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Abstract: This paper deals with the problem of the estimation of non-uniformly nonlinear systems
with time-varying delays in the state and input. In addition, the problem of the sampled output
measurement is also been addressed. Thus, an observer design for a class of uncertain, non-uniformly
nonlinear systems in the presence of time-varying delay is proposed. A continuous—discrete ob-
server based on a high-gain approach is designed to achieve undelayed estimation. Thus, sufficient
conditions to ensure the convergence of the observer are obtained. The analysis is based on a
Lyapunov-Krasovskii functional, which shows that the bounded observation error depends on the
sizes of the known upper delay and the upper sampling rate. The performance of the proposed algo-
rithm is evaluated by considering a control-based observer for a two-degrees-of-freedom helicopter
system with a known time-varying delay and sampled output measurements.

Keywords: observer synthesis; nonlinear system; uncertain system; sampled system; time-varying delays

1. Introduction

In recent years, control theory has focused its efforts on solving problems related to
system delays [1-9]. Time delays can originate from various sources, including but not
limited to communication networks, unmodeled inertia, inherent delays induced by sensors,
and communication overhead, among others. On the other hand, in many applications,
the knowledge of the state vector is necessary for monitoring and control. Recent works
considering state estimation for systems with a known time delay are shown in [10-12].
Different authors have addressed the observer design for linear systems. For instance, a
Luenberger-like observer is proposed in [13] to estimate the state vector for a system with a
known time-varying delay affecting the output. Based on the Hw, approach, an observer
is proposed in [14]. An extended state observer for continuous and discrete systems is
proposed in [15], considering that the input and the states are time-delayed. For nonlinear
systems, different approaches have been presented to reconstruct the state vector of the
system, making the error converge to zero if there are no uncertainties in the system or to a
region close to the origin; some works on these systems are presented in [6,16,17].

The challenge of designing observers for systems with delays is that delays can vary
over time, affecting the system’s performance, and, therefore, the observer has to be able
to follow these dynamics. Some works that address these designs considering uncertain
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but bounded delay functions are presented in [18-22]. In [18], an adaptive observer is
proposed, which is designed with the maximum delay present in the system, where the
error convergence to zero is only ensured when the delay in the system is equal to the
delay in the observer. An extension of this work for a more general class of systems is
presented in [19]. For instance, a Luenberguer-like observer is designed in [21], where the
observer gain is obtained by linear matrix inequalities (LMIs). For the case where a time
delay is present in the output signal, cascade structures have been proposed to reconstruct
the current state vector [22,23]. In [22], the actual vector can be estimated using a cascade
observer with an error equal to the difference between the actual delay and the set in the
observer. An observer-based sliding mode is proposed in the base, and the predictors are
of a traditional structure. It is important to emphasize that in the works mentioned above,
it is possible to establish that the observation error will converge to a region near the origin
since there will be an error between the delay value with which the observer is designed
and the actual value presented by the system. Other design techniques have also been
proposed by considering the He, and Linear Parameter Varying (LPV) approaches to relax
the imposed conditions. An observer is designed in [24], where the state and output of the
system are affected by a bounded time-varying unknown delay.

However, it is often possible to know the delay functions or to characterize them,
which makes it possible to avoid errors between the real system and the observer; for
control actions, this estimation is not useful as it has large correction terms. Some works
dealing with the design of observers for known variant delays are shown in [5,25-29].
In [25], an observer is proposed for a non-linear system with state delays. The observer has
two behavior modes: when it is sampled and when it is not sampled. When the sample is
present, the error is obtained by considering the difference between the real output and the
estimated output. When the sample is not present, it behaves as a predictor. In this case,
the stability of the observer is achieved by calculating a series of LMIs that depend on the
value of the delay and the sampling time.

For discrete nonlinear systems with delayed states and unknown inputs, an observer
is presented in [26]. The observer is designed by first transforming the nonlinear system to
reconstruct the unknown signal with the knowledge of the available states, then transform-
ing it to a Takagi—Sugeno representation, which achieves its nonlinear representation but
with the possibility to use techniques for linear systems. The observer gain is obtained by
solving LMIs; the main disadvantage of this approach is the number of LMIs that have to
be satisfied at once to find the global solution of the system and some matrix properties in
the system transformation. One way to relax the solution of LMIs is to consider only the
performance of the system at certain values, which gives rise to the design of one-sided-
Lipschitz observers, as shown in [27,29]. In [27], the design of an observer is proposed for a
descriptor system with delays in the states and the output, but with the assumption that it is
possible to measure delay and delay-free signals, as well as uncertainties and disturbances.
The main advantage of this system over the others is that it limits the system to work
only in one region, and with this, it is possible to consider one side of Lipschitz, relaxing
the calculation of the LMIs. The observer is designed to consider robustness margins to
achieve convergence in the presence of uncertainties and disturbances. An approach that
seeks to reduce the number of estimated states is presented in [29], where a reduced-order
observer design for nonlinear systems considering input and output delays is presented.
The particularity here is that it does not estimate the whole state vector but only the states
that are not available.

Another interesting approach, based on using predictors, is shown in [5]. This paper
presents an observer of an uncertain nonlinear system whose control signal is delay-
invariant. An extended state observer is proposed for the estimation, allowing for the
simultaneous estimation of the state vector and the uncertain function. The observer’s
structure adopts a cascade configuration, which is estimated by subsystems in an interval
of the delay value and compensates for the variations of the delay present in the input
using the Newton-Leibniz formula. The observer gain is obtained by solving an LMI
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encompassing the original system and the predictors. In [28], an observer is proposed
for a class of switched discrete nonlinear systems. Depending on the signal, it switches
between different types of systems. The particularity is that it considers delays in the state
vector and uncertain parameters in each system. Observer-based control is achieved using
a predictive control with a finite time horizon.

The main contribution of this work is that it presents an observer that can reconstruct
the current state vector continuously for an uncertain nonlinear system whose outputs
are only available in time instants and have delays. Likewise, the delay is present in the
dynamics of the system. Most of the above works assume that output measurements
are available in continuous time. However, this assumption is restrictive in real-world
applications because of the limited hardware capabilities. This work presents the synthesis
of a high-gain continuous—discrete observer for a wider class of nonlinear, non-uniformly
observable systems compared to that shown in [18,21,30,31]. This class of systems is intro-
duced in Section 2. For this class of systems, the observability properties are satisfied via a
persistent excitation condition, as in [32]. Section 3 presents the proposed observer under
variable time delay. Its stability is ensured by a Lyapunov—Krasovskii functional, which
ensures that the error converges to a bounded region near zero due to the uncertainties,
and the convergence rate depends on the sampling in the system. The observer synthesis
considers a significant improvement compared to the observer presented by [18,30,31,33].
The improvement is to propose an observer structure that can continuously reconstruct
the system state vector in the presence of measurements acquired in time intervals since
the authors do not consider this case. In practice, it is a common situation. Likewise, an
extension is made for the case where there are multiple outputs and not being limited to one.
Another main differentiator is that, in this case, the observer can deal with delays in the
output, which, in control systems, due to latency or delays inherent in the communication
networks, are present. To validate this problem, it is proposed to regulate the angular
position of a two-degrees-of-freedom helicopter system, where there are samples in the
output signal and delays in the input and outputs; this is shown in Section 4. The results
showing the effectiveness of the observer-based control are shown in Section 5, where
different sampling intervals and time-delay scenarios are tested. Finally, conclusions of the
work are presented in Section 6.

2. Problem Statement

Consider the following class of delayed nonlinear systems with sampled and
delayed outputs:

x=A(u,x)x + @(x, x(p, U, Ugp) + Be(t)
SYS - { o()r U () 1
e(b) = Cx(t — T(8)) = 3 (b — (1) g
T . T
where x = [x!,x%,...,x1]" with Xe() = {x%(t),xi(t),...,xz(t)] and x* € R ZZ:l n, = n;and
0 Ai(ux) ... 0
Au,x) = 2)
0 Aw,l)(u,xl,...,x(‘?_l))
0 0 0 0
@1 (xt, 2 gy 1 1)
(%, %) = : JB=1[0n On ... In]" 3)
P (X, X(p), U, ()
C=[ Imxm Onxn, < Oy g ] 4)

where the current state x € R" and each Ag(x) = A(x%,...,x5), k=1,...,0 -1, ¢(u,x)
is a triangular nonlinear vector function with respect to x; the unknown function that
denotes model uncertainties is given by ¢ : [—7*, +-oo[— R” and is bounded; y-(tx) € R?,
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with p = ny, is the sampled and delayed system output; the sampling rate is such that
0 <ty <...<Ap =ty — tp limg_yy, = 400, and there exists 0 < Ay, < Ay < +o0. In
this paper, the delayed state is defined as x,;) = x(t — 7(t)), and the delayed input is
defined as u;(;y = u(t — 7(t)). The function 7(t) describes the known time-varying delay
that affects the system’s state and output. This function is non-negative and bounded. The
bound is known and is represented as T*.

Mainly, this work aims to propose an observer that is capable of estimating the state
vector of system (1) in a continuous and delay-free way. The system has its output available
only at sampling instants, and known time-varying delays affect the state equation. In
order to obtain this, it is essential to establish the following assumptions:

Assumption 1. The state x € X C R" and the control u € U C R® are bounded; therefore, it is
possible to define the following: xp1 = sup, .y ||x|| and d = SUP (1) clx X | A(u, x)].

Assumption 2. The functions A(u,x) and ¢ (x, Xz(t), Uy ur(t)) are Lipschitz, with the following
Lipschitz constants, L ; and L, respectively.

For the time-varying delay function, the following assumption is considered:

Assumption 3. The time-varying delay should fulfill the following properties:

(i) 3t* > 0, such that sup(t(t))i>0 < T
(i1) 30 < B, such that 1 — ©(t) > B.

In the case where the time-delay is constant, such as t, the following assumption
is proposed:

Assumption 4. The function @(x, X+, 1, U+ ) is Lipschitz with respect to x and x .

Assumption 5. The unknown function € is bounded, i.e.,
36 >0, Ess.sup.;solle(t)]] < de. )

3. Main Result

The candidate continuous—discrete observer is given by the following equations:

J?—A(M 92)9?+¢(A,xr ()) G
G=0A5'S" lCT[OC—DC(fk—T( te)) + CR(th — T(te)) — y(tx — ()]
i — —0Cs~ 'CT[a — a(ty — T(ty)) + C2(t — T(t)) — y(te — T(te))]

OBS : (
$=0[-S— A(u,2)TS — SA(u, %) + CTC]

(6)

where £ = [£!... 21T € R", £k € R™, is the continuous estimation of the current state x, S
is a symmetric non negative matrix, ® > 0 is a scalar tuning parameter, and the matrix Ag
is defined as follows:

1

1
6In2 Wlnq . (7)

Ag = diag |1y,

In this work, because the matrix A(u, x) depends on the state and input, the nonlinear

system is non-uniformly observable; therefore, the observability properties of the system

depend on the state. This class of systems is more general and less restrictive than the

uniformly observable systems presented in [18,31]. Bearing this in mind, it is necessary to
define the Y(t,s) matrix as the state transition matrix of the state-affine system:

¢ =A(uzx)C (®)
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where ¢ € R" is the state vector, u is the input of system (1), and £ is the estimated state of
system (6). Recall that the matrix Y, ¢(f,s) is defined as follows:

©)

dY,, 5t
% = A(u(t), 2(1)Yyuz(t,s), VE>s>0,
Yuz(tt) =1L, Vt>0,

where I, denotes the identity matrix in R”*". In order to ensure the observability properties
of System 1, the following additional assumption is required.

Assumption 6. The state £ satisfies the following persistent excitation condition for system (1):

t ]
Y1 (5, 8)TCTCY, 5(s, t)ds > A2 1
[ o YuslsDTCTC (s, s > s (10)

with 369 > 0 and a(®) > 1 and satisfies

lim «(©)

=0. 11
O @2 ( )

The proposed observer is primarily intended to estimate the state vector continuously
since in a practical sense the measurements are only available in time instants due to the
sensing. Subsequently, the observer structure manages to compensate for the delay in the
output signal, thus achieving the current state vector estimation. With this in mind, the
following theorem is proposed:

Theorem 1. Consider that nonlinear System 1 and the known delay fulfil Assumptions 1-6. Also,

assume that 30y > 0, YO > ©y. If the upper bound of the sampling rate is such that dy; < xe,
with dyy = Ay + T, then for any £(0) € R”, one has the following:

7| <p(dpg)e”T@mE)  max  |1%(s))| + >t 12
1] <p(dm) se[trdMltO]H ) () L2 0 (12)
where
p(dy) = O o(1+dp(ae — v(dm))), M = oce, (13)
v(dp) = (ap — bedy)e "eiM

T*
with o = 4/ )‘M(f)e , and % is the estimation error between any trajectory of System 6 and the

original trajectory (1); the terms ag, bg and ce will be defined later.

Remark 1. The observation error will converge to a bounded region near the origin when there
is the presence of uncertainties in the system, i.e, M # 0. Otherwise, the error will converge to
zero. The convergence rate will depend on the value of dy,; thus, the error will converge more slowly
compared to small values.

The following lemma will be useful for the proof of Theorem 1 in order to deal with
the estimation process under sampled and delayed output measurements given by [34]
the following:

Lemma 1. A differentiable function y : t € [tg — 8, +oo[— u(t) € R with to, 5 > 0 satisfies
the following:

W0 < —ap()+6 [ p(Ea(s) +p(0), Vit )
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where &« > 0,B > 0, and function p(t) : R™ — R is an essentially bounded function with
[p(t)]eo = sup;~q p(t) < 6p. If% < 1. Then, the function u(t) satisfies

5
H(t) < (14 8(a —y(8)))e1O—10) e | pu(v) + ;7(7’;'5) (15)
with
0<n(é) = (a—ﬁé)e“‘sza(l—’[i(s) <a (16)

Proof of Theorem 1. Setting ¥ = @W’l)A@f and & = @W’l)zx, where ¥ = £ — x, and
ApA(u, Jﬁ)Aél = OA(u, %) and CAé1 = C. Thus, the dynamics of the error ¥ are given by
the following:

X=0 [A(u,a?) — SflcTC} %+ ApA(u,£,x)x — AgBe

+ Mg [q) (32, Ry, ur(t)) 4 (x, Xe(t)r U uT(t)) }

+0@s71cTy (17)
where A(u, £,x) = A(u, %) — A(u, x) and the function 7 is given by the following:
t
n= [ [CH(s)— (s))ds 18)
t—dy

The error dynamics are rewritten as follows:
£ =0[A(u,£) ~ 57'CTC| ¥ + AoA(u, £, x)x — AoBe +©5'CTy
+ A@éf')(x/ Xty %, Re(r), Uy uT(t)) (19)
where

q‘)(x, Xe(ty % fe(r), s ur(t),) = o (x, 2, fr ) 1, uw)) — ¢ (x, R (), X (1) 1 uw)) (20)
and
o1 (x, 3 AT uT(t)) - (p()?, Re(e) 1, ur(t)) - qo(x, Re(p), 1, uT(t))
> (x, Re(t), Xe(t) 1 uT(t)) = (p(x, Re(e), 1, ur(t)) - q)(x, Yooy, 1y uT(t)> (21)

In order to prove the stability of the system, the candidate Lyapunov-Krasovskii
functional is proposed:
t 13
V(x) =x"Sx+ ( )expﬁ“*@) T (0)%(0)do (22)
t—(t

And obtaining its time derivative, one obtains the following:

V(%) = 22785 + 2785 + 7% — (1 #(8) 2] oy exp 5 — 2i* (v(x)—<Ts%) (3)
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By taking into account Equations (6) and (19), the derivative of V(%) given by (23) is
rewritten as follows:

v(®) <—(
at(t)

+ 21T — (1= 1) %]y T Xp~ 2

o
2T*

V(x)+ Zi*)XTSJZ+22T®CT77 42275017 1A A(u, £, x)x

+ 2875011 A0 (9 (¥, ¥e(o) 2 Fe(r httx(e), ) + Be). (24)

Now, proceeding as [32] and according to Assumptions 1-6, it can be shown that for
© > 0, one obtains the following:

_ _ e . _ nAp(S)e.

125509 Ag A (u, %, x)x|| < 207 1\/uc(®)1/]\§§)V(x)LAxM 25)
12757 1 AgBe|| < 21/Am(S)4/V(%)d: (26)
1T = PPN —1 / I’l)\M(S)E _

||2®q x SAG)(P(x/xT(t)/ X, xT(t)/ u, uT(t)r) H < 201 DL(@) \/TL(P(V(JC)
V@ Vi) @)

Considering Assumption 1 and substituting Equation (19) in Equation (18), one obtains
the following:

01+ 07 1/n(Lzxym + Ly) @ﬂ/l nLy [t
() < Sttt [y &8 [ e os)

By considering the above, it is possible to obtain |20 (t)CT#(t)||:

2(0) (@i + 011\ /n(Lzxp + Lg))el [t -
2@[ . 9 /HzM \ /V(x,s)ds]
1/nLze™™ rt
+[2@\/5;L¢ /tidM V@) ||V (29)

Thus, by considering Equations (25)-(29), the Equation (24) can be rewritten as follows:

d [nA
= _ q—1 M
I V(x) ZT*\/TQ/ )< — @( 2@* 2097/ a( LAXM+L
1 In
_ 2®q 1 -
/\m(S)) (x)+ Am \/ (X)4/V

+26, AM(S)_W\/@
200 (0) (04 + 07 1/n(Lzxp + L) )eT ft -
+ ( ; (Laxm+Lg)) /t—dM mds

2®qu i / iy \/7 (30)

_ard) - - =
where A = pBexp 2. From the fact that V(¥) < V(% i) and 2,/V(%)
V(x:) < V(%) + V(%) = V(%,%%), one obtains the following:

l20x(t)CTr (1) <
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d — « _ nAp(S)eT”
2 ) < — — _ 2071 ZAMAR)E (- _
Z\VV(E ) <-0 (1 o 207 1/a(®) i (Lixm + Lg)
1 A
— 012\ /nApm(S) + ——= | \/V(x, %
O] Vmu(8) + o T(S)V (%, x7)
200(0) (0 + @1~ 1/n(Lgxy + L) )el +209y/nLgel \ [t .
+ < % /tfdM v/ V (X, %%,5)ds
+ 261/ Am(S) 31)
The above equation can be rewritten as follows:
t
%) < —ao\/V(5 5 +be [ \JViEE) +a (32)
UM
where
a N nApm(S)eT” 1
=01 — 204! M Ls Ly) —
a@ @( 2O Q (©) % (Lzxm+ L) )
A
—@172\/nAp(S) + ———=
Oy/An(S)
. 20x(0) (07 + @7 1\/n(Lzxm+ Lg))el +209/nLgel
Cep = 255\ / AM(S)
By considering that dj; < xe = Z is satisfied, then it is possible to use Lemma 1 to
(©)
obtain the following;:
T, 1t ~7(du)(t~to) 2(s), T M
V(x,xt) <(1+dpy(ag — y(dp)))e T4MmNE=H0) max V(%(s), ®:(s)) + >t (33)
Se[tg—dM,fO} ry(dM)
where the function y(dy;) is defined as follows:
1(dm) = (a@ — bodp)e ™ (34)

By returning to the observation error, since ||%(t)|| < [|%(t)|| < @17 1(|%(t)| with
® > 0, one has the following;:

7| <p(dpg)e~T@m(t=t)  max )|+ ——,t >t 35
I <p(d) max ()] s =t @)

where
p(dm) =07 lo(1+dpm(ae — v(dm))), M = oce. (36)

with o = W. This ends the proof. O

4. Application to Two-Degrees-of-Freedom Helicopter

In this section, the effectiveness of the proposed observer is tested. For this purpose,
the Quanser two-degrees-of-freedom (2DoF) helicopter is considered [35]. Its free-body
diagram is shown in Figure 1. The main motivation for using this model as a case study is
to highlight that the proposed algorithm can be implemented in accessible and not highly
specialized models. Also, with this system, a change in coordinates can be better exem-
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plified for the estimation of the inherent uncertainties that it presents. This methodology
can not only be applied to this system, but can also be extended to other aerial systems.
This methodology can not only be applied to this system but can also be extended to other
air systems considering the pertinent coordinate changes, for instance, fixed wing [36,37],
quadrotors [38-40] and quaternion estimation algorithms [41,42]. In particular, the high
gain approach has been addressed for a quadrotor considering the problem of sampling
in [39] and filtering in [38]. The system has two degrees of freedom: a motion around the
yaw axis and a rotation around the pitch axis denoted by the angles ¢ and 0, respectively. To
achieve the control objectives, the pitch and yaw angles are controlled by the manipulation
of the voltages in the DC motors. Based on the Euler-Lagrange formula, the equations of
the system are as follows:

( Jog + le)é — Koo Ving + Koy Vi — B+ O(t) (37)
(Jequp + mi? c0s(8) ) = KyoVino + KipgVing — By + ¥ (2) (38)
where:
O(t) = ml®sin () cos (8)¢* — mgl cos () (39)
Y (t) = 2ml%0sin (0) cos (0 (40)

where 6(t) and ¢(t) are the pitch and yaw angles, respectively. Their velocities are given by
0(t) and §(t). The thrust force constants are given by Kgg, Koy, Kyg, and Kyy. The control
input voltage for the pitch and yaw angles are given by V,,9 and V},;y, respectively. The
parameters of the system are shown in Table 1.

/ F‘/’ Yaw axis
¥Y>0,Ccw
o Fq
g '
7 7'0\, 7
Pitch axis

Figure 1. Free body diagram of the 2-DoF helicopter.

Table 1. Parameters of the 2-DoF helicopter.

Constant Description Value Unit
Jeq,o Total moment of inertia about pitch axis 0.0384 kg~m2
Jeq,p Total moment of inertia about yaw axis 0.0432  kg-m?

By Viscous damping about pitch axis 0.8000 N/V
By Viscous damping about yaw axis 0.3180 N/V
Kag Thrust torque of pitch motor 02040 N-m/V
Kyy Thrust torque of yaw motor 0.0720 N-m/V
Koy Thrust torque of pitch axis from yaw motor 0.0068 N-m/V
Kye Thrust torque of yaw axis from pitch motor 0.0219 N-m/V
m Mass of the helicopter 1.3872 kg
l Center of mass length along helicopter body from a pitch axis  0.1860 m

g Gravitational acceleration 9.81 m/s?
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. . T T
Now, considering that the state vector is x = [x],x}]" € R* x; = {x%l),xgz)} =

T .
6, lp]T €R2 xp, = {xgl),xgz)] =[6,9] T ¢ R2; the input vector is given by u = [Vyug, Viny];
the uncertainties of the systems are given by ¢ = [e,€,]7; and the outputs are y = x1 =
6, y] T, the system can be expressed in the following form:

%(t) = Ax+ ¢(u,x) + Be

y(t) = Cx(t) (41)
with
0010 0
0 0 0 1 0 1 0 00
A=10 00 0| 2= £, ’C_{o 10 0]’
0 00O fa(u,x)
T
0 01O
b= { 000 1 ] /
2
fi(u,x) = ]ﬁ (K@gul + Koyuz + ml? sin (xil)) cos (xil)) (x§2)> — mgl cos (xi”))
eq,0
1 MY o (1) MY ..(2)
folu,x) = Kygty + Kyyptip +2ml? (x5, ) sin (xy ) cos (7 ) x5 ),
]eq,lp—i-mlzcosz(xgl))( 4 vy (2 ) ( 1 ) ( 1 ) 2 )
2 2
oo Bow) ey — Byxy” (42)
! qu g +ml?’ J! + mi? cos? (x(l))
’ eq.y 1

where u; = V,,9 and up = Vyy. The uncertainties ¢ in the system represent the increases
or decreases in the value of the coefficient of viscosity in the system. It is assumed that
there is an initial value, but due to usage, these change over time. Ideally, the output
would be continuous, i.e., y(t) = Cx(t). However, in practice, due to the implementation of
sensors to measure these variables, they should be seen as delayed outputs only available
in instants of time, i.e., y(ty) = Cx(fx — T(t)). Therefore, the system will be expressed as

x(t) = Ax + ¢(u, x) + Be
ye(tx) = Cx(te — T(te)) (43)

4.1. Observer-Based Control

In order to achieve a control objective, which, in this case, will be trajectory tracking, a
proportional-derivative (PD) control is proposed. In this sense, the control input is given by

w=| i | = =Koz ()~ Kamat (a4)

where
21(1) = 1 () = Ta(t) 5)
22(1) = x2(t) — T (1) (46)

and T; = [0, ¢4]" is the vector of desired trajectories. It is important to highlight that this
control law cannot be implemented in the system (41), since x,(t) is needed and only the
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measurements of x;(t — T(t;)) are available. For this reason, a control-based observer is
proposed. Therefore, the control input is given by

U= —Kp21(t) — Ky£a(t) (47)

However, due to the transmission of the control signals, it is very common for them to
present time delays. Therefore, the control signal would be as follows:

u’r(t) = —Kpfl(t — T(t)) — Kdﬁz(t — T(t)) (48)
Consequently, the system (43) considering the control signal would be as follows:

xX(t) = Ax + @ (), x) + Be
yr(tc) = Cx(te — T(t))- (49)

4.2. Estimation of Uncertainties

In this case, the viscosity values are considered to be completely unknown. An impor-
tant advantage of the system proposed in Equation (1) is that state-dependent functions
and inputs can be present in the matrix A(u, x), and by taking advantage of this, it is
possible to estimate the unknown values. For this, the following state vector is considered:
c=10f ¢k, )T withgy = x; € R%, {p = x, € R?, and {3 = [By, By]T € R%. Now,
considering the state vector 7, the system (49) can be rewritten as follows:

4(t) = AL + (s, ©)

ye(ti) = Cellte — T(t)) = Ta(tk — T(ty)). (50)
where
00 1 0 0 0 0
00 0 1 0 0 0
00 0 0 a(Z1,02) 0 fi(ur), §)
A = 7 7 = 7
@=loo000 0 wa | 09| fug)
00 0 O 0 0 0
0 0 0 O 0 0 0
c._[1 00000
1010000}/
1 (A1) M) (22
fi(uery, ©) Togs + 12 <K99M1,T(t)+Kezpu2,r(t)+m125m (C )COS (@1 )(@2 )
—mgl cos (d”)),
1
f2(u1' /g): Kygu T +K Uy ¢
" ]eq,lp—l—mlzcosz(dl))( P TR
+2ml? (gﬁ”) sin (éil)) cos (§§1)>§£2)),
(2) (2)
w1(C1,02) = 22(01,02) = . (51)

2
Jego + mi2 Jeq.p + ml? cos? (§§1)>

Remark 2. For the system shown in Equation (50), an observer is designed as shown in Equation (6).
Where the observation error in this case will converge exponentially to zero. It is important to
note that in this case, the uncertainty of the system is absorbed by the extended state vector; for
this, it is not necessary to use large values of 8, since for control actions, it will give very sudden
control actions.
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5. Numerical Results

This section presents the numerical results of the applied observer (6) for the system
(50). Two sets of simulations are presented to evaluate different scenarios. The simulations
are performed with MATLAB® R2023a using the Delay Differential Equations (DDEs)
solver function with a step time of At = 0.001 s. The physical parameters of the system
are shown in Table 1. As mentioned before, the control objective is trajectory tracking.
Therefore, the desired trajectories are as follows:

[ 6a7] _ [ 1+05sin(t)
fe= { Va } B { 1—0.5cos(t) ] (52)
and the control gains are as follows:
30 0 5 0
K”_[o 150}'&1—{0 1} (53)

For both simulations, the design parameter and the initial conditions are as follows:

L I
Ag = diag {12, 62’ @22} S(0)=1x10"3 x I,
/4 /8
t/8 /16
02 | » 0.5
xO)=| o7 |66 =1] o7 | s€l-dm0]
By 0
By 0

a(0)2<8>,®:4.

In a practical case, the control signals are saturated because the motors have physical
limitations; therefore, the following constraints are considered:

20V < Ve <20V (54)
=15V < Vyy <15V

The output has a sampling period of Ay = 0.2's, which is equivalent to Ay; = 5 Hz. It
is important to consider that this sampling is applicable to low-level acquisition targets,
which makes this observer implementable.

5.1. Constant Time-Delay Case

The first simulation considers the case where the control signal presents a constant
delay. For this purpose, T = 0.025 s. The simulation results are shown in Figures 2-7. The
estimate of the unknown parameters present in the input signal by the observer is shown
in Figures 6 and 7. The control of the pitch and yaw positions are shown in Figures 2 and 3,
respectively. The delayed measurements of each of them are denoted by (-).(f;) and are
only acquired in sampled intervals as mentioned above (Ays). However, the designed
observer achieves the estimation continuously to control the system. The speed control
is shown in Figures 4 and 5. It is important to note that for PD control, the knowledge of
the velocities is needed, i.e., xp, which, in this, case are obtained from the observer, and no
other extra algorithms are needed to know these variables. The advantage of the observer
structure is demonstrated in Figures 6 and 7, where the estimation of the unknown values
Bp and By, are shown, respectively. These help to achieve better control, as the 6 values do
not have to be increased further to reduce the error due to uncertainties.
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Figure 5. Tracking performance of the yaw velocity (i) and its estimation with Ay; = 5 Hz.
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Figure 7. Estimation of the unknown parameter By with Ay = 5 Hz.

5.2. Time-Varying Delay Case

The second simulation is focused on showing the system’s effectiveness under time-
varying delays in the control signal and output. For this, it is considered that the maximum
delay is T = 0.045 s and the varying function is 7(t) = 0.03 + 0.015sin(2f) as shown in
Figure 8. The simulation results are shown in Figures 9-14. The control of the pitch and
yaw positions is shown in Figures 9 and 10, respectively. In this case, the control is more
challenging because of the higher delay values, but the control is satisfactorily achieved.
This is evident in Figures 11 and 12, where the velocities are shown, respectively. However,
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it is important to highlight that the estimation of the system uncertainties is achieved, as
shown in Figures 13 and 14.

0.06
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Time-delay (s)

1.5

Position (rad)

Time (s)

Figure 9. Tracking performance of the pitch position () and its estimation under time-varying delay.
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Figure 10. Tracking performance of the yaw position (1) and its estimation under time-varying delay.
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Figure 11. Tracking performance of the pitch velocity (8) and its estimation under time-varying delay.
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6. Conclusions

The design of an observer for a class of MIMO nonlinear systems considering outputs
available only at time instants and known time delays has been addressed. The originality
of the work is that this observer can reconstruct the actual state vector in the presence of
various problems in the output measurement, such as sampling and time-varying delays.
Considering this, the proposed algorithm can be implemented in hardware with low
features since the outputs are available in this way in practice. It is guaranteed that the
observer error will converge to a region near the origin due to the uncertainties of the
system and that the convergence rate depends on the sampling time of the original system
outputs. Numerical simulations of a system consisting of a 2-DoF Helicopter are presented
to test the effectiveness of the proposed algorithm. The objective of the simulation was
to achieve trajectory tracking using an observer-based control and take advantage of the
observer structure to estimate the uncertainties in the system. The main limitation with
respect to other approaches lies in the condition of the sampling interval since, in some
cases, it is not fulfilled, and the observer does not achieve convergence. Another limitation
is that the system must comply with the persistent excitation condition. However, this
condition can be achieved by adjusting the system inputs. Future work will address the
case of even longer delays in the system output in order to address cases presented when
there are long distances in the transmission networks, as well as to attenuate the effects of
signals other than the output signal, such as measurement noise.
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