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Abstract: This paper presents a new algorithm for multiplying two Kaluza numbers. Performing
this operation directly requires 1024 real multiplications and 992 real additions. We presented in a
previous paper an effective algorithm that can compute the same result with only 512 real multipli-
cations and 576 real additions. More effective solutions have not yet been proposed. Nevertheless,
it turned out that an even more interesting solution could be found that would further reduce the
computational complexity of this operation. In this article, we propose a new algorithm that allows
one to calculate the product of two Kaluza numbers using only 192 multiplications and 384 additions
of real numbers.

Keywords: convolutional neural networks; fast algorithms; hypercomplex number multiplication;
Kaluza numbers

1. Introduction

The permanent development of the theory and practice of data processing, as well
as the need to solve increasingly complex problems of computational intelligence, inspire
the use of complex and advanced mathematical methods and formalisms to represent and
process big multidimensional data arrays. A convenient formalism for representing big
data arrays is the high-dimensional number system. For a long time, high-dimensional
number systems have been used in physics and mathematics for modeling complex sys-
tems and physical phenomena. Today, hypercomplex numbers [1] are also used in various
fields of data processing, including digital signal and image processing, machine graphics,
telecommunications, and cryptography [2-10]. However, their use in brain-inspired com-
putation and neural networks has been largely limited due to the lack of comprehensive
and all-inclusive information processing and deep learning techniques. Although there
has been a number of research articles addressing the use of quaternions and octonions,
higher-dimensional numbers remain a largely open problem [11-22]. Recently, new articles
appeared in open access that presented a sedenion-based neural network [23,24]. The
expediency of using numerical systems of higher dimensions was also noted. Thus,
the object of our research was hypercomplex-valued convolutional neural networks using
32-dimensional Kaluza numbers.

In advanced hypercomplex-valued convolutional neural networks, multiplying hyper-
complex numbers is the most time-consuming arithmetic operation. The reason for this is
that the addition of N-dimensional hypercomplex numbers requires N real additions, while
the multiplication of these numbers already requires N(N — 1) real additions and N? real
multiplication. It is easy to see that the increasing of dimensions of hypercomplex numbers
increases the computational complexity of the multiplication. Therefore, reducing the
computational complexity of the multiplication of hypercomplex numbers is an important
scientific and engineering problem. The original algorithm for computing the product of
Kaluza numbers was described in [25], but we found a more efficient solution. The purpose
of this article is to present our new solution.
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2. Preliminary Remarks

In all likelihood, the rules for constructing Kaluza numbers were first described in [26].
In article [25], based on these rules, a multiplication table for the imaginary units of the
Kaluza number was constructed. A Kaluza number is defined as follows:

31
d=dy+ 2 dney,

n=1

where N = 2"~ and {d,} forn =1,2,...,31 are real numbers, and {e,, } forn = 1,2,...,31
are the imaginary units.

Imaginary units ey, ey, . .., e, are called principal, and the remaining imaginary units
are expressed through them using the formula:

es = ep,eq, ... Cr,

wherel <p<g<---<r<m.
All kinds of works of imaginary units are entirely based on established rules:

2
e, = €p;  €q€p = Apg€p€g; P <q; pq= 1,2,...,m
For Kaluza numbers [26]:
m=5 € =€e=1 e =€e=-1, oapq:—l

Using the above rules, the results of all possible products of imaginary units of Kaluza
numbers can be summarized in the following tables [25]: Tables 1-4. For conveniens of
notation we represents each element ¢; in the tables by its subscript i, and we seti = ¢;.

Table 1. Multiplication rules of Kaluza numbers for ey, ej, ..., ej5 and ¢y, ey, ..., €15 (elements
e; denoted by their subscripts, i.e., i = ¢;).

inex | 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

inef0 | 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 0 6 7 8 9 2 3 4 5 16 17 18 19 20 21
2 2 -6 0 10 1 12 -1 -16 -17 -18 3 4 5 22 23 24
3 3 -7 -10 -0 13 14 16 1 -19 -20 2 -22 -23 —4 -5 25
4 4 -8 —-11 -13 -0 15 17 19 1 -21 2 2 -24 3 =25 -5
5 5 -9 -12 -14 -15 -0 18 20 21 1 23 24 2 25 3 4
6 6 -2 1 16 7 18 -0 -10 -11 -12 7 8 9 26 27 28
7 7 =3 =16 -1 19 20 10 0 -13 -14 6 -26 27 -8 -9 29
8 § —4 -17 -19 -1 21 11 13 0 -15 26 6 —-28 7 =29 -9

9 9 -5 -18 -20 -21 -1 12 14 15 0 27 28 6 29 7 8
0 |10 16 -3 -2 22 23 -7 -6 26 27 0 -13 -14 -11 -12 30
1 |11 17 -4 -2 -2 24 -8 -26 -6 28 13 0 -15 10 -30 -—-12
12 (12 18 -5 -23 -24 -2 -9 27 -28 —6 14 15 0 30 10 11
13 |13 19 22 4 -3 25 26 8 -7 29 11 -10 30 -0 15 -14
14 |14 20 23 5 -2 -3 227 9 -29 -7 122 -30 -10 -15 -0 13
15 |15 21 24 25 5 —4 28 29 9 -8 3 122 -11 14 -13 -1
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Table 2. Multiplication rules of Kaluza numbers for e, ej, .
e; denoted by their subscripts, i.e., i = ¢;).

inex
ineQ

16

16
10
-7
—6
—26
—27
-3
-2
—22
—23
1
19
20
17
18
31

17

17
11
-8
26
—6
—28
—4
22
-2
—24
-19
1
21
—16
-31
18

18
18
12
-9
27
28
—6
-5
23
24
-2
—-20
-21
1
31
—16
—-17

19

19
13
—26
8
-7
-29
—22
4
-3
—25
-17
16
31
-1
-21
20

20
20
14
—27
9
29
-7
—23
5
25
-3
—18
-31
16
21
-1
—19

21

21
15
—28
-29
9
-8
—24
—25
5
—4
31
—18
17
-20
19
-1

22

22
26
—13
11
—10
—30
19
17
—16
-31
4
-3
—25
-2
—24
23

23
23
27
14
12
30
—10
20
18
31
—16

25
-3
24
-2
—-22

24

24
28
15
-30
12
—11
21
-31
18
-17
=25
5
—4
—23
22
-2

25

25
29
30
—15
14
—13
31
-21
20
-19
—24
23
—22
-5
4
-3

Table 3. Multiplication rules of Kaluza numbers for eq, 17, ..

e; denoted by their subscripts, i.e., i = ¢;).

inex

inel6
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
ine

Table 4. Multiplication rules of Kaluza numbers

0

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

1

10
11
12
13
14
15
—26
—27
—28
—-29
—22
—23
—24
—25
31
30

2
-7
-8
-9
26
27
28
13
14
15

-30
19
20
21

-31

-25

-29

3
—6
—26
=27
8
9
29
11
12
30
-15
17
18
31
-21
—24
—28

4

26
—6

—28

-7

-29

9

—10
-30

12
14

—16
=31

18
20
23
27

5

27
28
-6
29
-7
-8
30
-10
-11
-13
31
—16
-17
-19
—-22
—26

denoted by their subscripts, i.e., i = ¢;).

inex

inel6
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
ine

16
0
13
14
11
12
30
-8
-9
—29
—28
—4
-5
—25
—24
21
15

17
—13
0
15
—10
-30
12
7
29
-9
27
3
25
-5
23
—-20
—14

18
—14
—15

0

30
-10
-11
-29

7
8
—26
—25
3
4
—22
19
13

19
—11
10
30
-0
-15
14
6
28
—27
9
2
24
—-23
5
—18
—12

20
—-12
-30

10

15

-0
—13
—28

6

26

-8
—24

2

22

—4

17

11

21

30
—12
11
—14
13
-0
27
—26
6
7
23
—22
2
3
—16
—10

6

—4
-5
22
23
24
-19
—20
-21
31
-13
—14
—15
30
-29
-25

22

8
-7
—29
-6
—28
27
-0
—15
14
12
-1
—21
20
18
5
9

7
-2
—22
—-23
4
5
25
-17
—18
=31
21
—11
—12
-30
15
—28
—24

for e, €17,

23

29
-7
28
—6
—26
15
-0
-13
-11
21
-1
-19
-17
—4
-8

22
-2
—24
-3
-25
5
16
31
—18
-20
10
30
—-12
—14
27
23

24
-29

-8
27
26
-6
—14
13
—0
10
-20
19
-1
16
3
7

23
24
-2
25
-3
—4
-31
16
17
19
-30
10
11
13
—26
—-22

26
26
22
—19
-17
16
31
-13
—11
10
30
8
-7
-29
-6
—28
27

-, €31

10

19
20
17
18
31

25
24

29
28
15
21

.., e15 and eqg, €17,

27 28
27 28
23 24
—-20 -21
—-18 31
-31 —-18
16 17
—-14 -15
—-12 30
=30 -—-12
10 11
9 -29
29 9
-7 -8
28 =27
-6 26
—26 —6
and ey, eq,
11 12
-19 -20
1 —21
21 1
-16 31
-31 -16
18 17
-3 25
-25 -3
5 —4
-23 22
-7 29
-29 -7
9 —8
—27 26
-14 13
-20 19

..., 631 and €16, €17, -

25
—28
27
—26
-9

-7
—12
11
—10

—18
17
—16
1
2
6

26

-3
—25
-2
—24
23

21
-20
—18

15
—14
—12

9
5

27

25
-3
24
-2
—22
—-21

19
17
—15

13
11
-8
—4

28
—25

—4
-23
22
-2
20
-19

—16
14
-13

—10
7
3

..., e31 (elements

29

29
25
=31
21
—-20
19
-30
15
—14
13
—28
27
—26
-9

30

30
31
25
24
-23
22
29
28
—27
26
15
—14
13
-12
11
—10

31

31
30
-29
—28
27
—26
-25
—24
23
—22
21
-20
19
—18
17
—16

..., e15 (elements

13
—-17
16
31
-1
-21
20
-2
—24
23
-5
—6
—28
27
-9
-12
—18

14
—18
-31

16

21

-1
-19

24

-2
—22

4

28

—6
—26

8

11

17

15

31
—18
17
-20
19
-1
-23
22
-2
-3
-27
26
—6
-7
-10
—16

.., e31 (elements ¢;

29
—24
23
—-22
-5
4
-3
18
-17
16
-1
12
—11
10
-0
6
2

30

21
-20
19
—18
17
—16
-5
4
-3
-2
-9
8
-7
—6
-0
-1

31
15
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(00) _
B =

(1L0) _
B16 -

b6
by
big
big
bo

b
b3
by
bys
b
by
bog
b9
b3o

L b3

b1o
by
bio
b1z
b1y
bis
b6
by
bos
b9
b
b3
by
bys
)
b3o

—by
—bg

—boe
—boy
—bog
b1z
b4
bis
bao
—byo
—byg
—bx
—b3
bs
—boy

Suppose we want to compute the product of two Kaluza numbers:

31
d=dVd® =dy+ Y dyey,
n=1
where
31 31
dV =ag+ Y aye, and d® =by+ Y buen.

n=1 n=1

The operation of the multiplication of Kaluza numbers can be represented more
compactly in the form of a matrix-vector product:

Y3241 = B32X3241, 1)

where Yap.1 = [do, d1, ..., d31]7, Xa2x1 = [a0,a1, ..., a3]7,

0,0 1,0
s [ B0 B
g0 gD |

16 16

—bs  —by —bs —bs by bg by bip bin b —biz by —bis
by bg by by —b3 —by —bs by b1y big —byg —by —by
bip b1 b by —big by —big —bs by —bs —bp —by —by
bp bz by b —by  —bg —by —by —bxn -—by -—by —bs —bys

—biz by bis  —biz by —by by b by —by b3 bs  —bs

by —bis by —big by byt  —b1 by by —by by b3 by

—bie —by —big by bio bitn b —by —bg —by —by —byy —bog
—by —byyg —by b b biz by —bs —by —by —bs —by by
b9 —by —by bn b3 by bis by —bg —bxy by by —by
byo by —by b —buy b5 by byy  bg  —bs —by b7 bg
—by —by —bx —b; bs bye by  bp bz by by by by
by —by —by —bg —by b byg —biz by bis  big b —bip
bys by —by —by —byy by bs —biy —bis by —bxn b b
by  —bz —byy —by —bg b; by —byy by b by bis  —buy
bs  bs —by —by —by —by by —bip —by by —bis by b3

—bys bs  —by —byg b —bg b by —bip b1y by —biz by

bs by by b3  —by —bpn —by b big by —biy —big —b3y

—by  be bog by by —by —by —byg b byt b bn  —big
—by; —byg b bs b3 byy —by —byy —bxn by —by b biy
—bg by by bn b —b3 by b1y b b3y by by1  —by

—by —by by b3 bs bys  —b3 —big —bs1 b —bn b big
byg —bg  bg byy  —bos bs  —by by —big by by —bo b
—bi1 b b  —b9 by —bisg —by by —b3 —bys by by —bpy

—bip —byp big by big b31  —bis b5 bys  —by —by b by
by —bix b1y —bn —by by by —bs bs by by —bn b ’
bis  —biy bz —bsyy —bay by b9 —by by —bp bs by b3
bi7  —big —bs1 bz —bix b b3 bg  —b; —by b byg  —byy
big b1 —big by —bix  —bzx by by byy —b; —byy b bas
—b31 big —biy bis b  —bix bin —by by  —bg by by b
—by by b by bis  —by bz —bxg by by by by b7
—byy bz —bx —by by  —by by bis —by bz b —bn by
byg  —byy by  bys  —byy bz by by —by by big —biy b ]
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big by big  —bg —bx —bxn —bxn —by by by by by by by —by —by
bip b bz —biz —buy —bis by by bryg  —byg —bx —bxz —byy bys —bzy —by
—b; —bg —by —by —by —bg —biz —bu —bis —byx b9 by ba b3 b by
—bs —by —byy —bg —byg —byg —byy —bip —by —bis by big by by by by
bye —bs —bg b7 byg —by big bzp  —bip by —big —bzyy big —byp —ba —boy
byy by  —bs —by by bs —b3y b biu  —biz by —big —biy b9 by by
—bs  —by —bs —bp —bx —by b9 by byy b3 —biz —biy —bis —bxn by b

gD _ —by —bp —bxy —by —bs —bys b7 b b3i by —bin —bip —byp —bis b by

16 byp —by —by b3 by —bs —big —by big —bxp b b b by —by —by |’
bz by by —bxs b3 by bsi  —bi by b9 by b bin  —biz by bn
by big by —biy —big —by —by —bs —bys by bg by byg —bg —bis —byn
b9 Iy byt b by —big b3 bys —bs —byy —b; —by by byy b by
—byy —by by —byy b by —bys b3 by by by —b; —bg —by —biz —big
—bi;  bis b3 by byt  —by b byy  —byy —bs —bs —byg by bo bip  bg
—big —b31 by —by b big —byu b b2 by byg  —bs —by —bg —by1 —biy
b3t —big b1y by —bo b by —bxn b —b3 —by by —bs by bip b |
bo biz by b —bip by bg by byg —bg —by —bs —bys by —by —Dbi5 ]
—biz by bis  bio  b3g b —b; —by by byy b3 bys  —bs —bxz by by
—byy —bis by —bxn b b1 by —b; —bg —by —bys b3 by by, —bi9 —b3
—by1 bip b3y ) bis  —biy —bs —byg  boy by by byy —byy —bs big b
—bip —bsxx by —bis by bz b —bs —by —bg —by by bp by —byy —bn
byo —bip b by —biz by —by by —bs by by —bp by —b3 big bio
bs  —b; —by bg byg —by bo bis —b bip  —b1 by by —big —bs —by

gL — by by —by —bx bs by —bis by bis. —bu bn  —bi —bg by by bg

16 —byy by  —bg byy —by be big  —bi3 bo bip —by by b1 b —-b3 by
—byg by —by by —bg by bip  —buu by bp —big biy b —-bi —by —bg
by —b3 —byxs b byy —byz —b1 —by by bz by bis  —biy bip  —by —bs
bs bys  —bzy —by b by, by b1 by by —bis by bi3  —bii  bg by
—bys bs  —by by  —bn by —by by —by —bg by bz by b by —b3
—byy b3 —bp bs by b3 —big by b —b1 b —bun by bp —bs —Dbo
byt  —by b9 bis  —biy b bs  —by by —by by bg by bg bo by
bis —biy b1z by —bnn by —by by —b;  be bs by b3 by b by |

The direct multiplication of the matrix-vector product in Equation (1) requires 1024 real
multiplications and 992 additions. We shall present an algorithm that reduces computation
complexity to 192 multiplications and 384 additions of real numbers.

3. Synthesis of a Rationalized Algorithm for Computing Kaluza Numbers Product

We first rearrange the rows and columns of the matrix respectively using the per-
mutations: 7 = (11,17,2,6,13,19,3,7,0, 1, 4, 8, 10, 16, 22, 26, 30, 31, 23, 27, 15, 21, 5,
9,14, 20, 25, 29, 12, 18, 24, 28) and 7. = (10, 16,3, 7,0, 1,2, 6, 13, 19, 22, 26, 11, 17, 4, 8,
12,18, 5,9, 14, 20, 23, 27, 15, 21, 24, 28, 30, 31, 25, 29). Next, we change the sign of the
selected rows {8,9,12,13,14, 15,26,27} and columns {2,3,6,7,8,9,12,13} by multiplying
them by —1. We can easily see that this transformation leads in the future to minimizing
the computational complexity of the final algorithm. Then we can write:

Y341 = Mérz) BszMéé)stxl, )

where the monomial matrices Mgrz), Mécz) are products of an appriopriate alternating sign

(n gl (r) plo)

changing matrices S5, S5, and a permutation matrix P5,’, Py,

M = s,

My = Pyy'syy,
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where:

|
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P

sl —diag([-1 -1 -1 -1 11 -1 -1 1 1 -1 1 1 1 1 1

-1 111111111111111]),

|

(r,(0,1))
16
(1,0)) ng(lll))

(r,(0,0))

(r,

16

7
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O O = O O O OO O OO O oo oo O O OO OO OO OO OO oo oo
O = O O O O O O OO OO oo oo O O O O OO OO OO OO oo oo
— O O O OO OO OO OO oo oo O O OO OO OO OO OO OO O
SO OO OO OO —HOOO OO O oo C OO OO OO OO OO OO oo
O OO = O OO OO OO O oo oo O OO OO —=H OO O OO OO o oo
O O OO OO OO OO OO oo oo O O OO OO OO OO OO oo oo
_nU O O O OO OO OO~ OO OO 0_ _nU O O O OO OO OO OO —H OO 0_
I I
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(r,(11)) _
16

P

The matrix B3, is calculated from:

) Bx (Mécz)

If we interpret the B3, matrix as a block matrix, it is easy to see that it has a bisymmetric

structure:

")

(M55

where
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[ —b1s
—bx
b4
bs
—b3o
—b31
bos
b9
—by2
—big

7b9

b4

—bo
b3

bo7

b;  —buy —biy by —bg —by b —bn by by —by —by bg
—by —biz —bn -bs by —big b b —bn by —by by b4
bjg —by —bg —by by by —b; bz by b bs —bun by

=byy —bs by by —byp —by —by —by bz bs by by —bn
bg —biz —byg by by by —by by by —byg —bg —bxn by
—by —big —biz —-b; b3y by by by —by —big —big by —bx
by —by —by —bg big —bp by by —biy b3 b;  —biz by
—by —by —bn b —bo —-bs —by —biy bp by b3 b9 —bi3
—by by —by by by bz by by  —b; —bn —biy —b» b ’

byp by by —bs by by bz by b3y by —bn bs —b

by b b by —biy —bn —by by —big —by —bg by —b
—bi3  be by —biz bin —by —bn -b by -—bg —by by by
—bg —byy —big bxn —by b by b —bg —bz —by b3y by

by —big —bio —by bn by by —bs by —bg -bz by b3
=bi; —by by —biz b9 by bg  —by by by by —big bis

b;7  —b; —by b9 b3 bg by by —by by b b —byo

by —bsg —b31 —by by —bp —big by —byg by by —by by ]
—bs —b31 —byp by by —big —bp —byy by by by by by
big —bys —by by by —bs —by —bis by —by —by -—by b3y
=bip —by —bys —by by by —bs by —bis —by —by by —by
by7  —bis —by —bs by —biy —by by —by by big  —bu bog
—by —by —bis by —bs —by —big —by by by bp by —bu
byo —by —bg by —big —byy —byy —bxp b3 —bs —by —bis by
—biy —byg by —big byp by —bxz by by —bg —bs by —bs
bys  bia by  bs  —by —bis —by bs —by —bzx —by bz —by
—by by by —by by by —bis —by bs —by —by —by b3
—by1 —by —by by —by by by bz —big —bxs —by —biy by

bis  —byy —bxy —by1 byp by by —big bip  —by —bys by —buy
by b1z big by —bg —byg —b3yy by —by —bis —by bs by
—bys  big by —byg by —b3 —byg —by by —by —bis —by bs

b3 bs by —bis by —bys —by —biy by by by by —big
—bzo  bo bs by —bis —by —bxs by by by by —big bp ]

There is an effective method of factorization of this type matrices, which during the
calculation of the matrix-vector products allows to reduce the number of multiplications
from 322 to 3/4 - 322 at the expense of increasing additions from 32 - 31 to 5/4 - 32 - 31 [27].
The matrix B3, used in the procedure of multiplication (2) can be described as:

5(0) _ p(l)
“ Lig 016 Iis Bis —Big) V(O())lé 1) 016 | [Tie 016
Ba = 015 Iig I 016 —(Byg +Bjg) 016 | |016 Lug |,
016 016 B%) Lis e

where 114 is an identity matrix and 014 is a null matrix. Thus, we can write a new procedure
for calculating the product of Kaluza numbers in the following form:

Y3241 = M;E,rz) T32x48BagTag xszM;(:,;) X321, 3)

where

1 0 1
T3pxa8 = {0 1 1}@Im,

By,
Bss = quasidiag Bg) ,
B¢
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- 0 1
Bge) = Bge) - B§6)' @)
0 1
B () 48, 0
1 0
Tagxzo = |0 1| @I,
1 1

where the symbol “®” denotes the tensor product of two matrices and quasidiag() means
a block-diagonal matrix.
We introduce the following notation to (4) and (5):

co = b1z + bys, c1 = byg + by, cp = bs — b3, c3 = by — by,
cy = b3g — b1y, cs = b31 — byz, c6 = by + b3, c7 = bg + byy,
cg = bip — by, c9 = big — by, c10 = bxn +byy,  c11 = b + bps,
c12 = by + by, c13 = by + by, C14 = bys — by, c15 = bg — byo,
c16 = bi1 +b3o, ¢y =Dbiy+bz,  cig="by—by, c19 = bg — by,
co0 = b5 — b1z,  co1 =Dba —br,  co=b3+bs, 23 = by + b,
Co4 = b1y — by, Co5 = byo — by, C26 = by + bps, o7 = bg + byo,

cog = bio+Db1a, 9 =Dbig+b1g, 30 ="Dbo—Dbr, 31 =Dby—bog,

we obtain:
[ co ¢ ¢ ¢ ¢4 ¢ C €7 g C9 Cp €11 C12 C13 €14 C15 |
€1 o €3 € (5 €4 C7 C C9 Cg (€11 Co €13 C12 C15 Ci4
—Ci0 €11 €8 C9 C14 C15 C12 €13 €2 €3 € €1 C C7 €4 C5
—C11 €10 €9 €3 (€15 C14 €13 €12 €3 € €1 € €7 C C5 (4
Cle C17 €18 C19 C0 (€21 C2 (€23 Cp4 C25 Cp6 C27 C28 C29 (€30 C31
€17 Cle C19 €18 €21 €20 €23 Cpp (€25 Cp4 Cp7 C26 €29 C28 (€31 (€30
Cp €27 Cp4 C25 C30 C31 C28 C9 C18 C19 Cig Ci7 €22 €23 €20 C21
ng) _ C7 €6 C25 C24 €31 C30 C9 C28 C19 C18 C17 Cie €23 €22 C21 (€0 )
s €9 Cp €11 C12 €13 €4 €15 C €1 €2 €3 C4 C5 Co C7

C9 g €11 C1p €13 €12 €5 €4 €1 C €3 C2 €5 €4 C7 Ce

c2 3 € €1 C C7 €4 €5 Cp C11 €8 C9 (€14 C15 Ci2 C13
—Cc ¢ € ¢ €7 C €5 C4 C11 Co C9 Cg C15 Ci4 C13 C12
C4 C25 (26 C27 C28 C29 (€30 (€31 C16 C17 €18 C19 €20 C21 €22 €23
€5 €24 C27 C26 C29 C28 (€31 C30 C17 Cig C19 C18 €21 €20 €23 (€22
—C18 C19 Cip C17 €22 €23 €0 C21 C26 (€27 Cp4 C25 C30 C31 C28 (29

L C19 €18 C17 Cig €23 €2 €21 Cp0 C7 Cp6 €25 Cp4 €31 €30 €29 C28 |

€0 €21 C2 (23 C1g C17 C18 C19 €28 €29 (€30 (€31 C24 C25 C26 C27
€21 €0 C23 (22 C17 Clp C19 C18 €29 (€28 (€31 C30 C25 C24 C27 (€26
—C30 (31 (€28 (€29 Cp6 C27 Cp4 C25 C22 €23 C20 C21 C18 C19 Cig C17
€31 €30 C29 C28 C27 C26 €25 Cp4 €23 €22 €21 C20 C19 C18 €17 Ci6
Cy4 ¢ € €7 € € € €3 C2 €3 Cig C5 €3 C9 C10 C11
C5 €4 €7 C € C €3 C (€3 C2 €5 €4 €9 Cg (€11 C10
Cl4 €15 C12 €13 Clp €11 €8 C9 € C7 €4 C5 € €3 C O
B(+) _ —C15 €14 €13 C12 €11 Cip C9 €3 C7 C6 C5 C4 (€3 C C1 Cp
€8 €29 C30 €31 Cp4 C25 C26 Cp7 C20 €21 C22 €23 Ci6 C17 €18 C19
€9 €28 €31 C30 C25 C24 Cp7 (26 C21 C20 €23 C22 C17 Cig C19 Ci18
Cp €23 C0 C21 €18 €19 Cip Ci7 €30 €31 €28 (€29 C26 C27 C24 €25
€23 €2 C21 C20 C19 C18 C17 Cip €31 €30 C29 C28 C27 C26 €25 (€24
€12 €13 Ci4 Ci5 €8 C9 Cip €11 €4 €5 € C7 € (€1 € (3
€13 Ci2 €15 Ci4 €9 Cg (€11 Clp €5 €4 C7 € €1 C €3 C2
—C C7 €4 C5 € €3 € €1 C14 €15 €12 €13 €10 €11 €8 C9
L ¢z C C¢5 €4 €3 €2 €1 € €15 Ci4 €13 C12 €11 Cip C9 Cg |
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The matrices ng), Bg) and B%) have similar structures. If we now change the signs
of all of the elements of the sixth and seventh rows, as well as all of the elements of the

(+)

second, third, sixth and seventh columns, to the opposite, then the matrices ng), B,

An/2 Bny2
Bn/2 Anp2
of real multiplications during matrix-vector product calculation. We can write the sign

(r) c)

transformation matrices for rows S,/ and columns Sgé as:

and Bg? will have structures of type [ ] , which leads to reducing the number

st —diag(1, 1, 1, 1, 1, 1, =1, -1, 1, 1, 1, 1, 1, 1, 1, 1),

sl —diag(1, 1, -1, -1, 1, 1, =1, =1, 1, 1, 1, 1, 1, 1, 1, 1).
Then, we obtain new standardized matrices:
o ~ g g
Bgé) = S&)B§6)S§C6) = BZl) Bzo) ’ (6)
B _ gpglo _ By By @)
16 16 °16 16 (3) )|
Bg By
. B(4) B(5)
B%) = ng)B%)sgcé) = ?5) BW |’ ®)
8
where:
Co i € €3 € C5 C (7
a1 g €3 € (65 C4 C7 Cp
—C10 €11 €8 C9 Cig C15 C12 C13
Bz(;o) _ |76 €10 Co 8 €15 C14 C13 C12
Cle C17 C18 C19 C20 C21 C22 (€23
€17 €16 €19 C18 €21 Cp0 (€23 (€22
C6 C27 Cp4 Cp5 C30 C31 C28 (€29
L Co7  C26 C25 C24 (€31 C30 C29 (28l
[ cs c9 10 €11 C12 €13 C14 C15]
C9 €g C11 €10 €13 C12 Ci15 Ci4
2 3 € € C C7 (€4 C5
Bél) _ —C3 Co (o8] co c7 Ce Cs Cq
Cq C25 C26 C27 C28 C29 C30 C31
€25 Cp4 C27 C26 C29 C28 C31 C30
—C18 €19 Ci6 Ci17 C2 (€23 C20 (21
L C19 €18 €17 Cie €23 C22 C21 (20l
[ €20 €21 €22 €23 C16 €17 C18 C19]
€21 €0 C23 C22 C17 Ci6 C19 C18
—C€30 €31 C28 (€29 C26 C27 C24 C25
p@ — | ©31 €30 €29 (28 €27 C26 (25 (24
8 Cy4 s C C7 C C1 C2 (3
C5 €4 €7 C €1 C C3 O
Cl4 C15 C12 €13 C1p €11 €8 C9
L—C15 C14 €13 €12 €11 €0 C9 (gl
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[—b1s
—byy
by
4 _ | bos
By = —b3p
—b31
—bys
L—Db29

[—b12
—big
—bs
_ b9
—byy
—byo

b3

L bo7

[ o8

€29
€22
C23
€12
€13
—ce
—cy

—byy
—b1s
bs
by
—b31
—b3o
—byo
—bos

—b1g
—b1z
—bo
_b5
—byg
—b1s
byy
bas

€29 (€30
€28 (31
C23 (20
€2 (21
€13 C14
€12 €15
C7 (4
C6 Cs5

bs
—bo
b2
—b1g
%
—boy
—byy
bao

boy
—bog
—bi5
by
bs
—bo9
bo
—b3

€31
€30
€21
€20
€15
C14
C5
C4

_b9
bs
—b1g
bi2
—byy
b3
bao
—byy

—bog
b4
by

—b1s

—bo9
bs

—b31
b3o

C24
€25
€18
€19
s
C9
2
C3

—b3p
—b31
—bos
—bag
—bis
—byy
boy
bos

b1
bo
—bo3
—bo7
bi2
bis
bs
by

C25 (26
Co4 C27
€19 Ci16
18 (17
€9  C10
g 11
3 Co
2 (O

—b3
—b3p
—bo9g
—bos
—byy
—b1s
bag
b4

bao
b4
—boy
—bo3
big
bio
by
bs

27
C26
C17
C16
€11
€10
o1
Co J

bas
—boy
—byy
bo
bs
_b9
bi2
—bg

—bos
bag
—bzo
b3
—boy
bas
bis
—byy

—bo7T
b3
bao

—byy
—bo
bs

—b1g
by |

b9 7
—bos
b3

—bsp _

bog
—byy
—by

b5 |

There is a possiblity to use a method of factorization for the standardized matrices (6)—(
8). This allows us to reduce the number of multiplications to 8% /2 using 8(8 + 1) additions

for each of above matrices. Therefore, similar to the previous we can write [27,28]:

{AN/z BN/z] _ |:IN/2 In/2
Ins2 —Iny2

Byn/o ANy

Ony2

$(AN/2+Byj2)

Ony2

3(An/2 —Bnj2))

where Ay /> , By are some matrices. Therefore, we can rewrite (6)—(8) as:

where:

8

I

8

B2 =B B}

_ g

8

B — g

B+ — ¥

0g
1p(0
2 Bg

0g
1p(1
2Bg

0s

B."

+BJ

3)

+B)
5)

|
B[

Il
2
i1

7

7

7

7

Ig
—Ig|”

Ins2 Ing2
Ins2 —Ing

], )

(10)
(11)
(12)
(13)
(14)

(15)
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Combining partial decompositions in a single procedure we can rewrite procedure, (3)
as following:

g 1
Yaou1 = M§§)T32x4ssf[8) Wig) B48W4(18) Sfé) T48><32M§C2) X321,
where
. oo (T 0oyl o0y 1 ey 11y 1 o0y 1 (2=
B48:quas1d1ag(23§ Y, o8y o8y o8l B oy )>,

S

Si§ =L ®S({,
wl —LeH,oI
48 — 13 2 87

H, is the order 2 Hadamard matrix, i.e.:

1 1
S

Introducing the following notation:

do = co +cs,
dy =c4—c1,
dg = ¢ —c1o,
di2 = cg + C14,
die = C16 + Co4,
dao = 20 — C28,
dyy = C26 — C18,
dyg = c22 + c30,

di = c1 +cq,
ds = c5 — C13,
dy = c3 + c11,
di3 = c7 — C15,
di7 = c17 + 25,
do1 = C21 — €29,
dos = c19 + €27,
dyg = c31 — €23,

dy = ¢ + c10,
de = C14 — Ce,
dip = co —¢cs,
dig = ¢4 +c12,
dig = c18 + Co6,
dy = c30 — €22,
dye = Co4 — C16,
d3p = co0 + C28,

d3 = c11 — ¢c3,
dy = c7 + cy5,
di1 = cg — ¢y,
dis = ¢5 + c13,
dig = co7 — 19,
do3z = 23 + €31,
do7 = c17 — 25,
d31 = co1 + C29.

to (10)-(13), we obtain:

[do di do d3 dy ds dg d7]
di  do ds dy ds dy d7 dg
dg dg dyp din dip diz dig dis

g0t _ |~do ds du dig diz dia dis ds
8 dig diy dig dig dy da dyp doz|’

diy dig dig dig doy dyg doz dxp
dog dps dog dyy dyg dyg d3p d3

Ldys  dyy dy7 dag dyo dag d3r dspl

[dip dn dg do diy dis dip di3]
—dyn dig do dg dis dig diz dip
—dy d3 dy dy d¢ d; dy ds

g0 _ | ~ds do di dy d7 de ds dy
8 —dye dyy dys dys d3p d3y dog dog
dy; dog dps dog d31 dzg dyg dog
dig dig dig di7 dap dyy dy dy

L dig dig diy dig doz dp dy dyol
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BéH) _

di4
dis

dag
dog
dyn
dao
d13
di2
ds
dy

do3
dop
d3
d3o
dy
de
dis
dig

dos
do7
dig
d19

di7

dos

dy7
dre
dig

on

die

dig

dyy
dre

dio

In order to simplify, we introduce the following notation for the elements of matrix

BZT) (14):

c32 = b1y + bys,
c36 = b14 — b3p,
40 = bog — b5,
Caq = bz + bos,

we obtain:

c33 = big + bo1,
c37 = by — b1,
c41 = bpg — b9,
C45 = boy + boo,

[—c32
—C33
C40
C41
—C46
—C47
€38
L—C39

€33
C32
4
C40
Cq7
C46
€39
C38

C34
C35
C4
C43
C44
C45
C36
C37

C3g = b5 + b24,
c3g = bpz — bos,
cy = by — b5,
46 = b1g + b3,

€35
C34
C43
Cq
C45
C4q
C37
C36

C36
C37
C4q
C45
C42
C43
C34
C35

C37
C36
C45
C4q
C43
Cq2
€35
C34

C38
€39
C46
C47
C40
41
€32
C33

C35 = b9 + bzg,
39 = byg — boy,
3 = by — byg,
a7 = byo + b3,

€39
C38
Cq7
C46
C41
C40
€33
€32

Now, we introduce the following notation for the elements of matrix Bg_) (15):

a8 = bip — bys,
cs2 = big + b3,
C56 = b5 + byy,
ce0 = baz — bos,

we obtain:

g9 = b1g — boy,
cs3 = boo + b3y,
cs7 = b9 + byg,
c61 = ba7 — bog,

C48
C49
C56
C57
—C62
C63
—C54
L—C55

C49
C48
C57
C56
C63
C62
€55
C54

C50
€51
C58
€59
C60
Co1
C52
C53

cs50 = b5 — by,
cs4 = b3 + bos,
csg = bip + b5,
C62 = b3g — b1a,

C51
€50
€59
C58
Co1
C60
C53
C52

C52
€53
C60
Co1
C58
€59
€50
C51

C53
€52
Co1
C60
C59
C58
€51
C50

C54
C55
C62
C63
C56
C57
C48
C49

c51 = bpg — b9,
cs5 = by7 + boo,
cs9 = big + oy,
ce3 = bpo — b31,

C55
C54
C63
C62
C57
C56
C49
C48 ]
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All of the above matrices have the same internal structure. We can permute rows
and columns using the 77, = (5127403 6) and 7, = (512 6 4 0 3 7) permutation rules,
respectively. We obtain the following form:

B\ = PVB{P\", (16)

where Bév), ﬁg’) are the corresponding items in the sets:

and

M 0 0 0 0 1 0 0] M 0 0 0 0 1 0 07
01 00 O0O0TUO0TD O 01 00O0O0TO0TU D
0010O0O0O0TU O 0 01 0O0O0O0TO O

P(r) |00 000010 P(c) 100 000010

8 7100001 0 0 0 8 7100001 0 0 0}
1 00 00O0OTOO 1 000 0O0O0TGO
000 O0OO0OTO0T1 0 001 O0O0O0TO O
10001 00 0 0] 0 0O 00O OO 0 1]

The matrices ]ASgY) (16) are calculated via the following equation:

B — (Pén)—lBéx) (Péa)—l

and have a standardized form (9) that reduces the number of multiplications. Thus, we
can write:

s (e e () o) 20
b - () "o () 2 2]
b () "o ()2 2]
b () ) 2 )
ORI COR )

L~4 4 |

where:

dy dig dig do3 dyy di7 dig dx

0) dy do d3 dy

4 diz d9 dip dial|’ dip dg dn dis|’
—dyg dys dyy d3y dyg dos dys d3p
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dzo dog dos dog d31 do7 dyy dog

@ dig  dip dy dy3 g® _ |di5 dn ds di
4 —d7 d3 do dy|’ 4 de dp di ds|’

—dy dig di7 dn dy3 dig dig doo

dig dig diz do —dn dis dip dg

B _ —dye d3g dy dos B _ dy7 d31 dog dny
4 dig dy dy dig 4 dig  dxn dy diz7|’

—dy dg ds dy —dy dy oy dy

dy dy dy d3 di ds de dy

g6 _ |die dao da dig g7 _ |47 dn dyn dis
4 dos dy d3p doe|’ 4 dys dog d3z1 do7|’

dg dip dis dn —dg diz dig dyo

[cn  ca6 Ca5 c4n] —C43 C47 C4a C40

g® — | G 32 (35 C39 Bl — | 7 (3 (34 (38
4 —C45 Cy1 Cap Cypl’ 4 —C44 C40 C43 Cy7l|’

| c34  c3g C37 C33 ) C35 €39 C36 C32

[—cs8 ce2 Ce1 C57] —C59 C63 C60 C56
Bfllo) _ | 7C52 (48 C51 Cs5 ) Bill) _ |3 ca9 Cs0 Csa|
Ce1 C57 C58 Cp2 C60 €56 €59 C63

L—C50 Cs54 C53 C49 ] C51 (55 C52  C48

We can use the multiplication procedure (9) and represent the above matrices in

a form: ~ 0 @ _
_ 1 _ _
g0t _ (Ia Lo |2 <B4 + B, ) 0 I, I,
8 Is  —1I4 0 % (Bz(l()) _ BA(Ll)) Is  —1I4 !
_ M1 (p(2) (3) 1. .
o) _ (Ta a2 (B4 +By ) 0 Iy Iy
8 1, 14 0 1(BY —BY) | s L)
- 1(p4) (5) 1 - i
f;(l+) _ I4 14 2 (B4 + B4 ) 0 14 I4
8 L —1a) 0 %(Bff) _ Bf)) L L
S [1(w(6) (7) T
i) _ (s a2 (B4 +By ) 0 I Iy
8 1, 14 0 J(BYY —BY)| I L)’
- 1(p(8) ) 1 - i
gt _[la L2 (B4 +B, ) 0 L I
8 _I4 —I4_ 0 % (BA(LS) Bf)) _14 —14_ !
10 11
s _ {14 14} 3(B{” + By 0 {14 14]
8 I, -1y 0 %<Bfl10) _ Bill)) I, —I|
where
dy +dyy dig+diy dig—dig dyp+drs
O g _ | datds dotd dy—dy dg+dy
4 4 dip+diz dg—dg dig+dpn dig—dis|’
dyg —dog dog+dos dye+doy d3 —dzo
dyo —dyy  dig—diy dig+dig dz—dp
g0 _g) _ | da—ds do—di dp+dy d7—ds
4 4 diz—dip dg—dy dig—dy dia+dis|’
—dpg —dyg dpy —dos dy7 —drg d3p+d3
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dag +dsz1 dy7 —dog dpg —dos dog —dpg

dig+dis dig—dn  dg—dg diz—dpp
de —d; dy—ds di—dy ds—dy |’

dyz —dyp dig+dig dig—diy do—dy

d3g —d31  dog —dyy dps —dos dog — dog

g® _ | du—dis diot+du  ds—do dip+di
4 —de —d;  dy—d3 —do—dy —dy—ds|’

—dy —dyy dig—dyg dig—diz dyo —dnx

dig—dy dig+dis diz—dip  dg—do
B L g _ |d27 —de daotds dog—d day—dos
4 4 dig+dig dyz—dy dy—dy dig—di7|’
—dy —ds  dg—dy ds —dy di —dy

dip+dnn  dig—dis dip+diz  dg—dog
B _ g _ |~ —dyy dyo—ds1 dog—dyg oy —ds
4 4 dig—dig dop+dy dy+dy digt+diy|’
ds —d» de + dy dg + ds do+dq

[ do +dy dg +ds de + dy dz —dy ]
dig+di7 doo+dy dop+daz dig—dig

dog +dpys dyg —dog dzy —dzg dag+doz|’
| dg —dy dip+diz dig—dis dig+dir]

[do—dy dy—ds d7—de dy+ds]

g7 _ |die—di7 dao—dy dyy—dyn dig+di
4 dos —dpy dog+dyg dzg—dz1 dog—doy|’

| dg+dg dip—diz dig—dis dyg —dyg]

[ Cap —cC43  Cap—Ca7 Caa —C45 Ca1 — Cyp ]
34(18) + Bf) _ | G367t C37 C32—C33 C3g4—C35 C38+C39

—C44 —C45 C40 +C41 Cap +C43  C47 — Ca6
| C34+C35 €38 —C39 (37 —C36 (32 — €33

C4p+C43 C47 —C46 Ca4 —C45 C40 +C4q

B(S) _ B(9) _ |C36—C37 €33 —C32 (34 —C35 (39— C38
- 7
4 4 C44 —C45 C41 —C40 C42 —C43  C46 — C47
[C34 —C35 (€383 +C39 C36+C37 C32—C33
—C58 —C59 €63 —C62 C60 — C6l C56 — C57
(10) (11) _ | —C52 —C53 C48 +C49 €50 +C51 C54 — C55
B, +B, =

C60 +C61  C56+C57 €58 —C59 Cep +Co3|”
L €51 —C50 C54 —C55 (€53 — C52 €48 — C49 |

[ c59 — 58 C62 —Ce3 Co0 — Ce1 C56 — C57 |

BSO) _ Bill) _ | 537 C52 Cag—C49 C51 —C50 (54055
C61 —C60 C57 —C56 C58 +C59 Cp2 — C63

| —C50 —C51 €55 —C54 C52 +C53 €48 — €49

Combining the calculations for of the all above matrices in a single procedure we
finally obtain:

Y341 = Mé? T32x48 54(1;) WS;) ng) Wfé) 348W§§) Pf;%) Wfé) Sg;) Tys x32M§§) X321, (17)
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where: (50 ) S0
2\ P4 4
(5 -5l
(558
(50 -
(51

Bys = quasidiag 4{'{ - B%: ,

1(By By
(50 -7
(80
(5
1 (B0 4 B
% Bé(}l()) . BA(LH)

Pl =T 0Py,

() _ (0)

P48) =l @ Py,
Wl —LeH el

Figure 1 shows a data flow diagram describing the new algorithm for the computation
of the product of Kaluza numbers (17). In this paper, the data flow diagram is oriented from
left to right. Straight lines in the figure denote the operations of data transfer. Points, where
lines converge, denote summation. The dotted lines indicate the subtraction operation.
We use the regular lines without arrows on purpose, so as not to clutter the picture.
The rectangles indicate the matrix-vector multiplications with matrices inscribed inside
a rectangle.
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Figure 1. A data flow diagram for the proposed algorithm.

4. Evaluation of Computational Complexity

We will now calculate how many multiplications and additions of real numbers are re-
quired for the implementation of the new algorithm and will compare this with the number
of operations required both for direct computation of matrix-vector products in Equation (
1) and for implementing our previous algorithm [25]. The number of real multiplications
required using the new algorithm is 192. Thus, using the proposed algorithm, the number
of real multiplications needed to calculate the Kaluza number product is significantly
reduced. The number of real additions required using our algorithm is 384. We observe
that the direct computation of the Kaluza number product requires 608 additions more
than the proposed algorithm. Thus, our proposed algorithm saves 832 multiplications and
960 additions of real numbers compared with the direct method. Thus, the total number
of arithmetic operations for the proposed algorithm is approximately 71.4% less than that
of the direct computation. The previously proposed algorithm [25] calculates the same
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result using 512 multiplications and 576 additions of real numbers. Thus, our proposed
algorithm saves 62.5% of multiplications and 33.3% of additions of real numbers compared
with our previous algorithm. Hence, the total number of arithmetic operations for the new
proposed algorithm is approximately 47% less than that of our previous algorithm.

5. Conclusions

We presented a new effective algorithm for calculating the product of two Kaluza
numbers. The use of this algorithm reduces the computational complexity of multipli-
cations of Kaluza numbers, thus reducing implementation complexity and leading to a
high-speed resource-effective architecture suitable for parallel implementation on VLSI
platforms. Additionally, we note that the total number of arithmetic operations in the
new algorithm is less than the total number of operations in the compared algorithms.
Therefore, the proposed algorithm is better than the compared algorithms, even in terms of
its software implementation on a general-purpose computer.

The proposed algorithm can be used in metacognitive neural networks using Kaluza
numbers for data representation and processing. The effect in this case is achieved by using
non-commutative finite groups based on the properties of the hypercomplex algebra [24].
When using the Kaluza number, in this case, the rule for generating the elements of the
group will be set, as well as the rule for performing the group operation of multiplication.
Such a system can contain two components: a neural network based on Kaluza numbers,
which represents a cognitive component, and a metacognitive component, which serves
to self-regulate the learning algorithm. At each stage, the metacognitive component will
decide how and when the learning takes place. The algorithm removes unnecessary
samples and keeps only those that are used. This decision will be determined by the
magnitude and 31 phases of the Kaluza number. However, these matters are beyond the
scope of this article and require more detailed research.
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