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Abstract: Due to its high relevance for designing ball joints in mechanical engineering and (artificial)
hip joints in biomechanics, the almost conformal elastic contact between a sphere and a spherical cup
represents an important contact problem of current research. As no closed-form analytical solution to
the problem has been found to date, full computational methods such as the finite element method
are needed for analysis. However, they often require incredibly long, unacceptable calculation times,
making parameter studies hardly practicable. For this reason, approximate analytical and semi-
analytical models are applied, capable of predicting quantities of interest with sufficient accuracy. In
the present work, a very simple model based on a radially directed Winkler foundation is presented,
which provides (approximate) closed-form analytical solutions for both the pressure distribution
and the dependencies between macroscopic contact quantities such as normal force and indentation
depth. To ensure an optimal mapping of a specific contact problem, only the foundation modulus
must be defined in a suitable way. As an example, the proposed model has been successfully adapted
to adequately simulate the frictionless normal contact for hard-on-soft hip implants. For this purpose,
the foundation modulus was approximated with the aid of a finite element analysis instead of
adopting it from already well-established models, as the latter produce clearly erroneous results for
large liner thicknesses and large Poisson’s ratios. By a comparison with extensive parameter studies
of finite element simulations, it is demonstrated that the proposed model provides acceptable results
for all commonly used hard-on-soft hip implants. On this basis, the influence of geometrical changes
of the femoral head and the acetabular cup on the maximum pressure as well as the half-contact
angle is discussed, and consequences on the wear behavior are deduced.

Keywords: spherical joints; conformal contact; Winkler foundation; finite element analysis; closed-
form solution; hard-on-soft hip implants

1. Introduction

Tribology is no longer just a field of research in mechanical engineering, it has entered
almost all fields of sciences, including biology and medicine. Tribological problems from the
latter areas are assigned to biotribology. It deals, for example, with human joint prosthesis,
dental implants, bio-inspired adhesives, or friction-based surface haptics technologies [1–4].
Due to the multiscale roughness and a multitude of additional effects such as lubrication,
adhesion or wear, such problems, if possible at all, can only be solved by full computational
methods. However, they often require incredibly long, unacceptable calculation times,
making parameter studies hardly practicable. For this reason, approximate analytical
or semi-analytical models are still in use, which not only contribute to the qualitative
understanding of contact problems but can also predict quantities of interest with sufficient
accuracy [5]. One of the highest simplifications of contact problems is provided by models
based on Winkler’s foundation. In a few cases, their application as approximate models has
long been accepted, e.g., in railway track dynamics, as a model for ballast and subgrade, or
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biomechanics for mapping thin cartilage layers. Surprisingly, however, Winkler foundation
models have experienced a kind of renaissance in the last decade. This is mainly due to the
new recognition that from a mathematical point of view, any non-conformal contact problem
with a circular contact area has an extremely simple one-dimensional equivalent in the Abel-
transformed space. The latter consists of a one-dimensional Winkler foundation, which
is subjected to stress by a rigid plane profile. Despite its simplicity, the one-dimensional
model exactly reproduces the relationships between macroscopic quantities such as normal
force, indentation depth and contact radius of the original axisymmetric contact problem [6].
This applies not only to normal contacts, but also to tangential contacts in a state of full
stick, partial slip, or gross sliding and includes viscoelastic as well as elastic layered
materials [7,8]. Due to the enormous reduction in degrees of freedom and the associated
savings in computation time when calculating contact forces, the method is particularly
well suited for mapping contact interfaces within simulations of macrodynamic systems. In
addition, it can be applied for advanced tribological investigations such as wear calculations
or the onset of plastic deformation, as both the stresses within the contact area as well as
inside the body can be recovered from the one-dimensional model [9,10].

However, unfortunately, for the almost conformal contact problem of a sphere indenting
a spherical cavity or socket with slightly larger radius of curvature, the method is not
applicable. This very important problem, relevant for the design of spherical joints in engi-
neering and (artificial) hip joints in biomechanics, requires alternative solution procedures.
Although a closed form analytic solution for the analog two-dimensional problem of a
pin in a conforming hole in an infinite plate has been known for almost 50 years [11], the
conformal contact problem of a sphere indenting a spherical cavity has not been solved
in a closed analytic way until today. An approximate numerical solution was given by
Goodman and Keer [12]. Their results showed a considerably larger contact stiffness
compared to that of the Hertzian theory. Further models that provide an approximate
solution to the problem have emerged mainly from the field of biomechanics. This is not
surprising, as intensive research is still being conducted in the field of hip arthroplasty
with the aim of extending the lifespan of artificial hip joints, which is mainly limited by
wear mechanisms, and improving their functionality [13]. More than 1 million artificial hip
joints are implanted worldwide each year. At the same time, the age of patients who decide
to undergo such a surgical intervention is decreasing more and more [14]. From contact
mechanics point of view, the hip joint implant can be considered by a ball-in-socket model,
where the head and the cup have approximately but not exactly the same radius of curva-
ture, so that a small radial clearance remains (almost conformal contact). Jin [15] applied
the usual procedure for non-conformal contacts and approximates the ball-in-socket model
by an equivalent ball-on-plane model, which is solved numerically using the fundamental
solution for the indentation into a linear elastic bonded layer. However, while the contact
radius is insensitive to the mapping procedure, significant differences in the maximum
pressure arises compared to FE calculations. The most frequently adopted model for a
hard-on-soft implant such as a metal head on (metal backed) plastic was developed by
Bartel et al. [16]. It is based on the solution of the elastic spherical vessel under uniform
(internal and external) pressure, which implies that the tangential displacements present in
the plastic layer are neglected. Several important findings emerged from the work of Bartel
et al., e.g., bonding of the plastic layer on the metal avoids higher tensile stresses at the edge
of the contact zone or the minimum thickness of the plastic layer (liner) should not be less
than 4 mm. One problem of the model is that it does not provide a closed-form analytical
solution for the force as a function of indentation depth; instead, a numerical solution is
required. In addition, it is not applicable to liner materials with a Poisson’s ratio close to 0.5
(incompressible materials). Imado et al. [17] have demonstrated that already at a Poisson’s
ratio of 0.46 the results from Bartel’s model clearly deviate from FE results. Thus, they
introduced a correction factor, which is a linear function of the ratio of inner to outer radius
of the cup, and was obtained by fitting on the maximum contact pressure of corresponding
FE simulations. As the correction factor is always smaller than 0.883, it is concluded that
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the model of Bartel et al. considerably overestimates the stiffness. Jin et al. [18] performed
a parametric analysis of the contact stress in ultra-high molecular weight polyethylene
(UHMWPE) acetabular cups by means of a simplified model which uses the constrained
column concept in radial direction (radial acting Winkler foundation) with stiffness taken
from the model of Bartel et al. They studied the effects of layer thickness, radial clearance,
radii of femoral head and cup, as well as contact area on maximum pressure. However,
they also noted that values obtained from FEM were 10 to 20% higher than predicted by the
simplified model. It is also common to adopt the original constrained column model that is
often used to map contacts with thin cartilage layers attached to bones. In this model, the
thin (plane) compressible elastic layer bonded to a rigid substrate acts similar to a linear
Winkler foundation and its stiffness is specified by the modulus of constrained uniaxial
compression [19–23]. However, the application of this bonded-layer-model generally re-
quires certain assumptions to be satisfied. The Poisson’s ratio should not exceed 0.45 as the
stiffness becomes unbounded in the limit of an incompressible material. Furthermore, the
layer thickness must be much smaller than the linear dimensions of the contact area [18,24].
The latter condition is fulfilled for some but by no means all common geometric pairings of
femoral head and acetabular cup in total hip arthroplasty.

In the present work, an approximate model for the almost conformal elastic contact
between a sphere and a spherical cup is proposed, which leads to simple closed-form
analytical solutions. As an application example, the frictionless normal contact of artificial
hip joints is considered. It is demonstrated that the new model is able to predict the local
and global contact mechanical quantities with great accuracy for all commonly used hard-
on-soft hip implants. In Section 2, the kinematic and dynamic fundamentals of the model
are explained and analytical equations for the normal force as a function of the indentation
depth and the half-contact angle, respectively, are derived. Section 3 first deals with a
special approach to optimize the foundation modulus and thus the stiffness of the model.
Subsequently, the results of FE analyses are used to highlight further advantages of the new
model over already well-established ones. At the end, parameter studies are performed by
means of the new model and the corresponding results are rigorously discussed.

2. Methods

It is well-known that Hertzian theory can also be applied to contacts between elastic
bodies whose surfaces are differently curved, one convex and the other concave. Such
geometrical relations are present in a contact between a sphere and a spherical socket. If we
denote the radii of curvature of the sphere and socket by R1 and R2, the young’s moduli
by E1 and E2, and the Poisson’s ratios by ν1 and ν2, Hertzian theory gives the following
solution:

FN =
4
3

E∗
a3

R∗
, (1)

δ =
a2

R∗
, (2)

where FN is the applied normal force, a the contact radius and δ the penetration/indentation
depth. E∗ and R∗ are defined by

1
E∗

=
1− ν2

1
E1

+
1− ν2

2
E2

and R∗ =
R1R2

R2 − R1
=

R1R2

∆R
. (3)

However, this solution is only valid if the contact is non-conformal (incomplete).
Among other things, this means that the contact radius must be much smaller than both
the radii of curvature of the two surfaces, as well as the dimensions of each body. If the
clearance ∆R between the sphere and the spherical socket is very small, the size of the
contact area increases rapidly when a normal force is applied and can quickly reach the
dimensions of the bodies themselves. In this case, an almost conformal contact is present
for which the application of the half-space approximation is no longer valid. An indication
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that the solution according to Equation (1) does not hold for the limiting case R1 → R2 is
immediately obvious, as in this case R∗ approaches infinity, i.e., the transmission of a finite
force would require an infinitely large contact radius. As mentioned above, there is not yet
a closed-form analytical solution to this problem.

In the following, we present an approximate model, which provides quite simple
closed-form analytical solutions. It consists of a rigid sphere indenting a radially directed
Winkler foundation, illustrated in Figure 1 on the left, while its kinematics is shown on the
right.
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Figure 1. A rigid ball indenting a radial directed Winkler foundation of a spherical cup: Three-
dimensional view (left), sectional view including kinematics of contact (right).

Straightforward application of the cosine theorem leads to the kinematic relation

R2
1 = (∆R + δ)2 + (R2 + ur(ϕ))2 − 2(∆R + δ)(R2 + ur(ϕ)) cos ϕ, (4)

where ur(ϕ) denotes the radial displacement of the foundation at angle ϕ. The quadratic
equation in R2 + ur(ϕ) can be solved in an elementary way, yielding the radial displacement
as a function of the angle:

ur(ϕ) = (∆R + δ)

cos ϕ +

√(
R1

∆R + δ

)2
− sin2 ϕ

− R2. (5)

Equation (5) was first given by Bartel et al. [16] to represent the kinematics of metal-
on-plastic hip implants and has been adopted in other works as well (e.g., [23]). As an
almost-conformal contact is assumed, allowing for the constraint Ri � ∆R (with i = 1, 2),
and small displacements and thus a small indentation depth Ri � δ are assumed, sin2 ϕ
under the root can be neglected with respect to the first term. In this way, a very simple,
yet sufficiently accurate relationship is obtained for the almost conformal contact

ur(ϕ) = δ cos ϕ− ∆R(1− cos ϕ). (6)

At the edge of the contact, the radial displacement must be zero, i.e.,

ur(ε)
!
= 0, (7)

where ε denotes the half-contact angle. From this condition, the half-contact angle can be
related to the indentation depth

cos ε =
∆R

∆R + δ
. (8)
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The contact is considered as frictionless, so that no tangential stresses occur in the
spherical contact area. The spring stresses of the Winkler foundation sketched on the left in
Figure 1 are proportional to the spring displacements in the radial direction

pr(ϕ) = K ur(ϕ), (9)

where K represents the foundation modulus. Note, that it is also called “subgrade reaction
modulus” and has the unit of measure N/m3. It represents the elastic modulus of the
foundation divided by the thickness of the foundation. The incremental contact force dFC
in vertical direction produced by the pressure acting on an annular ring element of the
spherical surface corresponding to an angle ϕ reads

dFC = pr(ϕ) cos ϕ dAan with dAan = 2πR2 sin ϕ R2dϕ. (10)

The whole contact force and thus the normal force result from the sum of the contribu-
tions of all loaded annular elements

FN = 2πR2
2

ε∫
0

pr(ϕ) cos ϕ sin ϕ dϕ. (11)

After substituting Equation (9) into Equation (11) and taking Equation (6) into account,
the integration yields

FN = 2πR2
2K
[

1
3
(∆R + δ)

(
1− cos3 ε

)
− 1

2
∆R sin2 ε

]
. (12)

Thus, the normal force as a function of the half-contact angle is determined. Equation (8)
can then be used to substitute the half-contact angle, which results in the normal force as a
function of the indentation depth

FN =
1
3

πR2
2K

[
2δ− ∆R + ∆R

(
∆R

∆R + δ

)2
]

. (13)

Equations (8) and (12) provide an extremely simple closed-form analytical approx-
imate solution for the almost conformal contact between a sphere and a spherical cup.
Hence, the relationships between the macroscopic quantities normal force, indentation
depth, and half-contact angle are completely defined. Moreover, the pressure distribution
is given in a simple way via Equation (9) by taking Equation (6) into account. The pro-
posed model can be applied to approximate the almost conformal contact of ball joints in
mechanical engineering as well as ball-and-socket joints in biomechanics, e.g., (artificial)
hip and shoulder joints.

One comparably simple model that also provides closed-form analytical solutions
was developed by Liu et al. [25]. Unfortunately, without any physical explanation, they
mapped the contact within a spherical joint with clearance onto an equivalent contact of
a rigid cone and a plane Winkler foundation whose thickness is given by the radius of
the original spherical cavity. They have even presumed a priori that the contact stress
distribution in vertical direction along the profile of the rigid cone is ellipsoidal, as given by
Hertzian theory. After fitting the maximum pressure by an introduced parameter, the force
as a function of indentation depth obtained with their model agrees well with the results of
an FE simulation, especially for small clearances. However, although they investigate the
influence of the radial clearance, they do not vary the thickness of the spherical shell. In
addition, it is explicitly stated that identical linear elastic materials are assumed.

In the following, the proposed model will be adapted to adequately simulate the
frictionless normal contact for commonly used hard-on-soft hip implants. For this purpose,
the foundation modulus must be determined.
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3. Application to Total Hip Arthroplasty with UHMWPE Liner

As an application example, we consider the contact in total hip arthroplasty (THA)
with a stiff steel head and a soft plastic liner in the acetabular cup. As the clearance
between head and inner cup radius is very small, the contact can be described as almost
conformal. Typically, the liner sits inside a metallic acetabular shell that is fixated to the
hip bones. Thus, the maximum outer cup radius is limited by individual anatomy. Table 1
summarizes the available head radii and liner thicknesses as well as the commonly used
radial clearances and outer cup radii.

Table 1. Geometrical properties in THA [13,26,27].

Head Radius
R1

Liner Thickness
L

Radial Clearance
∆R

Outer Cup Radius
R2 + L

11–23 mm 3–15 mm 0.05–0.2 mm 16–26 mm

The traditionally used plastic material for the plastic liner is ultra-high molecular
weight polyethylene (UHMWPE). Recently, radiation cross-linking of UHMWPE has been
used to increase the wear resistance. Even though the radiation changes all mechanical
properties slightly, the elastic modulus is measured in the range 0.5–1 GPa for both conven-
tional and cross-linked UHMWPE [13,28]. For the Poisson’s ratio, values of 0.4–0.46 are
commonly assumed [13,29]. The material properties used for the application example are
shown in Table 2.

Table 2. Material properties.

Material Elastic Modulus (GPa) Poisson’s Ratio

Steel 230 0.3
UHMWPE 1 0.4, 0.45

A convenient way to configure the new model for mapping the normal contact in
total hip arthroplasty is to adopt the foundation modulus from already established models.
One possibility would be to take the foundation modulus from the famous model of Bartel
et al. [16], which reads

KB =
2(1− 2ν) + (1 + ν)κ3

(1 + ν)(1− 2ν)(1− κ3)
· E

R2
with κ :=

R2

R2 + L
. (14)

In contrast to the original model of Bartel et al., which must be evaluated numerically,
very simple closed-form analytical solutions are obtained. In the range of small radial
clearances (almost conformal contact), both models give almost the same results. However,
it is well-known that the stiffness of the model of Bartel et al. originates from the elastic
spherical vessel under uniform (internal and external) pressure and thus is somewhat
larger than that of the liner. Noticeable deviations occur, especially for larger Poisson’s
ratios [17,18,30]. This is already evident from Equation (14), as for incompressible material,
ν→ 1/2 , the foundation modulus becomes unbounded. The same holds for the foundation
modulus of the constrained column model, which in the following is also called bonded-
layer-model. It is defined by

KBL =
(1− ν)

(1 + ν)(1− 2ν)
· E

L
. (15)

and originates from the indentation into a very thin plane compressible layer bonded
to a rigid substrate. In addition to the constraint ν < 0.45, it is assumed that the linear
dimensions of the contact area are much larger than the layer thickness to justify neglecting
in-plane deformations and to ensure constrained uniaxial compression [24]. The model
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is widely applied to map the indentation into thin cartilage layers [19–22]. However, its
application to ball-in-socket contact is questionable, at least for larger liner thicknesses that
reach the order of linear dimensions of the contact area.

For the above reasons, we avoid adopting the foundation modulus from other models
here. To determine the foundation modulus (stiffness of the foundation per unit area) and
to validate the predictions of the new model, an axisymmetric finite element analysis was
conducted with the software Abaqus FEA. For all considered geometries, the generated
mesh consisted of four-noded axisymmetric quadrilateral elements with a minimum ele-
ment size of 0.05 mm at the contacting interfaces. In case of a 12 mm head with an 8 mm
liner, this resulted in approximately 27,000 elements for the head and 40,000 elements for
the liner. Using approximately twice as many elements yielded an increase of less than 1%
in normal force, contact angle and maximum contact pressure. The loading was applied
by prescribing a displacement to the cross section of the lower hemisphere of the head.
It is assumed that the plastic liner is bonded to a much stiffer metal backing. Thus, the
displacements at the outside of the liner were fixed [18,23]. In agreement with the low
coefficient of friction measured in the lubricated contact in THA (µ ≈ 0.06 [13]), the contact
was assumed to be frictionless.

3.1. Determination of the Foundation Modulus

From Equations (6) and (9), it is immediately obvious that in the proposed model, the
maximum pressure p0 and the maximum displacement (indentation depth) δ, are located
at ϕ = 0◦ and directly proportional to each other. The foundation modulus represents the
proportionality factor

K =
p0

δ
. (16)

For further evaluations, the dimensionless foundation modulus defined by

K̃ =
R2

E
· K =

R2 p0

E δ
. (17)

is introduced, where R2 is the inner cup radius and E is the elastic modulus of the
UHMWPE liner. In order to derive a universal expression for the foundation modulus
that yields acceptable results for all common geometries, the maximum contact pressures
p0 of the FEM solution are considered at a given indentation depth δ. Owing to the large
difference in elastic moduli (see Table 2), it is assumed that only the liner is deformed.

Figure 2 shows the dimensionless foundation stiffness per unit area as predicted by
FEM for different Poisson’s ratios plotted against normal force FN , radial clearance ∆R,
and ratio of inner cup radius to foundation thickness R2/L. As shown in the left plot,
the assumption of a constant foundation stiffness is only appropriate for normal forces
larger than 1000 N. Slight deviations occur only for ν = 0.45, which consequently become
noticeable in the later results as well. During gait, up to 3000 N are commonly reached [27]
such that the most important loading range can be covered by the spring model. To
consider the effect of clearance and cup geometry, the foundation modulus in the range of
1000–3000 N was averaged and presented in the other plots. For different clearances in the
range of interest (see Table 1), it is shown that the foundation modulus can be assumed
to be approximately constant. Specifying parameters for the foundation modulus are the
Poisson’s ratio of the liner and the ratio of inner cup radius to liner thickness. For high
Poisson’s ratios, the increasing incompressibility yields larger foundation stiffnesses in
very confined situations, i.e., very small clearances or small liner thicknesses.
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Table 3. Dimensionless bedding stiffness constants C{1−3} for different Poisson’s ratios.

ν = 0.3 ν = 0.35 ν = 0.4 ν = 0.45 ν = 0.49

C1 1.14 1.10 1.06 0.99 0.96

C2 0.97 1.07 1.23 1.51 1.79

C3 0.04 0.06 0.09 0.16 0.33

In order to find a universal expression of the foundation modulus in the discussed
ranges, a polynomial fit of the FEM results in terms of cup geometry was obtained for each
considered Poisson’s ratio:

K̃ = C1(ν) + C2(ν)
R2

L
+ C3(ν)

(
R2

L

)2
, (18)

where the constants Ci(ν) are listed in Table 3. In Figure 2, the fit is plotted in dotted
lines. The derived stiffness function is in very good agreement with the FEM results for all
Poisson’s ratios.

3.2. Results and Discussion

In this section, the solutions of the new analytical model are compared with the ones
of the previously discussed models and finite element analysis. Furthermore, a parametric
study is shown. All results presented comply with the geometrical and material properties
listed in Tables 1 and 2, respectively. In a first example, an inner cup radius of R2 = 18 mm,
a liner thickness of L = 6.75 mm, and a radial clearance of ∆R = 0.1 mm is chosen to clarify
the influence of Poisson’s ratio.

Figure 3 shows the normal force in terms of normal displacement on the left for
different models in comparison with the FEM solution for ν = 0.4.



Appl. Sci. 2021, 11, 11170 9 of 14
Appl. Sci. 2021, 11, x FOR PEER REVIEW 9 of 14 
 

 
Figure 3. Comparison of the FEM solutions with Hertzian theory, Bartel’s analysis, results from the 
bonded-layer-model, and the new proposed model, respectively, for a Poisson’s ratio of 0.4, inner 
cup radius 18 mm, clearance 0.1 mm, and liner thickness 6.75 mm: normal force as a function of 
indentation depth (left), and pressure distribution as a function of angular coordinate for a normal 
force of 3000 N (right). 

As expected, owing to the high degree of conformity, the Hertzian solution according 
to Equations (1)–(3) is not adequate for the investigated contact problem. For both the 
original model of Bartel et al. [16] and the bonded-layer-model (Note, that the analytical 
solution from the new model was used but with consideration of the bonded-layer-stiff-
ness according to Equation (15)), deviations from the results of the finite element analysis 
are observable, but they are still within acceptable limits. The same applies to the pressure 
distribution as a function of angle illustrated on the right in Figure 3. The maximum pres-
sure for both models is slightly higher than predicted by the FE simulations. On the other 
hand, the results with the new model considering the foundation modulus according to 
Equation (18) show excellent agreement with the FE results. Unfortunately, such an excel-
lent agreement does not hold for a Poisson’s ratio of 0.45. As already discussed in the last 
section, this is a consequence of a small error accepting stiffness adjustment for higher 
Poisson’s ratios. Nevertheless, this leads to only minor deviations compared to the FE re-
sults, as demonstrated in Figure 4, which is why the model is well suited to represent the 
conformal contact even in the range of higher Poisson’s ratios. 

 
Figure 4. Comparison of the FEM solutions with Hertzian theory, Bartel’s analysis, results from the bonded-layer-model, 
and the new proposed model, respectively, for a Poisson’s ratio of 0.45, inner cup radius 18 mm, clearance 0.1 mm, and 
liner thickness 6.75 mm: normal force as a function of indentation depth (left), and pressure distribution as a function of 
angular coordinate for a normal force of 3000 N (right). 

Figure 3. Comparison of the FEM solutions with Hertzian theory, Bartel’s analysis, results from the
bonded-layer-model, and the new proposed model, respectively, for a Poisson’s ratio of 0.4, inner
cup radius 18 mm, clearance 0.1 mm, and liner thickness 6.75 mm: normal force as a function of
indentation depth (left), and pressure distribution as a function of angular coordinate for a normal
force of 3000 N (right).

As expected, owing to the high degree of conformity, the Hertzian solution according
to Equations (1)–(3) is not adequate for the investigated contact problem. For both the
original model of Bartel et al. [16] and the bonded-layer-model (Note, that the analytical
solution from the new model was used but with consideration of the bonded-layer-stiffness
according to Equation (15)), deviations from the results of the finite element analysis are
observable, but they are still within acceptable limits. The same applies to the pressure
distribution as a function of angle illustrated on the right in Figure 3. The maximum
pressure for both models is slightly higher than predicted by the FE simulations. On the
other hand, the results with the new model considering the foundation modulus according
to Equation (18) show excellent agreement with the FE results. Unfortunately, such an
excellent agreement does not hold for a Poisson’s ratio of 0.45. As already discussed in
the last section, this is a consequence of a small error accepting stiffness adjustment for
higher Poisson’s ratios. Nevertheless, this leads to only minor deviations compared to the
FE results, as demonstrated in Figure 4, which is why the model is well suited to represent
the conformal contact even in the range of higher Poisson’s ratios.

It is also evident from Figure 4 that both the model of Bartel et al. and the bonded-
layer-model produce results that differ significantly from the FE results. Both models react
considerably stiffer and overestimate the maximum pressure by 17% and 25%, respectively.

In the following, the results obtained from the new model are compared with results
of the FE analysis for common geometries of hip joint implants summarized in Table 1. A
Poisson’s ratio of 0.4 is assumed. Figure 5 shows the normal force in terms of displacement,
as well as the contact pressure distribution at 3000 N in comparison with FEM results for a
variety of geometries. In all cases, and for both normal force and pressure distribution, the
agreement with the FEM solution is very good. Only for the contact angle is a mentionable
difference found as the model predictions are generally 3–8% larger than the FEM results.
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Figure 4. Comparison of the FEM solutions with Hertzian theory, Bartel’s analysis, results from the
bonded-layer-model, and the new proposed model, respectively, for a Poisson’s ratio of 0.45, inner
cup radius 18 mm, clearance 0.1 mm, and liner thickness 6.75 mm: normal force as a function of
indentation depth (left), and pressure distribution as a function of angular coordinate for a normal
force of 3000 N (right).
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Figure 5. Comparison of the normal force FN against normal displacement δ and contact pressure against angular coordinate
ϕ or half arc length R1 ϕ relations between FEM solution and analytical model. (a,b) different radial clearances ∆R with
R1 = 16 mm and L = 6 mm, (c,d) different head radii R1 with ∆R = 0.1mm and L = 6 mm, and (e,f) different liner
thicknesses L with ∆R = 0.1 mm and R1 = 16 mm.
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As shown in Figure 5a,b, increasing the clearance decreases the contact stiffness and
contact angle while increasing the maximum contact pressure. Figure 5c,e show that
the overall contact stiffness is increased by increasing the head radius at constant liner
thickness and decreasing the liner thickness at constant head radius.

In Figure 6, the trends with respect to the maximum contact pressure and the contact
area can be studied more thoroughly. Both were calculated at a normal force of 3000 N
for geometries within the limitations listed in Table 1. The contact area can be determined
from the head radius and the half-contact angle by

A = 2πR2
1(1− cos ε). (19)

The lowest contact pressures are achieved for large head radii with a moderate liner
thickness. The opposite trend is found for the contact area, where smaller head radii in
combination with thin liners give the lowest values.

Appl. Sci. 2021, 11, x FOR PEER REVIEW 11 of 14 
 

( )2
1 1 cos .2 RA π ε−=  (19) 

The lowest contact pressures are achieved for large head radii with a moderate liner 
thickness. The opposite trend is found for the contact area, where smaller head radii in 
combination with thin liners give the lowest values. 

 
Figure 6. Maximum contact pressure (left) and contact area (right) in terms of head radius 𝑅ଵ and liner thickness 𝐿 at 
normal force 𝐹ே = 3000 N and radial clearance Δ𝑅 = 0.1 mm. Dotted lines mark the commonly found lower and upper 
limit of the outer cup radius 𝑅ଶ ൅ 𝐿 ≈ 𝑅ଵ ൅ 𝐿; 16 mm and 26 mm (see Table 1). 

In the design of the contact pairs in THA with soft UHMWPE cups, various factors 
must be taken into account. In addition to low wear rates, the avoidance of edge loading 
due to the inclination of the cup, the risk of dislocation, and the risk of cup fracture are 
some important criteria [31,32]. With the proposed analytical model, it is possible to in-
vestigate significant influencing factors especially regarding the wear rate. 

Recent experimental investigations of polyethylene wear indicate that minimizing 
the contact area is more important for low wear rates than minimizing the contact pres-
sure [31–33]. As shown in Figures 5 and 6, this can be achieved either by using small head 
radii and small liner thicknesses or increasing the radial clearance. However, the latter 
option may be disadvantageous, as another major influence factors for wear, the lubrica-
tion film thickness, is reducing significantly for increasing clearances [13]. 

Of course, the proposed analytical model in the current form can only serve as a first 
assessment in the dimensioning for THA with respect to a given wear law. For a thorough 
design, important factors such as the inclination of the cup, a lubrication regime, and ex-
plicit wear calculations must be considered as well. 

4. Conclusions 
A new approximate model for the almost conformal, elastic contact between a sphere 

and a spherical cup was proposed and successfully adapted for hard-on-soft implants in 
hip arthroplasty. The advantages of the proposed model over the common, well-estab-
lished approximate models are the following: 
1. It provides acceptable results regardless of the liner thickness and also for Poisson’s 

ratios larger than 0.45. 
2. It provides very simple closed-form analytical solutions for both the pressure distri-

bution and the dependencies between macroscopic contact quantities. 
To establish the first advantage, it was assumed a priori that the dimensionless foun-

dation modulus is a second degree polynomial function of the ratio of the inner cup radius 
to the liner thickness and its coefficients were estimated for different Poisson’s ratios by 

Figure 6. Maximum contact pressure (left) and contact area (right) in terms of head radius R1 and
liner thickness L at normal force FN = 3000 N and radial clearance ∆R = 0.1 mm. Dotted lines mark
the commonly found lower and upper limit of the outer cup radius R2 + L ≈ R1 + L; 16 mm and 26
mm (see Table 1).

In the design of the contact pairs in THA with soft UHMWPE cups, various factors
must be taken into account. In addition to low wear rates, the avoidance of edge loading
due to the inclination of the cup, the risk of dislocation, and the risk of cup fracture are some
important criteria [31,32]. With the proposed analytical model, it is possible to investigate
significant influencing factors especially regarding the wear rate.

Recent experimental investigations of polyethylene wear indicate that minimizing the
contact area is more important for low wear rates than minimizing the contact pressure [31–33].
As shown in Figures 5 and 6, this can be achieved either by using small head radii and
small liner thicknesses or increasing the radial clearance. However, the latter option may be
disadvantageous, as another major influence factors for wear, the lubrication film thickness,
is reducing significantly for increasing clearances [13].

Of course, the proposed analytical model in the current form can only serve as a first
assessment in the dimensioning for THA with respect to a given wear law. For a thorough
design, important factors such as the inclination of the cup, a lubrication regime, and
explicit wear calculations must be considered as well.

4. Conclusions

A new approximate model for the almost conformal, elastic contact between a sphere
and a spherical cup was proposed and successfully adapted for hard-on-soft implants in
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hip arthroplasty. The advantages of the proposed model over the common, well-established
approximate models are the following:

1. It provides acceptable results regardless of the liner thickness and also for Poisson’s
ratios larger than 0.45.

2. It provides very simple closed-form analytical solutions for both the pressure distri-
bution and the dependencies between macroscopic contact quantities.

To establish the first advantage, it was assumed a priori that the dimensionless foun-
dation modulus is a second degree polynomial function of the ratio of the inner cup radius
to the liner thickness and its coefficients were estimated for different Poisson’s ratios by
means of FE analyses. At this point, it is important to emphasize once again that all existing
models under these conditions accept considerable errors to some extent, which has been
proven by our FE analyses.

The second advantage allows easy integration of the model into macrodynamic time-
dependent simulations of multibody systems, for which either the stress distribution or,
directly, the contact force as a function of indentation depth can be used. An extension of
the model for linear viscoelastic materials is easy to implement, although the damping
constant still has to be chosen appropriately. Furthermore, by knowing the closed-form
analytical solution, the corresponding adhesive contact problem can be solved under certain
assumptions, as well. In this way, for example, Ciavarella [34] derived an approximate
solution for the hard-on-hard almost conformal, spherical contact and found bistable
behavior. However, the employed methods were originally developed for non-conformal
contacts and their applicability to almost conformal contacts is not self-evident. In a future
study, it is intended to clarify this. Moreover, the predictions of the proposed model should
be verified under more realistic conditions, including loading, lubrication, and friction
during a gait cycle.
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Abbreviations
Symbol Symbol Name
a Contact radius
A Contact area
C1, C2, C3 Coefficients for fitting foundation modulus
δ Contact/indentation depth
∆R Radial clearance
ε Half-contact angle
E1 Elastic modulus of head material
E2, E Elastic modulus of liner material
E∗ Effective elastic modulus
FN Normal force
K Foundation modulus
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K̃ Dimensionless foundation modulus
KB Foundation modulus introduced by Bartel et al.
KBL Foundation modulus of the bonded-layer-model
L Liner thickness
µ Coefficient of friction
ν1 Poisson ratio of head material
ν2, ν Poisson ratio of liner material
p0 Maximum contact pressure
pr Radial contact pressure
R1 Radius of femoral head
R2 Inner radius of acetabular cup
R∗ Effective radius of curvature
ur Radial displacement of Winkler foundation
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