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Abstract: A rigorous perturbation analysis is presented for the singular value decomposition (SVD)
of a real matrix with full column rank. It is proved that the SVD perturbation problem is well posed
only when the singular values are distinct. The analysis involves the solution of symmetric coupled
systems of linear equations. It produces asymptotic (local) componentwise perturbation bounds on
the entries of the orthogonal matrices participating in the decomposition of the given matrix and on
its singular values. Local bounds are derived for the sensitivity of the singular subspaces measured by
the angles between the unperturbed and perturbed subspaces. Determining the asymptotic bounds
of the orthogonal matrices and the sensitivity of singular subspaces requires knowing only the norm
of the perturbation of the given matrix. An iterative scheme is described to find global bounds on the
respective perturbations, and results from numerical experiments are presented.

Keywords: singular value decomposition (SVD); singular values; singular subspaces; perturbation
analysis; componentwise perturbation bounds
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1. Introduction

Asitis known ([1], Ch. 2), ([2], Ch. 1), ([3], Ch, 2), each m x n, m > n matrix A € R™*"
can be represented by the singular value decomposition (SVD) in the factorized form

A=UxvT, 1)

where the m x m matrix U and the n x n matrix V are orthogonal and the m x n matrix &
is diagonal:

P } .
Y= , Xy = diag(oq,09,...,04).
[ O(mfn)xn) " g( 152 n)

The numbers o; > 0 are called singular values of the matrix A. The columns of
U= [uy,up, ... Un, uj € R™,
are called left singular vectors and the columns of
V:=[v1,0y,...

,0nl, vj €R"

are the right singular vectors. The subspaces spanned by sets of left and right singular vectors
are called left and right singular subspaces, respectively.
The singular value decomposition has a long and interesting history described in [4].
The SVD has many properties, making it an invaluable tool in matrix analysis and
matrix computations; see the references cited above. Among them is that the rank r of A

Appl. Sci. 2024, 14, 1417. https:/ /doi.org/10.3390/app14041417

https://www.mdpi.com/journal/applsci


https://doi.org/10.3390/app14041417
https://doi.org/10.3390/app14041417
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://orcid.org/0000-0002-6760-826X
https://orcid.org/0000-0003-0334-0900
https://doi.org/10.3390/app14041417
https://www.mdpi.com/journal/applsci
https://www.mdpi.com/article/10.3390/app14041417?type=check_update&version=3

Appl. Sci. 2024, 14, 1417

2 of 45

equals the number of its nonzero singular values and the equality || A||2 = 0max. The usual
assumption is that by an appropriate ordering of the columns u; and v}, the singular values
appear in the order

Omax =01 2 02 2 ... 2 0y ‘= Omin-

If some of the singular values are equal to zero, then A has r < 7 linearly independent
columns, and the matrix X in (1) can be represented as

X 0« (n—r)

> =
O(mfr) XT O(mfr) x (n—r)

, Xy =diag(oq,09,...,04).

Further, we shall consider the case r = n, i.e., assume that the matrix A is of full
column rank.
This paper concerns the case when the matrix A is subject to an additive perturbation
S A. In such a case, there exists another pair of orthogonal matrices U and V and a diagonal
matrix %, such that
A:=A+5A=UxV". 2)

The perturbation analysis of the singular value decomposition consists in determining
the changes in the quantities related to the elements of the decomposition due to the
perturbation 6 A. This includes determining bounds on the changes of the entries of the
orthogonal matrices that reduce the original matrix to diagonal form and bounds on the
perturbations of the singular values. Hence, the analysis aims to find bounds on the sizes
of SU=U-U, 6V =V-V,and 6L = ¥ — X as functions of the size of A. It should
be emphasized that problems of such a kind arise in most singular value decomposition
applications. The most important application of the perturbation analysis is to assess the
accuracy of the computed SVD since each algorithm for its determination produces the SVD
of A+ JA, not of A, where the size of A depends on the properties of the floating point
arithmetic used and the corresponding algorithm. Knowing the size of 6 A, we may use the
perturbation bounds to estimate the difference between the actual and computed elements
of the decomposition. For a deep and systematic presentation of the matrix perturbation
theory and its use in accuracy estimation, the reader is referred to the books of Stewart [2],
Stewart and Sun [5], and Wilkinson [6].

According to Weyl’s theorem ([2], Ch. 1), we have that

‘50}" = |5’i*0'1‘| S ||(5AH2, i= 1,2,...,1”1, (3)

which shows that the singular values are perturbed by no more than the 2-norm of the
perturbation of A; i.e., the singular values are always well conditioned. The SVD perturba-
tion analysis is well defined if the matrix A is of full column rank #; i.e., 0, # 0, since
otherwise, the corresponding left singular vector is undetermined.

The size of the perturbations 6 A, 6U, 6V, and 6Z is usually measured by using some
of the matrix norms, which leads to the so-called normwise perturbation analysis. In several
cases, we are interested in the size of the perturbations of the individual entries of 5U,
0V, and 0%, so that it is necessary to implement a componentwise perturbation analysis [7].
This analysis has an advantage when the individual components of 6U, §V, and 6% differ
significantly in magnitude, and the normwise estimates do not produce tight bounds on
the perturbations.

The literature on the perturbation theory of the singular value decomposition is
significant. The first results on this topic are obtained by Wedin [8] and Stewart [9], who
developed estimates of the sensitivity of pairs of singular subspaces (see also ([5], Ch. V)).
Other results concerning the sensitivity of the singular vectors and singular subspaces are
obtained in [10,11], and a survey on the perturbation theory of the SVD until 1990 can be
found in [12]. Using the technique of perturbation expansions for invariant subspaces,
Sun [13] derived perturbation bounds for a pair of singular subspaces that improved the
bounds obtained in [9] and contained as a special case the bounds presented in [11]. A
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perturbation theory for the singular values and singular subspaces of diagonally dominant
matrices, including graded matrices, is presented in [14], and optimal perturbation bounds
for the case of structured perturbations are derived in [15]. The seminal paper by Demmel
and his co-authors [16] contains a perturbation theory that provides relative perturbation
bounds for the singular values and singular subspaces for different classes of matrices.
The problem of backward error analysis of SVD algorithms is discussed in [17]. High-
accuracy algorithms for computing SVD are proposed by Drmac and Veseli¢ in [18,19]
and implemented in the LAPACK package [20]. An improvement in the results of [8] is
presented in [21]. Several results concerning the sensitivity of the SVD are summarized
in the survey [22], and a reach bibliography on the accurate computation of SVD can be
found in [23]. Finally, some recent applications of SVD are described in [24,25]. It should be
pointed out that the available SVD perturbation theory provides bounds on the sensitivity
of the singular vectors and singular subspaces but does not provide perturbation bounds
on the individual entries of the matrices U and V. Such bounds are important in several
applications, and this fact justifies the opinion that apart from the large number of results
about the sensitivity of the singular values and singular vectors, a complete componentwise
perturbation analysis of the SVD is not available up to the moment.

This paper presents a rigorous perturbation analysis of the orthogonal matrices, singu-
lar subspaces, and singular values of a real matrix of full column rank. It is proved that
the SVD perturbation problem is well posed only in the case of distinct (simple) singular
values. The analysis produces asymptotic (local) componentwise perturbation bounds of
the entries of the orthogonal matrices U and V and the singular values of the given matrix.
Local bounds are derived for the sensitivity of a pair of singular subspaces measured by
the angles between the unperturbed and perturbed subspaces. An iterative scheme is de-
scribed to find global bounds on the respective perturbations, and the results of numerical
experiments are presented. The analysis performed in the paper implements the same
methodology as the one used previously in [26] to determine componentwise perturbation
bounds of the QR decomposition of a matrix. However, the SVD perturbation analysis has
some distinctive features, making it a self-dependent problem.

The paper is organized as follows. In Section 2, we derive the basic nonlinear algebraic
equations used to perform the perturbation analysis of the SVD. After introducing in
Section 3 the perturbation parameters that determine the perturbations of the matrices U
and V, we derive a symmetric system of coupled equations for these parameters in Section 4.
The solution to the equations for the first-order terms of the perturbation parameters allows
us to find asymptotic bounds on the parameters in Section 5, on the singular values in
Section 6, and on the perturbations of the matrices U and V in Section 7. Using the
bounds on the perturbation parameters in Section 8, we derive bounds on the sensitivity
of the singular subspaces. In Section 9, we develop an iterative scheme for finding global
bounds on the perturbations, and in Section 10 we present the results of some numerical
experiments illustrating the proposed analysis. Some conclusions are drawn in Section 11.

2. Basic Equations

The perturbed singular value decomposition of A (2) can be written as

UTAV =3, (4)



Appl. Sci. 2024, 14, 1417

4 of 45
where
U = U+6U:=[iy,i,... 0, i €R",
6U = [buy,buy,...,0uy), du; € R",
1/7] = u]-+(5u]-,j:1,2,...,m,
V = V+446V:i=[0),0...,00), 7, ER",
SV = [0vq,0v,,...,004), dv; € R",
ZAJ} = vj—i—évj,j:l,z,...,n,
and
D ) [ Zn }
0
Y, = X,+0%, = diag(d,0,...,04),
0%, = diag(doy,d0s,...,000),
0; = 0;+00;.
Equation (4) is rewritten as
T T 0%y
SU'AV +U" AdV + 6F = + Ay, (5)
O(mfn)xn

where §F = UT§AV and the matrix A
Ay = —6UTASV —UT6ASV — SUTSAV — sUTSASV € R™*"

contains only higher-order terms in the elements of 6 A, U, and 6V

Let the matrices U and 6U be separated as U = [Uj, U], U; € R™"and U = [dL, 5Up],
sU; € R™", respectively. Since the matrix A can be represented as A = U; X, VT, the matrix
U, is not well determined but should satisfy the orthogonality condition [Uy, U] T [Uy, Up] = Ly,
The perturbation U is also undefined so that we can bound only the perturbations of the
entries in the first n columns of U, i.e., the entries of Uj. Further on, we shall use (5) to
determine componentwise bounds on éU3, 6V and 6%,,.

3. Perturbed Orthogonal Matrices and Perturbation Parameters

In the perturbation analysis of the SVD, it is convenient to find first componentwise
bounds on the entries of the matrices SWy; := UT6U; and éWy := VT6V, which are
related to the corresponding perturbations sU; and 6V by orthogonal transformations. The
implementation of the matrices W and dWy allows us to find bounds on

oy = USWy (6)

and
OV = VoWy (7)

using orthogonal transformations without increasing the norms of éWy; and éWy. This
helps to determine bounds on éU; and 0V, which are as tight as possible.
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First, consider the matrix

u1T§u1 uszSuz ulT(Sun
uzT(Sul u2T§u2 e uZT(Sun
Wy =UuTouy = | uléu;  uldu, ... uldéu, | eR™™"
T T T
U, 10Uy Uy 40Uy ... Uy 40Uy
ul suy ulduy, ... uldu,

Further on, we shall use the vector of the subdiagonal entries of the matrix 6Wy,

X = [xl,xz,...,xp]TERp,

T T T T T T T T
= [uyduy, uzduy, ..., Uyduy, uzduy, ..., Uydliy, ... Uy 10Uy, . .., UydUy]

7

m—1 m—2 m—n

where

p= Yo —i) = 1)/2+ () = nam - n - 1)/2

As it will become clear later on, together with the orthogonality condition

Uy + o) T[Uy + 6Uy] = I,

the vector x contains the whole information necessary to find the perturbation §U;. This
vector may be expressed as
x = vec(Low (6Wy)),

or, equivalently,
x = Qyvec(6Wy),

where

¥
i

[diag(w1, wo, ..., wy)] € RPX™M
w; = [o(m_l-)xi, Im,i] e RO=Dxm j—12 g,
QL =1, Q]2 =1
is a matrix that “pulls out” the p elements of x from the m - n elements of §Wy; (we consider

0px; as an empty matrix). If, for instance, m = 6 and n = 4, then

5wu21
Swyz1  dwyzp

Low(6Wyp) = ,
(6Wu) 0wyy OWyugp OWyg3

Swys1 Odwysy Owysz OWysy

Swye1 OWyuep OWyez OWyes
vec(6Wy) = [dwy1y dwunr dwyzy dwugr 0Wys1 dWye| - - -

OWy12 OWyop dWyzp SWyap OWysy dWyen| - . .

OWy13 OWyo3 dWy33 OWy 43 OWys3 OWyes) - - -
T

OWy14 OWy24 OWy34 OWy 44 OWys54 Oy e4)

7

and the matrix
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gives the relationship between the subdiagonal entries of the matrix Wy and the parameter
vector x,
x = Oyvec(dWy) = [dwuz 0wuz1 6wy 0Wus1 6Wuer |6wuzz 0Wusy SWusp SWue| - ..
SWus3 60us3 SWies|Owuss Swiea] -
We have that
S i(j+1
X = uiT(Suj, k:z—i-(]—l)m—@,
1<j<n j<i<m 1<k<p.

In a similar way, we introduce the vector of the subdiagonal entries of the matrix
SWy = VTSV (note that Vis a square matrix),

v = [yuya... vy €RY,

T T T T T T T
Vi [05001,03001,...,0,001,03002,...,0,,002,...,0,00,_1]
\'—v—/

7

n—1 n—2 1
where g = n(n — 1) /2. It is fulfilled that
y = vec(Low(6Wy))

or, equivalently,
y = Qyvec(dWy),

where
Oy = [diag(wy,wy,...,wy)] € ]qunz,
wi = |:O(Vl—i)><i/ I}’l—i:| € R(Vl*i)xnl l = 1/ 2/ e n,
0, =1, Q2 =1.
In this case,
. . i(j+1
Yo = Z)Z'Tévj, 6214-(]—1)71—@,
1<j<n j<i<n—-11</0<q.
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Further on, the quantities x;, k =1,2,...,pand yy, £ =1,2,...,q will be referred to
as perturbation parameters since they determine the perturbations §U; and 6V as well as the
sensitivity of the singular values and singular subspaces.

First, consider the matrix

SWy = UToUy = [6wyy, 6wu, .. ., 0wyy], dwyj € R™.

Lemma 1. The matrix

B B E - e
) B o e
= 0 o [
5Qu= . .

| s ] [0 N
- Xm-+n—2 X2m+n—5| --- ‘ X(n—1)(2m—n)/2+1 ‘

(]

| [xm—1| [xom-3]  [Xm—e| .-

= [Jqull (Sl]uz, A ,Jqun], Jqu] c R™

is the linear (asymptotic) approximation of the matrix SWyy; i.e., for sufficiently small ||6A||y, it is
fulfilled that 6Qqr ~ 6Wy.

Proof. Using the vector x of the perturbation parameters, the matrix Wy, is written in the form

Xm+n—=2| |X2m+n-5| --- |X(n-1)2m—n)/2+1

c Rmxn,

| [Xme1] [xome3]  [Xames| -

where the diagonal and superdiagonal entries have to be determined.

First, determine the entries of the superdiagonal part of Wy;. Since UTU = I, it
follows that

utsu = —sutu —sutsu )
and
5uiTuj = —uiTéuj —5u;‘r5u]', 1<i<m,i<j<m. (10)
According to the orthogonality condition (10), the entries of the strictly upper triangu-
lar part of W can be represented as
ul-Téuj = —u]-T(Sul- — (5uiT5uj,

(i1
= —xk—éuiT(Suj,k:j—i—(i—l)m—%,1§i§n,z’<j§n.
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Now consider how to determine the diagonal entries of the matrix 6W,
§du]j = ujT(Suj, ] = 1,2, Lo, n
by the elements of x. Since 5u]-Tu i = u]-Téu]-, according to (10) we have that
Zu]-T(Suj = —(Su]-T(Suj, ji=12,...,n
or
5du]] = —||5u]||%/2
Since
51()”]‘ = UT§L£]‘,
it follows that
Sdujj = — | 6wujl[3/2. (11)

The above expression shows that ddyj; is always negative and the entries [0d,;|,
j = 1,2,...,n depend quadratically on the entries of §W;. On the other hand, in a linear
setting, we have for the superdiagonal elements of 6W; that

owyj ] [ Oquy; 7 [ 0 ]
Owyj1,j Ouj_1, 0
5wu]] = 0 + (5du]] (—] ,j:1,2,...,11.
5wuj+l,j 5‘111]'4_1,]' 0
| OWumj | L Oquy; | L O
Hence,
[6wus||* = 116Gu; + 0dujill5 = [16qu ;15 + 5.3 (12)
From (12) and (11), we obtain the quadratic equation
SdyF; + 26duj; + 16qu;]13 = 0. (13)

From the two possible solutions to this equation, we take the root

odyjj = *Hfsqu]‘”%/(l +/1- H‘SquH%)l j=L2...,mn, (14)

since in this case dd,j; — 0 with [[0g,;]2 — 0. The expression (14) allows us to find an
approximation of 6d, j; from the entries of the matrix Qy. For small perturbation § A (small
values of ||dq, j [l2), we have the estimate (also following from (11))

|6dyji| < 5du§';‘n = ||5‘1uj||%/2-
So, for small perturbations the quantity |0d,jj|, j = 1,2,...,n depends quadratically
on ||5‘7u]'||2-
Thus, the matrix §Wy; can be represented as the sum

SWy = 6Qu + 6Dy — 6Ny, (15)
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where according to (8), the matrix dQy; has entries depending only on the perturbation

parameters x,

0 0 0
. 0 0 0 i
and the matrix

[ |
0 0
0 0 0

SNy = : : : B : e R™*"

0 0 0 0
0 0 0 0

| 0 0 0 0 i

contains second-order terms in ouj, j=12,...,n

Since the matrices Dy; and 6 Ny; contain only second-order terms in the entries of 6U,
taking into account that x — 0 and consequently U — 0 with [|6A||z — 0, it follows from
(15) that the matrix Qy; is the linear approximation of 6Wy;. O

Similarly, for the matrix

SWy =VIsy = € R

= [0wyy, 0wy, .. ., 6Wyy|, Swyj € R,

like the case of 6Wyy, it is possible to show that

§Wy = 6Qy + 6Dy — 5Ny, (16)
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where
o-|m m B -
= (0901, 0903, - -, 0q0,], 0q0; € R"
has elements depending only on the perturbation parameters y,
Bdgn] o ... o0
0 0
0 o ... [odom
dvj]- = v]-T(Sv]-, j=1,2,...,n and the matrix
e W]
0 0
SNy — 0 0 0 ... c Ri*n
| 0 0 0 ]
contains second-order terms in dvj, j =12,...,n The diagonal entries of dDy are

determined as in the case of the matrix 6 Dy;.

4. Equations for the Perturbation Parameters

In this section, we derive exact nonlinear equations for the perturbation parameters
x and y and equations for their linear approximations. At this stage, we assume that the
perturbation dA is known, but in Section 5 we show how to use these equations to find
asymptotic approximations of x and y knowing only the perturbation norm.

The elements of the perturbation parameter vectors x and y can be determined from
Equation (5). For this aim, it is appropriate to transform this equation as follows. Taking
into account that AV = UZ = U;%, and UT A = £V, the equation is represented as

Xy

O(mfn)xn

sutu,x, + VIV 4oF = | 27 Fn |4 Ay. (17)
0(m—n)><n
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where

- | B - B |-

%)
Ofnt11| |Ofut12| ---

i l&f'mll léf.mzl

After transposing (9), we obtain that

}, SF, € R"™ " SE, € R(m—m)xn,

sutu, = —utsu, — susuy. (18)

Substituting in (17) the term J uTu, with the expression on the right hand side of (18),
we obtain

—ursu,x, + [ Zo }VT(5V+(5F = [ = Zn ] +A, (19)
O(mfn)xn O(m—n)xn
where
A = Ap+oUTsULE,
SUTSULE, — SUTASV — UTSASV — SUTSAV — 6UT5ASV (20)

contains higher-order terms in the entries of A, 6U, and 6V.
Replacing the matrices UT5U; and V16V by §Wy, and 6Wy, respectively, (19) is
rewritten as

—5wuzn+[ Zn ]§WV+(5F:[ Zn = ]+A
O(mfn)xn O(mfn)xn
or
3 >
—0Quxy + [0 " }5Qv+5F= { (;Z” T ] (21)
(m—n)xn (m—n)xn

+(6Dy — 6Ny)Zy — Z(8Dy — 6Ny) + A.

Note that the matrices 6Dy, Ny, 6Dy, 6Ny and A contain only higher-order terms in
the entries of A, 6U and 6V.

Equation (21) is the basic equation in the perturbation analysis of the SVD performed
in this paper. This equation represents a diagonal system of linear equations with respect
to the unknown entries of 6Q;; and Qy, allowing us to solve it efficiently even for high-
order matrices. Neglecting the higher-order terms in this equation, we obtain in Section 5
asymptotic bounds for the elements of the SVD. The approximation of these terms makes it
possible to determine global perturbation bounds in Section 9.

The entries of the matrices Qy; and dQy can be substituted by the corresponding

elements xy, k =i+ (j—1)m — @ andyy, L =i+ (j—1)n— w of the vectors x and
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y as shown in the previous section. This leads to the representation of Equation (21) as two
matrix equations with respect to two groups of the entries of x,

[ [=] o :
F] ] [l o
-|m m .
o l B2
~ e a
+ o3 - (22)
=- I I I I + [60s]
_ (6D — 6Nt )En — Ea(6Dy — 6Ny) + Ay
and
01| Xn| 02 Xmin—2| O3 X2m4n—5| --- On| X(n—1)@m—n)/2+1
‘71| Xn+1 | ‘72| Xmtn—1 | ‘73| X2m+n—4 | coo On| X(n—1)(2m—n) /242
- . . . . ) (23)
o1 Xm—1] oo Xom—3| O3 Xam—s| --- Un
Sfut1a| |Ofut12| |0fut13| --- |Ofutin
Ofnt21| |Ofnt22| |Ofnt23| - |Ofnt2m
== . . . . . + Az’
(9fmt]  [0fw]  [0fma]
where
Ay = SUJSULE, — SUT ASV — U SASV — SUTSAV — UL 5 AV, (24)
Ny = SUTSULE, — SULASV — UTSASV — SUTSAV — sUT 5 AV, (25)

A= [ ﬁl ] Ay € RN, Ay € RUM1)xn
2

We note that the estimation of A, requires knowing an estimate of 6U,, which is
undetermined.

Equations (22) and (23) are the basic equations of the SVD perturbation analysis. They
can be used to obtain asymptotic as well as global perturbation bounds on the elements of
the vectors x and y.

Let us introduce the vectors

X() = Oqx, and X(2) = Oox,
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where
O = [diag(wy,wo,...,wy)] € RT*P,
W = i Oy x| € ROTOD i=1,0, o,
O] =1, |2 =1,
O, = [diag(wy,wy,...,wn)] € Rm—mnxp,
W =[Oy (niyy Inn] € RUTXD =12,

QZQZT = I(m—n)nr ”02”2 =1

The vector x(;) contains the elements of the unknown vector x participating in (22),
while x ;) contains the elements of x participating in (23). It is easy to prove that

X = QlTx(l) + Qsz(z).
Taking into account that

Low((6Dyq — 6Nup)Zn — Zn(6Dy — 6Ny)) =
Up(6Dy1En — £46Dy) = 0,

the strictly lower part of (22) can be represented column-wise as the following system of
linear equations with respect to the unknown vectors x(;) and y,

—51X(1) +Sy=—f+ VeC(LOW(Al)), (26)
where
51 = diag(al,crl, .., 01,02,...,02,.. .,(Tn,l), (27)
—_———— ——— ~——
n—1 n—2 1
Sy, = diag(02,03,...,00,03,...,00,..., On ), (28)
—_—— —— N~~~
n—1 n—2 1
S; e R, i=1,2.
and
f = vec(Low(éF;)) = Qgvec(dF;) € RY,
Q3 = [diag(wi, wy,...,wy)] € RW”Z,
w; = {O(nfi)xir Infz} e RO =12 .. 1,

008 =1, |Os] =1
Similarly, the strictly upper part of (22) is represented row-wise as the system of equations

Sax(1) — S1y = —8 — vec((Up(8Nu1 Zn — ZubNy — A1))7), (29)
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g = vec((Up(dF))T) = Quvec(dF;) € RY,
[ O(nfl)xnr w1,
Q, = 9(n72)><2n/ (‘)'2/ c qunz,
L O1x(n—1)nr  @Wn—1
[ [le(ifl)lllolx(nfi)] O1xn O1xn
O1xn [le(ifl)llfolx(nfi)] O1xn
Wi = . . . .
L 01 O1xn [O1><(i71),1101><(n7i)]

c R(Tl—i)x(”_i)'n, 1= ]_,2,. Lon = 1/
0,0 = I, [|Qufl2 = 1.

It should be noted that the operators Low and Up, used in (26) and (29), respectively,
take only the entries of the strict lower and strict upper part of the corresponding matrix.
These entries are then arranged by the operator vec column by column, excluding the zeros
above or below the diagonal. For instance, if n = 4, the elements of the vectors f and
g satisfy

In this way, the solution to (22) reduces to the solution to the two symmetric coupled
Equations (26) and (29) with diagonal matrices of size ¢ X 4. The Equation (23) can be
solved independently yielding

X(2) = vec((0F — A)Z ). (30)

Note that the elements of x(;) depend on the elements of y and vice versa, while x(y
depends neither on x(;) nor on y.

5. Asymptotic Bounds on the Perturbation Parameters

In this section, we determine linear (asymptotic) bounds on the perturbation parameter
vectors x and y using information only for the norm of the perturbation AA.

Equations (26) and (29) can be used to determine asymptotic approximations of the
vectors x (1) and y. The exact solution to these equations satisfies

X1y = Syp(—f+vec(Low(Ar)) (31)
+S1g(—g — vec((Up(6Ny1 Xy — ZpdNy — Ar))T),
y = Syp(—f+vec(Low(Ar)) (32)

+Syg(—8 — vec((Up(6Nu 1 Zn — ZudNy — Ap))T),

where taking into account that S; and S; commute, we have that

Sif = (S2— $155181)71818, 1 = (83— $3) 1S, € R1¥Y,
Sxe = (S2—515,'81) 1 = (53 —57) 1S, e R,
Syf - ngr

Syg - Sxf.
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Exploiting these expressions, it is possible to show that
. 71 71 71 02 2 In-1
Sxf diag > 515 i 515 i S 5rer S > , (33)
0y — 07 05 — O of — 07 05 — 07 oF — 05 OF — 054
n—1 n—2 1
. 02 03 On 03 On On
Sy dia (34)
g S| 2 2 _ 2 g _ g2 2 _ 2 2 _ 2/ 2 _ 2
05 — 07 05— 0% OF — 07 05— 05 05— 05 0h — 04
n—1 n—2 1

Let us consider the conditions for the existence of a solution to the Equations (26) and (29).

Theorem 1. The Equations (26) and (29) have a unique solution if and only if the singular values
of A are distinct.

Proof. The Equations (26) and (29) have a unique solution for x(;) and y if and only if the
square symmetric block matrix
=51 5
{ 52 =51 ]

is nonsingular, or equivalently, the matrices S, Sy, and S3 — S? are nonsingular. The
matrices S1 and S, are nonsingular since the matrix A has nonzero singular values. (For
the solution of linear systems of equations with block matrices, see ([27], Ch. II.)

In turn, a condition for nonsingularity of the matrix S3 — S? can be found taking into
account the structure of the matrices S, ¢ and Sy,. Clearly, the denominators of the first n — 1
diagonal entries of S, 3 and Sy, will be different from zero if o7 is distinct from 03,03, . .., 0.
Similarly, the denominators of the next group of n — 2 diagonal entries will be different from
zero if 0 is distinct from o3, . . ., 0y, and so on. Finally, 0;,_; should be different from o;,.
Thus, we conclude that the matrices S, ¢ and Sy will exist and the Equations (26) and (29)
will have a unique solution, if and only if the singular values of A are distinct. [J

We note that Theorem 1 is in accordance with the results obtained in [14,28]. Such a
result should not come as a surprise since U is the matrix of the transformation of AAT
to Schur (diagonal) form UZETUT and V is the matrix of the transformation of AT A to
diagonal form VETZVT. On the other hand, the perturbation problem for the Schur form
is well posed only when the matrix eigenvalues (the diagonal elements of ZXT or £TY)
are distinct.

Neglecting the higher-order terms in (31) and (32) and approximating each element of
f and g by the perturbation norm ||dA||, we obtain the following result.

Lemma 2. The linear approximations of the vectors x 1) and y satisfy

eyl = x{, vl =y (35)
xl(lln) = (ISxfl + [Sxg))h, (36)
v = (ISysl + ISys)h, (37)

where Syg = Syfand Sy = Sxg are given by (33) and (34), respectively, and

h=1,1,..., 1" x ||6A]>.
&\/_/
q
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Clearly, if the matrices [S.¢|, [Sxg|, [Syfl, [Syg| have large diagonal entries, then the
estimates of the perturbation parameters will be large. Using the expressions for S, and
Sxg, we may show that

o; . . .
1Sxflla = maxﬁ,zzl,z...,n—l,]:z+1,z+2,...,n,
1,] |U}'_Ui|
™ 7
= max —"'——.
*8li2 ij |02 — a2

j i

Note that the norms of S, and Sxg can be considered as condition numbers of the
vectors x1 and y with respect to the changes in 6 A.

An asymptotic estimate of the vector x,) is obtained, neglecting the higher-order term
Ay and approximating its elements according to (30).

Lemma 3. The linear approximation of the vector x ) satisfies

xl(lz”) = vec(Z), (38)
1/0’1 1/0’2 1/0’n
1/(71 1/0'2 1/(7n

z = oAl A
1/(71 1/0'2 1/(7”

Equation (38) shows that a group of n elements of x(z)”” will be large if the singular
value associated with the corresponding column of Z is small. The presence of large
elements in the vector x leads to large entries in Wy; and consequently in the estimate of §U.
This observation aligns with the well known fact that the sensitivity of a singular subspace
is inversely proportional to the smallest singular value associated with that subspace.

As a result of determining the linear estimates (36)—(38), we obtain an asymptotic

approximation of the vector x as
M = Of x{f) + O3 x(3). (39)

It should be emphasized that the determination of the linear bounds x/" and y'"
requires knowing only the norm of the perturbation § A.

Thanks to the diagonal structure of the matrices S, Sy, and X, the solutions to the
Equations (26)-(30) are computed efficiently with high accuracy. In fact, the computing of
the diagonal elements of the matrices Sy, Sxg, S f, Syg requires 10q floating point operations

lin lin

(flops), the determining of X and y'""* according to (36) and (37) requires 44 flops, and

the obtaining of xl(lzn) by (38) needs 2(m — n)n flops. Thus, the computing of ' and y'"
requires 14n(n — 1) /2 + 2(m — n)n flops. Also, the solution of the diagonal systems of

equations is performed very accurately in a floating point arithmetic.

Example 1. Consider the 6 x 4 matrix

3 3 -3 —6
-3 -1 1 8
3 1 0 -9

-3 1 -2 11.1
6 4 —6 -119
3 1 1 -10.1
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and assume that it is perturbed by

JA = 10°x A,
-5 3 1 -2
7 —4 -9 -5
-3 8 5 4
2 -6 -3 -7
-5 3 1 9
-4 -8 -2 6

where c is a varying parameter. (For convenience, the entries of the matrix Ag are taken as integers).
The singular value decompositions of the matrices A and A + 6 A are computed by the function

svd of MATLAB®[29]. The singular values of A are

o, = 25.460186918120350,
o = 7.684342946021752,
o3 = 1.248776186923002,
os = 0.017709242587950.

In the given case, the matrices S1 and Sy in Equations (27) and (28) are

S = diag(25.4601869, 25.4601869, 25.4601869,
7.6843429, 7.6843429, 1.2487762),
S, = diag(7.6843429, 1.2487762, 0.0177092,

1.2487762, 0.0177092, 0.0177092),

and the matrices participating in (31) and (32) are

Sy = diag(—0.0432135, —0.0393717, —0.0392770,
—0.1336647, —0.1301354, —0.8009451),

Syg = diag(—0.0130426, —0.0019311, —0.0000273,
—0.0217217, —0.0002999, —0.0113584)

Syf = Sxg

Syg = Sxf-

The matrix
=51 5
s
which determines the solution for x ) and y, has a condition number with respect to the 2-norm
equal to 26.9234179. The exact parameters xy and their linear approximations x,l(i” computed
by using (36) and (38) are shown to eight decimal digits for two perturbation sizes in Table 1.
The differences between the values of x,l(i" and xy are due to the bounding of the elements of the
vectors f and g by the value of |0 A|| and taking the terms in (36)—(38) with positive signs. Both
approximations are necessary to ensure that x < x' for arbitrary small size perturbation.
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Table 1. Exact perturbation parameters x; related to the matrix Wy and their linear estimates.

c

l15All2

||

lin
Xk

-10

2.0819813 x 10~?

5.9651314 x 1012
1.2358232 x 10~ 11
2.5843633 x 10712

7.5119150 x 10~13

1.9764954 x 1011

1.1712418 x 1010
8.5991735 x 1011
8.1830915 x 1011

8.1773996 x 10~ 11

8.1773996 x 10~10

2.5769606 x 1011
6.7934677 x 1012

7.1177269 x 10~ 11

3.0802793 x 1011

3.2351171 x 10~10
2.7156394 x 1010

2.7093810 x 10~10

2.7093810 x 10~10

4.9634458 x 10710
6.0967501 x 10~10

6.6936869 x 10~10

1.6912007 x 10~?
1.6672173 x 10~

1.6672173 x 10~

1.0685519 x 108

1.0010811 x 10~?

1.1756467 x 10~7

1.1756467 x 10~7

-5

2.0819812 x 104

5.9650702 x 10~7
1.2358210 x 10°
2.5843445 x 107

7.5103866 x 108

1.9765187 x 10~°

1.1712418 x 10~°
8.5991735 x 106
8.1830915 x 10~°

8.1773996 x 10~°

8.1773996 x 10~°

2.5769484 x 10~°
6.7937087 x 10~7

7.1177424 x 10~°

3.0802821 x 10~°

3.2351171 x 107°
2.7156394 x 10~

2.7093809 x 107>

2.7093809 x 107>

4.9636511 x 1075
6.0971010 x 107>

6.6939951 x 107>

1.6912007 x 104
1.6672173 x 10~4

1.6672173 x 10~4

— TS,

Xx = u; ou;
_ T

x| = u%éul

Xy = u%éul

X3 = uyduq
— T

X4 = Uz duq
— T

X5 = Ugouq

X = ulduy

X7 = u 0up
_ T

Xg = Ug 5u2
_ T

X9 = Ug Oy

X10 = MZ(Sug

x11 = ud dug

X12 = uéT(Sug,

X13 = ug5u4

X14 = ug5u4
_ T

x| = u%éul

Xp = u3T5u1

X3 = uyduq
T

X4 = usoug
_ T

X5 = ugoug
T

X6 = uz0up

X7 = u}éup
— gl

xg = usoup
_ T

X9 = Ug (5142

X10 = MZ(SL!::,

x11 = ul dug

X1p = ugéug

X13 = u§5u4

X14 = u6Tz5u4

1.0673940 x 103
1.0014883 x 104

1.1756467 x 102
1.1756467 x 1072

Note: The elements x; obtained from Equation (38) are highlighted in yellow boxes.

Similarly, in Table 2, we show for the same perturbations of A the exact perturbation parameters

yy and their linear approximations obtained from (37).

Table 2. Exact perturbation parameters y, related to the matrix Wy and their linear estimates.

c 19A]l2

lin

Ye

—10 2.0819813 x 10~

5.9724939 x 1013

1.1712418 x 10~10

4.0539576 x 10~ 11
1.3009739 x 10~

8.5991735 x 10~ 11
8.1830915 x 10~ 11

— T
Y¢ = v; 0vj
Y1 = va(Svl
Yo = vgévl
Y3 = 0) b0y
Ya = UST(SUZ
Y5 = Z)g&)z

3.5278691 x 10~12
3.3493810 x 10~ 1

3.2351171 x 1010
2.7156394 x 10~10

Ye

U3T(SU3

2.7589325 x 10~10

1.6912007 x 10~?
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Table 2. Cont.

c [[6A]l2

_ T
Yp =7; 5vj

el

lin

Ye
—5 2.0819812 x 10* y1 = 0160 5.9734613 x 10~8 1.1712418 x 10~°
y2 = 0l 60y 4.0539817 x 10~© 8.5991735 x 100
y3 = vl o0y 1.3009948 x 10~° 8.1830915 x 106
Yy = 0l ov, 3.5285443 x 10~7 3.2351171 x 10~°
Y5 = v} 0vy 3.3493454 x 10~ 2.7156394 x 10~°
Y6 = 01603 2.7590797 x 10~° 1.6912007 x 10~

6. Bounding the Perturbations of the Singular Values

Equation (22) can also be used to determine linear and nonlinear estimates of the per-
turbations of the singular values. Considering the diagonal elements of this equation (high-
lighted in green boxes) and taking into account that diag(dNy1) = 0,, diag(éNy) = 0y,
we obtain

6%, = diag(6F,) — diag(6Dy1 5y — 6Dy + Aq)

or
5(71‘ = (Sfii — ((SDulzn — ZH(SDV + Al)ii’ i= 1,2, coo.n, (40)

where (.);; denotes the ith diagonal element of (.). Neglecting the higher-order terms, we
determine the componentwise asymptotic estimate

|0c;| < 601, St = |0fyl, i=1,2,...,n. (41)
Bounding each diagonal element |0 f;;| by ||0A||2, we find the normwise estimate of dc;,
|§0’Z‘| < 5(5'1‘, 5@'{ = ||5AH2,

which is in accordance with Weyl’s theorem (see (3)).
From (40), we also have that

n
\/ 22007 < |I6F|F + [6DurZn — ZndDyllp + [|As | p.
i=1

In Table 3, we show the exact perturbations of the singular values of the matrix A of
Example 1 along with the normwise bound 66; = ||§A||, and the asymptotic estimate do; ™
obtained from (41) under the assumption that J A is known. The exact perturbations and
their linear bounds are very close.

Table 3. Perturbations of the singular values and their linear estimates.

c 56’,‘ = ||(5A||2 |50’i|
—10 2.0819812 x 10~°?

sotfin = |5 fiil
Soq = 1.5439778 x 10~

Soq = 1.5439774 x 10~

S0y = 42996717 x 10~11
S0z = 6.1140315 x 10710
S0y = 1.7363173 x 10710

S0y = 4.2995882 x 1011
do3 = 6.1140303 x 1010
S0y = 1.7363178 x 10710

—5  2.0819812 x 104

Soq = 1.5439748 x 10~*
S0y = 4.2998913 x 10~°
S0z = 6.1133265 x 10~
S0y = 1.7375078 x 10~°

Soq = 1.5439778 x 10~*
b0y = 42995882 x 10~°
S0z = 6.1140303 x 10~
Soy = 1.7363178 x 104

7. Asymptotic Bounds on the Perturbations of U; and V

Having componentwise estimates for the elements of x and v, it is possible to find
easily asymptotic bounds on the entries of the matrices 6U; and JV.
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Theorem 2. The asymptotic bound on the matrix |6U | is given by
oty | = [u||u”suy| = sul™ = |ujswiir, (42)

where

SW" =

0]
lin

lin x
(n—1)(2m—n)/2+1

x2m+n—5

lin lin lin lin
Xim—1 Xom—3 X3m—6 e Xp

and the parameters xff" >0, k=1,2,...,paredetermined by (39).

Proof. The proof follows directly from Lemma 1 and Equation (6). O

The linear approximation ¢ Ui"” gives bounds on the perturbations of the individual
elements of the orthogonal transformation matrix U. Note that (42) is strictly valid only for

infinitesimally small perturbation JA.
Similarly, we have that the linear approximation of the matrix Wy is given by

IR N BN}
" B

SWI = |60y | = _ - o] .. e R,
A EEER o

From (7), we obtain that

6V < sV = |v|sWiin, (43)

Hence, the matrix §V'" entries give asymptotic bounds on the perturbations of the
entries of V.

Consider the volume of operations necessary to determine the perturbation bounds
su'™ and §V'" provided that the SVD of the matrix A is already computed. According to
(42) and (43), the computation of the bounds U™ and V" requires 2m?n and 2n° flops,
respectively. Adding the 14n(n — 1) /2 + 2(m — n)n flops necessary to determine x"* and
y'", we find that the obtaining of the asymptotic componentwise estimates of sU and 6V
requires altogether

2(m?n +n3 + mn) +5n% — 7n ~ 2(m*n + n3)

flops. Thus, the perturbation analysis requires O(m?®) operations.
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For the matrix A of Example 1, we obtain that the absolute values of the exact changes
of the entries of the matrix U; for the perturbation A = 107°Ag satisfy

0.0020130 0.0013238 0.0330402 0.2407168
0.0009548 0.0070093 0.0356216 0.9425346
0.0006562 0.0004107 0.0576633 0.1185295
0.0000996 0.0028839 0.0020370 0.1517173
0.0004584 0.0024637 0.0316821 0.3649600
0.0004974 0.0014734 0.0630623 0.1877213

|oU;| = 1073 x

and their asymptotic componentwise estimates found by using (42) are

0.0018494 0.0052303 0.0215558 0.9587781
0.0012398 0.0044262 0.0221410 1.4004629
0.0014125 0.0045112 0.0219559 0.5375840
0.0017421 0.0041696 0.0159680 0.5367878
0.0015062 0.0033948 0.0117823 0.6368282
0.0016843 0.0050287 0.0180170 0.9570612

sutin = 1072 x

Also, for the same 6 A, we have that

0.0188135 0.0293793 0.2621967 0.0365476
0.0348050 0.0032323 0.0065525 0.2572914
0.0153096 0.0121733 0.0836556 0.0994065
0.0036567 0.0106224 0.0446413 0.0002219

6V =10 x

and, according to (43),

0.0110821 0.0341292 0.1616122 0.0371114
0.0130708 0.0300489 0.0179235 0.1608765
0.0161344 0.0250809 0.0803601 0.1020482
0.0056686 0.0191882 0.0672177 0.0164358

sVin — 1073 x

It is seen that the magnitude of the entries of SUL" and §V'" correctly reflect the magni-
tude of the corresponding entries of |§U; | and |6 V|, respectively. Note that the perturbations
of the columns of U; and V tend to increase with increasing of the column number.

8. Sensitivity of Singular Subspaces
The sensitivity of the left

Uy = span(uq,uy, ..., uy),r < min{m —1,n}

or the right
V, = span(vy,0p,...,0), r<n-—1

singular subspace of dimension r is measured by the canonical angles between the corre-
sponding unperturbed and perturbed subspaces ([2], Ch. 4), ([5], Ch. V), [30].

Let the unperturbed left singular subspace corresponding to the first 7 singular values
be denoted by U, and its perturbed counterpart as U;, and let U,y and ﬁ(r) be the orthonor-
mal bases for U, and L~lr, respectively. Further on, the sensitivity of the singular subspace
U, will be characterized by the maximum canonical angle between U/, and L~{,, defined as

cos(® max(Uy, U,)) = Umin(U(Tr) ljl(r)). (44)

The expression (44) has the disadvantage that if ® max is small, then cos(® max) ~ 1
and the angle ® max is not well determined. To avoid this difficulty, instead of
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cos(P max(ur,ﬁr)), it is preferable to work with sin(® max(, Zj,)) Let U(J;) be the or-
thogonal complement of U,), U(J;)TU(Y) = 0. Then, it is possible to show that [31]

sin(® max(Uy, 1)) = Omax (U5, Upy)). (45)
Since N
Uy = Uy +0Ug),
we have that N .
sin(Pmax(Uy, Uy)) = Tmax(Upyy 60U )- (46)

Equation (46) shows that the sensitivity of the left singular subspace U, is related to
the values of the perturbation parameters x; = ul-Téu]-, k=i+(G—-1)m-— @,i > 7,
j=1,2,...,r. In particular, for r = 1, the sensitivity of the first column of U (the left
singular vector, corresponding to ¢7) is determined by

sin(® max(Uy, Ur)) = Omax ((Wum1),

for r = 2 one has B
sin(quaX(Uz,uz)) = OUmax (5WU3:m,1:2)

and so on (see Figure 1), where the matrices U(J;)Tcs Uy = 0WUyy1.m,1 for different values
of r are highlighted in boxes.

r=1f fr=2] [r=3]  |r=n1][r=n
i * * % |
1, Ouy * * *
% %
*
Wy = U'SU, = .

Notes: Entries that do not determine the subspace sensitivities are shown by 3

The parameters determining the sensitivity for a given 7 are given in
the same color.

Figure 1. Sensitivity estimations of the left singular subspaces.

Similarly, utilizing the matrix 6Wy, it is possible to find the sine of the maximum angle
between the unperturbed V; and the perturbed V), right singular subspace

sin(@max(Vr, ,]Z)) = Umax(éer-i—l:n,l:r)

(see Figure 2). Hence, if the perturbation parameters are determined, it is possible to find
sensitivity estimates of the nested singular subspaces

Uy =span(U(yy) = span(ui),
Uy = span(U(y)) = span(u, ),

Uy =span(U(,)) = span(uy,uy,... uy), r =min{m—1,n}



Appl. Sci. 2024, 14, 1417 23 of 45

and

Vi =span(V(yy) = span(v1),
Vo =span(V(y)) = span(vy,v2),

Vi1 = span(V(n)) = span(vy,v2,...,0p-1).
Specifically, as

- ;
X1
X2 Xm

Wy = : : : .o | e R
Xp-1 Xm4n-3 Xom4n—6 ... ¥
L Xm—1  X2m—3 X3m—6 ... Xp

we have that the exact maximum angle between the unperturbed and perturbed left
singular subspace of dimension r is given by

@ max(U,, U,) = arcsin(Tmax (OWur11:m1:r) )- 47)

Similarly, the maximum angle between the unperturbed and perturbed right singular
subspace of dimension 7 is

Omax(V,, V,) = arcsin(Tmax (OWvy41:m,1:1))- (48)

Thus, we obtain the following result.

(N A R P Y

c Xk K X X

Notes: Entries that do not determine the subspace sensitivities are shown by 3k

The parameters determining the sensitivity for a given  are given in
the same color.

Figure 2. Sensitivity estimations of the right singular subspaces.

Theorem 3. The asymptotic estimate of the angle ® max (U, Uy) between the unperturbed and
perturbed singular subspace of dimension r satisfies

|<1>max(ur,b~{r)| < CIDmaxli”(Z/{r,Hr), (49)
®max'" (Uy, Uy) = arcsin(||dWylT,,,1.012),
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where ) )
0 *
xll’” 0 *
lin lin
Xy X 0
oWiin = | : : € R™*"
lin lin lin
-1 Ym+n-3 X2m+n—6 0
lin lin lin lin
L Xm—1  *om-3 Bm—6 - Xp |

and the parameters xf(i”, k=1,2,...,paredetermined from (39).
In particular, for the sensitivity of the range R(A) of A, we obtain that
sin(® max'™ Un, Un)) = (|63 1o 1.0 12

Similarly, for the angles between the unperturbed and perturbed right singular sub-
spaces of dimension r, we obtain the linear estimates

|®@ max(Vy, 12) | < © max/" (Z/Ir,lj{r), (50)
Omax" (v, V) = arcsin([Wy!m, 1),
where

0 * .. *

ylll:” 0 * N

swhin = | w"ym 0 * | g e

lin lin lin )

Yn-1 Yom—3 Ysn—6 ---

andyy, £ =1,2,...,q are determined from (37).

We note that using separate x and y parameters decouples the SVD perturbation
problem and makes it possible to determine the sensitivity estimates of the left and right
singular subspaces independently. This is important when the left or right subspace in a
pair of singular subspaces is much more sensitive than its counterpart.

Consider as an example the same perturbed matrix A as in Example 1. Computing
the matrices (5Wﬁ” and 6W/i", it is possible to estimate the sensitivity of all four pairs of
singular subspaces of dimensions r = 1,2, 3, and 4 corresponding to the chosen ordering
of the singular values. In Table 4, we show the actual values of the left and right singular
subspaces sensitivity and the computed asymptotic estimates (49) and (50) of this sensitivity.
To determine the sensitivity of other singular subspaces, reordering the singular values
in the initial decomposition so that the desired subspace appears in the set of nested
singular subspaces is possible. Note that asymptotic estimates of the canonical angles
between an arbitrary unperturbed singular subspace U, ¢ < min{m — 1,n} spanned by
specific singular vectors combined in the matrix U, and its perturbed counterpart can be

determined by computing the singular values of the matrix UqLT(S Ull;”, where l,lqL is the
orthogonal complement of Uy, consisting of all singular vectors that do not participate in
Uy, and 6 llf]i” is the linear estimate obtained by using (42). Similarly, it is possible to obtain
asymptotic perturbation bounds for a desired right singular subspace.
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Table 4. Sensitivity of the singular subspaces.

c [|6A]|2 |® max (U, U,)| ® max'" (U, U,)
—10 2.0819813 x 10~ P, = 0.0024212 x 1078 ®; = 0.0002029 x 10~°
P, = 0.0082136 x 108 P, = 0.0005938 x 10~°
P53 = 0.0103290 x 10~7 P53 = 0.0029428 x 10~°
P, = 0.1074643 x 10~7 P, = 0.1662787 x 10~°
—5  2.0819812 x 10~* &, = 0.0024212 x 1073 &, = 0.0020294 x 102
P, = 0.0082136 x 1073 @, = 0.0059380 x 102
P53 = 0.1032951 x 1073 P53 = 0.0294279 x 102
@, = 0.1073496 x 102 P, = 1.6628641 x 1072

c [6A]|2 |® max(Vy, Vy)| @ max'"(V,,V,)
—10 2.0819813 x 10~? ©®; = 0.0425801 x 10~? ®; = 0.0166760 x 10~8
®, = 0.0438355 x 10~? ®, = 0.0438688 x 108
©; = 0.2782232 x 10~? ©; = 0.1714819 x 108
-5  2.0819812 x 10~* ©; = 0.0425804 x 10~* ®; = 0.0166760 x 1073

®, = 0.0438356 x 10~4
©3 = 0.2782378 x 10~*

©, = 0.0438688 x 1073
®; = 0.1714819 x 1073

9. Global Perturbation Bounds

Since analytical expressions for the global perturbation bounds of the singular value

decompositions are unknown up to this moment, we present an iterative procedure for
finding estimates of these bounds based on the asymptotic analysis presented above. This
procedure is similar to the corresponding iterative schemes proposed in [26] but is more
complicated since determining bounds on the parameter vectors x and y must be performed
simultaneously because the equations for these parameters are coupled.

9.1. Perturbation Bounds of the Entries of Uy

The main difficulty in determining global bounds of x and v is to find an appropriate
approximation of the high-order term A; in (23). As is seen from (25), the determining of
such an estimate requires knowing the perturbation dU,, which is not well determined
since it contains the columns of the matrix 6U, = U, — Up. This perturbation satisfies
the equations

(Uh + o) (Up +0Up) = 0, (51)
(U +6Up) " (Up + 6U) = Iyen (52)

which follow from the orthogonality of the matrix

u= [ll1 +oUy, Up + 5U2}.

An estimate of 6U; can be found based on a suitable approximation of

X
_ 7T - 1
X=U (5U2.—[X2}

As shown in [26], a first-order approximation of the matrix X can be determined using

the estimates

X = (I + oWl)Lew] e rrx(mon), (53)
XEPPT = _XIPPTTXOPPT /o ¢ Rmm)x (mon), (54)
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where 6W; = UlT oUq, W, = UZT 6U; and for sufficiently small perturbation U, the matrix
I, + 6W] is nonsingular. (Note that SWy; = [§W]6W/]]T is already estimated.) Thus, we
have that

SULPP" = UX PP (55)

9.2. Iterative Procedure for Finding Global Bounds of x and y

Global componentwise perturbation bounds of the matrices U and V can be found
using nonlinear estimates of the matrices éW;; and Wy, determined by (15) and (16),
respectively. Such estimates are found correcting the linear estimates of the perturbation
parameters x; = uiT(Suj and y, = UiT(SU]- on each iteration step. This approach is used in
[9,32] (Ch. 4), and [33] in the normwise perturbation analysis of invariant subspaces and is
related to the solution of the nonlinear equation

Tx =g - ¢(x),

where T is a linear operator corresponding to the asymptotic perturbation estimate and ¢(x)
reflects the higher order terms corresponding to the nonlinear correction of the estimate.
In finding the normwise global perturbation bounds, the above operator equation can
be solved analytically using the contraction mapping theorem. Unfortunately, in the
determining of componentwise estimates it is necessary to solve a system of complicated
nonlinear equations and in such case the determining of analytical nonlinear bounds is
difficult. That is why, in finding global bounds, we shall implement an iterative technique,
similar to the one presented in [26]. Like the asymptotic estimates, the global bounds
can be found only knowing the norm of § A. This is performed approximating in the best
possible way the higher-order terms (15) and (16), using on each step the approximations
of the parameter vectors x and y. We note that the iteration convergence is established
only experimentally, and the derivation of a convergence proof is a matter for further
investigation. Thus, the proposed iterative procedure should be considered only as an
illustrative one.

Consider the case of estimating the matrix 6Wy;. It is convenient to substitute the terms
containing the perturbations éu; in (15) with the quantities

(5wu]' = UTéuj, ji=L.2,...,n,
which have the same magnitude as du;. Since
(SuiTéuj = 5uiTUUT5uj = (5wuiT<5wu]-,
the absolute value of the matrix 6Wy; € R™*" (15) can be bounded as

W = US| = [|6warl, [6wisal, - .., [0wuy] (56)
|6Qu| + |6Du| + |6Nyl|,

A

where
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5QU1 :| mxn
) = = ER ’
0ul = |- o
[Xmn—2l| |IX2man—sl| - |1X@-1)@m—n)/211]
T ] [ e _
._ ‘SDUl _ ' mxn
|5DL[| = |: (SDUZ :| - O O GR 7
0 0
0 0 0o |
[0
0
0
(5NU1 ] mxn
ONy| = = cR .
|oNy| [5Nu2
0 0 0 0 |

The diagonal entries dd,, jir j =1,2,...,n can be found from the entries of 6Q; by
using the approximation (14). Since the unknown column estimates [dw;| participate in
both sides of (56), it is possible to obtain them as follows. The first column of éW; is

determined from
|6wy1| = 16quy| + |6du,

where |84, |, |6d1| are the first columns of [6Qy;|, | Dyy|, respectively. Then, the next column
estimates [w;|, j = 2,3, ...n can be determined recursively from

i |‘5wu1T||5wuj| ]
|5wu2T| |5wuj|

~

|5wuij1 |[0wu
0

which is equivalent to solving the linear system

|Sujl|owy;| = |5quj| + |6dujl,
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where ) )
ef —|ow.]|
ezT - |5wu2T|
|SLI]‘| = e]T_1 - |5wu]T_1| e Rmxm
el
]
I ey |

and ¢; is the jth column of I,;. The matrix |Sy;| is upper triangular with unit diagonal and
if [dwy;|, i =1,2,...,j — 1 have small norms, then the matrix |Sy; ]-\ is diagonally dominant.
Hence, it is very well conditioned with a condition number close to 1.

As a result we obtain that

[6wuj| =[Syl (16Gu;] + [6duj]) (57)

which produces the jth column of |§W/.
A similar recursive procedure can be used to determine the quantities [6w,;| = |o] 6v;].
In this case for each j it is necessary to solve the nth order linear system

S illowoj| = |‘5‘70]" + [dyj].-

The estimates of \5wu]-], j=12,...,mand \5w7,j|, j=1,2,...,n thus obtained, are
used to bound the absolute values of the nonlinear elements A; and A; given in (24) and (25),
respectively. Utilizing the approximation of UTéUp, it is possible to find an approximation
of the matrix UT6U as

Z = [sWip™, suy" ) o= (24, Za], 7y € R™™, Zp € R ()
where (5U§ppr = UX9rr,

thppr
X = { hppr }
X2

and XTP r X;p Pl are given by (53), (54). Then, the elements of A, A, are bounded according
to (24) and (25) as

A < 031 Zuil TN 2| + 120 T2 + (58)
(1Z1ill2 + [1Yjll2 + 1 Zaill2[]Y]l[2) [[6All2,
i=1.2,...,n j=12,...,n,

1AM < 0|20l 24| + | Zail "2 Y + (59)

(1 Z2ill2 + 1Yjll2 + 1 Z2i |2 [[Y;l12) |6 A |2-
i=12,....m—n, j=12,...,n

Utilizing (31) and (32), the nonlinear corrections of the vectors X(1) and y can be
determined from

ox1y = |Sxrlvec(Low(|A1]) +[Sxg|vec((Up(|0Nu1|En
+5,[6Ny | + [A1)T), (60)

o0y = |Syslvec(Low(|A1]) + [Syglvec((Up(|6Ny1|Zn
+ZaloNy | + [Ag["")T), (61)

where 0Ny is estimated by using the corresponding expression (56) and |6Ny|—is
estimated by using a similar expression.
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The nonlinear correction of x ) is found from
oxp) = vec(Z), (62)
1/0¢ 1/0n ... 1/0y
, HA'210”1H2>< 1/ 1/'(72 1/'(7,1
1/01 1/02 1/.07,
and the total correction vector is determined from
x = O] 6x(1) + Q3 5x(3). (63)
Now, the nonlinear estimates of the vectors x and y are found from
ol — i din 5y, (64)
gt =yl g sy, (65)

In this way, we obtain an iterative scheme for finding simultaneously nonlin-
ear estimates of the coupled perturbation parameter vectors x and y involving the
Equations (56)—(59) and (60)—(65). In the numerical experiments presented below, the ini-
tial conditions are chosen as xg"”l =eps[l,1,..., 1]T and y(’)“’”l =eps[l,1,..., 1]T, where
eps is the MATLAB®function eps, eps = 27°2. The stopping criteria for x- and y-iterations
are taken as

erry = |jalonl — ol /||l ||, < tol,
erry = |lyr —y o/ yr o < tol,

where tol = 10eps. The scheme converges for perturbations §A of restricted size. It is
possible that y converges while x does not converge.

The nonlinear estimate of the higher term A; can be used to obtain nonlinear correc-
tions of the singular value perturbations. Based on (40), a nonlinear correction of each
singular value can be determined as

607°" = (|6Du1|Zn + Zn[0Dv | + [A1])ii, (66)
so that the corresponding singular value perturbation is estimated as
Sotonl — lin + soeorr
1 1 1 :

Note that Ul-”” = |dfii] is known only when the entries of the perturbation 6 A are
known, and usually, this is not fulfilled in practice. Nevertheless, the nonlinear correction
(66) can be useful in estimating the sensitivity of a given singular value.

In Table 5, we present the number of iterations necessary to find the global bound x"! for
the problem considered in Example 1 with perturbations A = 10° x Ap, ¢ = —10,-9,..., =3.
In the last two columns of the table, we give the norm of the exact higher-order term A
and its approximation ||A""!||, computed according to (58) and (59) (the approximation
is given for the last iteration). In particular, for the perturbation A = 107> A, the exact
higher-order term A, found using (24) and (25), is
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Al =

1Al =

1077 x

0.0045563
0.0012737
0.0000993
0.0019107

0.0006839
0.0008692
0.0015257
0.0007767

0.0146195
0.0080543
0.0086067
0.0258012

0.0257942
0.0003708
0.0085598
0.0170781 |’

0.0032494
0.0064032

2.12746 x 1078,

0.0006701
0.0004567

0.0423789
0.0384765

0.2046100
0.0071094

Implementing the described iterative procedure, after 10 iterations, we obtain the
nonlinear bound

Anonl

HAnoan2 _

1072 x

0.0019716
0.0041273
0.0189857
0.8671799

0.0021343
0.0053422
0.0186412
0.8680880

0.0049111
0.0069174
0.0222135
0.8664831

0.0047911
0.0069309
0.0179503
0.8607933 |’

0.5146400
0.5146400

2.16338 x 107°

0.5162827
0.5162827

0.5207565
0.5207565

0.2618103
0.2618103

computed according to (58) and (59) on the base of the nonlinear bound xmonl

Table 5. Convergence of the global bounds and higher-order terms.

loAllF

Number of Iterations

l1All2

“Anoan2

2.08198 x 10~
2.08198 x 108
2.08198 x 107
2.08198 x 10~°
2.08198 x 1075
2.08198 x 104
2.08198 x 1073
2.08198 x 102

4
4

N O

—_
)

29
No convergence

2.12806 x 1018
2.12806 x 1016
2.12806 x 10714
2.12806 x 10~12
2.12800 x 1010
2.12746 x 108
2.12189 x 10~°

2.09530 x 10~15
2.09531 x 10~ 13
2.09537 x 1011
2.09595 x 10~?
2.10185 x 107
2.16338 x 10~°
3.23896 x 1073

The global bounds ||x"™ ||, and ||y"*™||,, found for different perturbations along with

the values of ||x||; and ||y||2, are shown in Table 6. The results confirm that the global

estimates of x and y are close to the corresponding asymptotic estimates.

Table 6. Global bounds of x and y.

c

[Ix]l2

”xnanl ”2

lyll2

lly"" ]l

-10
-9
-8
-7
—6
-5
—4

1.0782203 x 10~8
1.0782176 x 10~7
1.0782167 x 10~°
1.0782065 x 10~>
1.0781037 x 104
1.0770771 x 1073
1.0668478 x 102

1.6628799 x 107
1.6628817 x 10~°
1.6628999 x 10—°
1.6630816 x 10~4
1.6649057 x 1073
1.6837998 x 102
1.9743124 x 101

2.8118399 x 10~10
2.8118379 x 10~
2.8118393 x 108
2.8118405 x 1077
2.8118536 x 10~°
2.8119844 x 107>
2.8132907 x 104

1.7511069 x 10~
1.7511072 x 108
1.7511098 x 107
1.7511358 x 106
1.7513967 x 107>
1.7540888 x 104
1.7960922 x 1073

In Figures 3 and 4, we show the convergence of the relative errors

and

nonl __

erry = ||xf

erry = [y

nonl
Xs—1

nonl

—VYs—1

/1122

nonl

1/1lys27 1l
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respectively, at step s of the iterative process for different perturbations 6A = 10° x Ay.
(The value of the relative error on each step is shown by a circle.) As it is seen from the
figures, for the given example the convergence of y is close to the convergence of x. For
all values of ¢, except ¢ = —3, the relative error begins with values erry, erry, >> 1 and
ends with values erry, erry < 10~13. With the increasing in the perturbation size, the
convergence becomes slower and for ¢ = —3 (||[0A|; = 2.08198 x 1072), the iteration
diverges. This demonstrates the restricted usefulness of the nonlinear estimates, which is
valid only for limited perturbation magnitudes.

1015

1010

10710

1071

10-20 1 1 |
0 5 10 15 20 25 30

Iteration

Figure 3. Relative errors in the iterative determining of the global bounds of x.

1015

1010 L

10-10 L

15 L
10 k

10-20 1 1 |
0 5 10 15 20 25 30

Iteration

Figure 4. Relative errors in the iterative determining of the global bounds of y.

In Table 7, we give normwise perturbation bounds of the singular values along with
the actual singular value perturbations and their global bounds found for two perturbations
of A under the assumption that the linear bounds of all singular values are known. As can
be seen from the table, the nonlinear estimates of the singular values are very tight.
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Table 7. Perturbations of the singular values and their nonlinear estimates.

c 867 = ||6A]|2 |60 sopor!
-10 2.0819812 x 10~° Soq = 0.1543977 x 108 Soq = 0.1543978 x 108
S0y = 0.4299672 x 1010 Sop = 0.4299589 x 1010
S0 = 0.6114032 x 10~° S0 = 0.6114031 x 10~°
S0y = 0.1736317 x 1072 Soy = 0.1736329 x 10~°
-5 2.0819812 x 10~ S0y = 0.1543975 x 1073 Soq = 0.1544264 x 1073

S0 = 0.4299891 x 10~
S0 = 0.6113327 x 104
S0y = 0.1737508 x 104

S0y = 0.4373954 x 10>
S0 = 0.6143758 x 10~4
S0y = 0.2848085 x 10~4

9.3. Global Perturbation Bounds of 6Uy and 6V

Having nonlinear bounds of x, y, |§W(;|, and |§Wy/|, we may find nonlinear bounds
on the perturbations of the entries of Uj and V according to the relationships

supert = juswie, (67)
sVt = |[viswp, (68)

For the perturbations of the orthogonal matrices of Example 1 in the case of SA = 107> A,
we obtain the nonlinear componentwise bounds

0.0018797 0.0053307 0.0221710 0.9714224
0.0012678 0.0045195 0.0227162 1.4182521
0.0014492 0.0046330 0.0227031 0.5447168
0.0017643 0.0042429 0.0164150 0.5441097
0.0015182 0.0034345 0.0120243 0.6452928
0.0017076 0.0051060 0.0184868 0.9697071

suf™ =102 x

and
0.0110869 0.0341506 0.1618907 0.0371700

0.0130756 0.0300673 0.0179387 0.1611512
0.0161396 0.0250967 0.0804756 0.1022096
0.0056705 0.0191966 0.0673203 0.0164507

symont — 1073 x

These bounds are close to the obtained respective linear estimates sU{" and 6V in
Section 7.

Based on (47) and (48), global estimates of the maximum angles between the un-
perturbed and perturbed singular subspaces of dimension r can be obtained using the
nonlinear bounds sW{i" and §W*" of the matrices §W; and 6Wy, respectively. For the
pair of left and right singular subspaces of dimension r, we obtain that

®max"" (U, Uy) = arcsin([| oWy, 1. 112), (69)
r <min{m —1,n},

O@max™"(V,,V,) = arcsin([|0Wy 1, 1.112), (70)
r<mn-—1.

In Table 8, we give the exact angles between the unperturbed and perturbed
left and right singular subspaces of different dimensions and their nonlinear bounds
computed using (69) and (70) for the matrix A from Example 1 and two perturbations
6A =10° x Ap, c = —10, —5. The comparison with the corresponding linear bounds in
Table 4 shows that the two types of bounds produce close results. As in estimating the
other elements of the singular value decomposition, the global perturbation bounds are
slightly larger than the corresponding asymptotic estimates but give guaranteed bounds
on the changes of the respective elements, although for a limited size of ||6A||.
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Table 8. Nonlinear sensitivity estimates of the singular subspaces.

c [0A]]2

|® max (U, U,)|

® max"o"l (U, U,)

—10 2.0819813 x 10~

@ = 0.0024212 x 10~8
@, = 0.0082136 x 10~8
P53 = 0.1032901 x 108
P, = 1.0746434 x 108

@, = 0.0002029 x 10~°
@, = 0.0005938 x 10~°
P53 = 0.0029428 x 10~°
P, = 0.1662788 x 10~°

—5  2.0819812 x 10~*

®; = 0.0024212 x 1073
P, = 0.0082136 x 1073
P53 = 0.1032951 x 1073
®, = 1.0734956 x 103

®; = 0.0020601 x 102
P, = 0.0060635 x 102
@3 = 0.0303251 x 102
®, = 16837810 x 1072

c [0A]]2

|® max(V;, V;)|

@ max""l(V,,V,)

—10 2.0819813 x 10~

©; = 0.0425801 x 10~°
®, = 0.0438355 x 10~?
©; = 0.2782232 x 10~?

®; = 0.0166760 x 10~8
©, = 0.0438688 x 10~8
©; = 0.1714819 x 108

—5  2.0819812 x 104

©; = 0.0425804 x 10~*
©, = 0.0438356 x 10~*
©3 = 0.2782378 x 10~*

®; = 0.0166819 x 1073
©, = 0.0438972 x 1073
®; = 0.1718211 x 1073

10. Numerical Experiments

In this section, we present the results of some numerical experiments illustrating the
properties of the asymptotic and global estimates obtained in the paper. The computations
are performed with MATLAB®Version 9.9 (R2020b) [29] using IEEE double-precision
arithmetic and are verified by using GNU Octave, v. 5.2.0. The M-files implementing the
linear and nonlinear SVD perturbation estimates along the example files are available from
the authors.

Example 2. This example illustrates the ill-conditioning of the singular subspaces in the case of
close singular values of the given matrix.
Consider a 10 x 3 matrix A obtained as

A= UV,
where
Uy = I—2ee’/10, e=11,1,...,1],
Vo = I-2nh"/3, h=[1,-1,1]

are orthogonal ad symmetric matrices (elementary reflections [Ch. 4] [2]) and
diag(Xo) = (2,1+17,1),

where the parameter T varies between 10~8 and 1071,

In Figure 5, we present the actual values of || 6Uy ||2, || x||2 and the angle |® max; | along with the
asymptotic normwise estimate || SUL™ || as functions of the difference T = 05 — 03 = 1078,...,107L.
Similarly, in Figure 6, we show the values of |6V |2, ||y||2 and the angle |® max; | together with
the asymptotic estimate ||6V'"||5 as functions of T. Note that ® max, is the larger angle between
the subspaces U,y = span(u1,uz) and 17{(2) = span (i}, il;), while @ max, = @max(Va, V).
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10° T . .
% log, (11U, I,)
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T

Figure 5. Norms of 6Uq, x,J U{"” and ® max; as functions of the difference T = 0, — 03.
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Figure 6. Norms of 6V, y, §V};;, and ©® max; as functions of the difference T = 0y — 3.

The results shown in Figures 5 and 6 confirm that the sensitivity of SVD increases with the
decreasing distance between the singular values. According to (33), (34), (36) and (37), with the
decreasing of T the conditioning of the singular subspaces worsens and the norms of the perturbations
o6Uq, OV increase. Hence, a potential source of ill-conditioning of the singular subspaces is the
closeness between the singular values of the matrix. Another cause of ill-conditioning may be the
presence of small singular values which, according to (38), leads to large elements of the vector
xp and large norms of Uy, 6V. The separation of the parameter vector x in two parts x1 and x,
reveals the independent importance of these two causes.

Example 3. In this example, we compare the perturbation bounds of the singular subspaces derived
in this paper with some known bounds from the literature.

For the matrix A and the perturbation E given in the previous example, compare first the
sensitivity of the singular vector vs associated with the minimum singular value of A with the
respective estimate of sin ©3(vs, U3) presented in [Example 2, p. 267] [5].

In Figure 7, we show the exact value of | sin ©3|, the estimate given in [5], and the linear
estimate sin @' derived in this paper as functions of the parameter T. (The estimate from [5] is
valid for T > ||0A||2.) Both estimates are very close for all values of T.
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Figure 7. Exact value of | sin @3] and its perturbation bounds as functions of 7.

Compare now the sensitivity of the left Up and right V, singular subspaces for the same matrix,
with the bounds derived in [13] and the nonlinear estimates obtained in this paper. Since the
estimates in [13] require knowing the norms of parts of the exact perturbation 6 A, these norms are
substituted by |6 A||2 for a fair comparison.

In Figure 8, we show the exact value of || tan ®||p = y/tan ®? + tan D3, the respective

. . 2 2
estimate from [13], and the estimate || tan ®"" || p = \/ tan @1 + tan &, where @y and

®, are the canonical angles between Uy and Us. The corresponding comparison of the exact value of
| tan®||p = | tan @ | with the estimate from [13] and the estimate || tan @"°"! || = tan @1 is
given in Figure 9. It is seen from the figures that for values of T between 9 x 10~% and 10~ the
estimates from [13] produce slightly better results, but for values of T less than 9 x 10~7, these
estimates exceed significantly the nonlinear estimates obtained in this paper. (Note that the estimates
derived in [13] are valid for T > 6.498 x 10~°.) The comparison of the estimates shows that in case
of ill conditioned problems (small values of T) the bound presented in this paper is less conservative
than the estimate given in [13].
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Figure 8. Exact value of || tan ®||r and its perturbation bounds as functions of 7.
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Figure 9. Exact value of || tan ©||f and its perturbation bounds as functions of 7.

Example 4. This example illustrates the properties of the linear and nonlinear perturbation bounds
obtained in the paper.
Consider a 100 x 80 matrix, taken as

Azuo{zoo}vg,

where Xy = diag(1,1,...,1), the matrices Uy and V}y are constructed as proposed in [34],

Uy = MySyuM,

My = Iy—2ee’/m, My=1,—2ff"/m,

e = [,1,1,...1), f=0,-1,1,...,(-1)" YT,
Su = diag(l,U,UZ,...,amfl),

Vo = NaSyNq,

Ny = I,—2g¢"/n, No=1I,—2hhT/n,

¢ = [Lu1,...,10% h=0,-1,1,...,(-D)" 17,
Sy = diag(l,T,’L’z,...,Tnfl),

and the matrices M1, My, N1, N are Householder reflections. The condition numbers of Uy and Vy
with respect to the inversion are controlled by the variables o and T and are equal to o™~ and T"~ 1,
respectively. In the given case, o = 1.05, T = 1.1 and cond(Up) = 125.2, cond(Vp) = 186.2.
The minimum singular value of the matrix A is omin(A) = 0.103068025192609. The perturbation

of A is taken as 6 A = 10° x Ag, where ¢ is a negative number and Ag is a matrix with random

entries generated by the MATLAB®functi0n rand.

In Figures 10-15, we show several results related to the perturbations of the singular value
decomposition of A for 30 values of ¢ between —12 and —5. As particular examples, in Figure 10 we
display the perturbations of the entry Ugo 20, which is an element of the matrix Uy, and in Figure 11,
we display the perturbations of the entry Vg0, both as functions of |6 Al|2. The componentwise
linear bounds correctly reflect the behavior of the actual perturbations and are valid for wide changes
in the perturbation size. Note that this holds for all elements of U and V. The global (nonlinear)
bounds practically coincide with the linear bounds but do not exist for perturbations whose size is
larger than 1.5 x 1074,
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Figure 10. Exact values of |6Ugp 0| and the corresponding linear and nonlinear estimates as functions
of the perturbation norm.

10°
16V g g0l
sy/lin
V60,20
nonl
V60,20
105 1

10-10

19V 60,20

1 0715 1 1 1
10710 108 10 1074

Figure 11. Exact values of |6Vj0 20| and the corresponding linear and nonlinear estimates as functions
of the perturbation norm.
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Figure 12. Exact values of ® maxsp and the corresponding linear and nonlinear estimates as functions
of the perturbation norm.
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Figure 13. Exact values of ® maxsp and the corresponding linear and nonlinear estimates as functions
of the perturbation norm.
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Figure 14. Perturbations of the singular values and their nonlinear bounds for A = 4.1517085 x 10~1°.
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Figure 15. Perturbations of the singular values and their nonlinear bounds for § A = 2.7913420 x 10~5.
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In Figures 12 and 13, we show the angles between the perturbed and unperturbed left
Uso = span(uy, ua, . ..., )

and right
V50 = span(vq, 2, ..., Usp)

singular subspaces of dimension 50. Again, the linear bounds on the angles | ® max(Uso, Uso )| and
|©max(Vsy, Vso)| are valid for perturbation magnitudes from ||6A| = 10710 to [|5A]|, = 1074
and this also holds for singular subspaces of other dimensions. Note that for sufficiently large |6 A||2,
the linear estimate also become non-valid.

In Figures 14 and 15, we show the perturbations of the singular values and their
nonlinear bounds for two different perturbations with ||5A|, = 2.7282784 x 1071 and
|6A|2 = 4.3932430 x 10~*. While in the first case, the nonlinear bound 5(71-”0"1 is close to the
actual change 60; of the singular values, in the second case, the bound becomes significantly greater
than the actual change due to the overestimating of the higher-order term A.

From the results shown in Figures 10-13, it follows that for the 100 x 80 matrix in the
example under consideration, the overestimates of the perturbations of U and V are approx-
imately 200 times, while the overestimates of ® max and ® max are approximately 100 and
170 times, respectively. In Figures 16 and 17, we show the ratios 5Uf]’f”/ |5Uij|, i=1,2,...,m
i =12,...,nand 5\/il].i”/\5Y/ij|, i =12,...,n j=1,2,...,n, respectively, along with
the corresponding mean values (averages) E((SUIZ;" /16Ujj|) and E(6 Vil]-i" /16Vij|) of the ratio for
A =10"8 x Ay = 4.4679 x 10~7. The overestimates are mainly due to overestimating the per-
turbation parameters x 1),y and x ) in the Equations (36)~(38). In these equations, each entry
0A;j is replaced by the quantity ||0 A2, leading to an overestimate approximately proportional
to m in case of random perturbations. To illustrate this point, in Figures 18 and 19 we show the
entries of the matrices |dUy | and |6V |, respectively, along with the corresponding componentwise
estimates SU'™ and 5V for SA = 1078 x Ag = 4.4679 x 10~7, where the asymptotic estimates
are computed for the exact (non approximated) values of the perturbation parameters xi = u;0u;
and y, = v;0vj, obtained by using the exact 5A. Obviously, the estimates are very close to the
exact values, which confirms their good quality. The small differences between the actual quantities
and their estimates are caused by taking the absolute values of U,V and §Wy, Wy in finding the
asymptotic bounds SU'™ = [U|SW/" and 5V = |V|SWEN. We note that the overestimates are
inevitable if we want to obtain guaranteed asymptotic perturbation bounds of the SVD elements,
and they can be significantly reduced only if we use probability perturbation bounds [28].

The ratio "U:;"”"Uii'

[ g, u}j"rw uyl)

Elog, (6 U3 U 1)

o

IS

[
w

N

log, 4(8 UL"5 H)
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o
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Figure 16. The ratio 5u}]i"/\uij\ and its mean value for A = 1078 x Ay = 4.4679 x 10~7.
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Figure 17. The ratio 5Vilji" /Vij and its mean value for A = 1078 x Ay = 4.4679 x 107,
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Figure 18. Values of [0U;;| and the corresponding linear estimates for the exact values of x.
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Figure 19. Values of [§V};| and the corresponding linear estimates for the exact values of y;.

Example 5. This example visualizes the componentwise estimates of the orthogonal matrices and
the singular values for a 200 x 150 matrix.

Consider a matrix A with m = 200, n = 150, constructed as in the previous example for
o = 1.05and T = 1.0. The perturbation of A is taken as A = 10~ x Ag, where Ay is a matrix
with random entries.

In Figures 20-22, we show the entries of the matrix |6Uy |, the absolute values of the exact
changes of all 150 singular values, and the entries of the matrix |6V, respectively, along with
the corresponding componentwise estimates U™, (5(71?“’”1, and SV, The computation of the
linear bounds requires the solution of a system of 2q = 22350 linear equations for x 1) and y and
(m —n)m = 7500 equations for x(5). The nonlinear bounds of 6Uy and 5V are found only for
7 iterations and are visually indistinguishable from the corresponding linear bounds.

Exact perturbations of the elements of U1 and their linear bounds

Actual perturbations
[ ILinear bounds

)

lin

1
o

&

log, (15 U, 1), log, (s U
» o

150 120 140
80 100
60

200 20 40

i

Figure 20. Values of [§U;;| and the corresponding linear estimates for a 200 x 150 matrix.
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Figure 21. Perturbations and perturbation bounds of the singular values for a 200 x 150 matrix.
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Figure 22. Values of [§V};| and the corresponding linear estimates for a 200 x 150 matrix.

The perturbation bounds derived were also tested with higher-order examples, includ-
ing a 500 x 300 example.

The examples presented in this section confirm that the new componentwise pertur-
bation bounds of the singular value decomposition can be used efficiently in the analysis
of high-order problems and may compare favorably with the known bounds for some
particular cases, for instance in the sensitivity analysis of the singular subspaces. The
componentwise bounds of the perturbations in the orthogonal matrices U and V in the
last example clearly show that for some specific entries the perturbation magnitudes differ
10° times and the implementation of normwise perturbation bounds for such examples
is not informative. It should also be emphasized that the asymptotic estimates, although
not global, ensure valid perturbation bounds for sufficiently large perturbations of the
given matrix.

11. Conclusions

The paper presents new results related to the perturbation analysis of the singular
value decomposition of a real rectangular matrix of full rank. New asymptotic compo-
nentwise perturbation bounds are derived for the orthogonal matrices participating in the
decomposition, and an alternative method for computing the sensitivity of the singular
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subspaces is proposed. The possibility to find non-local bounds is illustrated by using a
simple iterative procedure.

A potential disadvantage of the proposed perturbation bounds is their conservatism,
i.e., the large difference between the bounds and the corresponding perturbations, especially
for large values of m and . This is due to the necessity to replace the entries of the actual
perturbation in the derived bounds by its 2-norm, which leads to pessimistic estimates.
This conservatism can be removed using probability perturbation bounds, a matter of
further research.

The singular value decomposition perturbation analysis presented in this paper has
some peculiarities, making it a challenging problem. On the one hand, the SVD analysis
is simpler than other problems, like the perturbation analysis of the orthogonal decompo-
sition to triangular form (the QR decomposition). This is due to the diagonal form of the
decomposed matrix, which, among the others, allows the equations for the perturbation
parameters to be solved easily, avoiding using the Kronecker product. On the other hand,
the presence of two matrices in the decomposition requires the introduction of two different
parameter vectors, which are mutually dependent due to the relationship between the
perturbations of the two orthogonal matrices. This makes it necessary to solve a coupled
system of equations about the parameter vectors, complicating the analysis.

The analysis performed in the paper reveals two reasons for the ill-conditioning of
the singular subspaces of a matrix. The first cause is the closeness of some singular values
of A, which leads to large elements of the vector |x(;)| and consequently to large entries
of the perturbation |dU; |. The second reason is the presence of small singular values of A,
which is reflected by large elements of the vector |x(y)| and also leads to large values of the
respective entries of |6 |. Significantly, these two reasons are independent of each other.
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Notation

R the set of real numbers;

Rmxn the space of real m x n matrices (R" = R"*1);

R(A) the range of A;

span(uy, uy, ..., uy), the subspace spanned by the vectors uq, uy, ..., uy;

Xt the orthogonal complement of the subspace &’;

|A| the matrix of absolute values of the elements of A;

AT the transposed of A;

A1 the inverse of A;

a; the jth column of A;

Aitn the ith row of m x n matrix A;

Aivin i the part of matrix A from row iy to i and from column jj to jp;
0A perturbation of A;

O(||6A|%) a quantity of second-order of magnitude with respect to ||6A||;

Onixn the zero m X n matrix;
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I, the unit n X n matrix;
€ the jth column of I,;;
0i(A) the ith singular value of A;

Omin(A), 0max(A)  the minimum and maximum singular values of A, respectively;
relation of partial order. If 4,b € R", thena < b

= meansa; <b;, i=1,2,...,n;
Low(A) the strictly lower triangular part of A € R"*";
Up(A) the strictly upper triangular part of A € R"*";
vec(A) the vec mapping of A € R™*" If A is partitioned column-wise as
A =ay,ay,...a,], thenvec(A) = [alT,a2T,. ,alT,
[ x|] the Euclidean norm of x € R";
A2 the spectral norm of 4;
Omax (X, DY) the maximum angle between subspaces X and ).
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