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Abstract: The novel concept of a functionally graded three-phase composite structure is derived from
the urgent need to improve the mechanical properties of traditional two-phase composite structures
in aviation. In this paper, we study the free vibrations of a new functionally graded three-phase
composite cylindrical shell reinforced synergistically with graphene platelets and carbon fibers. We
calculate the equivalent elastic properties of the new three-phase composite cylindrical shell using
the Halpin-Tsai and Mori-Tanaka models. The governing equations of this three-phase composite
cylindrical shell are derived by using first-order shear deformation theory and Hamilton’s principle.
We obtain the natural frequencies and mode shapes of the new functionally graded three-phase
composite cylindrical shell under artificial boundary conditions. By comparing the results of this
paper with the numerical results of finite element software, the calculation method is verified. The
effects of the boundary spring stiffness, GPL mass fraction, GPL functionally graded distributions,
carbon fiber content, and the carbon fiber layup angle on the free vibrations of the functionally graded
three-phase composite cylindrical shell are analyzed in depth. The conclusions provide a certain
guiding significance for the future application of this new three-phase composite structure in the
aerospace and engineering fields.

Keywords: free vibrations; functionally graded three-phase composite cylindrical shell; artificial
boundary conditions; graphene platelets; carbon fibers

1. Introduction

In aviation, commercial aircraft attach great importance to the cost reduction caused
by weight reduction and energy conservation. The application of composite materials
in commercial aircraft has become a growing trend based on these urgent requirements,
which are emerging and ascendant. The proportion of advanced composite materials in
the airframe components of aircraft has become a significant indicator to measure the
progressiveness of its structure. However, as one of the important components of large
aircraft structures, the electric conductivity of carbon fiber-reinforced composite structures
is poor. This weakness makes the aircraft unable to divert the current and may lead to
severe structural damage after a lightning strike. In order to achieve lightning protection
and ensure the operational safety of the aircraft, aviation engineers usually choose to attach
copper mesh to the surface of the aircraft structures. Nevertheless, this measure runs
counter to the original intention of weight reduction, as it adds to the airframe weight of
the aircraft [1]. Is there a solution that can achieve the best of both worlds?

Novel materials will give birth to a new generation of equipment, and scientists are
pinning their hopes of solving the above problem on these new materials with distinctive
functions. In recent years, materials scientists have tried to add graphene platelets (GPLs) to
traditional carbon fiber-reinforced composite materials. When the content of GPLs exceeds
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the percolation threshold, conductive paths appear, and the conductivity of the composite
material is greatly improved. Thus, a new type of three-phase composite structure with
electric conductivity is obtained [2,3]. If we apply this structure to aircraft manufacturing,
it is possible to obtain the next generation of aircraft lightning protection solutions, which
have broad application prospects [4–8]. It is noteworthy that the new three-phase composite
structure with electrical conductivity can also have functionally graded (FG) characteristics
by adjusting the GPLs distribution form, just like the new FG three-phase composite shell
reinforced synergistically with GPLs and carbon fibers (studied in this paper), as shown in
Figure 1. The new FG three-phase composite structure reinforced synergistically by GPLs
and carbon fibers integrates the advantages of carbon fiber reinforced-composite structures
and FG-reinforced composite structures, which is regarded as a multi-scale composite
structure with significant practical value regarding engineering in aviation, aerospace,
navigation, and other fields [9,10]. Although a large number of scholars have carried
out in-depth research on the vibration characteristics of two-phase composite structures,
such as carbon fiber-reinforced composite structures [11,12] and FG-reinforced composite
structures [13–15], there are few studies on the vibrations of the new FG three-phase
composite structure reinforced synergistically by GPLs and carbon fibers. Therefore, the
free vibrations of the new FG three-phase composite cylindrical shell structure are studied
deeply in this paper to make this kind of new structure reinforced synergistically with
GPLs and carbon fibers be applicable to related fields earlier and more widely.
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Figure 1. The FG three-phase composite cylindrical shell model reinforced synergistically with GPLs
and carbon fibers.

Composite laminated cylindrical shell structures have been widely used in the fields
of aerospace, automotive, and defense [16–18]. Their vibration-based problems have
been appreciated, and many related pieces of research have been reported over several
decades [19,20]. The artificial boundary spring method is often applied in the free vibration
analysis of shell structures. Based on the artificial boundary spring method, Li et al. [21]
studied the free vibrations of composite laminated thin-walled cylindrical shells, and
Guo et al. [22] analyzed the vibration characteristics of three laminated shell structures.
Moreover, different approximation calculation methods are used, such as the reverberation
ray matrix method, the wave base method, etc., during the numerical analysis of the free
vibration characteristics of composite laminated shells. By using the reverberation ray
matrix method, Tang et al. [23] and Wang et al. [24] studied the free vibrations of cylindrical
shells based on Flügge thin-shell theory and first-order shear deformation theory (FSDT),
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respectively. He et al. [25], Shi et al. [26], and He et al. [27] analyzed the problems of the
free vibrations of shell structures under arbitrary conditions.

In recent years, scholars have discovered that new advanced nanomaterials have
superb electrical, mechanical, and thermal properties, such as carbon nanotubes (CNTs),
graphene platelets (GPLs), and other graphene derivatives. These new nanomaterials
are incorporated into the polymer matrix in the form of reinforcements to improve the
comprehensive performance of conventional composite materials [28]. Then, the nanofiller-
reinforced FG composite materials are obtained by introducing the concept of functionally
graded materials (FGMs), in which the nanofiller reinforcements show a gradient distri-
bution pattern along the direction of thickness of the polymer matrix, and their material
properties also show a continuous and relatively smooth variation along the direction of
thickness [29]. The research on vibration characteristics of the nanofiller reinforced FG
composite shell and panel structures has aroused wide attention.

Thang et al. [30] performed a free vibration analysis of a thin-walled FG composite
cylindrical shell, considering neutral surface effects. By using FSDT, Wang et al. [31] and
Qin et al. [32] investigated the free vibrations of CNT-reinforced FG composite rotat-
ing spherical shells and cylindrical shells, respectively. Sobhani et al. [33] analyzed the
free vibration of nanofiller-reinforced FGM cone-cylinder-cone shells by using the gen-
eralized differential product method. Abedini et al. [34] analyzed the free vibration of
GPL-reinforced FGM cylindrical shells. Liu et al. [29] used the three-dimensional elas-
ticity theory to analyze the free vibration characteristics and buckling of GPL-reinforced
FG composite cylindrical shells. Based on Sanders’ shell theory, Ghamkhar et al. [35]
investigated the free vibration of FGM cylindrical shells under circular support conditions.
Chai et al. [14] analyzed the vibration of composite-joined conical-cylindrical shells by
using the Donnell shell theory. On top of that, Xie et al. [36] investigated the free vibrations
of CNT-reinforced FGM cylindrical panels under general elastic support conditions. By
using FSDT, Van Do et al. [37] analyzed the free vibrations and bending properties of the
GPL-reinforced FGM cylindrical panels. Khoa et al. [38] studied the nonlinear dynamic
responses of single-walled CNT-reinforced FGM cylindrical panels using the fourth-order
Runge-Kutta algorithm. Twinkle et al. [39] investigated the vibration of GPL-reinforced
FGM cylindrical panels.

The nanofiller-reinforced FGMs described in the previous paragraphs can be seen as a
hybrid matrix (HM); it is obtained by filling the nanoscale reinforcements into a polymer
matrix [40]. Continuing to add the macroscopic reinforcements in HM materials can make
a three-phase composite material, where the carbon or glass fibers are usually chosen as the
macroscopic-level reinforcements. The FG three-phase composite structures combine the
features of the two-phase composite laminated structures and the two-phase FG composite
structures, and they also concentrate on the advantages of both of them. Therefore, the FG
three-phase composite shell structures have better comprehensive performance and richer
mechanical properties with wider applicability, which can further improve the vibration
characteristics of the shell.

Two-phase composite shell structures have been studied further by previous re-
searchers, and the vibration characteristics of three-phase composite shell structures have
been less studied in comparison. Nevertheless, there are still some published studies that
can provide the references for our research in this paper. Ebrahimi et al. [41] used the
Halpin-Tsai model to calculate the effective material properties and analyzed the vibration
characteristics of the three-phase composite plates. Gholami et al. [42] investigated the
nonlinear buckling of the three-phase composite plate. Arani et al. [43] studied the vibration
characteristics of a beam under the action of an external magnetic field. Karimiasl et al. [44]
analyzed the vibrations of the three-phase composite doubly curved shell composed of
polymer/CNTs/fibers and polymer/GPLs/fibers, respectively. Rezaiee-Pajand et al. [40]
used two homogenization methods, Han and Chamis, to calculate the equivalent properties
of three-phase composite materials composed of polymer/CNTs/carbon fiber, then studied
the free vibrations of the conical shell. Yousefi et al. [45] calculated the effective elastic
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properties of three-phase composites reinforced with carbon nanotubes and carbon fibers
based on the Mori-Tanaka-Eshelby method and the Han homogenization method. Then, the
free vibration characteristics of truncated conical shells were investigated. Sobhani et al. [46]
studied the vibrations of the hemispherical cylindrical shells of the three-phase composites of
polystyrene, CNTs, and carbon fibers.

By reviewing and summarizing the relevant literature, we find that there are relatively
more studies on the vibration characteristics of three-phase composite beam and plate
structures using the nanofillers of CNTs. In contrast, the vibrations of three-phase composite
cylindrical shell structures are less reported when the nanofillers are GPLs. When compared
with CNTs, GPLs have at least two advantages as the nanofillers. On the one hand, GPLs
are considered to be excellent nanoscale reinforcing fillers because of their larger specific
surface area, high spreading ratio, and high strength. On the other hand, the cost of
GPLs is much lower than that of producing CNTs when using bulk graphite for the large-
scale production of graphene, which is superior to CNTs [47]. In addition, we should
note that the composite cylindrical shell structure is one of the most common and critical
structures, which is widely used in aerospace, civil engineering, transportation, and other
fields, and the studies of its vibration characteristics are particularly important. From these
perspectives, we should pay more attention to the vibration problems of the FG three-phase
composite shell structures with nanofillers using GPLs.

The free vibrations of a new FG three-phase composite cylindrical shell reinforced
synergistically with GPLs and carbon fibers are studied in this paper, where epoxy resin is
the matrix, and GPLs and carbon fibers are the two types of reinforcements, respectively.
Firstly, we used the Halpin-Tsai model and the Mori-Tanaka model to obtain the equivalent
mechanical properties of the FG three-phase composite material. Then, the governing
equations for the free vibrations of the FG three-phase composite cylindrical shell are
derived based on FSDT and Hamilton’s principle. Herein, artificial boundary conditions
were introduced, and the equations were discretized using the Galerkin method. The
discrete equations were solved to obtain the natural frequencies. Finally, we investigate
the effects of boundary spring stiffness, GPL mass fraction, GPL FG distributions, carbon
fiber content, and the carbon fiber layup angle on the free vibrations of cylindrical shells.
The research in this paper is helpful in elucidating the free vibration characteristics of the
three-phase composite cylindrical shell and has important theoretical and engineering
significance for the further application of the three-phase composite structure.

2. Mechanical Properties of the Three-Phase Composite Material

Just as its name implies, the FG three-phase composite material is made by combining
three substances. In this section, GPL-reinforced epoxy resin is used as the hybrid matrix
(HM), and the equivalent mechanical properties of the HM are first calculated mainly by
using the Halpin-Tsai model. Then, the Mori-Tanaka model is mainly applied to calculate
the equivalent mechanical properties of the macroscopic fiber-reinforced HM.

2.1. Halpin-Tsai Model for the Hybrid Matrix

The HM consists of a mixture of a polymer matrix and nano-reinforcements. In
this paper, we chose the epoxy matrix, and we used GPLs as the nano-reinforcements.
The GPLs were distributed in the epoxy matrix with different FG distributions. In our
research, we consider five forms of GPL FG distributions in the direction of cylindrical shell
thickness. Five different GPL FG distributions are shown in Figure 1, where the deeper
color indicates the higher GPL content. The volume fractions of the GPLs in each layer at
different functional gradients are as follows [38,48]:

U : VGPL(Z) = V0
GPL (1a)

V : VGPL(Z) = V0
GPL

(
1 +

2Z
h

)
(1b)
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A : VGPL(Z) = V0
GPL

(
1− 2Z

h

)
(1c)

X : VGPL(Z) = V0
GPL

(
4
|Z|
h

)
(1d)

O : VGPL(Z) = 2V0
GPL

(
1− 2|Z|

h

)
(1e)

where V0
GPL indicates the volume fraction of GPLs uniformly distributed in the epoxy

matrix. h is the total thickness, and Z denotes the co-ordinate value along the direction of
the thickness.

In Equation (1), V0
GPL can be expressed as follows:

V0
GPL =

W0
GPL

W0
GPL +

ρGPL
ρm

(
1−W0

GPL
) (2)

where W0
GPL and ρGPL denote the mass fraction and the density of GPLs, respectively, and

the density of the epoxy matrix is indicated as ρm.
The Halpin-Tsai model is used to calculate the equivalent elastic modulus of the HM;

the specific equation is shown as follows:

EHM =
3
8

1 + ξ1η1VGPL(Z)
1− η1VGPL(Z)

× Ee +
5
8

1 + ξ2η2VGPL(Z)
1− η2VGPL(Z)

× Ee (3)

where Ee indicates the elastic modulus of the matrix.
In Equation (3), η1, and η2, there are two auxiliary parameters, which can be expressed

by the following equations:

η1 =
(EGPL/Ee)− 1
(EGPL/Ee) + ξ1

(4a)

η2 =
(EGPL/Ee)− 1
(EGPL/Ee) + ξ2

(4b)

The elastic modulus of the GPLs is denoted as EGPL and the parameters ξ1, and ξ2 is
determined by the geometric parameters of the reinforcement as follows:

ξ1 =
2LGPL
hGPL

(5a)

ξ2 =
2WGPL
hGPL

(5b)

where the length, width, and thickness of the GPLs are denoted by LGPL,WGPL, and
hGPL, respectively.

According to the mixing rules, the Poisson’s ratio and density of the HM at each layer
can be calculated. The calculation formula is shown as follows:

νHM(Z) = νGPLVGPL(Z) + νeVe(Z) (6a)

ρHM(Z) = ρGPLVGPL(Z) + ρeVe(Z) (6b)

where νHM(Z) and ρHM(Z) denote the Poisson’s ratio and density of the layer at the
co-ordinate value along the direction of the thickness, respectively; Ve(Z) and VGPL(Z) are
the volume fraction of the epoxy matrix and the volume fraction of the GPL reinforcement
at the co-ordinate value of Z along the direction of the thickness, respectively. From the
mixing rule, the sum of Ve(Z) and VGPL(Z) is 1. νGPL and ρGPL denote the Poisson’s



Aerospace 2023, 10, 1007 6 of 28

ratio and density of GPL reinforcement, respectively, and the detailed parameter values
are shown in Table 1. νe and ρe indicate the Poisson’s ratio and density of epoxy matrix,
respectively, and the detailed parameter values are shown in Table 2.

Table 1. The mechanical properties of the epoxy polymer; the GPLs are given.

Material Ee(GPL) νe ρe(kg/m3)

8551-7 epoxy polymer (matrix) 4.08 0.38 1272

Graphene platelets 1010 0.186 1062.5

Table 2. The geometrical properties of the GPLs are given.

Material LGPL(µm) WGPL(µm) hGPL(µm)

Graphene platelets (GPLs) 2.5 1.5 1.5

2.2. Mori-Tanaka Method for Three-Phase Composites

The FG three-phase composite material reinforced synergistically with GPLs and
carbon fibers was obtained by adding the carbon fiber reinforcement to the FG HM. In
this case, each layer of the HM is an isotropic material, and the equivalent mechanical
properties have been calculated based on the Halpin-Tsai model in the previous subsection.
The carbon fiber reinforcements are transversely isotropic materials, with the longitudinal
and transverse elastic modulus defined as E1

f and E2
f . G12

f and G13
f represent the shear

modulus, ν12
f is Poisson’s ratio. The transversely isotropic materials have the properties of

ν12
f = ν13

f and E2
f = E3

f . The mechanical properties of the carbon fibers are given in Table 3.

Table 3. The mechanical properties of IM-7 carbon fiber are given.

Material E1
f (Gpa) E2

f (Gpa) ν12
f ν13

f G12
f (Gpa) G23

f (Gpa) ρf(kg/m3)

Carbon fiber 276.0 19.0 0.2 0.2 27.0 7.0 1780

The equivalent mechanical properties of the FG three-phase composite material were
obtained by using the Mori-Tanaka method [49] as follows:

E1
e f f = Vf E1

f +
(

1−Vf

)
EHM + 2Vf

(
1−Vf

)
Z1

(
ν12

f − νHM

)2
(7a)

E2
e f f =

E1
e f f /

(
1− (νHM)2

)
1

1−(νHM)2 + 2Vf
E1

e f f
Z2

(
1 + ν23

f −
E2

f
EHM

(1 + νHM)

)
+ Vf Z1

E1
f

EHM

(
1+νHM

EHM
− 2

E1
f
+

1−ν23
f

E2
f

) (7b)

ν12
e f f = νHM + 2Vf

Z1

EHM

(
ν12

f − νHM

) (
1− (νHM)2

)
(7c)

ν21
e f f =

E2
e f f

E1
e f f
ν12

e f f (7d)

G12
e f f =

EHM

2
(

1−Vf

)
(1 + νHM)

1 + Vf − 4Vf

[
1 + Vf + 2

(
1−Vf

) G12
f

EHM
(1 + νHM)

]−1
 (7e)
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G23
e f f =

EHM

2(1 + νHM) + Vf

 1−Vf

8−8(νHM)2 +
1

EHM
G23

f
−2(1+νHM)

−1 (7f)

G13
e f f = G12

e f f (7g)

In Equations (7a)–(7g), E1
e f f and E2

e f f denote the equivalent longitudinal modulus of

elasticity and the equivalent transverse modulus of elasticity, respectively. G12
e f f and G23

e f f
represent the equivalent in-plane shear modulus and the equivalent out-of-plane shear
modulus, respectively. ν12

e f f denotes the longitudinal Poisson’s ratio. Z1 and Z2 are two
auxiliary parameters, the expressions of which are shown as follows:

Z1 =

−2
(

1−Vf

)(ν f
12
)2

E1
f

+
(

1−Vf

)1− ν f
23

E2
f

+
(1 + νHM)

(
1 + Vf (1− 2νHM)

)
EHM


−1

(8a)

Z2 = E2
f

(
3 + Vf − 4νHM

)
(1 + νHM) +

(
1− ν f

)
EHM

(
1 + ν23

f

)
(8b)

Based on the mixing rule, we obtain the equivalent density of the FG three-phase
composite material as follows:

ρe f f = ρ f Vf + ρHMVHM (9)

3. Governing Equations of Motion

Cylindrical shell structures have a wide range of applications in the aerospace, marine,
and transportation fields. The mechanical properties of cylindrical shell structures can be
greatly improved by using new materials. Therefore, the research object of this paper is the
FG three-phase composite cylindrical shell reinforced synergistically with GPLs and carbon
fibers, as shown in Figure 1. In our research, the axial length of the three-phase composite
cylindrical shell is L = 2 m, the radius of the midplane is R = 1m, and the thickness is
h = 0.05 m. In the following study, the geometrical parameters of the cylindrical shell are
kept constant without any special specification. A column co-ordinate system is established
at the midplane of the cylindrical shell, as shown in Figure 2, where x, θ, and z are the axial
co-ordinate direction, the circumferential co-ordinate direction, and the radial co-ordinate
direction of the cylindrical shell, respectively. The deformation of the cylindrical shell along
the axial, circumferential, and radial directions is represented as u, v, and w, respectively.
It should be noted, in particular, that during the modeling of the dynamics of cylindrical
shells, we mainly refer to Reddy’s book: Mechanics of Laminated Composite Plates and Shells
Theory and Analysis [16].
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3.1. Governing Equations for Cylindrical Shells

The displacement fields of a cylindrical shell are given based on FSDT [16]. These
equations are shown as follows:

u(x, θ, z, t) = u0(x, θ, t) + zϕx(x, θ, t) (10a)

ν(x, θ, z, t) = ν0(x, θ, t) + zϕθ(x, θ, t) (10b)

w(x, θ, z, t) = w0(x, θ, t) (10c)

where u0, v0, and w0 denote the displacements along the x-axis, θ-axis, and z-axis of a point
on the middle plane: z = 0. In addition, φx and φθ indicate the angles of rotation around
the θ-axis and x-axis, respectively.

Then, we obtain the strain components according to the von-Karman geometric non-
linear relationship as follows:

εxx
εθθ
γxθ
γxz
γθz

 =


ε0

xx
ε0
θθ

γ0
xθ
γ0

xz
γ0
θz

+ z


ε1

xx
ε1
θθ

γ1
xθ
γ1

xz
γ1
θz

 (11)

where 
ε0

xx
ε0
θθ

γ0
xθ
γ0

xz
γ0
θz

 =



∂u0
∂x

∂ν0
R∂θ + w0

R
∂u0
R∂θ + ∂ν0

∂x
ϕx +

∂w0
∂x

ϕθ +
∂w0
R∂θ −

ν0
R


,


ε1

xx
ε1
θθ

γ1
xθ
γ1

xz
γ1
θz

 =



∂ϕx
∂x

∂ϕθ
R∂θ

∂ϕx
R∂θ + ∂ϕθ

∂x
0
0


(12)
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In Equations (11) and (12), εxx, εθθ, γxθ, γxz, and γθz denote the strain compo-
nents. The constitutive relations of the three-phase composite cylindrical shell are shown
as follows: 

σxx
σθθ
τxθ
τxz
τθz



k

=


Q11 Q12
Q12 Q22

Q66
Q44

Q55


k
εxx
εθθ
γxθ
γxz
γθz

 (13)

In Equation (13), k is the number of layers in which it is located. The stiffness modulus
is denoted as Qij(i, j = 1, 2, 3, 4, 5, 6). The stiffness modulus is defined as follows:

Q11 = Q11 cos4 θ+ 2(Q12 + 2Q66) sin2 θ cos2 θ+ Q22 sin4 θ (14a)

Q12 = (Q11 + Q22 − 4Q66) sin2 θ cos2 θ+ Q12

(
sin4 θ+ cos4 θ

)
(14b)

Q22 = Q11 sin4 θ+ 2(Q12 + 2Q66) sin2 θ cos2 θ+ Q22 cos4 θ (14c)

Q16 = (Q11 −Q12 − 2Q66) sin θ cos3 θ+ (Q12 −Q22 + 2Q66) cos θ sin3 θ (14d)

Q26 = (Q11 −Q12 − 2Q66) cos θ sin3 θ+ (Q12 −Q22 + 2Q66) sin θ cos3 θ (14e)

Q66 = (Q11 + Q22 − 2Q12 − 2Q66) sin2 θ cos2 θ+ Q66

(
sin4 θ+ cos4 θ

)
(14f)

Q44 = Q55 sin2 θ+ Q44 cos2 θ (14g)

Q55 = Q44 sin2 θ+ Q55 cos2 θ (14h)

In Equations (14a)–(14h), θ denotes the layup angle of each layer of carbon fibers in
the FG three-phase composite cylindrical shell, and Qij is expressed as follows:

Q11 =
E1

e f f

1− ν12
e f fν

21
e f f

, Q12 =
ν12

e f f E2
e f f

1− ν12
e f fν

21
e f f

, Q22 =
E2

e f f

1− ν12
e f fν

21
e f f

(15a)

Q44 = G23
e f f , Q55 = G13

e f f , Q66 = G12
e f f (15b)

The extended Hamilton principle is a general expression of dynamic systems. Formally,
it can be expressed as follows: ∫ t1

t2

(δT − δU + δW)dt = 0, (16)

In Equation (16), the virtual strain energy of the system is δU, the virtual kinetic energy
δT, and the virtual potential energy work carried out by the applied forces is δW. Since
there is no external excitation in the free vibration, the virtual potential energy δW is 0. δT,
δU, and δW are expressed as follows:

δT =
∫

V
ρ
( .
uδ

.
u +

.
νδ

.
ν+

.
wδ

.
w
)
dV, (17)

δU =
∫

V
(σxxδεxx + σθθδεθθ + σxθδεxθ + σxzδεxz + σθzδεθz)dV (18)
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δW = 0. (19)

By substituting Equations (17)–(19) into Equation (16), we obtain the governing equations.

δu0 : Nxx,x +
Nxθ,θ

R
= I0

..
u0 + I1

..
φx, (20a)

δν0 : Nxθ,x +
Nθθ,θ

R
+

Qθ
R

= I0
..
ν0 + I1

..
ϕθ, (20b)

δw0 : −Nθθ
R

+ Qx,x +
Qθ,θ

R
= I0

..
w0, (20c)

δφx : Mxx,x +
Mxθ,θ

R
−Qx = I1

..
u0 + I2

..
ϕx, (20d)

δφθ : Mxθ,x +
Mθθ,θ

R
−Qθ = I1

..
ν0 + I2

..
ϕθ. (20e)

where the membrane stresses are denoted as Nxx, Nθθ, Qθ, and Qx, the membrane moments
are indicated as Mxθ and Mθθ, and the inertia terms are denoted as (i = 0, 1, 2). The
equations for membrane stress, membrane moment, and the mass moment of inertia are
shown as follows:

Nxx
Nθθ
Nxθ
Qx
Qθ

 =


A11 A12
A12 A22

A66
KA44

KA55




ε0

xx
ε0
θθ

γ0
xθ
γ0

xz
γ0
θz

+


B11 B12
B12 B22

B66
B44

B55




ε1

xx
ε1
θθ

γ1
xθ
γ1

xz
γ1
θz

 (21a)


Mxx
Mθθ

Mxθ

 =


B11 B12
B12 B22

B66



ε0

xx
ε0
θθ

γ0
xθ

+


D11 D12
D12 D22

D66



ε1

xx
ε1
θθ

γ1
xθ

 (21b)

Ii =
∫ h

2

− h
2

ziρe f f dz(I = 0, 1, 2) (22)

In the above equations, it is assumed that the shear correction factor is K = 5/6. Aij,
Bij, and Dij are shown as follows:

(
Aij, Bij, Dij

)
=
∫ h

2

− h
2

Qij

(
1, z, z2

)
dz =

N

∑
k=1

∫ zk+1

zk

Qij
k
(

1, z, z2
)

dz (23)

where N is the total number of layers, k denotes the number of layers, and Qij
(k) indicate

the stiffness term of the layer k.
By substituting Equations (11), (12), (14a)–(14h), (15a), (15b), (21a), (21b), (22), and (23)

into Equations (20a)–(20e), the displacement form of the governing equations are given
as follows:

−I0
∂2u0
∂t2 + A11

∂2u0
∂x2 + A12

(
∂2ν0

R∂x∂θ + ∂W0
R∂x

)
+I1

∂2ϕx
∂t2 + B11

∂2ϕx
∂x2 + B12

∂2ϕθ
R∂x∂θ + A66

∂2u0
R2∂θ2

+A66
∂2ν0

R∂x∂θ + B66
∂2ϕx
R2∂θ2 + B66

∂2ϕθ
R∂x∂θ = 0

, (24a)

1
6R2

(
6A12R ∂2u0

∂x∂θ − 5A55ν0 − 6I0R2 ∂2ν0
∂t2 + 6A66R

(
∂2u0
∂x∂θ + R ∂2ν0

∂x2

)
+6A22

∂2ν0
∂θ2 + 6A22

∂w0
∂θ + 5A55

∂w0
∂θ + 6B12R ∂2ϕx

∂x∂θ + 6B66R ∂2ϕx
∂x∂θ

+5A55Rϕθ + 6I1R2 ∂2ϕθ
∂t2 + 6B66R2 ∂2ϕθ

∂x2 + 6B22
∂2ϕθ
∂θ2

)
= 0

, (24b)
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− 1
6R2

[
6A12R ∂u0

∂x + 5A55
∂ν0
∂θ + 6I0R2 ∂2w0

∂t2 + 6A22(
∂ν0
∂θ + w0

)
− 5A44R2 ∂2w0

∂x2

]
− 1

6R2

(
5A55

∂2w0
∂θ2 + 6B12

R ∂ϕx
∂x + 6B22

∂ϕθ
∂θ − 5A44R2 ∂ϕx

∂x − 5A55R ∂ϕθ
∂θ

)
= 0

, (24c)

I1
∂2u0
∂t2 + B11

∂2u0
∂x2 +

B12

(
∂2ν0
∂x∂θ+

∂w0
∂x

)
R − 5

6 A44(
∂w0
∂x +ϕx

)
− I2

∂2ϕx
∂t2 + D11

∂2ϕx
∂x2 + D12

∂2ϕθ
R∂x∂θ

+
B66

∂2u0
∂θ2 +B66

∂2ν0
∂x∂θ+D66

∂2ϕx
∂θ2 +D66R ∂2ϕθ

∂x∂θ

R2 = 0

, (24d)

I1
∂2ν0
∂t2 + B66

(
∂2u0

R∂x∂θ + ∂2ν0
∂x2

)
−

5A55

(
−ν0+Rφθ+

∂w0
∂θ

)
6R

−I2
∂2φθ

∂t2 + D66
∂2φθ
∂x2 + D66

∂2φx
R∂x∂θ

+
B22

(
∂2ν0
∂θ2 +

∂w0
∂θ

)
+B12R ∂2u0

∂x∂θ+D22
∂2φθ
∂θ2 +D12R ∂2φx

∂x∂θ

R2 = 0.

(24e)

3.2. Solution Procedure for Free Vibrations

In this paper, we study the free vibrations of an FG three-phase composite cylindrical
shell under general boundary conditions using the artificial boundary spring method. The
model of the cylindrical shell under the general boundary conditions is shown in Figure 2.
Three linear springs ku, kv, and kw limit the displacement of the cylindrical shell along the
x-axis, θ-axis, and z-axis directions in the column co-ordinate system; the torsion of the
cylindrical shell along the θ-axis and x-axis directions is limited by two rotational springs:
kφθ and kφθ.

The membrane stress distribution at both ends of the cylindrical shell model is shown
in Figure 3. The mathematical expression of the general boundary conditions for an FG
three-phase composite cylindrical shell are shown below.

At x = 0:
ku0 u0 = Nxx , kν0ν0 = Nxθ , kw0 w0 = Qx
kϕx0

ϕx = −Mxx , kϕθ0
ϕθ = −Mxθ

, (25a)

At x = L:
kul u0 = −Nxx , kνlν0 = −Nxθ , kwl w0 = −Qx
kϕxl

ϕx = Mxx , kϕθl
ϕθ = Mxθ

. (25b)
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0 0 0

0 0

0 0 0
 ,  , 

 , 
x

u xx x w x

x xx x

k u N k N k w Q

k M k M
θ

ν θ

ϕ ϕ θ θ

= ν = =

ϕ = − ϕ = −
, (25-1)

At x = L: 

0 0 0
 ,  , 

 , 

l l l

xl l

u xx x w x

x xx x

k u N k N k w Q

k M k M
θ

ν θ

ϕ ϕ θ θ

= − ν = − = −

ϕ = ϕ =
. (25-2)

 
Figure 3. The distribution of membrane stress and bending moment in the boundary. Figure 3. The distribution of membrane stress and bending moment in the boundary.

In Equations (25a) and (25b), ku0, kv0, kw0, kφx0, and kφθ0 are the three linear springs
and the two rotational springs, which restrain the displacement of the cylindrical shell at
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x = 0. Similarly, the three linear springs, kul , kvl , kwl , and two rotational springs, kφxl and
kφθl , restrain the displacement and torsion of the cylindrical shell at x = L, respectively.

The artificial boundary spring method has the advantage of having arbitrary boundary
conditions that can be obtained by simply adjusting the spring stiffness value. Table 4
shows the spring stiffness values of the three classical boundary conditions.

Table 4. The corresponding spring stiffness values of the arbitrary boundary conditions are listed.

BC
Spring Stiffness

ku kv kw kφx kφθ

F 0 0 0 0 0

S 1015 1015 1015 0 1015

C 1015 1015 1015 1015 1015

The displacement functions of the FG three-phase composite cylindrical shell are
assumed to be in the form of a superposition of Fourier cosine series and additive functions,
as follows:

u(x, θ, t) = U(x, θ)eiwt

=

[
M
∑

m=0

N
∑

n=0
Umn cos λmx cos(nθ) +

2
∑

l=1

N
∑

n=0
a1nζl(x) cos(nθ)

]
eiwt , (26a)

ν(x, θ, t) = V(x, θ)eiwt

=

[
M
∑

m=0

N
∑

n=0
Vmn cos λmx sin(nθ) +

2
∑

l=1

N
∑

n=0
b1nζl(x) sin(nθ)

]
eiwt , (26b)

w(x, θ, t) = W(x, θ)eiwt

=

[
M
∑

m=0

N
∑

n=0
Wmn cos λmx cos(nθ) +

2
∑

l=1

N
∑

n=0
c1nζl(x) cos(nθ)

]
eiwt , (26c)

φx(x, θ, t) = ψx(x, θ)eiwt

=

[
M
∑

m=0

N
∑

n=0
ψxmn cos λmx cos(nθ) +

2
∑

l=1

N
∑

n=0
d1nζl(x) cos(nθ)

]
eiwt , (26d)

φθ(x, θ, t) = ψθ(x, θ)eiwt

=

[
M
∑

m=0

N
∑

n=0
ψθmn cos λmx sin(nθ) +

2
∑

l=1

N
∑

n=0
e1nζl(x) sin(nθ)

]
eiwt . (26e)

where Umn, Vmn, Wmn, ψxmn, and ψθmn are Fourier cosine series coefficients. Among them,
λm = mπ/L, in which m and n denote the number of axial waves and circumferential
waves, w is the natural frequency. ζl(x)(l = 1, 2) represents the supplementary functions.
The third-order polynomials of the supplementary functions are shown as follows:

ζ1(x) = x
( x

L
− 1
)2

, ζ2(x) =
x2

L

( x
L
− 1
)

(27)

In Equations (26a)–(26e), aln, bln, cln, dln, and eln are the coefficients of the supplemen-
tary functions. The elastic boundary equations are obtained by substituting Equations (12),
(21a), (21b), (23), (26a)–(26e), and (27) into the elastic boundary relations (25a) and (25b) in
order to solve the function coefficients. The obtained elastic boundary equations are shown
as follows:

Eh
1− ν2 a1n +

νEh
1− ν2 n

∞

∑
m=0

Vmn +
νEh

1− ν2

∞

∑
m=0

Wmn
1
R
− ku0

∞

∑
m=0

Umn = 0, (28a)
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−Eh3n∑∞
m=0 ψxmn

24R2(ν+ 1)
+

Eh3e1n
24R(ν+ 1)

− Ehn∑∞
m=0 Umn

2R(ν+ 1)
+

Ehb1n
2(ν+ 1)

− kν0

∞

∑
m=0

Vmn = 0, (28b)

−Eh3n2∑∞
m=0 ψxmn

24R2(ν+ 1)
+

Eh3ne1n
24R(ν+ 1)

+
5Eh∑∞

m=0 ψxmn

12(ν+ 1)
+

5Ehc1n
12(ν+ 1)

− kw0

∞

∑
m=0

Wmn = 0, (28c)

Eh3n∑∞
m=0 ψθmnν

12R(1− ν2)
+

Eh3d1n

12(1− ν2)
+ kφx0

∞

∑
m=0

ψxmn = 0, (28d)

−Eh3n∑∞
m=0 ψxmn

24R(1 + ν)
+

Eh3e1n
24(1 + ν)

− kφθ0

∞

∑
m=0

ψθmn = 0, (28e)

Ehn∑∞
m=0 Vmnν cos(πm)

R(1−ν2)
+

Eh∑∞
m=0 Wmnν cos(πm)

R(1−ν2)

+ Eha2n
1−ν2 + kul

∞
∑

m=0
Umn cos(πm) = 0

, (28f)

− Eh3n∑∞
m=0 ψxmn cos(πm)
24R2(1+ν) − Ehn∑∞

m=0 Umn cos(πm)
2R(1+ν)

+ Eh3e2n
24R(1+ν) +

Ehb2n
2(1+ν) + kνl

∞
∑

m=0
Vmn cos(πm) = 0

, (28g)

− Eh3n2∑∞
m=0 ψxmn cos(πm)
24R2(1+ν) +

5Eh∑∞
m=0 ψmn cos(πm)

12(1+ν)

+ Eh3ne2n
24R(1+ν) +

5Ehc2n
12(1+ν) + kwl

∞
∑

m=0
Vmn cos(πm) = 0

, (28h)

Eh3n∑∞
m=0 ψθmnν cos(πm)

12R(1− ν2)
+

Eh3d2n

12(1− ν2)
− kφxl

∞

∑
m=0

ψxmn cos(πm) = 0, (28i)

−Eh3n∑∞
m=0 ψxmnν cos(πm)

24R(1 + ν)
+

Eh3e2n

24(1 + ν)
+ kφθl

∞

∑
m=0

ψθmn cos(πm) = 0. (28j)

The coefficients of the supplementary functions are 2(3 + 5n) and are equal to the
number of boundary equations. The one-dimensional coefficients of the supplementary
functions aln, bln, cln, dln, and eln(l = 1, 2) can be represented by the two-dimensional
generalized co-ordinates Umn, Vmn, Wmn, ψxmn, and ψθmn. The relationship between the
above two can be written in matrix form as follows:

Y = PX, (29)

In which

Y =
{

a0 , . . . , an , b0 , . . . , bn , c0 , . . . , cn , d0 , . . . , dn , e0 , . . . , en
}T , (30)

P is the coefficient matrix.

X =
{

uT , vT , wT , φx
T , φθ

T}T , (31)

where
u = { U00, U01, . . . , Um′0, Um′1, . . . , Um′n′ , . . . , UMN}T , (32a)

v = { V00, V01, . . . , Vm′0, Vm′1, . . . , Vm′n′ , . . . , VMN}T , (32b)

w = {W00, W01, . . . , Wm′0, Wm′1, . . . , Wm′n′ , . . . , WMN}T , (32c)
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φx = { ψx00,ψx01, . . . ,ψxm′0,ψxm′1, . . . ,ψxm′n′ , . . . ,ψxMN}T , (32d)

φθ = { ψθ00,ψθ01, . . . ,ψθm′0,ψθm′1, . . . ,ψθm′n′ , . . . ,ψθMN}T . (32e)

By substituting Equations (26a)–(26e) and (27) into Equations (24a)–(24e), five motion
control equations are obtained. The Fourier cosine coefficients have a total of 5n(3 + 5m).
Therefore, the control equations are truncated to 5n(3 + 5m) using the Galerkin method.
The truncated algebraic equation in matrix form for 5n(3 + 5m) is shown as follows:

SX + QY + FX + GY = 0. (33)

In Equation (33), S, Q, F, and G are coefficient matrices. Substituting Equation (29)
into Equation (33) yields the results as follows:

(M + K)X = 0, (34)

In which
M = S + PQ , K = F + PG. (35)

By solving the eigenvalues and eigenvectors of the standard characteristic Equation (34),
the relevant numerical solutions for the natural frequencies and the mode shapes of the FG
three-phase composite cylindrical shell can be obtained. The specific steps are described in
detail in the previous literature [50] of our group and will not be repeated herein.

4. Validation of the Calculation Results

In order to ensure the accuracy of the results and the reliability of the conclusions in the
subsequent analysis, it is necessary to verify the convergence and accuracy of the solution
procedure proposed in Section 3 for the free vibrations of the FG three-phase composite
cylindrical shell. The solution procedure is verified from two aspects: convergence analysis
and mode comparison, respectively.

4.1. Convergence Analysis

In this paper, we first study the convergence law of the natural frequencies of the
cylindrical shell with the increase in the truncation numbers M and N. We chose the
boundary conditions to be clamped at both ends, and the geometric parameters of the
cylindrical shell are L = 0.502 m, R = 0.0635 m, and h = 0.00163 m. The mechanical
properties of the cylindrical shell are ρ = 7800 kg/m3, µ = 0.28, and E = 2.1E + 11N. The
calculation results of the natural frequencies are shown in Table 5. It can be seen that the
natural frequencies of the cylindrical shell gradually decrease and have good convergence
as the number of truncations M and N increases. When taking M = 14 and N = 14, the
natural frequencies of this paper are not only very close to those of the reference [51] but are
also close to the finite element simulation results. Thus, the good accuracy of the solution
method in this paper is confirmed.

Then, we also investigated the convergence property of the natural frequencies of
the cylindrical shell with the increase in the number of layers. The FG cylindrical shell
clamped at both ends is taken as an example. The mechanical properties of the epoxy
resin and GPLs are shown in Table 1. The GPL reinforcements are distributed in the epoxy
matrix in the forms of FG-X, FG-V, FG-A, and FG-O, respectively. The mass fraction of GPL
reinforcement is 1%. With the number of layers as the independent variable, the natural
frequencies of the FG cylindrical shell were calculated for different layers. For four forms of
FG GPL distributions, the corresponding relationships between the natural frequencies and
the number of layers are depicted in Figure 4. We find that the variation rates of natural
frequencies in the first six orders decrease gradually with the increase in the number of
layers. When the number of layers is 16, both rates of change for the natural frequencies
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of the FG-V and FG-A composite cylindrical shells are less than 0.4%, whereas the rate of
change for the natural frequencies of the FG-X and FG-O composite cylindrical shells are
less than 0.7% and 1.25%, respectively. It can be seen that the natural frequencies of the FG
cylindrical shell with 16 layers can be considered to have converged, which can meet the
substitution of continuous FGMs. Therefore, all FG cylindrical shells are set to the form of
16 layers in the following sections.

Table 5. Comparisons of the theoretical results of the natural frequency of cylindrical shells under
C-C boundary conditions with finite elements and the existing literature results. (L = 0.502 m;
R = 0.0635 m; h = 0.00163 m; ρ = 7800 kg/m3; ν = 0.28; E = 2.1E + 11N/m2).

n
Present

Dai et al. [51] Abaqus
M = 6 N = 6 M = 8 N = 8 M = 10 N = 10 M = 12 N = 12 M = 14 N = 14

1 905.1 901.9 900.6 899.8 899.2 896.6 900.5

2 922.91 915.8 911.9 909.4 907.5 898.2 900.9

3 1425.6 1414.0 1408.4 1404.9 1402.5 1388.9 1395.8

4 1502.3 1501.1 1500.6 1500.3 1501.6 1501.6 1516.3

5 1692.1 1685.1 1682.6 1681.1 1680.3 1676.0 1690.7

6 1911.3 1904.5 1899.8 1896.2 1893.4 1880.9 1883.2

7 2083.5 2060.7 2048.7 2041.4 2036.6 2014.1 2020.8

8 2144.4 2097.7 2080.4 2071.6 2064.9 2389.0 2064.7

9 2343.8 2269.0 2239.4 2223.3 2213.1 2472.6 2189.4
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4.2. Mode Comparison

In order to ensure the convergence and accuracy of the solution procedure proposed
in this paper, we need to further compare the accuracy of the theoretical calculation with
the finite element results of the FG three-phase composite cylindrical shells under different
boundary conditions.

First, the theoretical results of the natural frequencies and mode shapes of the FG
two-phase composite cylindrical shells are compared with the finite element results. The
GPL reinforcement is distributed in the epoxy matrix in the form of FG-X, with a mass
fraction of 1%. These results are shown in Tables 6–8. By analyzing and comparing the
above three tables, we find that, overall, the theoretical values of the first six orders of
natural frequencies of the FG cylindrical shell are very close to the finite element results.
The difference between the theoretical and finite element results of the natural frequencies
of the FG cylindrical shell with solidly supported boundary conditions at both ends is
minimal. The errors of the first three orders of natural frequencies are 0.43%, 0.75%, and
0.32%, respectively. In addition, the first six orders of the modal shapes of the FG cylindrical
shell are consistent with the finite element results.

Table 6. Modal comparisons of the X-type FG cylindrical shell under C-C boundary conditions
are given.

C-C
Mode No.

1 2 3 4 5 6

Present
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Then, we calculated the natural vibration characteristics of carbon fiber-reinforced
composite laminated cylindrical shells. The theoretical results are compared with the finite
element results, and the results are organized in Tables 9–11. The geometrical parameters
and three boundary conditions of the cylindrical shell were kept the same as above. The vol-
ume fraction of carbon fibers (Vf) was 10%, and the layup angle was [0

◦
4/90

◦
4/0

◦
4/90

◦
4] [16].

From Tables 9–11, we find that the errors of the theoretical values of the first-order natural
frequency of the composite laminated cylindrical shells compared with the finite element
results under the three boundary conditions are kept below 0.1%. In addition, for the three
boundary conditions, the theoretical results of axial wave number and circumferential
wave number of the first six orders of vibrations of the composite laminated cylindrical
shell are completely consistent with the finite element results.
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Finally, the theoretical and finite element results for the natural frequency and mode
shapes of the FG three-phase composite cylindrical shell are compared. The mechanical
properties of the GPLs and the carbon fibers are shown in Tables 1 and 3, respectively. The
GPL reinforcements are distributed in the matrix in the form of FG-X to form the HM, and
the carbon fiber reinforcements are distributed in the form of lamination laying in the HM.
The GPLs mass fraction (WGpl) is 1%, and the content of carbon fibers (Vf) is 10%, and
the carbon fibers layup angle is [0

◦
4/90

◦
4/0

◦
4/90

◦
4]. The results are shown in Tables 12–14. It

can be seen that the theoretical values of the first six orders of the natural frequencies are
much closer to the finite element results. Among them, except for the second-order natural
frequency under the free boundary conditions at both ends, the errors of the first three
orders of the natural frequencies of both do not exceed 0.36%. In addition, the theoretical
results of the first six orders of the mode shapes of the three-phase composite cylindrical
shell are in complete agreement with the finite element results. Thus, it is verified that the
calculation method of this paper applies to the FG three-phase composite cylindrical shell
and has good accuracy.

Table 12. Modal comparisons of the FG three-phase composite cylindrical shell under C-C boundary
condition are given.

C-C
Mode No.

1 2 3 4 5 6
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The advantage of the calculation method in this paper is that it is possible to calcu-
late the natural frequencies and mode shapes of not only the FG three-phase composite
cylindrical shell but also two-phase composite and homogeneous cylindrical shells because
the two-phase composite and homogeneous forms are special cases of the three-phase
materials, and we only need to change the parameter settings.

5. Free Vibrations of a Three-Phase Composite Cylindrical Shell

In this section, we first study the natural frequencies of the FG three-phase composite
cylindrical shell corresponding to different boundary conditions to analyze the effect of
spring stiffness. Then, we further investigate the effects of GPL reinforcement and carbon
fiber reinforcement on the natural frequencies of the FG three-phase composite cylindrical
shell in depth. The mechanical properties of the epoxy matrix, GPL reinforcement, and
carbon fibers are shown in Tables 1–3, respectively.
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5.1. Effects of Boundary Spring Stiffness on the Natural Frequencies

At the beginning of this section, we first investigate the effects of artificial boundary
spring stiffness on the natural frequencies of the FG three-phase composite cylindrical shell.
For this, the GPLs were distributed in the form of FG-X, the WGpl was 1%, the Vf was
10%, and the carbon fiber layup angle was [0

◦
4/90

◦
4/0

◦
4/90

◦
4]. The artificial boundary spring

stiffness was chosen as the independent variable to calculate the natural frequencies of
the cylindrical shell for the spring stiffness values, k, at both ends of 0, 103, 106, 109, 1012,
and 1015, respectively, as shown in Figure 5. We find that the first six orders of the natural
frequencies of the cylindrical shell increase with the increase in the spring stiffness at both
ends and then converge to a fixed value. The first six orders of the natural frequencies of
the cylindrical shell are approximately the same for a spring stiffness of 0: 103, and 106,
respectively. When the spring stiffness increases from 106 to 109, the first six orders of
the natural frequencies increase significantly at the same time. When the spring stiffness
is increased to 1015, the relative difference between the first three orders of the natural
frequencies of the cylindrical shell with a spring stiffness of 1012 are only 0.03%, 0.02%, and
0.03%, respectively. Since the relative difference between the two natural frequencies is
small enough, the natural frequencies can be considered to have converged. The spring
stiffness 1015 can be taken as the clamped boundary condition at both ends.
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Figure 5. The natural frequencies of the three-phase composite cylindrical shells corresponding to
different boundary spring stiffness.

Then, we studied the natural frequencies of the FG three-phase composite cylindrical
shell under three types of traditional boundary conditions by setting the corresponding
artificial boundary spring stiffness value. The three-phase composite material is the same
as above. The results are shown in Figure 6.

The first six orders of the natural frequencies of the FG three-phase composite cylin-
drical shell are highest under the clamped boundary conditions at both ends. Under the
simply supported boundary conditions at both ends, the first six orders of the natural fre-
quencies of the cylindrical shell are slightly lower than those under the clamped boundary
conditions at both ends, and the maximum relative difference between the two is only 6.8%.
In the free boundary condition at both ends, the first six orders of the natural frequencies of
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the cylindrical shell are much lower than those of the other two boundary conditions, and
the relative difference between the natural frequencies of the cylindrical shell under the
clamped boundary condition at both ends and the simply supported boundary condition
at both ends is 52.5% and 49.6%, respectively.
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5.2. Effects of Reinforcements on the Natural Frequencies

We first chose GPL content as the independent variable. The natural frequencies of
the FG three-phase composite cylindrical shell were calculated to analyze the effects of
GPL content on the natural frequencies of the cylindrical shell. The results are shown in
Figure 7. For this, the GPLs were uniformly distributed, the boundary conditions were
clamped at both ends, the content of carbon fiber was 10%, and the carbon fiber layup angle
was [0

◦
4/90

◦
4/0

◦
4/90

◦
4].

In Figure 7, we find that the increase in GPL content significantly improves the first six
orders of the natural frequencies of the FG three-phase composite cylindrical shell. During
the gradual increase in WGpl from 0 to 1.5%, the first-order natural frequency increased by
104.092 Hz, with a total increase of 85.75% and a gradually decreasing gradient. In general,
the increase in GPL content has a greater effect on the third-order natural frequency than
the first two orders of the natural frequencies of the FG three-phase composite cylindrical
shell, and this has the greatest effect on the fifth-order natural frequencies of this cylindrical
shell. In Figure 7, the second and fifth orders of the natural frequencies show an interesting
and important pattern. When the WGpl is 0.25%, the turning point of the relationship curve
appears, and the second and third orders of the natural frequencies are very close to each
other, with a difference of only 1.65%. When the WGpl is 0.75%, the relationship curve also
has a turning point, and the fifth and sixth orders of the natural frequencies are very close,
with a difference of only 0.22%.
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Next, the influences of the GPL FG distributions on the natural frequencies of the FG
three-phase composite cylindrical shell were studied when WGpl was 1%. The GPL FG
distribution was set as the independent variable, where the GPLs were distributed in four
forms: X, V, A, and O, respectively. The natural frequencies of the cylindrical shell are
calculated for the four GPL FG distributions.

Figure 8 shows the effect of the GPL functional gradient form on the natural frequency
of the FG three-phase composite cylindrical shell. It can be observed that the first six orders
of the natural frequencies of this cylindrical shell with the X-type GPL FG distributions
(FG-X) are the highest. In contrast, the first six orders of the natural frequencies of the cylin-
drical shell with the O-type GPL FG distributions (FG-O) are the lowest. Specifically, for
the first three orders of natural frequencies of the cylindrical shell, the natural frequencies
of the FG-X type increased by 16.38%, 24.51%, and 10.84% compared to the FG-O type.
Moreover, the first six orders of the natural frequencies of the cylindrical shell with the
FG-A and FG-V types are in between the FG-X and FG-O types. The reason may be that the
distribution of GPLs is concentrated on the upper and lower surfaces of the FG three-phase
composite cylindrical shell, resulting in a higher natural frequency, whereas the distribution
of GPLs is concentrated in the middle plane of the cylindrical shell structure, resulting in a
lower natural frequency.

Then, we investigated the effects of carbon fiber volume fraction (Vf) on the natural
frequencies of the FG three-phase composite cylindrical shell under the clamped-clamped
boundary condition. The WGpl was 1%. The carbon fiber layup angle was [0

◦
4/90

◦
4/0

◦
4/90

◦
4].

With the volume fraction of carbon fiber as the independent variable, the natural frequencies
of the cylindrical shell are calculated, and the results are shown in Figure 9. For this, the GPLs
were distributed in the epoxy matrix in the form of FG-X, FG-V, FG-A, and FG-O, respectively.
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In Figure 9a, when the GPLs are distributed in the epoxy matrix in the form of FG-X,
the first six orders of the natural frequencies all increase significantly with the increase in
carbon fiber content. Among them, the first-order natural frequency increases from 212 Hz
to 277 Hz, corresponding to an increase of 30.66%. The second and third orders of the
natural frequencies are very close to each other. When the carbon fiber volume fractions are
0.3 and 0.4, the differences between the second and third orders of the natural frequencies
of the cylindrical shell are only 2.08% and 1.57%, respectively.

By using Figure 9b,c, we can study the influences of different carbon fiber volume
fractions on the natural frequencies of the cylindrical shell when the GPLs are distributed
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in the epoxy matrix in the form of FG-V and FG-A, respectively. The natural frequencies
of the cylindrical shell with FG-A are slightly higher than those with FG-V for any given
carbon fiber volume fraction. However, the distribution patterns of the first four orders
of the natural frequencies are similar in both FG distributions, and the first-order natural
frequency increases gradually and almost linearly. The second-order natural frequency
gradually approaches the third-order natural frequency with the increase in the carbon
fiber volume fraction. When the carbon fiber volume fractions are 0.3, 0.4, and 0.5, the
differences between the second and third orders of the natural frequencies of the cylindrical
shell with the FG-A type are only 2.07%, 0.90%, and 0.71%, respectively. In the FG-A HM,
the second and third orders of the natural frequencies are very close when the carbon fiber
volume fractions are 0.4 and 0.5, with differences of only 0.91% and 0.71%, respectively.

Figure 9d shows the effects of carbon fiber volume fraction on the natural frequencies
of the cylindrical shell when the HM is an FG-O form. During the process of increasing the
carbon fiber volume fraction from 0.1 to 0.2, the natural frequency increases significantly.
When the carbon fiber volume fraction is 0.5, the second and third orders of the natural
frequencies are very close to each other, with a difference of only 3.19%. The fifth and sixth
orders of the natural frequencies are also very close to each other when the carbon fiber
volume fraction is 0.3 and 0.4, differing by 6.50% and 6.59%, respectively.

Finally, Figure 10 represents the relationship between the carbon fiber layup angle
and the natural frequency of the cylindrical shell reinforced. The boundary conditions are
the same as above. The Vf was 0.1. In this paper, the direction of carbon fibers along the
axial direction of the cylindrical shell is noted as the 0◦ direction of the carbon fibers. The
carbon fiber layup angle was taken as the independent variable, where the carbon fiber
layup angles are [0

◦
4/0

◦
4/0

◦
4/0

◦
4], [90

◦
4/90

◦
4/90

◦
4/90

◦
4], [0

◦
4/0

◦
4/90

◦
4/90

◦
4], [0

◦
4/90

◦
4/0

◦
4/90

◦
4],

[0
◦
4/90

◦
4/90

◦
4/0

◦
4], and [90

◦
4/0

◦
4/0

◦
4/90

◦
4].
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In Figure 10, it can be seen that the highest value is found in the first six orders
of the natural frequencies of the three-phase composite cylindrical shell reinforced with
[90

◦
4/90

◦
4/90

◦
4/90

◦
4] as the carbon fiber layup angle. The lowest values are found in the first

six orders of the three-phase composite cylindrical shell reinforced with [0
◦
4/0

◦
4/0

◦
4/0

◦
4] as

the carbon fiber layup angle. The different carbon fiber layup angles have little effect on the
first, third, fifth, and sixth orders of the natural frequencies. The second and fourth orders
of the natural frequencies change significantly with the change in carbon fiber layup angles.
Moreover, some interesting and important results can be found; for the FG three-phase
composite cylindrical shell, carbon fibers laid at symmetrical angles—90◦ at the top and
bottom surfaces of the shell and 0◦ at the middle surface—result in the highest second and
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fourth orders of the natural frequencies. On the contrary, laying 0◦ carbon fibers at the top
and bottom surfaces of the cylindrical shell and 90◦ carbon fibers at the middle surface
results in the lowest second and fourth orders of the natural frequencies.

6. Conclusions

This paper focuses on the free vibrations of a new FG three-phase composite cylindri-
cal shell reinforced synergistically with GPLs and carbon fibers. This new FG three-phase
composite cylindrical shell integrates the advantages of a carbon fiber-reinforced composite
structure and an FG-reinforced composite structure. In this paper, the equivalent mechan-
ical properties of the FG three-phase composite material are calculated. We derive the
governing equations for the free vibrations of the FG three-phase composite cylindrical
shell, and the analytical solutions of the natural frequencies of this three-phase composite
cylindrical shell are obtained. On this basis, we deeply analyzed the influences of different
factors on the free vibrations of FG three-phase composite cylindrical shells reinforced
synergistically with GPLs and carbon fibers, including the boundary spring stiffness, GPL
mass fraction, GPL FG distributions, carbon fiber content, and the carbon fiber layup angle.
The following conclusions are obtained:

(1) Boundary spring stiffness has a significant impact on the natural frequencies of the
three-phase composite cylindrical shell. The natural frequencies of the three-phase
composite cylindrical shell reach a maximum under the sufficiently large spring
stiffness corresponding to the boundary condition when clamped at both ends. When
the boundary spring stiffness is 0, that is, the corresponding free boundary condition is
at both ends, then the natural frequencies of the FG three-phase composite cylindrical
shell is minimum, which is far lower than the natural frequency of the three-phase
composite cylindrical shell under the other two boundary conditions of clamped
and simple-support.

(2) The synergistic enhancement of GPLs and carbon fibers can greatly increase the
natural frequencies of the composite cylindrical shell. Among these, GPLs can play a
more obvious strengthening role than carbon fibers. We know that too many GPLs
may increase the possibility of aggregation, but only a small amount of GPLs can
significantly enhance the composite cylindrical shell.

(3) The four FG GPL distributions have different effects on the natural frequencies of the
FG three-phase composite cylindrical shell. When GPLs are distributed in the X-type
FG form, each order of the natural frequency of the three-phase composite cylindrical
shell is higher than those of the other three FG distributions, whereas each order of
the natural frequency of the three-phase composite cylindrical shell is lower when
GPLs are distributed in the O-type FG form.

(4) Carbon fiber is another important reinforcement material in the three-phase composite
cylindrical shell, and its laying angle can also significantly affect the natural frequen-
cies of the three-phase composite cylindrical shell. If carbon fibers are distributed
along the axis of this cylindrical shell, each order of the natural frequency of the
three-phase composite cylindrical shell is higher, whereas each order of the natural
frequency of the three-phase composite cylindrical shell is lower when the carbon
fibers are distributed along the circumferential direction.
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