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Abstract

Coefficient of determination is widely used to select machine learning hyperparameters
that yield the highest quality of predictions. However, coefficient of determination does
not consider uncertainty estimates in predictions, which are also crucial for practical
applications. In this work, we develop a combined metric that incorporates both quality
of predictions and quality of uncertainty. We validate the metric on a controlled synthetic
regression benchmark. We demonstrate that optimization of the combined metric improves
the overall estimates of the output variable and its uncertainty compared to optimization of
either ingredient metric within this benchmark. The combined metric enables simultaneous
assessment of predictions and their uncertainties for regression model selection; extension
to broader model classes and tasks is left for future work.

Keywords: coefficient of determination; design; hyperparameters; machine learning;
optimization; uncertainty

1. Introduction

Throughout history, knowledge about the surrounding world has propelled the devel-
opment of humanity. However, obtaining new knowledge is not the only challenge: utiliz-
ing this knowledge for real-world applications is crucial. Nowadays, with the availability
of computational resources and large amounts of data [1-3], machine learning [4-8] has
proven an effective tool for this purpose.

Machine learning is a class of algorithms that are trained on historical data to pre-
dict the quantities of interest for new data entries. A few examples of widely used ma-
chine learning algorithms are neural network [9], Gaussian process [10,11], and random
forest [12]. Machine learning has been successfully applied in many fields, including mate-
rials science [13-21], language processing [22-25], and financial markets [26-28] to predict
quantities of interest. For example, in materials science, machine learning has been used to
predict physical properties of a putative material alongside uncertainties in them.

To successfully apply a machine learning model to a given problem, the model’s
hyperparameters need to be selected. The model’s hyperparameters are selected to optimize
the metric relevant to the problem. In many prediction problems, the relevant metric is
coefficient of determination R? [29], which quantifies how close the model’s predictions
are to the true values. The model’s hyperparameters are then selected so that the model’s
predictions are as close to the true values as possible.
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While R? captures the quality of predictions, it does not capture the quality of uncertainty
estimates in predictions. High quality of uncertainty estimates is required in many real-world
applications. For example, in materials design, uncertainty in the predictions of the material’s
properties is crucial for identifying the material that is most likely to satisfy the set target
criteria [30-33]. Furthermore, uncertainty is used to accelerate materials discovery by guiding
where in the materials space new experiments should be performed [34-36], and also to
identify outliers and erroneous entries in materials databases [37]. A metric that quantifies
how good uncertainty estimates are is quality of uncertainty A [38].

One method that ensures high quality of uncertainty estimates is calibration of uncer-
tainty [39-41], which involves rescaling of uncertainty estimates from the model with the
best R? to make these estimates more realistic. However, calibration typically only provides
one scaling factor for the entire dataset. Therefore, if uncertainty estimates are inconsistent
in the first place, they will remain inconsistent even after calibration. Another method that
ensures high quality of uncertainty estimates is combined metric. Optimization of such
a metric will select hyperparameters that achieve both high quality of predictions and high
quality of uncertainty estimates.

In this work, we develop a combined metric that incorporates both R? and A. We first
outline the derivation of the combined metric in Section 2. We then validate that optimization of
combined metric yields better predictions compared to optimization of R? and A separately in
Section 3. Finally, we discuss broader applications of the combined metric in Section 4.

Related directions in the literature include multi-objective optimization and Pareto
methods [42-44], weighted-loss formulations [45], and calibration/probabilistic-scoring
approaches [40,46,47]. Our focus is different: rather than treating prediction quality and
uncertainty quality as separate objectives that require external preference tuning, we derive
a single closed-form objective that balances R? and A using their propagated uncertainties.
This framing provides a direct scalar objective for model selection in settings where both
criteria are required simultaneously.

The distinction from prior work is as follows. Pareto methods return a frontier and
typically require a downstream preference selection step [42,43]. Weighted-loss methods
usually require user-tuned or task-adaptive coefficients [45]. Calibration methods improve
uncertainty reliability but do not by themselves define a joint model-selection objective
over prediction fit and uncertainty quality [40,46]. In contrast, the present work derives a
single objective in which the coupling coefficient is tied to uncertainty propagation of the
two ingredients, yielding an explicit and interpretable trade-off in one score.

The existing literature already defines R%, A, and post hoc calibration. Our original
contribution is threefold: (i) we derive an uncertainty-aware weighting factor a that couples
R? and A through their propagated uncertainties, (i) we propose a single optimization
objective that balances prediction accuracy and uncertainty quality during hyperparameter
selection, and (iii) we validate the resulting objective in a controlled benchmark where
optimizing either R? or A alone yields less balanced performance.

For ease of comparison, Table 1 summarizes the strengths and limitations of commonly
used approaches and clarifies the scope of the proposed metric.

Table 1. Comparative summary of approaches for balancing predictive performance and uncer-
tainty quality.

Approach

Main Strengths Main Limitations

Optimize R? only

Maximizes average predictive accuracy  Does not directly penalize poor uncer-

and is simple to implement. tainty quality; can favor models with
miscalibrated or weakly ranked uncer-
tainty estimates.
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Table 1. Cont.

Approach

Main Strengths

Main Limitations

Optimize A only

Directly rewards uncertainty quality
and confidence ranking.

Can reduce mean-prediction accuracy
and may favor noisy predictors.

Pareto-based multi-objective optimization

Explicitly represents trade-offs between
prediction fit and uncertainty quality as
a frontier.

Usually does not produce one final op-
erating point; a downstream preference
decision is required.

Calibration-first pipelines (e.g., Platt scaling;
equidistant regression calibration)

Improve reliability of reported uncer-
tainty through post-hoc rescaling and
can be layered onto existing models.

Applied after model /hyperparameter
selection; do not by themselves define
a joint scalar objective for simultane-
ous tuning of prediction fit and uncer-
tainty quality, and may introduce extra
rescaling-parameter choices.

Proposed combined metric (R?> — aA)

Defines a single uncertainty-aware
scalar objective from propagated uncer-
tainty in both ingredients, enabling si-
multaneous hyperparameter tuning.

Relies on derivation assumptions (e.g.,
approximately normal residual be-
havior and large-N approximations);
broader benchmarking is still required.

2. Derivation of Combined Metric

Machine learning predictions of the output variable are affected by hyperparameters
of the model. Selection of hyperparameters is done by optimizing the relevant metric
computed using cross-validation [48,49]. If the goal is to maximize the quality of predictions,
we select hyperparameters that lead to the best value of R? on cross-validation. If the goal
is to maximize the quality of uncertainty estimates, we select hyperparameters that lead to
the best value of A on cross-validation.

In real-world applications, such as materials and drugs design, we need hyperparame-
ters that lead to high quality of both output variable predictions and uncertainty estimates
in these predictions. To formally select such hyperparameters, we analytically optimize a
combined metric that incorporates both R? and A. First, in Section 2.1, we define RZ. Then,
in Section 2.2, we define A. Finally, in Section 2.3, we formally derive the combined metric.

2.1. Coefficient of Determination

Coefficient of determination R? assesses the quality of model predictions [29]. The
formula for R? is: A
R2_ . i (% =Y
Yy (Y = V)2

where Y; is the true value of the output variable Y for the ith entry of N, Yi is model
prediction of Y;, and Y is the mean value of Y. R? ranges from 1 for perfect predictions to
—oo for arbitrarily inaccurate predictions.

We now derive uncertainty in R?. Assuming the difference between machine learning
prediction and the true value is normally distributed with zero mean (often expected to
be approximately the case though some models might be biased to some degree), the sum
YN (Y - Y)? obeys chi-squared distribution with variance 2N x (Var(Y — Y))? [50], and
R? can be written as:

Var(Y —Y) . . /2
2 2
Re=1- “Var(Y) , with uncertainty o> = N (1-R%).
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2.2. Quality of Uncertainty

We now define the quality of uncertainty A [38]. We first calculate the error in the
model prediction scaled by uncertainty—e;—for each entry 7 in the dataset:

Y; - Y;
€ = —
7y,

i

where Y; is the true value of Y for the ith entry, Y; is the machine learning prediction,
and oy, is the uncertainty. The uncertainty ¢y, is the quadrature sum of machine learning
uncertainty in Y; and experimental uncertainty in Y;. The latter is often not provided, so is
estimated using machine learning uncertainty and a model hyperparameter described later.
The quantity € is accumulated over all dataset entries. The resulting histogram of e
is compared to that of standard normal distribution, as shown in Figure 1. For accurate
uncertainty estimates, there should be equal weight in each bin of € histogram and the
normal distribution histogram. The similarity between the two histograms is captured by
quality of uncertainty A:
1M M
2M-1 =

N 1

A N M

4

where n,, is the number of entries in the mth bin of M. Bins are chosen so that the
normal distribution has equal weight of 1/m in each. The quantity A ranges from 0 for
perfect uncertainty estimates to 1 for poor uncertainty estimates. The prefactor M/(M — 1)
normalizes A to [0,1]: in the worst case of all N entries concentrated in a single bin, the
unnormalized sum equals 2(M — 1)/ M, and multiplication by M/ (M — 1) rescales this
to 1.

1.0 1
Binned distribution of €

Difference between binned
0.8 ESS3 gistribution of £ and normal distribution

§06- \
i2250.4- & A\&
EO.Z- \“

-2 -1 | < 1 2
N« ESSSXSSSN] 4+ ++ + CSSSSSSNY

Figure 1. Distribution of € (orange) and standard normal distribution (white). Hatched regions
represent the difference between the two distributions. The schematic at the bottom illustrates the
addition of the differences to obtain A.

We now calculate uncertainty in A. Assuming N is large and the number of bins in the
histogram is chosen to be v/N [51]. This can be checked by performing the formal numerical
optimization procedure in [38], which we repeat here to confirm that the optimal number
of bins is v/N for large N. With this choice of M, the quality of uncertainty becomes:
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The number of points in the mth bin, n,, obeys normal distribution for large N, i.e.,

nm~N(V/'N, VN ), and therefore |1, — v/ N|~FN (0, VN ) where FA denotes the folded
normal distribution [52]. The uncertainty in A is therefore:

1 1 1 2
S - J1-=.
OA > /7N 4ﬁNU{‘n]7\/N‘,|n27\/N‘,...,‘n\/ﬁf\/N‘} 2 /N T

Other metrics that quantify how good uncertainty estimates are include expected
normalized calibration error ENCE [39] and normalized mean rescaled confidence interval
n-MeRCI [53]. However, ENCE only considers variance of errors in predictions rather than
histogram of these errors, meaning ENCE may not capture as much detail about uncertainty
estimates as A. The n-MeRCI metric requires knowledge about outliers in the underlying
data, which limits the scope of its application compared to A. Furthermore, these do not
give a readily derived analytic expression. Therefore, we adopt quality of uncertainty A for
the remainder of this study.

The derivation above relies on several assumptions: approximately normal residual
behavior, large-N approximations, and the binning choice M = v/N. These assumptions are
used to obtain a closed-form uncertainty estimate for A and hence a transparent expression
for the weighting coefficient. We therefore interpret the resulting metric as an analytically
motivated objective under these assumptions, rather than a universal optimum for all
data regimes.

Regarding the bin count, we use M = /N as a standard histogram scaling rule and
for consistency with the asymptotic derivation of . Alternative values of M are possible
and may change the numerical value of A; therefore, sensitivity to M should be examined
in extended empirical studies.

2.3. Combined Metric

We have now defined the metrics RZ and A. However, each of these takes its best
value at different hyperparameters, but we need to select a single set of hyperparameters
that reaches the best compromise between R? and A. To achieve this, we juxtapose R? and
A into a single combined metric. The simplest combined form is a superposition:

R% —aA,

where a is a positive coefficient (that we ultimately derive as a function of R?), which
ensures that higher values of R? and lower values of A are favored. Overall a large value
of this metric is better, and it takes a peak value of 1. In the following derivation, we
focus on standard uncertainty propagation as this will (1) allow us to derive a closed-form
expression for « that is based on the uncertainties in R? and A and (2) is accessible and
builds on well-understood components. Alternative approaches to combining R? and A
are possible, such as non-linear combinations or multi-objective optimization, but we focus
on the linear superposition for its simplicity and interpretability.

We need to determine the best weighting factor a. To do this, we first consider the
metric in the generalized form:

fi+fa,

where f; = R?, f, = —aA. We illustrate cross-validation values of f, against f for different
sets of hyperparameters in Figure 2. The maximum of the expected value of f; + f>,
which is the true maximum we seek, is represented by the black point that lies on the
black line. However, the data available for cross-validation likely contains noise, which is
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propagated through to uncertainty in both f; and f», so spurious maxima of f; + f, will
arise. One example is represented by the red point on the red line in Figure 2.

fi

Figure 2. Plot of f, against f; for different sets of hyperparameters. The black dashed line at
45 degrees carries a point that is the true maximum of f; + f,. The red dashed line at 45 degrees
carries a point that arises from noise, and is the spurious maximum of f; + f,. Other black points
represent suboptimal hyperparameter sets.

We assume that noise in f; and f; is normally distributed with zero mean and standard
deviation o7 and oy, respectively. If an uncertain point arises at a distance Af; along the
fi-axis and Af, along the f,-axis, the value of the metric f; + f, differs from its expected
value by:

Afi+Af

v
In Figure 2, we highlighted the important example of a spurious maximum. The probability
density distribution of Af, denoting Af; — Af; as Ax, is:

1 > 1 (Af +Ax)?  (Af —Ax)?
ﬁ/foo 7o 1(Tzexp <— - >d(Ax).

Af =

2 2
(g 4(71 4(72

2

From this equation, it follows that Af~A/(0, 1/ @ ). During hyperparameter optimiza-
tion, we wish to find the robust maximum that avoids overfitting. This is achieved when the
metric f; + f has small uncertainty so we can be confident in its value, i.e., we minimize
the standard deviation of Af. Assuming the density of points at the true maximum is fixed,
we vary the ratio (%, and find that standard deviation of Af is the smallest when 07 = 0>,
ie. o2 = aop. In other words, the maximum of f; + f, is most confidently identified
when noise in f; has the same standard deviation as noise in f,. This leads to the following
expression for «a:

N = £(17R2),

2
vi—-z

and so the combined metric is the non-linear:
2v2

2

V1i-=

As R? — 1, the combined metric approaches R?. This is desirable behaviour, as when

R% — (1-R?)A.

predictions are perfect, the bootstrapping methodology will correctly give infinitesimal
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uncertainties, and so A becomes irrelevant. As R? decreases, the combined metric places
more emphasis on A, which allows uncertainty to steer us clear of poor predictions.

Alternative weighting strategies are also possible, including fixed user-defined «,
normalization by empirical standard deviations, or explicit multi-objective (Pareto) search.
We chose the condition o2 = aop because it gives a closed-form, uncertainty-balanced
weighting with minimal additional tuning in the present setting.

Accordingly, we position the method as a practically useful scalarization, not as a
fundamentally new learning paradigm. The contribution is methodological: it provides a
transparent uncertainty-aware objective for model selection when practitioners require a
single score that jointly reflects prediction fidelity and uncertainty quality.

3. Validation of Combined Metric

Having derived the combined metric, we now validate that its optimization leads
to better overall estimates of expected value and uncertainty compared to optimization
of either R? alone or A alone. We focus on the paradigmatic problem of fitting a straight
line, though the underlying data has increasing amplitude of noise going up the line
(see Figure 3). First, in Section 3.1, we identify and train three machine learning models that
lead to the best values of firstly our proposed combined metric, secondly R?, and thirdly
A, respectively. Then, in Section 3.2, we compare predictions of the output variable and
its uncertainty from the three models. Finally, in Section 3.3, to mimic a real-life design
problem, we apply the three models to calculate probability that the output variable satisfies
a target, and compare the results.

o
@

Combined metric
o
g
Y

0.0 1

-
-
=)
-
51
=3
oA
-

0.2

0.0 1

\

-
-
=)
-
51
=3
o
-
o
-

0.1 14

0.2
0.0

o;
-

10 100 0 1
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Figure 3. (Leftmost panel): plots of combined metric (blue), R? (orange), and A (green) against
min_samples_leaf. (Central panel): predictions of Y from the models that optimize combined
metric (blue), R? (orange), and A (green), alongside true values of Y (black points). (Rightmost
panel): estimates of uncertainty in Y, oy, from the models that optimize combined metric (blue),
R? (orange), and A (green), alongside true values of oy (black line).

3.1. Machine Learning Models

We require a model that is computationally cheap and makes uncertainty estimates in
its predictions, so we adopt random forest, implemented in Scikit-learn Python package
version 1.8.0 [12]. Random forest is a collection of independent identical regression trees.
During the training phase, each tree learns the map from input to output. Predictions
of the trees are then averaged to give the overall prediction, and their standard devia-
tion is used to calculate uncertainty estimate in this prediction. The hyperparameter of
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random forest model that we vary is min_samples_leaf, which is the minimum number
of datapoints in each leaf of a regression tree. Because each leaf averages across at least
min_samples_leaf datapoints, standard deviation of predictions of the trees is multiplied

by /min_samples_leaf to give an estimate of machine learning uncertainty, and is itself
used as an estimate of experimental uncertainty. Testing confirms that this scaling gives
the correct standard deviation of the underlying data in this controlled setup as local
averaging within leaves is the dominant smoothing mechanism; we treat it as a modeling
assumption rather than a universally valid uncertainty estimator. We adopt a paradigmatic
dataset comprising N = 10,000 entries and two columns—X and Y. We define X as the
input variable and Y as the output variable. X is uniformly distributed between 0 and 1,
and Y~N (X, (AX)?). As a demonstrative example, we use A = 0.2 that ensures a strong
amplitude of noise without overwhelming the underlying function, and have confirmed
that similar performance is achieved for other values of A.

We now train several machine learning models, each with a different value of
min_samples_leaf. We calculate the combined metric, RZ?,and A, for each min_sam ples_leaf
value using 5-fold cross-validation method [48]. We plot the values of combined met-
ric, R?, and A in Figure 3. The optimal value of combined metric is achieved when
min_samples_leaf = 10. The optimal value of R? is achieved when min_samples_leaf = 50;
this is because random forest averages the noise across more datapoints, which leads to
better predictions. The optimal value of A is achieved when min_samples_leaf = 5; this is
because a small number of samples in a leaf allows to accurately capture the local scatter in
data and therefore leads to the best uncertainty estimates.

The model that optimizes combined metric gives R* = 0.85 and A = 0.059, achiev-
ing the best compromise between R? and A. The model that optimizes R? has smaller
fluctuations in estimates of expected value compared to the other two models due to
larger min_samples_leaf, but systematically overestimates uncertainty. The model that
optimizes A has large fluctuations in expected value compared to the other two models due
to smaller min_samples_leaf, but gives uncertainty estimates that are on average closest to
the true values.

This behavior is consistent with a bias-variance style trade-off in the mean prediction
coupled to uncertainty ranking quality. Large leaves reduce mean-estimate variance but
can smooth out local heteroscedastic structure; very small leaves capture local scatter but
increase prediction noise. The combined objective tends to select an intermediate regime
where both effects are balanced.

3.2. Validation of Machine Learning Predictions

While accurate predictions across the entire dataset are desirable, in real-world appli-
cations it is important to focus on the most confident and robust predictions—the ones with
the lowest uncertainty [54-57]. As an example, we consider the design of a drug that targets
a novel disease. Several drug designs could be effective, but the design with the highest
confidence in its effectiveness would be deployed to achieve the fastest and therefore the
most efficient immunization of the population [58]. It is therefore desirable that predictions
with low uncertainty are closer to the true value than predictions with high uncertainty.
As we discard high uncertainty predictions, we expect the error in predictions across the
remaining entries to decrease.

We now validate that the model that optimizes combined metric gives better predic-
tions than the other two models as we focus on just the most confident predictions. We
focus on three datasets: the linear dataset studied in the previous section, secondly a real-
world benchmark dataset that models wine quality, and thirdly a a real-world benchmark
dataset that models productivity of garment manufacturers.
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3.2.1. Paradigmatic Linear Dataset

We take the three optimal models from the previous section, and analyze a fresh blind
dataset with 10,000 rows from the same distribution Y~N (X, (AX)?) with A = 0.2. We
then discard entries where predictions have high uncertainty, and compute mean squared
error in predictions of Y for the entries retained. We perform this calculation for a range
of fractions of entries retained, and in Figure 4 we plot mean squared error in Y against
fraction of entries retained for the three models.

1072 4
1073 4
S
@ 10-4 4
- 10
g
]
7 10-5 4 —— Model that optimizes combined metric
& Model that optimizes R?
(]
= —— Model that optimizes A
10—6 4
1077 p

1073 102 10 10°
Fraction of entries retained
Figure 4. Mean squared error (MSE) in predictions for the linear dataset from the model that
optimizes combined metric (blue), model that optimizes R? (orange), and model that optimizes A
(green), plotted against the fraction of entries retained. The shaded green area represents the range of
results obtained by repeating the analysis with 100 different random number seeds.

When all entries are retained, the model that optimizes R? gives the lowest mean
squared error in predictions, which is expected. As fraction of entries retained decreases,
mean squared error from all three models decreases. At fraction of entries retained <0.1,
mean squared error from the models that optimize combined metric and A eventually
becomes smaller than mean squared error from the model that optimizes R2. The model
that optimizes R? plateaus in the graph as the error in its predictions is obscured by the poor
understanding of uncertainty. Interestingly, this occurs at the fraction of entries retained
<0.1, similar to the fractional error in the uncertainty histogram in Figure 1, also 0.1.

As we continue to decrease the fraction of entries retained, focusing on just the most
confident predictions, the model that optimizes combined metric is still better than the
other two. The improvement of the combined metric over the R? optimized model in the
region of fraction of entries retained <0.1 has a Wilcoxon signed-rank (two-sided) p = 0.002,
which is strong statistical evidence for the improvement offered by the combined metric.
Finally, when the fraction of entries retained becomes 0.008, the model that optimizes A
becomes better than the other two. However, this is a very small fraction of the data, and
model error is <107, so for practical purposes the model that optimizes combined metric
is the most useful.

In real-life design problems, there are often several possible solutions that satisfy the
target criteria, and the machine learning technique only needs to identify one of them.
Therefore, retaining just a fraction of predictions is in line with this real-life workflow,
and optimizing combined metric is therefore highly desirable for real-life applications,
delivering a 400-times improvement in mean squared error.

Finally, we repeat the analysis but with a different random number seed, which
we repeat 100 several times. This allows us to understand the distribution range of the
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results and understand its statistical significance. The range of results is shown by the
shaded area in Figure 4. We observe a narrow distribution, confirming the statistical
significance of the main trend that the model that optimizes combined metric gives the best
overall compromise.

3.2.2. Wine Dataset

The dataset comprises both the red and white variants of the Portuguese “Vinho
Verde” wine [59]. The dataset focuses on physicochemical input variables and sensory
output variables, summarized as a perceived “quality” score. The classes are ordinal and
imbalanced, with substantially more wines of average quality than of either exceptional or
poor quality.

The fitting performance is shown in Figure 5. The root mean-square error in quality
when predictions are made over all data is ~0.6. This represents a good fit for a wine quality
score rated 0-10, i.e., it is smaller than the interval between adjacent wine quality scores, and
is also highly respectable compared to other methods on this benchmark dataset. However,
this is when making predictions over all data, we now look in detail and performance when
we focus on the most confident predictions.

100 4
10—1 .
s
-
- 10
IS
(]
=)
o
%]
G 1073 4
(]
=
1074 —— Model that optimizes combined metric
Model that optimizes R?
—— Model that optimizes A
1073 1072 107! 10°

Fraction of entries retained

Figure 5. Mean squared error (MSE) in predictions for the wine dataset from the model that optimizes
combined metric (blue), the model that optimizes R> (orange), and the model that optimizes A
(green), plotted against fraction of entries retained.

When all entries are retained, the R2-optimized model has the lowest mean squared
error. As the retained fraction decreases below 0.3, the combined-metric and A-optimized
models outperform it, while the R?>-optimized model uncertainty is poorly resolved so it
does not further improve. Although the A-optimized model is best at a retained fraction of
below 0.05, this involves very little data and an error below 0.001, so the combined-metric
model is the most practical.

3.2.3. Garment Dataset

The garment industry is a prominent example of industrial globalization in the modern
era. As a highly labour-intensive sector characterized by numerous manual processes, its
ability to meet global demand depends substantially on the productivity and delivery
performance of employees. Accordingly, it is of considerable interest to industry decision
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makers to monitor, analyse, and predict the productivity. The dataset [60] focuses on team
human resource input variables, with productivity as the output.

The fitting performance is shown in Figure 6. The root-mean-square error in produc-
tivity predictions across the full dataset is approximately 0.12; this compares well against
a productivity score on a 0-1 scale, representing a typical error of just 10% that compares
favourably with other methods on this benchmark. We next consider how when attention
is restricted to the most confident predictions performance can improve yet further.

1071 .
10—2 .
s
@
°
E -3
T 1077 4§
o
%]
c
©
(]
=
1074 m
—— Model that optimizes combined metric
- Model that optimizes R?
1077 5 —— Model that optimizes A

1072 101 100
Fraction of entries retained

Figure 6. Mean squared error (MSE) in predictions for the garments dataset from the model that
optimizes combined metric (blue), model that optimizes R? (orange), and model that optimizes A
(green), plotted against fraction of entries retained.

The R?-optimized model yields the lowest mean squared error when it is validated
against all available data. However, if we make predictions for just the 0.4 most confident
values, overall performance increases but in particular both the combined-metric and
A-optimized models become more accurate than the R?-optimized model, because the
latter has worse estimates of its uncertainty. The A-optimized model performs best when
predicting the fraction 0.3 of most confident values.

In all three datasets, the model that optimizes combined metric gives better predictions
than the other two models as we focus on just the most confident predictions. This
is desirable for real-world applications, where we want to identify the most confident
and robust predictions. Furthermore, our tests confirm the generality of the proposed
metric, and that we therefore expect it to perform on real-world non-linear, noisy, and
complex datasets.

3.3. Application to Design

Having validated predictions of the three machine learning models that optimize
combined metric, R?, and A respectively, we now apply these models to calculate the
probability that the output variable satisfies the target, as would be done in a real-world
design problem. We set the target for Y to be 0.4 < Y < 0.6. Using each of the three models,
we calculate the probability of meeting the target for each value of input X. The probability
of meeting the target from each model with 3-point median filtering [61] applied is plotted
in Figure 7 alongside theoretical probability of meeting the target.

The similarity between the probability predictions from each model and theoretical
probabilities is quantified by mean absolute difference (MAD) between the two curves.
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The values of MAD for each model are displayed in Figure 7. The value of MAD is the
smallest for the model that optimizes combined metric. Therefore, probability predictions
from the model that optimizes combined metric are more similar to theoretical probabilities
compared to the other two models.

o 0.75 Model that optimizes combined metric
bt MAD = 0.029 A
>
v 0.50
3 0.25
= 0.00
Vgt
// \\‘
/ NS
7/ \\~
——’/ R
0.0 0.2 0.4 0.6 0.8 1.0
9 .
o 0.75 Model that optimizes A
v -
o MAD = 0.034
vV 0.50
<
o 0.25
= 0.00

Figure 7. Probability of Y meeting the target 0.4 < Y < 0.6, calculated from the model that optimizes
the combined metric (blue), the model that optimizes R? (orange), and the model that optimizes A
(green). Theoretical probability is represented by black dashed line in each plot. MAD is the mean
absolute difference between the two curves in each corresponding plot.

The model that optimizes R? gives probabilities that are generally further away from
theoretical probabilities compared to the other two models. The model that optimizes
A gives good probability predictions, but these predictions have more noise in them
compared to predictions from the model that optimizes combined metric. Overall, the
model with hyperparameter value that optimizes combined metric gives the best probability
predictions out of the three, meaning that optimizing the combined metric is beneficial for
design problems.

The absolute performance differences in this benchmark are modest (e.g.,, MAD dif-
ferences on the order of 1073 to 1072), so results should be interpreted as evidence of a
consistent trend in this controlled scenario rather than a definitive practical gain in all
applications. A stronger statistical assessment with repeated runs, confidence intervals,
and formal significance tests is an important next step.

4. Conclusions

We derive a combined metric for assessing the quality of fit of a machine learning
model, which incorporates both coefficient of determination R?, and quality of uncertainty
A. The combined metric is of form R? — aA, with coefficient & = 2v2/ \/@ x (1—R?).In
both the controlled benchmark used here and also real-life datasets on wine and garments
production, a model with hyperparameters that optimize the combined metric gives better-
balanced predictions of output variable and its uncertainty compared to optimizing R?
alone. We note that other metrics for model and uncertainty quality are possible, but the
choice of R? and A has not only shown that the combined metric is beneficial, but moreover
delivered a simple analytic and interpretable metric.

For practical deployment, we envisage the following workflow: (i) train candidate
models under cross-validation, (ii) compute R?, A, and the combined metric on each fold,
(iii) select hyperparameters by maximizing the combined metric, (iv) calibrate uncertainty
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if required by downstream risk tolerance, and (v) validate on a blind or shifted test set using
both prediction and uncertainty diagnostics. This pathway makes the method operational
in application-focused studies. Indeed, since early 2025 the approach has been used in a
commercial setting by Intellegens Ltd. (Cambridge, UK), which has given its customers
access to improved model selection for regression problems where uncertainty is important.
The approach has therefore been used across a range of applications, including materials
design, drug design, chemical engineering, and fast moving consumer goods.

The combined metric can be used to evaluate performance of machine learning regres-
sion models in applications that demand high quality of both output variable predictions
and uncertainty estimates. Potential examples include materials design and drug design,
where not only the value of the output variable, but also its uncertainty is crucial to identify
the configuration that will most likely work. Furthermore, in applications where the value
of uncertainty itself can be a useful input for predicting the final quantity of interest [62],
the combined metric may help identify models that give better uncertainty estimates while
retaining high prediction quality. Examples include additive manufacturing [63], infor-
mation engineering [64], and financial markets [65]. These broader applications remain
hypotheses to be validated in domain-specific studies.

While the combined metric in this work improves results for regression, similar ideas
may be explored for classification and unsupervised learning. As an example, one could
consider prediction of cancer at early stages, where identification of reliable low-uncertainty
predictions is critical [66,67]. Likewise, uncertainty-aware variants of clustering criteria
could be investigated for stable clustering under perturbations [68-70].
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