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Abstract: A 2D computational fluid dynamics (CFD) model in consideration of nucleation 
characteristics (homogeneous/heterogeneous nucleation) using the volume of fluid (VOF) method 
and Lee model was proposed. The model was used to predict the process of a multiphase flow 
accompanied by freezing phase change during cryogenic fracturing. In this model, nucleation 
characteristic (homogeneous and heterogeneous nucleation) during the freezing process and the 
influence of the formed ice phase on the flowing behavior was considered. Validation of the model 
was done by comparing its simulation results to Neumann solutions for classical Stefan problem. 
The comparison results show that the numerical results are well consistent with the theoretical 
solution. The maximum relative differences are less than 7%. The process of multiphase flow 
accompanied by the freezing of water was then simulated with the proposed model. Furthermore, 
the transient formation and growth of ice as well as the evolution of temperature distribution in the 
computational domain was studied. Results show that the proposed method can better consider 
the difference between homogeneous nucleation in the fluid domain and heterogeneous nucleation 
on the wall boundary. Finally, the main influence factors such as the flow velocity and initial 
distribution of ice phase on the fracturing process were discussed. It indicates that the method 
enable to simulate the growth of ice on the wall and its effect on the flow of multiphase fluid. 

Keywords: heat transfer; fluid flow; liquid–solid phase change 
 

1. Introduction 

Cryogenic fracturing [1–4] is a waterless reservoir stimulation technique which uses cryogenic 
fluids such as liquid carbon dioxide and liquid nitrogen for fracturing purpose. The technique takes 
advantage of the effect of thermal shock which presents as a sharp thermal gradient introduced by 
the cryogen on the rocks. It could enhance the fractures initiation and propagation in the rock stratum, 
viz. enhancing fracturing. Recently, as the disadvantages of the conventional hydraulic fracturing 
technique (heavy water consumption, soil pollution, formation damage, etc.) are widely recognized, 
cryogenic fracturing is gaining an increasing attention in the field of petroleum engineering. 

Quite a few researches on cryogenic fracturing [5–20] have been carried out by scholars and 
engineers, in which significant efforts are devoted to investigating the feasibility of cryogenic 
fracturing for engineering application and figuring out the damage mechanism of cryogenic 
fracturing. These works are largely comprised of experimental studies in the laboratory. The porous 
structure of the reservoir stratum makes the fracturing process complicated and it enhances the 
difficulty of investigation. Nuclear magnetic resonance (NMR) [7,8], scanning electron microscope 
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(SEM) [9,10], computed tomography (CT) [11,12] are widely used to capture the micro-structural 
changes in the specimens. Fractures are characterized with the aid of acoustic transmission, pressure-
decay measurements [12], which enables further quantitative analysis. A series of cryogenic 
quenching tests (into liquid nitrogen) of specimens [13,14] were conducted and the evolution of 
permeability (pore distribution) [15,16] and mechanical properties (elastic modulus, 
tensile/compressive strength) [9,17,18] were studied. It was found that liquid nitrogen could induce 
damage to the specimens more efficiently by comparing the methods such as air cooling and water 
cooling [10]. The strength and brittleness of the shale could be reduced through the treatment of 
liquid nitrogen cooling, and it could help in decreasing the initiation pressure of reservoir stimulation 
[19]. It was also revealed that a repeated cooling–heating treatment could be more favorable in 
fracturing in comparison to a single cooling treatment [4,7,8]. Various factors, such as the cooling rate, 
initial temperature of specimens, the water saturation of specimens, the period of freeze thaw cycle 
[4], are found to affect the fracturing effect. Besides the experimental works, attempts were made to 
introduce numerical methods into the research on cryogenic fracturing in recent studies. Alqahtani 
[21] simulated the cryogenic fracturing process in unconventional reservoirs and evaluated the effect 
of thermal stresses on fracture development. Yao and co-workers [20] simulated the cryogenic 
fracturing process in Niobrara shale sample with the modified TOUGH2-EGS. A numerical scheme 
was developed by Li and co-workers [14] which could simulate the temperature history and the 
rewetting front positions in a laboratory quenching test. Wu and co-workers [9] numerically analyzed 
the influences of the cooling rate on rock degradation by conducting a three dimensional simulation 
using ABAQUS. 

Most of the previous researches are focusing on the mechanical changes in the reservoir stratum 
caused by cryogenic stimulation (initiation and propagation of fracture, rock deformation, evolution 
of permeability etc.). Nevertheless, only few attentions are aroused to the heat and mass transfer 
process during cryogenic fracturing. The heat and mass transfer during fracturing would 
significantly influence the temperature distribution in the reservoir, further affecting the occurrence 
of thermal shock. Consequently, the heat and mass transfer process would significantly influence the 
cryogenic fracturing process which should be carefully considered. In this work, displacement flow 
of the residual water in the stratum by the injected cryogenic fracturing fluid is considered. In this 
process, the residual water in the reservoir is constantly cooled down by the cryogenic fracturing 
fluid while flowing in the stratum pore channel, which further leads the residual water to freeze. The 
newly-formed ice is supposed to occupy the pore channel partly or completely, affecting the 
subsequent state of flow. In this case, the cold energy transferred in the stratum during fracturing 
would also be influenced. Additionally, large-scale ice blockage can result in local pressure rise in the 
reservoir, which could enhance the initiation and propagation of fractures. According to the above 
analysis, it is noted that the displacement flow of residual water by the cryogenic fracturing fluid 
would have profound influence on the fracturing process. The process is quite complicated in practice 
as the following physical processes are involved and worked together including miscible/immiscible 
displacement flow (depends on the type of fracturing fluid (liquid carbon dioxide, liquid nitrogen)), 
liquid–gas phase transition (vaporization of the fracturing fluid), liquid–solid phase transition 
(solidification of residual water), pore-scale flow. It is indicated by the literature survey that nearly 
no research has focused on such a displacement process by far. 

Accordingly, a primary study on this freezing-coupling displacement process is carried out 
which introduces a newly developed numerical model to simulate the freezing process during the 
displacement flow. Due to the complexity of the actual process, simplifications as illustrated in Figure 
1 were made as follows. 

(1) A 2D model is developed. The main purpose of this research is to qualitatively reflect the 
freezing process during the displacement process and the influence of the formed ice on the flow 
status in a numerical method. The 2D method is considered sufficient for achieving this goal. 
Moreover, compared with 3D simulation, 2D simulation could significantly reduce the time cost 
of calculation. 

(2) The effect of porous structure is neglected and immiscible displacement flow in a single passage 
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is considered. The “single passage” simplification is made referring to the research works on 
pure displacement process [22–28], in which the essential feature of the displacement process 
could be reflected. The “immiscible displacement” simplification comes from the fact that as a 
candidate of the cryogenic fracturing fluid, liquid nitrogen (LN2) is hardly soluble in water. 

(3) The influences due to vaporizing of the fracturing fluid and pore scale are neglected. This 
simplification is made in consideration of the complexity of the vaporization process and the 
capillary effect. Research works on freezing soil [29] were also referred to, where the influence 
of vapor component is neglected. 

 
Figure 1. Schematic diagram of the simplification (a) practice condition in reservoir (b) the simplified 
model of the reservoir and (c) the local area of the simplified model (considered in this paper). 

Based on the above simplifications, the major effort is spent on simulating the growth of ice 
phase and the influence of ice phase on the flow status during the displacement process (Figure 1c). 

Research on this process is supposed to provide a method to predict the ice blockage pattern in 
the reservoir properly, which is necessary for a further prediction of the fracture development, 
pressure distribution, permeability evolution, thermal shock position, and other factors during 
fracturing. An improvement in the fracturing efficiency can then be expected. 

2. Mathematical Formulations 

During the displacement flow process along with the growth of ice phase as shown in Figure 1c, 
the phase interaction can be described as: During the displacement, the cryogenic fluid would push 
the water towards the forward wall boundaries, which can be implemented by simulating the fluid 
dynamics based on the N-S governing equations. Furthermore, the interface and the development of 
each fluid phase can be dealt using the volume of fluid (VOF) method [30]. Meanwhile, according to 
the cooling effect induced by the cryogenic fluid, the water near the wall would freeze. The process 
of cooling and freezing can be simulated by the energy conservation equation and phase-change 
model [31–35]. On the other hand, the newly generated ice phase should attach to the wall and block 
the development of multiphase fluid. In order to simulate the above process, a transient CFD model 
for 2D computational domain on the basis of the VOF method is proposed to simulate the process of 
multiphase flow (water and cryogenic fluid) involving liquid–solid phase transition (water–ice). 
Three phases including the primary phase (water), the secondary phase (ice), and the third phase 
(cryogenic fluid) are defined. Therein, the mass transfers among the multiphase through the surface 
are neglected in this method. The momentum, continuity, energy and VOF equations in the 
governing equations are solved. This model is also capable of handling the conduction-controlled 
solidification problem (the classical Stefan problem) by reducing the number of defined phases to 2 
(water and ice) and eliminating the momentum equation. In modeling the phase change (forming 
and growth of ice), the Lee model [35] is used and the nucleation rate of the classical nucleation theory 
(CNT) [36–39] is innovatively introduced in the calculation of mass transfer rate between water and 
ice phase. As for the interaction between the fluid and the ice phase [40–42], The sponge-layer 
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absorbing technique [41], by which the ice phase can be handled to be similar to solid and then can 
perform the blocking effect on the other phases of water and cryogenic fluid, is adopted to reflect the 
influence of the newly formed ice on the flow status (the fluid variables, such as velocity, pressure). 

2.1. Governing Equations 

The volume fraction (α) represents the composition of the control cell. Therein, αi = 1 suggests 
the cell is fully occupied by the i phase, αi = 0 indicates there are no i phase in the cell and 0 < αi < 1 
means that only part of the cell contains i phase. The heat transfer process during cryogenic fracturing 
includes three phases which are the water, ice, and cryogenic fluid, respectively. 

For the tracking of interface (water–cryogenic fluid, water–ice), the VOF method in Euler–Euler 
multiphase system is adopted, in which the interface is tracked by solving volume fraction equations. 
In the present work, the volume fraction of the ith phase can be calculated as [43,44]: 𝜕𝛼௜𝜕𝑡 + ∇ ∙ ሺ𝛼௜𝑢ሬ⃗ ௜ሻ = 𝑆ఈ೔  (1) 

where Sαi is the source term of the ice phase, which is induced by the mass transfer during ice 
formation, and the details would be discussed in the following section. In the computational domain 
with n phases, the volume fractions of these phases can be referred to the following constraint: ∑ 𝛼௜௡௜ୀଵ = 1  . (2) 

Therein, the fluid density in the cell can be expressed according to the volume fractions of the n 
phases: 𝜌 = ∑ 𝛼௜𝜌௜ . (3) 

The mass conservation equations of each phase are solved, and the continuity equation of the ith 
phase could be written as: 𝜕𝛼௜𝜌௜𝜕𝑡 + ∇ ∙ ሺ𝛼௜𝜌௜𝑢ሬ⃗ ௜ሻ = 𝑆௠೔  (4) 

where 𝜌௜  and 𝑢ሬ⃗ ௜  represent the fluid density and the fluid velocity of the ith phase, respectively. 
Furthermore, Smi represents the mass source which equals to zero at the flow interface (water–
cryogenic fluid) and equals to mass transfer rate at the water–ice interface. The formulation of the 
mass source is presented in Section 2.2. 

In this case, the momentum equations are applied to model the flow behavior of various phases, 
which can be written as following for the ith phase. 𝜕𝜌௜𝛼௜𝑢ሬ⃗ ௜𝜕𝑡 + ∇ ∙ ሺ𝜌௜𝛼௜𝑢ሬ⃗ ௜𝑢ሬ⃗ ௜ሻ = −𝛼௜∇𝑝 + ∇ ∙ 𝜏̿௜ + 𝐾௝௜൫𝑢ሬ⃗ ௝ − 𝑢ሬ⃗ ௜൯+𝑆௨೔  (5) 

where p is pressure, Kji is interfacial drag coefficient, Sui is the source term of the momentum induced 
by the mass transfer which would be given in the next section in details. Furthermore, 𝜏̿ is the tensor 
of the stress-strain and it is described as: 𝜏̿௜ = 𝜇௜𝛼௜ሺ∇𝑢ሬ⃗ ௜ + ∇𝑢ሬ⃗ ௜் ሻ + 𝛼௜ ൬𝜔௜ − 23 𝜇௜൰ ∇ ∙ 𝑢ሬ⃗ ௜𝐼 ̿ (6) 

where 𝐼 ̿is unit tensor. In all the cases described in this work, Reynolds number is not allowed to 
exceed the critical value as about 2000, suggesting that a laminar flow model is used for the 
simulation. The energy conservation equation of the ith phase is expressed as: 𝜕𝜌௜𝛼௜𝐻௜𝜕𝑡 + ∇ ∙ ሺ𝜌௜𝛼௜𝑢ሬ⃗ ௜𝐻௜ሻ = ∇ ∙ ሺ𝑘௜∇𝑇௜ሻ+𝑆ு೔  (7) 

where H represents specific enthalpy, k represents the thermal conductivity, T represents the fluid 
temperature, and SHi represents the heat source due to mass transfer which would be described in the 
next section. 
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As a result, the governing equations mentioned above constitute a time-dependent and space-
dependent model for the physical problems of the temperature distribution, the fluid flow and the 
phase change of solid–liquid. The source terms in the governing equations are deduced by 
introducing the nucleation rate of classical nucleation theory (CNT) into the Lee model, which would 
be presented in detail in the next section. 

2.2. Freezing Model 

The mass transfer rate in the freezing process is derived as following. Moreover, the sponge-
layer absorbing technique, which is used to handle the fluid variables of ice phase, is introduced. 

2.2.1. Model of Phase Change 

The source terms owing to the phase change in the VOF, mass, momentum, and energy 
equations are handled using Lee model (Lee, 1979) [35,45,46], which is a physical based model for 
phase change and it can be employed in conjunction with the VOF multiphase model. 

The source term in the mass conservation equation can be defined from Lee’s work [35]. If Ts > 
Tsat (ice dissolving into water), the rate of mass transfer for ice phase can be expressed as: 𝑚ሶ ௦௟ = 𝜆௦௟𝛼௦𝜌௦  𝑇௦ − 𝑇௦௔௧𝑇௦௔௧   (8) 

For the current solidification process, the process of ice dissolving into water can be neglected. 
Thus, λs can be treated as zero in this work. Furthermore, if Tl < Tsat (water freezing into ice), the rate 
of mass transfer for water phase can be written as: 𝑚ሶ ௟௦ = 𝜆௟௦𝛼௟𝜌௟  𝑇௦௔௧ − 𝑇௟𝑇௦௔௧   (9) 

where 𝑚ሶ ௦௟ and 𝑚ሶ ௟௦ are the mass transfer rates from ice to water and from water to ice, respectively, 
whose units are kg/(m3s). The λ is the time relaxation parameter of phase change with the unit of 1/s, 
which would be presented in detail later, α represents the volume fraction, ρ represents the density 
(kg m−3), and T represents the temperature (K). The subscript “s” and “l” represent solid (ice) and 
liquid (water). Tsat is the freezing point and it is 273.15 K for phase change between water and ice. 
Therefore, the source terms of the governing equations (4) are calculated as: 𝑆௠೔ = ൜ 𝑚ሶ ௦௟ − 𝑚ሶ ௟௦, 𝑓𝑜𝑟 𝑖𝑐𝑒 𝑝ℎ𝑎𝑠𝑒 𝑚ሶ ௟௦ − 𝑚ሶ ௦௟, 𝑓𝑜𝑟 𝑤𝑎𝑡𝑒𝑟 𝑝ℎ𝑎𝑠𝑒  . (10) 

Then, the source term of the volume fraction for each phase is described as: 𝑆ఈ೔ =  ௌ೘೔ఘ೔  . (11) 

Furthermore, the momentum source can be written as: 𝑆௨೔ = ൜ 𝑚ሶ ௦௟𝑢ሬ⃗ ௟ − 𝑚ሶ ௟௦𝑢ሬ⃗ ௦, 𝑓𝑜𝑟 𝑖𝑐𝑒 𝑝ℎ𝑎𝑠𝑒 𝑚ሶ ௟௦𝑢ሬ⃗ ௦ − 𝑚ሶ ௦௟𝑢ሬ⃗ ௟, 𝑓𝑜𝑟 𝑤𝑎𝑡𝑒𝑟 𝑝ℎ𝑎𝑠𝑒   (12) 

where 𝑢ሬ⃗ ௟ and 𝑢ሬ⃗ ௦ are the fluid velocities of water and ice. Therein, the velocity of ice phase is treated 
as zero. Finally, the source term in the energy equation can be calculated as: 𝑆௛೔ = ൜ 𝑚ሶ ௦௟𝐻௅, 𝑓𝑜𝑟 𝑖𝑐𝑒 𝑝ℎ𝑎𝑠𝑒 𝑚ሶ ௟௦𝐻௅, 𝑓𝑜𝑟 𝑤𝑎𝑡𝑒𝑟 𝑝ℎ𝑎𝑠𝑒   (13) 

where HL represents the latent heat induced by phase change between water and ice. 

2.2.2. Calculation of the Mass Transfer Rate 

Nucleation rate, a concept of the classical nucleation theory (CNT) which can reflect the icing 
capability of water, is introduced into the calculation of mass transfer rate during freezing in the 
present model. The parameter (J) provides the number of newly formed nuclei per cubic meter and 
per second, which is mathematically described as: 
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𝐽 = 𝑘஻𝑇ℎ exp ൬− ∆𝑔𝑘஻𝑇൰ 𝑛௅ exp ൬− ∆𝐺∗𝑘஻𝑇൰  (14) 

where T represents the water temperature, h represents Planck constant which equals to 6.626 × 10−34 
J·s, kB represents Boltzmann constant which equals to 1.380 × 10−23 J·K−1, Δg represents the activation 
energy of water molecules passing through water and ice interface which is around 4.000 × 10−20 J, nL 
represents the number of water molecule in a water volume which is about 3.34 × 1028 m−3. 
Furthermore, ΔG* reflects the variation of Gibbs function for the phase change between ice and water. 
Gibbs function can be described as [47,48]: ∆𝐺∗ = 16𝜋𝛾௜௪ଷ 𝑇௦௔௧ଶ  3𝐻௅௩ଶ ∆𝑇ଶ 𝛼௘௬  (15) 

where γiw is the superficial free energy of the water–ice interface, HLv is latent heat per volume. 
Moreover, αey is the shape coefficient of nucleation and can be written as: 𝛼௘௬ = 2 − 3𝑐𝑜𝑠𝜃 + 𝑐𝑜𝑠𝜃ଷ 4   (16) 

where θ is the contact angle ranging from 0° to 180°. It is shown by Equation (14) to Equation (16) 
that the influence of the contact angle is considered in calculating the nucleation rate. As the other 
parameters are constant, the nucleation rate would gradually increase with the contact angle 
decreasing, which quantitatively reflects the change during nucleation from the uniform state to the 
inhomogeneous state. To reflect the effects of the contact angle on the variation of the mass transfer 
rate, a mathematical relationship between the relaxation time parameter λ in Equation (9) and the 
nucleation rate J is established, which is presented as: 𝜆௟௦ = 𝐽𝑉௟  (17) 

where Vl is the volume of water in the cell. Then, Equation (9) can be rewritten as: 𝑚ሶ ௟௦ = 𝐽𝑉௟𝛼௟𝜌௟  ೞ்ೌ೟ି்೗ೞ்ೌ೟  . (18) 

Equation (17) is established on a simple idea that the nucleation rate and the volume of the water 
in which nucleation occurs would both influence the freezing rate. With the treatment shown by 
Equation (17), difference between homogeneous nucleation in the fluid domain (without solid surface) 
and heterogeneous nucleation on the solid wall can be reflected by the mass transfer rate obtained 
via Equation (18). Furthermore, the influence of the newly formed ice phase (treated as solid surface 
by specifying contact angle value for it) on the freezing process is also possible to be simulated using 
the newly proposed model, which is hard to be considered in previous models. 

2.2.3. Treatment of Variables in the Cells with Ice Phase 

The fluid variables (velocity, pressure) of ice cell are treated based on the theory of the sponge-
layer absorbing technique [41,49,50]. For the cell including ice phase, the modified fluid velocities 
and pressure could be expressed as: 𝑢ெ = ሺ1 − 𝛼௦ሻ𝑢஼  (19) 

𝑣ெ = ሺ1 − 𝛼௦ሻ 𝑣஼  (20) 

𝑝ெ = ሺ1 − 𝛼௦ሻ𝑝஼  (21) 

where uC, vC, and pC are the calculated x-velocity, y-velocity and pressure. uM, vM, and pM are the 
corrected values of x-, y-velocities and pressure. Furthermore, αs is the volume fraction of ice phase. 
If αs equals to 1, it suggests that the cell is fully occupied by the ice phase. In this case, the velocity 
and pressure would be zero. 
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2.3. The Setting of the Boundary Conditions in the Computational Domain 

All the numerical studies are carried out in a two dimensional computational domain of 0.01 m 
× 0.01 m as shown in Figure 2. 

 
Figure 2. The setting of the computational domain. 

The details of the boundary conditions applied in the case study are as follows: 

(1) Velocity-inlet boundary 𝑢௟ = 𝑢଴, 𝑣௟ = 0, 𝑇௟ = 𝑇଴, 𝑢௦ = 0, 𝑣௦ = 0, 𝑇௦ = 0, 𝛼௦ = 0 . (22) 

(2) Outflow boundary 

The flux of all the variables at the outflow boundary is set as zero, which means the state in the 
fluid zone are not affected by the conditions at the outflow boundary డ௨೗డ௫ = 0, డ௩೗డ௫ = 0, డ்೗డ௫ = 0, డ௨ೞడ௫ = 0, డ௩ೞడ௫ = 0, డ ೞ்డ௫ = 0, డఈೞడ௫ = 0 . (23) 

(3) Wall boundary with constant temperature 𝑢௟ = 0, 𝑣௟ = 0, 𝑇௟ = 𝑇଴, 𝑢௦ = 0, 𝑣௦ = 0, 𝑇௦ = 𝑇଴, డఈೞడ௡ = 0 . (24) 

(4) Adiabatic wall boundary 

The heat flux passing through this face is set as zero: 𝑢௟ = 0, 𝑣௟ = 0, డ்೗డ௡ = 0, 𝑢௦ = 0, 𝑣௦ = 0, డ ೞ்డ௡ = 0, డఈೞడ௡ = 0 . (25) 

Different combinations of the above four boundary conditions are adopted in different cases, 
which are noted in the subsequent sections. 

2.4. Solution Scheme of Numerical Model 

On the basis of the second order upwind scheme, the governing equations of the mass, 
momentum, and temperature could be discretized. The SIMPLEC algorithm is selected as the solution 
method. Furthermore, the first order implicit solver is applied for time advancing in the unsteady 
simulation. The convergence criterions of all the variables are setting as 10−6. The above equations are 
solved in Fluent 6.3.26 CFD software. Finally, the calculation of the source terms in Sections 2.2.1–
2.2.3 are carried out by defining the user defined function (UDF) in Fluent. 

3. Results and Discussions 

Here the sensitivities of mesh size and time step of the numerical model are discussed. The 
accuracy and feasibility of the present method are validated by comparing the simulation result with 
the Neumann solutions of Stefan problem. Thereafter, the influence factors such as the nucleation 
characteristics (homogeneous/heterogeneous) and the inlet flow on the freezing process are discussed. 
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3.1. Sensitivity Study and Model Validation 

In this section, the classical Stefan problem [42,51,52] is simulated for model validation. Here the 
test cases with different mesh numbers (1600, 6400, and 25,600) and time steps (0.0005 s, 0.001 s, and 
0.002 s) are designed to study the numerical convergence of the proposed method. The boundary 
conditions for model validation are listed in Table 1. 

Table 1. The settings of the boundary conditions (model validation). 

Boundary Conditions 

Left 𝑢௟ = 0, 𝑣௟ = 0, 𝑇௟ = 253.15, 𝑢௦ = 0, 𝑣௦ = 0, 𝑇௦ = 253.15, 𝜕𝛼௦𝜕𝑛 = 0 

Right 𝑢௟ = 0, 𝑣௟ = 0, 𝜕𝑇௟𝜕𝑛 = 0, 𝑢௦ = 0, 𝑣௦ = 0, 𝜕𝑇௦𝜕𝑛 = 0, 𝜕𝛼௦𝜕𝑛 = 0 

Upper 𝑢௟ = 0, 𝑣௟ = 0, 𝜕𝑇௟𝜕𝑛 = 0, 𝑢௦ = 0, 𝑣௦ = 0, 𝜕𝑇௦𝜕𝑛 = 0, 𝜕𝛼௦𝜕𝑛 = 0 

Lower 𝑢௟ = 0, 𝑣௟ = 0, 𝜕𝑇௟𝜕𝑛 = 0, 𝑢௦ = 0, 𝑣௦ = 0, 𝜕𝑇௦𝜕𝑛 = 0, 𝜕𝛼௦𝜕𝑛 = 0 

Initial conditions: 

The fluid zone of the computational domain is fully filled with liquid water with a temperature 
of 283.15 K (10 °C). The properties of water and ice are listed in Table 2. The numerical study in this 
paper is carried out at atmospheric pressure within a temperature range from −20 °C to 10 °C. It is 
assumed that the temperature variation would not induce the change of the thermo-physical 
properties of water and ice. The pressure variation during the simulation is also insignificant 
compared with atmospheric pressure. Therefore, the thermo-physical properties are set as constants. 

Table 2. Thermo-physical properties of water (0.5 °C, 0.1 MPa) and ice (0 °C) [53]. 

Materials ρ (kg mz3) Cp (J kg−1 K−1) K (W m−1 K−1) 𝝁 (Pa s) 
Water 996.32 4318 0.5263 0.00176 

Ice 916.2 2050 2.22 - 

In the numerical simulation, the volume fraction change of the ice phase indicates the formation 
and grow of the ice layer. There is no ice in the domain at the initial state, which suggests the volume 
fraction of ice phase would equal to zero in the whole domain. The ice would gradually form, leading 
to the volume fraction of the ice phase increase along with the time goes on. As the cell plotted in 
Figure 3 where the ice forms and develops, is adopted to demonstrate the ice layer. The ice–water 
interface is tracked by the changing of the volume fraction (ice phase) in the model. Then the location 
of the water–ice interface is determined as the contour of ice phase with the average value of volume 
fraction as 0.5. On this basis, the sensitivity test about the mesh number and time step for the 
conduction-controlled water–ice phase change problem is conducted and the result is plotted in 
Figure 4. Therein, the effect of mesh numbers (mesh schemes 1600, 6400, and 25,600) on the interface 
location evolution is given in Figure 4a. While, results for sensitivity tests of the time steps versus 
0.0005 s, 0.001 s, and 0.002 s are plotted in Figure 4b, respectively. It is seen from Figure 4a that along 
with the mesh number increasing, the curves of the interfacial position evolution tend to coincide, 
indicating the convergence of the present method. In consideration of the computational accuracy 
and cost, the mesh number of 6400 (grid size 0.125 mm) and the time step of 0.001 s are suitable for 
the numerical simulation of freezing process in this work. 
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Figure 3. Contour of ice phase fraction and location of water–ice interface. 

 
Figure 4. Sensitivity study on mesh number (a) and time step (b). 

Furthermore, three values of the shape coefficient of nucleation α are selected (αwall on the wall 
and αice on the ice are set to be the same as 0.01, 0.001, and 0.0001, respectively). The comparisons 
between the numerical results simulated by the present method and the Neumann solutions of the 
classical Stefan problem are presented in Figures 5 and 6. 

 

Figure 5. Time histories of interface position by theoretical solution and current method. 

Figure 5 compares the result of interface position evolution by the present method (in three 
different α values) with that obtained through the theoretical Neumann solutions. It can be found 
from the figure that along with the shape coefficient of nucleation α decreasing, the numerical results 
of interfacial position evolution gradually tend to be the same and coincide well with the theoretical 
solutions. The max relative difference between the numerical results of α = 0.0001 and the theoretical 
solutions at various moments are about 6.58%. 
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Figure 6. Distribution of temperature by theoretical solution and current method (a) 6 s and (b) 9 s. 

Figure 6 shows the comparison of the temperature distribution at t = 6 s and 9 s obtained by the 
present method (α = 0.0001) and the theoretical Neumann solutions, respectively. It is found that the 
numerical result agrees well with the theoretical solutions and the max relative differences at 6 s and 
9 s are about 4.01% and 4.74%, respectively. The comparison results in this section proved that the 
newly-proposed model could effectively predict the process of water freezing within a satisfying 
accuracy. 

3.2. Discussion about Nucleation Characteristic and Inlet Flow 

The multiphase flow process accompanied by solidification in a single flow passage (Figure 1c) 
is simulated. The phenomena of ice formation with different nucleation rates and the characteristic 
of multiphase flow around the ice phase are numerically studied, respectively. It should be noted 
that based on the grid size of 0.125 mm and the time step of 0.001 s from Figure 4, the courant number 
for the test cases with flow process in this section were analyzed and were less than 1, which can 
ensure the numerical iterative convergence. Thus, the grid size of 0.125 mm and the time step of 0.001 
s are adopted in the subsequent test cases. 

3.2.1. Influence of Homogeneous and Heterogeneous Nucleation Rates 

Here two test cases of conduction-controlled water–ice phase change without inflow of 
cryogenic fluid (case 1, 2) are studied. For the simplified practical process as shown in Figure 1c, the 
left boundaries are designed to be inlet boundary to coincide with the situation of Figure 1c, and the 
temperatures on the inlet and wall boundaries are designed to be the same to study the difference of 
homogeneous and heterogeneous nucleation due to the different kinds of boundaries. Furthermore, 
different shape coefficients of nucleation are designed in Case 1 and 2 to distinguish the phase-change 
processes between the ice generation on the wall and the ice growth on the frozen ice, which should 
be closer to be practical situation. The boundary condition settings of Case 1 and 2 are listed in Table 
3. 

Table 3. The settings of the boundary conditions (Case 1, 2). 

Boundary Conditions 

Left 𝑢௟ = 0, 𝑣௟ = 0, 𝑇௟ = 253.15, 𝑢௦ = 0, 𝑣௦ = 0, 𝑇௦ = 253.15, 𝛼௦ = 0 

Right 
𝜕𝑢௟𝜕𝑥 = 0, 𝜕𝑣௟𝜕𝑥 = 0, 𝜕𝑇௟𝜕𝑥 = 0, 𝜕𝑢௦𝜕𝑥 = 0, 𝜕𝑣௦𝜕𝑥 = 0, 𝜕𝑇௦𝜕𝑥 = 0, 𝜕𝛼௦𝜕𝑥 = 0 

Upper 𝑢௟ = 0, 𝑣௟ = 0, 𝑇௟ = 253.15, 𝑢௦ = 0, 𝑣௦ = 0, 𝑇௦ = 253.15, 𝜕𝛼௦𝜕𝑛 = 0 

Lower 𝑢௟ = 0, 𝑣௟ = 0, 𝑇௟ = 253.15, 𝑢௦ = 0, 𝑣௦ = 0, 𝑇௦ = 253.15, 𝜕𝛼௦𝜕𝑛 = 0 
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Initial conditions: 

The fluid zone of the computational domain is fully filled with liquid water with a temperature 
of 283.15 K (10 °C). The shape coefficients of nucleation αey on the velocity-inlet boundary and wall 
boundary are set to 1.0 and 0.1, respectively. It reflects the difference in nucleation characteristic at 
wall boundary and in the fluid. Meanwhile, in order to understand the influence of the shape 
coefficient of nucleation on ice formation and growth, different values of αice (shape coefficient on the 
ice) are specified with 0.1 in case 1 and 0.2 in case 2. 

Simulation results: 

For case 1, the distribution of ice phase at different moments are simulated and shown in Figure 
7 to describe the process of ice growth. At the moment of t = 1.0 s which is shown by Figure 7a, due 
to the low temperature and high rate of crystallization J on the wall boundary, the ice phase firstly 
appears on the upper and lower boundaries. The formation of the ice at the wall boundary affects the 
J of water near the newly generated ice. Meanwhile, the low temperature of left boundary causes the 
formation of discontinuous loose ice near the velocity-inlet boundary. After a while, the form of ice 
phase on the three boundaries (upper, lower, and left) becomes regular and continuous at t = 5.0 s. 
With the time advancing, the ice phase gradually develops towards the interior of water area at t = 
10.0 s. Therein, the ice layers on the upper and lower boundaries are always thicker than those on the 
left boundary. From Figure 7, it can be concluded that the phenomenon of ice formation and 
propagation can be well simulated by the numerical method. Moreover, by comparing the ice layer 
thickness on the left velocity-inlet boundary with that on the horizontal wall boundaries in Figure 7a, 
it is noted that the present method not only can consider the effect of the low temperature but also 
can reflect the difference between the rate of mass transfer due to homogeneous nucleation and 
heterogeneous nucleation for actual physical processes. 

 
Figure 7. Contours of ice phase fraction at various moments for case 1 (a) 1.0 s, (b) 5.0 s, and (c) 10.0 

s. 

Figure 8 shows the distribution of ice phase at two moments (t = 1.0 s and t = 10.0 s) in case 2 
which is simulated by the present method. By comparing these results to Figure 7, it can be found 
that the differences between case 1 (Figure 7) and case 2 (Figure 8) mainly present the freezing rate 
on the formed ice, which can be expressed as follows in detail. Firstly, near the left boundary, there 
is no continuous ice phase on the left boundary until t = 10.0 s in case 2. Secondly, during the whole 
process, the ice layers of case 2 on the upper and lower boundaries have less thickness than case 1. 
Therefore, the numerical method proposed in this paper is capable to consider the influences of 
different contact angles and different crystallization rates based on the practical situation. 
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Figure 8. Contours of ice phase fraction at various moments for case 2 (a) 1.0 s and (b) 10.0 s. 

Finally, temperature distribution at t = 10.0 s in both cases are simulated and plotted in Figure 9. 
It is seen that the range influenced by the boundaries with low temperature in the two cases are 
almost the same. On the other hand, the difference of the two cases mainly reflects the irregular 
oscillation of temperature at the location of the water–ice interface, which can show the distinct 
thermal conductivity of water and ice phase. 

 
Figure 9. Comparison of temperature distribution (K) in both cases at t = 10.0 s (a) Case 1 and (b) Case 
2. 

3.2.2. Interaction of Fluid Field and Ice Phase 

In this section, the interaction between ice growth and fluid flow (case 3, 4, 5, and 6) is studied. 
For the practical situation, the cooling effect of the solid wall may be generally stronger than the 
formation water, which possibly causes the existence of the frozen ice at the initial moment of the 
displacement flow process. Furthermore, depending on the different conditions, the distributions of 
the initial frozen ice should be different. Therefore, four test cases with different initial ice phase are 
designed to study the displacement flow process with the growth of ice phase. The boundary 
conditions for case 3, 4, 5, and 6 are listed in Table 4. The shape coefficients of nucleation αey in the 
fluid domain, on the ice and on the wall boundary are 1.0, 0.1, and 0.0001, respectively. 
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Table 4. The settings of the boundary conditions (Case 3, 4, 5, 6). 

Boundary Conditions 

Left 𝑢௟ = 0.01, 𝑣௟ = 0, 𝑇௟ = 253.15, 𝑢௦ = 0, 𝑣௦ = 0, 𝑇௦ = 253.15, 𝛼௦ = 0 

Right 
𝜕𝑢௟𝜕𝑥 = 0, 𝜕𝑣௟𝜕𝑥 = 0, 𝜕𝑇௟𝜕𝑥 = 0, 𝜕𝑢௦𝜕𝑥 = 0, 𝜕𝑣௦𝜕𝑥 = 0, 𝜕𝑇௦𝜕𝑥 = 0, 𝜕𝛼௦𝜕𝑥 = 0 

Upper 𝑢௟ = 0, 𝑣௟ = 0, 𝑇௟ = 253.15, 𝑢௦ = 0, 𝑣௦ = 0, 𝑇௦ = 253.15, 𝜕𝛼௦𝜕𝑛 = 0 

Lower 𝑢௟ = 0, 𝑣௟ = 0, 𝑇௟ = 253.15, 𝑢௦ = 0, 𝑣௦ = 0, 𝑇௦ = 253.15, 𝜕𝛼௦𝜕𝑛 = 0 

In the case study of the current section, the phase of cryogenic fluid is specified as n-hexanol 
(CH3(CH2)5OH). This substance could exist as steady liquid form at -40 °C ( Melting point: -52 
oC,Boiling point: 157 oC). Moreover, its solubility in water is quite low (6 g/L, 25 °C). Considering the 
test conditions (below 0 °C most time), n-hexanol is an ideal choice for conducting the freezing-
coupling immiscible displacement process with water. The thermal properties of n-hexanol is listed 
in Table 5. 

Table 5. Thermo-physical properties of n-hexanol (10 °C, 0.1 MPa) [54]. 

Materials ρ (kg m−3) Cp (J kg−1 K−1) k (W m−1 K−1) μ (Pas) 
N-hexanol 814 2090 0.141 0.0052 

Similar to those of water and ice, the thermo-physical properties of n-hexanol are set as constants 
in simulations. 

Initial conditions 

To investigate the influence of the ice phase distribution on the flowing state, different 
distributions of the ice phase in the computational domain are specified as the initial conditions. To 
obtain the initial ice phase distribution data, a case of conduction-controlled water–ice phase change 
without any fluid inflow (case ex) is carried out with the boundary conditions listed in Table 6. 

Table 6. The settings of the boundary conditions (Case ex). 

Boundary Conditions 

Left 𝑢௟ = 0, 𝑣௟ = 0, 𝑇௟ = 283.15, 𝑢௦ = 0, 𝑣௦ = 0, 𝑇௦ = 283.15, 𝛼௦ = 0 

Right 
𝜕𝑢௟𝜕𝑥 = 0, 𝜕𝑣௟𝜕𝑥 = 0, 𝜕𝑇௟𝜕𝑥 = 0, 𝜕𝑢௦𝜕𝑥 = 0, 𝜕𝑣௦𝜕𝑥 = 0, 𝜕𝑇௦𝜕𝑥 = 0, 𝜕𝛼௦𝜕𝑥 = 0 

Upper 𝑢௟ = 0, 𝑣௟ = 0, 𝑇௟ = 253.15, 𝑢௦ = 0, 𝑣௦ = 0, 𝑇௦ = 253.15, 𝜕𝛼௦𝜕𝑛 = 0 

Lower 𝑢௟ = 0, 𝑣௟ = 0, 𝑇௟ = 253.15, 𝑢௦ = 0, 𝑣௦ = 0, 𝑇௦ = 253.15, 𝜕𝛼௦𝜕𝑛 = 0 

Initial condition in Case ex is set as: The fluid zone of the computational domain is fully filled 
with liquid water with a temperature of 283.15 K (10 °C). 

The main difference between case ex and case 1, 2 is that the temperature at left boundary is set 
as 283.15 K (10 °C). Therefore, the ice phase in case ex would only form and grow on the two 
horizontal boundaries (upper and lower). Different situations of initial ice phase distribution are 
obtained by importing the data of ice phase distribution at different moments in case ex into the 
current study cases. For this time, ice distribution at t = 50 s, 100 s, and 150 s in case ex is adopted and 
the distribution state in the computational domain is shown by Figure 10. 
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Figure 10. Ice formation and development on the wall boundary with time advancing (case ex) (a) 50 
s, (b) 100 s, and (c) 150 s. 

Besides the above three initial ice phase distribution conditions, the case where there is no initial 
ice phase is also considered. Accordingly, four cases are included in the case study in this section. 
The initial ice phase distributions of the four cases are: 

(1) Case 3 (no initial ice phase), 
(2) Case 4 (Figure 10a), 
(3) Case 5 (Figure 10b), and 
(4) Case 6 (Figure 10c). 
The part that is not occupied by the ice phase in the computational domain is filled with liquid 

water at beginning with a temperature of 283.15 K (10 °C). 

Simulation Results 

Firstly, in case 3 at the initial stage (t = 0.0 s), there is no ice in the computational domain. By the 
method of this paper, the process of n-hexanol driving water and ice developing is numerically 
simulated, and then the distributions of cryogenic fluid, water, and ice at different moments are 
presented in Figure 11. The red zone represents the cryogenic fluid and ice, and the blue zone 
represents the water phase. From the figure, it is seen that the numerical simulation method could 
simulate the process of ice expansion and two-phase fluid flow. At the initial phase of t = 0.2 s, due 
to the low temperature and high rate of crystallization on the wall boundary, there are respective ice 
layers on the upper and lower boundaries. Then the cryogenic fluid of n-hexanol from the left 
velocity-inlet boundary flows around the ice layers and drives the water in the middle domain. 
Furthermore, the low temperature of n-hexanol affects the growth of ice on the wall boundaries and 
causes the left of the ice layer to be thicker. With time advancing (t = 0.4 s, 0.6 s, and 0.8 s), the ice 
layers gradually grow and further block the inflow of cryogenic fluid. Then the n-hexanol flows 
through the narrow channel due to the formed ice and then spreads towards the whole water area. 
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Figure 11. Distributions of cryogenic fluid, water and ice (phase fraction) at various moments (a) 0.2 
s, (b) 0.4 s, (c) 0.6 s, and (d) 0.8 s. 

The flow fields distribution at various moments are shown in Figure 12. The influences of the 
ice layer on the flow state are reflected in the flow velocity changing (a value of up to about 0.014 m 
s−1 is obtained in the simulation, which is higher than the inlet velocity of 0.01 m s−1, indicating the 
fluid acceleration due to the presence of ice layer). For the fluid in the right domain with the thinner 
ice layers, the fluid velocity gradually decreases and becomes relatively stable. The velocity 
distribution shown in Figure 12 indicates that the simulated result obeyed the basic conservation law 
of mass and momentum. Thus, the present method can correctly simulate the propagation of the ice 
phase and its effect on the flow state. 
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Figure 12. Vector graph of fluid velocity (ms−1) of water and n-hexanol at various moments (a) 0.2 s, 
(b) 0.4 s, (c) 0.6 s, and (d) 0.8 s. 

In order to study the effect of the initial distribution of the ice phases on the convection process, 
the distributions of three phases (cryogenic fluid, water and ice) at t = 0.5 s are plotted in Figure 13. 
Therein, case 3 is without initial ice and the initial ice phase distributions in case 4, case 5, and case 6 
are presented in Figure 10a–c, respectively. It is obviously seen from Figure 13 that the initial ice 
phase distribution has significant influence on the convection of cryogenic fluid and water. With the 
initial ice phase composition increasing, the cryogenic fluid spreads more rapidly. Figure 14 shows 
the vector graph of fluid velocity of water and n-hexanol at t = 0.5 s under different initial conditions 
of ice phase composition. It also can be found from Figure 14 that as the initial ice phase composition 
increases, the fluid domain becomes narrower, which causes the max fluid velocity of two-phase fluid 
to increase and change from 0.013 m s−1 to 0.032 m s−1. Furthermore, Figure 15 describes the pressure 
distribution in the fluid domain. It can be found from Figure 15 that there are two peak values of 
pressure about 1.2~1.4 Pa which locate at the top-left corner and bottom-left corner due to the 
blockage of ice layers. From above analysis, it can be concluded that the present method enable the 
numerical simulation of the multiphase flow propagation accompanied by solidification phase 
change during cryogenic fracturing. 
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Figure 13. Distributions of cryogenic fluid, water and ice (phase fraction) at t = 0.5 s under different 
initial ice phase distribution state (a) Case 3, (b) Case 4, (c) Case 5, and (d) Case 6. 

 

Figure 14. Vector graph of fluid velocity (ms−1) of water and n-hexanol at t = 0.4 s under different 
initial ice phase distribution state (a) Case 3, (b) Case 4, (c) Case 5, and (d) Case 6. 
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Figure 15. Contour of fluid pressure (Pa) at t = 0.4 s under various initial ice phase distribution state 
(a) Case 3, (b) Case 4, (c) Case 5, and (d) Case 6. 

4. Conclusions 

In this paper, a 2D numerical model considering the nucleation characteristics based on VOF 
method and Lee model is developed to predict the propagation of multiphase flow accompanied by 
solidification phase change during cryogenic fracturing. The formation and propagation of ice on the 
wall boundary along with multiphase flow around ice was studied. Conclusions are drawn as follows: 

(1) For the classical Stefan problem, the max relative difference between the convergent numerical 
results and the theoretical solutions are about 6.58%, which can validate the feasibility and 
accuracy of the newly proposed method. 

(2) Through the simulation on the process of the ice generation and growth in Case 1, the improved 
Lee model in the proposed numerical method could consider the effect of low-temperature 
boundary on the freezing. It also could well reflect the different characteristic of the 
homogeneous nucleation and the heterogeneous nucleation on various kinds of boundaries. 

(3) By comparing the numerical solutions of Case 1 with that of Case 2, the concept of shape 
coefficient of nucleation in the proposed numerical method has the ability to distinguish the 
phase-change processes between the ice generation on the wall and the ice growth on the frozen 
ice, which could restore the practical situation. 

(4) The numerical results of Case 3~6 indicate that the sponge-layer absorbing technique is capable 
of handling the frozen ice and simulating its blocking effect on fluid flow. 
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In future researches, the model experiments should be carried out to further validate the newly 
proposed numerical method. Furthermore, the method can be developed further on the following 
aspects: Considering the effects of temperature and pressure on the thermo-physical properties 
(thermal conductivity, density, viscosity, specific heat capacity, etc.) to meet the practical engineering 
requirements; extending the present method to three dimensions for more extensive application 
about the practical engineering problems; further performing the complete uncertainty analysis 
based on the experimental results; and further introducing more interactive effects among the 
multiphase fluids (such as mass transfer). 
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Nomenclature 

Cp Specific heat capacity [J kg−1 K−1] 
H Specific enthalpy [J kg−1] 
HL Latent heat of fusion per mass [J kg−1] 
HLV Latent heat of fusion per volume [J m−3] 
h Planck constant, 6.62607015 × 10−34 J s−1 𝐼 ̿ Unit tensor 
J Nucleation rate [m−3 s−1] 
K Interfacial drag coefficient [kg m−3 s−1] 
k Thermal conductivity [W m−1 K−1] 
kB Boltzmann constant, 1.380649 × 10−23 J K−1 𝑚ሶ  Rate of mass transfer [kg m−3 s−1] 
nL Number of water molecule per water volume, 3.34 × 1028 [m−3] 
p Pressure [Pa] 
Sα Source term of volume fraction equation [s−1] 
SH Source term of energy equation [J m−3 s−1] 
Sm Source term of continuity equation [kg m−3 s−1] 
Su Source term of momentum equation [kg m−2 s−2] 
T Temperature [K] 𝑢ሬ⃗  Velocity [m s−1] 
u Velocity in x direction [m s−1] 
Vl Volume of water phase in the cell [m3] 
v Velocity in y direction [m s−1] 

Greek Symbols 

α Volume fraction 
αey Shape coefficient of nucleation 
γiw Interfacial energy of water–ice interface [J m−2] 
ΔG* Variation of Gibbs free energy due to water–ice phase change [J] 
Δg Activation energy of water molecule going through water–ice interface, 4.000×10−20 [J] 
ΔT Degree of supercooling [K] 𝜌 Density [kg m−3] 
λ Relaxation parameter [s−1] 
θ Contact angle [o] 𝜏̿ Stress-strain tensor [kg s−2m−1] 
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Subscipts 

C Calculated value 
i Phase index 
iw Ice–water 
l Liquid phase 
ls From liquid to solid 
M Modified value 
s Solid phase 
sat Saturated 
sl From solid to liquid 
0 Initial state 
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