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Abstract

This brief investigates the prescribed-time output-feedback consensus problem for a class
of nonlinear multi-agent systems (MASs) subject to mismatched uncertainties and external
disturbances. The key challenge lies in designing a low-complexity distributed protocol
that achieves exact consensus within a user-assignable time, without relying on full-state
measurements or conventional state transformations that impose restrictive differentia-
bility conditions. To address this challenge, we propose a novel prescribed-time active
disturbance rejection control (ADRC) scheme that integrates a prescribed-time extended
state observer (PTESO) with a backstepping-based consensus protocol. The PTESO si-
multaneously estimates the unmeasured states and disturbances to achieve feedforward
compensation, while the backstepping controller avoids reformulating mismatched terms
into the input channel. By employing the homogeneous domination technique, both the
tracking errors and the observer estimation errors are rigorously shown to converge to zero
within the prescribed time. Numerical simulations validate the effectiveness and practical
applicability of the proposed method in a networked control scenario.

Keywords: active disturbance rejection control; nonlinear multi-agent systems; prescribed-
time consensus; mismatched uncertainties; external disturbances

1. Introduction
Given that the vast majority of physical systems are inherently nonlinear, the consensus

problem of nonlinear multi-agent systems (MASs) has consistently remained a prominent
research topic in the control field. Within this research direction, nonlinear MASs with
mismatched uncertainties have attracted considerable attention due to their ability to
characterize various practical systems such as spacecraft [1], electromechanical systems [2]
and manipulators systems [3]. In [4], neural networks (NNs) were introduced to estimate
non-parametric uncertainties for strict-feedback nonlinear MASs, and a distributed tracking
control strategy was proposed based on dynamic surface design. Building on this work,
authors [5] further investigated time-varying nonlinear MASs and developed an output-
feedback consensus protocol by constructing time-varying parameters. Nevertheless, most
existing studies only consider matched and mismatched internal unknown dynamics
associated with system states, while neglecting the influence of external disturbances.
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In practice, external disturbances are inevitable and can degrade system performance.
For a class of strict-feedback MASs subject to external disturbances, adaptive control
strategies based on fuzzy logic systems (FLSs) or NNs have been widely adopted as
common solutions [6–8]. To reduce the complexity associated with such methods, a low-
complexity control approach was developed [9] by employing a recursive multi-step control
design, which effectively addresses the output synchronization problem. It should be noted
that the aforementioned studies all rely on feedback control to suppress disturbances and
thus inherently fall into the category of passive anti-disturbance control. Consequently,
when the system is subject to strong disturbances, these methods cannot achieve direct
and rapid disturbance rejection. To enhance the system’s disturbance rejection capability,
active anti-disturbance control (AADC) methods have been developed. The core idea is
to construct feedforward control laws based on disturbance estimates, thereby directly
compensating for or counteracting disturbances. In recent years, extensive research has
been conducted on applying AADC to the consensus problem of strict-feedback or nonstrict-
feedback MASs with external disturbances. For instance, to compensate for disturbances,
disturbance observers (DOs) based on NNs or FLSs were constructed [10–13]. Moreover, a
distributed unknown input reconstruction method was proposed [14] by designing sliding
mode observers and interval observers. However, most of the aforementioned studies only
achieve stability over an infinite time horizon, without considering the convergence time.

Compared with asymptotic convergence, finite-time control not only achieves a
faster convergence rate but also exhibits stronger disturbance rejection capability and
higher control accuracy [15–17]. With the development of control theory, relevant stud-
ies have achieved finite-time and fixed-time control for nonlinear MASs using AADC
methods [18–20]. Notably, the convergence time of finite-time control is affected by initial
state and design parameters, while fixed-time control removes initial dependence but still
links to certain control parameters. To overcome the inherent limitations of these methods,
prescribed-time control has been proposed, which ensures that the convergence time of
the system can be arbitrarily preassigned [21]. For a class of MASs with mismatched
uncertainties and external disturbances, a prescribed-time tracking control scheme was
established [22] by employing FLSs to approximate uncertainties and disturbances, while
a novel DO-based adaptive prescribed-time control method was developed [23]. Beyond
the aforementioned disturbance estimation strategies, the extended state observer (ESO),
as a core component of active disturbance rejection control (ADRC), has been widely
adopted for disturbance estimation and compensation in nonlinear systems. By treating
the system disturbance as an augmented state, it enables simultaneous estimation of both
system states and unknown disturbances. Very recently, ESO was employed [24] to achieve
prescribed-time control for nonaffine pure-feedback MASs. It is worth noting that the
controller designs in [22–24] presuppose the availability of full-state information. This
assumption becomes invalid when sensors are absent or malfunction, leaving the system
states inaccessible. This motivates this study of prescribed-time control for nonlinear MASs
under the output-feedback framework.

The problem of prescribed-time output-feedback control for MASs becomes signifi-
cantly more challenging in the simultaneous presence of external disturbances and mis-
matched uncertainties, and relevant results remain scarce. In [25], a prescribed-time output-
feedback ADRC strategy is proposed for pure-feedback MASs, where the mismatched
terms are transformed into the control input channel via a state transformation. It should
be noted, however, that the feasibility of this approach relies on a strong assumption—the
unknown system functions are required to be high-order differentiable with bounded
partial derivatives—a restrictive condition that is often difficult to satisfy in practical ap-
plications. To relax this limitation, a novel prescribed-time ADRC strategy without state
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reformulation was proposed in [26]. However, the method in [26] is limited to single-agent
systems and only guarantees convergence of the system state to zero, which cannot be
directly extended to consensus tracking of MASs. The core technical challenge lies in the
fact that, without resorting to state transformation, mismatched uncertainties prevent the
controller and the ESO from being designed independently, rendering the conventional
ADRC design framework [27,28] inapplicable. Meanwhile, the network coupling among
multiple agents further increases the complexity of observer design, controller synthesis,
and closed-loop stability analysis. Consequently, how to extend ADRC to such systems
without resorting to state transformation constitutes a nontrivial open problem. To this
end, this paper investigates the prescribed-time output-feedback ADRC problem for a class
of uncertain nonlinear MASs. The contributions are as follows:

(1) This paper extends ADRC to nonlinear MASs with external disturbances and
mismatched uncertainties without resorting to state transformation. A new PTESO is
constructed to estimate unknown states and disturbances, which is then combined with
backstepping to form a feedforward– feedback composite consensus protocol.

(2) Distinct from prior work [25], the proposed approach significantly relaxes the
constraints on unknown nonlinear functions without requiring them to be high-order differ-
entiable with bounded partial derivatives. It is also capable of handling non-differentiable
nonlinear terms, thereby further extending the applicability of the control strategy.

(3) A novel output-based prescribed-time distributed ADRC strategy is developed.
Although the prescribed-time ADRC method in [24] also avoids differentiability assump-
tions on unknown nonlinearities, it depends on full-state measurements. By contrast, the
proposed controller only requires output information.

The remainder of this article is organized as follows: The problem statement and
preliminaries are shown in Section 2. Section 3 presents the design of the prescribed-time
composite consensus protocol and its stability analysis. Then, an example is given in
Section 4. The conclusion is drawn in Section 5.

2. Problem Statement and Preliminaries
2.1. Graph Theory

Let G = (V , E ,A) be the weighted digraph of followers, where V = {1, · · · , N} is the
node set, E ⊆ V × V = {(i, j) : i, j ∈ V} is the edge set, with (i, j) ∈ E indicating that node
i can receive information from node j, and A = [aij] ∈ RN×N is the weighted adjacency
matrix satisfying aij > 0 if (i, j) ∈ E , and aij = 0 otherwise. Define the degree matrix
D = diag{d1, . . . , dN} with di = ∑N

j=1 aij. The Laplacian matrix for graph G is then defined

as L ≜ D −A.
Consider an augmented digraph Ḡ = (V̄ , Ē), where V̄ = {0, 1, · · · , N} is a set

containing of N followers and one leader (labeled 0), and Ē ⊆ V̄ × V̄ . Define matrix
B = diag{a10, . . . , aN0}, where ai0 > 0 if follower i can receive information from the leader,
and ai0 = 0 otherwise. Then the Laplacian matrix of graph Ḡ is defined as H = L+ B.
Node 0 is said to be globally reachable in Ḡ if there exists a directed path from it to every
other node in the graph.

2.2. Problem Statement

Consider the following uncertain nonlinear MASs consisting of N followers and one
leader. The dynamics of follower i is expressed by

ẋi1 =xi2 + fi1(t, xi, ui),

ẋi2 = fi2(t, xi, ui) + ui + di,

yi =xi1, i = 1, . . . , N,

(1)
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where xi = [xi1, xi2]
T ∈ R2 is the state, ui ∈ R is the input, and yi ∈ R is the output. The

functions fi1 and fi2 represent mismatched and matched uncertainties, respectively. di ∈ R
is the external disturbance. The leader agent is described by

ẋ01 = x02, ẋ02 = u0, y0 = x01, (2)

where x01, x02 ∈ R are the states of the leader, and y0 ∈ R is the output.

Definition 1. The MASs (1) and (2) are said to achieve prescribed-time consensus tracking if
there exists an output feedback controller ui such that limt→T |yi − y0| = 0 holds for any positive
constant T.

Definition 2 ([29]). Given a set of constants ri > 0, i = 1, . . . , n and fixed coordinate
x = (x1, . . . , xn) ∈ Rn.
(1) For any ε > 0, the dilation is defined as △ε(x) = (εr1 x1, . . . , εrn xn), with ri being called as the
weights of the coordinate. It is convenient to denote the dilation weight as ∧ = (r1, . . . , rn).
(2) A function g(x) : Rn → R is called homogeneous of degree υ with respect to ∧ if there exists a
constant υ ∈ R such that g(εr1 x1, . . . , εrn xn) = ευg(x1, . . . , xn) for ∀x ∈ Rn\{0}.

Lemma 1 ([29]). If function g(x) is homogeneous of degree υ with respect to ∧, then the following
statements hold:
(1) ∂g(x)/∂xi is also homogeneous of degree υ − ri.
(2) For a positive definite homogeneous function ϕ(x) of degree υ1 with respect to ∧, there exists a
constant θ > 0 such that g(x) ≤ θϕ(x)υ/υ1 .

Assumption 1. The leader is globally reachable in Ḡ.

Assumption 2. There exist known constants ci1 and ci2 such that

| fi1| ≤ ci1|xi1|, | fi2| ≤ ci2
(
|xi1|+ |xi2|

)
. (3)

Assumption 3. There exist known constants ri1 and ri2 such that |di| ≤ ri1 and |ḋi| ≤ ri2.

Remark 1. Assumption 2 is a standard linear-growth assumption that characterizes a broad
class of nonlinear systems. In addition to smooth functions such as sine and cosine functions,
it also covers many other types of nonlinear functions. For example, the nonsmooth functions
fi1 = |xi1|, fi2 = sat(xi1) +

xi2
1+|xi2|

also satisfy Assumption 2. Although Assumption 2 requires
the growth bounds of fi1 and fi2 to depend only on the state variables xi1 and xi2, the nonlinear
functions themselves may explicitly depend on xi, ui, and t. For example, the nonlinear term
fi1 = g(t)xi1 sin(xi2ui), with |g(t)| ≤ 1, explicitly depends on the control input ui and time t,
while satisfying Assumption 2.

2.3. Prescribed-Time Scaling Function

To achieve prescribed-time consensus tracking, we adopt the following time-varying
function:

η(t) =
κ

t0 + t f − t
, ∀t ∈ [t0, t0 + t f ), (4)

where κ > 0 is a design parameter, and t f > 0 denotes the freely prescribed time.
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Lemma 2. Consider a continuously differentiable function V(t) : [t0, t0 + t f ) → [0, ∞). If there
exist positive constants ϖi(i = 1, 2, 3) such that

V̇(t) ≤ −(ϖ1η(t)− ϖ2)V(t) + ϖ3, (5)

then limt→t0+t f V(t) = 0 holds.

Proof. Define α(t) = ϖ1η(t)− ϖ2 and β(t) = e
∫ t

t0
α(s)ds. Multiplying both sides of (5) by

β(t) gives

β(t)V̇(t) + β(t)α(t)V(t) ≤ β(t)ϖ3. (6)

Given β̇(t) = β(t)α(t), we can rewrite (6) as

d
dt

(
β(t)V(t)

)
≤ β(t)ϖ3. (7)

Integrating inequality (7) over [t0, t] yields

β(t)V(t)− β(t0)V(t0) ≤
∫ t

t0

β(τ)ϖ3dτ. (8)

Rearranging Equation (8) gives

V(t) ≤ 1
β(t)

V(t0) +
ϖ3

β(t)

∫ t

t0

β(τ)dτ. (9)

Integrating η(t) yields

∫ t

t0

η(s)ds = −κln(t f + t0 − s)
∣∣t
t0
= κln

t f

t f + t0 − t
. (10)

From (10), we get

β(t)−1 = e−
∫ t

t0
ϖ1η(s)dse

∫ t
t0

ϖ2ds

= eϖ2(t−t0)

(
t f + t0 − t

t f

)ϖ1κ

, (11)

which implies that limt→t0+t f β(t)−1V(t0) = 0. Next, we proceed by contradiction to prove
that the second term in (9) converges to 0 as t approaches t0 + t f . First, we assume that

limt→t0+t f
ϖ3

β(t)

∫ t
t0

β(τ)dτ = ϱ, where ϱ is a nonzero constant or ∞. Using L’Hopital’s rule,
we obtain

lim
t→t0+t f

ϖ3

β(t)

∫ t

t0

β(τ)dτ = lim
t→t0+t f

ϖ3β(t)
β(t)α(t)

= lim
t→t0+t f

ϖ3

ϖ1η(t)− ϖ2
= 0, (12)

which contradicts the definition of ϱ. The proof is completed.

Remark 2. In this paper, the designs of the observer and the controller are coupled to each other due
to the presence of external disturbances and mismatched uncertainties. Inequality (5) is precisely
the result of their subsequent joint analysis, which distinguishes itself from existing prescribed-time
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stability criteria. The conclusion that V(t) → 0 as t → t0 + t f paves the way for handling external
disturbances and mismatched uncertainties.

3. Main Results
In this section, an output-based distributed prescribed-time ADRC strategy is pro-

posed. First, a state-feedback controller is designed in Section 3.1 for the nominal system
without considering nonlinear dynamics and external disturbances. Then, in Section 3.2, a
PTESO is constructed, and a prescribed-time composite consensus protocol is developed
based on the estimated states and disturbances. Finally, the convergence of the entire
closed-loop system is analyzed in Section 3.3. The structure of the proposed consensus
control strategy is given in Figure 1.

Figure 1. Block diagram of PTESO-based prescribed-time composite control strategy.

To design the controller, the following coordinate transformation for the followers
is employed:

zi1 = η2xi1, zi2 =
ηxi2

L
, vi =

ui
L2 , ωi =

di
L2 , (13)

where L ≥ 1 is a scaling gain to be determined later. Then, the original MAS (1) is
transformed into {

żi1 = Lηzi2 + f̃i1,

żi2 = Lηvi + f̃i2 + Lηωi,
(14)

where f̃i1 = 2η
κ zi1 + η2 fi1 and f̃i2 = η

κ zi2 +
η fi2

L . Based on Assumptions 2 and 3, we have

| f̃i1| ≤ γi1η|zi1|, | f̃i2| ≤ γi2η
(
|zi1|+ |zi2|

)
, (15)

and

|ωi| ≤
ri,1

L2 , |ω̇i| ≤
ri,2

L2 , (16)

where γi1 = 2
κ + ci1, and γi2 = max{ ci2

L

( t f
κ

)2
, 1

κ +
ci2t f

κ }.
Moreover, the following coordinate transformation for the leader is employed:

z01 = η2x01, z02 = ηx02/L. (17)

3.1. Controller Design for Nominal Systems

The nominal part of MASs (14) is given as{
żi1 = Lηzi2,

żi2 = Lηvi,
(18)
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Before starting the recursive backstepping design, we first define the following coordi-
nate transformation:

ξi1 =
N

∑
j=0

aij(zi1 − zj1), ξi2 = zi2 − z∗i2, (19)

where z∗i2 is the virtual controller to be designed.
Step 1: Consider the Lyapunov function Vi1 = (1/2)ξ2

i1, which yields

V̇i1 = ξi1

(
N

∑
j=1

aij(żi1 − żj1) + ai0(żi1 − ż01)

)

= Lηξi1

(
N

∑
j=0

aij(zi2 − z∗i2) +
N

∑
j=0

aijz∗i2

−
N

∑
j=1

aij(zj2 − z∗j2)−
N

∑
j=1

aijz∗j2 −
ai0
Lη

ż01

)
. (20)

Choosing

z∗i2 =
ai0

Lηli
ż01 +

1
li

N

∑
j=1

aijz∗j2 −
bi1
li

ξi1, (21)

where li = ∑N
j=0 aij, and bi1 is a positive design parameter.

Substituting (21) into (20), one has

V̇i1 = Lη

(
liξi1ξi2 −

N

∑
j=1

aijξi1ξ j2 − bi1ξ2
i1

)
. (22)

Step 2: We then construct the virtual controller z∗i3. Define the Lyapunov function as
Vi2 = Vi1 + (1/2)ξ2

i2, whose derivative gives

V̇i2 = V̇i1 − ξi2ż∗i2 + Lηξi2(vi − z∗i3) + Lηξi2z∗i3. (23)

Select the virtual controller

z∗i3 =
N

∑
s=1

his
Lη

(
as0

Lη
z̈01 −

as0

Lκ
ż01

)
− bi2ξi2, (24)

where bi2 is a positive design parameter.
Based on Assumption 1 and Lemma 4 [30], it can be derived that H is invertible.

Define H−1 = [hij] ∈ RN×N , from (21), we obtain
z∗12

...
z∗N2

 = H−1


a10
Lη ż01 − b11ξ11

...
aN0
Lη ż01 − bN1ξN1

. (25)

It follows from (25) that

z∗i2 =
N

∑
s=1

his

(
as0

Lη
ż01 − bs1ξs1

)

=
N

∑
s=1

his

(
2as0

Lβ
z01 + as0z02 − bs1ξs1

)
. (26)
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Then, differentiating z∗i2 yields

ż∗i2 =
N

∑
s=1

his

(
as0

Lη
z̈01 −

as0

Lκ
ż01

)

− Lη
N

∑
s=1

hisbs1

(
lsξs2 −

N

∑
j=1

asjξ j2 − bs1ξs1

)
. (27)

Define V = ∑N
i=1 Vi2. It follows from (22)–(24) and (27) that

V̇ =Lη
N

∑
i=1

(
liξi1ξi2 −

N

∑
j=1

aijξi1ξ j2 − bi1ξ2
i1

)

+ Lη
N

∑
i=1

N

∑
s=1

hisbs1

(
lsξi2ξs2 −

N

∑
j=1

asjξi2ξ j2 − bs1ξi2ξs1

)

+ Lη
N

∑
i=1

ξi2(vi − z∗i3)− Lη
N

∑
i=1

bi2ξ2
i2.

(28)

Next, the upper bounds of equation (28) will be estimated. For the first term in (28), one has

N

∑
i=1

liξi1ξi2 ≤ 1
2

N

∑
i=1

liξ2
i1 +

1
2

N

∑
i=1

liξ2
i2, (29)

−
N

∑
i=1

N

∑
j=1

aijξi1ξ j2 ≤ 1
2

N

∑
i=1

N

∑
j=1

aijξ
2
i1 +

1
2

N

∑
i=1

N

∑
j=1

aijξ
2
j2. (30)

For the second term in (28), one has

N

∑
i=1

N

∑
s=1

hisbs1lsξi2ξs2

≤ 1
2

N

∑
i=1

N

∑
s=1

|his|ξ2
i2 +

1
2

N

∑
i=1

N

∑
s=1

|his|b2
s1l2

s ξ2
s2, (31)

−
N

∑
i=1

N

∑
s=1

hisb2
s1ξi2ξs1

≤ 1
2

N

∑
i=1

N

∑
s=1

|his|ξ2
s1 +

1
2

N

∑
i=1

N

∑
s=1

|his|b4
s1ξ2

i2, (32)

and

−
N

∑
i=1

N

∑
s=1

N

∑
j=1

hisbs1asjξi2ξ j2

≤ N
2

N

∑
i=1

N

∑
s=1

|his|ξ2
i2 +

1
2

N

∑
i=1

N

∑
s=1

N

∑
j=1

|his|b2
s1a2

sjξ
2
j2. (33)

From inequalities (31) and (32), we obtain
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1
2

N

∑
i=1

N

∑
s=1

|his|b2
s1l2

s ξ2
s2 =

1
2

N

∑
i=1

N

∑
s=1

|hsi|b2
i1l2

i ξ2
i2,

1
2

N

∑
i=1

N

∑
s=1

|his|ξ2
s1 =

1
2

N

∑
i=1

N

∑
s=1

|hsi|ξ2
i1. (34)

According to (30) and (33), we have

1
2

N

∑
i=1

N

∑
j=1

(
aij +

N

∑
s=1

|his|b2
s1a2

sj

)
ξ2

j2

=
1
2

N

∑
i=1

N

∑
j=1

(
aji +

N

∑
s=1

|hjs|b2
s1a2

si

)
ξ2

i2. (35)

Thus, (28) can be further derived as

V̇ ≤− Lη
N

∑
i=1

(
bi1 −

1
2

li −
1
2

N

∑
j=1

aij −
1
2

N

∑
s=1

|hsi|
)

ξ2
i1

− Lη
N

∑
i=1

(
bi2 −

1
2

li −
1
2

N

∑
j=1

(
aji +

N

∑
s=1

|hjs|b2
s1a2

si

)

− N + 1
2

N

∑
s=1

|his| −
1
2

N

∑
s=1

|hsi|b2
i1l2

i −
1
2

N

∑
s=1

|his|b4
s1

)

× ξ2
i2 + Lη

N

∑
i=1

ξi2(vi − z∗i3). (36)

By choosing

bi1 −
1
2

li −
1
2

N

∑
j=1

aij −
1
2

N

∑
s=1

|hsi| ≥ m1, (37)

bi2 −
1
2

li −
1
2

N

∑
j=1

(
aji +

N

∑
s=1

|hjs|b2
s1a2

si

)
− N + 1

2

N

∑
s=1

|his|

− 1
2

N

∑
s=1

|hsi|b2
i1l2

i −
1
2

N

∑
s=1

|his|b4
s1 ≥ m2 (38)

and designing a state feedback controller

vi = vi,s = z∗i3, (39)

we obtain

V̇ ≤ −mLηV, (40)

where m = min{m1, m2}, with m1 and m2 being positive constants.
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3.2. Design of Output-Based Prescribed-Time Composite Controller

We first extend the disturbance ωi as an extra state variable; the PTESO for MAS (1) is
designed as 

˙̂zi1 = Lηẑi2 + Lηki1(zi1 − ẑi1),
˙̂zi2 = Lηω̂i + Lηki2(zi1 − ẑi1) + Lηvi,
˙̂ωi = Lηki3(zi1 − ẑi1).

(41)

The constants kij(j = 1, 2, 3) are chosen such that

Ki =

−ki1 1 0
−ki2 0 1
−ki3 0 0

 (42)

is Hurwitz. Then the following result can be directly obtained:

Lemma 3. If Ki is a Hurwitz matrix, then there exist a positive constant ϵi and a positive definite
matrix Pi satisfying

KT
i Pi + PiKi ≤ −ϵiPi. (43)

Define the estimation errors as{
eij = zij − ẑij, j = 1, 2,

ei3 = ωi − ω̂i.
(44)

Differentiating the errors eij, j = 1, 2, 3 yields{
ėij = Lηei,j+1 − Lηkijei1 + f̃ij, j = 1, 2,

ėi3 = −Lηki3ei1 + ω̇i.
(45)

Then, we take the nominal section of (45) as{
ėij = Lηei,j+1 − Lηkijei1, j = 1, 2,

ėi3 = −Lηki3ei1,
(46)

and choose a Lyapunov function
Ui = eT

i Piei, (47)

where ei = [ei1, ei2, ei3]
T . Based on (43), differentiating Ui along with system (46) yields

U̇i|(46) = LηeT
i (K

T
i Pi + PiKi)ei ≤ −LηϵiUi. (48)

Define U = ∑N
i=1 Ui. Based on (48), differentiating U along with system (45) yields

U̇|(45) =
N

∑
i=1

3

∑
j=1

∂Ui
∂ei,j

ėi,j

≤
N

∑
i=1

(
− LηϵiUi +

2

∑
j=1

∣∣∣∣∣ ∂Ui
∂ei,j

∣∣∣∣∣| f̃ij|+
∣∣∣∣ ∂Ui
∂ei,3

∣∣∣∣|ω̇i|
)

. (49)
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According to Definition 1, the function Ui is homogeneous of degree 2 with the dilation
weight ∆ = (1, 1, 1) for ei1, ei2, ei3, and the function V is homogeneous of degree 2 with the
dilation weight

∆r =
(

1, 1,︸ ︷︷ ︸
for z01, z02

1, 1, · · · , 1, 1︸ ︷︷ ︸
for z11, z12, ··· , zN1, zN2

)
.

Based on Lemma 2, for j = 1, 2, 3, and l = 1, 2, we have

|ei,j| ≤ σ1iU
1
2
i ,

∣∣∣∣∣ ∂Ui
∂ei,j

∣∣∣∣∣ ≤ σ2iU
1
2
i , (50)

|zi,l | ≤ σ3V
1
2 ,

∣∣∣∣ ∂V
∂zi,l

∣∣∣∣ ≤ σ4V
1
2 , (51)

where σ1i, σ2i, σ3 and σ4 are positive constants. Furthermore, we deduce from condition
(15) that

| f̃ij| ≤ γi3ηV
1
2 , (52)

where γi3 = max{γi1σ3, 2γi2σ3}.
Together (50) with (52), we obtain

2

∑
j=1

∣∣∣∣∣ ∂Ui
∂ei,j

∣∣∣∣∣| f̃ij| ≤ η
2

∑
j=1

σ2iγi3U
1
2
i V

1
2

≤ ησ2iγi3(Ui + V). (53)

Based on condition (16), we get∣∣∣∣ ∂Ui
∂ei,3

∣∣∣∣|ω̇i| ≤ σ2iU
1
2
i

ri,2

L2 ≤ Nσ2iri,2

4δ1L2 Ui +
δ1

NL2 , (54)

where δ1 is an arbitrary positive constant.
Substituting (53) and (54) into (49), we have

U̇|(45) ≤
N

∑
i=1

((
− Lϵi + σ2iγi3

)
η +

Nσ2iri,2

4δ1L2

)
Ui

+
N

∑
i=1

ησ2iγi3V +
δ1

L2

≤ −(Lϵ − a1)ηU + a2U +
N

∑
i=1

ησ2iγi3V +
δ1

L2 , (55)

where ϵ = min
i∈V

{ϵi}, a1 = max
i∈V

{σ2iγi3}, and a2 = max
i∈V

{Nσ2iri,2
4δ1L2 }.
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A prescribed-time output-feedback controller of the following form is constructed
using the estimated states:

vi = vi,o

=
N

∑
s=1

his
Lη

(
as0

Lη
z̈01 −

as0

Lκ
ż01

)
− bi2

(
ẑi2 −

N

∑
s=1

his

×
(

as0

Lη
ż01 − bs1

N

∑
j=0

asj(zs1 − zj1)

))
− ω̂i. (56)

Remark 3. It is noted that observer (41) only utilizes the input and output information of the
system, avoiding the use of system uncertainties, which is a distinct advantage of the ESO. How-
ever, the presence of mismatched uncertainties in system (1) poses significant difficulties for the
convergence analysis of the observer. To address this issue, the homogeneous domination approach is
introduced, ensuring that observer errors and tracking errors converge to zero within a prescribed
time. Furthermore, it can be seen from inequality (55) that the convergence of the observer is related
to the Lyapunov function V constructed in the controller design, which verifies that the observer
and the controller cannot be analyzed independently. Therefore, in what follows, a joint analysis of
the entire closed-loop system (i.e., systems (14) and (45)) will be conducted based on controller (56).

3.3. Stablity Analysis

Theorem 1. For the MASs described by (1) and (2) under Assumptions 1–3, prescribed-time
consensus tracking can be achieved by using protocol (56) together with observer (41).

Proof. Substituting controller (56) into MAS (14) yields{
żi1 = Lηzi2 + f̃i1,

żi2 = Lηvi,state + f̃i2 + Lη(vi,o − vi,s) + Lηωi.
(57)

Then we take the nominal section of (57) as{
żi,1 = Lηzi,2,

żi,2 = Lηvi,s.
(58)

It follows from (39) and (40) that

V̇|(58) ≤ −mLηV. (59)

Differentiating V along with system (57) yields

V̇|(57) ≤− mLηV +
N

∑
i=1

2

∑
j=1

∣∣∣∣∣ ∂V
∂zi,j

∣∣∣∣∣| f̃ij|

+ Lη
N

∑
i=1

∣∣∣∣ ∂V
∂zi,2

∣∣∣∣|vi,o − vi,s + ωi|. (60)

Then, based on (51) and (52), we have

N

∑
i=1

2

∑
j=1

∣∣∣∣∣ ∂V
∂zi,j

∣∣∣∣∣∣∣ f̃ij
∣∣ ≤ N

∑
i=1

2σ4γi3ηV. (61)
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For the last term in (60), it is obtained that

|vi,o − vi,s + ωi| ≤ |vi,o − vi,s + ω̂i|+ |ωi − ω̂i|
= bi2|ei2|+ |ei3|. (62)

By utilizing (51) and (62), we get

N

∑
i=1

∣∣∣∣ ∂V
∂zi,2

∣∣∣∣|vi,o − vi,s + ωi|

≤
N

∑
i=1

(bi2 + 1)σ1iσ4V
1
2 U

1
2
i

≤
N

∑
i=1

(
1

4N
mV +

N
m
(
(bi2 + 1)σ1iσ4

)2Ui

)
≤ 1

4
mV + a3U, (63)

where a3 = max
i∈V

{N
m
(
(bi2 + 1)σ1iσ4

)2}.

Substituting (61) and (63) into (60), we have

V̇|(57) ≤ −
(

3
4

mL −
N

∑
i=1

2σ4γi3

)
ηV + a3LηU. (64)

In the following, we consider the overall closed-loop system comprising (45) and (57).
A total Lyapunov function is chosen as

W = V + U. (65)

From (55) and (64), we obtain

Ẇ ≤−
(

3
4

mL −
N

∑
i=1

(2σ4 + σ2i)γi3

)
ηV

− (Lϵ − a1 − a3)ηU + a2U +
δ1

L2 . (66)

By choosing gain L such that

3
4

mL −
N

∑
i=1

(2σ4 + σ2i)γi3 > 0 and Lϵ − a1 − a3 > 0, (67)

we have

Ẇ ≤ −p1ηW + a2W +
δ1

L2 , (68)

where p1 = min
{ 3

4 mL −
N
∑

i=1
(2σ4 + σ2i)γi3, Lϵ − a1 − a3

}
. According to (68) and Lemma 2,

we obtain

lim
t→t0+t f

W = 0. (69)

Then, based on (47), we get

λ(P)∥ei∥2 ≤ eT
i Pei = Ui < W, (70)
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where λ(P) is the minimum eigenvalue of matrix P. Then, we have limt→t0+T ∥ei∥2 = 0.
Based on the definition of ξi1 in (19) and letting ξ = [ξ11, . . . , ξN1]

T , we have

ξ =

[
a10(z11 − z01) +

N

∑
j=1

a1j(z11 − zj1), . . . ,

aN0(zN1 − z01) +
N

∑
j=1

aNj(zN1 − zj1)

]T

=

[
a10(z11 − z01) +

N

∑
j=1

a1j(z11 − z01)

−
N

∑
j=1

a1j(zj1 − z01), . . . , aN0(zN1 − z01)

+
N

∑
j=1

aNj(zN1 − z01)−
N

∑
j=1

aNj(zj1 − z01)

]T

= H(z1 − 1Nz01), (71)

where z1 = (z11, . . . , zN1)
T , 1N = (1, . . . , 1)T . From (71), we can infer that

|zi1 − z01| ≤ ∥z1 − 1Nz01∥ = ∥H−1ξ∥ ≤ ∥H−1∥∥ξ∥
≤ ∥H−1∥(2W)1/2. (72)

Based on (69) and (72), this further gives limt→t0+t f |zi1 − z01| = 0. Recalling the relation
|zi1 − z01| = η2|xi1 − x01| = η2|yi − y0|, we conclude that limt→t0+t f |yi − y0| = 0. The
proof is completed.

Remark 4. As shown in (4), as t → t0 + t f , the function η(t) tends to infinity, resulting in
a singularity. In practical applications, this issue can be avoided by replacing η(t) in (41) and
(56) with

η(t) =


κ

t0 + t f + ς − t
, t ∈ [t0, t0 + t f ],

κ

ς
, t ∈ (t0 + t f , ∞),

where 0 < ς < 1 is a design parameter introduced to avoid the singularity.

Remark 5. The procedure for selecting the controller parameters is summarized in Algorithm 1.

Algorithm 1 Distributed prescribed-time ADRC algorithm

1: Choose the scaling gain L, the parameter κ, and the prescribed time t f .
2: Choose parameters ki1, ki2, ki3 for PTESO (41) to ensure that matrix Ki is Hurwitz.
3: Choose suitable constants ϵi such that there exist matrices Pi satisfying inequality (43).
4: Choose suitable controller gains bi1 and bi2 satisfying inequalities (37) and (38).

4. Simulation Results
This section presents two examples to verify the effectiveness of the proposed dis-

tributed control scheme. The interaction topology among the agents is shown in Figure 2,
in which node 0 represents the leader, and nodes 1–3 denote the followers.
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Figure 2. The interaction topology.

4.1. Numerical Example

The i-th follower’s dynamics is given by (1), in which f11 = 0.5sin(x11), f12 =

x12cos(x11), f21 = 0.3sin(x21), f22 = x22cos(x21), f31 = x31sin(x32), f32 = x32cos(x31), and
di = 2cos(t). The leader’s output is set to y0 = 0.1cos(t). It is obvious that Assumptions
2 and 3 are satisfied. The follower’s initial states are taken as [x11(0), x12(0)] = [0.2, 0.3],
[x21(0), x22(0)] = [0.5, 0.1], and [x31(0), x32(0)] = [−0.3, 0.4]. The initial values for PTESO
are set to zero. The design parameters are chosen as L = 8, t0 = 0, t f = 2, κ = 1.2,
[b11, b12] = [2, 17.5], [b21, b22] = [2, 13], [b31, b32] = [1.5, 6.66], [ki1, ki2, ki3] = [2.8, 5.7, 2.8],
ϵi = 1, and

Pi =

 1.2364 −0.4506 0.0896
−0.4506 0.5739 −0.4577
0.0896 −0.4577 0.6842

.

The simulation results are illustrated in Figures 3 and 4. Figure 3 depicts the tracking
errors and control inputs, from which it can be observed that the outputs yi of all followers
achieve the precise tracking of the leader’s output y0 within the prescribed time. The
observation errors corresponding to zi1, zi2, and ωi are demonstrated in Figure 4. It is
shown that the observation errors ei1, ei2 and ei3 converge to zero within the prescribed
time interval.
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Figure 3. Tracking errors and control inputs.
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Figure 4. The observation errors for zi1, zi2 and ωi.

4.2. Application Example

To further validate the effectiveness of the proposed method, it was applied to a
servo-actuator-driven robotic manipulator system and compared with the observer-based
fixed-time synchronization control method proposed in [16]. The dynamics of each robotic
manipulator are described as follows:

Ji θ̈i + Bi θ̇i + MigLisin(θi) = umi + dmi, (73)

where θi and θ̇i are the link position and velocity, respectively. umi represents the torque
input. Mi and Li denote the link mass and length, respectively. Bi is the damping coefficient;
Ji is the rotational inertia. In practical engineering applications, the physical implementation
of the control input is inevitably affected by actuator non-idealities and external loads,
resulting in a discrepancy between the actual joint torque applied to the manipulator and
the ideal control input. This discrepancy can be equivalently regarded as an unknown
disturbance dmi acting on the system.

Let xi,1 = θi, xi,2 = θ̇i, then (73) becomes{
ẋi,1 =xi,2

ẋi,2 =− (Bi/Ji)xi,2 − (MigLi/Ji)sin(xi,1) + ui + di,
(74)

where ui = umi/Ji, di = dmi/Ji. The system parameters are selected as B1 = B2 = B3 = 0.18,
J1 = J2 = J3 = 1.1, M1 = M3 = 1.3, M2 = 1, L1 = L3 = 1.2, L2 = 0.8, and g = 9.8.
The external disturbance is chosen as dmi = 2 sin(t), and the leader’s output is given
by y0 = 0.2 cos(t). The controller parameters and the initial conditions of the proposed
method are the same as those in Section 4.1. The controller parameters of the method in [16]
are selected according to the tuning procedure provided in the original paper. To ensure
a fair comparison, both methods were implemented under the same simulation settings,
including identical initial conditions, network topology, and external disturbances.

Figures 5–7 compare the tracking errors, disturbance estimation errors, and control
inputs of the two methods. As shown in Figure 5, both methods achieve satisfactory
tracking performance. Figure 6 indicates that both methods provide satisfactory disturbance
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estimation performance, while the proposed method exhibits a smaller peak disturbance
estimation error during the initial stage and a smoother estimation process than the method
in [16]. Figure 7 further shows that, although both methods accomplish the control task, the
proposed method generates more continuous control inputs with significantly reduced high-
frequency chattering, thereby alleviating the adverse effects of frequent actuator switching.
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Figure 5. Tracking errors. (a) Proposed method. (b) Method in [16].
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Figure 6. Disturbance estimation errors. Dashed: method in [16]; Solid: proposed method.
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Figure 7. Control inputs. (a) Proposed method. (b) Method in [16].

5. Conclusions
This brief addressed the prescribed-time output-feedback consensus tracking problem

for nonlinear MASs with mismatched uncertainties and external disturbances. By avoid-
ing conventional state transformations, the proposed approach eliminates the restrictive
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differentiability assumptions commonly imposed on mismatched nonlinearities, thereby
broadening the class of systems to which ADRC can be effectively applied. A PTESO was
designed to estimate both unmeasured states and disturbances, which was then integrated
with a backstepping-based distributed controller to form a feedforward–feedback compos-
ite consensus protocol. The stability analysis, grounded in the homogeneous domination
technique and prescribed-time Lyapunov theory, demonstrates that both the tracking errors
and observer estimation errors converge to zero within a preassigned time, despite the
coupling between the observer and controller dynamics. The simulation results confirm the
practical feasibility of the proposed scheme. Future research directions include extending
the proposed framework to higher-order MASs with input saturation and exploring event-
triggered communication strategies to further reduce network bandwidth consumption in
resource-constrained environments.
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