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Abstract

Thin steel plates with stiffeners are widely employed in several branches of engineer-
ing, combining mechanical strength with low weight and serving as both structural and
cladding components. However, the influence of the side-wall inclination angle of hat-
stiffeners on the stiffness distribution and deflection patterns of steel plates remains insuffi-
ciently explored. This study conducts computational modeling to evaluate the deflection
of thin steel plates reinforced with hat-stiffeners. The plates were considered simply sup-
ported and subjected to a uniformly distributed load. The Constructal Design method and
the exhaustive search technique were employed, allowing for geometric evaluation and
optimization. A fraction corresponding to 30% of the plate volume was removed and redis-
tributed to generate longitudinal hat-stiffener geometries by varying its side-wall angle
and thickness. The smaller base of the hat-stiffeners was imposed as a geometric constraint
and therefore kept fixed. The results indicate a nonlinear trend between the side-wall angle,
the moment of inertia, and the resulting deflection, leading to a new geometrical pattern
that connects the angular inclination to the overall stiffness behavior of the plate. Angles
between 105◦ and 130◦ provided the best performance, reducing the maximum deflection
by 93.72% compared with the reference plate and improving it by around 7.5% relative
to previous studies. These findings illustrate how geometric configuration can enhance
performance in line with Constructal Design principles.

Keywords: hat-stiffened plates; structural analysis; computational solid mechanics;
out-of-plane displacements; Constructal Design

1. Introduction
Metal plates are widely employed in several branches of engineering, typically serving

both structural and cladding functions. The addition of stiffeners to these plates provides
unique advantages in terms of structural efficiency and design, as it significantly increases
strength while keeping the overall structural weight relatively low. Stiffened plates are
commonly used in aerospace, marine, and civil engineering structures [1–5]. Various
stiffener geometries exist, each imparting distinct characteristics to the mechanical behavior
of the plate. In this study, the hat-stiffener type is adopted, as illustrated in Figure 1a.
Figure 1b shows an application employing hat-stiffeners in an aircraft fuselage section.
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Figure 1. Hat-stiffened plates: (a) a cross-sectional view and (b) application in an aircraft fuselage.

Regarding the manufacturing of stiffened plates, the connection between the stiffener
and the plate can be achieved through several joining methods, depending on the material
type, the intended application, and the applicable design codes and standards. For metallic
structures, conventional joining techniques such as welding and riveting are commonly
employed [6–9]. The stiffeners themselves can be produced through different manufactur-
ing processes, including profile extrusion or, in the specific case of hat-stiffeners, by sheet
metal-forming operations such as stamping or bending [10–12].

Among the approaches to analyzing these structural components, computational
modeling offers significant potential for simulating plates reinforced with hat-stiffeners, as
it enables the development of different combinations of stiffener geometric parameters and
the investigation of their effects. The Finite Element Method (FEM) has been extensively
employed in studies of stiffened plates [13–15] and implemented in commercial software
such as ANSYS and ABAQUS. Regarding the development of different combinations of
stiffener geometric properties, the Constructal Design method, proposed by Adrian Bejan
in 1996 [16–20], has proven to be an effective tool for geometric analysis in structural
engineering problems [21–23]. This method is based on the Constructal Law, which states
the following: “For a finite-size system to remain in operation, its geometric configuration
must evolve continuously in order to provide the best flow access for currents flowing
through the system” [16–20,24]. Bejan and Lorente [18] applied this concept to structural
engineering, establishing that structures function as minimum-volume connections, al-
lowing stresses to “flow” from one component to its neighbor, and that the most efficient
use of material occurs when the maximum allowable stresses are uniformly distributed
throughout the structure. It should be emphasized that for the Constructal Design method
to be applied, it is necessary to define design variables and constraints. Furthermore, to
investigate the influence of variations in the design variables and to identify the best
geometry, appropriate performance indicators must be established [16–20,24,25].

The Constructal Design method has been employed for the development and eval-
uation of different stiffener geometries installed on plates subjected to bending through
numerical simulation. Troina et al. [26] minimized the central deflection of plates subjected
to bending due to a distributed load by optimizing I-type stiffeners of equal height, ar-
ranged both transversely and longitudinally. Similarly, Nogueira et al. [27] also minimized
the maximum and central deflections of plates with I-type stiffeners but considering stiffen-
ers of different heights. Furthermore, Pinto et al. [28] and Kucharski et al. [29] extended
the analysis by simultaneously evaluating the maximum deflection and the von Mises
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stress in stiffened plates, demonstrating that the Constructal Design approach can enhance
both stiffness and stress distribution efficiency through geometric evolution. Additionally,
Lima et al. [30] applied the same methodology to investigate the elasto-plastic buckling of
stiffened plates under uniaxial compression, confirming the potential of Constructal Design
to improve the ultimate buckling performance of metallic structures.

In the field of stiffened plate analysis with hat-stiffeners, Tharian and Nandaku-
mar [31,32] conducted a numerical investigation using the FEM and highlighted that
hat-stiffeners exhibit higher torsional rigidity and a superior strength-to-weight ratio com-
pared with open-section stiffeners, thereby demonstrating their structural superiority. Pal
et al. [33] performed a numerical analysis of two plate configurations: one reinforced with
hat-stiffeners and the other with I-type (flat) stiffeners. Boundary conditions and stiffener
dimensions were varied while maintaining a constant volume, and the results indicated that
the hat-stiffened plate exhibited smaller displacements. Virág and Szirbik [34] employed
modal analysis to identify and eliminate vibration frequencies that could cause damage in
a hat-stiffened plate. Tharian and Nandakumar [31] also carried out a structural analysis of
bunkers and proposed a superelement formulation that reduces the computational cost of
numerical analyses of hat-stiffened plates. Filippatos et al. [35] improved the efficiency of
aerospace components incorporating hat-stiffeners. Raju et al. [36] investigated damage
occurrence in ship structures made of composite materials reinforced with hat-stiffeners.
More recently, using the Constructal Design method, Alves et al. [22,23] evaluated different
longitudinal and transverse hat-stiffener geometries while keeping the side-wall inclination
angle constant and identified the most effective configuration for reducing the deflections
of a plate subjected to a distributed load.

In addition, several recent studies on hat-stiffened panels have predominantly focused
on composite materials, exploring structural performance under various loading and
environmental conditions. Sun et al. [37] developed FEM–Artificial Neural Network (ANN)
hybrid approaches to predict the buckling and ultimate loads of composite hat-stiffened
panels under in-plane shear, while Kumar et al. [38] proposed the Constrained Variational
Asymptotic Method (C-VAM) to efficiently capture nonlinear buckling and delamination
effects. Optimization-based analyses by Kumar et al. [39] and Kumar et al. [40] examined
weight reduction, spacing, and geometric parameters, identifying closed-section stiffeners
as optimal configurations for stiffness-to-weight improvement. Experimental validations
by Kumar et al. [41], Kumar et al. [42], and Wang et al. [43] confirmed the strong agreement
between FEM predictions and laboratory tests, especially for axial and edge compression
scenarios.

In turn, interface and environmental effects have also been examined: Lei et al. [44]
demonstrated that temperature and humidity significantly reduce bonding strength,
whereas Liu and Guan [45] showed that inserting fillers in deltoid regions increases local
stiffness and modifies failure modes. Complementary analytical contributions by Qiu [46]
introduced equivalent stiffness formulations for simplified design assessments.

Given the relevance of hat-stiffened plates, this study proposes a geometric analysis
and optimization of steel plates with longitudinal hat-stiffeners, simply supported and
subjected to a uniformly distributed load. The Constructal Design method, combined
with the exhaustive search technique, is employed with emphasis on varying the side-wall
inclination angle of the stiffener while maintaining a constant material volume. The analysis
of the generated configurations is carried out through a numerical model using the FEM,
aiming to identify the configuration that minimizes the maximum deflection. To initiate
the application of the Constructal Design method, a reference plate without stiffeners is
adopted, and 30% of its volume is redistributed into stiffeners. To do so, the thickness of
the reference plate is reduced, and stiffeners are generated by keeping the width of the
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smaller base constant while varying the side-wall inclination angle. Using a reference plate
with dimensions of 2000 mm × 1000 mm, configurations with one to five hat-stiffeners
can be generated, with thicknesses ranging from 4.75 mm to 12.7 mm. The computational
model was developed via the FEM using the ANSYS Mechanical APDL 2024 R2 software
package, with the SHELL281 finite element. One can note that the present investigation is
an extension of the work previously published by Alves et al. [22].

It is worth emphasizing that in addition to the works already discussed, several other
studies [47–57] have further explored the mechanical behavior of hat-stiffened plates made
of composite materials, whereas thin steel plates with hat-stiffeners remain a relatively
underexplored topic in the literature. This observation highlights the scientific motivation
of the present study, which focuses on the geometric optimization of thin steel plates with
hat-stiffeners and aims to extend the Constructal Design approach to metallic structures.

In summary, although recent advances have improved the understanding of hat-
stiffened panels, almost all previous investigations considered the side-wall angle as a
fixed geometric parameter. No systematic evaluation of this variable has been reported,
especially for metallic plates. In contrast, the present work investigates the influence of
side-wall angle under constant material volume, unveiling nonlinear correlations between
the side-wall angle, the moment of inertia, and the resulting deflection. Thus, this study
fills an important gap by linking the geometric evolution of the stiffener cross-section to
the overall stiffness behavior, thereby broadening the Constructal Design framework for
application to thin steel hat-stiffened plates.

2. Materials and Methods
2.1. Materials

Regarding material selection, this study adopts ASTM A36 [58] structural steel as a
representative material to analyze the structural behavior of plates with hat-stiffeners, due
to its wide range of applications in the civil, naval, and offshore industries, which employ
stiffened plates to enhance strength and reduce structural weight. ASTM A36 structural
steel provides a balanced combination of mechanical strength, weldability, availability,
and cost, making stiffened plates fabricated from this steel a suitable choice for specific
applications. Its relevance is demonstrated in naval applications, where it is used in hulls,
decks, and bulkheads; in offshore platform modules; and in civil engineering, where this
steel is employed in stiffened plates for bridge components, slabs, and floors, with stiffeners
enhancing load-bearing capacity, controlling displacements, and reducing weight [23].

2.2. Methods

The application of the Constructal Design method requires the definition of local
and/or global constraints. These constraints serve as limits for the variation in the defined
degrees of freedom, generating multiple geometries and, ultimately, the definition of
performance indicators, which can be maximized or minimized to improve the obtained
results. It is important to emphasize, however, that the Constructal Design is not an
optimization method per se but rather a tool for geometric evaluation. Therefore, to perform
the optimization process, the Constructal Design method must be combined with an
optimization technique, such as the exhaustive search method. In this context, during the
geometric evaluation and optimization process, the Constructal Design method generates
the search space (possible geometric configurations given the constraints and degrees
of freedom), while the exhaustive search identifies the geometry that provides the best
results [25]. To improve the understanding of the relationship between the stages of this
work, Figure 2 presents the methodological framework.
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Figure 2. Methodological framework of this study.

In practical structural engineering applications, stiffened plates are supported along
their edges, a condition that does not restrict rotational movement at the supports. This
feature can be observed in ship deck structures, bridge panels, and steel slabs [23]. To
reflect this condition in numerical simulations, the adopted boundary condition considers
the plate as simply supported along its edges, i.e., vertical displacements are restrained,
while rotations are allowed at the support points.

In the present study, the mechanical behavior of the generated configurations was
investigated using the Finite Element Method (FEM) implemented via the commercial
software ANSYS Mechanical APDL (version 2024 R2, ANSYS Inc., Canonsburg, PA, USA).
The selected finite element was SHELL281, illustrated in Figure 3, which is suitable for the
simulation of thin to moderately thick plates. This finite element has eight nodes and six
degrees of freedom per node, consisting of three translations (Ux, Uy, and Uz) and three
rotations (θx, θy, and θz) [59]. The SHELL281 finite element was adopted for both the plate
and the hat-stiffeners, as in previous works [21–23,27]. In the FEM, displacements must be
determined to obtain deflections, which are computed through the matrix manipulation
of a system of algebraic equations [1,60,61]. To ensure that the computational model is
correctly defined, validations and verifications were performed by comparing the results
with references reported in the literature.

 
Figure 3. SHELL281 finite element.

As previously mentioned, the application of the Constructal Design method begins
with a reference plate, 30% of whose volume will be transformed into stiffeners. The
dimensions of the reference plate are as follows: width a = 2000 mm; length b = 1000 mm;
and thickness trp = 20 mm. Considering a and b as fixed constraints, the 30% volume fraction
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is removed from its thickness trp [21,23,26,27] and converted into stiffeners, resulting in
plates with a thickness of t = 14 mm in which the hat-stiffeners are installed. It should be
noted that this is not a material reduction but rather a redistribution (from the thickness of
the reference plate to the stiffeners); hence, the total steel volume remains unchanged.

As stated earlier, the material adopted is ASTM A36 structural steel, with a Young’s
modulus E = 200 GPa and Poisson’s ratio ν = 0.3 [62,63]; this material has also been
employed in previous studies [21,23,26,27]. Regarding boundary conditions, a uniformly
distributed load of 10 kPa was applied; this load level was chosen to ensure that the plate
remains within the linear elastic regime [21,23,26,27]. The edges were considered simply
supported, as explained earlier, reflecting practical structural engineering applications.
Figure 4 presents a schematic drawing of the plate with two hat-stiffeners. The choice
of hat-stiffener thickness was based on the commercially available plate thicknesses that
could be used to fabricate these stiffeners. Therefore, the following values were adopted:
ts = 4.75 mm (3/16 in); ts = 6.35 mm (1/4 in); ts = 8.00 mm (5/16 in); ts = 9.53 mm
(3/8 in); and ts = 12.7 mm (1/2 in). The stiffener side-wall angle θs was varied from 75◦

to 150◦ in increments of 5◦. The width of the smaller base was fixed at bt = 40 mm. Using
these parameters, by selecting the plate thickness and varying the side-wall inclination
angle, other geometric parameters such as the stiffener height and larger base width were
determined, generating multiple geometric configurations.

 

Figure 4. Schematic representation of the plate with two hat-stiffeners.

Considering that the analyzed plates could be joined with other plates in a practical
application, the distance from the stiffener to the plate edge was set as half of the distance
between the stiffeners on the plate. Figure 4 shows an example with two stiffeners, where
n′ represents the distance between the stiffeners, and n′/2 represents the distance from the
stiffener to the plate edge. In the case of a single stiffener, it was centered along the longer
dimension of the plate.

Based on the defined spacing and obtained dimensions, cases with one to five hat-
stiffeners placed on the plate were analyzed. The dimensions used for each geometric config-
uration of the plate and stiffeners, as well as the results in terms of the maximum deflection
for each analyzed configuration, are presented in Appendix A, through Tables A1–A5,
organized by case. As can be observed in Appendix A, in some cases, certain geometric
configurations had to be discarded due to physical interference between the stiffeners.

The moment of inertia of the geometries was determined as follows. Initially, the
geometric centroid was obtained. Subsequently, the moment of inertia with respect to this
centroid was evaluated for the external contour of the geometry, neglecting the hollow
(void) region, as illustrated in Figure 5a. Thereafter, the moment of inertia associated with
the centroid of the hollow region, depicted in Figure 5b, was computed and subtracted
from the previously obtained value. In this manner, the effective moment of inertia of the
adopted geometry was established, as shown in Figure 5c.
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(a) (b) (c) 

Figure 5. The procedure for determining the moment of inertia of each obtained geometry: (a) using
the external contour of the section, disregarding the internal void; (b) computing the moment of
inertia associated with the void region; and (c) subtracting the moment of inertia of the void from
that of the external contour.

In summary, computational modeling was conducted in ANSYS APDL using
the SHELL281 finite element, under linear elastic and static conditions. The non-
stiffened reference plate (2000 mm × 1000 mm × 20 mm) and the hat-stiffened plates
(2000 mm × 1000 mm × 14 mm) were considered as simply supported on all edges and
subjected to a uniformly distributed pressure of 10 kPa. The material adopted corresponds
to ASTM A36 steel, with a Young’s modulus of 200 GPa and Poisson’s ratio of 0.3. A
structured quadrilateral mesh was used, and a mesh convergence analysis defined an
element size of 10 mm, ensuring the independence of the numerical results from the spatial
discretization. In total, 336 geometric configurations for hat-stiffened plates were simulated,
combining variations in the number of longitudinal stiffeners (1 to 5), in the stiffener thick-
ness (4.75 mm, 6.35 mm, 8.00 mm, 9.53 mm, and 12.7 mm), and in the side-wall inclination
angle (75◦, 90◦, 105◦, 120◦, 135◦, and 150◦), maintaining a constant total volume equivalent
to 30% of the reference plate redistributed into the stiffeners. The maximum displacement
was numerically defined for each configuration, supporting the Constructal Design and
Exhaustive Search procedures applied in this study.

3. Results
3.1. Results of Validation and Verification of Computational Model

The validation and verification procedures presented herein aim to ensure the accuracy
of the proposed computational model and have been previously employed in [22,23].

Starting with model validation, a numerical simulation was developed based on
an experimental study conducted by Carrijo et al. [64]. This study aimed to evaluate the
maximum central deflection of a plate with I-stiffeners, illustrated in Figure 6a. A uniformly
distributed load of 0.96 kPa was applied to the stiffened plate, with simple supports
applied at its four corners. The mechanical properties of the material used are as follows:
E = 2.5 GPa and ν = 0.36. In the simulation, a regular converged mesh was adopted,
consisting of square SHELL281 finite elements with an edge length of 2.436 mm. Figure 6b
presents the distribution of out-of-plane displacements obtained from the numerical model.
The experimental results obtained by Carrijo et al. [64] indicated a central deflection of
Uz = 6.2200 mm. The numerical model predicted a central deflection of Uz = 6.5075 mm.
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(a) (b) 

Figure 6. Computational model validation: (a) schematic illustration of stiffened plate tested experi-
mentally (in mm); (b) distribution of deflections obtained from proposed numerical model.

Subsequently, two computational model verifications were performed considering
simply supported stiffened metallic plates. In the first case, the plate with two hat-stiffeners,
modeled by Tharian and Nandakumar [32], which used the SHELL63 and SHELL93 finite
elements, was reproduced using the SHELL281 finite element. The results, in terms of the
maximum deflections, were compared. The geometric characteristics of the plate can be
seen in Figure 7. The material used was steel, with properties E = 210 GPa and ν = 0.3. The
loading consisted of a uniformly distributed load of 10 kPa.

 

 
(a) (b) 

Figure 7. First computational model verification: (a) stiffener details (in mm); (b) plate details (in
mm) and boundary conditions.

The performed mesh convergence test together with the results from Tharian and
Nandakumar [32] are presented in Figure 8. The maximum displacements reported by
Tharian and Nandakumar [32] were 0.7198 mm with the SHELL63 element and 0.7214 mm
with the SHELL93 element, whereas the proposed model using square SHELL281 elements
of 10 mm in a converged mesh yielded 0.7295 mm.
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Figure 8. Mesh convergence of the first verification [32].

The second verification considered a plate with a hat-stiffener centered along the
longer dimension of the simply supported plate, as shown in Figure 9. Pal et al. [33]
analyzed this plate and evaluated 25 hat-stiffener configurations; the simulations were
conducted using SHELL181 finite elements for the plate and BEAM3 finite elements for
the stiffeners. It is noteworthy that Pal et al. [33] maintained the stiffener volume constant
(320,000 mm3) while generating the 25 configurations, with the dimensions presented in
Table 1. The material used for both the plate and the stiffener was steel, with properties
E = 200 GPa and ν = 0.3. The plate was subjected to a uniformly distributed load of 1 kPa.
Mesh convergence tests were performed considering Case 1 from Table 1, defining a mesh
composed of square SHELL281 finite elements with a size of 10 mm for all 25 cases.

 

Figure 9. Plate analyzed in second model verification (in mm).
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Table 1. The dimensions (in mm, see Figure 9) of the hat-stiffener for the second verification.

Case Thickness (T) Shorter Base (A) Longer Base (B) Height (H) Length (L)

1 2 35 60 65 955.90
2 3 35 60 65 637.26
3 4 35 60 65 477.95
4 5 35 60 65 382.36
5 6 35 60 65 318.63
6 2 40 60 65 932.78
7 3 40 60 65 621.86
8 4 40 60 65 466.39
9 5 40 60 65 373.11

10 6 40 60 65 310.93
11 2 40 65 70 878.09
12 3 40 65 70 585.39
13 4 40 65 70 439.04
14 5 40 65 70 351.23
15 6 40 65 70 292.70
16 2 40 60 70 881.92
17 3 40 60 70 587.95
18 4 40 60 70 440.96
19 5 40 60 70 352.77
20 6 40 60 70 293.97
21 2 35 65 65 950.02
22 3 35 65 65 633.35
23 4 35 65 65 475.01
24 5 35 65 65 380.01
25 6 35 65 65 316.67

The results obtained by Pal et al. [33] and by the proposed numerical model are
presented in Figure 10.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
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(m
m

)
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Pal et al. (2018) - SHELL181 e BEAM3 (Apoio Simples)Presente Estudo - SHELL281 (Apoio Simples)Pal et al. [33] - SHELL181 and BEAM3Present study - SHELL281

Figure 10. Results for second model verification [33].

3.2. Results of Case Study

As previously explained, all geometric configurations of the longitudinal hat-stiffeners
were derived from a reference plate without stiffeners while maintaining three conditions:
(i) the total volume of the plates with stiffeners is the same as that of the reference plate
without stiffeners, transforming 30% of the reference plate volume into hat-stiffeners but
keeping the plate’s width and length unchanged; (ii) the angle of the hat-stiffeners’ side-
walls varied between 75◦ and 150◦ in 5◦ increments, with stiffener thicknesses of 4.75 mm,
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6.35 mm, 8.00 mm, 9.53 mm, and 12.7 mm; and (iii) the width of the stiffener’s smaller
base must be fixed at bt = 40 mm. Based on these conditions, the use of the Constructal
Design method enabled the generation of geometric configurations of plates with one to
five longitudinal hat-stiffeners, considering five different hat-stiffener thicknesses.

To determine the appropriate spatial discretization for all simulated hat-stiffened
plates, a mesh convergence test was performed on the plate with the most complex ge-
ometry, i.e., the one with five hat-stiffeners. As in Alves et al. [22,26], SHELL281 finite
elements with a square shape were used, with side lengths varying from 5 mm to 40 mm
(M1 = 40 mm; M2 = 30 mm; M3 = 20 mm; M4 = 15 mm; M5 = 10 mm; and M6 = 5 mm). The
results are shown in Figure 11, where it can be observed that the maximum plate deflection
stabilizes starting from mesh M4. However, to avoid mesh dependency, mesh M5 with
10 mm elements was adopted for all numerical simulations.

M1M2M3 M4 M5 M6

0.3380.3390.3400.3410.3420.3430.344

0 25,000 50,000 75,000 100,000 125,000 150,000 175,000

M
ax

im
um

 D
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le
ct

io
n 

(m
m

)

Number of Finite Elements 

Figure 11. Mesh convergence test of case study.

The main purpose of employing the Constructal Design method by testing the angular
variation in the stiffener walls is to enhance structural efficiency. In this study, efficiency is
evaluated through the direct comparison of the maximum deflections obtained. Addition-
ally, some results will be compared with the best outcomes reported by Alves et al. [22],
who analyzed similar plates; however, in their study, the stiffener wall inclination angle
was fixed at 120◦, while the stiffener height was varied.

The numerical results obtained in terms of the maximum deflection of the hat-stiffened
plates were recorded and are presented in Figures 12–16 for plates with one to five longitu-
dinal hat-stiffeners, respectively. Additionally, the maximum deflection of the reference
plate (without stiffeners), Uz = 0.6976 mm, is also plotted in these figures.

For a general comparison, Table 2 presents the best and worst results obtained for each
number of hat-stiffeners, including the geometric properties, the relative difference in the
maximum deflection obtained in the stiffened plate simulation compared to the reference
plate, and the moment of inertia of the structure with respect to the x-axis (see Figure 5).
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Figure 12. The maximum deflection for the case with a single hat-stiffener.
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Figure 13. The maximum deflection for the case with two hat-stiffeners.

0.0000.2000.4000.6000.8001.0001.2001.4001.6001.8002.000

75 80 85 90 95 100 105 110 115 120 125 130 135 140 145 150

Uz
 (m

m
)

Side-wall angle (°)

ts: 4.75 mm  ts: 6.35 mmts: 8 mm ts: 12.7 mmts: 9.53 mm Reference plate

Figure 14. The maximum deflection for the case with three hat-stiffeners.
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Figure 15. The maximum deflection for the case with four hat-stiffeners.
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Figure 16. The maximum deflection for the case with five hat-stiffeners.

Table 2. Best and worst results for each number of hat-stiffeners.

Number of Hat-Stiffeners θs (◦) ts (mm) hs (mm) Umax
z (mm) RD (%)

Umax
z

Ix
(mm4)

1
105 4.75 590.7399 0.0438 −93.72 5.06 × 109

140 4.75 393.1154 1.8840 170.08 2.33 × 109

2
110 4.75 277.9512 0.0800 −88.53 1.24 × 109

150 12.7 49.0551 0.4143 −40.61 3.35 × 107

3
130 4.75 145.9516 0.1163 −83.32 3.78 × 108

80 12.7 57.8478 0.6005 −13.91 4.84 × 107

4
125 4.75 112.9568 0.1539 −77.94 2.42 × 108

75 12.7 37.7243 0.7834 12.30 2.17 × 107

5
125 4.75 87.0888 0.2074 −70.27 1.51 × 108

75 12.7 26.3158 0.8760 25.57 1.21 × 107

4. Discussion
4.1. Discussion of Validation and Verification of Computational Model

The distribution of out-of-plane displacements obtained from the proposed numerical
model (see Figure 6b) and the experimental results reported by Carrijo et al. [64] show a
relative error of 4.58% between the numerical and experimental data, considering the central
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(maximum) deflection. It is important to note that, although there are some differences
between this plate and the plate studied in the present work (dimensions, boundary
conditions, material, and stiffener type), the numerical simulation of this case allowed for
the assessment of whether the model can accurately capture the basic physical behavior of
stiffened plates under bending. This serves as a representative validation, supporting the
overall reliability of the proposed modeling strategy. Therefore, the computational model
can be considered validated through a proof-of-concept approach, which is typically used
when an exact experimental baseline is not available.

In turn, as shown in Figure 8, for the first verification of the computational model,
using the results of Tharian and Nandakumar [32], the difference between the SHELL281
and SHELL63 elements was 1.35%, and it was 1.12% between the SHELL281 and SHELL93
elements. Both results confirm the validity of the proposed numerical model. In the second
verification, the results obtained by Pal et al. [33] and those of the proposed model are
as presented in Figure 9. Among all cases, the maximum relative difference was 5%, and
the average relative difference was 3.3%, thereby confirming the accuracy of the proposed
computational model. From these results, one can infer that the proposed numerical model
was properly verified.

4.2. Discussion of Case Study

In general, from Figures 12–16 it can be observed that, in all cases, the minimum deflec-
tion occurred when the smallest hat-stiffener thickness (ts = 4.75 mm) was adopted, while
the maximum deflection occurred when the largest hat-stiffener thickness (ts = 12.7 mm)
was employed.

In the cases with a single stiffener (Figure 12), 60 geometric configurations were
generated and analyzed. An atypical behavior was identified when compared to the
other cases (Figures 13–16). For all adopted ts values, it was observed that increasing
the inclination of the stiffener side-walls initially leads to a reduction in the maximum
deflection. However, upon reaching a certain value of θs, in plates with smaller ts, a
sharp increase in the maximum deflection occurs. In plates with larger ts, this effect is
less pronounced, presenting a more gradual increase in the maximum deflection. Another
important feature is that, for these cases, the sharp increase occurs within specific θs values
depending on the adopted ts value: θs = 105◦ for ts = 4.75 mm and ts = 6.35 mm and
θs = 110◦ for ts = 8.00 mm, ts = 9.53 mm, and ts = 12.7 mm. Regarding deflections, one
can also note that most geometric configurations exhibited a maximum deflection smaller
than that of the reference plate, except for the case with ts = 4.75 mm and θs = 120◦, which
showed nearly the same out-of-plane displacement, as well as the cases with ts = 4.75 mm
and θs = 135◦ and 140◦ and the case with ts = 6.35 mm and θs = 145◦. The best result was
obtained for ts = 4.75 mm when the hat-stiffener side-walls have θs = 105◦, reaching a
reduction of 93.72% in the maximum deflection compared to the reference plate.

Figure 17 presents three cases with a single stiffener and ts = 4.75 mm, allowing for a
comparative analysis of the displacement behavior under different inclination angles of
θs = 100◦ (Figure 17a), θs = 105◦ (Figure 17b), and θs = 110◦ (Figure 17c). In Figure 17b, the
minimum maximum deflection occurred at θs = 105◦, since this geometry provided the best
balance between the length of the larger base (bt + 2y′) and the dimension n’, resulting in a
more uniform displacement distribution and the second highest moment of inertia among
the cases with one stiffener (see Table A1). In contrast, Figure 17a shows the case with
θs = 100◦, where, despite having the greatest moment of inertia, displacement concentra-
tions are observed in regions outside the stiffener (length n′). Finally, Figure 17c illustrates
the configuration with θs = 110◦, where a more pronounced displacement concentration
shift to the region within the stiffener.
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Figure 17. Strain distribution for plates with one hat-stiffener, ts = 4.75 mm, and the following stiffener
side-wall angles: (a) θs = 100◦; (b) θs = 105◦; and (c) θs = 110◦.

The analysis of the results presented in Table 2 indicates that the plate with one hat-
stiffener (Case 1), a side-wall angle of θs = 105◦, and a thickness of ts = 4.75 mm achieved the
best performance, resulting in a relative difference of −93.72% compared to the reference
plate. As additional stiffeners are added, the performance tends to decrease, reaching
−70.27% for the case with five hat-stiffeners.

For the remaining ts values in the single hat-stiffener cases, a similar trend was
observed: the configuration yielding the smallest maximum deflection is also characterized
by one of the highest moments of inertia, generally associated with an angle of 105◦ (when
ts = 6.35 mm) or 110◦ (when ts = 8.0 mm, ts = 9.53 mm, and ts = 12.7 mm).

By adding another stiffener to the plate, the cases with two stiffeners are obtained, with
the results shown in Figure 13, resulting in 64 geometric configurations being generated
and analyzed. The variation in the inclination angle of the hat-stiffener side-walls initially
caused a decrease in the maximum deflections; however, upon reaching specific θs values,
an increase in the maximum deflection occurred. The θs values where the change in behavior
occurs are θs = 110◦ for ts = 4.75 mm; θs = 115◦ for ts = 6.35 mm; and θs = 120◦ for ts = 8.00 m,
ts = 9.53 mm, and ts = 12.7 mm. Here, a trend analogous to that of the single-stiffener
cases is observed, with the three largest thicknesses producing the best results at the same
side-wall angle. Furthermore, the configurations with ts = 4.75 mm displayed a distinct
response: following the change in trend and the subsequent increase in the maximum
deflection, a slight stabilization was observed around θs = 130◦. This stabilization suggests
that, beyond θs = 130◦, the geometry reaches a balance that restrains further displacement
growth. In addition, and as in the single-stiffener investigation, all geometric configurations
exhibited maximum deflections below those of the reference plate, contributing to improved
structural performance. The best results were obtained for ts = 4.75 with a side-wall angle
of θs = 110◦, representing a reduction of 88.53% in the maximum deflection compared
to the reference plate. Figure 18 presents the results for ts = 4.75 mm at side-wall angles
θs = 105◦ (Figure 18a), θs = 110◦ (Figure 18b), and θs = 115◦ (Figure 18c). One can note
that the geometric configuration generated at θs = 110◦ (Figure 18b) exhibited the best
displacement distribution.
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Figure 18. Strain distribution for plates with two hat-stiffeners, ts = 4.75, and the following stiffener
side-wall angles: (a) θs = 105◦; (b) θs = 110◦; and (c) θs = 115◦.

In the plates with three, four, and five hat-stiffeners, presented in Figures 14–16, a total
of 67, 70, and 73 geometric configurations were generated, respectively. In general, a more
uniform structural behavior can be observed with respect to the maximum displacements
induced by variations in the side-wall angles θs, compared to the single- and two-stiffener
plates. The pattern already identified in certain thicknesses shown in Figures 12 and 13
is repeated: increasing θs causes a reduction in the maximum deflection up to a specific
θs value for each thickness, after which further increases in θs lead to an increase in the
maximum deflection. These θs values corresponding to the behavioral change points in
the plates with three, four, and five hat-stiffeners, for thicknesses of 6.35 mm, 8.0 mm,
and 9.53 mm, are the same as those found in the two-stiffener plates, indicating stability
in the relationship between θs variation and the number of hat-stiffeners on the plate.
Regarding the maximum deflections, in the three- and four-stiffener plates, all geometric
configurations exhibited maximum deflections below those of the reference plate. In the
three-stiffener plates, the best result was obtained using a thickness of ts = 4.75 mm with a
side-wall angle of θs = 130◦, representing a reduction of 83.32% in the maximum deflection
compared to the reference plate. For the four- and five-stiffener plates, the best result was
also obtained with ts = 4.75 mm; however, at θs = 125◦, these configurations represent
improvements of 77.94% and 70.27% in the maximum deflection relative to the reference
plate, respectively. To illustrate, Figure 19 presents the strain distributions for the four-
stiffener plates, considering the smallest thickness, ts = 4.75 mm, and the largest thickness,
ts = 12.75 mm. Side-wall angles of θs = 90◦, θs = 110◦, and θs = 135◦ were adopted for
both thicknesses.

Figure 19. Strain distribution for plates with four hat-stiffeners, ts = 4.75 mm, and (a) θs = 90◦,
(b) θs = 110◦, and (c) θs = 135◦ and with ts = 12.75 mm and (d) θs = 90◦, (e) θs = 110◦, and (f) θs = 135◦.

From Figure 19 it can be observed that when keeping the total steel volume con-
stant, the use of thicker hat-stiffeners requires a reduction in their height. As a result,
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these configurations (Figure 19d–f) exhibit a displacement pattern more similar to that of
the plate without stiffeners (reference plate). Conversely, when smaller thicknesses are
adopted for the hat-stiffeners (Figure 19a–c), their height increases along with their moment
of inertia, which enhances structural rigidity and explains the superior performance of
these configurations.

4.3. Comparison with Results Reported by Alves et al. [22]

As mentioned earlier, Alves et al. [22] also studied plates with longitudinal hat-
stiffeners. The methodology employed was similar to that used in the present study:
the application of the Constructal Design method combined with the exhaustive search
technique, the conversion of 30% of the plate volume into longitudinal stiffeners, and FEM
simulation using the SHELL281 finite element. The applied loading, boundary conditions,
and reference plate dimensions were also the same as those adopted in this study. The
difference between the methodologies is that Alves et al. [22] fixed the side-wall angle at
θs = 120◦ and defined height levels, allowing the minor and major base dimensions to vary.
The similarities in the employed methodology allow for a comparison between the best
results obtained in both studies.

In the study conducted by Alves et al. [22], relative differences with respect to the
reference plate in improving the mechanical behavior (i.e., reducing the maximum dis-
placement) were reported as −86.26%, −80.20%, −82.17%, −76.34%, and −67.61% for
hat-stiffened plates with one to five stiffeners, respectively. When the results of the present
study (see Table 2) are compared with those of Alves et al. [22], additional improvements
of approximately 7.5%, 8.5%, 1.0%, 1.5%, and 2.5% are observed. Therefore, particularly for
one- and two-stiffener plates, the effect of the side-wall inclination proves to be a relevant
design parameter.

4.4. The Study of the Moment of Inertia of the Geometries Found

As shown in Table 2, the structure’s moment of inertia appears to be correlated with the
magnitude of the maximum deflections observed. It can be seen in this direct comparison
that the smallest deflections were obtained in geometric configurations that provided the
highest moments of inertia. As the moment of inertia decreases, the deflections increase.
This pattern is not observed in the case with a single stiffener, where the largest deflection
occurred in a geometric configuration with a higher moment of inertia than those with
multiple stiffeners. However, as illustrated in Figure 20, this geometric configuration
compromised the stiffness provided by the stiffener, causing the plate with the added
stiffener to behave similarly to the reference plate, albeit with a reduced thickness (due to
the volume redistributed to form the stiffener), resulting in larger deflections.

Figure 20. Geometric configuration obtained using a single stiffener, side-wall angle θs = 140◦, and
thickness ts = 4.75 mm.

Regarding the structure’s moment of inertia, it can be observed that, except in cases
such as the one mentioned above, where the geometric configuration compromises the
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stiffener’s effectiveness, one of the fundamental parameters for increasing the structure’s
stiffness is the stiffener height. Increasing the height tends to shift the structure’s centroid
upward, enhancing the contribution of both the smaller base and the plate to the overall
stiffness. This characteristic is evidenced by the fact that the largest moments of inertia were
obtained in geometric configurations that produced stiffeners with the greatest heights.

However, a higher moment of inertia alone does not necessarily guarantee improved
mechanical performance in terms of reducing the maximum out-of-plane displacement.
The best geometries were observed to combine relatively high moments of inertia (though
not always the highest) with a geometric configuration that promotes a more uniform
distribution of displacements.

5. Conclusions
This study investigated the influence of the variation in the inclination angle of the

side-walls of hat-stiffeners on the structural efficiency of stiffened steel plates. For this
purpose, the Constructal Design method, combined with an exhaustive search technique,
was employed, generating 336 geometric configurations that were analyzed using the FEM
through ANSYS software. The stiffeners were longitudinally inserted, and the plates were
considered simply supported under a uniformly distributed load of 10 kPa.

Considering that the primary purpose of using stiffeners in plates is to reduce de-
flection and improve the stiffness-to-weight ratio, the main objective of this work was to
minimize displacements in plates with hat-stiffeners. The results showed that the majority
of geometric configurations reduced displacements to below those obtained for the refer-
ence plate. The best performance was observed in the case of a single stiffener using a plate
with thickness ts = 4.75 mm and side-wall angle θs = 105◦, leading to a 93.72% reduction in
the maximum deflection compared to the reference plate (with no stiffeners but with the
same amount of steel). This significant reduction highlights the importance of the strategic
development of stiffeners focused on application.

The main scientific contributions of this work can be highlighted as follows:

• The application of the Constructal Design method together with exhaustive search
proved to be an important tool for the evaluation and optimization of structures. While
Constructal Design generates the search space (possible geometric configurations given
the constraints and degrees of freedom), exhaustive search identifies the geometry
that yields the best performance.

• The inclination angle of the side-wall of the hat-stiffener can influence its performance.
Alves et al. [22] adopted θs = 120◦ and defined height levels. This difference allowed
for a direct comparison of the results. The investigation developed in the present work
identified a geometry that achieved an approximate 7.5% improvement over the best
result obtained by Alves et al. [22] relative to the reference plate.

• The moment of inertia of the structure also strongly influences its performance regard-
ing maximum displacements. Configurations exhibiting larger moments of inertia
presented smaller deflections and taller stiffeners.

• Stiffener height emerges as an important parameter, since it shifts the structure’s
centroid upward, enhancing the contribution of the minor base and the plate to the
overall structural stiffness.

• A higher moment of inertia alone does not guarantee the best mechanical performance;
while a sufficiently high value is important, other geometric characteristics of the
hat-stiffened plate also play a crucial role in determining its overall behavior.

• The ideal combination of these factors leads to superior performance by promot-
ing a more uniform distribution of displacements, which is in agreement with the
Constructal principle.



Appl. Mech. 2025, 6, 78 19 of 29

The following applied results are noteworthy:

• A significant increase in the mechanical resistance of steel plates was obtained by
converting 30% of their volume into stiffeners. In this study, the improvement corre-
sponded to a 93.72% reduction in the maximum deflections.

• Increasing the resistance to deflection of plates without increasing the amount of
material can lead to cost reduction.

Future research could expand these findings and further improve the results by in-
vestigating different loading types, boundary conditions, plate aspect ratios, hat-stiffener
orientations, alternative volumetric fractions to be converted into hat-stiffeners, and varia-
tions in side-wall angles associated with other parameters.
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Appendix A
This appendix presents all the geometric configurations generated through the search

space of the Constructal Design method. Tables A1–A5 show the configurations based on
the number of stiffeners in each plate, the variation in the side-wall angle θs, the thickness
of the plate ts, and the obtained height hs. Subsequently, the maximum displacement is
presented, and the relative percentage difference (RD) between the maximum deflection of
the stiffened plate and that of the reference plate, without stiffeners, is provided. Finally,
the moment of inertia related to the x-axis is indicated.
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Table A1. Plates with a single hat-stiffener.

θs
(mm)

ts
(mm)

y′

(mm)
hs

(mm)
Umax

z
(mm)

RD (%)
Umax

z

Ix
(mm4)

90 4.75 0 611.5789 0.0778 −88.85 4.82 × 109

95 4.75 53.3026 609.2517 0.0654 −90.63 5.02 × 109

100 4.75 106.1996 602.2877 0.0471 −93.25 5.10 × 109

105 4.75 158.2883 590.7399 0.0438 −93.72 5.06 × 109

110 4.75 209.1723 574.6962 0.0863 −87.64 4.90 × 109

115 4.75 258.4644 554.2788 0.1549 −77.79 4.64 × 109

120 4.75 305.7895 529.6429 0.2580 −63.01 4.29 × 109

125 4.75 350.7873 500.9761 0.4166 −40.27 3.86 × 109

130 4.75 393.1154 468.4967 0.6946 −0.43 3.37 × 109

135 4.75 432.4516 432.4516 1.2555 79.98 2.85 × 109

140 4.75 468.4967 393.1154 1.8840 170.08 2.33 × 109

90 6.35 0 452.4409 0.0830 −88.10 2.66 × 109

95 6.35 39.4328 450.7193 0.0739 −89.40 2.77 × 109

100 6.35 78.5655 445.5674 0.0610 −91.25 2.81 × 109

105 6.35 117.1003 437.0244 0.0489 −92.99 2.79 × 109

110 6.35 154.7439 425.1554 0.0537 −92.30 2.70 × 109

115 6.35 191.2098 410.0508 0.0842 −87.93 2.56 × 109

120 6.35 226.2205 391.8254 0.1288 −81.54 2.36 × 109

125 6.35 259.5095 370.6179 0.1900 −72.76 2.12 × 109

130 6.35 290.8234 346.5899 0.2728 −60.89 1.85 × 109

135 6.35 319.9241 319.9241 0.3851 −44.79 1.57 × 109

140 6.35 346.5899 290.8234 0.5409 −22.47 1.28 × 109

145 6.35 370.6179 259.5095 0.7559 8.37 9.95 × 108

90 8 0 355.0000 0.0899 −87.11 1.65 × 109

95 8 30.9403 353.6491 0.0827 −88.14 1.71 × 109

100 8 61.6451 349.6068 0.0733 −89.49 1.74 × 109

105 8 91.8808 342.9037 0.0643 −90.78 1.72 × 109

110 8 121.4172 333.5909 0.0576 −91.74 1.67 × 109

115 8 150.0295 321.7393 0.0699 −89.98 1.58 × 109

120 8 177.5000 307.4390 0.0950 −86.38 1.46 × 109

125 8 203.6196 290.7990 0.1295 −81.43 1.31 × 109

130 8 228.1896 271.9458 0.1750 −74.91 1.14 × 109

135 8 251.0229 251.0229 0.2329 −66.61 9.66 × 108

140 8 271.9458 228.1896 0.3098 −55.59 7.86 × 108

145 8 290.7990 203.6196 0.4076 −41.57 6.11 × 108

150 8 307.4390 177.5000 0.5321 −23.72 4.50 × 108

90 9.53 0 294.7954 0.0978 −85.98 1.14 × 109

95 9.53 25.6931 293.6736 0.0916 −86.87 1.19 × 109

100 9.53 51.1907 290.3168 0.0844 −87.91 1.20 × 109

105 9.53 76.2987 284.7505 0.0777 −88.86 1.19 × 109

110 9.53 100.8260 277.0170 0.0731 −89.52 1.15 × 109

115 9.53 124.5859 267.1754 0.0746 −89.30 1.09 × 109

120 9.53 147.3977 255.3003 0.0924 −86.76 1.01 × 109

125 9.53 169.0877 241.4822 0.1166 −83.29 9.04 × 108

130 9.53 189.4908 225.8264 0.1483 −78.74 7.88 × 108

135 9.53 208.4518 208.4518 0.1893 −72.86 6.65 × 108

140 9.53 225.8264 189.4908 0.2417 −65.35 5.41 × 108

145 9.53 241.4822 169.0877 0.3084 −55.79 4.20 × 108

150 9.53 255.3003 147.3977 0.3929 −43.68 3.09 × 108

90 12.7 0 216.2205 0.1188 −82.98 6.15 × 108

95 12.7 18.8449 215.3977 0.1138 −83.68 6.39 × 108

100 12.7 37.5463 212.9356 0.1096 −84.29 6.48 × 108
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Table A1. Cont.

θs
(mm)

ts
(mm)

y′

(mm)
hs

(mm)
Umax

z
(mm)

RD (%)
Umax

z

Ix
(mm4)

105 12.7 55.9620 208.8529 0.1068 −84.69 6.42 × 108

110 12.7 73.9518 203.1808 0.1063 −84.76 6.21 × 108

115 12.7 91.3787 195.9623 0.1090 −84.38 5.86 × 108

120 12.7 108.1102 187.2524 0.1188 −82.97 5.40 × 108

125 12.7 124.0190 177.1174 0.1363 −80.46 4.84 × 108

130 12.7 138.9838 165.6345 0.1589 −77.22 4.21 × 108

135 12.7 152.8910 152.8910 0.1879 −73.07 3.55 × 108

140 12.7 165.6345 138.9838 0.2247 −67.79 2.87 × 108

145 12.7 177.1174 124.0190 0.2713 −61.11 2.22 × 108

150 12.7 187.2524 108.1102 0.3301 −52.68 1.63 × 108

Table A2. Plates with two hat-stiffeners.

θs
(mm)

ts
(mm)

y′

(mm)
hs

(mm)
Umax

z
(mm)

RD (%)
Umax

z

Ix
(mm4)

90 4.75 0 295.7895 0.1347 −80.69 1.22 × 109

95 4.75 25.7798 294.6639 0.1119 −83.96 1.27 × 109

100 4.75 51.3633 291.2958 0.0936 −86.59 1.29 × 109

105 4.75 76.5559 285.7107 0.0827 −88.14 1.28 × 109

110 4.75 101.1660 277.9512 0.0800 −88.53 1.24 × 109

115 4.75 125.0060 268.0763 0.0923 −86.77 1.17 × 109

120 4.75 147.8947 256.1612 0.1065 −84.74 1.08 × 109

125 4.75 169.6579 242.2966 0.1188 −82.96 9.70 × 108

130 4.75 190.1298 226.5879 0.1248 −82.11 8.46 × 108

135 4.75 209.1547 209.1547 0.1224 −82.45 7.14 × 108

140 4.75 226.5879 190.1298 0.1190 −82.94 5.80 × 108

90 6.35 0 216.2205 0.1755 −74.84 6.63 × 108

95 6.35 18.8449 215.3977 0.1525 −78.14 6.88 × 108

100 6.35 37.5463 212.9356 0.1346 −80.70 6.98 × 108

105 6.35 55.9620 208.8529 0.1236 −82.27 6.92 × 108

110 6.35 73.9518 203.1808 0.1174 −83.17 6.69 × 108

115 6.35 91.3787 195.9623 0.1147 −83.56 6.32 × 108

120 6.35 108.1102 187.2524 0.1210 −82.66 5.82 × 108

125 6.35 124.0190 177.1174 0.1308 −81.25 5.22 × 108

130 6.35 138.9838 165.6345 0.1407 −79.83 4.55 × 108

135 6.35 152.8910 152.8910 0.1500 −78.50 3.83 × 108

140 6.35 165.6345 138.9838 0.1589 −77.22 3.11 × 108

145 6.35 177.1174 124.0190 0.1691 −75.75 2.41 × 108

150 6.35 187.2524 108.1102 0.1846 −73.54 1.76 × 108

90 8 0 167.5000 0.2222 −68.15 4.02 × 108

95 8 14.5986 166.8626 0.2000 −71.34 4.17 × 108

100 8 29.0861 164.9553 0.1821 −73.90 4.23 × 108

105 8 43.3522 161.7926 0.1707 −75.53 4.19 × 108

110 8 57.2884 157.3985 0.1639 −76.51 4.05 × 108

115 8 70.7886 151.8066 0.1606 −76.97 3.82 × 108

120 8 83.7500 145.0593 0.1602 −77.03 3.51 × 108

125 8 96.0741 137.2080 0.1623 −76.73 3.15 × 108

130 8 107.6669 128.3124 0.1669 −76.08 2.73 × 108

135 8 118.4404 118.4404 0.1743 −75.01 2.30 × 108

140 8 128.3124 107.6669 0.1859 −73.36 1.86 × 108
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Table A2. Cont.

θs
(mm)

ts
(mm)

y′

(mm)
hs

(mm)
Umax

z
(mm)

RD (%)
Umax

z

Ix
(mm4)

145 8 137.2080 96.0741 0.2029 −70.91 1.44 × 108

150 8 145.0593 83.7500 0.2294 −67.12 1.05 × 108

90 9.53 0 137.3977 0.2688 −61.46 2.72 × 108

95 9.53 11.9750 136.8749 0.2469 −64.61 2.82 × 108

100 9.53 23.8589 135.3103 0.2288 −67.20 2.86 × 108

105 9.53 35.5611 132.7160 0.2168 −68.92 2.83 × 108

110 9.53 46.9928 129.1116 0.2096 −69.96 2.73 × 108

115 9.53 58.0668 124.5246 0.2060 −70.47 2.57 × 108

120 9.53 68.6988 118.9899 0.2055 −70.54 2.37 × 108

125 9.53 78.8081 112.5496 0.2080 −70.19 2.12 × 108

130 9.53 88.3175 105.2527 0.2134 −69.40 1.84 × 108

135 9.53 97.1548 97.1548 0.2225 −68.10 1.54 × 108

140 9.53 105.2527 88.3175 0.2365 −66.09 1.24 × 108

145 9.53 112.5496 78.8081 0.2574 −63.10 9.55 × 107

150 9.53 118.9899 68.6988 0.2885 −58.65 6.92 × 107

85 12.7 −8.5509 97.7369 0.3937 −43.56 1.31 × 108

90 12.7 0 98.1102 0.3681 −47.23 1.39 × 108

95 12.7 8.5509 97.7369 0.3459 −50.42 1.44 × 108

100 12.7 17.0367 96.6197 0.3277 −53.02 1.46 × 108

105 12.7 25.3928 94.7672 0.3147 −54.89 1.44 × 108

110 12.7 33.5557 92.1935 0.3065 −56.07 1.39 × 108

115 12.7 41.4632 88.9181 0.3025 −56.63 1.30 × 108

120 12.7 49.0551 84.9660 0.3023 −56.66 1.19 × 108

125 12.7 56.2737 80.3672 0.3060 −56.13 1.06 × 108

130 12.7 63.0640 75.1568 0.3141 −54.98 9.20 × 107

135 12.7 69.3744 69.3744 0.3271 −53.11 7.67 × 107

140 12.7 75.1568 63.0640 0.3466 −50.31 6.14 × 107

145 12.7 80.3672 56.2737 0.3746 −46.30 4.68 × 107

150 12.7 84.9660 49.0551 0.4143 −40.61 3.35 × 107

Table A3. Plates with three hat-stiffeners.

θs
(mm)

ts
(mm)

y′

(mm)
hs

(mm)
Umax

z
(mm)

RD (%)
Umax

z

Ix
(mm4)

90 4.75 0 190.5263 0.1616 −76.83 5.50 × 108

95 4.75 16.6055 189.8013 0.1517 −78.26 5.72 × 108

100 4.75 33.0845 187.6318 0.1423 −79.60 5.80 × 108

105 4.75 49.3118 184.0343 0.1355 −80.58 5.75 × 108

110 4.75 65.1638 179.0362 0.1303 −81.33 5.56 × 108

115 4.75 80.5199 172.6755 0.1259 −81.96 5.26 × 108

120 4.75 95.2632 165.0006 0.1219 −82.53 4.84 × 108

125 4.75 109.2814 156.0700 0.1183 −83.04 4.34 × 108

130 4.75 122.4680 145.9516 0.1163 −83.32 3.78 × 108

135 4.75 134.7224 134.7224 0.1183 −83.05 3.18 × 108

85 6.35 −11.9822 136.9572 0.2568 −63.19 2.76 × 108

90 6.35 0 137.4803 0.2461 −64.72 2.93 × 108

95 6.35 11.9822 136.9572 0.2295 −67.10 3.04 × 108

100 6.35 23.8732 135.3917 0.2135 −69.39 3.08 × 108

105 6.35 35.5825 132.7958 0.2015 −71.11 3.05 × 108

110 6.35 47.0210 129.1892 0.1928 −72.36 2.95 × 108
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Table A3. Cont.

θs
(mm)

ts
(mm)

y′

(mm)
hs

(mm)
Umax

z
(mm)

RD (%)
Umax

z

Ix
(mm4)

115 6.35 58.1017 124.5995 0.1867 −73.24 2.78 × 108

120 6.35 68.7402 119.0614 0.1828 −73.79 2.56 × 108

125 6.35 78.8555 112.6173 0.1815 −73.98 2.29 × 108

130 6.35 88.3706 105.3160 0.1833 −73.72 1.99 × 108

135 6.35 97.2133 97.2133 0.1893 −72.87 1.67 × 108

140 6.35 105.3160 88.3706 0.2009 −71.20 1.35 × 108

145 6.35 112.6173 78.8555 0.2209 −68.34 1.04 × 108

150 6.35 119.0614 68.7402 0.2530 −63.73 7.53 × 107

85 8 −9.1514 104.6004 0.3493 −49.93 1.64 × 108

90 8 0 105.0000 0.3306 −52.60 1.74 × 108

95 8 9.1514 104.6004 0.3090 −55.70 1.80 × 108

100 8 18.2331 103.4048 0.2884 −58.66 1.83 × 108

105 8 27.1760 101.4222 0.2724 −60.95 1.80 × 108

110 8 35.9121 98.6677 0.2608 −62.62 1.74 × 108

115 8 44.3749 95.1623 0.2529 −63.75 1.64 × 108

120 8 52.5000 90.9327 0.2487 −64.35 1.50 × 108

125 8 60.2255 86.0110 0.2483 −64.41 1.34 × 108

130 8 67.4927 80.4347 0.2521 −63.86 1.16 × 108

135 8 74.2462 74.2462 0.2613 −62.54 9.73 × 107

140 8 80.4347 67.4927 0.2772 −60.26 7.82 × 107

145 8 86.0110 60.2255 0.3022 −56.68 5.99 × 107

150 8 90.9327 52.5000 0.3394 −51.35 4.32 × 107

85 9.53 −7.4023 84.6086 0.4281 −38.63 1.09 × 108

90 9.53 0 84.9318 0.4031 −42.21 1.15 × 108

95 9.53 7.4023 84.6086 0.3781 −45.80 1.19 × 108

100 9.53 14.7483 83.6415 0.3552 −49.08 1.21 × 108

105 9.53 21.9820 82.0378 0.3369 −51.71 1.19 × 108

110 9.53 29.0484 79.8098 0.3235 −53.63 1.15 × 108

115 9.53 35.8937 76.9743 0.3146 −54.89 1.08 × 108

120 9.53 42.4659 73.5531 0.3102 −55.53 9.87 × 107

125 9.53 48.7149 69.5721 0.3104 −55.50 8.79 × 107

130 9.53 54.5931 65.0615 0.3157 −54.75 7.59 × 107

135 9.53 60.0558 60.0558 0.3270 −53.12 6.33 × 107

140 9.53 65.0615 54.5931 0.3457 −50.45 5.06 × 107

145 9.53 69.5721 48.7149 0.3737 −46.43 3.85 × 107

150 9.53 73.5531 42.4659 0.4138 −40.68 2.76 × 107

80 12.7 −10.2001 57.8478 0.6005 −13.91 4.84 × 107

85 12.7 −5.1195 58.5166 0.5636 −19.21 5.26 × 107

90 12.7 0 58.7402 0.5319 −23.75 5.56 × 107

95 12.7 5.1195 58.5166 0.5041 −27.74 5.74 × 107

100 12.7 10.2001 57.8478 0.4803 −31.15 5.79 × 107

105 12.7 15.2031 56.7386 0.4613 −33.87 5.70 × 107

110 12.7 20.0903 55.1977 0.4474 −35.86 5.47 × 107

115 12.7 24.8247 53.2367 0.4389 −37.09 5.13 × 107

120 12.7 29.3701 50.8705 0.4356 −37.56 4.67 × 107

125 12.7 33.6920 48.1171 0.4379 −37.23 4.14 × 107

130 12.7 37.7574 44.9976 0.4463 −36.03 3.55 × 107

135 12.7 41.5356 41.5356 0.4613 −33.87 2.93 × 107

140 12.7 44.9976 37.7574 0.4842 −30.59 2.32 × 107

145 12.7 48.1171 33.6920 0.5164 −25.98 1.74 × 107

150 12.7 50.8705 29.3701 0.5594 −19.81 1.22 × 107
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Table A4. Plates with four hat-stiffeners.

θs
(mm)

ts
(mm)

y′

(mm)
hs

(mm)
Umax

z
(mm)

RD (%)
Umax

z

Ix
(mm4)

90 4.75 0 137.8947 0.2501 −64.15 3.08 × 108

95 4.75 12.0183 137.3700 0.2294 −67.11 3.20 × 108

100 4.75 23.9452 135.7998 0.2079 −70.20 3.25 × 108

105 4.75 35.6898 133.1961 0.1902 −72.73 3.22 × 108

110 4.75 47.1628 129.5787 0.1761 −74.75 3.11 × 108

115 4.75 58.2768 124.9751 0.1653 −76.31 2.94 × 108

120 4.75 68.9474 119.4203 0.1577 −77.39 2.70 × 108

125 4.75 79.0932 112.9568 0.1539 −77.94 2.42 × 108

130 4.75 88.6370 105.6335 0.1548 −77.81 2.10 × 108

135 4.75 97.5063 97.5063 0.1619 −76.79 1.76 × 108

85 6.35 −8.5509 97.7369 0.3779 −45.83 1.52 × 108

90 6.35 0 98.1102 0.3564 −48.91 1.61 × 108

95 6.35 8.5509 97.7369 0.3280 −52.98 1.67 × 108

100 6.35 17.0367 96.6197 0.3002 −56.97 1.69 × 108

105 6.35 25.3928 94.7672 0.2779 −60.16 1.67 × 108

110 6.35 33.5557 92.1935 0.2610 −62.58 1.61 × 108

115 6.35 41.4632 88.9181 0.2492 −64.28 1.52 × 108

120 6.35 49.0551 84.9660 0.2422 −65.28 1.40 × 108

125 6.35 56.2737 80.3672 0.2402 −65.57 1.25 × 108

130 6.35 63.0640 75.1568 0.2437 −65.07 1.08 × 108

135 6.35 69.3744 69.3744 0.2537 −63.63 9.02 × 107

140 6.35 75.1568 63.0640 0.2717 −61.05 7.25 × 107

145 6.35 80.3672 56.2737 0.3001 −56.97 5.55 × 107

150 6.35 84.9660 49.0551 0.3425 −50.90 4.00 × 107

80 8 −12.8066 72.6296 0.5194 −25.55 8.15 × 107

85 8 −6.4277 73.4694 0.4834 −30.70 8.85 × 107

90 8 0 73.7500 0.4524 −35.14 9.38 × 107

95 8 6.4277 73.4694 0.4206 −39.70 9.70 × 107

100 8 12.8066 72.6296 0.3912 −43.92 9.79 × 107

105 8 19.0879 71.2370 0.3673 −47.35 9.66 × 107

110 8 25.2240 69.3023 0.3496 −49.88 9.30 × 107

115 8 31.1681 66.8402 0.3378 −51.58 8.74 × 107

120 8 36.8750 63.8694 0.3318 −52.43 8.00 × 107

125 8 42.3013 60.4125 0.3317 −52.45 7.12 × 107

130 8 47.4056 56.4958 0.3381 −51.54 6.14 × 107

135 8 52.1491 52.1491 0.3515 −49.60 5.11 × 107

140 8 56.4958 47.4056 0.3736 −46.44 4.08 × 107

145 8 60.4125 42.3013 0.4062 −41.77 3.10 × 107

150 8 63.8694 36.8750 0.4515 −35.27 2.21 × 107

80 9.53 −10.1929 57.8071 0.6060 −13.13 5.28 × 107

85 9.53 −5.1159 58.4755 0.5657 −18.91 5.73 × 107

90 9.53 0 58.6988 0.5305 −23.96 6.06 × 107

95 9.53 5.1159 58.4755 0.4979 −28.63 6.25 × 107

100 9.53 10.1929 57.8071 0.4692 −32.74 6.30 × 107

105 9.53 15.1924 56.6987 0.4459 −36.07 6.21 × 107

110 9.53 20.0762 55.1589 0.4289 −38.52 5.96 × 107

115 9.53 24.8072 53.1992 0.4181 −40.07 5.59 × 107

120 9.53 29.3494 50.8347 0.4133 −40.76 5.10 × 107

125 9.53 33.6683 48.0833 0.4149 −40.52 4.53 × 107

130 9.53 37.7309 44.9659 0.4233 −39.33 3.89 × 107

135 9.53 41.5064 41.5064 0.4389 −37.08 3.22 × 107

140 9.53 44.9659 37.7309 0.4632 −33.61 2.56 × 107
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Table A4. Cont.

θs
(mm)

ts
(mm)

y′

(mm)
hs

(mm)
Umax

z
(mm)

RD (%)
Umax

z

Ix
(mm4)

145 9.53 48.0833 33.6683 0.4973 −28.70 1.93 × 107

150 9.53 50.8347 29.3494 0.5430 −22.15 1.36 × 107

75 12.7 −10.1082 37.7243 0.7834 12.30 2.17 × 107

80 12.7 −6.7819 38.4618 0.7377 5.75 2.41 × 107

85 12.7 −3.4039 38.9065 0.6982 0.09 2.61 × 107

90 12.7 0 39.0551 0.6643 −4.78 2.75 × 107

95 12.7 3.4039 38.9065 0.6350 −8.97 2.83 × 107

100 12.7 6.7819 38.4618 0.6109 −12.42 2.84 × 107

105 12.7 10.1082 37.7243 0.5923 −15.09 2.79 × 107

110 12.7 13.3576 36.6998 0.5792 −16.98 2.67 × 107

115 12.7 16.5054 35.3960 0.5717 −18.04 2.48 × 107

120 12.7 19.5276 33.8227 0.5704 −18.24 2.25 × 107

125 12.7 22.4011 31.9921 0.5753 −17.53 1.98 × 107

130 12.7 25.1041 29.9180 0.5866 −15.91 1.69 × 107

135 12.7 27.6161 27.6161 0.6047 −13.32 1.38 × 107

140 12.7 29.9180 25.1041 0.6304 −9.63 1.08 × 107

145 12.7 31.9921 22.4011 0.6642 −4.78 8.01 × 106

150 12.7 33.8227 19.5276 0.7070 1.35 5.53 × 106

Table A5. Plates with five hat-stiffeners.

θs
(mm)

ts
(mm)

y′

(mm)
hs

(mm)
Umax

z
(mm)

RD (%)
Umax

z

Ix
(mm4)

85 4.75 −9.2660 105.9112 0.350849 −49.70 1.83 × 108

90 4.75 0 106.3158 0.335148 −51.96 1.95 × 108

95 4.75 9.2660 105.9112 0.3055 −56.20 2.02 × 108

100 4.75 18.4615 104.7006 0.2755 −60.51 2.05 × 108

105 4.75 27.5166 102.6932 0.2513 −63.98 2.02 × 108

110 4.75 36.3621 99.9042 0.2327 −66.65 1.96 × 108

115 4.75 44.9310 96.3548 0.2191 −68.59 1.84 × 108

120 4.75 53.1579 92.0722 0.2106 −69.81 1.69 × 108

125 4.75 60.9802 87.0888 0.2074 −70.27 1.51 × 108

130 4.75 68.3385 81.4426 0.2101 −69.88 1.31 × 108

135 4.75 75.1766 75.1766 0.2204 −68.41 1.10 × 108

80 6.35 −12.9347 73.3565 0.5189 −25.61 8.68 × 107

85 6.35 −6.4921 74.2047 0.4838 −30.64 9.44 × 107

90 6.35 0 74.4882 0.4529 −35.08 1.00 × 108

95 6.35 6.4921 74.2047 0.4176 −40.13 1.03 × 108

100 6.35 12.9347 73.3565 0.3842 −44.92 1.05 × 108

105 6.35 19.2790 71.9501 0.3572 −48.80 1.03 × 108

110 6.35 25.4765 69.9960 0.3371 −51.67 9.94 × 107

115 6.35 31.4801 67.5092 0.3235 −53.63 9.34 × 107

120 6.35 37.2441 64.5087 0.3161 −54.68 8.56 × 107

125 6.35 42.7247 61.0172 0.3150 −54.84 7.62 × 107

130 6.35 47.8801 57.0613 0.3207 −54.02 6.58 × 107

135 6.35 52.6711 52.6711 0.3340 −52.12 5.48 × 107

140 6.35 57.0613 47.8801 0.3563 −48.93 4.39 × 107

145 6.35 61.0172 42.7247 0.3896 −44.14 3.34 × 107

150 6.35 64.5087 37.2441 0.4368 −37.38 2.39 × 107

80 8 −9.5506 54.1644 0.6345 −9.04 4.95 × 107

85 8 −4.7936 54.7907 0.5919 −15.15 5.36 × 107
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Table A5. Cont.

θs
(mm)

ts
(mm)

y′

(mm)
hs

(mm)
Umax

z
(mm)

RD (%)
Umax

z

Ix
(mm4)

90 8 0 55.0000 0.5539 −20.59 5.67 × 107

95 8 4.7936 54.7907 0.5179 −25.75 5.85 × 107

100 8 9.5506 54.1644 0.4859 −30.35 5.90 × 107

105 8 14.2350 53.1259 0.4599 −34.07 5.80 × 107

110 8 18.8111 51.6831 0.4406 −36.84 5.58 × 107

115 8 23.2440 49.8469 0.4282 −38.62 5.23 × 107

120 8 27.5000 47.6314 0.4223 −39.47 4.77 × 107

125 8 31.5467 45.0534 0.4230 −39.35 4.23 × 107

130 8 35.3533 42.1324 0.4310 −38.22 3.63 × 107

135 8 38.8909 38.8909 0.4465 −35.99 3.01 × 107

140 8 42.1324 35.3533 0.4706 −32.53 2.39 × 107

145 8 45.0534 31.5467 0.5046 −27.67 1.80 × 107

150 8 47.6314 27.5000 0.5498 −21.18 1.28 × 107

75 9.53 −11.1186 41.4953 0.7668 9.92 2.82 × 107

80 9.53 −7.4598 42.3064 0.7161 2.66 3.13 × 107

85 9.53 −3.7441 42.7956 0.6721 −3.65 3.38 × 107

90 9.53 0 42.9591 0.6335 −9.19 3.57 × 107

95 9.53 3.7441 42.7956 0.5992 −14.11 3.67 × 107

100 9.53 7.4598 42.3064 0.5698 −18.32 3.69 × 107

105 9.53 11.1186 41.4953 0.5463 −21.69 3.63 × 107

110 9.53 14.6929 40.3683 0.5290 −24.16 3.47 × 107

115 9.53 18.1553 38.9341 0.5181 −25.72 3.25 × 107

120 9.53 21.4795 37.2037 0.5137 −26.36 2.95 × 107

125 9.53 24.6403 35.1900 0.5159 −26.05 2.61 × 107

130 9.53 27.6136 32.9086 0.5248 −24.77 2.23 × 107

135 9.53 30.3767 30.3767 0.5408 −22.47 1.84 × 107

140 9.53 32.9086 27.6136 0.5647 −19.05 1.45 × 107

145 9.53 35.1900 24.6403 0.5971 −14.40 1.08 × 107

150 9.53 37.2037 21.4795 0.6387 −8.44 7.55 × 106

75 12.7 −7.0513 26.3158 0.8760 25.57 1.21 × 107

80 12.7 −4.7309 26.8302 0.8340 19.56 1.34 × 107

85 12.7 −2.3745 27.1404 0.7973 14.30 1.44 × 107

90 12.7 0 27.2441 0.7656 9.76 1.51 × 107

95 12.7 2.3745 27.1404 0.7388 5.90 1.55 × 107

100 12.7 4.7309 26.8302 0.7167 2.75 1.55 × 107

105 12.7 7.0513 26.3158 0.6998 0.31 1.52 × 107

110 12.7 9.3180 25.6011 0.6879 −1.38 1.45 × 107

115 12.7 11.5139 24.6915 0.6814 −2.32 1.34 × 107

120 12.7 13.6220 23.5941 0.6802 −2.50 1.21 × 107

125 12.7 15.6266 22.3171 0.6844 −1.88 1.06 × 107

130 12.7 17.5122 20.8702 0.6943 −0.47 8.93 × 106

135 12.7 19.2645 19.2645 0.7099 1.77 7.25 × 106

140 12.7 20.8702 17.5122 0.7315 4.86 5.62 × 106

145 12.7 22.3171 15.6266 0.7592 8.83 4.12 × 106

150 12.7 23.5941 13.6220 0.7930 13.68 2.83 × 106
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