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Abstract

This study introduces a novel single-step hybrid block method with three intra-step points
that attains fifth-order accuracy, offering an accurate and computationally economical
tool for solving first-order differential equations. The method is specifically designed to
handle first-order differential equations with efficiency and precision while employing a
constant step size throughout the computation. To further enhance accuracy, interpolation
techniques are incorporated to approximate function values at specific positions, addressing
the fundamental properties of the method and verifying its mathematical soundness. These
analyses confirm that the scheme satisfies the essential requirements of stability, consistency,
and convergence, ensuring reliability in practical applications. In addition, the method
demonstrates strong adaptability, making it suitable for a broad spectrum of problem
settings that involve both stiff and non-stiff systems. Numerical experiments are carried out,
and the results consistently demonstrate that the proposed method is robust and effective
under various test cases. The outcomes further reveal that it frequently outperforms several
existing numerical approaches in terms of both accuracy and computational efficiency.

Keywords: block hybrid method; stiff ODEs; intra-step points; zero-stability; region of
absolute stability

1. Introduction

A significant advancement in the study of numerical methods was the advent of
modern computers, which revolutionized the process of function evaluation and numerical
computation. The early reliance on manual or mechanical calculation methods gave way
to automated and highly precise computational techniques. Over time, the integration
of computers and specialized software applications into numerical methods has become
a fundamental component of modern numerical analysis. This transformation enabled
researchers to handle complex mathematical problems that were previously intractable
due to computational limitations. The development of powerful computing tools such as
MATLAB R2024b has further accelerated this progress. These tools offer exceptional speed,
reliability, and flexibility in performing numerical experiments and data analysis. They
also allow for easy visualization and simulation, enhancing the interpretation of results
and theoretical understanding. Furthermore, advancements in hardware and parallel
computing have greatly improved the efficiency and scalability of numerical algorithms.
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Overall, the combination of advanced computational resources and sophisticated numer-
ical techniques has elevated numerical analysis into a central discipline in scientific and
engineering research.

In recent years, several optimal block techniques have been proposed in the literature
for the solutions of both first- and higher-order ordinary differential equations. These
methods aim to improve efficiency and reliability in the numerical integration of such
problems. However, only a limited number of these approaches are considered suitable for
practical applications due to restrictions in their accuracy and convergence properties. This
shortcoming has motivated the present study to explore new strategies that enhance the per-
formance of block methods. In particular, our focus is on reducing the number of functional
evaluations (FEs), which directly contributes to lowering the overall computational cost. To
achieve this, a refined formulation of a single-step block method available in the literature is
developed and analyzed. The proposed approach demonstrates improved efficiency while
maintaining a desirable balance between accuracy, stability, and computational economy.
Building on this foundation, the present research focuses on the application of the hybrid
block method for solving first-order ordinary differential equations of the following form:

Y = Syt = FlLy) yO) = o, te [a 1] )

In this formulation f(¢,y) is a continuous function that governs the rate of change of
the dependent variable y with respect to the independent variable t. It is further assumed
that f satisfies the Lipschitz condition, ensuring the existence and uniqueness of the
exact solution within the given interval. The hybrid block method has the advantages of
implicit schemes, enabling efficient and accurate approximation of the solution at multiple
points within each subinterval. This study aims to establish the efficiency, accuracy, and
stability characteristics of the proposed hybrid block method when applied to general
first-order ODEs.

The solution of Equation (1) has been extensively discussed by various researchers;
among them [1-8], there has been growing emphasis on the development of single-step
hybrid block methods. Their studies reveal a growing emphasis on the development of
single-step hybrid block methods due to their accuracy and efficiency. These methods have
been particularly recognized for their ability to handle both stiff and non-stiff problems
with improved stability properties. As a result, they continue to attract significant attention
in numerical analysis and applied scientific computing. Ref. [9] presents the solution
and stability analysis of ordinary and partial differential equations with boundary value
problems, examining periodic stability using Euler’s scheme and finite difference methods
for PDEs, supported by numerical examples demonstrating higher accuracy than existing
approaches. Ref. [10] provides a comprehensive analytical and computational investigation
of second-order ODEs in modeling animal avoidance behavior, establishing the existence,
uniqueness, and stability of solutions and validating numerical methods like Euler and RK4
through error analysis on a mass-spring-damper system. A simple approach for construct-
ing a general class of A-stable explicit second-order one-step methods for stiff problems,
inspired by Mickens’ nonstandard finite difference methodology, was presented [11]. A
fourth-order accurate and efficient predictor—corrector method for solving initial value
problems of ordinary differential equations was introduced, which was developed through
integral transformation and numerical quadrature techniques [12]. A predictor—corrector
scheme based on a semi-open and closed-Cotes quadrature process for solving initial value
problems of ordinary differential equations was also proposed [13]. A third-order, three-
stage Trigonometrically Fitted Improved Runge-Kutta (TFIRK3 (3)) method for solving
oscillatory ordinary differential equations was developed [14]. Finally, an examination of
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the Runge-Kutta and multi-step methods for solving initial-value problems highlighted
their strengths and limitations and recommended the development of hybrid methods that
combine the properties of both classes [15].

In his work, ref. [16] presented a comprehensive treatment of computational methods
in ODEs, emphasizing the practical aspects of stability, convergence, and error control
in linear multi-step and one-step schemes. Ref. [17] focused specifically on a special
stability problem for linear multi-step methods. Ref. [18] introduced a four-dimensional
hyperchaotic financial system that integrates exchange rate dynamics with interest rate,
investment demand, and price index; analyzes its stability and chaotic properties; and
proposes synchronization controllers to effectively suppress chaos and restore financial
stability for potential policy applications. Ref. [19] developed and analyzed a predator—prey
model incorporating asymmetric dispersal and the fear effect, demonstrating how prey
dispersal and predator-induced fear influence equilibrium stability, bifurcation behavior,
and population survival and offering key insights for species conservation and habitat
management. Ref. [20] investigated the (2+1)-dimensional CDGKS-like equation using a
bilinear neural network method to construct generalized, classical, and novel analytical
lump solutions, revealing new wave dynamics and providing an effective framework for
analyzing nonlinear evolution equations in physics and engineering.

This study presents a novel single-step hybrid block method incorporating three
intra-step points that is specifically designed to achieve fifth-order accuracy in solving
first-order ordinary differential equations. The method ensures A-stability, consistency, and
convergence, making it both theoretically sound and computationally efficient. It offers
an effective balance between accuracy and computational cost, providing a reliable tool
for solving a wide range of problems in applied sciences. The primary objective of this
research was to develop and analyze a three-point hybrid block method suitable for stiff
differential equations, which often pose challenges to traditional numerical approaches.
Through rigorous theoretical analysis, the method was proven to satisfy essential numerical
properties such as zero-stability and absolute stability. Numerical experiments further
confirmed its superior performance in terms of accuracy and efficiency when compared
with existing schemes. The proposed approach significantly reduces computational effort
while maintaining high precision. This makes it particularly advantageous for large-scale
or real-time simulations in scientific and engineering applications. Overall, the study
contributes a robust and advanced numerical technique to the ongoing development of
efficient solvers for stiff ordinary differential equations.

2. Materials and Methods

In this section, we present the development of an implicit three-point hybrid block
method designed for the numerical solution of Equation (1). The construction of this
method begins by assuming that the underlying differential equation takes the general
form expressed in Equation (1). By incorporating intra-step points into the formulation, the
method generates multiple solution values within a single computational step, thereby en-
hancing both efficiency and accuracy. The implicit nature of the scheme provides improved
stability, making it suitable for handling problems that often arise in practical applications.
Furthermore, interpolation techniques are employed to approximate terms not explicitly
defined at the grid points, ensuring a more precise representation of the solution.

2.1. Specification of the Method

The method under consideration is specified as a single-step hybrid block method with
three intra-step points. This formulation is designed to generate approximate solutions at
multiple points within a single step, thereby combining efficiency with enhanced accuracy.
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By employing intra-step interpolation, the method is able to achieve a higher order of
accuracy compared to conventional single-step approaches. Its implicit nature ensures
improved stability properties, making it particularly suitable for first-order differential
equations. The three-point block structure also allows for parallel computation of solution
values, which is advantageous in large-scale numerical simulations. Overall, this specifica-
tion provides a reliable and efficient framework for solving first-order ordinary differential
equations with both stability and precision. The selected three intra-step points, which
form the basis of the proposed method, are illustrated in Figure 1 below.

1 Block

ty ty o t3 ty, ts tg t; tg ¢4 Lo
1h 1h 7
~h =h —h

0 gt " gt 1

Figure 1. Single-step method with three intra-step points.

Assume tg =a < t; < ... < ty_1 < ty = b to denote a partition of the interval [a, b]
into a finite number of equally spaced points. The points are defined by t; = a + jh,
j=0,...,N, and h = % represents the uniform step size, which determines the
distance between consecutive mesh points. This uniform partition provides a discrete
framework for approximating the continuous behavior of the exact solution y(t) over
the interval [a, b]. Within each subinterval [t,, t,1], the continuous function y(t) is not
known exactly, but it can be approximated using an appropriate numerical representation.
Typically, this approximation is expressed in terms of known function values and their
derivatives at selected grid points within the subinterval. Hence, over [t,, t,1], the exact
solution y/(t) is assumed to be approximated by a suitable interpolating function.

p(t) =Y it @)

This is under the condition that a; € R represent the real and unknown coefficients
to be determined. This polynomial expression can be viewed as a general fifth-degree
equation in the variable t. By differentiating Equation (2) with respect to t, we obtain its
first derivative as

5. i
pl(t)y =Y it . 3)
As is customary, y; and f; = f(t;,y;) are approximations for the exact values y(t;) and
f(t,y(t;)), respectively. In order to determine the coefficients a;, we impose the following conditions:
p(tn) = yn. )

P (tasr) = Ynsa- )
A - 0/ r1,72,73, 1/

Therein, 0 < ry <r, <r3 <landty, =t,+r,h, i=1,.3 areinternal step
points. Our choice for the intra points is

1 1 7
Vlzgr 7’2:§; 7’3:§~

https:/ /doi.org/10.3390/appliedmath6020021


https://doi.org/10.3390/appliedmath6020021

AppliedMath 2026, 6, 21

50f17

ap RO
ay R1
a| Rz
as N R3
ay R4
a5 Rs
p(tn +rh)
p(tn +rh)

- " Ro i Yn Ry
fn R1 f" Rl
frsn| _ | Ralp a; = R;(tn,h)B, B = Juen | and [Ri(tn, h)]i—..5 = -
ftr, R3 fntr, Rs
fusrs|  |Ra fusrs Re
_le+1 ] _RS_ _fn-i—l h _R5_

To generate the hybrid collocation points, we consider arbitrary collocation points,
evaluating Equation (3) at point t, and (4) at [ty = t, +1ih, i =1, 2, 3]. Thus, we get
the following system below:

T A A

1 ¢ ag Yn
01 2t 3t2 4t3 5t | |ay fn
0 1 2y 32, 4. 5t ||a2| _ |forn
0 1 2buir, Bfhyy, 4hhin, Sty | (33| |fain
0 1 2uyp 3th,,, 4. 5, | |6 frtrs
0 1 2tuyy, 32, 45 Sth.||as| | fur1)

And by defining R; as the row i of the inverse matrix, we get

which must be solved to obtain the coefficients a;,j=0,1,...,5. We substitute back into
Equation (3), and after doing the change of variable t = ¢, + rh, the approximate solution
p(tn + rh) takes the following form:

= Coyn + 1(Co(r) fu + Cry (1) fatry + Cry (1) frtry + Cry (1) frrers + Cl( )fn+1) (6)
Yn
fn
> f +r
=Y ot = ZR tu, h)Bt' = thR b, 1) 1]
i=0 i=0 f"+r2
fi’l+}’3
_fn+1 i
Finally, we get the final form of Equation (6) as defined below:
]
fn
5 .5 5 Fuir
Y ai(ta +7h) = Y Ri(ta, h)B(ty + rh)’ =Y (ta+ rh)'R;(ty, ) |77
i=0 i=0 i=0 fntr
fﬂ+1’3
_fn+1 1
= Coyn + h(Cn (r)fﬂ + C71 (r)fﬂ-i-ﬁ +Cr, (r)fVH-Vz + C73 (T)fﬂ-l-ra +C (r)fnJrl)' @)
Co(r) = Yoy (tn +1h) Rig(tu, ), (8)
hCi(r) = Y (b + ) Ry (tn, ), k=1,2,...5. )
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With these equations, we have the following:
Co =1,
Cn = =5t (256t* — 800t> + 900t — 425t + 70),
Cr, = — 12 (96> — 285> + 290t — 105),
(10)

Cr, = 13:12(384t3 — 960t> + 710t — 105),
Cr, = — &t (9663 — 195t2 + 110t — 15),
C1 = 25t2(256t> — 480t 4 260t — 35).

Now, in order to obtain the main method, we evaluate p(t, + xh) at the values
x = [0,rq,7y,73,1] to get the following block hybrid method:
Yn+ry = Yn Jrh(%fn + %J(n+r] - %fwrrz =+ 602/‘%][11+r3 - %frHl)/
Yntr, = Yn + h<_2%0fn + %fn+r1 + %fn-&—rz - %fn-&-ra + 4i0fn+1>/
2303

_ 21 3773 1673 49
Yntrs = Yn + h(lZSOf” + 8ea0fn+n + ge10.frr + g0 frtrs — 1280f”+1>’

1 256 58 256 1
Ynt+1 = Yn +h<ﬁfn + %frwm + ﬁfrwrz + %frwrg + Tofn+1>-

(11)

The implicit Equation (7) can be solved using two alternative approaches. The first
approach makes use of fixed-point iteration, which is applicable when the necessary
convergence condition is fulfilled.

y y Yn len 81 (Yn)

n n Yn 2 fn . (Yn)

Consider Y, = | /"2 |, we getY, = Ynira | GY)= |yn| + |cafu| + |g3(Yn)
Yntrs Yntrs

Yt Yt Yn C4fn g4(Yn)

i i n Can gS(Yn)

The second approach employs the Jacobi iteration method, which proceeds as follows:
beginning with an initial guess Y, successive approximations are generated according to
the iterative scheme.

Yl = g(Yhy. (12)

The final solution is obtained as YX and subject to the stopping criterion [YX — YA < e.
By introducing the step-size transformation t,,, = t, +r;h, i = 1, 2, ... 3 and setting ;K = R;,
the following transformation is obtained with K =4 :

1. 1 7
r = gz] Iy = E/r3 - 8 — K[Tl,?’z,l’g] - 4[7’1,1’2,}’3] - [R11R2!R3] - [1/2/3]/ (13)
, o d
Suppose h = KH,y' = =y = f(t,y), yn = y(tn),
y(tn +1h) = y(tn +rKH) = Y1k = Ynar, YK=R € z. (14)
For %y = f(t,y), we get

471 4673 263

61 19
5960/" T &0, 480fnsr, 86a0/ " T 0,480/ ~ 59e0” ”“) Or

YntR, = Yn +h<

AR, Yn+R, T XoYn = KH(IBOJ(H + ﬁle'fl+R1 + ﬁszn+R2 + :BR3fn+R3 + ﬁlfn+[<)-
And we get

AR, Yn+Ry + &0Yn = KH(Bofn + Bri fu+ry + Brofu+Ry + BRoSu+Rs + B1fnsK)- (15)
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The truncation error is
C():Déo-i-lxl'f'"""“j/

C1:a1—|—2[x2++k0¢]_(ﬁ0+ﬁ1++ﬁ]),

Cp = g1+ 200 + - + k) — Ay (B + 277 po o+ +KT1B;), > 2.

Hence, the truncation error is expressed as Cquy(q) (tn),

C
H= %h = CoHTY W (ta) = Zh Ty (t). (16)

Obviously, we find that y,, g, = yy4i, i = 1,...,4. Thus,

Yn+5 = Yn + KH[CR,lfn + CR,an+1 + CR,an+2 + CR,4fn+3]- (17)

And itis defined such that ag = =1, a4 =1, fj = C j11.
By applying the Lambert formulae [16], the linear multistep method is obtained in the
following form:

k k
Zj:() &jYn+j = KH =0 Bjfn+j- (18)

By using f* = KB = 5B we get

k k k %

Zj:() XiYntj = KHZ]':O ,ijn+j = HZ]‘:(] ﬁ]’fn-&-]'r (19)

AR YuiR, + d0yn = H Pofut Bryfuery + Brofucke T ProfueRa + By ks T Profueis ) (20)
,BR6fn+R6 + ,BlfnJrK

2.2. Order and Error Constant of the Method

In this section, we discuss the fundamental properties of Equation (11). To investigate
the order of accuracy, we adopt a standard approach by defining the local truncation error
and applying the linear difference operators as outlined below.

Laly(t,) B = y(tu + Al) — HY . B}y (tn + jh), 21)
A =Ry, Ry, Rg, K.

Therein, B, are the corresponding coefficients as given in system (11). We assume
that y(t) is sufficiently differentiable and expand y(t, + Ah) and y'(t, + jh) about t, using
Taylor series. By collecting the coefficients of /i, the expressions for the local truncation
error at each grid point can be derived using the following formula:

Ly (b)) = s (09 (1) + O((1)°),

Lraly(tn), 1) = = s (079 (02) + O(()°),

L [y(t), 1] = J2gs (%9 (00) + O(()),

Laly(t) 1) = 55555 (07 (02) + O()).
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Consequently, from the results obtained above, the proposed method is determined to
be of order five. The corresponding vector of error constants is expressed as

4 11 4 T
Ce = S )= , 343 . (22)
377,487,360° 1,474,560’ 377,487,360

Local Truncation Error Theorem

Theorem 1. If the function y(t) is sufficiently differentiable on [a, b], and the coefficients.

Z;(:O aj = 0and Z?:o ja; = Z;'(:o B;- (23)

Then, the local truncation error T}, can be expressed as
Ty = CprahPyPH) 1 O(nPHY). (24)
2.3. Consistency

Definition 1. According to [16], a linear multi-step method (LMM) is said to be consistent if its
order satisfies p > 1. Since the proposed method has order p = 5 > 1, it follows from Definition 1
that, when applied to the block method (11), the newly developed scheme is consistent.

Consistency Theorem

Theorem 2. A numerical method is said to be consistent with the differential equationy’ = f(t,y) if
the local truncation error (LTE) tends to zero as the step size h — 0.

Proof. If the block method is written as

k k
2]‘:0 XiYntj = hzj‘:() :ijn—&-j- (25)

then the method is consistent if

Z;(:O aj = 0and 2;‘(:0 jooj = Z;‘(:o Bi. (26)
O

2.4. Zero Stability

For the purpose of stability analysis, the hybrid block method given in Equation (11)
can be rearranged and expressed in the following matrix form:

Y1 = A%, + h(B°F, + B'F, ). (27)

Note that
T
Y1 = []/n—&-Ry Yn+Rys Yn+Rss yn+l] ,

_ T
Yy = [yn+R1—1, Yni+Ry—1s Yn+R3—1/ yn] ’

T
Fu1 = [fusrys futRor fusRsr fut1] s

T
Fy = {fn+R1—1' futRo—1, futRs—1 fn} .
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4673 61 263 19
10 0 0 000 1 60,480 ~ 8640 60,480 — 8960
44 29 52 1
a0t oo o 0001 n_|#% B - @
4 4 2303 3773 1673 49
0010 0001 BB Im o len 49
0001 0001 56 58 256 1
945 135 945 70
471
000 &
3
g |00 0 5
20
000 2
1
000 4
SRy = ftn + kAL y(tn + KAL) = f(tairy Yniry), Y = f(LY). (28)
1000 0001
0100 0001
— det(Alz — A0) = -
plz) =det(Alz =A%) =z| o (I =10 o 0 1
0001 0001

= det(Alz — AY)
=23(z—1) =0,
—2z;={0,0,0, 1}

Definition 2. A linear multi-step method is said to be zero-stable if no root of its first characteristic
polynomial p(z) has a modulus greater than one; furthermore, the roots are simple when they lie
on the unit circle. For convergence, a linear multi-step method must satisfy both zero stability and
consistency [16]. Since the proposed block method yields roots such that ‘z]-} <1, it follows that the
scheme is zero-stable. To further examine its linear stability, the method is applied to the standard
test problem.

vy = f(t,y) = Ay, Re(A) <0. (29)
Fn+1 = [fn-l—er fn+R2/ fn+R3r fn+l]T

= [/\]/nJrer AYn+Ry, A}/n+R3/Ayr%+1
= AlYntRys YntRor YnaRyr Ynt1] = AYyy1.

]T

Substituting ' = Ay in
AYY, 1 = A%, + h(B°F, + B'F,.1), (30)

we obtain
AYY, 1 = A%, + h(B°F, + B'F,41) — AlY, 11 = A%, + h(BAY, + B'AY,41),
AYY, 1 —hBAY, 11 = A%, + hBOAY, — (A' —hB'A)Y, 1 = (A + hBOA)Y,,
= Yui1 = (AL =B LAY + hBOM)Y,,
But i = Ah
= Y1 = (A= hBY) "1 (AY + iBY)Y,,
Y1 = M(h)Y, yields
— M(h)Y, = (A' —hBY)~1(A° + iBO)Y,,,

— M(h) = (A — hBY)~1(A° + iiBY). Gh)
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This leads to the relation Y;, |1 = M(h)Y;,, where M(h) = (A' — hB')~1(A® + iB%) and
i = Ah. The behavior of the numerical solution Y,,,1 will depend on the eigenvalues of
M(l). The stability matrix M() has eigenvalues {O, 0,0,0,0, ')/(ﬁ)}, for which the

dominant eigenvalue 7 (/1) is expressed in the following rational form:

~ R(h)
y(h) = 300 (32)

R(f) = 7h* + 170h3 + 1620h? + 7680h + 15, 360,
Q(h) = 7h* —170h3 + 1620h? — 7680h + 15, 360.

We choose Y, 11 = M(h)Y, = MY, and obtain
Y1 = MYy,

Y, = MY; = M(MY,) = M?Y,,

Finally, we get
Y; = MYy, (33)

Therefore, the numerical solution is stable provided that

lim ¥; =0 — lim M/ =0, (34)

j—roo j—roo
Alternatively, it can be expressed in norm form as follows:
[IM]] < 1. (35)

Stability Theorem

Theorem 3. A linear multi-step or block method is zero-stable if small perturbations in the initial
values do not cause unbounded growth in the subsequent numerical solution as n — co.

2.5. Convergence Theorem

Theorem 4. Ref. [21] Consistency and zero stability are sufficient conditions for a linear multi-step
method to be convergent. Since consistency and zero stability of the proposed method are established,
the new developed method (10) is convergent.

2.6. Stability Region

Definition 3. Following [17], a block hybrid method is said to be A-stable if the entire left half
of the complex plane lies within its region of absolute stability. According to this definition, the
proposed block method is A-stable, as demonstrated by the stability region shown in Figure 2.

The concept of A-stability is crucial in the analysis of numerical methods for solving
stiff ordinary differential equations (ODEs). According to Definition 3, a block hybrid
method is said to be A-stable if its region of absolute stability completely contains the left
half of the complex plane, meaning that for any test equation of the form

y' = f(ty) = 1y, Re(7) <0. (36)

https:/ /doi.org/10.3390/appliedmath6020021
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Imaginar

Figure 2. Region of absolute stability for three points.

Using the Maple 2015 software package, the stability regions of the developed block
method were constructed and analyzed through their corresponding stability polynomials.
In particular, for the block method with three intra-step points, the symbolic form of the
stability polynomial was derived by formulating the system matrices and substituting
the test equation y’ = Ay. The matrices A!, A%, B!, and B represent the coefficients of
the block method and play a crucial role in defining its numerical properties. Specifically,
Al and A° contain the identity and shift matrices that link the current and next steps, while
B! and B contain the weights associated with the derivative evaluations within the block.

Let

BO

o o o O

o O O

o o o O

o O = O
o = O O

'
S
~

o
BN
- &

o o o o
o
c B

<l

- &

N
(=)

ABl! =

— AB! =

4673 61
0 0 0 1 60,480 ~ 8640
44 29
A0 — 0 0 0 1 Bl _ 135 135
’ - ’ | 2303 3773
0 0 0 1 o oo
0 0 0 1 256 58
945 135
—hxBSABY = A+ h«B°
4673 61 263 19
~ %0, w0450 1 sémh — 0,430 w0450 oe0"
44 52 1
—155h —fsh+1 ggh — ph
23033, _ 3773 1673 49
—Sem0l — s —se +1 sl
256 256 1
—533h — sh —58h — qh+1

8960
1
40

49

1280

1
70
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eig(4) =

The matrices AB! = Al — h« B; ABY = AC + I « B? were constructed such that
h denotes the step size of integration. The stability matrix M(h) = (AB!) ! was then
formed to examine the amplification factor of the numerical method. The eigenvalues of
M(h), denoted as eig(M), determine the stability behavior of the method, particularly the
fourth eigenvalue.

Eig = eigenvals(M) : eig(4)
 1agors (1,429,897 +17,341,374134-241,773 436h%+1,066,867,200h+2,133,734,400 )
- 7h*—170h3+162012 —7680h+15,360

—— (1,429, 897(x +y)* + 17,341, 374(x + y)° + 241,773,436 (x + ) + 1,066, 867,200(x + y) + 2,133,734, 400)

7(x 4+ y)* — 170(x + y)® + 1620(x + ) — 7680(x + y) + 15,360
To visualize the stability region, h was replaced with the complex variable i = x + iy,
where x and y represent the real and imaginary axes, respectively. The condition eig(4) |< 1
defines the region of absolute stability, which was plotted using the implicit plot command
in Maple over therange —6 < x < 6and —6 <y < 6.

Let x = real and y = imaginary.

Then, implicit plot (abs(eigd) < 1, Real = —6,...6, imaginary = —6,...6).

3. Numerical Results

In this section, the performance of the proposed method is evaluated by applying it
to selected first-order ordinary differential equations. Numerical experiments are imple-
mented in MATLAB R2024b, for which several test problems are considered to highlight
the efficiency, accuracy, and robustness of the scheme. The results obtained in Tables 1-3
are compared with existing methods [6,22,23] in order to validate the effectiveness of the
proposed approach.

Problem 1

Consider the following stiff differential equation taken from [24]:

vi=-v1+10y2, y1(0)=1,0<t<10 37)
Yy =10y1 —y2, ¥2(0) =0
The exact solution is
y1(t) = e fcos(10t) (38)
ya2(t) = e 'sin(10t)
Problem 2
Consider the following nonlinear stiff differential equation taken from [25]:
y’l = —(sfl +2)]/1 +£*1y% , 1(0)=1, 0<t<20. (39)
vo=y1—y2(1+y2), 12(0)=1, £=10"3
The exact solution is
nH=e (40)
yo(t) = e

Problem 3

The SIR model taken from [26] is an epidemiological model that computes the the-
oretical number of people infected with a contagious illness in a closed population over
time. The name of this class of models derives from the fact that they involve coupled
equations relating the number of susceptible people 5(t), number of people infected I(t),
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and the number of people who have recovered R(t). The model is defined as Y =S + I + R.
The evolution equation is given as

y’(t)=u(1*y)=0withu=%, y(0)=%, 0<t<1, (41)

The exact solution is
y(t) =1—0.5¢70°% (42)

Table 1. Comparison of the absolute error and CPU time for Problem 1.

h Method Error CPU Time
Proposed method 6.5023 x 10~/ 0.1072
10-2 [6] 5.1953 x 107° 0.1495
[22] 1.5406 x 107° 0.1154
[23] 2.6613 x 107° 0.1351
Proposed method 6.5096 x 10710 0.0878
10-3 [6] 5.2070 x 10~° 0.1259
[22] 1.5430 x 10~ 0.1498
[23] 2.6661 x 10~° 0.0997
Proposed method 6.5103 x 10713 0.0797
10-4 [6] 5.2082 x 10712 0.1101
[22] 1.5432 x 10712 0.1030
[23] 2.6666 x 10712 0.1045

Table 2. Comparison between the absolute error and CPU time for Problem 2.

h Method Error CPU Time

Proposed method 8.7661 x 10° 0.12509

3 % 10-2 [6] 6.9870 x 107> 0.14009

[22] 2.0745 x 1072 0.13380

[23] 3.5820 x 107° 0.14269

Proposed method 8.8018 x 10~° 0.082858

3 % 10-3 [6] 7.0376 x 1078 0.093061
[22] 2.0860 x 1078 0.095866

[23] 3.6040 x 1078 0.098530

Proposed method 8.8061 x 10712 0.088952

3 % 10-4 [6] 7.0445 x 10711 0.096342
[22] 2.0874 x 10~ 1 0.096005

[23] 3.6069 x 10~ 1 0.091575

Table 3. Comparison between our method and other established methods for Problem 3.

h Method Error CPU Time
NANNM [27] 7.379 x 1076 0.1466
101 OHBMS5A [28] 7.071068 x 102 0.1423
Proposed HBM 45219 x 10713 08423
NANNM [27] 7.757 x 1078 0.0464
102 OHBMB5A [23] 2.3895 x 1073 0.0585
Proposed HBM 3.3307 x 10716 0.0284
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Discussion of Result

We have derived a single-step hybrid block method for the numerical solution of
first-order ordinary differential equations within a multi-step framework. The method
has been shown to be zero-stable, consistent, and therefore convergent. To evaluate its
effectiveness, two test problems were solved in MATLAB R2024b using various step sizes
h, and the results demonstrated the accuracy and efficiency of the proposed scheme. A
comparative analysis with the methods of [6,22,23] was carried out in terms of absolute
error and CPU time for different values of /. In addition, comparisons were made between
our method and two established methods: the New Adaptive Nonlinear Numerical Method
(NANNM) [27] and the Optimized Hybrid Block Method with fifth-order, adaptive, and
fixed step size (OHBM5A) [28]. The plots of absolute error against computational time for
Problems 1-3 are presented in Figures 3-6, which reveal that the proposed hybrid block
method consistently outperforms existing approaches by producing smaller absolute errors.
These findings confirm that the newly developed method competes favorably with current
methods, offering both improved accuracy and computational efficiency.

Max absolute error vs time

Numerical result b

0.9 ’ Exact solution

0.8 |- -

0.7 |- *

0.6 |- -

0.5 |- *

max absolute error

0.4 - 1

0.3 |-

0.2 —

0.1 |- B

o 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 o.1
time

Figure 3. Efficiency curve for Problem 1 at h = 0.01.

o.s Max absolute error vs time

Numerical result

o.as |- l Exact solution

o.a e

0.35 —

0.3

0.25 1

max absolute eror

0.2 - |

o.15 —

o.1 |- B

0.05 -

o 0.005 0.01 0.015 0.02 0.025 0.03
time

Figure 4. Efficiency curve for Problem 2 at h = 0.03.

0.7 Error norm vs time

Numerical result [

0.68 |- Exact solution

0.66 |- —

o0.64 |- -

o0.62 - —

0.6 - -

Ermornorm

0.58 - —

0.56 |- -1

0.54 - —

0.52 - -1

o.5 ' L L ' L L L L '
o o.1 0.2 0.3 o.4 0.5 o.6 o.7 o.8 0.9 1

time

Figure 5. NANNM curve for Problem 3 at h = 0.1.
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Error norm vs time

——— Numerical result
o.e — — — Exact solution

0.8

0.7

0.6

0.5

Error norm

0.4

£ n n n n n n L ' L
o 1 2 3 4 5 [ 7 8 i= 10
time

Figure 6. OHBMb5A curve for Problem 3 at & = 0.1.

4. Conclusions

In conclusion, this study has successfully developed a single-step hybrid block method
for the numerical solutions of first-order ordinary differential equations, exhibiting out-
standing performance in terms of accuracy, efficiency, and stability. The results obtained
from various numerical experiments confirm that the method maintains high precision
even with larger step sizes, demonstrating its robustness and reliability. When compared
with existing techniques, the proposed method consistently yields smaller absolute errors
and requires less computational time, establishing its superiority in both accuracy and cost-
effectiveness. This enhanced performance underscores its potential as a valuable numerical
tool for complex problems encountered in applied sciences and engineering. Moreover, its
simple structure and adaptability make it suitable for implementation in high-performance
and parallel computing environments. The findings of this research provide a solid founda-
tion for further advancements in block methods and their applications to a broader class of
differential equations. Future studies may extend this approach to higher-order systems
or partial differential equations, thereby enhancing its scope, flexibility, and impact in
scientific computation.
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