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Abstract

The rapid development of the low-altitude economy demands comprehensive electromag-
netic spectrum awareness. However, constructing a comprehensive radio environment
map (REM) in this scenario is challenging, as spectrum sensing data collected by un-
manned aerial vehicles (UAVs) in complex low-altitude environments is typically sparse,
fragmented, and non-uniformly distributed across the high-dimensional space of time,
frequency, and 3D space. To address these issues, this study proposes a rank-adaptive
Bayesian tensor ring completion (Ra-BTRC) framework. The method models the low-
altitude electromagnetic environment as a unified five-dimensional (5D) spectrum tensor.
It then employs tensor ring (TR) decomposition to capture latent high-order correlations
across all dimensions. To overcome the sensitivity of conventional TR methods to prede-
fined ranks, Ra-BTRC introduces sparsity-inducing priors on the TR core factors, enabling
variational Bayesian inference to learn observation uncertainty and infer effective TR ranks
from sparse measurements without manually fixing the TR rank. Simulations demon-
strate that Ra-BTRC significantly outperforms existing TR-based baselines, achieving more
than 10 dB MMSE improvement at a 5% sampling rate while accurately recovering local
spectrum structures and temporal dynamics. The proposed approach provides a robust
and scalable solution for reliable global low-altitude spectrum cognition under stringent
sensing budgets.

Keywords: low-altitude economy; radio environment map; tensor completion; tensor ring
decomposition; Bayesian inference

1. Introduction

The low-altitude economy (LAE) is rapidly emerging as a major driver of a new wave
of industrial upgrading and urban airspace development [1]. Intelligent low-altitude plat-
forms, represented by unmanned aerial vehicles (UAVs) and electric vertical take-off and
landing aircraft (eVTOLs), are being increasingly deployed in logistics delivery, emergency
rescue, urban inspection, aerial transportation, and public safety [2]. Such aerial systems
rely heavily on robust wireless communications for critical operations, including flight con-
trol, swarm coordination, and payload data transmission [3]. However, the inherently high
mobility in low-altitude airspace, frequent channel fluctuations, and complex interference
caused by heterogeneous services lead to continuous temporal and spatial variations in
interference levels, channel conditions, and traffic demands. Consequently, this exacerbates
spectrum congestion, reduces frequency reuse efficiency, and increases difficulty in resource
management [4]. Furthermore, comprehensive electromagnetic spectrum awareness is
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foundational to various downstream wireless capabilities, including interference avoidance,
adaptive link selection, interference-free trajectory or routing planning, localization, and
environmental sensing [5]. Therefore, accurately estimating electromagnetic spectrum
usage and its evolution patterns is a crucial prerequisite for enhancing the operational
efficiency, reliability, and safety of the LAE [6].

The electromagnetic spectrum map, or radio environment map (REM), is a key technol-
ogy for low-altitude spectrum cognition [7]. By fusing multidimensional sensing data into
a digital twin of the electromagnetic environment, it provides global a priori information
for 6G dynamic spectrum sharing and UAV path planning [8]. However, owing to the
stringent size, weight, and power constraints of UAVs, individual sensing capabilities are
restricted to limited communication range and specific service bands, making continuous
wide-area coverage unattainable [9]. Additionally, the complex low-altitude environment
characterized by severe shadowing from buildings and fast time-varying channels due
to high mobility, causes the collected spectrum data to be highly sparse, fragmented, and
non-uniformly distributed. Consequently, leveraging inherent spectrum sensing data cor-
relations to accurately complete missing values and construct the spectrum situations
of unobserved regions has emerged as the fundamental challenge in building practical
low-altitude REMs [10].

For REM construction in low-altitude scenarios, existing studies mainly rely on UAV-
borne measurements to infer the radio environment along flight trajectories. In particular,
aerial spectrum surveying frameworks have been proposed to gather measurements online
and continuously update radio map estimates during UAV missions [11]. To support
integrated space—air—ground networking, 3D voxel-based REM construction has been
investigated, where discretization accuracy, boundary effects, and flight costs are jointly
considered and path planning is often incorporated to improve mapping efficiency [12].
In terms of modeling, a representative approach explicitly incorporates environmental
geometry by reconstructing 3D obstacle semantics prior to radio mapping and further
formulates air-to-ground channel gain prediction as a full-dimensional (6D) radio map
construction problem, thereby effectively reducing the required measurement density [13].
Moreover, multi-UAV collaborative mapping in urban environments has also been studied
to address the complexity of low-altitude propagation and to enable more systematic data
collection and map construction pipelines [14].

Although these studies have advanced low-altitude REM from 2D to 3D, their pri-
mary outputs remain spatial maps constrained to specific frequency bands and limited
time windows. Essentially, they employ slice-based or quasi-static processing in the time
and frequency dimensions [11-14]. However, for low-altitude systems jointly shaped
by mobility-induced temporal variation, frequency selectivity, and altitude-/blockage-
dependent spatial heterogeneity, the spectrum situation can be more naturally viewed as a
strongly coupled five-dimensional (5D) field over time, frequency, and three-dimensional
space. Existing 3D methods inherently capture mere “snapshots” of this 5D system, fail-
ing to fully exploit the high-order correlations across time, frequency, and altitude layers.
Conversely, naively extending low-dimensional construction frameworks to the full 5D
setting under severely sparse and non-uniform observations leads to a highly ill-posed
completion problem with severe sample-complexity and computational challenges, which
hampers reconstruction accuracy and the construction of highly available and scalable
global low-altitude REMs [15].

Low-rank tensor completion offers an effective paradigm for modeling high-dimensional
spectrum data [16]. By capturing the latent low-rank structure of multidimensional ob-
servations, it transforms high-dimensional sparse sensing into a missing-entry recovery
problem that leverages cross-domain correlations, thereby enabling high-dimensional REM
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construction under limited sampling budgets [15-17]. Compared to traditional CANDE-
COMP/PARAFAC (CP) or Tucker decompositions [18], tensor ring (TR) decomposition
represents high-order tensors via a circular cascade of core tensors, offering greater repre-
sentational flexibility and a more balanced rank distribution [19]. Under controlled ranks,
its parameter scale and computational overhead scale more gracefully with the tensor order,
making it exceptionally well-suited for characterizing the tightly coupled 5D spectrum
tensor structure [20]. Recent studies have introduced TR to REM completion. For instance,
some works tensorize spatial-temporal spectrum data and employ TR low-rank factors to
recover missing entries, further incorporating a dynamic window mechanism to reduce
computational overhead and enhance real-time performance in time-varying scenarios [21].
However, existing TR completion methods (such as TR-ALS [22] and TR-WOPT [23] based
on alternating optimization) typically require pre-defining or initializing the TR rank, fol-
lowed by optimization under a fixed rank. A large rank causes overfitting and spurious
structures under sparse observations, while a small rank leads to underfitting and lost
spectral details [24]. This problem is particularly critical in low-altitude REM construction
because the intrinsic rank of the spectrum tensor changes with emitter activity, propaga-
tion complexity, altitude-dependent blockage, and sensing sparsity. For example, smooth
line-of-sight dominated regions may require only a compact rank structure, whereas multi-
emitter interference, blockage-induced shadowing, or highly fragmented UAV observations
may require higher model capacity. A manually fixed rank is therefore unlikely to remain
suitable across different airspace regions, time slots, and sampling budgets.

To address the above challenges, we propose a Rank-Adaptive Bayesian Tensor Ring
Completion (Ra-BTRC) method for constructing 5D REMs in low-altitude scenarios. The
main contributions of this work are summarized as follows:

*  We formulate the low-altitude electromagnetic environment as a unified 5D (T-F-X-Y-Z)
dynamic spectrum tensor field. By introducing TR decomposition, our approach fully
exploits the latent high-order correlations across spatial, temporal, and frequency do-
mains, effectively mitigating the curse of dimensionality inherent in high-dimensional
spectrum completion.

e  To overcome the sensitivity of conventional TR algorithms to predefined ranks, we
develop the Ra-BTRC model for sparse low-altitude REM construction. By imposing
sparsity-inducing hierarchical priors on the TR core factors, the model automatically
prunes redundant components during variational inference. This yields adaptive
effective rank estimation without requiring prior rank specification.

e  Extensive experiments demonstrate that Ra-BTRC significantly outperforms existing
baselines at extremely low sampling rates (e.g., 1-5%). The proposed method accu-
rately captures the strong local correlations and non-linear features of the 5D spectrum
data, providing a highly reliable and scalable technical pathway for deploying 6G
low-altitude cognitive networks under severe sampling constraints.

2. Related Works
2.1. REM Construction in Low-Altitude Scenarios

Recent years have witnessed increasing interest in constructing REMs for LAE net-
works, where UAVs/eVTOLs rely on reliable wireless links for command-and-control and
payload data delivery. A common paradigm is to use UAV-borne measurements as the
primary data source, since aerial platforms can flexibly probe the radio environment in 3D
spaces and collect spectrum observations at locations that are difficult to instrument from
the ground.

A representative line of work treats REM construction as an aerial surveying problem,
a UAV autonomously collects measurements along its flight path and updates the radio

https://doi.org/10.3390 /bdcc10070220


https://doi.org/10.3390/bdcc10070220

Big Data Cogn. Comput. 2026, 10, 220

40f29

map estimate online to improve adaptability in dynamic environments. For example,
Romero et al. [11] proposed an aerial spectrum surveying framework that performs online
Bayesian learning to update the radio map estimate (and its uncertainty) whenever a new
measurement is acquired, enabling real-time operation during UAV missions. To address
the trade-off between sensing accuracy and operational costs, Wei et al. [12] investigated
3D voxel-based REM construction within integrated space—air-ground networks. Their
work emphasizes the optimization of discretization accuracy and boundary errors through
strategic path planning. Similarly, Ivanov et al. [25] conducted large-scale volumetric
measurements to empirically validate the spatial variation of 3D aerial links, providing a
data-driven basis for REM estimation under limited sampling budgets.

Beyond pure data-driven methods, recent studies have integrated environmental
geometry to improve reconstruction efficiency. A representative approach proposed by
Liu et al. [13] explicitly incorporates 3D obstacle semantics into the mapping process, for-
mulating air-to-ground channel gain prediction as a full-dimensional (6D) radio map
problem, which effectively reduces the required measurement density by leveraging phys-
ical priors. Furthermore, Lin et al. [14] explored multi-UAV collaborative mapping in
urban environments, highlighting that the intricate multipath and shadowing effects in
low-altitude channels prevent simplified analytical modeling and require more systematic
data collection and completion pipelines.

Although the above studies have significantly advanced low-altitude REM construc-
tion, their primary outputs are still 2D maps at a fixed altitude or 3D spatial maps over a
limited time window and/or a single (or a few) frequency bands. In other words, the time
and frequency dimensions are often handled in a slice-wise manner, e.g., building separate
maps per time window or per band, which effectively treats the underlying low-altitude ra-
dio environment as a sequence of quasi-static snapshots. This practice may lose exploitable
high-order correlations across time—frequency-3D space, thereby limiting construction
fidelity and scalability when measurements are extremely sparse.

2.2. Tensor Decomposition and Completion in REM

REMs naturally exhibit multi-dimensional structures (e.g., space—frequency-time),
which can be conveniently represented as high-order tensors. Under limited sensing bud-
gets, recovering a complete REM from sparse observations is commonly formulated as a
tensor completion problem by exploiting the latent low-rank structure of the underlying
REM tensor. In such formulations, tensor decomposition provides a concrete parame-
terization of the low-rank prior by factorizing the REM tensor into a small set of latent
factors, thereby reducing the degrees of freedom and enabling missing-entry recovery from
incomplete measurements [18].

Early REM construction works primarily adopted CP and Tucker decompositions
to capture multi-linear correlations. For instance, Tang et al. [16] utilized the HaLRTC
formulation to recover missing measurements in multi-dimensional spectrum data, while
Chen et al. [15] demonstrated that CP factorization can effectively exploit cross-domain
correlations to reconstruct dynamic spatial-spectral-temporal REMs. While these founda-
tional models offer concise representations, CP-rank determination is generally NP-hard
and Tucker-based approaches often suffer from the curse of dimensionality as the tensor
order increases, limiting their applicability in 5D REM construction.

To improve scalability, tensor train (TT) and TR decompositions have been intro-
duced for high-order REM construction [21,26]. Although TT models offer linear storage
complexity, their open-chain structure may fail to capture the cyclic or symmetric corre-
lations inherent in circular UAV trajectories or periodic temporal patterns. In contrast,
TR is particularly suitable for high-dimensional coupled REMs due to its circular struc-
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ture and more balanced rank distribution. Recent advancements, such as the TRLRF and
dynamic-window TR frameworks [21], have successfully employed TR low-rank factors to
enhance reconstruction accuracy and computational efficiency in time-varying scenarios,
demonstrating superior representational flexibility for 5D structures.

However, most TR completion methods (e.g., TR-ALS [22], TR-WOPT [23]) still require
pre-defining the TR rank, which remains a primary bottleneck for autonomous REM
construction. In dynamic low-altitude scenarios, the intrinsic rank of the spectrum tensor
is typically unknown and fluctuates with environmental complexity. A rank set too high
often leads to overfitting, where the model misinterprets measurement noise as signal
structure, whereas a rank set too low results in underfitting, smoothing out critical spectral
details such as localized interference peaks. This sensitivity to rank selection hinders the
robustness and self-adaptive operation of TR-based frameworks in 6G cognitive networks,
necessitating more advanced rank-adaptive inference mechanisms.

To clarify the research gap, Table 1 summarizes representative studies from the two
lines of related work. Existing low-altitude REM studies mainly focus on 2D /3D spatial
maps, while tensor completion-based REM methods exploit CP, Tucker, TT, or TR structures
but generally do not address adaptive TR rank estimation for sparse 5D low-altitude
REM reconstruction.

Table 1. Comparison of representative low-altitude REM construction and tensor completion-based
REM methods.

Category Works Dimension Strategy Strength Limitation
Aerial UAV sensing; %‘K’\I;_ Ob;t:e dma Limited
Low-altitude REM  surveying [11]; X-Y/X-Y-Z online/voxel P time—frequency-3D
voxel REM [12] mapping update and spatial coupling
discretization
Geometry-assisted ~ X-Y-Z or Obstacle-aware Improves urban Not focused on

Low-altitude REM

Tensor REM

Tensor REM

Tensor REM

Proposed

and multi-UAV

geometry-assisted

and collaborative

mapping with en-

sparse 5D spectrum

mapping [13,14] ma sensin vironmental/UAV tensor completion
ppng L1 P & information P
HaLRTC/Tucker; Tucker/nuclear Exploits iilll;(bsiiltecjfalroen and
CP T-F-X/T-F-X-Y norm; CP multilinear difficult i}rll hieh
methods [15,16] factorization low-rank structure order &
1T Tensor train Linear storage Wealk direct
cartography [26] XX-Z completion complexity boundary-mode
coupling
TRLRF.and. Tensor ring Flexible high-order IR ran.ks require
dynamic-window  T-X-Y completion representation predefined or
TR [21] p P external selection
Bavesian tensor Data-driven Currently validated
Ra-BTRC T-F-X-Y-Z 2y . effective rank mainly by controlled
ring completion o . .
estimation simulations

This comparison motivates the proposed Ra-BTRC framework, which focuses on rank-
adaptive Bayesian TR completion for sparse 5D REM construction over time, frequency,
and 3D space.

3. System Model and Problem Formulation

Consider a typical urban LAE network scenario, as illustrated in Figure 1. UAVs
perform tasks such as cruising, inspection, or communication relay in low-altitude airspace
while carrying radio-frequency sensing modules to measure the spectrum over target bands.
The collected observations are then transmitted to the ground control center in real time or
near real time via air-to-ground links. On the ground side, sparse measurements from UAVs
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are fused to construct a complete REM, which supports low-altitude spectrum cognition
and downstream tasks. The core objective considered in this paper is to recover the
global spectrum situation from limited discrete measurements under constrained sensing
budgets. Specifically, we aim to estimate and complete the spectrum situations across
unmeasured spatial regions, frequency bands, and time slots, overcoming the challenge of
sparse and non-uniformly missing observations. Based on this sensing architecture, this
section formulates the low-altitude REM construction task as a sparse 5D tensor completion
problem and then specifies the TR-based low-rank representation used in this work.

Il pxl 1 X1,

F Sparse 5D spectrum tensor ) € R
> Air-to-Ground Link 7= Sensing
V0 fr%;0,52) { e "
V(b o 307) [ gl .
B | T .
:*: y(tk’f;:’xk’yk’zk) ' .,:': [ {1 ‘\ -

Il < xl X,

e
Full 5D spectrum tensor X' e R

o e

Figure 1. System model of low-altitude 5D REM construction. UAVs equipped with radio-frequency
sensing modules collect sparse spectrum measurements during low-altitude missions and transmit
them to the ground control center via air-to-ground links, where the observations are fused to
complete the global spectrum situation.

3.1. Low-Altitude 5D Spectrum Tensor Model

We first discretize the space and establish a REM construction model. Let A C R3
denote the physical domain of the target low-altitude airspace. After spatial discretization,
A is represented by an I x I, X I, voxel grid, where each voxel center is indexed by
(x,y,z) withx € {1,..., I, },y € {1,...,I;},and z € {1,..., I, }. Similarly, the continuous
observation time window is divided into I; equal-length time slots, where each slot is
sufficiently short to capture the instantaneous variation of spectrum occupancy (e.g., at
the millisecond level). The target frequency band is partitioned into I¢ orthogonal sub-
channels or frequency bins to distinguish interference characteristics across heterogeneous
service bands. Based on this discretization framework, we reasonably assume that the
electromagnetic signal strength remains constant within each independent time-frequency-
spatial voxel. Consequently, the global low-altitude electromagnetic spectrum situation can
be modeled as a 5D spectrum tensor X' € RIxIxLexly XL here each entry X (¢, f,x,,z)
represents the received spectrum power at the ¢-th time slot, the f-th frequency bin, and
spatial location (x, y,z), measured by the UAVs. In the proposed model, X is represented
in normalized linear power units, because received powers from multiple emitters are
physically additive in the linear domain.

According to the physical principles of electromagnetic wave propagation, X (¢, f, x,y,z)
can be approximately characterized by a limited number of dominant physical factors, such
as transmitter/receiver characteristics, large-scale path loss, and shadow fading, over the
5D time—frequency-spatial domain [27]. Let r = (x,y, z) denote the voxel center coordinate.
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The received spectrum power at time slot ¢, frequency bin f, and location r can be described
by the following generic multi-transmitter model:

X(tf,r) =Y Pt flhs(t, f,1)|> + 02, (1)

seS

where Ps(t, f) is the transmit power of the s-th signal source at (t, f), ¢ is the noise power.
The channel frequency response (¢, f, r) depends on space, time, and frequency, and can
typically be further decomposed into large-scale and small-scale fading components, i.e.,

s(fr) Ss(r)
Ihs(t, £,1)[2 2 10750 10750 - g (L, £, 1) 2)

where PL;(f, r) denotes the path loss associated with position r (e.g., geometric distance,
blockage or Line-of-Sight conditions, and altitude) and frequency f; Ss(r) denotes the
shadowing term, which is heavily dependent on environmental structures and varies
continuously in space; and g;(t, f, r) captures the fast fading component (varying with ¢
and f) induced by the Doppler effect and delay spread. Therefore, X' is generated by the
joint effects of r, t, and f. Adjacent spatial voxels often exhibit similar PLs(f,r) and Ss(r),
neighboring frequency bins tend to share similar frequency responses, and both traffic
occupancy and channel conditions are usually temporally correlated over short time slots.
As a result, the spectrum tensor exhibits strong correlation and low-rank structure across
the spatial, temporal, and frequency domains.

3.2. Sparse UAV Observation Model

Constrained by UAV trajectory coverage, scanning bandwidth, and sensing budgets,
only partial received spectrum power observations can be obtained over the time-frequency-
spatial voxel. Let ) € RIXIpxLxly XL qanote the observed tensor, and define the observa-
tion setas Q) C [I¢] x [If] x [Lc] x [Iy] x [I:], where (t, f, x,y,z) € Q indicates that a valid
observation is available at the corresponding voxel point. We further define a binary mask
tensor M € {0,1}1* I lexlyxE 4,

1, (tfxyz)eq,

M(t, f,x,y,2) = , (©)
0, otherwise.
Then, the observation model can be formulated as
Y =Pq(X)+€, 4)

where £ represents the observation noise, which is modeled as zero-mean additive white
Gaussian noise (AWGN); i.e., £ ~ N(0, 02). The Gaussian likelihood is imposed on the nor-
malized linear-power observations. This assumption provides a tractable approximation for
receiver thermal noise, sensing error, and residual modeling mismatch after normalization.
More complicated correlated or heavy-tailed measurement errors can be incorporated by
replacing the Gaussian likelihood. P (-) denotes the sampling projection operator that
retains only the entries within the observation set ), defined as Po(X) = M ©® X, with ©®
representing the Hadamard product.

3.3. TR-Based Low-Rank Completion Formulation

Under the above model, low-altitude REM construction is formulated as a high-
dimensional tensor completion problem. Specifically, given the partial observations )
over the index set (), the goal is to estimate the complete spectrum tensor X" that matches
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the observed entries while providing accurate predictions for unobserved ones [16]. The
optimization objective can be formulated as:

min  ||Po(X) — V|7
: ®)
st. X € Cow-ranks

where Cjgw-rank denotes a generic low-rank tensor model class, whose concrete form de-
pends on the adopted tensor decomposition. Therefore, a specific low-rank decomposition
format is commonly employed to parameterize the low-rank structure into optimizable
lower-order factors. Classical CP, Tucker, and TT decompositions can all be used to pa-
rameterize low-rank tensor completion models, but they exhibit different limitations for
the low-altitude 5D spectrum tensor considered here. CP decomposition provides a com-
pact factorization, but determining an appropriate CP rank is generally difficult and the
required rank may become large in complex coupled scenarios [18]. Tucker decomposition
can capture multi-linear correlations, but the size of its core tensor grows rapidly with the
tensor order, leading to increased parameter count and computational overhead [18]. TT
decomposition alleviates the curse of dimensionality through an open-chain structure, but
the direct correlation between the first and last modes is not explicitly modeled [28]. In
contrast, TR connects the boundary cores into a closed loop, providing a more balanced
rank distribution and stronger flexibility for modeling coupled high-order structures.

To balance high-order representational capacity and scalable parameter complexity,
this study adopts TR decomposition to parameterize the low-rankness of the spectrum
tensor. By connecting the first and last core tensors of the TT format to form a closed
loop, TR decomposition not only inherits the linear complexity advantage of TT (thus
overcoming the curse of dimensionality) but also significantly enhances the representation
of cyclic correlations in high-order tensors through its inherent rotational symmetry. This
property is well aligned with the tightly coupled physical characteristics of the 5D time-
frequency-spatial environment. Accordingly, this work fixes TR as the base tensor model
and focuses on effective rank estimation within TR-based completion.

Based on TR decomposition theory, the 5D tensor &' can be represented as the trace
product of a sequence of third-order core factors {G (") > _ie,

X(t, f,x,y,z) = Trace (g<1>(:, t, :)g<2>(:,f,:)g<3>(:,x, :)9(4)(:,y, :)g<5)(:,z,:)), (6)

where G(") € RRixInxRui1 (4 = 1,.. ., 5) denotes the core factor corresponding to the n-th
mode. The TR rank is defined as R = [Ry, ..., Rs], which satisfies the circular constraint
R = Ry.
Substituting this formulation, the optimization problem (5) can be rewritten as
min

5
P [ Trace g -y
{GWY5_, ( (le > )

s.t. TRrank = R.

2

) (n)
F+ A-R({6"Y) o

This formulation corresponds to a deterministic TR completion model with a pre-
scribed rank vector R, where the first term enforces consistency between the reconstructed
REM and the sampled UAV measurements at the sparse observation entries (). The second
term serves as a regularizer, where A > 0 is the balancing coefficient used to control the
scale of the core factors, prevent overfitting, and implicitly promote a low-rank structure.

In practice, existing deterministic optimization algorithms for TR completion, such as
alternating least squares (ALS) and the alternating direction method of multipliers (ADMM),
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encounter a critical bottleneck: the TR rank vector R must be specified in advance [22,23,29].
However, in complex low-altitude electromagnetic environments, such prior knowledge
is generally unavailable. The intrinsic tensor rank of the spectrum situation is jointly
determined by the number of active transmitters, propagation complexity, traffic dynamics,
and sensing sparsity, and may vary across time, frequency, and space. If the prescribed
rank is too small, the model capacity is insufficient and important spectrum details may be
over-smoothed; if it is too large, the model may fit noise and introduce spurious structures.
Repeated trial-and-error searches for suitable ranks further incur substantial computational
cost and are incompatible with the adaptive requirements of 6G low-altitude spectrum
cognition. Therefore, adaptive TR rank estimation is necessary to adjust model complexity
according to both environmental structure and observation sparsity, which motivates the
Bayesian effective rank estimation mechanism developed in the next section.

4. Rank-Adaptive Bayesian Tensor Ring Completion

To address the aforementioned challenges, this section presents the proposed Ra-
BTRC algorithm. Unlike deterministic TR completion methods that treat the TR rank
as a fixed hyperparameter, Ra-BTRC starts from a moderately over-estimated TR rank
and infers a compact effective rank through posterior shrinkage. Specifically, the method
does not directly infer a discrete rank variable; instead, it introduces continuous sparsity
hyperparameters associated with TR rank interfaces. These hyperparameters suppress
unsupported rank components during variational Bayesian inference, thereby converting
posterior shrinkage into data-driven effective rank estimation.

The key distinction from generic variational Bayesian tensor decomposition lies in
the ring-structured coupling of the shrinkage prior. In many Bayesian tensor models,
shrinkage is imposed on individual factors or components within a specific decomposition
format. In contrast, a TR rank component is an interface shared by two adjacent core
tensors. Therefore, the proposed prior ties each rank-interface hyperparameter to the
corresponding slices of two neighboring TR cores, so that redundant components are
pruned in a structurally consistent manner across the ring. This design is particularly
important for 5D REM reconstruction, where model complexity must adapt to sparse
observations while preserving coupled time—frequency-spatial correlations.

4.1. Probabilistic Generative Model

Based on the sparse observation model, we assume that each element of the observa-
tion noise £ is independently drawn from a zero-mean Gaussian distribution. Let T = %
denote the noise precision. Given the 5D low-altitude spectrum tensor X’ parameterized
by its TR core factors {G (”)}2:1, the likelihood function over the observed tensor Y is

formulated as

PG = T N (Vs

- 1
(l ; )en Xll,‘..,15/T ) (8)
1s++/t5

This likelihood characterizes the probability density of acquiring the specific UAV
observations given the underlying true spectrum tensor and noise level. The learnable
noise precision T allows the model to adapt the residual uncertainty level from data. A
small posterior precision corresponds to larger unexplained measurement uncertainty
and therefore prevents the model from overfitting noisy sparse observations, whereas a
large posterior precision indicates that the observed entries can be fitted with stronger
confidence. In this sense, T provides an uncertainty control mechanism for sparse UAV-
borne spectrum measurements. Since the noise level is typically unknown in practical
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low-altitude sensing tasks due to sensor conditions and environmental interference, we
place a conjugate Gamma prior on 7 to enable adaptive noise learning

p(7) = Ga(tla,b) = rlza)raleh, ©)

where a and b are hyperparameters, typically set to small values to yield a weakly informa-

tive prior, so that posterior inference is mainly driven by the observed data.

To enable TR rank adaptation, we impose sparsity-inducing priors on the core factors
at the level of TR rank interfaces rather than treating each core entry independently. In the
circular topology of TR decomposition, adjacent core factors are connected via shared rank
dimensions. Specifically, the third mode of G"~1) and the first mode of G(") are coupled
through a common rank index. Therefore, when a rank component is deemed redundant,
it should not vanish in only one core tensor; instead, it should be jointly suppressed across
the corresponding adjacent cores. In other words, if the r-th rank component of G is
heavily penalized along its first mode, the corresponding horizontal slice G (r, :, :) will be
driven toward zero. Simultaneously, dictated by the shared rank index of the ring topology,
this suppression forces the corresponding frontal slice G"~1)(:,, r) along the third mode
of GI"~1) to shrink jointly. This coupled shrinkage mechanism effectively achieves the
structural and adaptive pruning of redundant rank components.

l(")k is indepen-
dently drawn from a zero-mean Gaussian distribution, where i € [1,R,], j € [1, 1], and

Specifically, for the n-th core factor G("), we assume that each entry g

k € [1,R,+1]. The precision of this Gaussian distribution is not a constant, but jointly

controlled by two independent hyperparameters, Af”) and /\IEWH), formulated as:

pRIIAM, ALY = N (gli410, (A x A )7, (10)

where )\Z{n) is the hyperparameter controlling the i-th component of the left interface rank
Ry (i.e., corresponding to the horizontal slice of G(")), whereas A,((nﬂ) controls the k-th
component of the right interface rank R,, 1 (i.e., corresponding to the frontal slice of G(")).
Due to the cyclic nature of the TR structure, we naturally have /\,(f) = /\](cl) whenn = 5.

Let the hyperparameter vector associated with the n-th rank interface be denoted as
Al = [/\5"), e /\g;)]. To facilitate the Bayesian inference of A we assign it a conjugate
Gamma prior distribution

Ry
pA™len, dn) = T Ga(Af) lege, dir ). (11)

rpn=1

where ¢, and d;, are set to infinitesimally small values to construct a non-informative prior.
This Gaussian—-Gamma hierarchical prior induces the marginal distribution of the core
factors with a heavy-tailed property [30]. Consequently, it achieves a delicate balance,
enforcing strong shrinkage on the majority of redundant components while effectively
preserving a minority of critical, informative rank components.

(n)

The key mechanism of this prior is that, as the hyperparameter A;"’ approaches

infinity (/\l(") — 00) during Bayesian inference, the variance term ()\5") X /\,E"H))’l tends
to zero. As a result, all core entries associated with index i are strongly shrunk toward zero,
including the i-th horizontal slice G (i,:,:) of G(") and the i-th lateral slice G~V (:,:, 1)
of the previous core factor G"—1). Through this collaborative sparsity effect, the model
automatically identifies and eliminates redundant rank components that contribute little
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to spectrum tensor construction, thereby achieving structurally consistent pruning in the
TR representation.

Accordingly, after posterior inference, the effective TR rank at the n-th interface can be
estimated by counting the active rank components whose adjacent-core posterior energy
remains above a small threshold e:

LI 0 0 o 0 B o o (L S

j=1 s=1

A rank component is regarded as inactive when the posterior energy of its two adjacent
core slices falls below €. This criterion makes the rank pruning mechanism explicit and
converts posterior shrinkage into an effective TR rank estimate.

In summary, let ® = {{GW}5_ {A(M)5_
The joint distribution of the observed spectrum tensor ) and © can be formulated as

7} denote the set of all latent variables.

5

p(Y,0) = p(YHG" Yoy, O)p(tlab) [T p(G" A, AT p(A M ey, da).  (13)

n=1

The objective is to infer the posterior distribution p(®|Y) of the latent variables given
the observations ). According to Bayes’ theorem, this is expressed as:

_r0)
[r(y,0)d0

Subsequently, the posterior expectations of the core factors are used to construct

p(©1Y) = (14)

the global 5D REM &, while the effective TR ranks characterize the compact posterior
supported TR structure.

However, exact posterior inference is analytically intractable. This is because it re-
quires integrating over the latent variable set ©, while the TR model involves nonlinear
multiplicative coupling among the core factors, and the sparsity-inducing priors introduce
additional hierarchical dependencies, making the integral intractable in closed form. To
obtain a computationally feasible approximation, we adopt variational Bayesian inference.
Unlike deterministic TR optimization, which directly estimates a single set of core factors,
variational Bayesian inference approximates posterior distributions over the core factors,
sparsity hyperparameters, and noise precision. This enables the reconstructed REM to
be obtained from posterior expectations while model uncertainty and rank relevance are
updated jointly during inference. Specifically, an approximate posterior 4(®) with a factor-
ized form is introduced to approximate the true posterior p(® | )). The approximation is
obtained by maximizing the evidence lower bound (ELBO), or equivalently, by minimizing
the Kullback-Leibler divergence KL(q(®)||p(® | V)), which leads to tractable iterative
updates for the core factors and hyperparameters.

4.2. Variational Bayesian Inference with Ring-Structured Rank Shrinkage

The optimization principle follows the standard coordinate-ascent variational Bayesian
framework, but the resulting updates are specialized to the proposed TR rank-interface
shrinkage model. The key model-specific feature is that each sparsity hyperparameter is
associated with a TR rank interface and is shared by two adjacent core tensors. Therefore,
the posterior updates do not only shrink individual entries; they jointly regulate adja-
cent TR core slices and convert posterior shrinkage into structurally consistent effective
rank pruning.
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In variational inference, we introduce a family of tractable distributions q(®) to
approximate the true posterior p(® | ). Using the mean-field assumption, q(®) is
factorized as

5 5
q(®) = q(7) [Ilq(g(’”) ]j[lq(A(’”)- (15)

The goal of variational inference is to minimize the KL divergence between 4(®) and

p(@|Y);ie,
4"(®) = argminKL(4(®) || p(© | ¥))

= argmqin/q(@) lnﬂd(@

p(©1Y)
= argmqinlnp(y) - /q(@) lnpl(;()'()a)d@. (16)

Since the first term is constant with respect to g, minimizing the KL divergence is
equivalent to maximizing the ELBO:

L(q) = Eg[Inp(Y,0)] - Ey[Ing(O)]. (17)

Under the mean-field assumption, the variational factors can be updated iteratively by
coordinate ascent; i.e., one factor is updated while the others are fixed, which guarantees a
non-decreasing ELBO. For any variable block v € ©, the optimal variational factor satisfies

Ing*(v) = Ey@\y)[Inp(Y, ®)] + const, (18)

where const collects all terms independent of v. Owing to the conjugate priors introduced
in Section 3.1, the variational factors remain in standard distribution families, the posterior
of each core tensor is Gaussian, while those of the precision hyperparameters and noise
precision are Gamma distributions.

This variational procedure provides a tractable inference scheme for effective rank
estimation, but it should not be interpreted as a strict guarantee of identifying the unique
ground-truth TR rank. For sparse high-order spectrum tensor completion, exact identifiabil-
ity generally depends on the sampling pattern, tensor incoherence, noise level, and intrinsic
rank structure. Moreover, because the TR representation is non-convex and not unique
up to gauge transformations, the coordinate-ascent variational updates are designed to
monotonically improve the ELBO when each variational factor is updated exactly, but they
do not guarantee global optimality of the inferred rank. Nevertheless, the coupled Gamma
shrinkage prior provides an automatic complexity control mechanism: rank components
that are weakly supported by the observations are assigned large posterior precision and
are jointly suppressed in adjacent core tensors, yielding a compact posterior-supported
TR structure.

The mean-field approximation also ignores posterior correlations among different core
tensors and hyperparameters, which may make the inference sensitive to initialization
when observations are extremely sparse. In our implementation, this risk is mitigated by
using moderately over-estimated initial TR ranks, monitoring the ELBO and fitting error
during iterations, and relying on the Gamma shrinkage priors to suppress unsupported
rank components. Nevertheless, avoiding local optima under extremely low sampling rates
remains an open issue for future work, where more advanced posterior approximations or
multi-initialization strategies may be investigated.
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For the n-th core factor G ("), let its mode-2 lateral slice be denoted by G](.n) =

Q(”)(:,j,:) € RRw>Ruta i =1, I,, and define g](.") = Vec(G](-”)). When all other core
factors and hyperparameters are fixed, the observation likelihood is linear Gaussian with
(n)

respect to g

e Therefore, its variational posterior is multivariate Gaussian

a(g") = Mg | w",2"). (19)

To derive y](w and Z](. "), define the observation subset Q = {(iy,...,i5) € Q|
in = j}, which contains all observed entries whose n-th mode index equals j. For each

observation index i = (iy,...,i5) € Q](n), contracting all core factors except G(") along the

TR structure yields an effective design vector hi(n), such that

X = (") Tgl". (20)

This leads to the standard Bayesian linear regression updates

n -1 n n n
(") =Bl T ER 60T (AT e BA), ey
ico”
w" =EqFE" Y yER"], (22)
icn”

where A" = diag(A(™). The precision term E[A("t1)] @ E[A ("] is specific to the proposed
ring-structured prior: it couples the left and right rank-interface precisions of the n-th
TR core. Therefore, the posterior covariance of each core slice is controlled jointly by
two neighboring rank interfaces, rather than by an independent element-wise regularizer.
This structure is essential for transferring rank shrinkage across adjacent TR cores. Although
the above expressions appear complex, the TR structure allows them to be implemented
via a sequence of small-scale matrix operations, ensuring computational efficiency.

For the sparsity hyperparameters A each Aﬁ”)
th TR rank. Owing to the conjugacy between the Gamma prior and the Gaussian precision,

controls the r-th component of the n-

its variational posterior is also Gamma
gAY = Ga( | ¢t ,d”(”)) (23)

(n)

Since A; is shared by two adjacent core factors through the ring structure, its update

incorporates information from both G(") and G("~1). A typical conjugate update is given by
. 1
& =" + Z(LiRu11 + In-1R-1), (24)

n

RS o N L R o8 o Tl

When a rank component is simultaneously shrunk toward zero in the adjacent core
factors, din) becomes small and E[Agn)] increases, which imposes stronger shrinkage on that
component and eventually enables adaptive rank pruning. Different from element-wise

(n)

Bayesian shrinkage, the update of A, aggregates posterior energy from two adjacent core

tensors. This design is necessary because a TR rank component is an interface shared by

(n)

neighboring cores. Consequently, the posterior update of A;"’ determines whether the
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corresponding interface component should remain active or be jointly suppressed in both
adjacent cores, which is the main mechanism that differentiates Ra-BTRC from generic
variational Bayesian tensor factorization.

The variational posterior of the noise precision T also follows a Gamma distribution:

q(t) = Ga(t | a,b), (26)

where
a=ao+ |2£| (27)
b=ty + SB[ |Pa(y ~ V)| 28)

Here, |Q| denotes the number of observed samples. The expected squared error term
can be expanded over the observation set as

E|[Pa(Y - Xl = ¥ (7 - 22iE[%) + E[42]), 29)

ieQ)

where E[X;] and E[X?] can be computed from the posterior means and second-order
moments of the core factors through TR contraction. The parameter b therefore reflects the
expected construction error of the current model. As the residual decreases, the estimated
noise precision increases, corresponding to a smaller noise variance, which allows the
model to balance underfitting and overfitting adaptively.

After obtaining the variational posterior q(®), the complete spectrum tensor is con-
structed using the posterior mean

X = Eq[TR(g“),...,g(S))] (30)

In summary, the standard variational Bayesian framework provides the optimization
backbone, while the distinctive part of Ra-BTRC lies in the ring-structured posterior updates
induced by the coupled Gamma shrinkage prior. The core-factor update contains rank-
interface precision coupling, the sparsity hyperparameter update aggregates posterior
energy from adjacent cores, and the noise-precision update adapts the residual uncertainty
level. Together, these model-specific updates enable data-driven effective rank estimation
within the TR representation.

4.3. Computational Complexity Analysis

In the TR model, storing the complete 5D spectrum tensor only requires the core
factors {G(") }>_, and a small number of hyperparameters. The number of core parameters
is Y>_, RyI,R, 1. Therefore, when the TR ranks are bounded, the storage complexity
grows approximately linearly with the tensor order.

The main computational cost of the proposed algorithm lies in updating the posterior
means and covariance parameters of the core factors {G (") }>_, during variational inference.
Let the current TR rank be R, the number of observed samples be |Q)| and, for simplicity,
assume all modes of the 5D tensor have equal size I. In each variational update, to avoid
the high cost of direct inversion (i.e., O(I°R®)), the preconditioned conjugate gradient
(PCG) method is used for iterative solving, reducing the cost of each linear system solve
to O(|Q|R? + IR?). Let Lcg denote the average number of PCG iterations. Then, the
complexity of updating a single core is approximately O(Lcg(|Q| + I)R?). Overall, the time
complexity of one outer iteration is approximately O(d - Lcg - |QQ|R?), where d = 5 is the
tensor order.
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This result shows that the computational complexity is mainly determined by the rank
R and the number of observations |(}|, and scales linearly with the tensor order 4 and mode
size I, thereby avoiding the exponential complexity growth typical of conventional high-
dimensional tensor methods. In addition, owing to the proposed Rank-Adaptive pruning
mechanism, the model can automatically drive R toward a compact intrinsic rank, which
significantly reduces the practical runtime while maintaining completion accuracy. This
makes the proposed method suitable for large-scale low-altitude sparse REM construction.

5. Numerical Experiments

In this section, extensive simulations are conducted to evaluate the effectiveness
of the proposed Ra-BTRC method for low-altitude 5D REM construction under sparse
observations. We first describe the simulation setup, including data generation, evaluation
metrics, and baseline methods. We then compare the proposed method with representative
TR-based approaches in terms of reconstruction accuracy, robustness under extremely low
sampling rates, convergence behavior, and computational cost.

5.1. Simulation Setup
5.1.1. Data Generation

The simulation region is defined as a continuous 3D space and discretized with
a horizontal spatial resolution of 1 m. A total of D dynamic emitters are deployed in
the scene. Each emitter moves along a randomly initialized rectangular trajectory on
the ground at a constant speed v, emulating realistic mobile communication services or
airborne interference sources. The spectral characteristic of each emitter is described by a
power spectral density (PSD) vector ¢,(f). In this work, the PSD of the center frequency
and its adjacent 1-3 frequency bins is generated by random superposition of sinc functions
to mimic broadband occupied-band signatures [15]. Signal propagation follows a typical
air-to-ground links channel model [31], and the path loss is defined as

Lap(r,t) = 324+ 201log,o(f:) +10- (A - zP) -log,o (dsp (1, 1)) + xo (1), (31)

where f; is the carrier frequency (GHz), dsp is the 3D Euclidean distance between the
transmitter and receiver, and z denotes the UAV altitude. The parameters A and B are
used to adjust the path-loss exponent at different altitude layers, thereby reflecting the non-
uniform attenuation characteristics of low-altitude environments. The term ), denotes zero-
mean log-normal shadowing whose spatial correlation follows an exponential decay model,

E[Z(r) ()] = nexp(—”r;:/'), 32)

where # controls the shadowing strength and d. is the correlation distance. Larger # and
smaller d. correspond to stronger shadowing and weaker spatial correlation, and can thus
generate low-altitude electromagnetic environments of different complexity. The relevant
parameter settings are listed in Table 2.

Finally, the global 5D spectrum tensor X (¢, f, x,y, z) is generated by superposing the
linear received-power fields of all emitters, gr(r, f = 10~ Las(®1)/10 wwith their correspond-
ing PSD vectors ¢, (f):

D
X(tfx,yz)= ;swr,w ~er(f)- (33)

The received power contribution of each emitter is first generated in the linear domain
and then superposed across emitters. This avoids the physically invalid operation of
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directly adding powers in dBm. For visualization, the reconstructed linear-power field can
be converted to dBm by logarithmic scaling.

Table 2. Simulation parameter settings.

Parameter Value
Length X 21
Width Y 21
Height Z 10
Frequency bin F 8
Time slot T 10
Speed v (grid/time slot) 1
Carrier frequency f. (GHz) 2.4
Emitter number D 1,3,5
Path-loss exponent A 2
Path-loss exponent B 0
Shadowing strength # (dB) 8
Correlation distance d. (m) 30

This generation process provides a controlled low-altitude REM benchmark with
physically interpretable correlations and dynamic variations across the time, frequency,
and 3D spatial domains. Specifically, the altitude-dependent path-loss term captures large-
scale distance and height effects, while the spatially correlated log-normal shadowing
term approximates the continuity and local variability of obstruction-induced attenuation.
Although the simulator is not intended to be a full site-specific urban channel model, many
practical imperfections in real UAV measurements can be interpreted in the tensor com-
pletion framework as observation perturbations or structured missing mechanisms. For
example, hardware noise and calibration errors perturb the observed amplitudes, synchro-
nization offsets may introduce local temporal mismatch, irregular trajectories and no-fly
regions lead to non-uniform or block-structured sampling masks, and blockage or multi-
path may increase local non-stationarity and effective tensor rank. Ra-BTRC can partially
mitigate these effects through Bayesian noise-precision learning, sparsity-induced rank
regularization, and joint time—frequency-3D correlation modeling. Nevertheless, severe
systematic bias, large-scale calibration drift, or highly structured non-random missing
patterns may still degrade reconstruction accuracy. Future extensions may incorporate
correlated or heteroscedastic likelihoods, calibration-aware preprocessing, trajectory-aware
sampling models, environment-aware priors, and validation using real UAV spectrum
measurements or public low-altitude datasets.

5.1.2. Metric

To evaluate the reconstruction performance under different UAV sensing constraints,
three sampling patterns are considered in this work, as shown in Figure 2.

¢ Random Sampling: the observation set () is generated by random sampling over the
global 5D voxel.

*  Trajectory-constrained Sampling: the generation of the observation set (2 follows
certain rules, simulating the fact that UAV measurements are concentrated on con-
tinuous flight trajectories and have limited local perception coverage, reflecting the
reality that UAV-borne spectrum sensing is constrained by flight continuity and spa-
tial accessibility.

*  Block Missing Sampling: several spatial regions are assumed to be unavailable for
sensing due to no-fly zones, building blockage, or task constraints, and the observation
set () are randomly selected only from the remaining accessible regions.
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These three patterns represent progressively more structured and non-uniform missing
mechanisms compared with ideal random sampling. In this work, the sampling mask is
treated as a given observation support rather than an explicit probabilistic missingness
model. Therefore, the proposed completion framework can operate on arbitrary observation
masks, but severe non-random missing patterns with large disconnected unobserved
regions may still introduce systematic reconstruction bias.

For all sampling patterns, the sampling rate p is defined as the ratio between the
number of observed samples and the total number of entries in the 5D spectrum tensor,

[e]
Ixxlyxlletxlf

p= x 100%, (34)

where | - | denotes set cardinality.

Ground Truth UAV Trajectory Sampling

Block Missing Sampling

20 -15
-20
15
-25
> o)
10 30 ©
-35
5
-40

-45

Random Sampling

5 10 15 20 5 10 15 20
X X

Figure 2. Visualization of different sampling patterns on a representative X-Y slice at a fixed time,
frequency, and altitude. The first panel shows the complete ground-truth slice. The second panel
shows random sampling, where observations are randomly selected from the slice. The third panel
shows trajectory-constrained sampling, where observations are concentrated along continuous UAV
flight paths. The fourth panel shows block missing sampling, where white regions denote unavailable
areas that cannot be sampled.

To evaluate the construction error at each time slot, we compute the normalized mean
square error (NMSE) as

- X
NMSE(t) (dB) = 10log;, ( 4 57 ”;”F>, (35)
F

where &; € RIF*E*Iv*lz denotes the true spectrum tensor slice at time slot ¢, £} is the
corresponding completion, and || - || denotes the Frobenius norm.

Furthermore, to measure the average completion error over the whole observation
interval, we use the mean normalized mean square error (MMSE) as

1% — X3
MMSE (dB) 2101 ( A E. (36)

This metric provides an overall measure of completion accuracy and stability in
dynamic spectrum environments.

5.1.3. Baselines

As discussed in Sections 2.2 and 3, CP, Tucker, and TT-based tensor completion
methods provide important alternatives for REM reconstruction, but they involve different
tensor parameterizations and therefore address a broader model selection problem. Since
the main objective of this work is to evaluate whether Bayesian learning improves sparse
REM completion within the TR representation, we focus the experimental comparison on
TR-family baselines. This choice allows us to isolate the effect of rank adaptivity from the
representational differences among tensor formats. Specifically, we choose TRLRF [29] as
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the main baseline because it is a representative and competitive TR completion method
that imposes low-rank regularization on latent TR factors and is closely related to the
rank-sensitivity issue addressed in this paper.

To fairly assess the effect of rank selection on completion performance, we consider
two TRLRF settings.

e Adaptive-rank setting (TRLRF-AR): the effective TR rank inferred by Ra-BTRC,
R = [ﬁl, .. .,ﬁ5], is used as the rank configuration for TRLRFE. This setting evalu-
ates the performance of a deterministic TR baseline when a favorable rank choice
is provided.

* Random-rank setting (TRLRF-RR): the TR rank vector is randomly generated within
a predefined range to simulate the rank-mismatch condition faced by fixed-rank TR
methods when prior rank knowledge is unavailable. This setting reflects the sensitivity
of TR completion to manual rank specification.

Thus, TRLRF-AR and TRLRF-RR together provide two controlled TR-family references:
one with a favorable rank setting and one with rank mismatch. They are used to assess
whether the proposed Bayesian rank-adaptive inference improves reconstruction beyond
deterministic TR completion under comparable TR representations.

In addition, all methods are implemented under the same random mask, sampling
rate, and hardware environment to ensure a fair comparison.

5.2. Overall Performance Comparison

Figure 3 compares the MMSE of different methods under varying sampling rates
p. For TRLRF-RR, 8 random TR rank configurations are tested at each sampling rate,
and the shaded region in the figure indicates the corresponding performance variation,
reflecting the uncertainty caused by random rank selection. It can be observed that Ra-BTRC
consistently achieves the lowest MMSE across all sampling rates, with a particularly clear
advantage in the low-sampling regime. This is mainly because the variational Bayesian
framework, together with sparsity-inducing priors, effectively exploits latent structural
information in sparse observations and adaptively regularizes the model, thereby reducing
the risk of overfitting under extremely limited data. In contrast, the shaded region of
TRLRF-RR becomes significantly wider as the sampling rate decreases, indicating that
its performance is highly sensitive to rank choice in sparse data scenarios. Inappropriate
rank settings may lead to severe performance degradation. Although TRLRF-AR performs
slightly better than TRLRF-RR by using a more suitable rank configuration, it still exhibits
a clear gap from Ra-BTRC.

To examine the robustness of the proposed method under heterogeneous interference,
we further evaluate multi-emitter scenarios with D = 1, D = 3, and D = 5. The emitters are
assigned different initial positions and spectral signatures, resulting in more complex spatial
frequency interference patterns. Figure 3 reports the MMSE under different sampling rates.
As the number of emitters increases, the reconstruction task becomes more challenging
because the spectrum tensor contains more localized peaks and overlapping interference
components. Nevertheless, Ra-BTRC consistently achieves lower reconstruction error than
the TRLRF-based baselines, indicating that the proposed adaptive Bayesian rank learning
remains effective in more heterogeneous low-altitude interference environments. Although
no simulation can guarantee performance in all real urban environments, the multi-emitter
results provide additional evidence that Ra-BTRC remains effective when the spectrum
field contains overlapping and heterogeneous interference components.

https://doi.org/10.3390 /bdcc10070220


https://doi.org/10.3390/bdcc10070220

Big Data Cogn. Comput. 2026, 10, 220

19 of 29

—@— TRLRF-RR (Mean)
—— TRLRF-AR
104 —#&— Ra-BTRC (Proposed)

MMSE (dB)

-10 4

-20 4

-30

T
15% 20% 25% 30%
sampling rate

@)

=
w
=
@
=
~
=
Q
=

TRLRF-RR (Mean)
TRLRF-AR
Ra-BTRC (Proposed)

bt

-10 4

-15

-20 4

-25

MMSE (dB)

1% 3% 5% 7% 10% 15% 20% 25% 30%
sampling rate
(b)
15 4
—®— TRLRF-RR (Mean)
—— TRLRF-AR
10 1 —&— Ra-BTRC (Proposed)

MMSE (dB)

0]
5
-10-
-5 4
20

T T T
15% 20% 25% 30%
sampling rate

()
Figure 3. Comparison of MMSE versus sampling rate for the three methods under multi-emitter
scenarios: (a) D=1, (b) D =3, (¢) D = 5. For TRLRF-RR, 8 random rank settings are tested at each

sampling rate; the shaded band indicates the MMSE range, and TRLRF-RR (mean) denotes the
average over different rank settings.
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To visually evaluate the structural recovery capability under extremely sparse ob-
servations, Figure 4 presents slice-based comparisons of the true and reconstructed 5D
spectrum tensors at a sampling rate of 5%. The figure includes four types of 2D slices:
two X-Y slices at different altitude levels, one X-Z slice to illustrate the 3D spatial structure
and altitude-dependent variation, and one T-F slice at a fixed spatial voxel to show the
temporal evolution and spectral structure. The first column shows the ground-truth slices,
which represent the actual distribution of the low-altitude spectrum field. The second
column shows the sparse observations, where substantial missing entries can be observed
across time, space, and frequency, resulting in severe structural incompleteness. The third
to fifth columns present the completion results of TRLRF-RR, TRLRF-AR, and the proposed
Ra-BTRC, respectively. Overall, the completion results of Ra-BTRC are visually the closest
to the ground truth in both spatial distribution and dynamic variation. It can accurately
recover local hotspots and fine-grained structures, indicating that the proposed method
more effectively exploits high-order time—frequency—spatial correlations under low sam-
pling rates and thus achieves higher-quality and more stable 5D spectrum map completion.
In contrast, although TRLRF-RR and TRLRF-AR can recover the overall trend, they still
exhibit varying degrees of distortion in local details.

TRLRF-RR TRLRF-AR Ra-BTRC
(MMSE=-2.56dB) (MMSE=-3.03dB) (MMSE=-16.27dB)

Ground-truth Observation(p=7%)

2 2

XY
(z=1,F=1t=1)

XY
(2=9,f=1,t=1)

Xz p
(y=11,=4,=5) ™
i

0

" 50

TF i

(x=11,y=11,z=5)

Figure 4. Visual comparison of 5D spectrum tensor slices at a sampling rate of p = 5%. From left
to right, the columns show the ground truth, sparse observations, and the completion results of
TRLRF-RR, TRLRF-AR, and Ra-BTRC. From top to bottom, the rows correspond to two X — Y slices
at different altitude levels, one X — Z slice, and one T — F slice at a fixed spatial location.

5.3. Performance Under Different Sampling Patterns

To further investigate the influence of practical UAV sensing constraints, Figure 5
compares the MMSE of TRLRF-RR, TRLRF-AR, and Ra-BTRC under three sampling pat-
terns at a sampling rate of p = 5%. It can be observed that the sampling mechanism has
a clear impact on reconstruction accuracy. Random sampling achieves the best overall
performance because the observations are more uniformly distributed over the 5D tensor,
providing more balanced information across spatial, temporal, and frequency dimensions.
In contrast, trajectory-constrained sampling leads to the largest reconstruction error, since
the measurements are concentrated along limited UAV flight paths and leave large unob-
served regions away from the trajectories. Block missing sampling shows intermediate
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difficulty, although observations are randomly distributed in the accessible regions, the
unavailable blocks introduce structured spatial gaps that cannot be directly sensed.

Among the compared methods, Ra-BTRC consistently achieves the lowest MMSE
under all three sampling patterns. This indicates that the proposed rank-adaptive Bayesian
tensor ring framework is more robust to non-random and structured missing mechanisms
than the TRLRF-based baselines. The advantage is particularly meaningful under trajectory-
constrained sampling, where the observation distribution deviates most strongly from
the ideal random sampling assumption. Meanwhile, the degradation under trajectory-
constrained sampling also indicates that strongly biased UAV coverage remains more
challenging than random sampling.

—&— TRLRF-RR
—#— TRLRF-AR

/.\ —&— Ra-BTRC (Proposed)
0.0

. \1.,02
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Figure 5. MMSE comparison of the three algorithms under different sampling patterns when p = 5%
and D = 1. For TRLRF-RR, the TR rank is randomly set to R = [5,5,5, 5, 5].

5.4. Performance Across Time, Frequency, and Altitude

Figure 6 shows the per-step NMSE of the three methods along the time, frequency,
and altitude dimensions at a sampling rate of 7%. The right vertical axis in each subfig-
ure reports the actual sampling ratio at each step, so as to exclude the effect of sampling
imbalance. As shown, the sampling rates remain approximately uniform across all dimen-
sions; hence, the performance differences mainly reflect the completion capability of the
algorithms themselves. Along the time dimension in Figure 6a, as the time step increases,
the completion errors of TRLRF-RR and TRLRF-AR show clear fluctuations, indicating
that fixed-rank methods are less robust to local transient changes in dynamic spectrum
fields and may accumulate errors over time. In contrast, the NMSE of Ra-BTRC remains
consistently low and stable, demonstrating its robustness in temporally dynamic sensing
tasks. Along the frequency dimension in Figure 6b, Ra-BTRC consistently achieves the
lowest completion error and remains insensitive to band variation, confirming its strong
ability to capture frequency-selective attenuation patterns. Notably, Figure 6c shows that,
as the altitude z increases, the NMSE of Ra-BTRC exhibits a distinct decreasing trend. This
agrees with the physical characteristics of low-altitude propagation, at higher altitudes,
LoS propagation becomes more dominant, shadowing is reduced, and the spatial structure
of the spectrum field becomes smoother. Ra-BTRC successfully captures this property
and achieves more accurate completion in high-altitude regions. By contrast, the baseline
methods, especially TRLRF-RR, show increasing errors at higher altitudes, suggesting that
they fail to effectively exploit the signal correlations along the altitude dimension and may
suffer from overfitting under sparse observations.

https://doi.org/10.3390 /bdcc10070220


https://doi.org/10.3390/bdcc10070220

Big Data Cogn. Comput. 2026, 10, 220

22 of 29

2 18
—@— TRLRF-RR
~— TRLRF-AR 16
o —A— Ra-BTRC
sampling rate (%) J1a

g
a o
T g4+ [
w
2 2
E g
6 E
n
Iy
2
“10F
| | | | | | | | | | | | | | | | | | | | 0
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
time slot
(a
12 [—~@—TRLRF-RR
ok ~—— TRLRF-AR 16
B Ra-BTRC
sb sampling rate (%) —14
61 —412
S
34 q10 8
I [
0 2+ g
= 18 =
“ ol 5
0 s &
-2 e /
4
-4
B e G Y Uy 42
—61
| | | | | | | | 0
1 2 3 4 5 6 7 8
frequency bin
18
10 |- 16
5 14
—@— TRLRF-RR
0 —— TRLRF-AR 2 5
= —#— Ra-BTRC %
S 5f sampling rate (%) —10 %
2] o
2] c
= —48 3
Z -10+ £
a
-6 @
5L \
4
—20f ~
\ -2
—o5L E— p— —
S Il N e W I I I 1y
0 1 2 3 4 5 6 7 8 9
height
()

Figure 6. Per-dimension NMSE profiles at a sampling rate of p = 7%: (a) time slot vs. NMSE,
(b) frequency band vs. NMSE, and (c) height vs. NMSE. In each subfigure, the left axis denotes
NMSE, while the right axis shows the corresponding sampling rate to illustrate sampling balance
across dimensions.

To further evaluate the local completion capability under extremely sparse obser-
vations, Figure 7 shows the tracking curves of received spectrum power versus time,
frequency, and altitude at a specific spatial location (11,11) under a sampling rate of
5%. For visualization, the reconstructed linear-power values are converted to received
signal strength indicator (RSSI) values in dBm. Regions with missing observations are
explicitly marked, indicating that no samples are available at those positions along the
corresponding dimension. Despite the presence of large contiguous missing intervals in
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the time, frequency, and altitude dimensions, the completion curves of Ra-BTRC remain
highly consistent with the ground truth (black curves). This indicates that the proposed
method can effectively exploit high-order correlations in the tensor structure and borrow
information from other dimensions to infer completely missing entries. In contrast, both
TRLRF-RR and TRLRF-AR exhibit noticeable deviations in missing regions. In particular,
TRLRF-RR shows substantial fluctuations around the true values and fails to accurately
capture fine-grained signal variations, especially near peaks caused by rapid signal changes.
These results further demonstrate the superior ability of Ra-BTRC to recover local spectrum
features under very low sampling rates.

ground-truth
f |—@—TRLRF-RR
—@— TRLRF-AR
5[ | —&—Ra-BTRC
missing

RSSI (dB)
RSSI (dB)
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Figure 7. Single-point reconstruction profiles at a sampling rate of p = 5%: (a) time slot vs. RSSI,
(b) frequency band vs. RSSI, and (c) height vs. RSSI. The curves compare the ground truth and
completed RSSI at a fixed spatial location, with missing regions explicitly marked.

5.5. Convergence and Rank Adaptivity Analysis

To evaluate the numerical stability, uncertainty learning, and adaptive rank estimation
capability of the proposed Ra-BTRC algorithm, Figure 8 shows the evolution of key opti-
mization variables and objective-related quantities during iteration at a sampling rate of
5%. Specifically, we record the ELBO, the data fitting error (err), and the posterior statistics
of the core factors G, the sparsity hyperparameters A, and the noise precision 7.

It can be observed that the ELBO increases monotonically with the number of iterations
and gradually converges, which is consistent with the theoretical property of variational
Bayesian inference. Meanwhile, the data fitting error decreases rapidly in the initial stage
and then stabilizes at a low level. This indicates that the model quickly captures the main
structural information from sparse observations and further refines the completion through
iterative updates of the core factors and hyperparameters. The evolution of E[A] and
related objective terms reveals the intrinsic mechanism of rank adaptation. At the early
stage, the values of A change significantly, reflecting the exploration of the relevance of
different rank components. As the iterations proceed, some components are driven to very
large values, corresponding to near-zero variances, so that redundant rank components are
automatically pruned and the model gradually converges to a stable compact rank structure.
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This process is entirely data-driven and requires no manual intervention, highlighting the
full Bayesian adaptivity of the proposed method. In addition, the posterior statistics of
the core tensors G and the noise precision T exhibit synchronized convergence behavior,
further confirming the numerical stability of the algorithm in joint multi-variable inference.
The stable ELBO and posterior-shrinkage trends in Figure 8 indicate that the adopted
injtialization leads to a stable compact rank structure in the tested sparse setting, although
this empirical convergence does not eliminate the possibility of local optima in general non-
convex tensor inference. These posterior evolution results show that variational Bayesian
inference contributes to sparse REM reconstruction through three coupled mechanisms:
posterior uncertainty learning via T, sparsity-induced regularization via A, and TR-specific
rank pruning through adjacent-core shrinkage.
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Figure 8. Convergence and posterior shrinkage of Ra-BTRC at a sampling rate of p = 5%. The figure
shows the evolution of the ELBO, data fitting error, and posterior statistics of the core factors G, the
sparsity hyperparameters A, and the noise precision T during the iterative process.

Beyond numerical convergence, Figure 8 helps explain the roles of the main com-
ponents of Ra-BTRC. The monotonic increase of the ELBO and the decrease of the data
fitting error reflect the effect of variational Bayesian inference, which updates posterior
distributions of both core tensors and hyperparameters. The evolution of E[A] reflects the
shrinkage effect induced by the Gamma sparsity priors. As some precision values become
large, the corresponding adjacent TR core slices are suppressed, which provides direct
evidence of adaptive rank pruning. Meanwhile, the evolution of the noise precision T indi-
cates that the model learns observation uncertainty from data and adaptively balances data
fitting and regularization. These posterior-evolution results show that Bayesian inference,
sparsity-induced shrinkage, adaptive rank pruning, and noise precision learning jointly
contribute to stable sparse REM reconstruction within the unified Ra-BTRC framework.

To quantitatively characterize the rank adaptation behavior, Table 3 reports the initial
TR rank, final effective TR rank, number of pruned components, and MMSE under different
sampling rates. The experiment is conducted under the single-emitter setting (D = 1) with
random sampling. The pruning threshold is fixed as € = 10~* for all sampling rates, and
the maximum number of iterations is set to 200. The effective rank is computed using the
posterior energy criterion defined in Section 4.1. The number of pruned components is
calculated as Y0 _; (R,SO) — R,)) over the five TR rank interfaces.
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Table 3. Quantitative rank adaptation results under different sampling rates (D = 1, random
sampling, € = 1074).

o R(©) R Pruned MMSE (dB)
1% [10,10,10,10,10]  [2,3,2,5,4] 34/50 382
3% (10,10, 10,10, 10] 1,6,8,2, 4] 29,/50 805
5% 10,10,10,10,10]  [6,3,5,6,3] 27/50 1248
7% 10,10,10,10,10]  [3,6,6,8,7] 20/50 1627
10% [10,10,10,10,10] [7,9,6,5,5] 18/50 —18.32

This observation is consistent with the motivation of adaptive rank estimation. The
same initial TR rank is compressed into different final effective ranks under different
sampling rates, indicating that the model complexity is mainly driven by data support
and posterior shrinkage rather than being fixed by initialization. At lower sampling
rates, stronger pruning is generally observed because sparse observations provide weaker
support for high-rank components. As the sampling rate increases, more rank components
are retained, allowing the model to preserve finer spectrum structures. These results
make the adaptive rank learning process explicit and support the role of sparsity-induced
effective rank estimation. This behavior is especially relevant to practical low-altitude
deployment, where sensing density, interference complexity, and propagation conditions
may change over time; a fixed rank selected offline is therefore unlikely to remain optimal
across different operating conditions.

5.6. Complexity Analysis

To evaluate the practical computational cost of Ra-BTRC, we compare the end-to-end
runtime and the number of iterations required for convergence under the same hardware
conditions. At a sampling rate of 5%, Ra-BTRC exhibits noticeably faster convergence in
terms of iterations. Benefiting from the effective exploitation of latent data structure by
variational Bayesian inference, Ra-BTRC reaches a stable state and achieves its best comple-
tion performance within about 100 iterations. In contrast, the deterministic optimization
methods TRLRF-AR and TRLRF-RR typically require about 300 iterations to converge or
terminate, indicating a higher iteration burden.

All runtime results are measured under the same hardware environment with an
NVIDIA RTX 3060 GPU (NVIDIA Corporation, Santa Clara, CA, USA). In terms of runtime,
Ra-BTRC requires 183.6 s, while TRLRF-AR and TRLRF-RR require 141.1 s and 67.9 s,
respectively. Thus, the runtime of Ra-BTRC is about 30.1% higher than that of TRLRF-
AR and about 170.4% higher than that of TRLRF-RR. Although Ra-BTRC has a higher
per-iteration computational cost, this additional time investment leads to substantially
improved completion accuracy. Specifically, at the extreme sampling rate of 5%, Ra-BTRC
achieves an MMSE of —12.48 dB, compared with —2.25 dB for TRLRF-AR and —2.20 dB for
TRLREF-RR, corresponding to an accuracy gain of more than 10 dB.

Overall, Ra-BTRC attains a significantly better accuracy and complexity trade-off
in sparse low-altitude REM completion. The moderate increase in computational cost
is justified by the substantial gain in completion accuracy and robustness, making the
proposed method more suitable for low-altitude spectrum cognition tasks with stringent
reliability requirements.

The present experiments use a moderate tensor size to allow repeated evaluations
under multiple sampling rates, emitter settings, and sampling patterns. Larger-scale tensor
experiments and real-world deployment with higher spatial, temporal, and frequency
resolutions will be further investigated in future work.
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6. Discussion

The simulation results demonstrate that the proposed Ra-BTRC framework improves
sparse 5D REM reconstruction not only in terms of numerical accuracy, but also in terms
of deployment robustness and model adaptability. This section further discusses the
implications of these findings from two perspectives: deployment-oriented insights for low-
altitude spectrum management, and the role of Bayesian rank adaptation under uncertain
and sparse observations.

6.1. Deployment-Oriented Insights from Sparse REM Reconstruction

The experimental results provide useful insights for 6G-enabled low-altitude spectrum
management. As shown in Figure 3 and the complexity analysis, Ra-BTRC maintains
reliable reconstruction performance under extremely sparse observations. This result
is practically meaningful because dense spectrum sensing over the full time—frequency—
3D space is difficult to realize in low-altitude operations. UAV-borne sensing is usually
constrained by flight endurance, payload capacity, energy consumption, mission routes, and
regulatory restrictions. Therefore, constructing a reliable 5D REM from limited observations
can reduce the sensing burden while still providing global electromagnetic awareness for
low-altitude networks.

The results under different sampling patterns further indicate the deployment rele-
vance of the proposed framework. Figure 5 shows that Ra-BTRC consistently achieves the
lowest MMSE under random, trajectory-constrained, and block-missing sampling patterns.
This suggests that the method is effective not only under ideal random sensing, but also un-
der more realistic conditions where observations are concentrated along UAYV trajectories or
where certain regions cannot be sampled due to no-fly zones, obstacles, or task constraints.
From an operational perspective, the completed REM can support interference-aware trajec-
tory planning, adaptive frequency selection, dynamic spectrum access, and communication
resource allocation. From a management perspective, it can provide spectrum managers,
network operators, and urban airspace regulators with a data-driven basis for identifying
interference hotspots, coordinating heterogeneous low-altitude services, and improving
the reliability and safety of UAV /eVTOL operations.

6.2. Bayesian Rank Adaptation Under Uncertain Observations

Variational Bayesian inference is particularly suitable for practical low-altitude REM
construction because it provides a probabilistic mechanism for handling uncertain and
sparse sensing data and, within the TR-based completion framework, further alleviates
the rank-selection problem. On the measurement side, real UAV spectrum observations
inevitably contain uncertainty caused by receiver noise, calibration errors, synchronization
mismatch, platform mobility, shadowing, and multipath propagation. By estimating
posterior distributions of the TR core factors and learning the noise precision from data, the
Bayesian formulation balances data fitting and uncertainty-aware regularization instead
of producing only a deterministic point estimate. This mechanism is consistent with
the convergence behavior in Figure 8, where the posterior statistics and noise precision
gradually stabilize during the iterative inference process.

On the observation side, low-altitude sensing data are inherently sparse and non-
uniform because UAV trajectories can cover only a small subset of the full 5D tensor. The
sparsity-inducing priors in Ra-BTRC regularize the completion process under limited obser-
vations and enable information sharing across time, frequency, and 3D space. This explains
why Ra-BTRC can still recover local spectrum structures and temporal-frequency-altitude
variations under very low sampling rates, as illustrated in Figures 4 and 7. Therefore, the
role of variational Bayesian inference is not limited to numerical optimization; it provides a
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principled way to stabilize high-dimensional REM completion when the available UAV
measurements are sparse, fragmented, and non-uniformly distributed.

On the model side, TR-based completion requires an appropriate rank configuration,
whereas the intrinsic rank of a real low-altitude spectrum tensor is generally unknown
and may vary with emitter activity, altitude-dependent propagation, blockage, interfer-
ence density, and sensing coverage. As reported in Table 3, the same initial TR rank is
automatically compressed into different effective ranks under different sampling rates,
demonstrating that Ra-BTRC can adapt model complexity according to data support. This
automatic rank adaptation is important for real deployment because network operators
cannot reliably predefine a single TR rank for different regions, time periods, sampling
budgets, and service conditions.

7. Conclusions

This study investigated 5D REM construction for LAE scenarios under two major
challenges: the highly dynamic, high-dimensional electromagnetic environment and the
extreme sparsity of UAV-collected measurements. To address these issues, we proposed
the Ra-BTRC framework. By modeling the low-altitude spectrum situation as a unified 5D
tensor over time, frequency, and 3D space (T-F-X-Y-Z), the proposed method exploits high-
order correlations across coupled domains. Moreover, by introducing sparsity-inducing
hierarchical priors and variational Bayesian inference, it estimates effective TR ranks in a
data-driven manner and adaptively controls model complexity under sparse observations.

The simulation results showed that Ra-BTRC consistently outperformed representative
baselines and achieved accurate and robust completion, even at very low sampling rates.
These results support the main premise of this work; namely, that jointly modeling time,
frequency, and 3D spatial dependencies, together with adaptive Bayesian rank learning, is
crucial for reliable low-altitude REM construction under severe observation sparsity. More
broadly, the proposed framework provides a practical basis for spectrum cognition in Al
and 6G-enabled low-altitude networks, with potential value for dynamic spectrum access,
interference-aware trajectory planning, and airspace management. Future work will focus
on measurement-driven validation and practical robustness enhancement of the proposed
framework in real low-altitude UAV sensing environments.
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