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Abstract

In this paper, we present an algorithm for determining the strong fuzzy grade of a hyper-
group, considering a particular class of hypergroups associated with genetics. A study
is carried out depending on the cardinality of the initial hypergroup. The last paragraph
of this paper contains the MATLAB R2018b program for the fuzzy grade for cardinals
3,4,5,6,8.
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1. Introduction

chedcktfor The theory of hyperstructures is a topic of algebra that is more than 90 years old
updates and rich in applications, in particular in fuzzy, soft, and rough sets, lattices, cryptography,
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artificial intelligence (see [1,2]). In a hypergroupoid, the result of the “multiplication” of two

Received: 4 June 2025 elements is a set of elements rather than a single element.
Revised: 14 August 2025
Accepted: 19 August 2025
Published: 26 August 2025

The study of the connections between algebraic structures and fuzzy set theory has
been a research direction since the 1970s, when Rosenfeld [3] introduced fuzzy groups.
Later, algebraic hyperstructures induced by fuzzy sets were introduced and studied, as well
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as fuzzy hyperstructures.

Algorithm for Determining the Strong

Fuzzy Grade of a Hypergroup. First, let us present some basic definitions:
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A are contained in A. Join spaces are another important class of commutative hypergroups.
A commutative hypergroup (H, o) is a join space if for all elements u, v, w, t,z of H,

ueEvoz,weEtoz=uotNvow # Q.

Corsini began to study the join spaces induced by fuzzy sets. He associated a join space
with a fuzzy set [4] and then a fuzzy set with a hypergroupoid/join space [5], constructing
in this manner a sequence of join spaces and fuzzy sets, which ends if two consecutive join
spaces are isomorphic. The length of this sequence is called the fuzzy grade. This indicates
a point where the structure of the spaces essentially stabilizes. In this paper, we will call
it the Corsini fuzzy grade to distinguish it from the strong fuzzy grade, which will be
explained later. The study of this sequence offers the possibility of studying fuzzy sets from
an algebraic point of view and also provides examples of join spaces on a certain set.

Now, let us present the algorithm introduced by Corsini in [5]. First, he associated a
fuzzy set with every hypergroupoid (H, ®), as follows:

Vze H, Q(z) = {(x,y) e H® |z e x®y},

q(z) = [ Q(z) |,

AR)= ¥ 1/ ]x@y],
(xy)€Q(z)

u(z) = A(z)/q(z2). (1)

In [6], the above fuzzy set u was called grade fuzzy set and was denoted by ji.
On the other hand, a join space H; = (H, oy) can be associated with the fuzzy set u
as follows:

xouy = {z| min{u(x), u(y)} < pu(z) < max{p(x),pu(y)} (2)

We repeat the process and obtain a sequence of join spaces {H;}; and a sequence
of fuzzy sets {y;};. These sequences have been studied in many contexts, for instance,
in several classes of hypergroups, such as hypergroups with partial scalar identities [7],
non-complete 1-hypergroups [8], and complete hypergroups [9], but also in connection
with hypergraphs [10,11], multivalued functions [12], and recently, genetics [13]. Studying
these sequences can be useful for analyzing the properties of join spaces, particularly their
structure. Actually, the sequences are a hierarchical construction of associated join spaces,
built step by step from a hypergroup or just a hypergroupoid.

In [14], the fuzzy grade is calculated for hypergroups associated with hypergraphs
with the help of MATLAB. In the papers [13,14], the authors declare that they calculated
the fuzzy grade of the corresponding hyperstructures, but in reality, the condition they
used to stop the sequence of join spaces and fuzzy sets was that the last two join spaces
had to be exactly the same or the latest two fuzzy sets had to have the same order.

The fuzzy grade of the starting hypergroup is the minimum natural number i for
which H; = H;,q, while the strong fuzzy grade is the minimum natural number j for
which H; = Hj, 1. Itis easy to see that for the same hyperstructure, the strong fuzzy grade
s.f.g. is greater than or equal to the fuzzy grade f.g.

According to [15], if we consider the equivalence relation R; on H; = (H, o;,,,) defined
by xR;y < pi(x) = u;(y), then it follows that R; is a regular equivalence and a congruence
in H;. The quotient set H;/R; consists of equivalence classes {C;}lg j<r; with cardinals
ki for all j, 1 < j < r;. Therefore, with each join space H; we can associate an r;-tuple
(k1,k, - -+ ,ky;). In [15], the authors established a sufficient condition in order to have two
consecutive associated join spaces of a sequence be non-isomorphic. They also found a
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property of the quotient hypergroup determined by the join space H; and the relation
associated with the fuzzy set ji and determined a necessary and sufficient condition for
the join space H; in order for it to be a reduced hypergroup. In [9], the authors provide a
method for constructing a finite hypergroup with the strong fuzzy grade equal to a given
natural number.

In this paper, we consider the above construction for a class of hypergroups which has
been obtained in connection with genetics (see [16-18]) and analyze the strong fuzzy grade
of these hypergroups. This study is a continuation of the paper [13]. The last section of this
paper contains the MATLAB programs for the strong fuzzy grade for cardinals 3,4, 5, 6, 8.

2. The Fuzzy Grade of a Genetic Hypergroup

We apply Corsini’s construction (1) for the next join space, which is connected with
a genetic inheritance (see [13]). This hypergroup is not complete, but it is regular and
reversible.

Wesetn >3and H = {z1,23,- - ,zn}.

We consider the hyperoperation on H given in Table 1.

Table 1. The multiplication table of o.

e} Z1 Z Z3 Zn

) H H H H

Z2 H {z,2z3,--,zn} {2z2,23," " ,2Zu} {z2,23,- -+ ,zn}
23 H {22123/"'127’[} {23/"'127’[} {23/"'/21’1}
Zn H {221231"' rzl’l} {231"' rzn} {Z'rl}

Forall1 <i<j<k<mn,wehavez;o (z]- ozg) = (z oz]-) ozr ={2zi,zit1," " ,Zn}-

Moreover, (H, o) is a join space. The idea of considering such a hypergroup comes
from genetics; more precisely, it is associated with a type of non-Mendelian inheritance,
namely Epistasis [16,18].

We have q1(z;) = |Qi(z;)| for alli € {1,2,---,n}. By calculation, for all natural
numbersk, 1 <k <mn,

7(z) = 20k — 2. )
Indeed,
Q1(z1) ={(21,2),(2z,2z1) | z € H} whence q1(z1) = 2n — 1.
Q1(z2) = Q1(z1) U{(2z2,2),(2,22) | z € H} whence g1 (z3) = 4n — 4.
Qi(z3) = Qi1(22) U{(z5,2), (z,23) | z € H} whence g1 (z3) = 6n —9.
Q1(zk) = Q1(zk—1 U{ 2,2), (2,2) | z € H} whence q1(z;) = 2nk — k2.
Finally, q1(z,) =

Forall x € H, we have

m(z) = a1(z)/91(2). (4)
Theorem 1 ([13]). For 1 <i < j < n, we obtain py(z;) < p1(z)).

For n = 2°, the above join space (H, o) is an example of a hypergroup that satisfies the
conditions of Theorem 6.1 [19], which states the following;:

Theorem 2 ([19]). Let H be the finite hypergroupoid H = {z1, 2y, ...,zn}, withn = 25, and s a
nonzero natural number, which verifies the relation

pi(z1) < pa(z2) < - < pa(zn),
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i.e., the n-tuple associated with H is (1,1, - - ,1). Then, the join space Hy 1 is a total hypergroup,
and by consequence f.g.(H) = s+ 1.

In the proof of this theorem, it is checked that p»(z;) = pa(zy41-;) forall i €
{1,2,---,n/2} and foralli < j <n/2, pa(z;) > p2(z;). Thus, the join space Hy = (H, oy,)
is associated with the r-tuple (2,2, - --,2), where r, = 251

Continuing in this manner, the join space H3 = (H, o) is associated with the r3-tuple
(4,4, - ,4), withrs = 252 and so on. The join space Hs = (H, o, ) is associated with the
pair (2571,2°71). The join space Hy1 is a total hypergroup and f.g.(H) = s + 1.

Example 1. Consider n = 8 = 23 for hypergroup (H, o), and we obtain the following:

u(z1) < pa(z2) < pa(z3) < pa(za) < pa(zs) <pa(ze) < pa(z7) < pi(zs), correspond-
ingto (1,1,1,1,1,1,1,1),

p2(21) = pa(z8) > pa(z2) = pa(z7) > pa(23) = pa(26) > pa(za) = pa(2s), correspond-
ingto (2,2,2,2),

pa(21) = pa(z8) = pa(z4) = p3(25) > pa(z2) = Ha(2z7) = Ha(23) = pa(2e), correspond-
ing to (4,4),

pa(z1) = pa(z2) = palz3) = pa(za) = pa(2z5) = pa(2z6) = pa(2z7) = pa(2s), correspond-
ing to the total hypergroup.

Hence, the fuzzy grade of (H, o) is 4.

We continue the algorithm by obtaining the join spaces H; and fuzzy functions y;
in order to establish the fuzzy degree in the other situations where n # 2°.

With (2), we obtain a join space Hy = (H, o1) such that for all z; € H we have

zjo1zi = {z;} and forall1 <i <j<nwehavez;ozj=zjo1z = {2,241, ,z}

Hence, we obtain Table 2.

Table 2. The multiplication table of oy.

01 Z1 V) Z3 ce Zn

21 {z1} {z1,22} {z1,22,23} e H

22 {ZZ} {22/ 23} e {ZZI 23, /Zn}
23 {23} {23,... /Zn}
Zn e {Zn}

Note that all hypergroups we consider in this paper are commutative, so we can only
write in the table the elements above the main diagonal.
Applying (1), we obtain the following:
g2(z1) =2n—1, g2(z2) =4n -5,
go(z3) =6n—13, qa(z4) =8n—25and for1 <k <mn,
qz(Zk):2~k~(1’l—k+1)—1. (5)

In particular, q2(z,) = 2n —1 = q2(z1), q2(2z4—1) = g2(2z2) =4(n—-1) -1
qZ(anz) = QQ(Z3) =2-3- (n — 2) —1.
If n = 2s, where s is a natural number, s > 2, then

12(25) = Da(zes1) = 25(s + 1) — 1. (6)

If n = 2s + 1, where s is a natural number, s > 1, then

q2(25) = q2(zs42) = 25(s +2) =1 (7)
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and
2(2611) = 2(s +1)> — 1. (8)

For any z € H we have

p2(2) = Az(2)/q2(2). ©)

Theorem 3 ([13]). (i)  For n = 2s we have the following:

H2(z1) = pa(z2s), p2(z2) = pa(za5-1), - -+, pa(zs) = p2(zs41)

and pa(z1) > pa(z2) > -+ > pa(zs)-
(i) For n = 2s + 1 we have the following:

H2(z1) = p2(z2s41), p2(z2) = pa(z2s), -+, p2(2zs) = p2(zs12)
and pz(z1) > p2(z2) > -+ > pa(zs) > pa(zs41)-

Hence, for n = 2s the associated s-tuple is (2,2,---,2), and for n = 2s + 1 the
associated (s + 1)-tupleis (2,2,---,2,1).

Applying (2) again, we obtain the join space H, = (H, o), where o, = oy,. For
all z; € H we have z; 05 z; = {z;,z,41_;}. Moreover, forall 1 < i < j < n we have
Zj02Zj =2j0p2z; = {zisZn1-isZix1, Znmis - /erZnJrlfj}-

Denote Z; = {z;,z,41_i}- Hence,

Zj 02 Z; :fi, ZiOZZj :zjozzi:zAiUzi;1U~--UzAj.

In what follows, we analyze separately a case where 7 is even and a case where n
is odd.

L. Case n = 2s.

This allows us to obtain Table 3.

Table 3. The multiplication table for n = 2s.

©2 21 22 o Zs Zs+1 Tt 2951 22s

Z1 2 Uz, e nuU---UZy [4U---Uéy e A UD 21

Zn 2 e ZHU UZs 2HU---UZg 2 Z1UZp
Zs ZAS ZAS AlU. Uis
Zg11 ZAS ZAS ZA]U' UZAS
Z9g 21 71U Z1U---UZy A U---UZg 721 U2y 71

We analyze the following cases:
(i) Ifs=2kiseven,i.e., n =4k, then

Ha(z1) = ps(zs), u3(z2) = pa(zak-1), -+, #3(zx) = Ha(2ks1)-
In this case, the associated k-tuple of Hz is (4,4, - - - ,4) = (22,22, e ,22).
(i) Ifs=2k+1isodd,ie., n=4k+ 2, then
#3(z1) = p3(zaks1), Ha(22) = pa(zak), -+, 13(zx) = Ha(Zk42)-
The associated (k + 1)-tuple of Hz is (4,4, - - - ,4,2) = (22,22,---,2%,2).
The cardinal 2 corresponds to pi3(zx11) = M3(2z3k+2), since we have pp(zy,) = pa(zt,)
for all t1, t5, for which t; + tp = 2s + 1, according to Theorem 2.3.

Applying (i) s times and then (ii), we obtain the following:

Theorem 4. Let n = 2%k where 2 fk.
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Then, the associated k—tuple of Hg 1 is (25,25, - ,2°%) and the associated (k + 1) /2—tuple
of Heypis (251, 25%1, ... 25+ s,

Example 2. For n = 6, we have the following:

11(z1) < p1(z2) < p1(z3) < p1(za) < p1(zs) < p1(ze), corresponding to (1,1,1,1,1,1),
12(z1) = pa(ze) > p2(z2) = pa(zs5) > pa(z3) = ua(za), corresponding to (2,2,2),
Ha(z1) = ia(26) = s (z3) = 3(z4) > pal22) = iz (2s), corresponding to (4,2),

1a(z1) = pa(ze) = pHa(z3) = pa(za) < pa(z2) = pa(zs), corresponding to (4,2).

Hence, the fuzzy grade of (H, o) is 3.

Remark 1. Ifin H; for all elements zj, z; for which p;(z;) < pi(z;) we have p;i1(z;) > piv1(z1),
then Hi = Hi+1-

II. Casen = 25 + 1.

Clearly, if n = 25 + 1, then zs}1 = {241 }. Notice that this is the only class containing
only one element.

We can thus obtain Table 4.

Table 4. The multiplication table for n = 2s + 1.

©2 Z1 Z2 Zs Zs41 Zs42 s Z2s+1

7 7 Uz ZiU---UZ, A U---Uzgyq Z1U---UZ 7

Z2 Z HU---UZy HU---Uzdyy ZHU---UZs Z1UZ

z4 2 £ Uzd % AU---UZ
Zs11 Zs11 Zs U Zs 41 AU UZs
22511 Z

By calculation, we finally obtain that

H3(zs11) > pa(zs) > -+ > pa(z2) > ps(z1).

The associated (s + 1)-tuple of Hyis (2,2,---,2,1), as for Hy.

Example 3. For n = 5 we have the following (see [13]): p1(z1) < p1(z2) < p1(z3) < p1(z4) <
#1(zs), corresponding to (1,1,1,1,1),

H2(z1) = pa(zs) > pa(z2) = pa(za) > ua(z3), corresponding to (2,2,1),

u3(z1) = p3(zs) < pa(z2) = ps(za) < ps(zs), corresponding to (2,2,1).

Hence, the fuzzy grade of (H, o) is 2.

Example 4. For n = 7 we have the following (see [13]):

w1(z1) < m1(z2) < pa(z3) < pi(za) < pa(zs) < pi(ze) < pi(zy), corresponding to
(1,1,1,1,1,1,1),

H2(z1) = pa(z7) > pa(za) = pa(ze) > pa(z3) = pa(zs) > pa(z4), corresponding to
(2,2,2,1),

u3(z2) = pz(ze) < ps(z1) = ps(zy) < pa(zz) = ps(zs) < ps(z4), corresponding to
(2,2,2,1),

Ha(z1) = pa(zy) < pa(x2) = pa(ze) < pa(z3) = pa(zs) < pa(z4), corresponding to
(2,2,2,1).

We obtain Hy = Hy and Hs = Hs, but Hy = Hj. In this case, there is no strong fuzzy grade,
but f.g.(H) = 2.
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Now we will consider a new example, for n = 3, in order to verify the results obtained
using the MATLAB program of Section 3.Notice that for other values of n, the results
obtained using the MATLAB program are verified through direct calculations.

Example 5. We present the algorithm for n = 3, starting with the Table 5:

Table 5. The multiplication table of o.

o Z1 Zn Z3

Z1 {z1,22,23} {z1,22,23} {z1,22,23}
-5 {z1,22,23} {z2,23} {z2,23}
z3 {z1,20,23} {22,253} {zs}

We have H = {z1,25,23} and (H, o) is the starting hypergroup.

By calculation, we obtain q1(z1) =5, q1(z2) =8, q3(z3) = 9;

A1(z1) =5/3, A1(z2) =5/3+3/2, A1(z3) =5/3+3/2+1, hence

11 (z1) = 5/15 = 0.333, j1(z2) = 3.166/8 = 0.395, yy(z3) = 4.166/9 = 0.462. At the
second step, we obtain Table 6.

Table 6. The multiplication table of o;.

°1 21 Z2 Z3

zZ1 {z1} {z1,22} {z1,22,23}
z2 {z1,22} {z2} {z2,23}
z3 {z1,20,23} {z0,23} {z3}

We obtain g2(z1) =5 = q2(z3), g2(2z2) = 7;
Ax(z1) = 1+2/2+2/3 = 2,666 = As(23), Az(22) = 1+4/2+2/3 = 3.666, hence

}42(21) =0.533 = }lz(Zg,), ]42(22) = 0.523.
At the next step, we obtain oy of Table 7.

Table 7. The multiplication table of o;.

02 Zal Z2 Z3

z {z1,23} {z1,22,23} {z1,23}
) {z1,22,23} {z2} {z1,22,23}
Z3 {21,23} {21,22,23} {21,23}

We obtain q3(z1) = 8 = q3(z3), g3(z2) = 5;

As(z1) =4/2+4/3 =3.333 = A3(z3), Az(z2) =1+ 4/3 = 2.333, hence

}lz(Zl) = 0416 = y2(23), ‘1/12(22) = 0.466.

At the next step, we obtain the same hyperoperation, which means that o3 = o,, whence it
follows that s.f.g(H) = 2.

3. MATLAB Program for Obtaining the Strong Fuzzy Grade

In this section, we present the R2018b program used to obtain the strong fuzzy grade
for a hypergroup, in particular for the hypergroup H defined in the above section. Moreover,
we calculate the strong fuzzy grade for cardinals 3,4, 5, 6,8 of H. We use some functions to
obtain this program: a function to generate the hyperoperation, then a function to obtain
the fuzzy set from the given hyperoperation, then a third function to generate a new join
space using the fuzzy set, and then a final function to call the first three functions. The last
three functions are valid for any finite hypergroup. Only the first function is characteristic
of the particular case of hypergroup studied in this paper.

The first function is used to generate a hyperoperation as described in Table 1. For ex-
ample, for n = 3 we obtain Table 8, which is isomorphic to ({z1,22,23}, ©) of Table 5.



Algorithms 2025, 18, 540

8 of 21

This table can be obtained as follows: we type
H=generate_H(3)
in the command window, and we can get

>> H=generate_H(3)

H(:,:,1) =
1 1
1 0 0
1 0 0
H(:,:,2) =
2 2
2 2 2
2 2 0
H(:,:,3) =
3 3 3
3 3 3
3 3 3

and then we obtain the multiplication table of ®3, presented in the following as Table 8.

Table 8. The multiplication table of ®3.

3 1 2 3
1 1,2,3 1,2,3 1,2,3
2 1,2,3 2,3 2,3
3 1,2,3 2,3 3

The second function can be used to get a fuzzy set from a hyperoperation. For example,
if we type
mu=h2 (H)

in the command window, we can get

>> mu=h2(H)
mu =
0.333333333333333 0.395833333333333 0.462962962962963

The third function can be used to generate a new join space by a fuzzy set. For example,
if we type

H1 = h3(mu)
in the command window, we can get

>> H1 = h3(mu)

H1(:,:,1) =
1 1
1 0 0
1 0 0
H1(:,:,2) =
0 2 2
2 2 2
2 2
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0 0 3
0 0 3
3 3 3

The fourth function is obtained by calling the first three functions. If we want to apply
the fourth function, we first need to save the first three functions as individual m-files
named generate_H.m, h2.m, and h3.m, respectively.

The results of the application of these programs can be found after the codes,
from which we know that the strong fuzzy grade of H withn = 3,4,5,6,81is 2,3,2,3,4,
respectively, which covers the results of [13]. As for n = 7, Leoreanu et al. showed in
Example 7.4 of [13] that there is no such strong fuzzy grade.

Table 9 lists the strong fuzzy grades for H with the cardinals 3,4, 5, 6,8 of Table 1,
respectively.

Table 9. The strong fuzzy grades for H with the cardinals 3, 4,5, 6, 8 of Table 1, respectively.

the cardinality of H 3 4 5 6 8
strong fuzzy degree 2 3 2 3 4

The MATLAB programs are as follows.

%%%hThe first function
function H = generate_H(n)
H = zeros(n, n, n); % Initialize an all-zero 3D array
for i = 1:n
for j = 1:n
for k = 1:n
if k >= min(i, j)
H(i, j, k) = k;
end
end
end
end
end

%%%The second function
function mu=h2(H)
% Calculate the fuzzy degree of elements in H
n = size(H, 1);
mu=zeros(1,n);
for x=1:n
q=0;mul=0;
for i=1:n
for j=1:n
flag=0;p=0;
for k=1:n
if H(i,j,k)™=0
p=p+1;
end
if x==H(i,j,k)
q=q+1;
flag=1;
end
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end
if flag==
mul=mul+1/p;
end
end
end
if q7=0

mu(x)=mul/q;
end

%%%The third function

function H1 = h3(mu)

% to generate a new join space H1 by a fuzzy set mu

% H1(i,j,k) = k, if mu(k) is between mu(i) and mu(j); H1(i,j,k)=0,
% otherwise

if “isvector (mu)
error (’Input mu must be a vector.’);
end

n = numel (mu);

H1 = zeros(n, n, n);

for i = 1:n
for j = 1:n
for k = 1:n
if mu(k) >= min(mu(i), mu(j)) && mu(k) <= max(mu(i), mu(j))
Hi(i, j, k) = k;
end
end
end
end

end

%The fourth function
function grad = h4(n)
H = generate_H(n); %To generate H
mu = h2(H); %To generate a fuzzy set mu corresponding to H
grad = 1;
iteration = 0;

max_iterations = 50;

%h%iNote 1: the following codes are designed for display the entries of H
for i = 1:size(Hd, 1)
for j = 1l:size(H, 2)
% Extract (i,j,:) and convert it to a row vector
slice = nonzeros(reshape(H(i,j,:), 1, [1));
% Display results
fprintf CH(Y%4,%d,:) = [’, i, j);
fprintf(’%d ’, slice);
fprintf (°I\n’);
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end
end
%%%The end of Note 1

%To display the results of mu
fprintf (Cmul =[ ?);
fprintf (’%.4f ’, mu);
fprintf (°]\n’);

while iteration < max_iterations
H1 = h3(mu);
mul = round(h2(H1),5); %This line can calculate %n=3,4,5,6,8
for i = 1:size(H1, 1)
for j = 1l:size(H1, 2)
% Extract (i,j,:) and convert it to a row vector
slice = nonzeros(reshape(H1(i,j,:), 1, [1));
% Display results
fprintf CHAA(%d,%d,:) = [’, grad, i, j);
fprintf(°%d >, slice);
fprintf (°1\n’);
end
end
%To display the results of all mu
fprintf (Cmu/d =[ ’,grad+1);
fprintf(’%.4f °, mul);
fprintf(°1\n’);

[A, ind] = sort(mu);
[B, ind1] = sort(mul);

if ind==indil;

break;
end
H = Hi;
mu = mul;

grad = grad + 1;
iteration = iteration + 1;

end

if iteration >= max_iterations
warning (’Reached the maximum iteration count of 50.7°);
end
%To display the fuzzy grade of H
fprintf (’The fuzzy grade of H with n=)d is %d ’,size(H,1),grad);

To measure the execution time of the h4 function for different values on 1, we make the following

program, from which we obtain Figure 1.

% Measure execution time of h4 function for different n values
n_values = [3, 4, 5, 6, 8];
num_trials = 5; % Number of trials for each n value

time_results = zeros(length(n_values), num_trials);

for i = 1:length(n_values)
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n = n_values(i);

fprintf (’Testing n = %d...\n’, n);

for trial = 1l:num_trials
tic;
[7] = evalc(’h4(n)’);

time_results(i, trial) = toc;

fprintf (°Trial %d: %.4f seconds\n’, trial, time_results(i, trial));

end
end

% Calculate average times

avg_times = mean(time_results, 2);

% Create and display results table
result_table = table(n_values’, avg_times,

’VariableNames’, {’n’, ’AverageTime_seconds’});
disp(result_table);

% Plot results
figure;

ax = gca,;

% Set axis properties

set(ax, ’XColor’, [0 O 0], ’YColor’, [0 O O],
’Color’, ’white’,
’GridColor’, [0.8 0.8 0.8],
’GridAlpha’, 0.5);

% Plot data

plot(n_values, avg_times, ’-o’,
’LineWidth’, 2,
’MarkerSize’, 8,
’MarkerEdgeColor’, ’b’,

’MarkerFaceColor’, ’w’);

% Set labels with mathematical n symbol
xlabel(’$n$ value’, ’FontSize’, 11, ’Interpreter’, ’latex’);
ylabel(’Average Execution Time (seconds)’, ’FontSize’, 11);

title(’Execution Time vs $n$ Value’, ’FontSize’, 12, ’Interpreter’,

% Set axis limits
x1im([2, max(n_values)+1]);

ylim([0, max(avg_times)*1.1]);

% Set x-axis ticks

set(ax, ’XTick’, 2:max(n_values));

% Add grid

grid on;

% Add data labels (removed ’s’ unit and adjusted position)

for i = 1:length(n_values)
text(n_values(i) - 0.1, avg_times(i) + max(avg_times)*0.02,
% Moved left by 0.1 and up by 2/ of max value

‘latex’);
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sprintf (’%.4f°, avg_times(i)),

’FontSize’, 9,

’VerticalAlignment’, ’bottom’,

’HorizontalAlignment’, ’right’);
end

% Set figure background
set(gcf, ’Color’, ’white’);

% Save results
writetable(result_table, ’execution_times.csv’);

print (’execution_time_plot.png’, ’-dpng’, ’-r3007’);

This algorithm exhibits significant bottlenecks in computational efficiency when handling
large-scale problems, reflected mainly in the extremely high time complexity of the core function
h2 of O(n*). As the size n increases, the computation time grows superlinearly, with experimental
data showing a seven-fold increase in the computation time when 7 increases from 3 to 8. This
exponential growth in complexity renders the algorithm impractical beyond certain scales, making
parallel computing essential for improving computational efficiency.

GPU acceleration offers unique advantages for such problems, particularly for processing the
algorithm’s regular matrix operations. Since the algorithm involves numerous independent three-
dimensional/four-dimensional array operations, these computations can be perfectly mapped to a
GPU'’s parallel architecture. The thousands of computing cores in GPUs can simultaneously process
matrix element operations, while their high-bandwidth memory effectively alleviates bottlenecks in
large-scale data access. Theoretical analysis indicates that when n > 16, the GPU solution is expected
to achieve 10-100x performance improvements.

Execution Time vs n Value

T
0.0220

0.02

0.015 [

0.01

o
o
S
a

Average Execution Time (seconds)

n value

Figure 1. Execution time versus n value.

However, several challenges remain for effective GPU acceleration of this algorithm. Conditional
branching statements in the algorithm may impact GPU execution efficiency, and frequent CPU-
GPU data transfers introduce additional overhead. Furthermore, the current algorithm design’s
memory access patterns are not fully optimized, potentially limiting the GPU’s memory bandwidth
advantages. These factors require targeted optimization during implementation to achieve the desired
acceleration results.

We make the following remark to interpret the obtained results: for example, H(1,1,:) = [12 3]
means that we have 101 = {1,2,3} at position (1, 1) of the multiplication table. After presenting
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each table corresponding to the join space H; in the sequence, the fuzzy function y; is calculated,
and we indicate when the sequence stops.
The results of applying our programs are shown below.

>> h4(3); H(2,2,:) = [2 3 4]
H(1,1,:) = [1 2 3] H(2,3,:) = [2 3 4]
H(1,2,:) = [1 2 3] H(2,4,:) = [2 3 4]
H(1,3,:) = [1 2 3] H(3,1,:) = [1 2 3 4]
H(2,1,:) = [1 2 3] H(3,2,:) = [2 3 4]
H(2,2,:) = [2 3] H(3,3,:) = [3 4]
H(2,3,:) = [2 3] H(3,4,:) = [3 4]
H(3,1,:) = [1 2 3] H(4,1,:) = [1 2 3 4]
H(3,2,:) = [2 3] H(4,2,:) = [2 3 4]
H(3,3,:) = [3] H(4,3,:) = [3 4]
mul =[0.3333 0.3958 0.4630] H(4,4,:) = [4]
H1(1,1,:) = [1] mul =[0.2500 0.2847
H1(1,2,:) = [1 2] 0.3278 0.3698]
H1(1,3,:) = [1 2 3] H1(1,1,:) = [1]
H1(2,1,:) = [1 2] H1(1,2,:) = [1 2]
H1(2,2,:) = [2] H1(1,3,:) = [1 2 3]
H1(2,3,:) = [2 3] H1(1,4,:) = [1 2 3 4]
H1(3,1,:) = [1 2 3] H1(2,1,:) = [1 2]
H1(3,2,:) = [2 3] H1(2,2,:) = [2]
H1(3,3,:) = [3] H1(2,3,:) = [2 3]
mu2 =[0.5333 0.5238 0.5333] H1(2,4,:) = [2 3 4]
H2(1,1,:) = [1 3] H1(3,1,:) = [1 2 3]
H2(1,2,:) = [1 2 3] H1(3,2,:) = [2 3]
H2(1,3,:) = [1 3] H1(3,3,:) = [3]
H2(2,1,:) = [1 2 3] H1(3,4,:) = [3 4]
H2(2,2,:) = [2] H1(4,1,:) = [1 2 3 4]
H2(2,3,:) = [1 2 3] H1(4,2,:) = [2 3 4]
H2(3,1,:) = [1 3] H1(4,3,:) = [3 4]
H2(3,2,:) = [1 2 3] Hi(4,4,:) = [4]
H2(3,3,:) = [1 3] mu2 =[0.4524 0.4394
mu3 =[0.4167 0.4667 0.4167] 0.4394 0.4524]
H3(1,1,:) = [1 3] H2(1,1,:) = [1 4]
H3(1,2,:) = [1 2 3] H2(1,2,:) = [1 2 3 4]
H3(1,3,:) = [1 3] H2(1,3,:) = [1 2 3 4]
H3(2,1,:) = [1 2 3] H2(1,4,:) = [1 4]
H3(2,2,:) = [2] H2(2,1,:) = [1 2 3 4]
H3(2,3,:) = [1 2 3] H2(2,2,:) = [2 3]
H3(3,1,:) = [1 3] H2(2,3,:) = [2 3]
H3(3,2,:) = [1 2 3] H2(2,4,:) = [1 2 3 4]
H3(3,3,:) = [1 3] H2(3,1,:) = [1 2 3 4]
mu4 =[0.4167 0.4667 0.4167] H2(3,2,:) = [2 3]
The strong fuzzy degree of H with H2(3,3,:) = [2 3]
n=3 is 2. H2(3,4,:) = [1 2 3 4]
H2(4,1,:) = [1 4]
................................................ H2(4,2,:) = [1 2 3 4]
>> ha(4); H2(4,3,:) = [1 2 3 4]
H(1,1,:) = [1 2 3 4] H2(4,4,:) = [1 4]
H(1,2,:) = [1 2 3 4] mu3 =[0.3333 0.3333
H(1,3,:) = [1 2 3 4] 0.3333 0.3333]
H(1,4,:) = [1 2 3 4] H3 is the total hypergroup.
H(2,1,:) = [1 2 3 4] mu4 =[0.2500 0.2500
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0.2500 0.2500] H1(5,3,:) = [3 4 5]
The strong fuzzy grade of H H1(5,4,:) = [4 5]
with n=4 is 3. H1(5,5,:) = [5]

mu2 =[0.3963 0.3822
................................................ 0.3765 0.3822 0.3963]

>> h4(5); H2(1,1,:) = [1 5]
H(1,1,:) = [1 2 3 4 5] H2(1,2,:) = [1 2 4 5]
H(1,2,:) = [1 2 3 4 5] H2(1,3,:) = [1 2 3 4 5]
H(1,3,:) = [1 2 3 4 5] H2(1,4,:) = [1 2 4 5]
H(1,4,:) = [1 2 3 4 5] H2(1,5,:) = [1 5]
H(1,5,:) = [1 2 3 4 5] H2(2,1,:) = [1 2 4 5]
H(2,1,:) = [1 2 3 4 5] H2(2,2,:) = [2 4]
H(2,2,:) = [2 3 4 5] H2(2,3,:) = [2 3 4]
H(2,3,:) = [2 3 4 5] H2(2,4,:) = [2 4]
H(2,4,:) = [2 3 4 5] H2(2,5,:) = [1 2 4 5]
H(2,5,:) = [2 3 4 5] H2(3,1,:) = [1 2 3 4 5]
H(3,1,:) = [1 2 3 4 5] H2(3,2,:) = [2 3 4]
H(3,2,:) = [2 3 4 5] H2(3,3,:) = [3]
H(3,3,:) = [3 4 5] H2(3,4,:) = [2 3 4]
H(3,4,:) = [3 4 5] H2(3,5,:) = [1 2 3 4 5]
H(3,5,:) = [3 4 5] H2(4,1,:) = [1 2 4 5]
H(4,1,:) = [1 2 3 4 5] H2(4,2,:) = [2 4]
H(4,2,:) = [2 3 4 5] H2(4,3,:) = [2 3 4]
H(4,3,:) = [3 4 5] H2(4,4,:) = [2 4]
H(4,4,:) = [4 5] H2(4,5,:) = [1 2 4 5]
H(4,5,:) = [4 5] H2(5,1,:) = [1 5]
H(5,1,:) = [1 2 3 4 5] H2(5,2,:) = [1 2 4 5]
H(5,2,:) = [2 3 4 5] H2(5,3,:) = [1 2 3 4 5]
H(5,3,:) = [3 4 5] H2(5,4,:) = [1 2 4 5]
H(5,4,:) = [4 5] H2(5,5,:) = [1 5]
H(5,5,:) = [5] mu3 =[0.3000 0.3067
mut =[0.2000 0.2219 0.2484 0.3482 0.3067 0.3000]
0.2799 0.3087] H3(1,1,:) = [1 5]
H1(1,1,:) = [1] H3(1,2,:) = [1 2 4 5]
H1(1,2,:) = [1 2] H3(1,3,:) = [1 2 3 4 5]
H1(1,3,:) = [1 2 3] H3(1,4,:) = [1 2 4 5]
H1(1,4,:) = [1 2 3 4] H3(1,5,:) = [1 5]
H1(1,5,:) = [1 2 3 4 5] H3(2,1,:) = [1 2 4 5]
H1(2,1,:) = [1 2] H3(2,2,:) = [2 4]
H1(2,2,:) = [2] H3(2,3,:) = [2 3 4]
H1(2,3,:) = [2 3] H3(2,4,:) = [2 4]
H1(2,4,:) = [2 3 4] H3(2,5,:) = [1 2 4 5]
H1(2,5,:) = [2 3 4 5] H3(3,1,:) = [1 2 3 4 5]
H1(3,1,:) = [1 2 3] H3(3,2,:) = [2 3 4]
H1(3,2,:) = [2 3] H3(3,3,:) = [3]
H1(3,3,:) = [3] H3(3,4,:) = [2 3 4]
H1(3,4,:) = [3 4] H3(3,5,:) = [1 2 3 4 5]
H1(3,5,:) = [3 4 5] H3(4,1,:) = [1 2 4 5]
H1(4,1,:) = [1 2 3 4] H3(4,2,:) = [2 4]
H1(4,2,:) = [2 3 4] H3(4,3,:) = [2 3 4]
H1(4,3,:) = [3 4] H3(4,4,:) = [2 4]
H1(4,4,:) = [4] H3(4,5,:) = [1 2 4 5]
H1(4,5,:) = [4 5] H3(5,1,:) = [1 5]
H1(5,1,:) = [1 2 3 4 5] H3(5,2,:) = [1 2 4 5]
H1(5,2,:) = [2 3 4 5] H3(5,3,:) = [1 2 3 4 5]
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H3(5,4,:) = [1 2 4 5]
H3(5,5,:) [1 5]

mu4 =[0.3000 0.3067 0.3482
0.3067 0.3000]

The strong fuzzy grade of H
with n=5 is 2.

>> h4(6);

H(1,1,:) = [1 2 3 4 5 6]
H(1,2,:) = [1 23 4 5 6]
H(1,3,:) = [1 2 3 4 5 6]
H(1,4,:) = [1 2 3 4 5 6]
H(1,5,:) = [1 2 3 4 5 6]
H(1,6,:) = [1 2 3 4 5 6]
H(2,1,:) = [1 2345 6]
H(2,2,:) = [2 3 4 5 6]
H(2,3,:) = [2 3 4 5 6]
H(2,4,:) = [2 3 4 5 6]
H(2,5,:) = [2 3 4 5 6]
H(2,6,:) = [2 3 4 5 6]
H(3,1,:) = [1 2 3 4 5 6]
H(3,2,:) = [2 3 4 5 6]
H(3,3,:) = [3 4 5 6]
H(3,4,:) = [3 4 5 6]
H(3,5,:) = [3 4 5 6]
H(3,6,:) = [3 4 5 6]
H(4,1,:) = [1 2 3 4 5 6]
H(4,2,:) = [2 3 4 5 6]
H(4,3,:) = [3 4 5 6]
H(4,4,:) = [4 5 6]
H(4,5,:) = [4 5 6]
H(4,6,:) = [4 5 6]
H(5,1,:) = [1 2 3 4 5 6]
H(5,2,:) = [2 3 4 5 6]
H(5,3,:) = [3 4 5 6]
H(5,4,:) = [4 5 6]
H(5,5,:) = [5 6]
H(5,6,:) = [5 6]
H(6,1,:) = [1 2 3 4 5 6]
H(6,2,:) = [2 3 4 5 6]
H(6,3,:) = [3 4 5 6]
H(6,4,:) = [4 5 6]
H(6,5,:) = [5 6]
H(6,6,:) = [6]

mul =[0.1667 0.1817
0.1994 0.2203 0.2443 0.2653]

H1(1,1,:) = [1]

H1(1,2,:) = [1 2]
H1(1,3,:) = [1 2 3]
H1(1,4,:) = [1 2 3 4]
H1(1,5,:) = [1 2 3 4 5]
H1(1,6,:) = [1 2 3 4 5 6]
H1(2,1,:) = [1 2]
H1(2,2,:) = [2]

H1(2,3,:) = [2 3]
H1(2,4,:) = [2 3 4]
H1(2,5,:) = [2 3 4 5]
H1(2,6,:) = [2 3 4 5 6]
H1(3,1,:) = [1 2 3]
H1(3,2,:) = [2 3]
H1(3,3,:) = [3]
H1(3,4,:) = [3 4]
H1(3,5,:) = [3 4 5]
H1(3,6,:) = [3 4 5 6]
H1(4,1,:) = [1 2 3 4]
H1(4,2,:) = [2 3 4]
H1(4,3,:) = [3 4]
H1(4,4,:) = [4]
H1(4,5,:) = [4 5]
H1(4,6,:) = [4 5 6]
H1(5,1,:) = [1 2 3 4 5]
H1(5,2,:) = [2 3 4 5]
H1(5,3,:) = [3 4 5]
H1(5,4,:) = [4 5]
H1(5,5,:) = [5]
H1(5,6,:) = [5 6]
H1(6,1,:) = [1 2 3 4 5 6]
H1(6,2,:) = [2 3 4 5 6]
H1(6,3,:) = [3 4 5 6]
H1(6,4,:) = [4 5 6]
H1(6,5,:) = [5 6]
H1(6,6,:) = [6]

mu2 =[0.3545 0.3404
0.3319 0.3319 0.3404 0.3545]

H2(1,1,:) = [1 6]
H2(1,2,:) = [1 2 5 6]
H2(1,3,:) = [1 2 3 4 5 6]
H2(1,4,:) = [1 2 3 4 5 6]
H2(1,5,:) = [1 2 5 6]
H2(1,6,:) = [1 6]
H2(2,1,:) = [1 2 5 6]
H2(2,2,:) = [2 5]
H2(2,3,:) = [2 3 4 5]
H2(2,4,:) = [2 3 4 5]
H2(2,5,:) = [2 5]
H2(2,6,:) = [1 2 5 6]
H2(3,1,:) = [1 2 3 4 5 6]
H2(3,2,:) = [2 3 4 5]
H2(3,3,:) = [3 4]
H2(3,4,:) = [3 4]
H2(3,5,:) = [2 3 4 5]
H2(3,6,:) = [1 2 3 4 5 6]
H2(4,1,:) = [1 2 3 4 5 6]
H2(4,2,:) = [2 3 4 5]
H2(4,3,:) = [3 4]
H2(4,4,:) = [3 4]
H2(4,5,:) = [2 3 4 5]
H2(4,6,:) = [1 2 3 4 5 6]
H2(5,1,:) = [1 2 5 6]
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H(3,1,:) = [1 234567 8]
H(3,2,:) = [23 4567 8]
H(3,3,:) = [34567 8]
H(3,4,:) = [3456 7 8]
H(3,5,:) = [34 567 8]
H(3,6,:) = [34 56 7 8]
H(3,7,:) = [34 567 8]
H(3,8,:) = [34 567 8]
H(4,1,:) = [1 234567 8]
H(4,2,:) = [23 4567 8]
H(4,3,:) = [34 567 8]
H(4,4,:) = [4 56 7 8]
H(4,5,:) = [4 56 7 8]
H(4,6,:) = [45 6 7 8]
H(4,7,:) = [45 6 7 8]
H(4,8,:) = [4 56 7 8]
H(5,1,:) = [1 234567 8]
H(5,2,:) = [23 4567 8]
H(5,3,:) = [34 567 8]
H(5,4,:) = [4 5 6 7 8]
H(5,5,:) = [6 6 7 8]
H(5,6,:) = [6 6 7 8]
H(5,7,:) = [6 6 7 8]
H(5,8,:) = [6 6 7 8]
H(6,1,:) = [1 234567 8]
H(6,2,:) = [234567 8]
H(6,3,:) = [34 56 7 8]
H(6,4,:) = [4 56 7 8]
H(6,5,:) = [6 6 7 8]
H(6,6,:) = [6 7 8]

H(6,7,:) = [6 7 8]

H(6,8,:) = [6 7 8]

H(7,1,:) = [1 234567 8]
H(7,2,:) = [23 4567 8]
H(7,3,:) = [34 567 8]
H(7,4,:) = [4 56 7 8]
H(7,5,:) = [6 6 7 8]
H(7,6,:) = [6 7 8]

H(7,7,:) = [7 8]

H(7,8,:) = [7 8]

H(8,1,:) = [1 234567 8]
H(8,2,:) = [23 4567 8]
H(8,3,:) = [34 567 8]
H(8,4,:) = [45 6 7 8]
H(8,5,:) = [6 6 7 8]
H(8,6,:) = [6 7 8]

H(8,7,:) = [7 8]

H(8,8,:) = [8]

mul =[0.1250 0.1333

0.1427 0.1534 0.1657

0.1797 0.1950 0.2075]
H1(1,1,:) = [1]

H1(1,2,:) = [1 2]

H1(1,3,:) = [1 2 3]
H1(1,4,:) = [1 2 3 4]
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H1(8,4,:
H1(8,5,:
H1(8,6,:
H1(8,7,:
H1(8,8,:
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H3(5,4,:) = [1 4 5 8] H3(7,5,:) = [1 234567 8]
H3(5,5,:) = [1 4 5 8] H3(7,6,:) = [2 3 6 7]
H3(5,6,:) = [1 234567 8] H3(7,7,:) = [2 3 6 7]
H3(5,7,:) = [1 234567 8] H3(7,8,:) = [1 234567 8]
H3(5,8,:) = [1 4 5 8] H3(8,1,:) = [1 4 5 8]
H3(6,1,:) = [1 234567 8] H3(8,2,:) = [1 234567 8]
H3(6,2,:) = [2 3 6 7] H3(8,3,:) = [1 234567 8]
H3(6,3,:) = [2 3 6 7] H3(8,4,:) = [1 4 5 8]
H3(6,4,:) = [1 234567 8] H3(8,5,:) = [1 4 5 8]
H3(6,5,:) = [1 234567 8] H3(8,6,:) = [1 234567 8]
H3(6,6,:) = [2 3 6 7] H3(8,7,:) = [1 234567 8]
H3(6,7,:) = [2 3 6 7] H3(8,8,:) = [1 4 5 8]
H3(6,8,:) = [1 234567 8] mud =[0.1667 0.1667

H3(7,1,:) = [1 234567 8] 0.1667 0.1667 0.1667
H3(7,2,:) = [2 3 6 7] 0.1667 0.1667 0.1667]
H3(7,3,:) = [2 3 6 7] The strong fuzzy grade of H
H3(7,4,:) = [1 234567 8] with n=8 is 4.

4. Conclusions

In this paper, we present a MATLAB program for an algorithm that determines the strong fuzzy
grade for small cardinal hypergroups: 3, 4,5, 6, 8. For the hypergroup of cardinal 7, there is no strong
fuzzy grade. In future research, we intend to obtain programs in order to calculate the strong fuzzy
grade for hypergroups of large cardinals and to calculate the fuzzy grade, both for small and larger
hypergroupoids, using GPU acceleration.
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