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Abstract

This study explores a stochastic guarantee cost control (GCC) for time-varying systems
with random parameters and asymmetric saturation actuators by employing the integral
reinforcement learning (IRL) method in the dynamic event-triggered (DET) mode. Firstly,
a modified Hamilton—-Jacobi-Isaac (HJI) equation is formulated, and then the worst-case
disturbance policy and the asymmetric saturation optimal control signal can be obtained.
Secondly, the multivariate probabilistic collocation method (MPCM) is used to evaluate
the value function at designated sampling points. The purpose of introducing the MPCM
is to simplify the computational complexity of stochastic dynamic programming (SDP)
methods. Furthermore, the DET mode is utilized to solve the SDP problem to reduce
the computational burden on communication resources. Finally, the Lyapunov stability
theorem is applied to analyze the stability of time-varying systems, and the simulation
shows the feasibility of the designed method.

Keywords: stochastic systems; asymmetric saturation actuators; multivariate probabilistic
collocation method; adaptive dynamic programming

1. Introduction

Over the past few decades, stochastic control has been extensively studied across
numerous practical domains, including robotic systems [1], microgrid setups [2], intelligent
transportation networks [3], and other practical control fields. Compared with deterministic
system control, stochastic system control has problems such as computational complexity
and model mismatch, which makes its design challenging [4]. In [5], the stochastic control
problem was studied in data-driven model predictive control by using neural networks
(NNss) or establishing a stochastic sampling model. A stochastic control approach applicable
to discrete-time nonlinear systems was put forward in [6]. The security issues of stochastic
systems were also addressed in [7]. A novel stochastic control method was designed for a
linear system with multiplicative noise and input constraints in [8]. Regarding stochastic
discrete-time linear systems under bounded input constraints, a receding horizon control
technique was formulated in [9]. However, none of the studies mentioned above considered
optimal control under asymmetric saturation actuators (ASAs).
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Actuator saturation is a common nonlinear problem that can affect system stability
and performance and also pose significant challenges to controller design. In [10], a robust
adaptive fuzzy fault-tolerant path planning control method was proposed to solve the
actuator saturation problem. In [11], an adaptive compensation technique integrated
into the backstepping framework was proposed for controlled systems with actuator
saturation. In [12], an adaptive NN control method was proposed for systems with input
saturation nonlinearities. These methods have symmetric saturation actuators, and in
order to optimize control strategies, researchers have proposed ASA control strategies
to ensure the safety and stability of the controlled system. In [13], a composite adaptive
control method was proposed for tethered aircraft systems with ASAs. Ref. [14] proposed
a sliding mode control method with ASAs for vehicle systems. In [15], an asymptotic
stabilization method was proposed for unmanned surface vessels with actuator dead
zones and bow constraints. However, the methods mentioned above do not consider
the optimal performance of the controlled system. The adaptive dynamic programming
(ADP) algorithm, which is a method that combines dynamic programming (DP) and
integral reinforcement learning (RL) ideas, addresses the “curse of dimensionality” issue
in conventional DP [16-19]. For the It6-type stochastic systems, the authors employed
the ADP method to address the tracking control issue in [20]. In [21], a self-learning
optimal operation control method based on a compensator and RL was proposed for input-
constrained dual-time scale systems. A Q-learning-based fault-tolerant control method
was designed without using the knowledge of system function in [22]. In [23], an RL-based
optimal control (OC) method was devised for linear stochastic systems, with the least
squares approach adopted to derive approximate optimal solutions. Further, an integral
RL-based model-free tracking approach was developed for linear stochastic systems in [24].
In [25], an ADP-based GCC method was presented for nonlinear systems. By introducing
the GCC approach, one can ensure that the control performance index is below a certain
bound. The above methods may cause unnecessary waste of communication resources
because these approaches are designed based on time-triggered control mechanisms.

Event-triggered control (ETC) is a non-periodic control strategy based on triggering
conditions; the core idea of ETC is to determine when to update control signals or commu-
nicate through preset event-triggered conditions, rather than traditional periodic sampling
or time triggering [26,27]. In [28], for It6-type time-delayed stochastic systems subject to
uncertainties, an OC strategy under the ETC mechanism was designed by using the ADP
method and constructing an actor—critic architecture. Moreover, an optimal consensus
control (OCC) strategy was proposed by using fuzzy technology for stochastic MASs with
time delays in [29]. To further decrease control input update frequency and increase com-
munication resource utilization, the dynamic event-triggered control (DETC) mechanism
serves as an upgraded version of the conventional ETC approach. It is a dynamically
adjustable mechanism that further optimizes resource usage, system performance, and
adaptability [30]. In [31], under the DETC mechanism, the H2/Hco problem was explored
for partially unknown nonlinear stochastic systems by employing the ADP algorithm.
In [32], focusing on uncertain microgrids, control inputs and external disturbances were
treated as two participants in zero-sum differential game scenarios. Under the DETC mech-
anism, the authors put forward a frequency recovery control approach based on integral
reinforcement learning (IRL). In [33], a dynamically adjustable triggering condition was
designed based on the OC method for stochastic nonlinear systems by using backstepping
technology and the RL algorithm in the DETC mode.

In addition, it is difficult to obtain accurate mathematical models for actual control
systems, and estimating system dynamics through extended simulation experiments is a
conventional method [34,35]. If random time-varying parameters exist in actual nonlinear
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controlled system dynamics, the expected control performance function is always estimated
by using uncertainty evaluation methods [36], such as the Monte Carlo (MC) approach
and its extensive version, which are implemented based on simulation experiments [37].
However, approximating the expected control performance index requires a large number
of simulation experiments when using the MC method and its extensive version [38].
In [39], to simplify the computational complexity, the MPCM method, which is an effective
technology for estimating uncertainties, was used to estimate the expected value of the cost
function by taking values at certain specific sampling points. Stochastic GCC approaches
have been put forward by using RL (or IRL) and MPCM methods in [36,40]. However, the
issue of ASAs remains unaddressed. In our design, we put forward a GCC approach in
DETC mode for stochastic systems subject to ASAs by employing the the MPCM integrated
with IRL algorithms. The main contributions are as follows:

1.  This study develops an innovative DETC-based GCC approach for stochastic systems
by using IRL algorithms with the MPCM. This approach can ensure that the system
performance index is less than a certain upper bound.

2. By solving an improved HJI equation by designing a modified long-term performance
cost function, the control inputs under ASAs can be obtained via an actor—critic—
disturbance NN structure.

3. Through the introduction of dynamic parameters into triggering conditions in the
DETC mechanism, the update rule for control inputs can be adjusted dynamically,
which can reduce the computational complexity of sampling data.

This paper’s structure is arranged as follows. Section 2 presents the issue description.
Section 3 develops stochastic systems” optimal GCC design via a modified HJI equation. A
stochastic GCC method is designed by using the MPCM and IRL in Section 4. Section 5
presents the event-triggered structure for optimal GCC. A simulation example is shown to
verify the feasibility of the strategy in Section 6. The conclusion is shown in Section 7.

2. Problem Statement
Consider the following stochastic system [36,41]:

¢=x(g)g+Bp+Cd, 1)

where x(g) € R"*" represents a time-varying matrix related to the stochastic vector g(f).
Matrices B € R"*7and C € R"*? are the system functions. The disturbance policy, control
input, and system state are d € R”, p € R7 and ¢(t) € R", respectively. The control signal
0 =[p1,02,-..,pq)7 satisfies pyin < pi < Pmax, |Pmin| # |Pmax), fori =1,2,...,4. Pmin and
Pmax stand for the smallest and largest constraint limits of control inputs p;. g,(t) is the
sample function of the pth element in the random vector g(t), and the dynamics of the
sample system (1) are ordinary differential equations; g, (t) exhibits good behavior.

Assumption 1. The system (1) satisfies Lipschitz continuity over the compact set
Q¢ C R"[36,42,43]. In addition, x(g) < ba, where b, is a positive constant.

Remark 1. Unlike general stochastic models with drift and diffusion terms, Ref. [41] focused on
zero-sum game studies of time-varying stochastic systems (1) with environment-influenced random
variables. The system model (1) is applicable to practical scenarios. For example, aircraft systems
have been modeled as ¢ = —Kg¢(t) + M, (t) + My(t), where K is a weather-dependent random
variable, M, (t) refers to requlated thrust, and M(t) is the interference force. Other fields also
explore such system dynamics [44].
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Assumption 2. Let By denote a positive constant; the disturbance approach d(g) is such that
d"(c)d(c) < prgTc, with d(0) = 0.

The system (1) with nominal form becomes

¢ = x(g)s + Bp. ()

The positive definite matrix is represented as Q € R"*", and the long-term control
performance function is

O(c(0),p) = | [ (7 Qe + i) ). ®)

with

W(p) = 2K, /p(g) ﬁ;T(Kgl(ﬂ - K1)>Rdl9,

K1

_ Pmax + Pmin o — Pmax — Pmin

K1 5 2 5 ’

where f,(-) = tanh(-). For 7; > 0,i = 1,...,q, R = diag(71,72,..., 7).
By calculation, we have

Wip) = 2%, tanhT("(glz"‘l)R@(g) —x)

+ @R In <i _ (P(GZ{Z— K1>2>,

where R = [71,72,...,7q]Tandi =[1,...,1".
——
q

Remark 2. Ref. [36] studied the GCC problem of stochastic systems under an event-triggered
mechanism. However, some practical systems face the nonlinear control problem of ASAs [13-15],
which limits the application of the method in [36]. Therefore, this paper proposes a GCC strategy for
stochastic systems under the ASA condition with |pmin| 7 |Pmax|. By introducing a non-quadratic
function W (p) related to the control input p to relax the asymmetric constraints and incorporating
dynamic parameters into the triggering condition, the number of communications can be effectively
reduced, and the utilization rate of communication resources can be further improved.

Within our design framework, the primary objective is to establish a GCC strategy for
systems with ASAs by solving the HJI equation, which can ensure that the cost function is
less than a certain upper bound and guarantee the stability and optimal control performance
of stochastic systems under the DETC mechanism.

3. Stochastic Optimal GCC Design

In our design, an auxiliary policy is designed as 9, and the auxiliary system is estab-
lished as

¢ = x(8)s + Bp + Co. 4)

Letr(g,p,0) = ¢ Qg+ W(p) — >0 0, where -y represents a pre-specified disturbance
attenuation level.
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The modified cost function is
0(c(0),0,9) = E| [ (v6,0.0) + PprcTc)t]. ®)
The value function is
re(t) = | [~ (r(ep0) + 7picc) | ©
The derivative value of T'(g(t)) is
E[T(c(t)] = =7*BreTc —r(c,p,0). )

Let VI'(g) = %, inspired by [36,41], the Hamiltonian function is designed in the

form of a mean, which is given by
H(c, VT, p,8) =E| (V)" (x(3)s + Bp + CO)]
+92prg’c +7(c,p,0). ®)

Bellman'’s equation refers to the principle of optimization in DP problems. In light of
Bellman’s optimality principle, the following holds:

mpinmaax’H(g, VI*,p,0) =0, 9)

with 0%, p*, and I'*(¢) being the worst-case disturbance policy, optimal control signal, and
optimal value function, respectively. By calculation, we have

p* = —Kp tanh(N™) + xq, (10)
* __ L T *
0" = 2,)/ZC VI*(¢c), (11)

where N* = ;L R-1BTVT*(¢).

- 2K2

According to (10) and (11), we get

Wie) =26, [7 57T (k10— m0)) Rete

K1

—K2 tanh(N*)+K1
— 21, /K 5T (1510 — x1)) Rd®

1

= 2k3N*T R tanh(N*) + k3RT In (i - tanhz(N*)), (12)
u; = *PTpr, (13)

. % Tyr* -t * *

Based on (8), (12) and (13), the HJI equation is restructured as
H(g, VT, p*,0%)
=E|(VI")"(x(8)c + Bp" + C5*)} +7%B16" 6+ Qg+ W(p*) — 7?0 To"
=E -gTQg + VI*Tx(g)c + 2k3N*TR tanh (N*) + k3RT In (i - tanhz(N*))

+72P*TP* + 9?B1¢T¢ + 2o N*T R (K tanh (N*) + Kl)]

=E[cTO1c + VI Tx(g)c + 2P TP* + KgRTln(i - tanhz(N*)> n 2K2N*TRK1] =0 (14)
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where I, is an 1 x n identity matrix, which satisfies Q; = Q + 7?81 Lyx» and T(0) = 0.

Assumption 3. Aq and Ay are denoted as positive numbers. I'(g) is continuously differentiable,
which satisfies A1 ||¢||? < T(g) < Aallg||>

Remark 3. Due to the existence of uncertainty and random parameters, the OC problem of
system (1) is difficult to solve. The GCC problem can obtain the upper bound of the cost function of
system (1), which is the basic idea of the GCC problem. This article constructs an auxiliary system,
and by solving the optimal value function of the auxiliary system, the guaranteed cost (GC) function
of the original system (1) can be obtained; that is, the value function of the auxiliary system is the
optimal GC function of the original system. A related theorem is given as follows.

Theorem 1. Considering system (1), define the cost function of auxiliary system (4) as (5); the
asymptotic stability characteristic in the mean of stochastic system (1) can be guaranteed if a
differentiable value function I'* satisfies the H]I equation in (14) and the asymmetric cost control
signal in (10) and the auxiliary policy in (11) are utilized.

Proof. Choose the candidate Lyapunov function as

r(e(t) = [ [ (67 ie+ Wier) 1075 o).
When p* is substituted into (1), system (1) becomes
¢ = x(g)g+ Bp* + Cd. (15)
Through the addition and substitution of VI*' (¢)C0*, we derive
E[I*(5)] = E[(VI* ()" (x(8)c + Bp* +Cd) |

= E[(VI* ()" (x(g)c + Bp" +Co") |
+E[(VI*(¢) C(d -7 (16)

Based on (8), (9) and (11), one gets
E[(VI* ()" (x(8)c + Bp* +CT")| + E[(VI*(5)) ' C(d — )|
—E[~7*B1s"c — 6" Qg - W(p") + 7%0" 5"
+E [2726”(01 - 6*)] 17)
Using Assumption 2 and the inequality 2729*7d < 729*T9* + 42d"d, one obtains
E[I"(5)] < E|—¢"Qc—W(p")| <o. (18)

Integrating Equation (18) over the interval [0, ), we have

E [ | (sTos+ W(p*)de] < T*(c(0)). 19)

From (18), [36] (Lemma 1) and Assumption 3, the asymptotic stability character-
istic in the mean of stochastic system (1) can be guaranteed under the application of
the control pairs (p*,0*) given in (10) and (11). Additionally, based on (18), we have

©((0),p*) =T*(5(0)). O
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4. Stochastic GCC Method Design via MPCM and IRL Algorithm

In this section, a novel stochastic GCC method is proposed for the controlled system
with asymmetric constrained inputs by using the MPCM and IRL algorithms.

Using (7), we derive the integral Bellman equation based on the optimality principle
as T*(s(t)) = E| [ (1?B1cTc +r(,p",8%))dg + T*((t +T)) | with T € (0,#). For any
admissible control policies (p(g), d(¢)), the value function satisfies the condition that

) [ [ (Bic"s + 1l .9))de+ T(eli+ )| 0)

Accordingly, one obtains

ep =E{/tt+T(r(g,p,5) + vzﬁlng)de
+r@u+T»}—r@u» 1)

where &g is the Bellman error.

Remark 4. Equation (21) will be employed in the subsequent on-policy IRL design procedure. In
our framework, the IRL algorithm serves to drive the Bellman error ég in (21) toward zero.

Ast — o0, (p(c),d(c)) converges to (p*(g),d*(g)) after several iterations in the learning
process, and concurrently, T'(¢) approaches T*(g).

4.1. On-Policy GCC Design

By designing an NN that includes the activation function, the expected weight vec-
tor and the approximation error are denoted as ¢.(g), W, and ¢.(g), respectively. We
approximate the value function I'*(¢) as

I*(g) = W/ gc(g) +ec(c). (22)

Let W, denote the estimated value for W,. At time step s + 1, the estimate value of
I'(g)is

T () = W g0 (g). (23)

Based on [40] (Th.2), we adopt the MPCM to reduce the number of simulations from
2m Hg;l N, to ]—131:1 N;, which enables the prediction of the output mean of the system
mapping G(11,%2,.-.,4m). In this part, the GCC algorithm for random systems with
stochastic uncertainty is presented in Algorithm 1.

The specific steps of Algorithm 1 include the following.

(1) Select a set of sampling points for the uncertain variable g(t) based on the MPCM
and calculate the cumulative cost function Gr for the future time period at each sampling
point. This function is composed of the output estimate WCT @c of the next evaluation critic
NN and the integral term containing control energy consumption and state cost in the
current time period. (2) Calculate the mathematical expectation of the Gr function values at
all sampling points to obtain the updated value function estimate for this iteration, denoted
as T6+1), With this estimated value as the objective, update the weight vector W, of the
evaluation NN by solving the HJI equation so that its output accurately matches the value
function estimate. (3) Using the gradient information of the updated value function, design

s+1)

control strategy p(°*1) and disturbance strategy d*1), respectively.
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Algorithm 1 Model-based GCC algorithm for stochastic uncertain system (1).

Initialization Set initial admissible policies p(0) and 9(0).
Step 1: A set of sampling points for the uncertain variable g(#) is selected on the basis of
the MPCM ([40], Section II). Compute the value of Gr at each sampling point:

Gre (6,0%),09), )
T
W g (ot + T))

[ (60,59 (@) (24)
+92prg’ G) do.
Step 2: Compute I**1) (¢(t)) by computing the mean value of Gris (+)-
T (g() = E[Green (60,0, 8) |. 25)
Step 3: Update WESH) on the basis of solving the HJI equation:
W gc(g() = T (¢ 1)), (26)
Step 4: Design the control pairs via
o) = i, tanh(lBTVF(s+1) (g)) + %1, (27a)
ot = — CTvr<S+1>( ). (27b)

2y

Let s be updated as s 4 1. If [T — T()|| < ¢ where ¢ is a small positive number and
stops at step 4; Otherwise, please return to step 1.

Here, we define a new system function involving the uncertain parameter g(t) a
Grn(¢,0,9,8) = ftHT(’YZ,Blng + (g, p,0))do+T(g(t+T)). From (20), it follows that
I'(¢) = E[Gr(c,p,0,8)]. Specifically, select a set of samples according to the probability
density functions (pdfs) Fy, (g4) of the uncertain parameters g(t), and then compute the
value of E [Gr(t) (c,p,9,¢)| via simulating at these chosen samples. Suppose the degree of
each uncertain variable g, is updated to 2N; — 1; Gr(;) (g, p, 0, g) can be expressed as

Gr(5,0,9,8)
2N1—12N,—1 2Ny —1

= Z Z Z IIIpl P2s--/Pm g’p’ Hg (28)

p1=0 p=0 pm=0

Using the MPCM, a low-order mapping is used to approximate Gr(; (g, 0,9,g) as
follows:

Gr(6,0,0,8)
N1 1N;—-1 Ny —1

Z Z Qpl P2s--sPm g’ Pr 1—_[ g (29)

p1=0 p=0 pm=0

On the basis of [40] (Th.2), one obtains T'(¢(t)) = E[Gry)(c,0,0,8)] = E [Glr(t) (¢,0,9,8)]-
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Lemma 1. The auxiliary system of controlled system (1) is given as (4), and the value function is
obtained by (23). In each iteration, the MPCM is employed to sample the uncertainty space, and the
policies p and O obtained from Algorithm 1 remain optimal if Algorithm 1 converges.

Proof. Using [40] (Th.2) and the relation I'(g) = E[Gr(¢, p,d,§)], the control pairs (p*, 5*)
can be derived from (10) and (11). To establish this theorem, we need to show that the
optimal solution obtained by evaluating Gr(; (¢, p,0,g) is identical to that derived from
computing the reduced-order mapping G{_( t)(g, 0,0,¢). The equivalence of these two
optimal solutions are proven via a contradiction method, as detailed in [39] (Th.1). O

4.2. IRL-based GCC Design with Asymmetric Constrained Inputs

Unlike Algorithm 1, an IRL-based GCC method is developed for the system (1) without
relying on the knowledge of function B and C. Based on [45], two exploration signals e;
and e, are, respectively, added to the control policies p(®) and 3°). Consequently, the
system (4) becomes

¢=x(8)s+B(p+e1) +C(0+e). (30)

The specific steps of Algorithm 2 include the following.

Algorithm 2 IRL-based GCC algorithm for system (1) with asymmetric constrained control.

Initialization Set the initial admissible policies p(0) and 9(0).
Step 1: Choose a set of sampling points for the uncertain variable g(t) based on MPCM
([40], Section II). For each sampling point, compute the value of

G (6,0*),d%),g)
- /tt+T<7251€T€ +1(s(0),p*)(0), 8% (o) ) do (31)
+ W o (gt + 1)),
Step 2: Compute I'*1)(¢(t)) by calculating the mean of Gp(s.1) ().
P (g(1)) = E[Grean (60,0, 8)] @)
Step 3: Update I**1), p(**1) and 3(*1) through solving the HJI equation:
e (g(t+T)) =T (g(1)
=[] . (~2x2 tanh T (k5 (p(+Y) — 1)) Rey + 292001y ) de]

t+T
+ /t (=12BrcTc — ) (¢, p,8))do. (33)

Setstos+ 1. If [T¢+D) —T6)|| < ¢, where ¢ is a chosen positive number, end at step 3;
otherwise, return to step 1.

(1) Based on the MPCM,, select a set of sampling points for the uncertain variable g(t)
and calculate the cumulative cost function Gr for the future time period at each sampling
point. This function consists of the integral term containing the state penalty and control
VAVESH)TcpC of the evaluation
NN at the next time. (2) By calculating the mathematical expectation of the Gr function

cost in the current time period, as well as the output estimate

values at all sampling points, the updated value function estimate for this iteration, ri+h),
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is obtained. (3) Solve an HJI equation embedded with exploration signals e;, e, while
updating the value function T'®*1), control strategy p(*1), and disturbance strategy d(+1).
Taking (7) into account and utilizing (10) and (11), we have

E[FC ()]

—E[(VTET(0)) (x(g)s + B + o))
+ (W(””T(g)) (Bey + Cez)]
—E[-2x3tanh " (157 (0 — 11 ) ) Rey

+2725(5“)T62} —BigTc — (¢, p, D). (34)
Based on (34), one obtains
E[TE(g(t+ 1) =T (g(1))
t+T
=/t (—22B1cTc — (.0, ) ) o
t+T

E —2xptanh T (1,1 (oG — Rey 42925 Te,)dol|. 35
+ [/t (=23 ta (Kz (P Kl)) e1 +2v e2) Q} (35)

Algorithm 2 presents the GCC approach via the MPCM and IRL algorithm, where the
target control policies can be approximated through

p"(c) = —rz tanh (W2 gy (c) +&(c) ) + 11, (36)
0" (¢) = Wiea(c) + 3 (c), (37)

where the activation functions are denoted as ¢, (g) and ¢5(c), the expected weight vectors
are denoted as W, and Wp, and approximation errors are denoted as £,(g) and e5(¢). The
subscripts p and 0 represent the actor NN and disturbance NN, respectively.

The control pairs in actual situations are

p(5+1) (g) = —Kp tanh( A £S+1)Tq)p (g)) + K1, (38)
36D (g) = WS gy (o). (39)

Theorem 2. The auxiliary system of controlled system (1) is given as (4). The value function and
control pairs are approximated via (23), (38) and (39), respectively. Assume Algorithm 2 converges.
At each iteration, the MPCM is used to sample from the uncertain parameters; T (¢), p©) (¢) and
8 (c) given by (33) will ultimately converge to the optimal values T™*) (¢), ™) (¢), and &* (c).

Proof. The solution obtained using the GCC algorithm based on IRL has been proven to be
the same as the solution obtained using the GCC algorithm with asymmetric constraint
control based on IRL in [46] (Th. 3). The prior conclusion derived via the MPCM for each
sample point holds valid as well. Therefore, the two approaches achieve identical optimal
value functions. [

5. Event-Triggered Construction of Optimal GCC

Time-triggered control strategies involve substantial data transmission, which causes
computational overload. In contrast to time-triggered methods, this section presents a
GCC approach in the DETC mode for the stochastic system (1) based on Theorems 1-2 and
Lemma 1, aiming to decrease the unnecessary consumption of communication resources.
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5.1. Event-Triggered GCC Design

The control pairs will update when the triggering condition is violated with the DETC
strategy. At each triggering instant, ¢(s;) = ¢;, where s; stands for the j th sampling
moment. The event-triggered error is

ej(t) =¢(t) = gj, Vte [si5)41) (40)

For j € N, ¢j(t) = 0 holds when t = s;. Based on (40), at triggering instants, the ETC
policies become

0(5j) = p(s(t) —¢j), (41)

9(¢j) = 0(c(t) —¢j). (42)

By applying (41) and (42), and considering system (4) for all V¢ € [s;,s; + 1), the
Hamiltonian function in (8) becomes

H(s,p,0,VI(g))
= E[(VI(e))" (x(g)¢ + Bp+CB)
+9%B167c + ¢ Qg + W(p) — 7*078. (43)

where p = p(;) and 8 = 9(g;).
Using (10) and (11), the ETC policies can be constructed as

pr=—x tanh(LRleTVT*(Cj)) + K1, (44)
2K2

=k 1 * (=
o* = szCTW (€))- (45)

with g* = p*(¢;) and 0* = *(g;).
Substituting (44) and (45) into (43), the result is
H(c,p",0%, VI (g))
=7’16" ¢ +¢ Qe +W(p") — 515"
* T =% > %k
E {(VF (¢)) (x(g)s+Bp* +Cd )}

—=E[(VI*(6)) " x(g)e - xz(vr*(g))TB tanh(leleBTVF*(g]-)>
+(VI*(g)) Bry +

b
42

722 (VI (0)TCCTVI ()

(VI*()) ' €CTVI* (6)] +17Br6"6 +6"Qe + W(p"). (46)
Assumption 4. The control pairs are Lipschitz-continuous, satisfying

lo* = oIl < Lol Elej(D)]]I, (47)
197 =8| < I || E[e; (1)], (48)

where 1, and I are positive constants, p* = p*(g) and 0* = 9*(g).
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Lemma 2. Given that Assumption 4 is valid, the following inequality holds:

|H (g, 0", 3", VI*(g)) — H(g,p*, 0%, VI*(¢)) ||
< my+ (2 +72B) || [E(ej ()]

7

where my is given in (52).
Proof. Subtracting (14) from (43), we have
H(c,p*, 0%, VI*
—E[(VI*(©))" (x

(

(¢)) —H(s,p", 0", VI*(g))
(

Based on (47), we can get

W (") = W(e™)|| = Mwlp* = p"[| < Mwlo|[E[e;(1)]]]

2)¢+ Bp* + C6*)] +92B1gTc + (g, 0%, 8%)
—E[(VI*(e))" (x(8)s + Bo" + CT") | = 7*B1sc = (6,0, 0")
ZW(ﬁ* _ W(p*) _ ’725*T8* + 725*T5* _‘_2,)/25*T5* _ 2726*T5*

(49)

(50)

(51)

where My = ’21{2 tanh ™7 (Po Kl)R‘ with pg = "0 SE ‘ Using Young's inequality, we get

[W(g*) = W(p*)|| < @er
Based on (50), we have

|H (¢, p*, 0, VI*()) — H(c,p*, 0%, VI*(¢)||

T @] P+ Bl £l )]
2
211 Efe: ()] ||2
Mz%V + lpHE[é(t)]H +928 [E(ej(1))] H2

—m -+ (3 + 73)|| [E(ei())]

2
E[vr*(c)B M2
_ H [ 25 ]H ZW' ]

where mq = +

(52)

Theorem 3. Assuming that T*(g(t)) > 0 is a continuous function satisfying the improved HJI
equation (14) and the OC pairs are given as (44) and (45), then system (1) is mean asymptotically

stable if the following condition holds:

Bl ()] < E% = Amin( QG = m

=er,
2
12+ 29213

(53)

where w is the designed parameter, 0 < x < 1, B > 0, and e is the trigger threshold. my is given

in (52). The internal dynamic signal is

G2 = —PBa + Amin (Q) I ]%-

(54)

Proof. The Lyapunov functionis L = I; + 1, =I'(g) + 04, where ; =T'(¢) and I = 7,.
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In light of (43), the following holds:

E[(VI* ()" (x(8)c + Bp" +C8")]|
=—¢"Qic— W(p") +1°8*10"
+H(c,p", 0%, VI(g)). (55)

By substituting p* from (44) and 0* from (45) into (1), and relying on (55) and Lemma 2,
one obtains

E[(g(t))]
—E [(vr* ()" (x(g)s + Bp* +C8*) + (VI*(g)) " C(d(c) — 5*)}
= —¢TQig — W(p") +v*5°78" + E[29%0"7 (d(c) — ")
+H(g,p%, 0%, VI*(g))
<E[y*(0" —5)" (97(¢) = 5°) — 6" Qg + m + (12 +7213) | Ele; (1)] ]
<E|~a®Amin(Q)llg + 7?13 Ele; (1)

o+ (B +92B)||Elg (0] — (1= 62)Amin(Q) ] (56)

where Apin(Q) denotes the smallest eigenvalue of Q.
According to (54), we obtain

Iy = —Boa + Amin(Q) ¢l (57)

Taking (56) and (57) into account together, if the condition (53) holds, we derive
E[L] < —a®Amin(Q)|[g]|? < 0, for any ¢ = 0. According to [36] (Lemma 1) and Assumption
3, the system (1) achieves mean asymptotic stability. O

Theorem 4. Consider system (2); when adopting the optimal ETC policy p*(&;) from (44) and
employing the OC signal p* = p*, the following result is obtained:

0(¢(0)),p") < ©"(5(0),p",0%). (58)

Proof. With respect to any admissible control function p, by referring to (4), (6), and (7)
and calculating the system dynamics in (1), one obtains

B(s(0),0) = E[ [~ (7Qs +W(p) +1"(c) )do] +©"(c(0))
— [ [T (916 (x(g)s + Bo -+ Cd) +¢7Qs
+W(p) )de] +©"((0)). (59)
On the basis of (8), one obtains
E[(VT*(e) (x(3)9)]
—E[~(VI"(5))"Bp*(¢) ~ v%0" 75" ~ 115"

—c"Qc = W(p")]- (60)
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Based on (60), we have
E| [ (VT (o) (nle)e + B+
+6"Qg + W(P))dg}
=E[(VI*(¢))"B(p —p") —2%0"T5"
~7*B1s" 6+ W(p) = W(p") +2920"7d]. (61)

According to (61), Assumption 2, the Cauchy-Schwarz inequality, and 2725*Td <
v29*T9* + 42dTd, we obtain

E| [ (V1T (@) x(@)s + Bo-+ ) + T Qs + W) )de]
<E[(VI* () B(o — p*) + W(p) = W(p")]. ()
Applying p = p* to (62), one obtains the result (58). [

5.2. NN-Based Control Design

Based on Theorem 4, we have ©(¢(0),p*) < ©*(¢(0),p*(¢),3*(5)), and the GCC
algorithm using IRL is used to achieve an approximation of @*(g(0), p*(¢),9*(g)). In the
proposed method, I'*(g) is approximated by (22). Based on the work in [47], the optimal
GCC pairs are given as

P*(Q) = —Ky tanh(WpT(pp(g‘j) _'_Eg,p(g_j/ ej)> +x1 Vte [S]',S]'+1), (63)
0*(g) = W5a(Gj) +eca(Gje;) Yt E [s),541), (64)
where e, = W} [9p (G +¢j) — 9p(Gj)] +€0(G; +¢;) and .5 = WS [95(G; + ¢7) — 93(G;)] +

€5(Gj + ej) denote the event-sampled approximation errors.
Based on (14), (63) and (64), the HJI equation takes the form

E[(W Voe(e)x(8)s + W Voe(c)Bo* | +17p1c"s
T
+6"Qc+ W(p") + 72 (Wiea(s)) (Wiea(s)
+ €HJI
=" Qic + (W Vge(c)x(8)s + 3R In(1 - tanh?(Ny) )
+ 9?P Py + 2x3N{ Ry

+€eqn
=0, (65)

where ey = Velx(g)g + Vel Bo* + 20 Wips(j)een + Verstes P = W595(c)),
emjn = Velx(g)g+ K%RTln(i — tanh?(N; + sg,p)> —x5RT ]n(i — tanhz(Nl)) + el 5ten +
2 W5 pates + 2kaee,pRic and N1 = Wy 9, ().

Assumption 5. The actor, critic, and disturbance NNs, the NN weight vectors, activation function,
reconstruction errors, and gradient of relevant parameters are bounded, which satisfy ||W.| <
o1, [Woll < 2, [[Wsll < 3, [Wallr < 5, [Walle < ¢ [ @] < @pm. l@all < @om, Vel <
Pems €c(6) < eem, €0(6) < pom, €5(6) < €am, ||eca(Gj)|| < bea and Vee < c,, respectively,

where c1, ¢2, 3, cé, c’3, PoM, PoMs PeMs EcM, €M/ EBM, beq and c, are positive constants.
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The estimates for I', p and 0 are expressed as
(66a)

f(¢) = W, 9c(c),
(66b)

—X tanh( p cpp(g])) + K1,
(66¢)

.
~—

(
3(¢j) = Wafpa(@j)r
where W, Wp and W5 stand for the estimates of W, W, and Wy, respectively.
Using (23) and (31)—(33), the residual error can be given as
AT
- Wc Pc (Q )

¢ = E[Groen (,6,8,9)]
~2678)de]

= E{/tHT(QTQlQ—kW(p)
— K /tt+T( (2¢fR ®¢p Gj )dQ VEC(WP)
_/tt+T<(2')’zezT)®€06(Cj))de~vec(W5)
+E [WCT(pC(g(t + T))} — W 9c(c). ©7)

where p = p(g;) and 0 = (;). Design a new augmented weight vector as W =
= [We, vec(W,), vec(Wg)]T.

[We, vec(W,), vec(Wp)] " and the target weight vector W

Denote
tT
S1=E { | (e s+ wie) - vzﬁTé)de],
S2 = E[pc(g(t+T)) — pc(s())], (68)
t+T
S3 = —Kz/t ( 2e{R) ) 9, (G; )dQ,
t+T
si=— [ (@2%) @ oalc)))de
Then, we have
¢ = E[SW+5y], (69)

with § = [52, 53, 54]
Let¢; = 2eB ép, a1 denote an adaptive gain parameter; the weight adjustment rule is

developed as
x ST
W=—-E|{01 = 70
[ 1(S5T +1)2 ] 70)
Assumption 6. j; is continuously excited within the interval of [t,t + T|, and one obtains
(71)

t+T~~T
vllé/t i dt < 721,

where fj; = (ST/(SST+1)), T >0, 11 < 72, and 71 and 7y, are constants
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Considering ¢ = x(g)¢ + Bp + Cd and W = W — W, we define the augmented system

T
stateas U = [QT, g"]-T, WT] , we have

x(8) + Bp + CH
O(t) = 0 , te s si41) (72)

sT
E ["‘1 [CgEsy "B}
Furthermore, one obtains

0
O(t) =07 )+ |6 —Gj|, t=sin (73)
0

Here, G(t~) = limy o O(t — A), where A € (0,51 — 5;)-

Remark 5. The residual error ég, which requires minimization in (67), is derived from the expecta-

tion of the function E {Gr(sﬂ) (c,p,0, g)] . Detailed procedures for calculating this expectation are
provided in [40].

5.3. Stability Analysis

Theorem 5. The ETC policies are given as (66b) and (66¢) for the dynamical system (4), and the
weight adjustment law W is designed as (70). The system states and NN weight estimation errors
are uniformly bounded (UB) in the mean. The triggering condition is designed as

112
0

) _ 2
By — @Amin(QU) 6|2 = ¥(g)  Co+7

Ele:()]|* <
IEL; (]I < o -

=er, (74)

where Co and 5 are defined in (81), @ € (0,1). The internal dynamic signal is given by
Gy = =B + Amin (Q1) [l6[I. (75)
Proof. A Lyapunov function is chosen as
Ar(t) = Aq(t) + Ao (t) + As(t) + Aa(t), (76)

with Aq (£) = E[T*(c)], Aa(t) = E[T*(g))], As(t) = E [ﬁWTW] and Ay(t) = 6.
Case 1: When Vt € [s},5;,1), j € N, based on (4), (66b) and (66¢), one obtains

Av(t) = E[(VT(6)" (x(g)s + Bp + CB)],
Ay(t) =0,
As(t) = E[;WT }

Based on (22), we can obtain

VI (G)) = (Voe(§)) We + Vee(g))- (77)
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According to 2aTh < la||* +||b||* and Assumption 5, we get

Ar(t) = E[(VT" () (x(g)s + Bp" + CT")|

+(VI*(¢))"B(p - p")
+(VI*(g)) C(6 - 07)

= E[7%0"70" — p15"¢
—¢"Qg = W(p") + (VI*(c))"B(p — p")
+2925°T(§ — 5*)]
E[vzﬁTé—gTQu;— W(p")
1 A * * Nk
45186 -0 = 20" =8+ (¢ + o)
< E[vzéTé—gTng— W(p")

1 A *
+5 B0 —p")IF + (c%ﬂo?w%)} (78)

Substituting (77) into (10), one obtains
p*(¢j) = —xatanh(N™) +eca(Gj) + K1, t € [51,5141)) (79a)

o 1 T
p(G)) =12 fanh(z,QBT(quc(gj))TWc) +x, (79b)

where N* = (1/(2x2))R 1BT(V¢C(g]))TWC and eq,(G;) = —(1/2)(I; — @(e(g'j)))R’l
(€])V€c(€])W1th®( e(¢j)) = diag{tanh®(;(§)))}, i = 1,2,...,4. €(&)) = [e1(5)) €2(G)),
. eq(g])] € RY, €(;) is selected between A" and N* and p(¢;) is an approximate value
of 0*(c)).
According to ||a + b||? < 2[a]|? + 2||b]|?, (79a) and (79b), we get

6 —p* +p" —p*|I?
<2||p—p*|I*> +2[lp" — p*|1?

<2]|K2tanh( R'BT(Voc(s ))TWC>
—Kztanh< 1BT Vch(QJ))TWc) —5ca(Cj)H2+2||lpE[ej(tHH2
<tliztann (- R )
2K2
1 T(
— Ky tanh P 2 B (pc g] +4||€ca Q] |
+2[|1,E[e; (1)] >
1
§8||K2tanh(R 1BT (Pc Q] >

+ 8l tani R BT (9el6) We ) I+ 461 P
+ 21, El 0]

<16K5 + 4b7, + 215 || Ele; (1))

I°. (80)
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As proved in [48], W(p*) > 0, and one has
A(t) <E {723% —cTQig+ (cg + (ngc%)
1
+ 5 1BI1* (1613 + 462, + 212E[e; (1))
< (72876 = ¢ Qic + o | Ele; (1)]2 + Co (81)
where Co = (2 + ¢2,¢}) + | BII” (163 + 402,) and l,5 = | B "2
According to (12), we get
—Xy tanh WTqu(C-) +x1 B
W(p) =2 [ (Ppovte) pa " (15 (9 — 1) ) Rao
S
—K; tanh(WTgo (§i))+x
:2;(2/ P 1p~;T(K51(19—K1)) Rd®
K1
— tanh(W, 9, (5;))
:2;(%/ e ﬁa_T<K2_1(l9—K1)) Rd(K{l(ﬂ—K1)>
\T AT - - AT
= 255¢,(5;)TW,R tanh(W, ¢, (¢;)) + K3RT ln(l — tanhz(Wp (pp(g]-))). (82)
By calculating formula (69), the residual error ég is re-expressed as follows:
&g = E[S_(W— W) + sl}
L BT o .
—E{—SW+SW+/t (g Q1g+W(p)—u2)dQ}, (83)
W(p) = 2k2NT R tanh(K) + x2RT 1n(i - tanhz(N)), (84)
o T
N = Wp @P(g])r (85)
Ty = *PTP, (86)
I
P = W595())- (87)
Based on (65), one obtains
§ t++T . o . o
ép = EM <—W(P)+W(P)+U2—U2— (We Vch(G))X(g)Q—SHm+Zo>dQ—5W+ SW], (88)
where
Zo = —2koN{ Ri; — 292P] P 4 2k3N{ R tanh(Ny),
W(p) = 23NT R tanh(Ny ) + x2RT ln(i - tanh2(N1)>, (89)

Uz = ’)’2P1TP1.

where ej;1 < €p,, with ¢, being a positive number.

Denote ﬁl = ftt+T(U2 - W(ﬁ) —E€HIN + Zo)dQ, fz = fttJrT(W(ﬁ) - Uz)dg and ﬁg =
tttT(—WCTVgoc(g) x(g)¢)do, vyhere T is a small positi\_ze number. Then, we have F| =
T(Ux — W(p) — enrn — Zo), Foa = TOW(p) — Up) and F3 = T(—~WI Vcx(g)g). Based on

Assumption 5, we have || || < dy with dy > 0.
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Then, we have

g(
I
™
¥

\

951}
21
+
951}

=

(90)

where F = Fy + F, + F;.
Based on (70) and (83), we have

< E[W% TW -+ WIRTW + Sy [ W]+ 22
+ W1+ pAlel?]
<E|— (B2 IWIR+¥(G) + A6l
= T + (Q]) G
T2 2 71 x 1
—i—(T\/ +c +c 2)|WH] (91)
_ _ ~ 2
where 7j; = (57/(557 +1)), ‘Y(gj)—TTZ<W(p)——725T( )0(g )) and Ay = Te1@epba.
Using Equations (81) and (91), Ar(t) becomes
Ar(t) < E[y2878 — ¢ Qug + | Elej (1)] |2 + Co
_ ﬂ_l A71(2 = 1 2 2
(2= 3 ) 1w+ () + ;e
NIAY
+(72\/c1+c + 2 1>||W||+Ffb}, (92)
T 2
If the triggering conditions (74) and (75) hold, one obtains
Ar(t) < E[y2878 — ¢ Qg + lyal|Ele; (1)] |2 + Co
71 N w2 vy Lo 2
(3 3) WP+ () + e
! ! d < 2
H(Byarged+ Z)Im+a)
1 1
< E|~(@Amn(@0) = 33 ) 16l — (2 - )

2
. 277 ./cl—f—c +c + Tdy
x| W] - +m|, (93)

2271 —T)

(2721/c%+c;2+c;2+Td1> ’

8T (271 —T) :

We select the interval T and the parameter 1, @ under the condition that @ Amin (Q1)—
1/4A2, > 0. Let parameter T be set such that 1 > T; then Ar(#) < 0 given that

where m =

m
llsll > ,
aﬂ)‘min(Ql) - }I/\%n

- A+ c2+cg+ Tdy
> )
21271 = T)
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Case 2: For any Vt = s; 1, the derivation of Ar(t) is given by
AAr(t)
—E| 5 W (67 W(E(s)) |~ E| 5 W (6(5) W (s)
2061 ] ] 2&1 ] ]
FT(Gje1) = T7(8) + +0u(5(s7)) = (S(s7)) +T7(6(s77)) =T (&(s)))- (94)

Considering Case 1, T'(t) decreases strictly monotonically over the interval [s;,s;11).
This implies T'(s; + t1) < T'(s;) for all Vt; € (0,41 — sj). Then, we have A(s;) < A(s))
when calculating the limits on both sides of this inequality. Given this result, it follows that

2]

o(5(s)) +E {1WT(

W (el ) W(ets) )| + 17 (ets))

_ 1 -1, A7( = * (=
<o(e(6i)) + | 5 W (6ls) W(etsp) | + 17 (c659). %)
Furthermore, for Sj, j € N, according to Case 1, I'*(g) constitutes a continuous dif-
ference function, so it follows that T*(¢;,1) < I'*(g;). Based on (94) and (95), we derive
AAr(t) <0.
Based on the above analysis, the proof is completed. [

6. Simulation

Consider the following stochastic system [36]:
¢ =x(g)s+Bo+Cd, (96)

with the system states and control policy being denoted as ¢ = [¢1,¢2]7 € R?and p € R,
respectively. d is the disturbance policy. The control policy p satisfies —0.8 < p < 1. The
uncertain term is d(g) = 0.5p1 sin(2pa¢2) cos(psg1) with p1 € (—1,1), p2 € (—0.5,0.5) and
ps3 € (0,0.5). &;(t),i =1,...,4, is a random variable that satisfies a uniform distribution,
and its pdfs are the same as example 1 in the simulation in [36].

Through calculation, one obtains ||9(g) ||2 < sin(0.5¢3) < 0.5||g||2. Set the following
auxiliary system as

¢ = x(8)g + Bp +C0, (97)

where 9(g) denotes the auxiliary disturbance policy. The original state is ¢o = [1,2]7

and Q = diag{1,1}. The activation function is defined as follows: ¢, = [g%,glgz, g%] T,
Po = 95 = [G1, c2]"; the weight vectors are W, = [Weq, W, Wes]7, W, = [Wy1, Wpo]T, and
Wy = [Wy1, Wgp]T. The sample size used by the MPCM is 16. Table 1 shows the simulation
parameters.

Table 1. Parameter settings.

Parameter R T 0% B Pmin Pmax @ lp
value 1 0.005 5 0.5 -0.8 1 0.5 10

The weight curves of NNs are shown in Figures 1 and 2. The weight updates of the
critic, actor, and disturbance NNs gradually approach [3.413,2.916,2.147], [0.868, 0.648],
and [0.576, 0.208], respectively. Based on this weight convergence value of the critic NN,
we can obtain that the GC of the original system is 17.86.
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Figure 1. Weight trajectories of the critic NN in our design.
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Figure 2. Weight curves of actor and disturbance NNs in our design.

Figure 3 shows the system state curves. Evidently, all state trajectories are capable of
eventually converging to the equilibrium point.

Figure 4 gives the variation curves of control pairs according to the DETC mode. It is
shown that, compared with the baseline, the curve of the control policy obtained by our
designed method stays within the range of —0.8 to 1, which proves the effectiveness of the
designed method with ASAs.

Figure 5 shows the trajectories of ||¢;| |> and er. By using the DETC method, the
number of controller updates can be greatly reduced. The sampling period of ETC is
given in Figure 6. It displays the time interval between the previous and the current
triggering moment. The triggering frequency is dynamically adjusted according to the
triggering condition.
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Figure 3. System state curves in our design.
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Figure 4. The change curves of the event-triggered optimization control strategy and worst-case
disturbance strategy in our design.

Figure 7 illustrates the dynamic evolution process of internal signals within the DETC
framework. It is clear that the trajectory of internal parameter changes is always greater
than 0 and decreasing.

To demonstrate the control performance of the approach proposed in our design, a
comparative simulation is given as follows by using the method proposed in [36].

Figures 8 and 9 show the convergence of the NN weight vectors. The weight updates of
the critic, actor and disturbance NNs gradually approach [3.121,2.880, 2.295], [0.900, 0.697]
and [0.599, 0.301], respectively.
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Figure 5. The triggering condition of |[e;
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Figure 6. Sampling period of the learning stage in our design.

Figure 10 shows the system state curves obtained by using the method in [36].

Figure 11 shows the variation curves of control pairs based on the ETC mode obtained
by using the method in [36]. The blue line denotes the variation curve of the control input,
indicating that it exceeds the range of —0.8 to 1. Figure 4 is within the range of —0.8 to 1.
By comparing Figures 4 and 11, it is clear that the control strategy in our design exhibits
excellent performance.
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Figure 7. The change curve of the dynamic signal in the triggering condition in our design.
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Figure 8. Weight trajectories of the critic NN by using the method in [36].

Figure 12 shows the triggering conditions of ||¢;||? and e under event-triggering
mode. It is obvious that the ETC signal requires 2574 state samples, while the DETC
strategy proposed in this paper only uses 2028 state samples. It is evident that the DETC
proposed in this article can improve controller updates by up to 21.2%.
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Figure 9. Weight curves of actor and disturbance NNs by using method in [36].
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Figure 10. System state curves by using method in [36].
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Figure 11. The change curves of the event-triggered optimization control signal and worst-case
disturbance signal by using the method in [36].
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Figure 12. The triggering condition of |[¢j||? and &1 by using the method in [36].

7. Conclusions

In our design, we have proposed dynamic event-triggered IRL-based control approach
for a stochastic system with random parameters and ASAs. Firstly, a modified HJI equation
has been formulated. Applying the actor—critic—disturbance NN architecture, both the
OC signal under ASAs and the worst-case disturbance strategy have been derived by
solving an improved HJI equation. Secondly, the MPCM has been employed to estimate
the value function at specific sampling points. The utilization of the MPCM can reduce the
computational complexity of sampling data in simulation experiments. Thirdly, through
the introduction of dynamic parameters into the triggering conditions, the control input
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has been adjusted dynamically. Moreover, when the triggering condition is met, the weight
values of NNs can be tuned in a synchronous manner, which has significantly enhanced the
efficiency of communication resource usage. Furthermore, the Lyapunov stability theorem
has been employed to analyze and verify the time-varying system’s stability. Finally,
simulation results have confirmed the efficacy of the developed approach.
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