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Abstract: The optical system that combines imaging and image motion compensation is conducive
to the miniaturization of aerial mapping cameras, but the movement of optical element for image
motion compensation will cause a decrease in image quality. To solve this problem, reducing the
sensitivity of moving optical element is one of the effective ways to ensure the imaging quality
of aerial mapping cameras. Therefore, this paper proposes an optimization method for the low
tilt sensitivity of the secondary mirror based on the Nodal aberration theory. In this method, the
analytical expressions of the tilt sensitivity of the secondary mirror in different tilt directions are
given in the form of zernike polynomial coefficients, and the influence of the field of view on the
sensitivity is expressed in the mathematical model. The desensitization optimization function and
desensitization optimization method are proposed. The catadioptric optical system with a focal
length of 350 mm is used for desensitization optimization. The results show that the desensitization
function proposed in this paper is linearly related to the decrease of sensitivity within a certain range,
and the standard deviation of the system after desensitization is 0.020, which is 59% of the system
without desensitization. Compared with the traditional method, the method in this paper widens
the range of angle reduction sensitivity and has a better desensitization effect. The research results
show that the optimization method for low tilt sensitivity of the secondary mirror based on the Nodal
aberration theory proposed in this paper reduces the tilt sensitivity of the secondary mirror, revealing
that the reduction of the sensitivity depends on the reduction of the aberration coefficient related to
the misalignment in the field of view, which is critical for the development of an optical system for
aerial mapping cameras that combines imaging and image motion compensation.

Keywords: aerial mapping camera; catadioptric optical systems; desensitization optimization; tilt
sensitivity; the Nodal aberration theory

1. Introduction

Aerial mapping cameras play an irreplaceable role in many fields such as environmen-
tal protection, ecological resource investigation, land and resources management, geological
disaster monitoring, climate impact, and GIS construction by acquiring geographic remote
sensing information [1]. When the camera is exposed, there is relative movement between
the image of the subject and the photosensitive medium due to vibration, aircraft move-
ment, and camera swings, resulting in image blur and tailing effects, that is, image motion.
The optical system that combines imaging and image motion compensating functions is
beneficial to simplify the complexity of the optical imaging system and reduce the de-
velopment cost. In this regard, some applied research has been carried out at home and
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abroad. Yongsen Xu used the two-mirror system and the lens as two independent parts
in the research of the catadioptric optical system based on the fast secondary mirror. The
decentering of the secondary mirror was used to realize the image motion compensation of
the system, but the influence of the lens was ignored [2]. The image motion compensation
is performed by controlling the movement of the secondary mirror of the refractive optical
system in the aerial mapping camera visionmap-A3, the ground-based large-aperture FAST-
TRAC astronomical telescope, and the SIRTF infrared astronomical telescope [3–5], but the
analysis of optical systems is barely mentioned. Image motion compensation in adaptive
optics mainly relies on the detection of the wavefront by the sensor, and the control voltage
for the wavefront corrector is calculated by the wavefront controller, and the wavefront
corrector is driven to correct the aberration [6]. When the image motion compensation of
the optical system does not depend on the precise control of the sensor, the movement of
the optical element will degrade the imaging quality, so it is necessary to design an optical
system that realizes image motion compensation through the movement of optical element.

Many experts have conducted a series of studies on decreasing tolerance sensitivity.
The two processes of optical system optimization and tolerance allocation are separated in
the traditional optical design process. The optical design optimization process does not
account for the degradation of imaging quality caused by processing (decenter, tilt, surface
irregularity, etc.) and assembly (decenter, tilt of components) errors, which leads to the
need to redesign the optics when the tolerance requirements are not met. It takes time. As
a result, many optical systems are being optimized at the same time as the requirement to
reduce the tolerance sensitivity of the optical system, which provides a reference for the
design of optical system that realizes image motion compensation through the movement
of the optical element. At present, there are two main types of methods to reduce tolerance
sensitivity. The first type is to find a system with low sensitivity from the optimization of
the initial structure which can be considered as a positive thinking method. The second type
is to find a system with low sensitivity from analyzing the variation of the system when
the tolerance is introduced. It can be considered as a reverse thinking method. The first
type of method mainly includes the global optimization method [7], the multiple structure
method [8] and the use of aspherical or free-form surfaces. The second type of method
mainly includes the small aberration complementary method [9–11], the desensitization
method based on the optical path difference and the desensitization method based on the
Nodal aberration theory (NAT).

The desensitization method of positive thinking usually focuses on the adjustment of
the initial structure. For example, Jose Sasian pointed out, a desensitization lens usually
requires more degrees of freedom and change of the lens form [12]. Therefore, the desen-
sitization method of positive thinking usually requires multiple iterations or sensitivity
analysis on a sufficient number of samples.

In the desensitization method of reverse thinking, the small aberration complementary
method points out that the change of the primary aberration caused by the tolerance is a
function of the primary aberration coefficient and the incident angle and the refraction angle.
Therefore, Yuanjian Zhang [13] employed the operands of various primary aberrations
to optimize the initial structure in the zemax software. Kun Zhang [14] optimized the
curvature of each optical surface and balanced the incident angle of each optical surface
to achieve small aberration complementation. Yang Zhao et al. [15] proposed a suitable
adjustment of the incident angle on the sensitive surface. However, the above designs
consider a single angle, and the desensitization effect is limited.

Qingyu Meng [16,17] proposed using optical path difference induced by the tolerance
as an evaluation criterion for tolerance sensitivity of optical system. This method derives
the optical path difference from the changes of the intersection of the light and the surfaces
and the image plane. When there are many components, more optical path changes need to
be considered. Therefore, the desensitization method based on the optical path difference
is suitable for optical systems with a simple optical structure and few optical components,
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and the optimization effect of the complex optical system such as aerial mapping camera
is poor.

In the desensitization research based on the NAT, Bauman and Schneider [18] estab-
lished a linear relationship between tolerance, compensator, and wave aberration. Zhiyuan
Gu [19] derived the estimated wavefront aberration for a given surface eccentricity and tilt
tolerance based on NAT and established an optical system performance evaluation model.
The above methods are all based on improving the performance evaluation of the optical
system, which has strong versatility and a small calculation amount. However, it has some
drawbacks. The analytical derivation of the methods mentioned above is insufficient. In
order to realize the matrix operation, Bauman and Schneider ignore the quadratic term of
the aberration field decenter vector, and Zhiyuan Gu’s optimization does not analyze the
dependence of the sensitivity of the optical component on the field of view.

Based on the NAT of the misaligned system, the analytical expression of the tilt sen-
sitivity of the secondary mirror in different tilt directions is given in the form of zernike
polynomial coefficients. This paper takes the aberration coefficient related to the mis-
alignment as the key factor to characterize the relationship between the sensitivity of the
optical system and the field of view, proposes a desensitization function with the aberration
coefficient and the field of view as the core, and establishes a design method of catadioptric
optical system with low tilt sensitivity of secondary mirror. The paper mainly includes the
following aspects: Section 2 introduces the image motion compensation model of secondary
mirror tilt motion, the NAT of the misaligned system. Section 3 defines the tilt sensitivity,
introduces the desensitization function and the desensitization design method. Section 4
takes the catadioptric optical system with a focal length of 350 mm, a field of view angle of
±3◦ and a secondary mirror’s maximum tilt angle of±0.1◦ as an example, and analyzes the
changes of the desensitization function, the incident angle, and the relationship between the
sensitivity of the aberration term and the field of view during the desensitization process,
which verifies the effectiveness of the method in this paper. Section 5 summarizes the whole
paper. The analytical expressions of the aberration coefficients related to misalignment
when one surface of the optical system is tilted are given in the Appendix A.

2. Theoretical Basis

This section first introduces the image motion compensation model of the secondary
mirror tilt motion in the catadioptric optical system, that is, it reveals that the essence of
the image motion compensation is that the light from different fields of view is imaged at
the same position on the image plane by adjusting the pose of the secondary mirror. Then,
NAT of the misaligned system is introduced, that is, the problems existing in the current
image motion compensation model are revealed.

2.1. Image Motion Compensation Model of Secondary Mirror Tilt Motion

The changes of camera position and field of view during exposure time are shown
in Figure 1, where a, b, c and d are the object points on the ground. The camera moves
from position 1 to position 2 during the exposure time. The solid black line is the light path
from the object point to the camera before exposure, and the blue dotted line is the light
path from the object point to the camera after exposure.For the same object point, there
is a deviation of the field of view from the optical system before and after exposure. For
example, point b is the on-axis field of view for the optical system before exposure, and the
off-axis field of view for the optical system after exposure, so the position of the image point
relative to the detector is shifted after exposure. In order to ensure that the positions of the
same object point imaging relative to the detector before and after the camera movement
are the same, it is necessary to ensure that the exit angles of the light rays passing through
the optical system of the same object point before and after exposure are the same.
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Figure 1. The changes of camera position and field of view during exposure time.

An image motion compensation model of secondary mirror tilt motion is shown in
Figure 2. The black light in Figure 2 is the light incident to the optical system from the
object point before exposure, and the blue light is the light incident to the optical system
from the same object point after exposure. PM is the primary mirror, SM is the secondary
mirror, u is the angle between the exit ray and the optical axis ray (OAR), d is the surface
distance, y is the height of the light on the surface, and i is the inclination angle of the
secondary mirror. If the change of the field of view angle of the same object point before
and after exposure is α, and the angular magnification of the front correction lens is β1,
then the angle of the light on the primary mirror changes as α·β1. When the image motion
compensation is not performed, the secondary mirror is at pose 1, the exit angles of the
black light and the blue light through the optical system are different, that is, u1 6= u2, and
the distance of the exit lights (blue ray and orange ray) on the image plane is the amount
of image shift δ. The secondary mirror is tilted so that the lights emitted from the same
object point through the optical system before and after exposure are the same, that is, the
blue light in the Figure 2, and the image motion compensation is realized. Therefore, the
amount of image shift caused by the movement of the camera from position 1 to position
2 during the exposure time can be compensated by the tilt movement of the secondary
mirror from pose 1 to pose 2.
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Figure 2. Image motion compensation model of secondary mirror tilt motion.

Based on the above analysis, it can be concluded that the current principle of image
movement compensation is that the light from different fields of view is imaged at the
same position on the image plane by adjusting the pose of the secondary mirror. In order to
ensure the image quality of the camera, it is necessary to reduce the difference of the image
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quality of different fields of view. However, in the process of image motion compensation,
the pose adjustment of the secondary mirror will change the aberration distribution in
the effective field of view. Therefore, analyzing the aberration field distribution during
the pose adjustment process is essential for optimizing the catadioptric optics with low
sensitivity of the secondary mirror.

2.2. The NAT of Misaligned System

When the secondary mirror of the catadioptric optical system is tilted, the optical
system can be regarded as a misaligned optical system. Based on NAT, the total aberration
of misaligned system is equal to the sum of the aberration contribution of each surface in
the system, but the center of the aberration field is offset, and the offset is represented by
the aberration field decenter vector

→
σj [20]. Based on the third-order NAT, the system wave

aberration equation when the secondary mirror is tilted can be expressed as follows [21]:

W
(→

H,
→
ρ

)
= ∑

j
W040j

(→
ρ ·→ρ

)2
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · spherical aberration

+∑
j

W131j

[(→
H −→σj

)
·→ρ
](→

ρ ·→ρ
)
· · · · · · · · · · · · · · · · · · · · · · · · · · · coma

+∑
j

W222j

[(→
H −→σj

)
·→ρ
]2
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · astigmatism

+∑
j

W220j

[(→
H −→σj

)
·
(→

H −→σj

)](→
ρ ·→ρ

)
· · · · · · · · · · · · · · · · · · · · ·field curvature

+∑
j

W311j

[(→
H −→σj

)
·
(→

H −→σj

)][(→
H −→σj

)
·→ρ
]
· · · · · · · · · · · ·distortion

(1)

where Wklm represents the corresponding wave aberration coefficient, which are respec-
tively W040 (spherical aberration), W131 (coma), W222 (astigmatism), W220 (field curvature)

and W311 (distortion).
→
H represents the normalized field vector on the image plane,

→
ρ

represents the normalized pupil vector on the exit pupil,
→
σj represents the aberration field

decenter vector (related to the tilt angle of the secondary mirror).
Referring to (1), it can be seen that the spherical aberration has nothing to do with the

field of view vector, so the spherical aberration is not affected by the tilt and eccentricity of
the component. The spherical aberration characteristics of the system remain unchanged
before and after the misalignment. The small eccentricity or tilt of the optical element has
little effect on the curvature of field, and the distortion does not affect the sharpness of
the image. Therefore, coma and astigmatism are the focus of this paper to reduce the tilt
sensitivity of the secondary mirror.

3. Desensitization Optimization Function and Desensitization Design Method

This section proposes a solution to the problems existing in the image motion com-
pensation model in Section 2: first, the tilt sensitivity is defined, and then the description
model of the desensitization optimization function is established and the desensitization
design method is proposed.

3.1. Definition of Tilt Sensitivity

Based on the NAT of the misaligned system, the change of coma and astigmatism
before and after the secondary mirror is tilted is defined as tilt sensitivity. In the research
on reducing tolerance sensitivity, Zhiyuan Gu expanded the terms of third-order coma
and astigmatism to obtain the inherent aberrations of the system and the aberrations
introduced by the tilt or eccentricity of the components [19], but the dependence of the
sensitivity of the optical component on the field of view is not clear. Therefore, this paper
uses vector multiplication to expand the third-order coma and astigmatism. The zernike
polynomial coefficients are decomposed into the product of the field of view matrix and
the misalignment matrix by matching the expanded third-order coma and astigmatism
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with the zernike polynomial. Third-order coma and astigmatism coefficients of the zernike
polynomial are expressed in the same matrix, as follows [22]:


C5
C6
C7
C8

 =


H2

x − H2
y Hx −Hy 1 0 0 0 0

2Hx Hy Hy Hx 0 1 0 0 0
0 0 0 0 0 Hx 1 0
0 0 0 0 0 Hy 0 1

·



α0
α1
α2
α3
α4
β0
β1
β2


(2)



α0 = 1
2 ∑

j
W222j

α1 = −∑
j

W222jσjx

α2 = −∑
j

W222jσjy

α3 = 1
2 ∑

j
W222j

(
σ2

jx − σ2
jy

)
α4 = ∑

j
W222jσjxσjy


β0 = 1

3 ∑
j

W131j

β1 = − 1
3 ∑

j
W131jσjx

β2 = − 1
3 ∑

j
W131jσjy

. (3)

Among them, σjx and σjy are the x and y components of the aberration field decenter
vector, respectively. α0 represents the astigmatism coefficient when the optical system is
coaxial, α1 and α2 represent the astigmatism coefficients introduced by the first-order term
of misalignment, α3 and α4 represent the astigmatism coefficients introduced by the square
term of misalignment, β0 represents the coma coefficient when the optical system is coaxial.
β1 and β2 represent the coma coefficients introduced by the first-order term of misalignment.
The derivation method of the aberration coefficient related to the misalignment has been
relatively mature, and the specific steps are shown in the Appendix A.

Therefore, the tilt sensitivity is the changes of coma and astigmatism coefficients
of the zernike polynomial before and after tilt, namely C5ij − C5j, C6ij − C6j, C7ij − C7j,
C8ij − C8j. i represents the different tilt directions of the secondary mirror, respectively
+x, −x, +y and −y, j represents different fields of view. C5j, C6j, C7j and C8j represent the
coma and astigmatism coefficients of the zernike polynomial before tilt (secondary mirror
on-axis). C5ij, C6ij, C7ij and C8ij represent the coma and astigmatism coefficients of the
zernike polynomial after tilt. Since the tilt angle of the secondary mirror is usually very
small, the third-order aberration is the main aberration of the misaligned system, ignoring
the effect of higher-order aberration. Therefore, the contributions of the third-order coma
and astigmatism to the zernike polynomial coefficients should be considered when the
secondary mirror is tilted. When the secondary mirror is located on the axis, there is no
quantity related to the the aberration field decenter vector, that is, α1 = α2 = α3 = α4 =
β1 = β2 = 0, we can get the coma and astigmatism coefficients of the zernike polynomial
before tilt as follows: 

C5j
C6j
C7j
C8j

 =


α0

(
H2

x − H2
y

)
α0·2Hx Hy

β0Hx
β0Hy

. (4)

The variation of the zernike polynomial coefficients of the third-order coma and
astigmatism with the field of view for the different tilt directions of the secondary mirror
will be derived below. The difference between the zernike polynomial coefficients when
the secondary mirror is tilted and the secondary mirror on the axis is the contribution of
the aberration to the sensitivity.
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3.1.1. Sensitivity When the Secondary Mirror Is Tilted around the X-Axis

Referring to (3), when the secondary mirror is tilted around the x-axis, σjx = 0, then
α1 = α4 = β1 = 0, we can get the coma and astigmatism coefficients of the zernike
polynomial when the secondary mirror is tilted about the x-axis, as follows:


C5ij
C6ij
C7ij
C8ij

 =


H2

x − H2
y Hx −Hy 1 0 0 0 0

2Hx Hy Hy Hx 0 1 0 0 0
0 0 0 0 0 Hx 1 0
0 0 0 0 0 Hy 0 1

·



α0
0
α2
α3
0
β0
0
β2


=


α0

(
H2

x − H2
y

)
− α2Hy + α3

α0·2Hx Hy + α2Hx
β0Hx

β0Hy + β2

. (5)

The sensitivity matrix of the secondary mirror tilt around the x-axis can be obtained
by subtracting (4) from (5), as follows:

C5ij − C5j
C6ij − C6j
C7ij − C7j
C8ij − C8j

 =


−α2Hy + α3

α2Hx
0
β2

. (6)

3.1.2. Sensitivity When the Secondary Mirror Is Tilted around the Y-Axis

Referring to (3), when the secondary mirror is tilted around the y-axis, σjy = 0, then
α2 = α4 = β2 = 0, we can get the coma and astigmatism coefficients of the zernike
polynomial when the secondary mirror is tilted about the y-axis, as follows:


C5ij
C6ij
C7ij
C8ij

 =


H2

x − H2
y Hx −Hy 1 0 0 0 0

2Hx Hy Hy Hx 0 1 0 0 0
0 0 0 0 0 Hx 1 0
0 0 0 0 0 Hy 0 1

·



α0
α1
0
α3
0
β0
β1
0


=


α0

(
H2

x − H2
y

)
+ α1Hx + α3

α0·2Hx Hy + α1Hy
β0Hx + β1

β0Hy

. (7)

The sensitivity matrix of the secondary mirror tilt around the y-axis an be obtained by
subtracting (4) from (7), as follows:

C5ij − C5j
C6ij − C6j
C7ij − C7j
C8ij − C8j

 =


α1Hx + α3

α1Hy
β1
0

. (8)

Referring to (6) and (8), the change of the zernike polynomial coefficients with the
field of view when the secondary mirror is tilted can be obtained. The zernike polynomial
coefficients are functions of the aberration coefficients related to misalignment and the
field of view. C5ij − C5j and C6ij − C6j represent the sensitivity of the astigmatism terms,
C7ij − C7j and C8ij − C8j represent the sensitivity of the coma terms.

Refer to (3), β1 and β2 are related to the product of the third-order coma coefficient
W131 and the aberration field decenter vector; α1, α2 and α3 are related to the third-order
astigmatism coefficient W222 and the aberration field decenter vector. Obviously, the effect
of reducing the sensitivity of the optical system can be achieved by reducing the third-order
aberration coefficient of each surface. The aberration coefficient is related to the incident
angle and height of the edge ray and the incident angle of the chief ray, the refractive index
of the lens and the “aplanatic” parameter. It is consistent with the previous research to
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reduce the sensitivity of the optical system by optimizing the incident angle and deflection
angle and balancing the primary aberration coefficients of each surface.

The difference is that tilt sensitivity has a different relationship to the field of view.
The sensitivity of the astigmatism terms is linearly related to the field of view, where α1, α2
are the coefficients of the first-order term, and the α3 is constant term. The sensitivity of
the coma terms has nothing to do with the field of view, where β1, β2 are the coefficients
of the coma terms. The sensitivity of the aberration term in the field of view is measured
by the aberration coefficient related to the misalignment. For systems with the same tilt
angle and different tilt directions, the absolute values of β1, β2, α1, α2 and α3 are equal,
that is, the first-order coefficients of the sensitivity of the astigmatism terms, the constant
term of the sensitivity of the astigmatism terms and the coefficients of the coma terms are
equal in absolute values. Considering the different correlation between the sensitivity of
the aberration term and the field of view, the tilt sensitivity of the secondary mirror in the
optical system has different weights in different fields of view. Therefore, the relationship
between the third-order aberration coefficient, the aberration field decenter vector and the
field of view must be considered comprehensively to meet the requirement of reducing the
tilt sensitivity of the secondary mirror in the catadioptric optical system.

3.2. Desensitization Optimization Function

In order to achieve the desensitization effect, it is necessary to minimize the change of
the zernike coefficient before and after the tilt of the secondary mirror. The desensitization
optimization is carried out with the root mean square of the sensitivity of the coma and
astigmatism terms and the desensitization function is as follows:

C =

√√√√ 4

∑
i=1

j

∑
j=1

[(
C5ij − C5j

)2
+
(
C6ij − C6j

)2
+
(
C7ij − C7j

)2
+
(
C8ij − C8j

)2
]
; (9)

i represents the different tilt directions of the secondary mirror, respectively +x, −x, +y and
−y, j represents different fields of view. Refer to Section 3.1, when the secondary mirror is
tilted around the x-axis or the y-axis, its tilt sensitivity has the same expression, and when
the tilt angles are the same and the tilt directions are different, the absolute values of the
coefficients are the same, so the above formula can be simplified as:

C = 2

√√√√ j

∑
j=1

α22
(

Hy2 + Hx2
)
+ α32 + β22. (10)

α2, α3 and β2 are the aberration coefficients related to the misalignment, so the desensiti-
zation function can be expressed as a function of the aberration coefficient related to the
misalignment and the field of view. When the field of view is determined, the effect of
reducing the sensitivity can be achieved by reducing the C value.

3.3. Desensitization Design Method

In this section, a design method for a catadioptric optical system with low tilt sensitiv-
ity of the secondary mirror is proposed. The design process is shown in Figure 3, which is
mainly divided into four steps:

1. Construct the initial system according to the design index of the optical system;
2. Imaging performance optimization. In the optimization process, parameters such

as thickness, radius, conic coefficient are used as optimization variables, and the
structure size of the optical system is controlled at the same time. For example, if the
designed system is a catoptric system, considering the requirements of processing, it is
necessary to limit the interval between the primary and secondary mirrors, and at the
same time, the distance from the last surface to the image surface can not be too small.
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After optimization, the system that meets the imaging performance requirements
enters the desensitization design step;

3. Tilt sensitivity optimization. The core of the desensitization design process is to
control the desensitization function C. Within the value range of C, continuously
reduce the value of C until the optical system meets the requirements of imaging
quality and low tilt sensitivity of the secondary mirror at the same time, and then
output the system;

4. Verify tilt sensitivity. To avoid the special case where the optimized system is low
sensitivity, a sensitivity simulation of a large sample of the optical system can be per-
formed. The core of this step is to establish a Monte-Carlo simulation of a large sample
of the system, and to evaluate the results of the Monte-Carlo analysis. If the imaging
quality requirements are met and the performance distribution is concentrated, the
design can be output as the final result. If the requirements are not met, the system
needs to be optimized again.
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4. Simulation Experiment and Analysis of Desensitization Optimization

In this section, taking the catadioptric optical system with a focal length of 350 mm,
a field of view angle of ±3◦ and a secondary mirror’s maximum tilt angle of ±0.1◦ as an
example, the desensitization optimization and analysis are carried out by using the method
in this paper and the traditional method to verify the effectiveness of the desensitization
design method.

4.1. Desensitization Optimization Based on This Method

This section starts from the design indicators of the optical system, and desensitizes
the optical system after the imaging performance optimization.
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Since the aerial camera optical system is selected for optimization in this paper, its
design indicators must consider various factors. The focal length of an aerial camera is
determined by the resolution, flying height and pixel size. The field of view of the optical
system is related to the focal length and the size of the detector. The larger the F number
of the optical system, the better the signal-to-noise ratio; however, this will increase the
weight and volume of the optical system and design will be more difficult. The amount
of image shift of an aerial camera is related to many factors such as the speed-to-height
ratio, focal length, exposure time, swept angular velocity, and flight attitude of the aircraft.
The design index of the aerial camera optical system with image motion compensation of
secondary mirror tilt motion is shown in Table 1.

Table 1. Indexes of the aerial camera.

Focal length/mm 350
F number 4

Full field of view 6◦

Spectral range/µm
Primary wavelength/µm

0.48–0.65
0.58

MTF (68 lp/mm) ≥0.30
Maximum tilt angle of secondary mirror ±0.1◦

After the imaging performance is optimized, the system is composed of a front cor-
rection lens, a primary and a secondary mirror, and a rear correction lens. The H-K9L and
TF3 glass materials are combined to eliminate the secondary spectrum. The system realizes
the correction of primary aberration and chromatic aberration. Next, the optical system
after imaging performance optimization is used as the system without desensitization, and
the tilt sensitivity is optimized. The desensitization function C is established by macro
programming and added to the evaluation function. In the optimization process, it is found
that the reduction of the C value is beneficial to improve the transfer function of the optical
system when the secondary mirror is tilted. Therefore, multiple structures with different
tilt directions of the secondary mirror are set up, and the transfer function of the optical
system when the secondary mirror is tilted at the maximum angle is greater than 0.3 as the
value standard for the minimum value of C. The initial C value is 127.017× 10−3, when
the C value is reduced from 127.017 to 49.856, the transfer function of the optical system is
greater than 0.3. When the secondary mirror is tilted by 0.1◦ around the x-axis, the MTF
of the optical system without desensitization and after final desensitization are shown in
Figure 4.
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(a) without desensitization, (b) after final desensitization.
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It can be seen from Figure 4 that, when the secondary mirror is tilted to the maxi-
mum angle, the MTF of the optical system after final desensitization is greater than 0.3 at
68 lp/mm, which meets the design requirements.

Save the systems in the tilt sensitivity optimization process, and perform a small
sample Monte-Carlo analysis (sampling of 200) using only the secondary mirror tilt of 0.1◦

as the system tolerance. The desensitization optimization process is shown in Figure 5. The
abscissa is the optimization times, the left ordinate is the C value, and the right ordinate is
the standard deviation of the system. The standard deviation is an index to measure the
sensitivity of the system. The smaller the standard deviation, the lower the sensitivity.
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It can be seen from Figure 5 that when the C value is reduced from 127.017 to 49.856,
the standard deviation of the system is also decreasing, indicating that the decrease of the
C value is positively correlated with the decrease of the sensitivity. The standard deviation
reduced from 0.35 to 0.020.

4.2. Desensitization Optimization Based on Traditional Methods

The traditional optimization method, also known as the angle-splitting method [23,24],
points out that the system sensitivity is replaced by the root mean square of incident and
refracted angles of several rays traced to each surface, as follows:

θ =

√√√√ 1
2k

k

∑
s=1

(is2 + rs2) (11)

In the formula, is and rs are the incident angle and the refracted angle of the light on
the s-plane, respectively, and k is the number of surfaces of the system.

In the optimization process, parameters such as thickness, radius, and conic coefficient
are set as optimization variables, and the structural size of the optical system is controlled
at the same time. The tilt sensitivity of the secondary mirror is reduced by optimizing the
incident angle and refracted angle of the secondary mirror. During the angle reduction
process, the performance when the secondary mirror is tilted by 0.1◦ around the x-axis and
standard deviation of the system change as shown in Table 2.
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Table 2. List of solutions.

Solution Angle (θ) MTF (The Secondary Mirror Is Tilted by 0.1◦

Around the X-Axis) Standard Deviation

No. 0 6.098 0.135 0.035
No. 1 5.928 0.208 0.032
No. 2 5.812 0.196 0.032
No. 3 5.723 0.205 0.036
No. 4 5.625 0.176 0.036
No. 5 5.551 0.174 0.034
No. 6 5.447 0.044 0.031

In the process of reducing the angle, the standard deviation of the system and the
change of MTF when the secondary mirror is tilted by 0.1◦ around the x-axis are shown in
Figure 6. R1 is the applicable range of angles obtained by the traditional method; R2 is the
applicable range of angles obtained by this method.
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In general, there is a trade-off relationship between performance and sensitivity,
and it is difficult to optimize performance and sensitivity at the same time. The system
performance and standard deviation obtained by the traditional method are shown in
Figure 6a. In the process of reducing the angle, the reduction of the sensitivity of the
solution from NO. 0 to NO. 1 depends on the improvement of the system performance,
which reflects the advantage of the corner segmentation method is that the system can
achieve the effect of reducing the sensitivity and improving the image quality at the same
time. However, the system performance has reached the extreme value in the change of NO.
1 to NO. 3, and the reduction of the angle has no optimization effect on the sensitivity at
this time. The performance and sensitivity of NO. 3 to NO. 6 are reduced at the same time,
indicating that reducing the angle has no optimization effect on the system performance.
By reducing the angle to reduce the sensitivity, it is found that the effective range of its
angle is very narrow, only in the range of 0.28◦. The system performance and standard
deviation obtained by the method in this paper are shown in Figure 6b. The reduction of
the sensitivity of the solution from NO. 0 to NO. 2 depends on the improvement of the
system performance. The system performance has reached the extreme in the change from
the solution NO. 2 to NO. 5, but the sensitivity continues to decrease, indicating that the
reduction of the angle is still one of the key factors to reduce the sensitivity at this time. The
performance of the solution from NO. 5 to NO. 6 jumps out of the local optimum value, and
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the sensitivity decreases. Based on the above analysis, it can be obtained that the method in
this paper has a wide correlation range between angle and sensitivity, which is 0.793◦. The
optimal system obtained by the traditional method is NO. 1, and the standard deviation is
reduced by 0.003. The optimal system obtained by this method is NO. 6, and the standard
deviation is reduced by 0.015. Therefore, the optimization of a single variable angle can
only achieve the effect of desensitization and performance improvement in a small range.

4.3. Analysis of Optimization Results

This section analyzes the changes of the system during the desensitization process
of the method in this paper from three aspects: the layout of the optical system, the
relationship between the sensitivity of the aberration term and the field of view, and the
results of the large sample Monte-Carlo analysis.

Select the solution of NO. 0 (the system without desensitization), the solution of
NO. 1 (the optimized system after one-time desensitization), and the solution of NO. 6 (the
optimized system after final desensitization) to analyze the changes in the optical structure
during the desensitization process. The layout of the optical system is shown in Figure 7.
Figure 7a is the solution of NO. 0, Figure 7b is the solution of NO. 1, and Figure 7c is the
solution of NO. 6.
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It can be seen from Figure 7 that, for a single lens, the lens form changes after de-
sensitization. The thickness of the first lens is reduced, the third lens is changed from a
plano-concave lens to a bi-concave lens, and the curvature of the fourth lens is increased.
For the overall change of the system, the rear group lens of the system after final desensiti-
zation bears more optical power and has a more compact structure and the change of the
lens form is the performance of the system sensitivity reduction.

The root of the reduction of the C value is the reduction of the sensitivity of the
aberration term. The variation of the sensitivity of the aberration term with the field of view
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is shown in Figure 8. A, B and C represent different systems, corresponding to Figure 7a–c.
Figure 8a shows the variation of sensitivity with the field of view when the secondary
mirror is tilted by 0.1◦ around the x-axis, Figure 8b shows the variation of sensitivity with
the field of view when the secondary mirror is tilted by −0.1◦ around the x-axis, Figure 8c
shows the variation of sensitivity with the field of view when the secondary mirror is tilted
by 0.1◦ around the y-axis and Figure 8d shows the variation of sensitivity with the field
of view when the secondary mirror is tilted by −0.1◦ around the y-axis. ∆C5 and ∆C6
represent the sensitivity of the astigmatism terms, shown as the edges of the filled color in
Figure 8; ∆C7 and ∆C8 represent the sensitivity of the coma terms, shown as the edges of
the filled line in Figure 8.
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Figure 8. The variation of the sensitivity of the aberration term with the field of view when the
secondary mirror is tilted by (a) 0.1◦ around the x-axis, (b) −0.1◦ around the xaxis, (c) 0.1◦ around
the y-axis and (d) −0.1◦ around the y-axis.

It can be seen from Figure 8 that the sensitivity of the coma term is constant in the
full field of view, and the sensitivity of the astigmatism term is linearly related to the field
of view. When the secondary mirror is tilted around the x-axis, the slopes of ∆C5 and
∆C6 are opposite to each other, and ∆C8 are equal. When the secondary mirror is tilted
around the y-axis, the slopes of ∆C5 and ∆C6 are equal, and ∆C7 are equal. This shows
that when the absolute value of the tilt angle (the misalignment) is equal, the first-order
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coefficients of the sensitivity of the astigmatism terms, and the coefficients of the coma
terms are equal in absolute values. ∆C5 and ∆C6 basically intersect in the central field
of view, indicating that the constant term of the sensitivity of the astigmatism terms are
equal. From the perspective of different systems, ∆C7 and ∆C8 of the A, B, and C systems
are approximately equal; ∆C5 and ∆C6 of the B system have a decreasing trend compared
with the A system and the linear variation of ∆C5 and ∆C6 with the field of view of the C
system being minimal.

It can be seen from Section 2 that the first-order coefficients of the sensitivity of the
astigmatism terms are the astigmatism coefficients introduced by the first-order term of
misalignment, namely α1 and α2. The constant term of the sensitivity of the astigmatism
terms is the astigmatism coefficients introduced by the square term of misalignment, namely
α3. The sensitivity of the coma terms is the coma coefficients introduced by the first-order
term of misalignment, namely β1 and β2. From the optimization results, it can be seen that
the reduction of sensitivity mainly depends on the astigmatism coefficients introduced by
the first-order term of misalignment.

Finally, the performance of system A without desensitization and system C after final
desensitization were compared by Monte-Carlo analysis method including 2000 samples,
as shown in Figure 9. The abscissa is the MTF, the left ordinate is the number of samples,
and the right ordinate is the cumulative distribution.
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The histogram of Monte-Carlo results shows that the performance distribution of
the system before desensitization is relatively scattered, and the results with the best and
worst performances appear in the system before desensitization. For 80% of the MTF, the
system without desensitization is above 0.443, and the system after final desensitization
is above 0.468. The results obtained before desensitization and after final desensitization
are not much different. From the point of view of the cumulative integral curve, when the
MTF is high, the slope of the curve of the system after final desensitization is relatively
large, that is, the performance distribution of the system is more concentrated under the
tilt tolerance. The standard deviation of the system without desensitization is 0.035. The
standard deviation of the system after final desensitization is 0.020, which is 59% of the
system without desensitization, indicating that the tilt sensitivity of the system after final
desensitization is lower. A desensitized system can produce neither very good nor very
poor tests. Therefore, for system performance control, desensitized systems are preferable
to those optimized only for image quality.
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5. Conclusions

In order to ensure the imaging quality of the catadioptric optical system with image
motion compensation of secondary mirror tilt motion, this paper establishes an optimization
method for the catadioptric optical system with low tilt sensitivity of the secondary mirror
based on the NAT of misaligned system. This method expresses tilt sensitivity as the
difference of zernike polynomial coefficients before and after the movement which is a
function of the aberration coefficient related to the misalignment and the field of view. The
sensitivity of the coma terms is constant over the field of view, and the sensitivity of the
astigmatism term is linearly related to the field of view. Essentially, the reduction of tilt
sensitivity depends on the reduction of the sensitivity of the aberration term across the
field of view. In the actual design, the desensitization optimization algorithm is saved
in the form of a macro programming file in the optical design software, which is used
as a user-defined function to optimize the optical system. It is suitable for systems with
many optical components. Different from previous studies, this method considers the angle
comprehensively, and the sensitivity reduction is the result of comprehensively considering
the third-order aberration coefficient, the aberration field decenter vector and the field of
view. The simulation results reveal that the astigmatism coefficients introduced by the
first-order term of misalignment is the main factor to reduce the sensitivity. Compared
with the method of reducing the sensitivity by angle optimization, the method in this paper
has a wider application range of angles, and the sensitivity reduction effect is better. The
optimization example of the catadioptric optical system shows that this method is suitable
for reducing the tilt sensitivity of moving optical components. When the effect of decenter

needs to be considered, it needs to be redefined
→
Tk in the Appendix A.
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Appendix A

For an optical system with n surfaces, when the surface k is tilted, the aberration field
decenter vector of before the the surface k is 0, and the surface k and the subsequent j
surfaces have the aberration field decenter vector that is not 0.

The aspheric aberration field decenter vector of surface k is 0, so the aberration field
decenter vector of surface k is equal to spherical aberration field decenter vector, as fol-
lows [19]:

→
σ k =

→
Tk

ik
(A1)

→
Tk is the tilt vector of surface k, and ik is the chief ray incident angle of surface k.
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The aberration field decenter vectors of j surfaces behind surface k can be obtained
through optical axis ray (OAR) tracing. When j surfaces are all spherical, the aberration
field decenter vector of surface j is as follows [19]:

→
σ j =

→
Tk

ij

(
ij·yk − ij·yk

)∆nk
Ψ

(A2)

ij and ij represent the incident angle of the marginal ray and the chief ray on the j-th surface,
yk and yk represent the incident height of the marginal ray and the chief ray on the k-th
surface. ∆nk = n′k − nk represents the change of the refractive index of the k-th surface, and
Ψ represents the optical invariant.

According to the seidel aberration formula, the spherical third-order aberration coeffi-
cients are as follows:

W131 = −1
2

iiyn2∆
(u

n

)
(A3)

W222 = −1
2

i2yn2∆
(u

n

)
(A4)

Therefore,

α0 = −1
4

n

∑
i=1

i2i yin2
i ∆
(u

n

)
i

(A5)

β0 = −1
6

n

∑
i=1

iiiiyin2
i ∆
(u

n

)
i

(A6)

[
α1
α2

]
=

1
2

ik
2ykn2

k∆
(u

n

)
k
·→σ k +

1
2

n

∑
j

ij
2yjn2

j ∆
(u

n

)
j
·→σ j (A7)

α3 = −1
4

ik
2ykn2

k∆
(u

n

)
k

(
σ2

kx − σ2
ky
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− 1
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n
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ij
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j ∆
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α4 = −1
2

ik
2ykn2

k∆
(u
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)
k
σkxσky −
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j

ij
2yjn2

j ∆
(u

n

)
j
σjxσjy (A9)

[
β1
β2

]
=

1
6

ikikykn2
k∆
(u

n

)
k
·→σ k +

1
6

n

∑
j

ijijyjn2
j ∆
(u

n

)
j
·→σ j (A10)

By
→
Tk =

[
BDE
−ADE

]
, ADE represents the tilt around the x-axis, BDE represents the tilt

around the y-axis. By substituting
→
Tk =

[
0

−ADE

]
into the expression of the aberration field

decenter vector and the above expression, the parametric expressions when the optical

element is tilted around the x-axis can be obtained. By substituting
→
Tk =

[
BDE

0

]
into the

expression of the aberration field decenter vector and the above expression, the parametric
expressions when the optical element is tilted around the y-axis can be obtained.
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