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Abstract: Advances in nanofabrication technologies have enabled the study of acoustic wave
phenomena in the technologically relevant GHz–THz range. First steps towards applying concepts
from topology in nanophononics were made with the proposal of a new topological acoustic resonator,
based on the concept of band inversion. In topology, the Su–Schrieffer–Heeger (SSH) model is the
paradigm that accounts for the topological properties of many one-dimensional structures. Both the
classical Fabry–Perot resonator and the reported topological resonators are based on Distributed
Bragg Reflectors (DBRs). A clear and detailed relation between the two systems, however, is still
lacking. Here, we show how a parallelism between the standard DBR-based acoustic Fabry–Perot
type cavity and the SSH model of polyacetylene can be established. We discuss the existence of surface
modes in acoustic DBRs and interface modes in concatenated DBRs and show that these modes
are equivalent to Fabry–Perot type cavity modes. Although it is not possible to assign topological
invariants to both acoustic bands enclosing the considered minigap in the nanophononic Fabry–Perot
case, the existence of the confined mode in a Fabry–Perot cavity can nevertheless be interpreted in
terms of the symmetry inversion of the Bloch modes at the Brillouin zone edge.
Keywords: nanomechanics; acoustics; band inversion; topology; Zak phase; Su–Schrieffer–Heeger
model

1. Introduction
Optical semiconductor microcavities are widely used in nanophotonic applications. Based
on the concept of a Fabry–Perot resonator, the metallic mirrors are replaced by distributed Bragg
reflectors (DBRs), where two materials with contrasting indices of refraction are arranged in a periodic
stack. A widely used material combination for optical DBRs is GaAs/AlAs and their alloys [1],
which have been extensively studied in electronics, optoelectronics, optics, and more recently in
phononics [2]. Other applications of GaAs/AlAs also include solar cells, lasers, and, in general, any
application requiring optical cavities working in the near-infrared transparency band of GaAs. Optical
semiconductor cavities have been widely applied to the study of nonlinear optical effects, polariton
physics [3–6] and in the development of single photon sources for quantum optical technologies [7,8].
The nanophononic equivalent of a Fabry–Perot resonator can be constructed by enclosing a
resonant spacer between two acoustic DBRs, which present a periodic modulation of the acoustic
impedance [9–11]. Similar to optical DBRs, these resonant structures can control the propagation of
acoustic phonons in the technologically relevant GHz–THz range by making use of minigaps in their
band structure at the center and the edge of the Brillouin zone. The properties that determine the
behavior of a nanophononic DBR-based device are the thickness (d) of the layers, the mass density (ρ)
and the speed of sound (v). The mass density and the speed of sound are usually condensed into a
Appl. Sci. 2018, 8, 527; doi:10.3390/app8040527

www.mdpi.com/journal/applsci

Appl. Sci. 2018, 8, 527

2 of 8

single parameter, the acoustic impedance (Z = ρv) [11,12]. Acoustic cavities have been used to study
fundamental phenomena such as the confinement of acoustic phonons [10,13,14], their lifetimes [15]
to control phonon propagation dynamics [10], and as efficient coherent phonon generators [13,16,17].
By coupling several acoustic resonators, it is furthermore possible to generate effective phononic
potentials and to study, e.g., Bloch oscillations of acoustic phonons [12,18,19]. From a more applied
point of view, acoustic DBRs and cavities have been useful to demonstrate the enhancement of
magnetic measurements [20], the control of emission of quantum-dot based lasers [21], and the
amplification and stimulated emission of acoustic waves [16,22,23]. In a nutshell, the Fabry–Perot
resonator demonstrated to be a versatile and useful structure in nanophononics. Alternative proposals
to confine a nanophononic mode have been explored by adapting concepts previously applied in
optics such as adiabatic cavities, Tamm resonators and topological cavities [24,25]. It was recently
realized that an optimized optical cavity in the near infrared is at the same time an optimized acoustic
cavity in the 20 GHz range [11]. This concept was extended into GaAs/AlAs micropillars showing
unprecedented quality factors at room temperature and high vacuum optomechanical couplings [2,26].
The possibility of simultaneously confining light and sound make the GaAs/AlAs microstructures a
very attractive platform for optomechanics and optoelectronics where interactions with phonons can
be used as an additional engineering tool.
In a previous work [27], we introduced the concept of topological invariants to nanophononics
and experimentally implemented a nanophononic system supporting a robust topological interface
state at 350 GHz. The confined nanophononic state was constructed through band inversion, i.e., by
concatenating two semiconductor superlattices with inverted spatial mode symmetries at the Brillouin
zone center. This led to the generation of robust interface states between two topologically different
superlattices. To induce the exchange of spatial mode symmetries, i.e., the band inversion, we changed
the thickness ratio between the two materials forming the individual DBRs. The existence of the
resulting interface state was purely determined by the Zak phases, i.e., the one-dimensional analog of
the geometric Berry phases, associated to the band structures of the constituent superlattices [28–31].
The thicknesses of the material layers constituting the heterostructure are the usual parameter
space to tune the acoustic, optical and electronic properties in nanodevices. In this work, we study
another set of parameters to control the symmetries of the Bloch modes: the composition of the
materials forming the layers of the individual DBRs. We establish similarities and differences with the
Su–Schrieffer–Heeger model, the standing paradigm of one-dimensional topological systems. We study
the role of the composition (x) in a Alx Ga1−x As/Al1−x Gax As superlattice and how to directly map an
acoustic Fabry–Perot type structure to a polyacetylene chain described by the Su–Schrieffer–Heeger
(SSH) model [32,33]. For the sake of clarity, in the rest of the article, we focus only on the mechanical
response of the multilayers. The same analogies, however, also hold in the optical domain.
2. Interface Modes through Material Composition Tuning
The concept of inverted band structures is of paramount importance in the context of topological
interface modes. In two-dimensional materials, the concept of inverted band structures usually refers
to systems where the conduction and valence band symmetries are inverted [34]. In the context of
this work, we denote that two one-dimensional systems present inverted bands when: (1) they have a
common band gap; and (2) the modes at the Brillouin zone edge present opposite spatial symmetries.
The concatenation of two superlattices with an inverted band gap typically leads to the formation of a
confined mode at the interface. The presence of this interface state is unaffected by any perturbation
which does not affect the topological invariants associated to the underlying lattices. In the case of
a periodic one-dimensional system, the most commonly considered topological invariant is the Zak
phase [28–30,35]. In a previous work [27], using the relative layer thickness ratio in a GaAs/AlAs
superlattice, a band inversion [36] was achieved for the second minigap. By changing the thickness
ratio, a band inversion can, however, only be achieved for the second and higher order minigaps [37].
In contrast, the first minigap at the Brillouin zone edge remains open for any thickness ratio, and
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thus a band inversion cannot be implemented in the same manner. We will show how to implement
the band inversion principle around the first minigap through material composition tuning and how
this strategy enables us to establish a link between Fabry–Perot resonators and a one-dimensional
topological model.
The Su–Schrieffer–Heeger (SSH) model [32,33,38] is one of the paradigms in one-dimensional
topology. It describes an electron in the potential of a carbon chain with alternating single and double
chemical bonds, i.e., a polyacetylene molecule. The order of the single and double bonds leads to two
energetically degenerate isomers. In the tight binding approximation, the periodic potential gives rise
to a simple band structure, as shown in Figure 1c. Let us denote the strength of a single bond as t and
that of a double bond as 1 − t. For the case t = 0.4 (left panel), we observe an open minigap at the
Brillouin zone edge. For (right panel) the weak and strong coupling terms are exchanged with respect
to t = 0.4 giving rise to exactly the same band structure. For the particular case t = 0.5, however, all
hopping terms become identical and the minigap closes (central panel). By looking at the symmetries
of the corresponding electronic wave function at the band edges bounding the minigap (shown in the
insets of panel d), it becomes evident that an inversion of the symmetries occurs when crossing the
point t = 0.5. We denote (anti-)symmetric electron wave functions with a violet (red) dot. By varying
the value of t continuously, we trace out the evolution of the spectral width of the electronic minigap
as shown in Figure 1d. The violet and red lines indicate the normalized energies of the two band edges
enclosing the minigap. In grey, the span of the minigap is indicated.

Figure 1. Band inversion principle shown for the nanophononic superlattice case (left) and the SSH
model (right). (a,c) The band structure diagram for the nanophononic and polyacetylene cases. Three
conditions are illustrated: open minigap, closed minigap, and reopened minigap with the symmetries
of the band edge modes inverted. The symmetries of the Bloch modes are indicated with violet
(symmetric) and red (antisymmetric) dots, respectively; (b,d) The span of the minigap as a function
of the material composition (left) or SSH hopping parameter (right). The symmetries of the Bloch
edge modes are inverted when crossing the value 0.5, i.e., equal material for all layers or equal
hopping strength for all bonds, respectively. The insets in the bottom panels indicate the acoustic field
distribution (left) and the electronic wavefunction (right) corresponding to the Bloch modes at the
Brillouin zone edge. Note that the symmetries of the modes are exchanged between the upper and
lower edge when crossing the topological phase transition at a value of x = t = 0.5.

We now establish a direct relationship between the elements of an acoustic superlattice and the
electronic potential of a polyacetylene molecule. Note that the chemical bonds are mirror planes of
the infinite carbon chain, whereas the centers of the material layers are mirror planes of the infinite
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acoustic superlattice. The carbon atoms can thus be associated to acoustic interfaces and the bonds
to material layers. Interestingly, if the atoms were associated to acoustic layers, this correspondence
between mirror planes would be broken. In the following, we explore to which extent this mapping
can account for the behavior of a nanophononic systems by relying on conclusions drawn from the
SSH model.
A method to realize the band inversion principle for the first minigap at the Brillouin zone edge is
depicted in Figure 1a,b. We consider DBRs for longitudinal acoustic phonons, which are constituted by
alternating layers of materials A and B with acoustic impedances Z A = ρ A v A and ZB = ρ B v B (ρ mass
density and speed of sound). At a design frequency f 0 = 175 GHz, the total acoustic path length of
each layer is set to a quarter of a phonon wavelength λ/4, i.e., the thicknesses d of the layers obey
dA
dB
1
3
3
v A = v B = 4 f 0 . For GaAs (AlAs), ρ = 3.35 g/cm (ρ = 3.77 g/cm ) and v = 4780 m/s (v = 5660 m/s)
resulting in d = 6.8 nm (d = 8.1 nm). A phase of π is thus accumulated by a phonon at frequency
f 0 traversing both layers of the unit cell. Consequently, all band gaps of the DBR are centered at
integer multiples of f 0 . For the sake of clarity, we consider that materials A and B are Alx Ga1−x As and
Al1−x Gax As where x parametrizes the composition.
Let us analyze the band inversion in this system. In Figure 1a, we show three band structures
for different values of x, obtained by a transfer matrix method. First, for x = 0 the first minigap is
open, presenting a symmetric (anti-symmetric) Bloch mode at the upper (lower) band edge. As before,
we denote (anti-)symmetric modes with a violet (red) dot. Second, for x = 0.5, the minigap is closed
and thus no symmetries can be assigned to the degenerate edge modes. Note that this case represents
a homogeneous material and the folding of the dispersion relation in the Brillouin zone is merely an
arbitrary choice. Third, for x = 1, we observe the same bandstructure as in the first case, but the spatial
symmetries of the band edge modes are inverted. By varying the value of x continuously, we trace
out the evolution of the spectral width of the first acoustic minigap, as shown in Figure 1b. The violet
and red lines indicate the frequencies of the two band edges enclosing the considered gap. In grey,
the span of the minigap is indicated. For our particular case, according to Refs. [27–29,35,39], the Zak
phase corresponding to the lowest band is unequivocally related to the order of mode symmetries at
the band edge.
The SSH model predicts the appearance of an edge mode in the center of the minigap when the
last bond in a terminated carbon chain is of the weaker (single bond) type. The electronic density
distribution of this edge mode is shown in Figure 2b together with an illustration of the corresponding
semi-infinite carbon chain. In Figure 2a, we show the nanophononic equivalent of this situation: a λ/4
AlAs layer terminating a DBR. In this case, a surface mode appears, with a frequency at the center of
the first acoustic minigap. The acoustic displacement corresponding to this confined mode is shown
in the same figure. Note that for the DBR the standard zero-stress condition is applied at the left
boundary. This accounts for the fact that high frequency phonons do not propagate in air and are
hence completely reflected. The analogy to the edge mode in the SSH model is evident. Maxima of
the mechanical displacement (the electronic wavefunction) are observed at every other interface (on
every other carbon atom) and both modes decay evanescently away from the surface (the end of the
carbon chain).
Perhaps one of the most important predictions of the SSH model is the generation of an interface
mode when two carbon chains with inverted bands are concatenated. This interface mode appears at
the center of the minigap as shown in Figure 3c,d. Two possible ways exist to connect two semi-infinite
carbon chains: either by adding an additional single (weak hopping) bond, or a double (strong
hopping) bond. The strength of the additional bond determines whether the confined state will be
monomer-like (with a single maximum) or a trimer-like state (with two maxima).
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Figure 2. Edge mode observed in a semi-infinite system in the case of: a nanophononic GaAs/AlAs
superlattice (a); and a polyacetylene molecule (b). This mode only exists when the last bond in the
chain is the weaker among the two types: in the acoustic case it corresponds to finishing the chain with
an AlAs layer, in the case of the polyacetylene it corresponds to a single (weak hopping) bond at the
end of the chain.

Figure 3. Interface mode resulting from the concatenation of two semi-infinite systems with different
topological phases: (a,b) the nanophononic case; and (c,d) the polyacetylene–SSH model. There are
two possibilities to connect the two semi-infinite systems with different topological phases: (a,c) the
monomer case, in which the two chains are connected with a single bond, i.e., a weak hopping link;
and (c,d) the trimer case, i.e., when the two chains are connect with a double bond, resulting in a strong
hopping link.

In Figure 3c, we show the representation of these two concatenated carbon chains with
an additional weak link and the corresponding electronic density confined around the central
atom. Following this construction principle, two acoustic superlattices with inverted bands can
be concatenated by a weak link (i.e., an AlAs layer) as well. This generates the interface mode shown in
Figure 3a. As predicted by the SSH model, the acoustic mode appears at the center of the first acoustic
minigap. The resulting nanophononic structure presents two identical λ/4 layers at the interface
forming a λ/2 spacer. Therefore, the system can be effectively decomposed into a resonant spacer
enclosed by two identical DBRs, resulting in the widely used Fabry–Perot resonator. By using the
composition as a design parameter inducing a topological phase transition, Fabry–Perot resonators
can hence be explained in terms of symmetry considerations, in particular the inversion of the Bloch
mode symmetries at the Brillouin zone edge. In Figure 3b, we show the nanophononic case resulting
in a trimer like confined state. Here, the two DBRs are connected by an additional λ/4 GaAs layer
generating a λ/2 GaAs spacer. The GaAs spacer generates an anti-guiding mode, i.e., a mode with
maxima of the field at the interfaces of the DBRs, contrary to what happens with an AlAs spacer that
presents minima at these interfaces. The equivalent trimer state in the framework of the SSH model is
shown in Figure 3d.
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At high phononic frequencies, usually only modes around the Brillouin zone center are accessible
through Raman scattering and pump probe experiments. A confined mode at the edge of the Brillouin
zone, as the one presented in Figure 3, could be experimentally measured in resonant Raman scattering
or in resonant pump probe coherent phonon generation experiments. In these cases, the excitation laser
should be resonant with the excitonic transition of the acoustic spacer, as described in Refs. [13,40].
3. Discussion and Conclusions
The possibility using nanophononic cavities as a suitable platform to study topological phenomena
is in fact an interesting perspective of this work. Two parameters are usually used to engineer the
performance of acoustic phonon devices, the thickness of the layers and the material composition
of these heterostructures. In this work, we showed how it is possible to predict the confinement
characteristics of a standard Fabry–Perot resonator from topological considerations based on the SSH
model. Although main predictions such as the existence of edge and interface modes are confirmed,
the strict assignment of Zak phases to the bands enclosing the considered minigap is not possible in
the phononic case. In particular, the band bounding the first minigap from above is not isolated, i.e.,
the second acoustic minigap is closed for a λ/4 superlattice.
In a previous work [27], it was demonstrated that the band inversion principle can be implemented
in nanophononic systems by changing the thickness of the composing materials. Using this technique,
it is however only possible to induce a band inversion for the second and higher order minigaps since
the first minigap (at the Brillouin zone edge) is open for any thickness ratio, such that the symmetries
of the Bloch modes at the minigap edges cannot be swapped by a band inversion.
In contrast, we showed in this work that, by tuning the composition of the materials, while
keeping the acoustic length of each layer fixed at the specific value of λ/4, it is indeed possible to
close and reopen the first minigap with exchanged Bloch mode symmetries. Depending on the chosen
way to concatenate two DBRs, it is furthermore possible to form the equivalent of a monomer and the
trimer states predicted by the SSH model, which correspond to the modes of a Fabry–Perot resonator
with either a high-index or low-index spacer.
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