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Abstract: This study investigates the role of calcium ions in the release of action potentials by
comparing two models based on the framework: the standard HH model and a HH + Ca model
that incorporates calcium ion channels. Purkinje cells” responses to four types of electrical current
stimuli—constant direct current, step current, square wave current, and sine current—were simulated
to analyze the impact of calcium on action potential characteristics. The results indicate that, under
the constant direct current stimulation, the action potential firing frequency of both models increased
with the escalating current intensity, while the delay time of the first action potential decreased.
However, when the current intensity exceeded a specific threshold, the peak amplitude of the action
potential gradually diminished. The HH + Ca model exhibited a longer delay in the first action
potential compared to the HH model but maintained an action potential release under stronger
currents. In response to the step current, both models showed an increased action potential frequency
with a higher current, but the HH + Ca model generated subthreshold oscillations under weak
currents. With the square wave current, the action potential frequency increased, though the HH + Ca
model experienced suppression under high-frequency weak currents. Under the sine current, the
action potential frequency rose, with the HH + Ca model showing less depression near the sine peak
due to calcium’s role in modulating membrane potential. These findings suggest that calcium ions
contribute to a more stable action potential release under varying stimuli.
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1. Introduction

Purkinje cells are the largest and most complex output neurons in the cerebellum [1,2].
They receive inputs from the cerebellum and other brain regions, integrating this informa-
tion through their extensive dendritic arbors and single axons [3]. Their intricate dendritic
architecture and diverse ion channels make them ideal models for studying electrophys-
iological properties [4]. Purkinje cells primarily inhibit the activity of other neurons by
releasing the neurotransmitter gamma-aminobutyric acid (GABA) [2,5]. This inhibitory
action contributes to the cerebellum’s principal function, which is the fine regulation
and coordination of movement [6,7]. Investigating the action potential characteristics of
Purkinje cells is essential for understanding the cerebellar function and its underlying
neural mechanisms.

An action potential is a transient depolarization of the membrane potential, during
which the cell membrane shifts from a negative state relative to the extracellular environ-
ment to a brief positive state [8]. This process is driven by the activity of gated ion channels
on the cell membrane [9]. The generation of an action potential is a highly organized and
complex electrophysiological process that occurs when a cell is stimulated by an external
signal of sufficient intensity. This process is initiated when the stimulation intensity reaches
or surpasses the cell’s threshold (Point II), triggering rapid and substantial changes in
the ion channel activity across the cell membrane. The subsequent depolarization phase
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(Process III) is marked by a sharp increase in the membrane’s permeability to sodium ions,
which flow rapidly into the cell along their concentration gradient. This inward flow of
sodium ions leads to a reversal of the membrane potential, switching from the resting state
of a positive outside and negative inside to a positive inside and negative outside configu-
ration, thus forming the rising phase of the action potential and reaching its peak (Point
IV). During this phase, the membrane potential undergoes rapid and significant changes in
amplitude, which is a direct indicator of the cell’s excitability. Following the depolarization
phase, the membrane enters the repolarization stage (Process V). At this point, the sodium
ion channels gradually close, while potassium ion channels open, allowing potassium ions
to exit the cell along their concentration gradient. This outward movement of potassium
ions leads to a gradual reduction in the membrane potential. If the potassium ion channels
remain open beyond repolarization, the continued outflow of potassium ions can result in
an overshoot of the membrane potential, causing the cell to enter a hyperpolarized state
(Process VI). Finally, the membrane potential stabilizes as the cell returns to its resting
state (Process VII), characterized by the re-establishment of a positive outside and negative
inside resting membrane potential. This resting state persists until the arrival of the next
stimulus of sufficient intensity. This cyclical process of action potential generation and
conduction represents the cell’s rapid response mechanism to external stimuli and plays a
critical role in various physiological functions. Each phase of the action potential reflects
the intricate dynamics of ion channel activity and membrane potential modulation, which
are essential for cellular excitability and signal transmission. A typical action potential and
its corresponding stages are illustrated in Figure 1 [10].

Process I, VI : Resting state

o

Point II: Stimulus
Process III : Depolarization
Point IV: Peak

Threshold Process V : Repolarization

Membrane voltage (mV)

Process VI : Hyperpolarization

Time (ms)

Figure 1. Schematic diagram of action potential.

The release of neuronal action potentials is mainly related to the transmembrane
movement of sodium and potassium ions. Relevant studies have shown that calcium ions
also participate in the release of action potentials and play a regulatory role. Building
upon the Morris Lecar neuron model, Ren Xin [11] conducted a detailed investigation
into the firing dynamics of neurons subjected to electrical stimulation in the presence
of calcium ion concentration oscillations. The study revealed that the calcium ion oscil-
lations induced a significant alteration in the neuronal firing patterns. Specifically, the
discharge activity transitioned from a simple periodic spiking pattern to a more complex
burst firing behavior. This shift underscores the critical role of calcium ions in modulating
the excitability and firing patterns of neurons under varying stimulation conditions. Li
Ruting et al. [12] investigated the effects of calcium channel inhibition via osthole on the
amplitude of the compound action potential (CAP) in the frog sciatic nerve. Their study
demonstrated that the suppression of calcium ion channels led to a significant reduction
in the amplitude of the CAP, indicating that calcium ion influx plays a crucial role in
maintaining the excitability and conduction properties of the sciatic nerve. This finding
highlights the importance of calcium channels in modulating neural signal transmission in
peripheral nerves. Pattillo et al. [13] investigated the regulatory role of calcium-activated
potassium (K-Ca) channels in modulating neurotransmitter release triggered by single ac-
tion potentials. Their findings revealed that large-conductance K-Ca channels, expressed in
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presynaptic varicosities, play a critical role in regulating the amplitude of neurotransmitter
release. This regulation occurs by modulating the repolarization rate of the action poten-
tial, thus influencing synaptic transmission efficacy during single action potential events.
Helton et al. [14] examined the functional role of recombinant neuronal L-type calcium
channels in the modulation of action potentials. Their study revealed that these channels
exhibit rapid activation kinetics and facilitate substantial calcium influx in response to
individual action potential waveforms. This significant calcium entry underscores the
critical role of L-type calcium channels in shaping the electrophysiological properties of
neurons, particularly in regulating the dynamics of action potential signaling.

In Purkinje cells, various ion channels on the cell membrane work collaboratively
to influence the generation of action potentials. Among these, calcium ion channels play
a critical role in neuronal signal transmission and synaptic plasticity. Simulating the
presence or absence of calcium-related channels and comparing the resulting differences
between models not only deepens our understanding of calcium ions” impact on action
potential characteristics but also highlights the physiological and pathological significance
of this process. Such research is instrumental in elucidating the potential roles of calcium
signaling in neurological disorders, such as ataxia and autism spectrum disorders, where
abnormalities in calcium signaling may disrupt neuronal function and connectivity. This
understanding could provide a theoretical foundation and experimental basis for future
therapeutic strategies.

Loewenstein et al. [3] constructed a simplified model to investigate the characteristics
of Purkinje cell action potentials, which consists of an instantaneous sodium current, slow
h-type current, and voltage independent outward current. Verkerk et al. [15] compared
the differences in the action potentials of Purkinje cells in sheep under different electrical
stimulation frequencies. Connors et al. [16] simulated cortical excitatory neurons, including
regular-spiking (RS) neurons and intrinsically bursting (IB) neurons, such as pyramidal
neurons or spiny stellate cells, alongside GABAergic inhibitory interneurons, specifically
fast-spiking (FS) neurons, which encompass non-pyramidal cells with smooth or sparse
spines. They compared the differences in the action potential firing characteristics among
these cell types. Williams et al. [17] investigated the role of mixed cationic currents activated
by hyperpolarization in controlling action potential firing in cerebellar Purkinje cells in rats.

Liu Jiaqi [18] used the Izhikevich model to explore the firing characteristics of neu-
ronal action potentials and simulated the firing characteristics of excitatory and inhibitory
neurons under different current stimuli [19]. Although the Izhikevich model is effective
and computationally efficient, it overlooks the detailed ion flow mechanisms involved in
neuronal discharges, describing neuronal firing patterns solely through nonlinear differ-
ential equations. Consequently, when simulating certain complex neural phenomena, the
Izhikevich model is unable to accurately depict the differences in action potential firing
characteristics under varying electrical stimuli resulting from changes in ion channels. In
contrast, the HH model is grounded in biological experimental data, yielding simulation
results that are typically highly consistent with empirical observations. This model effec-
tively captures the dynamic behavior of ion channels, particularly the effects of sodium
(Na*) and potassium (K*) ion flows on the generation and propagation of action potentials.
By employing specific conductivity equations, it simulates current changes in ion channels,
demonstrating a high biophysical realism and a detailed description of ion dynamics [20].
This capability allows the HH model not only to simulate neuronal action potentials and
accurately reflect the electrophysiological behavior of neurons but also to adjust or add
parameters to investigate the functions of different ion channels. By incorporating calcium
ion channels, the HH model can more precisely simulate the calcium-dependent action
potential characteristics of Purkinje cells.

Calcium ions play a crucial role in regulating action potentials in neuronal electro-
physiology, but the classic HH model does not fully account for the influence of calcium.
Therefore, this study extends the HH model by incorporating calcium ion channels to
construct an expanded model (HH + Ca model) that more accurately simulates the re-
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sponse of Purkinje cells under various electrical stimuli. By applying a constant DC, step
current, square wave current, and sine wave current, we investigated the effects of cal-
cium ions on action potential firing frequency, delay time, and response characteristics.
This research aims to enhance the understanding of the role of calcium in Purkinje cell
electrical activity and provide theoretical support for further improvements to neuronal
electrophysiological models.

2. Neuron Model
2.1. HH Model

The HH model is a seminal mathematical framework in neuroscience that describes
neuronal action potentials. It was developed by Alan Hodgkin and Andrew Huxley in
1952 [21]. This model characterizes the changes in neuronal membrane potential and the
associated ion channel dynamics using a set of nonlinear differential equations.

The HH model comprises a voltage-gated sodium ion channel, a delayed rectifier
potassium ion channel, a leakage current, and a capacitance current. Its equivalent circuit
is illustrated in Figure 2 [21].

Extracellular

9Na 9k = 9. =
/- N\,
— \ v
[ I, |
Eng Ex E, ‘
lntraceilular

Figure 2. HH model equivalent circuit.

Based on the current of each ion channel and membrane capacitance, the equation for
the membrane potential change can be derived as follows:

v
CmE = Iext - (INa + II( + IL)/ (1)

where V is the membrane potential, C;, is the membrane capacitance, I.y; is the total mem-
brane current per unit area, and the current equations for each ion channel are as follows:

INa = gNamBh(V - ENa)r (2)
Ix = gxkn*(V — Ex), 3)
Ir =g1.(V—Ep), 4)

where Ep,; and Ex are the reversal potentials of sodium ions and potassium ions, gy, and
gk represent the sodium ion channel and potassium ion channel, g; and Ej, are the leakage
current conductance and leakage current reversal potential per unit area, respectively. m, h,
n can be expressed by the following gate variable equations:

dm

s (1 —m) — Bmm, (5)
% =ap(1—h) — Buh, (6)
dn._ an(1—mn) — Bun, 7)

dt
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The rate constants of the gated variables ay,;, B, &y, B, &n, and B, are in Table 1 [22-24].
The parameter values in the simulation are in Table 2 [22,23,25].

Table 1. Rate constant of gated variables.

Na' channel wn(V) = 0.617‘?% Pn(V) = 20" %"
(V) = 04e™ 5" BulV) = — v

K* channel wy (V) = 0.02% Bn(V) = 0.4e— 50"

(V) = 0.006% Ba(V) =01 10

Ca* channel ay, (V) = 0.04e~ 50" Bra(V) = —24
ae (V) = 0.317V7+% Be(V) =10e~ 5

Table 2. Simulation parameters.

Cp = 1.0 pF/cm? gNa = 40.0 uS/cm?
Eng = 35.0mV g1 = 0.005 uS/cm?
Ex = —70.0 mV gKDR = 10.24 uS/cm?
E; = —60.0 mV gkca = 0.05 uS/cm?
Ec, = 13246 mV ga = 36.0 uS/cm?

gx = 36.0 pS/c:rn2

(HH model) g4 = 36.0 pS/cm?

In the HH model, the action potential is primarily generated through the interaction
between sodium and potassium ion channels. When the membrane potential reaches the
threshold, the sodium ion channels rapidly open, resulting in a sodium ion influx and rapid
depolarization of the membrane potential, which constitutes the rising phase of the action
potential [26,27]. Subsequently, the sodium ion channels become inactive, the potassium
ion channels open, and potassium ions exit the cell, leading to the repolarization of the
membrane potential and forming the falling phase of the action potential.

2.2. HH + Ca Model

Calcium ions play a crucial role in the generation and regulation of neuronal action
potentials, particularly under conditions of high current intensity and high-frequency stim-
ulation. The activity of calcium ion channels significantly influences neuronal excitability
and signal transduction. The introduction of calcium-related channels allows for a more
accurate simulation of the physiological responses of neurons, elucidating the specific
roles of calcium ions in modulating changes in membrane potential and neural signal
transmission. This, in turn, enhances our understanding of nervous system function and
the mechanisms underlying various disease states [26]. On the basis of the HH model, a
voltage-gated calcium ion current Ic,, deactivated A-type potassium ion current Ix 4, and
calcium-activated potassium ion current Ixc, were added to establish an HH + Ca model
to explore the effect of calcium on action potential characteristics under different electrical
stimuli. The equivalent circuit is shown in Figure 3.

After adding a calcium ion related current, the membrane potential change equation
is as follows:

av
Con—p = Lext = (Ina + IkpR + Ixa + Ikca + Ica + 1), (8)
The current equations for each ion channel are as follows:
INg = gNum3h(V — Ena), )
Ikpr = gkpr* (V — Ex), (10)

IKA :gAH3hA(V—EK), (11)
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Ixca = 8kca(V — Ex), (12)
IL:gL(V_EL)r (13)
The gating variable equations are as follows:
dm
i (1l —m) — Bum, (14)
dh
==k = By, (15)
d
di; =way(1—n)— Pun, (16)
da
= ag(1—a) — Baa, (17)
dh
T?:“hA(l_hA)_ﬁhAhA/ (18)
dc
i ac(1—c) — Bec, (19)

The rate constants of the gated variables ay;, B, &1, Br, ®n, Bn, %a, Ba, &na, Brua, %c,
and B, are in Table 1. The parameter values in the simulation are in Table 2.

In the HH + Ca model incorporating the voltage-gated calcium ion current Ic,, deacti-
vated A-type potassium ion current Ig 4, and calcium activated potassium ion current Ixc,,
the types of currents increase, and the impact of electrical stimulation on action potentials
becomes more complex. The calcium ion channels open during depolarization, and the
influx of calcium ions further enhances the depolarization; however, the kinetics of the
calcium ion channel opening and closing are slower than those of the sodium ion channels.
The rapid activation and deactivation of A-type potassium ion currents significantly influ-
ence the membrane potential in the early stages of the action potential, and an increase
in the rapid repolarization current can counteract the depolarizing effect. The calcium-
activated potassium ion current is triggered after the influx of calcium ions, leading to
an enhanced efflux of potassium ions and facilitating a more rapid repolarization of the
membrane potential.

Extracellular

o

INa = 9kpr gL Ixa IKca 9ca =

Ena Eg ‘ E, Ex Eg ‘ Eca

|

o
Intracellular

Figure 3. HH + Ca model equivalent circuit.

3. Action Potential Simulation Based on HH and HH + Ca Models

To investigate the effect of calcium on the release characteristics of action poten-
tials under various electrical stimuli, both HH models (without calcium ion-related chan-
nels) and HH + Ca models (incorporating calcium ion-related channels) were established.
Four different types of electrical stimuli—namely, direct current, step current, square wave
current, and sine current—were utilized to simulate action potential release using Python
3.11 software. The characteristics of the action potential release, including frequency, peak
interval time, and other parameters, were discussed. Furthermore, the role of calcium ions
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in the action potential release process was analyzed, and the differences between the two
models were compared.

3.1. Characteristics of Action Potential Release Under Direct Current Stimulation
3.1.1. Characteristics of Action Potential Release Under Weak Current Stimulation

A weak constant current is applied to the Purkinje cells in increments of 2 pA, increas-
ing from 2 pA to 10 pA, and the release of action potentials is simulated using the HH and
HH + Ca models. As shown in Figure 4, the current intensity increases sequentially from
top to bottom.

HH Model with 2 pA HH + Ca Model with 2 pA

v (mv)
|

.

v (mv)

o 25 50 i3 100 125 150 s 200 o 25 50 7 100 125 150 s 200
HH Model with 4 pA HH + Ca Model with 4 pA

Vv (mv)
1
v (mv)

° 25 50 £ 100 125 150 s 200 o 25 50 7 100 125 150 175 200
HH Model with 6 pA HH + Ca Model with 6 pA

o o
50 -so{ .

25 50 £ 100 125 150 s 200 o 25 50 7 100 125 150 175 200

V(my)
V (mv)

HH Model with 8 pA HH + Ca Model with 8 pA

T S a—  E S

£ 100 125 1
HH Model with 10 pA HH + Ca Model with 10 pA
T 1 n

v (mv)
v (my)

[ 25 0 7 100 125 150 s 200

Vv (mv)
|

.

v (mv)

[ 25 50 3 100 125 150 s 200 [ 25 50 7 100 125 150 s 200
Time (ms) Time (ms)

Figure 4. The release of action potentials in the HH and HH + Ca models under weak electrical
stimulations.

In the HH model, action potentials are already generated when the current intensity
is 2 pA. To clarify the specific current intensity and stimulation time, current intensities
lower than this value are subdivided in increments of 0.5 pA. As shown in Figure 5a, action
potentials begin to be generated after continuous stimulation for more than 50 ms at a
current intensity of 0.5 pA, and the number of actions released gradually increases with
the gradual increase in the current intensity. To investigate under what current intensity
stimulation action potentials are generated in the HH + Ca model, the steps 6 pA to
8 pA that do not generate action potentials and begin to generate action potentials under
continuous stimulation are subdivided in increments of 0.5 pA. As shown in Figure 5b, it
can be seen that the voltage of the Purkinje cell is depolarized to the threshold level after
a current intensity of 7 pA and the continuous stimulation exceeds 125 ms, resulting in
action potentials. Due to the intrinsic activation and inactivation characteristics of calcium
ions, prolonged stimulation is required to significantly affect the membrane potential. The
existence of Ix4 requires a greater current and longer stimulation time to overcome its
hindering effect during the depolarization process. When the concentration of calcium
ions increases, Ixc, is activated, generating a potassium ion efflux to counteract some
of the depolarization effects, making the membrane potential more stable and making it
more difficult to quickly reach the threshold potential, thereby delaying the generation of
action potentials.

As shown in Figure 6a,c, when removing the first unstable action potential, under
weak electrical stimulation, the peak value of the action potential changes with the intensity
of the current. In the HH model, the peak value of the potential first increases and then
slowly decreases with the increase in the current intensity, reaching its peak at a current
intensity of 8 pA, while in the HH + Ca model, the peak value of the potential shows a
monotonically increasing trend. As the current intensity gradually increases to 20 pA, it
can be clearly seen from Figure 6b,d that the peak potential in the HH model shows a trend
of first increasing and then decreasing with the increase in the current intensity. Similarly,
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in the HH + Ca model, the peak potential also shows a trend of first increasing and then

decreasing, reaching its peak at a current intensity of 14 pA.

HH Model with 0 pA

HH + Ca Model with 6 pA

Vi)

Vi)

s w0 us Bo  ws 200
HH Model with 0.5 pA

EJ 7 w0 15
HH + Ca Model with 6.5 pA
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| | |

vmy)

B3 W s Bo  ws a0
HH Model with 1 pA

E) B3 wo 15
HH + Ca Model with 7 pA
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7 wo s Bo w5 200
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HH + Ca Model with 7.5 pA
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HH Model with 2 pA
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vimv)

Figure 5. (a) The release of action potentials when the current intensity of the HH model increases
from 0 pA to 2 pA. (b) The release of action potentials when the current intensity of the HH + Ca
model increases from 6 pA to 8 pA.
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Figure 6. Peak variation. (a) The peak change in the action potential when the current intensity of the
HH model increases from 0 pA to 10 pA. (b) The peak change in the action potential when the current
intensity of the HH model increases from 0 pA to 20 pA. (c) The peak change in the action potential
when the current intensity of the HH + Ca model increases from 0 pA to 10 pA. (d) The peak change
in the action potential when the current intensity of the HH + Ca model increases from 0 pA to 20 pA.

Compared to the standard HH model, the HH + Ca model demonstrates a delayed
onset of action potential initiation under weak direct current stimulations, requiring longer
stimulation durations and higher current intensities to reach the threshold. This delay is



AppliedMath 2024, 4

1366

attributed to the regulatory effects of calcium ions, which act to stabilize the membrane
potential and prevent premature neuronal firing. Such a stabilizing mechanism is critical
for maintaining a precise neuronal function and avoiding aberrant excitability that could
lead to an impaired signal transmission. This is particularly relevant in the context of
neurological disorders such as ataxia, where disruptions in calcium signaling may result
in altered neuronal excitability, leading to impaired motor coordination and abnormal
responses to weak stimuli. Consequently, the delayed action potential initiation observed
in the HH + Ca model underscores the essential role of calcium ions in modulating neuronal
responsiveness and ensuring stability under low-intensity stimulation, highlighting its
significance in both physiological and pathological conditions.

3.1.2. Characteristics of Action Potential Release Under Moderate to Strong
Current Stimulation

Moderate to strong constant currents of 20 pA, 30 pA, 40 pA, 50 pA, and 60 pA are
applied to stimulate the neurons, and the release of action potentials is simulated using the
HH and HH + Ca models. As shown in Figure 7, the intensity of the current from top to
bottom is 20 pA, 30 pA, 40 pA, 50 pA, and 60 pA, respectively.

HH Model with 20 pA HH + Ca Model with 20 pA

TR il

v (mv)
!

.
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° 25 50 £ 100 125 150 s 200 o 25 50 7 100 125 150 175 200
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.
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Figure 7. The release of action potentials in the HH and HH + Ca models under moderate to strong
electrical stimulations.

From the graph, it can be observed that as the current intensity increases, the time
interval between adjacent action potentials in both models decreases. This indicates that the
number of action potentials generated increases with the rising current intensity. However,
as the current intensity continues to increase, the peak values of the action potentials in
both models gradually decline, as illustrated in the comparison of the peak values of the
first action potential in Figure 8. In the HH model, excessively strong electrical stimulation
may cause the sodium ion channels to enter a deactivated state too quickly, resulting in an
insufficient sodium ion influx and a subsequent decrease in the peak of the action potential.
Furthermore, excessive electrical stimulation can trigger an increase in the potassium ion
efflux, accelerating the repolarization process and further diminishing the peak of the
action potential.

In the HH + Ca model, intense electrical stimulation may lead to a greater influx
of calcium ions, which activates additional calcium-activated potassium ion currents,
thereby accelerating repolarization and reducing the peak of the action potential. Enhanced
electrical stimulation may also increase the activation and deactivation rates of A-type
potassium ion currents, making their initial repolarization effect on the membrane potential
more pronounced, which contributes to the reduction in the peak value. Excessive electrical
stimulation may disrupt the balance between different ion currents, resulting in an increase
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in the sodium ion current that is insufficient to offset the increase in the potassium ion
current, ultimately leading to a decrease in the peak of the action potential.
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Figure 8. Comparison of the peak values of the first action potential.

From Figure 9, it can be observed that the delay time of the first action potential release
in the Purkinje cell decreases with the increasing current intensity in both models. The left
figure shows the Purkinje cell emitting its first action potential at approximately 4.5 ms
when the current intensity is 20 pA in the HH model. When the current intensity is 60 pA,
the Purkinje cell releases its first action potential at approximately 2.5 ms. The right figure
shows that under the HH + Ca model, when the current intensity is 20 pA, the Purkinje
cell releases its first action potential at approximately 11 ms. When the current intensity is
60 pA, the Purkinje cell releases its first action potential at approximately 2.7 ms.
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Figure 9. Delay times of the first action potential.

When the neurons begin to depolarize, the initial action potential generated may
discharge in an unstable manner. Consequently, the first action potential is excluded from
the analysis, and the time interval between the subsequent peaks is calculated to compare
the firing frequency of the action potentials between the two models. As illustrated in
Figure 10, the firing frequency of both models increases with the intensity of the current;
however, the firing frequency of the HH model is greater than that of the HH + Ca model.
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Figure 10. Frequency of action potential release under different current intensities.

Figures 11-13 show the peak time intervals of the two models at the current intensities
of 20 pA, 40 pA, and 60 pA, respectively. It can be observed that the peak time intervals for



AppliedMath 2024, 4

1368

both models gradually decrease with the increasing current intensity, ultimately reaching a
stable trend. During each action potential, the sodium channels rapidly open, leading to
depolarization, followed by a rapid deactivation, while the potassium channels open to
initiate repolarization. At high current intensities, the threshold potential is reached more
quickly, resulting in shorter switching periods for these ion channels and, consequently,
shorter intervals between the action potentials. During the absolute refractory period, the
neurons are unable to generate subsequent action potentials, whereas during the relative
refractory period, a stronger stimulus is required to trigger new action potentials. As the
current intensity increases, although the threshold within the relative refractory period
decreases, it remains constrained by the absolute refractory period, preventing the peak
time interval from being infinitely shortened. As the current intensity continues to rise,
the firing frequency of the neurons gradually approaches a maximum value; however, the

recovery of the sodium channels and the repolarization of the potassium channels require

a finite amount of time. Despite further increases in the current intensity, the dynamic
processes of these channels cannot be accelerated indefinitely, leading to a stabilization of
the action potential intervals.
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Figure 11. Peak time interval of action potential under 20 pA electrical stimulation.
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Figure 12. Peak time interval of action potential under 40 pA electrical stimulation.
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Figure 13. Peak time interval of action potential under 60 pA electrical stimulation.
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Additionally, it can be observed from the figure that the peak values of the action
potentials in the HH + Ca model are higher than those in the HH model. During the
rising phase of the action potential, I, provides an additional positive charge, prolongs the
depolarization time, and increases the degree of the depolarization of the cell membrane.
However, Ix,4 limits its inhibitory effect on depolarization. Ixc, only works at higher
calcium ion concentrations, and its effect is not significant in the early stages of the action
potential. These factors collectively contribute to the higher peak potential of the action
potential in the HH + Ca model compared to the HH model.

A phase plane diagram analysis was performed on the action potentials. Figure 14
illustrates the action potentials emitted by the two models under different current stim-
ulation intensities within a 20 ms timeframe, while Figure 15 presents the phase plane
diagrams of all the peaks emitted by both models during the same interval. The coarse
and dense trajectories in the phase plane diagram represent the action potentials after a
stable release, whereas the single non-overlapping trajectories depict the phase diagram of
the initial action potential that has not yet reached stability. It is evident that the peak of
the stable phase diagram decreases with the increasing current intensity, and both models
exhibit the same trend.
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Figure 14. Distribution of action potential under different current intensities within 20 ms.
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Figure 15. Phase plane trajectory under different current intensities within 20 ms.

When dV /dt is a positive value, it indicates that the membrane potential is increasing,
and then a turning point appears in the phase diagram. When the action potential reaches
the threshold, depolarization begins. The higher the y-axis, the faster the depolarization
rate. When dV /dt = 0 is reached, the action potential reaches its peak. When 4V /dt is
a negative value, it indicates that the membrane potential is decreasing, and the action
potential has begun the repolarization process, followed by post hyperpolarization at the
next inflection point. In the HH + Ca model, due to the influx of positive charges from
calcium ions, I, prolongs the depolarization and early repolarization stages, and 4V /dt
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does not immediately become very negative after repolarization begins. Instead, when
the membrane potential approaches zero, the effect of the calcium ion current remains
significant, leading to a decrease in the negative value of 4V /dt. Ix4 provides an instan-
taneous potassium ion efflux, briefly increasing the negative value of dV /dt, but due to
its rapid deactivation, the rate of repolarization slows down. Ikc, gradually activates at
high calcium ion concentrations, and this delayed effect means that when the membrane
potential approaches zero, Ixc, begins to increase, enhancing the potassium ion efflux and
further repolarizing, causing dV /dt to become more negative again. The interaction of
these factors is manifested in the phase plane diagram as the rate of change in dV/dt first
slows down and then increases when the membrane potential approaches zero, forming a
significant depression.

Under moderate direct current stimulations, both the HH and HH + Ca models
exhibit an increase in the action potential firing frequency with the rising current intensity,
consistent with findings reported in the literature [25]. However, in comparison to the
HH model, the HH + Ca model demonstrate an enhanced stability in the action potential
discharge, characterized by reduced fluctuations in the peak amplitude, as illustrated in
Figure 15. This increased stability highlights the crucial role of calcium ions in ensuring
reliable signal transmission under physiological conditions. The capacity of calcium ions to
modulate and stabilize neuronal excitability during moderate stimulation is fundamental
for preserving the functional integrity of neural circuits, particularly during essential
physiological processes such as motor control and sensory perception.

3.1.3. Characteristics of Action Potential Release Under Strong Current Stimulation

We gradually increase the current intensity from 100 pA to 300 pA and observe the
effect of the strong current on the release of action potentials. Due to the continuous external
strong current stimulation of the Purkinje cells, the membrane potential may gradually rise
to a stable state instead of generating discrete action potentials, and the oscillation of the
membrane potential gradually becomes gentle, no longer producing spikes. Simultaneously
releasing high-frequency action potentials may lead to energy depletion within the cell,
causing cellular damage and preventing the cell from maintaining a normal ion gradient
and membrane potential, ultimately resulting in a decrease in and flattening of the peak
action potential.

As shown in Figure 16, when the current intensity is 150 pA, the action potential of
the HH model gradually decreases from its original peak to an oscillating potential that
gradually becomes flat and no longer produces a peak, mainly due to the inactivation of
the sodium channels and the excessive activation of the potassium channels. After adding
a voltage-gated calcium ion current I¢,, deactivated A-type potassium ion current Ix 4, and
calcium activated potassium ion current Ixc,, due to the enhanced depolarization ability of
the calcium ion influx and the additional repolarization energy provided by the calcium
activated potassium channels, the Purkinje cells require a higher current stimulation to
reach a state similar to no longer producing peaks. Therefore, the HH + Ca model only
shows the same trend at 250 pA, and the peak action potential decreases more significantly
with the increase in the current intensity. This also reflects the significant regulatory effect
of calcium related channels on the electrophysiological characteristics of neurons.

Under a strong direct current stimulation, the HH + Ca model exhibited a sustained
ability to generate action potentials (up to an input current intensity of 250 pA), in contrast
to the HH model. This indicates the protective role of calcium ions in mitigating excessive
neuronal excitation and preventing depolarization under extreme conditions, which could
otherwise result in cellular damage and neuronal dysfunction. By regulating the balance
between ion influx and efflux during intense stimulation, calcium ions help to maintain
neuronal stability and protect against the detrimental effects of excessive neuronal dis-
charge, such as those observed in epilepsy. These findings have significant implications for
the development of therapeutic strategies targeting calcium signaling pathways to alleviate
the consequences of hyperexcitability in various neurological disorders.
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Figure 16. The release of action potentials in the HH and HH + Ca models under strong electrical
stimulations.

3.2. Characteristics of Action Potential Release Under Step Current Stimulation

The Purkinje cell is stimulated continuously for 200 ms with each initial current
segment, and the same stimulation time is achieved by stepping to the next current of a
different intensity. Observing Figure 17a, it is found that the HH model starts generating
action potentials when the current step reaches 0.1 pA, indicating that the HH model only
requires a small current stimulus to reach the threshold for generating action potentials.
However, when the HH + Ca model reaches 0 pA, the neurons are not stimulated, and the
membrane potential is mainly dominated by potassium ion permeability, tending towards
the reversal potential of potassium ions. When subjected to weak electrical stimulations
but not reaching the threshold potential for triggering action potentials, subthreshold
oscillations occur. Figure 17b shows that, as the current intensity increases, the amplitude
of the oscillations gradually increases.

In Figure 17¢, it can be seen that the HH + Ca model starts to release action potentials
when the current intensity reaches 7 pA, which is consistent with the results of the constant
DC weak current stimulation in Figure 5b. The frequency of the release follows the same
trend as the HH model, increasing with the increase in the current intensity. In Figure 17d,
the current starts from 10 pA and steps in increments of 10 pA. As the current increases, the
frequency of the action potential release increases and the peak gradually decreases, which
is consistent with the results of the constant DC strong electrical stimulation in Figure 7.

Figure 18b shows the release frequency of action potentials at each stage of the step
current stimulation, with increments of 10 pA from 10 pA. The time interval between two
adjacent action potential spikes after distribution was selected to calculate the distribution
frequency. When the action potential is stable and distributed, the distribution frequency of
both models increases with the increase in the current intensity. The distribution frequency
of the HH model is always higher than that of the HH + Ca model. This is because, in
the HH model, the sodium channels are rapidly activated and deactivated, while the
potassium channels are activated and repolarized quickly after depolarization, allowing
the neurons to release multiple action potentials in a relatively short period of time. In
the HH + Ca model, I, causes the membrane potential to remain in a depolarization
state for a longer period of time, reducing the rate of repolarization. The rapid activation
and deactivation of Ix 4 provide instantaneous negative feedback, inhibiting the frequent
release of action potentials. The strong repolarization effect of Ixc, further prolongs the
interval time between the action potentials.
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Figure 17. The release of action potentials in the HH model and HH + Ca model under step current
stimulations. (a) Under the 0-0.5 pA step stimulation, the action potential firing characteristics
of HH model and HH+Ca model. (b) Under the 0.5-3 pA step stimulation, the action potential
firing characteristics of HH model and HH+Ca model. (c) Under the 4-9 pA step stimulation, the
action potential firing characteristics of HH model and HH+Ca model. (d) Under the 10-60 pA step
stimulation, the action potential firing characteristics of HH model and HH+Ca model.
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Figure 18. Comparison of the release frequency of action potentials under a direct current stimulation
and step current stimulation. (a) Under the 10-40 pA DC stimulation, the frequency of the action
potential release in the HH model. (b) Under the 1040 pA step stimulation, the frequency of the
action potential release in the HH model.

When the step current reaches a specific intensity and is maintained for a sufficient pe-
riod of time, the membrane potential and ion channel activation and deactivation dynamics
of the neurons will also reach a stable state, allowing the neurons to produce a steady-state
response to each step of the current intensity. At each steady state, the firing frequency will
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be the same as the firing frequency of the corresponding DC constant current. The results
in Figure 18a,b also confirm the above theory.

3.3. Characteristics of Action Potential Release Under Square Wave Current Stimulation

Figure 19 shows the distribution of action potentials for the two models under different
square wave current intensities and current frequencies. Comparing the graphs, as the
current intensity increases at the same frequency, the release frequency of the Purkinje cell
action potential increases and the delay time decreases. In the HH + Ca model, compared
to the first subplot in Figure 19b,d,f,h,j, which shows the process of gradually increasing
the frequency with an input square wave current intensity of 10 pA, the Purkinje cells no
longer generate action potentials from 20 Hz onwards. This is because, as the stimulation
frequency increases, the influx of calcium ions through the voltage-gated calcium ion
channels also increases. At the same time, the accumulation of calcium ions in the cell
activates the calcium activated potassium ion channels, and the efflux of potassium ions
leads to the hyperpolarization of the cell membrane, thereby inhibiting the generation of
action potentials. At higher frequencies exceeding 10 Hz at a current intensity of 10 pA,
the duration of the current pulse is shorter, and the cell membrane may not be able to
reach the threshold required for an action potential. Increasing the current intensity can
overcome the inhibitory effect of the calcium activated potassium ion current, ensuring
that the membrane potential reaches the threshold, thereby enabling the cell to generate an
action potential under high-frequency stimulation.

In Figure 19a, at a frequency of 10 Hz nd current intensities of 10 pA and 20 pA, an
action potential is also generated in the HH model during the phase where the square wave
current is 0 pA. This is because, after the square wave current stops, the sodium ion channel
has not completely closed and the membrane potential is still in a high depolarization state,
which is sufficient to trigger another action potential.

Figure 19. Cont.
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Figure 19. The release of action potentials under different square wave current intensities and current
frequencies. (a,c,e,g,i,k) The action potential release of the HH model under square wave current
stimulations of different frequencies and current intensities. (b,d,fh,j,1) The action potential release of the
HH + Ca model under square wave current stimulations of different frequencies and current intensities.
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Increasing the frequency of the square wave current leads to a reduction in the number
of action potential spikes per cluster in both models. Under high-frequency stimulation,
the sodium ion channels do not have sufficient time to recover from the inactive state to
the activated state, and each current pulse is inadequate to fully restore the membrane
potential, resulting in insufficient depolarization. Consequently, each pulse can only trigger
a limited number of action potentials, thereby decreasing the number of action potential
spikes per cluster.

3.4. Characteristics of Action Potential Release Under Sine Current Stimulation

Figure 20 illustrates the distribution of action potentials for the two models under
varying sine current intensities and frequencies. Under the sine current stimulation, the
release pattern of action potentials in the HH + Ca model resembles that of the HH model.
At a given frequency, the frequency of the action potential release increases with the rising
current intensity; however, increasing the frequency of the sine current results in a reduction
in the number of action potential spikes per cluster.

The shape of each action potential cluster is also different from that of the constant
DC stimulation, step electrical stimulation, and square wave electrical stimulation. When
the current intensity is between 30 pA and 60 pA, both models have a lower amplitude of
action potential near the peak, reaching the lowest point at the peak, forming a concave
surface. However, the HH + Ca model has a smaller degree of concavity compared to the
HH model. In the HH model, during the sine wave peak period, the strong current causes
the frequent activation and deactivation of the sodium ion channels, without enough time
to recover from the inactive state, resulting in a weakened activation ability. At the same
time, increasing the activation of the potassium ion channels accelerates the repolarization
process of the membrane potential, shortens the duration of the action potential, and lowers
the peak value. In the HH + Ca model, the activation and deactivation process of I¢, is
slower than that of the sodium ion current. Even during the sine peak period, the change in
the calcium ion current is not as rapid and drastic as that of the sodium ion current, thereby
reducing the instantaneous impact on the action potential. The calcium ion current can
provide a sustained depolarization current during the action potential period, offsetting
some of the hyperpolarization effect of the potassium ion current, thereby maintaining
the membrane potential and making the depression smaller. Ix 4 is rapidly activated and
deactivated, without excessive activation at the sine wave peak, and its instantaneous
inhibitory effect can reduce the outflow of potassium ions, preventing the excessive hyper-
polarization of membrane potential. Therefore, the amplitude of the action potential will
not be significantly reduced at the sine wave peak. The response characteristics of Ixc, are
relatively slow, and its regulatory effect on the membrane potential is relatively smooth
under medium to strong electrical stimulations, without rapidly causing hyperpolarization
like the potassium ion current in the HH model, thereby reducing the depression in the
action potential.

The HH + Ca model demonstrates a smaller reduction in the action potential amplitude
near the peak of the sinusoidal wave, suggesting that calcium ions play a pivotal role
in sustaining neuronal excitability during rhythmic oscillatory activity. This regulatory
mechanism is particularly important for neurons engaged in rhythmic motor functions,
such as those found in the cerebellum, where the precise modulation of excitability is
essential for maintaining coordinated motor patterns.

When narrowing the sine electrical stimulation with a current intensity of 20 pA to
within 100 ms, as shown in Figure 21, the current rises to a position near the peak, and
the interval between the action potential spikes is shorter. In Figure 21a, the HH model
generates 19 action potentials under one wave packet, and the time interval of the action
potentials gradually decreases from 5.58 ms to 3.35 ms, reaching a peak and then gradually
increasing. The HH + Ca model also shows the same trend, generating 13 action potentials
under one wave packet, and the time interval of action potentials is the smallest at the peak
of the current. From Figure 21b—f, it can be seen that, as the current frequency increases,
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the number of action potentials emitted gradually decreases, and the time interval of each
cluster of action potentials becomes more stable.
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Figure 20. Cont.
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Figure 20. The release of action potentials under different sine current intensities and current frequen-

cies. (a,c,e,g,i,k) The action potential release of the HH model under sine wave current stimulations of

different frequencies and current intensities. (b,d,f,h,j,1) The action potential release of the HH + Ca

model under sine wave current stimulations of different frequencies and current intensities.
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Figure 21. The peak time interval of action potential under different frequency sine current stimulation
of 20 pA. (a) Peak time interval of action potential at 10 Hz. (b) Peak time interval of action potential
at 20 Hz. (c) Peak time interval of action potential at 30 Hz. (d) Peak time interval of action potential
at 40 Hz. (e) Peak time interval of action potential at 50 Hz. (f) Peak time interval of action potential
at 60 Hz.

4. Discussions

The primary objective of this study is to investigate the impact of calcium ions on
action potential firing, particularly focusing on the threshold moment for action potential
generation. However, the simulations reveal (see Figure 17a,b) that the introduction of
calcium ion-related channels leads to subthreshold oscillations in Purkinje cells during
weak electrical stimulation, even when the excitation threshold is not reached. While action
potentials are not triggered, these oscillations can still significantly influence neuronal
behavior and may play a role in pathological conditions.

Purkinje cells are characterized by their abundant calcium channels and distinctive
firing patterns, with subthreshold oscillations potentially yielding important physiological
effects. Such oscillations can lower the threshold voltage and current required for action
potentials [27], thereby enhancing the excitability of Purkinje cells [28] and making them
more responsive to small-amplitude current stimuli [29]. This heightened sensitivity
can affect their ability to integrate and transmit information within the cerebellar cortex.
Research by Zhang, Q. et al. [30] further corroborates that oscillatory factors can have an
excitatory effect on action neurons.

Neuronal excitability is intricately linked to the various pathological states of the
nervous system and can significantly influence motor regulation. Abnormal excitability
may lead to a range of neurological disorders, impacting motor control and coordination.
For instance, excessive neuronal excitability is a hallmark of epilepsy, resulting in seizures



AppliedMath 2024, 4

1379

that disrupt normal motor functions. In conditions such as Parkinson’s disease, alterations
in the excitability of specific neuronal populations can lead to tremors and bradykinesia.
Additionally, chronic pain disorders are often associated with increased excitability, which
may contribute to motor dysfunction due to heightened sensitivity to pain.

Overall, the subthreshold oscillations of the neuronal membrane potential not only
promote the generation of action potentials but also influence movement, thereby enhanc-
ing our understanding of neuronal excitatory activity. Recognizing changes in neuronal
excitability is essential for elucidating the mechanisms underlying these pathological states
and their effects on motor regulation and for identifying potential therapeutic targets.

5. Conclusions

This article mainly studies the effects of the constant DC, step current, square wave
current, and sine current on the firing characteristics of the Purkinje cell operating potential.
We discuss the characteristics and differences of the HH model and HH + Ca model in
simulating action potential release and draw the following conclusions:

(1) Under a direct current stimulation, the frequency of the action potential release in-
creases with the current intensity, and the delay time of the first action potential is
shortened. However, when the current stimulation exceeds a certain threshold, 10 pA,
the peak amplitude of the action potential gradually diminishes. The delay time of the
first action potential in the HH + Ca model is longer than that in the HH model, while
the peak amplitude after a stable release is greater in the HH + Ca model. The firing
frequency of the HH model is higher than that of the HH + Ca model. Under a strong
current stimulation, the HH + Ca model demonstrates a greater capacity to sustain the
action potential release compared to the HH model.

(2) When a step current is applied, the results are approximately equivalent to those
observed under the constant direct current stimulation. The step change in the current
induces the depolarization of the membrane potential, thereby triggering the action po-
tential release. As the current intensity increases, the frequency of the action potential
release in both models also rises. The HH model exhibits greater sensitivity to current
stimulations, as smaller currents can elicit action potentials, whereas the HH + Ca
model requires higher current intensities to initiate action potentials. The HH + Ca
model may exhibit subthreshold oscillations under weak current stimulations below
the threshold, with the oscillation amplitude increasing alongside the current intensity.

(3) When a square wave current is applied, an increase in the current intensity leads to an
increase in the frequency of the action potential release in both models, accompanied
by a reduction in the delay time. Increasing the frequency of the square wave current
diminishes the number of peak action potentials per cluster. At a current intensity of
10 pA, high-frequency action potentials are completely suppressed in the HH + Ca
model, a phenomenon not observed in the HH model. In the HH model, action
potentials can still be generated when the square wave current is zero, whereas this
does not occur in the HH + Ca model.

(4) When a sine current is introduced, the frequency of the action potential release in both
models increases with the rising current intensity at the same sine current frequency.
As the frequency of the sine current escalates, the number of spikes in the action poten-
tial clusters decreases. At high current intensities, both models display lower action
potential amplitudes near the peak of the sine wave. The continuous depolarizing
current provided by the calcium ion current partially offsets the hyperpolarizing effect
of the potassium ion current. Additionally, the slow response of the calcium-activated
potassium ion channels in the HH + Ca model, along with the rapid activation and
inactivation of the A-type potassium ion currents, mitigates the potassium ion outflow
and prevents the excessive hyperpolarization of the membrane potential. Collectively,
these factors result in a lesser degree of action potential depression in the HH + Ca
model compared to the HH model.
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By analyzing the effects of various current patterns on the action potential frequency,
peak amplitude, and delay time, the study elucidates the critical role of calcium ions in mod-
ulating the action potential release. These findings not only provide a crucial foundation for
understanding the physiological functions of Purkinje cells under diverse electrical stimuli,
but also offer theoretical insights into the role of calcium in the pathological conditions of
the nervous system. This research contributes to a deeper understanding of how neurons
maintain homeostasis in response to different electrical stimuli, potentially informing the
development of therapeutic strategies for neurological disorders. In particular, the regu-
lation of calcium may be central to improving neural function in pathological conditions
such as neurodegenerative diseases and epilepsy.
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