
models generally regard beach resistance as a fixed value in two-dimensional water and
sediment that does not change with the water and sediment conditions. Furthermore, in
the previous physical models, the beach morphology remained unchanged because they
did not consider the deposition of sediment in the vegetation area. Therefore, in order to
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obtain accurate resistance characteristics for floodplain floods in the lower Yellow River,
this investigation carried out a flume experiment with muddy water containing vegetation.

2. Materials and Methods

2.1. Design of the Experimental Installation

The basic theory of open channel flow was used in this study. Many tests on the
resistance characteristics of water flow with vegetation have used rectangular flumes;
therefore, to ensure test comparability and the reliability of the results, this test used a
rectangular flume with a variable slope. The bottom slope could be adjusted between 0 and
1%. The structure of the test tank is shown in Figure 1. According to the purpose of the test,
the following design points were determined:

 

Figure 1. Experimental flume setup.

(1) The tank was 28 m in length, 0.5 m in width, and 0.5 m in height. Its side walls and
bottom surfaces were made of rectangular sections of smooth tempered glass. In order to
eliminate waves and stabilize water flow, the inlet of the water tank was the same size as
the cross section of the tank. A 30-cm-long flow stabilizing device was used, composed
of a number of PVC pipes placed inside the water tank. A 2.4-m-long, 0.5-m-wide, and
5-mm-thick PVC board was laid in the middle of the tank. Round holes are drilled into the
board to fix the model plants.

(2) The model plants were typical maize vegetation found in the floodplain area, with
a total vegetation height (Hv) of 21.5 cm, a lower main stem height of 5.5 cm, and a diameter
of 0.15 cm. The upper branches and leaves had an average height of 12 cm. The length
of the test control section was 1.4 m, and the width was the distance between the two
inner walls of the water tank. The model plants were set in a rectangular arrangement
(Figure 2), with a spacing of 10 cm between front and rear and left and right. The planting
area per unit area was 9.091 × 10−3 m2, and the plant density was 110 plants/m2.

Figure 2. Schematic diagram of vegetation arrangement.

(3) The upper part of the tank had a movable bracket to facilitate the placement of
measuring instruments. A tail door was set at the tail end of the tank to ensure that the
water depth and flow were stable at a constant value. In order to ensure that the flow
and water depth in the tank could be controlled based on operability, a centrifugal pump
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was used to circulate the water in this flow tank. The water was pumped from a water
storage mixing tank to the experimental tank through a pipeline. The maximum flow of
the pump was 43.3 L/s, the head was 46 m, and a high-head, low-flow pump was used.
The tank was equipped with a pump frequency conversion control cabinet and an E-MAG
electromagnetic flowmeter to achieve accurate flow control. In this experiment, the flow
range was 10~40 L/s and the water level range was 0.1~0.4 m. A water level gauge was
placed on the outer wall of the glass tank. After the flow was stable, the water depth in
the vegetation area was recorded, and then the flow and water level of each group were
recorded.

(4) In the muddy water mixing tank, at the tail end of the tank, a mixing bar was con-
stantly rotating during the test so that the sediment content in the test flow was maintained
at a constant value of 16 kg/m3. In addition, due to the muddy water flume test, three
different silting thicknesses (i.e., 0, 6.5, and 11.5 cm) were used in the vegetation area to
achieve the most realistic test results.

2.2. Hydraulic Parameter Calculation

The Reynolds and Froude numbers are two important hydraulic parameters. The
Reynolds number is a dimensionless number that can be used to characterize fluid flow.
The formula is Re = VR/υ, where V is flow velocity (m/s); R is hydraulic radius (m); and
υ is the kinematic viscosity coefficient. The Froude number is used to represent the state
of water flow. When Fr = 1, it means that the water flow is affected equally by the inertial
force and the gravity action, and it is a critical flow state. When Fr > 1, the inertial force is
greater than gravity (the inertial force plays a dominant role), and the water flow is a jet
stream, also known as a high flow state. When Fr < 1, the inertial force action is less than
the gravity action (gravity plays a dominant role), and the water flow is slow, also known
as a low flow state. The formula is Fr = V/

√
gh, where V is flow velocity (m/s); g is

gravitational acceleration (m/s2); and h is test water depth (m). The calculated Fr and Re
are shown in Table 1. It can be seen from Table 1 that the Froude numbers in the test were
all less than 1, ranging from 0.11 to 0.19. This indicated that the test water flow was slow.
The Reynolds number ranged from 9454 to 38062, which were all larger than the critical
Reynolds number of an open channel. This indicated that the experimental water flow
was turbulent. After the water pump was turned on and the flow meter reading stabilized,
the water level scale was observed to determine when an approximately uniform flow
had formed in the vegetation section. This was performed so that the relevant formula
of constant uniform flow in the open channel could be used in the subsequent hydraulic
calculation.

Table 1. Flow resistance test conditions.

Silting Thickness (cm) Q (L/s) H (m) Fr Re

0 7~43.06 0.118~0.31 0.1108~0.1594 9454~38,062
6.5 10~38.89 0.15~0.27 0.11~0.1771 12,376~37,023
11.5 10~35 0.15~0.24 0.11~0.1902 13,581~35,361

3. Experimental Results and Analyses

3.1. Drag Force Coefficient of Vegetation

When water flows through vegetation, vegetation has a drag effect on the water
flow, resulting in a vegetation drag force. Usually, the vegetation drag force coefficient is
expressed as a quantitative calculation of vegetation drag force. Water containing vegetation
(Sections 1 and 2 in the flume) was taken as the control body to conduct the force analysis
and obtain the expression of the vegetation drag force coefficient.

(1) Drag force of vegetation in a non-submerged state
Figure 3 shows the stress analysis of water in the control body section under the

non-submerged vegetation state:
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Figure 3. Vegetation stress in a non-submerged state.

Taking the water body in the control section (i.e., 1~2) as the research object, the force
balance expression of the control body could be obtained as follows:

FG = FD + FS (1)

FG = GSinα = ρSgAJ (2)

FD = CD ASN
ρSU2

2
(3)

where FG is the component controlling weight force along the direction of water flow, N; FD
is the drag force of vegetation, N; FS is the resistance generated by the bottom boundary;
CD is the drag force coefficient of vegetation, dimensionless and related to the shape of the
object, angle of attack, and Reynolds number of incoming flow; N is the number of plants
in the control body; A is the sectional area, A = BH, m2; H is the water depth, m; AS is the
cross-sectional area of vegetation in the direction of vertical water flow, which is related to
the shape of vegetation, m2; U is the average velocity of the section, m/s; and ρS is the test
flow density, kg/m3. Note that, because the sink boundary was smooth glass and the bed
surface was PVC board, the side wall resistance and bed surface resistance were very small
relative to the vegetation drag force and could be ignored by comparison; therefore, the
drag force was considered equal to the component force of gravity along the direction of
water flow. Formulas (1)~(3) were combined to obtain the following:

CD ASN
ρSU2

2
= ρSgAJ (4)

The expression of vegetation drag force can be simplified as follows:

CD =
2gJ

NU2
A
AS

(5)

(2) Vegetation drag force in a submerged state
Figure 4 shows the stress analysis of water in the control section when vegetation is

submerged.

 

Figure 4. Stress of vegetation under submerged conditions.

When the water depth is greater than the vegetation height, the vegetation is consid-
ered submerged. In contrast to vegetation in a non-submerged state, shear stress occurs
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at the junction of vegetation and water flow when submerged, and there is no vegetation
drag force in the water above the vegetation height.

Fτ = ρgB(H − D)J (6)

The force analysis equation of the control body is:

FG + Fτ = FD + FS + Fτ (7)

Equations (2) and (3) can be combined to obtain the drag force coefficient of vegetation:

CD =
2gJ

NU2
BH
AS

(8)

where J is the water surface slope. In two vegetation-submerged states, the calculation
methods for the cross-sectional area (AS) of the vegetation upflow surface are different. If
the vegetation model is approximately cylindrical, the calculation method of AS is relatively
simple, i.e., AS = dH (d is the diameter of the cylinder; H is the water depth). Since the
branches and leaves of the vegetation model in this test were mixed, AS was more difficult
to calculate. Therefore, the simplified vegetation model was used to determine the cross-
section area in flow. The vegetation model was simplified as two cylinders of different
sizes: the diameter d1 = 8 cm and height h1 = 12 cm of the upper branches, and the diameter
d2 = 0.2 cm and height h2 = 5 cm of the lower branches, obtained through measurement.
AS is expressed as follows:

H ≤ h2 AS = d2H (9)

h2<H ≤ (h1 + h2) AS = d2h2 +
(H − h2)

2

[
2d2 +

d1 − d2

h1
(H − h2)

]
(10)

H > (h1 + h2) AS = d2h2 +
1
2
(d1 + d2)h1 (11)

Formula (9) was used to determine the cross-sectional area of vegetation (AS). In order
to obtain CD, it is first necessary to obtain the number N of the plants in the unit control
body, which can be determined by Formula (12):

N =
LB

ΔxΔy
(12)

where L and B are the length and width of the unit control body, respectively, m, and
Δx and Δy are the spacing between the plants, m.

The drag force coefficient of vegetation under different siltation conditions can be
calculated using the above formula. Figure 5a–f shows the relationship of the vegetation
drag force coefficient with the water flow Reynolds number (Re) and Froude number (Fr)
under different vegetation deposition thicknesses. The figure shows that under different
deposition conditions, the vegetation drag force coefficient (CD) exhibited similar distri-
bution trends. In all cases, CD decreased with increasing Re and Fr. This indicated that
the greater the intensity of turbulence, the lower the drag force coefficients of vegetation.
The amplitude tended to decrease, or become gentler, around Re = 15,000 and Fr = 0.13.
However, if flow conditions are held constant, the CD increases with increasing sediment
thickness in the vegetation area. These results show that the vegetation drag coefficient
CD was related to both flow conditions (Re and Fr) and vegetation silting thickness. This
was because, as the flow and water level increased, the branches and leaves of the plants
were gradually submerged, which meant the turbulent intensity of the water flow in this
area was relatively large and CD was correspondingly reduced. Similarly, the CD increased
with increasing vegetation siltation thickness because, as the siltation of the vegetation
area increased, the degree of inundation under the same water flow condition increased.
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This resulted in more water flow through the vegetation’s branch and leaf areas and led
to a reduction in CD. In addition, the water flow conditions (Re and Fr) had logarithmic
relationships with CD, and the fitting correlation coefficients were high in all conditions.
The fitting formula and precision of the vegetation drag coefficient under various flow
conditions are shown in Table 2.

 

 
Fitting of CD and Re Fitting of CD and Fr 

Figure 5. Relationship between the drag coefficient of vegetation and Reynolds number and Froude
number at different sediment thicknesses.
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Table 2. Fitting formula of the drag force coefficients of vegetation under different deposition
thicknesses.

Silting Thickness Re R2 Fr R2

0 CD = −0.151ln(Re) + 1.67 0.98 CD = −0.535ln(Fr) − 0.91 0.96
6.5 CD = −0.447ln(Re) + 4.87 0.99 CD = −0.998ln(Fr) − 1.53 0.99
11.5 CD = −0.478ln(Re) + 5.14 0.99 CD = −0.875ln(Fr) − 1.25 0.99

According to the fitted formula, when Re = 20,000 and Fr = 0.12, CD changes with the
change in deposition thickness, as shown in Figure 6.

  
Re = 20,000 CD changes with deposition thickness Fr = 0.12 CD changes with deposition thickness 

Figure 6. When Re = 20,000 and Fr = 0.12, CD changes with deposition thickness.

3.2. Vegetation Roughness Coefficient

Manning’s roughness coefficient is used to comprehensively reflect the resistance of
pipes, channel walls, or rough water to water flow. It is also the most widely applied in
resistance calculation, so this section analyzes how water conditions, sediment factors, and
vegetation characteristics influence water flow using Manning’s roughness coefficient. The
analysis of muddy water containing vegetation was used to establish a fitting formula for
vegetation roughness. Manning’s roughness coefficient n = 1

U R2/3 J1/2, where U is the
average velocity of the section, m/s; R is the hydraulic radius; and J is the water surface
slope. Since the water flow in the vegetation section was approximately uniform, the water
surface slope was equal to the change due to the flume slope.

The resistances in this paper included both riverbank and riverbed resistances, among
which riverbed resistance included the resistance generated by the riverbed surface and
the vegetation in the river. This can be expressed by the formula:

τ = τw + τb (13)

where τ is the total shear stress in the river, and τW and τb are riparian resistance and
riverbed resistance, respectively. The resistance segmentation method was used. The
expressions of riparian and riverbed resistances are as follows:

τw = γRw J (14)

τb = γRb J (15)

where Rw is the hydraulic radius relative to riverbank resistance; Rb is the hydraulic radius
relative to riverbed resistance; and Rw = Aw/2h, Rb = Ab/B.
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According to the flow continuity equation and Manning’s formula:

AU = AwUw + AbUb (16)

Uw =
1

nw
R2/3

w J1/2 (17)

Ub =
1
nb

R2/3
b J1/2 (18)

where nw and nb represent riverbank roughness and riverbed roughness, respectively. Since
the bed surface was a smooth organic PVC board in this experiment, its roughness can be
ignored relative to the vegetation’s roughness. nb is used to represent vegetation roughness,
and it was assumed that the average velocity of each section in the river is equal, that is:

U = Uw = Ub (19)

By combining Formulas (17)–(19), the following are obtained:

Rw =

(
nwU
J1/2

)3/2
(20)

Rb = h
(

1 − 2
Rw

B

)
(21)

Taking the edge wall roughness of the glass flume in the test as nw = 0.01, then the
vegetation roughness nb can be calculated from Equations (17)–(21). The relationships
between the vegetation roughness coefficient nb, water flow rates Re and Fr, and vegetation
sedimentation thickness were studied experimentally. Figure 7a–f shows how vegetation
roughness and vegetation area deposition thickness affected the relationship of nb with
Re and Fr. The figure shows that, for all different vegetation siltation thicknesses, the
vegetation roughness had negative correlations with Re and Fr, i.e., nb decreased with
increasing Re and Fr. In terms of the effect of vegetation deposition thickness, when Re and
Fr are held constant, the larger the deposition thickness, the larger the roughness, and vice
versa. However, when Re ≥ 30,000, vegetation roughness tended to stabilize around its
minimum value under all siltation thicknesses. The relationship between the vegetation
roughness coefficient and Re and Fr was established as a logarithmic function. This was true
across all experimental conditions, as can be seen by the high fitting correlation coefficients
(R2) across treatments. The fitting formula and precision of the vegetation roughness
coefficient under various working conditions are shown in Table 3.

Table 3. Fitting formula for vegetation roughness coefficients under different deposition thicknesses.

Silting Thickness Re R2 Fr R2

0 nb = −0.017ln(Re) + 0.26 0.87 nb = −0.063ln(Fr) − 0.04 0.98
6.5 nb = −0.034ln(Re) + 0.42 0.98 nb = −0.075ln(Fr) − 0.06 0.99

11.5 nb = −0.04ln(Re) + 0.48 0.99 nb = −0.073ln(Fr) − 0.06 0.99
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Fitting of nb and Re Fitting of nb and Fr 

Figure 7. Relationship between the vegetation roughness coefficient and the Reynolds and Froude
numbers with different sediment thicknesses.

In previous calculations of vegetation resistance, vegetation roughness was generally
used to reflect the resistance of the vegetation area. Wu et al. [20] used horse hair as the
model vegetation in flume tests and studied the change in vegetation resistance with water
depth, comparing submerged and non-submerged conditions. Their results showed that
the roughness of non-submerged vegetation n′

b decreased with increasing water depth to a
certain vegetation height. When water depth was close to vegetation height, vegetation
roughness n′

b increased with water depth. As the water depth continued to increase after
submerging the vegetation, n′

b began to decrease and eventually became constant. The
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relationships between vegetation roughness and vegetation drag force coefficient were
therefore established:

Unsubmerged condition:

nb =

(
R2/3

b√
2g

)√
C′

D (22)

Submerged condition:

nb =

(
D1/6T1/2√

2g

)√
C′

D (23)

where Rb is the hydraulic radius corresponding to vegetation resistance, m; T is vegetation
height, m; and C′

D is the drag force coefficient of vegetation. Cheng [24] studied the drag
force of cylinders in water flow and proposed the concept of a generalized Reynolds
number C′

D and drag force coefficient Re′, wherein:

Re′ = 1 + J
1 + 80λ

Re (24)

C′
D = 11Re′−0.75

+ 0.9
[

1 − exp
(
−1000

Re′

)]
+ 1.2

[
1 − exp

(
−
(

Re′

4500

)0.7
)]

(25)

The expression of the vegetation resistance coefficient nb can be obtained by trans-
forming the above-mentioned resistance formula:

nb =

(
Rb

2/3√
2g

)√
C′

D (26)

where Rb is the hydraulic radius corresponding to vegetation resistance, m, and λ is the
coefficient related to vegetation, λ = 0.03.

3.3. Darcy-Weisbach Resistance Coefficient

The experimental data were used to analyze the vegetation resistance in the beach area.
According to the Darcy-Weisbach formula, the Darcy-Weisbach resistance coefficient can be
derived, i.e., f = 2gRJ/U2 where R is hydraulic radius, J is hydraulic slope, and U is the
average velocity of section. The relationship between Darcy-Weisbach resistance coefficient
f and water flow rates Re and Fr under different vegetation deposition conditions was
established as shown in Figure 8a–f. The figure shows that the relationship between the
Darcy-Weisbach resistance coefficient and flow Re and Fr in the vegetation area conformed
to the Nikolaze curve under all different vegetation silting thickness conditions. With
increasing vegetation area silting thickness, the resistance coefficient was adjusted to
some extent due to the change in hydraulic conditions. When the Re of the experimental
flow was small (Re < 20,000), the drag coefficient varied greatly with Re. When the Re
continued to increase (Re > 20,000), the drag coefficient decreased with increasing Re. As
the Reynolds number continued to increase, the resistance coefficient did not increase and
eventually stabilized. Interestingly, the relationship between Fr and the Darcy-Weisbach
resistance coefficient in the vegetation area was slightly different from the above. Under
all vegetation deposition conditions, with increasing Fr, the Darcy-Weisbach coefficient
f exhibited a nonlinear decrease. If flow and water level were held constant, the Darcy-
Weisbach resistance coefficient would not change due to changes in vegetation siltation
thickness. The logarithmic function correlation coefficient between water flow conditions
and vegetation resistance coefficient was high, indicating reliable fitting accuracy. The
fitting formula and precision of the vegetation roughness coefficient under various working
conditions are shown in Table 4.
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Fi ing of f and Re Fi ing of f and Fr 

Figure 8. Relationship between the Darcy-Weisbach coefficient and Reynolds number and Froude
number with different sediment thicknesses.

Table 4. Fitting formula for Darcy-Weisbach drag coefficient under different deposition thicknesses.

Silting Thickness Re R2 Fr R2

0 f = −0.645ln(Re) + 7.50 0.95 f = −2.338ln(Fr) − 3.59 0.99
6.5 f = −0.962ln(Re) + 10.59 0.98 f = −2.131ln(Fr) − 3.14 0.99
11.5 f = −1.012ln(Re) + 10.96 0.99 f = −1.838ln(Fr) − 2.54 0.99
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4. Conclusions

Taking maize-typical vegetation in the Lower Yellow River as the model vegetation,
the influence of different sediment thicknesses on vegetation resistance characteristics in
the muddy water area was simulated and studied by carrying out muddy water trough
experiments with the same sand content and different silt thicknesses. The changes in
drag force coefficient, roughness coefficient, and Darcy-Weisbach resistance coefficient with
changes in the depth of sediment deposition were studied. This information has enriched
our understanding of vegetation resistance in lower Yellow River beach areas and provided
a scientific basis and reference for future studies of flood evolution in the lower Yellow
River beach area. The main conclusions were as follows:

(1) For all vegetation deposition thicknesses (i.e., 0, 6.5, and 11.5 cm), the drag force
coefficient of the vegetation decreased with increasing Reynolds and Froude numbers. In
other words, with increased flow and water level, the drag force coefficient of vegetation
decreased, and the decreased drag force variability around Re = 15,000 and Fr = 0.13 was
indicative of gentler conditions. However, when the water flow conditions are the same,
the vegetation drag coefficient increases with the increase in deposition thickness in the
vegetation area.

(2) To analyze the resistance in river and beach areas, resistance is decomposed into
riparian resistance and riverbed resistance, and the final calculation of vegetation roughness
is obtained using the resistance segmentation method. With the same deposition thickness
in the same vegetation area, the vegetation roughness coefficient was negatively correlated
with Reynolds and Froude numbers. When Re > 30,000, under all deposition thicknesses,
the vegetation roughness tended to stabilize near its minimum value. Logarithmic functions
were established between the vegetation roughness coefficients and the Reynolds and
Froude numbers of the different experimental water flow conditions, and all had high
correlation coefficients.

(3) Based on the experimental data and the Darcy-Weisbach resistance formula, the
expression of the Darcy-Weisbach resistance coefficient was deduced and analyzed. The
results showed that when the Reynolds number was small (Re < 20,000), the Darcy-Weisbach
resistance coefficient f varied greatly with Re. When the Re number was large (Re > 20,000),
the Darcy-Weisbach resistance coefficient f decreased with Re. With further increases
in flow, or Reynolds number, the resistance coefficient tended to stabilize after reaching
a certain value. Under the conditions of constant flow and water level, there was no
significant correlation between the Darcy-Weisbach resistance coefficient and the thickness
of vegetation deposition.
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Abstract: Suitable friction groups are provided for solving three typical hydraulic problems. While
the friction group based on viscous forces is used for calculating the pressure drop or head loss in
pipes and open channels, commonly referred to as the Type 1 problem in hydraulic engineering,
additional friction groups with similar behaviors are introduced for calculating steady flow discharge
as the Type 2 problem and, for estimating hydraulic diameter as the Type 3 problem. Contrary to
the viscous friction group, the traditional Darcy–Weisbach friction factor demonstrates a negative
correlation with the Reynolds number. This results in curves that slope downward from small to
large Reynolds numbers on the well-known Moody chart. In contrast, the friction group used here,
based on viscous forces, establishes a more appropriate relationship. In this case, the friction and
Reynolds number are positively correlated, meaning that both increase or decrease simultaneously.
Here, rearranged diagrams for all three mentioned problems show similar behaviors. This paper
compares the Moody diagram with the diagram for the viscous force friction group. The turbulent
parts of both diagrams are based on the Colebrook equation, with the newly reformulated version
using the viscous force friction group. As the Colebrook equation is implicit with respect to friction,
requiring an iterative solution, an explicit solution using the Lambert W-function for the reformulated
version is offered. Examples are provided for both pipes and open channel flow.

Keywords: Colebrook function; Moody chart; pipe flow; hydraulic resistance

1. Introduction

This paper presents suitable friction groups for addressing three common problems in
hydraulic engineering [1], i.e., it offers procedures for the following three types of problems:

1. Pressure drop, Δp, i.e., of head loss Δh—Type 1;
2. Steady flow discharge Q—Type 2;
3. Diameter of pipe D [2], i.e., hydraulic diameter in open channel flow DH—Type 3.

The procedures shown in this paper are given as an alternative to the classical approach
given, e.g., in [1].

The Darcy–Weisbach flow friction factor f is defined based on inertial forces [3,4]
leading to its negative correlation with the Reynolds number, Re. In the widely recognized
Moody chart [5–8], the turbulent Darcy–Weisbach friction factor f generates curves that
slope downward from small to large Reynolds numbers Re. However, a positive correlation
with the Reynolds number Re shows similar behavior as electrical resistance with electrical
current. This paper presents diagrams constructed using suitable friction groups that
demonstrate this positive correlation for all three mentioned types of hydraulic problems.

Among others, this paper gives a comparison between the traditional Moody diagram
and the new diagram based on the rearranged viscous friction group λ (viscous friction
group λ is used here for solving the Type 1 problem). The turbulent portion of both
diagrams relies on the empirical Colebrook function [9,10]. The Colebrook equation is
implicit with respect to friction, and it requires an iterative solution in both [11]; its standard
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version is based on the Darcy–Weisbach factor f and its transformed version is based on
the rearranged viscous friction group, λ. This paper presents an explicit reformulation of
the transformed version of the Colebrook function using the Lambert W-function [12]. An
accurate and computationally efficient approximation is also given [13].

Viscous friction group λ is replaced with the friction group f·Re2 for solving the Type 2
problem, and with f/Re for solving the Type 3 problem. All three diagrams Re→λ (for
Type 1), Re→ f·Re2 (for Type 2), and Re→ f/Re (for Type 3), have a similar shape. This
paper presents an alternative approach to the traditional methods for solving three common
types of hydraulic problems, yielding identical final results.

Following the introduction in Section 1, the Type 1 problem is examined in Section 2,
Type 2 in Section 3, and Type 3 in Section 4. Concluding remarks are presented in Section 4,
followed by notes about open channel flow in Appendix A and with some computational
examples for both pipes and open channels in Appendix B. Finally, a list of symbols from
this paper is given after Appendices.

In the context of marine engineering, solutions presented in this paper can find
applications in offshore pipelines, etc.

2. Pressure Drop (Head Loss)—Type 1

The flow friction factor based on inertial forces, which is commonly used in engi-
neering practice, is known as the Darcy–Weisbach, also referred to as the Moody or Darcy
friction factor f. It is given in Equation (1):

f=
Δh
L
D

υ2

2g

(1)

The pressure loss, Δp, is connected to head loss, Δh, as Δp = ρgΔh, while flow
discharge Q with the velocity υ = 4·Q

D2·π .
The dimensionless Fanning friction factor, ff, shares the same physical meaning as

the Darcy–Weisbach friction factor f but is equal to one-fourth of it; ff = f/4. The less
commonly used dimensionless Stanton and Pannel friction factor, Φ, also has the same
physical interpretation, but is half of the Fanning factor (Φ = ff/2) and one-eighth of the
Darcy–Weisbach factor (Φ = f/8). These differences arise from definitions based on varying
but related quantities, such as pipe diameter versus pipe radius. All of them are defined
through shear stress on the surface [14,15]; τ, τ

ρυ2 = Φ = ff
2 = f

8 .
The Darcy–Weisbach friction, f, the Fanning friction, ff, and the Stanton and Pannel

friction, Φ, are negatively correlated with the Reynolds number Re. On the other hand,
suitable rearrangements given in Equation (2) leads to positive correlation of friction with
the Reynolds number Re. A friction group, λ, based on viscous forces [7] is given in
Equation (2):

λ=
ρgΔh
32ηυ

D2

L
=

Δpπ
128ηQ

D4

L
(2)

To avoid mistakes, it is crucial to clearly define the friction factor when using it to
calculate pressure drops, Δp, and related head losses, Δh.

Both Equations (1) and (2) can be used equally for solving the Type 1 problem, but the
approach through Equation (1) is more common [1].

2.1. Calculation through the Standard Darcy–Weisbach Flow Friction Factor
2.1.1. Standard Colebrook Function

The Darcy–Weisbach flow friction factor, f, for laminar flow is given as f = 64/Re,
while for turbulent flow most often it is given through the empirical Colebrook function, as
shown in Equation (3):

1√
f
= −2log10

(
2.51
Re

1√
f
+

ε/D
3.7

)
(3)
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The equation is developed by Colebrook solely [9], but it is based on his joint experi-
ment with White [10].

The Reynolds number is defined as Re = υD/μ, where μ = η/ρ and Q = υD2π/4. The
absolute value of the inner pipe roughness, ε [m], depends on the type and condition of the
used material of which pipes are manufactured [1].

The Colebrook equation is implicit with respect to the unknown friction factor, f,
and can be solved only iteratively (few iterations are usually sufficient) [16–18]. Also, the
Colebrook equation can be expressed explicitly through the Lambert W-Function [12,13].

2.1.2. Moody Chart

The Moody chart is typically used for the graphical interpretation of the Darcy–
Weisbach flow friction factor f (its version is given in Figure 1). In the Moody diagram, as
the value of the Reynolds number, Re, increases the Darcy–Weisbach flow friction factor, f,
decreases, and vice versa.

Figure 1. Moody chart for the Darcy–Weisbach flow friction factor, f, as a function of the Reynolds
number, Re, and the relative roughness of inner pipe surface, ε/D. The red line represents laminar
flow, full black lines represent partially developed turbulent flow, while point-lines represent fully
turbulent flow.

The Moody chart is based on the Reynolds number Re, which is governed by the
velocity of the moving fluid υ, i.e., by flow Q = υD2π/4. This means that the Reynolds
number Re, together with the relative roughness ε/D [19–24], is in the function of diameter,
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D. It implies that if the diameter D and the flow Q are known, the pressure drop Δp (or
head loss Δh) can be easily computed using Equation (1).

2.2. Calculation through Viscous Friction Group

The Colebrook function can be rewritten [7] in terms of the viscous friction group
λ. Therefore, it can be graphically presented in a chart in Figure 2, following the same
principles as in the widely recognized Moody chart.

Figure 2. Transformed Moody chart based on viscous flow friction factor λ: Its turbulent part is based
on the transformed Colebrook equation—The red line represents laminar flow, full lines represent
partially developed turbulent flow, while point-lines represent fully turbulent flow.

2.2.1. Transformed Colebrook Function

The Colebrook equation transformed using viscous friction group λ [7] is given in
Equation (4): √

Re√
λ
= −16log10

(
0.314

Re

√
Re√
λ

+
ε/D
3.7

)
(4)

2.2.2. Modified Moody Diagram through the Viscous Friction Group

The transformed Moody chart based on the viscous friction group λ is given in Figure 2.
In the laminar region of the diagram, λ = 1, while in the turbulent region, represented by the
transformed Colebrook equation from Equation (4), the curves follow a continuous upward
trend more accurately representing the physical behavior of flow friction phenomena.

In the transformed Moody chart, it becomes challenging to pinpoint the boundary
where the partially turbulent regime transitions into the fully turbulent regime as the
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Reynolds number Re increases. In the original Moody chart, curves become straight
horizontal lines for the fully developed turbulent regime. For example, this boundary for
ε/D = 0.05 is around Re = 1 × 105, while for ε/D = 0.001, it is around Re = 1 × 106.

Equally, as the original Moody chart, the diagram in Figure 2 is suitable for the
calculation of pressure drop Δp (and subsequently of head loss Δh). It can be completed
through Equation (2).

2.2.3. Explicit Expression of the Transformed Colebrook Equation

Similar to the standard Colebrook function, which is based on the Darcy–Weisbach
friction factor f, the transformed Colebrook function expressed in terms of the viscous
friction group λ is also implicitly defined with respect to the unknown variable, and it can
only be solved iteratively. Fortunately, the iterative procedure in this case converges fast
and requires only a few iterations. However, the Colebrook equation can be transformed
in an explicit form using the Lambert W-function, which can be further solved using
established mathematical procedures [25–27]. The Lambert W-function is suitable for the
transformation of implicit function in an equivalent explicit form [28].

The graph of the Lambert W-function is given in Figure 3 [25,27].

Figure 3. Branches of the Lambert W-function.

The transformed Colebrook function based on the viscous friction group λ in terms of
the Lambert W-function is given in Equation (5) [12,13]:

√
Re√
λ

= Z
0.314 (B + y)

Z = 16·0.314
ln(10) ≈ 2.1819

A = Re
Z

ε/D
3.7

B = ln (Re)− ln(Z)
x = A + B

y = W(ex)− x

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(5)

However, in the closed-form solution from Equation (5), ex grows so rapidly that
calculations on computers can fail for certain combinations of the Reynolds number Re
and the relative roughness of the pipe’s inner surface ε/D, which is commonly used in
engineering practice. This issue arises due to overflow errors caused by the limited size of
typical computer registers [29,30]. The limitations are presented in Figure 4.
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Figure 4. Limitations for verification of W(ex) in computer registers.

However, limitations for the verification of W(ex) can be overwhelmed by using the
shifted Lambert function, i.e., the Wright ω-function W(ex) − x = ω(x) − x, which is
automatically completed in some software tools such as Matlab. It can be approximated as
W(ex)− x ≈ ln (x)

(
1
x − x

)
, based on the upper branch of the Lambert W-function, denoted

as W0 in Figure 3 by the blue curve.
Similar approaches are available in [31–34].

2.2.4. An Approximation of the Transformed Colebrook Equation

To develop efficiently an approximation of the transformed Colebrook equation
through the viscous friction group λ, the upper branch W0 of the Lambert W-function
should be approximated only in the range typically used in engineering practice. Based on
Equation (5), this range is only between xmin = 6.97 and xmax = 619,363.78 for W(ex)− x.
This gives an approximation, which is given in Equation (6):

√
Re√
λ

≈ 6.94871·
(

B − C + C
x−0.5588·C+1.2079

)
A ≈ Re·ε/D

8.0897
B ≈ ln (Re)− 0.779626

C = ln(x)
x = A + B

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(6)

In any case, restriction shown in Figure 4 cannot be associated with Equation (6).
The relative error introduced by Equation (6) compared with Equation (5) is negligible

up to 0.2% [12,13].

3. Flow Discharge—Type 2

Using the Darcy–Weisbach flow friction factor f, a direct noniterative closed-form
solution for the Type 2 problem is available [1,35].

It is also possible to rearrange the diagram from Figure 2 for the calculation of flow dis-
charge Q by replacing the viscous friction group λ with the friction group f·Re2. The Darcy–
Weisbach flow friction factor f in Equation (7) should be calculated using Equation (3), with

178



J. Mar. Sci. Eng. 2024, 12, 1663

the main purpose of this transformation being used to produce a friction group that is
independent of the velocity of the moving fluid υ, i.e., on the unknown flow discharge Q.

f·Re2=

Δp
ρ·g

L
D

υ2

2g

·
(
ρ·υ·D
η

)2
=

2·D3·Δp·ρ
L·η2 , (7)

The new chart suitable for the calculation of flow discharge Q is given in Figure 5.

 

Figure 5. Chart suitable for determination of flow discharge.

The calculation should be completed through the following next steps:

1. Calculate the value of the friction group f·Re2 using Equation (7); 2·D3·Δp·ρ
L·η2 ;

2. Find the corresponding intersection with the curve for the appropriate relative rough-
ness ε/D;

3. Read the value of the Reynolds number Re from the abscissa;
4. Finally, calculate the flow discharge Q using Equation (8)
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υ=
Re·η
ρ·D →Q = υ

D2·π
4

(8)

4. Diameter Estimation—Type 3

For the estimation of diameter D, the viscous friction group λ should be replaced with
the new friction group f/Re as given in Figure 6. This approach works if the velocity of the
moving fluid υ is known or can be estimated.

Figure 6. Chart suitable for estimation of pipe diameters.

To use the chart from Figure 6, the friction group f/Re, which is in its final form free of
diameter D, should be calculated using Equation (9):

f
Re

=

Δp
ρ·g

L
D

υ2
2g

ρ·υ·D
η

=
2·Δp·η
L·ρ2·υ3 (9)

The relative roughness ε/D is not independent of the unknown diameter D, which
can only be estimated within a range for smooth and very rough pipes.
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Figure 6 should be used with the following steps:

1. Calculate the value of the friction group f/Re using Equation (9); 2·Δp·η
L·ρ2·υ3 ;

2. Find the corresponding intersection with the curves for two extremums for smooth
and very rough pipes;

3. Read the value of the Reynolds number Re from the abscissa;
4. Finally, calculate diameter D using Equation (10)

D=
Re·η
ρ·υ (10)

For real engineering applications, the pipes are manufactured with standard sizes, so
the nearest size based on Equation (10) should be selected (lower or upper as requested by
design and in accordance with expertise about the condition of the inner pipe surface).

An estimation of diameter D, in the case of the known flow discharge Q instead of the
velocity of the moving fluid υ, with the appropriate friction group is given in Equation (11):

f·Re5=
Δh

8·Q2·L
D5·g·π2

·
(

4·ρ·Q
η·D·π

)5
=

128·Δh·g
Q2·L·π3

·
(
ρ·Q
η

)5
(11)

5. Conclusions

In this paper, among others, a new method to calculate the friction factor is proposed,
in which the relationship between the friction and the Reynolds number Re are positively
correlated. A new version of Lambert-W function for calculating the viscous friction group
λ is represented, which is an explicit expression of the Colebrook function.

This paper uses an alternative for the traditional strategies for solving three common
types of hydraulic problems, where the final results are identical for both approaches.

The viscous friction group λ can be used for pipe and open channel sizing in a
manner similar to the established Darcy–Weisbach friction factor f. The Moody diagram,
traditionally used for the Darcy–Weisbach friction factor f, has been reformulated in terms
of the viscous friction group λ. This rearrangement presents the turbulent friction factor as
increasing with the Reynolds number Re, providing a correlation similar to that between
electrical resistance and current.

Diagrams are provided for the three common hydraulics problems: the calculation of
Δp or Δh—Type 1, calculation of Q—Type 2, and calculation of D—Type 3. The solution for
Type 1 is not limited to graphical methods. However, graphical solutions for Types 2 and 3
are based on the same principles as those used for the viscous friction group λ, using the
appropriate friction groups for Type 1: f·Re2 and for Type 3: f/Re for the known flow υ

velocity (or f·Re5 for the known flow discharge Q).
The accuracy of reading from charts remains a main challenge associated with graphi-

cal solutions [36,37].
Although the new version of the calculation method of the friction works well, some

possible disadvantages can be envisaged, which are especially related to the newly pro-
posed solution of the Type 1 problem:

1. The existing Darcy–Weisbach friction factor f and its calculation methods have been
widely and successfully applied in so many fields, so it can be costly to replace the
existing calculation system with the new version of the friction factor calculation
method and it may be consequently impracticable;

2. Although a positive correlation relationship between the friction factors and Reynolds
number may be good, it may bring some numerical calculation problems in hydraulic
iteration calculations.
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Notations

Δp pressure loss in [Pa]

Δh the head loss in [m]

Q flow discharge in [m3/s]

D pipe diameter in [m]

DH hydraulic diameter in [m]

f the Darcy–Weisbach, Moody, or Darcy flow friction factor [dimensionless]

Re the Reynolds number [dimensionless]

λ viscous friction group [dimensionless]

W the Lambert function

L length of pipe in [m]

υ velocity of the moving fluid in [m/s]

g gravitational acceleration ≈ 9.81 m/s2

ρ fluid density in [kg/m3]

ff the Fanning flow friction factor [dimensionless]

Φ the Stanton and Pannel flow friction factor [dimensionless]

τ shear stress on surface in [N/m2]

η dynamic fluid viscosity in [Pas]

ε/D relative roughness of the inner pipe surface [dimensionless]

μ kinematic fluid viscosity [m2/s]

π the Ludolph’s number, π ≈ 3.1415. . . [dimensionless]

Z, B, y, A, and x auxiliary parameters defined in Equation (5)

ω the Wright function (shifted Lambert function)

C auxiliary parameters defined in Equation (6)

S cross-section area of the fluid flow given in [m2]

lw the wetted perimeter in [m]

α and β angles in [radians]

b length of the channel base in [m]

h level of the water in channel in [m]

e exponential function

log10 logarithmic function of based 10

ln natural logarithm
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Appendix A —Notes on Open Channel Flow

All principles from this paper can be used also for open channel flow after following
adaptations (although the issue can be much more complex [38–45]).

The general fluid flow situation, with respect to open channels, is given in Figure A1.

 

Figure A1. Elements for defining the hydraulic diameter.

Both the Darcy–Weisbach and the viscous friction group can be used not only for the
simulation of flow in circular pipes, but also for open channel flow. For the open channel
flow, as referred to Figure A1, the diameter of the pipe should be replaced with a hydraulic
diameter, as given in Equation (A1):

DH =
4·S
lw

, (A1)

In pipe flow, the hydraulic diameter is equal to pipe diameter; DH = D. All equations
developed for pipe flow can be equally used for open channel flow, where hydraulic
diameter DH as defined in Equation (A1) should be used instead of diameter D.

Specific examples for the calculation of hydraulic diameters are given for flow in
the following:

• Partially filled circular pipes in Figure A2a and Equation (A2);
• Trapezoidal channels in Figure A2b and Equation (A3).

S = (α− sinα)D2

8
lw = α·D

2
DH = D·(1 − sinα

α

)
⎫⎪⎬
⎪⎭, (A2)

The angle α outside of trigonometric function is by definition always in radians, even
if the calculation of trigonometric functions is settled to degrees.

S = h(h·cotβ+ b)
lw = b + 2h

sinβ

DH = 4h(hcotβ+b)
b+ 2h

sinβ

⎫⎪⎪⎬
⎪⎪⎭, (A3)

  
(a) (b) 

Figure A2. Hydraulic diameter in specific cases: (a) partially filled circular pipes—Equation (8) and
(b) trapezoidal channels—Equation (9).
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Appendix B —Computational Examples

Type 1: Here are given two examples for the calculation of head loss Δh, i.e., pres-
sure drop Δp, through (a) the Darcy–Weisbach friction and (b) the viscous friction, for
the following:

1. Circular pipe: Re = 2 × 106 and ε/D = 0.03.

The pipe length L is 100 m, velocity of the moving fluid υ = 10 m/s, while kinematic vis-
cosity of transported water is μ = 1.002 × 10−6 m2/s with relative density ρ = 1000 kg/m3

(this example is based on the last computational example of this in Appendix B—See Type
2 example).

From the definition of Re = υD/μ→D = 0.2004 m

(a) Darcy–Weisbach flow friction:
Equation (3): f = 0.057189361;
Equation (1): Δh = 145.4516081 m, Δp = ρgΔh = 14.3 MPa.

(b) Viscous flow friction:
Equation (4): λ = 1787.167928;
Equation (5): Z = 2.180158299, A = 7438.09118, B = 13.72926025, x = 7451.82044,
y ≈ ln (x)

(
1
x − x

)
≈ −8.915017121 giving λ ≈ 1787.167957;

Equation (6): A = 7416.838696, B = 13.72903174, C = 8.913357545, x = 7430.567728
giving λ ≈ 1785.216882;
Equation (2): Δh = 145.4516392, Δp = ρgΔh = 1.43 MPa.

In the case of open channel flow in a partially filled circular pipe with DH = 0.2004 m
and if the angle of wetting perimeter from Figure A2a is α = 120◦ = 2π/3, the real diameter
of the pipe should be D = 0.341686 m—from Equation (8).

2. Trapezoidal open channel: Re = 5 × 105 and ε/D = 0.0015.

The pipe length L, velocity of the moving fluid υ, kinematic viscosity μ, and density ρ of
transported water are the same as from the previous example.

From definition of Re = υ DH/μ→DH = 0.08542151 m

(a) Darcy–Weisbach flow friction:
Equation (3): f = 0.022178284;
Equation (1): Δh = 225.6270747 m, Δp = ρgΔh = 2.21 MPa.

(b) Viscous flow friction:
Equation (4): λ = 173.2705591;
Equation (5): Z = 2.180158299, A = 92.9761397, B = 12.34296589, x = 105.319105,
y ≈ ln (x)

(
1
x − x

)
≈ −4.612776894 giving λ ≈ 173.29306;

Equation (2): Δh = 225.63061, Δp = ρgΔh = 22.1.3 MPa.

In the case of open channel flow in the trapezoidal channel with DH = 0.2004 m, if the
angle from Figure A2b is β = 60◦ and b = 0, the h = DH = 0.2004 m—from Equation (9).

Type 2: Flow discharge Q should be estimated for the diameter of pipe D = 0.2004 m,
head loss Δh = 145.4516081 m, relative roughness of inner pipe surface ε/D = 0.03, kinematic
viscosity of fluid μ = 1.002 × 10−6 m2/s and its density ρ = 1000 kg/m3, pipe length
L = 100 m, and gravitational acceleration g = 9.81 m/s2 (this example is based on the first
computational example of this in Appendix B—See Type 1).

Equation (7): f·Re2 = 2.29258 × 1011.
From Figure 5, from the intersection with curve ε/D = 0.03, Re is estimated to 2 × 106.
Equation (8): υ = 10 m/s, Q = 0.315417159 m3/s.
Type 3: Using the data from the previous example, the pipe diameter for smooth and

the very rough pipes should be estimated: Head loss Δh = 145.45 m, velocity of the moving
fluid υ = 10 m/s, pipe length L = 100 m, kinematic viscosity of fluid μ = 1.002 × 10−6 m2/s
and its density ρ = 1000 kg/m3, and gravitational acceleration g = 9.81 m/s2.

Equation (9): f/Re = 2.859 × 10−8.
Figure 6 for smooth pipes: Re = 5 × 105 gives, using Equation (10), D = 0.0501 m.
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Figure 6 for very rough pipes: Re = 2.5 × 106 gives, using Equation (10), D = 0.2505 m.
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Abstract: Capillary barriers are widely used as a cover system to enhance the upper-soil-layer water
storage capacity and reduce water infiltrate into the lower soil layer. In this paper, the effects of the
median soil–particle size ratio on the water storage capacity of capillary barriers were studied using
a series of indoor one-dimensional soil column infiltration tests. The results show that the water
storage capacity rises with an increase in the median soil–particle size ratio until it exceeds 10. The
variation in the total water storage capacity is related to not only the median soil–particle size ratio
but also the particle size of coarse-grained soil or fine-grained soil. When the fine-grained soil-layer
particle size is constant, the total water storage first increases, then decreases, and finally remains
constant after increasing the median soil–particle size ratio. In contrast, when the coarse-grained soil
layer particle size is constant, the relationship between the capillary barrier’s total water storage and
median soil–particle size ratio can be defined as a power function. Using the capillary barrier can
increase coarse-grained sand by 90% in water storage capacity and can only increase fine-grained
sand by 7% in water storage capacity. The breakthrough time increases with the increase in the
median soil–particle size ratio. The presence of the coarse and fine-grained soil layer interface in the
capillary barrier can affect the fine-grained soil layer infiltration rate.

Keywords: capillary barrier; quartz sand; median soil–particle size ratio; breakthrough time;
water storage

1. Introduction

The capillary barrier is a soil system composed of a fine-grained soil layer covered by
a coarse-grained soil layer. Because of the difference in the permeability between the coarse-
grained and fine-grained layers under the same matric suction condition, the capillary
barrier not only cuts off the water moving downward into the coarse-grained soil layer
at the top surface of the coarse-grained soil layers but also the capillary water moving
upward into the fine-grained layer at the bottom surface of the coarse-grained soil layers.
Because the capillary barrier has these functions, it has been used in several different
fields, including as the cover in landfill and nuclear waste treatment plants instead of the
traditional compacted clay gap [1–5], as the enhanced agricultural layer in an arid area
to improve the root-zone water content [6–8], as a protection layer from rainfall in slope
engineering [9,10], and as an obstruction layer to stop salted water from flowing upward
into cultivated soil [11,12].
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Several factors, such as the shape of the interface [13], the thickness of fine- and
coarse-grained soil layers [14–19], the particle size of each soil layers [20], the slope [21–23],
the rainfall intensity [24], the gradation [25], the temperature difference [26], the com-
paction [27], the organic [28], and the structure [29–32], affect the water storage capacity,
lateral diversion, and breakthrough time, which will impact the performance of capillary
barriers in practice. Among these factors, the particle sizes of two layers are important
indicators for the preliminary evaluation of the capillary barrier. Smesrud et al. [33] used
numerical simulations and found that 90% of seepage water laterally divert when the
median soil–particle size ratio exceeds 5. Apambilla et al. [34] found that when the median
soil–particle size ratio exceeds 8, the capillary barrier can effectively prevent the groundwa-
ter from rising. The mechanism of the influence of the mean ratio of soil–particle size on the
prevention of infiltration is not clear. Moreover, the effect of the mean ratio of soil-particle
size on the water storage capacity needs to be discussed further.

In order to obtain the effect of the median soil–particle size ratio on the water storage
capacity and the breakthrough time, a series of indoor 1D ponding infiltration tests were
conducted. Quartz sands of different grain sizes were used as the materials for the fine-
grained layer and the coarse-grained layer. The results show that the water storage capacity
increases with the decrease in the grain size of the fine-grained layer. However, when the
grain size of the fine-grained layer is constant, the water storage capacity no longer increases
with the median soil–particle size ratio, which exceeds by 10 times. The breakthrough
time is mainly determined by the size of the fine-grained layer, when the diameter of the
particles of the fine-grained layer is smaller than 0.075 mm, the breakthrough time linearly
increases with the median soil–particle size ratio; otherwise, the breakthrough time remains
almost same.

2. Materials and Methods

2.1. Materials and Equipment

The physical properties of quartz sand used in the test are shown in Table 1. The
maximum compaction density was determined using a proctor test [35] [ASTM D7263-
2009 (R2018)], the specific gravity of different soil separates was determined using the
pycnometer method [36] [ASTM D854-2014], and the saturated permeability coefficient
was determined using the constant/variable head permeability coefficient method.

Table 1. Basic physical properties of quartz sand.

Sand Diameter (mm) Specific Gravity
Maximum

Compaction Density
(g/cm3)

Saturated Hydraulic
Conductivity (cm/s)

Porosity

<0.075 2.80 1.66 2.11 × 10−4 0.408
0.075–0.1 2.77 1.56 3.16 × 10−3 0.439
0.1–0.25 2.88 1.57 4.39 × 10−3 0.454
0.25–0.5 2.68 1.57 4.11 × 10−2 0.416

0.5–1 2.64 1.57 1.69 × 10−1 0.408
1–2 2.63 1.56 3.61 × 10−1 0.406
2–5 2.64 1.65 1.43 0.378

As shown in Figure 1, the soil column of the infiltration experiments is made of acrylic
transparent tubes with a 1 cm thick wall and 14.4 cm internal diameter. The cylinders
are 50 cm high and easy to combine and install. Five holes with a 40 cm diameter were
located at 5 cm, 15 cm, 25 cm, 35 cm, and 45 cm heights of the acrylic cylinder wall.
SM150T moisture meter (Delta-T Devices Ltd., Cambridge, UK) was adopted, with the
measurement range of 0–0.7 m3·m−3 and accuracy of ± 0.03 m3·m−3. The datalogger (GP2,
Delta-T Devices Ltd., Cambridge, UK) was used to automatically collect and record the
readings of the moisture meter. The Mariotte bottle was used as the water source to provide
a constant 5 cm water head at the top of the soil column, and a weighing device was set
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under the Mariotte bottle to record the infiltration water quantity. The soil column was
connected to a percolation collector at the bottom using a water outlet, and the percolation
collector was set on an electronic balance to record the mass of seepage water.

Figure 1. Setup of the 1D ponding infiltration test.

To ensure a uniform sand distribution, a consistent compaction effort was given at
each layer with a thickness of 5 cm, and a measured mass of quartz sand was densified with
a rubber hammer to achieve maximum compaction density. The maximum compaction
density is listed in Table 1.

The capillary barrier was tested using two soil layers. The coarse-grained soil layer
had a thickness of 10 cm, while the fine-grained soil layer was 40 cm thicker than the coarse-
grained soil layer. A non-woven geotextile was placed between the fine- and coarse-grained
soil layers to prevent the fine-grained soil layer particles from entering the coarse-grained
soil layer.

2.2. Experiment

In this paper, the median particle size (D50) is an index that evaluates the difference in
particle sizes between the coarse- and fine-grained soil layers; the screened quartz sand
is used in the experiment to prevent the influence of the gradation of natural sand. The
quartz sand is screened from well-continuous graded quartz sand; therefore, the median
particle size can be approximated to the logarithmic average of the minimum and maximum
particle sizes of screened quartz sand. Table 2 show the 21 infiltration experiments and
specific configurations.

The experiment XLC1–XLC5′s coarse-grained soil-layer particle size is 2–5 mm, and
XLC6–XLC9 is 1–2 mm, the fine-grained soil-layer quartz-sand particle size decrease led
to the increase in the median soil–particle size ratio. The fine-grained soil-layer particle
size of CLC1–CLC5 and CLC6–CLC10 are 0.1–0.25 mm and 0.075–0.1 mm, respectively.
The coarse-grained soil-layer quartz-sand particle size increase led to the increase in the
median soil–particle size ratio. JZT1–JZT6 are homogeneous soil columns.

In order to verify the influence of non-woven geotextile on the hydraulic properties of
the soil column, infiltration experiments of 20 cm homogeneous quartz sand were carried
out. The quartz-sand particle size is 0.1–0.25 mm, non-woven geotextile is set at 10 cm of
the soil column in the experiment group, and no non-woven geotextile is in the control
group. The 5 cm water head was applied on the soil column. Then, we monitored the
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outflow time from the bottom of the column and recorded the water storage of the soil
column. The results show that the infiltration rate and final water storage capacity of the
soil column with or without non-woven geotextile are basically the same as those shown in
Figure 2. Therefore, using non-woven geotextile in the partition layer does not affect the
test results.

Table 2. Scheme of ponding infiltration experiments.

Number
Coarse Quartz Sand

Grade/mm
Fine Quartz Sand

Grade/mm
Median Soil-Particle

Size Ratio

XLC1

2–5

1–2 2.24
XLC2 0.5–1 4.45
XLC3 0.25–0.5 9.03
XLC4 0.1–0.25 19.75
XLC5 0.075–0.1 36.7

XLC6

1–2

0.5–1 2
XLC7 0.25–0.5 3.99
XLC8 0.1–0.25 8.95
XLC9 0.075–0.1 16.25

CLC1 0.25–0.5

0.1–0.25

2.19
CLC2 0.5–1 4.44
CLC3 1–2 8.81
CLC4 2–5 19.75
CLC5 5–10 44.75

CLC6 0.1–0.25

0.075–0.1

1.78
CLC7 0.25–0.5 4.02
CLC8 0.5–1 8.16
CLC9 1–2 16.20
CLC10 2–5 36.70

JZT1 2–5 2–5

1

JZT2 1–2 1–2
JZT3 0.5–1 0.5–1
JZT4 0.25–0.5 0.25–0.5
JZT5 0.1–0.25 0.1–0.25
JZT6 0.075–0.1 0.075–0.1

  

Figure 2. Effect of non-woven geotextile on hydraulic properties of soil column. (a) Detection time of
water at different positions. (b) water storage capacity with and without geotexile.
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Stormont and Morris [37] defined the water held in the fine-grained soil layer before
it flows into the coarse-grained soil layer as the water storage capacity of the capillary
barrier. In this paper, the water storage capacity and breakthrough time are the two main
factors used to judge the capillary barrier’s effectiveness. We use the following methods to
determine the water storage capacity and the breakthrough time. The total water storage
capacity was defined as the total volume per unit area of water that is stored in both the
fine-grained soil layer and the coarse-grained soil layer. It was calculated by the difference
between the record of the two electronic balances after testing, of which one was used to
weigh the variation in the Mariotte bottle, representing the water quantity of the infiltration,
and the other one was used to weigh the mass of the outflow. The water storage of the
coarse-grained soil layer was measured by drying the coarse-grained soil after the test by
disassembling the columns. The water storage capacity (of the fine-grained soil layer) was
calculated by the difference between the total water storage capacity and the water storage
of the coarse-grained soil layer.

In the experiment, the moisture meter of the coarse-grained soil layer is arranged
in the middle of coarse layer, and the thickness of the coarse-grained soil layer is only
10 cm. The coarse-grained soil layer used in the experiment is coarser than 0.25–0.5 mm,
the saturated hydraulic conductivity is large, as shown in Table 1, and the sensing range
of SM150T is 35 mm. When the wetting front reaches 15 mm below the interface [38], the
SM150T can record the water content. The maximum lag is less than 40 s at 0.25–0.5 mm
quartz sand as the coarse-grained soil layer. Therefore, the time of the moisture content
monitored using the moisture meter in the coarse-grained soil layer is regarded as the
approximate breakthrough time.

3. Results and Discussion

3.1. Influence of Median Soil–Particle Size Ratio on Water Storage Capacity of Capillary Barrier

The relationships of the water storage capacity and total water storage capacity with
the median soil–particle size ratio are shown in Figure 3. In Figure 3a,b, the coarse-grained
soil layer is 2–5 mm and 1–2 mm, respectively. The finer the fine-grained soil-layer particle
size, the larger the median soil–particle size ratio. In Figure 3c,d, the fine-grained soil
layer is 0.1–0.25 mm and 0.075–0.1 mm, respectively. The coarser the coarse-grained layer
particle size, the larger the median soil–particle size ratio. The circle hollow dot is the total
water storage of the capillary barrier, the square dot is the water storage of the capillary
barrier, the triangle dot is soil saturation at section A-A shown in Figure 1, and section
A-A is 5 cm above the fine- and coarse-grained layer interface, which is the moisture meter
monitoring section closest to the interface of the capillary barrier.

It can be seen from Figure 3a,b, when the coarse-grained soil-layer particle size is
constant, the total water storage capacity and water storage increase with the increased
in the median soil–particle size ratio of about 10–20 times. The coarse-grained soil layer
is made of 2–5 mm quartz sand, the total water storage capacity and water storage reach
the maximum value at a median soil–particle size ratio of 20. When the coarse-grained
soil layer is 1–2 mm, the maximum total water storage capacity and water storage were
reached at a median soil–particle size ratio of 10. The rule of saturation at section A-A
(Figure 1) is the same as the water storage capacity law: when the median soil–particle size
ratio reaches 20 times and 10 times, respectively, the volumetric water content of quartz
sand at A-A section is close to saturation.

In Figure 3c,d, with the increase in the median soil–particle size ratio, the total water
storage capacity first increases, then decreases, and finally stabilizes, while the water
storage capacity first increases before eventually stabilizing. When the fine-grained soil
layer is 0.1–0.25 mm quartz sand, the water storage capacity and total water storage capacity
reach a stable state at the median soil–particle size ratio of 10 times; when the fine-grained
soil layer is 0.075–0.1 mm quartz sand, the water storage capacity and total water storage
capacity of the capillary barrier reach a stable state at the median soil–particle size ratio
of 20 times. The rule of saturation at profile A-A is the same as the water storage capacity
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law: when the median soil–particle size ratio reaches 10 and 20 times, respectively, the A-A
profile is close to saturation.

 

 

Figure 3. Variation curve of median soil–particle size ratio and water storage capacity of capillary barrier.

In conclusion, with the increase in the median soil–particle size ratio, the capillary
barrier water storage capacity increases. When the median soil–particle size ratio increases
to 10–20 times, the water storage capacity reaches its maximum capacity. Because the A-A
section has been fully saturated, it means the bottom of the fine-grained soil layer has been
saturated. When the fine-grained soil-layer particle size is finer and the coarse-grained
soil-layer particle size remains constant, the total water storage of the capillary barrier
increases with the increase in the median soil–particle size ratio. When the fine-grained
soil-layer particle size remains constant and the coarse-grained soil-layer particle size is
coarser, with the increase in the median soil–particle size ratio, the total water storage of
capillary barrier first increases, then decreases, and finally stabilizes.

The water storage capacity of capillary barriers with coarse-grained particle sizes of
2–5 mm and 1–2 mm quartz sand compared to the corresponding fine-grained soil-layer
particle size of homogeneous sand is shown in Figure 4.

In general, regardless of the fine-grained soil-layer particle size, the water storage
capacity of the capillary barrier that used 2–5 mm quartz sand as the coarse-grained soil
layer is higher than the 1–2 mm quartz sand used as the coarse-grained soil layer. When
fine-grained soil layer is made of quartz sand coarser than 0.25–0.5 mm, the capillary barrier
that used 2–5 mm quartz sand as the coarse-grained soil layer increases the water storage
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capacity by more than 20–90% compared with the 1–2 mm quartz sand used as the coarse-
grained soil layer. However, when the fine-grained soil layer is made of quartz sand finer
than 0.25–0.5 mm, the coarse-grained layer that used 2–5 mm quartz sand only increases
the water storage capacity by 4% than the 1–2 mm quartz sand used as the coarse-grained
soil layer.

 
Figure 4. The effect of capillary barrier on increased water storage capacity compared with homoge-
neous soil.

This is because when the particle size is coarser than 0.25–0.5 mm, the water content
of the fine-grained soil layer is sensitive to the matrix potential. As shown in Figure 5, the
water entry value of 2–5 mm quartz sand as the coarse-grained soil layer is −1 kPa, only
1 kPa higher than the 1–2 mm quartz sand used as the coarse-grained soil layer. When
the fine-grained soil-layer soil particle size is coarser than 0.25–0.5 mm, the water storage
capacity increases by more than 20% in the 1 kPa matrix suction. When the fine-grained
soil layer particle size is finer than 0.25–0.5 mm, the fine-grained soil layer has been almost
saturated at 1–2 mm quartz sand coarse-grained soil layer’s water entry value; the water
content of the fine-grained soil layer does not substantially increase when the 2–5 mm
quartz sand is used as coarse-grained soil layer. According to Figure 3a,b, when the coarse-
grained soil layer remains constant, the fine-grained soil-layer particle size is coarser than
0.25–0.5 mm, regardless of whether the coarse-grained soil layer uses 2–5 mm or 1–2 mm
quartz sand, the median soil–particle size ratio is lower than 10; the water storage capacity
of capillary barrier that uses 2–5 mm quartz sand as the coarse-grained soil layer is far better
than the 1–2 mm quartz sand used as the coarse-grained soil layer. When the fine-grained
soil-layer particle size is finer than 0.25–0.5 mm, the median soil–particle size ratio is greater
than 10; the water storage capacity of capillary barrier that uses the 2–5 mm quartz sand
as the coarse-grained layer is slightly higher than the 1–2 mm quartz sand used as the
coarse-grained soil layer. Similarly, it can be seen from Figure 3c,d that the fine-grained soil
layer remains constant when the median soil–particle size ratio is lower than 10, and the
water storage of capillary barrier increased with the increase in the median soil–particle
size ratio; when the median soil–particle size ratio is higher than 10, the water storage of
capillary barrier does not increase with the increase in the median soil-particle size ratio.
Therefore, increasing the coarse-grained soil-layer particle size cannot increase the water
storage capacity of the capillary barrier infinitely. When the median soil–particle size ratio
is higher than 10, the water storage of the capillary barrier only slightly increases.
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Figure 5. Wetting soil–water characteristic curve.

3.2. Effect of Median Soil-Particle Size Ratio on Breakthrough Time of Capillary Barrier

It can be seen from Figure 6a that when the coarse-grained soil-layer particle size
is constant and the fine-grained soil-layer particle size decreases, the breakthrough time
increases with the increase in the median soil–particle size ratio. The coarse-grained soil-
layer particle size remains constant, and the water entry value is certain. With the decrease
in the fine-grained soil-layer particle size, the saturated hydraulic conductivity of the
fine-grained soil layer decreases, and a higher water content is required to achieve the
water entry value, which leads to breakthrough time increasing with the increase in the
median soil–particle size ratio. Figure 6b shows that when the fine-grained soil layer is
made of 0.075–0.1 mm quartz sand, the breakthrough time increases with the increase in
the median soil–particle size ratio. But, when the fine-grained soil layer used 0.1–0.25 mm
quartz sand, the breakthrough time almost does not increase with the increase in the
median soil–particle size ratio. As shown in Figure 6, when the coarse-grained soil-layer
particle size is coarser, ranging from 0.25–0.5 mm to 2–5 mm, the water entry value range
is −3.2 kPa–−0.7 kPa; 0.1–0.25 mm quartz sand is close to saturation at −4 kPa; and the
water content is insensitive to the increased water entry value. So, the water entry value
increase only results in a slight water storage increase when 0.1–0.25 mm quartz sand is
used in the fine-grained soil layer, and the breakthrough time almost does not increase
with the increase in the median soil–particle size ratio. When the fine-grained soil layer is
made of 0.075–0.1 mm quartz sand, the saturated hydraulic conductivity is low. The water
content at −3.2–0.7 kPa (coarse-grained soil layer’s water entry value) was not saturated,
the coarse-grained soil layer used coarser quartz sand, and the fine-grained soil layer
needed more water to obtain a higher water entry value. So, when the fine-grained soil
layer is made of 0.075–0.1 mm quartz sand, it takes a long time to reach the corresponding
breakthrough water content with the given coarser coarse-grained soil-layer particle size.
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Figure 6. The effect of median soil–particle size ratio on breakthrough time of capillary barrier.
(a) different partical size of coarse-grained soil layer. (b) different partical size of fine-grained
soil layer.

3.3. Effect of Capillary Barrier on Infiltration Rate of Fine-Grained Soil Layer

The moisture meter can record a moving wetting front in the fine-grained soil layer
with time. As shown in Figure 7a, capillary barrier has a weak effect on the infiltration
rate below 15 cm in fine-grained soil layer when the fine-grained soil layer is made of
0.1–0.25 mm quartz sand. When the coarse-grained soil-layer particle size is coarser, the
infiltration rate decreases slightly, and the time for the wetting front to reach the coarse-
and fine-grained soil-layer interface increases slightly. It can be seen in Figure 7b that the
capillary barrier has a significant effect on the infiltration rate l below 25 cm in the fine-
grained soil layer, and the infiltration rate decreases significantly when the coarse-grained
soil-layer particle size is coarser and the fine-grained soil layer is made of 0.075–0.1 mm
quartz sand. The results show that the capillary barrier can influence the infiltration rate of
the fine-grained soil layer, and the coarse-grained soil-layer particle size and fine-grained
soil-layer particle size are major factors. The coarse-grained soil-layer particle size controls
the infiltration rate of the fine-grained soil layer, and the fine-grained soil-layer particle size
determined the range of the fine-grained soil layer affected by the capillary barrier; that is,
the coarser the coarse-grained soil-layer particle size, the slower the infiltration rate of the
fine-grained soil layer, and the finer the fine-grained soil-layer particle size, the greater the
range of the infiltration rate of the fine-grained soil layer affected by the capillary barrier.

  

Figure 7. Relationship between wetting front and infiltration time.
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4. Conclusions

The ponding infiltration tests conducted on the quartz sand capillary barrier with
different grain sizes show that the water storage capacity is influenced by the grain size of
the fine-grained layer and the median soil–particle size ratio. When the grain size of the
coarse-grained layer is constant, the water storage capacity increases with the decrease in
the grain size of the fine-grained layer and is more affected by it. However, when the grain
size of the fine-grained layer is constant, the water storage capacity no longer increases
with the median soil–particle size ratio that exceeds 10 times.

The total water storage is related to the median soil–particle size ratio change mode.
When the fine-grained soil-layer particle size remains constant and the coarse-grained
soil-layer particle size is coarser, with the increase in the median soil-particle size ratio,
the total water storage first increases, then decreases, and finally stabilizes. When the
fine-grained soil-layer particle size is finer and the coarse-grained soil-layer particle size
remains constant, the relationship between the total water storage of the capillary barrier
total and the median soil–particle size ratio can be defined a power function. The capillary
barrier can increase coarse-grained sand by 20–90% in field capacity compared to the
corresponding homogeneous sand, but it can only increase fine-grained sand by 7% in field
capacity because the field capacity of homogenous fine-grained sand is close to saturation.

The breakthrough time increases with the increase in the median soil–particle size
ratio. Therefore, enlarging the median soil–particle size ratio can improve the effective time
of the capillary barrier. The coarser the coarse-grained soil-layer particle, the slower the
infiltration rate of the fine-grained soil layer. The finer the fine-grained soil-layer particle
size, the greater the range of the infiltration rate of the fine-grained soil layer affected by
the capillary barrier.

In conclusion, when using capillary barriers in engineering, the median soil–particle
size ratio should greater than 10 to obtain the maximum water storage capacity and a long
effective time.
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Abstract: One of the major problems associated with bridge piers is ensuring their safety against
local scouring caused by the erosive action of flow. Numerous countermeasures have been developed
and tested to solve this problem, among which sacrificial piles are highly recognized due to their high
performance, economy, durability, and ease of construction. Several factors affect the performance
of sacrificial piles, such as their number, size, degree of submergence, and geometric arrangement
parameters. In this study, the performance of a group of linearly arranged cylindrical sacrificial
piles in reducing local scour around a circular bridge pier was investigated by varying the number
of piles (or sheltering area) and distance between piles and the pier under clear-water conditions.
Three values of distance between piles and the pier and three values of sheltering area (or number of
piles) were tested. The efficiencies of sacrificial piles in different configurations were presented in
terms of the percentage reduction in maximum scour depth at an unprotected pier under the same
hydraulic conditions. The results of this experiment show that when linearly arranged sacrificial
piles are placed close to the pier (at distance D; D is the pier diameter), an increase in the number
of piles (or sheltered area) results in an increased scour depth, and when placed far from the pier
(2D and 3D), an increase in the number of piles results in a decrease in scour depth around the pier.
In addition, for 40% and 60% sheltering conditions, scour depth increased with an increase in the
spacing between piles and the pier, while for 80% sheltering conditions, optimum protection was
observed at a distance of 2D. Overall, two piles placed at distance D provided optimum protection
with a scour depth reduction of 41.6%, while minimum protection was recorded when the same were
placed at a spacing of 3D from the pier (25.5%).

Keywords: bridge pier; sacrificial piles; linear arrangement; sheltered area; scour depth; contour;
horseshoe vortex; wake region; boundary layer

1. Introduction

Bridge piers located within the waterway of a river are often subjected to the erosive
action of the flowing water. Local scour, in its simplest form, can be defined as the
process of the removal of bed material from the vicinity of the pier by the local flow field
components. Removal of bed materials from around the bridge pier can cause buckling
failure of the pier [1], thereby leading to huge damage to properties and the loss of human
lives. Historical evidence shows that more than half of the bridge failures around the
world are due to scours [2]. Hence, local scour is recognized as one of the major problems
in hydraulic engineering. Local scour at bridge piers is a result of three-dimensional
boundary-layer separation leading to the formation of a scour hole at the base of a pier.
The main components of the local flow field include the downflow, horseshoe vortex, flow
separation, wake vortices, and surface rollers (bow wave) [3]. Whenever a blunt body such
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as a pier is placed in a river, the velocity of approach flow becomes zero at the front face
of the pier, known as the stagnation point, due to which the fluid pressure increases at
the pier’s front face. Since the velocity of flow decreases from the surface to the bottom
along the flow depth, the pressure also decreases in the same fashion, thereby developing a
vertical pressure gradient, which is responsible for the downflow. The downflow, acting as
a vertical jet of water, hits the bed and rolls upwards, which, upon meeting the downward
flow, leads to a rolling flow that exerts shear stress on the soil grains. This shear stress, upon
exceeding the shear resistance of the bed material, causes the removal of the bed soil, and
consequently, a horseshoe vortex is formed at the front bed, which is the most dominant
feature in the process of the formation of a scour hole. The boundary-layer separation on
either side of the pier leads to the formation of wake vortices on either side behind the
pier, and these wake vortices are responsible for the removal of bed sediment from the
back of the pier by suction action. The periodical shedding of the wake eddies leads to the
transportation of sediment particles, which are deposited at some distance behind the pier.
These three vortices acting together are responsible for the development and expansion of
a scour hole around the pier [3]. Past findings have shown that the local scour is a complex
phenomenon affected by several parameters related to flow characteristics, bed sediment
characteristics, pier geometry characteristics, and time [4].

The control of local scouring around bridge piers has been the field of interest of many
researchers, and several countermeasures have been developed and tested for this purpose.
These countermeasures involve strengthening the bed soil against the erosive action of the
flow (bed armoring devices/passive countermeasures) and reducing the erosive force of the
flow (flow altering devices/active countermeasures). One of the popular countermeasures
is the use of sacrificial piles upstream of a bridge pier. These piles of small diameter
placed upstream of a bridge pier are found to reduce the local scouring around the pier by
deflecting the high-velocity flow and creating a low-velocity wake region behind them. The
effectiveness of these sacrificial piles in reducing the local scour depends on the number of
piles, the size of the piles relative to the pier, the protrusion of the piles, and the geometric
arrangement of the piles [5].

Laboratory studies on mitigating local scour around bridge piers by using sacrificial
piles have been reported by several researchers in the past by adopting different shapes,
sizes, flow parameters, and geometric arrangements of sacrificial piles. Ref. [6] conducted
a laboratory experiment to study the effect of gap width and pile diameter on the efficiency
of a single sacrificial pile placed in front of a bridge pier. Their results showed that when a
single sacrificial pile was placed close to the pier (at 1D; D = pier diameter), the highest
protection was obtained, while the result of increasing the pile diameter at the optimum
distance of 1D was a reduction in the protection provided by the sacrificial pile. Ref. [7]
conducted experiments using single sacrificial piles of different diameters placed in front
of piers of diameters (D) 5 cm and 10 cm at the distance of 2D and 3D. According to their
results, when the distance between piles and pier was increased, the countermeasure effect
of sacrificial piles decreased for both pier sizes. In addition, the scour depth reduction effect
of sacrificial piles increased with the diameter of the piles (d) up to d/D = 0.40, and a slightly
decreasing trend was observed for d/D between 0.4 and 0.8. Ref. [8] studied the effect of
blockage ratio (or sheltering area) on the efficiency of a group of sacrificial piles linearly
arranged at a gap width of two times the pier diameter (D) in front of a circular cylinder.
Their results showed that at a 60% blockage ratio using three piles, the scour-reduction
efficiency was 32.2%, while at a 100% blockage ratio using five piles, the efficiency was
reduced to 5.5%. Other values of blockage ratio and the effect of distance between sacrificial
piles and the pier were not investigated. Ref. [9], from their experimental results, found that
in the case of complex piers, three collinear piles in the transverse direction of a stream can
provide better protection than other numbers and arrangements of piles, and the optimum
distance for placing the piles was double the outer width of the complex piers. Ref. [5]
conducted an extensive study using a triangular arrangement of sacrificial piles and found
that a triangular configuration pointing upstream, with a distance of the apex from the
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upstream face of the pier equal to two times the diameter of the pier, a wedge angle equal to
30◦, spacing between piles equal to 0.67 times the pier diameter, and a pile diameter equal
to one-sixth of the pier diameter, resulted in a 56% reduction in the maximum scour depth
around the pier for an aligned flow under clear-water conditions. Ref. [10] performed
numerical simulations to evaluate the effect of the size and spacing of sacrificial piles from
the pier on reducing local scour. They reported that maximum reduction was observed
at distance X = 3.5D (D is the pier diameter) and pile diameter (d) = (1/3)D. Ref. [11]
conducted an experiment on reducing local scour using permeable sacrificial piles and
found that the scour depth around sacrificial piles itself can be significantly minimized by
using permeable sacrificial piles, while the reduction in local scour around the pier was
same as that of a solid pile. The optimum protection with a permeable sacrificial pile was
observed when the pile was placed at a distance of three times the pier diameter. Ref. [12]
undertook numerical and experimental research to determine how well sacrificial piles can
work to reduce local scour around pile groups. Their results showed that sacrificial piles
performed better when applied to protect a group of service piles than when applied to
a single pier. Ref. [13] studied the effect of debris accumulation at sacrificial piles on the
bridge pier scour and reported an increase in the local scour depth due to debris trapping.

In past studies, the relationship between the sheltering area and the distance between
linearly arranged sacrificial piles was not fully established in the case of an isolated circular
pier. The efficiency of sacrificial piles, linearly arranged in front of a pier, is likely to depend
on the number of piles as well as on the gap width between piles and the pier. To obtain
optimum protection from sacrificial piles, a proper understanding of these parameters
associated with their functioning is essential. Although some studies can be found on
the linear arrangement of sacrificial piles, they lack sufficient information to relate the
effect of sheltering area and gap width to the scour-reduction efficiency. The present study
aims to elucidate the relationship between sheltering area and distance (gap width) on the
efficiency of a linearly arranged group of sacrificial piles in protecting a circular bridge
pier against local scouring by changing both the sheltered area provided by the piles to the
pier (i.e., pile numbers) and the distance of the pile group from the pier under clear-water
conditions. A single-pier scour experiment was used as a control experiment, and sacrificial
piles in emergent conditions were used. The percentage reduction in maximum scour
depth using sacrificial piles under a variety of configurations was determined, and the
effects of distance and sheltered area were analyzed and are herein presented. The results
of this experiment are expected to help in better understanding the performance of linearly
arranged sacrificial piles.

2. Materials and Methods

2.1. Experimental Facilities, Materials Selection, and Installation

Each experiment in this research was performed on a horizontal bed flume of 5 m
length having a rectangular cross-section of 0.7 m × 0.5 m (channel width (B) × channel
height (H)) and located in the hydraulic engineering laboratory at Saitama University,
Japan. The sides of the flume were made of glass panels to facilitate observation during the
experiment, and a 5.5 kW centrifugal pump (manufactured by Tokyo Ebara Corporation,
Tokyo, Japan) recirculated water between a head tank and a sump tank attached to either
end of the flume. A manually operated gate valve was used to control the flow into
the channel, on which graduations were made to mark the desired openings. On the
upstream and downstream parts of the channel, wooden false beds were placed to create a
2.355 m long and 18.4 cm deep recess in the middle part of the flume length for placing
the sediment, as shown in Figure 1. A tailgate was mounted at the end of the downstream
wooden bed to maintain the desired flow depth. Honeycomb grids were placed at the
outlet of the head tank to minimize inflow turbulence, thereby ensuring smooth flow into
the channel. An electromagnetic velocity meter (EVM) (manufactured by KENEK Co., Ltd.,
Tokyo, Japan) was used to measure the inflow velocity of the water in both streamwise and
cross-stream directions up to an accuracy of +/− 2%. The device had a main unit VM2000
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and detector unit VMT2-200-04P with an L-type probe. A laser displacement gauge (LK-500,
manufactured by KEYENCE International, Osaka, Japan) was used to digitize the sand-bed
level before and after each test. Scour depths at key points were confirmed using a point
gauge. A mercury thermometer was used to measure the temperature of the water during
the experiment, and the average water temperature was 24 ◦C.

 

Figure 1. Schematic of the experimental setup: (a) plan view; (b) side view.

In order to obtain maximum scour depth under clear-water conditions, experiments should
be performed using non-ripple-forming sediments with median grain size d50 > 0.7 mm [14].
This is because sand particles smaller than that are found to form bedforms such as ripples,
which reduce the scour depth. In addition, uniform sediments with geometric standard
deviation of grain size

(
σg
)

< 1.3 are recommended by [15] to avoid the armoring effect
caused by sediment non-uniformity. Since the maximum scour depth for uniform sediment
occurs near threshold conditions, the experiments should be performed with the mean flow
velocity (V) slightly less than the critical velocity (Vc) corresponding to incipient motion
of bed materials (0.9 < V/Vc < 1). In order to neglect the effect of flow deflections from
the side walls of the flume, B/D ≥ 10 is recommended [16]. According to [4], scour depth
reduces when D/d50 < 8 because, in that case, the bed sediments are significantly coarser
compared to the pier size, while [17] found a reduction in scour depth for prototype-sized
piers when D/d50 > 50. Hence, a value of D/d50 = 25 to 50 is recommended to neglect the
influence of sediment coarseness on scour depth. For smaller values of y/D (y = flow depth,
D = pier diameter), the surface roller weakens the downflow, and a value of y/D ≥ 2.5
is needed to neglect the flow shallowness effect on the pier scour experiments [18]. All
these past results were considered while selecting experimental parameters for the present
experiment.

Hence, the recess was filled with silica sand no. 4 (manufactured by Mikawa Silica
Co., Ltd., Aichi, Japan) having a mean grain size (d50) of 0.87 mm and a geometric standard

deviation (s.d.) of grain size distribution (σg =
(

d84
d16

)0.5
; d84 and d16 = grain size such
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that 84% and 16% particles are finer than that size, respectively) equal to 1.27. A constant
flow depth (y) of 12 cm was selected for all experimental cases, and a wooden cylinder
of diameter (D) = 4 cm was selected for the pier model considering the criteria for side
wall effect, flow shallowness, and sediment coarseness parameters mentioned above. The
selection of various parameters and dimensions is summarized in Table 1.

Table 1. Summary of selection of experimental parameters.

Selection Parameters Selection Criteria Suggested By Purpose Selected Value Remarks

Sand
Mean size (d50) d50 > 0.7 mm [14] To avoid ripple formation d50 = 0.87 mm

Silica sand no. 4
Geometric s.d. (σg) σg < 1.3 [15] To avoid the

armoring effect σg = 1.27

Pier
Diameter (D) B/D ≥ 10 [16] To avoid side wall effect D = 4 cm B = 70 cm

D/d50 = 25–50 [4] To avoid the effect of
sediment size D = 4 cm

Flow
Depth (y) y/D ≥ 2.5 [18] To avoid the effect of flow

shallowness y = 12 cm

Velocity (V) 0.9 < V/Vc < 1 [8] Maximum scour under
clear-water conditions 0.92

2.2. Flow Conditions

All the experiments in this study were performed under steady, uniform, subcritical,
and turbulent flow conditions with a constant flow depth of 12 cm. Since the maximum
scour depth for uniform sediments occurs at near-threshold conditions, first, the critical
velocity causing the threshold of sediment motion was determined. The critical shear
velocity (u*c) corresponding to the incipient motion condition was first approximated
theoretically using Shield’s diagram. A useful approximation to Shield’s diagram for
quartz sediments in water was given by [19] as follows:

u*c = 0.0115 + 0.0125 d50
1.4 (0.1 mm < d50 < 1 mm) (1)

where u*c is in m/s, and d50 is in mm. The corresponding mean velocity (VC) was deter-
mined using logarithmic velocity distribution suggested by [15]:

Vc
u∗

c
= 5 · 75log

(
5 · 53

y
d50

)
(2)

The theoretical calculation showed that the incipient motion condition was likely to
occur at a flow velocity of 36.1 cm/s. For validating the theoretically obtained value of
critical velocity experimentally, the 18.4 cm deep recess was filled by silica sand no. 4
without placing the pier model, and the sand bed was properly leveled. At the beginning
of the experiment, the sand bed was fully saturated by applying a very small discharge
without disturbing the sand grains. The tailgate was fully closed, and the flow depth of
12 cm was established without disturbing the mobile bed. The discharge into the channel
was then gradually increased while maintaining the flow depth of 12 cm by adjusting
the tailgate opening. The incipient condition of the sand grains was confirmed by visual
observation. The average flow velocity at this stage was measured using an EVM. The EVM
was always placed at a fixed distance of 40 cm from the beginning of the mobile bed, and
the measurements were always made in the middle of channel section at mid-flow depth to
avoid any errors due to the measurement location. Since the EVM readings fluctuated over
time, the readings were recorded for 1 min duration and then averaged, with the average
value calculated being 30.1 cm/s. This average velocity at which incipient motion was
observed was lower than the theoretical approximation. This was probably because the
theoretical calculation used the mean grain size for the approximation; however, the grains
smaller than the average size started moving at a lower velocity. The value obtained from
practical observation was selected as the critical velocity, as it was more accurate than the
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theoretical approximation. After that, the valve opening was slightly reduced, maintaining
the flow depth so that the incipient motion condition of the sand grains was stopped. The
valve opening was then marked for the rest of the experiments. At this valve opening, the
average flow velocity was measured, and the average value was equal to 27.6 cm/s such
that the flow intensity value (V/Vc), when calculated, was found to be 0.92. For the rest
of the experimental cases, the valve opening was made exactly at that marking such that
the average flow velocity was constant in all the experimental cases. By adopting a scale
of 1:25, the flow conditions are summarized in Table 2 below. On the same scale, the pier
diameter of 4 cm and the sacrificial piles of 8 mm diameter represented the prototype pier
diameter of 1 m and the prototype piles of 20 cm diameter, respectively.

Table 2. Flow conditions adopted.

Parameters Model Prototype Remarks

Flow depth (y) 12 cm 3 m Lr (Length ratio)
Critical flow velocity (Vc) 30.1 cm/s 1.50 m/s Vr = Lr0.5

Mean flow velocity (V) 27.6 cm/s 1.38 m/s Vr = Lr0.5

Design discharge (Q) 23.2 lps 72.4 m3/s Qr = Lr5/2

Froud no., Fr = V/(gy)0.5 0.254 0.254 Froude similarity
Pier Reynold’s no., Re = VD/v 11,040 1.38 × 10−6

2.3. Single Pier Scour Experiments

The local scour experiment for a single pier without placing sacrificial piles was
performed at a flow intensity of V/Vc = 0.92. The results of this experiment served as the
control experiment for scour experiments with sacrificial piles. For this experiment, the
pier model was placed in the middle of the mobile bed, and the sand bed was properly
leveled. Very thin masking tapes were attached to the four faces of the pier model before
placing it, to facilitate the scour depth readings during and after the experiment. The sand
bed was digitized using a laser displacement gauge before the experimental run. The same
procedure of increasing the flow discharge while maintaining the flow depth (as explained
in incipient motion test above) was followed until the valve opening reached the previously
marked position corresponding to the desired average velocity (27.6 cm/s). The flow
velocity was confirmed from the EVM readings each time. The first test was performed
for a total duration of 3.5 h, and the instantaneous maximum scour depth readings were
recorded at 0.5, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 15, 30, 45, 60, 90, 120, 150, 180, and 210 min.
An inspection camera capable of working under water was used to record and read the
instantaneous scour depth values from the graduated tape attached to the pier model. The
device had a small camera fitted at the tip of a long cable, which was connected to the main
component where visuals could be seen on a screen. The camera also facilitated a closer
look at the scour process. The temporal scour evolution data showed that after 3 h, the
increase in scour depth was very small, and hence, an experimental duration of 3 h was
adopted for all the remaining experiments in this study. For all experimental cases, after
3 h, the tailgate opening was gradually reduced, and the valve was closed accordingly,
maintaining the flow depth such that when the valve was fully closed, the tailgate was
also fully closed. At the end, the tailgate was slowly opened to drain the water without
disturbing the scour and deposition geometry. A perforated drainage pipe placed at the
bottom of the sand bed was used to drain the water from the sand. Finally, the scour hole
and deposition zone geometry were scanned using the laser scanner at 2 cm intervals along
the length, and the scour hole profile and cross-section data as well as scour depths at
key points were also taken using a point gauge for cross-verification. The graduated tape
readings were also recorded.

To understand the effect of flow intensity on scour depth, more tests using flow
intensity values of 0.88, 0.78, and 0.68 were also conducted, each for a duration of 3 h.
Hence, the experimental cases with a single pier are summarized in Table 3 below.
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Table 3. Single pier experimental cases.

Experimental Case Name Pier Diameter (D) [cm] Flow Depth (y) [cm] Flow Intensity (V/Vc)

S-0.92 4.0 12.0 0.92
S-0.88 4.0 12.0 0.88
S-0.78 4.0 12.0 0.78
S-0.68 4.0 12.0 0.68

In the naming of the experimental cases, “S” refers to the single-pier scour experiment,
and the numeric value after it refers to the flow intensity at which the experiment was
conducted. For example, “S-0.92” refers to the scour experiment with a single pier at flow
intensity value of 0.92.

2.4. Scour Experiments with Linear Sacrificial Piles

Experiments were conducted by placing a linearly arranged group of sacrificial piles
in front of the pier. Two main parameters associated with the sacrificial piles were varied:
(a) the number of piles, i.e., N (or sheltered area, As), and (b) the distance of the piles from
the face of the pier (X). In total, nine different cases consisting of a pier model protected by
sacrificial piles were studied. All the experiments were performed at flow depth y = 12 cm
and flow intensity V/Vc = 0.92, similar to the control experiment. The sacrificial piles
were modeled by using 8 mm diameter wooden cylinders in emergent condition in all the
experimental cases. The same experimental procedure that was followed in the case of a
single-pier scour experiment was adopted. The efficiency of a sacrificial pile arrangement
was determined in terms of % decrease in the value of the maximum depth of local scour
near the pier with sacrificial piles in comparison with the maximum scour depth in the case
of an unprotected pier in the control experiment (V/Vc = 0.92).

% efficiency (E) = 100 × (ds1 − ds2)/ds1 (3)

where

ds1 = maximum scour depth in the case of a single pier in the absence of protection;
ds2 = maximum scour depth at the pier with sacrificial pile configuration.

Figure 2 shows the general layout of the sacrificial pile arrangement.

 
(a) (b) 

Figure 2. Scour experiment with a linear arrangement of sacrificial piles: (a) general layout; (b) a
picture of the experimental run.

The experimental cases that were performed with linear arrangements of sacrificial
piles are presented in Table 4. Case 1 to case 9 were performed with sacrificial piles placed
in front of the pier. Cases 10, 11, and 12 were performed with sacrificial piles only (without
placing the pier) to have a better understanding of the scour and deposition characteristics
of the linear arrangement of sacrificial piles.
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Table 4. Experimental cases with linear arrangements of sacrificial piles.

Experimental Case Name No of Piles (N)
Sheltered Area

(As) [%]
Diameter. of Pile

(d) [mm]
Distance of Piles from
the Face of the Pier (X)

Remarks

L-P2-D 2 40 8 D
L-P2-2D 2 40 8 2D
L-P2-3D 2 40 8 3D
L-P3-D 3 60 8 D
L-P3-2D 3 60 8 2D
L-P3-3D 3 60 8 3D
L-P4-D 4 80 8 D
L-P4-2D 4 80 8 2D
L-P4-3D 4 80 8 3D
L-P2 2 8 Piles only
L-P3 3 8 Piles only
L-P4 4 8 Piles only

The sheltering area (As) provided by the sacrificial piles is calculated as follows:

As = 100 × (N × d)/D (4)

In the naming of the experimental cases, “L” refers to the linear arrangement of
sacrificial piles; “P2”, “P3”, and “P4” refer to the number of piles used in the configuration;
and “D”, “2D”, and “3D” refer to the distance of the piles from the upstream face of the pier.
For example, the configuration name “L-P2-D” refers to a linear arrangement of sacrificial
piles consisting of two piles placed at a distance D from the upstream face of the pier.

3. Results and Discussion

3.1. Single-Pier Scour Experiments

Figure 3 illustrates the outcome of the temporal scour evolution test for a single pier.
From the plot, it can be seen that there was a rapid development of a scour hole during
the initial period, and about 80% of the maximum scour depth was attained in the first
30 min. Results also show that after 3 h from the beginning of the experiment, the increase
in scour depth was very small. During the experiment, the first sign of movement of bed
material was seen behind the pier due to the lee-wake vortices. However, the formation
of the scour hole began once the horseshoe vortex was formed. The horseshoe vortex
stretched from the sides to the front of the pier, and there was a rapid growth in scour
depth at the front. A rapid entrainment of the bed materials due to the formation of a
horseshoe vortex was observed, and the scour hole increased in all three dimensions. With
the increase in scour depth, the strength of the horseshoe vortex gradually decreased, due
to which there was a fall in the rate of expansion of scour hole as time elapsed. Finally, the
horseshoe vortex was no longer capable of removing a significant volume of bed materials,
and equilibrium was assumed to be reached, although the scouring never stopped. The
lee-wake vortices, formed behind the cylinder as a result of the horizontal separation of
the boundary layer, acted like tornadoes, lifting the bed particles from behind the pier by
suction action, resulting in sediment entrainment into the main flow. The entrained bed
materials were then carried downstream due to the periodical vortex shedding behind
the pier and deposited in the wake zone at the back of the pier, forming a dune. The size
of the dune behind the pier increased with time as the total volume of scoured materials
increased over time. The wake vortices were also responsible for the expansion of the
scour hole behind the pier. During the scour process, the horseshoe vortex was the most
dominant feature and acted at the front toe of the pier, and hence, maximum scour depth
was observed near the front face of the pier. The wake vortices, due to their lower strength,
acted mostly on displacing the entrained sediment, and consequently, scour depth was
minimum at the back of the pier. Due to symmetry of the arrangement, the scour depths at
the two sides of the pier were almost equal.
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Figure 3. Temporal scour evolution of single pier at V/Vc = 0.92.

After the temporal scour experiment, a single-pier scour experiment of 3 h duration
at flow intensity V/Vc = 0.92 was conducted as a control test for sacrificial pile scour
experiments based on the result of the temporal scour evolution experiment. Additional
single-pier tests were conducted at three additional flow intensities (0.68, 0.78, and 0.88) to
study the effect of flow intensity on scour depth. From the experiment, it was found that
the depth of local scour varied linearly with flow intensity. The higher the flow intensity,
the greater the scour depth and longer the deposition length behind. This was because
the strength of the horseshoe vortex depends directly on the inflow velocity. During the
analysis, the maximum scour depths were determined by two methods: (a) from the
graduated tape pasted directly on the pier face and (b) by analyzing the data obtained
from the laser scanner. In general, the maximum scour depth obtained after processing the
data obtained from the laser displacement meter was slightly higher than the graduated
tape readings because maximum scour depth was usually found to be located at a small
distance away from the pier face rather than exactly at the pier face. The higher value of the
scour depth readings obtained from graduated tape and laser scanner was recorded as the
maximum local scour depth. The maximum scour depth results are tabulated in Table 5.

Table 5. Measured scour depth values of single pier scour experiments.

Experimental Case Name Flow Intensity (V/Vc)
Measured Value of Scour Depth [cm] Maximum Scour

Depth (dsmax)
[cm]Front Back

Sides
(Averaged)

S-0.92 0.92 6.20 3.90 5.35 6.20
S-0.88 0.88 5.64 3.10 4.70 5.64
S-0.78 0.78 4.80 2.60 4.05 4.80
S-0.68 0.68 3.40 1.80 3.30 3.40

The final scour depth readings from the graduated tape are shown in Figure 4.
The scour hole profile and cross-section data from the single-pier scour experiment

were plotted and are presented in Figure 5.
The variation of maximum scour depth with flow intensity and the contour diagram

of scour and deposition geometry are presented in Figure 6.
In Figure 6b, XX represents the streamwise direction (cm), YY represents the cross-

stream direction (cm), and ZZ represents the vertical direction (cm). The dotted contour
lines represent points of equal scour depth below the original bed level, while the solid
contour lines represent points of equal deposition height above the original bed level. In
addition, the size (length and width) of the scour hole as well as the length and width of
the deposition can also be observed from the contour diagrams. The larger white circle
represents the position of the pier model, while small black circles represent the position of
sacrificial piles.
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(a) (b) 

  
(c) (d) 

Figure 4. Final scour hole depth readings at the end of each test: (a) V/Vc = 0.92, (b) V/Vc = 0.88,
(c) V/Vc = 0.78, and (d) V/Vc = 0.68.

  
(a) (b) 

Figure 5. Scour and deposition plot from single pier scour experiment: (a) stream-wise centerline
profile; (b) cross-section.

  
(a) (b) 

⏐ ⏐

Figure 6. Results of single-pier scour experiments: (a) variation of maximum scour depth with flow
intensity; (b) contour diagram for single-pier scour experiment at V/Vc = 0.92.
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3.2. Linear Sacrificial Pile Scour Experiments

Experiments were conducted by placing sacrificial piles in a variety of configurations
in front of the pier for protection against local scouring. Sacrificial pile configurations
were made by varying the number of piles and the distance between piles and the pier,
and the experimental cases are listed in Table 6. When the approach flow reached the
sacrificial pile group, it was obstructed, and a local flow field was generated around the
sacrificial pile group due to three-dimensional boundary-layer separation. The horseshoe
vortex at the front toe of the piles and lee-wake vortices on the rear side of the piles acted
together, forming a local scour hole around the pile group. The size of the scour hole
around the piles increased with an increase in the number of piles as more flow was
obstructed, and consequently, the size and strength of the horseshoe and wake vortices
also increased. Due to the formation of a wake region behind the piles, the flow velocity
was substantially reduced behind the piles. Due to this reduction in velocity, the strength
of vortices (horseshoe and wake) forming at the pier located in the wake region behind the
piles was also reduced. This is called the shielding effect of sacrificial piles. The shielding
effect depended on the number of sacrificial piles as well as on the distance between the pier
and the piles, and thus, a varying protection effect was observed for different configurations
of piles.

Table 6. The efficiency of linear arrangements of sacrificial piles.

S.N. Experimental Case Name dsmax Observed [cm]
Reduction in dsmax Compared to

Unprotected Pier [cm]
% Reduction in dsmax

1 L-P2-D 3.62 2.58 41.6
2 L-P2-2D 4.15 2.05 33.1
3 L-P2-3D 4.62 1.58 25.5
4 L-P3-D 3.85 2.35 37.9
5 L-P3-2D 4.05 2.15 34.7
6 L-P3-3D 4.4 1.8 29.0
7 L-P4-D 4.23 1.97 31.8
8 L-P4-2D 4.04 2.16 34.8
9 L-P4-3D 4.11 2.09 33.7

In addition to the shielding action, another action of piles was also observed during
the experiment. The bed materials scoured from around the piles were carried downstream
by the turbulent eddies shedding from the piles before being deposited at some distance
behind the piles. When a pier was located behind the piles, the scoured bed materials
reached the pier scour hole and filled it partially, due to which the scour depth around the
pier was reduced. This sediment flux from piles depended on the number of piles installed.
The higher the number of piles, the higher the sediment flux due to the increased scouring
around the piles. The amount of sediment reaching the pier was affected by the gap width
between piles and the pier. This was also a reason for the varying efficiency of sacrificial
piles observed in the experiment under different configurations.

A schematic diagram showing the mechanism of local scour in the case of linear
sacrificial piles scour experiment is presented in Figure 7.

The results of the sacrificial pile scour experiments were compared with the single-
pier scour experiment at V/Vc = 0.92. In all sacrificial pile experiments, the maximum
scour depth around the pier was less than that of an unprotected pier, thus justifying the
protection provided by the sacrificial piles to the pier. However, it was observed that the
linear arrangement of piles itself was subjected to substantial scour. The scour depth in
front of the piles also exceeded that in front of the pier in many cases tested, particularly
when the number of piles was high. The efficiency of each arrangement in reducing the
maximum scour depth around the pier is presented in Table 6 in terms of % reduction in
the maximum depth of local scour around an isolated bridge pier without the protection of
sacrificial piles.
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Figure 7. Flow structures and mechanism of local scour in the case of sacrificial piles with pier:
(a) plan view; (b) side view.

The above calculations were performed based on the maximum scour depth of 6.2 cm
recorded in the test of an unprotected, single pier. From the results, it was seen that the
highest protection was obtained when two piles were linearly arranged in front of the pier
at distance D (i.e., L-P2-D), while the least protection was obtained when the same was
placed at distance 3D (i.e., L-P2-3D).

Scour and deposition profiles for all the experimental cases were plotted, and the
variations in maximum scour depth with change in sheltered area (As) and spacing between
piles and pier (X) were also plotted, which are presented in Figure 8.

Figure 8b shows the importance of the number of piles (or sheltering area) for a given
X/D value. From the results, it can be concluded that when the sacrificial pile groups are
placed close to the pier (at distance D), the maximum scour depth at the protected pier is
likely to rise with a rise in the number of sacrificial cylinders (or sheltered area). This is
because when the number of piles was increased, the size and strength of the wake vortices
behind the piles increased significantly, which caused a deeper scour hole to be formed
behind the piles due to the higher entrainment of the sediments into the flow. When the
number of piles was high, and the piles were placed close to the pier (at D), the gap width
was directly under the influence of those strong wake vortices, and the bed materials in the
gap width were eroded by the recirculating flow, which were then transported downstream
of the pier. In addition, the strong wake vortices caused high turbulence in the small gap
width, which did not allow the scoured materials from around the piles be deposited in the
pier scour hole; rather, they were transported downstream from the sides of the pier. Due
to this action, the bed material in the gap width eroded over time, resulting in an increased
scour depth in front of the pier. This shows the adverse effect of placing a large number of
piles close to the pier. On the other hand, when a small number of piles (two piles) were
placed at distance D, the wake vortices behind the pile group were small in size, which
were not able to scour the vicinity of the pier and were also able to reduce the flow velocity
behind them for the desired shielding of the pier. In addition, the materials scoured from
the piles fed the scour hole around the pier properly. On the contrary, the scenario was
opposite in the case of three and four piles, where the gap width D was insufficient to
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avoid the ill effect caused by the increased size of the wake vortices, as explained above.
However, if the pile groups are placed far from the pier (at distances of 2D and 3D), the
maximum scour depth around the pier decreases with an increase in the number of piles (or
sheltered area). This is because when the distance between the piles and the pier was larger
(2D and 3D), the wake vortices behind the piles could not affect the bed in the vicinity of
the pier directly, as in the case when the gap width was D, and the scouring around the pier
was primarily due to the horseshoe vortex formed in front of the pier. When the number of
piles is increased, the size of the wake region behind the piles also increases, due to which
the pier is subjected to a low-velocity near-wake region. As the flow velocity increases in
the streamwise direction along a wake region, a pier located in a near-wake region will
have a weaker horseshoe vortex. In addition, the volume of scouring around a higher
number of piles is also higher. This increases the volume of scoured materials reaching the
pier compared with a smaller number of piles. In the case of a small number of piles, the
volume of scoured materials from around the piles is also small, which is mostly deposited
in the gap width, and hence, fewer materials reach the pier scour hole. Due to this reason,
the variation in scour depth with sheltering area showed an opposite trend at 2D and 3D
compared to the case when the piles were located at distance D. From the slope of the plots,
we can conclude that when the spacing between piles and the pier was 2D, the protection
offered by the piles was the least sensitive to the change in sheltered area, while it was
more sensitive to the sheltered area at lower and higher values of spacing (at D and 3D).

 
(a) (b) 

 
(c) (d) 

Figure 8. Results of linear sacrificial pile scour experiment: (a) comparative profile; (b) variation of
dsmax with the sheltered area for a given distance between piles and pier; (c) variation of dsmax with
the spacing between piles and pier for a given value of the sheltered area; (d) % reduction in dsmax for
different configurations tested.
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Figure 8c shows the importance of the distance between the pile group and the pier for
a given value of the sheltered area (or pile numbers). For lower values of the sheltered area
(40% and 60%), the protection provided by the pile group tended to decrease as the distance
increased. This is because when the distance between piles and the pier increases while
keeping the number of piles constant, the pier is subjected to a higher approach velocity as
it shifts from the near-wake region to the far-wake region of the piles. In addition, when
the distance is increased, materials scoured from around the piles are mostly deposited in
the gap width, and hence, a smaller volume of scoured materials reach the pier scour hole
to fill it. Due to this reason, the pier placed close to the piles (at distance D) experienced
less local scouring in the current experiment. However, for 80% sheltering (four piles), the
strong wake vortices directly influenced the pier at distance D, and hence, protection was
better when the pier was placed outside the direct influence zone of the wake vortices. In
this experiment, the optimum protection was observed at X = 2D. From the slope of the
plots, it can be concluded that the efficiency of piles in reducing the depth of local scour
was highly sensitive to the spacing between the piles and the pier for lower sheltering
conditions, which decreased as the sheltered area was increased.

The scour and deposition contours for all sacrificial piles and pier arrangements are
presented in Figure 9.

  

  

  

⏐ ⏐ ⏐ ⏐

⏐ ⏐ ⏐ ⏐

⏐ ⏐ ⏐ ⏐

Figure 9. Cont.
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⏐ ⏐ ⏐ ⏐

⏐ ⏐

Figure 9. Contour plots of sacrificial piles experimental cases: (a) L-P2-D, (b) L-P2-2D, (c) L-P2-3D,
(d) L-P3-D, (e) L-P3-2D, (f) L-P3-3D, (g) L-P4-D, (h) L-P4-2D, and (i) L-P4-3D.

The contour plots of linear sacrificial piles only (without placing the pier), i.e., cases
L-P2, L-P3, and L-P4, are presented in Figure 10. Pier locations were placed on the resulting
contour diagrams to understand the effect of sacrificial piles. The purpose of these cases
was to understand the scouring and deposition patterns around the piles.

 

 

⏐ ⏐ ⏐ ⏐

⏐ ⏐

Figure 10. Contour plot of cases of sacrificial piles only: (a) L-P2, (b) L-P3, and (c) L-P4.
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From Figure 10, it can be seen that when the pier is located in the outer region of the
scour zone of sacrificial piles, the maximum scour depth around the pier tends to reduce,
and when the pier is placed in the inner region of the scour zone or outside the scour region
(or in the deposition zone) of the piles, the highest scour depth in the vicinity of the pier
tends to increase.

The results obtained in this experiment for lower sheltering (40% and 60%) conditions
are consistent with the results obtained by [6] in their scour experiments using a single
sacrificial pile. Ref. [6], in their study, concluded that the optimal gap width for scour
reduction using a single sacrificial pile (d = 1 cm) in front of a circular pier (D = 5.6 cm)
as 1D, for which the scour-reduction efficiency decreased as the gap width increased. In
the present experiment, the highest protection was observed at 1D in the cases of two and
three piles, and the efficiency was reduced as X increased. Ref. [20], in their numerical
simulations, also concluded that the closer the sacrificial pile to the pier, the higher the
protection efficiency. Ref. [7] also reported a higher percentage of scour depth reduction
at the pier when a single sacrificial pile was close to the pier. In their experiment with the
tandem arrangement of bridge piers, [21] also mentioned a reduction in the shielding effect
when the spacing was increased beyond 1D. These results conclude that the closer the
sacrificial pile to the pier, the better the protection against local scouring. This is because
when the pier was close to the sacrificial piles, the pier was in the low-velocity wake region
formed by the piles, resulting in a weaker horseshoe vortex in front of the pier, while it was
exposed to higher approach velocity when placed at larger distances. In addition, more
scoured materials from around the piles reached the pier scour hole when the piles were
placed close to the pier.

However, protection against local scouring is not only governed by the gap width but
also by the size of the pile group (sheltering area). The scouring around the piles itself
is another important factor, which depends on the overall size of the pile group. In the
experiment of [6], when they increased the diameter of the sacrificial pile and kept the
gap width equal to the optimum value 1D, the protection decreased with increase in the
sacrificial pile diameter. This result is consistent with the results obtained in the present
experiment at X = 1D. The size and extent of scouring around the pile group increased
with the increase in the number of piles. In the linear arrangement of piles in the present
study, substantially high scouring around the piles was observed, particularly in cases with
a larger number of piles. When the number of piles was increased while keeping the piles
close to the pier (at 1D), scour depth increased sharply around the pier, which was similar
to the findings reported by the previous studies. This is because the stronger wake vortices
directly affected the gap width region, resulting in scouring in front of the pier.

From the above discussions, it can be concluded that the spacing between sacrificial
piles and piers should be small enough for the pier to be located within the low-velocity
wake region formed by the piles (particularly in the near-wake region), while it should be
large enough to avoid the high-turbulence recirculation zone behind the piles eroding the
materials from the vicinity of the pier. Taking these into consideration, it can be concluded
that the optimal gap width for a linear arrangement is 1D for sheltering areas below 60%,
and the gap width should be increased for higher sheltering conditions to avoid reduced
efficiency caused by the increased size of wake vortices behind the piles. In their study, [8]
concluded that increasing the sheltering area from 60% to 100% in the case of linearly
arranged sacrificial piles upstream of a circular cylinder at 2D yielded a sharp rise in the
depth of the scour hole, suggesting that the gap width of 2D was insufficient for a 100%
sheltering condition. Comparing this with the results of the present study, 2D can be
considered the optimal gap width for more than 60% to around 80% sheltering conditions,
and the gap width should be increased further for higher sheltering conditions (above 80%).

4. Conclusions

An experiment at model scale was carried out in this investigation for the purpose
of studying the performance of sacrificial piles linearly arranged in a group ahead of a
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bridge pier on minimizing local scour phenomena in proximity to the pier. Sacrificial pile
configurations with three different values of sheltering area to the pier were tested for three
different values of distance between piles and the pier. A single pier without the protection
of sacrificial piles was tested as a control experiment. Piles-only cases without placement
of the pier were also tested. After conducting a number of experiments for the current
investigation, the following results were drawn:

• Sacrificial piles linearly arranged in front of a circular bridge pier are effective in
controlling the local scour around bridge piers. In the present research, their efficiency
in controlling the maximum depth of local scour around the pier ranged between
25.5–41.6%;

• A configuration consisting of two piles placed at distance D was found to minimize
the local scour depth in proximity of the bridge pier to the highest extent (41.6%),
while the least protection was achieved when two piles were placed at a distance of
3D (25.5%);

• The closer the sacrificial piles to the pier, the better the protection. However, piles
should be far enough apart to avoid the scouring effect of the recirculation zone behind
the piles. The selection of the optimal distance depends on the sheltering area (or the
number of piles);

• The efficiency of linearly arranged sacrificial piles depends on both the gap width (X)
and the sheltering area (As). A gap width of 1D is suggested for sheltering areas below
60%, while 2D is suggested for sheltering areas around 80%, and a higher gap width is
suggested for sheltering areas above 80%.

In this study, experiments were conducted using a circular pier and emergent sacrificial
piles under steady, uniform, turbulent, and subcritical flow conditions on a uniform,
cohesionless sediment bed. The sheltering area values of 40%, 60%, and 80% with the
distance between piles and pier (X) values of D, 2D, and 3D were adopted. Due to the
limitations of available facilities and materials, the results of this experiment may have
suffered some inherent scale/size effects (to some extent) associated with laboratory flume
experiments of local scouring, as stated by [18]. However, the authors of this study tried
to minimize this by following the suggestions provided by past researchers [4,8,14–16,18]
during the selection of experimental parameters (explained in Table 1) and believe that
the results are a closer representation of the actual phenomenon occurring in the field,
thereby providing a sufficient idea about the efficiency of sacrificial piles. Considering the
availability of experimental facilities and materials, future experiments using prototype-
sized models, leading to more accurate geometric similitude between model and prototype,
are recommended for higher accuracy in the assessment of local scour depths. In addition,
the efficiency of sacrificial piles is also affected by the variation in thickness of the oncoming
boundary-layer flow. In this experiment, due to the limitations of the experimental facility,
measurement of boundary-layer thickness (δ) was not performed. Future studies are
recommended with the measurement of flow velocity variation along the flow depth to
determine the boundary-layer thickness at the locations of sacrificial piles and the pier and
to understand the effect of boundary-layer thickness on the performance of sacrificial piles.

Future experiments are also suggested to be performed considering different pier
shapes (e.g., rectangular, elliptical, sharp nose, etc.) to understand the performance of
linear sacrificial piles on different pier shapes. In addition, submerged piles with different
degrees of submergence can be studied to understand the effect of pile submergence.
Likewise, a greater number of flow intensity values (low to high) and flow skewness
conditions can be studied for understanding the performance under such flow conditions.
A wider range of sheltering area values and wider range of values of distance between piles
and the pier are recommended to be tested for a better understanding of the functioning
of linear sacrificial piles. For each parameter investigated, statistical analysis should be
conducted to confirm whether the difference is meaningful or not for the future study.
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Abstract: The water consumption rate for hydropower station power generation is an important
index of the economic operation of hydropower stations, which has been widely considered and
applied in the production practice of hydropower stations and has great significance for the full
utilization of hydroelectric resources. This paper takes A and B cascade hydropower stations as the
research objects to study the variation patterns of the water consumption rate of hydropower stations
under different conditions, which mainly includes the following: (1) in this study, the relationship
curve of output–gross head–flow (NHgrossQ) of each unit was established based on the relationship
curve of output–net head–flow (NHQ) and the flow–head loss curve of each unit; (2) the mirror
vertical shift method was used to calculate and plot the relationship curve of gross head–flow for
combinations of multiple units; (3) the outflow–water–output characteristic curve of the hydropower
station under the conditions of different reservoir water levels, different discharge flow, or different
power generation output under the optimal operation of the hydropower station were calculated and
drawn; (4) the outflow–water level–output curve of the hydropower station under various conditions
was converted into an outflow–water level–water consumption curve; (5) the variation characteristics
of the water consumption rate of the hydropower station under different conditions were analyzed;
(6) on the basis of the definition of the water consumption rate of cascade hydropower stations,
the research on the variation in the water consumption rate of cascade hydropower stations was
carried out under the conditions of different water levels of the A reservoir, different water levels
of the B reservoir, different discharge, and different total output of the hydropower stations. The
variation pattern of the water consumption rate of hydropower stations under different conditions
obtained in this paper can provide technical support for the real-time economic operation of cascade
hydropower stations.

Keywords: the mirror vertical shift method; water consumption rate; unit combination; flow–gross
head–output relationship; cascade hydropower station

1. Introduction

The water consumption rate of power generation is the ratio of a hydropower station’s
quotative flow Q to its output P in m3/(s · kW), or the ratio of hydropower station’s
quotative water W to its power generation E in m3/(kWh), which is an important index
of a hydropower station’s economic operation and is the key concern of a hydropower
station’s water conservation and efficiency work. The study of the water consumption
rate of power generation has important theoretical significance and practical application
value for improving the operating efficiency of units, guiding the economic operation
of hydropower stations and improving the utilization rate of hydropower resources in
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basins. Currently, there have been some studies on the definition and influencing factors of
the water consumption rate of hydropower stations, and many scholars use this index to
optimize the operation of hydropower stations.

The goal of a hydropower station is to produce more output with the same amount of
water, that is, the minimum water consumption rate. However, the calculation methods
of the water consumption rate are not unified. Different scholars have given specific
calculation methods under different conditions. Bakke et al. [1] improved a conceptual
framework of water consumption in order to calculate the water footprint from hydropower
projects. Tu et al. [2] introduced the standard water consumption rate and proposed a
method for calculating and assessing the long-term average water consumption rate of
the cascade hydropower station in a study on improving the assessment method of the
water consumption rate in hydropower stations. Wu [3] proposed to use the relative water
consumption rate for power generation, i.e., the ratio of the actual water consumption rate
during the assessment period to the assessment-calculated water consumption rate for
power generation as the assessment index of the daily regulation of hydropower plants.
However, the above studies give the calculation method of the water consumption rate
based on the actual operating conditions and operating data. These studies can measure
the operating efficiency in a certain period, but they did not find the rules of water the
consumption rate under different conditions and cannot be used to guide the operation of
hydropower stations.

In addition, the influencing factors of the water consumption rate are also the focus
of research. For example, Sun et al. [4], Yu et al. [5], Hou [6], and Zhou et al. [7] all
carried out some research and analyses on the influencing factors of the water consumption
rate. Based on the actual operation data and actual operation conditions of hydropower
stations, they summarized some influencing factors of the water consumption rate, but
did not deeply explore how the water consumption rate changes with the changes in
these influencing factors, that is, they did not systematically summarize the change law
of the water consumption rate. And since some of the factors they summarize, such as
upstream maintenance work, are based on specific hydropower stations and are under
certain limitations, it is difficult to extend to other hydropower stations.

Based on the definition and influencing factors of the water consumption rate, the
water consumption rate is used as an indicator of economic operation to solve the opti-
mization problem. Zhao [8] established a dynamic planning model based on the rate of
water consumption to carry out a study on the optimal scheduling of reservoirs of the
Liangjiang hydropower station. Bu [9] studied the joint application of the water consump-
tion rate curve and the water balance equation in the power generation plan of the Taoyuan
hydropower station, and proposed measures to improve the water consumption rate. How-
ever, this paper uses the correlation between the water consumption rate and gross head
to calculate the water consumption rate, and the calculation result is not rigorous enough.
Shi [10], in the study of reservoir optimal dispatching based on the dynamic analysis of the
water consumption rate in the dry period of the Ludila hydropower station, comprehen-
sively analyzed the relationship between the water consumption rate and various variables,
and transformed the problem of the optimal dispatching of reservoirs into a problem deal-
ing with the correlation between power generation plans and the water consumption rate.
Lei et al. [11] established the mathematical model of the water consumption rate of Longtan
hydropower station to achieve the aim of energy saving and consumption reduction. Wu,
Y. et al. [12] developed a short-term load distribution (SLD) model considering complicated
hydraulic and electricity constraints. The results show that the developed model reduces
water consumption by 4.02, 4.70, 5.79, and 5.28% compared to the constant proportional
distribution model and the real operation. In the above studies, the water consumption
rate is often used as an indicator; however, due to the complexity of the calculation process
of the water consumption rate, it is often estimated, resulting in a lack of rigor.

The study of the water consumption rate is a vital work of hydropower stations but
the water consumption rate calculated on the basis of actual operation data is difficult
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in systematically reflecting the change law of the water consumption rate, and it cannot
be used to guide the real-time operation decisions of hydropower stations. In this paper,
based on the unit flow characteristic curve, the flow–head loss curve of the unit, and the
relationship curve of the hydropower station’s flow–tail water level are used to deduce the
water consumption change curve of the cascade hydropower station with the hydropower
station’s water level as the reference. The water consumption change law of the single
unit, the multi-unit, the hydropower station, and the cascade hydropower station are
found. These laws can be used to guide the economic operation of hydropower stations
and improve the utilization rate of hydropower resources in basins.

2. Research Objects

Located in the lower reaches of the Jinsha River on the border between Yunnan and
Sichuan Provinces in China, hydropower station A is a giant hydropower station that
mainly generates electricity and also has the comprehensive benefits of sand blocking,
flood control, and the improvement of downstream navigation, and it is the upstream
hydropower station in the cascade hydropower stations of this study. With a normal water
level of 600 m, the reservoir has a total capacity of 12.67 billion cubic meters, a regulated
storage capacity of 6.46 billion cubic meters, and a flood control capacity of 4.65 billion cubic
meters. The hub project consists of a barrage dam, a diversion power generation building,
flood discharge, and an energy dissipation building. The barrage dam adopts a concrete
double-curved arch dam with a crest elevation of 610 m, a crest length of 700 m, and a
maximum dam height of 278 m. The left and right banks are arranged with underground
plants, each installed with nine sets of hydroelectric generating units with a capacity of
700,000 kW, with a total installed capacity of 12.6 million kW and a multi-year average
generating capacity of 57.12 billion kWh.

Hydropower station B is located about 196 km downstream of hydropower station A;
it is a giant hydropower station that mainly generates electricity and takes flood control,
sand retaining, irrigation, navigation, and other comprehensive benefits into consideration.
The normal water level is 380 m, the total reservoir capacity is 5.185 billion cubic meters,
and the regulated storage capacity is 905 million cubic meters; the hydropower station is
installed with eight sets of hydroelectric turbine generators of 750,000 kW capacity. The
total installed capacity is 6 million kW and the average power generation for many years is
30.13 billion kW per hour. The relative position map of the research hydropower stations A
and B is shown in Figure 1.

Figure 1. The relative position map of the research hydropower stations A and B.

Each unit of a hydropower station has a unit flow characteristic curve given by the
manufacturer, which characterizes the relationship between the unit flow and output at
each net head, also known as the NHQ relationship curve.

There are 18 hydro generator units installed in hydropower station A, with three types.
Units no. 1–6 are of the same type, units no. 7–9 are of the same type, and units no. 10–18
are of the same type, and the flow characteristic curves of the three types of units are shown
in Figure 2. The meaning of H in the figure is the net head.
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Figure 2. Flow characteristic curves of the units for hydropower station A.

Hydropower station B has eight units, of which units no. 1–4 are of the same type
and units no. 5–8 are of the same type, and their flow characteristic curves are shown in
Figure 3.

Figure 3. Flow characteristic curves of the units for hydropower station B.

3. Calculation of the Characteristic Curve of Water Consumption Rate for a
Hydropower Station with Water Level as a Parameter

3.1. Calculation of the Characteristic Curve of Water Consumption Rate for a Single Unit
3.1.1. Plotting Relationship Curves of Flow–Gross Head–Output

Since the units of A and B hydropower stations are distributed side by side, in the
process of power generation, the power generation flow of each unit of the same station
may be different, i.e., the net head is different. While the gross head is the difference
between the upstream water level and the downstream water level, which is the same, to
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better solve the output characteristics in the case of multi-unit stations, the net head of the
unit characteristic curve is converted into the gross head to be calculated, in which the
relationship between the unit’s net head and the gross head is as follows:

Hgross = H + ΔH (1)

where Hgross is the hydropower station’s gross head; H is the net head; and ΔH is the head
loss in the diversion system.

Therefore, the net head of the unit is added to the head loss at the corresponding flow
in the relationship curve output–net head–flow (NHQ) for a unit to obtain the relationship
curve output–gross head–flow (NHgrossQ) for a unit.

3.1.2. Calculation of Characteristic Curve of Water Consumption Rate with the Gross Head
as a Parameter

The water consumption rate is the amount of water consumed by a hydropower
station for each unit of electricity generated, which is calculated as follows:

μ =
W
E

= C
QT
NT

(2)

where μ is the integrated water consumption rate, m3/(kWh); E is the total amount of
power generation, kWh; W is the total amount of water generated, m3; N is the power
station output, kW; Q is the power generation flow, m3/s; and C is the unit conversion
factor.

From Equation (2), it can be seen that a set of determined flow and output data
can determine a value of the water consumption rate, and for a single type of unit, the
QHgross μ characteristic curve or NHgrossμ characteristic curve can be derived from the
unit’s NHgrossQ characteristic curve data, i.e., the flow–gross head–water consumption rate
characteristic curve or the output–gross head–water consumption rate characteristic curve.

3.2. Plotting Characteristic Curve of Flow–Gross Head–Optimal Output for Multi-Unit Stations
3.2.1. Curve Plotting Method—The Mirror Vertical Shift Method

When two units are combined at a given gross head, a given generation flow is
distributed among the two units to find the flow distribution scheme that maximizes the
total generation output of the two units, i.e., the flow distribution scheme of the units at
the optimal output. This process can be deduced by the mirror vertical shift method with
the following steps:

1. Firstly, the relationship curves of output–gross head–flow (NHgrossQ) of the two units
are organized into graphs whose horizontal coordinate is the value of output force,
the vertical coordinate is the value of flow, and the scales of horizontal and vertical
coordinate axes are the same.

2. Extract the graphs of the flow–output relationship between the two units at the same
gross head separately and invert the graph of the second unit on the graph of the
first unit.

3. Vertically move the power characteristic curve of the second unit, so that the longi-
tudinal coordinates of the flow data are partially overlapped; it can be found that
the sum of the flow values at each point is the same in the overlapped part. Plot
several horizontal lines in the range of the overlapped part so that they intersect two
curves, respectively. The sum of the coordinate values N1 and N2 corresponding to
the intersections is the value of the total output of two units. As shown in Figure 4,
the curve of the change in the total output can be plotted in the range of the overlap.
The maximum output value on the curve is the optimal output Ni,max that can be
issued by the two units when the flow sum is Q. Record the flow and output value of
each unit at the maximum output.
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Figure 4. Schematic diagram of the optimal output of two units under a certain gross head.

4. Move the graph of the second unit up and down to obtain the optimal output N1,max,
N2,max. . .Nn,max corresponding to different flow sums Q1, Q2, Q3,. . .Qn of the two
units, and then obtain the combination of the two units under the gross head. Then,
obtain the optimal output–gross head–flow relationship curve for the combination of
two units under this gross head.

5. Perform the same calculation for each gross head Hgross,1, Hgross,2. . .Hgross,n to obtain
the optimal output–gross head–flow relationship curve cluster in the case of the
combination of two units.

3.2.2. Determination of Joint Operation Curve of Two Units Based on the Mirror Vertical
Shift Method

The specific implementation idea of the multi-unit joint operation algorithm based on
the mirror vertical shift method is as follows:

1. Based on the relationship curve of flow–net head–output for the unit and the relation-
ship curve of flow–head loss for the unit, the head loss is calculated by interpolation.
Then, add it to the net head to obtain the flow–gross head–output relationship data.

2. Fit the relationship curves of flow–output under an equal gross head Hm to obtain
the flow–gross head–output relationship data for the two units.

3. Obtain the relationship curve of flow–gross-head–output when two units are com-
bined. Firstly, determine the gross head Hgross and the combined flow Qzh of the
two units, then interpolate the total output N12 corresponding to different flow com-
binations to find the optimal output N12,max. Secondly, change the combined flow
Qzh to obtain the corresponding optimal output. Thirdly, plot the data above into a
curve. Finally, change the gross head Hgross and obtain the combined flow–optimal
output curve under different gross head conditions, and then obtain the combination
of optimal combined flow–gross head–output curve clusters.

4. Since the water consumption rate is uniquely determined by the flow and output,
the relationship curve cluster of flow–gross head–optimal output for two units is
converted into the relationship curve cluster of water consumption rate–gross head–
combined flow for two units, i.e., the characteristic curve of the water consumption
rate for the hydropower station.

The workflow of the two units’ combined work operation model based on the mirror
vertical shift method is shown in Figure 5.
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Figure 5. Operation model of two units’ combined work based on the mirror vertical shift method.

3.2.3. Determination of Joint Operation Curve of Multi-Unit Stations Based on the Mirror
Vertical Shift Method

First of all, merge the curve cluster of optimal output–gross head–flow for the com-
bination of two units into one virtual unit’s curve. Then, apply the mirror vertical shift
method to calculate the curve cluster of flow–gross head–optimal output after adding
one unit. After that, merge the curve cluster of flow–gross head–optimal output for the
combination of three units into one virtual unit’s curve, and apply the mirror vertical shift
method to calculate the curve cluster of flow–gross head–optimal output after adding one
unit, and so on until all available unit combinations of the hydropower station are obtained.

The units added to the calculation are all available units of the hydropower station.
The use of this calculation method will not be affected when some units are repaired or
broken down.

3.3. Calculation of Water Consumption Rate Characteristics of Hydropower Station Based on
Station Water Level
3.3.1. Relationship between Gross Head and Water Level of Hydropower Station

The formula for calculating the gross head of a hydropower station is

Hgross = Zup − Zdown (3)

where Hgross is the gross head of the hydropower station, Zup is the upstream water
level of the reservoir, and Zdown is the tail water level of the reservoir. The tail water
level of the reservoir can be obtained from the outflow Qout by checking the relationship
curve of reservoir outflow–tail water level. Therefore, when the outflow and the gross
head of the reservoir are known, the upstream water level of the hydropower station can
be determined.

3.3.2. Calculation of the Curve of Water Consumption Rate Characteristic for
Hydropower Station

Applying the obtained curve cluster of outflow–gross head–optimal output relation-
ship curves for hydropower stations, the curve cluster of outflow–water level–optimal
output relationship curves for hydropower stations are obtained based on the property
that the gross head is uniquely determined by the water level and the outflow of the
hydropower station; then, as the water consumption rate is uniquely determined by the
outflow and output, calculate the relationship curve cluster of outflow–water level–water
consumption rate and the relationship curve cluster of output–station water level–water
consumption rate.
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4. Results of the Characteristic Curve of Water Consumption Rate of Hydropower
Station with Water Level as a Covariant Variable

4.1. Hydropower Station A

The water consumption rate characteristic of hydropower station A was calculated
by applying the previous calculation method. Figures 6 and 7 show the results of the
characteristic curve of the water consumption rate for unit 1 and twin units 1 and 2 of
hydropower station A, respectively. The legends in Figures 6 and 7 indicate the gross head
in meters (note that the Hg in all the figures below represents the meaning of Hgross in this
article—gross head).

Figure 6. Relationship curve of flow–gross head–water consumption rate for unit 1.

Figure 7. Relationship curve of flow–gross head–water consumption rate for the combination of
units 1 and 2.

The changing pattern of the water consumption rate of each unit of hydropower
station A is similar to that of Figure 6. The changing trend in the water consumption
rate under each gross head is basically the same, decreasing with the increase in flow
and decreasing with the increase in the gross head. When the flow is small, the water
consumption rate decreases faster. With the increase in flow, the water consumption rate
decreases slower. When the flow increases to a certain value and the gross head is small,
the water consumption rate starts to increase slowly again.

As can be seen in Figure 7, the characteristic curve of the water consumption rate
for the combination of two units shows a slow and smooth decreasing trend. When the
gross head is certain, the water consumption rate firstly decreases with the increase in flow;
when the flow is small, the water consumption rate decreases faster, and then the water
consumption rate decreases slower. When the flow is certain, the water consumption rate
decreases with the increase in the gross head. When the flow is around 350 m3/s, there is a
small fluctuation in the bottom curve, which is the result when converting from one unit of
work to two units of work.
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The characteristic curve and water consumption rate characteristic curve of hy-
dropower station A are shown in Figures 8 and 9. Since the return water from reservoir B
downstream of reservoir A may have a top-supporting effect on the tailwater level of reser-
voir A, the relationship curve of outflow–water level–optimal output and the relationship
curve of outflow–water level–water consumption rate for hydropower station A when the
water level of for hydropower station B is 370 m are shown in the figures. The legends in
Figures 8 and 9 indicate the water level in meters.

Figure 8. Relationship curve of outflow–water level–optimal output for hydropower station A.

Figure 9. Relationship curve of outflow–water level–water consumption rate for hydropower sta-
tion A.

As can be seen in Figure 8, the flow characteristic curve basically presents a linear
upward trend. It can be seen from Figure 9 that the water consumption rate characteristic
curve decreases rapidly when the flow is small and tends to be gentle when the flow is
large, showing a stepwise upward trend.

4.2. Hydropower Station B

Figures 10 and 11 show the results of the characteristic curve of the water consumption
rate characteristic curves for unit 1 and twin units 1 and 2 of hydropower station B,
respectively. The legends in Figures 10 and 11 indicate the gross head in meters.

As can be seen in Figure 10, the characteristic curve of the water consumption rate
for a single unit of hydropower station B presents V-shaped change characteristics. When
the gross head is certain, the water consumption rate of a single unit first decreases with
the increase in flow. When the flow increases to a certain value, the water consumption
rate starts to increase again, and the increase trend is more obvious. From Figure 11, the
characteristic curve of the water consumption rate for the combination of two units has an
overall W-shaped trend, i.e., when the gross head is certain, the water consumption rate
shows a decreasing–increasing–decreasing–increasing process with the increase in flow.
When the flow is certain, the water consumption rate decreases with the increase in the
gross head.
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Figure 10. Relationship curve of flow–gross head–curve of water consumption rate for unit 1.

Figure 11. Relationship curve of flow–gross head–water consumption rate for the combination of
units 1 and 2.

The characteristic curve and water consumption rate characteristic curve of hy-
dropower station B are shown in Figures 12 and 13. The legends in Figures 12 and 13
indicate the water level in meters.

Figure 12. Curve of outflow–water level–optimal output for hydropower station B.

As can be seen in Figure 12, at a certain water level, the optimal output of the hy-
dropower station has a linear growth trend with the outflow, and the growth rate slows
down with the increase in the outflow. As can be seen in Figure 13, when the water level of
the hydropower station is certain, the curve as a whole shows a stepwise upward trend
with the increase in flow. When the flow is certain, the water consumption rate of the
hydropower station decreases with the increase in the gross head.
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Figure 13. Curve of outflow–water level–water consumption rate relationship for hydropower station B.

5. Changing Pattern of Optimal Water Consumption Rate in Cascade
Hydropower Station

5.1. Formula

Based on the characteristic curves of the water consumption rate of hydropower
station A and hydropower station B, this section carries out the study on the changing
pattern of the water consumption rate during the joint optimized operation of cascade
hydropower stations.

When the water level of hydropower station A, the water level of hydropower station
B, and the total output are given, it is possible to obtain the distribution of flow between
the two hydropower stations at the time as the lowest rate of consumption, the distribution
of output, and the rate of consumption at that time, thus realizing the economic operation
of the cascade hydropower stations.

The water consumption rate of the cascade hydropower stations is characterized by
the ratio of the total power generation flow of the cascade hydropower stations to the total
output of power generation of the cascade hydropower stations [13], and the formula for
calculating the water consumption rate of the cascade hydropower stations is as follows:

μc =
∑n

i=1 Wi

∑n
i=1 Ei

= C ∑n
i=1 Qi

∑n
i=1 Ni

(4)

where μc is the total water consumption rate of the joint operation of cascade hydropower
stations, m3/(kWh); Ei is the power generation of the ith hydropower station of the cascade
hydropower stations, kWh; Wi is the power generation of water of the ith hydropower
station of the cascade hydropower stations, m3; Ni is the output of the ith hydropower
station of the cascade hydropower stations, kW; Qi is the power generation flow of the
ith hydropower station of the cascade hydropower stations, m3/s; and C is the unit
conversion constant.

When the total load of the cascade hydropower stations is given, under the consid-
eration of the minimum outflow of each hydropower station, i.e., the outflow of A is
not less than 1200 m3/s and the outflow of B is not less than 1700 m3/s, the load can be
distributed among each hydropower station of the cascade hydropower stations. Thus,
the distribution combination that minimizes the water consumption rate of the cascade
hydropower stations must be found, i.e., the optimal water consumption rate under the
total load of the cascade hydropower stations.

5.2. Calculation Steps

The steps for calculating the water consumption rate for the joint operation of cascade
hydropower stations are as follows:

1. Calculate the relationship curve cluster of outflow–water level–optimal output for
each single station.
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2. Under the condition of the given total output of the cascade hydropower stations and
the initial water level of each hydropower station, the curve of outflow–water level–
optimal output for each hydropower station can be used to obtain the corresponding
outflow under different output distributions. When the sum of outflow is the smallest,
the water consumption rate is the smallest. Record the output distribution and flow
distribution in this case.

3. Change the total output, obtain the results of the output of each power station of
the cascade under different total outputs, and plot the total output of the cascade
hydropower stations to the optimal water consumption rate under the conditions of
the combination of water level at this time.

4. Change the water level and repeat the above calculations to obtain the optimal water
consumption rate–different water level combinations–the total output of the cascade
hydropower stations relationship curve clusters under the conditions of different
combinations of water levels.

5.3. Calculation Result

Taking A–B cascade hydropower stations as an example, the calculation of the charac-
teristic curve of the optimal water consumption rate of the calculated cascade was carried
out according to the above steps. When the water level of hydropower station A is 540 m
and the water level of hydropower station B is 370 m, the relationship curve of total output–
optimal water consumption rate for the cascade hydropower stations is obtained, as shown
in Figure 14. The results of the optimal water consumption rate of the cascade hydropower
stations in several typical cases are shown in Table 1.

Figure 14. Relationship curve of total output–optimal water consumption rate for A–B cascade
hydropower stations.

Table 1. Results of the optimal water consumption rate of cascade hydropower stations in several
typical cases.

A B A B A B

Total output/104 kW 558 930 1116
Output/104 kW 267 291 639 291 825 291

Flow/(m3/s) 1721 3000 4246 3000 5703 3000
Gross head/m 165 102 161 102 158 102

Total water consumption rate
(m3/kWh) 2.7148 2.6606 2.6248

It can be seen from the graph that as the output increases, the water consumption rate
becomes lower and lower, and finally stabilizes. The specific output distribution is shown
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in Table 1. Three sets of examples are given in the table, meaning that when a total output
value is determined, the output distribution scheme of the two hydropower stations can be
output when the cascade water consumption rate is optimal, including the flow and gross
head under the output. For example, when the total output is 558 × 104 kW, the optimal
water consumption rate at this time is 2.7148 m3/kWh, in which the output of hydropower
station A is 267 × 104 kW and that of hydropower station B is 291 × 104 kW. Similarly, the
corresponding flow and gross head under this scheme can be obtained.

Figure 15 shows the relationship curve cluster of total output–A–B joint optimal water
consumption rate for hydropower station A with a water level of 580 m and for hydropower
station B with different water levels. The legend in Figure 15 indicates hydropower station
B’s water level in meters.

Figure 15. Relationship curve cluster of total output–A–B joint optimal water consumption rate.

From Figure 15, it can be seen that the optimal water consumption rate decreases with
the increase in the total output of the cascade hydropower stations. The optimal water
consumption rate of the cascade hydropower stations decreases with the increase in the
water level of B in the case of the same water level of A and the total output.

6. Conclusions

In this paper, from the relationship curve of output–head–flow of the unit for hy-
dropower stations, the relationship curve of output–gross head–flow is calculated and the
power characteristic curve of unit combination with the gross head as the parameter is put
forward. Then, the calculation method of the characteristic curve of the water consumption
rate for hydropower stations with their water level as the parameter is established. Finally,
the relationship between the change in the water consumption rate of hydropower stations
under different conditions of water levels, flow, output, etc., was obtained. At the same
time, the optimal water consumption rate changing pattern of cascade hydropower stations
under the given various total output conditions was studied. The following conclusions
were obtained:

The changing pattern of the water consumption rate of a single unit is as follows: when
the gross head is certain, the water consumption rate decreases with the increase in flow
when the flow is small; when the flow increases to a certain value, the water consumption
rate starts to increase slowly. The changing pattern of the water consumption rate of the
hydropower stations is as follows: when the gross head is certain, hydropower station
’s water consumption rate with the increase in outflow shows slight fluctuations and an
increasing trend. The changing pattern of the optimal water consumption rate of cascade
hydropower stations is as follows: with the increase in the water level of each hydropower
station, the optimal water consumption rate becomes smaller, and with the increase in total
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output, the optimal water consumption rate shows a smooth decline—first a fast decline,
then the rate slows down.

The calculation method of the characteristic curve of the water consumption rate
proposed in this research can be extended to other cascade hydropower stations. The
results of the water consumption rate changing pattern are clear and intuitive, which is
of great significance to understanding the characteristics of the water consumption rate
of hydropower stations, applying the characteristics to carry out the economic operation
of hydropower stations and promote the improvement of hydropower station power
generation efficiency. It can be used as a reference for important decision-making in the
economic operation of hydropower stations and cascade hydropower stations.

Author Contributions: Conceptualization, X.A. and X.Z.; methodology, F.L.; software, F.L. and J.Z.;
validation, X.A., X.Z. and F.L.; formal analysis, X.A. and X.Z.; investigation, X.A.; resources, F.L.; data
curation, X.A.; writing—original draft preparation, X.A. and X.Z.; writing—review and editing, X.A.
and F.L.; visualization, X.Z.; supervision, F.L.; project administration, X.A.; funding acquisition, R.G.,
X.L. and M.W. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the Open Research Fund of Hubei Key Laboratory of Intelli-
gent Yangtze and Hydroelectric Science, China Yangtze Power Co., Ltd., grant number 242202000916,
the Natural Science Foundation of Hubei Province Innovation and Development Joint Fund Project,
grant number 2022CFD169, and the National Natural Science Foundation of China, grant number
51979198, 52279024.

Data Availability Statement: Restrictions apply to the availability of these data. Data were obtained
from [China Yangtze Power Co., Ltd.] and are available [from the authors] with the permission of
[China Yangtze Power Co., Ltd.].

Conflicts of Interest: The authors declare that they have no known competing financial interests
or personal relationships that could have appeared to influence the work reported in this paper.
Renwei Guo, Xiao Li, Mian Wang are employees of China Yangtze Power Co., Ltd., who provided
funding and technical support for the work. The funder had no role in the design of the study; in the
collection, analysis, or interpretation of data, in the writing of the manuscript, or in the decision to
publish the results.

References

1. Bakken, T.H.; Killingtveit, Å.; Engeland, K.; Alfredsen, K.; Harby, A. Water consumption from hydropower plants–review of
published estimates and an assessment of the concept. Hydrol. Earth Syst. Sci. 2013, 17, 3983–4000. [CrossRef]

2. Tu, Q.; Cai, J. New and improved assessment method of water consumption rate of hydropower plant. Water Resour. Power 2013,
31, 32–34. (In Chinese)

3. Wu, S. Research on assessment method of water-saving generation increase of hydropower station with daily regulation
performance. Distrib. Energy 2019, 4, 22–26. (In Chinese)

4. Sun, F.; Li, X. Research on optimal scheduling strategy of Pankou and Xiaoxuan reservoirs. Hydropower New Energy 2016, 4, 9–12.
(In Chinese)

5. Yu, Y.; Wang, G. Analysis and improvement measures of increasing water consumption rate of large hydropower station during
dry period. Hydropower Pumped Storage 2017, 3, 71–74. (In Chinese)

6. Hou, G. Analysis of Main influencing factors and countermeasures of comprehensive water consumption rate in Silin Power
Plant. Huadian Technol. 2018, 40, 68–69+79–80. (In Chinese)

7. Zhou, J.; Feng, H. Analysis of influencing factors and countermeasures of water consumption rate of a cascade hydropower
station in Wujiang River. Hongshui River 2021, 40, 135–137+147. (In Chinese)

8. Zhao, J. Reservoir optimization of hydropower station based on dynamic programming model of water consumption rate. Jilin
Water Resour. 2014, 8, 24–26+29. (In Chinese)

9. Bai, F. Joint application of water consumption rate curve and water balance equation in power generation planning of Taoyuan
Hydropower Station. Hydropower Pumped Storage 2020, 6, 73–76. (In Chinese)

10. Shi, J. Reservoir optimal operation based on dynamic analysis of water consumption rate of Ludila Hydropower Station during
dry season. Yunnan Water Power 2022, 38, 12–15. (In Chinese)

11. Lei, X.; Yin, A. An Analysis on the Water Consumption Rate of LongTan Hydropower Station with Properties of Water Energy.
Adv. Mater. Res. 2013, 648, 218–222. [CrossRef]

230



Energies 2024, 17, 4966

12. Wu, Y.; Liao, S.; Liu, B.; Cheng, C.; Zhao, H.; Fang, Z.; Lu, J. Short-term load distribution model for cascade giant hydropower
stations with complex hydraulic and electrical connections. Renew. Energy 2024, 232, 121067. [CrossRef]

13. Enterprise Standard Q/CSG1204020-2016; Specifications for economic operation indicators of hydropower in China Southern
Power Grid. China Southern Power Grid Co., Ltd.: Guangzhou, China, 2024. Available online: https://www.docin.com/p-2413
212820.html (accessed on 3 April 2024).

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

231



Article

A Monographic Experimental Investigation into Flood
Discharge Atomized Raindrop Size Distributions Under Low
Ambient Pressure Conditions

Dan Liu 1,2,3, Jijian Lian 1, Dongming Liu 1, Fang Liu 1,*, Bin Ma 1, Jizhong Shi 4, Linlin Yan 1, Yongsheng Zheng 5,

Cundong Xu 2,3 and Jinxin Zhang 2,3

1 State Key Laboratory of Hydraulic Engineering Intelligent Construction and Operation, Tianjin University,
Tianjin 300350, China; liudan_hydraulic@tju.edu.cn (D.L.)

2 Nanxun Innovation Institute, Zhejiang University of Water Resources and Electric Power,
Hangzhou 310018, China

3 Zhejiang Key Laboratory of River-Lake Water Network Health Restoration, Zhejiang University of Water
Resources and Electric Power, Hangzhou 310018, China

4 Zhejiang East China Engineering Consulting Co., Ltd., PowerChina Huadong Engineering Corporation
Limited, No. 201 Gaojiao Road, Yuhang District, Hangzhou 311122, China

5 Yalong River Hydropower Development Co., Ltd., Chengdu 610051, China
* Correspondence: fangliu@tju.edu.cn; Tel.: +86-155-1081-0907

Abstract: The construction and operation of high dam projects at high altitudes have led
to concerns about the effectiveness of flood discharge security predictions resulting from
the greater flood discharge atomized rain caused by ambient pressure reduction. In this
study, self-similar characteristics and variation in atomized raindrop size distributions
are analyzed to understand the phenomenon of increased atomized rain intensity under
low ambient pressure from a mesoscopic scale. The monographic experiments are char-
acterized by a low ambient pressure range (0.66P0–1.02P0) and a high waterjet velocity
range (13.89–15.74 m/s). When the ambient pressure decreases by 0.10P0 (P0 = 101.325 kPa)
from the reference atmospheric pressure condition as the other conditions remain fixed,
the total number concentration in a two-dimensional atomized raindrop spectrum (num-
ber/(54 cm2)) and the peak value of the individual three-dimensional number concentration
(number/(m3·mm) increase, which can lead to the required industry standard protective
level of atomized zones increasing by one level in some cases. In addition, the spectrum
trend and typical particle size ranges of the atomized raindrop size distributions present
self-similarity as the ambient pressure decreases. The above studies further confirm the
effects of low-ambient pressure enhancement on flood discharge atomized rain intensity,
which can provide a theoretical basis for the development of random splash simulation
models characterized by low pressure for high-altitude hydropower stations.

Keywords: random splash experiments; low ambient pressure; atomized rain intensity;
atomized raindrop spectrum; spectral characteristics application

1. Introduction

Rain hazards derived from extreme rain events (i.e., urban flooding [1], flash floods [2],
soil erosion [3], building erosion [4], streambank erosion [5], and hydroelectric acci-
dents [6,7]) have attracted interest as public safety problems at home and abroad. The
direct disasters induced by heavy precipitation include confluence, erosion, infiltration,
and other physical behaviors. Moreover, the absence of effective predictions and protective

Water 2025, 17, 1721 https://doi.org/10.3390/w17121721
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measures for these direct disasters often leads to a cascade of secondary disasters that inflict
socioeconomic damage. In addition to natural rain, heavy precipitation at hydropower
stations stems from another source: flood discharge atomization. This phenomenon has
garnered considerable attention due to its undeniable threats not only to the hydropower
station itself but also to the surrounding downstream environment [8–12]. As shown in Fig-
ure 1, the movement path of atomized rain mainly extends from splash zones downstream
along the flow direction, which is unlike that of natural rain moving from cloud systems to
the ground along the height direction [13]. Therefore, atomized rain is always concentrated
in the downstream zone and varies in a dynamic changing process with obvious divisions.
It is influenced by various factors, including hydraulic release conditions, design of release
structures, regional topography, unique geological formations, and prevailing climatic char-
acteristics [14]. In previous studies on atomized events, the influence of hydraulic factors
has gradually been recognized, but the coupling analysis of environmental factors still
remains a challenge because of a lack of thematic research. In particular, at high-altitude
hydropower stations, low ambient pressure is a typical meteorological characteristic that
affects the formation and diffusion of atomized rain. Therefore, it is important to mecha-
nistically explore the influence of low ambient pressure on flood discharge atomization to
adapt to the new demand for the development of hydropower projects.

Figure 1. Atomized rain fields induced by different flood discharge atomized sources at the Jinping-1
hydropower station. (a,b) Atomized source of a dam orifice discharge. (c) Atomized source of a
spillway tunnel discharge [13].

Atomized areas can be classified as atomized rainstorm zones that require protection
when their atomized rain intensity exceeds 10 mm/h. With the update of the engineering
problem library induced by flood discharge atomized rain, the risk cognitions and protec-
tive technologies have improved. However, challenges persist in atomized prediction across
various processes, locations, and scales. The risk perception of atomized rain-induced
landslides has strengthened since one million cubic meters of landslides occurred at the
Longyangxia hydropower station in 1988 and 1989 [12]. The relationship between discharge
patterns and atomization intensities indicates that the problem of atomized rain induced
by bottom-flow dissipation is weaker than that caused by ski-jump energy dissipation.
Specifically, the prototypical atomized ranges of the Ertan hydropower station reached
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0 + 2000 m along the flow direction and 1215 m in the elevation direction, which are greater
than their corresponding design values of 1000 m and 75 m for ski-jump energy dissipation
in its collision design [10,11]; however, those of the Xiangjiaba hydropower station are
concentrated in the energy dissipation area and have almost no effect on the humidity
of its downstream county [15]. The atomized predictions of ski-jump energy dissipation
were subsequently introduced and developed into large-scale energy dissipation projects,
such as the design projects of Wudongde, Baihetan, Lianghekou, Rumei, and the opera-
tion projects of Ertan, Laxiwa, Nazixia, Shuibuya, etc. [14]. Among the abovementioned
hydropower stations, the maximum crest elevations of the Laxiwa, Longyangxia, and
Nazixia hydropower stations are 2460.00 m, 2610.00 m, and 3204.60 m, corresponding to
dam heights of 250 m, 178.0 m, and 121.5 m, respectively. Additionally, the maximum
crest elevations of the Lianghekou and Rumei hydropower stations are 2875.00 m and
2902.00 m, corresponding to dam heights of 295.0 m and 315.0 m, respectively. The number
of high-head hydropower stations at high altitudes is increasing. However, the impact of
low ambient pressure is currently not taken into account in the atomized analysis of these
projects. This oversight is likely to lead to an underestimation of the effects of atomized
rain at high-altitude hydropower stations, due to the enhancement effect that low ambient
pressure has on the downstream atomized rain field.

To mitigate and avoid atomized rain hazards, atomized scopes are evaluated in differ-
ent regions with individual levels of engineering and nonengineering protective measures.
In addition to prototypical and scale models, nonscale models, named “random splash ex-
periments”, are established with a major focus on atomized rain indices and factors during
waterjet splashing processes [14,16]. The precipitation intensity and droplet spectrum are
the principal macroscopic and microscopic characteristics of atomized rain fields, such as
natural rain. In studies of atomized rain intensity, early random splash experiments con-
trolled hydraulic conditions produced by the hydraulic impact of a single falling waterjet
into a water cushion and the midair collision of two water jets under atmospheric ambient
pressure [17–20]; however, a depressurized random splash experiment recently indicated
that ambient pressure conditions are also important because lower ambient pressure can
increase the area of an atomized storm [21]. The atomized raindrop size distributions can
be statistically analyzed through a graph or digital signal acquisition. The relationships
between rain intensity and raindrops information can be used for both the calculation of
atomized light rain intensity according to the raindrop correlation parameters determined
in advance and the exploration of atomized rain intensity laws characterized by dominant
rainfall intensity and frequency under atmospheric pressure [22,23]. With statistical models
of spectrum characteristics, atomized rain intensity distributions can be experimentally
demonstrated or calculated by ignoring ambient pressure effects, among which experi-
mental results of atomized raindrop size distributions are still limited [9,24]. Although
atomized raindrop size distributions have been described and applied in random splash
numerical models, the effects of low ambient pressure are still poorly understood [14].
To explore the enhancement mechanism of low ambient pressure on atomized rain, it is
essential to gain insight into atomized raindrop size distributions in depressurized random
splash experiments to further promote the development of atomization prediction methods
that consider high-altitude flood discharge.

Depressurized experiments are widely applied and highly important in numerous
fields, such as astrobiology models to predict the habitability of Mars [25], flame-geometry
descriptors of fire jets and the diffusion characteristics of water mists to ensure fire safety
in plateau areas [26,27], the splash form of liquid droplets to inhibit splashing action [28],
the cracking properties of concrete to explore its plateau application [29], and the impact
and splash characteristics of falling waterjets to guide flood discharge safety [21,30]. Anal-
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ogously, these experiments require artificial low-pressure environments. Unlike other
depressurized experiments, the ambient pressure stability of random splash experiments is
an important challenge. This is primarily due to the involvement of two-stage multiphase
coupling processes, which involve aerated waterjet movement based on a continuous phase
and the diffusion of numerous droplets based on a discrete phase [31,32]. In general, the
relationship between the splash and impact processes is characterized by negative com-
pensation interactions without considering the influence of ambient pressure. However,
the enhancement effects of the low ambient pressure not only appeared in the atomized
rain field downstream of the water-collision locations but also in the impact pressure field
near the water-collision locations. These phenomena were observed in depressurized
experiments of model waterjets released from a pressure orifice with initial velocities
of approximately 10 m/s and a surface orifice with initial velocities of approximately
5 m/s [21,30]. When these effects are applied synchronously to prototype engineering
applications, the protection standards need to be improved in the flood discharge pro-
cess. Precisely obtaining multiple factors, i.e., the water-entry velocity, water-entry angle,
water-entry position, atomized source moisture, bucket nappe wind, and so on, is still
limited, both experimentally and computationally [18,19,33,34]. Consequently, we have
not explored the influence of independent factors but have focused on the terminal effect
of the atomized field.

Although a clear relationship between atomized raindrops and ambient pressure is
not available at present, other studies related to altitude have suggested that depressurized
effects should be considered. In view of the droplet splash process, Xu et al. [35] and Latka
et al. [36] reported that the ejected droplets splashed by a liquid drop and a solid surface
can be impacted by ambient pressure and wall roughness. Xu et al. [35] reported that as the
ambient pressure decreases, less liquid is ejected in the process of corona splashing on the
smooth wall. Latka et al. [36] further reported that the ambient pressure needs to be consid-
ered during thin-sheet formation and prompt splashing. In view of the droplet diffusion
process, the influence of ambient pressure on the natural raindrop spectrum is objective.
Under climate conditions in the same area with different elevations, Song et al. [37] noted
that a decrease in altitude can decrease the contribution rate of small raindrop particles to
precipitation intensity. Li et al. [38] reported that the locations of raindrop diameter attenu-
ation are in the order of mountain-side, mountain-bottom, and mountain-top, irrespective
of rain type, and that the raindrop size distributions for convective precipitation are more
sensitive to altitude than those for stratiform precipitation by comparing stratiform and
convective precipitation raindrop size distribution datasets at Huangshan (vertical evolu-
tion at 1860 m, 1351 m, and 464 m). The raindrop size distribution (RSD) is the change in
individual three-dimensional number concentration (number/(m3·mm)) with raindrop
particle size. Under climate conditions in different areas with different elevations, Sumesh
et al. [39] reported that surface drop concentrations at a mid-altitude of 400 m show bimodal
RSDs, whereas those at high altitudes of 1820 m represent monomodal RSDs regardless of
rain class by characterizing the RSDS parameters of stratiform precipitation in the western
Ghats Mountains. Wu et al. [40] detected large variability in RSDs in the Tibetan Plateau
and southern China. This variability can be described by standardized gamma, whose
parameters vary with changes in rain rate and precipitation type. Based on the above
discussion, low ambient pressure should play an important role in the microdynamic
mechanism (evaporation, collision, coalescence, breakup, etc.) of raindrops or raindrop
groups. Thus, the ambient pressure is likely to affect the descriptive characteristics of
raindrop size distributions with different ambient pressures.

Therefore, the study of raindrop size distributions under a low ambient pressure
environment is not only the content of flood discharge atomization theory but also a
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practical necessity for numerical calculation of atomization at high-altitude hydropower
stations [14]. To fill the above gaps, this study is a follow-up of the enhancement effect of
low ambient pressure on downstream atomized rain intensity induced by depressurized
random splash experiments. In this study, the atomized rain was generated by the collision
process of a high-speed rectangular waterjet and a narrow water cushion under various low
ambient pressure conditions. The observation device is an OTT Parsivel2 (Beijing Sichuang
Minda Measurement and Control Technology Co., LTD, Beijing, China) suspended in a
horizontal guide rail with six measuring points along the overflow center line. In the
following sections, the structure design and measurement method of the two-phase exper-
imental platform will be introduced; the atomized quantitative precipitation estimation
will be considered to access the protection level variation in atomized areas; the statistical
characteristics of atomized raindrop size distribution will be analyzed and discussed; and
the main conclusions and prospects will be summarized in the end to pave the way for a
follow-up study.

2. Experimental Setup and Measurements

2.1. Design and Regulation of the Experimental Platform

A novel test control system chartered by high-speed waterjets and low ambient pres-
sures was used to carry out the depressurized random splash experiments at the State
Key Laboratory of Hydraulic Engineering Simulation and Safety (current name: State Key
Laboratory of Hydraulic Engineering Intelligent Construction and Operation) of Tianjin
University. The hydraulic depressurized chamber is intended for hydrodynamic simula-
tions of high-altitude hydropower stations, not for traditional cavitation studies, so the
vacuum degree is designed with reference to the absolute air pressure in the high-altitude
area. The raindrop size distribution measurement methods are generally based on the
principles of laser signals and image identification. It is reasonable to adopt various chemi-
cal test papers combined with postprocessing of graphics in the instantaneous atomized
raindrop size distribution collection of random splash experiments under atmospheric
pressure. However, this method is not suitable for the measurement of depressurized ran-
dom splash experiments because measurement times are difficult to control, measurement
conditions are difficult to switch, and instantaneous atomized raindrop size databases are
not conducive to the statistical analysis of time–history characteristics. Therefore, an OTT
Parsivel2 with a 54 mm2 rectangular area is introduced to collect the atomized raindrop
size in real time, which can be moved horizontally along the flow direction via a remotely
controlled horizontal slide rail. The experimental area is in the depressurized chamber that
is connected with water-regulating and air-regulating systems, in which the atomized rain
is splashed by a high-speed rectangular waterjet from a constricted nozzle that impacts
a rectangular water cushion with an initial depth of 56 cm. The experimental coupling
conditions between water flow and ambient pressure are adjusted with reasonable shunt
designs and effective monitoring devices. In detail, the layout of the depressurized chamber
is shown in Figure 2a,b, the layout of the measurement instrument and points is shown in
Figure 2c, the air-regulating system is shown in Figure 3a, and the water-regulating system
is shown in Figure 3b.
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Figure 2. Physical diagram and partial design of the depressurized random splash experiments.
(a1) Physical image of the depressurized chamber; (a2) Schematic diagram in the depressurized chamber;
(b1) Physical image of the internal nozzle in the depressurized chamber; (b2) Schematic diagram of
the internal nozzle in the depressurized chamber; (c1) Physical image of the measurement instrument
and point layout (ARSDS is short for atomized raindrop distributions); (c2) Relative coordinates of
measurement instrument and point layout (ARSDS is short for atomized raindrop distributions).

As shown in Figure 2a, the depressurized chamber has a sealable steel structure that is
51.00 m long, 4.50 m high, and 1.25 m wide in internal volume, in which three sections are
divided along the flow direction, corresponding to the inflow Sec. I, the working Sec. II, and
the outflow Sec. III, respectively. As rectangular waterjets are typically shaped as discharge
waterjets, rectangular waterjets can also be considered component units of specially shaped
waterjets in theoretical and numerical studies of flood discharge atomization. The main
gathering parameters include the atomized raindrop distributions of six measurement
points, the inflow discharge of the waterjet, and the ambient pressure in the depressurized
chamber; two types of affiliated measurement indicators include the water level in the
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drainage area and the visual monitoring device in the measurement and drainage areas. The
acquisition terminals of the above instruments are arranged on a measurement platform
that is placed outside the depressurized chamber.

  

Figure 3. Physical and schematic diagram of the water- and air-regulating systems in the depressur-
ized random splash experiments. (a1) Physical picture of air-regulating system layout; (a2) Schematic
diagram of air-regulating system layout; (b1) Physical picture of water-regulating system layout;
(b2) Schematic diagram of water-regulating system layout.

As shown in Figure 2b, to achieve stable high-speed rectangular waterjet discharge
conditions, a constricted nozzle made of stainless steel was designed. This nozzle features
a transition section measuring 55.0 cm in length and a rectifying section that is 20 cm long,
with connection surfaces transitioning from an upstream circular cross-section (D = 209 cm)
to a downstream rectangular cross-section (10.00 cm wide × 3.00 cm high), ultimately
leading to the same rectangular surface at the exit. In the experiment, the streamlined
nozzle effectively prevented water from detaching from the pipe wall, thereby mitigating
the risk of local negative pressure and cavitation issues. Furthermore, no abnormal sounds
or vibrations were detected at the nozzle during testing, and there were no indications
of pitting or hollow erosion marks following the test. Consequently, we conclude that
there are no cavitation-related problems at the nozzle that could potentially impact the test
results, thus fulfilling all testing requirements. Furthermore, the center point (O) of the
nozzle outlet surface is positioned 1.588 m above the bottom surface of the depressurized
chamber, simulating an atomized rain field characterized by limited transverse diffusion
while allowing for sufficient diffusion in both the flow and height directions. When the
waterjet impacts the water cushion below, it generates a substantial number of atomized
raindrops that are dispersed throughout space-time domains—particularly downstream
from where collisions occur within the water body—which has been designated as the
measurement area for atomized raindrop size distributions.
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As shown in Figure 2c, to alleviate the diffusion interference caused by atomized rain,
the instrument is secured firmly on a tray located beneath a straight slide rail. The four
connecting rods are strategically positioned downstream of the instrument. To safeguard
against water ingress, an appropriately designed partition protection mechanism has been
implemented for the exterior of the instrument. To clearly define the spatial positions
of the measurement points, we first establish the location of the center point within the
designated measurement area as the coordinate reference for our measurement points. We
subsequently designate point O—the geometric center of the nozzle outlet surface—as
the origin of the coordinate system. We define the axes as follows: the x-axis represents
the flow direction, the y-axis denotes the transverse direction, and the z-axis corresponds
to the vertical direction. In analogous random splash experiments involving high-speed
water jets with velocities of approximately 10 m/s, it has been demonstrated that there
is a negligible transverse gradient in the two-dimensional distributions of downstream
atomized rain (with rain intensities ≥ 2 mm/h). Consequently, six measurement points
(labelled points #1 through 6) were arranged along the overflow centerline at a z-coordinate
of 20 cm. To minimize errors arising from overlapping particles during heavy precipitation
events, point #1 was positioned at a distance of 1012.5 cm from the coordinate origin, with
an interval of 12.50 cm between adjacent measurement points.

As illustrated in Figure 3a, the air circulation within the depressurized chamber
comprises two distinct pathways. The first pathway involves reducing the ambient pressure
of the chamber through a vacuum pump connected to a sealed air tank. The second
pathway facilitates the influx of external air into the depressurized chamber, driven by
the existing differential pressure. Consequently, five suction air pipes located at the top
of the depressurized chamber are individually linked to both exhaust and replenishment
pipes, allowing for precise adjustment of the required airflow path by corresponding
valves. During this adjustment process, real-time monitoring of ambient pressure within
the depressurized chamber is conducted using an absolute pressure sensor installed at the
top center front of the chamber. This sensor boasts an accuracy of 0.1% FS and operates
within a range of 0 to 10 m. Additionally, water depth is measured utilizing a self-balancing
manometer positioned downstream from the drainage area alongside a meter ruler. It is
imperative that under enclosed conditions with atmospheric pressure, downstream water
levels do not rise; conversely, these levels must not fall below the specified minimum
design ambient pressures in similar enclosed environments. In addition, the testing was
conducted in January, during which the recorded average temperature was 12 ◦C.

As illustrated in Figure 3b, high-speed waterjets derive energy from pumps, which
increase velocity through a constricted nozzle and regulate waterjet inflow discharge via
two branch pipes. The system is designed to recycle water through an underground
reservoir and includes a centrifugal pump, an elevated water tank with a diversion weir
tank, a jet pump, a #1 electromagnetic flowmeter, and two upstream branch pipes, along
with another centrifugal pump downstream. Meanwhile, the rated head of 210 m for
the jet pump provides a reliable assurance of water pressure within the supply system,
ensuring the stability of the high-speed waterjet. In the inflow section of the depressurized
chamber, one branch pipe connects to a #2 electromagnetic flowmeter and horizontally
leads to a constricted nozzle for supplying the waterjet discharge. Another branch pipe
connects to the inflow orifice of a dual-bin tank (with dimensions of 2.50 m long × 0.85 cm
wide × 0.63 cm high for both the inflow and outflow sections) separated by a right-angled
triangular weir (with right-angled lengths measuring 4 inches) to regulate the inflow
discharge of the waterjet. During the measurement periods, the inflow discharge of the
experimental events is recorded by the #2 electromagnetic flowmeter while being monitored
synchronously through the discharge difference between the #1 electromagnetic flowmeter
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and the triangular weir. During non-measurement periods, it is possible to seal the branch
pipe for waterjet discharge using a removable sealing cover to maintain air isolation within
the piping system. In addition, the water tanks used for the experiment were thoroughly
cleaned prior to testing, and the water utilized was sourced from tap water. Given that
the quality of tap water is generally stable and no adverse factors affected its quality
during the testing process, it is considered appropriate to regard the water quality as a
constant variable.

Moreover, for both the waterproof design of testing instruments (specifically, an OTT
Parsivel2) within the depressurized chamber and the sealing design of instrument lines
(utilizing a threading device) that pass through this chamber, achieving a perfect seal
under differential pressure is crucial. In the sealing process, the use of TL990-KP800 cable
refractory sealing material is feasible for anti-pressure packing due to its noncorrosive
properties and its ease of removal.

2.2. Design and Optimization of the Test Conditions

In the depressurized random splash experiments, a total of 25 atomized events were
conducted, corresponding to five inflow discharge rates Vm (m3/h) and five ambient
pressures Pn at six measurement points (#1–6) along the overflow centerline. Each event
consisted of three sets lasting 10 min (total duration: 30 min), as detailed in Table 1. The
average exit velocity is subsequently calculated by dividing the inflow discharge by the
outlet area of the constricted nozzle (30.00 cm2). The generation of a distinctly observable
splash effect necessitates specific conditions regarding the Weber number of the spattering
body. When the Weber number of the splashing droplets reaches 500, pronounced splashing
is observed [41]. Furthermore, when the Weber number on the surface of the water jet
utilized in an atomized physical model exceeds 500, it ensures that the water jet is fully
dispersed and fragmented. The outcomes derived from this can be applied to mechanism
research and related extensions [42]. However, it is important to note that the formula for
calculating the Weber number at the surface of a water jet involves taking the square root of
the traditional droplet’s Weber number, with the radius of curvature along its longitudinal
flow trajectory serving as a characteristic length. This value is smaller at the outlet of the
waterjet but increases significantly as diffusion occurs within the waterjet. Consequently,
achieving exit velocities for rectangular water jets pumped to approximately 15 m/s
satisfies requirements for studying the atomization phenomena associated with these jets.
Thus, such tests can be regarded as a generalized monomer test analysis at a 1:1 scale ratio.
Additionally, conversions may be made based on similarities in scale modeling.

Table 1. Test parameters of the depressurized random splash experiments.

Dmn
Qm Vm Pn/P0

m3/h m/s P0 = 101.325 kPa

D1(1–5) 150.00 13.89 1.02 0.94 0.86 0.76 0.66
D2(1–5) 155.00 14.35 1.02 0.94 0.86 0.76 0.66
D3(1–5) 160.00 14.81 1.02 0.94 0.86 0.76 0.66
D4(1–5) 165.00 15.28 1.02 0.94 0.86 0.76 0.66
D5(1–5) 170.00 15.74 1.02 0.94 0.86 0.76 0.66

The initial step in data analysis involves calculating the atomized rainfall intensity RID

(mm/h) (Formulas (1 and 2), see [43,44]) at the measurement point under normal ambient
pressure. This corresponds to the actual atmospheric pressure within the laboratory setting
(P1 = 1.02P0)) for further analysis. As illustrated in Figure 4, the atomized rain intensity
directed downstream toward test surfaces 1# to 6# under various inflow conditions, with
an ambient pressure of P1 (1.02P0), demonstrates that the atomized rain intensity increases
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as the inflow rate of the waterjet on the same test surface rises. Conversely, when the inflow
rate of the waterjet remains constant, it exhibits a decreasing trend along the flow direction,
which aligns with existing research findings [9]. Boundary values of 2, 10, 40, 200, and
600 mm/h have been selected for characteristic lines of rainfall intensity in accordance with
industry standards outlined in the design specifications for concrete arch dams (SL282-
2018) and spillways (SL253-2018). As illustrated in Figure 4, test surface #6 (flow direction
coordinate of 10.750 m) under working condition D(1–3)1 and test surface #5 (flow direction
coordinate of 10.625 m) under working condition D(3–5)1 belong to the above different
protected zones. Therefore, these conditions can be considered baseline conditions for
analysis. It can collaboratively reflect the impact of the inflow discharge from the waterjet
and the measurement location on the test surface.

RID =
(RAD)T

Δt
× 3600 =

6π

104 ×
32

∑
i=3

32

∑
j=1

D3
i ×

nij

Ae f f (Di)× Δt
(1)

Aeff(Di) = L × (W − Di · 10−3

2
) (2)

Here, Δt is the per-unit sampling period, 60 s; (RAD)T is the precipitation measured during
this sampling interval, mm; nij is the graded particle number, which refers to the quantity
of particles per unit sampling period corresponding to a specific subchannel within a
30 × 32 coordinate matrix without two small particle size channels (Table A1); and Ae f f (Di)

is the effective sampling area estimated related to graded diameter sizes (Di, mm), a flow
length (W, m) of 0.03 m, and a transverse width (L, m) of 0.18 m (Equation (1)).

Figure 4. Atomized rain intensity distribution under experimental conditions of D(1–5)1. (P (D(1–5)1)
= 1.02 P0; Q(D11)–Q(D51) = (150–170) m3/h; ΔQ = 5 m3/h).

3. Experimental Results and Discussion

3.1. Effects of Low Ambient Pressure on the Two-Dimensional Atomized Raindrop Spectrum

The two-dimensional atomized raindrop spectra of the above baseline conditions are
compared under a normal ambient pressure environment (P1 = 1.02P0) and a low ambient
pressure environment (P5 = 0.66P0), as shown in Figure 5. In total, 32 equidistant intervals
are established along both the vertical and horizontal coordinates, with corresponding
measurements of the particle equivalent diameter Di (mm) and falling velocity Vzj (m/s)
indicated. The one-minute average particle counts nij in each subchannel during the
sampling period were categorized into nine distinct color levels. Nst represents the number
concentration (number/(54 cm2)) across all subchannels within a one-minute timeframe.
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Figure 5. Two-dimensional atomized raindrop spectrum of typical atomizing rain intensity conditions
under different ambient pressures (P(D(1–3)1 and D(3–5)1) = 1.02 P0, P(D(1–3)5 and D(3–5)5) = 0.66 P0;
the flow direction coordinate of the test surface #5 and 6 is 10.625 m and 10.750 m, respectively).
(a1) RID(D11) = 5.25 mm/h, Q(D1p) = 150 m3/h; (a2) RID(D21) = 28.88 mm/h, Q(D2p) = 155 m3/h;
(a3) RID(D31) = 53.54 mm/h, Q(D3p) = 160 m3/h; (b1) RID(D31) = 95.41 mm/h, Q(D3p) = 160 m3/h;
(b2) RID(D41) = 279.19 mm/h, Q(D4p) = 165 m3/h; (b3) RID(D51) = 786.97 mm/h, Q(D5p) = 170 m3/h.

Figure 5 shows that the atomized raindrop size two-dimensional sequence diagrams
exhibit a continuous spectrum in both velocity and scale from the perspective of distribution
and morphology. The distribution domain demonstrates geometric similarity, characterized
by a “skewed pear shape” that lacks large droplet regions at low velocities and small droplet
regions at high velocities. The total number of particles across all subchannels within a one-
minute timeframe, Nst and the one-minute average particle counts in each subchannel nij

are influenced not only by the inflow rate of the waterjet and the position of the measuring
point but also by the environmental ambient pressure.

With increasing atomized rain intensity under baseline conditions, the influence rate
of Nst on low ambient pressure initially increases, then decreases, and ultimately stabilizes.
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When the environmental ambient pressure decreases by 0.10 P0 relative to the baseline
conditions, the increase rate of Nst is 0.51 times greater when the atomized rainfall intensity
approaches or exceeds 100 mm/h. In contrast, when the atomized rainfall intensity is
less than 100 mm/h, the influence rate of Nst increases by a factor of 1.45. Moreover, the
variation in color gradients representing nij in each subchannel indicates that when other
conditions are held constant, a decrease in ambient pressure results in a significant increase
in nij during the sampling period within the small particle size range. In contrast, the
changes observed within the larger particle size range are relatively minor.

Furthermore, by utilizing a particle diameter of 5 mm (the 20th particle size category in
Table A1 of Appendix A) as the boundary, the number-dominated isovolumetric diameter
of the rain intensity (RID)nd and the mass-dominated isovolumetric diameter of the rain in-
tensity (RID)md can be calculated, as shown in Table 2. These metrics reflect the contribution
of raindrop intensities from two distinct particle size segments. With increasing atomized
rain intensity under baseline conditions, the growth rate of the atomized rain intensity
initially decreases before fluctuating. When the environmental ambient pressure decreases
by 0.10P0 relative to the baseline conditions, the fluctuation range of the RID increase rate
is 0.38 to 0.87, corresponding to a rainfall intensity range of 28.88 mm/h to 1066.91 mm/h.
The fluctuation range of the RID increase rate is 1.69 when the atomized rain intensity
is 5.25 mm/h. In addition, when the atomized rain intensity under baseline conditions
approaches or exceeds 20 mm/h, the impact of low ambient pressure on the ratios of
(RID)nd and (RID)md becomes negligible. Consequently, their ratios remain relatively stable,
with average values of 0.87 and 0.13, respectively.

Table 2. Variation characteristics of atomized rain intensity induced by low ambient pressure.

Atomized Rain Intensity (mm/h)

Test Condition 6# 5#

D11 D15 D21 D25 D31 D35 D31 D35 D41 D45 D51 D55

RID 5.25 31.94 28.88 57.89 53.54 167.64 95.41 180.99 279.19 601.98 786.97 1066.91

(RID)nd 1.71 5.36 3.37 11.01 7.92 22.91 13.68 31.09 30.54 61.15 74.97 108.66

(RID)md 3.54 26.59 25.51 46.88 45.62 144.73 81.73 149.9 248.65 540.83 712 958.24

(RID)nd/RID 0.33 0.17 0.12 0.19 0.15 0.14 0.14 0.17 0.11 0.10 0.10 0.10

(RID)md/RID 0.67 0.83 0.88 0.81 0.85 0.86 0.86 0.83 0.89 0.90 0.90 0.90

Note: P (D(1–3)1 and D(3–5)1) = 1.02P0, P (D(1–3)5 and D(3–5)5) = 0.66P0.

The significant increase in the number of particles within the small droplet size range
during atomization clearly serves as a driving characteristic for the increase in atomized
rainfall intensity under low ambient pressure. Additionally, an increase in the number
of particles within the larger droplet size range can also contribute to the intensification
of atomized rainfall under low ambient pressure conditions; however, this nonconstant
increase may lead to greater randomness in the atomized rain intensity.

3.2. Effects of Low Ambient Pressure on Three-Dimensional Atomized Raindrop Spectra

The three-dimensional atomized raindrop spectra under the aforementioned baseline
conditions are presented in single logarithmic coordinates. These spectra are compared
in two different environments: normal ambient pressure (P1 = 1.02P0) and low ambient
pressure (P5 = 0.66P0), as illustrated in Figure 6. The ordinate of Figure 6 represents the
individual three-dimensional number concentration of atomized raindrops, denoted as
N(Di) (particle counts/(m3·mm)), corresponding to 32 distinct raindrop diameter sizes
with unequal spacing. N(Di) is calculated via Formulas (3) and (4), see [45]. ΔDi (mm) is
the channel width of each particle size class. The falling velocity of the particles at each
velocity level Vj (m/s) is calculated as the average falling velocity Vzj (Di) (m/s) measured

243



Water 2025, 17, 1721

at each particle size level. The fitted spectral pattern adheres to a gamma distribution,
employing the M246 moment estimation method.

N(Di) =
32

∑
j=1

nij

Ae f f (Di)× Δt × Vj × ΔDi
(3)

Vj =

32
∑

j=1
nij × Vzj(Di)

32
∑

j=1
nij

(4)

(a) 

(b) 

Figure 6. Three-dimensional atomized raindrop spectra of typical atomizing rain events intensity
conditions under different ambient pressures: (a): Mearing points of #6 (Flow Direction coordinates
are 10.750 m); (b): Mearing points #5 (the flow direction coordinates are 10.625 m) (P(Dq1) = 1.02P0,
P(Dq5) = 0.66P0; Q(D1p)–Q(D5p) = (150–170) m3/h, ΔQ = 5 m3/h).
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As shown in Figure 6, the primary spectral type of these three-dimensional atomized
raindrop spectra is unimodal. As the size of the atomized raindrop particles increases, their
concentration initially rises before subsequently declining. The main peak is predominantly
located within the small particle size range of less than 1 mm, while minor fluctuations are
primarily observed in the tail end of the larger particle size segment. The peak value of the
number concentration of atomized raindrops N(Di) is influenced not only by the inflow
rate of the waterjet and the position of the measuring point but also by environmental
ambient pressure.

With increasing atomized rain intensity under baseline conditions, the influence of the
N(Di) peak value on low ambient pressure initially increases, then decreases, and ultimately
stabilizes. When the environmental ambient pressure decreases by 0.10P0 relative to the
baseline conditions, the rate of increase in the N(Di) peak value is 0.41 times greater when
the atomized rainfall intensity approaches or exceeds 100 mm/h. In contrast, when the
atomized rainfall intensity is less than 100 mm/h, the rate of increase in the N(Di) peak value
increases by a factor of 1.48. Moreover, the three-dimensional atomized raindrop spectrum
is self-similar and can be approximated using a gamma distribution curve. The fitted
particle size in the mid-range aligns with the measured values; however, discrepancies are
observed at both ends of the size spectrum, along with peak-shaving characteristics. This
phenomenon is attributed to the broad spectral width of atomized raindrop distributions
and the high concentration of small droplets, which results in significant increases and
decreases in rates on either side of the main peak.

Figure 6 also shows that the ranges for the modal particle size, maximum particle size,
and minimum particle size are relatively stable, measuring 0.437–0.687 mm, 0.312–0.562
mm, and 11.000–19.000 mm, respectively. When the atomized rain intensity is 5.25 mm/h,
the corresponding maximum diameter is 11.000 mm, which is similar to the maximum
particle size (10 mm) of atomized rain measured using the prototype at Wantangshui Power
Station [22]. The range of the maximum diameter of atomized raindrops under different
conditions is between 17.000 mm and 19.000 mm, with a concentration of raindrops at
approximately 19 mm. This finding is consistent with the maximum size range of raindrops
observed in the splash area as measured by Qiu Haijuan et al. during their model tests [46].
When the atomized rain intensity exceeds 10 mm/h, the resulting atomized raindrops
can be compared with the mixed-phase precipitation raindrop spectrum characteristic of
“heavy rainfall combined with hail or snowflakes” on a particle size scale [47–50].

It is evident that the impact of ambient pressure reduction on the three-dimensional
atomized raindrop spectra is primarily observed in the spectral peak values, whereas it does
not significantly affect the spectral type or range. The spectral types exhibit self-similarity,
making it scientifically valid to fit them using a gamma approximation.

3.3. Effects of Low Ambient Pressure on the Statistical Characteristics of the Atomized
Raindrop Spectrum

The reduction in ambient pressure, the migration upstream of measurement points,
and the increase in inflow discharge are key factors that contribute to the heightened
intensity of atomization rain. Based on the preceding analysis, it is imperative to conduct
a more in-depth investigation into the influence of ambient pressure on key statistical
particle size parameters of atomized raindrops under consistent rain intensities during
atomization. Under the same atomized rain intensity, the arithmetic mean diameter of
atomized raindrops (Dave) and the relationship between the mass-weighted mean diameter
of atomized raindrops ((Dm)ave) in different ambient pressure environments are illustrated
in Figure 7.
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Figure 7. Statistical Characteristics of the Atomized Raindrop Spectrum. (a) Correlation analysis of
RID–Dave; (b) (Dm)ave–RID under a series of test conditions.

As depicted in Figure 7, the Dave and (Dm)ave of atomized raindrops fluctuate around
the fitted curve under varying pressure conditions, while maintaining consistent atomized
rain intensity. The observed trends are not distinctly pronounced when influenced by
ambient pressure. As the atomized rain intensity increases, the Dave of the atomized
raindrops initially decreases rapidly before gradually increasing. The minimum value of
Dave corresponding to this atomized rain intensity is 153.78 mm/h, with a range of 0.88–1.88
mm. In contrast, (Dm)ave shows an exponential growth trend that eventually stabilizes, with
an interval ranging from 6.32 to 12.03 mm. In addition, the (Dm)ave of atomized raindrops,
along with the generalized intercept parameter N∗

0 , can represent the synthesis of both the
overall diameter and the number concentration within the three-dimensional spectrum
of an atomized raindrop. A correlation analysis was performed between the logarithm of
Log10N∗

0 and (Dm)ave, N∗
0 , and RID. The findings are presented in Figure 8.
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Figure 8. Statistical Characteristics of the Atomized Raindrop Spectrum. (a) Correlation analysis of
log10(N∗

0 )–(Dm)ave; (b) N∗
0 –RID under a series of test conditions.

As also depicted in Figure 8, the Log10N∗
0 of the atomized raindrop fitting spectrum

corresponding to the same (Dm)ave and N∗
0 of the atomized raindrop fitting spectrum related

to identical RID are a multivalued discrete distribution and have no obvious correlation
with the ambient pressure. The Log10N∗

0 of the fitting spectrum of atomized raindrops tends
to increase with increasing (Dm)ave. The N∗

0 of the fitting spectrum of atomized raindrops
is positively correlated with the RID. In the description of the natural raindrop spectrum,
when Log10N∗

0 tends to be stable with increasing (Dm)ave, the collision and fragmentation of
natural raindrops tends to be balanced with increasing rain intensity [51,52]. Similarly, the
atomized raindrops within the test area undergo dynamic evolution through processes of
collision and fragmentation, with their activity increasing in correlation with the intensity
of atomized rainfall.

246



Water 2025, 17, 1721

4. Numerical Model Application Optimization

For existing flood discharge facilities, variations in reservoir depth can lead to corre-
sponding changes in the upstream water level. Additionally, the dynamics of the associated
waterjets are influenced by alterations in their inflow flow rate. This study presents a
generalized model that is not derived from any specific project. While the high-speed water
jet is supplied by a jet pump designed to regulate the inflow flow rate, the magnitude of
this flow rate can qualitatively indicate the water level within the reservoir. In relation
to prototype projects, it is important to note that ejection conditions are diverse. Conse-
quently, employing a constant physical model presents challenges and makes it difficult
to efficiently analyze the influence range of fogging rain within these projects. Therefore,
a semi-empirical and semi-theoretical numerical prediction model for random splashing
during jet atomization is considered valuable.

Random splash simulation models involving semiempirical and semitheoretical meth-
ods, which are developed based on the principles of Lagrangian mechanics, constitute a
significant theory for the numerical prediction of flood discharge atomization. The Runge–
Kutta method is employed to track the trajectories of both the water jet and the droplets,
whereas the Monte Carlo method is utilized to assess the cumulative impact of the droplets
on the terrain boundaries. Here, the application of experimental findings is examined to
enhance the theoretical framework of stochastic numerical models.

In theory, a fundamental assumption is that the atomized water droplets are spherical
and independent of the effective splashing volume on the outer surface of the waterjet dV.
The quantity of atomized water droplets nD is calculated using Formula (5), whereas the
distribution of their diameters f (D) is determined via Formula (6) [33]. The proportions of
different atomized raindrop size counts are relatively stable in the numerical calculations.

f (D) =
1

b1
a1 × Γ(a1)

× Da1−1 × e−
D
b1 (a1 = 2, b1 = 0.5 × D) (5)

nD =
6 × dV

π × D3 (6)

The probability density of the number concentration corresponding to the median
value of each group of atomized raindrops with varying diameters is illustrated in Figure 9.
Its predominant spectral type is unimodal, and its skewness trend increases rapidly and
then decreases gradually as the particle size of the atomized raindrops increases, ultimately
resulting in a left-skewed distribution. The positions of the main peaks are predominantly
concentrated within the small particle size range, specifically for particles less than 1 mm in
diameter. Furthermore, the impact of variations in the testing conditions on the probability
density of the number concentration of spray droplets appears to be minimal, with a range
between 1.13 and 1.93.

Therefore, when evaluating the impact of low ambient pressure on the atomization
source, as the measurement area for the spectrum of atomized raindrops is located within a
rainstorm zone, it can be classified as a downstream source of atomization. The distribution
ratio of atomized raindrops across various particle sizes remains relatively stable.

In previous experiments, atomized rain was collected by an inclined plate positioned
downstream of the water tongue impact area. The measured atomized rainfall can be
considered the atomized source for the downstream region. When the ambient pressure is
reduced by 0.10P0, the average rate of atomization on the inclined test surface ranges from
115 to 127.68 m3/h. Correspondingly, there is a linear increase between 0.28 L/h and 2.83
L/h, with a relative growth rate ranging from 20.48% to 11.56% [21].

247



Water 2025, 17, 1721

Figure 9. The probability density of the number concentration corresponding to the median value of
each group of atomized raindrops with varying diameters (P(Dq1) = 1.02P0,P(Dq5) = 0.66P0; Q(D1p)
–Q(D5p) = (150–170) m3/h, ΔQ = 5 m3/h).

In this work, the atomized rain calculation is based on the raindrop spectrum at
specific measurement points. The enhancement characteristics of rain intensity at various
atomization planes under low pressure are illustrated in Figure 10a,b. The color code
represents the atomized rain areas corresponding to specific rainfall intensity thresholds
of 10 mm/h, 40 mm/h, 200 mm/h, and 600 mm/h. These categories are designated class
1©, class 2©, class 3©, class 4©, and class 5©, respectively. Additionally, rainfall intensities of

1000 mm/h and above are classified as class 5©+. Based on the test conditions of normal
ambient pressure (P1 = 1.02P0), the average growth rate Δη of the rain intensity ΔRID on
the spray surface of the discharge flow was calculated when the ambient pressure was
decreased by 0.1P0, as depicted in Figure 10c.

According to the analysis presented in Figure 10, as the environmental air pressure
decreases (1.02P0, 0.94 P0, 0.86 P0, 0.76 P0, 0.66 P0), the measurement area under working
condition D1(1–5) (Q1 = 150 m3/h, V1 = 13.89 m/s) shifts in atomized classification from
levels 1© to 3© to 2© to 3©; conversely, for working condition D4(1–5) (Q4 = 165 m3/h,
V3 = 15.28 m/s), the corresponding atomized classification changes from levels 3© to 5© to
levels 4© to 5©+.

Therefore, when evaluating the impact of low ambient pressure on the protection of
the atomization field, the atomized classification of the testing surface is influenced by low
air pressure environments. This may result in a one-level enhancement of the atomization
protection level in certain areas, without the occurrence of multi-level increases, as all other
conditions remain constant. This effect arises because as the reference rainfall intensity on
the atomization surface increases, the average growth rate of the rainfall intensity affected
by low air pressure initially declines sharply before gradually stabilizing.
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Figure 10. The enhancement characteristics of rain intensity at various atomization planes under low
pressure. (a) Test conditions are D1(1–5) with an inflow discharge of 150 m3/h; (b) Test conditions
are D4(1–5) with an inflow discharge of 165 m3/h; (c) Relative growth law of atomized rain intensity
under low ambient pressure.

5. Conclusions

With the aim of decreasing the degree of aggravated risk of atomized rain at high-
altitude hydropower stations, this study provides insights into the atomized raindrop size
distributions of random splash experiments characterized by high-speed velocities and
low-pressure environments. Random splash experiments were conducted under coupling
conditions with high inflow discharge rates and low ambient pressures. The effects of low
pressure on the atomized raindrop size distributions at six measuring points downstream
along the overflow centerline collected by OTT Parsivel2 can be summarized as follows:

(1) The two-dimensional atomized raindrop spectra reveal that the intensity of atomized
rain increases with the increasing total number concentration of two-dimensional
raindrop spectra at low ambient pressure. Notably, the diameter of the small particles
within the subchannels significantly increases. In terms of the rain intensity compo-
nents, the proportion of the number-dominated isovolumetric diameter of the rain
intensity and the mass-dominated isovolumetric diameter of rain intensity remains
relatively stable and is not influenced by variations in ambient pressure;

(2) According to the three-dimensional raindrop spectra, the increase in atomized rain
intensity under low pressure is reflected in both the quantity and concentration
of atomized rain, with the most pronounced effects occurring at peak levels. The
maximum particle size and range are influenced by the intensity of atomized rain;
however, the impact of low pressure appears to be less significant. The relationship
between the atomized raindrop number concentration and characteristic particle size
exhibits a unimodal distribution that skews toward smaller particles, which can be
effectively modelled using the gamma distribution;
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(3) Under the same atomized rain intensity, the atomized raindrops undergo a dynamic
evolution characterized by collision and fragmentation, with their quantity increasing
in response to heightened atomized rain intensity. Notably, there is no significant cor-
relation between the statistical characteristics of three-dimensional raindrop spectra
and low ambient pressure, although the relationships among the arithmetic mean
diameter of atomized raindrops, the mass-weighted mean diameter of atomized rain-
drops, and the generalized intercept parameter concerning the atomized rain intensity
exhibit a clear trend;

(4) Combined with the experimental results, this study provides a substantial reference
for establishing random splash simulation models characterized by low pressure.
It is advisable to appropriately increase the amount of the atomization source to
accurately reflect the impact of low pressure on the atomized rain intensity within
existing empirical formulas for the distribution of atomized raindrop diameters.
When atomized protection is categorized into zones, enhancing the area adjacent to
the characteristic rain intensity line is crucial, as its protection level may need to be
elevated by one grade in accordance with current industry standards.

The statistical characteristics of atomized raindrop size distribution datasets under
depressurized experimental conditions clearly demonstrated self-enhancing redistribution
features. When investigating the enhancement effect of low ambient pressure on atomized
rain intensity, it can be generalized that a proportional rise in the total number of particles
generated by splashed atomized raindrops, without considering minor variations in particle
size distribution, can establish a sufficient condition for advancements in numerical random
splash models concerning low ambient pressure effects. To predicting rain protection
scopes at a high-altitude hydropower station, future research should focus on how low
ambient pressure affects the boundary conditions of atomization sources under identical
discharge conditions, including trajectory distance of aerated waterjets; future research also
should focus on the investigation of thematic mechanism experiments in conjunction with
engineering challenges and explore the characteristics of atomized fields and sources from
multiple perspectives, including water quality, water volume, and water temperature, so as
to facilitate the development of advanced meteorological models for atomized protection
in high-altitude areas by integrating both physical and numerical methods.
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Appendix A

Table A1. Graded diameter size and fall velocity of atomized raindrop size distributions databases
collected by the OTT Parsivel2.

Classes Number
Raindrop Diameter Sizes Raindrop Fall Velocities

Mid-Value of Class (mm) Class Width (mm) Mid-Value of Class (m/s) Class Width (m/s)

1 0.062 * 0.125 0.050 0.100

2 0.187 * 0.125 0.150 0.100

3 0.312 0.125 0.250 0.100

4 0.437 0.125 0.350 0.100

5 0.562 0.125 0.450 0.100

6 0.687 0.125 0.550 0.100

7 0.812 0.125 0.650 0.100

8 0.937 0.125 0.750 0.100

9 1.062 0.125 0.850 0.100

10 1.187 0.125 0.950 0.100

11 1.375 0.250 1.100 0.200

12 1.625 0.250 1.300 0.200

13 1.875 0.250 1.500 0.200

14 2.215 0.250 1.700 0.200

15 2.375 0.250 1.900 0.200

16 2.750 0.500 2.200 0.400

17 3.250 0.500 2.600 0.400

18 3.750 0.500 3.000 0.400

19 4.250 0.500 3.400 0.400

20 4.750 0.500 3.800 0.400

21 5.500 1.000 4.400 0.800

22 6.500 1.000 5.200 0.800

23 7.500 1.000 6.000 0.800

24 8.500 1.000 6.800 0.800

25 9.500 1.000 7.600 0.800

26 11.000 2.000 8.800 1.600

27 13.000 2.000 10.400 1.600

28 15.000 2.000 12.000 1.600

29 17.000 2.000 13.600 1.600

30 19.000 2.000 15.200 1.600

31 21.500 3.000 17.600 3.200

32 24.500 3.000 20.800 3.200

Notes: The first and second particle sizes represented by * are discarded in the database analysis due to the low signal-to-
noise ratios of the instrument. The median of the subsequent class is determined by adding the class width at the level of
the current median to the existing median, whether in terms of raindrop diameter sizes or raindrop fall velocities.
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Abstract: This study is concerned with the generation and propagation of strongly nonlinear
waves in shallow water. A numerical wave flume is developed where nonlinear waves of solitary
and cnoidal types are generated by use of the Level I Green-Naghdi (GN) equations by a piston-
type wavemaker. Waves generated by the GN theory enter the domain where the fluid motion is
governed by the Navier–Stokes equations to achieve the highest accuracy for wave propagation.
The computations are performed in two dimensions, and by an open source computational fluid
dynamics package, namely OpenFoam. Comparisons are made between the characteristics of the
waves generated in this wave tank and by use of the GN equations and the waves generated by
Boussinesq equations, Laitone’s 1st and 2nd order equations, and KdV equations. We also consider a
numerical wave tank where waves generated by the GN equations enter a domain in which the fluid
motion is governed by the GN equations. Discussion is provided on the limitations and applicability
of the GN equations in generating accurate, nonlinear, shallow-water waves. The results, including
surface elevation, velocity field, and wave celerity, are compared with laboratory experiments and
other theories. It is found that the nonlinear waves generated by the GN equations are highly stable
and in close agreement with laboratory measurements.

Keywords: Green–Naghdi equations; Navier–Stokes equations; Boussinesq equations; KdV equation;
solitary wave; cnoidal wave; numerical wave tank

1. Introduction

Solitary wave is a nonlinear wave with an isolated elevation of finite amplitude and
permanent form over a flat seafloor. The presence of the solitary wave was first reported
by [1], who conducted extensive experiments on the generation and propagation of the
wave in 1834 and 1835, see [2]. At the time, there was a conflict between Russell’s observations
and [3] prediction (shallow-water-theory) that a wave of finite amplitude cannot propagate
without a change of form. This conflict was resolved independently by [4–8]. Boussinesq and
Rayleigh showed that appropriate allowance for vertical acceleration and finite amplitude
leads to an explicit solution of the solitary wave. Ref. [6]’s theory of solitary wave was
accepted although the solution is only first-order accurate. Ref. [9] suggested a theoretical
solution whose mathematical formulations are provided by Lee et al. (1982). As [9]’s
equations are implicit, an iterative method, such as Newton–Raphson, is needed to solve
the equations. An equation only admitting right-running solutions was derived by [10],
named the Korteweg–de Vries (KdV) equation.

The periodic form of a solitary wave with the same height is named a cnoidal wave
by [7]. A cnoidal wave is a periodic wave with isolated wave crests and flat wave troughs.
A cnoidal wave without a nonlinear and asymmetrical wave profile about the still-water
level (SWL) could become a sinusoidal wave. Ref. [10] obtained the solutions for cnoidal
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waves by means of the Jacobian elliptic cosine function Cn contained in the wave pro-
file formula. Following the idea of [10] about cnoidal waves, Ref. [11] established the
Keulegan–Patterson theory for cnoidal waves. Ref. [12] proved the existence of cnoidal
waves with a complex potential function. By then, the equations were complicated to be
used in practical application for the incompleteness of second-order solutions. Based on the
work of [13,14] a second-order approximation to the cnoidal wave theory was developed
by using the expansion method, and [15] added a nonzero term to the equations.

Ref. [16] developed the Green–Naghdi (GN) equations for shallow-water wave mo-
tions based on the directed fluid sheet theory. The GN theory satisfies exactly the nonlinear
boundary conditions and conservation of mass, postulates the integrated form of the con-
servation of momentum, and does not require the irrotationality of the flow. This set
of equations contains solutions for solitary wave (see [17]) and cnoidal wave (see [18]).
The GN equations are used successfully for a wide range of problems involving water wave
dynamics; for example, nonlinear wave scattering by submerged objects ([19]), and diffrac-
tion and refraction of solitary and cnoidal waves ([20]).

Although there are several equations that can be used to describe the solitary and
cnoidal waves, it is difficult to solve the equations analytically due to the nonlinear nature
of these waves, especially the implicit part of solutions of the cnoidal wave, see [18].
Thanks to the increase in computational power, the computational fluid dynamics (CFD)
approach is used in the study of solitary and cnoidal waves. The waves are generated
by use of different equations, see, e.g., Refs. [21,22] for the use of the KdV equations to
generate solitary waves, Ref. [23] for the use of the GN equations to generate solitary waves,
and propagate in the domain governed by the Navier–Stokes (NS) equations, Ref. [24] for
the use of cnoidal waves by use of the GN equations, and [25] for the use of the Boussinesq
equations to generate solitary waves. It is desirable to generate accurate nonlinear waves
when studying wave dynamics in coastal zones, for example for wave propagation over an
uneven seafloor, or in wave-structure interaction problems. While various theories are used
to generate nonlinear waves of solitary and cnoidal types in computational wave tanks,
there has not been any systematic investigation about the accuracy and stability of the
waves when compared to each other. It is desirable to find out how the solitary wave and
cnoidal wave generated based on the existing equations propagate in the computational
fluid dynamics-based numerical wave tanks.

In this study, we create a numerical tank to investigate the accuracy and stability
of solitary and cnoidal waves of different theories. We develop numerical wave makers
capable of generating solitary and cnoidal waves of different theories. Waves are generated
by a piston-type wave maker and enter a domain of constant water depth, where the flow
is governed by the NS equations. We then investigate the characteristic of the solitary
and cnoidal waves of different theories within the domain, and compare the results with
available laboratory measurements. To further assess the performance of the GN equations,
we also create a numerical wave tank based entirely on the GN equations, i.e., the waves
generated by the GN theory enter a domain where the flow is governed by the GN equations.
The results are then compared with the laboratory measurements, and with the results of
the case of the NS domain.

In this paper, we first present the theories used for wave generation and propagation,
followed by the introduction of the set-up of the numerical tank. Steady-state results are
given first and unsteady results of solitary waves and cnoidal waves are presented and
discussed thereafter. The conclusions then follow.

2. The Theories and Numerical Set Up

We create a numerical tank, in which solitary and cnoidal waves generated by different
theories are investigated. The governing equations of the domain and the wave theories
used are described in this section.

We adopt a right-handed two-dimensional (2D) Cartesian coordinate system, with x1
pointing to the right, and x2 pointing vertically opposite to the direction of the gravitational
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acceleration such that x2 = 0 is the SWL. Indicial notation and Einstein’s summation
convention are used. Subscripts after the comma indicate differentiation. The equations
are given in dimensionless forms using density of water, ρ, gravitational acceleration, g,
and water depth, h, as a dimensionally independent set. Hence, the dimensionless form of
time is t′ = t ×√

g/h, surface elevation is η′ = η/h, velocity is u′ = u/
√

gh and pressure
is p′ = p/ρgh. For simplicity, we drop primes from all dimensionless variables in the rest
of this work unless otherwise indicated.

2.1. The Navier–Stokes Equations

For a homogeneous, Newtonian and incompressible fluid, the 2D NS equations are
given by the following conservation of mass and momentum equations:

ui,i = 0, i = 1, 2 (1)

uj,t + (uiuj),i =
1

Fr2 gj − p,j +
1

Re
uj,ii, i, j = 1, 2 (2)

where �u = ui�ei is the velocity vector, and �ei is the unit normal vector in the i-th direction,
Fr = U√

gl
is the Froude number, with U and l as the characteristic velocity and length,

respectively, Re = Ul
ν is the Reynolds number, ν is kinematic viscosity, �g = (0,−1) is the

gravitational acceleration vector, and p is the pressure.
A computational tank is created, in which waves are generated by the use of different

wave theories and propagate over a flat tank floor. A schematic of the tank is shown in
Figure 1. The tank is separated by dash lines into three parts, namely the wave generation
zone, the computational domain and the wave absorption zone. Within the computational
domain, the governing equations are solved for both water and air above. The volume of
fluid method, originally introduced by [26], is used to determine the free surface between
air and water.

Figure 1. Schematic of the NS computational domain used in this study. Solitary and cnoidal waves
are created at the generation zone, using different theories.

The Finite Volume approach is used to discretize the equations. The boundary con-
ditions used in this study are the same as that of [27]. The details of these boundary
conditions can be found in, e.g., [28,29].
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2.2. The Green–Naghdi Equations

Considering the theory of directed fluid sheets of an incompressible fluid and from
the laws of conservation of mass and linear momentum, [30] derived a set of equations,
the Green–Naghdi (GN) equations, describing the nonlinear motion of inviscid fluids.
The dimensionless GN equations read as

η,t + [(1 + η − α)u1],1 = α,t, (3)

u̇1 + η,1 + p̂,1 = −1
6
[2η + α],1α̈ + [4η − α],1η̈ + (1 + η − α)[α̈ + 2η̈],1, (4)

u2 = α̇ +
x2 + 1 − α

η + 1 − α
(η̇ − α̇), (5)

p̄ =
1
2
(1 + η − α)(α̈ + η̈ + 2) + p̂, (6)

where η is the free surface elevation measured from the SWL, α(x1, t) describes the bottom
surface of the fluid sheet measured from a fixed reference point, p̄(x1, t) is the pressure on
α, and p̂(x1, t) is the pressure on top of the fluid sheet. The superposed dot denotes the
material time derivative, and double dot is the second material derivative.

The pressure distribution in shallow water, p, is given as ([31,32]),

p(x1, x2, t) =
1
2
(1 + η − x2)(α̈ + η̈ + 2) + p̂. (7)

In the cases studied here, the bottom surface is flat and stationary, hence α = 0 and
α̈ = 0, and we assume p̂ = 0, i.e., pressure is atmospheric on the top surface. Hence,
Equations (5) and (7) can be written as,

u2(x1, x2, t) =
x2 + 1
η + 1

η̇, (8)

and
p(x1, x2, t) =

1
2
(1 + η − x2)(η̈ + 2). (9)

The above solution belongs to the Level I GN equations, in which the vertical velocity
varies linearly along the water column and horizontal velocity is invariant in the vertical
direction. The Level I GN equations, hence, are best applicable to the propagation of
long waves in shallow water. High level GN equations can be obtained by considering
higher order functions for the distribution of the velocities in the vertical direction, see,
e.g., [33,34].

2.3. Solitary Wave Solution

The solitary wave surface elevation of the Level I GN equations is given by [16] as

η(x1, t) = A sech2(εxC1), (10)

where A is the amplitude of the solitary wave, xC1 = (x1 − Ct), ε =
√

3A
4(A+1) , and C is the

wave speed, which is

C =
√
(A + 1). (11)

The horizontal particle velocity is given by

u1(x1, t) = C
η

1 + η
. (12)
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Equations (8)–(10) can be used to obtain analytical solutions for the solitary wave
velocity and pressure fields. η̇ is given by

η̇ = η,t + u1η,1 + u2η,2. (13)

The first part of the right-hand side of Equation (13) is obtained as

η,t = [A sech2(εxC1)],t = 2AεC cosh−2(εxC1)tanh(εxC1), (14)

The second part of the right-hand side of Equation (13) is given as

u1η,1 = u1[A sech2(εxC1)],1 = −2u1 Aε cosh−2(εxC1) tanh(εxC1). (15)

As η(x1, t) is a function of x1 and t, but not x2, the third part on the right-hand side of
Equation (13) is given as

u2η,2 = u2[A sech2(εxC1)],2 = 0. (16)

Substituting Equations (14)–(16) into Equation (13) gives

η̇ = 2Aε(C − u1) sech2(εxC1) tanh(εxC1), (17)

and, substituting Equation (17) into Equation (8) gives

u2(x1, x2, t) = 2
x2 + 1
η + 1

εη tanh(εxC1)(C − u1). (18)

Next, we obtain η̈, given as

η̈ = η̇,t + u1η̇,1 + u2η̇,2. (19)

For the first part of the right-hand side of Equation (19), we can write

η̇,t = 2Aε2(C − u1)C(3 sech2(εxC1) tanh2(εxC1)− 1). (20)

For the second part of the right-hand side of Equation (19)

u1η̇,1 = −2Aε2(C − u1)u1(3 sech2(εxC1) tanh2(εxC1)− 1). (21)

As in the derivation of Equation (16), η(x1, t) is a function of x1 and t, but not x2;
therefore, the third part of the right-side of Equation (19) can be written as

u2η̇,2 = 0. (22)

Hence, substituting Equations (20)–(22) into Equation (19) gives

η̈ = 2Aε2(C − u1)
2(3 sech2(εxC1) tanh2(εxC1)− 1), (23)

Substituting Equation (23) into Equation (7) gives

p(x1, x2, t) = (η − x2)(2Aε2(C − u1)
2(3 sech2(εxC1) tanh2(εxC1)− 1) + 1). (24)

Equations (10), (12), (18) and (24) provide the surface elevation, horizontal and vertical
velocities and the pressure under a steady-state solitary wave solution of the GN equations.

There are several solutions of a solitary wave provided by, e.g., Boussinesq (1872), [14]
and KdV equations given by [10]. The analytical solutions (used in this study) and the GN
solution derived above are listed in Table 1.
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Table 1. Solutions of solitary wave by different theories.

Boussinesq KdV Laitone’s 1st Order Laitone’s 2nd Order GN

η A sech2(εBLxC1) A sech2(εBLxC1) Asech2(εBLxC1)
A sech2χ2

−3A2 sech2χ2
×(1 − sech2χ2)/4

A sesh2(εxC1)

C
√

1 + A
√

1 + A
√

1 + A/2
√

1 + A/2 − 3A2/20
√

1 + A

u1 Cη/(1 + η)

A[aKdV
+bKdV

×cosh(
√

3AxC1)]
×sech4(εBLxC1)/4

A sech2(εBLxC1)
A(1 + A/4 − 3Ax2

2/2)
×sech2χ2

+εL1 sech4χ2

Cη/(1 + η)

u2

√
3A3(1 + x2)

×[cKdV + dKdV
×cosh(

√
3AxC1)]

×sech(εBLxC1)/4

κx2
×sech2χ
×tanhχ

κ(x2 + 1) sech2χ2
×tanh[(1 − 3A/8)χ2]
−Ax2

2/2 + A tanεL2
×sech2χ2

2εη
×tanh(εxC1)
×(C − u1)
×(x2 + 1)
/(η + 1)

where ε =
√

3A/4(A + 1), εBL =
√

3A/4, κ =
√

3A3, χ =
√

3/4xC1, χ2 = x1
√

3A/(4(1 − 5A/8)− Ct, εL1 =

A2(−1 + 9x2
2/4), εL2 = −2 + 3x2

2, aKdV = 2 + A + 12Ax2 + 6Ax2
2, bKdV = 2 − A − 6Ax2 − 3Ax2

2, cKdV =

2 − 7A + 10Ax2 + 5Ax2
2, dKdV = 2 + A − 2Ax2 − Ax2

2.

2.4. Cnoidal Wave Solution

Similar to the solitary wave, there are several solutions for the cnoidal wave, such as
through the Boussinesq equations, KP equations and KdV equation. The cnoidal waves
generated according to the GN equations, KP equations, and KdV equation are discussed
in this study.

2.4.1. The Green-Naghdi Equations

The cnoidal wave solution of the GN equations provided by [18] gives the water
surface elevation, the wave phase speed, C, and the water particle velocity as

C2 = (1 + η1)(1 + η2)(1 + η3), (25)

where η1 = H
k2 (1 − E

K ), η2 = H
k2 (1 − k2 − E

K ), and η3 = H
k2

E
K are three wave parameters,

η = η2 + HC2
n =

H
k2 (1 − k2 − E

K
) + HC2

n, (26)

u1 =
η

1 + η
C, (27)

u2 =
1 + x2

(1 + η)

∂η

∂x1
C, (28)

where H is the wave height of the cnoidal wave, K is the complete elliptic integral of the first
kind, E is the complete elliptic integral of the second kind, Cn is the Jacobian elliptic function
and k is the modulus of the respective elliptic integral function. For details, see [18].

2.4.2. The Keulegan and Patterson Equations

The solution of cnoidal wave derived by [11] share Equations (25) and (26) for C and
η with the solution of the GN theory. The equations for u1 and u2 are:

u1 = (η − 1
4

η2 + (
1
3
− 1

2
(1 + x2)

2)
∂2η

∂x2
1
)C, (29)

u2 = −(1 + x2)((1 − 1
2

η)
∂η

∂x1
+

1
3
(1 +

1
2
(1 + x2)

2)
∂3η

∂x3
1
)C. (30)
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2.4.3. The Korteweg-de Vries Equations

The KdV solution of the cnoidal wave is given by [35]:

C2 = 1 +
1
k
(2 − k − 3

E
K
), (31)

η =
H
k
(1 − k − E

K
) + HC2

n, (32)

u1 = (η − η2 +
1
2
(

1
3
− (1 + x2)

2)
∂2η

∂x2
1
)C, (33)

u2 = −(1 + x2)((1 − 2η)
∂η

∂x1
+

1
6
(1 − (1 + x2)

2)
∂3η

∂x3
1
)C. (34)

2.5. The Numerical Tank

A numerical tank is created in this study, in which solitary and cnoidal waves of
different theories can be generated. Inside the domain, the fluid is governed by the NS
equations. The computational domain of the numerical tank used in this study is 11.84 m
long and 0.21 m deep, as shown in Figure 1. The wave generation and absorption zones in
this study are shown in Figure 1, follow the same principle as those given by [36], within the
open source computational fluid dynamics package, OpenFOAM. Waves are generated
in a zone on the left of the tank. On the right-hand side of the domain, a relaxation zone
is used to minimize the wave reflection back into the domain. The generation zone is set
from x1 = −2 m to x1 = 0 and the relaxation zone is located at x1 = 7.84 m to x1 = 9.84 m.
There are two wave gauges, GI located at the first node outside of the relaxation zone at
x1 = 0, and GII located at x1 − 2.62 m from the end of the relaxation zone. Two pressure
sensors, SI and SII, are placed on the tank bottom, at x2 = −1, and two velocimeters, VI and
VII, are placed at x2 = −0.3. The horizontal location of the gauges are shown in Figure 1.

For the NS computations, two Intel Xeon E5-2697A v4 processors (16 cores, 40 M
Cache, 3.00 GHz) are used. The maximum Courant Number is 0.25 and average Courant
Number is 0.0086. All the cases are performed in 2D. The mesh sizes are Δx1/h = 0.067
and Δx2/h = 0.167, following the grid convergence study of [27].

We also use a tank that utilizes the GN equations both at the wavemaker and inside
the domain, see [37] for details of the theoretical tank of the GN equations. See [38–41] for
some studies on nonlinear wave dynamics and wave-structure interaction utilizing GN
numerical tanks. For internal wave solutions of the GN equations, see, e.g., [42].

3. Results and Discussion

The results, including the surface elevations, velocities and pressure fields of solitary
and cnoidal waves of different theories, are presented in this section. The results are
compared with laboratory measurements where available and also with the results of the
GN equations, (GN-GN, where both the wave maker and the domain are governed by the
GN theory). The steady-state results generated by different theories are discussed first,
followed by the unsteady results obtained from the computational tank. All results are
given in a dimensionless form using ρ, g and h as a dimensionally independent set.

3.1. Steady-State Solution

The surface elevation of solitary waves generated by the five equations listed in Table 1
are presented first, followed by discussion on the surface elevations, horizontal velocities,
and vertical velocities of cnoidal waves generated by the GN equations, the KP equations
and the KdV equations.
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3.1.1. Solitary Wave

The profiles of solitary waves with A = 0.4 generated by the Boussinesq equations,
Laitone’s 1st equations, Laitone’s 2nd equations, the GN equations, and the KdV equations
are shown in Figure 2.

0 5 10

0

0.2

0.4

Figure 2. Comparisons of steady-state surface elevations of a solitary wave with A = 0.4, generated
by various theories.

In Figure 2, the surface elevation of the Boussinesq equations and Laitone’s 1st equa-
tions are covered by that of the KdV equations, as they share the same equation for η.
The GN solution is wider, and that of Laitone’s 2st theory is the widest.

In these cases, the theoretical wave speeds of the Boussinesq equations (C = 1.1832),
the KdV equations (C = 1.1832), and the GN equations (C = 1.1832) are the same, followed
by that of Laitone’s 1st equations (C = 1.2000) is the fastest, and that of Laitone’s 2nd
equations (C = 1.1760) is the slowest.

3.1.2. Cnoidal Wave

The theoretical cnoidal wave surface elevation and velocity field, for λ = 29.5 and
H = 0.156, 0.311, generated by the GN equations and the KP equations are shown in
Figures 3–5, where λ is the wave length.

Figures 3–5 show that the results of the three equations are almost on top of each
other, except there are small differences between the peak of the results. The peak of
the surface elevation, horizontal and vertical velocities of the three equations are listed
in Tables 2 and 3, together with the ratio, R = θM−θGN

θGN
× 100%, where θ is an arbitrary

variable (η, u1 or u2), and M refers to different models.

Table 2. Comparisons of the peak values of the surface elevation, horizontal and vertical velocities of
cnoidal wave (H = 0.156) of the GN equations and the KP equations.

η u1 u2

GN 0.1251 0.1145 0.0252
KP 0.1251 0.1219 0.0250
R 0.00% 6.46% −0.79%

KdV 0.1251 0.1162 0.0247
R 0.00% 1.48% −1.98%
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Figure 3. Comparisons of steady-state surface elevation of cnoidal waves generated by various
theories. λ = 29.6.
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Figure 4. Comparisons of steady-state horizontal particle velocity of cnoidal waves generated by
various theories. λ = 29.6.

Table 3. Comparisons of the peak values of the surface elevation, horizontal and vertical velocities of
cnoidal wave (H = 0.311) of the GN equations and the KP equations.

η u1 u2

GN 0.2675 0.2273 0.0618
KP 0.2675 0.2580 0.0635
R 0.00% 13.51% 2.75%

KdV 0.2674 0.2265 0.0603
R −0.04% −0.35% −2.43%

Shown in Figure 3, the peak values of the surface elevation of the three theories are the
same, except that of the KdV equations with H = 0.311, which is 0.04% less than that of the
other two equations. The same results are found for the vertical velocity, where the peak
values are almost the same. The peak value of the horizontal velocity of the KP theory is
significantly larger, where R is 6.46% and 13.51% for the two cases, than that of the other
two theories.
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Figure 5. Comparisons of steady-state vertical particle velocity of cnoidal waves generated by various
theories. λ = 29.6.

4. Unsteady Results

In this section, the propagation of solitary and cnoidal waves generated by a wave
maker (using different theories) over a flat seafloor is studied. The wave maker is placed at
x1 = 0. In all cases, waves are generated by wave makers using different theories, and enter
the domain governed by the NS equations. We also consider waves generated by the GN
theory, entering a domain also governed by the GN equations. These combinations are
listed in Table 4. The results for solitary waves are shown first, followed by the cnoidal
wave results.

Table 4. List of the combination of wave makers and domain equations of the unsteady cases
considered in this study.

Case Wave Maker Theory
Domain Governing

Equations
Type of Waves

KdV-NS KdV NS solitary & cnoidal
KP-NS KP NS cnoidal
GN-NS GN NS solitary & cnoidal
GN-GN GN GN solitary & cnoidal

4.1. Solitary Wave

Ref. [21] conducted laboratory experiments on the generation of solitary waves. They
report the surface elevations of four cases with the same water depth h = 0.114 m. In all the
cases presented in this subsection for cnoidal waves, water depth is fixed at h = 0.114 m.
These four cases are listed in Table 5. Waves are measured in the wave flume in the absence
of any obstruction by GII, located at x1 = 2.62 m. These laboratory measurements are used
for comparison here.

Table 5. Solitary wave cases considered in this study.

Case A

1 0.192
2 0.301
3 0.408
4 0.525
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Snapshots at t = 0 and surface elevations gathered by the GII of solitary waves are
compared between GN-NS, KdV-NS, GN-GN, and laboratory experiments of [21], and are
shown in Figures 6–9.
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Figure 6. Comparisons of surface elevations of a solitary wave with A = 0.192, generated by the KdV
and GN equations, propagating in domains of the NS and GN equations.
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Figure 7. Comparisons of surface elevations of a solitary wave with A = 0.301, generated by the KdV
and GN equations, propagating in domains of the NS and GN equations.

At t = 0, the surface elevations of GN-NS and GN-GN are almost identical (as
expected), and the KdV-NS solitary wave is slimmer, see sub-figure (a) of Figures 6–9.

Table 6 shows the comparisons between the steady-state propagation speeds of solitary
waves calculated by the equations listed in the table and unsteady ones measured from
Figure 8 (A = 0.4). The wave speeds calculated by Laitone’s 1st theory are the fastest,
followed by those of the Boussinesq theory and the GN analytical solution, whose wave
speeds are equal to each other. After these are the GN-GN, GN-NS and Laitone’s 2nd theory.
When compared to the other models, the KdV-NS predicts the slowest wave propagation.
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Figure 8. Comparisons of surface elevations of a solitary wave with A = 0.408, generated by the KdV
and GN equations, propagating in domains of the NS and GN equations.
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Figure 9. Comparisons of surface elevations of a solitary wave with A = 0.525, generated by the KdV
and GN equations, propagating in domains of the NS and GN equations.

For the surface elevations recorded at x1 = 2.62 m, the peak value of the GN-GN and
the GN-NS drops slightly from the initial amplitude and are in good agreement with the
laboratory experimental data of [21], while that of the KdV-NS drops more remarkably and
is smaller than the laboratory measurements, particularly where the wave amplitude is
larger, shown in sub-figures (b) of Figures 6–9. It shows the solitary wave generated by
the GN equations are more stable than that of the KdV equations, especially in the cases of
larger wave amplitudes.
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Table 6. The analytical and numerical wave speeds of various theories (A = 0.408).

Analytical Value of C

Steady-state

Boussinesq Theory
√

1 + A 1.1832
Laitone’s 1st Theory

√
1 + A/2 1.2000

Laitone’s 2st Theory
√

1 + A/2 − 3A2/20 1.1760
GN Theory

√
1 + A 1.1832

KdV equations
√

1 + A 1.1832

Unsteady
KdV-NS 1.1767
GN-NS 1.1769
GN-GN 1.1769

4.2. Cnoidal Wave

Ref. [43] conducted laboratory experiments on the generation of cnoidal waves in a
tank with a flat floor. They report the surface elevations of cnoidal waves at water depth
h = 0.071 m. In all the cases presented in this subsection for cnoidal waves, the water depth
is fixed at h = 0.071 m. Details of two cases are listed in Table 7 used here for comparison.
Waves are measured in the wave flume in the absence of any obstruction by only one gauge
located at 2.62 m in the laboratory experiments.

Table 7. Cnoidal wave cases considered in this study.

Case λ H

1 29.6 0.156
2 29.6 0.311

The surface elevations recorded by the two wave gauges are presented in Figure 10.
The results at x1 = 2.62 m are compared between the experimental data of [43], and the
numerical results of GN-NS, KP-NS, KdV-NS and GN-GN, in Figure 10.

Figure 10 shows that the results of the GN-GN model is the closest to the laboratory
measurements. The wave speed of KP-NS is the fastest, followed by GN-NS, GN-GN,
and KdV-NS.

The surface elevation differences between the experimental data and numerical results
are presented in Table 8. In the table, R = ( PM

P − 1)× 100%, where P is the peak of the
surface elevation in experiments and PM is that of the equations. The average percentage
difference ratios of the peak of the surface elevation of GN-NS (3.99%) and KdV-NS (4.36%)
are close to each other, while that of KP-NS (5.71%) is the largest, and that of GN-GN
(3.03%) is the smallest.

Table 8. The percentage differences between the peak of the surface elevation of cnoidal waves of
different models and the laboratory measurements of [43]. λ = 29.6.

Case H = 0.156 H = 0.311

Experiments 0.132 0.262
GN-NS 0.123 0.259

R −6.82% −1.15%
KP-NS 0.126 0.280

R −4.55% 6.87%
KdV-NS 0.123 0.257

R −6.82% −1.90%
GN-GN 0.125 0.264

R −5.30% 0.76%
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Figure 10. Comparisons of surface elevation of cnoidal waves of GN-NS, KP-NS, KdV-NS and
GN-GN and the laboratory measurements of [43]. λ = 29.6.

Comparisons of pressures, horizontal and vertical velocities of the GN-NS, KP-NS,
KdV-NS, and GN-GN models, recorded at pressure sensors, SI and SII, velocimeters, VI and
VII, under GI and GII, respectively, of the two cases are presented in Figures 11–13, respec-
tively. In the absence of laboratory measurements of the pressure and velocity, and given
that the surface elevations of the GN-GN is the closest to the laboratory experimental
data, the GN-GN model is used as a benchmark and differences between the results of the
models, R = θ−θGNGN

θGNGN
, are presented in Tables 9–11.

Table 9. The differences between the peak pressure of cnoidal waves generated by various theories.

Case H = 0.156 H = 0.311

GN-GN 1.124 1.263
GN-NS 1.100 1.201

R −2.14% −4.91%
KP-NS 1.108 1.216

R −1.42% −3.72%
KdV-NS 1.105 1.200

R −1.69% −4.99%
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Figure 11. Comparisons of pressure of cnoidal waves of various theories, propagating in domain of
the NS and GN equations. λ = 29.6.
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Figure 12. Comparisons of horizontal particle velocity of cnoidal waves generated by various theories,
propagating in domain of the NS equations. λ = 29.6.
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Figure 13. Comparisons of vertical particle velocity of cnoidal waves generated by various theories,
propagating in domain of the NS equations. λ = 29.6.

Table 10. The differences between the peak horizontal velocity of cnoidal waves generated by
various theories.

Case H = 0.156 H = 0.311

GN-GN 0.121 0.242
GN-NS 0.114 0.220

R −5.79% −9.09%
KP-NS 0.117 0.235

R −3.31% −2.89%
KdV-NS 0.114 0.219

R −5.79% −9.50%

Table 11. The differences between the peak vertical velocity of cnoidal waves generated by vari-
ous theories.

Case H = 0.156 H = 0.311

GN-GN 0.0296 0.0726
GN-NS 0.0250 0.0592

R −15.54% −18.46%
KP-NS 0.0255 0.0632

R −6.93% −12.95%
KdV-NS 0.0249 0.0588

R −15.88% −19.00%
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Figures 11–13 and Tables 9–11 show that p, u1, u2 of KP-NS are closer to that of GN-
GN, while that of the GN-NS and KdV-NS are close to each other and slightly smaller than
that of KP-NS.

We recall that in the Level I GN equations, we assume linear distributions of the
vertical velocity. It is interesting to compare the results of GN-GN model with that of
GN-NS and KP-NS to find out how close the assumption is to the computational results.
Distribution of the horizontal and vertical velocity along the vertical direction at x1 = 0
and x1 = 2.62 m of the two cases are shown in Figures 14–17.
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0.1 0.2 0.3

0

0.2

0 0.1 0 0.1

Figure 14. Comparisons of horizontal velocity distribution of cnoidal waves of theories, propagating
in domains of the NS and GN equations in Case 1. H = 0.156, λ = 29.6.

For horizontal velocity distribution of cnoidal wave, GN-GN shows constant velocity
along the vertical direction and this agrees with Equation (27). Although the horizontal
velocity of GN-NS is constant at x1 = 0, which is the same as GN-GN, the velocity
becomes closer to that of KP-NS and KdV-NS as the wave propagates in the NS domain (at
x1 = 2.62 m). At x2 = 2.62 m, the horizontal velocity of the cnoidal wave propagating in
the NS domain shows a slight difference with that of GN-GN near the tank bottom and
free surface. This is due to the effect of viscosity and the atmospheric boundary effects.
Away from these boundaries, the horizontal velocities of the GN-NS, KP-NS and KdV-NS
are constant and very close to that of the GN-GN model.

For vertical velocity distribution of cnoidal wave, that of GN-GN, GN-NS, KP-NS,
and KdV-NS are almost linear along the vertical direction (agree with Equation (28) for the
GN-GN model). Nonlinear distributions are found at t = 0, where the distributions under
the crest is observed, see sub-figs (a) and (d) of Figures 16 and 17.
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Figure 15. Comparisons of horizontal velocity distribution of cnoidal waves of theories, propagating
in domains of the NS and GN equations in Case 2. H = 0.311, λ = 29.6.
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Figure 16. Comparisons of vertical velocity distribution of cnoidal waves of theories, propagating in
domains of the NS and GN equations in Case 1. H = 0.156, λ = 29.6.
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Figure 17. Comparisons of vertical velocity distribution of cnoidal waves of theories, propagating in
domains of the NS and GN equations in Case 2. H = 0.311, λ = 29.6.

5. Concluding Remarks

The surface elevation, pressure and velocities of solitary and cnoidal waves generated
by different theories are investigated. The stability and accuracy of the waves generated by
different theories, propagating in a domain governed by the NS equations, are assessed.
We have also considered waves generated by the GN equations, entering the domain of the
GN equations.

For a steady-state solitary wave, the surface elevation of the wave generated by
Laitone’s 2nd is close to that of the GN equations, while those of the Boussinesq equations
and Laitone’s 1st are close to each other and slimmer than the previous two equations.
The wave speed of Laitone’s 1st equation is the largest, followed by the Boussinesq equa-
tions and the GN equations, and that of Laitone’s 2nd is the slowest. Although the GN
equations and the KdV equations share the same expression of wave speed for solitary
waves, the speed of the wave in the GN-NS model is faster and closer to the theoreti-
cal values than that of KdV-NS, while that of GN-GN shows close agreement with the
GN-NS model.

For the cnoidal wave, the surface elevation of the GN-GN model is closer to the
experimental data, followed by KP-NS, GN-NS, and KdV-NS. Similar results are found for
pressure, horizontal and vertical velocities. The wave speed of KP-NS is the fastest, GN-NS
is the second, GN-GN is the third, and KdV-NS is the last. The main difference in the
horizontal and vertical velocity distribution between GN-NS, KdV-NS, KP-NS, and GN-GN
is found under the crest of the cnoidal wave, while the distributions are all the same when
observed under the trough.

Overall, it is concluded that nonlinear waves generated by the GN equation are stable
and show the least difference when compared with the laboratory measurements.
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