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Abstract: The normal distribution approach is often used in regression analysis at the Response 

Surface Methodology (RSM) modeling stage. Several studies have shown that the normal 

distribution approach has drawbacks compared to the more robust t-distribution approach. The t-

distribution approach is found to control size much more successfully in small samples compared 

to existing methods in the presence of moderately heavy tails. In many RSM applications, there is 

more than one response (multiresponse), which is usually correlated with each other (multivariate). 

On the other hand, the actual response surface habitually indicates the curve by the optimal value, 

so the second-order model is used. This paper aims to develop the second-order multiresponse 

surface model using a multivariate t-distribution approach. This work also provides the parameter 

estimation procedure and hypothesis testing for the significance of the parameter. First, the 

parameter estimation is performed using the Maximum Likelihood Estimation (MLE), followed by 

the Expectation–Maximization algorithm as an iterative method to find (local) maximum likelihood. 

Next, the Likelihood Ratio Test (LRT) method is used to test the parameters simultaneously. The 

model obtained uses this approach to determine the conditions of input variables that optimize the 

Paracetamol tablets’ physical quality characteristics. 

Keywords: response surface methodology; t-distribution; maximum likelihood estimation; 

likelihood ratio test; Paracetamol tablets 

 

1. Introduction 

The classical theory of statistical analysis is predicated on the assumption that model 

errors have a normal distribution. When the error has a normal distribution, the Ordinary 

Least Squares (OLS) method can be used to estimate a linear regression model. However, 

minor differences in the distribution of model errors could significantly affect the 

resulting inferences [1]. 

The multivariate t-distribution approach is more suitable than the multivariate 

Pareto distribution approach when the data has heavy tails and is not bounded below. 

The multivariate t-distribution can handle such data, while the multivariate Pareto 

distribution is only suitable for non-negative variables [2].  

Furthermore, the multivariate t-distribution can be utilized for a robust estimate of 

means, regression coefficients, and variance-covariance matrices in multivariate linear 

models, even in missing data [3]. The multivariate t-distribution approach matches 

various data conditions examined in several studies [4–6]. Although these studies use the 

t-distribution approach, they do not use data obtained from the experimental design or 

for the second-order model. 
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The Maximum Likelihood Estimation (MLE) method with the Expectation 

Maximization (EM) algorithm can be used to estimate the linear regression model 

parameters with the t-distribution approach [7]. It is recommended to treat the t-

distribution’s degrees of freedom as a known parameter if the sample size is small. If the 

sample size is large, estimating the degree of freedom is recommended. It is demonstrated 

that the EM algorithm has a relatively high computing efficiency and that, from an 

analytical standpoint, it is pretty straightforward and converges monotonically to an 

approximated local maximum [3]. 

The multivariate t-distribution approach matches various data conditions, and 

utilizing the EM algorithm makes this approach a simple and decent alternative in practice 

to get robust results [5]. These previous studies show that the estimator obtained using 

the t-distribution approach is more efficient than that obtained under the normality 

assumption when the data is in the form of a heavy tail.  

After obtaining the estimator parameter MLE, the next step is using the Likelihood 

Ratio Test (LRT) method to test the parameters simultaneously. These methods have also 

been used in several other studies related to modeling using a non-normal distribution 

approach [8,9]. 

The Response Surface Methodology (RSM) was first introduced by Box and Wilson 

[10]. RSM includes experimental strategies to explore experimental regions, empirical 

statistical modeling to obtain an approach to the relationship between responses and input 

variables (factor levels), then optimization methods to find the level of factors that 

optimize response values [11]. In this paper, data collection used a Central Composite 

Design (CCD) for the second-order model strategy. Then, the main objective is to develop 

a Second-Order Multiresponse Surface (SOMRS) model with a multivariate t-distribution 

approach and the tools for statistical inference, including parameter estimation and 

hypothesis testing. 

Since the RSM is intended to determine the optimal conditions of the system, the 

optimization technique used in this paper is the Dual Response System (DRS). In the DRS 

technique, one of the responses (considered the most important) is determined as a 

primary response, while other responses are secondary. Furthermore, this primary 

response is optimized, subject to conditions that have been determined from the 

secondary response [12,13] and using the mean squared error (MSE) criterion [14]. 

RSM has been used in several studies in the pharmaceutical industry, especially in 

optimizing the product’s quality characteristics. These studies, among others, are to find 

the best conditions for the adsorption of methylthioninium chloride on a low-cost 

adsorbent prepared from sunflower seed shells [15], to improve the quality of natural 

pharmaceutical complex products by integrating robust design and optimization 

methodologies [16], and as an approach for modeling and optimization tasks of tablet 

compression process [17, 18]. 

Tablets are the most common form of dosage/consumable, containing one or more 

types of medicinal material (active ingredients) and any required additives. Active 

ingredients are the medicines’ properties, which have been determined through tests by 

the pharmacist to cure the disease. Other substances of the tablet are the binder to provide 

adhesion to the mass of powders during granulation, disintegrant to aid the destruction 

of the tablet after ingestion, lubricant to reduce friction during the compression process 

and prevent the tablets from sticking to the mold, and diluent to fill the tablets to achieve 

a predetermined weight .  

This paper aims to develop the second-order multiresponse surface model using a 

multivariate t-distribution strategy. This work also includes a procedure for parameter 

estimation and a test of the significance of the parameter’s hypotheses. One of the studies 

related to Paracetamol was conducted to monitor its quality characteristics [19]. Applying 

the SOMRS model with a multivariate t-distribution approach, this research aims to 

determine optimal conditions of the physical quality characteristics (friability, hardness, 

and disintegration time) of Paracetamol tablets. 
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2. Materials and Methods 

2.1. Multivariate t-Distribution 

The multivariate t-distribution is a generalized version of the univariate t-

distribution for two or more variables. Let Y   has a univariate t-distribution with a 

location parameter  , scale parameter  , and degrees of freedom v , or written down 

as ( ),  ,  ,Y t v   then the probability density function is 

( )
( )

( ) ( )
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and degrees of freedom v, or written down as ( ),  ,  
q

t vY μ ψ  . Next, the probability 

density function is 
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2.2. Second-Order Multiresponse Surface (SOMRS) Model with Multivariate t-Distribution 

A first-order response surface model illustrates the relationship between the response 

variable Y   and k input variables (levels of factors) j
x  , 1,  2,  ,  j k=  . If a series of 

observations are made as much as ( ) 1n n k +  , which produces a response value of 

, 1,  2,  ,  
u

y u n=  , then the first-order response surface model will have 1p k= +  

parameters and can be written as 

( ) 0 1 1 2 2u u u k uk
E Y x x x   = + + + + , = 1,  2,  ,  u n  (3) 

For a second-order response surface model, there are ( )1
2

1 2 1m k k k= + + −  

parameters and can be written as 

( ) ( )u u
E Y = x βg , = 1,  2,  ,  u n  (4) 

with ( ) ( )
2 2 2

1 2 1 2 1 2 1 3 1
1                        

u u u uk u u uk u u u u uku k
x x x x x x x x x x x x

−
  =
 

xg   and 

( )0 1 2 11 22 12 13 1k kk k k
         

−

 =
 

β . 
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If there are q response variables 1 2u u u uq
Y Y Y

 =
 

Y  , then a second-order 

multiresponse surface model can be written as 

( ) ( )=
u u

E Y B xg , = 1,  2,  ,  u n  (5) 

with 1 2 q

 =
 

B β β β , 

( )0 1 2 11 22 12 13 1i i i i ki i i kki i i k ki
         

−

 =
 

β , and 

( ) ( )
2 2 2

1 2 1 2 1 2 1 3 1
1                        

u u u uk u u uk u u u u uku k
x x x x x x x x x x x x

−
  =
 

xg   

2.3. Estimation and Hypothesis Testing for Parameters of the SOMRS Model with a  

Multivariate t-Distribution 

Parameters estimation of the SOMRS Model with a Multivariate t-Distribution using 

the Maximum Likelihood Estimation (MLE) method is shown in Figure 1. 

Start

Develop a SOMRS model with a 
multivariate t-distribution approach 

from Central Composite Design (CCD)

Take a random sample sized n

Determine the likelihood function of 
SOMRS model

Determine the log-likelihood function 
of SOMRS model

Get the first partial derivative of the 
log-likelihood function with respect to 

each parameter and equated to zero

Get the estimation of the parameters

End

 

Figure 1. Parameters Estimation Flowchart. 

The Likelihood Ratio Test (LRT) method to test the SOMRS model parameters 

simultaneously is shown in Figure 2. 
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Start

Formulate the hypothesis

Define the SOMRS model with 
multivariate t-distribution approach 

under H0

Define the parameter set under H0

Determine the maximum of log-
likelihood function under H0

Define the parameter set under 
population

Determine the likelihood function 
under population

Determine the test statistic

State the test statistic in quadratic form

Determine the test statistic distribution

Take a random sample sized n

Determine the likelihood function 
under H0

Determine the log-likelihood function 
under H0

Determine the log-likelihood function 
under population

Determine the maximum of the 
likelihood func. & the log-likelihood 

func. under population

Determine the likelihood ratio

Determine the rejection area

Making conclusions and interpretations

End

 

Figure 2. Model Parameter Test Flowchart. 

2.4. Paracetamol Tablets 

The making of Paracetamol tablets was done by wet granulation, with material 

Paracetamol (active substance), Polyvinylpyrrolidone/PVP K-30 (binder), Primogel 

(disintegrant), Mg Stearate (lubricant), and Lactose (filler).  

Based on research from the process of making Paracetamol tablets with wet 

granulation, the quality characteristics of the tablet include the level of friability, the level 

of hardness, and the disintegration time of the tablet [19]. Next, the three input variables 

are the level of binder (PVP K-30), the level of disintegrant (Primogel), and the 

compression force level on the hydraulic press. Table 1 shows the response variables and 

their specifications as the tablet’s quality characteristics. Table 2 shows the input variables 

and their levels. 

Table 1. Response Variables (Tablet’s Quality Characteristics). 

Response Variable Label Characteristic Specifications 

1
Y  Tablet’s Friability Smaller the better 1%  

2
Y  Tablet’s Hardness Nominal the best 39.23–98.07 N 

3
Y  Tablet’s Disintegration Time Smaller the better 

 15 min 

(  900 s) 

Table 2. Input Variables (Factor’s Level). 

Input Variable Label Natural Level Coded Level 

1
X  Level of Binder 

4.68% +1.682 

4% +1.000 

3% 0.000 

2% −1.000 

1.32% −1.682 

2
X  Level of Disintegrant 

5.68% +1.682 

5% +1.000 

4% 0.000 
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3% −1.000 

2.32% −1.682 

3
X  Compression Force Level 

19,991.49 N +1.682 

17,650.80 N +1.000 

14,218.70 N 0.000 

10,786.60 N −1.000 

8445.91 N −1.682 

Tablets were prepared with combinations of levels of PVP K-30, Primogel, and 

compression force. Experiments were carried out as many as 20 runs using a CCD, then 

the tablet's physical quality characteristics (friability, hardness, and disintegration time) 

were evaluated. The experimental data obtained using this design is shown in Table 3. 

Table 3. Experiment Data Result using CCD. 

No Input Variable Response 

 1X  
2X  

3X  1Y  

(%) 
2Y  

(N) 
3Y  

(sec) 

1 −1 −1 −1 0.67 95.33 161.83 

2 +1 −1 −1 0.93 67.00 246.00 

3 −1 +1 −1 0.52 68.00 202.83 

4 +1 +1 −1 0.83 66.83 279.67 

5 −1 −1 +1 0.22 117.67 147.00 

6 +1 −1 +1 0.32 113.33 367.50 

7 −1 +1 +1 0.44 103.50 201.50 

8 +1 +1 +1 0.54 94.33 242.98 

9 −1.682 0 0 0.57 96.83 194.17 

10 +1.682 0 0 0.66 83.50 340.83 

11 0 −1.682 0 0.47 96.17 261.00 

12 0 +1.682 0 0.59 84.33 336.83 

13 0 0 −1.682 0.45 60.00 196.33 

14 0 0 +1.682 0.12 134.17 217.17 

15 0 0 0 0.27 111.50 279.83 

16 0 0 0 0.40 82.33 211.00 

17 0 0 0 0.47 82.00 159.33 

18 0 0 0 0.63 84.00 254.67 

19 0 0 0 0.50 78.00 257.83 

20 0 0 0 0.89 87.83 301.33 

3. Results 

3.1. Parameter Estimation of SOMRS Model with a Multivariate t-Distribution Approach 

Maximum likelihood estimation for the parameters of the SOMRS model with the 

EM algorithm is given in Theorem 1. 

Theorem 1. Suppose it is known that the expected value of a SOMRS model with a multivariate 

t-distribution is ( ) ( )u u
E =Y B xg  for 1,  2,  ,  u n= , with u

Y  is 1q  response variable, B  

is p q   model parameter matrix, and ( )u
xg   is a known vector function of the factor levels 

(according to the polynomial model order). If u
Y   has multivariate t-distribution with a scale 

parameter ψ   and the degrees of freedom v, then the maximum likelihood estimator for each 

parameter B  and ψ , i.e., 
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Proof of Theorem 1. The development of a SOMRS model with a multivariate t-

distribution is based on the probability density function of the multivariate t-distribution. 

As Equation (5) shows that this model is ( ) ( )u u
E =Y B xg  for 1,  2,  ,  u n= , with B  , 
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The log-likelihood function from Equation (7) is 
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The first partial derivative of the log-likelihood function with respect to each 
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ui

n n

u uui u

vtr v q
D

v





− −

−

= =

  − − − 
 

 
= − − +     

+ 
  

 

ψ
y B g x ψ ψ y B g x

ψ
ψ

B ψ
 

( )

( )( ) ( )( )

( )

1 1

1

1 1

1 1

2 2 ,

u u u u

ui

n n

u uui u

vtr v q
v D

v





− −

−

= =

  − − − 
 

 
= − − +    + 

 
  

 

ψ
y B g x ψ ψ y B g x

ψ
ψ

B ψ
 

( )
( )( ) ( )( )

( )

1 1

1

1 1

1 1

2 2 ,

u u u u
n n

ui

u uui u

tr v q
v D





− −

−

= =

  − − − 
   

= − − +   + 
 

ψ
y B g x ψ ψ y B g x

ψ
ψ

B ψ
 

( )( ) ( )( )1 1 1

1 1

1 1

2 2

n n

u u u u u
u uui ui

tr 
 

− − −

= =

     = − − − − −        
 

ψ ψ
ψ y B g x ψ ψ y B g x  

(10) 

where 





ui

ψ
 is a q q  symmetric matrix with the value “1” for the u-th row and i-th 

column and the value “0” for the others, i.e., 
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11 12

1 0 0 0 1 0

0 0 0 0 0 0

0 0 0 0 0 0 0 0

 

 

   
   

    = =
    
   
      

ψ ψ

q q q q

 

21 22

0 0 0 0 0 0

1 0 0 0 1 0

0 0 0 0 0 0 0 0

 

 

   
   

    = =
    
   
      

ψ ψ

q q q q

 

1

, 1 ,

0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0 0 1

 

 

= = = =

   
   

    = =
    
   
      

ψ ψ

q qq

q q q q

u q i u q i q

. 

 

If the two partial derivatives of the two Equations (9) and (10) are equated with zero, 

then the following is obtained:  

( ) ( )( ) 1

1

n

u u u u
u

 −

=

− = g x y B g x ψ 0  (11) 

( )( ) ( )( )1 1 1

1 1

1 1

2 2

n n

u u u u u
u uui ui

tr 
 

− − −

= =

     − − − − − =        
 

ψ ψ
ψ y B g x ψ ψ y B g x 0  (12) 

However, because the solution is not closed form, it must be completed by an 

iterative process. Then, the EM algorithm used to obtain estimators B   and ψ   is as 

follows. In the ( )+1h  -th iteration =0,1, 2,h  , determine the initial value of each 

parameter, namely 
( )0

B̂  and 
( )0

ψ̂ . Expectation (E) Step is done by calculating the value 

of the auxiliary variable, i.e., 

( )

( ) ( )
1

,

h

u h

u

v q

v D


+ +
=

+ B ψ
 and 

( ) ( )ˆ ˆ 
h h

Y = BX  

with 

( ) ( ) ( ) ( )( ) ( )( ) ( ) ( )( )
1

ˆ ˆ ˆ,
h h h h

u u u u u
D

−
 = − −B ψ y B g x ψ y B g x  

( )1 2
, , ,

n
diag   =Ω  

Besides that, it also calculates sufficient statistics: 

( ) ( ) ( ) ( ) ( )1 1 1

1

n
h h h

XX u u u
u

S



+ + +

=

 = = x x Ωg g X X  

( ) ( ) ( ) ( )( ) ( ) ( )1 1 1

1

ˆˆ
n

h h h h h

XY u u u
u

S



+ + +

=


= = x y Ω Yg X   

( ) ( ) ( )( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )1 1 1

1 1 1

1 1ˆ ˆˆ ˆˆ ˆ
n n n

h h h h h h h h h

YY u u u u u
u u u

S
n n


+ + +

= = =

 
= + = +  y y ψ Y Ω Y ψ   

Furthermore, Maximization (M) Step is done to get the estimator value of B  and Ψ
, namely: 
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( ) ( )( ) ( ) ( )( ) ( ) ( )
1 1

1 1 1 1 1 ˆˆ h h h h h h

XX XY
S S
 

− −
+ + + + +

 = =B Ω Ω YX X X  

( ) ( ) ( )( ) ( )( ) ( )
1

1 1 1 1 11ˆ h h h h h

YY XY XX XY
S S S S

n    

−
+ + + + + 

= − 
 

Ψ  

( ) ( )( ) ( ) ( ) ( )( ) ( )1 1 1 1 1

1

1 1ˆ ˆˆ ˆ
n

h h h h h h

un n

+ + + + +

=


= − − + Y B Ω Y B ψX X  

(13) 

Variance-covariance matrix for B can be obtained through a fisher information matrix 

for B [20], i.e., 

( ) ( ) ( )1

1

 
2

n

u u
u

v q

v q
−

=

 +
=  

+ + 
K B x ψ xg g  (14) 

The consistent asymptotic estimator of the variance-covariance matrix for B is: 

( ) ( ) ( ) ( )
1

1
1

1

ˆ ˆ ˆCov  
2

n

u u
u

v q
n n

v q

−
−

−

=

  +
  = =     + +   

B K B x ψ xg g  (15) 

Because the MLE method produces an estimated value that approaches the actual 

value of the estimated parameter, the B̂   is consistent, so that ( )ˆ −B B   can be 

approached with a multivariate normal distribution, i.e., 

( ) ( ) ( ) ( )( )11 1

ˆ ˆ,  Cov
q kk q k q

N
++  + 

 
− 

 
B B 0 B  (16) 

Then, the algorithm for model parameter estimation using EM is as follows: 

Step-1: Determine the initial value for each parameter using the OLS method, i.e., 

( ) ( )
10ˆ X X X Y
−

 =B and 
( ) ( )( )0 01ˆ ˆ

n
Y X


= −ψ B  

Step-2: Determine the value 
( ) ( ) ( ) ( )( ) ( )( ) ( ) ( )( )

1
ˆ ˆ ˆ,

h h h h

u u u u u
D

−
 = − −B ψ y B g x ψ y B g x  

with ( )1 2
, , ,

n
diag   =Ω  and 

( )

( ) ( )
1

,

h

u h

u

v q

v D


+ +
=

+ B ψ
 

Step-3: Determine sufficient statistics for parameters ( ),B ψ , i.e.; 

( ) ( ) ( ) ( ) ( )1 1 1

1

n
h h h

XX u u u
u

S



+ + +

=

 = = x x Ωg g X X  

( ) ( ) ( ) ( )( ) ( ) ( )1 1 1

1

ˆˆ
n

h h h h h

XY u u u
u

S



+ + +

=


= = x y Ω Yg X  

( ) ( ) ( )( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )1 1 1

1 1 1

1 1ˆ ˆˆ ˆˆ ˆ
n n n

h h h h h h h h h

YY u u u u u
u u u

S
n n


+ + +

= = =

 
= + = +  y y ψ Y Ω Y ψ  

Step-4: Calculate 
( )1ˆ h+

B  and 
( )1ˆ h+

ψ  according to the Equation (13); 

Step-5: Determine the tolerance limit  ; 

Step-6: Calculate 

( ) ( )1ˆ ˆh h+
−Θ Θ

 with 

( ) ( )ˆ ˆ ˆh hh  =
 

Θ B ψ
 

Step-7: If 

( ) ( )1ˆ ˆh h


+
− Θ Θ

 then 
( )1ˆ ˆ h+

=B B  and 
( )1ˆ ˆ h+

=ψ ψ  

Step-8: If 

( ) ( )1ˆ ˆh h


+
− Θ Θ

 Then, repeat steps 2 to 8. □ 
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3.2. Hypothesis Testing for Parameters of the SOMRS Model with a Multivariate  

t-Distribution Approach 

After conducting parameter estimation, the next step is to test the SOMRS model 

parameters simultaneously. In this testing, the first step is to formulate a hypothesis, i.e., 

( )

( )

0 1 11 12 1

1 1

H : 0

H : At least one of 0 atau 0 or 0 ,  1,  2,  ,  ,

  1,  2,  ,  

i ki i kki i k ki

ji jji j ji
i q

j k

     

  

−

−

= = = = = = = = =

   =

=  

(17) 

Thus, the SOMRS model with a multivariate t-distribution approach under 
0

H  is:  

( ) ( )0 0 001 002 00
, 1,  2, ,  

u u q
E u n  

  = = = =
 

Y B x βg  (18) 

Simultaneous test statistics using the LRT method can be determined as follows. 

Define the parameter set under 
0

H  and under the population, namely  0 0 0
,=Θ β ψ  

and  ,=Θ B ψ  . Next, take a random sample sized n, namely 

1 2
,

u u u uq
y y y  =
 

y   1,  2,  ,  ,u n=  , and determine the function of likelihood 

below 
0

H , i.e., 

( ) ( )

( )

( ) ( )

( ) ( )

2

0 0 0
1

21
2 0 0 0

1
2

02

| ,

1



=

+
−

+
−

=

=

     − −   =  +
 

      





Θ y B ψ

y β ψ y β

ψ
n

n

u
u

v q
n

v q
n

u u

qn
n uv

L f

v
v

 (19) 

The log-likelihood function, i.e., 

( ) ( ) ( )

( )

( ) ( )

( ) ( )
1

2

0 0 0 0
1

1
2 0 0 0

1
2

02

ln | ,

ln ln 1 ;
2



=

+ −

=

= =

     − −+   = − +   
      





Θ Θ y B ψ

y β ψ y β

ψ

n

u
u

v q
n

u u

q
uv

L f

v q
n

v
v

 (20) 

So that the maximum likelihood function under 
0

H  is 

( )
( )

( ) ( )

( ) ( )1

2

2
1

2 0 0 0

0 0
1

2
2

ˆ ˆ
ˆ ˆ 1

v q

n
v q

n
u u

qn
n uv

L
v

v

+
−

+ −
−

=

    − −  
=  + 

     


y β ψ y β

Θ ψ  (21) 

and the maximum of log-likelihood function under 
0

H  is 

( )
( )

( ) ( )

( ) ( )1

0 0 02

0 0
1 1

2
2

ˆ ˆ
1ˆ ˆln ln ln 1
2 2

v q
n n u u

q
u uv

v q
n

v
v

+ −

= =

   
 − −  + 

= − − +  
     

 
y β ψ y β

Θ ψ  (22) 

where ( )0 0
ˆ ˆ,β ψ  is an estimator for ( )0 0

,β ψ  on the SOMRS model with a multivariate t-

distribution approach as stated in Equation (5). Next is to determine the likelihood 

function under the population, i.e., 
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( )
( )

( ) ( )

( )( ) ( )( )

2

2
1

2

1
2

2

1
n

v q
n

v q
n

u u u u

qn
n uv

L
v

v

+
−

+ −

=

    − −  
=  + 

     


y B x ψ y B x

Θ

ψ

g g
 

(23)

 

Then, the log-likelihood function under the population is 

( )
( )

( ) ( )

( )( ) ( )( )
1

2

1
2

1
2

2

ln ln 1
2

v q
n

u u u u

q
uv

v q
n

v
v

+ −

=

     − −+   
= − +   

      


y B g x ψ y B g x

Θ

ψ

 (24)

 

So, the maximum of likelihood function under the population is 

( )
( )

( ) ( )

( )( ) ( )( )1

2

2
1

2

1
2

2

ˆ ˆ ˆ
ˆ ˆ 1

v q

n
v q

n
u u u u

qn
n uv

L
v

v

+
−

+ −
−

=

    − −  
=  + 

     


y B g x ψ y B g x

Θ ψ  
(25)

 

Moreover, the maximum of log-likelihood function under the population is 

( )
( )

( ) ( )

( )( ) ( )( )

2

1
2

2

1

0

1

1ˆ ˆln ln
2

ˆ ˆ

ln 1
2

v q
n

q
uv

n
u u u u

u

n

v

v q

v



+

=

−

=

 
 

= − + 
  

 
 − − +

− + 
 
 





Θ ψ

y B g x ψ y B g x
 

(26)

 

where ( )ˆ ˆ,β ψ   is an estimator for ( ),β ψ   on the SOMRS model with multivariate t-

distribution as stated in Equation (5). 

Theorem 2. If Θ̂  is the parameter set under the population, 
0

Θ̂  is the parameter set under 
0

H

, and a hypothesis is given by Equation (17), then the test statistic for the hypothesis testing in that 

Equation is ( ) ( )( )0
ˆ ˆ2 = −Θ Θ  

Proof of Theorem 2. The likelihood ratio for hypothesis testing Equation (17): 

( )
( )

0

0

ˆ

ˆ

L
R R

L
= 

Θ

Θ
 (27) 

where 
0

R  is a constant whose value lies between 0 and 1.  

( ) ( )

( )( ) ( )( )

1

2

1

2

2
1

0 0 0

0
1

2
1

1

ˆ ˆ
ˆ 1

ˆ ˆ ˆ
ˆ 1

+
−

−
−

=

+
−

−
−

=

 
 − − 

+ 
 
 

=

 
 − − 

+ 
 
 





y β ψ y β
ψ

y B g x ψ y B g x
ψ

v q

n
u u

u

v q

n
u u u u

u

v

R

v

 (28) 

Based on Equation (27), the R-value is difficult to simplify, so to simplify calculations, 

the likelihood ratio in Equation (27) is expressed in an equivalent form, namely 
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( )
( )

( )
( )

2 2

02

0

ˆ ˆ

ˆ ˆ

L L
R

L L

−

   
   = =
   
      

Θ Θ

Θ Θ
 (29) 

Applying the natural logarithm to the Equation (29) yields the test statistic 

( ) ( )
( )
( )

( )
( )

( ) ( )( )

02

0

0

ˆ ˆ

ln 2 ln 2 ln 2 ln
ˆ ˆ

ˆ ˆ2

L L
R R

L L
 −

   
   = = − = − =
   
      

= −

Θ Θ

Θ Θ

Θ Θ

 (30) 

with ( )Θ̂  according to Equation (26) and ( )0
Θ̂  according to Equation (22). □ 

Theorem 3. Based on Theorem 2, the distribution of test statistics    is Chi-square with the 

degrees of freedom kq, which can be written as follows: 

( ) ( )( ) 2

0
ˆ ˆ2 ,d

kq
k = − ⎯⎯→ →Θ Θ  (31) 

Proof of Theorem 3. The distribution of test statistics   will be determined based on the 

definition of the parameter set under 
0

H  and under the population. 

( ) ( )( )
( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )

0

0 0 0

0 0 0

ˆ ˆ2

ˆ ˆ2

ˆ ˆ2 2

 = −

= − + −

= − − −

Θ Θ

Θ Θ Θ Θ

Θ Θ Θ Θ  

(32) 

The function ( )0
Θ  can be approached by the second degree of Taylor expansion 

around Θ̂  as follows. 

( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 0 0

1ˆ ˆ ˆ ˆ ˆ ˆ
2

g
   + − − − −
 

Θ Θ Θ Θ Θ Θ Θ K Θ Θ Θ  (33) 

with ( )
( )

( )
ˆg

=


=


Θ Θ

Θ
Θ

Θ
  and ( )

( )

( ) ( )

2

ˆK

=


= −

 
Θ Θ

Θ
Θ

Θ Θ
 . Because Θ̂   is an estimated 

parameter that maximizes ( )Θ , so ( ) 0g =Θ , then 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( )( )

( ) ( )( ) ( ) ( ) ( )

0 0 0

0 0 0

0 0 0

0 0 0

1ˆ ˆ ˆ ˆ
2

1ˆ ˆ ˆ ˆ
2

ˆ ˆ ˆ ˆ2

ˆ ˆ ˆ ˆ2

   − − −
 

  −  − − −
 

   − −  − − − −    

  −  − −
 

Θ Θ Θ Θ K Θ Θ Θ

Θ Θ Θ Θ K Θ Θ Θ

Θ Θ Θ Θ K Θ Θ Θ

Θ Θ Θ Θ K Θ Θ Θ  

(34) 

In the same way, the function ( )0
Θ  can be approached by the second degree of 

Taylor expansion around 
0

Θ̂  as follows: 

( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 0 0 0

1ˆ ˆ ˆ ˆ ˆ ˆ
2

g
   + − − − −
 

Θ Θ Θ Θ Θ Θ Θ K Θ Θ Θ  (35) 

Because ( )ˆ 0g =Θ , it is obtained 
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( )( )

( ) ( )( ) ( ) ( ) ( )

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1ˆ ˆ ˆ ˆ
2

1ˆ ˆ ˆ ˆ
2

ˆ ˆ ˆ ˆ2

ˆ ˆ ˆ ˆ2

   − − −
 

  −  − − −
 

   − −  − − − −    

  −  − −
 

Θ Θ Θ Θ K Θ Θ Θ

Θ Θ Θ Θ K Θ Θ Θ

Θ Θ Θ Θ K Θ Θ Θ

Θ Θ Θ Θ K Θ Θ Θ  

(36) 

By substituting the Equation Error! Reference source not found. to Equation (32) 

obtained 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

0 0 0 0 0 0

0 0

ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ


    = − − − − −
   

  = − −
 

Θ Θ K Θ Θ Θ Θ Θ K Θ Θ Θ

Θ Θ K Θ Θ Θ  

(37) 

The Fisher Information matrix and its inverse in the Equation 

Error! Reference source not found. can be stated as follows 

( ) 11 12

21 22

ˆ
         =  

          

K K
K Θ

K K
 (38) 

and 

( )
11 12

1

21 22

ˆ
−     

      =
      

    

K K
K Θ

K K
 (39) 

The inverse of the Fisher Information Matrix in the Equation 

Error! Reference source not found. can be declared to be 

( )
1 1 1

1
11.2 11.2 12 22

1 1 1

22 21 11.2 22.1

ˆK

− − −
−

− − −

      −           =
        −         

K K K K
Θ

K K K K
 (40) 

with 1

11.2 11 12 22 21

−   =   −            K K K K K  and 
1

11 11.2

−

  =     K K . (41) 

11
  K  , 22

  K  , 11.2
  K  , and 22.1

  K   are non-singular matrices [21]. Based on 

Equations Error! Reference source not found. and Error! Reference source not found. 

the following Equation can be obtained: 

1 121 11

22 21

− −
    = −          K K K K  (42) 

The maximum likelihood estimator of the SOMRS model in the population is 

partitioned to be 

*

1
ˆ ˆ ˆ  =

 
Θ β Θ  (43) 

with dengan 1 2 i n
   =   

*β β β β β   for 1,2, ,i n=  , dan 

1 1 00
ˆ ˆˆ ˆ 

 =
 

Θ β
n . 

The maximum likelihood estimator of the SOMRS model on 
0

H  is partitioned to be 

0 10
ˆ ˆ  =

 
Θ 0 Θ  (44) 
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with 10 1 00
ˆ ˆˆ ˆ

n
 

 =
 

Θ β  . If ( ) ( )
1

, ,d N k
−  − ⎯⎯→ →   

θ θ 0 K θ   is known [22], 

and pays attention to the Equation (47), then 

( )

( )

( )
* * 11

1 1 1

, ,
kqd

kq

N k
−



   −
   ⎯⎯→ →    −      

0β β
K Θ

0Θ Θ
 (45) 

Based on the theory of multivariate normal distribution, the conditional distribution 

of y  if given x  is multivariate normal, i.e., 

( ) ( )( )| N | ,cov |Ey x y x y x  (46) 

With ( ) ( )1|
x

E −= +  −
y yx xx

y x μ x μ  and ( ) ( )1cov |
x

−=  −  −
yy yx xx

y x x μ . 

Based on the Equation Error! Reference source not found., the maximum likelihood 

estimator for x
μ  if given ,  ,  

x
y x μ  [22,23] are: 

( )1

x

−= −  −
x yx xx
μ y x μ  (47) 

Based on Equations Error! Reference source not found. and 

Error! Reference source not found., in the same way, the maximum likelihood estimator 

01
Θ̂  can be expressed in the component vector Θ̂  if given 

( )
*

1kq
=β 0 , 

*β̂ , and 
1

Θ̂  is 

( )( )
1 1

21 11 * 21 11 *

10 1 11
ˆ ˆ ˆ ˆ ˆ

kq

− −


       = − − = −       Θ Θ K K β 0 Θ K K β  (48) 

and based on the Equation (42) obtained 

1 *

10 1 22 21
ˆ ˆ ˆ−

= +       Θ Θ K K β  (49) 

Based on Equations Error! Reference source not found. and (46), the following can 

be obtained: 

( ) ( ) ( ) ( )11 1

0 0 1 *
01 1 1 1 22 21

ˆ
ˆ ˆ ˆ

kqkq kq  

−

  − 
  − = =
  − − +          

00 0
Θ Θ

Θ Θ Θ Θ K K β
  

and 

( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( )

1 111 12

0 0 0 0

21 2210 1 10 1

10 1 22 01 1

1 1* *

1 1 22 21 22 1 1 22 21

*

1 1

ˆ ˆ ˆ
ˆ ˆ

ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ

ˆ

kq kq 

− −

                − − =  
        − −        


= −   − 


= − +       − +             

 
=  

−  

0 0K K
Θ Θ K Θ Θ Θ

K KΘ Θ Θ Θ

Θ Θ K Θ Θ

Θ Θ K K β K Θ Θ K K β

β

Θ Θ

1 *

12 22 21 12

21 22 1 1

ˆ

ˆ

−                     
     −      

βK K K K

K K Θ Θ

 (50) 

Equation (37) can be simplified by describing the square form of 

( ) ( ) ( )0 0
K  − −
 

Θ Θ Θ Θ Θ   and square form of Equation (50) so that the following is 

obtained: 
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( ) ( )( )

( ) ( ) ( )

( )

( ) ( )

( )

0

1
11

1 10 1 10

1
* 11 *

1 1
2 211 * 11 *

2

ˆ ˆ2

ˆ ˆ ˆ ˆ

ˆ

ˆ ˆ

,d

kq
k





−

−

− −

= −

  = − −
 

 =
 

   
    =       
   

= ⎯⎯→ →

Θ Θ

Θ Θ K Θ Θ Θ

β K Θ β

K Θ β K Θ β

z z

. (51) 

□ 

The critical area for the hypothesis testing of the model parameters simultaneously 

is 

( )

0

0

( )

( 2 ln 2 ln )

P R R

P R R

P c





= 

= −  −

= 

 

where 
0

2 lnc R= − , so that the following is obtained: 

( )2

,kq
P


  =   (52) 

Based on Equation Error! Reference source not found., the critical area for the 

simultaneous hypothesis testing of the SOMRS model with multivariate t-distribution is 

to reject 
0

H  if the value is 
2

,kq
  . 

Then, the algorithm for hypothesis testing of the SOMRS model is as follows: 

Step-1: Determine the estimator value for the set of model parameters under 
0

H  and 

under the population by running the EM algorithm; 

Step-2: Determine the null hypothesis ( )0
H  and alternative hypotheses ( )1

H  

( )

( )

0 1 11 12 1

1 1

H : 0

H : At least one of 0 atau 0 or 0 ,  1,  2,  ,  ,

  1,  2,  ,  

i ki i kki i k ki

ji jji j ji
i q

j k

     

  

−

−

= = = = = = = = =

   =

=  

Step-3: Calculate the value of ( )0
Θ̂ , i.e.,  

( )
( )

( ) ( )

( ) ( )1

0 0 02

0 0
1 1

2
2

ˆ ˆ
1ˆ ˆln ln ln 1
2 2

v q
n n u u

q
u uv

v q
n

v
v

+ −

= =

   
 − −  + 

= − − +  
     

 
y β ψ y β

Θ ψ  

Step-4: Calculate the value of ( )Θ̂ , i.e.,  

( )
( )

( ) ( )

( )( ) ( )( )

2

1
2

2

1

0

1

1ˆ ˆln ln
2

ˆ ˆ

ln 1
2

v q
n

q
uv

n
u u u u

u

n

v

v q

v



+

=

−

=

 
 

= − + 
  

 
 − − +

− + 
 
 





Θ ψ

y B g x ψ y B g x
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Step-5: Calculate the value of the statistical test ( ) ( )( )0
ˆ ˆ2 = −Θ Θ ;  

Step-6: Determine the level of significance   and critical value 
2

,kq
 ; 

Step-7: Determine the rejection area, i.e., reject 
0

H  if 
2

,
 

kq
; 

Step-8: Make conclusions and interpretations.  

3.3. Application of SOMRS Model with a Multivariate t-Distribution Approach 

Based on the experimental result using CCD, it is obtained the mean of the 

Paracetamol tablet’s fragility is 0.52% (according to specifications, which is less than 1%), 

the mean of the tablet’s hardness is 90.33 Newtons (according to specifications, which is 

39.23–98.07 Newtons), and the mean of tablet’s disintegration time is 242.98 s or 4.05 min 

(according to specifications, which is less than 15 min). A complete data description is 

presented in Table 4. 

Table 4. Descriptive Statistics of Paracetamol Tablets Quality Characteristics. 

Quality Characteristics Mean Std. Dev. Min. Q1 Med Q3 Maks. Skewness Kurtosis 

Tablet’s Friability ( )1
Y  0.52 0.21 0.12 0.41 0.51 0.65 0.93 0.18 −0.04 

Tablet’s Hardness ( )2
Y  90.33 19.01 60.00 79.00 86.08 101.83 134.17 0.52 0.06 

Tablet’s Disintegration Time ( )3
Y  242.98 62.01 147.00 197.62 244.49 279.79 367.50 0.39 −0.51 

With the help of R Language version 4.1.0 and RStudio 2021.09.0, the SOMRS model 

with a multivariate t-distribution approach is obtained as follows: 

2

1 1 2 3 1

2 2

2 3 1 2 1 3 2 3

ˆ = 0.5239 0.0675 0.0287 0.1453 0.0492

0.0191 0.0675 0.0063 0.0462 0.0862

+ + − + +

+ − + − +

y x x x x

x x x x x x x x  
(53) 

2 2

2 1 2 3 1 2

2

3 1 2 1 3 2 3

ˆ = 87.6758 4.7906 5.9001 18.7743 0.4714 0.5014

2.9174 2.7912 1.9987 0.7088

− − + + + +

+ + + −

y x x x x x

x x x x x x x
 (54) 

2 2

3 1 2 3 1 2

2

3 1 2 1 3 2 3

ˆ = 244.8791 49.0306 9.6788 7.5927  2.5301  13.6342

18.9430 23.2938  12.6212 18.0863

y x x x x x

x x x x x x x

+ + + + + +

− − + −
 (55) 

The Equation in the coded level can be used to predict the response value based on 

each factor’s levels and to identify each factor’s relative impact by observing the 

corresponding parameters (models). 

Furthermore, the R-square values for the model in Equations (53)–(55) are 0.6572, 

0.8483, and 0.7109, respectively. Based on R-square values, it is possible to conclude that 

the model adequately describes the relationship between the input and response 

variables. 

By using the DRS technique, the tablet’s disintegration time (Y3) is considered the 

most important among the three responses, while the tablet’s friability (Y1) and the tablet’s 

hardness (Y2) are considered the same level of importance. The three response variables, 

optimal characteristics, and specifications are presented in Table 1. Thus, the optimal level 

set obtained is 1.32% binder, 2.32% disintegrant, and 8445.91 N compression force. In this 

setting, Paracetamol tablets have a friability of 0.73%, a hardness of 96.63 N, and a 

disintegration time of 44.14 s, with a minimum MSE of 1988.21. The three response values 

obtained are in accordance with the desired specifications. 

4. Discussion 

In some experiments, the data obtained did not meet the normality assumptions, 

such as having a heavy tail distribution. This condition can cause unreliable or even 
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misleading results for practitioners in the field of quality improvement [1]. However, 

some studies have proven that the multivariate t-distribution can handle such data [3–

5,7,20]. Therefore, the multivariate t-distribution approach is to be developed for 

Response Surface Methodology (RSM), especially for the modeling stage. 

The Second-Order Multiresponse Surface (SOMRS) model with multivariate t-

distribution approach developed in this research differs from other development carried 

out in several previous studies [4,6–8]. The differences are in the type of input variable (a 

setting of experimental conditions) and the order model (second-order model). 

The proposed SOMRS model with a multivariate t-distribution approach has been 

developed along with its parameter estimation and hypothesis testing. The solution of 

parameter estimation using the Maximum Likelihood Estimation (MLE) is not closed-

form such that it is optimized numerically using the Expectation–Maximization (EM) 

algorithm. Afterward, the Likelihood Ratio Test (LRT) is employed for testing 

simultaneously the parameters model. 

The use of the MLE method to get the parameter estimation and LRT parameter 

estimation for testing the parameter hypothesis of the model obtained in this study is the 

same as the research conducted for the multivariate t-distribution approach [6], and the 

multivariate Gamma distribution approach [8]. Therefore, the results obtained also do not 

differ from these two studies. 

This paper has applied this approach to determine the SOMRS model and optimal 

conditions of the physical quality characteristics (friability, hardness, and disintegration 

time) of Paracetamol tablets. All of these quality characteristics are in accordance with the 

desired specifications [19]. 

The model’s goodness of fit is based on the R-square values; further research can use 

other methods to be more convincing. At the optimization stage, the Dual Response 

Systems (DRS) technique is used to set conditions to achieve the desired quality 

characteristics. Other optimization methods can also be used for further research. 

5. Conclusions 

The proposed Second-Order Multiresponse Surface (SOMRS) model with a 

multivariate t-distribution approach has been developed along with its parameter 

estimation and hypothesis testing. The solution of parameter estimation using the 

Maximum Likelihood Estimation (MLE) is not closed-form such that it is optimized 

numerically using the Expectation–Maximization (EM) algorithm. Afterward, the 

Likelihood Ratio Test (LRT) is employed for testing simultaneously the model parameters. 

The application of this approach shows appropriate results in the modeling stage and 

determining optimal conditions of the physical quality characteristics (friability, hardness, 

and disintegration time) of Paracetamol tablets. All of these quality characteristics are 

under the desired specifications. 

Author Contributions: Conceptualization, P.S., P.P. and S.S.; methodology, P.S., P.P., K.F. and S.S.; 

writing—original draft preparation, P.S.; writing—review and editing, P.S. and P.P.; supervision, 

P.P., K.F. and S.S. All authors have read and agreed to the published version of the manuscript. 

Funding: This research was funded by UNIVERSITAS TERBUKA, Direktorat Jenderal Pendidikan 

Tinggi, Kementerian Riset Teknologi Dan Pendidikan Tinggi Republik Indonesia, contract number 

21641/UN31.LPPM/PT.01.03/2021. 

Institutional Review Board Statement: Not applicable. 

Informed Consent Statement: Not applicable. 

Data Availability Statement: Not applicable. 

Acknowledgments: All authors thank the anonymous reviewers for improving this paper through 

criticism and suggestions provided. 

Conflicts of Interest: The authors declare no conflict of interest. 



Appl. Sci. 2023, 13, 3951 20 of 20 
 

References 

1. Chatfield, C. Model Uncertainty, Data Mining and Statistical Inference. J. R. Stat. Soc. Ser. A (Stat. Soc.) 1995, 158, 419–466. 

2. Rootzén, H.; Tajvidi, N. Multivariate Generalized Pareto Distributions. Bernoulli 2006, 12, 917–930. 

https://doi.org/10.3150/bj/1161614952. 

3. Liu, C.; Rubin, D.B. ML Estimation of The t Distribution Using EM and Its Extensions, ECM and ECME. Stat. Sin. 1995, 5, 19–

39. 

4. Nadarajah, S.; Kotz, S. Estimation Methods for the Multivariate t Distribution. Acta Appl. Math. 2008, 102, 99–118. 

https://doi.org/10.1007/s10440-008-9212-8. 

5. Kan, R.; Zhou, G. Modeling Non-Normality Using Multivariate t: Implications for Asset Pricing. China Financ. Rev. Int. 2017, 7, 

2–32. https://doi.org/10.1108/CFRI-10-2016-0114. 

6. Sugiarti, H.; Purhadi; Sutikno; Purnami, S.W. Parameter Estimation of Geographically Weighted Multivariate t Regression 

Model. J. Theor. Appl. Inf. Technol. 2016, 92, 45–51. 

7. Lange, K.L.; Little, R.J.A.; Taylor, J.M.G. Robust Statistical Modeling Using the t Distribution. J. Am. Stat. Assoc. 1989, 84, 881–

896. 

8. Rahayu, A.; Purhadi; Sutikno; Prastyo, D.D. Multivariate Gamma Regression: Parameter Estimation, Hypothesis Testing, and 

Its Application. Symmetry 2020, 12, 813. https://doi.org/10.3390/SYM12050813. 

9. Mardalena, S.; Purhadi, P.; Purnomo, J.D.; Prastyo, D.D. Parameter Estimation and Hypothesis Testing of Multivariate Poisson 

Inverse Gaussian Regression. Symmetry 2020, 12, 1738. 

10. Box, G.E.P.; Wilson, K.B. On the Experimental Attainment of Optimum Conditions. J. R. Stat. Soc. Ser. B 1951, 13, 270–310. 

11. Heise, M.A.; Myers, R.H. Optimal Designs for Bivariate Logistic Regression. Biometrics 1996, 52, 613. 

https://doi.org/10.2307/2532900. 

12. Vining, G.G.; Myers, R.H. Combining Taguchi and Response Surface Philosophies: A Dual Response Approach. J. Qual. Technol. 

1990, 22, 38–45. 

13. Del Castillo, E.; Montgomery, D.C. A Nonlinear Programming Solution to the Dual Response Problem. J. Qual. Technol. 1993, 

25, 199–204. https://doi.org/10.1080/00224065.1993.11979454. 

14. Lin, D.K.J.; Tu, W. Dual Response Surface Optimization. J. Qual. Technol. 1995, 27, 34–39. 

https://doi.org/10.1080/00224065.1995.11979556. 

15. Hayoun, B.; Bourouina, M.; Pazos, M.; Sanromán, M.A.; Bourouina-Bacha, S. Equilibrium Study, Modeling and Optimization 

of Model Drug Adsorption Process by Sunflower Seed Shells. Appl. Sci. 2020, 10, 3271. https://doi.org/10.3390/app10093271. 

16. Jang, H.A.; Kim, S.Y.; Lim, Y.Y.; Lim, J.L.; Shin, S. Robust Optimization Approaches for a Natural Pharmaceutical Complex 

Product of Atractylodes Japonica Koidz and Schisandra Chinensis. Appl. Sci. 2020, 10, 7006. https://doi.org/10.3390/app10197006. 

17. Garlapati, V.K.; Roy, L. Utilization of Response Surface Methodology for Modeling and Optimization of Tablet Compression 

Process. J. Young Pharm. 2017, 9, 417–421. 

18. Edisi, V. (Ed.) Farmakope Indonesia; Kementerian Kesehatan Republik Indonesia: Jakarta, Indonesia, 2014. 

19. Oladimeji, O.A. A Study of Some Quality Characteristics of Paracetamol Tablet. J. Health Med. Nurs. 2021, 95, 22–30. 

https://doi.org/10.7176/jhmn/95-03. 

20. Cysneiros, F.J.A.; Paula, G.A. One-Sided Tests in Linear Models with Multivariate t -Distribution. Commun. Stat.—Simul. Comput. 

2004, 33, 747–771. https://doi.org/10.1081/SAC-200033290. 

21. Gupta, A.K.; Nagar, D.K. Matrix Variate Distributions; Chapman and Hall/CRC: Boca Raton, FL, USA, 1999. 

22. Pawitan, Y. In All Likelihood Statistical Modelling and Inference Using Likelihood; Clarendon Press: Oxford, UK, 2013. 

23. Rencher, A.C.; Schaalje, G.B. Linear Models in Statistics, 2nd ed.; John Wiley & Sons, Inc.: Hoboken, NJ, USA, 2008; Volume 1999, 

ISBN 9780471754985. 

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the 

individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim 

responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred 

to in the content. 


