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Abstract: Due to the unpredictability of seismic excitation, the data-driven damage identification
method, which only depends on the monitoring response data, has a good development prospect in
structural health monitoring. In recent years, damage identification methods based on transmissibility
function (TF) and Mahalanobis squared distance (MSD) have been widely studied. However, the
existing methods are only applicable to damage warning. To overcome this limitation, an improved
method for structural damage localization is proposed. Strain TF is used to eliminate the influence
of unknown ambient excitation and unknown seismic excitation, which is more sensitive to local
damage than traditional TF based on acceleration and displacement data. The MSD of strain TF
is employed to construct a novel damage indicator that is used to identify the damage location.
Two numerical simulations have been conducted to verify the feasibility of the method for damage
localization and good anti-noise performance. In the case of the multi-damage condition, the novel
damage indicator is performed to estimate the severity of damage to some extent.

Keywords: damage localization; strain transmissibility function; mahalanobis squared distance;
ambient excitation; unknown seismic excitation; data-driven method

1. Introduction

Bridge structures may be damaged or even destroyed in earthquake disasters. There-
fore, many large bridges have been equipped with long-term structural health monitoring
(SHM) systems for structural safety. Since the seismic excitations are unpredictable, it is
still a great challenge to use only the monitoring data to evaluate the state of the structure,
detect and localize the abnormal characteristics of structures, and evaluate and extend the
service life of the structure [1–4].

Data-driven damage detection has become one of the most popular methods in SHM.
It does not need external excitations and only relies on the monitoring data of responses [5].
Since the transmissibility function (TF) reflects the response transfer characteristics of the
structure and does not need the information of the external excitation, TF-based methods
have attracted more attention in the field of SHM. Because of its advantages, TF is mainly
applied to three categories of SHM system: modal analysis [6–8], damage detection [9,10],
and model updating [11,12]. In addition, in recent years, TF has been widely used in vibro-
acoustics for transfer path analysis [13,14], force identification or reconstruction [15,16], and
characterization of the dynamic behavior of vibration isolation systems [17]. This paper
mainly studies the application of TF in damage identification.

Many scholars used TF to construct various damage indicators for damage identifi-
cation. Maia et al. [18,19] proposed a response vector assurance criterion (RVAC) and a
relative damage quantification indicator (DRQ) with transmissibility. Zhou et al. [20–23]
proposed a variety of damage indicators based on TF and combined the concepts of coher-
ence function (ATC/TMAC), similarity measure (CI/MAC), and correlation analysis (CDI)
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to determine the occurrence of damage. Diao et al. [24] proposed a new damage indicator
based on the TF and studied the damage localization of the offshore platform structure
support. Al-Jailawi et al. [25] also established an indicator to compare the advantages and
disadvantages of the angular velocity TF and the acceleration TF on damage localization.
Cheng et al. [26] studied the mechanism of damage localization using TF to establish the
corresponding damage indicator. Yu et al. [27,28] proposed a structural damage identi-
fication strategy based on the weighted transmissibility assurance criterion. In addition,
some literature combined TF and a distance measure to construct damage indicators, which
is an outlier analysis, such as Cosh distance, Euclidean distance, Mahalanobis squared
distance (MSD), Itakura distance, City Block distance, Chebyshev distance, and Minkowski
distance [29–35].

Due to its good applicability and sensitivity to damage, MSD has been widely used
in structural damage identification [36]. Some scholars studied MSD by calculating the
TF of all measuring points at a certain frequency point as the test vector and detecting
damage by the MSD vector varying with the frequency point [29–31]. Chen et al. [32] and
Zhou et al. [33] formed the TF matrix by considering the responses of all measuring points,
used the principal component analysis to reduce the dimension, and detected the damage
based on MSD. Fan et al. [34] only used the acceleration response time history of two
measuring points to obtain the wavelet TF and judged whether the observation value of the
unknown state was an abnormal value according to MSD. Xu et al. [35] grouped the TFs
before and after damage and constructed the TF matrix. Then, the principal components
were extracted by principal component compression. Moreover, the MSD between the
principal components before and after structural damage was calculated, which was used
as the sample of statistical analysis. Finally, the statistics were constructed, and the damage
identification was studied by t-test. However, the above-mentioned methods combining
TF and distance measure are only used to detect the occurrence of damage, but not damage
location. In addition, TF is calculated by acceleration and displacement response in the
previous studies, while there is little research on TF based on strain response. Structural
strain response is a local characteristic of the structure. When the structure near the strain
gauge is damaged, the strain response recorded by the strain gauge will change significantly.
Since strain TF is more sensitive to damage than traditional TF [37], it is applied to structural
damage identification in this paper.

To overcome the above limitations, an improved method for identifying the structural
damage location under unknown seismic excitation using TF and MSD is proposed in this
paper. Firstly, strain TF is used to eliminate the influence of unknown ambient excitation
and unknown seismic excitation, which is more sensitive to local damage than traditional
TF based on acceleration and displacement data. Then, the strain TF observation matrix
in the intact structure under ambient excitations is obtained, and the MSD threshold is
determined to judge outliers. Finally, the strain TF test vector in the test structure under
unknown seismic excitation is obtained to calculate MSD between the test structure and the
baseline, which is compared with the threshold to identify the structural damage location.
To verify the effectiveness of this method, numerical simulations of a simply supported
beam and a cable-stayed bridge were carried out. All simulation results show that the
proposed method reveals quite a significant capacity for accurately locating structural
damage, identifying the degree of damage to a certain extent, and showing good noise
resistance to small damage.

The remainder of this paper is as follows. In Section 2, the strain TFs of unknown
ambient excitation under normal operating conditions and unknown seismic excitation
under damage conditions are analyzed. In Section 3, the damage localization based on
MSD of strain TFs is discussed. In Section 4, the numerical examples of a simply supported
beam and a cable-stayed bridge are provided to demonstrate the accuracy of the method.
In Section 5, there are some conclusions and future work directions.
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2. The Strain Transmissibility Function (TF)
2.1. The Strain TF of the Intact Structure under Unknown Ambient Excitation

Transmissibility function (TF) is defined as the Fourier transform or the spectrum ratio
of two measurement responses. For an n-DOFs structure subject to unknown ambient
excitation P = [P1, P2, . . . , Pm]

T, the basic motion equation is as follows:

M
..
x(t) + C

.
x(t) + Kx(t) = IP(t) (1)

where M, C, and K represent the mass, damping, and stiffness matrices of the structural sys-
tem, respectively;

..
x(t),

.
x(t), and x(t) are acceleration, velocity, and displacement response

vectors; I is the influence matrix of ambient excitation; P(t) is assumed to be white noise to
the intact structure.

In the frequency domain, Equation (1) is transformed as:

x(ω) = H(iω)IP(ω) (2)

where H(iω) =
(
ω2M + iωC + K

)−1. Compared with the displacement response, the
strain response as a local feature is more sensitive to small deviations. The strain in this
study refers to normal strains because the strain gauges only measure normal strains in
a certain direction. According to the derivation results in [38], the relationship between
displacement and strain is expressed by Equation (3).

εe = aex; ae = UeYeWe (3)

where ae is the transformation vector, which is described as a 1 × n vector. Furthermore, ae
is viewed as the multiplication of the selection matrix We, the coordinate system transfor-
mation matrix Ye, and the shape function Ue.

According to the definition of the TF, the TF is expressed as the spectral ratio of two
structural responses of the measurement point i and the reference point j. Since the power
spectral density of white noise is constant, the strain TF under ambient excitation is shown
in Equation (4):

Tε
i,j(ω) =

Gε
i,j(ω)

Gε
j,j(ω)

=
εi(ω)ε∗j (ω)

ε j(ω)ε∗j (ω)
=

S0
n
∑

r=1

n
∑

k=1

m
∑

f=1
(ai)r Hrk(ω)Ik f

n
∑

r=1

n
∑

k=1

m
∑

f=1

(
aj
)

r H∗
rk(ω)Ik f

S0
n
∑

r=1

n
∑

k=1

m
∑

f=1

(
aj
)

r Hrk(ω)Ik f
n
∑

r=1

n
∑

k=1

m
∑

f=1

(
aj
)

r H∗
rk(ω)Ik f

(4)

where Gε
i,j(ω) is the strain cross-power spectrum of the structural responses of point i and

the reference point j; Gε
j,j(ω) is the strain auto-power spectrum of the reference point j;

ε∗j (ω) means the complex conjugate of ε j(ω); S0 is a constant, which is the power spectral
density of the excitation; Hrk(ω) is the frequency response function; and H∗

rk(ω) is the
complex conjugate of Hrk(ω). From Equation (4), it is noted that Tε

i,j(ω) is not influenced
by the ambient excitations and is only related to the structural characteristics.

2.2. The Strain TF of the Damaged Structure under Unknown Seismic Excitation

For the damaged structure subject to unknown seismic excitation
..
ug(t), the motion

equation is expressed as:

M
..
x(t) + C

.
x(t) + Kx(t) = MI(g) ..

ug(t) (5)
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where I(g) denotes the effect vector of seismic excitation
..
ug(t). Then, according to the

relationship between displacement and strain above, the strain TF of measurement point i
and reference point j under seismic excitation is calculated as:

Tdε
i,j (ω) =

Gε
i,j(ω)

Gε
j,j(ω)

=

n
∑

r=1

n
∑

k=1

m
∑

f=1
(ai)r Hrk(ω)Mk f I(g)

f

n
∑

r=1

n
∑

k=1

m
∑

f=1

(
aj
)

r H∗
rk(ω)Mk f I(g)

f

n
∑

r=1

n
∑

k=1

m
∑

f=1

(
aj
)

r Hrk(ω)Mk f I(g)
f

n
∑

r=1

n
∑

k=1

m
∑

f=1

(
aj
)

r H∗
rk(ω)Mk f I(g)

f

(6)

As expressed by Equation (6), Tdε
i,j (ω) is independent of the seismic excitation

..
ug(t)

and only depends on structural characteristics.

3. The Improved Structural Damage Localization Method

To overcome the limitation that existing methods combining TF and distance measure
are only used for damage warning, an improved structural damage localization method
under unknown seismic excitation is developed in this paper. A new damage indicator on
the basis of MSD and strain TF is proposed to identify the damage location.

3.1. Mahalanobis Squared Distance (MSD)

Mahalanobis distance is a concept of distance proposed by Indian statistician P.C.
Mahalanobis in 1936. It is used to represent the covariance distance of data and is an
effective method to calculate the similarity of two unknown sample sets. Different from
Euclidean distance, it considers the relationship between various characteristics and is
scale-independent. Therefore, it is used to eliminate the interference of correlation between
variables. The definition of Mahalanobis distance is as follows:

d2
MSD = (x − y)T

−1

∑(x − y) (7)

where x is the test vector, y is the mean vector of the sample matrix, ∑−1 is the inverse
covariance matrix of the sample matrix, and the superscript T means transposed.

3.2. Damage Indicator Based on MSD of Strain TF

The strain TF reflects the dynamic characteristics of the structure and is more sensitive
to damage than the traditional TF based on acceleration and displacement data. From
the vibration characteristics of the structure, it can be seen that a change of the structure
state will inevitably lead to a change of the dynamic time-history response, and the TF
as the ratio of the structural characteristic parameters will change naturally. Then, the
MSD constructed by the strain TF before and after the structural damage will also change.
Therefore, the damage indicator based on MSD is defined as:

DIi,j =
(

Tdε
i,j(ω)− Zε

i,j(ω)
)T −1

∑
(

Tdε
i,j(ω)− Zε

i,j(ω)
)

(8)

where DIi,j is the damage indicator, and Tdε
i,j(ω) is the strain TF calculated by Equation (6)

under unknown seismic excitation in the damaged state. As the test vector of MSD, it is in
the form of column vector. Zε

i,j is the strain TF matrix (the row corresponds to the measured
value obtained by applying n times of ambient excitation of different intensity, and the
column corresponds to each frequency point) for the baseline (the intact state). Zε

i,j(ω)
is the mean vector at each frequency point, which is expressed as a column vector. The
superscript T indicates transposed. ∑−1 is the inverse covariance matrix of Zε

i,j. Taking the
TF of the second element and the first element (the reference element) as an example, the
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strain transmissibility function matrix Zε
2,1, mean vector Zε

2,1(ω), and the inverse covariance
matrix ∑−1 of baseline are as follows.

Zε
2,1 =


Zε(1)

2,1 (ω1) Zε(1)
2,1 (ω2) . . . Zε(1)

2,1 (ωm)

Zε(2)
2,1 (ω1) . . . . . .

...
... . . . . . . Zε(n−1)

2,1 (ωm)

Zε(n)
2,1 (ω1) . . . Zε(n)

2,1 (ωm−1) Zε(n)
2,1 (ωm)

 (9)

Zε
2,1(ω) = mean

(
Zε

2,1
)
=
[

Zε
2,1(ω1) Zε

2,1(ω2) . . . Zε
2,1(ωm)

]T
(10)

−1

∑ = Cov−1(Zε
2,1) =


V1,1 V1,2 . . . V1,m

V2,1 . . . . . .
...

... . . . . . . Vn−1,1
Vm,1 . . . Vm,m−1 Vm,m


−1

(11)

where

Vp,q =
1

n − 1

n

∑
k=1

(Zε(k)
2,1 (ωp)−Zε

2,1(ωp))(Zε(k)
2,1 (ωq)− Zε

2,1(ωq)) (12)

in which Zε(n)
2,1 (ωm) means the strain TF of the second element and the first element at the

ωm frequency point obtained by the n-th measurement. Zε
2,1(ωm) represents the average

value of the n values at the ωm point. Vp,q is the value of the covariance calculation result
in the p-th row and the q-th column of the matrix.

Firstly, the power spectrum of the strain response of the intact structure under ambient
excitation is estimated, and the strain TF of two measuring points is calculated as an m-
dimensional vector. Next, the m-dimensional vector is observed n times through different
intensities of ambient excitation to form an observation matrix with n × m dimension of
sample space. Then, the inverse covariance of the matrix and the mean value for each
frequency point are calculated. To judge whether the observed value of the unknown
structure state is an outlier, it is necessary to determine a boundary to distinguish the
singular value from the normal value, that is, to determine the observation threshold. In
this paper, the maximum value of MSD calculated by n measurements of the intact state is
selected as the threshold value, namely MSDmax(intact). After that, the TF calculated from
the strain responses of the two measuring points under unknown seismic excitation in the
damaged state is used as the test vector of the MSD. In this paper, earthquakes are divided
into two categories: main-shocks and after-shocks. The main-shocks are used to induce
the bridge earthquake damage, and after-shocks are used to excite the damaged bridges to
obtain structural responses [39]. Finally, the MSD(test) between each set of test data and the
baseline is calculated to compare with the threshold value to identify the damage location
of the structure. If the measurement point j is close to the damaged location, the indicator
DIi,j of the damaged state will exceed the set threshold, and the damage location can be
accurately identified. Figure 1 shows the workflow of damage localization based on MSD
of strain TF.
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Figure 1. Flowchart of damage localization approach.

4. Numerical Simulation

The numerical simulations of a simply supported beam and a cable-stayed bridge
model are carried out to verify the effectiveness of the proposed method. The commer-
cial software MATLAB (2019a) is used to establish the numerical model and process the
collected response data.

4.1. Damage Localization of a Simply Supported Beam

As shown in Figure 2, a simply supported beam is used for numerical simulation
analysis to verify the proposed method.
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Figure 2. Finite element model of the simply supported beam.

The beam is divided into 28 elements with the element number shown in circles. The
length of the beam is 2.8 m (0.1 m for each element). Each member is 9 mm thick and 50 mm
wide. The elastic modulus and the mass density of materials are, respectively, 206 GPa
and 7800 kg/m3. Rayleigh damping is adopted for the system with modal damping ratios
ξ1 = ξ2 = 0.01 at the first two modal frequencies. The first six system natural frequencies
are 5.51, 8.20, 23.9, 53.7, 62.9, and 82.6 Hz. The strain responses from the 9th element to the
20th element (the middle span of the beam, a total of 12 elements) are measured with sam-
pling frequency of 200 Hz and duration of 30 s. White noise of 30% noise level is added to the
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observation data, and the noise addition method is: εm(t) = ε(t) + Ep × Noise × std(ε(t)),
where ε(t) is the strain response obtained by simulation calculation, Ep is the noise level,
Noise is the standard normal distribution random number, and std is the standard deviation
of ε(t). Different damage levels are simulated by reducing the stiffness of the beam element.

For the case of the intact structure, Gaussian white noise with the same intensity
is applied to each vertical degree of freedom (DOF) of the main beam to simulate the
ambient excitation under operating conditions. The same intensity of Gaussian white noise
means that their power spectrum is the same; in other words, their second-order statistical
properties (including RMS) are the same. For a total of 12 elements, the ninth element is
selected as a reference, and the TFs of 11 elements are obtained by Equation (4). Concerning
11 elements, the Fourier transform length here is 2048, and the first 1024 spectral points
in each TF imaginary frequency curve are considered. Then, the transmissibility function
sample matrix with dimension 500 × 1024 of the intact structure is obtained by measuring
500 times with different intensities of ambient excitation. The first resonance frequency
of the undamaged structure is 5.51 Hz. When MSD is solved, a small frequency band,
3.6–6.5 Hz around the first resonance frequency, that is, 31 frequency points in the first
resonance frequency range, is selected for analysis. Finally, the inverse covariance matrix
and the mean value of the matrix at each frequency point are obtained.

In the case of a single-element damaged condition, it is assumed that (1) damage
occurs in the 17th element with a damage level of 10% subjected to El-Centro earthquake,
and (2) damage occurs in the 14th element with a damage level of 10% subjected to Chi-
Chi seismic excitation. It is assumed that the El-Centro earthquake and Chi-Chi seismic
excitation both act on every vertical DOF. Figure 3a,b show the seismic acceleration records.
The TF of each element was calculated by Equation (6) and substituted into Equation (8).
Then, the MSD damage indicator of each element is calculated. The results of the damage
localization are shown in Figure 4. It is clear that the MSD(test) in the 17th element and the
14th element significantly exceeds its threshold MSDmax(intact). Therefore, the 17th element
and the 14th element can be detected as damage locations.
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Figure 4. (a) Single-damage of the 17th element under El-Centro earthquake; (b) single-damage of
the 14th element under Chi-Chi earthquake.

In the case of multi-element damaged condition, it is assumed that (1) the damage
is introduced in the 11th and 17th elements with 10% stiffness reduction under El-Centro
earthquake, and (2) the damage is introduced in the 13th element with 10% stiffness reduc-
tion and the 18th element with 15% stiffness reduction under Chi-Chi seismic excitation.
The results of the damage localization are shown in Figure 5. It is clear that the MSD(test)
both in the 11th and the 17th elements and the MS(test) in the 13th and the 18th elements are
much greater than their own threshold MSDmax(intact). Moreover, the amount by which the
MSD(test) exceeds the threshold range of the 18th element is significantly greater than that
of the 13th element, which indicates that the damage of the 18th element is more serious.
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4.2. Damage Localization of a Cable-Stayed Bridge

The benchmark model of the Puqian Bridge is shown in Figure 6. The length of the
main girder of the bridge is 460 m (230 m + 230 m), which is divided into 236 elements. The
cables are arranged in a fan shape and divided into 34 elements. The cables are connected
to the main girder through motion coupling constraints. The elastic modulus of the cables
is corrected by the Ernst formula according to the construction tension cable force. Table 1
summarizes the structural properties of the cable-stayed bridge model. The sampling
frequency is 200 Hz, the duration is 30 s, and the strain response is observed at 1/2 of the
length of the upper surface of each element. The first six system natural frequencies are
0.315, 0.993, 1.10, 1.52, 1.59, and 1.96 Hz. This paper only studies the linear behaviour of
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the structure and simulates different degrees of damage by reducing the stiffness of the
beam element.
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Figure 6. Schematic diagram of a two-dimensional model of a cable-stayed bridge.

Table 1. The main structural parameters of the main bridge.

Beam Properties Value

Moment of inertia 2.326 m4

Young’s modulus 210 Gpa
Unit length mass 17,555 kg/m

Damping ratio 0.01

For the case of intact structure, Gaussian white noise with the same intensity, that is,
the same power spectrum, is applied to each vertical degree of freedom of the main beam
to simulate the ambient excitation under operating conditions. Part of the strain responses
(from the 50th element to the 70th element) is observed. The time-history of the strain
response at the midpoint section of the 69th element is shown in Figure 7a. The white noise
of 30% noise level was added to the observation data as the observation response value.
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Figure 7. (a) Time history of strain response in the 69th element under ambient excitation; (b) time
history of strain response in the 69th element under Chi-Chi earthquake.

The power spectrum of the strain response of the intact structure under ambient
excitation is estimated. The 50th element is selected as the reference, and the TF of two
measuring points is calculated by Equation (4) as an m-dimensional vector. The Fourier
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transform length here is 2048. The first 1024 spectral points in the imaginary frequency
curve of each TF are considered. Then, a matrix with dimension n × m is formed by using
the method of numerical simulation and repeated observation for n times with different
intensities of ambient excitation. After 500 simulations of ambient excitation with different
intensities, a dimension of 500 × 1024 matrix is obtained as the TF matrix of the intact
structure. When solving the MSD, 11 frequency points around the first resonance frequency
are selected for analysis. Finally, the mean value and inverse covariance matrix is calculated.

For single damage, the damage is introduced with the level of 20% in the 69th element
under Chi-Chi earthquake. For multiple damages, the damage level of the 59th element is
15% and that of the 64th element is 20% under Chi-Chi earthquake. It is assumed that Chi-
Chi earthquake is applied to every vertical DOF. The numerical simulation response data
of the 69th element is shown in Figure 7b, to which Gaussian white noise with a noise level
of 30% is added. The results of the damage localization are shown in Figure 8. It is clear
that the MSD(test) of the 69th element is obviously greater than its threshold MSDmax(intact).
Moreover, the MSD(test) of the 59th element and the 64th element also exceeds its threshold
MSDmax(intact). Similarly, the amount by which the MSD(test) of the 64th element exceeds
the threshold is more than that of the 59th element, indicating that the damage of the 64th
element is more serious. Therefore, when there are multiple damages, the degree of damage
can be estimated to a certain extent by comparing the MSD(test) with its threshold value.
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5. Conclusions

The existing methods for structural damage identification using the TF and MSD are
only applied for damage warning. In this paper, an improved method based on MSD of
strain TF under unknown seismic excitation is proposed to identify the location of structural
damage. The strain TF is employed to eliminate the influence of the unknown seismic
excitation and is more sensitive to damage than the traditional TF based on acceleration
and displacement data. The fusion of strain TF and MSD is used to extract damage features
and identify damage location more effectively. The effectiveness of the method is verified
by two numerical simulations of a simply supported beam and a cable-stayed bridge. The
results obtained indicate that the proposed method can be used to accurately locate the
structural damage with good noise resistance. In addition, in the case of multiple damages,
the severity of damage can be estimated tentatively by comparing the degree by which
MSD (test) exceeds its threshold value.

It is noted that the selection of frequency points is based on the experience of selecting
points near the resonance frequency. In addition, because bridge structures often exhibit
nonlinear behaviors under strong earthquakes, it is necessary to study the detection of their
nonlinear behaviors and carry out experimental verification in further research. Moreover,
according to engineering experience, the reference sensor should be selected in the place
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with the smallest damage probability (away from the vulnerable area). In future research,
the vulnerability analysis of the structure can be carried out first to determine the location
that is not prone to damage. The reference sensor can be arranged at this position, and the
influence of different reference sensor positions on the damage localization method can be
further studied.
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