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Abstract

To address the insufficient prediction accuracy of traditional Arrhenius-type empirical
correlations for hydrogen—-oxygen combustion ignition delay time (IDT) over wide oper-
ating conditions, this paper proposes a data-driven prediction method based on Gaussian
Process Regression (GPR). Based on 413 sets of shock tube and rapid compression ma-
chine experimental data, with temperature, pressure, and equivalence ratio as input fea-
tures, an IDT prediction model was constructed. The GPR model adopts the Matérn 3/2
kernel function combined with the Automatic Relevance Determination (ARD) strategy
for hyperparameter optimization. As a benchmark comparison, LASSO regression was
employed for feature selection and parameter estimation of the Arrhenius empirical cor-
relation. On a stratified sampling test set, the GPR model achieved a coefficient of deter-
mination R2 of 0.8587 (RZ, = 0.9271 on logarithmic scale), significantly outperforming the
Arrhenius model’s R? of 0.5422 (R?, = 0.7027). In 50 random-split stability tests, GPR
yielded a mean R? of 0.9180 with a standard deviation of only 0.0333, demonstrating ex-
cellent robustness. This study provides a valuable reference for ignition performance pre-
diction of hydrogen—oxygen combustion systems.

Keywords: hydrogen—oxygen combustion; ignition delay time; Gaussian Process
Regression; Arrhenius correlation

1. Introduction

Hydrogen—oxygen combustion, as a key technology for clean energy utilization,
holds significant application value in hydrogen-fueled internal combustion engines, gas
turbines, rocket propulsion, and scramjets [1-4]. Ignition Delay Time (IDT) refers to the
time interval from when a combustible mixture reaches specified initial conditions (tem-
perature, pressure, and equivalence ratio) until auto-ignition occurs. It is a core kinetic
parameter characterizing fuel reactivity and directly affects ignition reliability, combus-
tion stability, and pollutant emission control of combustion systems. Accurate prediction
of IDT for hydrogen—oxygen mixtures is of great significance for combustor design, fuel
formulation optimization, and combustion operation over wide operating ranges [5,6].

Traditionally, researchers have relied primarily on two approaches to obtain ignition
delay times: direct measurement through experimental apparatus such as shock tubes and
rapid compression machines, and zero-dimensional or three-dimensional combustion
simulation using detailed chemical reaction mechanisms [7,8]. Although shock tube ex-
periments can provide high-precision IDT data, they are costly, time-consuming, and have
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difficulty covering the full range of conditions spanning wide temperature, pressure, and
equivalence ratio regimes. On the other hand, detailed chemical mechanisms possess a
solid physical foundation but involve complex solution procedures with high computa-
tional resource consumption and long time costs [9]. Therefore, researchers have devoted
efforts to simplified IDT prediction methods. Among these, the Arrhenius-type empirical
correlation is the most classical, whose parameters carry clear physical meaning and can
describe the influence laws of temperature, pressure, and equivalence ratio on ignition
delay within certain operating ranges [10]. However, hydrogen—oxygen combustion reac-
tion pathways vary dramatically with operating conditions, especially over wide equiva-
lence ratio and pressure ranges, where the dependence of IDT on temperature and pres-
sure exhibits strong nonlinearity and multi-scale features. The traditional linearized form
of the Arrhenius correlation cannot fully capture such complex dependencies, resulting in
limited prediction accuracy under wide-ranging conditions.

In recent years, machine learning methods have demonstrated great potential in the
field of combustion prediction, providing new technical pathways to address the afore-
mentioned problems [11,12]. In the area of IDT prediction, studies employing artificial
neural networks (ANN), support vector machines (SVM), random forests, and other meth-
ods have achieved promising results. For instance, Cui et al. [13,14] predicted the ignition
delay times of n-butane/hydrogen mixtures and multi-component surrogate fuels using
back-propagation (BP) neural networks, respectively; Huang et al. [15] used ANN models
to predict the IDT of Jet A-1/hydrogen blended fuels and proposed nested sub-networks
to improve local prediction accuracy; and Tuan et al. [16] compared ANN and SVM in
diesel/biodiesel engine IDT prediction, finding that SVM outperformed ANN under cer-
tain operating conditions. Nonlinear regression models based on machine learning offer
significant advantages in capturing the complexity of combustion chemistry.

Among these machine learning methods, Gaussian Process Regression (GPR) [17], as
a non-parametric Bayesian probabilistic model, possesses two unique advantages beyond
its ability to automatically learn complex nonlinear relationships: first, it can theoretically
provide uncertainty quantification of predictions, which is particularly important for
combustion system risk assessment and experimental design; second, it is relatively in-
sensitive to hyperparameters and maintains good generalization capability even with
small sample sizes [18]. GPR has been successfully applied in computational fluid dynam-
ics and flame speed prediction [19,20]; however, research on GPR for hydrogen-oxygen
combustion IDT prediction remains insufficient.

Therefore, this paper systematically investigates a GPR-based prediction method for
hydrogen-oxygen combustion IDT. The main contributions include: (1) proposing a Ma-
térn 3/2 kernel function combined with an Automatic Relevance Determination (ARD)
hyperparameter optimization strategy suitable for combustion kinetics data; (2) establish-
ing a complete GPR prediction framework and conducting systematic comparisons with
the Arrhenius-type empirical correlation model in terms of prediction accuracy and model
stability; and (3) evaluating the differences between the two models in prediction reliabil-
ity and sensitivity to data partitioning through residual analysis and repeated random-
split experiments. The research findings can provide reference for ignition performance
prediction and evaluation of hydrogen—oxygen combustion systems.
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2. Arrhenius Empirical Correlation Model and GPR Model
Construction

2.1. Arrhenius-Type Empirical Correlation Model
2.1.1. Model Principle

The Arrhenius empirical correlation is a classical model describing the relationship
between combustion reaction rate and temperature. For hydrogen—-oxygen combustion
IDT, its form is expressed as:

T=AP"¢p™ exp (%) (1)

where A is the pre-exponential factor, n is the pressure exponent, m is the equivalence
ratio exponent, E is the activation energy, and R is the universal gas constant. This formula
quantitatively describes the governing effects of pressure P, equivalence ratio ¢, and tem-
perature T on ignition delay time 7 from a physical mechanism perspective, and each pa-
rameter carries clear physical meaning.

Taking the natural logarithm of both sides linearizes the nonlinear model to facilitate
parameter estimation:

Int=InAd+nlnP+mln¢ +

)

| =
~l -

2.1.2. Feature Construction

To transform Equation (2) into a solvable linear regression problem, the following
features are constructed: [nP, Ing, InT, and 1/T, along with all pairwise interaction terms
(six terms in total) to capture coupling effects between variables. The output variable is
taken as Int. This yields the extended Arrhenius linear model:

1
InT=fy+BiInP+ B0+ s InT + By + > fiyxex; 3)
i<j
where fo is the intercept term, f; are the coefficients of main-effect features, and g; are the
coefficients of interaction terms.

2.1.3. LASSO Parameter Estimation

The model includes multiple main-effect features and their pairwise interaction
terms (10 candidate variables in total). Direct use of Ordinary Least Squares (OLS) carries
a risk of overfitting. On one hand, multicollinearity may exist among features (e.g., In T
and 1/T are highly correlated), leading to inflated OLS coefficient variance and poor sta-
bility; on the other hand, not all interaction terms possess significant physical meaning,
and retaining all variables degrades generalization capability. Therefore, LASSO (Least
Absolute Shrinkage and Selection Operator) [21] is adopted to select the optimal combi-
nation of interaction terms.

LASSO regression is a linear regression method based on Li-norm regularization. Its
core idea is to impose a penalty on the sum of absolute values of regression coefficients
while minimizing the sum of squared residuals. The optimization objective function is:

1 N K 2 K
§ = argmind — >’ (yi -> ﬁkxik> N @
B i=1 k=1 k=1

where N is the number of training samples, K is the number of features, y; is the target
variable (InT) for the i-th sample, x is the k-th feature of the i-th sample, and A is the
penalty parameter whose value determines the regularization intensity. The L: penalty of
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LASSO regression has the unique property of precisely shrinking some coefficients to
zero, thereby achieving automatic feature selection: when A is sufficiently large, coeffi-
cients of unimportant features are directly set to zero, retaining only variables that con-
tribute significantly to prediction. This property is particularly important for the present
study, as it enables automatic screening of key factors affecting ignition delay time from
four main effects and six interaction terms, simplifying model structure while enhancing
physical interpretability.

The regularization parameter A directly determines model complexity: A = 0 degen-
erates to OLS, where the model is prone to overfitting without sparsity; as A increases,
more and more coefficients are compressed toward zero, making the model more concise
but potentially prone to underfitting. To determine the optimal A, 10-fold cross-validation
combined with the 1-SE rule is employed: candidate A values are traversed on a logarith-
mic scale (A € [104, 107]), the cross-validation mean squared error (CV-MSE) for each A is
computed via 10-fold CV, and then the minimum A within one standard error of the min-
imum CV-MSE point is selected as the optimal value, maximizing feature sparsity while
guaranteeing model fitting accuracy. Through this method, A =0.029 was determined, and
five non-zero coefficient variables were selected from the 10 candidates: main effects In P,
In ¢, 1/T, and interaction terms In PIn T, In ¢-(1/T). This indicates that the coupling effects
of pressure with temperature and of equivalence ratio with temperature have significant
influence on ignition delay time. Variables compressed to zero can be linearly represented
by other features or have weak independent contributions to IDT. Substituting the se-
lected non-zero coefficients into the linear model yields the specific expression of the Ar-
rhenius-type empirical correlation for subsequent IDT prediction.

2.2. GPR Model
2.2.1. Model Principle

GPR is a non-parametric Bayesian probabilistic regression model based on Bayesian
inference. Its core idea is to treat the regression function as a random process following a
Gaussian distribution, learn the posterior distribution of the function through training
data, and thereby realize prediction for unknown samples while providing the probability
distribution and uncertainty quantification of prediction results.

For the input feature vector x € R% (d=3, corresponding to T, P, ¢) and output var-
iable y (corresponding to Int), it is assumed that y follows a Gaussian process:

y ~ GP(mx), k(x,x") ()

where m(x) is the mean function (taken as zero to simplify model complexity), and
k(x,x") is the kernel function that characterizes similarity between input features and de-
termines smoothness and flexibility of the regression function.

Given the training dataset, the predictive distribution for a test sample x, follows a
Gaussian distribution:

Y. | D, x, ~ N (i, 02) (6)

where the predicted mean p, is the model’s predicted value, and the predicted variance
o7 represents prediction uncertainty, which can effectively quantify the reliability of pre-
diction results.

2.2.2. Feature Construction and Standardization

Since GPR relies on kernel functions to automatically learn nonlinear mappings, the
original physical variables T, P, and ¢ are directly adopted as inputs, with the output
taken as Int. Due to significant differences in dimensions and numerical ranges among

the three features (temperature ~10° K, pressure ~10°-10' atm, and equivalence ratio ~10--
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109, inputs are standardized before training to ensure equal attention from the kernel
function to each feature:
r 7 J
xj == @)
j
where yi; and o; are the mean and standard deviation of the i-th feature on the training set,
respectively.

2.2.3. Kernel Function and Hyperparameter Optimization

The kernel function is the core of the GPR model, and its selection directly determines
the model’s ability to fit complex nonlinear relationships. The Matérn 3/2 kernel function
is selected. Compared with the commonly used Radial Basis Function (RBF) kernel, the
Matérn kernel provides better balance between smoothness and flexibility, making it more
suitable for fitting combustion kinetics data with moderate smoothness [22]. Its expression
is:

3 3
k(x,x") = of (1 +§IIX—X’II> exp (—gllx—X’H) 8)

where crfz is the signal variance, [ is the length scale, and ||x — x’|| is the Euclidean dis-
tance between input features. The Matérn 3/2 kernel combines smoothness with flexibility
and can effectively fit the nonlinear variation law of hydrogen-oxygen combustion IDT
while maintaining moderate computational complexity suitable for the sample size of this
study.

To improve fitting accuracy, the Automatic Relevance Determination (ARD) strategy
is employed for kernel hyperparameter optimization, allowing each input feature to cor-
respond to an independent length scale lz (d =1, 2, 3), corresponding to temperature, pres-
sure, and equivalence ratio, respectively. By learning different length scales for each fea-
ture, the relative importance of each feature on IDT can be automatically quantified. The
goal of hyperparameter optimization is to maximize the log-likelihood function, solving
for the optimal hyperparameter set 8* = 6£,1;, 15,13 via Maximum Likelihood Estimation
(MLE), with the optimization process implemented using gradient descent to ensure find-
ing the global optimum. The optimized kernel hyperparameters are: signal variance of =
1.31 and length scales [1 = 0.2165, l2=2.9163, and I5 = 2.2583. Among the three length scales,
l1 is the smallest, indicating that temperature has the most sensitive effect on ignition delay
time; 2 and s are similar and relatively large, indicating that the characteristic scales of
pressure and equivalence ratio are gentler, with weaker influence on model output com-
pared to temperature.

2.3. Model Comparison and Performance Evaluation

To evaluate the comprehensive performance of the two prediction models —namely
the Arrhenius empirical correlation model and the GPR model—a systematic comparison
is conducted from two dimensions: prediction accuracy of ignition delay time and model
stability. Single-training comparisons assess prediction accuracy, while performance met-
rics from multiple random splits compare model stability.

To measure model prediction performance, Root Mean Square Error (RMSE) and co-
efficient of determination (R?) are introduced as primary evaluation metrics. Since ignition
delay time spans multiple orders of magnitude and the model output during training is
log-transformed, RMSE and R? on the logarithmic scale are also computed. The expres-
sions of the evaluation metrics are as follows:
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N
1
RMSE = Nz(r" —17))2 )
i=1
Vo~ len Y
R2 = Yic1 (Tl - NZi:l Ti) (10)
- . .
Z?’=1 (Ti - NZIL‘V=1 Ti)
1 N
RMSE,,, = NZ(ln 7, —In%)? (11)
i=1
N (Int; —In%)?2
RE =1 iei(Int; —InT) 12)

Z’ivzl(ln T — E)z

where 7;is the actual ignition delay time of the i-th sample in the real experimental dataset,
7, is the predicted ignition delay time by the model, and 7, is the mean of all actual val-
ues. RMSE represents the difference between predicted and actual experimental data; the
closer RMSE approaches to zero, the higher the model prediction accuracy. R? measures
the degree to which the model explains the variance of the dependent variable and can be
used to compare fitting quality of different models; the closer R? is to 1, the better the
model fitting effect.

3. Data Source and Preprocessing
3.1. Experimental Dataset Description

All experimental data used in this study are sourced from public data repositories
and their associated original references [23-31], which collected and compiled 413 sets of
hydrogen-oxygen combustion experimental data. Data screening criteria were: clearly
documented experimental conditions including four complete variables (temperature,
pressure, equivalence ratio, and ignition delay time) and acquisition methods limited to
shock tube or rapid compression device experiments to ensure data reliability. Each sam-
ple in the dataset records the initial temperature T (K), initial pressure P (atm), equivalence
ratio ¢, and corresponding ignition delay time 7 (us) of a hydrogen—oxygen combustion
experiment. Statistical characteristics of each variable are shown in Table 1. As seen from
Table 1, the data cover a broad range from low temperature (858 K) to high temperature
(2136 K), from low pressure (0.74 atm) to high pressure (34.68 atm), and from fuel-lean (¢
= 0.10) to fuel-rich (¢ = 4.00) conditions. The ignition delay time values span three orders
of magnitude (10 ps to 13,090 us), reflecting significant differences in combustion reaction
kinetics under different operating conditions. Data cleaning confirmed no outliers, satis-
fying basic requirements for model construction.

Table 1. Statistical characteristics of H2/O2 combustion experimental data.

Variable Min Max Mean Std. Dev.
Temperature T (K) 858.0 2136.0 1136.2 173.4
Pressure P (atm) 0.74 34.68 6.73 8.23
Equivalence ratio ¢ 0.10 4.00 0.76 0.55
Ignition delay 7 (us) 10.0 13,090.0 1335.2 1946.6
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3.2. Target Variable Logarithmic Transformation

The numerical range of ignition delay time T spans three orders of magnitude. Using
T directly as model output would cause imbalanced gradient updates during training,
making it difficult for the model to converge stably. Additionally, larger numerical values
would dominate the loss function, severely masking prediction errors of small-magnitude
samples and ultimately reducing overall prediction accuracy. Therefore, a logarithmic
transformation is applied to 7 to compress the numerical range, improve distribution sym-
metry, and reduce the impact of extreme values on the model.

3.3. Dataset Partitioning

To ensure objectivity and reproducibility of model training and evaluation, reasona-
ble dataset partitioning is required. This study employs a stratified sampling strategy us-
ing equivalence ratio ¢ as the stratification basis. Since ¢ values in the dataset take discrete
finite values (e.g., 0.1, 0.5, 1.0, 2.0, etc.) while temperature and pressure distributions are
relatively continuous within their respective ranges, fully random partitioning could re-
sult in all samples of a particular ¢ value falling entirely into the training or test set, caus-
ing loss of reference for model evaluation under that specific equivalence ratio condition.
Stratifying by ¢ ensures that samples within each equivalence ratio interval enter the
training and test sets proportionally, avoiding evaluation bias due to missing specific op-
erating conditions. The dataset is partitioned in an 8:2 ratio into training and test sets, with
the training set containing 331 samples for model parameter estimation and training op-
timization, and the test set containing 82 samples for independent evaluation of generali-
zation performance. To ensure experimental repeatability, the random seed is fixed at 75
during partitioning, ensuring identical sample subsets across runs. The sample distribu-
tion across intervals is shown in Table 2.

Table 2. Distribution of equivalence ratio intervals.

Equivalence Ratio Interval Original Training Set Test Set
¢ <05 101 81 20
05<¢<1.0 95 76 19
1.0<¢$<2.0 160 128 32
$>2.0 57 46 11
Total 413 331 82

It should be noted that the experimental data used in this study originate from mul-
tiple independent research facilities. Although the data sources are reliable, the influence
of different facilities on the measured ignition delay time has not been taken into account,
nor can the quantitative effects of facility variability be provided as additional input fea-
tures.

4. Results and Discussion
4.1. Performance Comparison Under Single Partition

Using the above stratified sampling partition (80% training, 20% testing), the Arrhe-
nius empirical correlation model and GPR model were trained separately, and various
metrics were computed on the test set. The performance of both models on the test set is
shown in Table 3.

https://doi.org/10.3390/aerospace13080663
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Table 3. Performance comparison of the two models on the test set.

Model RMSE R? RMSE,, R%,
Arrhenius 1226.22 0.5422 0.8441 0.7027
GPR 781.00 0.8587 0.3973 0.9271

As shown in Table 3, the RMSE values of the GPR model on both original and loga-
rithmic scales are lower than those of the Arrhenius empirical correlation model, with R2
improved to 0.8587 (original scale) and 0.9271 (logarithmic scale), indicating that GPR
achieves higher prediction accuracy. Figure 1 presents scatter plots of actual versus pre-
dicted values for both models on the test and training sets, where training set samples are
denoted by blue circles, test set samples by red circles, and the black dashed line repre-
sents the ideal diagonal (y = x). It can be visually observed that the scatter points of the
GPR model cluster more closely around the diagonal line, whereas the empirical correla-
tion model exhibits considerable deviation. Moreover, since the figure displays deviations
on a logarithmic scale, some true values differ from predicted values by several to tens of
times. This verifies that GPR, through automatically learning nonlinear relationships via
kernel functions, can better capture the complex mapping between ignition delay time
and temperature, pressure, and equivalence ratio. In contrast, although the Arrhenius
model enhances nonlinear expressiveness by introducing interaction terms, it remains es-
sentially a linear model in logarithmic space and cannot fully capture the complex non-
linear characteristics of IDT variations with temperature, pressure, and equivalence ratio.

Arthenius GPR

s
.
:
Training Bte Training 4
R?=05403 - R®=09637 ’
RMSE = 1274.79 s & < RMSE =344.67 s %
% .

Predicted Ignition Delay ( us)
Predicted Ignition Delay ( 11s)
<

3

. .
101k 102

10! 102 10° 10! 102 10°
Actual Ignition Delay ( is) Actual Ignition Delay ( sis)
Figure 1. Scatter plots of predicted vs. actual values (blue dots: test set samples; red dots: training

set samples).

Furthermore, the logarithmic-scale residual plots of both models are presented in
Figure 2, with the horizontal axis representing predicted values and the vertical axis rep-
resenting residuals. The residuals of the GPR model are more concentrated around the
zero line with no obvious trendiness, while the residuals of the Arrhenius model appear
somewhat dispersed in the low-prediction-value region, exhibiting slight systematic bias.
This further confirms the advantages of GPR in uncertainty modeling and residual con-
trol.
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Figure 2. Logarithmic-scale residual distribution on the test set.

4.2. Model Stability Analysis

The single-partition performance evaluation described above may be influenced by
the specific data partition. To comprehensively evaluate model robustness, sensitivity to
data partitioning was further analyzed through 50 random stratified partitions (changing
the random seed each time), recording R? and RMSE for each test set, and computing
means and standard deviations. Figure 3 presents a density scatter plot with R? on the
horizontal axis and RMSE on the vertical axis, where each point represents the test-set
performance of one random partition, color depth indicates local point density, the red
cross marks the mean point, and red dashed lines pass through the horizontal and vertical
positions of the mean point. Statistical results are summarized in Table 4.
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Figure 3. Scatter plot of R>-RMSE density of the test set under multiple random divisions.

Table 4. Stability comparison of the two models (50 random partitions).

Model R2 Mean R2 Std. RMSE Mean RMSE Std.
Arrhenius 0.5889 0.0772 1150.52 287.56
GPR 0.9180 0.0333 503.95 157.91

As shown in Table 4, the standard deviation of R? for the GPR model (0.0333) is
smaller than that of the Arrhenius empirical correlation model (0.0772), and the standard
deviation of RMSE (157.91) is also significantly smaller than that of the Arrhenius model
(287.56). In Figure 3, the points of the GPR model exhibit higher clustering density, indi-
cating that GPR has lower sensitivity to data partitioning and higher stability, with pre-
diction results less affected by minor changes in the training set. In contrast, due to the
limited number of selectable parameters, the Arrhenius model may select different com-
binations of interaction terms under different partitions as the training set data varies
slightly, leading to greater performance fluctuations.
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In summary, the GPR model outperforms the Arrhenius empirical correlation model
in both prediction accuracy and model stability.

5. Conclusions

This study develops and validates a GPR-based ignition delay time prediction model
using the Matérn 3/2 kernel function with Automatic Relevance Determination (ARD) for
hyperparameter optimization. Compared with the classical Arrhenius model, the GPR
model significantly outperforms the Arrhenius model on the test set, and demonstrates
superior stability over 50 random data splits.

Nevertheless, the following limitations should be acknowledged: (1) the current da-
taset is predominantly concentrated in the low-to-medium pressure range, with insuffi-
cient high-pressure data, which restricts the model’s applicability across a wide pressure
range. Additionally, fuel-rich conditions are sparsely sampled, and practical engineering
factors such as impurity gases and turbulence intensity have not been considered. (2) The
model makes predictions solely based on initial conditions and does not account for dif-
ferences among experimental facilities. Consequently, its predictions are applicable to IDT
evaluation under standardized constant initial conditions. (3) Systematic comparisons
with detailed chemical kinetic mechanisms and other machine learning methods have not
yet been conducted, and the model’s generalization capability across broader regimes re-
quires further validation. Future work may address these directions accordingly.
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