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Abstract

The frequency-domain flutter analysis method requires a linear model as input; however,
when a telescopic actuator is applied to morphing aircraft, traditional frequency-domain
flutter analysis methods face challenges in addressing issues involving contact nonlinearity.
To enable classical frequency-domain methods to handle this type of nonlinearity, this paper
presents an equivalent linearization modeling method for morphing aircraft wing structures.
The proposed modeling method uses rod elements as the equivalent linearization elements
and avoids the need to handle node correspondence issues. The model is parameterized by
the rod element’s elastic modulus, contact surface distance, and element length coefficient.
Upon completion of the equivalent modeling, flutter analysis can be performed by the PK
method. The proposed modeling method increases modeling efficiency while maintaining
the accuracy of the model. A simulation study of a typical hypersonic telescopic wing
structure is conducted. The effects of angle of attack and altitude on flutter characteristics
are analyzed. The proposed modeling method effectively captures both the static and
dynamic characteristics of the original structure. The flutter Mach number decreases with
increasing extension length, and it increases with altitude and angle of attack. The flutter
frequency decreases with increasing extension length, angle of attack, and altitude.

Keywords: morphing wing aircraft; equivalent modeling; parameter identification; particle
swarm optimization algorithm; flutter

1. Introduction
Morphing aircraft offer significant advantages in achieving global aerodynamic opti-

mization compared to fixed-wing aircraft [1–7]. A telescopic spanwise-extending wing is
an aircraft structure that morphs via translational motion in the lateral direction, with the
morphing process actuated by telescopic actuators. This type of aircraft structure exhibits
distinct aerodynamic characteristics under different extension states. Moreover, as the
wing extends, the interaction between the wing and the telescopic actuators also varies
accordingly, resulting in non-unique contact states. The telescopic actuator is an essential
structural component used to constrain and drive the wings [8]. However, conventional
flutter analysis methods rely on linear models as input to establish flutter equations in the
frequency domain and cannot analyze models with complex contact interactions. Therefore,
time-domain methods are often employed to solve models that involve contact [9–11].
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Wing flutter is a typical dynamic aeroelastic phenomenon [12–17]. It is a self-excited and
potentially destructive oscillation that can lead to catastrophic failure of the aircraft [18–21].
During the flutter process, the aerodynamic forces exhibit periodic variation characteris-
tics [22–24]. Extensive studies on aerodynamic loads have also been conducted by numerous
researchers. During the wing deformation process, the flutter boundary evolves accordingly,
resulting in a flight envelope that is no longer fixed, but rather a function of the wing defor-
mation parameters. Xie et al. [25] proposed an innovative interpolation method for the
coupling relationship between structural and aerodynamic models. Yan et al. [26] studied
active flutter suppression in variable flaps, demonstrating that variant designs can im-
prove wing flutter performance with higher control efficiency and smaller amplitude. Xie
et al. [27] investigated supersonic flutter mechanisms for “diamond-back” folding wings,
analyzing flutter characteristics during deformation using reduced-order aerodynamic
models. Despite these advancements, current flutter analyses for morphing wing aircraft
primarily use CFD or reduced-order models. However, a notable deficiency remains in
aeroelastic research specifically focusing on wings equipped with telescopic actuators.
Addressing this deficiency requires the development of an equivalent linearization method
tailored for flutter analysis.

The telescopic wing is driven by an integrated telescoping mechanism to achieve
wing deformation [8]. The telescopic actuator is a conventional driving mechanism with
a nested configuration, where the internal cavity generates thrust through high-pressure
gas to achieve telescoping motion. This structure is capable of withstanding normal forces,
while friction in the tangential direction remains minimal, ensuring smooth movement. To
analyze the flutter characteristics under varying telescoping states, equivalent lineariza-
tion must be applied to the contact region. Thin-layer elements are commonly used for
equivalent linear modeling of structures with relatively fixed contact surface positions. By
appropriately selecting thin-layer element material parameters, the contact mechanical
characteristics can be equivalently modeled [28–32]. Rimpel [33] employed thin-layer ele-
ments to simulate reduced stiffness at the axial contact surface of rod rotors. Liu et al. [34]
proposed a new semi-analytical method for nonlinear analysis. Li and Yuan [35] applied
thin-layer elements for equivalent modeling of rod rotor contact surfaces. Du et al. [36]
exploited virtual material methods based on three-dimensional fractal contact theory to
study rod rotor contact characteristics. Compared to contact algorithms, the thin-layer
element method linearizes contact, improving computational and analytical efficiency. Ex-
isting contact equivalent linearization methods require node matching between two contact
surfaces [37]. The motion of the telescopic actuator causes changes in the contact region,
and when the thin-layer element method is used for equivalent linearization modeling, it
is crucial to ensure that the mesh in the contact region matches. Therefore, modeling for
multiple telescoping states necessitates repeated mesh adjustments, making traditional
thin-layer element-based equivalent modeling methods unsuitable. These processes lead
to decreased efficiency. The principal novelty of the proposed method lies in performing
equivalent linearization modeling based on rod elements. In contrast to approaches such
as the thin-layer element method and the virtual material method, linearization modeling
using rod elements enables a point-to-point treatment of the finite element model, obviating
the need for separate adjustments to different contact states. This feature allows the estab-
lishment of a highly versatile equivalent modeling procedure, capable of batch-generating
equivalent linearized models for various contact states. Upon completion of the equivalent
linearization modeling, static characteristic analysis (a surface pressure load is applied
to one side of the wing skin to simulate the aerodynamic forces acting on the wing, and
the structural deformation characteristics are obtained by solving the static equilibrium
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equations) can be performed, followed by dynamic characteristic analysis (which analyzes
the modal parameters of the structure).

The frequency-domain flutter analysis method requires the model to be linear, ex-
cluding any nonlinear factors (such as contact nonlinearity). This requirement imposes
limitations on modeling structures with contact, particularly for morphing wings, where the
contact surfaces may change [9–11]. To address the applicability issue of frequency-domain
flutter analysis methods for wing models with contact nonlinearities, this paper proposes
an equivalent modeling method based on rod elements, which serves as an auxiliary ap-
proach to extend the application scope of these methods. The parameters for equivalent
modeling are identified using particle swarm optimization (PSO) [38]. Subsequently, flutter
analysis is conducted based on the equivalent model. A simulation study is performed on
a typical telescopic wing structure. The results show that this equivalent modeling method
accurately captures the static and dynamic characteristics of the original model. Flutter
analysis is performed under varying conditions. The results reveal the variation patterns of
flutter boundaries with altitude and angle of attack for the telescopic wing. This method
improves modeling efficiency while maintaining accuracy. It provides a novel approach for
flutter analysis of wings with contact nonlinearity.

2. Flutter Analysis Method Based on Non-Matching Grid Contact
Equivalence

This section introduces the method used for flutter analysis of models with contact
nonlinearity. First, based on the mechanical characteristics of planar contact surfaces, a
contact nonlinear model is constructed. Subsequently, equivalent linearization operations
are performed based on this model, leading to an equivalent linearization modeling method
and providing the theoretical foundation. The equivalent contact element is represented
using rod elements. The point-to-point characteristic of the rod element eliminates the
need for node matching. Next, the methods for parametric characterization and parameter
identification are introduced. Finally, it provides the approach for verifying dynamic
accuracy and the steps for performing flutter analysis under different morphing states. This
section is shown in Figure 1.

Figure 1. Flow chart of flutter analysis method based on non-matching grid contact equivalence.
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2.1. Equivalent Linear Modeling Based on Rod Element

The contact surfaces only bear out-of-plane normal forces, and the in-plane frictional
forces are negligible. The equivalent modeling needs to characterize the constraint effect on
the deformation of the airfoil in the normal direction. The structural form of the equivalent
modeling is shown in Figure 1A. Between the planar sliding contact surfaces, contact
transmits normal pressure without transferring bending moments. Rod elements only
transmit axial forces and do not transfer bending moments, making them more suitable
than beam elements for equivalent linearization. Hence, rod elements are used to connect
the nodes in the contact region between the planar sliding contact surfaces. Additionally,
the transmission of contact forces should occur between corresponding positions on the
contact surfaces. For two nodes on the contact surfaces, the more perpendicular the rod
element connecting the two nodes, the better it can transmit normal pressure. Conversely,
the ability to transmit normal pressure is reduced. It is important to note that the rod
element significantly increases the in-plane stiffness, but this has minimal effect on the
flutter boundary. This is because in the actual flight state, the aerodynamic force of the wing
only exists in the normal direction with almost no in-plane load. The first-order mode of
wing structure primarily involves normal (bending) deformation, and thus the transverse
stiffness component introduced by the rod elements exerts only a limited influence on this
mode. The second-order mode, on the other hand, corresponds to torsional deformation.
However, in the actual process of torsional deformation, the telescopic actuator is housed
within the sleeve associated with the wing, and there exists a fit constraint between the
actuator and the wing such that the two components essentially undergo synchronous
torsion. Consequently, the rod elements experience relatively small forces, and their effect
on the dynamic characteristics is likewise minor. Therefore, regardless of the presence
of in-plane stiffness, the in-plane response is nearly zero. In summary, using rod ele-
ments for connection offers advantages. It better characterizes the constraint effect of the
telescopic actuator.

Compared to traditional thin layer elements, the modeling method proposed in this
paper avoids the need for node correspondence. Additionally, when different relative
positions of the two contact surfaces are analyzed, the corresponding parts of the original
model can be directly moved. Equivalent contact elements can be then established. This
simplifies the modeling process.

The equivalent elements are chosen as first-order rod elements. The linear interpolation
method is employed to calculate the internal displacement of the elements, from which
strain and stress are subsequently derived. Consider a first-order rod element in the
global coordinate system OXYZ, with a total length l, a cross-sectional area A and an
elastic modulus E. A local one-dimensional coordinate system ox is established. The x-axis
coincides with the rod element’s axis, the origin is at Node 1, and the positive direction
of the x-axis points towards Node 2. In this local coordinate system, the element stiffness
matrix ke in the local coordinate system based on the principle of virtual work is given by
Equation (1) [39]:

ke =

[
EA

l − EA
l

− EA
l

EA
l

]
(1)

The element mass matrix me in the local coordinate system is given by Equation (2) [39]:

me = ρAl

[
1/3 1/6
1/6 1/3

]
(2)

where ρ is the material density.
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For the element stiffness matrix Ke and the element mass matrix Me in the global
coordinate system OXYZ, a coordinate transformation method is required to convert the
matrices from the local coordinate system into the global coordinate system. The element
stiffness matrix and mass matrix in the global coordinate system are as follows [39]:

Ke = TTkeT
Me = TTmeT

(3)

where T is the coordinate transformation matrix.
The stiffness matrices and mass matrices of the elements are integrated into the global

matrices to achieve equivalent contact modeling in the analysis.

2.2. Parametric Representation of Equivalent Linear Modeling and Identification

The equivalent modeling parameterization and parameter identification are shown in
Figure 1B. The modeling method uses the elastic modulus E of rod elements, the contact
surface distance h, and the element length coefficient α as parameterized characteriza-
tion parameters:

Elastic modulus E: The elastic modulus significantly impacts the contact force transmis-
sion characteristics. If the elastic modulus is too small, the relative displacement between
the two contact surfaces will be large, resulting in a phenomenon similar to contact surface
penetration. Conversely, if the elastic modulus is too large, the constraint effect on the
structure will be too strong, making it difficult to accurately reflect the deformation.

Contact surface distance h: The distance h between the contact surfaces is crucial for
characterizing contact performance. h directly affects the inclination of the rod elements,
thereby influencing the normal pressure transmission. If h is too small, the rod elements will
be unable to effectively transmit contact forces. Conversely, the forces in the non-contact
area will become excessively strong.

Element length coefficient α: This coefficient controls the generation of rod elements.
A rod element is generated only if its length l satisfies l ≤ αh. If α is too small, there will be
insufficient rod elements to transmit enough contact force. Conversely, if α is too large, the
contact forces will be excessively strong.

The results of the nonlinear contact model analysis serve as the basis for parameter
identification. In finite element theory, the primary quantity is the node displacement. Other
quantities are derived from displacement and material parameters. Therefore, displacement
is used as the characterization parameter.

Select the region with significant structural deformation as the area of focus. Assemble
the three-directional displacements in sequence into a vector uexact for the original model.
The original model refers to a nonlinear model constructed by defining the contact rela-
tionships between the contact surfaces, where contact algorithms are used to analyze the
structural mechanical properties. It does not incorporate any equivalent linearization and
provides the most accurate results. Similarly, assemble the vector uequal for the equivalent
model. Perform a correlation analysis between these two vectors and define the fitness
function as shown in Equation (4):

F(E, h, α) =
uexact · uequal

|uexact| ·
∣∣∣uequal

∣∣∣ (4)

The fitness function F (E, h, α) ranges from [−1, 1]. A value of 1 indicates the highest
similarity between the two vectors. Therefore, the optimization goal is to select F (E, h, α)
approaching 1.
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The PSO algorithm [38] is employed to identify the equivalent modeling parameters.
This method employs random particles to simulate the foraging behavior of bird flocks,
continuously searching in the optimization space. All particles share information and adjust
their velocity direction based on search results, gradually approaching the optimal target.
The PSO algorithm has advantages such as fast convergence speed and good robustness.
These advantages make it more suitable for identifying equivalent modeling parameters
than other optimization algorithms.

The velocity update equation for the PSO algorithm is shown in Equation (5), and the
parameters update equation is shown in Equation (6):

vi(t + 1) = ωvi(t) + c1r1

[
xpbesti − xi(t)

]
+c2r2

[
xgbest − xi(t)

] (5)

xi(t + 1) = xi(t) + vi(t + 1) (6)

In the equations, vi(t) and vi(t + 1) represent the velocity vectors of particle i at time t
and t + 1, respectively. xi(t) and xi(t + 1) are the modeling parameter vectors of particle i at
time t and t + 1, respectively. ω is the inertia factor. c1 is the cognitive factor. c2 is the social
factor. r1 and r2 are random numbers in the interval [0,1], which are used to increase the
randomness of the search. xpbesti is the personal best modeling parameter vector of particle
i. xgbest is the global best modeling parameter vector.

Given the influence of modeling parameters on the accuracy of static characteristic
representation, the modeling parameters are identified based on the PSO algorithm. The
flowchart of parameter identification is shown in Figure 2. The parameter identification
procedure is as follows:

1. Particle swarm initialization: Establish the contact equivalent finite element model.
Construct a particle swarm of a certain size under given constraints. Randomly
initialize all particle modeling parameter vectors, and velocity vectors, and set a limit
on the number of iterations.

2. Calculate fitness values: Calculate the fitness value of each particle based on the
defined fitness function under the respective modeling parameter vectors.

3. Update individual and global best modeling parameter vectors: Compare the fitness
value of each particle with its individual best modeling parameter vector xpbesti and the
global best modeling parameter vector xgbest. The better one is chosen to update xgbest.

4. Update individual position and velocity vectors: Based on xi(t), vi(t), xpbesti, and xgbest,
calculate the velocity vector vi(t + 1) and modeling parameter vector xi(t + 1) for the
next iteration.

5. Check iteration termination conditions: If the termination conditions are met, stop
the iteration. The global best position represents the optimization result. Otherwise,
return to step 2.

2.3. Flutter Analysis Method

The flutter analysis process is shown in Figure 1C. Based on the identified parame-
ters, equivalent linearization modeling is conducted. Subsequently, the accuracy of the
equivalent model’s dynamic characteristics relative to the original model is validated.
The dynamic characteristics include modal frequencies and modal shapes. The accuracy
of modal frequencies is assessed using relative errors. The accuracy of modal shapes is
evaluated using the Modal Assurance Criterion (MAC).

Based on the model with validated accuracy, flutter analysis is conducted. The aerody-
namic theory employed is the third-order piston theory [40]. Interpolation between aerody-
namic forces and structural motions is performed using the infinite plate spline theory [41].
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The flutter solution method is the PK method [42]. Flutter analysis is carried out under various
conditions to determine the variation patterns of structural flutter characteristics.

Figure 2. Flowchart of parameter identification.

All flutter analyses in this paper are conducted within a linear framework, without
considering the additional stiffness induced by geometric nonlinearity or the effects of static
aeroelastic deformation. The aerodynamic stiffness effect, however, is taken into account
in the flutter analysis. The analysis is based on the assumption of harmonic motion, and
the aerodynamic forces also exhibit harmonic variation with a definite phase relationship
relative to the structural motion. On this basis, the aerodynamic forces are represented by
equivalent aerodynamic stiffness, aerodynamic damping, and aerodynamic mass, from
which the flutter analysis equations are formulated and solved.

3. Numerical Simulation Study
This section introduces a flutter simulation study based on the equivalent linear mod-

eling method, which is described in the previous section. A telescopic wing is constructed
using the typical NACA0012 airfoil shape, with the wing beam incorporating a telescopic
rod mechanism. Subsequently, the optimal modeling parameters are identified using the
parameter identification method. The accuracy of the dynamic characteristics is then veri-
fied. Equivalent linearization models are established for different structural deformation
states. Finally, flutter analysis is performed under various conditions, such as different
angles of attack and different altitudes, resulting in the flutter boundaries.

3.1. Structural Model

The structural model is based on a telescopic wing with a NACA0012 airfoil shape.
NACA0012 is a classic symmetrical airfoil, widely used in aircraft design and aerodynamic
research. Analogous to the case presented in the reference, this type of wing structure is
applied to unmanned aerial vehicles (UAVs) [8]. By adjusting the length of the wing in
the airflow, flight performance can be modified, achieving a higher lift-to-drag ratio at low
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speeds and reduced drag at high speeds, thus realizing aerodynamic optimization across
the entire flight envelope. This paper focuses on the wing structure, and therefore, the
modeling and analysis are concentrated on the wing.

The wing has a span of 3000 mm, a chord length of 1000 mm, and a maximum thickness
of 120 mm. The chordwise cross-sectional shape is symmetrical. In this model, the outer
one-third of the wing is consistently positioned outside the fuselage, referred to as the
external segment. The middle one-third constitutes the telescopic segment, which gradually
extends from within the fuselage to the outside during the telescoping process. The inner
one-third remains entirely within the fuselage, designated as the internal segment. The
length of the wing axis outside the fuselage is referred to as the extension length. The
schematic diagram of the structure shape and dimensions is shown in Figure 3, with
dimensions in mm.

Figure 3. Telescopic wing structure model schematic diagram.

The skin, spars, and ribs, as shown in Figure 4a,b, are large-area structures with
relatively small thickness, where the dimension in the thickness direction is significantly
smaller than in the other directions. These components are thus typical thin-walled struc-
tures and can be simplified accordingly; consequently, shell elements are adopted for
modeling. It should be noted that this simplified shell-element modeling approach is only
applicable to structures exhibiting the aforementioned thin-walled characteristics. For
the telescopic actuators, which exhibit slender-rod characteristics—namely, its dimension
in the longitudinal direction is significantly larger than in the other directions—beam
elements could be employed for simplified modeling. However, given that the present
study focuses on the contact interface regions of this structure, solid elements are still
adopted for modeling to ensure that the mechanical behavior of the contact surfaces can be
adequately captured, as shown in Figure 4c,d. Regarding element type selection, the mesh
of shell elements is generated using a hybrid combination of triangular and quadrilateral
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elements, while solid elements are discretized using a mix of hexahedral and triangular
prism (wedge) elements. The total number of elements is 334,688, with 194,175 nodes.
The upper and lower parts of the telescopic push rod are connected to the wing structure,
while the middle part is fixed inside the fuselage. A contact relationship exists between the
two, allowing sliding along the length direction, with a limiting device ensuring no lateral
displacement. For modeling simplification, the limiting device is not modeled separately
but is handled through degree-of-freedom constraints. The meshes between different parts
of the telescopic actuators do not correspond, resulting in a non-matching mesh.

 
(a) Wing spar and rib mesh (overall diagram) 

 
(b) Cross-sectional shape mesh 

 

 

(c) The upper and lower parts of the telescopic push rod  (d) The middle part of the telescopic push rod 

Figure 4. Structural mesh.

3.2. Aerodynamic Model

The aerodynamic mesh is shown in Figure 5, with the extended state used as an
example. The spanwise direction is uniformly divided into 40 meshes, and the chordwise
direction is divided into 15 meshes, totaling 600 meshes. The aerodynamic mesh is located
on the symmetrical plane of the wing structure, and the spanwise grid size is determined
based on the portion of the wing exposed to the airflow. To accurately reflect the shape
characteristics of the airfoil, the mesh is denser at the front where the curvature is larger, and
relatively sparser at the rear where the surface is flatter. Flutter analysis is performed based
on the validated model, employing the third-order piston theory [40] for aerodynamic loads,
the infinite plate spline method [41] for interpolation between aerodynamic forces and
structural motions, and the PK method [42] for solving the flutter equation. The analysis is
conducted under a variety of conditions to reveal the variation patterns of the structural
flutter characteristics. In terms of the selection of aerodynamic theory, the third-order
piston theory is an aerodynamic model applicable to high-speed flight regimes, with a
validity range of Mach numbers from 4 to 20 [43,44]. Subsequent case studies indicate that
the flutter Mach numbers fall within this range, and this theory has been widely adopted in
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flutter analysis [45]. In flutter analysis, other commonly used aerodynamic theories include
the Doublet-Lattice Method (DLM), the Vortex Lattice Method (VLM), Computational Fluid
Dynamics (CFD), and Reduced-Order Models (ROMs). The DLM is mostly employed for
subsonic flutter analysis and is not suitable for the velocity regime of the present cases [46].
The VLM, based on potential flow theory, employs vortex rings to simulate the wing for
aerodynamic load calculations and does not account for wing thickness effects [47]. The
CFD approach directly solves the fluid and structural motion equations through a two-
way fluid–structure interaction analysis, offering excellent accuracy, but its computational
cost is considerably higher than that of frequency-domain aerodynamic methods [46,47].
The ROM approach requires training based on CFD results to establish the model, which
also entails substantial preparatory effort [48,49]. Regarding airfoil compatibility, relevant
studies have demonstrated that the piston theory is applicable to the NACA0012 airfoil used
in the present cases [50]. In summary, the third-order piston theory is deemed appropriate
for the cases investigated in this paper.

Figure 5. Aerodynamic mesh.

3.3. Equivalent Linearization Modeling

First, the structural mechanical behavior is analyzed using a contact algorithm. The
contact is defined as normal hard contact with frictionless tangential interaction. For all
extension states, the fully retracted state has the smallest aerodynamic force action area, and
hence the aerodynamic contribution is relatively minor. At the same time, the contact area
in the telescopic actuators region is the largest, resulting in a relatively greater contribution
from contact interactions. As the wing gradually extends, the ratio of aerodynamic forces
to contact interaction forces further increases, thereby reducing the error introduced by
equivalent linearization modeling. By the same reasoning, for the dynamic characteristics of
the structure, the stiffness and mass effects of the extended wing segment gradually become
dominant as the wing extends. Therefore, the fully retracted state is selected for parameter
identification in equivalent linearization modeling. Furthermore, modal characteristics
depend on both stiffness and mass; stiffness is also reflected in static analysis, while mass is
primarily governed by the extended wing segment. Consequently, parameter identification
based on static analysis results can yield a satisfactory dynamic matching accuracy. This
fully retracted state model is designated as the reference model. To simulate aerodynamic
forces, a surface pressure load of 1 Pa is applied to the lower surface of the wing. The
wing root is locked by a telescopic actuator, assumed to be a fixed support constraint. The
analysis results of the reference model in the fully retracted state are shown in Figure 6.
The results indicate that the wing portion exhibits typical deformation characteristics of a
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compressed cantilever beam. The external segment, enclosed by the dotted line, is selected
as the focus area for calculating the fitness function of the equivalent model parameters.

Figure 6. Displacement calculation results of reference model.

An equivalent linearization model is established based on the previously described
method, and then the equivalent modeling parameters are identified. The identified
parameters are E = 7412.85 MPa, h = 0.25 mm, and α = 4.14, with a fitness value of 0.999.
The convergence curve of the iterative process is shown in Figure 7.

Figure 7. Iterative process convergence curve.

To evaluate the sensitivity of the equivalent model to parameter variations, a sensitivity
analysis is conducted on the key parameters E, h, and α in the rod-element equivalent model.
The analysis indicates that when E is sufficiently large, the normal pressure between contact
interfaces can be effectively transmitted, with its specific value having little influence on
the equivalent performance. The effective ranges of both h and α are relatively broad;
issues such as insufficient or excessive connection stiffness only arise under extreme values.
The equivalent performance remains satisfactory within α∈ [3,7], and even in a wider
range, the performance exhibits only slight variations while remaining generally stable.
Overall, the proposed equivalent model exhibits low sensitivity to parameter variations
and demonstrates good robustness.

To verify the repeatability of the equivalent parameter identification, the particle
swarm optimization algorithm is employed with a population size of 50 and 50 iterations.
The search ranges are selected based on the following considerations: E is set within
[10 MPa, 1000 GPa]; h is set within [0.05 mm, 1 mm], determined jointly by the mesh size
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of the contact region and the structural characteristic length—considering that the wing
structure has a characteristic length on the order of meters, variations within this range
have negligible impact on the overall mechanical performance—and α is set within [1,10],
where the lower bound indicates that only exactly corresponding nodes generate rod
elements, while the upper bound prevents unrealistically strong connections between
non-corresponding nodes. The repeated optimization runs yielded the optimal parameter
combination E = 7115.36 MPa, h = 0.16 mm, and α = 6.76, with a fitness value of 0.999.
Compared with the parameter combination E = 7412.85 MPa, h = 0.25 mm, and α = 4.14, the
decrease in h with a corresponding increase in α confirms the complementary relationship
between the two parameters, further enhancing the consistency of the equivalent model
across different parameter combinations.

With the parameter combination E = 7412.85 MPa, h = 0.25 mm, and α = 4.14 as an
example, the relative displacement error obtained from the equivalent model is shown in
Figure 8, with the maximum absolute value of the relative error being 2.297%, indicating
that the results are generally consistent with those in Figure 6. The primary sources of
error can be attributed to three factors: (1) The contact calculation method ensures dis-
placement continuity at the interface. However, in the equivalent contact model, the elastic
deformation of the rod elements between the two contact surfaces leads to inconsistent
displacements, resulting in slight penetration. The sufficient stiffness of the rod elements
ensures that this penetration remains within an acceptable range. (2) The rod elements
introduce transverse force components, but the directions of these forces vary between
individual rod elements, and they essentially cancel each other out. (3) The rod elements
impose constraints on the transverse movement of the structure, which differs from the
assumption of frictionless tangential interaction. Nevertheless, since the load interface
primarily carries normal forces, with negligible tangential forces, the presence of these
constraints has minimal impact on the results. In conclusion, the three sources of error are
well controlled, and thus the equivalent model accurately reflects the static characteristics
of the reference model.

Figure 8. Displacement calculation results of equivalent model.

The accuracy of the dynamic characteristics primarily involves frequency and mode
shapes. The comparison of frequency and mode shapes is shown in Table 1 and Figure 9,
demonstrating good agreement. The maximum absolute value of the relative frequency
error is 0.98%. The minimum MAC value for the corresponding mode is 0.999, and the
maximum MAC value for non-corresponding modes is 0.010. In the interest of conservatism,
a zero damping assumption is adopted for all modes.
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Table 1. Comparison of frequencies for the 1000 mm extension state.

Mode Order Reference Model Equivalent Model Relative Error

1 8.83 Hz 8.81 Hz −0.23%
2 55.26 Hz 54.82 Hz −0.80%
3 64.53 Hz 64.06 Hz −0.73%
4 126.91 Hz 125.66 Hz −0.98%

Figure 9. The MAC value for the 1000 mm extension state.

3.4. Flutter Analysis

The simulation is performed for the 1000 mm state, at an altitude of 20 km [51] and an
angle of attack of 0◦. The V-g and V-f diagrams are shown in Figure 10. The flutter speed is
1868.29 m/s, the flutter Mach number is 6.33 Ma, and the flutter frequency is 37.50 Hz. The
flutter mechanism involves the coupling of the first and second modes.

Figure 10. The flutter analysis results for the 1000 mm extension state.

3.4.1. Analysis at Different Angles of Attack

The simulation is performed for an angle of attack range of 0–10◦ [51], at an altitude
of 20 km, and with extension lengths ranging from 1000 mm to 2000 mm in 250 mm
intervals. The flutter Mach numbers and flutter frequencies are presented in Figure 11. The
flutter Mach number decreases with increasing extension length and angle of attack. The
highest flutter Mach number, 6.33 Ma, occurs at an extension length of 1000 mm and an
angle of attack of 0◦. The lowest flutter Mach number of 5.37 Ma is observed at 2000 mm
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extension length and 10◦ angle of attack. The flutter frequency increases as the angle of
attack increases.

Figure 11. The flutter characteristics as a function of angle of attack.

Under different angles of attack, the aerodynamic load distribution on the structure
varies, which in turn influences the aerodynamic matrix terms in the flutter equation.
Specifically, an increase in the angle of attack leads to a reduction in the aerodynamic
damping term, while the ratio of aerodynamic stiffness to aerodynamic mass increases,
resulting in a lower flutter speed and a higher flutter frequency.

3.4.2. Analysis at Different Altitudes

At altitudes between 18 and 22 km [51] with a 0◦ angle of attack, the flutter Mach
number and flutter frequency are shown in Figure 12. The flutter Mach number increases
with altitude, while the flutter frequency decreases with increasing altitude. The highest
flutter Mach number of 7.18 Ma is observed at an extension length of 1000 mm and an
altitude of 22 km. The lowest flutter Mach number of 4.74 Ma occurs at an extension
length of 2000 mm and an altitude of 18 km. At different altitudes, the aerodynamic forces
required for flutter are nearly constant. As altitude increases, the air density decreases,
resulting in an increase in the flutter Mach number. Within the altitude range of 18 to 22 km,
the speed of sound remains virtually constant. Consequently, the flutter Mach number
follows a trend consistent with that of the flutter speed, increasing with altitude.

Figure 12. The flutter characteristics as a function of altitude.

https://doi.org/10.3390/aerospace13070633

https://doi.org/10.3390/aerospace13070633


Aerospace 2026, 13, 633 15 of 18

4. Conclusions
Existing frequency-domain flutter analysis methods have limitations. They cannot

handle contact nonlinear models. To overcome these limitations, an equivalent modeling
method is proposed in this study. The method utilizes rod elements and incorporates
parameters such as the elastic modulus (E), contact surface distance (h), and element length
coefficient (α) for parameterization. A parameter identification method is established based
on the particle swarm optimization algorithm. Once the equivalent modeling is completed,
flutter analysis can be conducted. A simulation study is conducted using a telescopic
wing model to obtain flutter characteristics under various deformation states. The main
conclusions are as follows:

1. Under various deformation states, the equivalent model proposed in this paper
accurately reflects the mechanical characteristics of the original structure. In the
simulation study, the static characteristics match those of the reference model with a
correlation of 0.999. The maximum absolute value of the relative frequency error is
0.98%, and the MAC values for the corresponding mode shapes all exceed 0.999.

2. The equivalent modeling method proposed in this paper can efficiently handle vari-
able contact surface conditions. Compared to traditional thin-layer element modeling
methods, the proposed method avoids the issue of node matching on contact surfaces,
ensuring both accuracy and improved efficiency.

3. Flutter analysis can be successfully performed, indicating that the proposed method
is efficient and accurate for flutter analysis of morphing wing aircraft with variable
contact surfaces. Under different deformation states, based on the equivalent model,
the simulation study is performed. The flutter Mach numbers and flutter frequencies
under varying angles of attack and altitudes are obtained. The flutter Mach number
decreases with increasing extension length, and it increases with altitude and angle
of attack.

The method proposed in this paper has the following limitations: (1) the current
method still relies on the quasi-static assumption and cannot account for the influence
of deformation rate on flutter characteristics; and (2) there are limitations regarding the
form of the contact surface. The method works well for planar and small-curvature contact
surfaces, but it becomes cumbersome for contact surfaces with larger curvatures. This
is because the contact surface needs to undergo small-scale movements to create space
for the rod elements. For large-curvature surfaces, such operations often lead to severe
deformations, deviating from the actual conditions. In the meantime, although the present
study has been validated through simulation analyses, experimental verification has not
yet been performed. Further research involving static, modal, or flutter tests is still required
to validate the reliability of the proposed method.

The future research directions of this study can be considered from the following
suggestions: (1) conduct ground tests, including static tests and modal tests, to validate
the accuracy of the modeling approach; (2) carry out flutter flight tests, constructing a
telescopic wing in a real flight environment, and further validate the method by studying
the accuracy of the flutter boundary; (3) consider aerodynamic heating effects and study
equivalent methods for heat transfer processes at the contact surfaces; (4) conduct contact
equivalence studies for curved contact surfaces; and (5) focus on computational efficiency,
constructing multi-layer rod-element structures based on the existing single-layer structure,
and explore ways to further improve computational efficiency while ensuring accuracy.
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