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Abstract: In a flexoelectric sensing element using bending mode, estimation of the flexoelectric
coefficient was investigated using 3-D stress/strain analysis and experiments. The proposed method
uses the results (deformation and strain) from the finite element analysis (FEA). The estimated
flexoelectric coefficients were compared with those obtained via the conventional method (Euler’s
beam theory) under the assumption of the quasi 1-D stress field. The results show that the RMS
value and standard deviation of the estimated flexoelectric coefficient for the 3-D stress field case
of the sensing element are 31.51 µC/m and 0.24%, respectively. In addition, we found that the
flexoelectric coefficient obtained from the results of the 3-D stress analysis is 1.8% smaller than that
of the quasi-1-D stress analysis. Therefore, in order to obtain a more reliable flexoelectric coefficient
in the sensing element, the results of the 3-D numerical stress analysis should be used for accurate
estimation of the flexoelectric coefficient.

Keywords: bending mode; strain gradient; stress analysis; flexoelectric coefficient; flexoelectricity;
unimorph sensing element

1. Introduction

To meet the strict requirements of the rapidly developing industry in different fields,
a sensing mechanism using the flexoelectric effect was first introduced and researched
by Kogan [1], as an alternative to the sensing mechanism using the piezoelectric effect.
The piezoelectric effect produces electric charge according to the induced stress/strain
generated by mechanical inputs such as force or pressure. By contrast, the flexoelectric
effect generates the electric charge according to the induced strain gradient.

The flexoelectric effect has several unique properties over other sensing mechanisms,
such as the lack of aging problems and broad material choice. In particular, the scaling
effect is the most outstanding feature of this sensing mechanism. This effect enables sensors
to be micro/nano miniaturized, as the charge output is generated based on the strain
gradient [2,3]. In general, there are three modes in which the flexoelectric effect can be
exploited, namely, longitudinal, shear and bending modes [4]. Among these, the structure
of the longitudinal and shear modes is quite robust, so these modes are more suitable for
sensing high-strength incident signals. However, since the induced strain gradient is small,
the charge output generated at the sensing element is also small.

On the other hand, structures in the bending mode can induce a high strain gradient,
leading to a large flexoelectric output and high sensitivity [5]. In this respect, the bending
mode is typically used to design several types of sensors where the amplitude of the
incident signal is infinitesimal. As an example, the flexoelectric accelerometer and micro-
phone [5,6] use the bending mode for their sensing ability. In addition, Huang et al. [7]
investigated a flexoelectric curvature sensor using the bending mode by attaching the
sensor on the side surface of a target structure.

It is well known that the accuracy of a sensor depends on the linearity between the
input signal strength and electric output. Until recently, for the sake of simplicity, the
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flexoelectricity of a sensing element was calculated using the analytical results of the stress
and strain obtained under the assumption of the quasi 1-D stress field for the sensing
element [8].

The following equation describes the flexoelectric effect.

Pl = µijkl
∂εij

∂xk
(1)

where Pl is the flexoelectric polarization, µijkl is the polar tensor flexoelectric coefficient, εij
is the elastic strain and xk is the position coordinate.

As it can be deduced from Equation (1), the charge output is linearly proportional to
the input when it is under a 1-D stress field. However, the stress field in the sensing element
is a 3-D problem in practical cases. Therefore, it is natural that the actual distributions
of stress and strain in the sensing element are quite different from those of the quasi-1-D
analytical analysis, which can result in the discrepancy between the incident signal strength
and measured charge output [9].

In these connections, for the sensing element of the unimorph mode, the present work
proposes a new method for estimating the flexoelectric output and flexoelectric coefficient,
which consists of using the results of the 3-D structural analysis and experiments with
a given input displacement of the element. Furthermore, this work aims to determine
the standard deviation of the flexoelectric coefficient with an initial displacement δ. This
paper will be beneficial to obtain the flexoelectric coefficient of the bending mode in a
more accurate way. Consequently, it will be able to estimate the inputs with an accurate
coefficient as a sensor.

Barium strontium titanate (Ba0.65Sr0.35TiO3, here referred to as BST) was used as the
material for the sensing element [10]. BST is known to exhibit the highest flexoelectric
coefficient [11–15] ever reported. For the experiment, a laser vibrometer, piezoelectric
actuator, charge amplifier and lock-in amplifier were used. The structural stress analysis
was performed using ANSYS Workbench 2019 R3(Ansys Inc, Canonsburg, PA, USA). The
distribution of the strain gradient in the 3-D case was calculated using the results of stress
and strain from FEA. The number of nodes and mesh type of the element was set to 3420
(38 × 18 × 5) and hexahedral, respectively.

2. Structural Analysis
2.1. Flexoelectricity and the Sensing Element

The flexoelectric effect is defined as the linear coupling between the mechanical strain
gradient and electric polarization in dielectric materials. For the bending mode, it is
expressed as [16]

Py = µ12
∂εx

∂xy
(2)

where Py is the flexoelectric polarization, µ12 is the transverse flexoelectric coefficient, and,
εx is the elastic strain in the x direction. The following equation can be used to derive the
charge output as

q0 =
∫ lx

0
Py dA (3)

where q0 is the charge output induced by the flexoelectric effect.
With the assumption of the quasi-1-D model, the beam theory can be used to obtain

the following equation.

q0 =
∫ lx

0
µ12

∂εx

∂y
2lzdx = 3µ12δ

lz
lx

(4)

In Table 1, the properties of the BST material [6] used as the sensing element and
dimensions of the BST unimorph are listed. The coordinate system and boundary condition
used in the numerical analysis of the unimorph type sensing element with the bending
mode are shown in Figure 1. The boundary conditions that are set in the FEA are that one
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surface where x = 0 is fixed and others are free. The input displacement is applied to the
center of the tip.

Table 1. Material properties of BST and dimensions of the BST unimorph.

Young’s modulus (GPa) 153
Poisson’s ratio 0.33

lx (mm) 10.7
ly (mm) 1
lz (mm) 2.54
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Figure 1. Configuration of the unimorph sensing element. and coordinate system used.

Figure 2 shows the arrangement of the experimental setup used to find the flexo-
electric coefficient in the unimorph sensing element of the bending mode. Experiments
are necessary to find the flexoelectric coefficient µ12 for an arbitrary concentrative force
acting at the center tip of the element. The procedure to obtain the flexoelectric coefficient,
which plays a key role in the estimation of the charge output for each displacement of the
sensing element can be summarized as follows. Firstly, the displacement δ generated by
a piezoelectric actuator is measured via a laser vibrometer. Secondly, for the case of the
measured displacement, a 3-D stress and strain analysis on the given unimorph sensing
element is performed; next, the values of the integrated strain gradient term are calculated
using the results of the stress analysis. Thirdly, the total charge output obtained by applying
the displacement q0 is measured via a lock-in amplifier. Finally, the flexoelectric coefficients
µ12 for the unimorph sensing element can be obtained from the results of the numerical
analyses in Equation (4). Upon repeating all the steps of this process, the flexoelectric
coefficients for the sensing element of the respective stress fields with various δ values
can be obtained. Finally, the flexoelectric coefficient is calculated as the RMS value of the
respective coefficients.
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As an example, for the case of δ = 7.5 µm, the distributions of the stress and strain
results on the upper surface of the element from FEA (ANSYS Workbench) are shown in
Figure 3. It can be seen that the stress and strain are not uniformly distributed along the z
axis. Since the relative influence of the free surface increases with the increase of x, and
the stress and strain decrease with the increase of z and x. It can thus be concluded that,
in order to obtain a more reliable flexoelectric coefficient, the results of the 3-D stress and
strain numerical analysis in the unimorph sensing element should be used.
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Figure 3. FEA results of the unimorph sensing element (a) stress and (b) strain.

Because ANSYS Workbench does not offer the strain gradient in the Y direction,
the total charge due to flexoelectricity is calculated by the following steps. First, the
deformation and strain due to the tip displacement of each node are obtained by FEA.
Using the obtained results, the strain gradients of each element are calculated. Finally,
the induced flexoelectric charge output of the unimorph is obtained by integrating all the
values that are the multiplied strain gradient and flexoelectric coefficient.

2.2. Stress

For the case of δ = 7.5 µm, the distributions of the stress σx along the x axis at various
z values along the upper surface of the element are shown in Figure 4. Note that x, y and
z are normalized coordinates (x = x

lx
, y = y

ly
and z = z

lz
). For simplicity, the bars on the

variables will be omitted here. The average stress along the x axis on the upper surface is
∑n

k σx, k
n , where n is the maximum number in the nodal point of z at an arbitrary x. The 1-D

result shows the stress obtained under the assumption of the quasi 1-D stress field in the
sensing element. As can be seen from the figure, regardless of the z value, the stress σx
decreases with the increase of x. Moreover, for the same x value, due to the influence of the
distance from the acting point of the concentrative force, the stress along the x direction
decreases with the increase of z.
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δ = 7.5 µm.

On the other hand, the trends for both the 1-D and average 3-D stress fields in the
sensing element are quite similar. However, for x ≤ 0.1 the stress distribution obtained
under the assumption of the quasi-1-D stress field is quite different from the respective
stress for z obtained via 3-D numerical analysis. Specifically, the stress at z = 0.0 is 26%
larger than that at z = 1.0 on the upper surface. It is thus possible to infer that the charge
outputs for the quasi-1-D and actual-3-D stress fields must be in disagreement.

2.3. Strain

Figure 5 shows the distributions of the strain εx along the x axis on the upper surface
of the element under the same conditions of Figure 4. Regardless of the z value, the strain εx
increases with increasing x at first, reaches a maximum, and then decreases with a further
increase of x. In agreement with the stress distributions in Figure 4, the maximum strain
εx increases with decreasing z. Due to the large differences in strain obtained under the
assumptions of the quasi-1-D and actual-3-D stress analyses, it can be reconfirmed that,
for the sake of accuracy, the 3-D numerical stress analysis should be used to determine the
flexoelectricity coefficient.
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2.4. Strain Gradient

For x = 0.1, due to the influence of the distance from the acting point of the concen-
trative force, the strain gradient increases with decreasing z as shown in Figure 6. As an



Appl. Mech. 2021, 2 846

example, the strain gradient for z = 0.0 and x = 0.25 is 16% larger than that for z = 1.0. It can
thus be concluded that the effect of the deformation of the element should be taken into
account for the exact calculation of the charge output.
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Figure 6. Strain gradient distributions along the x axis on the upper surface of the element for
δ = 7.5 µm.

Figure 7 shows the estimated flexoelectric coefficients using both methods, quasi 1-D
and 3-D stress fields. Table 2 shows the experimental results of the charge output for given
displacements. In addition, with these experimental results, the coefficients estimated by
two methods are listed. As can be seen from the figure and table, for the same experimental
charge output (which corresponds to δ), the average flexoelectric coefficient for the 3-D
case is 1.8% smaller than that of the 1-D case. On the other hand, the standard deviations
in the flexoelectric coefficients can be seen. These may be caused by measurement errors,
however, from the fact that the standard deviation of the 3-D case is smaller than that of
the 1-D case, it can be deduced that the proposed method for estimating the flexoelectric
coefficient is more accurate.
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Table 2. Experimental results of the flexoelectric charge output for various input displacements.

Displacement (µm) Charge Output (pC) µ12 1-D (µC/m) µ12 3-D (µC/m)

7.50 171.2 32.05 31.49
5.06 115.8 32.14 31.57
2.34 53.6 32.16 31.57
1.55 35.3 31.98 31.41

Average 32.08 31.51

3. Discussion

A new method was proposed to estimate more accurately the flexoelectric coefficient
of the unimorph typed sensing elements. This method relies on finite element analysis
(FEA) and numerical calculation. Compared to the previously used method, which is based
on the calculation under the assumption of 1-D stress/strain field, the present method offers
more accurate flexoelectric coefficient estimation. The estimated flexoelectric coefficient
using quasi 1-D and 3-D stress fields calculated from the experimental results are compared.
The average flexoelectric coefficient of the 3-D case is 1.8% smaller than that of the 1-D
case. It can be deduced that this discrepancy comes from the fact that Euler’s beam theory
cannot reflect the real stress field. In addition to that, despite the measurement error, less
standard deviation (0.24%) of the coefficient represents the fact that the present method
offers more accuracy in the estimation of the flexoelectric coefficient. From these findings,
it can be concluded that to obtain a more reliable flexoelectric coefficient, the results of the
3-D numerical stress analysis should be used.
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