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Abstract

:

It has recently been shown that the temporal and the orbital angular momentum (OAM) degrees of freedom in ultrafast (few-cycle) vortices are coupled. This coupling manifests itself with different effects in different parts of the vortex, as has been shown for the ring surrounding the vortex where the pulse energy is maximum, and also in the immediate vicinity of the vortex center. However, in many applications, the ring of maximum energy is not of primary interest, but the one where the peak intensity of the pulse is maximum, which is particularly true in nonlinear optics applications such as experiments with ultrafast vortices that excite high harmonics and attosecond pulses that also carry OAM. In this paper, the effects of the OAM-temporal coupling on the ring of maximum pulse peak intensity, which do not always coincide with the ring of maximum pulse energy, are described. We find that there is an upper limit to the magnitude of the topological charge that an ultrafast vortex with a prescribed pulse shape in its most intense ring can carry, and vice versa, a lower limit to the pulse duration in the most intense ring for a given magnitude of the topological charge. These limits imply that, with a given laser source spectrum, the duration of the synthesized ultrafast vortex increases with the magnitude of the topological charge. Explicit analytical expressions are given for the ultrafast vortices that contain these OAM-temporal couplings effects, which may be of interest in various applications, in particular in the study of their propagation and interaction with matter.
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1. Introduction


Although continuous light can transport vortices with an arbitrarily high magnitude of the topological charge l, and therefore an arbitrarily high orbital angular momentum (OAM) (see, for example, [1,2]), pulsed light cannot [3,4]. This is a consequence of the coupling between the OAM and the temporal degrees of freedom in the pulsed vortices, as described also in [5,6].



Theoretically, this coupling affects pulsed vortices of any duration and topological charge, but it is only with the advances of the current technology in the generation of increasingly shorter vortices [7,8,9,10,11,12,13,14,15] of high quality (without angular and topological charge dispersions), at high powers, and approaching the single-cycle regime, and with the use of these ultrafast vortices in strong-field light–matter interactions for the generation of high harmonics and attosecond pulses with increasingly high OAM [16,17,18,19,20], that the effects of this coupling will be observable. They will then have an impact on ultrafast vortex applications such as classical and quantum information and entanglement [21,22,23,24], transfer of OAM to matter [25], materials processing [26], or nanosurgery [27]. Understanding the effects of OAM-temporal coupling is also fundamental when using the chirality of these vortices to probe the chiral properties of matter on ultrashort time scales [28,29].



Spatiotemporal couplings in ultrashort, pulsed light beams have been known for a long time (see, e.g., [30]), particularly in ultrashort, fundamental Gaussian beams in their various forms [31,32,33,34,35]. The OAM-temporal coupling is a particular spatiotemporal coupling, namely an azimuthal-temporal coupling, which seems to be rather more pronounced than the radial-temporal coupling in ultrashort Gaussian beams. In [3,4,5,6], the effects of OAM-temporal coupling aew described for the first time in ultrafast vortices shaped as the pulsed Laguerre–Gauss (LG) beams commonly used in the experiments, as well as shaped as pulsed Bessel beams or diffraction-free X-waves. These effects are reviewed in [36], where it turns out that the OAM-temporal coupling manifests itself with different effects in different parts of the vortex. With a given broadband laser source, the carrier frequency experiences an important blue shift with respect to the laser mean frequency,   ω ¯   (defined in the standard way [37] as the centroid of the spectral density), in the immediate vicinity of the vortex center, which is accompanied by an increment the number of oscillations, and these two effects are more pronounced as the magnitude of the topological charge is larger [4,36]. On the contrary, in the ring surrounding the vortex where the pulse energy is maximum, or “bright” ring for a time-integrating detector, the mean or carrier frequency is approximately the same as that of the laser source regardless of the topological charge, and the number of oscillations and duration of the pulse,   Δ t   (defined by means of the central second-order moment of the pulse intensity), are larger than those obtainable with the available spectral bandwidth of the laser source, increasing with the magnitude of the topological charge in such a way that the duration is always above the minimum possible duration,     | l |   /   ω  ¯     , of an ultrafast vortex of charge l [3,5,36].



In this paper, we point out that the ring of the ultrafast vortex where the pulse energy is maximum is not always of primary interest. High pulse energy may result from long duration with relatively low peak intensity, while as short and as intense as possible pulses (resulting probably in lower energy) are typical demands in ultrafast nonlinear optics experiments, particularly in strong-field laser–matter interactions [16,17,18,19,20]. In these situations, minimum duration with a given laser source spectrum is obtained with uniform spectral phases, i.e., with transform-limited or unchirped pulses. This is why we limit our considerations to transform-limited pulses, and describe the effects of OAM-temporal coupling in the ring of the ultrafast vortex where the pulse peak intensity is maximum, which generally does not coincide with the ring of maximum pulse energy, as demonstrated below.



It turns out that the effects of OAM on the transform-limited pulse with maximum peak intensity are directly related to the properties of its symmetric temporal lobe around the pulse peak, which is, on the other hand, the only portion of the pulse of interest in nonlinear optics applications. Specifically, the involved magnitudes are the instantaneous frequency (derivative of the phase of the pulse with respect to time) at the instant of pulse peak, or “central” frequency,   ω c  , and the duration of the central lobe around the peak of the pulse, defined by the concavity of the lobe, and which we call “central” duration,   Δ  t c   . As seen below, these two magnitudes are trivially determined by means of a measurement of the pulse frequency spectrum.



We then find qualitatively similar OAM-coupling effects in the most intense ring to those occurring in the most energetic ring. The central frequency of the pulse in the most intense ring is the same as the central frequency of the ultrafast laser source, and therefore independent of the imprinted topological charge. The duration of the central lobe is larger than that obtainable from the laser source without OAM, and increases with the magnitude of the topological charge. This effect is a result of the existence of a lower bound,     | l |   /   ω ¯  c   , to the duration of the central temporal lobe that is satisfied by all existing ultrafast vortices in their most intense ring. If, as in many situations, the ring of maximum pulse energy coincides with the ring of maximum pulse peak intensity, then the pulse temporal shape in this ring is always such that the two inequalities,   Δ t >   | l |   /  ω ¯    for the pulse duration as a whole, and   Δ  t c  >   | l |   /   ω ¯  c    for the duration of the central temporal lobe, are satisfied.




2. Ultrafast Vortices and Previous Results


We express an ultrafast vortex of topological charge l, or l units of orbital angular momentum, as the superposition


  E  ( r , ϕ , z ,  t ′  )  =  1 π   ∫ 0 ∞    E ^  ω   ( r , ϕ , z )   e  − i ω  t ′    d ω  ,  



(1)




of monochromatic LG beams


    E ^  ω   ( r , ϕ , z )  =   a ^  ω  D  ( z , ϕ )       2  r    s ω   ( z )      | l |    e   i ω  r 2    2 c q ( z )     ,  



(2)




of the same topological charge l, zero radial order, weights    a ^  ω  , and different angular frequencies  ω . In the above expressions   ( r , ϕ , z )   are cylindrical coordinates, c is the velocity of light in vacuum, and    t ′  = t − z / c   is the local time for a plane pulse. The factor   D  ( z , ϕ )  =  e  − i  ( | l | + 1 )   tan  − 1    ( z /  z R  )     e  − i l ϕ   /   [ 1 +   z /  z R   2  ]   1 / 2    , where   z R   is the Rayleigh distance, accounts for the azimuthal phase variation, and the z-dependent amplitude attenuation and Gouy’s phase shift associated with diffraction. The complex beam parameter is   q  ( z )  = z − i  z R   , which is usually written in the form


   1  q ( z )   =  1  R ( z )   + i   2 c   ω  s ω 2   ( z )     ,  



(3)




where


   s ω   ( z )  =  s ω    1 +    z  z R    2     ,   s ω  =    2  z R  c  ω    ,  



(4)




are the width and waist width, respectively, of the fundamental (  l = 0  ) Gaussian beam, and   1 / R  ( z )  = z /  (  z 2  +  z R 2  )    is the curvature of the wave fronts of Gaussian and LG beams. Being limited to positive frequencies, the optical field E in Equation (1) is the analytical signal complex representation of the real field    R e   E   [38]. As in preceding works [3,5,36], the Rayleigh distance   z R   is assumed to be independent of frequency, i.e., we adopt the so-called isodiffracting model [33,34,39,40] because it is the only situation in which the pulse temporal shape does not experience any change during propagation (except for the global complex amplitude D) no matter how high l is, as shown recently [3] and as desired for applications. This choice is also a way to isolate the pure effects of OAM on temporal shape, i.e., the OAM-temporal coupling, and thus distinguish it from propagation effects on pulse shape in models other than the isodiffracting model, and whose study is left to further research.



For a simpler analysis, we introduce the normalized radial coordinate   ρ = r /   2  z R  c  [ 1 +   ( z /  z R  )  2  ]     . A constant value of  ρ  represents a revolution hyperboloid, or caustic surface, expanding as the monochromatic LG beams do. Equation (1) with Equation (2) now reads


  E  ( ρ , τ )  =  1 π   ∫ 0 ∞    E ^  ω   ( ρ )   e  − i ω τ   d ω  ,  



(5)




where


    E ^  ω   ( ρ )  =   a ^  ω  D   (  2  ρ )   | l |    ω  | l | / 2    e  −  ρ 2  ω    ,  



(6)




and where   τ =  t ′  −  r 2  / 2 c R  ( z )    is the local time for the ultrafast vortex. The pulse front   τ = 0   determines the time of arrival of the pulse at each point of space, and is the same family of spherical surfaces (in the paraxial approximation) as the phase fronts of the superposed isodiffracting LG beams. According to Equations (5) and (6), the pulse temporal shape depends on the particular caustic surface  ρ , but not on propagation distance z.



In [3], the caustic surface   ρ F   where the time-integrated intensity, energy density, or fluence,   F  ( ρ )  =  ∫  − ∞  ∞    (  R e  E )  2  d τ =  ( 1 / 2 )   ∫  − ∞  ∞    | E |  2  d τ =  ( 1 / π )   ∫ 0 ∞    |   E ^  ω  |  2  d ω   is maximum, i.e., the bright ring as recorded by a time-integrating detector, is considered the most relevant caustic surface, and the effects of OAM on pulse temporal shape on that caustic surface are described. The caustic surface of maximum fluence was shown to be determined by relation    ρ F 2  =  | l |  / 2 ω  (  ρ F  )   , where


   ω ¯   ( ρ )  =    ∫ 0 ∞    |   E ^  ω   ( ρ )  |  2  ω d ω    ∫ 0 ∞    |   E ^  ω   ( ρ )  |  2  d ω    



(7)




defines, as in [37], the mean frequency of the pulse on the caustic  ρ . On this caustic surface the pulse temporal bandwidth and the topological charge were shown to be restricted by inequality   Δ ω  (  ρ F  )  /  ω ¯   (  ρ F  )  < 2 /   | l |    , where


  Δ  ω 2   ( ρ )  = 4    ∫ 0 ∞    |   E ^  ω   ( ρ )  |  2    [ ω −  ω ¯   ( ρ )  ]  2  d ω    ∫ 0 ∞    |   E ^  ω   ( ρ )  |  2  d ω    



(8)




is the so-called Gaussian-equivalent half-bandwidth on a caustic  ρ  (yielding the   1 /  e 2   -decay half-bandwidth for a Gaussian-like spectral density    |    E ^  ω     ( ρ )  |  2   ). Defining correspondingly the Gaussian-equivalent half-duration


  Δ  t 2   ( ρ )  = 4    ∫  − ∞  ∞   |   E (  ρ , τ   ) |  2    [ τ −  τ ¯   ( ρ )  ]  2  d τ    ∫  − ∞  ∞    | E  ( ρ , τ )  |  2  d τ    ,  



(9)




where


   τ ¯   ( ρ )  =    ∫  − ∞  ∞   |   E (  ρ , τ   ) |  2  τ d τ    ∫  − ∞  ∞    |  E ω   ( ρ , τ )  |  2  d τ    ,  



(10)




and on account that   Δ t  (  ρ F  )  Δ ω  (  ρ F  )  ≥ 2   for any pulse shape, it follows that the pulse duration on the bright ring of any ultrafast vortex always satisfies   Δ t  (  ρ F  )  ≥   | l |   /  ω ¯   (  ρ F  )   , which settles a lower bound to the duration of an ultrafast vortex with l units of OAM. It has been shown later [5,36] that the mean frequency on   ρ F   is approximately equal to the mean frequency of    a ^  ω  , which is directly related to the ultrashort laser source spectrum, i.e.,    ω ¯   (  ρ F  )  ≈  ω ¯   , where


   ω ¯  =    ∫ 0 ∞    |   a ^  ω  |  2  ω d ω    ∫ 0 ∞    |   a ^  ω  |  2  d ω    .  



(11)




With    ω ¯   (  ρ F  )  ≈  ω ¯    independent of the topological charge l, the approximate lower bound   Δ t  (  ρ F  )  >   | l |   /  ω ¯    with the right hand side growing monotonously with   | l |   implies that the duration in the bright ring of the synthesized ultrafast vortex must necessarily increase with   | l |  [5], if the laser source spectrum    a ^  ω   is fixed. These effects of the coupling between the OAM and the temporal degrees of freedom at the most energetic ring have been recently reviewed in [36], where they are also demonstrated to be substantially the same for other types of ultrafast vortices, as OAM-carrying nondiffracting X-waves [4,6,36].




3. OAM-Temporal Couplings in the Most Intense Ring of Transform-Limited Ultrafast Vortices


We point out here that the pulse of maximum energy is not always the ring of primary interest. In many applications, particularly in nonlinear optics experiments such as the generation of high harmonics and attosecond pulses excited by ultrafast vortices, the outcome of the experiment is primarily determined by the intensity, and possibly the carrier-envelope phase. Figure 1a,b illustrates that the caustic surface where the pulse has maximum energy and the caustic surface where the pulse has maximum peak intensity are generally different, and that the pulse shapes on these two caustic surfaces, including their mean frequencies and durations, are generally different.



When the primary interest is maximum peak intensity, transform-limited pulses are desired because they have minimum duration with the available bandwidth, and then maximum intensity. The frequency spectrum     E ^  ω  =   a ^  ω  D   (  2  ρ )   | l |    ω  | l | / 2    e  −  ρ 2  ω     at every point of the ultrafast vortex has uniform spectral phases, and then the pulse   E ( ρ , τ )   is transform-limited, if the laser source spectrum    a ^  ω   has uniform phases, e.g.,     a ^  ω  =   b ^  ω   e  − i Φ    , and then


    E ^  ω  =   b ^  ω   e  − i Φ   D   (  2  ρ )   | l |    ω  | l | / 2    e  −  ρ 2  ω    ,  



(12)




where    b ^  ω   can be taken as real and non-negative, and  Φ  determines the carrier-envelope phase. Under these conditions, the pulse   E ( ρ , τ )   consists on oscillations under an amplitude   | E ( ρ , τ ) |   that contains a symmetric central lobe about its peak value at the instant   τ = 0  , whose value is


   | E  ( ρ , τ = 0 )  |  =  | D |     2  ρ   | l |    1 π   ∫ 0 ∞    b ^  ω   ω  | l | / 2    e  −  ρ 2  ω   d ω  .  



(13)




With   l ≠ 0  , the peak amplitude in Equation (13) vanishes at   ρ = 0   and for   ρ → ∞  , so that there exists a particular caustic surface, say   ρ E  , where the peak pulse amplitude is also maximum radially. The purpose of the following analysis is to describe the effects of OAM-temporal coupling on the caustic surface   ρ E   of ultrafast vortices.



3.1. Pulse Characterization


As a preliminary, we introduce a characterization of transform-limited pulses by means of two measurable parameters that will be seen to be directly involved in the OAM-temporal couplings. This characterization appears to be particularly relevant to nonlinear optics applications with these pulses because it describes quite accurately the shape of the main temporal lobe of amplitude about its maximum, and ignores the temporal parts of the pulse of low amplitude. First, we consider the instantaneous frequency at the time   τ = 0   of maximum amplitude, defined as


    ω ¯  c   ( ρ )  =     d  arg  E ( ρ , τ )   d τ     τ = 0    ,  



(14)




which is called the central frequency to distinguish it from    ω ¯   ( ρ )   , since their values are generally different. Writing   arg  E =  tan  − 1    ( Im  E / Re  E )    with   Re  E = ( E +  E ⋆  ) / 2   and   Im  E = ( E −  E ⋆  ) / 2 i  , and using Equation (5) and its derivative with respect to time, one arrives at the alternate expression


    ω ¯  c   ( ρ )  =    ∫ 0 ∞    E ^  ω   ( ρ )  ω d ω    ∫ 0 ∞    E ^  ω   ( ρ )  d ω   =    ∫ 0 ∞   |   E ^  ω   ( ρ )  |  ω d ω    ∫ 0 ∞   |   E ^  ω   ( ρ )  |  d ω    .  



(15)




The introduction of the absolute values in the last step does not alter the result with the spectral phases in Equation (12) independent of frequency. In this way, the value of    ω ¯  c   is easily obtainable from the square root of the spectral density    |    E ^  ω    |  2    measured by a spectrometer. Second, a measure of the width of the central lobe of the pulse based on its concavity is provided by the expression


  Δ  t c 2   ( ρ )  ≡ − 2        d 2   | E  ( ρ , τ )  |  / d  τ 2    | E ( ρ , τ ) |     τ = 0     − 1    ,  



(16)




yielding the   1 / e  -decay half-duration for a Gaussian-shaped amplitude. For other pulse shapes, Equation (16) provides the duration of a Gaussian pulse with the same concavity of the maximum at   τ = 0  , and hence is called the central duration. Using the equivalent expression   Δ  t c 2  = −   4 | E |  2   / (   d 2    | E |  2  / d  τ 2    |  τ = 0   )   , writing     | E |  2  = E  E ⋆   , using Equation (5) and its derivatives with respect to time at   τ = 0  , one easily arrives at the alternate expression


  Δ  t c 2   ( ρ )  = 4 / Δ  ω c 2   ( ρ )   ,  



(17)




where


  Δ  ω c 2   ( ρ )  = 2    ∫ 0 ∞    E ^  ω   ( ρ )    [ ω −   ω ¯  c   ( ρ )  ]  2  d ω    ∫ 0 ∞    E ^  ω   ( ρ )  d ω   = 2    ∫ 0 ∞   |   E ^  ω   ( ρ )  |    [ ω −   ω ¯  c   ( ρ )  ]  2  d ω    ∫ 0 ∞   |   E ^  ω   ( ρ )  |  d ω    



(18)




defines a spectral bandwidth based on the spectral amplitude instead of the spectral intensity that yields, again, the   1 / e  -decay half-bandwidth for a Gaussian-like spectral amplitude    |    E ^  ω    ( ρ )  |   , and therefore coincides with   Δ ω ( ρ )   for a Gaussian spectrum. The measures   Δ ω   and   Δ  ω c    are however different for other spectral shapes; in particular,   Δ  ω c    overweights widespread frequencies far from the central frequency of the spectrum compared to   Δ ω  . The two parameters   ω c   and   Δ  t c    allow reconstructing the shape of the central portion the pulse very reliably. Figure 2 shows two ultrashort pulse shapes and their approximation    e  −  τ 2  / Δ  t c 2     e  − i (   ω ¯  c  τ + Φ )     to its central lobe of high amplitude based on the central frequency and duration.




3.2. Lower Bound to the Ultrafast Vortex Duration in Its Most Intense Ring


With the above pulse properties in mind, let us locate the caustic surface   ρ E   of the ultrafast vortex where the peak pulse amplitude is maximum. After some calculations, the derivative of the peak amplitude in Equation (13) with respect to  ρ  is found to be


    d | E ( ρ , 0 ) |   d ρ   =   | E ( ρ , 0 ) |  ρ    | l |  − 2  ρ 2    ω ¯  c   ( ρ )    .  



(19)




The fluence will then be maximum or minimum at the caustic surface determined by


   ρ E 2  =   | l |   2   ω ¯  c   (  ρ E  )     ,  



(20)




which generally differs from the caustic surface    ρ F 2  =  | l |  / 2  ω ¯   (  ρ F  )    of maximum fluence [3]. Evaluation of the second derivative of   | E ( ρ , 0 ) |   with respect to  ρ  leads to an involved expression, which however at   ρ E   simplifies to


       d 2   | E  ( ρ , 0 )  |    d  ρ 2      ρ E   = − 2   ω ¯  E   (  ρ E  )   | E  (  ρ E  , 0 )  |   2 −   | l |  2    Δ  ω c 2   (  ρ E  )      ω ¯  c 2   (  ρ E  )      .  



(21)




The condition of maximum in Equation (21) allows us to conclude that the bandwidth   Δ  ω c    on the caustic surface of maximum intensity and the topological charge of ultrafast vortices always satisfy the inequality


    Δ  ω c   (  ρ E  )      ω ¯  c   (  ρ E  )    <  2   | l |     ,  



(22)




i.e., the relative bandwidth on the most intense ring cannot exceed a maximum value determined by the topological charge of the vortex. The inequality in Equation (22) is formally equal as   Δ ω  (  ρ F  )  /  ω ¯   (  ρ F  )  < 2 /   | l |    , but these two inequalities refer to different caustic surfaces and the quantities involved are different. The above inequality implies a lower bound to the duration of the central lobe of an ultrafast vortex at its most intense ring. From Equation (17), the inequality in Equation (22) transforms into


  Δ  t c   (  ρ E  )  >    | l |      ω ¯  c   (  ρ E  )     .  



(23)




This inequality imposes a lower bound to the central duration relative to the central period   2 π /   ω ¯  c   (  ρ E  )   , and therefore a lower bound to the number of oscillations of the pulse in the most intense ring of the ultrafast vortex. If the number of oscillations N is measured as the full width at half maximum of intensity of the central lobe,     2 ln 2   Δ  t c   (  ρ E  )   , over the central period, the inequality in Equation (23) leads to inequality   N >   ln 2 / 2     | l |   / π   for the number of oscillations. Since the lower bound in the right hand side increases monotonically with   | l |  , the number of oscillations in the central lobe of the pulse in the most intense ring of the ultrafast vortices synthesized with the same source spectrum    a ^  ω   increases if the imprinted topological charge is increased. In practice, as seen below, the central frequency     ω ¯  c   (  ρ E  )    of the pulse in the most intense ring is substantially determined by the available frequencies in the superposition, i.e., by    a ^  ω  , indeed     ω ¯  c   (  ρ E  )  ≈   ω ¯  c   , with


    ω ¯  c  =    ∫ 0 ∞   |   a ^  ω  |  ω d ω    ∫ 0 ∞   |   a ^  ω  |  d ω    ,  



(24)




With     ω ¯  c   (  ρ E  )  ≈   ω ¯  c    independent of the topological charge, the inequality in Equation (23) imposes directly a lower bound     | l |   /   ω ¯  c    to the duration of the main lobe, and implies an increase of this duration with the magnitude of the topological charge.





4. Ultrafast Vortices with Prescribed Pulse Shape in the Most Intense Ring


As a verification, suppose we need the expression for an ultrafast vortex of certain transform-limited temporal shape,


  P  ( τ )  =  1 π   ∫ 0 ∞    P ^  ω   e  − i ω τ   d ω  ,  



(25)




in the most intense ring. The pulse   P ( τ )   is characterized by certain central frequency    ω ¯  c   and duration   Δ  t c   . Equating Equations (5) and (6) evaluated at    ρ E 2  =  | l |  / 2   ω ¯  c   (  ρ E  )  =  | l |  / 2   ω ¯  c    to   D P ( τ )  , the needed laser source spectrum must be     a ^  ω  =   P ^  ω   ω  − | l | / 2    e   ρ E 2  ω     (  2   ρ E  )   − | l |    . Introducing this expression of    a ^  ω   in Equation (6) for generic  ρ , the result in Equation (5), and performing the integral, we obtain the expression


  E  ( ρ , τ )  = D    ρ  ρ E     | l |   P  τ − i  ρ 2  + i  ρ E 2    ,  



(26)




of the ultrafast vortex of pulse shape   P ( τ )   at   ρ E  . Coming back to the physical radius r, the caustic of maximum peak intensity reads    r E   ( z )  =   | l | / 2     s   ω ¯  c    ( z )   , where    s   ω ¯  c    ( z )    is given by Equation (4) evaluated at    ω ¯  c  , and the ultrafast vortex reads


  E = D      2  | l |     r   s   ω ¯  c    ( z )      | l |       P   t ′  −   r 2   2 c q ( z )   + i   | l |   2   ω ¯  c      .  



(27)







With given   P ( τ )  , and hence given    ω ¯  c   and   Δ  t c   , Equation (27) represents indeed an ultrafast vortex with pulse shape   P ( τ )   in is most intense ring at    r E   ( z )  =   | l | / 2     s   ω ¯  c    ( z )    only if    | l | <    ω ¯  c 2  Δ  t c 2   ; otherwise, the intensity takes a relative minimum at    r E   ( z )  =   | l | / 2     s   ω ¯  c    ( z )   , with a maximum at another radius with different pulse shape such that the inequality in Equation (23) is satisfied, or possibly a singular expression, as in the following example.



We consider the transform-limited pulses


  P  ( τ )  =     − i β     ω ¯  c  τ − i β    β   e  − i Φ    ,  



(28)




where    ω ¯  c   is just the central frequency, and the parameter   β ≥ 1   determines the central bandwidth   Δ  ω c  =   2 / β      ω ¯  c    and the duration   Δ  t c  =   2 β   /   ω ¯  c   . For   β ≫ 1  ,   P ( τ )   approaches the Gaussian pulse   exp  ( −  τ 2  / Δ  t c 2  )   e  − i (   ω ¯  c  τ + Φ )     based on its central parameters not only in its central portion but at any time because   P ( τ )   approaches a Gaussian-enveloped pulse, as in the example of Figure 3a showing a near infrared, single-cycle pulse (    ω ¯  c  = 2.417   rad/fs,   β = 14.24  ). Condition    | l | <    ω ¯  c 2  Δ  t c 2    for the existence of the ultrafast vortex with this pulse shape in its most intense ring reads   | l | < 2 β  . Indeed, Equation (27) with Equation (28) yields


  E = D     2  | l |     r   s   ω ¯  c    ( z )      | l |       − i β     ω ¯  c    t ′  −   r 2   2 c q ( z )    + i    | l |  2  − β     β   e  − i Φ   .  



(29)







Its peak amplitude at   τ = 0   [   t ′  =  r 2  / 2 c R  ( z )   ],


   E ( τ = 0 )  = D     2  | l |     r   s   ω ¯  c    ( z )      | l |      β    r 2    s    ω ¯  c   2   ( z )    −   | l |  2  + β    β   



(30)




as a function of r is depicted in Figure 3b for increasing values of   | l |  , and is characterized by a maximum at the corresponding radii    r E   ( z )  =   | l | / 2     s   ω ¯  c    ( z )    if    | l | <    ω ¯  c 2  Δ  t c 2    (i.e., if   | l | < 2 β = 28.48  ), but by a minimum at    r E   ( z )  =   | l | / 2     s   ω ¯  c    ( z )    if    | l | >    ω ¯  c 2  Δ  t c 2    (i.e.,   | l | > 2 β = 28.48  ) because the peak amplitude in Equation (30) has a singularity at a radius smaller than    r E   ( z )   , which makes Equation (29) physically invalid. Thus, an ultrafast vortex whose pulse shape in its most intense ring is a single-cycle pulse can carry only up to 28 units of OAM.



Ultrafast Vortices with Power-Exponential Laguerre–Gauss Spectrum


In practice, one has a spectrum    a ^  ω   that is substantially determined by the laser source and is therefore independent of the topological charge l, and with this spectrum one may wish to synthesize an ultrafast vortex of certain charge l. The above OAM-temporal coupling effects imply that the temporal properties of the main lobe of the pulse in the most intense ring of the ultrafast vortices synthesized with the same spectrum    a ^  ω   change with l. This is particularly true if the bandwidth of    a ^  ω   is very large and/or the topological charge high.



As a sufficiently flexible model, we take the power-exponential spectrum


    a ^  ω  =  π  Γ ( β )      β   ω ¯  c     β − 1     ω ¯  c β   e  −  ω   ω ¯  c   β    e  − i Φ    ,  



(31)




corresponding in time domain to the same pulse   a  ( τ )  =   [ − i β /  (   ω ¯  c  τ − i β )  ]  β   e  − i Φ     as   P ( τ )   in Equation (28) of arbitrary central frequency    ω ¯  c   and central duration   Δ  t c  =   2 β   /   ω ¯  c   . Integral in Equation (1) with the LG beams in Equation (1) and with the power-exponential spectrum in Equation (31) can be carried out to yield the closed-form expression


  E = D     2  | l |     r   s   ω ¯  c    ( z )      | l |       − i  β +   | l |  2       ω ¯  c    t ′  −   r 2   2 c q ( z )    − i β     β +   | l |  2     e  − i Φ    



(32)




which is, this time, nonsingular and localized for any value of l. A multiplicative factor has been introduced in Equation (32) to adjust to unity the peak amplitude at    r E   ( 0 )  =   | l | / 2     s   ω ¯  c     at the waist   z = 0  . The peak amplitude at any point   ( r , z )   is given by


   E ( τ = 0 )  = D     2  | l |     r   s   ω ¯  c    ( z )      | l |       β +   | l |  2    β +   r 2    s    ω ¯  c   2   ( z )        β +   | l |  2     



(33)




which takes a maximum value on the caustic surface    r E   ( z )  =   | l | / 2     s   ω ¯  c    ( z )   . On this caustic surface, the pulse shape is


  E  ( τ )  = D     − i  β +   | l |  2       ω ¯  c  τ − i  β +   | l |  2       β +   | l |  2     e  − i Φ    ,  



(34)




which is the same as   a ( τ )   but with  β  replaced with   β + | l | / 2  . Thus, for the fundamental Gaussian beam (  l = 0  ), i.e., the fundamental isodiffracting pulsed Gaussian beam [33,34], the pulse shape at   r = 0   is just   a ( τ )   of the central frequency    ω ¯  c   and duration   Δ  t c  =   2 β   /   ω ¯  c   , as determined by the full source spectrum    a ^  ω  . For   | l | ≠ 0  , the pulse temporal shape in the most intense ring maintains the frequency     ω ¯  c   (  r E  )  =   ω ¯  c    of the source spectrum regardless of the value of l, but the duration increases with the magnitude of the topological charge as


  Δ  t c   (  r E  )  =    2 β + | l |     ω ¯  c    ;  



(35)




in particular, the pulse adapts itself so that its duration is always above the lower bound     | l |   /   ω ¯  c   (  r E  )  =   | l |   /   ω ¯  c   . Figure 4 illustrates the adaptation of pulse shape on the most intense caustic surface to the value of the topological charge. With the ultra-broadband spectrum of Figure 4a of central frequency in the near infrared, the half-cycle pulse represented by blue curves in Figure 4b–d could be built with   l = 0   at   r = 0  . At the maxima of the radial distribution of peak intensity depicted in Figure 4e for several values of   | l |  , the pulses represented in Figure 4b–d as black curves are seen to increase their duration with increasing   | l |  . As a summary of this OAM-temporal coupling effect, the black curves in Figure 4f represent the pulse duration as a function of the topological charge for increasing bandwidths of    a ^  ω   that correspond to laser pulses with increasing number N of cycles. Irrespective of the source bandwidth and associated number of cycles, the duration in the most intense ring of the produced ultrafast vortex is always above     | l |   /   ω ¯  c   , the adaptation being more pronounced as the number of cycles is smaller and vanishing in the monochromatic limit.





5. Conclusions


We describe how the OAM-temporal coupling in ultrafast vortices affects the temporal properties of the vortex on the ring of maximum peak intensity, which is the ring of primary relevance in many nonlinear optics applications, particularly those involving strong-field light–matter interactions. In a few words, the ultrafast vortices synthesized with a given laser source spectrum increase their duration if the imprinted topological charge is increased in order for the pulse duration on the most intense ring to always remain above a lower limit that increases monotonically with the magnitude of the topological charge. We provide analytical expressions of ultrafast vortices that incorporate these effects and can be used as a starting point for the study of their linear and nonlinear interaction with matter. Although we limit our considerations to ultrafast vortices in optics, the same OAM-temporal coupling effects affect ultrafast electron vortices [41] and transient acoustic vortices [42].
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Figure 1. (a) Radial profile of fluence, F, and peak intensity,    | E  ( ρ , 0 )  |  2  , of the ultrafast vortex with topological charge   l = 27   and spectrum     a ^  ω  =  ω  0.5    e  − ω / 2.5     of mean frequency    ω ¯  = 2.5   fs    − 1   , normalized to their respective maxima on the respective caustic surfaces    ρ F  = 2.32   fs    1 / 2    and    ρ E  = 1.90   fs    1 / 2   . (b) Respective pulse shapes (real field and amplitudes) on these two caustic surfaces, oscillating at different carrier frequencies,    ω ¯   (  ρ F  )  = 2.5   fs     − 1   ≃  ω ¯    and    ω ¯   (  ρ E  )  = 3.616   fs    − 1   , and with different durations. For a better comparison, the four curves are normalized to the peak amplitude of the pulse at   ρ E  . 
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Figure 2. The pulse   E =  [ 1 /  ( 1 +  τ 2  /  T 2  )  ]   e  − i (  ω 0  τ + Φ )     with    ω 0  = 2.5   rad fs    − 1   ,   Φ = π / 6  , and (a)   T = 1   fs and (b)   T = 4   fs (solid black curves), their amplitudes   | E |   (dashed black curves), and their approximations    E c  =  e  −  τ 2  / Δ  t c 2     e  − i (   ω ¯  c  τ + Φ )     (gray solid curves) and    |   E c   |    (dashed gray curves) based on the central frequency    ω c  = 2.5   fs    − 1    and the central width   Δ  t c  = T  . 
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Figure 3. (a) The real part (black solid) and amplitude (black dashed) of the pulse P in Equation (28) with     ω ¯  c  = 2.417   rad/fs (780 nm wave length),   β = 14.24  , and   Φ = π / 2  , containing a single oscillation within its full width at half maximum in intensity, and its approximation    P c  =  e  −  τ 2  / Δ  t c 2     e  − i (   ω ¯  c  τ + Φ )    , with   Δ  t c  = 2.208   fs (gray curves). (b) Peak amplitudes of the ultrafast vortices of Rayleigh distance    z R  = 1   m with the pulse shape   P ( τ )   at    r E   ( z )  =   | l | / 2     s   ω ¯  c    ( z )    as functions of radius as given by Equation (30) at   z = 0   and for increasing values of l, featuring maxima at    r E   ( 0 )  =   | l | / 2     s   ω ¯  c    ( 0 )    for   | l | < 2 β   and minima at    r E   ( 0 )  =   | l | / 2     s   ω ¯  c    ( 0 )    for   | l | > 2 β  , with a singularity at a smaller radius, and thus lacking physical meaning. 
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Figure 4. (a) Power-exponential spectrum    a ^  ω   in Equation (31) with     ω ¯  c  = 2.417   rad/fs and   β = 3.56  . (b–d) Real part and amplitude of the half-cycle (  N = 0.5  ) pulse   a ( τ )   in time domain (blue curves), and real part and amplitude of the pulse in the most intense ring of ultrafast vortices with the indicated values of   | l |  , as given by Equation (34). All pulse shapes are normalized to their peak values for a better comparison. (e) With    z R  = 10   mm, peak intensity of the pulse as a function of radius at the waist   z = 0   for the three values of   | l |   with maxima at    r E   ( 0 )  =   | l | / 2     s   ω ¯  c    . (f) Central duration of vortices in their most intense ring as a function of the magnitude of the topological charge   | l |  , for power-exponential laser spectra with     ω ¯  c  = 2.417   rad/fs, and with   β = 3.56   (  N = 0.5  ),   β = 14.24   (  N = 1  ),   β = 32.04   (  N = 1.5  ),   β = 56.95   (  N = 2  ),   β = 89.0   (  N = 2.5  ), and   β = 128.15   (  N = 3  ). The red curve is the lower limit to the pulse duration in the inequality in Equation (23). 
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