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Abstract

Designing time-optimal trajectories for solar sail spacecraft is highly difficult due to the
strong nonlinearity of the solar radiation pressure model, the attitude—orbit coupling, and
the prevalence of local minima, which often lead to the failure of gradient-based solvers
lacking adequate initial guesses. To address this issue, the present study proposes a two-
stage hybrid optimization framework: a coarse-search stage uses B-spline-parameterized
metaheuristics to identify a dynamically feasible trajectory, which then serves as a physics-
informed warm start for direct-collocation-based gradient refinement, strictly satisfying
the full nonlinear dynamics and terminal constraints. The methodology is validated
through three increasingly difficult space missions: a rendezvous between Earth and Mars
(Case A), a near-Earth asteroid rendezvous considering non-ideal optical reflection (Case B),
and a Solar Polar Orbiter mission necessitating an 82.75° inclination adjustment with a
thermal safety constraint (Case C). Statistical evaluations reveal that no single metaheuristic
dominates universally; each algorithm’s suitability is contingent on the problem’s constraint
structure. The hybrid framework further shows a consistent advantage over stand-alone
direct collocation: by redirecting the gradient solver toward favorable convergence basins,
it locates transfer solutions that remain inaccessible from a cold start.

Keywords: solar sail; trajectory optimization; hybrid optimization; fireworks algorithm;
direct collocation

1. Introduction

Solar sailing has evolved from a theoretical curiosity into a proven propulsion technol-
ogy for deep space exploration [1]. Unlike conventional chemical or electric propulsion
systems that rely on expendable propellant, solar sails harness the momentum of solar
photons to generate continuous, albeit low, thrust. This propellant-free characteristic theo-
retically allows for infinite specific impulse, enabling high-energy missions that would be
prohibitively expensive or physically impossible with traditional propulsion systems [2,3].
Recent successful technology demonstration missions, such as JAXA’s IKAROS [4-6] and
The Planetary Society’s LightSail 2 [7,8], have validated the fundamental mechanics of solar
radiation pressure (SRP) for orbital control, paving the way for future mission concepts
ranging from cargo delivery to Mars [9-11] to sample return missions from Near-Earth
Asteroids (NEAs) [12-16].

Despite theoretical promise, designing time-optimal trajectories for solar sails remains
a formidable challenge in astrodynamics. The difficulty arises from the highly nonlinear
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nature of the SRP force model, which decays with the inverse square of the distance from
the Sun, and the complex coupling between the attitude of the spacecraft (cone and clock
angles) and its orbital evolution [17]. Numerical optimization methods for such continuous-
thrust problems generally fall into two categories: indirect and direct methods. Indirect
methods, based on Pontryagin’s Minimum Principle, offer high precision but require
solving a Two-Point Boundary Value Problem (TPBVP). The convergence domain for these
methods is extremely narrow, making the initialization process an art form rather than a
systematic procedure [18].

Consequently, direct methods, such as pseudo-spectral methods [19,20] or direct
collocation [21,22], have become a standard approach in trajectory design. These methods
convert the optimal control problem into a Nonlinear Programming (NLP) problem, which
can be solved using gradient-based techniques such as interior-point methods. However,
gradient-based solvers are inherently local search algorithms and are notoriously sensitive
to the initial guess provided by the user. When applied to complex solar sail trajectories
characterized by multiple local minima, such as multi-revolution spirals or the “cranking”
maneuvers required for high-inclination solar polar observers [23,24], a “cold start” (using a
simple linear interpolation) frequently leads to divergence or convergence to a poor-quality
local optimum.

To address similar initialization issues in spacecraft attitude control, Melton [25] pro-
posed a hybrid strategy that combines heuristic algorithms with pseudo-spectral methods.
While Melton’s work focused on rotational dynamics, the underlying philosophy suggests a
promising pathway for solving the more complex translational orbit optimization problem.
Considering the inherent initialization challenge in direct collocation methods, this paper
proposes a robust, two-stage hybrid optimization framework that integrates the Fireworks
Algorithm (FWA) [26] and other heuristic optimization methods [27-29] with a gradient-
based solver. The universality and robustness of this framework are demonstrated through
three progressively challenging case studies: a standard Earth-Mars rendezvous, a sensitive
rendezvous mission to asteroid 2016 HO3 [30], and a high-inclination Solar Polar Orbiter
mission [31], proving the method’s capability to automate the solution of long-duration,
multi-revolution trajectories that typically defeat traditional cold-start approaches.

The main contributions of this work are as follows: (1) a modular two-stage hy-
brid framework (Figure 1)—B-spline metaheuristic coarse search coupled, via a physics-
informed warm start, to Hermite-Simpson direct-collocation NLP refinement—applicable
across single-modal, multi-modal, and path-constrained transfers; (2) the systematic cou-
pling of this scheme with high-fidelity non-ideal solar-sail dynamics for full 3-D inter-
planetary translational optimization; (3) a three-case benchmark progression supported
by independent runs and a statistical apparatus; and (4) a budget-normalization fairness
study that isolates the search mechanism from the evaluation budget, yielding problem-
class-specific algorithm-selection guidelines.

These contributions distinguish the present work from prior hybrid schemes. Whereas
Melton [25] hybridized heuristic search with pseudospectral methods for spacecraft rota-
tional slew, this framework addresses full three-dimensional interplanetary translational
optimization under high-fidelity, non-ideal solar-sail dynamics. The novelty here lies
not in FWA [26] itself but in the coupling of B-spline metaheuristic global search with
direct-collocation refinement and a physics-informed warm start. Finally, in contrast to
recent learning-based adaptive control for orbit-attitude takeover based on improved Prox-
imal Policy Optimization [32], this framework remains model-based and gradient-refined,
yielding interpretable, certifiable trajectories.
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Hybrid coarse-search / NLP refinement strategy

Metaheuristics identify NLP-enabling structures; collocation refinement enforces dynamics and constraints.

Mission B-spline Coarse global Warm-start NLP refined
specification controls search transcnptlon trajectory
target, constraints a(t), 6(t) FWA /PSO /DE state and control guess feasible optimum
Exploration layer > Refinement layer
low-dimensional search feasibility and accuracy

Figure 1. Hybrid coarse-search and NLP-refinement workflow used in this study.

The remainder of this paper is organized as follows: Section 2 details the coordinate
frames and solar sail dynamics. Section 3 describes the global search phase using heuristic
optimization combined with B-splines structured control profiles. Section 4 outlines the
transcription strategy and the direct collocation optimization phase. Section 5 validates the
framework through three progressively challenging case studies, Section 6 analyzes the
cross-algorithm performance, and Section 7 concludes the paper.

2. Dynamics Modeling
2.1. Coordinate Systems

To describe the spacecraft’s trajectory and the attitude—orbit coupling relation, two
distinct coordinate systems are introduced: the Heliocentric Inertial frame for numerical
integration and a Sun-line reference frame for sail attitude parametrization.

2.1.1. Heliocentric Inertial Frame

The equations of motion are integrated in the Heliocentric Inertial frame (7), centered
at the Sun (Figure 2). The orthonormal basis {1, f, K} is defined such that I points toward
the Vernal Equinox (7) at the J2000 epoch, K is normal to the mean ecliptic plane of the Earth
atJ2000, and J = K x I completes the right-handed system. The spacecraft state vector
isX =[r",v"]T € R®, where r = [x,y,z]" and v = [,7,2] " represent the heliocentric
position and velocity vectors, respectively.

J2000 heliocentric inertial frame

K

? KL ecliptic plane

Earth orbit

J2000 Earth

> 9

J2000 mean ecliptic plane

Figure 2. ]J2000 Heliocentric Inertial reference frame. The I axis points toward the J2000 vernal
equinox, while K is normal to the J2000 mean ecliptic plane of Earth’s orbit.
2.1.2. Sun-Line Reference Frame

For the definition of the solar sail’s orientation and the resulting thrust direction, a
local rotating frame Fs(#1, 01, ¢1) is attached to the spacecraft, following the convention
established by Ceriotti [33]. The primary axis #1 = r1/||r1]| is the unit vector directed along
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the Sun-sail line, pointing away from the Sun, where r; denotes the position vector from
the Sun to the spacecraft. The second axis ¢ is constructed to be perpendicular to # and
lying in the plane spanned by #; and the orbital angular momentum vector h = r X v, via
orthogonalization, as ¢ = (h x #1)/|/h x #1||. The third axis 8; = ¢; x #; completes the
right-handed triad (Figure 3). This frame rotates with the spacecraft’s orbital motion and
provides a natural basis for defining the sail orientation relative to the direction of incoming
sunlight. The same frame also hosts the sail-surface normal unit vector 7 directed away
from the Sun (Figure 3); its parametrization by the pitch and clock angles is developed in
Section 2.3.1.

(a) Inertial propagation frame (b) Local sun-line attitude frame

a=z(n,r); 6=2@ 1, p1).

Figure 3. Sun-Line Reference Frame.

2.2. Equations of Motion

The trajectory of the solar sail spacecraft is governed by the interplanetary two-body
model perturbed by the Solar Radiation Pressure (SRP). Following the formulation of
Mclnnes [34], the equations of motion in the inertial frame F} are

P=—E2r 1 (1)
r

where Ji¢ is the solar gravitational parameter, r = ||7|| is the heliocentric distance, and a
is the solar sail acceleration vector. Throughout this study, all dynamical quantities are
expressed in Astronomical Units (AUs) for length and solar days (d) for time, yielding
jo = 2.9598 x 10~* AU® d 2. This unit system is adopted for its natural scaling in helio-
centric trajectory problems: distances are of order unity, and time spans are measured in
hundreds of days, which improves the numerical conditioning of both the integration and
the subsequent optimization.
In first-order state-space form, the system becomes

x-|* ¢
e —”—?rﬂzs
T

This Cartesian formulation avoids the singularities associated with classical Keplerian

()

elements for circular or equatorial orbits and is well-suited for numerical integration of non-
Keplerian trajectories. The state equations are propagated using an explicit Runge-Kutta
method of order 4(5) (RK45) with adaptive step-size control, where the local truncation error
tolerances are set to 10~8 (absolute) and 10~V (relative) to ensure high-fidelity propagation
over the multi-year flight durations considered in this work. The sail acceleration as
depends on both the sail’s optical properties and its instantaneous attitude.
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2.3. Solar Radiation Pressure Force Model

To capture the realistic performance of the solar sail, this study employs the non-ideal
optical reflectance model developed by Mclnnes [34]. While the ideal model assumes the
sail to be a perfect specular reflector, this optical model also accounts for the effects of
absorption, diffuse reflection, and thermal emission from both surfaces of the sail film. Both
models can be captured within a unified mathematical framework, as described below.

2.3.1. Sail Attitude Definition

The sail normal vector 7 is parametrized by two control angles defined with respect to
the Sun-line frame Fs(#, 81, ¢1). The pitch angle & is the angle between the sail normal #
and the Sun-line direction #;, while the clock angle ¢ is the angle between the projection
of 71 onto the (81, ¢1)-plane and the ¢; axis. With this convention, the sail normal vector
expressed in frame Fg takes the form:

cos

n|fs = |sinasind 3)
sin cos

Since the solar sail cannot generate an acceleration component directed toward the
Sun (i.e., the normal must always maintain a positive projection along the Sun-line), the
admissible ranges of the control angles are 0° < « < 90° and —180° < J < 180°.

2.3.2. Normal and Tangential Acceleration Components

The solar-sail acceleration vector a; can be decomposed into a component normal to
the sail surface, a,1, and a component tangential to the sail, af:

as = a,fi + a;f = agh (4)

where 71 is the unit vector normal to the sail surface pointing away from the Sun, and
f is the unit vector tangential to the sail surface lying in the plane formed by the Sun-line #

and 7. The resultant acceleration has magnitude a; = /a2 + a? and direction 1.

The magnitudes of the normal and tangential acceleration components are derived
from the optical properties of the sail material. Following the formulation by Heiligers [30],
the expressions are

11—
ay = EﬁTy@ (1+7s) coszuc+Bf(1 —s)Fcosa
1
5 €fo—€bBb (5)
+( r) cos &
€ft+é€p
gt_;ﬁlr%y@(l—fs)cosocsinzx (6)

In Equations (5) and (6), B is the solar-sail lightness number, a dimensionless parameter
representing the ratio of the maximum SRP acceleration to the local solar gravitational
acceleration, defined as p = ¢* /o, where o denotes the sail loading (total spacecraft mass
divided by sail area, in g/ m2) and c* =~ 1.53 g/ m? is the critical sail loading parameter.
The quantity q = ||r1]| is the Sun-spacecraft distance.

The optical properties appearing in the above expressions are as follows. The reflec-
tivity coefficient 7 indicates the fraction of incident photons that are reflected, with the
remaining fraction (1 — 7) being absorbed. Of the reflected photons, a fraction s undergoes
specular reflection while the complementary fraction (1 — s) is reflected diffusely in a Lam-
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bertian distribution. The non-Lambertian coefficients By and B, characterize the angular
distribution of the diffusely reflected and thermally emitted photons from the front and
back surfaces of the sail, respectively, accounting for deviations from a perfectly Lambertian
pattern. Finally, € and ¢, are the emissivity coefficients of the front and back surfaces,
governing the thermal re-emission of absorbed solar energy from each face.

The physical structure of the normal acceleration a,, merits careful examination. The

first term, (1 + 7s) cos?

«, represents the combined momentum transfer from the incident
photon flux and the specularly reflected photons; for an ideal sail with 7 = 1 and s = 1, this
reduces to 2 cos? «, recovering the classical ideal model. The second term, B f(l —s)Fcosa,
captures the normal force component arising from diffusely reflected photons on the front
surface and vanishes identically for a perfectly specular sail (s = 1). The third term,
(1 —7)(efBs —€pBy)/ (€ + €y) cosa, represents the net normal force due to the differential
thermal emission between the front and back surfaces; if the emission characteristics are
symmetric (€¢By = €;,By), this contribution vanishes.

The tangential acceleration a; arises solely from non-specular effects. Its pre-factor
(1 — 7s) ensures that for the ideal sail model (7 = 1, s = 1), a; = 0 identically, confirming
that the ideal model produces only a force normal to the sail surface. The numerical values
of these optical coefficients for the two reflectance models considered in this study are
summarized in Table 1.

Table 1. Optical coefficients for ideal and non-ideal solar sail reflectance models [35] .

Reflectance Model 7 s By By €f €p
Ideal 1 1 — — — —
Optical (NEA Scout) 091 0.94 0.79 0.67 0.025 0.27

2.3.3. Centerline Lag and Force Direction

A critical consequence of the non-ideal model is that the resultant acceleration unit
vector 71 is not aligned with the sail normal 7. The geometry of the sail-normal direction,
tangential direction, and resultant acceleration is illustrated in Figure 4. The tangential
force component a; arising from imperfect reflection rotates the acceleration vector away
from the normal by an auxiliary angle ¢, commonly referred to as the “centerline lag”:

@ = arctan <at) (7)

an
The effective cone angle 0 of the resultant thrust vector, measured from the Sun-line
71, is therefore related to the sail attitude by

O=a—¢ 8)

This distinction between the attitude angle &, which the spacecraft attitude control
system commands, and the force angle 6, which governs the orbital dynamics, is a defining
feature of the non-ideal model and is essential for high-fidelity trajectory optimization. The
direction of the resultant acceleration # in the Sun-line frame Fjs is then expressed as

cos
= |sinfsind 9)
sin 6 cos ¢

|7

For the ideal model, ¢ = 0 and 8 = &, so the force direction # coincides exactly with
the sail normal 71, as expected.
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Non-ideal solar-sail force direction
The commanded attitude n and the acceleration direction m are not identical.

n

Centerline lag: a, #0 rotates the thrust direction, f=a—¢.

Figure 4. Non-ideal solar-sail force direction and the centerline lag between the commanded sail
normal and the resultant acceleration direction.

2.3.4. Special Case: Ideal Reflectance Model

For validation and benchmarking purposes, this study also considers the ideal re-
flectance model as a limiting case. Substituting # = 1 and s = 1 into the general expressions
of Equations (5) and (6) yields

. 1— e .
a}/ldeal _ ,B rz.u COSZ w, a1tdeal -0 (10)
1
and therefore a; = a;dealﬁ, which is the well-known ideal solar radiation model
producing a force purely along the sail normal direction. In this case, the sail attitude

directly determines the thrust direction without any centerline lag: i1 = i and 6 = «.

2.4. Coordinate Transformation

The optimization variables are the control angles u = [a, (5]T, defined in the Sun-line
frame Fs. To integrate the equations of motion in 7y, the acceleration vector must be
transformed from Fg to F]. The rotation matrix Rs_,7 is constructed by assembling the
basis vectors of Fg, expressed in inertial coordinates, as column vectors:

R$—>I:[f’1 6 431} (11)

The complete solar sail acceleration vector in the inertial frame, to be substituted
into the equations of motion, is obtained by combining the scalar force magnitudes from
Equations (5) and (6), the direction vector from Equation (9), and the rotation matrix

as = /a2 +a? Rs 1 na|jfS (12)

N——
magnitude

formula, Equation (11):

Expanding this expression explicitly:

cos
as = /a2 + a? [171 6, 431} sin # sin & (13)
sin 6 cos
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where 6 = a — arctan(a;/a,), and the normal and tangential components a, and a; are
functions of the pitch angle « and the optical coefficients as defined.

This formulation completes the dynamical modeling chain: given the instantaneous
state (r,v) and the control input (&, ), the inertial acceleration a5 can be evaluated de-
terministically, enabling forward integration of the trajectory with full accounting for the
optical imperfections of the solar sail material.

3. Global Search Methodology

Optimizing interplanetary trajectories for solar sail spacecraft is inherently a continu-
ous, infinite-dimensional optimal control problem. To make this computationally tractable,
the control profile is discretized via direct transcription. Specifically, cubic B-splines are
used to parameterize the sail attitude angles, converting the system into a finite-dimensional
Nonlinear Programming (NLP) formulation. The parameter space is then searched us-
ing three population-based metaheuristic algorithms: the Fireworks Algorithm (FWA),
Particle Swarm Optimization (PSO), and Differential Evolution (DE). These methods are
chosen for their effectiveness in avoiding local minima in multi-modal solution space—a
crucial requirement when handling the complex path constraints and control structures in
trajectory design.

3.1. B-Spline Parameterization for Control Variables

To preserve the physical continuity of the control variables while minimizing the
dimensionality of the search space, the time histories of the pitch angle a(t) and clock angle
d(t) are approximated by B-spline basis functions.

A B-spline of degree p is defined recursively over a knot vector T = {to, t1, ..., tuypi1}-
For a uniformly spaced knot sequence spanning the flight time ¢ € [to, 7], the i-th B-spline
basis function N; ,(t) is computed using the Cox-de Boor recurrence relation. The zeroth-
degree basis functions are piecewise constants:

1 ift: <t<t:
Npp()y=¢ " =rsi (14)

0 otherwise

For degrees p > 1, the basis functions satisfy:

tivpr1 —t

t—1t;
Ni,(t) = lt‘Ni,p—l(t) +

— Niy1,p-1(t) (15)
tivp =t tivp+1 —tipa L

In this work, cubic B-splines (p = 3) are employed, ensuring C? continuity of the
control profile. This smoothness property is physically motivated: it prevents unrealistic
discontinuities in the commanded sail orientation that would violate actuator slew-rate
limits in a practical implementation. The control functions a(t) and d(t) are expressed as
linear combinations of the B-spline basis functions:

a(t) = f:Pa,iNi,S(t)/ 6(t) =) Ps;Njs(t) (16)
i—1 =1

where P, ; and Psj are the control angle value to be determined by the optimizer, and n,
and n; denote the number of control points for each angle. The optimization design vector
D aggregates these coefficients along with the time of flight (if variable):

D=1[Pui,..., Py Psps o Py ty] T € R (17)
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where n = n, = n; for simplicity. The bounds on D are inherited directly from the physical
constraints established :
Din < D < Dmax (18)

with P, ; € [0°,90°] and Pj; € [—180°,180°] for all #, j. Given a candidate design vector
D, the control history is reconstructed via Equation (16), and the state differential equations
Equation (2) are integrated forward in time using the RK45 scheme.

3.2. Fireworks Algorithm

The Fireworks Algorithm (FWA) [36] allocates, per firework X;, a spark count S; and
explosion amplitude A; inversely proportional to fitness:

Ymax - ](Xz) +e€

S = : (19)
l E]IC\]E% (Ymax - ](Xk)) +e
Ai=A~ N](Xi)_Ymin+€ (20)
Y2 (J(Xk) = Ymin) + €
Sparks are generated by perturbing randomly selected dimensions:
xlgpark = x5'<+Ai 'U(—l, 1)/ (21)

supplemented by a small number of Gaussian mutation sparks. Out-of-bounds sparks
follow the unified boundary-handling rule of Section 3.5; elitist selection among the com-
bined firework—spark pool ensures monotonic improvement. Algorithm 1 summarizes the
full procedure.

Algorithm 1: Fireworks Algorithm (FWA)

Input: Population size Ny, spark budget M, max amplitude A, max iterations
Niter

Output: Best solution Xj,eq;

Initialize population {Xj, ..., Xy, } uniformly in [Dyin, Dmax);

Evaluate J(X;) fori =1,..., Ngy;

Xbpest ¢ argmin; J(Xi);

for iter = 1 to Nj,, do

Compute Ymax = max; J(X;), Ymin = min; J(X;);

fori =1to Ng, do
Compute S; using Equation (19); compute A; using Equation (20);
fors=1to S; do
L Generate explosion spark Xspark using Equation (21); apply boundary

handling (Section 3.5); evaluate J(Xspark );
Generate 5 Gaussian mutation sparks;

Pool <« all fireworks and sparks;

Sort Pool by | in ascending order;

Select top Nf,, solutions as new fireworks {Xj, ..., X, };
Update X if improved;

return Xp,

3.3. Particle Swarm Optimization

Particle Swarm Optimization (PSO) [37] models social foraging, in which each parti-
cle’s velocity update combines inertial, cognitive (c1), and social (c7) terms:

https:/ /doi.org/10.3390/aerospace13080710
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V,‘kJrl = lek +car© (Pbest,i - sz) +carp © (Gbest - sz)/ (22)

where Py ; and Gyest denote the personal and global best positions. The inertia weight w
decays linearly from 0.9 to 0.4 via

(wmit — wﬁnal) (k - 1)
Niter -1

w(k) = Winit — , (23)

and positions advance via

k+1 _ yk k+1
XK1 = xk v (24)

Out-of-bounds positions follow Section 3.5. Personal and global bests are updated
greedily. Algorithm 2 summarizes the procedure.

Algorithm 2: Particle Swarm Optimization (PSO)

Input: Population size N, acceleration coefficients ¢, ¢3, inertia Winjt, Winal, Max
iterations Njter
Output: Best solution Gy
Initialize positions {Xj, .. "XNp} uniformly in [Dpin, Dmax];
Initialize velocities {V1, ..., Vi, } uniformly in
[_0'5(Dmax - Dmin)r 0'5(Dmax - Dmin)])
Evaluate J(X;) fori =1,...,Np;
Set Pyegt; +— X; for all i;
Gpest <— arg min; ](Pbest,i);
for k = 1to Ny, do
Compute w(k) using Equation (23);
fori=1to N, do
Generate 1,1, ~ U(0, 1)dim(D);
Update velocity using Equation (22); update position using Equation (24);
apply boundary handling (Section 3.5) to Xf“ ;
Evaluate ](Xf‘“);
if ](Xlk-H) < ](Pbest,i) then
L Pbest,i — Xlk—H}
if J(X¥™) < J(Gyest) then
L Gpest < XZZ{—H/'

return Gy,

3.4. Differential Evolution

Differential Evolution (DE/rand/1/bin) [38] operates through mutation, binomial
crossover, and greedy selection. The mutation operator constructs a donor vector by adding
a scaled difference of two randomly selected population members to a third:

Vic =X, +F- (X6 —Xp56), (25)

with scaling factor F = 0.8. Binomial crossover

g - Vl] if randj < CROI'] = jiand

= (26)
LG Xf G otherwise
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mixes the donor and target vectors with CR = 0.9 to produce a trial vector U, .
Greedy selection

Ugc if [(Upgc) < J(Xic)

(27)
X;c otherwise

XiG1 =
retains the better of U; ; and X; . Out-of-bounds trial vectors follow Section 3.5.
Algorithm 3 details the full procedure.
Algorithm 3: Differential Evolution (DE/rand/1/bin)
Input: Population size Np, scaling factor F, crossover rate CR, max generations
N, gen
Output: Best solution Xp,est

Initialize population {Xj o, ..., XN p/O} uniformly in [Dpin, Dmax];
Evaluate [(X;) fori =1,...,Np;
Xpest < argmin; J(Xo);
for G = 0 to Nge, — 1 do
fori=1to Ny do
Select distinct indices rq, 72,73 € {1,..., Ny} \ {i} randomly;
Generate donor vector using Equation (25):
Vi « Xi,6 +F- (X6 — Xi,6);
Select jrang ~ Uniform{1,...,dim(D)};
forj = 1 to dim(D) do
Generate rand; ~ U(0,1);
if rand; < CR or j = jyq then
‘ uzj,c = Vi],.G;
else
| Ul Xl

1

Apply boundary handling (Section 3.5) to U; ¢ (if needed);
Evaluate J(U; );
Apply selection using Equation (27):;
if J(U;c) < J(X;c) then
‘ Xic+1 < Uig;
else
L XiG+1 < XiG;
if J(XiG+1) < J(Xpest) then
L Xbest — Xi,G-H/'

return Xp,;

3.5. Boundary Handling
All three metaheuristics return out-of-bounds candidates to the feasible box through
the same modulo-wrapping rule. Whenever a generated candidate (FWA spark, PSO
particle, or DE trial vector) exceeds a bound, the offending component is mapped as
xk A Drl;ﬁn + ‘xk - Dfnin' mod (Di(nax - Dfnin)/ (28)
where x* is the k-th component of the candidate. This rule preserves the distance traveled

by the displaced candidate and re-injects it on the opposite side of the search domain,
sustaining population diversity.
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This completes the description of the optimization framework. The combination of
B-spline parameterization and population-based metaheuristics provides a robust method-
ology for the global search of time-optimal solar-sail trajectories, avoiding the pitfalls
of gradient-based local optimizers while maintaining computational efficiency through
adaptive exploration strategies.

4. Trajectory Refinement via Gradient-based Optimization

The global search methodology presented in Section 3 provides a quasi-optimal tra-
jectory by parameterizing control profile with cubic B-splines and exploring the finite-
dimensional design space via population-based metaheuristics. While this approach ef-
fectively identifies the proximity of the optimum, the solution has two limitations: the
B-spline smoothness confines control to a low-dimensional manifold, preventing recovery
of fine-scale maneuvers (e.g., rapid attitude changes near perihelion), and the metaheuris-
tics” penalty-based constraint handling does not enforce strict terminal constraints. To
address these issues, this section presents stage two of the hybrid framework: a gradient-
based refinement that transcribes the continuous optimal control problem into a large-scale
NLP via direct collocation and solves it with an interior-point method initialized from the
first stage.

4.1. Direct Collocation Transcription via the Hermite—Simpson Scheme

In contrast to shooting methods, which propagate the state forward in time and are
sensitive to errors that accumulate over long arcs, collocation methods treat both the state
and control variables at each node as independent decision variables and impose the
dynamics as algebraic equality constraints. This simultaneous approach yields a sparse
constraint Jacobian and is particularly well-suited for the long-duration, multi-revolution
solar sail transfers considered in this work.

The total flight time [ty, {f] is divided into N equally spaced sub-intervals by intro-
ducing N + 1 mesh nodes {to, t1,...,tN}, where t; = tg+k-hand h = (tf —ty) /N is the
uniform step size. At each node ty, the state vector X; = [r, , v, |" € R® and the control
vector u = [ay, 6] T € R? are treated as independent optimization variables. The complete
NLP decision vector is assembled as

Z=[X),u),X{ ,ul .. X\,uy,t;]" € RENFTIH (29)

The dynamical constraints are enforced using the Hermite-Simpson collocation
scheme, which provides fourth-order accuracy. For each sub-interval [, tx,1], a collo-
cation point is introduced at the midpoint t; 1,5 = (tx + tx,1)/2. The state and its time
derivative at the collocation point are approximated using cubic Hermite interpolation:

Xiy1/2 = 5 (Xi + Xiy1) + g(fk — frs1) (30)

NI =

where fi = f(t, Xk, ur) denotes the right-hand side of the equations of motion (Equation 2)
evaluated at node k. The control at the midpoint is obtained by linear interpolation:

—_

U172 = E(uk + i) (31)

The dynamics at the collocation point are then evaluated as

fev12 = fltesi/2, Xiv1/2, er1/2) (32)

The Simpson quadrature rule yields the defect constraint vector for the k-th segment:

https://doi.org/10.3390/aerospace13080710


https://doi.org/10.3390/aerospace13080710

Aerospace 2026, 13, 710

13 of 42

h
Ok = Xpp1 — Xi — g(fk +4fir12+ fie1) =0 (33)

fork =0,1,...,N — 1. This yields a total of 6N scalar equality constraints arising from
the dynamics. The fourth-order accuracy of the Simpson rule ensures that, for sufficiently
fine grids, the discretization error is negligible compared to the convergence tolerances of
the NLP solver.

4.2. Warm-Start Strategy: From B-Spline Solution to NLP Initial Guess

The efficacy of the gradient-based refinement is highly sensitive to the quality of the
initial guess Zy supplied to the NLP solver. When applied to solar sail spacecraft trajectory
problems—particularly those involving the non-ideal optical force model, which introduces
tangential acceleration components that significantly complicate the dynamics—a cold start
(e.g., linear interpolation between boundary states) almost invariably leads to divergence.
The present subsection details a systematic procedure for constructing a high-quality warm
start by mapping the B-spline solution obtained from the global search phase onto the
collocation grid used by the NLP formulation.

Let D* = [P;‘/l, eeey P;{n, Pg‘,l, ey, Pg,n, 15;2]T denote the optimal design vector returned
by the metaheuristic algorithm in Section 3. The continuous control profiles are recon-
structed from the B-spline representation:

o' (t) =) PyiNip(t), 07(t) =} PyiNjs(t) (34)
. =

These profiles are evaluated at each node of the collocation grid to produce the initial
control guess:
u = [0*(t), 8* ()], k=0,1,...,N (35)

Given the sampled control history {u,ﬁo)}llc\jzo and the known departure state
Xo = Xgartn(to), the initial state guess is reconstructed by forward numerical integra-
tion of the equations of motion (Equation 2) using the same RK45 scheme employed in the
global search stage. The integrated state is recorded at each node:

X]EO) — (D(to’ te; {u(o) }), k = 0,1,...,N (36)

where @ denotes the numerical flow map. Together with the initial flight time t}o) = t;‘;, the
complete initial guess for the NLP solver is assembled as

Zo= (X)), )T, xI)T, )T, 10T (37)

By construction, this initial guess ensures that the state trajectory satisfies the equations
of motion to within the integration tolerance. Consequently, the initial defect vectors {y are
near-zero, placing Z in the immediate neighborhood of the feasible manifold. Because the
solver starts close to a dynamically consistent trajectory, it is substantially more likely to
iterate within its convergence basin; this is corroborated by the cold-start comparison of
Section 6.4, where warm starts reached a superior basin that cold starts could not.

4.3. NLP Problem Formulation

With the transcription and warm-start strategies established, the continuous optimal
control problem is now converted into a structured NLP. The formulation is presented in
standard form to facilitate implementation in existing NLP solver frameworks.
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The primary performance metric adopted in this study is the minimization of the total
flight time:

in [(Z) =t 38

min J(Z) = ty (38)

This choice is motivated by the practical importance of mission duration in solar sail
trajectory design, where the continuous low-thrust nature of the propulsion demands flight
times spanning hundreds to thousands of days.

The equality constraints consist of the 6N defect equations from Equation (33), enforc-
ing dynamical consistency across all N segments. The departure state is fixed at the Earth’s
ephemeris position and velocity at the launch epoch t:

X0 = Xgarth (to) (39)

For rendezvous missions, both position and velocity must match those of the target body
at arrival:

YN = Ttarget(tf>/ ON = Z7target(tf) (40)

yielding six additional equality constraints. The total number of equality constraints
is therefore 6N +- 12.

Regarding inequality constraints, the physical limitations of the solar sail impose box
constraints on the control variables at each node:

0° < ap <90°, —180°< &, <180°, k=0,...,N (41)

For missions involving close solar approaches (e.g., the Solar Polar Orbiter mission), a
minimum heliocentric distance constraint is imposed to respect the thermal limitations of
the sail material:

7%l = fmin, k=0,...,N (42)

where rmin is a mission-dependent parameter (typically 0.2-0.5 AU). Additionally, the flight
time is bounded within a physically meaningful range:

tf,min < tf < tf,max (43)

4.4. Interior-Point Method Solver Configuration

The NLP problem defined above is solved using an interior-point method (IPM), as
implemented in MATLAB’s fmincon solver with the interior-point algorithm option.
The IPM approaches the constrained optimum by solving a sequence of barrier subprob-
lems in which the inequality constraints are incorporated into the objective function via
logarithmic barrier terms. At each iteration, the algorithm solves the Karush-Kuhn-Tucker
(KKT) system to compute a Newton-like search direction, and a line search with a merit
function ensures sufficient decrease in both the objective and constraint violation.

The convergence tolerances are set as follows: the optimality tolerance (first-order
KKT residual) is 1078, the constraint violation tolerance is 10710, and the step size tolerance
is 10712, These stringent settings ensure that the refined solution satisfies the dynamical
constraints to a precision comparable to that of the numerical integrator, thereby producing
trajectories that are suitable for high-fidelity mission analysis.

This completes the mathematical formulation of the second stage of the proposed
hybrid optimization framework. The combination of Hermite-Simpson collocation for
high-accuracy transcription, a physics-informed warm start derived from the B-spline
global search, and an interior-point solver exploiting the sparse problem structure yields
a refinement procedure that is both computationally efficient and robust. The following
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section validates this integrated two-stage methodology through a series of progressively
challenging solar sail mission scenarios.

5. Case Studies and Numerical Simulations

The two-stage hybrid optimization framework developed in Sections 3 and 4 is vali-
dated through three progressively more challenging solar sail mission scenarios. The case
studies are designed to probe distinct aspects of the methodology: Case A (Earth-Mars
rendezvous) serves as a benchmark to verify the correctness of the implementation against
well-established results in the literature; Case B (Earth—asteroid 2016 HO3 rendezvous) tests
the framework under the non-ideal optical reflectance model with a time-varying target
ephemeris; and Case C (Solar Polar Orbiter) presents a high-difficulty, high-inclination
transfer that demands robust global search to identify the cranking maneuver strategy. A
comprehensive statistical comparison of the three metaheuristic algorithms (FWA, PSO,
and DE) under uniform experimental conditions is provided across all cases.

All simulations are performed in MATLAB 2021b and 2023b. The hardware platform
comprises an Intel U5-225H (14 cores, 32 GB RAM) and an Intel i7-11600H (six cores,
16 GB RAM). The Stage 1 metaheuristic algorithms and the Stage 2 NLP refinement (via
fmincon with the interior-point and SQP algorithms) are implemented as described in
Sections 3 and 4, respectively. Planetary ephemerides for Case A are computed using
analytical Keplerian approximations; for Case B, the target ephemeris of 2016 HO3 is
obtained from the JPL Horizons database. The common and case-specific simulation
parameters are summarized in Table 2.

Table 2. Simulation parameters across the three case studies.

Parameter Symbol Case A Case B Case C
Solar grav. param. Ho 29598 x 10~4 AU3 d—2
Integration — RK45, AbsTol = 10719, RelTol = 10~1?
B-spline control pts n 15 15 15/60
Decision vars (coarse) - 31 31 78
Population size Np 100

Max iterations Niter 500 500 100/500
NLP max func. eval. — 5 x 107

Mesh refinement — N =50 — 100 — 200

Sail model - Ideal Non-ideal Ideal
Lightness number B 0.05 0.0363 0.10
Terminal constraints — 3(a,e w) 6 (r,0) 3(a,e,i)

Path constraints - 0 0 1 (r > 0.25 AU)

5.1. Case A: Earth—Mars Rendezvous
5.1.1. Mission Description

The first case study considers a minimum-time rendezvous transfer from Earth to
Mars using an ideal solar sail. This classical problem serves as the primary benchmark
for validating the proposed methodology. The ideal reflectance model (F = 1, s = 1) is
adopted, yielding a purely normal acceleration with no tangential component. The solar
sail lightness number is set to f = 0.05, corresponding to a characteristic acceleration of
approximately 0.3 mm/s? at 1 AU.

The departure and arrival conditions are defined using coplanar approximations of
the Earth and Mars orbits, with semimajor axes ag, = 1.0 AU and apas = 1.524 AU,
respectively, and eccentricity epjars = 0.0934. Both orbits are assumed to lie in the ecliptic
plane (i = 0°), although the optimization is performed in the full three-dimensional
Cartesian state space. The terminal rendezvous constraints require matching three orbital
elements: semimajor axis a4, eccentricity e, and argument of periapsis w.
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5.1.2. Penalty Function Design and the False Optimum Problem

The B-spline parameterization with n = 15 control points per angle yields a design
vector D € R3!. The three metaheuristic algorithms each employ N, = 100 and Njter = 500,
requiring 5 x 10* function evaluations per run. The following standard literature parameter
configurations are adopted: FWA employs the adaptive explosion amplitude allocation
variant [39]; PSO uses linearly decreasing inertia weight (0.9 — 0.4) [40]; and DE uses
the classic DE/rand /1/bin strategy with F = 0.8 and CR = 0.9 [38]. All algorithms use
their respective literature-standard parameter configurations without problem-specific
customization.

The objective function for Stage 1 adopts a penalty formulation:

J(D) = tr+wg - |Aa] + we - |Ae| + we - [Aw] + Ppath + Phard (44)

where P,a4, penalizes trajectories that do not traverse the Mars orbital radius range, and
Phard applies a quadratic surcharge when the semimajor axis error exceeds a threshold ¢,.

An important methodological insight emerged during the initial experiments (de-
noted Phase 1), where the penalty weights were set to w, = w, = w, = 2000 and the
hard penalty threshold is set to ¢, = 0.5 AU. Under this configuration, the metaheuristic
algorithms frequently converged to false optima— solutions with deceptively low | values
but physically infeasible terminal conditions. These false optima exhibited flight times of
tr ~ 620-700 days (substantially shorter than the true optimum) but semimajor axis errors
of Aa ~ 0.16-0.20 AU, rendering the resulting trajectories unusable for rendezvous.

The mechanism underlying the false optimum problem is a competition between
the flight time term and the penalty terms in Equation (44). With w, = 2000, a
Aa = 0.4 AU error contributes only 800 to the penalty, while reducing ¢ from approxi-
mately 1117 days to 636 days saves 481 in the objective—a net advantage of approximately
158 that misleads the optimizer. Furthermore, the hard penalty threshold e, = 0.5 AU
lies above the false optimum region (Aa ~ 0.16-0.20 AU), leaving the deceptive solutions
completely unsanctioned.

To eliminate false optima, a three-pronged penalty reformulation was implemented in
Phase 2:

1.  Increased penalty weights: w, = w, = w, = 2000 — 5000, amplifying the sensitivity
to orbital element errors;

2. Reduced hard penalty threshold: ¢, = 0.5 — 0.15 AU, so that false optima with Aa ~
0.16-0.20 AU incur an additional surcharge of approximately 50000 x (Aa — 0.15);

3.  Terminal distance penalty: an additional quadratic penalty

Prerm = 10000 - max (0, ||7(t)|| — antars — 0.02)? (45)

enforces that the terminal position lies within the Mars orbital radius band.

Under the reformulated penalty, a false optimum with Aa = 0.4 AU and ¢¢ = 630 days
sees its total penalty increase from approximately 960 to over 15000, rendering it unam-
biguously inferior to feasible solutions. The reformulation proved completely effective:
across all runs, no false optimum was observed for any of the three algorithms.

Collectively, these choices render the false optimum strictly suboptimal by a wide
margin: at the deceptive Aa ~ 0.4 AU, the penalty contribution exceeds the maximum
achievable flight-time savings by more than an order of magnitude, and the threshold
g, = 0.15 AU lies just below the observed false-optimum band (Aa ~ 0.16-0.20 AU) so
that the hard surcharge activates precisely in the infeasible region. The reformulation is
therefore robust: across all 93 Phase-2 runs, the false-optimum rate remained 0%, and the
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design margin implies that moderate perturbations of the weights would not revive the
deceptive basin.

5.1.3. Stage 1: Global Search Results

Table 3 summarizes the Stage 1 coarse-search results (reformulated penalties). The
penalty reformulation described in Section 5.1.1 eliminates false optima completely—none
of the 93 coarse-search runs across all three algorithms converged to a deceptive solution.
FWA achieves 17/33 (52%) successful NLP convergence, PSO 15/30 (50%), and DE 16/30
(53%); the differences are not statistically significant (Fisher’s exact test: p ~ 1.00 for FWA
vs. PSO). The three algorithms differ, however, in their coarse-search behavior: FWA and
PSO exhibit higher variability (] std ~ 200) than DE (~107), reflecting DE/rand /1/bin’s
concentrated search under large perturbation magnitudes.

Table 3. Stage 1 global search results for Case A (reformulated penalties). FWA: 33 runs; PSO: 30 runs;
DE: 30 runs.

Algorithm Runs J (Mean =+ Std) t; Mean (d) Success Rate t
FWA 33 1345.8 +200.6 1343.9 17/33 (52%)
PSO 30 1328.2 +£211.5 1310.9 15/30 (50%)
DE 30 1670.2 +107.3 1326.4 16/30 (53%)

* Success: NLP ¢ + within 0.005 d of 1018.21 d. All runs use reformulated penalties; the false optimum rate is 0%.

5.1.4. Stage 2: Interior-Point Refinement

All Stage 1 solutions are warm-started onto an N = 200 collocation grid and refined
via the IPM solver. The NLP is formulated with strict equality constraints on the terminal
orbital elements:

mZin tr stooa(ty) = amas, e(tf) = eMars, @(tf) = WMars (46)

where Z € R1%%? denotes the full NLP decision vector (201 nodes x 8 state/control variables
plus tf).

Across the full set of 93 independent runs (PSO 30, FWA 33, DE 30), the three algo-
rithms achieve statistically indistinguishable exact convergence rates at t}i = 1018.21 days:
FWA 17/33 (52%), PSO 15/30 (50%), and DE 16/30 (53%). Fisher’s exact test yields p ~ 1.00
(FWA vs. PSO), p =~ 1.00 (FWA vs. DE), and p ~ 1.00 (PSO vs. DE), with none reaching
statistical significance at « = 0.05. Under the relaxed criterion err, < 107% AU, the qualifi-
cation rates are 25/30 (83%) for PSO, 29/33 (88%) for FWA, and 28/30 (93%) for DE. The
convergence of three fundamentally different search mechanisms—explosion-based (FWA),
swarm intelligence (PSO), and differential evolution (DE)—to an identical solution across
93 independent runs provides strong evidence that t;‘, = 1018.21 days (approximately 2.79
years) is reproducible across algorithmically distinct search mechanisms and consistent
with the best-known Earth—-Mars benchmark of Mclnnes [41]; we therefore treat it as the
best-known solution for this problem.

The terminal precision achieved by the IPM solver is high: FWA's best solution reaches
err, = 1.6 x 10713 AU. This precision gain arises from the decoupling of the control
parameterization from the B-spline constraint: the direct collocation grid allows each of
the 201 nodes to adjust its control independently, recovering fine-scale structures that the
15-point B-spline cannot represent.

An important behavioral divergence emerges between the algorithms’ coarse-search |
distributions, visible in the Cohen’s d values in Table 4. For FWA and PSO, the coarse |
strongly predicts NLP success: successful runs have significantly lower mean coarse | than
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failed runs (d > 2.0), indicating that coarse | functions as a reliable proxy for NLP conver-
gence basin membership. For DE, the success and failure groups have nearly overlapping
coarse | distributions (d = 0.36), meaning DE’s coarse | carries almost no predictive power
for NLP convergence. This dichotomy stems from DE’s highly concentrated coarse | distri-
bution (coefficient of variation 6.4% versus 14.9-15.9% for FWA /PSO): DE/rand/1/bin
with F = 0.8 and CR = 0.9 generates high-magnitude perturbation vectors that, combined
with greedy selection, prevent the population from approaching the constraint boundaries,
producing coarse solutions clustered in a narrow band where approximately half happen
to lie within the NLP convergence basin by chance.

Table 4. Comprehensive statistical summary of NLP refinement for Case A.

Metric PSO (30) FWA (33) DE (30)
Coarse | (mean =+ std) 1328.2 £211.5 1345.8 £200.6 1670.2 £107.3
Coarse | coefficient of variation 15.9% 14.9% 6.4%
Exact conv. to t;} =1018.21d 1 15/30 (50%) 17/33 (52%) 16/30 (53%)
err, < 1076 AU 25/30 (83%) 29/33 (88%)  28/30 (93%)
NLP failure 7/30 (23%) 10/33 (30%) 5/30 (17%)
Cohen’s d (success vs. failure coarse [)S  d = 2.15 d=242 d=0.36

* NLP-refined flight time within 0.005 d of 1018.21. ¥ Flight time exceeding 1020 d or terminal precision below
10~* AU. § Effect size of the difference in coarse | between successful and failed NLP runs.

5.1.5. Validation Against Literature

The converged flight time of tj’j = 1018.21 days is compared with the classical Earth—
Mars solar sail transfer benchmark of Mclnnes [41], who reported approximately 1000
days for an ideal B = 0.05 sail (Figure 4). The discrepancy of approximately 18 days
(~1.8%) confirms both the correctness of the dynamical model and the robustness of the
optimization framework across three different search mechanisms. The complete optimized
trajectory and control history for a representative run from each algorithm are presented in
Figure 5 and Figure 6, respectively.

5.2. Case B: Earth—Asteroid 2016 HO3 Rendezvous
5.2.1. Mission Description

The second case study targets a rendezvous with the near-Earth asteroid 2016 HO3
(also designated Kamo’oalewa), a quasi-satellite of Earth of considerable scientific interest
as a potential sample return target. This case study is modeled after the mission scenario
presented by Heiligers et al. [30] and serves to (i) validate the hybrid framework under the
non-ideal optical reflectance model and (ii) demonstrate the method’s capability to handle
dynamically sensitive transfer geometries involving time-varying target states.

DE refined NLP FWA refined NLP
2= 101821d; 8a=+645% 101!, Ae=+5.32x 1071, A= 158 10710 B A 0", & 61

PSO refined NLP
611071, Ae=-5.1210

/=1018264; Aa=-1

Z(AU)
Z(AU)

Figure 5. Case A NLP-refined solar sail trajectories. The panel annotations report refined flight time
and terminal element errors in semimajor axis, eccentricity, and argument of periapsis.
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Figure 6. Case A convergence histories, representative attitude histories, terminal accuracy, and
refined flight-time comparison.

The non-ideal reflectance model (Table 1) is employed, with a lightness number of
B = 0.0363 (approximately 73% of the Case A value). The solar sail performance param-
eters are consistent with the experimentally measured values for aluminized polyimide
films. The non-zero tangential acceleration a; introduces an additional degree of dynam-
ical sensitivity: the actual thrust direction deviates from the sail normal by a centerline
lag angle ¢ = arctan(a;/a,), requiring the optimizer to compensate through modified
control histories.

A critical distinction from Case A is the time-varying nature of the target state. The
asteroid 2016 HO3 orbits the Sun with a semimajor axis 2 ~ 1.001 AU, eccentricity e ~ 0.104,
and inclination i ~ 7.78° relative to the ecliptic. Unlike the fixed Keplerian elements of
Mars, the rendezvous constraint must be expressed in the full Cartesian state space:

[Ar]| = llrsai(tr) = rros(taep +Ef)ll,  [182] = [[0sait(t) — vnO3(taep +E£)I| (47)

where the target position and velocity vectors are obtained by interpolating the JPL Hori-
zons ephemeris at the arrival epoch tar = tdep Tty Since ¢ ¥ is itself a decision variable,
the target state shifts during the optimization. The departure epoch is fixed at 2026-05-13
(JD = 2461173.5).

5.2.2. Objective Function for Coarse Search

The Stage 1 objective function for Case B is formulated as
](D) = tf +wr - ||Ar|| + wy - HAUH + Pperi + Pﬂyby (48)

with penalty weights w, = 5000 and w, = 50000. The ||Av|| penalty dominates the
objective due to its 10x larger weight, reflecting the physical reality that velocity-matching
precision is the more stringent requirement for rendezvous. Critically, both ||Ar|| and || Av||
depend on ff through the ephemeris interpolation, introducing a coupling absent in Case A.
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5.2.3. Stage 1: Global Search Results

Each algorithm is executed with 20 independent runs (FWA: 19 valid after excluding
run_12 with missing NLP data; PSO and DE: 20 each), all with N, = 100 and Njer = 500.
Table 5 summarizes the coarse search results.

Table 5. Stage 1 global search results for Case B.

Algorithm Valid Runs J (Mean + Std) ty Range (d) Dual Families

FWA 19 574.1 £29.4 195-409 Yes (A + B)
PSO 20 541.6 + 6.9 393-413 No (B only)
DE 20 620.4 +23.5 323-2909 No

A pivotal finding is FWA’s discovery of two distinct solution families (Figure 7):

e  Family A (Short transfer, 4/19 runs, ~ 21%): Coarse tf ~ 195 days, ||Ar|| ~ 0.057 AU.
This solution corresponds to a rapid transfer of approximately half an Earth orbit,
intercepting 2016 HO3 near its first favorable phase angle after departure. The coarse
J =~ 625 is higher than Family B due to the position error penalty.

e  Family B (Precise transfer, 15/19 runs, ~ 79%): Coarse t; ~ 393-413 days, ||Ar|| = 0.
This solution achieves near-zero position error at the coarse level, yielding lower
J ~ 545-580. The optimizer is biased toward this family by the linear penalty structure.

The dual-family ratio (4:15) is statistically stable across two independent batches (first
batch: 4/10 = 40% Family A; second batch: 4/20 = 20%), confirming the robustness of this
phenomenon. PSO, constrained by its social guidance mechanism (Gpeg; pulls the entire
swarm toward the first discovered optimum), converges exclusively to Family B across all
20 runs with high consistency (01, = 4.8 days). DE, despite completing 500 full iterations in
every run, produces coarse solutions with ||Ar| < 10~* AU in only three of 20 runs (15%),
with the remaining 85% failing to provide effective initial guesses for the NLP stage.

FWA-A coarse FWA-B coarse

J=549.44; coarse t;=398.6d

a J=624.97; coarse t;=195.1d b
Earth orbit
——=- 2016 HO3

== Solar sail

O Start
A End

=~

Z(AU)

0.0
‘Y(AU) 05, Ao

Figure 7. Case B FWA coarse-search family comparison. (a) Short-transfer Family A (orange trajec-
tory), intercepting 2016 HO3 near its first favorable phase angle after departure; (b) longer position-
accurate Family B (blue trajectory) achieving near-zero position error. The grey dashed line indicates
2016 HO3's orbit.

5.2.4. Stage 2: Interior-Point Refinement

The coarse solutions are warm-started onto the direct collocation grid and refined
via the IPM solver. The NLP for Case B involves six terminal equality constraints and
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1609 decision variables, making it substantially more demanding than Case A. All runs
terminated upon reaching the MaxFunctionEvaluations limit of 5 105, indicating that
the NLP budget is the primary bottleneck for this case.

Table 6 reveals a post-refinement reversal: Family A, which appeared inferior at the
coarse level (J ~ 625 vs. | ~ 550 for Family B), emerges as unequivocally superior after NLP
refinement. The best Family A solution (FWA run_10) achieves t; = 252.37 days—a 45%
reduction compared to the best Family B solution (PSO run_16, tj’i = 455.16 days)—with
comparable terminal precision. The NLP solver, unconstrained by the coarse | formula-
tion, freely adjusts ¢ to exploit the favorable transfer geometry captured by the Family A
initial guess. Family A’s internal consistency—four independent FWA runs converging to
252 < t;‘( < 264 days with position errors of 5.05-16.2 x 10~® AU—confirms the repeata-
bility of this solution. Representative refined trajectories are shown in Figure 8 and the
corresponding cross-algorithm summary is presented in Table 7.

Table 6. NLP refinement results for Case B.

Algorithm/Family t; range (d)  ||Ar||* best (AU)  ||Av||* best (AU/d) t; mean (d)

FWA—Family A 252.4-263.9 5.05 X 10~° 6.28 x 107> 257.3
FWA—Family B 457.9-494.2 6.91 x 107° 7.18 x 107> 476.9
PSO 455.2-506.6 6.41 x 107° 6.71 x 107° 476.7
DE 408.3-2998.7 1.03 x 1072 4.71 X 1075 1720.0
DE refined PSO refined FWA-A refined
a r=408.3d; |Arl = 1545km, IAvI=0.133kms ™" b 1r=455.2d; |Arl=1056km, |Av|=0.167kms c 259.5d; |Arl 56km, IAvI=0.139kms
o

A End

1.0
0.5

1.0
0.5

Z(ATD
Z(ATH

Figure 8. Case B warm-start NLP refined trajectories for DE, PSO, and the FWA Family A solution.
Terminal position and velocity errors are annotated in each panel. (a) DE refined trajectory (blue); (b)
PSO refined trajectory (green); (c) FWA Family A refined trajectory (orange).

Table 7. Cross-algorithm summary for Case B. NLP convergence criterion: ||Ar|| < 1075 AU (relaxed
from < 10719 AU due to the 5 x 10° function evaluation limit). Statistics computed over NLP-
converged runs only.

Metric FWA (19) PSO (20) DE (20)
Best £} (d) 252.37 455.16 408.32
Mean 1} (d) * 430.67 476.69 1720.0

t} std (d) t 92.57 11.70 713.3
Best ||Ar|| (AU) 5.05 x 10~° 6.41 x 107° 8.43 x 107°
Mean ||Ar| (AU) 1.01 x 10~5 1.17 x 107° 1.97 x 1073
Best ||Av|| (AU/d) 6.28 x 107> 6.71 x 107> 471 X 1075
Mean ||Av|| (AU/d) * 9.23 X 10~° 9.44 x 107> 1.13 x 1073

* Computed over NLP-converged runs (||Ar| < 1073 AU). FWA large std due to dual-family structure (~ 257 d
A, ~ 477 d B). DE mean inflated by low-quality runs (median: 1625 d). FWA: 19 valid runs (run_12 excluded for
missing NLP data).

5.2.5. Control History Analysis

The refined control profiles for the Family A optimal solution (FWA run_10, t;‘, =
252.37 days) exhibit several physically meaningful features. The pitch angle a(t) varies
smoothly within approximately 25°-55°. The clock angle () exhibits a sustained deviation
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from 0° during the middle portion of the transfer, corresponding to the out-of-plane
maneuver that adjusts the orbital inclination to match 2016 HO3’s i ~ 7.78°. This out-of-
plane control action is autonomously discovered by the FWA and is critical for achieving
rendezvous precision in the six-dimensional constraint space. The cold-start comparison is
discussed separately in Section 6.4.

5.3. Case C: Solar Polar Orbiter
5.3.1. Mission Description

The third case study considers a Solar Polar Orbiter (SPO) mission, in which a solar
sail spacecraft, initially in a circular orbit at 1 AU in the ecliptic plane, must achieve a final
orbit with an inclination of iy = 90° relative to the solar equatorial plane. Accounting
for the ~ 7.25° tilt between the ecliptic and solar equatorial planes, this corresponds to
iy = 82.75° in the ecliptic reference frame. This mission concept represents a uniquely
enabling application of solar sail propulsion: the continuous, propellant-free nature of
SRP makes it the only practical means of achieving such extreme orbital plane changes
within reasonable mission durations. The ideal reflectance model is adopted with § = 0.1,
consistent with the parameters used in the established literature [31].

The SPO mission is fundamentally different from the interplanetary transfers of
Cases A and B. Rather than transferring between two distinct Keplerian orbits, the objective
is to rotate the orbital plane by approximately 83° while maintaining a target semima-
jor axis near 0.48 AU. The optimal strategy discovered by the optimizer consists of two
distinct phases:

1.  Spiraling Phase: The sail spirals inward from 1 AU to approximately 0.48 AU,
decreasing the semimajor axis to increase the orbital angular velocity and, conse-
quently, the frequency of nodal crossings at which inclination-changing maneuvers are
most effective.

2. Cranking Phase: Once the target semimajor axis is reached, the sail enters a cranking
orbit in which the pitch and clock angles are modulated periodically to produce a
systematic increase in orbital inclination.

This two-phase strategy presents a severe challenge for local optimization methods:
a cold-started IPM solver initialized with a simple spiraling trajectory converges to a
local optimum, achieving only modest inclination gains (i < 20°), as it cannot discover
the counter-intuitive strategy of first decreasing the semimajor axis before beginning
the inclination change. The global search capability of the metaheuristic algorithms is
therefore essential.

The total transfer time upper limit is set to 5 years (~ 1826 days). A critical constraint
specific to Case C is the minimum perihelion distance, rmin, > 0.25 AU, imposed to prevent
thermal degradation of the sail film. The rationale for this threshold is established through
the thermal balance equation for a Sun-aligned sail [42,43]:

1/4
T: (UCSSO> 'r—1/2 (49)

2e0

where a5 ~ 0.12 is the solar absorptivity of the aluminized front surface, S = 1367 W/ m?2
is the solar constant at 1 AU, ¢ ~ 0.48 is the infrared emissivity of the chromium back
coating (standard Sunjammer configuration [44]), and ¢ is the Stefan—Boltzmann constant.
For a sail with these optical properties, the equilibrium temperature at 0.25 AU is ap-
proximately 464 K (191 °C), which is well below the sustained-use temperature limit of
Kapton® HN (approximately 350 °C in vacuum [45]) and CP-1 polyimide films. This choice
is consistent with Dachwald et al.’s [42] SPI mission “hot” scenario, which established 200-
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260 °C (corresponding to 0.20-0.26 AU) as the feasible operating range for standard solar
sail materials.

A critical methodological feature of Case C is the two-layer safety enforcement. During
NLP refinement, the perihelion constraint is imposed at the discrete collocation nodes with
a conservative threshold r > 0.28 AU (providing a 0.03 AU safety margin to account for
discretization error). After NLP convergence, a high-fidelity ODE45 integration (sampling
~ 10* points per trajectory) re-evaluates the minimum perihelion distance against the hard-
veto criterion rmin > 0.25 AU: runs that violate this threshold are disqualified regardless of
terminal precision. This two-layer structure ensures that the thermal safety constraint is
physically satisfied along the continuous trajectory, not merely at the discretization nodes.

5.3.2. Stage 1: Two-Step Coarse Search Encoding

Because the standard single-stage B-spline encoding 31 dimensions provides insuf-
ficient representational capacity for the two-phase maneuver, a two-step coarse search
is designed:

Phase 1 (Spiraling, 17 dimensions): Sixteen B-spline control points (a1 x 8 + 61 x 8)
plus flight time t;. The objective is to lower the orbit from a = 1.0 AU to a ~ 0.48 AU with
near-zero eccentricity. Population N, = 100, max iterations = 100. This phase is essentially
a 2D in-ecliptic transfer and is reliably solved by all three algorithms.

Phase 2 (Cranking, 61 dimensions): Sixty B-spline control points (az X 32 + d, X
28) plus flight time t,, for a combined 78-dimensional coarse search. Starting from the
Phase 1 NLP-refined orbit, the objective is to maximize terminal inclination with semimajor
axis maintenance constraints (tolerance £0.02 AU, out-of-band penalty 4100000/ AU).
Population N, = 100, max iterations = 500, with a 12-seed initialization strategy (four
phase angles X three frequency components) for diversity enhancement.

All three algorithms solve Phase 1 reliably, converging to a = 0.480000 AU with
eccentricity 10~ after NLP refinement. Phase 2 performance, summarized in Table 8,
reveals the true algorithmic divergence.

Table 8. Phase 2 coarse search results for Case C (10 runs per algorithm).

Maetric DE (10 Runs) PSO (10 Runs) FWA (10 Runs)
Phase 2 fitness [, mean 19523 10453 7842
Total ty = t; + t mean (d) 1456 1215 1335
Terminal i mean (°) 20.8 37.8 43.6
Terminal i range (°) 18.1-23.8 27.2-53.1 32.6-48.7
Terminal i median (°) 20.6 33.9 45.1
Terminal i std (°) 2.1 8.5 5.0
Terminal 2 mean (AU) 0.486 0.483 0.475
Terminal e mean 0.139 0.161 0.179

FWA demonstrates the strongest global exploration in the 61-dimensional Phase 2
search space, achieving the highest mean terminal inclination (43.6°) and median (45.1°),
with 8/10 runs exceeding 40°. The adaptive explosion amplitude allocation maintains
population diversity throughout the search. PSO achieves the single best coarse inclination
(run_045: 53.08°) but exhibits high variance (o = 8.5°), with 5/10 runs stagnating at 27-34°.
DE’s classic DE/rand/1/bin configuration with F = 0.8, CR = 0.9 suffers from severe
premature convergence: the population diversity index drops from ~ 3.0 to ~ 0.3 over the
final 200 iterations, with terminal inclination tightly clustered at 18-24° (o = 2.1°). DE’s
mean terminal inclination of only 20.8° represents the poorest coarse-search performance
among the three algorithms.
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5.3.3. Stage 2: NLP Refinement

Two NLP refinement strategies are compared for Case C:

1. Free NLP: Full-trajectory optimization without stage segmentation, using the coarse-
search trajectory as an initial guess, with mesh refinement N = 50 — 100 — 200.

2. Two-Stage NLP: Explicitly enforces the “spiral-first, crank-second” structure by split-
ting the trajectory at the a ~ 0.48 AU point, optimizing each segment separately, then
concatenating. Mesh refinement: N = 50 — 100 for Stage 1; N = 50 — 100 — 200 —
300 for Stage 2.

Free NLP results are summarized in Table 9. The ODE45 safety verification applies the
"min > 0.25 AU hard veto; only the highlighted representative solutions are retained here
to emphasize the key cross-algorithm outcomes. The Log ID column reports the original
optimization-log identifier rather than the row number in the reduced table.

Table 9. Highlighted free NLP results for Case C. The table retains the key solutions emphasized in
the original algorithm-specific tables.

Algorithm  LogID  #;(d) a (AU) e i(°) Ai(®) minr(AU) Safe
DE 030 1549.9 0.4790  0.0008  82.85 +0.10 0.4454 Yes
PSO 042 1322.1 0.4817 0.0007  82.74 —0.01 0.5515 Yes
FWA 062 1572.5 0.4784  0.0018  82.94 +0.19 0.3965 Yes
FWA 064 1492.4 0.4787  0.0020 82.60  —0.15 0.4080 Yes
DE refined trajectory FWA refined trajectory
A0S0 A SR X 10 Ai= 20,10 SVt et Sy

a

1.02
0.71

Z(AU)

-1.52

00

*(AU) o

1.02-1.45

1.19-1.50 PSO refined trajectory

1= 1321.1d; rin =0.551 AU

Aa=+1.70x 107, Ae=+7.02x 107, Ai=—-0.01

0.68

1.02-1.09

— solar-sail ion =+ o I -~ final reached orbit 0.25 AU no-fly sphere

Figure 9. Case C free NLP refined trajectories. Continuous downsampled skeletons preserve the
overall path, while highlighted revolutions show the key outline. (a) DE refined solution (blue); (b)
FWA refined solution (orange); (c) PSO refined solution (green). Annotations report ¢, rmin, and

terminal errors.

The free-NLP highlights in Table 9 and the corresponding trajectories in Figure 9 show
that warm-start refinement can satisfy the high-inclination target when the full trajectory
remains coupled in one NLP. PSO gives the most robust safe set, with all ten refined
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trajectories passing the ODE45 perihelion check and seven runs reaching |Ai| < 1°. DE and
FWA also recover near-target inclination in their best safe runs, but several runs violate
the 0.25 AU perihelion constraint, showing that terminal element accuracy alone is not
sufficient for Case C.

Two-stage NLP results are summarized in Table 10, with a direct comparison against
free NLP in Table 11. The two-stage strategy explicitly enforces the “spiral-first, crank-
second” trajectory structure by splitting the optimization at the a ~ 0.48 AU point.

Table 10. Highlighted safe two-stage NLP results for Case C. The retained solutions support the
shortest-transfer, near-target, and algorithm-specific claims discussed in the text.

Algorithm Log ID tr (d) a (AU) e i(°) Ai (°) min r (AU)
DE 027 1800.2 0.4793 - 82.63 —0.12 0.3254
PSO 043 980.5 0.3379 - 59.17 —23.58 0.5002
FWA 061 993.0 0.3135 - 68.43 —14.32 0.5690
FWA 064 1273.6 0.4598 - 81.05 —-1.70 0.2743

Table 11. Comparison of free NLP vs. two-stage NLP for Case C.

Free NLP Two-Stage NLP

Metric

DE PSO FWA DE PSO FWA
Best ¢7 (d) 765.4 928.2 1085.5 981.1 980.5 993.0
Mean ¢ (d) ~ 1426 ~ 1340 ~ 1317 ~ 1350 ~ 1186 ~ 1308
|Ai| best +0.10° —0.01° +0.19° —0.12° —0.35° +0.01°
|Ai| < 1° rate 67% 70% 67% 20% 0% 40%
ODEH45 safety rate 60% 100% 60% 50% 60% 50%
a drift > 0.02 AU 1/10 0/10 0/10 5/10 8/10 7/10

The two-stage highlights in Table 10 show a consistent trade-off: stage separation can

shorten flight time, but it weakens terminal accuracy and safety robustness. DE retains only
one near-target safe solution, PSO gains shorter transfers but suffers large inclination and
semimajor-axis drift in several runs, and FWA remains competitive in flight time while its
safety rate drops to 50%. The trajectory comparison in Figure 10 therefore emphasizes that
the imposed stage boundary changes the NLP convergence behavior rather than simply
reproducing the free-NLP optimum.
Compared with the free-NLP solutions, the two-stage results also show more frequent
orbital-integrity loss near the segment interface. This suggests that the “spiral-first, crank-
second” structure is physically useful as a qualitative guide, but enforcing it as a hard split
can remove the global coupling that the NLP solver needs to balance inclination growth,
perihelion safety, and terminal element accuracy.

The cross-algorithm comparison in Table 11 confirms that the two-stage NLP reduces
flight time across all three algorithms compared to free NLP (PSO mean: 1186 d vs. 1340 d,
an 11.5% reduction; DE mean: ~ 1350 d vs. ~ 1426 d; FWA mean: ~ 1308 d vs. ~ 1317 d).
However, this flight time advantage comes at a substantial cost in terminal precision, safety
compliance, and orbital integrity. The |Ai| < 1° attainment rate drops from 70% (PSO-free)
to 0% and from 67% (DE/FWA-free) to 20% and 40%, respectively. The semimajor axis
drift rate (> 0.02 AU) surges—from 0/10 in PSO-free NLP to 8/10 in two-stage NLP—
indicating that the stage-wise optimization frequently fails to maintain orbital integrity
across the segment interface. The ODE45 safety rate also declines for all algorithms (PSO:
100% — 60%; DE: 60% — 50%; FWA: 60% — 50%). These findings lead to the conclusion
that although the “spiral-first, crank-second” strategy is physically motivated, its explicit
imposition as a stage-separated NLP degrades the overall convergence behavior. The
decoupled optimization disrupts the global gradient structure of the full NLP problem,

https://doi.org/10.3390/aerospace13080710


https://doi.org/10.3390/aerospace13080710

Aerospace 2026, 13, 710

26 of 42

-0.96

causing the solver to struggle with the interface matching conditions between segments.
This suggests that when the optimal strategy structure is known a priori, it should be
encoded as NLP constraints or penalty terms within a unified optimization—rather than as
an artificial problem split—to preserve the solver’s ability to balance competing objectives

across the full trajectory.

DE refined trajectory FWA refined trajectory

1r=1299.5d; rmin=0.495 AU =1273.64, =0.274 AL
Aa=-148%10"2, Ae=+6.66x 1074, Ai=—1.29° b Aa=-2.02x1072, Ae=+6.03x 107, Ai=—1.7(

a

0.51

Z(AU)

0.00

-0.47
1.02

0. O

.00
N\

1.02-0.79 ) ) 1.02-0.81
PSO refined trajectory
tr=1036.3d; rmin =0.547 AL

Aa=-575%10"3, Ae=+8.95% 10", Ai=—6.33

C
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0.00
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— solar-sail revolution = * overlapped/later revolution == final reached orbit 0.25 AU no-fly sphere

Figure 10. Case C two-stage NLP refined trajectories: (a) DE refined trajectory (blue); (b) FWA refined
trajectory (orange); (c) PSO refined trajectory (green). The minimum solar distance is taken from
the high-fidelity perihelion monitor used for the hard-veto safety check; the 0.25 AU thermal no-fly
sphere is marked in red. Continuous curves show downsampled solar-sail revolutions; highlighted
arcs indicate overlapped or later revolutions.

5.3.4. Safety-Vetoed Performance Assessment

Under the safety hard-veto criterion, the algorithm ranking changes fundamentally:

PSO achieves 100% safety compliance (10/10 runs), the only algorithm to do so. The
best safe solution (Log ID 042) reaches i = 82.74° (Ai = —0.01°) in 1322 days with terminal
a = 0.4817 AU and e = 0.0007, representing the overall best result for Case C across preci-
sion, efficiency, and safety. PSO’s social guidance mechanism (Gy,g; attraction) produces
inherently conservative trajectories that reliably avoid dangerous solar approaches. This
conservatism, which is a liability in exploration-dominated problems, becomes a decisive
advantage under stringent safety constraints. However, when subjected to the two-stage
NLP decomposition, PSO’s safety rate drops to 60% (6/10 runs), and its near-target can-
didates are disqualified by the perihelion hard veto. This contrast underscores that even
PSO’s inherent conservatism cannot fully compensate for the disrupted gradient structure
introduced by the stage-separated optimization.

FWA achieves 60% safety compliance (6/10 runs). While FWA demonstrates the
strongest coarse-search exploration (mean terminal i = 43.6°), its explosion mechanism
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generates aggressive trajectories that in 40% of runs violate the hard-veto threshold. Some
high-precision candidates are therefore physically infeasible despite satisfying the terminal
NLP targets, illustrating “precision without usability” under the thermal safety constraint.
The best safe FWA solution (Log ID 064, tr = 1492 days, i = 82.60°, Ai = —0.15°) is
acceptable but requires 170 more flight days than PSO Log ID 042. In the two-stage NLP,
FWA's safety rate further declines to 50%, with disqualified runs exhibiting similar patterns
of perihelion violation. The two-stage FWA solution with Log ID 064 achieves safe passage
(rmin = 0.2743 AU) with t; = 1273.6 d, representing a 15% flight time reduction compared
to its free NLP counterpart (1492 d), but the terminal inclination error increases from —0.15°
to —1.70°—a degradation of over an order of magnitude. This trade-off illustrates that
the two-stage strategy’s flight time advantage is gained at the direct expense of terminal
precision and safety margin.

DE achieves 60% safety compliance (6/10 runs) with the largest NLP correction span:
from a coarse terminal inclination of only 20.8°, the NLP is corrected by over 60° to reach i ~
82° across safe runs. The best safe DE solution (Log ID 030, ¢ £ = 1550 days, i = 82.85°, and
the Ai = +0.10° overshoot) demonstrates the NLP’s strong correction capability from DE’s
diverse initial guesses, but the flight time is the longest among the three algorithms’ best safe
solutions. Under the two-stage NLP, DE’s safety rate drops further to 50%, with only Log
ID 027 achieving acceptable precision (Ai = —0.12°) while maintaining safety—confirming
that the two-stage decomposition exacerbates DE’s existing convergence difficulties for
this case.

For the two-stage NLP, the best safe solutions across algorithms exhibit a different
profile. FWA Log ID 064 achieves t; = 1273.6 d (Ai = —1.70°), offering a 15% flight time
reduction over its free NLP counterpart but with an order-of-magnitude degradation in
terminal precision. DE Log ID 027 attains the highest two-stage NLP precision (Ai = —0.12°,
safe) at ty = 1800.2 d, though the flight time approaches the 5-year upper bound. PSO,
despite its 100% free NLP safety record, produces no two-stage NLP solution that simulta-
neously satisfies both the |Ai| < 1° precision threshold and the safety requirement. This
comparison reinforces the central finding that the two-stage NLP’s decoupled optimization,
while beneficial for flight time reduction, systematically degrades both terminal precision
and safety compliance across all three algorithms.

6. Performance Analysis and Discussion

The three case studies presented in Section 5 form a clear progression of problem
difficulty. This section synthesizes the numerical results across all three cases, quantifies the
computational benefits of the two-stage strategy, and examines the sensitivity of algorithm
rankings to evaluation budget normalization and problem structure.

6.1. Cross-Case Synthesis of Algorithm Performance

Table 12 provides a unified comparison of the three metaheuristic algorithms across
all three case studies. The evaluation metrics are designed to capture distinct dimensions of
algorithm behavior: global search quality (coarse ] statistics), NLP refinement effectiveness
(convergence rate and terminal precision), and operational safety (trajectory compliance
with path constraints).

The cross-case comparison reveals a central finding: the relative performance ranking
of the three algorithms is not invariant across problem types. Rather, the suitability of each
search mechanism depends critically on the constraint structure and multi-modality of the
optimization landscape.

For Case A (Earth-Mars, 31-dimensional, the terminal constraints, single-modal), all
three algorithms achieve statistically indistinguishable NLP convergence rates (50-53%).
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Fisher’s exact test yields p ~ 1.00 for all pairwise comparisons—with none reaching
statistical significance at « = 0.05. The three search mechanisms—explosion-based (FWA),
swarm intelligence (PSO), and differential evolution (DE)—converge to an identical solution
(t;} = 1018.21 days) across more than 80 independent runs, providing strong evidence that
this is the best-known solution, consistent with the McInnes benchmark (Section 5.1.5).
However, the coarse search behavior differs markedly: FWA and PSO exhibit a gradient-
like | distribution where coarse | values strongly predict NLP success (Cohen’s d > 2.0
between successful and failed runs), whereas DE’s coarse | is concentrated in a narrow
band (coefficient of variation 6.4% versus 14.9% for FWA and 15.9% for PSO) and carries
almost no predictive power for NLP convergence (d = 0.36). DE’s 53% convergence rate is
achieved because approximately half of its highly concentrated coarse guesses happen to
fall within the NLP convergence basin.

Table 12. Cross-case synthesis of metaheuristic algorithm performance. All algorithms use standard
literature parameter configurations: FWA [39], PSO with linearly decreasing inertia weight [40], and
DE/rand/1/bin (F = 0.8, CR = 0.9) [38].

Case Metric FWA PSO DE
Coarse | (mean =+ std) 1345.8 +200.6 1328.2 +211.5 1670.2 +107.3
A (Mars) NLP convergence 17/33 (52%) 15/30 (50%) 16/30 (53%)
Best t} (d) 1018.21 1018.21 1018.21
Coarse | (mean =+ std) 574.1+294 541.6 + 6.9 620.4 +23.5
B (2016 HO3) Families found A+B B only None
Best t; (d) 252.37 455.16 408.32
Coarse i mean (°) 43.6 37.8 20.8
C (SPO) Best Ai (°) +0.19 —0.01 +0.10
ODE45 safety 60% 100% 60%

For Case B (Earth—2016 HO3, 31-dimensional, six terminal constraints, multi-modal
with time-varying target), the performance landscape shifts markedly. FWA'’s explosion
mechanism enables the discovery of two qualitatively distinct solution families—Family A
(short transfer, t} ~ 259 days, 4/19 runs) and Family B (long transfer, t}? ~ 477 days,
15/19 runs)—demonstrating superior multi-modal search capability. PSO’s social guidance
mechanism causes the entire swarm to converge exclusively to Family B across all 20
runs, achieving the best stability (standard deviation 11.7 days) at the cost of missing the
superior solution family. DE fails to provide effective NLP initial guesses in 85% of runs
(17/20), with position errors exceeding 10~3 AU. The standard DE/rand /1/bin strategy
with F = 0.8, CR = 0.9 generates perturbation magnitudes too large for the constrained
landscape of Case B, confirming the hypothesis raised in Section 5.1 that DE’s concentrated
search behavior would face convergence degradation in more complex problems.

For Case C (Solar Polar Orbiter, 78-dimensional, three terminals + one path constraint,
severely multi-modal), the introduction of a safety hard-veto criterion (minimum perihelion
distance rmin > 0.25 AU) fundamentally alters the algorithm’s suitability landscape. PSO
achieves 100% safety compliance (10/10 runs), with its best safe solution (run_042) reaching
i = 82.74° (Ai = —0.01°) in 1322 days—the best overall result for this case. FWA demon-
strates the strongest coarse-search exploration (mean terminal i = 43.6° versus 37.8° for
PSO and 20.8° for DE) but achieves only 60% safety compliance; its best-precision solution
(run_065, Ai = +0.01°) is disqualified by rmin = 0.012 AU. DE exhibits the largest NLP
correction span (~ 60° of inclination correction from a 20.8° coarse initial guess) but sim-
ilarly suffers 40% safety failure. PSO’s success stems from the conservatism of its social
guidance mechanism: the Gy attraction produces trajectories that, while less exploratory,
reliably avoid dangerous solar approaches—a characteristic that becomes advantageous
under stringent safety constraints.
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6.2. Comparison with Prior State of the Art

A consolidated comparison of the presented results against these literature benchmarks
is presented in Table 13.

Table 13. Benchmark comparison against literature results.

Case Metric This Work Literature

A Earth-Mars ¢ 1018.21 ~1000, McInnes [41]
(d), p=0.05

B 2016 HO3 tf, 252.37 d (FWA-A) 216-3.51 yr (B=0.025-0.04),
B = 0.0363 Heiligers [30]

C SPOts / Ai, B = 1322d / —0.01° ~5 yr, 90° solar-eq., Macdon-
0.1 ald [31]

The converged solution for Case A (t; = 1018.21 days for f = 0.05 under the ideal
reflectance model) is in strong agreement with the classical Earth-Mars solar sail transfer
benchmark established by McInnes [34]. This level of consistency across independent
methods and implementations validates the correctness of both the dynamical model and
the optimization framework.

For Case B, the results can be contextualized against the work of Heiligers et al. [30],
who studied the same 2016 HO3 rendezvous problem using a genetic algorithm (GA) for
initial guess generation followed by pseudospectral refinement via PSOPT. The present
study differs in three important respects. First, while Heiligers employed a single GA,
the current work systematically compares three metaheuristics with fundamentally dif-
ferent search principles (explosion-based, swarm intelligence, and differential evolution),
providing a broader assessment of the hybrid framework’s compatibility with different
search mechanisms. Second, the FWA's adaptive explosion mechanism discovered a rapid
transfer solution (Family A, ~ 259 days) that constitutes a qualitatively distinct solution
structure compared to the ~ 790-1280 day (2.2-3.5 year) solutions reported by Heiligers for
comparable sail lightness numbers; because the departure epochs differ (2026-05-13 versus
Heiligers’s 2020-2025 window), a direct one-to-one comparison is not meaningful. Third,
the three-case progression (simple benchmark — time-varying ephemeris — extreme incli-
nation) provides a more comprehensive assessment of the hybrid framework’s generality
than the single-case studies common in the literature [12,46].

The Solar Polar Orbiter case (Case C) represents the most demanding scenario. Mac-
donald et al. [31] established the theoretical viability of solar sails for > 80° inclination
missions, reporting transfer times on the order of 5 years (approximately 1825 days) to
achieve 90° inclination with respect to the solar equator at a 0.48 AU cranking orbit, using a
two-phase analytic strategy, but relied on human-in-the-loop segmentation of the trans-
fer into spiraling and cranking phases. The present work demonstrates that the hybrid
framework can independently discover this two-phase strategy from a unified optimization
process. The best safe solution (PSO run_042, t; = 1322 days, Ai = —0.01°) is thus operator-
free once the problem is set up—i.e., once the target orbital state, the safety constraints, the
two-step B-spline encoding, and the penalty weights are specified—for a mission for which
standard cold-start NLP approaches fail to converge. This represents a step toward solar
sail mission design tools that require no human intervention during the optimization loop.

6.3. Quantifying the Refinement Gain

The two-stage architecture assigns complementary roles: the coarse search identifies
a dynamically consistent trajectory structure, while the NLP refinement converts that
structure into a constraint-satisfying solution. Table 14 quantifies this improvement by
comparing representative coarse-search warm starts against their refined counterparts
across three dimensions—terminal error, flight time, and constraint satisfaction.
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Table 14. Quantitative improvement from NLP refinement across the three case studies. Coarse
values are taken from the warm-start solutions that yielded the indicated refined results.

Case Dimension = Metric Stage 1 (Coarse) Stage 2 (Refined)
: ~10-3 ~13

A (Mars) Tgrmmgl error |Aa| (AU) 10 1.6 x 10
Flight time tr (d) ~ 1250 1018.21
Terminal error ||Ar|| (AU) 5.7 x 1072 5.05 x 107°

B (2016 HO3, FWA Family A) Terminal error ||Av| (AU/d) ~29x1073 6.28 x 1072
Flight time ¢ (d) ~ 195 252.37
Terminal error |Ai] (°) ~ 45 0.01

C (SPO, PSO free NLP) Flight time tr(d) 1325 1322

Constraint Perihelion safety =~ Penalty only =~ ODE45 hard veto

Stage 1 values: Case A median of 63 successful runs; Case B FWA run_07 (Family A); Case C gap between PSO
Phase 2 mean i (Table 8) and target 82.75°. Stage 2 values: best reported in Tables 4, 6, and 9.

The terminal-error reduction is the most direct quantification: across all three cases,
the NLP stage improves terminal constraint satisfaction by several orders of magnitude
relative to the B-spline coarse solution (Table 14). For Case A, the coarse-search |Aa| of
approximately 1073 AU is reduced to 1.6 x 10713 AU after refinement—an improvement
of roughly ten orders of magnitude. For Case B Family A, the position error drops from
5.7 x 1072 AU to 5.05 x 107% AU (approximately four orders), and the velocity error drops
from 2.9 x 1073 AU/d to 8.01 x 107> AU/d (a factor of ~ 36). For Case C, the inclination
gap shrinks from approximately 45° at the coarse-search level to 0.01° after refinement.

The refinement also corrects systematic biases introduced by the coarse-search penalty
formulation. Case B Family A illustrates this mechanism: the coarse search converged to
tr ~ 195 d with ||Ar|| 2 0.057 AU—a solution that scored higher in the penalty-weighted
J than the position-accurate but slower Family B. The NLP, which enforces strict equality
constraints, extended the flight time to 252.37 d while collapsing the position error to
5.05 x 10~ AU. Thus, the NLP does not merely polish precision; it can alter the flight-time
ranking of solution families by removing the coarse-search penalty bias. Case C provides
the most extreme example: DE’s coarse search reached a mean inclination of only 20.8°
(62° below the 82.75° target), yet the NLD, initialized from the best of these apparently
poor guesses, corrected the trajectory by over 60° to reach i = 82.85° (Ai = +0.10°). In
summary, across all three cases, the NLP refinement improves terminal errors by three
to ten orders of magnitude, corrects flight-time biases introduced by the coarse-search
penalty formulation, and elevates constraint handling from soft penalties to strict equality
or hard-veto enforcement.

Table 15 synthesizes the improvement across all three dimensions for each case, ex-
pressed in orders of magnitude or percentage change.

Table 15. Cross-case summary of refinement improvement. Orders of magnitude are estimated as
log;(coarse error/refined error) for terminal metrics and as a percentage of the coarse value for
flight time. Constraint handling describes the qualitative shift in how terminal and path constraints
are enforced.

Case Terminal Error Flight Time Constraint Handling

A (Mars) ~ 10 orders (|Aal) ~ 19% reduction Penalty — equality constraints
B (2016 HO3, Fam. A) ~ 4 orders (||Ar|) +29% (NLP correction) Penalty — equality constraints
C (SPO) ~ 3.5 orders (|Ai]) < 1% change Penalty — hard safety veto

Terminal improvement: log,,(coarse/refined) from Table 14. Flight time: (#'¢fined — tj,"arse) / toarse. Constraint
handling: shift from coarse-search penalty formulation to NLP strict equality /hard safety veto.
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6.4. Warm Start vs. Cold Start: Quantifying the Hybrid Advantage

To isolate the contribution of the metaheuristic coarse-search phase, Case B is selected
for a controlled comparison between the hybrid method (warm start) and standalone direct
collocation (cold start). The cold-start scheme initializes the NLP with constant control
angles (x = 45°, 6 = 0°) and a flight time guess of 800 days, bypassing the metaheuristic
search entirely. Both schemes use identical three-stage mesh refinement (N = 50 — 100
— 200) and the NLP function evaluation budget (5 x 10°). The critical differences are
summarized in Table 16.

Table 16. Configuration comparison between cold-start (standalone NLP) and warm-start (hybrid)
approaches for Case B.

Configuration Cold Start Warm Start (Hybrid)

Initial guess Constant control (¢ = 45°, FWA /PSO/DE coarse search re-
6 =10°), tr= 800 d sult

NLP solver fmincon interior-point fmincon SQP

NLP param. Control discretization (~ 409 Full state + control discretization
vars) (~ 1609 vars)

Mesh refinement N =50 — 100 — 200 N =50 — 100 — 200

Func. eval. limit 5% 10° 5 x 10°

Table 17 presents the quantitative comparison. The cold-start NLP converges to
a terminally accurate solution, with position error 9.85 x 107® AU and velocity error
5.05 x 10~ AU/d. However, terminal accuracy alone is a misleading success criterion: the
selected cold-start solution has f; = 935.85 days, whereas the warm-start FWA Family A
solutions achieve t; = 252-264 days. This corresponds to a 72% reduction, or approximately
680 fewer days in flight. The improvement stems from the coarse search’s ability to locate
a favorable transfer window (approximately half an Earth orbit) that is invisible to the
gradient-based solver from a naive initial guess.

Table 17. Comparison of cold-start and warm-start results for Case B.

Metric Cold Start FWA-A FWA-B PSO DE*

tr (d) 935.85 252-264 458-494 455-507 408
|ar]| (AU) 9.85 x 1076 5.05 x 10~° 7.68 x 107° 6.41 x 107° 1.03 x 10~°
|Av]|| (AU/d) 5.05 x 1073 6.28 x 1072 7.18 x 107> 6.71 x 1072 7.68 x 107°
Runtime ¥ ~9.6h ~21h ~3.1h ~3.1h ~33h

* DE: best run (run_17). ¥ Warm start includes coarse + NLP; cold start includes NLP only.

The computational cost comparison is equally revealing. Cold start requires approxi-
mately 34,500 s (9.6 h) per run, with Stage 3 (N = 200 fine mesh) consuming ~ 85% of the
budget. The warm-start FWA Family A is completed in approximately 7500 s (2.1 h)—a
78% reduction. The computational saving arises because the warm-started NLP solver
requires significantly fewer iterations to converge from a high-quality initial guess, and the
SQP solver employed by the warm start has lower per-iteration cost than the interior-point
method used by the cold start.

Several caveats apply to this comparison. The cold start and warm start use different
NLP solvers (interior-point versus SQP) and different parallel computing resources (six
cores versus 6-14 cores), introducing confounding factors. The cold-start decision variable
dimension (409) is substantially lower than the warm-start variable (~ 1609), reflecting
different parameterization strategies. Nonetheless, the central finding—that the coarse
search redirects the NLP from a 936-day local optimum to a 259-day superior solution—is
robust across solver and hardware configurations.
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6.5. Computational Scaling with Problem Dimension

The three cases form a clear difficulty progression that illuminates the scaling behavior
of the hybrid framework. Table 18 summarizes the key dimensional parameters.

Table 18. Problem dimension scaling across the three case studies.

Dimension Parameter Case A Case B Case C
Coarse variables 31 31 78

NLP variables ~ 1609 ~ 1609 ~ 1609 / ~ 2409
Equality constraints 3(a, e, w) 6 (r,0) 3 (a,e,i)

Path constraints 0 0 1(r > 0.25 AU)
Target state Fixed Time-varying Fixed
Solution modality Single-modal Multi-modal Severely multi-modal
Typical runtime ~ 20 min ~18h ~2-35h

The progression from Case A to Case C imposes three distinct challenges on the hybrid
framework. First, coarse-search dimensionality grows nonlinearly: the 31-dimensional
parameterization suffices for Cases A and B, but Case C requires a two-step encoding
totaling 78 dimensions to provide adequate representational capacity for the two-phase
(spiraling + cranking) maneuver structure. For future missions involving multi-body
gravity assists or formation flight, the coarse-search dimension may reach 100-200 variables,
testing the scalability of population-based metaheuristics.

Second, the NLP problem size is approaching the computational budget boundary.
Case B’s NLP (1609 variables, six constraints) already cannot fully converge within the
5 x 10° function evaluation limit, resulting in terminal precision 3-4 orders of magnitude
below the theoretical KKT convergence threshold. Case C’s two-stage NLP pushes the
variable count to ~ 2409. Analytic Jacobian provision, adaptive mesh refinement strategies,
and more efficient NLP solvers (e.g., IPOPT with exact second-order derivatives) represent
potential pathways for overcoming this bottleneck.

Third, the introduction of path constraints fundamentally changes the coarse-
search/NLP division of labor. In Cases A and B, the coarse search needed only to provide
initial guesses within the NLP convergence basin. In Case C, trajectory safety must be
independently verified through a two-layer enforcement strategy. The NLP-level constraint
is applied at the 201 discrete collocation nodes with a conservative threshold » > 0.28 AU
(0.03 AU above the physical limit to provide a margin for discretization error). The physical
safety threshold rmin > 0.25 AU, corresponding to a sail equilibrium temperature of ap-
proximately 464 K (191 °C)—well within the Kapton sustained-use limit of ~ 620 K [45]—is
enforced as a hard veto via high-fidelity ODE45 integration sampling at ~ 10* points
per trajectory. Despite satisfying the NLP constraint, 40% of NLP-converged solutions in
Case C fail this ODE45 safety check, with violated trajectories exhibiting perihelia as low as
0.0001 AU (equilibrium temperature exceeding 1300 K, far beyond the material limit). The
discrepancy arises because the NLP constraint is evaluated only at the discrete collocation
nodes, missing trajectory extrema that occur between nodes. This finding suggests that fu-
ture implementations should embed the high-fidelity safety check within the optimization
loop, creating a three-tier architecture (coarse search — NLP refinement — safety screening
with feedback).

6.6. Dense Evaluation Budget Scenario

The comparative simulation results in Section 5 were obtained with algorithms at
their standard per-iteration evaluation densities: FWA at approximately 540 evaluations
per iteration (500 sparks + 40 Gaussian mutation) and PSO and DE at 100 per iteration
(Np = 100). To isolate the effects of the search mechanism from the evaluation budget,
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two complementary normalization experiments are conducted. This subsection presents
the Dense scenario, in which PSO and DE population sizes are raised to 540 to match
FWA'’s high evaluation density. All three algorithms thus operate at identical per-iteration
evaluation counts, with three total budget levels—Low (20,000 evaluations, 37 iterations),
Mid (60,000 evaluations, 111 iterations), and High (150,000 evaluations, 277 iterations).
Ten independent runs (random seeds 43-52) are performed for each algorithm-budget
combination.

Table 19 presents the coarse-search fitness | (mean + standard deviation over 10
runs) and mean single-run computation time. Figure 11 visualizes the same benchmark as
relative performance maps, making the cross-case ranking shifts easier to compare.

Table 19. Dense scenario (Np = 540): coarse-search fitness | (mean =+ std, 10 runs) and mean
single-run computation time across three budget levels. Bold indicates lowest | per row.

c Budset FWA PSO DE
ase budge J CPU (s) J CPU (s) J CPU (s)

Low 1347.1 + 180.8 581 1489.1 +189.7 428 2206.5 £221.5 1057
A Mid 1257.5 + 157.4 1295 1286.1 £+ 188.0 1020 1934.5 £129.8 2570
High 1301.0 + 127.5 3008 1353.1 +209.6 2427 1706.3 = 109.1 4905

Low 5559 +£7.8 230 551.0 + 7.2 172 643.9 £22.2 487
B Mid 558.8 +24.5 619 543.0 +9.3 455 625.0 +26.6 1473
High 557.6 £9.8 1038 537.4 + 5.4 1082 601.7 £21.1 3512
Low 0.15+0.03 65 0.15+0.03 60 0.38 +0.18 53
CP1 Mid 0.16 = 0.06 183 0.14 £ 0.04 182 0.26 £0.11 160
High 0.15 £ 0.06 409 0.14 £ 0.06 401 0.24 £0.11 394
Low 17631 80 16555 90 21941 64
CcP2 Mid 14385 196 12222 251 21200 193
High 11882 503 11004 566 19790 496

https://doi.org/10.3390/aerospace13080710


https://doi.org/10.3390/aerospace13080710

Aerospace 2026, 13, 710

34 of 42

Dense budget normalization | 540 evaluations per iteration for all methods

b

Relative mean fitness J (best in each case-budget = 1.00) Winner map by mean J
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Continuous budget-response d Relative computation cost
c wave-vector field (fastest in each case-budget = 1.00x) e C P2 best inclination i response

— FWA
— PSO

— DE
£ : > B 13x 10x EEM 14x
5 >

CP1 12x L1x 10x L1x Lix 10x 10x 10x 10x

A 1ax 10x BEM 13x 1.0x PEM 12x 1.0x PICE 80 |

70 4

50 o
40 4
30
20 | e——————®230

10 4

L

x EEN 1.0x 10x EEN o5

logy rel. s
&
relative C|
Best C P2 inclination i (deg)

P2 12¢ 14x 10x 10x 13x 10x 10x L1x 10x —— 10
@~ FWA ~@- PSO 8- DE
0 T T T

Low Mid High

Low Low Low Mid Mid Mid HighHighHigh
FWAPSO DE FWAPSO DE FWAPSO DE

Relative quantities are normalized within each case-budget cell; lower fitness and lower CPU are better.

Figure 11. Dense budget-normalization summary (540 evaluations per iteration for all algorithms).
(a) Relative mean fitness ], normalized so that the best algorithm in each case-budget cell equals
1.00 (marked with *); (b) winner map identifying the lowest-] algorithm per cell; (c) continuous
budget-response curves showing log;, relative ] versus budget level; (d) relative computation cost,
normalized so that the fastest algorithm in each cell equals 1.00x; (e) best Case C Phase 2 terminal
inclination versus budget, with the dashed line marking the 82.75° target. Color encodes algorithm:
orange for FWA, green for PSO, blue for DE.

Several patterns emerge from the Dense benchmark. For Case A (Earth-Mars, ideal
sail, single-modal), elevating PSO and DE to 540 evaluations per iteration does not close
the performance gap with FWA. FWA achieves the lowest mean | across all three budget
levels, with the Mid budget yielding the best overall J,st = 1123.60 (da/de/dw all within
2 x 1073 of the target). The Mid-budget optimum—rather than the High—is consistent with
the gradient-like quality distribution discussed in Section 6.1: FWA's explosion mechanism
achieves sufficient exploration within 111 iterations; additional iterations (277) provide
diminishing returns and may even slightly degrade mean fitness through over-exploration
of local optima. PSO shows steady improvement with budget (1489 — 1286 — 1353),
with the best terminal errors comparable to FWA at the High budget. DE, despite a 23% |
reduction from Low to High (2207 — 1706), still exhibits terminal errors one to two orders
of magnitude larger than FWA /PSO in semi-major axis and eccentricity.

For Case B (2016 HO3, non-ideal sail, multi-modal), PSO achieves the lowest mean
J across all budget levels under Dense normalization (High: 537.4 £ 5.4), with velocity
errors converging to 4.6—4.8 km/s—the tightest range of any algorithm—case combination.
A clear division of labor emerges when comparing FWA and PSO on terminal accuracy:
FWA's position error collapses to sub-kilometer precision at Mid and High budgets (best
runs: 6.1 x 10! km and < 1 km, respectively), representing a four-order-of-magnitude
improvement over DE. However, FWA'’s velocity error (~ 5.0 km/s) is consistently 0.2—
0.4 km/s larger than PSO’s best (~ 4.6-4.8 km/s). Because the Case B fitness function
weights velocity matching more heavily than position matching, PSO’s velocity advantage
translates into a lower | despite FWA'’s superior position accuracy. This reveals a subtle
interaction: fitness function design mediates which algorithmic strength is rewarded,
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and the observed algorithm ranking is partially an artifact of the relative weighting of
position versus velocity objectives. DE continues to underperform markedly, with position
errors exceeding 10” km—five orders of magnitude larger than FWA /PSO—reflecting the
fundamental unsuitability of the DE/rand/1/bin perturbation strategy for this constrained,
multi-modal landscape.

For Case C (SPO), the Phase 1 (orbital descent) results mirror Case A in that FWA
and PSO achieve comparable precision (best | of 0.09-0.11 for both) with DE lagging
significantly (best ] = 0.15 at High). The FWA Mid-budget optimum recurs— Jpet = 0.09
at 111 iterations versus 0.09 at 277 iterations—confirming that additional iterations do not
improve extreme-value search quality for this 78-dimensional problem. Phase 2 (inclination
raising) reveals the most instructive pattern. PSO High achieves the best overall Phase 2
result (Jpest = 4434, i = 53.15°), outperforming FWA High (Jpest = 6732, i = 46.19°)
by a substantial margin. However, no algorithm approaches the target inclination of
83°, with the gap between the achieved result (~ 53°) and the target (83°) exceeding
29° for even the best run. This persistent shortfall, observed across all algorithms and
budget levels, suggests that the difficulty is not algorithmic but structural: the two-phase
B-spline encoding with 78 degrees of freedom may lack the representational capacity to
encode the extreme cranking maneuver required for a > 50° inclination change under
the B = 0.1 lightness number constraint. DE’s Phase 2 results are qualitatively different
from FWA /PSO: | values cluster narrowly around 17,900-19,200 with inclination limited to
21°-23°, reflecting the concentrated search distribution characteristic of this algorithm on
complex landscapes.

The computation time data (Table 19) reveal algorithm-specific scaling patterns. PSO
is the most computationally efficient for Cases A and B at Low and Mid budgets, with
single-run times 26-38% shorter than FWA and 55-64% shorter than DE. At a High budget,
however, FWA becomes the fastest for Case B (1038 s vs. 1082 s for PSO), and the three
algorithms converge to similar per-run costs for Case C Phase 2 (496-566 s)—the additional
complexity of the two-phase problem equalizing their computational footprints. DE’s
computation time grows most rapidly with budget (e.g., Case A: 1057 — 4905 s, a 4.6
increase from Low to High), likely reflecting the higher cost of its pairwise difference-vector
operations at large population sizes.

6.7. Fair Evaluation Budget Scenario

The Fair scenario takes the complementary normalization approach: FWA's effective
population size is reduced to 100 to match the standard PSO/DE configuration. All three
algorithms operate at identical per-iteration evaluation counts, with total budget levels
being Low (20,000 evaluations, 200 iterations), Mid (60,000 evaluations, 600 iterations),
and High (150,000 evaluations, 1500 iterations). Compared to the Dense scenario, the Fair
configuration offers more iterations (200-1500 versus 37-277) but fewer evaluations per
iteration, shifting the exploration—exploitation trade-off toward finer-grained iterative re-
finement at the expense of per-iteration sample density. All other experimental parameters
(B-spline control points = 15, random seeds 43-52, 10 independent runs) remain identical
to the Dense scenario.

Table 20 presents the coarse-search fitness | (mean =+ std, 10 runs) and computation
time. Figure 12 summarizes the corresponding relative rankings and highlights how the
lower per-iteration evaluation density changes the algorithm ranking.
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Table 20. Fair scenario (N, = 100): coarse-search fitness | (mean = std, 10 runs) and mean single-run
computation time across three budget levels. Bold indicates lowest ] per row.

FWA PSO DE
] CPU (s) J CPU (s) J CPU (s)

Low 2009.2 £ 567.0 259 1405.1 + 217.0 367 2004.5 £ 85.6 787
A Mid 1521.6 +362.1 423 1299.4 + 227.5 988 1662.7 £75.5 1750
High 1608.2 £ 288.2 985 1238.5+173.8 2393 14142 £ 64.4 3420

Case Budget

Low 597.7 £56.6 611 550.5 1+ 9.7 161 650.0 +32.6 510
B Mid 591.0 +34.0 713 540.5 + 6.4 465 623.7 +23.3 1494
High 565.4 +30.5 732 540.0 + 8.1 1139 598.7 £ 13.8 3772
Low 0.145 + 0.033 362 0.130 £ 0.030 318 0.214 £+ 0.056 289
CP1 Mid 0.144 £ 0.034 621 0.123 £ 0.024 871 0.178 £ 0.017 837

High 0.145 + 0.033 517 0.117 £ 0.020 2140 0.145 + 0.019 2204

Low 13525 £+ 3211 378 10653 + 2340 496 19992 £ 969 358
CP2 Mid 10463 + 3418 1232 11061 + 3869 1314 19206 £+ 908 1158
High 11077 + 5334 2855 10835 £ 4551 3493 18656 + 1092 3152

Reducing FWA to 100 evaluations per iteration substantially reshapes the performance
landscape. For Case A, PSO now achieves the lowest mean | across all budget levels,
with the High-budget mean (1238.5 & 173.8) representing a 23% improvement over FWA’s
High-budget mean (1608.2 £ 288.2). The reversal is clear: under Dense normalization, FWA
led by 4.0% at a High budget; under Fair normalization, PSO led by 23.0%. However, FWA’s
extreme-value search capability survives this budget compression: FWA'’s best single-run |
(1126.76, High budget) actually improves upon its Dense-scenario counterpart (1139.46),
and marginally surpasses PSO’s best Fair result (1130.67). This behavior—high variance,
high upside—is consistent across both normalization scenarios and confirms that FWA'’s
explosion mechanism functions as a high-risk, high-reward strategy whose strength lies
in locating exceptional solutions rather than achieving consistent average quality. PSO’s
social guidance, by contrast, produces a tighter | distribution (coefficient of variation 14.0%
versus 17.9% for FWA at High budget), favoring reliability over upside potential.

For Case B, PSO dominates even more decisively under Fair normalization. Its mean |
ranges from 550.5 (Low) to 540.0 (High), and its standard deviation (6.4-9.7) is the smallest
of any algorithm—case—scenario combination, reflecting exceptional run-to-run consistency.
Crucially, PSO’s advantage in Case B is invariant to normalization scenario—it achieves
the lowest mean | under both Dense and Fair configurations. This invariance excludes
the possibility that PSO’s Case B superiority in the original simulations (Section 5) was an
artifact of budget asymmetry and instead confirms that the advantage is intrinsic to the
social guidance mechanism’s effectiveness for time-varying, multi-constraint rendezvous
problems. FWA's position accuracy remains its signature strength even at reduced popula-
tion density, but its velocity errors (~ 5.0 km/s) consistently trail PSO’s (~ 4.6-4.8 km/s),
and the fitness function’s higher velocity weighting elevates PSO’s | ranking.
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Fair budget normalization | 100 evaluations per iteration for all methods

b
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Figure 12. Fair budget-normalization summary (100 evaluations per iteration for all algorithms).
(a) Relative mean fitness ], normalized so that the best algorithm in each case-budget cell equals
1.00 (marked with *); (b) winner map identifying the lowest-] algorithm per cell; (c) continuous
budget-response curves showing log;, relative ] versus budget level; (d) relative computation cost,
normalized so that the fastest algorithm in each cell equals 1.00x; (e) Case C Phase 2 terminal
inclination response under deeper but narrower iterative search, with the dashed line marking the
82.75° target. Color encodes algorithm: orange for FWA, green for PSO, blue for DE.

For Case C Phase 1, the Fair budget FWA retains superior extreme-value search: FWA's
Joest = 0.09 is achieved at all three budget levels with an identical terminal semi-major
axis (2 = 0.4800 AU), whereas PSO requires the High budget to match this precision.
However, PSO’s mean | is consistently lower (e.g., 0.117 & 0.020 versus 0.145 £ 0.033
at High), indicating that most PSO runs converge to near-optimal solutions while FWA
exhibits a broader quality distribution with occasional exceptional runs. Phase 2 under
Fair normalization produces the Case C highlight: FWA High achieves the global best
Phase 2 ] of 6395 (i = 50.96°, ty = 550.1 d), outperforming both tPSO High (6573) and
the best Dense-scenario Phase 2 result (PSO Dense High: 4434). The improved Phase 2
performance under Fair normalization—with more iterations (1500) but fewer per-iteration
evaluations—suggests that for the severe multi-modality of inclination raising, iterative
refinement depth matters more than per-iteration sample breadth. The additional 1223
iterations (Fair: 1500 versus Dense: 277) provide the search process more opportunities to
escape local optima and progressively climb toward higher inclinations.

The computation time data under Fair normalization (Table 20) reveal a notable shift.
PSO, the most efficient algorithm in the Dense scenario, becomes the second-slowest at a
High budget across Cases A, B, and C. The reversal is largest for Case B High: PSO requires
1139 s while FWA requires 732 s—a 56% increase. This is because PSO’s per-iteration cost is
relatively insensitive to population size (each particle performs one evaluation regardless
of Np), so increasing iterations from 277 (Dense) to 1500 (Fair) multiplies PSO’s total cost
by approximately 5.4 x, whereas FWA’s cost—dominated by its explosion mechanism,
which scales with population size—decreases when N, is reduced from 540 to 100. The
Fair scenario thus reverses the computational efficiency ranking: FWA becomes the fastest
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algorithm for Cases B and C at Mid and High budgets, while DE remains the slowest
across nearly all configurations. An important caveat applies: the Case A FWA Fair runs
were executed on 14-core hardware, while PSO/DE used six cores, so direct Case A CPU
comparisons should factor in this hardware asymmetry.

6.8. Cross-Scenario Synthesis: Algorithm Adaptation Across Problem Types

The Dense and Fair normalization scenarios, together with the original hybrid simula-
tions (Section 5), constitute a three-point evaluation of budget sensitivity. Table 21 distills
the cross-scenario rankings.

Table 21. Algorithm ranking (] mean, Low-High budget range) across the three evaluation scenarios:
original (FWA 540, PSO/DE 100 per iteration), Dense (all 540), and Fair (all 100). Rankings derived
from the mean ] values reported in Sections 5, 6.6, and 6.7.

Case Scenario 1st (Lowest ]) 2nd 3rd
Original PSO FWA DE
A Dense FWA PSO DE
Fair PSO DE FWA
Original PSO FWA DE
B Dense PSO FWA DE
Fair PSO FWA DE
Original FWA /PSO - DE
CP1 Dense PSO FWA DE
Fair PSO FWA DE
Dense PSO FWA DE
CcP2 Fair FWA /PSO - DE

Case A original ranking by coarse | mean: PSO (1328.2) ~ FWA (1345.8) <« DE (1670.2). NLP convergence rates
are statistically indistinguishable (52%, 50%, 53%).

Three cross-scenario regularities emerge. First, PSO’s dominance for Case B is scenario-
invariant. Under all three configurations (original, Dense, Fair), PSO achieves the low-
est mean | with the smallest standard deviation. This invariant ranking constitutes the
strongest evidence in the present study that a specific algorithm—problem pairing reflects a
genuine mechanistic match rather than an experimental confound. The social guidance
mechanism of PSO—where each particle’s velocity update incorporates both personal
and global best positions—appears intrinsically well-suited to the six-dimensional, time-
varying constraint topology of the 2016 HO3 rendezvous problem, where the target’s mov-
ing ephemeris demands continuous trajectory adjustments that benefit from the swarm’s
collective information sharing.

Second, FWA’s performance is strongly budget-density-dependent. FWA’s ranking
moves from first (Dense Case A) to third (Fair Case A), a swing of two positions driven
entirely by per-iteration evaluation density. This sensitivity confirms that FWA’s explo-
sion mechanism—which generates 500 sparks per iteration in its standard configuration—
derives a substantial fraction of its search power from the volume of parallel evaluations
rather than from any qualitative superiority of the explosion sampling strategy over swarm
or differential-evolution sampling. However, FWA’s extreme-value search capability—its
ability to find the single best solution across all runs—is robust to budget compression.
In both Fair Case A (best ] = 1126.76) and Fair Case C Phase 2 (best | = 6395), FWA's
best single-run result equals or exceeds the best result from any other algorithm-scenario
combination. This pattern suggests that FWA is optimally deployed in mission design con-
texts where discovering the single best trajectory—rather than achieving reliable average
performance—is the overriding objective.

https://doi.org/10.3390/aerospace13080710


https://doi.org/10.3390/aerospace13080710

Aerospace 2026, 13, 710

39 of 42

Third, DE’s ranking is systematically lowest across all scenarios and cases. The sole
exception occurs in Fair Case C Phase 2, where DE’s mean | (18,656-19,992) is misleadingly
competitive because the adaptation of the fitness function to the Phase 2 problem structure—
penalizing failure to raise inclination—produces a compressed scoring range where all
algorithms score poorly. DE’s consistent bottom ranking should not be interpreted as
evidence that differential evolution is categorically unsuitable for trajectory optimization.
Rather, it reflects the specific DE configuration tested (DE/rand/1/bin, F = 0.8, CR = 0.9)
and, more fundamentally, the mismatch between the rand /1 mutation strategy’s localized
perturbation scale and the global exploration demands of interplanetary trajectory problems.
The concentrated coarse | distribution produced by DE (coefficient of variation 6.4% for
Case A versus 14.9%-15.9% for FWA /PSO) indicates that its search concentrates in a narrow
region, which is advantageous when the NLP convergence basin is large (enabling high
convergence rates from concentrated samples) but disadvantageous when the basin is
small or the landscape is multi-modal (causing the concentrated sample to miss the basin
entirely). For low-dimensional problems with known, benign landscapes—or for rapid
prototyping where computational speed is prioritized over solution optimality—DE’s
parameter parsimony (only two tuning parameters) and predictable convergence behavior
remain attractive properties. Adaptive variants such as JADE and SHADE, which self-tune
F and CR during the search, may behave differently and warrant separate evaluation.

Synthesizing the evidence from the three case studies, the cold-start comparison, and
the budget-normalization analysis, a consistent picture emerges: in practice, no single
metaheuristic dominates across all problem types; rather, each algorithm’s suitability is
contingent on the constraint structure and modality of the specific optimization landscape.
This empirical guideline is consistent with the No Free Lunch theorems of Wolpert and
Macready [47], which establish that, averaged over all possible problems, no optimizer
outperforms any other; our claim is therefore problem-class-specific rather than a theoretical
universal. Three practically relevant guidelines can be distilled:

For simple, single-modal problems with large convergence basins (Case A), DE’s
parameter-parsimonious nature and fast per-iteration cost make it a computationally effi-
cient default for rapid prototyping, although FWA or PSO should be preferred when
terminal precision requirements are stringent (da/de/dw within 1073 of target). In
such problems, the choice of algorithm is less critical than the quality of the NLP
refinement phase.

For multi-modal problems with diverse, qualitatively distinct solution families
(Case B), FWA’s explosion mechanism provides a distinct advantage in discovering superior
solution families that swarm-based or differential-evolution approaches systematically
miss, making it the preferred choice when the primary objective is to minimize flight
time or fuel consumption. PSO’s social guidance mechanism offers superior run-to-run
consistency, which is valuable when predictable, repeatable performance is required for
mission planning, but at the cost of potentially missing the global optimum.

For Case C safety-constrained transfers, in this severely multi-modal setting, algo-
rithm selection involves a trade-off between exploration breadth and constraint compliance.
PSQO’s social conservatism yields 100% safety compliance, while FWA's aggressive explo-
ration achieves superior coarse-search exploration but at a 40% safety violation rate. The
optimal choice depends on the mission’s risk tolerance: for operational missions where
constraint violation is unacceptable, PSO is the safer choice; for conceptual design stud-
ies exploring the performance envelope, FWA’s broader exploration may reveal design
possibilities that are invisible to more conservative search strategies.

In summary, the hybrid optimization framework itself is validated as a general-
purpose strategy applicable across all three problem types, regardless of which specific
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metaheuristic is employed. The metaheuristic acts as a modular front-end that can be
selected and configured to match the problem’s constraint structure and the designer’s pri-
orities (exploration versus reliability, extreme-value search versus consistent quality). The
principal engineering contribution of the present work is therefore a modular framework
with FWA-assisted multi-modal discovery, in which the metaheuristic front-end can be
selected and configured to match the problem’s constraint structure—rather than the supe-
riority of any single algorithm. Future research should extend the framework to incorporate
machine learning techniques for real-time initial guess generation, adaptive mesh refine-
ment strategies for high-dimensional NLP problems, and embedded safety-verification
loops for path-constrained mission scenarios.

7. Conclusions

This paper introduced a hybrid optimization strategy for solar sail trajectory design in
which population-based coarse search is coupled with direct-collocation NLP refinement.
The results across the benchmark missions show that the two layers have different roles:
the metaheuristic stage explores feasible dynamic structures, while the NLP stage con-
verts a promising structure into a locally consistent trajectory satisfying the terminal and
path constraints.

The cold-start comparison further shows that warm starting is necessary for difficult
solar sail transfers. The purpose of the coarse search is therefore not simply to find the
point closest to the desired terminal state. A more useful coarse solution is one that places
the NLP problem in a basin where the dynamics, constraints, and boundary conditions can
be refined effectively. This changes the role of metaheuristics from the search for a final
solution to NLP-enabling initialization. The dynamical model adopted here is restricted
to the two-body problem perturbed by solar radiation pressure; planetary gravitation
(including the Earth’s sphere of influence), occultation/eclipses, and solar J2 are neglected.
This level of fidelity suffices to demonstrate the hybrid framework’s convergence behavior
and the inter-algorithm comparison, but future work should extend the strategy to higher-
fidelity ephemeris models that incorporate these effects and to mission-specific constraint
sets.
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