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Abstract: Zinc (Zn) doped hematite (α-Fe2O3) nanoparticles with varying concentrations (pure, 2%,
4% and 6%) were synthesized via sol-gel method. The influence of divalent Zn ions on structural,
optical and dielectric behavior of hematite were studied. X-ray diffraction (XRD) pattern of synthesized
samples were indexed to rhombohedral R3c space group of hematite with 14–21 nm crystallite size.
The lattice parameter (a and c) values increase upto Zn 4% and decrease afterwards. The surface
morphology of prepared nanoparticles were explored using transmission electron microscopy (TEM).
The band gap measured from Tauc’s plot, using UV-Vis spectroscopy, showed reduction in its values
upto Zn 4% and the reverse trend was obtained in higher concentrations. The dielectric properties of
pure and Zn doped hematite were investigated at room temperature and followed the same trends as
that of XRD parameters and band gap. Photocatalytic properties of nanoparticles were performed for
hazardous Rose bengal dye and showed effective degradation in the presence of UV light. Hence,
Zn2+ doped hematite can be considered as an efficient material for the potential applications in the
domain of photocatalysis and also higher value of dielectric constant at room temperature makes
them applicable in high energy storage devices.

Keywords: α-Fe2O3; photocatalytic activity; dielectric properties

1. Introduction

In recent years, several dyes have been frequently used in textiles, printing, paper and
pharmaceutical industries. The untreated hazardous dyes are discharged into the water, leading to
enormous environmental problems, like perturbation of aquatic life and human health. Therefore,
the removal of these dyes from water is of the utmost priority for the scientific community. Several
approaches have been made to remove the toxic dye molecules from wastewater, such as adsorption,
coagulation, membrane separation and ion exchange process. However, these methods fail on a
larger scale due to their expensive equipments, slow processes and toxic byproducts [1]. Effective and
successful methods to remove dye include photocatalytic activity in which metal oxide semiconductors
are used as catalysts due to their large specific surface area, chemical stability and high photocatalytic
response [2,3]. It is vitally important to establish the stability and activity of the photocatalyst to
propose a photocatalytic system. From the existing transition metal oxide semiconductors, iron oxide
has drawn scientific interest due to its outstanding physical and chemical properties. A variety of
crystalline phases are exhibited by iron oxides, such as hematite (α-Fe2O3), akaganeite (β-Fe2O3),
maghemite (γ-Fe2O3) and magnetite (Fe3O4) [4]. Among them, α-Fe2O3 exhibits thermodynamical, as
well as chemical stability, over a broad pH scale. This compound has drawn significant interest for their
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potential applications such as photocatalysts, magnetic data storage, gas sensors, lithium-ion batteries,
spintronics and ferrofluids [1,5–8]. The atomic arrangement possessed by hematite is similar to that
of corundum α-Al2O3 structure, in which anions (O2− ions) are stacked in hexagonal close-packed
arrangement (framework by the regular alternating layers, in each layer the atoms lie at the vertices of
a series of equilateral triangles and the atoms overlie one another in one layer), with cations (Fe3+)
occupying 2/3 octahedral coordination geometry [9].

α-Fe2O3 is a promising photocatalyst with optical band gap of ~2.6 eV. Also, hematite is one of
the few semiconductors having valence band edge position suitable for oxygen evolution and the
conduction band edge is more negative than the redox potential of H+/H2, thus, requiring an electrical
bias to generate hydrogen [10]. However, the catalytic activity of α-Fe2O3 nanoparticles remains much
lower due to rapid recombination of charge carriers, which reduces the degradation performance [1].
Thus, several methodologies have been made in order to sort out this problem. An effective process is
doping of α-Fe2O3 with other metal ions, which can overcome their limitations. Doping of various
metal ions such as Cr, Ti, Mn, Al, Zn, Ni, Ga, Rh, Zr and Co at Fe site in hematite influence the physical
and photocatalytic properties. It is observed that Zr dopant limits the recombination of electron hole
pairs in Fe2O3 nanorods array that act as a better catalyst for dye degradation [11]. Similarly, Ti-doped
Fe2O3 enhances the donor density and lowers the electron-hole pair recombination rate that improves
the photocatalytic activity [12].

The influence of divalent Zn cation on structural, electrical and optical behavior of hematite has
become a field of scientific research. The substitution of Zn2+ at Fe3+ site causes the charge imbalance in
the host lattice [13]. In order to maintain charge neutrality, one or more of the following mechanisms can
occur: Transformation of Fe3+ to Fe2+ state, creation of cation vacancies and filling of oxygen vacancies.
The physical properties of hematite are effected by the degree of crystallinity, particle size, doping and
pressure [14–17]. A report by Velev et al. [18] showed that Zn2+ affects electronic properties of hematite
that causes the creation of a hole in the oxygen valence band. The extra hole from Zn2+ is situated on
the neighboring O sites inducing an acceptor level just below the fermi energy. This hole is relatively
delocalized, and hence, provides good hope for high conductivity. The purpose of incorporation of
Zn2+ ions is to promote the hopping mechanism of electrons by Fe3+-Fe2+ pairs and also modifying
the optical properties. Based on these factors, we have synthesized Zn-doped Fe2O3 nanoparticles,
with dilute concentrations, to study their structural, optical, dielectric and photocatalytic properties.

2. Materials and Methods

2.1. Synthesis of Nanoparticles

Pure and Zn doped α-Fe2O3 samples were synthesized by sol-gel method using high purity
precursors Fe(NO3)3.9H2O and Zn(NO3)2.6H2O in a stoichiometry ratio with distilled water as solvent
(as shown in Figure 1). The solutions were mixed and subjected to vigorous stirring for about 15 min
to obtain a clear homogenous solution. The sol mixture was heated on hot plate at 60 ◦C with constant
stirring for 1 h until the gel type solution was obtained. This gel was converted to solid particles by
heating at 90 ◦C for 4 h and then crushed to get nanoparticles. The as obtained powder was annealed
at 400 ◦C for 2 h and then grinded. The sample without doping is represented as pure Fe2O3 and Zn
doped as Zn 2%, Zn 4% and Zn 6% corresponding to samples α-ZnxFe2−xO3 where x = 0, 0.02, 0.04
and 0.06.

2.2. Characterizations

Structural study of prepared samples was carried out by Rigaku X-ray Diffractometer (XRD)
(installed at DCRUST, Murthal, India) as Cu Kα radiation source with wavelength 1.54 Å. The size
and surface morphology of prepared nanoparticles were studied using Thermo Scientific Talos Cryo
TEM (installed at AIIMS, New Delhi). Raman spectra were recorded with a STR 500 Confocal Micro
Raman Spectrometer (DPSS Laser of wavelength of 532 nm at 12.5 MW power source) (installed at
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MNIT, Jaipur, India). Fourier transform infrared spectroscopy (FTIR) was explored by a NICOLET
5700 (present at DCRUST, Murthal, India) with transmittance in the range 400–4000 cm−1. Dielectric
measurements were done using Novacontrol broadband (installed at Delhi University) impedance at
room temperature to measure complex dielectric permittivity and tangent loss. UV-Vis absorption
spectra were recorded at different time intervals to monitor the degradation process using LABINDIA
UV 3092 UV-VIS spectrophotometer (present at DCRUST, Murthal, India).

2.3. Photocatalytic Test

Photocatalytic performance of Zn doped α-Fe2O3 samples were investigated by decomposition of
Rose bengal (RB) dye using 300 W UV light source having 365 nm wavelength at room temperature
which is shown in Figure 1. In this experiment, 0.05 g of catalyst was sprinkled in 50 mL of 5 ppm RB
dye solution and vigorously stirred for 45 min in the dark to achieve equilibrium adsorption/desorption
at the surface of photocatalyst. Then, the dye solution was continuously stirred throughout the
experiment under UV light and 3 mL of solution was collected at regular 15 min time intervals to
monitor the degradation process using UV-VIS spectrophotometer.
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Figure 1. Schematic representation of synthesis and photocatalytic test of pure Fe2O3, Zn 2%, Zn 4%
and Zn 6% nanoparticles.

3. Results and Discussion

3.1. XRD Analysis

Structural and phase identification of the materials were confirmed using X-ray diffraction (XRD)
as shown in Figure 2. All exhibited XRD peaks of pure and Zn doped hematite assigned to (012),
(104), (110), (113), (024), (116), (214) and (300) planes can be easily indexed to rhombohedral with
space group R3c phase of hematite (JCPDS card no. 84-0311) [19]. No diffraction peaks other than
hematite has been observed, indicating that Zn atoms were incorporated in α-Fe2O3 matrices. Thus,
crystallinity is altered by dopant atoms without disturbing the rhombohedral structure of hematite.
A visual inspection of XRD reveals that (104) diffraction peak is shifting towards lower angle up to 4%
of Zn doping and then shifts toward higher angle side for 6% Zn concentration. This shifting of XRD
peaks result in the variation of lattice parameters (a and c) as shown in Table 1. It is contemplated
that lower doping (≤4% Zn) concentration occupies substitutional sites, whereas, higher doping of Zn
occupies partial interstitial sites or segregate on the surface which distorts the host lattice structure.
In other words, higher concentrations of Zn2+ ions causes non uniform distribution in the host lattice,
which plays a dominant role in modifying the various physical properties. Distortion in host matrix is
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expected due to incorporation of large size Zn2+ ions in place of smaller size Fe3+ ions which in turn
leads to stress (σ) in the system. This can be obtained using the relation [20],

σ =
226.28 (c− c0)

c0
(1)

where (c−c0)
c0

represents strain, c0 and c corresponds to the lattice parameter values from JCPDS card
and XRD results, respectively. The obtained negative values of stress indicates the compressive stress
in the system. A report by K. Vijayalakshmi et al. stated that compressive stress (negative sign in
stress value) may be attributed to zinc interstitials and tensile stress (positive sign in stress values)
is associated with oxygen vacancy present in the Mg doped ZnO thin films [20]. The crystallite size
(D) of these nanoparticles was calculated from the full-width half maxima (FWHM) of (104) peak
using Debye-Scherer formula. It is observed that crystallite size increases up to 4% Zn concentration
then decreases for 6% Zn concentration. The enhancement in crystallite size after Zn doping plays an
important role in crystal growth and also in crystallization of Fe2O3. The enlargement in size is due to
the substitution of Fe3+ ions with relatively large sized Zn2+ ions. The obtained trend in crystallite size
for higher Zn doped Fe2O3 samples has a similar trend as also discussed in previous reports for Y
doped ZnO, Mn-doped CeO2 and Mg-doped ZnO samples [21–23].
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Figure 2. X-ray diffraction pattern of pure Fe2O3, Zn 2%, Zn 4% and Zn 6% nanoparticles.

Table 1. Structural parameters of pure Fe2O3, Zn 2%, Zn 4% and Zn 6% synthesized nanoparticles.

Samples
Lattice Parameter (Å) Crystallite

Size (nm)
Dislocation Density

(nm)−2 × 10−4
Stress
(GPa)

Particle Size
From TEM (nm)a–axis c–axis

Pure Fe2O3 5.035 13.229 15 44.44 −8.41 18
Zn 2% 5.041 13.242 18 30.86 −8.20 20
Zn 4% 5.043 13.248 21 22.67 −8.10 23
Zn 6% 5.002 13.221 14 51.02 −8.54 16

Additionally, to obtain more information about the defects present in the synthesized samples,
dislocation density (δ) is evaluated from δ = 1

D2 . The obtained dislocation density is significantly
low for Zn 4% indicating the presence of large number of defects which is helpful in photocatalytic
degradation. However, the defects are reduced for Zn 6%. The increase in crystallite size and decrease
in dislocation density up to Zn 4% indicates that dopant atoms are entirely included in the lattice.
While, in higher Zn dopant concentrations, the decrease in crystallite size and increase in dislocation
density infers that dopant atoms occupy interstitial positions in the matrix. This results in a decrease

4
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in crystalline order and an increase in dislocation density. The change in dislocation density and stress
in synthesized samples confirm the presence of defects in the lattice structure that are responsible for
modification in various physical properties.

3.2. TEM Analysis

The surface morphology and particle size of Zn doped Fe2O3 nanoparticles were examined by
transmission electron microscopy (TEM) measurements. It can be clearly seen from Figure 3a that
Fe2O3 nanoparticles are almost spherical in shape. The estimated average particle size from TEM lies
between 16 nm to 23 nm for pure, as well as Zn doped Fe2O3 nanoparticles. The particle size increases
up to 4% of Zn concentration and then decreases which is consistent with XRD measurements and the
values are given in Table 1. Figure 3a shows agglomerated nanoparticles of Fe2O3. The agglomeration
is found to be decreasing with Zn content in Fe2O3 lattice (Figure 3b–d).
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3.3. Raman Analysis

Raman spectroscopy is a fast and non-destructive tool for identifying the vibrational phonon
modes that access the clear identification of compounds. Hence, the structural properties of as
synthesized samples are further studied using Raman spectroscopy. The optical vibrational modes can
be assumed as lattice waves arising due to an out of phase movement of atoms inside the crystal lattice.
As these waves can interact with applied external electric field so, it is easy to excite them through
conventional spectroscopic techniques. For a particular vibrational mode to be Raman active, it should
be accompanied by change in polarizability. Whereas, changes in the dipole moment are required for
vibrations to be infrared active. Vibrational modes of α-Fe2O3 at the first Brillouin zone center are
represented by [24]:

Γ = 2A1g + 2A1u + 3A2g + 2A2u + 5Eg + 4Eu. (2)

Among these, the acoustic modes (A1u and A2g) are optically silent, due to an in-phase movement
of atoms inside the crystal lattice, and cannot be identified by these techniques, as they propagate
with the speed of sound of a much lower frequency. The six antisymmetric modes (2A2u and 4Eu) are
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infrared active vibrations and seven symmetrical (2A1g and 5Eg) modes are Raman active vibrations.
As the rhombohedral crystal structure of α-Fe2O3 features an inversion center, no modes are both
infrared and Raman active.

Raman spectra of Zn doped α-Fe2O3 in the range 200–800 cm−1 at room temperature is shown in
Figure 4. The assignment of Raman active modes are consistent with the group theory predicted for
the space group R3c of hematite. Five phonon modes (2 A1g and 3 Eg) of hematite corresponding to
transverse optical (TO) modes are detected by group theory at A1g(1) ~215 cm−1, Eg(1) ~280 cm−1, Eg(2)
~398 cm−1, A1g(2) ~492 cm−1, Eg(3) ~544 cm−1 respectively, which are well in agreement with existing
literature, thereby confirming the rhombohedral structure of synthesized samples [9]. The expected
Raman spectra, corresponding to Eg modes at ~245 cm−1 and ~412 cm−1 is missing in the present case
due to crystalline disorder or broadening of peaks. A1g symmetry can be viewed as the movement of
Fe atoms along the crystallographic c-axis of the unit cell, while Eg symmetry involves the symmetric
breathing mode of O atoms correlated to each iron cation (Fe) in the plane perpendicular to the c-axis
of the unit cell. It is observed from Figure 4 that peaks shift towards higher wavenumber till 4% Zn
doping and then shift towards lower wave number on further doping. This shifting in Raman modes is
governed by the change in host lattice strain with the addition of foreign atoms. The observed variation
in Raman spectra correlates well with the XRD results of variation in lattice parameter and stress
values. Apart from these symmetrical phonon modes, it is observed that there is an additional feature
illustrating IR (infrared) - active longitudinal optical (LO) Eu mode at ~597 cm−1 which is forbidden in
Raman scattering, but is activated by surface defects or disorder in hematite crystalline lattice [25].
The intensity of this mode is maximum for Zn 4% sample. These defects attribute to oxygen vacancies
and modify the electronic structure that, in turn, enhances the photocatalytic activity.
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3.4. FTIR Analysis

Fourier transform infrared (FTIR) spectroscopy is a powerful method to get the information
related to chemical bonds adsorbed on the surface of the material. FTIR spectrum of pure and Zn
doped α-Fe2O3 nanoparticles was recorded in the range 400–4000 cm−1 given in Figure 5a. Different
bands in FTIR spectra arises due to various functional groups. As discussed above in Raman studies,
group theory analysis predicts six infrared active modes corresponding to α-Fe2O3 lattice, out of which
two infrared active A2u modes are associated with the vibrations polarized parallel to crystallographic
c-axis, while other four active Eu modes are polarized perpendicular to crystallographic c-axis [26].
The spectra features two prominent peaks at ~463 cm−1 and ~551 cm−1 are assigned to Eu and A2u +

Eu (overlapping of A2u and Eu) phonon modes, respectively. These sharp and strong intensity bands
at ~463 cm−1 and ~551 cm−1 indicate the metal oxygen (Fe–O) vibrations in rhombohedral lattice
of hematite [27]. Also, these peaks confirm the existence of α-Fe2O3 and are consistent with XRD
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data. In addition, peak observed at 1095 cm−1 is attributed to the presence of adsorbed CO2 and peak
centered at ~1633 cm−1 is assigned to O-H bending of water [28,29]. Further, the band at ~2929 cm−1

is attributed to CH symmetric stretching vibrations and very broad peak observed at ~3413 cm−1

corresponds to the presence of hydroxyl group [30].
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Figure 5. (a) FTIR transmittance (%) spectra and (b) Tauc plot of pure Fe2O3, Zn 2%, Zn 4% and Zn
6% nanoparticles.

It has been demonstrated that band positions in FTIR spectra are sensitive to lattice parameters,
particle size and the presence of impurities. As discussed above, bands at ~463 cm−1 and ~551 cm−1

are related with Fe–O stretching vibrations and these bands are shifting toward lower wavenumber
side up to Zn 4% and then shift to higher wavenumber for Zn 6% due to variation in cation-oxygen
bond length [31]. Also, it is well-established that bond length is inversely proportional to wavenumber
or frequency. The shifting in these bands are analogous to the change in lattice parameter values
analyzed through XRD measurements and reveals the strengthening of metal oxygen bond with the
change in Zn content in the host matrix. Moreover, intensity of peaks increases up to Zn 4% doping
and decreases for Zn 6% which is in accordance with crystallinity of XRD pattern.

.

3.5. UV–Vis Analysis

UV-Vis measurements in the absorption mode were carried out to reveal the electronic structure
and size effect of as prepared nanoparticles. The optical band gap energy for synthesized nanoparticles
has been calculated using the Tauc’s relation: (αhν)n = A

(
hν− Eg

)
, where, α is the absorption

coefficient, hν is incident photon energy of light, A is a constant, Eg denotes the band gap energy and
n is constant that depends on the nature of optical transition (n = 2 and 0.5 for direct and indirect
transition respectively) [32]. Figure 5b shows the plot of (αhν)2 versus hν for Zn doped α-Fe2O3

nanoparticles that exhibits a direct band gap with n = 2. The charge transfer in α-Fe2O3 takes place
between occupied O2− 2p state to empty Fe3+ 3d upper state that is responsible for direct band gap
transition in Fe2O3. It is found that pure Fe2O3 nanoparticles has band gap of 2.66 eV which is higher
than the reported band gap of 2.1 eV for pure Fe2O3 [1]. This indicates existence of Fe3+ in lower spin
state that results in higher value of band gap for pure Fe2O3. Moreover, the obtained results show
reduced band gap from 2.66 eV for pure Fe2O3 to 2.31 eV for Zn 4% and then increases for higher
Zn concentration. This decrease in band gap may be ascribed to an increase in structural disorder or
defects with increase in Zn doping up to 4% concentration. In addition, this decrease in band gap
may also be due to partial hybridization between Zn t2g and O 2p states to empty Fe t*2g 3d orbitals.
A report by Mashiko et al. explained the decrease in band gap on the basis of decrease in residual
in-plane strain [33]. Based on the above considerations, the sequence of band gap for synthesized
samples is Zn 6% > Pure Fe2O3 > Zn 2% > Zn 4% which agrees well with experimental data and
measured band gap values are given in Table 2.
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Table 2. The calculated band gap, valence band and conduction band positions corresponding to pure
Fe2O3, Zn 2%, Zn 4% and Zn 6% nanoparticles.

Samples Band Gap (eV) Valence Band Position (eV) Conduction Band Position (eV)

Pure Fe2O3 2.66 2.70 0.04
Zn 2% 2.58 2.66 0.08
Zn 4% 2.31 2.52 0.21
Zn 6% 2.72 2.73 0.01

Band edge positions, bandgap as well as the overall band structure of semiconductors play an
important role in photocatalytic applications. The energy position of the band edge level can be
controlled by the electronegativity of the dopants, as well as by the quantum confinement effects.
The valence band and conduction band edge potential of a semiconductor can be deduced from the
relation [34,35],

EVB = χ− Ee + 0.5 Eg (3)

ECB = EVB − Eg (4)

where, EVB and ECB are the valence band and conduction band edge potential, respectively, χ is the
absolute electronegativity of a semiconductor oxide and its value for Fe2O3 is 5.87 eV, Ee represents
the energy of free electrons, which is about 4.5 eV on hydrogen scale. The calculated valence and
conduction band edge position for synthesized samples are given in Table 2.

3.5.1. Photocatalytic Activity

The photocatalytic performance of Zn doped α-Fe2O3 (catalyst) was investigated by recording
the time-dependent degradation of RB dye (as a contaminant). Figure 6a–d showing the change
in absorption spectra over time for RB dye solution with catalysts under the presence of UV light
irradiation. Figure 6a demonstrates that pure α-Fe2O3 shows poor performance, compared to Zn
doped (2% and 4%) samples as the high recombination rate between electrons and holes, and which
cannot be easily separate out due to the short hole diffusion length in case of pure α-Fe2O3. However,
the addition of Zn as dopant is a useful tactic to introduce localized electronic band structure which
improves the charge separation efficiency. The appearance of no new absorption peak during whole
process indicates the degradation in presence of proposed photocatalyst. The characteristic absorption
peak intensity of RB dye gradually decreases with increasing exposure time from 0 min to 90 min.
The intense absorption peak of RB dye around 562 nm decreases much faster in the presence of catalyst
(Zn 4%) compared to other synthesized samples. The photodegradation activity increases with Zn
dopant concentration of α-Fe2O3 in the following order: Zn 6% < pure Fe2O3 < Zn 2% < Zn 4% as
shown in Figure 6a–d. It is well-established that synthesized samples in nano-region exhibit unique
surface chemical reactivity for photocatalytic activity. There are several factors that influence the
photocatalytic activity, such as type of dopant, recombination of electron hole pairs and band gap of
semiconductors. Researchers have claimed that Cu2+ doping in α-Fe2O3 creates a trap state (separate
band) which controls the electron hole recombination in photocatalytic process [1]. In the present
study, Zn2+ forms a trap state in the band gap of α-Fe2O3, i.e., a separate band between conduction
band and valence band. The trap state induces defect state/impurity level, which entraps the charge
carriers, as soon as they have been generated by UV light illumination, and inhibits the recombination
so that charge carriers can be used for the redox process. The band gap decreases in Zn doping (up to
4% concentration), resulting in further surface defects (as clearly seen in Raman spectra), as well as
delaying the recombination of charge carriers also which yields better catalyst for the degradation of
RB dye.
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Photocatalytic activity generally includes the partial/complete degradation of organic waste dyes
with the assistance of active species existing on the surface of the catalyst. When the catalyst is exposed
to UV light, the photogenerated electrons (e−) are excited from top of valence band to the bottom of
conduction band, leaving behind the holes in valence band. This lead to positive holes and negative
electrons on the catalyst surface. The photogenerated holes interact with adsorbed water present on
the surface of catalyst to generate reactive hydroxyl free radical (·OH), while O2 acts as an electron
acceptor to form a superoxide (O2

·−) anion radical which on protonation yields HOO· in the presence
of water [36]. Further, the O2

·− can act as an oxidizing agent or as an additional source of OH· radicals.
These hydroxyl radicals are, thus, more efficient for degradation of RB dye into some non-toxic organic
compounds, such as CO2 and H2O, as shown in Figure 7. The oxidative (using holes) and reductive
(using electrons) pathway, followed by the degradation process, are summarized as follows [33,37]:

Zn− (α− Fe2O3) + hν → Zn− (α− Fe2O3) + e−CB + h+VB (5)

e−CB + O2 → O.−
2 (6)

O.−
2 + H2O→ HOO. + OH− (7)

h+VB + OH− → OH. (8)

OH. + O.−
2 + RB dye intermediates→ CO2 + H2O (9)

This is in accordance with significant activity of samples which is attributed to the effective
inhibition of (e−/h+) recombination and migrates to the photocatalyst surface to generate highly reactive
free radicals that in turn oxidize RB dye (Figure 7).

Figure 8 displaying the experimental and linear plot of −ln(c/c0) versus time (t) for RB dye with
different Zn concentration in hematite. It suggests that photodegradation of RB molecules by catalyst
follows the pseudo-first-order kinetics [38]:

− ln(C/C0) = kt (10)

t1/2 = ln 2/k (11)

where, C0 is the initial concentration of pollutant (RB dye) when the UV light is turned on, while
C is the real-time concentration of pollutant under UV light irradiation, and k is the apparent rate
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constant of pseudo-first-order equation, t is the irradiation time. The half-life time (t1/2) is defined
as the time required to degrade 50% of initial RB dye concentration. The slope of the plot −ln(C/C0)
with irradiation time provides the estimated apparent rate constant as given in Table 3. The observed
degradation rate constant of RB dye in the presence of a catalyst Zn 4% is 0.02277 min−1, which is
significantly larger than other synthesized samples.
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Table 3. Calculated photodegradation parameters of pure Fe2O3, Zn 2%, Zn 4% and Zn 6% nanoparticles.

Samples Rate Constant (k) (min)−1 % Degradation (in 90 min) R2 t1/2 (min) t90 (min)

Pure Fe2O3 0.01087 63 0.9962 63.8 211.8
Zn 2% 0.01728 80 0.98381 40.1 133.3
Zn 4% 0.02277 87 0.99605 30.4 101.1
Zn 6% 0.00963 57 0.97569 72.0 239.1
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The percentage degradation of RB dye, using pure hematite as a catalyst, is 63% after UV irradiation
for 90 min. Degradation % increases with an increase in Zn content up to Zn 4% and reached 87% as
shown in Figure 9a. Further increase in Zn content decrease the degradation efficiency towards RB
dye. Notably, the degradation rate of Zn 6% is even less than that of pure Fe2O3, due to the fact that
Zn ions occupy interstitials site in the host matrix for this concentration responsible for the enhanced
recombination rate between electrons and holes.
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3.5.2. Electricity Cost

Cost evaluation is one of the most important factors in waste water treatment. As saving energy
(electricity) benefits the world at large scale. The main reason behind saving electricity is that burning
of fossil fuels in plants causes several environmental issues, such as global warming and the greenhouse
effect, which directly affect human life. Our present study aims to reduce energy to mitigate the effects
of greenhouse gases. The power consumption can be estimated using the following relation [39],

t90 = ln 10/k (12)

Ec =
P× t90 × 4.68

1000× 60
(13)

where, t90 signifies the time taken by any dye to be degraded 90% of its initial concentration, EC is
electricity cost, P is power consumed (in Watt) of UV light source. Power consumers consuming a
maximum 500 units of electricity per month pay INR 4.68 per unit in our locality, as shown in Figure 9b.
The electricity cost is also found to be minimum for 4% Zn doped sample which has maximum
% degradation.

3.6. Dielectric Properties

Materials under the oscillating electric field impart dielectric behavior which can be expressed as a
complex form consisting of real (ε′) and imaginary (ε”) components that can be represented as ε*= ε′+
iε”. The real component (ε′) of dielectric constant depicts the energy storage and imaginary component
signifies the dissipated energy in the material. Various external parameters like microstructure,
frequency of applied electric field, sintering temperature, type of cation substitution, etc. affect the
dielectric properties. Both components of the dielectric constant can be evaluated using the following
relation:

ε′′ = ε′ × tanδ (14)

Both real, and imaginary, components of dielectric constant have strong frequency dependence at
room temperature in Zn doped hematite, and is demonstrated in Figure 10. The dielectric constant
decreases with an increase in frequency, which agrees well with previous studies [40]. The strong
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decrease in dielectric constant with rise in frequency can be understood on the basis of Maxwell
Wagner model and Koop’s phenomenological theory, which explains that ferrites are formed by highly
conducting grains, embedded in the insulating matrix, i.e., grain boundaries [3]. High dielectric
constant value at lower frequencies is contributed by grain boundaries.As the frequency increases,
grains start to predominate over grain boundaries, which reduces the dielectric constant. The dispersion
in dielectric constant with frequency can also be understood in terms of space charge polarization,
due to the hopping of electrons between ferric and ferrous ions [41]. At low frequencies, hopping of
electrons within grains causes the electrons to pile up at grain boundaries resulting in space charge
polarization and contributes to higher value of dielectric constant. On the other hand, a reduction in
orientation polarizability can be seen with increase in frequency, as the electron exchange between
Fe2+ and Fe3+ ions loses the ability to follow alternative field and lags behind the field. As a result,
probability of electrons reaching the grain boundary reduces. Consequently, the dielectric constant
decreases and becomes almost constant at higher frequencies.
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Compositional Dependent Dielectric Constant

The behavior of the dielectric constant (ε′ and ε′′) with Zn concentration is dependent on many
factors like hopping mechanism at octahedral site, lattice parameter and crystallite size. It is well
known that the polarization and volume of the unit cell are inversely proportional to each other [42].
It is clearly seen from Figure 10 that value of dielectric constant decreases continuously (pure Fe2O3

> Zn 2% > Zn 4%) with increase in Zn2+ ions up to 4% concentration due to its increased lattice
parameter, which yields increase in unit cell volume. Also, this can be justified based on the hopping
mechanism. The hopping of ions between Fe2+ and Fe3+ in octahedral site is responsible for polarization.
The decrease in dielectric constant with addition of Zn ions up to 4% arises from a decrease in Fe2+ ions
at the octahedral site which reduces the electrons (n-type charge carriers) at the cost of increased holes
(p-type charge carriers). The mobility of holes is less comparable to electrons and these holes contribute
towards polarization resulting in a reduction of dielectric constant. The increase in dielectric constant
for Zn 6% is due to decrease in its lattice parameter which reduces the cell volume resulting in large
polarization and consequently increase in dielectric constant. Secondly, dielectric constant depends on
crystallite size also. It is clearly seen from XRD that crystallite size is increased up to Zn 4% and then
decreases for Zn 6%, which is in accordance with variation of dielectric constant with composition.

3.7. Dielectric Loss Tangent

Dissipation of energy is measured with respect to alternating external field which is recorded
in terms of dielectric loss. The variation in dielectric loss as a function of frequency for varying Zn
concentration in hematite is shown in Figure 11.
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A report by Iwauchi et al. [43] showed that conduction hopping and dielectric behavior are
strongly correlated. The dielectric loss is high at lower frequencies, due to the grain boundary behaving
as an insulating interface, as the charge carriers undergo space charge polarization [44]. Diamagnetic
dopant and organized growth of domains have a major impact on decrease of loss tangent at small
frequencies. The loss factor decreases at higher frequencies, due to the mismatch of electrons with
applied field frequency, as discussed above. Loss is dependent on various factors, such as ferric and
ferrous content, the stoichiometry of material and heterogeneous domain wall geometry. It can be
observed that loss tangent has a relaxation peak for α-ZnxFe2−xO3, which is consistent with earlier
reports [45,46]. According to Rezlesque model [47], a peak in dielectric loss is expected when the
hopping frequency of electrons between Fe2+ and Fe3+ states is in resonance with the external applied
electric field’s frequency. The maxima in dielectric loss can be expressed as a relationωτ = 1, where
ω is the angular frequency of field and τ is relaxation time for hopping mechanism. The increase in
peak height, as well as shifting in peak position with doping of Zn shows the variation in hopping
probability of electrons between Fe2+ and Fe3+ states, and this is influenced by the number of Fe3+ ions
in the octahedral site [48].

3.8. AC Conductivity

To study the hopping mechanism, ac conductivity (σac) versus logf of Zn doped hematite at room
temperature is plotted (Figure 12a). At lower frequencies, conductivity seems to be constant and
increases with rise in frequency. The type of polarons involved in hopping mechanism was estimated
using log σac versus logf as shown in Figure 12b. In large polaron model, ac conductivity decreases,
while in the small polaron model, ac conductivity increases with rise in frequency. In the present
study, conductivity shows almost linear behavior with increases in frequency that indicates conduction
hopping is followed by small polaron mechanism, as evident from Figure 12b. Conductivity is more
affected by grain boundaries at lower frequencies, while grains have more impact on conduction at
high frequencies [49]. The increase in frequency enhances the hopping of charge carriers between
ferric and ferrous ions that leads to increase in conductivity. Low conductivity is observed at lower
frequencies which is due to the blocking effects at grain boundaries.

The relation between frequency and ac conductivity can be depicted as [50],

σac = 2π fε0ε
′tanδ (15)

where, f is frequency in Hz. The conductivity decrement with Zn dopant concentration could be
described by the microstructures of the material, the probability of hopping and hopping duration of
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the electrons. This may arises due to the reduction of Fe3+ ions in octahedral site and creation of Fe3+

vacancies by substitution of Zn2+ ions.
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3.9. Modulus Properties

The electric modulus plays an important role in the study of conduction and relaxation behavior
of materials, and also, in detecting the impedance sources like grains, grain boundary conduction
effect, electrode polarization and electrical conductivity. The real (M’) and imaginary (M”) components
of electric modulus can be obtained using dielectric constant (ε′ and ε”) [51]:

M∗ = ε′

ε′2 + ε′′ 2
+ i

ε′

ε′2 + ε′′ 2
= M′ + iM′′ . (16)

The real component (M’) of electric modulus represents the energy given to the system, and the
imaginary component (M”) represents the dissipated energy during the conduction process.

The frequency dependence of electric modulus (M’, M”) at room temperature is shown in Figure 13.
It is observed that at lower frequencies M’ is very small nearly to be zero and a continuous dispersion
with frequency increases having a tendency to saturate at a maximum value for all the samples at
higher frequencies due to the relaxation process. These observations implies the lack of restoring
force for flow of charge carriers under the action of steady electric field. The small value of M’ at
low frequency supports the long range mobility of charge carriers. While, in higher frequencies,
M’ increases rapidly with frequency, indicating that the conduction mechanism, which may be due to
the short range mobility of charge carriers.

The imaginary part of electrical modulus M” shows an increasing trend compared to frequency
with relaxation peaks for all samples. The frequency region below peak frequency represents the
frequency range by which ions drift to long distance, i.e., performing successful hopping from one site
to neighboring site. Whereas, the high frequency region above the peak shows that the carriers are
confined to their potential wells and can make localized motion inside the well. The occurrence of peak
in electrical modulus M” indicates the transition from long range to short range mobility of charge
carriers with rise in frequency. The behavior of the modulus spectrum is indicative of hopping type
mechanism for electrical conduction in the system. The broadening of the peaks is the consequence
of the distributions of relaxation time arise from the non-Debye type of the material. Further, it is
observed that the peaks shift towards the higher frequency side, with Zn doping and the obtained
relaxation peaks having resonance peaks, where the oscillating dipoles frequency matches the applied
field frequency.
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4. Conclusions

Zn-doped α-Fe2O3 nanoparticles were synthesized by sol-gel method to investigate the effect of
Zn doping on structural, optical and dielectric behavior of hematite. XRD reveals the rhombohedral
structure of as-prepared samples with average crystallite size lying between 14–21 nm and other
various parameters like lattice parameter, strain, stress, dislocation density also has been discussed.
Raman spectroscopy confirms defects in the host lattice exist that are consistent with XRD results. FTIR
spectra reveals the metal oxygen vibrations and shifting in the spectra with doping ion concentration.
The optical band gap obtained from Tauc plot decreases from 2.66 eV for pure Fe2O3 to 2.31 eV
for 4% Zn doping and then increases for Zn 6%, which is in accordance with structural parameters.
Photodegradation analysis shows that 4% Zn doped α–Fe2O3 is a good catalyst for degradation of RB
dye under the illumination of UV light and almost 87% of RB dye has been degraded in 90 min in
the presence of catalyst. In future, Zn doped α-Fe2O3 have been used as a very good photocatalyst to
remove organic pollutants from waste water. AC conductivity increases with the increase in frequency
for all the samples, due to the conduction hopping mechanism, revealing a small polaron hopping
mechanism involved in conduction. The dispersion in dielectric constant spectra with frequency
can be understood based on Koop and Maxwell-Wagner’s models and also on basis of space charge
polarization. Higher value of dielectric constant of synthesized samples at room temperature makes
them suitable for high energy storage applications.
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Abstract: Bimetallic nanoparticles have received extensive attention due to their unique physical
and chemical properties, including enhanced optical properties, chemical stability, and better cat-
alytic activity. In this article, we have successfully achieved the controllable preparation of Ag@Au
nanoparticles via a seed-mediated growth method. By regulating the amount of seeds—silver
nanospheres—we realized that Ag@Au nanoparticles gradually changed from spherical to a sea-
urchin-like structure. The structure and composition of the prepared nanoparticles were characterized
via scanning electron microscopy (SEM), transmission electron microscopy (TEM), energy-dispersive
X-ray spectroscopy (EDS), and high-angle circular dark field scanning transmission electron mi-
croscopy (HAADF-STEM). In addition, we use the prepared Ag@Au nanoparticles as a substrate
material for highly sensitive surface-enhanced Raman spectroscopy (SERS). Using 4-aminothiophenol
(4-ATP) as the test molecule, we explored the SERS enhancement effects of Ag@Au nanoparticles with
different structures. Furthermore, we used Ag@Au nanoparticles for SERS to detect the drug fentanyl,
and realized the label-free detection of fentanyl, with the lowest detection concentration reaching
10−7 M. This research not only provides a method for preparing bimetallic Ag@Au nanoparticles
with different structures, but also provides a reference for the application of Ag@Au nanoparticles in
the field of detection technology.

Keywords: Ag@Au nanoparticle; core–shell structure; sea-urchin-like structure; SERS; fentanyl

1. Introduction

Noble metal nanocrystals have received extensive attention due to their unique local-
ized surface plasmon resonance characteristics. A large number of studies have reported
the application of noble metal nanocrystals in the fields of sensing, catalysis, and detec-
tion [1–5]. The characteristics of metal nanomaterials depend largely on their size, structure,
and composition. In the past few decades, much research has been devoted to the control-
lable preparation of noble metal nanocrystals with uniform morphology and size. Various
preparation methods have been developed one after another, including the solvothermal
method [6–8], electrochemical method [9,10], and photochemical method [11]. Many metal
nanocrystals with various regular morphologies have also been prepared. For example,
Mirkin et al. realized the transformation of silver nanocrystals from spherical to icosahe-
dral [12]. Yan et al. successfully prepared branched gold nanocrystals with tunable local
surface plasmon resonance (LSPR) characteristics, and used the prepared gold nanocrystals
as a substrate to achieve quantitative detection of the heme concentration in the cytosol of
human red blood cells [13]. By controlling the kinetics involved in the growth of preformed
Rh cube seeds, Xia et al. achieved the synthesis of Rh nanocrystals, including cubes, cubic
octahedrons, and octahedrons [14]. In addition to polyhedral nanocrystals with regular
morphologies, researchers have found that nanomaterials with sharp protrusions and pores
often exhibit specific properties. For example, core–satellite structures and sea-urchin-like
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structures with sharp protrusions promote electromagnetic field enhancement by generat-
ing multiple “hot spots”. This phenomenon has also aroused the interest of a large number
of researchers.

In addition, researchers have found that alloy nanomaterials with different elemental
compositions have the advantages of various nanomaterials, and show better performance
than single-element nanomaterials in various fields. The preparation and performance of
bimetallic nanoparticles is now an exciting research area, because they provide a new way
to change the properties of the particles by mixing two metals in one particle. Especially for
two kinds of metal nanoparticles with different advantages, we can realize the combination
of their advantages through the controllable preparation of bimetallic nanoparticles, and
avoid their respective disadvantages. For example, for two metal nanomaterials—gold and
silver—studies have shown that silver nanomaterials have a larger excitation window—
from blue to near-infrared—than gold nanoparticles (from red to near-infrared) [15]. In
addition, it can be said that silver is a more effective optical material than gold. Due to its
greater scattering contribution, which is related to the real part of its dielectric constant,
the surface-enhanced Raman scattering (SERS) signal generated by silver is more than
100 times higher than that of similar gold nanostructures [16]. However, the size and shape
of gold nanoparticles are easier to control, and have good chemical resistance—that is,
higher biocompatibility [17]. Therefore, silver nanomaterials are used more in in vitro
research, while gold nanoparticles are used more in in vivo research [18,19].

In order to make full use of the advantages of gold and silver nanoparticles, and
avoid their disadvantages, we urgently need to develop an Ag@Au nanomaterial that can
coat the surface of silver nanoparticles with a gold layer, or form an alloy of gold and
silver on the surface of silver nanoparticles. In general, alloy nanoparticles are obtained
via the simultaneous reduction of two metal precursors (Ag+ and Au3+). Conversely, the
controlled growth of the metal on the preformed colloidal surface produces good results
if the inner metal (the metal forming the colloid) has a greater surface free energy than
the metal on its surface. However, because the surface free energy of gold is greater
than that of silver (1.128 and 0.923 Jm−2, respectively), it is easier to grow silver on
the surface of gold nanoparticles. In fact, a number of studies have also reported that
Au@Ag nanoparticles were obtained by growing silver layers on gold seeds [20,21]. For
example, Xia et al. recently achieved regulation of the plasma performance of Au@Ag
nanoparticles by adjusting the thickness of the silver layer grown on the surface of gold
nanospheres and gold nanorods [22]. Cheng et al. adjusted the concentration of the
surfactant cetyltrimethylammonium chloride (CTAC) to precisely control the position
of the Ag coating on the convex gold nanoarrows. Three different nanostructures were
obtained at low, medium, and high CTAC concentrations—namely, anisotropic coating,
intermediate coating, and conformal coating, respectively [23]. Conversely, depositing gold
onto silver nanoparticles by reducing gold precursors yields a solid solution of the two
metals [24]. In general, the gold precursor will undergo a galvanic replacement reaction
with the silver nanoparticles, so that the internal silver atoms are first replaced by silver ions,
and then the silver ions are reduced to silver atoms by the reducing agent in the solution
and deposited on the surface, so that the hollow structure is finally obtained [25–28]. As far
as we know, only a few studies have reported the method of growing a gold layer on the
surface of silver nanoparticles to prepare Ag@Au core–shell-structured nanoparticles. For
example, Xia et al. successfully prepared Ag@Au nuclear sheath nanowires by depositing
Au atoms on the surface of pre-synthesized Ag nanowires, which greatly improved their
stability under different corrosive environmental conditions [29]. Kim et al. used sodium
sulfite to selectively bind Au cations, and thereby reduce the reduction potential of Au
(E◦ = 0.111 V). The gold(I) sulfite complex is relatively benign to the Ag nanowire surface,
so no oxidative etching will occur; on the contrary, the Au coating is promoted, and finally
Ag@Au nanowires are formed [30]. Kim et al. achieved gold-spiked coating of silver
particles through controlled Ostwald ripening of small gold nanoparticles on the surface of
larger silver particles [31].
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In this article, in order to fully combine the advantages of gold and silver nanoparti-
cles and avoid their disadvantages, we have developed a method for preparing Ag@Au
nanoparticles. Ag@Au nanoparticles have both the excellent surface plasmon resonance
characteristics of silver nanoparticles and the stability of gold. First, Au3+ is combined with
Br− in CTAB to form [AuBr4]−, and then the addition of ascorbic acid reduces Au3+ to Au+.
Finally, an Au(I)–GSH complex is formed by combining Au+ with glutathione modified on
the surface of silver nanoparticles, and then Au+ is reduced by glutathione in situ to grow
gold on the surface of silver nanoparticles. By simply adjusting the amount of silver seeds
added, we realized the transformation of the Ag@Au nanoparticle structure from spherical
to a sea-urchin-like structure.

2. Materials and Methods
2.1. Materials

The hydrochloroauric acid trihydrate (HAuCl4·3H2O, 99.9% trace metals basis), hex-
adecyltrimethylammonium bromide (CTAB, AR, 99%), glutathione (Mw = 307.32, ≥98%),
4-aminothiophenol (4-ATP, GC, ≥98%), nitric acid (HNO3, AR), and hydrochloric acid
(HCl, AR) were purchased from Aladdin. Silver nanospheres (diameter: 80 nm; purity:
>99% concentration: 0.1 mg/mL, XFJ63) were purchased from Nanjing/Jiangsu XFNANO
Materials Tec Co., Let. Fentanyl hydrochloride standard product was purchased from the
Shanghai Institute of Criminal Science and Technology (Shanghai, China). All reagents
were used directly, without further processing. All of the water used in the experiment was
ultrapure water (18.2 M·cm) purified using a Milli-Q Lab System (Nihon Millipore Ltd.,
Hangzhou, China). The flasks and glass slides used in the experiment were first washed
with aqua regia (HCl:HNO3 = 3:1) for 30 min, then washed with water (18.2 MΩ·cm) and
absolute ethanol twice, and finally dried for use.

2.2. Synthesis of Ag@Au Nanoparticles

First, we mixed the silver nanoball seeds with 100 µL of 1 mM glutathione solution in
a 1.5 mL centrifuge tube at room temperature; using an IKA shaker, we then vortexed it for
1 min, and incubated it for 1 h to make glutathione modified into silver nanospheres by
the Ag–S bond. At the same time, we added 4.0 mL ultrapure water to a 20 mL glass flask,
followed by 200 µL of 10 mM HAuCl4·3H2O solution and 0.8 mL of 0.1 M CTAB solution.
The mixed solution was stirred at 500 rpm for 30 min at room temperature using an IKA
magnetic stirring device, mixed well, and then 475 µL of 0.1 M ascorbic acid solution was
added, stirring was continued at room temperature for 5 min, and the mixed solution was
used as a growth solution. Finally, the silver nanospheres modified with glutathione were
added to the growth solution, and the reaction was carried out at room temperature under
magnetic stirring for 2 h. The resulting product was centrifuged at 5000 rpm for 10 min;
the supernatant was removed, and washed twice with water and ethanol, respectively. In
order to explore the effect of the amount of silver nanoball seeds added on the produced
Ag@Au NPs, we added 40 µL, 80 µL, 160 µL, and 500 µL of silver nanosphere seeds to the
reaction, without changing any of the other reaction conditions.

2.3. Characterization and SERS Test

The morphology and structure of the prepared nanoparticles were passed through
a field emission scanning electron microscope (SEM, 3.0 kV, JEOL, JSM-6700F, Japan),
transmission electron microscope (TEM, 100.0 kV, JEOL-2100f, Japan), high-resolution
TEM (HRTEM, 200 kV, JEOL-2100f, Japan), and selected-area electron diffraction (SAED,
JEOL-2100f, Japan) for characterization. The SERS test was conducted using a Raman
spectrometer (Thermo Fisher DXR2xi, America) under 633 nm laser excitation; the laser
power was 6 mW, and the acquisition time was 10 s. For surface-enhanced Raman spec-
troscopy testing, we first added 10 µL of Ag@Au nanoparticles to the centrifuge tube, and
then added 50 µL of 4-ATP solutions of different concentrations, mixing well. The mixed
solution was stored at room temperature for 30 min, and then 5 µL was dropped on a
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glass slide, dried at room temperature, and used for surface-enhanced Raman spectroscopy
(SERS) testing. The SERS test used a laser Raman spectrometer (Thermo Fisher DXR2xi,
America) equipped with a microscope (50× objective lens) and a CCD detector; the laser
source was 633 nm, the acquisition time was 10 s, and the laser power was 6 mW. We used
the supporting software to analyze the Raman peak spectrum. The SERS test for the drug
fentanyl followed the same process.

3. Results and Discussion
Characterization of Ag@Au NPs

We studied the morphology and size of Ag@Au nanoparticles via SEM and TEM.
Figure 1a is the SEM image of Ag@Au nanoparticles prepared when the amount of silver
seed added is 40 µL, and Figure 1b is the corresponding TEM image. As we can see,
the surface of the prepared Ag@Au nanoparticles is distributed with dense, thorn-like
structures. From the HRTEM image (Figure 1c) of the gold thorns grown on the surface, it
can be seen that the lattice spacing is 0.24 nm, indicating that the exposed crystal faces of the
gold thorns are mainly composed of {111} planes [4]. Figure 1d shows the corresponding
HAADF map. We performed EDS characterization of the prepared Ag@Au nanoparticles,
as shown in Figure 1e–g. Figure 1e,f are the distribution diagrams of silver and gold,
respectively. Figure 1g shows the overlapping distribution of the two elements. From the
EDS results, it can be seen that the atomic ratio of gold to silver is 68:32.

Figure 1. (a) SEM, (b) TEM, (c) HRTEM, and (d) HAADF images of as-prepared Ag@Au NPs, when the amount of Ag seed
was 40 uL. (e–g) The corresponding EDS images.

Figure 2 shows the characterization results of Ag@Au nanoparticles obtained when
the amount of silver seed added is 500 µL. Figure 2a,b show the SEM and TEM images of
Ag@Au nanoparticles, respectively. From the figure, we can clearly see that the Ag@Au
nanoparticles obtained still maintain a spherical structure, and have a uniform size dis-
tribution of about 95 nm. From its HRTEM image (Figure 2c), we can see that the lattice
spacing of gold nanoparticles distributed on the surface is 0.24 nm, indicating that it is
mainly composed of {111} planes. In addition, from the HAADF map (Figure 2d), it can
be seen that only a small part of the Ag@Au nanoparticles are gray in the central area,
indicating that the Ag@Au nanoparticles have formed a partially hollow structure, while
the main part is still a solid structure. Furthermore, we collected the distribution of Au and
Ag elements in Ag@Au nanoparticles via EDX, as shown in Figure 2e–g. From the figure,
we can see that gold and silver form an alloy structure distributed over the entire surface.
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Figure 2. (a) SEM, (b) TEM, (c) HRTEM, and (d) HAADF images of as-prepared Ag@Au nanoparticles, when the amount of
Ag seed was 500 µL. (e–g) The corresponding EDS images.

Furthermore, we explored the effects of the amount of silver seeds on the Ag@Au
nanoparticles. As shown in Figure 3, when there was no silver seed, we prepared a
mesoporous gold structure (Figure 3a). When adding 40 µL of silver seeds, we prepared
Ag@Au nanoparticles with dense, thorn-like structures on their surface (Figure 3b). When
the amount of silver seeds was doubled (80 µL), the thorn-like structures on the surface of
the Ag@Au nanoparticles were reduced (Figure 3c). When the amount of silver seeds was
further increased to 160 µL, the thorn-like structures on the surface were further reduced
(Figure 3d). When the amount of silver seed was increased to 500 µL, we achieved a
spherical structure with shape retention (Figure 3e). According to the EDS characterization
results of the nanoparticles prepared under different concentrations of silver seeds, we
performed a statistical analysis of the proportions of gold and silver atoms, as shown in
Figure 3f. The EDS diagrams of Ag@Au nanoparticles prepared under different silver seed
conditions are shown in Figure A1. Analyzing the EDS results, when the amount of silver
seeds added was 40, 80, 160, and 500 µL, the proportion of tightness in the prepared Ag@Au
nanoparticles was 0.68, 0.44, 0.38, and 0.20, respectively. The corresponding proportions of
silver were 0.32, 0.56, 0.62, and 0.80, respectively.

Based on the above experimental results, we can make the following inferences on
the formation mechanism of Ag@Au nanoparticles: Figure 3g is a schematic diagram of
the growth of Ag@Au nanoparticles. First, Au3+ ions in HAuCl4·3H2O solution combine
with Br− ions in CTAB to form [AuBr4]−, and then ascorbic acid reduces [AuBr4]− to get
Au+. This process is consistent with previous reports [32,33]. When silver seeds modified
with glutathione were added, Au+ reduced glutathione adsorbed on the surface of silver
seeds in situ to form Au0. It can be seen from Figure 2D that Au+ inevitably had a galvanic
replacement reaction with silver seeds (forming few hollow structures). However, the
majority of Ag@Au nanoparticles are still solid, which also indicates that the glutathione
on the surface of the silver seeds largely inhibits the galvanic replacement reaction. In
addition, the reduction of glutathione also causes the gold ions to be reduced to gold atoms
and deposited on the surface of the silver seeds, which also prevents the occurrence of the
galvanic replacement reaction. Thus, when the amount of silver seeds is low, there are
enough gold atoms to grow along the direction of glutathione, and eventually form sea-
urchin-like Ag@Au nanoparticles. When the amount of silver seeds is greater, the Ag@Au
spherical shell structure with the original shape will be formed. The above results show
that we have successfully prepared Ag@Au nanoparticles. Compared with the previously
reported Au@Ag core–shell structure and the Ag@Au hollow structure prepared by the
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displacement reaction, the Ag@Au nanoparticles we prepared have a solid structure. A
gold thorn structure grows on the surface of the seed, which realizes the combination of
the advantages of gold and silver nanoparticles.

Figure 3. TEM images of as-prepared Ag@Au nanoparticles, when the amount of Ag seed added
was (a) 0 µL, (b) 40 µL, (c) 80 µL, (d) 160 µL, and (e) 500 µL. (f) A statistical graph of the atomic ratio
of Ag and Au in Ag@Au nanoparticles prepared with different amounts of silver seeds, according to
the EDS results. (g) Schematic diagram of the growth process of Ag@Au nanoparticles. Scale bar:
100 nm.

Furthermore, we used the prepared Ag@Au nanoparticles as the substrate material
for surface-enhanced Raman spectroscopy (SERS) for highly sensitive detection of the
drug fentanyl. First, we explored the SERS enhancement effect of Ag@Au nanoparti-
cles with different structures. Figure 4 shows the SERS spectra obtained with 10−4 M
p-aminothiophenol (4-ATP) as the test molecule and Ag@Au nanoparticles with different
structures as the base material. We can see that the order of SERS enhancement effects, from
high to low, is spherical Ag@Au nanoparticles, sea-urchin-shaped Ag@Au nanoparticles,
and mesoporous gold nanoparticles. Therefore, in the follow-up test, we use spherical
Ag@Au nanoparticles as the enhancement reagent. The Raman characteristic peaks of
4-ATP molecules are located at 1076 cm−1 and 1585 cm−1 [34], and we see obvious SERS
peaks at 1140 cm−1, 1389 cm−1, and 1432 cm−1, which can be attributed to βCH + νCN,
νNN + νCN, and νNN + βCH of p,p’-dimercaptoazobenzene (DMAB), respectively [4].
This indicates that the prepared nanomaterials have catalytic activity, so that 4-ATP is
partially converted to DMAB by catalytic oxidation.
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Figure 4. SERS spectra of 10−4 M 4-ATP molecules with different substrate materials.

We used spherical Ag@Au nanoparticles to detect fentanyl. Figure 5a shows the
Raman spectrum and SERS spectrum of the fentanyl standard substance. As shown in
Figure 5a (black line), the Raman peaks of fentanyl solid powder are located at 621 cm−1,
746 cm−1, 831 cm−1, 1002 cm−1, 1030 cm−1, 1201 cm−1, 1447 cm−1, and 1600 cm−1,
which is consistent with previous reports [35]. However, the peak at 621 cm−1 in the
SERS spectrum (red line) disappeared. This is because, for a group, the Raman peak of
tensile vibration usually appears in a higher frequency range, and is less affected by the
external environment. The Raman peak of deformation vibration is usually located in
a lower frequency range, and is sensitive to environmental changes [36]. The peak at
621 cm−1 is the bending vibration of C–C–C [35], which is easily affected by the SERS
detection environment, and disappears. We assigned the SERS peak of fentanyl, as shown
in Table A1. Furthermore we performed SERS tests on different concentrations of fentanyl,
and the results are shown in Figure 5b. We can see that the lowest detection concentration
is 10−7 M.

Figure 5. (a) Normal and surface-enhanced Raman spectra for fentanyl (10−4 M). (b) SERS spectra of
fentanyl at different concentrations.

4. Conclusions

In this paper, we prepared Ag@Au nanoparticles via a seed-mediated growth method.
By adjusting the amount of silver seeds, we realized the transformation of Ag@Au nanopar-
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ticles from a spherical to a sea-urchin-like structure, and proposed the possible growth
mechanism. We further explored the SERS enhancement performance of the prepared
nanoparticles, using 4-ATP as the test molecule. The results show that the order of SERS
enhancement effects, from high to low, is spherical Ag@Au nanoparticles, sea-urchin-
shaped Ag@Au nanoparticles, and mesoporous gold nanoparticles. Finally, with Ag@Au
spherical nanoparticles as the enhancement material, we achieved the highly sensitive
SERS detection of fentanyl, with the lowest detection concentration reaching 10−7.
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Appendix A

Figure A1. TEM, HAADF, and EDS characterization of the prepared nanoparticles with different
amounts of Ag seeds: (a1–a5) 40 µL, (b1–b5) 80 µL, (c1–c5) 160 µL, and (d1–d5) 500 µL.
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Table A1. Characteristic vibrations of fentanyl.

Fentanyl

746 δ(C–C–C), δ(N–CH3)

831 ν(N–C–C–C)

1002 δ(CH) Ar

1030 ν(C=C), δ(CH2) twisting in aliphatic ring

1201 δ(C–C) benzyl stretch

1447 δ(CH2) scissoring

1600 ν(C=C) Ar
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Abstract: Metamaterials are the major type of artificially engineered materials which exhibit naturally
unobtainable properties according to how their microarchitectures are engineered. Owing to their
unique and controllable effective properties, including electric permittivity and magnetic permeability,
the metamaterials play a vital role in the development of meta-devices. Therefore, the recent
research has mainly focused on shifting towards achieving tunable, switchable, nonlinear, and
sensing functionalities. In this review, we summarize the recent progress in terahertz, microwave
electromagnetic, and photonic metamaterials, and their applications. The review also encompasses
the role of metamaterials in the advancement of microwave sensors, photonic devices, antennas,
energy harvesting, and superconducting quantum interference devices (SQUIDs).

Keywords: metamaterials; electronic materials; electromagnetic; Fano resonances; SQUID

1. Introduction

In the modern society, we are surrounded by an amazing variety of materials, such as
polymers, ceramics, composites, high strength alloys, superalloys, and so on. Naturally,
existing materials possess some properties. However, one can change or modify the nat-
urally occurring properties by altering the microstructure of the materials. The resultant
materials are also called as the engineered materials. Recently, the engineered materials
have gained much attention by researchers. The engineered materials exhibit better per-
formance, such as large cyclic life, broad temperature ranges, lighter in weight, etc., than
conventional materials. There exist numerous engineered materials such as metal-matrix
composites, polymer-based composites, piezoelectric materials, magnetostrictive materials,
metamaterials, etc. Owing to their large lifetime and high performance, these materials are
significantly used almost in all fields of science and engineering. In this article, we have
focused on metamaterials and their applications.

Metamaterials

In Greek, the word meta means “beyond”. The metamaterials are new class of engi-
neered materials which exhibit unusual electromagnetic properties that do not occur in
natural materials. In general, natural materials like diamond, glass, etc., have positive
refractive index, magnetic permeability, and electrical permittivity. Whereas these new
engineered materials show negative index of refraction, negative electrical permittivity, and
magnetic susceptibility. The metamaterials are also called as left-handed (LH) materials or
backward wave (BW) media or negative index materials (NIM) or double negative (DNG)
media. In addition, metamaterials have some special properties such as perfect lensing [1],
classical electromagnetically induced transparency [2–5], cloaking capability [6], high
frequency magnetism [7], dynamic modulation of Terahertz (THz) radiation [8], reverse
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Doppler effect, and reverse Cerenkov effect [9]. These unique properties of metamaterials
enable them to fabricate functional devices with switching and tuning capabilities [10–14].
Further, based on the permittivity and the permeability, the metamaterials are categorized
as mu-negative material (MNG), epsilon negative material (ENG), double positive material
(DPS), and double negative material (DNG) [15]. The MNG and ENG are also called as sin-
gle negative materials. Whereas the double negative and double positive materials can be
engineered at particular frequency band. In the year 1968, Victor Veselago, who is a Russian
physicist, first theoretically proposed the metamaterials [16]. He theoretically explored the
electrodynamics of the materials with negative values of the magnetic permeability (µ) and
relative permittivity (ε). Moreover, the propagation of electromagnetic waves is discussed
in those materials. Nevertheless Smith et al. practically demonstrated for first time a
structure which exhibits negative refraction in the microwave region [15]. In addition, J.B.
Pendry et al. [17] fabricated the first metamaterial by two interpenetrating subsystems.
Particularly, by using an array of thin metallic (copper) wires and rings, they fabricated
split ring resonators (SRRs), which provide negative values of permittivity and permeabil-
ity [17–19]. In metamaterials, the split rings play the role of atoms in natural materials and
act as electrically small resonant particles which contribute negative permeability. Herein,
copper wire contributes negative permittivity. Combined array exhibits negative perme-
ability and permittivity. Figure 1 gives the pictorial representation of a metamaterial [20]
(Figure taken from ref. [20]). Later, Ziolkowski [21] reported another metamaterial which
consists of substrate entrenched with capacitively loaded strips (CLSs) and square SRRs. In
this material, capacitively loaded strips gives a strong response to electric fields and gives
negative ε and SRRs interacts with magnetic fields and provides negative µ. Afterwards,
numerous researchers designed and fabricated different metamaterials by using different
methods like shadow mask/etching, clean room etching, etc., in many frequency bands.
In addition, based on the presence of SRRs, the metamaterials are available in various
forms. That means the metamaterials consisting SRRs are available in one, two, and three
dimensions [22–25]. Further, those metamaterials without SRRs (for example, fishnet
structure) are available in two, quasi-two, and three dimensions [26–29]. Hence, owing to
their unique properties and structures, the metamaterials find their applications in various
devices such as sensors [30–32], superlens [33], antennas [34,35], superconductors [36],
absorbers [37–42], energy harvesting [43,44], etc. In this article, we have concentrated on
recently developed metamaterials and their applications.

Figure 1. Pictorial representation of a metamaterial [20].
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2. Applications of Metamaterials

As we know, the metamaterials are engineered metamaterials which exhibit exceptional
properties that cannot be found naturally. In metamaterials, the resonant nature of the atoms
leads to the enhancement in light matter interaction that affords dramatic changes in the light
properties [45]. Especially, chiral metamaterials give strong response to light, this chiroptical
response surpasses the natural materials. Owing to these special properties, the chiral meta
devices have potential applications in polarization sensitive nano optical devices [46,47].
For instance, 3D nanoarchitecture generally exhibit chiroptical response [48,49], which
are widely used for fast polarization switching [50]. Compared to bulk materials, the
metamaterials or metasurfaces show domination in controlling the amplitude, phase, and
polarization of light. In recent years, researchers have concentrated on achieving strong
chiroptical responses in metasurfaces by breaking the rotational symmetries at unit cell
level [51–55]. In this regard, 2D patterned layer of chiral metamirrors present a decent
light matter interaction [53,54]. In addition, the metal/dielectric/metal sandwich structures
display improved chiroptical responses. Recently, Kang et al. [56] demonstrated an ultrathin
nonlinear chiral meta mirror. The proposed metamirror consists an array of SRRs made
up of amorphous silicon (α-Si). They reported that the metamirror exhibit fast optical
polarization switching (picosecond) of near infrared light at pump energies of picojoule per
resonator. This can be achieved by strong chiroptic response of the atoms in the proposed
mirror. Hence the chiral metamirrors are promising candidates for power efficient and
high-speed polarization state modulators in optical information processing.

Further, it is important to guide the waves for reliable transportation of information
through a physical channel. But, due to attenuation and back-scattering, the transportation
of energy is sensitive to sharp turns and defects in high frequency systems such as signal
processing [57,58]. However, in matter systems topological phenomenon is considered for
unidirectional and attenuation free energy transportation [59]. Moreover, the topological
metamaterials can transport the energy effectively, which is called phononic energy trans-
portation. Till now, the mechanical metamaterials are being used in large scale systems
such as gyroscopic lattices [60,61], arrays of pendulums [62,63], structured plates [64], and
so on. For utilizing the mechanical materials in high frequency energy transportation, the
metamaterial topological systems must be scaled on to the chip level [65,66]. In this view,
Cha et al. [67] proposed topological nanoelectromechanical metamaterials. The proposed
metamaterials consist of 2D array of free-standing SiN nanomembranes which can operate
at high frequencies of 10–20 MHz. They also demonstrated the presence of edge states and
frequency dispersion. Finally, the proposed on-chip topological metamaterials are suitable
for high frequency signal processing applications.

Furthermore, Cho et al. [68] proposed the concept of virtualized metamaterials to
overcome the shortcomings of traditional metamaterials. Through engineered resonant
modes with structured atoms the metamaterials permit to attain constitutive parameters
beyond their natural range. Generally, the tunability of constitutive parameters in real time
applications is a fundamental challenge in traditional metamaterials. This can overcome
by the proposed concept of virtualized metamaterials. In addition, they reported that the
replacement of the physical structure with designed fast signal processing Kernel circuit.
The circuit allows exhibiting defined frequency dispersion through which one can control
mass density and bulk modulus of the metamaterials. In addition, the proposed concept is
helpful in designing topological, non-Hermitian, and non-reciprocal systems by tuning the
frequency, dispersion, and amplitude for fast signal processing applications.

Afterwards, the fluorescent resonant energy transfer (FRET) [69,70] between the donor
and acceptor enhances the efficiency of solar cells [71], organic light emitting diodes [72],
photosynthesis [73], and so on. Nevertheless, in case of direct dipole–dipole interaction,
the resonance energy transfer occurs only at very short distances of 10 nm, beyond this
distance efficiency of the energy transfer decreases significantly. This is one of the major
limitations of transportation of energy in solar cells. Continuous research efforts are going
on to enhance the efficiency of the energy transportation by using hyperbolic metamateri-

31



Crystals 2021, 11, 518

als [74,75], plasmonic nanostructures [76,77], and planar silver films [78]. Especially, the
optical topological transition (OTT) in a metamaterial theoretically considered the ideal
model for the enhancing energy transfer over long range orders [79]. In this regard, recently
Deshmukh et al. [80] demonstrated the long range (about 160 nm) direct energy transfer
between the donor CdSe/ZnS core-shell quantum dots and acceptor Cy3 organic dye
molecules by using OTT in a metamaterial. They reported that the metamaterial consists
the alternating layers of germanium (Ge) deposited silver (Ag) and alumina (Al2O3). The
OTT in the metamaterial alters the density of states between donor and acceptor, which
leads to the long-range energy transfer with 32% transfer efficiency. Further the experimen-
tal values are in good agreement with theoretical values. Finally, they concluded that the
OTT in metamaterials enhances the efficiency of energy transportation and controls the
transfer process. Owing to this, the OTT in metamaterials have potential applications in
numerous fields such as organic solar cells, quantum entanglement, etc.

In addition, the hyperbolic metamaterials are also gained considerable attention. A
hyperbolic metamaterial is a special type of anisotropic metamaterial whose isofrequency
contour (IFC) takes the form of an open hyperboloid because the principal components of its
electric or magnetic tensor have opposite signs [81–84]. The unusual nature of IFC enables
the hyperbolic metamaterials to be used for controlling the electromagnetic waves in new
ways. Through controlling the shape of the hyperbolic dispersion, one can flexibly control
the propagation of light in hyperbolic metamaterial, resulting abnormal scattering [85–88]
splitting [89–91], all angle negative refraction [92–96], etc. These hyperbolic metamaterials
are also called indefinite media [97,98] or polaritonic crystal in which the coupled states
of matter and light give rise to a larger bulk density of electromagnetic states [99,100].
Owing to this, hyperbolic metamaterial possesses strong enhancement of spontaneous
emission [101–105] and Cherenkov emission with low energy electrons [106–109]. These
hyperbolic metamaterials can be used in multifunctional platform for sensing, quantum
engineering, waveguiding, super resolution imaging, and so on [110,111]. At first, the
hyperbolic nature of metamaterial is first observed in microwave region. The natural as
well as engineered material exhibits the hyperbolic dispersion. In infrared and visible
region, some natural materials such as SiC, graphite, Bi2Se3, etc., exhibit the hyperbolic
dispersion due to excitation of phonon polaritons [112–118]. Similarly, the engineered struc-
tures such as multilayer fishnets [119], uniaxial metasurfaces [120,121], and metal-dielectric
structures [122,123] have subwavelength unit cells that display the hyperbolic dispersion.
The dispersion manipulation in hyperbolic metamaterials can be used in many applica-
tions like sub-diffraction imaging [124], sub-wavelength modes [125], thermal emission
engineering [126–128], high sensitivity sensors, hyper lens, etc. Therefore, the hyperbolic
metamaterials with unusual properties will play a significant role in the advancement of
novel optical devices in future. Recently, Schoche et al. [129] reported the behaviour of
tunable hyperbolic metamaterials which are derived from self-assembled carbon nanotubes.
To obtain the hyperbolic metamaterials from carbon nanotubes, they employed the Muller
matrix ellipsometry over the broad spectral range from mid-IR to UV region to specify the
dielectric tensor function on high dense films consisting single wall carbon nanotubes. Op-
tically these films are anisotropic and act as metamaterials with effective medium response.
Further, an oscillator model developed from the proposed metamaterials exhibit broad
range of hyperbolic dispersion compared to film consisting unordered carbon nanotubes.
Hence, the aligned carbon nanotubes form the metamaterial and play a prominent role in
accomplishing tunable hyperbolic nature.

In addition, with the help of face-to-face SRRs and a central bar Hu et al. [130] demon-
strated the design of tunable terahertz metamaterial (TTM) for switching applications.
They reported that, the free spectrum ranges (FSR) of TTM varies bi-directionally, i.e.,
broadened, and shortened with respect to variation of gap between SSR and central bar. In
TE mode, FSR is broadened by 0.14 THz (from 0.65 to 0.79 THz), whereas in TM mode it is
shortened by 0.19 THz (from 0.30 to 0.19 THz). Moreover, TTM shows the dependence of
polarization when it is subjected to external electromagnetic radiation. Moreover, in both
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single band and dual band proposed TTM acts like switch at TE mode, whereas at TM
mode, the resonance of TTM insensitive to the displacement of central bar. Owing to this
the proposed TTM can be utilized as switch in terahertz frequency range.

Li and Cheng [131] proposed a temperature tunable metamaterial absorber (MMA)
by using two stacked square shaped strontium titanate resonator structures (STOs) and
copper substrate. From the analysis of simulation studies, they reported that, at specific
frequencies, i.e., 0.114 THz and 0.181 THz in terahertz region the reflectance of the proposed
MMA is about 2.1% and 0.2% at room temperature. Moreover, it has maximum absorption
peaks 97.9 and 99.8% at the same frequencies. In addition, owing to symmetry of unit
cell structure STO based MMA shows polarization insensitive nature to both transverse
electric and transverse magnetic modes. Further, the distribution studies of power flow
and electromagnetic fields disclosed that, the excitations of fundamental dipole modes
in the MMA are the origin of the high level of absorption. In addition, the absorbance of
the proposed MMA can be altered by varying the external temperature and, by varying
its structural parameters. Owing to the excellent characteristics, the proposed STO-based
MMA may have potential prospects in thermal imaging, temperature sensing, thermal
emission, etc. In addition, scientists designed strontium titanate (STO) based single band
tunable metamaterial absorber [131]. They reported that, with respect to structural param-
eters, absorption peak is increased and resonant frequency is reduced. This means the
absorption peaks are enhanced from 90 to 99.4%, whereas the resonant frequency is shifted
from 6.2 to 5.8 THz. As the temperature is increased from 300 to 380 K the absorption peak
shows 2% decrement. While the resonant frequency shifted from 6.2 to 7.1 THz. So, the
proposed metamaterial can be tuned by temperature. Moreover, the temperature tunable
metamaterial exhibits the excellent absorption property.

Next, using four L-shaped anisotropic metamaterials Lu et al. [132] demonstrated
an ultrathin reflective linear polarization converter. The proposed design can convert the
linearly polarized radiation to cross polarized radiation with the conversion ratio of 98%
from 4.2 to 5.2 THz. In addition, the reflection coefficient of cross polarization is greatly
influenced by the deflection angles relative to y-axis [133]. So, the proposed metamaterial-
based device can be useful for the manipulation of polarization in optical instruments.
In recent years, planar metamaterials are studied extensively owing to their potential
applications in design of lasing spacers, flat optical components, nonlinear devices, etc. In
these metamaterials high Q-factor (quality factor) is essen26GH26tial for enabling strong
light-matter coupling [134,135]. In this regard, the Fano resonances support the narrow
linewidths with high Q-factor values [136–138]. The Fano resonance in metasurfaces is
originated from increased electric field in the subwavelength capacitive gaps of symmetry
broken resonators. Earlier the Fano resonance is modulated by changing the coupling
distance in the unit cell or changing the asymmetry parameters of the unit cell [139–141].
But, in this technique the Fano resonance works in passive mode. Therefore, the researchers
searched for an alternative design for active control of metasurfaces. They suggested that
active control is possible by controlling the conductivity of the Fano structure. Until
now, very less work has been done on the Fano structures [142–145]. In this connection,
Ma et al. [146] demonstrated an active switching of extremely large Q-factor Fano resonance
by using VO2 (vanadium oxide)-implanted THz asymmetric double C-shaped metamaterial
structures. They reported that the double Fano resonances are highly sensitive to the
temperatures and, the Fano resonances can be switched at low thermal pumping of 68 ◦C.
The exited Fano resonances in the metadevices can be completely vanished by cooling.
However, the tuning of Fano resonances in cooling and heating are different. To understand
the internal mechanism of the temperature tuned Fano resonances, at respective resonant
frequencies they simulated the distributions of surface current and electric field for high
(70 ◦C) and low (45 ◦C) temperatures. In addition, at 1.16 THz, the resonant linewidth of
the proposed device is 0.015 THz, and the Q-factor is 98, which is very high compared
to traditional metamaterials. Hence, the proposed temperature tunable Fano resonant
devices are promising candidates for designing advanced high-performance photonic
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devices like ultrasensitive temperature sensors. Later, Li et al. [147] reported an active Fano
metasurfaces with the help of graphene-based terahertz asymmetric split-ring resonant
structure (Gr-TASR) on silicon (Si) substrate. The active control in the proposed design
is possible through controlling the conductivity of the graphene by a combination of CW
(continuous wave) illumination and bias voltage. Further, they experimentally observed
that, the clear modulation of Fano resonance is achieved by optical illumination with
0.7 Wcm−2 power density at very low voltage of about −0.8 V. This may be due to shorting
effect between the capacitive split gaps of Gr-TASR. This is an effective approach for
controlling the metamaterials actively with both electrical and optical fields which can
play a prominent role in designing of variety of futuristic graphene-silicon based terahertz
photonic devices.

Further, Lin et al. [148] demonstrated the design of a tunable terahertz (THz) resonator
by using AFSM (asymmetrical F-shaped metamaterial) which is composed of Au-layer
fabricated on SOI (silicon-on-insulator) substrate. Figure 2 shows the schematic representa-
tion of the proposed F-shaped THz resonator (Figure 1 of Ref. [148]). Without changing
the other parameters, they designed three F-shaped resonators of lengths 60 µm, 65 µm,
and 70 µm. When the proposed resonator is exposed to electromagnetic radiation, it shows
the switch function for single band resonance at TM mode and dual band resonance at
TE mode. Owing to this one can use the proposed device as a THz switch in TE-mode
and as a THz filter in TM-mode. In addition, the tuning resonances are in between 0.2 and
0.4 THz in TE-mode and the resonator having length of 60 µm exhibits largest Q-factor
of 40. Moreover, at TM-mode, all the proposed resonators show same Q-factor of 20.
All the outcomes are evinced that the proposed AFSM device is suitable for designing
environmental sensor. They reported that, the proposed device is subjected to surrounding
environmental factors with different refractive indices for further enhancement of the
flexibility and efficiency. Therefore, this new AFSM device provides a way to enhance the
sensitivity of metamaterials in THz region for polarizer, sensor, and switching applications.

Figure 2. Schematic representation of the F-shaped THz resonator (Figure 1 of Ref. [148]).

3. Metamaterials in Photonic Devices

Over past few years, researchers have been searching for highly integrated light
source. The photon transparency in metallic photonic crystals which were doped with
nanoparticles have been studied by Mahi R Singh; his study used new optical devices
like switches and optical transistors [149]. There is a high demand for the development
of practical optical photonic devices and its application systems for controlling absorp-
tion/transmission/reflection of electromagnetic waves. It was observed that by adjusting
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the graphene fermi level a tunable metamaterial attains electronically reconfigurable tera-
hertz reflection, absorption, and transmission in an effective manner [150]. In this view,
various designs for free electron radiation emitters have seen light, which includes light
wells [151,152], graphene based plasmonic, and dielectric based undulators [153,154], metal-
lic nano gratings [155], etc. Along with the advancement of narrow linewidth miniaturized
lasers [156] and highly integrated electron accelerators [157,158], the progress in nanoscale
undulators paves the way toward the realization of X-ray light sources and on-chip extreme
ultraviolet (EUV) sources. These advanced sources have promising applications in various
fields such as natural sciences, engineering, and medicine [159,160]. Owing to strong con-
finement, low losses and dynamic tunability, the graphene plasmons are much suitable for
manipulation of light matter interaction [161–165]. In addition, highly confined plasmons
interact effectively with the matter. Nevertheless, small transverse extent of polaritonic
field of such highly confined plasmons limits the interaction. This type of limitation exists
in the light matter interaction in micro/nanoscale photonic wavelengths. Such limitations
can be conquered by introducing metamaterials. Amongst, various kinds of materials
graphene exhibit outstanding optical properties are highly appealing for optoelectronics
and energy conversion applications [166–173]. However, the low optical absorption (2.3%)
and ultrathin nature (3.4 Å) of monolayer graphene over a broadband wavelength limits
its ability to provide sufficient optical modulation that restricts the performance in optical
applications [174,175]. However, the graphene based-metamaterials consisting alternating
dielectric layers and graphene can enhance the optical modulation which can be useful
in advanced photonic devices [176–178]. Recently, Pizzi et al. [179] reported the enhance-
ment of electron–plasmon interaction area by graphene metamaterials. They found that
the output intensity is scaleup by a factor of 580 with respect to single graphene layer.
For example, for 5 MeV electrons, a single layer metamaterial having 50 µm length and
50 layers, and a beam of current 1.7 µA can generate 1.5 × 107 photons. This is due to
the ability of the graphene multilayer structures to support MRPs (multilayer resonant
plasmons) [180–186]. Further, the layered conducting structures can also be generated the
visible Cerenkov radiation [187]. In addition, they reported that through allowing large
amount of electron beams, the graphene multilayers produces the significant improvement
in output intensities. Based on the conductivity of the graphene, there will be optimum
layers in the metamaterial that enhances the intensity of the output. Further, by varying the
resonating modes at different laser frequencies, the proposed metamaterials can generate
multiple X-ray harmonics, which are used in time-resolved X-ray spectroscopy for ultrafast
imaging of chemical reactions and electronic state transitions [188,189]. In addition, Yang
et al. [190] suggested a low-cost and transfer free, solution-phase technique for the fabrica-
tion of multilayer graphene-based metamaterials. This consists of alternating monolayer
graphene oxide/graphene and dielectric layers. They reported that the optical properties
of the prepared graphene-based metamaterials can be tuned dynamically by controllable
laser mediated conversion. Graphene-enabled active metamaterials may provide new
platform for dynamical manipulation of light matter interactions [191]. Figure 3 shows
the schematic representation of dynamic process for in situ phototunable graphene based
metamaterial (Figure 1 of Ref. [190]). In addition, the laser patterning leads to functional
photonic devices like ultrathin flat lenses embedded in the lab-on-chip device. In general,
these ultrathin flat lenses maintain consistency and shows subwavelength focusing reso-
lution at ambient environment without any observable degradation compared with the
original lens. Therefore, these graphene-based metamaterials provide a new insight for
widespread applications in on-chip integrated photonic devices.
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Figure 3. The representation of dynamic process for (a) initial, (b) schematic and (c) final state of in
situ phototunable graphene based metamaterial (Figure 1 of Ref. [190]).

4. Metamaterials in Microwave Sensors

Nowadays, the characterization and quantification of liquids have become crucial in
different fields such as biomedical engineering, agriculture, pharmaceutical, etc. [192–195].
In general, the characteristics of various liquids can be analyzed with the help of their polar
nature and specific electrical properties. Moreover, the performance of the microwave
devices is greatly influenced by the electrical properties of the liquids. Further, the inter-
action of the electromagnetic radiation with the polar liquid materials led to variation of
the direction of the polarization for different molecules. Especially, microwave sensors
employ that kind of interaction to manipulate the dielectric properties of the liquids for
characterization. Due to simple procedure, non-invasiveness and quick response, the
electromagnetic approach-based sensors offer several advantages than the normal ones.
Further, owing to their unique properties the electromagnetic metamaterials gained much
attention in the advancement of the electromagnetic devices over last two decades. Recently,
the designs based on electromagnetic metamaterials have been employed for microfluidic
sensing applications [196,197]. These sensors exhibit high sensitivity and strong interaction
between the analytes and electric field. However, the requirement of large sample volume
is one of the shortcomings of the microfluidic sensors. This can be mitigated by using unit
cell resonation structures in microfluidic sensors [198,199]. Still, achieving the significant
sensitivity in microlevel is a major problem. To overcome this, numerous researchers are
putting their continuous efforts in designing the miniaturized sensors with significant
sensitivity and selectivity for consistent characterization of a liquid. In continuing this,
Xu et al. [200] demonstrated a lightweight, low cost, portable, biocompatible, and flexible
metamaterial (metaflex) based photonic device for the biological and chemical sensing
and high sensitivity strain applications. The device can be operated invisible as well as IR
regions. The proposed device consists U-shaped SRRs of 30 nm thick gold (Au) or silver
(Ag) which are deposited on poly(ethylene-naphthalate) substrate with the help of electron
beam lithography [201]. In addition, the U-shaped SRRs metamaterials display an electric
resonance of 542 nm and magnetic resonance of 756 nm. Both magnetic and electric reso-
nant modes give highly sensitive response to surrounding dielectric media, bending strain,
and surface chemical environment. Owing to coupling of electric and magnetic fields,
the proposed metamaterial-based photonic device shows greater response to nonspecific
bovine serum albumin protein binding with a shift of magnetic resonance of 4.5 nm. It
also shows superior response for self-assembled monolayer of 2-naphthalenethiol with a
shift of magnetic resonance of 65 nm. These outcomes suggest that the proposed device
is a prominent candidate for chemical and biological sensing. Microwave metamaterials
are electromagnetic devices which are synthesized to control microwave fields. These
materials can be used as future healthcare systems that can overcome technical restrictions
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after they are interfaced with human body. John S. Ho et al. [202] studied the working
principles and applications of microwave metamaterials for biomedical sensing. Further,
Kayal et al. [203] demonstrated a compact microwave sensor with the help of mu negative
(MNG) metamaterial for liquid characterization. They reported that the prepared sensor
exhibits high sensitivity along with noticeable compactness. The square spiral metamaterial
(MNG) plays a significant role in accomplishing this sensitivity in small cross-sectional area
as well as notable compactness. In addition, the sensing behaviour of the prepared device
is confirmed through least square technique followed by development of two nonlinear
equations for calibration purpose. These nonlinear equations (Equations (9) and (10) of
Ref. [203]) are useful for finding the permittivity of the unknown samples. Hence, the
compactness and high sensitivity of the prepared sensor make it a prominent candidate for
liquid sensing applications.

In addition, the electromagnetic waves in tera Hertz (THz) region shows sensitive
responses to intra and intermolecular vibration modes and low photon energy (few
meV) [204,205]. Due to this the THz electromagnetic waves display potential applica-
tions in bio-sensing, microscopy, and spectroscopy. In THz region, with the help of tens of
metamaterials and graphene, Xu et al. [206] introduced a platform for bio molecular sens-
ing. Further, by using graphene assisted nano metamaterials, Lee et al. [207] demonstrated
a label free sensing technique for discrimination of single-stranded deoxyribonucleic acids
(ssDNAs) in THz region. The combination of unusual properties of metamaterial and
electrooptical properties of graphene provides biomolecule sensing property even using
THz photons with very low energy. Additionally, they reported that the enhancement of
THz field at resonance frequency causes the rise in absorption cross section of the graphene
sheet which in turn provides ultrahigh sensitivity. The sensing mechanism includes the
direct transfer of graphene onto a nano-slot metamaterial and tightly binding the tar-
geted DNA molecules without modifying the structure. Here, the nano-slot metamaterials
enhance the THz transmittance which is proportional to the absorption cross-section of
DNA adsorbed graphene layer. So, greater number of DNA molecules can be observed
through the strongly focused THz electromagnetic waves. Further, adsorbed molecules
change the intrinsic electrical properties of the graphene which can easily be detected.
This mechanism is allowed to sense of different biomolecules. Specifically, considering
suitable receptor to capture DNA molecules followed by rapid primary screening, finally
applied for sequencing the DNA. Hence, the graphene assisted THz metamaterial sensing
platform is suitable for biological sensing applications also understanding the electro-optic
behaviour of 2D materials.

The sensitivity of the microwave sensor can be enhanced by coupling the transmission
lines with metamaterial based open loop resonators [208]. However, during coupling the
resonator with transmission line there exist shift in resonant frequency which strongly
affects attain high sensitivity. To overcome this, Abdolrazzaghi et al. [209] proposed a novel
metamaterial based planar microwave sensor which can be operated at 2.5 GHz. They
prepared the above proposed sensor by coupling negative refractive indexed metamaterials
with transmission lines which exhibits greatly improved resonant properties [210]. After-
wards, they developed the signal flow analysis to estimate the transmission response of the
prepared sensor. In comparison with the microstrip or conventional sensor the proposed
sensor shows very high sensitivity along with large complex permittivity. They reported
that the proposed sensor displays superior properties, particularly in water host medium
and high permittivity materials. The concentration measurements of the methanol or
ethanol in water medium reveals the outstanding performance of the proposed sensor over
conventional sensor. Hence, the proposed metamaterial based planar microwave sensor is
useful for characterization of high permittivity materials, highly sensitive concentration
measurement of methanol or ethanol in water and also biomolecule detection.
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5. Metamaterials in Antennas

In modern era, the communication system is shifting from wired to wireless. In
this regard, there is a need for antennas for wireless transmission of signals. Hence,
the demand for antennas which are having large operating bandwidth and high gain
has increased. The researchers are searching for new kind antennas which satisfy the
demand of modern communication. In this concern, DRA (dielectric resonator antenna)
attracted much attention owing to its novel features such as high radiation efficiency and
broad bandwidth [211–213]. Initially, Long and his coworkers started the experimental
investigations on DRAs, followed by many researchers, now the DRAs are available in
different shapes like rectangular, gammadion cross, cylindrical, quadruple, spherical,
hemispherical, and so on [214–217]. Amongst, rectangular DRA exhibits good attractive
properties. However, limited bandwidth and manufacturing cost are the major drawbacks
of DRAs. To reduce the fabrication cost, cost effective additive manufacturing (like 3D
printing) can be used in the place of the costly conventional manufacturing. In addition to
cost effectiveness 3D printing allows to develop complex structures with specific features
of antennas for demanding applications. With the help of SRR, biodegradable PLA and
cost-effective 3D printing technique Kumar et al. [218], recently demonstrated the design
and development of star shaped dielectric resonator antenna (SDRA). They reported that
a special type of polymer called PLA is fabricated by additive manufacturing technique
using renewable energy sources. In addition, SDRA shows high bandwidth of 37% that can
be attained by modifying the shape of rectangular DRA. Further, the circular shaped SRR
can serve as a metamaterial which lead to enhancement in gain, the maximum gain attained
by the antenna is of 82.7%. Moreover, within in the operating band the proposed antenna
exhibits the average efficiency of 80.51% and is circularly polarized at 5.8 GHz. Therefore,
the outcomes are evidenced that the proposed antenna fulfils the WLAN bandwidth
requirements (5.15–5.35 GHz and 5.725–5.825 GHz). This is useful in communication,
C-band (aeronautical and meteorological radio navigation and satellite navigation systems.

In addition, the metamaterials are widely used in reduce the size of the antennas to
attain multiband frequency response [219]. Negative order and zeroth order resonances
are useful to design miniaturized antennas which are very useful in wireless vehicular
communication systems [220–223]. Mehdipour et al. [224] demonstrated the design and
applications of monopole antennas that are loaded by complementary split ring resonators
(CSRR) and zeroth order resonator units. The proposed antennas can be operated in three
tunable frequency bands. They reported that, the miniaturization of the proposed antenna
is achieved by loading the zeroth order resonators. In addition, they observed the good
agreement between the simulated and experimental results. Hence, the multi-band tunable
response and miniaturized structure of the proposed antenna evinced that it is a prominent
candidate for vehicular communication system. Further, Elwi [225] introduced a novel
cylindrical antenna with miniaturized structure for multi-input and multi output systems.
The proposed antenna consists a cylindrical shaped Kodak photo paper substrate (with
height λo/4.5 and diameter λo/4.5, where λo is the wavelength of the free space at 2.25 GHz)
on which four omega shaped monopoles (the separation between each monopole is of
λo/29) are folded. In the frequency range 2 to 3 GHz there exists the maximum coupling
between the monopoles. The reduction in coupling is done by mounting the SRRs between
the monopoles. With the help of Ink-jet deposition process the silver nanoparticles are
printed on the substrate. Finally, it is observed that the proposed array shows a gain of
2.5 dB with wide radiation patterns which is suitable for the applications in the systems
having multi-inputs and multi outputs.

6. Metamaterials in Energy Harvesting

Metamaterials play a vital role in energy harvesting. As we know that acoustic energy
is inexhaustible and present in the ambient environment, together with common voice,
rustle of falling leaves, sound near jet plane, operating sound of large grinding machine
and so on [226,227]. However, if the energy density is low, most of the acoustic energy
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is dissipated into thermal energy during its propagation. In recent years, the researchers
are focused on energy harvesting technology to convert energy into electrical energy to
power up low power electronic devices [228,229]. To scavenge and confine the acoustic
energy distinct energy harvesters have been proposed [230]. The advancement of acoustic
energy harvesters has begun from classic Helmholtz resonators [231], photonic crystal
resonators [232], and quarter-wave resonators [233] to local acoustic metamaterials res-
onators [234] for large energy focusing on short structural dimensions. Wireless energy
harvesting (WEH) from electromagnetic fields is flattering an emerging technology. Re-
cent advances in broadband rectennas for wireless power transfer (WPT) and ambient RF
energy harvesting was studied by C. Song [235]. The review of wireless and battery-free
platforms for collection of bio signals, biosensors and bioelectronics was done by Tucker
Stuart et al. [236]. They summarize present methods to realize such device architectures
and deliberates their building blocks. On-site and external energy harvesting in under-
ground wireless was studied by Raza, U [237]. These energy harvesting methods lead
to design of a competent wireless underground communication system to power under-
ground nodes for extended field operation. Additionally, key energy harvesting tools are
offered that use available energy sources in the fields like vibration, solar, and wind. In this
concern, the Electromagnetic (EM)- and Magnetic Induction (MI)-based approaches are
important for underground wireless communication system. Recently, WPT and energy
harvesting: current status and future prospects was reviewed by J. Huang et al. [238]. A
meta-material based on a cubic high-dielectric resonator (CHDR) for coupled WPT (wire-
less power transfer) system was studied by R. Das et al. [239], they have observed that the
proposed CHDR system providing more than 90% power transfer efficiency at a distance
of 0.1λ. Amongst, the photonic crystals are suitable harvesters for high frequency acoustic
environment, because the Bragg scattering controls the scattering characteristics of the
waves in photonic crystals and the wavelength of the harvested sound is of the order of
magnitude (periodic parameters) of the scatterer.

The acoustic metamaterials alter the propagation of the wave depends on the local
resonance bandgap principle. In which at a specific frequency, the propagation of the
incident wave is suppressed due to interaction of the resonant modes of the structural units
with the travelling wave [240]. In addition, the acoustic metamaterials exhibit special wave
propagation characteristics in wave vector space, spectral space, and phase space [241,242].
In acoustic energy harvesters, the acoustic energy is focused onto piezoelectric crystal
and its density is improved significantly to reach the usable magnitude. The piezoelectric
material converts the incident energy into electrical energy by inverse piezoelectric effect.
The generated electrical energy can be used in low power consuming devices and to
power up the wireless sensor network. Different types of acoustic metamaterials have
been developed for harvesting of acoustic energy. With the help of lead zirconate titanate
transducer and double layered acoustic metamaterial Wang et al. [243] demonstrated the
acoustic energy harvester which exhibits the maximum power of 73.1 nW at the incident
wave frequency of 318 Hz and pressure of 2 Pa. In addition, using spring-mass resonators
Oudich et al. [244] developed acoustic metamaterial thin-plate for harvesting of acoustic
energy. The designed harvester shows large out power of 18.1 µW at 519 Hz and 2 Pa.
Recently, Ma et al. [245] designed a two-dimensional local resonant acoustic metamaterial
for energy harvesting applications. They reported that the designed energy harvester
shows voltage enhancement of 950% compared to bare plate energy harvester. In addition,
at resonant conditions and the sound pressure of 20 Pa the proposed harvester shows
maximum voltage of 291 mV, average power of 28 µW and power density of 1.24 mW cm−3.
Further, the outdoor studies revealed that the acoustic material-based harvester shows
18 times better open circuit voltage compared to the bare plate harvester. Hence, the
outstanding properties of the proposed harvester evinced that it could serve as a promising
acoustic energy harvester with improved performance.

In addition, the metamaterials can also absorb and harvest electromagnetic sig-
nals. Nowadays, the investigations on the metamaterial-based absorbers have increased
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for electromagnetic signal harvesting and absorbing applications in microwave region.
Landy et al. [246] in 2008 designed metamaterial-based absorber consisting of two sepa-
rated resonators to harvest electromagnetic waves. In addition, for high frequency regions
of GHz and THz, Dincer et al. [247] introduced a metamaterial-based absorber with the
help of square resonator. In addition, Cheng et al. [248] investigated the polarization
insensitive metamaterial-based absorber for harvesting electromagnetic energy at various
frequency bands. Yagitani et al. [249] proposed and designed an electrical circuit model
and mushroom-like electromagnetic band gap [250] (EBG) structures for obtaining the 2D
image of distribution of RF power. Finally, Alkurt et al. [251] demonstrated a metamaterial-
based absorber for energy harvesting and imaging applications. The proposed harvester is
also called as 2 × 2 patch array antenna and microwave image detector. The unit cell of the
proposed harvester is shown in Figure 4 (Figure 1 of the Ref. [251]). They reported that, in
the proposed absorber, first the absorbed energy is converted into DC signal with the help
of Schottky diodes. Subsequently, the obtained DC signals generate image of the absorbed
power. Afterwards, they fabricated 2 × 2 patch array antenna and energy harvester. The
outcomes of the numerical and experimental measurements are matched with one another.
Hence, all these results evidenced that the proposed metamaterial-based absorber can be
promising candidate for energy harvesting, imaging, crack detection, and so on.

Figure 4. Unit cell of the metamaterial-based harvester (Figure 1 of Ref. [251]).

7. Metamaterials in SQUIDs

The investigations on the metamaterials comprising SQUIDs (Superconducting quan-
tum interference devices) are going on intensively from the last decade [252,253]. These are
the artificial materials which exhibit special properties such as negative magnetic perme-
ability [254], dynamic multi-stability and switching [252], broad band tunability [255], etc.
As we know that simple version of SQUIDs contains superconducting ring interrupted by
Josephson junction [256]. The two-dimensional arrays of SQUIDs in different lattice geome-
tries establish nonlinear metasurfaces. This can project theoretically in both quantum [257]
and classical regimes [258,259]. By implementing this various designs and structures have
been investigated in one and two dimensions [260–263]. With the help of microwave
transmission measurements recently reported the degree of spatiotemporal coherence of
SQUID metamaterials [264]. Further, these SQUID metamaterials provide novel testbed
for exploring complex spatiotemporal dynamics. Interestingly, it is proved that SQUID
metamaterials support spatially inhomogeneous states like chimera states. These chimera
states gained much attention for both experimental and theoretical viewpoints [265,266].
In various discrete systems it was identified that different dynamic states such as soli-
tary state chimeras [267], spiral wave chimeras [268], and imperfect chimeras [269]. In
addition, the chimera states in SQUID metasurfaces controls the speed of the propagat-
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ing electromagnetic waves [270]. Lazarides et al. [271] demonstrated the generation of
chimera states by SQUID metasurfaces which are subjected to dc-flux gradient and driven
by ac-flux. Figure 5 shows the schematic representation of SQUID metamaterial (Figure
from Ref. [271]). They reported that the flux gradient of dc-field and amplitude of the
ac-flux controls desynchronized clusters of chimera state along with their location and size.
Further, the chimera states are distinguished from non-chimera states by ac driving flux.
Finally, the proposed SQUID oscillator is an example for system with inertia and driving
which plays a prominent role in the advancement of metamaterials science. In addition,
J. Hizanidis et al. [272] presented 2D SQUID lattice with nearest neighbour interactions
which can form states with Turning-like pattern. In general, single SQUID undergoes
complex bifurcations at low coupling limit, where as in 2D SQUID the Turning like pattern
arises near synchronization to desynchronization transformation region. Further, owing to
extreme multi-stability of single SQUID, 2D chimera states have formed at near resonant
regime. The formed chimera states can be tuned by dc-flux also control their position
and multiplicity. Finally, recent reports revealed that the imaging of the chimera states in
SQUID metamaterials is prominent candidates for verifying the theoretical findings [273].

Figure 5. Schematic representation of SQUID metamaterial (Figure from Ref. [271]).

8. Conclusions

Metamaterials are the advanced engineered materials which offer the naturally unob-
tainable properties. Due to their unique behaviour the metamaterials gained considerable
attention in various fields including sensors, energy harvesting, photonics, and so on.
Graphene based metamaterials efficiently can control absorption/transmission/reflection
of electromagnetic waves. The graphene assisted THz metamaterial sensing platform is
suitable for biological sensing applications. Even though, massive research is going on to
search new kind of tunable metamaterials with improved performance, significant chal-
lenges remain. The star shaped dielectric resonator antenna (SDRA) achieves the WLAN
bandwidth requirements (5.15–5.35 GHz and 5.725–5.825 GHz). This is useful in commu-
nication, like aeronautical and meteorological radio navigation and satellite navigation
systems (c-band). However, in comparison with the normal materials the metamaterials
exhibit superior properties. The electrical energy generated by energy harvesting metama-
terial can be used in low power consuming devices and to power up the wireless sensor
network. Lead zirconate titanate transducer and double layered acoustic energy harvester
exhibits the maximum power of 73.1 nW at the incident wave frequency of 318 Hz and
pressure of 2 Pa. Metamaterial-based absorbers have increased for electromagnetic signal
harvesting and absorbing applications in microwave region. The image of chimera states
of SQUID metamaterials is prominent applicants for verifying the theoretical findings.
Finally, with the rapid advancement of relevant science and technology in recent years,
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metamaterials have been developed in the direction of a standard technology platform to
accomplish basic tunability and advanced application of metamaterial devices.
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Abstract: We report optimized crystal growth conditions for the quarternary compound AgCrP2S6

by chemical vapor transport. Compositional and structural characterization of the obtained crystals
were carried out by means of energy-dispersive X-ray spectroscopy and powder X-ray diffraction.
AgCrP2S6 is structurally closely related to the M2P2S6 family, which contains several compounds that
are under investigation as 2D magnets. As-grown crystals exhibit a plate-like, layered morphology
as well as a hexagonal habitus. AgCrP2S6 crystallizes in monoclinic symmetry in the space group
P2/a (No. 13). The successful growth of large high-quality single crystals paves the way for further
investigations of low dimensional magnetism and its anisotropies in the future and may further
allow for the manufacturing of few-layer (or even monolayer) samples by exfoliation.

Keywords: transition metal phosphorus sulfide; van der Waals layered material; 2D material; low
dimensional magnetism; magnetic chains; crystal growth; chemical vapor transport; powder X-ray
diffraction; rietveld refinement

1. Introduction

Among the magnetic quasi-two-dimensional materials that have recently moved in the
focus of (quasi-)two-dimensional (2D) materials research [1–3], the M2P2S6 class of layered
materials offers a plenitude of isostructural compounds with different magnetic properties
depending on M [4,5]. Thus, M2P2S6 allows to investigate fundamental aspects of low
dimensional magnetism and several members may be promising for future applications,
e.g., complementing non-magnetic (quasi-)2D materials in heterostructures or in spintronic
devices [6,7]. Furthermore, future applications in the field of catalysis are conceivable
due to the structural similarity to the non-magnetic 2D materials such as graphene or
the transition metal dichalcogenide compounds for which such applications are already
discussed [8–10].

Regarding the crystal structure, the M2P2S6 family consists of van der Waals lay-
ered compounds which share a honeycomb network of M2+ and, most prominently, a
dominantly covalent [P2S6]4− anion located in the voids of the honeycomb [4,5]. In the
bulk, such layers are stacked on top of each other only interacting via weak van der Waals
forces. Consequently, these compounds can be easily exfoliated potentially down to a
single layer [11,12].

Several isovalent substitution series of M2+ by another M′2+ (e.g., (Mn1−xFex)2P2S6 [13],
(Mn1−xNix)2P2S6 [14], (Fe1−xNix)2P2S6 [15,16] and (Zn1−xNix)2P2S6 [4]) are reported to ex-
hibit solid solution behavior and, thus, imply a random distribution of the substituents on
the honeycomb network, as illustrated in Figure 1a. Beyond isovalent substitution, Colom-
bet et al. [17–20] demonstrated that a substitution of M2+

2 by M1+M′3+ also yields several
stable compounds. In contrast to the isovalent substitution series however, M1+ and M′3+

do not randomly occupy the M positions in the lattice but order either in an alternating

53



Crystals 2021, 11, 500

or in a zig-zag stripe-like arrangement on the honeycomb, as illustrated in Figure 1b,c,
respectively. The former arrangement is attributed to a minimization of repulsive Coloumb
interactions (i.e., charge ordering). The latter is observed for compounds for which M1+

and M′3+ have notably different sizes and, thus, is dominantly driven by a minimization
of lattice distortion and steric effects [4,17].

Figure 1. Schematic illustration of the different arrangements of M and M′ on the honeycomb lattice
of M2P2S6. (a) Random distribution for M2+M′2+P2S6. (b) Alternating/triangular arrangement and
(c) zig-zag stripe like arrangement for M1+M′3+P2S6.

With M′3+ being a magnetic ion (e.g., V3+ or Cr3+) and M1+ being non-magnetic
(e.g., Cu1+ or Ag1+), the magnetic sublattices formed in M1+M′3+P2S6 extend the mag-
netic structures of the usually magnetically hexagonal M2P2S6 compounds by an alternat-
ing/triangular and a zig-zag stripe-like magnetic arrangement [4,17,19]. The stripe-like
magnetic structure is especially notable, as each stripe of magnetic ions is well isolated from
the adjacent magnetic stripes by a stripe of non-magnetic ions. Although the corresponding
compound still has a (quasi-)2D layered crystal structure, the magnetic structure can be
expected to exhibit 1D magnetic characteristics. Indeed, several indications for such low
dimensional magnetism are reported for M1+M′3+P2S6 with M = Ag and M′ = Cr [19,21],
making it an interesting compound for further studies.

However, until now only details on the synthesis of AgCrP2S6 via solid state synthesis
are reported (although Mutka et al. [21] mention CVT grown crystals, they do not report
any further details or conditions regarding the crystal growth) [19]. Although small crystals
in the µm scale could be obtained by solid state synthesis, which allowed for a structural
solution based on single crystal X-ray diffraction, significantly larger crystals are needed
for detailed investigations of the physical properties including anisotropies.

As a crystal growth method of choice, for macroscopic AgCrP2S6 single crystals,
the chemical vapor transport (CVT) technique is suitable due to the contained volatile
elements such as S and P. Phosphorus and sulfur are both volatile and readily evaporate
at elevated temperatures. The generation of volatile intermediate transition metal species
for the vapor transport using so-called transport agents is well established [22]. CVT is
the crystal growth technique of choice for virtually all ternary M2P2S6 compounds [4,5].
For example, Taylor et al. [23] and Nitsche et al. [24] report the successful crystal growth
of M2P2S6 with M = Mn, Fe, Ni, Cd and Sn by CVT using either chlorine or iodine as
transport agent and we present the crystal growth of mixed transition metal phosphorus
sulfides of the substitution series (Fe1−xNix)2P2S6 [16] and (Mn1−xNix)2P2S6 [14] by the
same technique with iodine as agent. To determine a suitable temperature gradient for
the CVT growth of the quarternary compound AgCrP2S6, several growth experiments
with different temperature profiles were conducted. The temperature profile, which is
reported hereafter, resulted in the best crystal size and quality as well as regarding impurity
contributions and opens up access to macroscopic AgCrP2S6 single crystals. In addition
to the crystal growth of AgCrP2S6, we also present a comprehensive compositional and
structural characterization of the obtained crystals.
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2. Materials and Methods

The elemental educts for the crystal growth of AgCrP2S6, as listed in Table 1, were
obtained from Alfa Aesar and kept in an argon filled glove box for storage and handling.

Table 1. Elemental educts used for the CVT growth of AgCrP2S6.

Chemical Specification Purity

Silver Powder, APS 4–7 micron 99.9%
Chromium Powder, −100+325 mesh 99.99%

Red phosphorus Lumps 99.999%
Sulfur Pieces 99.999%
Iodine Resublimed crystals 99.9985%

The crystals obtained from the CVT crystal growth experiments were thoroughly
characterized by scanning electron microscopy (SEM) regarding their morphology and
topography using a secondary electron (SE) detector and regarding chemical homogeneity
via the chemical contrast obtained from a back scattered electron (BSE) detector. For this, a
ZEISS EVO MA 10 scanning electron microscope was used. The chemical composition of
the crystals was investigated by energy dispersive X-ray spectroscopy (EDX), which was
measured in the same SEM device with an accelerating voltage of 30 kV for the electron
beam and using an energy dispersive X-ray analyzer.

The crystal structure of the obtained crystals was investigated by powder X-ray
diffraction (pXRD), which was measured on a STOE STADI laboratory diffractometer
in transmission geometry with Cu-Kα1 radiation from a curved Ge(111) single crystal
monochromator and detected by a MYTHEN 1K 12.5◦-linear position sensitive detector
manufactured by DECTRIS. The pXRD patterns were initially analyzed by pattern match-
ing using the HighScore Plus program suite [25]. After the crystallographic phase was
identified, a structural refinement of the crystal structure model was performed based on
our experimental patterns using the Rietveld method in Jana2006 [26].

3. Crystal Growth via Chemical Vapor Transport

All procedures for the preparation were performed in a glove box under argon atmo-
sphere. The elemental educts silver, chromium, red phosphorus and sulfur were weighed
out in a molar ratio of Ag : Cr : P : S = 1 : 1 : 2 : 6 and homogenized in an agate mortar. 0.5 g
of reaction mixture were loaded in a quartz ampule (6 mm inner diameter, 2 mm wall
thickness) together with approx. 50 mg of the transport agent iodine. Immediately prior to
use, the ampule was cleaned by washing with distilled water, rinsing with isopropanol and,
subsequently, baking out at 800 ◦C for at least 12 h in an electric tube furnace. This is done
to avoid contamination of the reaction volume with (adsorbed) water. The filled ampule
was then transferred to a vacuum pump and evacuated to a residual pressure of 10−8 bar.
To suppress the unintended sublimation of the transport agent during evacuation, the end
of the ampule containing the material was cooled with a small Dewar flask filled with
liquid nitrogen. After reaching the desired internal pressure, the valve to the vacuum pump
was closed, the cooling was stopped and the ampule was sealed under static pressure at a
length of approximately 12 cm.
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Figure 2. (a) Graphical illustrations of the temperature profile for the CVT growth of AgCrP2S6 and (b)
schematic drawing of an ampule during CVT. Arrows indicate the mass flow of the volatile transport
species (top) and the flow of the released transport agent back to the charge (bottom). (c,d): As-grown
crystals of AgCrP2S6. A orange square in the background corresponds to 1 mm× 1 mm for scale.

The ampule was carefully placed in a two-zone tube furnace in such a way that the
reaction mixture was only at one side of the ampule which is referred to as the charge
region. As illustrated in Figure 2a, the furnace was initially heated homogeneously to
750 ◦C at 100 ◦C/h. The charge region was kept at this temperature for 274.5 h while the
other side of the ampule, which is the sink region (see Figure 2b), was initially heated up
to 800 ◦C at 100 ◦C/h, dwelled at this temperature for 24 h and then cooled back to 750 ◦C
at 1 ◦C/h. An inverse transport gradient is formed, i.e., transport from sink to charge, to
clean the sink region of particles which stuck to the walls of the quartz ampule during the
previous preparation steps. This ensures improved nucleation conditions in the following
step. Then the sink region was cooled to 690 ◦C at 0.5 ◦C/h to gradually form the thermal
transport gradient resulting in a controlled nucleation. With a final gradient of 750 ◦C
(charge) to 690 ◦C (sink), the ampule was dwelled for 100 h. After this period of time, the
charge region was cooled to the sink temperature in 1 h before both regions were furnace
cooled (i.e., the heating elements were turned off) to room temperature.

Shiny plate-like crystals of AgCrP2S6 in the size of approximately 2 mm× 2 mm×
100µm were obtained. As example, as-grown single crystals are shown in Figure 2c,d.
These crystals exhibit a layered morphology and are easily exfoliated, which is typical for
bulk crystals of (quasi-)2D materials.

As shown in Figure 3a, some as-grown crystals exhibit small spherical particles (likely
solidified droplets) of a secondary phase (bright) and pieces of a second secondary phase
(dark). As the secondary phases are found only on the surface, exfoliating the crystals is
sufficient to remove the secondary phases and results in crystals with clean surfaces, as
illustrated in Figure 3b.
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Figure 3. SEM image with chemical contrast (BSE detector) of (a) an as-grown crystal of AgCrP2S6

with superficial impurities and (b) a piece of the same crystal after exfoliation with a clean surface.

4. Crystal Morphology and Compositional Analysis

The topographical SE image of a AgCrP2S6 crystal in Figure 4a exhibits a flat crystal
surface and sharp edges. The terrace close to the upper edge of the crystal is a typical
feature of layered systems. Furthermore, on the upper edge of the crystal, some steps can
be seen, which form 120◦ angles, indicative of a hexagonal crystal habitus. The SE image
with BSE detector in in Figure 4b shows an overall homogeneous contrast over the surface
of the crystal demonstrating that it is chemically homogeneous. At some small areas, a
change in contrast is observed. In comparison with the SEM image in SE mode, these spots
can be clearly attributed to impurity particles on top of the crystal and not to any region of
intergrowth with a secondary phase.

Figure 4. SEM image of a AgCrP2S6 crystal with topographical contrast (SE mode) in (a) and chemical
contrast (BSE mode) in (b).

By EDX measurements on multiple spots on several crystals, the mean elemental
composition of the crystals was obtained as Ag1.03(2)Cr1.06(2)P2.03(2)S5.88(1). This compo-
sition is in ideal agreement with the expected composition of AgCrP2S6 and the small
standard deviations (given in parentheses) indicate a homogeneous elemental distribution
and composition.
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5. Structural Analysis

The pXRD pattern obtained from exfoliated AgCrP2S6 crystals, as shown in Figure 5a,
was indexed in the space group P2/a (No. 13), in agreement with the literature [19]. No
additional reflection were observed demonstrating the intrinsic phase purity of our crystals.

Figure 5. (a) pXRD pattern from powdered AgCrP2S6 crystals compared to the calculated pattern
based on the refined crystal structure model. (b) Zoomed-in view on the low angle 2θ regime (10–40◦).
The marked reflections are expected to be systematically absent assuming a crystal structure in the
space group of C2/m instead of P2/a.

The C2/m space group, which is typically observed for compounds of the M2P2S6
family [23,27], including M2+M′2+P2S6 compounds of isovalent substitution series (e.g.,
MnFeP2S6 [13], MnNiP2S6 [14] and FeNiP2S6 [16]), can be ruled out. Assuming a mono-
clinic unit cell, several observed reflections correspond to Laue indices that are system-
atically absent for C centering, as they violate the reflection condition hkl: h + k = 2n.
Examples are the reflections at 2θ = 22.94◦ corresponding to 120 and at 2θ = 31.92◦

corresponding to 211, as shown in Figure 5b.
This implies that Ag and Cr indeed arrange as zig-zag stripes in AgCrP2S6 and do not

just randomly occupy the corners of the structural honeycomb network, as it is the case for
isovalent substitutions. While the former scenario breaks the mirror symmetry of the C2/m
space group of the Fe2P2S6 aristotype [28], which results in a P2/a space group, the latter
scenario would not. Furthermore, a C2/c space group, as reported, e.g., for CuCrP2S6 [17]
with a triangular arrangement of the two transition element cations, can be ruled out based
on the same considerations.

Starting from the crystal structure model proposed by Colombet et al. [19], a refined
crystal structure model is obtained using the Rietveld method which is sufficient to describe
our experimental pattern with good agreement, as shown in Figure 5a. The obtained
lattice parameter and reliability factors are summarized in Table 2 (top) and the refined
structural model is given in the same table on the bottom and is illustrated in Figure 6. The
strongest disagreement between model and experiment is observed for the high intensity
001 reflection at 2θ = 13.67◦. As this reflection corresponds to the stacking of layers, it is
most prominently affected by any kind of disorder or defects influencing the stacking. Due
to the weak structural interaction between layers, which are only based on weak van der
Waals forces, the M2P2S6 compounds are prone to stacking faults and twinning between
layers. In the presence of such defects, the shape of the corresponding 001 reflection is
altered, which may be a reason for the observed deviation between the experiment and the
model without defects.
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Table 2. Top : Summary of experimental parameters of the pXRD experiment on AgCrP2S6, extracted
lattice parameters and reliability factors of the structural model obtained by the Rietveld method.
Bottom: Refined crystal structure model of AgCrP2S6 and isotropic displacement parameters with
standard deviations given in parentheses. All sites were treated as fully occupied.

Experiment
Temperature (K) 293(2)

Radiation Cu-Kα1

Wavelength (Å) 1.54059
θmin (◦) 10.00
θstep (◦) 0.03
θmax (◦) 120.13

Crystal Data
Crystal System monoclinic
Space Group P2/a

a (Å) 5.8832(1)
b (Å) 10.6214(2)
c (Å) 6.7450(3)
β (◦) 106.043(2)

Refinement
Goodness-Of-Fit 2.13

Rp (%) 2.08
wRp (%) 3.11
RF (%) 5.45

Label Type Wyck x y z Uiso

(×10−3Å
2
)

Ag1 Ag 2e 0.75 0.4364(2) 0 34(1)
Cr1 Cr 2e 0.25 0.9229(4) 0 20(2)
P1 P 4g 0.2979(6) 0.2466(4) 0.1659(6) 2(1)
S1 S 4g 0.9792(7) 0.2309(5) 0.2336(8) 18(2)
S2 S 4g 0.9880(5) 0.9233(4) 0.2165(8) 7(1)
S3 S 4g 0.4777(7) 0.3947(4) 0.2802(7) 34(1)

Additionally, the experimental pattern exhibits significantly altered reflection intensi-
ties compared to an initial model, which are attributed to a strongly preferred orientation
of the crystallites in the investigated sample. Due to the layered structure with only weak
van der Waals interactions between layers, the powder particles obtained from grinding
AgCrP2S6 crystals are plate-like and tend to lie flat on the sample holder. Thus, reflections
with a dominant l component (e.g., 001) exhibit higher intensities than expected for spheri-
cal crystallites in transmission geometry. To adjust for this effect in the model, the method
proposed by March [29] and extended by Dollase [30] was used. However, the preferred
orientation in AgCrP2S6 is strongly pronounced, such that it might be beyond the limit of
what the semi-empirical March-Dollase model is capable of describing accurately. This
may furthermore contribute to the deviation between model and experiment around the
001 reflection.
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Figure 6. Refined crystal structure model of AgCrP2S6 after Rietveld refinement. View along a in (a),
along b in (b) and along c∗ in (c). The CrS6 and AgS6 coordination environments are shown in the
color of the respective central atom.

The refined crystal structure model for AgCrP2S6 shows that the Ag–S bonds are
notably longer than the Cr–S bonds, as expected based on the difference between the size
of the transition element cations (e.g., ionic radii for octahedral coordination: r(Ag1+) =
1.15 Å and r(Cr3+) = 0.62 Å [31]). These different bond lengths result in a distortion of
the structure compared to the aristotype Fe2P2S6, which can be clearly observed, e.g., in
Figure 6a. In detail, the CrS6 coordination environment remains antiprismatic (i.e., close
to octahedral with a slight trigonal elongation along c∗) with the faces above and below
the shared plane of the transition elements being parallel to each other. However, the
AgS6 coordination environment as well as for the P2S6 environment are distorted in such a
way that the faces above and below the transition element plane are not parallel to each
other. In the view along the c∗ direction in Figure 6c, this distortion manifests in Ag and P2
being shifted off-center in their respective sulfur coordination environments away from
the closest Cr positions. Meanwhile, Cr is located exactly in the center of the CrS6 unit. The
observation that the CrS6 unit is closer to an ideal octahedral coordination environment than
the AgS6 unit can be understood considering the local charge density (i.e., ionic size and
charge). Cr3+ is small and highly charged and, thus, interacts with the surrounding S atoms
stronger than the comparable large and less charged Ag1+. Another notable structural
aspect is the strong distortion of the [P2S6]4− units that demonstrates how flexible this
covalent complex anion is. This complex anion is a common and characteristic building
unit in the M2P2S6 family and its flexibility may indicate that several more compounds of
the general formula M1+M′3+P2S6 are stable but have not been synthesized yet.

6. Summary and Conclusions

We report optimized crystal growth conditions for the quarternary compound AgCrP2S6
via Chemical Vapor Transport (CVT). A temperature profile adapted from the CVT growth
of ternary M2P2S6 compounds is sufficient to yield crystals of the target AgCrP2S6 phase
in the mm-size. On some crystals, traces of a superficial impurity phase is found which
could be readily removed by exfoliation.

The as-grown crystals exhibit a plate-like, layered morphology as well as a hexagonal
habitus and have the expected composition of AgCrP2S6 based on EDX spectroscopy. The
pXRD pattern is indexed in the space group P2/a in agreement with the literature [19]. The
P2/a space group, on which the zig-zag type arrangement of M and M′ is based on, can
be well distinguished from, e.g., the C2/m and C2/c space groups due to reflections that
are systematically absent for C centering. Starting from the model of Colombet et al. [19],
a refined structural model is obtained using the Rietveld method. This model contains a
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notable distortion of the AgS6 and P2S6 coordination environments, while the CrS6 units
remain antiprismatic with a slight trigonal distortion.

The zig-zag stripe-like arrangement in AgCrP2S6 and the alternating arrangement
of M and M′, which is reported, e.g., for CuCrP2S6, are promising to yield interesting
magnetic and electronic structures. While only few such quarternary phosphorus sulfide
compounds have been synthesized until now, many more combinations of a 1+-ion and a
3+-ion can be expected to form analogous compounds. Furthermore, the fundamental idea
of replacing MX+ by M(X−1)+

0.5 M′(X+1)+
0.5 may be adoptable to the closely related structures

such as, M3+
2 (Si,Ge)2Te6 compounds.

The single crystals of AgCrP2S6 that were obtained using the presented growth condi-
tions allow for studies of the low dimensional magnetic interactions including the magnetic
anisotropy of this compound in the future, which may lead to a better fundamental under-
standing of low dimensional magnetism. Furthermore, the van der Waals layered structure
makes exfoliation easily possible and, thus, our successful growth of single crystals paves
the way for further manufacturing of few-layer or even monolayer samples of AgCrP2S6.
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Abstract: Nanofluids offer the potential to improve heat transport performance. In light of this, the
current exploration gives a numerical simulation of mixed convection flow (MCF) using an effective
Prandtl model and comprising water- and ethylene-based γ−Al2O3 particles over a stretched
vertical sheet. The impacts of entropy along with non-linear radiation and viscous dissipation are
analyzed. Experimentally based expressions of thermal conductivity as well as viscosity are utilized
for γ−Al2O3 nanoparticles. The governing boundary-layer equations are stimulated numerically
utilizing bvp4c (boundary-value problem of fourth order). The outcomes involving flow parameter
found for the temperature, velocity, heat transfer and drag force are conferred via graphs. It is
determined from the obtained results that the temperature and velocity increase the function of
the nanoparticle volume fraction for H2O\C2H6O2 based γ−Al2O3 nanofluids. In addition, it is
noted that the larger unsteady parameter results in a significant advancement in the heat transport
and friction factor. Heat transfer performance in the fluid flow is also augmented with an upsurge
in radiation.

Keywords: time-dependent flow; entropy generation; non-linear radiation; γ-alumina nanoparticle;
MHD; mixed convection

1. Introduction

Several industrial processes, such as the growing of crystals, the manufacture of rubber
and plastic sheets, paper and glass fiber production, and processes of polymer and metal
extrusion are affected by the flow problem with heat transport provoked through stretched
sheets; thus, this issues is extremely important. The cooling rate plays a significant role
concerning the quality of the finished product through these procedures; where a moving
sheet materializes via an incision, as a result, a boundary layer flow (BLF) emerges in the
track of the surface progress. Crane [1] scrutinized the 2D steady flow of viscous fluid
from a stretched sheet. After this study, the pioneering effort on the flow field through a
stretched sheet achieved substantial interest; as a result, an excellent quantity of literature
has been engendered on this work [2–9].

In recent times, nanotechnology has magnetized researchers’ attention owing to its sev-
eral distinct applications in the modern era, such as cancer therapy and diagnosis, interfaces
in neuroelectronics, chemical production, and molecular and in vivo therapy applications
such as kinesis and surgery, etc. In addition, there have been enhancements in the heat
transfer in mechanical as well as thermal systems. Several regular fluids (ethylene glycol,
oil, polymer solutions, water, etc.) have low thermal conductivity. Thus, augmenting the
performance of such heat transport fluids appears imperative to achieve the expectations
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of scientists and researchers. Choi [10] primarily developed the concept of nanofluids for
the purpose of augmenting the performance of regular fluids. Sheikholeslami et al. [11]
scrutinized forced convective flow with nanofluids from a stretchable sheet with magnetic
function. Mutuku and Makinde [12] examined the influences of dual stratification on
time-dependent flow from a smooth sheet with nanofluid and magnetic function. The
effect of entropy generation (EG) on the thin fluid flow with nanofluids via a stretched
cylinder was scrutinized by Khan et al. [13]. Gireesha et al. [14] implemented a KVL
(Khanafer-Vafai-Lightstone) model to explore the influence of nanofluids via dusty fluids
with Hall effects. Recently, the influences of nanofluids rendering to assorted surfaces have
been studied by numerous researchers [15–20].

The alumina nanofluids are another aspect that has recently attracted the attention
of researchers due to their application in numerous procedures of cooling [21–26]. The
alumina nanofluids are identified in accordance with their dimension, e.g., alpha and
gamma aluminize, etc. The surface properties in well-described forms of gamma and
eta alumina were examined in [27]. The entropy influence on the flow of ethylene- and
water-based γ-alumina through stretched sheets, as determined using the effective Prandtl
model, was explored by Rashidi et al. [28]. The authors claimed that the fluid temper-
ature decelerates owing to effective Pr and accelerates without effective Pr. A compar-
ative investigation considering γ−Al2O3 with distinct base fluids was scrutinized by
Ganesh et al. [29]. They showed that similar nanoparticles have opposite effects on temper-
ature. Moghaieb et al. [30] employed the γ−Al2O3 particles in their research as an engine
coolant. Ahmed et al. [31] examined the unsteady radiative flow comprising ethylene- and
water-based γ−Al2O3 nanomaterials through a thin slit with magnetic function. Recently,
Zaib et al. [32] developed the model of effective Prandtl to examine the mixed convective
flow through a wedge by nanofluids. They achieved multiple results for the opposite flow.

The second law of thermodynamics is more consistent than the first law of thermo-
dynamics because of the restriction of the effectiveness of the first law in engineering
systems of heat transport. To find the best method for thermal structures, the second law is
employed through the curtailing of irreversibility [33,34]. A larger entropy generation (EG)
signifies a larger scope of irreversibility. Hence, EG can be utilized to ascertain criteria for
the manufacturing of devices in engineering. An assessment of EG can be used to augment
the performance of a system [35–41]. In addition, entropy generation can be utilized in
analysis of the brain and its diseases from both a psychiatric as well as a neurological per-
spective. Rashidi et al. [42] examined the stimulus of magnetic function on the fluid flow in
a rotated permeable disk with nanofluid. Dalir et al. [43] surveyed the effect of entropy on
the force convective flow from a stretching surface containing viscoelastic nanofluid. The
Keller-box algorithm was utilized to find the numerical result. Shit et al. [44] discussed the
effect of EG on convective magneto flow using nanofluid in porous medium with radiation
impact. They employed FDM (finite difference method) along with Newton’s technique of
linearization. The influences of radiation and viscous dissipation on the flow of copper and
silver nanomaterials through a rotated disk with entropy were studied by Hayat et al. [45].
Recently, Shafee et al. [46] scrutinized the stimulus of nanofluid via a tube with entropy
generation by involving swirl tools of the flow.

The above-mentioned investigations were dependent on steady- state behavior. How-
ever, in certain situations, the flow depends on time, owing to unexpected changes in
temperature or the heat-flux of the surface, and as a result, it becomes vital to take time-
dependent (unsteady) flow conditions into consideration. In addition, the phenomena
of time-dependent flow is significant in numerous areas of engineering, such as rotat-
ing parts in piston engines, the turbo machinery and aerodynamics of helicopters, etc.
Thus, the intention of the current research is to explore the impact of time-dependent
mixed convective flow incorporating H2O\C2H6O2 based γ-nanofluids. The influences of
nonlinear radiation and viscous dissipation with entropy are also analyzed. The Lobatto
IIIA formula is used to find the numerical solutions of the transmuted ODEs (ordinary
differential equations).
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2. Mathematical Formulation

In the mathematical model presented herein, we incorporated the time-dependent
2D mixed convective flow of H2O\C2H6O2 based γ−Al2O3 nanoparticles through a
stretched vertical sheet. The viscous dissipation, non-linear radiation and non-uniform
heat source/sink were taken as an extra assumption in the energy equation. It was also
presumed that the flow was incompressible and that the nanoparticles and the base fluid
were in thermal equilibrium. The applied magnetic field (MF) was taken to be time-
dependent B = B0/

√
1− Ct and normal to the flow of surface. In addition, there was no

polarization effect, and thus the external electric field was presumed to be zero and the
magnetic Reynolds number was presumed to be small (in comparison to the applied MF,
the induced MF was negligible). The demarcated values of the thermo-physical properties
of the aforementioned nanofluids are shown in Table 1.

Table 1. Thermo-physical properties of nanoparticle and base fluids [47].

Water (H2O) Ethylene Glycol (C2H6O2) Alumina (Al2O3)

ρ′ (kg/m3) 998.3 1116.6 3970

c′ p (J/kg, K) 4182 2382 765

k′ (W/m, K) 0.60 0.249 40

β′ × 10−5 (K−1) 20.06 65 0.85

σ′ (Ω, m)− 1 0.05 1.07× 10−7 10−12

Pr 6.96 204 -

The coordinate system is assumed in Cartesian form (x, y, t), where the x-axis is run
along the stretching sheet and the y-axis is orthogonal to it; t symbolizes the time. The veloc-
ity and temperature at the stretching sheet are respectively presented as Uw = ax/(1− Ct)
and Tf = T∞ + bx2/(1− Ct)2, where a, b, are the constants and the capital letter C is used
for the decelerated and accelerated sheet when C < 0 and C > 0, respectively. Under these
hypotheses, the governing equations for the momentum and heat transfer of nanofluids
with thermo-physical properties and unsteady boundary layer convective flow can be
explained as:

∂u1

∂x
+

∂v1

∂y
= 0 (1)

∂u1

∂t
+ v1

∂u1

∂y
+ u1

∂u1

∂x
=

µ′n f

ρ′n f

∂2u1

∂y2 −
σ′n f B2

ρ′n f
u1 + g′

(ρ′β′)n f

ρ′n f
(T1 − T∞) (2)

∂T1

∂t
+ v1

∂T1

∂y
+ u1

∂T1

∂x
=

k′n f(
ρ′c′p

)
n f

∂2T1

∂y2 −
1(

ρ′c′p
)

n f

(
∂q′r
∂y

)
+

µ′n f(
ρ′c′p

)
n f

(
∂u1

∂y

)2
+

Q0(
ρ′c′p

)
n f

(3)

The approximation of Rosseland for the term nonlinear radiative heat flux is given as:

q′r = −
4σ′∗

3k′∗
∂T4

1
∂y

= −16σ′∗

3k′∗
T3

1
∂T1

∂y
(4)

Utilizing Equation (4) in Equation (3), it can defined as:

∂T1
∂t + v1

∂T1
∂y + u1

∂T1
∂x =

k′n f

(ρ′c′ p)n f

∂2T1
∂y2 +

16σ′∗T2
1

3k′∗(ρ′c′ p)n f

(
T1

∂
∂y

(
∂T1
∂y

)
+ 3
(

∂T1
∂y

)2
)
+

µ′n f

(ρ′c′ p)n f

(
∂u1
∂y

)2
+ Q0

(ρ′c′ p)n f
,

(5)
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where the last term represents the erratic heat sink/source and is defined as:

Q0 =
k′ f
(

Tf − T∞

)
Uw(x, t)

xν′ f

(
A0 f ′ + B0

(
T1 − T∞

Tf − T∞

))
(6)

The boundary conditions are:

−k′n f
∂T1
∂y = h f

(
Tf − T1

)
, u1 = Uw(x, t), v1 = 0, at y = 0,

T1 → T∞, u1 → 0 as y→ ∞.
(7)

Here, T1 is the temperature, T∞ is the free stream or the cold temperature moving on
the right side of the sheet, with a zero free stream velocity, while the left side of the sheet is
heated at temperature Tf from a hot fluid owing convection, which offers a coefficient of
heat transfer h f and comprising the expression of thermo-physical properties revealed in
Table 2. The interpretations of the rest of the symbols or notations and the mathematical
letters in Equation (1) to Equation (7) are presented in Table 3.

Table 2. Thermo-physical properties of gamma nanofluids.

Symbols Expressions Model

Effective dynamic viscosity µ′n f /µ′ f 123φ2 + 7.3φ + 1 γAl2O3−H2O

Effective dynamic viscosity µ′n f /µ′ f 306φ2 − 0.19φ + 1 γAl2O3−C2H6O2

Effective thermal
conductivity k′n f /k′ f 4.97φ2 + 2.72φ + 1 γAl2O3−H2O

Effective thermal
conductivity k′n f /k′ f 28.905φ2 + 2.8273φ + 1 γAl2O3−C2H6O2

Effective Prandtl number Prn f /Pr f 82.1φ2 + 3.95φ + 1 γAl2O3−H2O

Effective Prandtl number Prn f /Pr f 254.3φ2 − 3φ + 1 γAl2O3−C2H6O2

Effective dynamic density ρ′n f (1− φ)ρ′ f + φρ′s

Heat capacitance (ρ′c′ p)n f (1− φ)(ρ′c′ p) f + φ(ρ′c′ p)s

Thermal expansion (ρ′β′)n f (1− φ)(ρ′β′) f + φ(ρ′β′)s

Electrical conductivity σ′n f /σ′ f
{

1 +
3(σ′ s/σ′ f−1)

(σ′ s/σ′ f +2)−φ(σ′ s/σ′ f−1)

}

Following the non-dimensional similarity variables are:

u1 = ax(1− Ct)−0.5F′, v1 = −
(

v′ f a(1− Ct)−0.5
) 1

2 F,

η = y
(

a(1−Ct)−0.5

v′ f

) 1
2
, θ = T1−T∞

Tf−T∞
.

(8)

Using Equation (8) in Equation (2) to Equation (6), along with the boundary condition
(7) we get the dimensional form of the momentum equations, as follows:

K1F′′′ +
[
K2

(
FF′′ − F′2 − ε

( η
2 F′′ + F′

))
−K3MF′ + K4λθ

]
= 0

(for γAl2O3 −H2O)



 (9)

K5F′′′ +
[
K2

(
FF′′ − F′2 − ε

( η
2 F′′ + F′

))
−K3MF′ + K4λθ

]
= 0

(for γAl2O3 −C2H6O2)



, (10)

66



Crystals 2021, 11, 400

Table 3. The list of symbols used and their interpretation.

Symbols Interpretation

(u1(x, y, t), v1(x, y, t), 0) Velocity components

(x, y) Cartesian Coordinates

t Time

F Dimensionless velocity

B Magnetic number

A0 > 0, B0 > 0 Heat source

A0 < 0, B0 < 0 Heat sink

g′ Gravitational acceleration

Greek Symbols Interpretation

µ′n f Dynamic viscosity of nanofluid

ρ′n f Density of nanofluid

σ′n f Electrical conductivity of nanofluid

(ρ′β′)n f Thermal expansion of nanofluid
(
ρ′c′ p

)
n f Heat capacity of nanofluid

k′n f Thermal conductivity of nanofluid

ν′ f Kinematic viscosity

σ′∗ Stefan Boltzmann constant

k′∗ Mean absorption constant

θ(η) Dimensionless temperature

φ Nanoparticle volume fraction

Subscript Interpretation

n f Nanofluid

In which:

K1 =
(
123φ2 + 7.3φ + 1

)
, K2 = (1− φ+φ

(
ρ′s
ρ′ f

))
, K3 =




3φ

(
σ′s
σf
−1
)

(
σ′s
σ′ f

+2
)
−
(

σ′s
σ′ f
−1
)

φ
+ 1


,

K4 = (1− φ) + φ
(ρ′β′)s
(ρ′β′) f

, K5 =
(
306φ2 − 0.19φ + 1

)
.

while the corresponding dimensional form of the energy equations for the γAl2O3 nanopar-
ticle are given as:

θ′′
[
1 + 4

3 RdK6(1 + (θw − 1)θ)3
]
+ 4RdK6

[
(1 + (θw − 1)θ)2θ′2(θw − 1)

]
+

K7
{
(Fθ′ − 2F′θ)− ε

(
2θ + η

2 θ′
)}

+ K6(A0F′ + B0θ) + Pr f K1Ec(F′′ )2 = 0

(for γAl2O3 −H2O)





,
(11)

θ′′
[
1 + 4

3 RdK8(1 + (θw − 1)θ)3
]
+ 4RdK8

[
(1 + θ(θw − 1))2θ′2(θw − 1)

]
+

K9
{
(Fθ′ − 2F′θ)− ε

(
2θ + η

2 θ′
)}

+ K8(A0F′ + B0θ) + Pr f K5Ec(F′′ )2 = 0

(for γAl2O3 −C2H6O2)





,
(12)
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and the appropriate boundary conditions are:

θ′(0) = −K6ξ(1− θ(0)), F′(0) = 1, F(0) = 0 at η = 0,

θ(η)→ 0, F′(η)→ 0 as η → ∞.
(for γAl2O3 −H2O)





,
(13)

θ′(0) = −K8ξ(1− θ(0)) , F′(0) = 1, F(0) = 0 at η = 0,

θ(η)→ 0, F′(η)→ 0, as η → ∞.
(for γAl2O3 −C2H6O2)





.
(14)

Where:

K6 = 1
4.97φ2+2.72φ+1 , K7 =

Pr f

(
1−φ+φ

(
ρ′s
ρ′ f

))
(82.1φ2+3.95φ+1)

123φ2+7.3φ+1 ,

K8 = 1
28.905φ2+2.8273φ+1 , K9 =

Pr f

(
1−φ+φ

(
ρ′s
ρ′ f

))
(254.3φ2−3φ+1)

306φ2−0.19φ+1 .

For the above equations, the interpretations of the various dimensional parameters
are given in Table 4 (for Equation (9) to Equation (14)). The remaining two parameters are
the local mixed convection parameter (ratio of the Grashof number and Reynolds number)
and the convective parameter and are demarcated as follows:

λ = Grx
Re2

x
, Rex = xUw

ν′ f
,

Grx = g′β′ f
(

Tf − T∞

)
x3/ν′2 f , Bi =

h f
√

v′ f (1−Ct)
k′ f
√

a

(15)

Table 4. The list of parameters used and their values.

Name of Parameter Notation/Symbols Values

Magnetic parameter M σ′ f B2
0/ρ′ f a

Unsteadiness parameter ε C/a

Radiation parameter Rd 4σ′∗T3
∞/k′ f k′∗

Temperature ratio parameter θw Tf /T∞

Eckert number Ec µ′ f U2
w/
(
c′ p
)

f

(
Tf − T∞

)

In order to find the similarity solution for Equations (9)–(12), it is presumed that [48]

β′ f = m1x−1 and h f = m2(1− Ct)−0.5 (16)

where m1, m2 are the constants.

Engineering Quantities of Interest

The friction factor and the temperature gradient in mathematical structure are de-
scribed as:

CF =
τ′w

ρ′ f U2
w

, Nux =
xq′w

k′ f (Tf − T∞)
, (17)

The wall shear stress and the heat-flux are expressed as:

τ′w = µ′n f

(
∂u1

∂y

)

y=0
, q′w = −k′ f

(
k′n f

k′ f
+

16σ′∗T3
1

3k′∗k′ f

)(
∂T1

∂y

)

y=0
. (18)
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Utilizing Equation (18) in Equation (17), the dimensionless expressions are:

CFRe0.5
x = K1F′′ (0)

NuxRe−0.5
x = −

(
1

K6
+ 4

3 Rd(1 + (θw − 1)θ(0))3
)

θ′(0)

(for γAl2O3 −H2O)





(19)

CFRe0.5
x = K5F′′ (0)

NuxRe−0.5
x = −

(
1

K8
+ 4

3 Rd(1 + (θw − 1)θ(0))3
)

θ′(0)

(for γAl2O3 −C2H6O2)





(20)

3. Formulation of Entropy

The volumetric EG (entropy generation) for γAl2O3 nanoparticles is expressed as:

HG =
k′ f
T2

∞

[
k′n f

k′ f
+

16σ′∗T3
1

3k′∗k′ f

](
∂T1

∂y

)2
+

µ′n f

T∞

(
∂u1

∂y

)2
+

σ′n f B2

T∞
u2

1 (21)

The characteristic EG rate can be written as:

Hg0 =
k′ f (∆T)2

L2T2
∞

(22)

By using the ratio of Equations (21) and (22), the EG number is described as:

Hg =
HG
Hg0

(23)

Implementing Equation (8) in Equations (21) and (22), we obtain:

Hg = ReL

(
1

K6
+ 4

3 Rd(1 + (θw − 1)θ)3
)

θ′2 + ReLBr
Ω K1F′′ 2 + K3

MBrReL
Ω F′2,

(for γAl2O3 −H2O)

}
(24)

Hg = ReL

(
1

K8
+ 4

3 Rd(1 + (θw − 1)θ)3
)

θ′2 + ReLBr
Ω K5F′′ 2 + K3

MBrReL
Ω F′2,

(for γAl2O3 −C2H6O2)

}
(25)

where the parameters Ω = ∆T/T∞, Br = µ′ f (Uw)
2/k′ f ∆T, ReL = aL2/ν′ f (1− Ct) are de-

scribed as the temperature difference and the Brinkman and Reynolds numbers, respectively.
The assessment of the Bejan Be number is vital in sequence to investigate the heat trans-

fer irreversibility, and range of values is between 0 and 1. The Be number in dimensionless
form is described as:

Be =
ReL

(
1

K6
+ 4

3 Rd(1+(θw−1)θ)3
)

θ′2

ReL

(
1

K6
+ 4

3 Rd(1+(θw−1)θ)3
)

θ′2+ ReL Br
Ω K1F′′ 2+K3

MBrReL
Ω F′2

,

(for γAl2O3 −H2O)





(26)

Be =
ReL

(
1

K8
+ 4

3 Rd(1+(θw−1)θ)3
)

θ′2

ReL

(
1

K8
+ 4

3 Rd(1+(θw−1)θ)3
)

θ′2+ ReL Br
Ω K5F′′ 2+K3

MBrReL
Ω F′2

,

(for γAl2O3 −C2H6O2)





(27)

It is concluded from the expressions mentioned above that the irreversibility of fluid
friction dominates when Be differs from 0–0.5, while the heat transport irreversibility
dominates when Be differs from 0.5–1. The value of Be demonstrates that the irreversibility
of fluid friction and heat transfer equally contribute to EG.
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4. Methodology

The momentum and energy coupled non-linear ODEs (Equations (9) and (10)) and
(Equations (11) and (12)), along with the boundary conditions (BCs) in Equation (13) and
Equation (14), are solved numerically via bvp4c in MATLAB, which is based on a three-
stage Lobatto technique for the various comprising parameters and gamma nanofluids.
The three-stage Lobatto technique is a collocation technique with fourth-order accuracy.
The form of the ODEs (ordinary differential equations), along with the BCs, is altered into
the group of first order IVP (intial value problem) by exercising the new variables. This
process is carried forward by introducing the following variables:

F = Z1, F′ = Z2, F′′ = Z3, θ = Z4, θ′ = Z5, (28)

Utilizing Equation (28) for the aforementioned ODEs and the boundary conditions, we
get a system of ODEs for the model of (γAl2O3−H2O) and (γAl2O3−C2H6O2) nanofluids,
respectively given as:

d
dη




Z1
Z2
Z3
Z4
Z5




=




Z2
Z3
−{K2(Z1Z3−Z2Z2−ε( η

2 Z3+Z2))−MK3Z2+K4λZ4}
K1

Z5


−4RdK6(1 + (θw − 1)Z4)

2(θw − 1)Z5Z5 −K7
(
(Z1Z5 − 2Z2Z4)− ε

(
2Z4 +

η
2 Z5

))
−

K6(A0Z2 + B0Z4)− Pr f K1EcZ3Z3





(1+ 4
3 RdK6(1+(θw−1)Z4)

3)




(29)

with initial conditions (ICs) as follows:




Z1(0)
Z2(0)
Z2(∞)
Z5(0)
Z4(∞)




=




0
1
0
−K6ξ(1− Z4(0))
0




. (30)

Similarly,

d
dη




Z1
Z2
Z3
Z4
Z5




=




Z2
Z3
−{K2(Z1Z3−Z2Z2−ε( η

2 Z3+Z2))−MK3Z2+K4λZ4}
K5

Z5


−4RdK8(1 + (θw − 1)Z4)

2(θw − 1)Z5Z5 −K9
(
(Z1Z5 − 2Z2Z4)− ε

(
2Z4 +

η
2 Z5

))
−

K8(A0Z2 + B0Z4)− Pr f K5EcZ3Z3





(1+ 4
3 RdK8(1+(θw−1)Z4)

3)




, (31)

with the corresponding (ICs) as follows:




Z1(0)
Z2(0)
Z2(∞)
Z5(0)
Z4(∞)




=




0
1
0
−K8ξ(1− Z4(0))
0




. (32)

The use of an efficient estimation for F′′ (0) and θ′(0) until the boundary restriction is
reached addresses these equations. The step size is fixed to ∆η = 0.01, which is sufficient
to achieve the graphical and the numerical result in tabular form. The range is taken
to be ηmax = 10, where the finite value of the dimensional variable η for the boundary
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restrictions is ηmax. The convergence criteria and the accuracy of the outcomes in all cases
are up to level 10−10.

5. Results and Discussion

The impacts of numerous pertinent parameters on the temperature, velocity, heat
transfer and drag force are discussed and presented in tabular form and as well as graphi-
cally (see Figures 1–21). Table 5 shows the assessment of −F′′ (0) with current outcomes
through the outcomes reported by Shafie [49] and Chamkha [50].

Figure 1. Impact of φ on F′(η).

Figure 2. Impact of φ on θ(η).

The outcomes depict a superb conformity. The significant parameters for computa-
tional purposes are considered as φ = 0.02, M = 0.1, ε = 10, ξ = 0.5, θw = 0.1, Ec = 0.5,
A0 = B0 = 0.1 and Rd = 02, with the variations shown in Figures 1–21.
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Figures 1 and 2 describe the influence of volume fraction φ on the velocity F′(η) and
fluid temperature θ(η). Figures 1 and 2 confirm that the F′(η) and θ(η) accelerate gradually
for larger values of φ. Physically, the nanofluid density under consideration decreases due
to the larger amount of φ, which consequently augments the velocity and temperature.
Thus, the inter-molecular forces between the particles of nanofluids become weaker, and as
a result, the fluid velocity accelerates. It is also clear from Figure 2 that the temperature is
higher in the case of water and lower in case of ethylene glycol. The justification for this
result is that water has a smaller Prandtl number than ethylene glycol, and as a result, the
water thermal diffusivity is much superior to that of ethylene glycol. In addition, C2H6O2
nanoliquids can be utilized for the purpose of cooling.

Figure 3. Impact of M on F′(η).

Figure 4. Impact of M on θ(η).
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Figure 5. Impact of λ > 0 on F′(η).

Figure 6. Impact of λ < 0 on F′(η).

Table 5. Comparison of the values of −F′′ (0), when M = φ = λ = 0.

ε Shafie et al. [49] Chamkha et al. [50] Current Results

0.8 1.261042 1.261512 1.2610

1.2 1.377722 1.378052 1.3777

The influence of M on F′(η) and θ(η) is portrayed in Figures 3 and 4. Figure 3 suggests
that the velocity declines due to M in both H2O\C2H6O2 based nanofluids.

Physically, the existence of magnetic function engenders a type of resistive force
(or Lorentz force) in the flow region, which holds the nanofluid motion. In contrast,
the temperature profile (Figure 4) rises as a result of M. The physics behind this are
that an enhancement in magnetic function causes an upsurge in electro-magnetic force,
which controls the motion of fluid and consequently increases the temperature as well
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as the thickness. Figures 5–8 show the impact of λ on F′(η) and θ(η) for assisting and
opposing flows.

Figure 7. Impact of λ > 0 on θ(η).

Figure 8. Impact of λ < 0 on θ(η).

It is clear from Figure 5 that the velocity increases with λ in the assisting flow, while the
velocity as shown in Figure 6 declines in the opposing flow. Physically, a greater amount of
λ generates a substantial buoyancy force that ultimately generates greater kinetic energy.
The reverse is true for the opposing flow. Figure 7 shows that the temperature diminishes
due to λ for assisting flow in both γAl2O3 − H2O and γAl2O3 − C2H6O2 nanofluids,
whereas the temperature increases in the opposing flow, as depicted in Figure 8. Physically,
the fluid attains the heat from the sheet, and later on, heat energy is transmuted into
different forms of energy, like kinetic energy. As expected, the temperature is lower for
γAl2O3 −C2H6O2 than γAl2O3 −H2O due to the greater Prandtl number. The nature of
the temperature profiles is observed in Figures 9–11 for changed values of Rd, Ec and ξ.
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Figure 9 confirms that temperature increases with Rd for H2O\C2H6O2 based γ−Al2O3
nanofluids. The coefficient of absorption declines as radiation increases, and due to this, an
enhancement occurs in the temperature distribution. Similar behavior is noticed for the
Eckert number, owing to fractional heating as illustrated in Figure 10. Larger inference
of Ec implies that the heat of thermal dissipation is stocked in the fluid, which ultimately
increases the temperature. The convective parameter causes upsurges in the distribution of
temperature (Figure 11) for H2O\C2H6O2 based γ−Al2O3 nanofluids.

Figure 9. Impact of Rd on θ(η).

Figure 10. Impact of Ec on θ(η).

The sheet temperature gradient increases due to commanding convective heating.
This permits the thermal influence to penetrate deeper in the sluggish fluid. Thus, the
temperature increases. Figures 12 and 13 demonstrate the influence of heat sink/source on
the θ(η) profile. It is clear from these profiles that the heat source increases the temperature,
while the heat sink reduces the temperature, as expected.
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Physically, the impact of the heat source (A0 > 0, B0 > 0) adds extra energy within
the boundary layer, which ultimately increases the temperature, while the heat sink
(A0 < 0, B0 < 0) absorbs the energy, which causes a reduction in the temperature.

Figures 14–16 illustrate the behavior of entropy generation for distinct parameters
φ, ReL and Br for H2O\C2H6O2 based γ−Al2O3 nanofluids. Figure 14a,b show that the
entropy increases due to φ in both nanofluids. It is interesting to note that ethylene-glycol-
based nanofluid has greater impact on the entropy due to the huge Prandtl number and
lower thermal diffusivity. Figure 15a,b suggest that the entropy enhances due to ReL in
both nanofluids owing to friction nanofluid and heat transport within the boundary layer
for γAl2O3 −C2H6O2 and as well as γAl2O3 −H2O nanofluids. Similarly, the impact of
γAl2O3 −C2H6O2 on the entropy is greater than γAl2O3 −H2O. Figure 16a,b confirm that
the entropy depicts the growing function of Br due to fluid friction for both nanofluids.

Figure 11. Impact of ξ on θ(η).

Figure 12. Impact of A0 > 0, B0 > 0 on θ(η).
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Figure 13. Impact of A0 < 0, B0 < 0 on θ(η).

Figure 14. Impact of φ on EG (a) γ−Al2O3 −H2O; (b) γ−Al2O3 −C2H6O2.

Figure 15. Impact of ReL on EG (a) γ−Al2O3 −H2O; (b) γ−Al2O3 −C2H6O2.
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Figure 16. Impact of Br on EG. (a) γ−Al2O3 −H2O; (b) γ−Al2O3 −C2H6O2.

Figure 17. Impact of M on the friction factor.

Figure 18. Impact of φ on the friction factor.
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Figure 19. Impact of Rd on the Nusselt number.

Figure 20. The streamline patterns for (a) γAl2O3 −H2O and (b)γAl2O3 −C2H6O2.

Figure 21. The isotherm patterns for (a) γAl2O3 −H2O and (b)γAl2O3 −C2H6O2.

The trend of significant parameters versus Re0.5
x CF and Re−0.5

x Nux for γAl2O3 −
C2H6O2 and γAl2O3 −H2O is seen in Tables 6 and 7.
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Table 6. The numerical values of −Re0.5
x CF when λ = 0.1.

M φ ε γAl2O3−H2O γAl2O3−C2H6O2

0.1 0.02 20 4.5829845 4.4160221

0.3 4.5707333 4.4041249

0.5 4.5584526 4.3921989

0.7 4.5461423 4.3802439

1.0 4.5276209 4.3622570

0.1 0.02 20 4.5829845 4.4160221

0.04 5.2573609 5.2056061

0.06 6.0648884 6.3245067

0.08 6.9803698 7.6700892

0.1 7.9850461 9.1769811

0.1 0.02 10 3.3254211 3.2044599

20 4.5829845 4.4160221

30 5.5632504 5.3605209

40 6.3949900 6.1619350

50 7.1303482 6.8705020

Table 7. The numerical values of Re−0.5
x Nux when λ = 0.1.

Rd Ec ξ θw φ ε A0 B0 γAl2O3−H2O γAl2O3−C2H6O2

01 0.5 0.5 01 0.02 20 0.1 0.1 0.979491227 0.941840165

1.5 1.26149515 1.21399674

02 1.54320424 1.48697783

2.5 1.8244553 1.76065943

3 2.10515155 2.03495597

01 0.3 0.5 01 0.02 20 0.1 0.1 1.03436938 1.02798261

0.5 0.979491227 0.941840165

0.7 0.924639087 0.85574787

1.0 0.842404491 0.726703157

1.5 0.70546786 0.511879004

01 0.5 0.5 0.979491227 0.941840165

0.7 1.34834268 1.31435685

- - 0.9 1.70505352 1.68449696

1.1 2.05020822 2.05228348

1.3 2.38436703 2.41773846

01 0.5 0.5 01 0.02 20 0.1 0.1 0.979491227 0.941840165

- - - 1.5 1.12509328 1.11333832

2.0 1.29538442 1.27500857

2.5 1.4938953 1.46547383

3.0 1.72502842 1.81713438
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Table 7. Cont.

Rd Ec ξ θw φ ε A0 B0 γAl2O3−H2O γAl2O3−C2H6O2

01 0.5 0.5 01 0.02 20 0.1 0.1 0.979491227 0.941840165

0.04 0.966302546 0.923406415

0.06 0.952597644 0.909005851

0.08 0.939634672 0.899736613

0.10 0.927963377 0.894148357

01 0.5 0.5 01 0.02 10 0.1 0.1 0.962640123 0.937765787

20 0.979491227 0.941840165

30 0.98737614 0.943605729

40 0.992183202 0.944638809

50 0.995503652 0.945338938

01 0.5 0.5 01 0.02 20 0.1 0.1 0.979491227 0.941840165

0.3 0.3 0.9788224 0.941810969

0.5 0.5 0.978152778 0.94178177

0.7 0.7 0.97748236 0.941752571

0.9 0.9 0.976811145 0.941723371

01 0.5 0.5 01 0.02 20 −0.1 −0.1 0.980159261 0.941869361

−0.3 −0.3 0.980826503 0.941898555

−0.5 −0.5 0.981492955 0.941927748

−0.7 −0.7 0.982158618 0.94195694

−0.9 −0.9 0.982823494 0.94198613

In addition, bar diagrams are also shown in Figures 17–19.
It is concluded from these observations that the larger values of M subdued the

friction factor in both nanofluids. The major reason is that MF capitulates the flow of
nanofluids through the surface of the sheet owing to the prominent magnetic impact,
which subdues the friction factor. In addition, the friction factor increases owing to the φ in
both nanofluids. In the water-based γ−Al2O3 nanofluid, the values of the skin factor are
greater compared to the ethylene-based γ−Al2O3 nanofluid, due to the superior thermal
diffusivity. Moreover, the Nusselt number increases with the radiation due to fact that
the radiation generates superior molecular force in the flow, while the opposite trend
is explored due to the Eckert number. Both the Nusselt number and the friction factor
increase due to the time-dependent parameter. The streamlines and isotherms are plotted
in Figure 20a,b and Figure 21a,b.

6. Conclusions

In this article we examined the time-dependent flow for an effective Prandtl model of
γ nanofluids from a stretched sheet. Mixed convection, nonlinear radiation and viscous
dissipation were analyzed. The significant findings are listed below:

• Both profiles of velocity and the temperature increase owing to φ for γAl2O3 −
H2O\C2H6O2 nanofluids.

• The velocity increases due to the assisting flow and decline in the opposing flow for
γAl2O3 −H2O\C2H6O2 nanofluids, while the reverse trend is seen for temperature.

• The magnetic function decreases the velocity and increases the temperature distribu-
tion.

• The temperature of nanofluids increases due to radiation, Eckert, heat source and
convective parameters, while the temperature decreases due to the heat sink.
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• The EG increases due to ReL, φ and Br for γAl2O3 − C2H6O2 and γAl2O3 −H2O
nanofluids.

• The influence of ethylene-glycol-based γ−Al2O3 nanofluids on the temperature is
lesser compared to water-based γ−Al2O3 nanofluids.

• The friction factor decreases due to M and increases due to φ in both nanofluids.
• The Nusselt number increases due to Rd and declines due to Ec in both nanofluids.
• The time-dependent parameter increases the Nusselt number as well as the friction factor.
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Abstract: We proposed a method to study the effects of azimuth and the incident angle on the accuracy
and stability of rotating polarizer analyzer ellipsometer (RPAE) with bulk Au. The dielectric function
was obtained at various incident angles in a range of 55◦–80◦ and analyzed with the spectrum of
the principal angle. The initial orientations of rotating polarizing elements were deviated by a series
of angles to act as the azimuthal errors in various modes. The spectroscopic measurements were
performed in a wavelength range of 300–800 nm with an interval of 10 nm. The repeatedly-measured
ellipsometric parameters and determined dielectric constants were recorded monochromatically at
wavelengths of 350, 550, and 750 nm. The mean absolute relative error was employed to evaluate
quantitatively the performance of instrument. Apart from the RPAE, the experimental error analysis
implemented in this work is also applicable to other rotating element ellipsometers.

Keywords: ellipsometry; error analysis; spectroscopy; high-accuracy measurement; optical metrol-
ogy; dielectric constants

1. Introduction

The rotating element ellipsometer, after continuous development in many different
configurations and applications, is widely employed as a primary technique in scientific
research and industry [1–9]. The typical rotating element ellipsometer system comprises
various types: the rotating polarizer ellipsometer (RPE) [10,11], the rotating analyzer
ellipsometer (RAE) [12–14], and the rotating polarizer analyzer ellipsometer (RPAE).

The RPAE, which allows the polarizer and the analyzer to rotate in different angular
velocities simultaneously, was firstly proposed by Azzam [15]. Intensive efforts have been
devoted to RPAE from different aspects in past decades [16–20]. A self-established RPAE
was constructed and presented in 1987 [16], with the polarizer and the analyzer rotating
synchronously at an angular velocity ratio of 1:2. The system is superior in the elimination
of DC signal error and phase-shift correction. Additionally, it provided two methods for
the determination of ellipsometric parameters to realize the self-consistency of the data.
Subsequently, the instrument was improved in 1994 [18], which enabled a fully variable
incident angle by micro-stepping techniques, and employed a fixed polarizer to eliminate
the effect of residual polarization from a light source.

The system and random errors have been extensively studied as an important topic
in the development of ellipsometry. The accuracy and precision of ellipsometry can be
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effectively improved by performing error analysis and reduction. The analyses and correc-
tions of errors, caused by the imperfect compensator and birefringence in window, were
performed by McCrackin in 1970 [21]. Aspnes systematically presented the measurement
and the correction of the first-order errors [22] and the uncertainties of ellipsometric pa-
rameters [23,24]. Azzam and Bashara investigated the errors from imperfect components,
cell-window birefringence, and incorrect azimuth angles [25], and performed systematic
error analysis on the RAE [26]. The errors in ellipsometry have been extensively analyzed in
various aspects, such as the beam deviation [27], birefringence of window [28,29], incident
angle [30], azimuthal errors, and residual ellipticity [31–33]. Moreover, the systematic
error analyses on different configurations have been reported, including the RAE [34],
PRPSE [35], multichannel ellipsometer [36], and the Mueller matrix ellipsometer [37,38].

Although the aforementioned error analyses are conditionally applicable to the RPAE,
the error investigations specifically for this type of ellipsometer are still limited. The
noise effect of Fourier coefficients on the RPAE with the same configuration as in [18]
was analyzed by simulation [39]. In our previous work, the systematic error reduction,
induced by the analytical discrete Fourier transform, was proposed theoretically and
tested experimentally [40]. Apart from the effect from the Fourier transformation, the
experimental performance affected by the systematic error is worth studying further.

In this work, a method to study the error analysis on the incident angle and az-
imuth was presented experimentally for the self-established RPAE with bulk Au. Both
spectroscopic and monochromatic repeated measurements were carried out at various
incident angles. The dielectric constants were determined from the measured ellipsometric
parameters to study the accuracy and stability, which were evaluated according to the
differences and dispersion degrees of experimental data compared with the reference
values, respectively. The initial azimuths of polarizing elements were adjusted rotationally
by groups of certain angles to study the effect of azimuthal errors in three modes. The
performance of RPAE was evaluated quantitatively with the mean absolute relative error
(MARE). The error analysis method proposed in this work is also useful for spectroscopic
ellipsometry, including temperature-dependent properties of thin polymer films and metal
nanoparticles [41–44].

2. Materials and Methods

Figure 1 schematically illustrates the configuration of the RPAE system. A monochro-
mator containing a rotatable grating for the wavelength scan was employed to disperse
the light from the source. The monochromatic light from the exit slit passed through a
collimator lens, a fixed polarizer, and a rotating polarizer in sequence before incidence on
the sample. Subsequently, the reflected light went through a rotating analyzer and entered
a detector for data acquisition. The acquired analog signal was converted to a digital one
for data processing. The initial azimuths of polarizing elements were set along the direction
perpendicular to the incident plane. The angular velocity of the rotating analyzer was
controlled to be twice that of the rotating polarizer. The optical system was aligned and
calibrated precisely by a low-power He-Ne laser to realize a continuously variable incident
angle in a range of 45◦–90◦, with a computer-controlled resolution of 0.001◦ or a visual
resolution of 0.005◦ [18]. The spectroscopic measurement was performed routinely through
a wavelength scan in a spectral range of 300–800 nm with an interval of 10 nm. Au was
selected as the test material for the low penetration depth in the visible range with a great
optical stability in the atmospheric environment.
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Figure 1. Schematic configuration of the RPAE optical system. (1) The continuous light source; (2) 
the monochromator consisting of two spherical mirrors and a rotatable plane grating; (3) light-
collimating lens; (4) rotatable filters; (5) fixed polarizer; (6) rotating polarizer; (7) stepping motors; 
(8) rotating stage; (9) sample rotator; (10) sample; (11) rotating analyzer; (12) photomultiplier; (13) 
computer to control the monochromator, stepping motors, filters, rotating table, sample stage, and 
the photomultiplier; (14) laser used for alignment; and (15) mirrors to guide the laser beam for 
alignment. 
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Figure 1. Schematic configuration of the RPAE optical system. (1) The continuous light source;
(2) the monochromator consisting of two spherical mirrors and a rotatable plane grating; (3) light-
collimating lens; (4) rotatable filters; (5) fixed polarizer; (6) rotating polarizer; (7) stepping motors;
(8) rotating stage; (9) sample rotator; (10) sample; (11) rotating analyzer; (12) photomultiplier; (13)
computer to control the monochromator, stepping motors, filters, rotating table, sample stage, and the
photomultiplier; (14) laser used for alignment; and (15) mirrors to guide the laser beam for alignment.

The light intensity at the detector for RPAE is expressed as:

I(A) = I0 + I1 cos A + I2 cos 2A + I3 cos 3A + I4 cos 4A, (1)

where A represents the azimuth of analyzer and I0−I4 are coefficients of one direct and four
harmonic components, which are obtained by applying the discrete Fourier analysis as
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where Ai is the ith analyzer azimuth in the measurement period. Accordingly, the ellipso-
metric parameters are determined by [16–18]:
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The two sets of solutions are self-consistent to quantitatively verify the reliability of the
results without other instruments. We prefer to use Equation (3) in the experiment, since the
value of I4 is the smallest in Equation (1). For bulk material measured at an incident angle
of θ in the atmosphere, the dielectric function is determined with the well-known equation:
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[
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The accuracy and stability are evaluated by the MARE. The value of the MARE is
given by:
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where n represents the amount of data.

3. Results
3.1. Incident Angle and Principal Angle

The incident angle satisfying the condition of ∆ = 90◦ is defined as the principal
angle [45]. The error was proved theoretically to be reduced to obtain the highest precision
in determining the optical constants when measured at the principal angle [17]. The
spectrum of the principal angle for the Au sample was both theoretically and experimentally
investigated in our previous work [46]. In this section, the ellipsometric measurements
were performed by the RPAE at a series of incident angles in a range of 55◦ to 80◦, with an
interval of 5◦, to evaluate the accuracy and stability.

3.1.1. Spectroscopic Measurement

The dielectric function spectra of the Au sample at various incident angles (Figure 2)
were determined from the measured ellipsometric parameters with Equation (5). The
spectra showed great agreement in most of the wavelength range. On the other hand,
discrepancies were observed obviously in some regions, especially in the long-wavelength
range. The reference dielectric function was obtained by applying the Model dielectric
function [47] and Drude model [48] to the spectra of various incident angles. Accordingly,
the spectrum of the principal angle was calculated with the method presented in [46], as
shown in Figure 3.
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Figure 3. Spectrum of the principal angle for bulk Au.

The RPAE gave two solutions to determine the values of ψ and ∆ with Equations (3) and (4).
Theoretically, the results extracted by the two solutions were expected to be equal. The
differences between the two results, defined as δψ = ψ1 – ψ2 and δ∆ = ∆1 – ∆2, are used
generally to evaluate the reliability of measurement. The values of δψ and δ∆ in the spectral
range are exhibited in Figure 4. For the incident angles in 65◦–80◦, the differences between
the two sets varied around 0 in the spectral range, which implied good credibility for
measurement. Meanwhile, the differences of 55◦ and 60◦ were relatively large, especially
in the long wavelength range. As indicated in Figure 3, the principal angle increased
significantly in the long wavelength range, reaching approximately 80◦. Consequently,
larger measurement errors occurred at incident angles of 55◦ and 60◦ away from the
principal angle, leading to the significant discrepancy between the two solutions.
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Figure 4. Discrepancies of the two sets of ellipsometric parameters at six incident angles in a spectral
range.

The MARE values of the dielectric function at different incident angles are given in
Table 1. The results demonstrate that the accuracy was dependent on the wavelength
and corresponding principal angle. The measured results at 65◦, 70◦, and 75◦ turned
out to be more accurate than those measured at 55◦, 60◦, and 80◦ in a wavelength range
of 300–800 nm, which was consistent with the analysis based on the spectrum of the
principal angle.
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Table 1. MARE values of the dielectric functions at different incident angles.

Incident Angle (◦) 55 60 65 70 75 80

MARE-ε1 (%) 6.25 4.90 1.78 0.10 1.70 1.94
MARE-ε2 (%) 9.12 5.45 3.8 1.39 4.19 4.19

3.1.2. Monochromatic Measurement

The monochromatic measurements at different incident angles were tested by perform-
ing 100 repeated measurements at a single wavelength of 350 nm. The real and imaginary
parts of the reference dielectric constant at 350 nm were determined as ε1 = −1.09 and
ε2 = 5.2, respectively. The principal angle of the Au sample at 350 nm was calculated to be
69.43◦. Figure 5a,b display the distribution of the measured ellipsometric parameters and
determined dielectric constants, respectively, at six incident angles. The data amount at
each incident angle in an accurate region (relative error of ±2%, illustrated in Figure 5) is
counted and listed in Table 2. The statistical values demonstrated that the results at 70◦,
65◦, and 75◦ had more accurate data compared with the others, which was consistent with
the theoretical analysis of the principal angle.
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Table 2. Amounts of data points in an accurate region shown in Figure 5 in the 100 repeated
measurements for different incident angles at a wavelength of 350 nm.

Incident Angle (◦) 55 60 65 70 75 80

Amount of data points 30 27 96 100 68 8

The repeated measurement procedure was performed subsequently on two other
wavelengths of 550 and 750 nm at different incident angles. The corresponding MAREs
of the real part of the dielectric constant with varying incident angles were calculated at
three wavelength points, as indicated in Figure 6. The principal angles of the Au sample at
350, 550, and 750 nm were determined to be 69.43◦, 70.53◦, and 78.01◦, respectively. The
MARE versus incident angle implies that the measurement exhibited higher accuracy and
smaller error with the incident angle close to the principal angle. For example, the MARE
at 750 nm decreased significantly with the increasing incident angle, which was attributed
to the corresponding principal angle of 78.01◦. At incident angles of 65◦, 70◦, and 75◦, the
MAREs turned out to be relatively small at all three wavelengths in Figure 6, representing
the short, middle, and long wavelength parts in the spectral range. Accordingly, the results
indicated that these three incident angles enabled accurate measurement for the Au sample
and some other typical metals.
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3.2. Azimuthal Error

In the rotating element ellipsometers, the measurement is fundamentally based on
the detection of different polarization states, which is usually realized with the rotating
elements. Consequently, the azimuthal error of the polarizing element significantly affects
the performance of the instrument. In this subsection, we experimentally investigated
the effect of the azimuthal error on the accuracy and stability of the results. The initial
azimuths of the polarizer and analyzer were adjusted rotationally by a certain angle from
the s-axis to act as the azimuthal errors, represented as δθP and δθA, respectively.

3.2.1. Theoretical Analysis

For the measurement with the azimuthal error δ, assuming that the condition A = 2P
is still satisfied, the expression of light intensity in Equation (1) is modified as:

Iδ(A) = I0 + I1 cos(A + δ) + I2 cos 2(A + δ) + I3 cos 3(A + δ) + I4 cos 4(A + δ). (7)
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Compared with Equation (2), the four harmonic components are determined as:

Ikδ =
2

cos kδ · n

n

∑
i=1

Iδ(Ai) cos(kAi) = sec kδ · Ik k = 1, 2, 3, 4. (8)

Consequently, the ellipsometric parameters obtained in experiment are given as:

tan ψδ1 =
[

2(I1·sec δ+I3·sec 3δ−2I2·sec 2δ)
I1·sec δ+I3·sec 3δ

]1/2
,

cos ∆δ1 = I1·sec δ−3I3·sec 3δ

[2(I1·sec δ+I3·sec 3δ)(I1·sec δ+I3·sec 3δ−2I2·sec 2δ)]1/2 ,
(9)

and
tan ψδ2 =

[
9(I1·sec δ+I3·sec 3δ−2I2·sec 2δ)

2(2I1·sec δ+I2·sec 2δ+4I4·sec 4δ)

]1/2
,

cos ∆δ2 = 3(I1·sec δ+I3·sec 3δ)−4(I2·sec 2δ+4I4·sec 4δ)

[8(I1·sec δ+I3·sec 3δ)(I1·sec δ+I3·sec 3δ−2I2·sec 2δ)]1/2 .
(10)

3.2.2. Experimental Results

Firstly, the ellipsometric parameters of the Au sample were measured by the RPAE
at an incident angle of 70◦ in a wavelength range of 300–800 nm, with δθP varying from
0–20◦, as shown in Figure 7a. The spectra of ψ and ∆ demonstrated that the measured
results deviated significantly from the standard spectra with the increasing of the azimuthal
error of the polarizer. Similarly, the ellipsometric measurements were performed with δθA
varying from 0–20◦, as shown in Figure 7b. The spectra of ψ deviated differently compared
with those of δθP. Since the analyzer and polarizer rotated at an angular velocity ratio of
1:2 in measurement, the values of δθA and δθP were set at a group of angles with the same
ratio. The value of δθA varied from 0–20◦, compared with that of δθP in a range of 0–10◦.
Hence, the azimuth of the analyzer was always twice that of the polarizer during rotation.
The same procedure was repeated to get the spectra of ψ and ∆ (Figure 7c).
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The MAREs of ψ and ∆ were calculated and fitted into curves by applying the poly-
nomial fitting method for three azimuthal error modes, as displayed in Figure 8. The
comparison revealed the effect of the azimuthal error on the accuracy quantitatively. For
the MARE of ψ, the three curves behaved similarly with small azimuthal errors, while
the value increased significantly with a large value of δθP. As for ∆, the value increased
slightly for the curve of δθA, while rapidly for that of δθP and δθP:δθA = 1:2. Therefore,
the azimuthal error of the polarizer was indicated to more seriously affect the accuracy of
the RPAE.

The polarizing elements were rotated in the opposite direction with the same absolute
values of azimuthal errors to study the directional dependence on accuracy. The spectra
of ψ and ∆, measured for a series of the same absolute values, showed a high consistency
for both ±δθP and ±δθA, as observed in Figure 9. Consequently, the accuracy of the RPAE
was found to be less dependent on the direction of the azimuthal error in terms of the
acquired spectra.
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4. Conclusions

We presented a method to implement the experimental error analysis of azimuth
and the incident angle specifically for the RPAE in this work. The dielectric functions of
bulk Au were determined from the measured ψ and ∆ at incident angles in a range of
55◦–80◦, with an interval of 5◦, to study the effect on the instrument. The results acquired
at an incident angle close to the principal angle were observed to exhibit higher accuracy
and better stability, according to the discrepancies between the two solutions, and the
values of the MARE. The azimuthal error analysis was performed experimentally with
the initial orientations of polarizing elements deviating from the zero azimuth. The fitting
curves of the MARE versus azimuthal error suggest that δθP more seriously affects the
accuracy of the RPAE. The demonstrated error analysis reveals the relationship between
the acquired data and experimental conditions, which gives access to achieving accurate
and reliable measurement by using the RPAE, and is easily generalized to other rotating
element ellipsometers.
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Abstract: The present study depicts the first-ever optimized surface acoustic wave (SAW) device
based on Beryllium Oxide (BeO) thin film. The feasibility of surface acoustic wave devices based on
BeO/128◦ YX LiNbO3 layered structure has been examined theoretically. The SAW phase velocity,
electromechanical coupling coefficient, and temperature coefficient of delay for BeO/128◦ YX LiNbO3

layered structure are calculated. The layered structure is found to exhibit optimum value of phase
velocity (4476 ms−1) and coupling coefficient (~9.66%) at BeO over layer thickness of 0.08 λ. The BeO
(0.08 λ)/128◦ YX LiNbO3 SAW device is made temperature stable, by integrating it with negative
temperature coefficient of delay (TCD) TeO3 over layer of thickness 0.026λ.

Keywords: beryllium oxide; lithium Niobate; SAW devices

1. Introduction

Thin film-based surface acoustic wave (SAW) devices are enunciated to be exploited
for their use in communication devices, acousto-optic devices, optoelectronics, automotive
sensors and biosensors, etc., as these are efficient, compact, economical and provide the
advantage of tailoring the material properties as per the need of the application relative to
single crystal SAW device [1–5]. And with the advent of technology, SAW devices have be-
come an integral part of current LTE and 5G wireless devices [6]. These devices are increas-
ingly finding applications in the domain of life sciences and microfluidics (acoustofluidics),
producing ‘lab-on-a-chip’ (LOC) or micro total analysis systems (µTAS) [6,7]. The impor-
tant parameters that gauge the competence and use of SAW device are its phase velocity,
electromechanical coupling coefficient and temperature coefficient of delay [7]. Until now,
various SAW layered structures, like SiO2/LiNbO3, LiNbO3/Sapphire, ZnO/Diamond,
etc., have been investigated for their potential as acoustic wave devices [8]. It is evident
from the available literature that for high frequency applications, temperature stable SAW
devices with appreciable SAW phase velocity and good electromechanical coupling coeffi-
cient are required [8]. Diamond based SAW devices are reported to provide the advantage
of high velocity. But these devices are expensive and one needs to compromise with cou-
pling coefficient [8]. On the other hand, widely used LiNbO3 based SAW devices have
reasonable SAW velocity and good coupling coefficients [8]. Efforts are still being made to
find an alternative that is suitable for high frequency applications. Beryllium Oxide (BeO)
single crystal is reported to be piezoelectric material with very high acoustic velocities for
bulk longitudinal and shear waves and is studied for its application in SAW device [9].
Although, there are various reports on the deposition of the crystalline BeO over layer on
crystal and amorphous substrates [10,11], yet no attempt to date has been made to study
the use of BeO thin films in SAW device applications. BeO is reported to have unique
mechanical and thermal properties, such as hardness, high melting point, high thermal
conductivity, and large elastic constants, making it suitable for large number of applications
in microwave and nano devices [11,12]. All these properties make BeO a sturdy material.
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So, in the present work, an attempt has been made to study the use of thin films of BeO in
acoustic wave devices. The SAW propagation properties of BeO/128◦ YX LiNbO3 layered
structure have been found using the theoretical tool developed by Farnell and Alder [13,14].
The SAW software used in the present analysis has been exercised earlier by many workers,
like Zhou et al., Benetti et al., etc., to find the optimum values of thickness of various
layers used in the multilayered acoustic devices [15–17]. The theoretical results are in close
proximity with the experimentally obtained results [15–17]. Moreover, the experimental
realization of the proposed layered structure seems to be possible and supported by the
report on the growth of crystalline BeO thin films irrespective of the substrate type [10].
This suggests that BeO/128◦YX LiNbO3 layered structure can be experimentally realized
without lattice mismatch.

In the present study, the authors have considered widely used 128◦ YX LiNbO3 SAW
substrate to investigate the effect of adding BeO and subsequently TeO3 thin films on
it theoretically. The BeO over layer thickness is optimized and it is found that with the
integration of 0.08 λ thick BeO over layer in BeO/128◦YX LiNbO3 layered structure, an
efficient SAW device with appreciable phase velocity (∼4500 ms−1) along with a very
high electromechanical coupling coefficient (∼10%) can be realized. The bilayer BeO
(0.08 λ)/128◦YX LiNbO3 SAW device is temperature unstable and has a high positive
value of temperature coefficient of delay (TCD ~ 66 ppm ◦C−1). The device can be made
temperature stable by integrating it with negative TCD over layer. TeO3 films are reported
to exhibit negative temperature coefficient of delay [1,18–21] and, thus, can be used in
the present layered structure to make it temperature stable. The proposed BeO (0.08
λ)/128◦YX LiNbO3 bilayer SAW structure is integrated with∼0.026 λ thick TeO3 over layer
to realize a temperature stable device and moreover, the values of SAW phase velocity and
electromechanical coupling coefficient remain essentially untouched. Thus, the authors
present the first-ever optimized SAW device based on BeO thin film owing to its potential
use in acoustic wave device applications.

2. Materials and Methods

In the present study, the SAW propagation characteristics of proposed multi-layered
structure are calculated using the SAW Analysis software (MSDOS (version 2 or later), IEEE,
Montreal, QC, Canada) developed by Farnell and Adler [13,14]. The structure consists of
BeO thin film integrated over 128◦ YX LiNbO3 single crystal and TeO3 over layer placed
on BeO thin film. The multi-layered structure and the coordinate system are presented
in Figure 1.

Figure 1. Illustration of TeO3/Beryllium Oxide (BeO)/128◦ YX LiNbO3 multilayer surface acoustic
wave (SAW) structure and the coordinate system.

The Cartesian coordinate system is chosen in such a way that Rayleigh wave propa-
gates along x1—axis in which its amplitude vanishes as x3 tends to negative infinity, and
x2—axis is parallel to the direction of particle polarization.
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The electric potential φ and particle displacements Uk (k = 1, 2, 3) in a piezoelectric
medium are governed by the following elastic wave equations [1,13]:

ekij
∂2φ

∂xk∂xi
= ρ

∂2Uj

∂t2 − Cijkl
∂2Uk

∂xi∂xl
, (1)

ejkl
∂2Uj

∂xi∂xl
− ε jk

∂2φ

∂xi∂xk
= 0; i, j, k, l = 1, 2, 3 . . . . . . , (2)

where Cijkl is the mechanical stiffness tensor, ε jk is the dielectric permittivity tensor, ekij
is the piezoelectric tensor, and ρ is the density of the medium. The material parameters,
like density, elastic constant, piezoelectric constant, and dielectric constants at a given
temperature of TeO3, Wurtzite BeO thin films, and 128◦ YX LiNbO3 single crystal used
in present study to estimate the SAW phase velocity of the layered structure, are taken
from earlier reported data by Dewan et al., Duman et al., Cline et al., and Kovacs et al.,
respectively [12,18,22,23], and are presented in Table 1.

Table 1. Material constants and temperature coefficients used in simulations.

Material Constants Materials Temperature Coefficients (◦C−1)
TeO3
[18]

BeO
[12,22]

LiNbO3
[23]

TeO3
[18]

BeO
[24]

LiNbO3
[25]

Elastic Constants(1011 N/m2) × 10−4

C11 0.14 4.606 1.98 0.06 −2.63 −1.74
C33 4.916 2.279 −1.34 −1.53
C66 1.670 0.728 −1.98 −1.43
C44 0.265 1.477 0.5965 0.0646 −0.95 −2.04
C12 1.265 0.5472 −4.27 −2.52
C13 0.8848 0.6513 −39.8 −1.59
C14 0.0788 −2.14

Piezoelectric constant (C/m2)
e33 0.0364 1.77 8.87
e31 −0.0735 0.30 2.21
e15 3.69 1.47
e22 2.42 0.79

Dielectric constant (10−11 F/m)
ε11 23.7 3.06 45.6 1.6 3.23
ε33 3.13 26.3 6.27

Density (Kg/m3)
ρ 4578 3010 4628

2.1. Electromechanical Coupling Coefficient
(
K2)

The effective coupling of inter digital transducer to the surface-wave is measured in
terms of the electromechanical coupling coefficient, K2 given by [1,26,27]

K2(%) =
200 (v− v′)

v
, (3)

where v and v′ are the SAW phase velocities for electric free and short circuit
conditions, respectively.

2.2. Temperature Coefficient of Delay (TCD)

The temperature dependence of SAW device is expressed in terms of TCD given
by [1,26,27]

TCD = TCDo −
V35 − V15

20 × V25
, (4)
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where TCDo is the coefficient of thermal expansion of base layer, and V35, V25, and V15
are the SAW velocities of the layered structure at respective temperatures. The TCD is
measured in the units of ppm ◦C−1.

Using the material parameters listed in Table 1, the authors obtained the SAW
phase velocity for the multi-layered structure through the software. The coupling co-
efficient and TCD were consequently calculated using the SAW velocity so obtained in
Equations (3) and (4).

3. Results and Discussion

The SAW phase velocity (VP), electromechanical coupling coefficient
(
K2) and tem-

perature coefficient of delay (TCD) of bilayer BeO/128◦ YX LiNbO3 SAW structure were
first calculated as a function of normalized thickness (hBeO/λ) of BeO over layer, where
hBeO is the BeO over layer thickness, and λ is the acoustic wavelength.

The change in SAW phase velocity (VP) and electromechanical coupling coefficient(
K2) with the normalized thickness of BeO over layer is shown in Figure 2. It is found that

the SAW phase velocity increases from 3800 ms−1 (SAW velocity of bare 128◦ YX LiNbO3
single crystal) to 4476 ms−1 with increase in the BeO over layer thickness from 0 to 0.08 λ.
The enhanced SAW velocity is principally due to the higher velocity (7800 ms−1) of BeO
film in comparison to LiNbO3, and with the increasing over layer thickness of BeO, SAW
energy is assembled more into BeO [9].

Figure 2. Variation of SAW phase velocity (VP) and electromechanical coupling coefficient
(
K2) with

normalized thickness of BeO over layer in BeO/128◦ YX LiNBO3 SAW layered structure.

Figure 2 shows the rise in the value of electromechanical coupling coefficient
(
K2) for

BeO/128◦ YX LiNbO3 bilayer structure. The value of K2 increases nearly twofold, i.e., from
∼5% (K2 of bare 128◦ YX LiNbO3 single crystal) to ∼9.66% with the change in BeO over
layer thickness from 0 to 0.08 λ. And with further increase in the BeO over layer thickness
(beyond 0.08 λ), its value decreases. The significant rise in the value of coupling coefficient
with the integration of a BeO over layer (in the range 0 to 0.08 λ) on the top of LiNbO3 single
crystal is accounted to the stiffening effect produced by the over layer [28]. The stiffened
layer escalates the stress and raises the potential at the interface [29]. Thus, in addition
to the piezoelectric coefficients, stress also makes a noteworthy contribution in raising
the electric potential and thereby augments the coupling coefficient. With the increase in
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the over layer thickness from 0.08 λ to 0.15 λ, the value of K2 reduces to ∼8% from 9.7%
because, at greater thickness, the impact of mass loading influences the propagation [28].

The temperature coefficient of delay for the BeO/128◦ YX LiNbO3 bilayer structure is
calculated using Equation (4), and its dispersion with normalized BeO over layer thickness
is shown in the Figure 3. It is found to reduce a little from 76 to ∼66 ppm ◦C−1 with an
increase in the BeO over thickness from 0 λ to 0.08 λ. The small reduction in the value of
TCD is credited to the fact that BeO film has comparatively lower but positive TCD value
than for LiNbO3 crystal [24]. And with the addition of greater BeO over layer thickness, the
SAW energy is more accumulated in BeO; hence, it exhibits the reduced value of TCD for
BeO/128◦ YX LiNbO3 bilayer structure. It can be inferred from Figure 3 that the BeO/128◦

YX LiNbO3 bilayer structure is thermally unstable as both LiNbO3 and BeO are positive
TCD materials. The positive TCD BeO/128◦ YX LiNbO3 bilayer structure can be made
temperature stable by integrating it with an over layer (i.e., SiO2 and TeO3) possessing
negative TCD [21,29–31]. Previously reported results show that in comparison to SiO2,
TeO3 thin films possess high value of negative TCD [18,20,21,30,31]. So, with the integration
of relatively less thick TeO3 over layer, a positive TCD device can be made temperature
stable [18,19].

Figure 3. Variation of temperature coefficient of delay (TCD) with normalized thickness of BeO over
layer in BeO/128◦ YX LiNBO3 SAW layered structure.

Therefore, in the present study, the result of adding TeO3 over layer over BeO/128◦

YX LiNbO3 bilayer structure on its SAW propagation characteristics have been investigated
further. In TeO3/BeO/128◦ YX LiNbO3 multi- layered SAW structure, the thickness of
BeO layer is fixed at 0.08 λ because it is observed in Figure 2 that, at this BeO over layer
thickness, the BeO/128◦ YX LiNbO3 bilayer structure has maximum value of K2(∼9.66%)
and appreciable phase velocity (∼4467 ms−1).

Figure 4 presents the TCD variation of TeO3/BeO (0.08 λ)/128◦ YX LiNbO3 multi-
layered SAW structure as a function of normalized thickness

(
hTeO3 /λ

)
of TeO3 over

layer, where hTeO3 is the TeO3 over layer thickness. The TCD of TeO3/BeO(0.08 λ)/128◦

YX LiNbO3 layered structure reduces to 0 from 66 ppm ◦C−1 with an increase in the
(negative TCD) TeO3 over layer thickness from 0 to 0.026 λ. Thus, a temperature stable
TeO3/BeO(0.08 λ)/128◦ YX LiNbO3 multi-layered SAW device can be achieved with the
integration of 0.026 λ thick TeO3 over layer.

101



Crystals 2021, 11, 332

Figure 4. (a): Variation of TCD of TeO3/BeO(0.08 λ)/128◦ YX LiNbO3 SAW structure with normalized
thickness of TeO3 over layer. (b) Variation of phase velocity and K2 for TeO3/BeO(0.08 λ)/128◦ YX
LiNbO3 SAW structure with normalized thickness of TeO3 over layer.

The effect of integrating TeO3 over layer is examined on SAW phase velocity and
K2, as well. The inset in Figure 4b shows the change of K2 and SAW phase velocity for
TeO3/BeO (0.08 λ)/128◦ YX LiNbO3 with the normalized thickness of TeO3 over layer. It
may be seen that the value of SAW phase velocity declines faintly from 4467 to 4266 ms−1

with an increase in the TeO3 over layer thickness from 0 to 0.026 λ owing to the point that
TeO3 has lower SAW phase velocity in comparison to BeO(0.08 λ)/128◦ YX LiNbO3 bilayer
structure. Moreover, with the rise in the TeO3 over layer thickness from 0 to 0.026 λ, the
value of K2 increases further from 9.66% to ∼9.85%. This is because the thickness of TeO3
over layer is much less than the acoustic wavelength leading to the stiffening and further
increase in the potential and hence electromechanical coupling coefficient [21,28]. It may be
noted that the introduction of 0.026 λ thick TeO3 over layer in BeO (0.08 λ)/128◦YX LiNbO3
bilayer structure not only marginally increases the value of K2 (from 9.70% to 9.85%) but
also makes the device temperature stable. With the further increase in the TeO3 over layer
thickness, the TCD of TeO3/BeO (0.08 λ)/128◦ YX LiNbO3 multi-layered SAW structure
becomes negative, making the device temperature unstable again. Hence the optimum
thickness of TeO3 over layer is taken to be 0.026 λ. Therefore, a temperature stable TeO3
(0.026 λ)/BeO(0.08 λ)/128◦ YX LiNbO3 multi-layered SAW structure with high value of
K2 (∼9.85%) and the phase velocity (∼4266 ms−1) is proposed, which is suitable for its
applications in narrow band filters in GHz range.

4. Conclusions

In the present work the SAW propagation properties of TeO3/BeO/128◦ YX LiNbO3
multi-layered SAW structure have been investigated theoretically. The optimized thickness
values of TeO3 and BeO thin films are obtained. It is established that with the integration
of (0.026 λ) TeO3 and (0.08 λ) BeO layer on 128◦ YX LiNbO3 single crystal, an efficient,
temperature stable, high velocity (∼4266 ms−1) multi-layered SAW structure can be made.
Because the proposed device is based upon sturdy wurtzite BeO layer, it can work ef-
ficiently in the severe environment conditions. The proposed temperature stable SAW
structure can be conceived effortlessly for possible applications in both high, as well as low,
frequency regions.
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Abstract: Among the various methods for the preparation of nanoparticles, a sparking process at
atmospheric pressure is of interest because it is a simple method for producing nanoparticles ranging
from a few nanometer-sized particles to agglomerated film structures. In this research, we studied
the effects of metal electrode properties on nanoparticle sizes. The experiments were carried out by
applying a high voltage to different metal sparkling tips. The transfer of energies from positive ions
and electron bombardments induced the melting and vaporization of electrode metals. Based on
this research, we have developed a model to describe the formation of a nanoparticle film on the
substrate, placed under the sparking gap, and the nanostructure produced by metal vapor on the
sparking electrodes. The model provides a realistic tool that can be used for the design of a large-scale
coating and the application of nanoparticles developed by this process for the filtration of PM2.5
mask fabric by air.

Keywords: sparking process; surface energy; nanoparticle nucleation; vapor deposition

1. Introduction

Nanoscale particles can have structural, thermal, electromagnetic, optical and me-
chanical properties that are significantly different from those of larger particles [1]. Particle
properties are highly size-dependent and can be exploited in a variety of applications.
Therefore, the control of nanoparticle size is very important and desirable, but it also
represents a challenge. Nanoparticles can be prepared using various methods, such as
laser ablation [2], ultrafine bubbles and pulsed ultrasound [3], corona discharge [4] and
sparking processes [5–11]. The methods and conditions used to prepare nanoparticles
strongly influence their size and shape [4,12]. The sparking process is of interest because
it is performed in atmospheric air, is inexpensive and does not require a vacuum system.
Moreover, this method is flexible regarding the material used, can be up-scaled, and is
environmentally friendly as it does not produce any waste and does not require a chemical
precursor. Although there have been several publications describing the production of
nanoparticles using the sparking process in atmospheric pressure, the effects of the wire
electrode properties on the nanoparticle size and formation pattern of the deposited films
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have not been reported previously. During the sparking process, the applied voltage
induces high-temperature arcing plasma in the air gap via the field ionization process.
Electrons and ions in the plasma bombarded the two tip surfaces, resulting in the vapor-
ization and liquefaction of the metal electrodes. In our previous work [5], the formation
of nanoparticles was modeled using the Young–Laplace relation by considering the rela-
tive surface energies and different pressures inside and outside the molten layers on the
electrode surfaces. For the low-pressure atmosphere, Tabrizi et al. [13] produced gold
nanoparticles using the spark discharge at the pressure of 1–2.5 bar. They explained that
the electrode materials were evaporated, and the nanoparticles were nucleated and agglom-
erated from the vapor. In this report, the effects of the electrode properties on the generated
nanoparticles from both vaporized and molten metals were described and applied in forms
of aerosol for disposable face mask testing of filtration efficiency.

2. Experimental

To study the size of nanoparticles, various metal wires were used as sparking tips.
The metals used were zinc (d = 0.38 mm), aluminum, silver, gold, nickel, cobalt, titanium,
vanadium and molybdenum (purity ≥ 99.5%, d = 0.25 mm, Advent Research Materials
Ltd., Eynsham, Oxford, England). The sparking tips were placed horizontally, 5 mm
above the center of the glass substrate, with a gap of 2 mm between them. Sparks were
produced by the discharge of a 25 nF capacitor at 10 kV. Before the nanoparticles were
formed on a glass slide substrate (10 × 10 × 1 mm3), the substrate was sonically cleaned in
acetone, ethanol and distilled water and dried under nitrogen gas. To eliminate the effect
of initial conditions, the tips were sparked 100 times before collected the nanoparticles. The
spark was created once in an ambient air at atmospheric pressure to study the deposited
particle sizes.

Scheme of sparking discharge apparatus is represented in Figure 1. The Supplemen-
tary Information depicts all of the sparking apparatus used in our research; from the first
prototype that was used for the fabrication of nanoparticles for carbon nanotube growing,
to this study. The principle of the work was described previously [14], in brief, our research
technique consisted of a power supply that was connected to a 220 V alternative current
source. The power supply unit consisted of an AC/DC converter and a controlled source
of voltage and current, which was connected to a 7 KV DC boost step-up power module
high-voltage generator, which was in turn connected to a capacitor that directs electrical
power to a circuit breaker with changeable heads that hold metal wires. These wires were
placed in a sealed container, through which gasses flowed, and in which a substrate for
nanoparticle collection was placed.
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To study the particle sputtering patterns resulting from the sparking process (and
therefore to study the directions in which the particles were expelled from the electrode
wire’s melting surface), gold and cobalt wires were used as the sparking electrodes, since
they produce sparked nanoparticles of easily observable color. A voltage of 10 kV was
applied across a 1 mm gap, causing the spark discharge. White paper substrate was placed
5 mm below the sparking gap and examined after sparking 1000 times.

The sparked electrodes and the deposited nanoparticles were characterized using
scanning electron microscopy (SEM, JEOL JSM 6335F, Akishima, Japan). The Raman spectra
were obtained with a 514.5 nm argon ion laser at a room temperature (Jobin Yvon Horiba
T64000, Chiyoda-ku, Japan) to determine crystallinity of the films.

Surface characterization was done by using an atomic force microscope (AFM) in the
tapping mode (Digital Instruments, Inc., Santa Barbara, CA) equipped with a standard Si
tip and operated at a scan size of 1 x 1 µm2 in air at room temperature. Section analysis was
carried out to estimate sizes of the NDs (nanodots) using the Nanoscope IIIa 5.12 r3 (Veeco,
New York, NY, USA) software. The primary particles size can be measured by sparking a
very low surface coverage of nanoparticles on a substrate for AFM. After approximately
one second of sparking onto the substrate, we noticed films with primary particles as an
isolated island, consisting of primary particles that were deposited very far away from the
other particles.

3. Results and Discussions

Nanoparticles produced using various sparking metals were imaged using AFM, as
shown in Figure 2a. Because the lateral (horizontal) sizes of the nanoparticles estimated
by AFM show a broadening effect due to a tip shape convolution [15], the nanoparticle
sizes were determined by measuring their vertical heights. Due to the random nature of
the nanoparticle agglomeration, some particles attached to others and created a secondary
particle deposition on the substrate. To determine the primary size of the particles, only
primary particles that appeared in the images were used. It can be clearly seen, that a low
energy level is needed to melt the metals (Zn, Ag, Au), resulting in a higher density of the
particles in the area under observation. The reason for this is that these metals require a
lower energy to melt the electrode, and in turn, to melt a nano-droplet. The energy applied
to the tips (Eapp) is separated to the energy lost to the environment (Eloss) and the energy
used to melt the metal tips, as described by Equation (1)

Eapp = Eloss + m
[
cp(Tm − Tr) + L f

]
(1)

where cp is the specific heat capacity, m is the effective mass of the metal tip, Tm is the
melting point, Tr is the room temperature and Lf is the heat of fusion. As shown in Table
1, the melting point of aluminum (933 K) is lower than that of silver (1235 K) and gold
(1337 K), however, there a reduced amount of sparked aluminum observed. This is due to
aluminum having a remarkably high heat fusion of 0.90 Jg−1K−1, whereas the high heat
fusions of zinc, silver and gold are in the range of 0.13–0.39 Jg−1K−1. Moreover, aluminum
is always covered with a microscopic thin layer of Al2O3 that is extremely hard and inert.
Therefore, this oxide also reduces the creation of nanoparticles during the discharge. Figure
2b shows the height measurement of zinc nanoparticle using section analysis of Nanoscope
III (Veeco, New York, NY, USA) software.

The relationship between the nanoparticle heights and the surface energy at melt-
ing point of the electrode metals is shown in Figure 3. It can be clearly seen, that the
particle heights decreased as surface energy increased. Nevertheless, the heights of all
primary particles were less than 4.5 nm, which corresponds with the transmission elec-
tron microscopy (TEM) images of sparked nanoparticles published elsewhere [10]. The
relationship between the height of the particles and the surface energy is given by a linear
formula H = 1.6915 γ + 4.4783, where H is the average particle height (nm) and γ is the
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surface energy (J·m−2). This result strongly confirms that nanoparticles on the substrates
were nucleated by the molten metal electrodes.
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Zn 693 0.789 0.39 1.16 244 3,843 3.30
Al 933 0.871 0.9 2.37 830 22,569 3.15
Ag 1235 0.925 0.24 4.29 240 5,319 2.71
Au 1337 1.145 0.13 3.17 158 4,233 2.63
Ni 1718 1.796 0.44 0.91 623 13,228 2.02
Co 1811 1.881 0.42 1.00 599 13,944 1.50
Ti 1941 1.525 0.52 0.22 702 19,136 1.23
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Figure 3. Plot of the height of sparked nanoparticles as a function of surface energy at melting temperature.

Figure 4a,d show sparked particle films of gold and cobalt, respectively, on white
paper substrates. The film formed in two semicircle shapes with a gap of 1 mm between
them. The semicircle on the right-hand side was formed under the cathode and is larger
than the semicircle on the left that formed under the anode. This is caused by the process
when, during the sparking, atmospheric gas breaks down and creates the positive ions
and free electrons. The bombardment of the anode by the electrons and the cathode by
the positive ions melts the electrode surfaces. The thermal energy expands, and a shock
wave forms. The resulting high air pressure pushes the melted metal layer away from the
electrode gap, and the molten metal therefore splashes away from the gap in a cone-shaped
pattern, while the nanoparticles are nucleated. The cone shaped splashing produces the
two semicircles on the substrate. The black color of the sparked cobalt film in Figure 4a
indicates the presence of cobalt oxide. Furthermore, the sparked gold film is pink, which is
a feature of gold nanoparticles [17].

Figure 4b,c show the cobalt anode and cathode electrode tips, respectively, after the
sparking process. The erosion of the tip results in the round shape at both tip ends. The
results are not the same for the gold anode and cathode tips, as shown in Figure 4e,f,
respectively. The sparked gold tips are cone shaped. The cone angle of the anode tip is less
than that of the cathode tip. The reduced cone angle of the anode tip corresponds with
the smaller area of the particle film produced under the anode (Figure 4d). The shape of
the anode is caused by the expansion of the plasma diameter at the anode surface [18]. In
addition, the sides of the cobalt tips were covered by nanoporous films. It is believed that
some of the metal evaporated as a gas phase and then deposited on the tip surfaces. The
sides of the gold electrodes are different from those of the cobalt tips and no deposited
nanoporous film was observed because the gold vapor could not oxidize in this setup.
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Figure 4. (a,d) Nanoparticle films on papers which were placed under the sparking gap of cobalt and gold, respectively.
The electrode after 1000 cycles of spark: (b) Co-anode (c) Co-cathode (e) Au-anode and (f) Au-cathode.

More studies are needed in order to better understand the formation of particle coating
on the electrode wires. In this study, titanium wires were used as sparked electrodes. The
anode and cathode titanium wires were sparked 1000 times. The sparked electrode wires
are shown in Figure 5a,b for the anode and cathode, respectively. In the pictures, the
nanostructure films are seen to almost fully cover the anode surface. On the other hand,
most of the surface area of the cathode is covered by the freeze splashing of molten
metal droplets. As previously explained, positive ions have a larger mass and transfer
more energy to the cathode compared to the energy transferred by electrons to the anode.
Therefore, the cathode shows more surface damage than the anode. The molten electrode
splashed and then froze very quickly due to the rapid cooling of the room atmosphere.
Furthermore, the nanoporous film coverage observed on the tip is rather patchy. In addition,
during the sparking, the glass substrate was placed 2 mm under the sparking gap to collect
the nanoparticles from the metal droplets (the result shown in Figure 7).

Figure 5 shows high magnification SEM images displaying the tip surface located
200 µm, 400 µm and 600 µm from the tip end (the positions of the tips are shown in Figure 4).
Nanostructures grown on the anode tip (Figure 5a,c,e for the position of 200 µm, 400 µm and
600 µm, respectively) are sponge-like structures composed of numerous irregular-shaped
and randomly-oriented grains. It is believed that, the nanostructures are the deposition of
titanium vapor. The difference in the size and shape of the nanostructures is explained by
the influence of different substrate temperature [19,20]. On the cathode tip (Figure 5b,d,f
for the position of 200 µm, 400 µm and 600 µm, respectively) no nanostructures can be
observed, since the splashing of the melting titanium prevents the deposition of titanium
vapor on the cathode tip surface. The results are the opposite for the cobalt, where the
cathode tip is fully covered in cobalt oxide nanostructures, as shown in Figure 4c. Therefore,
based on the results for gold, cobalt and titanium, it can be concluded that the nanoparticles
were nucleated by the droplets of molten metals and deposited on the substrates under
the sparking gap for all sparking metal electrodes. However, the nanostructure nucleation
caused by the deposition of metal vapor on the sparking tip depends on the properties of
each metal.
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Figure 6a,b illustrate the SEM images and EDS line scan result of the sparked anode
and cathode titanium tips, respectively. At the tip of the anode electrode, a large titanium
ratio and a small amount of oxide cover were found. Given that there was no oxygen
found at the aperture created by the focus ion beam (FIB), we can conclude that the oxygen
was only on the surface. The oxygen content increased in the nanoporous film area due to
the formation of titanium oxide in that area. As was the case with the anode, the oxygen
content also increased in the cluster of nanoporous material on the cathode.
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Figure 6. SEM–EDX line scans of sparked titanium tip (a) anode (b) cathode.

Figure 7 shows the SEM image of the sparked titanium particles that were deposited
on the glass substrate, 5 mm under the sparking gap of titanium tips presented in Figure 5.
The films were an agglomeration of nanoparticles with an approximate size of 20 nm.
The size of the nanoparticles was almost ten times smaller than the size of the grain that
occurred due to the vapor deposition on the tips electrodes. The crystallinity of the sparked
films was initially amorphous and then gradually transitioned into the anatase phase of
TiO2 during the annealing at 400 ◦C for 1–5 h, as shown in Raman spectra in Figure 8.
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Unless wires are sparked inside of a magnetic field [21], in ambient conditions at
atmospheric pressure, nanoparticles collected on the substrate during sparking discharge
process will be amorphous. High energy will also break down gas molecules in the air
between the sparking gap (even nitrogen) and will create different oxides, nitrides and
carbonates [22]. Because of obtaining thermodynamically unstable products, annealing
in controlled atmosphere will affect the crystallinity and phase of the sparked nanoparti-
cles [23]. This is the reason why we see different phases in the Raman results of the sparked
titanium.

To further explain the action of the sparking process in the air pressure atmosphere, the
schematic illustrations of the nucleation of nanostructures were developed and are shown
in Figure 9. When the voltage applied to the gaps is higher than the break down voltage,
gas molecules in the sparking gap were ionized, and the electrons and ions produced
from the neutral molecules migrated towards the anode and cathode, respectively. The
bombardment of high energy electrons and ions melted and evaporated the metal tips.
The expansion of the electron stream at the anode increased the bombardment area and
therefore the sparked anode tips exhibited a low cone angle. For the cathode, positive ions
have a larger mass and therefore transfer more energy to the cathode, resulting in a larger
melting volume than the anodes. The nucleated molten nano-droplets were blown in the
cone shape around the tip and deposited on the substrate which were placed under, next
to, and over the gap. The reduced density and hemisphere area of the films under the tips
of the anode are consequences of the reduced cone angle and lower molten volume. The
growth of the nanoporous structures from the metal vapor on the sparking tips depends
on the material and thermal properties and surface reactivity of the metal tips.
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Figure 8. Raman spectra of the sparked titanium nanoparticles films annealed at different temperatures.
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Figure 9. Schematic diagram of the nucleation mechanism of the nanostructure deposited by the sparking method.

There are a substantial number of applications involving the sparking discharge
process in the field of aerosol science [24]. Even though we provide evidence in this
research that most of the nanoparticles are made by the metal melt approach, the sparking
discharge process can still be used for aerosol production and fabric filtration calibration
applications, which are now more important than ever in light of the current COVID-19
crisis [25].

In Figure 10, the results with the filtration barrier and without the filtration barrier
are both presented. The experiment was conducted as previously described, [26], using
aluminum wires, with the modification of one output, in which a commercially available
surgical mask as a filter is attached onto the aerosol outlet, leading to a differential mobility
analyzer (DMA). The sparking discharge process suitability for the aerosol calibration was
compared with the dispersing particle size standardsTM (from Polysciences, Inc. Nanobead
NIST Traceable Particle Size Standards). The results indicate that filtration capacity of the
sparking discharge is 99.6%; obtained using the following equation.

Ef = 100 − number o f particles measured with DMA with f ilter
number o f particles measured with DMA without f ilter

(2)

This was compared by using a 50 nm particle size standard and the results obtained
are not significantly different. A 50 nm particle size was used because this was the size
that was generated from the sparking aluminum wires with the machine described in
our experiment.
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Figure 10. Filtration experiment measured by the differential mobility analyzer. (a) The aluminum sparked wire without a
surgical mask as a filter. The concentration of nanoparticles produced by sparking was 2.32 × 107 particles at 1 cm3 at size of
44.5 nm (b) Results of differential mobility analyzer (DMA) from aluminum sparked wire with a filter from a commercially
available surgical mask. Concentration of nanoparticle produced by sparking was 9.11 × 104 particles at 1 cm3 at size of
47.8 nm.

4. Conclusions

There are two approaches that are utilized in the generation of nanoparticles from a
sparking discharge process. The first is an aerosol-based process [27], and the second is
a metal melt process, that we used to modify the surface and create nanomaterials [28].
The sparking discharge studies by Kohut et al. [29] describe craters, undulated areas, and
dendritic areas of nickel and copper electrodes (rode) in low numbers (one to three) as
opposed to our study (100). Their results also support our approach to sparking discharge
for nanoparticle generation trough metal melt, with only a small portion of the electrode
content being aerosolized for nanoparticle synthesis. This confirms the production of
nanoparticles by the sparking discharge methodology and spark discharge apparatus as
mainly coming from the metal melt process.
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The findings by Domaschke et al. [30] are significant because they support our exclu-
sive use of wires as the electrode material. In their work regarding the sparking discharge
process, a high capacitance of the apparatus is also expected in order to improve the energy
efficiency of the sparking discharge process. They also measured the effect of the gas flow
during sparking discharge on particle size and the concentration of the produced particles,
which we did not deal with because we did not use the gas flow during the synthesis of
nanoparticles. Our sparking discharge process was done in an ambient atmosphere and
under normal pressure conditions, while metal wires were discharged with no air flow.

In summary, we have demonstrated the preparation of nanoparticles using the spark-
ing process of various metal tips at an atmospheric air pressure. It was observed that
particle sizes are related to the surface tension of molten metals. The film coated under the
sparking gap was produced by molten metal droplets, whereas the nanostructure covered
on the sparking tips was formed by the deposition of metal vapors. The model was created
to explain the coating pattern, and this model provides a practical tool that can be used
to design a sparking machine for large scale application (see Supplementary Information
for examples). This sparking discharge machine can be used for the calibration of fabric
filtration barriers as a replacement for dispersing particle size standards.

Supplementary Materials: The following are available online at https://www.mdpi.com/2073-435
2/11/2/140/s1.
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22. Ručman, S.; Boonruang, C.; Singjai, P. The Effect of a Weak Magnetic Field (0 T to 0.4 T) on the Valence Band and Intramolecular

Hydrogen of Inorganic Aerosol Metal–Nitrogen Gas Chemical Reactions in a Sparking Discharge Process. Crystals 2020, 10, 1141.
[CrossRef]

23. Hallberg, R.T.; Ludvigsson, L.; Preger, C.; Meuller, B.O.; Dick, K.A.; Messing, M.E. Hydrogen-Assisted Spark Dis-charge
Generated Metal Nanoparticles to Prevent Oxide Formation. Aerosol Sci. Technol. 2017, 52, 347–358. [CrossRef]

24. Meuller, B.O.; Messing, M.E.; Engberg, D.L.J.; Jansson, A.M.; Johansson, L.I.M.; Norlén, S.M.; Tureson, N.; Deppert, K. Review of
Spark Discharge Generators for Production of Nanoparticle Aerosols. Aerosol Sci. Technol. 2012, 46, 1256–1270. [CrossRef]

25. Zangmeister, C.D.; Radney, J.G.; Vicenzi, E.P.; Weaver, J.L. Filtration Efficiencies of Nanoscale Aerosol by Cloth Mask Materials
Used to Slow the Spread of SARS-CoV2. ACS Nano. 2020, 14, 9188–9200. [CrossRef] [PubMed]
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Abstract: To achieve considerably high thermal conductivity, hybrid nanofluids are some of the
best alternatives that can be considered as renewable energy resources and as replacements for the
traditional ways of heat transfer through fluids. The subject of the present work is to probe the
heat and mass transfer flow of an ethylene glycol based hybrid nanofluid (Au-ZnO/C2H6O2) in
three dimensions with homogeneous-heterogeneous chemical reactions and the nanoparticle shape
factor. The applications of appropriate similarity transformations are done to make the corresponding
non-dimensional equations, which are used in the analytic computation through the homotopy
analysis method (HAM). Graphical representations are shown for the behaviors of the parameters
and profiles. The hybrid nanofluid (Au-ZnO/C2H6O2) has a great influence on the flow, temperature,
and cubic autocatalysis chemical reactions. The axial velocity and the heat transfer increase and
the concentration of the cubic autocatalytic chemical reactions decreases with increasing stretching
parameters. The tangential velocity and the concentration of cubic autocatalytic chemical reactions
decrease and the heat transfer increases with increasing Reynolds number. A close agreement of the
present work with the published study is achieved.

Keywords: Au-ZnO/C2H6O2; heat transfer; rotating systems; analytical solution

1. Introduction

Energy has a crucial role in the prosperity and development of any country. The daily consumed
energy resources like natural gas, oil, and coal are certain to vanish with the passage of time because
these are huge sources of energy and are being depleted due to their limited availability. To cope
with such a situation, the replenishment of the world’s energy is of utmost concern, making it is
a basic requirement to search for some reliable and affordable energy alternatives. Such problems
apply to renewable energy systems. Nanoparticles have been shown to solve such constraints because
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of their remarkable heat transfer capabilities. The application of nanoparticles in the industrial,
biomedical, and energy sectors is due to their thermophysical properties. Nanoparticles have seen
applications in energy conversion (e.g., fuel cells, solar cells, and thermoelectric devices), energy storage
(e.g., rechargeable batteries and super capacitors), and energy saving (e.g., insulation such as aerogels
and smart glazes, efficient lightning like light emitting diodes and organic light-emitting diodes).
To combat climate change, clean and sustainable energy sources need to be rapidly developed.
Solar energy technology converts solar energy directly into electricity, for which high performance
cooling, heating, and electricity generation are among the inevitable requirements. In solar collectors,
the absorbed incident solar radiation is converted to heat. The working fluid conveys the generated heat
for different uses [1]. Ettefaghi et al. [2] worked on a bio-nanoemulsion fuel based on biodegradable
nanoparticles to improve diesel engines’ performance and reduce exhaust emissions. Gunjo et al. [3]
investigated the melting enhancement of a latent heat storage with dispersed Cu, CuO, and Al2O3

nanoparticles for a solar thermal application. Khanafer and Vafai [4] presented a review on the
applications of nanofluids in the solar energy field.

Nanofluids reduce the process time, enhance the heating rates, and improve the lifespan of
machinery [5]. Nanofluids have seen applications in power saving, manufacturing, transportation,
healthcare, microfluidics, nano-technology, microelectronics, etc. Recently, nano-technology has
attracted great attraction from scientists [6]. Nanoparticles are the most interesting technology to
introduce novel, environmentally friendly chemical and mechanical polishing slurries to fabricate
effective materials [7]. Thermal conductivity is of great importance and is enhanced by the
incorporation of nanoparticles in the base fluid [8]. Hamilton and Crosser [9] studied the thermal
conductivity of a heterogeneous two component system. Nanofluids were obtained by the addition
of nanoparticles to the base fluids, and they have gained popularity since the work of Choi and
Eastman [10]. Vallejo et al. [11] analyzed the internal aspects of the fluid for six carbon-based
nanomaterials in a rotating rheometer with a double conic shape containing a typical sheet. Alihosseini
and Jafari [12] investigated a three-dimensional computational fluid dynamics model for an aluminum
foam and nanoparticles with heat transfer using a number of cylinders having different configurations
through a permeable medium. Sheikholeslami et al. [13], working with a ethylene glycol nanofluid,
discussed the electric field, thermal radiation, and nanoparticle shape factors of a ferrofluid by showing
that the platelet shape led to enhanced convective flow. Al-Kouz et al. [14] applied computational fluid
dynamics to analyze entropy generation in a rarefied time dependent, laminar two-dimensional flow
of an air-aluminum oxide nanofluid in a cavity with a square shape having more than one solid fin at
the heated wall where the optimization procedure was adopted to show the conditions by which the
overall entropy generation was reduced. Atta et al. [15] modified the asphaltenes isolated from crude
oil to work as capping agents for the synthesis of hydrophobic silica to investigate the surface charge of
hydrophobic silica nanoparticles, the chemical structure, the particle size, and the surface morphology.
Rout et al. [16] presented the three and higher order nonlinear thin film study and optics fabricated
with gold nanoparticles. They obtained the solution via spin-coating techniques to achieve the
highest values of nonlinear absorption coefficient, nonlinear refractive index and saturation intensity.
Alvarez-Regueiro et al. [17] experimentally determined the heat transfer coefficients and pressure
drops of four functionalized graphene nanoplatelet nanofluids for heat transfer enhancement to discuss
the nanoadditive loading, temperature and Reynolds number. Alsagri et al. [18] elaborated the heat
and mass transfer flow of single walled and multi walled carbon nanotubes past a stretchable cylinder
by investigating that the heat transfer enhances with the high values of nanoparticles concentration
of single walled carbon nanotubes compared to that of multi walled carbon nanotubes. Working on
transverse vibration, Mishra et al. [19] comparatively investigated a computational fluid dynamic
model for water based nanofluid through a pipe subject to superimposed vibration, applied to the wall
to increase the heat transfer in axial direction while vibration effect is decreased for pure liquid and is
increased for nanofluid. Abbas et al. [20] achieved the results that in the heat and mass transfer flow of
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Cross nanofluid, the Bejan number was intensified for the high values of thermal radiation parameter.
Some discussion on nanofluids and other relevant studies can be found in the references [21–55].

Mono-nanofluids represent enhanced thermal conductivity and good rheological characteristics,
but still they have some weak characteristics necessary for a particular purpose. By the hybridization
process, different nanoparticles are added in a base fluid to make the hybrid nanofluid which has
enhanced thermophysical properties and thermal conductivity as well as rheological properties.
Ahmad et al. [56] investigated the hybrid nanofluid with activation energy and binary chemical
reaction through a moving wedge taken into account the Darcy law of porous medium, heat generation,
thermal slip, radiation, and variable viscosity. Dinarvand and Rostami [57] presented the ZnO-Au
hybrid nanofluid when 15 gm of nanoparticles are added into the 100 gm base fluid, the heat transfer
enhances more than 40% compared to that of the regular fluid.

Homogeneous-heterogeneous chemical reactions have important applications in chemical
industries. Ahmad and Xu [58] worked on homogeneous-heterogeneous chemical reactions in which
the reactive species were of regular size reacting with other species in a nanofluid to show more
realistic mathematical model physically. Hayat et al. [59] elaborated the Xue nanofluid model to
study the carbon nanotubes nanofluids in rotating systems incorporating Darcy–Forchheimer law,
homogeneous-heterogeneous chemical reactions and optimal series solutions. Suleman et al. [60]
addressed the homogeneous-heterogeneous chemical reactions in Ag-H2O nanofluid flow past a
stretching sheet with Newtonian heating to prove that concentration field was decreased for the
increasing strength of homogeneous-heterogeneous chemical reactions.

In the literature, interesting studies exists like [5] which investigates the electrical conductivity,
structural and optical properties of ZnO. In study [6], the theoretical and experimental results of
electric current and thermal conductivity of H2O-ethylene glycol based TiO2 have been obtained.
The study [7] relates to the oxide-ethylene glycol nanofluid with different sizes of nanoparticles. Due to
the applications of the above studies, it is desire to investigate the ethylene glycol based Au-ZnO hybrid
nanofluid flow with heat transfer and homogeneous-heterogeneous chemical reactions in rotating
system. The present study has the applications in renewable energy technology, thermal power
generating system, spin coating, turbo machinery etc. The solution of the problem is obtained through
an effective technique known as homotopy analysis method [61]. Investigations are shown through
graphs and discussed in detail.

2. Methods

A rotating flow of hydromagnetic, time independent and incompressible hybrid nanofluid
between two parallel disks in three dimensions is analyzed. Homogeneous-heterogeneous chemical
reactions are also considered. The lower disk is supposed to locate at z = 0 while the upper disk is
at a constant distance H apart. The velocities and stretching on these disks are (Ω1, Ω2) and (a1, a2),
respectively while the temperatures on these disks are T1 and T2, respectively. A magnetic field of
strength B0 is applied in the direction of z-axis (please see Figure 1). Ethylene glycol is chosen for the
base fluid in which zinc oxide and gold nanoparticles are added.

For cubic auto-catalysis, the homogeneous reaction is

2C + B→ 3C, rate = c2bkc. (1)

The first order isothermal reaction on the surface of catalyst is

B→ C, rate = bks, (2)

where B and C denote the chemical species with concentrations b and c, respectively. kc and ks are the
rate constants.
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Figure 1. Geometry of the problem.

Cylindrical coordinates (r, ϑ, z), are applied to provide the thermodynamics of hybrid nanofluid
as [57–59]
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The boundary conditions are

at z = 0, DC
∂c
∂z

= ksc, DB
∂b
∂z

= ksb, T = T1, w = 0, v = rΩ1, u = ra1, (10)

at z = H, c→ 0, b→ b0, T = T2, P→ ∞, w = 0, v = rΩ2, u = ra2, (11)

where u(r, ϑ, z), v(r, ϑ, z) and w(r, ϑ, z) are the components of velocity, P is the pressure. S is the
permeability of porous medium, S1 = Cb

rS
1
2

is the non-uniform inertia coefficient of porous medium

with Cb as the drag coefficient. Temperature of hybrid nanofluid is T and B = (0, 0, B0) is the
magnetic field. σ1 is the Stefan Boltzmann constant and k0 is the absorption coefficient. For the
hybrid nanofluid, the important quantities are ρhn f (density), µhn f (dynamic viscosity), σhn f (electrical
conductivity), (cp)hn f (heat capacity) and khn f (thermal conductivity). The subscript “hnf” shows
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the hybrid nanofluid. For the thermal conductivity, the mathematical formulation is obtained via
Hamilton–Crosser model [9] as

kn f

k f
=

k1 + (n1 − 1)k f − (n1 − 1)(k f − k1)φ1

k1 + (n1 − 1)k f + (k f − k1)φ1
, (12)

where n is the empirical shape factor for the nanoparticle whose value is given in Table 1.

Table 1. Values of shape factor of different shapes of nanoparticles.

Shapes of Nanoparticle n Aspect Ratio

Spherical 3 -

Brick 3.7 1:1:1

Cylinder 4.8 1:8

Platelet 5.7 1:1/8

The subscript “f ” denotes the base fluid namely ethylene glycol and the subscript “nf ” is used
for nanofluid. ρs and (cP)s are the density and heat capacity at specified pressure of nanoparticles,
respectively. φ1 is the first nanoparticle volume fraction while φ2 is the second nanoparticle volume
fraction which can be formulated as [57].

ρs =
(ρ1 ×m1) + (ρ2 ×m2)

m1 + m2
, (13)

(cP)s =
((cP)1 ×m1) + ((cP)2 ×m2)

m1 + m2
, (14)

φ1 =

m1
ρ1

m1
ρ1

+ m2
ρ2

+
m f
ρ f

, (15)

φ2 =

m2
ρ2

m1
ρ1

+ m2
ρ2

+
m f
ρ f

, (16)

φ = φ1 + φ2, (17)

where m1, m2 and m f are, respectively the mass of first nanoparticle, mass of the second nanoparticle
and mass of the base fluid. φ is the total volume fraction of zinc oxide and gold nanoparticles.

The thermophysical properties of C2H6O2 as well as nanoparticles are given in Table 2.

Table 2. Thermophysical properties of ethylene glycol and nanoparticles.

Properties Ethylene Glycol (C2H6O2) Zinc Oxide (ZnO) Gold (Au)

ρ (kg/m3) ρ f = 116.6 ρs1 = 5600 ρs2 = 19,282

cP (J/kg K) (cP) f = 2382 (cP)s1 = 495.2 (cP)s2 = 192

k (W/m K) k f = 0.249 ks1 = 13 ks2 = 310

σ (Um)−1 σf = 3.14 σs1 = 7.261 × 10−9 σs2 = 4.11 × 107

Nanoparticle measurement/nm - 29 and 77 3–40

The mathematical formulations for ρhn f (density), µhn f (dynamic viscosity), σhn f (electrical
conductivity), (cp)hn f (heat capacity) are given in Table 3 where φs shows the particle concentration.
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Table 3. Mathematical forms of thermophysical properties.

Properties ZnO/C2H6O2

Density (ρ) ρn f = (1 − φ1)ρ f + φ1ρs

Heat capacity (ρcP) (ρcP)n f = (1 − φ1)(ρcP) f + φ1(ρcP)s

Dynamic viscosity (µ) µn f
µ f

= 1
(1−φ1)2.5

Thermal conductivity (k) kn f
k f

= k1+(n1−1)k f−(n1−1)(k f−k1)φ1

k1+(n1−1)k f +(k f−ks)φ1

Electrical conductivity (σ) σn f
σf

= 1 + 3(σ−1)φ1
(σ+2)−(σ−1)φ1

, where σ = σs
σf

Properties Hybrid nanofluid (Au-ZnO/C2H6O2)

Density (ρ) ρhn f = (1 − (φ1 + φ2))ρ f + φ1ρs1 + φ2ρs2

Heat capacity (ρcP) (ρcP)n f = (1 − (φ1 + φ2))(ρcP) f + φ1(ρcP)s1 + φ2(ρcP)s2

Dynamic viscosity (µ) µhn f
µ f

= 1[
1− (φ1 + φ2)

]2.5

Thermal conductivity (k) khn f
k f

= k2+(n2−1)kn f−(n2−1)(kn f−k2)φ2

k2+(n2−1)kn f +(kn f−k2)φ2
× k1+(n1−1)k f−(n1−1)(k f−k1)φ1

k1+(n1−1)k f +(k f−k1)φ1
× k f

Electrical conductivity (σhn f ) σhn f
σf

= 1 +
3
[

σ1φ1+σ2φ2
σf

− (φ1 + φ2)
]

2+
[

σ1φ1+σ2φ2
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Following transformations are used

f′(ζ)Ω1r = u, v = rΩ1g(ζ), −2f(ζ)HΩ1 = w,
−T2 + T
−T2 + T1

= θ(ζ), Ω1ρ f ν f

(
εr2

2H2 + P(ζ)
)
= P,

ϕb0 = b, c = b0 ϕ1,
z
H

= ζ, (18)

where ν f =
µ f
ρ f

is the kinematic viscosity and ε is the pressure parameter.
Using the values from Equation (18) in Equations (4)–(11), the following eight Equations (19)–(26)

are obtained

B1f′′′ + Re
(

2ff′′ − f′2 + g2 −MB2f′
)
− ε− k2ReB1f′ − k3Re

1
ρhn f

(f′)2 = 0, (19)

B1g′′ + Re
(

2fg′ −MB2g′
)
− k2ReB1g− k3Re

1
ρhn f

(g)2 = 0, (20)

P′ =
2
k2
− 4Reff′ − f′′, (21)

B3
khn f

k f
θ′′ +

1
Rd

PrRe
[
2fθ′ + MEcB4

(
g2 + ( f ′)2

)]
= 0, (22)

ScRe
(

2ϕ′f− k4 ϕϕ2
1

)
+ ϕ′′ = 0, (23)

ϕ′′1 + ScRe
(

2ϕ′1f + k4 ϕϕ2
1

) 1
k5

= 0, (24)

f = 0, f′ = k6, g = 1, θ = 1, ϕ′ = k7 ϕ, k4 ϕ′1 = −k7 ϕ, P = 0 at ζ = 0, (25)

f = 0, f′ = k8, g = Ω, θ = 0, ϕ = 1, ϕ1 = 0 at ζ = 1, (26)
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where (′) represents the derivative with respect to ζ. B1 =

[
1−

m1
ρ1

m1
ρ1

+
m2
ρ2

+
m f
ρ f

]−2.5

×
[

1−
m1
ρ1

m1
ρ1

+
m2
ρ2

+
m f
ρ f

+
m1
ρ1

m1
ρ1

+
m2
ρ2

+
m f
ρ f

ρs
ρ f

]−1

, B2 = 1 +
3
[

σ1φ1+σ2φ2
σf

− (φ1 + φ2)
]

2+
[

σ1φ1+σ2φ2
(φ1+φ2)σf

]
−
[

σ1φ1+σ2φ2
σf

− (φ1 + φ2)
] ,

B3 =
(ρcP) f



[
1−

m1
ρ1

m1
ρ1

+
m2
ρ2

+
m f
ρ f

]
ρ f +

[
1−

m1
ρ1

m1
ρ1

+
m2
ρ2

+
m f
ρ f

]
ρs


×



[
1−

m1
ρ1

m1
ρ1

+
m2
ρ2

+
m f
ρ f

]
(cP) f +

[
1−

m1
ρ1

m1
ρ1

+
m2
ρ2

+
m f
ρ f

]
(cP)s




,

B4 =
σhn f
ρhn f

. k2 =
ν f

SΩ1
is the porosity parameter, k3 = Cb

S
1
2

is the inertial parameter due to Darcy Forchheimer

effect. The other non-dimensional parameters are Ω = Ω2
Ω1

, Re = Ω1 H2

ν f
, M =

σf B2
0

ρ f Ω1
, Rd = 16σ1T3

1
3k f k0

, Pr =
(ρcP )hn f ν f

k f
, Ec = r2Ω2

1
cP(T1−T2)

, Sc =
ν f
DB

, k4 = kcb2
0

Ω1
, k5 = DC

DB
, k6 = a1

Ω1
, k7 = ks H

DB
and k8 = a2

Ω1
which are known

as rotation parameter, Reynolds number, magnetic field parameter, thermal radiation parameter,
Prandtl number, Eckert number, Schmidt number, homogeneous chemical reaction parameter, diffusion
coefficient ratio, stretching parameter for lower disks, heterogeneous chemical reaction parameter and
stretching parameter at upper disk, respectively.

Regarding the homogeneous-heterogeneous chemical reaction, the quantities B and C may be
considered in a special case, i.e., if DB is equal to DC, then in such a case k5 equals unity, which leads to

1 = ϕ1(ζ) + ϕ(ζ). (27)

Using Equation (27), Equations (23) and (24) generate

0 = ScRe
[(

1− ϕ
)2

k4 ϕ + 2ϕ′f
]
+ ϕ′′, (28)

whose corresponding boundary conditions become

ϕ′ = k7 ϕ f or ζ = 0 while ϕ = 1 f or ζ = 1. (29)

By taking derivative of Equation (19) with respect to ζ, it becomes

B1f′′′′ + Re
(

2ff′′′ + 2gg′ −MB2f′′
)
− k2ReB1f′′ − 2k3Re

1
ρhn f

f′f′′ = 0. (30)

Considering Equation (21), Equations (25) and (26), the quantity ε is computed as

ε = f′′′(0)− Re
[
−
(

g(0)
)2

+
(

f′(0)
)2

+ MB2f′(0) + 1
B1k2f′(0)

]
. (31)

Integrating Equation (21) with respect to ζ by using the limit 0 to ζ for evaluating P as

P = −2
[
Re
(
(f)2 + 1

k2

∫ ζ
0 f
) (

f′ − f′(0)
)]

. (32)

Skin Frictions and Nusselt Numbers

The important physical quantities are defined as

C f1(Local skin f riction at lower disk) =
τ|z=0

ρhn f (rΩ1)2 ,

C f2(Local skin f rictionat at upper disk) =
τ|z=H

ρhn f (rΩ1)2 , (33)

125



Crystals 2020, 10, 1086

where
τ =

√
(τzr)2 + (τzθ)2, (34)

denotes the sum of shear stress of tangential forces τzr and τzθ along radial and tangential directions
which are defined as

τzr (Shear stress f riction at lower disk) = µhn f
∂u
∂z
|z=0 =

µhn f rΩ1 f ′′(0)
H

and

τzθ = µhn f
∂v
∂z
|z=0 =

µhn f rΩ1g′(0)
H

. (35)

Using the information of Equations (34) and (35), Equation (33) proceeds to

C f1 =
1

Rer

[
1−

m1
ρ1

m1
ρ1

+
m2
ρ2

+
m f
ρ f

]−2.5 [(
f ′′(0)

)2
+
(

g′(0)
)2
] 1

2
, (36)

C f2 =
1

Rer

[
1−

m1
ρ1

m1
ρ1

+
m2
ρ2

+
m f
ρ f

]−2.5 [(
f ′′(1)

)2
+
(

g′(1)
)2
] 1

2
, (37)

where Rer = rΩ1 H
νhn f

is the Reynolds number.
Another important physical quantity is

Nur1 (Local Nusselt number at lower disk) =
Hqw

k f (T1 − T2)
|z=0,

Nur2 (Local Nusselt number at upper disk) =
Hqw

k f (T1 − T2)
|z=H , (38)

where qw is the surface temperature defined as

qw (At lower disk) = −khn f
∂T
∂z
|z=0 = −khn f

T1 − T2

H
θ′(0). (39)

Taking information from Equation (39), Equation (38) becomes

Nur1 = −
khn f

k f
θ′(0), Nur2 = −

khn f

k f
θ′(1). (40)

3. Computational Methodology

Following the HAM, choosing the initial guesses and linear operators for the velocities,
temperature and homogeneous-heterogeneous chemical concentration profiles as

f0(ζ) = ζ3(k6 + k8)− ζ2(2k6 + k8) + ζk6, g0(ζ) = ζΩ + 1− ζ, θ0(ζ) = −ζ + 1,

ϕ0(ζ) =
ζk7 + 1
k7 + 1

, (41)

ϕ′′ = Lϕ, f′′′′ = Lf, g′′ = Lg, θ′′ = Lθ , (42)

characterizing

L f

[
E1 + E2ζ + E3ζ2 + E4ζ3

]
= 0, Lg

[
E5 + E6ζ

]
= 0, Lθ

[
E7 + E8ζ

]
= 0, Lϕ

[
E9 + E10ζ

]
= 0, (43)

where Ei(i = 1–10) are the arbitrary constants.
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3.1. Zeroth Order Deformation Problems

Introducing the nonlinear operator ℵ as

ℵ f [ f (ζ, j), g(ζ, j)] = B1
∂4 f (ζ, j)

∂ζ4 + Re
[
2 f (ζ, j) ∂3 f (ζ,j)

∂ζ3 + 2g(ζ, j) ∂g(ζ,j)
∂ζ −MB2

∂2 f (ζ,j)
∂ζ2

]
−

k2ReB1
∂2 f (ζ, j)

∂ζ2 − 2k3Re
1

ρhn f

∂ f (ζ, j)
∂ζ

∂2 f (ζ, j)
∂ζ2 , (44)

ℵg[ f (ζ, j), g(ζ, j)] = B1
∂2g(ζ, j)

∂ζ2 + Re
[
2 f (ζ, j) ∂g(ζ,j)

∂ζ −MB2
∂g(ζ,j)

∂ζ

]
− k2B1g(ζ, j)− k3

1
ρhn f

[
g(ζ, j)

]2
, (45)

ℵθ [ f (ζ, j), g(ζ, j), θ(ζ, j)] = B3
khn f

k f

∂2θ(ζ, j)
∂ζ2 +

1
Rd

PrRe
[

2 f (ζ, j) ∂θ(ζ,j)
∂ζ + MB4Ec

(
∂ f (ζ,j)

∂ζ

)2
+
(

g(ζ, j)
)2
]

, (46)

ℵϕ[ f (ζ, j), ϕ(ζ, j)] =
∂2 ϕ(ζ, j)

∂ζ2 + ReSc
[
2 f (ζ, j) ∂ϕ(ζ,j)

∂ζ + k4 ϕ(ζ, j)(1− ϕ(ζ, j))2
]

, (47)

where j is the homotopy parameter such that j ∈ [0, 1].
Moreover

(1− j)L f [f(ζ, j)− f0(ζ)] = jh̄ fℵ f [f(ζ, j), g(ζ, j)], (48)

(1− j)Lg[g(ζ, j)− g0(ζ)] = jh̄gℵg[f(ζ, j), g(ζ, j)], (49)

(1− j)Lθ [θ(ζ, j)− θ0(ζ)] = jh̄θℵθ [f(ζ, j), g(ζ, j), θ(ζ, j)], (50)

(1− j)Lϕ[ϕ(ζ, j)− ϕ0(ζ)] = jh̄ϕℵϕ[f(ζ, j), ϕ(ζ, j)], (51)

where h̄ϕ, h̄ f , h̄θ and h̄g are the convergence control parameters.
Boundary conditions of Equation (48) are

f(0, j) = 0, f′(0, j) = k6, f(1, j) = 0, f′(1, j) = k8. (52)

Boundary conditions of Equation (49) are

g(0, j) = 1, g(1, j) = Ω. (53)

Boundary conditions of Equation (50) are

θ(0, j) = 1, θ(1, j) = 0. (54)

Boundary conditions of Equation (51) are

ϕ′(0, j) = k7 ϕ(0, j), ϕ(1, j) = 1. (55)

Characterizing j = 0 and j = 1, the calculations obtained as

j = 0⇒ f(ζ, 0) = f0(ζ) and j = 1⇒ f(ζ, 1) = f (ζ), (56)

j = 0⇒ g(ζ, 0) = g0(ζ) and j = 1⇒ g(ζ, 1) = g(ζ), (57)

j = 0⇒ θ(ζ, 0) = θ0(ζ) and j = 1⇒ θ(ζ, 1) = θ(ζ), (58)

j = 0⇒ ϕ(ζ, 0) = ϕ0(ζ) and j = 1⇒ ϕ(ζ, 1) = ϕ(ζ). (59)

f (ζ, j) becomes f0(ζ) and f (ζ) as j assumes the values zero and one. g(ζ, j) becomes g0(ζ) and g(ζ) as j
assumes the values zero and one. θ(ζ, j) becomes θ0(ζ) and θ(ζ) as j assumes the values zero and one.
Finally, ϕ(ζ, j) becomes ϕ0(ζ) and ϕ(ζ) as j assumes the values zero and one.
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Applying Taylor series expansion on the Equations (56)–(59), the results are obtained as

f(ζ, j) = f0(ζ) +
∞

∑
m=1

fm(ζ)jm, fm(ζ) =
1

m!
∂mf(ζ, j)

∂jm |j=0, (60)

g(ζ, j) = g0(ζ) +
∞

∑
m=1

gm(ζ)jm, gm(ζ) =
1

m!
∂mg(ζ, j)

∂jm
|j=0, (61)

θ(ζ, j) = θ0(ζ) +
∞

∑
m=1

θm(ζ)jm, θm(ζ) =
1

m!
∂mθ(ζ, j)

∂jm
|j=0, (62)

ϕ(ζ, j) = ϕ0(ζ) +
∞

∑
m=1

ϕm(ζ)jm, ϕm(ζ) =
1

m!
∂m ϕ(ζ, j)

∂jm |j=0 . (63)

h̄ϕ, h̄ f , h̄θ and h̄g are adjusted to obtain the convergence for the series in Equations (60)–(63)
at j = 1, so Equations (60)–(63) transform to

f(ζ) = f0(ζ) +
∞

∑
m=1

fm(ζ), (64)

g(ζ) = g0(ζ) +
∞

∑
m=1

gm(ζ), (65)

θ(ζ) = θ0(ζ) +
∞

∑
m=1

θm(ζ), (66)

ϕ(ζ) = ϕ0(ζ) +
∞

∑
m=1

ϕm(ζ). (67)

3.2. mth Order Deformation Problems

Considering Equations (48) and (52) for homotopy at mth order as

L f [fm(ζ)− χmfm−1(ζ)] = h̄ f R f
m(ζ), (68)

fm(0) = 0, fm(1) = 0, f ′m(0) = 0, f ′m(1) = 0, (69)

R f
m(ζ) = B1 f ′′′′m−1 + Re

[
∑m−1

k=o fm−1−k f ′′′k + 2gm−1−kg′k −MB2 f ′′m−1

]
− k2ReB1 f ′′m−1−

2k3Re
1

ρhn f

m−1

∑
k=o

f ′m−1−k f ′′′k . (70)

Considering Equations (49) and (53) for homotopy at mth order as

Lg[gm(ζ)− χmgm−1(ζ)] = h̄gRg
m(ζ), (71)

gm(0) = 0, gm(1) = 0, (72)

Rg
m(ζ) = B1g′′m−1 + Re

[
∑m−1

k=o 2 fm−1−kg′k −MB2g′m−1

]
− k2B1gm−1 − k3

1
ρhn f

m−1

∑
k=o

gm−1−kgk. (73)

Considering Equations (50) and (54) for homotopy at mth order as

Lθ [θm(ζ)− χmθm−1(ζ)] = h̄θRθ
m(ζ), (74)

θm(0) = 0, θm(1) = 0, (75)
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Rθ
m(ζ) = B3

khn f

k f
θ′′m−1 +

1
Rd

PrRe
[
2 ∑m−1

k=o fm−1−kθ′k + MB4Ec
[
∑m−1

k=o f ′m−1−k f ′k + ∑m−1
k=o gm−1−kgk

]]
. (76)

Considering Equations (51) and (55) for homotopy at mth order as

Lϕ[ϕm(ζ)− χm ϕm−1(ζ)] = h̄ϕRϕ
m(ζ), (77)

ϕ′m(0) = 0, ϕm(1) = 0, (78)

Rϕ
m(ζ) = ϕ′′m−1 + ReSc

[
2 ∑m−1

k=o fm−1−k ϕ′k + k4

[
ϕm−1 + ϕm−1−k ∑k

l=o ϕk−l ϕl − 2 ∑m−1
k=o ϕm−1−k ϕk

]]
, (79)

χm =

{
0, m ≤ 1
1, m > 1.

(80)

Adding the particular solutions f∗m(ζ), g∗m(ζ), θ∗m(ζ) and ϕ∗m(ζ), Equations (68), (71), (74) and (77)
yield the general solutions as

fm(ζ) = f∗m(ζ) + E1 + E2ζ + E3ζ2 + E4ζ3, (81)

gm(ζ) = g∗m(ζ) + E5 + E6ζ, (82)

θm(ζ) = θ∗m(ζ) + E7 + E8ζ, (83)

ϕm(ζ) = ϕ∗m(ζ) + E9 + E10ζ. (84)

4. Results and Discussion

Results and discussion provide the analysis of the problem through the impacts of all the relevant
parameters. The non-dimensional Equations (20), (22), (28) and (30) with boundary conditions in
Equations (25), (26) and (29) are analytically computed. The performances of different parameters on
the velocity profiles with heat and concentration of homogeneous-heterogeneous chemical reactions
are shown in the relevant graphs. The streamlines show the internal behaviors of flow. The physical
representation of the problem is shown in Figure 1. Liao [61] introduced h̄-curves for the convergence
of the series solution to get the precise and convergent solutions of the problems. h̄-curves are also
called the convergence controlling parameters for solution in the homotopy analysis method (used for
solution in the present case). These h̄-curves specify the range of numerical values. These numerical
values (optimum values) are selected from the valid region in straight line. These optimum values
of h̄-curves are selected from the straight lines parallel to the horizontal axis (please see carefully
Figures 2–5) to control the convergence of problem solution. In the present case, the valid region of each
profile h̄-curve is specified. Therefore, the admissible h̄-curves for f (ζ), g(ζ), θ(ζ) and ϕ(ζ) are drawn in
the ranges −10.00 ≤ h̄ f ≤ −4.00, −10.00 ≤ h̄g ≤ −5.00, −3.5 ≤ h̄θ ≤ −2.50 and −1.50 ≤ h̄ϕ ≤ −0.50
in Figures 2–5, respectively.

Figure 2. Illustration of the h̄ f -curve of f (ζ).
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Figure 3. Illustration of the h̄g-curve of g(ζ).

Figure 4. Illustration of the h̄θ-curve of θ(ζ).

Figure 5. Illustration of the h̄ϕ-curve of ϕ(ζ).

4.1. Axial Velocity Profile

In the present study, two nanofluids namely ZnO-C2H6O2 and Au-ZnO/C2H6O2 are investigated
whose behaviors are shown through the graphs under the effects of different parameters.
In Figures 6–25, the green and magenta colors are used for ZnO-C2H6O2 and Au-ZnO/C2H6O2

while in Figures 24 and 25, the additional colors are also used. There are solid and dashed curves
in Figures 6–23. The mechanism is that three positive increasing numerical values are given to one
parameter in the HAM solution while all the remaining parameters are fixed to show the effect of that
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one parameter simultaneously on the two nanofluids namely ZnO-C2H6O2 and Au-ZnO/C2H6O2.
When the solid lines locate below the dashed lines, then it shows the increasing effect and when the
solid lines locate above the dashed lines, then it shows the decreasing effect. When the arrow head is
from top to bottom, it shows the decreasing effect and when the arrow head is from bottom to top,
it shows the increasing effect.

Figure 6. Illustration for the velocity f (ζ) and parameter Re = 1.00, 1.50, 2.00.

Figure 7. Illustration for the velocity f (ζ) and parameter k6 = 1.00, 1.50, 2.00.

Figure 8. Illustration for the velocity f (ζ) and parameter M = 1.00, 1.50, 2.00.
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Figure 9. Illustration for the velocity f (ζ) and parameter Ω = 1.00, 1.50, 2.00.

Figure 10. Illustration for the velocity g(ζ) and parameter Re = 1.00, 10.50, 20.00.

Figure 11. Illustration for the velocity g(ζ) and parameter k6 = 1.00, 10.50, 20.00.
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Figure 12. Illustration for the velocity g(ζ) and parameter M = 1.00, 10.50, 20.00.

Figure 13. Illustration for the velocity g(ζ) and parameter Ω = 1.00, 1.50, 2.00.

Figure 14. Illustration for the heat transfer θ(ζ) and parameter Re = 1.00, 1.50, 2.00.
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Figure 15. Illustration for the heat transfer θ(ζ) and parameter k6 = 1.00, 1.50, 2.00.

Figure 16. Illustration for the heat transfer θ(ζ) and parameter Ω = 1.00, 5.50, 10.00.

Figure 17. Illustration for the heat transfer θ(ζ) and parameter Pr = 1.00, 3.50, 6.00.
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Figure 18. Illustration for the heat transfer θ(ζ) and parameter M = 1.00, 1.50, 2.00.

Figure 19. Illustration for the heat transfer θ(ζ) and parameter Rd = 1.00, 1.50, 2.00.

Figure 20. Illustration for the concentration ϕ(ζ) and parameter Re = 1.00, 1.50, 2.00.
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Figure 21. Illustration for the concentration ϕ(ζ) and parameter k4 = 1.00, 1.50, 2.00.

Figure 22. Illustration for the concentration ϕ(ζ) and parameter k6 = 1.00, 1.50, 2.00.

Figure 23. Illustration for the concentration ϕ(ζ) and parameter Sc = 1.00, 1.50, 2.00.
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Figure 24. Illustration for the streamlines at upper disk and parameter Re = 0.30.

Figure 25. Illustration for the streamlines for lower disks and parameter Re = 0.30.

Figure 6 shows that for the different values of Reynolds number Re, the axial velocity f (ζ) is
increased. In fact, the velocity of ZnO-C2H6O2 and Au-ZnO/C2H6O2 increase with increasing values
of Reynolds number therefore overall motion is accelerated. Figure 7 shows the prominent role of
stretching parameter k6 due to lower disk in which the axial velocity f (ζ) increases. The present motion
is due to stretching so if the stretching parameter is increased, the flow of fluids is also increased. In the
mean time, porosity is responsible to decrease the axial flow. It shows that motion due to different
nanofluids is reduced because the permeability at the edge of the accelerating surface increases. Surely,
it is noted that excess of nanoparticles concentration is involved in decelerating the motion. It is
worthy of notice that the axial velocity f (ζ) decreases against the inertia. Physically it means that the
absorbency of the porous medium shows an increment in the thickness of the fluid. Figure 8 shows that
magnetic field parameter resists the flow since due to magnetic field, the Lorentz forces are generated
which resist the motion. The curves are shrink in response to the parameter effect. Figure 9 exhibits all
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the assigned values of Ω and axial velocity f (ζ) which offers opportunities to know about the rotating
systems and shows that the flow of ZnO-C2H6O2 and Au-ZnO/C2H6O2 increase.

Some interesting results have been found in case of tangential velocity g(ζ). Figure 10 shows
that as the Reynolds number Re increases, the opposite tendency has been observed in the motion of
ZnO-C2H6O2 and Au-ZnO/C2H6O2. The flow of mono nanofluid ZnO-C2H6O2 decreases while the
flow of hybrid nanofluid Au-ZnO/C2H6O2 shows no prominent change for increasing the Reynolds
number Re. In Figure 11, the tangential velocity f (ζ) tends to decreasing. Tangential velocity assumes
a likely downfall so the flow is not supported by stretching due to k6. Figure 12 witnesses that the
tangential velocity g(ζ) shifts to the effective decreasing for hybrid nanofluid Au-ZnO/C2H6O2 and
increases for ZnO-C2H6O2 on behalf of the magnetic field parameter M. Figure 13 exhibits that rotation
parameter Ω parameter resists the tangential flow of Au-ZnO/C2H6O2 and enhances the tangential
flow of ZnO-C2H6O2.

4.2. Temperature Profile

Figure 14 shows the effect of Reynolds number Re on heat transfer. The larger values of Re
increase the temperature of ZnO-C2H6O2 and Au-ZnO/C2H6O2. It has been observed in Figure 15
that as the stretching parameter k6 increases, the temperature of ZnO-C2H6O2 and Au-ZnO/C2H6O2

increase. These observations indicate that the fluid temperature and its related layer are incremented
for higher estimations of k6. The rotation parameter Ω cannot generate an extra heating to the system
as shown in Figure 16. Temperature θ(ζ) is decreased on increasing the parameter Ω. The physical
reason is that enhancement in Ω causes to improve the internal source of energy, that is why the fluid
temperature is reduced. The system gets the parameter Pr for the designated values 1.00, 3.50, and 6.00
during the process and increases the temperature shown through Figure 17. The direct relation of
Pr and thermal conductivity increases the thickness of thermal boundary layer. Larger values of Pr
generate the high diffusion of heat transfer. The temperature θ(ζ) is changed to lowest level after
the exchange of high values of magnetic field parameter M as shown in Figure 18. The reason is
that strong Lorentz forces resist the flow of nanoparticles, so causing no high collision among the
nanoparticles, consequently, the temperature is decreased. Figure 19 depicts that with the increasing
values of thermal radiation parameter Rd, the temperature θ(ζ) of ZnO-C2H6O2 increases while the
temperature of hybrid nanofluid Au-ZnO-C2H6O2 decreases. The reason is that radiation enhances
more heat in the working fluids.

4.3. Concentration of Homogeneous-Heterogeneous Chemical Reactions

Looking at the non-dimensional Equation (28), the suitable values of Re, Sc and k4 are the basic
quantities for generating a cubic autocatalysis chemical reaction. The concentration of chemical
reaction ϕ(ζ) is low with the Reynolds number Re as shown in Figure 20. Figure 21 shows that for
the homogeneous chemical reaction parameter k4, the concentration of chemical reaction is decreased.
From Equation (28), it is witnessed that the homogeneous chemical reaction parameter k4 is a part
of performance with the multiple solutions. Enhancement in k4 makes dominant the concentration.
In Figure 22, the stretching parameter k6 upgrades concentration of chemical reaction with low level
by performing active role in the rotating motion. The stretching parameter k6 makes compact the
homogeneous reaction and hence the concentration profile ϕ(ζ). Figure 23 stands for the outcomes of
Schmidt number Sc and concentration ϕ(ζ). Momentum diffusivity to mass diffusivity is known as
Schmidt number. The parameter Sc causes to make low the homogeneous chemical reaction.

4.4. Streamlines

Figure 24 shows the streamlines at upper disks. The size of the streamlines increases at upper disk
compared to that of lower disk. Both mono nanofluid and hybrid nanofluid proceed towards the edges
of disks. Figure 25 shows the streamlines for the Reynolds number Re at lower disks. The compression
of streamlines are clear from Figure 25. The plumes power is strong for lower disks.
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4.5. Authentication of the Present Work

The important physical quantities introduced in Section 2 are evaluated to compare the validity
of the solution with the published work [8]. Table 4 shows the tabulations to the several values for
the parameter Re. There exists a nice agreement with the published work [8]. Similarly in Table 5,
the values of heat transfer rate are computed for the volume fraction φ = 0.10, 0.20, 0.30, and 0.40.
These values also have the close agreement with the published work [8].

Table 4. Comparison of the present and published work.

Reynolds Number (Re) f′′(1) [8] f′′(1) (Present) g′(1) [8] g′(1) (Present)

0.10 0.292991 0.292993 0.284684 0.284683
0.20 0.237792 0.237791 0.224995 0.224994
0.30 0.208284 0.208283 0.197046 0.197044
0.40 0.206995 0.206994 0.203117 0.203115

Table 5. Comparison of the present and published work.

Volume Fraction (φ) - θ′(0) [8] - θ′(0) (Present) - θ′(1) [8] - θ′(1) (Present)

0.10 3.677172 3.677170 2.26814 2.26813
0.20 4.53192 4.53190 3.128083 3.128081
0.30 2.983936 2.983935 1.648859 1.648857
0.40 3.00208 3.00207 1.624995 1.624993

5. Conclusions

A significant modification in the mathematical model for hybrid nanofluid has been made for the
analysis of flow, heat and mass transfer. Chemical species reactions are shown in hybrid nanofluid.
The problem is modeled in rotating systems for the nanoparticles ZnO and Au with base fluid ethylene
glycol and solved through HAM. In ethylene glycol-based fluid (C2H6O2), two types of nanoparticles,
namely ZnO (zinc oxide) and Au (gold), with volume fractions φ1 = 0.03 and φ2 = 0.04 are investigated,
respectively. It is noted that for φ1 = 0.00 and φ2 = 0.00, the problem becomes about viscous fluid with
the absence of nanoparticles volume fractions. If φ1 = 0.00, Ag/C2H6O2 is obtained and if φ2 = 0.00,
ZnO2/C2H6O2 is constructed. Achieving better comprehension, the competencies of active parameters
on flow, heat transfer and concentration of heterogeneous-homogeneous chemical reactions are noted.
There exists a nice agreement between the present and published work in Tables 4 and 5. The problem
has potential for renewable energy system and researchers to investigate the thermal conductivity
of nanoparticles like silver, aluminum, copper etc. with different base fluids like water, benzene,
engine oil etc. The results for flow, heat transfer and concentration of homogeneous-heterogeneous
chemical reactions are summarized as following.

(1) Axial velocity f (ζ) increases for ZnO-C2H6O2 and Au-ZnO/C2H6O2 with the increasing values of
Reynolds number Re, stretching parameter k6 and rotation parameter Ω while axial velocity f (ζ)
decreases for ZnO-C2H6O2 and Au-ZnO/C2H6O2 with the increasing values of magnetic field
parameter M.

(2) Tangential velocity g(ζ) increases for ZnO-C2H6O2 with the increasing values of magnetic field
parameter M and rotation parameter Ω while the same velocity decreases for Au-ZnO/C2H6O2

with the increasing values of magnetic field parameter M and rotation parameter Ω. Moreover,
tangential velocity g(ζ) decreases for ZnO-C2H6O2 and Au-ZnO/C2H6O2 with the increasing
values of Reynolds number Re and stretching parameter k6.

(3) Heat transfer θ(ζ) increases for ZnO-C2H6O2 and Au-ZnO/C2H6O2 with the increasing values
of Reynolds number Re, stretching parameter k6. Similarly, heat transfer θ(ζ) increases for
ZnO-C2H6O2 with increasing values of thermal radiation parameter Rd while it is decreased for
ZnO-C2H6O2 and Au-ZnO/C2H6O2 with the increasing values of rotation parameter Ω, magnetic
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field parameter M. In case of Au-ZnO/C2H6O2, heat transfer θ(ζ) also decreases with increasing
values of thermal radiation parameter Rd.

(4) The concentration of homogeneous-heterogeneous chemical reactions ϕ(ζ) decreases for
ZnO-C2H6O2 and Au-ZnO/C2H6O2 with the increasing values of Reynolds number Re, stretching
parameter k6 and Schmidt number Sc.

(5) Streamlines are compressed at the upper portion of upper disk while these are compressed at the
lower portion of lower disk when the Reynolds number Re assumes the value 0.30.

(6) Tables 4 and 5 show an excellent agreement of the present work with published work.

Author Contributions: Conceptualization, N.S.K.; methodology, N.S.K.; software, N.S.K.; validation, N.S.K.;
formal analysis, P.K.; investigation, N.S.K.; resources, P.T.; data curation, P.T.; writing—original draft preparation,
N.S.K.; writing—review and editing, N.S.K.; visualization, P.K.; supervision, N.S.K.; project administration, P.K.;
funding acquisition, P.K. All authors have read and agreed to the revised version of the manuscript.

Funding: This research is funded by the Center of Excellence in Theoretical and Computational Science
(TaCS-CoE), KMUTT.

Acknowledgments: This work was partially supported by the International Research Partnerships: Electrical
Engineering Thai-French Research Center (EE-TFRC) between King Mongkut’s University of Technology
North Bangkok and Universite’ de Lorraine under Grant KMUTNB-BasicR-64-17. The authors are cordially
thankful to the honorable reviewers for their constructive comments to improve the quality of the paper.
This research is supported by the Postdoctoral Fellowship from King Mongkut’s University of Technology
Thonburi (KMUTT), Thailand. This project is supported by the Theoretical and Computational Science (TaCS)
Center under Computational and Applied Science for Smart Innovation Research Cluster (CLASSIC), Faculty of
Science, KMUTT.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Kasaeian, A.; Eshghi, A.T.; Sameti, M. A review on the applications of nanofluids in solar energy systems.
Renew. Sustain. Energy Rev. 2015, 43, 584–598. [CrossRef]

2. Ettefaghi, E.; Ghobadian, B.; Rashidi, S.; Najafi, G.; Khoshtaghaza, M.H.; Rashtchi, M.; Sadeghian, S. A novel
bio-nano emulsion fuel based on biodegradable nanoparticles to improve diesel engines performance and
reduce exhaust emissions. Renew. Energy 2018, 125, 64–72. [CrossRef]

3. Gunjo, D.G.; Jena, S.R.; Mahanta, P.; Robi, P.S. Melting enhancement of a latent heat storage with dispersed
Cu, CuO and Al2O3 nanoparticles for solar thermal application. Renew. Energy 2018, 121, 652–665. [CrossRef]

4. Khanafer, K.; Vafi, K. A review on the aplications of nanofluids in solar energy field. Renew. Energy 2018,
123, 398–406. [CrossRef]

5. Caglar, M.; Ilican, S., Caglar, Y.; Yakuphanoglu, F. Electrical conductivity and optical properties of Zno
nanostructured thin film. Appl. Surf. Sci. 2009, 225, 4491–4496. [CrossRef]

6. Islam, R.I.; Shabani, B.; Rosengarten, G. Electrical and thermal conductivities of water-ethylene glycol based
TiO2 nanofluids to be used as coolants in PEM fuel cells. Energy Procedia 2017, 110, 101–108. [CrossRef]

7. Fal, J.; Sidorowicz, A.; Zyla, G. Electrical conductivity of ethylene glycol based nanofluids with different
types of thulium oxide nanoparticles. Acta Phys. Pol. A 2017, 132, 146–148. [CrossRef]

8. Rout, B.C.; Mishra, S.R.; Nayak, B. Semi analytical solution of axisymmetric flows of Cu- and Ag-water
nanofluids between two rotating disks. Heat Transf. Asian Res. 2019, 132, 1–25. [CrossRef]

9. Hamilton, R.L.; Crosser, O.K. Thermal conductivity of heterogeneous two component systems. Ind. Eng.
Chem. Fundam. 1962, 1, 187–191. [CrossRef]

10. Choi, S.U.S.; Eastman, J.A. Enhancing thermal conductivity of fluids with nanoparticles. In Proceedings
of the 1995 International Mechanical Engineering Congress and Exhibition, San Francisco, CA, USA,
12–17 November 1995; Volume 231, pp. 99–106.

11. Vallejo, J.P.; Zyla, G.; Fernandez-Seara, J.; Lugo, L. Influence of six carbon-based nanomaterials on the
rheological properties of nanofluids. Nanomaterials 2019, 9, 146. [CrossRef]

12. Alihosseini, S.; Jafari, A. The effect of porous medium configuration on nanofluid heat transfer. Appl. Nanosci.
2020, 10, 895–906. [CrossRef]

140



Crystals 2020, 10, 1086

13. Sheikholeslami, M.; Shah, Z.; Tassaddiq, A.; Shafee, A.; Khan, I. Application of electric field for augmentation
of Ferrofluid heat transfer in an enclosure including double moving walls. IEEE Access 2019, 7, 21048–21056.
[CrossRef]

14. Al-Kouz, W.; Al-Muhtady, A.; Owhaib, W.; Al-Dahidi, S.; Hadar, M.; Abu-Alghanam, R. Entropy generation
optimization for rarified nanofluid flows in a square cavity with two fins at the hot wall. Entropy 2019,
21, 103. [CrossRef]

15. Atta, A.M.; Abdullah, M.M.S.; Al-Lohedan, H.A.; Mohamed, N.H. Novel superhydrophobic sand and
polyurethane sponge coated with silica/modified asphaltene nanoparticles for rapid oil spill cleanup.
Nanomaterials 2019, 9, 187. [CrossRef]

16. Rout, A.; Boltaev, G.S.; Ganeev, R.A.; Fu, Y.; Maurya, S.K.; Kim, V.V.; Rao, K.S.; Guo, C. Nonlinear optical
studies of gold nanoparticles films. Nanomaterials 2019, 9, 291. [CrossRef] [PubMed]

17. Alvarez-Regueiro, E.; Vallejo, J.P.; Fernandez-Seara, J.; Fernandez, J.; Lugo, L. Experimental convection heat
transfer analysis of a nano-enhanced industrial coolant. Nanomaterials 2019, 9, 267. [CrossRef]

18. Alsagri, A.S.; Nasir, S.; Gul, T.; Islam, S.; Nisar, K.S.; Shah, Z.; Khan, I. MHD thin film flow and thermal
analysis of blood with CNTs nanofluid. Coatings 2019, 9, 175. [CrossRef]

19. Mishra, S.K.; Chandra, H.; Arora, A. Effect of velocity and rheology of nanofluid on heat transfer of laminar
vibrational flow through a pipe under constant heat flux. Int. Nano Lett. 2019, 9, 245–256. [CrossRef]

20. Abbas, S.Z.; Khan, W.A.; Sun, H.; Ali, M.; Irfan, M.; Shahzed, M.; Sultan, F. Mathematical modeling and
analysis of cross nanofluid flow subjected to entropy generation. Appl. Nanosci. 2019, 10, 3149–3160.
[CrossRef]

21. Ali, M.; Khan, W.A.; Irfan, M.; Sultan, F.; Shahzed, M.; Khan, M. Computational analysis of entropy
generation for cross nanofluid flow. Appl. Nanosci. 2019, 10, 3045–3055. [CrossRef]

22. Sharma, R.P.; Seshadri, R.; Mishra, S.R.; Munjam, S.R. Effect of thermal radiation on magnetohydrodynamic
three-dimensional motion of a nanofluid past a shrinking surface under the influence of a heat source.
Heat Transf. Asian Res. 2019, 48, 2105–2121. [CrossRef]

23. Jahan, S.; Sakidin, H.; Nazar, R.; Pop, I. Analysis of heat transfer in nanofluid past a convectively heated
permeable stretching/shrinking sheet with regression and stability analyses. Results Phys. 2018, 10, 395–405.
[CrossRef]

24. Hossinzadeh, K.; Asadi, A.; Mogharrebi, A.R.; Khalesi, J.; Mousavisani, S.; Ganji, D.D. Entropy generation
analysis of (CH2OH)2 containing CNTs nanofluid flow under effect of MHD and thermal radiation. Case Stud.
Therm. Eng. 2019, 14, 100482. [CrossRef]

25. Khan, N.S. Bioconvection in second grade nanofluid flow containing nanoparticles and gyrotactic
microorganisms. Braz. J. Phys. 2018, 43, 227–241. [CrossRef]

26. Khan, N.S.; Gul, T.; Khan, M.A.; Bonyah, E.; Islam, S. Mixed convection in gravity-driven thin film
non-Newtonian nanofluids flow with gyrotactic microorganisms. Results Phys. 2017, 7, 4033–4049. [CrossRef]

27. Khan, N.S.; Gul, T.; Islam, S.; Khan, I.; Alqahtani, A.M.; Alshomrani, A.S. Magnetohydrodynamic nanoliquid
thin film sprayed on a stretching cylinder with heat transfer. J. Appl. Sci. 2017, 7, 271. [CrossRef]

28. Zuhra, S.; Khan, N.S.; Khan, M.A.; Islam, S.; Khan, W.; Bonyah, E. Flow and heat transfer in water based
liquid film fluids dispensed with graphene nanoparticles. Results Phys. 2018, 8, 1143–1157. [CrossRef]

29. Khan, N.S.; Gul, T.; Islam, S.; Khan, W. Thermophoresis and thermal radiation with heat and mass transfer in
a magnetohydrodynamic thin film second-grade fluid of variable properties past a stretching sheet. Eur. Phys.
J. Plus 2017, 132, 11. [CrossRef]

30. Palwasha, Z.; Khan, N.S.; Shah, Z.; Islam, S.; Bonyah, E. Study of two dimensional boundary layer thin film
fluid flow with variable thermo-physical properties in three dimensions space. AIP Adv. 2018, 8, 105318.
[CrossRef]

31. Khan, N.S.; Gul, T.; Islam, S.; Khan, A.; Shah, Z. Brownian motion and thermophoresis effects on MHD
mixed convective thin film second-grade nanofluid flow with Hall effect and heat transfer past a stretching
sheet. J. Nanofluids 2017, 6, 812–829. [CrossRef]

32. Khan, N.S.; Zuhra, S.; Shah, Z.; Bonyah, E.; Khan, W.; Islam, S. Slip flow of Eyring-Powell nanoliquid film
containing graphene nanoparticles. AIP Adv. 2019, 8, 115302. [CrossRef]

33. Khan, N.S.; Gul, T.; Kumam, P.; Shah, Z.; Islam, S.; Khan, W.; Zuhra, S.; Sohail, A. Influence of inclined
magnetic field on Carreau nanoliquid thin film flow and heat transfer with graphene nanoparticles. Energies
2019, 12, 1459. [CrossRef]

141



Crystals 2020, 10, 1086

34. Khan, N.S. Study of two dimensional boundary layer flow of a thin film second grade fluid with variable
thermo-physical properties in three dimensions space. Filomat 2019, 33, 5387–5405. [CrossRef]

35. Khan, N.S.; Zuhra, S. Boundary layer unsteady flow and heat transfer in a second grade thin film nanoliquid
embedded with graphene nanoparticles past a stretching sheet. Adv. Mech. Eng. 2019, 11, 1–11. [CrossRef]

36. Khan, N.S.; Gul, T.; Islam, S.; Khan, W.; Khan, I.; Ali, L. Thin film flow of a second-grade fluid in a porous
medium past a stretching sheet with heat transfer. Alex. Eng. J. 2017, 57, 1019–1031. [CrossRef]

37. Zuhra, S.; Khan, N.S.; Alam, A.; Islam, S.; Khan, A. Buoyancy effects on nanoliquids film flow through a
porous medium with gyrotactic microorganisms and cubic autocatalysis chemical reaction. Adv. Mech. Eng.
2020, 12, 1–17. [CrossRef]

38. Palwasha, Z.; Islam, S.; Khan, N.S.; Ayaz, H. Non-Newtonian nanoliquids thin film flow through a porous
medium with magnetotactic microorganisms. Appl. Nanosci. 2018, 8, 1523–1544. [CrossRef]

39. Khan, N.S. Mixed convection in MHD second grade nanofluid flow through a porous medium containing
nanoparticles and gyrotactic microorganisms with chemical reaction. Filomat 2019, 33, 4627–4653. [CrossRef]

40. Zuhra, S.; Khan, N.S.; Shah, Z.; Islam, Z.; Bonyah, E. Simulation of bioconvection in the suspension of
second grade nanofluid containing nanoparticles and gyrotactic microorganisms. AIP Adv. 2018, 8, 105210.
[CrossRef]

41. Khan, N.S.; Shah, Z.; Shutaywi, M.; Kumam, P.; Thounthong, P. A comprehensive study to the assessment
of Arrhenius activation energy and binary chemical reaction in swirling flow. Sci. Rep. 2020, 10, 7868.
[CrossRef]

42. Zuhra, S.; Khan, N.S.; Islam, S. Magnetohydrodynamic second grade nanofluid flow containing nanoparticles
and gyrotactic microorganisms. Comput. Appl. Math. 2018, 37, 6332–6358. [CrossRef]

43. Zuhra, S.; Khan, N.S.; Islam, S.; Nawaz, R. Complexiton solutions for complex KdV equation by optimal
homotopy asymptotic method. Filomat 2020, 33, 6195–6211. [CrossRef]

44. Zahra, A.; Mahanthesh, B.; Basir, M.F.M.; Imtiaz, M.; Mackolil, J.; Khan, N.S.; Nabwey, H.A.; Tlili, I.
Mixed radiated magneto Casson fluid flow with Arrhenius activation energy and Newtonian heating effects:
Flow and sensitivity analysis. Alex. Eng. J. 2020, 57, 1019–1031.

45. Liaqat, A.; Asifa, T.; Ali, R.; Islam, S.; Gul, T.; Kumam, P.; Mukhtar, S.; Khan, N.S.; Thounthong, P. A new
analytical approach for the research of thin-film flow of magneto hydrodynamic fluid in the presence of
thermal conductivity and variable viscosity. ZAMM J. Appl. Math. Mech. Z. Angewwandte Math. Mech. 2020,
1–13. [CrossRef]

46. Khan, N.S.; Zuhra, S.; Shah, Q. Entropy generation in two phase model for simulating flow and heat
transfer of carbon nanotubes between rotating stretchable disks with cubic autocatalysis chemical reaction.
Appl. Nanosci. 2019, 9, 1797–1822. [CrossRef]

47. Khan, N.S.; Shah, Z.; Islam, S.; Khan, I.; Alkanhal, T.A.; Tlili, I. Entropy generation in MHD mixed convection
non-Newtonian second-grade nanoliquid thin film flow through a porous medium with chemical reaction
and stratification. Entropy 2019, 21, 139. [CrossRef]

48. Khan, N.S.; Zuhra, S.; Shah, Z.; Bonyah, E.; Khan, W.; Islam, S.; Khan, A. Hall current and thermophoresis
effects on magnetohydrodynamic mixed convective heat and mass transfer thin film flow. J. Phys. Commun.
2019, 3, 035009. [CrossRef]

49. Khan, N.S.; Kumam, P.; Thounthong, P. Renewable energy technology for the sustainable development of
thermal system with entropy measures. Int. J. Heat Mass Transf. 2019, 145, 118713. [CrossRef]

50. Khan, N.S.; Kumam, P.; Thounthong, P. Second law analysis with effects of Arrhenius activation energy and
binary chemical reaction on nanofluid flow. Sci. Rep. 2020, 10, 1226. [CrossRef]

51. Khan, N.S.; Shah, Q.; Bhaumik, A.; Kumam, P.; Thounthong, P.; Amiri, I. Entropy generation in bioconvection
nanofluid flow between two stretchable rotating disks. Sci. Rep. 2020, 10, 4448. [CrossRef]

52. Khan, N.S.; Shah, Q.; Sohail, A. Dynamics with Cattaneo-Christov heat and mass flux theory of bioconvection
Oldroyd-B nanofluid. Adv. Mech. Eng. 2020. [CrossRef]

53. Khan, N.S.; Shah, Q.; Sohail, A.; Kumam, P.; Thounthong, P.; Bhaumik, A.; Ullah, Z. Lorentz forces effects on
the interactions of nanoparticles in emerging mechanisms with innovative approach. Symmetry 2020, 5, 1700.
[CrossRef]

54. Liaqat, A.; Khan, N.S.; Ali, R.; Islam, S.; Kumam, P.; Thounthong, P. Novel insights through the
computational techniques in unsteady MHD second grade fluid dynamics with oscillatory boundary
conditions. Heat Transf. 2020. [CrossRef]

142



Crystals 2020, 10, 1086

55. Khan, N.S.; Ali, L.; Ali, R.; Kumam, P.; Thounthong, P. A novel algorithm for the computation of systems
containing different types of integral and integro-differential equations. Heat Transf. 2020. [CrossRef]

56. Ahmad, S.; Nadeem, S.; Ullah, N. Entropy generation and temperature-dependent viscosity in the study of
SWCNT-MWCNT hybrid nanofluid. Appl. Nanosci. 2020. [CrossRef]

57. Dinarvand, S.; Rostami, M.N. An innovative mass-based model of aqueous zinc oxide-gold hybrid nanofluid
for von Karman’s swirling flow. J. Therm. Anal. Calorim. 2019. [CrossRef]

58. Ahmed, S.; Xu, H. Mixed convection in gravity driven thin nano-liquid film flow with
homogeneous-heterogeneous reactions. Phys. Fluids 2020, 32, 023604. [CrossRef]

59. Hayat, T.; Haider, F.; Muhammad, T.; Ahmad, B. Darcy-Forchheimer flow of carbon nanotubes due
to a convectively heated rotating disk with homogeneous-heterogeneous chemical reactions. J. Therm.
Anal. Calorim. 2019, 137, 1939–1949. [CrossRef]

60. Suleman, M.; Ramzan, M.; Ahmad, S.; Lu, D.; Muhammad, T.; Chung, J.D. A numerical simulation of
silver-water nanofluid flow with impacts of Newtonian heating and homogeneous-heterogeneous reactions
past a nonlinear stretched cylinder. Symmetry 2019, 11, 295. [CrossRef]

61. Liao, S.J. Homotopy Analysis Method in Non-Linear Differential Equations; Higher Education Press: Beijing,
China; Springer: Berlin/Heidelberg, Germany, 2012.

Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional
affiliations.

© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

143





crystals

Article

Cationically Modified Nanocrystalline
Cellulose/Carboxyl-Functionalized Graphene
Quantum Dots Nanocomposite Thin Film:
Characterization and Potential Sensing Application

Najwa Norimanina Muhammad Rosddi 1, Yap Wing Fen 1,2,* , Nur Ain Asyiqin Anas 2,3,
Nur Alia Sheh Omar 2, Nur Syahira Md Ramdzan 1 and
Wan Mohd Ebtisyam Mustaqim Mohd Daniyal 2

1 Department of Physics, Faculty of Science, Universiti Putra Malaysia,
UPM Serdang 43400, Selangor, Malaysia; najwanorimanina@gmail.com (N.N.M.R.);
nursyahira.upm@gmail.com (N.S.M.R.)

2 Functional Devices Laboratory, Institute of Advanced Technology, Universiti Putra Malaysia,
UPM Serdang 43400, Selangor, Malaysia; nurainanas.upm@gmail.com (N.A.A.A.);
nuralia.upm@gmail.com (N.A.S.O.); wanmdsyam@gmail.com (W.M.E.M.M.D.)

3 Physics Unit, Centre of Foundation Studies for Agricultural Science, Universiti Putra Malaysia,
UPM Serdang 43400, Selangor, Malaysia

* Correspondence: yapwingfen@gmail.com; Tel.: +60-39769-6689

Received: 5 August 2020; Accepted: 5 September 2020; Published: 27 September 2020
����������
�������

Abstract: In this study, highly functional cationically modified nanocrystalline cellulose (NCC)/carboxyl-
functionalized graphene quantum dots (CGQD) has been described. The surface of NCC was
first modified with hexadecyltrimethylammonium bromide (CTA) before combining with CGQD.
The CGQD, CTA-NCC and CTA-NCC/CGQD nanocomposites thin films were prepared using spin
coating technique. The obtained nanocomposite thin films were then characterized by using the
Fourier transform infrared spectroscopy (FTIR) which confirmed the existence of hydroxyl groups,
carboxyl groups and alkyl groups in CTA-NCC/CGQD. The optical properties of the thin films were
characterized using UV–Vis spectroscopy. The absorption of CTA-NCC/CGQD was high with an
optical band gap of 4.127 eV. On the other hand, the CTA-NCC/CGQD nanocomposite thin film
showed positive responses towards glucose solution of different concentration using an optical
method based on surface plasmon resonance phenomenon. This work suggests that the novel
nanocomposite thin film has potential for a sensing application in glucose detection.

Keywords: nanocrystalline cellulose; graphene quantum dots; thin film; optical; sensing; glucose;
surface plasmon resonance

1. Introduction

In recent years, there has been an interest in the production of nanocrystalline cellulose (NCC) from
cellulosic material because of its biodegradability, renewability, abundance and excellent mechanical
properties [1]. In this world, cellulose is one of the most numerous natural renewable and biodegradable
polysaccharides. NCC is the nano-scaled of needle or rod-shaped crystalline which has hundreds of
nanometers in length and 1–10 nm in width [2,3]. NCC is obtained when cellulose undergoes acid
hydrolysis with conditions where the amorphous regions are selectively hydrolyzed [4]. Mineral
acids including hydrochloric acid and sulfuric acid are used in the mixture of hydrolysis of cellulose
to prepare NCC [5]. Thus, NCC is constitutively acidic and exhibits a lyotropic phase behavior
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depending on the concentration. NCC has the potential in various applications as a rheology modifier
such as drilling fluids, consumer products, drug delivery, artificial tissue formation and injectable
hydrogels [6–8].

To enhance the NCC properties, the hydroxyl functional group in NCC can be modified by
using several methods [9–12]. In this present work, NCC has been cationically modified using
hexadecyltrimethylammonium bromide (CTA). CTA can enhance the absorption by improving
hyperchromicity and sensitization of NCC [13–17]. To further increase the performance, this modified
NCC was chosen as a matrix for carboxyl functionalized graphene quantum dots (CGQD) as
CGQD has beneficial and unique properties including hydrophilicity, strong photoluminescence and
photo-stability [18–20]. Due to its outstanding properties, CGQD provides unprecedented opportunities
for different fields of application such as optical sensing, catalysis and bioimaging [21–25].

As far as we know, the optical properties of the CTA cationically modified NCC/CGQD
(CTA-NCC/CGQD) nanocomposite thin film and its potential application for detection of glucose using
surface plasmon resonance technique (SPR) have yet to be reported. SPR is known as a simple optical
method for surface studies of thin films and can act as a very sensitive spectroscopy for detection of a
variety of targets [26–42]. Hence in this study, the fabrication of the CTA-NCC/CGQD nanocomposite
thin film, its characterization and potential sensing application were explored.

2. Materials and Methods

2.1. Reagent and Materials

Hexadecyltrimethyl ammonium bromide (CTA) and nanocrystalline cellulose (NCC) were
purchased from Sigma Aldrich (St. Louis, MO, USA). Carboxyl-graphene quantum dots (CGQD)
solution (0.1 wt%) was purchased from ACS Material (Pasadena, CA, USA) and glucose was purchased
from R&M Marketing (Essex, UK).

2.2. Preparation of Chemicals

To prepare NCC solution, 1 g of NCC was diluted in 100 mL deionized water. Then, 0.2 g of CTA
was diluted in 20 mL of deionized water to obtain CTA solution. NCC solution was then dropped into
CTA solution drop by drop while heat stirred for 24 h. The CTA-NCC solution was centrifuged at
3000 rpm for 15 min. Then, CTA-NCC/CGQD solution (0.05 wt%) was obtained by dispersing 1 mL of
CGQD into 1 mL of CTA-NCC. The glucose solution was prepared by dissolving 9.91 mg of glucose
with 100 mL of deionized water to produce 10 µM of glucose solution. To prepare glucose solution
with various concentration, the 10 µM of glucose solution was diluted with deionized water based on
the formula M1V1 = M2V2 to obtain 0.005, 0.01, 0.03, 0.05 and 0.1 µM of glucose [43–45].

2.3. Preparation of CTA-NCC/CGQD Nanocomposite Thin Film

Glass cover slips (24 mm × 24 mm × 0.1 mm) were used as the substrates. The glass slip was
first sputtered with gold (SC7640 sputter coater machine) for 67 seconds to obtain 50 nm of gold
thin film [46–48]. Then, spin coating technique was used to deposit the CTA-NCC/CGQD solution
homogenously on the gold surface. About 1000 µL of CTA-NCC/CGQD solution was added on a
gold coated glass slip and was spun at 3000 rev/min for 30 seconds using spin coater P-6708D to
obtain around 12–15 nm thickness of the CTA-NCC/CGQD layer. The summarized flow chart for the
preparation of CTA-NCC/CGQD is shown in Figure 1.
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Figure 1. Preparation of hexadecyltrimethylammonium bromide (CTA)-nanocrystalline cellulose
(NCC)/carboxyl-functionalized graphene quantum dots (CGQD) thin film.

2.4. Characterization Instrument

The Fourier transform infrared (FTIR) spectrum of CGQD, CTA-NCC and CTA-NCC/CGQD
solutions were analyzed using the Fourier Transform Infrared Spectrometer model spectrum 100
(PerkinElmer, Waltham, MA, USA), with wavelength set from 400 to 4000 cm−1 which is to determine
the functional groups and the chemical interaction of the composites. Other than that, the purity
of the compound can be obtained from the collection of the absorption band from the spectrum.
For optical properties, the absorption of all samples with wavelength range from 220 nm to 500 nm
was investigated using UV–Vis-NIR spectrometer (UV-3600 Shimadzu, Kyoto, Japan). The absorbance
coated thin film was measured at room temperature. The energy band gap was determined by
analyzing the graph of absorption peak against wavelength obtained using UV–Vis spectrometer.

2.5. Surface Plasmon Resonance

Surface plasmon resonance (SPR) is used to identify the potential of CTA-NCC/CGQD
nanocomposite thin film for glucose detection. SPR is an optical process in which light satisfying
resonance conditions excite a charge-density wave propagating along the interface between a dielectric
material and metal by p-polarized and monochromatic light beam [49]. The reflected light intensity is
reduced at a specific incident angle producing a sharp shadow due to the resonance occurs between
surface plasmon wave and incident beam [50]. The SPR measurement was carried out by determining
the reflected He-Ne laser beam (532.8 nm, 5 mW) [51]. Figure 2 shows the setup of SPR sensor.
The SPR setup consisted of an He-Ne laser, a light attenuator, a polarizer and optical chopper (SR 540)
and an optical stage driven by a stepper motor MM 3000 with a resolution of 0.001◦ (Newport, CA,
USA). The reflected beam was detected by photodiode and then processed by the lock-in-amplifier
(SR530) [52–55].
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3. Results

3.1. FTIR Analysis

The FTIR spectrum of CGQD, CTA-NCC and CTA-NCC/CGQD solutions are shown in Figure 3.
From the spectrum of the CGQD solution, the peak present at 3310 cm−1 represented O–H stretching.
The peak at 2891 cm−1 was attributed to the C–H stretching. The characteristic band appearing at
1625 cm−1 corresponded to the stretching of C=O of the carboxylic group in graphene quantum dots
and the peak at 1037 cm−1 represented the C–O stretching [18].
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Next, in the spectrum of CTA-NCC solution, the peak at 3332 cm−1 corresponded to the O–H
stretching. The peak at 1617 cm−1 was attributed to the stretching vibration of C–O and the peak at
1056 cm−1 corresponded to C–O stretching [56].

The spectra of CTA-NCC/CGQD solution displayed the properties similar to CGQD and CTA-NCC
thin film where there was a broad absorption peak at 3277 cm−1 that was attributed to the O–H stretching
vibration. The peak at 2885 cm−1 corresponded to C–H stretching. The peak at 1637 cm−1 can be
assigned to C=O stretching and is similar to the peak for both spectrums of CGQD and CTA-NCC.
The characteristics band that appeared at 1032 cm−1 corresponded to the stretching of C–O. From the
results, it is successfully confirmed that the functional groups of O–H, C–H, C=O and C–O existed
in the composite solution. CGQD that are rich with oxygen-containing groups might interact with
the hydroxyl groups and oxygen atoms in CTA-NCC through the hydrogen bonding. Furthermore,
the possible structure of the composite is also presented in Figure 4.
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3.2. Optical Studies

The optical properties were analyzed using the absorbance spectrum of the thin film with
wavelength range 220–500 nm. The absorbance curves for CGQD, CTA-NCC and CTA-NCC/CGQD
thin film are presented in Figure 5.
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As shown in Figure 5, the absorbance curve for the thin film is different. From the figure,
the CTA-NCC/CGQD thin film shows the highest absorption spectra with the absorption peaks at
222.9 nm, 225.9 nm and 264.9 nm. The highest absorption was contributed by the modification of CGQD
with CTA-NCC, which confirmed the presence plasmon resonance in carbonaceous material [57].
On the other hand, the lowest absorbance belongs to CGQD thin film. The characteristic peaks that
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appeared in the nanocomposite thin film can be attributed to the presence of π→ π* bond transitions
of the carbonyl groups [58]. In addition, it can be observed that the maximum absorption length can
be determined from 263.04 nm to 266.63 nm. The results obtained are in the range of the absorption
peaks for sulfur doped graphene quantum dots which are at 216–464 nm [59].

To proceed with the determination of the optical band gap, the relationship between the absorbance
and the intensities of the monochromatic light was used [60]. The absorbance, A of samples can be
related with the ratio of the initial light intensity on the detector I0 to the light intensity with the
presence of the sample It.

A = log10
I0

It
(1)

The absorbance coefficient is another quantity that can be measured. It is a very useful quantity
which is used to compare samples of a varying thickness. The absorbance coefficient, α can be
expressed as

α = 2.303
A
t

(2)

where t is the thin film thickness in meters and the α is in units of m−1. The energy band gap of these
composites has been figured out with the help of the absorption coefficient. To obtain the optical band
gap from the absorption spectra, the Tauc relation is used:

α =
k
(
hv− Eg

)n

hv
(3)

where k is a constant, h is the Plank’s constant, v is the frequency of the incident photon, the multiplication
of h and v, hv represents the incident photon energy, Eg is the optical band gap and n is the state of
transition. In this study we use n = 1/2 for direct transitions. Rearranging Equation (3) gives

(αhv)2 = k
(
hv− Eg

)
(4)

Based on Equation (4), a graph of (αhv)2 against hv can be plotted using linear fitting techniques
and the optical band gap of the thin films can be determined [61–63]. According to Abdulla and Abbo
(2012), the intersection of the straight line on the x-axis is taken as the value of the optical band gap [64].
The graph of (αhv)2 versus hv for CGQD thin film, CTA-NCC thin film and CTA-NCC/CGQD thin film
are shown in Figures 6–8, respectively.
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As can be seen from the figures, the intersection of the linear fitted line on the x-axis gives the
value of the optical band gap. The term band gap is denoting the energy difference between the top of
the valence band to the bottom of the conduction band where electrons can jump from one band to
another. It necessitates a specific minimum extent of energy for the transition to permit an electron
to jump from a valence band to a conduction band and this energy is called as the band gap energy.
The optical band gap energies of CGQD, CTA-NCC and CTA-NCC/CGQD are 3.867 eV, 4.143 eV and
4.127 eV, respectively. Based on the result, CTA-NCC had the highest band gap energy among energy
band gap results of all three thin films. The variations of optical band gap for the composite thin films,
probably due to the presence of CTA-NCC solution as the band gap of CTA-NCC/CGQD, is higher
than CGQD. The CTA-NCC/CGQD has a higher energy band gap as compared to CGQD thin film,
which is in good agreement with the work reported by Daniyal et al. (2018), i.e., CTA-NCC increased
the optical band gap of the composite [56].

3.3. Potential Sensing Analysis

The SPR experiment was first conducted using gold CTA-NCC/CGQD nanocomposite thin
film in contact with deionized water (or 0 µM of glucose). The resonance angle for the first part
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of this experiment was obtained as 54.400◦, where this value was used to compare the resonance
angle for different concentrations of glucose solution. The SPR experiment was then continued for
different concentrations of glucose solution that ranged from 0.005 µM to 0.1 µM. The glucose solution
was injected into the cell one after another [65]. The reflectance as a function of incident angle of
CTA-NCC/CGQD thin film, in contact with different concentrations of glucose solutions is shown in
Figure 7. From the curves, the resonance angle can be obtained for the glucose concentration of 0.005,
0.01, 0.03, 0.05 and 0.1 µM.

From Figure 9, it can be observed that the resonance angle was shifted to the right and it further
increased with the increase of glucose concentration [66,67]. The resonance angles obtained for 0.005,
0.01, 0.03, 0.05 and 0.1 µM were 54.571◦, 54.732◦, 54.755◦, 54.767◦ and 54.769◦, respectively. The shift of
the SPR curves and resonance angle change demonstrated that the CTA-NCC/CGQD nanocomposite
thin film has affinity towards glucose, where its incorporation with SPR can be a potential sensor
for glucose.
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Figure 9. SPR curves for CTA-NCC/CGQD nanocomposite thin film for glucose solution with 
different concentrations (0.0–0.1 μM). 

4. Conclusions 

In this study, the CTA cationically modified NCC/CGQD nanocomposite thin film has been 
successfully fabricated. The functional groups that existed in the thin film were confirmed from the 
FTIR results. The absorbance value of CTA-NCC/CGQD was the highest with energy band gap of 
4.127 eV. The studies of the CTA-NCC/CGQD nanocomposite thin film using the SPR technique have 
successfully shown that the novel thin film can detect various concentrations of glucose with the 
lowest detection of 5 nM. This study gives an important idea that the CTA-NCC/CGQD 
nanocomposite thin film has high potential as an application in sensing glucose when incorporated 
with the SPR technique and can be further investigated in future studies.  
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Abstract: The current framework tackles the buoyancy flow via a slender revolution bodies comprising
Molybdenum-Disulfide Graphene Oxide generalized hybrid nanofluid embedded in a porous medium.
The impact of radiation is also provoked. The outcomes are presented in this analysis to examine the
behavior of hybrid nanofluid flow (HNANF) through the cone, the paraboloid, and the cylinder-shaped
bodies. The opposing flow (OPPF) as well as the assisting flow (ASSF) is discussed. The leading
flow equations of generalized hybrid nanoliquid are worked out numerically by utilizing bvp4c
solver. This sort of the problem may meet in the automatic industries connected to geothermal and
geophysical applications where the sheet heat transport occurs. The impacts of engaging controlled
parameters of the transmuted system on the drag force and the velocity profile are presented
through the graphs and tables. The achieved outcomes suggest that the velocity upsurges due to the
dimensionless radius of the slender body parameter in case of the assisting flow and declines in the
opposing flow. Additionally, an increment is observed owing to the shaped bodies as well as in type
A nanofluid and type B hybrid nanofluid.

Keywords: hybrid nanofluid; slender body revolution; porous media; radiation effect;
mixed convection

1. Introduction

The research regarding the convective-flow entrenched in porous media widely has been utilized
owing to its vast engineering applications as solar collectors, heat exchangers, post-accidental heat
exclusion in nuclear reactors, building construction, drying processes, oil recovery and geothermal,
ground water pollution, etc. Nield [1] analyzed the liquid flow of stability ensuing through a vertical
mass and thermal gradients via a horizontal-layer immersed in porous media. Bejan and Khair [2]
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explored the marvel of mass and heat transfer through a vertical sheet entrenched in a porous medium
and they have taken unvarying concentration as well as temperature. The impact of mixed as well
as free convective flows with heat transport through a slender revolution of the body in a porous
medium was examined by Lai et al. [3] and they concluded that the temperature gradient shrinks due
to dimensional radius. The thermal and mass diffusion through a cone embedded in porous medium
was scrutinized by Yih [4]. Bano and Singh [5] explored the radiation influence on mass and heat
transport from a radiated thin needle in a saturated porous medium by utilizing a technique of Von
Karman-integral. Singh and Chandarki [6] inspected the free convective flow with mass and heat
transfer through a vertical cylinder occupied in porous media. The mixed convective flow through
a vertical flat surface in a porous medium with nanoliquid was examined by Ahmad and Pop [7].
Talebizadeh et al. [8] scrutinized the impact of radiation on natural convective flow through a porous
vertical surface and found numerical as well as exact solutions. Moghimi et al. [9] discussed the MHD
(magnetohydrodynamic) influence on natural convective flow via a sphere saturated in a porous
medium. Moghimi et al. [10] obtained an exact solution of flow through a flat surface with constant heat
flux and slip effect by utilizing DQM (differential quadrature method) and HAM (homotopy analysis
method). Raju and Sandeep [11] inspected the magnetic influence on flow of mass and heat transport
containing Casson fluid through a rotated vertical cone/plate in porous media with micro-organisms.
They perceived that the mass and heat transfer from a cone is superior compared to flow over a plate.
Raju et al. [12] applied the Buongiorno model to inspect the phenomenon of mass and heat transport
through a radiated revolution slender body in porous media. They perceived that the behavior of
temperature shrinks in a flow revolution over a cone compared to flow revolution through the cylinder
and paraboloid.

Several recent explorations divulged that nanofluids have superior capability of heat transport
than convectional fluids. Thus, it is likely to swap conventional heat transport fluids via nanofluids
in the numerous designs of heat transport like heat exchanger, heat generators, and cooling systems.
Choi [13] observed that, by scattering metallic nanometer sized particles in regular heat transport
liquids, the ensuing nanoliquids hold greater thermal conductivity than those of presently utilized
ones. Further, Eastman et al. [14] discovered that the shape of the particle has a stronger effect
on nanofluid effective thermal conductivity than the size of particle or thermal conductivity of the
particle. To augment the nanofluids heat transport owing to nanoparticles migration and the resulting
boundary-layer disturbance was experimentally examined by Wen and Ding [15]. The Boltzmann
technique to inspect the magnetic impact on the natural convective flow comprising nanoliquid
through a cylindrical annulus was studied by Ashorynejad et al. [16]. The impact of distinct shapes of
nanoscale particles in EG (entropy generation) based aqueous solution was inspected by Ellahi et al. [17].
Inspired by the importance of nanofluids, several researchers recently were engaged with the debate of
flow with heat transport to nanoliquids via different perspective [18–21].

Recently, a novel type of fluid, suggested hybrid nanofluids has been utilized to augment the
heat transport in applications of thermal [22–24]. Hybrid nanoliquids consist of two or more different
nanoparticles in either mixture of non-composite forms. Hybrid nanofluids envisages in the fields of
heat transport as electronic and generator cooling, thermal storage, biomedical, cooling of transformer,
lubrication, solar heating, spacecraft and aircraft, welding, protection, refrigeration, and heat pump.
Minea [25] inspected the estimations of distinct viscosity of hybrid nanoliquid by scattering the
water-based TiO2, Al2O3, and SiO2 nanomaterials. The impact of nonlinear radiation on the magneto
flow of micropolar hybrid (Cu-Al2O3) dusty nanofluid from a stretched sheet was examined by
Ghadikolaei et al. [26]. Sheikoleslami et al. [27] scrutinized the modeling of the porous domain
with Lorentz forces and radiation impact and obtained the solution by CVFEM (control volume
based finite element method). They explored that temperature gradient has greater influence due
to the greater buoyancy parameter. Gholinia et al. [28] inspected the steady magneto flow of hybrid
CNTs (carbon nanotubes) nanofluid over a permeable stretched cylinder. Recently, Khan et al. [29]
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discussed the influence of magnetic function comprising ethylene glycol-based hybrid nanofluid from
a stretched/shrinking wedge with mixed convection and stability analysis performed.

The earlier review literature reveals that the mixed convective generalized hybrid (MoS2-Go)
nanofluid flow through a slender revolution bodies in porous media has been highlighted as a mostly
unknown area. The radiation impact with generalized hybrid single phase model is discussed here,
which is not considered in the earlier published results [7,11]. The leading PDEs (partial differential
equations) are altered into ODEs (ordinary differential equation) through suitable transformations and
then tackled via three stage Lobatto formula. Impacts of the pertinent variables are portrayed and
investigated through the graphs.

2. Problem Formulation

In the current exploration, the buoyancy flow through a slender revolution bodies containing
Molybdenum-Disulfide Graphene Oxide along with the generalized hybrid nanofluid entrenched
in a saturated porous medium is shown schematically in Figure 1. To optimize the heat transport,
the impact of radiation in the occurrence of the opposing and the assisting flows is analyzed. It is
assumed that the ambient velocity is considered as ue(x) = U∞xm with constant U∞, while T∞ the
constant free stream temperature. The temperature of the slender revolution body is taken as Tw(x)
with Tw(x) > T∞ utilizes for (ASSF) and Tw(x) < T∞ uses for (OPPF). The system of coordinate from
the slender body vortex is at origin, while the distance along the revolution body and normal to the
slender revolution body is presented by the cylindrical coordinate (x, r). Applying the single-phase
model suggested by the Tiwari and Das [30] with the approximations of Boussinesq and boundary
layer scaling, the leading equations are

∂(ru)
∂x

+
∂(vr)
∂r

= 0 (1)

µHNF

µF

∂u
∂r

=
Kg(ρβ)F
µF

(ρβ)HNF

(ρβ)F

∂T
∂r

(2)

u
∂T
∂x

+ v
∂T
∂r

=
kHNF(
ρcp

)
HNF

r

∂
∂r

(
r
∂T
∂r

)
− 1(
ρcp

)
HNF

∂
∂r

(rqr) (3)

with the corresponding boundary conditions

v = 0, T = Tw(x) = T∞+Axλ at r = R(x),
u = ue(x) = U∞xm, T = T∞ as r→∞.

(4)

Integrating Equation (2) and utilizing Equation (4), it becomes

µHNF

µF
u =

µHNF

µF
ue +

KgβF

νF

(ρβ)HNF

(ρβ)F
(T − T∞) (5)

Here v, u signify Darcy’s law velocity components in (r, x) directions, T temperature of the
hybrid nanofluid, g acceleration owing to gravity, µHNF hybrid viscosity, µF base fluid viscosity, K
permeability of the porous medium, kHNF hybrid nanofluid thermal conductivity,

(
ρcp

)
HNF

hybrid
nanofluid heat capacitance, (ρβ)HNF hybrid nanofluid thermal expansion, and R(x) surface shape of
the axisymmetric body.
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Figure 1. Physical diagram of the problem.

For radiation effect, the Rosseland approximation is illustrated as

qr = −4γ1

3k1

(
∂T4

∂r

)
(6)

where k1 and γ1 signify coefficient of mean absorption and Stefan–Boltzmann, respectively. Applying
Taylor series to expand T4 about T∞ and prohibiting the terms involving higher-order, one gets

T4 � 4TT3∞ − 3T4∞ (7)

The similarity variables for further analysis are introduced as

ψ = αFxF(η), η = Pex
r2

x2 =
U∞r2xm−1

αF
, θ(η) = (T − T∞)/(Tw − T∞),

Pex =
U∞xm+1

αF
, u = 2ueF′, v =

αF

r
η(1−m)F′ − αF

r
F, Rd =

4γ1T3∞
k1kF

.
(8)

Equation (1) is identically true and Equation (3) and Equation (5) are transformed to

µHNF

µF
(2F′ − 1) − KgβFxλ−m

νFU∞
(ρβ)HNF

(ρβ)F
θ = 0 (9)

(
kHNF

kF
+

4
3

Rd

)
(2ηθ′′ + 2θ′) +

(
ρcp

)
HNF(

ρcp
)
F

(θ′F− λF′θ) = 0 (10)

It is perceptible that Equation (9) and Equation (10) will consent the similarity solutions if the
power of x in Equation (9) disappears, i.e.,:

m = λ (11)
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With this classified condition, Equation (9) can be rewritten as

µHNF

µF
(2F′ − 1) − ξ (ρβ)HNF

(ρβ)F
θ = 0 (12)

where the dimensionless constraint involved in the aforementioned equations is mathematically
expressed as

ξ =
Ra
Pex

=
KgβF(Tw − T∞)x

νFαF

αF

U∞xm+1
=

KgβFA
νFU∞

, Ra =
KgβF(Tw − T∞)x

νFαF
,

Pex =
U∞xm+1

αF
, Pr =

νF

αF
, Rd =

4γ1T3∞
k1kF

.

and the interpretation of these constraints are the mixed convection parameter, the local Rayleigh
number for a porous medium, the Peclet number, the Prandtl number and the radiation parameter,
respectively.

Placing η = b, where b is constant and utilized for a slender body, it is numerically small. Equation
(9) stipulated the body size as well as body shape with surface is defined via

R(x) =
(
νFαFbRa

PexKgβFA

)1
2 x

(
1− λ

2
)

OR
(

b
Pex

)1
2 x (13)

The problems concerning the realistic interest, the amount of λ ≤ 1. For instance, λ = 1, λ = 0
and λ = −1 represent the cylinder, paraboloid, and cone shape bodies.

The boundary restrictions are

b(1−m)F′ − F = 0, θ = 1 at η = b,
F′ → 0.5, θ→ 0 as η→∞.

(14)

If Equation (10) and Equation (12) are merged, one gets

(
kHNF

kF
+

4
3

Rd

)
(4ηF′′′ + 4F′′ ) +

(
ρcp

)
HNF(

ρcp
)
F

(
2FF′′ − 2λF′2 + λF′

)
= 0 (15)

along with the modified boundary restrictions

b(1−m)F′(b) − F(b) = 0,
µHNF

µF
(2F′(b) − 1) = ξ

(ρβ)HNF

(ρβ)F
, F′(∞)→ 0.5. (16)

The quantities of practical interest and to measure the liquid behaviors is the skin friction which is
explained as

CF =
τw

ρu2
e
=

µHNF
∂u
∂r

∣∣∣∣∣
r=R(x)

ρu2
e

(17)

The skin friction in the dimensional form is

Pe0.5
x

Pr
CF = 4

µHNF

µF
b

1
2 F′′ (b). (18)

161



Crystals 2020, 10, 771

3. Model of Generalized Hybrid Nanoliquid

In numerical and experimental investigations on the behaviors of nanofluid, modeling their
physical quantities using condensed mathematical relationships between solid particles and regular
liquid is a common procedure. Numerous experiments have been performed to validate such terms
for nanofluids dilute in scattering of a single sort of solid material [31] and mixtures of two kinds of
particles (Suresh et al. [32]). Devi and Devi [33] recommended a collection of correlation for hybrid
nanofluid physical-quantities. They approached the liquid involving a single sort of nanoparticle as the
regular liquid and the other sort of nanoparticle as the individual particle. The relationship of thermal
conductivity and viscosity matched Suresh et al.’s [32] experimental outcomes. In the approach of Devi
and Devi [33], there exists the non-linear terms owing to the communication of two sorts of distinct
nanoparticles. However, in dilute mixtures where the volumetric fractions of nanoparticle are generally
tiny, the impacts of these non-linear conditions may not be important. Thus, it realistically ignores the
non-linear terms in the model of Devi and Devi. The hybrid nanofluid model in simplified form and
the models of normal nanofluid and Devi and Devi are scheduled in Table 1, where Type A signifies
the conventional nanoliquid model, Types B and C, respectively; indicate the hybrid nanoliquid model
of Devi and Devi and the model of hybrid nanoliquid in simplified form. Devi and Devi [33] used the
approach of the recurrence formulae to signify the density, viscosity, thermal conductivity, and specific
heat of the hybrid nanoliquid related generally to the N-th type of nanoparticles as

ρHNF ≡ ρHNFN = (1−φN)ρHNFN−1 + φNρSN (19)

µHNF ≡ µHNFN =
ρHNFN−1

(1−φN)
2.5 (20)

kHNF ≡ kHNFN =
kSN + kHNFN−1(M− 1) −φN(M− 1)

(
kHNFN−1 − kSN

)

kSN + kHNFN−1(M− 1) + φN
(
kHNFN−1 − kSN

) (21)

(
ρcp

)
HNF
≡

(
ρcp

)
HNFN

= φN
(
ρcp

)
SN

+ (1−φN)
(
ρcp

)
HNFN−1

(22)

βHNF ≡ βHNFN = (1−φN)βHNFN−1 + φNβSN (23)

From the above correlations, ignoring the non-linear terms, one obtains

ρHNF = 1− ρF

N∑

a=1

φa +
N∑

a=1

φaρSa (24)

µHNF =
µF

(
1−

N∑
a=1

φa

)2.5 (25)

(
ρcp

)
HNF

= 1−
(
ρcp

)
F

N∑

a=1

φa +
N∑

a=1

φa
(
ρcp

)
Sa

(26)

βHNF = 1− βF

N∑

a=1

φa +
N∑

a=1

φaβSa (27)

It is worth mentioning that for kHNF, we remain the recurrence Formula (21) because of the
connections amid dissimilar particles can barely be uttered by the Maxwell equations. Additionally,
throughout the research the values of M = 3 is taken which implies that the shape of the particle
is spherical.
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Table 1. Thermo-physical models of nanofluid and hybrid nanofluid.

Property Types Correlation

Density

A ρNF = (1−φ)ρF + φρS

B ρHNF = (1−φ2)
[
(1−φ1)ρF + φ1ρS1

]
+ φ2ρS2

C ρHNF = (1−φ1 −φ2)ρF + φ1ρS1 + φ2ρS2

Viscosity

A µNF =
µF

(1−φ)2.5

B µHNF =
µF

(1−φ1)
2.5(1−φ2)

2.5

C µHNF =
µF

(1−φ1 −φ2)
2.5

Heat Capacity

A
(
ρcp

)
NF

= (1−φ)
(
ρcp

)
F
+ φ

(
ρcp

)
S

B

(
ρcp

)
HNF

=

(1−φ2)
[
(1−φ1)

(
ρcp

)
F
+ φ1

(
ρcp

)
S1

]
+ φ2

(
ρcp

)
S2

C
(
ρcp

)
HNF

= (1−φ1 −φ2)
(
ρcp

)
F
+ φ1

(
ρcp

)
S1
+ φ2

(
ρcp

)
S2

Thermal conductivity

A kNF =
kS + (M− 1)kF − (M− 1)φ(kF − kS)

kS + (M− 1)kF + φ(kF − kS)

B
&
C

kHNF =
kS2 + (M− 1)kMF − (M− 1)φ2

(
kMF − kS2

)

kS2 + (M− 1)kMF + φ2
(
kMF − kS2

)

where kMF =
kS1 + (M− 1)kF − (M− 1)φ1

(
kF − kS1

)

kS1 + (M− 1)kF + φ1
(
kF − kS1

) kF

Thermal expansion

A βNF = (1−φ)βF + φβS

B βHNF = (1−φ2)
[
(1−φ1)βF + φ1βS1

]
+ φ2βS2

C βHNF = (1−φ1 −φ2)βF + φ1βS1 + φ2βS2

Pr 6.2 - -

4. Results and Discussion

The primary intention is to scrutinize the characteristics of generalized hybrid nanoliquid for
the mixed convective flow comprising MoS2-Go nanoparticles through slender revolution bodies.
The non-linear Equation (15) with boundary restrictions (Equation (16)) has been worked out
numerically via Lobatto IIIa formula. The thickness of the boundary layer is considered as 30
for convergence of profiles asymptotically which is essential for this type of problem. Table 2 represents
the thermo-physical characteristics of the base and nanofluids. The outcomes of the sundry parameters
in the presence of the water-based fluid and the type B hybrid nanofluid on the field of velocity
distribution and the skin friction have been examined in Figures 2–13. For validation, the results of
the current problem have been compared with the outcomes of Ahmad et al. [34] and Saleh et al. [35]
as shown in Table 3. An excellent harmony is seen. Whereas the numerical values of types B and C
hybrid nanofluid for (ASSF) as well as for (OPPF) are displayed in Tables 4 and 5.
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Table 2. Thermo-physical properties of the base fluid and hybrid nanoparticles.

Characteristic Properties H2O MoS2 GO

ρ 997.1 5060 1800

cp 4179 397.21 717

k 0.613 904.4 5000

β 21 2.8424 × 10−5 2.84 × 10−4

Table 3. Comparison values of F′′ (b) when m = 1, λ = 0, ξ = −1, Rd = φ = 0, Pr = 1 for the distinct
values of b.

b Ahmed et al. [34] Saleh et al. [35] Current

0.01 8.4924360 8.4924452 8.4924456

0.1 1.2888171 1.2888299 1.28883009

Table 4. Computation of the Pr−1Pe0.5
x CF for the assisting flow ξ = 1.1 utilizing the two different types

of models varying φ2 while the other fixed parameters are m = λ = 1, b = 0.1, Rd = 0.5.

φ1 φ2 Type B Type C

0.025

0.025 −2.3995 −2.3973

0.030 −2.3760 −2.3733

0.035 −2.3527 −2.3496

0.030

0.025 −2.3754 −2.3727

0.030 −2.3522 −2.3490

0.035 −2.3292 −2.3255

0.035

0.025 −2.3516 −2.3485

0.030 −2.3287 −2.3250

0.035 −2.3060 −2.3017

Table 5. Computation of the Pr−1Pe0.5
x CF for the opposing flow ξ = −1.1 utilizing the two different

types of models varying φ2 while the other fixed parameters are m = λ = 1, b = 0.1, Rd = 0.5.

φ1 φ2 Type B Type C

0.025

0.025 1.9037 1.9031

0.030 1.8954 1.8946

0.035 1.8869 1.8859

0.030

0.025 1.8951 1.8943

0.030 1.8866 1.8856

0.035 1.8779 1.8767

0.035

0.025 1.8862 1.8853

0.030 1.8776 1.8764

0.035 1.8688 1.8673

The outcomes, indicating from these tables the type B hybrid nanofluid, are superior to the type
C hybrid nanofluid. Moreover, in case of the assisting flow, the skin friction increases by 0.979% for
the type B hybrid nanofluid whereas the skin friction in the type C hybrid nanofluid augments by
1.001%. As the value of the nanoparticle volumetric fraction increases, the skin friction decreases
continuously for both types of hybrid nanofluid. In contrast, the skin friction decreases up to 0.435%
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for the type B hybrid nanofluid due to the fixed value of the parameter φ2 = 0.025 in the example of
opposing flow while for the type C hybrid nanofluid, it is decreased by 0.446%. Due to very small
negligible differences in the outcomes of both the types of hybrid nanofluid, therefore the computation
throughout the paper is done only for the type B hybrid nanofluid.

Figures 2 and 7 are set to inspect the impact of the dimensionless radius of the slender body
parameter b and the volume fraction of nanoparticle φ2 on the velocity gradient against the similarity
variable η for the three different phenomena such as the assisting and opposing flows, shape bodies
and the normal nanofluid as well for the hybrid nanofluid. In the example of assisting flow,
the velocity distribution and the momentum boundary-layer flow (MBLF) increase with increasing the
dimensionless radius of the slender body parameter b, while in the phenomenon of the opposing flow,
the behavior of the motion of the fluid behaves in the contrary direction as shown in Figure 2. It is
transparent to observe from the outcomes that the gap between the curves is initially more significant
in the ASSF as well as in the OPPF, while as we upsurge, the value of the dimensionless radius of the
slender body parameter b the gap between the solution curves is reduced.

Figure 2. The variation of the velocity profile F′(η) for the case of assisting and opposing flow versus the
similarity variable η for the distinct values of the dimensionless radius of the slender body parameter b.

On the other hand, the velocity distribution is enhancing the function of the shape bodies as well
as for the type B hybrid nanofluid and the type A nanofluid for the higher values of b as shown in
Figures 3 and 4, respectively. It is perceived from Figure 3 that the velocity field is superior in the
flow through a cone compared to paraboloid and cylindrical type’s bodies. Moreover, it is perfectly
visible from the graph that the liquid flow accelerates more for the MoS2/water nanoparticle or type A
nanofluid as compared to the type B hybrid nanoparticles as highlighted in Figure 4. The gap between
the solution curves in the shape bodies is more when compared to the solution curves like Figure 4.
Since Figure 5, it has been noticed that for the (ASSF), the velocity distribution decreases with escalating
φ2, whereas for the opposing flow, it is augmented.
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Figure 5. Shows the variation of the velocity profile F′(η) for the case of assisting and opposing flow
versus the similarity variable η for the distinct values of the volume fraction of nanoparticle φ2.

Additionally, it explains that the thickness of the velocity and the (MBLF) declines with φ2 for
the ASSF and augments for the OPPF. The outcome of the velocity gradient in Figure 5 is showing
a contrary behavior in both the cases of ASSF and OPPF as we compare with the solution curves of
Figure 2. From Figure 6, it is transparent that due to the shape bodies, the velocity field is decelerated
for the higher impact of φ2. In comparison, the flow of the velocity field over the cone shape body is
finer than the rest of the two-shape body. Generally, the velocity upsurges due to the fact that type
B hybrid nanofluid dynamic viscosity has an inverse relationship to nanoparticle volume fraction.
Hence, an augmenting in φ2 guides to the decline’s viscosity of base liquid and therefore speeds up the
motion of the liquid flow.

Figure 6. Shows the variation of the velocity profile F′(η) for the three important cases of shape bodies
such as Cone, paraboloid, and cylinder versus the similarity variable η for the distinct values of the
volume fraction of nanoparticle φ2.
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Moreover, the velocity profile reduces due to φ2 for the type B hybrid nanofluid and type A
nanofluid as portrayed in Figure 7. The impact between the curves is very minor for the parameter φ2

while the outcome for the type B hybrid nanofluid is higher than the type A nanofluid.

Figure 7. The variation of the velocity profile F′(η) for the type A normal nanofluid as well as for the
type B hybrid nanofluid versus the similarity variable η for the distinct values of the volume fraction of
nanoparticle φ2.

Figures 8 and 9 highlight the stimulus of radiation parameter Rd on the velocity distribution
against the similarity variable of the two distinct phenomena such as the assisting and opposing flows
as well as for the type A nanofluid and type B hybrid nanofluid. It is clear from Figure 8 as depicted
graphically that the velocity distribution augments for the ASSF and declines for the OPPF as the value
of the radiation parameter Rd upsurges. The solution behavior is similarly observed like Figure 2 while
the contrary behavior of the outcomes in Figure 5 is seen for both the cases ASSF and as well as in the
OPPF, while in comparison the influence between the curves is less. Additionally, Rd is exploited to
drop the molecules of liquid into hydrogen. Figure 9 displays that the velocity upsurges are owed to
magnifying the radiation parameter for the type A nanofluid as well as for the type B hybrid nanofluid.
The motion of the fluid flow for the type A nanofluid is superior as compare to the type B hybrid
nanofluid. In addition, the solution impact in the curves for the velocity gradient is more owing to
the impact of radiation parameter as compared to the significant impact of the other two parameters
which is exercised in Figures 4 and 7, respectively.
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Figure 8. Shows the variation of the velocity profile F′(η) for the case of assisting and opposing flow
versus the similarity variable η for the distinct values of the radiation parameter Rd.

Figure 9. The variation of the velocity profile F′(η) for the type A normal nanofluid as well as for
the type B hybrid nanofluid versus the similarity variable η for the distinct values of the radiation
parameter Rd.

Figures 10–13 show the variation of the dimensionless radius of the slender body parameter b and
the nanoparticle volume fraction φ2 on the skin friction against the mixed convection parameter ξ for
the two distinct cases such as the flow over the shape bodies and the corresponding type A nanofluid
and the type B hybrid nanofluid. The skin friction is reduced with enhanced b along the horizontal axis
of the range (−∞ < ξ ≤ 0) and augments in the spectrum (0 ≤ ξ < ∞) for the flow over the shape bodies
as well as for the types A and B nanofluid and hybrid nanofluid as highlighted in Figures 10 and 11,
respectively. The skin friction is higher in the range (0 ≤ ξ < ∞) for the flow over the cone shape body
and also for the type B hybrid nanofluid as compared to the flow on the paraboloid and the cylindrical
shape bodies as well as for the type A nanofluid, while the opposite trend is observed in the range
(−∞ < ξ ≤ 0) as shown in Figures 10 and 11. The range in both graphs is taken from −0.5 ≤ ξ ≤ 0.5
and it is not the fixed one we can vary from this range as a real number (−∞ < ξ < ∞) but due to this
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small range in the solution, the collision is more effectively significant. A similar behavior is detected
(Figures 10 and 11) for the skin friction owing to the nanoparticle volume fraction φ2 as described in
Figures 12 and 13, respectively. Hence, in Figures 12 and 13 illustrate more transparently the impact of
the curves of the flow over the shape bodies against the mixed convection parameter owing to b is
greater compared to φ2 on the skin friction while this gap for the type B hybrid nanofluid and type A
nanofluid owing the parameter φ2 is coarsened as compared to the dimensionless radius of the slender
body parameter b.

Figure 10. Deviation of the skin friction versus the mixed convection parameter ξ for the distinct values
of the dimensionless radius of the slender body parameter b.
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Figure 10. Deviation of the skin friction versus the mixed convection parameter     for the distinct 
values of the dimensionless radius of the slender body parameter  b . 

 

Figure 11. Deviation of the skin friction versus the mixed convection parameter ξ for the distinct values
of the dimensionless radius of the slender body parameter b.
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Figure 12. Deviation of the skin friction versus the mixed convection parameter ξ for distinct values of
the volume fraction of nanoparticle φ2.

Figure 13. Deviation of the skin friction versus the mixed convection parameter ξ for distinct values of
the volume fraction of nanoparticle φ2.

5. Concluding Remarks

The key points of the current study are summarized as:

• The velocity augments for the (ASSF) and declines for the (OPPF) owing to magnifying the
dimensionless radius of the slender body parameter b while the change behavior is detected in
response of the higher nanoparticle volume fraction φ2.

• The persistent effect of b, the velocity upsurges for the flow of the shape bodies like paraboloid
shape body (λ = 0), cylindrical shape body (λ = 1) as well as cone shape body (λ = −1) while the
same behavior of the velocity is seen in the type A nanofluid and type B hybrid nanofluid.
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• The velocity field decreases for the type A nanofluid as well as for the type B hybrid nanofluid
and also for the flow over the different shape bodies owing to φ2.

• Due to Rd, the velocity upsurges for the type A nanofluid as well as for the type B hybrid nanofluid
while for the type B hybrid nanofluid, the velocity is lesser relative to the type A nanofluid.

• The skin friction under the distinct shape bodies and along the type A nanofluid and type B
hybrid nanofluid are augmented for both parameter b and φ2 along the x-axis of the slender sheet
in the range 0 ≤ ξ < ∞while vice versa in the range −∞ < ξ ≤ 0.

This sort of problem may be useful in geothermal and geophysical applications. Thus, the outcomes
of the problem will be obliging in the evaluation and assessment of resources in geothermal energy.

Author Contributions: Conceptualization, A.Z.; Data curation, A.W.; Formal analysis, M.S.; Investigation, A.W.;
Methodology, U.K.; Resources, A.Z.; Software, U.K. and A.Z.; Supervision, D.B. All authors have read and agreed
to the published version of the manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Nield, D.A. Onset of Thermohaline Convection in a Porous Medium. Water Resour. Res. 1968, 4, 553–560.
[CrossRef]

2. Bejan, A.; Khair, K.R. Heat and mass transfer by natural convection in a porous medium. Int. J. Heat Mass
Transf. 1985, 28, 909–918. [CrossRef]

3. Lai, F.; Pop, I.; Kulack, F. Free and mixed convection from slender bodies of revolution in porous media.
Int. J. Heat Mass Transf. 1990, 33, 1767–1769. [CrossRef]

4. Yih, K.A. Coupled heat and mass transfer by free convection over a truncated cone in porous media:
VWT/VWC or VHF/VMF. Acta Mech. 1999, 137, 83–97. [CrossRef]

5. Bano, N.; Singh, B.B. An integral treatment for coupled heat and mass transfer by natural convection from a
radiating vertical thin needle in a porous medium. Int. Commun. Heat Mass Transf. 2017, 84, 41–48. [CrossRef]

6. Singh, B.; Chandarki, I. Integral treatment of coupled heat and mass transfer by natural convection from a
cylinder in porous media. Int. Commun. Heat Mass Transf. 2009, 36, 269–273. [CrossRef]

7. Ahmad, S.; Pop, I. Mixed convection boundary layer flow from a vertical flat plate embedded in a porous
medium filled with nanofluids. Int. Commun. Heat Mass Transf. 2010, 37, 987–991. [CrossRef]

8. Talebizadeh, P.; Moghimi, M.A.; Kimiaeifar, A.; Ameri, M. Numerical and analytical solutions for natural
convection flow with thermal radiation and mass transfer past a moving vertical porous plate by dqm and
ham. Int. J. Comput. Methods 2011, 8, 611–631. [CrossRef]

9. Moghimi, M.A.; Talebizadeh, P.; Mehrabian, M.A. Heat generation/absorption effects on magnetohydrodynamic
natural convection flow over a sphere in a non-Darcian porous medium. Proc. Inst. Mech. Eng. Part E
J. Process. Mech. Eng. 2010, 225, 29–39. [CrossRef]

10. Moghimi, M.A.; Tabaei, H.; Kimiaeifar, A. HAM and DQM solutions for slip flow over a flat plate in the
presence of constant heat flux. Math. Comput. Model. 2013, 58, 1704–1713. [CrossRef]

11. Raju, C.S.K.; Sandeep, N. Heat and mass transfer in MHD non-Newtonian bio-convection flow over a
rotating cone/plate with cross diffusion. J. Mol. Liq. 2016, 215, 115–126. [CrossRef]

12. Raju, C.S.K.; Saleem, S.; Upadhya, S.M.; Hussain, I. Heat and mass transport phenomena of radiated slender
body of three revolutions with saturated porous: Buongiorno’s model. Int. J. Therm. Sci. 2018, 132, 309–315.
[CrossRef]

13. Choi, S.U.S. Enhancing thermal conductivity of fluids with nanoparticles. In Proceedings of the
1995 International Mechanical Engineering Congress and Exhibition, San Francisco, CA, USA, 12–17
November 1995.

14. Eastman, J.A.; Choi, S.; Li, S.; Yu, W.; Thompson, L.J. Anomalously increased effective thermal conductivities
of ethylene glycol-based nanofluids containing copper nanoparticles. Appl. Phys. Lett. 2001, 78, 718–720.
[CrossRef]

172



Crystals 2020, 10, 771

15. Wen, D.; Ding, Y. Experimental investigation into convective heat transfer of nanofluids at the entrance
region under laminar flow conditions. Int. J. Heat Mass Transf. 2004, 47, 5181–5188. [CrossRef]

16. Ashorynejad, H.R.; Mohamad, A.A.; Sheikholeslami, M. Magnetic field effects on natural convection flow of
a nanofluid in a horizontal cylindrical annulus using Lattice Boltzmann method. Int. J. Therm. Sci. 2013, 64,
240–250. [CrossRef]

17. Ellahi, R.; Zeeshan, A.; Hassan, M. Particle shape effects on Marangoni convection boundary layer flow of a
nanofluid. Int. J. Numer. Methods Heat Fluid Flow 2016, 26, 2160–2174. [CrossRef]

18. Soomro, F.A.; Zaib, A.; Haq, R.U.; Sheikholeslami, M. Dual nature solution of water functionalized copper
nanoparticles along a permeable shrinking cylinder: FDM approach. Int. J. Heat Mass Transf. 2019, 129,
1242–1249. [CrossRef]

19. Tabassum, R.; Mehmood, R. Crosswise stream of methanol–iron oxide (CH3OH–Fe3O4) with
temperature-dependent viscosity and suction/injection effects. Proc. Inst. Mech. Eng. Part E: J. Process. Mech.
Eng. 2019, 233, 1013–1023. [CrossRef]

20. Zaib, A.; Khan, U.; Wakif, A.; Zaydan, M. Numerical Entropic Analysis of Mixed MHD Convective Flows
from a Non-Isothermal Vertical Flat Plate for Radiative Tangent Hyperbolic Blood Biofluids Conveying
Magnetite Ferroparticles: Dual Similarity Solutions. Arab. J. Sci. Eng. 2020, 45, 5311–5330. [CrossRef]

21. Sayed, A.Y.; Abdel-Wahed, M.S. Entropy analysis for an MHD nanofluid with a microrotation boundary
layer over a moving permeable plate. Eur. Phys. J. Plus 2020, 135, 1–17. [CrossRef]

22. Alsarraf, J.; Rahmani, R.; Shahsavar, A.; Afrand, M.; Wongwises, S.; Tran, M.D. Effect of magnetic field on
laminar forced convective heat transfer of MWCNT–Fe3O4/water hybrid nanofluid in a heated tube. J. Therm.
Anal. Calorim. 2019, 137, 1809–1825. [CrossRef]

23. Shahsavar, A.; Sardari, P.T.; Toghraie, D. Free convection heat transfer and entropy generation analysis of
water–Fe3O4/CNT hybrid nanofluid in a concentric annulus. Int. J. Numer. Methods Heat Fluid Flow 2019, 29,
915–934. [CrossRef]

24. Khan, U.; Shafiq, A.; Zaib, A.; Baleanu, D. Hybrid nanofluid on mixed convective radiative flow from an
irregular variably thick moving surface with convex and concave effects. Case Stud. Therm. Eng. 2020, 21,
100660. [CrossRef]

25. Minea, A.A. Hybrid nanofluids based on Al2O3, TiO2 and SiO2: Numerical evaluation of different approaches.
Int. J. Heat Mass Transf. 2017, 104, 852–860. [CrossRef]

26. Ghadikolaei, S.; Hosseinzadeh, K.; Hatami, M.; Ganji, D. MHD boundary layer analysis for micropolar dusty
fluid containing Hybrid nanoparticles (Cu-Al2O3) over a porous medium. J. Mol. Liq. 2018, 268, 813–823.
[CrossRef]

27. Sheikholeslami, M.; Gerdroodbary, M.B.; Shafee, A.; Tlili, I. Hybrid nanoparticles dispersion into water
inside a porous wavy tank involving magnetic force. J. Therm. Anal. Calorim. 2019, 1–7. [CrossRef]

28. Gholinia, M.; Armin, M.; Ranjbar, A.; Ganji, D. Numerical thermal study on CNTs/ C2H6O2– H2O hybrid
base nanofluid upon a porous stretching cylinder under impact of magnetic source. Case Stud. Therm. Eng.
2019, 14, 100490. [CrossRef]

29. Khan, U.; Zaib, A.; Mebarek-Oudina, F. Mixed Convective Magneto Flow of SiO2–MoS2/C2H6O2 Hybrid
Nanoliquids Through a Vertical Stretching/Shrinking Wedge: Stability Analysis. Arab. J. Sci. Eng. 2020, 1–13.
[CrossRef]

30. Tiwari, R.K.; Das, M.K. Heat transfer augmentation in a two-sided lid-driven differentially heated square
cavity utilizing nanofluids. Int. J. Heat Mass Transf. 2007, 50, 2002–2018. [CrossRef]

31. Pak, B.C.; Cho, Y.I. Hydrodynamic and heat transfer study of dispersed fluids with submicron metallic oxide
particles. Exp. Heat Transf. 1998, 11, 151–170. [CrossRef]

32. Suresh, S.; Venkitaraj, K.; Selvakumar, P.; Chandrasekar, M. Synthesis of Al2O3–Cu/water hybrid nanofluids
using two step method and its thermo physical properties. Colloids Surfaces A: Physicochem. Eng. Asp. 2011,
388, 41–48. [CrossRef]

33. Devi, S.S.U.; Devi, S.A. Numerical investigation of three-dimensional hybrid Cu–Al2O3/water nanofluid
flow over a stretching sheet with effecting Lorentz force subject to Newtonian heating. Can. J. Phys. 2016, 94,
490–496. [CrossRef]

173



Crystals 2020, 10, 771

34. Ahmad, R.; Mustafa, M.; Hina, S. Buongiorno’s model for fluid flow around a moving thin needle in a
flowing nanofluid: A numerical study. Chin. J. Phys. 2017, 55, 1264–1274. [CrossRef]

35. Salleh, S.N.A.; Bachok, N.; Arifin, N.M.; Ali, F.M.; Pop, I. Magnetohydrodynamics Flow Past a Moving
Vertical Thin Needle in a Nanofluid with Stability Analysis. Energies 2018, 11, 3297. [CrossRef]

© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

174



crystals

Article

Triple Solutions and Stability Analysis of Micropolar
Fluid Flow on an Exponentially Shrinking Surface

Liaquat Ali Lund 1,2 , Zurni Omar 1, Ilyas Khan 3,*, Dumitru Baleanu 4,5,6 and
Kottakkaran Sooppy Nisar 7

1 School of Quantitative Sciences, Universiti Utara Malaysia, Sintok 06010, Kedah, Malaysia;
balochliaqatali@gmail.com

2 KCAET Khairpur Mir’s, Sindh Agriculture University, Tandojam Sindh 70060, Pakistan; zurni@uum.edu.my
3 Faculty of Mathematics and Statistics, Ton Duc Thang University, Ho Chi Minh City 72915, Vietnam
4 Department of Mathematics, Cankaya University, 06790 Ankara, Turkey; dumitru@cankaya.edu.tr or

Baleanu@mail.cmuh.org.tw
5 Institute of Space Sciences, 077125 Magurele, Romania
6 Department of Medical Research, China Medical University Hospital, China Medical University,

Taichung 40447, Taiwan
7 Department of Mathematics, College of Arts and Sciences, Prince Sattam bin Abdulaziz University,

Wadi Aldawaser 11991, Saudi Arabia; n.sooppy@psau.edu.sa
* Correspondence: ilyaskhan@tdtu.edu.vn

Received: 11 March 2020; Accepted: 27 March 2020; Published: 9 April 2020
����������
�������

Abstract: In this article, we reconsidered the problem of Aurangzaib et al., and reproduced the results
for triple solutions. The system of governing equations has been transformed into the system of
non-linear ordinary differential equations (ODEs) by using exponential similarity transformation.
The system of ODEs is reduced to initial value problems (IVPs) by employing the shooting method
before solving IVPs by the Runge Kutta method. The results reveal that there are ranges of multiple
solutions, triple solutions, and a single solution. However, Aurangzaib et al., only found dual
solutions. The effect of the micropolar parameter, suction parameter, and Prandtl number on velocity,
angular velocity, and temperature profiles have been taken into account. Stability analysis of triple
solutions is performed and found that a physically possible stable solution is the first one, while all
leftover solutions are not stable and cannot be experimentally seen.

Keywords: similarity solution; triple solutions; stability analysis; shooting method; three-stage
Lobatto III-A formula

1. Introduction

Generally, the investigation of the non-Newtonian fluid flow in two-dimensional problems is a
hard task when multiple solutions are attempted to find because equations are related to high nonlinear
terms. In spite of these challenges, the researchers are making efforts to tackle these problems for
multiple solutions due to their wide range of applications in various science and industrial fields.
The category of non-Newtonian fluids which pacts with the suspended micro-rotational particles,
is known as the micropolar fluid. Eringen introduced the theory of micropolar [1,2]. He explained
the impacts of couple stresses and local rotational inertia that cannot be described by the standard
equations of Navier–Stokes. The micropolar equations are mathematically described for the theory of
porous media and the theory of lubrication in the books by Lukaszewicz [3] and Eringen [4]. There are
various applications of the micropolar fluids, for example, liquid crystals, particle suspension, animal
blood, lubrication, turbulent shear flows, and paints. Lok et al., [5] considered the stagnation point
flow of micropolar nanofluid and then succeeded to find the dual solution. It is also stated that only the
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stable solution is the upper branch by performing an analysis of stability. Sheremet et al., [6] examined
micropolar fluid with a convectional effect in a wavy triangular cavity. Bhattacharyya et al., [7] studied
the micropolar fluid with thermal radiation effect and discovered that there exist dual solutions, while
they did not perform the stability analysis. The dual solution has been discovered in the opposing flow
case for the micropolar fluid [8], whereas stability analysis has not been performed in their examination
of the multiple solutions. Ramzan et al., [9] investigated the nanofluid of micropolar non-Newtonian
kind of fluid on the stretching sheet and claimed that velocity and angular velocity have an inverse
relation with slip parameter. Turkyilmazoglu [10] analytically examined the Magnetohydrodynamic
(MHD) flow of micropolar fluid. Shah et al., [11] examined micropolar nanofluid with the effect of
the Casson parameter in the channel and stated that the thermal boundary layer becomes thicker
for the higher values of the Brownian motion parameter. Some papers have recently shown some
development on the micropolar fluid [12–16].

Nowadays, multiple solutions of fluid flow have received extensive consideration. Generally, many
researchers stated in their studies that non-uniqueness of solutions, depending on the non-linearity in
the fluid flow equations. Jawad et al. [17] stated that, due to the nonlinearity in fluid flow problems,
there is more than one solution; however, seeking all possible solutions challenges researchers. Further,
several of the approaches are ineffective because solutions are close together. Rohni [18] reported in
her Ph.D. thesis that “the multiplicity of solutions in fluid dynamics and heat transfer is important
to be able to be computed, since solutions arising from bifurcations often interact with one another
producing otherwise inexplicable phenomena”. Moreover, she claimed that, in order to notice all
possible solutions of any fluid, the flow problem is still a challenge. Mishra and DebRoy [19] described
that multiple solutions have many important applications when these are related to heat transfer,
because the final qualities and structure of many products of material processing in the industries can
be improved by the concept of multiple solutions. Lund et al., [20] considered nanofluid, with the
base fluid as sodium alginate and solid particles of copper and silver, over the shrinking sheet and
obtained dual solutions and reported that the existence of multiple solutions depends upon how the
researchers set the ranges of different applied physical parameters. Furthermore, they specified that
the dual solution depended on the range of the suction parameter. Khashi’ie et al. [21] highlighted the
importance of the multiple solutions and the stability analysis during the examination of the mixed
convection flow of the micropolar fluid. They stated “if the problem has non-unique solutions but
the researchers manage to find one solution only, there is a probability that the solution is the lower
branch solution (unstable/not real). This will lead to the misinterpretation of the flow and heat transfer
characteristics”. These papers include some significant studies on multiple solutions [22–24]. Here, it
is worth highlighting that, when multiple solutions appeared in any fluid flow problem, the study of
stability analysis should be considered. The first step in performing the stability analysis is, according
to Rana et al. [25], to change the governing equation to unsteady form by adding a new time dependent
variable for similarity. Lund et al., [26] found the dual solution of the Williamson fluid and claimed
that there existed an infinite number of the values of the smallest eigenvalue by performing the stability
of solutions. Waini et al., [27] reported that the stability of any solution dependent upon the sign of the
value of the smallest eigenvalue. If the value of eigenvalue is positive, it indicated the stable solution,
while the negative value of the smallest eigenvalue indicated the unstable solution [28].

The pointwise prime objectives of this study are, as follows:

1. Reconsidering the problem of Aurangzaib et al. [29].
2. To find all possible multiple solutions.
3. To perform the stability analysis that has not been considered by the Aurangzaib et al. [29].
4. Indicating the stable and unstable solutions by doing stability analysis, which cannot be

experientially seen, due to that mathematical analysis is necessary.

The authors tried their best to find all possible solutions due to the importance of multiple
solutions and lack of available literature in which triple solutions of any fluid flow problem were
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noticed. This paper is divided into six sections; Section 1 is for the brief introduction of micropolar fluid
and multiple solutions. Mathematical formulation, derivation of stability analysis, and methodology
are kept in Section 2, Section 3, and Section 4 respectively. Section 5 is for the result and discussion and
Section 6 is for the conclusion.

2. Mathematical Formulation

An incompressible laminar boundary layer two-dimensional flow of the micropolar fluid over the
exponentially shrinking sheet has been considered. The corresponding velocities of x and y-axes are u
and v. The shrinking velocity is assumed to be uw(x) = −Uwe

2x
` . The temperature of the sheet is taken

to be T w(x) = T∞ + T0e
x
2` , as shown in Figure 1. The N = N(x,y) is supposed as the angular velocity.

The respective boundary layer movement equation, along with micro rotations and the heat transfer
equations can be expressed as vectors in accordance with the abovementioned assumptions.

∇·V = 0 (1)

ρ
dV
dt

= −∇P + (µ+ κ)∇2V + κ(∇×N) (2)

ρ j
dN
dt

= γ∇2N− κ(2N−∇×V) (3)

ρcp
dT
dt

= k∇2T (4)

in which velocity vector is V ≡ [u(x, y), v(x, y), 0], the micro-rotation vector is N, ρ stands for fluid
density, µ for viscosity coefficient, κ for vertex viscosity, j is the density of micro-rotation, and γ stands
for micropolar constant. We get following boundary layer equations according to the scale analysis.

∂u
∂x

+
∂v
∂y

= 0 (5)

u
∂u
∂x

+ v
∂u
∂y

=

(
ϑ+

κ
ρ

)
∂2u
∂y2 +

κ
ρ
∂N
∂y

(6)

u
∂N
∂x

+ v
∂N
∂y

=
γ

ρ j
∂2N
∂y2 −

κ
ρ j

(
2N +

∂u
∂y

)
(7)

u
∂T
∂x

+ v
∂T
∂y

= α
∂2T
∂y2 (8)

Subject to these boundary conditions

v = vw(x); u = uw(x); N = −m
∂u
∂y

; T = T w(x); at y = 0

u→ 0; N→ 0; T→ T∞ as y→∞
(9)

Now, we look for similarity transformation variables in order to transform Equations (6)–(8) with
boundary conditions (9)

u = Uwe
x
l f ′(η); v = −

√
ϑUw

2l
e

x
2l ( f (η) + η f ′(η)); N = Uwe

3x
2l

√
Uw

2ϑl
h(η);

θ(η) =
(T − T∞)
(Tw − T∞)

; η = y

√
Uw

2ϑl
e

x
2l

(10)
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By applying Equation (10) in Equations (6)–(9), we have the following system of similarity
transformed ordinary differential equations

(1 + K) f ′′′ + f f ′′ − 2 f
′2 + Kh′ = 0 (11)

(
1 +

K
2

)
h′′ + f h′ − 3 f ′h−K(2h + f ′′ ) = 0 (12)

1
Pr
θ′′ + fθ′ − f ′θ = 0 (13)

Subject to boundary conditions

f (0) = S; f ′(0) = −1; h(0) = −n f ′′ (0); θ(0) = 1
f ′(η)→ 0; h(η)→ 0; θ(η)→ 0; as η→∞ (14)

where prime denotes the differentiation with respect to η, the micropolar material parameter is K = κ
µ ,

Prandtl number is Pr = ϑ
α , and suction is S = − vw√

ϑUw/2l
.

The physical quantities of interest include skin friction, the stress of local couples, and the local
number of Nusselt, which are described as

C f =

[
(µ+ κ) ∂u

∂y + κN
]

y=0

ρu2
w

; Mx =

−γ
[
∂N
∂y

]

y=0

ρxu2
w

; Nu =

−x
[
∂T
∂y

]

y=0

(Tw − T∞)
(15)

By applying similarity transformation variables (10) in Equation (15), we have

C f (Rex)
1
2
√

2l/x = (1 + (1−m)K) f ′′ (0), MxRex =
(
1 +

K
2

)
h′(0),

Nu(Rex)
− 1

2
√

2l/x = −θ′(0)
(16)

where Rex = xuw/ϑ is the local Reynolds number.
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3. Stability Analysis

According to Nasir et al., [28] and Rana et al., [25], we need to introduce the unsteady form of
Equations (6)–(8) in order to perform stability test,

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

=

(
ϑ+

κ
ρ

)
∂2u
∂y2 +

κ
ρ
∂N
∂y

(17)

∂N
∂t

+ u
∂N
∂x

+ v
∂N
∂y

=
γ

ρ j
∂2N
∂y2 −

κ
ρ j

(
2N +

∂u
∂y

)
(18)

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

=
k∗
ρcp

∂2T
∂y2 (19)

where time is denoted by t. The similarity transformations are written according to Roşca and Pop [30], as,

ψ =
√

2ϑLae
x

2L f (η, τ); N = ae
3x
2L

√
a

2ϑL
h(η, τ);θ(η, τ) =

(T − T∞)
(Tw − T∞)

;

η = y

√
a

2ϑL
e

x
2L ; τ =

a
2L

e
x
L .t

(20)

By applying these similarity transformations, we reduced our Equations (17)–(19) into the
following form

(1 + K)
∂3 f
∂η3 + f

∂2 f
∂η2 − 2

(
∂ f
∂η

)2

+ K
∂h
∂η
− ∂2 f
∂τ∂η

= 2τ
(
∂ f
∂η

∂2 f
∂η∂x

− ∂
2 f
∂η2

∂ f
∂x

)
(21)

(
1 +

K
2

)
∂2h
∂η2 + f

∂h
∂η
− 3h

∂ f
∂η
− 2Kh−K

∂2 f
∂η2 −

∂h
∂τ

= 2τ
(
∂ f
∂η
∂h
∂x
− ∂h
∂η

∂ f
∂x

)
(22)

1
Pr
∂2θ

∂η2 + f
∂θ
∂η
− θ∂ f

∂η
− ∂θ
∂τ

= 2τ
(
∂ f
∂η
∂θ
∂x
− ∂θ
∂η

∂ f
∂x

)
(23)

with the following boundary conditions

f (0, τ) = S;
∂ f (0, τ)
∂η

= −1; h(0, τ) = −m
∂2 f (0, τ)
∂η2 ; θ(0, τ) = 1

∂ f (η, τ)
∂η

→ 0; h(η, τ)→ 0; θ(η, τ)→ 0 as η→∞
(24)

and then we applied perturbed with the disturbance (see Roşca and Pop [30]) in Equations (21)–(24)
with the following functions

f (η, τ) = f0(η) + e−ετF(η, τ)

h(η, τ) = h0(η) + e−ετG(η, τ)

θ(η, τ) = θ0(η) + e−ετH(η, τ)

(25)

where F(η, τ), G(η, τ), and H(η, τ) are small relative to f0(η), h0(η), and θ0(η), respectively. Further, ε
is the unknown eigenvalue. By substituting Equation (25) in Equations (21)–(23) by keeping τ = 0, we
have following the linearized eigenvalue problems

(1 + K)F′′′0 + f0F′′0 + F0 f ′′0 − 4 f ′0 F′0 + KG′0 + εF′0 = 0 (26)

(
1 +

K
2

)
G′′0 + f0G′0 + F0h′0 − 3h0F′0 − 3h0F′0 − 2KG0 −KF′′0 + εG0 = 0 (27)
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1
Pr

H′′0 + f0H′0 + F0θ
′
0 − f ′0 H0 − F′0θ0 + εH0 = 0 (28)

With the boundary conditions

F0(0) = 0, F′0(0) = 0, G0(0) = −nF′′0 (0), H0(0) = 0
F′0(η)→ 0, G0(η)→ 0, H0(η)→ 0, as η→∞ (29)

We have to solve above linearized Equations (10)–(13) with new relax boundary conditions in
order to find the values of smallest eigenvalue. In this particular problem, we have relaxed H0(η)→ 0
as η→∞ into H′0(0) = 1, see [31–33].

4. Numerical Methods

The governing ODEs are highly non-linear and, therefore, we adopt the numerical approach in
order to solve Equations (11)–(14) and Equations (26)–(19). In this study, two methods have been
employed, namely shooting method and Three-stage Lobatto III-A formula, which were used in many
research articles of same authors previously [refer to 17,20,23,26]. The descriptions regarding these
methods are explained below.

4.1. Shooting Method

The shooting technique along with the Runge Kutta method of the fourth order is employed in
order to obtain the numerical solutions of Equations (11)–(13) subject to the boundary conditions.
Shooting method helps to reduce the third order ODEs (11)–(13) into the first-order ODEs, such that

p = f ′, q = p′, r = h′; q′ = 1
1 + K

{
2p2 − f q−Kr

}
(30)

r = h; r′ = 2
2 + K

{
3ph− f r + K(2h + q)

}
(31)

s = θ′; s′ = Pr
{
pθ− f s

}
(32)

with conditions

f (0) = S; p(0) = −1; q(0) = α1; h(0) = −nα1; r(0) = α2; θ(0) = 1; s(0) = α3

where α1, α2, and α3 are called as unknown initial conditions. These three missing values α1, α2, and α3

have to be obtained by using different shoots; this process of shoots will be continue until the profiles
of the f ′(η)→ 0; h(η)→ 0; and θ(η)→ 0 are satisfied the boundary condition η→∞ . Maple (18)
software has been used to convert the system of the third order ODEs into the system of the first order
ODEs, for this process shootlib function is built-in Maple. Using RK method solves the system of the
first order ODEs. Further, a detailed discussion about the shooting method with Maple software can
be seen in the paper of Meade et al. [34].

4.2. Three-Stage Lobatto III-A Formula

Three-stage Lobatto III-A formula is built in BVP4C function with aid of C1 piece-wise cubic
polynomial in the finite difference code. According to Lund et al., [35] and Raza et al., [36], “this
collocation polynomial and formula offers a C1 continuous solution in which mesh error control and
selection are created on the residual of the continuous solution. The tolerance of relative error is fixed
10−5 for the current problem. The suitable mesh determination is created and returned in the field
sol.x. The bvp4c returns solution, called as sol.y., as a construction. In any case, values of the solution
are gotten from the array named sol.y relating to the field sol.x”. In addition, Figure 2 explains the
algorithm of the method for stability analysis of the solutions.
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5. Result and Discussion

Aurangzaib et al., [29] solved these Equations (11)–(14) and found dual solutions, which was
the main contribution of authors. Aurangzaib et al., [29] have given some strong statements during
the investigation of critical points. Before going to detail, we check the accuracy of our method
(shooting method) by comparing our results with previously published literature in Table 1 and
found excellent agreement with them. Moreover, we also qualitatively compared our results with
Aurangzaib et al., [29] in Figure 3 and found in the good agreement. This gives trust in our numerical
calculation and urges us to additionally contemplate this problem. Aurangzaib et al., [29] found dual
solutions and stated in the result and discussion section that “the present study shows that for K = 0.1,
i.e., for micropolar fluid, the similarity solutions exist when S ≥ 2.3231 and no similarity solution exists
for S < 2.3231”. Firstly, we would like to clarify that there exist triple solutions not dual solutions;
secondly, there is a range of multiple solutions and single solution. From Figure 4, a conclusion can
be made that there exists multiple similarity solutions when S ≥ 2.3224 and only a single similarity
solution exists for S < 2.3224 when K = 0.1. However, the range of multiple similarity solution is
2.3769 ≤ S and there also exists only a single solution when S < 2.3769 when K = 0.2 (see Figure 4).
Furthermore, skin friction increases as suction is increased in the third solution. It is worth mentioning
here that there is no range of no solution. This is one of the big reasons that insist us to reconsider and
re-examine the whole problem by reproducing all of the results because there are triple solutions in
order to provide true knowledge to the readers and researchers.

Table 1. The comparison of values of heat transfer rate for different values of Pr.

Pr M Ishak [33] Pramanik [37] Raju et al. [38] Present Results

1 0 0.9548 0.9547 0.954734 0.954955
2 0 1.4715 1.4714 1.471426 1.471421
3 0 1.8691 1.8691 1.869134 1.869044

10 0 3.6603 3.6603 3.660312 3.660354
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Figure 5 illustrates the effect of micropolar parameter on the h′(0). The effect of local couple
stress enhanced as the suction increases in the first and third solutions because increasing suction
creates additional resistance in the flowing fluid inside the boundary layer. However, increments in
the material parameter produce more coupling of stress. Figure 6 shows the nature of the heat transfer
rate for various values of the suction. It has been examined that the heat transfer rate increases in
the first and second solutions for the higher values of the suction parameter, while the third solution
shows opposite compliance.
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Finally, we plot Figures 7–10 to show the existence of triple solutions of velocity, microrotation,
and temperature profiles for different values of material parameter K. In Figure 7, the dual nature
of behavior has been noticed in the first solution. Velocity profile increases in the second solution
when K is increased; the physical material parameter reduces the effect of drag force due to that
thickness of the momentum boundary layer enhanced. On the other hand, the opposite trend has
been observed in the third solution. Dual behavior can be noticed microrotation profile in Figure 8
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for all solutions. The thickness of thermal boundary layer increases in the first and second solutions
as material parameter K is increased, as in Figure 9, since the non-Newtonian parameter produces
more viscosity, decreases the velocity of profiles, and forces fluid flow to stay on the hotter surface, as a
result temperature of fluid increases and the boundary layer becomes thicker. However, the opposite
behavior is noticed for the third solution. The Prandtl effect on the temperature distribution is depicted
in Figure 10. It is observed that the temperature of fluid diminishes for the higher values of the Prandtl
number for all solutions. Physically, it can be explained, as the Prandtl number (Pr =

µcp
k ) has an

inverse relationship with the thermal conductivity and, consequently, diminishes the thickness of the
thermal boundary layer.
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Table 2 shows the smallest eigenvalues ε for the selected values of S and K. The positive smallest
eigenvalue makes the initial disturbance decay and, in this way, the flow becomes stable. Conversely,
the negative smallest eigenvalue outcomes in an initial growth of disturbance, in this manner, the flow
is unstable. It is seen from Table 2 that ε is negative for the second and the third solutions, while positive
for the first solution. Thus, the second and the third solution are not stable, and the first solution is
stable. From this discussion, it can be concluded that the first solution of Aurangzaib et al., [29] is not
stable and not physically realizable; therefore, in this stage, it could be said that the first solution is
actually the second or the third solution.
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Table 2. Smallest eigen values ε at several values of S and K when Pr = 1.

K S
ε

1st solution 2nd solution 3rd solution

0.1 2.3224 1.28061 0 0
- 2.4 1.0662 −0.06382 −0.13406

0.2 2.3769 1.36201 0 0
- 2.4 1.1364 −0.10482 −0.17482

6. Conclusions

The micropolar fluid over the shrinking surface has been considered. The system of governing
equations has been transformed into the system of ODEs by using appropriate exponential similarity
transformation. The system of ODEs is reduced to IVPs by employing the shooting method before
solving IVPs by the Runge Kutta method. The pointwise conclusions of this study are given below:

1. Triple solutions appear.
2. There are ranges of multiple solutions and no solutions that depend upon the suction parameter.
3. According to stability analysis, the first solution is stable, which can be experimentally seen.
4. The results of Aurangzaib et al., [29] are unstable.
5. The thickness of thermal boundary layer increases in the first and the second solutions as material

parameter K is increased.
6. Increments in the material parameter produce more couple stress.
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