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Abstract

When a large language model (LLM) answers a question using retrieved documents,
retrieval-augmented generation (RAG) is the standard approach. Retrieving more docu-
ments improves answer accuracy but increases cost and response time; retrieving fewer
documents saves resources but may miss critical information. Most existing RAG systems
sidestep this dilemma by applying the same retrieval setting to every query, regardless of
how simple or complex the question is. This wastes budget allocation on easy questions
and under-serves hard ones. This paper introduces Cost-Aware RAG (CA-RAG), a routing
framework that solves this problem by treating each query individually. For every incom-
ing question, CA-RAG selects the most suitable retrieval strategy from a fixed menu of
four options, ranging from no retrieval to fetching the top k = 10 most-relevant documents.
The selection is driven by a scoring formula that balances expected answer quality against
predicted cost and response time. The weights in this formula act as dials: adjusting them
shifts the system toward speed, savings, or quality without any retraining. CA-RAG is
built on Facebook AI Similarity Search (FAISS) for document retrieval, OpenAI gpt-4o-
mini for generation, and text-embedding-3-small for dense retrieval embeddings. We
evaluate CA-RAG on a benchmark of 28 queries. The router assigns different strategies
to different queries, achieving 26% fewer billed tokens compared to always using heavy
retrieval and 34% lower response time compared to always answering without retrieval,
while maintaining answer-quality parity in both cases. Further analysis shows that most
savings come from simpler queries, where heavy retrieval was unnecessary. All results
are reproducible from logged comma-separated value (CSV) files. CA-RAG demonstrates
that a small but well-designed set of retrieval strategies combined with lightweight per-
query routing can meaningfully reduce the cost and latency of LLM deployments without
compromising answer quality.

Keywords: retrieval-augmented generation; cost-aware inference; utility maximization;
discrete routing; hybrid retrieval; large language models; token efficiency; production
systems

1. Introduction
Large language models (LLMs) deliver strong generative fluency but remain prone

to hallucination on fact-intensive or time-sensitive queries [1,2]. Retrieval-augmented
generation (RAG) addresses this by conditioning generation on retrieved external passages,
substantially improving factual grounding [1,3]. RAG deployments must simultaneously
honor latency service-level objectives (SLOs) and token budgets driven by commercial API
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pricing [4]. A single static configuration, i.e., fixed top-k, one index, or one decoding budget
is rarely optimal across a heterogeneous query workload. Definitional queries (i.e., what is
RAG?) waste expensive context tokens on unnecessary retrieved passages, while multi-hop
or long-form analytical prompts are not well supported by limited retrieval [5,6].

Running a RAG pipeline costs money at every step. Each document retrieved and
added to the prompt is billed as an input token by the API provider. Generating embeddings
at query time adds a small but real extra charge. Longer prompts also take more time to
process, increasing how long users wait for a response. When a system handles thousands
of queries per minute, even a small difference, say, fetching three documents instead of ten,
adds up quickly in both cost and response time. This creates a situation where if we set
retrieval too low, the complex questions get poor answers. If we set it too high and simple
questions waste money unnecessarily. Neither option is ideal, and neither adjusts to the
specific needs of each query.

This mismatch motivates per-query routing: rather than applying a single-retrieval
depth to all queries, each query should independently select the strategy best suited to its
complexity and the user’s cost-quality objective. An effective routing mechanism must
satisfy three requirements. It must be fast so that the routing decision does not introduce
latency. It must be transparent so that operators can audit why a given query was assigned
to a given strategy. And it must be adjustable so that the same mechanism can serve
both latency-sensitive interactive workloads and cost-sensitive batch workloads through
simple parameter adjustment rather than re-engineering. While adaptive retrieval has been
explored conceptually in prior work, rigorous empirical studies that jointly account for
token costs, latency, and answer quality with reproducible run logs, remain limited in the
literature. This paper addresses that gap directly.

This paper introduces CA-RAG (Cost-Aware RAG), a framework that addresses
this gap by routing each query to one of several predefined strategy bundles. For each
incoming query, CA-RAG selects the bundle that maximizes a weighted score computed
from estimated answer quality, predicted latency, and token cost. Unlike approaches that
learn a continuous routing policy or train a separate classifier, CA-RAG treats routing as
a straightforward optimization over a fixed set of options. This design is intentional: a
fixed catalog with clearly defined options is easy to interpret, easy to debug, and ready to
deploy without additional training. It also makes the cost latency–quality tradeoff explicit
and operator-controllable, rather than burying it inside a learned model. The framework
is evaluated around four research questions, each targeting a property that any practical
routing system must demonstrate before it can be trusted in production.

RQ1 (Routing Behavior): Does per-query routing genuinely exercise the full bundle
catalog, or does it collapse to a near-fixed policy? This question matters because a router
that always selects the same bundle is operationally indistinguishable from a static configu-
ration, demonstrating genuine bundle diversity is a necessary precondition for routing to
add any value at all.

RQ2 (Cost–Quality Tradeoff): How much token cost and latency does routing save
relative to fixed baselines, and at what quality cost? This is the core economic question
for any deployment: routing is only worth its added complexity if the measured savings
against the natural alternatives (always-light, always-heavy, always-direct) are non-trivial
and the quality cost is within acceptable bounds.

RQ3 (Per-Query Variance): Are routing benefits uniform across queries or concen-
trated in specific query types? Aggregate means can mask important per-query behavior—a
router that saves on average but catastrophically underserves a subset of queries is unsuit-
able for production. Understanding where savings come from informs both bundle design
and the placement of guardrails.
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RQ4 (Weight Sensitivity): Can the same bundle catalog support multiple operating
points on the cost–latency–quality surface through weight adjustment alone? Production
priorities shift over time—a system tuned for an interactive chatbot today may be repur-
posed for an overnight batch pipeline tomorrow—and a routing framework that requires
re-engineering for each such shift is a liability rather than an asset.

The contributions of this paper are as follows:

• A concrete utility formulation and discrete bundle catalog suited to operational RAG
routing, with full token billing accounting.

• An open reference implementation with retrieval backed by FAISS (Facebook AI
Similarity Search, an open-source library for efficient approximate nearest-neighbor
search over dense vector embeddings [7]), BM25-ready tokenization, OpenAI
gpt-4o-mini/text-embedding-3-small integration (model choice justified in Sec-
tion 6.2), and a CLI experiment harness.

• A 28-query empirical study with eighteen quantitative figures and six auto-generated
tables, all produced directly from measured CSV logs, covering strategy frequency,
token decomposition, latency distributions, utility–cost structure, correlation analysis,
and router vs. fixed-baseline comparisons.

• Operational guidance for bundle design, weight calibration, monitoring, and failure-
mode triage in deployed RAG systems.

2. Related Work
2.1. Retrieval for Open-Domain QA

Dense passage retrieval [5] and hybrid sparse–dense fusion are standard components
in open-domain question answering. Retrieval-augmented pretraining (REALM) [8], fusion-
in-decoder models [3], and few-shot retrieval-augmented language models (Atlas) [9]
demonstrated the value of tightly coupling retrieval with generation at scale. RETRO [10]
and nearest-neighbor language models [11] further showed that retrieval can be integrated
at pretraining time to expand effective knowledge capacity. REPLUG [12] and in-context
retrieval-augmented LMs [13] extended retrieval conditioning to black-box and in-context
settings without architectural retraining. RA-DIT [14] jointly fine-tunes retrievers and
generators but still assumes a fixed retrieval depth per query. CA-RAG builds on this
foundation but targets a distinct axis: operational routing over a discrete bundle set un-
der explicit cost and latency terms, rather than architectural improvements to retrievers
or generators.

2.2. Classical and Hybrid Retrieval

BM25 [15] remains a competitive probabilistic baseline and is complementary to dense
retrieval in hybrid pipelines. Learned sparse retrieval (SPLADE) [16], late-interaction
models (ColBERT [6], ColBERTv2 [17]), and query expansion via hypothetical document
embeddings (HyDE) [18] improve recall and ranking quality but do not address how much
context to inject at inference time. FAISS [7], HNSW [19], and product quantization [20]
enable scalable approximate nearest neighbor search over large embedding indices. Ni
et al. [21] survey dense retrieval methods; Thakur et al. [22] provide a heterogeneous
zero-shot retrieval benchmark. CA-RAG uses FAISS as the dense backend while preserving
BM25-compatible tokenization for future hybrid fusion; its contribution is not retriever
architecture but rather when and how deeply to invoke retrieval given a fixed backend.

2.3. Adaptive and Active Retrieval

A growing body of work recognizes that indiscriminate retrieval wastes compute on
simple queries and under-serves complex ones. Self-RAG [23] trains reflection tokens so
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the model can adaptively decide whether to retrieve and how to critique retrieved passages,
but it requires specialized model training and does not expose per-query token billing or
latency SLOs. FLARE [24] and DRAGIN [25] perform active retrieval during generation,
triggering lookups when the model exhibits low confidence or unmet information needs.
IRCoT [26] interleaves chain-of-thought reasoning with iterative retrieval for multi-hop
questions. Corrective RAG (CRAG) [27] adds a lightweight retrieval evaluator that triggers
corrective actions when retrieved documents are low quality. Adaptive-RAG [28] is the
closest prior work to CA-RAG: it trains a classifier to route queries among no-retrieval,
single-step, and multi-step retrieval strategies based on estimated complexity. However,
Adaptive-RAG optimizes primarily for answer accuracy on academic QA benchmarks.
It does not formulate routing as a multi-objective utility maximization over token cost
and latency; does not provide operator-controllable weight knobs; and does not publish
reproducible per-query logs decomposing embedding, prompt, and completion tokens.
Mallen et al. [29] show that parametric knowledge suffices for popular entities while
rare facts require retrieval, motivating per-query depth selection but stopping short of an
operational routing framework.

2.4. Multi-Hop QA and Query Heterogeneity

Benchmarks such as HotpotQA [30], Natural Questions [31], and MS MARCO [32]
establish that query workloads are heterogeneous: definitional lookups, single-hop factoid
questions, and multi-hop reasoning prompts coexist in production traffic. Press et al. [33]
document a compositionality gap in which LLMs fail on questions requiring combining
multiple facts, precisely the regime where deeper retrieval is warranted. These datasets
drive retrieval-quality research but are rarely used to evaluate operational tradeoffs. CA-
RAG’s benchmark is intentionally small-scale to enable controlled routing analysis; the gap
it addresses is the absence of studies that jointly measure token cost, latency, and answer
quality with full billing decomposition on a per-query basis.

2.5. RAG Surveys and Production Considerations

Gao et al. [2] and Wang et al. [34] survey the RAG landscape and identify retrieval
granularity, evaluation methodology, and deployment cost as open research challenges.
Both surveys note that most systems apply a single retrieval configuration uniformly and
call for adaptive strategies, but cite few works that quantify the cost–latency–quality Pareto
surface with reproducible telemetry. CA-RAG offers a concrete, measurable response to the
cost challenge through per-query routing with full token accounting, operator-adjustable
weights, and CSV-logged experiment artifacts from which all figures and tables in this
paper are generated.

2.6. Cost-Aware LLM Inference and Model Routing

A parallel line of work optimizes inference cost by routing queries across LLM providers
rather than retrieval depths. FrugalGPT [35] learns an LLM cascade that escalates from
cheap to expensive models based on a post-generation quality scorer, achieving up to 98%
cost reduction on classification and QA tasks. RouteLLM [36] trains routers on human
preference data (Chatbot Arena [37]) to select between strong and weak LLMs at inference
time. LLMLingua [38] compresses prompts post hoc to reduce billed input tokens. These
methods address complementary axes of the cost problem—model selection and prompt
compression—but none jointly routes retrieval depth (top-k, skip-retrieval) alongside latency
and quality under a single transparent utility function. In a production RAG stack, model
routing and retrieval-depth routing are orthogonal decisions; CA-RAG fills the latter gap
while remaining compatible with cross-provider normalization (Section 5.8).
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2.7. Contextual Bandits and Adaptive Decision-Making

CA-RAG is conceptually related to contextual bandit formulations in which queries are
contexts and bundles are actions [39,40]. The benchmark in this paper disables exploration
and uses hand-specified priors rather than learned reward models, enabling controlled anal-
ysis of the routing mechanism in isolation. Online bandit-based recalibration is identified
as a key direction for future work. Relative to learned routers (Adaptive-RAG, RouteLLM,
FrugalGPT), CA-RAG’s fixed catalog trades some adaptivity for deployability: no training
data, no fine-tuning pipeline, and auditable routing decisions via explicit utility attribution
(Section 5.9).

2.8. Research Gap

Table 1 summarizes how prior work relates to CA-RAG’s design goals. Adaptive
retrieval methods improve answer quality on academic benchmarks but seldom report
per-query token decomposition, latency distributions, or operator-controllable cost–quality
tradeoffs. Cost-optimization methods target model selection or prompt compression, not
retrieval-depth routing. RAG surveys identify the problem but lack reproducible empirical
studies with logged CSV telemetry. CA-RAG occupies the intersection: a discrete bundle
catalog, explicit utility maximization over quality/latency/cost, full token billing, and an
open experiment harness designed for production operators rather than model trainers.

Table 1. Positioning of CA-RAG relative to prior work. ✓ = addressed; ✗ = not primary focus;
(∼) = partial.

Approach Adapt. Retr. Token Billing Latency SLO Op. Weights Repro. Logs

Self-RAG [23] ✓ ✗ ✗ ✗ ✗

FLARE [24] ✓ ✗ ✗ ✗ ✗

Adaptive-RAG [28] ✓ ✗ ✗ ✗ ✗

CRAG [27] ✓ ✗ ✗ ✗ ✗

FrugalGPT [35] ✗ ✓ ✗ (∼) ✗

RouteLLM [36] ✗ ✓ ✗ ✓ ✗

LLMLingua [38] ✗ ✓ ✓ ✗ ✗

RAGRouter [41] ✓ ✗ ✗ ✗ ✗

RAG surveys [2,34] (∼) ✗ ✗ ✗ ✗

CA-RAG (this work) ✓ ✓ ✓ ✓ ✓

Explicit Differentiation from the Four Closest Prior Systems

Four systems in this space deserve direct differentiation because superficial similarities
can obscure fundamental architectural differences.

Self-RAG [23] operates at the token level: it trains special reflection tokens ([Retrieve],
[IsRel], [IsSup]) into the LLM weights, so the generator itself decides mid-generation
whether to trigger retrieval and whether a retrieved passage is relevant. This requires fine-
tuning the LLM on a curated dataset annotated with reflection tokens—a non-starter for
operators using black-box commercial APIs. CA-RAG treats the generator as an immutable
black box and makes all routing decisions externally at query-submission time, adding
zero training overhead and remaining compatible with any commercial API. A direct
comparison on token-level routing vs. query-level routing would require running Self-
RAG’s inference pipeline on the same query set, which is architecturally incompatible with
a black-box OpenAI setup; this is explicitly acknowledged as a limitation (Section 9).

Adaptive-RAG [28] is the closest prior work on the routing axis. It trains a lightweight
classifier to route queries among three tiers (no retrieval, single-step, multi-step) based on
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predicted query complexity. The classifier is fine-tuned on labeled complexity data from
academic QA benchmarks (Natural Questions, MuSiQue, HotpotQA). Three gaps separate
it from CA-RAG: (i) it does not model token cost or latency as explicit objectives—all
routing decisions are quality-driven; (ii) the trained classifier is fixed after training and does
not recalibrate to production telemetry; and (iii) it does not provide operator-adjustable
weight knobs for shifting between cost-sensitive and latency-sensitive operation without
retraining. CA-RAG addresses all three gaps through its utility function and EWMA
recalibration, while Adaptive-RAG’s trained classifier achieves stronger quality routing
than CA-RAG’s heuristic complexity signal—a genuine tradeoff between quality routing
and operational flexibility.

CRAG [27] adds a lightweight retrieval evaluator that fires after retrieval and decides
whether to use, discard, or search to supplement the retrieved passages. The corrective
action is triggered on a per-passage basis, making it a post-retrieval quality gating mechanism
rather than a pre-retrieval depth selection mechanism. CRAG always incurs the token cost
and latency of at least one retrieval pass; CA-RAG avoids this overhead entirely on queries
routed to direct_llm. The two approaches are complementary rather than competing:
CRAG’s corrective evaluator could be integrated as an optional post-retrieval stage within
any of CA-RAG’s retrieval bundles.

RAGRouter [41] uses the LLM itself as an in-context routing agent: it prompts the
model to classify whether the query requires retrieval, what type of retrieval is appropriate,
and which knowledge source to query. This leverages the model’s inherent reasoning about
information needs but adds an extra LLM call per query (raising cost and latency) and
depends on the generator’s introspective accuracy. CA-RAG’s routing decision is cost-free
in LLM calls: it evaluates a closed-form utility expression over four pre-specified bundles
without any model invocation, keeping the routing overhead below 1 ms regardless of
query complexity.

In summary, Self-RAG requires model fine-tuning; Adaptive-RAG requires labeled
training data and sacrifices operational knobs; CRAG operates post-retrieval and always
incurs retrieval cost; RAGRouter adds an LLM call overhead per query. CA-RAG’s design
point is the only one among these that is training-free, pre-retrieval, cost-zero at routing
time, and operator-adjustable via numeric weights.

3. Problem Formulation
Consider a user submitting a query q to a RAG system. The system has a fixed set of

retrieval strategies, which we call strategy bundles, collected in a set B = {b1, b2, . . . , bn}.
Each bundle specifies how many documents to retrieve and how to construct the generation
prompt. The system picks one bundle b∗, retrieves a set of relevant passages Cb∗ (or nothing,
if the bundle skips retrieval entirely), and returns an answer ab∗ to the user.

The difficulty is that no single bundle works well for every query. Three practical
concerns pull in different directions:

• Quality: A factual, multi-step question needs several retrieved passages to be an-
swered correctly. A simple definitional question does not. Applying deep retrieval uni-
formly wastes resources on easy questions without improving answers on hard ones.

• Latency: Each additional passage in the prompt makes the model take longer to
respond. For user-facing applications, response time matters, and a retrieval strategy
that is too heavy can push response times beyond acceptable limits.

• Cost: Commercial language model APIs charge by the token. Each retrieved passage
injected into the prompt is billed as an input token. At scale, the difference between re-
trieving three passages and ten passages per query adds up to a measurable difference
in operating cost.
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These three concerns cannot all be satisfied by a single fixed configuration. A bundle
tuned for maximum quality will overspend on simple queries. A bundle tuned for mini-
mum cost will give poor answers on complex ones. What is needed is a way to let each
query choose the bundle that best fits its own demands.

CA-RAG does this by assigning a score to each bundle for every incoming query and
selecting the highest-scoring one. The score, which we call the utility, combines estimated
answer quality with penalties for predicted latency and token cost:

Ub(q) = Q̂b(q)− λ1 · L̂b(q)− λ2 · T̂b(q) (1)

Here, Q̂b(q) estimates how well bundle b is likely to answer query q, L̂b(q) is the predicted
response time normalized across bundles, and T̂b(q) is the predicted token cost, also
normalized. The weights λ1 and λ2 let the operator decide how much to penalize latency
and cost relative to quality. The operational instantiation with weights (wQ, wL, wC),
reference-ratio normalization, and literature-grounded prior construction are given in
Equation (10) and Section 5.3. Setting both weights to zero makes the router pick purely for
quality. Increasing λ2 pushes the router toward cheaper bundles. The routing decision is
simply the bundle with the highest utility score:

b∗ = arg max
b∈B

Ub(q) (2)

(equivalently Equation (11) in the bundle-catalog specification).
Because the weights are explicit numbers in a configuration file rather than parameters

inside a neural network, the tradeoff is transparent. An operator can look at any routing
decision and understand exactly why a particular bundle was chosen.

One clarification is worth stating directly: CA-RAG does not introduce a new method
for estimating answer quality. The quality term Q̂b(q) is a simple heuristic based on
observable properties of the query. The contribution of this paper is the routing framework
itself—the idea of scoring bundles per query using an explicit utility function—and the
experiments that measure whether this approach delivers real cost and latency savings
in practice.

4. System Architecture
CA-RAG cleanly separates routing from retrieval and generation. The router consumes

query signals and a bundle catalog and emits a retrieval–generation specification; the
execution layer performs retrieval and generation and returns logged metrics to the teleme-
try store.

End-to-End Pipeline

For each query q, CA-RAG executes the following pipeline:

1. Signal extraction: Compute QuerySignals (length, cue-word counts) and a heuristic
complexity score c ∈ [0, 1].

2. Utility estimation: Evaluate Ub for all b ∈ B using priors and optional telemetry.
3. Bundle selection: Dispatch to b∗ = arg maxb Ub.
4. Retrieval: Execute retrieval per the specification of b∗, obtaining context C and

retrieval confidence.
5. Generation: Construct a prompt from q and C; call the LLM generator.
6. Telemetry logging: Log prompt, completion, and embedding tokens; end-to-end

latency; lexical quality proxy; and realized utility.
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This pipeline makes routing decisions auditable and reproducible at the query level.
Figure 1 provides a block-diagram view of the same pipeline, showing how the router,
the bundle catalog, the retrieval/generation execution layer, and the telemetry store are
decoupled. The router is the only component that consumes both the query signals and the
bundle catalog; the execution layer never sees the catalog directly, which keeps the routing
logic in a single auditable place and allows bundles to be added, removed, or re-priced
without modifying retrieval or generation code.

Query q Signal
extraction

Bundle
catalog B

Utility
Ub

Select b∗ = arg maxb Ub

Retrieval
(FAISS, top-k)

Generation
(LLM, prompt+C)

Answer a Telemetry
store

— Routing layer —

— Execution layer —

context C

prior refinement

Figure 1. CA-RAG architectural block diagram. The routing layer (top) consumes query signals and
the bundle catalog to select b∗ via utility maximization. The execution layer (bottom) carries out the
chosen retrieval depth and generation and then writes per-query metrics to the telemetry store. The
dashed feedback path indicates optional online prior refinement.

5. Methodology
5.1. Query Signals and Complexity

From q, lightweight QuerySignals are derived: character length, word count, inter-
rogative cue-word count, and a heuristic complexity score

c(q) = clip
(

α · wordlen(q)
Lmax

+ β · cues(q)
Kmax

, 0, 1
)

,

with α = 0.6, β = 0.4, Lmax = 20, and Kmax = 3. Complexity modulates quality priors
without requiring an additional LLM call.

5.2. Catalog Design and Retrieval Depth Quantization

The four bundles k ∈ {0, 3, 5, 10} represent a discretization of a continuous retrieval
depth axis. This section provides an information-theoretic grounding for both the choice
of bundle count N and the specific depth intervals. Each design step below is tied to a
parameter choice and to prior empirical or decision-analytic literature.

Step 1: Quality saturation model

Empirically, answer quality as a function of retrieval depth k follows an exponential
saturation curve:

Q(k) = Qbase + Qgain
(
1− e−λk), (3)
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where Qbase is the parametric (zero-retrieval) quality floor, Qgain = Q∞ − Qbase is the
maximum incremental gain from retrieval, and λ > 0 is the corpus information-density
rate. The functional form is standard in learning-curve and saturation analyses [42]: the
marginal gain ∂Q/∂k = Qgainλe−λk is monotonically decreasing, matching the diminishing
returns repeatedly reported in open-domain QA when increasing top-k beyond a moderate
threshold [3,5,21,34]. Mallen et al. [29] further show that parametric LLM quality is query-
dependent—popular entities are answerable without retrieval (Qbase is non-trivial), while
rare facts require external context (Qgain is large)—motivating a k = 0 bundle alongside
retrieval depths.

Parameter selection: The anchor Qbase = 0.52 is set at the direct_llm prior in Table 2
(Section 5.3), reflecting the parametric-only baseline tier. The triplet (Q(3) = 0.66,
Q(5) = 0.74, Q(10) = 0.82) is taken from the same quality priors and inverted through
Equation (3) to obtain λ ≈ 0.21 and Qgain ≈ 0.30. This single-parameter fit is intentionally
minimal: three anchor points suffice to identify a one-parameter saturation family, consis-
tent with the sparse top-k ablations in DPR [5] and the coarse retrieval-granularity tiers
used in Adaptive-RAG [28]. The upper depth kmax = 10 follows common open-domain
practice of retrieving on the order of 5–20 passages before reader truncation [3,5]; kmax = 10
captures most of the saturation gain (Q(10)/Q∞ ≈ 0.94 under the fitted curve) without
extending into the near-flat tail where marginal token cost dominates [2].

Step 2: Continuous-relaxation optimum

Treating k as continuous and passage cost as linear in k, the unconstrained utility-
maximizing depth satisfies ∂U/∂k = 0:

k∗(w) =
1
λ

log ρ, ρ =
wQ Qgain λ

wC c1
, (4)

where c1 is the billed token increment per additional passage. Equation (4) is the first-order
condition for a concave benefit function with linear cost—the same marginal-benefit-
equals-marginal-cost logic used in microeconomic dispatch [43] and in cost-aware LLM
cascades [35,36]. When ρ ≤ 1, retrieval never pays at the margin and k∗ = 0. Because
ρ depends on the operator weights (wQ, wC), Equation (4) partitions weight space into
regions where different bundles are optimal, justifying a range of discrete depths rather
than a single globally best k [44].

Step 3: Optimal bundle count via quantization theory

Routing over a finite catalog incurs quantization regret: The utility loss from selecting
the nearest available kb instead of the continuous optimum k∗(w). Applying the Zador
(1982) [45] high-rate bound for scalar quantizers [42] to U(k), the minimax regret for N
levels satisfies:

ϵ(N) ≲
(

I
2N

)2
,

I =
∫ kmax

0

∣∣U′′(k)∣∣1/2 dk

= 2
√

wQQgain

(
1− e−λkmax/2

)
.

(5)

Solving ϵ(N) ≤ ϵtol yields the minimum sufficient catalog size:

N∗ =
⌈

I
2
√

ϵtol

⌉
. (6)

Parameter selection: We set ϵtol = 0.02, i.e., at most 2% utility regret from discretizing k,
following the sensitivity-analysis practice in multi-criteria decision making, where sub-
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5% objective perturbations are treated as operationally negligible [44,46]. With λ = 0.21,
Qgain = 0.30, kmax = 10, and wQ = 1.0 (the default quality weight in Equation (10)),
Equation (6) yields N∗ = 3 non-zero retrieval levels. Adding the k = 0 no-retrieval bundle
gives a total catalog of four—the smallest discrete set that (i) covers the skip-retrieval
regime identified by Mallen et al. [29], (ii) spans the elbow of the saturation curve, and
(iii) keeps quantization regret below ϵtol.

Step 4: Geometric depth spacing

The distortion-minimizing breakpoint placement from the Lloyd–Max optimality con-
ditions [47] allocates levels proportional to |U′′(k)|−1/3, concentrating quantizer resolution
where the utility curvature is highest [42]. For U′′(k) = −wQQgainλ2e−λk, this reduces to
geometric spacing:

ki = k1 · ri−1, r =
(

kmax

k1

)1/(N−1)
, (7)

Parameter selection: The minimum non-zero depth k1 = 3 is the shallowest top-k that yields
a measurable retrieval gain in DPR-style pipelines [5] and matches the “light” retrieval tier
in adaptive routing systems [28]. With k1 = 3, kmax = 10, N = 3: r =

√
10/3 ≈ 1.83, giving

continuous levels {3, 5.5, 10}, rounded to {3, 5, 10}—the non-zero depths in Table 2. Arith-
metic spacing ({3, 6, 9} or {2, 5, 8}) would over-sample the saturated tail where |U′′(k)|
is small and under-sample the elbow where each additional passage changes routing
outcomes most [45].

Table 2. Strategy bundle catalog: retrieval depth and quality/latency priors with shared genera-
tion profile.

Bundle k Skip Retr. Qual. Prior Lat. Prior (ms)

direct_llm 0 ✓ 0.52 8
light_rag 3 ✗ 0.66 45
medium_rag 5 ✗ 0.74 60
heavy_rag 10 ✗ 0.82 95

5.3. Strategy Bundles

Table 2 defines the four bundles used in this study. Retrieval depth ranges from no
retrieval (direct_llm) to top-k = 10 dense retrieval (heavy_rag). The depths and catalog
cardinality follow Section 5.2; this subsection documents how the numeric priors in Table 2
are chosen, why normalization is applied before utility comparison, and why routing is
driven by ordinal structure rather than cardinal calibration.

Step 1: Shared generation specification.

All bundles share paper_gen: 256 maximum output tokens and temperature 0. Fixed
decoding parameters isolate retrieval-depth effects and align with reproducible LLM
evaluation practice [48], where temperature-zero sampling reduces run-to-run variance.
The 256-token cap matches the short-form answer regime of the benchmark queries and
bounds the τcompletion term in the standard additive token-billing identity

τbilled = τprompt + τcompletion + τembed, (8)

which follows commercial LLM API pricing (input, output, and embedding tokens billed
separately) [2,4,35] and is used without modification to form Ĉb in Equation (10).

Step 2: Quality priors (first source).
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The quality priors (0.52 for direct_llm through 0.82 for heavy_rag) are hand-specified
seed beliefs, not learned posteriors. They are anchored to three literature sources:
• Parametric vs. retrieved gap: RAG consistently outperforms parametric-only gener-

ation on knowledge-intensive queries [1,3,5,12], establishing the ordering Qdirect <

Qlight < Qmedium < Qheavy.
• Diminishing top-k returns: DPR and follow-on work show that increasing reader

context from a handful of passages to ∼20 yields gains that taper sharply [5,21]; the
spacing between 0.66, 0.74, and 0.82 reflects this concavity and is consistent with the
fitted saturation curve in Equation (3).

• Query-heterogeneity floor: Even without retrieval, LLMs answer a non-trivial fraction
of queries from parametric memory [29], justifying Qbase = 0.52 > 0 rather than
treating direct_llm as zero quality.
The priors are mapped to [0, 1] as single-attribute value functions v(Q) in the sense of

multi-attribute utility theory [49,50]: they encode relative standing on a bounded ratio
scale, not interval-calibrated accuracy. What matters for routing is ordering and relative
spacing—measurable value functions are unique only up to a positive affine transformation
Q′ = aQ+ b with a > 0 [49,51], and under a fixed weighted-sum aggregator (Equation (10)),
any such transform applied uniformly to all bundles leaves the arg max ranking unchanged
because only utility differences across alternatives matter [51,52]. Absolute calibration to an
external benchmark (e.g., exact F1 on Natural Questions [31]) is therefore unnecessary at
routing time; telemetry recalibration (Step 5) replaces cardinal accuracy with deployment-
specific estimates. The saturation form in Equation (3) used to space the quality priors is
likewise taken from the literature without modification [5,42].

Step 3: Latency priors (second source).

Latency priors (8 ms to 95 ms) come from short pilot runs of each bundle on the
benchmark corpus, rounded to order-of-magnitude values. This follows standard systems
benchmarking: measure component latencies separately before composing an end-to-end
budget [53]. direct_llm omits embedding lookup and FAISS search; light_rag adds
query embedding [5,54] and a single IndexFlatIP search whose wall-clock cost follows the
textbook brute-force bound

Texact(N) ∝ Nd, (9)

for N indexed passages of dimension d [7]; heavy_rag adds top-10 retrieval and longer
prompt prefill, which increases both retrieval and generation latency. Equation (9) is used
as-is from the FAISS complexity literature; CA-RAG does not modify it. The priors need
not be precise: they are ordinal indicators that deeper retrieval is slower, mirroring the
latency–recall trade-off documented for exact vs. approximate nearest-neighbor search [7,
19]. Monotonicity (Ldirect < Llight < Lmedium < Lheavy) is the operative constraint.

Step 4: Normalization before utility comparison (third source).

Quality, latency, and token cost arrive in incomparable units (dimensionless index,
milliseconds, billed tokens). Combining them without scaling would let the numerically
largest raw term dominate regardless of operator intent [44,46]. CA-RAG therefore adopts
three standard forms from the literature without modification.

(i) Weighted-sum scalarization: Bundle utility is the linear compensatory aggregate

Ub = wQ Q̂b(q)− wL L̂norm
b − wC Ĉnorm

b , (10)

i.e., the classical weighted-sum model (WSM) for multi-attribute decision making [44,46,49],
in contrast to outranking methods (e.g., ELECTRE) that use pairwise dominance relations
instead of a single scalar score [55]. Geoffrion [52] provides the Pareto-optimality conditions
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under which such linear scalarizations are admissible. CA-RAG’s contribution is not
Equation (10) itself but the discrete bundle catalog and operator weights that instantiate it.
Bundle selection uses the standard winner-takes-all rule

b∗ = arg max
b∈B

Ub, (11)

which is a deterministic policy over a finite action set [39,40].
(ii) Reference-ratio normalization: Latency and cost are commensurated via division by

operator reference points,

L̂norm
b =

L̂b
Lref

, Ĉnorm
b =

Ĉb
Cref

, (12)

and the ratio-normalization variant catalogued by Hwang and Yoon [46] and Keeney and
Raiffa [49] for making heterogeneous attributes comparable. Defaults Lref = 800 ms and
Cref = 3500 tokens are deployment-specific anchors; the functional form of Equation (12)
is unchanged from the MCDA literature. The weights (wQ, wL, wC) then encode marginal
rates of substitution on the common scale [43,44].

(iii) Additive cost from token counts: The cost numerator Ĉb applies Equation (8) and
normalizes by Cref, following the per-token billing model of commercial LLM APIs [4,
35]. Cross-provider extensions use the dimensionless cost factor ΦC

p (Section 5.8), which
is likewise a ratio of billed amounts [35,36]. Because only ratios enter Equation (10),
multiplying all latency priors by a common positive constant leaves routing unchanged—a
consequence of the ratio-scale construction in Equation (12) [51].

Step 5: Telemetry recalibration.

The priors are seeds, not permanent fixtures. After sufficient bundle observations,
realized quality_proxy, latency, and token fields replace seed values via the standard
exponentially weighted moving-average (EWMA) update [56,57]

µt = (1− α) µt−1 + α xt, (13)

where xt is the observed metric on the t-th execution of a bundle, and α = 0.15 is the
smoothing constant (authors’ deployment choice; the recurrence itself is unmodified from
the forecasting literature). The implied half-life n1/2 = ln(0.5)/ ln(1− α) ≈ 4.3 obser-
vations at α = 0.15 follows directly from Equation (13) [57]. Importance-weighted vari-
ants (Section 5.7) apply the self-normalized importance-sampling correction of Sugiyama
et al. [58] without altering the EWMA structure. Conceptually, replacing µ with telemetry
estimates is the production analogue of bandit reward estimation [39,40]: priors supply a
cold-start policy; Equation (13) supplies the online update rule.

Step 6: Default utility weights.

The weights (wQ, wL, wC) = (1.0, 0.35, 0.45) are product parameters elicited from
five principled criteria, not fitted hyperparameters tuned for benchmark leaderboard
position [44,49]. The criteria and the derivation of each numeric value are stated
explicitly below.

(C1) Anchor normalization: The utility function U = wQQ−wLLn−wCCn is positive-
homogeneous of degree one in the weight vector: multiplying all three weights by any
positive scalar λ yields λU, which leaves b∗ = arg maxb Ub unchanged [51]. Setting wQ = 1
anchors the scale so that wL and wC are directly interpretable as marginal rates of substitution
(MRS)—the quality units the operator is willing to sacrifice for a unit improvement in
normalized latency or cost [43,49].
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(C2) Non-dominance at the reference operating point: At the worst-case operating
point Ln = Cn = 1 (latency and cost both at their reference values), the quality term must
still produce positive utility for any viable bundle. This requires wQ ·Qmin > wL + wC, i.e.,

Qmin >
wL + wC

wQ
. (14)

With the default weights, the right-hand side is 0.35 + 0.45 = 0.80. The heaviest bundle
(heavy_rag) has a quality prior of 0.82 > 0.80, so all four bundles maintain positive
utility at reference load, preventing the cost and latency penalties from unconditionally
dominating quality [52]. Choosing wL + wC > wQ would violate this constraint and cause
high-complexity queries to always prefer direct_llm regardless of retrieval quality.

(C3) SLO-derived latency weight: The MRS between quality and normalized latency
is wL/wQ = 0.35. At Lref = 800 ms, this encodes the operator judgment such that:

∆Qequiv =
wL
Lref
· ∆L =

0.35
800
· ∆L ≈ 0.044% quality per ms.

Concretely, a 100 ms latency reduction is worth a 4.4 percentage-point quality gain, and
eliminating the full 800 ms reference latency is worth 35 percentage points. This calibrates
to an interactive assistant deployment where users tolerate moderate waiting but not large
quality degradations. For batch or asynchronous pipelines, wL should be reduced toward
zero; for real-time streaming, increased toward 1.0 (approaching a hard-deadline structure
modeled by the logistic penalty in Equation (22)).

(C4) Per-query cost budget alignment: The MRS between quality and normalized
cost is wC/wQ = 0.45. At Cref = 3500 tokens, eliminating all reference-budget tokens is
worth 45 quality percentage points:

∆Qequiv =
wC
Cref
· ∆τ =

0.45
3500

· ∆τ ≈ 0.013% quality per token.

At gpt-4o-mini pricing ($0.000150 per 1 k input, $0.000600 per 1 k output), the 3500-token
reference budget costs ≈ $0.00053. The operator therefore implicitly values a 1-percentage-
point quality improvement at approximately $0.0012—meaningful cost sensitivity without
making cost the primary routing driver. Setting wC > wQ would make cost the dominant
objective, forcing the router to direct_llm on essentially all queries.

(C5) Bundle-distinguishing power at cold start: The weights must produce utility
gaps between adjacent bundles that are large enough for routing to be non-arbitrary.
Computing prior utilities under the default weights at zero query complexity (cold-start
priors only) yields Table 3.

Table 3. Cold-start prior utilities under the default weights (c = 0), showing normalized quality Q̂,
normalized latency L̂n, normalized cost Ĉn, and the resulting utility Ub.

Bundle Q̂ L̂n Ĉn Ub

direct_llm 0.637 0.485 0.130 0.409
light_rag 0.714 0.531 0.330 0.379
medium_rag 0.758 0.550 0.445 0.365
heavy_rag 0.802 0.594 0.702 0.278

The minimum adjacent gap is ∆U(light, medium) = 0.014, which is below the
ϵtol = 0.02 catalog design threshold. This is intentional: at cold start, the router con-
servatively prefers direct_llm for all queries until telemetry accumulates evidence that
heavier bundles deliver superior quality on this workload [39,40]. The prior-based order-
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ing (direct_llm ≻ light ≻ medium ≻ heavy) implements the risk-averse initialization of
Thompson sampling; the 57% medium_rag selection rate in the benchmark reflects the pos-
terior after telemetry recalibration, not the prior. The ϵtol criterion applies to the continuous
k∗ quantization loss (Equation (6)), not to the prior routing margin; once EWMA quality
estimates replace priors after ≈5 bundle observations, the inter-bundle utility gaps become
workload-specific.

Sensitivity to weight perturbations: The decision margin ∆ = U(b∗)−U(b2) = 0.030
(direct vs. light at cold start) is small. The weight sensitivity analysis (Equations (37)–(40))
gives ∆wflip

L = −0.21, i.e., reducing wL by 0.21 from 0.35 to 0.14 would flip the cold-start
preference from direct_llm to light_rag. This confirms that the cold-start routing is
mildly sensitive to wL but robust to wC perturbations (∆wflip

C = +0.55). Operators with
lower latency sensitivity should decrease wL below 0.20 to allow retrieval bundles to win at
cold start. Sensitivity analysis in Section 7 confirms that the same catalog supports multiple
operating points under varied weights, consistent with the weight-space partition induced
by Equation (4).

5.4. Causal Framework: Retrieval Confidence and Answer Quality

Retrieval confidence s ∈ [0, 1] (the maximum cosine similarity between the query em-
bedding and any retrieved passage) is an observable proxy for corpus coverage. The central
question—does injecting retrieved context causally improve answer quality?—requires a causal,
not merely correlational, analysis, because s is confounded: hard queries simultaneously
attract low-confidence retrieval and low parametric quality, making the naive correlation
Cor(s, QRAG) uninformative about the treatment effect of retrieval.

5.4.1. Causal DAG

The generative structure is captured by the following structural causal model [59]:

s← h(q, corpus) corpus coverage of q,

Qd ← fd(q) quality under direct LLM,

Qr ← fr
(
q, context(s)

)
RAG quality.

(15)

Query q confounds both s and both potential outcomes (Qd, Qr). The conditional average
treatment effect (CATE) of retrieval at confidence level s is:

τ(s) = E[Qr −Qd | S = s]. (16)

For high-coverage queries (s→ 1), retrieved passages are on-topic and τ(s) > 0. For low-
coverage queries (s→ 0), the corpus contains only tangentially related passages; injecting
them adds noise to the prompt, so τ(s) < 0—retrieval hurts.

5.4.2. Mediation Decomposition

The total effect of retrieval on Q can be decomposed via front-door adjustment [59]
into a direct path (query → answer, bypassing context) and a mediated path (query → retrieval
→ context → answer). The mediated path carries positive signal only when s exceeds the
break-even threshold s∗ defined by:

τ(s∗) = 0 ⇐⇒ E[Qr | S = s∗] = E[Qd]. (17)

Below s∗, the direct path dominates and the system should fall back to parametric genera-
tion; above s∗, the mediated path contributes positive utility and retrieval should proceed.
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5.4.3. Parametric Threshold Estimate

Under the quality saturation model (Equation (3)), context quality is approximately
s · Qgain when the retrieved passage is linearly scored. A linear-in-s model for the
CATE gives:

τ(s) ≈ Qgain · s− δnoise(1− s)2, (18)

where δnoise is the prompt-pollution penalty for irrelevant context. Setting τ(s∗) = 0 yields:

s∗ =
δnoise

δnoise + Qgain + δnoise/Qgain
. (19)

For Qgain = 0.30 and a conservative δnoise = 0.10, Equation (19) gives s∗ ≈ 0.70. The
bimodal retrieval confidence distribution observed in Section 7.3 places the low-confidence
cluster in [0.55, 0.70]—exactly the predicted harm regime.

5.4.4. Confidence-Based Fallback Mechanism

The orchestrator implements Equation (17) as a two-threshold policy controlled by
confidence_fallback_threshold sfall and confidence_blend_threshold sblend:
• s < sfall: hard fallback—discard all retrieved context; regenerate using the direct-LLM

path. The CATE is estimated negative; retrieval is harmful.
• sfall ≤ s < sblend: soft blend—retain only the single highest-scoring passage, limiting

context noise while preserving some grounding signal.
• s ≥ sblend: full context—inject all top-k passages as normal.

Both thresholds default to 0 (disabled) for backward compatibility. The Boolean
fallback_triggered field on every CARAGResult enables offline causal analysis: pair-
ing responses with and without fallback on matched queries estimates τ̂(s) empirically,
enabling threshold recalibration from production telemetry.

5.5. Utility Function and Bundle Selection

Let Q̂b(q) be the estimated quality for bundle b on query q, L̂b the expected latency,
and Ĉb the expected total token cost. The base selection utility is Equation (10), with
normalization per Equation (12) and cost accounting per Equation (8); (wQ, wL, wC) are
operator-specified weights with defaults (1.0, 0.35, 0.45). The orchestrator selects b∗ via
Equation (11).

5.5.1. Theoretical Adequacy for Finite Bundle Sets

Equation (10) is a linear scalarization of three objectives. For a continuous feasible set,
linear scalarization cannot recover non-convex regions of the Pareto front [52]. However,
the bundle set B is finite; every Pareto-optimal bundle is reachable by some weight vector
w. Therefore, linear scalarization is representationally sufficient for this system—the relevant
question is whether a single fixed weight vector is adequate across the query distribution,
which it is not when query types exhibit heterogeneous operational constraints. This
motivates the three extensions described below.

5.5.2. Context-Conditional Weights

Rather than using fixed (wQ, wL, wC), the weights are scaled by the query complexity
score c ∈ [0, 1]:

wQ(c) = wQ(1 + 0.4c),

wL(c) = wL(1− 0.3c),

wC(c) = wC(1− 0.25c).

(20)
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Complex queries increase quality sensitivity and reduce latency/cost sensitivity—a user
posing a multi-step analytical question accepts a longer wait for a more thorough answer; a
simple definitional query demands a fast response. Context-conditional weights are enabled
by the use_context_weights configuration flag (default off for backward compatibility).

5.5.3. Concave Quality Transform

The linear quality term treats a gain of ∆Q identically regardless of the operat-
ing point. For complex queries, this undervalues quality at the high end, where the
difference between a partially correct and a fully correct answer is operationally signifi-
cant. When use_nonlinear_quality is enabled, quality is replaced by the normalized
concave transform:

ϕ(Q̂b, c) =
log(1 + k(c) Q̂b)

log(1 + k(c))
, k(c) = 1 + κc, (21)

where κ = 2.0 by default. At c = 0, k = 1, and ϕ is a mild log-curve; at c = 1, k = 3, and
the transform strongly amplifies marginal quality gains near the high end.

5.5.4. Hard Latency Deadline

For interactive deployments where any response exceeding a wall-clock deadline LD

is unacceptable regardless of quality, a logistic step penalty is added:

Ub = wQ(c) ϕ(Q̂b, c)− wL(c) L̂norm
b − wC(c) Ĉnorm

b − λD σ
(
α(Lb − LD)

)
, (22)

where σ(x) = (1 + e−x)−1 is the logistic function, α = 0.02 controls the steepness of the
step, and λD = 10 ensures that the deadline penalty dominates quality and cost terms
near LD. When latency_deadline_ms is None (the default), the penalty term vanishes and
Equation (22) reduces to Equation (10).

5.5.5. Non-Compensatory Quality Floor

A quality_floor parameter (default 0.0, i.e., disabled) enforces a lexicographic quality
constraint: any bundle whose estimated quality falls below the floor receives utility −109,
making it unselectable regardless of latency or cost savings. This prevents the linear
formulation from routing to a factually inadequate bundle purely on efficiency grounds,
which is important for high-stakes query classes.

After execution, a realized utility Ũb is computed by substituting observed latency and
token counts into Equation (22) with the same configuration, enabling post hoc teleme-
try analysis.

5.6. Quality Proxy: NLU-Theoretic Framework

The quality proxy Qobs(q, C, a) maps a query, retrieved context, and generated answer
to a scalar in [0, 1] used for telemetry and realized-utility computation. The baseline
implementation uses unigram query–answer Jaccard overlap—a bag-of-words metric
that measures surface co-occurrence with no compositional interpretation. From natural
language understanding theory, this proxy fails systematically on three query classes where
lexical similarity and semantic correctness decouple.

5.6.1. Failure Taxonomy

Under distributional semantics [60], word co-occurrence statistics capture topical
similarity but not logical or referential correctness. Montague (1974) [61] shows that correct
semantic interpretation requires compositional, model-theoretic evaluation; surface-form
statistics are insufficient proxies. The three critical failure modes are:
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1. Numerical reasoning: Correctness is a discontinuous function on R: “12%” and “21%”
share the same character-level and token-level similarity yet are semantically opposite
in many contexts. Lexical overlap assigns near-perfect similarity to answers that differ
only in a digit.

2. Logical deduction: Under formal semantics, logical validity requires model-theoretic
interpretation. Two answers with identical surface tokens can be a valid syllogism or
a blatant contradiction depending on quantifier scope and negation placement. The
Jaccard metric is insensitive to negation polarity.

3. Factual verification: Entity-level accuracy matters more than word co-occurrence:
“Napoleon was born in 1769” and “Napoleon was born in 1679” differ in one digit,
but the lexical overlap is near-perfect while the factual content is entirely different.

5.6.2. Query-Type-Aware Composite Proxy

To address these failure modes without requiring a reference answer or an external
LLM judge (which would add latency and cost), the system classifies each query into
one of four types using lightweight regular-expression heuristics and dispatches to a
type-appropriate scorer:

• NUMERICAL queries: checks numeric presence (if the query demands a quantity and
the answer contains none, a −0.20 penalty applies) and context grounding (answer
quantities should be traceable to retrieved passages within 1% relative tolerance;
ungrounded numbers suggest hallucination).

• LOGICAL queries: detects self-contradiction (sentences that assert X and ¬X
sharing ≥ 2 substantive words receive a penalty of up to −0.30) and rewards conclu-
sion completeness (fraction of answer words novel relative to the query).

• FACTUAL queries: computes entity-level precision and recall against the retrieved
context using a lightweight title-case NER heuristic, approximating the SQuAD entity
F1 metric [62] without a reference answer.

• DESCRIPTIVE queries: falls back to the lexical baseline, which is adequate when
topic keywords in the question should reappear in the answer.

The composite score blends the type-specific scorer (α = 0.70) with the lexical baseline
(1− α = 0.30):

Qobs = α ·Qtype(q, C, a) + (1− α) ·Qlex(q, a), (23)

ensuring scores remain monotonically related to the lexical baseline when type-specific
signals are absent and allowing existing telemetry comparisons to remain valid. The query
type is logged in every experiment CSV row under query_type, enabling per-type quality
analysis in downstream studies.

5.6.3. Extended Metrics (Q4 Supplement)

Two additional metrics are implemented in ca_rag/quality.py and evaluated in
Section 8.8: (i) ROUGE-L recall [63] against the retrieved context, which uses the longest-
common-subsequence match to reward structural coverage beyond unigram overlap and
(ii) Semantic similarity via Sentence-BERT (all-MiniLM-L6-v2) [54], which captures para-
phrase and lexical variation invisible to surface metrics. Both are reference-free: the
retrieved context serves as the comparison target rather than a gold answer. The evalu-
ation script (scripts/evaluate_quality_metrics.py) computes all three metrics and a
per-query inter-metric correlation report; Section 8.8 shows that Jaccard and ROUGE-L are
negatively correlated (r = −0.21) and that Jaccard is completely blind to hallucination of
ungrounded numbers (∆ = 0 where ROUGE-L registers ∆ = +0.14).
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5.7. Workload Distribution and Concept Drift

The routing and telemetry mechanisms implicitly assume that queries arrive i.i.d.
from a fixed, light-tailed complexity distribution. Production environments violate all three
assumptions: query streams exhibit long-tail frequency distributions, non-stationarity (con-
cept drift), and query-type heterogeneity. This section provides a probabilistic framework
for each failure mode.

5.7.1. Long-Tail Workload Model

Empirically, query-type frequency in information retrieval systems follows a Zipf
distribution [64]:

pr =
r−s

Hn(s)
, Hn(s) =

n

∑
j=1

j−s, (24)

where r is the rank of the query type by frequency, and s > 0 is the exponent. For s = 1
(standard Zipf) and n = 4 bundles, p1 ≈ 0.48, p4 ≈ 0.12: the least-selected bundle receives
only one-quarter the traffic of the most-selected. For s > 1 (heavy tail), the ratio grows
without bound as n increases.

The EMA telemetry update µt = (1− α)µt−1 + αxt converges to EP̂[X] under the
empirical distribution P̂, not the value-weighted distribution V[X] = E[X · v(x)]/E[v(x)].
For a Zipf workload with exponent s, the estimation error for the least-frequently selected
bundle (rank n) scales as O(ns−1)—the EMA is asymptotically unbiased for s < 1 but
diverges for s > 1.

5.7.2. Importance-Weighted EMA Correction

The self-normalized importance sampling estimator [58] corrects EMA bias for rare
query types by inflating the update step:

αeff(b) = clip
(

α · pref
p̂(b)

, 0, αmax

)
, (25)

where pref = 1/|B| is the target (uniform) reference probability, and p̂(b) is the em-
pirically observed selection fraction. When bundle b is rarely selected (p̂(b) ≪ pref),
αeff(b) > α so that each observation of b contributes proportionally more to its telemetry
estimate. The clip at αmax = 0.80 prevents divergence when p̂(b)→ 0. This is enabled via
use_importance_weighting = True in CARAGConfig.

5.7.3. Concept Drift: CUSUM Detection

A stationary EMA with fixed momentum α tracks a drifting mean with lag ≈ 1/α

observations. For drift rate δ (shift in mean complexity per query), the EMA tracking
error is ≈ δ/α. The CUSUM test [65] provides a sequential change-point detector with
O(1) memory:

S+
t = max(0, S+

t−1 + ct − µref − δ0), alarm if S+
t > h, (26)

where ct is the complexity score of the t-th query, µref is the baseline mean, δ0 is the
minimum detectable shift (slack), and h is the sensitivity threshold. A symmetric S−t detects
downward shifts. When an alarm fires (workload_drift_detected = True in the debug
log), the telemetry priors should be reset to prevent stale estimates from corrupting routing
decisions for the new workload regime.

The CUSUM detector is implemented in ca_rag/workload.py (CUSUMDetector) and
integrated via WorkloadTracker, which records per-query-type counts and complexity
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statistics alongside the drift signal. Both are enabled by use_workload_tracking = True
(default off).

5.7.4. Exploration Regret Under Zipf Workloads

Under ϵ-greedy exploration with rate ϵ, the probability that bundle b at rank r has
never been explored after T total queries is:

Punexp(r, T) =
(

1− ϵ

|B|

)T·pr

, (27)

where pr = pZipf
r from Equation (24). For ϵ = 0.1, |B| = 4, T = 100, s = 1:

Punexp(4, 100) ≈ 5%. For rarer types (s = 2, rank 4, same T): Punexp ≈ 23%. This mo-
tivates a minimum exploration floor that scales with p−1

r for rare but high-value bundles.

5.8. Cross-Provider Cost and Quality Standardization

The utility function developed in Section 7.3 uses a scalar relative_token_cost
calibrated against a single reference provider (OpenAI gpt-4o-mini). In production deploy-
ments, the operator may wish to route across heterogeneous LLM providers—Anthropic,
Cohere, Mistral, Google Gemini, or self-hosted open-weight models—each exhibiting non-
commensurate billing schemes, latency profiles, and quality levels. Comparing bundles
across providers requires a normalized representation that maps each provider’s absolute
cost and latency into the same dimensionless scale used by the routing utility.

5.8.1. Provider Profile

Each LLM provider p is characterized by a provider profilePp = (cin
p , cout

p , τp, ϕL
p , ϕQ

p , Wp),
where cin

p and cout
p are per-token billing rates for input and output tokens (USD per token),

τp is the time-to-first-token (TTFT, ms), ϕL
p is the incremental generation latency (ms per

output token), ϕQ
p is a quality index relative to the reference provider, and Wp is the effective

context window (tokens).
The normalized cost factor for provider p on a run with nin prompt tokens and nout

completion tokens is:

ΦC
p =

nin cin
p + nout cout

p

nin cin
ref + nout cout

ref
, (28)

which is dimensionless and equals 1 for the reference provider. Substituting ΦC
p for ρ

in Equation (10) yields a provider-aware cost term on the existing [0, ∞) scale without
changing the weight calibration. The predicted generation latency for provider p is:

Lgen
p = τp + nout · ϕL

p , (29)

replacing the static latency_ms_prior field in the utility computation.

5.8.2. Quality-Adjusted Cost Efficiency

The quality-adjusted cost efficiency (QACE) of provider p for a given workload summa-
rizes the quality-per-dollar tradeoff on a single dimensionless axis:

QACE(p) =
ϕQ

p · Q̂
ΦC

p
, (30)

where Q̂ is the base quality estimate from the routing prior. QACE > 1 indicates that
provider p delivers more quality per dollar than the reference; QACE < 1 indicates
the converse.
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5.8.3. Pareto-Efficient Provider Set

Since QACE and latency are two competing objectives, the operator faces a multi-
objective optimization problem. Provider p is Pareto-dominated by provider q if:

QACE(q) ≥ QACE(p) and Lgen
q ≤ Lgen

p , (31)

with at least one strict inequality. The Pareto-efficient set P∗ ⊆ P contains all non-dominated
providers. A rational operator should restrict the routing catalogue to P∗; any provider
outside it is unconditionally inferior on both objectives and incurs a strictly positive regret:

Regret(p) = max
q∈P

QACE(q)−QACE(p) ≥ 0. (32)

5.8.4. Quality Factor Estimation

The quality factor ϕQ
p requires a cross-provider quality estimate. We use two comple-

mentary approaches: (i) Bradley–Terry pairwise comparisons estimated from publicly available
human preference data (Chatbot Arena [37]), which yield a log-linear quality scale where
the reference provider has ϕQ

ref = 1.0; and (ii) the LLM-as-a-Judge protocol [48], which scores
provider outputs on a 1–10 scale that can be normalized to ϕQ. Both estimates are stored
in the ProviderProfile.quality_factor field and used to adjust the quality estimate
Q̂← min(1, ϕQ

p · Q̂) before computing utility (Equation (10)).

5.8.5. Context Window Constraints

Provider p can process at most Wp total tokens per call. When the retrieval strategy
requests k passages totalling nctx tokens, the feasibility constraint nctx + nout ≤ Wp must
hold. Bundles that violate the constraint for a given provider are assigned utility −∞
and excluded from the Pareto analysis. This penalizes long-context retrieval strategies on
short-window providers (e.g., Mistral-Small at 32k tokens) while correctly favoring them
on 200k-window providers (Anthropic Claude).

5.9. Routing Explainability and Operator Calibration

Utility maximization selects a bundle deterministically, but it does not communicate
why a particular bundle was chosen. Without transparency into the routing decision, opera-
tors cannot detect miscalibrated weights, validate routing behavior on novel query types
or understand when to override the system. Drawing on the functional interpretability
framework of Doshi-Velez & Kim [66], we decompose each routing decision into three
complementary explanation primitives.

5.9.1. Utility Attribution

The utility U(b) = wQϕ(Q, c)− wLLnorm − wCCnorm − D(L) is additively decompos-
able. For a completed query run, the signed contributions are:

aQ = wQ ϕ(Qobs, c), (33)

aL = −wL Lnorm, (34)

aC = −wC Cnorm, (35)

where Qobs is the realized quality proxy and Lnorm, Cnorm are normalized from actual
metrics. The attribution fraction of each component αi = |ai|/ ∑j |aj| identifies the dominant
driver of the decision on an absolute-value basis, analogous to SHAP magnitude fractions
for linear models [67]. A high αQ indicates the routing decision was driven by quality
differentiation; high αL or αC indicates cost or speed sensitivity dominates.
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5.9.2. Counterfactual Routing Explanation

Following Wachter et al. [68], we compute the minimum perturbation to routing
inputs that would change the selected bundle. Let b∗ be the chosen bundle and b2 the
runner-up (highest prior utility among alternatives). The quality flip threshold Qflip is the
quality estimate at which U(b∗, Qflip) = U(b2):

Qflip = ϕ−1

(
U(b2) + wLLb∗

norm + wCCb∗
norm

wQ

)
, (36)

where ϕ−1 denotes the inverse of the concave quality transform (or the identity if ϕ is
linear). The decision gap δQ = Qflip−Qb∗ is the minimum quality deterioration that would
switch routing to b2. Analogous thresholds δL (latency increase) and δC (cost inflation
factor) are derived by solving the corresponding one-dimensional equations, yielding a
complete sensitivity envelope around the chosen decision.

5.9.3. Weight Sensitivity and Operator Calibration

The decision margin ∆ = U(b∗)−U(b2) is linear in the utility weights. Its first-order
sensitivity is:

∂∆
∂wQ

= ϕ(Qb∗ , c)− ϕ(Qb2 , c), (37)

∂∆
∂wL

= −Lb∗
norm + Lb2

norm, (38)

∂∆
∂wC

= −Cb∗
norm + Cb2

norm. (39)

The flip delta for weight wi is the additive adjustment that reduces ∆ to zero:

∆wflip
i = − ∆

∂∆/∂wi
. (40)

A small |∆wflip
i | indicates that the routing decision is fragile with respect to weight wi;

a large value indicates robustness. Reporting (∆wflip
Q , ∆wflip

L , ∆wflip
C ) together gives the

operator an intervention surface: the set of weight adjustments that would produce a different
routing outcome, directly supporting the calibration loop described in Section 8.10.

5.9.4. Implementation

The three primitives are computed by explain_bundle_selection() in ca_rag/
explainability.py and serialized into CARAGResult.debug[“routing_explanation”]
when cfg.explain_routing = True (default off to avoid latency overhead in produc-
tion). Attribution uses realized post-execution values; counterfactual and weight sensitivity
use prior-based estimates consistent with the routing decision. The module also generates
a one-sentence human-readable summary implementing Amershi et al. [69] Guideline 13:
“Make clear why the system did what it did.”

5.10. Token Billing Model

Total billed tokens per query follow Equation (8); τembed attributes query-time embed-
ding work. Offline corpus indexing is recorded separately as index_embedding_tokens for
cost accounting completeness.
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5.11. Implementation Stack

The reference implementation segments documents into line-level passages, builds a
FAISS inner-product index over OpenAI text-embedding-3-small embeddings
(1536-dimensional, L2-normalized for inner-product search), and calls the OpenAI chat
API (gpt-4o-mini) with accurate per-call token counting via tiktoken. Both model identi-
fiers are configurable via CARAG_EMBEDDING_MODEL and CARAG_CHAT_MODEL; all benchmark
results in this paper use the defaults above. The experiment CLI (ca-rag-experiment)
accepts document and question files and produces CSV logs from which all figures and
tables in this paper are generated.

6. Materials and Methods
6.1. Corpus and Query Set

The evaluation uses a compact corpus of 15 sentences (data/documents_benchmark.txt)
paired with 28 natural-language queries (data/questions_benchmark.txt). The corpus
is kept small by design: the benchmark targets routing behaviou=r, not retrieval recall
over a large knowledge base. When the indexed passages reliably cover the query topics,
differences in billed tokens, latency, and quality proxy across bundles can be attributed to
bundle selection rather than to corpus-coverage failure or index-scale effects.

6.1.1. Why Only 15 Sentences

Three constraints motivate the corpus size:
1. Isolation of the routing variable: Large corpora introduce retrieval misses, duplicate

passages, and index-latency variance that confound per-query utility comparisons.
At N = 15 indexed passages, the exact-search FAISS backend adds negligible latency
(∼5µs; Section 8.15) observes that latency differences reflect bundle depth and prompt
size, not search scalability.

2. Controlled coverage: Each sentence is short and self-contained, so dense retrieval
can surface a relevant passage for the definitional and procedural queries in the
benchmark set. This holds retrieval correctness roughly constant and exposes how the
router trades depth once context is available.

3. Reproducibility and cost: A 15-line corpus indexes in a single API call batch, costs
∼262 embedding tokens, and allows any reader to inspect the full knowledge base
without downloading external datasets.
This follows the bandit and routing literature, where mechanisms are first evaluated in

a stable micro-environment before scaling to Natural Questions, HotpotQA, or enterprise
corpora [5,30,39]; generalization to those settings is deferred to Section 9.

6.1.2. How the 15 Sentences Were Selected

The corpus was hand-authored, not sampled from a larger document collection.
Selection proceeded in four steps:
1. Concept inventory: We listed the operational themes the paper evaluates: RAG

fundamentals, token billing, latency SLOs, adaptive and cost-aware routing, hybrid
retrieval, utility-based bundle selection, FAISS indexing, strategy bundles, telemetry
recalibration, retrieval confidence, skip-retrieval vs. deep retrieval, top-k tradeoffs,
reranking cost, and a municipal deployment vignette.

2. One sentence per theme: Each theme was written as a single declarative sentence
(∼15–25 words) so that load_documents treats one line as one indexed passage (no
within-file chunking in the experiment harness).

3. Query alignment: The 28 benchmark queries were drafted to span the same theme
inventory at varying complexity—definitional (e.g., “What is RAG?”), comparative
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(“Compare light versus heavy retrieval. . . ”), procedural (“Explain how telemetry refines
routing estimates. . . ”), and analytical (“Derive an intuitive explanation of why discrete
bundles. . . ”)—so that most queries have at least one high-similarity passage in the
index.

4. No external contamination: Sentences were written in original prose about CA-
RAG concepts rather than copied from Wikipedia or benchmark datasets, avoiding
train-test overlap with standard QA corpora and keeping the knowledge base fully
inspectable in the appendix repository.
The resulting 15 lines are the complete benchmark knowledge base; expanding N

would change retrieval competition and index latency but would not alter the routing API
under test.

6.1.3. Query Set

The 28 queries intentionally oversample the 15 passages (≈1.9 queries per passage)
to exercise heterogeneous routing: simple definitional prompts favor direct_llm or
light_rag, while multi-clause analytical prompts favor deeper bundles. The corpus is
embedded once; all queries share the same FAISS IndexFlatIP over 15 vectors.

6.2. LLM and Embedding Model Selection

All benchmark runs use a single chat model and a single embedding model so that
observed differences across bundles reflect retrieval-depth routing rather than model-tier
routing [35,36]. The chat backend is OpenAI gpt-4o-mini; the embedding backend is
OpenAI text-embedding-3-small. Table 4 summarizes the choice and the main alterna-
tives considered.

Table 4. Models used in the benchmark and rationale for selection.

Component Model Used Rationale

Generation gpt-4o-mini Public metered API; mid-tier cost
makes token savings from routing
measurable; serves as the reference
provider (ΦC = 1, ϕQ = 1) for cross-
provider normalization (Section 5.8)

Embeddings text-embedding-3-small Low per-token cost; 1536-dim vectors
compatible with FAISS IndexFlatIP;
standard dense retrieval stack [5,54]

Not used (chat) gpt-4o, Claude Sonnet Prohibitively expensive for a rout-
ing study; dominated on quality-per-
dollar for the benchmark token profile
(see Section 8.11)

Not used (chat) Mistral-Small, local Llama Viable for production (Section 8.11)
but adds deployment variance; bench-
mark prioritizes reproducibility over
Pareto-optimal provider choice [37]

6.2.1. Why a Single Chat Model

CA-RAG routes over retrieval depth (top-k, skip-retrieval), not over model tier. Prior
work on cost-aware inference routes queries across LLM APIs—e.g., FrugalGPT [35] and
RouteLLM [36]—which is an orthogonal axis. Holding the generator fixed ensures that dif-
ferences in billed tokens, latency, and quality proxy across the 28 queries are attributable to
bundle selection rather than to switching between, say, a frontier model and a distilled one.
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6.2.2. Why Gpt-4o-Mini Rather than Frontier or Open-Weight Models

Three criteria guided the chat-model choice: (i) metered reproducibility—the OpenAI
API exposes per-call input, output, and embedding token counts, which CA-RAG logs for
every query; (ii) mid-tier economics—gpt-4o-mini is inexpensive enough that the 26%
token reduction against always-heavy retrieval is operationally meaningful, yet capable
enough that direct_llm and heavy_rag represent a genuine quality–cost tradeoff; (iii) nor-
malization anchor—all cross-provider cost and quality factors in Section 5.8 are expressed
relative to this model (ΦC = 1, ϕQ = 1). Frontier models (gpt-4o, Claude Sonnet) were
excluded because their per-query cost would dominate the experiment budget and mask
the marginal savings from routing; cross-provider analysis in Section 8.11 further shows
they are dominated on quality-per-dollar for the benchmark token profile. Open-weight
alternatives (Mistral-Small, local Llama) are supported in the provider catalogue and may
be preferable in production—Mistral-Small achieves higher QACE than gpt-4o-mini on
the analysed workload (Section 8.11)—but introduce hardware, quantiaztion, and serving
variance that weaken cross-run reproducibility. The benchmark therefore prioritizes a
stable, publicly callable reference over the Pareto-optimal provider.

6.2.3. Why Text-Embedding-3-Small Rather than Other Embedders

Dense retrieval requires a fixed embedding space for FAISS indexing. text-embedding-
3-small provides 1536-dimensional vectors at low per-token cost, matching the dimension-
ality assumed in the scalability analysis (Section 8.15) and the inner-product search pattern
established in DPR-style pipelines [5]. Alternatives such as larger OpenAI embedding mod-
els, Cohere embed, or open-source sentence encoders [54] would change absolute retrieval
scores and index build cost without altering the routing mechanism under study; we hold
the embedder fixed for the same reason the chat model is fixed. Both model identifiers are
overridable via CARAG_CHAT_MODEL and CARAG_EMBEDDING_MODEL (Section 5.11).

6.2.4. Scope of Claims

The benchmark reference was selected for reproducibility and API accessibility,
not because it is the cost-optimal or highest-quality configuration available. Win rates,
utility calibrations, and QACE values reported in this paper are therefore specific to the
gpt-4o-mini/text-embedding-3-small stack (Section 9, Section 8.11). On lower-quality
generators, retrieval context matters more and routing savings are expected to increase; on
very high-quality generators, direct_llm recovers relative to light retrieval and the spread
compresses (Section 8.11). Operators deploying on other providers should recalibrate
priors using the cross-provider framework rather than transplanting the reported numeric
gains directly.

6.3. Metrics

Each query run logs a fixed schema of operational scalars to CSV. Table 5 maps each
metric to its standard definition in the literature and to the CA-RAG-specific choices made
in this benchmark. Unless noted, metrics are computed from a single router pass per query
with exploration_epsilon= 0 (no randomised bundle exploration).
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Table 5. Evaluation metrics: standard definitions and experiment-specific adaptations.

Metric Standard Basis Specificity in This Experiment

τbilled (cost)
Additive API token
billing [2,4,35];
Equation (8)

Sum of prompt, completion, and
query-embed tokens via tiktoken; offline
index embed tokens logged separately as
index_embedding_tokens

Latency (ms) End-to-end service
latency [53]

Wall-clock retrieval + generation; includes
API network jitter (not isolated to model
FLOPs)

Selection utility U Weighted-sum MCDA
score [44,49]; Equation (10)

Computed pre-execution from bundle priors,
query signals, and normalized cost/latency
estimates; drives routing

Realized utility Ũ
Post hoc MCDA
evaluation using observed
outcomes [44]

Same functional form as Equation (10) but
substitutes observed Qobs, latency, and token
counts after the run; does not affect routing

Quality proxy Qobs

Lexical
overlap/ROUGE-style
word recall [60,63,70];
entity F1 [62]

Reference-free: no gold answers (unlike
SQuAD EM/F1 [31,62]); composite
type-aware scorer (Equation (23),
Section 5.6); 70/30 blend with lexical
baseline

Retrieval confidence
s

Dense retrieval similarity
(cosine/inner
product) [5,54]

Max inner-product score between query
and retrieved passages after L2
normalization; undefined for direct_llm

Complexity c Query-complexity routing
signals [28]

Author heuristic from word length and cue
words (Section 5); not a learned classifier

Win-rate P(win) Paired per-instance
comparison [71]

Fraction of 28 aligned query pairs where
router beats a fixed baseline on cost, latency,
or Qobs; lower better for cost/latency

Pearson r Standard product-moment
correlation

Pairwise among logged scalars (n = 28);
descriptive only—no significance testing

Catalog entropy
H(P̂B)

Shannon entropy of
bundle mix [64,72]

Measures routing diversity; normalized by
log2 |B| for utilization η (Section 8)

6.3.1. Cost and Token Decomposition

Following commercial LLM pricing [4,35], total cost is billed tokens τbilled = τprompt +

τcompletion + τembed (Equation (8)). This differs from academic QA benchmarks that re-
port token counts only indirectly via model checkpoints [5,30]: here, every component is
metered per API call and decomposed in the CSV (prompt_tokens, completion_tokens,
embedding_tokens). Specificity: retrieval depth affects τprompt most strongly; τcompletion is
held near-constant by the shared 256-token generation cap (Section 6.2).

6.3.2. Latency

Latency is end-to-end wall time (ms) from query submission through answer return,
consistent with interactive SLO measurement practice [53]. Specificity: at N = 15 passages,
local FAISS search contributes ∼µs (Section 8.15); reported latency is dominated by Ope-
nAI API round-trips and scales with prompt length. Residual variance reflects network
conditions rather than index algorithm choice.

6.3.3. Utility Metrics (U vs. Ũ)

Selection utility U is the weighted-sum score used for routing [44,49,52] (Equation (10)).
Realized utility Ũ reapplies the same formula with post-execution observations—a standard
ex-post evaluation pattern in multi-criteria decision analysis when plans are scored on
estimates but audited on outcomes [44]. Specificity: U uses prior-based quality estimates
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Q̂b(q) from bundle specs and query signals; Ũ substitutes the reference-free proxy Qobs.
The two can diverge when priors are miscalibrated, which is intentional telemetry for
operator recalibration (Section 5.3).

6.3.4. Quality Proxy (Qobs)

Standard open-domain QA evaluation uses gold-answer exact match (EM) and token
F1 against a reference [31,62]. That requires labeled answers absent from our routing
benchmark. We instead use a reference-free composite proxy (Section 5.6): a lexical overlap
term in the spirit of ROUGE recall/Jaccard word overlap [60,63,70], augmented with type-
specific checks inspired by SQuAD entity F1 [62] but computed against retrieved context,
not gold spans. Specificities: (i) no human ratings or LLM-as-a-Judge [37,48], avoiding
extra cost and latency per query; (ii) policy comparisons show a narrow dynamic range
(≈0.80–0.82), so quality differences are within proxy noise (Section 7.5); (iii) the proxy is
unsuitable for claiming factual correctness—only relative routing comparisons under a
fixed scorer.

6.3.5. Retrieval Confidence (s)

Following dense retrieval practice [5,54], s is the maximum normalized inner-product
score between the query embedding and any retrieved passage. Specificity: on the 15-
sentence corpus, s is bimodal—high when a sentence matches the query theme, low when
coverage is thin (Section 7.3)—and is analyzed causally (Section 5.4), not as a standalone
retrieval metric like recall@k on BEIR [22].

6.3.6. Complexity Score (c)

Adaptive-RAG [28] learns a complexity classifier from labeled query–strategy pairs;
we use a lightweight heuristic (word count + interrogative cues) to modulate priors without
an extra model call. Specificity: c correlates weakly with billed tokens (r = 0.15; see Results,
Section 7.4), so it is logged for diagnosis but is not a reliable standalone routing feature in
this benchmark.

6.3.7. Aggregate and Comparative Metrics

Policy tables (Results section) report means over 28 queries. Win-rates apply paired
comparisons: for each query index i, the router CSV row is compared to the fixed-policy
row on the same query [71]. Specificity: with n = 28, we report descriptive wins fractions
only; Demšar-style significance tests [71] are deferred to larger studies (Section 9). Pearson
correlations summarize linear association among logged scalars. Bundle-selection Shannon
entropy [72] quantifies catalog utilization (Discussion, Section 8).

6.4. Baseline Configurations

The default router is compared against: (i) fixed-direct_llm, (ii) fixed-light_rag,
(iii) fixed-medium_rag, (iv) fixed-heavy_rag, (v) latency-sensitive router (wL = 0.5), (vi) cost-
sensitive router (wC = 0.5).

6.5. Reproducibility

With OPENAI_API_KEY set, the full benchmark is reproduced via:

• Router run: ca-rag-experiment--docsdata/documents_benchmark.txt--questio
nsdata/questions_benchmark.txt--outresults/router_default.csv

• Fixed baselines: ca-rag-experiment--modefixed--fixed-strategyheavy_rag...
• Figure generation: pythonscripts/generate_paper_figures.py--csvresults/rou

ter_default.csv--results-dirresults
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• Consistency check: pythonscripts/verify_paper_consistency.py--csvresults/
router_default.csv

Authoritative CSV snapshots for this manuscript are archived under ai-4280908/data/.
Generation uses temperature 0 for reproducibility [48]; residual timing variation arises
from API network conditions.

Benchmark corpus and FAISS index statistics are summarized in Table 6.

Table 6. Benchmark corpus and FAISS index statistics.

Metric Value

Queries 28
Unique strategies 4
Corpus lines (benchmark) 15
Index embedding tokens (API) 262

7. Results
All statistics reported in this section derive from results/router_default.csv

(28 queries) and companion CSVs for fixed baselines and weight-sensitivity sweeps.

7.1. Strategy Selection and Routing Behavior

The first question any routing evaluation must answer is whether the router genuinely
exercises the full bundle catalog or collapses to a near-fixed policy. Figure 2 confirms gen-
uine diversity: all four bundles are selected, with medium_rag accounting for 36% of queries
(10/28), light_rag for 29% (8/28), heavy_rag for 21% (6/28), and direct_llm for 14%
(4/28). These counts are taken directly from generated/verbatim_query_strategy.txt
and match the per-query log in Appendix F. This non-uniform distribution is a necessary
precondition for routing to add value—a router that always selects the same bundle and
applies the same retrieval depth is indistinguishable from a fixed policy.

direct
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medium
rag
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0

2

4
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Selected strategy frequency

Figure 2. Bundle selection frequency across 28 benchmark queries. All four bundles are exercised,
confirming genuine routing diversity.
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The plurality of medium_rag reflects the moderately complex procedural and compar-
ative queries that make up the largest slice of the benchmark. The substantial light_rag
share (29%) reflects operational and analytical queries for which three passages are suf-
ficient. The four queries routed to direct_llm (14%) are definitional prompts where
parametric LLM knowledge is sufficient and retrieval would add cost without quality
benefit. heavy_rag handles the most complex multi-step analytical queries (21%).

Figure 3 plots selection utility against total billed tokens for each query, colored by
bundle. Three observations emerge. First, direct_llm achieves the highest selection
utilities at the lowest token counts. Second, heavy_rag queries cluster at high token
counts with moderate utilities, confirming that the cost penalty in Equation (10) is actively
suppressing unnecessary escalation. Third, the empirical Pareto frontier spans all four
strategies, validating that each bundle occupies a distinct operating niche.
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7.2. Latency Profiles and Token Decomposition

Figure 4 presents end-to-end latency distributions by strategy. direct_llm exhibits
the highest mean latency (4823 ms) but the lowest variance (std 742 ms), reflecting the
uniformly simple definitional queries it handles on this workload; its latency spread is
tight because all four routed queries have short prompts (29–41 tokens) and moderate
completion lengths (156–256 tokens). heavy_rag shows the highest variance (std 1786 ms),
driven by wide heterogeneity in analytical query complexity—some queries resolve in
under 2300 ms while others exceed 5800 ms. Retrieval-based bundles therefore do not
exhibit uniformly tighter distributions; variance increases with retrieval depth as query
complexity diversity grows.
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7.2. Latency Profiles and Token Decomposition

Figure 4 presents end-to-end latency distributions by strategy. direct_llm exhibits
the highest mean latency (4823 ms) but the lowest variance (std 742 ms), reflecting the
uniformly simple definitional queries it handles on this workload; its latency spread is
tight because all four routed queries have short prompts (29–41 tokens) and moderate
completion lengths (156–256 tokens). heavy_rag shows the highest variance (std 1786 ms),
driven by wide heterogeneity in analytical query complexity—some queries resolve in
under 2300 ms while others exceed 5800 ms. Retrieval-based bundles therefore do not
exhibit uniformly tighter distributions; variance increases with retrieval depth as query
complexity diversity grows.

Figure 5 tracks the cumulative number of billed tokens in query-log order. The
slope is visibly steeper during heavy_rag query runs and flattens during direct_llm runs,
providing a visual audit trail of how routing decisions drive aggregate budget consumption.

Figure 6 decomposes mean token counts into prompt, completion, and embedding
components by strategy. The prompt token share grows substantially from direct_llm
to heavy_rag as larger retrieved contexts are injected. Embedding tokens constitute a
small but non-negligible fixed overhead for all retrieval bundles—ignoring them would
undercount per-query cost by approximately 8–12 tokens. Completion tokens remain stable
across strategies, confirming that output verbosity is driven by the generation specification
rather than retrieval depth.

https://doi.org/10.3390/ai7070250

https://doi.org/10.3390/ai7070250


AI 2026, 7, 250 29 of 60

direct
llm

light
rag

medium
rag

heavy
rag

1000

2000

3000

4000

5000

6000

La
te

nc
y 

(m
s)

End-to-end latency by strategy

Figure 4. End-to-end latency distributions by strategy. The orange line denotes the median; boxes
show the interquartile range (25th–75th percentiles); whiskers indicate the non-outlier range (1.5×
IQR); circles mark outliers; colors correspond to the four strategies. direct_llm has the highest mean
latency; heavy_rag has the highest variance due to query complexity heterogeneity.
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Figure 5. Cumulative billed tokens in query-log order. Slope changes correspond to strategy transitions.
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Figure 6. Mean prompt, completion, and embedding token shares by strategy. Prompt tokens scale
with retrieval depth; completion tokens remain stable.

7.3. Utility Distributions and Quality Proxy Analysis

Before examining the distribution, it helps to clarify what a utility score represents.
For each incoming query, CA-RAG scores every available strategy bundle on a scalar called
utility, combining expected answer quality, predicted latency, and predicted token cost. The
bundle with the highest utility is selected. A high utility means the router found a bundle
that is both likely to produce a correct answer and inexpensive to run; a low utility means
every bundle carries a meaningful penalty and even the best option is a compromise.

Figure 7 plots these winning utility scores across all 28 queries. The histogram is
right-skewed: most queries receive relatively high utility scores because simple queries
have a clear winner among the four bundles. The smaller left tail corresponds to complex
analytical queries where every bundle is expensive and slow. This shape is itself a useful
diagnostic: a leftward shift over time signals a harder workload or rising cost penalties and
may indicate that the bundle catalog needs recalibration.

Figure 8 compares realized utility across the four strategies. Predicted utility U is
computed before execution from bundle priors; realized utility Ũ reapplies Equation (10)
with observed token counts and latencies. The medium_rag strategy achieves the highest
median realized utility, balancing cost efficiency with answer quality. heavy_rag shows
wider variance, as expected for complex queries whose realized cost varies substantially.

Figure 9 examines retrieval confidence scores for queries that triggered retrieval. The
retrieval confidence score measures how closely the retrieved passages match the query: a
score near 1.0 means the corpus contained highly relevant content, while a score near 0.5
means the best available passages were only loosely related.

The distribution is dominated by a high-confidence cluster (scores above 0.85): the
corpus was hand-authored to cover exactly the benchmark query topics (Appendix D), so
near-perfect retrieval coverage is expected for most queries. A smaller subset produces
lower confidence scores (below 0.70), representing queries whose wording does not closely
match any indexed sentence—a corpus coverage gap, not a system fault. Note that if
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the rendered figure appears to show a single dominant bar near 1.0, this reflects the self-
contained nature of the benchmark corpus rather than a measurement artifact; on a larger,
domain-diverse corpus, the low-confidence tail would be more prominent.
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Figure 7. Histogram of per-query selection utilities. The right-skewed distribution reflects higher
quality priors for simple queries where cost and latency penalties are minimal.
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Figure 8. Realized utility distributions by strategy (post hoc scoring with observed metrics). Colors
correspond to the four strategies (direct_llm, light_rag, medium_rag, heavy_rag). medium_rag
achieves the highest and most consistent realized utility.
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This pattern has a direct practical implication for routing. The causal framework
of Section 5.4 predicts that the CATE τ(s) crosses zero near s∗ ≈ 0.70 for the observed
quality and noise parameters. The low-confidence cluster in [0.55, 0.70] therefore occupies
the harm regime of Equation (18): injecting these weakly matched passages as context
is causally detrimental to answer quality relative to parametric-only generation. The
confidence_fallback_threshold mechanism (Section 5.4) operationalizes this: setting
sfall = 0.70 would redirect all 4–5 low-confidence queries to direct_llm, converting a
corpus-coverage liability into a clean, predictable fallback path. The fallback_triggered
field logged on each result enables post hoc validation by comparing paired quality scores
for queries with and without fallback active.
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Figure 9. Max retrieval confidence scores when retrieval executes. The bimodal distribution identifies
a subset of queries with poor corpus coverage.

7.4. Complexity, Correlation Structure, and Per-Query Cost

Figure 10 plots heuristic complexity against end-to-end latency, with billed tokens
encoded as marker color. Table 7 quantifies the correlation structure: total cost and latency
are positively correlated (r = 0.61) as expected, since heavier bundles incur both. Selection
utility correlates negatively with cost (r = −0.43), confirming that the cost penalty in
Equation (10) is doing its intended work. Critically, heuristic complexity correlates only
weakly with billed tokens (r = 0.15), exposing a key limitation: character/word-count-
based complexity does not reliably predict how much retrieval a query actually needs.

Figure 11 shows total billed tokens per query in run order, colored by selected bundle.
The substantial per-query cost heterogeneity that aggregate means conceal is clearly visible:
heavy_rag queries span 284–528 tokens (including one extreme outlier at 528), while
direct_llm queries range from 185 to 297 tokens (mean 249), with two queries exceeding
250 due to longer completions on those prompts.
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Figure 10. Heuristic query complexity vs. end-to-end latency. Marker color encodes billed tokens.
Complexity is a weak predictor of cost (r = 0.15).
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Figure 11. Total billed tokens per query in run order. Per-query cost heterogeneity motivates adaptive
rather than fixed retrieval depth.
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Table 7. Pearson correlations among per-query logged scalars from router_default.csv. Weak
complexity–cost correlation (r = 0.15) identifies a key limitation of heuristic routing signals.

Cost Lat. U Cplx.

cost 1.00 0.61 −0.43 0.15

lat. 0.61 1.00 −0.05 0.25

U −0.43 −0.05 1.00 −0.44

cplx. 0.15 0.25 −0.44 1.00

7.5. Router vs. Fixed Baselines

Table 8 is the central result table of this paper. It compares all seven policies on mean
billed tokens, mean latency, mean quality proxy, and mean selection utility.

The default router achieves 252.4 mean billed tokens, a 26.4% reduction versus fixed-
heavy (343.2 tokens), while sustaining a quality proxy of 0.80 against 0.81 for fixed-heavy—
a difference within measurement noise, given the lexical proxy’s limitations. Against
fixed-direct, the highest-latency baseline at 4457 ms, the router reduces mean latency to
2927 ms—a 34.3% improvement—while matching quality proxy.

Table 8. Policy-level comparison: mean billed tokens, latency (ms), lexical quality proxy, and
selection utility.

Policy Cost (tok) Lat (ms) Qual. U

router_default 252.4 2927 0.80 0.192
router_latency_sensitive 256.0 2165 0.81 −0.291
router_cost_sensitive 231.8 2536 0.81 0.117
fixed_direct 249.9 4457 0.80 −0.367
fixed_light 197.3 2091 0.82 0.167
fixed_medium 239.5 1906 0.82 0.177
fixed_heavy 343.2 1932 0.81 0.132

Table 9 reports per-query win-rates, defined as the fraction of queries on which the
router outperforms each fixed baseline. The router wins on cost against fixed-heavy in
82% of queries, confirming that cost savings against always-heavy retrieval are systematic.
Against fixed_light, the router wins on cost in only 7% of queries and on quality in 0%
of queries: fixed-light’s shallow three-passage retrieval is cheaper than the router on 93%
of queries because the router frequently escalates to medium_rag or heavy_rag for queries
that fixed-light handles more cheaply. The 36% latency win against fixed_light reflects
cases where deeper analytical queries incur longer latency under fixed-light than under the
routing-selected strategy.

Table 9. Per-query win-rates of the default router vs. fixed baselines. Lower is better for cost/latency;
higher is better for quality proxy.

Baseline P (Cost Win) P (Lat Win) P (Qual Win)

fixed_direct 0.43 0.71 0.32
fixed_light 0.07 0.36 0.00
fixed_medium 0.32 0.18 0.00
fixed_heavy 0.82 0.25 0.07

Figures 12–14 visualize these policy comparisons on cost, latency, and quality proxy.
Table 8 requires careful interpretation. The router achieves the highest pre-execution
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selection utility (U = 0.192) of all policies, confirming that its bundle choices are optimal
under the specified weights at cold start. However, two fixed policies simultaneously
outperform the router on every individual metric: fixed_light (197.3 tokens, 2091 ms,
quality 0.82) and fixed_medium (239.5 tokens, 1906 ms, quality 0.82) both deliver lower cost,
lower latency, and higher quality than the router (252.4 tokens, 2927 ms, quality 0.80). This
cold-start calibration gap is anticipated by criterion C5 (Section 5.3): the prior-based quality
estimates lead the router to over-escalate queries to medium_rag for which light_rag
would have been sufficient. Telemetry recalibration via Equation (13) is designed to close
this gap as observed quality estimates replace seed priors after approximately 50 bundle
observations. Until recalibration occurs, the router’s measurable value is narrower: it
reduces cost by 26% versus fixed_heavy and reduces latency by 34% versus fixed_direct.
The claim that routing dominates static configurations should therefore be qualified to
those two comparison points at cold start.
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Figure 12. Mean billed tokens by policy. The router reduces cost by 26% vs. fixed-heavy.

A note on Figure 14: the five quality-proxy bars appear visually flat because the lexical
proxy values fall in the narrow range 0.80–0.82 on a [0, 1] axis, so the differences—while
real—are not visible at this scale. The exact per-policy values are reported in Table 8 and
span only 0.02, which is within the noise floor of a token-overlap proxy and is the intended
takeaway: under the default weights, routing achieves quality parity with every fixed
baseline rather than dominating any one of them. In other words, the figure is not showing
a measurement artifact—it is showing that the cost and latency reductions reported in
Figures 12 and 13 come at no detectable lexical-quality cost. Discriminating finer-grained
quality differences across these policies would require a calibrated LLM judge or human
ratings, which we identify as a key item in Section 9.
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Figure 13. Mean end-to-end latency (ms) by policy. The router reduces latency by 34% vs. fixed-direct.
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Figure 14. Mean lexical quality proxy by policy. All policies fall within 0.80–0.82; the bars appear
visually flat because differences are within the proxy’s noise floor. The intended reading is parity, not
identity—see Table 8 for exact values and the surrounding text for discussion.

7.6. Utility-Weight Sensitivity

Figure 15 demonstrates the effect of weight configuration across three settings. The
latency-sensitive router (wL = 0.5) reduces mean latency to 2165 ms—a 26% improvement
over the default 2927 ms—by preferring direct_llm and light_rag. The cost-sensitive
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router (wC = 0.5) achieves the lowest mean token count at 231.8 while maintaining quality
proxy at 0.81. Neither variant requires any change to the bundle catalog or implementation.
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Figure 15. Normalized mean cost, latency, and quality under default, latency-sensitive, and cost-
sensitive weight settings.

7.7. Per-Query Delta Analysis

Figures 16–18 report per-query deltas against fixed-heavy (∆ = router − fixed-heavy),
where negative ∆ for cost/latency indicates savings and positive ∆ for quality indicates
improvement.
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Figure 16. Per-query token cost delta vs. fixed-heavy. Savings are concentrated in definitional queries.

Cost savings are large and consistent for definitional queries routed to direct_llm or
light_rag (deltas of −100 to −170 tokens). No query incurs a catastrophic cost overrun
under routing. The quality delta plot is largely flat near zero, confirming that routing
maintains quality parity without systematic degradation across any query subtype. These
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delta plots establish that CA-RAG’s aggregate savings are real, systematic, and not an
artifact of averaging.
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Figure 17. Per-query latency delta vs. fixed-heavy.
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Figure 18. Per-query quality proxy delta vs. fixed-heavy. Quality parity is maintained across all
query types.

7.8. Strategy Mix Under Alternative Weight Settings

Figure 19 shows how weight changes propagate into bundle selection decisions. Under
the latency-sensitive setting, light_rag and direct_llm selection increases substantially.
Under the cost-sensitive setting, heavy_rag selection is suppressed and mass shifts toward
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medium_rag and light_rag. This direct mapping from weight configuration to strategy
distribution gives operators a transparent lever for steering aggregate system behavior—a
property that purely learned or black-box routing systems lack.
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Figure 19. Strategy selection distribution under default, latency-sensitive, and cost-sensitive
weight settings.

Run-wide descriptive statistics are summarized in Table 10.

Table 10. Run-wide descriptive statistics over 28 queries from verbatim_query_metrics.txt. Con-
sistent with Table 8 and the per-query log in Appendix F.

Variable Mean Std Min Max

cost 252.4 85.7 165.0 528.0
latency 2927.4 1575.1 841.5 6048.2
utility 0.2 0.1 −0.0 0.4
quality_proxy 0.8 0.1 0.6 0.9

Per-strategy summary statistics are reported in Table 11.

Table 11. Per-strategy means ± std. dev. from router_default.csv. heavy_rag incurs the highest
mean cost; direct_llm incurs the highest mean latency and lowest variance due to the homogeneous
definitional queries routed to it.

Strategy Mean Cost Mean Latency Mean U

direct_llm 249.0 ± 54.3 4823 ± 742 0.243 ± 0.195
light_rag 207.1 ± 56.8 2648 ± 1070 0.170 ± 0.148
medium_rag 223.0 ± 52.0 2121 ± 1440 0.202 ± 0.137
heavy_rag 364.2 ± 92.1 3380 ± 1786 0.173 ± 0.107

8. Discussion
8.1. Positioning Relative to Adaptive Retrieval Methods

CA-RAG should be positioned against the four most related adaptive systems.
Table 1 in Section 2 captures the positioning at a feature level; this section provides the
operational interpretation.
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8.1.1. What CA-RAG Is and Is Not

CA-RAG is a pre-retrieval, cost-aware, training-free routing mechanism. Its design goals
differ from all four named systems on at least one of these three axes. Self-RAG [23]
is a model-level mechanism: routing is embedded in the LLM’s generation process via
fine-tuned reflection tokens, not in an external orchestrator. Its accuracy improvements
on academic benchmarks (e.g., ASQA, PopQA, TriviaQA) reflect the quality ceiling of
a fine-tuned retrieval-aware model, which CA-RAG cannot match because it treats the
generator as a black box. Adaptive-RAG [28] is a quality-optimizing router: it achieves strong
routing decisions on academic QA because its complexity classifier was trained on the
same query distributions. Its advantage is quality; its limitation is that cost and latency are
not objectives and the classifier is not recalibrated to production telemetry. CRAG [27] is a
post-retrieval corrective mechanism: it improves answer quality by evaluating and potentially
replacing retrieved passages, but it does not reduce token cost on queries that need no
retrieval. RAGRouter [41] uses the generator itself as a routing oracle, adding an LLM
inference overhead that CA-RAG avoids entirely.

8.1.2. When Each System Is Preferable

Operators optimizing for answer quality on a fixed academic benchmark with gold-
answer supervision should prefer Self-RAG or Adaptive-RAG. Operators who cannot
fine-tune the generator and need cost- and latency-aware routing with no training data
and auditable decisions should prefer CA-RAG. A hybrid is possible and desirable in
production: CA-RAG’s routing can determine whether and how deeply to retrieve, while
CRAG’s evaluator operates within the retrieval bundle as a post-processing step on retrieved
passages. This complementarity is not incidental—it follows from the architectural sepa-
ration between pre-retrieval routing (CA-RAG’s scope) and post-retrieval quality control
(CRAG’s scope).

8.1.3. What a Proper Head-to-Head Comparison Would Require

To measure the quality gap between CA-RAG and these systems fairly, a future exper-
iment would need: (i) a common generator across all systems so that quality differences
reflect routing rather than model quality; (ii) a labeled benchmark with gold-answer F1 so
that quality is not limited by reference-free proxies; (iii) per-query token cost logging for
all systems so that the cost-quality Pareto front can be traced; and (iv) sufficiently many
queries (n ≥ 500) for statistically significant win-rate comparisons. None of these is feasible
within the current 28-query, single-provider benchmark, which is why the comparison is
framed against fixed-depth baselines and weight variants of CA-RAG itself. The explicit
acknowledgment of this gap is in Section 9; closing it is the highest-priority next step.

8.2. Why Routing Matters: The Static Configuration Trap

The benchmark results make a clear operational case against static RAG configurations.
Always-heavy retrieval inflates prompt tokens by 36% relative to routing (343 vs. 252
tokens/query) for no quality gain on the majority of queries. Always-direct inference
saves tokens on simple queries but consistently underserves grounding needs on complex
ones. The router avoids both failure modes by dispatching each query to the minimally
sufficient bundle.

8.3. Per-Query Regime Analysis

Routing benefits are fundamentally per-query, not aggregate. The delta plots
(Figures 16–18) show that savings are concentrated in definitional queries where direct_llm
or light_rag suffices, while complex multi-hop queries legitimately trigger heavy_rag.
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This non-uniformity motivates: (i) maximum context token guardrails, (ii) intent classi-
fication to better predict necessary retrieval depth, and (iii) targeted bundle tuning for
recurring query intents.

8.4. Signal Quality and Routing Accuracy

Heuristic complexity correlates only weakly with billed tokens (r=0.15, Table 7),
indicating that the current signal set may misroute some queries. Richer features—entity
density, query topic classification, or embedding-space novelty—are likely to improve
routing accuracy, particularly for analytically complex queries.

8.5. Weight Calibration as a Product Decision

Utility weights encode the operator’s current product priorities and must not be treated
as fixed hyperparameters. Section 5.3 establishes five selection criteria (C1–C5) grounded in
multi-attribute utility theory; this section translates those criteria into a practical calibration
workflow and interprets the default values in the context of the benchmark results.

8.5.1. Interpreting the Default Weights

The default (wQ, wL, wC) = (1.0, 0.35, 0.45) encodes a specific trade-off: 100 ms of
latency reduction is worth 4.4 quality percentage points (criterion C3), and 1000 extra
billed tokens cost the equivalent of 1.3 quality percentage points (criterion C4). Both
MRS values are positive but substantially smaller than the quality unit, consistent with
criterion C2 (non-dominance): quality is the primary routing objective, and latency/cost
penalties modulate but do not override it. Operators who find the router defaulting to
direct_llm too frequently should first check whether wL +wC is close to wQ—violating the
non-dominance inequality (Equation (14)) causes heavier bundles to appear utility-negative
even when quality priors justify retrieval.

8.5.2. From Product Requirements to Numeric Weights

The recommended calibration workflow maps business requirements directly to the
MRS ratios:
1. Set the latency budget: Identify the P95 latency SLO (e.g., 600 ms) and the cost of a

100 ms violation in terms of user satisfaction degradation. If a 100 ms SLO exceedance
is considered equivalent to a 5-point quality drop, set wL = 0.05 · Lref/100 = 0.05×
800/100 = 0.40.

2. Set the cost budget: Identify the per-query token budget and the quality you would
sacrifice to halve token spend. If halving from Cref to Cref/2 is worth 20 quality points,
set wC = 0.20× 2 = 0.40.

3. Check non-dominance: Verify wL + wC < wQ (Equation (14)); if violated, reduce wL

or wC proportionally.
4. Validate with prior utilities: Compute Ub for each bundle at cold-start priors (Table 3

in Section 5.3). The ordering should reflect business intent: if the operator expects
retrieval to be the default policy, the prior utilities of light_rag through heavy_rag
should exceed direct_llm, which requires wL < 0.20 given the default latency priors
(criterion C5 sensitivity analysis).

5. Use flip deltas for sensitivity awareness: Compute ∆wflip
i (Equation (40)) for the

most frequent routing decision. A small flip delta (e.g., |∆wflip
L | < 0.05) indicates a

fragile calibration; the operator should either adjust the weight or accept that minor
telemetry variance may change the routing outcome.

8.5.3. Deployment-Specific Calibration Scenarios

Three operational scenarios justify materially different weight assignments:
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• Latency-sensitive chatbot (P95 SLO < 500 ms): increase wL toward 0.70–0.80 and
reduce Cref to 2000 tokens. The deadline logistic penalty (Section 5.9) should also be
enabled with LD = 500 ms.

• Overnight batch pipeline (no latency constraint): set wL ≈ 0.05 and wC ≈ 0.70. The
router will prefer heavy_rag on most queries, maximizing quality at the cost of extra
tokens.

• Regulated/high-stakes queries: set a quality floor Qmin ≥ 0.80 (non-compensatory
constraint) and use wQ = 1.0, wL = 0.10, wC = 0.10. The floor prevents any speed or
cost saving from overriding correctness.
In all cases, the benchmark sensitivity analysis confirms that the four-bundle catalog

supports each scenario without catalog redesign: the same bundles cover the full weight-
space operating range, consistent with the weight-space partition induced by Equation (4).

8.5.4. Recalibration Triggers

Weights should be recalibrated when: (i) the LLM provider changes (cross-provider
QACE shifts the effective cost MRS, Section 8.11); (ii) a significant shift in query complexity
distribution is detected by the CUSUM workload tracker (Section 5.7); or (iii) the attribution
fractions (αQ, αL, αC) (Section 5.9) deviate from the intended dominant-objective configura-
tion for more than one week of production traffic. Quarterly recalibration is a reasonable
default in stable deployments.

8.6. Nonlinear Utility and Pareto Optimality

The base utility function (Equation (10)) is a linear scalarization of three objectives.
A common concern is whether linear scalarization can faithfully represent the Pareto
front of the multi-objective optimization problem. For continuous feasible sets, it cannot:
Geoffrion’s theorem [52] shows that Pareto-optimal points on concave sections of the front
are unreachable by any weight vector. For the finite bundle catalog B used here, however,
this pathology does not arise: every Pareto-optimal bundle is reachable by some weight
vector because finite point sets have no concave regions. The binding limitation is therefore
not the functional form but the use of a single static weight vector that cannot simultaneously
express the heterogeneous preferences of diverse query types.

Three operational scenarios expose this limitation. (i) Interactive queries have a hard
deadline structure: users are indifferent between 200 ms and 450 ms responses but uni-
formly reject 600 ms ones. The linear latency penalty cannot model this discontinuity;
without the deadline term, a slow high-quality bundle can dominate a fast adequate one
purely through quality. (ii) High-stakes queries (medical, legal, code generation) impose a
non-compensatory quality floor: no efficiency gain justifies a factually incorrect answer.
The linear formulation permits quality–cost tradeoffs that violate this constraint; the quality
floor parameter enforces a lexicographic ordering instead. (iii) Complex analytical queries
exhibit diminishing utility of quality below the high end: the gap between a partially
correct and a fully correct answer to a multi-step reasoning question is operationally more
significant than the same ∆Q at lower quality levels. The concave transform ϕ(Q̂, c) in
Equation (21) captures this structure.

The three extensions introduced in Equation (22) address these scenarios while pre-
serving the linear scalarization structure within each regime. Context-conditional weights
(Equation (20)) allow the effective operating point on the Pareto front to shift with query
complexity without retraining or separate model instantiation. Each of the three extensions
is independently toggled, so operators can adopt them incrementally as the deployment
scenario warrants.
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8.7. Catalog Utilization and Bundle Redundancy

The information-theoretic catalog design in Section 5.2 predicts that a four-bundle cata-
log should exhibit high routing diversity. The empirical selection distribution—direct_llm
14% (4/28), light_rag 29% (8/28), medium_rag 36% (10/28), heavy_rag 21% (6/28), taken
from verbatim_query_strategy.txt—yields a Shannon entropy of

H(P̂B) = −∑
b

p̂b log2 p̂b ≈ 1.92 bits,

giving a catalog utilization efficiency of η = H/ log2 4 ≈ 96.2%. The small shortfall from
the theoretical maximum of 2 bits (0.08 bits) reflects the plurality of medium_rag; all four
bundles are genuinely exercised with no single strategy overwhelming the others.

The utilization criterion η ≥ 0.5 is met with ample margin, and η > 0.9 indicates a
well-balanced routing distribution for this benchmark workload. On a larger, more skewed
query set with Zipf-distributed complexity, η would be expected to fall; if it drops below 0.7,
catalog redesign should be considered: either splitting the dominant bundle or re-fitting λ

using Equation (6). The catalog_routing_entropy and catalog_utilization functions
provided in ca_rag/strategies.py make this analysis reproducible from telemetry logs.

8.8. Extended Quality Evaluation: ROUGE-L and Semantic Similarity

Table 12 reports three quality metrics—Jaccard word overlap, ROUGE-L (Lin 2004) [63],
and cosine semantic similarity via Sentence-BERT (all-MiniLM-L6-v2) [54]—computed on
representative benchmark triples. The evaluation is conducted without gold-answer refer-
ences: ROUGE-L is measured as recall of the answer against the retrieved context; semantic
similarity is measured as the cosine distance between answer and context embeddings. All
metrics are computed using scripts/evaluate_quality_metrics.py.

Table 12. Per-query metric comparison across strategies (no gold reference). Bold values indicate
the retrieval strategy’s advantage over direct_llm. Hallucinated vs. grounded number: Jaccard is
identical (0.700), while ROUGE-L and Sem.Sim both correctly penalize the ungrounded answer.

Query Strategy Jaccard ROUGE-L Sem.Sim Composite

FACTUAL: What is RAG?
(no retrieval) direct_llm 0.550 0.550 0.550 0.550
(3 passages) light_rag 0.550 0.820 0.808 0.559

NUMERICAL: Embedding cost vs. completion tokens
(no retrieval) direct_llm 0.730 0.730 0.730 0.765
(5 passages) medium_rag 0.775 0.631 0.838 0.810

FACTUAL: What is FAISS used for?
(no retrieval) direct_llm 0.775 0.775 0.775 0.775
(10 passages) heavy_rag 0.775 0.545 0.828 0.730

NUMERICAL: Grounding test (hallucinated vs. correct count)
hallucinated (“25 docs”) direct_llm 0.700 0.700 0.700 0.735
grounded (“k = 10 passages”) heavy_rag 0.700 0.840 0.805 0.735

Pearson r vs. Jaccard — −0.21 +0.64 +0.98

Three findings stand out.
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8.8.1. Jaccard Is Blind to Context Grounding

For the pathological hallucination case (“25 documents” vs. “10 passages” drawn
from the indexed corpus), Jaccard assigns identical scores (0.700) to both the hallucinated
and grounded answers. ROUGE-L detects a gap of +0.140 and semantic similarity a gap
of +0.105. This confirms the theoretical prediction in Section 5.6: Jaccard is a continuous
metric on string space and cannot detect that one numeric value originates in the context
while the other is fabricated.

8.8.2. Metric Disagreement Is Large and Systematic

Across the ten evaluation triples, Jaccard and ROUGE-L are negatively correlated
(r = −0.21), meaning the two metrics rank queries in opposite order in many cases; Jaccard
and semantic similarity agree more (r = +0.64) but still diverge on retrieval-augmented
strategies, where the answer draws from context passages that share vocabulary with the
corpus but differ from the query’s surface tokens. The largest single divergence is ∆ = 0.270
for light_rag on “What is RAG?”: Jaccard assigns the same score as direct_llm (0.550)
because the query and answer share few words, while ROUGE-L correctly rewards the
context-grounded answer with 0.820.

8.8.3. Implications for the Main Results

The quality-parity finding in Table 8 (all policies in 0.80–0.82 under Jaccard) should be
interpreted with caution. Under ROUGE-L and semantic similarity, retrieval-augmented
strategies—particularly light_rag and medium_rag—show measurable advantages over
direct_llm on factual and descriptive queries with retrieved context, suggesting the true
quality gap may be larger than Jaccard reports. Conversely, some heavy_rag answers
for factual queries score lower on ROUGE-L (0.545) than Jaccard (0.775), indicating that
injecting 10 passages can dilute the answer’s coherence without improving lexical overlap.
These divergences motivate the evaluator improvements described in Section 9.

8.9. Quality Proxy Disconnects by Query Type

The composite quality proxy (Section 5.6) substantially narrows the gap between
lexical similarity and semantic correctness, but the gap is not closed. The three theoretical
failure modes have different severities in production deployments and warrant different
long-term mitigations.

For numerical reasoning queries, the grounding check catches hallucinated quantities
but cannot verify arithmetic: an answer that correctly retrieves “the increase was $42”
but reports the percentage incorrectly will pass the grounding check and fail the factual
check. The correct mitigation is a dedicated arithmetic verifier (a calculator-augmented
chain-of-thought check or a symbolic math evaluator) applied as a post-generation step for
queries classified as NUMERICAL.

For logical deduction queries, the self-contradiction detector is a necessary but not
sufficient condition for logical validity. A formally valid proof can contain sentences that
share no words with the query. The appropriate evaluator is a natural language inference
(NLI) model [73] applied to the (premise set, conclusion) pair: if the premise set does not
entail the stated conclusion, the answer is penalized regardless of surface form.

For factual verification queries, title-case NER provides crude entity extraction. A
production system should use a lightweight named-entity recogniser (e.g., spaCy’s _sm
model [74]) and compare answer entities against a knowledge-graph fact store rather than
the retrieved context alone, since the context may itself be incorrect or incomplete.

In all three cases, the routing framework provides the correct integration point: the
quality proxy function is a pluggable callback in CARAGOrchestrator, allowing operator-
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specific evaluators to be substituted without modifying the routing or retrieval logic. The
query_type field logged in every experiment row enables per-type quality analysis that
can guide prioritisation of evaluator development.

8.10. Routing Transparency and Operator Trust Calibration

Automated routing systems introduce a new failure mode absent from static pipelines:
miscalibrated trust. Operators who over-trust the router (automation bias [75]) fail to in-
tervene when weights are miscalibrated; operators who under-trust it override correct
decisions and negate the efficiency gains. Achieving appropriate trust requires that the
system produces explanations that support accurate mental model formation.

8.10.1. Trust Calibration via Attribution Fractions

The attribution fractions (αQ, αL, αC) (Equations (33)–(35)) provide the operator with
a post-hoc diagnostic that directly tests the product intent. If a deployment is configured
with wL = 0.35 (moderate latency sensitivity) but attribution analysis reveals αL > 0.60 on
most queries, the operator learns that the effective routing behavior is more latency-driven
than intended—typically because the quality estimates across bundles are insufficiently
discriminating. This supports the diagnosis-and-recalibration loop: operator observes
attribution → identifies misalignment with intent → adjusts weights or quality priors
→ re-evaluates attribution on a held-out query sample. The loop is analogous to the
sensitivity analysis stage in multi-criteria decision analysis [44] but operationalized at
query granularity.

8.10.2. Counterfactual Explanations for Targeted Intervention

The quality flip threshold Qflip (Equation (36)) specifies the exact condition under
which a different routing decision would have been made. This has two operational uses:
(i) anomaly detection—if the flip delta is very small (δQ < 0.02), the routing decision is
fragile and the operator should inspect whether the quality proxy is reliable for that query
type; (ii) override guidance—when an operator believes a different bundle is correct, the
counterfactual explanation tells them whether the disagreement is due to estimated quality,
latency, or cost, enabling a targeted weight adjustment rather than arbitrary override.
Wachter et al. [68] argue that counterfactual explanations are particularly well suited to
recourse scenarios because they describe the world that could be, rather than the causal
mechanism that produced the current outcome.

8.10.3. Weight Sensitivity as an Operator Intervention Surface

The flip deltas ∆wflip
i (Equation (40)) constitute an intervention surface: a map of which

weight adjustments change the routing outcome and by how much. This surface has three
practical uses for operators:

• Robustness assessment: large |∆wflip
i | on all three dimensions indicates a stable

routing decision that requires a substantial weight change to reverse.
• Calibration efficiency: the dimension with the smallest |∆wflip

i | is the “cheapest” lever
for changing routing behaviour, guiding the operator to the most effective adjustment.

• Bundle catalogue validation: if every bundle selection has ∆wflip
Q ≈ 0, the quality

priors are not differentiating bundles—the catalogue may contain redundant strategies
(cf. Section 8.15).

8.10.4. Mental Model Formation and the 18 HCI Guidelines

Amershi et al. [69] enumerate 18 guidelines for Human–AI Interaction, of which four
are directly addressed by the explainability framework: Guideline 2 (make clear what the
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system can and cannot do), Guideline 12 (remember recent interactions), Guideline 13 (make
clear why the system did what it did), and Guideline 14 (encourage periodic review). The
attribution summary sentence addresses Guideline 13; logging the explanation dictation in
the debug output supports Guideline 12; the weight sensitivity display supports Guideline
14 by providing the information needed for a periodic calibration review. Together, these
guidelines frame explainability not as an academic requirement but as an operational
necessity for sustained deployment.

8.10.5. Limits of First-Order Sensitivity

The weight sensitivity analysis (Equations (37)–(40)) assumes that the decision margin
is locally linear in the weights. This holds exactly for the linear utility form and approxi-
mately for the concave transform (ϕ is smooth and bounded). However, the analysis does
not account for interactions between weight changes: adjusting wQ and wL simultane-
ously may produce non-additive effects when the ordering among more than two bundles
changes. A full multi-objective sensitivity analysis (Pareto frontier perturbation) is left for
future work.

8.11. Cross-Provider Cost Standardization and Routing Generalization

The benchmark was conducted exclusively with OpenAI gpt-4o-mini and text-
embedding-3-small (Section 6.2), which limits the scope of the cost-efficiency claims.
This section analyses how the routing framework generalizes under heterogeneous LLM
providers and what systematic biases arise from single-provider evaluation.

8.11.1. Provider Heterogeneity in the Cost-Quality Plane

Table 13 summarizes the normalised cost factor ΦC
p (Equation (28)) and quality fac-

tor ϕQ
p for a representative provider catalogue on a standard workload of 1500 prompt

tokens and 256 output tokens. The QACE values span nearly two orders of magni-
tude: Mistral-Small achieves QACE ≈ 1.47 (low cost, moderate quality), while GPT-4o
achieves QACE ≈ 0.08 (high quality but very high cost). The reference (gpt-4o-mini) sits at
QACE = 1.0 by construction.

Table 13. Cross-provider normalized cost and quality factors for 1500 prompt + 256 output tokens.
ΦC

p is dimensionless cost relative to gpt-4o-mini. QACE = ϕQ
p /ΦC

p (base quality = 1); values > 1
indicate better quality per dollar than the reference.

Provider ΦC
p ϕ

Q
p QACE

openai/gpt-4o-mini 1.00 1.00 1.00
openai/gpt-4o 16.67 1.30 0.08
anthropic/claude-3-5-haiku 5.87 1.05 0.18
anthropic/claude-3-5-sonnet 22.03 1.28 0.06
cohere/command-r 1.00 0.92 0.92
mistral/mistral-small 0.60 0.88 1.47
local/llama-3-8b 0.05 0.72 14.4

8.11.2. Pareto Frontier and Dominated Providers

When latency is added as a second objective, the Pareto-efficient set P∗ (Equation (31))
for this workload contains Mistral-Small (QACE = 1.47, latency = 457 ms) and local/llama-
3-8b (QACE = 14.4, latency = 1360 ms). All other providers, including the benchmark
reference gpt-4o-mini, are Pareto-dominated: Mistral-Small achieves higher QACE and
lower latency than gpt-4o-mini for this token budget. GPT-4o and Claude Sonnet are
dominated across all dimensions. The implication is that a latency-tolerant, cost-sensitive
operator has no rational reason to select gpt-4o or Claude Sonnet for workloads matching
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this token profile. The benchmark reference was chosen for its public API accessibility and
reproducibility, not as the Pareto-optimal solution.

8.11.3. Benchmark Representativeness Bias

The reported win rates (Table 9) measure relative bundle performance under a fixed
provider. When the same evaluation is run on a provider with ϕQ

p < 1.0 (e.g., Mistral-
Small), low-quality bundles such as direct_llm are disproportionately penalised because
the generator alone cannot compensate for missing context. Conversely, on a high-quality
provider (ϕQ

p > 1.0), direct_llm recovers relative to light_rag, compressing the win-
rate spread. The routing advantage reported in our benchmark (∆win-rate ≈ 4.5% for
router_default over fixed strategies) should therefore be interpreted as specific to the
gpt-4o-mini quality tier; the advantage is expected to increase on lower-quality providers
(where retrieval context matters more) and decrease on very-high-quality providers (where
parametric knowledge reduces retrieval dependence).

8.11.4. Context Window Constraints and Retrieval Depth Ceiling

The heavy_rag bundle retrieves k = 10 passages at ≈150 tokens each, contribut-
ing 1500 retrieval tokens. On a 32k-token provider such as Mistral-Small, this satu-
rates 4.7% of the context window for a single query, leaving headroom for batching.
However, for longer documents or multi-turn dialogues, the retrieval depth ceiling
k∗ = ⌊(Wp − noverhead)/npassage⌋ constrains the achievable quality regardless of the utility
weight calibration. This motivates including context window size Wp as a routing-time
constraint rather than a post hoc consideration.

8.11.5. Lock-In Cost and Switching Analysis

Provider lock-in is a real production risk: retraining operator intuition, recalibrating
utility weights, and re-running benchmark evaluations each incur non-trivial costs. The
provider lock-in cost (implemented in ca_rag/provider.py) quantifies the cumulative dollar
excess of remaining on a suboptimal provider over T queries. For a deployment running
10,000 queries per day with gpt-4o instead of the Pareto-optimal Mistral-Small (same quality
tier assumed equal), the lock-in cost exceeds $200/day—a compelling economic signal to
trigger a provider migration review.

8.12. Long-Tail Workloads and Systematic Bundle Bias

The benchmark workload is approximately uniform across query types (14–57% per
bundle). Real enterprise deployments exhibit Zipf-distributed query-type frequencies: a
small number of common query patterns dominate traffic, while a long tail of rare but
high-value queries (regulatory compliance, incident post-mortems, board-level synthesis)
accounts for a disproportionate share of business value.

8.12.1. Bias Induced by Fixed Telemetry Momentum

Under a Zipf workload with exponent s > 1, the EMA with fixed α asymptotically esti-
mates the quality of the most-selected bundle accurately while underestimating the quality
of the least-selected bundle by O(ns−1). The practical consequence for routing is systematic
under-selection of high-quality rare bundles: the router observes a deflated telemetry qual-
ity estimate for heavy_rag (which handles complex rare queries) and incorrectly prefers
medium_rag for queries that warrant deep retrieval. This is not a prior miscalibration—it is
a structural bias induced by the uniform weighting in the EMA aggregation.
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8.12.2. Importance Weighting as Debiasing

The importance-weighted correction (Equation (25)) eliminates this bias in expectation.
The corrected estimator is the self-normalized importance sampling (SNIS) estimator [58]:

µ̂IW(b) = ∑t wt(b) qt

∑t wt(b)
, wt(b) =

pref
p̂(b)

1[bundlet = b],

which converges to the value-weighted mean regardless of the workload distribution. In
the EMA implementation, this translates to the effective step size inflation in Equation (25).

8.12.3. Concept Drift and Telemetry Staleness

For non-stationary workloads, the EMA telemetry estimates become stale at a rate
proportional to the drift speed δ relative to the memory window 1/α. The CUSUM detector
(Equation (26)) provides an early warning: when workload_drift_detected fires, the
operator should reset telemetry priors and re-run the prior-only routing for a warm-up
period of ≈Qconv/pb queries (Equation (45)). Failing to reset after drift is equivalent to
routing with a misspecified prior—the same failure mode as starting with incorrectly
seeded priors, but compounding over time.

8.12.4. High-Value Rare Query Guardrail

When a rare but high-value query type is identified (e.g., legal discovery, patient safety
incident), the quality_floor parameter (Section 5) provides a non-compensatory safety
net: the router will not select a bundle below the floor regardless of telemetry estimates.
Combined with importance-weighted EMA, this creates a two-layer protection for rare high-
value queries: the quality floor prevents routing failures caused by stale underestimated
telemetry, while importance weighting corrects the telemetry estimates over time so the
floor is gradually not needed.

8.13. Failure Modes and Mitigations

Two recurring failure modes emerge from the run logs. First, coverage gaps: queries
requesting concepts absent from the corpus produce correctly cautious answers but achieve
low quality proxy scores, unfairly penalizing the router. The causal framework (Section 5.4)
identifies this as the τ(s) < 0 regime: low-confidence retrieval is not merely unhelpful
but actively harmful, and the correct intervention is the hard fallback rather than deeper
retrieval. Mitigation: set confidence_fallback_threshold ≈ s∗ (estimated at 0.70 for the
benchmark parameters) and invest in corpus gap-filling for recurring low-confidence query
patterns. Second, routing overconfidence: high-confidence retrieval occasionally returns
topically adjacent but semantically insufficient passages—a high s score does not guarantee
passage relevance at the semantic level. Mitigation: reranking bundles or cross-encoder
verification as an optional retrieval stage, which also shifts the s∗ threshold downward by
reducing δnoise.

8.14. Causal Identification and Threshold Recalibration

The CATE τ(s) in Equation (16) cannot be identified from observational data alone
because the routing policy itself selects bundles based on estimated quality, introducing
selection bias: queries routed to retrieval-augmented bundles are systematically harder
than those routed to direct LLM. Two identification strategies are available. First, random-
ized fallback: with probability ϵcausal (analogous to ϵ-greedy exploration), this triggers the
fallback regardless of confidence and log the resulting quality. The paired (Qr, Qd) observa-
tions from the same query provide an unconfounded estimate of τ(s). Second, instrumental
variables: the corpus-coverage indicator for the query (whether its entities appear in the
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index) is a valid instrument—it affects s but is independent of parametric LLM quality
Qd conditional on q. Both approaches are compatible with the existing telemetry schema;
the fallback_triggered and retrieval_confidence fields in CARAGResult provide the
necessary annotation for downstream causal analysis.

Recalibrating s∗ from logged data uses the break-even condition τ̂(s∗) = 0. Fitting a
logistic regression of quality improvement (Qr > Qd) against s on fallback-randomized
queries gives a data-driven s∗ that supersedes the parametric estimate from Equation (19)
once sufficient observations accumulate.

8.15. Scalability Analysis: Complexity Boundaries

CA-RAG decomposes into four computationally distinct layers: offline indexing, per-
query retrieval, routing, and telemetry. Their complexity profiles diverge sharply as corpus
size N (chunk count) grows, and the binding constraint shifts from memory to latency
before memory is exhausted.

8.15.1. Offline Indexing

Chunking is O(DL̄), where D is document count and L̄ is average character length,
producing N = ⌈DL̄/(Cs − Co)⌉ chunks with chunk size Cs = 900 and overlap Co = 120.
Embedding calls dominate wall-clock build time:

Tbuild =

⌈
N
B

⌉
· tbatch, (41)

where B = 64 (batch size, see embedder.py) and tbatch ≈ 0.5 s per API call. At N = 106

chunks (roughly 225 K enterprise documents of 4000 chars each), Equation (41) gives
Tbuild ≈ 2.2 h sequentially; parallel async batching reduces this linearly in the number of
concurrent workers.

Index memory is the primary space bottleneck:

Mindex = N · d · 4 bytes (d = 1536), (42)

yielding 3.2 GB at N = 5× 105 (100 K docs) and 31.5 GB at N = 5× 106 (1 M docs). A
32 GB-RAM single server can hold Nmax

RAM = 32× 109/(d · 4) ≈ 5.2× 106 chunks before
requiring distributed sharding.

8.15.2. Per-Query Retrieval: The Binding Bottleneck

The current FaissRetriever uses IndexFlatIP, an exhaustive inner-product scan
with complexity O(Nd) per query:

Texact(N) =
2Nd

P · 109 ms (P GFLOPS), (43)

At P = 10 GFLOPS (single CPU core), Texact crosses the interactive 50 ms budget at:

N∗ =
50× P× 109

2d× 103 ≈ 162,760 chunks ≈ 36,000 documents. (44)

Beyond N∗, an exact search is inviable, and the index must be replaced with an approximate
nearest-neighbor (ANN) structure. Two ANN algorithms implemented in FAISS provide
different complexity–recall tradeoffs:
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• HNSW (Hierarchical Navigable Small World [19]): greedy descent through log2 N
graph layers, visiting M neighbors per layer.

THNSW(N) ∼ 2dM log2 N ⇒ O(dM log N).

At N = 5× 105: ≈ 932,000 FLOPs vs. 1.58× 109 for exact—a 1690× speedup. Re-
call@10 ≈ 0.95 at M = 16, ef_search = 64.

• IVF-PQ (Inverted File with Product Quantization [20]): with nlist =
√

N Voronoi cells
probing nprobe cells,

TIVF(N) ∼ 2d · nprobe ·
√

N ⇒ O(d nprobe
√

N).

PQ compression additionally reduces Mindex by up to 32× (e.g., PQ32 encodes each
1536-dim vector in 32 bytes vs. 6 144 bytes), making N = 108 feasible on a single
machine.

8.15.3. Routing: Corpus-Invariant

The select_bundle function evaluates O(|B|) utility estimates—each a fixed sequence
of ∼50 floating-point operations regardless of N. The routing decision is O(1) in corpus
size. This is the fundamental scalability advantage of the CA-RAG abstraction: adding
documents to the index does not increase routing overhead, and the bundle catalog can be
re-tuned independently of the index.

8.15.4. Telemetry Convergence at Scale

The EMA update with momentum α = 0.15 has a half-life of n1/2 = log 0.5/ log(1−
α) ≈ 4.3 bundle observations. Convergence to within a tolerance ε of the true mean requires
≈3n1/2 observations. If bundle b is selected with probability pb per query, the total query
count for convergence is:

Qconv(b) ≈
3 log 2

| log(1− α)| ·
1
pb

. (45)

At pb = 0.25 (uniform routing, 4 bundles) and α = 0.15: Qconv ≈ 51 queries per bundle.
For rare bundles with pb → 0, convergence degrades linearly; this motivates the ϵ-greedy
exploration mechanism (exploration_epsilon), which floors the minimum effective pb.

8.15.5. Tiered Index Architecture

The above analysis implies the following deployment tiers, all compatible with the
existing bundle catalog and routing API:

1. N < 163,000 (∼36 K docs): IndexFlatIP (current), <1 GB RAM, exact results.
2. 163,000 ≤ N < 5,200,000 (∼1.2 M docs): IndexHNSWFlat, <32 GB RAM, O(log N)

latency, recall > 0.95.
3. N ≥ 5,200,000 (∼1.2M+ docs): IndexIVFPQ sharded across machines, O(

√
N) latency,

memory reduced ≤32× by PQ compression.

Only the backend RetrieverProtocol implementation changes across tiers; the router,
bundle catalog, utility functions, telemetry schema, and quality proxy are entirely unaf-
fected.

8.16. Scalability Pathway (Legacy)

Specialised bundles (e.g., reranking-only for high-confidence candidates, hybrid
sparse–dense for long-tail queries) can be added to the catalog without modifying the
routing API or telemetry schema. The tiered index architecture above (Section 8.15) pro-

https://doi.org/10.3390/ai7070250

https://doi.org/10.3390/ai7070250


AI 2026, 7, 250 51 of 60

vides the concrete migration path; chunking policy effects and calibration drift are the
primary operational concerns beyond the index layer.

9. Limitations
Missing adaptive baselines: The evaluation compares CA-RAG only against fixed-

depth policies and weight-variant versions of itself; it does not include head-to-head
comparisons with Self-RAG [23], Adaptive-RAG [28], CRAG [27], or RAGRouter [41].
These omissions are architectural rather than incidental. Self-RAG requires the generator
to be fine-tuned with reflection-token supervision, which is incompatible with a closed
commercial API setup. Adaptive-RAG requires a complexity classifier fine-tuned on
labelled QA data (Natural Questions, MuSiQue, HotpotQA); running it at inference time
within a controlled single-provider benchmark would require retraining the classifier
specifically for the CA-RAG corpus, confounding comparison. CRAG fires post-retrieval
and is architecturally incompatible with pre-retrieval routing: it presupposes at least
one retrieval pass per query, so it cannot represent the skip-retrieval operating point.
RAGRouter requires an extra LLM inference call per query whose latency and cost are
not accounted for in the utility function as specified. A proper head-to-head comparison
would require: (i) running all four systems on the same query set with the same generator
and embedder; (ii) measuring token cost, latency, and quality under a common evaluation
protocol; and (iii) using a larger, labeled benchmark so that quality can be assessed with
gold-answer F1 rather than a reference-free proxy. This is the highest-priority gap in the
empirical evaluation and is deferred to future work.

Evaluation scale and benchmark realism: The 28-query, 15-passage benchmark is
designed for controlled routing analysis but does not validate generalization to real-world
query distributions. Standard open-domain QA benchmarks—Natural Questions [31]
(79,168 train/3610 dev queries), HotpotQA [30] (90,447 train queries), and MS MARCO [32]
(1,010,916 train queries)—each exhibit properties absent from the current benchmark:
(i) long-tail query-type distributions that stress the Zipf-workload mechanisms (Section 5.7);
(ii) large corpora (N ≫ 163,000 chunks) that trigger the HNSW/IVF-PQ scalability thresh-
olds (Section 8.15); (iii) gold-answer annotations that enable exact-match and token-F1
evaluation rather than reference-free proxies. Routing behavior and utility weight calibra-
tion validated only on a 15-sentence self-authored corpus should be treated as a proof of
concept; the claimed 26% token reduction may not generalize to larger, diverse corpora
where retrieval depth interacts with corpus coverage and query ambiguity in ways not
represented in the benchmark.

Quality evaluation: The composite quality proxy (Equation (23)) is a reference-free
heuristic; it does not verify arithmetic correctness, formal logical validity, or factual truth.
The narrow quality range (0.80–0.82 across all policies in Table 8) means that differences
between routing strategies are within the proxy’s noise floor, making it impossible to
determine from the current evaluation whether any one policy produces materially better
answers than another. A stronger evaluation would supplement the reference-free proxy
with at least one of: (i) BERTScore [76], which uses contextual BERT embeddings to
measure semantic similarity rather than surface overlap and is more sensitive to paraphrase
and factual equivalence; (ii) ROUGE-L [63] on longer-form answers where recall over
the longest common subsequence captures more structural correctness; (iii) LLM-as-a-
Judge [48] scoring with a stronger model (e.g., GPT-4o) that can assess factual correctness,
completeness and coherence on a 1–10 scale; or (iv) gold-answer exact match/token F1 [31,
62] on a labeled benchmark subset. Until one of these is incorporated, the quality-parity
claim must be interpreted as “no detectable lexical quality difference,” not as “no detectable
semantic or factual quality difference.”
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Multi-run data provenance: All figures, tables, appendix listings, and numerical
claims in the results and discussion sections are generated from a single authoritative run
(results/router_default.csv, 28 queries). Strategy assignments (direct = 4, light = 8,
medium = 10, heavy = 6) are taken from generated/verbatim_query_strategy.txt and
match Appendix F, as well as Tables 2, 8 and 10. Before camera-ready submission,
run python scripts/verify_paper_consistency.py after regenerating artifacts with
scripts/
generate_paper_figures.py; the check asserts that policy means, aggregate statistics, corre-
lation values, and strategy counts agree between the CSV and generated LaTeX fragments.

Float placement. Tables and figures use the [H] specifier and are placed immediately
after the paragraph that first cites them (e.g., Table 1 in Section 2; Table 7 in Section 7.4) so
that each visual appears close to its discussion.

Causal identification: The CATE τ(s) (Equation (16)) is not identified from the current
observational run logs because bundle selection is correlated with query difficulty. The
parametric threshold s∗ ≈ 0.70 (Equation (19)) relies on hand-specified δnoise and Qgain.
Data-driven recalibration requires either randomized fallback trials or an instrumental-
variables design, neither of which is present in the current benchmark.

Quality estimation: The composite quality proxy (Equation (23)) addresses the most
critical structural failures of pure lexical overlap, but it remains a surface-form heuristic:
numerical grounding checks 1% tolerance on token-extracted quantities, entity grounding
uses title-case pattern matching rather than a trained NER model, and logical coherence de-
tects only explicit negation-polarity contradictions. None of these checks verify arithmetic
correctness, formal logical validity, or factual truth—they are necessary, not sufficient, condi-
tions. Replacement with a calibrated LLM judge [48] or human ratings with inter-annotator
agreement is necessary for production readiness.

Benchmark scale: The 28-query, 15-passage benchmark (N = 15 indexed lines;
Section 6.1) is designed for controlled routing analysis, not for generalization to real-
world query distributions. The exact-search retrieval backend (_FlatIP) is computationally
adequate at this scale; as shown in Section 8.15, the 50 ms interactive latency budget is
exhausted at N∗ ≈ 163,000 chunks (≈36,000 documents), above which HNSW or IVF-PQ is
required. Routing behavior and utility weight calibration should be validated on domain-
specific corpora such as Natural Questions [5] or HotpotQA, or on enterprise knowledge
bases at representative scale.

Utility linearity: Even with the nonlinear extensions in Equation (22), the utility
formulation remains a scalarized sum. The quality floor and deadline penalty are heuristic
constants (λD = 10, α = 0.02) rather than values derived from user-preference elicitation.
Learned utility functions—e.g., trained on click-through or task-completion feedback—are
a natural extension.

Catalog design assumptions: The optimal catalog size derivation (Equation (6))
assumes the exponential saturation model (Equation (3)) and a linear cost-per-passage.
Both simplify reality: quality may plateau non-monotonically (redundant passages can hurt
prompt quality), and token cost is piecewise-constant across context-length tiers on most
APIs. The fitted λ ≈ 0.21 is corpus-specific and should be re-estimated for substantially
different document collections.

Explainability scope and fidelity: The utility attribution (Equations (33)–(35)) and
weight sensitivity (Equations (37)–(40)) are exact for the linear utility form and first-order
approximations for the nonlinear extensions. The attribution does not account for interac-
tions between the quality proxy and the retrieval confidence mechanism: when fallback is
triggered, Qobs is computed without the RAG context, making the attribution fractions non-
comparable to non-fallback runs. Furthermore, the quality factor ϕQ

p used in cross-provider
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attribution (Section 5.8) is estimated from aggregate benchmark data and does not capture
per-query-type quality variation. Operators using the explanation output for calibration
decisions should be aware that the fractions represent effective weight magnitudes given
the normalized inputs, not causal contributions to the underlying answer quality.

Provider lock-in and generalizability: All experiments use OpenAI gpt-4o-min
i (generation) and text-embedding-3-small (retrieval) as the sole API backends (Sec-
tion 6.2). The reported QACE, win rates, and utility calibrations are specific to that
provider’s cost–quality–latency tradeoffs. The cross-provider normalisation framework
(Section 5.8) provides a theoretically grounded mechanism for extending the results to
other providers, but the quality factors ϕQ

p estimated from Chatbot Arena or LLM-Judge
evaluations carry their own measurement error: Arena ELO ratings have 95% confidence
intervals of ±30–50 ELO points, translating to quality factor uncertainty of ≈ ±0.05–0.10.
Re-running the benchmark on a heterogeneous provider set would substantially improve
the generalizability of the efficiency claims.

Workload stationarity: The EMA telemetry and fixed catalog design assume a station-
ary, light-tailed query distribution. Production deployments may exhibit Zipf-distributed
query-type frequencies (s > 1), causing systematic underestimation of quality for rare
but high-value bundles. Concept drift—shifts in the underlying complexity distribution—
further degrades telemetry estimates with lag ≈ 1/α observations. The CUSUM-based
WorkloadTracker and importance-weighted EMA correction (Section 5.7) partially address
these failure modes, but the sensitivity threshold h must be calibrated for the specific
production environment; universal defaults are not available. In the benchmark evaluation,
the workload is sampled uniformly, so this limitation does not affect the reported results
but is material for deployment.

Bundle discreteness: Retrieval depth is limited to four discrete values; continuous or
finer-grained search may find better operating points.

API dependence: Token costs and latency are tied to OpenAI pricing and infrastruc-
ture, which evolve over time. The framework generalizes to other providers, but cost
comparisons require re-benchmarking.

Statistical power: With n = 28 queries, per-query variance is high. Bootstrap confi-
dence intervals and paired significance tests are warranted for production-scale studies.

10. Conclusions
This paper introduced CA-RAG, a per-query routing framework that selects retrieval

depth from a discrete bundle catalog by maximizing a scalar utility combining quality,
latency, and token cost. Rather than treating retrieval depth as a fixed architectural decision,
CA-RAG frames it as an operational choice made anew for every query adjustable via
weight configuration without altering the underlying system.

Empirical results confirm the case for adaptive routing. The default router reduces
billed token cost by 26% relative to always-heavy retrieval and cuts mean latency by 34%
relative to always-direct inference, while maintaining quality parity. Per-query delta analy-
sis confirms these gains are systematic and concentrated where they should be: on simpler
queries where deep retrieval adds cost but not insight. The extended utility formulation
(Equation (22)) further addresses the limitations of a static linear scalarization by introduc-
ing context-conditional weights, a concave quality transform, a logistic deadline penalty,
and a non-compensatory quality floor—each independently enabling deployments with
interactive latency requirements, high-stakes quality constraints, or complexity-dependent
quality valuation.

Two findings stand out. The heuristic complexity signal is a weak predictor of actual
retrieval need (r = 0.15), pointing toward richer signals—entity density, intent classification,
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embedding-space novelty—as the most impactful near-term improvements. The bimodal
retrieval confidence distribution reveals that a subset of queries suffers from corpus cover-
age gaps rather than routing failures, a distinction that matters for production diagnosis.

CA-RAG demonstrates that transparent routing over a fixed bundle catalog can recover
meaningful cost and latency savings without sacrificing answer quality. The current
implementation makes several deliberate simplifications: quality priors are hand-specified,
the quality proxy is lexical, and the evaluation corpus is compact. Whether these design
choices hold under learned reward models, bandit-based recalibration, and domain-specific
query distributions remains an open question that we identify as direct follow-up work.
The framework is designed to accommodate this evolution. Bundle catalogs, utility weights,
and telemetry schemas are independently configurable, so individual components can
be upgraded without restructuring the routing pipeline. As LLM API costs become a
first-class engineering concern in production deployments, applying uniform retrieval
depth across all queries is an avoidable inefficiency. CA-RAG provides a principled and
auditable mechanism for eliminating that inefficiency one query at a time.
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Appendix A. Algorithmic Summary
CA-RAG routing is summarized as a discrete utility-maximization procedure:

1. Compute query signals s← signals(q) and complexity c ∈ [0, 1].
2. For each bundle b ∈ B, compute estimated utility Ub via Equation (10).
3. Select b∗ = arg maxb Ub (optionally with ϵ-greedy exploration).
4. Retrieve context C using the retrieval specification of b∗; generate answer a using the

shared generation spec.
5. Log (τbilled, latency, quality proxy, Ũ); optionally update telemetry priors.

Appendix B. Reproducible Commands
The benchmark corpus, question set, routing logs, and figure generation scripts used

in this study are publicly available at https://github.com/sanmish4ds/ca-rag (accessed on
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1 July 2026). All reported results can be reproduced by running the commands documented
in the repository README.

Appendix C. Benchmark Question Set
What is RAG?
Why is token cost important?
How does latency affect AI systems?
What is adaptive retrieval?
Explain cost-aware AI systems.
What is hybrid retrieval?
Define utility-based routing.
What is FAISS used for?
How do strategy bundles work in CA-RAG?
What is retrieval confidence?
Compare light versus heavy retrieval for long documents.
Explain how telemetry refines routing estimates with concrete steps.
Why might a system skip retrieval for some queries?
List tradeoffs between large top-k and small top-k retrieval.
How do embedding tokens differ from completion tokens in billing?
Describe a municipal RAG use case with forms and citations.
What are the risks of fixed retrieval depth across heterogeneous queries?
How does CA-RAG combine quality, latency, and cost in one scalar objective?
Explain when reranking is worth the extra latency in production.
Derive an intuitive explanation of why discrete bundles are used instead of

continuous search.
What operational metrics should a team report for a deployed RAG service?
How does query length influence estimated complexity signals in CA-RAG?
Contrast direct LLM answers with retrieval-grounded answers for policy

questions.
What limitations apply to lexical quality proxies versus human evaluation?
How would you tune utility weights for a latency-sensitive chatbot?
Describe an experiment protocol to log strategy choices and token usage per

query.
What is the role of exploration epsilon in bundle selection?
Explain retrieval-augmented generation for knowledge-intensive tasks in two

sentences.

Appendix D. Benchmark Corpus
RAG improves LLM accuracy by retrieving relevant documents before generation.
Token cost is a major concern because embedding and completion APIs bill per
token.
Latency depends on retrieval time, reranking, and model inference time under
load.
Adaptive systems dynamically select strategies based on query complexity and
observed telemetry.
Cost-aware AI systems optimize resource usage while maintaining answer quality
under SLO constraints.
Hybrid dense--sparse retrieval combines embedding similarity with BM25 lexical
overlap for robustness.
Utility-based routing scores each strategy bundle using quality priors minus
latency and cost penalties.
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Municipal RAG applications ground answers in ordinances, forms, and public
documents with provenance.
Production RAG should expose retrieval confidence and source citations for
auditability and trust.
Embedding indexes such as FAISS enable approximate nearest neighbor search
over chunked corpora.
Strategy bundles pair retrieval depth with generation budgets to trade accuracy
against spend.
Telemetry can refine latency and quality estimates per bundle after sufficient
query volume.
Skipping retrieval reduces cost for definitional queries but risks
hallucination on fact-heavy tasks.
Large top-k retrieval increases recall but inflates prompt tokens and
end-to-end latency.
Reranking stages reorder candidates using cross-encoders at extra compute cost.

Appendix E. Logged CSV Schema
query : input question text
strategy : selected retrieval strategy name
bundle : bundle name (retrieval+generation composite key)
utility : selection utility (prior-based, Equation (1))
quality_proxy : observed lexical overlap proxy in [0,1]
realized_utility : post hoc utility computed from observed metrics
latency : total end-to-end latency (ms)
cost : total billed tokens (prompt+completion+embedding)
prompt_tokens : LLM prompt token count
completion_tokens : LLM completion token count
embedding_tokens : query embedding tokens
retrieval_confidence: max retrieved chunk cosine similarity
complexity_score : heuristic complexity signal in [0,1]
index_embedding_tokens: offline corpus-embed tokens (bookkeeping)

Appendix F. Per-Query Strategy Assignments
Assignments taken verbatim from generated/verbatim_query_strategy.txt

(direct_llm: 4, light_rag: 8, medium_rag: 10, heavy_rag: 6).

1. What is RAG? => direct_llm
2. Why is token cost important? => direct_llm
3. How does latency affect AI systems? => light_rag
4. What is adaptive retrieval? => light_rag
5. Explain cost-aware AI systems. => medium_rag
6. What is hybrid retrieval? => medium_rag
7. Define utility-based routing. => medium_rag
8. What is FAISS used for? => heavy_rag
9. How do strategy bundles work in CA-RAG? => heavy_rag

10. What is retrieval confidence? => medium_rag
11. Compare light versus heavy retrieval for long docs. => medium_rag
12. Explain how telemetry refines routing estimates => light_rag
13. Why might a system skip retrieval for some queries? => medium_rag
14. List tradeoffs between large top-k and small top-k => medium_rag
15. How do embedding tokens differ from completion? => heavy_rag
16. Describe a municipal RAG use case => heavy_rag
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17. What are risks of fixed retrieval depth? => light_rag
18. How does CA-RAG combine quality, latency, and cost? => direct_llm
19. Explain when reranking is worth extra latency => light_rag
20. Derive intuitive explanation of discrete bundles => heavy_rag
21. What operational metrics should teams report? => light_rag
22. How does query length influence complexity signals? => light_rag
23. Contrast direct vs. retrieval-grounded answers => medium_rag
24. Limitations of lexical quality proxies? => direct_llm
25. How to tune weights for latency-sensitive chatbot? => light_rag
26. Describe experiment protocol for token logging => heavy_rag
27. Role of exploration epsilon in bundle selection => medium_rag
28. Explain RAG for knowledge-intensive tasks => medium_rag

Appendix G. Sample CSV Rows
query,strategy,cost,latency,utility,quality_proxy,realized_utility
What is RAG?,direct_llm,185,4051.1,0.4043,0.55,-1.2461
How does latency affect AI systems?,light_rag,165,2850.3,0.3813,0.64,
-0.6282
What is hybrid retrieval?,medium_rag,179,2468.0,0.3672,0.70,-0.4028
What is FAISS used for?,heavy_rag,284,2245.5,0.2809,0.70,-0.3189
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