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Abstract

Missing labels are common in multi-label learning and can bias both label-correlation esti-
mation and classifier induction. Existing missing-label methods often recover incomplete
supervision mainly through global label correlations. However, correlation-driven recovery
alone may produce over-smoothed supervision when annotations are sparse, while label-
specific discriminative evidence may be weakened. To address this problem, we propose
GLCS,a graph-regularized low-rank correlation learning framework with label-specific
features for multi-label learning with missing labels. GLCS first uses the observed entries
as reliable supervision sources and propagates them through a learned label correlation
matrix. It then jointly learns sparse label-specific predictors, low-rank label correlations,
and a label graph regularizer induced by the learned correlations. In this way, global label
dependencies, local label-structure consistency, and label-wise discriminative features are
optimized in a unified objective. The resulting problem is solved by an alternating proxi-
mal optimization scheme with soft thresholding for sparse predictors and singular value
thresholding for low-rank correlations. Experiments on twelve benchmark datasets under
three missing-label ratios show that GLCS obtains strong average performance across AP,
AUC, CV, HL, OE, and RL, especially under high missing rates.

Keywords: multi-label learning; missing labels; label correlation; label-specific features;
low-rank learning; graph regularization

1. Introduction
Multi-label learning (MLL) aims to assign multiple relevant labels to each in-

stance, thereby capturing semantic ambiguity and overlap widely observed in real-world
data [1]. It has achieved promising performance in diverse applications, such as image
recognition [2], text classification [3,4], and emotion recognition [5], where a single instance
may naturally involve multiple concepts. Compared with single-label prediction, MLL
provides a more expressive learning paradigm by modeling the mapping from instances to
a set of correlated labels. Over the past decade, numerous algorithms have been proposed
to improve MLL from the perspectives of label dependency modeling, dimensionality
reduction, and discriminative feature learning [6,7].

Despite these advances, obtaining complete multi-label annotations is often pro-
hibitively expensive in practice [8]. Consequently, the training label matrix is frequently
partially observed: a portion of label entries may be missing due to annotation budget,
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ambiguity, or randomness, and the unobserved entries should be treated as unknown
rather than reliable negatives. To cope with such incomplete supervision, a mainstream line
of research exploits latent structures in the label space and recovers informative supervision
from the observed entries. A common assumption is that the unknown true label matrix
has a low-rank structure, so that missing entries can be inferred via label subspace learning
or matrix completion style objectives [9]. In addition to the standard missing entry settings,
some works further consider harder supervision patterns where a subset of labels may
be completely unobserved during training, and infer them through structured priors and
distributional regularities in the label space [10,11]. Related formulations have also been
extended to settings with simultaneously missing features and labels to better reflect weak
supervision in practice [12]. While these approaches can leverage global label dependen-
cies effectively, purely correlation-driven refinement may become unreliable under severe
missingness: overly aggressive propagation can over-smooth the supervision, and the
resulting predictors may become ambiguous when label-discriminative evidence is not
sufficiently preserved.

In parallel, label-specific feature (LSF) learning signals have been increasingly recog-
nized as a crucial ingredient for strong multi-label generalization [13]. Instead of enforcing
a fully shared representation for all labels, LSF modeling aims to capture label-related dis-
criminative factors, enabling the learner to distinguish subtle differences between labels and
reduce feature interference [14]. Recent progress ranges from deep LSF representations [15]
to unified frameworks that generate or refine LSF evidence for improved interpretability
and robustness when labels exhibit heterogeneous semantic cues [16]. Meanwhile, emerg-
ing attempts also incorporate soft-label recovery into LSF learning to tolerate imperfect
supervision [17]. However, most existing LSF methods still rely on reasonably accurate
supervision; once labels are missing, biased or spurious signals may distort LSF patterns
and in turn deteriorate downstream prediction.

These observations motivate a unified view of missing-label MLL: label refinement
and LSF learning should be optimized together rather than treated as two separate stages.
In this paper, we propose GLCS, a graph-regularized framework that jointly learns a low-
rank label correlation matrix and LSF under incomplete annotations. Unlike representative
missing-label MLL methods such as SGMML, LRMML, DM2L, and MSWL, which usually
emphasize one specific aspect of the problem, GLCS jointly integrates correlation-based
supervision propagation, low-rank label correlation learning, correlation-induced graph
regularization, and sparse label-specific feature learning in one objective. Specifically,
GLCS integrates: (i) correlation-based supervision propagation through a learned label
correlation matrix, (ii) nuclear-norm regularization that encourages low-rank correlations
under incomplete supervision, (iii) a label graph induced by the learned correlations to
preserve label-structure consistency and alleviate over-smoothing, and (iv) LSF sparsity
that preserves discriminative evidence while reducing feature redundancy.

Our main contributions are summarized as follows:

• We propose GLCS, a unified formulation that jointly performs correlation-based
missing-label refinement, low-rank label correlation learning, graph-regularized struc-
ture preservation, and LSF learning for discriminative multi-label prediction.

• We introduce a graph regularization induced by learned correlations, complementing
low-rank correlation modeling to improve robustness and alleviate over-smoothing
under severe label missingness.

• Experiments on twelve benchmark datasets under three missing-label ratios show
that GLCS achieves stable performance across both ranking-based and classification-
based metrics.
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The remainder of this paper is organized as follows. In Section 2,we review recent
advances in missing-label MLL, label correlation modeling, and LSF learning. Section 3
presents the proposed GLCS framework, including the objective function and the cor-
responding optimization procedure. In Section 4, we describe the experimental settings,
evaluation metrics, and comparative results on benchmark datasets under different missing-
label rates. Additional experimental analyses further investigate statistical significance,
running time, parameter sensitivity, and convergence behavior. Finally, Section 5 summa-
rizes this work and outlines possible future directions.

2. Related Work
2.1. Missing-Label Multi-Label Learning

In real-world multi-label datasets, annotations are often incomplete, where a subset
of label entries is unobserved. To learn reliable predictors under such weak supervision,
existing methods mainly fall into two families: (i) two-step approaches that first complete
labels and then train a classifier, and (ii) joint approaches that integrate label refinement
and predictor learning into a unified optimization.

Two-step approaches typically recover a latent label matrix by exploiting structural
assumptions or relational information, and then learn predictors on the recovered supervi-
sion. Representative strategies include sparse reconstruction-based completion [18], matrix
completion with side information [19], and mixed-graph modeling that couples instance
and label relations [20]. Margin-aware formulations further treat unobserved entries as am-
biguous and enforce max-margin constraints to improve recovery reliability near decision
boundaries [21,22]. To handle large-scale datasets, efficient semi-supervised frameworks
and scalable probabilistic models have also been developed [23,24]. Although conceptually
simple, this pipeline can suffer from error propagation: inaccuracies in completion may
bias the subsequent classifier and amplify mistakes.

Joint learning approaches directly couple prediction and refinement within a single
objective to alleviate error propagation. Mixed-dependency graph-based models prop-
agate supervision over instance and label relations to learn under missing labels [25].
Semi-supervised objectives further exploit manifold structure to reduce the bias induced
by severe sparsity [26], whereas safe learning provides provable guarantees that exploit-
ing weak supervision will not degrade performance relative to a baseline [27]. Beyond
correlation-based recovery, discriminant formulations explicitly sharpen label boundaries
to improve separability [28], and low-rank label subspace modeling provides an effective
route to capture global correlations and recover missing entries [29]. More recently, global
and local structural regularization and correlation guided LSF learning have been studied
to better handle imbalanced and incomplete multi-label annotations [30,31]. Overall, these
studies support integrating refinement into learning. However, with severe missingness,
achieving both structure consistency for stable refinement and label discriminative evi-
dence for accurate prediction is still difficult. GLCS follows the joint-learning paradigm
but further emphasizes discriminative protection via LSF sparsity, ensuring that refinement
does not dilute LSF evidence when supervision is highly incomplete.

2.2. Label Correlation Modeling Under Missing Labels

Since labels are inherently dependent, exploiting label correlations is central to missing-
label MLL. Probabilistic dependence modeling provides a principled view of label co-
occurrence in the output space [32]. Under weak supervision, recent joint frameworks
explicitly learn higher-order correlations from partially observed labels to augment su-
pervision while inducing predictors. For example, LSML couples missing-label recovery
with LSF representation learning [33], and an embedded packaging strategy further in-
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tegrates higher-order dependency completion with classifier induction in a unified opti-
mization [34]. Beyond single-view settings, correlation learning and label recovery can also
be co-optimized for multi-view multi-label data with incomplete labels [35]. Moreover,
factorization-based formulations can be viewed as learning a low-rank label subspace,
where manifold regularization preserves instance similarity and the geometry of label
relations during recovery [36]. Building on such global-structure priors, more recent stud-
ies further introduce local label relations to capture instance-dependent dependencies
under weak supervision [37]. In contrast to approaches that rely on a fixed label graph or
externally specified correlations, GLCS learns a low-rank correlation matrix and induces
a label-graph smoothness regularizer from it, aligning structure preservation with the
evolving correlation estimate and alleviating over-smoothing during refinement.

2.3. Extremely Sparse Supervision

Some studies investigate even more challenging weak supervision regimes, where
only a tiny fraction of informative labels is observed. In such cases, the unobserved en-
tries should be treated as unknown rather than reliable negatives, otherwise the learner
can be heavily biased by false-negative contamination. This issue becomes particularly
pronounced in single-positive annotation, where each instance is provided with only one
positive label and all remaining labels are left unannotated; early work shows that debiasing
the training objective under this supervision can still yield competitive multi-label predic-
tors [38]. Subsequent studies further mitigate false negatives through semantic contrastive
bootstrapping [39] or by explicitly excluding suspected false negatives during optimiza-
tion [40]. Meanwhile, vision-language-based pseudo-labeling offers a complementary way
to enrich supervision while keeping unobserved entries flexible [41]. Beyond the closed
set assumption, open-set multi-label recognition additionally considers the emergence of
unseen labels at test time [42]. Although these regimes are not identical to the random
missing-entry scenario considered in this paper, they share the same core difficulty that re-
liable discriminative information must be preserved when supervision is extremely sparse.
In this sense, GLCS is closely related to extremely sparse supervision because it refines
missing labels through low-rank correlations while using sparse LSF learning to preserve
label-wise discriminative evidence.

2.4. LSF Learning Under Weak Supervision

In addition to refinement based on label propagation, LSF learning extracts discrimi-
native evidence for each label and reduces interference among labels. Early work such as
LIFT demonstrates the effectiveness of LSF for multi-label classification [43]. Later studies
investigate joint learning of shared and LSF [44]. Recent progress includes collaborative
learning of label semantics with deep LSF representations [45], and unified frameworks
that generate or refine LSF evidence to improve interpretability and robustness [46]. With
incomplete annotations, combining shared and LSF representations with recovery-oriented
regularization has been shown to mitigate missing supervision [47]. Related theory also
provides a generalization perspective for LSF representation learning [48]. Many existing
LSF methods still rely on relatively reliable supervision, or use recovered labels as fixed
pseudo ground truth. GLCS carries out refinement and label-specific learning in a single
procedure, allowing refined supervision and discriminative evidence to reinforce each
other and reducing sensitivity to biased signals.

To summarize the above related methods and clarify the distinction of GLCS, Table 1
provides a concise comparison.
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Table 1. Comparison of representative related methods.

Method Main Idea Difference from GLCS

SGMML [49] Learns sparse global structures for label-
specific features.

Does not jointly learn a low-rank correlation matrix or construct a
correlation-induced label graph.

SLR-LSF [17] Recovers soft labels and then learns
label-specific features.

Uses a staged recovery-then-learning strategy, while GLCS jointly
optimizes supervision propagation, low-rank correlation learning,
graph regularization, and LSF learning.

LRMML [9] Exploits low-rank label recovery for
missing labels.

Mainly focuses on label recovery, while GLCS couples recovery
with sparse label-specific predictors and graph-based structure
preservation.

DM2L [28]
Improves missing-label learning
through discriminant expansion and
shrinkage.

Emphasizes discriminability, while GLCS explicitly propagates
observed supervision through a learned correlation matrix.

MSWL [50] Uses manifold-regularized sparse mod-
eling for weak labels.

Relies on manifold-based structural regularization, while GLCS
induces the label graph from the learned correlation matrix.

LFLI [31]
Uses correlation information for
missing-label learning with label-
specific features.

Closely related recent baseline; GLCS further combinesPM(Y)C
supervision propagation, low-rank C, and a correlation-induced
graph regularizer.

GLCS
Jointly learns propagated supervision,
low-rank label correlations, sparse LSF
predictors, and a learned label graph.

Integrates missing-label refinement, global low-rank dependency,
local graph consistency, and label-specific feature sparsity in one
objective.

Beyond these representative missing-label MLL methods, we further discuss the rela-
tion between GLCS and extreme multi-label classification with missing-positive learning.

2.5. Extreme Multi-Label Classification and Missing-Positive Learning

Extreme multi-label classification (XMC) is another related research direction for learn-
ing with incomplete labels. XMC usually involves very large label spaces, long-tail label
distributions, and severe missing-positive annotations. In such settings, treating all unob-
served labels as negatives can introduce strong false-negative bias, and prior studies have
proposed propensity-based or unbiased loss functions to address this issue [51,52]. The
random missing-entry setting considered in this paper is related to this line of work, but
differs from XMC in scale and assumptions. In contrast, GLCS is designed for moderate-
scale multi-label datasets where an explicit l × l label-correlation matrix is computationally
feasible. Directly applying GLCS to XMC would be expensive because the dense correla-
tion matrix and SVT operation scale quadratically with the number of labels. A scalable
extension could approximate C using sparse label graphs, low-rank factorization, label
embeddings, label-side features, or retrieval-based shortlisting.

Overall, prior studies demonstrate that (i) correlation and structure refinement is
beneficial for missing-label MLL, and (ii) LSF modeling improves discriminability. However,
under severe missingness, naive propagation may cause over-smoothing, and biased
supervision can distort LSF patterns. The proposed GLCS addresses these issues by
learning a low-rank label correlation matrix for refinement and LSF for discrimination,
while further enforcing a label-graph regularization induced by learned correlations. By
coupling correlation-based refinement with LSF sparsity and structure preservation, GLCS
improves robustness when supervision is highly incomplete.

3. Proposed Approach
In MLL, each instance can be associated with multiple labels. Let the training data

be X ∈ Rn×d, and the partially observed label matrix be Y ∈ Rn×l , where n, d, and l
denote the numbers of instances, features, and labels, respectively. We consider a random
missing-entry supervision scenario on the whole label matrix, where each label entry may
be unobserved due to annotation randomness or budget limitation. Both positive and
negative entries may be missing. An indicator mask M ∈ {0, 1}n×l is introduced, where
Mij = 1 if the entry Yij is observed, and Mij = 0 otherwise. Under a missing rate r, each
label entry is observed with probability 1− r.
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We define the masking operator as

PM(A) = M⊙ A, (1)

where ⊙ denotes the Hadamard product. Throughout this paper, unobserved entries are
treated as unknown rather than reliable negatives. We learn a linear predictor

f (x) = x⊤W, W ∈ Rd×l , (2)

where the prediction score matrix for all training instances is XW.
If the complete label matrix were fully observed, a direct formulation would be to

minimize the squared prediction error between XW and Y:

min
W

1
2
∥XW −Y∥2

F. (3)

However, this objective is not suitable for missing-label learning because the complete
label matrix is unavailable. Treating unobserved entries as negative labels would introduce
false-negative noise and lead to biased supervision.

A straightforward way to avoid this bias is to restrict the supervision to the ob-
served entries:

min
W

1
2
∥PM(XW −Y)∥2

F. (4)

This masked loss avoids penalizing unobserved entries, but it uses only the available
annotations and cannot infer informative supervision for missing label entries. Therefore,
it does not fully exploit the dependency structure among labels.

To transfer information from observed labels to related labels, GLCS introduces a label
correlation matrix C ∈ Rl×l . The observed label matrix is propagated through C to produce
correlation-aware soft supervision:

Ŷ = PM(Y)C. (5)

Here, PM(Y) ensures that only observed entries are used as reliable sources, and C models
how label information is transferred across labels. Using this propagated supervision as a
surrogate target gives

min
W,C

1
2
∥XW −PM(Y)C∥2

F. (6)

This term couples predictor learning and missing-label refinement: W learns from the
propagated soft supervision, while C determines the label-to-label propagation pattern.
The propagated term PM(Y)C is used as correlation-aware soft supervision rather than as
a fully recovered ground-truth label matrix. Although PM(Y) uses only observed entries as
propagation sources, an inaccurate C may still introduce noise or amplify initial annotation
errors. To reduce this risk, GLCS regularizes C with the nuclear norm, constrains propaga-
tion through the correlation-induced graph regularizer, and stabilizes C by nonnegative
projection with unit diagonal entries.

In multi-label learning, different labels usually depend on different feature subsets.
If all labels share the same feature space without discrimination, irrelevant features may
interfere with label prediction, especially when the observed annotations are sparse. To
preserve label-wise discriminative evidence, we impose an element-wise ℓ1 regularization
on W:

min
W,C

1
2
∥XW −PM(Y)C∥2

F + λ1∥W∥1. (7)
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Since each column of W corresponds to one label, the sparsity term encourages each label
to select its own relevant feature subset. This provides the label-specific feature component
of GLCS and reduces feature interference among labels.

The correlation matrix should capture stable label dependencies rather than arbitrary
noisy relations. Multi-label data often contain latent low-dimensional label structures,
and such structures can be exploited to make supervision propagation more robust. We
therefore regularize C with the nuclear norm:

min
W,C

1
2
∥XW −PM(Y)C∥2

F + λ1∥W∥1 + λ2∥C∥∗. (8)

The nuclear norm ∥C∥∗ promotes a low-rank correlation structure, suppresses noisy depen-
dencies, and improves the stability of label propagation under incomplete supervision.

Low-rank correlation learning and graph regularization are complementary. The
low-rank constraint on C models global latent label dependencies and suppresses noisy cor-
relations, whereas the graph regularizer preserves local consistency among strongly related
labels in the predictor space. Unlike classical structural regularization based on a fixed or
externally defined graph, GLCS constructs the label graph from the learned correlation
matrix, so the structure used for smoothing is adaptively coupled with the missing-label
refinement process. This adaptive design is preferable when reliable external label relations
are unavailable under incomplete annotations. Specifically, we first symmetrize C:

C̄ =
1
2

(
C + C⊤

)
, (9)

define the degree matrix D̄ by

D̄ii =
l

∑
j=1

C̄ij, (10)

and construct the graph Laplacian
L = D̄− C̄. (11)

The corresponding graph regularizer is

tr
(

WLW⊤
)

. (12)

When L = D̄− C̄, this term can be equivalently written as

tr
(

WLW⊤
)
=

1
2

l

∑
i=1

l

∑
j=1

C̄ij
∥∥wi −wj

∥∥2
2, (13)

where wi denotes the predictor vector associated with the i-th label, i.e., the i-th column
of W. This form shows that labels with stronger correlation are encouraged to have
more consistent predictors. Thus, the graph regularizer preserves local label structure
in the predictor space and reduces the risk of over-smoothing caused by unconstrained
correlation propagation.

Combining correlation-propagated supervision, sparse label-specific prediction, low-
rank correlation learning, and graph-based structure preservation, we obtain the final
GLCS objective:

min
W,C

1
2
∥XW −PM(Y)C∥2

F + λ1∥W∥1 + λ2∥C∥∗ + λ3 tr
(

WLW⊤
)

. (14)
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The first term fits the prediction scores to correlation-propagated supervision, the second
term selects label-specific features through sparsity, the third term models global low-rank
label correlations, and the fourth term preserves local label-structure consistency. Different
from two-stage strategies that first recover labels and then train classifiers, GLCS jointly
optimizes missing-label refinement and label-specific feature learning, allowing refined
supervision and discriminative predictors to reinforce each other.

To stabilize correlation learning and avoid degenerate scaling, we project C after
each update:

C ← max(C, 0), C ← C− diag(diag(C)) + I. (15)

This projection enforces nonnegativity and fixes the diagonal entries to one, so each label
remains anchored to itself while off-diagonal entries capture cross-label dependencies.
Since the label graph is induced from the learned correlation matrix, its reliability depends
on the quality of C. GLCS improves stability by symmetrizing C, regularizing it with the
nuclear norm, and projecting it to nonnegative values with unit diagonal entries. When C is
unreliable under extremely sparse observations, the induced graph may be less informative,
and its influence is controlled by λ3.

3.1. Alternating Optimization

Directly optimizing Equation (14) is challenging because C affects both the supervision-
propagation term and the Laplacian L. GLCS therefore uses an outer-loop alternating
scheme. At iteration t, the Laplacian Lt is constructed from Ct. Then, W is updated with
fixed (Ct, Lt), C is updated with fixed W, and the Laplacian is reconstructed from the
new Ct+1.

With C and L fixed, the W subproblem is

min
W

1
2
∥XW −PM(Y)C∥2

F + λ3tr(WLW⊤) + λ1∥W∥1. (16)

Let the smooth part be

F(W) =
1
2
∥XW −PM(Y)C∥2

F + λ3tr(WLW⊤). (17)

Since L is symmetric by construction, its gradient is

∇F(W) = X⊤(XW −PM(Y)C) + 2λ3WL. (18)

A safe Lipschitz upper bound is

LW = ∥X⊤X∥2 + 2λ3∥L∥2. (19)

The proximal gradient update for W is

Wk+1 = Sλ1/LW

(
Wk − 1

LW
∇F(Wk)

)
, (20)

where Sτ(·) is the element-wise soft-thresholding operator:

Sτ(u) = sign(u)max(|u| − τ, 0). (21)

Nesterov acceleration is applied in the implementation to improve convergence speed.
With W fixed, the C-step optimizes a proximal surrogate with respect to the correlation-

propagation loss and the low-rank prior. The graph term is updated indirectly by recon-
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structing the Laplacian after the new C is obtained. This avoids differentiating through the
Laplacian construction and keeps the update efficient. The C subproblem is

min
C

1
2
∥XW −PM(Y)C∥2

F + λ2∥C∥∗. (22)

Define
G(C) =

1
2
∥XW −PM(Y)C∥2

F. (23)

The gradient is
∇G(C) = PM(Y)⊤(PM(Y)C− XW). (24)

A safe Lipschitz upper bound is

LC = ∥PM(Y)⊤PM(Y)∥2 ≤ ∥Y⊤Y∥2. (25)

The nuclear norm proximal update is given by singular value thresholding:

Ck+1 = SVTλ2/LC

(
Ck − 1

LC
∇G(Ck)

)
. (26)

For Z = U diag(σ)V⊤, the SVT operator is

SVTτ(Z) = U diag(max(σ − τ, 0))V⊤. (27)

After SVT, the projection in Equation (15) is applied, and L is reconstructed by Equations (9)–(11)
for the next outer iteration.

The overall optimization procedure of GLCS is summarized in Algorithm 1.

Algorithm 1 GLCS: Alternating optimization

Input: X, Y, M, λ1, λ2, λ3, maximum outer iterations T, tolerance ε
Output: W, C

1: Initialize W0 and C0

2: Project C0 by Equation (15); construct L0 by Equations (9)–(11)
3: Compute F0

obj according to Equation (14)
4: for t = 0, 1, . . . , T − 1 do
5: Update W with fixed Ct and Lt

6: Compute ∇F(W) by Equation (18) and set LW by Equation (19)
7: Perform accelerated proximal gradient steps using Equations (20) and (21)
8: Update C with fixed Wt+1

9: Compute ∇G(C) by Equation (24) and set LC by Equation (25)
10: Apply SVT update by Equation (26) with the operator in Equation (27)
11: Project Ct+1 by Equation (15)
12: Construct Lt+1 by Equations (9)–(11)
13: Compute Ft+1

obj according to Equation (14)

14: if
|Ft+1

obj −Ft
obj|

max(Ft
obj,ε)

< ε then

15: break
16: end if
17: end for

Before analyzing the computational complexity, we briefly discuss the convergence
behavior of the alternating optimization procedure. The objective in Equation (14) is not
jointly convex because the graph Laplacian is reconstructed from the learned correlation
matrix C; therefore, GLCS does not guarantee global optimality. When C and L are fixed,
the W-step is a standard proximal-gradient update for a smooth loss with an ℓ1 regularizer.
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When W is fixed, the C-step applies singular value thresholding to a proximal surrogate
with the nuclear-norm penalty, followed by the projection in Equation (15) and Laplacian
reconstruction. Under standard boundedness and block-wise surrogate-descent assump-
tions, any limit point, if it exists, can be interpreted as satisfying block-wise stationarity of
the adopted surrogate formulation.

3.2. Complexity Analysis

Let n, d, and l denote the numbers of instances, features, and labels, respectively. Let
T be the number of outer iterations, sW be the number of proximal-gradient steps used for
updating W in each outer iteration, and k be the retained rank in truncated SVD. Under
dense matrix operations, each W-update step mainly involves computing XW, PM(Y)C,
X⊤(XW −PM(Y)C), and WL, with cost O(ndl + nl2 + dl2). The C-update involves dense
label-space products in the correlation-propagation loss and one truncated SVT operation,
with cost O(nl2 + l2k). Constructing the dense label graph and graph Laplacian costs
O(l2). Therefore, the total time cost over T outer iterations is O(T[sW(ndl + nl2 + dl2) +

nl2 + l2k + l2]). The memory cost is O(nd + nl + dl + l2), where the l2 term is mainly
caused by storing the dense correlation matrix C and the graph Laplacian L. The l2 terms
indicate that the dense correlation matrix, graph Laplacian, and SVT operation become the
main computational bottlenecks when the label dimension is large. Therefore, the current
implementation of GLCS is intended for moderate label dimensions, while extremely large
label spaces would require sparse or factorized approximations.

4. Experiments and Results Analysis
4.1. Datasets

We conduct experiments on twelve widely used multi-label benchmark datasets
spanning five representative domains, including text, audio, image, music, and biology,
as summarized in Table 2 (Datasets: http://www.uco.es/kdis/mllresources/ (accessed
on 23 July 2026)). These datasets vary substantially in sample size, feature dimensionality,
number of labels, and label cardinality, enabling a comprehensive evaluation under diverse
multi-label characteristics. We employ a five-fold cross-validation on each dataset, where
four folds are used for training, and the remaining fold is used for testing. The final results
are obtained by averaging over the five folds. All compared methods are evaluated on
exactly the same folds to ensure a fair comparison. To simulate missing-label supervision,
we use r to denote the label missing rate and randomly mask a proportion r ∈ {0.6, 0.3, 0} of
label entries in the complete training label matrix, treating the selected entries as unobserved
regardless of whether they are positive or negative. The test label matrix remains complete
for evaluation.

Table 2. Statistics of the twelve multi-label datasets.

Datasets Instances Features Labels Cardinality Domain

Arts 5000 462 26 1.636 Text

Business 5000 438 30 1.599 Text

birds 645 260 19 1.014 Audio

Cal500 502 68 174 26.044 Music

Corel5k 5000 499 374 3.522 Image

Computers 5000 681 33 1.508 Text
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Table 2. Cont.

Datasets Instances Features Labels Cardinality Domain

Education 5000 550 33 1.461 Text

emotions 593 72 6 1.869 Music

Health 5000 612 32 1.662 Text

medical 978 1449 45 1.245 Text

Natural_scene 2407 294 6 1.074 Image

yeast data 2417 103 14 4.237 Biology

4.2. Evaluation Metrics

We evaluate all methods using six widely adopted multi-label metrics, including
Average Precision (AP), Area Under the ROC Curve (AUC), Coverage (CV), Hamming
Loss (HL), One-Error (OE), and Ranking Loss (RL). Among them, AP and AUC are higher-
is-better, while CV, HL, OE, and RL are lower-is-better. The formal definitions and formulas
of these metrics can be found in the standard multi-label evaluation literature [1].

4.3. Comparison Methods and Hyperparameter Settings

All experiments were conducted on a workstation equipped with a 12th Gen Intel(R)
Core(TM) i7-12700H CPU at 2.30 GHz and 16.0 GB RAM, running a 64-bit Windows
operating system. All algorithms were implemented and executed in MATLAB R2020a.

We compare the proposed GLCS with six representative methods for MLL with missing
labels, including SGMML, SLR-LSF, LRMML, DM2L, MSWL, and LFLI. LFLI is added
as a recent 2025 baseline because it addresses multi-label learning with missing labels by
exploiting correlation information and label-specific features. All parameters are tuned
within the ranges recommended in the original papers, as detailed below.

(1) SGMML [49] learns LSF and constrains them with a sparse global structure. All
hyperparameters are searched in {10−7, 10−4, . . . , 102}.

(2) SLR-LSF [17] converts logical labels into soft labels by exploiting a confidence matrix
and label-density information while recovering missing labels, and then learns LSF
on the obtained soft labels. All trade-off parameters satisfy λ1, λ2, λ3 ∈ [10−10, 1010].

(3) LRMML [9] recovers missing labels by constructing an auxiliary label matrix and
imposing low-/high-rank constraints on the label subspace. The threshold is fixed to
δ = 0.005, and the hyperparameters λR, λL, λT are searched in {10−10, 10−9, . . . , 105}.

(4) DM2L [28] addresses missing-label learning by tuning a regularization weight and
fixing the threshold in the optimization. The regularization parameter is searched
in λd ∈ {10−5, 10−4, . . . , 105} with δ = 0.005; for the nonlinear variant DM2L-nl, the
Gaussian kernel width is chosen from σ ∈ {0.5, 1, 1.5, 2}.

(5) MSWL [50] learns from weakly labeled multi-label data via a manifold-regularized
sparse modeling framework that exploits feature structure together with global/local
label correlations. The parameters are searched in α, β ∈ {10−3, 10−1, . . . , 103} and
γ ∈ {10−6, 10−5, . . . , 106}, with λ = 0.1, and the neighbor number is set to K = q + 1
where q is the number of labels.

(6) LFLI [31] exploits correlation information to guide label-specific feature learning and
uses instance correlations to enhance label correlations under incomplete supervision.
All parameters are tuned in [10−5, 103].

(7) GLCS learns a graph-regularized framework that jointly learns a low-rank label-
correlation matrix for correlation-based supervision propagation and a sparse LSF
predictor, while preserving local label structure via a label-graph smoothness regu-
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larizer to alleviate over-smoothing under missing labels. All parameters are tuned in
[10−10, 102].

Tables 3–8 report the results on twelve benchmark datasets under three missing-label
ratios, r ∈ {0.6, 0.3, 0}, using AP, AUC, CV, HL, OE, and RL. All values are averaged
over five-fold cross-validation and reported as mean ± standard deviation. In these
tables, OM denotes out-of-memory failure; such entries are treated as unavailable when
highlighting the best results and are assigned the worst rank in the statistical test and
running time analysis.

To better identify where GLCS is most advantageous, we summarize its performance
by missing-label rate in Table 9. Since the six evaluation metrics have different scales
and optimization directions, win counts and average ranks are used as scale-independent
indicators. GLCS achieves the strongest advantage under severe missing labels, with
54 wins at r = 0.6 and an average rank of 1.59. At r = 0.3, GLCS still obtains 50 wins and
an average rank of 1.66. When the labels are complete (r = 0), the advantage decreases to
38 wins with an average rank of 2.38, because the need for correlation-based missing-label
refinement becomes weaker. From the dataset perspective, GLCS performs particularly
well on Health, Corel5k, Education, emotions, Computers, Business, Arts, and birds. These
datasets benefit more from the joint use of correlation-based supervision propagation
and sparse label-specific predictors. In contrast, the advantage of GLCS is weaker on
Natural_scene and some conditions of yeast data and Cal500, suggesting that GLCS is most
useful when the label space contains richer dependencies and the supervision is incomplete.

Table 3. AP↑ results (mean ± standard deviation) on twelve multi-label datasets. Larger values
indicate better performance; the best results are highlighted in bold.

Datasets r SGMML SLR-LSF LRMML DM2L MSWL LFLI GLCS

Arts
0.6 0.5153± 0.0129 0.5739± 0.0079 0.5564± 0.0057 0.6084± 0.0056 0.4806± 0.1792 0.5867± 0.0080 0.6340 ± 0.0050
0.3 0.5728± 0.0116 0.5965± 0.0146 0.6028± 0.0115 0.6202± 0.0057 0.5391± 0.1307 0.6190± 0.0086 0.6344 ± 0.0069
0 0.6112± 0.0116 0.6177± 0.0103 0.6287± 0.0102 0.6230± 0.0040 0.6202± 0.0125 0.6283± 0.0102 0.6371 ± 0.0072

Business
0.6 0.6184± 0.0175 0.8593± 0.0057 0.8579± 0.0055 0.8756± 0.0061 0.6178± 0.2275 0.8395± 0.0052 0.8977 ± 0.0043
0.3 0.6931± 0.0103 0.8493± 0.0080 0.8753± 0.0034 0.8808± 0.0066 0.6391± 0.2139 0.8757± 0.0040 0.8972 ± 0.0088
0 0.7709± 0.0072 0.8895± 0.0049 0.8886± 0.0043 0.8816± 0.0054 0.5762± 0.2605 0.8884± 0.0041 0.8976 ± 0.0066

birds
0.6 0.6934± 0.0088 0.7342± 0.0306 0.7036± 0.0210 0.6928± 0.0215 0.6913± 0.0367 0.7057± 0.0159 0.7680 ± 0.0214
0.3 0.7361± 0.0051 0.6818± 0.0348 0.7533± 0.0102 0.7069± 0.0266 0.7325± 0.0177 0.7448± 0.0130 0.7622 ± 0.0231
0 0.7609± 0.0105 0.7680± 0.0262 0.7656± 0.0089 0.7112± 0.0278 0.7648± 0.0349 0.7666± 0.0091 0.7681 ± 0.0227

Cal500
0.6 0.4183± 0.0262 0.4977± 0.0112 0.4949± 0.0079 0.4548± 0.0034 0.4452± 0.0099 0.4964± 0.0076 0.4980 ± 0.0084
0.3 0.4992± 0.0028 0.4961± 0.0082 0.4993± 0.0072 0.4561± 0.0031 0.4750± 0.0116 0.4996 ± 0.0077 0.4963± 0.0135
0 0.4956± 0.0064 0.4905± 0.0020 0.4430± 0.0200 0.4759± 0.0044 0.4908± 0.0071 0.5011 ± 0.0074 0.4966± 0.0047

Corel5k
0.6 0.2057± 0.0094 OM 0.1448± 0.0056 0.2286± 0.0033 0.2523± 0.0062 0.2357± 0.0076 0.2883 ± 0.0055
0.3 0.2412± 0.0063 OM 0.2329± 0.0039 0.2598± 0.0035 0.2883± 0.0064 0.2750± 0.0074 0.2887 ± 0.0085
0 0.2742± 0.0069 OM 0.2985± 0.0062 0.2743± 0.0029 0.3017 ± 0.0030 0.2981± 0.0062 0.2903± 0.0067

Computers
0.6 0.5616± 0.0062 0.6701± 0.0136 0.6081± 0.0119 0.6903± 0.0042 0.6099± 0.0938 0.6633± 0.0124 0.7176 ± 0.0068
0.3 0.6242± 0.0069 0.6927± 0.0030 0.6835± 0.0079 0.6985± 0.0037 0.6841± 0.0060 0.6978± 0.0070 0.7187 ± 0.0060
0 0.7026± 0.0077 0.7098± 0.0061 0.7120± 0.0069 0.7008± 0.0065 0.6978± 0.0098 0.7118± 0.0075 0.7186 ± 0.0089

Education
0.6 0.5180± 0.0148 0.5892± 0.0063 0.5415± 0.0148 0.6253± 0.0048 0.5774± 0.0072 0.5926± 0.0136 0.6444 ± 0.0107
0.3 0.5647± 0.0131 0.5880± 0.0117 0.6069± 0.0083 0.6346± 0.0008 0.6182± 0.0060 0.6267± 0.0087 0.6392 ± 0.0062
0 0.6209± 0.0087 0.6389± 0.0083 0.6395± 0.0092 0.6363± 0.0031 0.6348± 0.0095 0.6391± 0.0090 0.6401 ± 0.0120

emotions
0.6 0.7637± 0.0267 0.7779± 0.0178 0.7668± 0.0158 0.5484± 0.0092 0.7481± 0.0105 0.5844± 0.0219 0.8146 ± 0.0224
0.3 0.7960± 0.0223 0.7522± 0.0196 0.7915± 0.0222 0.5617± 0.0230 0.7801± 0.0215 0.6086± 0.0132 0.8077 ± 0.0197
0 0.7984± 0.0269 0.7353± 0.0247 0.8035± 0.0154 0.6033± 0.0115 0.7922± 0.0164 0.6043± 0.0098 0.8071 ± 0.0180

Health
0.6 0.6620± 0.0099 0.6912± 0.0142 0.6979± 0.0105 0.7775± 0.0057 0.7409± 0.0083 0.7330± 0.0069 0.8038 ± 0.0057
0.3 0.7040± 0.0057 0.6820± 0.0129 0.7625± 0.0081 0.7838± 0.0041 0.6951± 0.1475 0.7739± 0.0090 0.8022 ± 0.0080
0 0.7783± 0.0092 0.7220± 0.0102 0.7874± 0.0086 0.7865± 0.0047 0.7777± 0.0082 0.7870± 0.0085 0.8028 ± 0.0093

medical
0.6 0.8136± 0.0102 0.8943± 0.0062 0.7886± 0.0251 0.8728± 0.0103 0.3767± 0.2615 0.8498± 0.0115 0.8997 ± 0.0073
0.3 0.8726± 0.0121 0.8757± 0.0074 0.8724± 0.0102 0.8781± 0.0071 0.3767± 0.2615 0.8849± 0.0172 0.9010 ± 0.0100
0 0.8822± 0.0086 0.8221± 0.0088 0.8994± 0.0150 0.8773± 0.0055 0.4808± 0.1921 0.9014 ± 0.0137 0.8994± 0.0109

Natural_scene
0.6 0.7718± 0.0067 0.7566± 0.0100 0.8372 ± 0.0160 0.8221± 0.0094 0.7465± 0.0096 0.7565± 0.0107 0.7826± 0.0131
0.3 0.7653± 0.0069 0.7509± 0.0042 0.8195± 0.0176 0.8215 ± 0.0112 0.7850± 0.0197 0.7677± 0.0090 0.7849± 0.0138
0 0.7645± 0.0126 0.7119± 0.0087 0.8584 ± 0.0215 0.8333± 0.0083 0.8197± 0.0156 0.7798± 0.0090 0.7800± 0.0149

yeast data
0.6 0.6106± 0.0080 0.7446± 0.0082 0.7482± 0.0092 0.7164± 0.0063 0.5850± 0.0101 0.7496± 0.0092 0.7568 ± 0.0093
0.3 0.6936± 0.0062 0.7481± 0.0069 0.7554± 0.0085 0.7165± 0.0078 0.5979± 0.0190 0.7549± 0.0099 0.7571 ± 0.0065
0 0.7050± 0.0113 0.7490± 0.0074 0.7570± 0.0082 0.7522± 0.0071 0.6039± 0.0140 0.7573± 0.0082 0.7578 ± 0.0099
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Table 4. AUC↑ results (mean ± standard deviation) on twelve multi-label datasets. Larger values
indicate better performance; the best results are highlighted in bold.

Datasets r SGMML SLR-LSF LRMML DM2L MSWL LFLI GLCS

Arts
0.6 0.7257± 0.0122 0.5301± 0.0025 0.8374± 0.0083 0.8561± 0.0036 0.7646± 0.1295 0.6937± 0.0253 0.8575 ± 0.0030
0.3 0.7361± 0.0125 0.5037± 0.0015 0.8536± 0.0074 0.8640 ± 0.0043 0.7987± 0.1167 0.7344± 0.0155 0.8562± 0.0029
0 0.8461± 0.0064 0.5000± 0.0000 0.8691 ± 0.0041 0.8635± 0.0044 0.8690± 0.0039 0.7474± 0.0164 0.8556± 0.0025

Business
0.6 0.6953± 0.0139 0.8042± 0.0023 0.9410± 0.0032 0.9547 ± 0.0026 0.7398± 0.1717 0.6964± 0.0164 0.9503± 0.0029
0.3 0.7777± 0.0085 0.8139± 0.0043 0.9509± 0.0018 0.9577 ± 0.0024 0.7282± 0.1924 0.7680± 0.0193 0.9499± 0.0025
0 0.8566± 0.0049 0.8099± 0.0028 0.9600 ± 0.0031 0.9556± 0.0025 0.7257± 0.1963 0.8034± 0.0167 0.8556± 0.0025

birds
0.6 0.8049± 0.0068 0.5643± 0.0172 0.8546± 0.0127 0.8703± 0.0150 0.8522± 0.0265 0.7621± 0.0198 0.8729 ± 0.0153
0.3 0.8466± 0.0048 0.5024± 0.0027 0.8913 ± 0.0095 0.8805± 0.0123 0.8817± 0.0124 0.8340± 0.0221 0.8686± 0.0133
0 0.8815± 0.0151 0.6686± 0.0288 0.9097 ± 0.0076 0.8810± 0.0136 0.9029± 0.0168 0.8553± 0.0328 0.8668± 0.0084

Cal500
0.6 0.7255± 0.0257 0.5301± 0.0025 0.8122± 0.0032 0.7893± 0.0010 0.7731± 0.0032 0.5455± 0.0132 0.8147 ± 0.0051
0.3 0.8125± 0.0044 0.5037± 0.0015 0.8184 ± 0.0034 0.7918± 0.0016 0.7939± 0.0073 0.5553± 0.0192 0.8140± 0.0032
0 0.8177 ± 0.0050 0.5000± 0.0000 0.7514± 0.0201 0.7992± 0.0019 0.8016± 0.0079 0.5556± 0.0148 0.8147± 0.0019

Corel5k
0.6 0.6512± 0.0144 OM 0.6674± 0.0052 0.7312± 0.0024 0.7571± 0.0083 0.6058± 0.0141 0.8796 ± 0.0027
0.3 0.6936± 0.0098 OM 0.7355± 0.0050 0.7617± 0.0048 0.8054± 0.0071 0.6390± 0.0075 0.8780 ± 0.0019
0 0.7488± 0.0086 OM 0.8091± 0.0077 0.7762± 0.0035 0.8275± 0.0042 0.6571± 0.0078 0.8780 ± 0.0029

Computers
0.6 0.7083± 0.0056 0.5571± 0.0021 0.8418± 0.0085 0.9042± 0.0028 0.8199± 0.0911 0.6852± 0.0195 0.9056 ± 0.0027
0.3 0.7741± 0.0042 0.5060± 0.0015 0.8866± 0.0042 0.9053± 0.0028 0.8924± 0.0043 0.7372± 0.0151 0.9064 ± 0.0024
0 0.8932± 0.0035 0.6141± 0.0071 0.9101 ± 0.0026 0.9051± 0.0035 0.9032± 0.0027 0.7758± 0.0029 0.9070± 0.0021

Education
0.6 0.7107± 0.0100 0.5272± 0.0050 0.8548± 0.0033 0.8967± 0.0028 0.8304± 0.0097 0.7136± 0.0142 0.9161 ± 0.0020
0.3 0.7483± 0.0096 0.5019± 0.0014 0.8895± 0.0038 0.9013± 0.0013 0.8700± 0.0024 0.7578± 0.0128 0.9165 ± 0.0029
0 0.8956± 0.0049 0.5559± 0.0037 0.9002± 0.0015 0.9016± 0.0026 0.8996± 0.0028 0.7879± 0.0255 0.9165 ± 0.0018

emotions
0.6 0.8506± 0.0233 0.5205± 0.0074 0.8304± 0.0097 0.5801± 0.0113 0.8548 ± 0.0033 0.6124± 0.0326 0.8156± 0.0192
0.3 0.8596± 0.0145 0.5002± 0.0010 0.8700± 0.0024 0.5888± 0.0245 0.8895 ± 0.0038 0.6379± 0.0306 0.8227± 0.0155
0 0.8691± 0.0164 0.5000± 0.0000 0.8996± 0.0028 0.6277± 0.0157 0.9002 ± 0.0015 0.6413± 0.0329 0.8135± 0.0173

Health
0.6 0.7565± 0.0138 0.5022± 0.0012 0.8873± 0.0020 0.9353± 0.0020 0.9091± 0.0047 0.7356± 0.0141 0.9422 ± 0.0012
0.3 0.7965± 0.0075 0.5103± 0.0046 0.9192± 0.0042 0.9364± 0.0018 0.8633± 0.1411 0.7760± 0.0164 0.9424 ± 0.0016
0 0.9247± 0.0038 0.5234± 0.0088 0.9388± 0.0027 0.9356± 0.0008 0.9412± 0.0041 0.7887± 0.0157 0.9427 ± 0.0020

medical
0.6 0.6512± 0.0144 0.5005± 0.0542 0.9400± 0.0161 0.9751 ± 0.0032 0.6817± 0.1624 0.8532± 0.0410 0.9422± 0.0012
0.3 0.6936± 0.0098 0.5020± 0.1035 0.9718± 0.0068 0.9788 ± 0.0027 0.6817± 0.1624 0.8930± 0.0327 0.9680± 0.0073
0 0.7488± 0.0086 0.5008± 0.1071 0.9843 ± 0.0059 0.9791± 0.0032 0.7604± 0.1217 0.9399± 0.0247 0.9681± 0.0116

Natural_scene
0.6 0.8377± 0.0118 0.5106± 0.0024 0.9048 ± 0.0114 0.8976± 0.0073 0.8289± 0.0117 0.8017± 0.0101 0.7783± 0.0109
0.3 0.8431± 0.0137 0.5009± 0.0015 0.8958± 0.0108 0.8965 ± 0.0066 0.8602± 0.0146 0.8085± 0.0099 0.7813± 0.0136
0 0.8524± 0.0121 0.5000± 0.0000 0.9158 ± 0.0104 0.9035± 0.0045 0.8884± 0.0086 0.8215± 0.0112 0.7806± 0.0085

yeast data
0.6 0.6780± 0.0095 0.5037± 0.0509 0.8200 ± 0.0084 0.7960± 0.0029 0.4372± 0.0110 0.6745± 0.0127 0.8111± 0.0075
0.3 0.7635± 0.0064 0.5025± 0.1106 0.8257 ± 0.0088 0.7964± 0.0029 0.4444± 0.0266 0.6891± 0.0117 0.8106± 0.0106
0 0.7793± 0.0081 0.5009± 0.1048 0.8298 ± 0.0076 0.8232± 0.0044 0.4523± 0.0295 0.6971± 0.0113 0.8112± 0.0016

Table 5. CV↓ results (mean ± standard deviation) on twelve multi-label datasets. Smaller values
indicate better performance; the best results are highlighted in bold.

Datasets r SGMML SLR-LSF LRMML DM2L MSWL LFLI GLCS

Arts
0.6 0.3359± 0.0141 0.2530± 0.0059 0.2351± 0.0098 0.2175± 0.0059 0.3027± 0.1195 0.2648± 0.0092 0.1698 ± 0.0056
0.3 0.3187± 0.0131 0.3076± 0.0143 0.2207± 0.0098 0.2058± 0.0062 0.2637± 0.1062 0.2223± 0.0090 0.1686 ± 0.0054
0 0.2000± 0.0064 0.1817 ± 0.0081 0.2025± 0.0059 0.2064± 0.0067 0.1944± 0.0044 0.2048± 0.0056 0.2185± 0.0118

Business
0.6 0.3886± 0.0222 0.1672± 0.0038 0.1112± 0.0054 0.0910± 0.0054 0.3132± 0.1866 0.1492± 0.0119 0.0639 ± 0.0024
0.3 0.2886± 0.0143 0.1474± 0.0082 0.0971± 0.0053 0.0842± 0.0046 0.3063± 0.1921 0.0986± 0.0091 0.0653 ± 0.0047
0 0.1869± 0.0083 0.0822± 0.0028 0.0822± 0.0075 0.0873± 0.0049 0.3173± 0.2023 0.0827± 0.0076 0.0654 ± 0.0045

birds
0.6 0.2239± 0.0146 0.1842± 0.0255 0.2090± 0.0164 0.1812± 0.0168 0.2067± 0.0326 0.1883± 0.0158 0.1401 ± 0.0180
0.3 0.1881± 0.0152 0.2112± 0.0131 0.1662± 0.0166 0.1687± 0.0128 0.1696± 0.0115 0.1564± 0.0102 0.1471 ± 0.0202
0 0.1555± 0.0218 0.1457± 0.0287 0.1429± 0.0172 0.1684± 0.0137 0.1475± 0.0284 0.1428 ± 0.0170 0.1509± 0.0117

Cal500
0.6 0.8821± 0.0274 0.7506± 0.0330 0.7825± 0.0158 0.8577± 0.0127 0.8543± 0.0161 0.7538± 0.0154 0.7479 ± 0.0146
0.3 0.7652± 0.0165 0.7608± 0.0102 0.7563± 0.0170 0.8511± 0.0114 0.8072± 0.0190 0.7495± 0.0203 0.7471 ± 0.0103
0 0.7426 ± 0.0188 0.8721± 0.0038 0.8978± 0.0425 0.8267± 0.0157 0.7880± 0.0104 0.7449± 0.0173 0.7480± 0.0153

Corel5k
0.6 0.6935± 0.0168 OM 0.6199± 0.0103 0.5754± 0.0041 0.5339± 0.0167 0.5979± 0.0138 0.2859 ± 0.0080
0.3 0.6255± 0.0109 OM 0.5465± 0.0052 0.5238± 0.0086 0.4315± 0.0094 0.4998± 0.0133 0.2853 ± 0.0052
0 0.5406± 0.0135 OM 0.4355± 0.0118 0.4940± 0.0054 0.3826± 0.0080 0.4408± 0.0119 0.2851 ± 0.0059

Computers
0.6 0.3365± 0.0073 0.1784± 0.0116 0.2144± 0.0057 0.1021 ± 0.0036 0.2226± 0.0900 0.2024± 0.0099 0.1038± 0.0053
0.3 0.2687± 0.0060 0.2248± 0.0023 0.1629± 0.0041 0.1010 ± 0.0034 0.1446± 0.0058 0.1548± 0.0055 0.1019± 0.0045
0 0.1300± 0.0015 0.1252± 0.0044 0.1330± 0.0029 0.1012 ± 0.0040 0.1312± 0.0032 0.1349± 0.0031 0.1019± 0.0013

Education
0.6 0.3453± 0.0122 0.1966± 0.0027 0.2227± 0.0119 0.1514± 0.0023 0.1974± 0.0042 0.2204± 0.0077 0.0984 ± 0.0014
0.3 0.3006± 0.0089 0.2586± 0.0102 0.1807± 0.0028 0.1433± 0.0022 0.1555± 0.0051 0.1733± 0.0070 0.0980 ± 0.0029
0 0.1416± 0.0061 0.1448± 0.0082 0.1475± 0.0058 0.1438± 0.0043 0.1406± 0.0024 0.1500± 0.0057 0.0978 ± 0.0030

emotions
0.6 0.3213± 0.0333 0.3176± 0.0101 0.3265± 0.0154 0.5129± 0.0125 0.3404± 0.0193 0.4867± 0.0195 0.2923 ± 0.0279
0.3 0.3053± 0.0257 0.3364± 0.0257 0.3034± 0.0270 0.5038± 0.0140 0.3122± 0.0123 0.4735± 0.0188 0.2865 ± 0.0208
0 0.2941± 0.0285 0.4571± 0.0223 0.2964± 0.0253 0.4769± 0.0119 0.3014± 0.0137 0.4679± 0.0142 0.2935 ± 0.0184

Health
0.6 0.3120± 0.0148 0.1644± 0.0042 0.1833± 0.0037 0.1249± 0.0031 0.1536± 0.0061 0.1837± 0.0067 0.0803 ± 0.0014
0.3 0.2590± 0.0044 0.1762± 0.0045 0.1463± 0.0052 0.1220± 0.0014 0.1885± 0.1386 0.1362± 0.0050 0.0798 ± 0.0012
0 0.1122± 0.0028 0.1896± 0.0091 0.1206± 0.0033 0.1231± 0.0013 0.1095± 0.0082 0.1222± 0.0035 0.0798 ± 0.0029

medical
0.6 0.0669± 0.0072 0.0465± 0.0022 0.0801± 0.0200 0.0404 ± 0.0051 0.3435± 0.1671 0.0606± 0.0136 0.0803± 0.0014
0.3 0.0514± 0.0068 0.0458± 0.0018 0.0428± 0.0101 0.0343 ± 0.0042 0.3435± 0.1671 0.0395± 0.0097 0.0395± 0.0086
0 0.0422± 0.0052 0.0255± 0.0035 0.0260± 0.0083 0.0338± 0.0051 0.2623± 0.1298 0.0251 ± 0.0080 0.0396± 0.0143

Natural_scene
0.6 0.2119± 0.0103 0.2124± 0.0051 0.0959 ± 0.0108 0.1000± 0.0049 0.1600± 0.0118 0.2183± 0.0111 0.1993± 0.0081
0.3 0.2108± 0.0099 0.2188± 0.0053 0.1022± 0.0087 0.1010 ± 0.0043 0.1329± 0.0125 0.2096± 0.0120 0.1966± 0.0122
0 0.2048± 0.0128 0.4582± 0.0058 0.0862 ± 0.0082 0.0950± 0.0040 0.1091± 0.0079 0.1986± 0.0111 0.1963± 0.0060

yeast data
0.6 0.6304± 0.0117 0.4865± 0.0048 0.4737± 0.0105 0.4898± 0.0030 0.2403 ± 0.0120 0.4722± 0.0069 0.4632± 0.0146
0.3 0.5429± 0.0120 0.4722± 0.0048 0.4629± 0.0086 0.4894± 0.0030 0.2302 ± 0.0244 0.4570± 0.0075 0.4637± 0.0108
0 0.5299± 0.0106 0.4693± 0.0056 0.4534± 0.0087 0.4686± 0.0030 0.2219 ± 0.0115 0.4535± 0.0089 0.4641± 0.0063
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Table 6. HL↓ results (mean ± standard deviation) on twelve multi-label datasets. Smaller values
indicate better performance; the best results are highlighted in bold.

Datasets r SGMML SLR-LSF LRMML DM2L MSWL LFLI GLCS

Arts
0.6 0.0719± 0.0038 0.0599± 0.0012 0.0597± 0.0018 0.0650± 0.0016 0.0617± 0.0006 0.0661± 0.0032 0.0527 ± 0.0015
0.3 0.0704± 0.0008 0.0625± 0.0012 0.0553± 0.0013 0.0596± 0.0015 0.0613± 0.0019 0.0649± 0.0028 0.0527 ± 0.0006
0 0.0705± 0.0022 0.0629± 0.0008 0.0534± 0.0015 0.0577± 0.0017 0.0604± 0.0006 0.0665± 0.0030 0.0526 ± 0.0012

Business
0.6 0.0470± 0.0023 0.0233 ± 0.0012 0.0274± 0.0016 0.0291± 0.0017 0.0512± 0.0023 0.0281± 0.0015 0.0237± 0.0004
0.3 0.0439± 0.0021 0.0218 ± 0.0011 0.0254± 0.0011 0.0281± 0.0016 0.0501± 0.0036 0.0258± 0.0011 0.0240± 0.0010
0 0.0381± 0.0018 0.0280± 0.0008 0.0246± 0.0012 0.0276± 0.0017 0.0497± 0.0036 0.0253± 0.0007 0.0226 ± 0.0012

birds
0.6 0.0678± 0.0051 0.0667± 0.0051 0.0537± 0.0044 0.0567± 0.0025 0.0719± 0.0027 0.0588± 0.0038 0.0474 ± 0.0048
0.3 0.0567± 0.0017 0.0732± 0.0048 0.0533± 0.0031 0.0556± 0.0022 0.0709± 0.0011 0.0548± 0.0049 0.0482 ± 0.0052
0 0.0619± 0.0074 0.0567± 0.0035 0.0516± 0.0031 0.0560± 0.0017 0.0652± 0.0080 0.0583± 0.0079 0.0482 ± 0.0056

Cal500
0.6 0.1988± 0.0108 0.1497± 0.0016 0.1377± 0.0036 0.1437± 0.0019 0.1491± 0.0016 0.1694± 0.0039 0.1376 ± 0.0032
0.3 0.1962± 0.0066 0.1497± 0.0032 0.1372± 0.0041 0.1439± 0.0018 0.1488± 0.0036 0.1831± 0.0044 0.1371 ± 0.0032
0 0.1933± 0.0045 0.1497± 0.0024 0.1429± 0.0030 0.1419± 0.0022 0.1465± 0.0035 0.1919± 0.0042 0.1377 ± 0.0027

Corel5k
0.6 0.0155± 0.0009 OM 0.0160± 0.0007 0.0112± 0.0001 0.0094± 0.0000 0.0137± 0.0004 0.0092 ± 0.0001
0.3 0.0170± 0.0008 OM 0.0097± 0.0001 0.0100± 0.0000 0.0094± 0.0001 0.0165± 0.0009 0.0092 ± 0.0001
0 0.0179± 0.0014 OM 0.0093± 0.0001 0.0096± 0.0000 0.0094± 0.0000 0.0172± 0.0005 0.0092 ± 0.0000

Computers
0.6 0.0492± 0.0023 0.0342± 0.0016 0.0455± 0.0006 0.0492± 0.0026 0.0448± 0.0009 0.0405± 0.0006 0.0326 ± 0.0009
0.3 0.0454± 0.0013 0.0353± 0.0012 0.0346± 0.0007 0.0467± 0.0024 0.0437± 0.0010 0.0398± 0.0011 0.0328 ± 0.0010
0 0.0463± 0.0020 0.0372± 0.0007 0.0334± 0.0008 0.0460± 0.0023 0.0432± 0.0015 0.0397± 0.0013 0.0323 ± 0.0006

Education
0.6 0.0521± 0.0031 0.0371± 0.0008 0.0439± 0.0026 0.0444± 0.0009 0.0435± 0.0010 0.0469± 0.0020 0.0368 ± 0.0014
0.3 0.0495± 0.0017 0.0376± 0.0012 0.0384± 0.0011 0.0398± 0.0005 0.0429± 0.0005 0.0461± 0.0012 0.0370 ± 0.0009
0 0.0513± 0.0016 0.0390± 0.0012 0.0370± 0.0010 0.0379± 0.0004 0.0416± 0.0007 0.0467± 0.0011 0.0368 ± 0.0007

emotions
0.6 0.2588± 0.0139 0.2991± 0.0116 0.2436± 0.0172 0.4017± 0.0136 0.3021± 0.0073 0.3533± 0.0224 0.1964 ± 0.0112
0.3 0.2678± 0.0163 0.3114± 0.0099 0.2079± 0.0190 0.3957± 0.0266 0.2847± 0.0175 0.4181± 0.0267 0.1959 ± 0.0062
0 0.2214± 0.0167 0.3114± 0.0099 0.1984± 0.0142 0.3279± 0.0128 0.2783± 0.0327 0.4537± 0.0385 0.1963 ± 0.0154

Health
0.6 0.0472± 0.0009 0.0423± 0.0017 0.0430± 0.0009 0.0376± 0.0018 0.0505± 0.0013 0.0414± 0.0013 0.0309 ± 0.0004
0.3 0.0415± 0.0021 0.0411± 0.0015 0.0341± 0.0010 0.0358± 0.0018 0.0494± 0.0020 0.0360± 0.0011 0.0303 ± 0.0014
0 0.0417± 0.0024 0.0388± 0.0022 0.0326± 0.0008 0.0356± 0.0018 0.0468± 0.0006 0.0345± 0.0014 0.0313 ± 0.0005

medical
0.6 0.0272± 0.0008 0.0113± 0.0003 0.0176± 0.0016 0.0134± 0.0005 0.0272± 0.0007 0.0160± 0.0011 0.0109 ± 0.0004
0.3 0.0223± 0.0007 0.0133± 0.0002 0.0122± 0.0011 0.0127± 0.0004 0.0272± 0.0007 0.0125± 0.0011 0.0100 ± 0.0009
0 0.0246± 0.0012 0.0161± 0.0006 0.0114± 0.0016 0.0127± 0.0006 0.0277± 0.0010 0.0103± 0.0011 0.0101 ± 0.0013

Natural_scene
0.6 0.2119± 0.0081 0.2424± 0.0032 0.1534± 0.0216 0.1321 ± 0.0030 0.1790± 0.0027 0.2105± 0.0052 0.1804± 0.0068
0.3 0.2211± 0.0096 0.2468± 0.0028 0.1299± 0.0059 0.1182 ± 0.0069 0.1756± 0.0021 0.2096± 0.0082 0.1805± 0.0067
0 0.2115± 0.0070 0.2472± 0.0040 0.1114 ± 0.0052 0.1158± 0.0030 0.1766± 0.0040 0.2018± 0.0130 0.1799± 0.0017

yeast data
0.6 0.3365± 0.0165 0.2081± 0.0055 0.2043± 0.0048 0.2283± 0.0024 0.1195 ± 0.0065 0.2073± 0.0041 0.2024± 0.0059
0.3 0.3280± 0.0107 0.2050± 0.0075 0.2032± 0.0043 0.2291± 0.0021 0.1127 ± 0.0105 0.2106± 0.0072 0.2022± 0.0073
0 0.3063± 0.0082 0.2100± 0.0077 0.1999± 0.0035 0.2048± 0.0026 0.1104 ± 0.0071 0.2187± 0.0081 0.2023± 0.0027

Table 7. OE↓ results (mean ± standard deviation) on twelve multi-label datasets. Smaller values
indicate better performance; the best results are highlighted in bold.

Datasets r SGMML SLR-LSF LRMML DM2L MSWL LFLI GLCS

Arts
0.6 0.5398± 0.0106 0.4904± 0.0137 0.5382± 0.0051 0.4736± 0.0071 0.6060± 0.1911 0.4998± 0.0074 0.4458 ± 0.0119
0.3 0.4822± 0.0088 0.4668± 0.0140 0.4766± 0.0084 0.4576± 0.0078 0.5490± 0.1561 0.4636± 0.0085 0.4500 ± 0.0093
0 0.4826± 0.0139 0.5010± 0.0130 0.4528± 0.0119 0.4526± 0.0038 0.4554± 0.0210 0.4524 ± 0.0116 0.4614± 0.0051

Business
0.6 0.3562± 0.0146 0.1628± 0.0123 0.1258± 0.0092 0.1189± 0.0053 0.4118± 0.2692 0.1292± 0.0071 0.1032 ± 0.0044
0.3 0.2952± 0.0091 0.1528± 0.0153 0.1128± 0.0075 0.1156± 0.0043 0.3800± 0.2282 0.1136± 0.0067 0.1034 ± 0.0117
0 0.2330± 0.0097 0.1080± 0.0103 0.1084± 0.0071 0.1124± 0.0036 0.4896± 0.3241 0.1080± 0.0064 0.1020 ± 0.0103

birds
0.6 0.3643± 0.0214 0.2946± 0.0329 0.3442± 0.0233 0.3721± 0.0186 0.3643± 0.0498 0.3798± 0.0357 0.2760 ± 0.0335
0.3 0.3147± 0.0116 0.3705± 0.0585 0.2884± 0.0173 0.3566± 0.0345 0.3240± 0.0341 0.3132± 0.0200 0.2822 ± 0.0253
0 0.2868± 0.0130 0.2791 ± 0.0357 0.2884± 0.0090 0.3512± 0.0393 0.2791 ± 0.0392 0.2884± 0.0090 0.2868± 0.0306

Cal500
0.6 0.1154± 0.0111 0.1155± 0.0111 0.1138 ± 0.0220 0.3144± 0.0155 0.2525± 0.0440 0.1158± 0.0200 0.1155± 0.0218
0.3 0.1194± 0.0200 0.1194± 0.0200 0.1158± 0.0200 0.3194± 0.0133 0.2135± 0.0373 0.1158± 0.0200 0.1157 ± 0.0256
0 0.1198± 0.0258 0.2214± 0.0268 0.2954± 0.0970 0.2279± 0.0262 0.1933± 0.0443 0.1158 ± 0.0200 0.1197± 0.0225

Corel5k
0.6 0.7376± 0.0149 OM 0.7818± 0.0080 0.7073± 0.0128 0.6878± 0.0122 0.6976± 0.0135 0.6588 ± 0.0150
0.3 0.6968± 0.0109 OM 0.6820± 0.0076 0.6767± 0.0074 0.6622± 0.0197 0.6674± 0.0169 0.6544 ± 0.0143
0 0.6626± 0.0154 OM 0.6402± 0.0113 0.6666± 0.0067 0.6500± 0.0115 0.6396 ± 0.0116 0.6500± 0.0164

Computers
0.6 0.4786± 0.0078 0.3416± 0.0114 0.4280± 0.0110 0.3576± 0.0052 0.4344± 0.0944 0.3874± 0.0179 0.3386 ± 0.0072
0.3 0.4148± 0.0084 0.3460± 0.0122 0.3660± 0.0063 0.3473± 0.0064 0.3646± 0.0102 0.3574± 0.0110 0.3382 ± 0.0064
0 0.3612± 0.0124 0.3726± 0.0104 0.3438± 0.0125 0.3441± 0.0080 0.3492± 0.0107 0.3432± 0.0134 0.3380 ± 0.0157

Education
0.6 0.5498± 0.0170 0.4564 ± 0.0123 0.5336± 0.0141 0.4810± 0.0095 0.5264± 0.0141 0.5002± 0.0152 0.6588± 0.0150
0.3 0.5034± 0.0150 0.4720± 0.0920 0.4806± 0.0118 0.4680± 0.0045 0.4818± 0.0138 0.4710± 0.0130 0.4656 ± 0.0125
0 0.4854± 0.0131 0.5078± 0.0880 0.4578 ± 0.0152 0.4637± 0.0084 0.4664± 0.0171 0.4580± 0.0155 0.4676± 0.0166

emotions
0.6 0.3471± 0.0493 0.3050± 0.0425 0.3272± 0.0444 0.6731± 0.0196 0.3643± 0.0133 0.6192± 0.0718 0.2496 ± 0.0494
0.3 0.2781± 0.0515 0.3542± 0.0359 0.2983± 0.0528 0.6471± 0.0382 0.3067± 0.0387 0.5259± 0.0474 0.2615 ± 0.0348
0 0.2830± 0.0500 0.3212± 0.0322 0.2681± 0.0282 0.5655± 0.0175 0.2867± 0.0197 0.5412± 0.0385 0.2663 ± 0.0321

Health
0.6 0.3440± 0.0188 0.3412± 0.0144 0.3252± 0.0297 0.2605± 0.0094 0.2968± 0.0120 0.3078± 0.0145 0.2332 ± 0.0126
0.3 0.3008± 0.0121 0.3318± 0.0119 0.2634± 0.0173 0.2516± 0.0073 0.3506± 0.1552 0.2670± 0.0165 0.2360 ± 0.0125
0 0.2694± 0.0153 0.3022± 0.0102 0.2502± 0.0174 0.2480± 0.0068 0.2692± 0.0143 0.2494± 0.0169 0.2352 ± 0.0151

medical
0.6 0.2097± 0.0262 0.1381± 0.0125 0.2485± 0.0223 0.1679± 0.0101 0.7323± 0.2930 0.1892± 0.0174 0.1289 ± 0.0183
0.3 0.1606± 0.0122 0.1483± 0.0122 0.1667± 0.0287 0.1633± 0.0087 0.7323± 0.2930 0.1503± 0.0241 0.1268 ± 0.0118
0 0.1391± 0.0242 0.2096± 0.0196 0.1431± 0.0300 0.1679± 0.0083 0.6292± 0.2085 0.1411± 0.0276 0.1329 ± 0.0221

Natural_scene
0.6 0.3500± 0.0101 0.3795± 0.0211 0.2687 ± 0.0267 0.2955± 0.0127 0.3954± 0.0116 0.3795± 0.0262 0.3330± 0.0171
0.3 0.3650± 0.0177 0.3850± 0.0089 0.3024± 0.0303 0.2973 ± 0.0175 0.3389± 0.0295 0.3620± 0.0171 0.3355± 0.0220
0 0.3735± 0.0242 0.3822± 0.0064 0.2323 ± 0.0429 0.2791± 0.0143 0.2901± 0.0264 0.3420± 0.0147 0.3405± 0.0270

yeast data
0.6 0.3736± 0.0153 0.2417± 0.0128 0.2412± 0.0209 0.2523± 0.0126 0.4730± 0.0197 0.2396± 0.0162 0.2214 ± 0.0185
0.3 0.2979± 0.0195 0.2391± 0.0133 0.2338± 0.0097 0.2523± 0.0129 0.4580± 0.0170 0.2334± 0.0157 0.2234 ± 0.0098
0 0.3178± 0.0198 0.2363± 0.0880 0.2292± 0.0076 0.2238± 0.0152 0.4580± 0.0251 0.2288± 0.0074 0.2226 ± 0.0075
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Table 8. RL↓ results (mean ± standard deviation) on twelve multi-label datasets. Smaller values
indicate better performance; the best results are highlighted in bold.

Datasets r SGMML SLR-LSF LRMML DM2L MSWL LFLI GLCS

Arts
0.6 0.2516± 0.0107 0.1753± 0.0043 0.1626± 0.0083 0.1458± 0.0040 0.2380± 0.1292 0.1755± 0.0072 0.1112 ± 0.0039
0.3 0.2278± 0.0100 0.2297± 0.0114 0.1464± 0.0074 0.1380± 0.0046 0.2039± 0.1174 0.1444± 0.0058 0.1101 ± 0.0029
0 0.1311± 0.0047 0.1523± 0.0044 0.1309 ± 0.0041 0.1385± 0.0048 0.1336± 0.0042 0.1325± 0.0039 0.1436± 0.0086

Business
0.6 0.2774± 0.0161 0.0446± 0.0043 0.0590± 0.0032 0.0466± 0.0029 0.2614± 0.1722 0.0753± 0.0051 0.0299 ± 0.0019
0.3 0.1930± 0.0073 0.0421± 0.0056 0.0491± 0.0018 0.0436± 0.0026 0.2731± 0.1929 0.0489± 0.0041 0.0308 ± 0.0032
0 0.1147± 0.0049 0.0396± 0.0013 0.0400± 0.0031 0.0457± 0.0027 0.2755± 0.1964 0.0404± 0.0033 0.0307 ± 0.0019

birds
0.6 0.1616± 0.0085 0.1293± 0.0261 0.1454± 0.0127 0.1297± 0.0150 0.1478± 0.0265 0.1295± 0.0045 0.0890 ± 0.0098
0.3 0.1249± 0.0068 0.1496± 0.0085 0.1087± 0.0095 0.1195± 0.0123 0.1183± 0.0124 0.1022± 0.0052 0.0945 ± 0.0152
0 0.1057± 0.0129 0.0910± 0.0157 0.0903± 0.0076 0.1190± 0.0136 0.0971± 0.0168 0.0902 ± 0.0074 0.0989± 0.0069

Cal500
0.6 0.2741± 0.0259 0.1812 ± 0.0083 0.1878± 0.0032 0.2107± 0.0010 0.2269± 0.0032 0.1827± 0.0038 0.1817± 0.0047
0.3 0.1855± 0.0043 0.1828± 0.0028 0.1816± 0.0034 0.2082± 0.0016 0.2061± 0.0073 0.1805 ± 0.0042 0.1822± 0.0059
0 0.1796± 0.0045 0.1921± 0.0043 0.2486± 0.0201 0.2008± 0.0019 0.1984± 0.0079 0.1795 ± 0.0037 0.1824± 0.0021

Corel5k
0.6 0.3510± 0.0147 OM 0.3326± 0.0052 0.2688± 0.0024 0.2434± 0.0084 0.2755± 0.0075 0.1219 ± 0.0037
0.3 0.3078± 0.0098 OM 0.2645± 0.0050 0.2383± 0.0048 0.1946± 0.0071 0.2241± 0.0078 0.1216 ± 0.0030
0 0.2527± 0.0087 OM 0.1909± 0.0077 0.2238± 0.0035 0.1725± 0.0042 0.1938± 0.0080 0.1219 ± 0.0028

Computers
0.6 0.2577± 0.0081 0.1319± 0.0052 0.1582± 0.0085 0.1021± 0.0036 0.1867± 0.0913 0.1364± 0.0061 0.0672 ± 0.0035
0.3 0.1982± 0.0054 0.1105± 0.0031 0.1134± 0.0042 0.1010± 0.0034 0.1142± 0.0050 0.1022± 0.0045 0.0663 ± 0.0034
0 0.0886± 0.0021 0.0901± 0.0036 0.0899± 0.0026 0.1012± 0.0040 0.1034± 0.0037 0.0914± 0.0025 0.0658 ± 0.0018

Education
0.6 0.2667± 0.0122 0.1551± 0.0064 0.1696± 0.0097 0.1034± 0.0029 0.1454± 0.0035 0.1517± 0.0068 0.0698 ± 0.0030
0.3 0.2256± 0.0065 0.1288± 0.0048 0.1300± 0.0024 0.0988± 0.0013 0.1107± 0.0042 0.1161± 0.0041 0.0705 ± 0.0018
0 0.0995± 0.0036 0.1012± 0.0082 0.1004± 0.0028 0.0985± 0.0027 0.1000± 0.0014 0.1022± 0.0026 0.0702 ± 0.0036

emotions
0.6 0.1920± 0.0275 0.1811± 0.0129 0.1913± 0.0146 0.4199± 0.0113 0.2159± 0.0178 0.3922± 0.0218 0.1478 ± 0.0144
0.3 0.1689± 0.0199 0.2066± 0.0234 0.1675± 0.0234 0.4112± 0.0245 0.1821± 0.0186 0.3694± 0.0086 0.1554 ± 0.0113
0 0.1592± 0.0251 0.1622± 0.0223 0.1585± 0.0205 0.3723± 0.0157 0.1706± 0.0143 0.3651± 0.0068 0.1545 ± 0.0146

Health
0.6 0.1983± 0.0101 0.1224± 0.0038 0.1127± 0.0020 0.0662± 0.0021 0.0925± 0.0050 0.1004± 0.0037 0.0393 ± 0.0013
0.3 0.1639± 0.0030 0.1122± 0.0058 0.0808± 0.0042 0.0652± 0.0018 0.1383± 0.1415 0.0710± 0.0038 0.0397 ± 0.0015
0 0.0575± 0.0023 0.1064± 0.0046 0.0612± 0.0027 0.0659± 0.0013 0.0604± 0.0044 0.0622± 0.0026 0.0395 ± 0.0029

medical
0.6 0.0472± 0.0072 0.0468± 0.0036 0.0600± 0.0161 0.0249± 0.0032 0.3189± 0.1622 0.0454± 0.0113 0.0224 ± 0.0047
0.3 0.0274± 0.0076 0.0308± 0.0048 0.0282± 0.0068 0.0212 ± 0.0027 0.3189± 0.1622 0.0248± 0.0076 0.0219± 0.0044
0 0.0158± 0.0060 0.0214± 0.0062 0.0160± 0.0060 0.0209± 0.0032 0.2398± 0.1216 0.0153 ± 0.0058 0.0218± 0.0041

Natural_scene
0.6 0.1935± 0.0095 0.1967± 0.0087 0.0952 ± 0.0114 0.1024± 0.0073 0.1711± 0.0117 0.2016± 0.0104 0.1822± 0.0148
0.3 0.1928± 0.0095 0.2065± 0.0066 0.1042± 0.0108 0.1035 ± 0.0066 0.1398± 0.0146 0.1907± 0.0111 0.1771± 0.0151
0 0.1901± 0.0123 0.2241± 0.0072 0.0842 ± 0.0104 0.0965± 0.0045 0.1116± 0.0086 0.1796± 0.0097 0.1822± 0.0148

yeast data
0.6 0.3322± 0.0108 0.1765± 0.0078 0.1800± 0.0084 0.2040± 0.0029 0.2665± 0.0059 0.1764± 0.0073 0.1748 ± 0.0056
0.3 0.2456± 0.0065 0.1754± 0.0069 0.1743± 0.0088 0.2036± 0.0029 0.2544± 0.0258 0.1716 ± 0.0077 0.1749± 0.0061
0 0.2308± 0.0094 0.1756± 0.0085 0.1702 ± 0.0076 0.1768± 0.0044 0.2421± 0.0127 0.1702 ± 0.0077 0.1744± 0.0101

Table 9. Aggregated comparison of GLCS by missing-label rate. A win means that GLCS outperforms
the best competing method for a given dataset, metric, and missing-label rate.

Missing Rate Wins Ties Losses Average GLCS Rank

r = 0.6 54 0 18 1.59
r = 0.3 50 0 22 1.66
r = 0 38 0 34 2.38

As expected, performance generally becomes more challenging when r increases
because fewer label entries are available during training. Under the high missing-label
ratio r = 0.6, GLCS remains among the strongest methods on most datasets, indicating that
combining correlation propagation with sparse label-specific prediction is helpful when
supervision is limited. When more labels are observed at r = 0.3 and r = 0, most methods
improve, while GLCS maintains stable performance across different supervision levels.

Across the ranking-based metrics, GLCS obtains strong AP and AUC on many text
datasets such as Arts, Business, Computers, Education, Health, and medical. It also
performs competitively on image, audio, music, and biology datasets, although some
baselines may obtain the best value on individual datasets or metrics. For the lower-is-
better metrics, including CV, HL, OE, and RL, GLCS often reduces label-ranking errors and
label-wise misclassification rates. These results suggest that the proposed model is not only
effective for ranking relevant labels near the top, but also stable for binary label prediction
under incomplete supervision.
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Although GLCS achieves strong overall performance, it is not dominant in all cases.
On Corel5k, GLCS remains competitive, indicating that low-rank correlation learning and
label-specific sparsity are useful in larger label spaces. However, its advantage is weaker
on Natural_scene, which contains only six labels, and on some conditions of yeast data
and Cal500, where simpler structures or alternative ranking behavior can be sufficient.
Moreover, GLCS is not always the best method on AUC, where LRMML or DM2L can be
competitive. These observations suggest that GLCS is most useful when label dependencies
are richer and supervision is incomplete, while its relative advantage may decrease on
small-label datasets or metrics less sensitive to correlation-based refinement.

4.4. Statistical Significance Analysis

To rigorously assess whether the observed performance differences among the com-
pared algorithms are statistically significant, we conduct the non-parametric Friedman test
separately for each evaluation metric. The test is performed over N = 36 experimental
conditions, corresponding to twelve datasets under three missing-label ratios. For AP and
AUC, larger values are assigned better ranks, whereas for CV, HL, OE, and RL, smaller
values are assigned better ranks. Out-of-memory results are assigned the worst rank in the
corresponding condition. Table 10 reports the Friedman statistics and Kendall’s W for the
six evaluation metrics. With seven algorithms, the critical value of the Friedman chi-square
test at α = 0.05 is 12.5916. As shown in the table, the Friedman statistics for AP, AUC, CV,
HL, OE, and RL are all larger than this critical value. Therefore, the null hypothesis that all
compared algorithms perform equivalently is rejected at the 95% confidence level for all
six metrics. To quantify the effect size, Kendall’s W is computed as W = χ2

F/[N(k− 1)],
where N = 36 and k = 7. The resulting W values indicate that the performance differences
are strong for AUC and HL, moderate for AP, and smaller but still meaningful for CV, OE,
and RL.

Table 10. Friedman test statistics, critical value, and Kendall’s W effect size at α = 0.05.

Evaluation Metrics χ2
F Critical Value Kendall’s W

AP 86.6250

12.5916

0.4010
AUC 128.9048 0.5968
CV 46.7262 0.2163
HL 104.6429 0.4845
OE 46.2262 0.2140
RL 56.2083 0.2602

After the Friedman test, we further apply the Nemenyi post hoc test for pairwise
multiple comparisons at α = 0.05. This test controls the family-wise comparison among
all algorithms based on their average ranks. With seven algorithms and 36 experimental
conditions, the critical distance is CD = 1.5010. Figure 1 presents the critical-difference
diagrams for AP, AUC, CV, HL, OE, and RL. Algorithms connected by a horizontal line
are not significantly different at the 0.05 significance level. The diagrams show that GLCS
obtains the best or among the best average ranks on most metrics, especially AP, CV,
HL, OE, and RL. For AUC, LRMML obtains the best average rank, while GLCS remains
competitive and close to the top-ranked methods.
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Figure 1. Nemenyi test results for different evaluation metrics. Red lines indicate the average-rank
positions of individual algorithms, while blue horizontal lines connect algorithms with no statistically
significant difference.

4.5. Running Time Analysis

Table 11 reports the average training time per fold at r = 0.3. LFLI is the fastest
method on average, while MSWL and LRMML also have relatively low running time.
GLCS requires 283.406 s per fold on average, which is close to DM2L and lower than
SGMML and SLR-LSF. The largest running time of GLCS occurs on Corel5k, indicating
that the dense label-correlation matrix and SVT update become the main computational
bottlenecks when the label dimension is large. SLR-LSF encounters an out-of-memory
failure on Corel5k, which is reported as OM.

Table 11. Running time comparison at r = 0.3. The reported value is the mean training time per fold
in seconds over five-fold cross-validation.

Dataset SGMML SLR-LSF LRMML DM2L MSWL LFLI GLCS

Arts 208.255 2221.622 186.056 328.139 34.627 76.366 197.714
Business 680.137 3681.930 247.908 377.160 40.857 108.570 203.940
birds 2.997 15.017 38.763 5.638 3.487 1.003 15.224
Cal500 2.090 2018.035 118.460 17.416 274.680 1.062 126.335
Corel5k 731.820 OM 115.448 1548.231 657.551 127.832 1956.689
Computers 716.159 4998.232 114.762 296.456 48.276 101.754 302.927
Education 6138.891 6138.891 10.621 278.931 41.895 80.490 235.780
emotions 1.972 3.464 1.761 2.188 5.248 0.283 2.891
Health 228.540 7388.981 205.117 289.804 43.747 91.657 246.128
medical 45.638 477.283 165.570 21.501 49.092 5.673 43.288
Natural_scene 17.949 18.452 8.870 8.857 5.306 3.305 18.351
yeast data 53.853 109.108 12.214 40.897 12.915 9.665 51.610

Average 735.692 2461.001 102.129 267.935 101.473 50.638 283.406

4.6. Parameter Sensitivity Analysis

We examine the sensitivity of GLCS to three trade-off parameters, λ1, λ2, and λ3,
which weigh the ℓ1 sparsity on the LSF predictor W, the nuclear-norm regularization on the
learned correlation matrix C, and the label-graph smoothness term tr(WLW⊤), respectively.
The analysis is conducted on the Birds dataset with r = 0.3. Each parameter is varied in
{10−5, 10−4, . . . , 100}. To facilitate interpretation, we vary two parameters at a time while
fixing the remaining one to 10−5 and report AP and HL in Figure 2.

Figure 2 shows that GLCS maintains competitive AP and HL over a wide range of
settings, suggesting limited sensitivity to moderate changes of the regularization weights.
The influence of λ1 is comparatively mild, whereas overly large λ1 may reduce perfor-
mance due to excessive sparsification of W. The effects of λ2 and λ3 are more apparent.
Larger λ2 tends to improve performance by promoting a compact low-rank structure in
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C, which benefits correlation-based supervision propagation. A moderate λ3 is helpful
by encouraging smoothness over the label graph, while excessively large λ3 can lead to
over-smoothing and slightly degrade AP or HL. Overall, the results indicate that GLCS is
robust when λ2 and λ3 are selected in a moderate range and λ1 remains non-dominant.

Figure 2. Parameter sensitivity analysis on the birds dataset for AP and HL.

4.7. Convergence Analysis

We analyze the convergence behavior of GLCS by monitoring the objective function
value across iterations on two representative datasets, medical and birds, under r = 0.3.
The hyperparameters are fixed to the values used in the main experiments.

As shown in Figure 3, the objective value decreases sharply in the early iterations and
then changes only marginally after about 20 iterations on both datasets, indicating that
the optimization procedure converges efficiently. Similar convergence trends are observed
on the other benchmark datasets, suggesting that GLCS can reliably solve the proposed
objective in practice.
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Figure 3. Convergence analysis on medical and birds under r = 0.3.

5. Conclusions
This paper studies multi-label learning with incomplete supervision and proposes

GLCS, a graph-regularized low-rank correlation learning framework with label-specific
features. GLCS uses observed label entries as reliable sources and propagates them through
a learned low-rank correlation matrix. It further learns sparse label-specific predictors
and constructs a label graph from the learned correlations to preserve local label-structure
consistency. In this way, missing-label refinement and discriminative feature learning are
optimized in the same framework.
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Experiments on twelve benchmark datasets show that GLCS achieves stable perfor-
mance under different missing-label ratios and obtains strong results on both ranking-based
and classification-based metrics. The statistical tests further indicate that the observed
differences are significant for most evaluation criteria. These results suggest that combining
low-rank label correlation, graph regularization, and label-specific sparsity is effective for
learning from incomplete multi-label annotations.

One limitation of GLCS is that it relies on iterative updates involving matrix regular-
ization and singular value thresholding, which may increase computational cost when the
number of labels is very large. Future work will explore more scalable optimization strate-
gies, approximate low-rank updates, and extensions to more complex missing mechanisms
with additional annotation noise. Another limitation is that the experiments mainly use
random missing-entry simulation. Although this protocol provides a controlled way to
compare different methods, it does not fully represent realistic missingness mechanisms
such as missing positives, long-tail missingness, and single-positive supervision. We will
evaluate GLCS under these more realistic annotation mechanisms in future work.
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