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Abstract

The superelastic behavior of shape memory alloys (SMAs) arises from stress-induced mar-
tensitic transformation and plays an important role in the design of smart engineering
systems, including aerospace components. Reliable constitutive modeling is therefore es-
sential for accurately predicting their mechanical response in numerical simulations of
SMA-based engineering systems. In this study, a localized plateau-based comparative
evaluation framework is employed to compare the classical Brinson and Liang—Rogers
phenomenological models using published experimental stress—strain data of superelastic
NiTi alloys under isothermal tensile loading—unloading conditions at two different tem-
peratures. Model performance is assessed using global RMSE, localized plateau RMSE,
and hysteretic energy dissipation. The results show that both constitutive models provide
close agreement with the overall superelastic hysteresis response and predict comparable
hysteretic energy dissipation. However, the Liang—Rogers model consistently provides
lower localized RMSE values within the forward and reverse transformation plateau re-
gions. The principal contribution of this work is the introduction of a localized compara-
tive evaluation framework that complements conventional global error measures for com-
paring phenomenological SMA constitutive models.

Keywords: shape memory alloys; phenomenological models; superelastic; localized
plateau-based evaluation

1. Introduction

Shape memory alloys (SMAs) are smart materials that can recover large inelastic
strains through a reversible martensite transformation. Nickel-titanium (NiTi) alloy,
which is nearly equiatomic, has attracted considerable attention owing to its excellent su-
perelastic performance, high strain recovery, corrosion resistance, and high energy ab-
sorption capacity. Due to such properties, SMAs find application in biomedical devices,
aerospace components, robotics, vibration isolation, and adaptive engineering systems
[1-4]. In aerospace engineering, superelastic NiTi SMAs have been increasingly adopted
for morphing wings, adaptive airfoils, deployable space structures, vibration suppression
devices, and lightweight smart actuators because of their high actuation capability, com-
pactness, and favorable strength-to-weight ratio [5-7]. Accurate constitutive modeling of
superelastic SMAs is essential for the numerical simulation and design of advanced
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engineering systems, including aerospace structures and smart components, where relia-
ble prediction of stress-induced transformation behavior is required.

The macroscale properties of SMAs originate from the reversible phase transition of
austenite to martensite and vice versa when subjected to thermal and/or mechanical loads.
If the material is stressed at temperatures higher than the austenite finish temperature, a
stress-induced phase transformation of martensite occurs, resulting in a superelastic hys-
teresis loop, which involves loading and unloading plateaus along with substantial strain
recovery. Therefore, accurate constitutive models are essential for the reliable numerical
simulation and design of SMA-based engineering systems [8-10].

Over the years, many constitutive equations have been developed to model the ther-
momechanical behavior of shape memory alloys. They can be classified into microme-
chanical models, thermodynamic models, and phenomenological models [9-25]. Among
these, phenomenological constitutive models are more commonly used because of their
mathematical simplicity, low computational cost, and reasonable accuracy in reproducing
the hysteretic behavior of SMAs. Accordingly, the present study focuses on two repre-
sentative and historically influential formulations, namely, the Liang—Rogers and Brinson
models, which have served as the foundation for many subsequent constitutive develop-
ments.

One-dimensional phenomenological constitutive models have provided the founda-
tion for many subsequent SMA constitutive theories [26]. The early phenomenological
models proposed by Tanaka [20] and later extended by Liang and Rogers [19] describe
the constitutive response using the evolution of the martensitic volume fraction during
stress-induced phase transformation. The Liang—Rogers theory improves the description
of the transformation process through the definition of distinct transformation stress in-
tervals during loading and unloading. Further advancements in these models are associ-
ated with the separation of stress-induced and temperature-induced martensitic fractions.

However, most comparative studies have primarily focused on reproducing the
overall hysteresis response or evaluating global prediction errors, whereas considerably
less attention has been devoted to the localized analysis of the transformation regions
[27,28]. Moreover, the consistency of comparative trends under different testing tempera-
tures has received limited attention. The aim of the present study is to compare the Brin-
son and Liang—Rogers phenomenological constitutive models for the superelastic behav-
ior of NiTi SMAs under isothermal loading using a plateau-based comparative evaluation
framework. The comparison is performed through global RMSE analysis, localized trans-
formation plateau evaluation, and hysteretic energy dissipation. Such a comparative as-
sessment provides guidance for selecting constitutive models in numerical simulations of
SMA-based smart structures and actuators, particularly in aerospace applications where
the accurate prediction of phase transformation behavior is essential.

2. Materials and Methods
2.1. Experimental Dataset

The experimental datasets used for comparative evaluation were adopted from the
work of Zidane and Meddour [29], whose numerical study employed the experimental
tensile data originally reported by Ng and Sun [30] for superelastic NiTi shape memory
alloy. Two experimental datasets corresponding to isothermal tensile loading—unloading
tests performed at 65 °C and 70 °C were selected for the present comparative study. These
datasets provide complete superelastic stress—strain responses under identical loading
conditions but at different temperatures.

Because the objective of the present work is to compare the performance of two clas-
sical phenomenological constitutive models under identical experimental conditions, no
additional experiments were conducted. Instead, both constitutive models were evaluated
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using the same published experimental datasets to ensure a consistent comparative as-
sessment. It should be noted that the two datasets arise from the same experimental source
and therefore represent two comparative test cases at different temperatures rather than
two independent experimental campaigns.

2.2. Material Parameters

The material parameters employed in the present study are summarized in Table 1.
The elastic moduli and transformation strain were kept identical for the two test cases,
whereas the transformation stress limits were specified separately for each test tempera-
ture. The parameter values were adopted from the experimental characterization and tem-
perature-dependent transformation data reported by Zidane and Meddour [29], based on
the experimental NiTi stress—strain data originally reported by Ng and Sun [30]. Accord-
ingly, the values of oys, oyr, 045, and oy used for Tests 1 and 2 correspond to the re-
spective 65 °C and 70 °C experimental conditions. No recalibration or parameter optimi-
zation was performed in the present work.

Table 1. Material parameters and their values.

Parameter Test 1 (65 °C) Test 2 (70 °C)

E, 25,775 MPa 25,775 MPa
Ey 18,442 MPa 18,442 MPa
g 0.06 0.06

Oys 268 MPa 279 MPa

Our 275 MPa 306 MPa

O s 62 MPa 83 MPa
Oar 37 MPa 60 MPa

2.3. Constitutive Modeling

The superelastic behavior of SMAs in uniaxial stress conditions is often expressed
using one-dimensional phenomenological models, where the macroscale deformation is
controlled by the development of an internal variable related to phase transition, usually
the volume fraction of martensite.

The total strain & is decomposed into an elastic part and a transformation-induced
part:

£=¢g+¢lm (1
where the transformation strain is assumed proportional to the martensite fraction,
e =g & 2

and ¢, is the maximum transformation strain.
The stress—strain relation is expressed as:

o =E()(e—e) ®

For the Brinson formulation, the effective elastic modulus is taken as a function of
the martensite fraction according to the rule of mixtures,

E(f):EA(l_f)‘F Ené 4)

whereas E, and Ej stand for Young’s moduli of the austenitic and martensitic phases,
respectively. This martensite-fraction-dependent treatment of the elastic modulus is spe-
cific to the Brinson formulation considered in the present study. By contrast, the Liang-
Rogers formulation treats the elastic modulus as a constant material property and does
not introduce a dependence on the martensite fraction.
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The Brinson and Liang—Rogers models were selected because both are representative
classical phenomenological formulations for modeling the superelastic response of SMAs
under isothermal loading. Both formulations describe stress-induced martensitic transfor-
mation through the evolution of a martensite-related internal variable and employ cosine-
based transformation relations in the present implementation. However, they differ in
their treatment of the constitutive response: the Brinson formulation incorporates a mar-
tensite-fraction-dependent elastic modulus, whereas the Liang—Rogers formulation treats
the elastic modulus as a constant material property. These differences can lead to different
stress predictions within the transformation regions.

2.3.1. Brinson Model

The Brinson model [17] extends earlier phenomenological SMA models by incorpo-
rating the evolution of the martensitic volume fraction to provide a smooth representation
of the stress-induced phase transformation. Under isothermal loading conditions, the
model describes the transformation as a continuous process driven by the applied stress.

The Brinson model separates the martensite fraction into stress-induced and temper-
ature-induced components, i.e.,

§=¢8s+4r ©)
where & and ¢; denote the stress-induced and temperature-induced martensite frac-
tions, respectively. Because the present comparative test cases are performed under iso-
thermal mechanical loading at constant temperature, no temperature-induced evolution
of the martensite fraction occurs during the loading—unloading cycle. Therefore, {r = 0
for the present simulations, and Equation (5) reduces to ¢ = &.

For the isothermal conditions considered here, the stress-induced martensitic fraction
is therefore the active internal variable. The Brinson formulation additionally accounts for
the dependence of the elastic modulus on the current martensite fraction, as specified by
Equation (4).

The stress-induced phase transformation is described by cosine-based evolution re-
lations for the forward and reverse transformation branches, as follows:

1-— 0 — 0
{1——%[1+Cos(n7m>], Oys < 0 < Oyr
_ 2 OMF — Oums
E - f o—0 (6)
—0[1 + cos (n—AF >], O S 0 < 0y5
t 2 Oas — O4F

Here, ¢, denotes the initial martensite fraction, while oy and oy denote the start
and finish stresses of the forward transformation, respectively, and o,5 and o, denote
the start and finish stresses of the reverse transformation, respectively.

The formulation used in the present study represents an isothermal specialization of
the general Brinson model. In the general formulation, the total martensite fraction con-
sists of temperature-induced and stress-induced contributions, and the temperature-in-
duced contribution evolves when the temperature changes. Because the present simula-
tions are performed at constant temperatures, the temperature-induced martensite frac-
tion remains constant throughout each loading—unloading cycle. The martensite-fraction
evolution considered in the present implementation is therefore governed by the stress-
induced transformation component, while the temperature-dependent evolution of the
martensite fraction is not activated. This simplification is consistent with the isothermal
stress—strain comparison performed in the present study and defines the scope of the Brin-
son formulation considered here.

https://doi.org/10.3390/aerospace13090815



Aerospace 2026, 13, 815

5 of 18

2.3.2. Liang-Rogers Model

The Liang-Rogers model [19] describes the stress-induced phase transformation
through distinct transformation-stress intervals and the corresponding evolution of the
martensitic volume fraction. Under the isothermal conditions considered in the present
study, the temperature-dependent terms of the general thermomechanical formulation do
not contribute to the mechanical stress—strain response. The martensite fraction therefore
evolves according to the following stress-based relations.

For forward transformation:

1 g — O-MS
§=—[1—cos(n—)] 7
2 OmF — Oums @)
For reverse transformation:
1 g — GAF
f=—[1+COS(T[7>] 8
2 Oas — O4F ®)

In this study, this constitutive formulation is implemented numerically through the
implicit solution of the constitutive equation to ensure consistency between the stress—
strain state and martensite volume fraction.

A key constitutive distinction between the two formulations considered in this study
concerns the treatment of the elastic modulus. In the Brinson formulation, the effective
modulus varies with the martensite fraction according to Equation (4). In the present
Liang-Rogers implementation, the elastic modulus is treated as a constant material prop-
erty and is taken as the austenitic Young’s modulus. This choice is consistent with the
initial fully austenitic state of the NiTi specimens at the investigated temperatures of 65 °C
and 70 °C. Accordingly, the elastic modulus is not updated as a function of the martensite
fraction in the present Liang—Rogers implementation. Thus, although both formulations
employ cosine-based relations for the evolution of the martensitic fraction under the pre-
sent isothermal conditions, their constitutive treatment of the elastic response is different.

For clarity, the main constitutive features of the Brinson and Liang—-Rogers formula-
tions as implemented under the isothermal conditions considered in this study are sum-
marized in Table 2. The table highlights the differences in the martensite-related internal
variables, initialization, transformation evolution rules, transformation stress intervals,
elastic modulus treatment, and loading-unloading branches.

Table 2. Comparison of the Brinson and Liang-Rogers constitutive formulations used in the present

study under isothermal superelastic loading—unloading conditions.

Feature Brinson Model Liang-Rogers Model
. General formulation; specialized to isothermal Isothermal formulation used for me-
Formulation Scope . Lo . . .
mechanical loading in the present study chanical loading—unloading
Evolution rules Equation (6) Equations (7)—(8)
Elastic modulus Effective modulus depends on martensite fraction Constant elastic modulus

Transformation conditions

Opp = 0 = Oys

Same transformation stress intervals
Oys = 0 = Oyp

Martensite fraction

§=8s+8r &5 8 S

Initialization

fs,0=0/ $rp =0 $=0

Loading/unloading logic

Forward transformation during loading; reverse

Same logic
transformation during unloading &

2.4. Numerical Implementation

The constitutive models were implemented in MATLAB R2022b using an incremen-
tal time-stepping procedure under isothermal loading—unloading conditions. A mono-
tonic tensile loading history was prescribed by applying a constant strain rate until the
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maximum strain was reached, followed by unloading at the same rate. The imposed strain
rate was 5.6 X 107° s™1. The strain was increased linearly to a maximum value of 7% and
subsequently decreased to the initial value at the same strain rate, which defined the com-
plete loading—unloading history. The corresponding loading and unloading durations
were 1250 s each.

The simulations were performed using a constant time increment of 0.02 s. The nu-
merical sensitivity to the selected time increment was assessed by repeating the calcula-
tion with time steps of 0.04, 0.02, 0.01, and 0.005 s. The global RMSE showed negligible
variation as the time step was progressively reduced. In the sensitivity assessment, the
Brinson-model RMSE changed from 25.41565 MPa at At = 0.04s to 25.41559 MPa at At =
0.005s, whereas the corresponding Liang-Rogers RMSE remained 23.89089 MPa at both
time steps. For the selected time step of At = 0.02s, the relative change in RMSE with
respect to the finest time step was approximately 0.00024% for the Brinson model and 0%
for the Liang-Rogers model, confirming that the adopted time increment provides a nu-
merically stable and sufficiently converged solution. At each increment, the martensite
fraction was updated according to the governing transformation relations of the corre-
sponding model. For the Brinson formulation, the elastic modulus was updated as a func-
tion of the current martensite fraction according to Equation (4). For the Liang—Rogers
formulation, the elastic modulus was treated as a constant material property throughout
the simulation. The corresponding stress response was then evaluated using the constitu-
tive relation of each model.

The same experimental loading history and numerical discretization were adopted
for both models to ensure a consistent comparison, while each model retained its respec-
tive constitutive treatment of the elastic modulus and martensite evolution.

The loading and unloading branches were identified from the prescribed strain in-
crement. A non-negative strain increment defined the loading branch, whereas a negative
strain increment defined the unloading branch. During loading, the forward transfor-
mation was activated when the calculated stress entered the transformation interval be-
tween the martensite-start and martensite-finish stresses, oys and oyp, respectively.
During unloading, the reverse transformation was activated when the stress entered the
interval between the austenite-start and austenite-finish stresses, o,5 and o,p, respec-
tively. Outside the corresponding transformation intervals, the martensite fraction was
kept at its current value. The martensite fraction was constrained to the physically admis-
sible range 0 < ¢ < 1. Accordingly, it was set to ¢ = 1 after completion of the forward
transformation and to ¢ = 0 after completion of the reverse transformation.

For the Liang-Rogers formulation, the martensite fraction within the transformation
intervals was obtained by solving the nonlinear constitutive equation implicitly at each
strain increment. The scalar residual for the forward transformation was defined as the
difference between the constitutive stress and the stress prescribed by the linear transfor-
mation stress relation between oy and o). For the reverse transformation, the residual
was defined analogously using the transformation stress relation between o, and os.
The nonlinear equation was solved using MATLAB’s fzero root-finding algorithm. For
forward transformation, the root was searched within the physically admissible interval
[¢o1a, 1], whereas for reverse transformation, the search interval was [0, £,4], where &4
denotes the martensite fraction from the preceding increment. If a valid sign-changing
bracket was not obtained, the martensite fraction was retained at its previous value.

The fzero solver was used with its MATLAB default convergence settings. No user-
defined iteration limit, function value tolerance, or maximum iteration count was imposed.
The solution was therefore accepted according to the default convergence criteria of the
MATLAB fzero implementation.

https://doi.org/10.3390/aerospace13090815
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For the two test temperatures, the elastic and transformation strain parameters were
kept consistent with the adopted material characterization, whereas the critical transfor-
mation stress limits were specified according to the corresponding test temperature. Ac-
cordingly, temperature-specific transformation stress values were used for two cases to
account for the experimentally observed temperature dependence of the transformation
stresses.

The simulated stress—strain curves were compared with the experimental datasets by
linearly interpolating the numerical results at the experimental strain points. A total of
157 and 170 experimental stress—strain data points were used for Test 1 and Test 2, respec-
tively. The published experimental stress—strain curves were converted into numerical
data points for quantitative comparison, and the extracted data were subsequently inter-
polated consistently for the RMSE calculations. The global root-mean-square error
(RMSE), localized plateau RMSE, and hysteretic energy dissipation were subsequently
calculated as quantitative performance indicators.

2.5. Model Evaluation Metrics
2.5.1. Global RMSE

The agreement of each constitutive model with the experimental stress—strain data
was first evaluated using the global RMSE, which measures the overall agreement be-
tween the numerical predictions and the experimental stress—strain data over the com-
plete loading—unloading cycle. The RMSE was calculated as:

1
RMSE = NZ(J;W’” —g®P)’ )

where N denotes the number of experimental data points, while g™

sent the numerical and experimental stresses, respectively.

exp
and o; " repre-

2.5.2. Localized Plateau Analysis

Because the stress-induced martensitic transformation mainly occurs within the load-
ing and unloading plateaus, a localized plateau analysis was additionally performed. The
forward and reverse transformation regions were treated separately using fixed numeri-
cal stress intervals defined for each experimental test. The plateau intervals were defined
as fixed numerical stress windows based on the experimentally observed transformation-
stress levels and the corresponding low-slope transformation regions. Once the stress in-
tervals were specified, the experimental data point selection was performed using the ex-
plicit criterion Oyin < Oexp < Omax, Where oy and o,y denote the lower and upper
bounds of the predefined plateau interval, respectively. Thus, the experimental points in-
cluded in the localized RMSE calculation are determined solely by their measured stress
and the predefined numerical bounds, independently of the predictions of either consti-
tutive model. The same stress intervals were then applied to both constitutive models to
ensure a consistent comparison.

The localized RMSE was then calculated only over the experimental points satisfying
this criterion, according to:

1 2
RMSEpiatequ = MZ(O-lmlm - Jiexp) (10)

For Test 1 at 65 °C, the upper and lower plateau intervals were defined as 260-285
MPa and 30-60 MPa, respectively, whereas for Test 2 at 70 °C, the corresponding intervals
were 270-310 MPa and 45-90 MPa. The strain ranges and numbers of retained experi-
mental data points within these intervals are reported in Table 3.

https://doi.org/10.3390/aerospace13090815
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Table 3. Definition of the localized transformation plateau regions and retained experimental data

points.
Stress Interval Retained Experimental Strain ~ No. of Retained Experimental
Test Branch  Plateau .
(MPa) Range (%) Points
Test1l Loading  Upper 260-285 1.012-6.657 44
Test1 Unloading Lower 30-60 0.305-5.806 62
Test2 Loading  Upper 270-310 1.059-7.152 55
Test2 Unloading Lower 45-90 0.434-5.621 44

To assess the robustness of the localized comparison to the selected plateau bounda-
ries, the baseline stress intervals were perturbed by +5 MPa at both boundaries. Narrowed,
baseline, and widened intervals were considered, and the localized RMSE was recalcu-
lated for each case. The corresponding sensitivity results are presented in Section 3.

2.5.3. Energy Dissipation

The hysteretic energy dissipation was evaluated from the enclosed area of the exper-
imental and numerical stress-strain loops using numerical integration. The same trape-
zoidal integration procedure was applied to the experimental data and to the numerical
responses to ensure a consistent comparison. The energy density was calculated as

szads (11

where the integration was performed numerically using the trapezoidal rule.

The global RMSE, localized plateau RMSE, and hysteretic energy dissipation were
selected because they provide complementary information regarding the overall accu-
racy, transformation behavior, and energy absorption capability of the constitutive mod-
els.

3. Results
3.1. Test 1

In this section, the comparative performance of the Brinson and Liang-Rogers con-
stitutive models is assessed against published experimental stress—strain data for the su-
perelastic response measured at 65 °C [29]. The same loading history was applied to both
models to enable a direct comparison of their predicted superelastic responses.

Figure 1 compares the stress—strain responses predicted by both models with the cor-
responding experimental data. Both models reproduce the main features of the superelas-
tic cycle, which include the elastic region and forward and reverse transformation plat-
eaus. These results indicate that, although both phenomenological models reproduce the
overall superelastic stress—strain response, their agreement with the experimental re-
sponse differs within the localized transformation plateau regions.

However, some notable differences are observed in the transformation plateau zone.
The Liang-Rogers model shows closer agreement with the experimental upper transfor-
mation plateau, especially regarding the transition slope and stress evolution during
transformation. On the other hand, the Brinson model predicts the response in a smoother
transition. This difference may be attributed to the different constitutive descriptions of
the stress-induced phase transformation adopted by the two models.

Regarding the lower transformation plateau, both models exhibit similar stress evo-
lution. Nevertheless, some deviations from the experimental response can still be noticed.
During unloading, the Liang-Rogers model predicts a transformation that is steeper than
that predicted by the Brinson model.

https://doi.org/10.3390/aerospace13090815
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However, for higher strains, both models slightly underpredict the experimental re-
sults. Despite that, the Liang—Rogers formulation demonstrates closer agreement with the
experimental hysteresis response, particularly at the localized transformation plateaus.
These results indicate that, although both phenomenological models are able to capture
the overall behavior of superelastic SMAs, significant differences exist in their localized
transformation behavior.

Brinson model

m— Liang—Rogers model

—e— Experimental data

Upper plateau: 260-285 MPa
Lower plateau: 30-60 MPa

Strain (%)

Figure 1. Comparison of experimental and numerical stress—strain responses predicted by the Brin-

son and Liang-Rogers constitutive models for Test 1.

3.1.1. Global RMSE

To quantitatively compare the agreement of the constitutive models with the experi-
mental data, the root mean square error in Equation (9) is used.

The quantitative comparison of the two constitutive models based on the global
RMSE and localized plateau RMSE is summarized in Table 4. As shown in Table 4, both
constitutive models provide comparable agreement with the overall superelastic hystere-
sis response. Even though the Liang-Rogers model yields slightly smaller RMSE values,
their difference is still rather modest when only the global RMSE is considered.

These results suggest that global RMSE-based comparison may lack the sensitivity
required to assess the localized behavior of transformation processes. Consequently, ad-
ditional localized error analysis is useful for distinguishing the comparative performance
of the constitutive models in the transformation regions.
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Table 4. Quantitative comparison of the Brinson and Liang-Rogers models for both comparative

test cases.
Global RMSE  Upper Plateau Lower Plateau
Test Case Model (MPa) RI;\I/)ISE (MPa)  RMSE (MPa)
Test 1 Brinson 11.99 8.78 7.47
Liang—Rogers 11.69 3.46 4.85
Test 2 Brinson 25.41 11.51 10.35
Liang—Rogers 23.89 7.69 7.49

3.1.2. Plateau RMSE

Apart from the global RMSE analysis, a localized error analysis was performed within
the transformation plateau regions. This analysis was necessary because the transformation
plateaus are critical regions of the superelastic hysteresis curve, as they correspond to the
forward and reverse stress-induced martensitic transformations. In other words, the errors
within such regions may be underrepresented when only global error metrics are applied.

The plateau boundaries defined in Section 2.5 were applied for the localized RMSE eval-
uation. The RMSE formulation used before was applied to analyze the errors in such regions.

Figure 2 presents a comparison of the localized RMSE values calculated for the upper
and lower transformation plateaus. A clear difference in the comparative agreement of
the two constitutive models with the experimental response is observed for the upper
transformation plateau. As shown in Figure 2, the Liang—Rogers model yields substan-
tially lower RMSE values than the Brinson model, which indicates closer agreement with
the experimental stress—strain response within the transformation plateau region. This
difference may be attributed to the different constitutive descriptions of the stress-induced
phase transformation adopted by the two models, which result in different representa-

tions of the transformation plateau.

12

T
[ Upper Plateau
[ Lower Plateau

RMSE (MPa)

Brinson Liang—Rogers

Model

Figure 2. Comparison of localized plateau RMSE values for the Brinson and Liang-Rogers models
(Test 1).
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With respect to the lower transformation plateau, both models show good agreement
with the experimental data. Nevertheless, the Liang-Rogers model continues to exhibit
slightly lower RMSE values than the Brinson model, which indicates a modest improve-
ment in localized agreement with the experimental response.

The above results indicate that, although both constitutive formulations provide
comparable accuracy in reproducing the overall superelastic hysteresis response, local-
ized plateau analysis enables a more discriminative comparison of their agreement with
the experimental response.

Furthermore, the results suggest that differences in the constitutive formulation of
the stress-induced phase transformation contribute to the observed differences in local-
ized prediction accuracy.

3.1.3. Energy Dissipation

In addition to the stress—strain response, the hysteretic energy dissipation associated
with the superelastic hysteresis loops was also investigated for the two formulations. For
superelastic SMAs, the dissipated energy corresponds to the area bounded by the hyste-
resis loop and is an important parameter for evaluating damping capability and energy
absorption performance.

For Test 1, the experimental hysteresis energy was 13.124 MJ/m3, while the Brinson
and Liang-Rogers models yielded 12.588 and 12.862 M]/m?, respectively. The correspond-
ing relative deviations were 4.084% and 1.996%.

The results show that the hysteretic energy dissipation predicted by both constitutive
models is close to the experimental value. The small difference between the predicted en-
ergy dissipation values shows that both constitutive models have comparable capability
for representing the energy dissipation characteristics of the superelastic response.

This also reinforces the previously mentioned observation made based on the global
RMSE analysis, i.e., the primary differences between the constitutive models occur at the
local level of transformation.

To further examine whether these comparative trends remain consistent under dif-
ferent experimental conditions, a second comparative test case obtained from the same
published experimental study was considered. The objective was to evaluate the con-
sistency of the comparative trends observed in Test 1 under a different testing tempera-
ture. Therefore, the same comparative evaluation procedure, including global RMSE, lo-
calized plateau RMSE, and hysteretic energy dissipation, was applied to Test 2.

3.2. Test 2

The predicted stress—strain curves obtained using the Brinson and Liang—Rogers con-
stitutive models for Test 2 at 70 °C [29] are compared with the experimental data in Figure
3. As observed for Test 1, both models reproduce the overall superelastic hysteresis re-
sponse of NiTi SMA, including the elastic region, transformation plateaus, and reverse
transformation during unloading.

As shown in Figure 3, both constitutive formulations provide good agreement with
the overall stress—strain response. Nevertheless, differences between the model predic-
tions and the experimental response can be observed for the transformation regions. Spe-
cifically, the Liang-Rogers model shows closer agreement with the transformation plat-
eaus during loading and unloading.

https://doi.org/10.3390/aerospace13090815
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Figure 3. Comparison of experimental and numerical stress—strain responses predicted by the Brin-

son and Liang—Rogers constitutive models for Test 2.

During the loading stage, both constitutive models reproduce the upper transfor-
mation plateau. However, the Liang—Rogers model provides closer agreement with the
experimental response throughout the transformation region. A similar trend is observed
during unloading, where the Liang-Rogers model also exhibits closer agreement with the
experimentally observed reverse transformation plateau.

The quantitative performance metrics obtained for both tests are summarized in Ta-
ble 4. Like in Test 1, the Liang-Rogers model provided lower global prediction errors
while maintaining a closer agreement with the experimental stress—strain response.

The Liang—Rogers model yields a lower global RMSE for the loading-unloading cy-
cle by approximately 6% compared to the Brinson model. While the reduction in the global
RMSE remains relatively small, the obtained results are consistent with the observations
from Test 1, in which the Liang-Rogers model showed marginally higher accuracy.

The localized plateau RMSE values presented in Table 4 and Figure 4 further confirm
the superior agreement of the Liang-Rogers model within both the forward and reverse
transformation regions.

These findings are consistent with those for Test 1. Although the global RMSE values
provide relatively similar overall agreement, the localized plateau RMSE provides a more
discriminative basis for comparing the agreement of the two constitutive models within
the transformation regions.

Overall, the quantitative results consistently show that the Liang—Rogers model
yields lower prediction errors than the Brinson model in both comparative test cases. Alt-
hough the differences in global RMSE remain relatively small, the localized plateau anal-
ysis reveals a more pronounced distinction between the constitutive formulations,
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highlighting the importance of evaluating transformation regions in addition to global
error metrics.

15

]
[ Upper Plateau
[ L ower Plateau

11.52

7.69 749

RMSE (MPa)

Brinson Liang—Rogers

Model

Figure 4. Comparison of localized plateau RMSE values for the Brinson and Liang-Rogers models
(Test 2).

The sensitivity of the localized comparison to the selected plateau boundaries was
also examined. As summarized in Table 5, the Liang—Rogers model consistently yielded
lower localized RMSE values than the Brinson model for both the upper and lower plateau
regions across the narrowed, baseline, and widened boundary settings. This consistency
indicates that the relative model ranking is not sensitive to reasonable variations in the
selected plateau boundaries.

Table 5. Sensitivity of localized RMSE to variations in the selected plateau stress bounds.

t Interval Bri RMSE Liang-R
Test Plateau Boundary Setting Stress Interva rinson S iang-Rogers

(MPa) (MPa) RMSE (MPa)
Test 1 Upper Narrowed 265-280 8.30 3.05
Test 1 Upper Baseline 260-285 8.78 3.45
Test 1 Upper Widened 255-290 9.86 4.69
Test 1 Lower Narrowed 35-55 6.36 4.28
Test 1 Lower Baseline 30-60 7.47 4.85
Test1 Lower Widened 25-65 8.25 5.49
Test 2 Upper Narrowed 275-305 10.80 7.06
Test 2 Upper Baseline 270-310 11.51 7.69
Test 2 Upper Widened 265-315 11.51 7.69
Test 2 Lower Narrowed 50-85 10.02 7.13
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Test 2 Lower Baseline 45-90 10.35 7.49
Test 2 Lower Widened 40-95 10.55 7.85

The Liang-Rogers model consistently yielded a lower RMSE than the Brinson model
for both the upper and lower plateau regions under all considered boundary settings,
which indicates that the relative model ranking was not sensitive to reasonable variations
in the selected plateau boundaries.

To assess the robustness of the comparative results to moderate variations in the prin-
cipal material parameters, a one-at-a-time sensitivity analysis was performed for the aus-
tenitic elastic modulus E,, martensitic elastic modulus E,;, and maximum transformation
strain &, which directly characterize the elastic response and transformation strain of the
SMA.. Each parameter was independently varied by +5% from its baseline value while the
remaining parameters were kept unchanged, and the analysis was performed for both test
conditions. The results are shown in Table 6.

Table 6. Sensitivity of global RMSE to +5% variations in the principal material parameters.

Test Parameter Variation Brinson RMSE (MPa) Liang-Rogers RMSE (MPa)
Test 1 E, 5% 11.712 11.457
Test 1 E, 0 11.998 11.694
Test 1 E, +5% 12.890 12.586
Test 1 Ey -5% 11.903 11.694
Test 1 Ey 0 11.998 11.694
Test 1 Ey +5% 12.214 11.694
Test 1 £, -5% 12.099 11.868
Test 1 £, 0 11.998 11.694
Test 1 £ +5% 12.049 11.583
Test 2 E, 5% 25.974 24.502
Test 2 E, 0 25.416 23.891
Test 2 E, +5% 25.401 23.833
Test 2 Ey -5% 24.242 23.891
Test 2 Ey 0 25.416 23.891
Test 2 Ey +5% 31.096 23.891
Test 2 £, -5% 45.564 24.537
Test 2 £, 0 25.416 23.891
Test 2 £, +5% 23.328 19.932

The sensitivity analysis shows that the Liang-Rogers model consistently yields a
lower global RMSE than the Brinson model for all considered variations of E4, Ej, and
g, in both test conditions. As expected from the constant austenitic modulus used in the
Liang-Rogers formulation, variations in Ej; do not affect its RMSE, whereas the Brinson
model remains sensitive to E), through its martensite-fraction-dependent effective mod-
ulus. Overall, these results indicate that the observed superior comparative performance
of the Liang—Rogers formulation is maintained under moderate variations (+5%) in the
principal material parameters.

To investigate the sensitivity of the comparative results to uncertainty associated
with the extraction of the published experimental curves, a perturbation-based digitiza-
tion uncertainty analysis was performed. Because the original raw experimental data were
not available, a conservative stress perturbation of +2.5 MPa was applied to the extracted
experimental stress values to represent a moderate level of graphical data-extraction un-
certainty. The RMSE values were recalculated for both constitutive models under the pos-
itive and negative perturbations for both test conditions and are reported in Table 7.
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Table 7. Sensitivity of the RMSE results to +2.5 MPa perturbations of the extracted experimental

stress data.

Test Model -2.5 MPa Baseline +2.5 MPa
Test1 Brinson 12.368 11.998 12.143
Test 1 Liang-Rogers 10.945 11.694 10.753
Test 2 Brinson 26.384 25.416 24.664
Test 2 Liang-Rogers 25.005 23.891 22.996

The results demonstrate that the relative performance of the two constitutive models
remains unchanged under the considered perturbations of the extracted experimental
stress data. In all cases, the Liang—Rogers formulation yields a lower RMSE than the Brin-
son formulation, which indicates that the comparative results are robust with respect to
the considered level of graphical data-extraction uncertainty.

Regarding hysteretic energy dissipation, the corresponding values for Test 2 were
13.539 MJ/m? for the experimental response, 11.917 MJ/m? for the Brinson model, and
12.400 MJ/m? for the Liang-Rogers model, corresponding to relative deviations of 11.984%
and 8.416%, respectively. Detailed information, including the absolute and relative errors
for each model, is reported in Table 8.

The Liang-Rogers model therefore shows a lower deviation from the experimental
hysteresis energy than the Brinson model for both test conditions.

Table 8. Comparison of experimental and numerical hysteresis-loop energies for the two test cases.

(All units are in (%))

Experimental Brinson Brinson Abso- Brinson Relative Liang-Rogers En- Liang-Rogers Liang-Rogers

Test Energy Energy lute Error Error ergy Absolute Error Relative Error
Test 1 13.12 12.58 0.53 4.08 12.86 0.26 1.99
Test 2 13.54 11.91 1.62 11.98 12.40 1.14 8.41

4. Discussion

Comparison of the two test cases showed that both constitutive models reproduced
the overall superelastic stress—strain response of the NiTi alloy under the investigated iso-
thermal loading—unloading conditions. Specifically, the predicted stress—strain curves ex-
hibited a characteristic hysteresis behavior featuring the elastic region, forward and re-
verse transformation plateaus, and recovery path. At the same time, noticeable differences
become evident when the transformation regions were analyzed locally.

Consistent comparative trends were observed in both test cases conducted at 65 °C
and 70 °C. In both Test 1 and Test 2, the Liang—Rogers model exhibited closer local agree-
ment with the experimental stress—strain response within the transformation plateaus. In
both comparative test cases, the difference in global agreement between the two models
remained relatively small, however. Although the reduction in global RMSE was modest
when global RMSE values were compared, a much more significant decrease was rec-
orded for the plateau RMSE metric.

The obtained results also suggest that global error measures may not be sufficient as
the sole criterion for constitutive model evaluation for superelastic SMAs. Although the
global RMSE values of the two considered models were relatively close in both tests, lo-
calized plateau RMSE analysis revealed clear differences in localized agreement with the
experimental response. As the transformation plateau regions are key features of the su-
perelastic stress—strain response, localized error analysis can provide a more discrimina-
tive basis for model comparison than global RMSE alone. Relying solely on global RMSE
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may therefore overlook important differences in the agreement of the models within the
transformation regions.

The observed differences between the two constitutive models are associated with
their different constitutive treatments of the material response. Although both formula-
tions employ cosine-based relations for the evolution of the martensitic fraction under the
present isothermal conditions, the Brinson formulation uses a martensite-fraction-de-
pendent elastic modulus, whereas the Liang—Rogers formulation treats the elastic modu-
lus as a constant material property. The temperature-induced martensite fraction in the
Brinson formulation is zero under the present isothermal loading conditions and therefore
does not constitute a source of difference between the two models in these comparative
test cases. The different constitutive treatment of the elastic response contributes to the
different stress representations observed within the transformation regions.

Conversely, the Liang-Rogers formulation yielded lower localized RMSE values
within the transformation regions for both comparative test cases. This behavior indicates
that, under the investigated loading conditions and parameter set, the Liang—Rogers con-
stitutive treatment provides closer agreement with the experimentally observed transfor-
mation plateaus. Consequently, the Liang-Rogers model demonstrated closer local agree-
ment with the experimental response while maintaining a comparable level of global
agreement.

For both comparative cases, the two constitutive models predicted comparable hys-
teretic energy dissipation. This indicates that, despite the observed differences in localized
transformation behavior, both formulations provide a similar representation of the overall
energetic response associated with the superelastic hysteresis loop. Therefore, the local-
ized differences identified by the plateau analysis do not necessarily translate into sub-
stantial differences in the predicted global energy dissipation.

According to the present results, within the investigated loading conditions, the se-
lection of a constitutive model may depend on the intended engineering objective. When
close representation of the experimental transformation plateaus is required, the Liang—
Rogers model provides lower localized RMSE values under the investigated loading con-
ditions. Conversely, the Brinson model provides comparable overall agreement with the
experimental stress—strain response and hysteretic energy dissipation, which makes it a
suitable alternative when global mechanical response is of primary interest. These find-
ings are also relevant for numerical simulations of SMA-based smart structures, including
aerospace applications, where accurate prediction of the transformation behavior is often
required.

The present study is limited to two isothermal uniaxial tensile loading—unloading
tests obtained from a single published experimental source. Therefore, the conclusions are
restricted to the investigated loading conditions and should not be generalized to cyclic
loading, non-isothermal behavior, multiaxial loading, or different SMA materials. Future
studies should extend the proposed comparison framework to broader experimental da-
tasets and more complex loading scenarios.

5. Conclusions

In this study, the comparative performance of the classical Brinson and Liang-Rogers
one-dimensional phenomenological constitutive models was evaluated using two pub-
lished experimental test cases corresponding to the superelastic response of NiTi shape
memory alloys under isothermal tensile loading-unloading conditions at 65 and 70 °C.

The results demonstrate that both constitutive models reproduced the overall super-
elastic stress—strain response, including the loading path, transformation plateaus, un-
loading path, and hysteresis loop. Comparable global RMSE values and similar hysteretic
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energy dissipation were obtained, which indicates that both models provide comparable
agreement with the global mechanical response under the investigated loading conditions.

The localized plateau analysis revealed that the Liang—Rogers model consistently
produced lower RMSE values relative to the experimental response within the forward
and reverse transformation regions for both test cases. The observed differences are asso-
ciated with the different treatment of the constitutive response in the two formulations
under the investigated isothermal conditions. These results indicate that localized error
metrics provide additional information beyond global RMSE and enable a more detailed
assessment of constitutive model performance in the stress ranges where phase transfor-
mation predominantly occurs.

Although the Brinson model exhibited slightly higher localized prediction errors, it
provided a comparable prediction of the overall stress—strain response and hysteretic en-
ergy dissipation. The present study demonstrates the usefulness of combining global and
localized error metrics for the comparative assessment of constitutive models describing
the superelastic behavior of shape memory alloys. The proposed plateau-based compara-
tive evaluation framework provides a localized complement to conventional global error
measures and may serve as a useful tool for future comparative studies involving consti-
tutive model evaluation. Owing to the limited comparative scope considered in this work,
the conclusions are restricted to the investigated isothermal loading conditions. Future
research should extend the proposed methodology to independent experimental datasets,
cyclic loading, non-isothermal conditions, and more complex thermomechanical loading
paths relevant to SMA-based engineering applications, including aerospace structures.
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