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Abstract: This paper presents a novel method for inner profile measurement and geometric parameter
evaluation, such as the radius of the bottom, steepness and straightness of the steep sidewall of a high
aspect ratio aspheric workpiece, by utilizing a two-probe measuring system, which includes a lateral
displacement gauge for the inner steep sidewall profile measurement and an axial displacement
gauge for the inner deep underside profile measurement. To qualify the measurement accuracy,
the systematic errors associated with the measurement procedure, including the miscalibration,
misalignment and the roundness error of the gauge probes, as well as the slide motion error of the
four-axis motion platform, are all evaluated and separated from the measurement results. A point
cloud registration algorithm is employed to stitch the evaluated inner sidewall profile and the inner
underside profile to form an entire inner profile of the workpiece. To verify the performance of
the newly proposed method, the inner profile of a high aspect ratio aspheric workpiece, which has
a tapered cone shape with a maximum inner radius of 40 mm, a maximum inner depth of 140 mm
and a steep sidewall angle approaching 85◦, is measured in experiments. The measurement result
is compared with that of a coordinate measuring machine (CMM), and the comparison verifies the
feasibility of the proposed measurement system.

Keywords: high aspect ratio aspheric workpiece; inner profile measurement; error separation; error
compensation; profile stitching

1. Introduction

High aspect ratio aspheric workpieces are widely used in precision systems in aerospace,
nuclear physics and other fields, such as rocket engines and spaceships [1,2]. The dimen-
sional accuracy of the high aspect ratio aspheric workpiece is important since the geometric
errors would greatly influence the performance reliability of the systems [3,4]. For example,
in the rocket engine nozzles, the surface error and geometric error above the micrometer
level will affect the stable flow state of the tail flame, resulting in the degradation of the
engine performance [5]. A high aspect ratio aspheric workpiece is mainly produced by
grinding or lapping processes [6,7]. Due to its high aspect ratio profile, it is normally
a challenge to obtain high accuracy only with the manufacturing process without mea-
surement since the control of multi-motion axes of the machine tool to track a high aspect
ratio and large amplitude profile is always suffering from low accuracy compared with
that of a smooth profile [8]. Therefore, to ensure the geometric accuracy of the workpiece,
it is necessary to accurately evaluate the geometric shape of the high aspect ratio aspheric
workpiece [9], especially its inner profile, which is normally difficult to measure, while the
outer surface profile can be relatively easily probed by many existing methods.

Many efforts have been carried out to evaluate the geometric profile of aspheric
workpieces. Some studies based on the coordinate measuring machine (CMM) have
been utilized for dimensional measurement [10–13]. Although CMM with a long tactile
probe or state-of-art technique can perform a profile measurement of the high aspect
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ratio aspheric surfaces [14–17], it is a cost of capital to prepare such an instrument for the
routine inspection of the high aspect ratio aspheric part. In addition, it is burdensome to
reform a CMM for on-machine measurement for high aspect ratio aspheric surfaces with
different geometry characteristics. The ultrasonic method is commonly used for thickness
measurement [18,19]. Nevertheless, the ultrasonic method cannot measure the inner profile
directly and accurately since its measurement resolution is generally on the order of just
a few tens of micrometers, which is not suitable for precision measurement, which requires
micrometer uncertainty. Laser triangulation sensors and the fringe projection profilometry
method are also applied to evaluate the geometric form of the aspheric workpieces [20,21].
It is also noted that the V-block method can be applied to evaluate the roundness and
waviness profiles of the cylindrical parts in industrial conditions [22]. These methods are
effective for the outer profile measurement but cannot measure the entire inner profile
of the high aspect ratio aspheric workpiece because the detectable angle of the optical
measuring methods is limited [23].

Motivated by the limitation of capability and efficiency to measure the high aspect
ratio aspheric workpiece, a measurement method of utilizing two displacement gauges
on a four-axis motion platform to evaluate the entire inner profile of a high aspect ratio
aspheric workpiece with a steep sidewall is proposed. Differing from traditional methods
that can only measure the upper or the bottom part of the inner profile of the high aspect
ratio workpiece, this paper proposed a novel method for measuring the whole inner profile
and evaluating the geometric parameters, such as the radius of the bottom spherical shape
and the steepness and straightness of the sidewall, with a two-probe measurement setup.
The characteristic of the proposed measurement method also enables the ability to evaluate
the waviness profile and roundness of the inner and outer surfaces. The key advantage
of this method is that the measurement can be performed without significant investment
in time and capital to assess the profile of the high aspect ratio workpiece accurately with
high compatibility for on-machine measurement.

In this paper, after introducing the measurement system and principle, to qualify the
measurement accuracy, the systematic errors associated with the measurement procedure,
including the miscalibration, misalignment and the roundness error of the gauge probes,
as well as the slide motion error of the four-axis motion platform, are all evaluated and
separated from the measurement results. A high aspect ratio aspheric workpiece, which
has a tapered cone shape with a maximum inner radius of 40 mm and a maximum inner
depth of 140 mm, is evaluated in experiments based on the proposed method. The experi-
mental result is compared with that of a coordinate measuring machine (CMM), and the
comparison result proves the feasibility of the proposed measurement system.

2. Measurement System and Basic Measurement Principle

As shown in Figure 1, the measurement system is established based on a four-axis
motion platform with XYZ slides and a spindle. A schematic of the error of the inner
profile of the high aspect ratio aspheric workpiece is shown in Figure 2. The right side
of the single cross-section can be measured by rotating the spindle and the workpiece by
180◦ after measuring the left side of the single cross-section with a precision rotation stage.
The workpiece has a tapered cone shape with a steep sidewall and a depth much larger
than its opening diameter. The measurement target is its entire inner profile, including
the steep side part and the shallow bottom part at a deep depth. The high aspect ratio
aspheric workpiece is mounted on the spindle, which can be driven by the XY-slide.
A lateral displacement gauge (Probe A) for measuring the inner sidewall profile and
an axial displacement gauge (Probe B) for measuring the inner underside profile of the high
aspect ratio aspheric workpiece are both mounted on the Z-slide of the motion platform.
The side part of the inner profile can be measured by Probe A while driving the Z-slide and
the Y-slide to keep the probe within its measurement range. The inner underside profile
can be measured by Probe B while only driving the Y-slide.
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Figure 3 shows the measurement procedure for evaluating the entire inner profile of 
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and then the measurement results are stitched together by applying a point cloud regis-
tration algorithm [24]. 
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Figure 2. Schematic of error of inner profile of the high aspect ratio aspheric workpiece.

Figure 3 shows the measurement procedure for evaluating the entire inner profile of the
high aspect ratio aspheric workpiece. The inner sidewall profile measurement and the inner
underside profile measurement are measured by Probe A and Probe B, respectively, and
then the measurement results are stitched together by applying a point cloud registration
algorithm [24].
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Firstly, the inner sidewall profile of the high aspect ratio aspheric workpiece is mea-
sured using Probe A. During the measurement procedure, Probe A is employed to scan by
starting from the top edge of the high aspect ratio aspheric workpiece and ending at the
limited position of its measuring range, which has a horizontal distance dA from the central
axis of the high aspect ratio aspheric workpiece. The trajectory of the center of the probing
sphere of Probe A can be obtained by:

yball_A = yslide + ∆yball_A (1)

zball_A = zslide + ∆zball_A (2)

where yball_A and zball_A are the Y coordinate and the Z coordinate of the center of the
probing sphere of Probe A, respectively, yslide and zslide are the Y-slide position and Z-slide
position obtained from the four-axis motion platform, ∆yball_A is the Y-axis displacement of
the probing sphere obtained as the output of Probe A, and ∆zball_A is the undesired Z-axis
displacement of the probing sphere of Probe A associated with its Y-axis displacement,
which shall be calibrated. This calibration of the undesired Z-axis displacement is explained
later. Since the inner sidewall profile of the workpiece has a normal distance, which is the
radius rA of the probing sphere of Probe A, from the trajectory of the measuring Probe A,
the inner sidewall profile of the workpiece can be evaluated based on the trajectory and the
information of the probing sphere radius.

Then, the inner underside profile of the workpiece is measured using Probe B. During
the measurement procedure, Probe B is employed to scan starting from the central axis
of the workpiece and ending at its limited measuring range position, having a horizontal
distance from the central axis of the high aspect ratio aspheric workpiece of dB. The
trajectory of the probing sphere of Probe B can be obtained by:

yball_B = yslide (3)
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zball_B = zslide + ∆zball_B (4)

where yball_B and zball_B are the Y coordinate and Z coordinate of the probing sphere of Probe
B, yslide and zslide are the Y-slide position and Z-slide position obtained from the four-axis
motion platform, and ∆zball_B is the Z-displacement of the probing sphere obtained as the
output of Probe B. It should be noted that the probing sphere of the axial gauge can only
move in the Z-direction, and the displacement in the Y-direction caused by the elastic
deformations is neglected. The relative displacement in the Y-direction is not involved
in Equation (3). Similar to the measurement of the sidewall profile, the inner underside
profile of the workpiece can be evaluated based on the scan trajectory of the probe and
the information on the probing sphere radius. Finally, a point cloud registration algorithm
is implemented to stitch the inner sidewall profile measured by the lateral displacement
gauge and the inner underside profile measured by the axial displacement gauge.

The proposed measurement method makes it possible to evaluate the entire inner
profile of the high aspect ratio aspheric workpiece with two displacement gauges on a four-
axis motion platform. However, the measurement results contain various errors, including
the miscalibration, misalignment and roundness error of the probing sphere of the two
probe gauges, as well as the slide motion error of the four-axis motion platform, as shown in
Figure 4. To obtain an accurate measurement result, attention should be paid to evaluating,
separating and compensating for the errors in the measurement system.
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measurement system.

3. Calibration of the Measurement System
3.1. Calibration of the Measuring Probes

To implement the measurement of the inner profile of the high aspect ratio aspheric
workpiece, the lateral displacement gauge and the axial displacement gauge must have
high measurement accuracy and good linearity of tens of nanometers, especially for the
lateral displacement gauge due to the nonlinearity of its inner structure and its output
circuit. The calibration procedure for the lateral displacement gauge is shown in Figure 5.
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The lateral displacement gauge is mounted on the Z-slide and a standard gauge block
is mounted on the Y-slide for calibration. To calibrate the horizontal measurement of the
lateral displacement gauge, as shown in Figure 5a, the measurement output of the lateral
displacement gauge varies from Si to Si+1 while the Y-slide moves from Yi to Yi+1, and the
measurement error of the lateral displacement gauge can be evaluated as:

ei = (Si+1 − Si)− (Yi+1 −Yi) (5)

Taking a series of samples within the measurement range of the lateral displacement
gauge, the measurement error of each measurement output can be evaluated. It should be
noted that the resolution of the Y-slide is 20 nm, and the repetition error of the Y-slide is
±5 nm. The errors of ±25 nm of the Y-slide are much smaller than the errors of the lateral
gauge, which is ±293 nm before calibration, according to results shown in Section 4.2.

Furthermore, the calibration procedure should be carried out several times to achieve
a stable calibration accuracy to reduce the effect of the errors of the Y-slide. In addition, the
structure of the lateral gauge looks similar to a simple pendulum. During the measurement,
there are crosstalk displacements of the probing sphere in the Y-direction and Z-direction
with respect to the gauge body. The displacement in Y-direction is measured by the
lateral gauge, while the displacement in the Z-direction is ignored. Thus, the crosstalk
displacement in the Z-direction should be calibrated. As shown in Figure 5b, the crosstalk
output of the lateral displacement gauge with respect to the movement along the Z-slide
is calibrated by linking the gauge probe with the Y-slide by a spring. The little spring
pushes the probe of the lateral gauge to the right side and keeps the probe in contact with
the standard gauge block. When the Z-slide moves down from Zj to Zj+1, the output
correspondingly varies from Sj to Sj+1. Thus, the relationship between the lateral gauge
output and its vertical movement can be obtained for compensation:

∆Zj =
Zj+1 − Zj

Sj+1 − Sj
∆Sj (6)

Moreover, the lateral displacement gauge and the axial displacement gauge should be
carefully mounted vertically to reduce the cosine error [25]. To evaluate the misalignment
error of the two displacement gauges, a reference sphere with a radius of R is used, as
shown in Figure 6. Tilt alignment of the lateral displacement gauge with a roll angle in the
YZ-plane of αA is shown in Figure 6a. Firstly, the lateral probe is moved along the X-axis to
find the minimum measurement output position and the YZ-plane of this position is the
YZ central cross-section plane of the reference sphere.
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Figure 6. Schematic of tilt alignment of the measuring probes. (a) Schematic of the lateral probe
(probe A) tilt alignment; (b) schematic of the axial probe (probe B) tilt alignment.

The lateral displacement gauge, which is moved along the Z direction, is employed to
measure the reference sphere from the position ZA0, which has the minimum output of SA0
to the position ZAn, with the output of SAn reaching the limited value of the measurement
range. According to Figure 6a, in the right triangle of OAnTAPA, we have the following
geometric relationships:

OAnPA = SAn − SA0 (7)

OAnTA = OAnPA· cos αA = (SAn − SA0)· cos αA (8)

PATA = OAnPA· sin αA = (SAn − SA0)· sin αA (9)

In the right triangle of OAQAOAn, we have the following geometric relationships:

OAOAn = R + rA (10)

OAQA = OAOA0 −QAOA0 = OAOA0 −OAnTA = R + rA − (SAn − SA0)· cos αA (11)

QAOAn = TAOA0 = PAOA0 − PATA = ZAn − ZA0 − (SAn − SA0)· sin αA (12)

|OAOAn|2 = |OAQA|2 + |QAOAn|2 (13)

2(SAn − SA0)× ((R + rA)· cos αA + (ZAn − ZA0)· sin αA)= (ZAn − ZA0)
2 + (SAn − SA0)

2 (14)

Then, according to Equation (14), the roll angle αA of the lateral displacement gauge
in the YZ-plane can be evaluated. Similarly, the tilt alignment of the axial displacement
gauge with a roll angle in the YZ-plane of αB is carried out as shown in Figure 6b, and we
can formulate a similar right triangle of OBQBOBn, which follows the relationships:

OBOBn = R + rB (15)

OBQB = OBOB0 −QBOB0 = OBOB0 −OBnTB = R + rB − (SBn − SB0)· cos αB (16)

QBOBn = TBOB0 = PBOB0 − PBTB = YBn −YB0 − (SBn − SB0)· sin αB (17)

|OBOBn|2 = |OBQB|2 + |QBOBn|2 (18)

2(SBn − SB0)× ((R + rB)· cos αB + (YBn −YB0)· sin αB)= (YBn −YB0)
2 + (SBn − SB0)

2 (19)
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According to Equation (19), the roll angle αB of the axial displacement gauge in the YZ-
plane can be evaluated. Similarly, the pitch angle of the measuring probe can be evaluated
by changing the scanning direction to the X-axis. The roll and pitch angles can thus be
corrected by adjusting the corresponding manual tilt stage, which is mounted behind the
probe fixture.

In addition, since the inner profile is the envelope of the trajectory of the center
of the probing sphere, the inner profile can be calculated based on the trajectory of the
center of the probing sphere and the sphere radius. The probing sphere roundness error
of the two gauges would affect the calculation accuracy and reduce the accuracy of the
measurement profile. It is necessary to evaluate and compensate for the roundness error
of the probing sphere of the gauge probes. The aligned measuring probes are shown in
Figure 7, where the lateral gauge measurement is mounted vertically to measure the exact
horizontal displacement, and the axial gauge is mounted vertically to measure the exact
vertical displacement. To evaluate the probing sphere roundness of the lateral gauge, the
lateral gauge is moved along the Z direction, as shown in Figure 7a, which is similar to
that of Figure 6a. ZA0 is the start position of the lateral gauge, and ZAi is an intermediate
calibration position. At the position of ZAi, in the right triangle of OAQAiOAi, we have the
following geometric relationships:

OAOAi = R + rAi (20)

OAQAi = OAOA0 −QAiOA0 = OAOA0 − (SAi − SA0) = R + rA0 − SAi + SA0 (21)

QAiOAi = ZAi − ZA0 (22)

|OAOAi|2 = |OAQAi|2 + |QAiOAi|2 (23)

r2
Ai + 2R·rAi = r2

A0 + (SAi − SA0)
2+(ZAi − ZA0)

2 + 2R·rA0 − 2(R + rA0)·(SAi − SA0) (24)

θAi = arcsin
QAiOAi
OAOAi

= arcsin
ZAi − ZA0

R + rAi
(25)
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Figure 7. Schematic of sphere roundness calibration of the measuring probes. (a) Schematic of
measuring sphere roundness calibration for lateral probe (probe A); (b) schematic of measuring
sphere roundness calibration for axial probe (probe B).



Appl. Sci. 2022, 12, 6628 9 of 21

According to Equations (24) and (25), the exact radius rA0 could be measured by
a coordinate measurement machine, and the radius rAi of the probing sphere of the lateral
gauge at an angular range θAi of −60◦ ≤ θAi ≤ −60◦ due to the limitation of its measuring
range can be evaluated. Similarly, to evaluate the probing sphere roundness error of the
axial gauge, as shown in Figure 7b, in the right triangle of OBQBiOBi, we have the following
geometric relationships:

OBOBi = R + rBi (26)

OBQBi = OBOB0 −QBiOB0 = OBOB0 − (SBi − SB0) = R + rB0 − SBi + SB0 (27)

QBiOBi = YBi −YB0 (28)

|OBOBi|2 = |OBQBi|2 + |QBiOBi|2 (29)

r2
Bi + 2R·rBi = r2

B0 + (SBi − SB0)
2 + (YBi −YB0)

2+2R·rB0 − 2(R + rB0)·(SBi − SB0) (30)

θBi = arcsin
QBiOBi
OBOBi

= arcsin
YBi −YB0

R + rBi
(31)

According to Equations (30) and (31), the exact radius rB0 could be measured by
a coordinate measurement machine, and the radius rBi of the probing sphere of the axial
gauge at an angular range θBi of−60◦ ≤ θBi ≤−60◦ can be evaluated. The evaluated sphere
roundness error of the lateral gauge and the axial gauge can then be compensated in the
evaluation of the inner profile of the workpiece based on the trajectory of the measuring
sphere of the gauges.

3.2. Alignment of the High Aspect Ratio Aspheric Workpiece

For the alignment of the high aspect ratio aspheric workpiece, there are tilt misalign-
ment errors with a roll angle θβ about the X-axis and a pitch angle θα about the Y-axis.
The lateral gauge mounted on the Z-slide is applied to measure the sidewall of the inner
profile to calibrate the misalignment error of the workpiece, as shown in Figure 8. The
basic concept is to identify the point with the largest distance from the central point of the
workpiece at two different heights of z1 and z2, respectively. As shown in Figure 8a, the
lateral gauge is moved from X0 along the negative X-axis to identify the largest distance
point from the central point of the workpiece when the output of the lateral gauge reaches
the maximum. To evaluate the pitch angle θα of the workpiece, the first step is to mark the
point P1

′(x1
′, y1

′, z1
′) with the largest distance from the central point of the workpiece at

the height of z1
′ while moving the lateral gauge along X-axis. Then the point P2

′(x2
′, y2

′,
z2
′) with the largest distance from the central point of the workpiece at the height of z2

′ can
also be identified based on a similar procedure. According to the geometric relationship
shown in Figure 8b, the pitch angle θα of the high aspect ratio aspheric workpiece can be
evaluated through the following equation:

θα = arctan
x1
′ − x2

′

z2′ − z1
′ (32)

In the same way, the roll angle θβ of the high aspect ratio aspheric workpiece can be
obtained by:

θβ = arctan
y3
′ − y4

′

z4
′ − z3′

(33)

where P3
′(x3
′, y3

′, z3
′) is the largest distance point from the center of the workpiece at

the height of z3
′, and P4

′(x4
′, y4

′, z4
′) is the largest distance point from the center of the

workpiece at the height of z4
′ while moving the lateral gauge along the Y-axis. The pitch

and roll angle can thus be corrected by adjusting the corresponding manual tilt stage, which
is mounted under the high aspect ratio aspheric workpiece fixture. It should be noted that
the alignment should be carried out several times at different heights to reduce the effect of
the roundness errors of the workpiece to achieve a stable alignment accuracy.
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3.3. Identification of the Slide Error Motion

During the measurement procedure, the Z-slide of the motion platform is used to drive
the measuring gauge to move along the Z-axis, while the Y-slide of the motion platform is
used to drive the high aspect ratio aspheric workpiece to move along the Y-axis to keep
the measuring gauge in contact with the inner profile of the workpiece. Thus, the motion
errors of the Z-slide and the Y-slide would influence the measurement accuracy [13]. To
ensure measurement accuracy, it is necessary to evaluate and compensate for the motion
errors of the Z-slide and the Y-slide.

The identification procedure of the slide motion errors is expressed in Figure 9. For
evaluating the motion error of the Z-slide, as expressed in Figure 9a,b, the lateral gauge
mounted on the Z-slide and a standard gauge block mounted on the Y-slide are applied.
Firstly, the lateral gauge is moved to perform a circular motion on the right side of the
standard gauge block and the peak-to-valley output of the lateral gauge is evaluated. The
tilt stage mounted under the standard gauge block is then adjusted to keep the peak-to-
valley output within 100 nm to make sure that the right side of the standard gauge block is
parallel to the XZ-plane of the motion platform. After that, the lateral gauge is moved along
the Z-axis to measure the right side of the standard gauge block. During this measurement
procedure, only the Z-slide moves and the variation of the lateral gauge output represents
the motion error of the Z-slide of the motion platform. Similarly, by applying the axial
gauge mounted on the Z-slide and the standard gauge block mounted on the Y-slide, the
axial gauge is controlled to perform a circular motion on the upper side of the standard
gauge block to make sure that the upper side of the gauge block is parallel to the XY-plane
of the motion platform. Then, only the Y-slide moves and the axial gauge probe is moved
along the Y-axis on the upper side of the standard gauge block to evaluate the motion error
of the Y-slide of the platform. The motion errors of the Z-slide and the Y-slide can then be
compensated by the measurement of the workpiece inner profile to improve measurement
accuracy. It should be noted that the surface flatness of the gauge block is nominally on the
order of 30 nm, which is good enough for being used in this method to identify the motion
error of the slides that is in the order of 1 micrometer.
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4. Measurement Experiments
4.1. Experimental Setup

A photograph of the experimental setup is shown in Figure 10. A lateral displacement
gauge (Keyence AT2-52) and an axial displacement gauge (Heidenhain CT6001) were
applied as Probe A and Probe B, respectively. Both gauges are contact type, and the
measurement principle is based on photoelectric scanning. The two probes were mounted
on the Z-slide of the four-axis motion platform fixed by a designed gauge fixture. The
lateral displacement gauge has a resolution of 73 nm and linearity of about 0.5% over
a measurement range of 1.2 mm, according to its specification sheet. The probing sphere of
the gauge has a nominal radius of 1.6 mm. The axial displacement gauge has a resolution
of 100 nm over a measurement range of 60 mm. The probing sphere of the gauge has
a nominal radius of 4.5 mm. The measuring points obtained from the gauges were collected
by using the NI PCIe-6353 capture card with a developed computer program based on
the Qt platform. To adjust the tilt of both the displacement gauges, an XZ-tilt adjustment
stage, which has a resolution of 0.01◦ with an adjustment range of ±10◦, was fixed between
the measuring gauge and the Z-slide of the motion platform. To calibrate the tilt errors of
the measuring gauges, a reference sphere (Zeiss, A-1034-0002) with a nominal radius of
12.5 mm and a nominal roundness of 25 nm was applied. The spindle of the scanning stage
on which the workpiece was mounted has a resolution of 0.5 arc-second and a maximum
rotation speed of 200 rpm. The spindle was directly driven by using the PC connected
to the scanning stage. The air bearing technique is integrated with the scanning stage
to reduce the influence of the vibration. As the measurement target, a high aspect ratio
aspheric workpiece, which is a cone-shaped structure with a thickness of 10 mm, was
employed. The sidewall of the inner profile of the workpiece is part of a conical surface
with a maximum radius of 40 mm and steepness of 84.89◦. The bottom part of the workpiece
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is part of a spherical surface with a radius of 30 mm. The total depth of the inner profile
of the workpiece is 140 mm. Since the machining process of the workpiece is rotationally
symmetrical, one side of a cross-section of the workpiece could represent the geometric
shape of the workpiece.
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Figure 10. Photograph of the experimental setup.

The experiment target is to measure one side of a cross-section of the workpiece to
verify this measurement method. Taking into consideration the machining accuracy is
desired to be about 10 µm, the expected measurement accuracy is 1 µm. It should be
noted that the minimum measurable radius of the workpiece is 33.3 mm when the depth
of the workpiece is larger than 83 mm, due to the limitation of the body size of the axial
gauge of Heidenhain CT6001, and is 4.5 mm when the depth of the workpiece is less than
83 mm. An XY-tilt stage and an XY-linear stage were fixed under the workpiece fixture
for tilt adjustment of the workpiece. To identify the motion errors of the Y-slide and the
Z-slide, a standard gauge block with a flatness of 30 nm was applied. The travel range of
the XYZ-slides is 200 mm along with the three directions with a resolution of 20 nm on
each axis.

4.2. Experimental Results

The inner profile of the high aspect ratio aspheric workpiece was evaluated according
to the measurement procedure described in Section 2 using the lateral displacement gauge
and the axial displacement gauge. Figure 11 shows a schematic of a flowchart of the
entire measurement procedure. As the first step, the nonlinearity of the lateral gauge
was evaluated and calibrated according to the approach shown in Figure 5. As shown in
Figure 12, through nonlinear fitting by the polynomial, the nonlinearity of the horizontal
measurement before and after compensation was about ±293 and ±84 nm, respectively.
It should be noted that only a third-order polynomial fit method is used to represent the
real trend of the nonlinearity of the lateral gauge to prevent overfitting. In addition, with



Appl. Sci. 2022, 12, 6628 13 of 21

compensation, the crosstalk output of the lateral gauge is about ±215 nm, corresponding
to the Z-axial movement of 0.2 mm. Then, with the assistance of the reference sphere, tilt
adjustments of the two gauges were carried out to reduce the cosine error. The results are
presented in Figure 13 and the pitch angle and the roll angle of the gauges were reduced
from 3◦ to about 0.2◦. The repeatability of the tilt adjustment method was about 0.1◦. The
repeatability was caused by the motion errors of the slides, the roundness of the reference
sphere, the errors of the gauges, and the roundness of the probing spheres. The roundness
of 10 µm of the probing sphere, according to Figure 4, led to a deviation of about 0.08◦

for the tilt angle and had little effect on the accuracy of the tilt adjustment method. After
that, the roundness of the probing spheres of the lateral gauge and the axial gauge were
evaluated according to the method shown in Figure 7. Figure 14a was the evaluated result
of the left part of the probing sphere of the lateral gauge, and Figure 14b was that of the
bottom part of the probing sphere of the axial gauge. The evaluating angle was about ±60◦,
which can fully meet the requirement of the measurement, and the repeatability of the
evaluation method of the roundness of the probing spheres was about 80 nm.
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Figure 11. Schematic of the measurement procedure for inner profile surface of the high aspect ratio
aspheric workpiece.

As the next step, motion errors of the Y-slide and Z-slide of the motion platform were
evaluated according to the approach shown in Figure 9. Figure 15 shows the identification
results of the slide motion errors. The straightness motion error of the Z-slide and the
Y-slide were evaluated to be 2.489 and 0.871 m, respectively. The evaluated results are used
to compensate for the measurement results. It should also be noted that the repeatability of
the Z-slide and the Y-slide was 0.0835 and 0.1920 m, respectively. The repeatability was
caused by the flatness of the standard gauge block and the errors of the gauges.
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Figure 12. Experimental results of calibration of the lateral displacement gauge (probe A). (a) Hori-
zontal calibration of the lateral displacement gauge (probe A); (b) vertical calibration of the lateral
displacement gauge (probe A).
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Figure 13. Experimental results of the tilt alignments of the lateral and axial displacement gauges.
(a) Tilt alignment of the lateral displacement gauge (probe A); (b) tilt alignment of the axial displace-
ment gauge (probe B).
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Figure 14. Experimental results of probing sphere roundness calibration for the lateral and axial
displacement gauges. (a) Sphere roundness calibration of the lateral displacement gauge (probe A);
(b) sphere roundness calibration of the axial displacement gauge (probe B).
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Figure 15. Experimental results of the calibration of the Y/Z-slide motion error. (a) Calibration of the
Z-slide motion error; (b) calibration of the Y-slide motion error.

As the final step of error calibration, the tilt of the high aspect ratio aspheric workpiece
was adjusted. Figure 16 shows the results of the adjustment procedure. According to the
method shown in Figure 8, the pitch angle of the workpiece was reduced from 1.506◦ to be
0.045◦, and the roll angle was reduced from 1.854◦ to 0.036◦ by the alignment as shown in
Figure 16. The repeatability of the tilt adjustment method was about 0.02◦. The repeatability
was caused by the motion errors of the slides, the errors of the gauges, and the roundness
of the probing spheres.
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Figure 16. Experimental results of the tilt alignments of the high aspect ratio aspheric workpiece.

After that, measurement of the inner profile of the high aspect ratio aspheric workpiece
was carried out. First, the lateral gauge was applied to measure the sidewall of the inner
profile by simultaneously moving the Z-slide along the negative Z-axis and the Y-slide
along the Y-axis. The measurement of the lateral gauge started from the top edge to the
bottom of the workpiece. The moving distance of the Y-slide and the Z-slide was 30.00
and 138.28 mm, respectively. The moving speed of the Y-slide and the Z-slide was set to
be 0.05 and 0.23 mm/s, respectively. During the measurement procedure, the position of
the Y-slide, the position of the Z-slide and the lateral gauge measurement were recorded
in real-time. Then, the axial gauge was used to measure the bottom part of the inner
profile of the workpiece by only moving the Y-slide along the Y-axis for about 20 mm. The
measurement of the axial gauge started from the central axis of the workpiece, and the
moving speed was about 0.07 mm/s. During the measurement procedure, the position
of the Y-slide and the output of the axial gauge were recorded in real-time. The whole
measurement time was about 15 min. The data of the measurement were analyzed and
shown in the next section.



Appl. Sci. 2022, 12, 6628 16 of 21

4.3. Data Processing and Analysis

First of all, using the interpolation algorithm, the motion errors of the Z-slide and the
Y-slide were applied to compensate for the measurement results. As described in Section 3.1,
the measurement of the lateral gauge could not represent the inner profile because of the
influence of the shape of the probing sphere of the gauge probe. The trajectory of the center
of the probing sphere of the lateral gauge could be obtained by the following equations:

yball
i = yslide

i + Slateral
i (34)

zball
i = zslide

i + hlateral
i (35)

hlateral
i = f (Slateral

i) (36)

where yball
i and zball

i are the y position and the z position of the center of the lateral gauge,
respectively, yslidel

i and zslidel
i are the position of the Y-slide and the position of the Z-slide,

respectively, Slateral
i is the output of the lateral gauge and hlateral

i is the corresponding
vertical displacement of the probing sphere obtained according to Figure 5b. Then, an
algorithm was applied to evaluate the real sidewall of the inner profile of the workpiece by
removing the influence of the probing sphere shape. The evaluation results are shown in
Figure 17a. According to the geometric relationship, we could obtain the coordinates of the
sidewall profile of the inner part of the workpiece from the trajectory of the center of the
probing sphere:

yAi
′ = yAi − rAi· cos(θAi) (37)

zAi
′ = zAi − rAi· sin(θAi) (38)

θAi = arctan(kAi) (39)

where yAi
′ and zAi

′ are the y and z coordinates of the side of the inner profile, respectively,
yAi and zAi are the y and z coordinates of the center of the probing sphere of the lateral
gauge, respectively, rAi is the radius of the probing sphere of the gauge, kAi is the slope
of the trajectory of the center of the probing sphere at the measuring point, and θAi is
the inclination of the slope of the trajectory of the probing sphere. The results of the
compensation algorithm of the sidewall of the inner profile are presented in Figure 17b.
Similarly, the trajectory of the probing sphere of the axial gauge could be obtained from
the coordinates of the slides and the output of the axial gauge. Then, the underside part
of the inner profile was calculated using a similar compensation algorithm based on the
trajectory of the probing sphere of the axial gauge and the roundness error obtained from
Figure 14b. The results of the compensation algorithm of the underside of the inner profile
are presented in Figure 17d. Finally, we applied a point cloud registration algorithm [24]
to stitch the sidewall measured by the lateral gauge and the bottom part measured by the
axial gauge to form an entire inner profile of the high aspect ratio aspheric workpiece,
as shown in Figure 18. The overlap of the profiles measured by the lateral gauge and
the axial gauge was determined through the moving range of the Y-slide, as shown in
Figure 18a. Then the algorithm was applied to find the closest point pairs between the two
overlap areas, and a transformation matrix was calculated based on the coordinates of the
closest point pairs. The overlap area measured by the lateral gauge was then transformed
through the calculated transformation matrix, and the average distance of the transformed
closest point pairs was obtained. The procedure was repeated several times until the
average distance was within a threshold of 100 nm, and the final transformation matrix
was marked. Finally, the profile measured by the lateral gauge was transformed through
the marked transformation matrix, and the entire inner profile was stitched. The stitched
inner profile is presented in Figure 18e, and the mean stitching error was evaluated to
be 87 nm according to the final average distance of the closest point pairs, meeting the
requirement of micrometer measurement accuracy. For a clearer view of the measured
inner profile, a three-dimensional inner profile error is represented by rotating the stitching
profile around the central axis of the high aspect ratio aspheric workpiece, as shown in
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Figure 19a,b. The machining error has an RMS (root-mean-square) value of 25.126 µm.
The error distribution is mainly considered to be caused by the manufacturing error of the
machine tool. The machining error of the upper part is relatively small while it becomes
larger when the machine tool processes the bottom part, which might be influenced by the
stiffness of the machine tool. The radius of the bottom sphere is evaluated as 29.5923 mm,
and the roundness is evaluated as 0.4808 mm. The steepness of the sidewall is evaluated as
84.9671◦, and the straightness is evaluated as 0.2794 mm. It should be noted that the above
results are calculated based on the overall inner profile after stitching.
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Figure 17. Schematic and experimental results of evaluating the inner profile of the high aspect
ratio aspheric workpiece. (a) Schematic of evaluating the inner sidewall profile; (b) experimental
results of evaluating the inner sidewall profile; (c) schematic of evaluating the inner underside profile;
(d) experimental results of evaluating the inner underside profile.

Furthermore, the results obtained by the measurement system were verified by com-
paring with the measurement results obtained by using a coordinate measurement machine
(CMM) (Hexagon Bridge-explorer 060806), which has a qualified accuracy of 2.9 µm with
a standard test. Since the employed CMM could not measure the bottom part of the inner
profile of the workpiece due to its relatively large probe, only the result of the upper part
of the inner profile was compared. The difference between the profile measured by the
proposed measurement system and that of CMM is presented in Figure 20b. The peak-to-
valley value of the difference was evaluated to be about ±1.350 µm. The comparison result
confirms the reliability of the proposed method for the evaluation of the inner profile of the
high aspect ratio aspheric workpiece.
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Figure 18. Schematic and experimental results of the point cloud registration algorithm for inner
profile stitching. (a) Schematic of obtaining an overlap measurement profile of probe A and probe B;
(b) schematic of finding the closest point pairs of the point cloud registration algorithm; (c) schematic
of coordinate transformation of the point cloud registration algorithm; (d) schematic of coordinate
transformation for Measurement profile A; (e) experimental results of the point cloud registration
algorithm for inner profile stitching.
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Figure 19. Three-dimensional machining error of the inner profile of the high aspect ratio aspheric
workpiece. (a) Three-dimensional machining error of the high aspect ratio aspheric workpiece
compared with the theory profile; (b) top view of three-dimensional machining error of the high
aspect ratio aspheric workpiece.
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5. Conclusions

In summary, an accurate inner profile measurement and geometric parameters evalu-
ation method for a high aspect ratio aspheric workpiece using two measuring probes is
proposed. The geometric parameters such as the radius of the bottom spherical shape as
well as the steepness and straightness of the steep sidewall can be successfully evaluated.
A lateral displacement gauge is used to measure the steep sidewall of the inner profile, and
an axial displacement gauge is used to measure the deep underside of the inner profile of
the workpiece. To qualify the measurement accuracy, the systematic errors associated with
the measurement procedure, including the miscalibration, misalignment and the roundness
error of the gauge probes, as well as the slide motion error of the four-axis motion platform,
are all evaluated and separated from the measurement results. The measured profile is
evaluated after making an accurate alignment of the probes and workpiece as well as
compensation of the slide motion error and probing sphere roundness error. To obtain the
entire inner profile of the workpiece, a point cloud registration algorithm was applied to
stitch the inner sidewall profile measured by the lateral gauge and the inner underside
profile measured by the axial gauge.

To verify the performance of the proposed measurement system and the methods, the
inner profile error of a high aspect ratio aspheric workpiece with a maximum inner radius
of 40 mm, a maximum inner depth of 140 mm and a steep sidewall angle approaching
85◦(conicity of 5.11◦) was evaluated in experiments. The radius of the bottom sphere was
evaluated as 29.5923 mm, and the roundness was evaluated as 0.4808 mm. The steepness of
the sidewall was evaluated as 84.9671◦, and the straightness was evaluated as 0.2794 mm.
Some of the experimental results are compared with that of a coordinate measuring machine
(CMM). The comparison result, which has a difference of about ±1.350 µm, has verified
the feasibility of the proposed measurement system. In addition, it is also noted that
the measurement can be performed by integrating the two-probe measuring system to
a commonly used multi-axis motion stage instead of using the state-of-art CMM, which
is thus potential for on-machine measurement of the high aspect ratio aspheric part. The
advantage of the proposed method is that the inner and outer surfaces of the high aspect
ratio aspheric workpiece can be assessed accurately with high compatibility for on-machine
measurement. The integration of the on-machine measurement and the generalization
of the measurement for other parts with different forms will be considered for potential
improvements. Future works include comprehensive uncertainty analysis of the results
such as the repeatability error and the misalignment error of the two probes, compensation
of the machined surface using the evaluation results, measuring other high aspect ratio
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parts by using the developed two-probe system, as well as automation of the measurement
system to reduce the uncertainties in alignment and measurement procedure.
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