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Abstract

To overcome the limitation of conventional nose landing gear shimmy damper design,
which is mainly based on the critical damping for torsional shimmy while neglecting
the high-damping-side instability boundary, this study establishes a nonlinear shimmy
dynamic model of a nose landing gear equipped with a hydraulic damper and an inerter-
based suppression system. Hopf bifurcation analysis, numerical continuation, and energy-
evolution analysis are employed to investigate the effects of damper, structural, and inerter
parameters on the zero-shimmy region over the full speed range. The results show that the
zero-shimmy damping interval is not governed by a single torsional critical damping value
but is jointly bounded by the tire-induced torsional shimmy boundary on the low-damping
side and the lateral or structural torsional shimmy boundary on the high-damping side.
Thus, increasing damper damping is not always beneficial. Among the structural param-
eters, trail determines the existence of the zero-shimmy region, strut torsional stiffness
mainly regulates the high-damping-side boundary, and rake angle provides local correction.
With proper inertance and tuning-stiffness matching, the inerter-based system raises the
upper critical damping by about 210% and improves low-speed shimmy suppression by
transferring vibration energy to the damping branch through inertial coupling.

Keywords: nose landing gear; shimmy stability; Hopf bifurcation; zero-shimmy region
over the full speed range; inerter

1. Introduction
Landing gear shimmy is a typical self-excited vibration phenomenon during aircraft

ground taxiing, usually manifested as coupled vibration between the torsional motion of the
wheel about the strut axis and the lateral bending motion of the strut [1]. Shimmy reduces
ground handling stability, aggravates tire wear and landing gear structural fatigue damage,
and, in severe cases, may affect takeoff and landing safety. Therefore, accurate identification
of shimmy instability boundaries within the taxiing speed range and determination of a
reliable zero-shimmy parameter region are important issues in nose landing gear dynamic
design and shimmy suppression system parameter design.

In engineering practice, hydraulic shimmy dampers are commonly used to suppress
shimmy; their basic function is to attenuate torsional vibration energy through damping dis-
sipation. Conventional design is often based on the critical damping for torsional shimmy,
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with a safety factor introduced to determine the damping parameter. This approach
improves torsional stability under low-damping conditions, but it does not sufficiently
account for the restriction imposed on the damping upper limit by lateral shimmy or
structural torsional shimmy under high-damping conditions. When the shimmy damper
damping is excessive, the shimmy damper may alter the phase relation, energy distribution,
and modal coupling characteristics between the torsional and lateral degrees of freedom,
thereby inducing new high-damping instability. Therefore, shimmy-stability design of a
nose landing gear over the full speed range considered in this study (0–200 m/s) should not
focus only on the low-damping-side torsional shimmy boundary; it should also identify the
high-damping-side boundary governed by lateral shimmy or structural torsional shimmy.

Extensive work has been carried out on landing gear shimmy modeling and stability
analysis from the perspectives of tire nonlinearity, structural geometric coupling, multi-
degree-of-freedom effects, and airframe flexibility. Thota et al. [2] established a nonlinear
dual-wheel nose landing gear model, including torsional and lateral bending degrees of
freedom, and analyzed the effects of taxiing speed and vertical load on shimmy stability.
Gao et al. [3] considered the influence of shock–strut compression on structural stiffness
and investigated the effect of multi-degree-of-freedom coupling on the shimmy region.
Romero et al. [4] and Jiang et al. [5] analyzed the effects of side-stay attachment angle and
shimmy damper joint clearance on shimmy stability boundaries and limit-cycle responses,
respectively. Xiao et al. [6] and Ruan et al. [7,8] further considered factors such as strut axial
displacement, longitudinal bending, Coulomb friction, structural clearance, and airframe
flexibility and showed that boundary conditions and structural flexibility can significantly
change the shimmy instability region. Sivakumar et al. [9] established a full-aircraft shimmy
model for an unmanned aircraft and showed that whole-aircraft motion coupling affects
the local shimmy characteristics of the landing gear. These studies indicate that landing
gear shimmy is essentially a nonlinear instability problem under multi-degree-of-freedom
and multi-parameter coupling and that a single critical speed or single modal criterion
cannot fully describe its stability boundary.

With respect to analysis methods, bifurcation theory, numerical continuation, center-
manifold theory, the method of multiple scales, and the complex averaging method have
been widely used in shimmy-stability studies [10–22]. Hopf bifurcation analysis can directly
track changes in equilibrium stability and identify shimmy instability boundaries. Com-
pared with time-domain parameter sweeping, numerical continuation is more suitable for
continuously tracking bifurcation curves over a wide parameter range. Center-manifold the-
ory can be used for dynamic order reduction and bifurcation-type identification near critical
points, whereas analytical methods such as multiple scales and complex averaging can re-
veal the relations among nonlinear response amplitude, frequency, and stability boundary.

For shimmy suppression, existing studies have mainly focused on hydraulic shimmy
damper optimization and new shimmy suppression designs. Hong et al. [23] pointed
out that excessive damping may induce shimmy instability. Tamer et al. [24] studied
the effects of nonlinear damping and friction on shimmy stability based on Lyapunov-
exponent sensitivity. Electromagnetic dampers, magnetorheological dampers, nonlinear
energy sinks, and inerters have also been used to improve the adjustability and wide
speed range adaptability of shimmy suppression systems [25–35]. Among them, the inerter
can generate an inertial force through relative acceleration and regulate system dynamic
characteristics without directly increasing static stiffness, showing potential in shimmy
suppression and ground-resonance control. However, the regulation law and energy
mechanism of the inerter in the zero-shimmy region over the full speed range of a nose
landing gear still require further clarification. Practical engineering application requires
further consideration of installation space, additional mass, maintenance requirements,
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and integration with the existing landing gear architecture. The inerter branch should
preferably be arranged near the existing shimmy damper, torque links, or strut connec-
tion points, while avoiding interference with the steering mechanism, wheel clearance,
ground clearance, and retraction path. Meanwhile, the additional mass introduced by the
transmission mechanism, housing, brackets, and connecting components may affect local
structural modes, retraction mechanism loads, and fatigue life. In addition, issues such as
friction, clearance, wear, temperature rise, and seal aging in practical inerters also need to
be evaluated through maintenance strategies and functional testing [36–40]. These factors
not only affect the practical shimmy suppression performance of the inerter-based shimmy
suppression system, but may also further influence the structural reliability, retraction
safety, steering function, and long-term service stability of the landing gear. Therefore, they
must be regarded as important aspects of safety and airworthiness assessment in aircraft
engineering applications.

Based on the above issues, this paper takes a single-wheel nose landing gear as the
object of study and establishes a nonlinear shimmy dynamic model with a shimmy damper.
Hopf bifurcation analysis and numerical continuation are used to investigate the effects of
shimmy damper damping, shimmy damper stiffness, and key structural parameters on
the zero-shimmy region over the full speed range. On this basis, an inerter is introduced
to construct an inerter-based shimmy suppression system, the effect of inerter parameters
on the expansion of the stability region is analyzed, and the wide speed range shimmy
suppression mechanism is explained from the perspective of energy evolution.

Through the above study, a dual-boundary interpretation framework for the zero-
shimmy region over the full speed range is established. The dominant physical sources of
the low-damping-side and high-damping-side boundaries are distinguished, the regulating
effects of structural parameters on the dual boundaries are revealed, and the expansion
mechanism of the stability region by the inerter-based shimmy suppression branch is
further clarified.

2. Nonlinear Shimmy Model of the Nose Landing Gear
Nose landing gear shimmy is jointly formed by tire lateral deformation, strut torsion,

strut lateral bending, and energy dissipation in the shimmy damper. To analyze shimmy in-
stability boundaries over the full speed range, a nonlinear dynamic model of a single-wheel
nose landing gear is established, including strut torsion, strut lateral bending, tire lateral
deformation, and the dynamic response of the shimmy damper. The model assumptions
are as follows: airframe elastic deformation, strut axial deformation, and longitudinal
bending are neglected; hydraulic fluid compressibility and joint clearance of the shimmy
damper are neglected; and tire forces are described using a nonlinear model capable of
representing saturation at large slip angles.

2.1. Physical Model and Coordinate Definition

A single-wheel nose landing gear is selected as the research object. A ground coor-
dinate system O-XYZ is established, in which the X-axis is parallel and opposite to the
aircraft’s taxiing direction, the Z-axis is vertically upward, and the Y-axis is determined by
the right-hand rule. The angle between the landing gear strut centerline and the aircraft’s
vertical direction is defined as the strut rake angle ϕ, and the landing gear physical model is
shown in Figure 1. The shimmy damper is installed in series between the upper and lower
torque links of the landing gear. In the dynamic model, its characteristics are equivalently
represented by a spring-damper oscillator composed of a linear stiffness kd and a linear
damping cd in parallel. The main system parameters include the strut length lg, mechanical
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trail e, wheel radius R, vertical load Fz, strut torsional angle ψ, strut lateral bending angle δ,
and shimmy damper angular displacement ψ1.

Figure 1. Shimmy model of the nose landing gear.

Owing to the strut rake angle, the kinematic coupling relation between the wheel
steering angle θ and the torsional angle ψ can be expressed as θ = ψ cos ϕ. Meanwhile,
the rake angle changes the position of the tire contact point relative to the strut rotation
axis, forming the effective trail:

ee f f = e cos ϕ + R tan ϕ + e sin ϕ tan ϕ. (1)

The effective trail directly affects the moment generated by the tire’s lateral force about
the strut rotation axis and is an important geometric parameter governing the shimmy
stability boundary.

2.2. Nonlinear Dynamic Equations

To describe the coupling among strut torsion, lateral bending, tire lateral deformation,
and shimmy damper dynamic response, the system state variables are defined as

x = [x1, x2, x3, x4, x5, x6]
T =

[
ψ, ψ̇, δ, δ̇, ψ1, λ

]T . (2)

The dynamic equations are established using Lagrange equations of the second kind:

d
dt

(
∂T
∂q̇i

)
− ∂T

∂qi
+

∂U
∂qi

+
∂D
∂q̇i

= Qi. (3)

The system’s kinetic energy is mainly composed of strut torsional motion and lateral
bending motion. The potential energy includes strut torsional strain energy, strut lateral
bending strain energy, and the equivalent elastic potential energy of the shimmy damper.
The Rayleigh dissipation function includes strut torsional damping, strut lateral damping,
shimmy damper damping, and the dissipation term related to tire lateral deformation.

The kinetic energy, potential energy, and Rayleigh dissipation function of the system
are respectively given by

T =
1
2

Iψψ̇2 +
1
2

Iδ δ̇2. (4)

U =
1
2

kψ(ψ − ψ1)
2 +

1
2

kδδ2 +
1
2

kdψ2
1. (5)
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D =
1
2

cψψ̇2 +
1
2

cδ δ̇2 +
1
2

cdψ̇2
1 +

1
2

cλ cos2 ϕ

V
ψ̇2. (6)

where Iψ and Iδ are the equivalent moments of inertia associated with strut torsion and
lateral bending, respectively; kψ, kδ, and kd denote the strut torsional stiffness, strut lateral
stiffness, and shimmy damper stiffness, respectively; and cψ, cδ, cd, and cλ denote the
strut torsional damping, strut lateral damping, shimmy damper damping, and tire tread
damping coefficient, respectively.

Because the rotational inertia of the shimmy damper is much smaller than the equiva-
lent inertias of strut torsion and lateral bending, the influence of shimmy damper rotational
inertia on the system inertia terms is neglected in the model, and only its stiffness and
damping effects are retained.

2.3. Nonlinear Tire Force Model and Generalized Forces

The tire lateral force and self-aligning moment are the main sources of self-excited
shimmy vibration in the nose landing gear. In this paper, a tire model based on the von
Schlippe string theory is used to describe the relation between tire lateral deformation
and slip angle. With a small number of parameters, this model can describe the dynamic
relation among tire lateral deformation, lateral restoring force, and self-aligning moment.
As shown in Figure 2, the relation between the tire slip angle α and tire lateral deformation
λ is determined by the tire relaxation length σ: α = arctan λ

σ .

Figure 2. Schematic of the relation between tire lateral deformation and slip angle.

Considering the saturation characteristics of tire force and moment under large
slip-angle conditions, the tire self-aligning moment MKα is represented by a piecewise
sine function:

MKα =

Kα
αm

π
sin

(
α

π

αm

)
FZ, |α| ≤ αm,

0, |α| > αm.
(7)

where Kα is the tire self-aligning moment coefficient and αm is the maximum slip angle.
The tire lateral restoring force Fλ is represented in a double-arctangent form,

FKλ = kλ tan−1(7.0 tan α) cos
[
0.95 tan−1(7.0 tan α)

]
Fz. (8)

where kλ is the tire lateral restoring force coefficient.
The above nonlinear tire force model accounts for both the approximately linear

characteristics at small slip angles and the saturation characteristics at large slip angles.
Therefore, the nonlinearities in this model mainly originate from the geometric coupling
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caused by the non-zero strut rake angle, the nonlinear characteristics of the tire lateral
restoring force and tire self-aligning moment, and the coupling relation among strut torsion,
strut lateral bending, and tire lateral deformation.

According to the virtual-work principle, the tire self-aligning moment and tire lateral
restoring force are projected onto the generalized coordinate directions of strut torsion and
lateral bending. The generalized force corresponding to the torsional degree of freedom is
obtained as

Qψ = −MKα − ee f f FKλ + Fz sin ϕ ee f f sin θ. (9)

where the first term is the tire self-aligning moment, the second term is the moment about
the strut caused by the tire lateral force, and the third term is the additional moment
generated by the coupling between vertical load and rake angle.

The generalized force corresponding to the lateral bending degree of freedom is:

Qδ = lgFKλ cos θ cos ϕ − lgFz sin δ cos ϕ − Fzee f f sin θ. (10)

where the first term is the moment about the strut lateral bending axis caused by the
tire lateral force, and the last two terms are the additional roll moments induced by the
vertical load.

The tire lateral deformation λ and the equivalent angular displacement ψ1 of the
shimmy damper do not directly correspond to external generalized forces. Their dynamic
relations are determined by the tire lateral-deformation compatibility equation and the
shimmy damper mechanical equilibrium equation, respectively.

2.4. State-Space Equations

Substituting the tire force model, generalized-force expressions, shimmy damper
mechanical equilibrium relation, and tire lateral-deformation compatibility equation into
the Lagrange equations yields the six-dimensional nonlinear shimmy dynamic equations
of the nose landing gear, as shown in Equations (11)–(14).

Dynamic equation of strut torsion:

Iψψ̈ + kψ(ψ − ψ1) + cψψ̇ + (MKα + ee f f FKλ) + cλψ̇ cos ϕ/V

− Fz sin ϕ ee f f sin θ = 0. (11)

Dynamic equation of strut lateral bending:

Iδ δ̈ + kδδ + cδ δ̇ + lgFKλ cos θ cos ϕ − lgFz sin δ cos ϕ

− Fzee f f sin θ = 0. (12)

After neglecting the rotational inertia of the shimmy damper, the shimmy damper
mechanical equilibrium equation can be written as

cdψ̇1 + kdψ1 + kψ(ψ1 − ψ) = 0. (13)

The tire lateral-deformation compatibility equation based on the von Schlippe string
theory is

λ̇ +
V
σ

λ − V sin θ − lg δ̇ cos δ

− (ee f f − h) cos θ ψ̇ cos ϕ = 0. (14)

where h is the half length of the tire contact line.
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From Equations (11)–(14), the six-dimensional state-space equation can be obtained:

ẋ1 = x2,

ẋ2 = − 1
Iψ

[
kψ(x1 − x5) + cψx2 + (MKα(x6) + ee f f FKλ(x6)) + cλx2 cos ϕ/V

− Fz sin ϕ ee f f sin θ
]
,

ẋ3 = x4,

ẋ4 = − 1
Iδ

[
kδx3 + cδx4 + lgFKλ(x6) cos θ cos ϕ − lgFz sin x3 cos ϕ

− Fzee f f sin θ
]
,

ẋ5 = − 1
cd

[
kdx5 + kψ(x5 − x1)

]
,

ẋ6 = −
[
(V/σ)x6 − V sin θ − lgx4 cos x3

− (ee f f − h) cos θ x2 cos ϕ
]
. (15)

The model parameters are taken from the nose landing gear shimmy model proposed
in [2], and their values are listed in Table 1.

Table 1. Model parameters of the nose landing gear and their values.

Parameter Category Parameter Value

Geometric and structural parameters

Mechanical trail e/m 0.12
Strut rake angle ϕ/rad 0.1571

Strut length lg/m 2.5
Wheel radius R/m 0.362

Strut parameters

Strut torsional stiffness kψ/(N·m·rad−1) 3.8 × 105

Strut lateral stiffness kδ/(N·m·rad−1) 6.1 × 106

Strut torsional damping cψ/(N·m·s·rad−1) 300
Strut lateral damping cδ/(N·m·s·rad−1) 300

Strut torsional moment of inertia Iψ/(kg·m2) 100
Strut lateral-bending moment of inertia Iδ/(kg·m2) 600

Tire parameters

Tire relaxation length σ/m 0.3
Half length of tire contact line h/m 0.1

Maximum slip angle αm/rad 0.1745
Tire self-aligning moment coefficient kα/(m·rad−1) 1.0

Tire lateral restoring-force coefficient kλ/(rad−1) 0.002
Tire tread damping coefficient cλ/(N·m2·rad−1) 570

Tire vertical stiffness kv /(N·m−1) 4 × 106

Continuation parameters Vertical load Fz/kN 0–600
Taxiing speed V/(m·s−1) 0–200

3. Effects of Shimmy Damper Parameters on the Zero-Shimmy Region
Based on the established nonlinear shimmy model of the nose landing gear, Hopf

bifurcation analysis and numerical continuation are used to investigate the effects of
shimmy damper parameters on the stability boundaries. Nose landing gear shimmy is
a self-excited vibration induced by tire-ground coupling feedback. No external periodic
excitation is applied in the model, and the taxiing speed V is introduced only as a system
operating parameter. When the speed, load, or shimmy damper parameters reach critical
conditions, the system equilibrium loses stability and periodic shimmy is generated through
Hopf bifurcation.
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Therefore, the Hopf bifurcation curve can be used as the critical boundary between
stable and unstable regions. A conventional hydraulic shimmy damper mainly reduces the
torsional vibration response through damping dissipation. However, both shimmy damper
damping and shimmy damper stiffness change the dynamic coupling relation between the
torsional channel and the lateral channel. Thus, shimmy damper parameter design must
simultaneously consider the condition for shimmy disappearance on the low-damping side
and the instability boundary on the high-damping side.

MatCont is used in this paper to perform numerical continuation of the Hopf bifur-
cation curves and two-parameter stability boundaries. To ensure the reproducibility of
the calculation results, the initial continuation step size is set to 0.01, the minimum step
size is set to 10−6, and the maximum step size is set to 0.1. The variable tolerance and
function tolerance are both set to 10−6, the test-function tolerance is set to 10−5, and the
maximum number of continuation points is set to 300,000. The Hopf bifurcation points are
identified by the crossing of the real parts of the eigenvalues of the linearized system at
equilibrium through zero, and the stability boundaries in different parameter planes are
further obtained through two-parameter continuation.

3.1. Dual-Boundary Effect of Shimmy Damper Damping

The shimmy damper damping cd is the core parameter in hydraulic shimmy damper
design and directly affects the capability for shimmy-energy dissipation. Under low-
damping conditions, the system is prone to tire-induced torsional shimmy caused by cou-
pling between tire slip-angle nonlinearity and strut torsional motion. Under high-damping
conditions, excessive shimmy damper damping may strengthen the dynamic coupling be-
tween the torsional and lateral degrees of freedom, leading to lateral shimmy or structural
torsional shimmy. Therefore, an appropriate value of shimmy damper damping should
satisfy both the lower critical damping constraint and the upper critical damping constraint.

To analyze the effect of cd on the shimmy instability boundary, a low-damping in-
terval of 500–3000 N·m·s/rad and a high-damping interval of 30,000–55,000 N·m·s/rad
are selected for comparison. The low-damping interval is used to observe the gradual
disappearance of tire-induced torsional shimmy as damping increases, whereas the high-
damping interval is used to identify lateral shimmy or structural torsional shimmy induced
by excessive damping. Using the vertical load Fz and taxiing speed V as continuation pa-
rameters, two-parameter bifurcation analysis is performed, as shown in Figure 3. The blue
curves are torsional Hopf bifurcation curves dominated by torsional vibration, and the
system undergoes tire-induced torsional shimmy instability inside the regions enclosed
by these curves. The red curves are lateral Hopf bifurcation curves dominated by lateral
bending vibration, and the system undergoes lateral shimmy instability in the parameter
region above these curves.

The results show that, in the low-damping interval, the torsional shimmy instabil-
ity region contracts significantly as cd increases. When cd increases to approximately
3000 N·m·s/rad, tire-induced torsional shimmy is suppressed, indicating that an appro-
priate increase in damping can improve the low-damping-side stability margin. However,
increasing damping is not always beneficial to stability. When cd enters the high-damping
interval, a torsional Hopf bifurcation boundary reappears, and the instability region ex-
pands as damping increases. At this stage, shimmy is no longer dominated mainly by
tire slip-angle nonlinearity but is related to elastic deformation and modal coupling of the
strut and shimmy damper linkage system. The lateral Hopf bifurcation curve also shows a
non-monotonic response to cd, as shown in Figure 4. When cd increases from zero to a small
damping value of 500 N·m·s/rad, the lateral bifurcation boundary moves upward and lat-
eral stability improves. As cd continues to increase, the lateral bifurcation boundary moves
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downward, especially in the low-speed range. This indicates that, under high-damping
conditions, lateral shimmy may become the upper boundary limiting shimmy damper
design before torsional shimmy does.

(a) (b)

Figure 3. Fz-V two-parameter Hopf bifurcation diagrams under different shimmy damper damp-
ing values. (a) Fz-V two-parameter bifurcation with cd between 0 and 3000 N·m·s/rad; (b) Fz-V
two-parameter bifurcation with cd between 30,000 and 55,000 N·m·s/rad.

To further illustrate the influence of damping, time-domain and frequency-domain
analyses are conducted at V = 25 m/s and Fz = 360 kN, as shown in Figure 5. This condition
lies in a typical taxiing speed range during aircraft takeoff and landing, and without a
shimmy damper, the system is clearly unstable, making it suitable for observing the transi-
tion of shimmy damper damping from vibration suppression to instability induction. When
cd = 1000 N·m·s/rad, torsional shimmy still exists, but its amplitude is significantly lower
than that without a shimmy damper, and the dominant frequency decreases from about
10 Hz to about 7 Hz. When cd = 4000 N·m·s/rad, torsional shimmy disappears and no
obvious dominant peak is observed in the frequency domain, indicating that the shimmy
damper effectively suppresses shimmy. When cd = 20,000 N·m·s/rad, periodic torsional
shimmy occurs, with a dominant frequency of about 15 Hz. Its closeness to the lateral struc-
tural natural frequency indicates that the dominant vibration mode has transformed from
tire-induced torsional shimmy to a structure-related mode. When cd = 60,000 N·m·s/rad,
a large-amplitude periodic oscillation reappears, indicating that excessive damping can
reintroduce torsional shimmy.

Based on the above time-domain and frequency-domain analyses at the typical speed
point, Figure 6 presents the single-parameter bifurcation diagrams of the torsional and
lateral responses under different cd values. The results show that, without a shimmy
damper, the system exhibits obvious shimmy instability over a wide speed range. The tor-
sional angle amplitude increases rapidly in the low-speed range and reaches approximately
0.262 rad near V = 7 m/s. The lateral response amplitude mainly develops in the medium-
and high-speed ranges and reaches approximately 0.0416 rad near V = 180 m/s. After the
shimmy damper is introduced, a lower damping value can effectively reduce the shimmy
response. When cd = 1000 N·m·s/rad, the peak torsional angle decreases to approximately
0.240 rad, and the peak lateral response decreases to approximately 0.0174 rad. When
cd = 2500 N·m·s/rad, the peak torsional angle further decreases to approximately 0.050 rad,
and the peak lateral response is approximately 0.0205 rad, indicating that moderate damp-
ing provides effective shimmy suppression. However, when cd increases to 50,000 and
60,000 N·m·s/rad, the torsional angle amplitude increases again, and the peak lateral
response also approaches the level without a shimmy damper. This indicates that excessive
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damping strengthens torsional-lateral coupling and causes shimmy response to reappear
on the high-damping side.

(a) (b)

Figure 4. Lateral Hopf bifurcation boundaries under different shimmy damper damping values.
(a) Lateral shimmy Hopf bifurcation curve (lower shimmy damper damping); (b) lateral shimmy
Hopf bifurcation curve (higher shimmy damper damping.

(a) (b)

Figure 5. Time histories and spectra under different shimmy damper damping values. (a) Time
histories; (b) spectra.

(a) (b)

Figure 6. Single-parameter bifurcation diagrams under different shimmy damper damping values.
(a) Torsional bifurcation diagram; (b) lateral bifurcation diagram.

To quantitatively determine the zero-shimmy damping interval over the full speed
range, two-parameter bifurcation analysis is further conducted at Fz = 200 kN in the cd-V
plane, as shown in Figure 7. In the figure, the left hatched region is the tire-induced torsional
shimmy instability region, the right hatched region is the lateral shimmy instability region,
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the cross-hatched region represents the coupled shimmy region in which both torsional and
lateral instabilities occur, and the remaining region is the zero-shimmy stable region. The re-
sults show that, when cd = 0–2000 N·m·s/rad, the critical speed range for tire-induced tor-
sional shimmy gradually narrows as damping increases. When cd= 2000–5800 N·m·s/rad,
neither torsional shimmy nor lateral shimmy appears within the examined taxiing speed
range, forming a continuous zero-shimmy region. When cd > 5800 N·m·s/rad, lateral
shimmy occurs near V = 25–60 m/s. When cd > 50,000 N·m·s/rad, torsional shimmy
reappears near the low-speed range. At V = 25 m/s, the variation in torsional limit-cycle
amplitude and frequency with cd is shown in Figure 8. As cd increases, the limit-cycle am-
plitude of tire-induced torsional shimmy gradually decreases and eventually disappears; in
the high-damping interval, structural torsional shimmy reappears. The frequency variation
also illustrates the difference between the two types of torsional shimmy: the low-damping
instability corresponds to tire-induced torsional shimmy, whereas the high-damping insta-
bility is closer to torsional shimmy dominated by the structural mode.

Figure 7. At Fz = 200 kN, shimmy damper damping cd-V two-parameter bifurcation diagram.

The above results show that shimmy damper damping has a distinct non-monotonic
effect on shimmy stability. In the low-damping stage, increasing cd mainly improves energy
dissipation and contracts the tire-induced torsional shimmy region. In the moderate-
damping stage, both torsional shimmy and lateral shimmy are suppressed, and a zero-
shimmy stable region is formed. In the high-damping stage, excessive damping strengthens
torsional-lateral coupling and changes the modal energy distribution, causing lateral
shimmy or structural torsional shimmy to occur. Therefore, the conventional design
practice of determining the design value only by multiplying the critical damping for
torsional shimmy by a safety factor may make the shimmy damper damping exceed the
high-damping-side stability boundary and thereby induce new shimmy instability.
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(a) (b)

Figure 8. Variation in torsional limit-cycle amplitude and frequency with shimmy damper damp-
ing. (a) Variation in maximum torsional limit-cycle amplitude with shimmy damper damping;
(b) variation in torsional limit-cycle frequency with shimmy damper damping.

3.2. Effect of Shimmy Damper Stiffness on the Stability Region

The shimmy damper stiffness kd determines the relative motion capability between
the shimmy damper and the torque links and thus affects the effective energy dissipation
of the shimmy damper. If kd is too low, the wheel self-centering constraint is insufficient,
and taxiing stability may deteriorate. If kd is too high, the relative motion between the
shimmy damper piston and the torque links is restricted, the system tends toward torsional
lock-up, and the damping energy-dissipation effect cannot be fully utilized. Therefore, kd

must be balanced between self-centering constraint and shimmy suppression performance.
Two boundary conditions, kd = 0 and kd = 8 × 105 N·m/rad, are selected and com-

pared with the nominal-stiffness condition. The cd-V two-parameter bifurcation results are
shown in Figure 9a. When kd = 0, the structural torsional shimmy boundary is basically
close to that under the nominal condition, indicating that reduced shimmy damper stiffness
has a limited effect on structural torsional instability. In the range V = 5–120 m/s, the tire-
induced torsional shimmy and lateral shimmy boundaries move downward slightly, but the
zero-shimmy region is not significantly widened. When kd increases to 8 × 105 N·m/rad,
the critical damping for structural torsional shimmy decreases, the tire-induced torsional
shimmy and lateral shimmy boundaries move toward the middle of the stable region,
and the zero-shimmy region narrows significantly. Further at V = 25 m/s, a cd-kd two-
parameter bifurcation diagram is constructed, as shown in Figure 9b. The results show
that, as kd increases, the zero-shimmy region shifts overall toward higher damping, but its
width decreases markedly. This is because a larger kd raises the lower critical damping
for tire-induced torsional shimmy while also strengthening torsional-lateral modal cou-
pling and reducing the upper critical damping for lateral shimmy, so the stable region is
squeezed by the upward movement of the lower boundary and the downward movement
of the upper boundary. Thus, conventional hydraulic shimmy dampers have intrinsic
parameter constraints: too little damping cannot suppress tire-induced torsional shimmy,
excessive damping may induce lateral or structural shimmy, and excessive stiffness further
compresses the available damping interval. Therefore, the key to zero-shimmy design over
the full speed range is not simply increasing damping or stiffness, but identifying the dual
boundaries of the zero-shimmy region and completing the damping-stiffness matching
design within them.
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(a) (b)

Figure 9. Effects of shimmy damper stiffness on the cd-V and cd-kd stability boundaries. (a) For different
kd values, cd-V two-parameter bifurcation diagrams; (b) cd-kd two-parameter bifurcation diagram.

4. Effects of Structural Parameters on the Zero-Shimmy Region
The previous section shows that the stable damping interval of the hydraulic shimmy

damper is jointly constrained by the low-damping-side torsional shimmy boundary and
the high-damping-side lateral/structural shimmy boundary. For a given landing gear
configuration, shimmy damper parameters can only be matched within the existing stability
boundaries, whereas structural parameters such as trail, strut torsional stiffness, and rake
angle directly change tire moment feedback, system natural modes, and torsional-lateral
coupling strength.

4.1. Effect of Trail on the Existence of the Stability Region

The mechanical trail e affects the moment generated by the tire’s lateral force about
the strut rotation axis by changing the effective trail ee f f . The trail determines the lever arm
through which tire lateral-force feedback enters the steering/torsional channel. Therefore,
it is not only a geometric layout parameter but also a key design parameter that determines
the strength of tire self-excited feedback and torsional-lateral coupling.

The bifurcation results shown in Figure 10 indicate that the trail has an existence effect
on the zero-shimmy region. When e = 0, compared with the nominal condition, the lateral
shimmy boundary disappears within the examined speed range, the structural torsional
shimmy boundary moves downward, the tire-induced torsional shimmy boundary moves
upward, and the zero-shimmy damping interval is significantly widened. When e = 0.2 m,
although the structural torsional shimmy boundary disappears, the lateral shimmy region
expands significantly and approaches the tire-induced torsional shimmy boundary near
V = 12–33 m/s, causing the zero-shimmy region over the full speed range to disappear,
as shown in Figure 10a. The further cd-e bifurcation results shown in Figure 10b indicate
that, when e < −0.18 m, the effective trail is negative, the self-centering capability of the
wheel is insufficient, and the system is prone to torsional instability. When e lies in the range
of −0.18 to 0.10 m, the system has a relatively wide zero-shimmy damping interval. As e
continues to increase, tire lateral-moment feedback is amplified, and the lateral shimmy
region expands significantly and covers most damping values. Therefore, the trail is a
structural parameter that determines whether the zero-shimmy region can be formed. Too
small or negative trail weakens wheel self-centering capability and leads to insufficient
torsional stability, whereas excessive trail strengthens lateral-moment feedback and lowers
the high-damping-side stability boundary.
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(a) (b)

Figure 10. Effects of trail on the cd-V and cd-e stability boundaries. (a) For different e values, cd-V
two-parameter bifurcation diagrams; (b) cd-e two-parameter bifurcation diagram.

4.2. Upper-Boundary Regulation by Strut Torsional Stiffness

The strut torsional stiffness kψ determines the basic characteristics of the torsional
mode of the nose landing gear and also affects the coupling strength between torsional
motion and lateral bending motion. If kψ is too low, the strut has insufficient torsional
resistance, and torsional shimmy is likely under low-damping conditions. If kψ is too high,
the torsional modal frequency of the system increases, and the coupling of torsional motion
to the lateral degree of freedom is enhanced, which may lower the upper critical damping
for lateral shimmy.

Different kψ values are selected for cd-V two-parameter bifurcation analysis, as shown
in Figure 11a. When kψ = 3.0 × 105 N·m/rad, the lateral shimmy bifurcation boundary dis-
appears in the range V = 5–85 m/s, structural torsional shimmy becomes the main limiting
factor on the high-damping side, and the zero-shimmy damping interval is significantly
widened. As kψ increases, the lateral shimmy instability region reappears and gradually
expands, and the critical damping for structural torsional shimmy also changes, whereas
the tire-induced torsional shimmy boundary is insensitive to changes in kψ. At V = 25 m/s,
the cd-kψ two-parameter bifurcation shown in Figure 11b further indicates that kψ mainly
affects the high-damping-side stability boundary. A lower kψ causes insufficient torsional
restoring capability, making it difficult for the system to form a stable region. A moder-
ate kψ helps widen the zero-shimmy damping interval. When kψ > 3.2 × 105 N·m/rad,
torsional-lateral modal coupling is strengthened, causing the lateral shimmy region to
expand and the stable region to be compressed.

Thus, a larger strut torsional stiffness is not necessarily more favorable. The engineer-
ing design objective is not simply to increase torsional stiffness but to ensure basic torsional
resistance while avoiding the downward movement of the high-damping-side shimmy
boundary caused by excessive stiffness. The strut torsional stiffness should be matched as
an important structural parameter for regulating the high-damping-side boundary.
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(a) (b)

Figure 11. Effects of strut torsional stiffness on the cd-V and cd-kψ stability boundaries. (a) For different
kψ values, cd-V two-parameter bifurcation diagrams; (b) cd-kψ two-parameter bifurcation diagram.

4.3. Fine-Tuning Effect of the Rake Angle on the Stability Boundary

The strut rake angle ϕ mainly affects shimmy stability through two paths. First, it
changes the kinematic relation between the wheel steering angle and the strut torsional
angle. Second, it changes the effective trail and introduces geometric coupling terms among
the vertical load, torsional motion, and lateral motion. Therefore, the rake angle affects the
position of the stability boundary, but its role is usually constrained by the overall landing
gear layout, retraction mechanism, and structural space.

Figure 12a gives the cd-V two-parameter bifurcation results under different rake
angles. When ϕ = 0, compared with the nominal condition, the lateral shimmy bifurca-
tion boundary disappears, the structural torsional shimmy boundary moves downward,
the tire-induced torsional shimmy boundary moves upward in the range V = 5–120 m/s,
and the zero-shimmy damping interval is significantly widened. When ϕ = 0.2 rad, the lat-
eral shimmy boundary reappears and moves downward slightly, the structural torsional
shimmy boundary changes slightly, and the overall variation in the tire-induced torsional
shimmy boundary is relatively small. At V = 25 m/s, the cd-ϕ two-parameter bifurcation
diagram is shown in Figure 12b. It can be seen that when the rake angle ϕ < 0.1 rad, the sys-
tem has a relatively wide zero-shimmy damping interval. When ϕ > 0.1 rad, the lateral
shimmy region expands and compresses the zero-shimmy damping interval. Therefore,
the influence of the rake angle on the stability boundary is weaker than that of the trail
and strut torsional stiffness. In engineering practice, a reasonable approach is to use the
rake angle as a correction parameter for checking shimmy damper damping margin while
satisfying the constraints of overall layout, retraction mechanism, and structural space.

Based on the above results, the shimmy-stability design of a nose landing gear over
the full speed range can adopt a hierarchical design strategy: first determine the trail so that
the system has the basic condition for forming a zero-shimmy region; then design the strut
torsional stiffness to avoid torsional instability caused by low stiffness and lateral instability
caused by high stiffness; next adjust the rake angle within the constraints of the overall
configuration; and finally select the shimmy damper damping and stiffness within the
dual-boundary range after the structural parameters are determined. This procedure avoids
relying solely on shimmy damper damping to compensate for unreasonable structural
parameter values.
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(a) (b)

Figure 12. Effects of rake angle on the cd-V and cd-ϕ stability boundaries. (a) For different ϕ values,
cd-V two-parameter bifurcation diagrams; (b) cd-ϕ two-parameter bifurcation diagram.

5. Wide-Speed-Range Shimmy Suppression Characteristics of the
Inerter-Based System

The preceding analysis shows that the stable damping interval of a conventional
hydraulic shimmy damper is constrained by dual boundaries and that excessive shimmy
damper stiffness further compresses the available damping space. It is difficult to further
widen the zero-shimmy region over the full speed range by adjusting only conventional
damping and stiffness parameters. To improve this situation, an inerter is introduced to
construct an inerter-based shimmy suppression system. The system-equivalent inertia and
torsional-lateral modal coupling relation are adjusted through inerter parameters, thereby
improving shimmy suppression capability over a wide speed range.

5.1. Inerter-Based Shimmy Suppression Model

The inerter is a two-terminal dynamic element whose output moment is proportional
to the relative angular acceleration between its two terminals. Unlike a spring element,
the inerter does not directly introduce static stiffness but changes the dynamic response
of the system through inertial coupling. In this paper, a coupled shimmy suppression
configuration is adopted in which the inerter is connected in parallel with the tuning
stiffness k f and then in series with the damping cd, as shown in Figure 13. The inerter
is installed between the landing gear torque link and the fixed end of the strut. Here, ψ1

is the angular displacement at the connection between the shimmy suppression branch
and the strut torsional degree of freedom, and ψ2 is the angular displacement at the
connection between the inerter-tuning branch and the damper. The tuning stiffness k f

and inertance coefficient bd jointly regulate the dynamic characteristics of the shimmy
suppression branch, while the damper cd dissipates the vibration energy transferred to the
shimmy suppression branch.

On the basis of the six-dimensional nose landing gear model, the angular displace-
ments of the two terminals of the inerter element are introduced, and the system state
variables are expanded as

x =
[
ψ, ψ̇, δ, δ̇, ψ1, ψ2, λ

]T . (16)
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After the inerter element is introduced, the strut torsional equation is written as

Iψψ̈ + kψ(ψ − ψ1) + cψψ̇ + MKα + ee f f Fλ +
cλ cos ϕ

V
ψ̇

− Fz sin ϕ ee f f sin θ = 0. (17)

The moment equilibrium relations at the two terminals of the inerter element are

kψ(ψ − ψ1) = k f (ψ1 − ψ2) + bd(ψ̈1 − ψ̈2). (18)

−cdψ̇2 = k f (ψ2 − ψ1) + bd(ψ̈2 − ψ̈1). (19)

where k f (ψ1 − ψ2) is the elastic moment generated by the tuning spring, bd(ψ̈1 − ψ̈2) is
the inertial moment generated by the inerter, and −cdψ̇2 is the dissipative moment of the
shimmy damper.

Figure 13. Schematic of the inerter-based shimmy suppression system configuration.

Equations (17)–(19), together with the strut lateral-bending equation and the tire
lateral-deformation compatibility equation in Section 1, constitute the seven-dimensional
nonlinear shimmy dynamic model of the inerter-based shimmy suppression system.

5.2. Regulation of the Stability Region by Inerter Parameters

The stability of the inerter-based shimmy suppression system is mainly affected by
the inertance coefficient bd and the tuning stiffness k f . The parameter bd determines the
equivalent inertial action strength of the inerter element, and k f determines the tuning
relation between the inerter branch and strut torsion. If k f is too small, the inerter branch
cannot effectively participate in torsional-mode regulation. If k f is too large, the inerter
branch tends toward rigid connection, which strengthens the coupling between torsional
and lateral motions and compresses the stability region.

To examine the change in stability boundaries as the inerter effect varies from weak
to strong, two typical parameter sets, bd = 10 N·m·s2/rad and bd = 90 N·m·s2/rad, are
selected for cd-V two-parameter bifurcation analysis. When bd = 10 N·m·s2/rad, the tuning
stiffness has a non-monotonic effect on the stability region. When k f = 1 × 105 N·m/rad,
the inerter branch is insufficiently tuned, the structural torsional shimmy boundary ap-
proaches the tire-induced torsional shimmy boundary, and the system has difficulty form-
ing a continuous zero-shimmy region. When k f increases to 5 × 105 N·m/rad, the struc-
tural torsional shimmy boundary moves upward and separates from the tire-induced
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torsional shimmy boundary, and the system forms a continuous zero-shimmy region
within the examined speed range. At this point, the stable damping interval is widened
from 2000–5800 N·m·s/rad for the conventional hydraulic shimmy damper to approxi-
mately 2000–15,000 N·m·s/rad, and the upper critical damping on the high-damping side
is significantly increased. Meanwhile, the lateral shimmy bifurcation boundary disappears,
indicating that the inerter-based shimmy suppression system can effectively alleviate the
restriction imposed by high-damping-side lateral instability on the damping upper limit in
conventional design. When k f continues to increase to a higher level, excessive tuning stiff-
ness strengthens the dynamic coupling between the torsional channel and lateral motion,
causing a lateral shimmy instability region to reappear in the low-speed range and expand
as k f increases. When bd = 90 N·m·s2/rad, the evolution trend of the bifurcation curves is
basically consistent with that under the weak-inerter condition, as shown in Figure 14b.
The difference is that a larger inertance coefficient can broaden the effective tuning-stiffness
range. Under the optimal parameter combination, the upper critical damping of the zero-
shimmy region can be increased to 18,000 N·m·s/rad, which is approximately 210% higher
than that of the conventional hydraulic shimmy damper.

(a)

(b)

Figure 14. cd-V two-parameter bifurcation diagrams under different inertance coefficients. (a) At
bd = 10 N·m·s2/rad, cd-V two-parameter bifurcation diagram; (b) at bd = 90 N·m·s2/rad, cd-V
two-parameter bifurcation diagram.
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To further illustrate the matching law between bd and k f , at V = 25 m/s, k f -cd two-
parameter bifurcation diagrams corresponding to different inertance coefficients are con-
structed, as shown in Figure 15. The gray region denotes the zero-shimmy stable region.
The results show that, for a given bd, k f has a clear effective range. When k f is below the
lower critical value, the inerter branch is insufficiently tuned, and it is difficult to form a
zero-shimmy region. When k f approaches the optimal range, the stable damping interval
reaches its maximum. When k f continues to increase, the stability region gradually shrinks.
As bd increases, the effective k f interval and the stable damping interval widen simultane-
ously. This indicates that the role of the inerter is not simply to increase damping, but to
change the dynamic equivalent characteristics of the torsional channel through inertial
coupling, thereby adjusting the position of the instability boundary and expanding the
available damping design space.

Figure 15. k f -cd two-parameter bifurcation diagrams under different inertance coefficients.

5.3. Shimmy Suppression Mechanism Based on Energy Evolution

A conventional hydraulic shimmy damper mainly dissipates energy through viscous
damping, and its energy-dissipation effect depends on the amplitude and phase relation of
the relative motion in the shimmy suppression branch. The inerter can introduce inertial
coupling between the strut torsional degree of freedom and the shimmy suppression
element, allowing vibration energy to transfer to the inerter branch and then be dissipated
through the damping element. To explain why the inerter-based system widens the stability
region, this paper compares the energy evolution of the primary structure under three
schemes: no shimmy suppression device, a conventional hydraulic shimmy damper, and an
inerter-based shimmy suppression system.

The instantaneous energy of the landing gear primary structure is defined as

E(t) = T(t) + U(t). (20)

where
T(t) =

1
2

Iψψ̇2 +
1
2

Iδ δ̇2. (21)

U(t) =
1
2

kδδ2 +
1
2

kψ(ψ − ψ1)
2. (22)
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To reduce the influence of periodic fluctuations in instantaneous energy on the judg-
ment, the moving-average energy is introduced as the evaluation index:

Ē(ti) =
1
N

i

∑
j=i−N+1

E(tj). (23)

where N is the number of sampling points within the moving time window, and ti is the ith
sampling instant. A lower average energy indicates lower system vibration energy and
better shimmy suppression performance.

A comparison damping value cd = 800 N·m·s/rad is selected. This damping is lower
than the lower critical damping of the conventional hydraulic shimmy damper and can
reflect the shimmy suppression differences among different schemes under low-damping
conditions. The variation in average energy with taxiing speed and the evolution of
instantaneous energy with time at typical speeds under different schemes are shown in
Figures 16 and 17. The results show that, in the low-speed range V = 0–30 m/s, the average
energy corresponding to the inerter-based shimmy suppression system is always lower than
those of the no-shimmy suppression-device and conventional hydraulic shimmy damper
schemes. When V = 30 m/s, the average energy of the inerter-based shimmy suppression
system has converged to nearly zero, and shimmy is effectively suppressed, whereas the
conventional shimmy damper and the no-shimmy suppression device scheme still maintain
relatively high energy levels. When the taxiing speed increases to V = 50 m/s, the average
energy of both the conventional hydraulic shimmy damper and the inerter-based shimmy
suppression system can gradually dissipate, and both schemes can suppress shimmy, while
the no-shimmy suppression-device scheme still maintains a high energy level.

Figure 16. Comparison of average primary-structure energy under different shimmy suppres-
sion schemes.

To further clarify the energy mechanism by which the inerter-based shimmy suppres-
sion system expands the zero-shimmy region, the mechanical energy of the primary struc-
ture, the damping dissipated energy, and the energy-transfer power between the primary
structure and the inerter-based shimmy suppression branch are calculated. The torsional
mechanical energy and lateral mechanical energy are used to characterize the vibration
energy distribution of the torsional mode and lateral mode in the primary structure of the
nose landing gear, respectively.
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(a) (b)

(c)

Figure 17. Evolution of instantaneous primary-structure energy at different speeds. (a) V = 10 m/s,
cd = 800 N·m·s/rad; (b) V = 30 m/s, cd = 800 N·m·s/rad; (c) V = 50 m/s, cd = 800 N·m·s/rad.

The instantaneous dissipated power of the damper is defined as

Pd(t) = cdψ̇2
2(t). (24)

Thus, the total dissipated energy of the damper can be expressed as

Ed(t f ) =
∫ t f

0
Pd(t) dt

=
∫ t f

0
cdψ̇2

2(t) dt. (25)

The energy variation rate of the primary structure can be written as

dE
dt

= Pin − Pcψ − Pcδ − Pcλ − Pd. (26)

where

Pin = Pψ + Pδ,

Pψ =
(
−MKα − ee f f FKλ + Fzee f f sin ϕ sin θ

)
ψ̇,

Pδ =
(
−lgFKλ cos ϕ cos θ + Fzee f f sin θ

)
δ̇. (27)
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The dissipated power terms are given by

Pcψ = cψψ̇2,

Pcδ = cδ δ̇2,

Pcλ =
cλ cos ϕ

V
ψ̇2,

Pd = cdψ̇2
2. (28)

Here, Pin is the input power induced by the tire force, self-aligning moment, and struc-
tural geometric coupling. Pcψ, Pcδ, and Pcλ denote the dissipated power of strut torsional
damping, strut lateral damping, and damping related to tire lateral deformation, respec-
tively. Pd denotes the dissipated power of the damper in the inerter-based shimmy suppres-
sion branch. When dE/dt > 0, the energy input from tire-structure coupling to the primary
structure is greater than the system energy dissipation, and the shimmy response tends
to grow or be maintained. When dE/dt < 0, the system exhibits a net energy-dissipation
tendency, and the shimmy response is unlikely to continue increasing and tends to evolve
toward a lower energy level.

Meanwhile, to directly describe the energy exchange between the primary structure
and the inerter-based shimmy suppression branch, the interface energy-transfer power is
defined as

Ptr = kψ(ψ − ψ1)ψ̇1. (29)

When Ptr > 0, shimmy energy is transferred from the primary torsional system to the
inerter-based shimmy suppression branch and is further dissipated through the damper.

As shown in Figure 18, within the main shimmy speed range, the torsional mechan-
ical energy is significantly higher than the lateral mechanical energy, indicating that the
vibration energy of the primary structure is mainly concentrated in the strut torsional
mode under this condition. The low-speed shimmy is still dominated by the self-excited
coupling between tire slip-angle nonlinearity and torsional motion. For the two inertance
coefficients bd = 10 and 90 N·m·s2/rad, the torsional mechanical energy reaches its peak
near the low-speed shimmy region and then gradually decreases as the taxiing speed
increases. When the speed increases to approximately 27 m/s, both the shimmy response
and the interface energy-transfer power decay to nearly zero, indicating that the shimmy
response has been effectively suppressed and that the system gradually enters a low-energy
stable state.

The variation in the transfer power further reveals the energy-absorption effect of the
inerter branch. In the low-speed range, Ptr remains positive, indicating that the vibration
energy in the primary torsional system can be transferred to the inerter-based shimmy
suppression branch through inertial coupling. Unlike the conventional hydraulic shimmy
damper, which mainly dissipates energy through relative velocity, the inerter element
generates inertial force through relative acceleration and changes the dynamic impedance
and phase relation of the torsional channel. This makes the vibration energy in the primary
structure easier to transfer to the shimmy suppression branch and to be dissipated by the
damping element. Compared with bd = 10 N·m·s2/rad, the peak transfer power is slightly
higher when bd = 90 N·m·s2/rad, and the speed at which the mechanical energy decays to
nearly zero is slightly lower. This indicates that a larger inertance coefficient can enhance
the energy-transfer capability of the shimmy suppression branch.
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(a) (b)

(c) (d)

Figure 18. Energy characteristics of the primary structure and interface energy-transfer power
under different inertance coefficients. (a) Energy characteristics, bd = 10 N·m·s2/rad; (b) energy
characteristics, bd = 90 N·m·s2/rad; (c) interface energy-transfer power, bd = 10 N·m·s2/rad;
(d) interface energy-transfer power, bd = 90 N·m·s2/rad.

Figure 19 shows the variation in dE/dt with V under different bd values. The results
show that the no-shimmy-suppression-device condition exhibits a distinct positive power-
input peak in the low-speed range, indicating that the primary structure itself has difficulty
dissipating the self-excited energy introduced by tire slip-angle nonlinearity. Therefore,
tire-induced torsional shimmy is prone to occur on the low-damping side. Under the
conventional hydraulic shimmy damper and inerter-based shimmy suppression system
conditions, the average power-balance indicator is negative within the shimmy speed
range, indicating that both schemes can suppress the energy growth of the primary system
and maintain the mechanical energy of the primary structure at a relatively low level.
In comparison, dE/dt of the inerter-based shimmy suppression system approaches zero
at a lower speed. Compared with bd = 10 N·m·s2/rad, bd = 90 N·m·s2/rad maintains a
more pronounced negative-power characteristic within the shimmy speed range, indicating
that increasing the inertance coefficient helps enhance the energy-absorption capability of
the branch.

The above results show that the conventional hydraulic shimmy damper still has
a certain shimmy suppression capability in the medium- and high-speed ranges, but its
shimmy suppression performance in the low-speed range is insufficient. By contrast,
the inerter-based shimmy suppression system further improves the energy attenuation
characteristics in the low-speed range while maintaining shimmy suppression effectiveness
in the medium- and high-speed ranges. From the perspective of energy transfer, the inerter-
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based system introduces an inertial moment associated with relative angular acceleration
through bd and changes the dynamic impedance of the torsional channel, making it easier
for strut torsional vibration energy to transfer to the shimmy suppression branch and
eventually be dissipated through the damping element. This mechanism changes the
energy-transfer path of the conventional hydraulic shimmy damper, which relies solely on
viscous damping for energy dissipation, thereby widening the zero-shimmy region over
the full speed range.

(a) (b)

Figure 19. Average power-balance indicators under different inertance coefficients. (a) bd = 10 N·m·s2/rad;
(b) bd = 90 N·m·s2/rad.

6. Conclusions
This paper establishes a nonlinear shimmy dynamic model of a nose landing gear

equipped with a hydraulic shimmy damper and an inerter-based shimmy suppression sys-
tem. Hopf bifurcation analysis, numerical continuation, and energy-evolution analysis are
used to study the effects of shimmy damper parameters, structural parameters, and inerter
parameters on the zero-shimmy region over the full speed range. The main conclusions are
as follows:

(1) The zero-shimmy region of the nose landing gear over the full speed range is jointly
bounded by two types of boundaries on the low-damping and high-damping sides.
The low-damping side is mainly governed by tire-induced torsional shimmy, whereas
the high-damping side is mainly governed by lateral shimmy. Therefore, a larger
shimmy damper damping is not necessarily safer. In conventional design, determining
the damping parameter only by multiplying the critical damping for torsional shimmy
by a safety factor may cause the design value to exceed the high-damping-side stability
boundary and thereby induce new shimmy instability.

(2) The shimmy damper damping cd has a distinct non-monotonic effect on shimmy
stability. In the low-damping interval, increasing cd can effectively suppress tire-
induced torsional shimmy. In the moderate-damping interval, the system can form
a zero-shimmy region over the full speed range. As cd continues to increase, lateral
shimmy or structural torsional shimmy may occur. When the shimmy damper stiffness
kd increases, it simultaneously raises the low-damping-side boundary and lowers the
high-damping-side boundary, thereby compressing the stable damping interval.

(3) Structural parameters have different effects on the zero-shimmy region. The trail e
mainly determines whether a zero-shimmy region exists, the strut torsional stiffness
kψ mainly regulates the high-damping-side stability boundary, and the strut rake
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angle ϕ mainly provides local correction of the boundary. Therefore, shimmy-stability
design of a nose landing gear over the full speed range should adopt a hierarchical
strategy in which trail is prioritized, strut stiffness is matched, rake angle is fine-tuned,
and shimmy damper parameters are selected afterward.

(4) The inerter can widen the stable damping interval limited by the hydraulic shimmy
damper. Proper matching of the inertance coefficient bd and tuning stiffness k f can
change the dynamic equivalent characteristics of the torsional channel, separate the
tire-induced torsional shimmy boundary from the structural torsional shimmy bound-
ary, and alleviate the restriction imposed by high-damping-side lateral shimmy on the
damping upper limit. Under the studied conditions, the upper critical damping on
the high-damping side can be increased from approximately 5800 N·m·s/rad for the
conventional hydraulic shimmy damper to approximately 18,000 N·m·s/rad, an im-
provement of about 210%. This result indicates that the stable damping interval of the
system is significantly widened, which can provide a larger design margin for nose
landing gear shimmy damper parameter design and ground taxiing stability verifica-
tion. Meanwhile, this improvement helps reduce the risk that uncertainties such as
damping-parameter deviation, temperature variation, wear degradation, and changes
in tire condition may drive the system into the high-damping-side instability region,
and improves the stability robustness under shimmy damper selection, manufacturing
tolerances, and service degradation conditions.

(5) The energy-evolution results show that the inerter transfers strut torsional vibration
energy to the inerter branch through inertial coupling and dissipates it through the
damping element, thereby improving shimmy suppression capability in the low-
speed range. In the low-speed range, the average energy of the inerter-based scheme
is significantly lower than those of the conventional hydraulic shimmy damper and
the no-shimmy suppression-device scheme. In the medium- and high-speed ranges,
the inerter-based scheme still maintains effective shimmy suppression capability.

In summary, shimmy-stability design of a nose landing gear over the full speed range
should simultaneously consider the low-damping-side torsional shimmy boundary and
the high-damping-side lateral/structural shimmy boundary, and should determine the
shimmy damper damping and stiffness on the basis of reasonable matching of structural
parameters. The inerter-based shimmy suppression system can widen the high-damping-
side stability margin without substantially changing the main structure of the landing gear,
providing a feasible scheme for wide speed range shimmy suppression design of nose
landing gear. In practical operation, factors such as airframe flexibility, shock–strut axial
motion, longitudinal bending, joint clearance, Coulomb friction, hydraulic shimmy damper
nonlinearity, runway unevenness, braking input, and parameter uncertainty may affect
the quantitative locations of the stability boundaries. Future studies may combine bench
tests, taxiing tests, or high-fidelity multibody dynamics simulations to further calibrate and
validate the model parameters, stability boundaries, and shimmy suppression effect.
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