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Abstract

We introduce TriHex-Cluster, a hierarchical overlapping clustering framework built on
the self-similar geometry of the triangular lattice (6-regular planar graph). The primary
algorithm is regime C (greedy 2-packing followed by Voronoi completion), a practi-
cal hierarchical clustering method producing disjoint clusters with the Voronoi-contact
graph G(k+1)

Vor as the next-level graph and aggregation complexity O(n log n) (embedding
cost excluded). On regular triangular domains with near-perfect packings, regime C
achieves n(k+1) ≤ n(k)/7 + O(

√
n(k)) per level; the measured depth on finite data is

K∗ = ⌈log7 n⌉ ± 1. Two variants complete the framework: regime A (full-overlap edge-
induced, C(k) = V(k)) adds native overlap semantics by preserving the EI meta-graph
6-regularity without reducing the vertex count; regime B (deterministic index-7 sublattice,
C(k) = Λk with a = 2− ω) is a theoretical construction establishing an exact sublattice
density ratio of 7 per level on the infinite lattice T, and exact termination in K = log7 n
levels on finite periodic domains with n = 7K. Unconditional results: EI 6-regularity in
regime A; perfect star-tiling and exact index-7 structure in regime B; strict hierarchy via
Voronoi-completed clusters in regime C; tile-shape alternation proven at levels 1–2 (hexago-
nal, then triangular-like) and conjectured, with numerical verification, beyond; hWard (as an
unnormalised SSE) strictly admissible and hmax weakly admissible. Aggregation complex-
ity, embedding excluded: O(n log n) in regime C, O(n) in regime B, O(n ·Kmax) in regime A.
We provide a fully reproducible reference implementation (trihex2, MIT-licensed) with
extensive parameter sweeps on UCI benchmarks, synthetic Gaussians, non-convex shapes,
and overlapping distributions. The genuine contributions of the framework are the multi-
scale hierarchical structure with provable geometric guarantees and, in regime A, native
overlap semantics that no hard-clustering baseline can provide. A central empirical finding
concerns the embedding: an ablation isolating the 2D-lattice projection shows it to be the
main bottleneck, and a lattice-free variant that runs the same combinatorial core directly
on a k-nearest-neighbour graph in the original feature space—with no embedding and no
quantisation—removes the projection entirely and improves accuracy on six of seven pilot
datasets. With a frozen, fully unsupervised meta-selection rule (graph-geodesic arbitration
between a convex-consensus and a graph-min-cut candidate, no per-dataset tuning), this
variant reaches ARI 0.871 on moons and 1.000 on circles, where k-means, HAC, and GMM
all collapse to ≤ 0.43 and ≤ 0.00, respectively. On a 73-dataset benchmark (23 real UCI, 50
synthetic, all loaded with validated class labels), TriHex is the most frequently best method on
the synthetic panel (46% win rate) and close behind GMM overall (34% versus 36%), while
having the lowest mean ARI—the signature of a specialist: it dominates on non-convex
structure (rings, spirals, manifolds) and is outperformed on convex tabular data, where
we make no claim of superiority. We also report a genuine robustness limitation: with the
default configuration, TriHex fails on Cancer (ARI 0.042, essentially uncorrelated with the
ground truth) because the default lattice over-fragments a two-class problem; competitive
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performance requires a dataset-appropriate configuration, and we report this explicitly
rather than only the best configurations. On overlapping Gaussians, regime A detects the
boundary points that the data-generating process itself classifies as ambiguous with preci-
sion 1.00 at heavy overlap (δ = 0.5); the detector over-flags as the clusters separate (precision
falls to 0.43 at δ = 3.0), so its usefulness is confined to the strong-overlap regime. Within
that regime, it provides a measurable capability unavailable to hard-clustering baselines.

Keywords: hierarchical clustering; triangular lattice; graph duality; overlapping clustering;
pyramid; Eisenstein integers; quasi-hierarchy; cohesion; spectral gap; height function;
reproducible benchmark

MSC: 68T05; 05C70; 62H30; 05B45

1. Introduction
Clustering is a cornerstone task in unsupervised machine learning. Two classical

paradigms dominate the literature: partitional methods, which assign each data point to
exactly one cluster, and hierarchical methods, which build a nested sequence of partitions
organised as a dendrogram [1]. A growing body of work recognises that real-world
data seldom conform to strict partitions: individuals belong simultaneously to multiple
communities, genes participate in multiple metabolic pathways, and documents span
multiple topics [2,3]. This motivates overlapping cluster methods, which allow soft or
multiple-group membership.

A largely unexplored direction is to derive the overlap structure not from a statistical
model but from the topological constraints of a graph support. If data points are embedded as
vertices of a regular planar graph, what is the most natural family of clusters, and what
hierarchy do they generate? We answer these questions by exploiting a classical but
under-utilised duality from combinatorial geometry.

1.1. Main Observation

In the triangular lattice—the canonical 6-regular planar lattice (regular Euclidean
tiling with vertex degree 6)—the closed neighbourhood N[v] = {v} ∪N (v) of any interior
vertex v contains exactly 7 vertices arranged as a regular hexagon with v at its centre.
The subgraph induced by N[v] has a well-defined boundary. For an appropriate index-7
sublattice of centres Λ1 ⊂ V (regime B, Theorem 3), the collection {N[c]}c∈Λ1 forms a perfect
tiling of the triangular lattice; for arbitrary v ∈ V, the {N[v]}v∈V overlap massively (each
vertex belongs to 7 closed stars). The tiles at level 1 have the shape of regular hexagons; the
supertiles at level 2 have a triangular-like shape (a flower of 7 hexagons). This alternation
of tile shapes—proven at levels 1–2 and conjectured, with numerical verification, at deeper
levels (Proposition 2)—is the geometric duality captured by the name TriHex. In the
deterministic sublattice regime (B), this operation can be applied recursively, producing
an exactly self-similar hierarchy that, on finite periodic domains with n = 7K vertices,
terminates in exactly K = log7 n levels (Theorem 3). The greedy regime (C) approximates
this behaviour up to boundary and packing corrections (Theorem 4).

1.2. What Is New Relative to Existing Methods

TriHex-Cluster differs from the three closest families as follows. Compared with
agglomerative hierarchical clustering (HAC, HDBSCAN), which merge points bottom-up
under a linkage rule, TriHex fixes the merge structure a priori through the geometry
of the graph support: the number of clusters per level is controlled by a lattice-index
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reduction (factor 7 on the triangular lattice) rather than by a threshold on a linkage criterion.
Compared with overlapping/community-detection methods (clique percolation, BigCLAM, link
communities), whose overlap comes from a statistical or optimisation model, TriHex derives
overlap purely from the topology of the graph support—a sample is shared exactly when
its cell belongs to several closed stars—with no generative assumption and no parameter to
tune the amount of overlap. Compared with lattice / self-organising approaches (SOM), which
map data onto a fixed grid without a hierarchy, TriHex produces an explicit multi-scale
hierarchy with provable per-level reduction and a choice of admissible height functions; the
recursive coarsening is in the spirit of multigrid methods [4], but the coarsening operator
here is combinatorial rather than numerical. The single new ingredient that enables all
three points is the use of triangular–hexagonal graph duality as the organising principle of
the hierarchy; the specific contributions are listed below.

1.3. Primary Contributions

1. Algorithm (Section 4). The primary algorithm proposed in this paper is regime C
(greedy 2-packing followed by Voronoi completion): a practical hierarchical clustering
method with disjoint clusters, strict hierarchy, complexity O(n log n), and reduction
n(k+1) ≤ n(k)/7 + O(

√
n(k)) per level on regular domains. All UCI benchmarks and

comparisons to standard baselines (Section 10) are conducted with regime C. Two
variants complete the framework and are used to establish supporting theoretical or
empirical properties:

• Regime A (full-overlap EI, extension for overlap): C(k) = V(k); G(k+1)
EI exactly

6-regular; no cardinality reduction. Its purpose is to provide native overlap
semantics; it is used in Section 10.6 to detect ground-truth ambiguous samples in
overlapping Gaussian mixtures.

• Regime B (deterministic sublattice Λk, theoretical construction): G(k+1)
Λ exactly

6-regular; perfect star-tiling with sublattice density ratio 7 per level on T infinite,
and exact termination in K = log7 n levels on finite periodic domains with
n = 7K. It is not proposed as a practical algorithm on finite data; its role is to
isolate the geometric mechanism that regime C approximates with a boundary
correction of order O(

√
n(k)).

2. Geometric theory (Section 3). Unconditional results per regime: EI 6-regularity in A
(Theorem 1); perfect star-tiling and exact index-7 structure in B (Theorem 3); strict
hierarchy and asymptotic reduction in C (Theorem 4); tile-shape alternation proven at
levels 1–2, conjectured with numerical verification beyond (Proposition 2).

3. Height functions and indexed hierarchy (Section 5). hWard (unnormalised SSE) is
strictly admissible and hmax weakly admissible, both unconditionally. Three further
height functions are characterised with explicit embedding conditions. Section 5
records the unconditional/conditional status of every claim.

4. Matrix family and hierarchy landscape (Section 9.4). Unconditional proof ofMultra ⊊
MTH ⊊ Mwk, situating TriHex-Cluster precisely between ultrametric and weak-
hierarchy methods.

5. Lattice-free variant and embedding ablation (Sections 10.7–10.9). We isolate the effect
of the 2D-lattice projection and show it to be the main bottleneck. The same combina-
torial core runs directly on a k-nearest-neighbour graph in the original feature space
(no embedding, any dimension); with a frozen, fully unsupervised meta-selection
rule, it dominates classical baselines on non-convex structure (moons 0.871, circles
1.000 where the baselines are ≤ 0.43 and ≤ 0.00). On a 73-dataset benchmark, it is the
most frequently best method on the synthetic panel (46%) and close behind GMM
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overall, despite the lowest mean ARI—a specialist for non-convex/manifold data, not
a generalist.

6. Experiments (Section 10). Evaluation on several orthogonal axes: UCI datasets with
an exhaustive parameter sweep, convex synthetic Gaussians at controlled SNR, non-
convex shapes (moons, circles, anisotropic, varying density), overlapping Gaussians
where overlap-detection precision/recall are measured against ground-truth ambigu-
ity, and a large 73-dataset benchmark (23 real, 50 synthetic; Appendix C). A reference
implementation (trihex2, MIT-licensed, unit-tested, Streamlit web application) ac-
companies the paper for full reproducibility.

1.4. Secondary and Exploratory Contributions

The following contributions extend the framework or suggest connections to broader
areas; they are presented for completeness and to orient future work. Claims here are either
conditional (marked C in Table 1) or preliminary.

(a) Spectral analysis (Section 7.2). Spectral gap evolution across levels; unconditional
only for the IS-geometric graph under uniform weights.

(b) Community recovery (Section 7.3). PPM recovery bound under the community-
aligned embedding assumption stated in Section 7.3.

(c) Soft assignment (Section 7.4). Graph-constrained fuzzy membership as an ex-
ploratory extension; not integrated into the main hierarchy theory.

(d) Lattice comparison and companion algorithms (Section 9.3). Tiling results for
Z2 and King graphs are unconditional; the recovery-threshold ordering and the
companion algorithms SquarePlus-Cluster and KingStar-Cluster are conditional or
preliminary. The triangular–hexagonal alternation, while geometrically compelling,
is the most delicate component of the paper; its complete formal proof is provided
in Appendix B.

(e) GNN and optimal transport connections (Section 9.2). Structural analogies indicat-
ing directions for future work; not yet rigorous results.

1.5. What Is Conditional

Several results depend on the quality of the initial embedding π of data onto the trian-
gular lattice. Community recovery (Section 7.3), the pyramid correspondence (Theorem 6),
and spectral gap evolution (Section 7.2) all require that π is community-aligned, locally
topology-preserving, or produces monotone Jaccard weights, respectively. These condi-
tions are acknowledged as strong assumptions; the experimental results (Section 10) use
the trihex2 reference implementation, which approximates these conditions through the
choice of embedding (PCA, LDA) and preprocessing pipeline (Section 10.3.3), but does not
guarantee them analytically. Every conditional result is flagged [C] in Table 1 and in the
theorem statement itself.

1.6. Theoretical Status at a Glance

Table 1 summarises which results are unconditional and which depend on assumptions
about the embedding π or the weight sequence. This distinction is a central contribution of
the present version; earlier drafts conflated the two.
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Table 1. Theoretical status of main results. Regime indicates the operating mode (A = full-overlap EI;
B = deterministic sublattice Λk; C = greedy 2-packing + Voronoi). Type indicates whether the result
is primarily a geometric property of the lattice (G), a clustering property of the algorithm (C), or a
bridge that translates one into the other (B). Status = U unconditional; C conditional on the stated
hypothesis; N not admissible in general.

Result Regime Type Status Condition (if C)

EI 6-regularity (Theorem 1) A G U C(k) = V(k)

Tile-shape alternation, levels 1–2
(Proposition 2)

A/B/C G U hexagonal at level 1, triangular-like at level 2

Tile-shape alternation, levels ≥ 3
(Proposition 2)

A/B/C G C verified numerically to level 4; general proof open

Perfect tiling of T by Λk, factor 7 exact B G U infinite or periodic domain
Perfect tiling of Z2 by the 5-cross, factor 5 — G U —
Perfect tiling of K by the 3× 3 block, factor
9

— G U —

Disjoint closed stars (Lemma 1) C G U d(c1, c2) ≥ 3
Voronoi-completed partition Ñ[c] C B U —
Strict hierarchy (Theorem 11) B/C C U via Ñ[c] for C
Universal lower density |C| ≥ n/19 C G U maximal 2-packing
Asymptotic reduction ≤ n/7 + O(

√
n) C B U/C regular triangular domain, near-perfect packing

Depth K = log7 n exact B B U finite periodic domain, n = 7K

Density ratio 7 per level (no termination) B G U T infinite
Finite termination C C U any finite base graph
Depth K∗ = ⌈log7 n⌉ ± 1 (measured) C B C regular domains; empirical, Remark 9
Time O(n) (Theorem 14) B C U embedding given
Time O(n log n) (Theorem 14) C C U sort cohesion at each level
Time O(n · Kmax) (Theorem 14) A C U no termination, Kmax imposed
hmax weakly admissible (Theorem 5(i)) A/B/C C U strict via level-perturbation h̃max

hWard strictly admissible (Theorem 5(ii)) A/B/C C U unnormalised SSE; data coords available
hJac admissible (B): |M| = 7|Mk| exact B C U infinite/periodic T
hJac admissible (C): near-regular growth C C C near-perfect packing, regular domain
hJac admissible (A): not guaranteed A C N/C overlap structure may break monotonicity

Spectral gap, EI graph (Section 7.2) A B C Jaccard weights non-decreasing
Spectral gap, IS-geometric (Section 7.2) B G U uniform weights, interlacing
havg admissible (Theorem 5(iii)) A/B/C C C cohesion decreasing across levels
hmin admissible (Theorem 5(v)) A/B/C C N Robinsonian order needed
Pyramid correspondence (Theorem 6) A C C SOM locally topology-preserving
Indexed pyramid (Theorem 7) A C C SOM order globally compatible
Community recovery (Section 7.3) C C C community-aligned embedding

Multra ⊊MTH ⊊Mwk (Section 9.4) — C U —
Recovery threshold order ∆∗K < ∆∗T < ∆∗Z2 C B C PPM with assumptions on community structure and em-

bedding alignment

2. Background and Related Work
2.1. Hierarchical Clustering

Given a dataset X = {x1, . . . , xn} ⊂ Rd, hierarchical agglomerative clustering
(HAC) [5,6] builds a dendrogram by iteratively merging the two most similar clusters
under a linkage criterion ℓ. Common choices include single, complete, average, and Ward
linkage. Related partitioning schemes based on structural equivalence of vertices have long
been used in network analysis [7]. HAC has O(n2 log n) time and O(n2) space complexity
in general, reducible to O(n2) for specific linkages [8]. Hierarchical clustering also serves
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as a building block in applied surrogate-modelling pipelines, e.g., clustering-weighted
Gaussian-process regression [9]. TriHex-Cluster achieves O(n) in the deterministic sub-
lattice regime (B) and O(n log n) in the practical greedy 2-packing + Voronoi regime (C),
excluding the cost of the initial embedding, by exploiting the fixed-degree graph structure
(Theorems 13 and 14).

2.2. Self-Organising Maps and Variants

Kohonen’s Self-Organising Map [10–12] projects high-dimensional data onto a fixed
grid (often hexagonal) via competitive Hebbian learning. The SOM objective can be
written as:

min
{mr}

n

∑
i=1

∑
r∈R

hσ(∥r− r∗(i)∥) ∥xi −mr∥2, (1)

whereR is the set of neurons, r∗(i) = arg minr∥xi −mr∥ is the best-matching unit, and hσ

is a neighbourhood kernel. Unlike TriHex-Cluster, the SOM grid is fixed in size and does
not produce a hierarchy. Hierarchical SOMs [13,14] stack multiple maps but lack a unifying
mathematical structure guaranteeing self-similarity.

2.3. Overlapping Community Detection

Palla et al. [2] introduced the k-clique percolation method: communities are defined as
unions of adjacent k-cliques. The method naturally produces overlapping communities but
has exponential worst-case complexity. Label-propagation approaches such as SLPA [15]
instead let vertices accumulate multiple community labels through a speaker–listener
dynamic. Local fitness-function methods [3] optimise

fC =
min

C
(min

C + mout
C )α

, (2)

where min
C and mout

C are internal and external edges of cluster C, and α > 0 is a resolution
parameter. In TriHex-Cluster, the analog of this fitness function is the cohesion score c(v)
defined in Section 4, but its value and the cluster boundaries are entirely determined by the
graph geometry.

2.4. Spectral Clustering

Spectral clustering [16,17] embeds data in the eigenspace of the normalised graph
Laplacian Lsym = I−D−1/2AD−1/2, then applies k-means. The quality of the partition is
governed by the Cheeger constant (graph isoperimetric number):

h(G) = min
∅ ̸=S⊂V, |S|≤|V|/2

|∂S|
vol(S)

, (3)

where ∂S = {(u, v) ∈ E : u ∈ S, v /∈ S} and vol(S) = ∑u∈S deg(u). We revisit this
connection in Section 7.2.

2.5. What TriHex Contributes Beyond the Embedding

The projection π only places samples on the lattice; it does not cluster them, just
as a spectral affinity matrix or a DBSCAN metric does not by itself produce a partition.
Given the embedding, TriHex adds three properties that a post-projection algorithm ap-
plied to the same embedding does not: (i) a native hierarchy whose depth is empiri-
cally K∗ = ⌈log7 n⌉ ± 1 on regular domains (a measured regularity, Remark 9, not an
unconditional theorem) and whose structural guarantees are algebraic (Theorems 1 and 4,
Proposition 2) rather than metric; (ii) native overlap semantics in regime A, where multi-
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membership is structural rather than a post-processing heuristic (Section 10.6); and (iii)
geometric control of granularity, the factor-7 per-level reduction fixing the number of clus-
ters by scale rather than by a chosen k. The dependence on π is real, and we quantify its
effect experimentally in Section 10.3.

3. Geometric Foundations
3.1. Regular Planar Tessellations

There are exactly three regular tessellations of the Euclidean plane [18]: the triangular
tiling {3, 6}, the square tiling {4, 4}, and the hexagonal tiling {6, 3}. In Schläfli notation,
{p, q}, p is the number of edges of each face and q is the vertex degree. The triangular tiling
has vertex degree 6 and the hexagonal tiling also has vertex degree 6; they are dual to one
another via the standard graph-duality operation that swaps vertices with faces.

Definition 1 (Triangular lattice graph). The triangular lattice graph T is the infinite planar
graph with vertex set V(T) = Z2 and edges connecting each vertex (a, b) to its six neighbours:

N (a, b) =
{
(a± 1, b), (a, b± 1), (a− 1, b + 1), (a + 1, b− 1)

}
.

Every vertex has degree δ(T) = ∆(T) = 6.

For a finite dataset, we work with a finite induced subgraph G(0) ⊂ T of n vertices;
boundary corrections are discussed in Section 9.1.

3.2. Closed Stars and Hexagonal Tiling

Definition 2 (Closed star). For a graph G = (V, E) and vertex v ∈ V, the open star is
N(v) = {u ∈ V : (u, v) ∈ E} and the closed star is N[v] = N(v) ∪ {v}.

In T, every interior vertex satisfies |N(v)| = 6 and |N[v]| = 7. The closed star N[v] is
geometrically a regular hexagon: v lies at the centroid of the convex hull of N[v].

Proposition 1 (Hexagonal structure of closed stars). For any interior vertex v of T, the induced
subgraph T[N[v]] is isomorphic to the wheel graph W6, comprising a central hub v connected to
all vertices of a 6-cycle C6.

Proof. By definition, |N(v)| = 6 and the six neighbours of v in T are themselves mutually
adjacent in a cyclic order (they form a hexagonal ring in the embedding). The induced
subgraph thus contains the edges of a C6 plus six spokes from v to each ring vertex, which
is exactly W6.

3.3. The Aggregation Map and Its Dual

Definition 3 (Aggregation map). Given G(k) = (V(k), E(k), w(k)) and a set of centres C(k) ⊆
V(k), the aggregation map φk : V(k) → 2V(k)

assigns to each centre c ∈ C(k) the meta-vertex
φk(c) = N(k)[c].

We define two variants of the meta-graph G(k+1) = (C(k), E(k+1), w(k+1)):

(a) Intersection graph (IS)—two meta-vertices are adjacent iff their stars share at least one
vertex:

E(k+1)
IS =

{
(c1, c2) ∈ C(k) × C(k) : N(k)[c1] ∩ N(k)[c2] ̸= ∅, c1 ̸= c2

}
. (4)
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(b) Edge-induced graph (EI)—the canonical choice; two meta-vertices are adjacent iff they
were directly adjacent in G(k):

E(k+1)
EI =

{
(c1, c2) ∈ C(k) × C(k) : (c1, c2) ∈ E(k)}. (5)

Throughout the paper, the aggregation map uses the edge-induced graph (5) unless stated
otherwise. The Jaccard weight is defined in both cases by:

w(k+1)(c1, c2) = J
(

N(k)[c1], N(k)[c2]
)
=

∣∣∣N(k)[c1] ∩ N(k)[c2]
∣∣∣∣∣N(k)[c1] ∪ N(k)[c2]
∣∣ . (6)

Remark 1 (Why not the intersection graph?). The IS definition (4) is the natural contact-
graph definition but it is too permissive on T: two vertices at graph distance 2 have a common
neighbour, hence their closed stars intersect, and they would be connected in G(k+1)

IS . This gives
deg

G(k+1)
IS

(c) = 18 (the 6 distance-1 and 12 distance-2 neighbours), not 6. Regularity is not

preserved in this variant. The EI definition (5), by contrast, inherits the adjacency structure directly
from G(k) and yields an exact 6-regular meta-graph. The Jaccard weight (6) remains meaningful
under EI because any two EI-adjacent stars (at distance 1 in T) share exactly 2 vertices, giving
J = 2/12 = 1/6.

Theorem 1 (EI regularity in the full-overlap regime (regime A)). [Scope: regime A only

(C(k) = V(k)). Status = U exact.]

If G(k) is a 6-regular connected planar graph and C(k) = V(k) (full overlap), then G(k+1)
EI defined by

the edge-induced rule (5) is also a 6-regular connected planar graph. This statement does not extend
to regime C: greedy 2-packing centres are at graph distance ≥ 3, so E(k+1)

EI = ∅. Regime C uses the

Voronoi-contact graph G(k+1)
Vor instead (Definition 5).

Proof. Fix any centre c ∈ V(k). Under (5), degG(k+1)(c) = |{c′ ∈ V(k) \ {c} : (c, c′) ∈
E(k)}| = degG(k)(c) = 6, since the edge set E(k+1)

EI is exactly E(k) restricted to C(k) = V(k).

Planarity is preserved: G(k+1)
EI = G(k) as abstract graphs (same vertex and edge sets),

so any planar embedding of G(k) is also a planar embedding of G(k+1). Connectivity is
inherited.

Remark 2 (Relation between EI and IS on the triangular lattice). Although G(k+1)
EI ⊊ G(k+1)

IS
in general, the EI meta-graph is the more natural choice for the following reason: the Jaccard weight
(6) equals 1/6 for all EI-adjacent pairs (shared intersection of size 2, union of size 12), giving uniform
initial weights. For IS-adjacent pairs at distance 2, the intersection has size 1 and the union size 13,
giving J = 1/13 < 1/6. In the height function construction of Section 5, the non-adjacent pairs
would pull the average downward without corresponding to a direct structural merging, making
the resulting dissimilarity harder to interpret. The EI rule is therefore the canonical, structurally
motivated choice in regime A (full-overlap), where centres are vertex-adjacent. In regime B, the
analogous role is played by the sublattice graph G(k+1)

Λ , and in regime C, by the Voronoi-contact

graph G(k+1)
Vor (Definition 5).

3.4. Geometric Scaling Factor

Let the triangular lattice have unit edge length. The centre-to-centre distance between
two adjacent hexagonal meta-vertices is

√
7 (this is the length of the

√
7-scaling vector

in the Eisenstein integer lattice Z[ω], ω = e2πi/3, corresponding to the
√

7-sublattice).
Consequently:
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Theorem 2 (2A: Reduction in the full-overlap regime). [Scope: regime A. Status = U exact.]

Under the full-overlap strategy (C(k) = V(k)), every vertex is a centre and n(k+1) = n(k). The hi-
erarchy does not terminate in finitely many steps unless an explicit stopping criterion is applied.
The EI meta-graph G(k+1)

EI is 6-regular at every level (Theorem 1).

Theorem 3 (2B: Exact factor 7 in the deterministic sublattice regime). [Scope: regime B. Status

= U exact on infinite T or periodic domains.]

Let a = 2− ω with |a| =
√

7, and let Λk = akZ[ω] (sublattice of index 7k in T). We adopt
throughout the convention V(k) = Λk (so V(0) = Z[ω]), and the centres selected during level-k
aggregation are C(k) = Λk+1, which become the vertices of level k + 1.

(i) [On T infinite or any periodic domain commensurate with Λk] the closed stars
{N(k−1)[c]}c∈Λk form a perfect tiling of Λk−1: every vertex of Λk−1 belongs to exactly
one star;

(ii) [same scope] the sublattice index ratio is [Λk−1 : Λk] = 7 exactly; on a finite periodic
domain with n(k) vertices, this reads n(k+1) = n(k)/7, while on T infinite, it is a density
statement (one vertex in seven is retained) and no cardinality is defined;

(iii) [finite periodic domains only] if the domain is a periodic torus with n = 7K vertices,
the hierarchy terminates in K = log7 n levels exactly, with |V(K)| = 1. On T infinite, the
recursion continues indefinitely and no finite termination exists (see Theorem 9 for the
three-case discussion);

(iv) the spatial scale factor between consecutive levels is
√

7;

(v) the sublattice graph G(k+1)
Λ , whose vertex set is Λk+1 and whose edges are defined by

(c1, c2) ∈ E(k+1)
Λ ⇐⇒ c2 − c1 ∈ {±ak+1, ±ak+1ω, ±ak+1ω2},

is a triangular lattice scaled by (
√

7)k+1 (6-regular). Here, the superscript (k + 1) con-
sistently denotes the graph at level k + 1, built on the centres Λk+1 selected at the end of
level-k aggregation.

Proof. Λk has index 7k in Z[ω] since N(ak) = 7k. The cosets of Λk in Λk−1 are exactly the
seven points of a closed star N(k−1)[c] centred at any c ∈ Λk (this is the standard a-adic
structure of Eisenstein integers). Each vertex of Λk−1 thus belongs to exactly one star, giving
(i). The index computation [Λk−1 : Λk] = N(a) = 7 gives (ii); on a finite periodic domain,
the cardinality statement follows by counting cosets, and on T infinite only, the density
formulation is meaningful. For (iii), on a torus with n = 7K vertices, the exact division by 7
at every level gives n(k) = n/7k and hence |V(K)| = 1 after exactly K = log7 n levels; on T
infinite, every level retains infinitely many vertices, so no termination occurs. Item (iv) is
|a| =

√
7. For (v), the shortest non-zero vectors of Λk+1 are exactly the six vectors ±ak+1ω j

(j = 0, 1, 2), each of norm 7k+1, giving 6-regularity of G(k+1)
Λ .

Theorem 4 (2C: Asymptotic reduction in the greedy 2-packing + Voronoi regime). [Scope:

regime C. Status = U for the universal lower density; U/C (asymptotic) for the upper bound, condi-

tional on regular triangular domains and near-perfect packings.]

Let C(k) be a maximal greedy 2-packing on V(k), completed by Voronoi assignment of residual
vertices to their nearest centre. Then:

(i) Universal lower density (U): |C(k)| ≥ n(k)/19.
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(ii) Asymptotic reduction (U/C): for regular triangular domains with boundary |∂V(k)| =
O(
√

n(k)) and near-perfect maximal packings,

n(k+1) = |C(k)| ≤ n(k)

7
+ O(|∂V(k)|) = n(k)

7
+ O

(√
n(k)

)
.

(iii) Voronoi-completed partition (U): the clusters Ñ(k)[c] = N(k)[c] ∪ {residual vertices
Voronoi-assigned to c} form a partition of V(k).

(iv) Strict hierarchy (U): the families {Ñ(k)[c]}c∈C(k) form a strict hierarchy across levels.

(v) Voronoi-contact graph (U): the next-level graph G(k+1)
Vor is defined by

(c1, c2) ∈ E(k+1)
Vor ⇐⇒ ∃ u ∈ Ñ(k)[c1], v ∈ Ñ(k)[c2] such that (u, v) ∈ E(k).

G(k+1)
Vor is not the EI graph and is generally not exactly 6-regular; on regular triangu-

lar domains, it converges asymptotically to the triangular contact structure away from
the boundary.

Proof. (i) Each centre c ∈ C(k) excludes at most 18 other vertices from being added (those
at graph distance ≤ 2, namely, the 6 neighbours plus the 12 second-neighbours in the
triangular lattice). Hence, |C(k)| ≥ n(k)/19.

(ii) Let V◦ ⊂ V(k) be the interior vertices (those at graph distance ≥ 2 from ∂V(k)).
On regular triangular domains with |∂V(k)| = O(

√
n(k)), |V◦| = n(k) −O(

√
n(k)). By the

disjoint-stars Lemma 1, each interior centre covers exactly 7 vertices, hence the number
of centres in the interior is |C◦| ≤ |V◦|/7. Adding the boundary correction gives |C(k)| ≤
n(k)/7 + O(

√
n(k)). (Near-perfect packings saturate this bound up to the boundary term.)

(iii) The 2-packing condition gives disjoint closed stars; the Voronoi step assigns each
remaining vertex to its unique nearest centre, completing the partition.

(iv) At level k + 1, each meta-vertex represents one level-k cell Ñ(k)[c], which is it-
self the union of original lower-level vertices. The Voronoi aggregation at level k + 1
groups whole meta-vertices (level-k cells), not fractions of them: each level-k centre c
is Voronoi-assigned to exactly one level-(k + 1) centre c′, and the level-(k + 1) cluster is
Mk+2(c′) =

⋃
c 7→ c′ Ñ(k)[c]. Hence, every parent cluster is a union of complete children,

giving nesting.
(v) By construction.

Remark 3 (Depth and complexity statements per regime). Statements about hierarchy depth
and time complexity are regime-dependent (see Theorems 8, 9, 10, 12, 13 and 14):

• Regime B: density ratio 7 per level on T infinite (no termination); K = log7 n exactly on
finite periodic domains with n = 7K; aggregation time O(n), embedding excluded.

• Regime C: finite termination is unconditional on any finite base graph; the measured depth
on regular triangular domains is K∗ = ⌈log7 n⌉ ± 1, supported but not formally implied
by the boundary-corrected recursion (Remark 9); a closed-form upper bound in log n is not
guaranteed in the general irregular case; aggregation time O(n log n), embedding excluded.

• Regime A: no intrinsic termination; depth is bounded by the user-supplied Kmax; aggregation
time O(n · Kmax), embedding excluded.

The matrix class Multra corresponds to the strict hierarchies of regimes B and C (via Voronoi-
completed clusters); the Robinsonian classMRob corresponds to regime A and threshold-θ variants.
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3.5. Alternating Structure: Combinatorial vs. Geometric Levels

The TriHex hierarchy operates at two distinct levels that must be carefully distinguished.

• The combinatorial meta-graph G(k+1)
EI , used by Algorithm 1, has the same vertex and

edge set as G(k) (restricted to centres). In regime A (full-overlap), it is exactly 6-regular
(Theorem 1). In regimes B and C, the next-level graph is G(k+1)

Λ or G(k+1)
Vor , respectively

(Definition 5), not the EI graph.
• The geometric tile contact graph G(k+1)

geom , defined by the spatial arrangement of the
hexagonal tiles in R2, exhibits the level-1/level-2 shape alternation (and conjecturally
beyond, Proposition 2): tiles at level 1 are hexagonal in shape, but the contact graph of
those tiles remains triangular at every level, scaled by (

√
7)k. This is a property of the

embedding geometry, not of the combinatorial algorithm.

Proposition 2 (Triangular–hexagonal tile alternation: verified up to level 2). Let
T = Z[ω] (ω = e2πi/3) be the triangular lattice and a = 2− ω with |a| =

√
7. Define the

level-k sublattice Λk = akZ[ω] (index 7k, shortest vector (
√

7)k) and the level-k tile of c ∈ Λk as
Tk(c) = conv(N(k−1)[c]), the convex hull of the closed star of c in the previous-level sublattice.
The following unconditional statements hold:

(i) Level k = 0: each tile is a single point (trivially triangular).
(ii) Level k = 1: each tile T1(c) is a regular hexagon of edge length 1, centred at c ∈ Λ1.
(iii) Level k = 2: each tile T2(c) is a flower of 7 hexagons (a regular triangle-like supertile

with 6-fold symmetry), centred at c ∈ Λ2.
(iv) Sublattice regularity for all k: Λk is a triangular lattice scaled by (

√
7)k, and the tile

diameter is (
√

7)k.

For k ≥ 3, we conjecture the tile symmetry alternates (hexagonal for odd k, triangular-like for
even k), and we verify the conjecture numerically up to k = 4 in Appendix B. A general proof
would require a careful analysis of how the

√
7-scaling composes across levels, which the similitude

z 7→ az alone does not immediately yield since it rotates the lattice by arg(a) = arctan(−
√

3/5) ̸∈
{0, π/3}; the symmetry group at each level depends on how these rotations compose modulo the
lattice symmetries D6.

The next-level graph used by Algorithm 1 depends on the regime (Definition 5): in regime A,
G(k+1)

EI is exactly 6-regular; in regime B, G(k+1)
Λ is exactly 6-regular; in regime C, G(k+1)

Vor is
generally not exactly 6-regular but converges to the triangular contact structure asymptotically
away from the boundary.

Note on the contact graph. The geometric contact graph G(k)
geom—defined by adjacency of

tiles sharing a lattice edge—is triangular (degree 6) at every level. The alternation described above
is an alternation of tile shapes in R2, not an alternation of graph topology. This is the precise sense
of the “triangular–hexagonal duality” referenced in the paper’s title.

Proof. (i) Immediate. (ii) The closed star N(0)[c] for c ∈ Λ1 contains c and its 6 neighbours
in T at unit distance. Their convex hull in R2 is a regular hexagon of edge length 1 centred
at c. The 6 ring vertices u1, . . . , u6 of N(0)[c] are equally spaced on a circle of radius 1,
confirming the hexagonal shape. (iii) The level-2 supertile T2(c) for c ∈ Λ2 is the union of
7 level-1 hexagons: one centred at c and one for each of c’s 6 neighbours in G(1)

geom. This
“flower of 7 hexagons” has 6-fold rotational symmetry and an outer boundary shaped
like a rounded triangle, consistent with the triangular symmetry of Λ2. (iv) By induction:
multiplying by a scales by

√
7 and rotates by arg(a) ≈ −19.1◦. After two multiplications,

the rotation is≈ −38.2◦ ≡ 21.8◦ (mod 60◦), which exchanges the hexagonal and triangular
symmetry axes. The full proof is in Appendix B.
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Remark 4 (Eisenstein norm verification). N(2− ω) = 22 − 2 · (−1) + (−1)2 = 4 + 2 +

1 = 7, confirming the index-7 sublattice. The scale factor is |2 − ω| =
√

N(2−ω) =
√

7
(Eisenstein norm equals squared modulus). See Grünbaum and Shephard [18] §2.7 for the full
lattice construction.

Remark 5 (Inter-level graphs across the three regimes). The geometric contact graph G(k)
geom is

triangular at every level (degree 6, see Appendix B). However, only regime A uses the edge-induced
(EI) meta-graph as the algorithmic object; regimes B and C use distinct constructions (Definition 5):

• Regime A: G(k+1)
EI inherits 6-regularity exactly from G(k), by the EI rule

E(k+1)
EI = {(c1, c2) ∈ E(k)} restricted to C(k) = V(k) (Theorem 1). No cardinality reduction.

• Regime B: G(k+1)
Λ is the sublattice graph defined geometrically by short Eisenstein vectors

±akω j, not by the EI rule (which would be empty since consecutive Λk-elements are at
Euclidean distance (

√
7)k in R2, i.e., at graph distance ≥ 3 in G(0) for k ≥ 1 and much larger

for higher k). On infinite or periodic T, it is 6-regular, with exact index-7 sublattice structure
(density ratio 7 per level; exact cardinality division by 7 on finite periodic domains).

• Regime C: G(k+1)
Vor is the Voronoi-contact graph of the partition {Ñ[c]}. Since 2-packing

centres are at graph distance ≥ 3, the inherited EI graph would be empty; the Voronoi-contact
graph is the natural quotient instead. It is generally not exactly 6-regular but converges to the
triangular contact structure asymptotically away from the boundary.

The geometric interpretation (tile shapes,
√

7 scale factor) is shared by all three regimes and is
independent of the inter-level graph choice. Figure 1 illustrates one aggregation step and the
resulting change of local geometry between consecutive levels.

G(0) — Triangular

v

|N[v]| = 7

φk

G(1)
geom — Hexagonal tiles

deg = 6

φk+1

G(2)
geom — Triangular

factor
√

7

Figure 1. The TriHex-Cluster hierarchy at two levels. Left: the triangular lattice G(0); the shaded
hexagon is the closed star N(0)[v] of the blue centre vertex v. Centre: the geometric tile contact graph
G(1)

geom—each meta-vertex represents one hexagonal tile W6, and two tiles are connected if they share
an edge in R2. At level 1, tiles have hexagonal shape; the geometric contact graph is triangular

(degree 6, see Appendix B). Note: this figure illustrates the geometric contact graph G(1)
geom. The graph

used by Algorithm 1 depends on the regime (Definition 5): G(1)
EI in regime A; G(1)

Λ in regime B; G(1)
Vor

in regime C. Right: the geometric tile contact graph G(2)
geom, a coarser triangular lattice scaled by

√
7.
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Algorithm 1 TriHex-Cluster (regime-aware)

Require: Data X = {x1, . . . , xn}; similarity s; embedding π; regime R ∈
{A: FULL-OVERLAP, B: SUBLATTICE, C: GREEDY+VORONOI}; height family F ; max
levels Kmax

Ensure: Indexed hierarchy (H, h); membership sets {Mk}
1: G(0) ← BUILDLATTICE(X , π, s); k← 0
2: for each x ∈ X do h({x})← 0
3: end for
4: while |V(k)| > 1 and k < Kmax do
5: // Step 1: cohesion scores
6: for each v ∈ V(k) do Compute c(k)(v) via (9)
7: end for
8: // Step 2: select centres (regime-dependent)
9: ifR = A then

10: C(k) ← V(k) // every vertex is a centre
11: else ifR = B then
12: C(k) ← Λk // deterministic sublattice akZ[ω]
13: else ▷ regime C
14: C(k) ← GREEDY2PACKING(V(k), c(k)) // pairwise distance ≥ 3
15: end if
16: // Step 3: cluster definition (regime-dependent)
17: ifR ∈ {A, B} then
18: for each c ∈ C(k) do
19: Mk+1(c)← N(k)[c]
20: end for
21: else ▷ regime C: Voronoi-completed clusters
22: Ñ(k) ← VORONOIASSIGN(C(k), V(k)) // multi-source BFS
23: for each c ∈ C(k) do
24: Mk+1(c)← Ñ(k)[c]
25: end for
26: end if
27: // Step 4: representative and height
28: for each c ∈ C(k) do
29: x(k+1)(c)← centroid of Mk+1(c) via (11)
30: h(Mk+1(c))← HEIGHT(c, Mk+1(c), w(k),F )
31: end for
32: // Step 5: next-level graph (regime-dependent)
33: V(k+1) ← C(k)
34: ifR = A then
35: E(k+1) ← E(k+1)

EI = {(c1, c2) ∈ E(k)} // EI rule
36: else ifR = B then
37: E(k+1) ← E(k+1)

Λ = {(c1, c2) : c2−c1∈{±ak,±akω,±akω2}} // sublattice graph
38: else ▷ regime C
39: E(k+1) ← E(k+1)

Vor = {(c1, c2) : ∃ u ∈ Mk+1(c1), v ∈ Mk+1(c2), (u, v) ∈ E(k)} //
Voronoi-contact graph

40: end if
41: w(k+1) ← Jaccard (6) on Mk+1
42: k← k + 1
43: end while
44: h(X )← maxC∈H h(C)
45: return (H, h) and {M1, . . . , Mk}
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4. The TriHex-Cluster Algorithm
4.1. Initialisation: Embedding Data on the Triangular Lattice

Given n data points X = {x1, . . . , xn} ⊂ Rd with pairwise similarity s : Rd ×Rd →
[0, 1], we require an embedding π : X → V(0) assigning each point to a vertex of a triangular
grid of size Ω ≥ n.

Gaussian kernel similarity.

A natural choice is the RBF kernel [19]:

s(xi, xj) = exp

(
−
∥∥xi − xj

∥∥2

2σ2

)
, σ > 0. (7)

The bandwidth σ can be selected by the median heuristic σ2 = mediani ̸=j{
∥∥xi − xj

∥∥2}.

Edge weights at level 0.

For any pair (u, v) ∈ E(0) with π−1(u) = xi and π−1(v) = xj:

w(0)(u, v) = s(xi, xj). (8)

Embedding strategies.

Three approaches are considered, in increasing quality:

1. Random embedding: π is a random bijection (baseline).
2. Dimensionality-reduction embedding: apply UMAP [20] or t-SNE [21] to project X

into R2, then assign each point to the nearest lattice vertex.
3. SOM-guided embedding: train an SOM with hexagonal topology on X , yielding a

coherent π that preserves local neighbourhood structure.

4.2. Local Cohesion Score

Definition 4 (Cohesion score). For graph G(k) and vertex v ∈ V(k), the cohesion score is the
average edge weight over the edges of the closed star of v:

c(k)(v) =
1

|E(N(k)[v])| ∑
(u1,u2)∈E(N(k) [v])

w(k)(u1, u2), (9)

where E(N(k)[v]) denotes the set of edges of G(k) whose two endpoints both lie in N(k)[v].
For the wheel-shaped closed star of a degree-6 interior vertex on the triangular lattice, one has
|E(N(k)[v])| = 12 (6 radii from v to its neighbours and 6 rim edges of the surrounding hexagon).
This normalisation makes c(k)(v) ∈ [0, 1] when w(k) ∈ [0, 1].

An alternative form, the normalised weighted degree

c̃(k)(v) =
1

|N(k)(v)| ∑
u∈N(k)(v)

w(k)(v, u), (10)

emphasises the affinity of v with its direct neighbours rather than the overall density of its
closed star. Both definitions play the same role in the algorithm (Section 4.3); we adopt (9)
by default because it satisfies the identity havg(Sc) = 1− c(k)(c) in regimes A and B (where
Sc = N(k)[c]), which we use in Section 5 to relate the height function to the local density.

4.3. Centre Selection Strategies

The choice of centre set C(k) ⊆ V(k) governs the overlap structure.
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4.3.1. Greedy 2-Packing (No Overlap)

Step 1—2-packing centre selection. Sort vertices by descending cohesion:
v1, v2, . . . , vnk with c(k)(v1) ≥ · · · ≥ c(k)(vnk ), where nk = |V(k)|. Iteratively add vi to
C(k) when its graph distance to every already-selected centre is at least 3. This produces a
maximal 2-packing [22]: centres are pairwise at graph distance ≥ 3, and by Lemma 1, their
closed stars are pairwise disjoint.

Step 2—Voronoi assignment of residual vertices. A maximal 2-packing on a finite
graph need not cover all vertices: a vertex v at graph distance exactly 2 from some centre
may not belong to any closed star N[c]. We complete the level-k partition by Voronoi
assignment:

Ñ[c] = N[c] ∪
{

v ∈ V(k) \⋃c′ N[c′] : c = arg minc′∈C(k) dG(k)(v, c′)
}

.

Ties are broken by the cohesion ordering: among nearest centres, the one with the highest
cohesion score is chosen. The collection {Ñ[c]}c∈C(k) is a true partition of V(k): every vertex
belongs to exactly one cluster.

Remark 6 (Radius and diameter of Voronoi cells). By maximality of the 2-packing, every vertex
lies at graph distance ≤ 2 from some centre, so every member of Ñ[c] is at distance ≤ 2 from c:
the Voronoi cell has radius at most 2 around its centre. By the triangle inequality, the diameter
of the cell is therefore at most 4 (two members can each sit at distance 2 from c on opposite sides).
The frequently convenient shorthand “cells of size ≈ 7” refers to the cardinality on regular domains,
not to the diameter.

Special case (infinite lattice T):

On the infinite triangular lattice, the deterministic sublattice Λk = akZ[ω] (Proposi-
tion 2) is simultaneously a 2-packing and a perfect tiling: no Voronoi step is required and
Ñ[c] = N[c] for all c, with |C(k)| = n(k)/7 exactly.

4.3.2. Three Regimes, Three Inter-Level Graphs

The three operating regimes lead to three distinct constructions of the next-level graph
G(k+1). We name them explicitly to avoid the confusion of using “EI” for all three.

Definition 5 (Inter-level graphs by regime). Regime A (full-overlap EI) C(k) = V(k). The
edge-induced graph G(k+1)

EI has vertex set C(k) and edge set

E(k+1)
EI =

{
(c1, c2) : (c1, c2) ∈ E(k)}.

Equivalently, G(k+1)
EI = G(k). By Theorem 1, it is exactly 6-regular.

Regime B (deterministic sublattice) With the convention V(k) = Λk, the centres selected at
level k are C(k) = Λk+1 ⊂ Λk. The sublattice graph G(k+1)

Λ has vertex set Λk+1 and edge
set

E(k+1)
Λ =

{
(c1, c2) : c2 − c1 ∈ {±ak+1, ±ak+1ω, ±ak+1ω2}

}
,

i.e., the superscript (k + 1) refers to the level at which the graph lives, and the generating
vectors carry the same exponent. By Theorem 3(v), it is the triangular lattice scaled by
(
√

7)k+1, exactly 6-regular. Note that E(k+1)
Λ is not the EI restriction of E(k): that restriction

would be empty, since nearest elements of Λk+1 are at Euclidean distance (
√

7)k+1 in R2,
i.e., non-adjacent in G(k) for every k ≥ 0.
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Regime C (greedy 2-packing + Voronoi) C(k) is a maximal 2-packing. The Voronoi-contact
graph G(k+1)

Vor has vertex set C(k) and edge set

E(k+1)
Vor =

{
(c1, c2) : ∃ u ∈ Ñ(k)[c1], v ∈ Ñ(k)[c2], (u, v) ∈ E(k)}.

By Theorem 4(v), G(k+1)
Vor is generally not 6-regular; it converges to the triangular contact

structure asymptotically on regular triangular domains away from the boundary.
Important: regime C does not use the EI rule. Since 2-packing centres are at graph distance ≥ 3
in G(k), the inherited EI graph would be empty: EEI|C(k) = ∅. The Voronoi-contact graph is the
natural quotient graph induced by the partition {Ñ(k)[c]}c∈C(k) .

Remark 7 (Why MIS is insufficient and why Voronoi is needed). Earlier drafts used the
condition vi /∈ N(k)[c] (distance ≥ 2), producing a maximal independent set (MIS). However,
in the triangular lattice, two centres at distance exactly 2 share a common neighbour: their closed
stars overlap, violating the non-overlap assumption. The MIS cardinality bound |C| ≥ n/7 is
moreover a lower bound—the wrong direction for bounding n(k+1) ≤ n(k)/7. The 2-packing
(distance ≥ 3) closes both gaps simultaneously by guaranteeing pairwise disjoint closed stars
(Lemma 1).

However, a maximal 2-packing on a finite graph does not in general cover all vertices: a
vertex at distance exactly 2 from a centre may belong to no closed star. We therefore complete
the assignment by a Voronoi step: each uncovered vertex is assigned to its nearest centre in C,
producing a complete cover of V(k) by clusters Ñ[c] ⊇ N[c]. On the infinite triangular lattice,
the deterministic sublattice Λk = akZ[ω] (Prop 2) is simultaneously a 2-packing and a perfect
tiling: no Voronoi step is needed and the bound |C| = n/7 is exact.

Lemma 1 (Disjoint stars under 2-packing). Let C be a set of vertices with dG(c1, c2) ≥ 3 for all
distinct c1, c2 ∈ C. Then, the closed stars {N[c]}c∈C are pairwise disjoint.

Proof. Suppose u ∈ N[c1] ∩ N[c2]. Then, d(c1, u) ≤ 1 and d(c2, u) ≤ 1, so d(c1, c2) ≤ 2,
contradicting the 2-packing assumption.

Lemma 2 (Cardinality bounds for maximal 2-packings). Let C(k) be a maximal 2-packing on
the level-k triangular graph (vertices in V(k), with |V(k)| = n(k)). Then:

(i) Universal lower density (U): every vertex v ∈ V(k) is at graph distance at most 2 from
some c ∈ C(k) (otherwise v could be added to C(k), contradicting maximality), and each c
has at most 18 vertices at distance ≤ 2. Hence, |C(k)| ≥ n(k)/19.

(ii) Disjoint stars only (U): by Lemma 1, ∑c∈C(k) |N[c]| ≤ n(k). Since |N[c]| ≤ 7 for each
c, this inequality alone does not yield an upper bound on |C(k)|.

(iii) Exact upper bound on infinite T (regime B, U exact): the deterministic sublattice
Λk = akZ[ω] is a 2-packing with |N[c]| = 7 for all c, and

⊔
c N[c] = Λk−1. Hence,

|C(k)| = n(k)/7 exactly.
(iv) Asymptotic upper bound for regime C (U/C): for regular triangular domains with

|∂V(k)| = O(
√

n(k)) and near-perfect maximal packings (each interior centre c satisfying
|N[c]| = 7),

|C(k)| ≤ n(k)

7
+ O(|∂V(k)|) = n(k)

7
+ O

(√
n(k)

)
.

The bound is conditional on the boundary regularity assumption; for arbitrary maxi-
mal greedy 2-packings on irregular finite graphs, only the universal lower density (i) is
unconditional.
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Proof. (i) By maximality, every v ∈ V(k) lies within graph distance ≤ 2 of some centre
c ∈ C(k) (otherwise v could be added to C(k)). Hence, V(k) ⊆ ⋃

c∈C(k) B2(c), where B2(c)
is the closed 2-ball around c. Each 2-ball in the triangular lattice contains at most 1 +

6 + 12 = 19 vertices, so n(k) ≤ ∑c∈C(k) |B2(c)| ≤ 19 |C(k)|, giving |C(k)| ≥ n(k)/19. (ii) By
Lemma 1, the closed stars are disjoint, so ∑ |N[c]| ≤ n(k). Since |N[c]| ≤ 7, this gives
7|C(k)| ≥ ∑ |N[c]|, but not 7|C(k)| ≤ ∑ |N[c]|. The disjoint-stars argument alone is therefore
insufficient for the upper bound. (iii) On infinite T (or a periodic domain commensurate
with Λk), every centre is interior with |N[c]| = 7, and the cosets of Λk in Λk−1 tile Λk−1.
Hence, ∑ |N[c]| = 7|C(k)| = n(k). (iv) On a regular finite domain, partition centres into
interior (N[c] has size 7) and boundary (|N[c]| < 7). Interior centres satisfy 7|C◦| =
∑c∈C◦ |N[c]| ≤ n◦, where n◦ = n(k) −O(|∂V(k)|). Boundary centres are at most O(|∂V(k)|).
Combining: |C(k)| ≤ n◦/7 + O(|∂V(k)|) = n(k)/7 + O(

√
n(k)).

4.3.3. Full Overlap

C(k) = V(k): every vertex becomes a centre. Each data point at level k belongs to at most
7 meta-vertices at level k + 1 (its own closed star and the 6 closed stars of its neighbours).

4.3.4. Threshold-Controlled Overlap

Fix θ ∈ [0, 1]. Add v to C(k) if c(k)(v) ≥ θ. The overlap degree is a monotone decreasing
function of θ: θ = 0 recovers full overlap; θ = 1 selects only the maximally cohesive vertex.

4.4. Meta-Vertex Representative

Let Sc = Mk+1(c) denote the cluster of c at level k + 1 (regime-dependent by
Algorithm 1: Sc = N(k)[c] in regimes A and B, Sc = Ñ(k)[c] in regime C). The representative
of meta-vertex c at level k + 1 is defined as the unweighted arithmetic centroid

x(k+1)(c) =
1
|Sc| ∑

u∈Sc

x(k)(u). (11)

This choice is deliberate: it is the unique point m that minimises ∑u∈Sc ∥x
(k)(u)−m∥2, so

that hWard(Sc) = ∑u∈Sc ∥x
(k)(u)− x(k+1)(c)∥2 (Equation (20)) coincides with the total sum

of squared errors of Sc around its centroid. This coincidence is what makes hWard monotone
under cluster inclusion (Theorem 5(ii)).

Optional Similarity-Weighted Variant

For applications where a similarity-weighted representative is preferred (e.g., down-
stream use as an interpretable prototype rather than as a Ward centroid), one can replace
(11) by

x(k+1)
sw (c) =

∑u∈Sc w̃(k)(c, u) x(k)(u)

∑u∈Sc w̃(k)(c, u)
, (12)

with w̃(k)(c, c) = 1 (self-weight); w̃(k)(c, u) = w(k)(c, u) for u ∈ N(k)(c); and w̃(k)(c, u) =
exp
(
−α d(k)G (c, u)

)
for u ∈ Sc \ N(k)[c] (regime C only). When using this variant, hWard

evaluated at x(k+1)
sw (c) is no longer guaranteed to be monotone; if hWard is desired, keep (11)

as the reference centroid.

4.5. Complete Algorithm

The elements introduced so far—cohesion scoring, centre selection under the three
regimes, Voronoi completion, inter-level graph construction, height assignment, and meta-
vertex representatives—are assembled into a single procedure. Algorithm 1 states the
complete method in the form actually implemented in the reference package; the regime
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parameter selects which centre-selection rule and which inter-level graph are used, all other
steps being common.

5. Height Function and Indexed TriHex Hierarchy
The algorithm produces a sequence of nested meta-vertex sets. To obtain a fully

indexed hierarchy in the sense of Section 9.4, we must attach a monotone height h(C) ∈ R≥0

to each cluster C ∈ H, subject to the condition h(C) ≤ h(C′) whenever C ⊊ C′. The
height encodes the dissimilarity at which two sub-clusters merge, and determines which
class of dissimilarity matrixM⋆ the resulting indexed hierarchy corresponds to (hierarchy,
pyramid [23], quasi-hierarchy [24,25], or weak hierarchy [26,27]).

5.1. Formal Requirements on the Height Function

Definition 6 (Admissible height function). A function h : H → R≥0 is weakly admissible
for the TriHex hierarchyH if it satisfies the following three requirements:

(H1) Zero at leaves: h({x}) = 0 for all x ∈ X .
(H2) Weak monotonicity: if C ⊊ C′ and C, C′ ∈ H, then h(C) ≤ h(C′).
(H3) Level consistency: for all c ∈ V(k), h(Mk(c)) ≥ h(Mk−1(u)) for every u ∈ N(k−1)[c],

i.e., a parent cluster is always at least as high as all its children.

If (H2) is strengthened to strict monotonicity (C ⊊ C′ ⇒ h(C) < h(C′)), we say that h is strictly
admissible. Weak admissibility is sufficient for the dendrogram structure; strict admissibility is
needed to guarantee distinct level-heights. Every weakly admissible h can be made strictly admissible
by the level-perturbation h̃(C) = h(C) + ε · level(C) for any ε > 0, which preserves the ordering
of clusters at each level.

Definition 7 (Level-regular and variable-height variants). An admissible height function is
used in one of two modes, which are not admissibility requirements but a choice of how heights are
assigned within a level:

• Level-regular height: all clusters formed at the same level receive a common height,
h(Mk(c)) = hk for every c ∈ V(k). This is the mode that induces an ultrametric (Section 5.4).

• Variable height: clusters formed at the same level may receive different heights, h(C) and
h(C′) need not be equal for C, C′ ∈ H(k). This is the mode that induces an indexed pyramid
(Section 5.5).

Both modes are compatible with weak and with strict admissibility.

Remark 8 (Level height vs. data-driven height). Setting h(Mk(c)) = k for all c ∈ V(k) gives
the simplest admissible height (the level index). However, this loses all information about the actual
data geometry. A data-driven height uses the edge weights w(k) of G(k) to produce heights that
reflect the cohesion of each newly formed cluster.

5.2. The Family of Aggregation Height Functions

We define a parametric family of height functions, each corresponding to a classical
linkage criterion. For a meta-vertex c ∈ C(k), let Sc = Mk+1(c) denote its cluster (regime-
dependent: Sc = N(k)[c] in regimes A and B, Sc = Ñ(k)[c] in regime C, see Algorithm 1 and
Definition 5). With edge weights w(k) defined on the induced subgraph G(k)[Sc], we set:

hF(Mk+1(c)) = F
(

d(k)
∣∣
Sc

)
(13)

where d(k) is the following dissimilarity on Sc:

• on edges of G(k)[Sc]: d(k)(u, v) = 1− w(k)(u, v) ∈ [0, 1] is the standard dissimilarity
derived from the similarity weight;
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• on non-adjacent pairs u, v ∈ Sc with (u, v) /∈ E(k): we set

d(k)(u, v) = min
{

1, min
π: u→v ∑

(a,b)∈π

(
1− w(k)(a, b)

)}
, (14)

the shortest-path distance in G(k)[Sc] with additive edge lengths 1− w(k), saturated at
1 so that d(k) stays in [0, 1]. We deliberately do not use the multiplicative path-product
convention 1−maxπ ∏(a,b)∈π w(k)(a, b): the additive and multiplicative conventions
are not equivalent in general, and the additive one is the standard graph-metric
extension. In regime C, the Voronoi cell Ñ(k)[c] has radius at most 2 around the centre
c, hence diameter at most 4; at most four edges are traversed by any such shortest path;

F is one of the following aggregation functionals:

Definition 8 (Height function family F ). For a cluster Sc = Mk+1(c) (regime-dependent, see
above) with dissimilarity d(k) extended to Sc as above:

havg(Sc) =
1

|E(Sc)| ∑
(u,v)∈E(Sc)

d(k)(u, v) (15)

hmin(Sc) = min
(u,v)∈E(Sc)

d(k)(u, v) = 1− max
(u,v)∈E(Sc)

w(k)(u, v) (16)

hmax(Sc) = max
u,v∈Sc

d(k)(u, v) (with d(k) extended as above)[4pt] (17)

hcoh(Sc) = 1− c(k)(c) (18)

hJac(Sc) = 1− J

Mk(c),
⋃

u∈N(k)(c)

Mk(u)

 = 1− |Mk(c)|
|Mk+1(c)|

(19)

hWard(Sc) = ∑
u∈Sc

∥∥∥x(k)(u)− x(k+1)(c)
∥∥∥2

(20)

where c(k)(c) is the cohesion score (9), J is the Jaccard index (6), and x(k+1)(c) is the meta-vertex
representative (11).

Identity between havg and cohesion.

In regimes A and B, the cluster coincides with the closed star, Sc = N(k)[c], and E(Sc) =

E(N(k)[c]). Then, havg(Sc) = 1− c(k)(c) by direct comparison with (9). In regime C, where
Sc = Ñ(k)[c] strictly contains N(k)[c] and includes edges outside the closed star, this identity no
longer holds and we use (15) as the working definition. In regime C, we recommend hcoh (which
retains the interpretation 1− c(k)(c) but no longer coincides with havg) when the local density of
the centre alone is the desired notion of height.

Equation (20) is the total sum of squared errors (SSE) of the point cloud Sc around its
centroid; it is monotonically non-decreasing under cluster inclusion, which is the property that
ensures admissibility (see Theorem 5). The classical Ward increment ∆Ward(A, B) = |A||B|

|A|+|B|∥x̄A −
x̄B∥2 is recoverable from this SSE-based height as ∆Ward(A, B) = hWard(A ∪ B)− hWard(A)−
hWard(B).

The six height functions have distinct geometric interpretations: havg is the average-
linkage height (UPGMA); hmin is the single-linkage height (nearest-neighbour diameter); hmax

is the complete-linkage height (cluster diameter); hJac measures the growth ratio of the cluster
across levels; hWard is the inertia increment (Ward’s criterion).
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5.3. Monotonicity of the Height Function

Theorem 5 (Admissibility of height variants: conditional status). The five height functions
have the following admissibility status. Let w̄(k)(c) = c(k)(c) denote the average intra-star weight
(cohesion score).

(i) hmax (complete linkage): admissible unconditionally. The diameter of a proper superset is
at least the diameter of any subset, so (H2) and (H3) hold for any sequence of nested clusters.

(ii) hWard (inertia increment): admissible unconditionally when the data coordinates x(k) are
averaged at each step (11). The inertia is convex in the point cloud, hence non-decreasing
as more points are merged.

(iii) havg (average linkage): admissible under the assumption that the average inter-star
dissimilarity is at least as large as the average intra-star dissimilarity at the previous
level: E(u,v)∈E(N(k) [c])d

(k)(u, v) ≥ havg(Mk(u)) for all u ∈ N(k)[c]. This holds when the
SOM embedding places similar points in adjacent stars, but it is an assumption about the
embedding quality, not an intrinsic property of the algorithm.

(iv) hJac (Jaccard-based growth): admissibility status depends on the regime.

• Regime B (U exact): on infinite or periodic T, |Mk+1(c)| = 7|Mk(u)| exactly, so
the ratio is constant and hJac is monotone.

• Regime C (C): on regular triangular domains with |∂V(k)| = O(
√

n(k)) and near-
perfect packings, |Mk+1(c)| = 7|Mk(u)| + O(1) for interior centres, and hJac is
monotone in expectation. For arbitrary maximal greedy 2-packings on irregular
finite graphs, monotonicity is not guaranteed without an additional cluster-size
growth assumption.

• Regime A (N): in full-overlap, |Mk+1(c)| can overlap heavily with adjacent stars
and the ratio is not monotone.

(v) hmin (single linkage): not admissible in general. Adding more points to a cluster can
only decrease or preserve the minimum internal dissimilarity, hence hmin(Mk+1(c)) ≤
hmin(Mk(u)) is possible. Condition (H3) requires the opposite. Admissibility holds only
under the strong additional assumption that all cross-edges between stars are at least as
dissimilar as the most similar intra-star edge at the previous level:

min
u∈N(k)(c), v/∈N(k) [c]

d(k)(u, v) ≥ max
(a,b)∈E(N(k−1) [u])

(1− w(k−1)(a, b))

for all u ∈ N(k)[c]. This is a Robinsonian ordering condition on the embedding, not
guaranteed by the geometry.

Proof. (i) For any C ⊊ C′, maxu,v∈C′ d(u, v) ≥ maxu,v∈C d(u, v) trivially, so hmax is weakly
admissible without conditions. Strict admissibility (H2 with strict inequality) requires the
level-perturbation h̃max(C) = hmax(C) + ε · level(C) (Definition 6), which is standard in
practice and does not change the tree structure.

(ii) The Ward inertia hWard(S) = ∑u∈S ∥x(k)(u)− x̄S∥2 (total sum of squared errors
around the centroid). For S ⊂ S′, adding points to S can only enlarge or preserve the
SSE, since removing a point u0 from S′ can only decrease the sum ∑u∈S′ ∥x(u) − x̄S′∥2

(the centroid minimises the SSE and dropping a summand cannot make the total larger).
Hence, hWard(S′) ≥ hWard(S) unconditionally, and (H1) holds by convention (hWard = 0
for singletons).

(iii) In regimes A and B (where Sc = N(k)[c]), the average dissimilarity over N(k)[c]
equals (1− c(k)(c)) by construction. For this to exceed havg(Mk(u)) = 1− c(k−1)(u), we
need c(k)(c) ≤ c(k−1)(u): the cohesion at level k is at most the cohesion at level k − 1.
This is plausible (coarser clusters are less internally cohesive) but not guaranteed without
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assumptions on the embedding. In regime C, havg is defined by (15) directly and its
monotonicity depends on the average dissimilarity increasing when passing from N(k)[c]
to the larger set Ñ(k)[c]; this holds when the Voronoi extension adds vertices whose average
dissimilarity to the star is at least as large as the star’s internal average, which again is an
embedding-quality condition.

(iv) The status of hJac depends on the regime.

• Regime B (sublattice). On infinite T or periodic domains, |Mk+1(c)| = 7|Mk(u)| exactly
(Theorem 3(ii)), so hJac(Mk+1(c)) = 1 − |Mk(c)|/|Mk+1(c)| = 6/7 at every level:
monotonicity is trivial and exact.

• Regime C (greedy 2-packing + Voronoi). For interior centres on regular triangular do-
mains, |Mk+1(c)| = |Ñ(k)[c]| = 7 + O(1) with the O(1) term controlled by Voronoi
reassignment (each centre’s cluster gains at most O(|∂V(k)|/|C(k)|) extra vertices). For
|Mk(c)|/|Mk+1(c)| to be non-increasing (and hence hJac non-decreasing), we require
near-regular monotone cell-size growth, which holds asymptotically but not for arbi-
trary maximal greedy 2-packings on irregular finite graphs. This is the conditional
clause stated in (iv).

• Regime A (full-overlap). Mk+1(c) ⊇
⋃

u∈N(k) [c] Mk(u) but the union is over overlapping
clusters, so the size ratio is not controlled and hJac is not guaranteed to be monotone
without additional hypotheses on the overlap structure.

(v) Given u ∈ N(k)[c] and a new edge (u, c) ∈ E(k) with dissimilarity d(k)(u, c) = 1−
w(k)(u, c). If w(k)(u, c) > w(k−1)

min (u) (i.e., the inter-star edge is stronger than the weakest intra-
star edge), then hmin decreases, violating (H3). This can occur whenever the embedding
does not produce a Robinsonian ordered dissimilarity matrix.

5.4. The Ultrametric Variant and the Induced Ultrametric

When all clusters at the same level receive the same height (h(Mk(c)) = hk for all
c ∈ V(k)), the indexed TriHex hierarchy is level-regular and the induced dissimilarity is an
ultrametric. We first define the induced dissimilarity formally:

dH(x, y) = min
{

h(C) : C ∈ H, x ∈ C, y ∈ C
}

, x, y ∈ X . (21)

Proposition 3 (Level-regular TriHex induces an ultrametric). If h(Mk(c)) = hk for all
c ∈ V(k) and all k, with 0 = h0 < h1 < · · · < hK, then the induced dissimilarity dH defined
by (21) is an ultrametric. In the greedy (non-overlapping) variant, it is the unique ultrametric
associated to the strict hierarchyHstrict ⊂ H.

Proof. The ultrametric inequality dH(x, z) ≤ max(dH(x, y), dH(y, z)) follows from the
nesting of clusters: for any x, y, z, the smallest cluster containing {x, z} contains either y
or is contained in the smallest cluster containing {x, y} or {y, z} (by the Helly property
of a hierarchy). Formally, let Cxz be the smallest cluster containing x and z, and Cxy, Cyz

similarly. Since H is a hierarchy (in the greedy variant), Cxz ⊆ Cxy or Cxz ⊆ Cyz, so
h(Cxz) ≤ max(h(Cxy), h(Cyz)), i.e., dH(x, z) ≤ max(dH(x, y), dH(y, z)).

Proposition 4 (Circular Robinson property of closed stars). For any interior vertex v of
T, let u1, . . . , u6 be the six neighbours of v in cyclic hexagonal order. Suppose the SOM
embedding π is locally topology-preserving on N(0)[v]: the cyclic order of the ui on the
lattice corresponds to a monotone order of the data dissimilarities. Then, the restriction of
D = (d(0)(π−1(u), π−1(w)))u,w∈N(0) [v] to N(0)[v] is circularly Robinsonian: for all i, j, k

with uj cyclically between ui and uk, d(0)(ui, uj) ≤ d(0)(ui, uk).
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Proof. Local topology-preservation means d(0)(ui, uj) is non-decreasing in cyclic distance
min(|i− j|, 6− |i− j|). If uj is between ui and uk cyclically, the cyclic distance from ui to uj

is at most that from ui to uk, giving the claimed inequality.

5.5. The Variable-Height Variant and the Induced Pyramid

In the full-overlap variant with variable heights, clusters at the same level can receive
different heights (reflecting their local cohesion). This produces a richer indexed structure:

Theorem 6 (Variable-height full-overlap TriHex induces a pyramid—conditional on the
SOM topology-preservation and Robinsonian-order assumptions of Proposition 4). (This
is a conditional result. It holds only under assumptions (a)–(c) below; it is not an uncondi-
tional property of the full-overlap construction.) In the full-overlap variant, suppose:

(a) the height function h = havg or h = hWard is admissible (Theorem 5);
(b) the SOM embedding π is locally topology-preserving on each closed star (Proposition 4); and
(c) the SOM traversal order σ on X is a globally compatible linear order such that each cluster

Mk(c) is an interval of σ.

Then, (H, h) is an indexed pseudo-hierarchy (pyramid) and the induced dissimilarity dH defined
by (21) is Robinsonian with compatible order σ.

Proof. By Proposition 4 (under assumption (b)), the restriction of D to each closed star
N(0)[v] is circularly Robinsonian. Under assumption (c), each cluster Mk(c) = N(k)[c] is an
interval of σ, so the collectionH has the interval property with respect to σ, which is exactly
the definition of a pseudo-hierarchy (pyramid). Admissibility of h (assumption (a)) ensures
the height is compatible with the partial order of containment. By the Diday–Bertrand
bijection (Section 9.4), dH ∈ MRob.

5.6. Choice of Height Function and Resulting Structure

Table 2 summarises the relationships between the choice of height function F ,
the mathematical structure of the indexed hierarchy, and the class of the induced dis-
similarity matrix.

Table 2. Height functions, their induced matrix classes, and resulting hierarchy types. All variants
produce a weak hierarchy at levels k ≥ 1; the matrix class and specific structure depend on the
height choice and the overlap strategy. The shaded row in bold marks the cohesion height with
threshold-θ overlap, which is the configuration specific to TriHex-Cluster and the only one producing
the quasi-hierarchy classMTH.

Height F Formula Overlap Structure Matrix Class

Level index hk = k Greedy Strict
hierarchy

Multra

Average-
linkage

Equation (15) (identity
1− c(k)(c) in A/B)

Greedy Hierarchy Multra

Average-
linkage

Equation (15) (identity
1− c(k)(c) in A/B)

Full overlap Pyramid MRob

Min-linkage hmin = 1−max w(k) Greedy Hierarchy Multra
Max-linkage hmax = 1−min w(k) Full overlap Weak

hierarchy
Mwk

Jaccard-
dissim.

hJac = 1− |Mk|/|Mk+1| Full overlap Pyramid MRob

Cohesion hcoh = 1− c(k)(c) Threshold-θ TriHex /
quasi-hier.

MTH

Ward inertia hWard (Equation (20)) Greedy Hierarchy Multra
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5.7. The Dendrogram and Pyramid Diagram

The indexed TriHex hierarchy can be visualised as a dendrogram (in the greedy variant)
or as a pyramid diagram (in the full-overlap variant). In the pyramid diagram, clusters at
each level are drawn as overlapping trapezoids on a time axis, where the height of the
trapezoid corresponds to h(C); this is shown in Figure 2:

x1 x2 x3 x4 x5 x6 x7
h = 0

h1
C1 C2

h2
Croot

h1

h2 − h1

Solid = C1, dashed = C2 (overlapping at x3, x4)⇒ pyramid structure

Figure 2. Pyramid diagram for a small example (n = 7). Two clusters C1 = {x1, . . . , x4} and
C2 = {x3, . . . , x7} overlap at x3, x4, forming a pseudo-hierarchy (pyramid) at height h1 = havg(C1) =

havg(C2). The root Croot merges all objects at height h2. The vertical extents of the trapezoids are
proportional to the heights assigned by F .

5.8. Equivalence with Indexed Pseudo-Hierarchies in the Diday Sense

We now state the main correspondence result, which closes the loop with Section 9.4:

Theorem 7 (TriHex with havg is an indexed pyramid—conditional on the assumptions of
Theorem 6). (This is a conditional result. It inherits assumptions (a)–(c) of Theorem 6—
SOM topology preservation and the Robinsonian-order condition—and additionally
requires the average cohesion to be non-increasing across levels. It is not an uncondi-
tional property of the full-overlap construction.) Let (H, havg) be the output of TriHex-
Cluster with full-overlap strategy and average-linkage height, and suppose the assumptions of Theo-
rem 6 hold. Then, (H, havg) is an indexed pseudo-hierarchy (indexed pyramid) in the sense of
Diday [23,28], Bertrand and Diday [29,30], Bertrand and Janowitz [31], Durand and Fichet [32],
and the induced dissimilarity dH defined by (21) is Robinsonian.

Moreover, under the same assumptions, the Robinsonian order σ is the SOM traversal order of
X on the triangular lattice.

Proof. By Theorem 6, the full-overlap TriHex hierarchy H is a pseudo-hierarchy with
each cluster being an interval of σ. The height havg(Mk+1(c)) = 1− c(k)(c) is admissible
(Theorem 5) and satisfies the strict monotonicity (H2) under the assumption of decreas-
ing average cohesion across levels (which holds when the SOM embedding is topology-
preserving). Hence, (H, havg) is an indexed pseudo-hierarchy, and by the Diday–Bertrand
bijection of Section 9.4, dH ∈ MRob.

Corollary 1 (TriHex with greedy strategy and havg is an indexed hierarchy). [Scope: greedy
| Status = C for havg (requires cohesion decreasing across levels); U for hmax and hWard

which are unconditionally admissible (Theorem 5(i–ii)).] In the greedy (non-overlapping)
strategy, (H, havg) is an indexed hierarchy and the induced dissimilarity is an ultrametric:
dH ∈ Multra.

Proof. The greedy strategy produces non-overlapping clusters (a covering with disjoint
closed stars + Voronoi assignment of residuals), soH is a hierarchy (Helly property holds
trivially for non-overlapping sets). Combined with havg admissibility, the indexed hierarchy
satisfies the conditions of the Diday–Bertrand bijection (Section 9.4).

https://doi.org/10.3390/a19080649

https://doi.org/10.3390/a19080649


Algorithms 2026, 19, 649 24 of 47

6. Termination and Convergence
Theorem 8 (6A: Termination in regime A (full-overlap)). [Scope: regime A. Status = N/A.]
Under the full-overlap strategy, n(k+1) = n(k) at every level. The hierarchy does not terminate
in finitely many steps; an explicit stopping criterion (e.g., a fixed depth Kmax, a weight-evolution
threshold, or convergence of cohesion scores) must be applied.

Theorem 9 (6B: Termination in regime B (deterministic sublattice)). [Scope: regime B.
Status = U exact in each of the three cases below.]
Under the deterministic sublattice strategy (C(k) = Λk), the following exact results hold:

(i) Infinite lattice. On T (unbounded), the sublattice density ratio is [Λk−1 : Λk] = 7:
exactly one out of every seven vertices of Λk−1 is retained as a level-k centre. No notion of
termination applies because no level ever contains finitely many vertices.

(ii) Finite periodic domain commensurate with ΛK. If the domain is a
√

7K ×
√

7K

periodic torus with n = 7K vertices, the hierarchy terminates in exactly K = log7 n levels
with |V(K)| = 1; the boundary contribution is zero by periodicity.

(iii) Finite bounded domain with general n. For a finite subgraph of T of n vertices,
the hierarchy terminates in K = ⌈log7 n⌉ ± 1 levels; the ±1 absorbs the effect of n not
being a power of 7 and any boundary vertices whose closed star overflows the domain.

Proof. Case (i): the
√

7-scaling that sends Λk−1 to Λk (Theorem 3) has determinant 7, hence
the sublattice density ratio is exactly 7. Case (ii): on the periodic torus with n = 7K vertices,
Theorem 3(ii) gives n(k+1) = n(k)/7 exactly at every level (no boundary), so by induction
n(k) = n/7k and K = log7 n exactly. Case (iii): the ratio is 7 everywhere except at the
boundary, and the number of boundary vertices is O(

√
n(k)); the resulting perturbation of

the geometric recursion changes K by at most 1.

Theorem 10 (6C: Termination in regime C (greedy 2-packing + Voronoi)). [Scope: regime C.
Status: U for finite termination; C (measured, not proven in closed form) for the asymptotic
depth on regular triangular domains.]
Let G(0) be a finite base graph with n ≥ 2 vertices. Under the greedy 2-packing strategy with
Voronoi residual assignment, the hierarchy terminates in a finite number of levels K < ∞.

Proof. A maximal 2-packing on a graph with at least one edge has strictly fewer centres
than vertices (|C(k)| < n(k)), so n(k+1) < n(k) as long as G(k) contains an edge. This strict
decrease forces K to be finite. On a graph with n(k) vertices and no edges, the algorithm
terminates at level k with |V(k)| isolated centres.

Remark 9 (On the asymptotic depth on regular triangular domains). The precise value of
K depends on the base graph’s structure. Theorem 4(ii) gives the boundary-corrected reduction
n(k+1) ≤ n(k)/7 + C

√
n(k) on regular triangular domains with near-perfect packings. If one

further assumes that this contraction is uniform above a threshold size (i.e., there exists n0 such that
n(k) ≥ n0 ⇒ n(k+1) ≤ ρ n(k) with ρ < 1), then K ≤ ⌈log1/ρ n⌉+ ∆ where ∆ is the depth needed
to descend from n0 to 1; this yields K = ⌈log7 n⌉ ±O(1) in the limit n→ ∞. We do not prove this
uniformity here; it is supported empirically by Section 10.2, where we measure K∗ = ⌈log7 n⌉ ± 1
across n ∈ [50, 2000] on 2D Gaussian samples with regular triangular embeddings.

Theorem 4(i) shows |C(k)| ≥ n(k)/19 for a maximal 2-packing, hence n(k+1) ≥ n(k)/19; this
is a lower bound on the number of surviving centres per level, which implies a lower bound on K,
not an upper bound.
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Corollary 2 (Predicted depth for common dataset sizes). Table 3 gives the predicted depth
⌈log7 n⌉ for representative dataset sizes (exact in regime B on periodic domains with n = 7K;
measured within ±1 in regime C on regular domains, Remark 9).

Table 3. Predicted hierarchy depth ⌈log7 n⌉ and top-level size n(K−1) for representative dataset sizes.

n ⌈log7 n⌉ n(K−1)

103 4 ≤ 3
104 5 ≤ 3
106 8 ≤ 2
109 11 ≤ 2

Theorem 11 (Monotonicity of the hierarchy across regimes). [Scope: all regimes; conclu-
sions differ per regime.]

(i) Regime B (sublattice, U exact): Mk+1(c) = N(k)[c] is a disjoint union of base individ-
uals, Mk+1(c) =

⊔
u∈N(k) [c]{u}, with |Mk+1(c)| = 7 exactly on infinite or periodic T.

The family {Mk(v) : v ∈ V(k)}K
k=0 is a strict hierarchy by Theorem 3.

(ii) Regime C (greedy 2-packing + Voronoi, U): Mk+1(c) = Ñ(k)[c] is the Voronoi-
completed cluster. By Theorem 4(iii), each base vertex belongs to exactly one cluster,
and the family {Mk(v)}K

k=0 is a strict hierarchy. Cluster sizes |Mk+1(c)| may vary (inte-
rior centres have size 7, boundary centres less, Voronoi-assigned centres may have more).

(iii) Regime A (full-overlap): Mk+1(c) = N(k)[c] is a union of level-k stars, Mk+1(c) ⊇⋃
u∈N(k) [c] Mk(u), but these sets overlap (each base vertex belongs to up to 7 stars). The fam-

ily is a pseudo-hierarchy: the Helly property does not hold in general.

Proof. (i) Regime B. On T infinite or periodic domains, the closed stars {N(k)[c]}c∈Λk+1

form a perfect tiling of Λk (Theorem 3(i)): the stars are pairwise disjoint and cover every
vertex. By induction, each Mk+1(c) =

⊔
u∈N(k) [c] Mk(u) is a disjoint union, and the family

{Mk(v)} is a strict hierarchy (two clusters at any pair of levels are either nested or disjoint).
(ii) Regime C. Centres are at pairwise graph distance ≥ 3, so by Lemma 1, the closed
stars are pairwise disjoint; the Voronoi completion assigns each residual vertex to exactly
one centre (ties broken deterministically), so the Voronoi-completed clusters {Ñ(k)[c]}c∈C(k)
partition V(k) (Theorem 4(iii)). By induction, Mk+1(c) =

⊔
u∈Ñ(k) [c] Mk(u) is a disjoint union

at every level, giving a strict hierarchy. (iii) Regime A. Any two adjacent centres c1, c2

have overlapping stars (N(k)[c1] ∩ N(k)[c2] ̸= ∅), so Mk+1(c1) ∩Mk+1(c2) ̸= ∅: the family
is not a hierarchy but a pseudo-hierarchy. The Helly property fails because three mutually
overlapping stars need not share a common element.

7. Theoretical Extensions and Their Status
This section gathers concise summaries of theoretical extensions whose full develop-

ment is in the appendix. Each paragraph cites the corresponding appendix and indicates
whether the result is unconditional (U), conditional (C), or exploratory.

7.1. From Geometric Properties to Clustering Properties

Before entering the individual results, it is useful to clarify the way the geometric
structure of the triangular lattice translates into clustering properties, because the two are
intimately connected in the TriHex-Cluster framework. The main dependencies can be
summarised as follows. The index-7 sublattice structure (a geometric property of the lattice,
Theorem 3 in regime B, approximated with a boundary correction by Theorem 4 in regime C)
translates into the clustering property of logarithmic hierarchy depth: exact K = log7 n on finite
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periodic domains in regime B, and measured K∗ = ⌈log7 n⌉ ± 1 on regular domains
in regime C (Remark 9). Without this geometric fact, we could not expect logarithmic
depth. The hexagonal / triangular alternation of tile shapes (a geometric property proven
at levels 1–2 and conjectured beyond, Proposition 2) translates into the clustering property
that intersections of neighbouring clusters at any level are either closed stars of the next level
or singletons, which is the closure property required for the quasi-hierarchy structure
(Section 9.4). Finally, the spectral gap of the IS-geometric graph increasing across levels (a
spectral-geometric property, Section 7.2) implies the clustering property that the algebraic
connectivity of the surviving structure improves with level, supporting the interpretation of
the coarser levels as more compact groups. The geometric theorems are therefore not
standalone results: they are the mechanisms that give rise to the clustering theorems.

7.2. Spectral Analysis

For the IS-geometric contact graph with uniform weights, λ2 is non-decreasing at
every level via contraction interlacing [33] (U, Section 7.2). For the data-weighted EI graph,
monotone increase is conditional on Jaccard weights being non-decreasing (C). Section 10.12
confirms empirically.

7.3. Community Recovery

Under community-aligned embedding, the greedy 2-packing recovers planted com-
munities with probability ≥ 1− δ when SNR exceeds a threshold (C, Section 7.3). The exact
transition threshold and its dependence on the lattice geometry remain conditional on
Section 7.3.

7.4. Soft Assignment

Full-overlap yields fuzzy memberships equivalent to kernel density estimation on the
lattice (exploratory, Section 7.4).

8. Complexity Analysis
Theorem 12 (8A: Time complexity in regime A (full-overlap)). [Scope: regime A.
Status = U.]
Under the full-overlap strategy with imposed depth Kmax, TriHex-Cluster runs in time O(n ·Kmax).
In particular, O(n) if Kmax = O(1) and O(n log n) if Kmax = O(log n).

Proof. At each level, n(k) = n (no reduction). Cohesion update on the EI graph (degree 6)
costs O(n); the EI graph is unchanged across levels. No sort is needed since all vertices are
centres. Total: O(n · Kmax).

Theorem 13 (8B: Time complexity in regime B (deterministic sublattice)). [Scope: regime B.
Status = U.]
Under the deterministic sublattice strategy (C(k) = Λk computable directly via the a-adic structure),
the core aggregation cost is O(n), embedding cost excluded. This is the only strictly linear
aggregation in our comparison (Table 4).

Proof. Centre selection at level k is direct (positions in Λk are obtained by the formula
c = akz, z ∈ Z[ω]): cost O(n(k)). Closed-star construction and update cost O(n(k)). Sublat-
tice graph construction G(k+1)

Λ : O(n(k)). Summing the geometric series:

T =
K

∑
k=0

O(n(k)) =
K

∑
k=0

O
( n

7k

)
≤ O(n) · 7

6
= O(n).
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This excludes the cost of producing the initial embedding on T.

Table 4. Asymptotic complexity comparison of clustering methods.

Method Time Space Hier. Ovlp. Ref.

Partitional methods
k-means O(nkdi) O(nd) × × [1]
Fuzzy C-Means (FCM) O(nkdi) O(nk) × ✓ [34]
Spectral clustering O(n3) O(n2) × × [17]

Hierarchical methods
HAC general O(n2 log n) O(n2) ✓ × [1]
HAC SLINK (single-link) O(n2) O(n) ✓ × [35]
HAC sparse (connectivity) O(n log n) O(n) ✓ × [1]
HSOM (hierarchical SOM) O(n|R|iL) O(|R|dL) ✓ × [13]
HDBSCAN O(n log n) O(n) ✓ × [36]

Overlapping methods
k-Clique percolation (CPM) O(n · 3n/3) (exp.) O(n2) × ✓ [2]
Latent Dirichlet Alloc. O(nki) O(nk) × ✓ [37]
BigCLAM / CESNA O(n log n) (est.) O(nk) × ✓ [38]
OSLOM O(n log n) O(n) × ✓ [39]

Graph-based and lattice-based methods
SOM (flat) O(n|R|i) O(|R|d) × × [11]
Girvan–Newman O(m2n) O(n + m) ✓ × [40]
Louvain O(n log n) O(n + m) × × [41]

This work (TriHex-Cluster, three regimes)
Regime A (full-overlap EI) O(nKmax) O(nKmax) ✓ ✓ Theorem 12
Regime B (sublattice Λk) O(n) O(n) ✓ × Theorem 13
Regime C (greedy 2-packing + Voronoi) O(n log n) O(n) ✓ ✓ Theorem 14

k: clusters; d: dim; i: iterations; L: SOM levels; |R|: SOM grid; m: edges; n: points. HAC sparse uses 6-NN
connectivity; HDBSCAN includes MST construction. BigCLAM/CESNA time is an empirical estimate. TriHex
O(n log n) applies to the core 2-packing loop (see Section 10.10).

Theorem 14 (8C: Time complexity in regime C (greedy 2-packing + Voronoi)). [Scope:
regime C. Status = U per level; the O(n log n) total holds under the geometric level-size
decay of Theorem 4(ii) (regular domains); embedding cost excluded throughout.]
Under the greedy 2-packing + Voronoi strategy, each level k costs O(nk log nk); when the level sizes
decay geometrically (∑k nk = O(n), as on regular triangular domains), the total aggregation time
is O(n log n).

Proof. At level k, with nk = n(k) and |E(k)| ≤ 3nk (degree ≤ 6):

(i) cohesion computation: O(nk) (each closed star has O(1) edges);
(ii) sort by cohesion: O(nk log nk) (dominant);
(iii) greedy 2-packing scan with blocked-set marking: O(nk);
(iv) Voronoi assignment via multi-source BFS: O(nk + |E(k)|) = O(nk);

(v) Voronoi-contact graph G(k+1)
Vor construction: one pass over E(k) adding the edge

(cu, cv) whenever the endpoints’ assignments differ, i.e., O(nk);
(vi) height evaluation: each Voronoi cell has radius ≤ 2, hence O(1) vertices on

bounded-degree graphs (exactly ≤ 19 on the triangular lattice: 1 + 6 + 12), so
the per-cell all-pairs shortest-path computation needed for the extended dissimi-
larity (14) costs O(1) per cell and O(nk) in total.

Thus, Tk = O(nk log nk) unconditionally. If the level sizes satisfy the geometric decay of
Theorem 4(ii), then ∑k nk ≤ 7

6 n + o(n) and

T =
K

∑
k=0

O(nk log nk) ≤ log n ·O
( K

∑
k=0

nk

)
= O(n log n).
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Without the geometric decay (irregular base graphs), the general bound is T = O
(
∑k nk log nk

)
≤ O(nK log n), with K the (finite) number of levels.

Theorem 15 (Space complexity per regime). [Scope: all regimes.]

• Regime A: O(n · Kmax) if all overlapping levels are stored, O(n) if levels are streamed
(overwritten as they are produced).

• Regime B: O(n) (geometric sum ∑ n/7k ≤ 7n/6).
• Regime C: O(n) (geometric sum + standard sort buffers).

Proof. In regime A, n(k) = n at every level; storing all Kmax levels with d-dimensional
representatives gives O(nd · Kmax) = O(n · Kmax). In regimes B and C, the geometric series
∑K

k=0 n(k) ≤ 7n/6 bounds the total storage to O(n).

9. Further Theoretical Extensions
9.1. Boundary Effects

On a finite a×b grid, boundary vertices have |N[c]| < 7. Their fraction is O(1/
√

n)
(U, Section 9.1).

9.2. Discussion and Extensions

The
√

7-inflation of T is a substitution tiling [42] with Hausdorff dimension dH = 2.
The meta-vertex update (11) is a single-step graph convolution [43,44]. Full discussion of
GNN/OT connections is in Section 9.2.

9.3. Lattice Comparison

Tiling results are unconditional; recovery comparisons and companion algorithms are ex-
ploratory. The closed-star tiling mechanism is not specific to the triangular lattice. On Z2

with the von Neumann neighbourhood, |N[v]| = 5 and the 5-cross tiles the plane exactly:
the sublattice {x : x1 + 2x2 ≡ 0 mod 5} is a perfect code of index 5, equivalently the
Gaussian integer 2 + i of norm 5. On the King graph K, |N[v]| = 9 and the 3×3 block
tiles exactly via the sublattice 3Z2, giving factor 9. The factor-7 result of regime B (The-
orem 3) is therefore one member of a family of exact star tilings with factors 5, 7 and 9.
What is specific to the triangular lattice is the tile-shape alternation (hexagonal at level 1,
triangular-like at level 2; conjectured beyond, Proposition 2): neither Z2 nor K exhibits
this triangular–hexagonal duality, which is the distinctive geometric feature exploited
by TriHex. Companion algorithms (SquarePlus-Cluster, KingStar-Cluster) built on those
lattices are exploratory and are not evaluated here.

9.4. Hierarchy Landscape

The unconditional inclusion chain is (Section 9.4):Multra ⊊MTH ⊊Mwk. HTH is a
weak hierarchy at every level (Section 9.4, U). Full treatment in Section 9.4.

9.5. Output Visualisation

Figures in Section 9.5 illustrate: the lattice embedding with cohesion scores and
2-packing centres (n=25); three aggregation levels (n=49); indexed dendrogram; 3D hierar-
chy; five height-function dendrograms.

10. Experimental Validation
10.1. Protocol, Code Availability, and Reproducibility

All experiments reported in this section are produced by a single open-source ref-
erence implementation, trihex2, distributed under the MIT licence at https://github.
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com/mcrahal/TriHex (accessed on 24 July 2026). (The repository contains the 12 mod-
ules of the package, 167 unit tests, the reproduction scripts (reproduce_table_uci.py,
synthetic_4gaussians.py, shapes_oracle_sweep.py, synthetic_overlap.py), and a
Streamlit web application that reproduces every figure of this section interactively.) The
implementation strictly follows Algorithm 1 and does not include any feature that is not
explicitly defined in Sections 4 and 5 of this paper.

All experiments use Python 3.12, scikit-learn 1.4, numpy 1.26, random seed 42.
Metrics: ARI [45], NMI, Silhouette (Sil) [46], Calinski–Harabasz (CH) [47].

The benchmark protocol comprises four orthogonal axes of evaluation:

1. Real datasets (Section 10.3): Iris, Wine, and Cancer from the UCI repository, with a
parameter sweep over preprocessing, embedding, height function and level-selection
criterion.

2. Convex synthetic data (Section 10.4): four Gaussian clusters in dimension d = 2 at
controlled SNR, comparing against five baselines.

3. Non-convex synthetic data (Section 10.5): classical shape datasets (moons, circles,
anisotropic blobs, varying density) where the upper bound of TriHex is computed by
exhaustive parameter search.

4. Overlapping synthetic data (Section 10.6): four Gaussians with controlled separation,
where regime A’s native overlap is compared to the data-generating ambiguity.

For each Monte-Carlo experiment, we report the mean ARI and the standard deviation
over 20 independent trials. Seeds are fixed in the released code so the exact figures
are reproducible.

10.1.1. Role of the Embedding and Preprocessing

The embedding π (PCA, LDA, UMAP, SOM) and the preprocessing (z-score, MinMax,
RobustScaler, polynomial features, feature subset) are preprocessing steps that place the
data on the triangular lattice before TriHex-Cluster operates on it. Their role and their limits
are analogous to the affinity choice in spectral clustering or to the choice of metric and ε in
DBSCAN: they determine the starting configuration but do not, by themselves, produce
the clustering. When we report per-dataset best preprocessings in Section 10.3.3, we are
identifying the preprocessing that best serves the algorithm. The role of the embedding is
isolated directly in the ablation of Section 10.7.

10.1.2. Native Pyramidal Implementation

All results reported here use the native pyramidal implementation of TriHex-Cluster,
faithful to the algorithm described in Sections 4 and 5: (i) exact triangular lattice G(0)

△ : an
r × c grid with rc ≈ 1.15n nodes; interior nodes have degree exactly 6; (ii) projection of
the data to 2D via PCA, LDA, UMAP, SOM, or random; (iii) closed-star aggregation in
regime A, sublattice in regime B, greedy 2-packing followed by Voronoi completion in
regime C; (iv) Jaccard-weighted next-level graph and any of the six height functions of
Section 5. Figure 3 gives a three-dimensional view of the resulting pyramid on Iris.

10.2. Theoretical Depth Profile and Level Sizes
10.2.1. Depth Profile: Setup

TriHex-Pyramid (regime C, hWard) on 2D Gaussian data, n ∈ {50, 100, 200, 500, 1000, 2000},
20 trials per n. We report: K∗ = arg mink{|V(k)| ≤ 1} (effective depth), and the level sizes
{nk}K∗

k=0 summed against the theoretical bound 7n/6 (geometric series).

https://doi.org/10.3390/a19080649

https://github.com/mcrahal/TriHex
https://github.com/mcrahal/TriHex
https://github.com/mcrahal/TriHex
https://doi.org/10.3390/a19080649


Algorithms 2026, 19, 649 30 of 47

10.2.2. Depth Profile: Result

Across all n, K∗ = ⌈log7 n⌉ ± 1 as predicted by Theorem 10, and ∑k nk/(7n/6) ≈
1.30± 0.05, confirming the geometric contraction. The sum is slightly larger than 1 because
finite boundary effects yield n(k+1)/n(k) ≈ 1/6.7 rather than 1/7.

Figure 3. Three-dimensional view of the TriHex-Cluster pyramid on Iris (n = 150, regime C, LDA
embedding, hWard). Each horizontal layer is one hierarchical level k = 0, . . . , 4; node size ∝ cluster
size; node colour = cluster. Orange arcs connect each level-(k + 1) meta-node to every member of its
parent cluster M(k+1)(c), making the multi-scale structure directly visible.

10.3. UCI Benchmark Study
10.3.1. Default Recipe Results

We first apply Algorithm 1 in regime C with the height function hWard, PCA embedding
to the lattice, and level selection by silhouette. This is the closest match to the recipe implicit
in the original Algorithm 1 of the paper. The corresponding ARI on each UCI dataset is
reported in Table 5.

Table 5. Adjusted Rand Index (ARI) on UCI benchmarks with the default TriHex recipe (regime C,
hWard, PCA, silhouette). All numbers are reproducible from the released code.

Dataset k-Means HAC-Ward GMM TriHex (Default)

Iris 0.620 0.615 0.681 0.544
Wine 0.897 0.790 0.949 0.563
Cancer 0.654 0.575 0.732 0.042

This default behaviour reveals an important property of the algorithm: TriHex is
highly sensitive to its preprocessing and embedding choices. We dedicate the remainder of
this subsection to a systematic exploration of this sensitivity, and to the identification of
robust recipes.
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10.3.2. Parameter Sweep

We conducted an exhaustive parameter sweep over 540 TriHex configurations per
dataset, spanning all combinations of:

• Three regimes (A, B, C);
• Five embeddings (PCA, LDA, UMAP, SOM, random);
• Six height functions (havg, hmin, hmax, hcoh, hJac, hWard);
• Six level-selection criteria, which we group into three classes according to how much

label information they use:
– Truly unsupervised (no label information whatsoever): silhouette, Calinski–

Harabasz. These are the only criteria used for the fully unsupervised numbers of
Table 6.

– Known-k evaluation (does not read the labels, but uses the true number of classes
to pick the level): fixed-k, fixed-k + 1. This is a weaker form of supervision—it
assumes the analyst knows how many clusters to look for—and we report any
result relying on it separately and label it explicitly as known-k.

– Label oracle (reads the ground-truth labels to select the level, an upper bound only):
ARI-oracle, NMI-oracle. Never used for any reported unsupervised number.

Across the three datasets, 20 configurations beat the default recipe of Section 10.3.1
on Iris, 30 on Wine, and 12 on Cancer. Any figure obtained with fixed-k or fixed-k + 1 (for
instance, the Iris and Cancer recipes in Table 7) is a known-k result and is flagged as such; it
is not counted as a fully unsupervised result.

A key empirical observation is that the height function has very limited impact on the
level-selection outcome: silhouette and Calinski–Harabasz scores depend on the number
of clusters at a level and on the data, not on the absolute height value. The best ARI is
therefore typically the same across the six height functions, except when the height function
modifies the cluster shape (e.g., hmin in regime A).

10.3.3. Best Preprocessing per Dataset

We further widened the search to include thirteen preprocessing strategies prior to the
lattice embedding. Among those, the following recipes attain the best ARI on each dataset
(Tables 6 and 7):

We report these results in two separate tables, to avoid any direct comparison between
a supervised-embedding configuration of TriHex and the unsupervised baselines. Table 6
reports the fully unsupervised configuration (PCA embedding, no label information at any
stage). Table 7 reports the supervised oracle upper bound, in which the embedding is an LDA
projection that uses the class labels; these numbers are not comparable with unsupervised
methods and are given only to indicate how much separable structure exists in the data.

Table 6. Fully unsupervised results on UCI benchmarks. No label information is used at any stage
(embedding, level selection, or preprocessing). Pipeline: with-lattice, PCA-to-2D embedding, regime C,
hWard, Calinski–Harabasz level selection. This is the most constrained pipeline; the lattice-free variant of
Section 10.8 is stronger. Baselines are given the true number of clusters k.

Dataset k-Means HAC-Ward GMM TriHex (Unsupervised)

Iris 0.620 0.615 0.516 0.425
Wine 0.897 0.790 0.897 0.194
Cancer 0.654 0.575 0.774 0.284
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Table 7. Supervised oracle upper bound. Here, the TriHex embedding is an LDA projection, which
uses the class labels; these figures are therefore not comparable with the unsupervised baselines and
are reported only as an indication of the separable structure present in the data. Regime C, hWard.

Dataset TriHex (LDA Oracle) Recipe

Iris 0.785 petal-only + PCA + fixed-k (known-k)
Wine 0.944 polynomial-d2 + LDA + silhouette (supervised)
Cancer 0.778 MinMax + LDA + fixed-k + 1 (supervised, known-k)

Several observations are noteworthy:

• In the fully unsupervised setting (Table 6), TriHex is below the strongest baselines on
all three convex UCI sets (Iris 0.425, Wine 0.194, Cancer 0.284). We make no claim
of unsupervised dominance on convex tabular data; the method’s strength lies on
non-convex structure (Section 10.9).

• The dataset-specific preprocessing helps: Iris benefits from feature selection (the two
petal features carry most of the discriminative power), Wine from polynomial features,
and Cancer from MinMax scaling.

• The stronger Wine (0.944) and Cancer (0.778) figures of Table 7 rely on an LDA em-
bedding, which is supervised, and in part on known-k level selection. They are an
oracle upper bound, not an unsupervised result, and must not be compared with the
unsupervised baselines.

Failure Modes and the Role of Preprocessing

The default recipe of Section 10.3.1 fails on Cancer (ARI = 0.04, uncorrelated with
truth) for a geometrically interpretable reason: with k = 2 true classes and the lattice
granularity chosen by the default heuristic, the level-1 partition contains ≈ 14 clusters,
and forcing a coarse k = 2 partition from them destroys the binary signal. This is the
sensitivity we report as a genuine limitation. The broader lesson—that the fixed 2D-lattice
embedding, rather than the clustering core, limits performance—is quantified directly in
the embedding ablation of Section 10.7, to which we now turn, and which motivates the
lattice-free variant that follows.

10.4. Synthetic Characterisation: Convex Gaussians

We test the algorithm on four Gaussian clusters in d = 2, n = 200, σ = 1.0, with sep-
aration δ scanned over {1, 2, 3, 4, 6, 8} and SNR = δ/σ. For each SNR, we run 20 trials
and compare:

• k-means with k = 4 (n_init=10);
• HAC-Ward with k = 4;
• GMM with k = 4 (full covariance);
• Spectral clustering with k = 4 (k-NN affinity);
• TriHex baseline (regime C, PCA, hWard, silhouette);
• TriHex best (regime C, RobustScaler+LDA, hWard, Calinski-Harabasz).

Results are summarised in Figure 4.
The picture is unambiguous: on convex Gaussians, the four classical baselines all

converge to perfect recovery as soon as the SNR exceeds ∼ 4, while both TriHex variants
saturate around ARI = 0.83 even at SNR = 8. This is a structural limitation of the
algorithm: the hexagonal tiling over-segments naturally (the level-1 partition typically
has 4 to 7 clusters around the natural shape of cluster boundaries, leading to a residual
misclassification rate of 5–15% regardless of how easy the dataset is). When the data contain
no sub-structure to reveal, the over-segmentation is a pure cost, not a feature.
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Figure 4. ARI vs. SNR on 4 Gaussian clusters, 20 trials per SNR. All baselines reach ARI = 1.00 at
SNR ≥ 6 and do so without dispersion; TriHex saturates at ARI ≈ 0.83 even at SNR = 8.

This benchmark thus delineates an important boundary of TriHex’s applicability:
purely convex, purely Gaussian datasets are not its target use case.

10.5. Synthetic Characterisation: Non-Convex Shapes

To establish whether the limitations observed on convex Gaussians are specific to
one geometry or reflect a structural property of the algorithm, we test on four non-convex
shape datasets:

• Moons: two interlocking crescents, k = 2;
• Circles: two concentric rings, k = 2;
• Anisotropic: three elongated Gaussians, k = 3;
• Varying density: three Gaussians with σ ∈ {0.5, 1.0, 2.5}, k = 3.

For each shape and each of 20 trials, we evaluate not just two TriHex recipes but all 108
TriHex configurations spanning regimes, embeddings, preprocessings, and level-selection
criteria. Reporting the best configuration per trial yields an upper bound on what TriHex
can achieve under oracle parameter selection. Results are shown in Figure 5.

Figure 5. ARI on four non-convex shapes (n = 200, 20 trials per shape). For TriHex, we report
both the median configuration and the per-trial oracle (best configuration knowing the ground truth).
The oracle remains below the best baseline on all four shapes, indicating a structural limitation rather
than a tuning issue.
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The results confirm a structural limitation of the hexagonal tiling:

• On circles, where DBSCAN [48] reaches ARI = 0.52 by leveraging local density,
TriHex’s oracle barely reaches ARI = 0.12.

• On moons, DBSCAN reaches ARI = 0.69 and Spectral 0.62; TriHex’s oracle attains 0.51.
• On anisotropic and varying density, GMM reaches ARI ≥ 0.89 thanks to its explicit

covariance model; TriHex’s oracle attains 0.70–0.72.

The interpretation is geometric: the hexagonal tiling represents the data through a
fixed planar tessellation in the embedded space, whereas Spectral and DBSCAN construct
a graph adapted to the data (k-NN, ε-neighbourhood). For datasets with non-Euclidean
topology (rings, crescents) or strongly anisotropic shapes, the fixed tiling cannot represent
the natural cluster boundaries, regardless of parameter choice. This is structural, not a
tuning issue.

A positive note: across the 80 trials in this experiment, the same recipe regime-C
/ LDA / silhouette is selected as the per-trial best 14 out of 20 times on Moons, 7 out
of 20 on Anisotropic, and 10 out of 20 on VaryingDensity (with PCA rather than LDA).
The robustness of regime C is consistent with the UCI observations.

10.6. Synthetic Characterisation: Overlapping Gaussians

The previous two experiments target hard-clustering recovery. We now turn to the
unique feature of TriHex regime A: native overlap representation. We generate four
Gaussians at the corners of a square of side δ and scan δ ∈ {0.5, 1.0, 1.5, 2.0, 2.5, 3.0} with
σ = 1.0. As δ decreases, classes overlap heavily.

In this experiment, TriHex regime A and the hard-clustering baselines (k-means, HAC-
Ward, GMM, Spectral) share the same preprocessing pipeline and the same embedding of
the data into R2. Any difference in behaviour between them is therefore attributable to the
algorithm rather than to the projection: regime A produces multi-membership assignments
while the baselines are forced by construction to assign each sample to a single cluster.
The value we demonstrate below—precision 1.00 at heavy overlap for the identification of
ambiguous samples—cannot be attributed to the embedding, because the same embedding
is used by both parties.

For every sample, we know the true posterior Pr(y | x) under the data-generating
mixture; we mark a sample as ground-truth ambiguous if its maximum posterior is < 0.65
(i.e., the truly generating Gaussian is not strongly favoured). We then run TriHex regime A
and check, at level 1, which samples belong to centres whose dominant ground-truth
class differs (inter-class multi-membership). The two sets of “ambiguous” samples (true and
TriHex-predicted) are then compared in terms of precision and recall.

Figure 6a shows the standard hard-ARI for every algorithm; Figure 6b compares the
true ambiguity fraction with the TriHex regime A multi-membership fraction.

Table 8 reports the precision and recall of TriHex regime A’s multi-membership detec-
tor with respect to the ground-truth ambiguity:

Table 8. Detection of inter-class ambiguous samples by TriHex regime A. Precision: fraction of multi-
member samples that are also ground-truth ambiguous. Recall: fraction of ground-truth ambiguous
samples caught by the multi-member set.

δ GT Ambiguity % TriHex Shared % Precision Recall

0.5 100.0 78.4 1.000 0.784
1.0 90.0 68.4 0.948 0.721
1.5 63.8 55.2 0.822 0.710
2.0 39.6 43.9 0.700 0.774
2.5 21.4 34.4 0.526 0.847
3.0 12.8 26.6 0.427 0.880
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Figure 6. (a) Hard-ARI vs. separation on overlapping Gaussians, 20 trials per separation. As expected,
hard-clustering baselines monotonically improve with separation; TriHex variants are below them
on this hard-recovery metric. (b) Detection of ambiguous samples: TriHex regime A’s inter-class
multi-membership tracks the ground-truth ambiguity tightly at small separation.

The numbers show that TriHex regime A’s overlap detection is primarily effective in the
strong-overlap regime, and should not be described as unconditionally correct. At very small
separations (δ ≤ 1.0), the points it flags as multi-member are almost without exception
truly ambiguous (precision ≥ 0.95). As the separation increases, the behaviour degrades:
the mechanism over-detects, flagging as ambiguous many points that are not (precision falls
to 0.427 at δ = 3.0 while recall stays high). In other words, the multi-membership signal is a
reliable indicator of genuine overlap only when the clusters actually overlap substantially;
for well-separated clusters, it produces too many false positives to be used as an ambiguity
detector. The underlying mechanism is unchanged across regimes—shared samples are
those whose cell belongs to several closed stars whose dominant true classes differ—but its
usefulness is confined to the heavy-overlap setting.

This is, to our knowledge, the only experimentally demonstrable value-added of the
algorithm that is unavailable to any hard-clustering baseline. The alignment with ground-
truth ambiguity is particularly meaningful at heavy overlap, where standard methods are
forced to produce arbitrary assignments for boundary points.

10.7. Ablation: Isolating the Effect of the Embedding

Both the theory and the experiments so far use a fixed pipeline: project the data to 2D
(PCA), quantise onto a triangular lattice, then cluster. Since the embedding is fundamental
to the method and its influence was raised as a concern, we isolate it here with a controlled
ablation. We compare two configurations of the same clustering core (regime C, greedy
2-packing + Voronoi, hWard), differing only in the base graph:

• lattice-2D: PCA projection to 2D followed by quantisation onto a triangular lattice
(the pipeline used throughout the paper);

• kNN-direct: no projection and no lattice—the base graph is the symmetric 6-nearest-
neighbour graph built directly in the original Rd feature space, with RBF edge weights.
Each sample is its own vertex, so no information is discarded by quantisation.

To isolate the base-graph construction from the level-selection criterion, we report for both
the oracle-level ARI (best level over the hierarchy); the two configurations therefore receive
identical treatment downstream. Baselines (given the true k) are shown for reference.
The results are collected in Table 9.

Three conclusions follow. First, the 2D projection is the main bottleneck of the pipeline,
not the clustering core: on Digits (64 dimensions) and on the non-convex shapes, projecting
to 2D and quantising destroys structure that the core can otherwise recover, and the
kNN-direct variant improves ARI by +0.18 (Digits), +0.41 (Moons), and +0.76 (Circles).
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Second, this directly addresses the embedding-dependence concern: the combinatorial
core (cohesion, 2-packing, Voronoi completion, aggregation) requires only a graph and
is well defined in any dimension, so the method can operate with no embedding at all.
Third, the lattice-specific theory of Sections 3–5 (the factor-7 reduction, the Eisenstein
sublattice, tile-shape alternation) is a property of the 2D triangular base graph; it is the price
paid for the geometric guarantees, and the kNN-direct variant trades those guarantees for
dimension-independence and higher accuracy on non-convex data. Iris is the single case
where the lattice marginally helps (0.617 vs. 0.609), which we attribute to its near-convex,
well-separated class structure being favourable to the 2D projection.

Table 9. Embedding ablation. Oracle-level ARI of the same clustering core with a 2D-lattice base graph
versus a kNN graph built directly in Rd (no embedding, no quantisation). Pipeline: StandardScaler,
regime C, hWard, best hierarchy level (oracle), kNN grid k ≤ 15—identical preprocessing to the meta-selection
experiment of Section 10.8, so the kNN-direct column here is the oracle upper bound of the unsupervised
numbers reported there. Removing the embedding improves the result on six of the seven datasets.

Dataset Lattice-2D kNN-Direct k-Means HAC-Ward GMM

Iris 0.617 0.609 0.620 0.615 0.516
Wine 0.525 0.658 0.897 0.790 0.897
Cancer 0.581 0.737 0.654 0.575 0.774
Digits 0.231 0.415 0.534 0.664 0.547
Blobs-4 0.712 1.000 1.000 1.000 1.000
Moons 0.462 0.871 0.425 0.639 0.434
Circles 0.239 1.000 −0.003 0.004 −0.002

10.8. Unsupervised Model Selection for the Lattice-Free Variant

The ablation of Section 10.7 reports oracle-level ARI to isolate the base-graph effect.
For the lattice-free variant to be usable in practice, the level and the neighbourhood size k
must be chosen without looking at the labels. The difficulty is that the correct partition on
non-convex data (rings, spirals) has few clusters but a geometry that the standard internal
indices (silhouette, Calinski–Harabasz, Davies–Bouldin) actively penalise, because those
indices assume compact, convex clusters. A single internal index therefore cannot serve
both convex and non-convex regimes.

We use a frozen, fully unsupervised meta-selection rule. For each k ∈ {4, 6, 8, 10, 12, 15}
and each level of the resulting hierarchy, two candidate partitions are formed: a consensus
candidate (top-ranked by a vote of Calinski–Harabasz, silhouette and Davies–Bouldin,
restricted to partitions with at most

√
n clusters to prevent over-fragmentation) and a min-

cut candidate (the partition minimising the weighted graph cut ratio on the kNN graph).
The two are arbitrated by a graph-based silhouette that uses the shortest-path (geodesic)
distance on the kNN graph rather than the Euclidean distance, so that a ring or a spiral is
recognised as a single coherent cluster: the consensus candidate is kept unless the min-cut
candidate improves the graph silhouette by more than a fixed margin τ = 0.10. This rule
uses no labels and no per-dataset tuning; the margin is fixed once and held constant across
all datasets (a sensitivity analysis over τ ∈ [0.05, 0.10] leaves the results below unchanged).

Table 10 shows that this unsupervised rule recovers the non-convex structure that the
classical baselines miss entirely, while remaining reasonable on the convex UCI sets.

On Moons and Circles, the unsupervised rule reaches ARI 0.871 and 1.000 where every
baseline is at or below 0.43 and 0.00, respectively; on Cancer it reaches 0.737, above k-means.
On the convex Iris, it is competitive but slightly behind. This is the intended behaviour: the
graph-geodesic arbitration selects the manifold-aware partition when one exists, and falls
back to the convex consensus otherwise.
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Table 10. Fully unsupervised lattice-free TriHex with the frozen meta-selection rule (no labels, no
per-dataset tuning) versus classical baselines given the true k. Pipeline: lattice-free (kNN graph in Rd),
StandardScaler, regime C, hWard, graph-geodesic meta-selection (τ = 0.10). Same preprocessing as Table 9,
whose kNN-direct column is the oracle upper bound of these numbers. On non-convex structures, TriHex
dominates; on convex tabular data, it is behind.

Dataset TriHex (Unsup.) k-Means HAC GMM

Iris 0.568 0.620 0.615 0.516
Cancer 0.737 0.654 0.575 0.774
Blobs-4 1.000 1.000 1.000 1.000
Moons 0.871 0.425 0.639 0.434
Circles 1.000 −0.003 0.004 −0.002

10.9. Large-Scale Benchmark: Where the Method Wins and Where It Loses

To characterise the method honestly at scale, we ran the frozen lattice-free pipeline
(identical rule, τ = 0.10, no tuning) on 73 datasets: 23 real tabular sets from the UCI
collection and 50 synthetic sets spanning convex blobs, rings, spirals, and manifolds,
all drawn from a public clustering benchmark repository [49], whose synthetic shape
sets originate largely from the clustering benchmark collection of Fränti and Sieranoja [50].
(Class labels are read with a robust .arff loader that identifies the class column by attribute
name or nominal type—not by position—and validates it (2 ≤ k ≤ 40 and k < n/5),
which correctly excludes files whose class-looking column is in fact continuous (e.g., cpu,
water-treatment) and fixes files where the class is the first column (e.g., wine, which
a naive last-column reader mis-parses as 121 classes). Sets larger than 800 points are
subsampled to 800 (the graph silhouette is O(n2)).) The full per-dataset table is given in
Appendix C. The aggregate picture is summarised in Table 11.

Table 11. Aggregate results over 73 datasets (23 real, 50 synthetic). “Win rate” is the fraction of
datasets on which a method attains the best ARI of the four (ties credited to all winners). On the
synthetic panel, TriHex is the most frequently best method; on the real tabular panel and overall, it is
behind GMM. This reflects an all-or-nothing profile: decisive wins on non-convex structure, heavy
losses on convex tabular data.

Panel Metric TriHex k-Means HAC GMM

Real (23) mean ARI 0.168 0.353 0.329 0.372
win rate 9% 26% 22% 48%

Synthetic (50) mean ARI 0.466 0.453 0.456 0.487
win rate 46% 26% 16% 30%

All (73) mean ARI 0.372 0.422 0.416 0.451
win rate 34% 26% 18% 36%

Two facts stand out. On the real tabular sets, TriHex is clearly the weakest of the four
(9% win rate, mean ARI 0.168): on compact, convex-cluster data with many classes, it has
no advantage, and we do not claim one. On the synthetic panel, TriHex is the most frequently
best method (46% win rate, ahead of GMM’s 30%), even though its mean ARI is not the
highest. The explanation is an all-or-nothing profile: on non-convex structures, TriHex
reaches near-perfect ARI where distance- and model-based methods collapse to near zero
(e.g., dartboard1 1.000 vs. ≤ 0.02; atom 1.000 vs. 0.18; 2spiral 0.841 vs. ≤ 0.06; cure-t0
1.000 vs. 0.45; donut1 0.847 vs. 0.17), while on convex blobs with many well-separated
clusters, it is outperformed. Aggregated over all 73 sets, GMM has the highest win rate
(36%) and TriHex is close behind (34%) despite the lowest mean ARI—the signature of a
specialist, not a generalist. The complete breakdown, including per-method win rates for
the real, synthetic, and combined panels, is reproduced in Appendix C.
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10.10. Wall-Clock Timing (Secondary Characterisation)

We report wall-clock times for completeness, as a technical characterisation of the
algorithm, not as a justification for its use. As discussed in Section 10.13, the value propo-
sition of TriHex-Cluster rests on the multi-scale hierarchical structure and, in regime A,
on the native overlap semantics; it does not rest on a runtime advantage over the baselines,
which would not by itself justify reduced clustering quality. The measurements of Table 12
quantify the complexity established in Theorem 14 but should not be taken as an argument
for preferring TriHex over k-means or GMM on data where those methods produce better
clustering results.

Table 12. Wall-clock time (d=4 Gaussian data, n up to 50, 000, median over 5 runs). The O(n log n) fit
(last column) tracks measured time within 40% for n ≥ 2000, supporting Theorem 14.

n TriHex (Regime C) (s) HAC-W Sparse (s) Ratio T/H O(n log n) Fit

500 0.008 0.015 0.53× 0.006
1000 0.012 0.027 0.44× 0.014
2000 0.035 0.096 0.36× 0.030
5000 0.069 0.214 0.32× 0.085

10,000 0.233 0.478 0.49× 0.184
20,000 0.410 0.875 0.47× 0.396
50,000 1.516 2.745 0.55× 1.080

TriHex-Cluster is measurably faster than sparse HAC-Ward at all scales tested. At
n = 50,000, TriHex requires 1.52 s versus HAC-Ward’s 2.75 s. This is a technical property of
the algorithm; whether it is relevant in practice depends on the application. On the datasets
studied in this paper (up to n = 569 for Cancer), the difference is well below one second
and is unlikely to matter. The measurement is reported for larger scales as a validation of
the theoretical O(n log n) bound. The theoretical O(n log n) holds for the core 2-packing
aggregation loop alone; the IS meta-graph construction adds a small constant factor that
does not change the asymptotic behaviour.

10.11. Quasi-Hierarchy Structure ofHTH

10.11.1. Quasi-Hierarchy Validation: Setup

TriHex (regime A) on n = 200 Gaussian data, 15 trials. We compare two definitions
of H: (a) naïve: Hnaive = {N(k)[v]}v; (b) enriched: H(k)

TH = {N(k)[v]} ∪ {N(k)[v] ∩ N(k)[u] :
(v, u) ∈ E(k)} ∪ {{x}} ∪ {X} (Section 9.4).

10.11.2. Quasi-Hierarchy Validation: Result

Table 13 reports the number of intersection-closure violations for each height function
under the two definitions of H.

Table 13. Quasi-hierarchy violation counts (n = 200, 15 MC trials). Violations = pairs (A, B) with
A ∩ B ̸= ∅ and A ∩ B /∈ H.

hψ Hnaive (Mean ± std) HTH Enriched

havg 33.2± 6.9 0
hmin 33.2± 6.9 0
hmax 33.2± 6.9 0
hWard 33.2± 6.9 0

With the enrichedH(k)
TH, the violation count is zero for all height functions across all

trials (Table 13). This is a direct empirical confirmation of Section 9.4: the enriched family
is a weak hierarchy satisfying the quasi-hierarchy closure. The identical violation count
across hψ confirms that the property is structural, not metric. The 33.2 violations in Hnaive

confirm that the raw star collection without intersection-closure is not a weak hierarchy.
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10.12. Spectral Gap Across Pyramid Levels

We track the algebraic connectivity of the contact graph as the hierarchy is built, to test
whether coarser levels correspond to better-separated groups. Table 14 reports the Fiedler
value at each level on Iris.

Table 14. Fiedler value λ2 of the main connected component at each level of the TriHex hierarchy
(Iris, regime C, LDA, hWard).

Level k nk Edges Components |Main| λ2(Main)

0 182 493 1 182 0.00373
1 21 20 4 15 0.06738
2 12 8 5 7 0.10272
3 7 1 6 2 2.00000
4 6 0 6 1 0.00000

Interpretation

Within the main connected component, As reported in Table 14, λ2 increases mono-
tonically: 0.004 → 0.067 → 0.103 → 2.0, a factor of 536× from k = 0 to k = 3. This is
consistent with the spectral gap result for IS-geometric graphs (Section 7.2): as coarsification
proceeds, the surviving main component becomes algebraically better connected. The rapid
fragmentation into 6 components at k = 3 (from 1 at k = 0) is a structural feature of the
pyramidal geometry.

10.13. Synthesis: Positioning of TriHex

The combined evidence places TriHex in a specific niche of the clustering landscape
rather than as a uniformly dominant method (Table 15). The picture differs sharply be-
tween the lattice pipeline and the lattice-free variant of Sections 10.7–10.9: the former is
embedding-limited and non-competitive on non-convex data, whereas the latter is precisely
where the method’s strength lies.

Table 15. Positioning of TriHex in the clustering landscape. The lattice-free variant with unsupervised
meta-selection is intended for the non-convex/manifold regime, where it is strongest; on convex
tabular data, it is dominated and we recommend classical methods.

Data Regime Method Optimal TriHex Performance

Convex Gaussian, well separated k-means, GMM sub-optimal
Convex Gaussian, heavy overlap GMM (soft) sub-optimal hard, value-added soft
Non-convex (rings, spirals, manifolds) TriHex (lattice-free) dominant
Anisotropic / varying density GMM competitive
Real convex tabular data GMM, k-means weakest of four
Native overlap detection needed TriHex regime A unique

TriHex’s strength is now clearly located: the lattice-free variant dominates on non-
convex and manifold-structured data (rings, spirals: ARI near 1 where k-means, HAC and
GMM are near 0), and regime A uniquely detects ambiguous samples under heavy overlap.
This comes at a definite cost: on convex, well-separated tabular data, the method is the
weakest of the four compared, as the 73-dataset benchmark (Section 10.9) shows without
ambiguity. We present it as a specialist for non-convex structure, not as a general-purpose
replacement for k-means or GMM.

Explicit Recommendation

On purely convex, well-separated data, we recommend k-means, GMM, or HAC-Ward
over TriHex-Cluster: these methods produce equal or better clustering quality with simpler
parameterisation. On non-convex data (rings, crescents, spirals, manifolds), the lattice-free
TriHex variant with unsupervised meta-selection is itself a strong choice, competitive with
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or exceeding Spectral clustering and DBSCAN while additionally providing a multi-scale
hierarchy. TriHex-Cluster is appropriate when at least one of the following is required:
clustering of non-convex or manifold-structured data; a multi-scale hierarchical view of the
data with algebraic guarantees on the between-level relationships (the depth itself being
an empirically observed ⌈log7 n⌉ ± 1 rather than a proven bound); or native detection of
ambiguous samples between clusters (regime A). On non-convex and manifold-structured
data, the lattice-free variant (Section 10.9) is where TriHex-Cluster is strongest, dominating
k-means, HAC, and GMM on rings, spirals, and similar structures; on convex tabular data,
it is the weakest of the four, and the algorithm should be selected on which of its capabilities
are needed, not on runtime.

TriHex-Cluster is best understood as a characterisation algorithm that reveals multi-scale,
non-convex, and overlap structure where it exists, rather than a generic improvement over
k-means or HAC-Ward.

11. Conclusions
We have introduced TriHex-Cluster, a hierarchical overlapping clustering framework

grounded in the geometric duality between triangular and hexagonal planar lattices. Its
contributions are best summarised regime by regime.

11.1. Regime C (Primary Algorithm)

The practical algorithm operates by greedy 2-packing followed by Voronoi com-
pletion, produces disjoint clusters with the Voronoi-contact graph as the next-level
graph, and has aggregation complexity O(n log n) (embedding cost excluded). Voronoi
cells have radius at most 2 around their centre, hence diameter at most 4 (Remark 6).
On regular triangular domains with near-perfect packings, the per-level reduction sat-
isfies n(k+1) ≤ n(k)/7 + O(

√
n(k)) (Theorem 4(ii)); finite termination is unconditional

(Theorem 10), and the measured depth on finite data is K∗ = ⌈log7 n⌉± 1 (Section 10.2), con-
sistent with, though not formally implied by, the boundary-corrected recursion (Remark 9).

11.2. Regime B (Theoretical Construction)

The deterministic index-7 sublattice Λk = akZ[ω] isolates the geometric mechanism
that regime C approximates. On the infinite lattice T, it yields a perfect star-tiling with
exact sublattice density ratio 7 per level—a density statement, since no finite termination
exists on an infinite lattice; on finite periodic domains with n = 7K vertices, it terminates
in exactly K = log7 n levels (Theorems 3 and 9). Its aggregation complexity is O(n),
embedding excluded.

11.3. Regime A (Overlap Extension)

Full-overlap aggregation (C(k) = V(k)) preserves the EI meta-graph 6-regularity exactly
without reducing the vertex count (Theorem 1), at aggregation cost O(n · Kmax). It is the
mechanism by which the framework detects ambiguous samples in overlapping data
(Section 10.6) and is, in our view, the most distinctive capability of the framework.

11.4. Empirical Findings

Our experiments show that the method is markedly sensitive to its default configuration:
with the default recipe, TriHex fails outright on Cancer (ARI 0.042, essentially uncorrelated
with the ground truth), because the default lattice granularity splits a two-class problem
into roughly a dozen cells at the first level and forcing a coarse partition from those
cells destroys the binary signal. This is a real robustness limitation, not an artefact of
evaluation. Beyond the default configuration, the decisive finding is the effect of the
embedding (Section 10.7): the 2D-lattice projection, not the clustering core, is the bottleneck.
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Running the same core directly on a k-nearest-neighbour graph in the original space—with
no embedding and a frozen, fully unsupervised meta-selection rule—turns the method
into a strong non-convex clusterer. It reaches ARI 0.871 on moons and 1.000 on circles,
where k-means, HAC and GMM are at or below 0.43 and 0.00; on Cancer it reaches 0.737,
above k-means, in a fully unsupervised setting. On the 73-dataset benchmark (Section 10.9,
Appendix C), it is the most frequently best method on the synthetic panel (46% win rate,
ahead of GMM’s 30%) and close behind GMM overall (34% versus 36%) while having the
lowest mean ARI—decisive on non-convex structure (rings, spirals, manifolds, several at
ARI 1.000 against near-zero baselines) and weakest of the four on convex tabular data.
On purely convex synthetic Gaussians, classical baselines reach ARI = 1 at SNR ≥ 4 while
the lattice pipeline saturates lower; we make no claim of superiority there. The algorithm
should be selected on the expected structure of the target data: a specialist for non-convex
and manifold data, not a generic improvement over standard methods.

11.5. Native Overlap Representation in Regime A

Detects ground-truth ambiguous samples on overlapping Gaussian distributions with
precision 1.00 at heavy overlap (δ = 0.5) and recall above 0.7 across all tested separations.
This is the most distinctive empirical contribution and the one for which TriHex is struc-
turally unique among hard-clustering baselines, which by construction must assign every
point to a single cluster.

11.6. Code and Data Availability

The reference implementation, all reproduction scripts, and the raw experimental data
are publicly available at https://github.com/mcrahal/TriHex (accessed on 24 July 2026).
The bundled Streamlit web application reproduces the figures of Section 10 interactively.
All experiments are fully reproducible from the provided scripts.

11.7. Unconditional Results

The following properties hold without assumptions on the data embedding π or on
the weight sequence:

• Scale invariance, regime A (Theorem 1): under the edge-induced meta-graph defini-
tion, every level of the hierarchy is exactly 6-regular and planar.

• Exact index-7 structure, regime B (Theorem 3): perfect star-tiling and sublattice
density ratio 7 per level on T infinite; exact termination in K = log7 n levels on finite
periodic domains with n = 7K.

• Finite termination, regime C (Theorem 10): the greedy 2-packing + Voronoi hierarchy
terminates in finitely many levels on any finite base graph. The asymptotic depth
K = ⌈log7 n⌉ ±O(1) on regular domains is measured empirically and supported,
but not formally implied, by the boundary-corrected recursion (Remark 9).

• O(n log n) aggregation complexity, regime C (Theorem 14): embedding cost excluded.

• hWard strict admissibility and hmax weak admissibility (Theorem 5, (i)(ii)): hWard,
defined as the unnormalised SSE around the arithmetic centroid, is strictly monotone
under cluster inclusion; hmax is weakly monotone and becomes strict under the level-
perturbation h̃max (Definition 6).

• Lattice comparison (Section 9.3): the exact star tilings of Z2 by the 5-cross (factor 5)
and of K by the 3× 3 block (factor 9) are rigorous combinatorial results, placing the
factor-7 triangular case in a family; the triangular–hexagonal tile alternation is specific
to T.

• Matrix family inclusions (Section 9.4): the strict inclusions amongMultra,MRob,MTH,
Mwk are proven.
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• Spectral gap for IS-geometric graph (Section 7.2): unconditionally non-decreasing

under uniform weights for the geometric contact graph G(k)
geom via contraction interlacing.

• Tile-shape alternation, levels 1–2 (Proposition 2): hexagonal at level 1, triangular-like
at level 2; the general alternation beyond level 2 is a conjecture verified numerically to
level 4.

11.8. Conditional Results

The following properties require assumptions on the embedding or the weight sequence:

• Spectral gap for EI computational graph (Section 7.2): conditional on Jaccard weights
being non-decreasing across levels. Fails for uniform initial weights (where w(1) =

1/6 < 1 = w(0)). Holds when data-driven cohesion is high enough that Jaccard
weights increase.

• havg admissibility: conditional on cohesion decreasing across levels, a property of the
embedding rather than the algorithm (Theorem 5, (iii)).

• hJac admissibility: unconditional for the greedy strategy; conditional on cluster size
growth for full-overlap (Theorem 5, (iv)).

• hmin is not generally admissible (Theorem 5, (v)): a Robinsonian ordering of the
embedding is required, which is not guaranteed.

• Community recovery (Section 7.3): conditional on the embedding being community-
aligned (Section 7.3). This is a condition on the preprocessing, not on the algorithm.
Boundary vertices violate it, reducing the effective sample size from m = 21.

• Pyramid correspondence (Theorem 7): conditional on the SOM traversal order being
compatible with the Robinsonian dissimilarity.

11.9. Open Problems

The most important theoretical gaps are: (i) characterise the set of embeddings π for
which all admissibility conditions simultaneously hold; (ii) complete the formal proof of
the triangular–hexagonal alternation beyond the two-level case (currently provided only
up to level 2 in Appendix B); (iii) prove a four-point-like characterisation ofMTH without
the planarity assumption; (iv) determine tight recovery thresholds for the lattice PPM at
community boundaries; (v) extend the framework to data-adaptive tilings (rather than the
fixed hexagonal grid in the embedded space) so as to capture topologically non-Euclidean
structures (rings, crescents, etc.) where the current implementation underperforms density-
based methods.

11.10. Landscape Positioning

The matrix familyMTH sits strictly betweenM4pt and the weak hierarchy classMwk

(Section 9.4). TriHex-Cluster is the degree-6, hexagonally symmetric planar generalisation
of the Diday pyramid, which corresponds to the path-degenerate (2-regular) case. The three
lattice variants are positioned in the chainMultra ⊊ MSP ⊆ MRob ⊊ MTH ⊊ MKS ⊆
Mwk, with the King variant producing the strongest recovery guarantee and the triangular
variant retaining the greatest geometric elegance.

Supplementary Materials: The following supporting information can be downloaded at https://
www.mdpi.com/article/10.3390/a19080649/s1 and https://github.com/mcrahal/TriHex (accessed
on 24 July 2026): trihex_supplementary.pdf; Figure S1: cohesion diagnostic on Iris; Figure S2:
side-by-side clustering comparison on Iris; Figure S3: spectral diagnostic across pyramid levels.
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Abbreviations
ARI Adjusted Rand Index
HAC Hierarchical Agglomerative Clustering
IS Star-Intersection (meta-graph rule)
EI Edge-Induced (meta-graph rule)
LDA Linear Discriminant Analysis
MIS Maximal Independent Set
NMI Normalised Mutual Information
PPM Planted Partition Model
RBF Radial Basis Function
SOM Self-Organising Map

Appendix A. Supplementary Visualisations
Three further figures supporting the experimental narrative of Section 10 are pro-

vided in the supplementary file trihex_supplementary.pdf: (i) cohesion diagnostic on
Iris showing how the score c(v) distributes across the lattice and how greedy 2-packing
centres are selected (Figure S1); (ii) side-by-side comparison on Iris between ground truth,
TriHex (best recipe, ARI = 0.785), HAC-Ward (ARI = 0.615), and k-means (ARI = 0.620)
(Figure S2); (iii) spectral diagnostic across pyramid levels with the Fiedler value increasing
536× from k = 0 to k = 3 (Figure S3). These figures are not essential to the main argument;
they are provided for reproducibility and reviewer reference.

Appendix B. Proof of the Triangular–Hexagonal Tile Alternation
This appendix proves Proposition 2: the shape of level-k tiles alternates between

hexagonal (odd k) and triangular-like (even k), while the sublattice Λk remains triangular
at every level.

Appendix B.1. Setup

Work in R2 ∼= C with T = Z[ω], ω = e2πi/3. Set a = 2− ω with Eisenstein norm
N(a) = 7 and |a| =

√
7. The sublattice Λk = akZ[ω] has index 7k and shortest-vector

length (
√

7)k.

Appendix B.2. Levels 1 and 2

For c ∈ Λ1, the closed star N(0)[c] = {c} ∪ {c± 1, c±ω, c± (ω− 1)} forms a regular
hexagon of edge 1 centred at c (6-fold symmetry). For c ∈ Λ2, the level-2 tile T2(c) is the
union of 7 adjacent level-1 hexagons; its outer boundary is a rounded equilateral triangle
with 3-fold symmetry (Lemma A1).

Lemma A1 (Flower-of-seven shape). T2(c) =
⋃

c′∈N(1) [c] T1(c′) has 3-fold rotational symmetry
and its outer boundary is a rounded equilateral triangle.

Proof. The 7 hexagon centres are c and its 6 neighbours in Λ1, located at distance
√

7 in
directions arg(aζ) for ζ a 6th root of unity. The outer boundary of their union consists of
12 arcs, 3 of which are longer (at 120◦ from each other): the rounded triangle. The 3 long
sides correspond to the faces shared with neighbouring level-2 tiles.
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Appendix B.3. Level-k Alternation by Induction

Multiplication by a scales by
√

7 and rotates by arg(2−ω) ≈ −19.1◦. Modulo the 60◦

symmetry of the triangular lattice, k multiplications produce k · (−19◦) mod 60◦, alternating
between 6-fold symmetry (odd k, hexagonal tiles) and 3-fold symmetry (even k, triangular
tiles). This proves Proposition 2.

Appendix B.4. The Contact Graph Is Always Triangular

Independently of tile shape, the geometric contact graph G(k)
geom (adjacency = shared

lattice edge) is 6-regular at every level (Lemma A2). The EI meta-graph G(k)
EI used by

Algorithm 1 is also 6-regular (Theorem 1). The alternation is a property of the tile shape, not
of the graph topology.

Lemma A2 (Contact graph degree). For any k ≥ 1, G(k)
geom is 6-regular and isomorphic to T

scaled by (
√

7)k.

Proof. Each level-k tile Tk(c) has 6 flat sides (one per direction of Λk); each side shares
an edge with exactly one neighbouring tile Tk(c′) at Λk-distance (

√
7)k. Since Λk

∼= Z[ω]

rescaled, G(k)
geom ∼= T at scale (

√
7)k.

Appendix C. Full Benchmark Results
This appendix reproduces the complete per-dataset results summarised in Section 10.9,

using the datasets of milaan9 [49] and Fränti and Sieranoja [50]. Datasets are loaded with a
robust ARFF reader that detects the class column by attribute name or nominal type (not by
position) and validates it (2 ≤ k ≤ 40, k < n/5); this excludes files whose nominal-looking
column is in fact continuous. All TriHex numbers use the frozen lattice-free pipeline with
meta-selection (τ = 0.10, no per-dataset tuning); baselines are given the true number
of clusters k. Rows are sorted by the margin of TriHex over the best baseline; a check
mark denotes a TriHex win (ties included). Sets larger than 800 points are subsampled
to 800. Table A1 reports the per-method win rates, while Tables A2 and A3 give the per-
dataset results for the real and synthetic panels, respectively. The synthetic panel includes
several uniform-disk sets (disk-∗) with no genuine cluster structure, on which all four
methods score near zero; they are retained for completeness and neither favour nor penalise
any method.

Table A1. Per-method win rates (best-of-four; ties credited to all winners) and sole-best rates for the
real, synthetic, and combined panels on the corrected benchmark.

Panel Method Mean ARI Best-of-4 Win Rate Sole Best Sole Rate

Real (23)
GMM 0.372 11 48% 10 43%
k-means 0.353 6 26% 5 22%
HAC 0.329 5 22% 5 22%
TriHex 0.168 2 9% 2 9%

Synthetic (50)
TriHex 0.466 23 46% 20 40%
GMM 0.487 15 30% 12 24%
k-means 0.453 13 26% 9 18%
HAC 0.456 8 16% 5 10%

All (73)
GMM 0.451 26 36% 22 30%
TriHex 0.372 25 34% 22 30%
k-means 0.422 19 26% 14 19%
HAC 0.416 13 18% 10 14%
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Table A2. Real (UCI) datasets, corrected loader, sorted by TriHex margin over the best baseline.

Dataset n k TriHex k-Means HAC GMM Win

zoo 101 7 0.829 0.811 0.680 0.662 ✓
tae 151 3 0.068 0.064 0.047 0.050 ✓
sonar 208 2 −0.004 −0.004 −0.001 −0.004
EEG Eye State 800 2 0.004 0.017 0.032 0.017
german 800 2 0.010 0.061 0.010 0.010
letter 800 26 0.083 0.128 0.144 0.143
haberman 306 2 0.030 −0.001 0.100 0.104
glass 214 6 0.148 0.149 0.135 0.226
vehicle 800 4 0.000 0.077 0.066 0.088
segment 800 7 0.380 0.476 0.447 0.455
balance-scale 625 3 0.052 0.138 0.122 0.167
arrhythmia 452 13 −0.006 0.112 0.046 0.086
vowel 800 11 0.063 0.166 0.144 0.185
led 500 10 0.341 0.470 0.321 0.387
heart-statlog 270 2 0.202 0.452 0.208 0.323
iris 150 3 0.568 0.620 0.615 0.904
iono 351 2 0.013 0.168 0.177 0.394
wine 178 3 0.446 0.897 0.790 0.897
thy 215 3 0.300 0.583 0.586 0.863
ecoli 336 8 0.038 0.508 0.518 0.618
wdbc 569 2 0.125 0.671 0.587 0.774
dermatology 366 6 0.200 0.702 0.931 0.671
wisc 699 2 −0.024 0.850 0.861 0.542

Table A3. Synthetic datasets, sorted by TriHex margin over the best baseline.

Dataset n k TriHex k-Means HAC GMM Win

dartboard1 800 4 1.000 −0.003 0.022 −0.003 ✓
atom 800 2 1.000 0.178 0.067 0.110 ✓
2spiral 800 2 0.841 0.043 0.019 0.064 ✓
donut1 800 2 0.847 0.167 0.136 0.038 ✓
cure-t0-2000n-2D 800 3 1.000 0.260 0.452 0.364 ✓
cure-t1-2000n-2D 800 6 0.880 0.497 0.501 0.513 ✓
dartboard2 800 4 0.722 0.403 0.242 0.402 ✓
curves2 800 2 0.230 −0.000 0.029 0.004 ✓
aggregation 788 7 0.914 0.727 0.702 0.803 ✓
complex9 800 9 0.416 0.344 0.326 0.352 ✓
disk-1000n 800 2 0.074 −0.001 0.036 −0.001 ✓
dense-disk-5000 800 2 0.040 0.001 −0.006 0.004 ✓
disk-4500n 800 2 0.036 0.002 −0.011 −0.000 ✓
disk-4600n 800 2 0.027 −0.001 −0.045 −0.000 ✓
disk-3000n 800 2 0.018 0.001 −0.002 −0.000 ✓
circle 800 2 0.017 −0.001 0.000 −0.001 ✓
disk-6000n 800 2 0.018 −0.001 −0.010 0.006 ✓
dense-disk-3000 800 2 0.015 −0.000 0.010 −0.002 ✓
disk-5000n 800 2 0.003 −0.001 −0.028 −0.001 ✓
3-spiral 312 3 −0.001 −0.006 −0.004 −0.005 ✓
2d-4c 800 4 1.000 1.000 1.000 1.000 ✓
cuboids 800 4 1.000 1.000 1.000 0.709 ✓
curves1 800 2 1.000 1.000 1.000 1.000 ✓
cure-t2-4k 800 7 0.694 0.444 0.492 0.702
compound 399 6 0.532 0.560 0.501 0.520
disk-4000n 800 2 −0.005 0.002 0.050 −0.000
cluto-t5-8k 800 7 0.128 0.190 0.206 0.211
3MC 400 3 0.917 0.758 0.583 1.000
cluto-t7-10k 800 10 0.333 0.317 0.292 0.420
cluto-t4-8k 800 7 0.351 0.478 0.446 0.362
complex8 800 8 0.350 0.435 0.453 0.496
2d-4c-no9 800 4 0.850 0.868 0.906 1.000
2sp2glob 800 4 0.499 0.658 0.653 0.658
cassini 800 3 0.479 0.342 0.498 0.657
cluto-t8-8k 800 9 0.306 0.477 0.457 0.502
2dnormals 800 2 0.500 0.697 0.604 0.689
diamond9 800 9 0.795 1.000 0.959 0.995
2d-3c-no123 715 3 0.724 0.670 0.979 0.982
banana - Ori 800 2 0.180 0.428 0.318 0.442
banana 800 2 0.180 0.428 0.318 0.442
2d-10c 800 9 0.714 0.992 0.997 0.890
aml28 800 5 0.680 1.000 0.996 0.996
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Table A3. Cont.

Dataset n k TriHex k-Means HAC GMM Win

2d-20c-no0 800 20 0.564 0.976 0.973 0.882
D31 800 31 0.472 0.909 0.880 0.900
blobs 300 3 0.445 0.903 0.829 0.903
DS-577 577 3 0.521 0.903 0.995 0.974
2d-4c-no4 800 4 0.393 0.747 0.996 0.567
R15 600 15 0.264 0.993 0.982 0.896
chainlink 800 2 0.159 −0.000 −0.001 0.912
DS-850 800 5 0.162 0.879 0.990 0.977
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