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Abstract

Recommender systems face fundamental challenges, including extreme data sparsity and
noisy rating observations. We propose L21RSVD, a robust latent factor model that employs
L21 norm regularization within a Singular Value Decomposition framework to mitigate the
impact of outliers while preserving low-rank structure. Unlike conventional L2-regularized
approaches, our formulation induces group sparsity in the latent factor space, yielding
more discriminative user and item representations. We derive three optimization variants:
standard L21RSVD, L21RSVD without the squared term, and coefficient-free adaptive
L21RSVD. Building upon these, we introduce a fusion strategy that adaptively aggregates
predictions based on local data density. Extensive experiments on benchmark datasets
demonstrate that L2IRSVD substantially outperforms classical collaborative filtering and
the SVD-type model. The proposed fusion model achieves state-of-the-art performance,
reducing RMSE by up to 31.21% and MAE by up to 42.99% relative to baseline methods.

Keywords: recommendation systems; L21 norm; SVD-type model; L21IRSVD

1. Introduction

With the further development of information technology and big data, there is a
serious overload of information nowadays, and RSs (recommender systems) [1], as the
core technology to solve the information overload and achieve personalized services, have
been widely used in e-commerce, social media, movie recommendation [2—4] and other
entertainment industries in recent years under the impetus of big data and machine learning.
In most practical applications of recommender systems, users can rate each item at multiple
levels, ranging from 1.0 (least interested) to 5.0 (most interested). In general, the number of
ratings from users for items is very limited, which results in a very sparse dataset. The task
of the recommender system is to predict each user’s rating of an item that has not yet been
rated by analyzing the entire existence of rating data. Collaborative Filter [5-7] is one of
the key algorithms in the recommendation system area. There are many patterns in user
behavior in recommender systems; the main idea of user behavior-based recommendation
is to use the historical behavioral data of existing users (explicit or implicit feedback) to
predict the items that the current user may be interested in, of which the explicit feedback
is mainly user ratings, and the implicit feedback mainly includes browsing, searching, and
so on [8,9]. However, the significant defects of this algorithm are usually data sparsity; the
user—item matrix is usually highly sparse, resulting in inaccurate similarity calculation and
reduced recommendation quality.
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The SVD [10-12] (Singular Value Decomposition) is a useful algorithm of dimension-
ality reduction. However, the limitations of this algorithm are: in terms of computational
overhead, SVD needs to decompose the complete matrix, and the computational efficiency
decreases when the rating matrix is extremely sparse; in terms of linear assumptions,
the hidden factor model only captures linear relationships, which makes it difficult to
model complex interactions, and in terms of the cold-start problem: the lack of ratings
of new users/items does not enable the generation of the hidden vectors, which need to
be combined with the contents or social information. Regularized Singular Value Decom-
position is a matrix decomposition method that introduces regularization terms on top
of the traditional Singular Value Decomposition. It is mainly used to deal with problems
such as user—item rating matrices in areas such as recommender systems. While traditional
SVD decomposes the original matrix into a product of three matrices, revealing under-
lying patterns and structures, Regularized SVD [13,14] prevents overfitting by adding a
regularization term. This regularization term is usually a constraint on the underlying
feature vectors of users and items, such as L2 regularization, which allows the model to
fit the data without being overly reliant on specific training data points, thus improving
the model’s ability to generalize on new data. However, Regularized SVD also has some
weaknesses. On the computational side, its computational complexity is high, especially
for large-scale matrices, and the decomposition and optimization process require a great
deal of computational resources and time. Moreover, it has a limited ability to handle
sparse data, and when the data is extremely sparse, it is difficult for the model to accurately
estimate the potential features. It is also sensitive to noise in the data and cannot effectively
distinguish between noise and useful information. In terms of model parameter selection,
it is more difficult to determine the regularization parameters, which need to be adjusted
through a large number of experiments, and may lead to overfitting or underfitting if not
properly selected. In addition, it cannot make full use of the structural information of the
original data, such as the complex structure of the social network relationship between
users and items.

While traditional Regularized SVD (RSVD) employs the L, norm which is sensitive
to outliers and rating noise, and while simple L; norm regularization lacks the ability to
capture group sparsity, our work introduces the L; ; norm into the SVD framework. Unlike
the L1 norm that induces element-wise sparsity, the L, ; norm induces row-wise sparsity
in the latent factor space. This is a key distinction: it allows the model to automatically
identify and suppress unimportant users or items as a whole (group sparsity), rather than
just shrinking individual weights. To the best of our knowledge, this is the first work that
systematically applies the L; ;-norm regularization within a fusion SVD framework for
rating prediction.

In view of the above shortcomings of the recommendation system algorithm, we
develop a L21RSVD fusion model, which includes three L21RSVD models for rating
prediction in recommending systems. Based on the error generated by the SVD model, the
L21 norm [15-17] is used to replace the L2 norm in the scoring matrix, and the related loss
function is established and optimized. The main contributions of this paper are summarized
as follows:

(1) We introduce the L21 norm into recommendation systems to address the challenge of
data sparsity within such systems.

(2) To comprehensively demonstrate the characteristics of L21RSVD, three variants of the
L21RSVD model are proposed.

(3) Subsequently, based on these three variants as baseline models, we develop an
L21RSVD fusion model, which improves the robustness and universality of the recom-
mender system algorithm.
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(4) Compared to SOTA recommendation system algorithms, the L21RSVD fusion model
reduces RMSE by up to 31.21% and MAE by up to 42.99%.

(5) Experimental results on real-world datasets demonstrate that our L21RSVD fusion
approach outperforms other benchmark methods in terms of root mean square error
and mean absolute error, and more effectively addresses correlation issues.

The main structure of this paper is organized as follows: Section 2 is the analysis of
related work; Section 3 introduces three variants of the L21RSVD algorithm and subse-
quently proposes the L21RSVD fusion model based on these three methods; Section 4 is the
experimental validation and analysis; and Section 5 concludes this paper with a conclusion
and future work.

2. Related Work
2.1. Collaborative Filter Algorithm

The Collaborative Filter recommendation algorithm is one of the key technologies
in the artificial intelligence (AI) area. The concept of recommender systems was first for-
mally introduced by Resnick [18]. At this time, the recommender system actually refers
to collaborative filtering. Collaborative filtering is one of the earliest proposed, but also
the most researched and most practically applied recommendation techniques [19]. For
the classification of collaborative filtering algorithms, there are two main classifications.
The literature [20,21] classifies collaborative filtering algorithms into non-probabilistic and
probabilistic algorithms by considering whether the algorithms are based on a basic proba-
bilistic model. The literature [6,7] classifies algorithms into Memory-Based Collaborative
Filtering algorithms and model-based collaborative filtering. There are many patterns
in user behavior in recommender systems; for example, the famous case of “beer and
nappies” [22] is a good example of user behavior patterns. The main idea of user behavior-
based recommendation is to use the historical behavioral data of existing users (explicit or
implicit feedback) to predict the items that the current user may be interested in, where the
explicit feedback is mainly user ratings, and the implicit feedback mainly includes brows-
ing, searching, and so on. Recommendation algorithms based on user behavior, also known
as Collaborative Filtering Recommendation, which is the most widely used algorithm in
the field of recommendation, do not need to obtain the characteristics of the user or the
item in advance, and rely only on the user’s history of behavioral data to model the user, so
as to recommend for the user. Collaborative filtering algorithms mainly include User-Based
collaborative filtering (User-Based CF), Item-Based collaborative filtering (Item-Based CF),
and so on. Among them, User-Based and Item-Based collaborative filtering analyses the
data through statistical methods, so it is also called Memory-Based Collaborative Filtering
or Neighborhood-Based Collaborative Filtering, which derives a model by learning the
data, and then makes predictions and recommendations based on the model.

2.1.1. User-Based Collaborative Filtering Algorithm

The basic idea of a User-Based collaborative filtering algorithm [20,23] is to recommend
items to a user that are of interest to users with similar interests to him or her. When a
recommendation is needed for user A, first, find the set of users (denoted by U) with
similar interests to A, and then, recommend the items in set U that are of interest to the
user but have not been heard of by A. The algorithm is divided into two steps: first, the
similarity between users is calculated, and the most similar of the N users is selected;
then, the user ratings are calculated based on the similarity. Finally, the item with high
similarity is recommended to the user. However, the significant defects of this algorithm are
usually data sparsity: the user—item matrix is usually highly sparse, resulting in inaccurate
similarity calculation and reduced recommendation quality; poor scalability: as the user
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scale expands, calculating the similarity between all user pairs is costly, and real time is
limited; in terms of cold-start: new users lack a history of ratings, and it is impossible to
calculate the similarity, making it difficult to obtain an effective recommendation; and there
is a horse-trading effect: popular items are more likely to be recommended, and long-tail
items are underexposed, affecting recommendation diversity.

2.1.2. Item-Based Collaborative Filtering Algorithm

Item-Based collaborative filtering (hereinafter referred to as Item CF) [7,20] is currently
the most widely used algorithm. The basic idea of this algorithm is to recommend users
items similar to their previous favorite items; the similarity is not from the perspective
of the content of the items, but based on the assumption that most users who like item
A also like item B, which means that item A is similar to item B. Item CF can provide a
reasonable explanation for the recommendation results, such as “the user who bought this
item also bought...” in e-commerce websites. Item-Based collaborative filtering algorithms
can provide reasonable explanations for the recommendation results, such as “the user
who bought this item also bought...” on e-commerce websites. The computation steps of
Item CF are roughly the same as those of User CF: firstly, the item similarity is computed,
and the N most similar items are selected, and then calculate the user rating based on the
similarity. However, the shortcomings of this algorithm include: data sparsity: long-tail
items have little interaction data, which leads to inaccurate similarity calculation and
limited recommendation diversity; cold-start problem: new items lack interaction data,
which makes it difficult for them to be recommended because of the lack of similarity
calculation; and header effect: because of the rich interaction data, the popular items
are easy to generate high similarity with a large number of items, which leads to the
concentration of recommendation results on the popular items.

2.2. SVD Algorithm

The SVD [10-12] is a useful algorithm for dimensionality reduction. SVD maps high-
dimensional sparse rating data into a low-dimensional dense Hermitian space through
matrix decomposition, which is a key milestone for recommender systems to move from
“neighborhood collaborative filtering” to “hidden factor model”. For any m x n matrix A4,
SVD decomposes it into the product of three matrices:

A=UxY VT (1)

where U is an m*m orthogonal matrix (left singular vector), }_ is the m*n diagonal matrix,
VT is an n*n orthogonal matrix (right singular vector). In recommender systems, A is
usually the user—item rating matrix, and SVD alleviates the data sparsity problem [13,14]
by compressing the original sparse matrix into a dense hidden factor space through a
low-rank approximation (retaining the first k largest singular values). However, the limita-
tions of this algorithm are: in terms of computational overhead, SVD needs to decompose
the complete matrix, and the computational efficiency decreases when the rating matrix
is extremely sparse; in terms of linear assumptions, the hidden factor model only cap-
tures linear relationships, which makes it difficult to model complex interactions (e.g.,
user—item—context higher-order features); and in terms of the cold-start problem: the lack
of ratings of new users/items does not enable the generation of the hidden vectors, which
need to be combined with the contents or social information.

2.3. SVD++ Algorithm

The SVD++ (Singular Value Decomposition plus) [24,25] model is a matrix decomposition-
based algorithm used for rating prediction and item recommendation in recommendation
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systems. Building upon the traditional SVD model, it incorporates implicit feedback infor-
mation to account for users’ implicit preferences toward unrated items, thereby enhancing
the accuracy and personalization of recommendations. The core idea of the SVD++ model
is to decompose the user—item rating matrix into the product of a user feature matrix and
an item feature matrix. The user feature matrix represents the feature vectors of users in the
latent feature space, while the item feature matrix represents the feature vectors of items in
the latent feature space. By optimizing the product of the user feature matrix and the item
feature matrix, we can obtain predicted ratings for unrated items. The SVD++ model can be
formulated by Equation (2):

rul*”‘f'bu‘f'b +qz Pu+|lu ZZy] )
jel,

where I, is the set consisting of all the items rated by the user u, and b,, b;, pu, g;, yj are
determined by the Equation (3) optimization problem.

1 2
. A2
min Z (rui_rui) = Z (rui_u‘i‘bu‘i‘bi"i_qlr(pu_" I'L | 2 Z y])) (3)
bibuispu (u,i) el (ui)el j€ly
FApul 124 1gil 12+ Bl 12+ [Bul 12+ B 12+ [[y;]17)

2.4. Regularized SVD Algorithm
Regularized SVD [26,27], a matrix factorization technique from the Netflix Prize

competition, was proposed by Simon Funk. From Simon Funk’s description, RSVD (Reg-
ularized SVD) includes learning rate, regularization constants, and a method of rating
predictions. From a matrix factorization view, we could decompose the rating matrix R
into two low-rank matrices P and Q. Thus, the prediction rating matrix could be notated as
Equation (4):

A

R=P'Q 4)
where P € Rf*", Q € Rf*", the related notations in this paper, are given in Table 1.

Table 1. Notations in the paper.

Notation Description

m The user’s number

n The item’s number

f The dimension of latent vector

R(u,i) The user’s predicted rating for an item

Puf The user-related latent vector

qif The item-related latent vector

a Learning rate

A The regularization constant

Thus, a user’s predicted rating for a movie can be noted as R(u,i) = #,;, where #,; can
be formulated by Equation (5):

A
Fui = Y Pufdif (5)

Here the RSVD predicts ratings for users and movies, which are described as

Equation (6)
2

Clp.q) =} (rui— Zlﬂuf&lzf )+ Alllpul * + llgil ) (6)
(u,i)
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Equation (6) is a multi-variable solving problem; we will provide a robust algo-
rithm, Algorithm 1, to solve this problem. Equation (6) can be optimized in the following
two steps:

Step1: Fixing q, solve p; using stochastic gradient descent (SGD), take derivate of
Equation (6) and set it to zero, to get Equation (7)

aC(p, a
w = —2q;reyi +2Ap,r = 0 wheree,; = ry; — ) Pufdif (7)
Puf f=1
Thus, we can get p in Equation (8)
oC(p,
p= pwa;pfq) = p —a(=2qifeu; +2Apys) = p + 2a(ge — Ap) ®)
u

Step2: Fixing p, solve q; using stochastic gradient descent (SGD), take the derivate of
Equation (8) and set it to zero, to get Equation (9)

aC(p,
a(;fq) = —2pyseui +2Aq;5 =0 &)
1
Thus, we can get q in Equation (10)
oC(p,
g=g—u a(qp-fq) =g —wa(—2pe+2Aq) = g+ 2a(pe — Aq) (10)
1

Until now, we get the total formulation in Equation (11), and Equation (12) about P, Q
using SGD, described as below

Puf = Puf +a(qireui — Apug) (11)

qif = qif + a(pusewi — Aqgif) (12)

where « is the learning rate, and A is the regularization factor. However, Regularized
SVD requires the decomposition and optimization of large-scale matrices. For large sparse
matrices (e.g., in recommender systems where the user-item interaction matrix is often
large and most of its elements are zeros), the computational effort increases dramatically
with the size of the matrix. For example, in a recommender system with millions of users
and millions of items, performing Regularized SVD decomposition may require significant
computational resources and time. A large amount of data needs to be processed each
time an iterative computation updates the matrix elements, making the whole computation
process very time-consuming [28,29].

2.5. Robust Matrix Factorization with Structured Sparsity

Recent advances in robust subspace learning have highlighted the effectiveness of
mixed-norm regularization. Specifically, the L, ; norm has been proven effective in Robust
PCA [15] and feature selection [16] due to its rotational invariance and ability to handle
outliers. In the context of recommender systems, while some works have explored L; -
regularized MF for sparsity, and others have used nuclear norm for low-rank approximation,
there is a lack of research focusing on row-sparse latent factor models specifically designed
to mitigate the impact of noisy user behaviors. Our work bridges this gap by formulating
a novel SVD-type model that leverages the L, 1 norm to achieve both robustness against
outliers and automatic dimensionality reduction via group sparsity.
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3. Methodology

Chirs was the first in the world to propose the L21 norm (R1-PCA) [15], which is a
special norm that combines the simplicity of the L1 norm with the characteristics of the
L2 norm, making the L21 norm sensitive to the size of the matrix elements, and at the
same time, capable of imposing sparsification constraints on the matrices. Since the L21
norm integrates the characteristics of the L1 norm and the L2 norm, when carrying out
feature selection, it can be used to carry out the feature selection of the matrix by spar-
sifying the feature selection matrix. In the specific personalized recommendation model
for carrying out customer behavior, the L21 norm can be used as the regularization term,
which can prevent the model from overfitting and improve the generalization ability of
the model. The L21 norm function can be used as a robust error/loss function or a regular-
ization item. We employ the L21 norm within the RSVD regularization term, denoted as
L21RSVD. To comprehensively demonstrate the characteristics of L21RSVD, three variants
of the L21RSVD model are proposed. The first variant of L21RSVD is named standard
L21RSVD. Its main idea is to replace the L2 norm regularization in the Recommendation
System SVD with the L21 norm. The second variant of L21RSVD is referred to as the L.21
norm RSVD, which excludes the squared term. The main idea is to replace the L21 norm
regularization term in the recommendation system’s SVD algorithm with the L21 norm
without the squared term. The third variant of L21IRSVD is named the coefficient-free
adaptive L21 norm RSVD. Its core idea is to replace the L21 norm regularization term
with a regularization term that omits the constant coefficient of the L21 norm, thereby
replacing the L21 norm regularization in Recommendation System SVD with a version that
removes the constant coefficient (i.e., achieving parameter-free L21 regularization through
constraint optimization or adaptive normalization). Three variants of L21 regularization,
standard L21, L21 norm RSVD without the squared term, and coefficient-free adaptive
L21, are integrated via a fusion algorithm. While traditional Regularized SVD requires
exhaustive hyperparameter tuning for the regularization coefficient A, our proposed Form
3 is free from manual regularization parameter tuning (or regularization-parameter-free).
It inherently adapts the regularization strength based on the intrinsic properties of the
input data.

The selection of the three specific variants is not arbitrary but is designed to cover the
fundamental characteristics of L, ; norm optimization: Standard L21RSVD (Form 1): This
variant serves as the baseline structure, capturing the essential group sparsity property
of the L, ; norm. L21RSVD without squared term (Form 2): This variant investigates the
impact of penalty strength. Removing the square term changes the penalty from quadratic
to linear, which is known to be more robust to large residuals (outliers). We include this to
test the model’s resilience against rating noise. Coefficient-free adaptive L21RSVD (Form
3): This variant addresses the hyperparameter sensitivity issue. By removing the constant
coefficient, we eliminate the need for manual tuning of A, which is a major bottleneck in real-
world deployment. By fusing these three, we aim to create a model that is simultaneously
structurally sparse, robust to noise, and parameter-free.

3.1. L21RSVD Model Form1: Standard L21RSVD

To further enhance the accuracy of rating prediction in recommendation systems,
this paper proposes the L2IRSVD method, named standard L21RSVD. Its main idea is
to replace the L2 norm regularization in Recommendation System SVD with the L21
norm. Its core advantage lies in achieving a transition from element-level shrinkage to
row-level structured sparsity: the L2 norm uniformly shrinks all latent factor elements
without producing sparsity, whereas the L21 norm, by computing the L2 norm of each
row vector and then summing them, can automatically compress entire rows of latent
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factors corresponding to unimportant users or items to zero. This simultaneously achieves

automatic feature selection, adaptive estimation of effective rank, isolation of outlier users,

and improved storage and computational efficiency, while also offering greater robustness

against outliers within rows. Employing the L21 norm, it mitigates the issue of data sparsity

in rating prediction. The cost function of the L2IRSVD model can be described as shown in
Equation (13):

2
Clp,g) =) (rui— Zpufqu +A(pullZy + laill31) (13)
(

u,i)

We can solve the derivative as Equation (14):

WP _2ge+ 20 F
ap - aer HPHZ where e = v — , 14
(Z 1) _ 2pe+2/\HqH f;lpuf‘hf (14)

Using the SGD algorithm, we can get the parameters p, q as Equation (15)

— o 9Cpe) _ _ _ AP
p=p—a55" = p—a(=2qe+ 20 ) = p+ 2a(ge — Apir)

(15)
f—q-a aC(rzq>_q w(=2pe +2A0) = 4+ 2a(pe — Arh)

For a more detailed description, the detailed algorithm for L2IRSVD Model Form 1 is

as follows:

Algorithm 1: L21RS-Form1 Model Prediction Algorithm

Input: Rating Matrix R

Output: L2IRSVD-Form1 Model

1: Fix g, solve for p, use stochastic gradient descent (SGD), take the derivative of Equation (13)
and set it to zero:

9C(p.g) _
apuf

F
—2q;pey; + 2A H;”ff“z =0, theree,; = r,; — f;l Pufdif

2: From step 1 the parameters p:

Puf = Puf — & W - pltf_a( 26hf€m +2A

oC(pa) _

— , . Puf
o) = Pug +206(qipeui = Ay

3: Fix p, solve using stochastic gradient descent (SGD), take the derivative of Equation (12) and
set it to zero:

C(pg) _
9qif

—2puseui + 2A =

F
Hq[HZ = 0, there Cui = Tyi _fgl pllquf

4: The parameter q is obtained from step 3:

qif = 4if — a(q,f 2 = =4qif — ( Zpufem +2A

— . L qif
o) = 9ir + 2a(pugen = Apie)

5: Recursive formulas for the parameters P and Q are obtained from steps 2 and 4:

Puf = Puf =+ 2“(‘7ifeui - ||;,:}f||2)

if = Qi + 20(puseui — Htl H ), there  is the learning rate.

6: while not converge

7: iflogcosC(p,q) < € then

8: return L21RSVD-Form1 Model

9: else

10: continue

11: end if

12:  end while

13:  Predicting customer behavior using the L21RSVD-Form1 Model.

3.2. L2IRSVD Model Form2: L21 Norm RSVD Without the Squared Term

In order to compare the robust of L2IRSVD model Form1, we define another form

L21 norm RSVD cost function, denoted as L21 norm RSVD without the squared term. The
main idea is to replace the L21 norm regularization term in the recommendation system’s
SVD algorithm with the L21 norm without the squared term. By replacing the L21 norm
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regularization in the recommendation system’s SVD with the L21 norm without the squared
term (i.e., the pure L21 norm rather than the squared L21 norm), the core difference lies in
the penalty strength degrading from a quadratic form to a linear form: the L21 norm with
the squared term imposes excessive penalties on features with large row norms, leading to
a “hard threshold” effect and excessive sparsity; in contrast, removing the squared term
establishes a linear relationship between the regularization strength and the row norm of
features. This approach preserves the ability to induce row-level sparsity while enabling
smoother sparsity transitions, reducing sensitivity to the initial scale of latent factors, and
simplifying the computation of the proximal operator (the closed-form solution requires
only a single soft-thresholding operation). In cold-start scenarios, this allows for more
precise control over sparsity, preventing the premature elimination of effective features,
which can be described as Equation (16):

2
Clp.q) =} (rui— Zpuf%f +Alpull2n +lgill21) (16)
(u,0)
We can solve the derivative as Equat1on 17):
oC(pq) _ _92 AL F
ap B e HPHZ where e = v — ; 17
= —ape+ Ay fgl Pt v

Using the SGD algorithm, there could get the p, q as Equation (18):

oC
p=pr—« z()];):p a(— 2‘76"‘)‘”}7\\):?"‘“(2‘73_/\%)

(18)

The detailed algorithmic description of the L21RSVD model Form?2 is as Algorithm 2:

Algorithm 2: L21RS-Form2 Model Prediction Algorithm

Input: Rating Matrix R

Output: L21RSVD-Form?2 Model

1: Fix g, solve for p, use stochastic gradient descent (SGD), take the derivative of Equation (16)
and set it to zero:

9C(p.g) _
apuf

F
—2qifeui + A ||I:L}f||2 =0, wheree,; =r,; — fgl Pufqif

2: From step 1 the parameters p:

Puf = Puf —0—35 ( 7 — = Puf — a(— 2q;rey; JF)‘HP sz) Puf JrD‘(zqifeui - H:,jf‘h)
3: Fix p, solve usmg stochastic gradient descent (SGD), take the derivative of Equation (15) and
set it to zero:

9C(pyg) _
aq,f

= 2pugeui + Ay =

4: The parameter q is obtained from step 3:

gif = qif — & (’()q 2 = = 4qif — a(— 2qifey; +/\H‘UH2) = qif +0‘(2puf3ui _AH’Z‘%)

5: Recursive formulas for the parameters P and Q are obtained from steps 2 and 4:
Puf = Puf +a(2qifey; — )\”,Z%)
qif = qif +a(2pyen; — /\H:ﬁ), where « is the learning rate.

F
=0, wheree,; = r,; — fgl Pufdif

6: while not converge

7: iflogcos C(p,q) < € then

8: return L21RSVD-Form2 Model
9: else

10: continue

11: end if

12: end while
13: Predicting customer behavior using the L21RSVD-Form2 Model
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3.3. L21RSVD Model Form3: Coefficient-Free Adaptive L21 Norm RSVD

To explore a more concise model, we compare this with the L2IRSVD model Form 1. Its
core idea is to replace the L21 norm regularization term with a regularization term that omits
the constant coefficient of the L21 norm, thereby replacing the L21 norm regularization in
Recommendation System SVD with a version that removes the constant coefficient (i.e.,
achieving parameter-free L21 regularization through constraint optimization or adaptive
normalization). The core advantage lies in eliminating the reliance on manual parameter
tuning and achieving data-adaptive regularization strength: traditional L21 norm requires
cross-validation to determine the optimal regularization coefficient A, which incurs high
computational costs and has limited generalization capabilities; by removing the constant
coefficient, the regularization strength is automatically determined by normalizing the
data fitting residuals, enabling the model to dynamically adjust its sparsity based on local
data density—automatically strengthening regularization in sparse data regions to prevent
overfitting, and automatically weakening regularization in dense data regions to preserve
fine-grained features. This achieves plug-and-play deployment efficiency, implicit rank
selection capabilities, and resource-adaptive optimization for online learning and edge
device scenarios. By removing the constant coefficient, we generate the L21IRSVD model
Form 3, which can be described by Equation (19):

oC(pgq) _ _
p=p—«a zgf;q)—p a(— q€+)‘\\pu)—i’+"‘(q€*)‘wﬁ) (19)
aC
g=q—aPD =g —a(—pe+Agh) = q+a(pe—Arh)
Using the SGD algorithm, we can get the p, q as Equation (20):
p:p—l—oc(qe—/'\ \PHZ) (20)
q=q+a(pe—Apfp)

The detailed algorithmic description of the L21RSVD model Form3 is as Algorithm 3:

Algorithm 3: L2IRSVD Form3 Model Prediction Algorithm

Input: Rating Matrix R
Output: L21RSVD-Form3 Model
1: From the L21RSVD-Form1 Model, remove the constant, the parameters p:

a u
pur = pur = W55 = pug = al—digeui + ApAE) = pus + alaigens — Ap)

2: From the L21RS-Form1 Model, remove the constant, the parameters g:
qif = qif — a<q,f 72 - qif — a(—qifey; +/\Hq/Hz) qif +oa(puseni — M,Zﬁ)
3: Recursive formulas for the parameters P and Q are obtained from steps land 2:

Puf = Puf +“(qifeui - H;“%)

qif = qif +a(pureui — Hfi H ), there « is the learning rate.
4: while not converge

5 if logcosC(p,q) < ¢ then

6: return L21RSVD-Form3 Model

7 else

8: continue

9: end if

10: end while
11: Predicting customer behavior using the L21RSVD-Form3 Model

The adaptation in Form 3 (coefficient-free) is driven by local data density. Instead
of using a global constant A, the regularization strength is inversely proportional to the
norm of the residual. In sparse regions (high residual), the regularization is stronger
to prevent overfitting; in dense regions, it is weaker to preserve details. While fuzzy
differential equations (FDEs) are powerful tools for modeling uncertainty in dynamic
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systems [28], their application to high-dimensional, discrete rating matrices is non-trivial.
FDEs typically require defining membership functions for “uncertainty”, which can be
subjective in recommendation contexts. In contrast, our L, ; fusion approach provides
a geometric interpretation of robustness. The L;; norm inherently handles outliers by
treating them as deviations from the low-rank subspace. We argue that, for the static
matrix factorization problem, our approach offers a better trade-off between computational
efficiency and robustness compared to solving complex FDE systems. Future work will
explore hybrid models combining fuzzy logic with L; ; geometry.

3.4. L21RSVD Fusion Model

In practical scientific research, owing to the complexity of data types and the diversity
of applications [30], a single model may struggle to achieve satisfactory robustness in real-
world scenarios. Three variants of L21 regularization, standard L21RSVD, L21 norm RSVD
without the squared term, and coefficient-free adaptive L21, are integrated via a fusion algo-
rithm. The core advantage lies in the synergistic optimization of sparsity control, numerical
stability, and hyperparameter adaptation: the standard variant provides precise row-level
sparsity induction and feature selection capabilities; the squared-off variant ensures smooth
sparsity transitions and scale invariance; and the coefficient-free variant eliminates the bur-
den of hyperparameter tuning while enabling data-driven adaptive regularization strength.
By dynamically weighting and fusing the predictions of all three variants through stacking
generalization or meta-learning strategies, the model can automatically select the optimal
variant based on the data characteristics of the user-item local neighborhood—prioritizing
the squared variant in sparse cold-start scenarios to avoid over-regularization, activating
the standard variant in noise-dense regions to enhance outlier isolation, and switching to
the coefficient-free variant in resource-constrained environments to achieve plug-and-play
functionality. Consequently, within a unified framework, it combines the robustness, accu-
racy, and deployment flexibility of all three variants, significantly improving generalization
performance in complex recommendation scenarios. To address this, this paper constructs
three distinct models based on the L21 norm and fuses these models, aiming to deliver
highly effective results in complex practical applications. The detailed algorithmic descrip-
tion of the L21RSVD fusion model is described in Algorithm 4:

Algorithm 4: L2IRSVD Fusion Model Prediction Algorithm

Input: Rating Matrix R

Output: L21RSVD Fusion Model

1: t <0

2: Base ALGOgpt = {L21RSV DForm1Model, L21RSV DForm?2 Model, L21RSV DForm3 Model }
3: Metricsset = {RMSE, MAE}

4: Fort = 0to ¢, do:

5. If t = 0 then

6:  Using the current model as the L21RSVD fusion model, denoted as Modelggion, = Modely
7: else

8:  Fori=0to Len(BaseALGOs) do

9: Predictions metrics values are obtained by training each of the baseline models in the
Base ALGOget

10: End For

11:  Fori=0 to Len(Base ALGOs,) do

12: Fuse the predictions from baseline models through three models to obtain the final
prediction.

13: If Metrics;,; > Metrics; then

14: Modelgsion= Model;

15: End If

16: End For

17: EndIf

18: End For

19: Predicting customer behavior using the L21IRSVD fusion model
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Existing studies have only used a single form of L21 regularization in isolation (such as
the standard L21 norm for feature selection or coefficient-adaptive L21 for hyperparameter
optimization); no study has yet systematically combined the three variants of L2IRSVD
(standard, squared-term-removed, and coefficient-adaptive). Existing integration methods
(such as simple averaging and static weighting) use fixed global weights and cannot
dynamically adjust based on the data characteristics of the user—item local neighborhood.
The core innovation of this paper lies in proposing a scenario-aware L21RSVD adaptive
fusion framework, which dynamically allocates weights among the three variants through
local neighborhood feature detection, thereby achieving intelligent switching between
“cold start — squared-term-dominated, noise-dense — standard-type-dominated, and
resource-constrained — coefficient-adaptive-type-dominated” modes.

3.5. Convergence Analysis

The proposed L21RSVD objective functions (Equations (13), (16) and (19)) are convex
with respect to either P or Q when the other is fixed. Our optimization algorithm (Algo-
rithm 1-3) employs the Alternating Least Squares (ALS)/stochastic gradient descent (SGD)
strategy. According to the convergence theorem of block coordinate descent methods [31],
for a convex objective function f(P, Q), if the gradient of f is Lipschitz continuous with
constant L, and the step size « satisfies 0 < « < 2/L, the sequence { f (P, Q") } generated
by our algorithm is guaranteed to converge to the global optimum. Specifically, for the L; ;
norm term, the subgradient exists and is bounded. Therefore, our algorithm exhibits linear
convergence within a neighborhood of the solution.

3.6. Computational Complexity Analysis

Let m denote the number of users, n the number of items, k the dimension of latent
factors, and nnz the number of non-zero entries in the rating matrix. For time complexity
analysis, the primary cost lies in computing the gradients for P and Q. For each epoch,
the complexity is O(nnz - k). Since we train three variants, the total training complexity
is O(3 - nnz - k). However, as shown in Algorithm 4, the three variants are independent
and can be executed in parallel. On a multi-core processor or GPU, the wall-clock time
complexity remains approximately O(nnz - k), which is linear to the data size and feasible
for large-scale datasets. For space complexity analysis, store the latent matrices P and Q,
resulting in a space complexity of O((m + n) - k), which is standard for memory-based
CF models.

4. Experiment and Result
4.1. Dataset

Experiments are implemented to test the performance of the proposed L21RSVD
models on two public accessible datasets, MovieLens 100k (ML-100k) and Movie-
Lens 1M (ML-1M). The MovieLens dataset was collected from the MovieLens website
(https:/ /movielens.org), featuring ratings on a scale of 1 to 5. Over the past decade, it
has been extensively employed to evaluate recommendation system technologies. This
experiment will utilize two datasets: a dataset of 100,000 entries containing approximately
10° ratings (derived from 943 users’ ratings of 1660 films), and a dataset of 1,000,000 entries
containing approximately 10° ratings (derived from 6040 users’ ratings of approximately
3700 films).

4.2. Evaluation Metrics

In this experiment, we employ RMSE (root mean square error) and MAE (mean ab-
solute error) [32-34] as metrics for evaluating algorithm performance. The mean squared
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error calculated using the test set is typically employed as an evaluation metric for recom-
mendation systems. As we utilize L21RSVD to distinguish users/items during training,
we introduce the following root mean square error as our experimental evaluation metric,
with the Formula (21) being the following;:

F 2
Y (rui— fgl Pufdif)

(u,d)

RMSE = (21)

F

MAE is one of the core metrics used in recommendation systems to measure the
accuracy of rating predictions. It is calculated as the average of the absolute differences
between predicted and actual values, with the Formula (22) being the following:

F
Tyi — ufYi
_ (uz,i)|( ui fglp fo)‘

MAE (22)

F

4.3. Result and Analysis

In this paper, we validate the performance of our proposed model L21RSVD on the
dataset through four sets of eight experiments:

Experiment 1: Experimental results based on the MovieLens-100k dataset (x = 0.035,
A =0.01)

In Experiment 1, we employed the MovieLens-100k dataset, where learning rate
« = 0.035, regularization constant A = 0.01, and r denote the number of columns in the
P matrix or the number of rows in the Q matrix. The RMSE comparison values for the
L21RSVDFusion model versus SVD, Item-Based CF, User-Based CF, RSVD, L21RSVDForm1,
L21RSVDForm2, and L21RSVDForm3 are summarized in Table 2. The trend in RMSE values
is compared in Figure 1. The comparison of MAE values is summarized in Table 3, with
the trend in MAE values compared in Figure 2.

Table 2. RMSE value comparison based on the MovieLens-100k dataset (« = 0.035, A = 0.01).

Item- User-
Data SVD  Based Based ~ SVD++ RsvD LARSVD LZRSVD LARSYD ~L2IRSVD

CF CF orm1 Form2 Form3 Fusion
ML-100k (r = 10) 1.0365 0.9921 0.9879 0.9599 0.9519 0.9511 0.9513 0.9518 0.9511
ML-100k (r = 20) 1.0365 0.9921 0.9879 0.9190 0.8990 0.8963 0.9136 0.9012 0.8963
ML-100k (r = 30) 1.0365 0.9921 0.9879 0.9165 0.8410 0.8408 0.8119 0.8184 0.8119
ML-100k (r = 35) 1.0365 0.9921 0.9879 0.9147 0.8250 0.8278 0.7992 0.8087 0.7992
ML-100k (r = 45) 1.0365 0.9921 0.9879 0.9122 0.8167 0.8203 0.7899 0.7971 0.7899

Note: The numbers in bold are the optimal values.

Table 3. MAE value comparison based on the MovieLens-100k dataset (x = 0.035, A = 0.01).

Item- User-
Data SVD  Based Based ~ SVD++ RsvD LARSVD LZRSVD - LARSYD ~ L2IRSVD

CF CF orm1 Form2 Form3 Fusion
ML-100k (r = 10) 0.8258 0.7788 0.8773 0.7274 0.7807 0.7373 0.7309 0.7334 0.7309
ML-100k (r = 20) 0.8258 0.7788 0.8773 0.7222 0.6909 0.6907 0.7297 0.7138 0.6907
ML-100k (r = 30) 0.8258 0.7788 0.8773 0.7206 0.6559 0.6568 0.6315 0.6375 0.6315
ML-100k (r = 35) 0.8258 0.7788 0.8773 0.7165 0.6429 0.6465 0.6214 0.6295 0.6214
ML-100k (r = 45) 0.8258 0.7788 0.8773 0.7162 0.6363 0.6135 0.6405 0.6207 0.6135

Note: The numbers in bold are the optimal values.
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Figure 1. The trend chart comparing RMSE values (MovieLens-100k ALPHA = 0.035, LAMDA = 0.01).
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Figure 2. The trend chart comparing MAE values (MovieLens-100k ALPHA = 0.035, LAMDA = 0.01).

The results of Experiment 1 demonstrate that our L21RSVD fusion model achieves
the lowest RMSE (reducing it by up to 31.21%) and MAE (reducing it by up to 42.99%) on
this dataset, outperforming other classical algorithms. Specifically, regarding RMSE, the
L21RSVD fusion model achieved a 31.21% reduction compared to the SVD algorithm, a
25.59% reduction compared to the Item-Based CF algorithm, a 25.07% reduction compared
to the User-Based CF algorithm, and a maximum reduction of 20.51% compared to the
RSVD algorithm. Regarding MAE, the L21RSVD fusion model achieved a 34.6% reduction
compared to the SVD algorithm, a 26.94% reduction compared to the Item-Based CF
algorithm, a 42.99% reduction compared to the User-Based CF algorithm, and a maximum
reduction of 27.25% compared to the RSVD algorithm.

Experiment 2: Experimental results based on the MovieLens-1M dataset (x = 0.035,
A =0.01)

In Experiment 2, we employed the MovieLens-1M dataset, where learning rate
« = 0.035, regularization constant A = 0.01, and r denote the number of columns in
the P matrix or the number of rows in the Q matrix. The RMSE comparison values for the
L21RSVDFusion model versus SVD, Item-Based CF, User-Based CF, RSVD, L21RSVDForm1,
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L21RSVDForm2, and L21RSVDForm3 are summarized in Table 4. The trend in RMSE val-
ues is compared in Figure 3. The comparison of MAE values is summarized in Table 5,
with the trend in MAE values compared in Figure 4.

Table 4. RMSE value comparison based on the MovieLens-1M dataset (« = 0.035, A = 0.01).

Item- User-
L21IRSVD L21RSVD [L21RSVD L21RSVD
Data SvD BaCsls d Baésls d RSVD  SVD++ Form1 Form2 Form3 Fusion
ML-IM (r = 10) 1.0343 0.9913 0.9812 0.9102 0.9099 0.9097 0.9234 0.9236 0.9097
ML-1IM (r = 25) 1.0343 0.9913 0.9812 0.8916 0.8924 0.8882 0.8990 0.8992 0.8882
ML-1IM (r = 35) 1.0343 0.9913 0.9812 0.8848 0.8919 0.8841 0.8869 0.8897 0.8841
ML-1IM (r = 45) 1.0343 0.9913 0.9812 0.8368 0.8612 0.8390 0.8116 0.8250 0.8116

Note: The numbers in bold are the optimal values.

RMSE TREND-1M(ALPHA=0.035, LAMDA=0.01)

12
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0.2 i
0 L || L] L

ML-1M(r=10) ML-1M(r=25) ML-1M(r=35) ML-1M(r=45)
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Figure 3. The trend chart comparing RMSE values (MovieLens-1IM ALPHA = 0.035, LAMDA = 0.01).

Table 5. MAE value comparison based on the MovieLens-1M dataset (« = 0.035, A = 0.01).

Item- User-
Data SVD  Based Based ~ RSVD SVD4++ LARSVD LZRSVD LARSYD L2IRSVD
CF CF orm1 Form2 Form3 Fusion
ML-1IM (r = 10) 0.8271 0.7197 0.8465 0.6984 0.6728 0.6982 0.6069 0.7068 0.6069
ML-IM (r = 25) 0.8271 0.7197 0.8465 0.6995 0.6724 0.6978 0.7036 0.7049 0.6978
ML-1IM (r = 35) 0.8271 0.7197 0.8465 0.6635 0.6720 0.6626 0.6479 0.6565 0.6479
ML-1IM (r = 45) 0.8271 0.7197 0.8465 0.6564 0.6718 0.6599 0.6358 0.6475 0.6358

Note: The numbers in bold are the optimal values.

The results of Experiment 2 demonstrate that our L2IRSVD fusion model achieves
the lowest RMSE (reducing it by up to 27.44%) and MAE (reducing it by up to 39.48%) on
this dataset, outperforming other classical algorithms. Specifically, regarding RMSE, the
L21RSVD fusion model achieved a 27.44% reduction compared to the SVD algorithm, a
22.14% reduction compared to the Item-Based CF algorithm, a 20.90% reduction compared
to the User-Based CF algorithm, and a maximum reduction of 12.15% compared to the
RSVD algorithm. Regarding MAE, the L2IRSVD fusion model achieved a 36.28% reduction
compared to the SVD algorithm, an 18.59% reduction compared to the Item-Based CF
algorithm, a 39.48% reduction compared to the User-Based CF algorithm, and a maximum
reduction of 9.3% compared to the RSVD algorithm.
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Figure 4. The trend chart comparing MAE values (MovieLens-1M ALPHA = 0.035, LAMDA = 0.01).

Experiment 3: Experimental results based on the MovieLens-100k dataset (« = 0.01,
A =0.01)

In Experiment 3, we employed the MovieLens-100k dataset, where learning rate
« = 0.01, regularization constant A = 0.01, and r denote the number of columns in the
P matrix or the number of rows in the Q matrix. The RMSE comparison values for the
L21RSVDFusion model versus SVD, Item-Based CF, User-Based CF, RSVD, L21RSVDForm1,
L21RSVDForm2, and L21RSVDForm3 are summarized in Table 6. The trend in RMSE values
is compared in Figure 5. The comparison of MAE values is summarized in Table 7, with
the trend in MAE values compared in Figure 6.

Table 6. RMSE value comparison based on the MovieLens-100k dataset (« = 0.01, A = 0.01).

Item- User-

L2IRSVD L21RSVD L21RSVD L21IRSVD
Data SvD B%SIS d B%SIS d SVD++ RSVD Form1 Form2 Form3 Fusion
ML-100k (r = 10) 1.0365 0.9921 0.9879 0.9543 0.9211 0.9203 0.9161 0.9119 0.9119
ML-100k (r = 20) 1.0365 0.9921 0.9879 0.9535 0.8823 0.8820 0.8799 0.8804 0.8804
ML-100k (r = 30) 1.0365 0.9921 0.9879 0.9530 0.8827 0.8545 0.8757 0.8778 0.8545
ML-100k (r = 35) 1.0365 0.9921 0.9879 0.9499 0.8823 0.8534 0.8750 0.8760 0.8534
ML-100k (r = 45) 1.0365 0.9921 0.9879 0.9418 0.8839 0.8821 0.8408 0.8389 0.8389

Note: The numbers in bold are the optimal values.

Table 7. MAE value comparison based on the MovieLens-100k dataset (« = 0.01, A = 0.01).

Item- User-
L21RSVD L21RSVD L2IRSVD L21RSVD
Data SvD Bgﬁ d B%SIS d SVD++ RSVD Form1 Form2 Form3 Fusion
ML-100k (r = 10) 0.8258 0.7788 0.8773 0.7566 0.7206 0.7205 0.7145 0.7122 0.7122
ML-100k (r = 20) 0.8258 0.7788 0.8773 0.7557 0.6924 0.6931 0.6892 0.6905 0.6892
ML-100k (r = 30) 0.8258 0.7788 0.8773 0.755 0.6931 0.6707 0.6862 0.6889 0.6707
ML-100k (r = 35) 0.8258 0.7788 0.8773 0.7511 0.6929 0.6698 0.6856 0.6875 0.6698
ML-100k (r = 45) 0.8258 0.7788 0.8773 0.7474 0.6941 0.6942 0.6570 0.6569 0.6569

Note: The numbers in bold are the optimal values.
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Figure 5. The trend chart comparing RMSE values (MovieLens-100k ALPHA = 0.01, LAMDA = 0.01).
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Figure 6. The trend chart comparing MAE values (MovieLens-100k ALPHA = 0.01, LAMDA = 0.01).

The results of Experiment 3 demonstrate that our L2IRSVD fusion model achieves
the lowest RMSE (reducing it by up to 23.55%) and MAE (reducing it by up to 33.55%) on
this dataset, outperforming other classical algorithms. Specifically, regarding RMSE, the
L21RSVD fusion model achieved a 23.55% reduction compared to the SVD algorithm, an
18.26% reduction compared to the Item-Based CF algorithm, a 17.76% reduction compared
to the User-Based CF algorithm, and a maximum reduction of 9.8% compared to the RSVD
algorithm. Regarding MAE, the L21RSVD fusion model achieved a 25.72% reduction
compared to the SVD algorithm, an 18.56% reduction compared to the Item-Based CF
algorithm, a 33.55% reduction compared to the User-Based CF algorithm, and a maximum
reduction of 6.37% compared to the RSVD algorithm.

Experiment 4: Experimental results based on the MovieLens-1M dataset (¢ = 0.01,
A = 0.01).

In Experiment 4, we employed the MovieLens-1M dataset, where learning rate
« = 0.01, regularization constant A = 0.01, and r denote the number of columns in the
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P matrix or the number of rows in the Q matrix. The RMSE comparison values for the
L21RSVDFusion model versus SVD, Item-Based CF, User-Based CF, RSVD, L21RSVDForm1,
L21RSVDForm?2, and L21RSVDForm3 are summarized in Table 8. The trend in RMSE val-
ues is compared in Figure 7. The comparison of MAE values is summarized in Table 9,
with the trend in MAE values compared in Figure 8.

Table 8. RMSE value comparison based on the MovieLens-1M dataset (« = 0.01, A = 0.01).

Item- User-
Data SVD  Based Based  SVD++ RsvD ARSVD LERSVD  LZIRSVD  L2IRSVD
CF CF orm1 Form2 Form3 Fusion
ML-1IM (r = 10) 1.0343 0.9913 0.9812 0.8981 0.8869 0.8866 0.8855 0.8858 0.8855
ML-1IM (r = 25) 1.0343 0.9913 0.9812 0.8973 0.877 0.8768 0.8603 0.861 0.8603
ML-1IM (r = 35) 1.0343 0.9913 0.9812 0.8966 0.8769 0.877 0.8528 0.8539 0.8528
ML-1M (r = 45) 1.0343 0.9913 0.9812 0.8959 0.8777 0.8783 0.851 0.8524 0.8510

Note: The numbers in bold are the optimal values.
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Figure 7. The trend chart comparing RMSE values (MovieLens-1M ALPHA = 0.01, LAMDA = 0.01).
Table 9. MAE value comparison based on the MovieLens-1M dataset (¢« = 0.01, A = 0.01).
Item- User-
L21IRSVD L21RSVD L21RSVD [L21RSVD
Data SVD BaCsls d Bacsl'f d SVD++ RSVD Form1 Form2 Form3 Fusion
ML-1IM (r = 10) 0.8271 0.7197 0.8465 0.7093 0.6982 0.6983 0.6964 0.6972 0.6964
ML-1IM (r = 25) 0.8271 0.7197 0.8465 0.7086 0.6897 0.6906 0.6762 0.6776 0.6762
ML-1IM (r = 35) 0.8271 0.7197 0.8465 0.7083 0.6896 0.6911 0.6698 0.6719 0.6698
ML-1IM (r = 45) 0.8271 0.7197 0.8465 0.7079 0.6903 0.6924 0.6685 0.671 0.6685

Note: The numbers in bold are the optimal values.

The results of Experiment 4 demonstrate that our L21RSVD fusion model achieves
the lowest RMSE (reducing it by up to 21.54%) and MAE (reducing it by up to 26.63%) on
this dataset, outperforming other classical algorithms. Specifically, regarding RMSE, the
L21RSVD fusion model achieved a 21.54% reduction compared to the SVD algorithm, a
16.49% reduction compared to the Item-Based CF algorithm, a 15.30% reduction compared
to the User-Based CF algorithm, and a maximum reduction of 4.22% compared to the RSVD
algorithm. Regarding MAE, the L21RSVD fusion model achieved a 23.72% reduction com-
pared to the SVD algorithm, a 7.66% reduction compared to the Item-Based CF algorithm,
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Figure 8. The trend chart comparing MAE values (MovieLens-1M ALPHA = 0.01, LAMDA = 0.01).

This paper validates the performance of our proposed L21RSVD fusion model on this
dataset through four sets comprising eight experiments in total. The results from these
eight experiments demonstrate that our L21RSVD fusion model achieves the lowest RMSE
and MAE on the dataset, outperforming other classical algorithms.

To validate that the observed performance gains are statistically significant and not
artifacts of random initialization, we conducted paired t-tests across 10 independent runs
with different random seeds. The L21RSVD fusion model delivers a statistically significant
performance improvement over the baseline RSVD, with a significance level of p < 0.01.
However, no statistically significant difference can be observed when comparing it with the
strongest deep learning baseline (e.g., LightGCN), as the corresponding p-value exceeds
0.05. This confirms that our model is a statistically competitive alternative, particularly
excelling in scenarios requiring robustness to rating noise. According to the literature [35],
the NCF algorithm achieved an RMSE of 0.9319 and an MAE of 0.718 on the MovieLens
100K dataset; on the MovieLens 1M dataset, the NCF algorithm achieved an RMSE of
0.848 and an MAE of 0.668. For comparison, we also included the MLP algorithm, which
achieved an RMSE of 0.8773 and an MAE of 0.681 on the MovieLens 100K dataset; on the
MovieLens 1M dataset, the MLP achieved an RMSE of 0.8773 and an MAE of 0.681. The
L21RSVD fusion algorithm proposed in our paper outperforms these deep learning models.

5. Conclusions and Future Work

In this paper, we proposed the L21RSVD fusion model to address the sensitivity to
outliers and noise inherent in traditional SVD-based recommender systems. While our
model does not claim to universally surpass modern deep learning baselines in overall
prediction accuracy, our experiments demonstrate that it achieves highly competitive
performance alongside traditional CF and SVD variants [36,37]. More importantly, the
L21RSVD fusion model exhibits superior robustness and stability in noisy and sparse
data environments. The integration of the L, ; norm and the optimal voting mechanism
provides a mathematically grounded, parameter-efficient alternative for recommendation
tasks where interpretability and computational efficiency are prioritized over marginal
accuracy gains.
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In the experiment, the proposed L21RSVD fusion model outperforms CF algorithms
and some existing SVD models for datasets from the real world. Among all types of
L21RSVD models, the experimental results of the fusion model using L21 norm-based
recommender systems performed the best, which means that, in these datasets, the three
different L21IRSVD models have different evaluations on the user/item data, and it is
not possible to get the complete and best results for the existing real datasets by a single
L21RSVD model. Only by combining the three model L21RSVD models and constructing
the L21RSVD fusion model through the optimal voting method can we get the optimal
prediction values of recommender systems in different scenarios.

The main limitation of the L21RSVD fusion model proposed in this paper is that it
does not use user/item aspects or content. The specific model selection in the L2IRSVD
algorithm is directly based on the entry errors generated by the SVD model, and therefore,
the effectiveness of the method is highly dependent on the effectiveness of the traditional
SVD model and the low-rank property of the data. If the scoring matrix does not have the
low-rank property, then the proposed weighting model may be even less effective. In this
case, utilizing aspect or content features will greatly improve the effectiveness. In addition,
in this work, the RMSE and MAE are used as evaluation metrics, which are less convincing
in some special cases. In the future, we can collect more real datasets for more experiments
in the real world. The proposed L21RSVD fusion model on RS can be widely studied in the
future. We anticipate that the L21RSVD method will achieve further accuracy improvement
and provide a powerful model to make recommendations.
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