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Abstract

Diagnosis coding is a large-scale multi-label task in which each clinical encounter may re-
quire one or more coding labels from a large label space. Conventional top-k and threshold-
based classifiers provide practical coding suggestions but do not directly characterize
uncertainty over alternative coding sets. This study proposes sparse Mahalanobis confor-
mal scoring for set prediction in diagnosis coding under extreme multi-label classification
(XMCQ), intended for coding-assist workflows that require compact and reviewable cod-
ing suggestions. A sparse XMC model first generates candidate coding labels for each
encounter. Candidate label sets are then constructed from the sparse proposal space and
scored using a diagonal Mahalanobis nonconformity function calibrated on held-out data.
Empirical conformal p-values are assigned to candidate sets, and downstream decision
rules are used to obtain a final coding output from the retained region. The framework was
evaluated using outpatient EHR data from a tertiary-care hospital, comprising approxi-
mately 8.0 million visits from 2018 to 2025 and up to 12,829 diagnosis labels. The primary
SMaCS output achieved Micro-F1 close to the strongest threshold-based comparator and
the highest exact match ratio among flexible-size decision rules. Compared with the other
nonconformity scores, the Mahalanobis score produced a smaller retained region with
fewer distinct labels, while preserving the same point-prediction performance. Additional
analyses examined conformal region validity, robustness to label-frequency thresholds,
code-depth performance, label-frequency subgroups, sample cardinality, department-level
variation, and confidence—credibility stratification. Our results suggest that sparse Maha-
lanobis conformal scoring provides a useful framework for uncertainty-informed outpatient
coding set prediction, while also highlighting the importance of candidate-space adequacy
in extreme multi-label diagnosis coding.

Keywords: diagnosis coding; electronic health records; set prediction; conformal scoring;
extreme multi-label classification; sparse prediction

1. Introduction

Diagnosis coding is the process of transforming clinical encounter data into standard-
ized diagnostic codes. These codes are important not only for clinical documentation, but
also for reimbursement, quality monitoring, epidemiological analysis, and health-system
planning [1,2]. In routine outpatient care, a single visit may contain multiple symptoms,
follow-up conditions, chronic comorbidities, and diagnostic impressions. As a result,
the prediction target is often not one code, but a set of codes assigned to the same en-
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counter. This makes outpatient coding more naturally a set-prediction problem than a
simple single-label classification problem.

From a machine learning perspective, outpatient coding presents the main characteris-
tics of extreme multi-label classification (XMC): a large output space, highly imbalanced
label frequencies, a long tail of rare codes, dependencies among clinically related codes,
and substantial variation in the number of codes assigned to individual encounters. A
practical coding system must therefore determine not only which codes are relevant, but
also how many codes should be included in the final prediction.

Most multi-label coding models produce per-label scores or ranked candidate lists
that must subsequently be converted into discrete code sets. Common decision rules,
such as fixed top-k prediction and global thresholding, are computationally efficient but
impose restrictive assumptions. A fixed top-k rule assigns the same number of codes to
every encounter, despite substantial variation in encounter complexity and code cardinality.
Threshold-based rules can adapt the prediction size, but their behavior may differ consid-
erably between frequent and rare labels. These rules produce a single final code set and
therefore do not convey uncertainty about other clinically plausible coding combinations.

1.1. Research Gaps

Extending outpatient diagnosis coding from point prediction to set prediction raises a
practical question: how can clinically plausible coding sets be represented at scale? Confor-
mal prediction (CP) provides a framework for constructing uncertainty-aware prediction
sets using a held-out calibration set and a nonconformity score [3-5]. However, applying
CP directly to outpatient diagnosis coding presents two closely related challenges. First,
set-valued prediction over a large multi-label space may require evaluating an enormous
number of possible code combinations. Because the number of candidate sets grows combi-
natorially with the number of labels, direct conformal prediction over the full label power
set is generally computationally impractical in an extreme multi-label setting. Second,
conformal scoring can evaluate only the candidate sets considered during inference. If the
candidate-generation mechanism excludes clinically relevant codes, no downstream non-
conformity score or calibration procedure can recover the correct coding set. Uncertainty
quantification therefore cannot be separated from the design and adequacy of the candidate
space. These challenges indicate the need for a framework that restricts the candidate space
sufficiently to remain computationally feasible while preserving enough clinically plausible
alternatives for meaningful conformal evaluation.

1.2. The Proposed Framework

This study develops sparse Mahalanobis conformal scoring for set prediction in outpatient
coding. The proposed framework combines a sparse extreme multi-label base model with
conformal candidate-set scoring. First, the base model produces a sparse proposal set of
likely labels for each encounter. Second, candidate coding sets are constructed from this
restricted proposal space rather than from the full label space. Third, each candidate set
is represented as a binary multi-label vector and scored against the base-model output
using a diagonal Mahalanobis nonconformity function. This scoring rule allows label-
wise residual variability to be incorporated into the candidate evaluation step. Finally,
empirical conformal p-values are computed from held-out calibration data and used to
form a conformal candidate region, from which practical decision rules can be derived. The
proposed framework is not presented as a fully coverage-controlled point predictor. In this
study, conformal scoring is used to evaluate the plausibility of candidate coding sets inside
a computationally restricted search space generated by the base model. The practical value
of the framework therefore depends on both calibration behavior and candidate-space
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adequacy. The study evaluates not only the conformal candidate region itself, but also
several downstream decision rules derived from it, including forced maximum p-value
prediction (force), best-p selection within the retained region (best-p), and expected-F1
maximization within the retained region (Exp-F1). This design is more consistent with
outpatient coding practice, where a system returns a compact and usable coding set rather
than an abstract uncertainty object alone [6].

1.3. Contributions
The present study makes four main contributions.

1. It frames outpatient coding as an extreme multi-label set-prediction problem, where
the output is a variable-sized code set rather than a ranked label list alone.

2. It develops a sparse Mahalanobis conformal scoring framework that assigns empirical
conformal p-values to candidate coding sets generated from sparse model outputs.

3. It provides component-level ablations that separate the effects of proposal-support
size, decision rule, and nonconformity score on coverage, region compactness, and
point-prediction performance.

4. It evaluates several decision rules for converting conformal candidate regions into
usable coding outputs and studies their behavior across label-frequency thresholds,
code depth, sample cardinality, departments, and confidence—credibility strata.

2. Related Work

Previous research relevant to this study includes automated diagnosis coding, extreme
multi-label settings, decision rules for constructing final multi-label outputs, and conformal
prediction for multi-label problems.

2.1. Automated Diagnosis and ICD Coding

Automated diagnosis coding has been studied for many years, beginning with rule-
based, dictionary-based, and feature-engineered systems, and later moving toward deep
learning and pretrained language models [1,2,7-9]. In the broader medical-coding litera-
ture, most work has framed diagnosis code assignment as a large-scale multi-label task and
has introduced neural architectures that learn from free-text clinical notes [10-15]. More
recent studies have further improved code prediction by leveraging code hierarchies, label
relations, and more efficient decoding strategies [16,17]. Recent Transformer-based work
has further emphasized that automated ICD coding combines long-document modeling
with an extreme multi-label output space [18]. However, many representative benchmarks
and model developments have been centered on discharge summaries or inpatient-style
documentation, whereas the outpatient setting has different documentation characteristics
and workflow constraints [19,20]. Recent outpatient-specific work has shown that diagnosis
coding in outpatient departments has distinct challenges related to document representa-
tion, case heterogeneity, and coder-assist workflows [20]. In outpatient practice, visits are
usually shorter, more heterogeneous, and often assigned variable numbers of codes. Studies
of ambulatory coding have also shown that clinicians may omit secondary diagnoses and
that code selection can vary across users and EHR search interfaces, supporting the need
for coding-assist methods that return concise and reviewable suggestions [21,22]. These
characteristics make the task particularly challenging when prediction must remain both
accurate and computationally feasible.

2.2. Extreme Multi-Label Classification (XMC)

Outpatient diagnosis coding exhibits the central characteristics of XMC. The output
vocabulary can be very large, label frequencies are highly imbalanced, rare codes form
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a substantial long tail, and clinically related diagnoses frequently co-occur [10,15,23,24].
Similar challenges have been reported in diagnosis coding studies that emphasize large
code vocabularies, hierarchical code structure, label imbalance, and dependencies among
co-occurring diagnosis codes [9,11,13,17]. Recent benchmark work using MIMIC-1V further
supports the view that ICD coding is an extreme multi-label task requiring standardized
preprocessing, large-scale evaluation, and reproducible comparison across models [24].
Moreover, the number of codes assigned to an encounter varies substantially from case to
case. A practical coding model must therefore address at least three difficulties simulta-
neously: large output dimensionality, severe label imbalance, and uncertainty about the
appropriate size of the final predicted code set. These issues are not fully resolved by
simply improving the base classifier, because the final coding output still depends on how
model scores are converted into a discrete set of predicted labels.

2.3. Decision Rules for Final Set Construction

In most multi-label coding pipelines, the base model produces either per-label scores
or a ranked list of candidate labels, after which a decision rule is used to obtain the
final prediction [9,24]. In practice, this often takes the form of ranked truncation, top-k
prediction, or threshold-based selection [7,9]. Such rules are simple and efficient, but they
impose strong assumptions on a problem in which case difficulty and code cardinality
vary widely across visits [24,25]. A fixed top-k rule forces every encounter to receive the
same number of predicted codes, whereas simple thresholding may behave inconsistently
across frequent and infrequent labels. More importantly, these approaches usually return a
single final prediction without explicitly quantifying how plausible alternative coding sets
may be [26,27]. For outpatient coding, where several related code combinations may be
clinically reasonable, this limitation becomes important.

2.4. Conformal Prediction for Multi-Label Outputs

CP offers a model-agnostic framework for transforming model outputs into uncertainty-
aware prediction sets using a calibration dataset and a nonconformity score [3-5]. In recent
years, conformal methods have been extended beyond standard single-label classifica-
tion to multiclass and multi-label confidence sets, tree-based multi-label prediction, and
Mahalanobis-based nonconformity measures for multi-label outputs [26,28,29]. Related
work has also considered the practical usefulness of multi-label conformal sets when false
positives and prediction-set size are important [27]. These studies demonstrate the potential
of conformal methods for multi-label uncertainty quantification, but they also reveal a
central computational difficulty: when the prediction target is itself a set of labels, the
candidate output space can become prohibitively large.

The present study addresses this difficulty by applying conformal scoring within a
sparse candidate space generated by an extreme multi-label base model. This approach
shifts attention from unconstrained enumeration of the full multi-label output space to the
joint design of candidate generation, candidate scoring, and practical final-set selection.

3. Materials and Methods
3.1. Study Design and Data Partitioning

This was a single-center retrospective secondary data analysis using outpatient elec-
tronic health records from Songkhlanagarind Hospital, Faculty of Medicine, Prince of
Songkla University, a tertiary-care teaching hospital, covering encounters from January
2018 to December 2025. The study was conducted in accordance with the Declaration of
Helsinki and was approved by the Human Research Ethics Committee of the Faculty of
Medicine, Prince of Songkla University (Approval no. REC.68-562-38-2). All data were
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de-identified at the time of retrieval. Each observation corresponded to one outpatient
encounter, and the prediction target was the set of ICD-10 diagnosis codes assigned to that
encounter. Because a single visit could be associated with more than one code, the task
was formulated as multi-label prediction under an extreme multi-label setting rather than
ordinary single-label classification. Encounters were eligible when a physician note and at
least one assigned diagnosis code were available, and encounters with no recorded note or
administrative-only record were excluded.

To reflect the intended deployment setting, the dataset was partitioned chronologically
into training, calibration, and test sets. The training set was used to fit the base extreme
multi-label model and estimate the residual-variance terms. The held-out calibration set
was used to form the empirical reference distribution of nonconformity scores and calculate
conformal p-values. The test set was used only for final evaluation and was not used for
model fitting or conformal calibration. Under the full label space, the partition contained
6,346,718 training, 819,354 calibration, and 804,574 test visits (approximately 8.0 million in
total). In addition to the main analysis, sensitivity analyses were conducted across different
minimum label-frequency thresholds in the training data in order to examine robustness to
long-tail label pruning.

3.2. Prediction Task and Data Representation

Figure 1 summarizes the overall workflow used in this study. Outpatient encounter
data were first transformed into sparse structured-EHR and clinical-note representations,
which were then passed to the base XMC model to produce sparse label scores. These
scores defined the proposal label set used for candidate-set construction, conformal scoring,
and final decision-rule selection.

3.2.1. Label Space and Notation

LetY = {1, oo, d } denote the coding label space, where d is the number of labels. For
encounter i, let x; denote the encounter input representation and let Y; C ) denote the
observed set of assigned codes. The corresponding binary multi-label vector is written as

yi € {O,I}d, (1)

where y;; = 1 if label j is assigned to encounter i and y;; = 0 otherwise.
The base model produces a sparse score vector

o; = f(x;) € [0,1)%, 2)

where 0;; denotes the score assigned to label j for encounter i. Only a sparse subset of labels
is returned with nonzero scores. This subset defines the proposal label set

Si={jeY:0;>0} 3)

The aim of the proposed method is not only to rank labels, but to evaluate plausible
sets of labels for each encounter. Accordingly, the conformal stage operates on candidate
coding sets generated from the sparse proposal set rather than directly on individual labels.

3.2.2. Encounter Representation

Each outpatient encounter was represented by the concatenation of two sparse text-
derived feature spaces: a structured visit representation and an unstructured clinical note
representation (see Figure 1). This followed the PECOS-based outpatient XMC pipeline
used in our coding experiments [23].
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Structured EHR
Current Visit: Metadata + Vital Signs
Prior Visits: Metadata + Vital Signs + Prior DX +Prior RX

Clinical Note
Free-text Physician Note at Current Visit

v v
TF-IDF Vectorizer TF-IDF Vectorizer
[ |
13
Concatenated Encounter Representation
= [xg/isit; xlgmte]
v
Base Sparse XMC Model
v

Sparse Label Score Vector and Proposal Label Set
0; = (01, ) 030),S; = {j € Y; 05 > 0}

2
Candidate Label-Set Construction Restricted
----- candidate space
c(s) for feasibility
v

Diagnonal Mahalanobis Nonconformity Score
A(y¢,0;) calculated for each candidate set
to measure how unusual set y. for score o;.

v
Empirical Conformal p-values | ! Calibration Set
p(C,x;) forall C € C(S;) computed from calibration scores Deal
L2

Retained Conformal Region
Te(x;) = {C € C(S):p(Clxy) > €}
v
Decision Rule
Best-p | Force | Exp-F1
L2

Final Prediction Set
2

Figure 1. Overview of the proposed sparse Mahalanobis conformal scoring (SMaCS) framework for
outpatient coding set prediction. Structured EHR data and the clinical note are transformed into
sparse representations by independent TF-IDF models and passed to the base multi-label model to
produce a label score vector. Candidate coding sets are then constructed from the sparse proposal
space, evaluated using the nonconformity score, converted to empirical conformal p-values, and
filtered into a retained conformal region. Final outputs are obtained by applying a decision rule,
including forced maximum p-value prediction (force), best-p selection within the retained region
(best-p), and expected-F1 maximization within the retained region (Exp-F1).

For the structured component, the current visit and recent visit history were serialized
into token-based documents. The structured visit document (see Figure 2) included visit-
level metadata and vital signs from the current encounter, while historical visits contributed
prior diagnoses and prescriptions. Diagnoses and prescriptions from the current encounter
were excluded from the structured representation in order to avoid label leakage. In the
underlying XMC pipeline, the structured document was formed from the current visit
together with the three most recent prior visits.

For the unstructured component, the physician-authored clinical note associated with
the encounter was processed as a free-text document. Separate TF-IDF vectorizers were
fitted to the structured visit documents and to the clinical note documents [30]. Each
vectorizer used an n-gram range of 1-2 and was restricted to a maximum of 2!8 features,
with ¢, normalization applied within each modality. The two modality-specific sparse
vectors were then concatenated to form the encounter representation

Xj = {xlyisit,. x?ote} . ( 4)

This representation preserves the distinction between structured longitudinal context

and the current clinical narrative while remaining suitable for large-scale sparse linear
XMC modeling.
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Token sections used for each visit

<VISIT>
AGE:<10-BIN>
SEX: {MALE | FEMALE | UNKNOWN }
CLINIC:<CLINIC CODE>
DISCHARGE:

{HOME | LAB_WAIT | CONSULT |C

<VITAL>
HR:<10-BIN>
RR:<5-BIN>
SPO2: <2-BIN>
SBP:<10-BIN>
DBP:<10-BIN>

<DX>

Each record:

ICD:<ICD FULL CODE>
DXG:<ICD_3CHARS>
Multiple records separated by |
>>>

<RX>

Each record:

DRUG: <DRUG_ CODE>
RXG:<GENERIC_NAME>
Multiple records separated by |
>>>

BP: {LOW|NORMAL | ELEVATED | S
TAGE1l| STAGE2},
TEMP : {HYPOTHERMIA |
NORMAL | ELEVATED | FEVER | HY
PERPYREXIA}

WT:<5-BIN>, HT :<5-BIN>

BMI : {UNDER | NORMAL | OVER | OB
ESE}

>>>

ONSULT WAIT|
DECEASED | REFERRED | TRANSF
ERRED}

>>>

Assembly of Structured EHR Visit Document

Current Visit v;
<VISIT> + <VITAL>
Current DX/RX excluded

Vi1
<VISIT> + <VITAL>
+ <DX> + <RX>

7 Vi3
<VISIT> + <VITAL> <VISIT> + <VITAL>
+ <DX> + <RX> + <DX> + <RX>

+ +

Example of Serialized Sequence

<VISIT> AGE:50-59 SEX:FEMALE CLINIC:MED DISCHARGE:HOME >>>
<VITAL> HR:70-79 RR:12-16 SP02:95-100 SBP:140-149 DBP:70-79 BP:STAGEl TEMP:NORMAL WT:60-64 HT:155-159 BMI:OVER >>>

<VISIT> AGE:50-59 SEX:FEMALE CLINIC:INTMED DISCHARGE:HOME >>>

<VITAL> HR:70-79 RR:12-16 SP02:95-100 SBP:130-139 DBP:70-79 BP:ELEVATED TEMP:NORMAL WT:60-64 HT:155-159 BMI:OVER >>>
<DX> ICD:E11.9 DXG:E1l | ICD:I10 DXG:I10 >>>

<RX> DRUG:METFORMIN RXG:METFORMIN | DRUG:AMLODIPINE RXG:AMLODIPINE <<<

<VISIT> AGE:50-59 SEX:FEMALE CLINIC:PSY DISCHARGE:HOME >>>

<VITAL> HR:80-89 RR:12-16 SP02:95-100 SBP:120-129 DBP:70-79 BP:NORMAL TEMP:NORMAL WT:60-64 HT:155-159 BMI:OVER >>>
<DX> ICD:F41.1 DXG:F41l | ICD:G47.0 DXG:G47 >>>

<RX> DRUG:SERTRALINE RXG:SERTRALINE | DRUG:LORAZEPAM RXG:LORAZEPAM <<<

<VISIT> AGE:50-59 SEX:FEMALE CLINIC:ENT DISCHARGE:HOME >>>

<VITAL> HR:70-79 RR:12-16 SP0O2:95-100 SBP:120-129 DBP:70-79 BP:NORMAL TEMP:NORMAL WT:60-64 HT:155-159 BMI:OVER >>>
<DX> ICD:H81.1 DXG:H81 | ICD:J30.9 DXG:J30 >>>

<RX> DRUG:DIMENHYDRINATE RXG:DIMENHYDRINATE | DRUG:CETIRIZINE RXG:CETIRIZINE <<<

Figure 2. Structured EHR visit schema used to serialize outpatient EHR data into a uniform token
sequence. Each visit is represented by four sections: <VISIT> for visit metadata, <VITAL> for vital
signs, <DX> for diagnosis codes, and <RX> for prescriptions. Sections are terminated by the >>> token,
and multiple diagnosis or prescription records are separated by the | token. For the current visit, <DX>
and <RX> sections are excluded to avoid label leakage, whereas the three previous visits include <DX>
and <RX> histories to provide longitudinal clinical context. The lower panel provides an example of
the resulting serialized visit document.

3.3. PECOS-Based XMC Model
3.3.1. XR-Linear Training and Inference

In our study, the base prediction model was implemented using the PECOS framework
for XMC, specifically the XR-Linear pipeline [23]. PECOS was selected because it is designed
for large, sparse, and correlated output spaces and can produce sparse candidate labels
efficiently, which is essential for the downstream conformal stage.

Model training followed the PECOS workflow. First, label embeddings were created
from the training labels and training features. Second, the label tree was generated. Third,
the recursive linear model was trained.

The base model served two roles in the overall framework. First, it generated the
sparse proposal labels used to construct candidate coding sets. Second, it provided the
score vector against which each candidate set was evaluated in the conformal stage. The
conformal layer therefore operated on top of a trained PECOS XR-Linear model.

3.3.2. Sparse Proposal Labels

The conformal layer does not replace the need for a strong base model. If clinically
relevant labels are not present in the sparse proposal set, they cannot be recovered later by
conformal scoring. For this reason, the quality of the proposal mechanism is an essential
part of the overall method, and candidate-space adequacy was examined explicitly in
the evaluation.

https:/ /doi.org/10.3390/bdcc10070232
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The proposal label set for encounter i was defined as the set of labels with nonzero
scores returned by the PECOS/XR-Linear inference pipeline:

Si={j€Y:o0;>0} (5)

For each encounter, nonzero labels were ranked by model score, and the 20 highest-
scoring labels were retained as the proposal support. The conformal stage was then applied
within this sparse proposal space.

3.4. Sparse Mahalanobis Conformal Scoring
3.4.1. Candidate-Space Construction

Direct conformal scoring over the full multi-label power set is infeasible in an extreme
multi-label setting. Therefore, candidate coding sets were constructed only from the sparse
proposal set S; returned by the PECOS/XR-Linear inference pipeline. The candidate space
for encounter i is written as

C(Sl) = {C Q Si : Li S |C| S Ui}, (6)

where |C| denotes the number of labels in the candidate set C.

Let k; = |S;| denote the proposal-set size for encounter i. Candidate coding sets were
generated over a restricted cardinality range centered around a target set size ko with
window h:

L= max(l, ko — ]’l), U, = min(ki,ko + h) (7)

In the main implementation, the candidate generator used kg = 1 and & = 2, deter-
mined from the training set. If the proposal set was empty, the highest-scoring label was
used to define a singleton proposal set.

All label combinations with cardinality between L; and U; were enumerated when the
total number of combinations was manageable. If the number of combinations exceeded
a predefined cap M, candidate sets were sampled across cardinalities rather than fully
enumerated. In the main implementation, the candidate cap was set to M = 50,000.

The restricted candidate-space design is central to the proposed method. It improves
feasibility, but it also means that conformal scoring can only evaluate coding sets that
are reachable through the sparse proposal mechanism. For that reason, candidate-space
adequacy was treated as part of the method rather than only as a downstream diagnostic.

3.4.2. Diagonal Mahalanobis Nonconformity Score

The proposed method, termed sparse Mahalanobis conformal scoring (SMaCS), evaluates
each candidate coding set using a diagonal Mahalanobis nonconformity score within a con-
formal framework [3,29]. Let y denote a candidate binary label-set vector and let o denote
the corresponding base-model score vector for the same encounter. The nonconformity
score is defined as

A(y,0) = /(y —0)TD-1(y — o), ®)

where D is a diagonal covariance matrix estimated from residuals between observed
multi-label vectors and base-model outputs.

For label j, the residual is defined as r;; = y;; — 0;;. The diagonal variance term is
estimated empirically as

2

07 = E|(yij —05)*| — (Elyy —03))” ©)
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To avoid unstable inverse weights, a ridge floor is imposed,
0?7 — max(6?, Mridee) (10)
j j s /‘ridge)s
and the inverse variance weight is defined as
1
== (11)

]

This yields a diagonal weighting matrix D! = diag(wy, ..., w,). In the main imple-
mentation, the ridge term was set to Aigge = 1078,

3.4.3. Calibration Scores and Empirical Conformal p-Values

Let Dy = {(x;,Y;) }I; denote the calibration set. For each calibration encounter, the
observed multi-label vector y; and the predicted score vector o; are used to compute a
calibration nonconformity score

a; = A(yi, 0;). (12)

The calibration scores are sorted to form the empirical reference distribution used
at inference.

For a test encounter with score vector o and a candidate coding set represented by
binary vector y, the candidate nonconformity score is computed as

a=A(y,o). (13)
Its empirical conformal p-value is then defined as

14 [{i:a; > a}]
n+1

py | x) = / (14)
which follows the standard empirical conformal construction [3]. A candidate set is retained
in the conformal region if

ply [x) > e (15)

where € is the user-specified retention threshold. In the main implementation, empirical
p-values were used without randomized smoothing.
For encounter i, the retained conformal region is written as

Te(x;)) ={C e C(S;): p(C|x;) > €} (16)

The conformal procedure is evaluated over the coding sets in the generated candidate
space, C(S;). The resulting region is a candidate-space conformal region whose overall
coverage reflects both the conformal calibration within this space and the ability of the
candidate-generation procedure to include the true coding set.

3.4.4. Decision Rules Derived from the Conformal Region

The retained conformal region may contain multiple candidate coding sets for the
same encounter. Because outpatient coding systems must ultimately return a usable coding
output, additional decision rules were applied to convert the retained conformal region
into a final prediction. In this study, three decision rules were examined: force, best-p, and
Exp-F1 selection:

*  Force: The final prediction was always returned, regardless of whether it belonged to
the retained conformal region. All candidate sets generated from the sparse proposal
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space were scored, their empirical conformal p-values were computed, and the can-
didate with the largest p-value was selected. The force rule therefore preserved the
candidate-space restriction but removed the region-retention requirement.

*  Best-p: The final prediction was the retained candidate set with the largest empirical
conformal p-value. This rule remained restricted to the conformal region and therefore
selected among candidates satisfying the retention criterion p(C | x) > e. If no
candidate satisfied the retention criterion, no final coding set was returned.

*  Exp-F1: the final prediction was chosen by applying an Exp-F1 selection criterion over
the retained conformal candidate sets. This rule was used to favor compact candidate
sets that balanced precision and recall more effectively than the union rule while
remaining more region-aware than simple best-p selection.

For each candidate set C, Exp-F1 was calculated as

2V .
Exp-F1(C) = 72]6(2;7] , (17)
ICl+ X1 P

where p; is the predicted probability of label j, |C| is the number of labels in the candidate
set C, and L is the total number of labels.

The term ) p; estimates the number of correctly selected labels in the candidate set
C, while Z]Lzl p; estimates the total number of positive labels. Exp-F1 therefore balances
the expected number of correctly selected labels against the size of the candidate set. The
retained candidate with the highest Exp-F1 value was selected as the final prediction. Exp-
F1 is a downstream selection rule based on the predicted marginal label probabilities and is
not part of the conformal calibration procedure.

If no candidate remained after conformal filtering, the method returned an empty
prediction. Ties were resolved by first selecting the candidate with the higher conformal
p-value, followed by the candidate with fewer labels. The operating significance level &
and the decision-rule settings were selected using the calibration set. These choices were
fixed before evaluation on the test set.

In the main experiments, the Exp-F1 rule was treated as the primary SMaCS output
for point-prediction analyses.

Unless otherwise stated, the main decision-rule analyses were reported at € = 0.01,
with the full e-sweep reported in the conformal-region analysis.

3.4.5. Alternative Nonconformity Scores

Three alternative nonconformity scores were compared with the Mahalanobis noncon-
formity score:

e  Lqresidual score: The L; score measures the total absolute difference between the
candidate label vector and the vector scores, with all labels receiving equal weight.

d
ar, (y,0) =} |yj — oj]- (18)
j=1

*  Euclidean L, score: Unlike the Mahalanobis score, the Ly score does not adjust the
residuals according to label-specific residual variability.

(19)
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* Rank-mismatch score: This score used only the ordering of the vector scores. Let
7") be the binary vector representing the r highest-scoring labels in o, where 7 is the
number of labels in candidate y. The score was defined as

d d
tank(y,0) = Ly =37 =1y (20)
=1 =1

A score of zero means that the candidate exactly matches the r highest-scoring labels.

Each alternative score was calibrated separately and then applied within the same
conformal procedure as the Mahalanobis score.

3.4.6. Confidence and Credibility Scores

Two additional quantities were recorded to characterize the strength of the candidate
ranking: credibility and confidence. Credibility was defined as the largest empirical
conformal p-value among all candidate sets generated for the encounter. Confidence was
defined as one minus the second-largest empirical conformal p-value. If p(;) and py)
denote the largest and second-largest candidate-set p-values, respectively, then

credibility(x) = p(1) and  confidence(x) =1—p(y). (21)

These quantities were computed directly from the candidate-level conformal scores
returned by the force rule and were later used for stratified performance analyses.

3.5. Evaluation Protocol

To place SMaCS in context, conventional point-prediction comparators were evaluated
using the test set, including global max-F1 thresholding, local max-F1 thresholding, and top-
k prediction with k = 1, 2, and 3. Component-level ablations examined proposal-support
size, decision rules, and nonconformity scores. In the proposal-support ablation, label recall
measured the proportion of true labels included in the proposal set, whereas proposal recall
measured the proportion of encounters whose complete true label set was included.

3.5.1. Prediction Metrics

Prediction performance was assessed after applying each decision rule or comparator
method to produce a final coding set for each encounter. The main point-prediction metrics
were Micro-Precision, Micro-Recall, Micro-F1, Macro-F1, Weighted-F1, Weighted-Jaccard,
exact match ratio, empty prediction rate, and average prediction size. These metrics were
reported for the comparator methods and for the SMaCS decision rules. Empty prediction
rate was included because some strategies could return no final label under stricter retention
settings, whereas average prediction size summarized the compactness of the returned
coding set.

3.5.2. Conformal Region Evaluation

The retained conformal region was also evaluated as a set-valued object in order to
describe its size, inclusion behavior, and empirical retention properties across different
values of €. The conformal region was summarized using set-wise coverage, label-wise
coverage, average region size, empty-region rate, average set size, and average label size
across a sequence of € values. This analysis was used to show how the retained region
changed as the retention threshold became more or less stringent.
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3.5.3. Robustness and Subgroup Analyses

Additional analyses were performed to examine how the method behaved under
different label-frequency thresholds and across clinically relevant subgroups. Robustness
to long-tail label pruning was assessed by repeating the main experiment across minimum
training-set label-count thresholds of 0, 200, 400, 600, 800, and 1000.

Subgroup analyses were then conducted at several levels. First, performance was
summarized by code depth, including chapter, block, and full-code levels. Second, labels
were grouped by frequency bin in order to examine the relation between label prevalence
and predictive performance. Third, encounters were stratified by the number of assigned
labels to study the effect of sample cardinality. Fourth, performance was summarized
across departments to examine heterogeneity by service setting. Finally, confidence- and
credibility-stratified analyses were used to assess how these conformal ranking quantities
were related to point-prediction quality.

4. Results
4.1. Dataset Characteristics

Table 1 summarizes the numbers of visits and labels in the training, calibration, and
test sets. Under the full label space, the training, calibration, and test sets contained
6,346,718, 819,354, and 804,574 visits, respectively, with 12,829 retained labels. Increasing
the minimum label-count threshold progressively reduced both the number of labels
and the number of visits, yielding 1101 retained labels at the most restrictive setting.
Across all settings, the average number of assigned labels per encounter remained stable at
approximately 1.38-1.40. This indicates that label-frequency filtering changed the size of
the retained coding space more than the typical per-visit coding cardinality.

Table 1. Dataset characteristics by experimental setting.

. Number of Visits Number of Patients
Minimal Number of Average
Ijabel ?o.unt Labels Training  Calibration Test Training Calibration Test Assigned
in Training 01/18-07/24  07/24-03/25  03/25-12/25 Seen Unseen  Seen  Unseen Labels
0 12,829 6,346,718 819,354 804,574 604,899 177,235 34,607 165,845 49,452 1.39
200 2685 5,879,346 784,527 768,646 540,029 171,997 34,637 160,328 49,388 1.40
400 1883 5,683,852 759,640 744,639 530,712 168,934 34,085 157,500 48,425 1.39
600 1529 5,535,098 741,382 726,761 522,924 166,467 33,640 155,196 47,704 1.39
800 1270 5,384,932 721,392 703,055 515,512 163,868 33,148 152,039 46,111 1.39
1000 1101 5,256,556 704,069 686,609 508,972 161,463 32,820 149,871 45,400 1.38

4.2. Overall Point-Prediction Performance

Table 2 compares the point-prediction performance of the conventional baselines and
SMaCS with Exp-F1. SMaCS Exp-F1 achieved a Micro-F1 of 0.6112 with a negligible empty
rate of 0.0001, an exact match ratio of 0.4754, and an average prediction size of 1.2514. It also
attained a Weighted-F1 of 0.5950 and a Weighted-Jaccard of 0.4469. Global Max-F1 attained
a slightly higher Micro-F1 of 0.6229, but produced empty predictions in 19.3% of encounters
and a lower exact match ratio of 0.4083, despite a comparable average prediction size of
1.1783. Local Max-F1 returned empty predictions in 15.4% of encounters. SMaCS Exp-F1
therefore provided a more favorable operating point when output availability and exact set
recovery were considered alongside Micro-F1.

The threshold-based and top-k comparators showed different operating points. Local
Max-F1 yielded slightly higher Micro-Recall than Global Max-F1 (0.6062 vs. 0.5907), but
at the cost of lower Micro-Precision and Micro-F1. Compared with Top-1, SMaCS Exp-F1
maintained a similar exact match ratio while increasing Micro-Recall from 0.4883 to 0.5967.
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Top-2 and Top-3 increased recall substantially, but precision and exact match declined

sharply as the output size increased.

Table 2. Point-prediction performance of the conventional baselines and SMaCS decision rules.

. . . . Exact
Decision Rule Ml.CI'.O - Micro- Micro-F1 Macro-F1 Weighted-  Weighted- Match Empty Ave.ra'ge
Precision Recall F1 Jaccard . Rate Prediction
Ratio
Global Max-F1 0.6587 0.5907 0.6229 0.1483 0.6013 0.4550 0.4083 0.1930 1.1783
Local Max-F1 0.6000 0.6062 0.6031 0.1605 0.6126 0.4642 0.3823 0.1539 1.3275
Top-1 0.6416 0.4883 0.5545 0.1462 0.5326 0.3864 0.4766 0.0000 1.0000
Top-2 0.4348 0.6618 0.5248 0.1482 0.5353 0.3828 0.0570 0.0000 2.0000
Top-3 0.3257 0.7437 0.4531 0.1288 0.4920 0.3413 0.0217 0.0000 3.0000
SMaCS Exp-F1 0.6265 0.5967 0.6112 0.1453 0.5950 0.4469 0.4754 0.0001 1.2514
4.3. Performance as a Function of Prediction Size
Figure 3 compares Micro-F1, Micro-Precision, and Micro-Recall as functions of average
prediction size. The figure shows a clear trade-off between compactness and recall. Top-k
methods moved steadily toward higher recall as k increased, but this was accompanied by
a marked decrease in precision and Micro-F1. In contrast, the threshold-based methods
and SMaCS decision rules occupied a much more compact part of the operating space, with
average prediction sizes close to one to one-and-a-half labels per encounter.
Micro-F1 Micro-Precision Micro-Recall
1.0 1.0 1.0
# SMaCs Exp-F1 @ =0.01 --e- SMaCS Exp-F1 # SMaCS Exp-F1 @ =0.01 --e- SMaCS Exp-F1
# Global Max F1 wre- Top K B # Global Max F1 --e- Top K
% Local Max F1 A3 % Local Max F1
0.8 0841
‘% 2
0.6 0.65 .é 0.6 Q o.ss-f 'X = 0.6 ’ K
: 0.4 1 ,; T 055 £, S 0.4 5 055 204/ I . '
é e ; . = kY : = .1 2 3
o 7. .0,1. 2 3 - | [ 1 2 3 0'27:
s T . e, d [ TR | . # SMaCS Exp-F1 @e =0.01 --e- SMaCS Exp-F1
RS STTEP, PO I8 o % Global Max F1 -e- TopK
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Average Prediction Size
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Average Prediction Size

Figure 3. Comparison of Micro-F1, Micro-Precision, and Micro-Recall as functions of average
prediction size for SMaCS Exp-F1 at € = 0.01, Global Max-F1, Local Max-F1, and Top-k prediction,
illustrating the trade-off between prediction compactness and point-prediction performance across

output sizes.

Within this compact region, SMaCS Exp-F1 provided the strongest overall balance. Its
Micro-F1 was higher than that of SMaCS force and SMaCS best-p, while remaining close to
the best threshold-based result. Global Max-F1 remained the strongest comparator in terms
of Micro-F1, but SMaCS Exp-F1 provided a more favorable balance than Local Max-F1
and substantially improved upon the other conformal decision rules used as direct point
predictors. These results support the use of Exp-F1 selection as the main decision rule for
converting the retained conformal region into a practical coding output.

4.4. Conformal Region Validity

Table 3 and Figure 4 summarize the behavior of the retained conformal region across
values of €. Both set-wise coverage and label-wise coverage decreased monotonically as €
increased. At e = 0.01, set-wise coverage was 0.8236 and label-wise coverage was 0.8685.
These values declined to 0.3324 and 0.3714 at € = 0.50, and to 0.1379 and 0.1349 at € = 0.90.

https:/ /doi.org/10.3390/bdcc10070232


https://doi.org/10.3390/bdcc10070232

Big Data Cogn. Comput. 2026, 10, 232

14 of 26

1.0

0.8

Coverage
o
o

I
IS

0.2

—8— Set-wise Coverage
Label-wise Coverage
=== Target1-

—— Average Region Size

1.0

Average Set Size
I 600 141
€
12 0.8 1
r 500

=

S
g
o

T
N
1=}
S

0.6

T
w
o
o
Average Region Size
Label Size
=
w
Set Size
Empty-Region Rate

r1.0

N
=3
S

F 100 [ 05 021

1 —®— Average Label Size + 0.0

0.0 T T T
0.0 0.2 0.4 0.6

T T 0.0 - T T T T
0.6 0.8 0.0 0.2 0.4 0.6 0.8
£

T T T
0.8 0.0 0.2 0.4 1.0 1.0

£

Figure 4. Behavior of the retained conformal region across different values of €. The left panel shows
set-wise coverage, label-wise coverage, the nominal target line (1 — €), and average region size. The
middle panel shows average label size and average set size. The right panel shows the empty-region
rate. Together, these panels summarize how the retained conformal region becomes smaller and more
selective as € increases.

Table 3. Empirical coverage and compactness of the retained conformal region.

Set-Wise Label-Wise Average Emptv Rate Average Set Average

Coverage Coverage Region Size Pty Size Label Size
0.01 0.8236 0.8685 409.12 0.0001 2.76 11.97
0.05 0.7584 0.8161 171.04 0.0081 2.70 7.77
0.10 0.6885 0.7547 110.21 0.0326 2.67 6.28
0.15 0.6311 0.7012 76.77 0.0634 2.65 5.27
0.20 0.5735 0.6454 48.80 0.1047 2.60 4.29
0.25 0.5198 0.5885 28.04 0.1515 2.53 3.39
0.30 0.4682 0.5329 15.23 0.2045 241 2.67
0.35 0.4277 0.4874 8.66 0.2643 227 2.15
0.40 0.3926 0.4454 5.05 0.3243 2.14 1.68
0.50 0.3324 0.3714 1.96 0.4440 1.85 1.07
0.60 0.2855 0.3099 0.87 0.5456 1.53 0.72
0.70 0.2403 0.2506 0.42 0.6584 1.28 0.43
0.80 0.2011 0.2031 0.29 0.7289 1.18 0.33
0.90 0.1379 0.1349 0.18 0.8229 1.15 0.20

Average region size denotes the average number of retained candidate sets. Average set size denotes the average
number of labels within each retained candidate set. Average label size denotes the average number of unique
labels appearing across all retained candidate sets for an encounter.

This reduction in coverage was accompanied by a corresponding contraction of the
retained region. Average region size decreased from 409.12 at e = 0.01 to 1.96 at € = 0.50
and 0.18 at € = 0.90. Average label size decreased from 11.97 at € = 0.01 to 1.07 at € = 0.50
and 0.20 at e = 0.90. At the same time, empty rate increased steadily from 0.0001 at e = 0.01
to 0.4440 at € = 0.50 and 0.8229 at € = 0.90. Figure 4 shows the same pattern graphically.
As the retention threshold became more stringent, the conformal region became smaller
and more selective, but also more likely to be empty.

The empirical region behavior did not follow the nominal (1 — €) line. This is consistent
with the fact that retained candidates were evaluated over a restricted proposal space rather
than over the full multi-label power set. In this setting, the conformal region should be
interpreted as an empirical candidate-set filter within the sparse proposal mechanism,
rather than as a full-space coverage guarantee.

In the present study, € = 0.01 was used as the main operating point for decision-rule
evaluation because it preserved a broad retained candidate region with negligible empty-
region rate, allowing Exp-F1 selection to operate over a sufficiently rich candidate set. It
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should therefore be interpreted as a practical retention setting within the restricted proposal
space, rather than as a nominal full-space coverage target.

4.5. Ablation Studies

Three ablations were performed to isolate the effects of proposal-support size, decision
rule, and nonconformity scoring.

Table 4 shows the trade-off associated with proposal-support size. Increasing the
support from 5 to 20 labels increased set-wise coverage from 0.7615 to 0.8236 and proposal
recall from 0.7662 to 0.8303. At the same time, the number of generated candidate sets
increased from 25 to 1350, and the average region size increased from 19.55 to 409.12.
The 20-label support was retained for the main analysis because it provided the highest
proposal recall and coverage while remaining within the available computational budget.

Table 4. Proposal-support ablation.

Provosal Support Set-Wise  Label-Wise ?{Zeriz:)gne Average Candidate Average Set Label Proposal
P PP Coverage  Coverage Sigze Label Size Sets Size Recall Recall
5 labels 0.7615 0.8050 19.55 4.40 25 2.15 0.8088 0.7662
10 labels 0.8021 0.8480 91.45 7.37 175 2.55 0.8527 0.8080
20 labels 0.8236 0.8685 409.12 11.97 1350 2.76 0.8739 0.8303

The decision-rule ablation in Table 5 held the proposal support at 20 labels and used
the Mahalanobis nonconformity score. Force and best-p achieved Micro-F1 scores of 0.5453
and 0.5343, respectively. Exp-F1 increased Micro-F1 to 0.6112 and the exact match ratio
to 0.4754, while increasing the average prediction size only from approximately 1.15 to
1.25 labels. Among the decision rules, Exp-F1 achieved the strongest point-prediction
performance. This gain reflects the objective of Exp-F1, which uses the model probabilities
to select the retained candidate with the highest estimated F1.

Table 5. Decision-rule ablation.

Decision Rule Micro-F1 Macro-F1 Exact Match Ratio Empty Rate Average Prediction
Force 0.5453 0.1056 0.4279 0.0000 1.1536
Best-p 0.5343 0.1035 0.4158 0.0001 1.1505
Exp-F1 0.6112 0.1453 0.4754 0.0001 1.2514

With the proposal support fixed at 20 labels and Exp-F1, the nonconformity scores
produced similar point-prediction performance (see Table 6). Mahalanobis produced an
average region size of 409.12, compared with 439.91 for Euclidean L2, 559.06 for L1 residual,
and 624.58 for rank mismatch. Its average union size was 11.97 labels, compared with
approximately 20 labels for the other scores. This reduction was accompanied by a small
percentage-point decrease in set-wise coverage. The main advantage of the Mahalanobis
score was clear. It reduced the retained region to fewer candidate sets and fewer distinct
labels, while maintaining similar Exp-F1 performance.

Overall, these ablations show that the main components contribute in different ways.
Proposal-support size primarily determined proposal recall and coverage, Exp-F1 primar-
ily improved point-prediction performance, and Mahalanobis scoring produced a more
compact uncertainty region while maintaining similar predictive performance.
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Table 6. Nonconformity-score ablation.
. . Average
Nonconformity Score Set-Wise Label-Wise AYerag? Average Micro-F1 Exact Match Prediction
Coverage Coverage Region Size  Label Size Ratio Size
Mahalanobis 0.8236 0.8685 409.12 11.97 0.6112 0.4754 1.2514
L; Residual 0.8283 0.8717 559.06 19.97 0.6120 0.4764 1.2512
Euclidean L, 0.8284 0.8724 439.91 19.98 0.6120 0.4764 1.2514
Rank Mismatch 0.8299 0.8739 624.58 20.00 0.6122 0.4764 1.2520

4.6. Robustness to Label-Frequency Thresholding

Table 7 and Figure 5 show the effect of progressively restricting the retained label space.
As the minimum training-set label count increased from 0 to 1000, Micro-F1 for the SMaCS
Exp-F1 output increased from 0.6112 to 0.6601. Macro-F1 also increased substantially, from
0.1453 to 0.5760. Exact match ratio rose from 0.4754 to 0.5293. Average prediction size
remained remarkably stable throughout, varying only between 1.2437 and 1.2514.

Table 7. Performance sensitivity to minimum label-count thresholds.

Minimal Label Count in Training Set

Metric
0 200 400 600 800 1000
Micro-F1 0.6112 0.6281 0.6370 0.6443 0.6537 0.6601
Macro-F1 0.1453 0.4597 0.5093 0.5350 0.5570 0.5760
Jaccard 0.4469 0.4663 0.4766 0.4844 0.4952 0.5018
Exact Match 0.4754 0.4943 0.5038 0.5126 0.5224 0.5293
Empty Rate 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
Average Prediction 1.2514 1.2463 1.2500 1.2437 1.2463 1.2473
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Figure 5. Performance under varying retained label-space sizes. The left panel shows Micro-F1
and the right panel shows Macro-F1 as functions of the number of retained labels after minimum-
frequency filtering. These reflect how performance changes as the coding label space becomes
more restricted.

These results indicate that long-tail label pruning improved point-prediction perfor-
mance without materially changing the size of the returned coding set. Figure 5 shows that
the gap between the different decision rules narrowed as the label space became smaller.
SMaCS Exp-F1 remained competitive across the full range of retained label sets, while
SMaCS§ force and best-p remained consistently below the leading threshold-based and
Exp-F1 outputs. Jaccard also improved overall across the frequency thresholds.
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4.7. Subgroup Analyses

Table 8 shows that performance depended strongly on code granularity. At the chapter
level, Micro-F1 reached 0.7742 and label-wise coverage reached 0.9355. At the block level,
these values declined to 0.6616 and 0.7001, respectively. At the full-code level, Micro-F1 was
0.6110 and label-wise coverage was 0.4893. This pattern indicates that the model performed
better when labels were aggregated at coarser coding levels and became less accurate as
diagnostic specificity increased.

Table 8. ICD-10 subgroup analysis.

Code Depth  Micro-Precision Micro-Recall Micro-F1 Recovered Label Fraction
Chapter 0.7881 0.7607 0.7742 0.9355
Block 0.6807 0.6436 0.6616 0.7001
Full Code 0.6265 0.5963 0.6110 0.4893

Table 9 shows the expected gradient across label-prevalence strata. For labels with
frequency below 100, Micro-Recall was only 0.0997 and Micro-F1 was 0.1703. Performance
improved markedly with label frequency, reaching Micro-F1 0.6333 and label-wise coverage
0.9952 in the >1000 group. These results indicate that the remaining performance gap is
concentrated in the rarest labels.

Table 9. Label-frequency subgroup analysis.

Frequency Bin Micro-Precision Micro-Recall Micro-F1 Label-Wise Coverage
<100 0.5831 0.0997 0.1703 0.1946
100-499 0.5777 0.3085 0.4023 0.8721
500-999 0.5696 0.4187 0.4826 0.9732
>1000 0.6305 0.6361 0.6333 0.9952

Table 10 shows that performance also varied with the number of assigned codes per
encounter. Micro-F1 increased from 0.5894 in single-label encounters to 0.6897 in three-label
encounters, then declined for four-label and five-or-more-label cases. Exact match ratio
was highest in single-label encounters at 0.5387 and dropped to zero in the four-label and
five-or-more groups. Average prediction size increased steadily with sample cardinality,
from 1.1395 in single-label cases to 2.3777 in the five-or-more group. This indicates that
increasingly complex coding sets remained difficult to recover exactly, even when Micro-F1
stayed moderate.

Table 10. Sample cardinality subgroup analysis.

. Exact Match Average
Sample Group Micro-F1 Macro-F1 Ratio Empty Rate Predic t%(m
1 label 0.5894 0.1408 0.5387 0.0001 1.1395
2 labels 0.6566 0.1063 0.2683 0.0001 1.4739
3 labels 0.6897 0.0704 0.2227 0.0002 1.9642
4 labels 0.6328 0.0425 0.0000 0.0002 2.1930
5+ labels 0.5543 0.0265 0.0000 0.0003 2.3777

Department-level heterogeneity is summarized in Table 11. The strongest Micro-
F1 values were observed in Radiology (0.7386), Dentistry (0.7138), Psychiatry (0.6961),
and Family and Preventive Medicine (0.6592). Lower values were observed in Emergency
Medicine (0.3656) and Pathology (0.2506). Exact match ratio was especially high in Dentistry
(0.6819) and Psychiatry (0.5784). Overall, the department results suggest that performance
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was better in settings with more standardized documentation patterns and narrower
diagnostic ranges, and less stable in services with broader or more heterogeneous case mix.

Table 11. Department subgroup analysis.

Department Micro-F1 Macro-F1 =~ Exact Match Ratio Empty Rate Average Prediction
Radiology 0.7386 0.0233 0.4869 0.0000 1.5640
Dentistry 0.7138 0.0017 0.6819 0.0001 1.0824
Psychiatry 0.6961 0.0137 0.5784 0.0019 1.2054
Family and Preventive Medicine 0.6592 0.0276 0.5029 0.0000 1.3085
Internal Medicine 0.6348 0.0800 0.4433 0.0001 1.3788
Otolaryngology 0.6335 0.0221 0.5518 0.0001 1.1438
Surgery 0.6113 0.0531 0.5313 0.0001 1.1618
Ophthalmology 0.5876 0.0153 0.4578 0.0000 1.2094
Obstetrics and Gynecology 0.5849 0.0118 0.5131 0.0003 1.1161
Orthopedics 0.5595 0.0314 0.4906 0.0005 1.1242
Pediatrics 0.5463 0.0361 0.4214 0.0002 1.2205
Anesthesiology 0.5427 0.0224 0.4929 0.0000 1.0988
Rehabilitation Medicine 0.5161 0.0178 0.3263 0.0000 1.3454
Emergency Medicine 0.3656 0.0183 0.3243 0.0000 1.0998
Pathology 0.2506 0.0074 0.1721 0.0000 1.1367

4.8. Confidence and Credibility Stratification

Table 12 shows that credibility was strongly associated with downstream prediction
quality. Across the credibility strata, Micro-F1 increased monotonically from 0.3659 in the
lowest bin to 0.7597 in the highest bin. Jaccard increased from 0.3173 to 0.7466, and exact
match ratio increased from 0.2489 to 0.6776. Average prediction size changed only modestly
across these strata, from 1.2036 to 1.1194. This indicates that credibility carried meaningful
information about the reliability of the final coding output.

Table 12. Confidence and credibility stratified performance.

Stratum Micro-F1 Jaccard Exact Match Ratio Ave.r age
Prediction

Credibility

[0.00,0.20] 0.3659 0.3173 0.2489 1.2036
(0.20,0.40] 0.4098 0.3429 0.2660 1.1669
(0.40,0.60] 0.4300 0.3674 0.2931 1.1538
(0.60,0.80] 0.5298 0.4761 0.3988 1.1688
(0.80,1.00] 0.7597 0.7466 0.6776 1.1194
Confidence

[0.00,0.20] 0.6115 0.5488 0.3845 1.3032
(0.20,0.40] 0.5734 0.5120 0.4105 1.2201
(0.40,0.60] 0.5144 0.4694 0.4011 1.1359
(0.60,0.80] 0.5215 0.4856 0.4247 1.1229
(0.80,1.00] 0.6149 0.6171 0.5807 1.0805

Confidence was less strongly ordered. Micro-F1 was 0.6115 in the lowest confidence
stratum, decreased through the middle bins, and returned to 0.6149 in the highest confi-
dence stratum. Jaccard and exact match ratio showed a similar non-monotone pattern,
although the highest confidence bin still achieved the best overall exact match ratio at
0.5807. Compared with confidence, credibility provided a more interpretable ranking of
prediction quality in this setting.
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4.9. Performance Across Credibility Deciles

To further assess whether the credibility score provides useful information about
prediction reliability, test visits were divided into ten equal-frequency groups, from the
lowest-credibility decile (D1) to the highest-credibility decile (D10). Table 13 and Figure 6
show that Micro-F1, exact match ratio, Jaccard, and set-wise coverage generally increased
with credibility. Exact match ratio rose from approximately 0.3586 in D1 to 0.7649 in D10,
and Jaccard increased from approximately 0.4766 to 0.8145. Although the increase was
not strictly monotonic, higher credibility corresponded to more reliable predictions and a
greater probability that the true coding set was retained in the conformal region.

Table 13. Performance and set-wise coverage across credibility deciles.

Decile Credibility Micro-F1 Jaccard Exact Match Set-Wise
Range Ratio Coverage
D1 0.00-0.34 0.5324 0.4766 0.3586 0.7522
D2 0.34-0.46 0.5395 0.4811 0.3663 0.7845
D3 0.46-0.55 0.5452 0.4852 0.3724 0.7958
D4 0.55-0.62 0.5443 0.4948 0.3955 0.8004
D5 0.62-0.67 0.5719 0.5273 0.4310 0.8207
D6 0.67-0.73 0.5954 0.5414 0.4365 0.8306
D7 0.73-0.78 0.5971 0.5494 0.4480 0.8306
D8 0.78-0.84 0.6591 0.6163 0.5226 0.8531
D9 0.84-0.91 0.7539 0.7398 0.6581 0.8915
D10 0.91-1.00 0.8176 0.8145 0.7649 0.9082
Distribution of Credibility Performance across Credibility Deciles
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Figure 6. Distribution of credibility and predictive performance across credibility deciles. The left
panel shows the distribution of credibility scores, with dashed vertical lines indicating the boundaries
of ten equal-frequency credibility deciles. The right panel reports the exact match ratio, Jaccard score,
and set-wise coverage within each credibility decile. Higher credibility is associated with improved
performance and higher set-wise coverage.

The subgroup analysis in Figure 7 showed that this association varied across clinical
departments. Exact match ratio generally improved across credibility deciles, although
some departments showed flatter or non-monotonic patterns. Performance also differed
across label-frequency strata. For visits whose true label occurred at least 1000 times in
the training data, exact match ratio increased across credibility deciles. In contrast, visits
containing labels with fewer than 100 training occurrences had consistently low exact match
ratios and did not show the same positive gradient.
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Figure 7. Exact match ratio across credibility deciles by department and label-frequency bin. The
left panel shows the exact match ratio across credibility deciles within each clinical department. The
right panel shows the exact match ratio across the label-frequency bins (<100), 100499, 500-999,
and >1000). Darker-to-lighter colors indicate lower-to-higher exact match ratios.

5. Discussion

This study evaluated outpatient coding as an extreme multi-label set-prediction prob-
lem and examined whether sparse Mahalanobis conformal scoring could improve the
conversion of sparse model outputs into final coding sets. Three findings stand out. First,
SMaCS Exp-F1 at e = 0.01 achieved competitive point-prediction performance, with a
Micro-F1 of 0.6112, an exact match ratio of 0.4754, a negligible empty rate of 0.0001, and
an average prediction size of 1.25. Although Global Max-F1 achieved a slightly higher
Micro-F1 of 0.6229, it returned empty predictions in 19.3% of encounters and had a lower
exact match ratio of 0.4083. Second, the retained conformal region behaved as a tunable
filter: lower € values retained broader candidate regions with higher empirical inclusion,
whereas higher € values produced smaller, more selective regions with higher empty rates.
Third, the ablations clarified the roles of the main components. Proposal-support size
controlled target-set reachability and computational cost, Exp-F1 provided the strongest
point-prediction performance among the SMaCS decision rules, and Mahalanobis scoring
produced a smaller retained region and label union than the alternative nonconformity
scores while maintaining similar Exp-F1 performance.

5.1. Comparison to Previous Diagnosis Coding Studies

These findings fit the broader literature on automated medical coding, which has fo-
cused mainly on improving base prediction models through stronger encoders, label-aware
architectures, and more efficient decoding strategies [1,2,8,9,11,13,15,16]. That work has
established the importance of representation learning and large-scale multi-label modeling.
The present results point to a related issue that has received less attention in outpatient
coding: how sparse model scores should be converted into a final, variable-sized coding
set. In this study, the same sparse XMC backbone produced substantially different outputs
depending on whether the final coding set was selected by best-p, force, union, or Exp-F1.
This indicates that post-score set construction is part of the predictive problem, not only a
downstream implementation detail.

Compared with earlier diagnosis coding studies, the present study focuses on a differ-
ent part of the coding pipeline. Prior work such as CAML, hierarchical label-wise attention,
and pretrained language model approaches has mainly improved how clinical text is rep-
resented and how label-specific evidence is extracted from notes [11,13,15]. Other recent
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studies have improved decoding efficiency or modeled relationships among diagnosis
codes [16,17]. These studies are important because they improve the base prediction model.
Additional model-centered ICD coding studies further show this direction: MultiResCNN
improved clinical text representation using multi-filter and residual convolutional layers,
HiLAT used hierarchical label-wise Transformer attention to improve explainability, and
long-text Transformer models such as XR-LAT focused on handling long documents and
extreme label spaces [12,14,18]. In contrast, the present study does not introduce a new text
encoder or decoder. It starts from sparse XMC outputs and examines how candidate coding
sets should be formed, scored, and reduced to a compact final variable-sized output. The
contribution is therefore complementary to encoder- or decoder-focused coding models
rather than a replacement for them.

The numerical performance of SMaCS Exp-F1 falls within the range reported by strong
multi-label ICD coding models, although direct head-to-head comparison is limited by
differences in datasets, coding systems, document types, label spaces, and evaluation
protocols. On the MIMIC-III full-code discharge-summary benchmark, CAML reported
Micro-F1 around 0.539 and MultiResCNN reported Micro-F1 around 0.552, while PLM-ICD
later reported Micro-F1 around 0.598 using pretrained language models [11,12,15]. In
the present outpatient setting, SMaCS Exp-F1 achieved Micro-F1 0.6112 with an average
prediction size of 1.2514 and exact match ratio 0.4754. This comparison should not be
interpreted as model superiority over previous studies because the data sources and
label distributions differ. Instead, it shows that the proposed set-selection layer produced
competitive performance at outpatient scale while addressing a different part of the coding
pipeline: converting sparse candidate scores into compact variable-sized coding sets.

The study also differs from most inpatient or discharge-summary coding benchmarks.
Those settings often involve longer documents and a different coding workflow, whereas
outpatient coding uses shorter and more heterogeneous encounter records and may require
rapid coder review across high visit volume [8,9,19,20]. Recent benchmark and workflow
studies have emphasized that automated coding systems should be evaluated not only
by aggregate predictive performance, but also by reliability, verification burden, and fit
with coder workflows [6,24,31]. The present results support that view. SMaCS Exp-F1
did not simply maximize recall or return all plausible labels, it selected a compact coding
set from the retained candidate region. This makes the method closer to a coding-assist
setting, where the output must be short enough to review while still preserving useful
prediction quality.

5.2. Decision-Rule Behavior and Compact Set Prediction

Regarding the comparison with threshold-based comparators, Global Max-F1 re-
mained the strongest method in Micro-F1, which indicates that conventional thresholding
remains a strong benchmark for final point prediction. At the same time, SMaCS Exp-F1
outperformed Local Max-F1 and clearly outperformed the other conformal decision rules.
It also achieved the highest exact match ratio. This pattern suggests that the main con-
tribution of SMaCS is not to replace thresholding on every metric, but to provide a more
structured route from sparse label scores to a compact final coding set. That interpretation
is consistent with recent work showing that multi-label prediction sets must be judged not
only by inclusion, but also by false positives and set size [27]. In outpatient coding, where
the output must remain short enough to be reviewed and used in routine care, compactness
is part of model utility rather than a secondary preference [6].
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5.3. Interpretation of the Conformal Region

The conformal results should be interpreted in line with the structure of the method.
CP has been extended from standard single-label settings to multiclass and multi-label
confidence sets, tree-based multi-label conformal methods, and Mahalanobis-based noncon-
formity scores [3-5,26,28,29]. The present study follows that line of work, but in a restricted
candidate-space setting. Candidate coding sets were evaluated only within the sparse
proposal pool returned by the XMC model. As a result, the retained conformal region
should be interpreted as an empirical filter over plausible candidate sets inside that pro-
posal space. The observed region behavior supports that interpretation. Here, € determines
the tolerated degree of atypicality relative to the calibration distribution. Candidate sets
are retained when their nonconformity scores fall below the corresponding 1 — € empirical
quantile, while empirical p-values and credibility quantify conformity continuously. The
similar Exp-F1 performance despite large differences in region size suggests that many
candidates retained by Lj, Euclidean L,, and rank-mismatch scoring did not affect the final
decision. The Mahalanobis score removed many of these unnecessary alternatives, leaving
a smaller and more focused set of candidate codes for review without changing the final
prediction, thereby concentrating the uncertainty representation. In extreme multi-label
coding, this reduces both the number of candidate sets and the range of labels requiring
further consideration without materially changing the downstream point prediction. As
€ increased, set-wise coverage, label-wise coverage, candidate union size, and average
region size all decreased, while the empty-region rate increased. This is consistent with a
more selective retained region. At the same time, the empirical region behavior did not
follow the nominal (1 — €) line. In the present setting, that reflects the combination of
conformal calibration with sparse proposal restriction rather than a full-space marginal
coverage guarantee. The final coding quality therefore depended not only on the retained
region, but also on how that region was summarized. Among the evaluated decision rules,
Exp-F1 provided the strongest balance between inclusion and compactness.

5.4. Robustness, Subgroup Performance, and Reliability Signals

The robustness analyses reinforce the same interpretation. Performance improved
steadily as the retained label space became smaller under higher minimum-frequency
thresholds. Micro-F1 increased from 0.6112 to 0.6601, Macro-F1 increased from 0.1453 to
0.5760, and exact match ratio increased from 0.4754 to 0.5293, while average prediction size
remained almost unchanged. This shows that long-tail label pruning changed the difficulty
of the task more than it changed the size of the final coding set. The label-frequency
subgroup analysis further showed that the remaining error was concentrated in rare labels.
This pattern is consistent with prior work on extreme multi-label coding, where long-tail
labels remain a major source of performance loss even when overall ranking quality is
strong [10,15,23].

The subgroup analyses also show where the model worked well and where the task
remained difficult. Performance was highest at the chapter level and declined at the
block and full-code levels, which indicates that coding specificity remained an important
source of difficulty. By sample cardinality, Micro-F1 improved from one-label to three-label
encounters and then declined for more complex cases, while exact match ratio dropped
sharply in the highest-cardinality groups. This suggests that increasingly complex coding
sets remained difficult to recover exactly even when partial overlap was still captured.
Department-level variation showed that performance was better in some specialties than
others, with stronger results in Radiology, Dentistry, and Psychiatry and lower results
in Emergency Medicine and Pathology. These patterns are consistent with differences in
documentation regularity, coding diversity, and case mix across outpatient services [2,6,19].
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The confidence and credibility analyses provide a useful practical result. Credibility
showed a clear monotone relation with downstream quality: higher credibility strata had
higher Micro-F1, Jaccard, and exact match ratio, with only modest changes in average
prediction size. Confidence did not show the same ordered pattern. In this setting, the
largest candidate-set conformal p-value carried more useful ranking information than one
minus the second-largest p-value. This suggests that credibility can serve as an operational
reliability signal for case prioritization or manual review. That may be more useful in
practice than a large retained set or a nominal region interpretation alone.

Because the residual-variance matrix is diagonal, labels with small residual variance re-
ceive the largest inverse-variance weights and dominate the nonconformity score, whereas
rare or noisy labels contribute little. The calibration distribution could also flag atypical
encounters, supporting anomaly detection in outpatient coding-assist systems.

5.5. Limitations and Future Work

Several limitations should be noted. First, this was a single-center study. Coding
practice, documentation style, and service mix may differ across institutions. Second,
the conformal stage depended on candidate-space adequacy. If the sparse proposal pool
omitted the correct code, no downstream scoring rule could recover it. In addition, the
main candidate-generation setting restricted candidate-set cardinality to one to three la-
bels. This improved computational feasibility but imposed a hard upper bound on exact
set recovery for encounters with four or more assigned codes. Third, performance gains
under stricter frequency thresholds partly reflect a smaller and less difficult retained label
space. Fourth, the present study evaluated retrospective coding performance and did not
include prospective workflow testing, coder interaction, or time-to-code outcomes. Those
aspects are important for judging operational value [6]. Fifth, the diagonal covariance
approximation improves computational stability but does not capture correlations between
label residuals. Dependencies between clinically related codes may therefore be missed.
Sparse or structured covariance models that include selected off-diagonal terms should be
explored in future work. Finally, the present framework was built on sparse TF-IDF repre-
sentations and a PECOS-based XR-Linear model. This design was computationally efficient
and appropriate for large-scale XMC, but it does not determine whether the same conformal
decision layer would behave similarly with stronger encoder-based backbones [15,16,31].

Future work should therefore focus on three areas. The first is candidate-space ade-
quacy, including direct measurement of how often the true coding set remains reachable un-
der sparse proposal generation and how that changes across specialties and label-frequency
strata. The second is calibration design, including department-aware or service-aware
calibration strategies for outpatient settings with heterogeneous documentation. The third
is prospective evaluation in coding-assist workflows, especially for triage based on credi-
bility and for compact code-set recommendation during routine care. In that setting, the
most relevant question is likely not whether the model produces the largest retained set,
but whether it returns a short and reliable coding set that reduces manual effort while
preserving coding quality.

Overall, the results show that sparse Mahalanobis conformal scoring is best understood
as a candidate-set scoring and selection layer within a sparse outpatient coding pipeline. Its
main contribution is not a formal guarantee for the final point prediction, but a structured
way to rank plausible coding sets and derive compact final outputs from them. Within that
role, Exp-F1 selection gave the strongest overall balance between point-prediction quality
and practical output size.
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6. Conclusions

This study presented the SMaCS framework for set prediction in diagnosis coding
under an extreme multi-label setting. The framework combined a sparse PECOS-based
XMC model with candidate-set construction, conformal scoring, and decision-rule selection
over the retained conformal region. In the main comparison, SMaCS Exp-F1 achieved
competitive point-prediction performance and the highest exact match ratio while main-
taining a compact average prediction size. The retained conformal region behaved as a
tunable candidate filter. Mahalanobis scoring made this filter more useful by narrowing
both the candidate-set space and the number of distinct labels presented for review, without
sacrificing predictive performance. Lower values of € preserved broader candidate regions
with higher empirical inclusion, whereas larger values produced smaller and more selective
regions. Among the evaluated decision rules, Exp-F1 provided the strongest overall balance
between coding quality and output compactness. The subgroup and robustness analyses
showed that performance depended on label frequency, code granularity, encounter car-
dinality, and department-level heterogeneity. Performance improved when the retained
label space was restricted by minimum-frequency filtering, and credibility showed a clear
relation with downstream prediction quality.

Overall, SMaCS is useful as a candidate-set scoring and selection layer within a
sparse outpatient coding pipeline. Its main contribution is a structured way to convert
sparse multi-label scores into compact final coding outputs while preserving information
about candidate-set plausibility. Future work should focus on improving candidate-space
adequacy and evaluating the framework in prospective coding-assist workflows.
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