4
v§ aerospace
s P

Article

A Research Method for Dynamic Coupling Modeling and
Analysis of Space Robots with Multi-Flexibility Cooperative
Structural Deformation

Fuli Zhang * and Na Liang 2

Academic Editor: Xiaofeng Wu

Received: 28 May 2026
Revised: 3 July 2026

Accepted: 13 July 2026
Published: 14 July 2026

Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

1 Shaanxi Key Laboratory of Advanced Manufacturing and Health Management for Aviation Components,
Shaanxi University of Technology, Hanzhong 732000, China

2 College of Intelligent Manufacturing, Long Dong University, Qingyang 745000, China;

In1235@mail.nwpu.edu.cn

Correspondence: zhangfuli@snut.edu.cn

Abstract

Space robots must be designed with a large operating radius and lightweight components
(flexible joints and flexible links). The integration of flexible components inevitably affects
the control accuracy of the robot. When modeling the link deformation of the space robot,
the idealized description method has the problem of incomplete accuracy in link defor-
mation due to the coupling effects of the non-fixed base, flexible joints, and changes in
control parameters. To address this challenge and improve the accuracy of robot model-
ing, this study proposes a dynamic coupling analysis method for the link deformation of
space robots based on time-domain response. The double finite difference method is
adopted to calculate the time-domain response of link deformation. On this basis, using
the local linear operator method, the modal information of the deformed links is extracted.
This method systematically quantifies the individual and interactive effects of the robot’s
base motion, joint flexibility, and control parameters on link deformation. This work not
only lays a theoretical foundation for the accurate dynamic modeling of space robots but
also provides practical insights for optimizing their structural design. Ultimately, it con-
tributes to the development of more reliable and high-performance space robot systems.

Keywords: flexible space robot; nonlinear modeling; finite difference method

1. Introduction

Space robots can assist astronauts in accomplishing tasks such as spacecraft docking,
maintenance, and capture [1,2]. As spacecraft develop toward the trends of large size,
light weight, and high precision, space robots are required to feature low stiffness, large
working radius, and integrated actuation. These requirements lead to the deformation of
the robot links. The joint structure incorporates harmonic reducers, elastic dampers, and
flexible sensors, which endow the joints with flexibility. Consequently, space robots are
classified as a type of multi-flexible special-purpose robot [3]. The flexible components
significantly complicate the modeling and control of space robots [4,5]. The description of
the flexibility of these components will greatly affect the modeling accuracy. Therefore, to
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achieve better control of flexible space robots, a more accurate modeling and analysis
model is essential.

To establish an accurate dynamic model for a flexible-link robot, it is first essential to
describe and analyze the deformation of its links in a discrete manner. For links with reg-
ular geometric shapes, the Euler-Bernoulli beam is commonly employed as a standard
beam model. The Assumed Modes Method (AMM) is typically used to describe such de-
formations; however, it neglects the shear effect [6]. In contrast, the finite element method
(FEM) is highly effective in characterizing the deformation of irregularly shaped links —
and additionally, it can account for the shear effect [7]. Beyond the two aforementioned
methods for describing the deformation of flexible links, there exist other approaches, in-
cluding the Modal Synthesis Method (MSM), Lumped Parameter Method (LPM), Finite
Segment Method (FSM), and B-spline Interpolation (BSI) [8,9]. When these methods are
applied to flexible robot modeling, their boundary conditions still need to be evaluated;
nevertheless, over-idealization of boundary conditions may lead to deviations between
the model and the actual system [10]. Therefore, the modal parameters of the system must
be determined based on the deformation response of the flexible links under actual oper-
ating conditions. Hao et al. [11] presented an assumed mode analysis-based manipulator
modeling method adopting fixed-load boundary conditions for links. The ideal con-
straints differ greatly from practical conditions, causing low modal extraction accuracy.
Zhou et al. [12] detected manipulator link deformation through experiments, yet the
method demands massive repeated tests and ignores effects of joints and base platform,
leading to obvious deviations. Kumar et al. [13] established a mobile manipulator dy-
namic model via the extended Hamilton principle with joint-rotor inertia coupling, but
neglected the mobile platform’s impact on arm deformation. Summarizing the literature
[10-13], it is evident that under idealized assumptions, the deformation of flexible robotic
arms during multi-modal information acquisition deviates significantly from actual de-
scriptions. This paper treats space robots as mobile flexible robotic arms, comprehensively
considering the effects of the base, flexible joints, and geometric shape on the deformation
of flexible linkages. This approach ensures boundary conditions better align with real-
world operational scenarios, enabling more accurate extraction of modal information
from the time-domain response of link deformation. This approach not only provides a
theoretical foundation for dynamic modeling of flexible space robots but also enables
analysis of link deformation patterns under various influencing factors.

As summarized above, the process of constructing a dynamic model for flexible ro-
bots involves two key steps: First, identifying, evaluating, and extracting modal infor-
mation related to the deformation of flexible links is fundamental to ensuring the model
accurately reflects flexible characteristics. Second, combining the physical parameters and
structural features of the manipulator is necessary to further extract additional data re-
quired for predicting the robot’s dynamic behavior. Based on this process, various mod-
eling techniques have been developed and applied to the dynamics of flexible link robots.
Examples include the Newton-Euler method using the Modal Superposition Method
(MSM), the Lagrangian method employing the Absolute Node Coordinate Method
(AMM), and the Lagrangian method utilizing the finite element method (FEM) [14,15].
Kraiem et al. [16] used the AMM and Newton—-Euler methods to construct a single-joint
flexible robot dynamics model. While this model can rapidly capture changes in the ro-
bot’s motion state, it exhibits significant shortcomings: the end-effector positioning error
of the flexible manipulator remains relatively high, primarily due to insufficient descrip-
tion accuracy of the flexible link. Masoumi et al. [17] established a dynamic model for
flexible robots based on the Automatic Market Maker (AMM) and Lagrange methods.
While this model incorporates load effects as an advantage, it fails to account for joint
structural damping and load interactions within the deformation boundary conditions of
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its flexible linkages. Consequently, the model’s description of flexible components devi-
ates from actual operating conditions. Shang et al. [18] proposed a robotic dynamics
model applicable to complex-shaped link structures and employed finite element dynam-
ics analysis to describe link deformation. This approach suffers from two limitations: first,
an irreconcilable trade-off exists between computational efficiency and analytical accu-
racy; second, its applicability is restricted, rendering it unsuitable for modeling scenarios
involving multi-link flexible robots. Ouyang et al. [19] established a 2DOF flexible robot
for modeling research, incorporating matching boundary conditions for link bending de-
formation into the model. However, this model does not account for interactions between
multiple links in the consideration of link deformation, presenting certain limitations. Liu
etal. [20] employed the Absolute Node Coordinate Method to construct a nonlinear model
of the flexible mechanical system (SLFM). However, their study did not fully account for
the coupling effects between flexible deformation and rigid motion, a factor that may im-
pact the accuracy of the dynamic analysis. Summarizing and analyzing the references [16—
20], based on current research focuses, existing studies on dynamic modeling of flexible
robotic arms predominantly concentrate on deformation description and modeling
method optimization for single flexible links (e.g., References [16,17]). However, research
on modeling multi-flexible-link systems, particularly in boundary condition design and
coordinated deformation description under multi-link coupling scenarios, remains signif-
icantly underdeveloped (e.g., References [18,19]). This paper comprehensively considers
multiple factors—mobile platforms, joint flexibility, and adjacent joint characteristics —to
modify the deformation boundaries of flexible linkages. This approach enables more ac-
curate descriptions of the deformation in multi-flexible robotic arms, thereby enhancing
the precision of dynamic modeling for flexible robotic systems.

Based on the above research, dynamic modeling of flexible robots requires the incor-
poration of flexible link deformation with high-fidelity characterization, which is a crucial
prerequisite for guaranteeing modeling accuracy. Deformation acquisition for flexible ma-
nipulators mainly relies on theoretical modeling and experimental testing, yet both tech-
niques suffer from inherent limitations. The analytical modal method (AMM) adopts ide-
alized hypotheses and continuous deformation functions to characterize structural defor-
mation, which inevitably produces deviations from the practical deformation of flexible
links under real working scenarios. Alternatively, the finite element method (EFM) de-
mands linearization and fine discretization of flexible structures, leading to intensive com-
putational costs. Moreover, conventional simulation tools fail to fully capture the complex
dynamic behaviors of spatial flexible robots, further compromising the modeling reliabil-
ity of simulation-based approaches. In terms of experimental investigation, the extreme
complexity of space environments hinders the replication of in-orbit operating conditions,
restricting the direct applicability of ground-based experimental conclusions to space flex-
ible robot systems. In addition, high-precision dynamic measurement instruments can
only acquire one-dimensional deformation information, which substantially limits the
comprehensiveness and effectiveness of experimental testing. To address the aforemen-
tioned deficiencies, this work considers the multi-factor coupling effects on flexible link
deformation and develops a novel deformation description method for spatial flexible ro-
bot components using the time-domain response data of flexible manipulators.

In this paper, a dynamic coupling analysis model of robot link deformation is con-
structed with a flexible space robot as the research object. The paper is organized as fol-
lows: Part one, introduction, Part two, problem description; Part three, complex dynamics
of link deformation of flexible space robot; and analysis of link deformation based on con-
trol characteristics; Part four, identification of link modes based on dynamic time-domain
response; Part five, numerical simulation validation of the model; and Part six, analytical
summary of this paper.
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2. Problem Description

Recapitulating earlier studies on flexible robotics, it is evident that, in addition to its
extensive range of rigid body motions, the modeling of a general flexible robot needs ac-
count for the deformation of the flexible pieces attached to it [21]. Regarding the issue of
describing the deformation of flexible links, the majority of research that has been done
thus far has used cantilever beams as standard beams, whose boundaries consider the
fixed—freedom combination boundary as the ideal boundary condition [22,23]. The AMM
is used to describe the deformation of these links. This is not at all like the description of
link deformation found in actual space robots that operate [24].

1.  The space robot base and the manipulator are coupled to each other, and their motion
affects the deformation of the manipulator link.

2. A flexible drive mechanism is designed into the joint structure of the manipulator,
which causes significant torsional deformation of the joint and a coupling effect be-
tween it and the manipulator [25].

3. When a space robot performs trajectory tracking control, the drive torque will cause
its actual tracking trajectory to be continuously adjusted in a closed loop around the
predetermined trajectory, which will lead to the inevitable influence of the control
parameters on the deformation of the manipulator link [26].

Therefore, to establish a more accurate dynamic model of the flexible space robot,
this paper comprehensively considers factors such as robot base, joint flexibility damping
and control parameters, and analyzes its link boundaries and deformation characteristics.

3. Complex Dynamic Analysis of Link Deformation
3.1. Dynamic Coupled Analytical Model of Link Deformation

In this paper, flexible space robots are regarded as robotic arm systems mounted on
mobile platforms featuring FJFL coupled structures, as shown in Figure 1. The equilibrium
equation for the deformation of flexible linkages is established based on the principle of
force and moment equilibrium [27]. Considering the influence of the base, joint flexibility,
damping, and tip load on the link deformation, the link boundaries and the adjacent
boundaries in its multi-link manipulator are adjusted to more accurately calculate the
time-domain response of the link deformation.

Vit Zi+1 J,
. Xit1
©
1 Z
B Tipi
End effector

Figure 1. The simplified structure model of the space robot.

In Figure 1, oo-xoyozo is the global coordinate system, and os-xsyszs is the center-of-
mass coordinate system of the robot base. The link structure is an isotropic structure with
uniform mass. li is the length and pi is the density, where i=1,... n, and #n is the number of
links. Each link end has an equivalent rigid load of equivalent mass M: and equivalent
inertia [i; Iri is the motor moment of inertia. When i = 1,... n — 1 indicates that the o: drive
motor exists at the joint. oi-xiyizi is the coordinate system fixed to the end of the i-1 link, the
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coordinate system zi axis is coaxial with the motor’s rotational axis, x: is the axial direction
of the link, and according to the criterion of the right-handed coordinate system, yi is de-
termined. If the motor rotor, reducer and hub are used as a coaxial mounting device, the
part is a flexible joint device, which is connected to the beginning of the link by a hub joint
device. oi-xinyizia is the coordinate system of the connection between the joint and the
link, the zi+1 axis is coincident with the center axis of the joint, and xi:1 points to the direc-
tion of the link axis. By the same token, the direction of yi+ is determined. p is the position
point on the central axis of the link before deformation from oi point x, and p' is the position
point after deformation relative to point p on the rigid link. When analyzing the flexible
link deformation, the following assumptions need to be made:

(1) The manipulator link is differentiated into a number of finite segments for study: I =
I/Ni, Ie is the length of the finite segment, and N: is the number of segments. The link
deformation of the finite segment can be expressed by the elastic deformation of the
end, and a flexible connection exists between two adjacent finite segments.

(2) Although the ratio of link length to cross-sectional dimension is large, which is in line
with Euler-Bernoulli Beam Theory (EBBT), the model generally does not consider
the effects of torsional deformation and shear deformation, and the deformation of
the manipulator link in actual operation and control needs to be investigated in terms
of its three-dimensional variables. Therefore, this subsection analyzes the three-di-
mensional flexible deformation of the manipulator link based on Timoshenko Beam
Theory (TBT).

(3) Under the small-deformation assumption of the flexible link, the deformation dis-
placement of any point pi on the i-th link in the reference system oi-xiyizi can be ex-
pressed as [ui, vi, wi]T, and wui(xi, t), vi(xi, t) and wi(xi, t) denote the axial, longitudinal,
and transverse displacements experienced by the point pi, respectively.

(4) To expedite the analysis of link deformation, the link is divided into finite segments,
denoted as L/N, as shown in Figure 2. However, the number of finite segments is
significantly smaller than the number of finite elements to ensure computational ef-
ficiency. The connecting boundaries between finite segments can be regarded as pas-

sive rigid joints without driving forces.

Figure 2. Force analysis of flexible link.

In Figure 2, i is the i-th link, j is the j-th finite segment on the link, u is the axial dis-
placement in the x-direction, v is the lateral displacement in the y-direction, w is the lateral
displacement in the y-direction, y is the torsion angle of the cross-section about the x-axis,
and O: and 6Oy are the angles of rotation of the cross-section about the x-axis and y-axis,
respectively.
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Based on the description of the manipulator modeling in step (1) above, the manipu-
lator link is discretized. Based on D’ Alembert’s principle, the dynamic equilibrium equa-
tions of the link can be obtained as follows.

N azu
Z El/St/ 0 2 pl/St/aw/ =0 @)
=1L
v [ v, ow,
/Z; k,G;S., ax,., -0, |- p;S,a, |+| k,;G,S.; o =0, |- p;S,a, | |=0 (b)
| a0, ov,
§ E,p, P kajS ax.. 19 =Pl HZU (1)
ij ij
=0 (c)
= o0, ow,
Ei/'lzi/' axz kzr/G S ax“ 9’1’/’ _pl/lzt/gyl/
ij ij
uf o aYy,
Zl Etflpl/ 8 zj _pl/]px/%/:| 0 @
=

where (a) is the displacement equation of the link in the x-direction, (b) is the displacement
equation of the link in the y-direction and z-direction, (c) is the rotation equation of the
link about the y- and z-pairs, and (d) is the torsion equation of the link about the x-pair. Ej
is the elastic modulus, Sij is the link’s cross-sectional area, pij is material density, I: and Iy
are the moment of inertia, k- and k: are shear correction coefficients., Gij is the shear mod-
ulus, Iy is the polar moment of inertia of the cross-section, I, = Iy + I, ax1, ay1 and a-. are the
components of the link element’s absolute acceleration vector, respectively.

By combining (1b) and (1c), the sectional rotation is eliminated. The deflection equa-
tions for v and w are obtained. The deformation equations for any segment of the link are
further derived.

62u
E’/S’/ a 2 p’lS’/ X0 =O
64\;[. ol o', o',
Eils axf‘./ K, {,(E"f'_ ¥ )a >or Pyl T+ Pyt =0
oy
o'w,  pl o'w, 84W )
t.‘/‘[yl/ 3 ;/ ‘;C};; (Et.‘/ _kZijG[j)ax;@t/ p/ »ij at puSu <ij =0
%,
t/ﬁl]az p‘//’U’/ZO

Every differential finite element in the manipulator’s link is in a state of compound
motion. ai(xi) [8] is as follows:

a,(x)=a;(x)+a(x)+a/(x,) 3)
where 4 (%) @ () and % () are the vectors of translational acceleration, Coriolis ac-

celeration and relative acceleration of the link’s differential element, respectively.
The following is the analysis and solution of the three accelerations respectively:

a/(x,)=a,(0,)+(0@,(0,)/0t)x xii + @,(0,) % (@, (0,) x x,i)

. _ ou, ov, ow,

‘“(x.)=2w.(0, Ly Ly Lk
() w’(o’)( a T at J (4)
a(x)= 62“"1' + o ; + o'w,

)T T e I e

https://doi.org/10.3390/aerospace13070640


https://doi.org/10.3390/aerospace13070640

Aerospace 2026, 13, 640

7 of 30

where ai(0i) is the absolute acceleration vector of point o;, o,(0) wi(0i) + [y, Oy, 02], and
o, (0, o (o,

wz (01 ) and i ( x)
movable coordinate oi-xiyizi with respect to the reference coordinate o-xoyoz, respectively.

@,(o,) includes the cross-sectional angles 0, 0: and the torsion angle vy,

E)[(oi)=w[(o,)+[7/ 0, HZT ‘

are the angular velocity vectors and angular acceleration vectors of the

By the angular acceleration description [21], o(x) and 00 (x) o in any link dif-
ferential element are obtained.
2 2
ol O O
ot Ox,0t Ox,0t
08(x)_08(0) oy, v, o 5)

or o o oxar ' owar

Using Equations (3)—(5), Equation (2) can be further derived as follows:

o))

=0 + azz»lj (xi)

(@2, (),

62u
EUS’I a 2 p‘/S‘/(

64\;,.. v, ", 0@, ,(o,) _ _ R
Ei/'Izi/' ax;;/ + N),i/ W + p,,Iz:/ ot 4 - —p,S, [ i (Oi) + ét xtao,; (Oi )a)x,i (01 )xi + ?
0w, o*w, o*w, 0@,,(0,)  _ o*w, (6)
EUI}W.W"'N” a zat p,, i at ——P,S,( :,i(oi)+Txi +wz,i(0i)wx,i(0i)xi + atz
o7 ¥ 6&))”.
Gl —5— ~=0
TP ox? Pl ot

il (E; —k,G,)/ kG, pil (B, —k,G, )/ kG,

where Nyi is and Ny is
When setting the boundary conditions of the system in Equation (6), their total order

must be considered. In addition, the equations contain, besides the unknown variables

ui(xi, t), vi(xi, t), wi(xi, £) and yi(xi, t), six unknown functions aji(oj) and 0, (0,)/0r describ-
ing the acceleration of the origin o: in the movable coordinate system oi-xiyizi with (j=x, v,
z) and its angular acceleration. Therefore, to solve the system in Equation (6), it is neces-
sary to establish 18 connection equations of the i-1st link and the i-th link.

3.2. Boundary Conditions and Initial Conditions

To affect the universal setting of two adjacent links in a multi-link, the i-1st link and
the i-th link of the adjacent links are connected by a rotating hinge with the center axis of
the rotating hinge coinciding with the joint coordinate axis oizi. Since the system oi-xiyizi is
rigidly connected to the xi = 0 end of the i-th link, the deformation of the link at xi = 0 with
its deformation velocity initial condition is:

u, (x,.,t)‘x L,=0 (x[.,t)‘x L,=0w (x,.,t)‘x =0
ou,(x,,) ov,(x.0)| 0 ow,(x,,1)
7 o,

x;=0 1

-0 (7)

x=0

x;=0 1

When the i-th link is a hub joint with the initial end of the i+1st link, the modulus of
the reaction equation at the link joint is equal to the modulus of the equation in the oppo-
site direction of its vector. The reaction vector component R of the end xi =i of the i-th link
is as follows:
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E.

R (x =———R _(x,
r( x)\.’:[’ E ] t+l( ”l)xﬂ,:()
i+

ou, o*v ow, -

R (xi) vl Si “; _I;,i 31 il _1»,:' :.! i (8)
1=l OX, Ox; "l 0Ox;
x =l i i x =1
ou, , + v, - oSw. -

— i+l i+l 7 i+l

R[+I(x/‘+l)x+|:0 = TR0 6 lA+| +[z,L+l a 3 .][+1 +Iy,/‘+| a 3 k1+]
=0 st i =0 Yivn % =0

All elements of Equation (9) are projected onto the axes of the oi-xiyizi reference system,
and they are simplified as:

3 3
Nxx_ExSxaul’Pvi_Ellzia‘;i’le_ lyiav::l
A " Ox; " Ox;
N, (xm) . N, (xi) )
P (xi+1) =J, P)l (xi)
va+l (xi+1) 5 =0 Py,i(xi) =1,

where 7% is the transfer matrix between the coordinate system oi-xixizi and the two unit
vectors in the coordinate system owmi-xinyinzina, Jinn = tr(J7ifi), Ji = tr([cos(X, xi), cos(Y, yi),
cos(Z, zi)], tr(*) is the trace of the matrix.

The force vector relationship at the i-th joint:

E(xf)&:]' :7E+I(xi+l)x’4:0

oy, - 0w, o, -
E(xi) =Gi1x1 ,\}/’ L _Etlri 2’ Ji -EI, zlkz

=, Tox | *ox; " Ox; (10)
X =l xi=lj xi=l
i 7 Pwy, = i
F;’H(XHI)X 0 ==G. 1, 2 Ly +E o Jin +E L 2 > ki
" i+l =0 Xist o Xisl =0

According to the decomposition of Equation (9), Equation (11) is similarly trans-
formed into the following form:

oy, 0. o*w,
=Gl 4,0 =EI —.,0 =EI_. i
Qx,l it x,i axi Qy,l ity axiz QZ,I itz axiz
Q,\‘,Hl (xi+l ) ‘ Qx,: (xi) (1 1)
Qy,i+] (xm ) =J., Qy,i (xi)
0. (%) ry=0 0..(x) el

If the matrix "~ is designed in the joint axis direction, which in turn leads to Equa-
tion (14) from the system (12).

2 3 2 2
Q-i:_kiM _ c,.a wi(xi,t)‘ +Ji8wi(x,2,t)‘ +J, 76792”'_89;1 -
& o |, aor | axor | N, o ot (12)

where ki is the joint equivalent stiffness, ci is the joint equivalent damping, and Jri is the
joint moment of inertia.

Absolute acceleration vector relationship between two adjacent links at the i-th joint
structure is obtained. By the similar decomposition principle of Equation (9), the corre-
sponding decomposition projection of Equation (13) is obtained:

P (xm)

i =l

=
1

X4 =0

( ) Ay (xi)
(xm) =Ji, ay,i(xi) (13)
(1)

a; (xi)
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Using relations (3) to (5), Equation (13) is simplified to the following equation:

( ) a.; (x,) a0 (0)3‘ (xi) =0 + 6022,, (x,.) x,:())li
ax,i+] xi+] )
‘ 650:.: X ov X;

Gyin (x”‘) =Ji ayi (x‘ ) %,=0 to,; (xi)wx.i (xl) =0 li+ % L+ 6%) (14)
az‘i+] (xi+]) =0 x;=0 x;=l;

N dw,,(x,) *w(x,

a.; (xx ) 5=0 +ao.; (xi)mx‘i (x")x,=0 L+ T L+ %
L x=0 X =l; do

According to the relationship between the angular acceleration of the coordinate sys-
tem oi-xinyinzin and oi-xiyizi, the acceleration of the manipulator joints can be obtained:

62w(xl,t) X

ow.(x
3) peant

2.
’ 0 v()i,.,t) k
W ot

awl+|( 1+l)
ot

3%, (x.t) :

(o)

X =0

Gl O
v ot (15)

where H(0) is the joint rotation matrix between two adjacent links.
Using the form of explicit equality, Equation (14) can be expressed as Equation (16):

wi (xz+l)

=a,(x,
X1 =0 ! ’)x,zl,

+(20,/)k; (16)

00, /ot

where is the angle of rotation of the z-axis in the joint coordinate system.

If the angular velocity projection vectors of joints O: at i, di, K are known,
wi(xi) | xi=1i is the angular velocity vector at the end of the i-th link; based on the superposi-

tion theorem of robots” angular velocities in compound motion [16], Equation (20) is fur-

ther derived. Based on the projection vectors in Equation (9) at “, ¥, k", Equation (21)
is obtained:
m

. )
“=h Ot

(x)k,

x;=l; - 5t
wx,:+l (xi+1) a)“ .(X’ x=0 (xl /at‘
w\r,r+l(x:+l) =J,'i+| CU) ’(xi)x, (X’ /al‘ﬂ:/l

a)z,m( 1+1) 06 /51‘ 10 a)ﬂ(x,.)xz +0v, (xl /at"‘ y

(xi)ji

+0y,

(s
50 + E(X{»)ll

x=l;

17)

Taking the derivative of Equation (21) with respect to time f, Equation (22) can be

derived
wA,Hl (xi+1) a.]’ 0)“ (x‘) x; =0 + a;/‘ (xl )/ ‘ =/, a)x,i (XI ) x=0 + a}/i (xL )/6[‘% =1,
0 @, (%) ot a‘;' o,,(x) o™ ow, (x, /8t‘ 0| o, (%) 0~ (x, )/at‘x‘ | o (18)
@, i\ X ( Hl) 06,/ot =0 ., (x, ) T 6\/‘ X, /61“ - ,, (x,.) Lt ov, (x,. )/at‘X »

The base platform motion and the end loads are the boundary conditions for the first
link’s initial end and the last link’s tip, respectively. When the hinge at the end of the i-th
link xi = li is a rigid connection, its end load can be written in the form of a differential
equation for the motion of a free rigid body [21].
=R

x,i+1

=R, (19)

m,-a,,z=R

m,-a

x,i+1
mp-a, ;.

z,i+1

where mt is the mass of the finite unit, and axi+1, ayi#+1 and a-i+1 are the projections of the
object’s center of mass o1 acceleration on the axes of the local coordinate oi-xiyinzis,
which is rigidly connected to the body. Rxi+1, Ry,i+1 and R+ are the reaction vector compo-
nents of the end xi = I of the i-th link on the coordinate oi-xinyinzin.
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|:IxL awx,;+1 /at + ([:'L - IyL)a)y,i+lwz,1+]j|ax,i+l = Mx,m
[IyL awy,Hl/at + (IxL - IzL)wz,i+1a’x,i+1]ay,f+1 = M_,v,r+1 (20)
':IZL 6wz,i+1/at + (IyL -1y )wx,i+1wy,i+1:|az,i+1 =M.,

where I, Iy. and I are the spindle moments of inertia, respectively, wxi+1, wyi+1 and w:z,in
are the angular velocities of the object in the main axis of the system coordinate system
oinximyinzin respectively, and M1, Myt and Mxin are the reaction moments at the end of
the i-th link in the coordinate system oi1xis1yi+1zis.

The initial state variable of mechanical system pose and pose velocity at ¢ = 0:

@ (x1)

u, (x‘.,t)

o =V (x), Hk(x’t)x:o =0 (x,t)
=0 = WIO (xi)’ yi (xz’t)

x=0 = @ko (x)7 "4 k(x,t)

1o = Hio (xi), vi(xi,t)[:() =V (xi), wi(xi,t)

=0 = 7i0(x1)

o9, (x,1) _ 6g0k0(x)’ oy, (x,t)‘ _ O, (x)’ 00, (x,t)‘ _ 09 (x,1)

o, ot o |, ot o |, ot (1)
ou, (x,,) _ ouy (x,) , ov, (xi,t)‘ _ v (x,) , ow, (x,.,t)‘ _ ow,(x,) o7, (xi,t)‘ _ 07,0(x,)

o a |, a o |, a T a |, &

where Equation (21) is the initial condition for the system (6) (Equations (11), (13) and
(17)).

3.3. Double Finite Difference Method of the Manipulator Link Coupling Deformation

In this paper, Equation (6) is a system of high-order nonlinear equations. To effi-
ciently solve this system, this paper proposes a dual finite difference method based on
variable parallel computation. This method employs spatial and temporal discretization,
utilizing high-order central differences and high-order temporal differences to solve the
higher-order differential equations presented herein. The solution procedure remains
identical for all variables u, v, w, and y. Taking the second equation in Equation (6) as an
example, we proceed with its solution. First, the equation is analyzed as follows:

1. According to Equation (6), this expression involves second-order spatial derivatives
and fourth-order spatial derivatives (0%1/0x2, 02v/0x2, 0%w/dx2, 0?y/dx?) as well as cou-
pling terms (0*v/0x*, 0*w/dx*), and coupling terms 0*v/0x20t2 and 0*w/0x?0t2. Therefore,
using a fourth-order finite difference scheme, Equation (6b) is discretized.

2. This equation is discretized spatially in one dimension, specifically along the x-direc-
tion. The length of the limited section is l. = Ax, and the discrete point is xj = j-Ax, (j =
1,2, ~N).

3. Interms of time, the time interval t is divided into M time steps, each with a step size
of At. Time point is t = k-At, (k=1,2, N).

4. Insummary, (2) and (3) are discrete, and the variables u, v, w and y can be discretized

as f(xj, t). Taking v as an example, v} = v(x», tk) , Ff :%SU[%(O%sz,,a(tO,)x/ +@,,(0,)@,(0)x,

In Equation (6), 02v/0x? and 0*v/dx* are approximated using finite differences. By ap-
plying the Taylor series method, vj1, vj+1, vi2 and vjp2 are expanded at vj as follows:
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2 3 4
IR (S P PO
J s J 21 J 3 Jj 41 j
! (Ax)2 " (AX)z " (AX)4 "
vj;l:vj—Axvj+ N V= 3 Vit o v e
: : 4 22
v =v. + 2Axv' + (ZAX) V” 4 (ZA)C) vm+ (ZAX) v " ( )
jv2 =V j | J 31 J 41 i
! 2Ax ’ " 2Ax ’ m 2Ax ! "
vjfzzvj—zAxijr( 2!) vj—( 3!) V,-+( 4!) v
Vi, _4",'71 +6vj +4vj+l +v

By combining term /2 the 1st-3rd-order terms can be elimi-

nated to obtain the difference form of 0*v/0x*, from which the following equation can be

derived:
664\2./. Ve~ 4v,  +6v, :—4\}_/.+1 +Vi N O((ij )4) ”
i (Ax/) (23)
where O((Axj))* is the error term.
Similarly, the difference forms of 9?v/0x? and d*v/0x20#2 are obtained.
62‘,17 _ Vit 16v, | =30v, +16v,,,-v,,, . 0((Ax )4)
2 2 i
ox;; N (Ax,) '
o', (), +16(3,),, =30(x), +16(2) ., = () ()
Vi _ Y2) i Y2) i Y2); Y2)in = \D2) 0 +O((Ax )4)
212 2 J
ox;ot ( ij) !

Substituting Equations (23) and (24) into the second term of Equation (6) yields the
following expression.

£l v, —4\)/.71 + 6v/. ::—4\1/.+1 Vi,
ij* zij
(Ax))
(25)
o | 202 #160),,=300), +1600) = 0)ya |,y O o O
yij (ij)Z gz 6t4 gy at2 J

To apply the fourth-order Runge-Kutta method, the higher-order derivatives with
respect to time in the partial differential equation (PDE) must be converted into a system
of first-order ordinary differential equations (ODEs).

ot
k k -k k J
=y, =L
N N 2 a,
k 2k
yk:avj )}k:yk:avj
o, 7o
yk _ % _ azvf yk _ yk (26)
R
3 3k 4.k
yk:%:a‘}j J-/k:a‘}j
e, oo Tt o

Substituting Equation (26) into Equation (25), the following expression can be ob-
tained.

ey ] v, ,—4v.  +6v. +4v.  +v. .,
(y4)j_ pl_j[ﬂj E('/']zi/ . - (Ax:)4 . |+
(51),, 16(02),, =30(s2), +16(51) , ~2).., &
Nyij - - zj . ! +<y§)_F/k:|
(ax;)
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At this point, the original PDE has been transformed into a system of first-order
K _ [k koo ko Lk
ODEs concerning the state variable d [yl SR yJ

B A

. For each spatial node x;j, define

g ko ek ok ek
L= =Y
the state vector , and its derivative Yi [y, R y4] . Ac-

-k k -k
cording to Equation (28), ¥ is a functional combination term of ¥ and ¥ , and the

following equation is obtained.

V=%,
Y, = ftY 0 )= £t v 05 5 vhol b 38 ) (28)
The iterative steps of the fourth-order Runge-Kutta method are as follows:

k
1. The current state vector *7 of t is directly substituted, and the derivative vector is
calculated.

ﬂl,l.j = YZA,‘/'

_ k ok ok ok ok ok ok _k 2
RN (A YR S Y (29)
2. The derivative vector is calculated using the estimated state vector at the intermedi-

ate time 7, +Ar/2.

At
M, =Y, + 7771.2,,‘

At At . A . A . At
_ L +?’ y1,1+7771.1,1’ y1,2+?771.1,2 Yis +?771,1‘3’ Yia 5 T4 (30)
o = f

LA L At . A . A
J’1,1+?771,2,1’ Vit 7771,2,2’ Yist 7771,2,3 s Vi +7771,2,4

3. Similar to 7,;, we perform a calculation based on another set of estimated state vec-

tors.

At
M., = Yz./ +?772,2,,'

At At

k k
I +75 J/1,1+7772.1,1’ Vit

Ar
2

At . A

M2 ylk,3 + > M35 %,47’72.1,4’ (31)

My, = S

W A A L A Y
J’1,1+7772,2,1s Mot ?772,2,2: Nt 7772,2,3 > V14 +?772,2,4

4.  The derivative vector is calculated using the estimated state vector of the next mo-
ment ¢, +Af.

My, =Y, +At-1,,
[ urAL y1k,1+At'773.,1,1= ylk,z+At'772,1,z ylk,3 +AL 1 5, y1k,4 +AL T4 (32)
Mo = K .k k k
PatAL 150 Mot AL 15,0, Vit AT i+ ALy,

5. The state vector is updated with changes in the time step.

At

k+1 _ vk
Y, =Y+ 6

(771,1#‘ F 1 Tt 774,1,/‘)

N At (33)
YZ/ijl = sz, + Z(ﬂl,z,; t1h, T, 774,2,/)

6. The boundary conditions are discretized as follows:
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vi(x.8)_ =v =0
8vj(xi,t)‘ VB B kv,
o |, 12Ax,
82v,. V., +16v].71 _30vi +16v_/.+l “Vi (34)
EIIJ">] axz = Ejlyuj 2 = Q.V.i
i (Axf)
3
Vv, Vv, =8 ,+13v_ —13v. +8v, ,—v.
E/.Iz’/. a 3j :E/-I_.Y/- J J J S J J J :F},/‘
Y S(A"/)

7. Terminal condition

This paper adopts a combination of physical termination conditions and time termi-
nation conditions. Firstly, the physical termination condition is the deformation displace-
ment in the y-direction as given by Equation (35a). Based on the total operation time Ttotal
of the robotic arm and the time step At, the maximum number of iterations Nmax can be
determined. The specific time termination condition is as follows (Equation 35b).

V| / L < &, (a)
N<N,, (b) (35)

where ¢ is the relative transverse deflection ratio. The 0.01 mm absolute deflection limit
was only customized for the 1.5 m CFRP robotic arm in this study. It served as a tight
convergence cutoff for the double finite difference iterative solver to capture tiny high-
frequency flexible vibrations required for orbital high-precision servicing, and simplified
fixed-value parallel computation for uniform arm sizes in the simulation. Termination
condition I is superior to termination condition II.

To further accelerate the solution rate, different variables are modularized and a
multi-core parallel processing method is adopted to perform solution calculations for each
module. The specific process is shown in Figure 3.

In Figure 3, the terminal load is the target load that the claw at the end of the entire
manipulator’s link Iv is capable of grasping. By using the method of centralized equiva-
lence, the end load is equivalent to a small ball with a centralized mass of mr. When the
robotic arm grasps the target object and takes on the load, the terminal load is rigidly
connected to the final link, and thus they are regarded as a single entity. The terminal load
mass is included in the end mass of the final link Iv boundary. As shown in Equation (19),
me includes the terminal load mri, which will affect the force R and torque M in the final
link boundary. According to the above calculation process, the time-domain solution of
the flexible deformation in this paper can be quickly calculated.
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Figure 3. Parallel computing process with double difference and limited resources.

3.4. Link Deformation Modeling Based on Control Characteristics

While Section 3.1 analyzes the deformation of link coupling during space robot mo-
tion, the majority of these research works rely on open-loop motion control. They are un-
able to properly utilize the driving torque to modify the manipulator to meet its real mo-
tion and thus cannot effectively suppress manipulator link deformation [27]. In actual mo-
tion control, closed-loop control is usually utilized to adjust the motor output torque in
real time to meet the needs of the link drive. The feedback control parameters will inevi-
tably affect the link deformation. Therefore, when examining the study of robot link de-
formation in real-world motion control, its control features must be taken into account. By
using the dynamic coupling analysis of manipulator link deformation, it is discovered that
the robotic composite motion will significantly impact the deformation to the flexible ma-
nipulator under different constraint boundary conditions. To give a theoretical foundation
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for the subsequent stage of flexible robot dynamics modeling and controller design, this
part concentrates on the manipulator link deformation based on dynamic constraint con-
trol.

The flexible robot link is a cantilever beam in inertial frame. The expected angle at
the simply supported end xi = 0 is 04, the actual angle of the link is 8}, the rotation angle
caused by the joint flexible structure is 6, the bending angle caused by the link deformation
is w and the torsion angle is yi(j = x, y, z). Therefore, the system error vector is e = [ex, ey,
ez]", where e: is calculated using Equation (36):

e.=0,-0.=0,-[0,+5+0ow(x,.t)/ox, +y.(x,.1)] (36)

In order for the robot to trace the desired trajectory accurately, it must be ensured
that the links spin at angles 6-—0 and 6,—0 in the x and y axes, in addition to the robot
joints” ability to reciprocate at the desired trajectory’s equilibrium position, 6= 0.

That is, under the control constraint, the manipulator makes ex and e, approach a
minimal deviation value, even 0; e: can be expressed as follows:

ow(x;,1)
e. = —5—7 e (xi’t)L,:o (37)

i . =
x;=0

Based on the principle of moment balance, Equation (38) can be obtained.

00, 00,
Ji 2n+ki5i+ci_l:z-r
ot ot (38)
51' =0,/N,—-06,

where 0 is the motor angle of the i-th joint, N+ is the reduction ratio of the i-th joint, OLi is
the actual angle of rotation of the fixed end of the i-th link, and J is the rotational inertia
of the motor.

To meet the demand of the robot control torque, according to the system tracking
error and the change rate, the system feedback coefficients Ky and Ka are adjusted to ensure
that 6,—04. However, it is necessary to take into account both the deformation of the link
and the control parameters, and to adjust the driving torque in order to seek to satisfy its
minimum tracking error. The control driving torque is Equation (39):

de
rr:er+KdE:Kp(9J—Hd)+Kdd(6’J—6’d)/dt (39)
In the transient case, by the moment equilibrium principle, both the forces and mo-

ments are conserved. Combining the control moments and correcting the link boundaries,
the displacement and bending moment at the fixed end of the link xi = 0 are as follows:

W(x’.’t)|xv:0 = O
2 3 2 2
g, 20 W(f"’t) _, 2zt W(x";t) S| =L T —(k,f5+c”. @j (40)
o' | o, ot N, o ot ot

where JLi is the moment of inertia of the wheel hub.
The bending moment and the shear at the link end xi = Ii are obtained.

2
£ 0 W(?’t) _ _IHizéw(x;,t)
Ox; - t 0ox; -
3 2 (41)
E]I ‘ W(fi’t) :Mnl ° (x;’t)
0Ox; - ot o
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where 71 is the equivalent rotational moment of inertia of the i+1-st joint acting in-
versely on the end of the i-th link, and Mia s the equivalent concentrated mass at the
end of the i-th link.

Substituting Equations (37)—(39) into Equation (40), the force balance equation is ex-
pressed as Equation (42) in the error space:

2 ) : ow(x, .t
Jriaéz)”"'kié‘i"'cf %, =K,e +K, ae‘=_Ku' é‘,'*'M
ot ot ! ot ! 0ox,

i

+7. (xi,t)xu]
=0 '
+8}/Z (x,.,t)‘ ]
x,=0

-K, [851 +5w(xl,t)

a  war |, o
, (42)
5, 2 (K, )0 (k) o, 22000 20
ot g Ot oo |, ot |
0y, (x,,t
et 229 |
x,=0

In the actual motion control of the robot, when compared with the rotational inertia
of the manipulator link, the rotational inertia of the motor rotor and the hub (Jr and Ji) are
small and can be neglected. From the perspective of parameter magnitude comparison,
the bending and torsion inertia of the carbon fiber long link is 2 to 3 orders of magnitude
higher than that of the motor and hub. The additional torque generated by the inertia of
the motor and hub is relatively small compared to the total joint torque. The simulation
conditions of this article are as follows: the link length is 1.5 m, the end load is greater than
10 k, and the working frequency is 20 Hz. Under these working conditions, the additional
torque generated by the inertia of the motor and the hub will not have a significant impact
on the total joint torque. Therefore, it is fully applicable to the model in this article. There-
fore, by combining the vertical (38) and (41), the complex constraint boundary of the ma-
nipulator under the control law is Equation (43):

2 2 )
EIM k E,-I,-a W(f”t) +H, |- B, g int) W(f"’t) +H
|, @ o |, A o |
(43)
ow(x,,1) ow(x,,1) o7. (x.1)
K B B e I

where a; = (ki + KPi)_ k; (Cn' + Ktli)/cri , Bi= (cri + Kdi) —C (ki + Ky )/kri .

Based on the above analysis, Equations (39)—(43) are the complex constraints of the
flexible manipulator joints under the closed-loop control law. The boundary condition (40)
is the same as the third term in the second equation of the displacement boundary condi-
tion (8) in Section 3.2. The bending moment condition is the same as Q- in Equation (15).
The initial end boundary conditions of the manipulator are the same as those for xi = 0.
The bending moment (41) at the manipulator end is included in Equation (17), and the
boundary condition xi = Ii at the manipulator end is included in the dynamic complex
condition. Combining the initial and the end boundary, the boundary conditions of the
adjacent links in the spatial manipulator multi-link are corrected, and the specific correc-
tion equation is Equation (44):

k"i Cri
Qz’i x;=0 = _Z(Qz,i x;=0 +Hi)_E(Qz,i x=0 +Hi)
- - : . 0. (44)
H =K, Qz’l di é Qz’l + IE—QN dx, K I-J‘I Qx’L dx,
"EL,| otEL,;, oGl "Gl L
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Substituting Equation (44) into the system Equation (29), using the solution method
in Section 3.3, the deformation design parameters of the flexible manipulator under the
closed-loop control law are obtained.

4. Modal Identification of Link by Dynamic Time-Domain Response

According to the link deformation analysis in the above Sections 3.1 and 3.2, the dy-
namic response of the flexible manipulator based on energy conservation, complex con-
straint boundaries, and control constraints is more in line with the real working conditions
than the ideal cantilever beam vibration response. However, this method is not conducive
to modeling the dynamics of flexible manipulators, which still need to be analytically sim-
plified before modeling. Therefore, based on the dynamic coupling response of link de-
formation, the vibration frequency and mode of link under AMM are identified and mod-
ified to obtain a more accurate description model with fewer generalized variables. This
is of practical significance to the modeling of flexible space robots.

The research purpose of modal analysis is to obtain modal parameters such as vibra-
tion frequency, mode shape and damping ratio of the flexible manipulator [16]. Based on
the research of these parameters, the dynamic behavior of flexible robots can be further
analyzed and studied. However, due to the complexity of the environment and the limi-
tations of the existing testing technology, the current experimental testing methods can
only obtain the deformation and vibration response of the mechanical components of the
system under certain working conditions. It cannot solve the modal parameters of the
system through artificial excitation and experimental modal analysis. In particular, it is
difficult to obtain modal parameters of complex system structures or large-size structures.
Therefore, mode recognition based on time-domain response signals is very meaningful.

To solve the problem of link deformation mode identification in large size and com-
plex structure body, many scholars have proposed the learning method based on flow
shape for identification. Using the system time-domain response as a dataset, this method
extracts the modal information of the link deformation in a nonlinear way, such as Local
Linear Embedding Algorithm (LLEA), Laplace Algorithm (LA), and Isometric Mapping
Algorithm (ISA) [6]. When the modal parameters of large-size structures are proposed
using the LLAE method, their time-domain response data are regarded as a high-dimen-
sional dataset. The system modal parameters are intrinsic properties (dimension, sparsity,
resolution) of this dataset [6]. In this subsection, the link deformation time-domain re-
sponse data in Section 3.1 is used as a dataset to extract the intrinsic frequency and vibra-
tion mode by LLAE.

According to the link coupling deformation analysis in Section 3.1, the link defor-
mation in different directions can be extracted as the output response. The link defor-
mation response at time t and position x in each direction of the manipulator is selected
as the dataset. They can be written as D = [d1, do, ..., du] € 9. Based on dataset D, the
modal information of link deformation is extracted by the LLAE method. The specific
steps are as follows [6].

First, the number of neighborhood points dx is determined. Using Equation (45), the
Euclidean distance between data point di and other data points d; is computed and the i
closest adjacent point to d is obtained.

dist(d,.d )= 45)

The least squares method can be used to solve the minimum cost function, and the
weight under the neighborhood point dx is wj. If di is not a neighborhood point of d, then
wij = 0.
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(46)

To reduce the data dimensionality, the low-dimensional matrix M = (I-W)T(I-W) is
embedded in the dataset, which is composed of the 2-nd to the i1-1st smallest eigenvectors,
and 71 is the reduced dimension. The low-dimensional embedding vector di can be calcu-
lated by using the minimizing embedding cost function Equation (47) to minimize the
low-dimensional reconstruction error e(D).

n

«(0)-3

k=1

2
i
k=1

D(Ii_u/ir)

d, ~ i w,d, = tr(DMDT) 47)

where di is a vector satisfying 24=0 ang ZAd/n=1

Based on the Rayleigh—Ritz method, the time-domain response of the manipulator
can be expressed as a linear combination of modal modes and modal coordinates. In the
process of finite element analysis and experimental data acquisition, the system of the
manipulator will be discretized into m monitoring points and the time ¢ is discretized into
n sampling points, and then the manipulator system response is obtained.

N,
dmn = kZ:; Dmk i (48)

where N is the modal truncation number, dwmx is the link deformation response, Dui is the
vibration mode vector, and gk is the main generalized coordinate vector.

The basic steps of modal recognition based on the LLAE method are shown in Figure
4.

( Complex time domain response of manipulator )

A time domain response dataset Dmn with more
comprehensive information was selected as the sample dataset

v

Frequency domain analysis based on the time domain
response to determine the intrinsic frequency interval dj
The time-domain response data were
filtered to obtain a single-frequency d,,,

Processing of time-domain response data using
the LLEA method

The feature extraction of D,,, yields the modal
coordinate vector gy,

| D= /qin | |M0da1 coordinates g;,

The i-th order vibration vector D,,; | | The i-th order intrinsic frequency

Figure 4. Modal recognition process by time-domain response of flexible link.

To obtain the approximate actual mode of the dynamics modeling of the multi-de-
gree-of-freedom manipulator, the vibration dynamics system of manipulator is analyzed
to obtain its frequency response.

mZ20 ;gt) +Cay7(f)+Ky(f):f(f) (49)

where M, C and K are the matrices of mass, coupling and stiffness, respectively, and f(f)
is the external input force.
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For a manipulator system with real modes, the output displacement response is
y(t) szqi .
=l . Diis the i-th mode shape and g is the i-th mode coordinate. Substituting Equa-
tion (51) into Equation (50), based on the theory of vibrational orthogonality [7], the mo-
tion Equation (49) can be decoupled as follows:

0 >
m,.D,(at"' 280, t+w,-q/-]=f(t) (50)

where mi is the modal mass, &iis the damping ratio, and wi is the natural frequency of the
i-th order.

Equation (50) is solved by considering the application of a pulse load on the k-th de-
gree of freedom. The pulse load is: if i = k, fi(t) = fo0(t), else if fi(t) = 0, the modal coordinate
is used to represent the i-th order acceleration response as:

g, (t ®,
qtz( ) — E)¢kla)l _Qw’ COS((O +¢) + — j
ot m 1 & 2 (51)

where ¢xi is the k-th element of the i-th mode, @i is the i-th mode phase, and wi is the i-th

vibration frequency
The system impulse acceleration response of the manipulator on k-degree degrees of
freedom is as follows:

azyr (t) a ya ql F¢ 1 -Gt
8;2 :; : ,le% o z% | 11“_5 e cos( mt+¢)+2+¢kp) (52)

where

is the phase difference between the kth and p-th elements of the i-th-order
vibrational vector.
According to the actual mode of the system, the link vibration mode is a real number,

and the real-number vibration mode is obtained.

gp/ip =+2mmx ) ¢pi/¢ki >0
¢, =+(2m+1)7, ¢, /4, <0 (53)

Using the Hilbert transform method, the system modal impulse response of the ma-
nipulator is solved, and the instantaneous amplitude and instantaneous phase equations
are shown in Equation (54).

4, (t)= B, exp(-S o)

0, (1)=w,+o, +Z > + 9, (54)

By means of the empirical modal method, the time-domain response data are decom-
posed into a number of intrinsic modes, from which the physically significant intrinsic
modes are selected. Then Hilbert transform is used to obtain the amplitude spectrum and
phase spectrum of each inherent mode. Using the phase spectrum of Equation (54), the
intrinsic frequency and damping ratio of the manipulator are derived.

=0,-0,(1)
_ ln(Bz?p (1) =In(4, (1)) (55)
' wt

i

where Z is (p"+$"’+”/2.
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In the above-mentioned linkage solution and modal identification process, there are
four key parameters: Ni, Af, €v and dx.

1. Link segmentation number Ni: Insufficient segments cause under-sampled elastic de-
formations and distorted vibration/modal outputs; moderate segmentation fully cap-
tures 3D flexural, axial and torsional responses without redundant computation,
while excessive discretization merely raises computational overhead without alter-
ing core dynamic characteristics. The simulation in the entire text uniformly adopts
Ni=12, which takes into account both the calculation accuracy and the computational
efficiency.

2. RK4 time step At: Overlarge steps filter transient high-frequency coupling vibrations
and distort temporal profiles; moderate or small steps fully retain complete vibration
signatures, with marginal step adjustments exerting negligible influence on primary
dynamic behaviors. This paper adopts a step size of At=2.5 x 102 s. It can fully cap-
ture the steady-state periodic vibration and instantaneous sudden deformation, and
is stable enough to meet the deflection convergence criterion |v,,|/L<¢, .

max

3. Convergence threshold ¢.: Loose thresholds truncate subtle high-frequency micro-
vibrations critical for orbital servicing, moderate thresholds balance computational
accuracy and efficiency, and stricter criteria only induce redundant iterations with
unchanged deformation curves. This paper employs a tight constraint threshold ev =
6.67(10-%), which can accurately analyze the flexible vibration of a 1.5 m boom while
avoiding unnecessary iterations.

4. LLE neighborhood size di: Too few neighbors fail to reconstruct manifold features
and bias modal extraction; a moderate neighborhood clearly separates physical vi-
bration modes and suppresses noise, whereas an oversized neighborhood only intro-
duces spurious high-order modes without corrupting dominant modal information.
This article uniformly selects dx = 10 for modal identification, aiming to balance the
integrity of feature extraction and the anti-noise capability.

All parameters are set within a wide and moderate stable working range. Within this
range, minor adjustments to the parameters only affect the computational efficiency and
do not alter the core deformation and modal results. Severe performance degradation of
the output occurs only under extreme parameter values, indicating that the proposed
modeling and identification framework has good parameter tolerance and reliable robust-
ness.

5. Simulation and Experiment
5.1. Model Verification and Analysis

To verify the validity of the article mode, a 2DOF flexible space robot in Figure 3 on
a mobile platform is taken as the research object [13]; it is a three-dimensional space model.
Firstly, oo-xoyozo is the inertial coordinate, and os-xsyszs is the center of the base coordinate.
The first joint of the manipulator is installed at the osys axis of the base and is offset by
0.75 m. The coordinate is oi-xiyizi (i = 1,2), and the joint central axis coincides with oizi. The
joint structure is equipped with an elastic damping structure whose equivalent stiffness
is ki and the equivalent damping is ci. The manipulator link is fixed on the wheel hub, and
the axis oixi coincides with the axis of the link when the link without deformation. An
actuator with a two-finger structure at the end of the manipulator arm has a concentrated
mass of 10 kg. The gravity coefficient in this paper is 9.8 x 10 N/kg. The overall structure
of the space robot is shown in Figure 5, and the specific parameters are shown in Table 1.
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Figure 5. The overall structure of 2DOF flexible space robot.

Table 1. Physical parameters of flexible space robot.

Manipulator Mass Size(m) Inertial Parameters Elastic Modulus
(kg) Length Radius Height Lux Iyy Iz (Pa)
Bo 1.58 x 108 1.5 1.5 1.5 1.481x10% 1.481x10% 0.592x 103 210 x 10°
Bi 17 1.5 0.063 - 4.492 0.0675 4.492 70 x 10°
Ji 2.3 0.06 0.07 0.0745 0.0745 0.0100 0.05 800
B2 16 1.5 0.063 - 3.462 0.0635 3.462 70 x 109
J2 2.3 0.06 0.07 0.0745 0.0745 0.0100 0.05 800

In Table 1, the mechanical arms B1 and B2 are aerospace-grade carbon fiber material.
The shear modulus within the core plane of this material is typically 3.8-5.6 GPa. In this
article the shear modulus is 7.5 GPa [28].

In MATAB R2023b, the joint initial values are 61= 62=0. The initial deformation value

7y = —15sin(37)

of the link is ui = vi=wi =y =0, (j = x, y, z). The torque is r N-m and

, =15sin(0.3¢ . . .
72 =155in(0.31) N-m, respectively. By the actual convergence results of the simulation, the

simulation step size is adjusted, and it is At = 2.5 x 102 s. The simulation process is calcu-
lated by odel5s, and the simulation time is 10 s.

To verify the effectiveness of the link deformation analysis method, the dynamic
Coupled Analysis Model (DCAM), the flexible joint—flexible link analysis model under
ideal hypothesis mode (FJ-FL-AMM) [29] and the analysis model of flexible joint-rigid
manipulator (FJ-RM) are simulated and compared [30]. The correctness and calculation
accuracy of the classical modeling method (FJ-RM) are verified, and can be used as a ref-
erence model for the verification of the modeling method in this paper. Firstly, in the FJ-
FL-AMM system, the link deformation is described by AMM [31]. The link boundary con-
dition at one end is fixed and the other end is free, while the initial conditions are 0. Then,
the characteristics of the flexible joint are described by the lumped parameters. The dy-
namics model of the 2DOF flexible space robot is constructed based on the Lagrange
method. Secondly, in the FJ-RM system, the manipulator link is regarded as a rigid link,
and the dynamics model of the flexible joint-rigid link robot is established by using the
Newton—-Euler method. Finally, three system models are simulated by MATAB R2023b.

By the curve changes in Figure 6, there is no significant change in the posture of the
pedestal calculated by the three models within 0 <t <3 s. After 3 s, compared with the FJ-
RM modeling method, the posture of the robot base in DCAM changes greatly. The max-
imum relative error is 8.55%. The error is lower than the 10% allowable threshold com-
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Robot base displacement in the X-direction/m

Robot base angle around the X-axis/rad

monly used in the aerospace field [12]. But their general trends are basically the same. This
verifies the correctness of the model presented in this paper. Meanwhile, compared with
the FJ-FL-AM, the pose of the base in DCAM changes greatly, which proves that the flex-
ible joint also has a certain influence on the base’s stable operation. Especially after 5 s, the
curve deviation under the two models gradually becomes larger, which proves that there
is an interaction between the base movement and the flexible manipulator, which is also
consistent with the previous research conclusions [29] (coupling analysis of the flexible
base and the manipulator). This further proves the correctness of DCAM.
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Figure 6. Pose changes of space robot base under different analysis models: Position: (a) X-direction,
(b) Y-direction, (c) Z-direction; attitude: (d) X-axis, (e) Y-axis, (f) Z-axis.

By the analysis of the manipulator joints in Figure 7, the angle change trend of the
manipulator joint under the three different analysis models is consistent. Under the action
of sinusoidal driving torque, the link deformation counteracts the manipulator operation,
which makes the peak value of the joint angle fluctuate. Compared with the joint response
of FJ-FL-AMM, the joint response in DCAM is more obvious. The curve changes in Figure
6 show the changes in robot joint flexibility under different FJ-FL coupling structures.
When the FJ-RM model comprehensively considers joint flexibility and damping, and the
ratio between equivalent stiffness and equivalent damping is constant, the joint flexibility
changes periodically. When the deformable elastic force of the link reacts on the joint
structure, the joint flexibility changes will be intensified, especially under DCAM. Theo-
retically, the link deformation in DCAM will increase the joint angle change, which con-
forms to its energy conservation law. And it will also act on the flexible joint change, which
also conforms to its energy conservation.
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By the flexible variation curves of link 1 and link 2 in Figure 8, it can be seen that the
study analyzed the manipulator link deformation from a three-dimensional perspective.
By the setting of the floating coordinate and the joint coordinate, compared with the axial
tensile deformation in the X-direction in Figure 8a,d and the shear deformation in the Z-
direction in Figure 8c,f, the transverse bending deformation in the Y-direction in Figure
8b,e is larger, with an order-of-magnitude difference of 103, which is in accordance with
the bending deformation of links with Euler-Bernoulli beams as the standard beams. The
above analysis proves the correctness of the dynamic coupling analysis model of link de-
formation for flexible space robots established in this paper.
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Figure 8. Flexible vibration of space robot link under different analysis models: Link 1: (a) X direc-
tion, (b) Y direction, (c) Z direction; Link 2: (d) X direction, (e) Y direction, (f) Z direction.

During the operation of the actual space robot, the coupling link deformation is larger
when considering the robot base motion, joint flexibility, damping and other factors,
which is consistent with the principle of the system energy conservation. Although the
system control input and the system action are relatively smooth, with the change in time
t, the coupling link bending deformation will appear suddenly (3.5s, 5.5 s and 7.5 s in
Figure 8b,e). This is due to the rapid change in the coupling link mass geometry leading
to the system’s instability. As the changes in the quadratic terms of the joints trajectories
for the robot system are large, they can obtain large accelerations (2s,4s, 6 s, and 8 s in
Figure 6a,b). And as the curvature of the robot base trajectories changes drastically (6 s
and 8 s in Figure 4), the link deformations of the flexible space robots produce large
changes. This further proves the necessity of the dynamic coupling analysis of link defor-
mation, and indirectly proves the correctness of its analytical model.

This study is not only applicable to the flexible deformation analysis of large compo-
nents such as space robots and solar sail panels, but also to the flexible deformation anal-
ysis of operators on mobile platforms such as interplanetary exploration vehicles, large
boom cranes and large marine manipulators. It integrates the non-fixed carrier base mo-
tion, complex joint structure and large-size body deformation for analysis and research,
and is significantly superior to the single body deformation analysis.

5.2. Numerical Simulation and Characteristic Analysis

To analyze the link deformation characteristics of flexible manipulator under the con-
trol law, this section takes the robot shown in Figure 3 as the object for calculation and
analysis. The joint’s starting value is 01 = 02 = 0. The initial value of the link deformation

is T :0, (j = x, y, z). The displacement and torsion angle of the robot link defor-
mation can be obtained either directly or indirectly during the robot’s actual operation.
The feedback control algorithm is used to control the stable operation of the robot base,
and the control parameters are kept unchanged in the subsequent simulation. Finally, dif-
ferent control parameters are set by Equation (42). Using the solution method in Section
3.3, the link deformation is compared. The pose control parameters of the base are Kzr =
diag([Ksp, Kso]), Kap = diag([25, 25, 25]) and Kz = diag([2, 2, 2]). When the link deformation
of the manipulator is not suppressed, three different combination parameters are used to
design the joint control parameters in Table 2. To further analyze the change law of the
influence of control parameters on the link deformation, the control parameter pair is
taken as the horizontal coordinate variable, while the system frequency and deformation
response under the control law are taken as the longitudinal variable, and their values are

further simulated, as shown in Figure 9.
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Figure 9. The output variables of the mechanical system under different control parameters: (a) Link
1, (b) Link 2.

Table 2. Changes in link deformation in frequency domain and time domain under different con-

trol parameters.

Manipu- Tip Mass Cantilever Fre- Joint Stiffness Coupling System

Control System

v(xi)  wxi)

lator (kg) quency (Hz) (N'-m/rad)  Frequency (Hz) Ky Ka Fre(q};l;; Y 102(m) 10-(m)
100 9.231 5 0.01 2.257 1.86 232
1 20 4.574 200 11.346 10 0.05 3.578 135 1.82
400 13.754 20 0.10 4.367 124 151
100 12.416 5 0.01 4.845 229 287
2 10 8.416 200 13.567 10 0.05 6.546 183 243
400 15.821 20 0.10 8.212 147 179

When determining the tip load mass of the link, the data in column 3 is the base
frequency of the cantilever beam under fixed-end load boundary conditions. Based on this,
the vibration frequency of the first link and the second link in column 3 can be quantified.
And the vibration foundation frequency of the link decreases with the increase in the link
tip mass. As the tip mass of the link is 4 times higher in two different cases, its base fre-
quency is reduced by 50%. This is consistent with the research results in the literature [27]
(the study gives the research values and results of the flexible robot arm at 0 kg and 3 kg),
and the results of the above research are consistent with the classical vibration theory. The
data in column 5 are the vibration frequencies of the EBTT coupled system under the elas-
tic damped end-load boundary. This system increases with the increase in joint stiffness,
but its end transverse bending v(li) decreases [32]. The joint damping of the robot is 0.05,
and the joint stiffness is the value in column 4 in Table 2. Based on the above analysis,
compared with the research results in reference [33] (which provides stiffness parameter
design and robust adjustment parameters of flexible manipulator), the research and anal-
ysis results in this paper are more comprehensive and specific.

Combining the constrained boundary conditions and joint stiffness coefficients in
Equation (43), the vibration frequency and the link tip bending displacement in the control
system can be calculated by using the solution methods in Sections 3.3 and 3. The calcu-
lated results are the values in columns 8 to 10 in Table 2, and are compared and analyzed
with the values of the cantilever beam and coupling system in Table 2. When the system
control parameters (K, and Ka) are small, the link vibration frequency in the control system
is smaller compared to the link vibration frequency in the cantilever beam or coupled sys-
tem. And link vibration frequency is reduced by about 40%. According to the analysis of
the curve change trend in Figure 8, the flexible link deformation decreases with the in-
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crease in the control parameters. And the link vibration frequency will gradually ap-
proach the foundation frequency of the cantilever beam in the control system. This is be-
cause within the range of allowable control parameters, Kr increase accelerates the instan-
taneous response speed of the system, and Kz decrease reduces the overshoot parameters,
and this overcomes the system oscillation of the manipulator. By the above analysis, the
link vibration frequency in the control system is lower than that of the cantilever beam
and the coupling system, although the joint structure has a damping constraint effect with
the increase in control parameters. The manipulator link vibration tends to be similar to
that of the cantilever beam with lower frequency because the control parameters cannot
be increased infinitely, thus improving the stability of the whole robot system.

5.3. Numerical Simulation and Modal Analysis

To verify the validity of the modal identification model, the second link of the ma-
nipulator in Figure 3 is used as the object. And the time-domain response of the manipu-
lator link deformation is calculated by using the solution method in Section 2. Twelve test
points are selected in the axial direction of the link, and the deformation response accel-
eration of each monitoring point is obtained. Then, under the pulse excitation signal with
a sampling frequency of 100 Hz and sampling time of 10 s, the numerical simulation is
carried out on the selected monitoring points. The natural frequency, modal shape and
damping ratio of the flexible link are calculated by using the time-domain response mode
identification method in Section 4. Meanwhile, ANSYS Workbench 2024 R2 is used to sim-
ulate the modal analysis of the link deformation. Firstly, the three-dimensional model of
the space robot is constructed by Solidworks and it is imported into Ansys. In the modal
analysis module, different boundary conditions are set at the two ends of the robot link.
The boundary condition at one end is a rotatable spring damping structure, and the other
end boundary condition is a concentrated mass load. Secondly, in the axial direction of
the manipulator, the deformation and displacement of the manipulator at 12 monitoring
points are selected for monitoring. The response data of the link deformation can be ob-
tained by the monitoring data. On this basis, the modal analysis module can be used to
extract the vibration frequency, modal damping ratio and modal mode of the link defor-
mation. Finally, the modal identification results of finite element analysis are compared
with those of this paper, and the specific results are shown in Table 3. Modal parameters
under different recognition methods are compared in Figure 10. On this basis, using the
modal confidence function method in Ref [6], the correlation of the modal information
identified by the above two methods is analyzed. The validity of the modal information
identified in this paper is evaluated.
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Figure 10. Modal parameters of link deformation under different identification methods: (a) Fre-

quency, (b) Damping ratio, (¢) Mode displacement.
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Table 3. Comparison of modal parameters based on different methods.

Mode Recognition Method in This Paper Finite Element Method
Modal Orders - - - -
Number Frequency Damping Mode Displace- Frequency Damping Mode Displace- MAC
(Hz) Ratio ment (m) (Hz) Ratio ment (m)
1st order 11.257 0.027 1.34 x 103 10.521 0.031 1.42 x 103 0.9325
2nd order 30.932 0.016 1.57 x 103 28.287 0.018 1.65x 103 0.9461
3rd order 46.367 0.020 1.92 x 103 44.671 0.022 2.04 x 103 0.9621

Comparative analysis of the frequencies under this paper’s modal identification
method and the finite element method through Table 3 and Figure 10a reveals that the
maximum relative error between the two is not more than 8.55%, which verifies that the
modal identification of the frequencies in this paper is feasible. By comparing the damping
ratios of the two recognition methods in Figure 10b, it can be seen that the maximum
relative difference of the damping ratios of the two modes is 4%, which verifies the cor-
rectness of the damping ratios of the mode recognition. Figure 10c is used to compare the
modal displacement of the flexible manipulator end with the two identification methods,
and it is found that the maximum displacement difference between the two methods is
5%, which further verifies the correctness of the mode identification method proposed in
this paper. Based on the confidence criterion of modal recognition, it can be seen that the
correlation confidence between the modal recognition method in this paper and the finite
element method exceeds 0.93 and approaches 1. Therefore, we can consider that the modal
frequencies and modal modes obtained by the two methods are basically the same, which
proves the validity of the modal information recognition method in this paper. Based on
the modal information recognition method presented in this paper, the modal parameters
of the link deformation response for flexible space robots in complex systems can be iden-
tified. By using the identified modal information, the link deformation of flexible space
robots is described, which is very beneficial to accurate robot dynamics modeling.

Based on the above Sections 5.1-5.3, the advantages of the model established in this
paper are further clarified.

Compared with the traditional FJ-FL-AMM and FJ-RM modeling methods, the pro-
posed DCAM rigid—flexible coupling analysis method has multiple verified advantages
reflected by all groups of simulation curves and tabular data: as shown in Figure 6 base
pose curves, this method revises link boundary conditions to fully incorporate floating
base inertia, joint stiffness and damping, accurately capturing the mutual rigid—flexible
excitation between the spacecraft platform and manipulator that traditional ideal cantile-
ver-based models fail to reproduce.

Figure 8 link vibration results prove it adopts complete 3D Timoshenko beam theory
and double finite difference parallel solving to comprehensively calculate axial stretch,
bidirectional bending and torsional deformation of links, overcoming the 2D deformation
limitation of the Assumed Modes Method; Table 2 and Figure 9 control parameter simu-
lations reveal it innovatively embeds PD closed-loop feedback torque into dynamic con-
straint equations, enabling quantitative analysis of how proportional and differential
gains affect system natural frequency and terminal vibration amplitude, a capability ab-
sent from open-loop traditional models.

Figure 7 joint flexibility curves show it can fully reflect the coupling amplification
effect of link elastic counter-torque on joint torsional oscillation in line with energy con-
servation rules, unlike rigid-link FJ-RM which ignores all arm vibration; Table 3 modal
comparison data verifies its LLE time-domain modal identification algorithm generates
frequency, damping and mode shape results with a maximum relative error of only 8.55%
against high-precision Ansys FEM and MAC coefficients above 0.93, delivering more real
structural modal information than artificially preset ideal modes; meanwhile, the multi-
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core parallel double finite difference calculation flow in Figure 3 balances computational
accuracy and efficiency better than fine-mesh finite element methods, so overall this
method realizes more authentic physical characterization, higher modal identification
precision and quantifiable multi-factor coupling analysis unavailable to traditional sim-
plified models, perfectly matching the actual on-orbit operating conditions of space robots.

6. Conclusions

In this paper, the deformation description of a space flexible manipulator under dy-
namic coupling is studied.

Firstly, the flexible space robot is equivalent to a flexible manipulator model of a
movable platform. On this basis, joint flexibility, damping and load effects are introduced
into the boundary conditions of the link, and the complex boundary conditions are mod-
ified. Based on the principle of energy conservation and moment balance, a dynamic cou-
pling analysis model of the link deformation for space robot with coupling structure FJ-
FL is proposed. By the double finite difference method, the solution flow of the link de-
formation is given and the time-domain response is calculated. Secondly, in the complex
boundary conditions of link deformation, the closed-loop control parameters are intro-
duced, and the dynamic constraint equation of link deformation is established and solved.
Then, the time-domain response of link deformation is used as a dataset, and the modal
recognition method of LLAE is used to identify the modal information of link deformation
of a space manipulator. Finally, numerical simulation is used to verify the correctness of
the analytical model. Compared with the classical link analysis models FJ-FL-AMM and
FJ-RM, the dynamic coupling analysis model proposed in this chapter comprehensively
considers the influences of robot base, joint flexibility, joint damping and other factors on
link deformation, so as to obtain a response closer to the actual working condition. With
an increase in control parameters, the flexible deformation of the link decreases. In the
control system, the vibration frequency of the link will gradually approach the base fre-
quency of the cantilever beam. Based on the confidence criterion of modal recognition, it
can be seen that the correlation confidence between the modal recognition method in this
paper and the finite element method exceeds 0.93 and approaches 1. On this basis, the
modal information recognition method based on time-domain response in this paper has
a strong practical significance for establishing the dynamic model of flexible space robots.
And this lays a theoretical foundation for the accurate dynamic modeling of subsequent
space robots.
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