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Abstract

Discrete Racah polynomials (DRPs) are considered essential for several applications such as
approximation theory, quantum physics, and digital signal processing. However, the com-
putation of high-order DRPs presents significant numerical and computational challenges.
Even though the recent advancements in algorithms have improved numerical stability, the
inherently sequential nature of these algorithms continues to be a bottleneck for large-scale
implementations. This paper proposes a new multithreading-based algorithm for comput-
ing the DRP coefficients. The proposed algorithm is designed to accelerate the computation
of high-order DRPs by considering the advantages of the independence of different tasks
and the ability to process multiple coefficients simultaneously. The algorithm introduces dis-
tinct multithreading strategies for both zero-valued and non-zero-valued parameters, which
include the zero-parameter balanced algorithm (ZPBA), the zero-parameter unbalanced
algorithm (ZPUA), and the valued-parameter algorithm (VPA). The experimental results
show that the proposed multithreading algorithms noticeably reduce computation time
when compared to the state-of-the-art baseline algorithm. Notably, both ZPBA and VPA
exhibit exceptional scalability across modern multicore architectures, delivering speedup
factors exceeding 10x for large polynomial sizes. This work effectively bridges the gap
between mathematical theory and high-performance computing, making the generation of
large-scale DRP matrices computationally viable for advanced engineering applications.

Keywords: discrete Racah polynomials; orthogonal polynomials; orthogonal moments;
parallel processing; multi-threading

1. Introduction

The rapid escalation of modern signal processing and computational complexity
has been linked to the development and application of high-order discrete orthogonal
polynomials. Discrete Racah polynomials (DRPs) hold a unique position among discrete
orthogonal polynomials due to their placement at the top of the Askey scheme’s discrete
branch. Consequently, many other polynomial families are derived from DRPs as limiting
cases. Originally introduced by Giulio Racah in the context of angular momentum theory
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in quantum mechanics, DRPs are deeply connected to 6j-symbols and representation
theory [1-3].

The mathematical properties of DRPs have allowed for advanced applications in
quantum physics [3], approximation theory and spectral methods [4], digital signal process-
ing [5], image processing and reconstruction [6-9], 3D object estimation [10], watermarking
and data protection [11-14], and pattern classification [15-17].

However, computing DRPs of higher orders entails substantial numerical and compu-
tational challenges. The definition of DRPs involves generalized hypergeometric functions
as well as multiple recurrence relations. This leads to high computational complexity and
numerical instability as the polynomial order (degree) increases [4]. In high-dimensional
and large-scale problems such as spectral transforms, feature extraction, and orthogonal
moment computation; the sequential generation of higher-order DRPs becomes a computa-
tional bottleneck [18].

The development of computer systems utilizing central processing units (CPUs),
especially multicore processors and shared-memory parallel architectures, has made mul-
tithreading a practical strategy for accelerating numerically intensive algorithms [19-21].
In particular, thread-level parallelism (parallel computing paradigms) is implemented via
frameworks such as OpenMP and POSIX threads. This implementation will enable the
distribution of independent computational tasks across processor cores. This strategy will
surely reduce the execution time for compute-bound operations as well as enhance the
overall efficiency of numerical computations [22-24]. Polynomial-based transforms and
recurrence formulas contain the potential for parallel computation. These can be utilized
in the computation process of the polynomial coefficients, recurrence evaluation, and the
construction of transformation matrices [25].

Although DRPs are important in advanced mathematical modeling and several appli-
cations, limited focus has been paid to the high-performance implementation of efficiently
handling higher-order computations. Most of the existing works have focused on the
development of implementations that emphasize theoretical formulations rather than com-
putational scalability. This has resulted in a gap between mathematical theory and efficient
high-performance implementation.

In this paper, the aforementioned gap is addressed by presenting a multithreading-
based algorithm. This algorithm is designed for the computation of high-order DRP
coefficients. The proposed approach restructures the recursive and combinatorial compo-
nents of the Racah formulation to exploit task-level and data-level parallelism, thereby
enhancing computational throughput while preserving numerical stability. Specifically,
this framework is applied to three distinct algorithms categorized according to the DRP
parameter values (4, b, «, and B):

e  Zero-valued parameter strategies, specifically categorized into the balanced (ZPBA)
and unbalanced (ZPUA) algorithms;

* A valued-parameter algorithm (VPA) where the parameters 4, b, «, and p have non-
zero values.

By integrating concurrency-aware design principles with optimized recurrence evalu-
ation for these three algorithms, the proposed framework achieves significant acceleration
compared to the best sequential implementations presented in [18]. Consequently, this
makes higher-order Racah polynomials computationally feasible for large-scale scientific
and engineering applications.

The organization of this paper is as follows: Section 2 introduces the related works in
this field. Section 3 defines the Preliminaries of the proposed work, while Section 4 presents
the proposed multithreaded algorithm to compute the DRPs. Section 5 discusses the exper-
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imental results and the analysis performed to evaluate the performance of the proposed
algorithm. Finally, Section 6 presents a summary of the paper, and the key findings.

2. Related Works

In this section, the state-of-the-art in DRP coefficient computation methods are sum-
marized. The evolution is highlighted from foundational recurrences to modern stability-
enhanced methods, as well as precision-focused methods, which are used to ensure numer-
ical stability.

The fundamental computational framework for DRPs was first presented by
Zhu et al. [6]. In that work, they presented two primary recurrence relations for the
computation of DRP coefficients. The first recurrence relation utilizes a three-term recur-
rence relation in the direction of the polynomial order n. The second used the three-term
recurrence relation in the signal (spatial) index s. These algorithms provide the basic con-
cept of the mathematical formulation for most recent implementations. However, they are
sensitive to initial conditions. In practice, it has been shown that the initial values reported
results in divergence while computing the DRP coefficients. Thus, this has necessitated the
utilization of different approach to find a new starting initial value. This, as a result, lead to
use of the recurrence relation in both directions (order-based and index-based) to ensure
numerical stability across all the computed DRP coefficients [18].

To address the issues of the numerical instability and overflow occur at high-order
polynomial calculations, Daoui et al. [26] introduced an algorithm that is designed to
stabilize the computation of the coefficients. The major improvement of this approach is the
specialized recursive calculation of initial values at the boundary of the domain. This tackles
the problem of the exponential growth of error at the start of the recurrence. Furthermore,
the approach incorporate a stabilizing condition. When the ratio between successive
polynomial values exceeds a predefined threshold, this is a sign of propagation of numerical
errors. To prevent this, the computed values are forced to be set to zero. This modification
is used to keep the computation of the coefficients stable by eliminating excessively large
values that are not mathematically meaningful, which distort the polynomial basis.

The Gram-Schmidt Orthogonalization Process (GSOP) [27], which extends the stan-
dard recurrence-based generation, is often utilized as a tool for enhancing the precision of
pre-calculated polynomials [28]. Within this framework, the GSOP acts as a corrective layer
as it identifies and subtracts the projections of lower-order polynomials from the current
degree to ensure orthogonality. Then, a re-normalization step is performed using a small
epsilon value to prevent division by zero. Although the GSOP increases the stability of
the numerical accuracy of the DRPs, it is considered a high computational bottleneck [29].
Compared with the standard recurrence relation that required O(N?) complexity, GSOP is
cubically (O(N?)) in terms of complexity. As a result, this makes the GSOP computationally
expensive for large-scale applications where high-order polynomials are needed [30].

Recently, a new algorithm called the Improved Stabilization (ImSt) algorithm was
presented [18]. This algorithm addresses the numerical instability by partitioning the DRP
plane into two regions. The ImSt algorithm optimizes the stabilization conditions based on
both the polynomial size and the values of the DRP parameters (g, b, «, and ). To overcome
the precision issues of the computation of initial values for high-order polynomials, the ImSt
algorithm utilizes the logarithmic gamma function as well as a specialized formula. This
combination lead to efficient computation for a wide range of DRP parameters than earlier
methods. Furthermore, this research identified a unique symmetry relation for cases when
parameters are zero, which makes the algorithm use the diagonal symmetry of the DRP
matrix. Comparative studies have shown that this multi-partitioning strategy significantly
extends the maximum computable polynomial degree and reduces the reconstruction errors
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compared to the state-of-the-art algorithms. A summary of the related works is given in
Table 1.

Despite the advancements in stability-enhanced methods like ImSt and the precision-
correction steps in the GSOP, a significant gap remains in the high-performance execution of
these algorithms. The current literature primarily addresses numerical stability and bound-
ary conditions, yet the most accurate methods—specifically those utilizing GSOP—suffer
from an O(N?) computational complexity that becomes a bottleneck for large-scale engi-
neering applications. Furthermore, while partitioned algorithms like ImSt improve the
range of computable parameters, they are traditionally designed for sequential execution,
failing to exploit the hardware concurrency available in modern multicore processors.
Thus, there is a clear need for a framework that not only maintains the stability of high-
order DRPs but also optimizes the task-level and data-level parallelism of the underlying

recurrence relations.

Table 1. Comparative summary of the proposed algorithm with existing DRP algorithms.

Algorithm

Brief Methodology

Highlights

Limitations

Zhu et al. [6]

Daoui et al. [26]

GSOP

TmSt [18]

Proposed Work

Three-term recurrence over
order (1) and spatial index (s).

Recursive initial value
computation and ratio-based
error clipping.
Post-processing through
Gram-Schmidt projection and
re-normalization.

Asymmetric plane partitioning
and Logarithmic-Gamma
initialization.

Parallelized recurrence with
three task-specific algorithms.

Established the mathematical

foundation for weighted DRPs.

Introduced stability for higher
parameter values; erases
numerical noise.

Ensures maximum numerical
precision and strict
orthogonality.

Efficiently handles large
polynomial sizes and specific
zero-parameter cases.
Exploits multicore
concurrency; optimized for
balanced /unbalanced cases.

Highly sensitive to initial
conditions; prone to
divergence at high orders.
Sequential design; clipping can
lead to information loss in
specific ranges.

High computational
complexity O(N3); unsuitable
for large N.

Complex logic for manual
partitioning; lacks

hardware optimization.

Tailored for shared-memory
multicore architectures.

3. Preliminaries

In this section, the essential context of the mathematical definition of DRPs and the

recurrence relation used to compute the DRP coefficients are presented.

3.1. Mathematical Definitions of DRPs

The mathematical definitions of the DRPs is presented in this section.
DRPs are defined by Wilson as follows [2]:

Pu

(55

>(A(X);N) =

=4F3<

—na+p+n+1,—x,y+5+x+1
a+1,+0+1,7v+1

1>,

with 4F3(-) being the generalized hypergeometric series, which is given by [31]:
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with (-) denotes the Pochhammer symbol, which is given by [32,33]:
(@=a(a+1)(a+2)---(a+k-1). 3)

Zhu et al. [6] introduced a coordinate transformation by defining a new variable s such

a,p
that x = s(s +1). Under this transformation, the DRPs of degree 1, denoted by ’Pyg ab >(S,' N),

are expressed as

ap
P,S“fb>(s; N) = (4)

— %(u+b+tx—|—1)n(ﬁ+1)n(a_b+1)nx

1>.

The discrete orthogonality of these polynomials is defined by the following relation:

o F —n,a—s,a+s+lLa+p+n+1
3\ B+la+bt+a+la—b+1

b—1 (WP a,p
z Plb)s Pt N)o(s)8x(s~3) = o ©

where 6,,,;, denotes the Kronecker delta [34,35], Ax (s — %) represents the difference of the

x shifted by a half, defined as Ax (s — %) = (s + %) (s+ %) - (s - %) (s + %) =(2s+1).
Moreover, p signifies the weight function of DRPs.

Ta+s+1)T(b+s+a+1)I(b+a—s)[(s—a+p+1)

) = s 4 T —5)T(s—a + )T(a—p+s+1) ©)
and d? represents the squared norm of the DRPs:
2 Ta+n+1)I(B+n+1)T(a+b+a+n+1)
" (a+B+2n+1)T(n+1)I(b—a—n)
rb—a+a+p+n+1) @)

“Tatprntla+b—n—p) "

where I'(+) represents the Gamma function [36].
It is important to note that the weighted version of the DRPs is often more suitable

op
for numerical applications. The nth-degree weighted DRP, denoted by ’Pyga’b)(s; N), is
defined as 5 5
A o, o, s
Prg‘l'b)(s; N) = ’Pn(“’h>(s; N)\/pc(lz) - Ax (s - ;) (8)
n

ap
To simplify the notation, we adopt 75,5”"’)(5; N) = Py(s) constraint b = a + N for all

subsequent derivations.

3.2. Recurrence Relations of DRPs

In this section, the recurrence relation used in the computation of the DRP coefficients is
presented. Based on the previous studies presented in the Section 2, the recurrence relation
is considered to have numerical accuracy and enhanced numerical stability compared with
existing works. Therefore, it is employed in our proposed multithreading algorithms.

The adoption of the initial value location as well as its computation is substantial
because the DRP coefficients are reliant on it. First, the location of the initial value is set at
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s =a+ N — 1. Second, a formula is used to determine the initial values for a broad DRP
parameters, given by [18]

Z =¢(B+N)+¢(2a+N)+¢p(a+p+2)+¢(2a+2N+a) —(p(B+1)+
P(a+B+N+1)+¢(2a+N+a+1)+¢p(2a+2N-1))
Pola+N—1)=exp(Z/2), )

where §(-) denotes the logarithmic gamma function and is defined as ¥ (x) = log(T'(x)).

After the first initial value is computed, the two sets Py(s) and Py(s) are now computed.
These values are determined by utilizing the two-term recurrence algorithm. They are
calculated as follows: the formula to compute the values of Py(s) is

Puls) = \/(a—s—l)(b+oc—s—1) brst1)(a—prsH )24 o0 )

(b—s—1)(2s+3)(a—p—s—)(a+s+1)(b+a+s+1)
s=a+N-2,a+N-3,...,a.

Then, the values of P;(s), in the second row, are computed based on Py(s) as follows:

A

Py(s) = —(((—a—i—b —1a+b? —s* —a—s— 1),3+
(4 —s?+b —s — V)a +a?+b* — 2(s*+s) — 1) x

a+pB+3 "
(a—b+1)(a+b—1—B)a+1)p+1)(—b—a+a—p—-1)

1

m 751(S+1)/ (11)

s=a,a+1,...,a+N—1.

Based on the methodology reported in [18], controlling indices are introduced to
improve the numerical stability of the DRP coefficient computation. The procedure begins
by calculating the coefficients P,(a) and Py(a + N — 1) in the first and last columns, respec-
tively. The locations of the peak values are then determined. The coefficients associated
with P(a) are subsequently computed using a two-term recurrence relation.

The Py(a) is computed as follows:

Puii(a) = (12)

B (N—n—1)(a+p+2n+3)(a+p+n+1)
(2a+N—B—n—1)(a+p+2n+1)(a+n+1)

(B+n+1)(2a+N+a+n+1)
X\/ (N+a+p+n+1)(n+1) Pula),

n=12,...,N—2.
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And Py(a + N — 1) is computed as follows:

Po(a+N-1) = (13)

(N—n—1)(a+p+2n+3)(a+p+n+1)
(n+1)(2a+N+a+n+1)(a+p+2n+1)

(a+n+1)(2a+N—-B—n—1) 4
: \/ (N+a+pB+n+1)(n+1) Pula+N—1),

n=12,...,N—=2.
The index that correspond to the peak value in the first column is found by

indy = argmax Py(a), (14)
n=0,1,..N—1

while the peak value in the last column is found by

indy_1 = argmax Pya+N-—1). (15)
n=0,1,..N—1

The boundary separating the parts is defined by a line which connects the points
(a,indg) and (a+ N —1,indyn_1).

The coefficient values of DRPs in the first part are generated by utilizing the three-term
recurrence relation in the n-direction as follows:

7511(5) =0, 75;1_1(5) + 0, 757172<5)/ (16)

The recurrence relation in first part is carried out fors = a,a+1,...,a+ N — 2 and
n=2,3,...,inds — 1. It is noteworthy that the border between the first and second parts is
located at index inds, which is given by

(17)

inds = round (indo + M(s - a)) ,

N-1

The coefficient values of the DRP in Part 2 are computed by utilizing (16). Note that,
after the computation of each value, the following stabilizing condition is used for each
order n:

Pu(s) = 0if | Pu(s)| <107 and | Pu(s)|> |Pu_1(s)|, (18)

The recurrence relation in Part 2 is applied in the range s = 4,4+ 1,...,a+ N — 2 and
n= inds,inds +1,...,N_ 1.
It is noteworthy that a special case where the DRPs parametersa = a« = = 0,

0,0
An(o’h >(s)) is also used. In this special case, the coefficients are calculated in the range

7511(5) = Oqo ﬁn—l(s) + Oy ﬁnfz(s)/ (19)
the remaining coefficients values are calculated by utilizing the symmetry relation as
follows:

5 (00) 5 (0h)
PO ) = ()P0, (20)

The recurrence coefficients @, ®19, and @y appear in (16) and (19) are defined in [18].
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4. Methodology

In this section, the proposed multithreaded algorithms to compute the DRPs are
presented. There are four cases presented: unbalanced DRPs with zero-values parameters,
balanced DRPs with zero-value parameters, unbalanced DRPs with given parameter values,
balanced DRPs with given parameter values.

Multithread processing, also called multithreading, is a computing technique that
partitions a program into multiple threads to facilitate concurrent processing within a single
task. A thread is the smallest unit of execution within a process that can be scheduled and
managed independently by an operating system [37,38]. By enabling these units to operate
independently, the approach optimizes the utilization of CPU resources, particularly within
multicore architectures [39].

4.1. Methodology of the Zero-Parameter Unbalanced Algorithm (ZPUA)

Let N denote the DRP matrix dimension (N x N matrix), and M the required number
of threads to process the polynomial coefficients. The total number of columns to be
processed is denoted by Cyta1, whereas T represents the effective number of threads utilized,
where T < M. The workload distribution is determined by the base allocation B and the
remainder A., where A, represents the columns that cannot be evenly partitioned among the
threads. Lett € {0,1,..., T — 1} denote the thread index. For each thread ¢, the assigned
number of columns is denoted by C;. The corresponding starting and ending column
indices are given by S; and E; respectively. E; is treated as an exclusive upper bound such
that the assigned columns span [S¢, E¢). The total number of columns to be computed
ranges from index 2 to N — 2. Because the upper bound N — 1 is exclusive, the total column
count is given by

Ciotal = max(0,(N—1)—2) =N —3, for N > 3. (1)

To prevent the allocation of idle threads, the effective number of active threads T is
bounded by the total number of available columns:

T = max(1, min(M, Cyotal))- (22)

To partition the workload, the total number of columns is divided evenly among the
active threads, establishing the base allocation B and remainder A:

_ Ctotal
B= { oal | 23)
A; = Ciprag mod T. (24)

To distribute this remainder uniformly, the first A. threads are assigned exactly one
additional column. Consequently, the total number of columns C; assigned to a specific
thread ¢ is given by the piecewise function:

B+1, ift <A

(25)
B, ift > A

-~

The index ranges assigned to each thread are allocated sequentially. The starting
column index S; for thread t is offset from the global starting index of 2, yielding

24+HB+1), ift<A.

(26)
24+tB+ A, ift>A..
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The corresponding ending column index E;, representing the exclusive upper bound
of the assigned block, is simply
Ei =S¢+ Cy. (27)

For more clarification, a representation of the workload partitioning is depicted in
Figure 1. This figure depicts the assighment of columns across the DRP matrix, which
demonstrates that the first A threads receive slightly larger blocks of size B + 1 compared
with the remaining threads, which receive blocks of size B. This will ensure complete,
non-overlapping coverage of the computational domain without requiring dynamic syn-
chronization.

0 1 gN-l

1
B-+1 cols B+1 cols
Thread 0 |
Thread 1
Step 4 o
ol s e el
Sy Eg| I
w
b
o
w
-t >
S Eqf Il
|Similarity Relation | Il
[
Sr Eg |
N-1 --F-t-4--p

St Er
Figure 1. Distribution of the computational workload across threads for the unbalanced zero-

parameter DRP. Step 1 computes the initial value. Steps 2-1 and 2-2 compute the initial sets at the
first and second rows, respectively. Step 3 computes the coefficients for the last column.

Triangular Row Computation and Dynamic Early Stopping

For any assigned column s € [S;, E;), the row-level calculation is bounded by the
diagonal, iterating exclusively over the upper triangular portion of the matrix where
the row index n € {2,3,...,s}. To optimize the computational cost across the columns,
the dynamic early-stopping criterion previously established in (18) is applied.

The polynomial recurrence relation defined in (19) is computed sequentially for n <'s.

0,0
If the calculated value ’f?n(o’h)(s) falls below the tolerance threshold (10~°) and subsequently

exhibits growth in magnitude relative to the previous row (indicating a lack of conver-
gence), the computation for that column is immediately terminated. Therefore, the final
number of rows evaluated for a given column s is bounded by the stopping row 1stop (s),
mathematically defined as

. 5 (00) 5 p 1pl08) g 5 1p(02)
neop(s) = & i |1 <5, (1P 5)] 10704120 s) [ > [B))E g

s otherwise.
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Furthermore, rather than requiring a separate computational phase, the corresponding
elements of the lower triangle are evaluated directly within each thread alongside their
0,0
upper-triangular counterparts. For each element 75,50"9)(5) calculated in the upper trian-
gle, the symmetric element (n > s) is populated simultaneously using the parity-based
similarity relation defined in (20). Algorithm 1 summarizes the workflow of the proposed
multithreaded ZPUA algorithm.

Algorithm 1 Methodology of the zero-parameter unbalanced algorithm (ZPUA)

Require: Matrix dimension N, Maximum requested threads M
Ensure: Populated DRP Coefficient Matrix under zero-parameter configuration
// STAGE 1: HOST INITIALIZATION & COLUMN ALLOCATION

1: Ciotal < max(0, N — 3)

2: if Ctotal == 0 then

3: return > Terminate case execution
4: end if

5. T < max (1, min(M, Ciotar))

6: B <+ %

7

. AC < Ctotal mOd T

/I STAGE 2: CONCURRENT THREAD PROCESSING
8: spawn T threads concurrently for each thread index t € {0,1,...,T — 1} do
9: if t < A; then
10: Ci+ B+1
11: Sp«+2+4+t(B+1)
12: else
13: Ci <+ B
14: St <2+ tB+ A

15: end if

16: Et <+ S; +C;

17: fors = S;to E; — 1 do > Process assigned column block
18: forn =2tosdo > Iterate upper triangular matrix
19: DRP|[n][s] «+ Evaluate_Recurrence_Relation(n, s)

20: if n > 2 then > Apply dynamic early stopping check
21: if [DRP[n][s]| < 107> A |DRP[n][s]| > |DRP[n — 1][s]| then

22: break > Terminate current column processing early
23: end if

24: end if

25: DRP[s|[n] < Apply_Symmetry(DRP[n][s],n,s)

26: end for

27: end for

28: end spawn
29: synchronize / join all T threads
30: return DRP Matrix

4.2. Methodology of the Zero-Parameter Balanced Algorithm (ZPBA)

This section formalizes the static, symmetrically balanced workload distribution
method. The computation for the zero-parameter DRP matrix is restricted to the upper-
triangular region (1 < s). Consequently, the number of computational operations grows
linearly with the index s. To achieve load balancing without costly synchronization over-
head, a mirrored block partitioning strategy is employed.

https:/ /doi.org/10.3390/a19080624
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Let N denote the DRP matrix dimension, and M the required number of threads.
The interior columns to be processed range from s = 2 to N — 2. The total number of
columns to be computed is

Ciotal = max(0,(N—1)—2) =N -3, forN > 3. (29)

Let T = max(1, min(M, Ciyta1)) be the effective number of active threads. To balance
the linearly increasing workload, the computational domain is bisected into a left half and
a right half:

C C
Cleft = {ng + (Ctotal mod 2)/ C'right = {ng . (30)

Each thread t € {0,1,..., T — 1} is assigned exactly two disjoint blocks of columns:
one from the left half (C; jeft) and one from the right half (C; signt)-

The left half is partitioned sequentially using a base allocation Bjesy = | Clet/ T | and
remainder Ajegt = Ciest mod T. The number of columns C; jof assigned to thread ¢ is

1, ift < Apg
Ctleft = Bieft + h (31)
0, otherwise.

The starting and exclusive ending column indices for the left block are given by

Stleft = 2 + tBiefe + min(t, Ajegt), (32)
Etjeft = Steft + Chleft- (33)

To counteract the increasing computational weight of the columns, the assignment
of blocks in the right half is mirrored (reversed). We define the reversed thread index as
F=T—-1-t

The right half is partitioned using Byjght = LCright /T| and Aright = Cright mod T.
The number of columns C; sight assigned to thread ¢ depends on its reversed index:

1, lf t_' < Al‘ight

Ct,right = Bright + (34)

0, otherwise.

The starting and exclusive ending column indices for the right block are shifted by the size
of the left half and assigned according to f:

St,right =24 Clegt + {Bright + min({/ Aright)r (35)
Et,right = St,right + Ct,right' (36)

The total subset of columns processed by thread f, denoted as C;, is the union of its
left and right assigned blocks, defined by the half-open intervals:

Ci = [St,leftr Et,left) U [St,rightr Et,right)' (37)

This ensures that a thread processing the “lightest” columns on the left simultaneously
processes the “heaviest” columns on the right, providing an optimal static load balance.
The resulting mirrored block assignment and perfectly balanced static computational
volume per thread are illustrated in Figure 2.
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Figure 2. Distribution of the computational workload across threads for the balanced zero-parameter
DRP. Step 1 computes the initial value. Steps 2-1 and 2-2 compute the initial sets at the first and
second rows, respectively. Step 3 computes the coefficients for the last column.

Triangular Row Computation and Early Stopping

For any column s € C; assigned to thread ¢, the row-level calculation is bounded by the
diagonal, iterating exclusively over the upper-triangular portion where n € {2,3,...,s}.

To optimize computational cost, the dynamic early-stopping criterion previously es-
tablished in (18) is applied. The polynomial recurrence relation defined in (19) is computed

(2)

sequentially for n < s. If the calculated value P,"”/(s) falls below the tolerance thresh-
old (10~°) and subsequently exhibits growth in magnitude relative to the previous row
(indicating a lack of convergence), the computation for that column is terminated.

The final number of rows evaluated for a given column s is bounded by ntop (s):

0,0 ,0
min{n | n <s, (|’Pn(0 b)(s)| <1075 A |’P( > n( i’)(s N}, (38)

s otherwise.

Nstop (S) =

Furthermore, the corresponding elements of the lower triangle are evaluated directly
0,0
within each thread alongside their upper-triangular counterparts. For each element 15,1<°'b>(s)
calculated in the upper triangle, the symmetric element (1 > s) is populated simultaneously
using the parity-based similarity relation defined in (20). Figure 3 illustrates the workload
computational volume for the balanced zero-parameter DRP. Algorithm 2 summarizes the
workflow of the proposed multithreaded ZPBA algorithm.
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Algorithm 2 Methodology of the zero-parameter balanced algorithm (ZPBA)

Require: Matrix dimension N, Maximum requested threads M
Ensure: Populated DRP Coefficient Matrix under zero-parameter configuration

10:
11:

12:
13:
14:
15:
16:
17:
18:

19:
20:
21:
22:
23:
24:
25:

26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:

/I STAGE 1: HOST INITIALIZATION & LOAD BALANCING

. Ciotal < max(0, N — 3)
. if Ctotal —_—= O then

return > Terminate case execution
end if

: T maX(L min(M, Ctotal))
: Cleft < {%J =+ (Ctotal mod 2)

C
: Cright — { tatalJ

c
: Bleft < { lf“J ; Dieft < Clegg mod T

Cright

: Bright A \‘ T J/ Aright <« Cright mod T

/l STAGE 2: CONCURRENT THREAD PROCESSING
spawn T threads concurrently for each thread index t € {0,1,...,T — 1} do
P~ T—-1-t > Define mirrored index for the right half
/Il Left block allocation calculations
if t < Ajeft then
Chleft < Bleft +1
else
Chleft < Bieft
end if
Steft < 2+ tBiege + min(f, Apegr)
Eijeft < Steft + Ci left
/l Right block allocation calculations
if f < Agjgne then
C1‘,right A Bright +1
else
Ct,right — Bright
end if
S tright € 2+ Cleft + iTBrigh’t + min(f, Aright)
Ei,‘,righ’t +~S t,right + Ct,right
/I Mirrored processing execution loop
for each interval [S, E) € {[St jeft, Etleft), [St rights Et right) } do
fors =StoE—1do
forn =2tosdo > Iterate upper triangular portion
DRP([#n][s| +— Evaluate_Recurrence_Relation(n,s)
if n > 2 then > Apply dynamic early stopping check
if [DRP[n][s]| < 107> A |DRP[n][s]| > |DRP[n — 1][s]| then
break > Terminate current column processing early
end if
end if
DRP([s][n] - Apply_Parity_Symmetry(DRP[n][s], n,s)
end for
end for
end for
end spawn
synchronize / join all T threads
return DRP Matrix
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Figure 3. Workload computational volume for balanced zero-parameter DRP.

4.3. Methodology of the Valued-Parameter Algorithm (VPA)

This section formalizes the static partitioning of the workload into independent blocks
for processing. This approach eliminates the overhead of costly synchronization by pre-
determining the column distribution, though it may result in variable execution times per
thread due to the varying row depths.

4.3.1. Deterministic Column Partitioning

In this approach, Ciota; = N — 2 and T = max(1, min(M, Ciota1) )- The total number of
columns is divided evenly among the active threads, establishing a base allocation B and
remainder A:

B:{E%@J, A¢ = Ciopay mod T. (39)

To uniformly distribute the remainder, the first A, threads receive exactly one addi-
tional column. Thus, the total number of columns C; assigned to thread ¢ is determined by
the piecewise function:

B+1, ift<A
Cr = ‘ (40)
B, ift > Ac.
The starting column index at S; for thread ¢ is calculated directly without interthread
communication:
1+t(B+1), ift <A,

1+tB+ A, ift> A,

St = (41)

The exclusive ending column index E; is given by E; = S; 4+ C;. This guarantees that
the subset of columns C;, processed by thread ¢, is strictly contiguous and disjoint from all
other threads, defined by the half-open interval:

Ci =[S, Ey). (42)

Figure 4 illustrates this piecewise distribution of the computational workload across
threads for the valued-parameters DRP matrix. It demonstrates how the first A; threads
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receive slightly larger blocks while maintaining strict contiguity without dynamic synchro-
nization.

o

o

"i

Thread 1
Compute_'tlﬁt

Thread 0

y doig

Figure 4. Distribution of the computational workload across threads for the valued-parameter DRP.
Step 1 computes the initial value. Steps 2-1 and 2-2 compute the initial sets at the first and second rows,
respectively. Step 3 computes the coefficients for the last column. Step 4 computes the coefficients for
the first column.

4.3.2. Row Computation and Dynamic Stopping Criterion

Once the contiguous block of columns C; is assigned to thread t, the row-level calcula-
tions are performed independently for each column s € C;.

The algorithm utilizes the exact same dynamic early-stopping criterion defined previ-
ously. The expected peak mis(s) is calculated, and the rows are evaluated unconditionally
through mis(s). For n > mis(s), the polynomial recurrence relation is halted the moment

0,0
the value falls below the tolerance threshold and ceases converging, i.e., |’15n(0’b)(s)| <107

5 (00) 5 = (00)
and [,0(s)| > [B,%2/s)].

Because the number of rows evaluated, 7stop (s) — 1, varies smoothly but monotoni-
cally across the matrix dimensions, the static distribution of C; columns inevitably leads
to threads assigned to the left side of the matrix (lower t) executing marginally more
mathematical operations than threads assigned to the right side (higher t). Algorithm 3

summarizes the workflow of the proposed multithreaded VPA algorithm.
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Algorithm 3 Methodology of the valued-parameter algorithm (VPA)

Require: Matrix dimension N, Maximum requested threads M
Ensure: Populated DRP Coefficient Matrix under valued-parameter configuration
/I STAGE 1: HOST INITIALIZATION & COLUMN PARTITIONING
1: Ctotal — N - 2
2: T + max (1, min(M, Ciota1))
3: B4 {%J
4: AC «— Ctotal mOd T

/I STAGE 2: CONCURRENT THREAD PROCESSING
: spawn T threads concurrently for each thread indext € {0,1,...,T —1} do
. if t < A then
Ci+B+1
Si ¢+ 1+tB+1)
: else
10: Ci+ B
11: S+ 1+tB+ A

12: end if

13: E; < S; + C;

14: fors = S;to E; — 1 do > Process contiguous column block C¢
15: mis(s) < Calculate_Expected_Peak(s)

16: forn=1to N —1do > Evaluate row-level calculations independently
17: DRP|n][s] < Evaluate_Valued_Recurrence(n, s)

18: if n > mis(s) then > Apply dynamic early-stopping check past peak
19: if [DRP[n][s]| < 1075 A |DRP[n][s]| > |DRP[n — 1][s]| then

20: break > Terminate current column processing early
21: end if

22: end if

23: end for

24: end for

25: end spawn
26: synchronize / join all T threads
27: return DRP Matrix

5. Experimental Results and Discussion

In this section, a comprehensive experimental analysis is performed to evaluate the
performance of the proposed algorithm. In addition, the proposed algorithm is bench-
marked in terms of the execution time, thread synchronization, and CPU affinity utilization.
Furthermore, the proposed algorithm is evaluated and compared to existing works. The
results were obtained by conducting the experiments using an Intel Core i7-12700KF CPU
(Intel Corporation, Santa Clara, CA, USA) (8 P-cores and 4 E-cores, which provide 20
logical CPUs), 32 GB of RAM, and Microsoft Windows runtime library threading. To ensure
statistical reliability and account for runtime fluctuations, all of the following experiments
were performed for 20 independent runs, and the average execution times were computed.

The performance is benchmarked across varying polynomial sizes (N = 1000 to 8000),
threads (2, 4, 8, 16, 32, 64, 128, and 256), and CPU affinities (2, 4, 8, 16, and 20). It is
noteworthy that, as the proposed methods parallelize the state-of-the-art sequential DRP
algorithm without altering its mathematical formulation or the strict sequence of row-level
operations, the computed coefficients retain the exact same numerical accuracy, round-off
behavior, and stability characteristics as the original implementation.

For N = 1000, Figure 5 shows that parallelization costs easily dominate the limited
workload. ZPBA and ZPUA achieve the lowest execution times—with ZPBA performing
best—while VPA remains the slowest. As core count increases, execution time optimizes at
approximately 0.577 msec on 16 and 20 logical CPUs. However, severe oversubscription
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starting at 128 threads degrades performance to roughly 11 msec. This shows that for small
workloads, the scheduling and synchronization overheads completely dominate parallel
scaling benefits. As a results, using threads more than 16 is not beneficial and the optimal
thread selection dropped to zero beyond that point.

CPU Affinity: 2 Logical CPUs CPU Affinity: 4 Logical CPUs
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Figure 5. Computation time for polynomial size N = 1000.

Figure 6 shows the computation time for polynomials size N = 2000. The results
depict an improved computation-to-overhead ratio, which represents better hardware
scaling. ZPBA and ZPUA continue to dominate, while VPA remains the slowest (noting
that ZPBA achieves the lowest execution times). At this polynomial size (N = 2000), with a
larger workload, it shows effective utilization of more physical cores. This drives execution
time down to an optimal 1.42 msec on 20 logical CPUs using 16 threads. On the other hand,
a severe oversubscription cost persists; scaling from 128 threads degrades performance
to between 3.52 msec and 12.45 msec depending on logical CPU affinity. Furthermore,
near-optimal thread selection peaks precisely at 16 threads and become negligible beyond
32. This proves that large hyperthreading remains inefficient at this size.

For N = 4000, Figure 7 illustrates a highly efficient computation-to-overhead ratio,
which makes it excellent hardware scaling. ZPBA consistently achieves the lowest execution
times, and outperforms VPA. The increased workload efficiently utilizes up to 16 logical
CPUs and reduces the execution time near-linearly from 30.78 msec on 2 logical CPUs
to 5.20msec on 16 logical CPUs. It is noteworthy that sufficient computational density
shifts the optimal concurrency point up to 32 threads. Despite this increased workload,
with a large number of threads, oversubscription remains adverse to performance. The
system manages 128 or 256 threads, and this degrades the performance across all logical
CPUs affinities and increases execution times over 11.2 msec on the 20-logical-CPU setup.
This demonstrates that limiting how many threads are created to the hardware’s effective
capacity (32 threads) is critical for optimal performance.
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Figure 6. Computation time for polynomial size N = 2000.
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Figure 7. Computation time for polynomial size N = 4000.
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For the largest tested polynomial size (N = 8000), Figure 8 depicts an excellent strong
scaling. ZPBA consistently outperforms ZPUA and VPA, which achieves the lowest ex-
ecution times. At this workload, the execution time is reduced to near-linear from over
135 msec to an optimal 20.7 msec on 20 logical CPUs using 16 threads. High computational
density largely masks the thread management overheads (such as scheduling and coordi-
nation overhead), which becomes less noticeable. Oversubscribing to 128 or 256 threads
results in a slight increase in the execution time, which reaches ~27.6 msec, showing a
relatively mild performance degradation and confirming a compute-constrained state.
Nevertheless, limiting the number of simultaneously running threads between 16 and 32
threads remains optimal.
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Figure 8. Computation time for polynomial size N = 8000.

To analyze the effectiveness and scalability of the presented algorithms, an evalua-
tion of performance improvements over the sequential baseline [18] is conducted. Since
no published parallel implementations for DRPs are currently available, the serial imple-
mentation of the same DRP algorithm was selected as the baseline. This ensures that the
observed performance gains are solely attributable to the proposed parallelization strategy
without introducing algorithmic differences. The following analysis investigates the effect
of changes in polynomial size (N) on the balance between parallel execution gains and
runtime overhead.

For small polynomial size of N = 1000, the comparison with the sequential baseline
shows high sensitivity to parallel scheduling overhead. As shown in Figure 9, ZPBA con-
sistently delivers the best performance, with a peak speedup is 6.55x. However, this small
workload results in an inefficient computation-to-overhead ratio where oversubscription
to a large number of threads is negatively impact the performance. The management of
128 or 256 threads drops the speedup below unity to a minimum of 0.32x for ZPUA on
4 logical CPUs. At this low polynomial size, the overhead of thread creation, frequent
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context switching, and cache thrashing completely overwhelms the theoretical benefits of
parallelism. This surely makes excessive concurrency less efficient than a single-threaded
implementation [18].
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Figure 9. Performance improvement for N = 1000 for different thread and logical CPU configurations.

For N = 2000, the performance improvements become clear as the polynomial size
increased which allows the system to better distribute scheduling overhead. As depicted
in Figure 10, ZPBA outperforms ZPUA and VPA, which reaches a peak speedup factor of
~10.11x on the 16-logical-CPU configuration. While thread oversubscription at 256 threads
still results in performance degradation, the impact on the speedup is markedly less
compared with polynomials soze of N = 1000. This confirms that higher computational
demands better justify the overhead of parallelization. This successfully transitions the
framework from a scheduling-constrained state to the one that effectively utilizes available
hardware concurrency.

As the polynomial size increases to N = 4000, the algorithm transitions into a compute-
intensive phase in which the substantial workload far exceeds parallel scheduling overhead.
As shown in Figure 11, ZPBA translates its high efficiency into an impressive maximum
speedup factor of 10.91x over the sequential baseline. Furthermore, a shift in scaling
behavior is observed regarding massive thread oversubscription. Unlike the impact of
degradation occurred at smaller sizes, managing 256 threads at N = 4000 never degrades
performance below the unthreaded baseline. Even in the highly constrained 2-logical-CPU
setup, the 256-thread execution maintains a positive speedup factor of 1.71x for ZPBA.
This approves that at this scale, the theoretical benefits of multithreading fully realized [18].
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Figure 10. Performance improvement for N = 2000 for different thread and logical CPU configurations.
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Figure 11. Performance improvement for N = 4000 for different thread and logical CPU configurations.

Expanding the analysis to the highest tested polynomial size of N = 8000, the frame-
work operates consistently within a compute-bound regime where the immense computa-
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tional payload completely dominates overheads (see Figure 12). Consistent with previous
observations, ZPBA dictates optimal efficiency, corresponding to a maximum speedup
factor of 10.44x over the baseline [18]. At this large scale, the algorithm demonstrates
an extraordinary resilience to massive thread oversubscription. Even under the most
extreme constraint—managing 256 threads on a mere 2 logical CPUs—ZPBA maintains
a strong positive speedup of 1.87x, while the 16-logical-CPU configuration processing
256 threads still delivers a massive 9.61x speedup. This robust scaling behavior verifies
that for highly dense computational problems, maximizing concurrency strictly benefits
throughput and entirely neutralizes the adverse context-switching effects that penalized

smaller problem sizes.
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Figure 12. Performance improvement for N = 8000 for different thread and logical CPU configurations.

To analyze the scaling behavior of the unbalanced algorithm across varying workload
densities, an examination of the optimal thread count mapping depicted in Figure 13
reveals highly non-linear characteristics dependent on both hardware concurrency and
problem size. For smaller polynomial sizes of N = 1000 and N = 2000, the optimal thread
count generally mirrors the available logical CPUs up to the 16-logical-CPU configuration
at a 1:1 ratio, whereas the 20-logical-CPU setup introduces scheduling inefficiencies that
force the optimal count to drop to 8 or stall at 16 threads. A scaling pivot occurs at
N = 4000, where the increased computational payload justifies thread oversubscription,
causing optimal counts to jump significantly across all setups, including a peak of 32
threads for both the 16-logical-CPU and 20-logical-CPU affinities. At the highest workload
densities of N = 8000, a stark divergence emerges: the 16-logical-CPU configuration
successfully leverages massive concurrency to reach an absolute peak of 64 optimal threads
at N = 8000, while the 20-logical-CPU setup severely plateaus at just 16 threads. This
behavior indicates that the unbalanced workload distribution strategy inherently struggles
with synchronization or load distribution across the 20-logical-CPU topology, resulting in
diminishing returns and dictating a heavily constrained optimal thread ceiling to prevent
performance degradation at extreme problem sizes.
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Figure 13. Optimal thread count distribution across varying polynomial sizes (N) and logical CPU
configurations for the ZPUA algorithm.

An examination of the optimal thread count mapping (shown in Figure 14) for the
balanced algorithm reveals a distinctly different progression profile compared to the un-
balanced approach. For lower computational workloads at N = 1000 and N = 2000,
the balanced strategy scales relatively proportionally to the hardware, though it exhibits
a readiness to embrace thread oversubscription earlier, optimizing at 32 threads on the
16-logical-CPU configuration at N = 2000. The most striking behavioral anomaly occurs at
the N = 4000 scaling pivot, where the optimal thread count universally locks at exactly 32
threads across all multi-logical-CPU setups ranging from 2 to 20 logical CPUs. This uniform
stabilization suggests an ideal equilibrium point where the balanced workload distribution
perfectly synchronizes the payload irrespective of the underlying logical CPU topology.
However, as the problem size expands to extreme densities at N = 8000, a sharp archi-
tectural divide emerges. Fewer-logical-CPU configurations (two, four, and eight logical
CPUs) aggressively rely on massive oversubscription to maintain throughput, reaching an
absolute peak of 128 optimal threads on eight logical CPUs at N = 8000. In stark contrast,
higher-tier architectures face severe diminishing returns; the 16-logical-CPU setup regresses
to optimize at 32 threads, and the 20-logical-CPU setup is heavily bottlenecked, plateauing
at a mere 16 threads. This indicates that while the balanced algorithm achieves remarkable
synchronization at medium workloads, its distribution overhead at extreme problem sizes
creates critical limitations on high-logical CPU topologies, strictly capping their viable
concurrency while smaller architectures freely oversubscribe to mask latency.

Analyzing the optimal thread count mapping (illustrated in Figure 15) for the pa-
rameterized algorithm exposes a highly erratic and non-linear scaling profile that heavily
contrasts with the more predictable behaviors of the unbalanced and balanced strategies.
At lower computational densities (N = 1000 and N = 2000), the algorithm demonstrates
a tendency to plateau early on higher-logical-CPU architectures, stubbornly optimizing
at exactly 16 threads for the 20-logical-CPU setup, and similarly stalling at 16 threads on
the 16-logical-CPU setup at N = 1000. As the workload transitions through the N = 4000
intermediate sizes, the optimal thread mapping exhibits significant oscillation; for instance,
at N = 4000, the two-logical-CPU configuration aggressively oversubscribes to 32 threads,
while the four-logical-CPU setup paradoxically regresses to 16 threads. At the maximum
evaluated density of N = 8000, this volatility culminates in massive, isolated spikes, such
as the 16-logical-CPU configuration heavily oversubscribing to an absolute peak of 128 op-
timal threads. Notably, throughout all tested problem sizes, the 20-logical-CPU topology
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remains severely bottlenecked, consistently stalling at a maximum of 16 optimal threads
regardless of the computational payload. This pronounced inconsistency suggests that
the specific tuning mechanisms inherent to the parameterized approach are highly sen-
sitive to the underlying hardware topology, resulting in unstable load distribution and
unpredictable optimal concurrency limits across varying problem sizes.
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Figure 14. Optimal thread count distribution across varying polynomial sizes (N) and logical CPU
configurations for the ZPBA algorithm.
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Figure 15. Optimal thread count distribution across varying polynomial sizes (N) and logical CPU
configurations for the VPA algorithm.

Overall, the experimental results indicate that the optimal thread count is generally
556 achieved at ~16 threads (Figure 16a). This behavior is primarily attributed to the hybrid
architecture of the Intel Core i7-12700KF processor, which consists of eight performance (P)
cores supporting hyperthreading (16 logical CPUs) and four efficient (E) cores, resulting
in a total of 20 logical CPUs. The proposed DRP computation is compute-intensive and
therefore benefits mainly from the high-performance P-cores. As a result, increasing
the thread count beyond 16 provides only limited additional computational capability
while introducing additional scheduling, synchronization, and memory-access overheads
associated with the efficient cores. Although workloads with larger polynomial sizes
can effectively utilize up to 32 threads in some cases, excessive oversubscription (128 or
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256 threads) consistently results in performance degradation, confirming that thread counts
close to the hardware’s effective processing capacity provide the best balance between
parallelism and runtime overhead.

20 . . . . , . . : 100 . .
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15} g 8o ]
o &
5 g oor
S0t &
% )
5 40f
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Figure 16. Scalability at N = 8000 on the 20-logical-CPU i7-12700KF: (a) speedup versus thread count,
(b) parallel efficiency versus thread count, (c) Context-switch overhead versus thread count, and (d)
CPU utilization versus thread count.

The trends are quantitatively supported by the recorded metrics (Figure 16): at
N = 8000, the parallel efficiency is maximal at ~60-67% at ~16 threads (Figure 16b), and is
reduced to ~3% at 256 threads, while the context switches increase by a factor of ~10 (=80
— ~1350) (Figure 16c¢) , the thread creation/join cost increases from <1 ms to 5-10 ms,
and the CPU utilization of the assigned logical CPUs decreases from ~40-58% to <10%
(Figure 16d). This confirms that, outside the effective logical CPU count, the execution is
dominated by scheduling and synchronization overhead, and limited by shared resources
such as memory bandwidth, rather than by useful computation.

To sum up, the experimental results demonstrate that the proposed multithreading
algorithms substantially improve the computational performance of high-order DRPs.
Notably, the ZPBA algorithm consistently achieves the best scalability and execution
efficiency, while the ZPUA and VPA algorithms exhibit greater sensitivity to workload
characteristics and hardware topology.

6. Conclusions

This paper presented a novel multithreading framework to overcome the historical
sequential bottlenecks associated with computing high-order DRPs. By carefully map-
ping the mathematical recurrence relations of DRPs into concurrent tasks, we introduced
three distinct partitioning strategies: ZPBA, ZPUA, and VPA. The experimental evalua-
tion demonstrated that transitioning from sequential to parallel execution dramatically
reduces computation time, achieving speedups exceeding 10x for large matrix dimensions.
Among the proposed strategies, ZPBA proved to be the most robust and highly scalable.
By employing a mirrored block distribution, ZPBA perfectly balanced the uniform compu-
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tational payload of zero-valued parameters, allowing for maximum hardware utilization.
Conversely, the evaluation highlighted the inherent complexities of non-zero parameter
evaluations; specifically, VPA is subject to varying row depths and load imbalances, requir-
ing precise thread tuning to achieve optimal scalability on modern multicore architectures.
Ultimately, this framework bridges the gap between theoretical mathematical models and
high-performance computing, rendering the generation of large-scale DRP matrices compu-
tationally viable for advanced digital signal processing and quantum physics applications.
Future work will investigate GPU-based implementations of the proposed algorithms
using many-core parallel computing frameworks, such as CUDA or OpenCL, to further
accelerate the computation of high-order DRPs and to evaluate their performance relative
to the multithreaded CPU implementations presented in this work.
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