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Abstract: This paper deals with the synthesis and implementation of a controller for asymptotic
tracking of the desired trajectory of a mobile robot. The mobile robot used for the experimental
validation has eight motors with an inner control loop. Four steering actuators are controlled using
position controllers and four driving actuators are controlled using velocity controllers. A complex
robot kinematic model is converted into a control-oriented linear time-varying system, which is
then used to design a time-varying control law that minimizes the quadratic optimality criterion. In
contrast to conventional methodologies for solving the corresponding Riccati differential equations, a
computational approach that explicitly determines the time-varying controller matrix by employing
recurrent matrix computations is proposed. Mobile robot control inputs (linear velocity, steering
angles and steering velocities) are forwarded to the steering and driving actuators with properly
tuned position and velocity controllers using an inverse kinematic model of the mobile robot. The
obtained control law is evaluated on an experimental set-up of a real mobile robot system. The
controller is implemented using the Robot Operating System.

Keywords: four-wheel steered and actuated mobile robot; time-varying linear quadratic control;

recursive matrix relations; experimental validation

1. Introduction

Following the significant advancements in both communication and information tech-
nologies, along with actuator and sensor technologies, a multitude of novel mobile robot
systems have emerged, garnering substantial interest from both the scientific community
and industrial and other applications. This interest has resulted in the publication of
numerous review papers, representing a broad range of perspectives on the study and
practical application of mobile robot technologies. Examples of this can be found in [1-5]
among other places. It is now widely acknowledged that one of the key challenges in the
development of efficient mobile robotic systems is the synthesis of algorithms for their
trajectory tracking control [6].

Significant research and development has been undertaken in recent years with regard
to robots with four wheels that have independent driving and steering. These developments
have led to the application of various control strategies for this type of mobile robot
system. In [7], the application of nonlinear model predictive control, wherein constraints
are represented by the utilization of barrier functions for the guidance of a robot within
a human-centric environment, has been proposed. In order to mitigate the latency in the
steering angle response, the model predictive control algorithm with dynamic constraints
for the tracking of high-speed trajectories was employed in [8]. A hybrid control approach
integrating the sliding-mode control law, a near-time-optimal potential function and fuzzy-
based adjustment rules were proposed in [9]. A direct yaw moment robust sliding-mode
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control strategy for a four-wheeled robot’s simultaneous trajectory tracking and disturbance
rejection has been reported in [10]. Moreover, the control of four-wheeled mobile robots can
be addressed in a comparable manner to that of autonomous vehicles. The principles and
methods employed to solve control problems in these systems are analogous. For example,
see [11-16] and related references.

This paper considers a mobile robotic structure with four independently steered and
four independently actuated wheels (4ISW4IAW), part of an experimental set-up designed
as a suitable laboratory model for the testing and verification of different control concepts
and education. Details on this experimental set-up can be found in [17,18]. While this
mobile robot was developed for climbing vertical walls, here we deal with the problem of
following a reference trajectory on the ground.

In this paper, a trajectory tracking method for 4ISW4IAW mobile robot is presented. It
is based on time-varying linear quadratic (TVLQ) control. Although the theoretical basis
of the TVLQ approach is well established and can be considered a standard technique
(see, for example, references [19,20] and the literature therein), the synthesis of controllers
based on this approach remains a highly active area of research in a variety of applications,
as evidenced, for example, by references [21-24]. Based on the available references, most
studies in the area of TVLQ control have used one of two main approaches: the iterative
approximate solution of the associated Riccati partial differential matrix equation or the
transformation of the problem into a set of linear matrix inequalities (LMIs). It is well
established that solving the Riccati equation requires the system to be fully controllable.
However, our approach does not necessitate the resolution of the Riccati equation. The op-
timal control-based algorithm proposed in this paper is founded upon the direct numerical
calculation of the time-varying elements of the control law matrix, without recourse to
the LMI formalism or the approximation of the solution of the Riccati partial differential
matrix equation.

In the approach proposed in this paper, we approximate the nonlinear three-input,
two-chain, single-generator chained model of the 4ISW4IAW mobile robot with linear time-
varying (LTV) differential error equations. The objective is to stabilize these equations in
the vicinity of the desired trajectory. The control problem is defined in terms of determining
a time-varying control law matrix that is calculated with respect to the minimization of
the quadratic optimality criterion. A conjugate gradient method is employed to achieve
a minimum value of the quadratic objective function. In order to determine the gradient,
the chain rule for ordered derivatives is employed. The recursive matrix structure of the
proposed algorithm is derived from the coupling of the control variables with the state
variables, achieved through the use of the Euler method, which discretizes the kinematic
equations of the robot.

The previously described method differs from other direct optimization methods
in that the differential equations of the system are not treated as constraints that are
included in the objective function by applying Lagrange multipliers or penalty functions.
In contrast, our proposed approach explicitly leverages the connection between the control
and state variables via discretized differential equations, thereby enabling the gradient of
the objective function to be calculated with recursive relations. The fundamental concept
behind this approach is presented in [25,26]. Here, this concept has been extended to
include the synthesis of control laws for linear time-varying systems, which involved the
derivation of an expression for the calculation of gradient values at each instant of the
time interval.

Two main contributions of this work are as follows:

e  The Euler method for discretization, the conjugate gradient method and the line
search method with Wolfe’s conditions for minimizing the objective function have
been integrated into one numerically efficient algorithm for the direct calculation
of the state controller of LTV systems. This algorithm explicitly obtains the desired
time-variant control law.
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e The most effective version of the algorithm is subjected to both numerical simulations
and experimental verification on a laboratory model of a 4ISW4IAW mobile robot
system. Based on the authors’ current knowledge, the application and experimental
verification of a time-varying controller designed in this way, which additionally
includes the transformation into a three-input, two-chain, single-generator chained
form, for a robot with four wheels that have independent drive and steer, has not been
investigated yet.

The rest of the paper is organized as follows. In Section 2, a description of the experi-
mental set-up of the mobile robot system under consideration is provided. Additionally,
the kinematic model and its transformation into a three-input, two-chain, single-generator
chained form are presented. The formulation of the trajectory tracking control problem
in Section 3 involves approximating a nonlinear differential equation of the mobile robot
in chained form with an LTV system. Subsequently, an algorithm for the synthesis of a
time-varying state controller is derived. In Section 4, the simulation and experimental
responses of the mobile robot system with the proposed control strategy are presented,
along with a discussion related to the comparison with methods based on solving the
Riccati equation or the LMI formalism. Section 5 concludes the paper.

2. System Description
2.1. Robot Description

The mobile robot used for experimental validation is designed to drive on vertical
surfaces and perform nondestructive testing [18]. Figure 1 illustrates the mobile robot and
its schematics. The robot is primarily constructed from acrylonitrile styrene acrylate (ASA)
material using a 3D printing process, with some components made of carbon fiber [17].
The robot has dimensions of 380 x 300 mm, a total weight of 3.25 kg and a payload capacity
of 1.5 kg. The mobile robot is equipped with eight direct current (DC) motors: four for
steering and four for driving. Additionally, it features five brushless DC motors, four for
thrust and one for the robot’s adhesion system. However, the thrust and adhesion motors
are beyond the scope of this research, as the robot will only be operating on horizontal
surfaces. The wheels are both driven and steered by Dynamixel XH430-W150 smart servo
motors, with rotational positions monitored by AMS AS5601 magnetic rotary sensors.

voh

(a) The experimental set-up of the mobile robot. (b) 4ISW4IAW mobile robot schematics.
Figure 1. Photos of the experimental 4ISW4IAW mobile robot and kinematics schematics.

The mobile robot is also equipped with a Raspberry Pi 4 Model B, running Linux
Ubuntu and the Robot Operating System (ROS) as middleware. This set-up allows the
execution of high-level control algorithms, logging of all data, and communication with the
driving and steering motors. Communication with the Dynamixel motors is achieved using
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a ROBOTIS U2D2 USB to TTL converter, which relays steering and driving commands
from ROS directly to the motors. As previously mentioned, the Dynamixel XH430-W150
smart servo motors have integrated proportional-integral-derivative (PID) control loops
in various operation modes, including direct pulse-width modulation (PWM), current,
velocity and position control modes. The robot’s driving motors are controlled using the
velocity mode, while the steering motors are controlled using the position control mode.
Figure 2 illustrates both the PI control loop for velocity and the PID control loop for position
control modes.
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(a) Velocity control loop for driving system of the mobile robot.
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(b) Position control loop for steering system of the mobile robot.
Figure 2. Control schemes for driving and steering system of the mobile robot.

The parameters for the DC motors were estimated in [27] using the Levenberg-
Marquardt method. Both velocity and position controller gains were designed to ensure
optimal performance in trajectory tracking for both velocity and position. Table 1 presents
the calculated and estimated electro-mechanical parameters, where u, represents the ar-
mature voltage, R, and L, denote the armature resistance and inductance, K;, and K, are
the torque and back electromotive force constants, b; and bs are the driving and steering
friction coefficients, and J; and J; represent the inertia of the wheel and steering system
(s marks steering and ;5 marks driving system parameters).

Table 1. Steering and driving motor parameters.

R[0] L] K [Y5]  Ka[N] ba[Nme]  bo[Nme]  Jalkgm®] Ji[kgm?]
924  3x10% 00103  0.0067 ig_? 51'§_§ 5x10°%  6x10°8

Dynamixel DC motors are actuators which comprise a complete system. They feature
an integrated PI control loop for the velocity and PID for position. Users are permitted
to tune only the gains for those control loops. A PI controller is the preferred option for
controlling DC motor velocity due to its simplicity and robustness, and the fact that it is
able to meet the control requirements without the additional complications introduced by
the derivative term. The inherent noise sensitivity of the derivative term, in conjunction
with the existing mechanical filtering properties of the motor system, renders the use of a
PID controller less desirable in many practical applications compared to the PL

In Table 2, the controller gains of both the driving and steering systems are presented,
where Ky, and K,; are the proportional and integral gains of the PI velocity controller,
respectively, and K, Kj; and K are the proportional, integral and derivative gains of
the PID position controller, and wy, represents the cut-off frequency of the 2"? order Bessel
filter which cannot be changed.
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All gains for control systems are chosen according to [27]. The proportional gain of
the position control loop is adjusted in a way that prevented overshoot, ensuring a fast
and smooth response. The PI control loop is tuned in a similar manner, allowing for a
slight overshoot of 2%. During the tuning process, it is observed that, while using strong P
gains for both the P position control loop and PI velocity control loop, there is a significant
amount of chattering in the DC motor control loop, making it unsuitable for experimental
validation. Later in the experimental section, the reference trajectory tracking of the driving
velocity and steering angle will be shown using the control system parameters defined here.

Regarding the values presented in Table 2, in the context of position control, it is
typically unnecessary to utilize integral and derivative gain (the values of Kj; and K4 are
zero), given that there are already two integrators following the output torque. The first
of these is for velocity control, while the second is for position control. A proportional (P)
controller offers a balance between simplicity, quick response and sufficient accuracy for
numerous practical position control tasks, making it a preferred choice when these factors
are prioritized.

Table 2. Steering and driving motor parameters.

Kvp Kyi Kpp Kpi Kpd Wy {%}

1.5 51 14 0 0 32.8

2.2. Mathematical Model

The equations describing the kinematics of a mobile robot with four independently
steered and four independently actuated wheels are given in [8,28], so they will not be
detailed here. In this paper, we adopt assumptions from our recent work [29] to simplify
the model from [8]. These assumptions enable a simpler derivation of the chain model
and, consequently, a simpler derivation of the linear time-variant model of the robot.
The main reason for the transformation into a chained form is the fact that direct Jacobian
linearization of a nonlinear kinematic model would require predetermining the desired
steering angle of all wheels, which would be quite complex in the case of some more
demanding tracking trajectories.

We assume that the linear velocities of wheels are equal and the front and rear wheels
are steered parallel to each other and at the same steering velocity. Hence, we obtain the
following set of equations:

1
X = E(cos (61 +0) +cos (2 +0))vy, (1)
1
y= E(Sil‘l (51 +9) + sin (§2+9))'U1, (2)
Xl sin (51 Xw?2 sin 52
= 2 2 2 2 1 (3)
zxwl + 2yw1 zwa + 2yw2
b = wy, (4)
52 = Wy, (5)

where the reference point of the robot is represented by the coordinates x and y in the
Cartesian frame, the orientation angle, denoted by 6, is expressed in relation to the positive
x-axis, vy is the linear velocity, 1, w1, d2 and w, are the steering angles and steering
velocities of the front and rear wheels, respectively, and x,; and y,;, i = 1,2, are the
positions of the wheels predefined as follows: (xy1, Y1) = (4,b) and (xy2, Yuz) = (—a,b)
where a and b are the lengths between the centroid of the robot and each wheel whose
numerical values are 4 = b = 0.1125 m. Note that in (1)—(5) are five state variables—x, y, 6,
61 and Jp—and three input variables—v;, w; and wy.
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System (1)—(5) can be transformed into the following three-input, two-chain, single-
generator chained form

xl = Uy, (6)
Xy = Uy, @)
X3 = XoU1, (8)
Xy = us, ©)
X5 = X4U7. (10)
by changing the coordinates as follows:
X1 =X, (11)
D1+ Dy
Xp = ——F, 12
2 c1+c (12)
x3 =0, (13)
X4 = tan (‘51 ;‘52 + 9), (14)
X5 =Y, (15)
with the input transformation
1
U = 5(01 +c2)vy, (16)
Biwi +Bowz | (D1 + D2)(2wisy +2wrsp) | v1(D1 + D2)*(s1 + 52)
Uy = + + 5 , (17)
(c1+c2) 2(c1 +c2) 2(c1 +c2)
Di1+D
Uz = v1(D1+Ds) + wy tws a8)
K
where the following notation is introduced for the purpose of simplification:
c; = cos (8; +6), (19)
s; = sin (6; +0), (20)
Xpi COS(0;
;= Xuicoslo), e
xZUl +yw1
Xyi SIN(6;)
= ST (22
l xwi2 + ywi2 )
K =1+ cos(é1 + 5, +20), (23)

fori=1,2.

In [29], the previous transformations are carried out in detail. To perform these trans-
formations, it was necessary to apply the procedure from [30,31], where the conditions for
the generalization of the chained form to systems with more than two inputs were derived.

3. Algorithm for the Synthesis of a Time-Varying State Controller
3.1. Control Problem Formulation

Based on [32], in this work, we formulate the trajectory tracking control problem
utilizing the approach of approximating a nonlinear system of equations of a mobile robot
in chained form (6)—(10) by an LTV system.

Let us assume that the desired trajectory in the Cartesian coordinate system is rep-
resented by x,;(t) and y,(t), while the desired orientation is 6;(t) = atan2(y,(t), x4(t)).
Additionally, let us suppose that the desired trajectory is achievable. This implies the inputs

ua(t) = (a1 () wan(t) ugs(t)]', (24)
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and the desired states

xa(t) = [xa1 () xaa(t) xa3(t) xaa(t) xa5(t)]", (25)

i.e., the reference robot can be calculated using (11)—(18). Furthermore, let us write the
chained system (6)—(10) in standard vector notation:

x(t) = f(x(t),u(t)), (26)
where
X(t) = [x1 X2 X3 X4 X5]T, ll(t) = [1/[1 Up Mg}T, f= [u1 Uy XpUq U3 X4M1]T. (27)

The Taylor expansion of system (26) around (x,;(t), u;(t)), rejecting the terms of higher
order, results in

of ,
(t) = Fxg (1), g (1) + 200000 ) ) o
of ,
098] 4y 1),
The state errors and input errors are defined as

X(t) = x(t) =xq(t), @(t) = u(t) —uy(t), (29)

respectively, and from (28) the LTV error equations are as follows:
x(t) = A(t)x(t) + B(t)u(t), (30)

where

A(t) _ af(xd(ta);(ud(t)), B(i’) _ af("d(g)l’/lud(t)) (31)

Then, the control problem of tracking the desired trajectory is formulated as follows:

Problem 1. Consider the LTV differential error equations (30) in which all state variables are
available. The goal is to determine the control law of the form

u(t) = —K(1)x(t), (32)

where the matrix K(t) is determined according to the quadratic criterion of optimality, and thereby
obtain the optimal control law of the form

u =uy(t) — K(t)x(t), (33)
such that the system in chained form (6)—(10) is stabilized in the vicinity of the desired trajectory.

Problem 1 is known as local LQ trajectory stabilization [20], or the TVLQ control
problem [19], and matrix K(¢) can be calculated by solving the corresponding Riccati
differential equation. It is important to note that solving the Riccati equation requires
system (30) to be fully controllable. Nevertheless, the methodology presented in this paper
avoids the necessity for solving the Riccati equation, instead relying on a direct numerical
approach for minimizing the associated objective function.

3.2. Optimal Control-Based Algorithm Derivation

The optimal control-based algorithm for solving Problem 1, as presented in this paper,
employs a representation of control vector components as linear functions of state variables
with time-varying parameters. The aforementioned parameters are, in fact, elements of the
matrix K(f), which must be determined.
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In order to write the control law (32) in a parametrized form, the vectorization operator
(the operator vec(-) is an operator that stacks the columns of a matrix one underneath the
other) can be applied:

vec(@(t)) = —vec(K(H)x(t)) = — (iT(t) ®I>Vec(K(t)). (34)

In this context, the symbol ® denotes the Kronecker product, while the identity matrix
I has the same number of rows as the matrix K(#). In order to facilitate further analysis,
the control law is introduced in the following notation.

a(t) = X(t)k(t), (35)

where X(t) = X" (t) ® I and k(t) = —vec(K(t)).
The problem of finding k(t) in a control law (35) is based on the minimization of the
objective function

t
J= /Of(iT(t)Qf((t) +ﬁT(t)Rﬁ(t))dt, (36)
for all t = OwithQ=QT >0, R=RT>0 subject to the error equations (30).

Remark 1. Note that the objective function (36) implicitly depends on elements of k(t) from (35),
so the matrix K(t) in (32) can be determined after appropriate reshaping of the vector k().

Our approach can be classified as a direct optimization method, whereby a continuous-
time system is transformed into a discrete-time system. It can therefore be assumed that

the time interval {0, t f} is divided into N — 1 sub-intervals of equal length. The resulting
time grid is then composed of points t; = iT, wherei =0, 1, 2, ..., N — 1 and 7 is defined
as the time step length, with a value of t¢/N. Subsequently, the Euler approximation of the
continuous-time state Equation (30) is

x(i+1) =x(i) + T(A>@)x() + B(i)u(i)), x(0) = Xo. (37)
The discretized control law (35) can be expressed as
a(i) = X(i)k(i). (38)

The discrete-time form of the objective function (36) with (38) results in
N-1 3 ;
j=t Y (XT(i)Qf((i) + kT(z‘)XT(i)RX(i)k(i)). (39)
i=0

Considering everything mentioned above, the optimization problem can be summed
up as follows:

N-1 B B
min{T y (XT(i)Qf((i) + kT(i)XT(i)RX(i)k(i)) } (40)

k(@ | iz
subject to:
x(i+1) = x(i) + T(A()x(i) + B())X(i)k(i)), %(0) = Xo. (41)

The main concept of the proposed approach to solving the optimization problem (40)
and (41) is based on the integration of a conjugate gradient method and line search method
with Wolf conditions into one algorithm which uses recursive matrix relations to compute
the first-order derivatives and provide a direct numerical calculation of the time-varying
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elements of vector k. The minimization in (40) is performed by a conjugate gradient descent
algorithm in the following form

KD () = KO () + 7)), (42)
(1+1)
S0G) = (50 + 86, )

forj=0,1,2,..., N—1land! =0,1, 2, ..., M. N is the number of time instants, M
is the number of gradient algorithm iterations and s is the search direction vector. Here
we note that all vectors in (42) and (43) are column vectors including the gradient of the
objective function. This should be kept in mind in later expressions so that the dimensions
of matrices and vectors are not misunderstood.

The standard method for computing B is

#(53) o () R R (akaT]o))UH) [(ag{n) e (aam)m} |
()" )"+ - [(aty) "~ (st

It should be noted that in (44) there are four distinct possible combinations for the parame-
ters u and v that can be utilized in accordance with references [33-36].

In order to find the convergence step 77 > 0, we employ a line search strategy with the
Wolfe conditions. The method of line search with Wolf’s conditions is considered quite
standard and well-known, and there is no need to present it in detail here. Further details
about Wolfe conditions and the line search technique are available in [37].

In the [-th iteration of (42) and (43) the gradient of the objective function with respect
to k is given by

(44)

o TNi 9% (1)Qx(i) + k' ()XT()RX(i)k(i)] _
k() 5 k(j) -
_ (KT ()QxX() + KT ()XT()RX()k())]
- T( ak(j) #9)
N A[xT()Qx(i) + KT ()X () RX(i)k(i)] )
+ . ,
3y k()
forj=0,1,2,..., N —1, where the terms with i < j are equal to zero.
Obviously, in the previous expression, the first term in parentheses is
T/ . T/A\vT/ A .

Ik (/)

Since the second term in the parentheses in (45) depends on k(j) implicitly through
x(i) for i > j, in what follows, we will derive recursive relations for its computation. Using
the basic chain rule arithmetic, the term in the sum of (45) is

o . . ,‘ DRX()K()] w




Actuators 2024, 13, 279

10 of 26

Note that x € B3, k € R1 and 2
well defined.
From (41) it follows that

fori=j+2,..., N—-1
Next, let us denote the sum from Equation (45) by

NS 9[xT(1)Qx (i) + KT ()XT () RX(i)k(i)]
5= k() |

i=j+1

Based on (47) for j = N —2,i = N — 1, it follows

ax(N — 1)

IN o= Zin(N —-1)
0x(N — 1) 9[kT(N — 1)XT(N — 1)RX(N — 1)k(N — 1)]
ok(N —2) 0x(N — 1) '

Substituting (48) in (50), we obtain

Zn_2 = 2tXN(N = 2)BT(N - 2)Qx(N — 1)

o[kT(N — 1)XT(N — 1)RX(N — 1)k(N — 1)]

+XY(N —-2)BT(N - 2) ax(N —1)

Furthermore, for j = N —3,i = N — 1, N — 2 from (47), it follows

Enos = zgl’i((z — é; Qx(N —2)
0%(N —2) 9[kT(N — 2)XT(N — 2)RX(N — 2)k(N —2)]
ok(N — 3) 0x(N —2)
1o XINZD) )Q (N-1)
ok(N — 3)
ox(N — 1) 9[kT(N — 1)XT(N — 1)RX(N — 1)k(N — 1)]
ak(N 3) 0x(N — 1) '

Substituting (48) in (52), we obtain

X € R'>*3; thus, the above expression is dimensionally

(48)

(49)

(50)

(51)

(52)
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Zn_3 = 21X (N - 3)BT(N —3)Q%(N —2)
9[kT(N —2)XT(N — 2)RX(N — 2)k(N —2)]

+ X (N - 3)BT(N - 3)

ax(N —2)
+27XT(N - 3)BT(N — 3)(1+ tA(N — 2))Qx(N — 1)
+ XY (N - 3)BT(N - 3)(1+ TA(N —2))
o[kT(N — 1)XT(N — 1)RX(N — 1)k(N —1)]
' ox(N —1) '
(53)
Iy 3 =1tX (N -3)BI(N -3)
. {ZQX(N P a[kT<N—2>>~<T<1;X—(§>§>§§N—2>k<N—2>}
- (I +TA(N — 2)>
| [ZQ,?(N_ 4 KT - DXTU;,{&)?%N_ k(N - 1>1] }
The preceding procedure can be carried out in the following manner:
Zn_4 =X (N —4)BT(N —4)
| {ZQ;((N_3) . a[kT<N—3>XT<zgi—(£>Rf;§N ~3)k(N -3)]
+ (I +TA(N — 3))
. lei (N_2)+ I[KT(N — 2)>~<T(1\;)~(—( ;)R);(;N —2)k(N —2)] 1 (54)

(I+TA (N — 2)

lZQX( +a[kT —~1DXT(N-1) X(N—l)k(N—l)]}}.

ox(N —1)

Finally, based on the previous derivations from (45) to (54), the recursive relations for
calculating the gradient in (43) are

kN-1 =0, (55)
K = 208(+1) + AT (j+ 1)XT(§(;T§U + 1)k(j +1)] 56)

+ (I + TA(N — 2)) Kit1, (57)

Z; = X' (j)B (j)x), (58)
sy = (KORKGK() +5)), 9)

foryj=N-2,N-3,...,0.
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The algorithm described above is summarized in the following steps:

1. For the Euler approximation (37); set the initial state vector x; set final time ¢ 15 set
number of time intervals N; calculate time step length 7.

2. Choose the weight matrices Q, R and an arbitrary initial values of k for the objective
function (40).

3. For the conjugate gradient descent algorithm (42) and (43), set number of iterations
M; choose initial convergence rates § and 7.

4.  For everything previously initialized, first calculate the state vector using the Euler
method (41) and then calculate the initial search direction vector according to (59) as

__9
S = — 5
5. Calculate the new k using (42).

6.  Calculate the gradient g—{( using recursive matrix expressions from (55) to (59).

7. Calculate the new convergence rate § from (44) and new search direction vector s
using (43). In order to determine new step-size # in (42), employ the line search
strategy satisfying the Wolfe conditions as outlined in reference [37].

8.  Calculate the state vector using the Euler method (41).

9. Shift! =1+ 1in (42) and (43) and go back to step 5.

4. Simulation and Experimental Validation
4.1. Simulation Results

This subsection presents the results of a simulation conducted to assess the effective-
ness of a controller synthesis procedure, previously described in detail in preceding sections
of this work.

The matrices A(t) and B(t) from (31) are defined as follows:

o 0 0 0 0 1 00
0o 0 0 0 0 0 10
A =10 un(® 0 0 0|, B(t)=|xpnt) 0 0, (60)
0o 0 0 0 0 0 01
0 0 0 uu(t) O Xu(t) 0 0

and thus the LTV system (30) is determined, for which the synthesis of control law (32) is
performed. The algorithmic procedure, described in Section 3.2 for calculating the time-
varying elements of the vector k(t) at each discrete point of the time interval, by solving
the optimization problem (40) and (41), which is then reshaped into the controller matrix
K(t), has been implemented in the C programming language.

The tracking of reference trajectories is considered in three cases: straight line, circle
and curvilinear. In all three cases, the time step length for discretization by the Euler method
is set to T = 0.016 s. This is consistent with the sampling frequency of the experimental
set-up, which is 62.5 Hz. Moreover, in order to calculate the convergence rate § from
Equation (44), the values of y and v are set to 1 and 0, respectively. This involved the
application of the Dai-Yuan method [36]. All calculations are performed on a standard
portable computer.

Figure 3 shows a block diagram of the entire control strategy for trajectory tracking.
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Figure 3. Block diagram of the control strategy.
4.1.1. Straight Line Trajectory Tracking
The desired straight line trajectory is defined as follows:
() = b yalt) = ¢, 04(F) = atan2(ga(£), 2a(£)) = 61)
d = 20 » Yd = 20 s U4 - Ya 7 - 4 .

In order to obtain the reference of the robot, (61) together with (11)-(15) is included
in (6)—(10), from which the desired robot states are calculated as follows:

1 Yy 1
X = oot X2 =0, Xz = ) Xag =1, X5 = 51, (62)
and the desired inputs are calculated as follows:
1
Ugr = %, Ugp = 0, Ugs = 0. (63)

The simulation results of tracking a straight line are shown in Figures 4 and 5. The ini-
tial time is fyp = 0 s, the final time is f; = 40 s and the number of optimization time
intervals is N = 2500. The initial positions and orientation angle of the robot are set to
[x(to) y(to) 6(tg)] =[0 0 0]. The weight matrices Q and R of the objective function
are chosen as Q = diag(103, 1, 102, 1, 10%) and R = diag(10%, 10%, 10?).

In Figure 4a, it can be seen that after the transition from the initial conditions the robot
follows the desired trajectory very well. Time responses of positions x and y, orientation
angle 6, and steering angles J; and J, are shown in Figures 4b and 4c, respectively. Further-
more, the time responses of control inputs, i.e., linear velocity v; and steering velocities
w1 and w», are shown in Figure 5a. From their responses and maximum values, it can be
seen that these velocities are achievable on the actuators of the experimental set-up of the
4ISW4IAW mobile robot. On the experimental mobile robot, due to certain mechanical
limitations, but also due to applications for other purposes, the maximum value of vy is set
to 0.13 m/s. The time dependencies of the elements of the state controller matrix calculated
by the proposed algorithm are shown in Figure 5b.
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Figure 5. Simulation results in the case of a straight line trajectory—linear and steering velocities,

state controller matrix.
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4.1.2. Circular Trajectory Tracking
The desired circular trajectory is defined as follows:
x4(t) =sin(wt), ys(t) =1 —cos(wt), 64(t) = atan2(y,(t), x4(t)), (64)

where w = ZT;T and fy is the final time. In order to obtain the reference of the robot, (64)

together with (11)—(15) is included in (6)—(10), from which the desired robot states are

calculated as follows:
x4 = sin(wt),

1
a2 = cos(wt)’
(65)
x43 = arctan(tan(w t)),
X44 = tan(w't),
Xg5 =1 —cos(wt),
and the desired inputs are calculated as follows:
Uy = w cos(wt),
y w sin(wt)
2= " 2
? sin(w t)? — 1 (66)
w

Ugs = —————5 -
sin(w )2 — 1

Remark 2. In order to eliminate the discontinuities caused by the tan(-), arctan(-) and atan2(-)
functions, it is necessary to add multiples of +27t when the phase difference between consecutive
angles of (y4(t), x4(t)) exceeds 7t radians.

The simulation results of tracking a circular trajectory are shown in Figures 6 and 7.
The initial time is o = 0 s, the final time is f; = 56 s and the number of optimization
time intervals is N = 3500. The initial positions and orientation angle of the robot are
set to [x(tp) y(to) 6(tg)] = [0 0 0], while the initial steering angles are set accord-
ing to Ackermann steering geometry as [d1(tg) 62(tg)] = [arctan(3¢) —arctan(32)],
where 4 is the distance between the wheels (see Figure 1b) and R is the radius of the
desired circle. The weight matrices Q and R of the objective function are chosen as
Q = diag(10%, 1, 10%, 1, 10*) and R = diag(10?, 10, 107°).

In Figure 6a, it can be seen that, due to quite precisely chosen initial conditions based
on Ackermann’s formula, the robot instantly starts following the desired trajectory. The
time responses of positions x and y, orientation angle 6, and steering angles J; and &
are shown in Figures 6b and 6c, respectively. Furthermore, the time responses of control
inputs, i.e., linear velocity v; and steering velocities w; and w,, are shown in Figure 7a.
From their responses and maximum values, it can be seen that these velocities, as it was
in the previous case of a straight line, are achievable on the actuators of the experimental
set-up of the 4ISW4IAW mobile robot. The time dependencies of the elements of the state
controller matrix calculated by the proposed algorithm in the case of a circular trajectory
are shown in Figure 7b.
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4.1.3. Curvilinear Trajectory Tracking
The desired curvilinear trajectory is defined as follows:
cos(wt)  sin(Qwt) 1
t) = - =
xa(t) 2 2 2’
_cos(2wt) sin(wt) 3 (67)

04(t) = atan2(ya(t), %a(t)),

where w = zt—” and f¢ is the final time. In order to obtain the reference of the robot, (67)

together with (11)—(15) is included in (6)—(10), from which the desired robot states are
calculated as follows:

cos(wt) sin(Qwt) 1
K R X
o — 4sin(3wt) —14
27 "2 cos(dwt) —12 cos(2wt) + 9 sin(wt) + 4 sin(5wt)’

Yo — arctan cos(wt) —2sin(2wt) 63
a3 = 2 cos(Qwt) —sin(wt) )’ (68)
; cos(wt) —4 cos(wt) sin(w )
d4 = — ’
‘ —4cos(wt)? +sin(wt) +2
_cos(Qwt) sin(wt) 3
xd5 — 2 + 2 5/
and the desired inputs are calculated as follows:
w (4 sin(w )2 4 sin(w t) — 2)
Ugp = — ) ’
_ 2w (17 cos(wt) +128 cos(5wt) —2 cos(7wt))
2 (2 cos(4wt) —12 cos(2wt) 4+ 9 sin(wt) +4 sin(5wt))?
| 2w(164sin2wt) —38 sin(dwt) — 8 sin(8w)) (69)
(2 cos(4wt) —12 cosQwt) +9 sin(wt) + 4 sin(5wt))?’
w(2sin(Bwt) —7)
Ug3 =

(4 sin(wt)? +sin(wt) — 2)2'

In Figures 8 and 9, the simulation results of tracking a curvilinear trajectory are
presented. The initial time is {y = 0 s, the final time is ; = 140 s and the number of
optimization time intervals is N = 8750. The initial positions and orientation angle of
the robot are set to [x(ty) y(ty) 6(tg)] = [0 0 0]. In this case, the initial steering
angles are chosen as [&1(ty) 62(to)] = [~0.46 0.46]. The weight matrices Q and R of the
objective function are chosen as Q = diag(10%, 1, 10, 1, 10?) and R = diag(1, 1, 1).

From Figure 8a, it can be observed that, after the transition from the initial conditions,
the desired tracking is also achieved in this case of a curvilinear trajectory. In Figure 8b,c,
the time responses of positions x and y, orientation angle 6, and steering angles 1 and J, are
shown. The time responses of control inputs, i.e., linear velocity v; and steering velocities
w1 and wy, can be seen in Figure 9a. It should be noted that the transition time from the
initial conditions, the maximum values of control variables and the tracking accuracy can be
further improved by appropriate adjustment of the weights in the Q and R matrices. This
should be carried out in a manner that respects the limitations of the experimental robot
system, i.e., it should involve seeking a balance with the desired response performance.
The time dependencies of the elements of the state controller matrix calculated by the
proposed algorithm are shown in Figure 9b.
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4.2. Experimental Results

The objective of this subsection is to assess the efficacy of the previously developed con-
trol strategy within the context of the experimental set-up, which is detailed in Section 2.1.
As mentioned earlier, the experimental set-up shown in Figure 1 was used to validate the
control algorithm design.

The experiment is conducted in a way that the gains of the K(#) matrix are calculated
in discrete time with a discretization time of 0.016 s, and the values are stored in a .dat file.
A frequency of 62.5 Hz is chosen because the motor sampling time on the robot is set to
this value, i.e., the motor states are sampled at this frequency. The robot control algorithm
is executed on a standalone computer, and the velocity and steering angle values are sent
via WiFi using ROS. The computer containing ROS and the robot with a single-board
computer containing ROS are connected to a common WiFi network. The values are sent to
the /trajectory topic, which contains a vector record of four velocities and four steering
angles in the form [vq,v1,v1,v1, 81, 62, 62, 81]; due to previously introduced conditions for
switching to a chained form where the assumptions are made that all wheel velocities are
equal (v1), the front two wheels have the same steering angle (61) and the rear two wheels
have the same steering angle (J;). Figure 10 shows a schematic of the laptop and the robot.

/trajectory

Y

.dat file

/joint_states

A

Figure 10. Experimental set-up schematic.

From Figure 10, it can be observed that the robot’s single-board computer collects
data on the motor states (position, velocity and current) and stores them in the message
type JointState and sending them to the laptop via the /joint_states topic. The sent
motor states data is saved on the standalone computer using built-in rosbag modules
and, upon completion of the experiment, the data is transferred to a .csv file for analysis
and plotting. In the next section, the collected data from the experiment is shown together
with a comparison to the reference and simulation data. More information regarding
the previously mentioned ROS commands and functions can be found in the standard
reference [38].

The results of the experimental validation of the proposed control strategy obtained
from the data collected from the measuring system of the robot are shown in Figures 11-16.
The controller parameters and desired trajectory utilized in the experiment are the same as
those selected and computed in the simulations.

Based on the presented experimental results, it can be concluded that, on the real
system, by applying the proposed control strategy, a very good tracking accuracy of the
desired trajectories is also achieved, as well as a fairly good match with the simulation
results. Certain differences between the experimental and simulation results are caused by
the eventual discrepancies in the values of the geometrical parameters of the robot that are
used in the simulation from those that are real.

A closer examination of Figure 14a reveals the presence of oscillations in the steering
angle responses. In order to achieve an optimal performance for trajectory tracking, it was
necessary to implement high gains for the P controllers. However, if the gains were too
high, oscillations were worse but tracking was better. The presented results demonstrate an
optimal balance between good trajectory tracking for steering angles and smaller possible
oscillations. Moreover, the implementation does not utilize a real-time kernel in Linux,
resulting in a frequency of 62.5 Hz with an associated oscillation of approximately 1-2%.
This oscillations may also be influenced by imperfections in the discretization time.
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Figure 11. Experimental results in the case of a straight line trajectory—positions and orientation.
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Figure 12. Experimental results in the case of a straight line trajectory—robot velocities.

Furthermore, it should be mentioned that the presented results are obtained from the
robot’s internal measurement system and, for a better insight into the robot’s positions
and orientations in the global coordinate system, an external measurement system such as
OptiTrack should be used. The application of this system will be included in future research.
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Figure 14. Experimental results in the case of a circular trajectory—robot velocities.
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Figure 15. Experimental results in the case of a curvilinear trajectory—positions and orientation.
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Figure 16. Experimental results in the case of a curvilinear trajectory—robot velocities.

4.3. Comparison with Other Methods

The main advantage of the approach proposed in this paper in comparison to other
methods known to the authors for the design of a time-varying state controller for LTV
systems is that it does not necessitate the iterative solution of the associated Riccati partial
differential equation. This fact can be most effectively demonstrated in the context of track-
ing a circular trajectory. Upon examination of matrices A(t) and B(t) from Equation (60),
it becomes evident that for the system to be fully controllable—which is the fundamental
condition for solving the Riccati equation—it is necessary for 1, (f) to remain non-null
throughout the time interval under consideration. From Equation (66), it is evident that

ug1(t) is equal to zero for t = %f, indicating that the system becomes uncontrollable. Conse-
quently, the Riccati equation is unable to be solved or, at least, depending on the chosen



Actuators 2024, 13, 279

23 of 26

discretization step, numerical issues may arise. It is evident from the presented simulations
and experimental results that these problems do not arise in our approach.

Additionally, our approach avoids the computational complexity that can arise from
the dimension of the LTV system. This is due to the structure of the procedure proposed
for gradient calculation, which has a recursive time structure. In contrast, the Galerkin
method of weighted residuals for solving Riccati differential equations has a cost that
increases exponentially with the dimension of the LTV system. Furthermore, in comparison
with the conventional numerical optimal control-based algorithms that employ penalty
function methods or methods of Lagrange multipliers to obtain unconstrained formulations,
the proposed algorithm is not constrained by high dimensions.

Compared to methods that use LMIs to solve the Riccati equation iteratively at each
discrete time step, our approach requires fewer variables to be optimized. In this specific
case of the control of a mobile robot, in our approach, due to the direct approach to the
solution of the optimization problem, it is necessary to determine a total of 15 elements
of the matrix K(t). In the case of the application of LMIs, due to the bilinear dependence
on the matrix K(t), it would be necessary to introduce an appropriate substitution, which
would extend the problem to the determination of a total of 29 optimization variables (it
would be necessary to determine a symmetric positive definite matrix of dimension 5 x 5
and a matrix of dimension 3 x 5).

In comparison with the aforementioned methods, our approach has the limitation
of lacking comprehensive recommendations for the initialization of specific algorithm
parameters. This can been seen in the summarized steps of the algorithm presented in
Section 3.2, where no particular guidance is provided on this matter. The initialization of
these parameters directly affects the overall number of iterations required for convergence.
LMI solvers are capable of converging with fewer iterations.

It should be noted that the algorithmic procedure presented in Section 3.2 is not
intended for online calculation. The objective is to calculate the control law matrix as
a function of time in an offline manner. It should be noted, however, that the overall
control strategy depicted in Figure 3 is implemented in an online sense and also comprises
the nonlinear equations of the chain model of the robot. Furthermore, the proposed
strategy is easily programmable, as outlined in Section 4.2. While this paper has focused
on the particular problem of mobile robot trajectory tracking, the proposed algorithmic
optimization procedure has a number of applications in the context of the control of LTV
systems. These include the assessment of system performance limits with different actuator
configurations, the setting of realistic performance targets for online control systems and the
tuning of parameters of online control systems.

5. Conclusions

In this paper, an approach to design a control system for a 4ISW4IAW mobile robot
in a closed loop with a time-varying state controller, which has the goal of asymptotically
following the desired trajectory, has been developed. In order to synthesize a controller,
the three-input, two-chain, single generator chain model has been linearized in the vicinity
of the desired trajectory into a system of control-oriented time-varying error equations.

An approach for the direct calculation of the time-varying state controller of LTV systems
has been developed by combining several well-known techniques from the literature. This
approach is an efficient algorithm that incorporates the conjugate gradient descent method,
the line search method with Wolfe’s conditions, the Euler method for discretization and the
chain rule for ordered derivatives, which were selected for their proven effectiveness.

In comparison with previous existing methods, the methodology presented in this
paper offers two main advantages: firstly, it does not require the iterative solution of the
corresponding Riccati partial differential equation; secondly, it has fewer optimization
variables, which makes it more efficient. To the best of the authors” knowledge, the
application of the proposed approach for the synthesis of a 4ISW4IAW mobile robot control
law has not yet been investigated.
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A simulation and an experimental analysis of the proposed control strategy were
performed on a real robot system. The results indicated that the applied control system
was effective in following the desired trajectory with an acceptable degree of accuracy.

Future research could focus on the problem of position estimation. This can be
accomplished by calibrating the kinematic parameters of the mobile robot, integrating an
inertial measurement unit and tracking camera with an Extended Kalman Filter to obtain
more accurate estimation.

In addition, future studies could be directed towards controlling both the robot’s
dynamics and kinematics, whilst accounting for external disturbances and internal uncer-
tainties inherent to the robot model. From the perspective of differential games, this class of
problem can be regarded as one in which the control vector is the “player” that minimizes
the optimality criterion, whereas the uncertainty/disturbance vector is the “player” that
maximizes the optimality criterion—in other words, minimization and maximization must
be carried out with respect to the same objective function. It should be noted here that the
maximization of the performance criterion with respect to uncertainty /disturbance can be
achieved simply by the change in sign in front of the gradient in the conjugate gradient
method. Therefore, it is believed that the same principle of recursive calculation derived
in this paper can be applied to the min—-max control of LTV systems, thereby enabling
the tracking of the desired trajectory of the 4ISW4IAW mobile robot. Furthermore, rather
than assuming the initial positions of the 4ISW4IAW mobile robot are known a priori, it is
possible to consider the case where the initial positions are treated as unknown uncertainty
and the min—max multi-objective optimization problem should be solved.
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