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Featured Application: The acoustic method for identification of bladed disc mistuning described
in this work will be useful for accelerating the development of new turbochargers and other
impeller machines while significantly reducing costs.

Abstract: At present, exhaust gas turbochargers not only form the basis for the economical operation
of petrol, diesel or gas engines of all power categories, but also have an irreplaceable role on reducing
their emissions. In order to reduce emissions from internal combustion engines, various systems
are being developed, all of which have a turbocharger as an important component. Demands on
turbocharger system durability and reliability keep growing, which requires the application of
increasingly advanced computational and experimental methods at the development beginning of
these systems. The design of turbochargers starts with a mathematical description of their rotationally
cyclic impellers. However, mistuning, i.e., a slight individual blade property deviation from the
intended design parameters, leads to a disturbance of the rotational cyclic symmetry. This article
deals with the effects of manufacturing-related deviations on the structural dynamic behaviour of real
turbine rotors. As opposed to methods exploiting expensive scanning vibrometers for experimental
modal analysis or time-consuming accurate measurement of the geometry of individual blades
using 3D optical scanners. A suitable microphone and a finite element rotor wheel model are
the basis of this new method. After comparing the described acoustic approach with the laser
vibrometer procedure, the results seemed to be practically identical. In comparison with the laser
technique the unquestionable added value of this new method is the fact that it brings a significant
reduction in the financial requirements for laboratory equipment. Another important benefit is that
the measuring process of bladed wheel mistuning is significantly less time-consuming.

Keywords: turbocharger; impeller; internal combustion engine; laser-measurement; microphone;
modal hammer; Fourier Transform; FEM-model

1. Introduction

The compressor of an internal combustion engine turbocharger is usually designed as a radial
flow stage. This enables compressor pressure ratios greater than six in single-stage operation. On the
turbine side, impellers with radial or axial flow and their mixed-flow variants are used. Overlapping in
the field of application, radial or mixed-flow turbines can guarantee high pressure ratios of the charger
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with a small installation space, especially in the range up to 5000 kW. Especially for the latter case,
there are requirements for ever-increasing mass flows. The specific swallowing capacity of the stage
has to increase, which generally requires very long and thin blades. On the turbine side in particular,
this poses special challenges for the structural dynamic design. On the one hand, the increased number
of possible resonance points of the blading must be considered. Nevertheless, it is necessary to keep
in mind that the aerodynamic damping to be expected during operation is low in comparison to
the compressor. As a result, the phenomenon of mistuning comes into focus. Mistuning is caused by
manufacturing-related deviations, through which the rotational cyclic design of the impellers is lost.
The dynamic behaviour can thus significantly differ from the results obtained by an ideal impeller
finite element model (FE), which among other things can lead to unexpectedly high blade stresses and
premature component failure [1].

While the influence of the mistuning on compressor impellers in axial design has been sufficiently
investigated in recent years, the topic for turbochargers and especially for radial turbines has only
recently gained importance. It is precisely for this reason that a detailed examination of the vibration
behaviour of real radial turbine wheels offers a possibility to further improving the robustness of these
highly stressed components in relation to the cyclical fatigue of the blading.

Based on the description of the dynamic behaviour of rotational cyclic structures in [2,3], the term
mistuning first appeared in scientific publications in the middle of the last century. The works [4–6]
are undoubtedly the starting point for ongoing research activities in the areas of model building of
mistuned bladed discs. Publication [5] investigates the mistuning effects of a blade using the example
of a ring-shaped blade cascade. This upper limit only depends on the number of blades N and is often
referred to as the Whitehead factor. This is based on the restrictive assumptions that only one blade
is mistuned, all node diameter vibration modes are damped equally and, moreover, the coupling forces
are lower than the damping forces. The fact that the complexity of the problem of describing the real
bladed disc vibration behaviour can only be visualized to a small extent is demonstrated by the large
number of scientific publications that have followed Whitehead’s fundamental research to date.

Later research [1,6,7] shows magnification factors close to the Whitehead estimated limit,
the publications use optimization strategies in order to mistune the system parameters in such
a way that the greatest possible magnifications result. Author [8] refines the use of such optimization
strategies, starting with a Monte Carlo simulation. Experimental examples with six and twenty-four
blades show that [8] with values 1.61 and 2.81 approaches the Whitehead limit.

Author [9] is moving the solution forward to find the maximum magnification factor. His work
also includes aerodynamic damping and shows that values above the Whitehead limit can result.
Researchers [10] also investigates the size of the largest possible magnification factor taking aerodynamic
damping effects into account, a genetic algorithm is used for the optimization.

Basic works describing the physical relationships of various parameters and their influence
on the stress magnification that occurs are [11–13]. They establish the connection between the
degree of coupling, mode localization phenomenon and magnification. Authors [11] use a simple
spring-mass-damper system for this, whereas in [13] additional experiments are presented. The basic
knowledge of both works is that blade mode shapes, which are characterized by weak coupling over
the disc, tend to localize strongly.

In the recent past, through [14,15] attempted to find an upper limit for the expected stress
magnification due to the mistuning. The latter authors included in their considerations the possibility
of vibration mode modal coupling. In doing so, they relate the maximum magnification factor to the
number of active modes, i.e., modes involved in the oscillation process. Researchers [16] also set an
upper limit for the magnification. In addition to the coupling of the vibration modes, this also depends
on the degree of mistuning and damping. In particular, for modes that occur in isolation, there are
significantly lower values for the expected magnification compared to [5,15].

In the past decade [17] has dealt with this topic in radial turbines. In this article, the author contrasts
several options for structurally dynamic description of the vibration behaviour of mistuned turbines.
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Among other things, he describes a method using Lagrange multipliers. The model described here
shows qualitative conformity in comparison to the experimentally determined vibration behaviour of
the real turbine wheel.

Researcher [18] is concerned with the vibration stress calculation of the of radial turbine impellers,
taking into account component real geometries. Based on the findings from the optical measurement of
three turbine impellers, he defines the blade height, the blade angle and the blade thickness as varying
parameters and examines their influence on the dynamics of the mistuned impeller. In addition,
he compares this with the system behaviour with only variation of the elastic moduli of the blades.
He concludes that the modelling of these pure stiffness shifts for simple mode shapes provide almost
equivalent results compared to the models with geometric deviations. Differences in the calculated
stress of up to 40% only occur with higher eigenfrequencies with complex mode shape types.

In their works, authors [19,20] investigate dynamics of very small radial impellers, using the results
of the research works [21,22]. Many of the effects described therein are also confirmed using the example
of these impellers with extremely small dimensions and very high-frequency vibrations. However,
ref. [20] also states that the cast grain structure of this size has a significantly greater effect on the
mistuning than with larger impellers. In addition, remarkable are the frequency deviations of individual
blades of milled turbine impellers shown in [20], which amount to ±5% there. Research papers [23–25]
deal with the issue of impeller mistuning using the tip-timing method. The modal properties of real
impellers also significantly affect the aero-acoustic properties of turbochargers, jet engines and fans
which can currently be solved by advanced computational models [26,27].

Mistuning causes a significant reduction in the reliability and service life of turbocharger
components in real operation. Due to the wide operating speed range of a turbocharger, only the
computational determination of safety at individual resonant rotor speeds is difficult. The vibration
resistance of newly developed turbochargers is therefore also verified in detail by technical experiments
in test laboratories.

Mistuning of turbine impellers of various types can only be investigated experimentally. The main
possible typical approaches have been mentioned above. Some authors use laser scanning vibrometer
systems for experimental modal analysis which is a very expensive laboratory equipment [23–25,28].
Researchers [29,30] describe a more efficient method for identifying of the impeller mistuning,
which uses only a one-beam laser. This method assigns the respective mode shapes calculated by
an impeller FE model to individual peaks of measured transfer functions between the point of the
force pulse of the modal hammer and the point where a vibration response is measured with a
laser vibrometer.

The essence of the acoustic method presented in this paper is to replace the laser vibrometer with an
appropriately sensitive microphone and to find the impeller eigenfrequencies and their corresponding
mode shapes for individual blades using the measured acoustic response signal of the vibrating blade.
The turbocharger impeller of a large industrial twenty-cylinder diesel engine was selected as the first
research object, its outer and inner diameter is 260 mm and 140 mm, see Figure 1. The aim of the
research was to examine in parallel the mistuning of the turbine impeller using this new method and a
laser vibrometer and the subsequent comparison of the results.
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2. Computational Modelling of Tuned Bladed Wheels

Essential information about the vibration properties of a particular tuned rotor can be provided
by a suitable computational model based on the finite element method. Based upon a FE dynamic
model of an impeller, the equation of motion in a rotating coordinate system is:

M
..
y + (G + K)

.
y + Cy = f (1)

where M—mass matrix, G—gyroscopic matrix, K—structural damping matrix and C—stiffness matrix.
Vector y represents displacements and rotations at nodes and f the external forces. The stiffness matrix
contains centrifugal stiffness and softening effects resulting from the static analysis under centrifugal,
thermal and gas loads. In a non-rotating state, the bladed rotor system eigenvalues and eigenmodes
can be found by solving the generalized eigenvalue problem.

Due to the cyclic periodicity of the ideal rotor geometry, the system matrices contain a block
cyclic structure. Therefore, the resulting eigenvalues contain pairs of double modes.

In the case of bladed discs, complicated mode shapes often arise, the character of which is often
difficult to specify only on the basis of a geometric shape or visualization by an animation program.
The distribution of the specific strain energy in the mechanical structure of the impeller can be used for
an objective assessment of the type of mode. Mode shapes having the specific strain energy contained
in the blades more than 90% can be considered blade dominated. Mode shapes in which the value of
the specific strain energy in the blades lies between 90% and 65% can be considered mixed. For specific
strain energy values in the blades less than 65%, these are disc dominated mode shapes.

Strain energy is defined as the energy stored in a body due to deformation. Using the Hooke’s
stress–strain law

σ = Dε, (2)

the strain energy of the whole impeller structure is given by the volume integral

U =
1
2

∫
V
σTεdV =

1
2

∫
V
εTDεdV. (3)

Within the discretization of the FE model is the integral reduced to the strain energy sum of all
elements of the impeller. The energy distribution of the considered mode shape in the blade or in
the disc or shaft body of the impeller structure is available to determine the dominant character of
the eigenmode.

The rotationally cyclic symmetric impeller structure has similar mode shapes as a simple
circular disc, but the number of nodal diameters ND is not unlimited. These so-called cyclic symmetric
modes are characterized by the number of nodal diameters, their maximum number is:

ND = 0, 1 . . .
N
2

, i f N is even (4)

ND = 0, 1 . . .
N − 1

2
, i f N is odd (5)

The eigenfrequencies of the mentioned mode shapes exist in pairs except of ND = 0 and ND = N/2.
These double modes have identical eigenfrequencies and only differ in the angular alignment of the
nodal lines.

When creating finite element models of an impeller, the use of rotational cyclic symmetry is
effective. In an ideal impeller, all blade sectors are geometrically identical and they have the same
mechanical properties, so that their stiffness matrices are also identical. Due to the fact that the
impeller is a rotationally cyclic symmetric elastic body, a computational numerical modal analysis
can be performed for only one segment, and the modal analysis results for the whole structure can
subsequently be obtained by using exact mathematical relations [28]. Figure 2 shows the finite element
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model of one segment and the FE-mesh of the whole turbine impeller. The appropriate type and
size of the element used for the computational FE-model were carefully determined by a series of
comparative calculations.
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Figure 2. Finite element model of one segment and the model of the whole impeller.

The blade segment FE mesh was created at a special preprocessing software and it had to be
done thoroughly in connection with the subsequent creation of a rotational cyclic model. There, it is
important to properly connect the nodes on both sides of the segment to create the whole impeller
rotational cyclic model. At the same time, it is necessary to achieve just the same segments that are
really connected correctly. Shell and solid finite elements with a size of 3 mm were used on surfaces and
inside the body up to 7 mm. The solver type was set automatically by the finite element software used.

The turbocharger rotors are usually mounted on two radial plain or roller bearings and one bearing
is used to limit axial movements. The influence of bearings on blade dominated vibrations is negligible.
It is therefore possible to set the so-called “free–free” boundary conditions for the computational modal
analysis of the turbine impeller.

3. Arrangement of the Laboratory Experiment

The proposed technical experiment was carried out in an anechoic chamber, see Figure 3.
The turbine wheel was installed on a very elastic mounting, so that the boundary conditions in the
calculation and measurement match as much as possible. A force pulse at a suitable location on
the blade was realized using a miniature modal hammer with a force sensor. The laser vibrometer
measured the blade tip vibration speeds and the sound pressure was recorded synchronously using a
measuring microphone.

To separate the vibrational movement of the measured blade, all other blades are additionally
detuned by connecting weights of suitably selected size to the tips of the blade, as shown in Figure 4.
The appropriate size of the additional weights in terms of shifting the natural frequencies of the
unmeasured blades can be determined using the FE blade model of Figure 2. Several elements of the
mass point type can be connected to the nodes at the considered place for connecting weights and their
suitable mass can be determined by a few simple iterations.

The force pulse of the miniature modal hammer excites the blade to vibrate, while the
laser vibrometer measures the vibration speed at the blade tip and the measurement microphone
synchronously measures the sound pressure. The manual use of the modal hammer to create a force
pulse on the blade presupposes a certain dexterity from the user. The designated suitable place for
the modal hammer blow was color-coded on all blades and slight deviations from this point are not a
problem. However, more severe distortion of the response signal occurs when a modal hammer blow
is twice, which sometimes occurs with manual use. Therefore, the developed software also included a
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double-blow check, and such records were excluded from further processing. The force pulse course of
the used miniature modal hammer ensures that the frequency components of at least to 20 kHz will
be captured in the measured response. For further research in this area, the authors have prepared
a proposal for a mechanism that will replace the human hand, which will significantly improve the
repeatability both the place and the force pulse course.Appl. Sci. 2020, 10, x FOR PEER REVIEW 6 of 15 
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The blade vibration measurements were carried out with and without additional weights on the
blade tips, which confirmed their positive effect.

To record the measured data from the laser vibrometer and the measuring microphone, our own
program modules were created. From more modal hammer force impulse response records, five were
selected for frequency analysis using fast Fourier transform (FFT), and the results were averaged.
Exponential windows [28] were used in modal impact testing to ensure the responses of the laser
vibrometer and measuring microphone decay to zero within the measurement time to avoid leakage
issues (see Figures 5 and 6). The used exponential window always starts at a value of 1.0 at the
beginning of the measurement. The exponential decay parameter, a value between 0% and 100%,
determines how much the initial value of the exponential window will be reduced at the end of
the measurement.
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The time response recordings were 0.2 s, so the FFT frequency resolution was 5 Hz, which fully
met the needs of the technical experiment.

4. Results of the Acoustic method for Mistuning Identification

4.1. Computational Finite Element Model of the Turbine Impeller

The computational finite element model of one impeller segment used for its modal analysis is
shown in Figure 2 left. For this sub-model, the boundary conditions were specified as zero displacements
and zero rotations in all three coordinate axes for nodes at both edges. Thus, the eigenfrequencies
and their mode shapes associated with the impeller blade were obtained. Some selected examples are
shown in Figure 7.
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The calculated turbine blade segment eigenfrequencies are shown in Table 1. Due to the value of
the maximum impeller speed, the eigenfrequencies were investigated in the frequency range up to
20 kHz, which was also the frequency range of the measuring microphone used.

Table 1. Calculated eigenfrequencies of the impeller blade segment.

Mode (–) Frequency (Hz)

1 4718
2 7737
3 9110
4 11,333
5 14,107
6 14,990
7 18,511
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These eigenfrequencies determine approximately the ranges of values where the blade-dominated
mode families will be located for the entire impeller.

The created mesh of the finite element model according to Figure 2 was further used to build a
tuned rotational cyclic model of the whole turbine impeller. Its result is a nodal diameter map of the
tuned impeller. Given the main topic of this article, these results are not presented in more detail.

Using the rotation of one segment, a 3D finite element model of the turbine wheel was subsequently
created, the mesh of which is identical to the rotational cyclic model. Detailed calculations have
verified that the results of the modal analysis of the 3D impeller model and the rotationally cyclic
model are completely identical, the values of all calculated eigenfrequencies are the same to at least
two decimal places

This model will continue to be used for analysis with different material properties of the blades
and for studying the mistuning effect and for research of dangerous stress concentrators due to different
characteristics of the individual blades. Figure 8 shows examples of the blade-dominated mode shapes
of Modes 1–6. Due to the rigid structure of the impeller disc examined, there are no disc dominated
mode shapes in the frequency range to 20 kHz. Instead, the vibration behaviour is determined by
blade dominated and mixed mode shapes.

In the context of the blade vibrations of turbochargers, the analysis of the blade dominated
mode shapes is of interest since unsteady pressure fluctuations in operation excite mainly just these.
Examples of two different types of bladed wheel vibrations are shown in Figure 9. It is striking that
the optical comparison of the displacements provides little information about the type of vibration to
which the respective mode shape can be assigned. Information on strain energy distribution is crucial
for the correct classification of the mode type. In the case of Mode 1 it is a blade dominated shape,
while in the case of Mode 6 it is a mixed mode (see Figure 9).
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4.2. Measurement Results

For the individual blades, the FFT analyses of the measured responses from laser vibrometer
and microphone were obtained. When measuring without additional weights on the other blades,
the response also includes slightly different frequencies of the other mistuned blades, and it is practically
impossible to evaluate the eigenfrequencies of the measured blade, see Figure 10.
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Figure 10. Fast Fourier transform (FFT) analysis of measured response signal using the laser vibrometer
and eigenfrequencies from the FE model—measured without additional weights.

The results of calculated FFT analysis of measured response signals of the first blade are shown
in Figures 11 and 12. In this blade vibration measurement, weights were placed on other blade tips.
When using a laser vibrometer, the frequencies of such detuned blades are significantly suppressed
in the measured blade response. Similarly, by measuring with a microphone, repeated experiments
have shown that with a suitable location of the microphone and due to its directional characteristic,
the effect of detuned blades in the response of the measured blade is also negligible.

The additional weights with optimal size are very effective in suppressing the influence of
the slightly different eigenfrequencies of the unmeasured blades. They make it possible to obtain
the eigenfrequencies of individual blades of a real impeller and to create a mistuned 3D model
for further detailed computational analysis. In Figures 11 and 12, red lines are drawn to indicate
the eigenfrequencies of the one impeller segment from the FE simulation. A comparison of the
measurement results of the methods using a laser vibrometer and a measuring microphone shows a
good agreement of the results.
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Figure 12. FFT analysis of measured response signal using the measuring microphone and
eigenfrequencies from the FE model—measured with additional weights.

It is undoubtedly that the method using the FE model to assign the respective mode shapes to the
individual peaks of the FFT analysis is suitable for further use with much simpler instruments than the
use of an expensive single-beam laser or even a 3D scanning laser. Using this method, the user can
only concentrate on the blade-dominated eigenfrequencies and does not have to pay attention to other
FFT peaks that belong entirely or primarily to the turbine disk or shaft.

The size of the FFT spectral components in the measured response depends, when measured with
a laser vibrometer or a microphone, among other things at the location of the force pulse on the blade.
The location of the force pulse should not be close to the nodal lines of the blade mode shapes, but their
position varies for each mode. Based on the results of the modal analysis of the blade, the location for
the force pulse was chosen as a certain compromise. When it comes to choosing a measuring point
for a laser vibrometer, the blade tip is a suitable place for all mode shapes. The F3 peak (Figure 11)
can be highlighted and its presence confirmed by a more suitable location of the force pulse when
measured by laser. The measuring microphone captures this F3 peak quite significantly already in the
basic set-up of the experiment (Figure 12). However, the size of the individual detected frequency
components in the measured response is not significant for the application of this method, whether it
is measured by a laser vibrometer or a microphone.

Since the measured response was recorded in a time window of 0.2 s, the frequency resolution of
the FFT is 5 Hz, and thus the uncertainty of the position of each spectral component on the frequency
axis is 2.5 Hz, which is quite satisfactory for determining of the impeller mistuning.

From the performed measurements, similar diagrams as in Figures 11 and 12 were evaluated for all
13 blades of the turbine impeller. In the measured Fourier Transform analyses that represent a measure
of the resonance amplitude, it is clearly visible that the eigenfrequencies fi of the individual blades differ.
The mistuning of the neighbouring blades is reflected in the relative eigenfrequency deviations

∆ fi =
fi − f0

f0
, f0 =

1
N

N∑
j=1

f j (6)

of all blades to one another. An example of the blade eigenfrequency mistuning of the measured
impeller is shown in Figure 13. Describing the mistuning based on blade eigenfrequency deviations
has the advantage that not all manufacturing tolerances of the impeller, for example deviations in
shape or material inhomogeneity, have to be recorded individually. It is relatively difficult to find out
in more detail the cause of the size of the mistuning of the individual blades, i.e., the extent to which
material inhomogeneities or geometric deviations from the blade nominal dimensions contribute to this.
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In the case of the examined impeller, a scan of all the blades was subsequently carried out
using an optical scanner. From the geometric model created in this way, deviations from the blade
nominal dimensions according to the impeller Computer Aided Design (CAD) documentation were
first determined. Subsequently, a 3D finite element model was created based on the determined actual
geometry of the blades, the material parameters were considered the same throughout the model.
Since the results of the computational modal analysis of this model showed good agreement with the
measured values according to Figure 13, it is obvious that the main cause of this surveyed impeller
mistuning are the geometric deviations of the blade profiles.

5. Conclusions

The article presented deals with the issue of the vibration of turbocharger impellers, in particular,
with effective methods for determining their mistuning. The described acoustic method does not
require the application of an expensive laser scanning techniques or a single-beam laser, but assigns
the appropriate mode shapes to the individual detected peaks of the FFT analysis of the blade response
using a computational finite element model. Simultaneously with the acoustic measurement, a laser
vibration measurement at the blade tips was performed and the respective frequency analyses were
evaluated. From a comparison of the FFT analysis determined by the acoustic method and the use of
the laser vibrometer, it is obvious that both procedures lead to identical results.

A significant advantage of the presented acoustic method over laser Doppler vibrometry is
its relative simplicity and considerably lower costs for measuring instruments. The computational
model makes it easy to decide, among other things, what type of mode shape it is. In addition to
showing the deformations of the impeller structure or animating the shape oscillation for individual
modes, another important criterion is available. According to the distribution of specific strain energy
in the sector of one blade calculated by finite element model, it is possible to decide whether it is
a blade dominated, disc dominated or a mixed mode shape. Mode shapes in which the specific
strain energy contained in the blades exceeds 90% can be considered blade dominated. Mode shapes
in which the proportion of the specific strain energy in the blades is between 90 and 65% can be
considered mixed. Mixed modes also occur in the impeller according to Figure 1, as shown by the
results of the computational models and the results of the measurements, but they do not have a large
effect on the stress in the blades. Disc-dominated modes were not detected in the investigated impeller
which obviously follows from the robust design of the disc and the rigid connection of the blades to it.
In the frequency spectrum evaluated from acoustic measurements, some peaks belonging to mixed
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modes are highlighted compared to laser measurements. This can also be considered as a certain
advantage over laser measurement in the case of bladed discs, in which resonant states corresponding
to mixed or disc dominated modes would occur in the operating speed range. Similar measurements
were performed for other cases of turbine wheels of various sizes, from turbochargers of diesel engines
of heavy commercial vehicles to petrol engines of passenger cars. In all cases, the results of acoustic
and laser measurements were found to be identical.

The presented acoustic method can therefore be considered as a full-fledged alternative to laser
vibrometry, while the cost of the necessary measuring equipment is much lower. Its application
compared to laser Doppler vibrometer measurement could be limited only in the case of very
small impellers whose blade eigenfrequencies would exceed the measuring frequency range of the
microphone used.
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