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Abstract: The present study aims to propose a general framework of modeling rigid body potentials
(RBPs) suitable for analyzing the orbit-attitude coupled motion of a spacecraft (S/C) near small
celestial bodies, regardless of gravity estimation models. Here, ‘rigid body potential” refers to the
potential of a small celestial body integrated across the finite volume of an S/C, assuming that the
mass of the S/C has no influence on the motion of the small celestial body. First proposed is a
comprehensive formulation for modeling the RBP including its associated force, torque, and Hessian
matrix, which is then applied to three gravity estimation models. The Hessian of potential plays a
crucial role in calculating the RBP. This study assesses the RBP via numerical simulations for the
purpose of determining proper gravity estimation models and seeking modeling conditions. The
gravity estimation models and the associated RBP are tested for eight small celestial bodies. In this
study, we utilize distance units (DUs) instead of SI units, where the DU is defined as the mean radius
of the given small celestial body. For a given specific distance in Dus, the relative error of the gravity
estimation model at this distance has a similar value regardless of the small celestial body. However,
the difference value between the potential and RBP depends on the DU; in other words, it depends
on the size of the small celestial body. This implies that accurate gravity estimation models are
imperative for conducting RBP analysis. The overall results can help develop a propagation system
for orbit-attitude coupled motions of an S/C in the vicinity of small celestial bodies.

Keywords: gravity estimation; orbit-attitude coupled motion; rigid body potential; small celestial
body; direct integration

1. Introduction

After the initial success of the Hayabusa mission, most deep space missions explor-
ing small celestial bodies have opted to include proximity operations [1-8]. Given the
distinctive dynamical characteristics of small celestial bodies due to their light masses,
irregular shapes, and potentially variable spin axes/rates, proximity operations necessi-
tate a meticulous analysis of the dynamical environment near small celestial bodies for
successful missions.

Among a variety of dynamic characteristics, particularly noteworthy are the orbit—
attitude interactions pertinent to gravity. The interaction caused by gravity becomes more
influential as the orbital radius becomes smaller and the size of the spacecraft (S/C) becomes
larger [9]. Given that more than 95% of these asteroids have diameters less than 1 km [10,11],
these interactions are not only conspicuous but also substantially significant. Hence, this
study primarily addresses the interaction between the orbit and attitude motions of an S/C
induced by gravity.

When modeling the orbit-attitude coupled motion of an S/C, many studies have
separately modeled orbit and attitude dynamics and combined them for simplicity of
analysis, or they have employed mutual potentials. Most common is the former approach,
which does not require any attitude information for analyzing S/C orbital motion but does
require S/C positions to calculate gravitational torques [12]. This approach is applicable
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when the primary body significantly outweighs the S/C, as the contribution of the S/C
volume to the gravitational force is negligible. Given the diminutive size of small celestial
bodies, the contribution of S/C volume often becomes non-negligible. Though some recent
studies discussed the influences of S/C attitude on orbital motions [13,14], they do not
ensure that the total energy of the orbit-attitude coupled motions remain constant, since
orbit and attitude motions are developed separately. As this study also aims to formulate
the orbit-attitude coupled dynamics that naturally conserve total energy and momentum.
The former approach is not suitable for our purposes. In contrast to the former approach,
the latter employs the full two-body problem with mutual potential [15-17]. It addresses the
orbit-attitude motions of both the primary body and the S/C, enabling the conservation of
total energy within the entire system. Unnecessary computations arise, however, when the
motion of small celestial bodies is not of primary concern. The present study focuses on the
orbit—attitude coupled motions of an 'S/C’ in proximity to small celestial bodies. In this context,
it is important to differentiate between the ‘rigid body potential (RBP)" and the ‘mutual
potential’. Any motions of small celestial bodies themselves are not of our concern. The
S/C is assumed to be an extended rigid body with finite volume; the ‘restricted” assumption
holds, i.e., the S/C does not exert any gravitational force on the small celestial body. With
these assumptions, the interplay between the orbit and attitude of an S/C can be modeled
through the process of volume integration using the gravity estimation model.

A multitude of research has been carried out with regard to RBP estimations in
the vicinity of small celestial bodies. These studies are differentiated based on how to
approximate the body of an S/C and how to estimate gravity. With regard to the methods
for approximating the S/C body, some studies have developed higher-order integrations
for the S/C body [18], while others rely on using the moment of inertia (MOI) for extended
bodies [19]. In this study, the latter approach is selected, wherein the S/C is treated as an
extended body. This choice is made to leverage its extensive applicability within dynamic
and control systems.

The main contributions of our present study can be summarized as follows: (1) We
present a comprehensive formulation of the RBP, including its associated force and torque
components. The proposed framework of the RBP is applicable regardless of the gravity
estimation models. (2) We apply this comprehensive formulation to three gravity estimation
models, which can be naturally extended into other gravity estimation models. The
estimation process of the RBP and its resultant force/torque requires the Hessian matrix
of potential to be derived through each gravity estimation model. (3) This study assesses
the RBP calculated using the three gravity estimation models. The primary objectives of
this assessment are to determine the most suitable model for proximity operations in the
vicinity of small celestial bodies and to determine conditions of applicability such as small
body size. The numerical simulation reveals that the efficacy and precision of the RBP are
contingent upon the chosen gravity estimation models, in addition to the accuracy of the
Hessian calculations.

The remaining discussion is composed of five main sections. Section 2 introduces
the background of this study and three gravity estimation models. Section 3 presents
two propositions, encompassing a comprehensive formulation for the RBP, along with
the related force and torque, and the second partial derivatives of the RBP concerning
position. By amalgamating the contents from Sections 2 and 3, Section 4 furnishes the RBP,
accompanied by its corresponding force and torque, with three distinct gravity estimation
models. Section 5 evaluates the associated potentials and RBPs. Section 6 summarizes and
concludes the overall discussion.

2. Background and Gravity Estimation Models
2.1. Background

This study focuses on analyzing the orbit and attitude motions of an S/C orbiting
small celestial bodies. If the masses/sizes of both the S/C and a small celestial body are
similar to each other, the motions of both of them should be analyzed. In this case, it
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is convenient to select their barycenter as the coordinate origin. However, if the S/C is
significantly smaller and lighter than a small celestial body, the gravitational influences
of the S/C on the small celestial body is negligible. In such instances, selecting the center
of the small celestial body as the coordinate origin becomes more convenient. This study
considers the ‘in-between’ of two aforementioned cases; it is assumed that the mass of the
S/C is considerably light, but its size is not negligibly small, compared to the small celestial
body. There is typically an increase in the masses of small celestial bodies as their sizes
grow, while the exact values vary based on their density [20]. In this section, it is confirmed
that the ‘restricted” assumption still holds, i.e., the S/C does not exert any gravitational
force on the small celestial body based on existing exploration missions.

Table 1 lists the physical properties of exploration/flyby missions targeting small
celestial bodies [21-26]. The third, fourth, and fifth columns indicate the semi-major
axis a, the eccentricity ¢, and the mean radius Rg of a small celestial body, respectively.
Mg ,c and Mg denote the masses of the S/C and small celestial body, respectively. The
third column from the right side of Table 1 shows the ratio of the S/C mass to that of
the asteroid. The second column from the right side indicates the distance between the
barycenter xp and the center x5 of the small celestial bodies when the distance between
the S/C and the small celestial body is 3Rs. The maximum and minimum distances are
1.03 x 107%* m and 3.69 x 10712 m, respectively. These maximum and minimum values
are 1.01 x 107 times and 1.28 x 10~ times the average radius of the target bodies Rg,
respectively. Even the maximum value is negligibly small when considering the difference
in orders of magnitude between this value and the position values of the S/C. The first
column from the right indicates the magnitude ratio of the acceleration ag, ¢ caused by the
S/C to the acceleration ac, caused by the Sun when the small celestial bodies are located
at their apoapsis. The maximum ratio is 2.30 x 10~ !, indicating that the gravitational
force of the Sun predominates over the motions of small celestial bodies, rather than the
gravitational force of the S/C.

Table 1. The ratio of the masses of the S/C to the asteroid, the distance between the barycenter and
the center of small celestial bodies, and the ratio of the acceleration caused by the S/C to that caused
by the Sun [21-26].

Index # Name a (AU) e Rg (m) Mgc (kg) Mg;c/Ms |lxp—xs|| (m) llasicll/llac]|
4 Vesta 2.36 0.089 2.88 x 10° 1108 428 %1018 369 x 1012 9.95 x 10~16
243 Ida 2.86 0.043 2.76 x 10* 2717 272 %1074 225x107° 3.57 x 10713
433 Eros 1.46 0.22 1.60 x 10* 805 1.20 x 1013 5.78 x 1077 112 x 10713
951 Gaspra 2.21 0.17 1.08 x 10* 2717 7.60 x 10713 245 x 1078 1.76 x 10712
1036 Ganymed 2.67 0.53 3.43 x 10* 3000 * 1.80 x 107*  1.85x 1077 481 x10713
1620 Geographos 1.24 0.34 3.13 x 103 805 201 %1070 1.89 x107° 2.55 x 1012
4179 Toutatis 2.54 0.63 2.54 x 10° 1750 3.50 x 10~ 11 2.67 x 1077 5.23 x 10711
4769 Castalia 1.06 0.48 9.85 x 102 805 575x 10710 170 x 1076 230 x 10711
25143 Itokawa 1.32 0.28 437 x 102 510 1.45 x 108 1.91 x 1075 8.57 x 10711
99942 Apophis 0.92 0.19 9.96 x 10? 2110 346 x 1078 1.03x107* 2.88 x 1011

* The selection of this value is arbitrary.

2.2. Gravity Estimation Models

This section introduces three gravity estimation models used in this study: the Point
Mass (PM) model, Extended Body (EB) model [27], and Triaxial Ellipsoid (TE) model [28].
All gravity estimation models are built upon the shape model of a small celestial body.
Although these three models offer rather simple representations of the dynamical envi-
ronments surrounding small celestial bodies, they still serve as valuable examples for
elucidating the application of the RBP.
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2.2.1. Point Mass Model

The PM model characterizes small celestial bodies as point masses, effectively repre-

senting restricted two-body motion. Let ¥ €R3bea position vector of a S/C. The potential
—~PM
VPM ¢ R of a small body, its gradient V,, € R3, and Hessian matrix VoM € R3*3 are

expressed as

"
vt g i )
‘ X
VM = B (33T 1) 2)
i

where j5 € Rand I3 € R3*3 are a standard gravitational parameter and the identity matrix,

. . = . 1 . =
respectively. & and H x H denote a unit vector and the Euclidian norm for a given vector x,

. - oPM,
respectively. The gravitational torque T, is given by

PM X
Ty =3 (R7%) TRz
[E:
where J € R¥3and R € SO(3) are the MOl and attitude of S/C, respectively. (-)* : R3 — R3*3
is a skew-symmetry operator and ()T (R3S 5 R3S jsa transpose operator.

2.2.2. Extended Body Model

The EB model utilizes the MOI associated with a small celestial body to depict its
geometric characteristics [27]. It is not universally embraced for estimating the gravity
of small bodies. Let Js € R3*3 and G € R be the MOI of a small celestial body and the
gravitational constant, respectively. The potential VEB € R pertaining to the small celestial
body is expressed as

R e (AR )

2

where tr[-] : R¥*3 — R is a trace operator. The successive derivatives of VEE with respect
—EB

to x yield both its gradient V € R3, and its Hessian matrix VEB € R3*3 are formulated as

Vo o i‘fB}’ ; f {tr[JS]JIngzJS 54T T ok }x - ?iB
E
VEB = {H”H . EMS (tr[Js]Hg 14T, - 792T.755c]l3) }??T

- H;S‘S { H¥H 37 %M% (”[Jslﬂa +2T 5~ 59?T.755c113)}

where M; = ys/G is the mass of the small body.
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2.2.3. Triaxial Ellipsoid Model

The TE model approximates a small celestial body as a triaxial ellipsoid, characterized
by dimensions of 2a x 2 X 27 (« > B > ). Here, the dimensional parameters «, 5, and
7 are the semi-major, intermediate, and semi-minor axes of the approximated ellipsoid,
respectively. The potential is constructed to account for a triaxial ellipsoidal body with
uniform density [28]. Given specific values for «, 8, v, and M, the potential VIE ¢ R, its

TE
gradient V,, € R3, and its Hessian matrix VIF € R3*3 are formulated as

TE_%/OO - du
V= u/(}’)(P(x’u)A(u)'

STE 3y o oo du TP
Vx - T/u/(;) ¢x(xru> A(M) - f ’ (3)
TE_%OO = du_ = N7 %.,%/T%.,
VIE= 3 [ ) sy () (5004 ()
where ) ) )
-\ _ % X2 X3
¢(x’u>_a2+u+ﬁ2+u+'yz+u L @)
T
> =N X1 b)) X3 _ =
¢x(x,u) _2[a2+u' [Sz—l—u"yz—i—u] _2¢x(x,u),
(2 + 1)~ 0 0
— _ —
fox(x;u) =2 0 (B2 +u)”" 0 52¢’xx(x;u),
0 0 (VP +u) "
-1
=\ _ Bk x} x3 13 3ps
X, U - + + - 7
1/)( ) A(u’){(,xz_i_u/)Z (‘82+u/)2 (72+u’)2 2

Au’) ;;(?;W)

Au) = /(6 + ) (B2 + 1) (72 + ).

3. Rigid Body Potential

‘Rigid body potential’ is defined as the potential of a small celestial body integrated
across the finite volume of the S/C, with the assumption that the mass of the S/C has no
influence on the motion of the small celestial body. The RBP is distinguishable from the
‘mutual potential’ in that it does not consider the motion of the small celestial body. Small
celestial bodies are approximated as polyhedrons with uniform density, and the S/C is
considered as an extended body with finite volume. This enables us to utilize a variety of
gravity estimation models for comparison. Figure 1 visualizes the coordinate system for
the RBP. In this section, the RBP is denoted as U and the subscript “x” specifically refers to
the partial derivatives with respect to the variable x.

5
Proposition 1. Let the potential, its gradient, and its Hessian be expressed as V € R, V. € R3,
and Vyy € R3*3 for a given pair of position vector ¥ € R® and attitude R € SO(3). Then, the

S,
RBP U € R, its force f € R3, its Hessian matrix Uy, and its torque T € R3are generalized
as follows:

1 T 1
U=VM= Y, At RIRTG, + ptr[T|trVid, )
2 o, T s 3

Mf =MV, + [2 ]Zn:1 Awvn—Y ) AuRIR"v,, (6)
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tr[T] av o0
3
Uy, = MVyy + 5 Zn . ( A > (un _}ﬂ n), (7)
Jx
X
T7=Y3 A (RT?n) JR'D,. 8)

N
Ay = Ay 99y ) 4 1(9 v where An € Rand vn € R3 are the nt ezgenvalue of Vyx and
ox 2 x

T
. . . . —1In —2n  —3n
its associated eigenvectot, respectzvely. uy, = [u xmr Woms U xm} € R¥3 form = 1,2.

Here, u, 1 = aagn v, € R3and . 2 = %AX”RJRTZJ” € R3 where

Ay _ 301,00y Pon 1 PAy T o
ox;  20x% 9% oxdx  20x0%

fori=1,2,3. M € R is the total mass of the S/C.
Proof of Proposition 1. Volume integration of the S/C body B yields U as
u= / X+ Rp dm ( p)
where B € R? indicates the position of the mass element dm in the body-fixed frame of

the S/C as in Figure 1. It is assumed that H; H < H?H Let € and x be defined such that

€= H;H/H?H and cosk = % - Rp, respectively. H; + R?H is rewritten as

1
2

H?—i—RHH = H?H(l—i—Zecosx—i—ez) .

Then, it is possible to approximate the potential V' at x up to the second order as
V(x)—v(?)+ea—v i +0(e)
< de |._o 2|02 ] .,

= V(}’) + (Rp) Vet (Rp) VixRp + O(e)

1
where x. = H?H (14 2ecosk +€?)? and O(e) contain all higher-order terms. The RBP
then becomes

u(#) = [ (v(3)+5 RV(3) + 35 RVe(3)R5 ) (5

—v(¥)mM+ % /B 6 R'Ve(¥)Rpdm(p). (10)

Now, the Hessian Vyy is decomposed by using scalar and vector pairs in order to

rewrite the second term in Equation (10). As the eigenvalues of a real symmetric matrix are

always real and the associated eigenvectors are orthogonal to each other [29], the Hessian

Vyx can be represented using three real eigenvalues and their associated eigenvectors. Let

Ay and ;n be eigenvalues and the corresponding eigenvectors of Vi forn = 1, 2, 3,
respectively. Then, Vyy is represented as

3 T
Vxx = Zn:l )\ngn?w (11)
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BCBF frame

Figure 1. Coordinate systems. x belongs to the principal axis frame of the small celestial body and
the position of the S/C mass element is represented in the body-centered, body-fixed frame.

. — . . .
Note that the other pair (an, xn> can be taken into account if V., can be written as

YN, aﬁn?,l forn =1, 2,---,N. In this study, the eigenvalues and eigenvectors are
utilized to derive the RBP without loss of generality. Introducing Equation (10) into (11)
yields the RBP as

u(x) ~v( )M+ 3L [, RTS05 R ()
=V(F)M+ Y0 Atk /BBTdm RTT,.
Since [ pp dm (?) L[ J]T5 — J, the RBP s finally expressed as
u(?) = v(?c’)M— ;23 MO RIRTG, + itr[.ﬂtr[Vxx]. (12)

-
The gravitational force f is obtained by taking partial derivative of Equation (12):

P {n(5) (G
T 4%(2@”) +i(?”) Jua.

3
-y ARIR"v,

—MVx

n=1

The gravitational torque T can be derived by taking the partial derivative of Equation (12)

with respect to R:
ou 0 tr[T ] 3 —T— 13 T T
OR 8R{ 4 2n:1)‘n7]n U”_EznzlAnvnRjR Un
3 T
= _anl Al’l;n;nRJ - _VxxRJ. (13)
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X T
Substituting Equation (13) into <.7 ?) = (g—%) R - RTg% provides
X T T
(77) =X M { ~ IR0, v, R+ RT?n?nRJ}.

Using yxT — xy” = (x*y)” for x, y € R3, the torque due to the RBP can be given as
Equation (8).

=
In order to derive the Hessian matrix Uyy, start by taking partial derivatives of Uy
with respect to x; as

(M) = 2 (v T A X ARTRTS)

axi a? ax,» 2
B Ma?/x TV (i p 30 S 00 )
N axi 2 n;l a1 "Txi n;l a2 " axi

in
where ﬂ)xl = %;n and u,, = %RJ RTv,. The first term of Equation (14) leads to

ov, [ov, av, av,|
X X X X
= ’ ’ = Viyy. 15
ox dx1’ 9xp " dx3 o (15
The common term aag;’ of ;;711 and ;;712 yields

Ay _30Awdvn | Pon 1 PAy T

dxj  29x gx  oxox  20xdx

The second term of Equation (14) provides
d 3 3 1n 90 3 2n v 3 3n o, \ 1"
— — n — n — n
53 (Zn:l An”n) = [Zn—l (”xl + Anaxl)fzn—l (”xl + AnaxZ)fZH (”xl + A"8x3>]
- — - T
3 —1In —2n —-3n avn avn avn
= Zn:1 Uy, Uy, Uy | + A

0x1  dxy 9x3
—
3 Jdv
= Zn:1 (”21 +—= Ag) . (16)
ox

Similarly, the third term of Equation (14) becomes

d ' 90 oo
2 (e amgwr e ) Lo g (e Serawal). a7
X 1 X

Finally, the Hessian of the RBP can be obtained by combining Equations (15)-(17). O

Proposition 1 can be extended to cases where the Hessian matrix of potential Vi, is
decomposed into two distinct vectors. Refer to Appendix A for details.

4. Application of Rigid Body Potential

Section 4 presents the RBP estimated through three gravity estimation models, namely,
the PM, EB, and TE models introduced in Section 3. As stipulated by Proposition 1, the
derivation of the U and its corresponding torque necessitates both the potential V itself
and its associated Hessian Vy,. Furthermore, the calculation of the force stemming from
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PM _ _Ms
xXx H_>

‘ 3

the RBP mandates the partial derivatives of certain scalar quantities and vectors linked to

Vyx and requires ?/x. In this section, the superscript “A” indicates its computation through
the utilization of the A gravity estimation model.
4.1. Point Mass Model
—~PM
This section presents the RBP, along with its gradient U, and its Hessian UM when
a small celestial body is conceptualized as a PM. Although it is challenging to assert that

the PM model is accurate enough, its usefulness lies in understanding how Proposition 1
can be applied to a variety of gravity estimation models.

—~PM
Example 1. The RBP U"M € R with the PM model, along with its associated force f € R?,

. —PM .
Hessian ufjﬁﬂ € R3*3 and torque T e RS, is represented as

pv_ s ) 32’ RIRTx  1tr[T]

3 L1 (18)
L O I E
Sl | i e A
— - x x
X

M(35c5cT - H3) _15#'RIRz (mT - H3> L 3RIR (10&5? I ) 4 3] (55cch - H3) . (19)

S E Hh g Hi
PM X
J7 =3 ZSB(RT&) IRz
H

Proof of Example 1. The initial step involves identifying scalar-vector pairs that facilitate
the representation of VoM, as demonstrated in Equation (11). As evident from Equation (2),
the first term of VM already resembles the desired form of Equation (11), while the other
term is a diagonal matrix. Any diagonal matrix can be transformed into the desired form

by employing the standard basis and considering its diagonal elements as

4 T

—~PM _sPM

VPM = Z)\SM n On (20)
n=1

—PM . o
where v, ,forn =1, 2, 3, represents the n'" standard basis vector &,, and )\P M corre-

o 50) -

<3 s_ % |. The remaining proof involves the application of Corollary Al from Ap-

pendix A with Equation (20), and the details are provided in Appendix B.1. [

sponds to its associated scala

4.2. Extended Body Model

This section presents the RBP and its associated parameters by employing the EB
model where both the S/C and small celestial body are considered as extended bodies with
finite volumes.
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Example 2. Let M; € RT and J s € R3%3 be the mass and the MOI of a small celestial body, re-
spectively. For a given VEB € R, accompanied by its gradient VEB € R3, its Hessian VED € R3*3,
the RBP UFB € R with the EB model, along with its corresponding f I € R3, ULE € R3*3, and
?EB € R3, can be expressed as

1 eBT EB 1
u-EB — VEBM _ 52;41:1 5)271 RJRT'Uln + Ztr[j]tr |:V§J§:|’

—EB —EB 1 4 00, T —~EB  EB
ME =MV —gE e gy Do | G | GIRT 0T IR) 8 = U
i#j
gD = MVED — it =l p, @
B 4 EB\ * EB
gt =Y <RT;1n> TR,
n=1
where
3 ft: BEBenr n=1,2,3
ses_ LR
O1n = 3 yb EB—> n—4 "’ (22)
EB ey, n=123
_ , 23
v2n {2’ n—= 4 ( )
Us AT EB Us EB T _
a?EB -21 H% ‘9 xe B;; —1—3H ‘ n n=123
91 _ LT , (24)

L
X 5 E xXx , n=
d 3HﬁS‘AB+3H“*’ CPxx 4
a?ff_ 03, n=1,23
ax _{Hg, n==4 !

T T
ul = 1<EEB¥?Z +xx EEB>

(25)

X

T T
ul® = 411 (PEBE? +xx FPP oy GEB>,

X

5G X T
.
—H H H3+2M tr[js]ﬂ3+4js—7ﬁﬂ3 p
S ¥
=T _ —

3G x Jsx 1—12

BEE = | [T I3 4+2Ts —5—""I3 | — =||x| I
2 7

e ) -3

CEB — 2l 1 35-2- ‘754"]13*3 = ‘75 0 _afp,

"
X

HW
=T _ —
1 15£ Is _ SEMH +1
2| M, =2 M, H;"l S
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2
gEB 3 re 8]13—1ocEB+H¥H CEB 4 9AEB 70£ ‘75 )
7] "
9 56 1
. ”s [ } — 14DFB 4 ———( Ts— &Tjsa?]lg,) )

2

\WH

GEB —g Ms | pes_ 7 tr[BEB}]I

E E
HEB _ 1 aglEf 2 RT I 2 RT I a?ff !
o . (2TR" + #T)k) + (2TR" + 11T ]Iy ) =

Proof of Example 2. Refer to Appendix B.2. [

4.3. Triaxial Ellipsoidal Model

This section presents the RBP UE obtained using the TE model, together with its
—TE TE
associated force f , torque 7, and Hessian urk.

Example 3. Let the potential with the TE model, its corresponding gradient, and its Hessian matrix
S TE
be denoted as VIE € R, vV, € R3, and ng € R3%3, respectively. Then, the RBP UTE ¢ R,

. —=TE _TE
along with f € RS, Uff eR33 and T € R3, can be expressed as

ut = v =3 [ (700 - T nleld | S + v ( - 3RIR )4,
—TE —TE P , , ! TE TE
Mf =MV, - Ztr[‘ﬂ (prx +tr[@]I3) P+ AT = U, , (26)
tr tr
utf = v (7R ) T @

TE

77" —y(R'p.) TR,
where

AT = $ {29l (1 - LT [ BB IRIRTG

/ Y 1 1 ! Y
BTE = ‘pxx{l/](]ll” - ‘px xT) ¢xx - El[Jti’ [‘P xx]‘Px‘PxT}/

1 / / f,oa /
”zlE = EIPOY [‘P xx]]I3 +2¢ xx) (tr [‘P xx]]I3 +3¢ xx)¢ ‘P/z - ilp‘P ix’
uTE = Ju(rlgr Il +291,,) ([0 L RTRT + 0T ) 1, 67T — Syt T 197,

Proof of Example 3. Refer to Appendix B.3. [

5. Numerical Simulations

Section 5 presents numerical analyses of the RBP V and its associated Hessian U with
three aforementioned gravity estimation models. The direct integration model is chosen as
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a reference for comparison, since it is the most accurate for a given polyhedral body [30,31].
Refer to Appendix C for details on the direct integration model. Eight small celestial
bodies, i.e., 4 Vesta, 243 Ida, 951 Gaspra, 1036 Ganymed, 2063 Bacchus, 4769 Castalia,
25143 Itokawa, and 99942 Apophis, have been chosen for evaluating/testing the gravity
estimation models. Their masses range from 10'° kg to 10%° kg, while the number of faces
is distributed across a spectrum from 2024 to 32040. The outcomes related to three pairs of
small bodies characterized by similar masses, i.e., (253 Ida, 1036 Ganymed), (2163 Bacchus,
4769 Castalia), and (26,143 Itokawa, 99942 Apophis), serve to demonstrate the impact
of both the number of faces and the shape of these celestial bodies. Table 2 shows the
physical/modelling properties of eight small celestial bodies. 1Rg is selected as 1 distance
unit (DU). The MOI and mass of the S/C are selected as diag([200,500,300])kg - m? and
600 kg, respectively.

Table 2. Mass and 1 DU values for small celestial bodies.

Small Body Mass (10" kg) 1 DU (km) Number of Faces

4 Vesta 2.59 x 10° 287.7538 5040

243 Ida 100 27.5884 32,040

951 Gaspra 3.57 10.7637 32,040
1036 Ganymed 167 34.28 2040
2063 Bacchus 0.0033 0.6617 4092
4769 Castalia 0.0014 0.9849 4092

25143 Itokawa 3.5x 1075 0.4373 12,192
99942 Apophis 2.70 x 1072 0.9957 2024

5.1. Analysis on Gravity Estimation Models

The aforementioned gravity estimation models are numerically analyzed first, fol-
lowed by analysis of the RBP. Each gravity estimation model is assessed based on criteria
that include potential accuracy. Accuracy evaluations are performed with respect to the
radial distance along the x-, y-, and z-axes. Figure 2 shows the relative errors of the poten-
tial attributed to each gravity estimation model when applied to the eight small celestial
bodies. The left and right illustrate the relative errors of the potential at 1DU and at
3DU, respectively. The outcomes pertaining to the x-, y-, and z-axes are denoted as circle,
square, and triangle markers, respectively. Blue, red, and yellow markers indicate results
calculated using the PM, EB, and TE models, respectively. In the left figure, the relative
errors tend to be larger compared to those in the right figure, and the accuracy order for
each small celestial body is usually consistent regardless of the radial distance. The TE
model generally yields the smallest errors in most cases, except for the results at 3DU for
99942 Apophis. The PM model gives relatively accurate results when applied to spherical
bodies (i.e., 4 Vesta and 1036 Ganymed), similar to the EB model. Although the results
are ordered based on the mass of small celestial bodies, it is unclear to identify any clear
tendency with respect to mass. The relative errors associated with heavier bodies decrease
at a slower rate compared to those of lighter bodies, with respect to radial distance, if 1DU
is considered to be a significant magnitude for heavier bodies. These results will be further
discussed in terms of the conditions suitable for the utilization of RBP, in conjunction with
the analysis of RBP. Figure 3 presents the relative errors, mean, and standard deviation for
each gravity estimation models in a single plot, without distinguishing between the small
celestial bodies. Blue, red, and yellow markers denote the relative errors at 1DU, 2DU, and
3DU, respectively. The relative errors of all gravity estimation models decrease in relation
to radial distance, regardless of the small celestial bodies and evaluation directions. The
TE model exhibits the best performance among the three gravity estimation models, as
evidenced by its smallest mean and standard deviation. The observed trend, where the PM
model exhibits the largest relative errors, suggests that its accuracy is mainly reliant on the
shape of the small celestial bodies. This is because the PM model considers a small celestial
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body as a sphere, regardless of its actual shape. Thus, the PM model provides the most
accurate results when a sphere with uniform density is employed as a small celestial body.
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Figure 2. Relative errors of potential of small celestial bodies calculated using three gravity

estimation models.
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Figure 3. Relative error of potential calculated using three gravity estimation models.

5.2. Analysis on Rigid Body Potential

The RBP is composed of the potential V and additional terms U?. Here, we focus on
evaluating U”. Seven different types of attitudes are considered for evaluating the RBP, as
outlined in Table 3, where 4§ denotes the quaternion. Different colors distinguish the gravity
estimation models from each other. Blue-based, red-based, and yellow-based colors indicate
the results calculating using the PM, EB, and TE models, respectively. Outcomes related to
the x-, y-, and z-axes are represented with circle, square, and triangle markers, respectively.

Table 3. Seven types of the fixed attitude of S/C.

Case

OO O

oRr o Oo|w

— o ook
S

— oo~

2
0
1
0
0

N
SR
S
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It can be seen from Proposition 1 that U is calculated by combining eigenvalues and
their corresponding eigenvectors, with the MOI of the S/C also being one of the parameters.
Figure 4 shows the almost proportional relationship between U? and the magnitude of
Vyx. All results are represented, irrespective of small celestial bodies and the attitudes of
S/C. The maximum eigenvalues are used as the magnitude of Vy. The left figure depicts
U = a|Vyy |b, where 2 and b > 0 are real numbers. Both the x- and y-axes are displayed
on a logarithmic scale to clearly visualize the tendency. On the right, it is evident that b is
nearly 1, indicating an almost proportional tendency between U” and the magnitude of
Vyx. Figure 5 presents the relative U“ and relative errors of V for 25143 Itokawa, in a single
plot. The relative U” represents the magnitude of U’ over V for each gravity estimation
model, and it is denoted as a lighter color. The relative error of V is the absolute error of
the given gravity estimation model with respect to its potential value. The standard value
for the absolute error is the potential calculated using the direct integration model. The
relative error of V is represented in a darker color. The attitude of the S/C is specified
asqg=11,1,0, O]T/ /2. Unfortunately, the relative errors of the three gravity estimation
models surpass the magnitude of U®. This indicates that inaccurate gravity estimation
models are unsuitable not only for potential estimation but also for estimating the RBP.
Figure 6 illustrates the ratio of U” to V (left) and the relative error of V (right), with respect
to radial distance in kilometers. All results from the three gravity estimation models are
depicted in the same colors, with color variations denoting different small celestial bodies.
U* is derived from Vyy, which decreases as the radial distance increases. Consequently,
the U’ ratio diminishes with increasing radial distance, irrespective of any specific gravity
estimation models, as evident in Figure 6. On the other hand, as depicted on the right,
the relative error values of V estimated using each gravity estimation model are similar.
Although the three gravity estimation models utilized in this study may not be adequate
for the analysis on RBP, other models exhibiting relative errors below 107> are deemed
suitable for analyzing the RBP near relatively small bodies, such as 99942 Apophis.

(a) U* with respect to Max(V ) (b) U* over Max(V )

3

10

@ x—direction @ y—direction A z—direction
@ PM

OTE _ 1('8B888888388838538888388335
¢ HB0808asasasasasnnsessses
= §8888008088088888888880888

1010 88, 0ge 90080 4 0ofBo0°

egon,8800,08 930848 ¢ 2
10—

10°° 1 1.5 2 2.5 3 3.5
Max(vxx) Radial distance (DU)

Figure 4. (a) U” with respect to the maximum magnitude of Vy,’s eigenvalue and (b) U” with
radial distance.
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Figure 5. U and relative errors of V calculated using PM, EB, and TE models (26,143 Itokawa).
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Figure 6. (a) Relative U” and (b) relative errors of V with respect to radial distances in kilometers.

The propagated trajectories of the S/C with three different types of potentials are
compared with each other to validate the proposed RBP. As all gravity estimation models
considered in this study are rather limited in accuracy, a uniform sphere is chosen as an
artificial small celestial body. This allows us to observe the effects of the additional terms
in the RBP on the motion of the S/C, even when the PM model is adopted, as discussed
in Section 5.1. The mass, radius, spin rate, and spin axis of the artificial /spherical small
celestial body are selected as 4.19 x 10° kg, 1.2 km, 1.13 x 107 rad, and the z-axis, respec-
tively. The initial position and velocity are chosen as [1.30, 0, 0] km and [0, 0, 0] km/s in
the principal axis frame, respectively, which correspond to a geosynchronous orbit in the
restricted two-body context. The initial attitude of the S/C is case 7 in Table 3, and the
initial angular velocity is set to be the same as the angular velocity of the artificial small
celestial body, which ensures that the S/C maintains a consistent orientation relative to
the artificial small celestial body. These initial conditions are suitable for observing the
influence of additional terms in the RBD, i.e., the second and third terms in Equation (18).
Now compared are three dynamic models: the orbital motion in the restricted two-body
problem, the orbit-attitude coupled motion with the RBP, and the orbit-attitude coupled
motion with the mutual potential. Figure 7 illustrates the deviations from the prescribed
initial positions of the S/C in the principal axis frame and displays trajectories for 500 days
in the xy-plane. The blue solid, red dashed, and yellow solid lines show the propagations
with the RBP, the mutual potential, and the potential V, respectively. Since the initial condi-
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(a) Difference from the Initial Position

tion is set to form a geosynchronous orbit, the propagated position with the potential V
remains in its initial position after 500 days. The propagation with the RBP shows a bigger
difference between the initial and final positions than the propagation with the mutual
potential. This is because the propagation with the RBP does not consider the gravitational
influence of the S/C on the motion of the artificial small celestial body. Additionally, both
images in Figure 7 illustrate that the propagation with the mutual potential (rather than the
propagation with the potential) shows a similar tendency to the propagation with the RBP.
This implies that the analysis of orbit-attitude coupled motion with the RBP is a reasonable
approximation and efficient alternative, when the mass of the S/C is considerably light but
its size is not negligibly small, compared with the small celestial body.

(b) Trajectory in the Principle Axis Frame
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Figure 7. (a) Deviations from the initial position of S/C in the principal axis frame and (b) trajectories
in the xy-plane.

6. Conclusions

This study has established a comprehensive framework for calculating the RBP, along
with its first and second derivatives. The overall analysis does not take into account the
motion of the small celestial body itself. The terminology ‘rigid body potential’ is defined to
distinguish it from the mutual potential. S/Cs are assumed to be extended rigid bodies with
finite volume to ensure their applicability within dynamic and control systems. The mass
ratio between a S/C and a small celestial body ensures that their barycenter can be located
at the center of the small celestial body. Additionally, the ‘restricted” assumption, which
stipulates that the S/C does not exert any gravitational force on the small celestial body,
has been numerically validated to be reasonable by comparing the propagated trajectories
with three different types of potentials (i.e., potential V, rigid body potential (RBP) U, and
mutual potential) with each other. Three gravity estimation models based on the shape
model of the small celestial body have been introduced: the PM, EB, and TE models. The
formulations of the RBP, along with its first and second order derivatives are proposed and
are implemented in conjunction with the three gravity estimation models. The Hessian
matrix of the potential plays a crucial role in constructing the RBP. Analyses of the gravity
estimation models and the RBP were conducted and numerically tested for eight small
celestial bodies, chosen arbitrarily. The relative error of the potential decreases as the radial
distance increases, irrespective of the gravity estimation model. However, when the radial
distance in DU is similar, the relative error of the same gravity estimation model is also
similar, regardless of the choice of small celestial body. On the other hand, the additional
terms of the RBP decrease as the DU increases, which indicates dependence on the size of
the small celestial body. This implies that accurate gravity estimation models are imperative
for conducting RBP analysis. Nevertheless, the comparative analysis of the propagated
trajectories with a uniform sphere as a small celestial body suggests that the RBP should
be a reasonable approximation and an efficient alternative to the mutual potential for
analyzing the orbit-attitude coupled motion of S/C ‘only’. This observation motivates us
to further apply the proposed framework of RBP to other gravity estimation models, such
as the mass concentration model, spherical harmonics model, and direct integration model.
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Appendix A. Corollary Al: General Framework of Rigid Body Potential

Corollary A1. If there exist a finite number of vector pazrs to represent Vyy, the RBP U, its force

f € R3, its Hessian matrix Uy € R3*3, and its torque T € R® can be expressed as

N
U=VM- Y G,RIR Sy, + 1] T]irlVes], (A1)
n=1
— — 1 2
f=MVi—1 ) Z ( v’”) (2JRT+tr[J]H3)?jn, (A2)
ije{1,2pm=t N\ 0F
i 7]
T
1 N i 90 99,
U =MVir =3 1 Z uy’ + (2") (2~7RT+ fT[J]H3) ( —]>n> , (A3)
ije{1,2)n=1 0x 9%
i#]
- N — X T—
Jt=), (RTvln) IR vy, (A4)
n=1
where
T
VJ(X - Z 5>11’!5>2n/ (A5)
n=1
— — T
un,ij _ i 90y ? i avm d v ? (A6)
: i\ ox ) " o\ ox o o\ gx ) "

where N is the number of vector pairs to express Viyy.

Appendix B. Derivation of Rigid Body Potential

Appendix B.1. Proof of Example 1 (Point Mass Model)
Substituting Equation (20) into Equation (A1) provides U"M:

13 pmT PM 1
UPM = vPMM — 23 MG, RIRTY, + [T [ny]

n=1
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Ms )y 3RTRIRTE  1tr[T]

FIL 2=

—~PM

Calculating f  necessitates an additional step to compute AL by combining the

PM
partial derivatives of AlM and ?n . The partial derivatives of A[M

—
to x are expressed as

o 3%, n=1,23
M _ ) |F]
S e = A
a?PM_ 0, n=1,23
ax _{]I:;, n==4

—PM
and v, with respect

(A7)

(A8)

where O3 is the zero matrix of order 3. Introducing Equations (A7) and (AS8) into the

definition of AP’ leads to

n=12,3

AM =

—PM PM

(A9)

The force f  and the associated torque T arising from the RBP can be obtained

PM
by substituting ?n and Equations (1) and (A9) into Equations (A2) and (A4), respectively.

In order to derive UEM

PM
AﬁM and ;n with respect to x;,1 =1,2,3:
3t (I3 —5%:T)e;, n=1,23
aZ)LEM B HXJ (3 ) i
X% Jei, n=4 "'
82_>PM
= Q0;.
ox;dx

Substituting Equations (6), (7), (A10), and (A11) into Equation (9) yields

SAPM 3 ‘KS s (I — 5327 ;2] n=1,23
n _ xﬂ

|3 f’sr (7ale;za —eaT —3aTel;), n=4

Hence, uZ’lP and u;l’zp are obtained by using Equations (6), (7) and (A12) as

3 ke ]13—5xx) n=1,23

np _ H?
Uy = 25 ) n=4 "'
5 (I; — 5227 )elRTR™e,, n=123

nP __ J_)‘
Uy = 15 Hss{x RJIRT2(722T —13) — 382TRIJRT}, n=4

', proceed to compute the second-order partial derivatives of

(A10)

(Al1)

(A12)

(A13)

(A14)
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where
3 (H3—5xx ), n=1,23
in,P
;xl = 15 Hs AT éi) n—4 ,
—sin,P 2 | ;l 5(Is = SMT) e, RIR 242, n=1,23
B Hﬁs‘é (7aTexa” — ea” — 34Tl )RTRTE, n=4
X

Substituting Equations (A8), (A9), (A13) and (A14) into Equation (7) gives Equation (19).

Appendix B.2. Proof of Example 2 (Extended Body Model)

Rearranging VLB as Equation (A5) enables us to utilize the vector pairs of Corollary Al:

EB Hs  JEBanT Hs 2 EBy T
L0 = A"PRRT +3 7 B, éné,.
| J=[ =

. . . . —EB —EB
Note that BEP is a diagonal matrix. Now, we can define v, and v,, as follows:

3t BEBe,, n=1,23
—EB

Oin =) gt AEB_) n=4
T+

_EB {en, n=1,23

Voy =3 —
2n X, n=4

In order to obtain the partial derivatives of Equations (22) and (23), it is necessary to
calculate the partial derivatives of A*B and BE? concerning the variable ¥ as follows:

JAEP X T G JIs |- R
— |21 = 2 s, 35— — CEB Al
P 3+35Ms H?H4 3 35Ms H72 x=C (A15)
T —
oBED 1 G Js G ¥ Jx ~ _ EBZ
=_-|15=— _ 15— +1 x = X Al6
ox 2\ UM 22 T M H;H4 3 (A16)

EB
where n =1, 2, 3. Taking the partial derivatives of 5)1,1 and substituting Equations (A15)
and (A16) into the results provide Equation (24):

971, d Hs LEB Hs =T EB Hs SEBZAT
=3—= e =-21 e, B~ +3 D xe
— — 7 nntn 9 n nrs
oo \+] |7 #
o 9 T
Tt 3 S| Leafy | =5 Py 3 P AlS
AN E %] ||

EB
The partial derivatives of ?2,1 , which give Equation (25), are easily yielded as follows:

EB
30y,  [03 n=1,23
az o ]Ig,, n==4
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Since En LUy 21 = O3 because of Equation (25), rearranging Equation (A3) provides
as follows:
T
4 3 —EB P
UEB = MVEB i Yo Y uy 90in. (ZJRT + tr[J]H3) n
ije{1,2}7=1 dx dx
i#j
EB SEB\ T
1 13 1 90 9,
= MVEB _ Zui'lz —1 Z u1? — 1 Z ;)A (ZJRT + tr[J]]Ig,) af
n=1 ije{1,2}y \ 9% "
i#]
Define u = luy'?, ul® = 153 412 and
1 a*)EB a*)EB
EB _ 1 V14 T T V14
B = 52 (2T R" + (Tl ) + (2TR" + 11T ]I ) 3

Then, UEE can be represented as Equation (21). HF® can be calculated by taking
Equation (24), thus we can then yleld uy!? and Zn LUy 12 . Taking the partial derivatives of

—EB
0014 / dx with respect to the m'" element x,, of x gives
EB
d (oo T 1s 0AFP act 1
2 (28 ol oo 8 e colo )] an
| S |

0AEB /9x,, is given in Equation (A15) and oCEB/ dx,, is calculated as

acts -~ P Jsem

G

M

where

T T
S W R A |
X X X
=T _ — =T _ —
CEB 1 T 4¥ Tsx,  x Tsxg
2 2 s N 3+ 2 3
=] E

Substituting Equation (A18) into Equation (A17) gives

—EB —T
0 3’014 EB E 1 EB ——T i X Jsém ——=T EB< T)
axm< = ) {C + (35M5C H HzC +2]I3)xx }xm +70Ms H;H4 xx +C°eyx +xem
T
_ EEB BB T EB AT
1 Xm + Ez emxx’ + E3 emx + xe (A19)
where
EB _ o Ms EB G B =T
El —3”_)‘9 c=" + 35MSC2 - H—)H2 +2H3 XX ,
X x
—EB G
E, =210~ 7%,

13 M,

H_>
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EB _ o Ms ~EB

E3 _— —> 9 .
%]

Taking Equation (A19) into (A6) provides u4 12,

EB EB EB

AT e 9014 O N 9014 ESR 6314 2

X o\ 5% 2ns Jx, 9x 217 Jxz ax 2n
T

T —EB T
—EFPYY 4 XE, + % YEEByEEBYY

— 3 ks {8H3—1OCEB+H?H CEB 1 9AFB —_70.G T }??T

i S

——T —>—>T —>—>T
=2E"xx =Efxx +xx EP.

Please note that EEB is a diagonal matrix. Now, let us derive Zn LUy "2 Forn=1,2,3
andm=1, 2, 3,

8355 T ~EB?
—eiD A2l
= (A20)
T —
ODEB 15 G 1 ?ZJ
_ 2 Tsxm—2—S " x, + ¢, J ) A21
o M Z R\ T T E o (A2

EB
Taking the partial derivatives of a?ln /9x with respect to the m'" element x,, of x
and substituting Equations (A20) and (A21) into the results yields

—EB
d d
| P ) < PP, + GEPeyel + (FE) sl (A22)
Xm\ dx b
where
—T —
rB o Hs 63 _rp g 155G 1 x Jsx 2,7
N A\ R S Y
X X X
EB _ o Ms EB _ _ 7 pEB
n N1V 2 Pnn 3|~
H H

EB Hs 15 G Js EB
= 7D
R

—
X

Employing Equation (A22) into Equation (A6) leads to
T T
w2" = FEPe, ¥ + 20l 05, (FEF¥) + GEP.

Therefore, Zn LUy 12 can be organized as

3

Z 12 _ gFEB rd +2 ( x) +iGEB

n=1 n=1

——T
=FBxyx 4+ xx FEB GFB
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where

9 21 155G 1 X x
EB _ Vs EB EB s
X X X

Appendix B.3. Proof of Example 3 (Triaxial Ellipsoidal Model)

In Equation (3), the first term constitutes a diagonal matrix, and the second term is

VIE can be rewritten as

O

T
presented in the /\n?n;n form of Equation (11). Thus,

TE_>TET
VTE Z/\TE*
where 3
3us oo _du_ -
/\zl"E _ { 1 fu/ (‘Plpxx)nnA(u)’ n 21’2’3, (A23)

TE e, n=12,3
2 :{ g . (A24)

v -
" P, n=4
Substituting Equations (A23) and (A24) into Equations (5) and (8) provides UTF and
TE
JT . Letus yield du’/d ¥ in order to obtain the partial derivatives of Equation (9) with

respect to x. By differentiating both sides of Equation (4) with respect to ¥, we obtain

2 = du
X

.

Forn =1, -- 4, using the Leibniz integral rule gives Equation (A25) and dA1E/ dx:

a/\TE

ax 711[]4’ xx¢x’
BATE 7 -2
a% = —1P(tr [¢/xx]]13 +2¢/xx) ‘¢x (P/x'

Hence, the partial derivatives of Equations (A23) and (A24) are written as

—/
TE 7474)/ ¢ p n=12,3
a/\g _ / xx/ x -2 , (A26)
ox _¢(tr[¢ xx]H3 +2¢ xx) P, Py n=4
—TE
90, _ {@33’ n=123 (A27)
ox xr M=

TE
Substituting Equations (A26) and (A27) into the definition of AlE provides AT Ey

and ATED. forn —=1,2,3 d
TEv, forn =1,2,3, expressed as

ﬁTE = o 1 —/
ATE = zlp‘l) Pl r];en = _§¢¢/xx¢x’ (A28)

1 /
A4 Uy = —Ell)tl” [‘P xx] ¢x‘ (A29)
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TE TE
Similarly, ATERT RT?n and AIFRT RT?4 can be written as
—TE 1 —/
ATERIRTw, = _§¢(RJRT) s (A30)

TE A A —/
AIERIRT9, :%{zq);x(ﬂg—(p; ;T)—tr[qb’xx]«p; ;T}RJRszX =ATE.  (A31)

Substituting Equations (A26)-(A31) into Equation (6) provides (26). Now, we can
rephrase Equation (7) as

—TE

4 4
ult = MvITE + aax (tr[z‘ﬂ - RJRT> ATET ¢ tr[zj] » ul — » W (A32)
n= n=

where, forn =1, 2, 3,
a?TE T
}’l ATE @3’

x

—TE
avn

RIRTATE" — 0.
ox

Utilization of Equations (A26) and (A27) offers the following:

—TE

81;4 TET a0 T\ 1 1 120 T\ _ nTE
a A _¢xx{lp(ﬂ3_¢x¢x )‘Pxx_ilptr[‘p xx]‘Px‘px }:B ’

X

aﬁTE
Y4 RFRTAIF" = RFRTBE.
X

Therefore, Equation (A32) can be rewritten as
TE TE tr[J] N\pre , T aT o T
U,y =MV, + (2—RJR >B S DS DR (A33)
n=1 n=1

For the derivation of the second and third terms of Equation (A33), let us calculate the
partial derivatives of A]F with respect to element x; of the position, for n = 1, 2, 3, 4 and

i=1,2, 3
OATE 1AL, = o 1 o
TR R A T LA (A34)
i
aATE 3 a)\TE 1 aZ)\TE T 1 aATE —~TE_ T 1 —TE 1
3;1' 2 ax ‘PXX 2 ax;? x 2 3¢xx Cl ‘Px + 5 C2 ‘Px (A35)
1
where
PR)NTE aATE STE  TE
4 Cl + C2 B,

xdx o
Substituting Equations (A34) and (A35) into uZ’lT provides

T
T 1 —/ a/\ZE 1 2
uZl = _E‘P/xx‘px ﬁ - ilp‘P,xx’

T
1 —~TE_g T oA TE 1—=TE—r -1 T
4,T _
ux1_2<3¢;xcl ¢x >¢x< x +5 C2¢¢x'
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Thus, the second term of Equation (A33) can be rewritten as follows:

JTE =vy4 T
Ul = La—1Uy o (A36)
%q)(tr[¢/xx]ﬂ3 + 2¢,xx)(tr[¢,xx]ﬂ3 + 3¢,xx)¢/x¢/x - %IP¢ xx*
Like the second term, the third terms is organized as
ulf =y, uly o (A37)
= 29 (1@l 4+ 2000,) (tr]9  [RTRT + 11T |9l $1, 1 — 39111 |
where

n,T _ AT T,
wsH =e,RIR enux1 ,

T
—>TE_>/ T —/ aATE 1 —)TE_>/ —/ T
ui’zT— <3¢xx— C ¢, )RJRTqu( ai ) + = C2 .9, RIR.

X

Finally, substituting Equations (A36) and (A37) into Equation (A33) gives Equation (27).

Appendix C. Direct Integration Model

Let ps € R* represent the density of a given polyhedral shape model and s denote
the normal vector of face f directed outward from the polyhedron. For each edge e of the
polyhedron, we can index the two endpoints as 1 and 2. Here, 7{ represents the distance

of the endpoint i (i = 1, 2) from the origin, ?f means the vector from the endpoint 1 to
endpoint 2, and /, denotes the length of edge e. Likewise, the vertices of each face f can be

numbered from 1 to 3, and ;{ represents the position of the ith vertex of face f from the

center of the polyhedron wherei =1, 2,3.
—DI
The potential VP! € R, its associated gradient V, € R3, and the Hessian matrix

VEI € R3*3 are displayed as [31]

1 T T
VD’=2Gsps{ )y (7 Ee?e>ﬂ - ) (szﬁf)wf}

ecedges fefaces
—DI —DI
Vy _GSPS{ 2 (Ee;e)Le_ 2 (Ffzf)wf}_fvl
ecedges fe€faces

VE;:GSpS{ Y ElL.— Y. waf}

ecedges fefaces

where, fori,j,k € {1, 2, 3},

- —e

Xe= X1 — X,

— =f =

Xf=x7—X,

~ 1T ~ A2 T
Ef_"fln{z +n2n12(1 ’

r{+rs+le

Le

r{+rs—1Lle
Fy = fishif,
D,—
2arctan<fmn|wj{|), x3 >0

rise|wf|
(,df = 0, X3 = 0 ,

-D
2arctan<mn|u]f|f), x3 <0

—rise|wf‘
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Df = \/(run‘wf’)z—i— <rise’wf‘>2,

run‘wf‘ | —sunSs riseSz| [—sunSy riseSy| [ —sunS;
—riseSy  sunSs| | —riseSy sunS,| |—riseSy|’

=TS\ ||=f

Yj

2 SFTf\ (=T of
sunSj = x; x} =\ xi x| X x5 ),

—_ —>fT(—>fX—>f> —f
riseS; = x; Xj X

rise‘wf’ a

Xj
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