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Abstract 

This paper presents an optimization-based framework for active vibration control of rotor 
bearing systems using external surface-bonded piezoelectric patches. The rotor bearing 
system is modelled using the Finite Element Method (FEM), enabling the coupling be-
tween the shaft and the flexible piezoelectric actuators. A Linear Quadratic Regulator 
(LQR) is adopted to achieve optimal feedback control considering the balance between 
vibration reduction and control effort. The central contribution of this work is a compre-
hensive actuator placement optimization of the axial and angular position of the piezoe-
lectric patches along the shaft. Firstly, axial positions are selected by maximizing a multi-
modal weighted Modal Strain Energy (MSE) criterion over a selected number of bending 
modes. In the second stage, which constitutes the main novelty of this work, the angular 
position of each pair of bonded piezoelectric patches is optimized. Each piezoelectric pair 
generates control moments at each extremity of the patch. The influence of the angular 
separation between independent piezoelectric pairs bonded at different axial locations is 
investigated through an iterative optimization framework. The optimized actuator place-
ments are subsequently employed within an LQR-based active vibration control frame-
work. The parameters of the controller are selected using a Genetic Algorithm (GA). Nu-
merical simulations are performed on a bi-disk flexible rotor bearing system. The results 
of the numerical simulations demonstrate that the combined axial-circumferential optimi-
zation significantly enhances the controllability of the rotor system and improves the mul-
timodal vibration suppression capability, achieving an improvement of approximately 
93%. The proposed methodology offers a physically meaningful and computationally ef-
ficient framework, guaranteeing symmetric and effective vibration control. 

Keywords: rotor bearing system; piezoelectric pairs; active vibration control; modal strain 
energy (MSE); circumferential optimization; axial position; angular separation; Gramian 
controllability; LQR controller; genetic algorithm; finite element method; iterative  
optimization framework 
 

1. Introduction 
Rotor bearing systems are widely used in rotating machinery such as turbines, com-

pressors, electric motors, jet engines, and other high-speed rotating systems. 
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With the increased need for low-weight and flexible rotors, the problem of vibration 
reduction has become an important part of today’s rotor systems design. Vibration can 
cause various problems in machine operation, such as the phenomenon of instabilities, 
resonances, mechanical wear, lack of accuracy, etc. Hence, there is currently a great need 
for research on vibration suppression approaches. 

Among smart material technologies, piezoelectric actuators have emerged as highly 
effective transducers due to their lightweight characteristics, fast dynamic response, com-
pact size, and strong electromechanical coupling properties [1–7]. These properties make 
piezoelectric actuators particularly suitable for active vibration control, where they are 
widely used to generate control forces for suppressing structural and rotor vibrations [8–
14]. 

Surface-mounted piezoelectric actuators generate bending moments in the structure, 
enabling the attenuation of undesired vibrations. The efficiency of an active vibration con-
trol scheme highly relies not only on the choice of control algorithm but also on the proper 
placement of the actuators. Actuator misplacement may cause severe deterioration in the 
control effectiveness and the attainable performance of vibration suppression. Therefore, 
the optimization of actuator placement has received increasing attention in recent years, 
particularly in the context of smart structures and rotor systems, where it plays a key role 
in enhancing control performance and vibration suppression efficiency [15–17]. Several 
studies have investigated piezoelectric actuator placement strategies using different opti-
mization approaches. For instance, Sun et al. [12] established an electromechanical cou-
pling model for rotating carbon nanotube reinforced composite (CNTRC) cylindrical 
shells and implemented a Linear Quadratic Regulator (LQR) closed-loop controller for 
active vibration suppression. Furthermore, they optimized the layout and angular distri-
bution of the piezoelectric patches by performing a comparative performance analysis of 
five typical configurations, concluding that a smaller number of patches in the circumfer-
ential direction provides superior vibration suppression when the total area of the patches 
remains constant. Mojtaba Biglar et al. [18] analysed the active vibration control of cylin-
drical shells, specifically focusing on the optimization of the axial and angular positions 
of surface-attached piezoelectric transducers. They argued that identifying the optimal 
axial and angular positions are essential because traditional random placement results in 
poor modal observability and inefficient energy transmission. The authors implemented 
the Genetic Algorithm (GA) to determine configurations that maximize the controllability 
Gramians for targeted vibration modes. This optimization process is designed to ensure 
that actuators and sensors are placed where they can provide the most effective damping 
while minimizing spillover effects into residual modes. This research ultimately demon-
strates that transducers situated in these optimal angular and axial positions suppress 
structural vibrations significantly faster and more effectively than non-optimized config-
urations. Zaho et al. [19] considered multimodal vibration control for smart rotating cy-
lindrical shells under circumferential moving loads by developing a coupled electro-me-
chanical model that incorporates Coriolis and centrifugal forces. They implemented a 
model reduction technique to focus on flexural vibrations, which decreased the degrees 
of freedom from 10 to 2 per mode to facilitate the design of an LQR closed-loop controller. 
To ensure control efficiency across a specified rotational speed range, the authors utilized 
a mini-max QPSO algorithm to optimize piezoelectric placement based on the system con-
trollability index. Their findings highlight that the intersection points of traveling wave 
frequencies significantly affect controllability, and numerical results confirm that the op-
timized layouts successfully suppress vibrations in both body-fixed and inertial coordi-
nate systems. 

Brand and Cole [20] addressed the challenge of loss of controllability in rotating thin-
walled shell caused by frequency-crossings at specific rotational speeds. To ensure effec-
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tive vibration suppression across a wide operating range, they proposed a mini-max op-
timization approach that maximizes system controllability. This is achieved using the Par-
ticle Swarm Optimization (PSO) algorithm to determine optimal surface-mounted actua-
tor and sensor placement. Their strategy was validated through numerical studies and 
experimental tests, demonstrating that it successfully maintains control performance. 
Mingming et al. [21] proposed an integrated vibration suppression scheme for flywheel 
energy storage system that utilizes a novel active-passive support architecture featuring 
a damping ring. This system addresses radial structural coupling, unbalanced excitation, 
and high-speed gyroscopic effects by deriving a 4-degree-of-freedom inverse system de-
coupling controller. By transforming the strongly coupled system into independent 
pseudo-linear subsystems, the scheme enables a segmented control strategy that applies 
unbalance compensation in the subcritical stage, continuous variable stiffness control in 
the critical stage, and complete gyroscopic decoupling in the supercritical stage. Simula-
tion results validate that this approach reduces average steady-state tracking errors by 
99.86% and resonance peaks by 81.23%, ensuring stable operation across a full speed range 
of 100 to 20,000 rpm. Ultimately, the proposed architecture reduces critical resonance 
peaks by 94.72% compared to pure mechanical bearing systems. Mohammad Jafari et al. 
[22] developed an optimization method to control vibrations in rotating conical shells by 
determining the ideal axial position of piezoelectric patches. The method focuses on min-
imizing the system’s settling time as the objective function while adhering to static, stabil-
ity, and dynamic constraints. By comparing Sequential Quadratic Programming (SQP) 
and Pattern Search (PS) algorithms, the authors found that Pattern Search more reliably 
identifies absolute extremum points for patch placement. Their optimization results con-
cluded that the most effective vibration suppression occurs when patches are located be-
tween the middle and the base of the cone. Consequently, the previously used approaches 
may yield precise optimization solutions, they typically demand extensive calculations 
involving evaluation of the dynamic system, which is costly and time-consuming, espe-
cially in the case of larger scale finite element rotor systems. To overcome these limitations, 
energy-based methodologies for optimal placement are chosen to be more computation-
ally efficient and physically meaningful [23–25]. Several studies have applied the Modal 
Strain Energy (MSE) criterion for actuator placement in plate structures. Porter et al. [26] 
demonstrated a methodology for predicting structural damping in large-scale composite 
structures by combining the MSE approach with vibration-based measurements of small 
material coupons. By validating this method against a composite beam, they achieved a 
significant reduction in prediction error to an average of 5.2% for the first five vibration 
modes, representing a substantial improvement over previous literature where errors of-
ten reached 50%. The study highlights that non-contact vibration testing provides more 
reliable material loss factors than traditional methods like Dynamic Mechanical Analysis 
(DMA). Furthermore, they introduced a novel integration of MSE with Geometrically Ex-
act Beam Theory (GEBT), which offers a roughly 100-fold increase in computational speed, 
reducing simulation evaluation time from 185 s to approximately 2 s, making it highly 
effective for early-stage conceptual design. This approach enables a significant reduction 
in development time and cost by allowing accurate prediction of vibration behavior prior 
to full-scale prototyping. 

Building upon existing studies, the present work proposes a physically guided pie-
zoelectric actuator placement strategy that differs fundamentally from conventional ap-
proaches. In the existing literature, actuator placement optimization is generally ad-
dressed in a partial manner. For plate structures, most studies focus primarily on the axial 
or longitudinal positioning of bonded piezoelectric patches, whereas for cylindrical or 
shells, the optimization is typically restricted to the circumferential distribution. Conse-
quently, these two aspects are commonly investigated independently. 
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In contrast, the present study introduces a unified framework for flexible rotor bear-
ing systems, in which both the axial and circumferential placements of piezoelectric actu-
ator pairs are considered simultaneously. The axial locations are determined using the 
modal strain energy criterion, while the circumferential arrangement is investigated 
through a structured parametric analysis based on the separation angle between the actu-
ator pairs. This optimization framework enables an efficient exploration of piezoelectric 
actuator placement, while avoiding the complexity associated with high-dimensional op-
timization methods. As a result, the proposed methodology considerably reduces compu-
tational cost compared with conventional multidimensional optimization techniques, 
while maintaining an effective and physically meaningful piezoelectric actuator place-
ment strategy. 

2. Finite Element Modelling of the Rotor Bearing System 
2.1. Description of the Controlled Rotor Bearing System 

To mitigate the vibration of rotating machinery that degrades operational perfor-
mance, a design of Active Vibration Control (AVC) system is proposed in this paper. An 
AVC system typically consists of three main components: a controller, sensors, and actu-
ators. 

In general, AVC systems employ actuators and sensors based on smart materials. 
Among these, piezoelectric materials are particularly attractive due to their low mass and 
robustness under harsh operating conditions. Piezoelectric materials exhibit a direct effect, 
whereby mechanical stress induces an electric charge, and an inverse effect, whereby an 
applied electric field generates mechanical strain. 

In the present work, actuation is achieved using piezoelectric patches bonded to the 
external surface of the tubular rotating shaft. To conform to the cylindrical geometry of 
the shaft and avoid the creation of planar bonding surfaces, flexible piezoelectric patches 
are required. Such patches, suitable for curved surfaces, are commonly manufactured us-
ing composite or multilayer structures combining piezoelectric materials and polymer 
layers, which ensure sufficient flexibility, electrical insulation, and mechanical stability. 
The piezoelectric patches are used exclusively as actuators, exploiting the inverse piezoe-
lectric effect. When subjected to an applied electric field, the bonded patches generate axial 
forces. Since the patches are positioned away from the shaft neutral axis, these forces in-
duce bending moments at the patch extremities. One or more piezoelectric patches may 
be bonded to the shaft surface of the rotor bearing system. The actuation introduced by 
the patches produces a secondary vibration field that interacts with the primary vibration 
response of the rotor system, leading to vibration attenuation through destructive inter-
ference. 

The rotor bearing system considered, shown in Figure 1, consists of a flexible tubular 
shaft with a circular cross-section supported by two flexible bearings located at its ends. 
The stiffness and damping coefficients of the bearings are assumed to be independent of 
the rotational speed. Several unbalanced disks are mounted at selected positions along 
the shaft, and the resulting unbalance forces are assumed to be the sole excitation sources. 
Proximity sensors are used to measure the lateral vibration response of the rotor at se-
lected locations. Based on the acquired vibration signals, the LQR controller determines 
the required control inputs and produces the corresponding actuation voltages. These 
voltages are delivered to the piezoelectric actuators mounted on the rotating shaft via a 
slip ring mechanism, allowing the active control system to generate the forces necessary 
to counteract external disturbances and suppress vibrations. 
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Figure 1. Model of the Active Vibration Control (AVC) rotor bearing system with piezoelectric 
patches, including actuator geometry. 

2.2. The Rotor Dynamic Equations 

The rotor is modelled using the finite element method based on the Euler-Bernoulli 
beam theory. This formulation takes into consideration bending deformation only while 
ignoring the shear deformation effect. The lateral displacement field within each beam 
element is approximated using cubic Hermite shape functions, which ensure continuity 
between adjacent elements. Each shaft node possesses four degrees of freedom, namely 
two lateral translations and two bending rotations ( ), , ,x yx y ϕ ϕ . The generalized global 

displacement vector { }( )q t  includes the lateral translations and rotations of all nodes. 

After assembly of shaft, disks, and bearings element matrices, the global system of 
equations of motion of the controlled rotor system is written as follows [27] 

[ ]{ } [ ] [ ] { } [ ]{ } { } [ ]{ }( ) ( ) ( ) ( ) cun B UM q t C G q t K q t f+ + Ω + = +   (1)

where Ω  denotes the rotational speed. [ ]M , [ ]C , [ ]G  and [ ]K  are the mass, damp-

ing, the gyroscopic and stiffness matrices, respectively. These matrices are assembled from 
shaft, disk, and bearing contributions: ሾ𝑀ሿ ൌ ሾ𝑀௦ሿ ൅ ሾ𝑀ௗሿሾ𝐺ሿ ൌ ሾ𝐺௦ሿ ൅ ሾ𝐺ௗሿሾ𝐶ሿ ൌ ሾ𝐶௦ሿ ൅ ሾ𝐶௕ሿሾ𝐾ሿ ൌ ሾ𝐾௦ሿ ൅ ሾ𝐾௕ሿ  (2)

where ሾ𝑀௦ሿ and ሾ𝑀ௗሿ are the mass matrices of the shaft and the disks, respectively; ሾ𝐶௕ሿ 
and ሾ𝐾௕ሿ  are the viscous damping and stiffness matrices of the bearings; ሾ𝐾௦ሿ is the stiff-
ness matrix of the shaft; ሾ𝐶௦ሿ is the viscous damping matrix of the shaft; ሾ𝐺௦ሿ and ሾ𝐺ௗሿ are 
the gyroscopic contributions from the shaft and the disks, respectively. The mass and stiff-
ness of the piezoelectric patches are neglected. A stiffness-proportional damping model is 
adopted in this paper. Therefore, the damping matrix is expressed as ሾ𝐶ሿ ൌ 𝛽ሾ𝐾ሿ (3)

where 𝛽 denotes the damping coefficient. This modelling approach is commonly used in 
finite element rotor dynamic analyses, even though the damping mechanism may be more 
complex. 

The unbalance force vector { }unf , for a rotor having K  disks fixed to the shaft is 

expressed as follows 

{ } { } ( )2

1

k
K

j t
un k k k

k
f m e e βε Ω +

=

= Ω  (4)
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where kβ  is the phase angle of thk  disk measured from the reference angular position 
fixed to the rotor. Each disk k , has a mass km  and an eccentricity 𝜀௞. When an unbalance 

force is applied on a disk k  located at node i , this excitation acts only on the transla-
tional degrees of freedom of this node. Therefore, the corresponding position vector { }ke  

is an ( )1ndof ×   vector containing only two non-zero components. The ((i-1) 4+1) ×  

component is equal to 1 whereas the ((i-1) 4+2)×  component is equal j− . These com-
ponents correspond respectively to the translational DOF in the 𝑥  and 𝑦  directions of 
node i . 

When piezoelectric actuators are present, the external control force vector can be de-
composed according to [ ]{ }cB U , where the control input vector is denoted by { }U , and 

the matrix [ ]cB  represents the input distribution that specifies the actuator placement. 

This matrix maps the actuator-induced effects into the global degrees of freedom of the 
finite element model. Specifically, the distributed bending moments generated by the pi-
ezoelectric patches are first represented at the element level and subsequently trans-
formed into equivalent nodal moments, which are assembled into the global force vector 
through standard finite element procedures. 

2.3. Piezoelectric Patch Pair Modelling 

The piezoelectric patch is assumed to have a rectangular shape and is bonded to the 
outer surface of the rotor shaft, shown in Figure 1. The geometric and physical character-
istics of the piezoelectric patch and the shaft are defined through several parameters. The 
patch length 𝐿௣  represents the axial extent of the patch along the shaft, while the patch 
width 𝑤௣  corresponds to its arc length along the circumferential direction. The patch 
thickness ℎ defines its radial dimension. From these parameters, the enclosure angle 𝛼 
represents the angular span of the patch on the shaft surface. The patch is assumed to be 
perfectly bonded to the shaft surface, ensuring full strain transfer between the rotor and 
the actuator. The bonding layer is considered infinitely thin, and its thickness is neglected 
in the designed model. These assumptions introduce limitations by neglecting effects such 
as adhesive compliance, local stiffness and mass variations, and electromechanical losses, 
which may affect the magnitude of the actuation. However, these effects do not signifi-
cantly influence the spatial distribution of the dynamic response and therefore have a lim-
ited impact on the identification of optimal actuator locations. 

Consider a pair of diametrically opposite patches centered at angular positions θ  
and θ π+ , respectively, measured from a phase reference fixed on the rotor. Diametri-
cally opposed patches are adopted to provide balanced actuation. Each diametrically op-
posed actuator pair is described by a single angular design variable [ ]0,kθ π∈ . The oppo-

site patch angular location is therefore ( )mod 2kθ π π+  . This configuration generates 

pure bending moments while preventing the development of unwanted axial forces or 
torsional deformation. 

The actuation mechanism of the piezoelectric patches is based on the inverse piezoe-
lectric effect. When a voltage is applied, an electric field is generated within the piezoelec-
tric patch, inducing an axial strain. Due to the bonding between the patches and the rotor 
surface, the free deformation of the patch is constrained by the shaft. This constraint cre-
ates a strain incompatibility between the piezoelectric patch and the shaft, which results 
in internal stresses at the interface. The actuation strain induced in the shaft by a pair of 
patches is expressed as 𝜀௦ = 𝜅 𝑑ଷଵℎ 𝑉௞ (5)
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where 𝑑ଷଵ  and ℎ  are the piezoelectric strain constant and the thickness of piezoelectric 
patch, respectively. The factor 𝜅  is obtained using the force equilibrium of the shaft and 
the piezoelectric patches. 𝑉௞  is the actuation voltage of the 𝑘௧௛  piezoelectric pair. Fi-
nally, bending moments, which are proportional to the applied actuation voltage, are gen-
erated about the 𝑥 and 𝑦 directions, as illustrated in Figure 2. 

 
Figure 2. Cross-sectional view of the rotating shaft showing the placement of a pair of piezoelectric 
patches and associated control moments. 

The orientation of the generated moment is governed by the angular position of the 
piezoelectric pair. Let kθ  denote the angular position of the center of the thk  piezoelec-
tric pair measured with respect to a fixed angular position and let ,p kM  represent the 

amplitude of the generated moment by a pair of opposite piezoelectric patches, which can 
be written as: 

( )
,

ki t
k p kM M e θΩ +=  (6)

This formulation provides a concise description of both the magnitude and orienta-
tion of the moment in the transverse plane. In addition, since the generated moment is 
proportional to the applied voltage 𝑉௞, it can be expressed as: 

,p k p kM Vδ=  (7)

where pδ  is the electromechanical coupling coefficient of the piezoelectric pair between 

the applied voltage and the resulting moment is expressed as follows [28,29] 

( )
( )

3 3
31 0 0 sin4

3 1
p p

p

E d r h r

h

μ α
δ

μ

  + −  =
 +
 

 (8)

where s s

p p

E I
E I

μ =  and pE , sE  are the Young’s modulus of the piezoelectric patch and the 

rotor shaft respectively. sI  and pI  are the area moment of inertia of the shaft and the 

piezoelectric patch respectively. The angle of enclosure of the patch is 2𝛼௣  as shown in 
Figure 1. The dimensions characterizing the section of the shaft ir  and or  are, respec-

tively, the inner and outer radius of the tubular shaft and 𝑟௢ = 𝑟௜ ൅ ℎ , where ℎ  is the 
thickness of the patch. 
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Taking the real and imaginary parts corresponds to the bending moments in the two 
orthogonal transverse directions for the 𝑘௧௛ pair of patches. 

( ) ( )
( ) ( )

cos

sin
x

y

k k p k k

k k p k k

M M V t

M M V t

δ θ

δ θ

 = ℜ = Ω +
 = ℑ = Ω +

 (9)

When pN  piezoelectric pairs are used, the total bending moment is obtained by 

superposition: 

1 1

p p

k

N N
j

tot k p k
k k

M M V e θδ
= =

= =   (10)

2.4. State-Space Representation of the Rotor Dynamic Model 

To apply active vibration control, the equation of motion of the rotor bearing system 
defined in Equation (1), is written in a state-space form, which provides a framework for 
controller design as follows [30]: 

{ } [ ]{ } [ ]{ } { }X A X B u D= + + , { } { }yY C X =    (11)

where { } q
X

q
 

=  
 

 ; { }
1

pN

V
u

V

 
 

=  
 
 

  ; [ ]
[ ]

[ ] [ ] [ ] [ ] [ ]( )1 1

0 I
A

M K M G C− −

 
=  

− − Ω +  
 ; 

[ ] [ ] [ ]1

0

c

B
M B−

 
=  

−  
 and { } [ ] { }1

0

u

D
M F−

  =  
−  

 

Where [ ]A , [ ]B , { }u  and { }D  are the state matrix, the input matrix, the actuation 

voltage vector, and the excitation vector, respectively. Their corresponding dimensions 
are ( )m m× , ( )pm N× , ( )1pN × , and ( )1m ×  in the same order. The variables m  and 

pN  denote, respectively, the number of states ( 2m ndof= × ) and the number of control 

voltage inputs. 
The output matrix yC     is assembled using binary entries (0 and 1), indicating 

which specific state variables are selected for measurement according to position of the 
sensors. The dimension of matrix yC    is ( )1s× . The variable 𝑠 indicates the number 

of outputs of interest. [ ]cB  is the global piezoelectric input matrix. 

Multiple piezoelectric pairs can be bonded on the external surface of the shaft. Each 
column of [ ]cB  represents the spatial distribution of forces induced by one piezoelectric 

pair, making [ ]cB  a function of the angular position of all patch pairs. Each piezoelectric 

pair is supplied by an independent control voltage, allowing multiple-input active con-
trol. By superposition of all piezoelectric actuator contributions, the matrix [ ]cB  is ob-

tained as: 

( ) ( ) ( ) ( ) ( )1 1 1 2 2 2 p p pc k k k N N NB b V b V b V b Vθ θ θ θ θ =       (12)

where each column kb  represents the global force distribution associated with thk  pie-

zoelectric pair. The equivalent nodal force vector for the piezoelectric pair, accounting for 
angular position kθ , is expressed as follows: 
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{ }
( )
( )

( )
( )

0
0

cos
sin

0
0

cos
sin

k

ke
k p

k

k

t
t

b

t
t

θ
θ

δ

θ
θ

 
 
 
 Ω +
 Ω + =  
 
 
 

− Ω + 
 − Ω + 

 
(13)

where 𝛿௣ is defined in Equation (8). 

3. Control Theory 
For applying active control, an LQR controller is employed to compute the optimal 

feedback gain for the proposed system. 
The control law is defined as ሼ𝑢ሽ = −ሾ𝐾ሿሼ𝑋ሽ (14)

where ሾ𝐾ሿ  is obtained by minimizing the quadratic performance index [31] 𝐽 = ׬ ሺሼ𝑋ሽ்ሾ𝑄ሿሼ𝑋ሽ + ሼ𝑢ሽ்ሾ𝑅ሿሼ𝑢ሽሻ𝑑𝑡ஶ଴   (15)

where ሾ𝑄ሿ and ሾ𝑅ሿ are the state and control weighting matrices, respectively. The matrix ሾ𝑄ሿ  penalizes deviations of the system states from their desired values, whereas ሾ𝑅ሿ pe-
nalizes the control effort. The resulting optimal control formulation provides an effective 
compromise between vibration suppression and actuation requirements. 

In this paper, the weighting matrices are selected in diagonal form and defined as 
follows 

[ ] [ ]( )c ndof ndof
Q q I

×
= × , [ ] [ ]( )p p

c N N
R r I

×
= ×  (16)

where the coefficients 𝑞௖ and 𝑟௖ are then refined to achieve the targeted closed-loop dy-
namic performance while minimizing control effort. 

Thus, Equation (15) becomes 

( )2 2

0
c cJ q X r u dt

∞

= +  (17)

The GA implementation begins by defining the chromosome structure. Each chro-
mosome, shown in Figure 3, consists of two genes corresponding to the weighting coeffi-
cients of the matrices [𝑄] and [𝑅], respectively. 

After defining the chromosome structure, the coefficients are tuned to minimizing 
the performance index defined in Equation (15). The fitness function is then formulated to 
be minimized under the voltage constraints imposed by the operational limits of the pie-
zoelectric actuators, and is defined as follows [32]: 

( ){ }( ) ( ){ }( )2 2T T

c c
t t

S q RMS X t r RMS u t   = +   
   
   (18)
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Figure 3. Chromosome representation used in the Genetic Algorithm (GA). 

4. Piezoelectric Pair Placement 
The effectiveness of the vibration control system depends on spatial distribution of 

actuators. Hence, the choice of both the axial and circumferential positioning of the pie-
zoelectric actuators should be taken into consideration to maximize controllability of the 
rotor bearing system and improve vibration reduction. 

4.1. Axial Position Optimization 

Since the distribution of the vibration energy throughout the rotor geometry is not 
uniform, the locations of the actuators need to be selected where there is considerable 
deformation due to the vibration modes. In the current research, the optimal locations are 
selected using the multimodal MSE. The piezoelectric pairs will be bonded to the shaft 
elements having higher energy contribution. 

The optimization of the axial placement of the piezoelectric patches begins with the 
discretization of the rotating shaft into finite elements. For a target mode shape r , the 
modal strain energy Wr

e  stored within each shaft element e  is expressed as follows: 

{ } [ ]{ }T1W =
2

r r r
e e e eKφ φ ℜ 

 
 (19)

where [𝐾௘] the elementary stiffness and  ሼ𝜙௘௥ሽ is the mode shapes at the given mode 𝑟. 
The placement index r

eγ  normalizes the elemental energy against the total modal 

strain energy of the mode 𝑟: 

rW

r
r e
e
Wγ =  (20)

To ensure the active vibration control system can handle multiple modes simultane-
ously, aggregate the multimodal placement index expressed as follows eγ  

1

mN
r

e r e
r

γ ϖ γ
=

=  (21)

The number of piezoelectric pairs is limited by the available slip ring channels, so 
that the maximum number of independently controlled piezoelectric pairs cannot exceed 
the number of rings. Consequently, the shaft elements with the highest strain energy lev-
els are selected as optimal axial positions for the piezoelectric pairs. 

4.2. Circumferential Position and Separation Angle Between Independent Piezoelectric Pairs 

Effective control due to active vibration control is achieved by positioning the piezo-
electric actuators on the shaft along both the axial and circumferential directions. After 
selecting the optimal axial elements, the next step is to optimize the angular positions of 
the piezoelectric pairs on the circumference of the shaft, to achieve maximum effectiveness 
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in control in both transverse directions. Circumferential optimization is based on the spa-
tial distribution of bending strains in the rotating shaft. 

For a flexural rotor system, the shaft vibration occurs in two orthogonal transverse 
directions, namely the 𝑥 and 𝑦 directions. To investigate the influence of the circumfer-
ential distribution of multiple actuator pairs, different angular separations between inde-
pendent pairs bonded on different shaft elements are considered. 

Figure 4 shows two piezoelectric pairs distributed around the circumference of the 
external surface of the shaft. 

 
Figure 4. Circumferential placement of piezoelectric actuator pairs showing angular separation. 

The separation angle between successive pairs k  and 1k + , as shown in Figure 4, 
is expressed as follows: 

1k kθ θ θ+Δ = −  (22)

To investigate the influence of the circumferential position of the piezoelectric pairs 
on the controllability of the system, the first piezoelectric pair is fixed at the reference an-
gular position 𝜃௞ = 0∘ . The remaining pair is positioned at an angular separation Δ𝜃 
with respect to the reference pair, as illustrated in Figure 4. Consequently, the global pie-
zoelectric input matrix [𝐵௖] becomes a function of Δ𝜃, denoted [𝐵௖ሺΔ𝜃ሻ]: 

( ) ( ) ( ) ( )( ) ( )( )1 1 2 2 1 1
p pc k k N p NB b V b V b k V b N Vθ θ θ θ θ θ θ θ Δ = + Δ + − Δ + − Δ       (23)

The variation of the separation angle between piezoelectric pairs modifies the dy-
namic response of the system and directly affects the controllability Gramian, the dynam-
ics of the system and the resulting control authority. 

Since each piezoelectric pair possesses diametrically opposite symmetry, the angular 
configurations become repetitive beyond 180 . Therefore, the analysis is restricted to the 
interval: 

0 180θ≤ Δ <   (24)

A parametric study over the angular separation Δ𝜃 is conducted. The influence of Δ𝜃 on the controllability and control performance of the rotor bearing system is subse-
quently investigated. 
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5. Performance Evaluation 
5.1. Controllability Analysis 

The optimal circumferential separation angle between independent piezoelectric 
pairs is primarily selected as the configuration maximizing the Gramian controllability 
index among the candidate configurations. This sequential optimization strategy enables 
the determination of circumferential actuator configurations combining high directional 
flexural deformation energy and strong dynamic controllability, thereby improving the 
active vibration suppression capability of the rotor bearing system. For the selected angu-
lar positions, the controllability properties are evaluated using the state-space model 
(Equation (11)). The controllability Gramian matrix is obtained from [33]: [𝐴][𝑊௖] + [𝑊௖][𝐴]் + [𝐵][𝐵]் = 0 (25)

where [𝑊௖]  denotes the controllability Gramian matrix. 
The controllability index is evaluated follows: 𝐽௖ = logdetሺ[𝑊𝑐]ሻ (26)

The determinant of the controllability Gramian matrix provides a scalar measure that 
accounts for the controllability of all modes simultaneously. This index provides a quan-
titative measure of the overall control authority of the actuators. Higher values of 𝐽௖ in-
dicate that the system states can be more effectively influenced by the control inputs, re-
flecting improved controllability and enhanced actuation efficiency. 

5.2. Closed-Loop Performance Evaluation 

While the controllability index provides important information on actuator efficacy, 
it does not guarantee high system performance. The high controllability design might 
need much more effort to get the desired vibration attenuation effect, while a less control-
lable structure may produce the similar result without having to make such a considerable 
control effort. Also, the controllability measure does not give any insight about transient 
behavior and the required actuator voltage level. 

Considering the above points, the dynamic analysis of the closed-loop system is car-
ried out for all considered separation angles. Using the same control parameters, the rotor 
bearing system is simulated. The resulting dynamic responses are evaluated through 
three complementary criteria: vibration reduction performance, control effort, and actua-
tor feasibility. 

The effectiveness of each separation angle in reducing rotor vibrations is evaluated 
based on the orbit response at a selected node of the shaft. The vibration level is quantified 
using the root mean square (RMS) value of the orbit, computed from the lateral displace-
ments in the orthogonal directions 𝑥 and 𝑦. The RMS orbit is defined as: 𝑅ோெௌ = ටଵ் ׬ ሺ𝑥ଶ(𝑡) + 𝑦ଶ(𝑡))଴் 𝑑𝑡   (27)

where 𝑇 is the observation time interval. 
To assess the performance of the control system, the vibration reduction ratio is in-

troduced by comparing the controlled and uncontrolled responses: 𝑅௩ = ோೃಾೄೠ೙೎೚೙ିோೃಾೄ೎೟ೝ೗ோೃಾೄೠ೙೎೚೙ × 100  (28)

where 𝑅RMS
unc  and 𝑅RMS

ctrl  represent the RMS orbit values before and after applying the con-
trol, respectively. A larger value of 𝑅௩ indicates a more effective reduction of vibrations. 

While the vibration reduction ratio 𝑅௩ provides a direct measure of the attenuation 
rate, it does not account for the actuation effort required to achieve this performance. In 
practical applications, it is essential to evaluate the efficiency of the control strategy by 
considering both vibration suppression and the required control effort, which must re-
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spect the allowable voltage range of the piezoelectric patches imposed by the manufac-
turer. Thus, the optimal angular separation should be selected to satisfy the best compro-
mise between control authority, reduction of vibration, control effort, and actuator oper-
ating constraints. For this purpose, a performance index 𝐽௥௔௧௜௢ is introduced as: 𝐽௥௔௧௜௢ = ோೡ෌ ௉௉ೖಿ೛ೖసభ   (29)

where ∑ 𝑃𝑃௞ே೛௞ୀଵ   represents the total peak-to-peak voltage applied to all used piezoelec-
tric pair. This formulation enables a comprehensive assessment of control authority by 
favoring configurations that maximize vibration reduction while minimizing control ef-
fort. 

The control input is constrained within prescribed bounds (𝑉୫୧୬,𝑉୫ୟ୶), reflecting the 
physical voltage limits of the actuators and ensuring admissible operation. Consequently, 
a configuration is deemed feasible only if it satisfies both the imposed control bounds and 
the manufacturer-specified voltage range to prevent saturation. 

6. Flowchart of Methodology 
Figure 5 illustrates a schematic block diagram of the proposed active control strategy, 

outlining the complete control framework employed in this study. 

 
Figure 5. Block diagram of the proposed active vibration control strategy. 

7. Numerical Example 
7.1. Description of the Designed System 

The rotor bearing system considered in this paper is adopted from the model pro-
posed by Brahem et al. [34] and is used here as a numerical example. The system, as de-
picted in Figure 6, consists of a tubular steel shaft supported at both ends by flexible bear-
ings, with two symmetrically and equally spaced disks mounted along the shaft. The cor-
responding properties of the system are summarized in Table 1. 
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Table 1. Physical properties of the rotor bearing system. 

Parameter Value 
Length of shaft 𝐿 1.1 m 
Outer diameter of the shaft 24 mm 

Inner diameter of the shaft 22 mm 
Young’s modulus  210 GPa 
Shaft material density  7810 Kg/m3 
Outer diameter of each disc 150 mm 
Inner diameter of each disc  24 mm 
Thickness of each disc  25 mm 
Eccentricity of each disc  2 µm 
Unbalanced phase of disk 1  0 
Unbalanced phase of disk 2  −𝜋 2ൗ  
Bearing stiffness 𝑘௫௫,𝑘௬௬ 1 × 𝑒଺ 𝑁 𝑚ൗ  
Bearing damping 𝑐௫௫, 𝑐௬௬ 100 𝑁. 𝑠 𝑚⁄  

Both bearings have identical stiffness and identical damping in both 𝑥  and 𝑦  di-
rections, resulting in a symmetric rotor bearing system. This assumption enables a clearer 
assessment of piezoelectric pair placement effects, while avoiding bias introduced by 
asymmetric boundary conditions. The studied rotor bearing system is modelled using the 
open-source MATLAB R2023a rotor dynamics toolbox developed by Friswell et al. [35]. 

 
Figure 6. Finite element model of the rotor bearing system, showing the shaft discretization. 

Over the operating range of 0 − 5000 𝑅𝑃𝑀, the rotor bearing system displays three 
forward critical speeds, located close to 780 𝑅𝑃𝑀, 3150 𝑅𝑃𝑀 and 5000 𝑅𝑃𝑀. 

7.2. Control Parameters 

In this numerical example, the control is governed by LQR. The efficiency of the LQR 
controller depends heavily on the selection of the state and control weighting matrices, [𝑄] and [𝑅]. In this work, the optimal values for these matrices are determined using a 
GA optimization procedure, following the methodology established by Brahem et al. [32]. 

The GA is employed to search the optimal scalar weighting factors 𝑞௖  and 𝑟௖  by 
minimizing a multi-objective function. This objective function is designed to maximize 
vibration reduction of the motion of the rotor bearing system, while simultaneously con-
straining the control effort. 
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For the numerical simulations, the control weighting coefficient 𝑟௖ is maintained at a 
fixed value of 1. So that, the optimization procedure is applied only to the state weighting 
coefficient 𝑞௖. 

Figure 7 illustrates the evolution of the objective function 𝑆, defined in Equation (18), 
as a function of the number of generations during the GA optimization process. Both the 
average and the best values of the objective function are presented. 

 
Figure 7. Fitness function evolution during the optimization process. 

Figure 7 shows that the value of 𝑆 undergoes a noticeable increase during the first 
generation, followed by a gradual stabilization, indicating convergence of the algorithm. 

The optimal solution corresponds to the minimum value of the objective function 
while satisfying the imposed voltage constraints on the control inputs. In the present case, 
the best value obtained is equal to 1 × 𝑒ଽ. Consequently, the optimal weighting matrices 
are defined as follows: 

[ ] [ ]( )
9

76 761Q e I
×

= × × , [ ] [ ]( )4 4R I
×

=  (30)

7.3. Piezoelectric Pair Placement Results 

The active control elements used in this paper are DuraAct P-876.A11 piezoelectric 
patches (PI Ceramic GmbH, Lederhose, Germany). Each patch has a total thickness of 0.4 
mm, including a 0.1 mm piezoceramic layer, and a width of 35 mm. The actuator length 
of 0.061 m corresponds to the distance between nodes 𝑖 and 𝑖 + 1 in the finite element 
model. Due to their high flexibility, these patches can be bonded to curved surfaces with 
a minimum radius of 12 mm; this requirement is satisfied by the 24 mm diameter shaft 
used in this study. When mounted, the patch covers an enclosure angle 2𝛼 of approxi-
mately 167°. The piezoelectric material is characterized by a Young’s modulus of 16.4 GPa. 

Given their lightweight construction of 2.1 g, the mass contribution of the patches to 
the global rotor system is negligible and does not significantly alter the overall dynamic 
behavior. These specifications ensure both high structural flexibility and strong electro-
mechanical coupling. 

Specifically, the optimization ensures that the required control voltage does not ex-
ceed the −50𝑉 to +200𝑉 operating range of the DuraAct P-876.A11 patches, imposed by 
its manufacturer. 
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7.3.1. Axial Position 

The first three bending modes are considered; these modes are expected to dominate 
the dynamic response of the rotor bearing system. Higher-order modes are neglected be-
cause their contribution to the vibration response within the operating range considered 
is insignificant. Moreover, when higher modes are considered, they increase the compu-
tational cost and complicate the controller design.  

To identify the shaft elements that contribute most significantly to the system dy-
namics, the placement index 𝛾௘௥, defined in Equation (20), is evaluated for the first three 
bending modes, denote 𝛾௘ଵ,  𝛾௘ଶ  and 𝛾௘ଷ . The corresponding natural frequencies are ap-
proximately 13.03 Hz, 52.5 Hz, and 80 Hz, respectively. Figure 8 illustrates the distribution 
of the placement index 𝛾௘௥ along the shaft elements for the first three vibration modes. 
The placement index quantifies the contribution of each finite element to the modal strain 
energy and, consequently, its suitability for piezoelectric patch placement. 

The placement index 𝛾௘ଵ, presented in Figure 8a and corresponds to the first bending 
mode, reaches its maximum of approximatively 1.15 at the shaft center, indicating loca-
tions where the modal strain energy is highly concentrated. This suggests that piezoelec-
tric patches placed near the mid-span can achieve the highest control effectiveness for 
suppressing the first bending vibration mode. 

Figure 8b shows the distribution of the placement index  𝛾௘ଶ, corresponding to the 
second mode. The shaft elements (5 and 14) associated with the highest placement index 
values reaching approximatively 0.09, the most favorable locations for controlling vibra-
tions related to the second mode. As shown in Figure 8c, the placement index  𝛾௘ଶ, associ-
ated with the third bending mode, exhibits a more distributed spatial pattern than those 
observed for the first and second modes in Figure 8a,b. Several local maxima are identi-
fied, corresponding to regions of significant modal deformation. The highest values occur 
at elements 9 and 10, where the placement index reaches approximately 0.08, while ele-
ments 3 and 16 exhibit slightly lower values of about 0.075. In contrast to the lower-order 
modes, the third mode is characterized by a more complex deformation shape, leading to 
multiple candidate locations for piezoelectric actuator placement. 

Consequently, Figure 8 demonstrates that the optimal patch locations depend 
strongly on the vibration mode considered. Although the placement index distributions 
corresponding to the individual modes have given important insights into the optimal 
locations of the piezoelectric pairs, the design of the actuators according to only one mode 
will not guarantee satisfactory results at a range of speeds. In fact, it can be expected that 
the rotor will run close to several bending modes. Consequently, a multimodal placement 
index 𝛾௘, defined in Equation (21), is adopted to simultaneously account for the influence 
of the first three bending modes. The resulting multimodal placement index is as follows: 

1 2 3
1 2 3e e e eγ ϖ γ ϖ γ ϖ γ= + +  (31)

The weighting coefficients are selected as 𝜛ଵ = 0.6, 𝜛ଶ = 0.2 and 𝜛ଷ = 0.2 giving 
greater importance to the first bending mode due to its dominant contribution to the over-
all vibration response as shown in Figure 8a, while preserving the influence of the second 
and third modes in the optimization process. These coefficients are empirically tuned 
through preliminary simulations to provide a balanced compromise between the contri-
butions of the three dominant modes considered in the control design. 

The resulting weighted placement index distribution is presented in Figure 9, which 
serves for the final selection axial position of the piezoelectric pair. 
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Figure 8. The placement index for three first modes: (a) mode 1; (b) mode 2 and (c) mode 3. 

(a) 

(b) 

(c) 
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Figure 9. Multimodal placement index combining the first three bending modes, with red dashed 
lines indicating constrained elements. 

Figure 9 shows the multimodal placement index, which is computed from the first 
three bending modes, weighted with the selected weighting factors. Several shaft ele-
ments exhibit elevated index values, clustering around 0.08, which suggests these are 
promising axial positions for bonding the piezoelectric pairs. Nevertheless, the optimal 
location must respect a few practical and geometric constraints which are presented with 
vertically dashed red line in Figure 9. First, piezoelectric patches cannot be bonded at the 
bearing nodes (nodes 1 and 19), since these locations correspond to the support regions of 
the rotor. Second, patches are not permitted on the nodes where the disks are mounted, 
nor on the nodes immediately preceding the disk locations, to avoid interference with the 
disk assemblies and to preserve the structural integrity of the system. Moreover, when 
several sets of piezoelectric patches are used, it is required that there is at least one shaft 
element between successive two independent piezoelectric pairs. Such a restriction avoids 
overlapping of the actuator regions and provides adequate space for installation. 

Based on Figure 9, only four patch pairs are retained. This choice is motivated by the 
Pareto principle, whereby the selected locations correspond to the highest placement in-
dex values, ranging from 0.060 to 0.085. The blue bars in Figure 9 denote the selected axial 
positions (5, 8, 10 and 14), which are determined by selecting the positions with the highest 
multimodal placement index values from among all possible candidates that also satisfy 
the imposed constraint. 

7.3.2. Angular Position 

While the axial positions, where the piezoelectric pairs are bonded, are fixed at the 
selected shaft elements (5, 8, 10 and 14), the angular position of these pairs constitutes a 
very significant aspect of their positioning from the standpoint of vibration suppression 
ability. The angle by which the pairs are separated from each other defines the orientation 
of the active control forces applied to the shaft, affecting the controllability of the lateral 
bending vibrations. Consequently, the angular placement is parameterized using a single 
separation angle, which serves as a physically meaningful descriptor of the actuator con-
figuration. This choice allows the dominant effects of angular positioning to be captured 
while preserving structural symmetry and significantly reducing the number of design 
variables. Although a fully decoupled optimization of individual angular positions for 
each bonded piezoelectric pair is feasible, it results in a complex problem with increased 
computational cost. The proposed approach therefore provides a structured and physi-
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cally guided framework for piezoelectric pair placement, while remaining extensible to 
more general formulations if required. 

In this numerical study, the considered separation angles 𝛥𝜃 are as follows: 

{ },0 ,15 ,30 ,45 ,60 ,975 0θΔ = ° ° °     (32)

Having defined the candidate separation angles, a parametric analysis is performed 
to identify the angular configuration that provides the most effective vibration suppres-
sion. The objective is to determine the separation angle that maximizes the control author-
ity of the piezoelectric actuators, reducing vibration and respecting the operational range 
of voltage of the used piezoelectric patches, while maintaining the previously selected 
axial locations. 

Each configuration is then analyzed using different performance criteria based on 
Gramian controllability, vibration reduction, and control effort. 

7.4. Gramian Controllability 

The influence of the angular separation angle on the Gramian controllability index is 
investigated. The controllability index is calculated for each tested separation angle. The 
resulting values of 𝐽௖  are shown in Figure 10. 

 

Figure 10. Variation of the controllability index as a function of the angular separation angle. 

As illustrated in Figure 10, the controllability index exhibits a dependence on the an-
gular separation angle. This demonstrates that the angular position of the piezoelectric 
pairs affects the degree of control authority that can be exerted on the rotor bearing system. 
The controllability index reaches its maximum value at a separation angle 𝛥𝜃 of 90°, sug-
gesting that this configuration provides the most effective coupling between piezoelectric 
pair and the shaft and, consequently, the highest level of controllability. A larger 𝐽௖ 
means a larger Gramian determinant and therefore better controllability. 

7.5. Closed-Loop Response 

While the controllability index provides insight into the theoretical control authority 
of each separation angle configuration, its practical effectiveness must also be assessed in 
terms of vibration reduction. Therefore, the influence of the separation angle on the vibra-
tion response of the controlled rotor bearing system is investigated. Figure 11 presents the 
superposed controlled rotor orbits corresponding to the different separation angles. 
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Figure 11. Effect of the angular separation angle on the controlled rotor orbit response. 

Figure 11 shows a clear variation in the orbit size when the separation angle varies, 
indicating that the angular position of the piezoelectric pairs significantly affects the vi-
bration response of the rotor bearing system. The figure reveals that for low separation 
angle (𝛥𝜃 = 15°), the orbit is significantly elongated along the 𝑥  direction, indicating in-
adequate control in the orthogonal direction. As the separation angle increases to 30∘and 45∘, the orbit exhibits pronounced vertical elongation, reflecting a strong anisotropy in the 
system response. For larger separation angles (60∘ and 75∘), the orbit progressively con-
tracts and approaches a quasi-circular shape, indicating a partial transition toward iso-
tropic behavior, although slight anisotropy persists. The fully developed isotropic re-
sponse, characterized by a nearly perfect circular orbit with reduced amplitudes in both 
directions, revealing an optimal distribution of control effort, is achieved for the orthogo-
nal configuration (𝛥𝜃 = 90°). 

Consequently, the reduction in orbit size for separation angles (𝛥𝜃 = 60°, 75°, 90°) 
demonstrates a more effective interaction between the piezoelectric pairs and vibrations 
of the rotor bearing system. Conversely, larger orbit trajectories, corresponding to the sep-
aration angles (𝛥𝜃 = 15°, 30°, 45°), indicate a less efficient coupling between piezoelectric 
pairs and the rotor bearing system. These results confirm that the angular position of pie-
zoelectric pairs constitutes a key design parameter in determining the effectiveness of the 
active vibration control system. 

To further assess the impact of the angular position, the voltage response, generated 
by the LQR controller and sent to the piezoelectric pairs, is analyzed for each configura-
tion. Figure 12 illustrates the actuation voltage response obtained for the different separa-
tion angles. For each separation angle, the peak-to-peak actuation voltage is evaluated for 
each piezoelectric pair. In subfigure (b), the voltage limits for all actuator pairs are dis-
played, illustrating the global maximum (𝑉୫ୟ୶) and minimum (𝑉୫୧୬) bounds. 
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Figure 12. Influence of the angular position on the control effort: (a) Peak-to-Peak voltage 𝑃𝑃௞; (b) 
Bounds of voltage amplitudes (𝑉୫ୟ୶ , 𝑉୫୧୬). 

The voltage metric analysis, presented in Figure 12, demonstrates a pronounced de-
pendence of the control effort to the angular position of the piezoelectric pairs. The maxi-
mum peak-to-peak voltage 𝑃𝑃௞ exhibits a substantial decrease, dropping from approxi-
mately 202 V (observed for 𝑉ସ) at Δ𝜃 = 15∘  to about 54.5 V (for 𝑉ଷ) at Δ𝜃 = 90∘, repre-
senting an overall reduction of nearly 73% in control effort. Furthermore, when the sepa-
ration angle increases, it leads to a homogeneous distribution of actuation voltages among 
all pairs, reflecting an improved balance in control effort, contrary to the distribution ob-
served at 15∘. In addition, from a constraint perspective, only the configuration at 90° 
satisfies the admissible voltage limits (−50 V ≤ 𝑉 ≤ 200 V), whereas all other configura-
tions exhibit violations. The most critical case occurs at the separation angle equal to 15∘, 
where the minimum voltage exceeds the lower bound by 149.3 V, highlighting a severe 
departure from feasible operating conditions. This causes actuator saturation, which im-
pairs control performance. These quantitative results demonstrate that increasing the sep-
aration angle leads to reduced actuation demand, improved uniformity, and compliance 
with voltage constraints. Thus, the separation angle 𝛥𝜃 = 90° is the optimal configuration. 

To assess the balance between vibration reduction and control effort, the evolution 
of the performance index 𝐽ratio is examined as a function of the separation angle in Figure 
13. 
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Figure 13. Variation of the performance index 𝐽௥௔௧௜௢ as a function of the separation angle, with 
the dashed line highlighting the trend. 

The results of Figure 13 show a significant increase from approximately 0.16 at 𝛥𝜃 =15° to a maximum value of almost 0.59 at 𝛥𝜃 = 90°, corresponding to an improvement of 
approximately 73%. Intermediate configurations (𝛥𝜃 = 30°, 45°, 60°, 75°) , where 𝐽ratio  re-
mains in a relatively narrow range (0.37 − 0.41), reflecting moderate efficiency. A pro-
nounced peak appears at 𝛥𝜃 = 90°. 

Consequently, the evolution of the performance index 𝐽ratio reflects the efficiency of 
the coupling between the piezoelectric pairs and the rotor bearing system. The low values 
observed at small separation angles (𝛥𝜃 = 15°, 30°, 45°, 60°, 75°) indicate poor alignment 
between control forces and the dominant vibration directions, resulting in inefficient use 
of control energy. As the angle increases, the actuators become progressively better 
aligned with the modal deformation patterns, enhancing the coupling between actuation 
voltages and rotor dynamic response. This leads to improved vibration reduction for a 
reduced voltage demand. The maximum value obtained at θ = 90° corresponds to an op-
timal configuration in which actuator forces are distributed along the principal directions 
of motion, ensuring balanced and highly efficient vibration suppression. 

Based on the proposed parametric study, the separation angle θ = 90° is selected for 
the subsequent investigations. This configuration provides the highest performance, sim-
ultaneously achieving the lowest vibration amplitudes, the most stable orbit shape, and 
the minimum and well-balanced voltage requirements within the admissible limits. In 
addition, it yields the highest efficiency in terms of vibration reduction relative to control 
effort, as reflected by the maximum value of the performance index 𝐽ratio. Therefore, the 
separation angle 𝛥𝜃 = 90°  is identified as the optimal actuator configuration. 

The optimal separation angle of 𝛥𝜃 = 90° obtained in this study is physically con-
sistent with the isotropic nature of the rotor bearing system, where identical stiffness 
properties in the orthogonal directions lead to symmetric vibration behavior. In such con-
ditions, an orthogonal piezoelectric pair configuration ensures balanced control authority 
in both lateral 𝑥- and 𝑦-directions. However, for anisotropic systems, the optimal sepa-
ration angle may deviate from 90°, as the piezoelectric angular position must align with 
the dominant modal deformation to maximize control efficiency. 

8. Simulation Results with Optimal Piezoelectric Pair Placement 
The effectiveness of the optimal piezoelectric configuration is highlighted in Figure 

14, which compares the uncontrolled and controlled rotor orbits at the first critical speed 
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using the horizontal displacement of node 7, where the first disk is mounted on the rotor 
bearing system. 

 
Figure 14. Uncontrolled and controlled rotor orbits at the first critical speed with separation angle 𝛥𝜃 =  90°.  

Figure 14 shows that, before applying the control, the orbit exhibits a large circular 
trajectory with a radius of approximately ±16.18 µm, indicating strong vibration ampli-
fication at the first critical speed. When the control is applied with the optimal separation 
angle (𝛥𝜃 = 90°), the orbit is reduced to a very small trajectory with a radius close to ±1 
µm. This corresponds to a reduction of more than 93% in vibration amplitudes. 

From a physical perspective, the large circular orbit in the uncontrolled case reflects 
the isotropic dynamic behavior of the rotor, where vibration energy is uniformly distrib-
uted in both lateral directions due to resonance. When applying the control, the piezoe-
lectric pairs generate control forces that counteract the motion of the rotor bearing system. 
The optimal angular separation of 90° ensures that these control forces are effectively dis-
tributed along the two orthogonal directions, allowing balanced and efficient suppression 
of vibration. As a result, the radius of the orbit is significantly reduced, leading to a com-
pact and centered trajectory. This demonstrates that the optimal actuator orientation max-
imizes the coupling with the rotor’s modal response and enables an efficient conversion 
of actuation voltage into vibration reduction. 

The RMS vibration amplitude at node 𝑥7  is evaluated over a wide range of rota-
tional speeds, as depicted in Figure 15, to compare different actuator placement strategies, 
including uncontrolled, random placement of piezoelectric pairs, axially optimized pairs, 
and combined axial-angular optimized configurations. 
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Figure 15. Steady-state RMS value of the horizontal displacement at node 7 over the rotor speed 
range, comparing the present results with the controlled responses reported in References [34] and 
[36]. 

The RMS vibration response, presented in Figure 15, exhibits a pronounced reso-
nance peak at the first critical speed, located around 780 𝑅𝑃𝑀, where the uncontrolled 
system reaches an amplitude of approximately 10 µm. The application of active control 
significantly attenuates these resonance peaks, with performance strongly dependent on 
the configuration and control strategy of the piezoelectric actuator pairs. The green curve 
corresponds to the configuration proposed by Brahem et al. [34], where piezoelectric pairs 
are bonded at the mid-span of the shaft using a fixed placement strategy. In this case, only 
the first bending mode is actively controlled. This approach reduces the first peak ampli-
tude to approximately 4.7 µm and the second peak to about 1.7 µm, showing limited ef-
fectiveness beyond the targeted mode. The brown curve represents the approach intro-
duced by Brahem et al. [36], in which the axial positions of the piezoelectric pairs are op-
timized based on the modal strain energy criterion to control the first two bending modes. 
In this strategy, greater emphasis is placed on the first mode. This configuration leads to 
a more substantial reduction, with amplitudes reaching approximately 1.3 µm at the first 
peak and 0.4 µm at the second peak. Finally, the purple curve illustrates the results of the 
present work. Here, both axial and angular positions of the actuator pairs are simultane-
ously optimized, and the control strategy is extended to the first three bending modes. 
This comprehensive approach yields the most significant improvement, reducing the vi-
bration amplitudes to approximately 0.71 µm at the first peak and 0.32 µm at the second 
peak. These results clearly demonstrate the enhanced effectiveness of the proposed con-
figuration compared to existing strategies, highlighting the benefits of multimodal control 
combined with full spatial optimization of actuator placement. 

This demonstrates the effectiveness of the proposed methodology in enhancing vi-
bration attenuation compared to existing strategies. The percentage of vibration reduction 
obtained for different piezoelectric placement strategies at the first resonance peak corre-
sponding to Figure 15, is presented in Figure 16, to quantitatively evaluate the effective-
ness of each approach. 
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Figure 16. Vibration reduction percentage for different actuator placement strategies based on FRF 
analysis. 

The results, presented in Figure 16, show a significant improvement in vibration re-
duction when optimizing simultaneously the axial and the angular position of the piezo-
electric pairs. The configuration with random placement achieves a reduction of nearly 
52%, indicating limited efficiency due to poor alignment with the vibration modes. Opti-
mizing the axial positions increases the reduction close to 84%, corresponding to an im-
provement of approximately 32% compared to the random case. The best performance is 
obtained when both axial and circumferential positions are optimized, reaching a maxi-
mum reduction of approximatively 93%, which represents an additional gain of about 9% 
over axial optimization and nearly 40% compared to random placement. 

From a physical standpoint, this improvement between strategies can be explained 
by the enhanced modal interaction achieved as the number of controlled modes increases. 
In the random configuration, the actuators are not properly aligned with the modal defor-
mation, leading to partial vibration cancellation. Axial optimization improves perfor-
mance by placing the piezoelectric pairs in regions of high modal strain energy, enabling 
more efficient interaction with the dominant modes. The combined axial and circumfer-
ential optimization further enhance this effect by ensuring that actuator forces are both 
spatially and directionally aligned with the modal displacements. This results in a more 
effective transfer of energy from the control system into vibration suppression, leading to 
the highest reduction levels observed. Although the proposed numerical model demon-
strates promising performance for active vibration suppression, its experimental valida-
tion on a dedicated rotor test rig equipped with bonded piezoelectric patches and real-
time control hardware remains an important direction for future research, enabling quan-
titative comparison between numerical predictions and measured responses. 

9. Conclusions 
This paper investigates the optimal placement of piezoelectric actuator pairs for ac-

tive vibration multimodal control in rotor bearing systems. The main contribution lies in 
the combined optimization of axial and angular positions, along with the introduction of 
a performance index that integrates vibration reduction and control effort. Based on a 
computationally efficient parametric study, the proposed approach avoids complex opti-
mization procedures while accurately identifying the optimal configuration. 

The results demonstrate that piezoelectric pair placement, both axial and angular, 
has a significant impact on control performance. The optimal configuration identified in 
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this study corresponds to axially positioned piezoelectric patch pairs, determined using 
the MSE approach to effectively control the first three vibration modes. Furthermore, a 
uniform angular separation of 90° between adjacent pairs yields the best steady-state per-
formance. It reduces the amplitude of the first resonance to nearly 92.9% and up to 86% 
for the second resonance peak, while minimizing the actuation voltage demand. 

From a physical perspective, the effectiveness of the control strategy is governed by 
the alignment between control forces and modal deformation patterns. Multimodal con-
trol further enhances performance by reducing both dominant directions of vibrations. 

Overall, this work provides a robust theoretical framework for efficient piezoelectric 
pair placement and can be extended to anisotropic systems and more complex configura-
tions. It emphasizes the importance of both axial and angular positions in achieving high 
control efficiency, while offering a computationally efficient and practical methodology 
suitable for engineering applications. These findings offer valuable insights into the de-
sign of smart rotor systems and open the way for future research, including the extension 
to anisotropic systems. Finally, experimental validation on real test rigs and the consider-
ation of nonlinear effects, uncertainties, and actuator limitations would strengthen the 
practical application of the proposed approach. The present study is therefore a prelimi-
nary design stage, aimed at establishing a consistent and computationally efficient numer-
ical framework that can serve as a basis for subsequent experimental implementation and 
validation. 
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