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Abstract: In this paper, we propose a deterministic shift design model with task-based demand
and give the corresponding stochastic version with a probability constraint such that the shift plan
designed is staffed with the workforce with a certain probability of performing all given tasks. Since
we currently find no suitable methods for solving this stochastic model from the literature related
to solving stochastic shift design models, we developed a single-stage heuristic method based on
statistics, whose main idea is to reduce the occurrence of manpower shortage by prolonging the
resource occupation time of a task, but this leads to a serious waste of resources, which is common in
solving resource allocation problems with uncertain durations. To reduce the cost of wastage, we also
propose a two-stage heuristic approach that is a two-stage heuristic with an evolutionary strategy.
The two heuristics show their effectiveness in solving the proposed stochastic model in numerical
experiments, and the two-stage heuristic significantly outperforms the one-stage heuristic in cost
optimization and solution time stability.

Keywords: shift design; task-based demand; probability constraint; heuristic

1. Introduction

General workforce scheduling aims at balancing supply and demand for labor. The
process of workforce scheduling can be decomposed into the following seven main steps [1]:
Forecasting Demand, Determining Staffing Requirements, Shift Design [2], Rostering [3],
Staff Management or Tour Scheduling [4,5], Task Assignment [6] or Staff Scheduling [7],
and Re-scheduling [8–11].

Among these processes, shift design can be the most significant because it determines
the labor costs and human resource allocation for each period. In addition, a reasonable
allocation of human resources can guarantee the comfort of employees at work and the
successful performance of tasks.

Since Dantzig [12] introduced the first shift design model, many subsequent shift
design models just considered deciding which shift types to use among a limited number
of alternative shifts and allocating the appropriate workforce for the chosen shift type so
that the staffing allocation for each time slot can satisfy the staffing requirements for the
corresponding time slot to some extent.

However, when the source of staffing requirements is the workforce required to per-
form the task, this approach of independently meeting the staffing demands for each time
period and ignoring the relationship between the demands for successive periods is unrea-
sonable. As in the example in Figure 1, DSR refers to Determining Staffing Requirements,
SD refers to Shift Design, and TA refers to Task Assignment. The demand curve in the
middle is converted from the workforce required for task 1 and task 2 (assuming one staff
is required to perform task 1 and task 2, respectively). For this demand curve, an optimal
solution can be found via the traditional shift design model: shift 1 and shift 2 (assuming
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both shift 1 and shift 2 are allocated one staff). However, it is clear that for task 1, neither
shift 1 nor shift 2 can perform. The shift plan is not feasible for the actual demand (tasks).
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If the manager uses these two shifts when making task assignments, what is likely
to happen is that the employee assigned to shift 1 is made to perform task 1 by working
overtime. Obviously, via such operations, not only the actual labor costs will be increased
(overtime usually requires triple the hourly wage), but also a great disruption will be caused
to employees’ personal lives, and the job weariness of employees will be strengthened [13].
Meanwhile, employees’ well-being will be significantly reduced under such a constantly
changing schedule [14], easily leading to resignation.

To avoid this phenomenon, for task-based demand, it seems to be a good option to
consider shift design and task assignment in an integrated manner. For example, multiple
task sequences (each task sequence can be carried out by one person) are first generated for
each alternative shift type. Then, a set cover model is used to select the appropriate shifts
(task sequences). Indeed, this was a common practice in early studies of shift design with
task-based demand [15].

However, the limitation of this approach lies in the fact that generating task sequences
is an NP-hard problem, and enumerating all possible task sequences based on optional
shift types as input to the set cover model is even more of an impossibility. Therefore, the
performance of the shift plan designed via this approach depends on the sequences of tasks
fed to the set cover model.

There is another common approach for shift design with task-based demand: Firstly,
generating sets of tasks that can be performed by each alternative shift type and allocating
sufficient workforce to each alternative shift, then considering each workforce as a different
shift. Finally, using a set cover model to select the appropriate shifts/employees to minimize
the number of shifts/employees used. The second method is the one that has been studied
most frequently, and it was first proposed to solve the Shift Minimization Personnel
Task Scheduling Problem (SMPTSP). Krishnamoorthy et al. [16] first defined SMPTP and
discussed its properties, which was a variant of the Personnel Task Scheduling Problem
(PTSP) but with the objective of minimizing the number of shifts/persons required to
perform all tasks, and described the basic model of the problem as well as developed a
heuristic algorithm that could find feasible solutions in the face of large-scale problems.

Most of the subsequent research is centered on the algorithm for solving this problem,
such as Lin and Ying [17] proposed a three-stage heuristic algorithm for the SMPTSP,
where a constructive heuristic algorithm was used in the first stage to quickly obtain
the initial solution of the problem, an iterative greedy algorithm was used in the second
stage to improve the initial solution and obtain the near-optimal solution, and finally the
near-optimal solution was used as the initial solution, and used the commercial solver
to further find the optimal solution. Chandrasekharan et al. [18] developed a time-based
constructive matheuristic (CMH): a decomposition-based method where sub-problems are
solved to optimality using exact techniques, and the optimal solutions of sub-problems are
subsequently utilized to construct a feasible solution for the entire problem, which firstly
solved all the difficult instances introduced by Smet et al. [19] to optimality. The current
input of this method generally involves the problem of finding the maximum group of
mutually exclusive tasks, which is also an NP-hard problem, so it is generally difficult to
consider too many shift types and tasks. Furthermore, determining the initial number of
workers for each shift type is also a problem. Too many initial configurations will lead
to a sharp increase in the difficulty of solving the model, while too few will lead to no
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feasible solution for the model. In addition, most of the researchers of this method work
on the algorithm based on a given public test set (given the optional shifts/workers and
the corresponding set of performable tasks directly, with the shift type generation process
hidden) without discussing the nature of the problem in more depth.

Both of the above two shift design methods with task-based demand have completed
the assignment of tasks while carrying out the shift design, which has introduced other
NP-hard problems and increased the difficulty of solving the problem. We believe that
even in the face of task-based demand, we should return to the original intention of shift
design, i.e., focus on the configuration of labor resources, while the assignment of tasks is
non-essential. In this paper, we propose a new shift design model with task-based demand,
which focuses more on the configuration of the workforce than the matching of workforce
and demands/tasks.

Further, since, in reality, the start time of a task often deviates from the planned time,
i.e., the start time of tasks is with a certain degree of randomness, if only the planned
start time of a task is used for shift design, once a task arrives early or late, many tasks
cannot be executed in time on the operation day, thus leading to a series of unpredictable
consequences. We are therefore convinced that the uncertainty in the start time of tasks must
be considered when modeling shift design with task-based demand to make the designed
shift plan robust. Such a robust shift plan can guarantee that the corresponding cost of
overstaffing and understaffing will not change significantly when the staffing requirements
estimated are deviated [20].

However, there is a paucity of literature on the problem of shift design with stochastic
demand and even less on the stochastic problem of shift design with task-based demand.

Elahipanah et al. [21] considered the shift design and task assignment problem with
uncertain demand by adjusting the original shifts, reassigning tasks, and scheduling tempo-
rary shifts before the operating day to meet the demand where the randomness has become
sufficiently small. However, this approach relies on the availability of temporary workers
and requires that the uncertainty in demand be reduced sufficiently before the operating
date. Zhen [22] used a multi-scenario approach to solve this stochastic problem to minimize
the expected cost when studying the task assignment problem with an uncertain workload.
Maenhout and Vanhoucke [23] proposed a model for repairing shift schedules with mini-
mum variation after tasks are perturbed and used a meta-heuristic algorithm to solve the
model, which has constraints similar to those of the SMPTSP except that the objective is to
minimize perturbations, unlike expressing the staffing to perform tasks in terms of costs
for over- and understaffing. Hur et al. [24] studied the stochastic problem of shift design by
using the sample average approximation method to convert the stochastic model into a
MILP model, then solving this model via the Lagrangian decomposition method and the
subgradient method. Bürgy et al. [25], in their study of the employee scheduling problem in
retail stores, considered temporary demand perturbations, developed two robust models of
employee scheduling, and used multiple scenarios to simulate real-life situations. Poullet
and Parmentier [26] introduce a shift design problem considering delay costs in the context
of flight delays. The model takes alternative shifts containing task sequences as input
data, and uses methods such as column generation to quickly obtain a shift solution with
lower expected costs by continuously optimizing the set of alternative shifts and testing
the delay costs of the solution under different delay scenarios. Liu et al. [27] considered
the uncertainty of aircraft departure time when studying the task assignment problem at
airport check-in counters, described the stochastic problem by building a multi-scenario
model, and introduced the objectives and constraints of the risk aversion model, and then
solved the problem using the sample average approximation and the progressive hedging
algorithm, respectively.

From the relevant scientific literature on shift design and task assignment with uncer-
tainty in demand/tasks, there are two main approaches to solving such stochastic problems:
one is to wait for the randomness of demand/tasks to reduce to a low enough level to
go for rescheduling, while another is to simulate the stochastic demand/tasks of the real
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environment via multiple scenarios of demand/tasks and find a robust solution based on
those scenarios. The former approach requires the demand/task uncertainty to be reduced
sufficiently small before the operational day to ensure the rescheduled solution is feasible.
The latter approach usually expresses the degree of over- and understaffing in terms of
expected cost. However, evaluating the reliability of a solution solely in terms of expected
cost is also problematic. This is because what we can know is just the expected cost of
the shift plan designed if it is applied in real environments, but not the probability that
understaffing will occur. Only when the level of the demand/task’s stochasticity is reduced
low enough can the dispatchers know what measures to take to cope with the coming
demand/tasks, making it difficult to use such a robust shift plan? Therefore, a probability
constraint on describing the probability that all tasks in the task set can be performed when
using the designed shift plan should be added when constructing the stochastic model of
shift design with task-based demand.

The contributions of this paper are to propose a shift design model with task-based
demand, give a stochastic version of this model with a probability constraint, and develop
two heuristics for solving this stochastic model. Besides, the effectiveness of these methods
is demonstrated in numerical experiments.

The rest of the paper is organized as follows: Section 2 describes the deterministic shift
design model with task-based demand and the corresponding stochastic version. Section 3
proposes two scenario-based heuristics for solving the stochastic model. We evaluate the
performances of these proposed heuristics via numerical experiments in Section 4, and
conclusions are given in Section 5.

2. Problem Description

The shift design problem for task-based demand can be stated as follows:
For a given set of tasks K and a set of alternative shifts H, the decision maker needs to

select the appropriate shift types from H and allocate the appropriate manpower to each
selected shift type so that all the tasks in K can be assigned sufficient manpower so that the
individual tasks can be performed successfully. And each shift h in the set of shifts H has
the parameters {sh, eh, wh}, sh refers to the start time of the shift h, eh refers to the end time
of the shift h, and wh refers to the workforce configured for the shift h. Note that wh is the
decision variable in the shift design model and is replaced by xh. Similarly, each task k in K
has parameters {sk, ek, wk}, where sk refers to the start time of task k, ek refers to the end
time of task k, and wk refers to the workforce required to perform task k.

The following constraints are followed when designing a shift plan:

1. All tasks are uninterruptible;
2. manpower can be transferred from a shift to perform a task only if the start time as

well as the end time of the task fall within this shift’s working duration;
3. A single manpower can only perform a single task at the same time;
4. manpower to perform a task can come from more than one shift.

In solving this problem, the optimization direction is to minimize the cost of the
designed shift plan. For instance, as shown in Figure 2, suppose that we have designed
shift 1 based on task 1 and task 2, where s1, s2, and s3 are the start time of task 1, task 2, and
shift 1, respectively; e1, e2, and e3 are the end times of task 1, task 2, and shift 1, respectively;
w1 and w2 are the required workforce for task 1 and task 2, respectively, and w3 is the staffing
allocated for shift 1, where w2 = 2w1 = 2w3. Then we call w3 ∗ (t1 + t2) the overstaffing
and (e2 − s2) ∗ (w2 − w3) the understaffing. Both overstaffing and understaffing are part
of the objective function regarding the cost of the shift design model. It is important
to note that the cost of understaffing referred to here does not mean that tasks can be
performed without enough workforce required, but rather that dispatchers need to ensure
the successful execution of tasks by outsourcing tasks, delaying the departure time of
employees on duty or urgently calling back employees who are on leave.
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Since the model proposed in this paper is based on the traditional shift design
model 12, i.e., we need to discretize the workforce required for a single task into the
workforce required for each of its work periods. The work periods of a single task are
determined, as shown in Figure 3. Suppose the start and end times of task k are located at
the time slot ti and ti+3, respectively, then we consider time slots ti to ti+3 as work periods
of task k. The more periods the planning period is discretized into (the shorter the duration
of each period), the more accurate this description will be, but at the same time, it will also
make the model more difficult to solve.
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Unlike the traditional shift design model, the model proposed in this paper considers
the correlation between the staffing requirements at successive periods, i.e., the tasks from
which the staffing requirements at each period originate. The model can be described as
model M1 in Appendix A.

Further, for deterministic problems, the start time, and the end time of the task k ∈ K
are fixed, i.e., ekt and shk are constants. However, in reality, the start time and the end time of
the task are often random, which means that ekt and shk are actually random 0–1 variables.
To facilitate the distinction between deterministic and stochastic models, we re-represent
them in the stochastic version with ζkt and ξhk, respectively. Thus, we can rewrite the
deterministic model above as the stochastic model M2 in Appendix B.

In addition, taking into account the growing demand for the competence of employees
in various industries and the danger and confidentiality of some jobs, simply outsourcing
work or temporarily notifying those employees who are on leave to come back to work [13]
or force those who are on-duty to work overtime [28,29] is no longer feasible to satisfy the
understaffing demand. Therefore, we introduce a probability constraint to describe the
probability that all tasks in the task set can be performed using the designed shift plan in
model M2 in Appendix B.

3. Solution Approach

This section will propose two stochastic methods for solving the stochastic problem
mentioned in the previous section. One is a simple one-stage heuristic (OSH): First, ob-
tain the probability of each task occupying every time slot as a work period through a
large number of randomly generated scenarios so that a shift plan that both satisfies the
probability constraint (A9) and performs well in terms of cost can be found by relaxing
the range of work slots for the tasks. The other is a two-stage heuristic (TSH): In the first
stage, obtain a series of shift plans by continuously generating scenarios to evaluate the
performance of the shift plan designed/revised and thus continuously revising the shift
plan designed/revised. In the second stage, use a search algorithm to find a shift plan in
the shift plan set obtained in the first phase that both satisfies the probability constraint
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(A9) and performs well in terms of cost. Both of these approaches involve a shift design
model without over- and understaffing cost, which we call M3, and a task assignment
algorithm (TAA) whose core idea is to evaluate the expected performance of the shift plan
by using a greedy strategy to simulate a realistic dispatchers’ assignment of tasks during
the operational day.

In the following, we will give the specific formulation of the model M3 in Section 3.1, then
describe the task assignment algorithm we use in Section 3.2, followed by Sections 3.3 and 3.4
to show the two heuristics we propose, respectively.

3.1. Shift Design Model M3

The model M3 is described in Appendix C.

3.2. Task Assignment Algorithm

Before describing the TAA, we state the following definition:
For a given designed shift plan Hd, denote the i-th shift in Hd by hd

i , and the corre-

sponding shift has the following information
{

shd
i
, ehd

i
, whd

i

}
, where shd

i
and ehd

i
are the start

time and end time of shift hd
i , respectively, and whd

i
is the staffing for shift hd

i . The inherent

cost of shift plan Hd is cHd = α∑hd
i ∈Hd whd

i

(
ehd

i
− shd

i

)
.

Also for any shift hd
i , there are whd

i
subshifts, and each subshift has the following

information
{

shd
i
, ehd

i
, 1
}

. The subshifts of each shift hd
i are collected to generate a new set

of subshifts Hs, and the i-th shift in Hs is denoted by hs
i .

And for a given set of tasks Kε, kε
j is the j-th task in Kε with the following information{

skε
j
, ekε

j
, wkε

j

}
, where skε

j
and ekε

j
are the start time and end time of task kε

j , respectively, and
wkε

j
is the workforce required to perform task kε

j .
To some extent, each shift can also be viewed as a task, and we will use this feature in

the first phase of the TSH.
The specific process of TAA is as follows:

Step 1 For a given designed shift plan Hd, generate the corresponding set of subshifts Hs

and make the tasks in Kε sorted by the start time of the tasks. Initialize j = 0, create
an empty set Ku, and go to step 2.

Step 2 If j < |Kε|, then let j = j + 1, collect the subshifts that can dispatch work-

force to the j-th task from the set Hs to generate a new set Hkε
j , where Hkε

j ={
hs

i

∣∣∣shs
i
≤ skε

j
, ehs

i
≥ ekε

j
, hs

i ∈ Hs
}

, and sort the shifts in Hkε
j from front to back ac-

cording to the start time of shifts. Use h
kε

j
i to denote the i-th shift in Hkε

j , update Hs

with Hs=Hs − Hkε
j , and go to Step 3; otherwise go to Step 4.

Step 3 Compute okε
j
, ukε

j
, where if wkε

j
≤
∣∣∣Hkε

j
∣∣∣, then okε

j
= γ ∑

wkε
j

i=1

(
skε

j
− s

h
kε

j
i

)
, ukε

j
= 0,

and let s
h

kε
j

i

= ekε
j
, ∀i ≤ wkε

j
, i ∈ N; otherwise okε

j
= γ ∑

|H
kε

j |
i=1

(
skε

j
− s

h
kε

j
i

)
, ukε

j
=

β
(

wkε
j
−
∣∣∣Hkε

j
∣∣∣)(ekε

j
− skε

j

)
, and let s

h
kj
i

= ekε
j
, ∀h

kε
j

i ∈ Hkε
j , ∀i ≤ wkε

j
, i ∈ N, and then

generate a new task k with the information
{

skε
j
, ekε

j
, wkε

j
−
∣∣∣Hkε

j

∣∣∣}, add task k to Ku,

update Hs, Hs=Hs ∪ Hkε
j , and go to Step 2.

Step 4 Compute δHd , where δHd = ∑kε
j∈Kε

(
okε

j
+ ukε

j

)
+ γ ∑hs

i∈Hs

(
ehs

i
− shs

i

)
and output

δHd and Ku.
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δHd is the over- and understaffing cost of the shift plan Hd when this plan is used
in the scenario Kε, and Ku is the corresponding set of those tasks without workforce
to perform.

3.3. One-Stage Heuristic

As shown in Figure 4, if the start time of task k obeys the probability density function
fk, then we can randomly generate a large number of scenarios based on this function
(task a, b, and c are one possible scenario for task k, respectively). Based on these scenarios,
we can count the probability pkt that time slot t is a work period for task k. Thus we can
introduce the following equation.

ekt =

{
1, pkt ≥ θ
0, othwise

(1)
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Formula (1) indicates that when the probability pkt that time slot t is a work period for
task k is not less than θ (θ takes values in the range of (0 , 1]), then time slot t is considered
a working slot for task k. The closer the value of θ is to 0, the more working slots task k
has, and if the workforce is allocated to task k according to these slots via the shift design
model, the higher is the probability that task k can be allocated sufficient workforce on the
operation day.

The one-stage heuristic proposed below is to adjust the value of θ to obtain a shift plan
that satisfies the probability constraint (A9) and performs well in terms of cost.

The specific algorithm is as follows:

Step 1 Count pkt via Ω for ∀k ∈ K, t ∈ T. Initialize the parameters s = ϑ, t = 1, θ = s,
q = 0, H∗ = ∅, C∗ = 0, q∗ = 0, and go to step 2.

Step 2 Update ekt via constraint (1) and find the corresponding optimal shift plan Hθ via
M3. Generate M scenarios by perturbing the start time of tasks in task set K. Take
Hθ and each of these M scenarios as the input of TAA, respectively, and denote
the number of occurrences Ku = ∅ by Q. Let q = Q/M, q∗ = q, H∗ = Hθ , and
calculate the inherent cost cHθ

and the expected cost C∗ of the shift plan Hθ , where
cHθ

= α∑hθ
i ∈Hθ whθ

i

(
ehθ

i
− shθ

i

)
, C∗ = cHθ

+ E(δHθ ). If q ≥ η, then go to Step 3;
otherwise go to Step 6.

Step 3 Let θ = (s + t)/2. If t− θ ≤ ε, then go to Step 6, otherwise go to Step 4.
Step 4 Update ekt via constraint (1) and update the shift plan Hθ via M3, respectively.

Generate M scenarios by perturbing the start time of tasks in task set K. Take Hθ

and each of these M scenarios as the input of TAA, respectively, denote the number
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of occurrences Ku = ∅ by Q, and let q = Q/M. If q ≥ η, then go to Step 5; otherwise
let t = θ and go to Step 3.

Step 5 If C∗ ≥ cHθ
+ E(δHθ ), then let H∗ = Hθ , C∗ = cHθ

+ E(δHθ ), q∗ = q, s = θ and go
to Step 3; otherwise, let s = θ and go to Step 3.

Step 6 Output H∗, C∗ and q∗.

H∗ is a shift plan that satisfies the probability constraint (A9) while performs well in
terms of the expected cost (the expected cost of this plan is C∗), and the probability that
this shift plan can provide a sufficient workforce for all tasks in K on the operation day via
TAA is q∗.

3.4. Two-Stage Heuristic

In this subsection, we propose a scenario-based two-stage heuristic algorithm (TSH)
to solve the previously mentioned stochastic problem. In the first phase, we will propose
an algorithm to modify the shift plan designed and generate the set of modified shift plans.
The algorithm process is roughly as follows. First, generate an initial shift plan via M3, and
then generate a possible scenario by perturbing the start time of each task in the original
set of tasks. Suppose the initial shift plan cannot provide sufficient workforce for all tasks
in this scenario. In that case, the tasks with insufficient workforce and the initial shift plan
are considered as a new set of tasks, and this new set of tasks is used as input to M3 to find
a new shift plan (this new shift plan is called the revised shift plan). Then generate a new
scenario again, and if the revised shift plan still cannot provide all tasks with a sufficient
workforce, revise the shift plan again and repeat the process until there is a revised shift
plan that continuously passes the test for a certain number of scenarios (the revised shift
plan can provide enough labor for all tasks in any one of these scenarios). Record each
revised shift plan in the process to generate a revised shift plan set and terminate the first
stage of the algorithm. In the second phase, we will develop a search algorithm. This
bisection method combines the Monte Carlo method for searching the revised shift plan set
generated in the first phase for a shift plan that meets the probability constraint (A9) and
performs relatively well in cost.

3.4.1. The First Phase of TSH

The specific algorithm is as follows:

Step 1 Initialize parameters, let d = 1, n = 0, and go to step 2.
Step 2 For the given alternative shift set H and the task set K, find an initial shift paln H∗

via the model M3, and let Hd = H∗, then go to step 3.
Step 3 Obtain the new scenario Kε by perturbing the start time of the tasks in K (assuming

that the execution time of each task is constant), use Hd and Kε as the input of TAA
to obtain the corresponding output Ku, and go to step 4.

Step 4 If Ku 6= ∅, let n = 0 and go to step 5; otherwise let n = n + 1 and go to step 6.
Step 5 Treat the shifts in Hd as tasks and generate a new task set Kr, where Kr = Hd ∪ Ku.

Use H and Kr as inputs for M3 to find the corresponding shift plan H∗ and let
d = d + 1, Hd = H∗, then go to step 3.

Step 6 If n ≤ N, then go to step 3; otherwise go to step 7.

Step 7 Generate a revised shift plan set HD, where HD =
{

H1, H2, . . . , Hd
}

, and output HD.

HD is the collection of all shift plans generated in the first phase, and it is also the
input for the second phase.

3.4.2. The Second Phase of TSH

Use Hd to denote the d-th shift plan in the set HD. Since in the set HD derived in
the first stage, the later the shift plan is designed, the more scenarios can be covered, i.e.,
the coverage of each shift plan in HD increases as d increases. Therefore, we can use
the bisection method to search for a shift plan from HD that both satisfy the probability
constraint (A9) and perform well in terms of cost.
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The specific algorithm is as follows:

Step 1 Initialize the parameters s = 1, t =
∣∣HD

∣∣, d = t, q = 0, q∗ = 0, H∗ = ∅, C∗ = 0.
Use Hd to denote the d-th shift plan in the shift plan set HD and go to step 2.

Step 2 Generate M scenarios by perturbing the start time of tasks in task set K. Take
Hd and each of these M scenarios as the input of TAA, respectively, and denote
the number of occurrences Ku = ∅ by Q. Let q = Q/M,q∗ = q,H∗ = Hd, and
calculate the inherent cost cHd

and the expected cost C∗ of the shift plan Hd, where
cHd

= α∑hd
i ∈Hd whd

i

(
ehd

i
− shd

i

)
, C∗ = cHd

+ E(δHd). If q ≥ η, then go to Step 3;
otherwise go to Step 6.

Step 3 Let d = (s + t)/2. If t− d ≤ 0, then go to Step 6, otherwise go to Step 4
Step 4 Generate M scenarios by perturbing the start time of tasks in task set K. Take Hd and

each of these M scenarios as the input of TAA, respectively, denote the number of
occurrences Ku = ∅ by Q, and let q = Q/M. If q ≥ η, then go to Step 5; otherwise,
let s = d and go to Step 3.

Step 5 If C∗ ≥ cHd
+ E(δHd), then let H∗ = Hd, C∗ = cHd

+ E(δHd), q∗ = q, t = d and go
to Step 3; otherwise, let t = d and go to Step 3.

Step 6 Output H∗, C∗ and q∗.

H∗ is a shift plan that satisfies the probability constraint (A9) while performs well in
terms of the expected cost (the expected cost of this plan is C∗), and the probability that
this shift plan can provide a sufficient workforce for all tasks in K on the operation day via
TAA is q∗.

4. Numerical Results

This section first shows the impact of the relevant parameters on both methods pro-
posed in this paper. Further, it compares the performance of these two algorithms under
their respective superior parameters. All calculations are performed on a computer with an
AMD R5 4600H Radeon Graphics @ 3.0 GHz, 16 G of RAM. And the commercial solver to
solve model M3 is Gurobi 9.0.1.

In subsequent experiments, we consider only one planning day, which starts at
4:00 a.m. on a normal calendar day and ends after 24 h. In addition, we split the
planning day into 288 equal-size time slots ti = [τi , τi+1), the lengths of which are
h = τi+1 − τi = 1/12 h, and τ1 indicates the start time of the planning day. Denote
T = {t1, t2, . . . , t288} the time slot set and S = {τ1, τ2, . . . , τ289} the time point set.

Due to not considering the shift breaks, we can describe the alternative shift set as
I = {s = [τs , τ′s)|6 ≤ τ′s − τs/60 ≤ 10, τs mod 30 = 0, τ′s mod 30 = 0, τs, τ′s ∈ S}, where τs
denotes shift s start time, τ′s denotes shift s end time, 6 ≤ τ′s − τs/60 ≤ 10 means that the
alternative shift lengths are 6 to 10 h, and τs mod 30 = 0, τ′s mod 30 = 0 indicates that all
shifts can only start or end every half hour.

The original data we use in the following experiments are originated from a Chinese
mega-airport operational department, and the probability density function f obeyed by the
start time of all tasks is estimated via statistical methods (there is a lack of sufficient data
to estimate the probability density function fk of the start time of each task k). Therefore,
the scenarios used to test the solutions found by OSH and TSH are generated based on the
original task set K and function f .

4.1. The Effect of the Scale of Ω on the Performances of OSH

In this subsection, we test the effect of different sizes of scenario set Ω on the perfor-
mances of OSH. Fix the parameters α = 1, γ = 0.5, δ = 3, M = 8000, ε = 0.0001, η = 1,
and vary the size of Ω with |Ω| = 5, 50, 100, 500, 1500, 2000, 2500, 3000, 3500, 4000, 4500,
5000. Carry out 20 times each experiment and calculate the average of these experiments
result. In addition, regenerate the scenario set before starting each experiment.

Figure 5 shows that as the scale of the scenario set Ω increases, the maximum expected
task coverage of the shift plan found via OSH will gradually approach 1, while the expected
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cost and solution time of the corresponding shift plan will also increase. When the number
of scenarios increases to a certain level, the maximum expected task coverage, cost and
runtime of OSH will stabilize (the maximum expected coverage is slightly less than 1),
i.e., increasing the scale of scenarios again will not cause significant changes in the maxi-
mum expected coverage, cost and runtime. Among them, the reason that the expected cost
and the expected task coverage of OSH first increase and then stabilize with the increasing
scenario scale is that only when the number of scenarios is large enough, the real situation
be better simulated, or it is more likely to find out the potential work periods of each task.
In addition, the number of non-zero terms in model M3 increases as more potential work
periods for each task are explored, and the number of non-zero terms in model M3 stabilizes
when the number of scenarios used is sufficiently large, which is why the expected solution
time of OSH also increases and then stabilizes with the increasing scenario scale.
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4.2. The Effect of the Accuracy of Value ε on the Performances of OSH

The effect of the accuracy of value ε on the performance of OSH is tested in this
subsection. Fix the parameters α = 1, γ = 0.5, δ = 3, M = 8000, |Ω| = 5000, η = 0.95 and
vary the accuracy of εwith ε = 0.01, 0.001, 0.0001, 0.00001, 0.000001, 0.0000001. Carry out
20 times each experiment and calculate the average of these experiments result. In addition,
regenerate the scenario set before starting each experiment.

Figure 6 shows that the expected cost and expected coverage of OSH first decrease and
then stabilize as the accuracy of the value ε is increased. This is because when the accuracy
of value ε is increased, OSH can find better solutions near the feasible solution, and when
OSH has found a locally optimal solution near the feasible solution, at this point, increasing
the accuracy of value ε again will not have an optimizing effect on the solution. In addition,
the running time of OSH increases significantly (exponentially) with the increase in the
precision of ε. This is because each increase in the precision of the value ε by an order of
magnitude doubles the number of searches of the dichotomy in OSH.
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4.3. The Effect of the Value N on the Performances of TSH

The effect of the value N taken on the performance of TSH is tested in this subsection.
Fix the parameters α = 1, γ = 0.5, δ = 3, M = 8000, η = 1 and vary the value of N with
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N = 200, 400, 600, . . . , 10, 000. Carry out 20 times each experiment and calculate the
average of these experiments result.

Similar to Figure 5, Figure 7 shows that as scenario number N increases, the maximum
expected task coverage of the shift plans found by TSH will gradually approach 1, while at
the same time, the expected cost of the corresponding shift plans will increase. This is due
to the fact that when increasing the scenario number, TSH will discover a bad scenario to
which the current shift plan found is not applicable, for which TSH will update the shift
plan to improve the robustness of the shift plan, but at the same time, it also increases the
cost of the shift plan. When the scenario number increases to a certain level, the maximum
expected coverage and the expected cost of the shift plans found by TSH will stabilize (the
maximum expected coverage is slightly less than 1) because the number of scenarios the
shift plan can cope with is sufficiently large. It is very difficult to appear in bad scenarios
that cannot be coped with by the shift plan anymore. In addition, the runtime of TSH
increases (linearly) with N. This is because increasing scenario number N corresponds to
increasing test times for the shift plan in TSH.
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4.4. The Effect of the Scenario Scale M on the Expected Performance Stability of the Shift Plan

The effect of the number of scenarios M used to calculate the expected performance
metrics for the shift plans on the stability of the metrics is tested in this subsection. Ran-
domly select 20 shift plans in the previous section to generate a set HD, and use Hd to
denote the d-th shift plan in the set. Vary the value of M with M = 200, 400, 600, . . . , 50, 000,
and use Mi to denote the i-th value of M where M has I = 250 values. Fix the parame-
ters α = 1, γ = 0.5, δ = 3. For each plan Hd and each value Mi of M, we can generate
Mi scenarios and use TAA to calculate the corresponding expected cost cdi and expected
coverage ηdi.

Then denote the stability of the expected cost and expected coverage of the shift plan
with M = Mi by Ci and Θi, respectively. The formulas of Ci and Θi are as follows:

Ci = ∑
Hd∈HD

∣∣∣∣cdi −
∑i∈I cdi

I

∣∣∣∣/∣∣∣HD
∣∣∣ (2)

Θi = ∑
Hd∈HD

∣∣∣∣ηdi −
∑i∈I ηdi

I

∣∣∣∣/∣∣∣HD
∣∣∣ (3)

Figure 8 indicates that as the number of scenarios used to calculate the shift plan
increases for the metrics, the expected cost of the shift plan will fluctuate less with the ex-
pected coverage, i.e., the expected performance calculated for each shift plan will be
accurate only if the number of scenarios is sufficient. This result follows the law of
large numbers.
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4.5. The Effect of the Task Coverage η on the Performances of OSH and TSH

The effect of the task coverage η on the performances of OSH and TSH is tested in
this subsection. Fix the parameters α = 1, γ = 0.5, δ = 3, |Ω| = 5000, ε = 0.0001,
N = 8000, M = 8000 and vary the value of η with η = 0, 0.05, 0.1, . . . , 0.95, 1. Carry out
20 times each experiment and calculate the average of these experiments result. In addition,
regenerate the scenario set before starting each experiment.

Figure 9 shows that as the task coverage η increases, the expected cost of the solutions
found by both methods under their respective better parameters increases, which is the cost
of additional resources to overcome the bad scenario. And when requiring a task coverage
η of 1, the expected cost of shift plans found by both methods increases dramatically, due
to the diminishing marginal benefit effect. Among them, the solutions found by TSH are
always cost-advantageous, and the advantage is more pronounced the higher the task
coverage η is. This is because OSH finds the feasible solution by relaxing the resource
occupancy time of all tasks simultaneously, while TSH updates the feasible solution by
iterating, which makes the cost of the shift plan found by TSH lower than that of OSH.
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In addition, the running time of OSH increases with the task coverage η, while the
running time of TSH remains relatively stable. This is because increasing the task coverage
η increases the non-zero term in the M3 model used by OSH, which increases the running
time of OSH, whereas TSH always first finds a shift plan with task coverage close to 1
before using dichotomization to find a shift plan that satisfies the task coverage η and
performs well in terms of cost in the updating process. Besides, when the required task
coverage η is 1, the running time of both methods drops dramatically. This is because the
task coverage of the solutions found by both methods can only be close to 1. Both methods
use backtracking to find a solution that satisfies the constraint (A9), so both algorithms
terminate as soon as the initial backtracked solution does not satisfy the constraint (A9),
which is why the running time is so short at this time.

5. Conclusions

In this paper, an original model is proposed for the shift design problem with task-
based demand, and a stochastic version is given, to which a probability constraint is added
according to practical needs to describe the probability that the workforce allocated by the
shift plan designed can satisfy the workforce required by all tasks.

In addition, this paper proposes two methods (OSH and TSH) to solve this stochastic
model. OSH is a one-stage heuristic that is commonly used in factories to enhance the
robustness of routing. In this paper, we enhance the robustness of the shift plan by
increasing the resource occupancy time for each task. The advantage of this method is that
the method is simple and easy to implement, but the disadvantage is that the resource
occupancy time of all tasks is increased synchronously, which leads to the high cost of the
solution. Therefore, we propose a two-stage heuristic (TSH) that combines the optimization
model with a simulation method. Firstly, we find an initial shift plan and test the feasibility
of the plan by a simulation method. Then, we correct the inputs of the optimization model
based on the test results. And iterate the process multiple times to obtain a feasible solution
that satisfies the probabilistic constraints (A9). The advantage of this method is that each
iteration of the optimization is searching for the solution with the optimal cost, thus slowing
down the increase in the cost of the shift plan.

Further, the experimental results show that: (1) Only when the scale of scenarios
used to simulate the real situation are large enough the reliability of the solution can
be high enough; (2) Only when the scale of the scenarios used to calculate the expected
performance of the solution reaches a certain level, the calculated performance indexes can
be sufficiently accurate and stable; (3) Under relatively better parameter settings in each of
the two solution methods, TSH always outperforms OSH in terms of the cost of the solution,
and the running time of TSH is more stable; (4) There is a law of diminishing marginal
benefit for the robustness solutions found by both methods, i.e., each enhancement in
the robustness of the solution requires more additional cost, and the cost of the solution
increases dramatically when the risk of pursuing the solution approaches zero.

In summary, we recommend that managers use TSH to find robust shift plans and use
as many scenarios as possible when finding solutions and calculating the expected metrics.
Finally, managers should also be aware that pursuing a solution with an understaffing risk
close to zero will significantly increase the cost of the solution.

The stochastic problem considered in this paper (the randomness of the task cannot be
reduced low enough before the operation date) has no way to find the optimal solution
to compare the degree of merit of the solutions found by each method for the time being.
The solution derived from the OSH proposed in this paper can be considered a benchmark.
In addition, if the randomness of tasks can be reduced sufficiently before the operating
day, the TAA proposed in this paper can be replaced by a conventional task assignment
model, or even the stochastic model proposed in this paper can be directly converted
into a conventional deterministic integer programming model via the sample average
approximation method [30], and the corresponding optimal solution can be found by using
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commercial solvers (the sample size of the model for approximating the realistic situation
may be relatively so large that the solution time of the model is unacceptable).

Furthermore, the TSH proposed in this paper lacks a supervisory means to avoid
the designed or modified shifts from encountering the worst-case scenario prematurely
in the first stage, which has a certain probability of causing the cost of shifts to rise too
fast. Therefore, in future research, it is worthwhile to investigate the development of new
methods to find the optimal solution to the stochastic problem considered in this paper and
the inclusion of controls in TSH to avoid excessive increases in shift costs.
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Abbreviations

T set of time periods within the planning horizon; t ∈ T
H set of alternative shifts; h ∈ H
K set of tasks; k ∈ K
α cost per staff per hour
γ cost per overstaff per hour
β cost per understaff per hour
η the probability that all tasks have a sufficient workforce to be carried out
lh the length of shift h
l′k the length of task k
l ′′ the length of a single time slot
wk staffing requirements of task k
aht binary parameter that takes the value 1 if time slot t is a work period for shift h, 0 otherwise
ekt binary parameter that takes the value 1 if time slot t is a work period for task k, 0 otherwise

ζkt
random binary parameter that takes the value 1 if time slot t is a work period for task k,
0 otherwise

shk
binary parameter that takes the value 1 if the work periods of shift h can cover the work
periods of task k, 0 otherwise

ξhk
random binary parameter that takes the value 1 if the work periods of shift h can cover the
work periods of task k, 0 otherwise

oht overstaffing for shift h in time slot t, oht ∈ N
uk understaffing for task k, uk ∈ N
xh staffing for shift h, xh ∈ N; X is a |H|-dimensional vector consisting of xh
yhk workforce assigned to task k from shift h, yhk ∈ N
okε

j
cost of overstaffing in assigning workforce to the j-th task

ukε
j

cost of understaffing in assigning workforce to the j-th task

δHd additional cost of shift plan Hd, consisting of over- and understaffing cost
Ku set of tasks without workforce to perform
Ω set of scenarios generated to approximate the stochastic problem; Kω ∈ Ω
ε a threshold value used to terminate the algorithm
ϑ a sufficiently small constant; ϑ > 0
M number of scenarios used to obtain the expected cost of the shift plan

N
The number of scenarios for which the revised shift plan needs to pass the test consecutively
when terminating the algorithm.
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Appendix A

M1
min

X∈N|H|
∑

h∈H
αlhxh + ∑

k∈K
βl′kuk + ∑

tεT
∑
hεH

γl′′ oht. (A1)

Subject to
∑

h∈H
yhkshk + uk = wk, ∀k ∈ K (A2)

ahtxh − oht = ∑
k∈K

ektyhk, ∀h ∈ H, ∀t ∈ T (A3)

xh, yhk, uk, oht ∈ N, ∀h ∈ H, ∀k ∈ K, ∀t ∈ T (A4)

Objective (A1) is to minimize the cost, which comprises the inherent cost of every shift
itself, the cost of understaffing for every task, and the cost of overstaffing for every shift in
every time slot. Constraint (A2) ensures that the sum of the workforce dispatched to task
k from each shift plus the understaffing for task k is equal to the staffing requirements of
task k. Constraint (A3) ensures that the staffing for shift h minus the overstaffing of shift h
during time slot t is equal to the sum of the workforce dispatched to every task from shift h
during time slot t. Constraint (A4) states the integrality conditions on variables.

Appendix B

M2

min
X∈N|H|

E

(
∑

h∈H
αlhxh + ∑

k∈K
βl′kuk + ∑

tεT
∑
hεH

γl′′ oht

)
(A5)

Subject to
∑

h∈H
yhkξhk + uk = wk, ∀k ∈ K (A6)

ahtxh − oht = ∑
k∈K

ζktyhk, ∀h ∈ H, ∀t ∈ T (A7)

xh, yhk, uk, oht ∈ N, ∀h ∈ H, ∀k ∈ K, ∀t ∈ T (A8)

The objective function (A5) minimizes the cost function, which is an expectation
function on staffing, over- and understaffing. Constraints (A6)–(A8) have similar meanings
as constraints (A2)–(A4).

P

(
∑
k∈K

(
wk − ∑

h∈H
yhkξhk

)
= 0

)
≥ η (A9)

The symbol η referred to as task coverage, indicates the probability that all tasks can
be performed with sufficient staff. And the probability constraint (A9) ensures that the
probability that all tasks can be performed with sufficient staff is not less than the value η.

Appendix C

M3
min

X∈N|H|
∑

h∈H
αlhxh. (A10)

Subject to
∑

h∈H
yhkshk = wk, ∀k ∈ K (A11)

ahtxh ≥ ∑
k∈K

ektyhk, ∀h ∈ H, ∀t ∈ T (A12)

xh, yhk ∈ N, ∀h ∈ H, ∀k ∈ K (A13)
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The objective function (A10) minimizes the cost, which only consists of the inherent
cost of every shift. Constraint (A11) ensures that the sum of the workforce dispatched
to task k from each shift is equal to the staffing requirements of task k. Constraint (A12)
ensures that the staffing for shift h during time slot t is not less than the sum of the workforce
dispatched to every task from shift h during time slot t. The domains of variables are stated
in constraint (A13).
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